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1. Source of randomness: Lévy process L

L is a Lévy process if L0 � 0, is stochastically continuous and has

independent stationary increments

(and right continuous paths with left limits).

L � Brownian motion � driftloooooooooooooooomoooooooooooooooon� jumpsloomoon
Lévy–Khintchine formula for L P Rm: xx, yy � °m

i�1 xiyi

EeixLt,λy � exp
�
� t

2
xAλ, λylooooomooooon

Brownian motion

� itxλ, µyloomoon
drift

� t
» �

eixλ,yy � 1� ixλ, yy
1� }y}2

	
νpdyqlooooooooooooooooooooomooooooooooooooooooooon

jumps

�
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2. α-stable Lévy–Processes (Lévy Flights)

L � pLtqt¥0 is a one-dimensional α-stable Lévy process (symmetric: β � 0)

EeiuLt � exp
!
� tc|u|α

�
1� iβ sgnpuq tan

πα

2

	)
, α P p0, 1q Y p1, 2q
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Pure jump process with enumerable many (small) jumps on any time interval,
jump times are dense.

α � 1 Cauchy–process
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3. α-stable Lévy process (Lévy flights)

Isometric α-stable LP in Rm:

EeixLt,λy � exp
�
� tcm,α}λ}α

�
, α P p0, 2q, cm,α � πm{2

2α
Γp�α

2 q
Γpm�α

2 q

Jump measure: νpdyq � dy

}y}α�m, α P p0, 2q

Cauchy process: α � 1, probability density ppxq � 1

1� }x}2
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4. Motivation and Setting

Chechkin, Gonchar, Szydłowski, Physics of Plasmas 2002.

l � pltqt¥0 is an isometric α-stable Lévy process in R3,

Eeixu,lty � e�t}u}
α
, u P R3, α P p0, 2q.

Langevin equation for a particle in a external magnetic field B and Lévy
electric field 9l:

:x � r 9x�Bs � ν 9x� ε 9l

or $'&
'%

9xε � vε,

9vε � rvε �Bs � νvεloooooooomoooooooon
�:�Avε

�ε 9l , A �
�
� ν �B3 B2

B3 ν �B1

�B2 B1 ν

�


In other words, xε is an integrated OU process:

xεt � x0 �
» t

0

vεs ds, vεt � v0 �
» t

0

Avεs ds� εlt
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5. ε-dependent timescale

Interesting events should occur on the time intervals of the order Op 1
εαq, εÑ 0.

Time transformation: t ÞÑ t
εα.

Self-similarity of an α-stable process: Lawpεl t
εα
, t ¥ 0q � Lawplq � LawpLq

Vt :� v t
εα
� �

» t
εα

0

Avs ds� εl t
εα
� � 1

εα

» t
0

Av s
εα

ds� εl t
εα

Law� � 1

εα

» t
0

AVs ds� Lt,

Xt :� x t
εα
�
» t
εα

0

vs ds � 1

εα

» t
0

v s
εα

ds � 1

εα

» t
0

Vs ds

From now on: on some probability space consider an α-stable Lévy process L
and a family of processes tV ε, Xεu (with big friction parameter 1

εα Ñ 8)

$''&
''%
V εt � � 1

εα

» t
0

AV εs ds� Lt,

Xε
t �

1

εα

» t
0

V εs ds

LawpV εt , Xε
t , t ¥ 0q � Lawpvεt

εα
, xεt

εα
, t ¥ 0q
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6. Explicit solution

Ornstein–Uhlenbeck process:

V εt � � 1

εα

» t
0

AV εs ds� Lt ñ V εt �
» t

0

e�
t�s
εα
A dLs

Integrated Ornstein–Uhlenbeck process (Fubini):

AXε
t �

1

εα

» t
0

AV εs ds � 1

εα

» t
0

� » s
0

Ae�
s�u
εα
A dLu

�
ds

� 1

εα

» t
0

� » t
u

Ae�
s�u
εα
A ds

�
dLu

� A�1A

» t
0

�
1� e�

t�u
εα
A
	

dLu

The process Xε is absolutely continuous, non-Markovian, semimartingale.
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7. Convergence of f.d.d.

Theorem 1. For any n ¥ 1, 0 ¤ t1   � � �   tn   8

pAXε
t1
, . . . , AXε

tnq
PÑ pLt1, . . . , Ltnq, εÑ 0.

Assume:
Eixu,Lty � e�}u}

α
, α P p0, 1q, u P Rd.

Show:
AXε

t
PÑ Lt, εÑ 0, t ¥ 0.
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8. Proof (convergence of one-dimensional distributions)

AXε
t � Lt � �

» t
0

e�
t�s
εα
A dLs

EeiupAXε
t�Ltq � E exp

!
� iu lim

n

ņ

k�1

e�
t�sk
εα

A∆Lsk

)

� lim
n

n¹
k�1

Ee�iue
�
t�sk
εα

A
∆Lsk

� lim
n

n¹
k�1

e∆sk

���ue
�
t�sk
εα

A
��α

� exp
!

lim
n

ņ

k�1

∆sk

���ue�
t�sk
εα

A
���α)

� exp
!
}u}α

» t
0

���e�t�sεα A���αloooomoooon
Ñ0, s�t, εÑ0

ds
)
Ñ 1, εÑ 0
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9. Functional limit theorem?

Convergence of f.d.d. does not imply convergence of the first passage times.

PpτapXεq ¤ tq � Ppsup
s¤t

Xε ¡ aq

Need convergence in a path space Dpr0,8q,Rq with an appropriate metric.

Problem: the limit α-stable Lévy process L is (in general) càdlàg
the processes tAXεuε¡0 are absolutely continuous.

1 2 3 4 5

- 0.3

- 0.2

- 0.1
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10. Uniform convergence does not hold

Consider the space Dpr0,8q,Rq with a (local) uniform topology associated
with the metric

dU,T px, x1q :� sup
tPr0,T s

|xt � x1t|, T ¡ 0,

dUpx, x1q :�
» 8

0

e�T p1^ dU,T px, x1qq dT

No U -convergence unless L is continuous (Brownian motion with drift):

dU,T pAXε, Lq :� sup
tPr0,T s

|AXε
t � Lt| PÛ 0, εÑ 0.
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11. Skorohod J1-convergence does not hold

Skorohod (1956): J1-topology (as well as J2, M1, M2 topologies)

Consider continuous time changes

Λ �
!
λ : R� Ñ R�, strictly increasing and continuous, λp0q � 0, λp�8q � �8q

)

xn Ñ x ô there exists a sequence tλnu � Λ such that

sup
t¥0

|λnptq � t| Ñ 0,

sup
tPr0,T s

|xnpλnptqq � xptq| Ñ 0 for all T ¡ 0.

This topology in metrizable and the space D is Polish.

No J1-convergence unless L is continuous (Brownian motion with drift):

dJ1,T pAXε, Lq PÛ 0, εÑ 0.

We need a weaker metric, such that the sup-functional is still continuous.
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12. Skorohod M1-covergence I
For x P Dpr0, T s,Rq define a completed graph Γx:

Γx :� tpx0, 0qu Y tpz, tq P R� p0, T s : z � cxt� � p1� cqxt for some c, c P r0, 1su,
Γx � R2.

0 T

Γx

0

x

T

Natural order on Γx:

pz, tq ¤ pz1, t1q if t   t1 or t � t1 and |xt� � z| ¤ |xt� � z1|.
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13. Skorohod M1-convergence II

Parametric representation of Γx: continuous nondecreasing w.r.t. order
mapping

pzu, tuq : r0, 1s Ñ Γx.

Denote Πx the set of all parametric representations of Γx.

Skorohod M1-convergence on Dpr0, T s,Rq:

xn Ñ x ô for any pz, tq P Πx there is pzn, tnq � Πxn such that

max
!

sup
uPr0,1s

|znu � zu|, sup
uPr0,1s

|tnu � tu|
)
Ñ 0, nÑ 8.

This topology in metrizable and the space DpR�,R;M1q is Polish (see Whitt,
Chapter 12.8).

The sup-functional is continuous.

Goal: Prove convergence AXε Ñ L in Dpr0,8q,R;M1q in probability

i.e. convergence of f.d.d. (done) and tightness.
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14. M1-oscillation function
For x, y P R denote the segment

vx, yw :� tz P R : z � x� cpy � xq, c P r0, 1su.

M1-oscillation function M : R3 Ñ r0,8q,

Mpx1, x, x2q :�
#

mint|x� x1|, |x2 � x|u, if x R vx1, x2w,
0, x P vx1, x2w.

Mpx1, x, x2q � euclidean distance between the point x and the segment
vx1, x2w.

x x
x

1
M(x ,x,x )

21

2
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15. M1-tighness criterium

Tightness of tAXεuε¡0 in Dpr0,8q,R;M1q:
1. Boundedness: For every T ¡ 0 and K ¡ 0

lim
KÑ8

sup
ε¡0

P
�

sup
tPr0,T s

|AXε
t | ¡ K

	
� 0

2. M1-oscillations: For every T ¡ 0 and ∆ ¡ 0

lim
δÓ0

lim sup
εÑ0

P
�

sup
0¤t1 t t2¤T,

t2�t1¤δ

MpAXε
t1
, AXε

t , AX
ε
t2
q ¡ ∆

	
� 0,
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16. Idea of the proof I

1. Boundedness: straightforward.

2. M1-oscillations: decompose

Lt � ξt � Zt,

ξt : zero-mean martingale with small jumps and P
�

sup
tPr0,T s

|ξt| ¡ ∆

4

	
¤ θ

Zt : compound Poisson process with drift

Linearity of equations:

AXε
t � AXε,ξ

t �AXε,Z
t

:�
» t

0

p1� e�
t�s
εα
Aq dξs �

» t
0

p1� e�
t�s
εα
Aq dZs
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17. Idea of the proof II

Gaussian part: converges in the local uniform metric.

AXγ,ξ is small in the local uniform metric.

Control M1-oscillations of AXε,Z

sup
0¤t1 t t2¤T,

t2�t1¤δ

MpAXε,Z
t1

, AXε,Z
t , AXε,Z

t2
q
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18. Idea of the proof II

Gaussian part: converges in the local uniform metric.

AXγ,ξ is small in the local uniform metric.

Control M1-oscillations of AXε,Z

MpAXε,Z
t1

, AXε,Z
t , AXε,Z

t2
q � 0

– Typeset by FoilTEX – 18



CONTINUOUS LÉVY FLIGHTS 19

19. Idea of the proof II

Gaussian part: converges in the local uniform metric.

AXγ,ξ is small in the local uniform metric.

Control M1-oscillations of AXε,Z

MpAXε,Z
t1

, AXε,Z
t , AXε,Z

t2
q ¤ |AXε,Z

t �AXε,Z
t�δ |
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20. Idea of the proof II

Gaussian part: converges in the local uniform metric.

AXγ,ξ is small in the local uniform metric.

Control M1-oscillations of AXε,Z

MpAXε,Z
t1

, AXε,Z
t , AXε,Z

t2
q ¤ |AXε,Z

t �AXε,Z
t�δ |
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21. M1-convergence in R1

Theorem 2. Let L be a one-dimensional α-stable Lévy process, α P p0, 2q,
and let Xε be an integrated OU-process with zero initial conditions. Then

AXε PÑ L in Dpr0,8q,R;M1q as εÑ 0.

Theorem 3. Let lpαq � plpαqt qt¥0 be a one-dimensional α-stable Lévy process,
α P p0, 2q, and let xε be the integrated OU process with zero initial conditions.
Then �

Axεt
εα

	
t¥0

ñ plpαqt qt¥0 in Dpr0,8q,R;M1q as εÑ 0.

Corollary. Let lpαq be a one-dimensional α-stable process with
lim suptÑ8 l

pαq
t � �8 a.s. Then for any a ¡ 0

εατapxεq dÑ τ a
A
plpαqq as εÑ 0.
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22. SM1-convergence in R2

- 30 - 20 -10 10 20 30

- 30

- 20
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20
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Xε
t �

1

εα

» t
0

V εs ds

V εt � � 1

εα

» t
0

AV εs ds� Lt, A �
�
ν 0
0 ν




AXε
t

SM1ñ L
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23. WM1-convergence in R2

- 60 - 40 - 20 20 40 60

- 60

- 40

- 20

20

40

60

Xε
t �

1

εα

» t
0

V εs ds

V εt � � 1

εα

» t
0

AV εs ds� Lt, A �
�
ν 0
0 µ



, ν, µ ¡ 0, ν � µ

AXε
t

WM1ñ L
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24. No good convergence in R2

- 40 - 20 20 40

- 40

- 20

20

40

Xε
t �

1

εα

» t
0

V εs ds

V εt � � 1

εα

» t
0

AV εs ds� Lt, A �
�

1 �1
1 1



, λ1,2 � 1� i
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25. Even worse, R2

- 60 - 40 - 20 20 40 60

- 60

- 40

- 20

20

40

60

Xε
t �

1

εα

» t
0

V εs ds

V εt � � 1

εα

» t
0

AV εs ds� Lt, A �
�

1 �3
3 1



, λ1,2 � 1� 3i
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26. Real eigenvalues, R2

-100 - 50 50 100

-100

- 50

50

100

Xε
t �

1

εα

» t
0

V εs ds

V εt � � 1

εα

» t
0

AV εs ds� Lt, A �
�
ν 1
0 ν



, ν ¡ 0.

– Typeset by FoilTEX – 26



CONTINUOUS LÉVY FLIGHTS 27

27. External magnetic field, R3

-150
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- 50

0
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50

100

-100

- 50

0

Xε
t �

1

εα

» t
0

V εs ds, �AV � �νV � rV �Bs,

V εt � � 1

εα

» t
0

AV εs ds� Lt, A �
�
� ν �B3 B2

B3 ν �B1

�B2 B1 ν

�
, ν � 1,B � p2,�3, 1q
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