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Semigroup approach

Linear SPDE with additive noise:

dX(t) + AX(t)dt = BdW(t), t >0
X(0) = Xo

(Q,F,P,{Fi}t>0), filtered probability space

H, U Hilbert spaces

W(t), Q-Wiener process on U with respect to {F:}i>0

B : U — H, bounded linear operator

X(t), H-valued stochastic process

E(t) = e~*A, Co-semigroup of bounded linear operators on H

vV V.V vV vV VY

Xo is Fp-measurable H-valued random variable
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Weak solution

A weak solution satisfies the integral equation: for all € D(A*)

t

(X(t).m) + /0 (X(s). A" ) ds = (Xo,17) + /0 (n, BAW(s))

The unique weak solution is given by (mild solution)
t
X(t) = E(t)Xo +/ E(t —s)BdW(s)
0

Must give a rigorous meaning to W(t) and define the stochastic integral.

Mihély Kovécs (University of Otago) RDS’09 Bielefeld, 18-20 Nov 2009 5/29



@-Wiener process

» covariance operator Q : U — U, self-adjoint, positive definite, bounded,
linear operator

> Qe =g, 7 >0, {ej}fil ON basis

> Bj( ), independent identically distributed, real-valued, Brownian motions

Z 1/2

Two important cases:
> Tr(Q) <oo. W(t )converges in L2(Q U):

EHZ 1/251(1' ejH ZWJ (B;(1) —tZ’yj—tTr

» @ =/, "white noise”. W(t) is not U—valued, since Tr(/) = oo, but
converges in a weaker sense.
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@-Wiener process

If Tr(Q) < oc:
> W(0) =0
» continuous paths t — W(t)

» independent increments

» Gaussian law P o (W(t) — W(s))™* = N(0,(t —5)Q), s<t
{W(t)}+>0 generates a filtration {F;}+>0 so that it becomes a square integrable
U-valued martingale.

t
We can integrate with respect to W: / B(s)dW(s).
0

The integral can be defined also when Tr(Q) = oco.
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Stochastic integral

X(t) = E(t)Xo + /Ot E(t—s)dW(s), t>0
> We can define the stochastic integral (deterministic integrand)
/t B(s)dW(s) if /t 1B(s) Q2|2 ds < oc.
> Isi)metry property: ’
EH /Ot B(s)dW(s)H2 - /Ot 1B(s) Q2|2 ds

Hilbert-Schmidt operator B:

I1Bll&s = Z 1Bei||? < o0, {4/} arbitrary ON basis in U
I=1

Da Prato and Zabczyk, Stochastic Equations in Infinite Dimensions

C. Prévot and M. Rockner, A Consise Course on Stochastic Partial Differential
Equations
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The stochastic wave equation

PUen - due )= WD),  €eDCRY £>0
(57):07 568D,t>0
u(§70):u0a %(fao):uh ge,D

A= —A, D(A) = H?= H?*D)n H}D)
M:mwﬁ|mﬂwﬁw{inwffﬁeR

j=1
o = [0 ol [o] e [ owe x=[2] A== o] 2 =[]

H=HxH™, DA =H'xH’, U=H"=1yD)
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Abstract framework

Let up =0, u; = 0 for simplicity.

dX(t) + AX(t)dt = BdW(t), t>0
X(0)=0

» X(t), H= H° x H '-valued stochastic process
» W(t), U= HCvalued Q-Wiener process w.r.t {F;}:>0

_ cos(tAY/? A1/ 2sin(tA1/2 .
» E(t)=e M= {—Al/z(sin(t/\)l/z) cos(t/\(l/z) ) , Co-semigroup

cos( /\1/2 Jv = Zcos (t\/Aj)(v, ¢))0 ()\j, ¢; are the eigenpairs of /\)
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Regularity

Theorem. If ||A(B~1)/2Q1/2||5 < 0o for some (3 > 0, then there exists a unique
weak solution

Xt =[] = [ £ mawes - s (e 2 awi

0

cos ((t — 5)/\1/2) dW(s)

and
IX )Ly cirosy < COIACD2QH2 .

Two cases:
> If || QY2|2g = Tr(Q) < oo, then 3 = 1.
> If Q@ =1, then [AWD2|lys < ooiff d =1, § < 1/2.
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The finite element method

Spatial discretization
> triangulations {7, }o<h<1, mesh size h
> finite element spaces {Sh}to<h<1
» S, C H' = H}(D) continuous piecewise linear functions
> Ap: Sp— Sp, discrete Laplacian,  (Ap, x) = (V¥, V), Vx € S
» P,: H° — S, orthogonal projection, (Puf,x) = (f,x), Yx € Sh

0o I 0
w= o o= o)

dXu(t) + ApXp(t)dt = B, dW(t), t>0
" X:(0) =0

v

cos(t/\}]/z) /\h_l/2 sin(t/\i/z)

> Ey(t) = e ™ =
(1) l—/\i/2 sin(t/\}/z) cos(t/\},/Z)
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The finite element method (continued)

The weak solution is:

%0 = [0

/t/\;l/2 sin ((t — s)AY %) Py dW(s)

_/t Ex(t — 5)BydW(s) = |0 .
0 / cos ((t — s)AY?) Py dW(s)
0

where

Np,
COS(t/\:,l,/z)V = Z cos (t )\h,j)(v, ¢h,j)¢h,j

=1

Ahj, @n,j are the eigenpairs of Ay

Mihély Kovécs (University of Otago) RDS'09 Bielefeld, 18-20 Nov 2009 13 /29



Strong and weak error

» Strong error:
1Xn(£) = X ()| oy = (EIXa(t) = X (2)17)"/2

» Weak error:
EG(Xn(T)) — EG(X(T))

for G: H— R.
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Error estimates for the deterministic problem

= v(t) = N"Y2sin (tAV2)f

vee(t) + Av(t) =0, t >0
v(0) =0, v(0)=Ff

= (1) = A, 2 sin (¢1,%) Pif

Vh,tt(t) + /\th(t) =0,t>0
vi(0) = 0, vu+(0) = Ppf

We have, for Kx(t) = A, */?sin (tA}/?) Py — A=/ sin (¢A1/2)

|Kn(t)f|| < C(t)R?||f||;.  "initial regularity of order 3"
| Kn(t)FI| < 2||F] -2 "initial regularity of order 0" (stability)

IKn(0)FIl < C(O)A|IFllfoss O< B <3
B — 1 can not be replaced by 5 — 1 — ¢ for € > 0 (J. Rauch 1985)
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Strong convergence in L, norm
Theorem. If ||AB~1/2Q1/2|| s < 0o for some (3 € [0, 3], then

2 _
([ Xn,1(t) — Xl(t)HLz(Q,HO) < (1) h"‘ﬁH/\w 1)/2Q1/2HH5

Higher order FEM:  O(h7i%), B e [0,r+1].
Proof. {f,} an arbitrary ON basis in H°

1Xh,1(2) = Xa ()7, g 1oy = E(IXna(t) = X0 ()]?)

&(] [ ste-spome])

{Isometry}—/ || Kn(s Ql/ZHHSdS—/ > [IKn(s) Ql/ka” ds

0 =1

b0 S Q24| = C(ASAG-D2Q12|

Kovécs, Larsson and Saedpanah, preprint 2009
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Strong convergence in L, norm (special cases)

Two cases:

> If || QY2|2g = Tr(Q) < oo, then 3 = 1.
1Xn,1 () = X2 (£l g0y < C()H3

> If Q =1, then [ACP-V/2||ys < 0 iffd =1,0< 3 < 1/2.
||Xh,1(t) - Xl(t)‘|L2(Q,H0) < C(t)hs’ s < 1/3

Earlier works in one dimension (d =1, Q =/):

» L. Quer-Sardanyons & M. Sanz-Solé 2006: spatially semidiscrete difference
scheme O(h*), s <1/3

» J.B. Walsh 2006: a fully discrete leapfrog method O(h'/?)
Proof technique: Green's function.

» We extend Quer-Sardanyons & Sanz-Solé.

> We explain the discrepancy with Walsh.

Mihély Kovécs (University of Otago) RDS'09 Bielefeld, 18-20 Nov 2009 17 /29



Comparison with the heat equation

Regularity is the same for both the heat and wave equations:
IXa(8) ]y, 00y < CIHALD2Q2 s
Strong convergence in Ly-norm:

1Xh1(£) = X2(8) | gy < € 37 [IAPD/2Q12] g (wave equation)
1Xn(£) = X()l| g oy < € H7 [NPTD2 Q12 |s (heat equation)
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Weak error representation: preliminaries

Consider
dY(t) = E(T —t)BdW(t), t € (0, T]; Y(0) = E(T)Xo,
with weak solution
Y(t)=E(T)X + /Ot E(T —s)BdW(s).
Similarly, consider

th(t) = Eh(T — t)BdW(t), te (0, T], Yh(O) = Eh(T)XoJ,,

with weak solution
t
Yh(t) = Eh(T)XOJ, +/ Eh(T — S)Bde(S)
0
Note: X(T)=Y(T), Xa(T) = Yo(T). No drift term in eq. for Y and Y.
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Weak error representation: preliminaries

Auxiliary problem:

dZ(t) = E(T —t)BdW(t), t € (r, T]; Z(7) =&,
where £ is a F,-measurable random variable.

t
Unique weak solution: Z(t,7,&) = ¢ +/ E(T —s)BdW(s)
Define u: H x [0, T] — R by .

u(x, t) = E(G(Z(T,t,x))).
If G € C3(H,R), then u is a solution to Kolmogorov's equation

ue(x,t) + 3 Tr (uex(x, t)E(T — £)BQIE(T — t)B]*) =0, t€][0,T), x € H,
u(x, T) = G(x),
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Weak error representation: preliminaries

Nuclear operators on H:

T € £1(H)
if there are sequences {a;}, {b;} C H with Zfil llajll|| bj]] < oo and such that
Tx = Z<X, bj)aj, VxeH.
j=1
Banach space with norm: || 7|t = inf { Z llailll| bl : Tx = Z<X, bJ-)aj}.
j=1 j=1

NE

For T € L1(H): Tr(T) =) (Tex,ex) with {ex}re; ONB of H

>
I

1

Connection with HS: || T||3s = Tr(T*T) = | T* T |~
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Weak error representation

THEOREM. If -
Tr(/o E(1)BQIE(1)B] dt) < oc

and G € C3(H,R), then the weak error e;(T) = EG(Xx(T)) — EG(X(T)) has
the representation

en(T) = E(u(Y(0),0) — u(Y(0),0))

+ ;E/OTTr (Uxx(yh(t)7t)

X [En(T — t)Bp + E(T — t)B]Q[EL(T — t)By — E(T — t)B]*) dt
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Weak error representation: proof
If £ is F: measurable, then u(¢,t) = E (G(Z( T,t,€))
of double expectation,

E(u(e. 1) = E(E(6(2(T, £,9))

Thus, with £ = Y(0) and t =0,

}"t) . Therefore, by the law

]—‘t)> - E(G(Z(T, r,g))).

E(u(Y(O),O)) - E(G(Z(T,O, Y(O)))) - E(G(Y(T))) - E(G(X(T)))

and, with § = Yu(T)and t =T,

Hence,

en(T) = E(G(Xa(T)) = G(X(T))) = E(u(Ya(T), T) - u(¥(0).0))

dl
e(

&

i Otago)



Weak error representation: proof

Using 1t6's formula for u(Yy(t), t) and Kolmogorov's equation
E(u(Yh(T), T) — u(Yr(0), 0))
T
—E / ue(Yi(2). 1)
45 T (ualYa(2), OIENT — )BAQIE(T — 1)BA]") d
_ %E/o Tr (ual Yi(2). )
X [En(T — t)BA]QIEA(T — t)By]* — [E(T — t)B]Q[E(T — t)B]*) dt.

The proof can be finished by algebraic manipulation and playing around with
traces.
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Applications: Wave equation

THEOREM: Let g € C2(HO,R) and assume that [|A®~2 QA= 2 ||1, < oo for some

B € [0, Z52]. Then, there are C > 0, hy > 0, depending on g, Xo, @, and T but
not on h, such that for h < hg,

[E(g(Xn1(T)) — g(Xa(T)))| < Chfr?".

The proof uses the weak error representation theorem with
G(X) := g(P1X) = g(X1) and the deterministic error estimate

IKn(D)] == 1A, 2 sin(EAL ) Pov — A2 sin(eAY2)v|| < C(T)h7T%|v|o 1,

te[0,T], se[0,r+1].
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Wave equation: sketch of proof

Set G(X) = g(Xu).

(ux(Y(t), 1), ®) = E((g"(PLZ(Y (1), t, T)), Pr®)|F)

and
(U (Y (1), t)®, W) = E((g"(P1Z(Y(t),t, T))P1d, PLV)|F).

Recall, the abstract weak error representation:
en(T) = E(u(Yn(0),0) — u(Y(0),0))
1 T
n fE/ Tr (uXX(Yh(t), )
2 Jo

X [En(T — t)Br — E(T — t)B]Q[EX(T — t)By + E(T — t)B]*) dt.
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Wave equation: sketch of proof

The first term:

|E(u(Y4(0),0) = u(¥(0),0))| < C sup [|g’(x)[| Ch7T7E[|| Xo|[ -

x€HO

The second term, using G(X) = g(X1):

E(Tr (e Y(£), )[En(T — £)By + E(T — £)B]Q[EN(T — t)By — E(T — t)B]*))

= E(Tr (Ki(T = 0)QIN, *Su(T — )Py + A2S(T — 0)]g" (PLZ(Y (1), 1, )
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Wave equation: remark

Recall strong convergence rate: O(h17)

under the assumption AT Q2 ||ns < oo.
It can be shown that
B-1 1 _1 _1
IN"F Q% [lfs < V72 QA7 |,

with equality when A and @ have a common basis of eigenvectors,

in particular, when Q = /.

IfQ=1Ithend=1,3< % and the weak rate is almost O(hﬁ'l).
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Related results

This weak convergence analysis is from:
Kovacs, Larsson and Lindgren, preprint 2009
In this paper we also study:
» stochastic heat equation
dX +AXdt = dW

strong rate: O(h%)  Yan 2004
weak rate: O(h%’|log(h)|) Debussche and Printems 2009 (fully discrete)
Geissert, Kovacs and Larsson 2009

nonlinear equation in 1-D (only time-stepping): Debussche 2008, to appear
> linearized stochastic Cahn-Hilliard equation

dX 4+ A’Xdt =dW
dX, + N2X, dt = P,dW

Weak error for the leapfrog scheme: Hausenblas preprint 2009
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