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Exercise 1.

Let a < b, k > 1 und Ck([a, b]) := {f : [a, b] → R|f k-time continous di�erentiable} with the norm

‖f‖∞ := sup{|f(x)| : x ∈ [a, b]}. Prove that the di�erential operator d
dx : C

k+1([a, b]) → Ck([a, b]),

f 7→ df
dx is a linear and non-continuous operator. (4 Points)

Exercise 2.

Consider the space (C([0, 1]), ‖ · ‖∞). We de�ne the operators An : C([0, 1])→ C([0, 1]) by

(Anx)(t) = tn(1− t)x(t).

Does (An)n∈N converge in der operator norm? (4 Points)

Exercise 3.

Consider the space (C([0, 1]), ‖ · ‖∞). Let f ∈ C([0, 1]). De�ne the operator Af : C([0, 1]) → C([0, 1])
by

(Tfx)(s) := f(s) · x(s) s ∈ [0, 1].

Prove that Tf is a bounded operator and calculate the operator norm of Tf . (4 Points)

Exercise 4.

Let X,Y be normed spaces. Let T : X → Y be a linear and bounded operator. Prove that the following

de�nitions of the operator norm are equivalent.

� ‖T‖ = inf{c > 0: |Tx| 6 c|x| ∀x ∈ X}

� ‖T‖ = supx 6=0
|Tx|
|x|

� ‖T‖ = sup|x|61 |Tx|

� ‖T‖ = sup|x|=1 |Tx|

(4 Points)

Hint: Some of the implications have already been proven in the lecture notes.
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