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Preface

The editors of this volume wish to express to Kazuya Kato their gratitude
and admiration for his seminal contributions to arithmetic algebraic geometry
and the deep influence he has been exerting in this area for over twenty years
through his students and collaborators throughout the world.

S. Bloch, I. Fesenko, L. Illusie, M. Kurihara, S. Saito, T. Saito, P. Schneider
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Prime Numbers

Kazuya Kato

The song of prime numbers sounds Tonnkarari,
We can hear if we keep our ears open,
We can hear their joyful song.

The song of prime numbers sounds Chinnkarari,
Prime numbers sing together in harmony
The song of love in the land of prime numbers.

The song of prime numbers sounds Ponnporori,
Prime numbers are seeing dreams,
They sing the dreams for the tomorrow.

Documenta Mathematica · Extra Volume Kato (2003)



4 Kazuya Kato

Sosuu no uta wa tonnkarari
Mimi o sumaseba kikoe masu
Tanoshii uta ga kikoe masu

Sosuu no uta wa chinnkarari
Koe o awasete utai masu
Sosuu no kuni no ai no uta

Sosuu no uta wa ponnporori
Sosuu wa yume o mite imasu
Ashita no yume o utai masu

Alphabetic transcription of Kato’s poem

Documenta Mathematica · Extra Volume Kato (2003)
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Ramification of Local Fields

with Imperfect Residue Fields II

Dedicated to Kazuya Kato

on the occasion of his 50th birthday

Ahmed Abbes and Takeshi Saito

Received: October 10, 2002

Revised: August 6, 2003

Abstract. In [1], a filtration by ramification groups and its loga-
rithmic version are defined on the absolute Galois group of a complete
discrete valuation field without assuming that the residue field is per-
fect. In this paper, we study the graded pieces of these filtrations and
show that they are abelian except possibly in the absolutely unrami-
fied and non-logarithmic case.

2000 Mathematics Subject Classification: primary 11S15, secondary
14G22

Keywords and Phrases: local fields, wild ramification, log structure,
affinoid variety.

In the previous paper [1], a filtration by ramification groups and its logarithmic
version are defined on the absolute Galois group GK of a complete discrete
valuation field K without assuming that the residue field is perfect. In this
paper, we study the graded pieces of these filtrations and show that they are
abelian except possibly in the absolutely unramified and non-logarithmic case.
Let Gj

K (j > 0,∈ Q) denote the decreasing filtration by ramification groups

and Gj
K,log (j > 0,∈ Q) be its logarithmic variant. We put Gj+

K =
⋃

j′>j Gj′

K

and Gj+
K,log =

⋃
j′>j Gj′

K,log. In [1], we show that the wild inertia subgroup

P ⊂ GK is equal to G1+
K = G0+

K,log. The main result is the following.

Documenta Mathematica · Extra Volume Kato (2003) 5–72



6 Ahmed Abbes and Takeshi Saito

Theorem 1 Let K be a complete discrete valuation field.
1. (see Theorem 2.15) Assume either K has equal characteristics p > 0 or K
has mixed characteristic and p is not a prime element. Then, for a rational
number j > 1, the graded piece GrjGK = Gj

K/Gj+
K is abelian and is a subgroup

of the center of the pro-p-group G1+
K /Gj+

K .

2. (see Theorem 5.12) For a rational number j > 0, the graded piece Grj
logGK =

Gj
K,log/Gj+

K,log is abelian and is a subgroup of the center of the pro-p-group

G0+
K,log/Gj+

K,log.

The idea of the proof of 1 is the following. Under some finiteness assumption,
denoted by (F), we define a functor X̄j from the category of finite étale K-
algebras with ramification bounded by j+ to the category of finite étale schemes
over a certain tangent space Θj with continuous semi-linear action of GK . For
a finite Galois extension L of K with ramification bounded by j+, the image
X̄j(L) has two mutually commuting actions of G = Gal(L/K) and GK . The
arithmetic action of GK comes from the definition of the functor X̄j and the
geometric action of G is defined by functoriality. Using these two commuting
actions, we prove the assertion. The assumption that p is not a prime element
is necessary in the construction of the functor X̄j .
In Section 1, for a rational number j > 0 and a smooth embedding of a finite
flat OK-algebra, we define its j-th tubular neighborhood as an affinoid variety.
We also define its j-th twisted reduced normal cone.
We recall the definition of the filtration by ramification groups in Section 2.1
using the notions introduced in Section 1. In the equal characteristic case,
under the assumption (F), we define a functor X̄j mentioned above in Section
2.2 using j-th tubular neighborhoods. In the mixed characteristic case, we give
a similar but subtler construction using the twisted normal cones, assuming
further that the residue characteristic p is not a prime element of K in Section
2.3. Then, we prove Theorem 2.15 in Section 2.4. We also define a canonical
surjection πab

1 (Θj) → GrjGK under the assumption (F).
After some preparations on generalities of log structures in Section 3, we study
a logarithmic analogue in Sections 4 and 5. We define a canonical surjection
πab

1 (Θj
log) → Grj

logGK under the assumption (F) and prove the logarithmic
part, Theorem 5.12, of the main result in Section 5.2. Among other results,
we compare the construction with the logarithmic construction given in [1]
in Lemma 4.10. We also prove in Corollary 4.12 a logarithmic version of [1]
Theorem 7.2 (see also Corollary 1.16).
In Section 6, assuming the residue field is perfect, we show that the surjection
πab

1 (Θj
log) → Grj

logGK induces an isomorphism πab,gp
1 (Θj

log) → Grj
logGK where

πab,gp
1 (Θj

log) denotes the quotient classifying the étale isogenies to Θj
log regarded

as an algebraic group.
When one of the authors (T.S.) started studing mathematics, Kazuya Kato,
who was his adviser, suggested to read [13] and to study how to generalize it
when the residue field is no longer assumed perfect. This paper is a partial

Documenta Mathematica · Extra Volume Kato (2003) 5–72



Ramification of Local Fields 7

answer to his suggestion. The authors are very happy to dedicate this paper
to him for his 51st anniversary.

Notation. Let K be a complete discrete valuation field, OK be its valuation
ring and F be its residue field of characteristic p > 0. Let K̄ be a separable
closure of K, OK̄ be the integral closure of OK in K̄, F̄ be the residue field
of OK̄ , and GK = Gal(K̄/K) be the Galois group of K̄ over K. Let π be a
uniformizer of OK and ord be the valuation of K normalized by ordπ = 1. We
denote also by ord the unique extension of ord to K̄.

1 Tubular neighborhoods for finite flat algebras

For a semi-local ring R, let mR denote the radical of R. We say that an OK-
algebra R is formally of finite type over OK if R is semi-local, mR-adically
complete, Noetherian and the quotient R/mR is finite over F . An OK-algebra
R formally of finite type over OK is formally smooth over OK if and only if its
factors are formally smooth. We say that an OK-algebra R is topologically of
finite type over OK if R is π-adically complete, Noetherian and the quotient
R/πR is of finite type over F . For an OK-algebra R formally of finite type over
OK , we put Ω̂R/OK

= lim←−n
Ω(R/mn

R)/OK
. For an OK-algebra R topologically

of finite type over OK , we put Ω̂R/OK
= lim←−n

Ω(R/πnR)/OK
. Here and in

the following, Ω denotes the module of differential 1-forms. For a surjection
R → R′ of rings, its formal completion is defined to be the projective limit
R∧ = lim←−n

R/(Ker(R → R′))n.
In this section, A will denote a finite flat OK-algebra.

1.1 Embeddings of finite flat algebras

Definition 1.1 1. Let A be a finite flat OK-algebra and A be an OK-algebra
formally of finite type and formally smooth over OK . We say that a surjection
A → A of OK-algebras is an embedding if it induces an isomorphism A/mA →
A/mA.
2. We define EmbOK

to be the category whose objects and morphisms are as
follows. An object of EmbOK

is a triple (A → A) where:

• A is a finite flat OK-algebra.

• A is an OK-algebra formally of finite type and formally smooth over OK .

• A → A is an embedding.

A morphism (f, f) : (A → A) → (B → B) of EmbOK
is a pair of OK-

homomorphisms f : A → B and f : A → B such that the diagram

A −−−−→ A

f

y
yf

B −−−−→ B

Documenta Mathematica · Extra Volume Kato (2003) 5–72



8 Ahmed Abbes and Takeshi Saito

is commutative.

3. For a finite flat OK-algebra A, let EmbOK
(A) be the subcategory of EmbOK

whose objects are of the form (A → A) and morphisms are of the form (idA, f).

4. We say that a morphism (f, f) : (A → A) → (B → B) of EmbOK
is

finite flat if f : A → B is finite and flat and if the map B ⊗A A → B is an
isomorphism.

If (A → A) is an embedding, the A-module Ω̂A/OK
is locally free of finite rank.

Lemma 1.2 1. For a finite flat OK-algebra A, the category EmbOK
(A) is non-

empty.

2. For a morphism f : A → B of finite flat OK-algebras and for embeddings
(A → A) and (B → B), there exists a morphism (f, f) : (A → A) → (B → B)
lifting f .

3. For a morphism f : A → B of finite flat OK-algebras, the following condi-
tions are equivalent.

(1) The map f : A → B is flat and locally of complete intersection.

(2) Their exists a finite flat morphism (f, f) : (A → A) → (B → B) of
embeddings.

Proof. 1. Take a finite system of generators t1, . . . , tn of A over
OK and define a surjection OK [T1, . . . , Tn] → A by Ti 7→ ti. Then
the formal completion A → A of OK [T1, . . . , Tn] → A, where A =
lim←−m

OK [T1, . . . , Tn]/(Ker(OK [T1, . . . , Tn] → A))m, is an embedding.

2. Since A is formally smooth over OK and B = lim←−n
B/In where I = Ker(B →

B), the assertion follows.

3. (1)⇒(2). We may assume A and B are local. By 1 and 2, there exists a
morphism (f, f) : (A → A) → (B → B) lifting f . Replacing B → B by the
projective limit lim←−n

(A/mn
A ⊗OK

B/mn
B)∧ → B/mn

B of the formal completion

(A/mn
A⊗OK

B/mn
B)∧ → B/mn

B of the surjections A/mn
A⊗OK

B/mn
B → B/mn

B ,
we may assume that the map A → B is formally smooth. Since A → B is
locally of complete intersection, the kernel of the surjection B ⊗A A → B is
generated by a regular sequence (t1, . . . , tn). Take a lifting (t̃1, . . . t̃n) in B and
define a map A[[T1, . . . , Tn]] → B by Ti 7→ ti. We consider an embedding
A[[T1, . . . , Tn]] → A defined by the composition A[[T1, . . . , Tn]] → A → A
sending Ti to 0. Replacing A by A[[T1, . . . , Tn]], we obtain a map (A →
A) → (B → B) such that the map B ⊗A A → B is an isomorphism and
dimA = dimB. By Nakayama’s lemma, the map A → B is finite. Hence the
map A → B is flat by EGA Chap 0IV Corollaire (17.3.5) (ii).

(2)⇒(1). Since A and B are regular, B is locally of complete intersection over
A. Since B is flat over A, B is also flat and locally of complete intersection
over A. 2

The base change of an embedding by an extension of complete discrete valuation
fields is defined as follows.

Documenta Mathematica · Extra Volume Kato (2003) 5–72



Ramification of Local Fields 9

Lemma 1.3 Let K ′ be a complete discrete valuation field and K → K ′ be a
morphism of fields inducing a local homomorphism OK → OK′ . Let (A →
A) be an object of EmbOK

. We define A⊗̂OK
OK′ to be the projective limit

lim←−n
(A/mn

A ⊗OK
OK′). Then the OK′-algebra A⊗̂OK

OK′ is formally of finite

type and formally smooth over OK′ . The natural surjection A⊗̂OK
OK′ →

A⊗̂OK
OK′ defines an object (A⊗̂OK

OK′ → A ⊗OK
OK′) of EmbOK′ .

Proof. The OK-algebra A is finite over the power series ring OK [[T1, . . . , Tn]] for
some n ≥ 0. Hence the OK′ -algebra A⊗̂OK

OK′ is finite over OK′ [[T1, . . . , Tn]]
and is formally of finite type over OK′ . The formal smoothness is clear from
the definition. The rest is clear. 2.

For an object (A → A) of EmbOK
, we let the object (A⊗̂OK

OK′ → A⊗OK
OK′)

of EmbOK′ defined in Lemma 1.3 denoted by (A → A)⊗̂OK
OK′ . By sending

(A → A) to (A → A)⊗̂OK
OK′ , we obtain a functor ⊗̂OK

OK′ : EmbOK
→

EmbOK′ . If K ′ is a finite extension of K, we have A⊗̂OK
OK′ = A ⊗OK

OK′ .

1.2 Tubular neighborhoods for embbedings

Let (A → A) be an object of EmbOK
and I be the kernel of the surjection

A → A. Mimicing [3] Chapter 7, for a pair of positive integers m,n > 0,
we define an OK-algebra Am/n topologically of finite type as follows. Let
A[In/πm] be the subring of A⊗OK

K generated by A and the elements f/πm

for f ∈ In and let Am/n be its π-adic completion. For two pairs of positive
integers m,n and m′, n′, if m′ is a multiple of m and if m′/n′ ≤ m/n, we have
an inclusion A[In′

/πm′

] ⊂ A[In/πm]. It induces a continuous homomorphism
Am′/n′ → Am/n. Then we have the following.

Lemma 1.4 Let (A → A) be an object of EmbOK
and m,n > 0 be a pair of

positive integers. Then,

1. The OK-algebra Am/n is topologically of finite type over OK . The tensor

product Am/n
K = Am/n ⊗OK

K is an affinoid algebra over K.

2. The map A → Am/n is continuous with respect to the mA-adic topology on
A and the π-adic topology on Am/n.

3. Let m′, n′ be another pair of positive integers and assume that m′ is a mul-

tiple of m and j′ = m′/n′ ≤ j = m/n. Then, by the map Xm/n = Sp Am/n
K →

Xm′/n′

= Sp Am′/n′

K induced by the inclusion A[In′

/πm′

] ⊂ A[In/πm], the

affinoid variety Xm/n is identified with a rational subdomain of Xm′/n′

.

4. The affinoid variety Xm/n = Sp Am/n
K depends only on the ratio j = m/n.

The proof is similar to that of [3] Lemma 7.1.2.

Proof. 1. Since the OK-algebra Am/n is π-adically complete, it is sufficient
to show that the quotient A[In/πm]/(π) is of finite type over F . Since it is
finitely generated over A/(π, In) and A/(π, I) = A/(π) is finite over F , the
assertion follows.

Documenta Mathematica · Extra Volume Kato (2003) 5–72



10 Ahmed Abbes and Takeshi Saito

2. Since A/π = A/(π, I) is of finite length, a power of mA is in (πm, In). Since
the image of (πm, In) in Am/n is in πmAm/n, the assertion follows.
3. Take a system of generators f1, . . . , fN of In and define a surjection
A[In′

/πm′

][T1, . . . , TN ]/(πmTi−fi) → A[In/πm] by sending Ti to fi/πm. Since
it induces an isomorphism after tensoring with K, its kernel is annihilated by

a power of π. Hence it induces an isomorphism Am′/n′

K 〈T1, . . . , TN 〉/(πmTi −
fi, i = 1, . . . , N) → Am/n

K .
4. Further assume m/n = m′/n′ and put k = m′/m. Let f1, . . . , fN ∈ In

be a system of generators of In as above. Then A[In/πm] is generated by
(f1/πm)k1 · · · (fN/πm)kN , 0 ≤ ki < k as an A[In′

/πm′

]-module. Hence the
cokernel of the inclusion Am′/n′ → Am/n is annihilated by a power of π and
the assertion follows. 2

If A = OK [[T1, . . . , TN ]] and I = (T1, . . . , TN ), the ring Am/1 is isomor-
phic to the π-adic completion of OK [T1/πm, . . . , TN/πm] and is denoted by
OK〈T1/πm, . . . , TN/πm〉. By Lemma 1.4.4, the integral closure Aj of Am/n in
the affinoid algebra Am/n ⊗OK

K depends only on j = m/n.

Definition 1.5 Let (A → A) be an object of EmbOK
and j > 0 be a rational

number. We define Aj to be the integral closure of Am/n for j = m/n in the
affinoid algebra Am/n⊗OK

K and define the j-th tubular neighborhood Xj(A →
A) to be the affinoid variety Sp Aj

K .

In the case A = OK [[T1, . . . , Tn]] and the map A → A = OK is defined by
sending Ti to 0, the affinoid variety Xj(A → A) is the n-dimensional polydisk
D(0, πj)n of center 0 and of radius πj . For each positive rational number j > 0,
the construction attaching the j-th tubular neighboorhood Xj(A → A) to an
object (A → A) of EmbOK

defines a functor

Xj : EmbOK
→ (Affinoid/K)

to the category of affinoid varieties over K. For j′ ≤ j, we have a natural
morphism Xj → Xj′

of functors. A finite flat morphism of embeddings induces
a finite flat morphism of affinoid varieties.

Lemma 1.6 Let j > 0 be a positive rational number and (A → A) → (B → B)
be a finite and flat morphism in EmbOK

. Then, the induced map f j : Xj(B →
B) → Xj(A → A) is a finite flat map of affinoid varieties.

Proof. Let I and J = IB be the kernels of the surjections A → A and B → B.
Since the map A → B is flat, it induces isomorphisms B ⊗A A[In/πm] →
B[Jn/πm] and B ⊗A Aj

K → Bj
K . The assertion follows from this immediately.

2

For an extension K ′ of complete discrete valuation field K, the construction of
j-th tubular neighborhoods commutes with the base change. More precisely, we
have the following. Let K ′ be a complete discrete valuation field and K → K ′

be a morphism of fields inducing a local homomorphism OK → OK′ . Then by

Documenta Mathematica · Extra Volume Kato (2003) 5–72



Ramification of Local Fields 11

sending an affinoid variety Sp AK over K to the affinoid variety Sp AK⊗̂KK ′

over K ′, we obtain a functor ⊗̂KK ′ : (Affinoid/K) → (Affinoid/K ′) (see [2]
9.3.6). Let e be the ramification index eK′/K and j > 0 be a positive rational

number. Then the canonical map A → A⊗̂OK
OK′ induces an isomorphism

Xj(A → A)⊗̂KK ′ → Xej((A → A)⊗̂OK
OK′) of affinoid varieties over K ′. In

other words, we have a commutative diagram of functors

Xj : EmbOK
−−−−→ (Affinoid/K)

⊗̂OK
OK′

y
y⊗̂KK′

Xej : EmbOK
−−−−→ (Affinoid/K ′).

Lemma 1.7 For a rational number j > 0, the affinoid algebra Aj
K is smooth

over K.

Proof. By the commutative diagram above, it is sufficient to show that there
is a finite separable extension K ′ of K such that the base change Xj(A →
A) ⊗K K ′ = Xj(A ⊗OK

OK′ → A ⊗OK
OK′) is smooth over K ′. Replacing K

by K ′ and separating the factors of A, we may assume A/mA = F . Then we
also have A/mA = F and an isomorphism OK [[T1, . . . , Tn]] → A. We define an
object (A → OK) of EmbOK

by sending Ti ∈ A to 0. Let I and I ′ be the kernel
of A → A and A → OK respectively and put j = m/n. Since A/(πm, In) is
of finite length, there is an integer n′ > 0 such that I ′n

′ ⊂ (πm, In). Then we
have an inclusion A[I ′n

′

/πm] → A[In/πm] and hence a map Xm/n(A → A) →
Xm/n′

(A → OK). By the similar argument as in the proof of Lemma 1.4.3,
the affinoid variety Xm/n(A → A) is identified with a rational subdomain of
Xm/n′

(A → OK). Since the affinoid variety Xm/n′

(A → OK) is a polydisk,
the assertion follows. 2

By Lemma 1.7, the j-th tubular neighborhoods in fact define a functor

Xj : EmbOK
−−−−→ (smoooth Affinoid/K)

to the category of smooth affinoid varieties over K. Also by Lemma 1.7,
Ω̂Aj/OK

⊗ K is a locally free Aj
K-module.

An idea behind the definition of the j-th tubular neighborhood is the fol-
lowing description of the valued points. Let (A → A) be an object of
EmbOK

and j > 0 be a rational number. Let Aj
K be the affinoid alge-

bra defining the affinoid variety Xj(A → A) and let Xj(A → A)(K̄) be
the set of K̄-valued points. Since a continuous homomorphism Aj

K → K̄
is determined by the induced map A → OK̄ , we have a natural injection
Xj(A → A)(K̄) → Homcont.OK -alg(A, OK̄). The surjection A → A induces an
injection

(1.8.0) HomOK -alg(A,OK̄) −−−−→ Xj(A → A)(K̄).

For a rational number j > 0, let mj denote the ideal mj = {x ∈ K̄; ordx ≥ j}.
We naturally identify the set HomOK -alg(A,OK̄/mj) of OK-algebra homomor-
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12 Ahmed Abbes and Takeshi Saito

phisms with a subset of the set Homcont.OK -alg(A, OK̄/mj) of continuous OK-
algebra homomorphisms.

Lemma 1.8 Let (A → A) be an object of EmbOK
and j > 0 be a rational

number. Then by the injection Xj(A → A)(K̄) → Homcont.OK-alg(A, OK̄)
above, the set Xj(A → A)(K̄) is identified with the inverse image of the
subset HomOK-alg(A,OK̄/mj) by the projection Homcont.OK-alg(A, OK̄) →
Homcont.OK-alg(A, OK̄/mj). In other words, we have a cartesian diagram

(1.8.1)

Xj(A → A)(K̄) −−−−→ Homcont.OK -alg(A, OK̄)
y

y

HomOK -alg(A,OK̄/mj) −−−−→ Homcont.OK -alg(A, OK̄/mj).

The arrows are compatible with the natural GK-action.

Proof. Let j = m/n. By the definition of Am/n, a continuous morphism
A → OK̄ is extended to Aj

K → K̄, if and only if the image of In is contained
in the ideal (πm). Hence the assertion follows. 2

For an affinoid variety X over K, let π0(XK̄) denote the set lim←−K′/K
π0(XK′)

of geometric connected components, where K ′ runs over finite extensions of K
in K̄. The set π0(XK̄) is finite and carries a natural continuous right action of
the absolute Galois group GK . To get a left action, we let σ ∈ GK act on XK̄

by σ−1. The natural map Xj(A → A)(K̄) → π0(XK̄) is compatible with this
left GK-action. Let GK-(Finite Sets) denote the category of finite sets with a
continuous left action of GK and let (Finite Flat/OK) be the category of finite
flat OK-algebras. Then, for a rational number j > 0, we obtain a sequence of
functors

(Finite Flat/OK) ←−−−− EmbOK

Xj

−−−−→
(smooth Affinoid/K)

X 7→π0(XK̄)−−−−−−−−→ GK-(Finite Sets).

We show that the composition EmbOK
→ GK-(Finite Sets) induces a functor

(Finite Flat/OK) → GK-(Finite Sets).

Lemma 1.9 Let j > 0 be a positive rational number.
1. Let (A → A) be an embedding. Then, the map Xj(A → A)(K̄) →
HomOK -alg(A,OK̄/mj) (1.8.1) induces a surjection

(1.9.1) HomOK -alg(A,OK̄/mj) −−−−→ π0(X
j(A → A)K̄).

2. Let (A → A) and (A′ → A) be embeddings. Then, there exists a unique
bijection π0(X

j(A → A)K̄) → π0(X
j(A′ → A)K̄) such that the diagram

(1.9.2)

HomOK -alg(A,OK̄/mj) −−−−→ π0(X
j(A → A)K̄)

∥∥∥
y

HomOK -alg(A,OK̄/mj) −−−−→ π0(X
j(A′ → A)K̄)
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is commutative.
3. Let (f, f) : (A → A) → (B → B) be a morphism of EmbOK

. Then, the
induced map π0(X

j(B → B)K̄) → π0(X
j(A → A)K̄) depends only on f .

4. Let (f, f) : (A → OK) → (B → B) be a finite flat morphism of EmbOK
.

Then the map (1.8.0) induces a surjection

(1.9.3) HomOK-alg(B,OK̄) −−−−→ π0(X
j(B → B)K̄).

Proof. 1. The fibers of the map Homcont.OK -alg(A, OK̄) →
Homcont.OK -alg(A, OK̄/mj) are K̄-valued points of polydisks. Hence the
surjection Xj(A → A)(K̄) → Homcont.OK -alg(A,OK̄/mj) induces a surjection
Homcont.OK -alg(A,OK̄/mj) → π0(X

j(A → A)K̄) by Lemma 1.8.
2. By 1 and Lemma 1.2.2, there exists a unique surjection π0(X

j(A → A)K̄) →
π0(X

j(A′ → A)K̄) such that the diagram (1.9.2) is commutative. Switching
A → A and A′ → A, we obtain the assertion.
3. In the commutative diagram

Homcont.OK -alg(B,OK̄/mj) −−−−→ π0(X
j(B → B)K̄)

f∗

y
y

Homcont.OK -alg(A,OK̄/mj) −−−−→ π0(X
j(A → A)K̄),

the horizontal arrows are surjective by 1. Hence the assertion follows.
4. The map f j : Xj(B → B) → Xj(A → OK) is finite and flat by Lemma 1.6.
Let y : Xj(A → OK)(K̄) be the point corresponding to the map A → OK .
Then the fiber (f j)−1(y) is identified with the set HomOK -alg(B,OK̄). Since
Xj(A → OK)K̄ is isomorphic to a disk and is connected, the assertion follows.
2

For a rational number j > 0 and a finite flat OK-algebra A, we put

Ψj(A) = lim←−
(A→A)∈EmbOK

(A)

π0(X
j(A → A)K̄).

By Lemmas 1.2.1 and 1.9.2, the projective system in the right is constant.
Further by Lemma 1.9.3, we obtain a functor

Ψj : (Finite Flat/OK) −−−−→ GK-(Finite Sets)

sending a finite flat OK-algebra A to Ψj(A). Let Ψ : (Finite Flat/OK) →
GK-(Finite Sets) be the functor defined by Ψ(A) = HomOK -alg(A, K̄). Then,
the map (1.9.1) induces a map Ψ → Ψj of functors.

1.3 Stable normalized integral models and their closed fibers

We briefly recall the stable normalized integral model of an affinoid variety
and its closed fiber (cf. [1] Section 4). It is based on the finiteness theorem of
Grauert-Remmert.
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14 Ahmed Abbes and Takeshi Saito

Theorem 1.10 (Finiteness theorem of Grauert-Remmert, [1] Theorem 4.2)
Let A be an OK-algebra topologically of finite type. Assume that the generic
fiber AK = A⊗OK

K is geometrically reduced. Then,
1. There exists a finite separable extension K ′ of K such that the geometric
closed fiber AOK′ ⊗OK′ F̄ of the integral closure AOK′ of A in A ⊗OK

K ′ is
reduced.
2. Assume further that A is flat over OK and that the geometric closed fiber
A⊗OK

F̄ is reduced. Let K ′ be an extension of complete discrete valuation field
over K and π′ be a prime element of K ′. Then the π′-adic completion of the
base change A⊗OK

OK′ is integrally closed in A⊗OK
K ′.

Let A be an OK-algebra topologically of finite type such that AK is smooth. If
a finite separable extension K ′ satisfies the condition in Theorem 1.10.1, we say
that the integral closure AOK′ of A in AK′ is a stable normalized integral model
of the affinoid variety XK = Sp AK and that the stable normalized integral
model is defined over K ′. The geometric closed fiber X̄ = Spec AOK′ ⊗OK′ F̄ of
a stable normalized integral model is independent of the choice of an extension
K ′ over which a stable normalized integral model is defined, by Theorem 1.10.2.
Hence, the scheme X̄ carries a natural continuous action of the absolute Galois
group GK = Gal(K̄/K) compatible with its action on F̄ .
The construction above defines a functor as follows. Let GK-(Aff/F̄ ) denote
the category of affine schemes of finite type over F̄ with a semi-linear continuous
action of the absolute Galois group GK . More precisely, an object is an affine
scheme Y over F̄ with an action of GK compatible with the action of GK on
F̄ satisfying the following property: There exist a finite Galois extension K ′

of K in K̄, an affine scheme YK′ of finite type over the residue field F ′ of K ′,
an action of Gal(K ′/K) on YK′ compatible with the action of Gal(K ′/K) on
F ′ and a GK-equivariant isomorphism YK′ ⊗F ′ F̄ → Y . Then Theorem 1.10
implies that the geometric closed fiber of a stable normalized integral model
defines a functor

(smooth Affinoid/K) → GK-(Aff/F̄ ) : X 7→ X̄.

Corollary 1.11 Let A be an OK-algebra topologically of finite type such that
the generic fiber AK is geometrically reduced as in Theorem 1.10. Let XK =
Sp AK be the affinoid variety and XF̄ be the geometric closed fiber of the
stable normalized integral model. Then the natural map π0(XF̄ ) → π0(XK̄) is
a bijection.

Proof. Replacing A by its image in AK , we may assume A is flat over OK .
Let K ′ be a finite separable extension of K in K̄ such that the stable normal-
ized integral model AOK′ is defined over K ′. Then since AOK′ is π-adically
complete, the canonical maps π0(SpecAOK′ ) → π0(Spec(AOK′ ⊗OK′ F ′)) is
bijective. Since the idempotents of AK′ are in AOK′ , the canonical maps
π0(SpecAOK′ ) → π0(SpecAK′) is also bijective. By taking the limit, we obtain
the assertion. 2
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Ramification of Local Fields 15

By Corollary 1.11, the functor (smooth Affinoid/K) → GK-(Finite Sets) send-
ing a smooth affinoid variety X to π0(XK̄) may be also regarded as the com-
position of the functors

(smooth Affinoid/K)
X 7→X̄−−−−→ GK-(Aff/F̄ )

π0−−−−→ GK-(Finite Sets).

Lemma 1.12 Let j > 0 be a positive rational number and (f, f) : (A → OK) →
(B → B) be a finite flat morphism of EmbOK

. Let f j : Xj(B → B) →
Xj(A → OK) be the induced map and f̄ j : X̄j(B → B) → X̄j(A → OK)
be its reduction. Let y ∈ Xj(A → OK)(K̄) be the point corresponding to
A → A = OK → K̄ and ȳ ∈ X̄j(A → OK) be its specialization. Then the
surjections (f j)−1(y) = HomOK-alg(B,OK̄) → π0(X

j′

(B → B)K̄) (1.9.3) and
the specialization map (f j)−1(y) → (f̄ j)−1(ȳ) induces a bijection

(1.12.1) lim−→j′>j
π0(X

j′

(B → B)K̄) −−−−→ (f̄ j)−1(ȳ).

Proof. The map (f j)−1(y) → π0(X
j′

(B → B)K̄) is a surjection of finite sets
by Lemma 1.9.4. Hence there exists a rational number j′ > j such that the
surjection π0(X

j′

(B → B)K̄) → lim−→j′′>j
π0(X

j′′

(B → B)K̄) is a bijection.

Let K ′ be a finite separable extension such that the surjection π0(X
j′

(B →
B)K̄) → π0(X

j′

(B → B)K′) is a bijection and that the stable normalized
integral models Bj

OK′
of Xj(B → B) is defined over K ′. Enlarging K ′ further if

necessary, we assume that e′j is an integer where e′ = eK′/K is the ramification

index. Then the integral model Aj
OK′

of Xj(A → OK) is also defined over K ′.
If OK [[T1, . . . , Tn]] → A is an isomorphism such that the kernel of A → OK

is generated by T1, . . . , Tn and π′ is a prime element of K ′, it induces an
isomorphism OK′〈T1/π′e′j , . . . , Tn/π′e′j〉 → Aj

OK′
. Let Aj

OK′
→ OK′ be the

map induced by A → OK and A
j
OK′

be the formal completion respect to

the surjection Aj
OK′

→ OK′ . If OK [[T1, . . . , Tn]] → A is an isomorphism as

above, it induces an isomorphism OK′ [[T1/π′e′j , . . . , Tn/π′e′j ]] → A
j
OK′

. We

put B
j
OK′

= Bj
OK′

⊗Aj
O

K′

A
j
OK′

. The ring B
j
OK′

is finite over A
j
OK′

since Bj
OK′

is finite over Aj
OK′

. Enlarging K ′ further if necessary, we assume that the

canonical map (f̄ j)−1(ȳ) → π0(Spec B
j
OK′

) is a bijection.

We show that the surjection π0(X
j′

(B → B)K′) → π0(Spec B
j
OK′

) is a bijec-

tion. For a rational number j′ > 0, let Aj′

K and Bj′

K denote the affinoid K-

algebras defining Xj′

(A → OK) and Xj′

(B → B). We have Bj′

K = B ⊗A Aj′

K .

Since π0(X
j′

(B → B)K̄) → lim−→j′′>j
π0(X

j′′

(B → B)K̄) is a bijection, the in-

jection Bj′′

K̄
→ Bj′

K̄
induce a bijection of idempotents for j < j′′ < j′. Since

π0(X
j′

(B → B)K̄) → π0(X
j′

(B → B)K′) is a bijection, the idempotents of

Bj′

K̄
are in Bj′

K′ . Hence, for j < j′′ < j′, the map Bj′′

K′ → Bj′

K′ induces a bi-

jection of idempotents for j < j′′ < j′. Therefore, the map B
j
OK′

→ Bj′

K′
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16 Ahmed Abbes and Takeshi Saito

induces a bijection of idempotents by [3] 7.3.6 Proposition. Thus, the map
π0(X

j′

(B → B)K′) → π0(Spec B
j
OK′

) is a bijection as required. 2

For later use in the proof of the commutativity in the logarithmic case, we give a
more formal description of the functor (smooth Affinoid/K) → GK-(Aff/F̄ ) :
X 7→ X̄. For this purpose, we introduce a category lim−→K′/K

(Aff/F ′) and

an equivalence lim−→K′/K
(Aff/F ′) → GK-(Aff/F̄ ) of categories. More gener-

ally, we define a category lim−→K′/K
V(K ′) in the following setting. Suppose we

are given a category V(K ′) for each finite separable extension K ′ of K and
a functor f∗ : V(K ′′) → V(K ′) for each morphism f : K ′ → K ′′ of finite
separable extension of K satisfying (f ◦ g)∗ = g∗ ◦ f∗ and id∗

K′ = idV(K′).
In the application here, we will take V(K ′) to be (Aff/F ′) for the residue
field F ′. In Section 4, we will take V(K ′) to be EmbOK′ . We say that a
full subcategory C of the category (Ext/K) of finite separable extensions in
K̄ is cofinal if C is non empty and a finite extension K ′′ of an extension K ′

in C is also in C. We define lim−→K′/K
V(K ′) to be the category whose ob-

jects and morphisms are as follows. An object of lim−→K′/K
V(K ′) is a sys-

tem ((XK′)K′∈ob(C), (ϕf )f :K′→K′′∈mor(C)) where C is some cofinal full sub-
category of (Ext/K), XK′ is an object of V(K ′) for each object K ′ in C
and ϕf : XK′′ → f∗(XK′) is an isomorphism in V(K ′′) for each morphism
f : K ′ → K ′′ in C satisfying ϕf◦f ′ = f∗(ϕf ′) ◦ϕf for morphisms f ′ : K ′ → K ′′

and f : K ′′ → K ′′′ in C. For objects X = ((XK′)K′∈ob(C), (ϕf )f :K′→K′′∈mor(C))
and Y = ((YK′)K′∈ob(C′), (ψf )f :K′→K′′∈mor(C′)) of the category lim−→K′/K

V(K ′),

a morphism g : X → Y is a system (gK′)K′∈ob(C′′), where C′′ is some cofinal
full subcategory of C ∩ C′ and gK′ : XK′ → YK′ is a morphism in V(K′) such
that the diagram

XK′′
gK′−−−−→ YK′′

ϕf

y
yψf

f∗XK′
gK′′−−−−→ f∗YK′

is commutative for each morphism f : K ′ → K ′′ in C′′.
Applying the general construction above, we define a category
lim−→K′/K

(Aff/F ′). An equivalence lim−→K′/K
(Aff/F ′) → GK-(Aff/F̄ )

of categories is defined as follows. Let X = ((XK′)K′∈ob(C),
(f∗)f :K′→K′′∈mor(C)) be an object of lim−→K′/K

(Aff/F ′). Let CK̄ be the category

of finite extensions of K in K̄ which are in C. Then, XK̄ = lim←−K′∈CK̄

XK′

is an affine scheme over F̄ and has a natural continuous semi-linear ac-
tion of the Galois group GK . By sending X to XK̄ , we obtain a functor
lim−→K′/K

(Aff/F ′) → GK-(Aff/F̄ ). We can easily verify that this functor gives

an equivalence of categories.

The reduced geometic closed fiber defines a functor (smooth Affinoid/K) →
lim−→K′/K

(Aff/F ′) as follows. Let X be a smooth affinoid variety over K. Let CX
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Ramification of Local Fields 17

be the full subcategory of (Ext/K) consisting of finite extensions K ′ such that a
stable normalized integral model AOK′ is defined over K ′. By Theorem 1.10.1,
the subcategory CX is cofinal. Further, by Theorem 1.10.2, the system X̄ =
(Spec AOK′ ⊗OK′ F ′)K′∈obCX

defines an object of lim−→K′/K
(Aff/F ′). Thus, by

sending X to X̄, we obtain a functor (smooth Affinoid/K) → lim−→K′/K
(Aff/F̄ ′).

By taking the composition with the equivalence of categories, we recover the
functor (smooth Affinoid/K) → GK-(Aff/F̄ ).

1.4 Twisted normal cones

Let (A → A) be an object in EmbOK
and j > 0 be a positive rational number.

We define X̄j(A → A) to be the geometric closed fiber of the stable normalized
integral model of Xj(A → A). We will also define a twisted normal cone
C̄j(A → A) as a scheme over AF̄ ,red = (A ⊗OK

F̄ )red and a canonical map
X̄j(A → A) → C̄j(A → A).

Let I be the kernel of the surjection A → A. Then the normal cone CA/A

of Spec A in Spec A is defined to be the spectrum of the graded A-algebra⊕∞
n=0 In/In+1. We say that a surjection R → R′ of Noetherian rings is regular

if the immersion SpecR′ → SpecR is a regular immersion. If the surjection
A → A is regular, the conormal sheaf NA/A = I/I2 is locally free and the
normal cone CA/A is equal to the normal bundle, namely the covariant vector
bundle over SpecA defined by the locally free A-module HomA(NA/A, A).

For a rational number j, let mj be the fractional ideal mj = {x ∈ OK̄ ; ord(x) ≥
j} and put N j = mj ⊗OK̄

F̄ .

Definition 1.13 Let (A → A) be an object of EmbOK
and j > 0 be a rational

number. We define the j-th twisted normal cone C̄j(A → A) to be the reduced
part (

Spec

∞⊕

n=0

(In/In+1 ⊗OK
N−jn)

)

red

of the spectrum of the A ⊗OK
F̄ -algebra

⊕∞
n=0(I

n/In+1 ⊗OK
N−jn).

It is a reduced affine scheme over Spec AF̄ ,red non-canonically isomorphic to
the reduced part of the base change CA/A ⊗OK

F̄ . It has a natural continuous
semi-linear action of GK via N−jn. The restriction to the wild inertia sub-
group P is trivial and the GK-action induces an action of the tame quotient
Gtame

K = GK/P . If the surjection A → A is regular, the scheme C̄j(A → A)
is the covariant vector bundle over Spec AF̄ ,red defined by the AF̄ ,red-module
(HomA(I/I2, A) ⊗OK

N j) ⊗A⊗OK
F̄ AF̄ ,red.

A canonical map X̄j(A → A) → C̄j(A → A) is defined as follows. Let K ′ be a
finite separable extension of K such that the stable normalized integral model
Aj

OK′
is defined over K ′ and that the product je with the ramification index
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18 Ahmed Abbes and Takeshi Saito

e = eK′/K is an integer. Then, we have a natural ring homomorphism

⊕

n≥0

In ⊗OK
m

−jen
K′ −→ Aj

OK′
: f ⊗ a 7→ af.

Since IAj
OK′

⊂ m
je
K′Aj

OK′
, it induces a map

⊕
n In/In+1 ⊗OK

m
−jen
K′ →

Aj
OK′

/mK′Aj
OK′

. Let F ′ be the residue field of K ′. Then by extending the

scalar, we obtain a map
⊕∞

n=0(I
n/In+1⊗OK

N−jn) → Aj
OK′

/mK′Aj
OK′

⊗F ′ F̄ .

By the assumption that Aj
OK′

is a stable normalized integral model, we have

X̄j(A → A) = Spec (Aj
OK′

/mK′Aj
OK′

⊗F ′ F̄ ). Since X̄j(A → A) is a reduced

scheme over F̄ , we obtain a map X̄j(A → A) → C̄j(A → A) of schemes over
F̄ .

For a positive rational number j > 0, the constructions above define a functor
C̄j : EmbOK

→ GK-(Aff/F̄ ) and a morphism of functors X̄j → C̄j .

Lemma 1.14 Let (A → A) be an object of EmbOK
and j > 0 be a rational

number. Then, we have the following.

1. The canonical map X̄j(A → A) → C̄j(A → A) is finite.

2. Let (A → A) → (B → B) be a morphism in EmbOK
. Then, the canonical

maps form a commutative diagram

X̄j(B → B) −−−−→ C̄j(B → B) −−−−→ Spec BF̄ ,redy
y

y

X̄j(A → A) −−−−→ C̄j(A → A) −−−−→ Spec AF̄ ,red.

If the morphism (A → A) → (B → B) is finite flat, then the right square in
the commutative diagram is cartesian.

3. Assume A = OK . Then the surjection A → A is regular and the canonical
map NA/A → Ω̂A/OK

⊗A A is an isomorphism. The twisted normal cone

C̄j(A → A) is equal to the F̄ -vector space HomF̄ (Ω̂A/OK
⊗A F̄ , N j). The

canonical map X̄j(A → A) → C̄j(A → A) is an isomorphism.

Proof. 1. Let K ′ be a finite extension such that the stable normalized integral
model Aj

OK′
is defined. Let A′ denote the π′-adic completion of the image of

the map
⊕

n≥0 In ⊗OK
m

−jen
K′ → A ⊗OK

K ′. Then by the definition and by

Lemma 1.3, Aj
OK′

is the integral closure of A′ in A′
K . Hence Aj

OK′
/mK′Aj

OK′

is finite over
⊕

n In/In+1 ⊗OK
m

−jen
K′ . Thus the assertion follows.

2. Clear from the definitions.

3. If A = OK , there is an isomorphism OK [[T1, . . . , Tn]] → A for some n such
that the composition OK [[T1, . . . , Tn]] → A maps Ti to 0. Then the assertions
are clear. 2
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1.5 Étale covering of tubular neighborhoods

Let A and B be the integer rings of finite étale K-algebras. For a finite flat
morphism (A → A) → (B → B) of embeddings, we study conditions for the
induced finite morphism Xj(A → A) → Xj(B → B) to be étale.
Let X = Sp BK and Y = Sp AK be geometrically reduced affinoid varieties
and A and B be the maximum integral models. Then a finite map f : X → Y
of affinoid varieties is uniquelly extended to a finite map A → B of integral
models.

Proposition 1.15 Let A and B = OL be the integer rings of finite separable
extensions of K and (A → A) → (B → B) be a finite flat morphism of
embeddings. Let j > 1 be a rational number, πL a prime element of L and
e = ordπL be the ramification index.
1. ([1] Proposition 7.3) Assume A = OK . Suppose that, for each j′ > j,
there exists a finite separable extension K ′ of K such that the base change
Xj′

(B → B)K′ is isomorphic to the disjoint union of finitely many copies of
Xj′

(A → A)K′ as an affinoid variety over Xj′

(A → A). Then there is an
integer 0 ≤ n < ej such that πn

L annihilates ΩB/A.
2. ([1] Proposition 7.5) If there is an integer 0 ≤ n < ej such that πn

L annihi-
lates ΩB/A, then the finite flat map Xj(B → B) → Xj(A → A) is étale.

Corollary 1.16 ([1] Theorem 7.2) Let A = OK and let B be the integer ring
of a finite étale K-algebra. Let (A → A) → (B → B) be a finite flat morphism
of embeddings. Let j > 1 be a rational number. Suppose that, for each j′ > j,
there exists a finite separable extension K ′ of K such that the base change
Xj′

(B → B)K′ is isomorphic to the disjoint union of finitely many copies of
Xj′

(A → A)K′ as in Proposition 1.15.1. Let I be the kernel of the surjection
B → B and let NB/B be the B-module I/I2. Then, we have the following.
1. The finite map Xj(B → B) → Xj(A → A) is étale and is extended to a
finite étale map of stable normalized integral models.
2. The finite map X̄j(B → B) → X̄j(A → A) is étale.
3. The twisted normal cone C̄j(B → B) is canonically isomorphic to the
covariant vector bundle defined by the BF̄ ,red-module (HomB(NB/B, B) ⊗OK

N j) ⊗BF̄
BF̄ ,red and the finite map X̄j(B → B) → C̄j(B → B) is étale.

Though these statements except Corollary 1.16.3 are proved in [1] Section 7,
we present here slightly modified proofs in order to compare with the proofs of
the corresponding statements in the logarithmic setting given in Section 4.3.
To prove Proposition 1.15, we use the following.

Lemma 1.17 Let A = OL be the integer ring of a finite separable extension L,
A → A be an embedding and let M be an A-module of finite type. Let j > 1
be a rational number and K ′ be a finite separable extension of K such that the
stable normalized integral model Aj

OK′
of Xj(A → A) is defined over K ′. Let

e and e′ be the ramification indices of L and of K ′ over K and πL and π′ be
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prime elements of L and K ′. Assume that e′/e and e′j are integers. Then, the
following conditions are equivalent.
(1) There exists an integer 0 ≤ n < ej such that the A-module M = M ⊗A A
is annihilated by πn

L.

(2) The Aj
OK′

-module Mj = M ⊗A Aj
OK′

is annihilated by π′e′j−1.

Proof of Lemma 1.17. The image of an element in the kernel I of the surjection
A → A in Aj

OK′
is divisible by π′e′j . Hence we have a commutative diagram

A −−−−→ Aj
OK′y
y

A −−−−→ Aj
OK′

/(π′e′j).

We show that the ideals of Aj
OK′

/(π′e′j) generated by the image of πL ∈ A

and by the image of π′e′/e ∈ Aj
OK′

are equal. Take a lifting a ∈ A of πL ∈ A.

Then, the image of ae is a unit times π and hence is a unit times π′e′

in
Aj

OK′
/(π′e′j). Since Aj

OK′
is π′-adically complete, we have ae = uπ′e′

+ vπ′e′j

for some u ∈ Aj×
OK′

and v ∈ Aj
OK′

. Since j > 1 and Aj
OK′

is π′-adically

complete, we have (a/π′e′/e)e = u + vπ′e′(j−1) is a unit in Aj
OK′

. Since Aj
OK′

is normal, we have a/π′e′/e ∈ Aj×
OK′

and the claim follows.

Assume that the A-module M is isomorphic to Ar ⊕ ⊕s
i=1 A/(πni

L ) for in-
tegers 0 < n1 ≤ . . . ≤ ns. Then, by the commutative diagram above and
by the equality (πL) = (π′e′/e) of the ideals of Aj

OK′
/(π′e′j) proved above,

the Aj
OK′

/(π′e′j)-module Mj/π′e′jMj is isomorphic to (Aj
OK′

/(π′e′j))r ⊕⊕s
i=1 A

j
OK′

/(π′min(e′j,e′ni/e)). The condition (1) is clearly equivalent to that

r = 0 and ns < ej. We see that the condition (2) is also equivalent to this con-
dition by taking the localization at a prime ideal Aj

OK′
of height 1 containing

π′. 2

Proof of Proposition 1.15. 1. Since A = OK , there is an isomorphism
OK [[T1, . . . , Tn]] → A such that the composition OK [[T1, . . . , Tn]] → A maps
Ti to 0. For j > 0, the affinoid variety Xj(A → A) is a polydisk. By
the proof of Lemma 1.7, there exist a finite separable extension K ′ of K
of ramification index e′, an embedding (B ⊗OK

OK′ → B′) in EmbOK′ iso-
morphic to the embbedding (OK′ [[S1, . . . , Sn]]N → ON

K′) sending Si to 0 for
some N > 0, a positive rational number ε < j and an open immersion
Xj(B → B) ⊗K K ′ → Xe′ε(B ⊗OK

OK′ → B′) as a rational subdomain.
The affinoid variety Xe′ε(B ⊗OK

OK′ → B′) is the disjoint union of finitely
many copies of polydisks. Enlarging K ′ if necessary, we may assume that e′j
and e′ε are integers. We may further assume that there is a rational number
j < j′ < j + ε such that e′j′ is an integer, that the stable normalized integral

models Bj′

OK′
and B′e′ε

OK′
of Xj′

(B → B) and of Xe′ε(B ⊗OK
OK′ → B′) are
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defined over K ′ and that Xj′

(B → B)K′ is isomorphic to the disjoint union
of copies of Xj′

(A → A)K′ . Since e′j′ is an integer, the stable normalized

integral model Aj′

OK′
of Xj′

(A → A) is also defined over K ′. Then we have a
commutative diagram

A −−−−→ Aj′

OK′y
y

B −−−−→ B′e′ε
OK′

−−−−→ Bj′

OK′
.

We consider the modules Ω̂A/OK
= lim←−n

Ω(A/mn
A

)/OK), Ω̂Aj′

O
K′

/OK′
=

lim←−n
Ω

(Aj′

O
K′

/π′nAj′

O
K′

)/OK′
etc as defined in the beginning of Section 1.1.

By Lemma 1.4.2, we have a commutative diagram

Bj′

OK′
⊗A Ω̂A/OK

−−−−→ Bj′

OK′
⊗Aj′

O
K′

Ω̂Aj′

O
K′

/OK′y
y

Bj′

OK′
⊗B Ω̂B/OK

−−−−→ Bj′

OK′
⊗B′e′ε

O
K′

Ω̂B′e′ε
O

K′
/OK′

−−−−→ Ω̂Bj′

O
K′

/OK′
.

We show that the five Bj′

OK′
-modules are free of rank n and that the five

maps are injective. We also show that by identifying the modules with

their images in Ω̂Bj′

O
K′

/OK′
, we have an inclusion π′e′j′Bj′

OK′
⊗B Ω̂B/OK

⊂

π′e′εBj′

OK′
⊗A Ω̂A/OK

of submodules of Ω̂Bj′

O
K′

/OK′
. By the assumption on

the covering Xj′

(B → B)K′ → Xj′

(A → A)K′ , the Aj′

OK′
-algebra Bj′

OK′

is isomorphic to the product of finitely many copies of Aj′

OK′
. Hence the

right vertical map Bj′

OK′
⊗Aj′

O
K′

Ω̂Aj′

O
K′

/OK′
→ Ω̂Bj′

O
K′

/OK′
is an isomorphism.

The isomorphism OK [[T1, . . . , Tn]] → A in the beginning of the proof induces

an isomorphism OK′〈T1/π′e′j , . . . , Tn/π′e′j〉 → Aj′

OK′
and we see that the A-

module Ω̂A/OK
and the Aj′

OK′
-module Ω̂Aj′

O
K′

/OK′
are free of rank n. Hence

Ω̂Bj′

O
K′

/OK′
is also a free Bj′

OK′
-module of rank n. Further by the canonical maps

Aj′

OK′
⊗A Ω̂A/OK

→ Ω̂Aj′

O
K′

/OK′
, the module Aj′

OK′
⊗A Ω̂A/OK

is identified with

the submodule π′e′j′

Ω̂Aj′

O
K′

/OK′
. Similarly, the B-module Ω̂B/OK

and the B′e′ε
OK′

-

module Ω̂B′e′ε
O

K′
/OK′

are free of rank n and B′e′ε
OK′

⊗B Ω̂B/OK
is identified with the

submodule π′e′εΩ̂B′e′ε
O

K′
/OK′

. Since Xj(B → B) ⊗K K ′ is a rational subdomain

of Xe′ε(B⊗OK
OK′ → B′), the map Bj′

OK′
⊗B′e′ε

O
K′

Ω̂B′e′ε
O

K′
/OK′

→ Ω̂Bj′

O
K′

/OK′
is an
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injection. Thus, we obtain an inclusion π′e′j′Bj′

OK′
⊗B Ω̂B/OK

⊂ π′e′εBj′

OK′
⊗A

Ω̂A/OK
as submodules of Ω̂Bj′

O
K′

/OK′
.

Thus the Bj′

OK′
-module Bj′

OK′
⊗B ΩB/A = Coker(Bj′

OK′
⊗A Ω̂A/OK

→ Bj′

OK′
⊗B

Ω̂B/OK
) is annihilated by π′e′(j′−ε). Since 0 < j − ε < j′ − ε < j, it suffices to

apply Lemma 1.17 (2)⇒(1).
2. Let K ′ be a finite separable extension such that e′j is an integer and the
stable normalized integral models Aj

OK′
and Bj

OK′
are defined over K ′. By the

proof of Lemma 1.9.2, we have Bj
OK′

⊗OK′ K ′ = B⊗A Aj
OK′

⊗OK′ K ′ and the

map Aj
OK′

⊗OK′ K
′ → Bj

OK′
⊗OK′ K

′ is finite flat. By Lemma 1.17 (1)⇒(2), the

Bj
OK′

-module Bj
OK′

⊗B ΩB/A is annihilated by π′n′

for an integer 0 ≤ n′ < e′j.

Hence the map Aj
OK′

⊗OK′ K ′ → Bj
OK′

⊗OK′ K ′ is étale. 2

Proof of Corollary 1.16. 1. It follows from Proposition 1.15 that the map
Xj(B → B) → Xj(A → A) is finite étale. By Lemma 1.12, the fiber (f̄ j)−1(ȳ)
has the same cardinality as the degree of the map Xj(B → B) → Xj(A → A)
in the notation there. Hence the finite map Xj(B → B)OK′ → Xj(A → A)OK′

of the normalized integral models is étale at a point of Xj(A → A)OK′ in the
closed fiber. Since Xj(A → A)OK′ is a regular Noetherian scheme, the assertion
follows by the purity of branch locus.
2. Clear from 1.
3. Since the surjection B → B is regular, the twisted normal cone C̄j(B → B)
is canonically isomorphic to the covariant vector bundle defined by the BF̄ ,red-
module (HomB(I/I2, B) ⊗OK

N j) ⊗BF̄
BF̄ ,red. We consider the commutative

diagram

X̄j(B → B) −−−−→ C̄j(B → B) −−−−→ Spec BF̄ ,redy
y

y

X̄j(A → OK) −−−−→ C̄j(A → OK) −−−−→ Spec F̄

in Lemma 1.14.2. Since the map (A → A) → (B → B) is finite and flat,
the right square is cartesian. Hence the middle vertical arrow is étale. Since
A = OK , the lower left horizontal arrow is an isomorphism by Lemma 1.14.3.
By 2, the left vertial arrow is finite étale. Thus the assertion is proved. 2

2 Filtration by ramification groups: the non-logarithmic case

2.1 Construction

In this subsection, we rephrase the definition of the filtration by ramification
groups given in the previous paper [1] by using the construction in Section 1.
The main purpose is to emphasize the parallelism between the non-logarithmic
construction recalled here and the logarithmic construction to be recalled in
Section 5.1.

Documenta Mathematica · Extra Volume Kato (2003) 5–72



Ramification of Local Fields 23

Let Φ : (Finite Étale/K) → GK-(Finite Sets) denote the fiber functor send-
ing a finite étale K-algebra L to the finite set Φ(L) = HomK-alg(L, K̄) with
the continuous GK-action. For a rational number j > 0, we define a functor
Φj : (Finite Étale/K) → GK-(Finite Sets) as the composition of the functor
(Finite Étale/K) → (Finite Flat/OK) sending a finite étale K-algebra L to
the integral closure OL of OK in L and the functor Ψj : (Finite Flat/OK) →
GK-(Finite Sets) defined at the end of Section 1.2. The map (1.9.3) defines a
surjection Φ → Φj of functors. In [1], we define the filtration by ramification
groups on GK by using the family of surjections (Φ → Φj)j>0,∈Q of functors.

The filtration by the ramification groups Gj
K ⊂ GK , j > 0,∈ Q is characterized

by the condition that the canonical map Φ(L) → Φj(L) induces a bijection
Φ(L)/Gj

K → Φj(L) for each finite étale algebra L over K.
The functor Φj is defined by the commutativity of the diagram

(Finite Étale/K)
Φj

//

²²

GK-(Finite Sets)

(Finite Flat/OK)

Ψj

55kkkkkkkkkkkkkkk

GK-(Aff/F̄ )

π0

OO

EmbOK
Xj

//

OO

(smooth Affinoid/K)

X 7→X̄

OO

We briefly recall how the other arrows in the diagram are defined. The for-
getful functor EmbOK

→ (Finite Flat/OK) sends (A → A) to A. The functor
Xj : EmbOK

→ (smooth Affinoid/K) is defined by the j-th tubular neigh-
borhood. The functor (smooth Affinoid/K) → GK-(Aff/F̄ ) sends X to the
geometric closed fiber X̄ of the stable normalized integral model. The functor
π0 : GK-(Aff/F̄ ) → GK-(Finite Sets) is defined by the set of connected com-
ponents. They induce a functor Ψj : (Finite Flat/OK) → GK-(Finite Sets)
by Lemma 1.9. The functor Φj is defined as the composition of Ψj with the
functor (Finite Étale/K) → (Finite Flat/OK) sending a finite étale algebra L
over K to the integral closure OL in L of OK . More concretely, we have

Φj(L) = lim←−
(A→OL)∈EmbOK

(OL)

π0(X̄
j(A → OL))

for a finite étale K-algebra L.
For a rational number j ≥ 0, we define a functor Φj+ : (Finite Étale/K) →→
GK-(Finite Sets) by Φj+(L) = lim−→j′>j

Φj′

(L) for a finite étale K-algebra L. We

define a closed normal subgroup Gj+
K to be ∪j′>jG

j′

K . Then we have Φj+(L) =

Φ(L)/Gj+
K . The finite set Φj+(L) has the following geometric description.

Lemma 2.1 Let B be the integer ring of a finite étale algebra L over K and
j > 0 be a rational number. Let (f, f) : (A → OK) → (B → B) be a finite
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flat morphism of embeddings. Let f j : Xj(B → B) → Xj(A → OK) and f̄ j :
X̄j(B → B) → X̄j(A → OK) be the canonical maps. Let 0 ∈ Xj(A → OK)
be the point corresponding to the map A → OK and 0̄ ∈ X̄j(A → OK) be its
specialization. Then the maps (1.8.0), (1.12.1) and the specialization map form
a commutative diagram

(2.1.1)

Φ(L) −−−−→ Φj+(L) −−−−→ Φj(L)
y

y
y

(f j)−1(0) −−−−→ (f̄ j)−1(0) −−−−→ π0(X̄
j(B → B))

and the vertical arrows are bijections.

Proof. Since the map (A → OK) → (B → B) is finite flat, the map B → B
induces an isomorphism Bj

K ⊗Aj
K

K → L. Hence we obtain a bijection Φ(L) =

HomK-alg(L, K̄) → (f j)−1(0). By Lemma 1.12 and the definition of Φj+(L),
we have a bijection Φj+(L) → (f̄ j)−1(0). The bijection Φj(L) → π0(X̄

j(B →
B)) is clear from the definition of Φj(L). The commutativity is clear. 2

For a finite étale algebra L over K and a rational number j > 0, we say that
the ramification of L is bounded by j if the canonical map Φ(L) → Φj(L)
is a bijection. Let A = OK and let B = OL be the integer ring of a finite
étale K-algebra L and (A → A) → (B → B) be a finite flat morphism of
embeddings. Then, since the map Xj(B → B) → Xj(A → A) is finite flat of
degree [L : K], the ramification of L is bounded by j if and only if there exists a
finite separable extension K ′ of K such that the affinoid variety Xj(B → B)K′

is isomorphic to the disjoint union of finitely many copies of Xj(A → A)K′

over Xj(A → A)K′ . We say that the ramification of L is bounded by j+ if the
ramification of L is bounded by every rational number j′ > j. The ramification
of L is bounded by j+ if and only if the canonical map Φ(L) → Φj+(L) is a
bijection.

Lemma 2.2 Let K → K ′ be a map of complete discrete valuation fields induc-
ing a local homomorphism OK → OK′ of integer rings. Assume that a prime
element of K goes to a prime element of K ′ and that the residue field F ′ of
K ′ is a separable extension of the residue field F of K. Then, for a rational
number j > 0, the map GK′ → GK induces a surjection Gj

K′ → Gj
K .

Proof. Let A be the integer ring of a finite étale K-algebra L and (A → A)
be an object of EmbOK

. By the assumption, the tensor product A ⊗OK
OK′

is the integer ring of L ⊗K K ′. By the isomorphism Xj(A → A)⊗̂KK ′ →
Xj(A⊗̂OK

OK′ → A ⊗OK
OK′) in Section 1.2 and Theorem 1.10, the natural

map Φj(L ⊗K K ′) → Φj(L) is a bijection. Hence the assertion follows. 2

Example. Let K = Fp(x, y)((π)) and put L = K[t]/(tp − t − x
πp2 ),M =

L[t1, t2]/(tp1 − t1 − x
πp3 , tp2 − t2 − y

πp3 ) and G = Gal(M/K) ' F3
p. Then we

have Gj = G for j ≤ p2, Gj = H = Gal(M/L) ' F2
p for p2 < j ≤ p3 and

Gj = 1 for p3 < j.

Documenta Mathematica · Extra Volume Kato (2003) 5–72



Ramification of Local Fields 25

We put z = πpt. Then we have OL = OK [z]/(zp − πp(p−1)z − x) and L =
Fp(z, y)((π)). By putting s = t1 − z

πp2 , we also have M = L[s, t2]/(sp − s −
z(−1+πp(p−1)2 )

πp(p2−p+1)
, tp2 − t2 − x

πp3 ). We put M1 = L(s) ⊂ M . Then we have Hj = H

for j ≤ p(p2 − p + 1), Hj = Gal(M/M1) ' Fp for p(p2 − p + 1) < j ≤ p3 and
Hj = 1 for p3 < j.
This example shows that the filtration on the subgroup H induced from the fil-
tration by ramification groups on G is not the filtration by ramification groups
on H even after renumbering. It also shows that the “lower numbering” fil-
tration is not equal to the upper numbering filtration defined here even after
renumbering.

2.2 Functoriality of the closed fibers of tubular neighbor-
hoods: An equal characteristic case

For a positive rational number j > 0, let (Finite Étale/K)≤j+ denote the full
subcategory of (Finite Étale/K) consisting of étale K-algebras whose ramifi-
cation is bounded by j+. In this subsection and the following one, we assume
the following condition (F) is satisfied.

(F) There exists a perfect subfield F0 of F such that F is finitely generated
over F0.

Further assuming that p is not a uniformizer of K, we will define a twisted
tangent space Θj and show that the functor X̄j : EmbOK

→ GK-(Aff/F̄ )
induces a functor

X̄j : (Finite Étale/K)≤j+ → GK-(Finite Étale/Θj).

In this subsection, we study the easier case where K is of characteristic p.
Let F0 be a perfect subfield of F such that F is finitely generated over F0. We
assume K is of characteristic p. Then, F0 is naturally identified with a subfield
of K. We first define a functor

(Finite Étale/K) → EmbOK
.

In this subsection, A denotes the integer ring of a finite étale K-algebra.

Lemma 2.3 Let A be the integer ring of a finite étale K-algebra.
1. Let (A/mn

A ⊗F0
OK)∧ denote the formal completion of A/mn

A ⊗F0
OK of the

surjection A/mn
A ⊗F0

OK → A/mn
A sending a ⊗ b to ab. Then the projective

limit

(A⊗̂F0
OK)∧ = lim←−

n

(A/mn
A ⊗F0

OK)∧

is an OK-algebra formally of finite type and formally smooth over OK .
2. Let (A⊗̂F0

OK)∧ → A be the limit of the surjections (A/mn
A ⊗F0

OK)∧ →
A/mn

A. Then ((A⊗̂F0
OK)∧ → A) is an object of EmbOK

.
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3. Let A → B be a morphism of the integer rings of finite étale K-algebras.
Then it induces a finite flat morphism ((A⊗̂F0

OK)∧ → A) → ((B⊗̂F0
OK)∧ →

B) of EmbOK
.

Proof. 1. We may assume A is local. Let E be the residue field of A and take a
transcendental basis (t̄1, . . . , t̄m) of E over the perfect subfield F0 such that E is
a finite separable extension of F0(t̄1, . . . , t̄m). Take a lifting (t1, . . . , tm) in A of
(t̄1, . . . , t̄m) and a prime element t0 ∈ A. We define a map F0[T0, . . . , Tm] → A
by sending Ti to ti. Then A is finite étale over the completion of the local ring
of F0[T0, . . . , Tm] at the prime ideal (T0). Hence there exist an étale scheme X
over Am+1

F0
, a point ξ of X above (T0) and an F0-isomorphism ϕ : ÔX,ξ → A.

Let i : Spec A → X ⊗F0
OK be the map defined by ϕ and OK → A. Then

(A⊗̂F0
OK)∧ is isomorphic to the coordinate ring of the formal completion

of X ⊗F0
OK along the closed immersion i : Spec A → X ⊗F0

OK . Hence
(A⊗̂F0

OK)∧ is formally of finite type and formally smooth over OK .
2. Since the map (A⊗̂F0

OK)∧ → A is surjective, the assertion follows from 1.
3. Since (B⊗̂F0

OK)∧ = B ⊗A (A⊗̂F0
OK)∧, the assertion follows. 2

Thus, we obtain a functor (Finite Étale/K) → EmbOK
sending a finite étale

K-algebra L to ((OL⊗̂F0
OK)∧ → OL). For a rational number j > 0, we have

a sequence of functors

(Finite Étale/K) −−−−→ EmbOK
−−−−→
(smooth Affinoid/K) −−−−→ GK-(Aff/F̄ ).

We also let X̄j denote the composite functor (Finite Étale/K) → GK-(Aff/F̄ ).
For a finite étale K-algebra L, we have

X̄j(L) = X̄j((OL⊗̂F0
OK)∧ → OL).

We define an object Θj of GK-(Aff/F̄ ) to be the F̄ -vector space Θj =
HomF (Ω̂OK/F0

⊗OK
F,N j) regarded as an affine scheme over F̄ with a natural

GK-action. Let GK-(Finite Étale/Θj) denote the subcategory of GK-(Aff/F̄ )
whose objects are finite étale schemes over Θj and morphisms are over Θj .

Lemma 2.4 For a rational number j > 1, the functor X̄j : (Finite Étale/K) →
GK-(Aff/F̄ ) induces a functor X̄j : (Finite Étale/K)≤j+ →
GK-(Finite Étale/Θj).

Proof. The canonical map Ω̂OK/F0
⊗OK

(OK⊗̂F0
OK)∧ → Ω̂(OK⊗̂F0

OK)∧/OK
is

an isomorphism by the definition of (OK⊗̂F0
OK)∧. Hence, we obtain isomor-

phisms X̄j(K) → C̄j((OK⊗̂F0
OK)∧ → OK) → Θj by Lemma 1.14.3. We

identify X̄j(K) with Θj by this isomorphism. Let L be a finite étale K-
algebras whose ramification is bounded by j+. Then, by Corollary 1.16, the
map X̄j(L) → X̄j(K) = Θj is finite and étale. Thus the assertion is proved.
2

The construction in this subsection is independent of the choice of perfect
subfield F0 ⊂ F by the following Lemma.
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Lemma 2.5 Let K be a complete discrete valuation field of characteristic p > 0
satisfying the condition (F). Let F0 and F ′

0 be perfect subfields of F such that
F is finitely generated over F0 and F ′

0.
1. There exists a perfect subfield F ′′

0 of F containing F0 and F ′
0.

2. Assume F0 ⊂ F ′
0. Then F ′

0 is a finite separable extension of F0. For the in-
teger ring A of a finite étale algebra over K, the canonical map (A⊗̂F0

OK)∧ →
(A⊗̂F ′

0
OK)∧ is an isomorphism.

Proof. 1. The maximum perfect subfield
⋂

n F pn

of F contains F0 and F ′
0 as

subfields.
2. Since F ′

0 is a perfect subfield of a finitely generated field F over F0,
it is a finite extension of F0. Since the canonical map (A⊗̂F0

OK)∧ →
(A⊗̂F ′

0
OK)∧ is finite étale and the induced map (A⊗̂F0

OK)∧/m(A⊗̂F0
OK)∧ →

(A⊗̂F ′
0
OK)∧/m(A⊗̂F ′

0
OK)∧ is an isomorphism, the assertion follows. 2

2.3 Functoriality of the closed fibers of tubular neighborhoods:
A mixed characteristic case

In this subsection, we keep the assumption:

(F) There exists a perfect subfield F0 of F such that F is finitely generated
over F0.

We do not assume that the characterisic of K is p. Under the assumption (F),
there exists a subfield K0 of K such that OK0

= OK ∩K0 is a complete discrete
valuation ring with residue field F0. If K is of characteristic 0, the fraction field
K0 of the ring of the Witt vectors W (F0) = OK0

regarded as a subfield of K
satisfies the conditions. If K is of characteristic p, we naturally identify F0

as a subfield of K and the subfield F0((t)) for any non-zero element t ∈ mK

satisfies the conditions. In this subsection, we take a subfield K0 of K such
that OK0

= OK ∩ K0 is a complete discrete valuation ring with residue field
F0. Here, we do not define a functor (Finite Étale/K) → EmbOK

. Instead, we
introduce a new category EmbK,OK0

and a functor

EmbK,OK0
→ EmbOK

.

In this subsection, A denotes the integer ring of a finite étale K-algebra and π0

denotes a prime element of the subfield K0 ⊂ K. For a complete Noetherian
local OK0

-algebra R formally smooth over OK0
, we define its relative dimension

over OK0
to be the sum tr.deg(E/k)+dimE mR/(π0,m

2
R) of the transcendental

degree of E = R/mR over k and the dimension dimE mR/(π0,m
2
R).

Definition 2.6 Let K be a complete discrete valuation field and K0 be a sub-
field of K such that OK0

= OK ∩K0 is a complete discrete valuation ring with
perfect residue field F0 and that F is finitely generated over F0.
1. We define EmbK,OK0

to be the category whose objects and morphisms are
as follows. An object of EmbK,OK0

is a triple (A0 → A) where:
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• A is the integer ring of a finite étale K-algebra.

• A0 is a complete semi-local Noetherian OK0
-algebra formally smooth of

relative dimension tr.deg(F/F0) + 1 over OK0
.

• A0 → A is a regular surjection of codimension 1 of OK0
-algebras inducing

an isomorphism A0/mA0
→ A/mA.

A morphism (f, f) : (A0 → A) → (B0 → B) is a pair of an OK-homomorphism
f : A → B and an OK0

-homomorphism f : A0 → B0 such that the diagram

A0 −−−−→ A

f

y
yf

B0 −−−−→ B

is commutative.
2. For the integer ring A of a finite étale K-algebra, we define EmbK,OK0

(A)
to be the subcategory of EmbK,OK0

whose objects are of the form (A0 → A) and
morphisms are of the form (idA, f).
3. We say that a morphism (A0 → A) → (B0 → B) is finite flat if A0 → B0

is finite flat and the map B0 ⊗A0
A → B is an isomorphism.

Lemma 2.7 1. If A is the integer ring of a finite étale K-algebra, then the
category EmbK,OK0

(A) is non-empty.
2. Let (A0 → A) and (B0 → B) be objects of EmbK,OK0

and A → B be an OK-
homomorphism. Then there exists a homomorphism (A0 → A) → (B0 → B)
in EmbK,OK0

extending A → B.
3. Let (A0 → A) → (B0 → B) be a morphism of EmbK,OK0

. If a prime
element π0 of K0 is not a prime element of any factor of A, then the map
(A0 → A) → (B0 → B) is finite and flat.

Proof. 1. We may assume A is local. Take a transcendental basis (t̄1, . . . , t̄m)
of the residue field E of A over k such that E is a finite separable extension
of k(t̄1, . . . , t̄m). Take a lifting (t1, . . . , tm) in OK of (t̄1, . . . , t̄m) and a prime
element t0 of A. Then A is unramified over the completion of the local ring of
OK0

[T0, . . . , Tm] at the prime ideal (π0, T0) by the map sending Ti to ti. Hence
there are an étale scheme X over Am+1

OK0
, a point ξ of X above (π0, T0) and a

regular surjection ϕ : ÔX,ξ → A of codimension 1. Let A0 be the OK0
-algebra

ÔX,ξ. Then (A0 → A) is an object of EmbK,OK0
.

2. Since A0 is formally smooth over OK0
, it follows from that B0 is the formal

completion of itself with respect to the surjection B0 → B.
3. We may assume A and B are local. We show that the map B0 ⊗A0

A → B
is an isomorphism. Let f be a generator of the kernel of A0 → A and con-
sider the class of f in mA0

/m2
A0

. We show that the image of the class of
f in mB0

/m2
B0

is not 0. Let t0 ∈ A0 and t′0 ∈ B0 be liftings of prime
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elements of A and B respectively. By the assumption that π0 is not a
prime element, the surjection Ω̂A0/OK0

→ Ω̂A/OK0
induces an isomorphism

Ω̂A0/OK0
⊗A0

A/mA → Ω̂A/OK0
⊗A A/mA. Hence the image of dt0 is a basis of

the kernel of Ω̂A0/OK0
⊗A0

A/mA → Ω(A/mA)/k. Therefore, (π0, t0) is a basis

of mA0
/m2

A0
. Further, by the assumption that π0 is not a prime element, the

kernel of the map mA0
/m2

A0
→ mA/m2

A is generated by the class of π0. Hence
the class of f is a non-zero multiplie of the class of π0. Similarly (π0, t

′
0) is a

basis of mB0
/m2

B0
. Thus the image of f in mB0

/m2
B0

is not zero as is claimed.
Hence the kernel of B0 → B is also generated by the image of f and the map
B0 ⊗A0

A → B is an isomorphism. Since B is finite over A, B0 is also finite
over A0 by Nakayama’s lemma. Since dimA0 = dimB0 = 2, the assertion
follows by EGA Chap 0IV Corollaire (17.3.5) (ii). 2

Corollary 2.8 Let A be the integer ring of a finite étale K-algebra. If a
prime element π0 of K0 is not a prime element of any factor of A, then every
morphism of EmbK,OK0

(A) is an isomorphism.

Proof. If (A0 → A) → (A′
0 → A) is a map, the map A0 → A′

0 is finite flat of
degree 1 by Lemma 2.7.3. Hence it is an isomorphism. 2

We define a functor EmbK,OK0
→ EmbOK

.

Lemma 2.9 Let (A0 → A) be an object of EmbK,OK0
.

1. Let (A0/mn
A0

⊗OK0
OK)∧ denote the formal completion of A0/mn

A0
⊗OK0

OK

of the surjection A0/mn
A0

⊗OK0
OK → A/mn

A sending a ⊗ b to ab. Then the
projective limit

(A0⊗̂OK0
OK)∧ = lim←−

n

(A0/mn
A0

⊗OK0
OK)∧

is an OK-algebra formally of finite type and formally smooth over OK .
2. Let (A0⊗̂OK0

OK)∧ → A be the limit of the surjections (A0/mn
A0

⊗OK0

OK)∧ → A/mn
A. Then ((A0⊗̂OK0

OK)∧ → A) is an object of EmbOK
.

3. Let (A0 → A) → (B0 → B) be a morphism of EmbK,OK0
. Then it induces

a morphism ((A0⊗̂OK0
OK)∧ → A) → ((B0⊗̂OK0

OK)∧ → B) of EmbOK
.

Proof. 1. We may assume A and hence A0 are local. Let E be the residue field
of A and take a transcendental basis (t̄1, . . . , t̄m) of E over k such that E is a
finite separable extension of k(t̄1, . . . , t̄m). Take a lifting (t1, . . . , tm) in A0 of
(t̄1, . . . , t̄m). By our assumption, the quotient ring A0/π0A0 is a regular local
ring of dimension 1 and hence is a discrete valuation ring. Take a lifting t0 ∈ A0

of a prime element of A0/π0A0. We define a map OK0
[T0, . . . , Tm] → A0 by

sending Ti to ti. Then A0 is finite étale over the completion of the local ring of
OK0

[T0, . . . , Tm] at the prime ideal (T0, π0). Hence there exist an étale scheme
X over Am+1

OK0
, a point ξ of X above (T0, π0) and a OK0

-isomorphism ϕ : ÔX,ξ →
A0. Let i : Spec A → X⊗OK0

OK be the map defined by ϕ and OK → A. Then

(A0⊗̂OK0
OK)∧ is isomorphic to the coordinate ring of the formal completion
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of X ⊗OK0
OK along the closed immersion i : Spec A → X ⊗OK0

OK . Hence

(A0⊗̂OK0
OK)∧ is formally of finite type and formally smooth over OK .

2. Since the map (A0⊗̂OK0
OK)∧ → A is surjective, the assertion follows from

1.
3. Clear. 2

In the rest of this subsection, we put A = (A0⊗̂OK0
OK)∧ for an object (A0 →

A) of EmbK,OK0
. By Lemma 2.9, we obtain a functor EmbK,OK0

→ EmbOK

sending (A0 → A) to (A → A). For a rational number j > 0, we have a
sequence of functors

EmbK,OK0
−−−−→ EmbOK

Xj

−−−−→ (smooth Affinoid/K)−−−−→ GK-(Aff/F̄ ).

We also let X̄j denote the composite functor EmbK,OK0
→ GK-(Aff/F̄ ). For an

object (A0 → A) of EmbK,OK0
, we have X̄j(A0 → A) = X̄j((A0⊗̂OK0

OK)∧ →
A).
We study the dependence of the construction on the choice of a subfield K0 ⊂
K, assuming the characteristic of K is 0.

Lemma 2.10 Let K be a complete discrete valuation field of mixed character-
istic satisfying the condition (F). Let K0 and K ′

0 be subfields of K such that
OK0

= OK ∩K0 and OK′
0

= OK ∩K ′
0 are complete discrete valuation rings with

perfect residue field F0 and F ′
0 and that F is finitely generated over F0 and F ′

0.
1. There exists a subfield K ′′

0 of K such that OK′′
0

= OK ∩ K ′′
0 is a complete

discrete valuation ring with perfect residue field and that K ′′
0 contains K0 and

K ′
0 as subfields.

2. Assume K0 ⊂ K ′
0. Then K ′

0 is a finite extension of K0. For an object
(A0 → A) of EmbK,OK0

, the formal completion A′
0 → A of the surjection

A0⊗OK0
OK′

0
→ A defines an object (A′

0 → A) of EmbK,OK′
0
. Further, we have

a canonical isomorphism ((A′
0⊗̂OK′

0
OK)∧ → A) → ((A0⊗̂OK0

OK)∧ → A) in

EmbOK
.

Proof. 1. By Lemma 2.5, we may assume the residue fields F0 and F ′
0 are the

maximum perfect subfields of F . Then both of K0 and K ′
0 are finite over the

fraction field of W (F0) regarded as a subfield of K. Hence it is sufficient to
take the composition field.
2. By Lemma 2.5.2, the extension K ′

0 is finite over K0. The rest is clear from
the construction. 2

If K is of characteristic p, the construction in this subsection is related to
that in the last subsection as follows. Let K0 be a subfield of K such that
OK0

= OK ∩ K0 is a complete discrete valuation ring with perfect residue
field F0 and that F is finitely generated over F0. Then, if π0 is a prime ele-
ment of K0, we have an isomorphism F0((t)) → K0 sending t to π0. For the
integer ring A of a finite étale algebra over K, let (A⊗̂F0

OK0
)∧ denote the

projective limit of the formal completions (A/mn
A ⊗F0

OK0
)∧ of the surjections

A/mn
A ⊗F0

OK0
→ A/mn

A. The surjection (A⊗̂F0
OK0

)∧ → A defines an object
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((A⊗̂F0
OK0

)∧ → A) of EmbK,OK0
. Further, we have a canonical isomorphism

((A⊗̂F0
OK0

)∧⊗̂OK0
OK)∧ → A) → ((A⊗̂F0

OK)∧ → A) in EmbOK
.

In order to define a functor similar to the functor (Finite Étale/K)≤j+ →
(Finite Étale/Θj) in Section 2.2, we assume that π0 is not a prime element of
K in the rest of this subsection. Note that if p is not a prime element of K and
if the condition (F) is satisfied, there exists a subfield K0 ⊂ K with residue
field F0 such that a prime element of K0 is not a prime element of K.
We compute the twisted normal cone C̄j((A0⊗̂OK0

OK)∧ → A) for an object

(A0 → A) of EmbK,OK0
. Let NA/A = I/I2 be the conormal module where I is

the kernel of the surjection A → A. We put Ω̂OK/OK0
= lim←−n

Ω(OK/mn
K)/OK0

and let Ω̃F be the F -vector space Ω̂OK/OK0
⊗OK

F . Similarly, we put Ω̂A/A0
=

lim←−n
Ω(A/mn

A
)/A0

. We also consider the canonical maps NA/A → Ω̂A/A0
⊗A A

and Ω̂OK/OK0
⊗OK

A → Ω̂A/A0
⊗A A.

Lemma 2.11 Assume π0 is not a prime element of K and let m be the tran-
scendental dimension of F over k. Let (A0 → A) be an object of EmbK,OK0

.
Then,
1. The dimension of the F -vector space Ω̃F is m + 1.
2. The map NA/A → Ω̂A/A0

⊗A A is a surjection and the map Ω̂OK/OK0
⊗OK

A → Ω̂A/A0
⊗A A is an isomorphism. They induce an isomorphism NA/A ⊗A

A/mA → Ω̃F ⊗F A/mA.
3. Let (A0 → A) → (B0 → B) be a morphism of EmbK,OK0

and put B =

(B0⊗̂OK0
OK)∧. Then, the diagram

NA/A ⊗A A/mA −−−−→ Ω̃F ⊗F A/mAy
y

NB/B ⊗B B/mB −−−−→ Ω̃F ⊗F B/mB

is commutative.

Proof. 1. By the assumption that π0 is not a prime element of K, we have an
exact sequence 0 → mK/m2

K → Ω̃F → ΩF/k → 0. Since the F -vector space
ΩF/k is of dimension m, the assertion follows.

2. Since the cokernel of the map NA/A → Ω̂A/A0
⊗A A is ΩA/A0

= 0, it is

a surjection. By the definition of A, the map Ω̂OK/OK0
⊗OK

A → ΩA/A0
is

an isomorphism. Hence the map Ω̂OK/OK0
⊗OK

A → Ω̂A/A0
⊗A A is also an

isomorphism. Then the codimension of the regular surjection A → A is m + 1
and hence NA/A is free of rank m+1. Since the induced map NA/A⊗AA/mA →
Ω̃F ⊗F A/mA is a surjection of free A/mA-modules of rank m + 1, it is an
isomorphism.
3. By the assumption that π0 is not a prime element of K, every map in
EmbK,OK0

is finite flat by Lemma 2.7.3. Hence the assertion follows. 2
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For a rational number j > 0, let Θj be the F̄ -vector space Θj = HomF (Ω̃F , N j)
regarded as an affine scheme over F̄ .

Corollary 2.12 Assume that π0 is not a prime element of K. Let (A0 → A)
be an object of EmbK,OK0

and let (A → A) be the image in EmbK,OK0
. Let

j > 0 be a rational number.
1. The isomorphism in Lemma 2.11.2 induces an isomorphism C̄j(A → A) →
Θj ⊗F̄ AF̄ ,red.
2. Let (A0 → A) → (B0 → B) be a morphism of EmbK,OK0

. Then the diagram

X̄j(B → B) −−−−→ C̄j(B → B) −−−−→ Θj ⊗F̄ BF̄ ,redy
y

y

X̄j(A → A) −−−−→ C̄j(A → A) −−−−→ Θj ⊗F̄ AF̄ ,red

is commutative.
3. If the ramification of A ⊗OK

K is bounded by j+ and j > 1, then the
composition X̄j(A → A) → C̄j(A → A) → Θj ⊗F̄ AF̄ ,red → Θj is finite and
étale.

Proof. 1. Since the surjection A → A is regular, the assertion follows from the
isomorphism in Lemma 2.11.2.
2. The left square is commutative by the construction. The commutativity of
the right square is a consequence of Lemma 2.11.3.
3. By Lemma 2.7, there exist an embedding (A′

0 → OK) in EmbK,OK0
(OK)

and a finite flat morphism (A′
0 → OK) → (A0 → A). Since the ramification

is bounded by j+, the finite map X̄j(A → A) → C̄j(A → A) is étale by
Corollary 1.16.3. Since AF̄ ,red is étale over F̄ , the assertion follows from 1 and
2. 2.
For a rational number j > 0, we regard Θj as an object of GK-(Aff/F̄ ) with
the natural GK-action. Let GK-(Finite Étale/Θj) denote the subcategory of
GK-(Aff/F̄ ) whose objects are finite étale schemes over Θj and morphisms are

over Θj . Let Emb≤j+
K,OK0

denote the full subcategory of EmbK,OK0
consisting of

the objects (A0 → A) such that the ramifications of A⊗OK
K are bounded by

j+. By Corollary 2.12, the functor X̄j : EmbK,OK0
→ GK-(Aff/F̄ ) induces a

functor X̄j : Emb≤j+
K,OK0

→ GK-(Finite Étale/Θj).

We show that the functor X̄j : Emb≤j+
K,OK0

→ GK-(Finite Étale/Θj) further

induces a functor (Finite Étale/K)≤j+ → GK-(Finite Étale/Θj).

Lemma 2.13 Assume π0 is not a prime element of K. Let (f, f), (g,g) : (A0 →
A) → (B0 → B) be maps in EmbK,OK0

and j > 1 be a rational number. If the
ramifications of A⊗OK

K and B ⊗OK
K are bounded by j+ and if f = g, then

the induced maps

(f, f)∗, (g,g)∗ : X̄j(A0 → A) −−−−→ X̄j(B0 → B)

are equal.
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Proof. By Corollary 2.12, the schemes X̄j(A0 → A) and X̄j(B0 → B) are fi-
nite étale over Θj and the maps (f, f)∗, (g,g)∗ : X̄j(A0 → A) → X̄j(B0 → B)
are maps over Θj . Hence they are determined by the restrictions on the inverse
images of a point. The inverse images of the origin 0 ∈ Θj are canonically iden-
tified with the sets HomOK

(A, K̄) and HomOK
(B, K̄) respectively by Lemma

2.1. Hence the assertion follows. 2

Corollary 2.14 Assume π0 is not a prime element of K. Let j > 1 be a
rational number.
1. Let L be a finite étale K-algebra with ramification bounded by j+. Then
the system X̄j(A0 → OL) parametrized by the objects (A0 → OL) of
EmbK,OK0

(OL) is constant and the limit

X̄j(L) = lim←−
(A0→OL)∈EmbK,OK0

(OL)

X̄j(A0 → OL)

is a finite étale scheme over Θj.
2. The functor X̄j : Emb≤j+

K,OK0
→ GK-(Finite Étale/Θj) induces a functor

X̄j : (Finite Étale/K)≤j+ −−−−→ GK-(Finite Étale/Θj).

Proof. 1. By Corollary 2.8 and by the assumption that π0 is not a prime
element, every map in EmbK,OK0

(OL) induces an isomorphism. By Lemma
2.7.1, the category EmbK,OK0

(OL) is connected. To see that the system is

constant, it suffices to apply Lemma 2.13 for f = g = idOL
. The map X̄j(L) →

Θj is finite étale by Corollary 2.12.3.
2. It is also an immediate consequence of Lemma 2.13. 2

By Lemma 2.10 and the canonical isomorphism Ω̂OK/OK0
⊗OK

F → Ω̂OK/OK′
0

⊗OK
F , the functor X̄j : (Finite Étale/K)≤j+ →

GK-(Finite Étale/Θj) is independent of the choice of subfield K0 if the
characteristic of K is 0. If the characteristic of K is p, it is the same as that
defined in Section 2.2.

2.4 Proof of commutativity

Now we are ready to prove the main result. For an integer m prime to p, let
Im be the unique open subgroup of the inertia subgroup I ⊂ GK of index m.

Theorem 2.15 Let K be a complete discrete valuation field. Let j > 1 be a
rational number and m be the prime-to-p part of the denominator of j. Assume
either K has equal characteristics p > 0 or K has mixed characteristic and p
is not a prime element. Then we have the following.
1. The graded piece GrjGK = Gj

K/Gj+
K is abelian.

2. The commutator [Im, Gj
K ] is a subgroup of Gj+

K . In particular, GrjGK is a

subgroup of the center of the pro-p-group G1+
K /Gj+

K .
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Proof. We first prove the case where the condition
(F) There exists a perfect subfield F0 of F such that F is finitely generated
over F0.
is satisfied. We use the functor X̄j : (Finite Étale/K)≤j+ →
GK-(Finite Étale/Θj) defined in Sections 2.2 and 2.3.
Let L be a finite Galois extension of K of ramification bounded by j+ and put
G = Gal(L/K). To prove 1, it is sufficient to show that Gj is commutative. By
the definition of the functor, the image X̄j(L) is a finite étale covering of Θj

with a left action of GK . We call this action of GK on X̄j(L) the arithmetic
action. On the other hand, by functoriality, we have a right action of G on
X̄j(L), which commutes with the arithmetic action of GK . We call this action
of G on X̄j(L) the geometric action. We identify the inverse image in X̄j(L) of
the origin of Θj with Φ(L) as in Lemma 2.1. The arithmetic action of σ ∈ GK

on Φ(L) = HomK(L, K̄) is given by f 7→ σ ◦ f and the geometric action of
τ ∈ G is given by f 7→ f ◦ τ . Hence Φ(L) is a G-torsor and the étale covering
X̄j(L) is also a G-torsor over Θj .
The stabilizer in GK of each connected component of X̄j(L) with respect to
the arithmeric action is equal to Gj

K since Φj(L) is identified with π0(X̄
j(L)).

Take a connected component X̄j(L)0 of X̄j(L). Then, the stabilizer of the
intersection X̄j(L)0 ∩Φ(L) in G, with respect to the geometric action, is equal
to Gj . Hence the stabilizer of the component X̄j(L)0 in G, with respect to the
geometric action, is also equal to Gj and X̄j(L)0 is a connected Gj-torsor over
Θj . Therefore the map Gj → Aut(X̄j(L)0/Θj) is an isomorphism.
On the other hand, by the assumption that j > 1, the group Gj

K is a subgroup

of the wild inertia subgroup G1+
K = P . Hence the restriction to Gj

K of the

arithmetic action on Θj is trivial and we get a map Gj
K → Aut(X̄j(L)0/Θj).

Since Gj
K acts on the intersection X̄j(L)0 ∩ Φ(L) transitively, the map Gj

K →
Aut(X̄j(L)0/Θj) is surjective. Since the geometric action of Gj and the arith-
metic action of Gj

K on X̄j(L)0 are commutative to each other, the group
Gj ' Aut(X̄j(L)0/Θj) is commutative. Thus assertion 1 is proved in this
case.
We prove assertion 2 assuming the condition (F). We define a canonical
map πab

1 (Θj) → GrjGK as follows. By 1, the image of the functor X̄j :
(Finite Étale/K)≤j+ → GK-(Finite Étale/Θj) is in the full subcategory con-
sisting of abelian coverings. Taking the Galois groups, we obtain a map
πab

1 (Θj) → GK/Gj+
K inducing a surjection

πab
1 (Θj) −−−−→ GrjGK .

The canonical map πab
1 (Θj) → GrjGK is compatible with the actions of GK .

The action of GK on πab
1 (Θj) is induced by that on Θj and the action on GrjGK

is by conjugation. Since the subgroup Im acts trivially on Θj , it also acts
trivially on πab

1 (Θj). Hence, assertion 2 follows in this case by the compatibility
of the surjection πab

1 (Θj) → GrjGK with the GK-action.
To reduce the general case to the special case proved above, we show the
following Lemma.
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Lemma 2.16 Let K be a complete discrete valuation field and K0 be a subfield
of K such that OK0

= OK ∩ K is a complete discrete valuation ring with
perfect residue field F0. Then there exist a filtered family of subextensions
Kµ ⊂ K,µ ∈ M of K0 satisfying the following conditions:

For each µ ∈ M , the intersection OKµ
= OK ∩ Kµ is a complete discrete

valuation ring and the residue field Fµ is finitely generated over F0, the residue
field F is a separable extension of Fµ and a prime element of Kµ is a prime
element of K. The residue field F is equal to the union lim−→µ∈M

Fµ.

Proof. Let π0 be a prime element of K0. Take a transcendental basis (t̄λ)λ∈Λ

of F over F0 such that F is separable over F0(t̄λ, λ ∈ Λ). We take liftings
tλ ∈ OK , λ ∈ Λ of t̄λ. For a finite subset σ ⊂ Λ, let K0,σ be the fraction
field of the completion of the local ring at the prime ideal (π0) of the ring
OK0

[Tλ, λ ∈ σ] and regard it as a subfield of K. Let K0,µ ⊂ K,µ ∈ M0 be
the family of finite unramified subextensions of K0,σ, σ ⊂ Λ. Let K ′

0 be the
completion of the union lim−→µ∈M0

K0,µ. Then K is a finite totally ramified

extension of K ′
0. Hence there is an index µ0 ∈ M0 and a finite totally ramified

extension Kµ0
of K0,µ0

such that K is the composite of Kµ0
and K ′

0. We put
M = {µ ∈ M0 : K0,µ0

⊂ K0,µ}. Then the family Kµ = Kµ0
K0,µ, µ ∈ M

satisfies the conditions. 2

We complete the proof of Theorem. It is sufficient to show assertion 2. Let
F0 =

⋂
n F pn

be the maximum perfect subfield of the residue field F . If the
characteristic of K is positive, we take a element π0 ∈ m2

K , 6= 0 of K and put
K0 = F0((π0)) ⊂ K. If the characteristic of K is 0, let K0 be the fraction
field of W (F0) and regard it as a subfield of K. By the assumption that p is
not a prime element of K, a prime element of K0 is not a prime element of K.
Let Kµ, µ ∈ M be a family of subfields of K as in Lemma 2.16. Since K0 is a
subfield of Kµ satisfying the condition (F) and a prime element of K0 is not a

prime element of Kµ, we have [Im,Kµ
, Gj

Kµ
] ⊂ Gj+

Kµ
for µ ∈ M .

Since K ′ = lim←−µ∈M
Kµ is a Henselian discrete valuation field and K is the

completion of K ′, the canonical maps GK → GK′ → lim←−µ∈M
GKµ

are isomor-

phisms. It induces an isomorphism Im,K → lim←−µ
Im.Kµ

. By Lemma 2.2 and

by the assumption that the residue field F is separable over Fµ and a prime

element of Kµ is a prime element of K, the map Gj
K → Gj

Kµ
is surjective.

Hence we have isomorphisms Gj
K → lim←−µ∈M

Gj
Kµ

and Gj+
K → lim←−µ∈M

Gj+
Kµ

.

By taking the limit of [Im,Kµ
, Gj

Kµ
] ⊂ Gj+

Kµ
, we obtain [Im,K , Gj

K ] ⊂ Gj+
K . 2

3 Some generalities on log structures

To study the logarithmic filtration in later sections, we recall and establish
some generalities on log structures. More systematic account of a part is given
in [10] Section 4. For the basic definitions on log schemes, we refer to [6]. In
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this paper, a log structure MX → OX on a scheme X means a Zariski fs-log
structure.
We prepare some basic terminologies on log schemes. We call a pair (X,P ) of
a log scheme X and a chart P on X a charted log scheme. For charted log
schemes (X,P ) and (S,N), we call a pair (f, ϕ) of a map f : X → S of log
schemes and a map N → P of fs-monoid a map (X,P ) → (S,N) of charted
log schemes if the diagram

N −−−−→ Γ(S,MS)
y

y

P −−−−→ Γ(X,MX)

(1)

is commutative.
For an fs-monoid P , we regard Spec Z[P ] as a log scheme with the log structure
defined by the chart P → Z[P ]. For maps X → S and Y → S of log schemes,

let X ×log
S Y denote the fibered product in the category of fs-log schemes. If

S = Spec A, X = Spec B and Y = Spec C are affine, N → A,P → B and
Q → C are charts and if (f, ϕ) : (X,P ) → (S,N) and (g, ψ) : (Y,Q) → (S,N)

are morphisms of charted log schemes, we have X×log
S Y = Spec B⊗log

A C where

B ⊗log
A C = (B ⊗A C) ⊗Z[P+Q] ⊗Z[P +sat

N Q] and P +sat
N Q is the saturation of

the image of P + Q in the fibered sum P gp ⊕Ngp Qgp = Coker(ϕ − ψ : Ngp →
P gp ⊕ Qgp).

Definition 3.1 Let X → S be a morphism of log schemes.
1. (cf. [7], [11] Theorem 4.6 (iv)) We say that X → S is log flat if the following
conditions are satisfied:
For each x, there exist a commutative diagram

U −−−−→ V
y

y

X −−−−→ S

of log schemes, charts P on U and N on V and morphism (U,P ) → (V,N) of
charted log schemes such that the underlying map U → X is a flat surjection to
an open neighborhood of x, the underlying map V → S is flat, the map N → P
is injective and the underlying map U → V ⊗Z[N ] Z[P ] is flat.
2. We say that X → S is log locally of complete intersection if the following
conditions are satisfied:
For each x, there exist a commutative diagram

U −−−−→ V
y

y

X −−−−→ S
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of log schemes such that U is an open neighborhood of x, the map V → S is
log smooth and U → V is an exact and regular immersion.

3. We say that X → S is log syntomic if it is log flat and log locally of complete
intersection.

For the log syntomic morphisms, the definition here is slightly different from
that in [9] (2.5). We introduce the new definition because it is a special case
of the general definition due to Illusie and Olsson [5], [11] Definition 4.1 by
Lemma 3.3 below. An equivalent statement of Lemma 3.2 in the resp. cases
is proved in [6], and in the log flat case in [11] Theorem 4.6. Another proof is
given in [10] Section 4.4.

Lemma 3.2 (cf. [11] Theorem 4.6) For a morphism X → S of log schemes,
the following conditions are equivalent.

(1) The map X → S is log flat (resp. log smooth, log étale).

(2) Let

X ′ −−−−→ S′
y

y

X −−−−→ S

be a commutative diagram of log schemes such that X ′ → X ×log
S S′ is log étale

and X ′ → S′ is strict. Then the underlying map X ′ → S′ is flat (resp. smooth,
étale).

Lemma 3.3 For a morphism X → S of log schemes, the following conditions
are equivalent.

(1) The map X → S is log syntomic.

(2) Let

X ′ −−−−→ S′
y

y

X −−−−→ S

be a commutative diagram of log schemes such that X ′ → X ×log
S S′ is log étale

and X ′ → S′ is strict. Then the underlying map X ′ → S′ is flat and locally of
complete intersection.

To deduce Lemma 3.3 from Lemma 3.2, we introduce some basic constructions
on log schemes.

Lemma 3.4 Let f : X → S be a morphism of log schemes and x ∈ X. Then
there exist charts P and N on open neighborhoods U of x and V ⊃ f(U) of
s = f(x) and a morphism (U,P ) → (V,N) of charted log schemes such that
the map Spec Z[P ] → Spec Z[N ] is log smooth.
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Proof. We put M̄S = MS/O×
S , M̄X = MX/O×

X , N = M̄S,s, P0 = M̄X,x and let
N → P0 be the canonical map. We take charts N → Γ(V,MV ), P0 → Γ(U,MU )
on open neighborhoods lifting the identities. We define an fs-monoid P to be
the inverse image of P0 by the map P gp

0 ⊕Ngp → P gp
0 sending (m,n) to m+f(n).

Then, shrinking U if necessary, we find a unique map P → Γ(U,MX) extending
the composition P0 + N → Γ(X,MX) + Γ(S,MS) → Γ(X,MX). Thus, we
obtain a morphism (U,P ) → (V,N) of charted log schemes. Since the map
Ngp → P gp is an isomorphism to a direct summand, the map Spec Z[P ] →
Spec Z[N ] is log smooth. 2

For a morphism f : N → P of fs-monoids, we define an fs-monoid (P +N P )∼

to be the inverse image of P by the map P gp ⊕Ngp P gp → P gp sending (m,m′)
to m + m′.

Lemma 3.5 Let N → P be a map of fs-monoids and let (P +N P )∼ ⊂ P gp⊕Ngp

P gp be as above. Then,

1. The map P × (P gp/Ngp) → (P +N P )∼ sending (m,m′) to (m + m′,−m′)
is an isomorphism.

2. The ring homomorphism Z[P ] → Z[(P +N P )∼] induced by the map P →
(P +N P )∼ of monoids sending m to (m, 0) is faithfully flat.

3. The map P + P + (P gp/Ngp) → (P +N P )∼ sending (m,m′,m′′) →
(m+m′′,m′−m′′) induces an isomorphism Z[P ×P × (P gp/Ngp)]/((m, 0, 0)−
(0,m,m);m ∈ P ) → Z[(P +N P )∼] of rings.

Proof. 1. The inverse (P +N P )∼ → P × (P gp/Ngp) is given by (m,m′) →
(m + m′,−m′).
2 and 3. Clear from 1. 2

Corollary 3.6 Let (X,P ) → (S,N) be a morphism of charted log schemes
and put S′ = S ⊗Z[N ] Z[P ] and X ′ = X ⊗Z[P ] Z[(P +N P )∼]. Then the map

X ′ → S′ is strict, the map X ′ → X×log
S S′ is log étale and X ′ → X is faithfully

flat.

Proof. The map X ′ → X ×log
S S′ is log étale by the definition of (P +N P )∼.

The map X ′ → S′ is strict by Lemma 3.5.1. The map X ′ → X is faithfully
flat by Lemma 3.5.2. 2

Proof of Lemma 3.3. Since the assertion is local on X, we may assume there
exist a log smooth scheme Y over S, an exact closed immersion X → Y over S
and a morphism (Y, P ) → (S,N) of charted log schemes as in Lemma 3.4. We

put S1 = S ⊗log
Z[N ] Z[P ], Y1 = Y ⊗log

Z[P ] Z[(P +N P )∼] and X1 = X ×log
Y Y1.

We show (1)⇒(2). We assume X → S is log syntomic. We consider the
diagram in (2). Since the question is local on X ′, we may assume there exist

a log étale scheme Y ′ over Y ×S S′ and an isomorphism X ′ → X ×log
Y Y ′.

Shrinking Y ′, we may assume that the map Y ′ → S′ is strict. Hence by
Lemma 3.2, the underlying map Y ′ → S′ is smooth. It is sufficient to show
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that the closed immersion X ′ → Y ′ is a regular immersion. We consider a
commutative diagram

X ′
1

ssggggggggggggggggggggggggggggggg
//

²²

Y ′
1

ssgggggggggggggggggggggggggggggggg

²² ""E
E

E
E

E
E

E
E

E

X ′ //

²²

Y ′

²² !!C
C

C
C

C
C

C
C

C
X1 ×log

S S′

ssgggggggggggggggggggggggg

//

²²

Y1 ×log
S S′

ssggggggggggggggggggggggggg

//

²²

S′
1

ssgggggggggggggggggggggggggggggggg

²²
X ×log

S S′ //

²²

Y ×log
S S′ //

²²

S′

²²

X1

ssggggggggggggggggggggggggggggggg
// Y1

ssgggggggggggggggggggggggggggggggg
// S1

ssffffffffffffffffffffffffffffffff

X // Y // S

by putting S′
1 = S1 ×log

S S′, Y ′
1 = Y1 ×log

Y Y ′ and X ′
1 = X1 ×log

X X ′.
Since Y → S is log smooth, Y1 → S1 is strict and Y1 → Y ×log

S S1 is log étale,
the underlying map Y1 → S1 is smooth by Lemma 3.2. Similarly, since X → S
is log flat, X1 → S1 is strict and X1 → X ×log

S S1 is log étale, the underlying
map X1 → S1 is flat by Lemma 3.2. Since Y1 → Y is flat by Lemma 3.5.2 and
X → Y is a regular immersion, the immersion X1 → Y1 is a regular immersion.
Thus X1 → S1 is flat and locally of complete intersection. Since the maps
X1 → Y1 → S1 are strict, the underlying map X1 ×log

S S′ → S′
1 is flat and

locally of complete intersection and the immersion X1 ×log
S S′ → Y1 ×log

S S′ is
a regular immersion by EGA IV Propositions (19.3.9)(ii) and (19.3.7). Since

Y ′
1 → Y1 ×log

S S′ is a base change of Y ′ → Y ×log
S S′, the map Y ′

1 → Y1 ×log
S S′

is log étale. Since it is strict, the underlying map Y ′
1 → Y1 ×log

S S′ is étale
by Lemma 3.2. Since X ′

1 → Y ′
1 is the base change of the regular immersion

X1 ×log
S S′ → Y1 ×log

S S′ by the étale map Y ′
1 → Y1 ×log

S S′, it is also a regular
immersion. Since the regular immersion X ′

1 → Y ′
1 is also the base change of

the immersion X ′ → Y ′ by the faithfully flat and strict map Y1 → Y , the
immersion X ′ → Y ′ is a regular immersion as required.
We show (2)⇒(1). We assume the condition (2) is satisfied. It is sufficient
to show that the exact closed immersion X → Y is a regular immersion. By
(2), the underlying map X1 → S1 is flat and locally of complete intersection
and the underlying map Y1 → S1 is smooth. Hence the immersion X1 → Y1

is a regular immersion by EGA IV Proposition (19.3.7). Since the regular
immersion X1 → Y1 is the base change of the immersion X → Y by the strict
and faithfully flat map Y1 → Y , the immersion X → Y is a regular immersion
as required. 2

Corollary 3.7 (cf. [11] Corollary 4.12) Let f : X → S and S′ → S be

morphisms of log schemes and let f ′ : X ′ = X ×log
S S′ → S′ be the log base

change. Then, if f : X → S is log flat (resp. log syntomic), the base change
f ′ : X ′ → S′ is also log flat (resp. log syntomic).
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Proof. Clear from Lemmas 3.2 and 3.3. 2

Lemma 3.8 Let X → S be a log scheme over S log locally of complete inter-
section, Y → S be a log smooth log scheme over S and X → Y be an exact
closed immersion over S. Then,
1. The immersion X → Y is a regular immersion.
2. Let Y ′ → S be another log smooth log scheme over S and X → Y ′ be an exact
closed regular immersion over S. Let n and n′ be the relative dimensions of Y
and of Y ′ over S and r and r′ be the codimensions of the regular immersions
X → Y and of X → Y ′ respectively. Then we have n − r = n′ − r′.

Proof. 1. Since the assertion is local, we may assume there is an exact regular
closed immersion X → Y ′ into a log smooth scheme Y ′ over S. By the same
argument as in the proof of Lemma 3.4, we may assume that there exist a
commutative diagram

(X,P ) −−−−→ (Y, P )
y

y

(Y ′, P ) −−−−→ (S,N)

of charted log schemes. We define an fs-monoid (P +N P )∼ ⊂ P gp ⊕Ngp P gp as

above and put Y ′′ = (Y ×log
S Y ′)⊗log

Z[P+P ] Z[(P +N P )∼]. Then the projections

Y ′′ → Y and Y ′′ → Y ′ are log smooth and strict and hence are smooth. Since
the immersion X → Y ′ is a regular immersion, the immersion X → Y ′′ is
a regular immersion. Since the map Y ′′ → Y is also smooth, the immersion
X → Y is also a regular immersion by EGA IV Proposition (19.1.5)(iv)b)⇒a)

applied to the immersions X ×log
Y Y ′′ → Y ′′ and X → X ×log

Y Y ′′ and by loc.cit
(ii). Hence the assertion follows.
2. In the notation above, the relative dimensions of Y ′′ over Y and Y ′ are n′

and n respectively. Hence the assertion follows. 2

If X → Y is an exact regular immersion of codimension r, and Y is log smooth
over S of relative dimension n, we say that X → S is of relative dimension
n − r.

Lemma 3.9 Let X and S be log regular schemes and f : X → S be a morphism
of finite type. Then f : X → S is log locally of complete intersection.

Proof. Since the assertion is local, we may assume there is a morphism
(X,P ) → (S,N) of charted log schemes as in Lemma 3.4. The map S′ =

S ⊗log
Z[N ] Z[P ] → S is log smooth and the map X → S is factorized as

X → S′ → S where X → S′ is strict. Hence by replacing S by S′, we
may assume X → S is strict. Further replacing S by a smooth scheme over S,
we may assume X → S is an exact immersion. It is sufficient to show that the
immersion X → S is a regular immersion.
Since the question is local, we may assume S = Spec A and X = Spec B
are local. We put P = M̄S,s and take a chart α : P = M̄S,s → A. We
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put Ā = A/α(P − {1}) and B̄ = B ⊗A Ā. Since Ā → B̄ is a surjection of
regular local rings, the kernel is generated by a regular sequence (t̄1, . . . , t̄r)
of Ā. We take a lifting (t1, . . . , tr) in the maximal ideal mA. We show that
Ai = A/(t1, . . . , ti) is log regular of dimension dimA − i and that (t1, . . . , ti)
is a regular sequence. By induction on i = 1, . . . , r, it is sufficient to show the
case i = 1. Since t1 6= 0 and A is normal, we have dim A1 = dim A− 1. On the
other hand, we have dim Ā1 + rank P gp = dim Ā − 1 + rank P gp. Hence, we
have dimA1 = dim Ā1 + rank P gp and A1 is log regular. Thus by induction,
Ar is log regular of dimension dimA − r and (t1, . . . , tr) is a regular sequence.
Since dim B = dim B̄ + rank P gp = dim Ā − r + rank P gp = dim Ar and Ar

is normal, the surjection Ar → B is an isomorphism. Hence the immersion
X → S is a regular immersion of codimension r. 2

Let f : X → S be a map of log schemes such that the map of underlying schemes
is locally of finite presentation and x ∈ X. We put s = f(x), Xs = X⊗κ(s)κ(x)
and define

dimlog
x f−1(f(x)) =

= dimOXs,x/(α(MX,x − O×
X,x)) + tr.deg κ(x)/κ(s) + rank M̄gp

X,x/M̄gp
S,s.

Lemma 3.10 Let f : X → S be a morphism of log schemes such that the map
of underlying schemes is of finite presentation.
1. Let (X,P ) → (S,N) be a morphism of charted log schemes and let x ∈ X.
Regard x as a log scheme with the log structure defined by the chart P . We put
X ′

x = (X ×S x) ⊗Z[P+P ] Z[(P +N P )∼] and let x → X ′
x be the section defined

by x → X and the map (P +N P )∼ → P → κ(x). Then, we have an equality

dimlog
x f−1(f(x)) = dim OX′

x,x.

2. If X → S is log flat, the function dimlog
x f−1(f(x)) is a locally constant

function of x ∈ X.
3. Assume X → S is log locally of complete intersection of relative dimension
d. If we have an equality dimlog

x f−1(f(x)) = d for all x ∈ X, the map X → S
is log flat and hence log syntomic.

Proof. 1. By Lemma 3.5.3, X ′
x is the closed subscheme of (Xs ⊗κ(s) κ(x)) ⊗Z

Z[P ′gp/Ngp] defined by the ideal I generated by (α(m)⊗1)− (1⊗αx(m)) · (m)
for m ∈ P . The ideal I is generated by α(m) ⊗ 1 for m ∈ P\Ker(P → M̄X,x)
and (m)− (1⊗αx(m))−1(α(m)⊗1) for m ∈ Ker(P → M̄X,x). Hence X ′

x is the
closed subscheme of (Xs ⊗κ(s) κ(x)) ⊗Z Z[M̄gp

X,x/M̄gp
S,s] defined by the ideal J

generated by α(m)⊗1 for m ∈ P\Ker(P → M̄X,x). Thus the assertion follows.

2. Let S′ = S ⊗log
Z[N ] Z[P ],X ′ = X ⊗log

Z[P ] Z[(P +N P )∼] and f ′ : X ′ → S′

be the map. Since the map X ′ → X ×log
S S′ is log étale, and the compo-

sition X ′ → S′ is strict, the underlying map X ′ → S′ is flat. Hence the
function dimx′ f ′−1(f ′(x′)) = dimOX′

f′(x′)
,x′ is locally constant on x′ ∈ X ′.

The function dimlog
x f−1(f(x)) is the pull-back of the locally constant function
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dimx′ f ′−1(f ′(x′)) by the section X → X ′ induced by the map (P +N P )∼ → P .
Thus the assertion is proved.
3. Since the question is local, we may further assume that there is an exact
regular immersion X → Y to a log scheme Y log smooth over S. Let n be
the relative dimension of Y over S and r = n − d be the codimension of the
regular immersion X → Y . We put Y ′ = Y ⊗log

Z[P ′] Z[(P ′ +N P ′)∼]. Then we

have X ′ = X ×log
Y Y ′. Since X ′ → X is faithfully flat by Lemma 3.5.2, it is

sufficient to show that the map X ′ → S′ is flat. Since Y ′ → Y is flat, the
immersion X ′ → Y ′ is regular of codimension r. The map Y ′ → S′ is smooth
of relative dimension n. Hence the strict map X ′ → S′ is locally of complete
intersection of relative dimension d. By the assumption and the computation
above, each fiber of X ′ → S′ has dimension d. Hence by EGA IV Théorème
(11.3.8) d)⇒a), X ′ → S′ is flat.

Corollary 3.11 Let f : X → S be a finite morphism of log regular schemes.
Assume dimX = dimS and f∗M̄gp

S ⊗ Q → M̄gp
X ⊗ Q is surjective. Then X is

log flat and hence log syntomic over S.

Proof. By Lemma 3.9, the map f : X → S is log locally of complete intersec-
tion. Further, by the assumption that X → S is finite and dimX = dimS,
the map X → S has relative dimension 0. Since dimlog

x f−1(f(x)) = 0 for all
x ∈ X, it is sufficient to apply Lemma 3.10 2

For a ring A, we call a Zariski fs-log structure on X = Spec A a log structure
on A. We call a ring with a log structure a log ring. If A is a local ring, a log
structure on A is defined by a chart P → A. We say that a map A → B of log
rings is a surjection if the underlying ring homomorphism A → B is surjective
and the map f∗MY → MX is surjective where f : X = Spec B → Y = Spec A
denotes the corresponding map of log schemes and MX and MY denote the log
structures. We say that a surjection A → B of log rings is an exact surjection
if the log structure MX is the pull-back log structure of MY . We say that
a surjection A → B is regular if the immersion Spec B → Spec A of the
underlying schemes is a regular immersion. For a map A → B of log rings, let
ΩB/A(log / log) denote the module of logarithmic differential forms, denoted by
ωB/A in [6]. If A and B are local and N and P denote the stalks of the log
structures at the closed points, we have

ΩB/A(log / log) =
(
ΩB/A ⊕ (B ⊗Z (P gp/Ngp))

)
/(dm − m ⊗ m : m ∈ P ).

We study formally log smooth maps of complete local Noetherian log rings.

Definition 3.12 (cf. [11] Definition 4.4) Let A and B be complete local
Noetherian rings with log structures and f : A → B a morphism of log rings
such that the underlying ring homomorphism is local.
1. We say f : A → B is formally log smooth (resp. formally log étale) if, for a
nilpotent exact surjection R → R′ of discrete log A-algebras and a continuous
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homomorphism B → R′ of log A-algebras, there exists a (resp. a unique)
continuous homomorphism B → R of log A-algebras lifting B → R′.
2. We put Ω̂B/A(log / log) = lim←−n

Ω(B/mn
B)/A(log / log).

Lemma 3.13 Let A and B be complete local Noetherian rings with log struc-
tures and f : A → B a morphism of log rings such that the underlying ring
homomorphism is local. Assume that the residue field of B is finitely generated
over the residue field of A. Then, the following conditions are equivalent.
(1) B is formally log smooth over A.
(2) There exist a log smooth scheme X over A, a point x of X over the closed
point of Spec A and an étale local homomorphism B → ÔX,x over A.

Proof. It is clear that (2) implies (1). The implication (1)⇒(2) is proved
similarly as in the proof of [6] (3.5.1)⇒(3.5.2). 2

Corollary 3.14 Let A → B be as in Lemma and assume A → B is log
smooth.
1. The B-module Ω̂B/A(log / log) is free of finite rank.
2. If A is log regular (cf. [8] Definition (2.1)), then B is also log regular.

Proof. 1. It follows from Lemma 3.13 (1)⇒(2) and [6] Proposition (3.10).
2. It follows from Lemma 3.13 (1)⇒(2) and [8] Theorem (8.2). 2

4 Tubular neighborhoods for finite flat and log flat log alge-
bras

In the rest of the paper, the integer ring OK is considered as a log ring with
its canonical log structure defined by the chart N → OK sending 1 ∈ N to a
prime element. The letter A denotes a finite flat and log flat log OK-algebra
such that the log structure on AK is trivial. For a finite étale algebra L over
K, its integer ring OL is considered as a log OK-algebra with its canonical log
structure defined by taking the product of the canononical log structures on its
factors. The log OK-algebra OL is log flat by Corollary 3.11. Hence it is finite
flat and log flat and the log structure on L is trivial.

4.1 Log embeddings

Definition 4.1 1. Let A be a finite flat and log flat log OK-algebra such
that the log structure on AK is trivial. Let A be a log OK-algebra formally of
finite type and formally log smooth over OK . We say that an exact surjection
A → A of log OK-algebras is a log embedding if it induces an isomorphism
A/mA → A/mA.

2. We define Emblog
OK

to be the category whose objects and morphisms are as

follows. An object of Emblog
OK

is a triple (A → A) where:

• A is a finite flat and log flat log OK-algebra such that the log structure
on AK is trivial.
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• A is a log OK-algebra formally of finite type and formally log smooth over
OK .

• A → A is a log embedding.

A morphism (f, f) : (A → A) → (B → B) is a pair of homomorphisms
f : A → B and f : A → B of log OK-algebras such that the diagram

A −−−−→ A

f

y
yf

B −−−−→ B

of log OK-algebra homomorphisms is commutative.
3. For a finite flat and log flat log OK-algebra A such that the log structure on
AK is trivial, let Emblog

OK
(A) be the subcategory of Emblog

OK
whose objects are of

the form (A → A) and morphisms are of the form (idA, f).
4. We say that a morphism (f, f) : (A → A) → (B → B) of EmbOK

is finite

flat and log flat if A → B is finite flat and log flat and the map B⊗log
A A → B

is an isomorphism of log OK-algebras.
5. We say that a log embedding A → A is strict if the maps OK → A and
OK → A of log rings are strict.

For a complete semi-local Noetherian log OK-algebra R such that R/mR is finite
over F , we put Ω̂R/OK

(log / log) = lim←−n
Ω(R/mn

R)/OK
(log / log). If (A → A) is

a log embedding, the A-module Ω̂A/OK
(log / log) is locally free of finite rank.

If (A → A) is a strict object of Emblog
OK

, by forgetting the log structures, we
obtain an object (A → A)◦ of EmbOK

. For an object (A → A) of EmbOK
, by

putting the pull-back log structures on A and A from that on OK , we obtain
an object (A → A)log of Emblog

OK
. Thus, we obtain an equivalence of categories

between EmbOK
and the full subcategory of Emblog

OK
consisting of strict objects.

Lemma 4.2 Let A be a finite flat and log flat log OK-algebra such that the log
structure on AK is trivial. We put X = Spec A and S = Spec OK .
1. For a closed point x of X = Spec A, the stalk M̄X,x of the sheaf M̄X =
MX/O×

X is isomorphic to N and the map M̄S,s = N → M̄X,x = N is the
multiplication by an integer ex ≥ 1.
2. Let (A → A) be a log embedding. Then, the ring A is regular and the
reduced closed fiber (A ⊗OK

F )red is a regular divisor. The log ring A is log
regular and the log structure is defined by the reduced closed fiber (A⊗OK

F )red.
3. A log embedding (A → A) is strict if and only if the map OK → A is strict.

Proof. 1. Clear from Lemma 3.10.1.
2. We may assume A is local and the log structure is defined by a chart N → A.
Since A is formally log smooth over OK , it is log regular by Corollary 3.14.2.
Since the stalks of M̄ are either N or 0, the ring A is regular and the image
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t ∈ A of 1 ∈ N defines a regular divisor. Since π/tex ∈ A×, the assertion
follows.
3. We may assume A is local. Assume the map OK → A is strict. Then, in
the notation of the proof of 2, we have ex = 1 and π/t ∈ A×. Hence the map
OK → A is strict. The only if part is obvious. 2

To prove the logarithmic version Lemma 4.5 below of Lemma 1.2, we make
another definition.

Definition 4.3 1. Let A be a finite flat and log flat log OK-algebra such
that the log structure on AK is trivial. Let A be a log OK-algebra formally of
finite type, formally smooth and formally log smooth over OK . We say that
a surjection A → A of log OK-algebra is a log pre-embedding if it induces an
isomorphism A/mA → A/mA of underlying F -algebras.

2. We define preEmblog
OK

to be the category whose objects and morphisms are

as follows. An object of Emblog
OK

is a triple (A → A) where:

• A is a finite flat and log flat log OK-algebra such that the log structure
on AK is trivial.

• A is a log OK-algebra formally of finite type, formally smooth and for-
mally log smooth over OK .

• A → A is a log pre-embedding.

A morphism (f, f) : (A → A) → (B → B) is a pair of log OK-homomorphism
f : A → B and f : A → B such that the diagram

A −−−−→ A

f

y
yf

B −−−−→ B

is commutative.
3. For a finite flat and log flat log OK-algebra A such that the log structure on
AK is trivial, let preEmblog

OK
(A) be the subcategory of preEmblog

OK
whose objects

are of the form (A → A) and morphisms are of the form (idA, f).

A log pre-embedding (A → A) is an embedding together with log structures on
A and on A such that the log ring A is formally log smooth, that the log ring
A is log flat and the log structure on AK is trivial and that the map A → A
is a surjection of log OK-algebras. Hence, by forgetting the log structures, we
obtain a functor preEmblog

OK
→ EmbOK

.

We also define a functor preEmblog
OK

→ Emblog
OK

. For an object (A → A) of

preEmblog
OK

, we attach a log embedding (A∼ → A) as follows. First, we consider
the case where A is local. Assume the log structure of A is defined by a chart
P → A. Let P → N be the map P → M̄X,x = N where x is the closed point of
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X = Spec A and we identify M̄X,x = N by the unique isomorphism. Let P∼

be the inverse image of N by the induced map P gp → M̄gp
X,x = Z. The map

P → A → A is extended uniquely to a map P∼ → A. We define A∼ to be the
formal completion of the surjection A ⊗Z[P ] Z[P∼] → A induced by P∼ → A.
Let A∼ → A be the canonical map. The log ring A∼ and the homomorphism
A∼ → A are independent of the choice of the chart P → A upto a unique
isomorphism. In general, we define A∼ and A∼ → A by taking the product.
By the construction, the canonical map A → A∼ is formally log étale.

Lemma 4.4 Let A be a finite flat and log flat log OK-algebra such that the log
structure on AK is trivial.
1. The category preEmblog

OK
(A) is non-empty.

2. Let (A → A) be an object of preEmblog
OK

and define A∼ and A∼ → A as

above. Then (A∼ → A) is an object of Emblog
OK

.

Proof. 1. We may assume A is local. Take a system of generators t1, . . . , tn of
A over OK and a chart N → A. Let t0 ∈ A be the image of 1 ∈ N. We define
a surjection OK [T0, . . . , Tn] → A by sending Ti to ti and a log structure on
OK [T0, . . . , Tn] by the chart N2 → OK [T0, . . . , Tn] sending (1, 0) and (0, 1) ∈ N2

to T0 and π. Then its formal completion A → A is a log pre-embedding.
2. By the definition, the OK-algebra A∼ is formally of finite type over OK and
the surjection A∼ → A is exact. Since the map A → A∼ is formally log étale,
the log OK-algebra A∼ is formally log smooth over OK . Hence the assertion
follows. 2

By Lemma 4.4.2, we obtain a functor preEmblog
OK

→ Emblog
OK

.

Lemma 4.5 1. For a finite flat and log flat log OK-algebra A such that the log
structure on AK is trivial, the category Emblog

OK
(A) is non-empty.

2. For a morphism f : A → B of finite flat and log flat log OK-algebras such
that the log structures on AK and BK are trivial and for objects (A → A) and

(B → B) of Emblog
OK

, there exists a morphism (f, f) : (A → A) → (B → B)
lifting f .
3. For a morphism f : A → B of finite flat and log flat log OK-algebras such
that the log structures on AK and BK are trivial, the following conditions are
equivalent.
(1) The map f : A → B is log syntomic.
(2) Their exists a finite flat and log flat morphism (f, f) : (A → A) → (B → B)
of log embeddings.

Proof. 1. Clear from Lemma 4.4.
2. Since A is formally log smooth, B = lim←−n

B/In where I = Ker(B → B)

and the surjection B/In → B is exact, the assertion follows.
3. (1)⇒(2). We may assume A and B are local. We take log embeddings
A → A and B → B. We define a log embedding B′ → B by applying an
argument similar to the proof of Lemma 4.4.2 to lim←−n

(A/mn
A ⊗log

OK
B/mn

B)∧ →
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B. Replacing B → B by B′ → B, we may assume that there is a map
(A → A) → (B → B) such that A → B is formally log smooth. Since A → B

is log syntomic, the exact surjection B ⊗log
A A → B is regular by Lemma 3.8.1

and the kernel is generated by a regular sequence (t1, . . . , tn). Take a lifting
(t̃1, . . . t̃n) in B and define a map A[[T1, . . . , Tn]] → B by sending Ti to ti. We
consider A[[T1, . . . , Tn]] as a log ring with the pull-back log structure by the
map A → A[[T1, . . . , Tn]]. Then the composition A[[T1, . . . , Tn]] → A → A
sending Ti to 0 defines a log embedding. Replacing A by A[[T1, . . . , Tn]], we

obtain a map (A → A) → (B → B) such that the map B ⊗log
A A → B is

an isomorphism and that dimA = dimB. By Nakayama’s lemma, the map
A → B is finite. Since A and B are regular, the map A → B is flat by EGA
Chap 0IV Corollaire (17.3.5) (ii). Further by Corollary 3.11, it is log syntomic.
(2)⇒(1). Since A and B are log regular and have the same dimension, B is
log syntomic over A by Corollary 3.11. Hence B is also log syntomic over A
by Lemma 3.7.2. 2

The base change of a log embedding by an extension of complete discrete val-
uation fields is defined as follows.

Lemma 4.6 Let K ′ be a complete discrete valuation field and K → K ′ be
a morphism of fields inducing a local homomorphism OK → OK′ . Let

(A → A) be an object of Emblog
OK

. We define A⊗̂log
OK

OK′ to be the projec-

tive limit lim←−n
(A/mn

A ⊗log
OK

OK′). Then the log OK′-algebra A⊗̂log
OK

OK′ is for-
mally of finite type and formally log smooth over OK′ . The natural surjection

A⊗̂log
OK

OK′ → A⊗̂log
OK

OK′ defines an object (A⊗̂log
OK

OK′ → A ⊗log
OK

OK′) of

Emblog
OK′

.

Proof. Since A⊗̂log
OK

OK′ is finite over A⊗̂OK
OK′ , it is formally of finite type

over OK′ . The formal log smoothness is clear from the definition. The rest is
clear. 2.
Thus we obtain a functor ⊗̂log

OK
OK′ : Emblog

OK
→ Emblog

OK′
. If K ′′ is an exten-

sion of complete discrete valuation fields of K ′, the composition Emblog
OK

→
Emblog

OK′
→ Emblog

OK′′
is the same as ⊗̂log

OK
OK′′ : Emblog

OK
→ Emblog

OK′′
. If K ′ is a

finite extension, we have A ⊗log
OK

OK′ = A⊗̂log
OK

OK′ . If (A → A) is strict, we

have (A → A) ⊗log
OK

OK′ = ((A → A)◦ ⊗OK
OK′)log.

Similarly as for lim−→K′/K
(Aff/F ′) defined in Section 1.3, we define a category

lim−→K′/K
EmbOK′ . We define a functor Emblog

OK
→ lim−→K′/K

EmbOK′ as follows.

Lemma 4.7 Let A be a finite flat and log flat log OK-algebra. Let e = eA/OK

denote the least common multiple of ex in Lemma 4.2.1 for the closed points
x in X = Spec A. Let K ′ be a finite separable extension of K of ramification
index eK′/K . If eK′/K is divisible by eA/OK

, then the log tensor product AOK′ =

A ⊗log
OK

OK′ is strict over OK′ .
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Proof. We may assume A is local. We put P = N ′ = N × Z and define maps
N → P and N → N ′ by sending 1 ∈ N to (eA/OK

, 1) and to (eOK′/OK
, 1)

respectively. There exist morphisms of charts (N → OK) → (P → A) and
(N → OK) → (N ′ → OK′). Since eA/OK

divides eOK′/OK
, the saturation

P +sat
N N ′ is isomorphic to N × (Z/eA/OK

Z) × Z2 and the composition N ⊂
N ′ → P +sat

N N ′ → N is the identity. Hence A ⊗log
OK

OK′ is strict over OK′ . 2

Let (A → A) be an object of Emblog
OK

and define e = eA/K as in Lemma
4.7. Let Ce be the full subcategory of the category (Ext/K) of finite separable
extensions of K consisting of the extensions with ramification index divisible
by e. If K ′ is a finite separable extension in Ce, then by Lemmas 4.7 and 4.2.3,
the base change (A ⊗log

OK
OK′ → A ⊗log

OK
OK′) is strict and defines an object

(A ⊗log
OK

OK′ → A ⊗log
OK

OK′)◦ of EmbOK′ . We consider a system consisting

of (A ⊗log
OK

OK′ → A ⊗log
OK

OK′)◦ for extensions K ′ in Ce and isomorphisms

(A ⊗log
OK

OK′ → A ⊗log
OK

OK′)◦ ⊗OK′ OK′′ → (A ⊗log
OK

OK′′ → A ⊗log
OK

OK′′)◦

for K-morphisms K ′ → K ′′ of extensions in Ce. Then it defines an object of
lim−→K′/K

EmbOK′ . Thus we obtain a functor Emblog
OK′

→ lim−→K′/K
EmbOK′ .

4.2 Tubular neighborhoods for log embeddings

For a rational number j > 0, a functor Xj : lim−→K′/K
EmbOK′ →

lim−→K′/K
(smooth Affinoid/K ′) is defined as the limit of the functors XjeK′/K :

EmbOK′ → (smooth Affinoid/K ′) defined in Section 1.2. We define a functor
lim−→K′/K

(smooth Affinoid/K ′) → lim−→K′/K
(Aff/F ′) as follows. Let (XK′)K′∈obC

be an object of (smooth Affinoid/K ′). Then the extensions K ′ in C such
that the stable normalized integral model AOK′ is defined over K ′ form
a cofinal full subcategory C′ by Theorem 1.10. For an extension K ′ in
C′, let X̄F ′ denote the affine scheme AOK′ ⊗OK′ F ′ over the residue field
F ′ of K ′. By sending (XK′)K′∈obC to (X̄F ′)K′∈obC′ , we obtain a functor
lim−→K′/K

(smooth Affinoid/K ′) → lim−→K′/K
(Aff/F ′). Thus, we have a sequence

of functors

Emblog
OK

−−−−→ lim−→K′/K
EmbOK

−−−−→ lim−→K′/K
(smooth Affinoid/K ′)

−−−−→ lim−→K′/K
(Aff/F ′) −−−−→ GK-(Aff/F̄ ).

The compositions Xj
log : Emblog

OK
→ lim−→K′/K

(smooth Affinoid/K ′) and X̄j
log :

Emblog
OK

→ GK-(Aff/F̄ ) are more concretely described as follows. For an object

(A → A) of Emblog
OK

and a finite separable extension K ′ such that the ramifica-
tion index e′ = eK′/K is divisible by the integer eA/OK

in Lemma 4.7, the base

change (A⊗̂log
OK

OK′ → A ⊗log
OK

OK′) is strict and we define an affinoid variety

Xj
log(A → A)K′ over K ′ by

Xj
log(A → A)K′ = Xe′j((A⊗̂log

OK
OK′ → A ⊗log

OK
OK′)◦).
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The composite functors Xj
log : Emblog

OK
→ lim−→K′/K

(smooth Affinoid/K ′) sends

an object (A → A) of Emblog
OK

to the system Xj
log(A → A) = (Xj

log(A →
A)K′)K′ where K ′ runs over finite separable extensions such that the ramifica-
tion index e′ = eK′/K is divisible by the integer eA/OK

.

By Lemma 1.8 and the universality of ⊗log, we obtain a cartesian diagram

Xj
log(A → A)(K̄) −−−−→ Homcont.logOK -alg(A, OK̄)

y
y

HomlogOK -alg(A,OK̄/mj) −−−−→ Homcont.logOK -alg(A, OK̄/mj).

Here OK̄/mj denotes the limit OK′/mjeK′/K of fs-log rings where K ′ runs finite
extensions in K̄ such that jeK′/K is an integer. Similarly as in Section 1.2, the

surjection Xj
log(A → A)(K̄) → π0(X

j
log(A → A))K̄ induces a surjection

(4.2.1) Homcont.logOK -alg(A, OK̄/mj) −−−−→ π0(X
j
log(A → A))K̄ .

The map A → A also induces a map

(4.2.2) HomlogOK -alg(A,OK̄) −−−−→ Xj
log(A → A)(K̄).

Similarly as Lemma 1.9.4, if (f, f) : (A → OK) → (B → B) is a finite flat and

log flat morphism of Emblog
OK

, the map (4.2.2) induces a surjection

(4.2.3) Homlog OK -alg(B,OK̄) −−−−→ π0(X
j
log(B → B)K̄).

Let (Finite Flat and Log Flat/OK) denote the category of finite flat and log flat
log OK-algebras A such that the log structure on A⊗OK

K is trivial. We define
functors Ψlog and Ψj

log : (Finite Flat and Log Flat/OK) → GK-(Finite Sets)
for a rational number j > 0 as in Section 1.2 by sending a finite flat and
log flat log OK-algebra A such that the log structure on A ⊗OK

K to the set

Ψlog(A) = Homlog
OK

(A,OK̄) and to the set

Ψj
log(A) = lim←−

(A→A)∈EmblogOK
(A)

π0(X
j
log(A → A)K̄)

respectively. As in Section 1.2, the surjection (4.2.1) implies that the projective
system in the right hand side is constant. Further it induces a map Ψlog → Ψj

log

of functors.
Similarly, for an object (A → A) of Emblog

OK
and a finite separable extension

K ′ such that the ramification index e′ = eK′/K is divisible by the integer

eA/OK
and that a stable normalized integral model Aj

OK′
of Xj

log(A → A)K′

is defined over K ′, an affine scheme X̄j
log(A → A)K′ over the residue field

F ′ of K ′ is defined as the closed fiber Spec(Aj
OK′

⊗OK′ F ′). The system
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X̄j
log(A → A) = (X̄j

log(A → A)K′)K′ defines an object of lim−→K′/K
(Aff/F ′).

By identifying the category lim−→K′/K
(Aff/F ′) with GK-(Aff/F̄ ), we obtain the

composite functor X̄j
log : Emblog

OK
→ GK-(Aff/F̄ ). For j > 0, the functor

Ψj
log : (Finite Flat and Log Flat/OK) → GK-(Finite Sets) is induced by the

composition of the functors

Emblog
OK

X̄j
log−−−−→ GK-(Aff/F̄ )

π0−−−−→ GK-(Finite Sets).

We also have a functor C̄j
log : Emblog

OK
→ GK-(Aff/F̄ ) and a map of functors

X̄j
log → C̄j

log. Let (A → A) be an object of Emblog
OK

and j > 0 be a rational
number. Let K ′ be a finite separable extension of K such that the ramification
index e′ = eK′/K is divisible by eA/OK

and by the denominator of j and that

((A⊗log
OK

O′
K)⊗OK′ F ′)red is étale over F ′. Let I be the kernel of A⊗log

OK
O′

K →
A ⊗log

OK
O′

K and we put

C̄j
log(A → A)K′ = Spec

( ∞⊕

n=0

In/In+1 ⊗OK′ m
e′jn
K′ /me′jn+1

K′

)

red.

Then the system (C̄j
log(A → A)K′)K′ defines an object lim−→K′/K

(Aff/F ′) and

hence an object C̄j
log(A → A) of GK-(Aff/F̄ ). It is a scheme over ((A ⊗log

OK

OK′)⊗OK′ F̄ )red for K ′ as above. In the following, we put Alog F̄ ,red = ((A⊗log
OK

OK′) ⊗OK′ F̄ )red = (A ⊗log
OK

F̄ )red. In the right hand side, F̄ is regarded as

the limit of an fs-log ring with the chart Q≥0 → F̄ sending positive rational
numbers to 0.
We study relations between Xj and Xj

log. Let (A → A) be an object of EmbOK

and (B → B) be an object of Emblog
OK

. Let (A → A)log be the object of Emblog
OK

defined by the pull-back log structures. An OK-algebra homomorphism A → B
can be lifted to a morphism (A → A)log → (B → B) of Emblog

OK
by Lemma 4.2.

For a rational number j > 0, a morphism (A → A)log → (B → B) of Emblog
OK

induces a morphism Xj
log(B → B) → Xj

log((A → A)log) = Xj(A → A) of
affinoid varieties.
Let (A → A) be a log pre-embedding. We have an embedding (A → A)◦, a
log embedding (A∼ → A) and a canonical map ((A → A)◦)log → (A∼ → A)
of log embeddings by the construction in Lemma 4.4.2. For a rational number
j > 0, we have affinoid varieties Xj((A → A)◦) and Xj

log(A
∼ → A) and a map

of affinoid varieties Xj
log(A

∼ → A) → Xj((A → A)◦).

Lemma 4.8 Let (A → A) be an object of preEmblog
OK

and j > 0 be a positive
integers.
1. The canonical map Xj

log(A
∼ → A) → Xj((A → A)◦) is an open immersion

and Xj
log(A

∼ → A) is identified with a rational subdomain.
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2. Assume A is local and put S = Spec OK ,X = Spec A and X = Spec A and
let s and x be the closed points of S and of X. We put P = M̄X,x and identify
M̄X,x and M̄S,s with N. Let e = eA/OK

be the image of 1 ∈ M̄S,s = N by the
composition M̄S,s → M̄X,x → M̄X,x = N as in Lemma 4.7. Let m1, . . . ,mn

be a system of generators of the monoid P and e1, . . . , en be their images by
P → N = M̄X,x. Let j′ ≥ j + maxi ei/e be a rational number strictly greater

than 1. Then we have an open immersion Xj′

((A → A)◦) → Xj
log(A

∼ → A)

of rational subdomains Xj((A → A)◦).

Proof. 1. We may assume A is local. We use the notation in 2. Let I be the
kernel of the surjection A → A and J be the kernel of the surjection A∼ → A.
By renumbering the indices if necessary, we may assume e1 = 1. We take a chart
ϕ : P → A and put ti = ϕ(mi) ∈ A. We define a monoid P∼ as in Lemma 4.4.2
and ϕ̃ : P∼ → A∼ be the extension. The monoid P∼ is generated by P and
(mim

−ei
1 )±1, i = 2, . . . , n. Hence the ring A∼ is the completion of the subring

generated by ϕ̃(mim
−ei
1 )±1 over A. For i = 2, . . . , n, take liftings ui ∈ A× of

the image of ϕ̃(mim
−ei
1 ) in A×. Then, the ideal J is generated by the image

of I and ϕ̃(mim
−ei
1 ) − ui, i = 2, . . . , n. Hence Xj

log(A
∼ → A) is the rational

subdomain Xj((A → A)◦) defined by the conditions ord(tit
−ei
1 − ui) ≥ j for

i = 2, . . . , n.

2. Similarly as in the proof of Lemma 1.17, we have ord t1 = 1/e on Xj′

((A →
A)◦) by the assumption j′ > 1. Since ti − uit

−ei
1 ∈ I for i = 2, . . . , n, we have

ord(ti − uit
ei
1 ) ≥ j′ ≥ j + ei/e on Xj′

((A → A)◦). Hence the assertion follows.
2

Corollary 4.9 Let (A → A) be a log pre-embedding constucted in the proof
of Lemma 4.4.1. Then, for a rational number j > 0, we have open immersions

Xj+1((A → A)◦) −−−−→ Xj
log(A

∼ → A) −−−−→ Xj((A → A)◦)

of rational subdomains.

Proof. The log structure on A is defined by a chart N2 → A and we have e1 = 1
and e2 = eL/K for m1 = (1, 0) and m2 = (0, 1) in the notation of Lemma 4.8.2.
Hence the assertion follows. 2

The affinoid varieties Xj
log(A → A) and Yj

Z,P defined in [1] Section 3.2 are
related as follows. Let L be a finite separable extension of K and A = OL be
the integer ring. Let Z = (zi)i∈I be a finite system of generators of OL over
OK and P ⊂ I be a subset such that zi is a prime element of OL for some i ∈ P
and zi is not zero for any i ∈ P . We recall a description of Yj

Z,P for a rational
number j > 0. We put ei = ordLzi and e = eL/K and let π be a prime element
of K. Let IZ be the kernel of the surjection OK [Ti; i ∈ I] → A sending Ti to zi

and (f1, . . . , fm) be a finite set of generators of IZ . For i ∈ P and (i, j) ∈ P 2,
we take polynomials gi, hi,j ∈ OK [Ti; i ∈ I] such that the images in OL are
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ui = ze
i /πei and ui,j = zei

j /z
ej

i . If zι is a prime element for ι ∈ P , then we have

Yj
Z,P (K̄) =



(xi)i∈I ∈ OI

K̄

∣∣∣∣∣∣

ordfl(xi) ≥ j for 1 ≤ l ≤ m
ord(xe

ι/πeι − gι(xi)) ≥ j
ord(xeι

k /xek
ι − hk,ι(xi)) ≥ j for k ∈ P





by [1] Lemma 3.9 (2). Furthermore, for (xi)i∈I ∈ Yj
Z,P (K̄), we have xi/xei

ι ∈
O×

K̄
for i ∈ P .

We define a log structure on OK [Ti, i ∈ I] by the chart M = N × NP →
OK [Ti, i ∈ I] sending (1, 0) to π and (0, fi) to Ti where fi ∈ NP is the i-th
standard basis. Let A be the formal completion of the surjection OK [Ti, i ∈
I] → A sending Ti to zi.

Lemma 4.10 Let the notation be as above. Then (A → A) is a log pre-
embedding and the affinoid variety Xj

log(A
∼ → A)K̄ defined by the log em-

bedding (A∼ → A) is the same as Yj
Z,P defined in [1] Section 3.2.

Proof. It is clear that (A → A) is a log pre-embedding. We describe the log
OK-algebra A∼. As in Lemma 4.4.2, let P∼ ⊂ P gp = Z × ZP be the inverse
image of N by the map Z × ZP → Z sending T0 = (1, 0) to e and the standard
basis Ti of ZP to ei for i ∈ P . We consider a chart N → OK and a map of
monoids N → P∼ sending 1 ∈ N to a prime element π ∈ OK and to T0 ∈ P∼.
We put AI,P = OK ⊗Z[N] Z[P∼][Ti, i ∈ I −P ] and define a log structure by the
chart P∼ → AI,P . Then, A∼ is identified with the formal completion of the
natural surjection AI,P → A.
Let K ′ be a finite separable extension of K containing L as a subfield. We
compute the log tensor product AI,P ⊗log

OK
OK′ . By choosing a numbering,

we assume P = {1, . . . , r} ⊂ I = {1, . . . ,m} and zr is a prime element. Let
Ti, i = 0, . . . , r be the standard basis of P = N × NP and put Ui = TiT

−ei
r

for i = 1, . . . , r − 1 and U0 = T0T
−e
r . Then the monoid P∼ is generated by

U±1
i , i = 0, . . . , r − 1 and Tr and is isomorphic to Zr × N. Let N ′ be the

monoid N × Z with the map N → N × Z sending 1 ∈ N to (e′, 1). Let π′ be
a prime element of K ′ and e′ = eK′/K be the ramification index and define

a unit u′ of OK′ by π = u′π′e′

. We consider a chart N ′ → OK′ sending
U ′ = (0, 1) to u′ and T ′ = (1, 0) to π′. By the assumption L ⊂ K ′, ē =
e′/e is an integer and the saturation P∼ +sat

N N ′ is generated by U±1
i , i =

1, . . . , r−1, V ±1, U ′±1 and T ′ where V = TrT
′−ē and is isomorphic to Zr+1×N.

Hence AI,P ⊗log
OK

OK′ = OK′ ⊗Z[N ′] Z[P∼ +sat
N N ′][Tr+1, . . . , Tm] is isomorphic

to OK′ [U±1
1 , . . . , U±1

r−1, Tr+1, . . . , Tm, V ±1]. The log structure is the pull-back
of that on OK′ .

The base change A⊗̂log
OK

OK′ is the formal completion of the surjection AI,P⊗log
OK

OK′ → OL ⊗log
OK

OK′ . We claim that the kernel of the surjection AI,P ⊗log
OK

OK′ → OL ⊗log
OK

OK′ is generated by IZ and U0−π/ze
r , Ui −zi/zei

r , i = 1, . . . , r.

The kernel Ker(A⊗̂log
OK

OK′ → OL ⊗log
OK

OK′) is generated by Ker(AI,P → OL)
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since the surjection AI,P → OL is exact. Since P∼ is generated by U0 =
T0T

−e
r , U1, . . . , Ur−1 and P , the ring AI,P is also generated by U0, U1, . . . , Ur−1

over OK [T1, . . . , Tm]. Hence, Ker(AI,P → OL) is generated by IZ and U0 −
π/ze

r , Ui − zi/zei
r , i = 1, . . . , r and the claim is proved.

For an element (u1, . . . , ur−1, v, xr+1, . . . , xm) ∈ O×r
K̄

×Om−r
K̄

, we put xr = vπ′ē

and xi = uix
ei
r for i = 1, . . . , r− 1. Then, the underlying set of Xj

log(A → A)K̄

is




(u1, . . . , ur−1, v, xr+1, . . . , xm)
∈ O×r

K̄
× Om−r

K̄

∣∣∣∣∣∣

ordfl(xi) ≥ j for 1 ≤ l ≤ m
ord(ve/u′ − gr(xi)) ≥ j

ord(uk − hk(xi)) ≥ j for k = 1, . . . , r



 .

Hence the map Xj
log(A → A)K̄ → Yj

Z,P sending (u1, . . . , ur−1, v, xr+1, . . . , xm)
to (x1, . . . , xm) is an isomorphism. 2

4.3 Étale covering of log tubular neighborhoods

Let A and B be the integer rings of finite étale K-algebras. For a finite flat
and log flat morphism (A → A) → (B → B) of log embeddings, we study
conditions for the induced finite morphism Xj

log(A → A) → Xj
log(B → B) to

be étale.

Proposition 4.11 Let A and B = OL be the integer rings of finite separable
extensions of K and (A → A) → (B → B) be a finite flat and log flat morphism
of log embeddings. Let j > 0 be a rational number, πL a prime element of L
and e = ordπL be the ramification index.
1. Assume A = OK . Suppose that, for each j′ > j, there exists a finite

separable extension K ′ of K such that Xj′

log(B → B)K′ is isomorphic to the

disjoint union of finitely many copies of Xj′

log(A → A)K′ as an affinoid variety

over Xj′

log(A → A)K′ . Then there is an integer 0 ≤ n < ej such that πn
L

annihilates ΩB/A(log / log).
2. If there is an integer 0 ≤ n < ej such that πn

L annihilates ΩB/A(log / log),

then the finite flat map Xj
log(B → B) → Xj

log(A → A) is étale.

Corollary 4.12 Let A = OK and let B be the integer ring of a finite étale
K-algebra and (A → A) → (B → B) be a finite flat and log flat morphism of
log embeddings. Let j > 0 be a rational number. Suppose that, for each j′ > j,

there exists a finite separable extension K ′ of K such that Xj′

log(B → B)K′ is

isomorphic to the disjoint union of finitely many copies of Xj′

log(A → A)K′ as
in Proposition 4.11.1. Let I be the kernel of the surjection B → B and let
NB/B be the B-module I/I2. Then we have the following.

1. The finite map Xj
log(B → B) → Xj

log(A → A) is étale and is extended to a
finite étale map of stable normalized integral models.
2. The finite map X̄j

log(B → B) → X̄j
log(A → A) is étale.
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3. The twisted normal cone C̄j
log(B → B) is canonically isomorphic to the

covariant vector bundle defined by the BF̄ ,red-module (HomB(NB/B, B) ⊗OK

N j) ⊗BF̄
Blog F̄ ,red and the finite map X̄j

log(B → B) → C̄j
log(B → B) is étale.

To prove Proposition 4.11, we use the following.

Lemma 4.13 Let A = OL be the integer ring of a finite separable extension L,
A → A be a log embedding and let M be an A-module of finite type. Let j > 0
be a rational number and K ′ be a finite separable extension of K such that the
map OK′ → A⊗log

OK
OK′ is strict and the stable normalized integral model Aj

OK′

of Xj
log(A → A) is defined over K ′. Let e and e′ be the ramification indices of

L and of K ′ over K and πL and π′ be prime elements of L and K ′. Assume
that e′/e and e′j are integers. Then the following conditions are equivalent.
(1) There exists an integer 0 ≤ n < ej such that the A-module M = M ⊗A A
is annihilated by πn

L.

(2) The Aj
OK′

-module Mj = M ⊗A Aj
OK′

is annihilated by π′e′j−1.

Proof of Lemma 4.13. The proof is similar to that of Lemma 1.17. The image
of an element in the kernel I of the surjection A ⊗log

OK
OK′ → A ⊗log

OK
OK′ in

Aj
OK′

is divisible by π′e′j . Hence we have a commutative diagram

A −−−−→ Aj
OK′y
y

A −−−−→ Aj
OK′

/(π′e′j)

of log rings. The image of πL ∈ A is a unit times π′e′/e in Aj
OK′

/(π′e′j). The
rest of the proof is the same as that of Lemma 1.17.

Proof of Proposition 4.11. Proof is similar to that of Proposition 1.15.
1. For j > 0, the affinoid variety Xj

log(A → A) is a polydisk. By the proof
of Lemma 1.7, there exist a finite separable extension K ′ of K of ramifica-
tion index e′, an embedding (B ⊗log

OK
OK′ → B′) in EmbOK′ isomorphic to

(OK′ [[T1, . . . , Tn]]N → ON
K′) for some N > 0, a positive rational number ε < j

and an open immersion Xj
log(B → B)K′ → Xe′ε((B ⊗log

OK
OK′ → B′)◦) as a

rational subdomain. The affinoid variety Xe′ε((B ⊗log
OK

OK′ → B′)◦) is the
disjoint union of finitely many copies of polydisks. Enlarging K ′ if necessary,
we may assume that e′j and e′ε are integers. We may further assume that
there is a rational number j < j′ < j + ε such that e′j′ is an integer, that

the stable normalized integral models Bj′

OK′
and B′e′ε

OK′
of Xj′

log(B → B)K′ and

of Xe′ε((B ⊗log
OK

OK′ → B′)◦)K′ are defined over K ′ and Xj′

log(B → B)K′ is

isomorphic to the disjoint union of copies of Xj′

log(A → A)K′ . Since e′j′ is an

integer, the stable normalized integral model Aj′

OK′
of Xj′

log(A → A) is also
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defined over K ′. We have a commutative diagram

A −−−−→ Aj′

OK′y
y

B −−−−→ B′e′ε
OK′

−−−−→ Bj′

OK′
.

We consider the modules
Ω̂A/OK

(log / log) = lim←−n
Ω(A/mn

A
)/OK)(log / log), Ω̂Aj′

O
K′

/OK′
= lim←−n

Ω
(Aj′

O
K′

/π′nAj′

O
K′

)/OK′
etc. Since A is strict over OK and B ⊗log

OK
OK′

is strict over OK′ , the canonical maps Ω̂A/OK
(log / log) → Ω̂A/OK

and

(B ⊗log
OK

OK′) ⊗B Ω̂B/OK
(log / log) → Ω̂(B⊗log

OK
OK′ )/OK′

are isomorphisms.

Thus, as in the proof of Proposition 1.15, we have a commutative diagram

Bj′

OK′
⊗A Ω̂A/OK

(log / log)

²²

// Bj′

OK′
⊗Aj′

O
K′

Ω̂Aj′

O
K′

/OK′

²²

Bj′

OK′
⊗B Ω̂B/OK

(log / log) // Bj′

OK′
⊗B′e′ε

O
K′

Ω̂B′e′ε
O

K′
/OK′

// Ω̂Bj′

O
K′

/OK′
.

We show that the modules are free Bj′

OK′
-modules of rank n, the maps are

injective and that we have an inclusion π′e′j′Bj′

OK′
⊗B Ω̂B/OK

(log / log) ⊂
π′e′εBj′

OK′
⊗A Ω̂A/OK

(log / log) as submodules of Ω̂Bj′

O
K′

/OK′
. By the as-

sumption on the covering Xj′

log(B → B)K′ → Xj′

log(A → A)K′ , the Aj′

OK′
-

algebra Bj′

OK′
is isomorphic to the product of finitely many copies of Aj′

OK′
.

Hence the right vertical map Bj′

OK′
⊗Aj′

O
K′

Ω̂Aj′

O
K′

/OK′
→ Ω̂Bj′

O
K′

/OK′
is an

isomorphism. Similarly as in the proof of Proposition 1.15.1, by the canon-

ical map Aj′

OK′
⊗A Ω̂A/OK

(log / log) → Ω̂Aj′

O
K′

/OK′
, the module Aj′

OK′
⊗A

Ω̂A/OK
(log / log) is identified with the submodules π′e′j′

Ω̂Aj′

O
K′

/OK′
of the

free module Ω̂Aj′

O
K′

/OK′
. Also by B′e′ε

OK′
⊗B Ω̂B/OK

(log / log) → Ω̂B′e′ε
O

K′
/OK′

,

the module B′e′ε
OK′

⊗B Ω̂B/OK
(log / log) is identified with the submodule

π′e′εΩ̂B′e′ε
O

K′
/OK′

of the free module Ω̂B′e′ε
O

K′
/OK′

. Hence we obtain an inclusion

π′e′j′Bj′

OK′
⊗BΩ̂B/OK

(log / log) ⊂ π′e′εBj′

OK′
⊗AΩ̂A/OK

(log / log) as submodules

of Ω̂Bj′

O
K′

/OK′
.

Thus the Bj′

OK′
-module Bj′

OK′
⊗B ΩB/A(log / log) = Coker(Bj′

OK′
⊗A

Ω̂A/OK
(log / log) → Bj′

OK′
⊗B Ω̂B/OK

(log / log)) is annihilated by π′e′(j′−ε).
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Since 0 < j − ε < j′ − ε < j, applying Lemma 4.13 (2)⇒(1), the assertion is
proved.
2. Let K ′ be a finite separable extension such that e′j is an integer, that
B ⊗log

OK
OK′ is strict over OK′ and that the stable normalized integral models

Aj
OK′

and Bj
OK′

are defined over K ′. By Lemma 4.13 (1)⇒(2), the Bj
OK′

-

module Bj
OK′

⊗B ΩB/A(log / log) is annihilated by π′n′

for an integer n′ < e′j.
The rest of proof is the same as that of Proposition 1.15.2. 2

Proof of Corollary 4.12. The same as that of Corollary 1.16. 2

5 Filtration by ramification groups: the logarithmic case

5.1 Construction

In this subsection, we rephrase the definition of the logarithmic filtration by
ramification groups given in the previous paper [1] by using the preceeding
constructions.
Let Φ : (Finite Étale/K) → GK-(Finite Sets) be the fiber functor as in
Section 2.1. For a rational number j > 0, we define a functor Φj

log :

(Finite Étale/K) → GK-(Finite Sets) as the composition of the functor
(Finite Étale/K) → (Finite Flat and log Flat/OK) sending a finite étale K-
algebra L to the integral closure OL of OK in L with the standard log struc-
ture and the functor Ψj

log : (Finite Flat and log Flat/OK) → GK-(Finite Sets)

defined in Section 4.2. The map (4.2.3) defines a surjection Φ → Φj
log of func-

tors. In [1], we define the logarithmic filtration by ramification groups on GK

by using the family of surjections (Φ → Φj
log)j>0,∈Q of functors. The filtra-

tion by the log ramification groups Gj
K,log ⊂ GK , j > 0,∈ Q is characterized

by the condition that the canonical map Φ(L) → Φj
log(L) induces a bijection

Φ(L)/Gj
K,log → Φj

log(L) for each finite étale algebra L over K.

The functor Φj
log is defined by the commutativity of the diagram

(Finite Étale/K)
Φj

log //

²²

GK-(Finite Sets)

(Finite Flat and Log Flat/OK)

Ψj
log

33ggggggggggggggggggggg

GK-(Aff/F̄ )

π0

OO

Emblog
OK

( ⊗logOK′ )K′

²²

OO

lim
−→K′/K

(Aff/F ′)

OO

lim
−→K′/K

EmbOK′

(X
e

K′/K
j
)K′

// lim−→K′/K
(smooth Affinoid/K ′)

(XK′ )K′ 7→(X̄F ′ )K′

OO
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We briefly recall how the other arrows in the diagram are defined. The
forgetful functor Emblog

OK
→ (Finite Flat and Log Flat/OK) sends (A → A)

to A. The functor Emblog
OK

→ lim−→K′/K
EmbOK′ sends a log embedding

to the system of strict base changes. The functor lim−→K′/K
EmbOK

→
lim−→K′/K

(smooth Affinoid/K ′) is defined by the system of tubular neighbor-

hoods. The functor lim−→K′/K
(smooth Affinoid/K ′) → lim−→K′/K

(Aff/F ′) is de-

fined by the closed fiber of the stable normalized integral models. The functor
lim−→K′/K

(Aff/F ′) → GK-(Aff/F̄ ) is the equivalence of category defined in Sec-

tion 1.3. The functor π0 is defined by the set of connecteds components. They
induce a functor Ψj

log : (Finite Flat and log flat/OK) → GK-(Finite Sets). The

functor Φj
log is defined as the composition of Ψj

log with the functor sending a
finite étale algebra L to the integral closure OL in L of OK with the canonical
log structure. More concretely, we have

Φj
log(L) =

lim←−
(A→OL)∈EmblogOK

(OL)

π0( lim−→
K′/K

X̄eK′/Kj((A ⊗log
OK

OK′ → OL ⊗log
OK

OK′)◦))

for a finite étale K-algebra L. This definition agrees with that given in [1] by
Lemma 4.10.
For a rational number j ≥ 0, we define a functor Φj+

log : (Finite Étale/K) →→
GK-(Finite Sets) by Φj+

log(L) = lim−→j′>j
Φj′

log(L) for a finite étale K-algebra L.

We define a closed normal subgroup Gj+
K,log to be ∪j′>jG

j′

K . Then we have

Φj+
log(L) = Φ(L)/Gj+

K,log. Similarly as Lemma 2.1, the finite set Φj+
log(L) has the

following geometric description.

Lemma 5.1 Let B be the integer ring with the standard log structure of a finite
étale algebra L over K and j > 0 be a rational number. Let (f, f) : (A →
OK) → (B → B) be a finite flat and log flat morphism of embeddings. Let
f j : Xj

log(B → B) → Xj
log(A → OK) and f̄ j : X̄j

log(B → B) → X̄j
log(A → OK)

be the canonical maps. Let 0 ∈ Xj
log(A → OK) be the point corresponding to

the map A → OK and 0̄ ∈ X̄j
log(A → OK) be its specialization. Then the maps

(1.8.0), (1.12.1) and the specialization map form a commutative diagram

(5.1.1)

Φ(L) −−−−→ Φj+
log(L) −−−−→ Φj

log(L)
y

y
y

(f j)−1(0) −−−−→ (f̄ j)−1(0) −−−−→ π0(X̄
j
log(B → B))

and the vertical arrows are bijections.

For a finite étale algebra L over K and a rational number j > 0, we say that
the log ramification of L is bounded by j if the canonical map Φ(L) → Φj

log(L)
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is a bijection. Let A = OK and let B = OL be the integer ring of a finite étale
K-algebra L and (A → A) → (B → B) be a finite flat and log flat morphism
of log embeddings. Then, since the map Xj

log(B → B) → Xj
log(A → A) is

finite flat of degree [L : K], the ramification of L is bounded by j if and only if
there exists a finite separable extension K ′ of K such that the affinoid variety
Xj

log(B → B)K′ is isomorphic to the disjoint union of finitely many copies of

Xj
log(A → A)K′ over Xj

log(A → A)K′ . We say that the log ramification of
L is bounded by j+ if the log ramification of L is bounded by every rational
number j′ > j. The log ramification of L is bounded by j+ if and only if the
canonical map Φ(L) → Φj+

log(L) is a bijection.

Lemma 5.2 Let K → K ′ be a map of complete discrete valuation fields in-
ducing a local homomorphism OK → OK′ of integer rings. Assume that the
ramification index e = eK′/K is prime to p and that the residue field F ′ of K ′ is
a separable extension of the residue field F of K. Then, for a rational number
j > 0, the map GK′ → GK induces a surjection Gej

log,K′ → Gj
log,K .

Proof. Let A be the integer ring of a finite étale K-algebra L and (A → A) be

an object of EmbOK
. By the assumption, the log tensor product A⊗log

OK
OK′ is

the integer ring of L ⊗K K ′. The rest is the same as the proof of Lemma 2.2.
2

The two filtrations by ramification groups are related as follows.

Lemma 5.3 Let K be a complete discrete valuation field and j > 0 be a rational
number. Then, we have inclusions Gj

K ⊃ Gj
K,log ⊃ Gj+1

K .

Proof. By Corollary 4.9, there are natural morphisms Φj+1 → Φj
log → Φj of

functors. Hence the assertion follows. 2

5.2 Functoriality of the closed fibers of log tubular neighbor-
hoods

For a positive rational number j > 0, let (Finite Étale/K)≤j+
log denote the

full subcategory of (Finite Étale/K) consisting of étale K-algebras whose log
ramification is bounded by j+. At the end of the section, we prove Theorem
5.12. As in the proof of Theorem 2.15, we reduce it to the case where the
condition

(F) There exists a perfect subfield F0 of F such that F is finitely generated
over F0.

is satisfied. Assuming the condition (F), we define a twisted tangent space Θj
log

and show that the functor X̄j
log : Emblog

OK
→ GK-(Aff/F̄ ) induces a functor

X̄j
log : (Finite Étale/K)≤j+

log → GK-(Finite Étale/Θj
log).
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In this subsection, L denotes a finite étale K-algebra and A = OL denotes the
integer ring with the canonical log structure.
We assume that the condition (F) is satisfied. Let K0 be a subfield of K
such that OK0

= OK ∩ K0 is a complete discrete valuation ring with perfect
residue field F0 and F is finitely generated over F0 as in Section 2.3. Let
π0 denote a prime element of OK0

. We consider OK0
as a log ring with the

trivial log structure. We introduce a new category Emblog
K,OK0

and a functor

Emblog
K,OK0

→ Emblog
OK

similarly as in Section 2.3.

Definition 5.4 Let K be a complete discrete valuation field and K0 be a sub-
field of K such that OK0

= OK ∩ K0 is a complete discrete valuation ring
with perfect residue field F0 and that F is finitely generated over F0. We put
m = tr.deg(F/F0). We consider OK0

as a log ring with the trivial log structure.

1. We define Emblog
K,OK0

to be the category whose objects and morphisms are

as follows. An object of Emblog
K,OK0

is a triple (A0 → A) where:

• A is the integer ring of a finite étale K-algebra with the canonical log
structure.

• A0 is a complete semi-local Noetherian log OK0
-algebras formally smooth

and formally log smooth of relative dimension m + 1 = tr.deg(F/F0) + 1
over OK0

.

• A0 → A is an exact and regular surjection of codimension 1 of log OK0
-

algebras and induces an isomorphism A0/mA0
→ A/mA of underlying

F0-algebras.

A morphism (f, f) : (A0 → A) → (B0 → B) is a pair of a log OK-
homomorphism f : A → B and a log OK0

-homomorphism f : A0 → B0 such
that the diagram

A0 −−−−→ A

f

y
yf

B0 −−−−→ B

is commutative.
2. For the integer ring A of a finite étale K-algebra, we define Emblog

K,OK0
(A)

to be the subcategory of Emblog
K,OK0

whose objects are of the form (A0 → A) and

morphisms are of the form (idA, f).
3. We say that a morphism (A0 → A) → (B0 → B) is finite flat and log flat

if A0 → B0 is finite flat and log flat and the canonical map B0 ⊗log
A0

A → B is
an isomorphism.

An object (A0 → A) of Emblog
K,OK0

is an object (A0 → A) of EmbK,OK0
together

with a log strucure on A0 such that the log ring A0 is formally log smooth over
OK0

and that the surjection A0 → A is exact.
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Lemma 5.5 1. Let A be the integer ring of a finite étale K-algebra with the
canonical log structure. Then, the category Emblog

K,OK0
(A) is non-empty.

2. Let (A0 → A) and (B0 → B) be objects of Emblog
K,OK0

and A → B be an OK-

homomorphism. Then there exists a homomorphism (A0 → A) → (B0 → B)

in Emblog
K,OK0

extending A → B.

3. Every morphism in Emblog
K,OK0

is finite flat and log flat.

Proof. 1. We may assume A is local. Take a transcendental basis (t̄1, . . . , t̄m)
of the residue field E of A over F0 such that E is a finite separable extension
of F0(t̄1, . . . , t̄m). Take a lifting (t1, . . . , tm) in A of (t̄1, . . . , t̄m) and prime
elements t0 of A and π0 of OK0

. Then A is unramified over the completion of
the local ring of OK0

[T0, . . . , Tm] at the prime ideal (π0, T0) by the map defined
by sending Ti to ti. Hence there are an étale scheme X over Am+1

OK0
, a point ξ

of X above (π0, T0) and a regular immersion ϕ : ÔX,ξ → A of codimension 1.

Let A0 be the OK0
-algebra ÔX,ξ with the log structure defined by the chart

N → A0 sending 1 ∈ N to T0. Then (A0 → A) is an object of Emblog
K,OK0

.

2. Since A0 is formally log smooth over OK0
, it follows from that B0 is the

formal completion of itself with respect to the surjection B0 → B.
3. We may assume A and B are local. We show that the map B0⊗log

A0
A → B is

an isomorphism. Let f be a generator of the kernel of A0 → A. It is sufficient
to show that the image of f in mB0

/m2
B0

is not 0. We take charts N → A0

and N → B0 and let t0 ∈ A0 and t′0 ∈ B0 be the images of 1 ∈ N. The charts
N → A0 and N → B0 induces isomorphisms N → MY,y and N → MX,x where y
and x are the closed points of the log schemes Y = Spec A0 and X = Spec X0.
The map N = MY,y → N = MX,x is the multiplication by the ramification
index e of B ⊗OK

K over A ⊗OK
K.

Since dt0 is in the kernel of the surjection Ω̂A0/OK0
⊗A0

A/mA → Ω(A/mA)/F0

and is non-zero, (π0, t0) is a basis of mA0
/m2

A0
. We put f = aπ0 + bt0 in

mA0
/m2

A0
for some element a, b in the residue field E of A. Since the surjection

A0 → A is regular of codimension 1, either of a and b is not 0. Since the image
of t0 is a basis of mA/m2

A and the image of f is 0, we have a 6= 0. Similarly
(π0, t

′
0) is a basis of mB0

/m2
B0

. Since the map N = MY,y → N = MX,x is the
multiplication by the ramification index e, the image of t0 is a unit times t′e0 .

Hence the image of f in mB0
/m2

B0
is not zero. Thus the map B0 ⊗log

A0
A → B

is an isomorphism. Since B is finite over A, B0 is also finite over A0 by
Nakayama’s lemma. Since dimA0 = dimB0 = 2 the assertion follows by
Corollary 3.11. 2

Corollary 5.6 Every morphism in Emblog
K,OK0

(A) is an isomorphism.

Proof. If (A0 → A) → (A′
0 → A) is a map, the map A0 → A′

0 is finite flat of
degree 1 and is an isomorphism. 2

We define a functor Emblog
K,OK0

→ Emblog
OK

as follows. Let (A0 → A) be an

object of Emblog
K,OK0

. We define an embedding ((A0⊗̂OK0
OK)∧ → A) by
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regarding (A0 → A) as an object of EmbK,OK0
. Since the underlying ring

of A/mn
A ⊗log

OK0
OK/mn

K is A/mn
A ⊗OK0

OK/mn
K , we define a log structure

on (A0⊗̂OK0
OK)∧ as the limit of those on A/mn

A ⊗log
OK0

OK/mn
K . We let

(A0⊗̂log
OK0

OK)∧ denote the log ring (A0⊗̂OK0
OK)∧ with this log structure.

Lemma 5.7 Let (A0 → A) be an object of Emblog
K,OK0

. Then,

((A0⊗̂log
OK0

OK)∧ → A) is a log pre-embedding and hence ((A0⊗̂log
OK0

OK)∧∼ →
A) is a log embedding.

Proof. By the construction, the log OK-algebra (A0⊗̂log
OK0

OK)∧ is formally log

smooth and ((A0⊗̂log
OK0

OK)∧ → A) is a log pre-embedding. The rest follows
from Lemma 4.4.2. 2

In the following, we put A = (A0⊗̂OK0
OK)∧∼. We obtain a functor

Emblog
K,OK0

→ Emblog
OK

sending (A0 → A) to (A → A) = ((A0⊗̂OK0
OK)∧∼ →

A) by Lemma 5.7. For a rational number j > 0, we have a sequence of functors

Emblog
K,OK0

−−−−→ Emblog
OK

Xj
log−−−−→

lim−→K′/K
(smooth Affinoid/K ′) −−−−→ GK-(Aff/F̄ ).

We also let X̄j
log denote the composite functor Emblog

K,OK0
→ GK-(Aff/F̄ ).

Thus, for an object (A0 → A) of Emblog
K,OK0

, we have X̄j
log(A0 → A) =

X̄j
log((A0⊗̂OK0

OK)∧∼ → A).
For a rational number j > 0, the composition

Emblog
K,OK0

−−−−→ Emblog
OK

C̄j
log−−−−→ GK-(Aff/F̄ ).

defines a functor C̄j
log : Emblog

K,OK0
→ GK-(Aff/F̄ ). We compute the twisted

normal cone C̄j
log(A → A) for an object (A0 → A) of Emblog

K,OK0
and A =

(A0⊗̂OK0
OK)∧∼. It is a scheme over (Alog F̄ )red = (A⊗log

OK
F̄ )red. Let NA/A =

I/I2 be the conormal module where I is the kernel of the surjection A → A.
We put Ω̂OK/OK0

(log) = lim←−n
Ω(OK/mn

K)/OK0
(log) with respect to the canonical

log structure on OK and the trivial log structure on OK0
. Similarly, we put

Ω̂A/A0
(log / log) = lim←−n

Ω(A/mn
A

)/A0
(log / log). Since the map A → A0 is

strict, we have Ω̂A/A0
(log / log) = Ω̂A/A0

. Let ΩF (log) be the F -vector space
ΩF/F0

(log) with respect to the trivial log structure on F0 and the log structure
on F defined by the chart N → F sending 1 ∈ N to 0. The canonical map
Ω̂OK/OK0

(log)⊗OK
F → ΩF (log) is an isomorphism. We have an exact sequence

0 → ΩF/F0
→ ΩF/F0

(log)
res→ F → 0. We have canonical maps NA/A →

Ω̂A/A0
⊗A A and Ω̂OK/OK0

(log)⊗OK
A → Ω̂A/A0

(log / log)⊗A A. Similarly as
Lemma 2.11, we have the following.
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Lemma 5.8 Let (A0 → A) be an object of Emblog
K,OK0

.

1. If m is the transcendental dimension of F over F0, the dimension of the
F -vector space ΩF (log) is m + 1.
2. The map NA/A → ΩA/A0

⊗A A is a surjection and the map
ΩOK/OK0

(log) ⊗OK
A → ΩA/A0

⊗A A is an isomorphism. They induce an
isomorphism NA/A ⊗A A/mA → ΩF (log) ⊗F A/mA.

3. Let (A0 → A) → (B0 → B) be a morphism of Emblog
K,OK0

and put B =

(B0⊗̂OK0
OK)∧∼. Then, the diagram

NA/A ⊗A A/mA −−−−→ ΩF (log) ⊗F A/mAy
y

NB/B ⊗B B/mB −−−−→ ΩF (log) ⊗F B/mB

is commutative.

For a rational number j > 0, let Θj
log be the F̄ -vector space

HomF (ΩF (log), N j) regarded as an affine scheme over F̄ . Similarly as
Corollary 2.12, we have the following.

Corollary 5.9 Let (A0 → A) be an object of Emblog
K,OK0

and let (A → A) be

its image in Emblog
OK0

. Let j > 0 be a rational number.

1. Let C̄j
log(A → A) be the twisted normal cone. The isomorphism in Lemma

5.8.2 induces an isomorphism C̄j
log(A → A) → Θj

log ⊗F̄ (Alog F̄ )red.

2. Let (A0 → A) → (B0 → B) be a morphism of Emblog
K,OK0

. Then the diagram

X̄j
log(B → B) −−−−→ C̄j

log(B → B) −−−−→ Θj
log ⊗F̄ (Blog F̄ )redy

y
y

X̄j
log(A → A) −−−−→ C̄j

log(A → A) −−−−→ Θj
log ⊗F̄ (Alog F̄ )red

is commutative.
3. If the ramification of A ⊗OK

K is bounded by j+, then the composition
X̄j

log(A → A) → C̄j
log(A → A) → Θj

log is finite and étale.

For a rational number j > 0, we regard Θj
log as an object of GK-(Aff/F̄ ) with

the natural GK-action. Let GK-(Finite Étale/Θj
log) denote the subcategory of

GK-(Aff/F̄ ) whose objects are finite étale schemes over Θj
log and morphisms are

over Θj
log. Let Emblog,≤j+

K,OK0
denote the full subcategory of Emblog

K,OK0
consisting

of the objects (A0 → A) such that the log ramifications of A⊗OK
K are bounded

by j+. By Corollary 5.9, the functor X̄j
log : Emblog

K,OK0
→ GK-(Aff/F̄ ) induces

a functor X̄j
log : Emblog,≤j+

K,OK0
→ GK-(Finite Étale/Θj

log).
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The functor X̄j
log : Emblog,≤j+

K,OK0
→ GK-(Finite Étale/Θj

log) further induces a

functor X̄j
log : (Finite Étale/K)≤j+

log → GK-(Finite Étale/T j
log). In fact, simi-

larly as Lemma 2.13 and Corollary 2.14, we have the following.

Lemma 5.10 Let f : A → B be a map over OK and let (f, f), (g,g) : (A0 →
A) → (B0 → B) be maps in Emblog

K,OK0
. If f = g, then the induced maps

(f, f)∗, (g,g)∗ : X̄j
log(A0 → A) −−−−→ X̄j

log(B0 → B)

are equal.

Corollary 5.11 Let j > 0 be a rational number.
1. Let L be a finite étale K-algebra L such that the log ramification is bounded by
j+. Then the system X̄j

log(A0 → OL) parametrized by the objects (A0 → OL)

of Emblog
K,OK0

(OL) is constant and the limit

X̄j
log(L) = lim←−

(A0→OL)∈EmblogK,OK0
(OL)

X̄j
log(A0 → OL)

is a finite étale scheme over Θj
log.

2. The functor X̄j
log : Emblog,≤j+

K,OK0
→ GK-(Finite Étale/Θj

log) induces a functor

X̄j
log : (Finite Étale/K)≤j+

log → GK-(Finite Étale/Θj
log).

Using the functor X̄j
log : (Finite Étale/K)≤j+ → GK-(Finite Étale/Θj) defined

under the condition (F), we obtain the following theorem by the same argument
as the proof of Theorem 2.15.

Theorem 5.12 Let K be a complete discrete valuation field and let j > 0 be
a rational number. Let m be the prime-to-p part of the denominator of j and
Im be the subgroup of the inertia group I ⊂ GK of index m. Then we have the
following.
1. The graded piece GrjGK = Gj

K,log/Gj+
K,log is abelian.

2. The commutator [Im, Gj
K,log] is a subgroup of Gj+

K,log. In particular, Grj
logGK

is a subgroup of the center of the pro-p-group G0+
K,log/Gj+

K,log.

Similarly as in the proof of Theorem 2.15, assuming the condition (F), we
obtain a canonical surjection

(5.12.1) πab
1 (Θj

log) −−−−→ Grj
logGK .

The canonical surjections πab
1 (Θj

log) → Grj
logGK and πab

1 (Θj) → GrjGK are

related as follows. The exact sequences 0 → N → Ω̃F → ΩF → 0 and 0 →
ΩF → ΩF (log) → F → 0 induces canonical maps Θj

log → Θj and Θj+1 → Θj
log.
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Lemma 5.13 Assume that the condition (F) is satisfied and that p is not a
prime element of K. Then, for a rational number j > 0, we have a commutative
diagram

πab
1 (Θj+1) −−−−→ πab

1 (Θj
log) −−−−→ πab

1 (Θj)
y

y
y

Grj+1GK −−−−→ Grj
logGK −−−−→ GrjGK .

Proof. We show the commutativity of the left square. Let L be a finite separable
extension of K such that the log ramification is bounded by j+ and A be the
integer ring of L. By Lemma 5.3, the ramification of L is bounded by (j +1)+.

Let (A0 → A) be an object of Emblog
K,OK0

. By Lemma 5.7, the surjection

A = A0 ⊗log
OK0

OK → A defines a log pre-embedding (A0 ⊗log
OK0

OK → A). By

forgetting the log structure, we obtain an embedding (A → A)◦. By applying
Lemma 4.4, we obtain a log embedding (A∼ → A). Then, by Lemma 4.8
we have an open immersion Xj+1((A → A)◦) → Xj

log(A
∼ → A) of affinoid

subdomains of Xj((A → A)◦). It induces a map X̄j+1(L) → X̄j
log(L). By the

functoriality, we obtain a commutative diagram

X̄j+1(L) −−−−→ X̄j
log(L)

y
y

Θj+1 =X̄j+1(K) −−−−→ Θj
log =X̄j

log(K).

From this diagram, we deduce the commutativity of the left square. The proof
for the right square is similar and omitted. 2

6 The perfect residue field case

6.1 The Newton polygon of a polynomial

We recall the notion of Newton polygons and establish some properties. We
say that a function l : [0, n] → R ∪ {∞} is convex if for every 0 ≤ x ≤ y ≤ n,
the graph of l is below the line segment connecting (x, l(x)) and (y, l(y)). If at
least one of l(x) and l(y) is ∞, we define the line segment connecting (x, l(x))
and (y, l(y)) to be the union {(z,∞)|x < z < y} ∪ {(x, l(x)), (y, l(y))}. For a
polynomial h(T ) =

∑n
i=0 biT

n−i ∈ K̄[T ] of degree ≤ n, we define its Newton
polygon to be the graph of the maximum convex function lh : [0, n] → R∪{∞}
satisfying lh(i) ≤ ord bi.
If b0 = 1, the Newton polygon of h and the solutions of the equation
h(T ) = 0 are related as follows. Let z1, . . . , zn be the solution of h(T ) =∏n

i=1(T − zi) = 0 and assume ordzi is increasing in i. Then, since bi =
(−1)i

∑
1≤k1<...<ki≤n zk1

· · · zki
, the slope of lh on the interval (i−1, i) is equal

to ordzi. If l(x) = ∞, we define the slope of l at x to be ∞.
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Lemma 6.1 Let f(T ) =
∑n

i=0 aiT
n−i ∈ OK [T ] be a polynomial of degree n and

z be an element of K̄× such that ordz = 1
n . We assume a0 = 1 and ordai ≥ 1

for 1 ≤ i < n. We put

h(T ) =
f(z(T + 1)) − f(z)

zn
=

n−1∑

i=0

biT
n−i ∈ K̄[T ]

and let lh : [0, n] → R ∪ {∞} be the function defining the Newton polygon
of h(T ). Then, for an integer 0 < i < n, the equality lh(i) = ordbi implies
i = n − pk for some integer k ≥ 0.

Proof. For an integer 0 ≤ r ≤ n, we put fr(T ) = an−rT
r, hr(T ) = (fr(z(T +

1)) − fr(z))/zn = an−rz
−(n−r)((T + 1)r − 1) and let lr : [0, n] → R ∪ {∞}

denote the function defining the Newton polygon of hr(T ). We have

h(T ) =

n∑

r=1

hr(T ) =

n∑

i=1

(
n∑

r=i

an−rz
−(n−r)

(
r

i

))
T i.

Since ordz = 1
n , we have ord bn−i = mini≤r≤n(ord an−rz

−(n−r)
(
r
i

)
). Hence lh

is the maximum convex function satisfying lh ≤ lr for 1 ≤ r ≤ n.
We compute the function lr for 1 ≤ r ≤ n. We have hr(T ) =
an−rz

−(n−r)
∑r

i=1

(
r
i

)
T i. For an integer 0 < i ≤ pk|r, we have

ord

(
r

i

)
= ord

r

i
+

i−1∑

j=1

ord
r − j

j
= ord

r

i
≥ ord

r

pk
.

The equality holds only for i = pk. Hence, lr is the maximum convex function
satisfying

lr(i) = (ord an−r−1)+
r

n
+





0 if i = n − r

ord
r

pk
if i = n − pk for an integer 0 ≤ k ≤ ordpr.

Thus, for an integer i satisfying n − pordpr ≤ i ≤ n, the equality lh(i) = lr(i)
implies i = n − pk for an integer 1 ≤ k ≤ ordpr. It also follows that we have
0 = lh(0) < lr(n − r) = lr(n − pordpr) for 1 ≤ r < n. Hence the equality
lh(i) = lr(i) implies i ≥ n − pordpr. Thus the assertion is proved. 2

For a polynomial h(T ) ∈ K̄[T ], 6= 0, let ord h(T ) denote the minimum of
the valuations of the coefficients. For a rational number u, let πu denote an
element of K̄× satisfying ordπu = u. We define a function ϕh : [0,∞) → [0,∞)
by ϕh(u) = ord h(πuT ). The function ϕh is continuous, convex and piecewise
linear.

Lemma 6.2 Let h(T ) =
∑n

i=0 biT
n−i =

∏n
i=1(T − zi) ∈ K̄[T ] be a monic

polynomial of degree n. Let lh : [0, n] → R ∪ {∞} be the function defining the
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Newton polygon of h(T ) and ϕh : [0,∞) → [0,∞) be the function ϕh(u) =
ord h(πuT ) defined above. Then,
1. The minimum value of the function lh(t) + (n − t)u on t ∈ [0, n] is equal to
ϕh(u).
2. We have an equality

ϕh(u) =

n∑

i=1

min(u, ord zi).

3. If the coefficient of T r in

(
h(πuT )

πϕh(u)

)
∈ F̄ [T ] is not zero, then the function

lh(t)+ (n− t)u attains the minimum value at t = r and we have lh(r) = ordbr.

Proof. 1. Since the function lh(t) + (n − t)u defines the Newton polygon of
h(πuT ), the assertion follows.
2. We put si = ord zi. Let t0 ∈ [0, n] be the minimum where the function
lh(t) + (n − t)u takes the minimum value. Then t0 is the maximum such that
the function lh(t) + (n − t)u is strictly decreasing on [0, t0]. Hence t0 is the
cardinality of the set {i|si < u} and the minimum value of lh(t) + (n − t)u is
given by

lh(t0) + (n − t0)u =
∑

si<u

si +
∑

si≥u

u =

n∑

i=1

min(si, u).

Thus the assertion follows from 1.
3. The coefficient of T r in h(πuT )/πϕh(u) ∈ F̄ [T ] is not zero if and only if the
value of the function defining the Newton polygon of h(πuT )/πϕh(u) at r is
zero and lh(r) = ordbr. Hence the assertion follows from 1. 2

6.2 The structure of graded pieces

In this subsection, we assume that the residue field F is perfect. Since the
residue map ΩF (log) → F is an isomorphism in this case, we have an isomor-

phism Θj
log → N j of F̄ -vector spaces of dimension 1. Let πab,gp

1 (N j) denote

the quotient of πab
1 (N j) classifying the étale isogenies to the algebraic group

N j .

Proposition 6.3 Let K be a complete discrete valuation field with perfect
residue field and j > 0 be a positive rational number. Then,
1. ([1] Propositions 3.7 (3) and 3.15 (4)) We have Gj

log,K = Gj+1
K . If p is not a

prime element of K, the horizontal arrows in the diagram of Lemma 5.13 are
isomorphism.
2. The canonical surjection πab

1 (N j) → Grj
logGK (5.12.1) induces an isomor-

phism πab,gp
1 (N j) → Grj

logGK .
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Contrary to the proof given in [12], we give a proof without using the “lower
numbering” filtration or local class field theory.

Before starting proof, we introduce some notations. Let L be a finite separable
extension of K and πL be a prime element of L. Let K1 be the maximum un-
ramified extension of K in L and let f(T ) ∈ OK1

[T ] be the minimal polynomial
of πL over K1. Since, L is totally ramified over K1, the polynomial f(T ) is an
Eisenstein polynomial. We put n = [L : K1] = deg f .

We put A = OL and K0 = K and define an object (A → A) of Emblog
K,OK0

as follows. We define a log structure on OK1
[T ] by the chart N → OK1

[T ]
sending 1 to T . We define a log OK0

-algebra A = OK1
[[T ]] to be the formal

completion of the surjection OK1
[T ] → OL sending T to πL with the induced log

structure. Then the surjection A → A defines an object (A → A) of Emblog
K,OK0

.

By Lemma 5.7, it defines a log pre-embedding (A ⊗log
OK0

OK → A). The log

ring A⊗log
OK0

OK is the ring A itself with the log structure defined by the chart

N2 → A sending (1, 0) to T and (0, 1) to a prime element π of OK . By forgetting
the log structure, we obtain an embedding (A → A)◦. By applying Lemma
4.4, we obtain a log embedding (A∼ → A). The log ring A∼ is identified
with the formal completion of the surjection OK [T,U±1]/(Tn − Uπ) → A of
log OK-algebras sending T to πL and U to πn

L/π ∈ A× with log structure
defined by the chart N → OK1

[T,U±1]/(Tn −Uπ) sending 1 to T . Let K ′ be a
finite separable extension of K containing the conjugates of K1 over K and an
element z of ord z = 1/n. Then, the log tensor product A∼⊗log

OK
OK′ is further

identified with the formal completion of the surjection OK1
⊗OK

OK′ [W±1] =∏
σ:K1→K′ OK′ [W±1] → A ⊗log

OK
OK′ of strict log OK′ -algebras sending W to

(πL⊗1)/(1⊗z). With this identification, the canonical map A∼ → A∼⊗log
OK

OK′

sends T to (1⊗z)W and U to ((1⊗z)n/π)·Wn. Further, we identify the affinoid
variety Xj

log(A
∼ → A)K′ as an affinoid subdomain of

∐
σ:K1→K′ SpK ′〈W±1〉.

Similarly as for (A → A), by taking a prime element π of OK , we define an

object (B → OK) of Emblog
K,OK0

as the formal completion of the surjection

OK0
[S] → OK sending S to π. By Lemma 4.4, the log ring B∼ is identified

with the formal completion of the surjection OK [V ±1] → A of strict log OK-
algebras sending V to 1. With this identification, the canonical map B → B∼

sends S to πV . Further, we identify the affinoid variety Xj
log(B

∼ → OK)K

with the subdisk D(1, πj) ⊂ SpK〈V ±1〉.
We define a map (B → OK) → (A → A) of Emblog

K,OK0
as follows. Since f(T )

is an Eisenstein polynomial of degree n, g(T ) = (Tn − f(T ))/π is in OK1
[T ]

and its image is invertible in A. By sending S to Tng(T )−1, we obtain a map

(B → OK) → (A → A) of Emblog
K,OK0

.

The Herbrand functions ϕ and ψ : [0,∞) → [0,∞) are defined as follows (cf. [4]
Appendix). We put h(T ) = f(πL(T +1))/πn

L and define ϕ to be the function ϕh

in Lemma 6.2. The function ϕ is strictly increasing, continuous and piecewise
linear. We define ψ : [0,∞) → [0,∞) to be the inverse ϕ−1. The function ψ is
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also strictly increasing, continuous and piecewise linear.
For an embedding σ : K1 → K̄ over K, let fσ(T ) ∈ OK̄ [T ] denote the image
of f(T ) by σ. For w ∈ K̄ and a rational number u > 0, let D(w, πu) denote
the disk with center w and radius πu.

Lemma 6.4 Let the notation be as above.
1. The open immersion Xj+1((A → A)◦) ⊂ Xj

log(A
∼ → A) in Corollary 4.9

is an isomorphism.
2. As affinoid subdomains of

∐
σ:K1→K′ SpK ′〈W±1〉, we have an equality

Xj
log(A

∼ → A) =
∐

σ:K1→K′

⋃

fσ(zσ
i )=0

D(
zσ
i

z
, πψ(j)). (2)

The log ramification of L is bounded by j if and only if ψ(j) is larger than the
slope sn−1 of the Newton polygon of h on the interval (n − 2, n − 1).
3. Let σ : K1 → K̄ be an embedding and zσ

i ∈ OK̄ be a solution of fσ(T ) = 0.
We put

hσ
i (T ) = −fσ(z(πψ(j)T +

zσ
i

z ))

πjfσ(0)
.

Then we have hσ
i ∈ OK̄ [T ]. Let h̄σ

i ∈ F̄ [T ] be the reduction and let h̄σ
i :

A1 → A1 be the map defined by the polynomial h̄σ
i . Then the isomorphisms

×πψ(j)+
zσ

i

z : D(0, 1) → D(
zσ

i

z , πψ(j)) ⊂ Xj
log(A

∼ → A) and ×πj+1 : D(0, 1) →
D(1, πj) induce a commutative diagrams

A1 −−−−→ D(
zσ

i

z , πψ(j)) ⊂ X̄j
log(A

∼ → A)

h̄σ
i

y
y

A1 −−−−→ D(1, πj) = X̄j
log(B

∼ → OK)= N j .

Proof. 1. As in Lemma 4.8, we identify Xj
log(A

∼ → A) and Xj+1((A →
A)◦) as affinoid subdomains of Xj((A → A)◦). The kernels of the surjections
A → A and A∼ → A are generated by f(T ) and U−1 − g(T ) = f(T )/π
respectively. Hence, the affinoid subdomains Xj

log(A
∼ → A) and Xj+1((A →

A)◦) of Xj((A → A)◦) are defined by the conditions ord f(x)/π ≥ j and by
ord f(x) ≥ j + 1 respectively. Hence the assertion follows.
2. Since the kernel of surjection A∼ → A is generated by f(T )/π, the kernel

of surjection A∼ ⊗log
OK

OK′ → A ⊗log
OK

OK′ is generated by (zn/π) · (f(zW )/z).
Hence we have

Xj
log(A

∼ → A)(K̄) =
∐

σ:K1→K′

{w ∈ OK̄ |ord fσ(zw)/zn ≥ j}

We fix an embedding σ : K1 → K̄ and drop σ in the notation. For i = 1, . . . , n,
we put Ui = {w|ord(w − zi/z) ≥ ord(w − zk/z) for k = 1, . . . , n}. By the
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equality above, to prove (2), it is sufficient to show

{w ∈ OK̄ |ord f(zw)/zn ≥ j} ∩ Ui ⊂
D(zi/z, πψ(j)) ⊂ {w ∈ OK̄ |ord f(zw)/zn ≥ j}

for each i. Let w ∈ OK̄ . We put I1 = {k : ord(w− zi/z) > ord(w− zk/z)} and
I2 = {k : ord(w− zi/z) ≤ ord(w− zk/z)}. For i ∈ I1, we have ord(w− zk/z) =
ord(zk − zi)/z < ord(w − zi/z) and, for i ∈ I2, we have ord(w − zk/z) ≥
ord(w−zi/z) with the equality if x ∈ Ui. Since f(zW )/zn =

∏n
k=1(W −zk/z),

we have an inequality

ord
f(zw)

zn
=

n∑

k=1

ord(w − zk

z
) ≥

≥
∑

k∈I1

ord(
zk

z
− zi

z
) +

∑

k∈I2

ord(w − zi

z
) = ϕ(ord(w − zi

z
)).

We have an equality if x ∈ Ui. Thus the equality (2) is proved. The last
assertion follows from the equality (2) and sn−1 = maxi6=k ord (zi/z − zk/z).
3. We show hσ

i (T ) ∈ OK̄ [T ]. We extend σ : K1 → K̄ to σi : L → K̄ by
sending πL to zσ

i and put u = ψ(j). Then we have hσ
i (T ) = −hσi(πu · (z/zi) ·

T )/πϕ(u)f(0). Since z/zi and f(0)/zn are units, we have hσ
i (T ) ∈ OK̄ [T ] by

the definition of ϕ(u).
We show the commutativity of the diagram. Since B → A sends S to
Tng(T )−1, the induced map B∼ → A∼ ⊗log

OK
OK′ sends V to

Tn

π · g(T )
=

f(T )

π · g(T )
+ 1 =

f((1 ⊗ z)W )

π · g((1 ⊗ z)W )
+ 1.

We fix σ : K1 → K and we drop σ in the notation. We define a map
D(zi/z, πψ(j)) → D(1, πj) by sending w to (f(zw)/(πg(zw))) + 1. Then, we
have a commutative diagram

D( zi

z , πψ(j))
⊂−−−−→ Xj

log(A
∼ → A)

y
y

D(1, πj) Xj
log(B

∼ → OK).

The polynomial g(zW ) is congruent to the constant −f(0)/π modulo the max-
imal ideal. Hence, by substituting W = πψ(j)T + zi/z, we get the assertion.
2

Proof of Proposition 6.3. 1. The equality Gj
K,log = Gj+1

K follows from Lemma
6.4.1. The rest is clear.
2. First we show that the map πab

1 (N j) → Grj
logGK factors the quotient

πab,gp
1 (N j). By Lemma 6.4.3, it is sufficient to show that the map h̄σ

i : A1 → A1

is an isogeny. In other words, it is enough to show that if the coefficient of T r
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in h̄σ
i is non-zero, then r is a power of p. Since hσ

i (T ) = −hσi(πu · (z/zi) ·
T )/πϕ(u)f(0) and z/zi and f(0)/zn are units, the coefficient of T r in h̄σ

i is

non-zero if and only if the coefficient of T r in h(πuT )/πϕ(u) is non-zero. Let
lh be the function defining the Newton polygon of h. We apply Lemma 6.2
to h(T ) = f(πL(T + 1))/πn

L =
∑n−1

i=0 biT
n−i. Then, if the coefficient of T r in

h(πuT )/πϕ(u) is non-zero, we have lh(r) = ord br. Since ord z = 1/n, we may
apply Lemma 6.1 to the polynomial h(T ). Thus the equality lh(r) = ord br

implies that r is a power of p as required.
We show that the surjection πab,gp

1 (N j) → Grj
logGK is an isomorphism. By

Lemma 5.2, we may replace K by the completion of a maximum unramified
extension and assume the residue field F is algebraically closed. To show the
isomorphism, it is sufficient to construct every étale isogeny of degree p to
N j from a finite separable extension of K. Recall that every étale isogeny of
degree p to N j is obtained by pulling-back the isogeny A1 → A1 defined by the
polynomial T p − T by an isomorphism N j → A1.
We show the following Lemma.

Lemma 6.5 Let n,m, l ≥ 1 be integers such that m ≤ n and pl ≤ n, m and
l are prime to p and that p2|n. Let π be a prime element of OK and a, b be
element of OK . We put m′ = n · ord a + m and l′ = n · ord b + pl and assume
pl′ < m′ < pl′ + n · ord p and pl′ < n · ord p · ordp(n/p2). Let f(T ) be the
Eisenstein polynomial

f(T ) = Tn − π(aTm − bT pl + 1)

and let z = πL be the image of T in L = K[T ]/f(T ). We put

j =
p

p − 1
· m′ − l′

n
and πj = mazm

(
mazm

bzpl

) 1
p−1

.

Then,
1. The log ramification of the extension L = K[T ]/(f(T )) is bounded by j+.
2. We define a map (B∼ → OK) → (A∼ → OL) as above and consider
Xj

log(A
∼ → A)L as an affinoid subdomain of SpOL〈W 〉 by taking K ′ = L and z

to be the image of T . Let A1 → A1 be the map defined by the polynomial T p−T .
Then, D(1, πψ(j)) is a connected component of Xj

log(A
∼ → A). Further, the

isomorphism ×πj + 1 : D(0, 1) → D(1, πj) induce a commutative diagram

A1 −−−−→ D(1, πψ(j)) ⊂ X̄j
log(A

∼ → A)
y

y

A1 −−−−→ D(1, πj) = X̄j
log(B

∼ → OK)= N j .

Proof. 1. We put h(T ) = f(z(T + 1))/zn and let lh : [0, n] → R ∪ {∞}
be the function defining the Newton polygon of h(T ). Let l1 : [0, n] → R ∪
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{∞} be the linear function characterized by l1(n − 1) = m′/n and l1(n −
p) = pl′/n. We claim that we have an equality lh = l1 on and only on the
interval (n − p, n − 1). By Lemma 6.1, it is sufficient to show lh(n − 1) =
m′/n, lh(n − p) = pl′/n and lh(n − p2) > l1(n − p2). By the proof of Lemma
6.1, we have lh(n − 1) = min(ord n, ord mazm, ord plbzpl) = min(ord p ·
ordpn,m′/n, ord p + pl′/n). By the assumptions, we have m′ < n · ord p +
pl′ < n · ord p · ordpn and lh(n − 1) = m′/n. Similarly, we have lh(n − p) =

min(ord
(
n
p

)
,m′/n, ord

(
pl
p

)
bzpl) = min(ord p · ordp(n/p),m′/n, pl′/n) = pl′/n

and lh(n − p2) ≥ min(ord
(

n
p2

)
,m′/n, pl′/n) = pl′/n ≥ l1(n − p) > l1(n − p2).

Thus the claim is proved.
By Lemma 6.4.2, it is sufficient to show that the slope sn−1 of lh on the interval
(n− 2, n− 1) is ψ(j). By the claim above, we have sn−1 = (lh(n− 1)− lh(n−
p))/(p−1) and ϕ(sn−1) = lh(n−1)+sn−1 = (p · lh(n−1)− lh(n−p))/(p−1) =
p(m′ − l′)/(p − 1)n = j. Thus the assertion follows.

2. In Lemma 6.4.3, we put πψ(j) = (mazm/bzpl)
1/(p−1)

and πj = mazmπψ(j).
Then we have

−f(z(πψ(j)T + 1))

πjf(0)
≡ −

−
(
pl
p

)
bzplπpψ(j)T p + mazmπψ(j)T

πj
≡ T p − T.

Hence the assertion follows. 2

We complete the proof of Proposition 6.3.2. By Lemma 6.5, it is sufficient
to show the following: For every rational number j > 0, there exist integers
n,m′, l′ > 0 satisfying the conditions in Lemma 6.5 and, for every non-zero
element x of N j , there exist a, b ∈ OK such that ord a is the integral part of
m′/n, ord b is the integral part of pl′/n and x ≡ mazm(mazm/bzpl)1/(p−1).
First, we prove the claim for j. Assume p is odd (resp. even). Let n > 0 be an
integer such that n(p − 1)j/p (resp. n(p − 1)j/2p) and n/p2 are integers and
(p− 1)j/p ∈ [(p+1)/n, (p− 1)n/p2 · ord p · ordp(n/p2)− (p+1)/n]. Then there
exist integers l′,m′ such that (p − 1)j/p = (m′ − l′)/n, l′ and m′ are prime to
p, pl′ < m′ < pl′ + n · ord p and pl′ < n · ord p · ordp(n/p2). Thus the claim
is proved for j. Since we may multiply a an arbitrary unit, the claim for x is
clear. Hence the assertion is proved. 2

References

[1] A. Abbes, T. Saito, Ramification of local fields with imperfect residue fields,
American J. of Math. 124.5 (2002), 879-920.
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geometry, Publ. Math. IHES 82 (1995), 5-96.

[4] P. Deligne, Les corps locaux de characteristic p, limites de corps locaux de
characteristic 0, in J.-N. Bernstein, P. Deligne, D. Kazhdan, M.-F. Vign-

Documenta Mathematica · Extra Volume Kato (2003) 5–72



72 Ahmed Abbes and Takeshi Saito
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1 Introduction

Fix a rational prime p. The classical polylogarithm sheaf, constructed by Beilin-
son and Deligne, is a variation of mixed Hodge structures on the projective line
minus three points. The p-adic polylogarithm sheaf is its p-adic analogue, and
is expected to be the p-adic realization of the motivic polylogarithm sheaf. In
our previous paper [Ban1], we explicitly calculated the p-adic polylogarithm
sheaf on the projective line minus three points, and calculated its specializa-
tions to the d-th roots of unity for d prime to p. The purpose of this paper
is to extend this calculation to the d-th roots of unity for d divisible by p. In
particular, we prove that the specialization of the p-adic polylogarithm sheaf to
d-th roots of unity is again related to special values of the p-adic polylogarithm
function defined by Coleman [Col].
Let K = Qp(µd), with ring of integers OK . Let Gm = SpecOK [t, t−1] be
the multiplicative group over OK . Denote by S(Gm) the category of syntomic
coefficients on Gm. This category is a rough p-adic analogue of the category
of variation of mixed Hodge structures. Since p is in general ramified in K, we
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will use the definition in [Ban2], which is a generalization of the definition in
[Ban1] to the case when p is ramified in K.

In order to describe the polylogarithm sheaf, it is first necessary to introduce
the logarithmic sheaf Log, which is a pro-object in S(Gm). The first property
we prove for this sheaf is that it satisfies the splitting principle, even at roots
of unity whose order is divisible by p.

Proposition (= Proposition 5.1) Let z 6= 1 be a d-th root of unity in K,
and let iz : SpecOK ↪→ Gm be the closed immersion defined by t 7→ z. Then

i∗zLog =
∏

j≥0

K(j).

Let U = Gm \ {1}. In our previous paper, following the method of [HW1]
Definition III 2.2, we constructed the polylogarithm extension

pol ∈ Ext1Ssyn(U)(K(0),Log).

We first consider the case when z is a d-th root of unity, where d is an integer of
the form d = Npr with (N, p) = 1 and N > 1. In this case, we have a natural
map iz : SpecOK → U. Let i∗z pol be the image of pol in

Ext1S(OK)(K(0), i∗zLog) =
∏

j≥0

Ext1S(OK)(K(0),K(j))

with respect to the pull-back map

Ext1S(U)(K(0),Log)
i∗z−→ Ext1S(OK)(K(0), i∗zLog).

Our main result is concerned with the explicit shape of i∗z pol.

For integers j ≥ 1, let Lij(t) be the p-adic polylogarithm function defined
by Coleman ([Col] VI, the function denoted `j(t)). It is a locally analytic
function defined on P1(Cp) \ {1,∞} satisfying Lij(0) = 0. On the open unit
disc {z ∈ Cp | |z|p < 1}, the function is given by the usual power series

Lij(t) =

∞∑

n=1

tn

nj
.

To deal with the specialization at points in the open unit disc around one, we
also consider the locally analytic function

Lij,c(t) = Lij(t) − c1−j Lij(t
c),

where c is an integer > 1.

Our main theorem may be stated as follows:
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Theorem 1 (= Theorem 7.3) Let z be a d-th root of unity, where d is an
integer of the form d = Npr with (N, p) = 1 and N > 1. Then we have

i∗z pol =
(
(−1)j Lij(z)

)
j≥1

∈
∏

j≥0

Ext1S(OK)(K(0),K(j)),

where we view (−1)j Lij(z) as elements of Ext1S(OK)(K(0),K(j)) through the
isomorphism

Ext1S(OK)(K(0),K(j)) ∼= K. (1)

Remark 1 The above is compatible with the results of Somekawa [So] and also
Besser-de Jeu [BdJ] on the calculation of the syntomic regulator.

Remark 2 In [Ban1], we proved that when d is prime to p,

i∗z pol =
(
(−1)j`

(p)
j (z)

)
j≥1

,

where `
(p)
j (t) is a locally analytic function on P1(Cp)\{1,∞}, whose expansion

on the open unit disc around 0 is given by

`
(p)
j (t) =

∑

n≥1,(n,p)=1

tn

nj
.

The difference between this formula and the formula of the previous theorem
comes from the choice of the isomorphism (1). (See Remark 7.2 for details.)

For the case when z is a pr-th root of unity, let c > 1 be an integer and let
[c] : Gm → Gm be the multiplication by c map induced from t 7→ tc. We denote
by [c]∗ the pull back morphism of syntomic coefficients. We define the modified
polylogarithm to be

polc = pol−[c]∗ pol,

which we prove to be an element in Ext1Ssyn(Uc)(K(0),Log) for

Uc = SpecOK

[
t,

t − 1

tc − 1

]
.

We note that this modification, which removes the singularity around one, is
standard in Iwasawa theory.
Our theorem in this case is:

Theorem 2 (= Theorem 8.3) Let z be a pr-th root of unity. Then we have

i∗z polc =
(
(−1)j Lij,c(z)

)
j≥1

∈
∏

j≥0

Ext1S(OK)(K(0),K(j)),

where i∗z is the pull back of syntomic coefficient by the natural inclusion iz :
SpecOK → Uc. Again, we view Lij,c(z) as an element of Ext1S(OK)(K(0),K(j))
through the isomorphism (1).
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Notation Let p be a rational prime. In this paper, we let K be a finite
extension of Qp with ring of integers OK and residue field k. We denote by π
a generator of the maximal ideal of OK . We let K0 the maximal unramified
extension of Qp in K, and W its ring of integers. We denote by σ the Frobenius
morphism on K0 and W .

2 Review of the p-adic polylogarithm function

In this section, we will review the theory of p-adic polylogarithm functions
due to Coleman [Col]. Since we will mainly deal with the value of the p-adic
polylogarithm function at units in OCp

, we will not need the full theory of
Coleman integration.
As in [Col], we call any locally analytic homomorphism log : C×

p → C+
p , such

that d
dz log(1) = 1, a branch of the logarithm. Throughout this paper, we fix

once and for all a branch of the logarithm. Since we will only deal with the
values of p-adic analytic functions at points outside the open unit disc where
the functions have logarithmic poles, the results of this paper is independent of
the choice of the branch.
We define the p-adic polylogarithm function `

(p)
j (t) for |t| < 1 by

`
(p)
j (t) =

∑

(n,p)=1

tn

nj
(j ≥ 1).

Documenta Mathematica · Extra Volume Kato (2003) 73–97



Specialization to p-th Power Roots of Unity 77

By [Col] Proposition 6.2, this function extends to a rigid analytic function on

Cp \ {z ; |z − 1|p < p(p−1)−1}.

Proposition 2.1 ([Col] Section VI) The p-adic polylogarithm function
Lij(t) (Denoted `j(t) in [Col]) is a locally analytic function on P1(Cp) \ {1,∞}
satisfying

(i) Li0(t) = t/(1 − t)

(ii) d
dt Lij+1(t) = 1

t Lij(t) (j ≥ 0).

(iii) `
(p)
j (t) = Lij(t) − p−j Lij(t

p) (j ≥ 1).

Definition 2.2 (i) For any integer j, we define the function uj(t) by

uj(t) =

{
1
j! logj(t) (j ≥ 0)

0 (j < 0).

Note that if z is a root of unity in Cp, then uj(z) = 0 (j 6= 0).

(ii) For any integer n ≥ 1, we define the function Dn(t) by

Dn(t) =

n−1∑

j=0

(−1)j Lin−j(t)uj(t).

If z is a root of unity in Cp, then Dn(z) = Lin(z).

To deal with the torsion points of p-th power order, we need modified versions
of the above functions.

Definition 2.3 Let c > 1 be an integer prime to p. We let:

(i) `
(p)
j,c (z) = `

(p)
j (z) − c1−n`

(p)
j (zc) (j ≥ 1).

(ii) Lij,c(z) = Lij,c(z) − c1−n Lij,c(z
c) (j ≥ 1).

(iii)

Dn,c(z) =
n−1∑

j=0

(−1)j Lin−j,c(t)uj(t).

The above functions are locally analytic on the open unit disc around one.
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3 The Category of Syntomic Coefficients

In this section, we will review the construction of the category of syntomic
coefficients given in [Ban2] §4. Note that since we need to deal with the case
when the prime p is ramified in K, the theory of [Ban1] is not sufficient.

Definition 3.1 A syntomic datum X = (X,X, j,PX , φX , ι) consists of the
following:

(i) A proper smooth scheme X, separated an of finite type over OK , and an
open immersion j : X ↪→ X, such that the complement D is a relative
simple normal crossing divisor over OK .

(ii) A formal scheme PX over W .

(iii) For the formal completion X of X with respect to the special fiber, a closed
immersion ι : X → PX ⊗W OK , such that both PX and the morphism ι
are smooth in a neighborhood of Xk.

(iv) A Frobenius map φX : PX → PX , which fits into the diagram

Xk
ι−−−−→ PX −−−−→ Spf W

F

y φX

y σ∗

y

Xk
ι−−−−→ PX −−−−→ Spf W,

(2)

where F is the absolute Frobenius of Xk.

We will often omit j and ι from the notation and write

X = (X,X,PX , φX).

Example 3.2 1. Let P1 be the projective line over W with coordinate t, and
let P1

OK
= P1 ⊗OK . We let Gm be the syntomic datum given by

Gm =
(
GmOK

, P1
OK

, P̂1, φ
)

,

where

(a) GmOK
is the multiplicative group over OK , with natural inclusion

j : GmOK
↪→ P1

OK
.

(b) P̂1 is the p-adic formal completion of P1.

(c) ι : P̂1
OK

→ P̂1 ⊗OK is the identity.

(d) φ is the Frobenius given by φ(t) = tp for the coordinate t on P̂1.
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2. We let U be the syntomic datum given by

U =
(
UOK

, P1
OK

, P̂1, φ
)

,

where UOK
= P1

OK
\{0, 1,∞}, with the natural inclusion j : UOK

↪→ P1
OK

.

3. We let OK be the syntomic datum given by

OK = (SpecOK ,SpecOK ,Spf W,σ),

where j and ι are the identity.

Throughout this section, we fix a syntomic datum X. We will next review the
definition of the category of syntomic coefficients S(X) on X. We will first
define the categories SdR(X), Srig(X) and Svec(X). Let XK = X ⊗ K and
XK = X ⊗ K.

Definition 3.3 We define the category SdR(X) to be the category consisting
of objects the triple MdR := (MdR,∇dR, F •), where:

(i) MdR is a coherent OXK
module.

(ii) ∇dR : MdR → MdR ⊗ Ω1(log DK) is an integrable connection on MdR

with logarithmic poles along DK = D ⊗ K.

(iii) F • is the Hodge filtration, which is a descending exhaustive separated
filtration on MdR by coherent sub-OXK

modules satisfying

∇dR(FmMdR) ⊂ Fm−1MdR ⊗ Ω1
XK

(log DK).

Let Xk = X ⊗ k be the special fiber of X and X the formal completion of X
with respect to the special fiber. We denote by XK the rigid analytic space over
K associated to X ([Ber1] Proposition (0.2.3)) and by Xan

K the rigid analytic
space over K associated to XK (loc. cit. Proposition (0.3.3)). We will use the
same notations for X.

Definition 3.4 We say that a set V ⊂ XK is a strict neighborhood of XK in
Xan

K , if V ∪ (Xan
K \ XK) is a covering of Xan

K for the Grothendieck topology.

For any abelian sheaf M on Xan
K , we let

j†M := lim−→
V

αV ∗α
∗
V M,

where the limit is taken with respect to strict neighborhoods V of XK in Xan
K

with inclusion αV : V ↪→ XK . If M has a structure of a OXan
K

-module, then

j†M has a structure of a j†OXan
K

-module.
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Definition 3.5 We define the category Svec(X) to be the category consisting
of objects the pair Mvec := (Mvec,∇vec), where:

(i) Mvec is a coherent j†OXan
K

module.

(ii) ∇vec : Mvec → Mvec ⊗ Ω1
Xan

K
is an integrable connection on Mvec.

Let pdR : Xan
K → XK be the natural map.

Definition 3.6 We define the functor

FdR : SdR(X) → Svec(X)

by associating to MdR := (MdR,∇dR, F •) the module j†(p∗dRMdR) with the con-
nection induced from ∇dR. The functor FdR is exact, since it is a composition
of exact functors ([Ber1] Proposition 2.1.3 (iii)).

Let PK0
be the rigid analytic space over K0 associated to PX ([Ber1] (0.2.2)).

As in loc. cit. Définitions (1.1.2)(i), we define the tubular neighborhood of Xk

(resp. Xk) in PK0
by

]Xk[P := sp−1(Xk)
(
resp. ]Xk[P := sp−1(Xk)

)
,

where sp : PK0
→ PX is the spécialization [Ber1] (0.2.2.1). The tubular neigh-

borhoods are rigid analytic spaces over K0 with structures induced from that
of PK0

.

Definition 3.7 We say that a set V ⊂]Xk[P is a strict neighborhood of ]Xk[P
in ]Xk[P , if

V ∪ (]Xk[P\]Xk[P)

is a covering of ]Xk[P for the Grothendieck topology.

For any abelian sheaf M on ]Xk[P , we let

j†M := lim−→
V

αV ∗α
∗
V M,

where the limit is taken with respect to strict neighborhoods V of ]Xk[P in
]Xk[P with inclusion αV : V ↪→]Xk[P . If M has a structure of a O]Xk[P

-

module, then j†M has a structure of a j†O]Xk[P
-module.

The Frobenius map φX : PX → PX induces a natural morphism of rigid
analytic spaces φX : ]Xk[P→]Xk[P .

Definition 3.8 We define the category Srig(X) to be the category consisting
of objects the triple Mrig := (Mrig,∇rig,ΦM ), where:

(i) Mrig is a coherent j†O]Xk[P
-module.
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(ii) ∇rig : Mrig → Mrig ⊗ Ω1
]Xk[P

is an integrable connection on Mrig.

(iii) ΦM is the Frobenius morphism, which is an isomorphism

ΦM : φ∗
XMrig

∼=−→ Mrig

of j†O]Xk[P
-modules compatible with the connection.

The map ι : X → PX ⊗W OK induces a map of rigid analytic spaces

prig : Xan
K → ]Xk[P . (3)

Definition 3.9 We define the functor

Frig : Srig(X) → Svec(X)

by associating to the object Mrig := (Mrig,∇rig,ΦM ) the object

Frig(Mrig) := (p∗rigMrig, p
∗
rig∇rig)

in Svec(X). This functor is exact by definition.

Definition 3.10 We define the category of syntomic coefficients to be the cat-
egory S(X) such that:

(i) The objects of S(X) consists of the triple M := (MdR,Mrig,p), where:

(a) Mtyp is an object in Styp(X) for typ ∈ {dR, rig}.
(b) p is an isomorphism

p : FdR(MdR)
∼=−→ Frig(Mrig)

in Svec(X).

(ii) A morphism f : M → N in S(X) is given by a pair (fdR, frig), where
ftyp : Mtyp → Ntyp are morphisms in Styp(X) for typ ∈ {dR, rig} com-
patible with the comparison isomorphism p.

Example 3.11 For each integer n ∈ Z, we define the Tate object K(n) in
S(X) to be the set K(n) := (K(n)dR,K(n)rig,p), where:

(i) K(n)dR in SdR(X) is given by the rank one free OXK
-module generated

by en,dR, with connection ∇dR(en,dR) = 0 and Hodge filtration

{
FmK(n)dR = K(n)dR m ≤ −n

FmK(n)dR = 0 m > −n.
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(ii) K(n)rig in Srig(X) is given by the rank one free j†O]Xk[P
-module gener-

ated by en,rig, with connection ∇rig(en,rig) = 0 and Frobenius

Φ(en,rig) := p−nen,rig.

(iii) p is the isomorphism given by p(en,dR) = en,rig.

Example 3.12 (See [Ban1] Definition 5.1) We define the logarithmic
sheaf

Log(n) := (L
(n)
dR , L

(n)
rig ,p)

in S(Gm) by:

(i) L
(n)
dR in SdR(Gm) is given by the rank n free OP1

K
-module

L
(n)
dR =

n∏

j=0

OP1
K

ej,dR,

with connection ∇dR(ej,dR) = ej+1,dR ⊗ d log t for 0 ≤ j ≤ n − 1 and
∇(en,dR) = 0, and Hodge filtration given by

F−mL
(n)
dR =

m∏

j=0

OP1
K

ej,dR.

(ii) L
(n)
rig in Srig(Gm) is given by the rank n free j†O]P1

k[
P̂1

-module

L
(n)
rig =

n∏

j=0

j†O]P1
k[

P̂1
ej,rig,

with connection ∇rig(ej,rig) = ej+1,rig ⊗ d log t for 0 ≤ j ≤ n − 1 and
∇(en,rig) = 0, and Frobenius

Φ(ej,rig) := p−jej,rig.

(iii) p is the isomorphism given by p(ej,dR) = ej,rig.

4 Morphisms of Syntomic Data

Definition 4.1 Define a morphism between syntomic data u : X → Y to be a
pair (udR, urig) such that:

(i) udR : X → Y is a morphism of schemes over OK .
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(ii) urig : PX → PY is a morphism of formal schemes over W compatible
with the Frobenius, such that the diagram

X ⊗ k
ι−−−−→ PX ⊗ k

udR

y urig

y

Y ⊗ k
ι−−−−→ PY ⊗ k

(4)

is commutative.

Remark 4.2 Notice that in (4), contrary to [Ban2] Definition 4.2 (iii), we do
not impose the commutativity of the diagram

X ι−−−−→ PX

udR

y urig

y

Y ι−−−−→ PY .

(5)

Example 4.3 Let z be an element in O×
K , and let Gm be the syntomic datum

defined in Example 3.2.1. We denote by z0 the Teichmüller representative of
z. In other words, z0 is a root of unity in W such that z ≡ z0 (mod π). Then

iz = (idR, irig) : OK → Gm

is a morphism of syntomic data, where idR : SpecOK → GmOK
and irig :

Spf OK → P̂1
W are morphisms defined respectively by t 7→ z and t 7→ z0.

Let u = (udR, urig) : X → Y be a morphism of syntomic data. By [Ber1]
(2.2.16), we have a functor u∗

rig : Srig(Y) → Srig(X).

Lemma 4.4 Let u : X → Y be a morphism of syntomic data, and let
M := (MdR,Mrig,p) be an object in S(Y). Then there exists a canonical
and functorial isomorphism

u∗(p) : FdR(u∗
dRMdR) → Frig(u

∗
rigMrig)

in Svec(X).

The above lemma is trivial if we assume the commutativity of (5).
Proof. Let uvec : X → Y be the morphism of formal schemes induced from
udR, and denote again by uvec the map induced on the associated rigid analytic
space. Then we have

FdR(u∗
dRMdR) = u∗

vecFdR(MdR).

Let u1 := ι ◦ uvec and u2 := (urig ⊗ 1) ◦ ι be maps of formal schemes

u1, u2 : X → PY ⊗OK .
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Then u∗
vecFrig(Mrig) = u∗

1K(Mrig ⊗ K) and Frig(u
∗
rigMrig) = u∗

2K(Mrig ⊗ K).

Since (4) is commutative, u1 and u2 coincide on Xk. Hence by [Ber1] Propo-
sition (2.2.17), we have a canonical isomorphism

ε1,2 : u∗
1K(Mrig ⊗ K)

'→ u∗
2K(Mrig ⊗ K). (6)

The isomorphism of the lemma is the composition of the isomorphism

FdR(u∗
dRMdR) = u∗

vecFdR(MdR)
p∼=−−→ u∗

vecFrig(Mrig).

with ε1,2.

Definition 4.5 Let u : X → Y be a morphism of syntomic data. Then

u∗ : S(Y) → S(X)

is the functor defined by associating to any object M := (MdR,Mrig,p) the
object

u∗M = (u∗
dRMdR, u∗

rigMrig, u
∗(p))

in S(X).

5 The splitting principle

Let Log(n) be the logarithmic sheaf defined in Example 3.12. In this section,
we will extend the splitting principle of [Ban1] Proposition 5.2 to the points
defined in Example 4.3.

Proposition 5.1 (splitting principle) Let d be a positive integer, and let
z = ζd be a primitive d-th root of unity in K. Let

iz = (idR, irig) : OK → Gm

be the morphism of syntomic data of Example 4.3 corresponding to z. Then we
have an isomorphism

i∗zLog(n) ∼=
n∏

j=0

K(j)

in S(OK).

The proof of the proposition will be given at the end of this section. In order
to prove the proposition, it is necessary to explicitly calculate the map i∗z(p) of
Lemma 4.4. For this purpose, we first review the Monsky-Washnitzer interpre-
tation of overconvergent isocrystals and the explicit description of ε1,2 of (6)
(See [Ber1] §2 and [T] §2 for details).
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We assume for now that z is an arbitrary element in O×
K . We denote by z0 the

root of unity in W such that z ≡ z0 (mod π). Let A = Γ(GmOK
,OGmOK

) =

OK [t, t−1]. We fix a presentation

OK [x1, · · · , xn]/I ∼= A

over OK , which defines a closed immersion

GmOK
↪→ An

OK
.

Then the intersections Uλ of Gan
mK with the ball B(0, λ+) ⊂ An an

K for λ → 1+

form a system of strict neighborhoods (Definition 3.4) of ĜmK in Gan
mK . For

λ > 1, we let Aλ = Γ(Uλ,OUλ
). Then limλ→1+ Aλ = A† ⊗ K, where A† is the

weak completion of A.
Let Mvec = (Mvec,∇vec) be an object in Svec(Gm). By [Ber1] Proposition 2.2.3,
Mvec is of the form j†(M0,∇0), where M0 is a coherent module with integrable
connection ∇0 on a strict neighborhood Uλ. Let Mλ = Γ(Uλ,M0). Then for
λ′ < λ, the section Γ(Uλ′ ,M0) is given by Mλ′ = Mλ ⊗Aλ

Aλ′ , and

M := Γ(Gan
mK ,Mvec) = lim−→

λ→1+

Mλ. (7)

M is a projective A† ⊗ K-module with integrable connection ∇ : M → M ⊗
Ω1

A†⊗K induced from ∇0.
Suppose the connection ∇vec is overconvergent. By [Ber1] Proposition 2.2.13,
for any η < 1, there exists λ > 1 such that

∥∥∥∥
1

i!
∇λ(∂i

t)(m)

∥∥∥∥ ηi → 0 (i → ∞) (8)

for any m ∈ Mλ. Here, ∇λ : Mλ → Mλ ⊗ Ω1
Aλ/K is the connection induced

from ∇0, ∂t is the derivation by t, and ‖ − ‖ is a Banach norm on Mλ.
Let M = (MdR,Mrig,p) be an object in S(Gm). Then

Mvec := Frig(Mrig) = (Mrig ⊗K0
K,∇rig ⊗K0

K)

is an object in Svec(Gm). We have

i∗vecFrig(Mrig) = M ⊗ivec K, Frig(i
∗
rigMrig) = M ⊗irig K,

where M is as in (7), and ivec, irig : A† ⊗OK
K → K are ring homomorphisms

given respectively by t 7→ z and t 7→ z0. By [Ber1] 2.2.17 Remarque,

ε1,2 : M ⊗ivec K
∼=−→ M ⊗irig K

of (6) is given explicitly by the Taylor series

ε1,2(m ⊗ivec 1) =
∑

i≥0

1

i!
∇(∂i

t)(m) ⊗irig (z − z0)
i. (9)
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The existence of the Frobenius ΦM on Mrig insures that the connection ∇rig

(hence ∇vec) is overconvergent ([Ber1] Theorem 2.5.7). Since |z − z0| < 1, the
above series converges by (8).
Next, let

Log(n) := (L
(n)
dR , L

(n)
rig ,p)

be the logarithmic sheaf of Example 3.12. As in (7), we L = Γ(Gan
mK , L

(n)
vec) for

L
(n)
vec = L

(n)
rig ⊗K0

K. Then

L =

n∏

j=0

(A† ⊗ K)ej

for the basis ej = ej,rig ⊗ 1, and the connection is given by

∇(ej) = ej+1 ⊗
dt

t
(0 ≤ j ≤ n − 1). (10)

Let uj(t) be the function defined in Definition 2.2.

Proposition 5.2 For integers i,m ≥ 0, let a
(i)
m be elements in A†

K such that

∇(∂i
t)(e0) =

n∑

j=0

a
(i)
j ej .

Then

∂i
t(um) =

n∑

j=0

a
(n)
j um−j .

In particular, we have
a(i)

m (z0) = ∂i
t(um)(z0). (11)

Remark 5.3 The definition of a
(i)
j implies

∇(∂i
t)(em) =

n−m∑

j=0

a
(i)
j em+j .

Proof. We will give the proof by induction on i ≥ 0. Since a
(0)
0 = 1, the

statement is true for i = 0. Suppose for an integer i ≥ 0, we have

∂i
t(um) =

n∑

j=0

a
(i)
j um−j . (12)

By comparing the definition of a
(i+1)
j with the equality

∇(∂i+1
t )(e0) = ∇(∂t) ◦ ∇(∂i

t)(e0) =

n∑

j=0

(
(∂ta

(i)
j )ej + t−1a

(i)
j ej+1

)
,
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we obtain the equality

a
(i+1)
j = ∂ta

(i)
j + t−1a

(i)
j−1. (13)

Similarly, from the hypothesis (12) and ∂tum = t−1um−1, we have

∂i+1
t (um) = ∂t ◦ ∂i

t(um) =

n∑

j=0

(
(∂ta

(i)
j )um−j + t−1a

(i)
j um−j−1

)
.

This together with (13) gives the desired result. (11) follows from the fact that
since z0 is a root of unity, um(z0) = 0 unless m = 0.

Corollary 5.4 For any integers i,m ≥ 0, we have

∇(∂i
t)(em) ⊗irig 1 =

n−m∑

j=0

(
em+j ⊗irig ∂i

t(uj)(z0)
)
.

Proof. The assertion follows immediately from Remark 5.3

Proposition 5.5 We have

ε1,2(em ⊗ivec 1) =

n−m∑

j=0

(
em+j ⊗irig uj(z)

)

for the map ε1,2 : L ⊗ivec K → L ⊗irig K of (9) associated to L.

Proof. Since log(z0) = 0, we have ∂i
t(uj)(z0) = 0 for i < j. Substituting z to

the Taylor expansion of uj(t) at t = z0 gives the equality

uj(z) =

∞∑

i=j

1

i!
∂i

t(uj)(z0)(z − z0)
i.

The proposition now follows from the definition of ε1,2 (9) and Corollary 5.4.
Let us now return to the case when z = ζd is a primitive d-th root of unity.
Proof of Proposition 5.1. Since the connection is the only structure preventing

L
(n)
dR and L

(n)
rig from splitting, we have

i∗dRL
(n)
dR =

n∏

j=0

Kej,dR i∗rigL
(n)
rig =

n∏

j=0

K0ej,rig.

It is sufficient to prove that the comparison isomorphism i∗z(p) respects the
splitting. The isomorphism

p : i∗dRL
(n)
dR → L ⊗ivec K
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is given by ej,dR 7→ ej,rig. Since z is a torsion point, uj(z) = 0 for j 6= 0. Hence
by Proposition 5.5,

ε1,2 : L ⊗ivec K → L ⊗irig K

maps ej,rig ⊗ivec 1 to ej,rig ⊗irig 1. Hence i∗z(p) = ε1,2 ◦ p respects the splitting.
We have

i∗zLog(n) ∼=
n∏

j=0

K(j)

in S(OK) as desired.

Remark 5.6 The calculation of Proposition 5.5 shows that if z is an arbitrary
element in O×

K , then

i∗zLog(n) = (L
(n)
z,dR, L

(n)
z,rig,pz) ∈ S(OK),

where

L
(n)
z,dR =

n∏

j=0

Kej,dR, L
(n)
z,rig =

n∏

j=0

K0ej,rig,

and

pz(em,dR) =

n−m∑

j=0

em+j,rig ⊗K0
uj(z).

6 The specialization of pol to torsion points

In this section, we will first introduce the p-adic polylogarithmic extension pol
calculated in [Ban1]. Then we will calculate its restriction to d-th roots of
unity, where d is an integer of the form d = Npr with (N, p) = 1 and N > 1.
The case N = 1 will be treated in Section 8.
Let U be the syntomic datum correspoinding to the projective line minus three
points, as defined in Definition 3.2. The p-adic polylogarithm sheaf is an ex-
tension in S(U) of the trivial object K(0) by the logarithmic sheaf Log having
a certain residue. In our previous paper, we determined the explicit shape of
this sheaf.

Theorem 6.1 ([Ban1] Theorem 2) The p-adic polylogarithmic extension

pol(n) is the extension

0 → Log(n) → pol(n) → K(0) → 0

in S(U), given explicitly by pol(n) := (P
(n)
dR , P

(n)
rig ,p), where:

(i) P
(n)
dR in SdR(U) is given by

P
(n)
dR = OP1

K
edR

⊕
L

(n)
dR ,

with connection ∇dR(edR) = e1,dR⊗d log(t−1) and Hodge filtration given
by the direct sum.
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(ii) P
(n)
rig in Srig(U) is given by

P
(n)
rig = j†O]Uk[

P̂1
erig

⊕
L

(n)
rig ,

with connection ∇rig(erig) = e1,rig ⊗ d log(t − 1) and Frobenius

Φ(erig) := erig +
n∑

j=1

(−1)j+1`
(p)
j (t)ej,rig. (14)

(iii) p is the isomorphism given by p(edR) = erig ⊗ 1.

Remark 6.2 In [Ban1] Theorem 2, the Frobenius is written as

Φ(erig) := erig +

n∑

j=1

(−1)j`
(p)
j (t)ej,rig.

This is due to an error in the calculation of the proof. The correct Frobenius
is the one given in (14).

Let z be a d-th root of unity, where d is an integer of the form d = Npr with
(N, p) = 1 and N > 1, and let z0 ∈ W such that z ≡ z0 (mod π). The purpose
of this section is to prove the following theorem.

Theorem 6.3 The specialization of the polylogarithm at z is explicitly given
as follows:

(i) i∗zP
(n)
dR = KedR ⊕ ⊕n

j=0 Kej,dR with the natural Hodge filtration.

(ii) i∗zP
(n)
rig = K0erig ⊕

⊕n
j=0 K0ej,rig with Frobenius

Φ(erig) := erig +
n∑

j=1

(−1)j+1`
(p)
j (z0)ej,rig.

(iii) p is the isomorphism given by

p(edR) = erig ⊗ 1 +

n∑

j=1

ej,rig ⊗ (−1)j(Dj(z) − Dj(z0)),

where Dj(t) is the function defined in Definition 2.2.

The proof of the theorem will be given at the end of this section. As in the
case of Log, we first consider the Monsky-Washnitzer interpretation of pol(n).
Let B†

K = Γ(Uan
K , j†OUan

K
),

P (n)
vec := Frig(Mrig) = (Mrig ⊗K0

K,∇rig ⊗K0
K),
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and P (n) = Γ(Uan
K , P

(n)
vec ). Then we have

P (n) = B†
Ke

⊕ n∏

j=0

B†
Kej

where e = erig ⊗ 1 and ej = ej,rig ⊗ 1, with connection ∇(e) = e ⊗ d log(1 − t)
and ∇(ej) = ej+1 ⊗ d log t.

Proposition 6.4 For integers i,m > 0, let b
(i)
m be elements in B†

K such that

∇(∂i
t)(e) =

n∑

j=1

(−1)jb
(i)
j ej .

Then

∂i
t(Dm) =

n∑

j=1

(−1)m−jb
(i)
j um−j .

In particular, we have

b(i)
m (z0) = ∂i

t(Dm)(z0). (15)

Proof. The proof is again by induction on i > 0. We first consider the case

when i = 1. In this case, b
(1)
1 = (1− t)−1. Since Lim−j(t) and uj(t) satisfy the

differential equations

∂t(Lij(t)) =
1

t
Lij−1(t) (j ≥ 1) ∂t(uj(t)) =

uj−1

t
(∀j),

the definition of Dm(t) (Definition 2.2) and the fact that uj(t) = 0 for j < 0
implies that:

∂t(Dm) =

m−1∑

j=0

(−1)j∂t(Lim−j(t)uj(t))

=

m−1∑

j=0

(−1)j

t
(Lim−j−1(t)uj(t) + Lim−j(t)uj−1(t))

=
(−1)m−1

t
Li0(t)um−1(t) = (−1)m−1 um−1(t)

1 − t

= (−1)m−1b
(1)
1 (t)um−1(t).

Hence the statement is true for i = 1. Suppose for an integer i ≥ 1, we have

∂i
t(Dm) =

n∑

j=1

(−1)m−jb
(i)
j um−j . (16)
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By comparing the definition of b
(i+1)
j with the equality

∇(∂i+1
t )(e0) = ∇(∂t) ◦ ∇(∂i

t)(e0) =

n∑

j=1

(−1)j
(
(∂tb

(i)
j )ej + t−1b

(i)
j ej+1

)
,

we obtain the equality

b
(i+1)
j = ∂tb

(i)
j − t−1b

(i)
j−1 (i ≥ 1, j > 1). (17)

Similarly, from the hypothesis (16) and ∂tum = t−1um−1, we have

∂i+1
t (Dm) = ∂t




i∑

j=1

(−1)m−jb
(i)
j um−j




=

n∑

j=1

(−1)m−j
(
(∂tb

(i)
j )um−j + t−1b

(i)
j um−j−1

)
.

This together with (17) gives the desired result. (15) follows from the fact that
since z0 is a root of unity, um(z0) = 0 unless m = 0.

Proposition 6.5 We have

ε1,2(e ⊗ivec 1) = e ⊗irig 1 +

n∑

j=1

(
ej ⊗irig (−1)j(Dj(z) − Dj(z0))

)

for the map ε1,2 : P ⊗ivec K → P ⊗irig K of (9) associated to P .

Proof. Substituting z to the Taylor expansion of Dj(t) at t = z0 gives the
equality

Dj(z) =

∞∑

i=0

1

i!
∂i

t(Dj)(z0)(z − z0)
i.

The proposition now follows from the definition of ε1,2 and Proposition 6.4.

7 The main result (Case N > 1)

The following lemma is well-known.

Lemma 7.1 There is a canonical isomorphism

Ext1S(OK)(K(0),K(j)) = K(j)dR (18)

for j > 0.
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Proof. Suppose M̃ = (M̃dR, M̃rig, p̃) is an extension of K(0) by K(j) in S(OK).
We have exact sequences

0 → K(j)dR → M̃dR → K(0)dR → 0

0 → K(j)rig → M̃rig → K(0)rig → 0.

Denote by ej,dR and ej,rig the basis of K(j)dR and K(j)rig, and let ẽ0,dR and

ẽ0,rig respectively be the liftings of e0,dR and e0,rig in M̃dR and M̃rig. If we map
ẽ0,dR to e0,dR, then we have an isomorphism

M̃dR
∼= K(0)dR

⊕
K(j)dR

in SdR(OK). Next, since the quotient of M by K(j) is isomorphic to K(0), the
Frobenius and p̃ is given by

p̃(ẽ0,dR) = ẽ0,rig ⊗ 1 + ej,rig ⊗ a

φ∗(ẽ0,rig) = ẽ0,rig + cej,rig

for some a ∈ K and c ∈ K0. If we take b ∈ K0 such that (1− σ/pj)b = c, then
we have an isomorphism

M̃rig
∼= K(0)rig

⊕
K(j)rig

in Srig(OK) given by ẽ0,rig 7→ e0,rig − bej,rig. The above shows that we have an
isomorphism

M̃ ∼=
(
K(0)dR

⊕
K(j)dR, K(0)rig

⊕
K(j)rig, p

)

of extensions of K(0) by K(j) in S(OK), where p is the isomorphism given by

p(e0,dR) = ẽ0,rig ⊗ 1 + ej,rig ⊗ a

= e0,rig ⊗ 1 + ej,rig ⊗ (a + b).

The canonical map of the lemma is given by associating to M̃ the element
(a + b)ej,dR in K(j)dR.
The inverse of this canonical map is constructed by associating to wej,dR in
K(j)dR the extension

(
K(0)dR

⊕
K(j)dR, K(0)rig

⊕
K(j)rig, p

)
,

where

p(e0,dR) = e0,rig ⊗ 1 + ej,rig ⊗ w.

This construction shows that the canonical map is in fact an isomorphism.
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Remark 7.2 Suppose K = K0. Then by [Ban1] Theorem 1 and Example 2.8,
we have an isomorphism

Ext1S(OK)(K(0),K(j))
∼=−→ H1

syn(OK ,K(j)) = K(j)rig. (19)

If M is an extension in S(OK) corresponding to aej,dR in Lemma 7.1, then M
maps by (19) to ((1 − p−jσ)a)ej,rig in K(j)rig .

The following theorem is Theorem 1 of the introduction.

Theorem 7.3 Let z be a torsion point of order d = Npr, where (N, p) = 1
and N > 1. Then

i∗z pol(n) = ((−1)j Lij(z)ej,dR)j≥1

in

Ext1S(OK)(K(0), i∗zLog(1)) =
n∏

j=0

Ext1S(OK)(K(0),K(j)),

where we view (−1)j Lij(z)ej,dR as an element in Ext1S(OK)(K(0),K(j))
through the isomorphism of lemma 7.1

Proof. By Theorem 6.3, the image of i∗z pol(n) in Ext1S(OK)(K(0),K(j)) is the

extension M̃ = (MdR, M̃rig, p̃) given as follows: MdR is the direct sum

MdR = K(0)dR

⊕
K(j)dR,

M̃rig is the extension of K(0)rig by K(j)rig with the Frobenius given by

Φ(ẽ0,rig) = ẽ0,rig + (−1)j+1`
(p)
j (z0)ej,rig

for the lifting ẽ0,rig of e0,rig in M̃rig, and p̃ is the isomorphism given by

p̃(e0,dR) = ẽ0,rig ⊗ 1 + ej,rig ⊗ (−1)j(Lij(z) − Lij(z0)).

This implies that, in the notation of Lemma 7.1, we have

a = (−1)j(Lij(z) − Lij(z0))

c = (−1)j+1`
(p)
j (z0).

Since z0 is a root of unity prime to p, the Frobenius acts by σ(z0) = zp
0 . Hence

the Formula of Propisition 2.1 (iii) gives

`
(p)
j (z0) =

(
1 − σ

pj

)
Lij(z0).

Again, in the notation of Lemma 7.1, we have

c = (−1)j+1 Lij(z0).

Since a + b = (−1)j Lij(z), the construction of the canonical map shows that

the image of i∗z pol(n) in Ext1S(OK)(K(0),K(j)) maps to (−1)j Lij(z)ej,dR in
K(j)dR.
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8 The main result (Case N = 1)

In this section, we will consider the specialization of the polylogarithm sheaf to
p-th power roots of unity. As mentioned in the introduction, we will consider
a slightly modified version of the polylogarithm. Let c > 1 be an integer prime
to p, and let U0

c,OK
= SpecOK [t, (1 − tc)−1]. We denote by U0

c the syntomic
data

U0
c = (U0

c,OK
, P1

OK
, P̂1, φ).

The multiplication by [c] map on GmOK
defines a morphism of syntomic datum

[c] : U0
c → U.

Definition 8.1 We define the modified p-adic polylogarithmic pol(n)
c by

pol(n)
c = pol(n) −[c]∗ pol(n) ∈ Ext1S(U0

c)(K(0),Log(n)).

The explicit shape of pol(n) given in Theorem 6.1 and the definition of the
pull-back [c]∗ gives the following proposition. Let

θc(t) =
1 − tc

1 − t
.

Proposition 8.2 The modified p-adic polylogarithmic pol(n)
c is the extension

in S(U0
c), given explicitly by pol(n)

c := (P
(n)
dR , P

(n)
rig ,p), where:

(i) P
(n)
dR in SdR(U0

c) is given by

P
(n)
dR = OP1

K
edR

⊕
L

(n)
dR ,

with connection ∇c,dR(edR) = e1,dR⊗d log θc(t) and Hodge filtration given
by the direct sum.

(ii) P
(n)
rig in Srig(U0

c) is given by

P
(n)
rig = j†O]U0

c,k[
P̂1

erig

⊕
L

(n)
rig ,

with connection ∇c,rig(erig) = e1,rig ⊗ d log θc(t) and Frobenius

Φ(erig) := erig +

n∑

j=1

(−1)j+1`
(p)
j,c (t)ej,rig,

(iii) p is the isomorphism given by p(edR) = erig ⊗ 1.
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Let Uc,OK
= SpecOK [t, θc(t)

−1], and denote by Uc the syntomic data

Uc = (Uc,OK
, P1

OK
, P̂1, φ).

The explicit shape of pol(n)
c given in the previous proposition shows that pol(n)

c

is in fact an object in S(Uc). In particular, we can specialize pol(n)
c at points

on the open unit disc around one.

Similar caluclations as that of Theorem 6.3 with `
(p)
j , D

(p)
j and Dj replaced

by `
(p)
j,c , D

(p)
j,c and Dj,c gives the following theorem, which is Theorem 2 of the

introduction.

Theorem 8.3 Let z be a pr-th root of unity, and let z0 = 1. Then the special-
ization of the modified polylogarithm at z is explicitly given as follows:

(i) i∗zP
(n)
dR = KedR ⊕ ⊕n

j=0 Kej,dR with the natural Hodge filtration.

(ii) i∗zP
(n)
rig = Kerig ⊕

⊕n
j=0 Kej,rig with Frobenius

Φ(erig) := erig +
n∑

j=1

(−1)j+1`
(p)
j,c (z0)ej,rig.

(iii) pc is the isomorphism given by

pc(edR) = erig ⊗ 1 +

n∑

j=1

ej,rig ⊗ (−1)j(Dj,c(z) − Dj,c(z0)).

As a corollary, we obtain the following result.

Corollary 8.4 Let z be a torsion point of order pr. Then

i∗z pol(n)
c = ((−1)j Lij(z)ej,dR)j≥1

in

Ext1S(OK)(K(0), i∗zLog(1)) =

n∏

j=0

Ext1S(OK)(K(0),K(j)),

where we view (−1)j Lij.c(z)ej,dR as an element in Ext1S(OK)(K(0),K(j))
through the isomorphism of lemma 7.1
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Barsotti-Tate, Astérisque 65 (1979), 3-80.
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Introduction

In his article [Ka93] on L-functions and rings of p-adic periods, K. Kato wrote:

I believe that there exist explicit reciprocity laws for all p-
adic representations of Gal(K/K), though I can not formulate
them. For a de Rham representation V , this law should be
some explicit description of the relationship between DdR(V )
and the Galois cohomology of V , or more precisely, some ex-
plicit descriptions of the maps exp and exp∗ of V .

In this paper, we explain how results of Benois, Cherbonnier-Colmez, Colmez,
Fontaine, Kato, Kato-Kurihara-Tsuji, Perrin-Riou, Wach and the author give
such an explicit description when V is a crystalline representation of an un-
ramified field.

Let p be a prime number, and let V be a p-adic representation of GK =
Gal(K/K) where K is a finite extension of Qp. Such objects arise (for example)
as the étale cohomology of algebraic varieties, hence their interest in arithmetic
algebraic geometry.

Let Bcris and BdR be the rings of periods of Fontaine, and let Dcris(V ) and
DdR(V ) be the invariants attached to V by Fontaine’s construction. Bloch
and Kato have defined in [BK91, §3], for a de Rham representation V , an
“exponential” map,

expK,V : DdR(V )/Fil0 DdR(V ) → H1(K,V ).

It is obtained by tensoring the so-called fundamental exact sequence:

0 → Qp → B
ϕ=1
cris → BdR/B+

dR → 0

with V and taking the invariants under the action of GK . The exponential map
is then the connecting homomorphism DdR(V )/Fil0 DdR(V ) → H1(K,V ).

The reason for their terminology is the following (cf. [BK91, 3.10.1]): if G
is a formal Lie group of finite height over OK , and V = Qp ⊗Zp

T where
T is the p-adic Tate module of G, then V is a de Rham representation and
DdR(V )/Fil0 DdR(V ) is identified with the tangent space tan(G(K)) of G(K).
In this case, we have a commutative diagram:

tan(G(K))
expG−−−−→ Q ⊗Z G(OK)

=

y δG

y

DdR(V )/Fil0 DdR(V )
expK,V−−−−−→ H1(K,V ),

where δG is the Kummer map, the upper expG is the usual exponential map,
and the lower expK,V is Bloch-Kato’s exponential map.
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The cup product ∪ : H1(K,V )×H1(K,V ∗(1)) → H2(K,Qp(1)) ' Qp defines
a perfect pairing, which we can use (by dualizing twice) to define Bloch and
Kato’s dual exponential map exp∗

K,V ∗(1) : H1(K,V ) → Fil0 DdR(V ). Kato has

given in [Ka93] a very simple formula for exp∗
K,V ∗(1), see proposition II.5 below.

When K is an unramified extension of Qp and V is a crystalline representa-
tion of GK , Perrin-Riou has constructed in [Per94] a period map ΩV,h which
interpolates the expK,V (k) as k runs over the positive integers. It is a crucial
ingredient in the construction of p-adic L functions, and is a vast generaliza-
tion of Coleman’s map. Perrin-Riou’s constructions were further generalized
by Colmez in [Col98].

Let us recall the main properties of her map. For that purpose we need
to introduce some notation which will be useful throughout the article. Let
HK = Gal(K/K(µp∞)), let ∆K be the torsion subgroup of ΓK = GK/HK =
Gal(K(µp∞)/K) and let Γ1

K = Gal(K(µp∞)/K(µp)) so that ΓK ' ∆K × Γ1
K .

Let ΛK = Zp[[ΓK ]] and H(ΓK) = Qp[∆K ]⊗Qp
H(Γ1

K) where H(Γ1
K) is the set

of f(γ1 − 1) with γ1 ∈ Γ1
K and where f(T ) ∈ Qp[[T ]] is a power series which

converges on the p-adic open unit disk.

Recall that the Iwasawa cohomology groups of V are the projective limits for
the corestriction maps of the Hi(Kn, V ) where Kn = K(µpn). More precisely, if
T is any lattice of V then Hi

Iw(K,V ) = Qp ⊗Zp
Hi

Iw(K,T ) where Hi
Iw(K,T ) =

lim←−n
Hi(Kn, T ) so that Hi

Iw(K,V ) has the structure of a Qp ⊗Zp
ΛK-module

(see §II.4 for more details). Roughly speaking, these cohomology groups are
where Euler systems live (at least locally).

The main result of [Per94] is the construction, for a crystalline representation
V of GK of a family of maps (parameterized by h ∈ Z):

ΩV,h : H(ΓK) ⊗Qp
Dcris(V ) → H(ΓK) ⊗ΛK

H1
Iw(K,V )/V HK ,

whose main property is that they interpolate Bloch and Kato’s exponential
map. More precisely, if h, j À 0, then the diagram:

(
H(ΓK) ⊗Qp

Dcris(V (j))
)∆=0 ΩV (j),h−−−−−→ H(ΓK) ⊗ΛK

H1
Iw(K,V (j))/V (j)HK

Ξn,V (j)

y prKn,V (j)

y

Kn ⊗K Dcris(V )
(h+j−1)!×−−−−−−−→
expKn,V (j)

H1(Kn, V (j))

is commutative where ∆ and Ξn,V are two maps whose definition is rather
technical. Let us just say that the image of ∆ is finite-dimensional over Qp

and that Ξn,V is a kind of evaluation-at-(ε(n) − 1) map (see §II.5 for a precise
definition).

Using the inverse of Perrin-Riou’s map, one can then associate to an Euler
system a p-adic L-function (see for example [Per95]). For an enlightening survey
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of this, see [Col00]. If one starts with V = Qp(1), then Perrin-Riou’s map is
the inverse of the Coleman isomorphism and one recovers Kubota-Leopoldt’s
p-adic L-functions. It is therefore important to be able to construct the maps
ΩV,h as explicitly as possible.

The goal of this article is to give formulas for expK,V , exp∗
K,V ∗(1), and ΩV,h

in terms of the (ϕ,Γ)-module associated to V by Fontaine. As a corollary, we
recover a theorem of Colmez which states that Perrin-Riou’s map interpolates
the exp∗

K,V ∗(1−k) as k runs over the negative integers. This is equivalent to

Perrin-Riou’s conjectured reciprocity formula (proved by Benois, Colmez and
Kato-Kurihara-Tsuji). Our construction of ΩV,h is actually a slight improve-
ment over Perrin-Riou’s (one does not have to kill the ΛK-torsion, see remark
II.14). In addition, our construction should generalize to the case of de Rham
representations, to families and to settings other than cyclotomic.

We refer the reader to the text itself for a statement of the actual formulas
(theorems II.3, II.6 and II.13) which are rather technical.

This article does not really contain any new results, and it is mostly a re-
interpretation of formulas of Cherbonnier-Colmez (for the dual exponential
map), and of Benois and Colmez and Kato-Kurihara-Tsuji (for Perrin-Riou’s
map) in the language of the author’s article [Ber02] on p-adic representations
and differential equations.

Acknowledgments. This research was partially conducted for the Clay
Mathematical Institute, and I thank them for their support. I would also
like to thank P. Colmez and the referee for their careful reading of earlier ver-
sions of this article. It is P. Colmez who suggested that I give a formula for
Bloch-Kato’s exponential in terms of (ϕ,Γ)-modules.

Finally, it is a pleasure to dedicate this article to Kazuya Kato on the occasion
of his fiftieth birthday.

I. Periods of p-adic representations

Throughout this article, k will denote a finite field of characteristic p > 0, so
that if W (k) denotes the ring of Witt vectors over k, then F = W (k)[1/p] is a
finite unramified extension of Qp. Let Qp be the algebraic closure of Qp, let

K be a finite totally ramified extension of F , and let GK = Gal(Qp/K) be the
absolute Galois group of K. Let µpn be the group of pn-th roots of unity; for

every n, we will choose a generator ε(n) of µpn , with the additional requirement

that (ε(n))p = ε(n−1). This makes lim←−n
ε(n) into a generator of lim←−n

µpn '
Zp(1). We set Kn = K(µpn) and K∞ = ∪+∞

n=0Kn. Recall that the cyclotomic

character χ : GK → Z∗
p is defined by the relation: g(ε(n)) = (ε(n))χ(g) for all
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g ∈ GK . The kernel of the cyclotomic character is HK = Gal(Qp/K∞), and χ
therefore identifies ΓK = GK/HK with an open subgroup of Z∗

p.

A p-adic representation V is a finite dimensional Qp-vector space with a con-
tinuous linear action of GK . It is easy to see that there is always a Zp-lattice
of V which is stable by the action of GK , and such lattices will be denoted by
T . The main strategy (due to Fontaine, see for example [Fo88b]) for studying
p-adic representations of a group G is to construct topological Qp-algebras B
(rings of periods), endowed with an action of G and some additional structures
so that if V is a p-adic representation, then

DB(V ) = (B ⊗Qp
V )G

is a BG-module which inherits these structures, and so that the functor V 7→
DB(V ) gives interesting invariants of V . We say that a p-adic representation
V of G is B-admissible if we have B ⊗Qp

V ' Bd as B[G]-modules.

In the next two paragraphs, we will recall the construction of a number of rings
of periods. The relations between these rings are mapped in appendix C.

I.1. p-adic Hodge theory. In this paragraph, we will recall the definitions
of Fontaine’s rings of periods. One can find some of these constructions in
[Fo88a] and most of what we will need is proved in [Col98, III] to which the
reader should refer in case of need. He is also invited to turn to appendix C.

Let Cp be the completion of Qp for the p-adic topology and let

Ẽ = lim←−
x7→xp

Cp = {(x(0), x(1), · · · ) | (x(i+1))p = x(i)},

and let Ẽ+ be the set of x ∈ Ẽ such that x(0) ∈ OCp
. If x = (x(i)) and

y = (y(i)) are two elements of Ẽ, we define their sum x + y and their product
xy by:

(x + y)(i) = lim
j→+∞

(x(i+j) + y(i+j))pj

and (xy)(i) = x(i)y(i),

which makes Ẽ into an algebraically closed field of characteristic p. If x =

(x(n))n≥0 ∈ Ẽ, let vE(x) = vp(x
(0)). This is a valuation on Ẽ for which Ẽ is

complete; the ring of integers of Ẽ is Ẽ+. Let Ã+ be the ring W (Ẽ+) of Witt

vectors with coefficients in Ẽ+ and let

B̃+ = Ã+[1/p] = {
∑

kÀ−∞
pk[xk], xk ∈ Ẽ+}

where [x] ∈ Ã+ is the Teichmüller lift of x ∈ Ẽ+. This ring is endowed with a

map θ : B̃+ → Cp defined by the formula

θ

( ∑

kÀ−∞
pk[xk]

)
=

∑

kÀ−∞
pkx

(0)
k .
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The absolute Frobenius ϕ : Ẽ+ → Ẽ+ lifts by functoriality of Witt vectors to

a map ϕ : B̃+ → B̃+. It’s easy to see that ϕ(
∑

pk[xk]) =
∑

pk[xp
k] and that ϕ

is bijective.

Let ε = (ε(i))i≥0 ∈ Ẽ+ where ε(n) is defined above, and define π = [ε] − 1,

π1 = [ε1/p] − 1, ω = π/π1 and q = ϕ(ω) = ϕ(π)/π. One can easily show that

ker(θ : Ã+ → OCp
) is the principal ideal generated by ω.

The ring B+
dR is defined to be the completion of B̃+ for the ker(θ)-adic topology:

B+
dR = lim←−

n≥0

B̃+/(ker(θ)n).

It is a discrete valuation ring, whose maximal ideal is generated by ω; the
series which defines log([ε]) converges in B+

dR to an element t, which is also a

generator of the maximal ideal, so that BdR = B+
dR[1/t] is a field, endowed

with an action of GK and a filtration defined by Fili(BdR) = tiB+
dR for i ∈ Z.

We say that a representation V of GK is de Rham if it is BdR-admissible which
is equivalent to the fact that the filtered K-vector space

DdR(V ) = (BdR ⊗Qp
V )GK

is of dimension d = dimQp
(V ).

Recall that the topology of B̃+ is defined by taking the collection of open

sets {([π]k, pn)Ã+}k,n≥0 as a family of neighborhoods of 0. The ring B+
max is

defined as being

B+
max = {

∑

n≥0

an
ωn

pn
where an ∈ B̃+ is sequence converging to 0},

and Bmax = B+
max[1/t]. The ring Bmax was defined in [Col98, III.2] where a

number of its properties are established. It is closely related to Bcris but tends
to be more amenable (loc. cit.). One could replace ω by any generator of

ker(θ) in Ã+. The ring Bmax injects canonically into BdR and, in particular, it
is endowed with the induced Galois action and filtration, as well as with a con-

tinuous Frobenius ϕ, extending the map ϕ : B̃+ → B̃+. Let us point out that

ϕ does not extend continuously to BdR. One also sets B̃+
rig = ∩+∞

n=0ϕ
n(B+

max).

We say that a representation V of GK is crystalline if it is Bmax-admissible or

(which is the same) B̃+
rig[1/t]-admissible (the periods of crystalline representa-

tions live in finite dimensional F -vector subspaces of Bmax, stable by ϕ, and so
in fact in ∩+∞

n=0ϕ
n(B+

max)[1/t]); this is equivalent to requiring that the F -vector
space

Dcris(V ) = (Bmax ⊗Qp
V )GK = (B̃+

rig[1/t] ⊗Qp
V )GK

be of dimension d = dimQp
(V ). Then Dcris(V ) is endowed with a Frobenius ϕ

induced by that of Bmax and (BdR ⊗Qp
V )GK = DdR(V ) = K ⊗F Dcris(V ) so

that a crystalline representation is also de Rham and K⊗F Dcris(V ) is a filtered
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K-vector space. Note that this definition of Dcris(V ) is compatible with the
“usual” one (via Bcris) because ∩+∞

n=0ϕ
n(B+

max) = ∩+∞
n=0ϕ

n(B+
cris).

If V is a p-adic representation, we say that V is Hodge-Tate, with Hodge-
Tate weights h1, · · · , hd, if we have a decomposition Cp ⊗Qp

V ' ⊕d
j=1Cp(hj).

We will say that V is positive if its Hodge-Tate weights are negative (the
definition of the sign of the Hodge-Tate weights is unfortunate; some peo-
ple change the sign and talk about geometrical weights). By using the map
θ : B+

dR → Cp, it is easy to see that a de Rham representation is Hodge-
Tate and that the Hodge-Tate weights of V are those integers h such that
Fil−h DdR(V ) 6= Fil−h+1 DdR(V ).

To summarize, let us recall that crystalline implies de Rham implies Hodge-
Tate. Of course, the significance of these definitions is to be found in geomet-
rical applications. For example, if V is the Tate module of an abelian variety
A, then V is de Rham and it is crystalline if and only if A has good reduction.

I.2. (ϕ,Γ)-modules. The results recalled in this paragraph can be found in
[Fo91], and the version which we use here is described in [CC98] and [CC99].

Let Ã be the ring of Witt vectors with coefficients in Ẽ and B̃ = Ã[1/p]. Let

AF be the completion of OF [π, π−1] in Ã for this ring’s topology, which is also

the completion of OF [[π]][π−1] for the p-adic topology (π being small in Ã).
This is a discrete valuation ring whose residue field is k((ε − 1)). Let B be
the completion for the p-adic topology of the maximal unramified extension

of BF = AF [1/p] in B̃. We then define A = B ∩ Ã, B+ = B ∩ B̃+ and

A+ = A ∩ Ã+. These rings are endowed with an action of Galois and a

Frobenius deduced from those on Ẽ. We set AK = AHK and BK = AK [1/p].
When K = F , the two definitions are the same. Let B+

F = (B+)HF as well as

A+
F = (A+)HF (those rings are not so interesting if K 6= F ). One can show

that A+
F = OF [[π]] and that B+

F = A+
F [1/p].

If V is a p-adic representation of GK , let D(V ) = (B⊗Qp
V )HK . We know by

[Fo91] that D(V ) is a d-dimensional BK-vector space with a slope 0 Frobenius
and a residual action of ΓK which commute (it is an étale (ϕ,ΓK)-module) and
that one can recover V by the formula V = (B ⊗BK

D(V ))ϕ=1.

If T is a lattice of V , we get analogous statements with A instead of B: D(T ) =
(A ⊗Zp

T )HK is a free AK-module of rank d and T = (A ⊗AK
D(T ))ϕ=1.

The field B is a totally ramified extension (because the residual extension is
purely inseparable) of degree p of ϕ(B). The Frobenius map ϕ : B → B is in-
jective but therefore not surjective, but we can define a left inverse for ϕ, which
will play a major role in the sequel. We set: ψ(x) = ϕ−1(p−1 TrB/ϕ(B)(x)).
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Let us now set K = F (i.e. we are now working in an unramified extension of
Qp). We say that a p-adic representation V of GF is of finite height if D(V )
has a basis over BF made up of elements of D+(V ) = (B+⊗Qp

V )HF . A result
of Fontaine ([Fo91] or [Col99, III.2]) shows that V is of finite height if and only
if D(V ) has a sub-B+

F -module which is free of finite rank d, and stable by ϕ.
Let us recall the main result (due to Colmez, see [Col99, théorème 1] or also
[Ber02, théorème 3.10]) regarding crystalline representations of GF :

Theorem I.1. If V is a crystalline representation of GF , then V is of finite
height.

If K 6= F or if V is no longer crystalline, then it is no longer true in general that
V is of finite height, but it is still possible to say something about the periods of

V . Every element x ∈ B̃ can be written in a unique way as x =
∑

kÀ−∞ pk[xk],

with xk ∈ Ẽ. For r > 0, let us set:

B̃†,r =

{
x ∈ B̃, lim

k→+∞
vE(xk) +

pr

p − 1
k = +∞

}
.

This makes B̃†,r into an intermediate ring between B̃+ and B̃. Let us set

B†,r = B∩ B̃†,r, B̃† = ∪r≥0B̃
†,r, and B† = ∪r≥0B

†,r. If R is any of the above
rings, then by definition RK = RHK .

We say that a p-adic representation V is overconvergent if D(V ) has a basis
over BK made up of elements of D†(V ) = (B† ⊗Qp

V )HK . The main result on
the overconvergence of p-adic representations of GK is the following (cf [CC98,
corollaire III.5.2]):

Theorem I.2. Every p-adic representation V of GK is overconvergent, that is
there exists r = r(V ) such that D(V ) = BK ⊗

B
†,r
K

D†,r(V ).

The terminology “overconvergent” can be explained by the following propo-

sition, which describes the rings B
†,r
K . Let eK be the ramification index of

K∞/F∞ and let F ′ be the maximal unramified extension of F contained in
K∞ (note that F ′ can be larger than F ):

Proposition I.3. Let Bα
F ′ be the set of power series f(X) =

∑
k∈Z akXk

such that ak is a bounded sequence of elements of F ′, and such that f(X) is
holomorphic on the p-adic annulus {p−1/α ≤ |T | < 1}.

There exist r(K) and πK ∈ B
†,r(K)
K such that if r ≥ r(K), then the map

f 7→ f(πK) from BeKr
F ′ to B

†,r
K is an isomorphism. If K = F , then F ′ = F and

one can take πF = π.

I.3. p-adic representations and differential equations. We shall now
recall some of the results of [Ber02], which allow us to recover Dcris(V ) from
the (ϕ,Γ)-module associated to V . Let Hα

F ′ be the set of power series f(X) =
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∑
k∈Z akXk such that ak is a sequence (not necessarily bounded) of elements

of F ′, and such that f(X) is holomorphic on the p-adic annulus {p−1/α ≤ |T | <
1}.

For r ≥ r(K), define B
†,r
rig,K as the set of f(πK) where f(X) ∈ HeKr

F ′ . Obviously,

B
†,r
K ⊂ B

†,r
rig,K and the second ring is the completion of the first one for the

natural Fréchet topology. If V is a p-adic representation, let

D
†,r
rig(V ) = B

†,r
rig,K ⊗

B
†,r
K

D†,r(V ).

One of the main technical tools of [Ber02] is the construction of a large ring

B̃
†
rig, which contains B̃+

rig and B̃†. This ring is a bridge between p-adic Hodge

theory and the theory of (ϕ,Γ)-modules.

As a consequence of the two above inclusions, we have:

Dcris(V ) ⊂ (B̃†
rig[1/t] ⊗Qp

V )GK and D
†
rig(V )[1/t] ⊂ (B̃†

rig[1/t] ⊗Qp
V )HK .

One of the main results of [Ber02] is then (cf. [Ber02, theorem 3.6]):

Theorem I.4. If V is a p-adic representation of GK then: Dcris(V ) =

(D†
rig(V )[1/t])ΓK . If V is positive, then Dcris(V ) = D

†
rig(V )ΓK .

Note that one does not need to know what B̃
†
rig looks like in order to state

the above theorem. We will not give the rather technical construction of that

ring, but recall that B
†,r
rig,K is the completion of B

†,r
K for that ring’s natural

Fréchet topology and that B
†
rig,K is the union of the B

†,r
rig,K . Similarly, there

is a natural Fréchet topology on B̃†,r, B̃
†,r
rig is the completion of B̃†,r for that

topology, and B̃
†
rig = ∪r≥0B̃

†,r
rig . Actually, one can show that B̃+

rig ⊂ B̃
†,r
rig for

any r and there is an exact sequence (see [Ber02, lemme 2.18]):

0 → B̃+ → B̃+
rig ⊕ B̃†,r → B̃

†,r
rig → 0,

which the reader can take as providing a definition of B̃
†,r
rig .

Recall that if n ≥ 0 and rn = pn−1(p− 1), then there is a well-defined injective

map ϕ−n : B̃†,rn → B+
dR, and this map extends (see for example [Ber02, §2.2])

to an injective map ϕ−n : B̃†,rn

rig → B+
dR.

The reader who feels that he needs to know more about those constructions
and theorem I.4 above is invited to read either [Ber02] or the expository paper
[Col01] by Colmez. See also appendix C.

Let us now return to the case when K = F and V is a crystalline representation
of GF . In this case, Colmez’s theorem tells us that V is of finite height so that

one can write D
†,r
rig(V ) = B

†,r
rig,F ⊗B

+
F

D+(V ) and theorem I.4 above therefore

says that Dcris(V ) = (B†,r
rig,F [1/t] ⊗B

+
F

D+(V ))ΓF .
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One can give a more precise result. Let B+
rig,F be the set of f(π) where f(X) =∑

k≥0 akXk with ak ∈ F , and such that f(X) is holomorphic on the p-adic

open unit disk. Set D+
rig(V ) = B+

rig,F ⊗B
+
F

D+(V ). One can then show (see

[Ber03, §II.2]) the following refinement of theorem I.4:

Proposition I.5. We have Dcris(V ) = (D+
rig(V )[1/t])ΓF and if V is positive

then Dcris(V ) = D+
rig(V )ΓF .

Indeed if N(V ) denotes, in the terminology of [loc. cit.], the Wach module
associated to V , then N(V ) ⊂ D+(V ) when V is positive and it is shown in
[loc. cit., §II.2] that under that hypothesis, Dcris(V ) = (B+

rig,F ⊗B
+
F

N(V ))ΓF .

I.4. Construction of cocycles. The purpose of this paragraph is to recall
the constructions of [CC99, §I.5] and extend them a little bit. In this paragraph,
V will be an arbitrary p-adic representation of GK . Recall that in loc. cit.,
a map h1

K,V : D(V )ψ=1 → H1(K,V ) was constructed, and that (when ΓK is

torsion free at least) it gives rise to an exact sequence:

0 −−−−→ D(V )ψ=1
ΓK

h1
K,V−−−−→ H1(K,V ) −−−−→

(
D(V )
ψ−1

)ΓK

−−−−→ 0.

We shall extend h1
K,V to a map h1

K,V : D†
rig(V )ψ=1 → H1(K,V ). We will first

need a few facts about the ring of periods B̃
†
rig and the modules D

†,r
rig(V ).

Lemma I.6. If r is large enough and γ ∈ ΓK then

1 − γ : D†,r
rig(V )ψ=0 → D

†,r
rig(V )ψ=0

is an isomorphism.

Proof. We will first show that 1− γ is injective. By theorem I.4, an element in
the kernel of 1 − γ would have to be in Dcris(V ) and therefore in Dcris(V )ψ=0

which is obviously 0.

We will now prove surjectivity. Recall that by [CC98, II.6.1], if r is large enough
and γ ∈ ΓK then 1 − γ : D†,r(V )ψ=0 → D†,r(V )ψ=0 is an isomorphism whose
inverse is uniformly continuous for the Fréchet topology of D†,r(V ).

In order to show the surjectivity of 1 − γ it is therefore enough to show that

D†,r(V )ψ=0 is dense in D
†,r
rig(V )ψ=0 for the Fréchet topology. For r large

enough, D†,r(V ) has a basis in ϕ(D†,r/p(V )) so that

D†,r(V )ψ=0 = (B†,r
K )ψ=0 · ϕ(D†,r/p(V ))

D
†,r
rig(V )ψ=0 = (B†,r

rig,K)ψ=0 · ϕ(D†,r/p(V )).

The fact that D†,r(V )ψ=0 is dense in D
†,r
rig(V )ψ=0 for the Fréchet topology

will therefore follow from the density of (B†,r
K )ψ=0 in (B†,r

rig,K)ψ=0. This last
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statement follows from the facts that by definition B
†,r/p
K is dense in B

†,r/p
rig,K

and that:

(B†,r
K )ψ=0 = ⊕p−1

i=1 [ε]iϕ(B
†,r/p
K ) and (B†,r

rig,K)ψ=0 = ⊕p−1
i=1 [ε]iϕ(B

†,r/p
rig,K).

¤

Lemma I.7. The following maps are all surjective and their kernel is Qp:

1 − ϕ : B̃† → B̃†, 1 − ϕ : B̃+
rig → B̃+

rig and 1 − ϕ : B̃†
rig → B̃

†
rig.

Proof. We’ll start with the assertion on the kernel of 1 − ϕ. Since B̃+
rig ⊂ B̃

†
rig

and B̃† ⊂ B̃
†
rig it is enough to show that (B̃†

rig)
ϕ=1 = Qp. If x ∈ (B̃†

rig)
ϕ=1,

then [Ber02, prop 3.2] shows that actually x ∈ (B̃+
rig)

ϕ=1, and therefore x ∈
(B̃+

rig)
ϕ=1 = (B+

max)
ϕ=1 = Qp by [Col98, III.3].

The surjectivity of 1 − ϕ : B̃
†
rig → B̃

†
rig results from the surjectivity of 1 − ϕ

on the first two spaces since by [Ber02, lemme 2.18], one can write α ∈ B̃
†
rig as

α = α+ + α− with α+ ∈ B̃+
rig and α− ∈ B̃†.

The surjectivity of 1 − ϕ : B̃+
rig → B̃+

rig follows from the facts that 1 − ϕ :

B+
max → B+

max is surjective (see [Col98, III.3]) and that B̃+
rig = ∩+∞

n=0ϕ
n(B+

max).

The surjectivity of 1− ϕ : B̃† → B̃† follows from the facts that 1− ϕ : B̃ → B̃

is surjective (it is surjective on Ã as can be seen by reducing modulo p and

using the fact that Ẽ is algebraically closed) and that if β ∈ B̃ is such that

(1 − ϕ)β ∈ B̃†, then β ∈ B̃† as we shall see presently.

If x =
∑+∞

i=0 pi[xi] ∈ Ã, let us set wk(x) = infi≤k vE(xi) ∈ R ∪ {+∞}. The

definition of B̃†,r shows that x ∈ B̃†,r if and only if limk→+∞ wk(x) + pr
p−1k =

+∞. A short computation also shows that wk(ϕ(x)) = pwk(x) and that wk(x+
y) ≥ inf(wk(x), wk(y)) with equality if wk(x) 6= wk(y).

It is then clear that

lim
k→+∞

wk((1 − ϕ)x) +
pr

p − 1
k = +∞ =⇒ lim

k→+∞
wk(x) +

p(r/p)

p − 1
k = +∞

and so if x ∈ Ã is such that (1 − ϕ)x ∈ B̃†,r then x ∈ B̃†,r/p and likewise for

x ∈ B̃ by multiplying by a suitable power of p. ¤

The torsion subgroup of ΓK will be denoted by ∆K . We also set Γn
K =

Gal(K∞/Kn). When p 6= 2 and n ≥ 1 (or p = 2 and n ≥ 2), Γn
K is tor-

sion free. If x ∈ 1 + pZp, then there exists k ≥ 1 such that logp(x) ∈ pkZ∗
p and

we’ll write log0
p(x) = logp(x)/pk.
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If K and n are such that Γn
K is torsion-free, then we will construct maps h1

Kn,V

such that corKn+1/Kn
◦h1

Kn+1,V = h1
Kn,V . If Γn

K is no longer torsion free, we’ll

therefore define h1
Kn,V by the relation h1

Kn,V = corKn+1/Kn
◦h1

Kn+1,V . In the

following proposition, we therefore assume that ΓK is torsion free (and therefore
procyclic), and we let γ denote a topological generator of ΓK . Recall that if
M is a ΓK-module, it is customary to write MΓK

for M/ im(γ − 1).

Proposition I.8. If y ∈ D
†
rig(V )ψ=1, then there exists b ∈ B̃

†
rig ⊗Qp

V such

that (γ − 1)(ϕ − 1)b = (ϕ − 1)y and the formula

h1
K,V (y) = log0

p(χ(γ))

[
σ 7→ σ − 1

γ − 1
y − (σ − 1)b

]

then defines a map h1
K,V : D

†
rig(V )ψ=1

ΓK
→ H1(K,V ) which does not depend

either on the choice of a generator γ of ΓK or on the choice of a particular

solution b, and if y ∈ D(V )ψ=1 ⊂ D
†
rig(V )ψ=1, then h1

K,V (y) coincides with the

cocycle constructed in [CC99, I.5].

Proof. Our construction closely follows [CC99, I.5]; to simplify the notations,
we can assume that log0

p(χ(γ)) = 1. The fact that if we start from a different

γ, then the two h1
K,V we get are the same is left as an easy exercise for the

reader.

Let us start by showing the existence of b ∈ B̃
†
rig ⊗Qp

V . If y ∈ D
†
rig(V )ψ=1,

then (ϕ − 1)y ∈ D
†
rig(V )ψ=0. By lemma I.6, there exists x ∈ D

†
rig(V )ψ=0 such

that (γ − 1)x = (ϕ− 1)y. By lemma I.7, there exists b ∈ B̃
†
rig ⊗Qp

V such that

(ϕ − 1)b = x.

Recall that we define h1
K,V (y) ∈ H1(K,V ) by the formula:

h1
K,V (y)(σ) =

σ − 1

γ − 1
y − (σ − 1)b.

Notice that, a priori, h1
K,V (y) ∈ H1(K, B̃†

rig ⊗Qp
V ), but

(ϕ − 1)h1
K,V (y)(σ) =

σ − 1

γ − 1
(ϕ − 1)y − (σ − 1)(ϕ − 1)b

=
σ − 1

γ − 1
(γ − 1)x − (σ − 1)x

= 0,

so that h1
K,V (y)(σ) ∈ (B†

rig)
ϕ=1 ⊗Qp

V = V . In addition, two different choices

of b differ by an element of (B̃†
rig)

ϕ=1 ⊗Qp
V = V , and therefore give rise to

two cohomologous cocycles.
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It is clear that if y ∈ D(V )ψ=1 ⊂ D
†
rig(V )ψ=1, then h1

K,V (y) coincides with the

cocycle constructed in [CC99, I.5], as can be seen by their identical construc-

tion, and it is immediate that if y ∈ (γ − 1)D†
rig(V ), then h1

K,V (y) = 0. ¤

Lemma I.9. We have corKn+1/Kn
◦h1

Kn+1,V = h1
Kn,V .

Proof. The proof is exactly the same as that of [CC99, §II.2] and in any case
it is rather easy. ¤

II. Explicit formulas for exponential maps

Recall that expK,V : DdR(V )/Fil0 DdR(V ) → H1(K,V ) is obtained by tensor-
ing the fundamental exact sequence (see [Col98, III.3]):

0 → Qp → Bϕ=1
max → BdR/B+

dR → 0

with V and taking the invariants under the action of GK (note once again that

B
ϕ=1
cris = Bϕ=1

max). The exponential map is then the connecting homomorphism

DdR(V )/Fil0 DdR(V ) → H1(K,V ).

The cup product ∪ : H1(K,V )×H1(K,V ∗(1)) → H2(K,Qp(1)) ' Qp defines
a perfect pairing, which we use (by dualizing twice) to define Bloch and Kato’s
dual exponential map exp∗

K,V ∗(1) : H1(K,V ) → Fil0 DdR(V ).

The goal of this chapter is to give explicit formulas for Bloch-Kato’s maps for
a p-adic representation V , in terms of the (ϕ,Γ)-module D(V ) attached to V .
Throughout this chapter, V will be assumed to be a crystalline representation
of GF .

II.1. Preliminaries on some Iwasawa algebras. Recall that (cf [CC99,

III.2] or [Ber02, §2.4] for example) we have maps ϕ−n : B̃
†,rn

rig → B+
dR whose

restriction to B+
rig,F satisfy ϕ−n(B+

rig,F ) ⊂ Fn[[t]] and which can then charac-

terized by the fact that π maps to ε(n) exp(t/pn) − 1.

If z ∈ Fn((t)) ⊗F Dcris(V ), then the constant coefficient (i.e. the coefficient of
t0) of z will be denoted by ∂V (z) ∈ Fn ⊗F Dcris(V ). This notation should not
be confused with that for the derivation map ∂ defined below.

We will make frequent use of the following fact:

Lemma II.1. If y ∈ (B+
rig,F [1/t] ⊗F Dcris(V ))ψ=1, then for any m ≥ n ≥ 0,

the element p−m TrFm/Fn
∂V (ϕ−m(y)) ∈ Fn ⊗F Dcris(V ) does not depend on m

and we have:

p−m TrFm/Fn
∂V (ϕ−m(y)) =

{
p−n∂V (ϕ−n(y)) if n ≥ 1

(1 − p−1ϕ−1)∂V (y) if n = 0.
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Proof. Recall that if y = t−`
∑+∞

k=0 akπk ∈ B+
rig,F [1/t] ⊗F Dcris(V ), then

ϕ−m(y) = pm`t−`
+∞∑

k=0

ϕ−m(ak)(ε(m) exp(t/pm) − 1)k,

and that by the definition of ψ, ψ(y) = y means that:

ϕ(y) =
1

p

∑

ηp=1

y(η(1 + T ) − 1).

The lemma then follows from the fact that if m ≥ 2, then the conjugates of
ε(m) under Gal(Fm/Fm−1) are the ηε(m), where ηp = 1, while if m = 1, then
the conjugates of ε(1) under Gal(F1/F ) are the η, where ηp = 1 but η 6= 1. ¤

We will also need some facts about the Iwasawa algebra of ΓF and some dif-
ferential operators which it contains. Recall that since F is an unramified
extension of Qp, ΓF ' Z∗

p and that Γn
F = Gal(F∞/Fn) is the set of elements

γ ∈ ΓF such that χ(γ) ∈ 1 + pnZp.

The completed group algebra of ΓF is ΛF = Zp[[ΓF ]] ' Zp[∆F ] ⊗Zp
Zp[[Γ

1
F ]],

and we set H(ΓF ) = Qp[∆F ] ⊗Qp
H(Γ1

F ) where H(Γ1
F ) is the set of f(γ − 1)

with γ ∈ Γ1
F and where f(X) ∈ Qp[[X]] is convergent on the p-adic open unit

disk. Examples of elements of H(ΓF ) are the ∇i (which are Perrin-Riou’s `i’s),
defined by

∇i = `i =
log(γ)

logp(χ(γ))
− i.

We will also use the operator ∇0/(γn − 1), where γn is a topological generator
of Γn

F . It is defined (see [Ber02, §4.1]) by the formula:

∇0

γn − 1
=

log(γn)

logp(χ(γn))(γn − 1)
=

1

logp(χ(γn))

∑

i≥1

(1 − γn)i−1

i
,

or equivalently by

∇0

γn − 1
= lim

η∈Γn
F

η→1

η − 1

γn − 1

1

logp(χ(η))
.

It is easy to see that ∇0/(γn − 1) acts on Fn by 1/ logp(χ(γn)).

Note that “∇0/(γn − 1)” is a suggestive notation for this operator but it is not
defined as a (meaningless) quotient of two operators.

The algebra H(ΓF ) acts on B+
rig,F and one can easily check that:

∇i = t
d

dt
− i = log(1 + π)∂ − i, where ∂ = (1 + π)

d

dπ
.

In particular, ∇0B
+
rig,F ⊂ tB+

rig,F and if i ≥ 1, then

∇i−1 ◦ · · · ◦ ∇0B
+
rig,F ⊂ tiB+

rig,F .
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Lemma II.2. If n ≥ 1, then ∇0/(γn − 1)(B+
rig,F )ψ=0 ⊂ (t/ϕn(π))(B+

rig,F )ψ=0

so that if i ≥ 1, then:

∇i−1 ◦ · · · ◦ ∇1 ◦
∇0

γn − 1
(B+

rig,F )ψ=0 ⊂
(

t

ϕn(π)

)i

(B+
rig,F )ψ=0.

Proof. Since ∇i = t ·d/dt− i, the second claim follows easily from the first one,
which we will now show. By the standard properties of p-adic holomorphic
functions, what we need to do is to show that if x ∈ (B+

rig,F )ψ=0, then

∇0

γn − 1
x(ε(m) − 1) = 0

for all m ≥ n + 1.

On the one hand, up to a scalar factor, one has for m ≥ n + 1:

∇0

γn − 1
x(ε(m) − 1) = TrFm/Fn

x(ε(m) − 1)

as can be seen from the fact that

∇0

γn − 1
= lim

η∈Γn
F

η→1

η − 1

γn − 1
· 1

logp(χ(η))
.

On the other hand, the fact that ψ(x) = 0 implies that for every m ≥ 2,
TrFm/Fm−1

x(ε(m) − 1) = 0. This completes the proof. ¤

Finally, let us point out that the actions of any element of H(ΓF ) and of ϕ
commute. Since ϕ(t) = pt, we also see that ∂ ◦ ϕ = pϕ ◦ ∂.

We will henceforth assume that logp(χ(γn)) = pn, so that log0
p(χ(γn)) = 1, and

in addition ∇0/(γn − 1) acts on Fn by p−n.

II.2. Bloch-Kato’s exponential map. The goal of this paragraph is to
show how to compute Bloch-Kato’s map in terms of the (ϕ,Γ)-module of V .

Let h ≥ 1 be an integer such that Fil−h Dcris(V ) = Dcris(V ).

Recall that we have seen that Dcris(V ) = (D+
rig(V )[1/t])ΓF and that by [Ber03,

§II.3] there is an isomorphism:

B+
rig,F [1/t] ⊗F Dcris(V ) = B+

rig,F [1/t] ⊗F D+
rig(V ).

If y ∈ B+
rig,F ⊗F Dcris(V ), then the fact that Fil−h Dcris(V ) = Dcris(V ) implies

by the results of [Ber03, §II.3] that thy ∈ D+
rig(V ), so that if

y =

d∑

i=0

yi ⊗ di ∈ (B+
rig,F ⊗F Dcris(V ))ψ=1,
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then

∇h−1 ◦ · · · ◦ ∇0(y) =

d∑

i=0

th∂hyi ⊗ di ∈ D+
rig(V )ψ=1.

One can then apply the operator h1
Fn,V to ∇h−1 ◦ · · · ◦ ∇0(y), and the main

result of this paragraph is:

Theorem II.3. If y ∈ (B+
rig,F ⊗F Dcris(V ))ψ=1, then

h1
Fn,V (∇h−1 ◦ · · · ◦ ∇0(y)) =

(−1)h−1(h − 1)!

{
expFn,V (p−n∂V (ϕ−n(y))) if n ≥ 1

expF,V ((1 − p−1ϕ−1)∂V (y)) if n = 0.

Proof. Because the diagram

Fn+1 ⊗F Dcris(V )
expFn+1,V−−−−−−−→ H1(Fn+1, V )

TrFn+1/Fn

y corFn+1/Fn

y

Fn ⊗F Dcris(V )
expFn,V−−−−−→ H1(Fn, V )

is commutative, it is enough to prove the theorem under the further assumption
that Γn

F is torsion free. Let us then set yh = ∇h−1 ◦ · · · ◦ ∇0(y). Since we are

assuming for simplicity that log0
p(χ(γn)) = 1, the cocycle h1

Fn,V (yh) is defined
by:

h1
Fn,V (yh)(σ) =

σ − 1

γn − 1
yh − (σ − 1)bn,h

where bn,h is a solution of the equation (γn − 1)(ϕ − 1)bn,h = (ϕ − 1)yh. In
lemma II.2 above, we proved that:

∇i−1 ◦ · · · ◦ ∇1 ◦
∇0

γn − 1
(B+

rig,F )ψ=0 ⊂
(

t

ϕn(π)

)i

(B+
rig,F )ψ=0.

It is then clear that if one sets

zn,h = ∇h−1 ◦ · · · ◦
∇0

γn − 1
(ϕ − 1)y,

then

zn,h ∈
(

t

ϕn(π)

)h

(B+
rig,F )ψ=0 ⊗F Dcris(V )

⊂ ϕn(π−h)D+
rig(V )ψ=0

⊂ D
†
rig(V )ψ=0.

Recall that q = ϕ(π)/π. By lemma II.4 (which will be stated and proved

below), there exists an element bn,h ∈ ϕn−1(π−h)B̃+
rig ⊗Qp

V such that

(ϕ − ϕn−1(qh))(ϕn−1(πh)bn,h) = ϕn(πh)zn,h,
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so that (1 − ϕ)bn,h = zn,h with bn,h ∈ ϕn−1(π−h)B̃+
rig ⊗Qp

V .

If we set

wn,h = ∇h−1 ◦ · · · ◦
∇0

γn − 1
y,

then wn,h and bn,h ∈ Bmax ⊗Qp
V and the cocycle h1

Fn,V (yh) is then given by

the formula h1
Fn,V (yh)(σ) = (σ − 1)(wn,h − bn,h). Now (ϕ − 1)bn,h = zn,h and

(ϕ − 1)wn,h = zn,h as well, so that wn,h − bn,h ∈ Bϕ=1
max ⊗Qp

V .

We can also write h1
Fn,V (yh)(σ) = (σ − 1)(ϕ−n(wn,h) − ϕ−n(bn,h)). Since we

know that bn,h ∈ ϕn−1(π−h)B+
max ⊗Qp

V , we have ϕ−n(bn,h) ∈ B+
dR ⊗Qp

V .

The definition of the Bloch-Kato exponential gives rise to the following con-
struction: if x ∈ DdR(V ) and x̃ ∈ Bϕ=1

max ⊗Qp
V is such that x− x̃ ∈ B+

dR⊗Qp
V

then expK,V (x) is the class of the cocyle g 7→ g(x̃) − x̃.

The theorem will therefore follow from the fact that:

ϕ−n(wn,h) − (−1)h−1(h − 1)!p−n∂V (ϕ−n(y)) ∈ B+
dR ⊗Qp

V,

since we already know that ϕ−n(bn,h) ∈ B+
dR ⊗Qp

V .

In order to show this, first notice that

ϕ−n(y) − ∂V (ϕ−n(y)) ∈ tFn[[t]] ⊗F Dcris(V ).

We can therefore write

∇0

γn − 1
ϕ−n(y) = p−n∂V (ϕ−n(y)) + tz1

and a simple recurrence shows that

∇i−1 ◦ · · · ◦
∇0

1 − γn
ϕ−n(y) = (−1)i−1(i − 1)!p−n∂V (ϕ−n(y)) + tizi,

with zi ∈ Fn[[t]] ⊗F Dcris(V ). By taking i = h, we see that

ϕ−n(wn,h) − (−1)h−1(h − 1)!p−n∂V (ϕ−n(y)) ∈ B+
dR ⊗Qp

V,

since we chose h such that thDcris(V ) ⊂ B+
dR ⊗Qp

V . ¤

We will now prove the technical lemma which was used above:

Lemma II.4. If α ∈ B̃+
rig, then there exists β ∈ B̃+

rig such that

(ϕ − ϕn−1(qh))β = α.

Proof. By [Ber02, prop 2.19] applied to the case r = 0, the ring B̃+ is dense in

B̃+
rig for the Fréchet topology. Hence, if α ∈ B̃+

rig, then there exists α0 ∈ B̃+

such that α−α0 = ϕn(πh)α1 with α1 ∈ B̃+
rig (one may also show this directly;

the point is that when one completes all the localizations are the same).

Documenta Mathematica · Extra Volume Kato (2003) 99–129



116 Laurent Berger

The map ϕ−ϕn−1(qh) : B̃+ → B̃+ is surjective, because ϕ−ϕn−1(qh) : Ã+ →
Ã+ is surjective, as can be seen by reducing modulo p and using the fact that

Ẽ is algebraically closed and that Ẽ+ is its ring of integers.

One can therefore write α0 = (ϕ − ϕn−1(qh))β0. Finally by lemma I.7,

there exists β1 ∈ B̃+
rig such that α1 = (ϕ − 1)β1, so that ϕn(πh)α1 =

(ϕ − ϕn−1(qh))(ϕn−1(πh)β1). ¤

II.3. Bloch-Kato’s dual exponential map. In the previous paragraph, we
showed how to compute Bloch-Kato’s exponential map for V . We will now do
the same for the dual exponential map. The starting point is Kato’s formula
[Ka93, §II.1], which we recall below (it is valid for any field K):

Proposition II.5. If V is a de Rham representation, then the map from
DdR(V ) to H1(K,BdR ⊗Qp

V ) defined by x 7→ [g 7→ log(χ(g))x] is an iso-

morphism, and the dual exponential map exp∗
V ∗(1) : H1(K,V ) → DdR(V ) is

equal to the composition of the map H1(K,V ) → H1(K,BdR ⊗Qp
V ) with the

inverse of this isomorphism.

Let us point out that the image of exp∗
V ∗(1) is included in Fil0 DdR(V ) and that

its kernel is H1
g (K,V ), the subgroup of H1(K,V ) corresponding to classes of

de Rham extensions of Qp by V .

Let us now return to a crystalline representation V of GF . We then have the
following formula, which is proved in much more generality (i.e. for de Rham
representations) in [CC99, IV.2.1]:

Theorem II.6. If y ∈ D
†
rig(V )ψ=1 and y ∈ D+

rig(V )[1/t] (so that in particular

y ∈ (B+
rig,F [1/t] ⊗F Dcris(V ))ψ=1), then

exp∗
Fn,V ∗(1)(h

1
Fn,V (y)) =

{
p−n∂V (ϕ−n(y)) if n ≥ 1

(1 − p−1ϕ−1)∂V (y) if n = 0.

Note that by theorem A.3, we know that D†(V )ψ=1 ⊂ D+
rig(V )[1/t].

Proof. Since the following diagram

H1(Fn+1, V )
exp∗

Fn+1,V ∗(1)−−−−−−−−−→ Fn+1 ⊗F Dcris(V )

corFn+1/Fn

y TrFn+1/Fn

y

H1(Fn, V )
exp∗

Fn,V ∗(1)−−−−−−−−→ Fn ⊗F Dcris(V )

is commutative, we only need to prove the theorem when Γn
F is torsion free.

We then have (bearing in mind that we are assuming that log0
p(χ(γn)) = 1 for
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simplicity):

h1
Fn,V (y)(σ) =

σ − 1

γn − 1
y − (σ − 1)b,

where (γn − 1)(ϕ − 1)b = (ϕ − 1)y. Recall that B̃
†
rig = ∪r>0B̃

†,r
rig . Since

b ∈ B̃
†
rig ⊗Qp

V , there exists m À 0 such that b ∈ B̃
†,rm

rig ⊗Qp
V . Recall also

that we have seen in I.3 that the map ϕ−m embeds B̃
†,rm

rig into B+
dR. We can

then write

h1(y)(σ) =
σ − 1

γn − 1
ϕ−m(y) − (σ − 1)ϕ−m(b),

and ϕ−m(b) ∈ B+
dR ⊗Qp

V . In addition, ϕ−m(y) ∈ Fm((t)) ⊗F Dcris(V ) and

γn − 1 is invertible on tkFm ⊗F Dcris(V ) for every k 6= 0. This shows that the
cocycle h1

Fn,V (y) is cohomologous in H1(Fn,BdR ⊗Qp
V ) to

σ 7→ σ − 1

γn − 1
(∂V (ϕ−m(y)))

which is itself cohomologous (since γn − 1 is invertible on F
TrFm/Fn=0
m ) to

σ 7→ σ − 1

γn − 1

(
pn−m TrFm/Fn

∂V (ϕ−m(y))
)

= σ 7→ p−n log(χ(σ))pn−m TrFm/Fn
∂V (ϕ−m(y)).

It follows from this and Kato’s formula (proposition II.5) that

exp∗
Fn,V ∗(1)(h

1
Fn,V (y)) = p−m TrFm/Fn

∂V (ϕ−m(y))

=

{
p−n∂V (ϕ−n(y)) if n ≥ 1

(1 − p−1ϕ−1)∂V (y) if n = 0.

¤

II.4. Iwasawa theory for p-adic representations. In this specific para-
graph, V can be taken to be an arbitrary representation of GK . Recall
that the Iwasawa cohomology groups Hi

Iw(K,V ) are defined by Hi
Iw(K,V ) =

Qp ⊗Zp
Hi

Iw(K,T ) where T is any GK-stable lattice of V , and where

Hi
Iw(K,T ) = lim←−

corKn+1/Kn

Hi(Kn, T ).

Each of the Hi(Kn, T ) is a Zp[ΓK/Γn
K ]-module, and Hi

Iw(Kn, T ) is then en-
dowed with the structure of a ΛK-module where

ΛK = Zp[[ΓK ]] = Zp[∆K ] ⊗Zp
Zp[[Γ

1
K ]].

The Hi
Iw(K,V ) have been studied in detail by Perrin-Riou, who proved the

following (see for example [Per94, §3.2]):

Proposition II.7. If V is a p-adic representation of GK , then Hi
Iw(K,V ) = 0

whenever i 6= 1, 2. In addition:
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(1) the torsion sub-module of H1
Iw(K,V ) is a Qp⊗Zp

ΛK-module isomorphic

to V HK and H1
Iw(K,V )/V HK is a free Qp ⊗Zp

ΛK-module whose rank
is [K : Qp]d;

(2) H2
Iw(K,V ) =

(
V ∗(1)HK

)∗
.

If y ∈ D(T )ψ=1 (where T is still a lattice of V ), then the sequence of
{h1

Fn,V (y)}n is compatible for the corestriction maps, and therefore defines

an element of H1
Iw(K,T ). The following theorem is due to Fontaine and is

proved in [CC99, §II.1]:

Theorem II.8. The map y 7→ lim←−n
h1

Kn,V (y) defines an isomorphism from

D(T )ψ=1 to H1
Iw(K,T ) and from D(V )ψ=1 to H1

Iw(K,V ).

Notice that V HK ⊂ D(V )ψ=1, and it is its Qp ⊗Zp
ΛK-torsion submodule.

In addition, it is shown in [CC99, §II.3] that the modules D(V )/(ψ − 1) and
H2

Iw(K,V ) are naturally isomorphic. One can summarize the above results as
follows:

Corollary II.9. The complex of Qp ⊗Zp
ΛK-modules

0 −−−−→ D(V )
1−ψ−−−−→ D(V ) −−−−→ 0

computes the Iwasawa cohomology of V .

There is a natural projection map prKn,V : Hi
Iw(K,V ) → Hi(Kn, V ) and when

i = 1 it is of course equal to the composition of:

H1
Iw(K,V ) −−−−→ D(V )ψ=1

h1
Kn,V−−−−→ H1(Kn, V ).

II.5. Perrin-Riou’s exponential map. By using the results of the previous
paragraphs, we can give a “uniform” formula for the image of an element
y ∈ (B+

rig,F ⊗F Dcris(V ))ψ=1 in H1(Fn, V (j)) under the composition of the
following maps:

(
B+

rig,F ⊗F Dcris(V )
)ψ=1 ∇h−1◦···◦∇0−−−−−−−−→ D

†
rig(V )ψ=1 ⊗ej−−−−→

D
†
rig(V (j))ψ=1

h1
Fn,V (j)−−−−−→ H1(Fn, V (j)).

Here ej is a basis of Qp(j) such that ej+k = ej ⊗ ek so that if V is a p-
adic representation, then we have compatible isomorphisms of Qp-vector spaces
V → V (j) given by v 7→ v ⊗ ej .
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Theorem II.10. If y ∈ (B+
rig,F ⊗F Dcris(V ))ψ=1, and h ≥ 1 is such that

Fil−h Dcris(V ) = Dcris(V ), then for all j with h + j ≥ 1, we have:

h1
Fn,V (j)(∇h−1 ◦ · · · ◦ ∇0(y) ⊗ ej) = (−1)h+j−1(h + j − 1)!

×
{

expFn,V (j)(p
−n∂V (j)(ϕ

−n(∂−jy ⊗ t−jej))) if n ≥ 1

expF,V (j)((1 − p−1ϕ−1)∂V (j)(∂
−jy ⊗ t−jej)) if n = 0,

while if h + j ≤ 0, then we have:

exp∗
Fn,V ∗(1−j)(h

1
Fn,V (j)(∇h−1 ◦ · · · ◦ ∇0(y) ⊗ ej)) =

1

(−h − j)!

{
p−n∂V (j)(ϕ

−n(∂−jy ⊗ t−jej)) if n ≥ 1

(1 − p−1ϕ−1)∂V (j)(∂
−jy ⊗ t−jej) if n = 0.

Proof. If h + j ≥ 1, then the following diagram is commutative:

D+
rig(V )ψ=1 ⊗ej−−−−→ D+

rig(V (j))ψ=1

∇h−1◦···◦∇0

x ∇h+j−1◦···◦∇0

x
(
B+

rig,F ⊗F Dcris(V )
)ψ=1 ∂−j⊗t−jej−−−−−−−→

(
B+

rig,F ⊗F Dcris(V (j))
)ψ=1

.

and the theorem is then a straightforward consequence of theorem II.3 applied
to ∂−jy ⊗ t−jej , h + j and V (j) (which are the j-th twists of y, h and V ).

If on the other hand h + j ≤ 0, and Γn
F is torsion free, then theorem II.6 shows

that

exp∗
Fn,V ∗(1−j)(h

1
Fn,V (j)(∇h−1 ◦ · · · ◦ ∇0(y) ⊗ ej)) =

p−n∂V (j)(ϕ
−n(∇h−1 ◦ · · · ◦ ∇0(y) ⊗ ej))

in Dcris(V (j)), and a short computation involving Taylor series shows that

p−n∂V (j)(ϕ
−n(∇h−1 ◦ · · · ◦ ∇0(y) ⊗ ej)) =

(−h − j)!−1p−n∂V (j)(ϕ
−n(∂−jy ⊗ t−jej)).

Finally, to get the case n = 0, one just needs to use the corresponding statement
of theorem II.6 or equivalently to corestrict. ¤

Remark II.11. The notation ∂−j is somewhat abusive if j ≥ 1 as ∂ is not
injective on B+

rig,F (it is surjective as can be seen by “integrating” directly a

power series) but the reader can check for himself that this leads to no ambiguity
in the formulas of theorem II.10 above.

We will now use the above result to give a construction of Perrin-Riou’s ex-
ponential map. If f ∈ B+

rig,F ⊗F Dcris(V ), we define ∆(f) to be the image of
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⊕h
k=0∂

k(f)(0) in ⊕h
k=0(Dcris(V )/(1−pkϕ))(k). There is then an exact sequence

of Qp ⊗Zp
ΛF -modules (see [Per94, §2.2] for a proof):

0 −−−−→ ⊕h
k=0t

kDcris(V )ϕ=p−k −−−−→
(
B+

rig,F ⊗F Dcris(V )
)ψ=1 1−ϕ−−−−→

(B+
rig,F )ψ=0 ⊗F Dcris(V )

∆−−−−→ ⊕h
k=0

(
Dcris(V )
1−pkϕ

)
(k) −−−−→ 0.

If f ∈ ((B+
rig,F )ψ=0 ⊗F Dcris(V ))∆=0, then by the above exact sequence there

exists

y ∈ (B+
rig,F ⊗F Dcris(V ))ψ=1

such that f = (1 − ϕ)y, and since ∇h−1 ◦ · · · ◦ ∇0 kills ⊕h−1
k=0tkDcris(V )ϕ=p−k

we see that ∇h−1 ◦ · · · ◦ ∇0(y) does not depend upon the choice of such a y

unless Dcris(V )ϕ=p−h 6= 0.

Definition II.12. Let h ≥ 1 be an integer such that Fil−h Dcris(V ) = Dcris(V )

and such that Dcris(V )ϕ=p−h

= 0. One deduces from the above construction a
well-defined map:

ΩV,h : ((B+
rig,F )ψ=0 ⊗F Dcris(V ))∆=0 → D+

rig(V )ψ=1,

given by ΩV,h(f) = ∇h−1 ◦ · · · ◦ ∇0(y) where y ∈ (B+
rig,F ⊗F Dcris(V ))ψ=1 is

such that f = (1 − ϕ)y.

If Dcris(V )ϕ=p−h 6= 0 then we get a map:

ΩV,h : ((B+
rig,F )ψ=0 ⊗F Dcris(V ))∆=0 → D+

rig(V )ψ=1/V GF =χh

.

Theorem II.13. If V is a crystalline representation and h ≥ 1 is such that we
have Fil−h Dcris(V ) = Dcris(V ), then the map

ΩV,h : ((B+
rig,F )ψ=0 ⊗F Dcris(V ))∆=0 → D+

rig(V )ψ=1/V HF

which takes f ∈ ((B+
rig,F )ψ=0 ⊗F Dcris(V ))∆=0 to ∇h−1 ◦ · · · ◦ ∇0((1 − ϕ)−1f)

is well-defined and coincides with Perrin-Riou’s exponential map.

Proof. The map ΩV,h is well defined because as we have seen above, the kernel

of 1 − ϕ is killed by ∇h−1 ◦ · · · ◦ ∇0, except for thDcris(V )ϕ=p−h

, which is
mapped to copies of Qp(h) ⊂ V HF .

The fact that ΩV,h coincides with Perrin-Riou’s exponential map follows di-
rectly from theorem II.10 above applied to those j’s for which h+j ≥ 1, and the
fact that by Perrin-Riou’s [Per94, théorème 3.2.3], the ΩV,h are uniquely deter-
mined by the requirement that they satisfy the following diagram for h, j À 0
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(see remark II.17 about the signs however):

(
H(ΓF ) ⊗Qp

Dcris(V (j))
)∆=0 ΩV (j),h−−−−−→ H(ΓF ) ⊗ΛF

H1
Iw(F, V (j))/V (j)HF

Ξn,V (j)

y prFn,V (j)

y

Fn ⊗F Dcris(V )
(h+j−1)!×−−−−−−−→
expFn,V (j)

H1(Fn, V (j)).

Here Ξn,V (j)(g) = p−n(ϕ ⊗ ϕ)−n(f)(ε(n) − 1) where f is such that

(1 − ϕ)f = g(γ − 1)(1 + π) ∈ (B+
rig,F ⊗F Dcris(V ))ψ=0

and the ϕ on the left of ϕ ⊗ ϕ is the Frobenius on B+
rig,F while the ϕ on the

right is the Frobenius on Dcris(V ). Our Fn is Perrin-Riou’s Hn−1.

Note that by theorem II.8, we have an isomorphism D(V )ψ=1 ' H1
Iw(F, V ) and

therefore we get a map H(ΓF ) ⊗ΛF
H1

Iw(F, V ) → D
†
rig(V )ψ=1. On the other

hand, there is a map

H(ΓF ) ⊗Qp
Dcris(V (j)) → (B+

rig,F ⊗F Dcris(V ))ψ=0

which sends
∑

fi(γ − 1)⊗ di to
∑

fi(γ − 1)(1+π)⊗ di. These two maps allow
us to compare the diagram above with the formulas given by theorem II.10. ¤

Remark II.14. By the above remarks, if V is a crystalline representation and
h ≥ 1 is such that we have Fil−h Dcris(V ) = Dcris(V ) and Qp(h) 6⊂ V , then
the map

ΩV,h : ((B+
rig,F )ψ=0 ⊗F Dcris(V ))∆=0 → D+

rig(V )ψ=1

which takes f ∈ ((B+
rig,F )ψ=0⊗F Dcris(V ))∆=0 to ∇h−1 ◦· · ·◦∇0((1−ϕ)−1f) is

well-defined, without having to kill the ΛF -torsion of H1
Iw(F, V ) which improves

upon Perrin-Riou’s construction.

Remark II.15. It is clear from theorem II.10 that we have:

ΩV,h(x) ⊗ ej = ΩV (j),h+j(∂
−jx ⊗ t−jej) and ∇h ◦ ΩV,h(x) = ΩV,h+1(x),

and following Perrin-Riou, one can use these formulas to extend the definition
of ΩV,h to all h ∈ Z by tensoring all H(ΓF )-modules with the field of fractions
of H(ΓF ).

II.6. The explicit reciprocity formula. In this paragraph, we shall recall
Perrin-Riou’s explicit reciprocity formula and show that it follows easily from
theorem II.10 above.

There is a map H(ΓF ) → (B+
rig,Qp

)ψ=0 which sends f(γ − 1) to f(γ − 1)(1 +

π). This map is a bijection and its inverse is the Mellin transform so that
if g(π) ∈ (B+

rig,Qp
)ψ=0, then g(π) = Mel(g)(1 + π). See [Per00, B.2.8] for a

reference, where Perrin-Riou has also extended Mel to (B†
rig,Qp

)ψ=0. If f, g ∈
(B†

rig,Qp
)ψ=0 then we define f∗g by the formula Mel(f∗g) = Mel(f)Mel(g). Let
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[−1] ∈ ΓF be the element such that χ([−1]) = −1, and let ι be the involution of
ΓF which sends γ to γ−1. The operator ∂j on (B+

rig,Qp
)ψ=0 corresponds to Twj

on ΓF (Twj is defined by Twj(γ) = χ(γ)jγ). For instance, it is a bijection. We
will make use of the facts that ι◦∂j = ∂−j◦ι and that [−1]◦∂j = (−1)j∂j◦[−1].

If V is a crystalline representation, then the natural maps

Dcris(V ) ⊗F Dcris(V
∗(1)) −−−−→ Dcris(Qp(1))

TrF/Qp−−−−−→ Qp

allow us to define a perfect pairing [·, ·]V : Dcris(V ) × Dcris(V
∗(1)) which we

extend by linearity to

[·, ·]V : (B+
rig,F ⊗F Dcris(V ))ψ=0 × (B+

rig,F ⊗F Dcris(V
∗(1)))ψ=0 → (B+

rig,Qp
)ψ=0

by the formula [f(π) ⊗ d1, g(π) ⊗ d2]V = (f ∗ g)(π)[d1, d2]V .

We can also define a semi-linear (with respect to ι) pairing

〈·, ·〉V : D+
rig(V )ψ=1 × D+

rig(V
∗(1))ψ=1 → (B+

rig,Qp
)ψ=0

by the formula

〈y1, y2〉V = lim←−
n

∑

τ∈ΓF /Γn
F

〈τ−1(h1
Fn,V (y1)), h

1
Fn,V ∗(1)(y2)〉Fn,V · τ(1 + π)

where the pairing 〈·, ·〉Fn,V is given by the cup product:

〈·, ·〉Fn,V : H1(Fn, V ) × H1(Fn, V ∗(1)) → H2(Fn,Qp(1)) ' Qp.

The pairing 〈·, ·〉V satisfies the relation 〈γ1x1, γ2x2〉V = γ1ι(γ2)〈x1, x2〉V .
Perrin-Riou’s explicit reciprocity formula (proved by Colmez [Col98], Benois
[Ben00] and Kato-Kurihara-Tsuji [KKT96]) is then:

Theorem II.16. If x1 ∈ (B+
rig,F ⊗F Dcris(V ))ψ=0 and x2 ∈ (B+

rig,F ⊗F

Dcris(V
∗(1)))ψ=0, then for every h, we have:

(−1)h〈ΩV,h(x1), [−1] · ΩV ∗(1),1−h(x2)〉V = −[x1, ι(x2)]V .

Proof. By the theory of p-adic interpolation, it is enough to prove that if
xi = (1 − ϕ)yi with y1 ∈ (B+

rig,F ⊗F Dcris(V ))ψ=1 and y2 ∈ (B+
rig,F ⊗F

Dcris(V
∗(1)))ψ=1 then for all j À 0:

(
∂−j(−1)h〈ΩV,h(x1), [−1] · ΩV ∗(1),1−h(x2)〉V

)
(0) = −

(
∂−j [x1, ι(x2)]V

)
(0).

The above formula is equivalent to:

(1) (−1)h+j〈h1
F,V (j)ΩV (j),h+j(∂

−jx1 ⊗ t−jej),

h1
F,V ∗(1−j)ΩV ∗(1−j),1−h−j(∂

jx2 ⊗ tje−j)〉F,V (j)

= −[∂V (j)(∂
−jx1 ⊗ t−jej), ∂V ∗(1−j)(∂

jx2 ⊗ tje−j)]V (j).
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By combining theorems II.10 and II.13 with remark II.15 we see that for j À 0:

h1
F,V (j)ΩV (j),h+j(∂

−jx1 ⊗ t−jej)

= (−1)h+j−1 expF,V (j)((h + j − 1)!(1 − p−1ϕ−1)∂V (j)(∂
−jy1 ⊗ t−jej)),

and that

h1
F,V ∗(1−j)ΩV ∗(1−j),1−h−j(∂

jx2 ⊗ tje−j)

= (exp∗
F,V ∗(1−j))

−1(h + j − 1)!−1((1 − p−1ϕ−1)∂V ∗(1−j)(∂
jy2 ⊗ tje−j)).

Using the fact that by definition, if x ∈ Dcris(V (j)) and y ∈ H1(F, V (j)) then

[x, exp∗
F,V ∗(1−j) y]V (j) = 〈expF,V (j) x, y〉F,V (j),

we see that:

(2) 〈h1
F,V (j)ΩV (j),h+j(∂

−jx1 ⊗ t−jej),

h1
F,V ∗(1−j)ΩV ∗(1−j),1−h−j(∂

jx2 ⊗ tje−j)〉F,V (j)

= (−1)h+j−1[(1 − p−1ϕ−1)∂V (j)(∂
−jy1 ⊗ t−jej),

(1 − p−1ϕ−1)∂V ∗(1−j)(∂
jy2 ⊗ tje−j)]V (j).

It is easy to see that under [·, ·], the adjoint of (1− p−1ϕ−1) is 1−ϕ, and that
if xi = (1 − ϕ)yi, then

∂V (j)(∂
−jx1 ⊗ t−jej) = (1 − ϕ)∂V (j)(∂

−jy1 ⊗ t−jej),

∂V ∗(1−j)(∂
jx2 ⊗ tje−j) = (1 − ϕ)∂V ∗(1−j)(∂

jy2 ⊗ tje−j),

so that (2) implies (1), and this proves the theorem. ¤

Note that as I. Fesenko pointed out it is better to call the above statement an
“explicit reciprocity formula” rather than an “explicit reciprocity law” as the
latter terminology is reserved for statements of a more global nature.

Remark II.17. One should be careful with all the signs involved in those for-
mulas. Perrin-Riou has changed the definition of the `i operators from [Per94]
to [Per99] (the new `i is minus the old `i). The reciprocity formula which is
stated in [Per99, 4.2.3] does not seem (to me) to have the correct sign. On the
other hand, the formulas of [Ben00, Col98] do seem to give the correct signs,
but one should be careful that [Col98, IX.4.5] uses a different definition for
one of the pairings, and that the signs in [CC99, IV.3.1] and [Col98, VII.1.1]
disagree. Our definitions of ΩV,h and of the pairing agree with Perrin-Riou’s
ones (as they are given in [Per99]).
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Appendix A. The structure of D(T )ψ=1

The goal of this paragraph is to prove a theorem which says that for a crystalline
representation V , D(V )ψ=1 is quite “small”. See theorem A.3 for a precise
statement.

Let V be a crystalline representation of GF and let T denote a GF -stable lattice
of V . The following proposition, which improves slightly upon the results of
N. Wach [Wa96], is proved in detail in [Ber03, §II.1]:

Proposition A.1. If T is a lattice in a positive crystalline representation V ,
then there exists a unique sub A+

F -module N(T ) of D+(T ), which satisfies the
following conditions:

(1) N(T ) is an A+
F -module free of rank d = dimQp

(V );
(2) the action of ΓF preserves N(T ) and is trivial on N(T )/πN(T );
(3) there exists an integer r ≥ 0 such that πrD+(T ) ⊂ N(T ).

Furthermore, N(T ) is stable by ϕ, and the B+
F -module N(V ) = B+

F ⊗A
+
F

N(T )

is the unique sub-B+
F -module of D+(V ) satisfying the corresponding conditions.

The A+
F -module N(T ) is called the Wach module associated to T .

Notice that N(T (−1)) = πN(T ) ⊗ e−1. When V is no longer positive, we can
therefore define N(T ) as π−hN(T (−h))⊗eh, for h large enough so that V (−h)
is positive. Using the results of [Ber03, §III.4], one can show that:

Proposition A.2. If T is a lattice in a crystalline representation V of GF ,
whose Hodge-Tate weights are in [a; b], then N(T ) is the unique sub-A+

F -module
of D+(T )[1/π] which is free of rank d, stable by ΓF with the action of ΓF being
trivial on N(T )/πN(T ), and such that N(T )[1/π] = D+(T )[1/π].

Finally, we have ϕ(πbN(T )) ⊂ πbN(T ) and πbN(T )/ϕ∗(πbN(T )) is killed by
qb−a. The construction T 7→ N(T ) gives a bijection between Wach modules
over A+

F which are lattices in N(V ) and Galois lattices T in V .

We shall now show that D(V )ψ=1 is not very far from being included in N(V ).
Indeed:

Theorem A.3. If V is a crystalline representation of GF , whose Hodge-Tate
weights are in [a; b], then D(V )ψ=1 ⊂ πa−1N(V ).

If in addition V has no quotient isomorphic to Qp(a), then actually D(V )ψ=1 ⊂
πaN(V ).

Before we prove the above statement, we will need a few results concerning
the action of ψ on D(T ). In lemmas A.5 through A.7, we will assume that

Documenta Mathematica · Extra Volume Kato (2003) 99–129



Bloch and Kato’s Exponential Map 125

the Hodge-Tate weights of V are ≥ 0. In particular, N(T ) ⊂ ϕ∗N(T ) so that
ψ(N(T )) ⊂ N(T ).

Lemma A.4. If m ≥ 1, then there exists a polynomial Qm(X) ∈ Zp[X] such
that ψ(π−m) = π−m(pm−1 + πQm(π)).

Proof. By the definition of ψ, it is enough to show that if m ≥ 1, there exists
a polynomial Qm(X) ∈ Z[X] such that

1

p

∑

ηp=1

1

(η(1 + X) − 1)m
=

pm−1 + ((1 + X)p − 1)Qm((1 + X)p − 1)

((1 + X)p − 1)m
,

which is left as an exercise for the reader (or his students). ¤

Lemma A.5. If k ≥ 1, then ψ(pD(T ) + π−(k+1)N(T )) ⊂ pD(T ) + π−kN(T ).
In addition, ψ(pD(T ) + π−1N(T )) ⊂ pD(T ) + π−1N(T ).

Proof. If x ∈ N(T ), then one can write x =
∑

λiϕ(xi) with λi ∈ A+
F and

xi ∈ N(T ), so that ψ(π−(k+1)x) =
∑

ψ(π−(k+1)λi)xi. By the preceding lemma,
ψ(π−(k+1)λi) ∈ pAF +π−kA+

F whenever k ≥ 1. The lemma follows easily, and
the second claim is proved in the same way. ¤

Lemma A.6. If k ≥ 1 and x ∈ D(T ) has the property that ψ(x)−x ∈ pD(T )+
π−kN(T ), then x ∈ pD(T ) + π−kN(T ).

Proof. Let ` be the smallest integer ≥ 0 such that x ∈ pD(T ) + π−`N(T ). If
` ≤ k, then we are done and otherwise lemma A.5 shows that

ψ(x) ∈ pD(T ) + π−(`−1)N(T ),

so that ψ(x)−x would be in pD(T )+π−`N(T ) but not pD(T )+π−(`−1)N(T ),
a contradiction if ` > k. ¤

Lemma A.7. We have D(T )ψ=1 ⊂ π−1N(T ).

Proof. We shall prove by induction that D(T )ψ=1 ⊂ pkD(T ) + π−1N(T ) for
k ≥ 1. Let us start with the case k = 1. If x ∈ D(T )ψ=1, then there exists some
j ≥ 1 such that x ∈ pD(T )+π−jN(T ). If j = 1 we are done and otherwise the
fact that ψ(x) = x combined with lemma A.5 shows that j can be decreased
by 1. This proves our claim for k = 1.

We will now assume our claim to be true for k and prove it for k + 1. If
x ∈ D(T )ψ=1, we can therefore write x = pky + n where y ∈ D(T ) and
n ∈ π−1N(T ). Since ψ(x) = x, we have ψ(n) − n = pk(ψ(y) − y) so that
ψ(y) − y ∈ π−1N(T ) (this is because pkD(T ) ∩ N(T ) = pkN(T )). By lemma
A.6, this implies that y ∈ pD(T )+π−1N(T ), so that we can write x = pk(py′+
n′) + n = pk+1y′ + (pkn′ + n), and this proves our claim.
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Finally, it is clear that our claim implies the lemma: if one can write x =
pkyk + nk, then the nk will converge for the p-adic topology to a n ∈ π−1N(T )
such that x = n. ¤

Proof of theorem A.3. Clearly, it is enough to show that if T is a GF -stable
lattice of V , then D(T )ψ=1 ⊂ πa−1N(T ). It is also clear that we can twist V
as we wish, and we shall now assume that the Hodge-Tate weights of V are in
[0;h]. In this case, the theorem says that D(T )ψ=1 ⊂ π−1N(T ), which is the
content of lemma A.7 above.

Let us now prove that if a positive V has no quotient isomorphic to Qp, then
actually D(T )ψ=1 ⊂ N(T ). Recall that N(T ) ⊂ ϕ∗(N(T )), since the Hodge-
Tate weights of V are ≥ 0, so that if e1, · · · , ed is a basis of N(T ), then there

exists qij ∈ A+
F such that ei =

∑d
j=1 qijϕ(ej). If ψ(

∑d
i=1 αiei) =

∑d
i=1 αiei,

with αi ∈ π−1A+
F , then this translates into ψ(

∑d
i=1 αiqij) = αj for 1 ≤ j ≤ d.

Let αi,n be the coefficient of πn in αi, and likewise for qij,n. Since ψ(1/π) = 1/π,

the equations ψ(
∑d

i=1 αiqij) = αj then tell us that for 1 ≤ j ≤ d:

d∑

i=1

αi,−1qij,0 = ϕ(αj,−1).

Since N(V )/πN(V ) ' Dcris(V ) as ϕ-modules by [Ber03, §III.4], the above
equations say that 1 is an eigenvalue of ϕ on Dcris(V ). It is easy to see that
if a representation has positive Hodge-Tate weights and Dcris(V )ϕ=1 6= 0, then
V has a quotient isomorphic to Qp. ¤

Remark A.8. It is proved in [Ber03, III.2] that Dcris(V ) = (B+
rig,F⊗B

+
F
N(V ))GF

and that if Fil−h Dcris(V ) = Dcris(V ), then
(

t

π

)h

B+
rig,F ⊗B

+
F

Dcris(V ) ⊂ B+
rig,F ⊗B

+
F

N(V ).

In all the above constructions, one could therefore replace D+
rig(V ) by

B+
rig,F ⊗B

+
F

πhN(V ). For example, the image of the map ΩV,h is included

in (πhB+
rig,F ⊗B

+
F

N(V ))ψ=1 so that we really get a map:

ΩV,h : ((B+
rig,F )ψ=0 ⊗F Dcris(V ))∆=0 → (πhB+

rig,F ⊗B
+
F

N(V ))ψ=1.

This slight refinement may be useful in order to prove Perrin-Riou’s δZp
con-

jecture.

Appendix B. List of notations

Here is a list of the main notations in the order in which they occur:
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I: p, k, W (k), F , K, GK , µpn , ε(n), Kn, K∞, HK , ΓK , χ, V , T .

I.1: Cp, Ẽ, Ẽ+, vE, Ã+, B̃+, θ, ϕ, ε, π, π1, ω, q, B+
dR, BdR, DdR(V ), B+

max,

Bmax, Bcris, B̃+
rig, Dcris(V ), h.

I.2: Ã, B̃, AF , B, BF , A, B+, A+, AK , BK , A+
F , B+

F , D(V ), ψ, D+(V ),

B̃†,r, B†,r, B̃†, B†, D†(V ), D†,r(V ), eK , F ′, πK .

I.3: B
†,r
rig,K , D

†,r
rig(V ), B̃

†
rig, B̃

†,r
rig , rn, ϕ−n, B+

rig,F , D+
rig(V ).

I.4: h1
K,V , wk, ∆K , Γn

K , log0
p, γ, MΓ.

II: expK,V , exp∗
K,V ∗(1).

II.1: ∂V , ΛF , H(ΓF ), ∇i, ∇0/(γn − 1), ∂.

II.4: T , Hi
Iw(K,V ), prK,V .

II.5: ej , ∆, ΩV,h, Ξn,V .

II.6: Mel, Twj , [−1], ι, [·, ·]V , 〈·, ·〉V , `i.

A: T , N(V ).

Appendix C. Diagram of the rings of periods

The following diagram summarizes the relationships between the different rings
of periods. The arrows ending with // // are surjective, the dotted

arrow // is an inductive limit of maps defined on subrings (ϕ−n :

B̃
†,rn

rig → B+
dR), and all the other ones are injective.

B+
max

// B+
dR

θ

²²²²

B̃
†
rig

55

B̃+
rig

oo

OO

B̃ B̃†oo

OO

B̃+oo

OO

θ // // Cp

Ã

OO

²²²²

Ã†oo

OO

Ã+oo

OO

²²²²

θ // // OCp

OO

²²²²

Ẽ Ẽ+oo θ // // OCp
/p
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All the rings with tildes also have versions without a tilde: one goes from the
latter to the former by making Frobenius invertible and completing.

The three rings in the leftmost column (at least their tilde-free versions) are
related to the theory of (ϕ,Γ)-modules. The two rings on the top line are
related to p-adic Hodge theory. To go from one theory to the other, one goes
from one place to the other through all the intermediate rings but as the reader
will notice, one has to go “upstream”.

Let us finally review the different rings of power series which occur in this
article; let C[r; 1[ be the annulus{z ∈ Cp, p−1/r ≤ |z|p < 1}. We then have:

A+
F OF [[π]]

B+
F F ⊗OF

OF [[π]]
AF

̂OF [[π]][π−1]

BF F ⊗OF
̂OF [[π]][π−1]

A
†,r
F Laurent series f(π), convergent on C[r; 1[, and bounded by 1

B
†,r
F Laurent series f(π), convergent on C[r; 1[, and bounded

B
†,r
rig,F Laurent series f(π), convergent on C[r; 1[

B+
rig,F f(π) ∈ F [[π]], f(π) converges on the open unit disk D[0; 1[
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vent. Math. 148 (2002), 219–284.

[Ber03] Berger L.: Limites de représentations cristallines. To appear.
[BK91] Bloch S., Kato K.: L-functions and Tamagawa numbers of mo-

tives. The Grothendieck Festschrift, Vol. I, 333–400, Progr. Math. 86,
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[CC99] Cherbonnier F., Colmez P.: Théorie d’Iwasawa des représentations
p-adiques d’un corps local. J. Amer. Math. Soc. 12 (1999), 241–268.
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[Fo88a] Fontaine J-M.: Le corps des périodes p-adiques. Périodes p-adiques
(Bures-sur-Yvette, 1988), Astérisque 223 (1994) 59–111.
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Abstract. A notion of additive dilogarithm for a field k is intro-
duced, based on the K-theory and higher Chow groups of the affine
line relative to 2(0). Analogues of the K2-regulator, the polyloga-
rithm Lie algebra, and the `-adic realization of the dilogarithm mo-
tive are discussed. The higher Chow groups of 0-cycles in this theory
are identified with the Kähler differential forms Ω∗

k. It is hoped that
these results will serve as a guide in developing a theory of contravari-
ant motivic cohomology with modulus, modelled on the generalized
Jacobians of Rosenlicht and Serre.

2000 Mathematics Subject Classification: Primary 11G55

1. Introduction

In [18] Déf. (5.1.1), Laumon introduces the category of generalized 1-motives
over a field k of characteristic 0. Objects in this category are arrows f : G → G
where G and G are commutative algebraic groups, with G assumed formal,
torsion free, and G assumed connected. These, of course, generalize the more
restricted category of 1-motives introduced by Deligne [8] as a model for the
category of mixed Hodge structures of types {(0, 0), (0,−1), (−1, 0), (−1,−1)}.
Of particular interest for us are motives of the form Z → V which arise in the
study of algebraic cycles relative to a “modulus”. Here V ∼= Gn

a is a vector
group. The simplest example is

(1.1) Pic(A1, 2{0}) ∼= Ga.

which may be viewed as a degenerate version of the identification
Pic(A1, {0,∞}) ∼= Gm obtained by associating to a unit the correspond-
ing Kummer extension of Z by Z(1). (For more details, cf. [6], [5], [13],
[14], [19].) We expect such generalized motives to play an important role in

Documenta Mathematica · Extra Volume Kato (2003) 131–155



132 Spencer Bloch and Hélène Esnault

the (as yet undefined) contravariant theory of motivic sheaves and motivic
cohomology for (possibly singular) varieties.
The polylog mixed motives of Beilinson and Deligne are generalizations to
higher weight of Kummer extensions, so it seems natural to look for degenerate,
or Ga versions of these. The purpose of this article is to begin to study an
additive version of the dilogarithm motive. We assume throughout that k is a
field which for the most part will be taken to be of characteristic 0. Though our
results are limited to the dilogarithm, the basic result from cyclic homology

(1.2) Grn
γ ker

(
K2n−1(k[t]/(t2)) → K2n−1(k)

)
∼= k

suggests that higher polylogarithms exist as well.
In the first part of the article we introduce an additive “Bloch group” TB2(k)
for an algebraically closed field k of characteristic 6= 2. In lieu of the 4-term
sequence in motivic cohomology associated to the usual Bloch group

(1.3) 0 → H1
M (Spec (k), Q(2)) → B2(k) → k× ⊗ k× ⊗ Q

→ H2
M (Spec (k), Q(2)) → 0

(with H1
M (Spec (k), Q(2)) ∼= K3(k)ind ⊗ Q and H2

M (Spec (k), Q(2)) ∼= K2(k) ⊗
Q), we find an additive 4-term sequence

(1.4) 0 → TH1
M (Spec (k), Q(2)) → TB2(k) → k ⊗ k×

d log→ TH2
M (Spec (k), Q(2)) → 0

where

TH1
M (Spec (k), Q(2)) := K2(A1

t , (t
2)) ∼= (t3)/(t4) ∼= k;(1.5)

TH2
M (Spec (k), Q(2)) := K1(A1, (t2)) ∼= Ω1

k = absolute Kähler 1-forms;

d log(a ⊗ b) = a
db

b
.

Our construction should be compared and contrasted with the results of [7].
Cathelineau’s group β2(k) is simply the kernel

(1.6) 0 → β2(k) → k ⊗ k× → Ω1
k → 0,

so there is an exact sequence

(1.7)

0 −−−−→ TH1
M (Spec (k), Q(2)) −−−−→ TB2(k) −−−−→ β2(k) → 0

y∼=

k

For a ∈ k we define 〈a〉 ∈ TB2(k) lifting similar elements defined by Cathelin-
eau and satisfying his 4-term infinitesimal version

(1.8) 〈a〉 − 〈b〉 + a〈b/a〉 + (1 − a)〈(1 − b)/(1 − a)〉 = 0; a 6= 0, 1.

of the classical 5-term dilogarithm relation. Here, the notation x〈y〉 refers to
an action of k× on TB2(k). Unlike β2(k), this action does not extend to a
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k-vector space structure on TB2(k). Thus (1.7) is an exact sequence of k×-
modules, where the kernel and cokernel have k-vector space structures but the
middle group does not.
Finally in this section we show the assignment 〈a〉 7→ a(1−a) defines a regulator
map ρ : TB2(k) → k and the composition

(1.9) TH1
M (Spec (k), Q(2)) ↪→ TB2(k)

ρ→ k

is an isomorphism.
It seems plausible that TB2(k) can be interpreted as a Euclidean sissors-
congruence group, with ∂ : TB2(k) → k ⊗ k× the Dehn invariant and
ρ : TB2(k) → k the volume. Note the scaling for the k×-action is appropriate,
with ∂(x〈y〉) = x∂(〈y〉) and ρ(x〈y〉) = x3ρ(〈y〉). For a careful discussion of Eu-
clidean sissors-congruence and its relation with the dual numbers, the reader
is referred to [17] and the references cited there.
In §4 we introduce an extended polylogarithm Lie algebra. The dual co-Lie
algebra has generators {x}n and 〈x〉n for x ∈ k−{0, 1}. The dual of the bracket
satisfies ∂{x}n = {x}n−1·{1−x}1 and ∂〈x〉n = 〈x〉n−1·{1−x}1+〈1−x〉1·{x}n−1

with 〈x〉1 = x ∈ k. For example, ∂〈x〉2 = x⊗ x + (1− x)⊗ (1− x) ∈ k ⊗ k× is
the Cathelineau relation [7]. It seems likely that there exists a representation
of this Lie algebra, extending the polylog representation of the sub Lie algebra
generated by the {x}n, and related to variations of Hodge structure over the
dual numbers lifting the polylog Hodge structure.
§5 was inspired by Deligne’s interpretation of symbols [9] in terms of line bun-
dles with connections. We indicate how this viewpoint is related to the addi-
tive dilogarithm. In characteristic 0, one finds affine bundles with connection,
and the regulator map on K2 linearizes to the evident map H0(X,Ω1) →
H1(X,O → Ω1). In characteristic p, Artin-Schreier yields an exotic flat real-
ization of the additive dilogarithm motive. For simplicity we limit ourselves
to calculations mod p. The result is a flat covering T of A1 − {0, 1} which is
a torsor under a flat Heisenberg groupscheme HAS . This groupscheme has a
natural representation on the abelian groupscheme V := Z/pZ ⊕ µp ⊕ µp. The
contraction

(1.10) T
HAS× V

should, we think, be considered as analogous to the mod ` étale sheaf on A1 −
{0, 1} with fibre Z/`Z ⊕ µ` ⊕ µ⊗2

` associated to the `-adic dilogarithm.
The polylogarithms can be interpreted in terms of algebraic cycles on products
of copies of P1−{1} ([3], (3.3)), so it seems natural to consider algebraic cycles
on

(1.11) (A1, 2{0}) × (P1 − {1}, {0,∞})n.

In the final section of this paper, we calculate the Chow groups of 0-cycles on
these spaces. Our result:

(1.12) CH0

(
(A1, 2{0}) × (P1 − {1}, {0,∞})n

)
∼= Ωn

k , n ≥ 0,
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is a “degeneration” of the result of Totaro [23] and Nesterenko-Suslin [21]

(1.13) CH0

(
(P1 − {1}, {0,∞})n

)
∼= KM

n (k) = n-th Milnor K-group,

and a cubical version of the simplicial result SHn(k, n) ∼= Ωn−1
k (see [6]).

We thank Jörg Wildeshaus and Jean-Guillaume Grebet for helpful remarks.

2. Additive Bloch groups

Let k be a field with 1/2 ∈ k. In this section, we mimic the construction in
[2] §5, replacing the semi-local ring of functions on P1, regular at 0 and ∞ by
the local ring of functions on A1, regular at 0, and the relative condition on
K-theory at 0 and ∞ by the one at 2 · {0}. In particular, as we fix only 0 and
∞ in this theory, we have a k×-action on the parameter t on A1 so our groups
will be k×-modules.
Thus let R be the local ring at 0 on A1

k. One has an exact sequence of relative
K-groups

(2.1) K2(A1
k) → K2(k[t]/(t2)) → K1(A1, (t2)) → K1(A1) → K1(k[t]/(t2)).

Using Van der Kallen’s calculation of K2(k[t]/(t2)) [24] and the homotopy
property K∗(k) ∼= K∗(A1

k), we conclude

(2.2) K1(A1
k, (t2)) ∼= Ω1

k.

Now we localize on A1 away from 0. Assuming for simplicity that k is alge-
braically closed, we get

(2.3)
∐

k−{0}
K2(k) → K2(A1, (t2)) → K2(R, (t2)) →

∐

k−{0}
k× → Ω1

k → 0

To a ∈ (t2) and b ∈ R we associate the pointy-bracket symbol [20] 〈a, b〉 ∈
K2(R, (t2)) which corresponds to the Milnor symbol {1−ab, b} if b 6= 0. These
symbols generate K2(R, (t2)). If the divisors of a and b are disjoint, we get

(2.4) tame〈a, b〉 = a|poles of b + b|ab=1 + b−1|poles of a

We continue to assume k algebraically closed. Let C ⊂ K2(R, (t2)) be the
subgroup generated by pointy-bracket symbols with b ∈ k. For a ∈ (t2) write

(2.5) a(t) =
a0t

n + . . . + an−2t
2

tm + b1tm−1 + . . . + bm−1t + bm
; bm 6= 0.

We assume numerator and denominator have no common factors. If αi are the
solutions to the equation a(t) = κ ∈ k× ∪ ∞, then

∑
α−1

i = −bm−1/bm. In
particular, this is independent of κ. It follows that one has an isomorphism

(2.6)
∐

k−{0}
k×

/
tame(C) ∼= k ⊗Z k×; u|v 7→ v−1 ⊗ u.
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Define

TB2(k) := K2(R, (t2))/C(2.7)

TH1
M (k, 2) := image

(
K2(A1, (t2)) → TB2(k)

)

TH2
M (k, 2) := Ω1

k = K1(R, (t2))

When char(k) = 0, a basic result of Goodwillie [16] yields gr2γK2(A1, (t2)) ∼=
k, so TH1

M (k, 2) is a quotient of k. We will see (remark 2.6) that in fact
TH1

M (k, 2) ∼= k. The above discussion yields

Proposition 2.1. Let k be an algebraically closed field of characteristic 6= 2.
With notations as above, we have an exact sequence

(2.8) 0 → TH1
M (k, 2) → TB2(k)

∂→ k ⊗ k× π→ Ω1
k → 0.

Here π(a ⊗ b) = adb
b and ∂ is defined via the tame symbol.

Remark 2.2. There is an evident action of the group k× on A1 (multiplying
the parameter) and hence on the sequence (2.8). This action extends to a
k-vector space structure on all the terms except TB2(k).

Let m = tR ⊂ R. One has the following purely algebraic description of
K2(R,m2) ([22], formula (1.4), and the references cited there).
generators:

(2.9) 〈a, b〉; (a, b) ∈ (R × m2) ∪ (m2 × R)

Relations:

〈a, b〉 = −〈b, a〉; a ∈ m2(2.10)

〈a, b〉 + 〈a, c〉 = 〈a, b + c − abc〉; a ∈ m2 or b, c ∈ m2(2.11)

〈a, bc〉 = 〈ab, c〉 + 〈ac, b〉; a ∈ m2(2.12)

Proposition 2.3. There is a well-defined and nonzero map

(2.13) ρ : K2(R,m2) → m3/m4

defined by

(2.14) ρ〈a, b〉 :=

{
−adb a ∈ m2

bda b ∈ m2.

Proof. Note first if a, b ∈ m2 then adb ≡ bda ≡ 0 mod m4 so the definition
(2.14) is consistent. For a ∈ m2

(2.15) 〈a, b〉 + 〈b, a〉 7→ −adb + adb = 0,

so (2.10) holds. For a ∈ m2

(2.16) 〈a, b〉 + 〈a, c〉 7→ −ad(b + c) ≡ −ad(b + c − abc) mod m4

for b, c ∈ m2

(2.17) 〈a, b〉 + 〈a, c〉 7→ (b + c)da ≡ (b + c − abc)da mod m4
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For a ∈ m2,

(2.18) 〈a, bc〉 7→ −ad(bc) = −abdc − acdb = ρ(〈ab, c〉 + 〈ac, b〉)

¤

Remark 2.4. Note that

(2.19) −adb ≡ log(1 − ab)db/b ∈ m2Ω1
R/d log(1 + m4) ∼= m3/m4.

The group m2Ω1
R/d log(1 + m4) is the group of isomorphism classes of rank 1

line bundles, trivialized at the order 4 at {0}, with a connection vanishing at
the order 2 at {0}. Thus the regulator map ρ assigns such a connection to a
pointy symbol. Over the field of complex numbers C, one can think of it in
terms of “Deligne cohomology” H2(A1, j!Z(2) → t4O → t2ω), and one can, as
in [12], write down explicitely an analytic Cech cocycle for this regulator as a
Loday symbol.

One has ρ〈t2, x〉 = −t2dt 6= 0, thus ρ is not trivial. Note also, the appearance
of m3 is consistent with A. Goncharov’s idea [15] that the regulator in this
context should correspond to the volume of a simplex in hyperbolic 3 space in
the sissors-congruence interpretation [17]. In particular, it should scale as the
third power of the coordinate.
Proposition 2.3 yields

Corollary 2.5. Let m ⊂ R be the maximal ideal. One has a well-defined map

(2.20) ρ : TB2(k) → m3/m4

given on pointy-bracket symbols by

(2.21) ρ〈a, b〉 = −a · db; a ∈ m2, b ∈ R.

For x ∈ TB2(k) and c ∈ k×, write c ? x for the image of x under the mapping
t 7→ c · t on polynomials. Then ρ(c ? x) = c3 · ρ(x).

Proof. The first assertion follows because if b ∈ k, then db = 0. The second
assertion is clear. ¤

Remark 2.6. The map ρ is non-trivial on TH1
M (k, 2) because ρ〈t2, t〉 =

−t2dt 6= 0. Since this group is a k×-module (remark 2.2) and is a quotient
of k by the result of Goodwillie cited above, it follows that

(2.22) TH1
M (k, 2) ∼= (t3)/(t4) ∼= k

when char(k) = 0.
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3. Cathelineau elements and the entropy functional equation

We continue to assume k is an algebraically closed field of characteristic 6= 2.
Define for a ∈ k − {0, 1}

〈a〉 := 〈t2, a(1 − a)

t − 1
〉 ∈ TB2(k)(3.1)

ε(a) := a ⊗ a + (1 − a) ⊗ (1 − a) ∈ k× ⊗ k

Lemma 3.1. Writing ∂ for the tame symbol as in proposition 2.1, we have
∂(〈a〉) = 2ε(a).

Proof.

(3.2) ∂(〈a〉) = tame
{ 1−t

a(1−a) + t2

1−t
a(1−a)

,
a(1 − a)

t − 1

}
=

a(1 − a)

t − 1

∣∣∣
t= 1

a

+
a(1 − a)

t − 1

∣∣∣
t= 1

1−a

7→ a2⊗a+(1−a)2⊗(1−a) = 2ε(a) ∈ k×⊗k.

¤

Lemma 3.2. We have ρ(〈a〉) = a(1 − a)t2dt ∈ (t3)/(t4).

Proof. Straightforward from corollary 2.5. ¤

Lemma 3.3. Let notations be as in corollary 2.5, Assume k is algebraically
closed, and char(k) 6= 2, 3. Then every element in TB2(k) can be written as a
sum

∑
ci ? 〈ai〉. In other words, TB2(k) is generated as a k×-module by the

〈a〉.
Proof. Define

(3.3) b := Image(∂ : TB2(k) → k× ⊗ k) = ker(k× ⊗ k → Ω1
k).

The k-vectorspace structure c · (a⊗ b) on k× ⊗ k is defined by a⊗ cb. By (2.6)
and (2.4), the map TB2(k) → k× ⊗ k is k×-equivariant.
Let A ⊂ TB2(k) be the subgroup generated by the c ? 〈a〉. b is a k-vector
space which is generated [7] by the ε(a) so the composition A ⊂ TB2(k) → b is
surjective. For c1, c2 ∈ k× with c1 + c2 6= 0 we have (c1 + c2) ? 〈a〉 − c1 ? 〈a〉 −
c2 ? 〈a〉 7→ 0 ∈ b, so this element lies in A ∩ H1

M (k, 2). It is not trivial because

(3.4) ρ((c1 + c2) ? 〈a〉 − c1 ? 〈a〉 − c2 ? 〈a〉) =
(
(c1 + c2)

3 − c3
1 − c3

2

)
a(1 − a)t2dt =

3
(
c1c2(c1 + c2)

)
a(1 − a)t2dt.

Since the equation λ = 3
(
c1c2(c1 + c2)

)
a(1 − a) can be solved in k, one has

A ⊃ H1
M (k, 2). This finishes the proof. ¤
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Theorem 3.4. Under the assumptions of lemma 3.3, the group TB2(k) is
generated as a k×-module by the 〈a〉. These satisfy relations

(3.5) 〈a〉 − 〈b〉 + a ? 〈b/a〉 + (1 − a) ? 〈(1 − b)/(1 − a)〉 = 0.

Proof. The generation statement is lemma 3.3. Because we factor out by sym-
bols with one entry constant, we get

(3.6) x ? 〈a〉 = 〈x2t2,
a(1 − a)

xt − 1
〉 = 〈t2, x2a(1 − a)

xt − 1
〉.

The identity to be established then reads

(3.7) 0 = 〈t2, a(1 − a)

t − 1
〉−〈t2, b(1 − b)

t − 1
〉+〈t2, b(a − b)

at − 1
〉+〈t2, (1 − b)(b − a)

(1 − a)t − 1
〉.

The pointy bracket identity 〈a, b〉 + 〈a, c〉 = 〈a, b + c − abc〉 means we can
compute the above sum using “faux” symbols

(3.8) {t2, 1 − a(1 − a)t2

t − 1
}{t2, 1 − b(1 − b)t2

t − 1
}−1{t2, 1 − b(a − b)t2

at − 1
}×

{t2, 1 − (1 − b)(b − a)t2

(1 − a)t − 1
} = {t2,X}

with

(3.9) X =

(1 − t + a(1 − a)t2)(1 − at + b(a − b)t2)(1 − (1 − a)t + (1 − b)(b − a)t2)

(1 − t + b(1 − b)t2)(1 − at)(1 − (1 − a)t)

=
(1 − at)(1 − (1 − a)t)(1 − bt)(1 − (a − b)t)(1 − (1 − b)t)(1 − (b − a)t)

(1 − bt)(1 − (1 − b)t)(1 − at)(1 − (1 − a)t)

= (1 − (a − b)t)(1 − (b − a)t) = 1 − (a − b)2t2

Reverting to pointy brackets, the Cathelineau relation equals

(3.10) {t2,X} = {1 − (a − b)2t2, (a − b)2} = 〈t2, (a − b)2〉 = 0

since we have killed symbols with one entry constant. ¤

Remark 3.5. One can get a presentation for TB2(k) if one imposes (3.5) and
in addition relations of the form

(3.11)
(
(x + y + z + w) − (x + y + z) − (x + y + w) − . . .

− (x) − (y) − (z) − (w)
)

? 〈a〉 = 0

(−1) ? 〈a〉 = −〈a〉.(3.12)

Here x ∈ k× corresponds to (x) ∈ Z[k×], and the first relation is imposed
whenever it makes sense, i.e. whenever all the partial sums are non-zero. The
proof uses uniqueness of solutions for the entropy equation [10]. Details are
left for the reader.
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Remark 3.6. It is remarkable that a functional equation equivalent to (3.5),

(3.13) 〈a〉 + (1 − a) ? 〈 b

1 − a
〉 = 〈b〉 + (1 − b) ? 〈 a

1 − b
〉

occurs in information theory, where it is known to have a unique continuous
functional solution (up to scale) given by y?〈x〉 7→ −yx log(x)−y(1−x) log(1−
x). If on the other hand, we interpret the torus action y? as multiplication by
yp, p 6= 1, then the unique solution is 〈x〉 7→ xp + (1 − x)p − 1 [10]. Note the
regulator map ρ(y ? 〈x〉) = y3x(1 − x), so ρ is a solution for p = 3. Indeed,
x(1 − x) = 1

3 (x3 + (1 − x)3 − 1). (Again, one uses char (k) 6= 3.)

One can check that the functional equation (3.13) is equivalent to (3.5). To see
this, one needs the following property of the elements 〈a〉.
Lemma 3.7. 〈a〉 = −a ? 〈a−1〉.

Proof. We remark again that TB2(k)
ρ⊕∂−−−→ k ⊕ b is an isomorphism, so it

suffices to check the relations on ε(a) and on ρ(a) = a(1 − a)t2dt. These
become respectively

a ⊗ a + (1 − a) ⊗ (1 − a) = a−1 ⊗−1 + (1 − a−1) ⊗ (1 − a) ∈ k× ⊗ k(3.14)

−a3(a−1(1 − a−1)) = a(1 − a).(3.15)

The second relation is trivial. For the first one, one writes

a ⊗ a + (1 − a) ⊗ (1 − a) = a ⊗ a + (−a) ⊗ (1 − a) + (1 − a−1) ⊗ (1 − a)

(3.16)

= a−1 ⊗ (−a + a − 1) + (−1) ⊗ (1 − a).

Since k is 2-divisible, one has (−1) ⊗ b = 0. ¤

4. A conjectural Lie algebra of cycles

The purpose of this section is to sketch a conjectural algebraic cycle based
theory of additive polylogarithms. The basic reference is [4], where a candidate
for the Tannakian Lie algebra of the category of mixed Tate motives over a field
k is constructed. The basic tool is a differential graded algebra (DGA) N with
a supplementary grading (Adams grading)

N • = ⊕j≥0N (j)•(4.1)

N (j)i ⊂ Codim. j algebraic cycles on (P1 − {1})2j−i

where N (j)i consists of cycles which meet the faces (defined by setting coor-
dinates = 0,∞) properly and which are alternating with respect to the action
of the symmetric group on the factors and with respect to inverting the co-
ordinates. The product structure is the external product (P1 − {1})2j1−i1 ×
(P1 − {1})2j2−i2 = (P1 − {1})2j1−i1+2j2−i2 followed by alternating projection,
and the boundary map is an alternating sum of restrictions to faces. For full
details, cf. op. cit.
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We consider an enlarged DGA

Ñ • = ⊕j≥0Ñ (j)•(4.2)

Ñ (j)i := N (j)i ⊕ TN (j)i

TN (j)i ⊂ Codim. j algebraic cycles on A1 × (P1 − {1})2j−i−1.

The same sort of alternation and good position requirements are imposed for
the factors P1−{1}. In addition, we impose a “modulus” condition at the point
0 ∈ A1. The following definition is tentative, and is motivated by example 4.2
below.

Definition 4.1. Let Z ⊂ A1 × (P1)n be an irreducible subvariety and let

π : Z̃ → Z be the normalization. Let Fi : yi = 1, where yi are the coordinates
on (P1)n, and let F = ∪n

i=1Fi. We say that Z has modulus m ≥ 1 if

(4.3) π∗(F − m{0} × (P1)n) is an effective Cartier divisor.

Let Z0 = Z ∩ (A1 × (P1 \ {1})n). The higher Chow groups are computed using
face maps ∂I(Z

0) ⊂ A1 × (P1 \ {1})n−|I|. We say Z0 has modulus m ≥ 1 for

higher Chow theory of the closure Z = Z0 and every component of ∂I(Z0) have
modulus m in the above sense.

If Z satisfies modulus m and X is any subvariety of (P1)r which is not contained
in a face, then Z × X satisfies modulus m on A1 × (P1)n+r.

When dim(Z) = 1 and Z has modulus m, the differential form 1
xm

dy1

y1
∧· · ·∧ dyn

yn

restricted to Z̃ has no poles along Z̃ · (x = 0). (See (6.19).)

Example 4.2. Milnor K-theory of a field can be interpreted in terms of 0-
cycles [21], [23]. More generally, a Milnor symbol {f1, . . . , fp} over a ring R
corresponds to the cycle on Spec (R) × (P1)p which is just the graph

{(x, f1(x), . . . fp(x))|x ∈ Spec (R)}
One would like cycles with modulus to relate to relative K-theory. Assume R
is semilocal, and let J ⊂ R be an ideal. Then we have already used (2.9) that
K2(R, J) has a presentation with generators given by pointy-bracket symbols
〈a, b〉 with a ∈ R and b ∈ J or vice-versa. The pointy-bracket symbol 〈a, b〉
corresponds to the Milnor symbol {1−ab, b} when the latter is defined. Suppose
R is the local ring on A1

k at the origin, with k a field, and take J = (sm),
where s is the standard parameter. For a ∈ J and b ∈ (sp) for some p ≥
0, we see that our definition of cycle with modulus is designed so the cycle
{(x, 1 − a(x)b(x), b(x))} has modulus at least m.

The modulus condition is compatible with pullback to the faces ti = 0,∞.

Definition 4.3. TN (j)i, −∞ ≤ i ≤ 2j − 1, is the Q-vectorspace of codimen-
sion j algebraic cycles on A1 × (P1 −{1})2j−i−1 which are in good position for
the face maps ti = 0,∞ and have modulus 2{0} × (P1)2j−i−1. Here, in order
to calculate the modulus, we close up the cycle to a cycle on A1 × (P1)2j−i−1.
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Note that a cycle Z of modulus m ≥ 1 doesn’t meet {0} × (P1)2j−i−1 on
A1 × (P1 − {1})2j−i−1.
We have a split-exact sequence of DGA’s,

(4.4) 0 → TN • → Ñ • ←−→ N • → 0

with multiplication defined so TN • is a square-zero ideal. Denote the coho-
mology groups by

(4.5) H̃i
M (k, j) := Hi(Ñ •(j)); THi

M (k, j) := Hi(TN •(j)).

As an example, we will see in section 6 that the Chow groups of 0-cycles in this
context compute the Kähler differential forms:

(4.6) THj
M (k, j) ∼= Ωj−1

k ; j ≥ 0.

(Here Ω0
k = k.)

One may apply the bar construction to the DGA Ñ • as in [4]. Taking H0

yields an augmented Hopf algebra (defining TH0 as the augmentation ideal)

(4.7) 0 → TH0(B(Ñ •)) → H0(B(Ñ •))
←−→ H0(N •) → 0.

The hope would be that the corepresentations of the co-Lie algebra of inde-
composables (here H0,+ := ker(H0 → Q) denotes the elements of bar degree
> 0, cf. op. cit. §2)

(4.8) M̃ := H0(B(Ñ •))+/(H0(B(Ñ •))+)2 = M⊕ TM
correspond to contravariant motives over k[t]/(t2). In particular, the work of
Cathelineau [7] suggests a possible additive polylogarithm Lie algebra. In the
remainder of this section, we will speculate a bit on how this might work.
For a general DGA A• which is not bounded above, the total grading on
the double complex B(A•) has infinitely many summands (cf. [4], (2.15)).
For example the diagonal line corresponding to H0(B(A•)) has terms (A+ :=
ker(A• → Q))

(4.9) A1, (A+ ⊗ A+)2, (A+ ⊗ A+ ⊗ A+)3, . . .

When, however, A• has a graded structure

(4.10) Ai = ⊕j≥0A
i(j); dA(j) ⊂ A(j); A+ = ⊕j>0A

+(j),

for each fixed j, only finitely many tensors can occur. For example

H0(B(Ñ •(1))) = H1(Ñ •(1)) = k ⊕ k×, and H0(B(Ñ •(2))) is the cohomol-
ogy along the indicated degree 0 diagonal in the diagram

(4.11)

Ñ 1(1) ⊗ Ñ 1(1)
δ→ Ñ 2(2)

↑ ∂
. . . deg. 0 ↑ ∂

(Ñ 1(1) ⊗ Ñ 0(1)) ⊕ (Ñ 0(1) ⊗ Ñ 1(1))
δ→ Ñ 1(2)

↑
Ñ 0(2).
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In the absence of more information about the DGA Ñ •, it is difficult to be

precise about the indecomposable space M̃. As an approximation, we have

Proposition 4.4. Let db(Ñ ) ⊂ Ñ 1 be the subspace of elements x with decom-

posable boundary, i.e. such that there exists y ∈ (Ñ ⊗ Ñ )2 with δ(y) = ∂(x) ∈
Ñ 2. Define

(4.12) qÑ := db(Ñ )/(∂Ñ 0 + δ(Ñ+ ⊗ Ñ+)1)

Then there exists a natural map, compatible with the grading by codimension
of cycles (Adams grading)

(4.13) φ : M̃ → qÑ .

Proof. Straightforward. ¤

As above, we can decompose

(4.14) qÑ = qN ⊕ TqN ,

where qN (p) is a subquotient of the space of codimension p cycles on (P1 −
{1})2p−1, and TqN is a subquotient of the cycles on A1 × (P1 − {1})2p−2

Example 4.5. The polylogarithm cycle {a}p for a ∈ C − {0, 1} is defined to

be the image under the alternating projection of (−1)p(p−1)/2 times the locus
in (P1 − {1})2p−1 parametrized in nonhomogeneous coordinates by

(4.15) (x1, . . . , xp−1, 1 − x1, 1 − x2/x1, . . . , 1 − xp−1/xp−2, 1 − a/xp−1)

(We take {a}1 = 1−a ∈ P1−{1}.) To build a class in H0(B(N •))+ and hence
in M one uses that ∂{a}n = {a}n−1 · {1 − a}1.

The following should be compared with [11], where a similar formula is pro-
posed. The key new point here is that algebraic cycles make it possible to
envision this formula in the context of Lie algebras.

Conjecture 4.6. There exist elements 〈a〉n ∈ TM(n) (4.8) represented by
cycles Zn(a) of codimension n on A1×(P1−{1})2n−2 with 〈a〉1 = a ∈ A1−{0}.
These cycles should satisfy the boundary condition

(4.16) ∂〈a〉n = 〈a〉n−1 · {1 − a}1 + 〈1 − a〉1 · {a}n−1 ∈
( 2∧

M̃
)
(n).

For example, for n = 2,

(4.17) ∂〈a〉2 = a ⊗ a + (1 − a) ⊗ (1 − a)

∈ k ⊗ k× ∼= TM(1) ⊗M(1) ⊂
( 2∧

M̃
)
(2)

gives Cathelineau’s relation [7].

Proposition 4.7. Assume given elements 〈a〉n satisfying (4.16). Let P̃ =⊕∞
n=1 Q〈a〉n ⊕ Q{a}n be the constant graded sheaf over A1 − {0, 1}. Then

P̃, ∂ : P̃ → ∧2 P̃ is a sheaf of co-lie algebras.
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Proof. It suffices to show that ∂2 = 0. Using the derivation property of the
boundary,

(4.18) ∂∂〈a〉n = (∂〈a〉n−1) · {1 − a}1 − 〈1 − a〉1 · ∂{a}n−1 =
(
〈a〉n−2 · {1− a}1 + 〈1− a〉1 · {a}n−2

)
· {1− a}1 −〈1− a〉1 · {a}n−2 · {1− a}1 =

0 ∈
3∧
M̃.

¤

We can make the definition (independent of any conjecture)

Definition 4.8. The additive polylogarithm sheaf of Lie algebras over A1 −
{0, 1} is the graded sheaf of Lie algebras with graded dual the sheaf P̃, ∂ : P̃ →∧2 P̃ satisfying (4.16) above.

Of course, 〈a〉2 should be closely related to the element 〈a〉 ∈ K2(R, (t2)) (3.1).
The cycle

(4.19) {(t, 1 − t2a(1 − a)

t − 1
,
a(1 − a)

t − 1
) | t ∈ A1} ⊂ A1 × (P1 − {1})2

associated to the pointy bracket symbol in (3.1) satisfies the modulus 2 con-
dition but is not in good position with respect to the faces. (It contains
(1,∞,∞).) It is possible to give symbols equivalent to this one whose cor-
responding cycle is in good position, but we do not have a canonical candidate
for such a cycle, or a candidate whose construction would generalize in some
obvious way to give all the 〈a〉n.

5. The Artin-Schreier dilogarithm

The purpose of this section is to present a definition of what one might call an
Artin-Schreier dilogarithm in characteristic p. To begin with, however, we take
X to be a complex-analytic manifold and sketch certain analogies between the
multiplicative and additive theory. We write O (resp. O×, Ω1) for the sheaf of
analytic functions (resp. invertible analytic functions, analytic 1-forms). The
reader is urged to compare with [9].
(5.1)

MULTIPLICATIVE ADDITIVE

O× L
⊗ O× ←→ O⊗O×

O× L
⊗ O× →

(
O×(1) → Ω1

)
[1] ←→ O⊗O× →

(
O(1) → Ω1

)
[1]

K2 ←→ Ω1

Steinberg rel’n = ←→ Cathelineau rel’n =
a ⊗ (1 − a) a ⊗ a + (1 − a) ⊗ (1 − a)

exponential of dilogarithm = ←→ Shannon entropy function =

exp
( ∫ a

0
log(1 − t)dt/t

) ∫ a
log( t

1−t )dt =

a log a + (1 − a) log(1 − a).
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In the multiplicative (resp. additive) theory, one applies O× L
⊗Z • (resp. O⊗Z•)

to the exponential sequence (here Z(1) := Z · 2πi)

(5.2) 0 → Z(1) → O → O× → 0.

The regulator maps (5.1), line 2, come from liftings of these tensor products to

(5.3)

O×(1) −−−−→ O× L
⊗ O −−−−→ O× ⊗O×

∥∥∥
y

∥∥∥

O×(1) −−−−→ O× ⊗O −−−−→ O× ⊗O×
y

y

Ω1 Ω1.

(5.4)

O(1) −−−−→ O ⊗O −−−−→ O ⊗O×
y

y

Ω1 Ω1

In the multiplicative theory, the regulator map can be viewed as associating
to two invertible analytic functions f, g on X a line bundle with connection
L(f, g) on X, [9]. The exponential of the dilogarithm

(5.5) exp(
1

2πi

∫ f

0

log(1 − t)
dt

t
)

determines a flat section trivializing L(1− g, g). Let {Ui} be an analytic cover
of X, and let logi f be an analytic branch of the logarithm on Ui. Then L(f, g)
is represented by the Cech cocycle

(5.6)
(
g

1
2πi (logi f−logj f),

1

2πi
logi f

dg

g

)

The trivialization comes from the 0-cochain

(5.7) i 7→ exp(
1

2πi

∫ f

0

logi(1 − t)
dt

t
).

The additive theory associates to a⊗f ∈ O⊗O× the class in H1(X,O(1) → Ω1)
represented by the cocycle for O(1) → Ω1

(5.8)
(
a ⊗ (logi f − logj f), logi f · da

)
.

This can be thought of as defining a connection on the affine bundle A(a, f)
associated to the coboundary of a⊗ f in H1(X,O(1)). The affine bundle itself
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is canonically trivialized because in the diagram

(5.9)

0 −−−−→ O(1) −−−−→ O ⊗O −−−−→ O ⊗O× −−−−→ 0
y

y

Ω1 Ω1

the top sequence is split (by multiplication O ⊗ O → O(1)). The split-
ting is not compatible with the vertical arrows, so it does not trivialize
the connection. More concretely, a ⊗ f ∈ O ⊗ O× gives the 1-cocycle
(a ⊗ (logi f − logj f), logi f · da) ∈ H1(X,O(1) → Ω1). Subtracting the

coboundary of the 0-cochain 1
2πia logi f ⊗ 2πi leaves the cocycle (0, adf

f ). We

have proved:

Proposition 5.1. The map ∂ : H0(X,O ⊗O×) → H1(X,O(1) → Ω1) factors

H0(X,O ⊗O×)
a⊗f 7→adf/f−−−−−−−−→ H0(X,Ω1) −−−−→ H1(X,O(1) → Ω1).

In particular, for a ∈ O such that a and 1 − a are both units, the Cathelineau
elements ε(a) = a ⊗ a + (1 − a) ⊗ (1 − a) (3.1) lift to

a ⊗ log a + (1 − a) ⊗ log(1 − a) − 1

2πi

∫ a

log(
t

1 − t
)dt ⊗ 2πi ∈ H0(X,O ⊗O).

Remark 5.2. The element a ⊗ a ∈ H0(X,O ⊗ O×) maps to da = 0 ∈
H1(X,O(1) → Ω1), but the above construction does not give a canonical triv-
ializing 0- cocycle.

We now suppose X is a smooth variety in characteristic p > 0, and we consider
an Artin-Schreier analog of the above construction. In place of the exponential
sequence (5.2) we use the Artin-Schreier sequence of étale sheaves

(5.10) 0 −−−−→ Z/p −−−−→ Ga
1−F−−−−→ Ga −−−−→ 0.

Here F is the Frobenius map. We replace the twist by O×
an over Z by the twist

over Z/p by Gm/Gp
m to build a diagram (compare (5.3). Here Z1 ⊂ Ω1 is the

subsheaf of closed forms.)
(5.11)

0 −−−−→ Gm/Gp
m −−−−→ Ga ⊗ Gm/Gp

m

(1−F )⊗1−−−−−−→ Ga ⊗ Gm/Gp
m −−−−→ 0

d log

y
yf⊗g 7→fpdg/g

Z1 Z1

The group H1(Gm → Z1) is the group of isomorphism classes of line bundles
with integrable connections as usual, and H1(the subcomplex Gp

m → 0) is the
subgroup of connections corresponding to a Frobenius descent. We get an exact
sequence

(5.12) 0 → {line bundle + integrable connection}/{lb + Frobenius descent}
→ H1(X, Gm/Gp

m → Z1) → pH
2(X, Gm).
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Proposition 5.3. Let ι, C : Z1 → Ω1 be the natural inclusion and the Cartier

operator, respectively. One has a quasi-isomorphism (Gm/Gp
m → Z1)

ι−C∼
Ω1[−1]. Then the diagram

H0(X, Ga ⊗ Gm/Gp
m)

∂ (5.11)−−−−−→ H1(X, Gm/Gp
m → Z1)

a⊗b 7→adb/b

y ∼=
yι−C

H0(X,Ω1) H0(X,Ω1)

is commutative.

Proof. Straightforward from the commutative diagram (with b defined to make
the columns exact and φ(a ⊗ b) = a · db/b).
(5.13)

0 0
y

y

b b
y

y

0 −−−−→ Gm/Gp
m −−−−→ Ga ⊗ Gm/Gp

m
F⊗1−1−−−−−→ Ga ⊗ Gm/Gp

m −−−−→ 0
∥∥∥

yφ◦(F⊗1)

yφ

0 −−−−→ Gm/Gp
m −−−−→ Z1 1−C−−−−→ Ω1 −−−−→ 0

y
y

0 0.

¤

Next we want to see what plays the role of the exponential of the dilogarithm
or the Shannon entropy function in this Artin-Schreier context. Let X =
Spec (Fp2 [x]). Begin with Cathelineau’s element

(5.14) ε(x) := x ⊗ x + (1 − x) ⊗ (1 − x) ∈ b.

Choose an Artin-Schreier roots yp − y = x and βp − β = 1. To simplify we
view β ∈ Fp2 as fixed, and we write F = Fp2 . A local lifting of ε(x) on the étale
cover Spec F(y) → Spec F(x) is given by

(5.15) ρ(y) := y ⊗ x + (β − y) ⊗ (1 − x) ∈ Γ(Spec F(y), Ga ⊗ Gm/Gp
m).

From diagram (5.13) there should exist a canonical global lifting, i.e. a lifting
defined over Spec F(x). This lifting, call it θ(x) has the form θ(x) = ρ(y)·δ(y)−1

for some δ(y) ∈ Γ(Spec F(y), Gm/Gp
m). We want to calculate δ(y).
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To do this calculation, note

(5.16) φ ◦ (F ⊗ 1)(ρ(y)) = ypdx/x − (β − y)pdx/(1 − x) =

(−yp(1 − yp + y) + (β + 1 − yp)(yp − y))dy

(yp − y)(1 − yp + y)
=

(β(yp − y) − y)dy

(yp − y)(1 − yp + y)
=: η(y) ∈ Z1.

Viewed as a meromorphic form on P1
y, η has simple poles at the points a and

β − a for a ∈ Fp. The residue of a form P/Qdy at a point a where Q has a
simple zero is given by P (a)/Q′(a). Using this, the residue of η at a ∈ Fp is a.

The residue at β − a is β·1−(β−a)
1 = a. Necessarily, therefore, since η is regular

at y = ∞ we must have

(5.17) η = d log
( p−1∏

a=1

(β − (y + a))a

(y + a)a

)

We conclude

(5.18) δ(y) =

p−1∏

a=1

(β − (y + a))a

(y + a)a
.

Everything is invariant under the automorphism y 7→ β − y. Indeed, the equa-
tion can be rewritten (of course mod F(y)×p)

(5.19) δ(y) =

(p−1)/2∏

a=1

[ (β − (y + a))(y − a)

(y + a)(β − (y − a))

]a

Note δ(y) depends on y, not just on x. Indeed the product (2.6) can be taken
for 0 ≤ a ≤ p − 1, i.e. for a ∈ Fp. One gets then

(5.20)
δ(y + 1)

δ(y)
≡

p−1∏

a=0

y + a

β − (y + a)
=

yp − y

1 − yp − y
=

x

1 − x
mod F(y)×p.

The fact that ρ(y)δ(y)−1 is defined over F(x) says that the Cech boundaries
of ρ(y) and δ(y) coincide. Since the latter is, by definition, the coboundary in
Gm/Gp

m of ε(x) = x ⊗ x + (1 − x) ⊗ (1 − x), it follows that δ(y) is a 0-cochain
for the Galois cohomology

H∗(F(y)/F(x), Gm/Gp
m → Z1)

which trivializes the coboundary of ρ(ε(x)).
Finally, in this section, we discuss a flat realization of the Artin-Schreier diloga-
rithm. To see the point, consider the `-adic realization of the usual dilogarithm
mixed Tate motivic sheaf over A1 −{0, 1}. Reducing mod ` yields a sheaf with
fibre an F`-vector space of dimension 3. The sheaf has a filtration with succes-
sive quotients having fibres Z/`Z, µ`, µ

⊗2
` . The geometric fundamental group
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acts on the fibre via a Heisenberg type group. We visualize this action as
follows:

(5.21)




1 µ` µ⊗2
`

0 1 µ`

0 0 1







µ⊗2
`

µ`

Z/`Z




Here the notation means that for g ∈ πgeo
1 the corresponding matrix




1 a12(g) a13(g)
0 1 a23(g)
0 0 1




has aij ∈ Hom(µ⊗i−1
` , µ⊗j−1

` ) = µj−i
` .

The essential ingredients here are first the Heisenberg group H`, second the
H`-torsor over A1 − {0, 1} corresponding to the kernel of the representation,
and third the (standard) representation of H` on Z/`Z ⊕ µ` ⊕ µ⊗2

` .
We define an Artin-Schreier Heisenberg group as the non-commutative flat
groupscheme HAS which we could suggestively write

(5.22) HAS :=




1 Z/pZ µp

0 1 µp

0 0 1


 .

More precisely, HAS is a central extension

(5.23) 0 → µp → HAS → µp × Z/pZ → 0.

Let

b : (µp × Z/pZ) × (µp × Z/pZ) → µp(5.24)

b((ζ1, a1), (ζ2, a2)) = ζ−a2
1 ζa1

2 .

Define HAS = µp × (µp × Z/pZ) as a scheme, with group structure given by

(5.25) (ζ1, θ1, a1) · (ζ2, θ2, a2) := (ζ1ζ2θ
a1
2 , θ1θ2, a1 + a2).

The commutator pairing on HAS is given by

(5.26)
[
(ζ1, θ1, a1), (ζ2, θ2, a2)

]
=

(
b((θ1, a1), (θ2, a2)), 1, 0

)
=

b((θ1, a1), (θ2, a2)) ∈ µp.

We fix a solution βp − β = 1. We define a flat HAS-torsor T = Tβ over A1
Fp2

as follows. A local (for the flat topology) section t is determined by
1. A p-th root of x

1−x : wp ≡ x
1−x mod Fp2(x)×p.

2. A y satisfying yp − y = x.
3. A p-th root z of δ(y) : zp ≡ δ(y) mod Fp2(x)×p (where δ(y) is as in (5.18).)
The action of HAS is given by

(5.27) (ζ, θ, a) ? (z, w, y) = (ζzwa, θw, y + a).
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Note (ζzwa)p = δ(y)( x
1−x )a = δ(y + a) by (5.20), so the triple on the right lies

in T . This is an action because

(5.28) (ζ ′, θ′, a′) ?
(
(ζ, θ, a) ? (z, w, y)

)
=

(ζ ′, θ′, a′) ?
(
(ζzwa, θw, y + a)

)
=

(
ζ ′ζzwa(θw)a′

, θ′θw, y + a + a′
)

= (ζ ′ζθa′

, θ′θ, a + a′) ? (z, w, y) =
(
(ζ ′, θ′, a′) ? (ζ, θ, a)

)
? (z, w, y).

Define V := µp×µp×Z/pZ. There is an evident action of HAS on V, viewed as

column vectors. We suggest that the contraction T
HAS× V should be thought of

as analogous to the mod ` étale sheaf on A1−{0, 1} with fibre Z/`Z⊕µ` ⊕µ⊗2
`

associated to the `-adic dilogarithm.

6. The additive cubical (higher) Chow groups

In this section, we show that the modulus condition we introduced in definition
(4.1) yields additive Chow groups which we can compute in weights (n, n). We
assume throughout that k is a field and 1

6 ∈ k.
One sets

A = (A1, 2{0})(6.1)

B = (P1 \ {1}, {0,∞}).
The coordinates will be x on A and (y1, . . . , yn) on B. One considers

Xn = A × Bn.(6.2)

The boundary maps Xn−1 ↪→ Xn defined by yi = 0,∞ are denoted by ∂j
i , i =

1, . . . , n, j = 0,∞. One denotes by Yn ⊂ Xn the union of the faces ∂j
i (Xn−1).

One defines

Z0(Xn) = ⊕Zξ, ξ ∈ Xn \ Yn,(6.3)

ξ closed point.

For any 1-cycle C in Xn, one denotes by ν : C̄ → P1 × (P1)n the normalisation
of its compactification. One defines

Z1(Xn) = ⊕ZC, C ⊂ Xn with(6.4)

∂j
i (C) ∈ Z0(Xn−1) and (cf. definition 4.1)

2ν−1({0} × (P1)n) ⊂
n∑

i=1

ν−1(P1 × (P1)i−1 × {1} × (P1)n−i)

One defines

∂ :=
n∑

i=1

(−1)i(∂0
i − ∂∞

i ) : Z1(Xn) → Z0(Xn−1) for all i, j.(6.5)
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Further one defines the differential form

ψn =
1

x

dy1

y1
∧ . . . ∧ dyn

yn
∈ Γ(P1 × (P1)n,Ω1

(P1×(P1)n)/Z(log Yn)({x = 0})).
(6.6)

We motivate the choice of this differential form as follows. One considers

Vn(t) = (P1 \ {0, t},∞) × (P1 \ {0,∞}, 1)n.(6.7)

Its cohomology

Hn+1(Vn(t)) = H1 ⊗ (H1)n = F 1 ⊗ (F 1)n(6.8)

is Hodge-Tate for t 6= 0. The generator is given by

ωn+1(t) = (
dx

x
− d(x − t)

(x − t)
) ∧ dy1

y1
∧ . . . ∧ dyn

yn
.(6.9)

Thus

ωn+1(t)

t
|t=0 = d(ψn).(6.10)

Definition 6.1. We define the additive cubical (higher) Chow groups

THn
M (k, n) = Z0(Xn−1)/∂Z1(Xn)

One has the following reciprocity law

Proposition 6.2. The map Z0(Xn−1) → Ωn−1
k which associates to a closed

point ξ ∈ Xn−1 \ Yn−1 the value Trace(κ(ξ)/k)(ψn−1(ξ)) factors through

THn
M (k, n) := Z0(Xn−1)/∂Z1(Xn).

Proof. Let C be in Z1(Xn). Let Σ ⊂ C̄ be the locus of poles of ν∗ψn. One has
the functoriality map

ν∗ : Ωn
P1×(P1)n−1(log Yn−1)({x = 0}) → Ωn−1

C̄/Z
(∗Σ).(6.11)

Thus reciprocity says
∑

σ∈Σ

resσν∗(ψn) = 0.(6.12)

Recall that here res means the following. One has a surjection

Ωn
C̄/Z(∗Σ) → Ωn−1

k/Z ⊗ ωC̄/k(∗Σ)(6.13)

which yields

Γ(C̄,Ωn
C̄/Z(∗Σ)) → Γ(C̄,Ωn−1

k/Z ⊗ ωC̄/k(∗Σ)) = Ωn−1
k/Z ⊗ Γ(C̄, ωC̄/k(∗Σ)).

(6.14)

By definition, res on Ωn−1
k/Z ⊗ωC̄/k(∗Σ) is 1⊗ res. This explains the reciprocity.

Now we analyze Σ ⊂ σ−1(Yn ∪ {x = 0}). Let t be a local parameter on C̄ in a
point σ of ν−1({x = 0}).
We write x = tm · u, where u ∈ O×

C̄,σ
,m ≥ 0. If m ≥ 1, the assumption

we have on Z1 says that there is at least one i such that {t = 0} lies in
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ν−1({yi = 1}). Let us order i = 1, . . . , n such that {t = 0} lies in ν−1({yi = 1})
for i = 1, 2, . . . , r. Thus we write

yi − 1 = tmi · ui,m1 ≥ m2 ≥ . . . ≥ 1, ui ∈ O×, i = 1,(6.15)

yi = tpiui, pi ≥ 0, ui ∈ O×, i = r + 1, . . . , n.

The assumption we have says

2m ≤ m1 + . . . + mr.(6.16)

One has around the point σ

ν−1(ψn)|σ =
u−1

tm
· d(tm1 · u1)

1 + tm1 · u1
∧ . . . ∧ d(tmr · ur)

1 + tmr · ur
∧n

i=r+1

d(tpi · ui)

tpi · ui
.(6.17)

We analyze the poles of the right hand side. The numerator of this expression
is divisible by t(m1+...+mr)−1. Thus the condition for ν−1ψn to be smooth in σ
is

m + 1 ≤ m1 + . . . + mr.(6.18)

This is our condition. We have

ν−1ψn smooth in ν−1({x = 0}).(6.19)

On the other hand, one obviously has

resyi=0ψn = −resyi=∞ψn = (−1)iψn−1.(6.20)

Thus one concludes

∑

σ∈Σ

resσν−1ψn =
n∑

i=1

(−1)iψn−1(∂
0
i − ∂∞

i )(C) = 0.(6.21)

¤

We want to see that the reciprocity map in proposition 6.2 is an isomorphism.
Define

k ⊗Z ∧n−1
i=1 k× → THn

M (k, n)(6.22)

a ⊗ (b1 ∧ . . . ∧ bn−1) 7→ (
1

a
, b1, . . . , bn−1) for a 6= 0

7→ 0 for a = 0.

Proposition 6.3. Assume 1
6 ∈ k. Then (6.22) factors through

Ωn−1
k → THn

M (k, n).

Proof. One has the following relations, where ≡ means equivalence modulo
∂Z1(Xn+1):

(
1

x + x′ , y1, . . . , yn) ≡ (
1

x
, y1, . . . , yn) + (

1

x′ , y1, . . . , yn)(6.23)

(x, y1z1, y2, . . . , yn) ≡ (x, y1, y2, . . . , yn) + (x, z1, y2, . . . , yn)(6.24)

(x,−1, y2, . . . , yn) ≡ 0 ∈ THn
M (k, n).(6.25)
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Note, the last is obviously a consequence of the first two:

(2x,−1, y2, . . . , yn) = 2(x,−1, y2, . . . , yn) = (x, 1, y2, . . . , yn) = 0,(6.26)

so we need only consider (6.23) and (6.24). Assume first xx′(x + x′) 6= 0, and
define

C = (t, y1 =
(1 − xt)(1 − x′t)

1 − (x + x′)t
, y2, . . . , yn) ∈ Z1(Xn).(6.27)

Indeed, the expansion of y1 in t = 0 reads 1 + t2c2 + (higher order terms), so
our modulus condition is fulfilled. Also we have taken yi ∈ k× so C meets the
faces properly. Then one has

∂(C) = (
1

x
, y2, . . . , yn) + (

1

x′ , y2, . . . , yn) − (
1

x + x′ , y2, . . . , yn).(6.28)

Similarly, if x + x′ = 0, then one sets

C = (t, y1 = (1 − t2

x2
), yi) ∈ Z1(Xn).(6.29)

One has

∂(C) = (x, yi) + (−x, yi),(6.30)

proving (6.23). Note the proposition for n = 1 is a consequence of this identity.
To show multiplicativity in the y variables, one uses Totaro’s curve [23].
There is a C ∈ Z1(B

n+1) with ∂(C) = (y1z1, y2, . . . , yn) − (y1, y2, . . . , yn) −
(z1, y2, . . . , yn). One sets C = (x, C) ∈ Z1(Xn+1). Here x is fixed and nonzero,
so the modulus condition is automatic, and one has ∂(C) = (x, ∂(C)). This
proves (6.24).
It remains to verify the Cathelineau relation (cf. [6], [7])

(
1

a
, a, b2, . . . , bn) + (

1

1 − a
, (1 − a), b2, . . . , bn) ≡ 0.(6.31)

In fact, the b2, . . . bn ∈ k× play no role, so we will drop them. One considers
the 1-cycle which is given by its parametrization

Z(a) = −Z1(a) + Z2(6.32)

Z1(a) = (t, 1 +
t

2
, 1 − a2t2

4
)

Z2 = (
t

4
, 1 +

t

6
, 1 − t2

4
),
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We see immediately that Z ∈ Z1(X2). One has

∂(Z1(a))(6.33)

= (−2, 1 − a2) − (
2

a
, 1 +

1

a
) − (−2

a
, 1 − 1

a
) =

(−2, 1 − a) + (−2, 1 + a) + (
2

a
,
a − 1

a + 1
) =

(−2, 1 − a) + (
2

a
, a − 1) + (−2, 1 + a) − (

2

a
, a + 1) =

(−2, a − 1) + (
2

a
, a − 1) + (−2, 1 + a) + (−2

a
, a + 1) =

(
2

a − 1
, a − 1) − (

2

a + 1
, a + 1).

Setting a = 1 − 2b, one obtains

∂(Z1(a)) = (−1

b
,−2b) − (

1

1 − b
, 2(1 − b)) =(6.34)

−(
1

b
, b) − (

1

1 − b
, 1 − b) − (

1

b
, 2) − (

1

1 − b
, 2) =

−(
1

b
, b) − (

1

1 − b
, 1 − b) − (1, 2).

One has

∂(Z2) = (−3

2
,−8) − (

1

2
,
4

3
) − (−1

2
,
2

3
) =(6.35)

3(−3

2
, 2) − (

1

2
, 2) =

(−3

2
, 2) + (−3

4
, 2) − (

1

2
, 2) =

(−1

2
, 2) − (

1

2
, 2) = −(1, 2).

In conclusion

∂(Z(1 − 2a)) = (
1

a
, a, bi) + (

1

1 − a
, 1 − a, bi).(6.36)

¤

We now have well defined maps φn, ψn

Ωn−1
k

φn−−→ THn
M (k, n)

ψn−−→ Ωn−1
k(6.37)

which split THn
M (k, n). The image of the differential forms consists of all 0-

cycles which are equivalent to 0-cycles
∑

mipi with pi ∈ Xn(k).

Theorem 6.4. . Assume 1
6 ∈ k. The above maps identify THn

M (k, n) with

Ωn−1
k .
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Proof. It suffices to show that the class of a give closed point p ∈ (A1 −{0})×
(P1 − {0, 1,∞})n−1 lies in the image of φn. Write κ = κ(p) for the residue
field at p. One first applies a Bertini type argument as in [6], Proposition 4.5,
to reduce to the case where κ/k is separable. Then we follow the argument in
loc.cit. The degree [κ : k] < ∞, so standard cycle constructions yield a norm
map N : THn

M (κ, n) → THn
M (k, n). We claim the diagram

(6.38)

Ωn−1
κ

φn,κ−−−−→ THn
M (κ, n)

Tr

y
yN

Ωn−1
k

φn,k−−−−→ THn
M (k, n)

is commutative, where Tr is the trace on differential forms. Indeed, Ωn
κ =

κ⊗Ωn
k , so it suffices to check on forms ad log(b1)∧ . . .∧ d log(bn−1) with a ∈ κ

and bi ∈ k. But in this situation, we have projection formulas, both for 0-cycles
and for differential forms, and it is straightforward to check (ignore the bi and
reduce to n = 1)

Tr(ad log(b1) ∧ . . . ∧ d log(bn−1)) = Trκ/k(a)d log(b1) ∧ . . . ∧ d log(bn−1)

(6.39)

N(
1

a
, b1, . . . , bn−1) =

{
( 1
Trκ/ka , b1, . . . , bn−1) Tr(a) 6= 0

0 Tr(a) = 0

Write [p]κ (resp. [p]k) for the class of p ∈ THn
M (κ, n) (resp. THn

M (k, n).) One
has [p]k = N([p]κ). Since p is κ-rational, [p]κ ∈ Image(φκ). Commutativity of
(6.38) implies [p]k ∈ Image(φk). It follows that φk is surjective, proving the
theorem. ¤
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eralizations of the power series of Deligne and Ribet. We then con-
sider CM abelian extensions of totally real fields and by combining
our earlier considerations with the known validity of the Main Con-
jecture of Iwasawa theory we prove, modulo the conjectural vanishing
of certain µ-invariants, a (corrected version of a) conjecture of Snaith
and the ‘rank zero component’ of Kato’s Generalized Iwasawa Main
Conjecture for Tate motives of strictly positive weight. We next use
the validity of this case of Kato’s conjecture to prove a conjecture
of Chinburg, Kolster, Pappas and Snaith and also to compute ex-
plicitly the Fitting ideals of certain natural étale cohomology groups
in terms of the values of Dirichlet L-functions at negative integers.
This computation improves upon results of Cornacchia and Østvær,
of Kurihara and of Snaith, and, modulo the validity of a certain aspect
of the Quillen-Lichtenbaum Conjecture, also verifies a finer and more
general version of a well known conjecture of Coates and Sinnott.
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1. Introduction

In a beautiful series of papers in 1993 Kato formulated and studied a ‘Gener-
alized Iwasawa Main Conjecture’ for motives over number fields with respect
to certain commutative coefficient rings [24, 25, 26]. This conjecture refined
the ‘Tamagawa number conjectures’ previously formulated by Bloch and Kato
in [3] and by Fontaine and Perrin-Riou in [20], and led naturally to the subse-
quent formulation by Flach and the first named author in [9] of a Tamagawa
number conjecture for motives over number fields with respect to more general
coefficient rings which, in particular, need not be commutative.
The above approach has already led to some remarkable new insights and re-
sults in a number of rather different contexts. We recall, for example, that
it has led to a universal approach to and refinement of the ‘refined Birch and
Swinnerton-Dyer Conjectures’ for abelian varieties with complex multiplication
which were formulated by Gross (cf. [9, Rem. 10 and §3.3, Examples c), d) e)])
and of all of the ‘refined abelian Stark conjectures’ which were formulated by
Gross, by Tate, by Rubin and by Darmon (cf. [6, 7]). At the same time, the ap-
proach has led to a natural re-interpretation and refinement of all of the central
conjectures of classical Galois module theory (cf. [8, 5, 2]) and has also more
recently become the focus of attempts to formulate a natural ‘Main Conjecture
of non-abelian Iwasawa theory’ (see, for example, the forthcoming articles of
Huber and Kings and of Weiss and the first named author in this regard). It is
certainly a great pleasure, on the occasion of Kato’s fiftieth birthday, to offer
in this manuscript some additional explicit evidence in support of his General-
ized Iwasawa Main Conjecture and, more generally, to demonstrate yet further
the enormous depth and significance of the approach that he introduced in
[24, 25, 26].
To describe the main results of the present manuscript in some detail we now
fix a totally real number field k and a finite Galois extension K of k which
is either totally real or a CM field, and we set G := Gal(K/k). We also fix
a rational prime number p and an algebraic closure Qc

p of the field of p-adic
rationals Qp.
We recall that if G is abelian, then a key ingredient of Wiles’ proof [39] of the
Main Conjecture of Iwasawa theory is the construction by Deligne and Ribet of
an element of the power series ring Zp[G][[T ]] which is uniquely characterized
by its relation to the p-adic L-series associated to the extension K/k.
In this manuscript we first relax the restriction that G is abelian and discuss
the possible existence of elements of the (non-commutative) power series ring
Zp[G][[T ]] which are related in a precise manner to the p-adic Artin L-functions
associated to irreducible Qc

p-valued characters of G. In particular, under a
certain natural hypothesis on G (which does not require G to be abelian),
and assuming the vanishing of certain µ-invariants, we apply an appropriate
version of the Weierstrass Preparation Theorem for the ring Zp[G][[T ]] to derive
relations between two hypothetical generalizations of the power series of Deligne
and Ribet.
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In the remainder of the manuscript our main aim is to show that, if G is
abelian, then the above considerations can be combined with the constructions
of Deligne and Ribet and the theorem of Wiles to shed light on a number of
interesting questions. To describe these applications we assume for the rest of
this introduction that G is abelian.
Our first application is to the ‘Wiles Unit Conjecture’ which is formulated by
Snaith in [34, Conj. 6.3.4]. Indeed, by using the above approach we are able
to show that the validity of a slightly amended version of Snaith’s conjecture
follows directly from the (in general conjectural) vanishing of certain natural
µ-invariants, and also to show that the original version of Snaith’s conjecture
does not hold in general (cf. Remark 5).
To describe the next application we fix an integer r with r > 1. Un-
der the aforementioned hypothesis concerning µ-invariants we shall prove
the Generalized Iwasawa Main Conjecture of [25, Conj. 3.2.2] for the pair
(h0(Spec (K))(1 − r),Ar), where Ar is a natural ring which annihilates the
space Q ⊗Z K2r−1(K). If k = Q, then (by a result of Ferrero and Washington
in [18]) the appropriate µ-invariants are known to vanish and hence we obtain
in this way a much more direct proof of the relevant parts of the main result
(Cor. 8.1) of our earlier paper [11]. We remark however that the proofs of
all of our results in this area involve a systematic use of the equivariant Iwa-
sawa theory of complexes which was initiated by Kato in [25] and subsequently
extended by Nekovář in [30].
As a further application, we combine our result on the Generalized Iwasawa
Main Conjecture with certain explicit cohomological computations of Flach and
the first named author in [8] to prove (modulo the aforementioned hypothesis
on µ-invariants) that the element Ωr−1(K/k) of Pic(Z[G]) which is defined
by Chinburg, Kolster, Pappas and Snaith in [13] belongs to the kernel of the
natural scalar extension morphism Pic(Z[G]) → Pic(Ar).
As a final application we then combine our approach with a development of
a purely algebraic observation of Cornacchia and the second named author
in [15] to compute explicitly certain Fitting ideals which are of arithmetical
interest. To be more precise in this regard we assume that p is odd, we fix a
finite set of places S of K which contains all archimedean places and all places
which either ramify in K/k or are of residue characteristic p and we write OK,S

for the ring of S-integers of K. Writing τ for the complex conjugation in G
we let er denote the idempotent 1

2 (1 + (−1)rτ) of Zp[G]. Then, under the
aforementioned hypothesis on µ-invariants, we prove that the Fitting ideal of
the étale cohomology module er ·H2(Spec(OK,S)ét, Zp(r)) over the ring Zp[G]er

can be completely described in terms of the values at 1− r of the S-truncated
Dirichlet L-functions which are associated to K/k. This result improves upon
previous results of Cornacchia and Østvær [16, Thm. 1.2], of Kurihara [28,
Cor. 12.5] and of Snaith [34, Thm. 1.6, Thm. 2.4, Thm. 5.2] and also implies
a natural analogue of the main result of Solomon in [36] concerning relations
between Bernoulli numbers and the structure of certain ideal class groups (cf.
Remark 8). We finally remark that, under the assumed validity of a particular
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case of the Quillen-Lichtenbaum Conjecture, our result verifies a finer and more
general version of the well known conjecture formulated by Coates and Sinnott
in [14, Conj. 1].
Acknowledgements. The authors are very grateful to Masato Kurihara
and Otmar Venjakob for illuminating discussions relating to the results of this
manuscript. In addition, they are grateful to the referee for several very helpful
remarks.

2. Equivariant Weierstrass Preparation

In this section we discuss a natural generalization of the classical p-adic Weier-
strass Preparation Theorem.
We let A be a ring, write rad(A) for its Jacobson radical and set A := A/ rad(A).
In the sequel we shall say that A is strictly admissible if it is both separated
and complete in the rad(A)-adic topology and is also such that A is a skew
field. More generally, we shall say that A is admissible if it is a finite product
of strictly admissible rings.

Remark 1. Let G be a finite group and p any prime number. It can be shown
that the group ring A = Zp[G] is admissible if G is the direct product of a p-
group and an abelian group (and, in particular therefore, if G is itself abelian).
Note also that in any such case the ring A is a product of finite skew fields and
is therefore commutative.

In this manuscript we define the power series ring A[[T ]] over A just as for
commutative base rings; in particular, we require that the variable T commutes
with all elements of the coefficient ring A. We observe that, with this definition,
an element f of A[[T ]] is invertible if and only if its constant term f(0) is
invertible in A.
If f is any element of A[[T ]], then we write f for its image under the obvious
reduction map A[[T ]] → A[[T ]]. Assume for the moment that A is admissi-
ble, with a decomposition A =

∏
i∈I Ai for strictly admissible rings Ai. If

f = (fi)i∈I is any element of A[[T ]], then we define the degree deg(f), respec-
tively reduced degree rdeg(f), of f to be the vector (deg(fi))i∈I , respectively
(deg(f))i∈I , where by convention we regard the zero element of each ring Ai[[T ]]
and Ai[[T ]] to be of degree +∞. We observe that if A = Zp, then rdeg(f) is
finite if and only if the µ-invariant of the Zp[[T ]]-module Zp[[T ]]/(f) is zero. By
analogy, if A is any admissible ring, then we shall write ‘µA(f) = 0’ to express
the fact that (each component of) rdeg(f) is finite.
If A is strictly admissible, respectively admissible, then we shall say that an
element of A[[T ]] is a distinguished polynomial if it is a monic polynomial all of
whose non-leading coefficients are in rad(A), respectively if all of its components
are distinguished polynomials (of possibly varying degrees).

Proposition 2.1. (‘Equivariant Weierstrass Preparation’) Let A be an admis-
sible ring. If f is any element of A[[T ]] for which µA(f) = 0, then there exists
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a unique distinguished polynomial f∗ and a unique unit element uf of A[[T ]]
such that f = f∗ · uf .

Proof. By direct verification one finds that the argument of [4, Chap.VII, §3,
no. 8] extends to the present (non-commutative) context to prove the following
‘Generalized Division Lemma’: if f is any element of A[[T ]] for which µA(f) =
0, then each element g of A[[T ]] can be written uniquely in the form g = fq + r
where q and r are elements of A[[T ]] and each component of deg(r) is strictly
less than the corresponding component of rdeg(f) .
The deduction of the claimed result from this Generalized Division Lemma now
proceeds exactly as in [31, V.5.3.3-V.5.3.4]. ¤

Remark 2. i) If A is a discrete valuation ring, then it is (strictly) admissible and
Proposition 2.1 is equivalent to the classical Weierstrass Preparation Theorem
(cf. [38, Thm. 7.1]).
ii) Shortly after the first version of this manuscript was circulated (in December
2001) we learnt of a recent preprint [37] of Venjakob in which a Weierstrass
Preparation Theorem is proved under conditions which are considerably more
general than those of Proposition 2.1. We remark that if A is strictly admissible,
then it can be shown that the result of Proposition 2.1 is indeed equivalent to
a special case of the main result of loc. cit.
iii) For any prime p, any Zp-order A which is not admissible and any element
f of A[[T ]] a natural interpretation of the equality ‘µA(f) = 0’ would be that,
for each primitive central idempotent ε of A, the element ε · f is not divisible
by p (indeed, this interpretation recovers that given above in the case that A

is admissible). However, under this interpretation the product decomposition
of Proposition 2.1 is not always possible. For example, if A = M2(Zp), then

the constant series f :=

(
1 0
0 p

)
satisfies µA(f) = 0 (in the above sense) and

yet cannot be written in the stated form f∗ · uf . Indeed, if it did admit such a
decomposition, then the Zp-module A[[T ]]/f ·A[[T ]] would be finitely generated
and this is not true since f ·A[[T ]] is equal to the subset of M2(Zp[[T ]]) consisting
of those matrices which have both second row entries divisible by p.
iv) In just the same way as Proposition 2.1, one can prove that if A is admissible,
then every element f of A[[T ]] for which µA(f) = 0 can be written uniquely
in the form uf · f∗ with f∗ a distinguished polynomial and uf a unit of A[[T ]].
However, as the following example shows, the relation between the elements f∗

and f∗ (and uf and uf ) is in general far from clear.

Example 1. Let a and b be elements of rad(A), and set f := (T − a)(1 + bT ).
Then it is clear that µA(f) = 0, f∗ = T − a and uf = 1 + bT . On the other
hand it may be shown that f∗ = T −c where c is the unique element of A which
satisfies T − c ∈ A · f , and that uf = (1− ab + bc) + bT . Upon calculating c as
a power series in the noncommuting variables a and b, one finds that

c = a − baa + aba + bbaaa − baaba − abbaa + ababa + . . . .
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However, describing c completely is tricky. For example, a convenient option
is to use the context-free formal language with four productions S → Ta, S →
TbSS, T → ε, T → Tab. Indeed, it may be shown that the degree n part of the
series c is equal to the weighted sum of all words w of length n in this language,
counted with weight (−1)e(w) where e(w) denotes the number of times that b
occurs in w not immediately preceded by a. For background and a similar
example, we refer the reader to [32], in particular Chapter VI.

3. p-adic L-functions

In this section we apply Proposition 2.1 in the context of Iwasawa theory. The
main result of this section (Theorem 3.1) was first motivated by the observation
that the constructions of Deligne and Ribet which are used by Wiles in [39,
p. 501f] can be combined with Proposition 2.1 to shed light upon the ‘Wiles
Unit Conjecture’ formulated by Snaith in [34, Conj. 6.3.4]. In particular, by
these means we shall prove that the validity in the relative abelian case of
a corrected version of Snaith’s conjecture is a direct consequence of the (in
general conjectural) vanishing of certain natural µ-invariants.
We first introduce some necessary notation. Throughout this section we fix an
odd prime p and a finite group G. We recall that Qc

p is a fixed algebraic closure
of Qp, and we write Irrp(G) for the set of irreducible Qc

p-characters of G. For
each ρ ∈ Irrp(G) we write Zp(ρ) for the extension of Zp which is generated by
the values of ρ.
Following Fröhlich [21, Chap. II], we now define for each element f of Zp[G][[T ]]
a canonical element Det(f) of Map(Irrp(G), Qc

p[[T ]]). To do this we fix a subfield
N of Qc

p which is of finite degree over Qp and over which all elements of Irrp(G)
can be realized, and we write ON for the valuation ring of N . For each character
ρ ∈ Irrp(G) we choose a finitely generated ON [G]-module Lρ which is free over
ON (of rank n say) and is such that the space Lρ ⊗ON

N has character ρ,
and we write rρ : G → GLn(ON ) for the associated homomorphism. If now
f =

∑
i≥0 ciT

i, then rρ(f) :=
∑

i≥0 rρ(ci)T
i belongs to Mn(ON [[T ]]) and we

define Det(f)(ρ) := det(rρ(f)) ∈ ON [[T ]] (which is indeed independent of the
choices of field N and lattice Lρ). We observe in particular that if ρ is any
element of Irrp(G) which is of dimension 1, then one has Det(f)(ρ) = ρ(f).
In the remainder of this manuscript we assume given a finite Galois extension
of number fields K/k for which Gal(K/k) = G. We write k∞ (or kp

∞ if we need
to be more precise) for the cyclotomic Zp-extension of k, and K∞ (or Kp

∞) for
the compositum of K and k∞.
In the rest of this section we assume that k is totally real and that K is either
totally real or a CM field. We also fix a finite set S of non-archimedean places
of k which contains all non-archimedean places which ramify in K/k. We write
Irr+p (G) for the subset of Irrp(G) consisting of those characters which are even
(that is, factor through characters of the Galois group of the maximal totally
real extension K+ of k in K). We fix a topological generator γ of Gal(k∞/k)
and, with χcyclo denoting the cyclotomic character, we set u := χcyclo(γ) ∈ Z×

p .
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We recall that for each ρ ∈ Irr+p (G) there exists a p-adic L-function Lp,S(−, ρ)
and an associated element fS,ρ of the quotient field of Zp(ρ)[[T ]] such that

(1) Lp,S(1 − s, ρ) = fS,ρ(u
s − 1)

for almost all s ∈ Zp. To be more precise about the denominator of fS,ρ we set
Hρ := 1 unless ρ is induced by a multiplicative character of Gal(k∞/k) (that
is, ρ is a character of ‘type W’ in the terminology of Wiles [39]) in which case
we set Hρ := ρ(γ)(1 + T ) − 1 ∈ Zp(ρ)[[T ]]. Then there exists an element GS,ρ

of Zp(ρ)[[T ]][ 1p ] such that fS,ρ = GS,ρ · H−1
ρ (cf. [39, Thm. 1.1]). We hope

that the reader will not in the sequel be confused by our notation: whenever G
occurs without a subscript it denotes a Galois group; whenever G is adorned
with a subscript it denotes a power series.

By the classical Weierstrass Preparation Theorem, each series GS,ρ can be
decomposed as a product

(2) GS,ρ = π(ρ)µ(S,ρ) · G∗
S,ρ · US,ρ

where π(ρ) is a uniformising parameter of Zp(ρ), µ(S, ρ) is an integer, G∗
S,ρ is

a distinguished polynomial and US,ρ is a unit of Zp(ρ)[[T ]].
We now proceed to describe four natural hypotheses relating to the Weierstrass
decompositions (2). The main result of this section will then describe certain
relations that exist between these hypotheses.

Hypothesis (µp): For each ρ ∈ Irr+p (G) one has µ(S, ρ) = 0.

Remark 3. i) It is a standard conjecture that Hypothesis (µp) is always valid
(the first statement of this was due to Iwasawa [23]). However, at present the
only general result one has in this direction is that Hypothesis (µp) is valid
for K/k when k = Q and G is abelian. Indeed, this is proved by Ferrero and
Washington in [18].
ii) In this remark we describe a natural Iwasawa-theoretical reinterpretation
of Hypothesis (µp) in the case that K is totally real. To do this we write Sp

for the union of S and the set of places of k which lie above p, and we let
Y (Sp) denote the Galois group of the maximal abelian pro-p-extension of K∞
which is unramified outside the set of places which lie above any element of
Sp. (We note that, since p is odd, any pro-p-extension of K∞ is automatically
unramified at all archimedean places.)

Lemma 1. If K is totally real, then Hypothesis (µp) is valid for K/k if and
only if the µ-invariant of the Zp[Gal(K∞/K)]-module Y (Sp) is 0.

Proof. We set L := K(ζp) and ∆ := Gal(L/K) and let ω : ∆ → Z×
p denote the

Teichmüller character. For each Zp[∆]-module M and integer i we write M (i)

for the submodule consisting of those elements m which satisfy δ(m) = ωi(δ)·m
for all δ ∈ ∆. (Since p - |∆|, each such functor M 7→ M (i) is exact.)
We write Y , respectively YL, for the Galois group of the maximal abelian pro-
p-extension of K∞, respectively of L∞, which is unramified outside all places
above p. For each ρ ∈ Irrp(Gal(K/k)) we also write Gρ for the element of
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Zp(ρ)[[T ]][ 1p ] which is defined just as GS,ρ but with S taken to be the empty
set.
We first observe that µ(Y (Sp)) = 0 if and only if µ(Y ) = 0 and that for each
ρ ∈ Irrp(Gal(K/k)) one has µ(S, ρ) = 0 if and only if µ(Gρ) = 0.

We also note that µ(Y ) = 0 if and only if µ(X
(1)
L ) = 0, where XL de-

notes the Galois group of the maximal unramified abelian pro-p-extension
of L∞. For the reader’s convenience, we briefly sketch the argument.

By Kummer duality, for each even integer i the module Y
(i)
L is isomor-

phic to Hom(Cl(L∞)(1−i), Qp/Zp)(1) and hence in turn pseudo-isomorphic

to X
(1−i),#
L (1) where # indicates contragredient action of Gal(L∞/k) [31,

(11.1.8), (11.4.3)]. This implies, in particular, that Y = Y
(0)
L is pseudo-

isomorphic to X
(1),#
L (1), and this in turn implies the claimed result.

We next recall that, as a consequence of [39, Thm. 1.4], one has µ(X
(1)
L ) = 0 if

and only if µ(Gη0
) = 0, where η0 denote the trivial character of ∆.

To finish the proof of the lemma, we now need only invoke the inductive prop-
erty of L-functions and Iwasawa series. Indeed, one has Gη0

= Gχreg
, where

χreg is the character of the regular representation of Gal(K/k) (note that this
is equal to the induction of η0 from K to k), and by its very definition, one

has Gχreg
=

∏
ρ G

deg(ρ)
ρ , where ρ runs over all elements of Irrp(Gal(K/k)). It

is therefore clear that µ(Gη0
) = 0 if and only if for all ρ ∈ Irrp(Gal(K/k)) one

has µ(Gρ) = 0 (or equivalently µ(S, ρ) = 0), as required. ¤

We continue to introduce further natural hypotheses relating to the decompo-
sitions (2).
If f and f ′ are elements of Zp[G][[T ]], then we say that f is right associated,
respectively left associated, to f ′ if there exists a unit element u of Zp[G][[T ]]
such that f = f ′ · u, respectively f = u · f ′.

Hypothesis (EPS) (‘Equivariant Power Series’) Assume that Hypothesis (µp)
is valid for K/k. Then there exist elements GS = GS(T ) and H = H(T ) of
Zp[G][[T ]] which are each right associated to distinguished polynomials and are

such that for all ρ ∈ Irr+p (G) the quotient Det(GS)(ρ)/Det(H)(ρ) is defined
and equal to GS,ρ/Hρ = fS,ρ.

Remark 4. i) If Zp[G] is admissible, then Proposition 2.1 (and Remark 2iv))
implies that an element f of Zp[G][[T ]] is right associated to a distinguished
polynomial if and only if it is left associated to a distinguished polynomial and
that these conditions are in turn equivalent to an equality µZp[G](f) = 0.
ii) The completed group ring Zp[[Gal(K∞/k)]] is naturally isomorphic to the
power series ring Zp[Gal(K∞/k∞)][[T ]]. If K ∩ k∞ = k, then this ring can be
identified with Zp[G][[T ]] but in general no such identification is possible.

We write cρ for the leading coefficient of Hρ (so, explicitly, one has cρ = 1
unless ρ is a non-trivial character of ‘type W’ in which case cρ = ρ(γ)). We
observe that the polynomial H∗

ρ := c−1
ρ · Hρ is distinguished.
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The following hypothesis is directly motivated by the ‘Wiles Unit Conjecture’
which is formulated by Snaith in [34, Conj. 6.3.4]. (We shall explain the precise
connection at the end of this section.)

Hypothesis (EUS) (‘Equivariant Unit Series’) There exists a unit element US of
Zp[G][[T ]] which is such that for all ρ ∈ Irr+p (G) one has Det(US)(ρ) = c−1

ρ US,ρ.

For each character ρ ∈ Irr+p (G) we next consider the vector space over N which

is given by H0(Gal(K∞/k∞),HomN (Lρ ⊗ON
N,Y (Sp)⊗Zp

N)). This space is
finite-dimensional (over N) and also equipped with a canonical action of the
quotient group Gal(K∞/k)/Gal(K∞/k∞) ∼= Gal(k∞/k) and hence, in particu-
lar, of the automorphism γ. We write hS,ρ for the characteristic polynomial of
the endomorphism of the above space which is induced by the action of γ − 1.

Hypothesis (ECP) (‘Equivariant Characteristic Polynomials’) Assume that Hy-
pothesis (µp) is valid for K/k. Then there exist distinguished polynomials
G∗

S = G∗
S(T ) and H∗ = H∗(T ) in Zp[G][T ] which are such that for all

ρ ∈ Irr+p (G) the quotient Det(G∗
S)(ρ)/Det(H∗)(ρ) is defined and equal to

hS,ρ/H∗
ρ .

We can now state the main result of this section.

Theorem 3.1. Assume that Hypothesis (µp) is valid for K/k.

i) If Hypotheses (ECP) and (EUS) are both valid for K/k, then Hypoth-
esis (EPS) is valid for K/k with GS = G∗

S · US and H = H∗.
ii) If Zp[G] is admissible and Hypothesis (EPS) is valid for K/k, then

Hypotheses (EUS) and (ECP) are both valid for K/k.
iii) If K/k is abelian, then Hypotheses (EPS), (ECP) and (EUS) are all

valid for K/k.

Proof. i) We suppose that Hypotheses (µp), (ECP) and (EUS) are all valid
for K/k. Under these hypotheses we claim that the series GS := G∗

S · US ∈
Zp[G][[T ]] and H := H∗ ∈ Zp[G][T ] are as described in Hypothesis (EPS). To

show this we first observe that for every character ρ ∈ Irr+p (G) one has

Det(GS)(ρ) · Det(H)(ρ)−1 = hS,ρc
−1
ρ US,ρ · (H∗

ρ )−1

= hS,ρ · US,ρ · H−1
ρ

= (hS,ρ · (G∗
S,ρ)

−1) · (GS,ρ · H−1
ρ ),

where the last equality is a consequence of the decomposition (2) and our
assumption that µ(S, ρ) = 0. It is therefore enough to show that for each
ρ ∈ Irr+p (G) one has an equality

(3) hS,ρ = G∗
S,ρ.

Now if ρ is a one-dimensional even character which is of ‘type S’, then this
equality is equivalent to the Main Conjecture of Iwasawa theory as proved by
Wiles [39, Thm. 1.3]. In the general case the equality has been verified by
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Snaith [34, Thm. 6.2.5] and, for the reader’s convenience, we briefly sketch the
argument (for details see loc. cit.). One proceeds by reduction to the result of
Wiles by means of Brauer’s Induction Theorem and the fact that characteristic
polynomials and Iwasawa series enjoy the same inflation and induction proper-
ties. The only complication in this reduction is caused by the need to twist with
characters which are of ‘type W ’ and by the denominator polynomials Hρ, and
this is resolved by using the fact, first observed by Greenberg [22], that the de-
nominator of the Iwasawa series which is attached to each irreducible character
ρ of dimension greater than 1 is trivial (this justifies our setting Hρ = 1 for these
ρ). We would like to point out that there is actually a very simple argument for
this absence of denominator in the case that K ∩ k∞ = k. Indeed, in this case,
if ρ is any irreducible character of G which has degree greater than 1, then
Brauer induction implies that ρ =

∑
i ni Indk

ki
(ρi) where the ki are suitable

intermediate fields and ρi is a one-dimensional character of Gal(K/ki) which is
of ‘type S’. It follows that the denominator of each series fρi

is trivial unless ρi

is itself the trivial character. Further, if χ0 denotes the one-dimensional trivial
representation of G, then one has 0 = 〈χ0, ρ〉 =

∑
i ni〈χ0, Indk

ki
(ρi)〉. Since the

latter sum is equal to the sum of the multiplicities ni for which ρi is trivial, it
follows that the denominator of fρ is indeed trivial.
ii) We now suppose that Zp[G] is admissible and that Hypotheses (µp) and
(EPS) are both valid for K/k. Recalling Remark 4i) (and Proposition 2.1), we
find that the series GS and H (as given by Hypothesis (EPS)) admit canonical
decompositions GS = G∗

S · U ′
S and H = H∗ · V , where G∗

S and H∗ are distin-
guished polynomials in Zp[G][T ] and U ′

S and V are units of the ring Zp[G][[T ]].

It follows that for each character ρ ∈ Irr+p (G) one has an equality

GS,ρ

Hρ
=

Det(G∗
S)(ρ) Det(U ′

S)(ρ)

Det(H∗)(ρ) Det(V )(ρ)
.

We now recall that GS,ρ = G∗
S,ρ · US,ρ = hS,ρ · US,ρ (by (2) and (3)) and we

set US := U ′
S · V −1 ∈ Zp[G][[T ]]×. Upon clearing denominators in the last

displayed formula, we therefore obtain equalities

hS,ρ · Det(H∗)(ρ) · US,ρ = Det(G∗
S)(ρ) · Hρ · Det(US)(ρ),

or equivalently

(4) hS,ρ · Det(H∗)(ρ) · c−1
ρ US,ρ = Det(G∗

S)(ρ) · H∗
ρ · Det(US)(ρ).

Lemma 2. Let f be a distinguished polynomial in Zp[G][[T ]]. Then, for each
ρ ∈ Irrp(G), the series Det(f)(ρ) is a distinguished polynomial in ON [[T ]].

Proof. It is clear that the series Det(f)(ρ) is a polynomial in ON [[T ]] which

is distinguished if and only if the polynomial Det(f)(ρ)pj

is distinguished for
any natural number j. In addition, since f is a distinguished polynomial, of

degree d say, there exists a natural number j such that fpj ≡ T dpj

(modulo

p · Zp[G][[T ]]). Since Det(fpj

)(ρ) = Det(f)(ρ)pj

we may therefore assume
in the sequel that f is a monic polynomial which satisfies f ≡ T d (modulo
p · Zp[G][[T ]]).
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We now use the notation introduced at the beginning of §3 (when defining the

map Det(f)). We write f = T d +
∑d−1

i=0 αiT
i where αi ∈ p · Zp[G] for each

integer i with 0 ≤ i < d, and for each such i we set Ri := rρ(αi) ∈ Mn(ON ).
Upon denoting the n×n identity matrix by Rd, we obtain an equality rρ(f) =∑d

i=0 RiT
i in Mn(ON [T ]). We observe that each off-diagonal entry of rρ(f)

belongs to p ·ON [T ] and is of degree strictly less than d, and that each diagonal
entry of rρ(f) is a monic polynomial which is congruent to T d modulo p·ON [T ].
From this description it is immediately clear that Det(f)(ρ) := det(rρ(f)) is a
monic polynomial which is congruent to Tnd modulo p ·ON [T ], and hence that
it is distinguished, as claimed. ¤

Upon applying this lemma with f equal to G∗
S and H∗ we deduce that the

polynomials Det(G∗
S)(ρ) and Det(H∗)(ρ), and hence also Det(G∗

S)(ρ) ·H∗
ρ and

hS,ρ · Det(H∗)(ρ), are distinguished. When combined with the equality (4)
and the uniqueness of Weierstrass product decompositions in the ring ON [[T ]],
this observation implies that hS,ρ ·Det(H∗)(ρ) = Det(G∗

S)(ρ) ·H∗
ρ , as required

by Hypothesis (ECP), and also that c−1
ρ US,ρ = Det(US)(ρ), as required by

Hypothesis (EUS).
iii) We now assume that G is abelian, so that Zp[G] is admissible. Following
claim ii), it is therefore enough for us to assume that Hypothesis (µp) is valid
for K/k, and then to prove that Hypothesis (EPS) is valid for K/k.
To verify Hypothesis (EPS) for K/k we first assume that K ∩ k∞ = k. In
this case, we may use the constructions of Deligne and Ribet which are used
by Wiles in [39, p.501f.]. To be explicit, we obtain the elements GS and H as
required by Hypothesis (EPS) by combining in the obvious way the elements
Gm,c,S and Hm,c of loc. cit., where m runs over the ‘components’ of Zp[G] (and
for each non-trivial component m we set Hm,c := 1). The required equalities

ρ(GS)/ρ(H) = fS,ρ (for each ρ ∈ Irr+p (G)) and the fact that µZp[G](H) = 0
then follow as direct consequences of the properties of the series Gm,c,S and
Hm,c described by Wiles in loc. cit., and the fact that µZp[G](GS) = 0 follows
from the assumed validity of Hypothesis (µp) for K/k. From Remark 4i) we
therefore deduce that GS and H are both right associated to distinguished
polynomials, as required.
In general one has K ∩ k∞ 6= k, and in this case we proceed as follows. There
exists an extension K ′ of k such that K ′ ∩ k∞ = k and K∞ is the compositum
of K ′ and k∞. We observe that K ′/k is a finite abelian extension and we
set G′ := Gal(K ′/k) and Γ := Gal(k∞/k). Each character ρ ∈ Irrp(G) can
be lifted to a character of Gal(K∞/k) ∼= G′ × Γ (which we again denote by
ρ), and as such it has a unique factorisation ρ = ψκ where ψ ∈ Irrp(G

′)
and κ is a character of Γ which has finite order. As a consequence of the
formula [39, (1.4)] one has an equality GS,ψκ(T ) = GS,ψ(κ(γ)(1 + T ) − 1). By
the very definition of the polynomials Hψκ and Hψ one also has an equality
Hψκ(T ) = Hψ(κ(γ)(1 + T ) − 1).
We now write GK′,S(T ) and HK′(T ) for the elements of Zp[G

′][[T ]] which are
afforded by Hypothesis (EPS) for the extension K ′/k (which we know to be
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valid by the above argument since K ′, which sits between k and some Kn, is
again either totally real or a CM field). Let G̃S(T ) = GK′,S(γ(1 + T ) − 1)

and H̃(T ) = HK′(γ(1 + T ) − 1); these series lie in Zp[[G
′ × Γ]][[T ]]. Then

applying the character ρ of G (considered as a character of G′×Γ by inflation)

to G̃S(T ) yields ψ(GK′,S)(κ(γ)(1+T )−1), similarly for H̃(T ), so applying ρ to

the quotient G̃S(T )/H̃(T ) gives fψ(κ(γ)(1 + T ) − 1) by Hypothesis (EPS) for
K ′/k. By the aforementioned formulas, we therefore have fψ(κ(γ)(1+T )−1) =
fρ(T ) and so we are almost done: indeed, it simply suffices to define GS(T ),

respectively H(T ), to be equal to the image of G̃S(T ), respectively H̃(T ), under
the map Zp[[G

′ × Γ]][[T ]] → Zp[G][[T ]] which is induced by the epimorphism
G′ × Γ → G. ¤

Remark 5. To end this section we now explain the precise connection between
Hypothesis (EUS) and the ‘Wiles Unit Conjecture’ [34, Conj. 6.3.4] of Snaith.
To do this we fix an integer n with n > 1 and, assuming Hypothesis (EUS)
to be valid for K/k, we set αS,n := US(un − 1) ∈ Zp[G]×. Then for each

ρ ∈ Irr+p (G) one has an equality

Det(αS,n)(ρ) = c−1
ρ US,ρ(u

n − 1).

After taking account of the equalities (2) and (3) one finds that this property
of αS,n is closely related to that which should be satisfied by the element
αn,K+/k of Zp[Gal(K+/k)]× whose existence is predicted by [34, Conj. 6.3.4].
However, there are two important differences: in loc. cit. the p-adic L-functions
are untruncated and the factors cρ are omitted. Whilst, a priori, Hypothesis
(EUS) and [34, Conj. 6.3.4] could be simultaneously valid, we now present
an explicit example which shows that [34, Conj. 6.3.4] is not valid (because
the relevant p-adic L-functions are untruncated). We remark that similarly
explicit examples exist to show that [34, Conj. 6.3.4] must also be corrected by
the introduction of the factors cρ.

Example 2. We set p := 3 and k := Q and we let K denote the composite of
the cyclic cubic extension K1 of Q which has conductor 7 and the field K2 :=
Q(

√
5). We set G := Gal(K/Q) (which is cyclic), we write ρ0 for the nontrivial

character of Gal(K2/Q) (considered as a character of G) and ρ1 for any faithful
character of G, and we set S := {5, 7}. Then ρ0 and ρ1 have conductors 5 and
35 respectively and Theorem 3.1iii) implies that there exists a unit element
US of Zp[G][[T ]] such that, for i ∈ {1, 2}, the unit part Uρi

of the Iwasawa
series fS,ρi

which is associated to Lp,S(−, ρi) is equal to ρi(US). We now let
w(T ) be the power series such that w(un − 1)Lp,{5}(1 − n, ρ0) = Lp,S(−, ρ0)

for all natural numbers n. Then w(un − 1) = 1 − ρ0(7)ω−n(7)7n−1 where ω
is the 3-adic Teichmüller character. Since ω(7) = 1 it follows that w(T ) =
1 − ρ0(7) · 7−1(T + 1)a with ua = 7. Now ρ0(7) = −1 and so w(0) = 8

7 ≡ −1
(mod 3); in particular w(T ) ∈ Zp[[T ]]× and so the unit part U ′

ρ0
of the Iwasawa

series f{5},ρ0
is equal to w(T )−1Uρ0

. In this setting [34, Conj. 6.3.4] predicts

the existence (for any given n) of an element α′
n of Z3[G]× which satisfies
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both ρ0(α
′
n) = U ′

ρ0
(un − 1) and ρ1(α

′
n) = Uρ1

(un − 1). If such an element

existed, then the element q := US(un − 1)(α′
n)−1 of Z3[G]× would satisfy both

ρ0(q) = w(un − 1) and ρ1(q) = 1. However, the above calculation shows that
w(un − 1) ≡ −1 (mod 3) and so no such element q can exist (indeed, ρ0 and ρ1

differ by a character of order 3 and so, for any q′ ∈ Z3[G], the elements ρ0(q
′)

and ρ1(q
′) must be congruent modulo the maximal ideal of Z3[ζ3]).

4. Algebraic Preliminaries

In the remainder of this manuscript our aim is to describe certain explicit con-
sequences of Theorem 3.1iii) concerning the values of Dirichlet L-functions at
strictly negative integers. However, before doing so, in this section we describe
some necessary algebraic preliminaries.
We now let K/k be any finite Galois extension of number fields of group G
(which is not necessarily abelian). We fix any rational prime p and a finite
set of places T of k which contains all archimedean places, all places which
ramify in K/k and all places of residue characteristic p. For any extension E
of k we write OE,T for the ring of TE-integers in E, where TE denotes the set
of places of E which lie above those in T . We set U := Spec(Ok,T ) and we
write Gk,T for the Galois group of the maximal algebraic extension of k which
is unramified outside T . For each non-negative integer n we write Kn for the
subextension of Kp

∞ which is of degree pn over K, and πn : Spec(OKn,T ) → U
for the morphism of schemes which is induced by the inclusion Ok,T ⊆ OKn,T .
If F is any finite Gk,T -module, then we use the same symbol to denote the
associated locally-constant sheaf on the étale site Uét. If F is any continuous
Gk,T -module which is finitely generated over Zp, then we let F∞ denote the
associated pro-sheaf (Fn, tn)n≥0 on Uét where, for each non-negative integer n,
we set Fn := πn,∗ ◦ π∗

n(F/pn+1) and the transition morphism tn is induced by
the composite of the trace map πn+1,∗ ◦ π∗

n+1(F/pn+2) → πn,∗ ◦ π∗
n(F/pn+2)

and the natural projection F/pn+2 → F/pn+1.
Let Λ be a pro-p ring. (Thus we depart here from the usual convention that
Λ has the fixed meaning Zp[[T ]].) We write D(Λ) for the derived category
of bounded complexes of Λ-modules and Dp(Λ), respectively Dp,f(Λ), for the
full triangulated subcategory of D(Λ) consisting of those complexes which are
perfect, respectively are perfect and have finite cohomology groups.
If F is any (p-adic) étale sheaf of Λ-modules on U , then we follow the ap-
proach of [9, §3.2] to define the complex of compactly supported cohomology
RΓc(Uét,F) so as to lie in a canonical distinguished triangle in D(Λ)

(5) RΓc(Uét,F) −→ RΓ(Uét,F) −→
⊕

v∈T

RΓ(Spec(kv)ét,F).

We recall that the approach developed by Kato in [25, §3.1] and by Nekovář in
[30] (cf. also [11, Rem. 4.1] in this regard) allows one to extend the definitions
of each of these complexes in a natural manner to the case of pro-sheaves
of Λ-modules of the form F∞ discussed above, and that in this case there is
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again a canonical distinguished triangle of the form (5). If p = 2, then we
set RΓ∗(Uét,−) := RΓc(Uét,−). If p is odd, then we let RΓ∗(Uét,−) denote
either RΓc(Uét,−) or RΓ(Uét,−). In each degree i we then set Hi

∗(Uét,−) :=
HiRΓ∗(Uét,−).
We next recall that if Λ is any Zp-order which spans a finite dimensional
semisimple Qp-algebra ΛQp

, then to each object C of Dp,f(Λ) one can asso-

ciate a canonical element χrel
Λ C of the relative algebraic K-group K0(Λ, Qp)

(cf. [5, Prop. 1.2.1] or [9, §2.8, Rem. 4]). We recall further that the
Whitehead group K1(ΛQp

) of ΛQp
is generated by elements of the form [α]

where α is an automorphism of a finitely generated ΛQp
-module, and we write

δΛ : K1(ΛQp
) → K0(Λ, Qp) for the homomorphism which occurs in the long

exact sequence of relative K-theory (as described explicitly in, for example, [5,
§1.1]).

Proposition 4.1. Let F be a continuous Zp[Gk,T ]-module which is both
finitely generated and free over Zp. Then RΓ∗(Uét,F∞) is an object of
Dp(Zp[Gal(Kp

∞/k)]).
Assume now that K ∩kp

∞ = k. Let ε be a central idempotent of Zp[G], set Λ :=
Zp[G]ε, and let θ∞ be an injective Zp[Gal(Kp

∞/k)]-equivariant endomorphism
of ε · F∞. If both

ci) in each degree i the Zp-module Hi
∗(Uét, ε ·F∞) is finitely generated, and

cii) in each degree i the endomorphism Hi
∗(Uét, θ∞) ⊗Zp

Qp is bijective,

then RΓ∗(Uét, coker(θ∞)) is an object of Dp,f(Λ), and in K0(Λ, Qp) one has an
equality

χrel
Λ RΓ∗(Uét, coker(θ∞)) =

∑

i∈Z

(−1)iδΛ([Hi
∗(Uét, θ∞) ⊗Zp

Qp]).

Proof. For each non-negative integer n we set Λn := (Z/pn+1)[Gal(Kn/k)]. We
also set Λ∞ := lim←−n

Λn where the limit is taken with respect to the natural

projection morphisms ρn : Λn+1 → Λn. In the sequel we identify Λ∞ with
Zp[Gal(Kp

∞/k)] in the natural way.
We first note that, for each non-negative integer n, Fn is the sheaf which is
associated to the free Λn-module Λn ⊗Zp

F and that tn is the morphism which
is associated to the natural morphism of Λn+1-modules

Λn+1 ⊗Zp
F → Λn ⊗Λn+1,ρn

(Λn+1 ⊗Zp
F) ∼= Λn ⊗Zp

F .

By using results of Flach [19, Thm. 5.1, Prop. 4.2] we may therefore deduce
that, for each such n, RΓ∗(Uét,Fn) is an object of Dp(Λn) which is acyclic
outside degrees 0, 1, 2, 3 and is also such that there exists an isomorphism ψn

in Dp(Λn) between Λn ⊗L
Λn+1,ρn

RΓ∗(Uét,Fn+1) and RΓ∗(Uét,Fn).

We observe next that Λn+1 is Artinian and that ker(ρn) is a two sided nilpo-
tent ideal. By using the structure theory of [17, Prop. (6.17)] we may thus
deduce that for any morphism of finitely generated projective Λn-modules
φn : Mn → Nn there exists a morphism of finitely generated projective Λn+1-
modules φn+1 : Mn+1 → Nn+1 for which one has Mn = Λn ⊗Λn+1,ρn

Mn+1,
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Nn = Λn ⊗Λn+1,ρn
Nn+1 and φn = Λn ⊗Λn+1,ρn

φn+1. This fact allows one to
adapt the constructions of Milne in [29, p.264-265] and hence to prove that, for
each non-negative integer n, there exists a complex of finitely generated projec-
tive Λn-modules C·

n with the following properties: Ci
n = 0 for i /∈ {0, 1, 2, 3};

C·
n is isomorphic in Dp(Λn) to RΓ∗(Uét,Fn); there exists a Λn+1-equivariant

homomorphism of complexes ψ′
n : C·

n+1 → C·
n which is such that the morphism

Λn⊗Λn+1,ρn
ψ′

n : Λn⊗Λn+1,ρn
C·

n+1 → C·
n is bijective in each degree and induces

ψn. In this way we obtain a bounded complex of finitely generated projective
Λ∞-modules C·

∞ := lim←−ψ′
n

C·
n which represents RΓ∗(Uét,F∞). This proves the

first claim of the proposition.
We now assume that K ∩ kp

∞ = k and that θ∞ is an injective Λ∞-equivariant
endomorphism of the pro-sheaf ε · F∞. By adapting the constructions of [29,
Chap. VI, Lem. 8.17, Lem. 13.10] (but note that [loc. cit., Lem. 8.17] is
incorrect as stated since the morphism ψ need not be a quasi-isomorphism)
it may be shown that there exists a Λ∞-equivariant endomorphism θ·∞ of the
complex D·

∞ := ε ·C·
∞ which induces the morphism RΓ∗(Uét, θ∞). In this way

one obtains a canonical short exact sequence of complexes

(6) 0 → D·
∞ → Cone(θ·∞) → D·

∞[1] → 0

and also an isomorphism in Dp(Λ∞) between Cone(θ·∞) and
RΓ∗(Uét, coker(θ∞)).
Now Λ∞ is a free Zp[G]-module and so D·

∞ is a bounded complex of projective
Λ-modules. If also each Zp-module Hi(D·

∞) is finitely generated, as is implied
by condition ci), then by a standard argument (see, for example, the proof of
[12, Thm. 1.1, p.447]) it follows that D·

∞ belongs to Dp(Λ). The exact sequence
(6) then implies that Cone(θ·∞) also belongs to Dp(Λ). Further, condition cii)
now combines with the long exact sequence of cohomology which is associated to
(6) to imply that each module Hi

∗(Cone(θ·∞)) is finite and hence that Cone(θ·∞)
belongs to Dp,f(Λ), as claimed.
It only remains to prove the explicit formula for χrel

Λ RΓ∗(Uét, coker(θ∞)). To do
this we let P · be a bounded complex of finitely generated projective Λ-modules

which is quasi-isomorphic to D·
∞ and θ̂· : P · → P · a morphism of complexes

which induces θ·∞. Condition cii) combines with the argument of [13, Lem.

7.10] to imply we may assume that in each degree i the map θ̂i is injective
(and so has finite cokernel). It follows that RΓ∗(Uét, coker(θ∞)) is isomorphic

in Dp,f(Λ) to the complex coker(θ̂·) which is equal to coker(θ̂i) in each degree
i and for which the differentials are induced by those of P ·, and hence that

χrel
Λ RΓ∗(Uét, coker(θ∞)) = χrel

Λ coker(θ̂·).
We next recall that χrel

Λ is additive on exact triangles in Dp,f(Λ) [5, Prop. 1.2.2].
From the short exact sequences of complexes

0 → coker(θ̂i)[−i] → τi coker(θ̂·) → τi−1 coker(θ̂·) → 0

(where, for each integer j, τj denotes the naive truncation in degree j) we may

therefore deduce that χrel
Λ coker(θ̂·) =

∑
i∈Z χrel

Λ (coker(θ̂i)[−i]). The claimed
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formula now follows directly from the fact that for each integer i one has

χrel
Λ (coker(θ̂i)[−i]) = (−1)iδΛ([θ̂i ⊗Zp

Qp]) and in K1(ΛQp
) there is an equality

[θ̂i ⊗Zp
Qp] = [θ̂i+1 ⊗Zp

Qp |Bi+1 ] + [Hi
∗(Uét, θ∞) ⊗Zp

Qp] + [θ̂i ⊗Zp
Qp |Bi ].

Here we write Bi for the submodule of coboundaries of P · ⊗Zp
Qp in degree i,

and the displayed equality is a consequence of the natural filtration of P i⊗Zp
Qp

which has graded pieces isomorphic to Bi+1,Hi
∗(Uét, ε ·F∞)⊗Zp

Qp and Bi. ¤

Remark 6. In this remark we assume that G is abelian, but otherwise use the
same notation and hypotheses as in the second part of Proposition 4.1. We
write DetΛ for the determinant functor introduced by Knudsen and Mumford
in [27], and (both here and in the sequel) we identify any graded invertible
Λ-module of the form (I, 0) with the underlying invertible Λ-module I.
We recall that the assignment χrel

Λ C 7→ DetΛ C (where C ranges over all objects
of Dp,f(Λ)) induces a well-defined isomorphism between K0(Λ, Qp) and the
multiplicative group of invertible Λ-lattices in ΛQp

(cf. [1, Lem. 2.6]). In
particular, in this case the equality at the end of Proposition 4.1 is equivalent
to the following equality in ΛQp

DetΛ RΓ∗(Uét, coker(θ∞)) =
∏

i∈Z

detΛQp
(Hi

∗(Uét, θ∞) ⊗Zp
Qp)

(−1)i+1 · Λ.

(We remark that the exponent (−1)i+1 on the right hand side of this formula
is not a misprint!)

5. Values of Dirichlet L-functions

In this section we derive certain explicit consequences of Theorem 3.1iii) and
Proposition 4.1 concerning the values of Dirichlet L-functions at strictly nega-
tive integers.
To this end we continue to use the notation introduced in §3. In particular, we
now assume that k is totally real and that K is a CM abelian extension of k
and we set G := Gal(K/k). We also fix an odd prime p, algebraic closures Qc

of Q and Qc
p of Qp, and we set G∧ := Hom(G, Qc×) and G∧,p := Hom(G, Qc×

p ).
We let τ denote the complex conjugation in G, and for each integer a we
write ea for the idempotent 1

2 (1 + (−1)aτ) of Z[ 12 ][G], and G∧
(a) and G∧,p

(a) for

the subsets of G∧ and G∧,p respectively which consist of those characters ψ
satisfying ψ(τ) = (−1)a. For each element ψ of G∧, respectively of G∧,p, we
write eψ for the associated idempotent 1

|G|
∑

g∈G ψ(g)g−1 of Qc[G], respectively

of Qc
p[G].

We fix a finite set S of non-archimedean places of k which contains all non-
archimedean places which ramify in K/k and, for each ψ ∈ G∧, we write
LS(s, ψ) for the Dirichlet L-function of ψ which is truncated by removing the
Euler factors at all places in S.
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If r is any integer with r > 1, then each function LS(s, ψ) is holomorphic at
s = 1 − r and so we may set

LS(1 − r) :=
∑

ψ∈G∧

LS(1 − r, ψ)eψ ∈ C[G].

If k = Q, then this element can be interpreted in terms of higher Bernoulli
numbers and is therefore a natural analogue of the classical Stickelberger ele-
ment. In general, by a result of Siegel [33], one knows that LS(1 − r) belongs
to the unit group of the ring Q[G]er.

In order to state our next result we assume that K ∩ kp
∞ = k. Under this

hypothesis we set

hS :=
∑

ρ∈G∧,p
(0)

hS,ρeρ ∈ Zp[G][[T ]][
1

p
].

We also write e for the idempotent 1
|G|

∑
g∈G g of Qp[G] and then set

H ′ :=
∑

ρ∈G∧,p
(0)

Hρeρ = Te + (e0 − e) ∈ Qp[G][T ],

where the second equality is a consequence of our assumption that K∩kp
∞ = k.

For the purposes of the next result we also assume that K contains a primitive
p-th root of unity, and we write ω for the Teichmüller character of G. For each
integer b we then let twb denote the Zp-linear automorphism of Zp[G] which
sends each element g of G to ωb(g) · g.

Theorem 5.1. Assume that Hypothesis (µp) is valid for K/k, that K∩kp
∞ = k

and that K contains a primitive p-th root of unity. Then for each integer r > 1
one has an equality

LS(1 − r) · Zp[G] = twr(H
′(ur − 1)−1hS(ur − 1)) · Zp[G]er.

Proof. At the outset we fix an integer r > 1 and an embeddding j : Qc → Qc
p

and, for each χ ∈ G∧, we set ρχ := (j ◦ χ) · ωr ∈ G∧,p.

We observe that ω belongs to G∧,p
(1) and hence that χ belongs to G∧

(r) if and

only if ρχ belongs to G∧,p
(0) . In addition, for all characters χ ∈ G∧

(r) one has an

equality

(7) (j ◦ χ)(LSp
(1 − r)) = j(LSp

(1 − r, χ)) = Lp,S(1 − r, ρχ).

We now set ZS := (H ′)−1 · hS . Upon comparing images under each character
ρ ∈ G∧,p, recalling the equality (3) and noting that in the present case cρ = 1
for all such ρ, we may deduce that ZS is equal to the quotient G∗

S/H∗ which
occurs in Hypothesis (ECP). With US denoting the unit element which occurs
in Hypothesis (EUS) for K/k, and setting GS := G∗

S · US and H := H∗ it
therefore follows that

ZS · US = (G∗
S · US) · (H∗)−1

= GS · H−1.
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From Theorem 3.1i),iii) we know that the series GS and H satisfy the conditions
specified in Hypothesis (EPS). Hence the last displayed formula implies that,
for each character χ ∈ G∧

(r), one has

ρχ(ZS · US) = ρχ(GS)ρχ(H)−1

= fS,ρχ
.

Upon combining this formula with the equalities (1) and (7) we deduce that

(j ◦ χ)(LSp
(1 − r)) = ρχ(ZS(ur − 1) · US(ur − 1))

= (j ◦ χ)(twr(ZS(ur − 1) · US(ur − 1)))

= (j ◦ χ)(twr(ZS(ur − 1)) · twr(US(ur − 1))).

Since this equality is valid for every character χ in G∧
(r) it implies that the

elements LSp
(1 − r) and twr(ZS(ur − 1)) of Qp[G]er differ by the factor

twr(US(ur − 1)) which is a unit of the ring Zp[G]er.
It now only remains for us to show that the elements LSp

(1− r) and LS(1− r)
differ by a unit of Zp[G]er. But LSp

(1− r) = LS(1− r)x where x is a product

of Euler factors of the form 1−Nvr−1 ·fv where v is a place of k which divides p
and does not belong to S, Nv is the absolute norm of v and fv is the Frobenius
automorphism of v in G. Further, since r > 1, it is clear that each such element
1 − Nvr−1 · fv is a unit of Zp[G]. ¤

Our next result concerns a special case of Kato’s Generalized Iwasawa Main
Conjecture. However, before stating this result, it will be convenient to intro-
duce some further notation.
For the remainder of this section we let Σ denote the (finite) set of rational
primes ` which satisfy either ` = 2 or K ∩ k`

∞ 6= k. We also write ZΣ for the
subring of Q which is generated by the inverses of each element of Σ.
For any extension E of k and any finite set of places V of k we let OE,V denote
the ring of VE-integers in E, where VE denotes the set of all places of E which
are either archimedean or lie above a place in V . We set Uk := Spec(Ok,Sp

) and
for each p-adic étale sheaf F on Uk and each finite Galois extension E/k which
is unramified at all non-archimedean places outside Sp we write FE for the étale
sheaf of Zp[Gal(E/k)]-modules π∗π∗F on Uk where π denotes the morphism
Spec(OE,Sp

) → Uk which is induced by the inclusion Ok,Sp
⊆ OE,Sp

. We
recall that, since π∗ is exact, the complexes RΓ(Uk,ét,FE) and RΓc(Uk,ét,FE)
are canonically isomorphic in D(Zp[Gal(E/k)]) to RΓ(Spec(OE,Sp

)ét, π
∗F) and

RΓc(Spec(OE,Sp
)ét, π

∗F) respectively, and in the sequel we shall often use such
identifications without explicit comment.
For each integer r > 1 we set

CK,1−r := RΓc(Uk,ét, erZp(1 − r)K)

and we recall that (since r > 1) this complex is an object of Dp,f(Zp[G]er) (see
the upcoming proof of Lemma 3 for further details in this regard). From the
equalities of [8, (11),(12)] (with r replaced by 1 − r), it therefore follows that
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the ‘Equivariant Tamagawa Number Conjecture’ of [9, Conj. 4(iv)] is for the
pair (h0(Spec(K))(1 − r), ZΣ[G]er) equivalent to asserting that if p does not
belong to Σ, then in Qp[G]er one has an equality

(8) Det−1
Zp[G]er

CK,1−r = LS(1 − r) · Zp[G]

(cf. Remark 6).
Before proceeding, we remark that the above equality is in general strictly
finer than the corresponding case of the Generalized Iwasawa Main Conjecture
which Kato formulates in [25, Conj. 3.2.2 and 3.4.14]. Indeed, since graded
determinants are not used in [25] the central conjecture of loc. cit. is in this
case only well defined to within multiplication by elements of (Qp[G]er)

× of
square 1 which reflect possible re-ordering of the factors in tensor products.
For more details in this regard we refer the reader to [loc cit., Rem. 3.2.3(3)
and 3.2.6(3),(5)] and [9, Rem. 9]. We recall also that a direct comparison of
[9, Conj. 4(iv)] with the central conjecture formulated by Kato in [24, Conj.
(4.9)] can be found in [10, §2].

Theorem 5.2. Assume that p does not belong to Σ and that Hypothesis (µp)
is valid for K/k. Then for each integer r > 1 the equality (8) is valid. In
particular, the Generalized Iwasawa Main Conjecture of Kato is valid for each
such pair (h0(Spec(K))(1 − r), Zp[G]er).

Remark 7. i) It is straightforward to describe explicit conditions on K/k which
ensure that Σ = {2}. For example, if [K : k] is coprime to the class number of
k, then Σ = {2} whenever the conductor of K/k is not divisible by the square
of any prime ideal which divides [K : k].
ii) If K/Q is abelian, then Hypothesis (µp) is known to be valid for all p (Remark
3i)) and so Theorem 5.2 gives an alternative proof of parts of the main result
(Cor. 8.1) of [11]. The reader will find that the approach of loc. cit. is
considerably more involved than that used here. We remark that, nevertheless,
the approach of loc. cit. can be extended to improve upon Theorem 5.2 by
showing that [9, Conj. 4(iv)] is valid for the pair (h0(Spec(K))(1−r), Z[ 12 ][G]er)
under the assumption that Hypothesis (µp) is valid for K/k at all odd p.

Proof of Theorem 5.2. For the purposes of this argument we set A := Zp[G]er

and A := Qp[G]er.
We first remark that, when verifying the equality (8), the functorial behaviour
of compactly supported étale cohomology and of Dirichlet L-functions under
Galois descent allows us to replace K by the extension of K which is generated
by a primitive p-th root of unity (cf. [9, Prop. 4.1b)]). We may therefore
henceforth assume that K contains a primitive p-th root of unity and is such
that K ∩ kp

∞ = k. After taking into account the result of Theorem 5.1 it is
therefore enough for us to prove that in Qp[G]er one has an equality

(9) Det−1
A CK,1−r = twr(H

′(ur − 1)−1hS(ur − 1)) · A.
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We now use the notation of Proposition 4.1. We regard γ as a topological
generator of Gal(Kp

∞/K) ∼= Gal(kp
∞/k), we set γ̂ := 1−γ ∈ Zp[Gal(Kp

∞/k)] and
we observe that the action of γ̂ induces an injective Zp[Gal(Kp

∞/k)]-equivariant
endomorphism γ̂1−r of the pro-sheaf er · Zp(1 − r)∞ on Uk,ét.

Lemma 3. Let T denote the union of Sp and the set of archimedean places of k,
and set U := Uk,F := Zp(1− r), ε := er and θ∞ := γ̂1−r. If Hypothesis (µp) is
valid for K/k, then this data satisfies the conditions ci) and cii) of Proposition
4.1, and in A one has an equality

∏

i∈Z

detA(Hi
c(Uk,ét, γ̂1−r) ⊗Zp

Qp)
(−1)i

= detA(γ̂ | e0Y (Sp) ⊗Zp
Qp(−r)) · detA(γ̂ | Qp(−r))−1

where γ̂ acts diagonally on e0Y (Sp) ⊗Zp
Qp(−r).

Proof. We assume that Hypothesis (µp) is valid for K/k, and we recall (from
Remark 3ii)) that this is equivalent to asserting that e0Y (Sp) is a finitely
generated Zp-module.
For each integer i we set Hi

c(1 − r) := Hi
c(Uét, er · Zp(1 − r)∞). To verify

that condition ci) of Proposition 4.1 is satisfied by the given data and also to
prove the claimed equality, it is clearly enough to show that Hi

c(1− r) vanishes
if i /∈ {2, 3} and that H2

c (1 − r) and H3
c (1 − r) are canonically isomorphic

to e0Y (Sp) ⊗Zp
Zp(−r) (endowed with the natural diagonal action of γ) and

Zp(−r) respectively.
To show this we first observe that, since p is odd and k is totally real, for
each archimedean place v of k and any non-negative integer n the complex
RΓ(Spec(kv)ét, er · Zp(1 − r)n) is acyclic. This implies that our definition
of compactly supported cohomology (as in (5)) coincides with that used by
Nekovář in [30, (5.3)], and hence that the complex RΓc(Uét, er · Zp(1 − r)∞)
coincides with the complex RΓc,Iw(K∞/k, Zp(1 − r)) which is defined in [loc.
cit., (8.5.4)]. To compute Hi

c(1 − r) we may therefore use the fact that there
are natural isomorphisms of Zp[Gal(K∞/k)]-modules

Hi
c(1 − r) ∼= er(H

i
c(Uét, Zp(1)∞ ⊗Zp

Zp(−r)))(10)

∼= (lim←−
n

Hi,+
c,n (1)) ⊗Zp

Zp(−r)

∼= (lim←−
n

Hi,+
c,n,n(1)) ⊗Zp

Zp(−r)

where, for each non-negative integer n, we set Hi,+
c,n (1) := e0 ·Hi

c(Uk,ét, Zp(1)Kn
)

and Hi,+
c,n,n(1) := e0 ·Hi

c(Uk,ét, (µpn+1)Kn
), each limit over the integers n ≥ 0 is

taken with respect to the natural projection maps, Gal(K∞/k) acts diagonally
on each tensor product, and the second and third isomorphisms follow as a
consequence of [loc. cit., Prop 8.5.5(ii), respectively Lem. (4.2.2)].
Now to compute explicitly each group Hi,+

c,n (1) for i 6= 2 it is enough to combine
the long exact sequence of cohomology of the triangle (5) (with U = Uk and
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F = Zp(1)Kn
) together with certain standard results of Kummer theory and

class field theory. To describe the result we write

λn : O×
Kn,T ⊗Z Zp →

∏

wn

lim←−
m≥1

K×
n,wn

/(K×
n,wn

)pm

for the natural ‘diagonal’ morphism where on the right hand side wn runs over
all places of Kn which lie above places in T and the limit over m is taken with
respect to the natural projection morphisms. Then one finds that Hi,+

c,n (1)

vanishes if i /∈ {1, 2, 3}, that H3,+
c,n (1) identifies with Zp and that H1,+

c,n (1) is
isomorphic to e0 · ker(λn). Upon passing to the inverse limit over n (and by
using (10)) one finds that Hi

c(1 − r) vanishes if i /∈ {2, 3} and that H3
c (1 − r)

is canonically isomorphic to Zp(−r).
To proceed we next recall that, for each pair of non-negative integers m and
n, the Artin-Verdier Duality Theorem induces a canonical isomorphism in
D(Z/pmZ[Gal(Kn/k)])

RΓc(Uét, er(µ
⊗(1−r)
pm )Kn

) ∼= HomZ/pmZ(RΓ(Uét, er(µ
⊗r
pm)Kn

), Z/pmZ[−3])

where the linear dual is endowed with the contragredient action of Gal(Kn/k)
(cf. [30, Prop. (5.4.3)(i), (2.11)] with R = Z/pmZ[Gal(Kn/k)], J = R[0],K =

k, S = T and X = er(µ
⊗(1−r)
pm )Kn

[0]). Now if Kab,n
n,T denotes the maximal

abelian extension of Kn which is unramified outside T and of exponent divid-
ing pn+1, then the above isomorphism (with r = 0 and m = n + 1) implies

that H2,+
c,n,n(1) is canonically isomorphic to e0 ·Gal(Kab,n

n,T /Kn). These isomor-
phisms are compatible with the natural transition morphisms as n varies and
hence upon passing to the inverse limit (and using (10)) we obtain a canonical
isomorphism between H2

c (1 − r) and e0Y (Sp) ⊗Zp
Zp(−r) (endowed with the

diagonal action of Gal(K∞/k)), as required.
At this stage we need only verify that condition cii) of Proposition 4.1 is satisfied
by the specified data. However, this is so because coker(γ̂1−r) is isomorphic to
the constant pro-sheaf erZp(1− r)K and all cohomology groups of the complex
CK,1−r are finite. To explain the latter fact we recall that, for any given n and
r, the above displayed duality isomorphisms are compatible with the natural
transition morphisms as m varies and hence (in the case n = 0) induce upon
passing to the inverse limit a canonical isomorphism in D(A)

(11) CK,1−r
∼= R HomZp

(RΓ(Uét, erZp(r)K), Zp[−3]).

where the linear dual is endowed with the action of A which is induced by
the contragredient action of G. (The existence of such an isomorphism also
follows from the exactness of the central column of [8, diagram (114)] (where L
corresponds to our field K) and the fact that each complex RΓ∆(Lw, Zp(1−r))∗

which occurs in that diagram becomes acyclic upon multiplication by er.) Now,
after taking (11) into account, it is enough for us to prove that all of the groups
Hi(Uét, erZp(r)K) are finite and this follows, for example, as a consequence of
the description of [11, Lem. 3.2ii)] and the fact that er(K2r−i(OK,T )⊗Z Zp) is
finite for both i ∈ {1, 2}. ¤

Documenta Mathematica · Extra Volume Kato (2003) 157–185



178 David Burns and Cornelius Greither

We next observe that (as can be verified by explicit computation)

detA(γ̂ | Qp(−r)) = (1 − u−r)eω−r + (er − eω−r )

= twr(vr · H ′(ur − 1))

where vr := u−re + (e0 − e), and also

detA(γ̂ | e0Y (Sp) ⊗Zp
Qp(−r))

=
∑

ρ∈G∧,p
(r)

detQc
p
(1 − γ | eρ(Y (Sp) ⊗Zp

Qc
p(−r)))eρ

=
∑

ρ∈G∧,p
(r)

detQc
p
(1 − u−rγ | eρωr (Y (Sp) ⊗Zp

Qc
p))eρ

= twr(v
′
r · hS(ur − 1)),

where v′
r :=

∑
ρ∈G∧,p

(0)
u−rdρeρ with dρ := dimQc

p
(eρ(Y (Sp) ⊗Zp

Qc
p)) for each

ρ ∈ G∧,p
(0) . We remark that in proving the last displayed equality one uses the

fact that for each κ ∈ G∧,p the Qc
p[γ]-module eκ(Y (Sp) ⊗Zp

Qc
p) is isomorphic

to H0(Gal(K∞/k∞),HomQc
p
(Qc

p · eκ, Y (Sp) ⊗Zp
Qc

p)).
Upon combining the last two displayed formulas with the result of Lemma 3,
the quasi-isomorphism CK,1−r

∼= RΓc(Uk,ét, coker(γ̂1−r)) and the equality of
Remark 6 we find that

Det−1
A CK,1−r = twr(v

−1
r v′

r) twr(H
′(ur − 1)−1hS(ur − 1)) · A.

The required equality (9) is thus a consequence of the following observation.

Lemma 4. v−1
r v′

r is a unit of Zp[G]e0.

Proof. We start by making a general observation. For this we set B := Zp[G]e0,
and we let f1(T ) and f2(T ) denote any elements of B[[T ]] which satisfy
µB(f1(T )) = µB(f2(T )) = 0. For i = 1, 2 we write f∗

i (T ) and Ui(T ) for
the distinguished polynomial and unit series which occur in the product de-
composition of fi(T ) afforded by Proposition 2.1 (with A = B). We also set
fi,r(T ) := fi(u

r(1 + T ) − 1) ∈ B[[T ]] and, observing that µB(fi,r(T )) = 0, we
write Ui,r(T ) for the unit series which occurs in the product decomposition of
fi,r(T ) afforded by Proposition 2.1. Then, by explicit computation, one verifies
that the element (U1(u

r − 1)U2,r(0))(U2(u
r − 1)U1,r(0))−1 of B× is equal to∑

ρ∈G∧,p
(0)

u−rδρeρ where δρ := deg(ρ(f∗
1 (T ))) − deg(ρ(f∗

2 (T ))).

We now apply this observation with f1(T ) and f2(T ) equal to the series GS and
H which occur in Hypothesis (EPS). We observe that, in this case, the equality
(3) implies that for each ρ ∈ G∧,p

(0) one has deg(ρ(G∗
S)) − deg(ρ(H)) = d′ρ

where here d′ρ := dρ − 1 if ρ is trivial, and d′ρ := dρ otherwise. From the
general observation made above we may therefore deduce that the element

v−1
r v′

r =
∑

ρ∈G∧,p
(0)

u−rd′
ρeρ belongs to B×, as claimed. ¤
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This completes our proof of Theorem 5.2. ¤

We next use Theorem 5.2 to prove a result concerning the element Ωr−1(K/k)
of Pic(Z[G]) which is defined by Chinburg, Kolster, Pappas and Snaith in [13,
§3]. We recall that it has been conjectured by the authors of loc. cit. that
Ωr−1(K/k) = 0.
We write ρΣ,r for the natural scalar extension morphism Pic(Z[G]) →
Pic(ZΣ[G]er). With R denoting either Z or Q we also write ρ# for the R-
linear involution of R[G] which is induced by sending each element of G to its
inverse.

Corollary 1. Assume that (if k 6= Q, then) Hypothesis (µp) is valid for
K/k at each prime p /∈ Σ. Then for each integer r > 1 one has an equality
ρΣ,r(Ωr−1(K/k)) = 0.

Proof. The key point we use here is a result of Flach and the first named author.
Indeed, the result of [8, Thm. 4.1] implies that ρΣ,r(Ωr−1(K/k)) is equal to the
class of the invertible ZΣ[G]er-submodule of Q[G]er which is defined by means
of the intersection

(
⋂

p/∈Σ

Det−1
Zp[G]er

RΓc(Uk,ét, erZp(1 − r)K)) ⊗Z[G],ρ#
Z[G].

(To see this one must recall that the normalisation of the determinant functor
which is used in [8] is the inverse of that used here.)
On the other hand, Theorem 5.2 implies that the above intersection is equal
to the free ZΣ[G]er-module which is generated by the element ρ#(LS(1 − r)).
Hence one has ρΣ,r(Ωr−1(K/k)) = 0, as required. ¤

Before stating our final result we introduce a little more notation. If V is any
finite set of places of k, then for each rational prime ` we let V` denote the
union of V and the set of places of k which are either archimedean or of residue
characteristic `. We set Z′ := Z[12 ] and we define a Z′[G]-module by setting

H2(OK,V , Z′(r)) :=
⊕

` 6=2

H2(Spec(OK,V`
)ét, Z`(r)).

We let Σ′ denote the set {2}, respectively Σ, if k = Q, respectively k 6= Q, and
we write ZΣ′ for the subring of Q which is generated by the inverses of each
element of Σ′. We also write µQc for the torsion subgroup of Qc×.

Corollary 2. Assume that (if k 6= Q, then) Hypothesis (µp) is valid for K/k
at each prime p /∈ Σ. Then for each integer r > 1 one has an equality

ρ#(LS(1 − r)) · AnnZ[G](H
0(K,µ⊗r

Qc )) ⊗Z ZΣ′

= er · FitZ′[G](H
2(OK,S , Z′(r))) ⊗Z′ ZΣ′ .

Remark 8. i) If T is any subset of S, then the localisation sequence of étale
cohomology induces a natural inclusion of Z′[G]-modules H2(OK,T , Z′(r)) ⊆
H2(OK,S , Z′(r)). From this we may deduce that AnnZ′[G](H

2(OK,S , Z′(r))) ⊆
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AnnZ′[G](H
2(OK,T , Z′(r))) and also if, for example, G is cyclic, that

FitZ′[G](H
2(OK,S , Z′(r))) ⊆ FitZ′[G](H

2(OK,T , Z′(r))). In particular, if Σ′ =
{2} (cf. Remark 7i)), and we write OK in place of OK,∅ (which, in terms of our
current notation, denotes the ring of algebraic integers in K), then the equality
of Corollary 2 implies that

(12) ρ#(LS(1− r)) ·AnnZ[G](H
0(K,µ⊗r

Qc ))⊗Z Z′ ⊆ AnnZ′[G](H
2(OK , Z′(r))),

and also if, for example, G is cyclic, that

ρ#(LS(1 − r)) · AnnZ[G](H
0(K,µ⊗r

Qc )) ⊗Z Z′ ⊆ FitZ′[G](H
2(OK , Z′(r))).

We observe that if (as has been famously conjectured by Quillen and Licht-
enbaum) the Z′[G]-module H2(OK , Z′(r)) is isomorphic to K2r−2(OK) ⊗Z Z′,
then the inclusion (12) is finer than (the image under −⊗Z Z′ of) the inclusion

#H0(Q, µ⊗r
Qc )ρ#(LS(1 − r)) · AnnZ[G](H

0(K,µ⊗r
Qc )) ⊆ AnnZ[G](K2r−2(OK))

which was conjectured in the case k = Q by Coates and Sinnott in [14, Conj. 1].
We also recall that if k = Q, r is even and K is any abelian extension of
Q, then Kurihara has recently used different methods to explicitly compute
FitZ′[G](H

2(OK , Z′(r))) in terms of Stickelberger elements [28, Cor. 12.5 and
Rem. 12.6].
ii) In the case that k = Q and the conductor of K/k is a prime power, the image
under multiplication by er −eωr of the equality of Corollary 2 has already been
proved by Cornacchia and Østvær in [16, Thm. 1.2].
iii) If r is even, then the equality of Corollary 2 can be re-expressed as an
equality in which K is replaced by K+ and the idempotent factor er is omitted.
In a recent preprint [35], Snaith uses results from [11] to prove a weaker version
of the equality of Corollary 2 in this context. More precisely, Snaith’s results
[loc. cit., Th. 1.6, Th. 5.2] assume that K is totally real, that r is even and
that Hypothesis (µp) is valid for K/k at all odd primes p, and involve chains of
inclusions rather than a precise specification of Fitting ideals (see also Remark
9 in this regard).
iv) In this remark we fix an odd prime p, an embedding j : Qc → Qc

p and a
character χ ∈ G∧

(r). We set O := Zp(j ◦χ) and we write lthO(M) for the length

of any finite O-module M . We let Kχ denote the (cyclic) extension of Q which
corresponds to ker(χ). Then the image under the functor − ⊗Z′[G] O of the
equality of Corollary 2 with k = Q and K = Kχ is equivalent to an equality

valO(j(LS(1 − r, χ−1))) =

lthO(H2(OK,S , Z′(r)) ⊗Z′[G] O) − lthO(H0(K,µ⊗r
Qc ) ⊗Z[G] O).

In addition, since in this case G is cyclic, for any finite Z′[G]-module N one
has lthO(N ⊗Z′[G] O) = lthO(HomZ′[G](O, N)) and so the previous displayed
equality provides a natural analogue of the main result (Thm. II.1) of Solomon
in [36] concerning the relation between generalised Bernoulli numbers and the
structure of certain ideal class groups. (The first named author is very grateful
to Masato Kurihara for a most helpful conversation in this regard.)

Documenta Mathematica · Extra Volume Kato (2003) 157–185



Values of L-Functions at Negative Integers 181

Proof of Corollary 2. We now fix a prime p /∈ Σ′ and we assume that Hypothesis
(µp) is valid for K/k (as is known in the case k = Q). We set A := Zp[G]er,
µ(r) := H0(K,µ⊗r

Qc ) ⊗Z Zp and C := RΓ(Uk,ét, erZp(r)K).
In the sequel we shall say that a commutative Zp-algebra Λ is ‘relatively Goren-
stein over Zp’ if HomZp

(Λ, Zp) (endowed with the natural action of Λ) is a free
Λ-module of rank one.
For each bounded object X of D(A) we set X∗ := R HomZp

(X, Zp) which we
endow with the action of A which is induced by the contragredient action of G.
We observe that A is relatively Gorenstein over Zp and hence that X∗ belongs
to Dp(A), respectively Dp,f(A), if and only if X belongs to Dp(A), respectively
Dp,f(A). Now for any A-module X there exists a canonical isomorphism be-
tween the A-modules HomA(X,A)⊗Zp[G],ρ#

Zp[G] and HomZp
(X, Zp). This in

turn implies that for any object X of Dp(A) the lattice Det−1
A X∗[−3] identifies

canonically with (Det−1
A X)⊗Zp[G],ρ#

Zp[G]. Upon noting that (11) induces an

isomorphism in Dp,f(A) of the form C ∼= RΓc(Uk,ét, erZp(1 − r)K)∗[−3], and
recalling that the equality (8) is known to be valid as a consequence of Theorem
5.2 in the case k 6= Q and as a consequence of [11, Cor. 8.1] in the case k = Q,
we deduce that Det−1

A C = ρ#(LS(1 − r)) · A. The equality of Corollary 2 will
therefore follow if we can show that

(13) Det−1
A C · AnnA(µ(r)) = FitA(H2(C)).

We next observe that, since C belongs to Dp,f(A) and is acyclic outside degrees
1 and 2, there exists an exact sequence of A-modules

(14) 0 → H1(C) → Q
d−→ Q′ → H2(C) → 0

which is such that both Q and Q′ are finite and of projective dimension at most
1 and there exists an isomorphism ι in Dp,f(A) between C and the complex

Q
d−→ Q′ (where the modules are placed in degrees 1 and 2, and the cohomology

is identified with H1(C) and H2(C) by using the maps in (14)) for which Hi(ι)
is the identity map in each degree i. This implies that FitA(Q) and FitA(Q′)
are invertible ideals of A and that Det−1

A C = FitA(Q)−1 FitA(Q′).

Lemma 5. Let R be any reduced commutative Zp-algebra which is finitely gen-
erated, free and relatively Gorenstein over Zp. If

0 → A −→ P −→ P ′ −→ A′ → 0

is any exact sequence of finite R-modules in which P and P ′ are both of pro-
jective dimension at most 1 over R, then FitR(P ) and FitR(P ′) are principal
ideals of R and one has an equality

FitR(A∨) FitR(P ′) = FitR(P ) FitR(A′),

where A∨ denotes the Pontryagin dual HomZp
(A, Qp/Zp) (endowed with the

natural action of R).

Proof. This is almost covered by the result of [15, Prop. 6]; however, the latter
is stated only for rings R of the form O[G] with G a finite abelian p-group,
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and involves FitR(A) rather than FitR(A∨). In addition, the second named
author would like to take this opportunity to point out that the argument in
loc. cit. makes the assumption that G (which is written as P in loc. cit.) is
cyclic, which is unfortunately not stated explicitly at the appropriate place,
and that the equality of [15, Prop. 6] does not appear to hold in general. We
will therefore now quickly adapt the arguments of [15, Prop. 6] to better suit
our present purpose.
We first observe that, since R is semilocal, the Fitting ideal of any finite R-
module P which is of projective dimension at most 1 is principal, being gener-

ated by the determinant of α in any presentation Rn α−→ Rn → P → 0. We may
find the following data, proceeding exactly as in [15, p.456f.]: a nonzerodivisor
f of R (it is in fact always possible to take f to be a large enough power of

p); a natural number n; short exact sequences 0 → Q → Ã → A → 0 and

0 → A′ → Ã′ → Q′ → 0 in which Q and Q′ are both finite and of projective
dimension at most 1, and a four term exact sequence

0 → Ã → (R/fR)n → (R/fR)n → Ã′ → 0.

In a similar way one obtains the equalities

FitR(P ) FitR(Q) = fnR = FitR(P ′) FitR(Q′).

Now R/fR is Gorenstein of dimension zero, that is: (R/fR)∨ ∼= R/fR as R-
modules. Therefore the argument in loc. cit. starting with equation (4) applies
to give an equality

FitR(Ã′) = FitR(Ã∨).

(Note that we do not claim that FitR(Ã∨) = FitR(Ã), as was done in loc. cit.)

Applying the result of [15, Lem. 3] to the sequence 0 → A′ → Ã′ → Q′ → 0,

respectively to the Pontryagin dual of the sequence 0 → Q → Ã → A → 0, we
obtain an equality

FitR(Ã′) = FitR(A′) FitR(Q′),

respectively

FitR(Ã∨) = FitR(A∨) FitR(Q∨).

Lemma 6. FitR(Q∨) = FitR(Q).

Proof. Since Q is finite and of projective dimension at most 1 there exists an
exact sequence of R-modules of the form

0 → Rn α−→ Rn → Q → 0.

Now HomZp
(Q, Zp) = 0 and Ext1Zp

(Q, Zp) is isomorphic to Q∨ (as Q is fi-

nite), Ext1Zp
(Rn, Zp) = 0 (as R is Zp-free) and HomZp

(Rn, Zp) is isomorphic

to Rn (as R is relatively Gorenstein over Zp). From the long exact sequence

of Exti
Zp

(−, Zp)-groups which is associated to the above sequence we therefore
obtain a further exact sequence of R-modules

0 → Rn αt

−→ Rn → Q∨ → 0,
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where αt denotes the transpose of α. By using the two displayed sequences we
now compute that FitR(Q) = det(α)R = det(αt)R = FitR(Q∨), as claimed.

¤

The equality of Lemma 5 now follows directly upon combining the equality of
Lemma 6 with the four displayed equalities which immediately precede it. ¤

Upon applying Lemma 5 with R = A (which is both reduced and relatively
Gorenstein over Zp) to the exact sequence (14) we obtain an equality

Det−1
A C · FitA(H1(C)∨) = FitA(Q)−1 FitA(Q′) FitA(H1(C)∨)

= FitA(H2(C)).

To deduce the required equality (13) from this equality we now simply observe
that the A-module H1(C)∨ is isomorphic to the cyclic A-module µ(r)∨, and
hence that FitA(H1(C)∨) = FitA(µ(r)∨) = AnnA(µ(r)∨) = AnnA(µ(r)).
This completes our proof of Corollary 2. ¤

Remark 9. Let Γ be any finite abelian group and ` any rational prime.
If M is any finite Z`[Γ]-module, then AnnZ`[Γ](M) = AnnZ`[Γ](M

∨) and

AnnZ`[Γ](M)n(M) ⊆ FitZ`[Γ](M) ⊆ AnnZ`[Γ](M) where n(M) denotes the min-
imal number of elements required to generate M over Z`[Γ]. Hence, if X
is any object of Dp,f(Z`[Γ]) which is acyclic outside degrees 0 and 1 and
ti ∈ AnnZ`[Γ](H

i(X)) for i ∈ {0, 1}, then (since Z`[Γ] is both reduced and
relatively Gorenstein over Z`) the equality of Lemma 5 implies that

t
n(H0(X)∨)
0 · DetZ`[Γ] X ⊆ FitZ`[Γ](H

1(X))

and also

t
n(H1(X))
1 · Det−1

Z`[Γ] X ⊆ FitZ`[Γ](H
0(X)∨).

In particular, if n(H0(X)∨) = n(H0(X)) (which, for example, is the case when
H0(X) = H0(K,µ⊗r

Qc ) ⊗Z Z`), then Lemma 5 refines the main algebraic result

(Thm. 2.4) of Snaith in [35].
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Of the heaven-coursing sun,
Oh, let me search,
That I find it once again,
The Way that was so pure.
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Abstract. We study, in the case of ordinary primes, some connec-
tions between the GL2 and cyclotomic Iwasawa theory of an elliptic
curve without complex multiplication.
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1 Introduction

Let F be a finite extension of Q, E an elliptic curve defined over F , and p
a prime number such that E has good ordinary reduction at all primes v of
F dividing p. Let F cyc denote the cyclotomic Zp-extension of F , and put
Γ = G(F cyc/F ). A very well known conjecture due to Mazur [15] asserts
that the dual of the Selmer group of E over F cyc is a torsion module over the
Iwasawa algebra Λ(Γ) of Γ (the best result in the direction of this conjecture is
due to Kato [13], who proves it when E is defined over Q, and F is an abelian
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extension of Q). Now let F∞ denote a Galois extension of F containing F cyc

whose Galois group G over F is a p-adic Lie group of dimension > 1. This paper
will make some modest observations about the following general problem. To
what extent, and in what way, does the arithmetic of E over F cyc influence the
arithmetic of E over the much larger p-adic Lie extension F∞? For example,
assuming that G is pro-p and has no element of order p, and that Mazur’s
conjecture is true for E over F cyc, can one deduce that the dual of the Selmer
group of E over F∞ is a torsion module over the Iwasawa algebra Λ(G) of G?
In their paper [12] in this volume, Hachimori and Venjakob prove the surprising
result that the answer is yes for a wide class of non-abelian extensions F∞ of
F in which G has dimension 2. In the first two sections of this paper, we study
the different case in which F∞ = F (Ep∞) is the field obtained by adjoining
to F the coordinates of all p-power division points on E. We assume that E
has no complex multiplication, so that G is open in GL2(Zp) by a well known
theorem of Serre. In [4], it was shown that, in this case, the dual of the Selmer
group of E over F∞ is Λ(G)-torsion provided Mazur’s conjecture for E over
F cyc is true, and, in addition, the µ-invariant of the dual of Selmer of E over
F cyc is zero. Although we can do no better than this result as far as showing
the dual of E over F∞ is Λ(G)-torsion, we do prove some related results which
were not known earlier. The main result of this paper is Theorem 3.1, relating
the truncated G-Euler characteristic of the Selmer group of E over F∞ with the
Γ-Euler characteristic of E over F cyc (only a slightly weaker form of this result
was shown in [4] under the more restrictive assumption that the Selmer group
of E over F is finite). We also establish a relation between the µ-invariant of
the dual of the Selmer group of E over F∞ and the µ-invariant of the dual of the
Selmer group of E overF cyc (see Propositions 3.12 and 3.13). The proof of this
relationship between µ-invariants led us to study in §4 a new invariant attached
to a wide class of finitely generated torsion modules for the Iwasawa algebra of
any pro-p p-adic Lie group G, which has no element of order p, and which has
a closed normal subgroup H such that Γ = G/H is isomorphic to Zp. This new
invariant is a refinement of the G-Euler characteristic of such modules, and, in
particular, we investigate its behaviour on pseudo-null modules.

Added in proof: Since this paper was written, O. Venjakob, in his Heidelberg
Habilitation thesis, has made use of our invariant to prove the existence of an
analogue of the characteristic power series of commutative Iwasawa theory for
any module in the category MH(G) which is defined at the beginning of §4.

Notation

Let p be a fixed prime number. If A is an abelian group, A(p) will always
denote its p-primary subgroup. Throughout G will denote a compact p-adic
Lie group, and we write

Λ(G) = lim
←−
U

Zp [G/U ],
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where U runs over all open normal subgroups of G, for the Iwasawa algebra of
G. All modules we consider will be left modules for Λ(G). If W is a compact

Λ(G)-module, we write Ŵ = HomZp
(W, Qp/Zp) for its Pontrjagin dual. It is a

discrete p-primary abelian group, endowed with its natural structure of a left
Λ(G)-module. We shall write Hi(G,W ) for the homology groups of W . If W
is a finitely generated Λ(G)-module, then it is well known that, for each i > 0,

Hi(G,W ) has as its Pontrjagin dual the cohomology group Hi(G, Ŵ ), which
is defined with continuous cochains.
When K is a field, K will denote a fixed separable closure of K, and GK will
denote the Galois group of K over K. We write G(L/K) for the Galois group
of a Galois extension L over K. If A is a discrete GK-module, Hi(K,A) will
denote the usual Galois cohomology groups. Throughout, F will denote a finite
extension of Q, and E an elliptic curve defined over F , which will always be
assumed to have EndF (E) = Z. We impose throughout sections 2 and 3 of this
paper the hypothesis that E has good ordinary reduction at all primes v of F
dividing p. We let S denote any fixed set of places of F such that S contains
all primes of F dividing p, and all primes of F where E has bad reduction. We
write FS for the maximal extension of F which is unramified outside S and
the archimedean primes of F . For each intermediate field L with F ⊂ L ⊂ FS ,
we put GS(L) = G(FS/L). Finally, we shall always assume that our prime p
satisfies p ≥ 5.

2 The fundamental exact sequence

We recall that we always assume that E has good ordinary reduction at all
primes v of F dividing p. Let F cyc denote the cyclotomic Zp-extension of F ,
and put Γ = G(F cyc/F ). By a basic conjecture of Mazur [15], the dual of the
Selmer group of E over F cyc is a torsion Λ(Γ)-module. The aim of this section
is to analyse the consequences of this conjecture for the study of the Selmer
group of E over the field generated by all the p-power division points on E.
If L is any intermediate field with F ⊂ L ⊂ FS , we recall that the Selmer group
S(E/L) is defined by

S(E/L) = Ker(H1(L,Ep∞) →
∏

w

H1(Lw, E(Lw))),

where Ep∞ denotes the Galois module of all p-power division points on E. Here
w runs over all non-archimedean valuations of L, and Lw denotes the union of
the completions at w of all finite extensions of Q contained in L. As usual, it is
more convenient to view S(E/L) as a subgroup of H1(GS(L), Ep∞). For v ∈ S,
we define Jv(L) = lim

−→
Jv(K), where the inductive limit is taken with respect

to the restriction maps as K ranges over all finite extensions of F contained in
L, and where, for such a finite extension K of F , we define

Jv(K) =
⊕

w|v
H1(Kw, E(Kw))(p).
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Since L ⊂ FS , we then have S(E/L) = Ker λS(L), where

(1) λS(L) : H1(GS(L), Ep∞) →
⊕

v∈S

Jv(L)

denotes the evident localization map. We shall see that, when L is an infinite
extension of F , the question of the surjectivity of λS(L) is a basic one. We
write

(2) X(E/L) = Hom(S(E/L), Qp/Zp)

for the compact Pontrjagin dual of the discrete module S(E/L). We shall be
primarily concerned with the case in which L is Galois over F , in which case
both S(E/L) and X(E/L) have a natural left action of G(L/F ), which extends
to a left action of the whole Iwasawa algebra Λ(G(L/F )). It is easy to see that
X(E/L) is a finitely generated Λ(G(L/F ))-module.

We are going to exploit the following well-known lemma (see [17, Lemmas 4
and 5] and also [12, §7] for an account of the proof in a more general setting).

Lemma 2.1 Assume that X(E/F cyc) is Λ(Γ)-torsion. Then the localization
map λS(F cyc) is surjective, i.e. we have the exact sequence of Γ-modules

(3) 0 → S(E/F cyc) → H1(GS(F cyc), Ep∞)
λS(F cyc)→

⊕

v∈S

Jv(F cyc) → 0.

Moreover, we also have

(4) H2(GS(F cyc), Ep∞) = 0.

We now consider the field F∞ = F (Ep∞), which always contains F cyc by the
Weil pairing. We write

(5) G = G(F∞/F ), H = G(F∞/F cyc),

so that G/H = Γ. By Serre’s theorem, G is an open subgroup of Aut(Tp(E)) =
GL2(Zp), where, as usual, Tp(E) = lim

←−
Epn . The following is the principal result

of this section.

Theorem 2.2 Assume that (i) p ≥ 5, (ii) E has good ordinary reduction at
all primes v of F dividing p, and (iii) X(E/F cyc) is Λ(Γ)-torsion. Then we
have the exact sequence
(6)

0 → S(E/F∞)G → W G
∞ →

⊕

v∈S

Jv(F∞)G → H1(G,S(E/F∞)) → H1(G, W∞) → 0,

where W∞ = H1(GS(F∞), Ep∞).
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In fact, we expect λS(F∞) to be surjective for all prime numbers p. If p ≥ 5, it is
shown in [4] that Hi(G,W∞) = 0 for all i ≥ 2, and that Hi(G, Jv(F∞)) = 0 for
all i ≥ 1 and all v ∈ S. Thus if λS(F∞) is surjective for a prime number p ≥ 5,
the exact sequence (6) follows. However, what is surprising about Theorem
2.2 is that we can establish it without knowing the surjectivity of λS(F∞) (in
our present state of knowledge [4], to prove the surjectivity of λS(F∞) we must
assume hypotheses (i) and (ii) of Theorem 2.2, replace (iii) by the stronger
hypothesis that X(E/F cyc) is a finitely generated Zp-module, and, in addition,
assume that G is pro-p). Finally, we mention that if hypotheses (i) and (ii) of
Theorem 2.2 hold, and if also G is pro-p, then X(E/F∞) is Λ(G)-torsion if and
only if λS(F∞) is surjective.
We now proceed to establish Theorem 2.2 via a series of lemmas. For these
lemmas, we assume that the hypotheses (i), (ii) and (iii) of Theorem 2.2 are
valid.

Lemma 2.3 We have the exact sequence

0 → S(E/F∞)H → H1(GS(F∞), Ep∞)H ρS(F∞)→
⊕

v∈S

Jv(F∞)H → 0,

where ρS(F∞) is induced by the localization map λS(F∞).

Proof All we have to show is that ρS(F∞) is surjective. We clearly have the
commutative diagram

0 // S(E/F∞)H // H1(GS(F∞), Ep∞)H

ρS(F∞)
// ⊕

v∈S Jv(F∞)H

0 // S(E/F cyc)

OO

// H1(GS(F cyc), Ep∞)

OO

λS(F cyc)
//
⊕

v∈S Jv(F cyc)

γS(F cyc)

OO

// 0,

where γS(F cyc) is induced by restriction, and where the surjectivity of λS(F cyc)
is given by Lemma 2.1, thanks to our assumption that X(E/F cyc) is Λ(Γ)-
torsion. Hence it suffices to prove the surjectivity of γS(F cyc). This is es-
sentially contained in the proof of [4, Lemma 6.7], but we give the detailed
proof as it is only shown there that γS(F cyc) has finite cokernel. As is well
known and easy to see, there are only finitely many primes of F cyc above each
non-archimedean prime of F . Hence we have

Coker(γS(F cyc)) =
⊕

w|S
Coker(γw(F cyc)),

where w runs over all primes of F cyc lying above primes in S, and where, as
H2(F∞,w, E) = 0,

Coker(γw(F cyc)) = H2(Ωw, E(F∞,w))(p);
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here Ωw denotes the decomposition group in H of some fixed prime of F∞ lying
above w. Now Ωw is a p-adic Lie group with no elements of order p as p ≥ 5,
and so Ωw has finite p-cohomological dimension equal to its dimension as a
p-adic Lie group. Moreover, a simple local analysis (see [2] or [4]) shows that
Ωw has dimension at most 1 when w does not divide p, and dimension 2 when
w does divide p. We claim that we always have

(7) H2(Ωw, Ep∞) = 0.

This is plain from the above remarks when v does not divide p. When v divides
p, Ωw has p-cohomological dimension equal to 2, and, thus H2(Ωw, Ep∞) is
a divisible group. On the other hand, as E has good reduction at w, it is
well-known (see [4] for a direct argument, or [8] for a general result) that
H2(Ωw, Ep∞) is finite, whence (7) follows. We now finish the proof using (7).
Assume first that w does not divide p. Then (see [2, Lemma 3.7]) we have

Coker(γw(F cyc)) = H2(Ωw, Ep∞),

and so we obtain the surjectivity of γw(F cyc) from (7). Suppose now that w
does divide p. Then it follows from the results of [3] that

Coker(γw(F cyc)) = H2(Ωw, Ẽw,p∞),

where Ẽw,p∞ denotes the image of Ep∞ under reduction modulo w. But as Ωw

has p-cohomological dimension equal to 2, the vanishing of H2(Ωw, Ẽw,p∞) is
an immediate consequence of (7). This completes the proof of Lemma 2.3. ¤

Lemma 2.4 We have Hi(H,H1(GS(F∞), Ep∞)) = 0 for all i ≥ 1.

Proof We have

(8) Hm(GS(F∞), Ep∞) = 0, (m ≥ 2).

Indeed, (8) is obvious for m > 2 as GS(F∞) has p-cohomological dimension
equal to 2, and it is a consequence of Iwasawa’s work on the cyclotomic Zp-
extension of number fields when m = 2 (see [2, Theorem 2.10]). In view of (8),
the Hochschild-Serre spectral sequence gives

(9) Hi+1(GS(F cyc), Ep∞) → Hi(H,H1(GS(F∞), Ep∞)) → Hi+2(H,Ep∞).

The group on the left of (9) vanishes (for i = 1, we use Lemma 2.1). Now H
has p-cohomological dimension 3, and so Hi+2(H,Ep∞) is zero for i > 1, and
divisible for i = 1. On the other hand, it is known [6] that Hk(H,Ep∞) is finite
for all k ≥ 0, whence, in particular, we must have H3(H,Ep∞) = 0. Thus (9)
gives Lemma 2.4 as required. ¤

Lemma 2.5 We have H1(H,S(E/F∞)) = 0.
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Proof Let A∞ denote the image of λS(F∞). Hence, in view of Lemma 2.4
with i = 1, we have the exact sequence

0 → S(E/F∞)H → H1(GS(F∞), Ep∞)H → AH
∞ → H1(H,S(E/F∞)) → 0.

But the surjectivity of ρS(F∞) in Lemma 2.3 shows that

AH
∞ =

⊕

v∈S

Jv(F∞)H ,

whence it is clear that H1(H,S(E/F∞)) = 0, as required. ¤

Remark 2.6 By a similar argument to that given in the proof of [2, Theorem
3.2], we see that Hi(H,Jv(F∞)) = 0 for all i ≥ 1, for all primes p ≥ 5, and all
finite places v of F . Thus we deduce from Lemma 2.4 that the surjectivity of
λS(F∞) implies that Hi(H,S(E/F∞)) = 0 for all i ≥ 1. Unfortunately, we can-
not at present prove the surjectivity of λS(F∞) assuming only the hypotheses
(i), (ii) and (iii) of Theorem 2.2.

Lemma 2.7 We have isomorphisms

H1(Γ,H1(GS(F∞), Ep∞)H) ' H1(G,H1(GS(F∞), Ep∞))

H1(Γ,S(E/F∞)H) ' H1(G,S(E/F∞)).

Proof This is immediate from Lemmas 2.4 and 2.5, and the usual inflation-
restriction exact sequence for H1. ¤

Lemma 2.8 We have H1(Γ,
⊕
v∈S

Jv(F∞)H) = 0.

Proof To simplify notation, let us put K = F cyc. Since the map

γS(K) :
⊕

v∈S

Jv(K) →
⊕

v∈S

Jv(F∞)H

is surjective by Lemma 2.3, and since Γ has p-cohomological dimension equal
to 1, it suffices to show that

(10) H1(Γ,
⊕

v∈S

Jv(K)) = 0.

It is well-known that (10) is valid, but we sketch a proof now for completeness.
For each place v of F , let w be a fixed place of K above v, and let Γv ⊂ Γ
denote the decomposition group of w over v, which is an open subgroup of Γ.
As usual, it follows from Shapiro’s lemma that

H1(Γ, Jv(K)) ' H1(Γv,H1(Kw, E)(p)),
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and so we must prove that

(11) H1(Γv,H1(Kw, E)(p)) = 0.

We begin by noting that, for each algebraic extension L of Fv, we have

(12) H2(L,Ep∞) = 0.

When L is a finite extension of Fv, Tate local duality shows that H2(L,Ep∞) is
dual to H0(L, Tp(E)), and this latter group is zero because the torsion subgroup
of E(L) is finite. Clearly (12) is now true for all algebraic extensions L of Fv

by passing to the inductive limit over all finite extensions of Fv contained in
L. Suppose now that v does not divide p. Then

H1(Kw, Ep∞) ' H1(Kw, E)(p).

In view of (12), the Hochschild-Serre spectral sequence for Kw/Fv shows that
we have the exact sequence

H2(Fv, Ep∞) → H1(Γv,H1(Kw, Ep∞)) → H3(Γv, Ep∞(Kv)).

But the group on the left is zero again by (12), and the group on the right is
zero because Γv has p-cohomological dimension equal to 1. This proves (11) in
this case. Suppose next that v divides p. As Kw is a deeply ramified p-adic
field, it follows from [3] that

H1(Kw, E)(p) ' H1(Kw, Ẽw,p∞),

where Ẽw,p∞ denotes the image of Ep∞ under reduction modulo w. As Ẽw,p∞ is
a quotient of Ep∞ , and as the Galois group of Fv over Kw has p-cohomological
dimension at most 2, we conclude from (12) that

(13) H2(Kw, Ẽw,p∞) = 0.

In fact, the Galois group of F v over Kw has p-cohomological dimension 1, so
that (13) also follows directly from this fact. In view of (13), the Hochschild-
Serre spectral sequence for Kw/Fv yields the exact sequence

H2(Fv, Ẽw,p∞) → H1(Γv,H1(Kw, Ẽw,p∞) → H3(Γv, Ẽw,p∞).

The group on the right is zero because Γv has p-cohomological dimension equal
to 1. By Tate local duality, the dual of the group on the left is H0(Fv, Tp(Êw)),

where Tp(Êw) lim
←−

Êw,pn , and Êw,pn denotes the kernel of multiplication by pn

on the formal group Êw of E at w. But again H0(Fv, Tp(Êw)) = 0 because the
torsion subgroup of E(Fv) is finite, and so we have proven (11) in this case.
This completes the proof of Lemma 2.8. ¤
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Proof of Theorem 2.2 We can now prove Theorem 2.2. Put W∞ =
H1(GS(F∞), Ep∞). Taking Γ-cohomology of the exact sequence of Lemma
2.3, and using Lemma 2.8, we obtain the long exact sequence

0 → S(E/F∞)G → WG
∞ →

⊕

v∈S

Jv(F∞)G →

→ H1(Γ,S(E/F∞)H) → H1(Γ,WH
∞) → 0.

Theorem 2.2 now follows immediately from Lemma 2.7. ¤

The following is a curious consequence of the arguments in this section, and
we have included it because a parallel result has a striking application to the
work of Hachimori and Venjakob [12].

Proposition 2.9 Assume that (i) p ≥ 5, (ii) E has good ordinary reduction
at all primes v of F dividing p, (iii) X(E/F cyc) is Λ(Γ) -torsion, and (iv) G
is pro-p. Then X(E/F∞) is Λ(G)-torsion if and only if H2(H,S(E/F∞)) = 0.

Proof Since G is pro-p, it is well-known (see for example, Theorem 4.12
of [2]) that X(E/F∞) is Λ(G)-torsion if and only if λS(F∞) is surjective.
We have already observed in Remark 2.6 that the surjectivity of λS(F∞)
implies that Hi(H,S(E/F∞)) = 0 for all i ≥ 1. Conversely, assume that
H2(H,S(E/F∞)) = 0. As in the proof of Lemma 2.5, let A∞ denote the image
of λS(F∞). Taking the H-cohomology of the exact sequence

0 → S(E/F∞) → H1(GS(F∞), Ep∞) → A∞ → 0,

we conclude from Lemma 2.4 that

H1(H,A∞) ' H2(H,S(E/F∞)).

Hence our hypothesis implies that H1(H,A∞) = 0. Now let B∞ =
Coker(λS(F∞)). Taking H-cohomology of the exact sequence

0 → A∞ →
⊕

v∈S

Jv(F∞) → B∞ → 0,

and using Lemma 2.3 and the fact mentioned in Remark 2.6 that
H1(H,Jv(F∞)) = 0 for all v ∈ S, we conclude that

BH
∞ = H1(H,A∞).

Hence BH
∞ = 0. But as H is pro-p and B∞ is a p-primary discrete H-module, it

follows that B∞ = 0. Thus λS(F∞) is surjective, and this completes the proof
of Proposition 2.5. ¤

We conclude this section by proving a result relating the so-called µ-invariants
of the Λ(G)-module X(E/F∞) and the Λ(Γ)-module X(E/F cyc). Let us as-
sume for the rest of this section that G is pro-p. Let W be any finitely generated
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Λ(G)-module. We write W (p) for the submodule of all elements of W which
are annihilated by some power of p, and we then define

(14) Wf = W/W (p).

We recall that the homology groups Hi(G,W ) are the Pontrjagin duals of the

cohomology groups Hi(G, Ŵ ), where Ŵ = HomZp
(W, Qp/Zp) is the discrete p-

primary Pontrjagin dual of W (see [11]). As is explained in [11], the Hi(G,W )
are finitely generated Zp-modules, and thus the Hi(G,W (p)) are finite groups
for all i ≥ 0. Now the µ-invariant of W , which we shall denote by µG(W ), can
be defined in various equivalent fashions (see [22], [11]) in terms of the structure
theory of the Λ(G)-module W (p). However, for us it will be more convenient
to use the description of µG(W ) in terms of the Euler characteristics which is
proven in [11], namely

(15) pµG(W ) =
∏

i≥0

#(Hi(G,W (p)))(−1)i

.

As usual, we shall denote the right hand side of (15) by χ(G,W (p)). We shall
use the analogous notation and results for the µ-invariants of finitely gener-
ated Λ(Γ)-modules. For the remainder of this section, we always assume the
hypotheses (i)-(iv) of Proposition 2.9.

Lemma 2.10 Both H0(H,X(E/F∞)f ) and H1(H,X(E/F∞)f ) are finitely
generated torsion Λ(Γ)-modules, and H1(H,X(E/F∞)f ) is annihilated by some
power of p.

Proof For simplicity, put X = X(E/F∞) . By duality, the restriction map
on cohomology induces a Γ-homomorphism

(16) α : XH = H0(H,X) → X(E/F cyc).

Thanks to the basic results of [5], it is shown in [4, Lemma 6.7], that Ker(α)
is a finitely generated Zp-module, and that Coker(α) is finite. As X(E/F cyc)
is assumed to be Λ(Γ)-torsion, it follows that H0(H,X) is a finitely generated
torsion Λ(Γ)-module. Now if we take H-cohomology of the exact sequence

(17) 0 → X(p) → X → Xf → 0,

and recall that H1(H,X) = 0 by Lemma 2.5, we obtain the exact sequence of
Λ(Γ)-modules

(18) 0 → H1(H,Xf ) → H0(H,X(p)) → H0(H,X) → H0(H,Xf ) → 0.

The right hand end of (18) shows that H0(H,Xf ) is Λ(Γ)-torsion, and the left
hand end shows that H1(H,Xf ) is finitely generated over Λ(Γ) and annihilated
by a power of p, because these two properties clearly hold for H0(H,X(p)). This
completes the proof of Lemma 2.10. ¤
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Remark 2.11 Put X = X(E/F∞), and continue to assume that hypothe-
ses (i)-(iv) of Proposition 2.9 hold. As H is pro-p, Nakayama’s lemma also
shows that Xf = X/X(p) is finitely generated as a Λ(H)-module if and only
if (Xf )H = H0(H,Xf ) is a finitely generated Zp-module. As H0(H,Xf ) is a
finitely generated torsion Λ(Γ)-module, it follows that Xf is finitely generated
as a Λ(H)-module if and only if µΓ(H0(H,Xf )) = 0.

Proposition 2.12 Assume that (i) p ≥ 5, (ii) E has good ordinary reduction
at all primes v of F dividing p (iii) G is pro-p, and (iv) X(E/F cyc) is Λ(Γ)-
torsion. Then we have

(19) µG(X(E/F∞)) = µΓ(X(E/F cyc)) + δ + ε,

where, writing X = X(E/F∞),

(20) δ = Σ1
i=0 (−1)i+1µΓ(Hi(H,Xf )), ε = Σ3

i=1(−1)iµΓ(Hi(H,X(p))).

Proof As each module in the exact sequence (18) is Λ(Γ)-torsion, it follows
(see [11, Prop. 1.9]) that the alternating sum of the µΓ-invariants taken along
(18) is zero. Moreover, the µΓ-invariants of the two middle terms in (18) can
be calculated as follows. Firstly, as Ker(α) and Coker(α) are finitely generated
Zp-modules, it follows from (16) that

(21) µΓ(H0(H,X)) = µΓ(X(E/F cyc)).

Secondly, for i = 1, 2, 3, 4, the Hochschild-Serre spectral sequence yields the
short exact sequence

(22) 0 → H0(Γ,Hi(H,X(p))) → Hi(G,X(p)) → H1(Γ,Hi−1(H,X(p))) → 0.

Also, we have H4(H,X(p)) = 0 because H has p-homological dimension equal
to 3. It follows easily that

(23) χ(G,X(p)) =

3∏

i=0

χ(Γ,Hi(H,X(p)))(−1)i

,

whence by (15) for both the group G and the group Γ, we obtain

(24) µG(X) = Σ3
i=0(−1)iµΓ(Hi(H,X(p))).

Proposition 2.12 now follows immediately (21) and (24) and from the fact that
the alternating sum of the µΓ-invariants along (18) is 0. ¤

We now give a stronger form of (19) when we impose the additional hypothesis
that X(E/F∞) is Λ(G)-torsion.

Proposition 2.13 Assume that (i) p ≥ 5, (ii) E has good ordinary reduction
at all primes v of F dividing p, (iii) G is pro-p, (iv) X(E/F cyc) is Λ(Γ)-
torsion, and (v) X(E/F∞) is Λ(G)-torsion. Then Hi(H,Xf ) (i = 1, 2), where
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Xf = X(E/F∞)/X(E/F∞)(p), is a finitely generated Λ(Γ)-module which is
killed by a power of p. Moreover,

(25) µG(X(E/F∞)) = µΓ(X(E/F cyc)) + Σ2
i=0 (−1)i+1µΓ(Hi(H,Xf )).

Corollary 2.14 Assume hypotheses (i)-(iv) of Proposition 2.13 and replace
(v) by the hypothesis that X(E/F∞)/X(E/F∞)(p) is finitely generated over
Λ(H). Then

(26) µG(X(E/F∞)) = µΓ(X(E/F cyc)).

To deduce the corollary, we first note that the hypothesis that Xf is finitely
generated over Λ(H) implies that Xf is Λ(G)-torsion, whence X is also
Λ(G)-torsion. Secondly, the Hi(H,Xf ) are finitely generated Zp-modules once
Xf is finitely generated over Λ(H), and hence their µΓ-invariants are zero.
Thus (26) then follows from (25). We remark that, in all cases known to date
in which we can prove X(E/F∞) is Λ(G)-torsion, one can show that Xf is
finitely generated over Λ(H), but we have no idea at present of how to prove
this latter assertion in general.

Proof of Proposition 2.13 Again put X = X(E/F∞). Since we are now
assuming that X is Λ(G)-torsion, or equivalently that λS(F∞) is surjective, we
have already remarked (see Remark 2.6) that

(27) Hi(H,X) = 0 for all i ≥ 1.

We next claim that

(28) H3(H,Xf ) = 0.

Indeed, as H has p-cohomological dimension 3, and multiplication by p is in-
jective on Xf , it follows that multiplication by p must also be injective on
H3(H,Xf ). On the other hand, taking H-homology of the exact sequence
(17), we see that H3(H,Xf ) injects into the torsion group H2(H,X(p)) be-
cause H3(H,X) = 0. Thus (28) follows. Moreover, using (27) and (28), we
conclude from the long exact sequence of H-cohomology of (17) that

(29) H1(H,X(p)) = H2(H,Xf ), Hi(H,X(p)) = 0 (i = 2, 3).

Thus (25) now follows from (19), completing the proof of Proposition 2.13. ¤

3 The truncated Euler characteristic

We assume throughout this section our three standard hypotheses: (i) p ≥ 5,
(ii) E has good ordinary reduction at all primes v of F dividing p, and (iii)
X(E/F cyc) is Λ(Γ)-torsion. Since G has dimension 4 as a p-adic Lie group
and has no element of order p, G has p-cohomological dimension equal to
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4. We begin by defining the notion of the truncated G-Euler characteristic
χt(G,A) of a discrete p-primary G-module A. The main aim of this section is
to compute the truncated G-Euler characteristic of S(E/F∞) in terms of the
Γ-Euler characteristic of S(E/F cyc). A Birch-Swinnerton-Dyer type formula
for the latter Euler characteristic is well-known (see Schneider [19], Perrin-Riou
[18]), and we shall recall this at the end of this section.
If D is a discrete p-primary Γ-module, we have

H0(Γ,D) = DΓ, H1(Γ,D) ∼= DΓ,

and hence there is the obvious map

(30) φD : H0(Γ,D) → H1(Γ,D)

given by φD(x) = residue class of x in DΓ. If f is any homomorphism of abelian
groups, we define

(31) q(f) = #(Ker(f))/#(Coker(f)),

saying q(f) is finite if both Ker(f) and Coker(f) are finite. We say D has finite
Γ-Euler characteristic if q(φD) is finite, and we then define χ(Γ,D) = q(φD).
Suppose now that A is a discrete p-primary G-module. As in the previous
section, we write H = G(F∞/F cyc), so that H is a closed normal subgroup of
G with G/H = Γ. Parallel to (30), we define a map

(32) ξA : H0(G,A) → H1(G,A)

by ξA = η ◦ φAH , where η is the inflation map from H1(Γ, AH) to H1(G,A).
We say that A has finite truncated G-Euler characteristic if q(ξA) is finite, and
we then define the truncated G-Euler characteristic of A by

(33) χt(G,A) = q(ξA).

Of course, if the Hi(G,A) are finite for all i > 0, and zero for i > 2, then the
truncated G-Euler characteristic of A coincides with the usual G-Euler char-
acteristic of A. However, we shall be interested in G-modules A, which arise
naturally in arithmetic, and for which we can often show that the truncated
Euler characteristic is finite and compute it, without being able to prove any-
thing about the Hi(G,A) for i > 2. In fact (see the remarks immediately after
Theorem 2.2), it is conjectured that in the arithmetic example we consider
when A = S(E/F∞), we always have Hi(G,A) = 0 for i > 2.
If v is a finite prime of F , we write Lv(E, s) for the Euler factor at v of the
complex L-function of E over F . In particular, when E has bad reduction (the
only case we shall need) Lv(E, s) is 1, (1 − (Nv)−s)−1, and (1 + (Nv)−s)−1,
according as E has additive, split multiplicative, or non-split multiplicative
reduction at v. Also, if u and v are non-zero elements of Qp, u ∼ v means that
u/v is a p-adic unit. The following is the main result of this section. As usual,
jE denotes the j-invariant of the elliptic curve E.
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Theorem 3.1 Assume that (i) p ≥ 5, (ii) E has good ordinary reduction
at all places v of F dividing p, and (iii) X(E/F cyc) is Λ(Γ)-torsion. Then
χt(G,S(E/F∞)) is finite if and only if χ(Γ,S(E/F cyc)) is finite. Moreover,
when χ(Γ,S(E/F cyc)) is finite, we have

χt(G,S(E/F∞)) ∼ χ(Γ,S(E/F cyc)) ×
∏

v∈M
Lv(E, 1)−1,

where M consists of all places v of F where the j-invariant of E is non-integral,

The following is a special case of Theorem 3.1 (see [2, Theorem 1.15] for a
weaker result in this direction). Assuming hypotheses (i) and (ii) of Theorem
3.1, it is well-known (see [6] or Greenberg [10]) that both X(E/F cyc) is Λ(Γ)-
torsion and χ(Γ,S(E/F cyc)) is finite when S(E/F ) is finite.

Corollary 3.2 Assume that (i) p ≥ 5, (ii) E has good ordinary reduction at
all places v of F dividing p, and (iii) S(E/F ) is finite. Then χt(G,S(E/F∞))
is finite and

χt(G,S(E/F∞)) ∼ χ(Γ,S(E/F cyc)) ×
∏

v∈M
Lv(E, 1)−1,

We now give the proof of Theorem 3.1 via a series of lemmas. For these lemmas,
we assume that hypotheses (i), (ii) and (iii) of Theorem 3.1 are valid. We let
S′ be the subset of S consisting of all places v of F such that ordv(jE) < 0.
We then define

(34) S ′(E/F cyc) = Ker(H1(GS(F cyc), Ep∞) →
⊕

v∈S\S′

Jv(F cyc)).

We remark that we could also define S ′(E/F∞) analogously, but in fact
S ′(E/F∞) = S(E/F∞) as Jv(F∞) = 0 for v in S′ (see [2, Lemma 3.3]).

Lemma 3.3 We have the exact sequence of Γ-modules

0 → S(E/F cyc) → S ′(E/F cyc) →
⊕

v∈S′

Jv(F cyc) → 0.

Proof This is clear from the commutative diagram with exact rows (cf.
Lemma 2.1)

0 // S(E/F cyc) //

²²

H1(GS(F cyc), Ep∞)
λS(F cyc) //

²²

⊕
v∈S Jv(F cyc) //

²²

0

0 // S ′(E/F cyc) // H1(GS(F cyc), Ep∞) //
⊕

v∈S\S′ Jv(F cyc) // 0

where all the vertical arrows are the natural maps, the first is the natural
inclusion, the middle map is the identity and the right vertical map is the
natural projection. ¤
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Lemma 3.4 We have that χ(Γ,S ′(E/F cyc)) is finite if and only if
χ(Γ,S(E/F cyc)) is finite. Moreover, when χ(Γ,S(E/F cyc)) is finite, we
have

χ(Γ,S ′(E/F cyc)) ∼ χ(Γ,S(E/F cyc)) ×
∏

v∈M
Lv(E, 1)−1

and M is the set of places with non-integral j-invariant as before.

Proof The lemma is very well known (see, for example, [4, Lemma 5.6 and
Corollary 5.8] for a special case), and so we only sketch the proof. Indeed, by
the multiplicativity of the Euler characteristic in exact sequences, we see that
all follows from Lemma 3.3 and the fact that

χ(Γ,
⊕

v∈S′

Jv(F cyc)) ∼
∏

v∈M
Lv(E, 1)−1,

(see [4, Lemmas 5.6 and 5.11]). ¤

Lemma 3.5 Let f : A → B be a homomorphism of p-primary Γ-modules with
both Ker(f) and Coker(f) finite. If

g : AΓ → BΓ, h : AΓ → BΓ

denote the two maps induced by f , then q(g) and q(h) are finite, and q(g) =
q(h).

Proof This follows easily from breaking up the commutative diagram

0 −−−−→ AΓ −−−−→ A
γ−1−−−−→ A −−−−→ AΓ −−−−→ 0

g

y f

y f

y h

y

0 −−−−→ BΓ −−−−→ B
γ−1−−−−→ B −−−−→ BΓ −−−−→ 0,

where γ is a topological generator of Γ, into two commutative diagrams of short
exact sequences and applying the snake lemma to each of these diagrams. ¤

The heart of the proof of Theorem 3.1 is to apply Lemma 3.5 to the map

(35) f : S ′(E/F cyc) → S(E/F∞)H

given by the restriction. We therefore need

Lemma 3.6 If f is given by (35), both Ker(f) and Coker(f) are finite.

Proof Put S′′ = S \S′. As Jv(F∞) = 0 for v ∈ S′, we have the commutative
diagram with exact rows
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0 // S(E/F∞)H // H1(GS(F∞), Ep∞)H // ⊕
v∈S′′ Jv(F∞)H

0 // S ′(E/F cyc) //

f

OO

H1(GS(F cyc), Ep∞) //

OO

⊕
v∈S′′ Jv(F cyc) //

γ′′
S (F cyc)

OO

0.

Now it is known that Hi(H,Ep∞) is finite for all i ≥ 0 (see [6, Appendix
A.2.6]). Hence Lemma 3.6 will follow from this diagram provided we show that
the kernel of γS′′(F cyc) is finite (it is here that we will use the fact that S′′

contains no place of potential multiplicative reduction for E). Now

Ker(γS′′(F cyc)) =
⊕

w

Ker(γw(F cyc)),

where
Ker(γw(F cyc)) = H1(Ωw, E(F∞,w))(p);

here w runs over all primes of F cyc lying above primes in S′′, and Ωw denotes
the decomposition group in H of some fixed prime of F∞ above w. Then (see
[2, Lemma 3.7]) we have

(36) Ker(γw(F cyc)) = H1(Ωw, Ep∞).

But E has potential good reduction at w, and F cyc
w contains the unique un-

ramified Zp extension of Fw. Hence, as p ≥ 5, it follows from Serre-Tate [20]
that Ωw must be a finite group of order prime to p, and thus (36) shows that
γw(F cyc) is injective in this case. Suppose next that w does divide p. Then it
follows from the results of [3] that

(37) Ker(γw(F cyc)) = H1(Ωw, Ẽw,p∞),

where Ẽw,p∞ denotes the image of Ep∞ under reduction modulo w. But
it is known (see either [8] or [4, Lemma 5.25]) that the cohomology groups
Hi(Ωw, Ẽw,p∞) are finite for all i ≥ 0. Hence Ker(γw(F cyc)) is finite, and the
proof of Lemma 3.6 is complete. ¤

We can now finish the proof of Theorem 3.1. Consider the Γ-modules

A = S ′(E/F cyc), B = S(E/F∞)H ,

and the map given by (35). By Lemma 2.7, we have

H0(Γ, B) = H0(G,S(E/F∞)), H1(Γ, B) = H1(G,S(E/F∞)),

and we clearly have the commutative diagram

H0(Γ, A)
g−−−−→ H0(Γ, B) = H0(G,S(E/F∞))

φA

y ξB

y

H1(Γ, A)
h−−−−→ H1(Γ, B) = H1(G,S(E/F∞)),
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here g and h are induced by f , and φA and ξB are defined by (30) and (32),
respectively. By Lemmas 3.5 and 3.6, we know that q(g) and q(h) are finite,
whence it is plain from the diagram that q(φA) is finite if and only if q(ξB) is
finite. Now it is a basic property of the q-function, that q of a composition of two
maps is the product of the q′s of the individual maps. Hence, as ξB ◦g = φA◦h,
we conclude that q(ξB)q(g) = q(φA)q(h), when q(φA) or equivalently q(ξB) is
finite. But q(g) = q(h) by Lemma 3.5, and so q(φA) = q(ξB). Applying Lemma
3.4 to compute q(φA) in terms of χ(Γ,S(E/F cyc)), the proof of Theorem 3.1
is now complete. ¤

We now briefly recall the value of χ(Γ,S(E/F cyc)) determined by Perrin-Riou
[18] and Schneider [19], and use Theorem 3.1 to discuss several numerical
examples. We need the following notation. If A is an abelian group, A(p)
will denote its p-primary subgroup. If w is any finite prime of F , we put
cw = [E(Fw) : E0(Fw)], where E0(Fw) denotes the subgroup of points in
E(Fw) with non-singular reduction modulo w. Put

τp(E) = |Πwcw|−1
p ,

where the p-adic valuation is normalized so that |p|p = p−1. For each place

v of F dividing p, let kv be the residue field of v, and let Ẽv over kv be the
reduction of E modulo v. We say that a prime v of F dividing p is anomalous
if Ẽv(kv)(p) 6= 0. We always continue to assume that p > 5, and that E has
good ordinary reduction at all primes v of F dividing p. Write

�
(E/F ) for

the Tate-Shafarevich group of E over F .

Case 1. We assume that E(F ) is finite, and
�

(E/F )(p) is finite,
or equivalently S(E/F ) is finite. Then it is shown in [18], [19] that
Hi(Γ,S(E/F cyc)) (i = 0, 1) is finite, and

χ(Γ,S(E/F cyc)) =
#(
�

(E/F )(p))

#(E(F )(p))2
× τp(E) ×

∏

v|p
#(Ẽv (kv)(p))2.

Example 1. Take F = Q and let E be the elliptic curve

X1(11) : y2 + y = x3 − x2.

Kolyvagin’s theorem tells us that both E(Q) and
�

(E/Q) are finite, since the
complex L-function of E does not vanish at s1. The conjecture of Birch and
Swinnerton-Dyer predicts that

�
(E/Q) = 0, but the numerical verification of

this via Heegner points does not seem to exist in the literature. Now it is well
known that S(E/Qcyc) = 0 for p = 5, and that S(E/Qcyc) = 0 for a good
ordinary prime p > 5 provided

�
(E/Q)(p) = 0 (see [6]). Hence, assuming

�
(E/Q)(p) = 0 when p > 5, we conclude that

χ(Γ,S(E/Qcyc)) = 1
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for all good ordinary primes p > 5. Our knowledge of X(E/F∞) is extremely
limited. We know (see [2]) that X(E/F∞)

⊗
Zp

Qp has infinite dimension over Qp

for all primes p > 5. Take S{p, 11}, and note that 11 is the only prime where
E has non-integral j-invariant and L11(E,S) = (1 − 11−s)−1. First, assume
that p = 5. Theorem 3.1 then tells us that

χt(G,S(E/F∞)) = 5.

But it is shown in [4] that the map λS(G∞) is surjective when p = 5. Hence we
have also Hi(G,S(E/F∞)) = 0 for i = 2, 3, 4 and so we have the stronger result
that S(E/F∞) has finite G-Euler characteristic, and χ(G,S(E/F∞)) = 5. Next
assume that p is a good ordinary prime > 5, and that

�
(E/Q)(p) = 0. Then

Theorem 3.1 gives
χt(G,S(E/F∞)) = 1.

However, it has not been proven yet that λS(F∞) is surjective for a single good
ordinary prime p > 5, and so we know nothing about the Hi(G,S(E/F∞))
for i = 2, 3, 4. But we can deduce a little more from the above evaluation
of the truncated Euler characteristic. For E = X1(11), Serre has shown that
GGL2(Zp) for all p > 7, whence it follows by a well known argument that
Hi(G,Ep∞) = 0 for all i > 1. But it is proven in [2] (see Lemmas 4.8 and
4.9) that the order of H1(G,S(E/F∞)) must divide the order of H3(G,Ep∞).
Hence finally we conclude that

H0(G,S(E/F∞)) = H1(G,S(E/F∞)) = 0

for all good ordinary primes p > 5 such that
�

(E/Q)(p) = 0.

Case 2. We assume now that E(F ) has rank g ≥ 1, and that
�

(E/F )(p) is
finite. We write

< , >F,p: E(F ) × E(F ) → Qp

for the canonical p-adic height pairing (see [16], [18], [19]), which exists because
of our hypotheses that E has good ordinary reduction at all places v of F
dividing p. If P1, · · · , Pg denote a basis of E(F ) modulo torsion, we define

Rp(E/F ) = det < Pi, Pj > .

It is conjectured that we always have Rp(E/F ) 6= 0, but this is unknown.
Recalling that we are assuming that

�
(E/F )(p) is finite, the principal result

of [18], [19] is that firstly χ(Γ,S(E/F cyc)) is finite if and only if Rp(E/F ) 6= 0,
and secondly, when Rp(E/F ) 6= 0, we have

χ(Γ,S(E/F cyc)) = p−g | ρp |−1
p .

where

ρp =
Rp(E/F ) × #(

�
(E/F )(p))

](E(F )(p))2
× τp(E) ×

∏

v|p
#(Ẽv(kv)(p))2.
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The work of Mazur and Tate [16] gives a very efficient numerical method for
calculating Rp(E/F ) up to a p-adic unit, and so the right hand side of this
formula can be easily computed in simple examples, provided we know the
order of

�
(E/F )(p).

Example 2. Take F = Q, and let E be the elliptic curve of conductor 37.

E : y2 + y = x3 − x.

It is well-known that E(Q) is a free abelian group of rank 1 generated by
P = (0, 0). Moreover, the complex L-function of E over Q has a simple zero
at s = 1, and so

�
(E/Q) is finite by Kolyvagin’s theorem. In fact, the con-

jecture of Birch and Swinnerton-Dyer predicts that
�

(E/Q) = 0, but again
the numerical verification of this via Heegner points does not seem to exist in
the literature. We put hp(P ) =< P,P >Q,p. The supersingular primes for E
less than 500 are 2, 3, 17, 19, 257, 311. The ordinary primes for E less than
500 which are anamolous are 53, 127, 443. The following values for hp(P ) for
p ordinary with p < 500 have been calculated by C. Wuthrich. We have

| hp(P ) |p= p−2 for p = 13, 67 and | hp(P ) |p= p for p = 53, 127, 443,

and | hp(P ) |p= p−1 for the remaining primes. As c37 = 1, we conclude from
the above formula that χ(Γ,S(E/Qcyc)) = 1 for all ordinary primes p < 500,
with the exception of p = 13, 67, where we have χ(Γ,S(E/Qcyc)) = p; here
we are assuming that

�
(E/Q)(p) = 0. Now 37 is the only prime where the j-

invariant of E is non-integral, and L37(E, s) = (1+37−s)−1. Hence we conclude
from Theorem 3.1 that χt(G,S(E/F∞)) is finite and

χt(G,S(E/F∞)) = χ(Γ,S(E/Qcyc)).

We point out that we do not know that λS(F∞) is surjective for a single ordinary
prime p for this curve.

4 An algebraic invariant

In this last section, we attach a new invariant to a wide class of modules over
the Iwasawa algebra of a compact p-adic Lie group G satisfying the following
conditions: (i) G is pro-p, (ii) G has no element of order p, and (iii) G has a
closed normal subgroup H such that G/H is isomorphic to Zp. We always put

(38) Γ = G/H,

and write Q(Γ) for the quotient field of the Iwasawa algebra Λ(Γ) of Γ. We
assume that G satisfies these hypotheses for the rest of this section. By [14],
G has finite p-cohomological dimension, which is equal to the dimension d of
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G as a p-adic Lie group. We are interested in the following full subcategory
of the category of all finitely generated torsion Λ(G)-modules. Let MH(G)
denote the category whose objects are all Λ(G)-modules which are finitely
generated over Λ(H) (such modules are automatically torsion Λ(G)-modules,
because Λ(G) is not finitely generated as a Λ(H)-module). Perhaps somewhat
unexpectedly, it is shown in [4] that many Λ(G)-modules which arise in the
GL2-Iwasawa theory of elliptic curves belong to MH(G) (specifically, in the
notation of §2, X(E/F∞) is a Λ(G)-module in MH(G) when we assume that
(i) p > 5, (ii) E has good ordinary reduction at all primes v of F dividing p,
(iii) G is pro-p, and (iv) X(E/F cyc) is a finitely generated Zp-module; here
H = G(F∞/F cyc)).

If f and g are any two non-zero elements of Q(Γ), we write f ∼ g if fg−1

is a unit in Λ(Γ). To each M is MH(G), we now attach a non-zero element
fM of Q(Γ), which is canonical in the sense that it is well-defined up to the
equivalence relation ∼. As M is a finitely generated Λ(H)-module, all of the
homology groups

(39) Hi(H,M) (i > 0)

are finitely generated Zp-modules. On the other hand, as M is a Λ(G)-module,
these homology groups have a natural structure as Λ(Γ)-modules, and they
must therefore be torsion Λ(Γ)-modules. Let gi in Λ(Γ) be a characteristic
power series for the Λ(Γ)-module Hi(H,M), and define

(40) fM =
∏

i>0

g
(−1)i

i .

This product is, of course, finite because Hi(H,M) = 0 for i > d, and it is well
defined up to ∼, because each gi is well defined up to multiplication by a unit
in Λ(Γ).

Lemma 4.1 (i) If M(p) denotes the submodule of M in MH(G) consisting of
all elements of p-power order, then fM ∼ fM/M(p); (ii) If we have an exact
sequence of modules in MH(G),

(41) 0 → M1 → M2 → M3 → 0,

then fM2
∼ fM1

· fM3
.

Proof (i) is plain from the long exact sequence of H-homology derived from
the exact sequence

0 → M(p) → M → M/M(p) → 0,

and the fact that the Hi(H,M(p))(i > 0) are killed by any power of p which
annihilates M(p), and are therefore finite. Similarly, (ii) follows from the exact
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sequence of H-homology derived from (41), and the classical fact that the
Λ(Γ)-characteristic series is multiplicative in exact sequences. ¤

One of the main reasons we are interested in the invariant fM is its link with
the G-Euler characteristic of M . If g is any element of Λ(Γ), we write g(0)
as usual for the image of g under the augmentation map from Λ(Γ) to Zp.
Similarly, if g is any non-zero element of Q(Γ), then the fact that Λ(Γ) is a
unique factorization domain allows us to write g = h1/h2, where h1 and h2 are
relatively prime elements of Λ(Γ). We say that g(0) is defined if h2(0) 6= 0,
and then put g(0) = h1(0)/h2(0). If M ∈ MH(G), we say that M has finite
G-Euler characteristic if the Hi(G,M) are finite for all i > 0, and, when this
is the case, we define

(42) χ(G,M) =
∏

i>0

#(Hi(G,M))(−1)i

.

Lemma 4.2 Assume that M in MH(G) has finite G-Euler characteristic. Then
fM (0) is defined and non-zero, and we have

(43) χ(G,M) = |fM (0)|−1
p .

Proof As Γ has cohomological dimension 1, for all i > 1 the Hochschild-Serre
spectral sequence yields an exact sequence

(44) 0 → H0(Γ,Hi(H,M)) → Hi(G,M) → H1(Γ,Hi−1(H,M)) → 0.

The finiteness of the Hi(G,M) (i > 0) therefore implies that, for all i > 0, we
have gi(0) 6= 0, where, as above, gi denotes a characteristic power series for
Hi(H,M). Moreover, by a classical formula for Λ(Γ)-modules, we then have

(45) |gi(0)|−1
p =

#(H0(Γ,Hi(H,M)))

#(H1(Γ,Hi(H,M)))

for all i > 0. The formula (43) is now plain from (44) and (45), and the proof
of the lemma is complete. ¤

Let

(46) πΓ : Λ(G) → Λ(Γ)

be the natural ring homomorphism.

Lemma 4.3 Let g be a non-zero element of Λ(G) such that N = Λ(G)/Λ(G)g
belongs to MH(G). Then Hi(H,N) = 0 for all i > 0. Moreover, fN ∼ πΓ(g)
lies in Λ(Γ), and fN (0) 6= 0 if and only if N has finite G-Euler characteristic.
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Proof We have the exact sequence of Λ(G)-modules

(47) 0 → Λ(G)
·g−→ Λ(G) → N → 0,

where ·g denotes multiplication on the right by g. Since Hi(G,Λ(G)) = 0
for i > 1, we conclude that Hi(G,N) = 0 for i > 1. But, for any compact
Λ(G)-module R, the Hochschild-Serre spectral sequence provides an injection
of H0(Γ,Hi(H,R)) into Hi(G,R), and so the vanishing of Hi(G,R) implies the
vanishing of the compact Γ-module Hi(H,R). It follows that Hi(H,Λ(G)) = 0
for i > 1, and that Hi(H,N) = 0 for i > 1. Put h = πΓ(g). Taking H-homology
of (47). we obtain the exact sequence of Λ(Γ)-modules

(48) 0 → H1(H,N) → Λ(Γ)
·h−→ Λ(Γ) → H0(H,N) → 0,

where ·h now denotes right multiplication by h. Note that H0(H,N) is Λ(Γ)-
torsion as N is in MH(G), and so we must have h 6= 0. But then multiplication
by h in Λ(Γ) is injective, and so H1(H,N) = 0, and it is then clear than fN ∼ h.
Finally, returning to the G-homology of (47), we obtain the exact sequence

(49) 0 → H1(G,N) → Zp
·h(0)−→ Zp → H0(G,N) → 0,

and so N has finite G-Euler characteristic if and only if h(0) 6= 0. This com-
pletes the proof of Lemma 4.3. ¤

We recall (see [22]) that a finitely generated torsion Λ(G)-module M is de-
fined to be pseudo-null if Ext1Λ(G)(M,Λ(G)) = 0. If M lies in MH(G), it is an
important fact that M is pseudo-null as a Λ(G)-module if and only if M is
Λ(H)-torsion. Since G as an extension of Γ by H necessarily splits, and hence
is a semi-direct product, this is proven in [23, Prop. 5.4] provided H is uniform.
However, by a well-known argument [22, Prop. 2.7], it then follows in general
for our G, since H must always contain an open subgroup which is uniform.

Lemma 4.4 Let M be a module in MH(G). If G is isomorphic to Zr
p, for some

integer r > 1, then fM ∼ 1 if and only if M is pseudo-null as a Λ(G)-module.

Proof We assume r ≥ 2, since pseudo-null modules are finite when r = 1.

Let M be a Λ(H)-torsion module in MH(G). We recall that fM =
∏
i>0

g
(−1)i

i ,

where gi in Λ(Γ) is a characteristic power series for the torsion Λ(Γ)-module
Hi(H,M). By (i) of Lemma 4.1, we may assume that M has no p-torsion.
Thus the assumptions of Lemma 2 of [9] when applied to M as a Λ(H)-module
are satisfied, and we conclude that there exists a closed subgroup J of H such
that H/J

∼→Zp and M is finitely generated as a Λ(J)-module. Analogously to
(44), the Hochschild-Serre spectral sequence gives rise to the exact sequences
of finitely generated torsion Λ(Γ)-modules, for all i > 1,

(50) 0 → H0(H/J,Hi(J,M)) → Hi(H,M) → H1(H/J,Hi−1(J,M)) → 0.
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Hence, if gj,i denotes the characteristic power series of Hj(H/J,Hi(J,M)) as
a torsion Λ(Γ)-module, we obtain

g0 ∼ g0,0, gi ∼ g1,i−1 · g0,i (i > 1).

Thus
fM ∼ g0,0 ×

∏

i>1

(g1,i−1 · g0,i)
(−1)i ∼

∏

i>o

(g0,i/g1,i)
(−1)i

.

On the other hand, letting h denote a topological generator of H/J , we have
the exact sequence of Λ(C)-modules

0→H1(H/J,Hi(J,M)) → Hi(J,M)
h−1−→ Hi(J,M) → H0(H/J,Hi(J,M))→ 0.

But Hi(J,M) is a finitely generated Zp-module, because J was chosen so that
M is a finitely generated Λ(J)-module. Hence the above exact sequence is in
fact an exact sequence of finitely generated torsion Λ(C)-modules. By the mul-
tiplicativity of the characteristic power series along exact sequences, it follows
that g0,i ∼ g1,i.

Conversely, let fM ∼ 1. Under our hypotheses on G, the Iwasawa algebra
Λ(G) is a commutative regular local ring. By the classical structure theorem
for finitely generated modules, M is pseudo-isomorphic to E(M) where

E(M) =

m⊕

i=1

Λ(G)/Λ(G)gi

with gi non-zero for i = 1, · · · ,m. By Lemma 4.3 and the first part of the proof
above, we see that fM ∼ πΓ(g1 · · · gm). As fM is assumed to be a unit in Λ(Γ),
we conclude that πΓ(g1 · · · gm) is also a unit in Λ(Γ), and hence πΓ(g1 · · · gm)
does not belong to the maximal ideal of Λ(G). But, as the residue field of Λ(G)
is Fp, and Λ(G) is local, we see that g1 · · · gm is a unit in Λ(G) and hence so
is each g1 (i = 1, · · · ,m). Thus E(M) is zero and M is pseudo-null, thereby
completing the proof of the lemma. ¤

Lemma 4.5 Assume that G is a direct product C × H, where C is isomorphic
to Γ and H has dimension ≥ 1. Suppose that M in MH(G) is finitely generated
as a Zp-module, then fM ∼ 1.

Proof We remark that a finitely generated Zp-module M in MH(G) is nec-
essarily pseudo-null since H has dimension ≥ 1.
We fix a topological generator c of C end let gi(T ) denote the characteristic
polynomial of c− 1 on the finite dimensional vector space Hi(H,M) ⊗

Zp

Qp. We

will show that ∏

i>0

g
(−1)(i)

i = 1.
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Note first of all that, because M is finitely generated as a Zp-module, it is
Λ(H)-torsion, and so we have (see [11])

∑

i>0

(−1)i deg(gi) = 0.

We now choose a finite extension L/Qp which is a splitting field for all the
polynomials gi. Then gi also can be viewed as the characteristic polynomial of
c − 1 on the L-vector space

Hi(H,M) ⊗Zp
L = Hi(H,M ⊗Zp

L).

Since our assertion is multiplicative in short exact sequences we may argue by
induction with respect to the dimension of M ⊗

Zp

L. As the H-action and the

C-action commute, the H-action preserves all C-eigenspaces. This reduces us
to the case where c acts on M ⊗

Zp

L by a single eigenvalue λ. Then c certainly

acts on each Hi(H,M) ⊗
Zp

L by the same eigenvalue λ, and we obtain

∏

i>0

g
(−1)(i)

i = (T − λ)
∑

(−1)i deg(gi) = (T − λ)0 = 1.

¤

When M is a finitely generated Zp-module which has finite G-Euler charac-
teristic, then Lemmas 4.4 and 4.5 prove that χ(G,M) = 1. This is a slightly
stronger version of the main theorem of [21] for a group G = C × H as in
Lemma 4.5.

The previous two results might lead one to believe that the invariant fM is
a unit for all pseudo-null modules M in MH(G). However, the following two
examples illustrate that this is not the case.

Example 3 (see [8], §5). Let K be any finite extension of Qp which contains
µp if p is odd and µ4 if p = 2. Take E to be any Tate elliptic curve over K,
and write

G = G(K(Ep∞)/K), H = G(K(Ep∞)/K(µp∞)).

Thus G is a p-adic Lie group of dimension 2, H is a closed normal subgroup
of G which is isomorphic to Zp, and ΓG/H is isomorphic to Zp. If M is a
Zp-module on which GK-acts, M(n), as usual will denote the n-fold Tate twist
of M by Tp(µ) = lim

←−
µpn . We now consider the G-module

W = Tp(E).

As is shown in [8] (see [8], formula (48)), we then have

H0(H,W ) = Zp, H1(H,W ) = Zp(−1).
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To compute the corresponding fW in Q(Γ), let χ : GK → Z∗
p be the cyclotomic

character of GK , i.e. σ(ζ) = ζχ(σ) for all σ in Gk and all ζ in µp∞ . Fix a
topological generator γ of Γ, and identify Λ(Γ) with the ring Zp

[
[T ]

]
of formal

power series in T with coefficients in Zp by mapping γ to 1 + T . Then we see
immediately that

fW =
T

T + 1 − χ(γ)−1
.

In particular, fW does not belong to Λ(Γ) in this example. We note also that,
since G has dimension > 1, W is certainly a pseudo-null Λ(G)-module because
W is a finitely generated Zp-module (see [24], Prop. 3.6).

Example 4. We now assume that G = C × H, and we take a Λ(H)-module
M of the form

(51) M = Λ(H)/Λ(H)g,

where g is any non-zero element of Λ(H). To make M into a Λ(G)-module,
it suffices to give a continuous action of C on M , which commutes with the
H-action. Fix a topological generator c of C. If z is any element of Λ(H), we
write z(0) for the image of z under the augmentation map in Zp. We now take
units w and u in Λ(H) satisfying

(52) gw = ug, w(0) ≡ u(0) ≡ 1mod p.

We let c act on M by

(53) c.(z + Λ(H)g) = zw + Λ(H)g.

This is well-defined by the first condition in (52), and extends to a continuous
action of C by the second condition in (52). Conversely, let M be any Λ(G)-
module which is of the form (51) as a Λ(H)-module with g 6= 0. It is then easy
to see that the action of c on M is necessarily given by (53), where u and w are
units in Λ(H) satisfying (52), because Λ(H) is a local ring. As discussed before
Lemma 4.4, this Λ(G)-module M is pseudo-null because it is plainly Λ(H)-
torsion. To compute the invariant fM of M , we consider the exact sequence of
Λ(G)-modules

(54) 0 → Λ(H)
·g−→ Λ(H) → M → 0,

where c acts on the first copy of Λ(H) by right multiplication by u, and on the
second by right multiplication by w. Taking H-coinvariants of (54), we obtain
that Hi(H,M) = 0 for i ≥ 1, and the exact sequence of Λ(C)-modules

(55) 0→H1(H,M) → Zp
.g(0)−→ Zp →H0(H,M) → 0;

here c acts on the first copy of Zp by multiplication by u(0), and on the second
by multiplication by w(0). Thus

(56) fM (T ) = (T − w(0) + 1)/(T − u(0) + 1).
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This is not a unit in Λ(Γ) provided w(0) 6= u(0).

To obtain concrete examples of such modules M with w(0) 6= u(0), we now
assume that H contains a subgroup which is a semi-direct product of the fol-
lowing form. Let H0 and C0 be two closed subgroups of H which are isomorphic
to Zp, and which are such that

xhx−1 = hφ(x) (x ∈ C0, h ∈ H0),

where φ : C0 ↪→ Aut(H0) = Zp
∗ is a continuous injective group homomorphism.

We note that this hypothesis is valid for any H which is open in SLn(Zp) (n ≥
2), or more generally for any compact H which is open in the group of Qp-points
of a split semi-simple algebraic group over Qp. Now fix a toplogical generator
h0 of H0, and any element γ of C0 with γ 6= 1. Define

g = h0 − 1, w = γ + pr,

where r is any integer ≥ 1. We then have

gw = ug, where u = γ · h
φ(γ)
0 − 1

h0 − 1
+ pr.

Hence
w(0) = 1 + pr, u(0) = φ(γ) + pr,

and so u(0) 6= w(0) because φ is injective. Moreover, as w(0) and u(0) are not
equal to 1, we see that M has finite G-Euler characteristic, which by Lemma
4.2 is given by

χ(G,M) = | φ(γ) − 1 + pr

pr
|p .

This therefore gives a new class of pseudo-null Λ(G)-modules, which are not
finitely generated over Zp, and which have a non-trivial G-Euler characteristic.

Finally, we interpret this example as a statement about K-theory classes. Writ-
ing K0(MH(G)) for the Grothendieck group of MH(G), it is clear from Lemma
4.1 that the map M 7→ fM induces a homomorphism from K0(MH(G)) to
Q(Γ)∗/Λ(Γ)∗. Now let M be any Λ(G)-module of the form (51) as a Λ(H)-
module with g 6= 0. It follows from the computation of fM given by (56) that
the class of M in K0(MH(G)) is non-zero.

Let Co(G) denote the abelian category of finitely generated torsion Λ(G)-
modules which contains MH(G) as a full subcategory. Thus there is a natural
map

i : K0(MH(G)) → K0(C0(G))

on the Grothendieck groups. Again, let M be a Λ(G)-module of the form (51).
Writing [M ] for the class of M in K0(MH(G)), we have just seen that [M ] is
not zero provided w(0) 6= u(0). However, we now show that i[M ] = 0. Let
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Q(G) denote the skew-field of fractions of Λ(G), and let Ω(G) be the abelian
group defined by

(57) Ω(G) := Q(G)∗/Λ(G)∗[Q(G)∗, Q(G)∗],

where for any ring A, A∗ denotes the multiplicative group of units in A and
[A∗, A∗] is the commutator subgroup. It is well-known [1] that the localisation
sequence yields an isomorphism

φ : K0(C0(G)) ' Ω(G)

which sends the class of any module of the form (Λ(G)/Λ(G)z), z 6= 0 in Λ(G),
to the class of z in Ω(G). Hence (54) shows that φ(i([M ])) is the coset of
(c− u)−1(c−w). We prove that this coset is trivial in Ω(G). Indeed, since c is
in the centre of G, by (52), we get

(58) g(c − w) = (c − u)g.

Hence in Ω(G), we have

g(c − u)−1(c − w) = g(c − w)(c − u)−1

= (c − u)g(c − u)−1 by (58)
= (c − u)(c − u)−1g
= g.

Since Ω(G) is a group, it follows that the class of (c − u)−1(c − w) in Ω(G) is
trivial, as required.
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Abstract. Let h:X → Y be a finite morphism of smooth connected
complete curves over Cp. We show h extends to a finite morphism
between semi-stable models of X and Y .
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Let p be a prime. It is known that if C is a smooth proper curve over a complete
subfield K of Cp, there exists a finite extension L of K in Cp and a model of
the base extension of C to L over the ring of integers, RL, of L whose reduction
modulo the maximal ideal has at worst ordinary double points as singularities.
In fact, if g(C), the genus of C, is at least 2 or g(C) = 1 and C has a model
with good reduction, there is a minimal such model, which is called the stable
model. Indeed, if L′ is any complete extension of L in Cp, the base extension
of a stable model over RL is the stable model over RL′ .

Liu and Lorenzini showed [L-L; Proposition 4.4(a)] that a finite morphism
of curves extends to a morphism of stable models, but the extension is not in
general finite. E.g., Edixhoven has show that the natural map from X0(p

2) to
X0(p) does not in general extend to a finite morphism of stable models [E] (see
also [C-M]). However, we show,

Theorem. Suppose h:X → Y is a finite morphism of smooth connected com-

plete curves over Cp. Then there are semi-stable models X and Y of X and Y
over the ring of integers of Cp such that h extends to a finite morphism from

X to Y.

(We work over Cp to avoid having to worry about base extensions and
because reduced affinoids over Cp have reduced reductions.)
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In fact, when X has a stable model (i.e., g(X) ≥ 2 or g(X) = 1 and X
has good reduction) and either X/Y is Galois, or the model has irreducible
reduction and Y has a stable model, one can take X to be the stable model for
X. In the latter case Y will be the stable model for Y , which, a fortiori, will
have irreducible reduction.

Abbes has informed us that this result also follows from results of Raynaud
(in particular Proposition 5 of [R] (and its corollary)).

We say such a morphism is semi-stable, and stable if it is the minimal object
in the category of semi-stable morphisms from X to Y (which may not exist).
Terminology and Notation

If Z is a rigid space A(Z) will denote the ring of analytic functions on Z
and A0(Z) the subring of functions whose spectral norm is bounded by 1.

If X is an affinoid over Cp, X = SpecA0(X)/mA0(X), where m is the
maximal ideal of Rp and if x ∈ X(F̄p), Rx will denote the corresponding
residue class in X. (Residue classes are also called formal fibers.)

By a regular singular point on a curve we mean a singular point which
is an ordinary double point. If C is a curve, let S(C) denote the set of irregular
singular points on C.

1. Wide Opens

In this section, we review and extend the results on wide open spaces discussed
in [RLC].

A (smooth one-dimensional) wide open is a rigid space conformal to C−D
where C is a smooth complete curve and D is a finite disjoint union of affinoid
disks in C, which contains at least one in each connected component. A wide
open disk is the complement of one affinoid disk in P 1 (it is conformal to
B(0, 1)) and a wide open annulus is conformal to the complement of two disjoint
such disks (it is conformal to A(r, 1) where r ∈ |Cp|, 0 < r < 1).

An underlying affinoid Z of a wide open W is an affinoid subdomain
Z of W such that W\Z is a finite disjoint union of annuli none of which is
contained in an affinoid subdomain of W . An end of W is an element of the
inverse limit of of the set of connected components of W\Z where Z ranges
over subaffinoids of W .

We slightly modify the definition of basic wide open given in [RLC] and
say a wide open W is basic if it has an underlying affinoid Z such that Z is
irreducible and has at worst regular singular points.

Suppose X is a smooth one dimensional affinoid over Cp and x ∈ X. Be-
cause A0(Rx) is the completion of A0(X) at x, we have,

Lemma 1.1. Then x is a smooth point of X if and only if Rx is a wide open

disk and a regular singular point if and only if Rx is a wide open annulus.

We have the following generalization of Proposition 3.3(ii) of [RLC],

Lemma 1.2. The residue class, Rx, is a connected wide open and its ends can

naturally be put in 1-1 correspondence to the branches of X through x.

Documenta Mathematica · Extra Volume Kato (2003) 217–225



Stable Maps of Curves 219

Proof. That Rx is connected is a consequence of Satz 6 of [B].
Theorem A-1 of [pAI] and its proof naturally generalizes to semi-dagger

algebras. These are quotients of the rings of series
∑

I,J aI,JxIyJ in
K[x1, . . . , xn, y1, . . . , ym], where K is a complete non-Archimedean valued field,
such that there exists r∈R > 1 so that

lim
s(I,J)→∞

|aI,J |rs(J) = 0,

where I and J range over Zn
≥0 and Zm

≥0 and s(M), where M is a multi-index,
is the sum of its entries. What this implies in our context is that if R is an
affinoid over Cp whose reduction is equal to the normalization of X and S is
the set of points of R above T , the singular points of X, then the rings

lim
→
M

A(R\M) and lim
→
N

A(X\N)

are isomorphic, where M ranges over the subaffinoids of
⋃

s∈S Rs and N ranges
over the subaffinoids of

⋃
x∈T Rx. Since

⋃
s∈S Rs is a union of wide open

disks which correspond to the set, B, of branches of X through points in T ,
this, in turn, implies that there exists a subaffinoid N of

⋃
x∈T Rx such that⋃

x∈T Rx − N is a finite union of wide open annuli which correspond to the
elements of B. One can now glue affinoid disks to

⋃
x∈T Rx to make a smooth

complete curve, using [B; Satz 6.1] and the direct image theorem of [K], as in
the proof of Proposition 3.3 of [RLC]. The result follows.

It follows from Lemmas 3.1 and 3.2 of [RLC] that,

Lemma 1.3. if A and B are disjoint wide open annuli or disjoint affinoids in a

smooth curve C over Cp, then A is disconnected from B in C.

If W is a wide open space

H1
DR(W ) = Ω1

W /dA(W ),

where Ω1
W is the A(W )-module of rigid analytic differentials on W . It follows

from Theorem 4.2 of [RLC] that H1
DR(W ) is finite dimensional over Cp.

Lemma 1.4. Suppose f :W → V is a finite morphism of wide opens. Then, if

W is a disk or annulus, the same is true for V .

Proof. Suppose W is a disk and f has degree d. Then V has only one end.
Suppose ω is a differential on V . Then f∗ω = dg for some function g ∈ A(W )
since dim H1

DR(W ) = 0, in this case. Hence ω = d Tr (g/d). Thus H1
DR(V ) = 0.

Let C be a proper curve obtained by glueing a wide open disk D to V along the
end, as in the proof of Proposition 3.3 of [RLC ]. From the Meyer-Vietoris long
exact sequence, we see that C has genus zero and as B := D\V is an affinoid
disk V = C\B is a wide open disk.

The argument in the case where W is an annulus is similar, except one has
to use residues.
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Proposition 1.5. Suppose f :X → Y is a finite map of smooth one dimen-

sional affinoids over Cp. Then, if the reduction of X has only regular singular

points, the same is true of Y .

Proof. We know the map f induces a finite morphism f̄ : X̄ → Ȳ . Let y be
a point of Ȳ . Let x ∈ X̄ such that f̄(x) = y. Then f restricts to a finite
morphism Rx → Ry. But Rx is a disk or annulus. It follows from Lemma 1.2
that Ry is a wide open and hence by Lemma 1.4 is a disk or annulus, as well.
Hence y is either smooth or regular singular by Lemma 1.1.

This implies the well known result that if h:X → Y is a finite morphism
of curves and X has good reduction so does Y . In fact, it implies the result of
Lorenzini-Liu, [L-L; Corollary 4.10], that, in this case if g(Y ) ≥ 1, h extends to
a finite morphism between the unique models of good reduction. It also implies
that if X has a stable model with irreducible reduction, so does Y .

Lemma 1.6. Suppose φ:X → Y is a non-constant rigid morphism of smooth

one dimension affinoids over Cp. Suppose G is a finite group acting on X such

that φσ = φ for σ ∈ G and X =
⋃

σ⊂G V σ where V is an irreducible component

of X. Then φ surjects onto an affinoid subdomain of Y .

Proof. Let x ∈ X. Because φ is non-constant we can find an element f of
A(Y ) such that f(φ(x)) = 0 and |φ∗f |X = 1. We can and will replace Y with
the affinoid subdomain {y ∈ Y : |f(y)| ≤ 1}. Then φ|V is non-constant. Since
φX = φV and V is irreducible, φ factors through the inclusion of an irreducible
component S of Y . Let S0 be the complement in S of the other irreducible
components of Y . Then, Z = red−1S0 is an affinoid subdomain of Y whose
reduction is S0. Let X ′ be the affinoid subdomain of X, φ−1Z. This is just
X minus a finite number of residue classes stable under the action of G so
its reduction is the union of the G-conjugates of V ′ = V \φ−1

(S\S0) which is
irreducible. Suppose s ∈ φX ∩ S0. We claim that Rs ⊂ φ(X).

Suppose y0 ∈ Rs\φ(X). Since the class group of Z is torsion, there exists
an h ∈ A(Z) such that y0 is the only zero of h. Because Z is irreducible, we can
also suppose |h|Z = 1. Since h(y0) = 0, it follows that |h(y)| < 1 for y ∈ Rs.
Let g = φ∗h ∈ A0(X ′). If y0 6∈ φ(X), 1/g ∈ A(X ′) but |1/g|X′ = |c| > 1, for
some c ∈ Cp, since s is in the image of φ

X
′ . However,

|g(1/cg)|X′ = |c−1| < 1 = |g|X′ |(1/cg)|X′ .

This implies gV = 0 or (1/cg)V = 0, but as X ′ =
⋃

σ∈G V ′σ, this implies the

contradiction that g = 0 or (1/cg) = 0.
We will finish the proof by showing X = X ′.
Let Y ′ be the affinoid obtained by glueing in disks to red−1S at the ends of

the wide open red−1S\S0 corresponding to irreducible components of Y distinct
from S. The reduction of this affinoid is naturally isomorphic to S. Then as φ
factors through the inclusion of red−1S in Y we naturally obtain a morphism
φ′:X → Y ′. Since by construction, for each point s ∈ S\S0, there is a point in
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the residue class of Y ′ not in the image of X the above argument implies no
point in this residue class is in the image of X and so φ′(X) in the reduction
inverse in Y ′ of S0. As this latter is naturally isomorphic to Z, X = X ′.

Suppose W is a wide open annulus. If σ:W → W is a rigid analytic
morphism, define ρ(σ) by

ρ(σ) Resω = Res σ∗ω.

The restriction of ρ to the group of rigid analytic automorphisms of W is a ho-
momorphism from Aut(W ) onto {±1}. We say σ is orientation preserving
if ρ(σ) = 1.

Lemma 1.7. Suppose G is a finite group of rigid automorphisms of the wide

open annulus W = A(r, 1) of order m. Then there is a rigid morphism

φ:W → V of degree m such that A(W )G = φ∗A(V ), where V = A(rm, 1)
if G is orientation preserving and V = A(B(0, 1)) if not.

Proof. First, if σ ∈ G
σ∗T = cσT ρ(σ)hσ(T ),

where hσ(T ) ∈ A(W ), |hσ(t) − 1| < 1, for t ∈ W , and cσ ∈ Cp,

|cσ| =

{
1 if ρ(σ) = 1
r if ρ(σ) = −1

.

Let Go = Ker ρ and n = |Go|. Let S =
∏

τ∈Go τ∗T . Then

S(T ) = Tng(T ),

where |g(t)| = 1. Let α:W → A(rn, 1), be the map

t 7→ S(t).

It is easy to see this map has degree n and R := α∗A(A(rn, 1)) ⊆ A(W )G. In
particular, R is an integral domain and its fraction field is KG where K is the
fraction field of A(W ). Since, R and A(W ) are Dedekind domains, it follows
that R = A(W )G0 . If G is orientation preserving, G = Go and taking φ = α
completes the proof, in this case.

Suppose now G is not orientation preserving. Then G/Go has order 2.
Using, the result of the last paragraph we can replace W with A(rn, 1) and
assume Go is trivial. Let G = {1, σ} and

U(T ) = T + σ∗T = T + cσT−1hσ(T ).

Now, if we define φ:W → B(0, 1) to be the morphism

t 7→ U(t),

we can apply the same argument, as above, to complete the proof.
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Remark. One can show:

Proposition. Suppose p is odd G is a finite group of automorphisms of

A(r,R). Then there is a natural homomorphsm of G into AutG
F p
m whose

kernel is the unique p-Sylow subgroup of Go. Moreover, the exact sequence,

1 → Go → G → G/Go → 1,

splits.

For example: Suppose p = 3, 1 > |r| > |27| and V = A(r, 1) . Let s be
the parameter on A1. Then the integral closure of A(V ) in the splitting field
of X3 + sX = s over K(V ) is the ring of analytic functions on an annulus W
which is an étale Galois cover of V . If G is the Galois group, G = Go ∼= S3.

2. Semi-stable Coverings

A semi-stable covering of a curve C is a finite admissible covering D of C
by connected wide opens such that
(i) if U 6= V ∈ D, U ∩ V is a finite collection of disjoint wide open annuli,
(ii) if T,U, V ∈ D are pairwise distinct, T ∩ U ∩ V = ∅.
(iii) for U ∈ D, if

Uu = U\
( ⋃

V ∈D
V 6=U

V
)
,

Uu is a non-empty affinoid whose reduction is irreducible and has at worst
regular singular points.

In particular, if U ∈ D, U is a basic wide open and Uu is an underlying
affinoid of U . We let E(U) denote the set of connected components of U\Uu.
These are all wide open annuli.

Proposition 2.1. Semi-stable models of C whose reductions have at least two

components correspond to semi-stable covers of C.

Proof. Suppose C is a semi-stable model for C whose reduction C has at least
two components. Let IC denote the set of irreducible components of C. If
Z ∈ IC let Z0 = Z\ ⋃

A∈IC
A 6=Z

A and WZ := red−1Z. As every singular point of

C is regular it follows from Lemma 1.2 that WZ is a basic wide open with
underlying affinoid red−1Z0 and {WZ :Z ∈ IC} is a semi-stable cover.

Conversely, suppose D is a semi-stable cover of C. For U, V ∈ D, let
ZU = SpfA0(Z) and ZU,V = Spf (U ∩ V ). Then the formal schemes ZU glue
by means of the glueing data

ZU,V → ZU

∐
ZV

into a model SD of C.
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If we have semi-stable coverings DX and DY such that for every W,V ∈ DX ,
h(W ) ∈ DY and there exist W ′, V ′ ∈ DX such that h(W )∩h(V ) = h(W ′∩V ′),
then f extends to a finite morphism from SDX

to SDY
. We say h induces a

finite morphism of semi-stable covers from DX to DY .

3. Proof of Theorem

First, let h′:X ′ → Y be the Galois closure of h with Galois group G. Let D be
a semistable cover X’ of such that Y 6∈ C where

C = {h′(U):U ∈ D}.

Then we claim C is a semi-stable cover of Y . Clearly C is a finite admissible
open cover. By Lemma 1.7, if W ∈ D and A ∈ E(W ), h′(A) is a wide open
disk or annulus. Since h′(W ) 6= Y , h′(A) cannot be a disk for all A ∈ E(W ).
It follows by a glueing argument, as in the proof of Lemma 1.2, that h′(W ) is
a connected wide open. Now suppose U, V ∈ D and h′(W ) 6= h′(V ). We must
show h′(W ) ∩ h′(V ) is a finite union of disjoint annuli. First, we remark that
h′(Wu) and h′(V u) are disjoint affinoids in Y , using Lemma 1.6. Suppose A is
a component of W ∩ V so A ∈ E(W ) ∩ E(V ). Suppose (xn) is a sequence of
points in A. If xn → Wu, h′(xn) → h′(Wu) and if xn → V u, h′(xn) → h′(V u).
It follows that h′(A) is an annulus. Also, we know that if U is a connected com-
ponent of h′(W )∩h′(V ), U =

⋃
σ∈S h′(Aσ) where the Aσ are in E(W )∩E(V σ),

for some subset S of G. Now it follows from Lemma 1.3 that if S has more
than one element and σ ∈ S there must be a τ ∈ S such that τ 6= σ and
Aσ ∩Aτ 6= ∅. Then Aσ ∪Aτ is an annulus, arguing as in the proof of Corollary
3.6a of [RLC] (Aσ ∪ Aτ 6= Y since Wu ∩ (Aσ ∪ Aτ ) = ∅). The fact that Aσ

and Aτ are connected to both Wu and V u implies Aτ = Aσ ∪ Aτ = Aσ. We
conclude that all the Aσ equal U , for σ ∈ S and so U is a wide open annulus.

Suppose U, V,W ∈ D are such that h′(U), h′(V ), h′(W ) are distinct. If
y ∈ h′(U)∩h′(V )∩h′(W ), there exist σ, τ ∈ G and x ∈ U ∩V σ ∩W τ such that
y = h′(x). But this implies U, V σ,W τ are not distinct which in turn implies
h′(U), h′(V ), h′(W ) are not distinct.

We must show for U ∈ D, h′(U)u, which equals

h′(U)\
( ⋃

V ∈C
V 6=h′(U)

V
)
,

is an affinoid whose reduction is irreducible and only has regular singular points.
Now,

h′(U)u = h′( ⋃

σ∈G

(Uσ\
⋃

A∈E(Uσ)∩E(V )

V ∈D,V 6=Uτ ,τ∈G

A
)

and also
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= h′(Uu) ∪
⋃

A∈E(U)∩E(Uσ)

σ 6=1∈G,

h′(A).

It follows from the first equality that h′(U)u is an affinoid using Lemma 1.6 and
Proposition 3.3 of [RLC]. Its reduction is irreducible as the reduction Uu is,
and from Proposition 1.5 it has at worst only regular singular points. Finally,
since all the h′(A) are disks or annuli by Lemma 1.7 whose ends are connected
to h′(Uu), h(U)u is an affinoid and these h′(A) must, by Lemma 1.1, be smooth
or regular singular classes of h′(U)u, and thus, in particular, h′(U)u must have
irreducible reduction. Thus C is a semi-stable cover and clearly h′ induces a
finite map of semi-stable covers from D to C.

We also know X ′/X is Galois and if r:X ′ → X is the corresponding mor-
phism,

E := {r(U):U ∈ D}

does not contain X so is a semi-stable cover of X and r induces a finite map of
semi-stable covers from D to E . It follows that h induces a finite map of semi-
stable covers from E to C and hence extends to the corresponding semi-stable
models.

Now we must explain how we can find a cover D of X ′ with the required
properties. If X ′ has a stable model X , then X is preserved by G. Let D
be a wide open disk in X ′ such that Dσ ∩ D = ∅ for all σ 6=1 ∈ G and B an
affinoid ball in D. Let X ′ be the minimal semi-stable refinement of X such
that no two elements of {Dσ:σ ∈ G} are contained in the same residue class.
Let E =

⋃
σ∈G Bσ. Then we can take for D,

{(red−1Z)\E: Z is an irreducible component of X ′} ∪ {Dσ:σ ∈ G}.

If g(X ′) ≤ 1 and the set of ramified points S ⊂ X ′ contains at least 3− 2g(X ′)
elements we do the same thing starting with the minimal semi-stable model
with the property that S injects into the smooth points of the reduction of this
model. The remaining cases are easier.
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Abstract. In this paper we prove a regularized product expansion
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1 Introduction

In his paper [P] Pellikaan studied an interesting two-variable zeta function
for algebraic curves over finite fields. Using notions from Arakelov theory of
arithmetic curves, van der Geer and Schoof were led to introduce an analogous
zeta function for number fields [GS].
In [LR] Lagarias and Rains investigated this two-variable zeta function thor-
oughly for the special case of the rational number field. They also made some
comments on the general case.
In earlier work we introduced a conjectural cohomological formalism to express
Dedekind and more general zeta functions as regularized determinants of a
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certain operator Θ on cohomology. In this framework it is not unreasonable to
assume that the second variable w of the two-variable zeta function corresponds
to an operator Θw depending on w. These heuristics which are explained in the
last section suggest a formula for the two-variable zeta function as a regularized
product.

The main contribution of the paper is to prove this formula for the two-variable
zeta function of any number field, Theorem 5.2. Our method is based on a
powerful criterion of Illies for zeta-regularizability [I1], [I2]. We refer to section
5 for a short review of the relevant facts from the theory of regularization.

We also treat the much easier case of curves over finite fields. For number fields,
our approach requires us to determine the asymptotic behaviour for Re s → ∞
of certain oscillatory integrals over spaces of lattices Γ. The function to be
integrated is a−s

Γ where aΓ is the minimal length among the non-zero vectors
in Γ. This is an interesting problem already for real quadratic fields in which
case Don Zagier found a solution. The general case is treated in section 4.

The treatment in [GS] and [LR] of the two-variable zeta function for general
number fields is somewhat brief. Also, the precise analogy with Pellikaan’s
original zeta function is not written down. In the first two sections we therefore
give a more detailed exposition of these topics. After this, some readers might
wish to read the last section which motivated the paper.

I would like to thank Don Zagier very much for his help in the real quadratic
case which was a great inspiration for me. I am also grateful to Eva Bayer and
Georg Illies for useful remarks and to the CRM in Montreal for its support.
Finally I would like to thank the referees for their careful reading of the paper
and their comments.

2 Background on two-variable zeta functions for curves over
finite fields

Consider an algebraic curve X over the finite field Fq with q = pr elements.
Let |X| be the set of closed points of X and for x ∈ |X| set
deg x = (Fq(x) : Fq). The zeta function of X is defined by the Euler product

ZX(T ) =
∏

x∈|X|
(1 − T deg x)−1 in Z[|T |] .

For a divisor D =
∑

x∈|X| nx ·x with nx ∈ Z we set deg D =
∑

nx deg x. Then
we have

ZX(T ) =
∑

D≥0

T deg D (1)

where the sum runs over all effective divisors i.e. those with nx ≥ 0 for all
x ∈ |X|. Let CH1(X) denote the divisor class group of X and for D = [D] set

hi(D) := hi(D) = dimHi(X,O(D)) .
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Summing over divisor classes in (1), one gets the formula:

ZX(T ) =
∑

D

qh0(D) − 1

q − 1
T degD . (2)

Here it is enough to sum over D’s with degD := deg D ≥ 0. In [P] § 3 Pellikaan
had the idea to replace q by a variable u in this formula. His two-variable zeta
function is defined by

ZX(T, u) =
∑

D

uh0(D) − 1

u − 1
T degD . (3)

Reconsidering classical proofs he obtained the following properties in the case
where X is smooth projective and geometrically irreducible:

ZX(T, u) =
PX(T, u)

(1 − T )(1 − uT )
with PX(T, u) ∈ Z[T, u] (4)

PX(T, u) =

2g∑

i=0

Pi(u)T i with Pi(u) ∈ Z[u] , where (5)

P0(u) = 1, P2g(u) = ug , deg Pi(u) ≤ 1 +
i

2
and g is the genus of X . (6)

The two-variable zeta function enjoys the functional equation

ZX(T, u) = ug−1T 2g−2ZX

(
1

Tu
, u

)
. (7)

In terms of the Pi(u) it reads:

P2g−i(u) = ug−iPi(u) . (8)

For example, for X = P1 one has PX(T, u) = 1 and for X an elliptic curve
PX(T, u) = 1 + (|X(Fq)| − 1 − u)T + uT 2.
Recently Naumann [N] proved the interesting fact that the polynomial PX(T, u)
is irreducible in C[T, u].
In [GS] § 7, van der Geer and Schoof consider the following variant of Pellikaan’s
zeta function. They show that for complex s and t in Re s < 0,Re t < 0 the
series

ζGS
X (s, t) =

∑

D∈CH1(X)

qsh0(D)+th1(D) (9)

defines a holomorphic function with a meromorphic continuation to C×C. The
explicit relation with ZX(T, u) is not stated in [GS], so we give it here:

Proposition 2.1

ζGS
X (s, t) = (qs+t − 1)qt(g−1)ZX(q−t, qs+t)

= (qs+t − 1)qs(g−1)ZX(q−s, qs+t) .
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Proof Using the Riemann–Roch theorem one obtains, c.f. [GS] proof of
prop. 5:

ζGS
X (s, t) = qt(g−1)

∑

0≤degD≤2g−2

q(s+t)h0(D)q−t degD + h

(
qsg

1 − qs
+

qtg

1 − qt

)
.

Here h is the order of CH1(X)0, the group of degree zero divisor classes on
X. This gives the meromorphic continuation to C × C. On the other hand
according to [P], p. 181 setting u = qs+t, T = q−t we have:

(qs+t − 1)ZX(q−t, qs+t) =
∑

0≤degD≤2g−2

q(s+t)h0(D)q−t degD

+h

(
qsg+t(1−g)

1 − qs
− 1

1 − q−t

)
.

This implies the first equality in the proposition. The second follows from the
functional equation (7) of ZX(T, u). 2

In particular the second relation in the proposition shows that for s + t = 1 we
have

ζGS
X (s, 1 − s) = (q − 1)qs(g−1)ζX(s) where ζX(s) = ZX(q−s) (10)

as stated in [GS] proposition 5. Note that for ζGS
X (s, t) the functional equation

takes the simple form:
ζGS
X (s, t) = ζGS

X (t, s) . (11)

In the number field case, Lagarias and Rains introduced the substitution t =
w − s. Thus we define here as well

ζX(s, w) = ζGS
X (s, w − s) = (qw − 1)q−s(1−g)ZX(q−s, qw) . (12)

This meromorphic function of s and w satisfies the functional equation

ζX(s, w) = ζX(w − s, w) (13)

and for w = 1 we have:

ζX(s, 1) = (q − 1)q−s(1−g)ζX(s) . (14)

The rest of this section contains observations of a tentative nature which are
not necessary for the sequel. It is unknown whether ZX(T, u) has a natural
cohomological interpretation. The properties of ZX(T, u) are compatible with
the following conjectural setup. Let K be a field of characteristic zero con-
taining Q(u). For varieties over finite fields there might exist a cohomology
theory QHi consisting of finite-dimensional K-vector spaces with the following
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property: The q-linear Frobenius Frq acting on a variety X/Fq should induce
a K-linear map Fr∗q such that we have:

ZX(T, u) =

2∏

i=0

detK(1 − TFr∗q |QHi(X))(−1)i+1

. (15)

We get the correct denominator in (4) if

QH0(X) = K , Fr∗q = id and QH2(X) ∼= K with Fr∗q = u · id

and
QHi(X) = 0 for i > 2 .

Then P (T, u) would be the characteristic polynomial of Fr∗q on QH1(X) and
therefore we would have

dimK QH1(X) = 2g .

The functional equation (7) would be a consequence of Poincaré duality – a
perfect Fr∗q-equivariant pairing of K-vector spaces:

QHi(X) × QH2−i(X) −→ QH2(X) ∼= K .

Moreover Poincaré duality would imply

det(Fr∗q |QH1(X)) = ug .

For an elliptic curve X/Fq, comparing the logarithmic derivatives of (4) and
(15) at T = 0 gives

2∑

i=0

(−1)iTr(Fr∗q |QHi(X)) = |X(Fq)| . (16)

However, if in (16) we replace Fr∗q by its power Frν∗
q we do not obtain |X(Fqν )|

for ν ≥ 2.

3 Background on two-variable zeta functions of number fields

We begin by collecting some notions from one-dimensional Arakelov theory
following [GS].
For a number field k/Q let ok be its ring of integers. By p we denote the prime
ideals in ok and by v the infinite places of k. Consider the “arithmetic curve”

Xk = spec ok ∪ {v |∞} .

The elements of the group

Z1(Xk) =
⊕

p

Z · p ⊕
⊕

v |∞
R · v
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are called Arakelov divisors. Define a map

div : k∗ −→ Z1(Xk)

by the formula

div (f) =
∑

p

ordp(f)p −
∑

v

ev log |f |vv .

Here |f |v = |σv(f)| for any embedding σv in the class v and ev = 1 if v is real
and ev = 2 if v is complex. The cokernel of div is called the Arakelov Chow
group CH1(Xk) of Xk.
With the evident topologies the groups k∗, Z1(Xk) and CH1(Xk) become lo-
cally compact topological groups. The counting measure on

⊕
p Z · p and the

Lebesgue measure on
⊕

v |∞ R ·v induce Haar measures dD on Z1(Xk) and dD
on CH1(Xk).
For an Arakelov divisor

D =
∑

p

νp · p +
∑

v

xv · v in Z1(Xk)

define a fractional ideal in k by the formula

I(D) =
∏

p

p−νp .

The infinite components of D determine a norm ‖ ‖D on k⊗R =
⊕

v kv by the
formula

‖(zv)‖2
D =

∑

v

|zv|2||1||2v .

Here ||1||2v = e−2xv if v is real and ||1||2v = 2e−xv if v is complex.
For f ∈ k ↪→ k ⊗ R we then have

||f ||2D =
∑

v real

|f |2ve−2xv + 2
∑

v complex

|f |2ve−xv . (17)

The embedding I(D) ↪→ k ⊗ R and the norm || ||D turn I(D) into a metrized
lattice. The lattices I(D) and I(D′) are isometric (by an ok-linear isometry) if
and only if [D] = [D′] in CH1(Xk).
Let κ be the Arakelov divisor with zeroes at the infinite components and I(κ) =
d−1, where d = dk/Q is the different of k/Q.

In the number field case, van der Geer and Schoof replace the order qhi(D) of
Hi(X,O(D)) for X/Fq by the Theta series:

k0(D) =
∑

f∈I(D)

e−π||f ||2D (18)
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and
k1(D) = k0([κ] −D) (19)

for D = [D] in CH1(Xk). For quadratic number fields the behaviour of k0(D)
is studied in some detail in [F].
According to [GS] proposition 1, the Poisson summation formula gives the
Riemann–Roch type formula

k0(D)k1(D)−1 = N (D)d
−1/2
k . (20)

Here dk = |dk/Q| is the absolute value of the discriminant of k/Q and

N : CH1(Xk) −→ R∗
+

is the Arakelov norm induced by the map

N : Z1(Xk) −→ R∗
+ , N (D) =

∏

p

Npνp

∏

v

exv .

Let Z1(Xk)0 be the kernel of this map and set

CH1(Xk)0 = Z1(Xk)0/div (k∗) .

This is a compact topological group which fits into the exact sequence

0 −→ CH1(Xk)0 −→ CH1(Xk)
N−→ R∗

+ −→ 1 . (21)

Let d0D be the Haar measure on CH1(Xk)0 with

vol (CH1(Xk)0) = hkRk (22)

where hk = |CH1(spec ok)| is the class number of k and Rk is the regulator.
Then we have

dD = d0Ddt

t
. (23)

For t in R∗
+ consider the Arakelov divisor, where n = (k : Q)

Dt = n−1
∑

v real

log t · v + n−1
∑

v complex

2 log t · v .

Setting Dt = [Dt] we have N (Dt) = t, so that the homomorphism t 7→ Dt

provides a splitting of (21).
We need the following estimates:

Proposition 3.1 For every number field k and every R ≥ 0 there are positive
constants c1, c2, α such that uniformly in D ∈ CH1(Xk)0 and |w| ≤ R we have
the estimates
a) |k0(D + Dt)

w − 1| ≤ c1|w| exp(−πnt−2/n) for all 0 < t ≤
√

dk.

b) |k0(D + Dt)
w − twd

−w/2
k | ≤ c2|w| exp(−αt2/n) for all t ≥

√
dk.
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Proof According to [GS] corollary 1 there is a constant β > 0 depending only

on the field k such that for all D in CH1(Xk)0 and all 0 < t ≤ d
1/2
k we have

0 < k0(D + Dt) − 1 ≤ β exp(−πnt−2/n) . (24)

We may assume that R ≥ 1. For every − 1
2 ≤ x ≤ 1

2 and |w| ≤ R setting

(1 + x)w = 1 + wx + wx2ϑ(x,w) (25)

we have
|ϑ(x,w)| ≤ e2R . (26)

Namely, writing
(1 + x)w = ew log(1+x) = ewx(1+ηx)

we have η = − 1
2 + x

3 − x2

4 + − . . . and hence |η| ≤ 1. Expanding ewx(1+ηx) as
a Taylor series and estimating gives inequality (26). For the moment we only
need the following consequence of (26):

|(1 + x)w − 1| ≤ x|w|
(
1 +

1

2
e2R

)
for 0 ≤ x ≤ 1/2 and |w| ≤ R ≥ 1 . (27)

If ε = ε(k) > 0 is sufficiently small, (24) implies that

x = k0(D + Dt) − 1

lies in (0, 1/2) for all 0 < t ≤ ε and all D. Using (24) and (27) we therefore
find a constant c′1 such that a) holds for all 0 < t ≤ ε. By compactness of

CH1(Xk)0 × {|w| ≤ R} × [ε,
√

dk]

and continuity of 1
w (k0(D + Dt)

w − 1) as a function of D, w and t there is a

constant c′′1 such that a) holds in ε ≤ t ≤
√

dk. Thus we get the estimate a) by
taking c1 = max(c′1, c

′′
1). The estimate b) follows from a) using the Riemann–

Roch formula (20) and observing that N ([κ]) = dk. 2

The two-variable zeta function of van der Geer and Schoof is defined by an
integral analogous to the series (9)

ζGS
Xk

(s, t) =

∫

CH1(Xk)

k0(D)sk1(D)t dD in Re s < 0,Re t < 0 . (28)

According to [GS] proposition 6, this integral defines a holomorphic function
in Re s < 0,Re t < 0. This also follows from the considerations below.
We refer the reader to the introduction of [LR] for further motivation to consider
this two-variable zeta function.
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Making the substitution D 7→ [κ] −D in the integral we find the formula

ζGS
Xk

(s, t) =

∫

CH1(Xk)

k0(D)tk1(D)s dD in Re s < 0,Re t < 0 . (29)

We will use the Lagarias–Rains variables s and w = t + s and concentrate on
the function

ζXk
(s, w) = ζGS

Xk
(s, w − s) =

∫

CH1(Xk)

k0(D)w−sk1(D)s dD (30)

(20)
= d

s/2
k

∫

CH1(Xk)

k0(D)wN (D)−s dD . (31)

It is holomorphic in the region Rew < Re s < 0.
Most of the following proposition is stated in [GS] and proved in [LR] Appendix
using references to Ch. XIII of Serge Lang’s book on algebraic number theory.
Below we will write down the direct proof which is implicit in [GS].

Proposition 3.2 The function ζXk
(s, w) has a meromorphic continuation to

C2 and it satisfies the functional equation

ζXk
(s, w) = ζXk

(w − s, w) .

Moreover the function
w−1s(w − s)ζXk

(s, w)

is holomorphic in C2. More precisely, the integral

J(s, w) =

∫ √
dk

0

∫

CH1(Xk)0
w−1(k0(D + Dt)

w − 1)d0D t−s dt

t

defines an entire function in C2 and we have the formula

ζXk
(s, w) = w

(
d

s/2
k J(s, w) + d

(w−s)/2
k J(w − s, w)

)
−

(
1

s
+

1

w − s

)
hkRk .

Recall that vol CH1(Xk)0 = hkRk. Finally, for w = 1 one has

ζXk
(s, 1) = |µ(k)|ds/2

k 2−r1/2ζ̂k(s) . (32)

Here ζ̂k(s) is the completed Dedekind zeta function of k

ζ̂k(s) = ζk(s)ΓR(s)r1ΓC(s)r2

where we have set

ΓR(s) = 2−1/2π−s/2Γ(s/2) and ΓC(s) = (2π)−sΓ(s) .
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Thus ΓR(s)ΓR(s + 1) = ΓC(s). Here r1 and r2 are the numbers of real resp.
complex places of k. Moreover µ(k) is the group of roots of unity in k.

Remarks 1 Formula (32) coincides with the corresponding formula in [GS]
proposition 6 after correcting two small misprints in that paper: We have√
|∆|s instead of

√
|∆|s/2

in [GS] proposition 6 and 2−1π−s/2 . . . instead of
2π−s/2 . . . in the third equality on p. 388 of [GS].
2 The reason for our normalization of ΓR(s) comes from the theory of zeta-
regularization, c.f. section 5.

Proof We write the integral representation (31) for ζXk
(s, w) as a sum of two

contributions:
ζXk

(s, w) = I(s, w) + II(s, w) (33)

where

I(s, w) = d
s/2
k

∫ √
dk

0

∫

CH1(Xk)0
k0(D + Dt)

wd0D t−s dt

t

and

II(s, w) = d
s/2
k

∫ ∞

√
dk

∫

CH1(Xk)0
k0(D + Dt)

wd0D t−s dt

t
.

The estimate in proposition 3.1 a) shows that the first integral defines a holo-
morphic function of (s, w) in the region {Re s < 0} × C. Here and in the
following we use the following well known fact. Consider a function f(s, x)
holomorphic in several complex variables s and µ-integrable in x which locally
in s is bounded by integrable functions of x. Then the integral

∫
f(s, x)dµ(x)

is holomorphic in s.
Writing I(s, w) in the form

I(s, w) = d
s/2
k

∫ √
dk

0

∫

CH1(Xk)0
(k0(D + Dt)

w − 1)d0D t−s dt

t
− hkRk

s
(34)

the same estimate gives its meromorphic continuation to C2. Note that, even
divided by w the first term is holomorphic in C2.
Using Riemann–Roch (20) a short calculation shows that for Re s > Re w we
have

II(s, w) = I(w − s, w) . (35)

In particular the integral (31) defines a holomorphic function in Rew < Re s <
0 as asserted earlier. Using (34) we find the formula:

II(s, w) = d
(w−s)/2
k

∫ √
dk

0

∫

CH1(Xk)0
(k0(D+Dt)

w − 1)d0D t−(w−s) dt

t
− hkRk

w − s
(36)

which gives the meromorphic continuation of II(s, w) to C2: Again, even after
division by w the first term is holomorphic in C2. This implies the assertions

Documenta Mathematica · Extra Volume Kato (2003) 227–259



Two-Variable Zeta Functions and Regularized Products 237

of the proposition except for formula (32) which requires a lemma that will be
useful in the next section as well: 2

Lemma 3.3 In the region Re s > Re w,Re s > 0 the following integral repre-
sentation holds, the integral defining a holomorphic function even after division
by w:

ζXk
(s, w) = d

s/2
k

∫

CH1(Xk)

(k0(D)w − 1)ND−sdD . (37)

Proof of formula (32) Using (37) we find for w = 1 < Re s that

|µ(k)|−1d
−s/2
k ζXk

(s, 1) = |µ(k)|−1

∫

CH1(Xk)

(k0(D) − 1)ND−sdD .

Now on p. 388 of [GS] this integral is shown to equal

(2−1π−s/2Γ(s/2))r1((2π)−sΓ(s))r2ζk(s)

c.f. remark 1 above. 2

Proof of the lemma The estimate in proposition 3.1, b) shows that the
following formula is valid in the region Re s > Re w,Re s > 0:

II(s, w) = d
s/2
k

∫ ∞

√
dk

∫

CH1(Xk)0
(k0(D + Dt)

w − 1)d0D t−s dt

t
+

hkRk

s
. (38)

Note here that the double integral with integrand 1 − twd
−w/2
k is absolutely

convergent when Re s > Re w,Re s > 0.
The integral in formula (38) defines a holomorphic function in this region even
after division by w. As the integral in formula (34) for w−1I(s, w) gives a
holomorphic function in C2 the assertion follows by adding equations (34) and
(38). 2

Remark For k = Q a more elaborate version of the lemma is given in [LR]
Theorem 2.2.

Proposition 3.2 and formula (32) in particular suggest that a better definition
of a two variable zeta function might be the following

ζ(Xk, s, w) = w−1 2r1/2

|µ(k)|d
−s/2
k ζXk

(s, w) .

This is a meromorphic function on C2 which satisfies the equations

ζ(Xk, w − s, w) = d
s−w/2
k ζ(Xk, s, w) and ζ(Xk, s, 1) = ζ̂k(s) . (39)
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In section 5 we will see that ζ(Xk, s, w) is the “ 1
2π -zeta regularized version”

of ζXk
(s, w). We also consider an entire version of this function which in the

one variable case and in [LR] is called the ξ-function. Because of our different
normalization we give it another name which is suggested by the cohomological
arguments in section 6.

Definition 3.4 The two-variable L-function of Xk is defined by the formula

L(H1(Xk), s, w) =
s

2π

s − w

2π
ζ(Xk, s, w)

=
1

4π2

s(s − w)

w

2r1/2

|µ(k)|d
−s/2
k ζXk

(s, w) .

According to proposition 3.2 it is holomorphic in C2 and satisfies the functional
equation

L(H1(Xk), w − s, w) = d
s−w/2
k L(H1(Xk), s, w) .

Proposition 3.5 For any k/Q and every fixed w the entire function
L(H1(Xk), s, w) of s has order at most one.

Proof Proposition 3.2 implies the formula

L(H1(Xk), s, w) = s(s − w)(T (s, w) + d
w
2 −s

k T (w − s, w)) +
d
−s/2
k

4π2

2r1/2

|µ(k)|hkRk

where T (s, w) is the entire function in C2 defined by the integral

T (s, w) =
1

4π2

2r1/2

|µ(k)|

∫ √
dk

0

∫

CH1(Xk)0
w−1(k0(D + Dt)

w − 1)d0D t−s dt

t
.

Using the estimate in proposition 3.1, a) we find for some c(w) > 0:

|T (s, w)| ≤ c(w)

∫ √
dk

0

exp(−πnt−2/n)t−Re s dt

t

= c(w)d
−Re s/2
k

∫ ∞

1

exp(−πnd
−1/n
k t2/n)tRe s dt

t
.

For Re s ≤ 1 the latter integral is bounded. For Re s > 1 we have

|T (s, w)| ≤ c(w)d
−Re s/2
k

∫ ∞

0

exp(−πnd
−1/n
k t2/n)tRe s dt

t

=
nc(w)

2
(πn)−

nRe s
2 Γ

(
nRe s

2

)

= O
(
exp

(n

2
Re s

)
log(Re s)

)
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where the O-constant depends on w. Hence for all s ∈ C we have

|T (s, w)| = O
(
exp

(n

2
|s| log |s|

))
.

Thus for every ε > 0 the required estimate holds:

|L(H1(Xk), s, w)| = O(exp(|s|1+ε)) for s ∈ C .

2

Remark For k = Q Lagarias and Rains prove that L(H1(XQ), s, w) is entire
of order at most one as a function of two variables, [LR] Theorem 4.1. They
also mention that this assertion holds for general k as well.

4 An oscillatory integral in the geometry of numbers

Recall that an Arakelov divisor D in Z1(Xk) may be viewed as the lattice
(I(D), || ||D). Two divisors define the same class D in CH1(Xk) if and only if
the corresponding metrized lattices are isometric by an ok-linear isometry. In
particular the following numbers are well defined for D = [D]:

a(D) = min{||f ||2D | 0 6= f ∈ I(D)}
b(D) = min{||f ||2D | f ∈ I(D) such that ||f ||2D > a(D)}
ν(D) = |{f ∈ I(D) | ||f ||2D = aD}| .

By definition b(D) > a(D) > 0 are positive real numbers and ν(D) is a positive
integer – the so called kissing number of the lattice class.
These numbers arise naturally in the study of theta functions: Ordering terms,
we may write

k0(D + Dt) =
∑

f∈I(D)

exp(−πt−2/n||f ||2D)

= 1 + ν(D)e−πt−2/na(D) + . . .

Here the next term is e−πt−2/nb(D) with its multiplicity.

Proposition 4.1 On CH1(Xk) the function a is continuous whereas b and ν
are only upper semicontinuous. In particular a, b and ν are measurable. We
have b(D) ≤ 4a(D) for all D, and ν is locally bounded. On CH1(Xk)0 the
functions a, b, ν are bounded.

Points of discontinuity for b and ν arise as follows. Already for k = Q(
√

2)
there exist convergent sequences Dn → D even in CH1(Xk)0 such that
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b(Dn) → a(D). Thus at the point D we have limn→∞ b(Dn) < b(D) and
also the multiplicity ν jumps up.

Proof Fix an element f ∈ I(D) with ||f ||2D = aD. Then ||2f ||2D = 4aD. Thus
bD ≤ 4aD. The continuity properties may be checked locally. So let us fix a
class D0 = [D0] in CH1(Xk) and write:

D0 =
∑

p

ν0
p · p +

∑

v

x0
v · v in Z1(Xk) .

Let V be an open neighborhood of x0 = (x0
v)v |∞ in

⊕
v |∞ R and consider the

continuous map:

V −→ CH1(Xk) , x 7−→ Dx = [Dx] where Dx =
∑

p

ν0
p · p +

∑

v |∞
xv · v .

For V small enough this map is a homeomorphism of V onto an open neigh-
borhood U of D0 in CH1(Xk). Fix some R > 0 such that for all x in V we
have

R−1 ≤ exv ≤ R if v is real and R−2 ≤ exv ≤ R2 if v is complex .

It follows that for x ∈ V and all f ∈ I(Dx) = I(D0) we have the estimate

R−2||f ||2 ≤ ||f ||2Dx
=

∑

v real

|f |2ve−2xv + 2
∑

v complex

|f |2ve−xv ≤ 2R2||f ||2 . (40)

Here

||f || =
( ∑

v |∞
|f |2v

)1/2

is the Euclidean norm in k ⊗ R applied to the element f ∈ k ⊂ k ⊗ R.
Since I(D0) is discrete in k ⊗ R it follows that for any C > 0 the set

FC = {f ∈ I(D0) | 0 < ||f ||2Dx
≤ C for some x ∈ V }

is finite. If V is bounded it also follows that the map D 7→ a(D) is bounded
on U and so is b since b(D) ≤ 4a(D). Thus for large enough C > 0 the finite
subset F = FC ⊂ I(D) has the following properties: For all x ∈ V we have:

a(Dx) = min{||f ||2Dx
| f ∈ F}

b(Dx) = min{||f ||2Dx
| f ∈ F such that ||f ||2Dx

> a(Dx)}
ν(Dx) = |{f ∈ F | ||f ||2Dx

= a(Dx)}| . (41)

The functions x 7→ ||f ||2Dx
for f ∈ F being continuous it is now clear that a(D)

is continuous near D0, hence everywhere since D0 was arbitrary. (This fact is
already mentioned in [GS].)
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To check upper semicontinuity of b and ν at D0 let F ′ be the subset of F
consisting of all f with ||f ||2D0 > a(D0). For small enough V we then have

||f ||2Dx
> a(Dx) for all f ∈ F ′ and x ∈ V (42)

since both sides are continuous in x. It follows that

b(Dx) ≤ min{||f ||2Dx
| f ∈ F ′} =: µ(x) .

Then µ is continuous and µ(x0) = b(D0). Hence, for every ε > 0 there exists
an open neighborhood V ′ of x0 in V such that

µ(V ′) ⊂ (µ(x0) − ε, µ(x0) + ε) = (b(D0) − ε, b(D0) + ε) .

Thus b(Dx) ≤ b(D0) + ε for all x ∈ V ′ and hence b(D) ≤ b(D0) + ε for all
D in a neighborhood (the image of V ′) of D0 in CH1(Xk). Hence b is upper
semicontinuous at D0.
As for ν, the representation (41) shows that ν(Dx) ≤ |F| for all x ∈ V . Hence
ν is a locally bounded function on CH1(Xk).
With notations as above we have by (41) that

ν(Dx) ≤ |F r F ′| = ν(D0) for all x ∈ V .

This implies that ν is upper semicontinuous at D0. 2

The following theorem shows that on CH1(Xk)0 the function a = a(D) acquires
a unique global minimum at D = 0. We also describe a(D) explicitly in a
neighborhood of D = 0.
Set

amin = min{a(D) | D ∈ CH1(Xk)0} > 0

and
binf = inf{b(D) | D ∈ CH1(Xk)0} .

Theorem 4.2 Set n = (k : Q) and let the notations be as above.
1 amin = n.
2 For D ∈ CH1(Xk)0 we have a(D) = amin if and only if D = 0.
3 For the representative D = 0 of D = 0 and f ∈ ok = I(0) we have ||f ||20 =
a(0) = amin if and only if f ∈ µ(k).
4 For D ∈ CH1(Xk)0 with I(D) non-principal there is the estimate

a(D) ≥ n
√

4 amin = n
n
√

4 .

5 For every open neighborhood U of D = 0 in CH1(Xk)0 there is a positive ε
such that a(D) < amin + ε for some D ∈ CH1(Xk)0 implies D ∈ U .
6 There is a neighborhood U of D = 0 in CH1(Xk)0 with the following prop-
erties: Every D ∈ U has the form D = [D] with D =

∑
v |∞ xv · v. For

f ∈ I(D) = ok we have:

||f ||2D = a(D) if and only if f ∈ µ(k) .
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Moreover:
a(D) =

∑

v real

e−2xv + 2
∑

v complex

e−xv

and ν(D) = |µ(k)|.
7 We have binf > amin.

Proof The main tool is the inequality between the arithmetic and the geo-
metric mean. This inequality was already used in [GS]. Let || ||v = | |ev

v be the
normalized absolute value at the infinite place v.
1 For D = [D] in CH1(Xk)0 and f ∈ I(D) we have

||f ||2D =
∑

v real

(||f ||ve−xv )2 +
∑

v complex

||f ||ve−xv +
∑

v complex

||f ||ve−xv

(a)

≥ n

(∏

v

||f ||v
)2/n (∏

v

e−xv

)2/n

= n|N(f)|2/n

(∏

v

exv

)−2/n

= n(|N(f)|/N(I(D)))2/n .

Here (a) is the arithmetic-geometric mean inequality and we have used that

1 = N (D) =
∏

p

Npνp

∏

v

exv = N(I(D))−1
∏

v

exv .

Now I(D) divides (f) and for f 6= 0 we therefore have

|N(f)|/N(I(D)) ≥ 1 .

It follows that ||f ||2D ≥ n, so that a(D) ≥ n and therefore amin ≥ n. On the
other hand for D = 0 and f ∈ µ(k) we have ||f ||20 = r1 + 2r2 = n. Therefore
a(0) = n and hence amin = n.

2 We have seen that a(0) = amin. Now assume that a(D) = amin. Then there
is some f ∈ I(D) with ||f ||2D = n. It follows that |N(f)| = N(I(D)) hence that
I(D) = (f) is principal and that we have equality in (a) above. Now in the
arithmetic-geometric mean inequality, equality is achived precisely if all terms
are equal. Thus there is a positive real ξ such that

ξ = (||f ||ve−xv )2 for real v and ξ = ||f ||ve−xv for complex v .

Hence

ξn = ξr1ξ2r2 =

(∏

v

||f ||ve−xv

)2

= (|N(f)|N(I(D))−1)2 = 1

since N (D) = 1 and |N(f)| = N(I(D)) as observed above. Thus ξ = 1 and
therefore

||f ||v = exv for all v |∞ . (43)
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It follows that

div f−1 =
∑

p

ordpf
−1 · p −

∑

v

log ||f−1||v · v

=
∑

p

ordpI(D)−1 · p +
∑

v

log ||f ||v · v

=
∑

p

νp · p +
∑

v

xv · v = D .

Hence D = [D] = 0 in CH1(Xk)0 and 2 is proved.

3 For D = 0 we have I(D) = ok. For f ∈ I(D) = ok the equation ||f ||20 =
a(0) = n implies ||f ||v = 1 for all v |∞ by (43). Since ||f ||p ≤ 1 for all finite
primes p it follows by a theorem of Kronecker that f is a root of unity.

4 If I(D) is non-principal and 0 6= f ∈ I(D), then we have (f) = I(D) · a for
some integral ideal a 6= ok. Hence |N(f)| ≥ 2N(I(D)) and 4 follows from the
above estimate for ||f ||2D.

5 Let aU be the minimum of the continuous function a = a(D) on the compact
set CH1(Xk)0 r U . For D 6= 0 we have a(D) > amin by 2. Hence ε :=
aU − amin > 0. It is clear that a(D) < amin + ε implies that D ∈ U .

6 As in the proof of proposition 4.1 there exists an open neighborhood V ′ of
x0 = 0 in {x ∈ ⊕

v |∞ R | ∑
xv = 0} such that firstly the map

V ′ −→ CH1(Xk)0 , x 7−→ Dx = [Dx] where Dx =
∑

v |∞
xv · v

is a homeomorphism onto an open neighborhood U ′ of D = 0 in CH1(Xk)0. In
particular I(Dx) = ok for all x ∈ V ′. Secondly there is a finite subset F ⊃ µ(k)
of ok such that for all x ∈ V ′ we have:

a(Dx) = min{||f ||2Dx
| f ∈ F}

b(Dx) = min{||f ||2Dx
| f ∈ F such that ||f ||2Dx

> a(Dx)} (44)

and
ν(Dx) = |{f ∈ F | ||f ||2Dx

= a(Dx)}| .

Now, according to 3 we have

||f ||2D0
= a(D0) for f ∈ µ(k)

and
||f ||2D0

> a(D0) for f ∈ F r µ(k) .

Choose some ε > 0, such that ||f ||2D0
− a(D0) ≥ 2ε for all f ∈ F r µ(k). By a

continuity argument we may find an open neighborhood 0 ∈ V ⊂ V ′ such that
for all x ∈ V we have

||f ||2Dx
− a(Dx) < ε if f ∈ µ(k)
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and
||f ||2Dx

− a(Dx) ≥ ε if f ∈ F r µ(k) .

As ||f ||2Dx
= ||1||2Dx

for all f ∈ µ(k) it follows that for x ∈ V we have

||f ||2Dx
= a(Dx) if and only if f ∈ µ(k) .

Moreover ν(Dx) = |µ(k)| and

a(Dx) = ||1||2Dx
=

∑

v real

e−2xv + 2
∑

v complex

e−xv .

Therefore, in 6 we may take U to be the image of V in CH1(Xk)0.

7 Assume that binf = amin and let (Dn) be a sequence of Dn ∈ CH1(Xk)0

with b(Dn) → amin. Since CH1(Xk)0 is compact we may assume that (Dn)
is convergent, Dn → D0. Because of amin ≤ a(Dn) ≤ b(Dn) it follows that
a(Dn) → amin. On the other hand since a is continuous we have a(Dn) →
a(D0). Hence a(D0) = amin and by 2 this implies that D0 = 0. Thus we have
Dn → 0 and b(Dn) → amin.
Let V,U and F be as in the proof of 6. Then for f ∈ F and x ∈ V we have

||f ||2Dx
> a(Dx) if and only if f /∈ µ(k) .

By (44) this gives

b(Dx) = min{||f ||2Dx
| f ∈ F r µ(k)} for all x ∈ V .

In particular b(Dx) is a continuous function of x ∈ V and therefore b |U is
continuous. Let Ũ ⊂ U be a compact neighborhood of D = 0 in CH1(Xk)0.
Then there is some D̃ ∈ Ũ with b(D) ≥ b(D̃) > a(D̃) ≥ amin for all D in Ũ . On
the other hand, for n large enough we have Dn ∈ Ũ and hence b(Dn) ≥ b(D̃) >
amin. Hence b(Dn) cannot converge to amin, Contradiction. 2

Remark Since µ(k) acts isometrically on (I(D), || ||D) and since ν(0) = |µ(k)|
the minimal value of the function ν = ν(D) is |µ(k)|. As ν is upper semi-
continuous it follows that the set of D in CH1(Xk) resp. CH1(Xk)0 with
ν(D) = |µ(k)| is open. It should be possible to show that the complements
have measure zero.

In the following we will deal with the asymptotic behaviour of certain functions
defined at least in Re s > 0 as Re s tends to infinity. For such functions f and
g we will write

f ∼ g to signify that lim
Re s→∞

f(s)/g(s) = 1 .

The following theorem is the main result of the present section:
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Theorem 4.3 For a number field k/Q let r = r1 + r2 − 1 be the unit rank.
Then the entire function

C(s) =

∫

CH1(Xk)0
ν(D)a(D)−sd0D

has the following asymptotic behaviour as Re s → ∞

C(s) ∼ |µ(k)|αks−r/2n−s .

Here we have set:
αk = (πn)r/22−r1/2

√
2/n .

Proof If r = 0 then αk = 1 and CH1(Xk)0 = CH1(spec ok) is the class
group of k. Hence C(s) is a finite Dirichlet series. For k = Q we have C(s) =
ν(0)a(0)−s = |µ(Q)| = 2. For k imaginary quadratic the main contribution as
Re s → ∞ comes from the term corresponding to D = 0 which is ν(0)a(0)−s =
|µ(k)|2−s. These assertions follow from theorem 4.2 parts 1 and 2 (or 4) and
3.
Now assume that r ≥ 1. The function ν = ν(D) is measurable and bounded
on CH1(Xk)0 by proposition 4.1. The function a = a(D) is continuous and
CH1(Xk)0 is compact. Hence C(s) is an entire function of s. We will compare
C(s) with certain integrals over unbounded domains which can be evaluated
explicitly in terms of Γ-functions. It is not obvious that these integrals converge.
For this we require the following lemma where for x ∈ RN we set ||x||∞ =
max |xi|.
After a series of auxiliary results the proof of theorem 4.3 is concluded after
the proof of corollary 4.3.4 below.

Lemma 4.3.1 Assume N ≥ 2 and consider the hyperplane
HN = {x | ∑

xi = 0} in RN . For every x in HN we have

max xi ≥ (N − 1)−1||x||∞ and min xi ≤ −(N − 1)−1||x||∞ .

Proof We may assume that x1 ≤ . . . ≤ xN , so that x1 = min xi and
xN = max xi. As x ∈ HN we have x1 ≤ 0 ≤ xN . It is clear that
||x||∞ = max(−x1, xN ).
If ||x||∞ = xN the first estimate is clear. If ||x||∞ = −x1 then

(N − 1)max xi = (N − 1)xN ≥ xN + xN−1 + . . . + x2 = −x1 = ||x||∞ .

Hence the first estimate holds in this case as well. The second estimate follows
by replacing x with −x. 2

We can now evaluate a certain class of integrals which are useful for our pur-
poses.
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Proposition 4.3.2 For N ≥ 2 let dλ be the Lebesgue measure on HN . Fix
positive real numbers c1, . . . , cN and positive integers ν1, . . . , νN . Then for
Re s > 0 we have the following formula where q = 1/

∑N
i=1 ν−1

i

I :=

∫

HN

( N∑

i=1

cie
−νixi

)−s

dλ =
q

ν1 · · · νN

( N∏

i=1

c
q/νi

i

)−s

Γ(s)−1
N∏

i=1

Γ(qs/νi) .

Proof First we show that the integral exists. Using lemma 4.3.1 and the fact
that min(xi) ≤ 0 for x ∈ HN , we find with c = min(ci):

N∑

i=1

cie
−νixi ≥ c e−min(xi) ≥ c exp((N − 1)−1||x||∞) for x ∈ HN . (45)

Thus the function
( N∑

i=1

cie
−νixi

)−Re s

is integrable over HN . In order to evaluate the integral we recall the Mellin
transform of a (suitable) function h on R∗

+:

(Mh)(s) =

∫ ∞

0

h(t)ts
dt

t
for Re s ≥ 1

and the convolution of two L1-functions h1 and h2 on R∗
+:

(h1 ∗ h2)(t) =

∫ ∞

0

h1(t1)h2(tt
−1
1 )

dt1
t1

.

For suitable h1 and h2 Fubini’s theorem implies the basic formula

M(h1 ∗ h2) = (Mh1) · (Mh2) for Re s ≥ 1 .

For t > 0 let dµ be the image of Lebesgue measure under the exponential
isomorphism:

{x ∈ RN |
∑

xi = log t} ∼−→ {(t1, · · · , tN ) ∈ (R∗
+)N | t1 · · · tN = t} .

The N -fold convolution of L1-functions h1, . . . , hN on R∗
+ is given by the for-

mula

(h1 ∗ . . . ∗ hN )(t) =

∫

t1···tN=t

h1(t1) · · ·hN (tN ) dµ .

Note that convolution is associative.
We may rewrite I as follows

I =

∫

t1···tN=1

( N∑

i=1

cit
νi
i

)−s

dµ .
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Thus

Γ(s) · I =

∫ ∞

0

( ∫

t1···tN=1

exp
(
− t

N∑

i=1

cit
νi
i

)
dµ

)
ts

dt

t
(46)

=

∫ ∞

0

( ∫

t1···tN=t1/q

exp
(
−

N∑

i=1

cit
νi
i

)
dµ

)
ts

dt

t

= qM(e−c1tν1 ∗ . . . ∗ e−cN tνN
)(qs)

= qM(e−c1tν1
)(qs) · · ·M(e−cN tνN

)(qs)

= q
N∏

i=1

ν−1
i c

−qs/νi

i Γ(qs/νi) .

2

We may now use the complex Stirling asymptotics

Γ(s) ∼
√

2πe−se(s− 1
2 ) log s for |s| → ∞ in − π < arg s < π (47)

to draw the following consequence of proposition 4.3.2.

Corollary 4.3.3 Let k/Q be a number field of degree n with unit rank r =
r1 + r2 − 1 ≥ 1. Then we have the following asymptotic formula for Re s → ∞,
the integral being defined for Re s > 0:

∫
∑

v |∞ xv=0

( ∑

v real

e−2xv + 2
∑

v complex

e−xv

)−s

dλ ∼ αks−r/2n−s .

Here
αk = (πn)r/22−r1/2

√
2/n .

Proof Applying proposition 4.3.2 with N = r1 + r2 and the obvious choices
of ci’s and νi’s the integral is seen to equal:

n−121−r12−2sr2/nΓ(s)−1Γ(s/n)r1Γ(2s/n)r2 .

Applying the Stirling asymptotics gives the result after some calculation. 2

Corollary 4.3.4 Assumptions as in corollary 4.3.3. For any ε > 0 set

Vε =
{

x ∈
⊕

v |∞
R |

∑

v |∞
xv = 0 and ||x||∞ < ε

}
.

Then we have the asymptotic formula for Re s → ∞:
∫

Vε

( ∑

v real

e−2xv + 2
∑

v complex

e−xv

)−s

dλ ∼ αks−r/2n−s .
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Proof Set f(x) =
∑

v real e
−2xv + 2

∑
v complex e−xv . For x ∈ ⊕

v |∞ R with∑
v |∞ xv = 0 we have by lemma 4.3.1 that:

f(x) ≥ exp(r−1||x||∞) . (48)

Choose R ≥ 2r log 2n. For ||x||∞ ≥ R and α ≥ 0 we find

exp
(
− α

r
||x||∞

)
≤ (2n)−α exp

(
− α

2r
||x||∞

)
.

For Re s ≥ 1 this implies that

∣∣∣
∫

∑
xv=0

||x||∞>R

f(x)−sdλ
∣∣∣ ≤ γ(2n)−Re s (49)

where

γ =

∫
∑

xv=0
||x||∞>R

exp

(
− 1

2r
||x||∞

)
dλ < ∞ .

By the arithmetic-geometric mean inequality we see that in {∑ xv = 0} the
function f(x) has global minimum equal to n. We have f(0) = n and f(x) > n
for all x 6= 0, c.f. the proof of theorem 4.2, 1. Choose R ≥ 2r log 2n such
that R ≥ ε. Let aε,R be the minimum of f in the compact set Sε,R of x with∑

xv = 0 and ε ≤ ||x||∞ ≤ R. Then we have aε,R > n and

∣∣∣
∫

Sε,R

f(x)−sdλ
∣∣∣ ≤ vol (Sε,R)a−Re s

ε,R for Re s ≥ 0 . (50)

Using corollary 4.3.3 and the estimates (49) and (50) we find successively:

αks−r/2n−s ∼
∫

∑
xv=0

f(x)−sdλ ∼
∫

∑
xv=0

||x||∞≤R

f(x)−sdλ ∼
∫

∑
xv=0

||x||∞≤ε

f(x)−sdλ .

2

We can now conclude the proof of theorem 4.3. Let ε > 0 be so small that the
image of Vε in CH1(Xk)0 under the map x 7→ Dx = [Dx] with Dx =

∑
v |∞ xv ·v

is a homeomorphism onto its image Uε. Moreover ε > 0 should be so small
that Uε is contained in a neighborhood U as in theorem 4.2, 6. Then we have

∫

Uε

ν(D)a(D)−sd0D = |µ(k)|
∫

Vε

( ∑

v real

e−2xv + 2
∑

v complex

e−xv

)−s

dλ (51)

∼ |µ(k)|αks−r/2n−s for Re s → ∞

by corollary 4.3.4. By theorem 4.2, 1 and 2 (or 5) the minimum aUε
of a = a(D)

on the compact set CH1(Xk)0 r Uε satisfies aUε
> n. Moreover ν = ν(D) is

bounded, ≤ d say. Together with the estimate

∣∣∣
∫

CH1(Xk)0rUε

ν(D)a(D)−sd0D
∣∣∣ ≤ d vol (CH1(Xk)0)a−Re s

Uε
for Re s ≥ 0
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the asymptotics (51) now imply the assertion of theorem 4.3. 2

Remark 4.4 Using the asymptotic development of the Γ-function instead of
(47) one can improve the assertion of theorem 4.3. For example, the same proof
shows that for any ϕ ∈ (0, π/2) we have

C(s) = |µ(k)|αks−r/2n−s(1 + O(s−1)) as Re s → ∞

in the angular domain |arg s| < ϕ. The O-constant depends on ϕ.

5 The two-variable zeta function as a regularized product

In this section we first review a theorem of Illies about the zeta-regularizability
of entire functions of finite order.
We then apply his criterion to prove that L(H1(Xk), s, w) and ζ(Xk, s, w) are
zeta-regularized as functions of s.
There are many instances where one would like to give a sense to a non-
convergent product of distinct non-zero complex numbers aν given with multi-
plicities mν ∈ Z. Sometimes the process of zeta regularization helps. Fix argu-
ments −π < arg aν ≤ π and assume that the Dirichlet series D(u) =

∑
mνa−u

ν

converges for Re u À 0 with a meromorphic continuation to Reu > −ε for
some ε > 0. If D is holomorphic at u = 0 we may define the zeta-regularized
product ∏(mν) aν := exp(−D′(0)) .

If all mν = 1, one sets
∏

aν =
∏

(1)aν . In this way one obtains for example∏∞
ν=1ν =

√
2π. For a finite sequence of aν ,mν the zeta-regularized product∏

(mν)aν exists and equals the ordinary product
∏

amν
ν .

For complex s with s 6= aν for all ν one may ask whether
∏

(mν) (s−aν) exists.
In favourable instances it will define a meromorphic function in C whose zeroes
and poles are precisely the numbers aν with their multiplicity mν . On the
other hand if we are given a meromorphic function f(s) whose zeroes and poles
are the numbers aν with multiplicity mν we may ask whether

∏
(mν) (s − aν)

exists and defines a meromorphic function in C and how it compares to f(s).
Sometimes it is also useful to introduce a scaling factor α > 0 and compare
f(s) with

∏
(mν) α(s − aν). In the case where we have

f(s) =
∏(mν) α(s − aν) ,

the function f is called “α-zeta regularized”.
A much more thorough discussion of these problems and other regularization
procedures (δ-regularization) may be found in Illies’ papers [I1], [I2] and his
references.
We now describe the precise technical result from Illies’ work that we will use.
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For ϕ1, ϕ2 in (0, π) define the open sets

Wrϕ1,ϕ2
= {s ∈ C∗ | − ϕ2 < arg s < ϕ1}

and
Wlϕ1,ϕ2

= C∗ r Wrϕ1,ϕ2
.

A meromorphic function in C is said to be of finite order if it is the quotient
of two entire functions of finite order.

Theorem 5.1 (Illies) Let f be a meromorphic function of finite order in C
such that almost all zeroes and poles lie in some Wlϕ1,ϕ2

. We assume that for
some 0 < p ≤ ∞ and any p′ < p we have

f(s) − 1 = O(|s|−p′

) in Wrϕ1,ϕ2
as |s| → ∞ .

Then the following two assertions hold:
A Setting m(ρ) = ords=ρf(s), for any scaling factor α > 0 the Dirichlet series

ξ(u, s) =
∑

ρ∈Wlϕ1,ϕ2

m(ρ)[α(s − ρ)]−u

is uniformly convergent to a holomorphic function in Re u À 0 and |s| ¿ 1.
Here we have chosen −π < arg (s − ρ) < π which is possible for small enough
|s|. The function ξ(u, s) has a holomorphic continuation to any region of the
form

{Re u > −p} × G

where G is an arbitary simply connected domain which does not contain zeroes
or poles of f .
B We have an equality of meromorphic functions in C

f(s) = exp
(
− ∂ξ

∂u
(0, s)

) ∏

ρ/∈Wlϕ1,ϕ2

[α(s − ρ)]m(ρ)

=
∏(m(ρ))

ρ α(s − ρ) .

Remark According to B the function f equals the zeta-regularized determinant
(scaled by α) of its divisor. In fact f is the δ-regularized determinant of its
divisor for any regularization sequence δ as in [I2] Definition 3.4 but we do not
need this stronger statement.

Proof The result generalizes [I2] Corollary 8.1 and is proved in the same way
using [I2] Theorem 5 and Proposition 3.3. The latter results are stated for the
case where all zeroes and poles of f lie in Wlϕ1,ϕ2

. Using translation invariance
of regularization as indicated in [I2] Example 2) after Definition 4.1 gives the
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general case. In the thesis [I1] more details can be found: Theorem 4.1 is a
special case of [I1] Korollar 2.7.1 and translation invariance is discussed in [I1]
Definition 2.2.3 and Korollar 2.2.4. 2

We can now state our main theorem.

Theorem 5.2 For k/Q and any fixed complex number w the functions
ζ(Xk, s, w) and L(H1(Xk), s, w) of s are 1

2π -zeta regularized.

In the function field case the corresponding but much simpler result is this

Theorem 5.3 Let X/Fq be a smooth projective and geometrically irreducible
curve. Then for any fixed w the meromorphic function ZX(q−s, qw) of s and
the entire function PX(q−s, qw) are α-zeta regularized for any α > 0.

Remarks a) In theorem 5.2, contrary to theorem 5.3 the zeta- and L-functions
are α-zeta regularized for α = 1/2π only. This has to do with our normaliza-
tions of ζ(Xk, s, w) which in turn is suggested by the choice of Γ-factors for

ζ̂k(s). For further discussions of this point, see the remark at the end of section
5 in [D2].
b) Comparing 5.2 and 5.3 we see that

ζ(X, s,w) := ZX(q−s, qw) = (qw − 1)−1qs(1−g)ζX(s, w)

corresponds to

ζ(Xk, s, w) = w−1 2r1/2

|µ(k)|d
−s/2
k ζXk

(s, w)

in the following sense: For every fixed w both functions of s are obtained by
the process of 1

2π -zeta regularization from the zeroes and poles of the analogous
functions (qw − 1)−1ζX(s, w) and w−1ζXk

(s, w). Note also that we have

ζ(X, s, 1) = ζX(s) and ζ(Xk, s, 1) = ζ̂k(s) .

Proof of theorem 5.3 In view of formulas (4) and (6) this can be deduced
from [D2] 2.7 Lemma which evaluates

∏
ν∈Zα(s + ν) for α ∈ C∗. Alternatively

the theorem follows without difficulty from theorem 5.1. 2

For the proof of theorem 5.2 we first need a refinement of the estimate given
in Proposition 3.1 a).
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Lemma 5.4 For any number field k/Q and every R ≥ 0 there is a constant
c = ck(R) such that setting

g(t,D, w) = w−1(k0(D + Dt)
w − 1 − wν(D)e−πt−2/na(D))

we have
|g(t,D, w)| ≤ c exp(−πt−2/n min(2a(D), b(D)))

uniformly in D ∈ CH1(Xk)0 and 0 < t ≤
√

dk and |w| ≤ R.

Proof For D = [D] we have:

k0(D + Dt) =
∑

f∈I(D)

e−πt−2/n||f ||2D .

Hence
δ(t,D) := k0(D + Dt) − 1 − ν(D)e−πt−2/na(D)

is positive. We claim that there is a constant γ depending only on k such that

for all D ∈ CH1(Xk)0 and 0 < t ≤ d
1/2
k we have the estimate

0 < δ(t,D) ≤ γe−πt−2/nb(D) . (52)

This is seen as follows:

δ(t,D)eπt−2/nb(D) =
∑

||f ||2D≥b(D)

e−πt−2/n(||f ||2D−b(D))

≤
∑

||f ||2D≥b(D)

e−πd
−1/n
k (||f ||2D−b(D)) since t ≤

√
dk

≤ eπd
−1/n
k b(D)k0(D + D√

dk
) = f(D) .

Hence for γ we may choose the supremum of the bounded function f on
CH1(Xk)0, c.f. Proposition 4.1.
Since the left hand side of the estimate in lemma 5.4 is bounded and since
a = a(D) is bounded on CH1(Xk)0 it suffices to prove the desired estimate for
all 0 < t ≤ ε, where ε > 0 is small. We choose 0 < ε ≤

√
dk such that for all

0 < t ≤ ε and D ∈ CH1(Xk)0 we have

0 < x = x(t,D) = k0(D + Dt) − 1 ≤ 1/2 .

This is possible by (24) or (52). We may assume that R ≥ 1. Using inequality
(26), we find:

k0(D + Dt)
w = (1 + x)w = 1 + wx + wx2ϑ

= 1 + wν(D)e−πt−2/na(D) + wψ
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where
|ϑ| = |ϑ(t, w,D)| ≤ e2R

and
ψ = δ(t,D) + x2ϑ .

From (52) we get

|ψ| ≤ γe−πt−2/nb(D) + e2Re−2πt−2/na(D)(ν(D) + γe−πt−2/n(b(D)−a(D)))2

≤ γe−πt−2/nb(D) + e2Re−2πt−2/na(D)(ν(D) + γ)2 .

This gives the required estimate in 0 < t ≤ ε for c = e2R maxD(ν(D) + γ). 2

Proof of theorem 5.2 According to lemma 3.3 we may write the function
ζ(Xk, s, w) as follows in the region Re s > Re w,Re s > 0

ζ(Xk, s, w) = w−1 2r1/2

|µ(k)|

∫

CH1(Xk)

(k0(D)w − 1)ND−sdD

=
2r1/2

|µ(k)|

∫ ∞

0

∫

CH1(Xk)0
w−1(k0(D + Dt)

w − 1)d0D t−s dt

t

=
2r1/2

|µ(k)|

∫ ∞

0

∫

CH1(Xk)0
(ν(D)e−πt−2/na(D) + g(t,D, w))d0D t−s dt

t
.

The first term leads to the following meromorphic function in C

A(s) :=

∫ ∞

0

∫

CH1(Xk)0
ν(D)e−πt−2/na(D)d0D t−s dt

t

=
n

2
π−ns

2 Γ
(ns

2

) ∫

CH1(Xk)0
ν(D)a(D)−

ns
2 d0D .

Setting

fw(s) = 1 + A(s)−1

∫ ∞

0

∫

CH1(Xk)0
g(t,D, w)d0D t−s dt

t

we may write

ζ(Xk, s, w) =
2r1/2

|µ(k)|A(s)fw(s) . (53)

We will now show that for any fixed w ∈ C and α > 0 the function fw(s) is
α-zeta regularized and that its ξ(u, s)-function in the sense of theorem 5.1 A
has a holomorphic continuation to any region C×G where G ⊂ C is any simply
connected domain disjoint from the zeroes and poles of fw. First note that fw

is meromorphic of finite order (≤ 1) since this is true for s 7→ ζ(Xk, s, w) by

proposition 3.5 and clear for 2r1/2

|µ(k)|A(s).
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Let 0 < ϕ < π/2 be any angle such that

ϕ tan ϕ < log min(2, binf/n) .

Note here that because of theorem 4.2, 1 and 7 we have binf > amin = n.
We will now show that for any p′ > 0 and every w ∈ C we have the estimate

fw(s) − 1 = O(|s|−p′

) in Wrϕ,ϕ as |s| → ∞ . (54)

It follows in particular that fw has only finitely many zeroes or poles in Wrϕ,ϕ.
Hence the conclusions of Illies’ theorem 5.1 apply to fw and ϕ1 = ϕ2 = ϕ with
p = ∞.
In order to prove (54) we have to show the following estimates for any fixed w
and p′ > 0 as Re s → ∞ in Wrϕ,ϕ:

A(s)−1

∫ √
dk

0

∫

CH1(Xk)0
g(t,D, w)d0D t−s dt

t
= O(|s|−p′

) (55)

and

A(s)−1

∫ ∞

√
dk

∫

CH1(Xk)0
g(t,D, w)d0D t−s dt

t
= O(|s|−p′

) . (56)

We begin with (55). By lemma 5.4 we have for 0 < t ≤
√

dk and
D ∈ CH1(Xk)0:

|g(t,D, w)| ≤ c exp(−πt−2/n min(2a(D), b(D)))

≤ c exp(−πt−2/n min(2amin, binf)) .

Hence there are constants c1, c2 depending on w such that for Re s → ∞ we
have

|A(s)−1

∫ √
dk

0

· · · | ≤ c1|A(s)|−1(π min(2amin, binf))
−nRe s

2 Γ
(nRe s

2

)

≤ c2

Γ
(

nRe s
2

)

|Γ
(

ns
2

)
| |s|

r/2
( n

min(2n, binf)

)nRe s
2

. (57)

For the second inequality we have used theorem 4.3 which was the main result
of section 4 and the fact that amin = n. Now the Stirling asymptotics (47)
shows that for any ϕ ∈ (0, π/2) there is a constant cϕ such that for all z ∈ C
with Re z ≥ 1/2 and z ∈ Wrϕ,ϕ we have the estimate

Γ(Re z)

|Γ(z)| ≤ cϕ exp((Re z)ϕ tan ϕ) . (58)

Namely, setting z = reiα with |α| ≤ ϕ we have as r → ∞
Γ(Re z)

|Γ(z)| ∼ exp((r cos α − 1

2
) log cos α + rα sin α)

≤ exp(rα sin α) = exp((Re z)α tan α) ≤ exp((Re z)ϕ tan ϕ) .
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Thus we can proceed with the estimate (57), obtaining

|A(s)−1

∫ √
dk

0

· · · | ≤ c3|s|r/2 exp
(nRe s

2
(ϕ tan ϕ − log min(2, binf/n))

)
. (59)

By our choice of ϕ, the second term converges exponentially fast to zero as
Re s → ∞. Since |s| ≤ (Re s)(1+tan2 ϕ)1/2 in Wrϕ,ϕ the estimate (55) follows
for all p′ > 0.
Next, we prove (56). We have

|g(t,D, w)| ≤ |w−1(k0(D + Dt)
w − 1)| + ν(D)e−πt−2/na(D)

≤ |w−1(k0(D + Dt)
w − twd

−w/2
k )| + |w−1(twd

−w/2
k − 1)| + ν(D)e−πt−2/na(D) .

For D ∈ CH1(Xk)0 and t ≥
√

dk it follows from proposition 3.1 b) and the
boundedness of ν on CH1(Xk)0 that we have

|g(t,D, w)| ≤ c4 exp(−αt2/n) + |w−1(twd
−w/2
k − 1)| + c5e

−πnt−2/n

≤ c6t
M .

Here M = max(Re w, 1) will do, and the constants ci depend on w. Observe
that for w = 0 the middle term becomes a logarithm in t which is absorbed in
tM since M ≥ 1 > 0.
Using the estimate and theorem 4.3 we find for Re s > M in Wrϕ,ϕ:

|A(s)−1

∫ ∞

√
dk

· · · | ≤ c7|A(s)|−1|
∫ ∞

√
dk

tM−s dt

t
|

≤ c8|Γ
(ns

2

)
|−1|s|r/2(πn)

nRe s
2 |M − s|−1d

−Re s
2

k

≤ c9|e−
ns
2 log ns

2 ||s|(r+1)/2(πen)
nRe s

2 |M − s|−1d
−Re s

2

k

by the Stirling asymptotics. Together with the estimate

|e−ns
2 log ns

2 | ≤ e−
nRe s

2 log |ns
2 |e

nRe s
2 ϕ tan ϕ

this implies the desired estimate (56) for any p′ > 0.

Having thus proved (54), theorem 5.1 implies that fw is α-zeta regularized for
any α > 0. Now, equation (53) together with formula (39) gives

ζ(Xk, s, w) = ζ̂k(s)
fw(s)

f1(s)
. (60)

It has been known for quite some time that ζ̂k(s) is 1
2π -zeta regularized and

there are different ways to see this. For example ζk(s) is α-zeta regularized for
any positive α > 0 by [I2] corollary 8.1 which applies to very general Dirichlet
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series. Furthermore the Γ-factors ΓR(s) and ΓC(s) are 1
2π -zeta regularized as

follows from a formula essentially due to Lerch, [D2] (2.7.1):

∏∞
ν=0α(z + ν) = α

1
2−z

( 1√
2π

Γ(z)
)−1

. (61)

It follows from (60) that s 7→ ζ(Xk, s, w) is 1
2π -zeta regularized for any w.

Hence theorem 5.2 is proved. 2

Incidentally, we may deduce the following corollary from the proof of 5.2:

Corollary 5.5 For any number field k/Q the entire function

C̃(s) = 2r1/2
√

n/2

∫

CH1(Xk)0

ν(D)

|µ(k)|
(a(D)

n

)−ns
2

d0D

is α-zeta regularized for every positive α.

1. Proof (works only for α = 1/2π) According to the above and formula (53)
for w = 1, the function

ζ̂k(s)

f1(s)
=

2r1/2

|µ(k)|
n

2
π−ns

2 Γ
(ns

2

) ∫

CH1(Xk)0
ν(D)a(D)−

ns
2 d0D (62)

is 1
2π -zeta regularized. It follows from formula (61) that we have

π−ns
2 Γ

(ns

2

)
= n

ns
2

√
2/n

(∏∞
ν=0

1

2π
(s +

2ν

n
)
)−1

.

Up to a 1
2π -zeta regularized function the term π−ns

2 Γ(ns/2) in formula (62)

can therefore be replaced by n
ns
2

√
2/n. This gives the assertion. 2

2. Proof It follows from remark 4.4 that for any ϕ ∈ (0, π/2) we have

(s/2π)r/2C̃(s) = 1 + O(s−1) in Wrϕ,ϕ as Re s → ∞ .

By theorem 5.1 this function is therefore even α-zeta regularized for every
α > 0. 2

Let us check the corollary for k = Q and k imaginary quadratic. For k = Q the
function equals 1 which is regularized. For k imaginary quadratic the function
reduces to the integral, which in this case is a finite Dirichlet series over ideal
classes. Because of ν(0) = |µ(k)| and a(0) = n this Dirichlet series starts with
a constant term 1. Now [I2] Corollary 8.1, resp. its proof shows that such a
finite Dirichlet series is α-zeta regularized for any α > 0.
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6 The cohomological motivation

In this section we explain how theorem 5.2 fits into the speculative cohomo-
logical setting of [D3]. For every number field k/Q there should exist complex
topological cohomology spaces Hi(Xk, C) together with an R-action Φt. The
infinitesimal generator Θ of this R-action should exist. We expect that

H0(Xk, C) = C with Θ = 0

and
H2(Xk, C)

∼−→ C with Θ = id .

The space H1(Xk, C) should be infinite dimensional and decompose in a suitable

sense into the eigenspaces of Θ, the eigenvalues being the zeroes of ζ̂k(s). In
degrees greater than two the cohomologies should vanish.
The zeta-regularized determinant det∞(ϕ) of a diagonalizable operator ϕ is
defined as the zeta-regularized product of its eigenvalues with their multiplic-
ities. See [D2] for more precise definitions. The relation between ζ̂k(s) and
cohomology is expected to be:

ζ̂k(s) =

2∏

i=0

det∞
( 1

2π
(s · id − Θ) |Hi(Xk, C)

)(−1)i+1

. (63)

From this and the above it follows that we would have

L(H1(Xk), s) :=
s

2π

s − 1

2π
ζ̂k(s)

= det∞
( 1

2π
(s · id − Θ) |H1(Xk, C)

)
. (64)

Formulas (63) and (64) would imply in particular that ζ̂k(s) and L(H1(Xk), s)
are 1

2π -zeta regularized and this turned out to be true, [D1] § 4, [SchS], [JL],
[I1].
How to incorporate the two-variable zeta function into this picture? One nat-
ural idea is to assume that there is an operator Θw on H

•
(Xk, C) for every

w ∈ C deforming Θ1 = Θ and such that the two variable zeta-function equals

2∏

i=0

det∞
( 1

2π
(s · id − Θw) |Hi(Xk, C)

)(−1)i+1

. (65)

The equation (32)

ζ̂k(s) =
2r1/2

|µ(k)|d
−s/2
k ζXk

(s, 1)

and formula (63) suggest that the function

2r1/2

|µ(k)|d
−s/2
k ζXk

(s, w) (66)
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might be equal to (65). However the function (66) is identically zero for w = 0
and this is incompatible with (65). Namely the zeroes of (65) come from factors
of the form 1

2π (s−λ) where λ ∈ spec (Θw) if the zeta-regularized products exist
in the sense recalled in section 5. The easiest modification of (66) which takes
this point into account is to consider instead of (66) the function

w−1 2r1/2

|µ(k)|d
−s/2
k ζXk

(s, w)

i.e. ζ(Xk, s, w). Thus the following equation is suggested

ζ(Xk, s, w) =

2∏

i=0

det∞
( 1

2π
(s · id − Θw) |Hi(Xk, C)

)(−1)i+1

. (67)

It would imply that ζ(Xk, s, w) is 1
2π -zeta regularized. This was proved in

theorem 5.2.
The poles of s 7→ ζ(Xk, s, w) lie at s = 0 and s = w. For w 6= 0 they have
order one. For w = 0 there is a double pole at s = 0. According to (67) the
poles of ζ(Xk, s, w) are accounted for by the eigenvalues of Θw on H0(Xk, C)
and H2(Xk, C). On H0(Xk, C) = C it is natural to expect Θw = 0 for all w. It
follows that on H2(Xk, C) ∼= C we must have Θw = w · id. Then (67) implies
the formula

s

2π

s − w

2π
ζ(Xk, s, w) = det∞

( 1

2π
(s · id − Θw) |H1(Xk, C)

)
.

This is the reason why we denoted the left hand side by L(H1(Xk), s, w) in
definition 3.4.
Having explained the motivation behind theorem 5.2 let us discuss the specu-
lative formula (67) a little further. The functional equation (39) for ζ(Xk, s, w)
says in particular that ρ 7→ w−ρ is an involution on the set of zeroes resp. poles
of s 7→ ζ(Xk, s, w). Under (67) this is compatible with the expected Poincaré
duality

∪ : Hi(Xk, C) × H2−i(Xk, C) −→ H2(Xk, C) ∼= C

if we assume that Θw is a derivation with respect to ∪-product. It looks like Θw

was the infinitesimal generator of an R-action Φt
w on cohomology which respects

cup product. It could be interesting to check whether there is a symplectic
structure in the distribution of the low lying zeroes of s 7→ L(H1(k), s, w) as in
the work of Katz and Sarnak [S].
In contrast to Θ the operators Θw for w < 0 will not commute with the Hodge
∗-operator as in [D3] § 3 since this would force the zeroes of ζ(Xk, s, w) to lie
on the line Re s = w

2 which is not the case for w < 0 by the investigations of
Lagarias and Rains, [LR] § 7.
From calculations in the function field case, I do not expect the operators Θw

for different w to commute. One possibility seems to be that [Θw1
,Θw2

] =
(w1 − w2)id.
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Abstract. A shift invariant measure on a two dimensional local
field, taking values in formal power series over reals, is introduced and
discussed. Relevant elements of analysis, including analytic duality,
are developed. As a two dimensional local generalization of the works
of Tate and Iwasawa a local zeta integral on the topological Milnor
Kt

2-group of the field is introduced and its properties are studied.
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The functional equation of the twisted zeta function of algebraic number fields
was first proved by E. Hecke (for a recent exposition see [N, Ch. VII]). J. Tate
[T] and, for unramified characters without local theory, K. Iwasawa [I1–I2]
lifted the zeta function to a zeta integral defined on an adelic space. Their
method of proving the functional equation and deriving finiteness of several
number theoretical objects is a generalization of one of the proofs of the func-
tional equation by B. Riemann. The latter in the case of rational numbers
uses an appropriate theta formula derived from a summation formula which
itself follows from properties of Fourier transform. Hence the functional equa-
tion of the zeta integral reflects symmetries of the Fourier transform on the
adelic object and its quotients, and the right mixture of their multiplicative
and additive structures. With slight modification the approach of Tate and
Iwasawa for characteristic zero can be extended to a uniform treatment of any
characteristic, e.g. [W2]. Earlier, the functional field case was treated similarly
to Hecke’s method by E. Witt in 1936 (cf. [Rq, sect. 7.4]), and it was also
established using essentially harmonic analysis on finite rings by H.L. Schmid
and O. Teichmüller [ST] in 1943 (for a modern exposition see e.g. [M,3.5]);
those works were not widely known.
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Two components are important for a two dimensional generalization of the
works of Iwasawa and Tate (both locally and globally). The first component
is appropriate objects from the right type of higher class field theory. In the
local case these are so called topological Milnor Kt-groups ([P2–P4], [F1–F3],
[IHLF]), for the local class field theory see [Ka1], [P3–P4], [F1–F3], [IHLF].
The second component is an appropriate theory of measure, integration and
generalized Fourier transform on objects associated to arithmetic schemes of
higher dimensions. In the local case such objects are a higher local field and its
Kt-group. It is crucial that the additive and multiplicative groups of the field
are not locally compact in dimension > 1. The bare minimum of the theory
for two dimensional local fields is described in part 1 of this work. Unlike the
dimension one case, this theory on the additive group of the field is not enough
to immediately define a local zeta integral: for the zeta integral one uses the
topological Kt

2-group of the field whose closed subgroups correspond (via class
field theory) to abelian extensions of the field. A local zeta integral on them
with its properties is introduced and discussed in part 2.

We concentrate on the dimension two case, but as usual, the two dimensional
case should lead relatively straightforward to the general case.

We briefly sketch the contents of each part, see also their introductions. Of
course, throughout the text we use ideas and constructions of the one dimen-
sional theory, whose knowledge is assumed.

Two dimensional local fields are self dual objects in appropriate sense, c.f.
section 3. In part 1, in the absence of integration theory on non locally compact
abelian groups and harmonic analysis on them, we define a new shift invariant
measure

µ:A −→ R ((X))

on appropriate ring A of subsets of a two dimensional local field. This measure
is not countably additive, but very close to such. The variable X can be
viewed as an infinitesimally small positive element of R ((X)) with respect to
the standard two dimensional topology, see section 1. The main motivation
for this measure comes from nonstandard mathematics, but the exposition in
this work does not use the latter. Elements of measure theory and integration
theory are developed in sections 4–7 to the extent required for this work. We
have basically all analogues of the one dimensional theory. Section 9 presents
a generalization of the Fourier transform and a proof of a double transform
formula (or transform inverse formula) for functions in a certain space. We
comment on the case of formal power series over archimedean local fields in
section 11.

In part 2, using a covering of a so called topological Milnor Kt
2-group of a two

dimensional local field (which is the central object in explicit local class field
theory) by the product of the group of units with itself we introduce integrals
over the Kt

2-group. In this part we use three maps

o:T = O× ×O× −→ F × F, r, t:T −→ Kt
2(F ),
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which in some sense generalize the one dimensional map E \ {0} −→ E on the
module, additive and multiplicative level structures respectively. In section 17
we define the main object – a local zeta integral ζ(f, χ) associated to a function
f :F × F −→ C continuous on T and quasi-character χ:Kt

2(F ) −→ C ×

ζ(f, χ) =

∫

T

f(α)χt(α) |t(α)|−2
2 dµT (α),

for the notations see section 17. The definition of the zeta integral is the
result of several trials which included global tests. Its several first properties
in analogy with the one dimensional case are discussed and proved. A local
functional equation for appropriate class of functions is proved in section 19.
In the ramified case one meets new difficulties in comparison to the dimension
one case, they are discussed in section 21. Zeta integrals for formal power series
fields over archimedean local fields are introduced in section 23, their values
are not really new in comparison to the dimension one case; this agrees with
the well known fact that the class field theory for such fields degenerate and
does not really use Milnor K2.

For an extension of this work to adelic and K-delic theory on arithmetic
schemes and applications to zeta integral and zeta functions of arithmetic
schemes see [F4].

One of stimuli for this work was a suggestion by K. Kato in 1995 to collabo-
rate on a two dimensional version of the work of Iwasawa and Tate, another was
a talk of A.N. Parshin at the Münster conference in 1999, see [P6]. I am grate-
ful to A.N. Parshin, K. Kato, T. Chinburg, J. Tate, M. Kurihara, P. Deligne,
S.V. Vostokov, J.H. Coates, R. Hill, I.B. Zhukov, V. Snaith, S. Bloch for useful
remarks on this part of the project or encouragement. This work was partially
supported by the American Institute of Mathematics and EPSRC.

1. Measure and integration on higher local fields

We start with discussion of self duality of higher local fields which distinguishes
them among other higher dimensional local objects. Then we introduce a non-
trivial shift invariant measure on higher dimensional local fields, which may
be viewed as a higher dimensional generalization of Haar measure on one di-
mensional fields. We define and study properties of integrals of a certain class
of functions on the field. Self duality leads to a higher dimensional transform
on appropriate space of functions. One of the key properties, a double trans-
form formula for a class of functions in a space which generalizes familiar one
dimensional spaces, is proved in section 9.

For various results about higher local fields see sections of [IHLF].
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1. In higher dimensions sequential aspects of the topology are fundamental:
for example, in dimensions greater than one the multiplication is not always
continuous but is sequentially continuous. Certainly, in the one dimensional
case one does not see the difference between the two.

In a two dimensional local field R ((X)) a sequence of series
(∑

ai,nXi
)
n

is a
fundamental sequence if there is i0 such that for all n coefficients ai,n are zero
for all i < i0 and for every i the sequence (ai,n)n is a fundamental sequence;
similarly one defines convergence of sequences. Every fundamental sequence
converges. Now consider on R ((X)) the so called sequential saturation topology
(sequential topology for short): a set is open if and only if every sequence which
converges to any element of it has almost all its elements in the set.

The sequence (aX)n, n ∈ N , tends to zero for every a ∈ R . Hence, if a
norm on R ((X)) takes values in an extension of R and is the usual module
on the coefficients, then one deduces that |aX| < 1 and so |X| is smaller than
any positive real number. In other words, for two dimensional fields the local
parameter X plays the role of an infinitesimally small element, and therefore
it is very natural to use hyperconstructions of nonstandard mathematics. Nev-
ertheless, to simplify the reading the following text does not contain anything
nonstandard.

2. Let F be a two dimensional local field with local parameters t1, t2 (t2 is
a local parameter with respect to the discrete valuation of rank 1) with finite
last residue field having q elements. Denote its ring of integers by O and the
group of units by U ; denote by R the set of multiplicative representatives of the
last finite residue field. The multiplicative group F× is the product of infinite
cyclic groups generated by t2 and t1 and the group of units U .

Denote by O the ring of integers of F with respect to the discrete valuation
of rank one (so t2 generates the maximal ideal M of O). There is a projection
p:O −→ O/M = E where E is the (first) residue field of F .

Fractional ideals of F are of two types: principal ti2t
j
1O and nonprincipal Mi.

For the definition of the topology on F see [sect. 1 part I of IHLF]. We
shall view F endowed with the sequential saturation topology (see [sect. 6
part I of IHLF]), so sequentially continuous maps from F are the same as
continuous maps. If the reader prefers to use the former topology on F , then
the word “continuous” should everywhere below be replaced with “sequentially
continuous”.

3. For a field L((t)) denote by resi = resti :L((t)) −→ L the linear map∑
ajt

j → ai. Similarly define res = res−1:L{{t}} −→ L in the case where L is
a complete discrete valuation field of characteristic zero (for the definition of
L{{t}} see [Z2]).

For a one dimensional local field L denote by ψL a character of the additive
group L with conductor OL. Introduce

ψ′ = ψL ◦ res0:L((t)) −→ C ×, ψ′ = ψL ◦ (π−1
L res):L{{t}} −→ C ×,
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where πL is a prime element of L. The conductor of ψ′ is the ring O of the
corresponding field: i.e. ψ′(O) = 1 6= ψ′(t−1

1 O). An arbitrary two dimensional
local field F of mixed characteristic has a finite extension of type L{{t}} which
is the compositum of F and a finite extension of Q p [sect. 3 of Z2], so the
restriction of ψ′ on F has conductor OF .

Thus, in each case we have a character

ψ0:F −→ C ×

with conductor OF .
The additive group F is self-dual:

Lemma. The group of continuous characters on F consists of characters of the
form α 7→ ψ(aα) where a runs through all elements of F .

This assertion is easy, at least for the usual topology on F in the positive
characteristic case where F is dual to appropriately topologized Ω2

F/Fq
(c.f.

[P1], [Y]) which itself is noncanonically dual to F . Since we are working with
a stronger, sequential saturation topology, we indicate a short proof of duality.

Proof. Given a continuous character ψ′, there are i, j such that ψ′(ti2t
j
1O) = 1,

and so we may assume that the conductor of ψ′ is O. In the equal characteristic
case the restriction of ψ′ on O induces a continuous character on E which by
the one dimensional theory is a “shift” of ψE , hence there is a0 ∈ O such that
ψ1(α) = ψ′(α)−ψ(a0α) is trivial on O. Similarly by induction, there is ai ∈ ti2O
such that ψi+1(α) = ψi(α) − ψ(aiα) is trivial on t−i

2 O. Then ψ′(α) = ψ(aα)

with a =
∑+∞

0 ai.
In the mixed characteristic case it suffices to consider the case of Q p{{t}}.

The restriction of ψ′ on tiQ p is of the form α 7→ ψ(aiα) with ai ∈ t−i−1pZ p,

and ai → 0 when i → +∞; hence ψ′(α) = ψ(aα) for a =
∑+∞

−∞ ai.

Remark. Equip characters of F with the topology of uniform convergence on
compact subsets (with respect to the sequential topology) of F ; an example of
such a set in the equal characteristic case is {∑i>i0

ait
i
2 : ai ∈ Wi} where Wi

are compact subsets of E. It is easy to verify that the map a 7→ (α 7→ ψ(aα))
is a homeomorphism between F and its continuous characters.

4. To introduce a measure on F we first specify a nice class of measurable
sets.

Definition. A distinguished subset is of the form α + ti2t
j
1O. Denote by A

the minimal ring in the sense of [H] containing all distinguished sets.

It is easy to see that if the intersection of two distinguished sets is nonempty,
then it equals to one of them. This implies that an element A of A can be
written as

⋃
i
Ai \ (

⋃
j
Bj) with distinguished disjoint sets Ai and distinguished

disjoint sets Bj such that
⋃

Bj ⊂ ⋃
Ai (moreover, one can even arrange that
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each Bj is a subset of some Ai). One easily checks that if A is also of the
similar form

⋃
l
Cl \ (

⋃
k
Dk) then A =

⋃
(Ai

⋂
Cl) \

(⋃
(Ai

⋂
Bj

⋂
Cl

⋂
Dk)

)
.

Every element of A is a disjoint (maybe infinite countable) union of some
distinguished subsets. Distinguished sets are closed but not open. For example,
sets O \ t2O =

⋃
j>0

tj1U and O× =
⋃

j∈Z
tj1U do not belong to A.

Alternatively, A is the minimal ring which contains sets α+ ti2p
−1(S), i ∈ Z ,

where S is a compact open subset of E.

Definition–Lemma. There is a unique measure µ on F with values in R ((X))
which is a shift invariant finitely additive measure on A such that µ(∅) = 0,

µ(ti2t
j
1O) = q−jXi.

The proof immediately follows from the properties of the distinguished sets.
The measure µ depends on the choice of t2 but not on the choice of t1.

We get µ(ti2p
−1(S)) = XiµE(S) where µE is the normalized Haar measure

on E such that µE(OE) = 1.

Remarks.

1. This measure can be viewed as induced (in appropriate sense) from a
measure which takes values in hyperreals ∗R . A field of hyperreal numbers
∗R introduced by Robinson [Ro1] (for a modern exposition see e.g. [Go1]) is a
minimal field extension of R which contains infinitesimally small elements and
on which one has all reasonable analogues of analytic constructions. If one fixes
a positive infinitesimal ω−1 ∈ ∗R , then a surjective homomorphism from the
fraction field of approachable polynomials R [X]ap to R ((X)), and ω−1 7→ X
determines an isomorphism of a subquotient of ∗R onto R ((X)).

The first variant of this work employed hyperobjects, and its conceptual
value ought to be emphasized.

2. The measure µ takes values in R ((X)) (for its topology see section 1)
which has the total ordering:

∑
n>n0

anXn > 0, an0
∈ R ×, iff an0

> 0. Notice

two unusual properties: an = 1 − q−n is smaller than 1 − X, but the limit
of (an) is 1; not every subset bounded from below has an infimum. Thus, the
standard concepts in real valued (or Banach spaces valued) measure theory, e.g.
the outer measure, do not seem to be useful here. In particular, the integral to
be defined below will possess some unusual properties like those in section 8.

3. The set O ∈ A of measure 1 is the disjoint union of t2O ∈ A of measure
X, t2t

−j
1 O \ t2t

−j+1
1 O of measure qj(1 − q−1)X for j > 0, and tl1O \ tl+1

1 O of
measure q−l(1 − q−1) for l > 0. Since

∑
j>0 qj diverges, the measure µ is not

σ-additive. It is σ-additive for those sets of countably many disjoint sets An in
the algebra A which ”don’t accumulate at break points” from one horizontal
line tm2 O to tm+1

2 O, i.e. for which the series µ(An) absolutely converges (see
section 6).
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5. For A ∈ A, α ∈ F× one has αA ∈ A and µ(αA) = |α|µ(A), where | | is a
two dimensional module: |0| = 0, |ti2tj1u| = q−jXi for u ∈ U . The module
is a generalization of the usual module on locally compact fields. For example,
every α ∈ F can be written as a convergent series

∑
αi,j with αi,j ∈ ti2t

j
1O and

|αi,j | → 0. This simplifies convergence conditions in previous use, e.g. [Z2].

6. We introduce a space RF of complex valued functions on F and their
integrals against the measure µ.

Definition. Call a series
∑

cn, cn ∈ C ((X)), absolutely convergent if it con-
verges and if

∑ | resXi(cn)| converges for every i.

For an absolutely convergent series
∑

cn and every subsequence nm the series∑
cnm

absolutely converges and the limit does not depend on the terms order.

Lemma. Suppose that a function f :F −→ C can be written as
∑

cn charAn

with countably many disjoint distinguished An, cn ∈ C , where charC is the
characteristic function of C, and suppose that the series

∑
cnµ(An) absolutely

converges. If f has a second presentation of the same type
∑

dm charBm
, then∑

cnµ(An) =
∑

dmµ(Bm).

Proof. Notice that if
⋃

An =
⋃

Bm for distinguished disjoint sets, then for
every n either An equals to the union of some of Bm, or the union of An and
possibly several other A’s equals to one of Bm. It remains to use the following
property: if a distinguished set C is the disjoint union of distinguished sets Cn

and
∑

µ(Cn) absolutely converges, then for every a ∈ F and integer i condition
C ⊃ a + ti2O implies Cn ⊃ a + ti2O for all n; therefore µ(C) =

∑
µ(Cn).

Definition. Define RF as the vector space generated by functions f as in the
previous lemma and by functions which are zero outside finitely many points.
For an f as in the previous lemma define its integral

∫
fdµ =

∑
cnµ(An),

and for f which are zero outside finitely many points define its integral as zero.

The previous definition implies that the integral is an additive function.

Example. Let a function f satisfy the following conditions:

there is i0 such that f(β) = 0 for all β ∈ ti2t
j
1U , all i 6= i0;

there is k(j) such that for every α ∈ ti02 tj1U f(α) = f(α + β) for all β ∈
ti02 t

k(j)
1 O.

For every θ ∈ R× write the set θti02 tj1 + ti02 tj+1
1 O as a disjoint union of finitely

many cθ,j,l + ti02 t
k(j)
1 O, l ∈ Lθ,j ; then

∫
fdµ =

(∑

j∈Z

∑

θ∈R×

∑

l∈Lθ,j

f(cθ,j,l) q−k(j)

)
Xi0 .
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If the series in the brackets absolutely converges, then f ∈ RF .

Redenote f as fi0 . Then
∑

i>i1
fi also belongs to RF .

For another example see section 8.

7. Some important for harmonic analysis functions do not belong to RF , for
example, the function α 7→ ψ(aα) charA(α) for, say, A = O ∈ A, a 6∈ O. In the
one dimensional case all such functions do belong to the analogue of RF .

Recall that in the one dimensional case the integral over an open compact
subgroup of a nontrivial character is zero. This leads to the following natural

Definition. Denote ψ(C) = 0 is ψ takes more than one value on a distin-
guished set C and = the value of ψ if it is constant on C. For a distinguished
set A and a ∈ F× define

∫
ψ(aα) charA(α) dµ(α) = µ(A)ψ(aA).

So, if A ⊂ O and is the preimage of a shift of a compact open subgroup of
the residue field E with respect to p, and if a ∈ O \ t2O, then the previous
definition agrees with the property of a character on E, mentioned above.

Lemma. For a function f =
∑

cn ψ(anα) charAn
(α) with finite set {an} and

with countably many disjoint distinguished An such that the series
∑

cnµ(An)
absolutely converges the sum

∑
cn

∫
ψ(anα) charAn

(α) dµ(α) does not depend
on the choice of cn, an, An.

Proof. To show correctness, one can reduce to sets on which |f | is constant,
then use a simple fact that if a distinguished set C is the disjoint union of distin-
guished sets Cn, and ψ(aα) charC(α) =

∑
dnψ(bnα) charCn

(α) with |dn| = 1,
absolutely convergent series

∑
dn µ(Cn) and finitely many distinct bn, then

ψ(aC) =
∑

dn ψ(bnCn)µ(Cn).

Definition. Put
∫

f dµ =
∑

cn

∫
ψ(anα) charAn

(α) dµ(α).

Denote by R′
F the space generated by functions f(α)ψ(aα) with f ∈ RF ,

a ∈ F , and functions which are zero outside a point; all of them are integrable.
This space will be enough for the purposes of this work.

Remark. Here is a slightly different approach to the extension of RF : Suppose
that a function f :F → C is zero outside a distinguished subgroup A of F .
Suppose that there are finitely many a1, . . . , am ∈ A such that the function
g(x) =

∑
i f(ai + x) belongs to RF . Then define

∫
f =

1

m

∫
g dµ.
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First of all, this is well defined: if h(x) =
∑

j f(bj + x) belongs to RF for

b1, . . . , bn ∈ A, then
∑m

i=1 h(ai +x) =
∑n

j=1 g(bj +x), and from h(ai +x) ∈ RF

and shift invariant property, and the similar property for shifts of g one gets
m

∫
h dµ = n

∫
g dµ.

Second, for two functions f1, f2:A → C if
∑

i f1(ai +x),
∑

j f2(bj +x) ∈ RF ,

then
∑

i,j fl(ai + bj + x) ∈ RF for l = 1, 2 and so
∫

f1 + f2 =
∫

f1 +
∫

f2.
Denote by R′′

F the space of all such f .
Third, this definition is compatible with all the properties of RF in the

previous section: if f already belongs to RF then
∫

f =
∫

f dµ. Also,
∫

f(x) =∫
f(a + x) for a ∈ A.
Finally, this definition is compatible with the preceding definitions of

this section: of course, for nontrivial characters on a distinguished sub-
group one has g = 0. The space R′

F is a subspace of R′′
F : for a function

f =
∑

cn ψ(aα) charAn
(α), such that ψ(aAn) = 0, i.e. An + a−1t−1

1 O = An,
for every n, choose ai in a−1t−1

1 O.

For f ∈ R′
F we have∫

f(α + a) dµ(α) =

∫
f(α) dµ(α)

and using section 5 ∫
f(α) dµ(α) = |a|

∫
f(aα) dµ(α).

For a subset S of F put
∫

S
fdµ =

∫
f charSdµ.

Example. We have
∫

ti
2tj

1O
ψ(aα) dµ(α) = q−jXi if a ∈ t−i

2 t−j
1 O and = 0

otherwise (since then ψ(aα) is a nontrivial character on ti2t
j
1O). Hence

∫

ti
2tj

1U

ψ(aα) dµ(α) =





0 if a 6∈ t−i
2 t−j−1

1 O,

−q−1−jXi if a ∈ t−i
2 t−j−1

1 U ,

q−j(1 − q−1)Xi if a ∈ t−i
2 t−j

1 O.

8. Example. If two functions f, h:O −→ C are constant on t2O \ {0} and
their restriction to O \ t2O coincide, then∫

O
f dµ =

∫

O
h dµ.

Indeed, if (f − h)|t2O\{0} = c, then
∫

O
(f−h)dµ =

∫

O

(f−h)dµ =

∫

O

cdµ−
∫

O\t2O
cdµ = c−c (1−q−1)

∑

j>0

q−j = 0.

From the previous we deduce
∫

t2O c dµ = 0, and therefore, similarly,
∫

F

c charO dµ =

∫

O
c dµ = 0,

∫

O\t2O
c dµ = 0.

Of course, the sets O,O \ t2O are not in A.
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Remark. One has
∫

Zl
dµ =

∑
−l6j6l q

−j where Zl =
⋃

−l6j6l
tj1U , and O\t2O

is the “limit” of Zl when l → ∞. Compare with “equality”
∑

n∈Z zn = 0 used
by L. Euler. One of interpretations of it is to view z as a complex variable, then
for every integer m the sum of analytic continuations of two rational functions∑

n∈Z ,n<m zn and
∑

n∈Z ,n>m zn is zero. Euler’s equality can be applied to
show equivalence of the Riemann–Roch theorem and the functional equation
of the zeta function of a one dimensional global field of positive characteristic
(cf. [Rq, sect. 4.3.3]).

From the definitions we immediately get

Lemma. Suppose that g:E −→ C is integrable over E with respect to the nor-
malized Haar measure µE as in section 4. Then the function g ◦ p extended by
zero outside O is in RF and

∫

O
g ◦ p dµ =

∫

E

g dµE .

One can say that the Haar measure µE equals p∗(µ′) where the measure µ′

on O is induced by µ by extending functions on O by zero to F .

9. Definition. For f ∈ RF introduce the transform function

F(f)(β) =

∫

F

f(α)ψ(αβ) dµ(α).

In particular, F(charO) = charO.

Definition. Denote by QF the subspace of RF consisting of functions f with
support in O and such that f |O = g ◦ p|O for a function g:E −→ C which
belongs to the Bruhat space generated by characteristic functions of shifts of
proper fractional ideals of E.

Theorem. Given f ∈ QF , the function F(f) belongs to QF and we have a
double transform formula

F2(f)(α) = f(−α).

Proof. First note that ψ(α) = ψE ◦ p(α) for all α ∈ O where ψE is an appro-
priate character on E with conductor OE .

Using sections 7 and 8 we shall verify that

if β 6∈ O then F(f)(β) = 0;
if β ∈ O then F(f)(β) = F(g)◦p (β) (where F(g) denotes the Fourier transform
of g with respect to ψE and µE).

For β 6∈ O the definitions imply

F(f)(β) =

∫

O
f(α)ψ(αβ) dµ(α) = 0.
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For β ∈ O \ O×

F(f)(β) =

∫

O
f(α) dµ(α) =

∫

O
g ◦ p(α) dµ(α)

=

∫

E

g(α) dµE(α) = F(g)(0) = F(f)(0).

For β ∈ O×

F(f)(β) =

∫

F

f(α)ψ(αβ) dµ(α) =

∫

O
f(α)ψ(αβ) dµ(α)

=

∫

O
g ◦ p(α)ψE ◦ p(αβ) dµ(α) =

∫

E

g(α)ψE(αβ) dµE(α) = F(g)( p(β)).

It remains to use the one dimensional double transform formula.

As a corollary, we deduce that if a function f :F −→ C with support in O×

coincides on O× with a function h ∈ QF , then

F2(f)(α) =

{
f(−α) if α ∈ O× ⋃

(F \ O),

h(0) if α ∈ O \ O×.

Remark. It is more natural to integrate C((X))-valued functions on F : for a
function f =

∑
i>i0

fiX
i:F −→ C ((X)), with fi ∈ R′

F define

∫

F

fdµ =
∑

Xi

∫

F

fidµ.

Similarly to the previous text one checks the correctness of the definition and
properties of the integral. In particular, the previous theorem remains true for
functions f =

∑
i>i0

fiX
i, fi in the space Q′

F = {α 7→ ∑
n>n0

gn(t−n
2 α)} where

gn belong to QF (or even just ”lifts” of functions on E for which the double
transform formula holds).

10. Introduce the product measure µF×F = µF ⊗ µF on F × F and define
spaces RF×F = RF ⊗ RF , R′

F×F = R′
F ⊗ R′

F and QF×F = QF ⊗ QF .

For a function f ∈ QF×F define its transform

F(f)(β1, β2) =

∫

F×F

f(α1, α2)ψ(α1β1 + α2β2) dµ(α1) dµ(α2).

From section 9 we deduce F2(f)(α1, α2) = f(−α1,−α2) for f ∈ QF×F .
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11. In the case of two dimensional local fields of type F = K((t)), where
K is an archimedean local field, O,U are not defined. Define a character
ψ:K((t)) −→ C × to be the composite of the res0:K((t)) −→ K and the
archimedean character ψK(α) = exp(2πiTrK/R (α)) on K. The role of distin-
guished sets is played by A = a + tiD + ti+1K[[t]] where D is an open ball
in K. In this case if the intersection of two distinguished sets is nonempty
then it equals either to one of them, or to a smaller distinguished set. The
measure is the shift invariant additive measure µ on the ring generated by
distinguished sets and such that µ(A) = µK(D)Xi. It can be extended to
µ(a + tiC + ti+1K[[t]]) = µK(C)Xi, where C ⊂ K is a Lebesgue measurable
set.

The module is |∑i>i0
ait

i| = |ai0 |KXi0 , where the module on the real K is
the absolute value and on the complex K is the square of the absolute value.

The fields of this type are not used in the global theory, but we briefly sketch
the analogues of the previous constructions.

The definitions of spaces RF and R′
F follow the general pattern of sections 6

and 7: for disjoint distinguished sets An such that
∑

cn µ(An) absolutely con-
verges put ∫ ∑

cn charAn
dµ =

∑
cn µ(An).

For a function f =
∑

cn ψ(anα) charAn
(α) with finite set {an} and with

countably many disjoint distinguished An such that the series
∑

cn µ(An) ab-
solutely converges put

∫
f dµ =

∑
cn

∫

An

ψ(anα) dµ(α),

where
∫

A

ψ(cα) dµ(α) = ψ(ca)Xi

∫

D

ψK(c−iβ) dµK(β), c−i = rest−i c,

A, a,D, i are defined at the beginning of this section.
The analogues of the definitions and results of sections 8 and 9 hold. The

transform of a function f ∈ RF is defined by the same formula

F(f)(β) =

∫

F

f(α)ψ(αβ) dµ(α).

The space QF consists of functions f ∈ RF such that f = g ◦ p for a function
g in the Schwartz space on K, where p = rest0 . The double transform formula
is F2(f)(α) = f(−α) for f ∈ QF .

Remark. It is interesting to investigate if further extensions of this sort of
measure theory and harmonic analysis (they seem to be more powerful than
applications of Wiener’s measure) would be useful for mathematical description
of Feynman integrals and integration on loop spaces.
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12. In general, for the global theory, we need to work with normalized mea-
sures corresponding to shifted characters. Similar to the one dimensional case,
if we start with a character ψ with conductor aO then the dual to µ measure µ′

on F is normalized such that |a|µ(O)µ′(O) = 1. The double transform formula
of section 9 holds.

For example, if µ′ = µ then µ(O) = |a|−1/2. If aO = ti2O then in the last
formula of section 8 one should insert the coefficient X−i/2 on the right hand
side. If f0(α) = f(aα) belongs to QF or Q′

F then F(f) = |a|1/2 F0(f0) where F0

is the transform with respect to character ψ0(α) = ψ(aα) of conductor O and
measure µ0 such that µ0(O) = 1. In particular, F(charO) = |a|−1/2charaO.

13. Generally, given an integral domain A with principal ideal P = tA and
projection A −→ A/P = B and a shift invariant measure on B, similar to
the previous one defines a measure and integration on A. For example, the
analogue of the ring A is the minimal ring which contains sets α + tip−1(S),
where S is from a class of measurable subsets of B; the space of integrable
functions is generated as a vector space by functions α → g ◦ p(t−iα) extended
by zero outside tiA, where g is an integrable function on B. Such a measure and
integration is natural to call lifts of the corresponding measure and integration
on the base B.

In particular, if B = A k for a global field k of positive characteristic, then
one has a lift µ1 of the measure µA k

, a lift µ2 of the counting measure of k (so
µ2(a + tA) = 1), and a lift µ3 of the measure on A k/k. If the measures are
normalized such that µA k

= µk ⊗ µA k/k (of course, µk is a counting measure),
then µ1 = µ2 ⊗ µ3.

Remarks.

1. T. Satoh [S], A.N. Parshin [P6], and M. Kapranov [Kp] suggested two
other very different approaches to define a measure on two dimensional fields
(notice that Satoh’s work was an attempt to use Wiener’s measure). The
work [P6] suggested to use an ind-pro description for a generalization of Haar
measure to two dimensional local fields, see also [Kp]. The works [P6] and [Kp]
don’t introduce a measure, and deal with distributions and functions; local zeta
integrals are not discussed.

After this part had been written, the author was informed by A.N. Parshin
that the formula µ(ti2t

j
1O) = q−jXi was briefly discussed in a short message

[P5], however, it led to unresolved at that stage paradoxes.

2. In this work we do not need a general theory of analysis on non locally
compact abelian groups, since the case of higher dimensional local fields and
natural adelic objects composed of them is enough for applications in number
theory. Undoubtedly, there is a more general theory of harmonic analysis on
non locally compact groups than presented above, see also the next remark.

3. The existence of Haar measure on locally compact abelian groups can
be proved in the shortest and most elegant conceptual way by viewing it as

Documenta Mathematica · Extra Volume Kato (2003) 261–284



274 Ivan Fesenko

induced from the counting measure on a covering hyperfinite abelian group
(e.g. [Gor1]); the same is also true for the Fourier transform [Gor2].

Conceptually, the integration theory of this work is supposed to be induced
by integration on hyper locally compact abelian groups (or hyper hyper finite
groups). This would also give an extension of this theory to a more general
class of non locally compact groups than those of this part.

2. Dimension two local zeta integral

Using the theory of the previous part we explain how to integrate over topolog-
ical K-groups of higher local fields, define a local zeta integral and discuss its
properties and new phenomena of the dimension two situation. Using a cover-
ing of a so called topological Milnor Kt

2-group of a two dimensional local field
(which is the central object in explicit local class field theory) by the product
of the group of units with itself we introduce integrals over the Kt

2-group. For
this we use additional maps r, t, o whose meaning can only be finally clarified
in constructions of the global part [F4]. In section 17 we define the main object
– a higher dimensional local zeta integral associated to a function on the field
and a continuous character of the Kt

2-group, followed by concrete examples.
Several first properties of the zeta integral, in analogy with the one dimen-
sional case, are discussed and proved. In the case of formal power series over
archimedean local fields zeta integrals introduced in section 23 are not really
new in comparison to one dimensional integrals; this agrees with the fact that
the class field theory for such fields does not really require Kt

2.

14. On F× one has the induced from F ⊕ F topology with respect to

F× −→ F ⊕ F, α 7→ (α, α−1),

and the shift-invariant measure

µF× = (1 − q−1)−1 µ/| |.

Explicit higher class field theory describes abelian extensions of F via closed
subgroups in the topological Milnor K-group Kt

2(F ) = K2(F )/Λ2(F ) where
Λ2(F ) is the intersection of all open neighborhoods of zero in the strongest
topology on K2(F ) in which the subtraction in K2(F ) and the map

F× × F× −→ K2(F ), (a, b) 7→ {a, b}

are sequentially continuous. For more details see [IHLF, sect. 6 part I] and [F3].
Denote by UKt

2(F ) the subgroup generated by symbols {u, α}, u ∈ U,α ∈ F×.
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15. Introduce a module on Kt
2(F ):

| |2:Kt
2(F ) −→ R ×

+, α 7→ q−v(α),

where v:Kt
2(F ) −→ K0(F q) = Z is the composite of two boundary homomor-

phisms.

Definition. Introduce a subgroup

T = O× ×O× = {(tj1u1, t
l
1u2) : j, l ∈ Z , ui ∈ U}

of F× × F×. The closure of T in F × F equals O ×O.

A specific feature of the two dimensional theory is that one needs to use
auxiliary maps o, o′ to modify the integral in such a way that later on, in the
adelic work in [F4] one gets the right factors for transformed functions and
their zeta integrals.

Definition. Introduce a map (morphism of multiplicative structures)

o′:T −→ F × F, (tj1u1, t
l
1u2) 7→ (t2j

1 u1, t
2l
1 u2)

and denote by o the bijection o′(T ) −→ T .

For a complex valued continuous function f whose domain includes T and is
a subset of F × F form f ◦ o: o′(T ) −→ C , then extend it by continuity to the
closure of o′(T ) in F × F and by zero outside the closure, denote the result by
fo:F × F → C .

To be able to apply the transform F introduce an extension e(g) of a function
g = fo:F × F −→ C as the continuous extension on F × F of

e(g)(α1, α2) = g(α1, α2) +
∑

16i63

g((α1, α2) νi), (α1, α2) ∈ F× × F×,

where ν1 = (t−1
1 , t−1

1 ), ν2 = (t−1
1 , 1), ν3 = (1, t−1

1 ).

For example, if f = char(tj
1O,tl

1O) then fo(α1, α2) = 1 for (α1, α2) ∈ F××F×

only if α1 ∈ t2k
1 U,α2 ∈ t2m

1 U for k > j,m > l, hence fo is not a continuous
function; but e(fo) = char(t2j

1 O,t2l
1 O) is.

Definition. For a function f :T −→ C such that e(fo) ∈ RF×F define its
transform

f̂ = F(e(fo)) ◦ o′:T −→ C .
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16. Due to the well known useful equality

{1 − α, 1 − β} = {α, 1 + αβ/(1 − α)} + {1 − β, 1 + αβ/(1 − α)},

and a topological argument we have surjective maps ([IHLF, sect. 6 part I]):

r:T −→ Kt
2(F ), r

(
(tj1, t

l
1)(u1, u2)

)
= min(j, l) {t1, t2} + {t1, u1} + {u2, t2},

t:T −→ Kt
2(F ), t

(
(tj1, t

l
1)(u1, u2)

)
= (j + l) {t1, t2} + {t1, u1} + {u2, t2}.

For (α1, α2) ∈ T we have

|t(α1, α2)|2 = |α1| |α2| = |(α1, α2)|.

The homomorphism t plays in important role in the study of topological
Milnor K-groups of higher local fields ([P3], [F3]). If we denote H = {(α, β) :
α, β ∈ 〈t1〉U,αβ−1 ∈ U}, then r(H) = Kt

2(F ). Note that if Kt
2(F ) is re-

placed by the usual K2(F ) then none of the previous maps is surjective. The
topology of Kt

2(F ) is the quotient topology of the sequential saturation of the
multiplicative topology on H (cf. [F3], [IHLF, sect. 6 part I]).

The maps r, t depend on the choice of t1, t2 but the induced map to
Kt

2(F )/ker(∂) (see section 18 for the definition) does not depend on the choice
of t2. The homomorphism t (which depends on the choice of t1, t2) is much
more convenient to use for integration on Kt

2(F ) than the canonically defined
map F× × F× −→ Kt

2(F ).
For a function h:Kt

2(F ) −→ C denote by hr:F ×F −→ C (ht:F ×F −→ C )
the composite h ◦ r (resp. the composite h ◦ t) extended by zero outside T .

17. Let χ:Kt
2(F ) −→ C × be a continuous homomorphism. Similarly to the

one dimensional case one easily proves that χ = χ0| |s2 (s ∈ C ), where χ0 is a lift
of a character of UKt

2(F ) such that χ0({t1, t2}) = 1. The group V = 1 + t1O
of principal units has the property: every open subgroup contains V pn

for
sufficiently large n, c.f. [Z1, Lemma 1.6]. This property and the definitions
imply that |χ0(K

t
2(F ))| = 1. Put s = s(χ).

Definition. For a function f such that charo′(T ) fo ∈ RF×F introduce

∫

T

f dµT = (1 − q−1)−2

∫

o′(T )

fo dµF×F .

Notice that
∫

T
f dµT = (1 − q−1)−2

∫
F×F

charT f | | dµF×F .

For a function f :F × F −→ C continuous on T and a continuous quasi-
character χ:Kt

2(F ) −→ C × introduce a zeta function

ζ(f, χ) =

∫

T

f(α)χt(α) |t(α)|−2
2 dµT (α)

as an element of C ((X)) if the integral converges.
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From the definitions we obtain ζ(f, χ)

= (1 − q−1)−2
∑

j,l∈Z

(q−s)j+l

∫

U×U

f(tj1u1, t
l
1u2)χ0

(
t(u1, u2)

)
dµ(u1) dµ(u2).

If for fixed j, l the value f(tj1u1, t
l
1u2) is constant = f0(j, l), then we get

ζ(f, χ) = (1 − q−1)−2
∑

j,l∈Z

(q−s)j+l f0(j, l)

∫

U×U

χ0

(
t(u1, u2)

)
dµ(u1) dµ(u2).

Examples.

1. Let f = charOKt
2(F )r

where OKt
2(F ) = v−1({0, 1, . . . }). So f0(j, l) = 1 if

j, l > 0 and f0(j, l) = 0 otherwise. Then

ζ(f, | |s2) =

(
1

1 − q−s

)2

which converges for Re(s) > 0, and has a single valued meromorphic continu-
ation to the whole complex place. Note that for this specific choice of f the
local zeta integral does not involve X.

2. More generally, for a function f ∈ QF×F the local zeta integral ζ(f, χ)
converges for Re(s) > 0 to a rational function in qs and therefore has a mero-
morphic continuation to the whole complex plane.

To show this, one can assume that f(α1, α2) = charA1
(α1)charA2

(α2) with
distinguished sets A1, A2, each of which is either of type tl1(a + tr1O), a ∈ U ,
r > 0, or of type tm1 O. For example, if A1 of the first type and A2 of the second
type, then

ζ(f, χ) = (1 − q−1)−2
∑

j>m

(q−s)j+l

∫

(a+tr
1O)×U

χ0

(
t(u1, u2)

)
dµ(u1) dµ(u2),

which for Re(s) > 0 converges to (1 − q−1)−2(q−s)m+l(1 − q−s)−1 c where
c =

∫
(a+tr

1O)×U
χ0

(
t(u1, u2)

)
dµ(u1) dµ(u2), and therefore equals to this ratio-

nal function of qs on the whole plane.

3. For f ∈ QF×F and (α1, α2) ∈ T define, in analogy with A. Weil’s definition
in [W1]

W (f)(α1, α2) = f(α1, α2) − f(t−1
1 α1, α2) − f(α1, t

−1
1 α2) + f(t−1

1 α1, t
−1
1 α2).

Then from the definitions and the properties of µ we get

ζ(W (f), | |s2) = (1 − q−s)2 ζ(f, | |s2).

In particular, let g = W (f), f |T =
(
charOKt

2(F )

)
r
. Then

ζ(g, | |s2) = 1.
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18. Let ∂:K2(F ) −→ K1(E) be the boundary homomorphism. Note that
∂(Λ2(F )) = 1. Define

λ:K1(E) −→ Kt
2(F )/ker(∂), α 7→ {α̃, t2}

where α̃ ∈ O is a lifting of α ∈ E×. Then ∂(λ(α)) = α.
Let f :Kt

2(F ) −→ C be a continuous function which factorizes through the
quotient Kt

2(F )/ker(∂). Let χ:Kt
2(F ) −→ C × be a weakly ramified continuous

quasi-character, i.e. χ0(ker(∂)) = 1, so χ is induced by a (not necessarily
unramified) quasi-character of the first residue field E of F . Then using Lemma
in section 8 one immediately deduces that

ζ(fr, χ) = ζE(f ◦ λ, χ ◦ λ)2

where ζE is the one dimensional zeta integral on E which corresponds to the
normalized Haar measure on E.

Similarly, if F is a mixed characteristic field, and K is the algebraic closure
of Qp in F , then one has a residue map d:Kt

2(F ) −→ K1(K), see e.g. [Ka2,
sect. 2], the map d is −res defined there.

Assume that a prime element of K is a t2-local parameter of F , then we can
identify F = K{{t1}}. Define

l:K1(K) −→ Kt
2(F ), α 7→ {t1, α},

then d(l(α) = α.
Let f :Kt

2(F ) −→ C and a quasi-character χ have analogous to the above
properties but with respect to d. Then similarly one has

ζ(fr, χ) = ζK(f ◦ l, χ ◦ l)2.

Thus, the two dimensional zeta integral for F links zeta integrals for both E
and K, local fields of characteristic p and 0.

19. Put χ̂ = χ−1| |22.

Proposition. Let g, h ∈ QF×F be continuous functions, and let χ:Kt
2(F ) −→

C × be a continuous quasi-character. For 0 < Re s(χ) < 2 (and therefore for all
s) one has a local functional equation

ζ(g, χ) ζ(ĥ, χ̂) = ζ(ĝ, χ̂) ζ(h, χ).

Proof. One proof is similar to Example 2 in the previous section and re-
duces the verification to the case where both g and h are of the simple form
charA1

charA2
. We indicate another, similar to dimension one, with one new

feature – a factor k(β) which corresponds to the transform f̂ involving the
map o.
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For α = (α1, α2) denote α−1 = (α−1
1 , α−1

2 ), αβ = (α1β1, α2β2), |α| =
|α1| |α2|, µ(α) = µF×F (α1, α2), ψ(α) = ψ(α1)ψ(α2). Put

k(β) = ψ(β) + q−2ψ(ν−1
1 β) + q−1ψ(ν−1

2 β) + q−1ψ(ν−1
3 β),

νi defined in section 15. We will use |to(α)|22 = |α| for α ∈ o′(T ).

We have

ζ(g, χ) ζ(ĥ, χ̂) =

∫∫

T×T

g(α) ĥ(β)χt(αβ−1) |β|2 |α|−2 |β|−2 dµT (α) dµT (β)

=

∫

F×F

∫

F×F

go(α)F(e(ho))(β)χto(αβ−1) |α|−1 dµ(α) dµ(β)

=

∫∫∫

F 6

go(α) e(ho)(γ)ψ(βγ)χto(αβ−1) |α|−1 dµ(α) dµ(β) dµ(γ)

=

∫∫∫

F 6

go(α)ho(γ)ψ(βγ)χto(αβ−1) |α|−1 dµ(α) dµ(β) dµ(γ)

+
∑

16i63

∫∫∫

F 6

go(α)ho(γ)ψ(βν−1
i γ)χto(αβ−1) |α|−1 dµ(α) dµ(β) dµ(ν−1

i γ)

=

∫∫∫

F 6

go(α)ho(γ) k(βγ)χto(αβ−1) |α|−1 dµ(α) dµ(β) dµ(γ)

(β → γ−1β)

=

∫∫∫

F 6

go(α)ho(γ)χto(αγ) |αγ|−1 dµ(α) dµ(γ) k(β)χto(β
−1) dµ(β)

(due to to the integrals are actually taken over o′(T ) where one can apply the
Fubini property). The symmetry in α, γ implies the local functional equation.

Remark. Undoubtedly, one can extend this proposition to a larger class of
continuous functions g, h:F × F −→ C .

20. Similar to section 12, we need to take care of zeta integrals which involve
normalized measures corresponding to shifted characters. The zeta integral
should be more correctly written as ζ(f, χ| |s2, µ) since it depends on the nor-
malization of the measure µ. Above we used the normalized measure µ such
that µ(O) = 1 (and the conductor of ψ is O). More generally, let the conductor
of a character ψ′ be td1O, so ψ′(α) = ψ0(t

−d
1 uα) for some unit u, ψ0 was defined

in section 3. Put ψ(α) = ψ0(t
−2d
1 uα) and use ψ and ψ(α1, α2) for the transform

F of functions in QF and QF×F as in sections 9–10. Then self dual measures
µ on F and F × F with respect to ψ satisfy µ(O) = qd, µ(O,O) = q2d.

Let f = charc{t1,t2}+OKt
2(F )r

, so f(tj1u1, t
l
1u2) = 1 if j, l > c and = 0 other-

wise. Now F(e(fo))(t
j
1u1, t

l
1u2) = q2d−4c if j, l > 2d − 2c and = 0 otherwise;

and f̂(tj1u1, t
l
1u2) = q2d−4c if j, l > d− c and = 0 otherwise. Notice that ̂̂f = f
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on T . We get

ζ(f, | |s2, µ) = q2d−2cs

(
1

1 − q−s

)2

,

ζ(f̂ , | |2−s
2 , µ) = q2d q2d−4c q−2(d−c)(2−s)

(
1

1 − qs−2

)2

= q2s(d−c)

(
1

1 − qs−2

)2

,

ζ(f, | |s2, µ) ζ(f̂ , | |2−s
2 , µ)

−1
= q−2d(s−1)

(
1

1 − q−s

)2 (
1

1 − qs−2

)−2

.

The local constant for | |s2, µ is q−2d(s−1). This calculation will be quite useful
in [F4].

21. The previous constructions of the maps o′, r, t, e are suitable for unramified
characters, but are not good enough for ramified characters.

Let a weakly ramified character χ of Kt
2(F ) be induced by a character χ of the

field E with conductor 1+ t1
r
OE , r > 0. By analogy with the one dimensional

case it seems reasonable to calculate the zeta integral ζ(f, χ) for f :T −→ C
which is defined by (tj1u1, t

l
1u2) 7→ 1 if and only if j > 0, l = 0, u2 ∈ 1 + tr1O.

Using the dimension one calculation in [T] one easily obtains

ζ(f, χ) =
1

1 − q−s
(1 − q−1)−1 q−r,

ζ(f̂ , χ̂) =
1

1 − qs−2
(1 − q−1)−1 q−(s+1)r/2−δ ρ0(χ),

where ρ0(χ) is the root number as in [T, 2.5], δ = s/2 if r is odd and = 0 if r
is even.

Notice that unlike the case of unramified characters in section 20, ̂̂f differs
from f on T due to the difference between e(f̂o) and F(e(fo)); so for the current
choice of o and e as above there is no canonical local constant associated to χ.

This may be related to the well known difficulty of constructing a general
higher ramification theory which is still not available. It is expected that one
can refine o, e, r, t to get canonical local constants for ramified characters as
well.

22. One can slightly modify the definition of the zeta integral by extending
T to the set

T ′ = {(tm2 tj1u1, t
n
2 tl1u2)}, where j, l ∈ Z , ui ∈ U , m,n > 0, mn = 0.

The set T ′ will be useful in the study of global zeta integrals in [F4].

Introduce a set Γ = {(tm2 , 1) : m > 0}⋃{(1, tm2 ) : m > 1}, then T ′ = T × Γ.
Extend r, t symmetrically to T ′ by (m > 0)

r(tm2 tj1u1, t
l
1u2) = l {t1, t2} + {t1, u1} + {u2, t2},

t(tm2 tj1u1, t
l
1u2) = {t1, u1} + {u2, t2}.
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Extend o′ to o′:T ′ −→ F× × F× by (tm2 tj1u1, t
n
2 tl1u2) 7→ (tm2 t2j

1 u1, t
n
2 t2l

1 u2) and
denote by o the inverse bijection o′(T ′) −→ T ′.

For a function f :T ′ −→ C define fo:F × F −→ C as the composite f ◦ o

extended by zero outside o′(T ′). Introduce

∫

T ′

f dµT ′ = (1 − q−1)−2

∫

F×F

fo dµF×F .

Let a function f :F × F −→ C be continuous on T ′ and let

f(tm2 α1, α2) = f(α1, t
m
2 α2) = f(α1, α2)

for every (α1, α2) ∈ T , m > 0. Then for a continuous quasi-character
χ:Kt

2(F ) −→ C × such that χ(UKt
2(F )) = 1 we have

∫

T ′

f(α)χt(α) |t(α)|−2
2 dµT ′(α) = ζ(f, χ).

This follows from the following observation: the function f(α)χt(α)|t(α)|−2
2

on the set (tm2 tj1u1, t
l
1u2), m > 0, depends on tl1u2 only, and therefore one can

write the integral
∫

T ′ f(α)χt(α)|t(α)|−2
2 dµT ′(α) as the sum of ζ(f, χ) and the

sum of the product of two integrals one of which is the integral of a constant
function over tm2 O \ tm+1

2 O, and hence is zero by Example 8.

23. We describe elements of the theory for Kt
2(K((t))) where K is an

archimedean local field. Class field theory for such fields is described in [P2]
and in [KS]. In this case class field theory does not really match nicely the
structure of the Kt

2-group of the field, and this is reflected in the constructions
of this section.

Introduce the sequential topology on L = K((t)) as in section 1. Define

Kt
2(L) = K2(L)/Λ2(L), Λ2(L) = Λ′

2(L)+{K×, 1+tK[[t]]}+{t, 1+tK[[t]]},

Λ′
2(L) is the intersection of all neighborhoods of zero in the strongest topology

on K2(L) in which the subtraction in K2(L) and the map

L× × L× −→ K2(L), (a, b) 7→ {a, b}

are sequentially continuous. Then Kt
2(L) is generated by {a, t}, a ∈ K× and

{−1,−1} (which is zero if
√
−1 ∈ K). We have ∂(Λ2(L)) = 1 where ∂ is the

boundary map. ∂ induces Kt
2(L) −→ K1(K).

Introduce a module on Kt
2(L): |α|2 = |∂(α)|K .

A continuous homomorphism χ:Kt
2(L) −→ C × can be written as χ = χ0| |s2

(s ∈ C ), where χ0({K×, t2}) = 1 and |χ0(K
t
2(L))| = 1 (so χ0 is determined

by its value on {−1,−1}; this symbol corresponds via class field theory to the
totally ramified extension K((t1/2))/K((t))).
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Let
r:K× −→ Kt

2(L), α 7→ {α, t}
t:T = K× × K× −→ Kt

2(L), (α, β) 7→ {αβ, t}
(totally ramified characters with respect to L/K are ignored).

For a function f :L × L −→ C continuous on T and rapidly decaying at
(±∞,±∞) and a continuous quasi-character χ:Kt

2(L) −→ C × introduce a
zeta function

ζ(f, χ) =

∫

K×K

f(α, β)χt(α, β)
dµ(α, β)

|α|K |β|K
.

Define λ:K1(K) −→ Kt
2(L)/ker(∂) by α 7→ {α̃, t}. Let f :Kt

2(L) −→ C
factorize through Kt

2(L)/ker(∂). Let χ:Kt
2(L) −→ C × be a continuous quasi-

character such that χ0(ker(∂)) = 1 (i.e. χ is an unramified character with
respect to L/K). Then

ζ(g, χ) = ζ1(f ◦ λ, χ ◦ λ)2,

where g(α, β) = fr(α) fr(β), and ζ1 is the one dimensional zeta integral.

Remark. The well known technique in dimension one which extends the local
integrals associated to representations of the multiplicative group to represen-
tations of algebraic groups is likely to give a similar extension of this work.
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Abstract. Let Qp be an algebraic closure of Qp and C its p-adic

completion. Let K be a finite extension of Qp contained in Qp and

set GK = Gal(Qp/K). A Qp-representation (resp. a C-representa-
tion) of GK is a finite dimensional Qp-vector space (resp. C-vector
space) equipped with a linear (resp. semi-linear) continuous action
of GK . A banach representation of GK is a topological Qp-vector
space, whose topology may be defined by a norm with respect to
which it is complete, equipped with a linear and continuous action
of GK . An almost C-representation of GK is a banach representa-
tion X which is almost isomorphic to a C-representation, i.e. such
that there exists a C-representation W , finite dimensional sub-Qp-
vector spaces V of X and V ′ of W stable under GK and an isomor-
phism X/V → W/V ′. The almost C-representations of GK form
an abelian category C(GK). There is a unique additive function
dh : ObC(GK) → N × Z such that dh(W ) = (dimC W, 0) if W is
a C-representation and dh(V ) = (0,dimQp

V ) if V is a Qp-repre-
sentation. If X and Y are objects of C(GK), the Qp-vector spaces
Exti

C(GK)(X,Y ) are finite dimensional and are zero for i 6∈ {0, 1, 2}.
One gets

∑2
i=0(−1)idimQp

Exti
C(GK)(X,Y ) = −[K : Qp]h(X)h(Y ).

Moreover, there is a natural duality between Exti
C(GK)(X,Y ) and

Ext2−i
C(GK)(Y,X(1)).
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1 – Introduction

1.1 – Prologue

Cet article est le premier d’une série en préparation consacrée à l’étude de
certains phénomènes que l’on rencontre lorsque l’on étudie les représentations
p-adiques associées aux motifs des variétés algébriques sur les corps p-adiques.
Considérons d’abord la situation suivante : On se donne un complété K d’un
corps de nombres, on choisit une clôture algébrique K de K, on pose GK =
Gal(K/K) et on note C le complété de K.
Soient A une variété abélienne sur K de dimension g et tA son espace tangent.
C’est un K-espace vectoriel de dimension g. Il est commode de le voir comme
un groupe vectoriel, i.e. de poser tA(R) = R ⊗K tA pour toute K-algèbre R.

Supposons d’abord K archimédien. On a donc K = R ou C, K = C = C,
GK = {1, τ}, avec τ la conjugaison complexe ou GK = {1}. L’exponentielle
est définie partout et on a une suite exacte

0 → H1(A(C), Z) → tA(C) → A(C) → 0

Si maintenant K est une extension finie de Qp, c’est au contraire le logarithme
qui est partout défini et on a un diagramme commutatif

0 → Ator(K) → A(K) → tA(K) → 0
‖ ∩ ∩

0 → Ator(C) → A(C) → tA(C) → 0

Le groupe A(K) est muni d’une topologie naturelle : notons OK (resp. OK)

l’anneau des entiers de K (resp. K) ; si A est un modèle propre (pas néces-
sairement lisse) de A sur OK , on a A(K) = A(OK) ; on prend la topologie la
moins fine rendant continues toutes les applications A(OK) → A(OK/pn), pour
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n ∈ N (avec la topologie discrète sur A(OK/pn)). On vérifie que cette topologie

est indépendante du choix du modèle, fait de A(K) un groupe topologique
induisant la topologie discrète sur Ator(K) et la topologie naturelle sur tA(K)
et que A(C) s’identifie au séparé complété de A(K) pour cette topologie.
On a Ator(K) = Ap−tor(K) ⊕ Ap′−tor(K) où Ap−tor(K) (resp. Ap′−tor(K))
désigne le sous-groupe de p-torsion (resp. de p′-torsion) de A(K). L’exponen-
tielle est définie localement, ce qui veut dire qu’il existe un réseau Λ de tA
(i.e. un sous-OK-module libre de rang g de tA) et un homomorphisme continu
GK-équivariant exp : OC ⊗OK

Λ → A(C) vérifiant log(exp(x)) = x, pour tout
x ∈ OC ⊗OK

Λ ; on a exp(OK ⊗OK
Λ) ⊂ A(K). Ceci permet en particulier

de définir une section s de l’inclusion de Ap′−tor(K) dans A(C) : si x ∈ A(C),
pn log(x) ∈ OC⊗OK

Λ, pour n assez grand et s(x) = p−nπ(xpn

/ exp(pn log(x))),
où π : Ator(K) → Ap′−tor(K) est la projection canonique (on a noté multiplica-
tivement A(C) et additivement Ap′−tor(K)). Si A(p)(C) désigne le noyau de
s, on a A(C) = Ap′−tor(K) ⊕ A(p)(C) et A(K) = Ap′−tor(K) ⊕ A(p)(K), en
posant A(p)(K) = A(K) ∩ A(p)(C). Cette décomposition est compatible avec
la topologie et A(p)(C) est le complété de A(p)(K) pour la topologie induite.

Le premier fait remarquable est que l’on peut retrouver A(p)(K) (et donc aussi
A(p)(C)) en tant que groupe topologique muni d’une action de GK à partir de
la seule connaissance de Ap−tor(K) (et donc également A(K) et A(C) à partir
de Ator(K)):
Notons U+

C = 1 + mOC
le groupe des unités de l’anneau des entiers OC de C

qui sont congrues à 1 modulo l’idéal maximal. Le logarithme p-adique définit
une suite exacte

0 → (Qp/Zp)(1) → U+
C → C → 0

Le module de Tate Tp(A), limite projective des Apn(K), pour n ∈ N est un
Zp-module libre de rang 2g et en tensorisant la suite exacte ci-dessus avec
Tp(A)(−1), on obtient une autre suite exacte

0 → Ap−tor(K) → U+
C (−1) ⊗Zp

Tp(A) → C(−1) ⊗Zp
Tp(A) → 0

PROPOSITION 1.1 (cf. §8.4). — Soit A une variété abélienne sur K. Il existe
une et une seule application additive continue GK-équivariante

ξ : A(p)(K) → U+
C (−1) ⊗Zp

Tp(A)

induisant l’identité sur Ap−tor(K). Cette application est injective et identifie
A(p)(K) au plus grand sous-groupe de U+

C (−1)⊗Zp
Tp(A) sur lequel l’action de

GK est discrète. L’application ξ̄ : tA(K) → C(−1) ⊗ Tp(A), déduite de ξ par
passage au quotient, est K-linéaire.

On remarque en outre que ξ induit une application injective ξ1 de tA sur
(C(−1) ⊗ (Tp(A))GK . L’application analogue pour la variété abélienne duale
A′ fournit par dualité une application surjective ξ0 : (C ⊗Zp

Tp(A))GK → t∗A′
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(où t∗A′ est le K-espace vectoriel dual de l’espace tangent de A′). Grâce à un
théorème de Tate ([Se67a], prop.4), pour toute représentation p-adique V , on
a dimK(C(−1) ⊗Qp

V )GK + dimK(C ⊗Qp
V )GK ≤ dimQp

V . Pour des raisons
de dimension, ξ0 et ξ1 sont donc des isomorphismes. On retrouve ainsi la
décomposition de Hodge-Tate pour les variétés abéliennes.

En fait, on a plus que cela : A(p) a une structure naturelle de groupe rigide
analytique. On peut retrouver cette structure à partir de Ap−tor(K) : U+

C

a une structure naturelle de groupe rigide analytique sur C : c’est le groupe
multiplicatif des éléments inversibles de l’anneau sous-jacent au disque unité
fermé. D’où une structure analytique sur U+

C (−1) ⊗ Tp(A) ' (U+
C )2g . Et

A(p)(C) s’identifie à un sous-groupe fermé.

Au groupe Ap−tor(K) muni de l’action de GK , on peut donc associer deux
objets intéressants

(A) le groupe topologique A(p)(C) muni de son action de GK ,

(B) le groupe analytique rigide A(p) [Attention, on ne peut pas obtenir trop :
ce n’est pas la variété analytique rigide Arig associée à A ; dans le cas de
bonne réduction par exemple, c’est seulement la fibre générique du schéma en
groupes formel (pas nécessairement connexe) Â associé au groupe de Barsotti-
Tate (Apn)n∈N où A est le modèle de Néron de A].

Lorsque A a bonne réduction, on peut encore associer un troisième objet, qui
est

(C) un faisceau de groupes abéliens pour la topologie plate (pour les généra-
lisations, ce sera mieux de considérer la topologie syntomique lisse sur SpfW ),

à savoir le faisceau représenté par Â.

Ces trois constructions se généralisent aux motifs. Pour fixer les idées, soient
X une variété algébrique propre et lisse sur K, m ∈ N et i ∈ Z. Au ”motif”
M = Hm(X)(i), on peut associer Mp−tor(K) = Hm

ét (XK , (Qp/Zp)(i)). A partir
de ce module galoisien, on peut construire des objets du type (A), (B) et, dans
le cas de bonne réduction, (C) qui vivent dans de jolies catégories. Pour (C),
on ne sait le faire qu’à isogénie près, sauf si 0 ≤ m ≤ p − 2. En fait pour
fabriquer un objet du type (A) ou (B) il suffit de partir d’un groupe abélien
de p-torsion Λ avec action linéaire et continue de GK qui est de cotype fini. Si
on travaille seulement à isogénie près, il suffit de partir d’une représentation
p-adique V de GK qui peut être quelconque. Pour pouvoir faire (C), il faut la
supposer cristalline.

Le but du présent article est d’introduire et étudier la catégorie des jolis objets
du type (A) à isogénie près. L’étude des objets des types (B) et (C) sera faite
ailleurs. Signalons dès à présent que celle des objets de type (B) repose sur le
travail fondamental de Colmez sur les Espaces de Banach de dimension finie
[Co02], travail qui joue déjà un rôle crucial ici (§4).
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1.2 – Conventions, notations

Dans toute la suite de l’article, K est une extension finie de Qp, K une clôture
algébrique fixée de K et GK = Gal(K/K).
Un banach est un espace de Banach p-adique à équivalence de normes près.
Autrement dit, c’est un Qp-espace vectoriel topologique V qui contient un
sous-Zp-module V qui est séparé et complet pour la topologie p-adique et est
tel que V = lim−→n∈N

p−nV (avec la topologie correspondante. Un tel V s’appelle

un réseau de V . Pour qu’un autre sous-Zp-module V ′ de V soit aussi un réseau,
il faut et il suffit qu’il existe r, s ∈ N tels que prV ⊂ V ′ ⊂ psV.
Une représentation banachique de GK (ou seulement une représentation ba-
nachique s’il n’y a pas de risque de confusion sur GK) est un banach muni d’une
action linéaire et continue de GK . Avec comme morphismes les applications
Qp-linéaires continues GK-équivariantes, les représentations banachiques for-
ment une catégorie additive Qp-linéaire B(GK).
Tout comme la catégorie des banach , la catégorie B(GK) a une structure de
catégorie exacte au sens de [Qu73] (§2, cf. aussi [La83], §1.0) : Un morphisme
f : X → Y de B(GK) est un épimorphisme strict (ou admissible) (resp. un
monomorphisme strict) (ou admissible) si et seulement si l’application sous-
jacente est surjective (resp. si elle induit un homéomorphisme de X sur un
fermé de Y ). Un morphisme strict est un morphisme qui peut s’écrire f2 ◦ f1

avec f1 un épimorphisme strict et f2 un monomorphisme strict.
Si f : X → Y est un morphisme strict, le noyau et le conoyau de l’appli-
cation sous-jacente sont de façon naturelle des représentations banachiques,
les morphismes Ker f → X et Y → Coker f sont stricts et l’application
Coim f → Im f est un isomorphisme.
Une suite exacte courte de B(GK) est une suite

O → S′ f−→S
g−→S′′ → 0

où g est un épimorphisme strict et f un noyau de G.
Disons qu’une sous-catégorie strictement pleine D de B(GK) est stricte si elle
contient 0, est stable par somme directe et si tout morphisme de D est strict
(en tant que morphisme de B(GK)) et a son noyau et son conoyau dans B(GK).
Une telle catégorie est abélienne.
Appelons représentation p-adique (de GK) toute représentation banachique qui
est de dimension finie sur Qp. Ces représentations forment une sous-catégorie
stricte RepQp

(GK) de B(GK).

1.3 – C-représentations et B+
dR-représentations

Par continuité le groupe GK opère sur le corps C complété de K pour la
topologie p-adique. Une C-représentation (de GK) est un C-espace vectoriel de
dimension finie muni d’une action semi-linéaire continue de GK . Avec comme
morphismes les applications C-linéaires GK-équivariantes, ces représentations
forment une catégorie abélienne K-linéaire que nous notons RepC(GK).
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Tout C-espace vectoriel de dimension finie muni de sa topologie naturelle est
un banach. Toute C-représentation est donc de manière naturelle une repré-
sentation banachique.

THÉORÈME A (cf. §3.3). — Le foncteur d’oubli

RepC(GK) → B(GK)

est pleinement fidèle.

Autrement dit, si W1 et W2 sont deux C-représentations de GK , toute appli-
cation Qp-linéaire continue, GK-équivariante, de W1 dans W2 est C-linéaire.
Ceci nous permet d’identifier RepC(GK) à une sous-catégorie pleine de B(GK)
qui, bien sûr, est exacte. Il en est de même de la sous-catégorie pleine
Reptriv

C (GK) de RepC(GK) dont les objets sont les C-représentations triviales,
i.e. les représentations W telles qu’il existe un entier d et un isomorphisme de
Cd sur W . On remarque qu’une C-représentation W est triviale si et seulement
si W est engendré en tant que C-espace vectoriel par WGK .

Nous allons avoir besoin de plonger RepC(GK) dans une catégorie un peu plus
grande.
Choisissons un générateur t de Zp(1) (noté additivement). Rappelons (cf., par
exemple [Fo00], §3.1 et 3.2) que le corps BdR des périodes p-adiques est une K-
algèbre, contenant Zp(1), munie d’une topologie et d’une action semi-linéaire
continue de GK .
Ce corps a aussi une structure naturelle de corps complet pour une valuation
discrète (la topologie définie par cette valuation est plus fine que la topologie
canonique). Son corps résiduel est C et t est une uniformisante. On note
B+

dR l’anneau de la valuation (qui est aussi ouvert et fermé dans BdR pour la
topologie canonique). Pour tout m ∈ N, on pose Bm = B+

dR/tmB+
dR (on a donc

B0 = 0 et B1 = C).
Pour tout m ∈ N, Bm, muni de la topologie induite par la topologie canonique
de BdR, est un banach (et sur B1 = C, cette topologie cöıncide avec la topologie
p-adique sur C). Inversement, la topologie canonique sur B+

dR = lim←−m∈N
Bm

est la topologie de la limite projective avec la topologie de banach sur chaque
Bm.
Un B+

dR-module de longueur finie n’est autre qu’un B+
dR-module de type fini

annulé par une puissance de t, i.e. c’est un Bm-module de type fini pour m
assez grand. Pour tout B+

dR-module W de longueur finie, on note d1(W ) sa
longueur. On a donc d1(Bm) = m.
On appelle B+

dR-représentation (de GK) tout B+
dR-module de longueur finie

muni d’une action semi-linéaire et continue de GK . Ces représentations for-
ment de manière évidente une catégorie abélienne K-linéaire que nous notons
RepB+

dR
(GK). La catégorie RepC(GK) s’identifie à la sous-catégorie pleine de

RepB+
dR

(GK) dont les objets sont ceux qui sont annulés par t. Le théorème A

s’étend à RepB+
dR

(GK).
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THÉORÈME A’ (cf. §3.3). — Le foncteur d’oubli

RepB+
dR

(GK) → B(GK)

est pleinement fidèle.

1.4 – Presque-C-représentations

Soient X1 et X2 deux représentations banachiques. On dit que X1 et X2 sont
presqu’isomorphes s’il existe des sous-Qp-espaces vectoriels de dimension finie
V1 de X1 et V2 de X2 stables par GK et un isomorphisme X1/V1 → X2/V2 dans
B(GK). On a ainsi défini une relation d’équivalence sur les objets de B(GK).
Une presque C-représentation (de GK) est une représentation banachique qui
est presqu’isomorphe à une C-représentation triviale. On note C(GK) la sous-
catégorie pleine de B(GK) dont les objets sont les presque C-représentations.

THÉORÈME B (cf. §5.1). — La catégorie C(GK) est une sous-catégorie stricte
de B(GK). En outre, il existe des fonctions additives

d : Ob C(GK) → N et h : ObC(GK) → Z

caractérisées par d(C) = 1, h(C) = 0 et

d(V ) = 0 , h(V ) = dimQp
V pour toute représentation p-adique V de GK

En fait C(GK) contient toutes les C-représentations et même les B+
dR-représen-

tations :

THÉORÈME C (cf. §5.5). — Soit W une B+
dR-représentation et soit d la longueur

du B+
dR-module sous-jacent. Alors W est presqu’isomorphe à Cd. On a d(W ) =

d et h(W ) = 0.

1.5 – Extensions

Disons qu’une suite exacte courte de B(GK)

0 → S′ → S → S′′ → 0

est presque scindée s’il existe un sous-Qp-espace vectoriel de dimension finie V
de S′ stable par GK tel que la suite

0 → S′/V → S/V → S′′ → 0

est scindée.
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THÉORÈME D (cf. §5.2, 5.4 et 5.5). — Soit

0 → S′ → S → S′′ → 0

une suite exacte courte de B(GK).
i) Si S′ et S′′ sont des presque C-représentations, pour que S soit une presque-
C-représentation, il faut et il suffit que la suite soit presque scindée.
ii) Si S′ et S′′ sont des B+

dR-représentations, pour que S soit une B+
dR-repré-

sentation, il faut et il suffit que la suite soit presque scindée.

1.6 – Le plan

Faisons une dernière convention : Si C est une catégorie abélienne, si X et Y
sont deux objets de C et si n ∈ N, on note Extn

C(X,Y ) le groupe des classes de
n-extensions de Yoneda. Si C = RepE(G) est une catégorie de représentations
(semi)-linéaires d’un groupe G à coefficients dans un anneau commutatif E, on
écrit aussi Extn

E[G](X,Y ).
Expliquons maintenant, pour terminer cette introduction, comment cet article
est organisé.

– L’objet du §2, est une étude détailléee des B+
dR-représentations de GK . Celle-

ci repose de façon essentielle sur l’article de Tate sur les groupes p-divisibles
[Ta67] et sur la classification de Sen des C-représentations [Sen80]. Ces travaux
ont été repris et poursuivis dans [Fo00] que l’on utilise abondamment. On intro-
duit les petites représentations pour lesquelles on peut tout écrire explicitement
et auxquelles on peut se ramener dans la plupart des cas parce que toute B+

dR-
représentation devient petite après changement de base fini. On détermine les
groupes d’extensions dans la catégorie RepB+

dR
(GK).

Ces calculs, qui seront utiles dans la suite, ne sont pas difficiles. Ils reposent
essentiellement sur la description explicite des groupes proalgébriques associés
aux catégories tannakiennes sous-jacentes. Ils sont plutôt fastidieux et nous
recommandons au lecteur de passer rapidement sur le §2 en première lecture.

– Dans le §3, on établit les théorèmes de pleine fidélité (th. A et A’ ci-dessus).
Puis, on montre comment construire toutes les extensions d’une C-représenta-
tion – ou plus généralement d’une B+

dR-représentation – W par une représen-
tation p-adique V .
Rappelons [Fo88a] que Bcris est une sous-Qp-algèbre de BdR stable par GK et
munie d’un Frobenius ϕ qui est un endomorphisme de Qp-algèbres commutant
à l’action de GK . Si Be désigne la sous-Qp-algèbre de Bcris formée des b tels
que ϕ(b) = b, on dispose (cf. par exemple, [FPR94], prop. 3.1.1) d’une suite
exacte

0 → Qp → Be → BdR/B+
dR → 0

où la flèche Be → BdR/B+
dR est le composé de l’inclusion de Be ⊂ Bcris dans

BdR avec la projection sur BdR/B+
dR.
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En tensorisant avec V , on obtient une suite exacte

0 → V → Be ⊗Qp
V → (BdR/B+

dR) ⊗Qp
V → 0

d’où une application(1)

δW,V : Hom(W, (BdR/B+
dR) ⊗Qp

V ) → Ext1B(GK)(W,V )

Le point essentiel est que δW,V est un isomorphisme. Pour le prouver, on
commence par utiliser beaucoup de cohomologie galoisienne et en particulier,
la théorie du corps de classes local pour montrer que Ext1B(GK)(W,V ) est de
dimension finie et calculer sa dimension. On constate alors que la source et
le but de δW,V ont la même dimension et il est facile de vérifier que δW,V est
injective.
Dans le cas où W est une C-représentation, on peut remplacer Be par Be ∩
t−1B+

dR qui est une extension de C(−1) par Qp que l’on peut décrire très
simplement : avec les notations du §1.1, on a Be∩ t−1B+

dR = U(−1) où U est le
Qp-espace vectoriel des suites (u(n))n∈N d’éléments de U+

C vérifiant (u(n+1))p =
u(n) pour tout n.
Remarquons au passage que cela nous fournit un procédé pour construire – au
moins théoriquement et modulo la construction des représentations de dimen-
sion finie sur Qp – tous les objets de C(GK). Si S est l’un d’entre eux, on peut
en effet trouver une C-représentation W (que l’on peut même choisir triviale)
et une représentation p-adique V telles que S soit isomorphe au quotient d’une
extension de W par V par une autre représentation p-adique V ′.

– Dans le §4, on commence par énoncer, dans un langage un peu différent,
l’un des résultats essentiels de l’article de Colmez [Co02] sur les Espaces de
Banach de dimension finie. On introduit ce que nous appelons les espaces de
Banach-Colmez effectifs qui sont des espaces de Banach munis d’une structure
de limite inductive de limite projective d’objets en groupes commutatifs dans
la catégorie des espaces rigides analytiques sur C vérifiant certaines propriétés.
Un tel groupe a une dimension et une hauteur qui sont des entiers naturels. On
a C = lim−→n∈N

p−nOC ce qui permet de munir C d’une structure d’espace de

Banach-Colmez (la structure analytique sur OC est la structure habituelle du
disque unité fermé) de dimension 1 et de hauteur 0. Tout Qp-espace vectoriel
de dimension finie h a une structure naturelle d’espace de Banach-Colmez de
dimension 0 et hauteur h. Le résultat de Colmez peut alors s’exprimer en
disant essentiellement que, si S est un espace de Banach-Colmez effectif de
dimension 1 et de hauteur h et si f : S → C est un morphisme (d’espaces de
Banach-Colmez effectifs) dont l’image n’est pas de dimension finie, alors f est
surjectif et son noyau est de dimension 0 et de hauteur h.

(1) Ici Hom(W, (BdR/B+
dR) ⊗Qp

V ) désigne le groupe des applications Qp-
linéaires continues GK-équivariantes – ou, cela revient au même, des appli-
cations B+

dR-linéaires GK-équivariantes – de W dans (BdR/B+
dR) ⊗Qp

V .
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On utilise ensuite les résultats du §3 pour montrer
i) que, si E est une représentation banachique de GK extension de C par une
représentation p-adique de dimension h, alors E est munie d’une structure
d’espace de Banach-Colmez effectif de dimension 1 et hauteur h,
ii) que si η : E → C est une application Qp-linéaire continue GK-équivariante,
alors elle est induite par un morphisme dans la catégorie des espaces de Banach-
Colmez effectifs.
Le résultat de Colmez implique alors que si l’image de η n’est pas de dimension
finie, η est surjective et son noyau est un Qp-espace vectoriel de dimension h.

– Le théorème de structure pour la catégorie C(GK) (th.B ci-dessus) est une
conséquence essentiellement formelle de ce résultat, comme on le montre au
début du §5. La suite de ce paragraphe consiste surtout à prouver que toute
extension de B+

dR-représentations est presque scindée, que toute B+
dR-repré-

sentation est presqu’isomorphe à une C-représentation triviale et que, dans la
catégorie des représentations banachiques, toute extension presque scindée de
B+

dR-représentations est encore une B+
dR-représentation. On y fait un grand

usage de l’étude des B+
dR-représentations faite au §1. On utilise aussi cer-

taines représentations p-adiques spécifiques pour construire explicitement cer-
tains presque-scindages et certains presqu’isomorphismes.

– Dans le §6, on calcule les groupes d’extensions dans la catégorie des presque-
C-représentations. Les résultats du §5 permettent de ramener ces calculs soient
à ceux des groupes d’extensions dans la catégorie des B+

dR-représentations,
calculs déjà faits au §1, soient à ceux des groupes d’extensions dans la catégorie
des représentations p-adiques, lesquels se ramènent aux calculs de cohomologie
galoisienne continue de Tate.
Soient X et Y des presque-C-représentations. On montre (th.6.1) que les Qp-
espaces vectoriels Extn

C(GK)(X,Y ) sont de dimension finie, nulle si n ≥ 3 et
que

2∑

n=0

(−1)n dimQp
Extn

C(GK)(X,Y ) = −[K : Qp]h(X)h(Y )

On construit (prop.6.8) une application naturelle Ext2C(GK)(X,X(1)) → Qp et
on montre (prop.6.9) que, pour 0 ≤ n ≤ 2, l’application

Extn
C(GK)(X,Y ) × Ext2−n

C(GK)(Y,X(1)) → Ext2C(GK)(X,X(1)) → Qp

définit une dualité parfaite.

– Dans le §7, on étudie la catégorie des presque-C-représentations de GK à
presqu’isomorphismes près, i.e. la catégorie déduite de C(GK) en rendant in-
versible les presqu’isomorphismes. C’est une catégorie abélienne semi-simple
qui a une seule classe d’isomorphisme d’objets simples, celle de C. Le corps
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gauche DK des endomorphismes de C dans cette catégorie est assez gros. Il
contient K et on dispose d’une suite exacte courte de K-espaces vectoriels

0 → K → DK → ((C ⊗Qp
Cf )(−1))GK → K → 0

où Cf désigne la réunion des sous-Qp-espaces vectoriels de dimension finie,
stables par GK , de C. Mais la structure multiplicative de DK reste assez
mystérieuse.

– Dans le §8, on fait le lien entre cet article et le prologue de cette introduction.
On décrit quelques objets universels que l’on peut associer à la cohomologie
étale des variétés algébriques sur K, en particulier dans le cas des variétés
abéliennes.
On définit aussi l’espace tangent tV d’une représentation p-adique quelconque
et l’exponentielle de Bloch-Kato

expBK : tV → H1
cont(K,V )

qui généralisent de façon évidente ces notions, maintenant classiques, pour des
représentations de de Rham. On montre que l’image H1

e (K,V ) de expBK est le
sous-groupe de H1

cont(K,V ) = Ext1Qp[GK ](Qp, V ) formé des classes d’extensions

qui proviennent, via l’inclusion de Qp dans B+
dR, d’une extension de B+

dR par
V .

Une partie de ce travail a été fait pendant un séjour à l’University of Sydney
en Australie, une autre pendant un séjour au Korea Institute for Advanced
Study de Séoul en République de Corée. J’ai plaisir à remercier ces institutions
- et tout particulièrement Mark Kisin et Minhyong Kim - pour leur accueil
chaleureux.
Je voudrais enfin remercier le rapporteur pour sa lecture minutieuse et ses
remarques pertinentes.

2 – – Etude des B+
dR-représentations de GK

Soit K∞ la Zp-extension cyclotomique de K contenue dans K, i.e. l’unique
Zp-extension de K contenue dans le sous-corps de K engendré sur K par les
racines de l’unité d’ordre une puissance de p. Soient HK = Gal(K/K) et
ΓK = GK/HK .
Dans le §2.1, nous introduisons un anneau de séries formelles K∞[[t]] qui est un
sous-anneau de (B+

dR)HK stable par ΓK et construisons une équivalence entre
la catégorie des B+

dR-représentations de GK et celle des K∞[[t]]-représentations
de ΓK .
Dans le §2.2, on montre que cette dernière catégorie a une structure de catégorie
tannakienne K-linéaire et est équippée d’un foncteur fibre à valeurs dans les
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K∞-espaces vectoriels. On décrit le groupe pro-algébrique associé à ce foncteur-
fibre. On en déduit quelques résultats sur les groupes d’extensions dans cette
catégorie.

Si Y est une K∞[[t]]-représentation de ΓK , la théorie de Sen permet de définir
un endomorphisme ∇0 du K∞-espace vectoriel sous-jacent. Si les valeurs pro-
pres de ∇0 sont dans K et suffisamment petites, on peut utiliser l’exponentielle
pour donner une description terre à terre de Y et de la B+

dR-représentation qui
lui est associée (on dit qu’une telle B+

dR-représentation est petite). L’étude des
petites représentations est l’objet du §2.3.

Si W est une B+
dR-représentation de GK , il existe une extension finie L de K

contenue dans K telle que W est petite en tant que représentation de GL =
Gal(K/L). Une notion de changement de base permet alors de ramener le
calcul des groupes d’extensions dans la catégorie des B+

dR-représentations au
cas des petites représentations. C’est ce qu’on fait dans le §2.4.

Dans le §2.5 enfin, on calcule ces groupes d’extensions. On montre que si
W1 et W2 sont des B+

dR-représentations, les Exti(W1,W2) sont des K-espaces

vectoriels de dimension finie, nuls si i ≥ 3 et
∑2

i=0 dimKExti(W1,W2) = 0
(th.2.14). On dispose en outre (prop.2.16) d’une dualité parfaite

Exti(W1,W2) × Ext2−i(W2,W1(1)) → K

En outre (prop. 2.15), si W est un objet simple de la catégorie des B+
dR-

représentations, les Exti(C,W ) sont tous nuls sauf dans les cas suivants :

(i) W = C et i = 0 ou 1, et chacun de ces deux K-espaces vectoriels est de
dimension 1,

(ii) W = C(1) et i = 1 ou 2, chacun de ces deux K-espaces vectoriels étant
encore de dimension 1.

2.1 – B+
dR-représentations et K∞[[t]]-représentations ; structures

tannakiennes

Le générateur choisi t de Zp(1) correspond à une suite (ε(n))n∈N où ε(n) ∈ K est
une racine primitive pn-ième de l’unité et où (ε(n+1))p = ε(n) pour tout n. Si
p 6= 2, on note πt l’unique uniformisante du corps Qp[ε

(1)] telle que (πt)
p−1+p =

0 et vp(ε
(1) − 1 − πt) ≥ 2

p−1 ; si p = 2, on pose πt = 2ε(2). Alors t = t/πt est

un élément de (B+
dR)HK qui est encore une uniformisante de B+

dR. L’anneau
K∞[[t]] des séries formelles en l’indéterminée t s’identifie à un sous-anneau de
(B+

dR)HK stable par ΓK et, pour tout m ∈ N, l’image de cet anneau dans
(Bm)HK = (B+

dR/tmB+
dR)HK = (B+

dR/tmB+
dR)HK = (B+

dR)HK /tm(B+
dR)HK

s’identifie à K∞[[t]]/tm et est dense dans (Bm)HK (cf [Fo00], §3).

Soit W une B+
dR-représentation. Alors WHK est un (B+

dR)HK -module muni
d’une action semi-linéaire de ΓK . Notons W f la réunion des sous-K-espaces
vectoriels de dimension finie de WHK stables par ΓK . C’est un sous-K∞[[t]]-
module stable par ΓK de WHK .
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PROPOSITION 2.1 (cf. [Fo00], th.3.5 et 3.6 (2)). — Pour toute B+
dR-représen-

tation W de GK , WHK est un (B+
dR)HK -module de longueur finie, W f un

K∞[[t]]-module de longueur finie et les applications naturelles

B+
dR ⊗(B+

dR
)HK WHK → W et B+

dR ⊗K∞[[t]] W f → W

sont des isomorphismes.

Autrement dit, la correspondance W 7→ W f est de façon évidente un foncteur
de RepB+

dR
(GK) dans la catégorie RepK∞[[t]](ΓK) des K∞[[t]]-représentations

de ΓK (i.e. des K∞[[t]]-modules de longueur finie munis d’une action linéaire
et continue de ΓK

(3))). Ce foncteur est une équivalence de catégorie et le
foncteur Y 7→ YdR := B+

dR ⊗K∞[[t]] Y est un quasi-inverse.

Si Y1 et Y2 sont deux K∞[[t]]-représentations de GK , le produit tensoriel Y1 ⊗
Y2 := Y1 ⊗K∞ Y2 (attention : on ne prend pas le produit tensoriel au dessus
de K∞[[t]] !) est muni d’une action naturelle de ΓK . On en fait une K∞[[t]]-
représentation de ΓK en posant, t(y1⊗y2) = ty1⊗y2 +y1⊗ ty2 quels que soient
y1 ∈ Y1 et y2 ∈ Y2.

De la même façon, le K∞-espace vectoriel Hom(Y1, Y2) := LK∞(Y1, Y2) des
applications K∞-linéaires de Y1 dans Y2 est muni d’une action naturelle de ΓK .
On en fait une K∞[[t]]-représentation de ΓK en posant (tη)(y) = tη(y)− η(ty)
pour tout η ∈ Hom(Y1, Y2) et y ∈ Y1.

On voit que l’on a ainsi muni RepK∞[[t]](ΓK) d’une structure de catégorie
tannakienne sur K, dont l’objet unité est K∞ muni de l’action tautologique de
ΓK = Gal(K∞/K).

Par transport de structure, RepB+
dR

(GK) devient une catégorie tannakienne

dont l’objet-unité est B+
dR ⊗K∞[[t]] K∞ = C. Si W1 et W2 sont deux objets

de RepB+
dR

(GK), W1 ⊗ W2 = B+
dR ⊗K∞[[t]] (W f

1 ⊗ W f
2 ) et Hom(W1,W2) =

B+
dR ⊗K∞[[t]] Hom(W f

1 ,W f
2 ). On prendra garde à ne pas confondre W1 ⊗ W2

avec W1⊗B+
dR

W2 et Hom(W1,W2) avec LB+
dR

(W1,W2) ; ces dernières structures

ne font d’ailleurs pas de RepB+
dR

(GK) une catégorie tannakienne. Toutefois, si

W1 et W2 sont des C-représentations, W1⊗W2 = W1⊗CW2 et Hom(W1,W2) =
LC(W1,W2).

Exercice : Si m,n ∈ N, avec m ≥ n, alors Bm ⊗ Bn ' ⊕n−1
i=0 Bm+n−1−2i(i).

(2) On prendra garde que dans [Fo00] les B+
dR-représentations de GK et les

K∞[[t]]-représentations de ΓK considérées ne sont pas supposées de longueur
finie, comme on le fait ici.
(3) Attention que K∞[[t]] n’est pas complet pour la topologie induite par celle
de B+

dR ; et que K∞ et les K∞[[t]]/(tr) ne sont pas des banach.
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2.2 – Connexions et groupes pro-algébriques

Soient E un corps de caractéristique 0 et E[[t]] l’anneau des séries formelles en

une indéterminée t à coefficients dans E. Notons Ωlog
E[[t]]/E le module des E-

différentielles continues logarithmiques de E[[t]], autrement dit le E[[t]]-module
libre de rang 1 de base dt/t (base qui ne change pas si l’on remplace t par λt,
avec λ ∈ E∗).
Si Y est un E[[t]]-module de longueur finie, une connexion ∇ sur Y est une

application E-linéaire de Y dans Y ⊗E[[t]] Ω
log
E[[t]]/E vérifiant la règle de Leibniz.

Se donner une application E-linéaire ∇ de Y dans Y ⊗E[[t]]Ω
log
E[[t]]/E revient à se

donner une application E-linéaire ∇0 : Y → Y (on pose ∇(y) = ∇0(y) ⊗ dt/t)
et ∇ est alors une connexion si et seulement si ∇0 vérifie ∇0(ty) = t(y+∇0(y))
pour tout y ∈ Y .

PROPOSITION 2.2 (cf [Fo00], prop.3.7 et 3.8). — i) Pour toute K∞[[t]]-représen-
tation Y de ΓK , il existe une et une seule connexion ∇ sur Y qui a la propriété
que, pour tout y ∈ Y , il existe un sous-groupe ouvert ΓK,y de ΓK tel que, pour
tout γ ∈ ΓK,y,

γ(y) = exp(log χ(γ).∇0)(y)

ii) Deux K∞[[t]]-représentations Y1 et Y2 de ΓK sont isomorphes si et seule-
ment s’il existe une application K∞[[t]]-linéaire ϕ : Y1 → Y2 qui commute à
l’action de ∇0.

Remarquons que, si E est un corps de caractéristique 0, se donner un E[[t]]-
module de longueur finie muni d’une connexion ∇ revient à se donner un E-
espace vectoriel de dimension finie muni de deux endomorphismes t et ∇0, avec
t nilpotent, vérifiant la relation ∇0t− t∇0 = t. C’est la raison pour nous pour
introduire la catégorie qui suit : on fixe une clôture algébrique E de E et on se
donne un sous-ensemble S du groupe additif de E stable par Gal(E/E) et par
la translation α 7→ α + 1. On note CS,E la catégorie suivante :
– un objet est un E-espace vectoriel muni de deux endomorphismes ∇0 et t
vérifiant :
i) les valeurs-propres de ∇0 dans E sont dans S,
ii) l’endomorphisme t est nilpotent,
iii) on a ∇0t − t∇0 = t ;
– un morphisme est une application E-linéaire qui commute à ∇0 et t.

On obtient ainsi une catégorie abélienne E-linéaire. La sous-catégorie pleine
Cf

S,E de CS,E dont les objets sont ceux qui sont de dimension finie sur E
s’identifie à la sous-catégorie pleine de la catégorie des E[[t]]-modules de
longueur finie munis d’une connection ∇ dont les objets sont ceux pour lesquels
les valeurs propres de l’endomorphisme ∇0 du E-espace vectoriel sous-jacent
sont dans S.
Lorsque S est un sous-groupe de E, cette catégorie a une structure de catégorie
tannakienne neutre sur E :
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– le E-espace vectoriel sous-jacent au produit tensoriel X1⊗X2 de X1 et X2 est
le produit tensoriel des E-espaces vectoriels sous-jacents, avec ∇0(x1 ⊗ x2) =
∇0x1 ⊗ x2 + x1 ⊗∇0x2 et t(x1 ⊗ x2) = tx1 ⊗ x2 + x1 ⊗ tx2,

– le E-espace vectoriel sous-jacent au Hom interne Hom(X1,X2) de X1 et X2

est LE(X1,X2), avec ∇0(η)(x) = ∇0(η(x)) − η(∇0x) et t(η)(x) = t(η(x)) −
η(tx),

– l’objet unité est E avec ∇0 = t = 0.

On prendra garde que si X1 et X2 sont deux objets de Cf
S,E , le E[[t]]-module

sous-jacent à X1 ⊗ X2 (resp. Hom(X1,X2)) n’est pas isomorphe en général à
X1 ⊗E[[t]] X2 (resp. LE[[t]](X1,X2)).

Toujours lorsque S est un sous-groupe de E, la catégorie Cf
S,E est neutre et

s’identifie donc à la catégorie des représentations E-linéaires de dimension finie
du groupe pro-algébrique sur E qui est le groupe CS,E des ⊗-automorphismes

du foncteur fibre tautologique qui, à tout objet de Cf
S,E , associe le E-espace

vectoriel sous-jacent. La sous-catégorie pleine de Cf
S,E dont les objets sont ceux

sur lesquels t = 0 s’identifie à la catégorie des représentations E-linéaires de
dimension finie d’un quotient TS,E de CS,E . En écrivant ∇0 = ∇n

0 +∇ss
0 , avec

∇n
0∇ss

0 = ∇ss
0 ∇n

0 , ∇n
0 nilpotent et ∇ss

0 semi-simple, on peut identifier (cf. par
exemple [Fo00], §2.4) TS,E au produit du groupe additif sur E par le groupe de
type multiplicatif Tm

S,E dont le groupe des caractères HomE(Tm
S,E × E, Gm,E)

est S (avec l’action de Gal(E/E) induite par l’action sur E).

La projection de CS,E sur TS,E admet une section canonique : elle s’obtient en
associant à tout objet X de CS,E , la représentation de TS,E dont le E-espace
vectoriel sous-jacent est X muni de la même action de ∇0, mais ou l’on fait
agir t par 0.

Se donner une action du groupe additif Ga,E sur un E-espace vectoriel revient
à se donner un endomorphisme nilpotent de cet espace. L’action de t induit
ainsi une action de Ga,E sur tout objet X de CS,E , ce qui définit un morphisme
de Ga,E dans CS,E . On voit que ce morphisme identifie Ga,E au noyau de
la projection de CS,E sur TS,E , donc que CS,E est le produit semi-direct du
groupe pro-algébrique commutatif TS,E par le sous-groupe invariant Ga,E .

Pour voir l’action de TS,E sur Ga,E , on commence par vérifier que la relation
∇0t− t∇0 = t équivaut en fait à ∇n

0 t = t∇n
0 et ∇ss

0 t− t∇ss
0 = t. Ceci implique

que le sous-groupe de TS,E isomorphe à Ga,E opère trivialement sur Ga,E .

Soit HE le sous-groupe de GL2,E formé des matrices de la forme

(
0 1
a b

)
.

L’inclusion de Z dans S fournit un morphisme TS,E → Tm
S,E → Tm

Z,E = Gm,E

et on vérifie que CS,E s’identifie au produit fibré H ×Gm,E
TS,E .

Pour tout objet X de CS,E , notons X{−1} l’objet de CS,E qui a le même E-
espace vectoriel sous-jacent, avec la même action de t, la nouvelle action de ∇0

étant x 7→ (∇0 − 1)(x).
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PROPOSITION 2.3. — Soient E un corps de caractéristique 0 et E une clôture
algébrique de E. Soient S et S′ deux sous-ensembles de E stables par Gal(E/E)
et par la translation α 7→ α + 1.
i) Si X est un objet de CS,E, les Extn(E,X) s’identifient, canoniquement et
fonctoriellement, aux groupes de cohomologie du complexe

(CX) X
d0

−→X{−1} ⊕ X
d1

−→X{−1} → 0 → 0 → 0 . . .

où le premier terme est placé en degré 0, d0(x) = (tx,∇0x) et d1(y, z) =
tz −∇0y.
ii) Si S ⊂ S′ et si X1 et X2 sont deux objets de CS,E, l’application naturelle
Extn

CS,E
(X1,X2) → Extn

CS′,E
(X1,X2) est bijective pour tout n ∈ N.

iii) Si S ∩ S′ = ∅, si X est un objet de CS,E et X ′ un objet de CS′,E, on a
Extn

CS∪S′,E
(X,X ′) = 0 pour tout n.

iv) Si S est un sous-groupe de E et si X1 et X2 sont deux objets de Cf
S,E

et si n ∈ N, alors Extn
CS,E

(X1,X2) est un E-espace vectoriel de dimen-
sion finie, nul si n ≥ 3 qui s’identifie (canoniquement et fonctoriellement)
à Extn

CS,E
(E,Hom(X1,X2)).

En outre,
∑2

n=0(−1)n dimE Extn
CS,E

(X1,X2) = 0.

Preuve : Remarquons que les Extn
CS,E

(E,X) sont les foncteurs dérivés du fonc-
teur Γ : CS,E → VectE qui envoie X sur HomCS,E

(E,X). L’assertion (i) peut
alors se voir :
– soit en notant CS,t=0,E la sous-catégorie pleine de CS,E formée des objets sur
lesquels t = 0, en remarquant que Γ = Γ2 ◦ Γ1 où Γ1 : CS,E → CS,t=0,E est le
foncteur qui envoie X sur Xt=0 tandis que Γ2 est la restriction à CS,t=0,E de
Γ, et que le complexe (CX) est le complexe simple associé au complexe double

0 → X
t−→ X{−1} → 0 → . . . → 0 → . . .y ∇0

y ∇0

0 → X
t−→ X{−1} → 0 → . . . → 0 → . . .

– soit en remarquant que la correspondance X 7→ CX est un foncteur exact de
la catégorie CS,E dans la catégorie des complexes bornés à gauche de E-espaces
vectoriels, qui définit donc un δ-foncteur (ou foncteur cohomologique) dont le
H0 est ce que l’on veut et dont on vérifie facilement qu’il est effaçable.
Le fait que Extn

CS,E
(X1,X2) s’identifie à Extn

CS,E
(E,Hom(X1,X2)) est un

résultat standard valable dans n’importe quelle catégorie tannakienne. Les
autres assertions résultent immédiatement de (i).

Le groupe Gal(E/E)×Z agit sur le sous-ensemble S de E stable par Gal(E/E)
et par la translation α → α+1 (qui définit l’action du générateur 1 de Z sur S).
La proposition ci-dessous montre que, si O(S) désigne l’ensemble des orbites
de E sous l’action de Gal(E/E)×Z, on a une décomposition canonique de tout
objet X de CS,E

X = ⊕A∈O(S)X(A)
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où X(A) est le plus grand sous-objet de X pour lequel toutes les valeurs propres
de ∇0 sont dans A.

Pour tout objet X de CS,E et tout i ∈ Z, notons X(i) le sous-espace car-
actéristique correspondant à la valeur-propre i de ∇0. Il est muni d’une filtra-
tion croissante par des sous E-espaces vectoriels

0 = X(i,−1) ⊂ X(i,0) ⊂ . . . X(i,n−1) ⊂ X(i,n) ⊂ . . . ⊂ X(i)

définie inductivement en posant X(i,n) = {x ∈ X | ∇0(x)−ix ∈ X(i,n−1)}, pour

tout n ∈ N. Si X est dans Cf
S,E , on an a X(i) = X(i,n) pour n suffisamment

grand. L’assertion suivante est immédiate :

PROPOSITION 2.4. — Soit S un sous-ensemble de E contenant 0, stable par
Gal(E/E) et par la translation α → α + 1. Soit X un objet de Cf

S,E et soit
X(Z) =

∑
i∈Z X(i). Alors X(Z) est stable par ∇0 et t. C’est le plus grand sous-

objet de X qui est dans Cf
Z,E et c’est un facteur direct de X. Pour tout n ∈ N,

l’application naturelle Extn
CS,E

(E,X(Z)) → Extn
CS,E

(E,X) est un isomorphisme

Remarquons également que le complexe (CX(Z)
) se décompose en une somme

directe de complexes

(CX,i) X(i) → X(i+1) ⊕ X(i) → X(i+1) → 0 → 0 → 0 . . .

avec d0(x) = (tx,∇0(x)) et d1(y, z) = tz − (∇0 − 1)(y).

PROPOSITION 2.5. — Soit X un objet de CS,E.
i) Les Extn

CS,E
(E,X) s’identifient canoniquement et fonctoriellement aux

groupes de cohomologie du complexe

(CX,0) X(0) → X(1) ⊕ X(0) → X(1) → 0 → 0 → 0 . . .

(avec d0(x) = (tx,∇0(x)) et d1(y, z) = tz − (∇0 − 1)(y)).
ii) Soit E′ l’objet de CS,E dont le E-espace vectoriel sous-jacent est E lui-
même, avec t = 0 et ∇0 = idE. Alors Ext2CS,E

(E,E′) est un E-espace vectoriel
de dimension 1 et, pour 0 ≤ n ≤ 2, le cup-produit induit une dualité parfaite

Extn
CS,E

(E,X) × Ext2−n
CS,E

(X,E′) → Ext2CS,E
(E,E′)

Preuve : L’assertion (i) résulte de ce que, pour i 6= 0, le complexe CX,i est
acyclique puisque ∇0 est bijectif sur X(i) et ∇0 − 1 est bijectif sur X(i+1).

Compte-tenu de (i), le fait que Ext2CS,E
(E,E′) est de dimension 1 est immédiat.

Le reste de l’assertion (ii) résulte de ce que, si X ′ = Hom(X,E′), le complexe
CX′,0 s’identifie au dual, convenablement décalé, du complexe CX,0.
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Soit ε ∈ H1(CX,0). Il est facile de décrire explicitement une extension Y de
E par X dont la classe est ε : si (b, c) ∈ Z1(CX,0) représente ε, alors, en tant
que E-espace vectoriel Y = X ⊕ E. Si (x, λ) ∈ Y , on a t(x, λ) = (tx + λb, 0)
et ∇0(x, λ) = (∇0(x) + λc, 0). En particulier, on voit que cette extension est
scindée, en tant que suite exacte de E[[t]]-modules, si et seulement si l’on peut
choisir le représentant (b, c) pour que b = 0.

Si X1 et X2 sont des objets de Cf
S,E , on note Ext1CS,E ,0(X1,X2) le sous-

E-espace vectoriel de Ext1CS,E
(X1,X2) qui classifie les extensions de X1 par

X2 qui sont scindées en tant qu’extensions de E[[t]]-modules. Rappelons
que le E[[t]]-module sous-jacent à Hom(X1,X2) ne s’identifie pas en général
à LE[[t]](X1,X2). Cependant, on vérifie sans peine que lorsque l’on iden-

tifie Ext1CS,E
(X1,X2) à Ext1CS,E

(E,Hom(X1,X2)), le sous-E-espace vectoriel

Ext1CS,E ,(X1,X2) s’identifie à Ext1CS,E ,0(E,Hom(X1,X2)). Le calcul de ce Ext1

se ramène donc au calcul de Ext1CS,E ,0(E,X) pour X objet de Cf
S,E . Mais ce

qu’on vient de faire nous montre que, si X(0),t=0 désigne le noyau de l’appli-
cation X(0) → X(1) induite par la multiplication par t, ce groupe s’identifie au
H1 du sous-complexe de CX,0

X(0),t=0
∇0−→X(0),t=0

On a donc :

PROPOSITION 2.6. — Soit X un objet de Cf
S,E. On a une suite exacte

0 → HomCS,E
(E,X) → X(0),t=0

∇0−→X(0),t=0 → Ext1CS,E ,0(E,X) → 0

et dimE Ext1CS,E ,0(E,X) = dimE HomCS,E
(E,X).

Le corps E((t)) des séries formelles en t à coefficients dans E a une structure
naturelle d’objet de CZ,E , avec ∇0(

∑
ait

i) =
∑

iait
i.Tout idéal fractionnaire

de E[[t]], en particulier E[[t]] lui-même, est stable par t et ∇0.

PROPOSITION 2.7. — Soit X un objet de Cf
S,E. On a une suite exacte

0 → HomCS,E
(E[[t]],X) → X(0)

∇0−→X(0) → Ext1CS,E
(E[[t]],X) → 0

En particulier les E-espaces vectoriels HomCS,E
(E[[t]],X) et Ext1CS,E

(E[[t]],X)
ont la même dimension finie et HomCS,E

(E[[t]],X) = X(0,0).

Preuve : Se donner une application E[[t]]-linéaire de E[[t]] dans X revient
à se donner l’image x de 1 dans X qui peut être n’importe quel élément.
L’application ainsi définie commute à ∇0 si et seulement si ∇0(x) = 0. D’où
HomCS,E

(E[[t]],X) = Ker (X(0)
∇0−→X(0)) = X(0,0).
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Soit Y une extension de E[[t]] par X. L’élément 1 ∈ E[[t]] est dans le sous-
espace propre associé à la valeur-propre 0 de ∇0 et on peut choisir un relèvement
e de 1 dans le sous-espace caractéristique de Y associé à la valeur propre 0. On
doit avoir a = ∇0(e) ∈ X(0). Si l’on change le relèvement de 1 en choisissant
e′ = e + x, avec x ∈ X(0), on a ∇0(e

′) = a + ∇0(x) et l’image de a dans
Coker (X(0)

∇0−→X(0)) ne dépend pas du choix du relèvement. On a ainsi défini

une application de Ext1CS,E
(E[[t]],X) dans ce conoyau. On vérifie sans peine

que c’est un isomorphisme.

PROPOSITION 2.8. — Soit X un objet de Cf
S,E. Notons X(−1) le plus

grand quotient de X(−1) sur lequel l’action de ∇0 est semi-simple. Alors
HomCS,E

(X,E((t))/E[[t]]) s’identifie au E-espace vectoriel des applications E-

linéaires de X(−1) dans le sous-E-espace vectoriel de E((t))/E[[t]] engendré
par l’image de t−1. C’est un E-espace vectoriel de dimension finie égale à celle
de X(−1,0).

Preuve : La deuxième assertion résulte de la première puisqu’alors la dimension
de HomCS,E

(X,E((t))/E[[t]]) est égale à celle du plus grand quotient de X(−1)

sur lequel l’action de ∇0 est semi-simple et que cette dimension est aussi celle
du sous-espace propre associé à la valeur propre −1.
Montrons la première assertion. Comme les valeurs propres de ∇0 agissant sur
E((t))/E[[t]] sont dans Z, on a

HomCS,E
(X,E((t))/E[[t]]) = HomCS,E

(XZ, E((t))/E[[t]])

et on peut supposer que X = X(Z). Comme l’action de ∇0 sur E((t))/E[[t]]
est semi-simple, tout morphisme de X dans E((t))/E[[t]] se factorise à travers
le plus grand quotient de X sur lequel l’action de ∇0 est semi-simple ; on peut
donc supposer que l’action de ∇0 sur X est semi-simple et écrire X = ⊕i∈ZX(i),
où les X(i) sont des E-espaces vectoriels de dimension finie presque tous nuls,
∇0 étant la multiplication par i dans X(i) et t étant une application E-linéaire
qui envoie X(i) dans X(i+1).
Pour tout m ∈ Z, FmX = ⊕i≥mX(i) est un sous-objet de X. Les (FmX)m∈Z

définissent une filtration décroissante, exhaustive et séparée de X par des sous-
objets de CS,E . Pour tout m, le quotient FmX/Fm+1X s’identifie à X(m), avec
∇0 = la multiplication par m et t = 0.
Par dévissage, il suffit d’établir le lemme suivant :

LEMME 2.9. — Soit m ∈ Z et soit X un E-espace vectoriel de dimension finie,
muni d’une structure d’objet de CS,E définie par ∇0(x) = mx et tx = 0, pour
tout x ∈ X.
i) Si m = −1, alors HomCS,E

(X,E((t))/E[[t]]) s’identifie au E-espace vecto-
riel des applications E-linéaires de X dans le E-espace vectoriel engendré par
l’image t−1 de t−1 dans E((t))/E[[t]]),
ii) si m 6= −1, on a HomCS,E

(X,E((t))/E[[t]]) = 0,

iii) si m 6= 0, on a Ext1CS,E
(X,E((t))/E[[t]]) = 0.

Documenta Mathematica · Extra Volume Kato (2003) 285–385



304 Jean-Marc Fontaine

Preuve : On voit que le noyau de t dans E((t))/E[[t]] est aussi le sous-espace
propre associé à la valeur-propre −1 et que c’est le E-espace vectoriel de di-
mension 1 de base t−1. Les assertions (i) et (ii) sont alors évidentes.
Soit maintenant Y un objet de CS,E , extension de E((t))/E[[t]] par X. Pour
tout entier r ≥ 1, soit Zr le sous E[[t]]-module de E((t))/E[[t]] engendré par
l’image t−r de t−r et soit Yr l’image inverse de Zr dans Y . Alors Y est la réunion
croissante des Yr et il suffit de vérifier que, pour tout entier r > sup{0,−m},
la suite

0 → X → Yr → Zr → 0

admet un unique scindage. Comme ∇0(t−r) = −rt−r et, comme −r n’est pas
valeur-propre de ∇0 agissant sur X, il existe un unique relèvement e−r de t−r

dans Yr tel que ∇0(e−r) = −re−r et il suffit de vérifier que trer = 0. A priori,
on a tre−r = x ∈ X, mais on doit avoir ∇0(t

re−r) = rtre−r + tr∇0(e−r) = 0,
ce qui implique x=0 puisque ∇0(x) = mx est différent de 0 si x 6= 0. D’où
(iii).

2.3 – Petites représentations

Soit C une catégorie abélienne. Une sous-catégorie épaisse de C est une sous-
catégorie pleine stable par sous-objet, quotient, somme directe (c’est donc en-
core une catégorie abélienne) et extension.
Pour tout sous-groupe S de K stable sous l’action de GK , introduisons la sous-
catégorie pleine RepB+

dR
,S(GK) de RepB+

dR
(GK) dont les objets sont les W tels

que les valeurs-propres de ∇0 - vu comme un endomorphisme du K∞-espace
vectoriel sous-jacent à W f - sont dans S. C’est une sous-catégorie tannakienne
épaisse de RepB+

dR
(GK).

Soit OK l’anneau des entiers de K. On dit qu’un élément α ∈ K est K-petit s’il
est dans K et si α log χ(g) ∈ 2pOK pour tout g ∈ GK . Les éléments K-petits
forment un idéal fractionnaire aK de l’anneau des entiers OK de K contenant
OK . On dit qu’une B+

dR-représentation W de GK est petite si c’est un objet
de RepB+

dR
,aK

(GK). Pour tout α ∈ K, il existe une extension finie L de K

contenue dans K telle que α est L-petit ; pour toute extension finie L′ de L
contenue dans K, α est alors a fortiori L′-petit.
Soit X un objet de la catégorie Cf

aK ,K . L’endomorphisme t permet de mu-
nir le K-espace vectoriel sous-jacent à X d’une structure de K[[t]]-module de
longueur finie. On fait agir GK sur X via son quotient ΓK en posant, pour
tout γ ∈ ΓK et tout x ∈ X,

γ(x) = exp(log χ(γ).∇0)(x)

Cette action est semi-linéaire relativement à l’action naturelle de ΓK sur K[[t]],
ce qui nous permet, par extension des scalaires, de munir le B+

dR-module de
type fini RdR(X) = B+

dR ⊗K[[t]] X d’une action de GK qui en fait une B+
dR-

représentation de GK . On peut considérer la correspondance RdR comme un
foncteur de Cf

aK ,K dans RepB+
dR

(GK).
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PROPOSITION 2.10. — Le foncteur RdR : Cf
aK ,K → RepB+

dR
(GK) est pleinement

fidèle et son image essentielle est la catégorie RepB+
dR

,aK
(GK) des petites B+

dR-

représentations de GK .

Preuve : Pour tout objet X de Cf
aK ,K , il est clair que X ⊂ (RdR(X))f et on en

déduit que (RdR(X))f s’identifie à K∞[[t]]⊗K[[t]] X = K∞⊗K X, l’application

∇0 sur (RdR(X))f étant l’extension par K∞-linéarité de l’application ∇0 sur
X. En particulier, RdR(X) est un objet de RepB+

dR
,aK

(GK).

LEMME 2.11. — Soit W un objet de RepB+
dR

,aK
(GK), ∇0 le K∞-endo-

morphisme de W f qui lui est associé (cf. prop.2.2) et soit

W f
K = {x ∈ W f | γ(x) = exp(log χ(γ).∇0)(x), pour tout γ ∈ ΓK} .

L’application K∞-linéaire K∞ ⊗K W f
K = K∞[[t]] ⊗K[[t]] W f

K → W f , déduite

par extension des scalaires de l’inclusion de W f
K dans W f , est un isomorphisme

Le lemme implique la proposition puisqu’on voit que le foncteur W 7→ W f
K est

un quasi-inverse du foncteur RdR.

Prouvons le lemme : Soient d’abord W une B+
dR-représentation arbitraire

et δ ∈ ΓK . Si y ∈ W f et si γ ∈ ΓK est suffisamment petit, on a
γ(y) = δγδ−1(y) = δ(exp(log χ(γ).∇0)(δ

−1(y))) = exp(log χ(γ).δ∇0δ
−1)(y).

L’unicité de ∇0 implique donc que ∇0δ = δ∇0.
Supposons maintenant que W est un objet de RepB+

dR
,aK

(GK). Soient

y1, y2, . . . , yh des éléments de W f qui l’engendrent en tant que K∞[[t]]-module.
Pour chaque yi, choisissons un ΓK,yi

comme dans la proposition 2.2, soit Γ′
K

l’intersection des ΓK,yi
et K ′ = K

Γ′
K∞ .

Soient pn = (ΓK : Γ′
K) et γ0 un générateur topologique de ΓK , de sorte que

a) le corps K ′ est l’unique extension de degré pn de K contenue dans K∞,

b) tout élément de ΓK s’écrit d’une manière et d’une seule sous la forme γ
τ(γ)
0

avec τ(γ) ∈ Zp,
c) si γ ∈ ΓK , alors γ ∈ Γ′

K si et seulement si pn divise τ(γ).
Pour 1 ≤ i ≤ h et tout γ ∈ Γ′

K , on a γ(yi) = exp(log χ(γ).∇0)(yi). Soit X ′ le
sous-K ′[[t]]-module de W f engendré par les γm

0 yi, pour 0 ≤ m < pn et 1 ≤ i ≤
h. C’est un sous-K ′-espace vectoriel de dimension finie de W f stable par ΓK .
Comme δ∇0 = ∇0δ, pour tout δ ∈ ΓK , on a γ(x) = exp(log χ(γ).∇0)(x) pour
tout γ ∈ Γ′

K et tout x ∈ X ′.
Par construction, X ′ contient une base {e1, e2, . . . , ed} de W f sur K∞. Si

x ∈ W f , on peut écrire x =
∑d

i=1 aiei, avec les ai ∈ K∞. Pour tout γ ∈ Γ′
K ,

on a γ(x) =
∑

γ(ai)γ(ei) ; si x ∈ X ′, on a aussi γ(x) =
∑

aiγ(ei), d’où on
déduit que ai ∈ K ′ pour tout i ; donc {e1, e2, . . . , ed} est aussi une base de X ′

sur K ′ et l’application naturelle

K∞[[t]] ⊗K′[[t]] X ′ = K∞ ⊗K′ X ′ → W f
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est un isomorphisme.
Considérons l’automorphisme η = exp(log χ(γ0).∇0) du K ′-espace vectoriel X ′.
Pour tout γ ∈ ΓK , on a η ◦ γ = γ ◦ η
Pour tout γ ∈ ΓK , notons ρ(γ) ∈ GLd(K

′) la matrice dont la j-ième colonne
est formée des composantes de γ(ej) sur la base {e1, e2, . . . , ed}. Cette matrice
commute avec la matrice A de l’endomorphisme η dans la même base. Si, pour
tout γ ∈ ΓK , on pose ρ0(γ) = ρ(γ)A−τ(γ), on voit que ρ0(γ) ne dépend que de
l’image de γ dans Gal(K ′/K) et que l’application de Gal(K ′/K) dans GLd(K

′)
ainsi définie est un 1-cocycle. La trivialité de H1(Gal(K ′/K), GLd(K

′)) im-
plique que, quitte à changer la base, on peut supposer que ρ0 = 1. Mais alors
les ej sont dans W f

K et le même argument que celui que l’on a utilisé pour
prouver qu’ils forment une base de X ′ sur K ′ montre qu’ils forment aussi une
base de W f

K sur K. Le lemme en résulte.

Soit OK l’anneau des entiers de K. Pour tout α ∈ K qui est K-petit,
on note χ(α) : GK → O∗

K l’homomorphisme continu défini par χ(α)(g) =
exp(α log(χ(g)). On note OK{α} le OK-module libre de rang 1 qui est OK

lui-même sur lequel on fait agir GK via le caractère χ(α). Enfin pour tout
OK-module M muni d’une action OK-linéaire de GK , on pose M{α} =
M ⊗OK

OK{α}. Pour tout i ∈ Z, χi = χ(i)(ω)i, où ω : GK → Z∗
p est le

caractère d’ordre fini qui donne l’action de GK sur les racines 2p-ièmes de 1 ;
il en résulte que C{i} est isomorphe, non canoniquement, à C(i).
Si α est K-petit, comme C{α} est de dimension 1 sur C, C{α} est un objet
simple de la catégorie des B+

dR-représentations ; comme l’opérateur ∇0(W ) est
la multiplication par α, C{α} est une petite B+

dR-représentation.

PROPOSITION 2.12. — L’application qui à α ∈ aK associe la classe d’isomor-
phisme de C{α} définit une bijection de l’ensemble des éléments K-petits sur
celui des classes d’isomorphismes d’objets simples de la catégorie des petites
B+

dR-représentations de GK .

Preuve : C’est une conséquence immédiate de la proposition précédente.

Remarque : Notons aK l’ensemble des orbites de aK sous l’action de Z (où 1
agit par la translation α → α+1). La décomposition canonique de tout objet de
CS,E en somme directe indexée par les orbites de S sous l’action de Gal(E/E)
induit, via le foncteur RdR, lorsque l’on prend S = aK , une décomposition
canonique de toute petite représentation

W = ⊕A∈aK
WA

où (avec les notations du lemme 2.11) WA = RdR((W f
K)(A)) est la plus grande

sous-B+
dR-représentation de W telle que les valeurs propres de ∇0 sur WA)f

sont dans A. En particulier WZ correspond à la plus grande représentation
pour laquelle les valeurs-propres de ∇0 sont dans Z.
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2.4 – Changement de base

Soit L une extension finie de K (la discussion qui suit reste valable en rem-
plaçant K par n’importe quel corps). Soit C une catégorie tannakienne sur K.
Rappelons (cf. par exemple [DM82], p.155) que l’on peut définir la catégorie
tannakienne CL sur L déduite de C par l’extension des scalaires K → L : Un
objet de CL peut être vu comme un couple (X, ρ) formé d’un objet X de C et
d’un homomorphisme de K-algèbres ρ : L → EndC(X) ; les morphismes sont
les morphismes des objets de C sous-jacents qui sont L-linéaires. La structure
tannakienne se définit facilement ; on peut fabriquer l’objet-unité (1CL

, ρ0) de
CL en prenant 1CL

= (1C)d où d = [L : K] et pour ρ0 : L → Md(K), anneau des
matrices carrées à d lignes et d colonnes à coefficients dans K, un plongement
arbitraire. Le foncteur de restriction des scalaires

Res : CL → C

est le foncteur qui envoie (X, ρ) sur X. C’est un foncteur additif exact et fidèle
qui a un adjoint à gauche, le foncteur d’extension des scalaires

Ext : C → CL

qui envoie W sur WL = (1CL
⊗ X, ρ0 ⊗ id).

Si X et Y sont deux objets de C, pour tout i ∈ N, l’application naturelle
L ⊗K Exti

C(X,Y ) → Exti
CL

(XL, YL) est un isomorphisme. Lorsque l’extension

L/K est galoisienne, le groupe Gal(L/K) agit sur Exti
CL

(XL, YL) et Exti
C(X,Y )

s’identifie à Exti
CL

(XL, YL)Gal(L/K).

Notons B+
dR[GK ] le B+

dR-module libre de base les g ∈ GK . On le munit d’une
structure d’anneau non commutatif contenant B+

dR en décrétant que la multi-
plication de deux éléments de GK est celle qui est donnée par la loi de groupe
et que g.b = g(b).g, si b ∈ B+

dR et g ∈ GK (ce n’est donc pas l’algèbre de
groupe usuelle, l’anneau B+

dR n’est pas contenu dans le centre de B+
dR[GK ]).

La catégorie des B+
dR-représentations de GK s’identifie, de manière évidente à

une sous-catégorie pleine de la catégorie des B+
dR[GK ]-modules à gauche.

Soit L une extension finie de K contenue dans K. L’anneau B+
dR[GL] s’identifie

à un sous-anneau de B+
dR[GK ]. La restriction des scalaires de B+

dR[GL] à
B+

dR[GK ] et l’extension des scalaires dans l’autre sens induisent des foncteurs
adjoints à gauche l’un de l’autre

RL
K : RepB+

dR
(GK) → RepB+

dR
(GL) et IK

L : RepB+
dR

(GL) → RepB+
dR

(GK)

On remarque que, si g1, g2, . . . , gd désigne un système de représentants des
classes à gauche de GK suivant GL, et si X est un B+

dR[GL]-module à gauche,
tout élément de IK

L X = B+
dR[GK ] ⊗B+

dR
[GL] X s’écrit d’une manière et d’une

seule sous la forme
∑d

i=1 gi ⊗ xi avec les xi ∈ X.
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Soit RepB+
dR

(GK)L la catégorie déduite de RepB+
dR

(GK) par l’extension des

scalaires K → L. On dispose de foncteurs

ΦL/K : RepB+
dR

(GK)L→RepB+
dR

(GL) et ΨL/K : RepB+
dR

(GL)→RepB+
dR

(GK)L

Si (W,ρ) est un objet de RepB+
dR

(GK)L, ΦL/K(W,ρ) est le plus grand sous-

B+
dR-module de W sur lequel les deux structures données de L-espace vectoriel

cöıncident :

ΦL/K(W,ρ) = {w ∈ W | ρ(λ)(w) = λw pour tout λ ∈ L}

qui est bien sûr stable par GL. Si X est un objet de RepB+
dR

(GL), alors

ΨL/K(X) = (IL/KX, ρ), avec ρ(λ)(
∑

gi ⊗ xi) =
∑

gi ⊗ λxi.

PROPOSITION 2.13. — Le foncteur ΦL/K : RepB+
dR

(GK)L → RepB+
dR

(GL)

induit une ⊗-équivalence entre ces deux catégories tannakiennes et ΨL/K :
RepB+

dR
(GL) → RepB+

dR
(GK)L est un quasi-inverse.

Preuve : C’est immédiat.

Remarque : Dans cette correspondance, l’extension des scalaires correspond à la
restriction de l’action du groupe de Galois tandis que la restriction des scalaires
correspond à l’induction : on a des identifications évidentes de foncteurs

ΦL/K ◦ Ext = RL
K et Res ◦ ΨL/K = IK

L

COROLLAIRE. — Soit L une extension finie galoisienne de GK . Soient W ′ et
W ′′ deux B+

dR-représentations de GK . Pour tout i ∈ N, Exti
B+

dR
[GK ]

(W ′′,W ′)

s’identifie à (Exti
B+

dR
[GL]

(W ′′,W ′))Gal(L/K) ; on a

dimK Exti
B+

dR
[GK ]

(W ′′,W ′) = dimL Exti
B+

dR
[GL]

(W ′′,W ′).

Preuve : Par définition, Exti
B+

dR
[GL]

(W ′′,W ′) = Exti
B+

dR
[GL]

(RL
KW ′′, RL

KW ′).

D’où, avec des notations évidentes,

Exti
B+

dR
[GL]

(W ′′,W ′) = Exti
B+

dR
[GL]

(ΦL/K(Ext(W ′′)),ΦL/K(Ext(W ′))) =

Exti
B+

dR
[GK ]L

(Ext(W ′′),Ext(W ′)) = L ⊗K Exti
B+

dR
[GK ]

(W ′′,W ′)

et la proposition s’en déduit.

2.5 – Calcul des Extn dans la catégorie des B+
dR-représentations

Soit W une BdR-représentation. Pour tout i ∈ Z, posons W(i,−1) = 0, et
définissons inductivement, pour tout n ∈ N le K-espace vectoriel W(i,n) par

W(i,n) = {w ∈ W | g(x) − χ(i)(g)(x) ∈ W(i,n−1) pour tout g ∈ GK}
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Posons aussi W(i) = ∪n∈NW(i,n). On voit tout de suite que l’application na-
turelle de K∞ ⊗K W(i) dans W est injective et identifie K∞ ⊗K W(i) (resp.

K∞ ⊗K W(i,0)) au sous-espace caractéristique (resp. propre) de W f associé à
la valeur-propre i. En particulier W(Z) = ⊕i∈ZW(i) a une structure naturelle

d’objet de la catégorie Cf
Z,K et, avec les notations du §2.2, on a (WZ)(i) = W(i)

et (WZ)(i,n) = W(i,n) ; la B+
dR-représentation RdR(W(Z)) = B+

dR ⊗K[[t]] W(Z)

s’identifie à la plus grande sous-représentation de W qui est dans l’image essen-
tielle de la restriction à Cf

Z,K du foncteur RdR ; c’est un facteur direct de W .

Remarque : On peut trouver plus naturel de considérer les sous-K-espaces vec-
toriels Wi,n pour i ∈ Z et n ≥ −1 définis inductivement par Wi,−1 = 0 et
Wi,n = {w ∈ W | g(x) − χi(g)(x) ∈ Wi,n−1 pour tout g ∈ GK}. Si πt, est
comme au §2.1, de sorte que t = πtt, on voit que Wi,n = πi

t.W(i,n) et Wi =
πi

tW(i) ; en particulier, dimK Wi,n = dimK W(i,n) et dimK Wi = dimK W(i). Si

WZ = ⊕i∈ZWi, WZ est un sous-K[[t]]-module de B+
dR stable par GK et l’ap-

plication naturelle B+
dR ⊗K[[t]] WZ → W est injective et a même image que

B+
dR ⊗K[[t]] W(Z). On observe que Wi n’est fixe par HK = Gal(K/K∞) que si

et seulement si Wi = W(i), ce qui équivaut à πi
t ∈ K.

Si W1 et W2 sont des B+
dR-représentations, on note Ext1

B+
dR

[GK ],0
(W1,W2) le

sous-groupe de Ext1
B+

dR
[GK ]

(W1,W2) qui classifie les extensions qui sont scindées

en tant qu’extensions de B+
dR-modules.

THÉORÈME 2.14. — A) Soient W1 et W2 deux B+
dR-représentations. Les K-

espaces vectoriels Exti
B+

dR
[GK ]

(W1,W2) sont de dimension finie, nuls pour i ≥ 3

et
2∑

i=0

(−1)i dimK Exti
B+

dR
[GK ]

(W1,W2) = 0 .

B) Soit γ0 un générateur topologique de ΓK = Gal(K∞/K) et soit W une
B+

dR-représentation.
i) Les Extn

B+
dR

[GK ]
(C,W ) s’identifient, canoniquement et fonctoriellement, aux

groupes de cohomologie du complexe

W(0) → W(1) ⊕ W(0) → W(1) → 0 → 0 . . .

avec d0(x) = (tx, (γ0 − 1)(x)) et d1(y, z) = tz − (χ(−1)(γ0)γ0 − 1)(y) ;
ii) on a une suite exacte

0 → HomB+
dR

[GK ](C,W ) → W(0),t=0
γ0−1−−→W(0),t=0 → Ext1

B+
dR

[GK ],0
(C,W ) → 0

En particulier, HomB+
dR

[GK ](C,W ) et Ext1
B+

dR
[GK ],0

(C,W ) sont des K-espaces

vectoriels de même dimension finie égale à celle du noyau de la multiplication
par t sur W(0,0) ;
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iii) on a une suite exacte

0 → HomB+
dR

[GK ](B
+
dR,W ) → W(0)

γ0−1−−→W(0) → Ext1
B+

dR
[GK ]

(B+
dR,W ) → 0

En particulier HomB+
dR

[GK ](B
+
dR,W ) = W(0,0) et Ext1

B+
dR

[GK ]
(B+

dR,W ) est un

K-espace vectoriel de dimension finie égale à celle de W(0,0) ;

iv) le K-espace vectoriel HomB+
dR

[GK ](W,BdR/B+
dR) s’identifie au dual du plus

grand quotient de W(−1) sur lequel l’action de ∇0 est semi-simple ; il est de
dimenson finie égale à celle de W(−1,0).

Preuve : On peut (cor. à la prop.2.13) remplacer K par une extension finie
galoisienne, ce qui nous permet de supposer que les B+

dR-représentations qui
interviennent sont petites. Comme la catégorie des petites représentations
est une sous-catégorie épaisse de celle de toutes les B+

dR-représentations, on

peut calculer les Exti dans la catégorie des petites représentations et utiliser
l’équivalence entre cette catégorie et Cf

aK ,K (prop.2.10).

Montrons (B i). Si W = RdR(X), d’après la proposition 2.5, les Exti
CS,E

(C,W )
sont les groupes de cohomologie du complexe

(CX,0) X(0) → X(1) ⊕ X(0) → X(1) → 0 → 0 → 0 . . .

les différentielles étant x 7→ (tx,∇0(x)) et (y, z) 7→ tz − (∇0 − 1)(y)) que l’on
peut réécrire x 7→ (tx,Nx) et (y, z) 7→ tz − Ny, si l’on pose N = ∇0 sur W(0)

et N = ∇0 − 1 sur W(−1). On remarque que N est nilpotent sur chacun de ces
deux K-espaces vectoriels. On remarque aussi que W(0) = X(0) et W(1) = X(1).
Choisissons un relèvement g0 ∈ GK de γ0 et posons c = log χ(g0). C’est
un élément non nul de l’idéal de Zp engendré par 2p qui ne dépend pas du
choix du relèvement. Sur W(0) comme sur W(1), on a exp(cN) = Nu, où

u = c + c2

2! N + c3

3! N
2 + . . . + cn

n! N
n−1 + . . . est un automorphisme qui commute

à N . On a aussi (tN)(x) = (Nt)(x) pour tout x ∈ W(0).
Sur W(0), on a (γ0 − 1)(x) = exp(cN)(x) − x = Nu(x) ; sur W(1), on a

(χ(−1)(γ0)γ0 − 1)(y) = (exp(−c) exp(c(id + N)(y) − y = Nu(y). On a alors un
diagramme commutatif de complexes

X(0) → X(1) ⊕ X(0) → X(1) → 0 → 0 . . .
↓ ↓ ↓ ↓ ↓

W(0) → W(1) ⊕ W(0) → W(1) → 0 → 0 . . .

où les flèches verticales sont successivement a 7→ a, (b, c) 7→ (b, u(c)) et d 7→
u(d). Comme ce sont des isomorphismes, ces deux complexes sont isomorphes.
D’où (B i).
De la même manière, les assertions (B ii), (B iii) et (B iv) sont la traduction
dans le langage des B+

dR-représentations des propositions 2.6, 2.7 et 2.8.
Comme C est l’objet-unité de la catégorie tannakienne RepB+

dR
(GK), le K-es-

pace vectoriel Exti
B+

dR
[GK ]

(W1,W2) s’identifie à Exti
B+

dR
[GK ]

(C,Hom(W1,W2))
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(attention c’est le hom interne pour la structure tannakienne déduite par trans-

port de structure de celle de Cf
aK ,K) et l’assertion (A) résulte de (B i).

Rappelons que Bm = B+
dR/tmB+

dR = B+
dR/tmB+

dR. On a B0 = 0, B1 = C et
pour tout m une suite exacte

0 → Bm(1) → Bm+1 → C → 0

En particulier B2 est une extension de C par C(1). On remarque que
la B+

dR-représentation Bm est indécomposable (c’est déjà un B+
dR-module

indécomposable), que (Bm)f = K∞[[t]]/tm et que les valeurs propres de ∇0

sont les entiers i vérifiant 0 ≤ i ≤ m−1, (Bm)(i,0) = (Bm)(i) étant le K-espace
vectoriel de dimension 1 engendré par l’image de ti.
Notons Zp[log t] l’anneau des polynômes à coefficients dans Zp en une indé-
terminée log t. On munit cet anneau d’une action de GK compatible avec sa
structure de Zp-algèbre en posant g(log t) = log(χ(g)) + log t. Cette action
se factorise à travers ΓK = Gal(K∞/K). Remarquons que cet anneau peut
être défini intrinsèquement : si t′ = at, avec a une unité p-adique, on identifie
Zp[log t] à Zp[log t′] en posant log t′ = log a + log t. Remarquons aussi que si

l’on prolonge le logarithme à K
∗

en convenant que log p = 0, on peut identifier
log t à log t (on a t = πtt et log(πt) = 0). Pour tout m ∈ N, on note Tm

le sous-Zp-module de Zp[log t] formé des polynômes de degré < m. On pose
Cm = C ⊗Zp

Tm. C’est donc une C-représentation de dimension m.
On voit que (Cm)f s’identifie à K∞ ⊗Zp

Tm, que la seule valeur-propre de ∇0

est 0 (en particulier Cm est une petite représentation) et (Cm)(0) = K ⊗Zp
Tm,

l’opérateur ∇0 étant la dérivation par rapport à log t. En particuler Cm est
indécomposable.
Pour tout m ∈ N, on a une suite exacte

0 → Cm → Cm+1 → C → 0

la projection de Cm+1 sur C étant l’application
∑m

i=0 ci(log t)i 7→ cm.

PROPOSITION 2.15. — Soit W un objet simple de la catégorie des B+
dR-repré-

sentations.
A – On a Ext1C[GK ](C,W ) = Ext1

B+
dR

[GK ]
(C,W ) = 0 sauf si l’on est dans l’un

des deux cas suivants (qui s’excluent mutuellement) :
i) W ' C ; alors Ext1C[GK ](C,C) = Ext1

B+
dR

[GK ]
(C,C) est un K-espace vectoriel

de dimension 1, avec pour base la classe de C2 = C ⊕ C log t.
ii) W ' C(1) ; alors Ext1C[GK ](C,C(1)) = 0 et Ext1

B+
dR

[GK ]
(C,C(1)) est un

K-espace vectoriel de dimension 1, avec pour base la classe de B2.
B – On a Ext2

B+
dR

[GK ]
(C,W ) = 0 sauf si W ' C(1) ; alors Ext2

B+
dR

[GK ]
(C,C(1))

est un K-espace vectoriel de dimension 1 admettant comme base la classe cfond

de la 2-extension
0 → C(1) → B2

d−→C2 → C → 0
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(où d est le composé de la projection canonique de B2 sur C avec l’inclusion
de C dans C2). La classe de

0 → C(1) → C2(1)
d′

−→B2 → C → 0

(où d′ est le composé de la projection canonique de C2(1) sur C(1) avec
l’inclusion de C(1) dans B2) est −cfond.

Preuve : On a W(0) = 0 sauf si W ' C et W(1) = 0 sauf si W ' C(1).
L’assertion (B) du théorème précédent implique donc que Extn

B+
dR

[GK ]
(C,W ) =

0 pour tout n ∈ N si W n’est ni isomorphe à C, ni isomorphe à C(1). Comme
Ext1C[GK ](C,W ) ⊂ Ext1

B+
dR

[GK ]
(C,W ), on a aussi Ext1C[GK ](C,W ) = 0.

Si W = C, les Extn
B+

dR
[GK ]

(C,C), sont les groupes de cohomologie du complexe

K
0−→K → 0 → 0 → . . .

Par conséquent, Ext2
B+

dR
[GK ]

(C,C) = 0 et Ext1
B+

dR
[GK ]

(C,C) est un K-espace

vectoriel de dimension 1. Comme l’extension

0 → C → C2 → C → 0

est non scindée, la classe de C2 engendre ce K-espace vectoriel. Comme
C2 est une C-représentation, cette classe appartient à Ext1C[GK ](C,C) et

Ext1C[GK ](C,C) = Ext1
B+

dR
[GK ]

(C,C).

Si W = C(1), l’assertion (B) du théorème 2.14 implique la nullité de
Ext1C[GK ](C,C(1)), tandis que les Extn

B+
dR

[GK ]
(C,C(1)), sont les groupes de

cohomologie du complexe

0 → K.t
0−→K.t → 0 → 0 → . . .

Les K-espaces vectoriels Ext1
B+

dR
[GK ]

(C,C(1)) et Ext2
B+

dR
[GK ]

(C,C(1)) sont donc

tous deux de dimension 1. Comme l’extension

0 → C(1) → B2 → C → 0

est non scindée, sa classe engendre Ext1
B+

dR
[GK ]

(C,C(1)).

Mais cette suite exacte induit la suite exacte

Ext1
B+

dR
[GK ]

(C,B2) → Ext1
B+

dR
[GK ]

(C,C) → Ext2
B+

dR
[GK ]

(C,C(1))

Or Ext1
B+

dR
[GK ]

(C,B2), premier groupe de cohomologie du complexe

K → Kt ⊕ K → Kt → 0 → 0 → . . .
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avec d0(x) = (xt, 0) et d1(y, z) = zt, est nul. L’application

Ext1
B+

dR
[GK ]

(C,C) → Ext2
B+

dR
[GK ]

(C,C(1))

est donc injective. La classe de C2 dans Ext1
B+

dR
[GK ]

(C,C) étant non nulle, elle

s’envoie sur un élément non nul de Ext2
B+

dR
[GK ]

(C,C(1)). C’est précisément
cfond.

Notons θ : B2 → C la projection canonique. Posons B2,2 = B2 ⊗Zp
T2, de sorte

que tout élément de B2,2 s’écrit de manière unique sous la forme b0+b1 log t avec
b0, b1 ∈ B2 et que C2(1) s’identifie à la sous-B+

dR-représentation de B2,2 formée
des éléments qui peuvent s’écrire sous la forme c0t + c1t log t, avec c0, c1 ∈ C.
On définit des applications

α : B2 ⊕ C2(1) → B2 par α(b, c0t + c1t log t) = b + c1t
α′ : B2 ⊕ C2(1) → C2(1) par α′(b, c0t + c1t log t) = c0t + c1t log t

β : B2,2 → C2 par β(b0 + b1 log t) = θ(b0) + θ(b1) log t
β′ : B2,2 → B2 par β′(b0 + b1 log t) = b1

d−1 : C(1) → B2 ⊕ C2(1) par d−1(ct) = (ct,−ct)
d0 : B2 ⊕ C2(1) → B2,2 par d0(b, c0t + c1t log t) = b + c0t + c1 log t

d1 : B2,2 → C par d1(b0 + b1 log t) = θ(b1)

On vérifie que le diagramme

0 → C(1) → B2 → C2 → C → 0

‖
x α

x β ‖
0 → C(1)

d−1

−→ B2 ⊕ C2(1)
d0

−→ B2,2
d1

−→ C → 0y −id

y α′

y β′ ‖
0 → C(1) → C2(1) → B2 → C → 0

dont les lignes sont exactes, est commutatif. La dernière assertion de la propo-
sition en résulte.

Pour toute B+
dR-représentation W , on a

Ext2
B+

dR
[GK ]

(W,W (1)) = Ext2
B+

dR
[GK ]

(C,Hom(W,W (1))

(où Hom(W,W (1)) est le hom interne dans la catégorie tannakienne des B+
dR-

représentations). La flèche naturelle Hom(W,W (1)) → C(1) nous donne donc
une application de Ext2

B+
dR

[GK ]
(W,W (1)) dans Ext2

B+
dR

[GK ]
(C,C(1)) = K.cfond.

Pour tout ε ∈ Ext2
B+

dR
[GK ]

(W,W (1)), on note cK,W (ε).cfond son image. On a

ainsi défini une application K-linéaire cK,W : Ext2
B+

dR
[GK ]

(W,W (1)) → K.
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PROPOSITION 2.13. — Soient W1 et W2 des B+
dR-représentations. Pour n =

0, 1, 2 l’application bilinéaire

Extn
B+

dR
[GK ]

(W1,W2)×Ext2−n

B+
dR

[GK ]
(W2,W1(1)) → Ext2

B+
dR

[GK ]
(W1,W1(1)) → K

est une dualité parfaite de K-espaces vectoriels.

Preuve : Quitte à remplacer W2 par Hom(W1,W2) (au sens tannakien), on
peut supposer W1 = C. On est donc ramené à prouver que pour n = 0, 1, 2 et
pour toute C-représentation W , l’accouplement

Extn
B+

dR
[GK ]

(C,W ) × Ext2−n

B+
dR

[GK ]
(W,C(1)) → Ext2

B+
dR

[GK ]
(C,C(1))

est non dégénéré. Par dévissage, on se ramène au cas où W est simple.

– Si W n’est isomorphe ni à C ni à C(1), les Extn
B+

dR
[GK ]

(C,W ) sont nuls ainsi

que les Extn
B+

dR
[GK ]

(W,C(1)) = Extn
B+

dR
[GK ]

(C,W ∗(1)) et il n’y a rien à prouver.

– Supposons W = C. Pour n = 0, on a HomB+
dR

[GK ](C,C) = K,

Ext2
B+

dR
[GK ]

(C,C(1)) = K.cfond et c’est évident. Pour n = 1, Ext1
B+

dR
[GK ]

(C,C)

est le K-espace vectoriel de dimension 1 engendré par la classe c2 de C2, tandis
que Ext1

B+
dR

[GK ]
(C,C(1)) est le K-espace vectoriel de dimension 1 engendré par

la classe b2 de B2 et cela résulte de ce que, d’après la partie (B) de la proposi-
tion précédente, le générateur cfond de Ext2

B+
dR

[GK ]
(C,C(1)) est le cup-produit

de c2 avec b2. Pour n = 2, on a Ext2
B+

dR
[GK ]

(C,C) = HomB+
dR

[GK ](C,C(1)) = 0

et c’est évident.

– Supposons alors W = C(1). Pour n = 0, on a HomB+
dR

[GK ](C,C(1)) =

Ext2
B+

dR
[GK ]

(C(1), C(1)) = Ext2
B+

dR
[GK ]

(C,C) = 0 et c’est évident. Pour n = 1,

Ext1
B+

dR
[GK ]

(C,C(1)) est le K-espace vectoriel de dimension 1 engendré par

la classe b2 de B2, tandis que Ext1
B+

dR
[GK ]

(C(1), C(1)) ' Ext1
B+

dR
[GK ]

(C,C)

est le K-espace vectoriel de dimension 1 engendré par la classe c′2 de
C2(1) et cela résulte de ce que, d’après la partie (B) de la proposition
précédente, le générateur −cfond de Ext2

B+
dR

[GK ]
(C,C(1)) est le cup-produit de

b2 avec c′2. Pour n = 2 enfin, Ext2
B+

dR
[GK ]

(C,C(1)) = K.cfond, tandis que

HomB+
dR

[GK ](C(1), C(1)) = K.idC(1) et c’est évident.

La proposition 2.15 implique aussi le résultat suivant, également très facile à
vérifier directement :

PROPOSITION 2.17. — A) Soient W1 et W2 deux C-représentations. Pour tout
i ∈ N, le K-espace vectoriel Exti

C[GK ](W1,W2) s’identifie, canoniquement et

fonctoriellement, à Exti
C[GK ](C,W ∗

1 ⊗C W2).
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B) Pour toute C-représentation W , on a Exti
C[GK ](C,W ) = 0 si i ≥ 2, tan-

dis que HomC[GK ](C,W ) et Ext1C[GK ](C,W ) sont des K-espaces vectoriels de
même dimension finie. On dispose d’une suite exacte

0 → HomC[GK ](C,W ) → W(0) → W(0) → Ext1C[GK ](C,W ) → 0

3 – Quelques calculs d’homomorphismes et d’extensions

Comme au paragraphe précédent, K∞ est la Zp-extension cyclotomique de K,
HK = Gal(K/K∞) et ΓK = Gal(K∞/K).

3.1 – Cohomologie continue

Si G est un groupe topologique et si M est un groupe topologique abélien muni
d’une action linéaire et continue de G, on sait définir les groupes de cohomologie
continue Hm

cont(G,M) (cf. [Ta76]). Lorsque G = Gal(Es/E) où Es est la
clôture séparable d’un corps E, on écrit aussi Hm

cont(E,M) = Hm
cont(G,M).

Si S est un banach muni d’une action linéaire et continue de G et si S est un
réseau de S stable par G, on a Hm

cont(G,S) = Qp ⊗Zp
Hm

cont(G,S).

Si V est une représentation p-adique, les Hn
cont(K,V ) sont des K-espaces vec-

toriels de dimension finie, nuls pour n 6∈ {0, 1, 2} et

2∑

n=0

(−1)n dimK Hn
cont(K,V ) = −[K : Qp].dimQp

V

En outre, on a un isomorphisme canonique de H2
cont(K, Qp(1)) sur Qp et le

cup-produit induit, pour n = 0, 1, 2, une dualité parfaite

Hn
cont(K,V ) × H2−n

cont (K,V ∗(1)) → Qp

(ces résultats bien connus se voient par passage à la limite à partir des résultats
analogues pour la cohomologie des GK-modules finis de p-torsion, cf [Se94],
chap.II, th.2 et 5).

Par ailleurs, Hn
cont(K,V ) s’identifie à Extn

Qp[GK ](Qp, V ) (ce sont des δ-foncteurs
effaçables qui cöıncident en degré 0). Si V1 et V2 sont deux représentations p-
adiques, Extn

Qp[GK ](V1, V2) s’identifie donc à Hn
cont(K,V ∗

1 ⊗ V2).

Rappelons (§2.5) que, pour toute B+
dR-représentation W , on a posé W(0,0) =

WGK .
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PROPOSITION 3.1. — Soit W une B+
dR-représentation. Alors H0(K,W ) et

H1
cont(K,W ) sont des K-espaces vectoriels de même dimension finie. On

a H0(K,W ) = W(0,0) = HomB+
dR

[GK ](B
+
dR,W ) tandis que H1

cont(K,W )

s’identifie à Ext1
B+

dR
[GK ]

(B+
dR,W ).

Si W est une C-représentation, H0(K,W ) s’identifie aussi à HomC[GK ](C,W )

et H1
cont(K,W ) à Ext1C[GK ](C,W ).

Preuve : L’application qui à η ∈ HomB+
dR

[GK ](B
+
dR,W ) associe η(1) identifie ce

K-espace vectoriel à WGK = H0(K,W ) = W(0,0).

Soit maintenant E un B+
dR-module de type fini, muni d’une action linéaire et

continue de GK , extension de B+
dR par W . L’extension est scindée en tant

qu’extension de B+
dR-modules et si 1̂ est un relèvement de 1 dans E, l’appli-

cation ε : GK → W qui à g associe g(1̂) − 1̂ est un 1-cocycle continu de GK

à valeurs dans W . Si l’on change le relèvement, on change ε par un cobord et
la classe de ε dans H1

cont(K,W ) ainsi définie ne dépend que de la classe de E
dans Ext1

B+
dR

[GK ]
(B+

dR,W ). On vérifie que l’application de Ext1
B+

dR
[GK ]

(B+
dR,W )

dans H1
cont(K,V ) ainsi définie est bien un isomorphisme.

Le cas où W est une C-représentation se traite de la même manière.

Rappelons le résultat fondamental de Tate :

PROPOSITION 3.2 ([Ta67], prop.9, cf.aussi [Fo00], th.1.8). — Soient M une
extension finie de K∞, OM l’anneau de ses entiers et trM/K∞

: M → K∞ la
trace. Alors l’idéal maximal mK∞ de l’anneau des entiers de K∞ est contenu
dans trM/K∞

(OM ).

Appelons presque B+
dR-représentation toute représentation banachique qui est

presqu’isomorphe à une B+
dR-représentation.

PROPOSITION 3.3. — Soit S un Zp-module séparé et complet pour la topologie
p-adique muni d’une action linéaire et continue de GK .
i) Si n est un entier ≥ 3, on a Hn

cont(K,S) = 0 ;
ii) Si n ∈ {0, 1, 2} et si S est un réseau stable par GK d’une presque
B+

dR-représentation S, il existe s ∈ N tel que ps annule Hn
cont(K,S)tor et

Hn
cont(K,S)/Hn

cont(K,S)tor est un Zp-module libre de rang fini ;
iii) Pour n = 2, ce rang est nul si S est une B+

dR-représentation.

Preuve : Comme la p-dimension cohomologique de GK est 2 ([Se94], chap.II,
§5), si n ≤ 3, on a Hn

cont(K,S/pS) = Hn(K,S/pS) = 0. Ceci nous permet, si
f : Gn

K → S est un n-cocycle continu de GK à valeurs dans S, de construire,
de proche en proche, une suite (ur)r∈N de (n− 1)-cochaines continues telle que
f = d(

∑
r∈N prur), d’où (i).

Soient S ′ et S ′′ deux réseaux de S. Le fait qu’ils sont commensurables implique
que (ii) est vraie pour S ′ si et seulement si elle est vraie pour S ′′. Par ailleurs,
soit

0 → S1 → S2 → S3 → 0
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une suite exacte courte de presque-B+
dR-représentations et soit S2 un réseau

stable par GK de S2. L’image S3 de S2 dans S3 et S1 = S1 ∩ S2 sont des
réseaux stables par GK respectivement de S3 et de S1 ; la suite exacte courte

0 → S1 → S2 → S3 → 0

induit une suite exacte longue de cohomologie, d’où l’on déduit que, si la pro-
priété (ii) est vraie pour deux des trois réseaux S1,S2,S3, elle est vraie pour le
troisième. Comme S est une presque B+

dR-représentation, on peut trouver un
isomorphisme S/V ' W/V ′, avec W une B+

dR-représentation et V et V ′ des Qp-
représentations. On peut donc, pour prouver (ii), supposer que S = Qp ⊗Zp

S
est soit une Qp-représentation, soit une B+

dR-représentation.
Dans le premier cas, comme S est un Zp-module de type fini, les Hn

cont(K,S)
sont de type fini : cela résulte formellement (cf. par exemple, [NSW00],
cor.2.3.9) du fait que, si M est un Zp-module fini avec action linéaire discrète de
GK , les groupes Hn(K,M) sont finis (cf. par exemple [Se94], chap. II,prop.14).
Ils vérifient donc (ii).
Dans le second cas, par dévissage, on se ramène au cas où S est une C-repré-
sentation, ce que nous supposons désormais. On peut, pour prouver l’assertion,
remplacer K par une extension finie galoisienne convenable, ce qui nous permet
de supposer que S est K-petite (cf. §2.3). Toujours par dévissage, on peut en
outre supposer qu’elle est simple.
La fin de la preuve repose sur les techniques ”presque-étales” classiques de Tate
[Ta67] et Sen [Se80] :

LEMME 3.4. — Soient π ∈ mK∞ un élément non nul et f : HK → OC un
1-cocycle continu. Il existe b ∈ OC tel que le 1-cocycle continu πf − db est à
valeurs dans π2OC .

Preuve : Comme f est continu, il existe un sous-groupe ouvert invariant H ′
K de

HK tel que f ′(HK) ⊂ π2OC . La condition de cocycle implique que, si g ∈ HK

et h ∈ H ′
K , alors f(gh) ≡ f(g) (mod π2OC).

Soit M = K
H′

K ; c’est une extension finie galoisienne de K∞ de groupe de Ga-
lois J = HK/H ′

K . D’après la proposition 3.2, on peut trouver c dans l’anneau
des entiers de M tel que trM/K∞

(c) = π. Soit T un système de représentants
de J dans HK . Posons

b = −
∑

g∈T

f(g)g(c) ∈ OC .

Pour tout h ∈ HK , on a

h(b) = −
∑

g∈T

h(f(g))hg(c) = −
∑

g∈T

f(hg).hg(c) + f(h)(
∑

g∈T

g(c)) .

Pour tout g ∈ HK , notons t(g) le représentant, dans T , de son image dans
J . Comme f(g) mod π2OC ne dépend que de l’image de g dans J , on a∑

g∈T f(hg)hg(c) ≡ ∑
g∈T f(t(hg)).t(hg) ≡ b (mod π2OC). Par conséquent,

pour tout h ∈ HK , on a h(b) − b ≡ πf(h) (mod π2OC).
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LEMME 3.5. — Pour tout π ∈ mK∞ , on a π.H1
cont(K∞,OC) = 0 .

Preuve : On peut supposer π non nul. Le lemme précédent permet de construire
une suite d’éléments (bn)n∈N dans OC et une suite de 1-cocycles continus de
HK à valeurs dans OC tels que f0 = f et π2fn = πfn−1 − dbn−1 pour tout
n ≥ 1. Si b =

∑+∞
n=0 πnbn, on a db =

∑+∞
n=0 πndbn = πf .

Terminons alors la preuve de la proposition 3.3 : D’après la proposition 2.1, le
C-espace vectoriel S admet une base formée d’éléments fixés par HK , i.e. est
isomorphe, en tant que C-représentation de HK à Cd. Il existe donc un réseau
S0 de S, stable par HK qui est isomorphe à Od

C . D’après le lemme précédent
H1

cont(K∞,S0) est tué par p et comme S est commensurable à S0, il existe un
entier s1 tel que ps1 annule H1

cont(K∞,S).

Mais le fait que ΓK et HK sont de p-dimension cohomologique 1 implique que
l’on a une suite exacte

0 → H1
cont(ΓK ,SHK ) → H1

cont(K,S) → H1
cont(K∞,S)GK → 0

et que H2
cont(K,S) = H1

cont(ΓK ,H1
cont(K∞,S)). Il suffit donc pour achever la

démonstration d’établir le résultat suivant :

LEMME 3.6. — Soit S une C-représentation et soit T un réseau stable par ΓK

de T = SHK . Il existe un entier s0 tel que ps0 annule H1
cont(ΓK , T )tor et les

Zp-modules T GK et H1
cont(ΓK , T )/H∞

cont(−K, T )tor sont de type fini.

Preuve : Si γ est un générateur topologique de ΓK , on a une suite exacte

0 → T −K → T γ−1−→T → H∞
cont(−K, T ) → ′

Comme on a supposé S simple et K-petite, il existe (prop.2.12) un élément
K-petit α ∈ K tel que S = C{α}. Si L est le complété de K∞ et si u =
exp(α log χ(γ)), T s’identifie alors à L, γ agissant sur L par c 7→ u.γ(c).

Si α = 0, T = L avec son action naturelle. Soit tr : K∞ → K l’application
qui envoie x ∈ KN sur 1

pN trKN /K(x) (où KN désigne l’unique extension de K

de degré pN contenue dans K∞). Alors ([Ta67],prop.6) cette application est
continue et se prolonge par continuité en une application encore notée tr de L
dans K. Si L0 = Ker tr, on a L = K ⊕ L0. Quitte à changer de réseau, on
peut supposer que T = OK⊕T′ où T′ est un réseau de L0. Sur OK , l’opérateur
γ − 1 est nul et on a donc OΓK

K = H1
cont(ΓK ,OK) = OK et c’est un Zp-module

libre de rang fini. Sur L0, l’opérateur γ − 1 est bijectif avec un inverse continu
(loc.cit., prop.7,b). On en déduit que T −K

′ = ′ tandis qu’il existe un entier s0

tel que ps0 annule H1
cont(ΓK , T′).

Sinon, l’opérateur γ − u−1 est bijectif sur L, avec un inverse continu (loc.cit.,
prop7,c) ; il en est de même de u.γ − 1 et on en déduit que T −K = ′ tandis
qu’il existe un entier s0 tel que ps0 annule H1

cont(ΓK , T ).
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COROLLAIRE. — Pour toute presque-B+
dR-représentation S, les Hn

cont(K,S) sont
des Qp-espaces vectoriels de dimension finie, nuls si n ≥ 3. Si S est une B+

dR-
représentation, on a aussi H2

cont(K,S) = 0.

3.2 – Calcul de Ext1B(GK)(S, V ) via le corps de classes

Pour tout anneau commutatif A et tout A-module M , on note M∗A le A-module
des applications A-linéaires de M dans A.

PROPOSITION 3.7. — Soient V une représentation p-adique et S une presque
B+

dR-représentation. Il existe une dualité parfaite de Qp-espaces vectoriels

Ext1B(GK)(S, V ) × H1
cont(K,S ⊗Qp

V ∗Qp (1)) → Qp

canonique et fonctorielle en S et V .

En fait, on va utiliser la théorie du corps de classes local (plus précisément la
dualité de Tate) pour construire une telle dualité.

LEMME 3.8. — Il existe une suite croissante

S1 ⊂ S2 ⊂ . . . ⊂ Sn ⊂ Sn+1 ⊂ . . .

de sous-Zp-modules de type fini de S, stables par GK , telle que la réunion S∞
des Sn est séparée pour la topologie p-adique et que l’inclusion de S∞ dans S
induise un homéomorphisme de Ŝ∞ = lim←−S∞/pmS∞ sur un réseau S de S.

Preuve : Par dévissage on se ramène au cas où S est soit une représentation
p-adique (auquel cas, c’est trivial, il suffit de choisir un réseau S stable par GK

et de prendre Sn = S pour tout n), soit une C-représentation. Dans ce dernier
cas, il existe une extension finie galoisienne L de K contenue dans K telle que
S est petite en tant que B+

dR-représentation de GL. Avec les notations du

§2.3, Sf
L est un sous-L-espace vectoriel stable par GL de S tel que l’application

naturelle C ⊗L Sf
L → S (cf. lemme 2.11) est un isomorphisme.

Pour toute extension finie E de K, notons OE l’anneau de ses entiers. On peut
trouver un sous-OL-module Sf

L de Sf
L qui est un réseau de Sf

L et est stable par
GK . Il suffit alors de choisir une suite L = L1 ⊂ L2 ⊂ . . . Ln ⊂ Ln+1 ⊂ . . .
d’extensions finies galoisiennes de K contenues dans K telles que K = ∪n≥1Ln

et de prendre pour Sn le sous-OLn
-module de S engendré par Sf

L.

LEMME 3.9. — Choisissons unréseau V de V stable par GK et des Sn et S
comme dans le lemme précédent. La flèche naturelle

Ext1Zp[GK ],cont(S∞,V) → lim←−
n∈N

Ext1Zp[GK ],cont(Sn,V)

est un isomorphisme.
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Preuve : Soit (εn)n∈N ∈ lim←−Ext1Zp[GK ],cont(Sn,V). Pour chaque n, choisissons
une extension En de Sn par V représentant εn. Comme l’image de εn+1 dans
Ext1Zp[GK ],cont(Sn,V) est εn, on peut trouver une application Zp-linéaire con-
tinue GK-équivariante fn : En → En+1 qui induit l’identité sur V et l’inclusion
naturelle Sn ⊂ Sn+1 sur les quotients. Alors la limite inductive des En, avec
les fn comme applications de transition, est une extension de S∞ par V dont
la classe dans Ext1Zp[GK ],cont(S∞V) a pour image (εn)n∈N, ce qui prouve la
surjectivité.
Soit maintenant E une extension de S∞ par V dont la classe est dans le noyau
de la flèche qui nous intéresse. Cela veut dire, que si En, désigne l’image inverse
de Sn dans E , l’ensemble Xn des sections continues GK-équivariantes de la pro-
jection de En sur Sn est non vide. Mais, si x ∈ Xn, les autres éléments sont de
la forme x+η, avec η un élément du Zp-module de type fini HomZp[GK ](Sn,V).
Autrement dit Xn est un espace homogène principal sous ce groupe compact et
devient ainsi un espace topologique compact non vide. L’application naturelle
Xn+1 → Xn est continue et la limite projective des Xn est donc non vide.
Mais un élément de cette limite définit une section Zp-linéaire continue de la
projection de E sur S∞, on a donc ε = 0 et l’application est bien injective.

Preuve de la proposition 3.7 : Choisissons V, S et des Sn comme ci-
dessus. Avec des notations évidentes, Ext1B(GK)(S, V ) s’identifie à Qp ⊗Zp

Ext1Zp[GK ],cont(S,V). Comme S s’identifie au séparé complété pour la topologie
p-adique de S∞, la flèche naturelle

Ext1Zp[GK ],cont(S,V) → Ext1Zp[GK ],cont(S∞,V)

est un isomorphisme. D’après le lemme précédent, Ext1Zp[GK ],cont(S,V) s’iden-

tifie donc à lim←−Ext1Zp[GK ],cont(Sn,V). Pour tout Zp-module M, notons Mˇ le

Zp-module des applications Zp-linéaires de M dans Qp/Zp.
Pour tout n ∈ N fixé, Sn et V sont des Zp-modules libres de rang fini et

Ext1Zp[GK ],cont(Sn,V) = Ext1Zp[GK ],cont(Zp, (Sn)∗Zp ⊗Zp
V)

= H1
cont(K, (Sn)∗Zp ⊗Zp

V)

Par la dualité de Tate (cf. par exemple, [Se94], chap. II, th.2), ce dernier
groupe s’identifie à H1(K, ((Sn)∗Zp ⊗Zp

V )̌ (1))̌ .
Comme ((Sn)∗Zp ⊗Zp

V )̌ = Sn ⊗Zp
V ,̌ si l’on pose Mn = H1(K,Sn ⊗ V (̌1)),

on a Ext1Zp[GK ],cont(Sn,V) = Mn .̌

On a alors Ext1Zp[GK ],cont(S∞,V) = lim←−n∈N
Mnˇ = (lim−→N∈N

Mn)̌ . Mais

lim−→n∈N
Mn = H1(K, lim−→n∈N

Sn ⊗ V (̌1)) = H1(K,S∞ ⊗ V (̌1)).

Posons T = S ⊗Zp
V∗Zp (1). C’est un Zp-module séparé et complet pour la

topologie p-adique, avec action semi-linéaire continue de GK et on a une suite
exacte

0 → T → T ⊗Zp
Qp → T ⊗Zp

(Qp/Zp) → 0
‖ ‖ ‖

0 → S ⊗Zp
V∗Zp (1) → S ⊗Qp

V ∗Qp (1) → S∞ ⊗Zp
V (̌1) → 0

Documenta Mathematica · Extra Volume Kato (2003) 285–385



Presque Cp-Représentations 321

Comme la topologie sur S∞ ⊗ V (̌1) est la topologie discrète, toute section
ensembliste de la projection de S⊗V ∗Qp (1) sur S∞⊗V (̌1) est automatiquement
continue et [Ta76] la suite exacte courte ci-dessus induit une suite exacte longue

0 → (H1
cont(K,S ⊗ V∗Zp (1)))tor → H1

cont(K,S ⊗ V∗Zp (1)) →
H1

cont(K,S ⊗ V ∗Qp (1)) → H1(K,S∞ ⊗ V (̌1)) → H2
cont(K,S ⊗ V∗Zp (1))tor → 0

Mais H = H1
cont(K,S ⊗ V ∗Qp (1)) est un Qp-espace vectoriel de dimension finie

(cor. à la prop.3.3). L’image de H1
cont(K,S ⊗V∗Zp (1)) dans H est un réseau H

de H. Si l’on pose N = H2
cont(K,S ⊗ V∗Zp (1))tor, on a donc des suites exactes

0 → H/H → H1(K,S∞ ⊗ V (̌1)) → N → 0 et

0 → Nˇ → Ext1Zp[GK ],cont(S∞,V) → (H/H)̌ → Ext1(N, Qp/Zp)

puisque H1(K,S∞ ⊗ V (̌1))̌ = Ext1Zp[GK ]cont(S∞,V). Il existe (prop. 3.3) un

entier s tel que ps annule N ; le noyau et le conoyau de Ext1Zp[GK ]cont(S∞,V) →
(H/H)̌ sont donc tués par ps. Alors

Ext1B(GK)(S, V ) = Qp ⊗ Ext1Zp[GK ]cont(S,V)

s’identifie au Qp-espace vectoriel de dimension finie H∗Qp .
Enfin, il est clair que l’accouplement ainsi défini est indépendant des choix faits
et est fonctoriel en S et en V .

COROLLAIRE. — Soient V une représentation p-adique et W une B+
dR-représen-

tation de GK . Alors Ext1B(GK)(W,V ) est un K-espace vectoriel de dimension
finie égale à la dimension du sous-espace propre associé à la valeur propre −1
de l’opérateur ∇0(W ⊗Qp

V ∗Qp ).
Il existe une dualité parfaite de K-espaces vectoriels

Ext1B(GK)(W,V ) × H1
cont(K,W ⊗Qp

V ∗Qp (1)) → K

canonique et fonctorielle en W et V .

Preuve : Soit H un K-espace vectoriel de dimension finie. L’application, qui
à η ∈ H∗K associe trK/Qp

◦ η ∈ H∗Qp , induit un isomorphisme du Qp-espace
vectoriel sous-jacent à H∗K sur H∗Qp . La deuxième partie de l’assertion résulte
donc de la proposition précédente ; comme H1

cont(K,W ⊗Qp
V ∗Qp (1)) s’identifie

à Ext1
B+

dR
[GK ]

(B+
dR,W⊗Qp

V ∗Qp (1)) (prop.3.1), la première résulte de l’assertion

(iii) du théorème 2.14.

3.3 – Théorèmes de pleine fidélité

Rappelons (§1.6) que Be = {b ∈ Bcris | ϕ(b) = b} contient Qp et que la suite

0 → Qp → Be → BdR/B+
dR → 0

Documenta Mathematica · Extra Volume Kato (2003) 285–385



322 Jean-Marc Fontaine

est exacte.
Pour tout i ∈ Z, on note FiliBdR l’idéal fractionnaire de B+

dR, puissance i-ième
de l’idéal maximal ; c’est donc le sous-B+

dR-module libre de rang 1 de BdR

engendré par ti. On pose aussi FiliBe = Be ∩ FiliBdR de sorte que FiliBe = 0
si i > 0 et que, pour m ≥ 0, on dispose d’une suite exacte

0 → Qp → Fil−mBe → Bm(−m) → 0

(en particulier, Fil0Be = Qp). Pour tout m ∈ N, si l’on pose Um =
(Fil−mBm)(m), Um s’identifie au sous-Qp-espace vectoriel de Bcris∩B+

dR formé
des b tels que ϕb = pmb et la suite

0 → Qp(m) → Um → Bm → 0

est exacte.

PROPOSITION 3.10. — Soit V une représentation p-adique extension non triv-
iale de Qp(1) par Qp.
i) Le C-espace vectoriel VC = C ⊗Qp

V s’identifie à C ⊕ C(1). Il existe une et
une seule application Qp-linéaire GK-équivariante de V dans C qui prolonge
l’inclusion de Qp dans C mais cette application ne se relève pas en une appli-
cation Qp-linéaire GK-équivariante de V dans B2 ;
ii) on a dimK(B2(−1) ⊗Qp

V )GK = 1,
iii) la représentation V n’est pas de de Rham.

Preuve : La suite exacte

0 → Qp(2) → U2 → B2 → 0

induit un carré commutatif

HomB(GK)(V,B2)
δV−→ Ext1B(GK)(V, Qp(2))y α

y β

HomB(GK)(Qp, B2)
δQp−→ Ext1B(GK)(Qp, Qp(2))

On a Ext1B(GK)(Qp, Qp(2)) = Ext1Qp[GK ](Qp, Qp(2)) = H1
cont(K, Qp(2)). Par

ailleurs H0
cont(K, Qp(2)) = H2

cont(K, Qp(2)) = 0 (le second parce que c’est le
dual de H0

cont(K, Qp(−1)) qui est nul). Comme∑2
n=0(−1)n dimQp

Hn
cont(K, Qp(2)) = −[K : Qp],

la dimension du Qp-espace vectoriel Ext1B(GK)(Qp, Qp(2)) est égale au degré de
K sur Qp.
On a K0∩U2 = 0 (puisque ϕ est le Frobenius absolu sur K0 et la multiplication
par p2 sur U2). Comme BGK

cris = K0 [Fo88a], on a HomB(GK)(Qp, U2) = UGK
2 =

0 et l’application δQp
est injective. Mais HomB(GK)(Qp, B2) = BGK

2 = K

(loc.cit.) a la même dimension sur Qp que Ext1B(GK)(Qp, Qp(2)) et δQp
est un

isomorphisme.

Documenta Mathematica · Extra Volume Kato (2003) 285–385



Presque Cp-Représentations 323

La suite exacte
0 → Qp → V → Qp(1) → 0

induit une suite exacte

Ext1Qp[GK ](V, Qp(2))
β−→Ext1(Qp, Qp(2)) → Ext2(Qp(1), Qp(2))

→ Ext2Qp[GK ](V, Qp(2))

On a Ext2Qp[GK ](V, Qp(2)) = H2
cont(K,V ∗(2)) = 0 car c’est le dual de

H0
cont(K,V (−1)) = V (−1)GK , qui est nul puisque V (−1) est une extension

non triviale de Qp par Qp(−1). En revanche Ext2Qp[GK ](Qp(1), Qp(2)) =

H2
cont(K, Qp(1)) est non nul et β n’est pas surjective. Par conséquent α ne

l’est pas non plus.
La suite exacte de C-représentations

0 → C → VC → C(1) → 0

est scindée (prop.2.15), ce scindage est unique puisqu’il n’y a pas de morphisme
non trivial de C(1) dans C et VC s’identifie bien à C⊕C(1). En particulier, le K-
espace vectoriel HomB(GK)(V,C) = HomC[GK ](VC , C) est de dimension 1. On a
HomB(GK)(Qp(1), C) = C(−1)GK = 0 tandis que HomB(GK)(Qp, C) = CGK =
K. On en déduit que l’application HomB(GK)(V,C) → HomB(GK)(Qp, C) est
bijective. Il existe donc bien un unique η : V → C qui prolonge l’inclusion de
Qp dans C.
On a une suite exacte de K-espaces vectoriels

0 → HomB(GK)(Qp(1), B2) → HomB(GK)(V,B2)
α−→HomB(GK)(Qp, B2)

Comme dimK Hom(Qp, B2) = 1 et comme α n’est pas surjective, α est nulle et
la première flèche est un isomorphisme. Donc η ne se relève pas en un homo-
morphisme de V dans B2,d’où (i). En outre, on a dimK HomB(GK)(V,B2) =
dimK HomB(GK)(Qp(1), B2) = 1.
On a (B2(−1) ⊗Qp

V )GK = HomB(GK)(V
∗(1), B2) qui est bien de dimension 1

en appliquant (i) à V ∗(1), qui,comme V , est aussi une extension non scindée
de Qp(1) par Qp, d’où (ii).
Pour tout entier i 6= 0, on a HomB(GK)(Qp, C(i)) = 0. On en déduit que, si

i 6∈ {0, 1}, alors HomB(GK)(V,C(i)) = 0. Comme FiliBdR/Fili+1BdR = C(i),

il en résulte que HomB(GK)(V,BdR) = HomB(GK)(V,B+
dR) et que l’application

HomB(GK)(V,B+
dR) → HomB(GK)(V,B2) est injective. On a donc

dimK HomB(GK)(V,BdR) ≤ dimK HomB(GK)(V,B2) = 1

alors que, si V était de de Rham, on aurait dimK HomB(GK)(V,BdR) = 2.

Remarque : Cette proposition résulte aussi facilement du fait que, dans la
dualité de Tate entre H1

cont(K, Qp(−1)) et H1
cont(K, Qp(2)) le H1

f (K, Qp(−1))
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est l’orthogonal du H1
f (K, Qp(2)) ([BK90, prop.3.8). Comme toute exten-

sion de Qp par Qp(2) est cristalline ([PR88], th.1.5), on a H1
f (K, Qp(2)) =

H1
cont(K, Qp(2)), donc H1

f (K, Qp(−1)) = 0 et V ne peut pas être de de Rham.
Les deux autres assertions s’en déduisent immédiatement en utilisant la nullité
des Hr

cont(K,C(i)) pour i 6= 0.

On sait ([Fo00], th.6.1) que, si W1 et W2 sont deux C-représentations, toute
application Qp-linéaire continue GK-équivariante de W1 dans W2 est C-linéaire.
Ce résultat s’étend aux B+

dR-représentations :

THÉORÈME 3.11. — Soient W1 et W2 deux B+
dR-représentations. L’inclusion

naturelle HomB+
dR

[GK ](W1,W2) → HomB(GK)(W1,W2) est bijective tandis que

l’application Ext1
B+

dR
[GK ]

(W1,W2) → Ext1B(GK)(W1,W2) est injective.

Ce théorème nous permet d’identifier RepB+
dR

(GK) à une sous-catégorie pleine

de B(GK).

Preuve : D’après le corollaire à la proposition 2.13, pour tout i ∈ N
et pour toute extension finie galoisienne L de K contenue dans K, on a
Exti

Rep
B

+
dR

(GL)(W1,W2) = (Exti
B+

dR
[GK ]

(W1,W2))
Gal(L/K). Pour prouver le

théorème on peut donc remplacer K par une telle extension, ce qui nous permet
de supposer que W1 et W2 sont petites.
Par dévissage, on est ramené à prouver ces deux assertions lorsque W1 et W2

sont simples et sont donc des C-espaces vectoriels de dimension 1. La première
assertion a été prouvée dans [Fo00] (cor.6.3, où elle est en fait établie pour des
C-espaces vectoriels de dimension quelconque).
Prouvons la deuxième. A isomorphisme près, on peut supposer que W1 =
C{α}, avec α un élément K-petit convenable (prop. 2.12). Quitte à tordre
l’action de GK sur W1 et W2 par χ−(α), on peut supposer que W1 = C. Il
résulte de la proposition 2.15 que l’on a Ext1

B+
dR

[GK ]
(W1,W2) = 0 sauf si W2 est

isomorphe à C ou à C(1). On peut donc supposer que W2 = C ou W2 = C(1).
Dans le premier cas, si W est une extension non triviale de C par C dans la
catégorie RepB+

dR
(GK), W est isomorphe au C-espace vectoriel C2 (prop.2.12).

S’il existait une section GK-équivariante de la projection de C2 sur C, il
existerait en particulier un relèvement v dans C2 de 1 fixe par GK , mais
alors l’application c 7→ cv de C dans C2 serait une section C-linéaire GK-
équivariante, ce qui contredit le fait que la suite

0 → C → C2 → C → 0

n’est pas scindée en tant que suite de C-représentations de GK (prop.2.12).
Dans le second cas, si W est une extension non triviale de C par C(1) dans
RepB+

dR
(GK), W est isomorphe à B2 (prop.2.12). Mais il ne peut exister

de section GK-équivariante de la projection de B2 sur C car, sinon, pour
toute représentation p-adique V de GK , l’application HomB(GK)(V,B2) →
HomB(GK)(V,C) serait surjective, ce qui contredit la proposition 3.10.
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COROLLAIRE. — Soient W une B+
dR-représentation et V une représentation

p-adique de GK . On a HomB(GK)(W,V ) = 0

Preuve : En effet si f ∈ HomB(GK)(W,V ), le composé ϕ de f avec l’inclusion

naturelle de V dans C ⊗Qp
V est B+

dR-linéaire. Si f n’était pas nulle, ϕ ne le
serait pas non plus et l’image de ϕ serait un sous-C-espace vectoriel non nul
de C ⊗Qp

V et ne serait donc pas de dimension finie sur Qp.

3.4 – Construction ”explicite” des extensions de W par V

On pose U = U1. Soit R l’ensemble des suites (x(n))n∈N d’éléments de
l’anneau des entiers OC de C vérifiant (x(n+1))p = x(n) pour tout n. Rap-
pelons [Fo88a] que R est muni d’une structure d’anneau de valuation complet
de caractéristique p > 0 et que c’est un anneau parfait (son corps des frac-
tions est même algébriquement clos) ; si W (R) désigne l’anneau des vecteurs
de Witt à coefficients dans R, l’anneau W (R)[1/p] s’identifie à un sous-anneau
de B+

cris ⊂ Bcris ∩ B+
dR.

Soit mR l’idéal maximal de R. Alors UR = 1 + mR est un sous-groupe du
groupe multiplicatif R∗ des éléments inversibles de R. C’est de façon naturelle
un Qp-espace vectoriel topologique. C’est en fait un banach : pour tout a 6= 0
dans mR, le sous-Zp-module 1+aR de UR est un réseau. Rappelons (cf. par ex-
emple, [CF00], prop.1.3) que, pour tout u ∈ UR, si [u] désigne son représentant
de Teichmüller dans W (R), alors la série log[u] =

∑+∞
n=1(−1)n+1([u] − 1)n/n

converge dans B+
cris. L’image de UR par cette application est U ; on obtient

ainsi un isomorphisme (de banach) de UR sur U .

Soit alors V une représentation p-adique de GK et soit VC = C ⊗Qp
V . En

tensorisant par V (−1) la suite exacte

0 → Qp(1) → U → C → 0

on obtient une autre suite exacte courte de B(GK)

0 → V → U(−1) ⊗ V → VC(−1) → 0

Si W est une C-représentation, en appliquant le foncteur HomB(GK)(−,W ), on

obtient un opérateur de cobord δ : HomB(GK)(W,VC(−1)) → Ext1B(GK)(W,V ).

PROPOSITION 3.12. — Soient W une C-représentation et V une représentation
p-adique de GK . On a HomB(GK)(W,U(−1) ⊗Qp

V ) = 0 et l’application

δ : HomB(GK)(W,VC(−1)) → Ext1B(GK)(W,V )

définie ci-dessus est un isomorphisme.

Nous allons en fait prouver un résultat plus général. Notons, avec une définition
évidente, IB(GK) la catégorie des limites inductives de représentations ba-
nachiques. Pour tout entier m ∈ N, Fil−mBdR/B+

dR s’identifie à Bm(−m)
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de sorte que BdR/B+
dR est une limite inductive d’objets de RepB+

dR
(GK) : c’est

la réunion croisssante des Bm(−m), pour m ∈ N.
Si maintenant V est une représentation p-adique et W une B+

dR-représentation,
on a HomIB(GK)(W, (BdR/B+

dR)⊗Qp
V ) = HomB(GK)(W,Bm(−m)⊗Qp

V ) pour
m assez grand (il suffit que tm annule W ; en particulier, on peut prendre
m = 1 si W est une C-représentation). Par conséquent si l’on considère la
suite exacte

0 → V → Be ⊗Qp
V → (BdR/B+

dR) ⊗Qp
V → 0

en appliquant le foncteur HomIB(GK)(−,W ), on obtient une flèche

δ : HomIB(GK)(W, (BdR/B+
dR) ⊗Qp

V ) → Ext1B(GK)(W,V )

(parce que, si m est un entier suffisamment grand pour que
HomIB(GK)(W, (BdR/B+

dR) ⊗ V ) = HomB(GK)(W,Bm(−m) ⊗ V ),
on peut remplacer la suite exacte précédente par

0 → V → Fil−mBe ⊗Qp
V → Bm(−m) ⊗Qp

V → 0

qui est une suite exacte courte de B(GK)).
La proposition 3.12 est un cas particulier de l’énoncé suivant :

PROPOSITION 3.13. — Soient W une B+
dR-représentation et V une repré-

sentation p-adique de GK . On a HomB(GK)(W,Be ⊗Qp
V ) = 0. Si m est

un entier tel que tm annulle W , alors HomIB(GK)(W, (BdR/B+
dR) ⊗Qp

V ) =
HomB(GK)(W,Bm(−m) ⊗Qp

V ). L’application

δ : HomIB(GK)(W, (BdR/B+
dR) ⊗Qp

V ) → Ext1B(GK)(W,V )

définie ci-dessus est un isomorphisme.

Preuve : On a déjà vu la deuxième assertion. Vérifions les deux autres. Comme
HomB(GK)(W,V ) = HomB(GK)(V

∗Qp ⊗Qp
W, Qp) = 0 (cor. au th.3.11), on a un

diagramme commutatif

0 → Hom(W,Be ⊗ V ) → Hom(W,BdR/B+
dR ⊗ V ) → Ext1(W,V )

↓ ↓ ↓
0 → Hom(V ∗ ⊗ W,Be) → Hom(V ∗ ⊗ W,BdR/B+

dR) →Ext1(V ∗ ⊗ W, Qp)

(on a posé V ∗ = V ∗Qp ) où les lignes sont exactes et les flèches verticales sont
des isomorphismes. Quitte à remplacer W par V ∗ ⊗Qp

W , on peut supposer
V = Qp.
Soit f : W → Be. Si f était non nulle, le composé de f avec la projection de
Be sur BdR/B+

dR serait une application f : W → BdR/B+
dR non nulle et serait

donc B+
dR-linéaire (th.3.11). Son image serait un sous-B+

dR-module non nul de
BdR/B+

dR, donc serait de la forme Bm(−m) pour un entier m ≥ 1 convenable,
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et f serait une application de W dans Fil−mBe. Le noyau W ′ de f serait une
B+

dR-représentation et comme HomB(GK)(W
′, Qp) = 0 (appliquer de nouveau le

cor. au th.3.11), f induirait en fait une section de la projection de Fil−mBe sur
Bm(−m). Par restriction à C(−1), on en déduirait une section de la projection
de U(−1) sur C(−1). En tensorisant par Qp(1) cela fournirait une section de la
projection de U sur C. On aurait donc un isomorphisme de U sur Qp(1) ⊕ C,
ce qui contredit le fait que UGK = 0, tandis que (Qp(1) ⊕ C)GK = CGK = K.
Donc f = 0 et δ est injective.
On sait (th.3.11) que HomB(GK)(W,BdR/B+

dR) = HomB+
dR

[GK ](W,BdR/B+
dR).

On sait (th.2.14, (iv)) que ce K-espace vectoriel est de dimension finie égale à
la dimension du sous-espace propre associé à la valeur-propre −1 de l’opérateur
∇0(W ). Comme c’est aussi la dimension de Ext1B(GK)(W,V ), l’injectivité de δ
implique que c’est un isomorphisme.

Remarques : i) Posons V ∗ = V ∗Qp et X = W ⊗Qp
V ∗(1). On a une dualité

naturelle entre les K-espaces vectoriels

HomB(GK)(W, (BdR/B+
dR) ⊗ V ) = HomB+

dR
[GK ](W, (BdR/B+

dR) ⊗ V ) =

HomB+
dR

[GK ](X, (BdR/B+
dR)(1)) = HomB+

dR
[GK ](X,BdR/Fil1BdR)

et H1
cont(K,W ⊗ V ∗(1)) = Ext1

B+
dR

[GK ],0
(C,X) :

Soient f ∈ HomB+
dR

[GK ](X,BdR/Fil1BdR) et ε ∈ Ext1
B+

dR
[GK ],0

(C,X). Soit F

une B+
dR-représentation, extension de C par BdR/Fil1BdR dont la classe est

l’image par f de ε. Comme cette extension est scindée en tant qu’extension de
B+

dR-modules, le noyau F0 de la multiplication par t dans F est une C-repré-
sentation extension de C par C. Il existe donc (propr.2.15) un unique λ ∈ K
tel que la classe de F0 est λ fois la classe de l’extension C2 et cette dualité est
l’application (f, ε) 7→ λ.
Compte-tenu de cette dualité, la proposition 3.7 définit un isomorphisme

Ext1B(GK)(W,V ) → HomB(GK)(W, (BdR/B+
dR) ⊗Qp

V )

Il ne devrait pas être difficile de vérifier que δ est l’inverse (au signe près ?) de
cette application.
ii) La construction de δ fonctionne encore lorsque l’on remplace K par un corps
toujours de caractéristique 0 et complet pour une valuation discrète, à corps
résiduel toujours parfait de caractéristique p, mais infini. Il est raisonnable de
penser que la proposition 3.13 reste vraie dans ce contexte. Si c’est le cas, une
grande partie des résultats de cet article s’étendent à un tel corps K.

3.5 – Extensions presque scindées

Soit

(1) 0 → S′ → S → S′′ → 0
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une suite exacte courte de B(GK). Un presque supplémentaire de S′ dans S est
un sous-Qp-espace vectoriel fermé E de S stable par GK tel que S = S′ + E et
V = S′∩E est de dimension finie sur Qp. On a alors un diagramme commutatif

0 → V → E → S′′ → 0
∩ ∩ ‖

0 → S′ → S → S′′ → 0

qui identifie S à S′ ⊕V E, somme amalgamée de S′ et de E, au dessous de V
et la suite exacte

0 → S′/V → S/V → S′′ → 0

est scindée. On dit que la suite exacte (1) est presque scindée s’il existe un
presque supplémentaire de S′ dans S.

Soient f : V → W ′ un morphisme de B(GK) avec V une représentation p-
adique et W ′ une B+

dR-représentation. On note E(f) le B+
dR-module somme

amalgamée de W ′ et de BdR ⊗Qp
V au dessous de B+

dR ⊗Qp
V , l’application

de B+
dR ⊗ V dans W ′ étant déduite de f par extension des scalaires. On a un

diagramme commutatif

0 → B+
dR ⊗ V → BdR ⊗ V → (BdR/B+

dR) ⊗ V → 0
↓ ↓ ‖

0 → W ′ → E(f) → (BdR/B+
dR) ⊗ V → 0

dont les lignes sont exactes. En outre, si, pour tout m ∈ N, on note Em(f)
l’image inverse de Bm(−m)⊗ V dans E(f), chaque Em(f) est une B+

dR-repré-
sentation et E(f) est la réunion croissante de ces Em(f).

PROPOSITION 3.14. — Soit

0 → W ′ → W → W ′′ → 0

une suite exacte courte presque scindée de B(GK). Si W ′ et W ′′ sont des
B+

dR-représentations, il en est de même de W .

Preuve : Par hypothèse, on a, dans B(GK), un diagramme commutatif

0 → V → E → W ′′ → 0
∩ ∩ ‖

0 → W ′ → W → W ′′ → 0

dont les lignes sont exactes et où V est de dimension finie sur Qp.
D’après la proposition 3.13, on a un diagramme commutatif

0 → V → E → W ′′ → 0
‖ ↓ ↓

0 → V → Be ⊗ V → (BdR/B+
dR) ⊗ V → 0
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dont les lignes sont exactes, comme le sont celles du diagramme commutatif

0 → Qp → Be → BdR/B+
dR → 0

∩ ∩ ‖
0 → B+

dR → BdR → BdR/B+
dR → 0

Si f désigne l’inclusion de V dans W ′, on obtient alors un troisième diagramme
commutatif

0 → V → E → W ′′ → 0
‖ ↓ ↓

0 → V → Be ⊗ V → (BdR/B+
dR) ⊗ V → 0

∩ ∩ ‖
0 → B+

dR ⊗ V → BdR ⊗ V → (BdR/B+
dR) ⊗ V → 0

↓ ↓ ‖
0 → W ′ → E(f) → (BdR/B+

dR) ⊗ V → 0

dont les lignes sont tout autant exactes (la deuxième ligne de flèches verticales
se déduit du diagramme précédent en tensorisant avec V ).
Comme W est la somme amalgamée de W ′ et de E au dessous de V , on en
déduit un diagramme commutatif dont les lignes sont exactes

0 → W ′ → W → W ′′ → 0
‖ ↓ ↓

0 → W ′ → E(f) → (B+
dR/BdR) ⊗ V → 0

et W s’identifie au B+
dR-module E(f) ×(BdR/B+

dR
)⊗V W ′′ (qui est bien de

longueur finie : si W ′′ est tué par tm, on a aussi W = Em(f)×Bm(−m)⊗V W ′′).

Remarque : On verra au §5 que, réciproquement, toute suite exacte courte de
RepB+

dR
(GK) est presque scindée.

4 – Structures analytiques

Le but de ce paragraphe est d’établir le théorème suivant :

THÉORÈME 4.1. — Soit E une représentation banachique extension d’une C-
représentation de dimension 1 par une Qp-représentation V . Si η : E → C est
un morphisme de représentations banachiques tel que η(E) 6= η(V ), alors η est
surjective et son noyau est un Qp-espace vectoriel de dimension finie égale à
celle de V .

Pour cela, nous allons dabord définir les espaces de Banach-Colmez : ce sont
des espaces de Banach p-adiques munis d’uns structure analytique sur C d’un
type particulier. On montre ensuite que E et C sont munis d’une structure
naturelle d’espaces de Banach-Colmez et que η est analytique. Le résultat
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fondamental de Colmez [Co02] dans son travail sur ce qu’il appelle les Espaces
de Banach de dimension finie permet alors de conclure.
Pour décrire ces espaces, nous adoptons ici un point de vue un peu plus
algébrique (ou géométrique ?) que celui de Colmez : Les espaces de Banach-
Colmez sont associés à certains objets en groupes commutatifs dans la catégorie
des variétés pro-analytiques rigides sur C . Nous reviendrons sur l’étude de ces
espaces dans un travail ultérieur [FP]. Remarquons dès à présent qu’une bonne
partie de la théorie esquissée ci-dessous peut se développer en remplaçant C
par n’importe quel corps valué complet de caractéristique 0 à corps résiduel
parfait de caractéristique p > 0. En particulier, comme le suggère l’analyticité
de l’application η du théorème 4.1, la théorie des espaces de Banach-Colmez
sur K se ramène essentiellement à celle des presque C-représentations de GK .

4.1 – Banach analytiques

Dans ce texte, une C-algèbre est un anneau commutatif A muni d’un homo-
morphisme de C dans A. Une C-algèbre de Banach est une C-algèbre normée
complète. Si A est une telle algèbre, on note SpmCA le spectre maximal de A,
i.e. l’ensemble des sections continues s : A → C du morphisme structural. Si
f ∈ A et s ∈ SpmCA, on pose f(s) = s(f).
On munit C de la valeur absolue normalisée par |p| = p−1. Une C-algèbre spec-
trale est une C-algèbre de Banach A telle que la norme est la norme spectrale,
i .e. telle que, pour tout f ∈ A, ||f || = sups∈SpmCA|f(s)|.
Par exemple, pour tout d ∈ N, l’algèbre de Tate C{X1,X2, . . . ,Xd} des séries
formelles restreintes en les Xi (i.e. des séries

∑
ai1,i2,...,id

Xi1
1 Xi2

2 , . . . ,Xid

d telles
que, pour tout ε > 0, |ai1,i2,...,id

| < ε pour presque tout d-uple i1, i2, . . . , id),
est une algèbre spectrale avec la norme

||
∑

ai1,i2,...,id
Xi1

1 Xi2
2 , . . . ,Xid

d || = sup |ai1,i2,...,id
|

Pour toute C-algèbre spectrale A, si f ∈ A est non nul, il existe s ∈ SpmCA
tel que f(s) 6= 0. Si f ∈ A et m ∈ N, on a ||fm|| = ||f ||m ; en particulier, A
est réduite.
Soient A une C-algèbre spectrale. On note OA la boule-unité fermée de A,
i.e. la sous-OC-algèbre des f ∈ A tels que ||f || ≤ 1. On a des identifications
C ⊗OC

OA = OA[1/p] = A et OA est un réseau de A. Pour s, s′ ∈ SpmCA, on
pose d(s, s′) = supf∈OA

|f(s) − f(s′)|. Cela fait de SpmCA un espace (ultra-
)métrique complet.
Avec comme morphismes les homomorphismes continus de C-algèbres, les C-
algèbres spectrales forment une catégorie. La catégorie des variétés spectrales
affines sur C est la catégorie opposée. Si A est une C-algèbre spectrale, on parle
abusivement de la variété spectrale affine S = SpmCA et A s’appelle l’algèbre
affine de la variété. Suivant un usage établi, le symbole SpmCA désigne donc,
suivant le contexte, soit la variété spectrale affine, soit son spectre maximal,
i.e. l’espace topologique Homcont

C−algèbres(A,C). On remarque que le foncteur
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d’oubli évident de la catégorie des variétés spectrales affines sur C dans celle
des espaces topologiques est fidèle.
Pour i = 1, 2, soit SpmCAi une variété spectrale sur C et Si son spectre
maximal. On dit qu’une application f : S1 → S2 est analytique s’il existe un
homomorphisme continu de C-algèbres, nécessairement unique, f∗ : A2 → A1

tel que f(s) = s ◦ f∗, pour tout s ∈ S1. Ceci nous permet d’identifier les
morphismes d’une variété spectrale affine dans une autre à l’ensemble des appli-
cations analytiques du spectre maximal de la première dans celui de la seconde.
La catégorie des variétés spectrales affines sur C admet des limites projectives
finies. Par exemple, soient S = SpmCA, S1 = SpmCA1 et S2 = SpmCA2 trois
variétés affines spectrales sur C et S1 → S et S2 → S des morphismes. Le
produit fibré S1 ×S S2 est muni d’une structure de variété spectrale affine sur
C d’algèbre affine le séparé complété A1⊗̂AA2 de A1 ⊗A A2 pour la norme

||f || = sup(s1,s2)∈S1×SS2
|f(s1, s2)|

Un groupe spectral commutatif affine sur C est un objet en groupes commutatifs
dans la catégorie des variétés spectrales affines sur C. C’est donc une variété
spectrale affine SpmCA sur C dont le spectre maximal S est équippé d’une loi
de composition S × S → S, associative, commutative et unitaire, induite par
un morphisme de C-algèbres spectrales, le co-produit m∗ : A → A⊗̂CA. En
particulier la loi de compostion est continue et S est un groupe topologique.

Soit S un banach. Une C-structure analytique(1) sur S est la donnée d’un
couple (SpmCA,α) formé d’un groupe spectral commutatif affine SpmCA sur
C et d’un homomorphisme de groupes continu α du spectre maximal S de A
dans S induisant un homémomorphisme de S sur un réseau de S. Dans la
pratique, on utilise cet homomorphisme pour identifier S a un réseau de S. Un
banach analytique sur C est un triplet (S,SpmCA,α) formé d’un banach S et
d’une C-structure analytique (SpmCA,α) sur S. S’il n’y a pas de risque de
confusion, on dit banach analytique au lieu de banach analytique sur C.
Soient (S1,SpmCA1, α1) et (S2,SpmCA2, α2) des banach analytiques ; posons
S1 = SpmCA1 et S2 = SpmCA2. Un morphisme de banach analytiques η :
(S1,SpmCA1, α1) → (S2,SpmCA2, α2) est une application Qp-linéaire de S1

dans S2 qui est analytique i.e. qui a la vertu qu’il existe un entier m et un
homomorphisme continu ν : A2 → A1 de C-algèbres tels que η(pmS1) ⊂ S2 et
que la restriction de pmη à S1 est l’application f 7→ f ◦ ν (remarquer que, pour
m fixé, l’application ν est uniquement déterminée par η). Si cette propriété
est vraie pour m elle est vraie pour tout entier supérieur. Les applications
analytiques de (S1,SpmCA1, α1) dans (S2,SpmCA2, α2) forment un sous-Qp-
espace vectoriel de l’espace des applications Qp-linéaires continues de S1 dans
S2.

(1) Dans [Fo02] et [FP] on donne une définition un peu plus générale afin de
pouvoir faire des quotients par des Zp-modules de type fini. Nous n’en avons
pas besoin ici.
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Les banach analytiques forment une catégorie additive et même Qp-linéaire ; ce
n’est pas une catégorie abélienne mais elle admet des limites projectives finies.
Si S est un banach, on dit que deux C-structures analytiques (SpmCA1, α1)
et (SpmCA2, α2) sur S sont équivalentes si l’identité sur S est analytique
dans les deux sens (i.e. est un morphisme de banach analytiques de
(S,SpmCA1, α1) dans (S,SpmCA2, α2), aussi bien que de (S,SpmCA2, α2) dans
(S,SpmCA1, α1)). L’identité sur S est alors un isomorphisme de ces deux ba-
nach analytiques que l’on utilise pour les identifier. Autrement dit, on peut
aussi bien voir un banach analytique comme un banach muni d’une classe
d’équivalence de C-structures analytiques. On parlera souvent abusivement
du banach analytique S, la classe d’équivalence de structures anaytiques étant
sous-entendue.

4.2 – Banach analytiques constants et vectoriels

Soit V un Qp-espace vectoriel de dimension finie. Choisissons un réseau V de
V ; soit Fcont(V, C) la C-algèbre des fonctions continues sur V à valeurs dans
C. On la munit de la norme spectrale

||(f)|| = sup
s∈V

|f(s)|

Alors V = SpmCFcont(V, C), munie de l’inclusion de V dans V , est une struc-
ture analytique sur V dont la classe d’équivalence ne dépend pas du choix du
réseau ; on l’appelle la structure analytique constante et on note V c le banach
analytique ainsi associé à V .
On obtient ainsi un foncteur V 7→ V c de la catégorie des Qp-espaces vectoriels
de dimension finie dans celle des banach analytiques. Ce foncteur est pleine-
ment fidèle, i.e. si V1 et V2 sont deux Qp-espaces vectoriels de dimension finie,
toute application Qp-linéaire de V1 dans V2 non seulement est continue, mais
elle est analytique.
Les banach analytiques constants sont les Qp-espaces vectoriels de dimension
finie munis de la structure analytique constante. On appelle alors hauteur de
V c (ou de V ) la dimension de V sur Qp.

Soit W un OC-module libre de rang fini. Notons W ′ le OC-module dual.
Notons OC{W ′} la complétion p-adique de l’algèbre SymOC

W ′ et posons
C{W ′} = C ⊗OC

OC{W ′} = OC{W ′}[1/p]. L’algèbre topologique C{W ′}
est une C-algèbre spectrale ; le choix d’une base {e1, e2, . . . , ed} de W permet
de l’identifier à l’algèbre des séries formelles restreintes C{X1,X2, . . . ,Xd} (où
{X1,X2, . . . ,Xd} est la base de W ′ duale de {e1, e2, . . . , ed}). Son spectre
maximal s’identifie à W, ce qui nous permet de considérer W = SpmCC{W ′}
comme un groupe spectral commutatif affine.
Si maintenant W est un C-espace vectoriel de dimension finie, le choix d’un
OC-réseau de W , i.e. d’un sous-OC-module libre W de W qui engendre W
comme C-espace vectoriel, définit une structure analytique SpmCC{W ′} sur
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W . On voit que la classe d’équivalence de cette structure est indépendante du
choix de W, ce qui nous permet de considérer W comme le banach sous-jacent
à un banach analytique que l’on note W an.
Par exemple, pour W = C, on écrit aussi Gan

a = Can et on l’appelle le groupe ad-
ditif (sous-entendu dans la catégorie des banach analytiques sur C). L’élément
1 est une base du OC-réseau OC de C et OC s’identifie à SpmCC{X}, avec
m∗X = X⊗̂1 ⊕ 1⊗̂X.
L’application qui à W associe W an est, de manière évidente, un foncteur de
la catégorie des C-espaces vectoriels de dimension finie dans celle des banach
analytiques.

PROPOSITION 4.2. — Le foncteur W 7→ W an de la catégorie des C-espaces
vectoriels de dimension finie dans celle des banach analytiques est pleinement
fidèle.

Autrement dit, si W1 et W2 sont deux C-espaces vectoriels de dimension finie,
toute application Qp-linéaire de W1 dans W2 qui est analytique est C-linéaire.
Ce résultat est à rapprocher du théorème de pleine fidélité pour les C-repré-
sentations (cf. th.3.11).

Preuve : Si W est un C-espace vectoriel de dimension d, le choix d’une base
de W définit un isomorphisme de W an sur (Gan

a )d. Ceci nous ramène au cas
où W1 = W2 = C. Si η est un endomorphisme analytique de C, il existe un
entier m tel que pmη provient d’un endomorphisme continu ν de la C-algèbre
C{X} qui commute au coproduit. Se donner ν revient à se donner ν(X) qui
doit être un élément f ∈ OC{X} vérifiant m∗(f) = f⊗̂1 + 1⊗̂f . Mais ceci
implique que f appartient au C-espace vectoriel engendré par X, comme on le
voit par exemple en utilisant l’inclusion de OC{X} ⊂ C{X} dans C[[X]], celle
de C{X⊗̂1, 1⊗̂X} dans C[[X⊗̂1, 1⊗̂X]] et le fait que le résultat correspondant
est vrai pour le groupe formel additif sur un corps de caractéristique 0. On a
donc ν(X) = λX pour un λ ∈ OC convenable. Mais alors l’endomorphisme de
C induit par ν est la multiplication par λ et η est la multiplication par p−mλ
qui est bien C-linéaire.

On a donc une équivalence entre la catégorie des C-espaces vectoriels de di-
mension finie et celle des banach analytiques vectoriels, i.e. la sous-catégorie
pleine de la catégorie des banach analytiques qui sont isomorphes à un W an

pour un C-espace vectoriel W de dimension finie convenable.

4.3 – Espaces de Banach-Colmez

Les Espaces de Banach-Colmez présentables sont les banach analytiques qui
peuvent s’écrire comme une extension d’un banach analytique vectoriel par un
banach analytique constant. Dans la définition qui suit et qui suffit pour ce que
nous faisons ici, il semble que l’on ne considère que des extensions d’un type
particulier. En fait ([Co02], [FP]) toutes les extensions d’un banach analytique
vectoriel par un banach analytique constant sont de ce type là.
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Rappelons (§3.4) que le groupe multiplicatif UR = 1 + mR a une structure
naturelle de banach. On a une structure analytique naturelle sur UR : Soit
π ∈ R tel que (π(0)) = −p ; alors UR = 1 + πR est un réseau de UR. Pour tout
n ∈ N, soit Un = 1 + π(n)OC le sous-groupe du groupe multiplicatif O∗

C de OC

formé des a tels que |a−1| ≤ p−n. L’application de OC dans Un qui envoie y sur
1+π(n)y est un homéomorphisme et on l’utilise pour munir Un d’une structure
de groupe spectral commutatif affine ; autrement dit on écrit U\ = SpmCC{Yn}
et la loi de groupe est donnée par m∗Yn = Yn⊗̂1+1⊗̂Yn+π(n)Yn⊗̂Yn. On envoie
Un+1 sur Un via le morphisme analytique défini par l’homomorphisme continu
de C-algèbres C{Yn} → C{Yn+1} qui envoie 1 + π(n)Yn sur (1 + π(n+1)Yn+1)

p.
Alors UR s’identifie à la limite projective des Un et on le munit de la structure de
groupe spectral commutatif affine induite, i.e. on pose UR = SpmCAU où AU

est le complété pour la norme spectrale de lim−→n∈N
C{Yn}. D’où une C-structure

analytique sur UR. On note Uan le banach analytique (U,SpmCAU , αU ) où
αU : UR → U est l’application u 7→ log[u].

La suite exacte

0 → Qp(1) → U → C → 0

induit une suite exacte de banach analytiques

(1) 0 → Qp(1)c → Uan → Can → 0

En effet, l’application de U sur C qui envoie log[u] sur log(u(0)) est analytique
(elle est induite par l’homomorphisme continu de C-algèbres C{X} → AU qui
envoie X sur log(1 − pY0)/p). L’inclusion de Qp(1) dans U est induite par
l’unique homomorphisme continu de la C-algèbre AU dans celle des fonctions
continues de Zp(1) dans C qui envoie 1+π(n)Yn sur la fonction ε = (ε(m))m∈N 7→
ε(n).

Soit S le banach sous-jacent à un banach analytique San = (S,SpmCA,α) et
soit V un Qp-espace vectoriel de dimension finie. Le choix d’une base de V
définit un isomorphisme de S ⊗Qp

V sur Sd qui hérite donc de la structure
analytique produit. La structure analytique ainsi définie sur S ⊗ V ne dépend
pas du choix de la base et on note San ⊗ V le banach analytique ainsi défini.
Par exemple, pour tout Qp-espace vectoriel V de dimension fini, V c s’identifie
à Qc

p ⊗ V aussi bien qu’à Qp(1)c ⊗ V (−1) et VC(−1)an à Can ⊗ V (−1). En
tensorisant la suite exacte (1) avec V (−1), on obtient une suite exacte de
banach analytiques

0 → V c → Uan ⊗ V (−1) → VC(−1)an → 0

Pour tout triplet (V,W, f) formé d’un Qp-espace vectoriel de dimension fini V ,
d’un C-espace vectoriel de dimension finie W et d’une application C-linéaire
f : W → VC(−1), on pose EV,W,f = (U ⊗Qp

V ) ×VC(−1) W ; c’est le banach
sous-jacent au banach analytique Ean

V,W,f défini comme le produit fibré de Uan⊗
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V (−1) avec W an au-dessus de VC(−1)an. On a donc un diagramme commutatif

0 → V c → Ean
V,W,f → W an → 0

‖ ↓ ↓
0 → V c → Uan ⊗ V (−1) → VC(−1)an → 0

de banach analytiques dont les lignes sont exactes.
Décrivons un peu plus explicitement la structure analytique : Rappelons que
t est un générateur du Zp-module Zp(1). Choisissons une base {v1, v2, . . . , vh}
de V sur Qp ; les v′

i = vi ⊗ t−1 forment une base de V (−1) sur Qp. Choisissons

une base {e1, e2, . . . , ed} de W sur C, de manière que si f(ej) =
∑h

i=1 cijv
′
i,

alors les cij ∈ OC . Notons V le sous-Zp-module de V engendré par les vi et W
le sous-OC-module de W engendré par les ej .
Soit U = αU (UR). Soit A0

U⊗V(−∞) le quotient de l’anneau des polynômes à
coefficients dans C en les variables Yi,n, pour 1 ≤ i ≤ h et n ∈ N, par l’idéal
engendré par les 1 + π(n)Yi,n − (1 + π(n+1)Yi,n+1)

p. On l’identifie à une sous-
algèbre de la C-algèbre des fonctions sur U ⊗ V(−∞) en identifiant Yr,n à

la fonction qui envoie
∑

ui ⊗ v′
i sur

u(n)
r −1

π(n) . On note AU⊗V(−∞) le complété
de cette algèbre pour la norme ||f || = sups∈U⊗V(−∞)|f(s)|. C’est une algèbre
spectrale dont le spectre maximal s’identifie au réseau U⊗V(−1) de U ⊗V (−1)
et définit la structure analytique sur ce banach.
Par ailleurs

W an = (W,SpmCC{Z1, Z2, . . . , Zd}, αW) et

VC(−1)an = (VC(−1),SpmCC{X1,X2, . . . ,Xh}, αV)

où l’algèbre de séries formelles restreintes C{Z1, Z2, . . . , Zd} (resp.
C{X1,X2, . . . ,Xh}) s’identifie à l’unique algèbre spectrale de fonctions
continues sur W (resp. VC(−1)) telle que Zs(

∑s
j=1 λjej) = λs (resp.

Xr(
∑h

i=1 µi ⊗ v′
i) = µr) et où αW et αV sont les applications évidentes.

En outre f est induit par l’unique homomorphisme continu de C-algèbres

C{X1,X2, . . . ,Xh} → C{Z1, Z2, . . . , Zd}

qui envoie Xi sur
∑d

j=1 cijZj tandis que la projection de Uan ⊗ V (−1) sur
VC(−1)an est induite par l’unique homomorphisme continu de C-algèbres
C{X1,X2, . . . ,Xh} → Fcont(V, C) qui envoie Xr sur log(1 − pYr,0)/p. En-
fin Ean

V,W,f = (EV,W,f ,SpmCAV,W,f , α) où AV,W,f est le séparé complété
du produit tensoriel de AU⊗V(−∞) et de C{Z1, Z2, . . . , Zd} au-dessus de
C{X1,X2, . . . ,Xh} pour la norme évidente, son spectre maximal est U ⊗
V(−1))×OC⊗V(−1) W et α est l’application évidente. Remarquons que AV,W,f

est aussi le séparé complété, pour la norme évidente, de la C-algèbre engendrée
par des éléments (Yi,n)1≤i≤h,n∈N et des éléments Z1, Z2, . . . , Zd avec les re-

lations 1 + π(n)Yi,n = (1 + π(n+1)Yi,n+1)
p et log(1 − pYi,0)/p =

∑d
j=1 cijZj .
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Quant à la loi de groupe elle est caractérisée par m∗Yn,i = Yn,i⊗̂Yn,i et
m∗Zj = Zj⊗̂1 + 1⊗̂Zj .

Une présentation d’un banach analytique Ean consiste en la donnée d’un
quadruplet (W,V, f, ι) formé d’un C-espace vectoriel de dimension finie W ,
d’un Qp-espace vectoriel de dimension finie V , d’une application C-linéaire f :
W → VC(−1) et d’un isomorphisme de banach analytiques ι : Ean

W,V,f → Ean.
On appelle dimension de la présentation la dimension du C-espace vectoriel W
et hauteur de la présentation la dimension du Qp-espace vectoriel V .
Enfin, on appelle espace de Banach-Colmez présentable (sur C) tout banach
analytique qui admet une présentation.
Les principaux résultats du travail de Colmez sur les Espaces de Banach de di-
mension finie [Co02] peuvent se réinterpréter (cf. [FP], voir aussi[Fo02]) en dis-
ant que la sous-catégorie pleine BC+

C de la catégorie des banach analytiques dont
les objets sont les espaces de Banach-Colmez présentables s’identifie de façon
naturelle à une sous-catégorie pleine d’une catégorie abélienne, la catégorie BCC
des espaces de Banach-Colmez (sur C), tout objet de BCC étant isomorphe au
quotient d’un objet de BC+

C par un autre. Il existe en outre des fonctions ad-
ditives d : Ob BCC → N et h : Ob BCC → Z uniquement déterminées par le
fait que si Ean est un banach analytique muni d’une présentation, alors d(Ean)
(resp. h(Ean)) est la dimension (resp. la hauteur) de la présentation.
Nous verrons aussi que toute presque C-représentation de GK est munie de
façon naturelle d’une structure d’espace de Banach-Colmez. Pour le moment,
nous n’avons pas besoin de ces résultats. Mais nous allons utiliser le résultat
crucial de [Co02] (prop.5.19 et cor.5.11, voir aussi [FP]) qui peut s’énoncer ainsi
:

PROPOSITION 4.3 (lemme de Colmez). — Soit Ean un banach analytique ad-
mettant une présentation (W,V, ρ, ι) de dimension 1. Soit η : E → C un
morphisme analytique tel que η(E) 6= f(ι(V )). Alors η est surjective et son
noyau est un Qp-espace vectoriel de dimension finie égale à la hauteur de la
présentation.

Remarque : C’est essentiellement la version forte du lemme fondamental de
[CF00] ; le lemme fondamental ([CF00],§2) énoncé sous une autre forme, disait
seulement que l’application η est surjective.

4.4 – Une application aux presque-C-représentations

Soit E une représentation banachique de GK extension d’une C-représenta-
tion W par une représentation p-adique V . D’après la proposition 3.12, on
dispose d’une application C-linéaire GK-équivariante f : W → VC(−1) et d’un
diagramme commutatif

0 → V → E → W → 0
‖ ↓

y f

0 → V → U(−1) ⊗Qp
V → VC(−1) → 0
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Ceci nous permet d’identifier E au banach sous-jacent à Ean
W,V,f . Comme C est

le banach sous-jacent à Ean
C,0,0, cela donne un sens à l’énoncé suivant :

PROPOSITION 4.4. — Soient V un sous-Qp-espace vectoriel de dimension finie
de C stable par GK et E une représentation banachique extension d’une C-
représentation W de dimension 1 par V . Si η : E → C est une application
Qp-linéaire continue GK-équivariante induisant l’identité sur V , alors η est
analytique.

Preuve : Reprenons les conventions et notations du §4.3 avec d = 1. Posons
e = e1, Z = Z1, ci = ci1 et E = (U⊗V(−1))×OC⊗V(−1)W. Quitte à remplacer e
par pe, on peut supposer que ci ∈ pOC pour tout i. Posons encore A = AV,W,f

et notons OA la boule unité de A. Soit RA l’ensemble des suites x = (x(n))n∈N

d’éléments de OA vérifiant (x(n+1))p = x(n) pour tout n. On en fait un anneau
commutatif unitaire en posant

(x + y)(n) = lim
m 7→+∞

(x(n+m) + y(n+m))pm

et (xy)(n) = x(n)y(n)

C’est un anneau de caractéristique p. Il contient l’anneau R formé des x tels
que x(n) ∈ OC pour tout n comme sous-anneau. Il est parfait (i.e. le Frobenius
x 7→ xp est bijectif).
Soit W (RA) l’anneau des vecteurs de Witt à coefficients dans RA. Comme
RA est parfait, c’est un anneau séparé et complet pour la topologie p-adique,
sans p-torsion. Pour tout x ∈ RA, notons [x] = (x, 0, 0, . . . , 0, . . .) ∈ W (RA)
son représentant de Teichmüller. Pour tout (x0, x1, . . . , xn, . . .) ∈ W (RA), on

a (x0, x1, . . . , xn, . . .) =
∑∞

n=0 pn[xp−n

n ].
L’application θ : W (RA) → OA qui envoie (x0, x1, x2, . . . , xn, . . .) sur∑∞

n=0 pnx
(n)
n est un homomorphisme d’anneaux.

LEMME 4.5. — Soit π = (π(n))n∈N ∈ R un élément vérifiant π(0) = −p. Pour
tout x = (x(n))n∈N ∈ RA, posons ||x|| = ||x(0)||. Pour que x appartienne à
l’idéal engendré par π, il faut et il suffit que ||x|| ≤ |p|.
Preuve : Si x = πy avec y ∈ RA, on a ||x|| = ||x(0)|| = ||−py(0)|| = |p|||y(0)|| ≤
|p| et la condition est nécessaire. Réciproquement, si ||x|| ≤ |p|, cela veut dire

que ||x(0|| ≤ |p|, donc que, pour tout n ∈ N, ||x(n)|| ≤ (|p|)p−n

= |π(n)| puisque
||x(0)|| = (||x(n)||)pn

. L’élément y(n) = x(n)/π(n) de A vérifie donc ||y||(n) ≤ 1.
Donc y = (y(n))n∈N ∈ OA et x = πy.

LEMME 4.6. — Soient π comme ci-dessus et ξ = [π] + p. Dans W (RA), la
multiplication par ξ est injective et le noyau de θ est l’idéal principal engendré
par ξ.

Preuve : Remarquons d’abord que la multiplication par π est injective dans RA.
En effet, si x = (x(n))n∈N ∈ RA est non nul, x(0) 6= 0. On a πx = (π(n)x(n))n∈N

et π(0)x(0) = −px(0) est non nul, puisque p est inversible dans C et A est une
C-algèbre.
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Soit maintenant x ∈ W (RA) non nul. Si r est le plus grand entier tel que
pr divise x, on peut écrire x = pry avec y = (y0, y1, . . . , yn, . . .) ∈ W (RA) et
y0 6= 0. Alors ξy = (πy0, . . . , ) est non nul puisque πy0 6= 0 et donc aussi
ξx = prξy, puisque W (RA) est sans p-torsion.
On a θ(ξ) = π(0) + p = 0 et l’idéal engendré par ξ est bien contenu dans le
noyau de θ. Pour prouver la réciproque, comme W (RA) est séparé et complet
pour la topologie p-adique, il suffit de vérifier que Ker θ ⊂ (ξ) + pKer θ. Soit

x = (x0, x1, . . . , xn, . . .) ∈ Ker θ. On a x
(0)
0 + p(

∑∞
n=1 pn−1x

(n)
n ) = 0 donc

x
(0)
0 ∈ pOA et ||x|| = ||x(0)|| ≤ |p|. D’après le lemme précédent, il existe

y0 ∈ RA tel que x0 = πy0. Si z = (z0, z1, . . . , zn, . . .) = x − ξ[y0], on a z0 = 0
donc z = pz′ avec z′ ∈ W (RA). Mais θ(pz′) = 0, donc aussi θ(z′) = 0 et on a
bien x ∈ (ξ) + pKer θ.

Notons OAθ le sous-anneau de OA image de W (RA) par θ et OBA
2

le quotient

de W (RA) par l’idéal (Ker θ)2 qui est aussi l’idéal principal engendré par ξ2.
L’anneau OBA

2
est donc une extension de OAθ par un idéal de carré nul qui est

le OAθ -module libre de base l’image ξ̄ de ξ.

Pour 1 ≤ i ≤ h, soit U
(n)
i = 1 + π(n)Yi,n. Alors Ui = (U

(n)
i )n∈N ∈ RA.

On a U
(0)
i − 1 = exp(ciZ) − 1 qui, comme ciZ, appartient à pOA. On a

(Ui − 1)(0) ≡ U
(0)
i − 1 mod pOA et ||Ui − 1|| ≤ |p|. D’après le lemme 4.5, il

existe Vi ∈ RA tel que Ui − 1 = πVi.
Soit [Ui] = (Ui, 0, 0, . . . , 0, . . .) le représentant de Teichmüller de Ui dans
W (RA). Il existe αi ∈ W (RA) tel que [Ui] − 1 = [Ui − 1] + pαi. On peut
donc écrire [Ui]−1 = [πVi]+pαi = [π][Vi]+pαi = ξ[Vi]+p(βi−Vi). L’anneau
OBA

2
est séparé et complet pour la topologie p-adique et l’idéal engendré par ξ̄

est de carré nul ; on en déduit une structure d’idéal à puissances divisées sur
l’idéal engendré par ξ̄ et p. Par conséquent, si l’on note Ũi l’image de [Ui] dans

OBA
2
, la série log Ũi =

∑∞
n=1(−1)n+1 (Ũi−1)n

n =
∑∞

n=1(−1)n+1(n−1)!γn(Ũi−1)
converge dans cet anneau.
Celui-ci est sans p-torsion et OBA

2
s’identifie à un sous-anneau de BA

2 =

OBA
2
[1/p]. Ce dernier est une extension de l’anneau Aθ = OAθ [1/p] - que

l’on peut voir comme un sous-anneau de A - par le Aθ-module libre de rang 1
de base ξ̄.
Notons OB2

le quotient de l’anneau W (R) par l’idéal engendré par ξ2. On sait
([Fo88a], §1.5) que B2 s’identifie à OB2

[1/p] et que l’image t̄ de t dans B2 est
un élément non nul de OB2

ξ̄ = OC ξ̄ ; il existe donc c0 ∈ OC non nul tel que
t̄ = c0ξ̄. On voit donc que BA

2 est de façon naturelle une B2-algèbre, que ξ et
t̄ engendre le même idéal dans BA

2 et que l’on a un diagramme commutatif

0 → C(1) → B2 → C → 0
∩ ↓ ∩

0 → Aθ(1) → BA
2 → Aθ → 0

dont les lignes sont exactes. En particulier l’application B2 → BA
2 est injective

et BA
2 est une B2-algèbre fidèlement plate.
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Pour tout B2-module W , on pose WA = BA
2 ⊗B2

W . Si W est annulé par t,
c’est un C-espace vectoriel et WA = Aθ ⊗C W . Remarquons que, si s ∈ E ,
alors s induit un homomorphisme de OC-algèbres de OA dans OC , donc un
morphisme de R-algèbres de RA dans R, un morphisme de W (R)-algèbres de
W (RA) dans W (R), donc un morphisme de B2-algèbres sB2

: BA
2 → B2. Pour

tout B2-module W , on note encore sB2
: WA → W l’application définie par

sB2
(b ⊗ w) = sB2

(b)w si b ∈ BA
2 et w ∈ W .

LEMME 4.7. — Soient W un B2-module de type fini et W1 un sous-B2-module
de W . Soit α ∈ WA. Pour que α ∈ WA

1 , il faut et il suffit que sB2
(α) ∈ W1

pour tout s ∈ E.

Preuve : On peut trouver m1 ≤ m2 ≤ m et n1 ≤ n dans N et des éléments
(ai)1≤i≤m et (bj)1≤j≤n dans W tels que, avec des notations évidentes,

W = (

m⊕

i=1

B2ai) ⊕ (

n⊕

j=1

Cbj) et W1 = (

m1⊕

i=1

B2ai) ⊕ (

m2⊕

i=m1+1

Ct̄ai) ⊕ (

n1⊕

j=1

Cbj)

On peut alors écrire α =
∑n

i=1 λi ⊗ ai +
∑n

j=1 µj ⊗ bj , avec les λi ∈ BA
2 et les

µj ∈ Aθ uniquement déterminés. Pour tout s ∈ E , on a sB2
(α) =

∑
sB2

(λi)ai+∑
s(µj)bj ; c’est un élément de W1 si et seulment si θ(sB2

(λi)) = 0 pour
m1 < i ≤ m2, sB2

(λi) = 0 pour m2 < i ≤ m et s(µj) = 0 pour n1 < j ≤ n.
L’assertion résulte alors de ce que, comme A est spectrale, pour tout µ ∈ A
non nul, il existe s ∈ E tel que s(µ) 6= 0, ce qui implique aussi que, si λ ∈ BA

2

vérifie θ(λ) 6= 0, alors il existe s ∈ E tel que θ(sB2
(λ)) 6= 0 et que, si λ ∈ BA

2

est non nul, alors il existe s ∈ E tel que sB2
(λ) 6= 0.

Fin de la preuve de la proposition 4.4 : On a E ⊂ U(−1)⊗Qp
V = U⊗Qp

V (−1).
L’inclusion U ⊂ B2 permet d’identifier E à un sous-Qp-espace vectoriel du B2-
module W1 = B2 ⊗Qp

V (−1) et on a une suite exacte

0 → VC → W1 → VC(−1) → 0

Soit V 0
C le noyau de la projection $ : VC → C induite par l’inclusion de V dans

C (on a $(
∑

λi ⊗ vi) =
∑

λivi). C’est un sous-C-espace vectoriel de VC et le
quotient W2 = W1/V 0

C est un B2-module extension de VC(−1) par C.
L’application composée E → U ⊗ V (−1) → W1 → W2 est injective et on a un
diagramme commutatif

0 → V → E → W → 0
∩

y ϕ
y f

0 → C → W1 → VC(−1) → 0

dont les lignes sont exactes. Soit EC = C ⊕V E la somme amalgamée de C et
de E au-dessous de V . L’application ϕ : E → W1 s’étend de manière unique
en une application Qp-linéaire continue GK-équivariante ϕC : EC → W1 qui
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est l’identité sur C. L’image W2 de ϕC est l’image inverse dans W1 du sous-
C-espace vectoriel f(W ) de VC(−1) et est donc un sous-B2-module de W1. En
outre, ϕC est un homéomorphisme de EC sur W2.
L’application η : E → C s’étend de manière unique en une application Qp-
linéaire continue GK-équivariante de EC sur C qui est l’identité sur C. Par
transport de structure, on en déduit un morphisme η′

C : W2 → C de B(GK)
qui est l’identité sur C. D’après le théorème de pleine fidélité (th.3.11), cette
application est B2-linéaire. Autrement dit, W2 est en fait un C-espace vectoriel
de dimension 2 somme directe de C et du noyau N de η′

C . On a donc une
décomposition en somme directe WA

2 = CA ⊕ NA = Aθ ⊕ NA.

Considérons l’élément α1 =
∑h

i=1 log Ũi ⊗ v′
i de WA

1 et notons α2 son image
dans WA

2 . Pour tout s ∈ E , sB2
(α1) appartient à l’image de E dans W1, donc

sB2
(α2) ∈ W2. D’après le lemme 4.7, ceci implique que α2 ∈ WA

2 et on peut
écrire α2 = β2 + γ2, avec β2 ∈ Aθ ⊂ A et γ2 ∈ NA. Quitte à remplacer η
par pmη, et donc aussi f par pmf , avec m entier suffisamment grand, on peut
supposer que β2 ∈ OA.
On voit alors que η(E) ⊂ OC et que, pour tout s ∈ E , on a η(s) = s ◦ ν, où
ν : C{X} → A est l’unique homomorphisme continu de C-algèbres qui envoie
X sur β2.

Montrons alors le théorème 4.1 : Soit V ′ le noyau de la restriction de η à
V . Quitte à remplacer E par E/V ′, on peut supposer V ′ = 0 et utiliser la
restriction de η à V pour identifier V à un sous-Qp-espace vectoriel de C.
D’après la proposition précédente, η est analytique. Il suffit alors d’appliquer
le lemme de Colmez (prop.4.3).

COROLLAIRE. — Soit V un sous-Qp-espace vectoriel de dimension finie, stable
par GK , de C. Soit W une C-représentation de dimension 1. Si g : W → C/V
est un morphisme non nul de représentations banachiques, alors g est surjective
et son noyau est un Qp-espace vectoriel de dimension finie égale à celle de V .

En effet, si E = C ×C/V W , on a un diagramme commutatif

0 → V → E → W → 0
‖

y η
y g

0 → V → C → C/V → 0

dont les lignes sont exactes. Comme g 6= 0, η(V ) 6= η(E) ; mais alors η est
surjectif donc aussi g et le noyau de g s’identifie au noyau de η et sa dimension
sur Qp est bien égale à celle de V .

5 – La catégorie des presque C-représentations

5.1 – Le théorème de structure

On reprend les notations et conventions des §1.2 et 1.4.
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THÉORÈME 5.1. — La catégorie C(GK) est une sous-catégorie stricte de B(GK).
En outre, il existe deux fonctions additives sur les objets de C(GK)

d : Ob C(GK) → N et h : Ob C(GK) → Z

uniquement déterminées par d(C) = 1, h(C) = 0 et d(V ) = 0, h(V ) = dimQp
V

pour toute représentation p-adique V .

Remarque : Nous appellerons d(X) la dimension de X et h(X) sa hauteur. Il
est parfois commode d’utiliser la fonction additive dh : Ob C(GK) → N × Z
définie par dh(X) = (d(X), h(X)).

Preuve : Appelons présentation d’un objet X de B(GK) un quadruplet formé
d’une C-représentation triviale W , de sous-Qp-espaces vectoriels de dimen-
sion finie V de X et V ′ de W , stables par GK , et d’un isomorphisme
α : X/V → W/V ′ (dans B(GK)). Un objet de B(GK) admet donc une
présentation si et seulement s’il est dans C(GK). Appelons objet présenté un
quintuplet X = (X,W, V, V ′, α), où X est un objet de C(GK) et (W,V, V ′, α)
une présentation de X. On écrit aussi X = (α : X/V ' W/V ′). On pose
dh(X) = (dimC W,dimQp

V −dimQp
V ′) ; on appelle aussi X l’objet sous-jacent

à X.
Un morphisme d’objets présentés est un morphisme des objets sous-jacents.
On dit qu’un morphisme f : X → Y est admissible s’il est strict et s’il existe
des présentations N du noyau N , J du conoyau J et I de l’image I de f telles
que dh(X) = dh(N) + dh(I) et dh(Y ) = dh(I) + d(hJ).
Le théorème équivaut au résultat suivant :

PROPOSITION 5.2. — Tout morphisme d’objets présentés est admissible.

Preuve : Si X = (X,W, V, V ′, α) est un objet présenté et si U est une
sous-représentation de X de dimension finie, on note X/U l’objet présenté
(X/U,W, Ṽ , Ṽ ′, α̃), où Ṽ = U + V/U , Ṽ ′ = {w ∈ W | w mod V ′ ∈ α(U + V )}
et α̃ est l’application déduite de α par passage au quotient.

LEMME 5.3. — Soient f : X → Y un morphisme d’objets présentés, U une
sous-représentation de dimension finie de X, U ′ une sous-représentation de di-
mension finie de Y contenant f(U) et f̃ : X/U → Y /U ′ le morphisme d’objets
présentés déduit de f par passage aux quotients. Alors f est admissible si et
seulement si f̃ est admissible.

Preuve : Exercice.

LEMME 5.4. — Soient m,h, d ∈ N. Soient E une représentation banachique
extension d’une C-représentation triviale X de dimension m par une représen-
tation p-adique V de dimension h, W une C-représentation triviale de dimen-
sion d et f : E → W un morphisme de C(GK). Alors f est strict et il existe
des présentations N du noyau N , J du conoyau J et I de l’image I de f telles
que dh(N) + dh(I) = (m,h) et dh(I) + dh(J) = (d, 0).
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Montrons d’abord comment la proposition résulte des lemmes 5.3 et 5.4 : Soit f :
(X1,W1, V1, V

′
1 , α1) → (X2,W2, V2, V

′
2 , α2) un morphisme d’objets présentés.

Pour i ∈ {1, 2}, soit W i = (Wi,Wi, 0, 0, idWi
). Posons E1 = W1 ×X2/f(V1) X2.

On a une suite exacte

0 → f(V1) → E1 → W1 → 0

et on pose E1 = (E1,W1, f(V1), 0,proj.can.). Posons F1 = E1 ×X2/V2
W2. On

a des suites exactes
0 → V ′

2 → F1 → E1 → 0

et, si l’on note V ′ l’image inverse de f(V1) dans F1,

0 → V ′ → F1 → W1 → 0

et on pose F 1 = (F1,W1, V
′, 0,proj.can.).

On a alors un diagramme commutatif

X1 → X1/V1 ← W 1 ← E1 = E1 ← F 1

↓ ↓ ↓ ↓ ↓ ↓
X2 → X2/f(V1) = X2/f(V1) ← X2 → X2/V2 ← W 2

La flèche verticale de droite est admissible d’après le lemme 5.4. En appliquant
cinq fois de suite le lemme 5.3, on en déduit que toutes les flèches verticales le
sont.

Prouvons alors le lemme 5.4 : On va procéder par induction sur d, le cas d = 0
étant trivial. Supposons donc d ≥ 1.
Considérons une suite finie

W = F 0W ⊃ F 1W ⊃ . . . ⊃ F iW ⊃ F i+1W ⊃ . . . ⊃ F rW

de sous-C-espaces vectoriels de W , stables par GK , avec F iW de codimension
i. Pour chaque entier i, notons F iE l’image inverse par f de F iW , fi : F iE →
F iW la restriction de f , et, lorsque i < r, griW = F iW/F i+1W et f i : F iE →
griW le composé de fi avec la projection de F iW sur griW .
On se propose de construire une telle suite, ainsi que de se donner pour chaque
i, une suite exacte de C(GK)

0 → Vi → F iE → Xi → 0

où Vi est une représentation p-adique de dimension h et Xi une C-représen-
tation triviale de dimension m − i (ceci implique a posteriori que l’on aura
r ≤ m).
On procède inductivement :
a) On doit avoir F 0W = W et F 0E = E ; on prend V0 = V et X0 = X.
b) Soit i ≥ 0 et supposons F iW , F iE, Vi et Xi construits :
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– si fi(F
iE) est de dimension finie sur Qp, on prend r = i (remarquer que c’est

nécessairement le cas si i = m ou si i = d) ;

– sinon, soient e1, e2, . . . , ed−i une base de F iW formée d’éléments fixes par GK .
Pour s = 1, 2, . . . , d− i, soit Hs l’hyperplan de de F iW engendré par les ej avec
j 6= s. Comme fi(F

iE) s’injecte dans ⊕d−i
s=1F

iW/Hs, il existe un entier s tel que
l’image de fi(F

iE) dans F iW/Hs n’est pas de dimension finie. On choisit pour
F i+1W un tel Hs. Avec les notations qui précèdent, on a f i(F

iE) 6= f i(Vi).
Décomposons Xi en une somme directe Xi = ⊕m−i

j=1 Lj de C-droites stables par

GK et notons Ej l’image inverse de Lj dans F iE. On a F iE =
∑m−i

j=1 Ej , donc

f i(F
iE) =

∑
f i(Ej) et il existe j tel que f i(Ej) 6= f i(Vi). Quitte à changer la

numérotation, on peut supposer j = 1. Le choix d’une base de LGK
1 et d’une

base de (griW )GK permet d’identifier le sous-espace fermé E1 de F iE à une
extension de C par Vi et le quotient griW à C. En appliquant le théorème 4.1
à la restriction gi de f i à E1, on voit que gi est surjective et que le noyau Vi+1

de gi est une représentation p-adique de dimension h.

Soit Xi+1 la C-représentation de dimension m− i− 1 qui est le quotient de Xi

par L1. Dans C(GK), on a une suite exacte

0 → E1 → F iE → Xi+1 → 0

Comme gi est surjective, f i l’est aussi et est donc un épimorphisme strict.
Comme F i+1E est le noyau de f i, on a un diagramme commutatif

0 0
↓ ↓

0 → Vi+1 → F i+1E → Xi+1 → 0
↓ ↓ ‖

0 → E1 → F iE → Xi+1 → 0y gi

y fi

griW = griW
↓ ↓
0 0

dont les lignes et les colonnes sont exactes, ce qui achève la construction au
rang i + 1.

Soient V ′
r le noyau de la restriction de fr à Vr et V ′′

r = fr(Vr). Si h′ = dimQp
V ′

r

et h′′ = dimQp
V ′′

r , on a h = h′ + h′′.
Comme fr(F

rE) est de dimension finie sur Qp, l’application fr induit un mor-
phisme de C(GK) de la C-représentation Xr sur la représentation p-adique
fr(F

rE)/V ′′
r . D’après le corollaire au théorème 3.11, ce morphisme est nul et

on a fr(F
rE) = V ′′

r .

En particulier, on peut considérer fr comme un épimorphisme strict de F rE
sur V ′′

r . Par construction le noyau (en tant qu’application linéaire) de f est
aussi le noyau N de fr et a donc une structure naturelle d’objet de C(GK).

Documenta Mathematica · Extra Volume Kato (2003) 285–385



344 Jean-Marc Fontaine

Dans cette dernière catégorie, on a un diagramme commutatif

0 0
↓ ↓

0 → V ′
r → N → Wr → 0
↓ ↓ ‖

0 → Vr → F rE → Wr → 0
↓ ↓

V ′′
r = V ′′

r

↓ ↓
0 0

dont les lignes et les colonnes sont exactes. Ceci nous permet aussi de munir N
d’une structure d’objet de C(GK) muni d’une présentation N vérifiant dh(N) =
(m − r, h′).
Par construction l’application de E dans W/F rW composée de f avec la pro-
jection de W sur W/F rW est surjective et, si I désigne l’image ensembliste de
l’application f , on a donc une suite exacte

0 → V ′′
r → I → W/F rW → 0

Si l’on munit I de la topologie induite par celle de W , on voit que I est fermé
dans W et que la suite exacte ci-dessus donne à I une structure d’objet de
C(GK) muni d’une présentation I vérifiant dh(I) = (r, h′′).
De même, comme f induit un isomorphisme de E/F rE sur W/F rW , le conoyau
(au sens des Qp-espaces vectoriels) J de f s’identifie à celui de fr donc au
quotient de F rW par V ′′

r et est donc aussi muni d’une présentation J vérifiant
dh(J) = (d − r,−h′′).
Dans C(GK), on a des suites exactes courtes

0 → N → E → I → 0

et 0 → I → W → J → 0

ce qui montre que f est strict et, comme (m,h) = (m − r, h′) + (r, h′′) et
(d, 0) = (r, h′′) + (d − r,−h′′) que f est admissible.

5.2 – Toute suite exacte courte de presque C-représentations est
presque scindée

PROPOSITION 5.5. — Soit W une C-représentation triviale et X un sous-objet
de W dans C(GK). Alors il existe un presque supplémentaire W ′ de X dans
W qui est un sous-C-espace vectoriel.

Preuve : Comme W est une C-représentation triviale, tout sous-C-espace vec-
toriel de W stable par GK est encore une C-représentation triviale.
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Soit W ′ un sous-C-espace vectoriel de W stable par GK tel que l’application
composée X ⊂ W → W/W ′ est surjective et qui est minimal pour cette pro-
priété. Alors X est une extension de W ′′ = W/W ′ par X ′ = X ∩W ′. Si H est
un hyperplan de W ′ stable par GK , on a un diagramme commutatif

0 → X ′ → X → W ′′ → 0
↓ ↓ ‖

0 → W ′/H → W/H → W ′′ → 0

dont les lignes sont exactes. Comme l’application X → W/H n’est pas sur-
jective, X ′ → W ′/H ne l’est pas non plus. comme W ′/H ' C, l’image I de
cette application est isomorphe à un sous-objet de C dans la catégorie B(GK),
distinct de C ; on a donc d(I) = 0 et I est un Qp-espace vectoriel de dimension
finie. Si l’on choisit une base {e1, e2, . . . , er} de W ′ sur C formée d’éléments
fixes par GK et si, pour 1 ≤ i ≤ r, on note Hi l’hyperplan de W ′ de base les
ej avec j 6= i, la projection X ′

i de X ′ sur W ′/Hi est un Qp-espace vectoriel de
dimension finie. Comme X ′ s’injecte dans la somme directe des X ′

i, c’est aussi
un Qp-espace vectoriel de dimension finie.

COROLLAIRE. — Soit
0 → S′ → S → S′′ → 0

une suite exacte courte de représentations banachiques avec S′ et S′′ des
presque-C-représentations. Pour que S soit une presque C-représentation, il
faut et il suffit que cette suite soit presque scindée.

Preuve : Il est clair que la condition est suffisante. Montrons qu’elle est
nécessaire : Si S est une presque C-représentation, on peut trouver un iso-
morhisme S/V0 ' W/V avec W une C-représentation triviale et V0 et V des
représentations p-adiques de dimension finie. Quitte à remplacer S par S/V0

et S′ et S′′ par les quotients correspondants, on peut supposer V0 = 0. Quitte
à remplacer S par W et S′ par le produit fibré S′ ×S W , on peut supposer
S = W . D’après la proposition, il existe un sous-C-espace vectoriel W ′ de W
tel que S = W = W ′+S′ tandis que V ′ = S′∩W ′ est un Qp-espace vectoriel de
dimension finie. Autrement dit W ′ est un presque-supplémentaire de S′ dans
S et la suite est presque scindée.

5.3 – Toute suite exacte courte de B+
dR-représentations est

presque scindée

Pour prouver cette affirmation, nous aurons besoin de pouvoir tordre l’action
de GK par des caractères à valeurs dans K∗. C’est pourquoi nous allons établir
un resultat apparemment plus fort.
Si W est une B+

dR-représentation et Y un sous-Qp-espace vectoriel fermé de
X, stable par GK , un K-presque supplémentaire de Y dans X est un presque
supplémentaire qui est un sous-K-espace vectoriel. On dit qu’une suite exacte
courte

0 → W ′ → W → W ′′ → 0

Documenta Mathematica · Extra Volume Kato (2003) 285–385



346 Jean-Marc Fontaine

de B+
dR-représentations est K-presque scindée si W ′ admet un K-presque

supplémentaire dans W . Il revient au même de dire qu’il existe un sous-K-
espace vectoriel de dimension finie V de W ′ stable par GK et une section
K-linéaire GK-équivariante de la projection de W/V sur W ′′.

THÉORÈME 5.6. — Soit

(∗) 0 → W ′ → W → W ′′ → 0

une suite exacte courte de B(GK) avec W ′ et W ′′ des B+
dR-représentations de

GK . Les assertions suivantes sont équivalentes :
i) la suite (1) est presque scindée,
ii) la suite (1) est K-presque scindée,
iii) la représentation W est une B+

dR-représentation.

Commençons par établir quelques lemmes.

LEMME 5.7. — Soit

(1) (2)
0 0
↓ ↓

(3) 0 → Y ′ → X → X ′′ → 0
‖ ↓ ↓

(4) 0 → Y ′ → Y → Y ′′ → 0
↓ ↓
Z = Z
↓ ↓
0 0

un diagramme commutatif de B+
dR-représentations dont les lignes et les colon-

nes sont exactes.
i) Si les suites (2) et (4) sont K-presque scindées, alors (1) l’est aussi,
ii) Si (1) et (3) sont K-presque scindées, alors (4) l’est aussi.

Preuve : i) Soient E′′ un K-presque supplémentaire de X ′′ dans Y ′′ et F un
K-presque supplémentaire de Y ′ dans Y . L’image inverse de E′′ dans F est un
K-presque supplémentaire de Y dans X.
ii) Soient E1 un K-presque supplémentaire de X dans Y et E2 un K-presque
supplémentaire de Y ′ dans X. Alors E1 + E2 somme est un K-presque
supplémentaire de Y dans X.

LEMME 5.8. — Supposons qu’il existe une extension finie L de K contenue
dans K telle que (∗) est L-presque scindée en tant que suite exacte de B+

dR-
représentation de GL. Alors (∗) est K-presque scindée.

Preuve : Soient g1, g2, . . . , gn des représentants dans GK des classes à gauche
de GK suivant GL. Par hypothèse, il existe un sous-L-espace vectoriel V de W ′

stable par GL et de dimension finie et une section L-linéaire s0 : W ′′ → W/V
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de la projection de W/V sur W ′′ qui commute à l’action de GL. Quitte à
remplacer V par

∑n
i=1 gi(V ), on peut supposer que V est stable par GK . On

voit que l’application s : W ′′ → W/V définie par

s(x) =
1

n

n∑

i=1

gi(s0(g
−1
i (x))

est une section K-linéaire GK-équivariante de la projection de W sur W ′′.

LEMME 5.9. — Pour tout entier m ≥ 1 la suite exacte

0 → Bm−1(1) → Bm → C → 0

est K-presque scindée.

Preuve : Soient TK le module de Tate d’un groupe formel de Lubin-Tate pour
K (cf., par exemple [Se67b], §3.3) et VK = Qp ⊗Zp

TK . C’est un K-espace
vectoriel de dimension 1 sur lequel GK opère via un caractère dont la restriction
à l’inertie est l’inverse de celui donné par la théorie du corps de classes. La
représentation VK est de Hodge-Tate ([Se89], chap.III, §1 et appendice) : si
W0 désigne le noyau de l’application C ⊗Qp

VK → C ⊗K VK , la suite exacte

0 → W0 → C ⊗Qp
VK → C ⊗K VK → 0

est canoniquement scindée, C⊗K VK ' C(1) et W0 ' C [K:Qp]−1. Le choix d’un
isomorphisme de C⊗K VK sur C(1) définit une application K-linéaire injective
GK-équivariante ι0 : VK → C(1). Celle-ci se relève de façon unique en une
application K-linéaire GK-équivariante ι : VK → Fil1BdR : cela résulte de ce
que la représentation VK est de de Rham, mais aussi, plus simplement, de ce
que, pour n = 0, 1,

Extn(VK , C(m)) = Hn
cont(K,V ∗

K ⊗Qp
C(m)) '

Hn
cont(K,C(m − 1) ⊕ C(m)[K:Qp]−1) = 0

pour tout entier m ≥ 2, ce qui montre que l’application

HomC(GK)(VK , Bm+1) → HomC(GK)(VK , Bm)

est bijective. En tensorisant la suite exacte

0 → Qp → U(−1) → C(−1) → 0

avec VK , on obtient une suite exacte

0 → VK → U(−1) ⊗Qp
VK → C(−1) ⊗Qp

VK → 0

Notons UK l’image inverse de C(−1) ⊗K VK dans U(−1) ⊗K VK .
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Soit ι̂ : UK → B+
dR le composé de l’inclusion de UK dans U(−1) ⊗ VK avec

l’application ut−1 ⊗ v 7→ ut−1ι(v) et soit ιC(−1) : C(−1)⊗K → C l’application
ct−1 7→ cι(v) ⊗ t−1. Dans C(GK) a un diagramme commutatif

0 → VK → UK → C ⊗K VK → 0y ι
y ι̂

y ιC(−1)

0 → Fil1B+
dR → B+

dR → C → 0

dans lequel toutes les applications sont K-linéaires. Comme la flèche verticale
de droite est un isomorphisme, pour tout entier m ≥ 1, l’image de UK dans
Bm = B+

dR/FilmBdR est un K-presque supplémentaire de Bm−1(1) dans Bm.

LEMME 5.10. — La suite

0 → C → C2 → C → 0

est K-presque scindée.

Preuve : Choisissons une extension non triviale V1 de Qp(1) par Qp. Rappelons
(prop.3.10) que C ⊗Qp

V1 s’identifie à C ⊕ C(1) de sorte que la suite exacte

0 → C ⊗Qp
V1 → B2(−1) ⊗Qp

V1 → C(−1) ⊗Qp
V1 → 0

peut se réécrire

0 → C ⊕ C(1) → B2(−1) ⊗Qp
V1 → C(−1) ⊕ C → 0

Soit Ŵ1 l’image inverse de C dans B2(−1) ⊗Qp
V1 Le quotient W1 de Ŵ1 par

C(1) est une B+
dR-représentation, extension de C par C.

Pour n = 0, 1, on a Hn
cont(K,C(1)) = 0, et la suite exacte

0 → C(1) → Ŵ1 → W1 → 0

induit un isomorphisme ŴGK
1 → WGK

1 . Si l’extension W1 de C par C était

scindée, on aurait donc dimK ŴGK
1 = 2, ce qui, comme Ŵ1 ⊂ B2(−1) ⊗Qp

V1

contredit le fait que dimK(B2(−1) ⊗Qp
V1)

GK = 1 (prop.3.10). La proposition
2.15 implique alors que W1 ' C2 et il suffit de vérifier que la suite exacte

0 → C → W1 → C → 0

est K-presque scindée.
D’après le lemme 5.9, la suite exacte

0 → C(1) → B2 → C → 0

est K-presque-scindée. Si UK est un K-presque supplémentaire de C(1) dans
B2, alors UK(−1) ⊗Qp

V1 est un presque K-supplémentaire de C ⊗Qp
V1 dans

B2⊗Qp
V1, donc Ê1 = (UK(−1)⊗Qp

V1)∩Ŵ1 est un presque K-supplémentaire

de C⊗Qp
V1 dans Ŵ1 et l’image de Ê1 dans W1 est un presque-K-supplémentaire

de C dans W1.
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LEMME 5.11. — Pour tout entier r ≥ 2, la suite

0 → Cr−1 → Cr → C → 0

est K-presque scindée.

Preuve : Pour r = 2, c’est le lemme précédent et la démonstration pour r ≥ 3
est très voisine. Rappelons (§2.5) que, pour tout m ∈ N, Cm = C ⊗Zp

Tm où
Tm est le Zp-espace vectoriel des polynômes de degré < m en l’indéterminée
log t. En particulier Qp ⊗Zp

T1 = Qp et on a une suite eaxcte

0 → Qp ⊗ Tr−2 → Qp ⊗ Tr−1 → Qp → 0

(où (log t)r−2 s’envoie sur 1).
Soit V1 comme dans la preuve du lemme précédent. Comme le Qp-espace vecto-
riel Ext2Qp[GK ](Qp(1), Qp)) = H2

cont(GK , Qp(−1)) est le dual de H0(GK , Qp(2))

(cf. §3.1), il est nul ; par dévissage, on en déduit que Ext2Qp[GK ](Qp(1), Qp ⊗
Tr−2)) = 0. Par conséquent, l’application naturelle

Ext1Qp[GK ](Qp(1), Qp ⊗ Tr−1) → Ext1Qp[GK ](Qp(1), Qp)

est surjective, ce qui nous permet de choisir une extension V de Qp(1) par
Qp⊗Tr−1 qui relève V1, i.e. qui est munie d’une identification de V/(Qp⊗Tr−2)
à V1.
La suite exacte

0 → Qp ⊗ Tr−1 → V → Qp(1) → 0

induit, par extension des scalaires à C, une suite exacte de C-représentations

0 → Cr−1 → VC → C(1) → 0

On a HomC[GK ](C(1), C) = Ext1C[GK ](C(1), C) = 0, on en déduit par dévissage

que HomC[GK ](C(1), Cr−1) = Ext1C[GK ](C(1), Cr−1) = 0, la suite exacte
précédente est canoniquement scindée ce qui nous permet d’identifier VC à
Cr−1 ⊕ C(1) et VC(−1) à Cr−1(−1) ⊕ C. La suite exacte

0 → C ⊗Qp
V → B2(−1) ⊗Qp

V → C(−1) ⊗Qp
V → 0

peut donc se réécrire

0 → Cr−1 ⊕ C(1) → B2(−1) ⊗Qp
V → Cr−1(−1) ⊕ C → 0

Soient Ŵ l’image inverse de C dans B2(−1) ⊗Qp
V et W le quotient de

Ŵ par C(1). C’est une B+
dR-représentation extension de C par Cr−1.

Cette extension est non scindée car le quotient de W par Cr−2 s’identifie à
l’extension, non scindée, W1 de C par C considérée dans la preuve du lemmme
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précédent. L’assertion (Bi) du théorème 2.14 montre que le K-espace vectoriel
Ext1

B+
dR

[GK ]
(C,Cr−1) est de dimension 1. Il en résulte que W est isomorphe à

Cr et il suffit de vérifier que la suite exacte

0 → Cr−1 → W → C → 0

est presque scindée.
Si UK est comme dans la preuve du lemme précédent, UK(−1) ⊗Qp

V est un

presque K-supplémentaire de C⊗Qp
V dans B2⊗Qp

V , donc Ê = (UK(−1)⊗Qp

V )∩ Ŵ est un presque K-supplémentaire de C ⊗Qp
V dans Ŵ et l’image de Ê

dans W est un presque-K-supplémentaire de Cr−1 dans W .

Pour m, r ∈ N, posons Bm,r = Bm ⊗Zp
Tr. C’est une B+

dR-représentation et, si
m ≥ 1, en tensorisant avec Tr la suite exacte

0 → Bm−1(1) → Bm → C → 0

on obtient une autre suite exacte

0 → Bm−1,r(1) → Bm,r → Cr → 0

LEMME 5.12. — Soient m et n des entiers > 0 et soit B′
m,r le noyau du

composé de la projection de Bm,r sur Cr avec la projection de Cr sur C. Les
suites exactes

0 → Bm−1,r(1) → Bm,r → Cr → 0

0 → B′
m,r → Bm,r → C → 0

sont K-presque scindées.

Preuve : On peut supposer m ≥ 2. On peut (lemme 5.9) trouver un K-presque
supplémentaire UK de Bm−1(1) dans Bm ; si VK = Bm−1(1) ∩ UK , on a un
diagramme commutatif

0 → VK ⊗ Tr → UK ⊗ Tr → Cr → 0
∩ ∩ ‖

0 → Bm−1,r(1) → Bm,r → Cr → 0

dont les lignes sont exactes et UK ⊗Zp
Tr est un K-presque supplémentaire de

Bm−1,r(1) dans Bm,r.
On a un diagramme commutatif de B+

dR-représentations

0 0
↓ ↓

0 → Bm−1,1(1) → B′
m,r → Cr−1 → 0

‖ ↓ ↓
0 → Bm−1,1(1) → Bm,r → Cr → 0

↓ ↓
C = C
↓ ↓
0 0

Documenta Mathematica · Extra Volume Kato (2003) 285–385



Presque Cp-Représentations 351

dont les lignes et les colonnes sont exactes. On vient de voir que

0 → Bm−1,r(1) → Bm,r → Cr → 0

est K-presque scindée et

0 → Cr−1 → Cr → C → 0

l’est aussi (lemme 5.11). Donc (lemme 5.7, (i))

0 → B′
m,r → Bm,r → C → 0

l’est aussi.

Prouvons alors le théorème : L’implication (ii)⇒(i) est triviale et on sait
(prop.3.14) que (i)⇒(iii). Il suffit donc de prouver que, si

0 → W ′ → W → W ′′ → 0

est une suite exacte courte de B(GK), alors W ′ admet un K-presque
supplémentaire dans W .
Quitte à remplacer K par une extension finie convenable (ce qui est possible
grâce au lemme 5.8), on peut supposer que W est petite, ce qui implique que
W ′ et W ′′ le sont aussi. La décomposition W = ⊕A∈aK

WA de W suivant
les orbites de aK sous l’action de Z (cf. remarque à la fin du §2.3) induit
une décomposition en somme directe de la suite exacte, ce qui nous permet
de supposer que tous les WA sauf l’un d’entre eux sont nuls. Autrement dit,
il existe α ∈ aK tel que les valeurs propres de ∇0 agissant sur W f sont dans
α + Z. Quitte à tordre l’action de W sur GK par le caractère χ(−α) qui est
à valeurs dans K∗, on peut supposer que α = 0, i.e. que W est un objet de
RepB+

dR
,Z(GK).

On procède alors par récurrence sur la longeur d′′ de la B+
dR-représentation W ′′

qui, puisque W ′′ est petite, est aussi sa longeur en tant que B+
dR-module.

Si d′′ = 1, W ′′ objet simple de la catégorie RepB+
dR

,Z(GK) est isomorphe à C(i)

pour i ∈ Z un entier convenable. Quitte à tordre l’action de GK sur W par le
caractère χ−i, on peut supposer que W ′′ = C.
Avec les notations du §2.5 on a W(Z) = ⊕i∈ZW(i) , W = B+

dR ⊗K[[t]] W(Z). En
outre W(Z) est stable par ∇0, de même que chaque W(i) et la restriction de ∇0

à W(0) est nilpotente. On voit aussi que 1 ∈ C a un relèvement e dans W(0). Il
existe alors des entiers m et r tels que tme = ∇r

0e = 0. Il est alors facile de voir
qu’il existe un unique homomorphisme de B+

dR-représentations η : Bm,r → C
qui envoie 1 ⊗ (log t)r−1 sur e. On a alors un diagramme commutatif

0 → B′
m,r → Bm,r → C → 0
↓ ↓ ‖

0 → W ′ → W → C → 0
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dont les lignes sont exactes. D’après le lemme 5.12, celle du haut est K-presque
scindée ; celle du bas l’est a fortiori.

On peut maintenant appliquer l’hyopthèse de récurrence et supposer d′′ ≥ 2.
Il existe donc une suite exacte courte non triviale de B+

dR-représentations

0 → W ′′
1 → W ′′ → W ′′

2 → 0

Si W1 désigne l’image inverse de W ′′
1 dans W , on a un diagramme commutatif

0 0
↓ ↓

0 → W ′ → W1 → W ′′
1 → 0

‖ ↓ ↓
0 → W ′ → W → W ′′ → 0

↓ ↓
W ′′

2 = W ′′
2

↓ ↓
0 0

de B+
dR-représentations dont les lignes et les colonnes sont exactes. Par hy-

pothèse de récurrence, les suites exactes

0 → W1 → W → W ′′
2 → 0

et 0 → W ′ → W1 → W ′′
1 → 0

sont K-presque scindées. L’assertion (ii) du lemme 5.7 implique que

0 → W ′ → W → W ′′ → 0

l’est aussi.

5.4 – Toute B+
dR-représentation est presque triviale

THÉORÈME 5.13. — Soient d ∈ N et W une B+
dR-représentation de GK de

longueur d en tant que B+
dR-module. Alors W est presque isomorphe à Cd.

Preuve : Soit
0 → W ′ → W → W ′′ → 0

une suite exacte courte de B+
dR-représentations. Comme cette suite est presque

scindée, il existe un sous-Qp-espace vectoriel de dimension finie V , stable par
GK , tel que W/V ' (W ′/V )⊕W ′′ et W est presqu’isomorphe à W ′ ⊕W ′′. Si
W ′ et W ′′ sont presque triviales, il en est donc de même de W et il suffit de
prouver le théorème lorsque W est un objet simple de la catégorie des B+

dR-
représentations.

Supposons d’abord que W est petite. On peut supposer (prop.2.5) que W =
C{α}, avec α un élément K-petit convenable.
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Il s’agit de montrer que W est presqu’isomorphe à C. On peut supposer α 6∈
{0,−1} (dans le premier cas, parce qu’alors, il n’y a rien à prouver, dans le
second, parce que, si le théorème est vrai pour α = 1, cela veut dire qu’il existe
des sous-Qp-espaces vectoriels de dimension finie V de C(1) et V ′ de C, stables
par GK et un isomorphisme C(1)/V → C/V ′ ; en tensorisant par Qp(−1), on
obtient un isomorphisme C/V (−1) → C(−1)/V ′(−1), donc C(−1) et C sont
presqu’isomorphes).
Appelons K-représentation la donnée d’un K-espace vectoriel de dimension
finie muni d’une action linéaire et continue de GK . Autrement dit, c’est une
représentation p-adique muni d’un plongement de K dans la Qp-algèbre de ses
endomorphismes. Le sous-K-espace vectoriel K{α} de C{α} est une K-repré-
sentation. Soit V une K-représentation, extension non triviale de K{α + 1}
par K (muni de l’action triviale de GK). En tensorisant, au dessus de K, la
suite exacte

0 → K → V → K{α + 1} → 0

avec C, on obtient une suite exacte de C-représentations

0 → C → C ⊗K V → C{α + 1} → 0

Cette suite est scindée. En effet, comme α 6= −1, C{α + 1} est un objet
simple de RepC(GK) qui n’est pas isomorphe à C et il n’y a donc pas de C-
représentation extension non triviale de C{α+1} par C (prop.2.15). Ceci nous
permet en particulier d’étendre l’inclusion K ⊂ C en un K-plongement de V
dans C et de définir un plongement ι : W → C(−1)⊗K V . Comme C(−1)⊗K V
est un facteur direct de C(−1) ⊗Qp

V = VC(−1), on peut aussi voir ι comme
un homomorphisme non nul de W dans VC(−1).
La suite exacte

0 → V → C → C/V → 0

induit une suite exacte

HomB(GK)(W,C)→HomB(GK)(W,C/V )→Ext1B(GK)(W,V )→Ext1B(GK)(W,C)

Comme W est un objet simple de RepB+
dR

(GK) qui n’est isomorphe ni à C

ni à C(−1), pour i = 0, 1, on a Exti
B(GK)(W,C) = Exti

B+
dR

[GK ]
(W,C) = 0

(prop.2.15) et l’application HomB(GK)(W,C/V ) → Ext1B(GK)(W,V ) est bijec-

tive. Comme Ext1B(GK)(W,V ) s’identifie à HomB(GK)(W,VC(−1)) (prop.3.12),
l’application ι induit un morphisme non nul de W dans C/V . D’après le
corollaire au théorème 4.1, cette application est surjective et son noyau est de
dimension finie sur Qp. Par conséquent, W et C sont presqu’isomorphes.

Passons maintenant au cas général. Choisissons une extension finie L de
K contenue dans K̄ telle que W soit petite en tant que B+

dR-représentation
de GL = Gal(K/K). Soit S un facteur simple de W (en tant que B+

dR-
représentation de GL).
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Pour tout objet X de B(GL), on note IX = Qp[GK ]⊗Qp[GL]X l’objet de B(GK)
induit. Si X est une C-représentation de GL, IX est de façon naturelle une
C-représentation de GK . La simplicité de W implique que W est isomorphe à
un facteur direct de IS. On fixe un plongement de W dans IS.

D’après la première partie, S est presqu’isomorphe à C. On peut donc trouver
une représentation banachique X de GL extension de S par une représentation
p-adique V0 de dimension finie et un morphisme surjectif X → C de B(GL)
dont le noyau V1 est de dimension finie sur Qp. Les suites exactes

0 → V0 → X → S → 0 et 0 → V1 → X → C → 0

induisent des suites exacte

0 → IV0 → IX → IS → 0 et 0 → IV1 → IX → IC → 0

de B(GK) et IC est une C-représentation triviale de GK . Soit E l’image inverse
de W dans X. Alors W est presqu’isomorphe à E qui est presqu’isomorphe à
son image Y dans IC et il suffit, pour achever la démonstration, d’établir le
lemme suivant :

LEMME 5.14. — Soit d = dimC W . L’image Y de E dans IC est isomorphe
à une extension d’une C-représentation triviale de dimension d par une repré-
sentation p-adique de dimension finie.

Preuve : C’est essentiellement la même que celle de la proposition 5.1 Pour
plus de clarté, nous la reproduisons avec les modifications nécessaires.

Soit W ′ un sous-C-espace vectoriel de IC stable par GK tel que l’application
composée Y ⊂ IC → IC/W ′ est surjective et qui est minimal pour cette
propriété. Alors Y est une extension de W ′′ = IC/W ′ par Y ′ = Y ∩ W ′.
Si H est un hyperplan de W ′ stable par GK , comme l’application composée
Y ⊂ IC → IC/H n’est pas surjective, l’application jH : Y ′ ⊂ W ′ → W ′/H ne
l’est pas non plus.

Comme S est presqu’isomorphe à C, c’est un objet de C(GL). Considérés
comme des objets de B(GL), IS, W , E, Y et Y ′ sont des objets de C(GL).
Comme W ′/H ' C, l’image de jH est isomorphe, dans la catégorie C(GL), à
un sous-objet de C distinct de C et est donc de dimension finie sur Qp. Si l’on
choisit une base {e1, e2, . . . , er} de W ′ sur C formée d’éléments fixes par GK

et si, pour 1 ≤ i ≤ r, on note Hi l’hyperplan de W ′ de base les ej avec j 6= i, la
projection Y ′

i de Y ′ sur W ′/Hi est un Qp-espace vectoriel de dimension finie.
Comme Y ′ s’injecte dans la somme directe des Y ′

i , c’est aussi un Qp-espace
vectoriel de dimension finie. Par conséquent Y s’identifie à une extension de
la C-représentation triviale W ′′ par la représentation p-adique de dimension
finie Y ′. Pour vérifier que dimC W ′′ = d, il suffit de restreindre l’action de
GK à GL et cela résulte de ce que le théorème est déjà prouvé pour les petites
représentations.
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COROLLAIRE. — Soit X une représentation banachique. Les assertions suiv-
antes sont équivalentes :
i) la représentation X est presqu’isomorphe à une C-représentation triviale,
ii) la représentation X est presqu’isomorphe à une C-représentation,
iii) la représentation X est presqu’isomorphe à une B+

dR-représentation.

6 – Calcul des groupes d’extensions

Rappelons que, si W ′ et W ′′ sont deux objets d’une catégorie abélienne C, pour
tout n ∈ N, on note Extn

C(W ′′,W ′) le groupe des classes de n-extensions de
Yoneda de W ′′ par W ′.
Les objectifs essentiels de ce paragraphe sont :
i ) La preuve du théorème suivant :

THÉORÈME 6.1. — Soient X et Y deux objets de C(GK). Pour tout n ∈ N,
le Qp-espaces vectoriel Extn

C(GK)(X,Y ) = 0 est de dimension finie et est nul si
n ≥ 3. On a

2∑

i=0

dimQp
Extn

C(GK)(X,Y ) = −[K : Qp]h(X)h(Y )

ii) La construction d’une dualité entre Extn
C(GK)(X,Y ) et Ext2−n

C(GK)(Y,X(1))

(prop.6.8 et 6.10 ci-dessous).

6.1 – Propriétés d’invariance des Extn

On dit qu’un complexe de C(GK)

(X) . . . → Xi−1 δi−1
X−−→Xi δi

X−→Xi+1 → . . .

est presque trivial si, pour tout i ∈ Z l’image de δi
X est un Qp-espace vectoriel

de dimension finie.
Par ailleurs, pour toute catégorie abélienne A et tout entier n ≥ 1, on note
Cn(A) la catégorie dont les objets sont les complexes (X) de A vérifiant Xi = 0
si i < 0 ou si i ≥ n et les flèches les morphismes de complexes.

PROPOSITION 6.2. — Soit n un entier ≥ 1.
i) Si (X) est un complexe de Cn(C(GK)), il existe un couple ((E), η) formé d’un
complexe (E) presque trivial de Cn(C(GK)) et d’un morphisme η : (E) → (X)
qui est un quasi-isomorphisme.
ii) Pour tout morphisme α : (X) → (Y ) de Cn(C(GK)), on peut trouver un
diagramme commutatif de Cn(C(GK))

(E) → (X)
↓ ↓

(F ) → (Y )

où les flèches horizontales sont des quasi-isomorphismes et où (E) et (F ) sont
presque triviaux.
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LEMME 6.3. — Soient (X) un complexe de C(GK) et i ∈ Z. Il existe un
sous-complexe (Y ) de (X) tel que
i) l’inclusion de (Y ) dans (X) induit un quasi-isomorphisme,
ii) on a Y j = Xj pour tout entier j 6∈ {i − 1, i},
iii) le Qp-espace vectoriel image de l’application Y i−1 → Y i est de dimension
finie.

Preuve du lemme : Avec des notations évidentes, on a, dans C(GK), des suites
exactes courtes

0 → Zi → Xi → Bi+1 → 0 et 0 → Bi → Zi → Hi → 0

D’après le corollaire à la proposition 5.5, elles sont presque scindées et on
peut trouver des sous-objets Xi

0 de Xi et Zi
1 de Zi tels que les applications

Xi
0 → Bi+1 et Zi → Hi sont surjectives et que leurs noyaux respectifs Zi

0 et
Bi

1 sont de dimension finie sur Qp. Soit alors Y i = Zi
1 + Xi

0 ⊂ Xi. On a une
suite exacte

0 → Zi
0 + Zi

1 → Y i → Bi+1 → 0

Si Bi
2 désigne le noyau de la restriction à Zi

0 + Zi
1 de la projection de Zi sur

Hi et si Z
i

0 = Zi
0/Z

i
0 ∩ Zi

1, on a un diagramme commutatif

0 0
↓ ↓

0 → Bi
1 → Zi

1 → Hi → 0
↓ ↓ ‖

0 → Bi
2 → Zi

0 + Zi
1 → Hi → 0

↓ ↓
Z

i

0 = Z
i

0

↓ ↓
0 0

dont les lignes sont exactes. Commme Z
i

0 et Bi
1 sont de dimension finie sur

Qp, il en est de même de Bi
2 et il suffit de prendre pour Y i−1 l’image inverse

de Bi
2 dans Xi−1.

Prouvons maintenant la proposition : Montrons d’abord (i) : Le lemme nous
permet de construire une suite décroissante de sous-complexes (X) = (Xn) ⊃
(Xn−1) ⊃ . . . (Xr) ⊃ . . . (X2) ⊃ (X1) de X tel que l’inclusion induit un quasi-
isomorphisme et que l’image de Xi−1

r dans Xi
r soit de dimension finie sur Qp

pour i ≥ r. Il suffit de prendre (E) = (X1).
ii) D’après (i), on peut trouver des morphismes de Cn(C(GK))

(E0) → (X) et (F ) → (Y )

qui sont des quasi-isomorphismes, avec (E0) et (F ) presque triviaux. Si l’on
prend pour (E) le produit fibré (E0) ×(Y ) (F ), on voit que (E) est encore
presque trivial et que l’on a un diagramme comme on veut.
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PROPOSITION 6.4. — Soient V ′ et V ′′ des représentations p-adiques de GK .
Pour tout n ∈ N, la flèche Extn

Qp[GK ](V
′′, V ′) → Extn

C(GK)(V
′′, V ′) est bijective.

Preuve : C’est clair si n = 0 ou 1. Le cas n ≥ 2 résulte de la proposition
précédente grâce au fait qu’un complexe de C(GK) dont les groupes de coho-
mologie sont de dimension finie sur Qp et qui est presque trivial est un complexe
de RepQp

(GK). Soyons un peu plus explicite :
Soit

0 → V ′ → X0 → X1 → . . . → Xi−1 → Xi → . . . → Xn−1 → V ′′ → 0

une suite exacte de C(GK) représentant un élément ε de Extn
C(GK)(V

′′, V ′). Si

E0 → E1 → . . . Xi−1 → Ei → . . . → En−1

est un sous-complexe de

X0 → X1 → . . . → Xi−1 → Xi → . . . → Xn−1

qui lui est quasi-isomorphe et est presque trivial,

0 → V ′ → E0 → E1 → . . . → Ei−1 → Ei → . . . → En−1 → V ′′ → 0

est une suite exacte courte de RepQp
(GK) dont la classe dans Extn

Qp[GK ](V
′′, V ′)

a pour image ε dans Extn
C(GK)(V

′′, V ′). L’application est bien surjective.
L’assertion (ii) de la proposition 6.2 permet de montrer que, si deux com-
plexes de Cn(RepQp

(GK)) sont quasi-isomorphes dans C(GK), alors ils sont
aussi quasi-isomorphes dans RepQp

(GK), ce qui montre l’injectivité.

PROPOSITION 6.5. — Soient W ′ et W ′′ des B+
dR-représentations de GK . Pour

tout n ∈ N, la flèche Extn
B+

dR
[GK ]

(W ′′,W ′) → Extn
C(GK)(W

′′,W ′) est bijective.

Preuve : C’est clair pour n = 0 et la conjonction du corollaire à la prop.5.5 et du
th.5.6 montre que c’est vrai pour n = 1. Supposons donc n ≥ 2. La proposition
6.5 résulte de la proposition 6.2 et du fait que tout objet de Cn(C(GK)) qui est
presque trivial et dont les groupes de cohomologie sont des B+

dR-représentations
est quasi-isomorphe à un complexe de Cn(RepB+

dR
(GK)). Soyons plus précis.

Pour prouver la surjectivité, il s’agit de vérifier que si

0 → W ′ → X0 → . . . → Xi → Xi+1 → . . . Xn−1 → W ′′ → 0

est une suite exacte de C(GK), avec W ′ et W ′′ des objets de RepB+
dR

(GK),

alors il existe un complexe de Cn(RepB+
dR

(GK)) qui est quasi-isomorphe à

(X) X0 → . . . → Xi → Xi+1 → . . . Xn−1
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La proposition 6.2 nous permet de supposer que (X) est presque trivial. On a
donc des suites exactes courtes

0 → W ′ → X0 → B1 → 0
0 → Bi → Xi → Bi+1 → 0 pour 1 ≤ i ≤ n − 2

0 → Bn−1 → Xn−1 → W ′′ → 0

où les Bi sont de dimension finie sur Qp. Ceci implique que, pour 1 ≤ i ≤ n−2
le Qp-espace vectoriel Xi est aussi de dimension finie.
Pour 1 ≤ i ≤ n − 1, posons Bi

C = C ⊗Qp
Bi. On a

Ext1C(GK)(B
1,W ′) = H1

cont(K, (B1)∗Qp ⊗Qp
W ′) =

H1
cont(K, (B1

C)∗C ⊗C W ′) = Ext1
B+

dR
[GK ],0

(B1
C ,W ′)

groupe des extensions de B1
C par W ′ qui sont scindées en tant que suites exactes

de B+
dR-modules, de sorte que, si E0 désigne une extension de B1

C par W ′ dont
la classe est celle de X0, on a un diagramme commutatif

0 → W ′ → X0 → B1 → 0
‖ ↓ ↓

0 → W ′ → E0 → B1
C → 0

dont les lignes sont exactes.
Pour 1 ≤ i ≤ n − 1, posons Ei = C ⊗Qp

Xi de sorte que l’on a un diagramme
commutatif

0 → Bi → Xi → Bi+1 → 0
↓ ↓ ↓

0 → Bi
C → Ei → Bi+1

C → 0

dont les lignes sont exactes.
Enfin, notons En−1 la somme amalgamée de Bn−1

C et de Xn−1 au-dessous de
Bn−1. On a un un diagramme commutatif

0 → Bn−1 → Xn−1 → W ′′ → 0
↓ ↓ ↓

0 → Bn−1
C → En−1 → W ′′ → 0

dont les lignes sont exactes. D’après la proposition 3.14, En−1, extension
presque scindée de W ′′ par Bn−1

C , est une B+
dR-représentation.

Le complexe

(E) E0 → . . . → Ei → Ei+1 → . . . En−1

est formé de B+
dR-représentations et on a un morphisme naturel (E) → (X) qui

induit un quasi-isomorphisme.
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Pour prouver l’injectivité, il suffit de montrer que si

0 → W ′ → X0 → . . . → Xi → . . . → Xn−1 → W ′′ → 0
‖ ↓ ↓ ↓ ‖

0 → W ′ → Y 0 → . . . → Y i → . . . → Y n−1 → W ′′ → 0

est un diagramme commutatif de C(GK) dont les lignes sont exactes et si W ′ et
W ′′ sont des B+

dR-représentations, alors, avec des notations évidentes, on peut
trouver un carré commutatif

(X) → (E)
↓ ↓

(Y ) → (F )

dans Cn(C(GK)) tel que (E) et (F ) sont dans Cn(B+
dR) et que les flèches hori-

zontales induisent un quasi-isomorphisme. La proposition 6.2 nous permet de
supposer que (X) et (Y ) sont presque triviaux. Si l’on prend pour (E) le com-
plexe défini à partir de (X) comme plus haut et pour (F ) le complexe associé à
(Y ) par la même recette, la flèche de (X) dans (Y ) induit, de manière évidente
une flèche de (E) dans (F ) qui convient.

6.2 – Le cas où X est de dimension finie

PROPOSITION 6.6. — Soient n ∈ N, X et Y des presque C-représenta-
tions. Pour tout ε ∈ Extn

C(GK)(X,Y ), il existe un sous-Qp-espace vectoriel
de dimension finie V de Y , stable par GK tel que ε appartient à l’image de
Extn

C(GK)(X,V ).

Preuve : Soit
0 → Y → E0 → E1 → . . . En−1 → X → 0

une suite exacte de C(GK) représentant ε. Si N désigne l’image de E0 → E1,
on a une suite exacte de C(GK)

0 → Y → E0 → N → 0

qui (corollaire à la proposition 5.5) est presque scindée. Si F 0 désigne un sous-
objet de E0 qui s’envoie surjectivement sur N tel que V = F 0 ∩ Y est de
dimension finie, la suite exacte

0 → V → F 0 → E1 → . . . En−1 → X → 0

définit un élément de Extn
C(GK)(X,V ) dont l’image dans Extn

C(GK)(X,Y ) est
ε.

Soit V une représentation p-adique fixée. Les (Extn
C(GK)(V,−))n∈N et les

Hn
cont(K,V ∗ ⊗Qp

−))n∈N forment des δ-foncteurs de la catégorie C(GK) dans
celle des groupes abéliens, on a HomC(GK)(V,−) = H0

cont(K,V ∗⊗Qp
−) et, pour

n ≥ 1, Extn
C(GK)(V,−) est effaçable. On a donc des morphismes naturels de

foncteurs Extn
C(GK)(V,−) → Hn

cont(K,V ∗ ⊗Qp
−).
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PROPOSITION 6.7. — Soient V une représentation p-adique de GK et S une
presque-C-représentation.
i) Toute représentation banachique E extension de V par S est une presque
C-représentation.
ii) Pour tout n ∈ N, le Qp-espace vectoriel Extn

C(GK)(V, S) est de dimension
finie, nulle si n ≥ 3.
iii) Pour tout n ∈ N, l’application naturelle

Extn
C(GK)(V, S) → Hn

cont(K,V ∗ ⊗Qp
S)

est un isomorphisme.

Preuve : a) Quitte à remplacer S par V ∗⊗Qp
S, on peut supposer que V = Qp.

Mais (i) signifie que l’inclusion Ext1C(GK)(Qp, S) → Ext1B(GK)(Qp, S) est une

bijection. Comme Ext1B(GK)(Qp, S) s’identifie à H1
cont(K,S), (i) résulte de (iii).

Compte tenu du corollaire à la proposition 3.3, (iii) implique aussi (ii).

b) Prouvons (ii) lorsque S est une représentation p-adique : D’après la propo-
sition 6.4, on a Extn

C(GK)(Qp, S) = Extn
Qp[GK ](Qp, S). Il suffit donc de vérifier

que, pour n ≥ 1, la restriction à la catégorie des représentations p-adiques du
foncteur Hn

cont(K,−) est effaçable. Ces foncteurs sont nuls pour n ≥ 3 et c’est
évident pour n = 1. Pour n = 2, il s’agit de vérifier que l’on peut plonger
toute représentation p-adique S de GK dans une autre Ŝ de manière que la
flèche H2

cont(K,S) → H2
cont(K, Ŝ) soit nulle. Par dualité cela revient à vérifier

que toute représentation p-adique V2 (prendre V2 = S∗(1)) est isomorphe au

quotient d’une représentation p-adique V̂2 telle que l’application V̂ GK
2 → V GK

2

est nulle.
Soient V1 = V GK

2 et V3 = V2/V1. Pour tout entier r ∈ Z, H2
cont(K,V ∗

3 ⊗ V1(r))
s’identifie au dual de (V3 ⊗ V ∗

1 )(1 − r))GK et est nul pour presque tout r.
Choisissons r ainsi. Choisissons aussi une extension non triviale V0 de Qp par
Qp(r).
Dans le carré commutatif

Ext1B(GK)(V2, V1(r)) → Ext1B(GK)(V1, V1(r))
‖ ‖

H1
cont(K,V ∗

2 ⊗ V1(r)) → H1
cont(K,V ∗

1 ⊗ V1(r))

la flèche inférieure est surjective, donc aussi la flèche supérieure. On peut
donc construire un diagramme commutatif, dont les lignes et les colonnes sont
exactes

0 0
↓ ↓

0 → V1(r) → V1 ⊗ V0 → V1 → 0
‖ ↓ ↓

0 → V1(r) → V̂2 → V2 → 0
↓ ↓
V3 = V3

↓ ↓
0 0
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On a alors V̂ GK
2 = (V1 ⊗ V0)

GK = 0.

c) Prouvons (iii) lorsque S est une C-représentation : Le groupe H1
cont(K,S)

classifie aussi bien les extensions de Qp par S dans la catégorie des repré-
sentations banachiques que les extensions de C par S dans la catégorie des
C-représentations. Ceci implique que pour toute représentation banachique
E extension de Qp par S, on peut trouver une C-représentation EC et un
diagramme commutatif

0 0
↓ ↓

0 → S → E → Qp → 0
‖ ↓ ↓

0 → S → EC → C → 0
↓ ↓

C/Qp = C/Qp

↓ ↓
0 0

dont les lignes et les colonnes sont exactes. Mais alors S et C/Qp sont des
presque-C-représentations, donc aussi E qui s’identifie au noyau du morphisme
EC → C/Qp. La flèche Ext1C(GK)(Qp, S) → H1

cont(K,S) est donc bien un
isomorphisme.
On a H2

cont(K,S) = 0 (cor. à la prop.3.3). Pour finir de prouver (c), il suffit
donc de vérifier que Ext2B(GK)(Qp, S) = 0. Soit

0 → S → X0 → X1 → Qp → 0

une suite exacte presque triviale (cf. prop.6.2) de C(GK) représentant un
élément ε ∈ Ext2B(GK)(Qp, S). Alors V = dX0 est de dimension finie et on
a deux suites exactes courtes :

0 → S → X0 → V → 0

0 → V → X1 → Qp → 0

Comme Ext1C(GK)(V, S) = H1
cont(K,V ∗ ⊗ S) = Ext1C[GK ](C ⊗ V, S) on peut

plonger X0 dans un C-espace vectoriel X0
C extension de C ⊗ V par S. Les

deux suites exactes

0 → S → X0
C → C ⊗ V → 0

0 → C ⊗ V → C ⊗ X1 → C → 0

définissent un élément εC ∈ Ext2C(GK)(C,S). Comme ce groupe est nul
(prop.2.17), il existe un diagramme commutatif de C-représentations

0 → S → X0
C → C ⊗ X1 → C → 0

‖ ↓ ↓ ↓
0 → S → Y 0 → Y 1 → C → 0
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dont les lignes sont exactes et qui a la vertu que la projection de Y 1 sur C
admet une section s. Si Y 1

0 désigne l’image inverse de Qp dans Y 1, ε est la
classe de la 2-extension

0 → S → Y 0 → Y 1
0 → Qp → 0

La restriction de s à Qp fournit une trivialisation de cette 2-extension et ε = 0.

d) Fin de la preuve : Si

0 → Y ′ → Y → Y ′′ → 0

est une suite exacte de presque-C-représentations et si le résultat est vrai pour
Y ′ et Y , il l’est aussi pour Y ′′. S’il est vrai pour Y ′ et Y ′′, il l’est aussi pour
Y . La proposition s’en déduit puisque le fait que S soit une presque C-repré-
sentation implique que l’on peut trouver des suites exactes de C(GK)

0 → V ′ → W → X → 0 et 0 → V ′′ → S → X → 0

avec V ′, V ′′ des représentations p-adiques et W une C-représentation.

6.3 – Le cas où Y est de dimension finie

Si V est une représentation p-adique, Ext2C(GK)(V, V (1)) = H2
cont(K,V ∗⊗V (1))

s’envoie dans H2
cont(K, Qp(1)) = Qp.

PROPOSITION 6.8. — Soient V une représentation p-adique et S une presque-
C-représentation.
i) Les Qp-espaces vectoriels Extn

C(GK)(S, V (1)) sont de dimension finie, nulle
si n ≥ 3.
ii) Pour n = 0, 1, 2, l’application bilinéaire

Ext2−n
C(GK)(V, S) × Extn

C(GK)(S, V (1)) → Ext2C(GK)(V, V (1)) → Qp

est non dégénérée.

Preuve : Quitte à remplacer S par V ∗ ⊗ S, on peut supposer V = Qp.
Remarquons d’abord que la proposition est vraie si S est une représentation
p-adique : compte-tenu de la proposition précédente, cela résulte des résultats
classiques sur la cohomologie continue (§3.1).
Si W est une C-représentation, on a HomC(GK)(W, Qp(1)) = 0 (cor. au

th.3.11) et Ext2C(GK)(Qp,W ) = H2
cont(K,W ) = 0 (prop.6.7). Si en outre

HomC(GK)(W,C) = 0, on a aussi Ext1C(GK)(W, Qp(1)) = 0 (pro.3.12) et

Ext1C(GK)(Qp,W ) = H1
cont(K,W ) = 0 (prop.3.1).

La presque-C-représentation S(−1) est presqu’isomorphe à une C-représen-
tation triviale. Il existe donc un entier d, des sous-Qp-espaces vectoriels de
dimension finie V ′ de S et V ′′ de C(1)d, stables par GK et un isomorphisme
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S/V ′ ' C(1)/V ′′. Posons X = S/V ′ que l’on identifie via cet isomorphisme à
C(1)d/V ′′.
On a un diagramme commutatif

. . . → Extn(X, Qp(1)) → Extn(C(1)d, Qp(1)) → Extn(V ′′, Qp(1)) → . . .
↓ ↓ ↓

. . . → Ext2−n(Qp,X)∗ → Ext2−n(Qp, C(1)d)∗ → Ext2−n(Qp, V
′′)∗ → . . .

dont les lignes sont exactes. Or Extn(V ′′, Qp(1)) → Ext2−n(Qp, V
′′)∗ est un

isomorphisme pour tout n et Extn(C(1)d, Qp(1)) = Ext2−n(Qp, C(1)d) pour
n = 0, 1. On en déduit que Hom(X, Qp(1)) = Ext2(Qp,X) = 0 et que
Ext1(X, Qp(1)) → Ext1(Qp,X)∗ est un isomorphisme.
On a aussi le diagramme commutatif

. . . → Extn(X, Qp(1)) → Extn(S, Qp(1)) → Extn(V ′, Qp(1)) → . . .
↓ ↓ ↓

. . . → Ext2−n(Qp,X)∗ → Ext2−n(Qp, S)∗ → Ext2−n(Qp, V
′)∗ → . . .

dont les lignes sont aussi exactes. Mais Hom(X, Qp(1)) = Ext2(Qp,X) = 0.
Comme Hom(V ′′, Qp(1)) → Ext2(Qp, V

′′)∗ et Ext1(X, Qp(1)) → Ext1(Qp,X)∗

sont des isomorphismes, on en déduit que Hom(S, Qp(1)) → Ext2(Qp, S) est
aussi un isomorphisme.
Il suffit alors pour achever la preuve de vérifier que, pour n = 1, 2, le foncteur
contravariant Fn : C(GK)op → VectQp

qui envoie S sur Ext2−n(Qp, S)∗ est
effaçable, i.e. que pour tout S, on peut trouver un épimorphisme X → S tel
que l’application Fn(X) → Fn(S) est nulle. Par dévissage, on voit qu’il suffit
de le prouver lorsque S est de dimension finie sur Qp ou lorsque S = C(1).
Dans le premier cas cela provient de ce que l’on sait déjà que l’application
Extn(S, Qp(1)) → Fn(S) est un isomorphisme. Dans le second de ce que
Fn(S) = 0.

6.4 – Preuve du théorème 6.1

Disons que la propriété P (X,Y ) est vraie si le théorème 6.1 est vrai pour X et
Y . On voit que si

0 → X ′ → X → X ′′ → 0 et 0 → Y ′ → Y → Y ′′ → 0

sont des suites exacte courtes de C(GK), alors
– si deux des trois propriétés P (X ′, Y ), P (X,Y ), P (X ′′, Y ) sont vraies, la
troisième aussi,
– si deux des trois propriétés P (X,Y ′), P (X,Y ), P (X,Y ′′) sont vraies, la
troisième aussi.
En utilisant le fait que pour toute presque C-représentation X, il existe un
isomorphisme X/V ' W/V ′ avec V et V ′ des Qp-représentations et W une
C-représentation, on est ramené à prouver que P (X,Y ) est vrai dans chacun
des quatre cas suivants :
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i) X et Y sont des Qp-représentations,
ii) X et Y sont des C-représentations,
iii) X est une Qp-représentation et Y est une C-représentation
iv) X est une C-représentation et Y est une Qp-représentation.
Dans le cas (ii), on a Extn

C(GK)(X,Y ) = Extn
B+

dR
[GK ]

(X,Y ) (prop.6.5) et c’est

l’assertion (a) du théorème 2.14.
Dans les trois autres cas, les propositions 6.7 et 6.8 impliquent que les
Extn

C(GK)(X,Y ) sont de dimension finie, nulle si n ≥ 3.
Dans les cas (i) et (iii), on a en outre Extn

C(GK)(X,Y ) = Hn
cont(K,X∗ ⊗ Y )

(prop.6.7). L’égalité

2∑

i=0

dimQp
Extn

C(GK)(X,Y ) = −[K : Qp]h(X)h(Y )

résulte alors
– dans le cas (i), de ce que (§3.1)

2∑

n=0

(−1)n dimQp
Hn

cont(K,X∗ ⊗ Y ) = −[K : Qp].dimQp
(X∗ ⊗ Y )

– dans le cas (iii), de ce que, comme X∗ ⊗ Y est une C-représentation,
H0(K,X∗⊗Y ) et H1

cont(K,X∗⊗Y ) sont de même dimension (prop.3.1) tandis
que H2

cont(K,X∗ ⊗ Y ) = 0 (cor.à la prop.3.3).
Enfin, la proposition 6.8 permet de déduire le cas (iv) du cas (iii).

6.5 – Dualité

Pour toute représentation p-adique V , on note cV la flèche naturelle

Ext2C(GK)(V, V (1)) ' H2
cont(K,V ∗ ⊗ V (1)) → H2

cont(K, Qp(1)) = Qp

Soient X une presque C-représentation et ε ∈ Ext2C(GK)(X,X(1)). Choisissons
un complexe presque trivial de C2(C(GK))

X0 d−→X1

représentant ε. Alors dX0 est de dimension finie sur Qp, la suite exacte

0 → X(1) → X0 → dX0 → 0

est presque scindée et on peut choisir un sous-Qp-espace vectoriel de dimension
finie Y 0 de X0, stable par GK , tel que la restriction de d à Y 0 soit surjective.
Notons V le sous-Qp-espace vectoriel de X défini par V (1) = X(1)∩Ker d |Y 0

et Y 1 l’image inverse de V dans X1. On a un diagramme commutatif de
presque-C-représentations

0 → V (1) → Y 0 → Y 1 → V → 0
↓ ↓ ↓ ↓

0 → X(1) → X0 → X1 → X → 0

dont les lignes sont exactes, les objets de la première étant tous de dimension
finie sur Qp.
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PROPOSITION 6.9. — Soient X une presque C-représentation et ε ∈
Ext2C(GK)(X,X(1)). Choisissons un diagramme

0 → V (1) → Y 0 → Y 1 → V → 0
↓ ↓ ↓ ↓

0 → X(1) → X0 → X1 → X → 0

comme ci-dessus et soit εV ∈ Ext2C(GK)(V, V (1)) l’élément défini par la ligne
supérieure. Alors cV (εV ) ne dépend pas des choix faits. Si l’on pose cX(ε) =
cV (εV ), l’application cX : Ext2C(GK)(X,X(1)) → Qp ainsi définie est Qp-liné-
aire.

LEMME 6.10. — Soit

0 → V1(1) → Y 0
1 → Y 1

1 → V1 → 0
↓ ↓ ↓ ↓

0 → V2(1) → Y 0
2 → Y 1

2 → V2 → 0

un diagramme commutatif de représentation p-adiques dont les lignes sont ex-
actes. Pour i = 1, 2, soit εVi

∈ Ext2Qp[GK ](Vi, Vi(1)) l’élément défini par la
i-ième ligne. On a, avec des conventions évidentes

cV2
(εV2

) = cV1
(εV1

)

Preuve : Pour i = 1, 2, on a, avec des notations évidentes V ∗
i ⊗Vi = sl(Vi)⊕Qp

et cVi
(εVi

) est la classe de

0 → Qp(1) → E0
i → E1

i → Qp → 0

où E0
i est le quotient de V ∗

i ⊗Y 0
i par sl(Vi)(1) tandis que E1

i est l’image inverse
de Qp dans V ∗

i ⊗ Y 1
i .

On voit que le noyau de l’application composée naturelle

V ∗
2 ⊗ (V2(1) ⊕ Y 0

1 ) = (V ∗
2 ⊗ V2(1)) ⊕ (V ∗

2 ⊗ Y 0
1 ) → Qp(1) ⊕ (V ∗

1 ⊗ Y 0
1 ) → E0

1

contient le noyau de la projection V ∗
2 ⊗ (V2(1) ⊕ Y 0

1 ) → V ∗
2 ⊗ Y 0

2 → E0
2 d’où,

par passage au quotient, une application de E0
2 dans E0

1 .
On a E1

1 ⊂ V ∗
1 ⊗Y 1

1 ⊂ V ∗
1 ⊗Y 1

2 . On voit que l’image de l’application composée
E1

2 ⊂ V ∗
2 ⊗ Y 1

2 → V ∗
1 ⊗ Y 1

2 est contenue dans E1
2 , d’où une application de E1

2

dans E1
1 . On vérifie alors que le diagramme

0 → Qp(1) → E0
1 → E1

1 → Qp → 0
‖ ↓ ↓ ‖

0 → Qp(1) → E0
2 → E1

2 → Qp → 0

est commutatif et on a donc cV1
(εV1

) = cV2
(εV2

).
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Prouvons maintenant la proposition : Commençons par vérifier que, le com-
plexe presque trivial

X0 d−→X1

étant fixé, cV (εV ) ne dépend pas du choix de la représentation p-adique Y 0 ⊂
X0 telle que dY 0 = dX0 : Si Y 0

1 et Y 0
2 sont deux choix, on peut quitte à

remplacer Y 0
2 par Y 0

1 + Y 0
2 , supposer qe Y 0

1 ⊂ Y 0
2 . Si, pour i = 1, 2, on pose

Vi(1) = X(1) ∩ Y 0
i , on a V1 ⊂ V2 et on dispose d’un diagramme commutatif

0 → V1(1) → Y 0
1 → Y 1

1 → V1 → 0
∩ ∩ ∩ ∩

0 → V2(1) → Y 0
2 → Y 1

2 → V2 → 0

dont les lignes sont exactes. D’après le lemme précédent, on a bien, avec des
notations évidentes cV1

(εV1
) = cV2

(εV2
).

Pour achever la démonstration, il suffit de montrer que si

0 → V (1) → Y 0 → Y 1 → V → 0
↓ ↓ ↓ ↓

0 → X(1) → X0
1 → X1

1 → X → 0
‖ ↓ ↓ ‖

0 → X(1) → X0
2 → X1

2 → X → 0

est un diagramme commutatif de presque C-représentations, dont les lignes
sont exactes, la première étant constituée de représentations p-adiques, alors il
existe un diagramme commutatif

0 → V2(1) → Y 0
2 → Y 1

2 → V2 → 0
↓ ↓ ↓ ↓

0 → X(1) → X0
2 → X1

2 → X → 0

dont les lignes sont exactes, la première étant formée de représentations p-
adiques, telle que cV2

(εV2
) = cV (εV ). Il suffit de prendre V2 = V et pour Y 0

2

(resp. Y 1
2 ) l’image de Y 0 (resp. Y 1) dans X0

2 (resp. X1
2 ). On a alors un

diagramme commutatif

0 → V (1) → Y 0 → Y 1 → V → 0
‖ ↓ ↓ ‖

0 → V2(1) → Y 0
2 → Y 1

2 → V2 → 0

et, dans Ext2Qp[GK ](V, V (1)), les deux 2-extensions considérées définissent le
même élément. Donc cV2

(εV2
) = cV (εV ).

Si X et Y sont deux presque-C-représentations, on dispose alors de deux ap-
plications bilinéaires

Extn
C(GK)(X,Y ) × Ext2−n

C(GK)(Y,X(1)) → Qp

La première envoie (a, b) sur cX(a ∪ b) et la deuxième sur cY (b ∪ a) (on a
identifié, de manière évidente, Extn

C(GK)(X(1), Y (1)) à Extn
C(GK)(X,Y )).
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PROPOSITION 6.11. — Soient X et Y des presque C-représentations et soit
n ∈ {0, 1, 2}.
i) Si a ∈ Ext2C(GK)(X,Y ) et b ∈ Ext2C(GK)(Y,X(1)), on a cY (b ∪ a) =
(−1)ncX(a ∪ b).
ii) L’application bilinéaire

Extn
C(GK)(X,Y ) × Ext2−n

C(GK)(Y,X(1)) → Ext2C(GK)(X,X(1))
cX−→Qp

qui envoie (a, b) sur cX(a ∪ b), est non dégénérée.

Preuve : Montrons (i) :
Supposons d’abord n = 0, de sorte que a est un morphisme de X dans Y et
que b est la classe d’une 2-extension

0 → X(1) → E0 d−→E1 → Y → 0

avec Z = d(E0) de dimension finie. Si E1
X = E1 ×Y X, le cup-produit a∪ b est

la classe de la 2-extension

0 → X(1) → E0 → E1
X → X → 0

Si E0
Y = Y (1) ⊕X(1) E0 (où X(1) → Y (1) est a ⊗ idZp(1)), le cup-produit b ∪ a

est la classe de
0 → Y (1) → E0

Y → E1 → Y → 0

Choisissons F 0 ⊂ E0 de dimension finie telle que d(F 0) = d(E0), posons
V1(1) = F 0 ∩ X(1) et notons F 1 l’image inverse de V1 dans E1

X . On a deux
diagrammes commutatifs

0 → V1(1) → F 0 → Z → 0 0 → Z → F 1 → V1 → 0
∩ ∩ ‖ ‖ ↓ ∩

0 → X(1) → E0 → Z → 0 0 → Z → E1
X → X → 0

↓ ↓ ‖ ‖ ↓ ↓
0 → Y (1) → E0

Y → Z → 0 0 → Z → E1 → Y → 0

dont les lignes sont exactes. Soient V2 = a(V1), G0 l’image de F 0 dans E0
Y et

G1 l’image de F 1 dans E1. On a un diagramme commutatif

0 → V1(1) → F 0 → F 1 → V1 → 0
↓ ↓ ↓ ↓

0 → V2(1) → G0 → G1 → V2 → 0

dont les lignes sont exactes. Notons ε1 (resp. ε2) la classe de la 2-extension de
V1 par V1(1) (resp. V2 par V2(1)) définie par la première (resp. la seconde). On
voit que cX(a ∪ b) = cV1

(ε1) tandis que cY (b ∪ a) = cV2
(ε2). D’après le lemme

6.10, on a bien cV1
(ε1) = cV2

(ε2).
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Supposons maintenant n = 1. Soient

0 → Y → E1 → X → 0 et 0 → X(1) → E0 → Y → 0

deux suites exactes courtes représentant a et b. Le choix d’un presque-scindage
de chacune d’elles nous donnent des diagrammes commutatifs de presque-C-
représentations

0 → V2 → G1 → V1 → 0 0 → V1(1) → G0 → V2 → 0
‖ ∩ ∩ ‖ ∩ ∩

0 → V2 → F 1 → X → 0 0 → V1(1) → F 0 → Y → 0
∩ ∩ ‖ ∩ ∩ ‖

0 → Y → E1 → X → 0 0 → X(1) → E0 → Y → 0

dont les lignes sont exactes, avec V1 et V2 de dimension finie sur Qp (on choisit
les F i, puis on pose V2 = F 1 ∩ Y , V1(1) = F 0 ∩ X(1), G1 = F 1 ×X V1 et
G0 = F 0 ×Y V2). On dispose alors d’un diagramme commutatif

0 → V1(1) → G0 → G1 → V1 → 0
‖ ↓ ↓ ‖

0 → V1(1) → F 0 → E1 ×X V1 → V1 → 0
↓ ↓ ↓ ↓

0 → X(1) → E0 → E1 → X → 0

dont les lignes sont exactes. Si l’on note a′ ∈ Ext1Qp[GK ](V1, V2) la classe de G1

et b′ ∈ Ext1Qp[GK ](V2, V1(1)) celle de G0, on en déduit que cX(a∪b) = cV1
(a′∪b′).

Un calcul similaire montre que cY (b ∪ a) = cV2
(b′ ∪ a′).

Mais, si V = V ∗
1 ⊗ V2, on a

Ext1Qp[GK ](V1, V2) = H1
cont(K,V ) et Ext1Qp[GK ](V2, V1(1)) = H1

cont(K,V ∗(1))

Lorsque l’on identifie V ⊗V ∗(1) à V ∗(1)⊗V , on a b∪a = −a∪b. Par conséquent
cY (b ∪ a), qui est l’image de b′ ∪ a′ dans H2(K, Qp(1)) = Qp est l’opposé de
cX(a ∪ b) qui est l’image de a′ ∪ b′.

Pour n = 2, la preuve est entièrement analogue au cas n = 0.

Montrons alors (ii) : Pour X fixé, les Fn
X(Y ) = Ext2−n

C(GK)(Y,X(1))∗ forment

un δ-foncteur. On voit que l’application

Extn(X,Y ) → Fn
X(Y )

induite par l’accouplement (a, b) → cX(a ∪ b) est un δ-foncteur.
De même, pour Y fixé, les Gn

Y (X) = Ext2−n
C(GK)(Y,X(1))∗ forment un δ-foncteur

contravariant tandis que l’application

Extn(X,Y ) → Fn
X(Y )
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induite par l’accouplement (a, b) → cY (b ∪ a) = −(1)ncX(a ∪ b) est aussi un
δ-foncteur.

Mais, toute presque-C-représentation X est presque isomorphe à Cd pour un
entier d convenable, et toute presque C-représentation Y est presqu’isomorphe
à un C(1)d′

pour un entier d′ convenable. Par dévissage, on est alors ramené
à vérifier la proposition dans chacun des trois cas suivants

a) X est une Qp-représentation,

b) Y est une Qp-représentation,

c) X = C(1) et Y = C.

Le cas (a) n’est autre que la proposition 6.8 et l’assertion (i) ramène le cas (b)
au cas (a). Dans le cas (c), on a Extn

C(GK)(C(1), C) = Ext2−n
C(GK)(C,C(2)) = 0

et il n’y a rien à démontrer.

7 – Presque C-représentations à presqu’isomorphismes près

Nous renvoyons par exemple à [Iv87], §XI et à [KS90], §1.6 pour tout ce qui
concerne la notion de localisation dans une catégorie additive.

Disons qu’un morphisme f de presque-C-représentations est un presqu’isomor-
phisme si son noyau et son conoyau sont tous deux de dimension finie sur Qp.
Les presqu’isomorphismes forment un système multiplicatif dans la catégorie
C(GK). On peut donc parler de la catégorie additive CPI(GK) localisée de
C(GK) par rapport aux presqu’isomorphismes.

PROPOSITION 7.1. — La catégorie quotient CPI(GK) des presque-C-représen-
tations à presqu’isomorphismes près est une catégorie abélienne semi-simple.
Tout objet simple de CPI(GK) est isomorphe à C.

Preuve : Dire que deux objets de CPI(GK) sont isomorphes revient à dire
qu’ils sont presqu’isomorphes en tant qu’objets de C(GK). C’est le cas si et
seulement s’ils ont la même dimension. Par conséquent, pour tout objet S de
CPI(GK), il existe un unique d ∈ N tel que S est isomorphe à Cd. On voit
aussi que tout endomorphisme non nul de C vu comme objet de CPI(GK) est
un automorphisme. La proposition en résulte.

Déterminer complètement - à équivalence de catégories près - la catégorie
CPI(GK) revient à donc à déterminer le corps gauche DK des endomorphismes
de C dans cette catégorie. On va décrire sa structure en tant que K-espace
vectoriel.

Notons V l’ensemble des sous-Qp-espaces vectoriels de dimension finie de C
stables par GK et Cf la réunion (filtrante) des V ∈ V.
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PROPOSITION 7.2. — Soit DK = EndCP I(GK)(C).
i) En tant que K-espace vectoriel, DK s’identifie à lim−→V ∈V HomC(GK)(C,C/V ).

ii) Pour tout V ∈ V, on dispose d’une suite exacte de K-espaces vectoriels

0 → K → HomC(GK)(C,C/V ) → (C ⊗Qp
V (−1))GK → K

et l’application de droite est surjective dès que V est assez grand.
iii) On dispose d’une suite exacte de K-espaces vectoriels

0 → K → DK → (C ⊗Qp
Cf ((−1))GK → K → 0

Preuve : La première assertion parâıt claire. Si l’on veut être rigoureux, il est
peut-être nécessaire de procéder ainsi : Un élément de DK est la classe d’un
couple

C
π←−E

ϕ−→C

de morphismes de C(GK), où π est un presqu’isomorphisme. Ceci implique
(th.5.1) que d(E) = 1, que π est surjective et que son noyau V ′ est de di-
mension finie sur Qp. Ceci permet de voir E comme une extension de C par
V ′ et π comme la projection de E sur C. Si V = ϕ(V ′), l’application ϕ in-
duit par passage au quotient un morphisme f : C → C/V . Si maintenant
C

π1←−E
ϕ1−→C et C

π2←−E
ϕ2−→C sont des diagrammes de C(GK) avec π1 et π2

des presqu’isomorphismes, ils définissent, par la recette précédente des sous-Qp-
espaces vectoriels de dimension finie, stables par GK , de C et des morhismes
f1 : C → C/V1 et f2 : C → C/V2. On voit facilement que la classe de (π1, ϕ1)
est égale à celle de (π2, ϕ2) si et seulement le carré

C
f1−−→ C/V1

f2

y
y proj.can.

C/V2 −−−−→
proj.can.

C/(V1 + V2)

est commutatif. D’où (i).

Soit V ∈ V. Comme HomC(GK)(C, V ) = 0 (cor. au th.3.11) et EndC(GK)(C) =
K (th.3.11), la suite exacte

0 → V → C → C/V → 0

induit une suite exacte

0 → K → HomC(GK)(C,C/V ) → Ext1C(GK)(C, V )) → Ext1C(GK)(C,C)

Rappelons (prop.3.12) que Ext1C(GK)(C, V ) s’identifie à HomC(GK)(C,C ⊗Qp

V (−1)) ' (C⊗Qp
V (−1))GK . Comme Ext1C(GK)(C,C) est un K-espace vectoriel

de dimension 1 de base la classe c2 de C2, l’application K → Ext1C(GK)(C,C)
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qui envoie λ sur λc2 identifie K à Ext1C(GK)(C,C). On a donc bien une suite
exacte

0 → K → HomC(GK)(C,C/V ) → (C ⊗Qp
V (−1))GK → K

Dans le cas particulier où V est une extension non triviale de Qp(1) par Qp, on
voit (prop.3.10) que l’application (C⊗Qp

V (−1))GK → K est un isomorphisme.
Si V1 ⊂ V2 sont dans V, le diagramme

0 → → HomC(GK)(C,C/V1) → (C ⊗Qp
V1(−1))GK → K → 0

‖ ↓ ↓ ‖
0 → K → HomC(GK)(C,C/V2) → (C ⊗Qp

V2(−1))GK → K → 0

est commutatif. Par conséquent, pour que l’application (C⊗Qp
V (−1))GK → K

soit surjective, il suffit que V contienne une extension non triviale de Qp(1) par
Qp.
Compte-tenu de la commutativité du diagramme ci-dessus, l’assertion (iii)
résulte de (ii) par passage à la limite.

Remarques : i) J’ignore si l’inclusion (C ⊗Qp
Cf (−1))GK ⊂ (C ⊗Qp

C(−1))GK

est stricte. ii) On comparera ce théorème avec le résultat analogue dans le
contexte des espaces de Banach-Colmez ([Co02], th.9.5).
ii) Pour toute presque-C-représentation X de dimension 1, le K-espace vectoriel
DK s’identifie à HomCP I(GK)(C,X). Notons VX l’ensemble des sous-Qp-espaces
vectoriels de dimension finie de X stables par GK et Xf la réunion (filtrante)
des V ∈ VX . Le même raisonnement que précédemment montre que DK =
lim−→V ∈VX

HomC(GK)(C,X/V ). Si X n’est isomorphe ni à C, ni à C(1), pour

tout V ∈ VX , l’application HomC(GK)(C,X/V ) → Ext1C(GK)(C, V ) ' (C ⊗Qp

V (−1))GK est un isomorphisme. Par passage à la limite, on en déduit un
isomorphisme de K-espaces vectoriels

DK → (C ⊗Qp
Xf )GK .

8 – Extensions universelles

8.1 – B+
dR–représentations triviales

PROPOSITION 8.1. — Soit W une B+
dR-représentation de GK . Les propriétés

suivantes sont équivalentes :
i) l’application B+

dR-linéaire B+
dR ⊗K WGK → W déduite par extension des

scalaires de l’inclusion de WGK dans W est surjective,
ii) le sous-K-espace vectoriel W disc de W formé des w ∈ W dont le fixateur
Gw = {g ∈ GK | g(w) = w} est ouvert dans GK est dense dans W ,
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iii) il existe une suite d’entiers r1, r2, . . . , rm, . . . naturels, presque tous nuls, et
un isomorphisme de B+

dR-représentations ⊕m≥1B
rm
m ' W .

Preuve : Pour tout K-espace vectoriel X muni d’une action semi-linéaire
discrète de GK , l’application K-linéaire

K ⊗K XGK → X

déduite par extension des scalaires de l’inclusion de XGK dans X est un iso-
morphisme : lorsque X est de dimension finie, cela résulte de ce que, pour tout
d ∈ N, H1(GK , GLd(K)) est trivial. Le cas général s’en déduit par passage à
la limite.
Ceci implique que W disc s’identifie à K ⊗K WGK . L’équivalence de (i) et (ii)
résulte alors de ce que K est dense dans B+

dR (c’est un résultat de Colmez, cf.
[Fo88a], appendice).
L’implication (iii)⇒(i) est immédiate. Montrons la réciproque : Pour tout
m ∈ N, notons FmWGK le sous-K-espace vectoriel de WGK formé des x tels
que tmx = 0. On a Fm−1W

GK ⊂ FmWGK pour tout m, F0W
GK = 0 et

FmWGK = WGK pour m assez grand. Pour chaque m ≥ 1, choisissons des
(em,i)1≤i≤rm

dans FmWGK qui relèvent une base de FmWGK /Fm−1W
GK . Si

W vérifie (i), l’application ⊕m≤1B
rm
m → W qui envoie (bm,i)m≥1,1≤i≤rm

sur∑
bm,iem,i est un isomorphisme.

On dira qu’une B+
dR-représentation W est triviale si elle vérifie les propriétés

équivalentes de la proposition précédente. Lorsque W est une C-représentation,
on retrouve la définition donnée au §1.3.

8.2 – Extensions universelles par des représentations p-adiques

Reprenons les notations du §3.4. Pour toute représentation p-adique V , posons
Ee(V ) = Be ⊗Qp

V et, pour tout m ∈ N, Em(V ) = Fil−mBe ⊗Qp
V . On a des

suites exactes

0 → V → Ee(V ) → (BdR/B+
dR) ⊗Qp

V → 0
et 0 → V → Em(V ) → Bm(−m) ⊗Qp

V → 0

Chaque Em(V ) est une presque C-représentation, extension d’une Bm-repré-
sentation (i.e. une B+

dR-représentation tuée par tm) par V tandis que Ee(V ) est
la réunion croissante des Em(V ). En particulier Ee(V ) a une structure naturelle
de Qp-espace vectoriel topologique (c’est une limite inductive de banach) et
l’action de GK est continue.
La proposition 3.13 signifie que Em(V ) est l’extension universelle d’une Bm-
représentation par V , i.e. qu’étant donnée une suite exacte

0 → V → E → W → 0

de B(GK), avec W une Bm-représentation, il existe un et un seul morphisme de
B(GK) (ou un morphisme de Bm-représentations, cela revient au même d’après
le théorème 3.11)

f : W → Bm(−m) ⊗Qp
V
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tel que E = Em(V ) ×Bm(−m)⊗V W . Autrement dit, Em(V ) est solution du
problème universel des extensions de Bm-représentations par V : étant donnée
une telle extension il existe une et une seule application Qp-linéaire continue
GK-équivariante de E dans Em(V ) qui est l’identité sur V . Par passage à la
limite on voit que Ee(V ) est une limite inductive de représentations banachiques
caractérisée à isomorphisme unique près par le fait qu’étant donné une repré-
sentation banachique E, extension d’une B+

dR-représentation par V , il existe
une et une seule application Qp-linéaire continue GK-équivariante de E dans
Ee(V ) qui est l’identité sur V .

Pour toute représentation p-adique V de GK , on appelle espace tangent de
V le K-espace vectoriel tV = ((BdR/B+

dR) ⊗Qp
V )GK . Soit m ∈ Z. Posons

FilmtV = 0 si m ≥ 0 et FilmtV = ((FilmBdR/B+
dR) ⊗Qp

V )GK sinon. Si

GrmtV = FilmtV /Film+1tV , on a GrmtV = 0 pour m ≥ 0 tandis que, pour
m < 0, GrmtV s’identifie à un sous-K-espace vectoriel de (C(m) ⊗Qp

V )GK .
Par conséquent, Gr tV = ⊕m∈ZGrmtV s’identifie à un sous-K-espace vectoriel
de DHT (V ) = ⊕m∈Z(C(m) ⊗Qp

V )GK . Comme DHT (V ) est un K-espace
vectoriel de dimension finie inférieure ou égale à la dimension h de V sur Qp,
il en est de même de tV . Lorsque V est de de Rham, c’est-à-dire lorsque le
K-espace vectoriel DdR(V ) = (BdR⊗Qp

V )GK est de dimension h, on voit, pour
des raisons de dimension, que la suite

0 → (B+
dR ⊗Qp

V )GK → DdR(V ) → tV → 0

est exacte, ce qui fait que l’on retrouve la définition habituelle de l’espace
tangent ([FPR94], §2.2).
Pour toute K-algèbre Λ, notons tV (Λ) le Λ-module Λ ⊗K tV . L’inclusion
de tV dans (BdR/B+

dR) ⊗ V induit une application K-linéaire tV (K) →
(BdR/B+

dR)⊗Qp
V et une application B+

dR-linéaire tV (B+
dR) → (BdR/B+

dR)⊗Qp

V . On voit que la première est injective - ce qui nous permet d’identifier tV (K)
à un sous-K-espace vectoriel de (BdR/B+

dR)⊗V stable par GK - et que l’image

de la seconde, que nous notons t̂V (K) s’identifie à l’adhérence de tV (K) dans
(BdR/B+

dR)⊗V ; c’est aussi la plus grande sous-B+
dR-représentation triviale de

(BdR/B+
dR) ⊗ V .

On note E+(V ) (resp. Edisc(V )) l’image inverse de t̂V (K) (resp. tV (K)) dans
Ee(V ) de sorte que l’on a un diagramme commutatif dont les lignes sont exactes

0 → V → Edisc(V ) → tV (K) → 0
‖ ∩ ∩

0 → V → E+(V ) → t̂V (K) → 0
‖ ∩ ∩

0 → V → Ee(V ) → (BdR/B+
dR) ⊗ V → 0

On voit aussi que E+(V ) est, en un sens évident, l’extension universelle d’une
B+

dR-représentation triviale par V .
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Enfin, en prenant les éléments fixe par GK , chacune de ces trois suites exactes
donne la même suite exacte

0 → V GK → Ee(V )GK → tV → H1
cont(K,V )

L’application expBK : tV → H1
cont(K,V ) ainsi définie n’est autre, lorsque V

est une représentation de de Rham, que l’exponentielle de Bloch-Kato ([BK90],
def.3.10) et son image est le sous-K-espace vectoriel H1

e (K,V ).

Exercice : Soit m ∈ Z. Alors, si m ≤ 0, E+(Qp(m)) = Qp(m). Si m > 0,
E+(Qp(m)) est une extension de Bm par Qp(m) et s’identifie au sous-espace
de Bcris formé des b tels que ϕ(b) = pmb.

Remarque : Soient V une représentation p-adique et posons

Hom(B+
dR, (BdR/B+

dR) ⊗Qp
V ) = lim←−

m∈N

lim−→
n∈N

HomC(GK)(Bm, Bn(−n) ⊗Qp
V )

On a Hom(B+
dR, (BdR/B+

dR)⊗Qp
V ) = HomC(GK)(Bm, Bn(−n)⊗Qp

V ) pour m
et n suffisamment grands et le théorème de pleine fidélité implique que tout
f ∈ Hom(B+

dR, (BdR/B+
dR) ⊗Qp

V ) est une application B+
dR-linéaire. Elle est

donc déterminée par l’image de 1 qui doit être fixe par GK . Ce K-espace
vectoriel s’identifie donc à l’espace tangent tV .
En utilisant l’inclusion de Qp dans B+

dR, on obtient en appliquant le foncteur
Hom(B+

dR,−−) et le foncteur Hom(Qp,−−) à la suite exacte

0 → V → Be ⊗ V → (BdR/B+
dR) ⊗ V → 0

un carré commutatif

tV
'−→ Ext1(B+

dR, V )
‖ ↓
tV

expBK−−−→ Ext1C(GK)(Qp, V )

Donc H1
e (K,V ) s’identifie au sous-groupe de H1(K,V ) = Ext1C(GK)(Qp, V )

formé des extensions de Qp par V qui proviennent d’une extension de B+
dR par

V .

Appelons K0[ϕ,N ]-module (ou (ϕ,N)-module sur k) la donnée d’un K0-espace
vectoriel D muni de deux applications ϕ : D → D, N : D → D, la première
semi-linéaire relativement au Frobenius absolu σ agissant sur K0, la deuxième
K0-linéaire, vérifiant Nϕ = pϕN . Rappelons ([Fo86a],§3) que Bst est une sous-
K0-algèbre de BdR contenant Bcris, stable par GK , que l’endomorphisme ϕ de
Bcris s’étend en un endomorphisme, encore noté ϕ,toujours GK équivariant,
de Bst et que Bst est équippé d’une Bcris-dérivation N : Bst → Bst également
GK-équivariante et vérifiant Nϕ = pϕN .
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Pour toute représentation p-adique V de GK , Dst(V ) = (Bst ⊗Qp
V )GK est

de façon naturelle un K0[ϕ,N ]-module. Sa dimension en tant que K0-espace
vectoriel est inférieure ou égale à la dimension de V sur Qp ; on dit que V est
semi-stable si l’on a l’égalité ([Fo86b], §5).

Appelons Be-représentation (de GK) la donnée d’un Be-module libre de rang
fini muni d’une action semi-linéaire continue de GK .

PROPOSITION 8.2. — Soient V1 et V2 deux représentations p-adiques de même
dimension sur Qp. Supposons V1 semi-stable. Les conditions suivantes sont
équivalentes :

i) les (ϕ,N)-modules Dst(V1) et Dst(V2) sont isomorphes,

ii) les Be-représentations Ee(V1) → Ee(V2) sont isomorphes.

Remarquons que (i) implique que V2 est aussi semi-stable.

Preuve : Pour i = 1, 2, Bst ⊗Qp
Vi est muni d’une structure de (ϕ,N)-module

en posant ϕ(b ⊗ v) = ϕ(b) ⊗ v et N(b ⊗ v) = N(b) ⊗ v si b ∈ Bst et v ∈ Vi et
Dst(Vi) est le sous-(ϕ,N)-module (Bst ⊗Vi)

GK de Bst ⊗Vi. On a Bst ⊗Qp
Vi =

Bst ⊗Be
(Be ⊗Qp

Vi) = Bst ⊗Be
Ee(Vi)). Comme ϕ(b) = b et Nb = 0 pour tout

b ∈ Be, on a ϕ(x) = x et N(x) = 0 pour tout x ∈ Ee(Vi). Comme l’action de
ϕ sur Bst est un endomorphisme de la structure d’anneau tandis que celle de
N est une dérivation, on a

ϕ(b⊗x) = ϕ(b)⊗x et N(b⊗x) = Nb⊗x quelque soient b ∈ Bst et x ∈ Ee(Vi)

Par conséquent, toute application Be-linéaire GK-équivariant bijective de
Ee(V1) sur Ee(V2) induit, par extension des scalaires à Bst un isomorphisme
de Bst-modules de Bst ⊗Qp

V1 sur Bst ⊗Qp
V2 compatible avec l’action de GK ,

celle de ϕ et celle de N . En prenant les invariants sous GK , on en déduit un
isomorphisme (de (ϕ,N)-modules) de Dst(V1) sur Dst(V2).

Réciproquement, si les (ϕ,N)-modules Dst(V1) et Dst(V2) sont isomorphes, on
a dimK0

Dst(V2) = dimK0
Dst(V1) = dimQp

V1 = dimQp
V2 et V2 est aussi semi-

stable. Pour i = 1, 2, Bst ⊗Qp
Vi s’identifie donc à Bst ⊗K0

Dst(Vi) ([Fo86b],
th.5.3.5) et on dispose donc d’un isomorphisme de Bst-modules de Bst ⊗Qp

V1

sur Bst ⊗Qp
V2 compatible avec l’action de GK , celle de ϕ et celle de N . En

prenant la partie sur laquelle ϕ = 1 et N = 0, on trouve un isomorphisme de
Ee(V1) sur Ee(V2).

Remarque : Il serait intéressant d’étudier plus en détail les Be-représentations.
En particulier, on peut se demander si le foncteur d’oubli de la catégorie des
Be-représentations dans celle des Qp-espaces vectoriels topologiques avec action
linéaire et continue de GK n’est pas pleinement fidèle. On a en tout cas le
résultat suivant (en se fatigant un peu plus, on devrait pouvoir éviter d’avoir
à remplacer K0 par K ′

0 et GK par GK′) :
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PROPOSITION 8.3. — Soient V1 et V2 deux représentations p-adiques. Sup-
posons V1 semi-stable et dimQp

V2 ≤ dimQp
V1. Supposons qu’il existe une

application Qp-linéaire GK-équivariante injective Ee(V1) → Ee(V2). Alors
i) les Qp-espaces vectoriels V1 et V2 ont la même dimension et V2 est semi-
stable ;
ii) il existe une extension finie non ramifiée K ′

0 de K0 telle que les K ′
0[ϕ,N ]-

modules K ′
0 ⊗K0

Dst(V1) et K ′
0 ⊗K0

Dst(V2) sont isomorphes ;
iii) il existe un sous-groupe ouvert GK′ de GK contenant le groupe d’inertie et
une application Be-linéaire bijective GK′-équivariante de Ee(V1) dans Ee(V2).

Preuve : Soit h le ppcm des dénominateurs des pentes de Dst(V1) (vu comme
un ϕ-isocristal). Rappelons les propriétés dont nous allons avoir besoin du sous-
anneau Bh

st de Bst introduit dans [Fo00], §5.5 : Notons P0 le corps des fractions
des vecteurs de Witt à coefficients dans le corps résiduel de K ; c’est un sous-
corps de Bcris, stable par GK et par l’action de ϕ (qui opère via le Frobenius
absolu) ; l’homomorphisme de Qp-algèbres P0 ⊗Qp

Be → Bcris est injectif et
identifie P0 ⊗Qp

Be à un sous-anneau de Bcris noté B0. Soit th un élément de

Bcris vérifiant th ∈ Fil1BdR, ϕnth ∈ B+
dR pour 1 ≤ n ≤ h − 1 et ϕh(th) = pth.

Alors th est inversible dans Bcris, on a g(th)/th ∈ P0 pour tout g ∈ GK et
la sous-B0-algèbre de Bcris engendrée par th et 1/th s’identifie à l’algèbre des
polynômes de Laurent en th à coefficients dans B0. Notons u l’élément de Bst

noté log[π] dans loc.cit. ; on a g(u) − u ∈ Zp(1) = Zpt, pour tout g ∈ GK ,
ϕ(u) = pu et Nu = −1. Alors Bh

st s’identifie à l’anneau des polynômes en
u à coefficients dans B0, donc aussi à P0[th, 1/th, u] ⊗Qp

Be. Enfin le fait que
hα ∈ Z pour toute pente α de Dst(V1) implique que Dst(V1) = (Bh

st⊗Qp
V1)

GK .
Pour i = 1, 2, on a Be ⊗Qp

Vi = Ee(Vi) et on dispose donc d’une applica-
tion Qp-linéaire injective GK-équivariante Be ⊗Qp

V1 ↪→ Be ⊗Qp
V2. D’où

par extension des scalaires une application P0[th, 1/th, u]-linéaire injective
Bh

st ⊗Qp
V1 ↪→ Bh

st ⊗Qp
V2. Comme le sous-anneau P0[th, 1/th, u] de Bst est

stable par GK , cette application est aussi GK-équivariante. Pour les mêmes
raisons, elle commute aussi à l’action de ϕh et à celle de N . En prenant les
invariants sous Galois, on obtient une application K0-linéaire injective

Dst(V1) → (Bh
st ⊗Qp

V2)
GK ⊂ Dst(V2)

Comme dimK0
Dst(V2) ≤ dimK0

, on en déduit que V1 et V2 ont la même
dimension sur Qp, que V2 est semi-stable et que l’application ci-dessus est une
bijection. D’où (i).
Ceci implique aussi qu’il existe un isomorphisme de K0[ϕ

h, N ]-modules de
Dst(V1) sur Dst(V2).
Supposons d’abord que h divise [K0 : Qp] et montrons qu’alors il existe aussi
un isomorphisme de K0[ϕ,N ]-modules de Dst(V1) sur Dst(V2). Cela résulte de
la conjonction des deux faits suivants (on a noté Qph l’unique extension de Qp

de degré h contenue dans K0) :
a) la flèche évidente Qph ⊗Qp

HomK0[ϕ,N ](D1,D2) → HomK0[ϕh,N ](D1,D2) est
surjective (bien sûr elle est aussi injective) ;
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b) si L est un sous-Qp-espace vectoriel de LQ
ph

(D1,D2) tel que le sous-Qph -

espace vectoriel de LQ
ph

(D1,D2) engendré par L contient un isomorphisme,
alors L aussi.
Pour le premier, on remarque que, si f ∈ HomK0[ϕh,N ](D1,D2), l’applica-

tion θ(f) : D1 → D2 définie par θ(f) =
∑h−1

i=0 ϕifϕ−i est en fait dans
HomK0[ϕ,N ](D1,D2) ; si b1, b2, . . . , bh est une base de Qph sur Qp, la matrice
des (σi(br))0≤i<h,1≤r≤h est inversible, il existe donc a1, a2, . . . , ah ∈ Qph tels
que ∑

arbr = 1 et
∑

arσ
i(br) = 0 pour1 ≤ i < h

On a f =
∑h

r=1 arθ(brf).
L’assertion (b) qui n’utilise que le fait que le corps Qp a une infinité d’éléments,
que Qph est une extension finie sur Qp et que D1 et D2 sont de dimension finie
sur Qph est bien connue (cf., par exemple [Fo00], lemme 2.7).
Dans le cas général enfin, il suffit de prendre pour K ′

0 la plus petite extension
non ramifiée de K0 contenue dans K telle que h divise [K ′

0 : Qp]. Ceci termine
la preuve de (ii). L’assertion (iii) résulte alors de la proposition précédente où
l’on remplace K par l’extension finie non ramifiée KQph .

8.3 – Extensions universelles par des représentations de torsion

Appelons groupe abélien de cotype fini tout groupe abélien de torsion Λ tel que
le Ẑ-module des homomorphismes de Λ dans Q/Z est de type fini. Si Λ est un
groupe de p-torsion, il est de cotype fini si et seulement si d’une part sa partie
divisible Λdiv est isomorphe à (Qp/Zp)

h pour un entier h convenable et d’autre
part Λ/Λdiv est un groupe fini.
Une représentation de cotype fini (de GK) est un groupe abélien de cotype fini
muni d’une action linéaire discrète de GK .
Soit Λ une représentation de cotype fini. On pose

Tp(Λ) = lim←−
n∈N

Λpn et Vp(Λ) = Qp ⊗Zp
Tp(Λ)

Alors Tp(Λ) est un Zp-module libre de rang fini, avec action linéaire et con-
tinue de GK et Vp(Λ) est une représentation p-adique de GK . Le quotient
Vp(Λ)/Tp(Λ) s’identifie à la partie divisible Λ(p),div du sous-groupe de p-torsion
Λ(p) de Λ.
Pour ? désignant un symbole qui est e,+,disc ou un entier m ≥ 0, E?(Vp(Λ))
est un Qp-espace vectoriel topologique avec action linéaire et continue de GK

contenant Tp(Λ) comme un sous-groupe fermé stable par GK . Le quotient
E?(Vp(Λ))/Tp(Λ) est donc un Zp-module topologique avec action linéaire et
continue de GK , contenant Λ(p),div comme sous-groupe discret. On pose alors

E?(Λ) = Λ ⊕Λ(p),div
(E?(Vp(Λ))/Tp(Λ))

somme amalgamée de Λ et de E?(V ) au-dessous de Λ(p),div. Bien sûr, cette
construction n’a d’intérêt que pour un groupe de p-torsion puisque, si Λ(p′)
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désigne le sous-groupe de Λ formé des éléments d’ordre premier à p, on a
E?(Λ) = Λ(p′) ⊕ E?(Λ(p)).

Posons aussi tΛ = tVp(Λ) et t̂Λ(K) = t̂Vp(Λ)(K). On a un diagramme commutatif

0 → Λ → Edisc(Λ) → tΛ(K) → 0
‖ ∩ ∩

0 → Λ → E+(Λ) → t̂Λ(K) → 0
‖ ∩ ∩

0 → Λ → Ee(Λ) → (BdR/B+
dR) ⊗ Vp(Λ) → 0

‖ ∪ ∪
0 → Λ → Em(Λ) → Bm(−m) ⊗ Vp(Λ) → 0

dont les lignes sont exactes.

PROPOSITION 8.4. — Soit Λ une représentation de cotype fini de GK . Alors
Edisc(Λ) est le plus grand sous-groupe stable par GK de Ee(Λ) sur lequel l’action
de GK est discrète tandis que E+(Λ) est l’adhérence de Edisc(Λ) dans Ee(Λ).

Preuve : Pour tout m ∈ N, notons Em,disc(Λ) le plus grand sous-groupe stable
par GK de Em(Λ) sur lequel l’action de GK est discrète. Comme l’action de GK

est discrète sur Λ, c’est l’image inverse du plus grand sous-groupe de Bm(−m)⊗
Vp(Λ) sur lequel l‘action de GK est discrète ; ce sous-groupe s’identifie à K ⊗K

(Bm(−m) ⊗ Vp(Λ))GK (prop.8.1). Par passage à la limite, on en déduit que
le plus grand sous-groupe de Ee(Λ) stable par GK sur lequel l’action de GK

est discrète est l’image inverse de K ⊗K ((BdR/B+
dR)⊗ Vp(Λ))GK = tΛ(K). La

deuxième assertion est évidente.

On a encore des propriétés d’universalité :

PROPOSITION 8.5. — Soient Λ une représentation de cotype fini de GK et E
un groupe topologique abélien muni d’une action linéaire et continue de GK ,
extension d’une B+

dR-représentation W par Λ. Alors il existe une et une seule
application linéaire continue GK-équivariante f : E → Ee(Λ) qui est l’identité
sur Λ. Son image est contenue dans E+(Λ) (resp. Em(Λ)) si et seulement si
la B+

dR-représentation W est triviale (resp. annulée par tm).

Preuve : Pour tout groupe topologique abélien M notons Vp(M) le groupe des
homomorphismes (de groupes) continus de Qp dans M . On a bien Vp(Λ) =
Qp ⊗Zp

Tp(Λ). Si M est un Qp-espace vectoriel, on a Vp(M) = M . On a
Vp(Ee(Λ)) = Ee(Vp(Λ)) et on dispose d’une suite exacte courte

0 → Vp(Λ) → Vp(E) → W → 0

Toute application f : E → Ee(V ) induit donc une application Vp(f) : Vp(E) →
Ee(Vp(Λ)) et Vp(f) est l’identité sur Vp(Λ) si f est l’identité sur Λ.
Inversement, on a Ee(Λ) = Λ ⊕Λ(p),div

(Ee(Vp(Λ))/Tp(Λ)) et E s’identifie à
Λ⊕Λ(p),div

((Vp(E))/Tp(Λ)), ce qui fait que toute flèche Vp(E) → Ee(Vp(Λ)) qui
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est l’identité sur Vp(Λ) induit une flèche E → Ee(Λ). La proposition résulte
alors des propriétés universelles mises en évidence au paragraphe précédent.

8.4 – Applications aux variétés abéliennes, aux groupes de
Barsotti-Tate et aux motifs

PROPOSITION 8.6. — Soient A une variété abélienne sur K, tA son espace
tangent, t′A le K-espace vectoriel dual de l’espace tangent de la variété abélienne
duale, Tp(A) = lim←−n∈N

Apn(K), V = Qp ⊗Zp
Tp(A) et VC = C ⊗Qp

V . On a

des isomorphismes canoniques et fonctoriels
i) VC = tA(C)(1) ⊕ t′A(C),
ii) tA ' tV = tAp−tor(K) = tAtor(K),

iii) A(K) ' Edisc(Ator(K)) et A(C) ' E+(Ator(K)).

Remarque : La première assertion n’est autre que la décomposition de Hodge-
Tate pour les variétés abéliennes dont on obtient ainsi une nouvelle preuve
(mais c’est loin d’être la plus simple !).

Preuve : Le logarithme est défini partout sur A(C) et induit une suite exacte
courte

0 → Ator(K) → A(C) → tA(C) → 0

Mais tA(C) est une C-représentation triviale de dimension la dimension g de
A. D’après la proposition précédente, il existe des applications Qp-linéaires
continues GK-équivariantes uniques de η : A(C) → E+(C) et η̄ : tA(C) →
tV (C) telles que le diagramme

0 → Ator(K) → A(C) → tA(C) → 0
‖

y η
y η̄

0 → Ator(K) → E+(Ator(K)) → t̂V (K) → 0

est commutatif.
Les applications η et η̄ sont injectives. En effet, sinon comme le noyau W de
η s’identifie au noyau de η̄ qui est une application B+

dR-linéaire, ce serait une
sous-B+

dR-représentation non nulle de tA(C) ' Cg et contiendrait donc une sous
représentation isomorphe à C ; en prenant les invariants sous GK , on voit que
A(K) contiendrait un sous-groupe isomorphe à K ; mais ceci contredit le fait
que A(K) est compact (si A est un modèle propre de A sur OK , on a A(K) =
HomOK−schémas(SpecOK ,A) = lim←−n∈N

HomOK−schémas(Spec(OK/pnOK),A)

et chacun de ces ensembles est fini).
En particulier, (BdR/B+

dR) ⊗Qp
V ⊃ t̂V (K) contient une sous-B+

dR-représenta-
tion isomorphe à Cg. Celle-ci est contenue dans le noyau de la multiplication
par t dans BdR/B+

dR) ⊗Qp
V qui est VC(−1), d’où une application injective

tA(C) → VC(−1). La transposée de l’application analogue pour la variété
abélienne duale nous donne une application surjective VC → t′A(C) ou encore de
VC(−1) dans tA(C)(−1). Comme il n’y a pas d’application Qp-linéaire continue
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GK-équivariante non nulle de tA(C) ' Cg dans t′A(C)(−1) ' C(−1)g, l’appli-
cation composée tA(C) → VC(−1) → tA(C)(−1) est nulle. Pour des raisons de
dimension, la suite

0 → tA(C) → VC(−1) → t′A(C)(−1) → 0

est exacte. Comme, dans la catégorie des C-représentations, il n’y a ni homo-
morphisme ni extension non trivial(e) de C(−1) dans (par) C, cette suite est
scindée de manière unique et VC(−1) s’identifie, canoniquement et fonctorielle-
ment à tA(C) ⊕ t′A(C)(−1), d’où (i) en tensorisant par Qp(1).
Ceci implique que, pour tout entier m 6∈ {0,−1}, on a VC(m)GK = 0, donc que
tV = ((BdR/B+

dR) ⊗ V )GK = (VC(−1))GK = tA puisque (t′A(C)(−1))GK = 0,
D’où (ii).
En outre, t̂V (K) est l’adhérence de tV (K) dans VC(−1) qui est une C-représen-
tation et est donc tV (C). L’application η̄ est donc un isomorphisme et η fournit
l’isomorphisme cherché de A(C) sur E+(Ator(K)). Enfin A(K) est la réunion
des A(L) pour L parcourant les extensions finies galoisiennes de K contenues
dans K et η(A(K)) est bien contenu dans Edisc(Ator(K)). Comme l’application
A(K) → tA(K) est surjective, les lignes du diagramme commutatif

0 → Ator(K) → A(K) → tA(K) → 0
‖ ↓ ↓

0 → Ator(K) → Edisc(Ator(K)) → tV (K) → 0

sont exactes. Comme les flèches verticales de gauche et de droite sont des
isomorphismes, celle du milieu l’est aussi et fournit l’isomorphisme cherché
entre A(K) et Edisc(Ator(K)).

La proposition 1.1 énoncée dans l’introduction est alors claire : Si ξ est comme
dans l’énoncé, l’application ξ : tA(K) → C(−1) ⊗Qp

Vp(A) induite est encore
continue et induit donc une application Qp-linéaire continue GK-équivariante
du complété tA(C)de tA(K) dans C(−1)⊗Qp

Vp(A). Cette dernière application
est C-linéaire (th.3.11). Le reste résulte des deux propositions précédentes.

On dispose de résultats analogues pour les groupes de Barsotti-Tate : soit
J = (Jpn)n∈N un tel groupe sur l’anneau des entiers OK de K ; soient h sa

hauteur et d sa dimension. Notons Ĵ le groupe formel associé : si An désigne
l’algèbre affine de Jpn , alors An est un OK-module libre de rang pnh. Alors

Ĵ = SpfA
Ĵ
, avec A

Ĵ
= lim←−An. C’est une algèbre formellement lisse ; l’algèbre

affine de la composante connexe de l’élément neutre est une algèbre de séries
formelles en d-variables à coefficients dans OK . On peut considérer le groupe
Ĵ(OK) (resp. Ĵ(OC)) des homomorphismes continus de la OK-algèbre A

Ĵ
dans

OK (resp. OC). Le sous-groupe de torsion Ĵtor(OK) de Ĵ(OK) est aussi celui

de Ĵ(OC) et c’est l’union J(OK) des Jpn(OK) = HomOK−algèbres(An,OK). En
tant que groupe, il est isomorphe à (Qp/Zp)

h. L’espace tangent tJ de J (ou
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de Ĵ si l’on préfère) est le K-espace vectoriel de dimension d dual du K-espace
vectoriel des formes différentielles invariantes sur A

Ĵ
.

Remarque : La proposition 8.6 s’étend aussi, de façon évidente (aussi bien pour
son énoncé que pour sa démonstration), aux 1-motifs sur K et aux groupes de
Barsotti-Tate sur OK .

Soit maintenant M un motif sur K. Pour fixer les idées supposons soit que M
est un 1-motif soit que M = Hm(X)(i) où X est une variété propre et lisse
sur K, m ∈ N et i ∈ Z. La seule chose importante est de savoir définir le
groupe Mtor(K) des points de torsion de M à valeurs dans K qui doit être
une représentation de cotype fini. Pour M un 1-motif c’est la définition usuelle
([De75], §10), pour M = Hm(X)(i), on pose Mtor(K) = Hm

ét (XK , Q/Z)(i).
On peut alors associer à M les objets suivants, tous construits à partir de
Mtor(K) :
– pour ` nombre premier , la réalisation `-adique de M est le Q`-espace vectoriel
H`(M) des homomorphismes continus de Q` dans Mtor(K),
– l’espace tangent tM de M est le K-espace vectoriel tMtor(K) = tHp(M),

– le groupe M(K) des points de M à valeurs dans K est Edisc(Mtor(K)),

– le complété M̂(K) de ce groupe des points est le groupe topologique
E+(Mtor(K)),

– la presque-C-représentation E+(M) définie par E+(M) = Vp(M̂(K)) =
E+(Hp(M)).

Alors M(K) s’identifie au sous-groupe de M̂(K) formé des points sur lesquels

l’action de GK est discrète ; c’est un sous-groupe dense de M̂(K).
Lorsque M est un 1-motif, on a t̂M (K) = tM (C) (en particulier, c’est une C-
représentation. Ceci est du au fait que les poids de la représentation Hp(M)
sont tous ≤ 1, ce qui ne reste pas vrai en général.

Pour toute extension L de K contenue dans K, posons

M(L) = M(K)Gal(K/L) = M̂(K)Gal(K/L)

(lorsque M est une variété abélienne c’est bien le groupe des points de la variété
abélienne à valeurs dans L). La suite exacte

0 → Mtor(K) → M(K) → tM (K) → 0

induit une suite exacte

0 → Mtor(K) → M(K) → tM → H1
e (K,Mtor(K)) → 0

en notant H1
e (K,Mtor(K)) l’image de tM dans H1(K,Mtor(K)) (remarquer

que, si Mp′−tor(K) est le sous-groupe de Mtor(K) formé des points d’ordre
premier à p, on a H1

e (K,Mp′−tor(K)) = 0).
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Enfin la représentation p-adique Hp(M) est de de Rham et la suite exacte

0 → Hp(M) → E+(M) → t̂M (K) → 0

induit une suite exacte

0 → Hp(M)GK → E+(M)GK → tM
expBK−−−→H1

e (K,Hp(M)) → 0

où expBK est l’exponentielle de Bloch-Kato.

9 – Principales définitions

1.2 : Banach, réseau, représentation banachique, catégorie exacte, morphisme
strict, sous-catégorie stricte, représentation p-adique.
1.3 : C-représentation, C-représentation triviale, B+

dR-représentation.
1.4 : Représentations banachiques presqu’isomorphes, presque C-représen-
tation.
1.5 : Extension presque scindée.
2.1 : K∞[[t]]-représentation de ΓK .
2.3 : K-petit, petite représentation.
3.1 : Cohomologie continue, presque B+

dR-représentation.
3.5 : Presque supplémentaire, presque scindée.
4.1 : C-algèbre de Banach, spectre maximal, variété spectrale affine, application
analytique, groupe spectral commutatif affine, C-structure analytique, banach
analytique.
4.2 : Banach anlytique constant, banach analytique vectoriel.
4.3 : Espace de Banach-Colmez présentable.
5.1 : Dimension, hauteur, présentation.
5.3 : K-presque supplémentaire, suite K-presque scindée.
6.1 : Complexe presque trivial.
7.1 : Presqu’isomorphisme.
8.1 : B+

dR-représentation triviale, extensions universelles par une représentation
p-adique.
8.2 : Espace tangent d’une représentation p-adique, exponentielle de Bloch-
Kato, (ϕ,N)-module, représentation semi-stable, Be-représentation.
8.3 : Représentation de cotype fini.
8.4 : Espace tangent d’un motif, groupe des points d’un motif à valeurs dans
K.

10 – Principales notations

1.2 : K, K, GK , B(GK),
1.3 : C, RepC(GK), Reptriv

C (GK), t, BdR, B+
dR, Bm, RepB+

dR
(GK),
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1.4 : C(GK), d, h,
1.6 : Extn

C(X,Y ), Extn
E[G](X,Y ),

2.1 : K∞, HK , ΓK , πt, t, W f , RepK∞[[t]](ΓK),

2.2 : Ωlog
E[[t]]/E , ∇, ∇0, CS,E , Cf

S,E , CS,E , TS,E , Cm
S,E , X{−1}, (CX), O(S), X(i),

X(i,n), X(Z), (CX,0), Ext1CS,E ,0(X1,X2),

2.3 : RepB+
dR

,S(GK), OK , aK , RdR(X), χ(α), M{α},
2.5 : W(i,n), W(i), WZ, Ext1

B+
dR

[GK ],0
(W1,W2), log t, Tm, Cm, cfond,

3.1 : Hm
cont(E,M),

3.2 : M∗A, Mˇ,
3.3 : Be, Bcris, K0, ϕ, FiliBdR, FiliBe, Um,
3.4 : U , R, W (R), B+

cris, UR, IB(GK),
3.5 : E(f), Em(f),
4.1 : SpmCA, OA,
4.2 : V c, W an,
4.3 : Uan, Ean

V,W,f ,
7.1 : CPI(GK), DK ,
8.2 : Ee(V ), Em(V ), tV , t̂V (K), E+(V ), Edisc(V ), H1

e (K,V ), Bst,
8:3 : Tp(Λ), Vp(Λ), E?(Λ), tΛ, t̂(K),

8:4 : Mtor(K), Hl(M), tM , M(K), M̂(K), E+(M).
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(1994), 59–111.

[Fo00] J.-M. Fontaine, Arithmétique des représentations galoisiennes p-
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1. Introduction

1.1. Let p be any prime number. For a complete discrete valuation field H
of mixed characteristic (0, p), with perfect residue field, we have the theory of
Coleman power series, as reviewed in section 2. One of the important appli-
cations of this theory is the construction of the p-adic Riemann zeta function
of Kubota and Leopoldt [KL], by applying the theory to the norm compatible
system of cyclotomic elements.
In the paper [Fu1], we have obtained “K2-version of Coleman power series” for
a certain class of local fields. Following the analogy with the case of the usual
Coleman power series above, the aim of the present paper is to show that by
applying the theory of K2 Coleman power series to the norm compatible system
of Beilinson elements in the projective limit of K2 of modular curves defined
by Kato [Ka2], we obtain p-adic zeta functions of various cusp forms, both in
one variable attached to cusp forms (cf.Amice-Vélu [AV], Vishik [Vi]), and two
variables attached to universal family of ordinary cusp forms (cf. Greenberg-
Stevens [GS], Kitagawa [Ki]).

1.2. We describe our result briefly reviewing the classical result on the p-adic
Riemann zeta function.
Let denote by ζpn ∈ Qp a primitive pn-th root of unity and assume ζp

pn+1 = ζpn

for all n ≥ 1. We write Q(Zp[[G∞]]) for the total quotient ring of the completed
group ring Zp[[G∞]] = lim←−

n

Zp[(Z/pnZ)×] and G∞ = Z×
p is regarded as the

Galois group Gal(Qp(ζp∞)/Qp) associated to the cyclotomic p extension of Qp

via the cyclotomic character.
Iwasawa [Iw] discovered a relationship between the norm compatibles system
of cyclotomic elements (1− ζpn)n ∈ lim←−

n

Qp(ζpn)× and the p-adic Riemann zeta

function ζp-adic ∈ Q(Zp[[G∞]]) of Kubota and Leopoldt [KL]. The relation of
these two appears in the theory of the usual Coleman power series as follows.
The theory of Coleman power series for the multiplicative group induces a map
C and C sends (1 − ζpn)n ∈ lim←−

n

Qp(ζpn)× to ζp-adic ∈ Q(Zp[[G∞]]):

C : lim←−
n

Qp(ζpn)×
via Coleman power series−−−−−−−−−−−−−−−−→ Q(Zp[[G∞]]),

C((1 − ζpn)n) = ζp-adic.

The purpose of this paper is, by pursuing the analogy with this work, to obtain
p-adic zeta functions in one variable attached to cusp forms, and in two variables
attached to ordinary families of modular forms, whose existences are already
known (for one-variable zeta functions cf. Amice-Vélu [AV], Vishik [Vi],..., and
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two-variable zeta functions associated to ordinary families of cusp forms cf.
Greenberg-Stevens [GS], Kitagawa [Ki],...).
Let

H = (lim←−
n

(Z/pnZ[[q]][
1

q
]))[

1

p
],

where q is an indeterminate. This is a complete discrete valuation field of
mixed characteristic (0, p) whose residue field k is an imperfect field satisfying
[k : k

p] = p. As reviewed in section 2, for H, we have a theory of K2 Coleman
power series [Fu1].
Let N be a positive integer which is prime to p. Let us denote by Y (Npn, pn)

the modular curve corresponding to the subgroup Γ(Npn, pn) = {
(

α β
γ δ

)
∈

SL2(Z) ; α ≡ 1(Npn), β ≡ 0(Npn), γ ≡ 0(pn), δ ≡ 1(pn)} whose total constant
field is Q(ζpn).
In his paper [Ka2], Kato discovered a norm compatible system of Beilinson ele-
ments belonging to lim←−

n

K2(Y (Npn, pn)). We study the image of this Beilinson-

Kato system under a map CN below which is defined by using our K2 Coleman
power series following the analogy with the classical map C. We call this image
a universal zeta modular form (see section 4).

CN : lim←−
n

K2(Y (Npn, pn))
via K2 Coleman power series−−−−−−−−−−−−−−−−−−→ Q(OH[[G(1)

∞ × G(2)
∞ ]])

CN (Beilinson-Kato system) = the universal zeta modular form.

(Precisely we will define the universal zeta modular form as an element obtained

from this image with a suitable modification, cf. section 4.) Here G
(1)
∞ ∼=

G
(2)
∞ ∼= G∞, G

(1)
∞ is a group of diamond operators acting on the space of p-

adic modular forms (refer to sections 3 and 4), and G
(2)
∞ = Gal(Qp(ζp∞)/Qp).

Further Q(OH[[G
(1)
∞ × G

(2)
∞ ]]) denotes the total quotient ring of the completed

group ring OH[[G
(1)
∞ × G

(2)
∞ ]].

Theorem 6.2 which is one of our two main results will state that the above
universal zeta modular form produces p-adic zeta functions (in one variable) of
eigen cusp forms which are not necessarily ordinary.
Theorem 7.3 which is the other main theorem asserts roughly the following.

Theorem 1.3 (cf. Theorem 7.3). We assume p ≥ 5. Let hord
Np∞ be the ordinary

part of the ring of Hecke operators of level Np∞ acting on the space of the p-
adic cusp forms of level Np∞ (cf. section 3). The universal zeta modular
form above produces, by the method in section 7, a p-adic zeta function in two
variables

Lord,univ
p-adic ∈ (hord

Np∞/Iord
Np∞)[[G(2)

∞ ]][
1

a
]

which displays property (1.1) below. Here Iord
Np∞ ⊂ hord

Np∞ is a certain ideal

(see3.7 in section 3), and a ∈ hord
Np∞ [[G

(2)
∞ ]] is a certain non-zerodivisor.
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Let f be an ordinary p-stabilized newform of tame conductor N (for the def-
inition of an ordinary p-stabilized newform, see 7.2.1 in section 7) of weight
k ≥ 2. Attached to f , we have a ring homomorphism κf :

κf : hord
Np∞/Iord

Np∞ −→ Zp ; T (n) 7→ an(f) (n ≥ 1),

with an(f) such that T (n)f = an(f)f . Suppose κf satisfies some “suitable”
condition. Then κf induces a homomorphism which is also denoted by κf :

κf : (hord
Np∞/Iord

Np∞)[[G∞]][
1

a
] −→ Q(Zp[[G

(2)
∞ ]]),

and concerning the image Lord,univ
p-adic (κf ) of Lord,univ

p-adic under this homomorphism
κf , we have

Lord,univ
p-adic (κf ) = p-adic zeta function of f ∈ (OM [[G(2)

∞ ]]) ⊗OM
M.

(1.1)

Here M is the finite extension Qp(an(f);n ≥ 1) of Qp.

For the precise statement, see Theorem 7.3 in section 7.

The above Lord,univ
p-adic is essentially the two-variable p-adic zeta function asso-

ciated to ordinary families of cusp forms which has been already given by
Greenberg-Stevens [GS], Kitagawa [Ki],..., by another method. The signifi-
cance of our p-adic zeta function is that the coefficients in the p-adic zeta

function belong to the ring of Hecke operators as above. Hence our Lord,univ
p-adic

is a p-adic zeta function associated with the universal family of ordinary cusp
forms. By another method, Ochiai ([Oc]) has also constructed this kind of
two-variable p-adic zeta function.
The author found that Panchishkin [Pa1], [Pa2] gave a new way of the con-
struction of p-adic zeta functions of modular forms by using something similar
to our universal zeta modular form at almost the same time as the author gave
talks in the conferences in the autumn of 2000 as described in the proceedings
[Fu2], [Fu3] in Japanese. Our aim is to obtain p-adic zeta functions of modular
forms by applying K2 Coleman power series to the norm compatible system of
Beilinson elements in K2 of modular curves.

1.4. The organization of this paper is as follows.
In section 2, we review the theory of Coleman power series both in the classical
case and in the case for K2 [Fu1].
In section 3, we review the theory of p-adic modular forms (cf. [Hi1]).
In section 4, we define and study a “universal zeta modular form” which is
obtained from the image of Beilinson-Kato system under CN appearing in 1.2.
In our construction, p-adic properties of p-adic zeta functions are deduced from
the p-adic properties of the universal zeta modular form and the relation be-
tween the universal zeta modular form and special values of zeta functions of
modular forms.
In section 5, we review the theory of p-adic zeta functions of modular forms.
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In section 6, we prove our theorem (Theorem 6.2) on the construction of one-
variable p-adic zeta functions of eigen cusp forms which are not necessarily
ordinary.
In section 7, we prove our theorem (Theorem 7.3) on the construction of p-
adic zeta functions in two variables, which are attached to universal families of
ordinary cusp forms.

The author would like to express her sincere gratitude to Professor Kazuya
Kato for his guidance and constant encouragement. She has learned a great
deal from him throughout her graduate course. She is very happy to dedicate
this paper to his celebrated 50th birthday.

She is very thankful to Professor John Coates who gave her comments and
constant encouragement for this study.

In this paper, for a complete discrete valuation field L, OL denotes the ring of
integers of L.
For a ring R, Q(R) denotes the total quotient ring of R.
We also fix once and for all an embedding of Q into Qp.

2. Review of Coleman power series for K2

In this section we give a brief review of the theory of Coleman power series
both in the usual case (in 2.1 – 2.2) and our K2-version case (in 2.3 – 2.5).

2.1. We review the classical case of the usual Coleman power series. The ex-
istence of Coleman power series were discovered by Coates and Wiles [CW]
and almost immediately, Coleman [Co] generalized their approach by an al-
ternative method. The theory of Coleman power series has been obtained for
general Lubin-Tate groups, but here we review the theory only for the formal
multiplicative group.
Let H be a complete discrete valuation field of mixed characteristic (0, p) with
perfect residue field k. We assume that H is absolutely unramified, i.e. p is
a prime element of OH . We denote by OH [[ε − 1]] = lim←−

n

OH [ε±1]/(ε − 1)n

the coordinate ring of the formal completion of the multiplicative group over
OH , and by OH((ε − 1)) the Laurent series ring OH [[ε − 1]][1/(ε − 1)]. Let σ
denote the Frobenius automorphism of OH . We extend σ to an endomorphism
of OH((ε − 1)) by putting σ(ε) = ε. We define a ring homomorphism

ϕ : OH((ε − 1)) −→ OH [[ε − 1]][
1

εp − 1
]

by ϕ(f)(ε) = (σf)(εp), and

N : OH((ε − 1))× −→ OH((ε − 1))×

to be the norm operator induced by the homomorphism ϕ. We write (OH((ε−
1))×)N=1 for the group of all units f in OH((ε − 1)) which satisfy N(f) = f .
Now let ζpn denote a primitive pn-th root of unity, and assume ζp

pn+1 = ζpn
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for all n ≥ 1. Put Hn = H(ζpn). The aim in this case is to study lim←−
n

H×
n ,

where the projective limit is taken with respect to the norm maps in the tower
of fields Hn (n = 1, 2, 3, . . . ).

Theorem 2.2 (Coleman [Co]). We have an isomorphism

Ψ : (OH((ε − 1))×)N=1 ∼=−→ lim←−
n

H×
n

given by Ψ(f(ε)) = ((σ−nf)(ζpn))n=1,2,3,....

2.3. Now we review our case of K2-version of Theorem 2.2. (See [Fu1] for more
details.)
Let H be a complete discrete valuation field of characteristic 0, whose residue
field k is an imperfect field of characteristic p satisfying [k : k

p] = p. We
assume that H is absolutely unramified. We fix once and for all a p-base b
of k, and a lifting q of b to H (all of our subsequent constructions depend on
these choices). We define σ : OH −→ OH to be the unique ring homomorphism
satisfying σ(q) = qp, and the action of σ on k is given by raising to the p-th
power. For simplicity, let us write

S = OH[[ε − 1]], S′ = OH((ε − 1)) = S[
1

ε − 1
].

We extend σ to an endomorphism of S′ by putting σ(ε) = ε. We then define a
ring homomorphism

ϕ : S′ −→ S[
1

εp − 1
]

by ϕ(f)(ε) = (σf)(εp). For any ring A, let K2(A) denote Quillen’s K2 group
of A ([Qu]). Since S[1/(εp − 1)] is a free S′-module of rank p2 via ϕ, we have
the K2 norm map (see [Qu], §4, Transfer maps)

K2(S[
1

εp − 1
]) −→ K2(S

′).

The composition of this with

K2(S
′) −→ K2(S[

1

εp − 1
])

induced by the inclusion map S′ ↪→ S[1/(εp − 1)], gives rise to a K2 norm map

N : K2(S
′) −→ K2(S

′).

We consider the following tower of fields above H. We take a pn-th root q1/pn

of q in a fixed algebraic closure H of H and assume that (q1/pn+1

)p = q1/pn

for
all n ≥ 1. We define

Hn = H(ζpn , q1/pn

).

Moreover, we define a ring homomorphism

θn : OH −→ OH(q1/pn )
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by specifying that θn(q) = q1/pn

, and that the induced map k −→ k(b1/pn

) on
the residue fields is the isomorphism x 7→ x1/pn

. For n ≥ 1, θn induces a ring
homomorphism

hn : S′ −→ Hn

given by hn(
∑∞

m=−r am(ε−1)m) =
∑∞

m=−r θn(am)(ζpn −1)m. Thus we obtain
a map

Ψn : K2(S
′) −→ K2(Hn) (n ≥ 1)

which is induced by hn. In order to state our theorem, we need to introduce
certain completions K̂2 of our K2-groups (see 2.5 below for the definition).
All of the above homomorphisms give rise to corresponding maps between
the completed K2-groups, which we can check easily from the definition of
the completions in 2.5 below and which we denote by the same symbol. We
also write K̂2(S

′)N=1 for the subgroup of elements f in K̂2(S
′) which satisfy

N(f) = f .

Instead of lim←−
n

H×
n , we study the projective limit lim←−

n

K̂2(Hn) with respect to

the norm maps in the tower of fields Hn (n = 1, 2, 3, . . . ).

Theorem 2.4 ([Fu1], Theorem 1.5). We have an isomorphism

Ψ : K̂2(S
′)N=1 −→∼= lim←−

n

K̂2(Hn)

given by Ψ(f) = (Ψn(f) : n = 1, 2, 3, . . . ).

2.5. We describe the completions of the K2 groups appearing in Theorem 2.4.
We introduce the completions K̂2(A) in the following two cases by which the
completions in Theorem 2.4 follows.

(i) A = S′.

(ii)A is a complete discrete valuation field L.

Let r ≥ 1.
In the case of (i), let U (r) = 1 + (p, (ε − 1))rS, a subgroup of S×, where
(p, (ε − 1)) is the ideal of S generated by the elements in ( ).

In the case of (ii), let U (r) = U
(r)
L , where U

(r)
L is the r-th unit group of L, i.e.

1 + mr
L ⊂ O×

L for the maximal ideal mL of L.

We define a subgroup U (r)K2(A) of K2(A) for a ring A of the type (i) or (ii),
as the one which is generated by {a,A×} for all a ∈ U (r) ⊂ A×, and define

K̂2(A) = lim←−
r

K2(A)/U (r)K2(A).

3. Review of p-adic modular forms

In this section, we briefly review the necessary facts for us on the theory of
p-adic modular forms. We follow Hida [Hi1] to which we refer for more details.
(See also Katz [Katz1], [Katz2], etc.)
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3.1. Let L be a finite extension of Qp in Qp, and we take a finite extension L0

of Q which is dense in L under the p-adic topology. For k ≥ 0 and for M ≥ 1,
let Mk(X1(M);L0) be the space of modular forms for Γ1(M) of weight k with
Fourier coefficients in L0. We define

Mk(X1(M);L) = Mk(X1(M);L0) ⊗L0
L.

Similarly we define the space of cusp forms Sk(X1(M);L0) and Sk(X1(M);L).
As in [Hi1], §1, it has been known that the spaces Mk(X1(M);L),
Sk(X1(M);L) are independent of the choice of a subfield L0 in the evident
sense.
Now for j ≥ 0 we put

M j(X1(M);L) =

j⊕

k=0

Mk(X1(M);L),

Sj(X1(M);L) =

j⊕

k=1

Sk(X1(M);L),

which are embedded in L[[q]] via the summation of q-expansions, and

M j(X1(M);OL) = M j(X1(M);L) ∩ OL[[q]],

Sj(X1(M);OL) = Sj(X1(M);L) ∩ OL[[q]].

We define M(X1(M);OL) as the closure of
⋃

j≥1 M j(X1(M);OL) in

OL[[q]] for the p-adic topology, and S(X1(M);OL) to be the closure of⋃
j≥1 Sj(X1(M);OL) in OL[[q]] for the p-adic topology.

For an integer N ≥ 1 which is prime to p, it has been proven that
M(X1(Npt);OL) and S(X1(Npt);OL) are independent of the choice of t ≥ 1,
as in Hida [Hi1], §1, Cor. 1.2 (i), and (1.19a), respectively. For simplicity we
put

MNp∞ = M(X1(Npt); Zp), SNp∞ = S(X1(Npt); Zp)

for any t ≥ 1.
We introduced the above notation in a general situation for our later use,
however in the rest of this section, we always take L = Qp.

3.2. We review the definition of the rings of Hecke operators HNp∞ and hNp∞

acting on MNp∞ and SNp∞ , respectively.
For t ≥ 1 and j ≥ 1, let Hj(X1(Npt); Zp) (resp. hj(X1(Npt); Zp))
be the Zp-subalgebra of Zp-endomorphism ring of M j(X1(Npt); Zp) (resp.
Sj(X1(Npt); Zp)) generated over Zp by T (n) (n ≥ 1).
We put

H(X1(Npt); Zp) = lim←−
j

Hj(X1(Npt); Zp),

h(X1(Npt); Zp) = lim←−
j

hj(X1(Npt); Zp),
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where the inverse limits are taken by natural homomorphisms given by the
restriction of operators.
As in Hida [Hi1], §1, (1.15a) and (1.19a), respectively, H(X1(Npt); Zp) and
h(X1(Npt); Zp) do not depend on t ≥ 1. For simplicity we put

HNp∞ = H(X1(Npt); Zp), hNp∞ = h(X1(Npt); Zp)

for any t ≥ 1. The rings HNp∞ and hNp∞ act on MNp∞ and SNp∞ , respectively.
The ring hNp∞ is, in fact, a quotient of HNp∞ by the annihilator in HNp∞ of

SNp∞ .

3.3. By the action of HNp∞ on MNp∞ in 3.2, we have a canonical map

i : MNp∞ −→ HomZp
(HNp∞ , Zp) ; f 7→ (T (n) 7→ a1(T (n)f))

(f ∈ MNp∞) where a1(T (n)f) is the coefficient of q in the q-expansion of

T (n)f ∈ MNp∞ .
This map will play an important role later in the construction of our two-

variable p-adic zeta function Lord,univ
p-adic .

3.4. For j ≥ 1 let ej = limn−→∞ T (p)n! in Hj(X1(Npt); Zp) or hj(X1(Npt); Zp),

and e = lim←−
j

ej . Then e2 = e.

We denote by Hord
Np∞ the ordinary part e · HNp∞ of HNp∞ and by hord

Np∞ the
ordinary part e · hNp∞ of hNp∞ .
Let Pord

Np∞ ⊂ Hord
Np∞ (resp. pord

Np∞ ⊂ hord
Np∞) be the annihilator of the old forms

(resp. old cusp forms) of level N ′pt for all N ′ such that N ′|N and N ′ < N . For
the precise definition of Pord

Np∞ (resp. pord
Np∞), see [Hi1], §3. In the case N = 1,

we have

Pord
p∞ = Hord

p∞ , pord
p∞ = hord

p∞ .

On Pord
Np∞ and pord

Np∞ , Hida showed Proposition 3.6 below which is important
for us. Preceding it, we set up notation.

3.5. We define a group G
(1)
∞ which is endowed with an isomorphism to Z×

p and

which acts on the space MNp∞ in the following way.

Firstly for x ∈ (Z/NptZ)× we denote by 〈x〉 the endomorphism

(
x−1 0
0 x

)∗

on Mk(X1(Npt); Q) induced by the action of

(
x−1 0
0 x

)
∈ GL2(Z/NptZ) on

X(Npt, Npt). (The action of GL2(Z/NptZ) on X(Npt, Npt) induces an en-
domorphism on Mk(X1(Npt); Q) by the fact that Mk(X1(Npt); Q) may be

regarded as the fixed part of Mk(X(Npt, Npt)) by the group {
(

u v
w x

)
∈

GL2(Z/NptZ) ; u ≡ 1(Npt), w ≡ 0(Npt)}, where Mk(X(Npt, Npt)) is the
space of modular forms on X(Npt, Npt) of weight k as, for example, in [Ka2],
§3 (3.3.1), and §4.)
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We also use the same notation 〈x〉 for the endomorphism on Mk(X1(Npt); Qp)
induced by the above.

For a ∈ Z×
p , let g

(1)
a ∈ G

(1)
∞ denote the element corresponding to a under

the given isomorphism. For f =
∑

k fk ∈ ⋃
j M j(X1(Npt); Qp) with fk ∈

Mk(X1(Npt); Qp) and t ≥ 1, we define the action of g
(1)
a ∈ G

(1)
∞ as

g(1)
a · f =

∑

k

ak−2〈a′〉fk,

where a′ ∈ (Z/NptZ)× is the element such that a′ ≡ a(pt) and a′ ≡ 1(N). This

action of G
(1)
∞ may be extended to MNp∞ .

We remark that the relation between this action of G
(1)
∞ and the action of Z×

p

in Hida [Hi1], §3, (3.1) is

f | a = a2g(1)
a · f,

where f | a denotes the image of f under the action of a in the meaning of
Hida.
We put Λ = Zp[[G

(1)
∞ ]]. By the above action of G

(1)
∞ on MNp∞ , we have a ring

homomorphism

Λ −→ HNp∞ .

We see that via this homomorphism hNp∞ , Hord
Np∞ , and hord

Np∞ become also

Λ-algebras, and Pord
Np∞ , and pord

Np∞ are Λ-modules.

Proposition 3.6 (Hida [Hi1] Corollary 3.3). We assume p ≥ 5.
(1) The rings Hord

Np∞ and hord
Np∞ are finitely generated projective modules over

Λ.

(2) The ideal Pord
Np∞ (resp. pord

Np∞) is a finitely generated projective module over

Λ. Moreover the intersection of Pord
Np∞ (resp. pord

Np∞) and the nilradical of Hord
Np∞

(resp. hord
Np∞) is null.

Proof. For the proof, see [Hi1]. ¤

3.7. We define an ideal

Iord
Np∞ ⊂ hord

Np∞

to be the annihilator of pord
Np∞ ⊂ hord

Np∞ . Then the natural map

pord
Np∞ ⊗Λ Q(Λ) −→ (hord

Np∞/Iord
Np∞) ⊗Λ Q(Λ)

is an isomorphism, where the both hands sides are semisimple algebras over
Q(Λ) (cf. [Hi1], §3).

4. Universal zeta modular form

In this section, we define and study a“universal zeta modular form” which
is obtained from the norm compatible system of Beilinson elements defined
by Kato [Ka2], via K2 Coleman power series. The p-adic properties of p-
adic zeta functions of modular forms are deduced from the p-adic property of
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the universal zeta modular form and the relations between the universal zeta
modular form and zeta values. In 4.1, we define a map

CN : lim←−
n

K2(Y (Npn, pn)) −→ Q(OH[[G(1)
∞ × G(2)

∞ ]])

(see 4.1 for the details) by using K2 Coleman power series, and Proposition 4.4
shows that

CN : Beilinson-Kato system 7→ the universal zeta modular form

(reviewed in 4.2) (defined in 4.3).

In 4.5, we explain the properties of the universal zeta modular form concerning
the relation with special values of zeta functions of cusp forms.
In what follows,

H = (lim←−
n

(Z/pnZ[[q]][
1

q
]))[

1

p
].

We fix a system (ζpn)n≥1 of primitive pn-th roots of unity which satisfy ζp
pn+1 =

ζpn for all n ≥ 1. For q ∈ H and n ≥ 1, we fix pn-th roots q1/pn

of q in H which

satisfy (q1/pn+1

)p = q1/pn

for all n ≥ 1. Let N denote a positive integer such
that (N, p) = 1.

4.1. By using K2 Coleman power series, we define a map

CN : lim←−
n

K2(Y (Npn, pn)) −→ Q(OH[[G(1)
∞ × G(2)

∞ ]]),

where the left hand side is the inverse limit of K2 of modular curves (cf. 4.1.1)
taken with respect to the norm maps, and on the right hand side, the group

G
(1)
∞ is as in section 2 (we will review this in 4.3) and the group G

(2)
∞ is the

Galois group Gal(Qp(ζp∞)/Qp).
We put S = OH[[ε − 1]] and S′ = OH[[ε − 1]][1/(ε − 1)]. Let G∞ = Z×

p . The
map CN is defined as the following composition:

CN : lim←−
n

K2(Y (Npn, pn))

EN−−→ lim←−
n

K̂2(Hn)[[G∞]]

Col−−→∼= K̂2(S
′)N=1[[G∞]]

d log−−−→ Ω2
S(log)[[G∞]] =

S

ε − 1
· d log(q) ∧ d log(ε)[[G∞]]

−→∼=
S

ε − 1
[[G∞]] −→ Q(OH[[G(1)

∞ × G(2)
∞ ]]).

(4.1)

We explain each term and each arrow in the composition (4.1).
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4.1.1. For M1,M2 ≥ 1 such that M1 + M2 ≥ 5, let Y (M1,M2) be the modular
curve over Q, which represents the functor

S 7→(the set of isomorphism classes of pairs (E, ι)

where E is an elliptic curve over S and ι is

an injective homomorphism

Z/M1Z × Z/M2Z −→ E of group schemes over S).

For M ≥ 3 such that M1|M and M2|M , we have

Y (M1,M2) = G\Y (M,M), (4.2)

where G is the group {
(

u v
w x

)
∈ GL2(Z/MZ) ; u ≡ 1(M1), v ≡ 0(M1), w ≡

0(M2), x ≡ 1(M2)}.
We define Y (M1,M2) for M1,M2 ≥ 1, M1 + M2 < 5, by (4.2).

4.1.2. We explain A[[G∞]] for an abelian group A. For a set J , Z[J ] denotes a
free Z-module on the set J . We define Gn = (Z/pnZ)×, A[Gn] = A ⊗Z Z[Gn],
and A[[G∞]] = lim←−

n

A[Gn].

4.1.3. Let

Ω1
S/Z(log) = (Ω1

S/Z ⊕ S ⊗Z S
′×)/N ,

where Ω1
S/Z is the module of the absolute differential forms and N is the S-

submodule of the direct sum which is generated by elements (−da, a ⊗ a) for

a ∈ S∩S
′×. In Ω1

S/Z(log), we denote the class (0, 1⊗a) for a ∈ S
′× by d log(a).

For r ≥ 1, let Ωr
S/Z(log) =

∧r
S Ω1

S/Z(log), and define

Ωr
S(log) = lim←−

n

Ωr
S/Z(log)/pnΩr

S/Z(log).

Then we have Ω1
S(log) is a free S-module and

Ω1
S(log) = S · d log(q) ⊕ S · d log(ε − 1), Ω2

S(log) = S · d log(q) ∧ d log(ε − 1),

Ωr
S(log) = 0 for r ≥ 3.

4.1.4. We explain the definition of the map EN in (4.1) (cf. [Fu1], §6). This
map is induced by the following map for n ≥ 1 satisfying Npn + pn ≥ 5

K2(Y (Npn, pn)) −→ K2(Hn)[Gn] ; x 7→
∑

u∈Gn

(
∑

w∈Z/pnZ

x(u,w))gu.

Here x(u,w) ∈ K2(Hn) is the pull-back of x under the following composition:

Spec(Hn) −→ Spec(Hn(q1/N )) −→ Y (Npn, pn), (4.3)

where q1/N ∈ H is a N -th root of q.
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The first map in (4.3) is given by the homomorphism

Hn(q1/N ) −→ Hn ;
∞∑

i=−∞
aiq

i/Npn 7→
∞∑

i=−∞
aiq

i/pn

.

We define the second map of (4.3). Let Eq be the elliptic curve over OH which
is obtained from the Tate curve over Z[[q]][1/q] with q-invariant q. For each
m ≥ 1, we have mEq(OH

) = {qa/mζb
m mod qZ ; a, b ∈ Z}, where mEq =

Ker(m : Eq −→ Eq). Now we define the second map of (4.3) by the open
immersion corresponding to

(Eq ⊗OH
Hn(q1/N ), qu′/Npn

mod qZ, qw/pn

ζpn mod qZ) over Hn(q1/N ).

Here u′ ∈ (Z/NpnZ)× is the element such that u′ ≡ u(pn) and u′ ≡ 1(N).

4.1.5. The second arrow of (4.1), which is an isomorphism, is by Theorem 2.4
in section 2 on K2 Coleman power series.

4.1.6. We explain the map d log in (4.1). It is the map induced by the map

d log : K̂2(S
′) −→ Ω2

S(log) characterized by {α1, α2} 7→ d log(α1) ∧ d log(α2),

where α1, α2 ∈ S
′× and {α1, α2} ∈ K̂2(S

′) is the symbol. (The group K̂2(S
′)

is topologically generated by the symbols. Refer to [Fu1], §4, 4.11.)

4.1.7. We explain the last arrow in (4.1). We firstly define a map

S[[G∞]] −→ OH[[G(1)
∞ × G(2)

∞ ]] (4.4)

to be the OH-homomorphism associated to

εagu 7→
{

u−1g
(1)
u g

(2)
u−1a if (a, p) = 1

0 if (a, p) 6= 1,

for a ∈ Z and u ∈ Z×
p . Here for u ∈ Z×

p , g
(1)
u ∈ G

(1)
∞ denotes the corresponding

element, and g
(2)
u ∈ G

(2)
∞ denotes the corresponding element to u via the cyclo-

tomic character χcyclo : G
(2)
∞

∼=−→ Z×
p . Next for an integer d′ which is prime to p,

let νd′ : S
ε−1 −→ S

ε−1 be the OH-homomorphism given by sending f(ε)/(ε − 1)

(f(ε) ∈ S) to f(εd′

)/(εd′ − 1). It follows from the definition that the image
(1 − d′νd′)( S

ε−1 ) is contained in S. Now the last map in (4.1) is defined as the
composition

S

ε − 1
[[G∞]]

1−d′νd′−−−−−→ S[[G∞]]
(4.4)−−−→ OH[[G(1)

∞ × G(2)
∞ ]]

·(1−d′g
(2)

d′ )−1

−−−−−−−−→ Q(OH[[G(1)
∞ × G(2)

∞ ]]),

where 1 − d′νd′ is applied only for the coefficient S
ε−1 of G∞. It is easily seen

that the map CN is independent of the choice of d′.
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4.2. Let c and d be integers satisfying (c, 6Np) = 1 and (d, 6p) = 1. We review
the norm compatible system of Beilinson elements defined by Kato in [Ka2]

(c,dzNpn,pn)n ∈ lim←−
n

K2(Y (Npn, pn)), (4.5)

where the projective limit is taken with respect to the norm maps, in the form
which is enough for us here (the details are found in [Ka2]).
For n ≥ 1 satisfying Npn + pn ≥ 5, the element (4.5) is given as

c,dzNpn,pn = {cgNpn,0, dg0,pn},
where cgNpn,0 ∈ O(Y (Npn, 1))

×
and dg0,pn ∈ O(Y (1, pn))

×
are Siegel units,

and we introduce their properties which are necessary for us here (see, for
example, [Ka2] for the details).
For integers M and c such that M ≥ 3 and (c, 6M) = 1, we have an element

cθE of O(E \ cE)× which has the following property. Here E is the universal
elliptic curve over Y (M,M), cE = Ker(c : E −→ E), and O(E \ cE)× is the
affine ring. For τ ∈ H and z ∈ C \ c−1(Zτ + Z), the value at z of cθE , on the
elliptic curve C/(Zτ + Z), is

q(1/12)(c2−1)(−t)(1/2)(c−c2) · γq(t)
c2

γq(t
c)−1,

where q = exp(2πiτ), t = exp(2πiz), and

γq(t) =
∏

j≥0

(1 − qjt)
∏

j≥1

(1 − qjt−1).

Now the Siegel unit cgα,β for (α, β) = (a/M, b/M) ∈ (((1/M)Z)/Z)2 \ {(0, 0)}
(a, b ∈ Z) may be defined by

cgα,β = ι∗α,β(cθE) ∈ O(Y (M,M))×.

Here

ια,β = ae1 + be2 : Y (M,M) −→ E \ cE

with the canonical basis (e1, e2) of E over Y (M,M). In the case α = 0,

cg0,β ∈ O(Y (1,M))× and in the case β = 0, cgα,0 ∈ O(Y (M, 1))×.)
In [Ka2] (cf. [Sc]), it was shown that c,dzNpn,pn (n ≥ 1) form a projective
system with respect to the norm maps.

In the paper [Ka2], Kato always used norm compatible systems (c,dzMpn,M ′pn)n

∈ lim←−
n

K2(Y (Mpn,M ′pn)) (M,M ′ ≥ 1, (M + M ′)pn ≥ 5) satisfying the con-

dition that M |M ′ in application. However clearly the system (c,dzNpn,pn)n ∈
lim←−
n

K2(Y (Npn, pn)) which we use does not satisfy this condition. When Kato

used a system, for example, to construct a p-adic zeta function of an eigen
cusp form f , he considered the “f∗-component” of the system, where f∗ is the
dual cusp form of f (see 6.5.1 in section 6 for the definition of the dual cusp
form, and for the meaning of “component”, refer to section 6). But our method
needs to study the “f -component” of the system. So we must slightly modify
his system in application.
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4.3. We define a“universal zeta modular form”

zuniv
Np∞ ∈ MNp∞ [[G(1)

∞ × G(2)
∞ ]][

1

g
](⊂ OH[[G(1)

∞ × G(2)
∞ ]][

1

g
])

which yields special values at s = r (r ∈ Z, 1 ≤ r ≤ k− 1) of the zeta functions
of modular forms of weight k ≥ 2 and level Npt for t ≥ 0. Here MNp∞ is

as in section 3. Moreover G
(1)
∞ ∼= G

(2)
∞ ∼= G∞ = Z×

p , and G
(1)
∞ is , as before,

the group acting on the space of p-adic modular forms MNp∞ whose action

is characterized by g
(1)
a f = ak−2〈a′〉f for f ∈ Mk(X1(Npt); Qp), a ∈ Z×

p , and

a′ ∈ (Z/NptZ)× such that a′ ≡ a(pt) and a′ ≡ 1(N). Here 〈a′〉 is as in 3.5.

The group G
(2)
∞ is the Galois group Gal(Qp(ζp∞)/Qp).

We define zuniv
Np∞ as an element of OH[[G

(1)
∞ × G

(2)
∞ ]][1/g] and in 4.5.5, we will

prove that it belongs to the subspace MNp∞ [[G
(1)
∞ × G

(2)
∞ ]][1/g].

Firstly we define FN,1, FN,2 ∈ H[[G∞]] = lim←−
n

H[Gn] to be

FN,1 = (
∑

i≥1
(i,p)=1

∑

j≥1

qNij)(gi − g−i) + lim←−
n

(
∑

a∈(Z/pnZ)×

ζ≡a(pn)(0) · ga),

FN,2 = (
∑

i≥1,i≡1(N)
(i,p)=1

∑

j≥1

qij · gi −
∑

i≥1,i≡−1(N)
(i,p)=1

∑

j≥1

qij · g−i)

+ lim←−
n

(
∑

a∈(Z/NpnZ)×

a≡1(N)

ζ≡a(Npn)(0) · ga).

Here for a ∈ Z×
p or a ∈ (Z/pnZ)×, ga represents the corresponding element of

G∞ or Gn, respectively. For M,m ∈ Z, M ≥ 1, and a ∈ Z/MZ, ζ≡a(M)(m) is
the evaluation at s = m of the partial Riemann zeta function

ζ≡a(M)(s) =
∑

j≥1
j≡a mod M

j−s,

and
∑

a∈(Z/NpnZ)×

a≡1(N)

ζ≡a(Npn)(0) · ga belongs to H[Gn].

We define the product FN,1 · FN,2 ∈ H[[G∞ × G∞]] naturally (by the rule
xga · ygb 7→ xyga,1gb,2 with x, y ∈ H, a, b ∈ Z×

p , where ga,1 (resp, gb,2) means
the corresponding element of the first (resp. the second) G∞).
Now we define the universal zeta modular form zuniv

Np∞ to be the image of FN,1 ·
FN,2 under the isomorphism of rings over H

H[[G∞ × G∞]] −→ H[[G(1)
∞ × G(2)

∞ ]] ; (4.6)

xga,1gb,2 7→ xg
(1)
b g

(2)
ab−1 (x ∈ H, a, b ∈ Z×

p )

(FN,1 · FN,2 7→ zuniv
Np∞).
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For integers c, d′ such that (c, p) = 1 and (d′, p) = 1, we have

(1 − c−1g
(1)
c−1g

(2)
c )(1 − d′g(2)

d′ )zuniv
Np∞ ∈ OH[[G(1)

∞ × G(2)
∞ ]]. (4.7)

This follows from the fact that

(1 − c−1gc−1) · lim←−
n

∑

a∈(Z/NpnZ)×

a≡1(N)

ζ≡a(Npn)(0) · ga ∈ OH[[G∞]].

By (4.7), we obtain that zuniv
Np∞ ∈ OH[[G

(1)
∞ × G

(2)
∞ ]][1/g] for a non-zero divisor

g ∈ Z[[G
(1)
∞ × G

(2)
∞ ]].

Thus the universal zeta modular form is something like a product of two “Λ-
adic Eisenstein series” in the sense of Hida in [Hi3], Chapter 7, §7.1.

The following proposition describes the relation between the norm compatible
system of Beilinson elements and the universal zeta modular form.

Proposition 4.4 . Let c and d be as in 4.2. We further assume that c ≡ 1
mod N . Then we have

CN ((c,dzNpn,pn)n) = (c2 − cg
(1)
c−1g

(2)
c )(d2 − dg

(2)
d ) · zuniv

Np∞ .

Proof. Firstly we consider a composition C′
N,d′ determined by the relation that

(1 − d′g(2)
d′ ) · CN = (4.6) ◦ C′

N,d′ , where d′ is, as in 4.1.7, an integer which is

prime to p. Namely, C′
N,d′ is as follows:

C′
N,d′ : lim←−

n

K2(Y (Npn, pn)) −→ S

ε − 1
[[G∞]]

s−→ OH[[G∞]][[G∞]],

where the first arrow is the composition of the first four maps in (4.1), and the
map s is defined by the composition

s :
S

ε − 1
[[G∞]]

1−d′νd′−−−−−→ S[[G∞]] −→ OH[[G∞]][[G∞]].

Here the second map is the OH-homomorphism associated to

εagu 7→
{

u−1ga,1gu,2 if (a, p) = 1

0 if (a, p) 6= 1,

for a ∈ Z and u ∈ Z×
p .

For the proof of Proposition 4.4, by the definition of zuniv
Np∞ , our task is to show

that under the map C′
N,d′ , the norm compatible system of Beilinson elements

(c,dzNpn,pn)n is sent to (c2 − cgc−1,2)(d
2 − dgd,1)(1− d′gd′,1) ·FN,1 ·FN,2, where

FN,1, FN,2 are as in the definition of zuniv
Np∞ .

We prove the above assertion by showing the result of the computation of the
image of (c,dzNpn,pn)n under each step in the composition defining C′

N,d′ .

Step 1. Firstly we compute the image of c,dzNpn,pn = {cgNpn,0, dg0,pn} under

K2(Y (Npn, pn)) −→ K2(Hn(q1/N )) which is given by the pull-back by the latter
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map of (4.3). Directly from the definition, we have that the image is {A1, B1} ∈
K2(Hn(q1/N )). Here the element A1 ∈ Hn(q1/N )× is obtained from cθE , where

E is the universal elliptic curve over Y (Npn, Npn), by putting t = qu′/Npn

with u′ ∈ (Z/NpnZ)× such that u′ ≡ u(pn) and u′ ≡ 1(N). The element
B1 ∈ Hn(q1/N )× is obtained from dθE , where E is the universal elliptic curve
over Y (pn, pn) by putting t = qw/pn

ζpn . From this, it is easy to have the
following result:

EN ((c,dzNpn,pn)n)

= ({
∏

un∈(Z/pnZ)×

q(N/12)(c2−1)(−qu′
n/pn

)(1/2)(c−c2)γqN (qu′
n/pn

)c2

γqN (qcu′
n/pn

)−1,

∏

wn∈Z/pnZ

q(N/12)(d2−1)(−qNw′
n/pn

ζpn)(1/2)(d−d2)

γqN (qNw′
n/pn

ζpn)d2

γqN (qdNw′
n/pn

ζd
pn)−1}gun

)n

∈ lim←−
n

K̂2(Hn)[Gn] = (lim←−
n

K̂2(Hn))[[G∞]],

where for un ∈ (Z/pnZ)×, u′
n is an integer such that u′

n ≡ 1(N) and u′
n ≡

un(pn), and for wn ∈ Z/pnZ, w′
n is an integer such that w′

n ≡ wn(pn).
Step 2. From the definition, we obtain that under the notation in the compo-
sition (4.1)

Col ◦ EN ((c,dzNpn,pn)n) ∈ K̂2(S
′)N=1[[G∞]]

coincides with the image of (A2, B2) with A2 ∈ O×
H [[G∞]] and B2 ∈ S

′× given
below under the natural map

O×
H [[G∞]] × S

′× −→ K̂2(S
′)[[G∞]] ; (xugu, y) 7→ {xu, y}gu.

The elements A2, B2 are as follows:

A2 = lim←−
n

(
∏

un∈(Z/pnZ)×

(−q
(−c2ζ≡u′

n(Npn)(−1)+ζ≡cu′
n(Npn)(−1))

)gun
)

·
∏

i≥1,i≡1(N)
(i,p)=1

(1 − qi)c2

gi ·
∏

i≥1,i≡−1(N)

(i,p)=1

(1 − qi)c2

g−i

·
∏

i≥1,i≡1(N)
(i,p)=1

(1 − qi)−1gc−1i ·
∏

i≥1,i≡−1(N)
(i,p)=1

(1 − qi)−1g−c−1i,

where u′
n is as before.
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B2 = lim←−
n

(
∏

wn∈Z/pnZ

(−qN(−d2ζ≡wn(pn)(−1)+ζ≡dwn(pn)(−1)))

·
∏

i≥1

(1 − qNiε)d2 ·
∏

i≥1

(1 − qNiε−1)d2

·
∏

i≥1

(1 − qNiεd)−1 ·
∏

i≥1

(1 − qNiε−d)−1

· (1 − ε)d2

(1 − εd)−1ε(1/2)(d−d2).

Step 3. By the definition of the map d log, we find easily that

d log ◦Col ◦ EN ((c,dzNpn,pn)n) ∈ Ω2
S(log)[[G∞]]

coincides with the image of (A3, B3) with A3 ∈ OH[[G∞]] and B3 ∈ S
ε−1 given

below under the map

OH[[G∞]] × S

ε − 1
−→ Ω2

S(log)[[G∞]] ;

(xgu, y) 7→ xy · d log(q) ∧ d log(ε) · gu

for x ∈ OH, u ∈ Z×
p , y ∈ S

ε−1 .
The elements A3, B3 are as follows:

A3 = (
∑

i≥1,i≡1(N)
(i,p)=1

∑

j≥1

iqij)(c2 · gi − gc−1i)

+ (
∑

i≥1,i≡−1(N)
(i,p)=1

∑

j≥1

iqij)(c2 · g−i − g−c−1i)

+ lim←−
n

(
∑

a∈(Z/NpnZ)×

a≡1(N)

ζ≡a(Npn)(−1)(c2 · ga − gc−1a)).

B3 = d2(
∑

i≥1

∑

j≥1

qNijεj −
∑

i≥1

∑

j≥1

qNijε−j)

− d(
∑

i≥1

∑

j≥1

qNijεdj −
∑

i≥1

∑

j≥1

qNijε−dj)

+ d2 ε

1 − ε
− d

εd

1 − εd
+

1

2
(d − d2).

Step 4. By the definition of the map s, we see that

s ◦ d log ◦Col ◦ EN ((c,dzNpn,pn)n) ∈ OH[[G∞]][[G∞]]
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coincides with the image of ((1 − d′gd′)B4, A4) with A4 ∈ OH[[G∞]] and B4 ∈
Q(OH[[G∞]]) ((1 − d′gd′)B4 ∈ OH[[G∞]]) given below under the natural OH-
homomorphism

OH[[G∞]] × OH[[G∞]] −→ OH[[G∞]][[G∞]] ;

(xga, ygb) 7→ xyga,1gb,2 (a, b ∈ Z×
p ).

The elements A4, B4 are as follows:

A4 = (
∑

i≥1,i≡1(N)
(i,p)=1

∑

j≥1

qij)(c2 · gi − c · gc−1i)

− (
∑

i≥1,i≡−1(N)
(i,p)=1

∑

j≥1

qij)(c2 · g−i − c · g−c−1i)

+ lim←−
n

(
∑

a∈(Z/NpnZ)×

a≡1(N)

ζ≡a(Npn)(0)(c2 · ga − c · gc−1a)).

B4 = d2(
∑

i≥1

∑

j≥1
(j,p)=1

qNijgj −
∑

i≥1

∑

j≥1
(j,p)=1

qNijg−j)

− d(
∑

i≥1

∑

j≥1
(j,p)=1

qNijgdj −
∑

i≥1

∑

j≥1
(j,p)=1

qNijg−dj)

+ d2 lim←−
n

(
∑

an∈(Z/pnZ)×

ζ≡an(pn)(0) · gan
)

− d lim←−
n

(
∑

an∈(Z/pnZ)×

ζ≡an(pn)(0) · gdan
).

By comparing A4 with F1 and B4 with F2, we obtain the assertion of Propo-
sition 4.4. ¤

4.5. We prove that zuniv
Np∞ which has been defined as an element of OH[[G

(1)
∞ ×

G
(2)
∞ ]][[1/g], in fact, belongs to the subspace MNp∞ [[G

(1)
∞ × G

(2)
∞ ]][1/g]. We

further show the relation between zuniv
Np∞ and special values of zeta functions of

cusp forms. Preceding this, in 4.5.1 – 4.5.4, we review the zeta modular forms
in [Ka2], which were defined basing on the works of Shimura [Sh], and whose
period integrals yield special values of the zeta functions of cusp forms. In 4.5.5,

we show that zuniv
Np∞ is contained in the subspace MNp∞ [[G

(1)
∞ ×G

(2)
∞ ]][1/g], and

then in 4.5.6, we describe the relation between zuniv
Np∞ and the zeta modular

forms reviewed in 4.5.1 – 4.5.4.

4.5.1. We review some Eisenstein series appearing, for example, in [Ka2], §3.
For M1,M2 ≥ 1 such that M1 + M2 ≥ 5, as before, let Mj(X(M1,M2)) be the
space of modular forms on X(M1,M2) of weight j ≥ 1.
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Let M ≥ 3, and x, y ∈ ((1/M)Z)/Z. We review the q-expansions of Eisenstein
series

F (j)
x,y ((j, x, y) 6= (2, 0, 0)), E(j)

x,y (j 6= 2), Ẽ(2)
x,y ∈ Mj(X(M,M)),

following Kato [Ka2], §4. (In the case x = 0, these modular forms are, in fact,
elements of Mj(X(1,M)) and in the case y = 0, they are, in fact, elements of
Mj(X(M, 1)).) For γ ∈ Q/Z, we define

ζ(γ, s) =
∑

m∈Q,m>0
m mod Z ≡ γ

m−s, ζ∗(γ, s) =
∞∑

m=1

exp(2πiγm) · m−s.

For (i) F = F
(j)
x,y ((j, x, y) 6= (2, 0, 0)), (ii) F = E

(j)
x,y (j 6= 2), or (iii) F = Ẽ

(2)
x,y,

we write F =
∑

m∈Q
m≥0

amqm (q = exp(2πiτ)).

In the case of (i), we assume that (j, x, y) 6= (2, 0, 0). Then am for m > 0 can
be obtained from the equation

∑

m∈Q
m>0

amm−s = ζ(x, s − j + 1)ζ∗(y, s) + (−1)jζ(−x, s − j + 1)ζ∗(−y, s).

In the case j 6= 1, a0 = ζ(x, 1 − j).
In the case j = 1, a0 = ζ(x, 0) if x 6= 0, and a0 = (1/2)(ζ∗(y, 0) − ζ∗(−y, 0)) if
x = 0.

In the case of (ii), we assume that j 6= 2. Then am for m > 0 can be obtained
from the equation

∑

m∈Q
m>0

amm−s = ζ(x, s)ζ∗(y, s − j + 1) + (−1)jζ(−x, s)ζ∗(−y, s − j + 1).

In the case j 6= 1, a0 = 0 if x 6= 0, and a0 = ζ∗(y, 1 − j) if x = 0.
In the case j = 1, a0 = ζ(x, 0) if x 6= 0, and a0 = (1/2)(ζ∗(y, 0) − ζ∗(−y, 0)) if
x = 0.

In the case of (iii), the am for m > 0 can be obtained from the equation
∑

m∈Q
m>0

amm−s = ζ(x, s)ζ∗(y, s − 1) + ζ(−x, s)ζ∗(−y, s − 1) − 2ζ(s)ζ(s − 1).

If x 6= 0, a0 = 0, and if x = 0, a0 = ζ∗(y,−1) − ζ(−1).

4.5.2. We review the zeta modular forms in [Ka2], §§4 and 5, which were defined
basing on the works of Shimura [Sh]. These zeta modular forms yield special
values of zeta functions of modular forms by period integrals (concerning this,
refer to [Ka2], §5).
Let k, r,m, n be integers such that k ≥ 2, 1 ≤ r ≤ k − 1, 1 ≤ m ≤ n, and
N(pn + pm) ≥ 5. Further for an integer M , let prime(M) denote the set of all
of the prime divisors of M .
In the case r 6= 2, the zeta modular forms are as follows:
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z
(k,r)
Npn,Npn(k, r, k − 1)

= (r − 1)!
−1 · (Npn)k−r−2(Npn)−r · F (k−r)

1/Npn,0 · E
(r)
0,1/Npn ∈ Mk(X(Npn, Npn)),

z
(k,r)
1,Npm,Npn(k, r, k − 1, 0(1),prim(Np))

= TrNpm(z
(k,r)
Npn,Npn(k, r, k − 1, 0(1),prim(Np))) ∈ Mk(X1(Npm); Q(ζNpn)).

We remark that Mk(X1(Npm); Q(ζNpn)) may be regarded as the fixed part

of Mk(X(Npn, Npn)) by the group {
(

u v
w x

)
∈ GL2(Z/NpnZ) ; u ≡

1(Npm), w ≡ 0(Npm), ux − vw ≡ 1(Npn)}. In the above

TrNpm : Mk(X(Npn, Npn)) −→ Mk(X1(Npm); Q(ζNpn))

denotes the trace map.
Let c and d be integers such that (c,Np) = 1 and (d, p) = 1. In the case r = 2,
the zeta modular forms are as follows:

c,dz
(k,2)
Npn,Npn(k, 2, k − 1)

=(Npn)k−4(Npn)−2c2d2

· (F (k−2)
1/Npn,0 − c2−k · F (k−2)

c/Npn,0) · (Ẽ
(2)
0,1/Npn − Ẽ

(2)
0,d/Npn)

∈ Mk(X(Npn, Npn))),

c,dz
(k,2)
1,Npm,Npn(k, 2, k − 1, 0(1),prim(Np))

= TrNpm(c,dz
(k,2)
Npn,Npn(k, 2, k − 1, 0(1),prim(Np)))

∈ Mk(X1(Npm); Q(ζNpn)).

The above zeta modular forms provide the value at s = r of the zeta functions
of modular forms of weight k by period integrals.
In our method, modular forms whose q-expansions belong to Z(p)[[q]] or Q[[q]]
are important. So we analyze zeta modular forms from this viewpoint. Firstly
for j ∈ Z, j ≥ 1, and a ∈ ((1/M)Z)/Z satisfying (j, a) 6= (2, 0), directly from
the definition we have

∑

x∈((1/M)Z)/Z

F (j)
a,x ∈ Mj(X1(M); Q).

Lemma 4.5.3 . We assume that r 6= 2.
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(1) In Mk(X1(Npn); Q(ζNpn)), we have

z
(k,r)
1,Npn,Npn(k, r, k − 1, 0(1),prim(Np))

= (r − 1)!
−1 · (Npn)k−r−2(Npn)−r ·

∑

x∈((1/Npn)Z)/Z

F
(k−r)
1/Npn,x · E(r)

0,1/Npn

= (r − 1)!
−1 · (Npn)k−r−2(Npn)−2

· (
∑

a∈Z/NpnZ

(
∑

x,y∈((1/Npn)Z)/Z

F
(k−r)
1/Npn,x · F (r)

a/Npn,y) · ζa
Npn .

(2) Let

TrNpn,Npm : Mk(X1(Npn); Q(ζNpn)) −→ Mk(X1(Npm); Q(ζNpn))

be the trace map. In Mk(X1(Npm); Q(ζNpn)), we have

z
(k,r)
1,Npm,Npn(k, r, k − 1, 0(1),prim(Np))

= TrNpn,Npm(z
(k,r)
1,Npn,Npn(k, r, k − 1, 0(1),prim(Np)))

= (r − 1)!
−1 · (Npm)k−r−2(Npn)−2

· (
∑

a∈Z/NpnZ

T (p)n−m

(
∑

x∈((1/Npm)Z)/Z

∑

y∈((1/Npn)Z)/Z

(F
(k−r)
1/Npm,x · F (r)

a/Npn,y)) · ζa
Npn).

Here T (p) = U(p) is the Hecke operator on the space Mk(X1(Npn); Q).

(3) Let

trNpm,pn : Mk(X1(Npm); Q(ζNpn)) −→ Mk(X1(Npm); Q(ζpn))

be the trace map. In Mk(X1(Npm); Q(ζpn)), we have

trNpn,pn(z
(k,r)
1,Npm,Npn(k, r, k − 1, 0(1),prim(Np)))

= (r − 1)!
−1 · (Npm)k−r−2(Npn)−2 · N

·
∏

l:prime
l|N

(1 − l−rT (l)νl−1)

(
∑

a∈Z/pnZ

T (p)n−m

(
∑

x∈((1/Npm)Z)/Z

∑

y∈((1/Npn)Z)/Z

(F
(k−r)
1/Npm,x · F (r)

Na/Npn,y)) · ζa
pn),

(4.8)

where for x ∈ (Z/pnZ)×, νx is the corresponding element of Gal(Q(ζpn)/Q) via
the cyclotomic character.
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Proof. (1) The first equality is direct from the definition. The equality (r 6= 2)

E
(r)
0,1/Npn = (Npn)r−2 ·

∑

a∈Z/NpnZ

∑

y∈((1/Npn)Z)/Z

F
(r)
a/Npn,y · ζa

Npn

which can be obtained by computation, shows the second equality.

(2) (3) The results are immediate from the definitions.
¤

The following Lemma 4.5.4 describes the case r = 2.

Lemma 4.5.4 . We use the same notation as in Lemma 4.5.3.

(1) In Mk(X1(Npn); Q(ζNpn)), we have

c,dz
(k,2)
1,Npn,Npn(k, 2, k − 1, 0(1),prim(Np))

= (Npn)k−4(Npn)−2c2d2

·
∑

a∈Z/NpnZ
a6=0

∑

x,y∈((1/Npn)Z)/Z

(F
(k−2)
1/Npn,x − c2−k · F (k−2)

c/Npn,x)

· (F (2)
a/Npn,y · ζa

Npn − F
(2)
a/Npn,y · ζda

Npn).

(2) In Mk(X1(Npm); Q(ζNpn)), we have

c,dz
(k,2)
1,Npm,Npn(k, 2, k − 1, 0(1),prim(Np))

= (Npm)k−4(Npn)−2c2d2

· T (p)n−m(
∑

a∈Z/NpnZ
a6=0

∑

x∈((1/Npm)Z)/Z

∑

y∈((1/Npn)Z)/Z

((F
(k−2)
1/Npm,x − c2−k · F (k−2)

c/Npm,x) · (F (2)
a/Npn,y · ζa

Npn − F
(2)
a/Npn,y · ζda

Npn))).

(3) In Mk(X1(Npm); Q(ζpn)), we have

trNpn,pn(c,dz
(k,2)
1,Npm,Npn(k, 2, k − 1, 0(1),prim(Np)))

= (Npm)k−4(Npn)−2c2d2 · N
·

∏

l:prime
l|N

(1 − l−rT (l)νl−1)

(T (p)n−m(
∑

a∈Z/pnZ
a6=0

∑

x∈((1/Npm)Z)/Z

∑

y∈((1/Npn)Z)/Z

((F
(k−2)
1/Npm,x − c2−k · F (k−2)

c/Npm,x) · (F (2)
Na/Npn,y · ζa

pn − F
(2)
Na/Npn,y · ζda

pn )))).

(4.9)

Documenta Mathematica · Extra Volume Kato (2003) 387–442



410 Takako Fukaya

Proof. (1) The equality follows from the equality

Ẽ
(2)
0,1/Npn −Ẽ

(2)
0,d/Npn =

∑

a∈Z/NpnZ
a6=0

∑

y∈((1/Npn)Z)/Z

(F
(2)
a/Npn,y ·ζa

Npn −F
(2)
a/Npn,y ·ζda

Npn)

which can be obtained by computation.

(2) (3) The results are immediate from the definitions.
¤

4.5.5. We prove that zuniv
Np∞ ∈ MNp∞ [[G

(1)
∞ × G

(2)
∞ ]][1/g].

For any j ∈ Z, we define an isomorphism of rings

χj : Zp[[G∞]] −→∼= Zp[[G∞]] ; ga 7→ ajga (a ∈ Z×
p ),

and for a1, a2 ∈ Z, we define an isomorphism of rings over OH

OH[[G(1)
∞ × G(2)

∞ ]]
(χa1 ,χa2 )−−−−−−→ OH[[G(1)

∞ × G(2)
∞ ]] ;

x · g(1)
b1

· g(2)
b2

7→ xba1
1 ba2

2 · g(1)
b1

· g(2)
b2

for x ∈ OH, b1, b2 ∈ Z×
p .

Let c and d′ be integers which are prime to p. We put

c,d′zuniv
Np∞ = (1 − c−1g

(1)
c−1g

(2)
c )(1 − d′g(2)

d′ )zuniv
Np∞ ∈ OH[[G(1)

∞ × G(2)
∞ ]].

Let a1 and a2 be integers such that 0 ≤ a2 ≤ a1. We regard ((1 −
ca2−a1−1g

(1)
c−1g

(2)
c )(1 − d

′a2+1g
(2)
d′ ))−1 · c,d′zuniv

Np∞(χa1 , χa2) as an element of

H[[G
(1)
∞ ×G

(2)
∞ ]] and write zuniv

Np∞(χa1 , χa2) for it. Then directly from the defini-

tions, zuniv
Np∞(χa1 , χa2) coincides with the image of the product

((
∑

i≥1
(i,p)=1

∑

j≥1

ia2qNij)(gi,1 − (−1)a2g−i,1) + lim←−
n

(
∑

a∈(Z/pnZ)×

ζ≡a(pn)(−a2) · ga,1))

· ((
∑

i≥1,i≡1(N)
(i,p)=1

∑

j≥1

ia1−a2qij · gi,2 − (−1)a1−a2

∑

i≥1,i≡−1(N)
(i,p)=1

∑

j≥1

ia1−a2qij · g−i,2)

+ lim←−
n

(
∑

a∈(Z/NpnZ)×

a≡1(N)

ζ≡a(Npn)(−a1 + a2) · ga,2))

under the map (4.6). Hence concerning the image zuniv
Np∞(χa1 , χa2)|(n,n) of

zuniv
Np∞(χa1 , χa2) under the projection H[[G

(1)
∞ × G

(2)
∞ ]] −→ H[G

(1)
n × G

(2)
n ], we

find that
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zuniv
Np∞(χa1 , χa2)|(n,n) = (Npn)a1−a2−1N−1(pn)a2−1

∑

b1∈(Z/NpnZ)×

b1≡1(N)

∑

b2∈(Z/pnZ)×

(
∑

x,y((1/Npn)Z)/Z

F
(a1−a2+1)
b1/Npn,x · F (a2+1)

Nb2/Npn,y) · g(1)
b1

· g(2)

b−1
1 b2

(4.10)

with F
(a1−a2+1)
b1/Npn,x and F

(a2+1)
Nb2/Npn,y in 4.5.1. From this, we obtain that

zuniv
Np∞(χa1 , χa2)|(n,n) ∈ Ma1+2(X1(Npn); Q)[G(1)

n × G(2)
n ](⊂ H[G(1)

n × G(2)
n ])

and hence

c,d′zuniv
Np∞(χa1 , χa2)|(n,n)

∈ Ma1+2(X1(Npn); Z(p))[G
(1)
n × G(2)

n ](⊂ OH[G(1)
n × G(2)

n ]).

Here Ma1+2(X1(Npn); Z(p)) = Ma1+2(X1(Npn); Q) ∩ Z(p)[[q]]. The latter fact

implies that zuniv
Np∞ ∈ MNp∞ [[G

(1)
∞ × G

(2)
∞ ]][1/g].

4.5.6. We see the relation between zuniv
Np∞ and special values of zeta functions

of cusp forms. This relation is described by the relation between the universal
zeta modular form zuniv

Np∞ and the zeta modular forms reviewed in 4.5.2 – 4.5.4.
This relation will play an important role in sections 6 and 7.
Let

·ζpn : Q[G(2)
n ] −→ Q(ζpn) (4.11)

be the Q-linear map given by the action of G
(2)
n on ζpn such that g

(2)
a 7→ ζa

pn

(a ∈ (Z/pnZ)×). We consider the image of zuniv
Np∞(χa1 , χa2)|(n,n) under the map

·ζpn : Ma1+2(X1(Npn); Q)[G(1)
n × G(2)

n ] −→ Ma1+2(X1(Npn); Q(ζpn))[G(1)
n ]
(4.12)

induced by the map (4.11). By the caluculation until now, we see that the
above image is

(Npn)a1−a2−1N−1(pn)a2−1

∑

b1∈(Z/NpnZ)×

b1≡1(N)

∑

b2∈(Z/pnZ)×

(
∑

x,y∈((1/Npn)Z)/Z

F
(a1−a2+1)
b1/Npn,x · F (a2+1)

Nb2/Npn,y) · ζb−1
1 b2

pn · g(1)
b1

.
(4.13)

We assume a2 6= 1. Putting a1 = k − 2, a2 = r − 1 in (4.13), m = n in (4.8)
in Lemma 4.5.3 (3), and comparing (4.13) with (4.8), we see that the element
(4.13) is closely related to the element (4.8) in Lemma 4.5.3 (3). Roughly speak-
ing, for an eigen cusp form f , “f -component” of

∑
x∈(Z/pnZ)× ψ(x)νx · (4.8),

with a character ψ : (Z/pnZ)× −→ Q
×

(n ≥ 0), yields L(Np)(f, ψ, r) by
period integrals. Here L(Np)(f, ψ, s) denotes the function obtained from
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L(f, ψ, s) =
∑∞

i=1 ai(f)ψ(i)i−s, where ai(f) is given by T (i)f = ai(f)f ,
by removing prime(Np) factors of L(f, ψ, s). We will see in section 6 that∑

x∈(Z/pnZ)× ψ(x)νx · (4.13) yields L(p)(f, ψ, r). For the details, see section 6.

In the case a2 = 1, the above statements must be modified as follows.

The image of (1−c−a1g
(1)
c−1g

(2)
c )(1−g

(2)
d )zuniv

Np∞(χa1 , χ)|(n,n) under the map (4.12)

is closely related to the element in Lemma 4.5.4 (3).

5. Review of p-adic zeta functions of modular forms

In this section, we review the result of Amice-Vélu [AV] and Vishik [Vi] (The-
orem 5.5) which concerns the existence and the characterizing properties of
p-adic zeta functions of modular forms.

As referred above, in the rest of this paper, N denotes a positive integer which
is prime to p.

5.1. Let

f =
∑

n≥1

an(f)qn ∈ Mk(X(1, Npt)) ⊗ C

be a normalized eigen cusp form of weight k ≥ 2 of level Npt for some t ≥ 0.
We assume that the conductor of f is divisible by N . We further assume
that t is the smallest integer ≥ 0 such that f ∈ Mk(X(1, Npt)) ⊗ C. Set
K = Q(an(f);n ≥ 1). We take a prime λ of K which is above p, and let Kλ

be the completion of K by λ.

Suppose that there exists an element α ∈ Kλ
×

satisfying vp(α) < k − 1 for the

additive valuation vp of Kλ normalized by vp(p) = 1, and

1 − αp−s | (p-factor of L(f, s))−1 in Qp[p
−s],

where L(f, s) =
∑

n≥1 an(f)n−s is the complex zeta function of f . Then the p-
adic zeta function of f may be defined for each α satisfying the above conditions.
We fix such α and suppress α in the notation of p-adic zeta functions. We will
review the characterizing properties of a p-adic zeta function in 5.5.

5.2. We give a review of the space HKλ,k−1 to which the p-adic zeta function
of f belongs. We first set up the notation. For the natural decomposition
Z×

p = F×
p × (1+ pZp) in the case p 6= 2 (resp. Z×

2 = {±1}× (1+4Z2)), let u be
a topological generator of the second component 1+pZp (resp. 1+4Z2). We de-

note F×
p (resp. {±}) by ∆. As before G

(2)
∞ is the Galois group Gal(Qp(ζp∞)/Qp)

which is endowed with an isomorphism to Z×
p via the cyclotomic character. Now

for a finite extension L of Qp and for a positive integer d, we define

HL,d = {
∑

n≥0
a∈∆

cn,a · g(2)
a · (g(2)

u − 1)n ∈ L[∆][[g(2)
u − 1]] ;

lim
n−→∞

|cn,a|pn−d = 0 for all a ∈ ∆}.
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Here | |p is the multiplicative valuation of L normalized by |p|p = 1/p. The
space HL,d is independent of the choice of u in the evident sense.
We have

OL[[G(2)
∞ ]] ⊗OL

L ⊂ HL,1, and HL,i ⊂ HL,j for 1 ≤ i ≤ j.

Here the first inclusion is given by the natural map.
We put

HL,∞ =
⋃

d≥1

HL,d,

then HL,∞ is a ring.
For any positive integer d and for any subset U of Z, we define a map

iU : HL,d −→
∏

j∈U

L[[G(2)
∞ ]] =

∏

j∈U

lim←−
n

L[G(2)
n ]

∑

n≥0
a∈∆

cn,a · g(2)
a · (g(2)

u − 1)n 7→ (
∑

n≥0
a∈∆

cn,a · ajg(2)
a · (ujg(2)

u − 1)n)j .

It is known that for any d ≥ 1, the map iZ is injective. Moreover for any
different d integers r1, . . . , rd, the map i{r1,...,rd} is already injective:

i{r1,...,rd} : HL,d ↪→
∏

j∈{r1,...,rd}
L[[G(2)

∞ ]](⊂
∏

j∈Z

L[[G(2)
∞ ]]).

Concerning the above injection, we have a proposition (cf. [AV]).

Proposition 5.3 . Let

HL,d ⊂
∏

j∈{1,...,d}
lim←−
n

L[G(2)
n ] =

∏

j∈{1,...,d}
L[[G(2)

∞ ]]

be the subspace consisting of elements

µ = (µj)j = ((µj,n)n)j ∈
∏

j∈{1,...,d}
lim←−
n

L[G(2)
n ]

satisfying conditions (i) and (ii) below. Then the map

i{1,...,d} : HL,d ↪→
∏

j∈{1,...,d}
L[[G(2)

∞ ]]

induces a bijection from HL,d onto HL,d.

(i) For any j = 1, . . . , d,

lim
n−→∞

pdnµj,n = 0.

(ii) For n ≥ 1, let φn : (Z/pnZ)× −→ Z×
p be a lifting, namely it is a map such

that the composition (Z/pnZ)×
φn−→ Z×

p
proj.−−−→ (Z/pnZ)× coincides with the

identity map. For j ∈ Z, let Xj
φn

: L[G
(2)
n ] −→ L[G

(2)
n ] be the L-homomorphism

Documenta Mathematica · Extra Volume Kato (2003) 387–442



414 Takako Fukaya

induced by g
(2)
a 7→ φn(a)jg

(2)
a for any a ∈ (Z/pnZ)×. Now for 1 ≤ i ≤ d and

for any φn satisfying the above condition,

lim
n−→∞

p(d−i+1)n
i−1∑

j=0

(−1)i−j−1

(
i − 1

j

)
µj+1,n(X−j

φn
) = 0.

Here µj,n(X−j
φn

) ∈ L[G
(2)
n ] is the image of µj,n under X−j

φn
.

Proof. For the proof, see [AV]. ¤

In section 6, we will construct the p-adic zeta function of f as an element of∏
1≤j≤k−1 Kλ(α)[[G

(2)
∞ ]], and we will prove that it is contained in HKλ(α),k−1

by using Proposition 5.3.

5.4. In this subsection we give a preliminary discussion to introduce Theorem
5.5 concerning the existence and the characterizing properties of p-adic zeta
functions.
In the rest of this section, we assume that ap(f) 6= 0.

5.4.1. As in [Ka2], §6, we define S(f) to be

S(f) = (Mk(X1(Npt); Q) ⊗Q K)/(T (n) ⊗ 1 − 1 ⊗ an(f) ; n ≥ 1),

which is the quotient of Mk(X1(Npt); Q) ⊗Q K by the K-subspace generated
by T (n) ⊗ 1 − 1 ⊗ an(f) for n ≥ 1. This S(f) is a one dimensional K-vector
space.

5.4.2. We define VK(f) to be the quotient of H1(Y (1, Npt)(C), Symk−2
Z (R1λ∗

(Z))⊗Z K) by the K-subspace generated by the images of T (n)⊗1−1⊗an(f)
for n ≥ 1. Here λ : E −→ Y (1, Npt) is the universal elliptic curve. This VK(f)
is a two dimensional K-vector space.

5.4.3. We put VC(f) = VK(f) ⊗K C, and let

perf : S(f) −→ VC(f)

be the one induced by the period map (cf. for example, [Ka2], §5, 5.4)

per1,Npt : Mk(X(1, Npt)) ⊗ C −→ H1(Y (1, Npt)(C),Symk−2
Z (R1λ∗(Z)) ⊗Z C).

5.4.4. For the C-linear map

ι : VC(f) −→ VC(f)

induced by the complex conjugation on Y (1, Npt)(C) and E(C), and for x ∈
VC(f), we define

x+ =
1

2
(1 + ι)(x), x− =

1

2
(1 − ι)(x).

Now we take an element γ ∈ VK(f) such that γ+ 6= 0, γ− 6= 0. For ω ∈ S(f)
and for the above γ ∈ VK(f), we define Ω(ω, γ)+,Ω(ω, γ)− ∈ C as

perf (ω) = Ω(ω, γ)+ · γ+ + Ω(ω, γ)− · γ−.
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5.4.5. For x ∈ (Z/NptZ)×, let 〈x〉 be as in 3.5 in section 3.
Let

εf : (Z/NptZ)× −→ Q
×

be the character defined by 〈x〉f = εf (x) · f for x ∈ (Z/NptZ)×.

5.4.6. As before, let χcyclo : G
(2)
∞

∼=−→ Z×
p be the cyclotomic character. For j ∈ Z,

we regard

χj
cyclo : G(2)

∞ −→ Z×
p ; g(2)

a 7→ aj (a ∈ Z×
p )

also as a character Z×
p −→ Z×

p ; a 7→ aj .

For µ =
∑

n≥0
a∈∆

cn,a · g
(2)
a · (gu − 1)n ∈ HL,d and a continuous character ψ :

Z×
p −→ Qp

×
, we define

µ(ψ) =
∑

n≥0
a∈∆

cn,a · ψ(a) · (ψ(u) − 1)n.

Let α be as in 5.1.

Theorem 5.5 ([AV],[Vi]). Let h = min{n ∈ Z ; n ≥ 1, vp(α) < n}(≤ k − 1).
For γ ∈ VK(f) such that γ+ 6= 0, γ− 6= 0, and for a non-zero ω ∈ S(f), we
have a function

Lp-adic(f)ω,γ ∈ HKλ,h ⊂ HKλ,k−1,

characterized by the properties (i) and (ii) below. In particular, if vp(α) = 0,
Lp-adic(f) belongs to the subspace

Lp-adic(f)ω,γ ∈ OKλ
[[G(2)

∞ ]] ⊗OKλ
Kλ ⊂ HKλ,1.

(i) Let ψ : (Z/pnZ)× −→ Q
×

be a character with conductor pn (n ≥ 1). We put
± = (−1)k−r−1ψ(−1)εf (−1). Then for any integer r such that 1 ≤ r ≤ k − 1,
we have

Lp-adic(f)ω,γ(χr
cycloψ

−1)

= (r − 1)! · pnrα−n · G(ψ, ζpn)−1 · (2πi)k−r−1 · 1

Ω(ω, γ)±
· L(f, ψ, r),

where G(ψ, ζpn) denotes the Gauss sum
∑

x∈(Z/pnZ)× ψ(x)ζx
pn and L(f, ψ, r) is

the evaluation at s = r of the function L(f, ψ, s) =
∑∞

i=1 ai(f)ψ(i)i−s.

(ii) We put ± = (−1)k−r−1εf (−1). For any integer r such that 1 ≤ r ≤ k − 1,
we have

Lp-adic(f)ω,γ(χr
cyclo)

= (r − 1)! · (2πi)k−r−1 · 1

Ω(ω, γ)±

· (1 − pr−1α−1)(1 − εf (p)pk−r−1α−1) · L(f, r).
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Remark 5.5.1 . (1) In fact, both hands sides of the above equality belong to
Q.

(2) The function in Theorem 5.5 can be characterized by only property (i).

The function Lp-adic(f)ω,γ in Theorem 5.5 is called the p-adic zeta function of
f .

5.6. We have a canonical isomorphism

HKλ,d
∼= HKλ,d/(g

(2)
−1 − 1) × HKλ,d/(g

(2)
−1 + 1).

For x ∈ HKλ,d, we call its image in HKλ,d/(g
(2)
−1 − 1) (resp. HKλ,d/(g

(2)
−1 + 1))

under the above isomorphism the +-part (resp. −-part) of x. Moreover we call

HKλ,d/(g
(2)
−1 − 1) (resp. HKλ,d/(g

(2)
−1 + 1)) the +-part (resp. −-part) of HKλ,d.

5.7. As in [Ka2], §6, we define δ(f, k − 1, 0(1)) ∈ VK(f) to be the image of

δ(k, k − 1, 0(1)) ∈ H1(Y (1, Npt)(C),Symk−2
Z (R1λ∗(Z))⊗Z Q) in [Ka2], §5, 5.4.

It is known that δ(f, k−1, 0(1))+ = 0, and if L(f, k−1) 6= 0, δ(f, k−1, 0(1)) =
δ(f, k − 1, 0(1))− 6= 0. In what follows, in the case L(f, k − 1) 6= 0, we take
δ(f, k − 1, 0(1)) ∈ VK(f) as γ ∈ VK(f), we consider (−1)k · εf (−1)-part of
the p-adic zeta function of f , and we suppress γ in the notation of p-adic zeta
functions.

6. The result on one-variable p-adic zeta function

Let the notation and the setting be as in section 5. Suppose f is an eigen cusp
form of weight k ≥ 2 and of level Npt with t ≥ 1 which satisfies the condition

in 5.1. In 6.1, for a certain subspace A of MNp∞ [[G
(1)
∞ × G

(2)
∞ ]] ⊗

Zp[[G
(1)
∞ ×G

(2)
∞ ]]

Q(Zp[[G
(1)
∞ × G

(2)
∞ ]]) to which the universal zeta modular form zuniv

Np∞ belongs,
we define a map “to take f -component”

Lf,{k−2},{0,...,k−2},t : A −→
∏

r∈{1,...,k−1}
Kλ[[G(2)

∞ ]][G
(1)
t ].

The main theorem (Theorem 6.2) of this section is, roughly speaking, that if
L(f, k − 1) 6= 0,

Lf,{k−2},{0,...,k−2},t : zuniv
Np∞ 7→ p-adic zeta function of f

(see Theorem 6.2 for the precise statement).

6.1. We define the subspace A and the map Lf,{k−2},{0,...,k−2},t in a more gen-

eral forms M [[G
(1)
∞ ×G

(2)
∞ ]]I1,I2

(see 6.1.4) and Lf,I1,I2,i (see 6.1.6), respectively.
(For simplicity we assumed that t ≥ 1 in the above, but in fact, we can treat
also the case t = 0, as seen below.) We begin with some preliminaries. Let f ,
K, and the other setting be as in 5.1 in section 5.

6.1.1. As in 5.1, we fix α under the notation there. We first consider the case
that t = 0. We denote the p-factor of L(f, s) by (1−αp−s)−1(1−βp−s)−1 with

β ∈ Kλ
×

.
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Let

fα = f − β · ϕq(f) ∈ Mk(X(1, Np)) ⊗ C,

where ϕq(f) =
∑

n≥1 an(f)qpn with f =
∑

n≥1 an(f)qn. We have

T (p)fα = α · fα,

L(fα, s) = (1 − βp−s)L(f, s),

and εfα
: (Z/NpZ)× −→ Q

×
is the one induced by (Z/NZ)×

εf−→ Q
×

. This fα

is an eigen cusp form but is not a newform.

6.1.2. For f in 5.1, we put f = f in the case that t ≥ 1 with t in 5.1, and f = fα

in the case t = 0, where fα is as in 6.1.1. Moreover let Npm denote the level
of f. (Namely m = t in the case that f = f and m = 1 in the case that f = fα

as above.) Further put

L =

{
Kλ t ≥ 1

Kλ(α) t = 0.

6.1.3. Let j, s ∈ Z, and let M j(X1(Nps); Q) be as in section 3. The space
(∪j≥2,s≥1M

j(X1(Nps); Q) ⊗Q L)/(T (n) ⊗ 1 − 1 ⊗ an(f) ; n ≥ 1) is a one
dimensional L-vector space in which the class of f is a base. We define a
map prf by the following composition

prf :
⋃

j≥2 s≥1

M j(X1(Nps); Q)

−→ (
⋃

j≥2,s≥1

M j(X1(Nps); Q) ⊗Q L)/(T (n) ⊗ 1 − 1 ⊗ an(f) ; n ≥ 1)

−→ L,

(6.1)

where the first map is the natural projection and the second map is by sending
the class of f to 1.

6.1.4. Let I1, I2 ⊂ Z be subsets. We denote by M [[G
(1)
∞ × G

(2)
∞ ]]I1,I2

the

Zp[[G
(1)
∞ × G

(2)
∞ ]]-submodule of MNp∞ [[G

(1)
∞ × G

(2)
∞ ]] defined in the following

way:

M [[G(1)
∞ × G(2)

∞ ]]I1,I2

:= {x ∈ MNp∞ [[G(1)
∞ × G(2)

∞ ]] ;

x(χa1 , χa2)|(n,n) ∈ (
⋃

j≥2, s≥1

M j(X1(Nps); Zp))[G
(1)
n × G(2)

n ]

for any (a1, a2) ∈ I1 × I2 and n ≥ 1}.
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6.1.5. Let c, d′ be integers which are prime to p. By the result in 4.5.5, we find
that for any k ≥ 2,

c,d′zuniv
Np∞ =(1 − c−1g

(1)
c−1g

(2)
c )(1 − d′g(2)

d′ )zuniv
Np∞

∈ M [[G(1)
∞ × G(2)

∞ ]]{k−2},{0,...,k−2}.
(6.2)

6.1.6. Let i be a positive integer. We define a map “to take f-component”

Lf,I1,I2,i : M [[G(1)
∞ × G(2)

∞ ]]I1,I2
−→

∏

(a1,a2)∈I1×I2

L[[G(2)
∞ ]][G

(1)
i ]

as follows:
Lf,I1,I2,i =

∏

(a1,a2)∈I1×I2

Lf,a1,a2,i

for
Lf,a1,a2,i : M [[G(1)

∞ × G(2)
∞ ]]I1,I2

−→ L[[G(2)
∞ ]][G

(1)
i ].

The map Lf,a1,a2,i is defined as the composition

Lf,a1,a2,i : M [[G(1)
∞ × G(2)

∞ ]]I1,I2

(χa1 ,χa2 )−−−−−−→ M [[G(1)
∞ × G(2)

∞ ]]{0},{0}
proj.−−−→ M [[G(2)

∞ ]][G
(1)
i ]{0},{0}

prf−−→ L[[G(2)
∞ ]][G

(1)
i ],

where M [[G
(2)
∞ ]][G

(1)
i ]{0},{0} denotes the image of M [[G

(1)
∞ ×G

(2)
∞ ]]{0},{0} under

the natural projection MNp∞ [[G
(1)
∞ ×G

(2)
∞ ]] −→ MNp∞ [[G

(2)
∞ ]][G

(1)
i ], and the last

map is given by prf (6.1) for each coefficients of G
(2)
n and by taking lim←−

n

.

For x ∈ M [[G
(1)
∞ × G

(2)
∞ ]]I1,I2

⊗
Zp[[G

(1)
∞ ×G

(2)
∞ ]]

Q(Zp[[G
(1)
∞ × G

(2)
∞ ]]), if there is

a non-zerodivisor g ∈ Zp[[G
(1)
∞ × G

(2)
∞ ]] such that g(χa1 , χa2) is invertible in

Qp[[G
(1)
∞ × G

(2)
∞ ]] for all (a1, a2) ∈ I1 × I2 and gx ∈ M [[G

(1)
∞ × G

(2)
∞ ]]I1,I2

, then
we define

Lf,I1,I2,i(x) = Lf,I1,I2,i(gx) ·
∏

(a1,a2)∈I1×I2

g(a1, a2)
−1

∈
∏

(a1,a2)∈I1×I2

L[[G(2)
∞ ]][G

(1)
i ].

6.1.7. By (6.2), we find that Lf,{k−2},{0,...,k−2},m(zuniv
Np∞) ∈

∏
a2∈{0,...,k−2} L[[G

(2)
∞ ]][G

(1)
m ] can be defined in the sense at the end of 6.1.6.

In what follows, by putting a2 = r − 1, we write
∏

r∈{1,...,k−1} L[[G
(2)
∞ ]][G

(1)
m ]

instead of
∏

a2∈{0,...,k−2} L[[G
(2)
∞ ]][G

(1)
m ]. Furthermore for L[[G

(2)
∞ ]], we

define + and − parts in the same way as in 5.6, and we define

the ∗-part of
∏

r∈{1,...,k−1} L[[G
(2)
∞ ]][G

(1)
m ] with ∗ = + or ∗ = − by
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∏
r∈{1,...,k−1} L[[G

(2)
∞ ]]∗·(−1)r

[G
(1)
m ], where L[[G

(2)
∞ ]]∗·(−1)r

is the ∗ · (−1)r-part

of L[[G
(2)
∞ ]].

We state our main theorem in this section.
In the situation of Theorem 5.5, we take the class of f as ω ∈ S(f), and suppress
the ω in the notation of p-adic zeta functions appearing below. Since we will
assume L(f, k−1) 6= 0, we take δ(f, k−1, 0(1)) ∈ VK(f)\{0} as γ, and suppress
γ in the notation of p-adic zeta functions, as referred in 5.7.

Theorem 6.2 . Put ± = (−1)kεf (−1). Let h = min{n ∈ Z ; n ≥ 1, vp(α) <
n}(≤ k − 1), as in Theorem 5.5. Then we have

Lf,{k−2},{0,...,k−2},m(zuniv
Np∞)± ∈

∏

r∈{1,...,k−1}
L[[G(2)

∞ ]][G(1)
m ] (6.3)

is contained in the subspace

i{1,...,k−1}(HL,h)[G(1)
m ].

Here Lf,{k−2},{0,...,k−2},m(zuniv
Np∞)± represents the ±-part. Moreover if vp(α) =

0, (6.3) belongs to i{1,...,k−1}(OL[[G
(2)
∞ ]] ⊗OL

L)[G
(1)
m ].

Concerning the relation with p-adic zeta function, we have the following result.
Suppose L(f, k − 1) 6= 0. In the rest of this theorem, we identify an element of

HL,h with its image under i{1,...,k−1} : HL,h ↪→ ∏
r∈{1,...,k−1} L[[G

(2)
∞ ]].

(1) In the case f = f , we have

Lf,{k−2},{0,...,k−2},m(zuniv
Np∞)±

= αm
∑

a∈(Z/pmZ)×

Lp-adic(f)±εf (a
′−1) · g(1)

a ∈
∏

r∈{1,...,k−1}
L[[G(2)

∞ ]][G(1)
m ].

Here a′ ∈ (Z/NpmZ)× is the element such that a′ ≡ 1(N) and a′ ≡ a(pm).

(2) In the case f = fα, we have

Lf,{k−2},{0,...,k−2},1(z
univ
Np∞)±

= α
∑

a∈(Z/pZ)×

Lp-adic(fα)± · g(1)
a ∈

∏

r∈{1,...,k−1}
L[[G(2)

∞ ]][G
(1)
1 ].

(3) In the above, we only considered the (−1)kεf (−1)-parts of Lp-adic(f), and
we put the assumption that L(f, k − 1) 6= 0 which always holds in the case
k ≥ 3. However we can obtain by the method in 6.7 below, the whole Lp-adic(f),
including the (−1)k−1εf (−1)-part, without the assumption that L(f, k− 1) 6= 0.

Remark 6.2.1 . In Theorem 6.2 (2), we present the p-adic zeta function of
fα instead of the p-adic zeta function of f . By the characterizing property of
p-adic zeta functions in Theorem 5.5, their p-adic zeta functions are a multiple
of the other by a non-zero constant.
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The rest of this section is devoted to the proof of Theorem 6.2. In 6.3, we prove

that Lf,{k−2},{0,...,k−2},m(zuniv
Np∞)± is contained in i{1,...,k−1}(HL,h)[G

(1)
m ]. Then

in 6.4 – 6.7, we prove that Lf,{k−2},{0,...,k−2},m(zuniv
Np∞) displays the characteriz-

ing property (i) of the p-adic zeta function in Theorem 5.5. (Cf. Remark 5.5.1
in section 5.)

6.3. We show that Lf,{k−2},{0,...,k−2},m(zuniv
Np∞)± belongs to i{1,...,k−1}(HL,h)

[G
(1)
m ].

First, we give a preliminary discussion which will be important also for the
proof on the characterizing properties of p-adic zeta functions.

6.3.1. We define a homomorphism

ϕq : H −→ H

by ϕq(
∑∞

i=−∞ aiq
i) =

∑∞
i=−∞ aiq

pi (ai ∈ Qp, the valuation of ai is bounded
below, and ai → 0 when i → −∞). Let

Trq : H −→ H

be the trace map associated to ϕq.
We use the same symbol Trq

H[G(1)
a1

× G(2)
a2

] −→ H[G(1)
a1

× G(2)
a2

] (a1, a2 ≥ 1)

for the map induced by Trq on the coefficients.

For an element x of L[[G
(1)
∞ × G

(2)
∞ ]] and for positive integers a1, a2, we denote

by x|(a1,a2) the image of x under the natural projection

L[[G(1)
∞ × G(2)

∞ ]] −→ L[G(1)
a1

× G(2)
a2

].

Proposition 6.3.2 . Let a1, a2 be integers such that 0 ≤ a2 ≤ a1. Then for
all positive integers n and m such that n ≥ m, we have

Trn−m
q (zuniv

Np∞(χa1 , χa2)|(m,n)) ∈ Ma1+2(X1(Npm); Q)[G(1)
m × G(2)

n ],

Trn−m
q (c,d′zuniv

Np∞(χa1 , χa2)|(m,n)) ∈ Ma1+2(X1(Npm); Z(p))[G
(1)
m × G(2)

n ],

where zuniv
Np∞(χa1 , χa2) is as in 4.5.5.

Proof. Clearly ∗|(m,n) is the image of ∗|(n,n) under the projection H[G
(1)
n ×

G
(2)
n ] −→ H[G

(1)
m × G

(2)
n ]. By (4.10), we know zuniv

Np∞(χa1 , χa2)|(n,n) which is

an element of Ma1+2(X1(Npn); Q)[G
(1)
n × G

(2)
n ] precisely, and hence we can

calculate Trn−m
q (zuniv

Np∞(χa1 , χa2))|(m,n). By this calculation, we find that the

element Trn−m
q (zuniv

Np∞(χa1 , χa2))|(m,n) belongs to Ma1+2(X1(Npm); Q)[G
(1)
m ×

G
(2)
n ]. The assertion for c,d′zuniv

Np∞ follows from this. ¤

In 6.3.3 – 6.3.6, we show that the element Lf,{k−2},{0,...,k−2},m(zuniv
Np∞) belongs

to i{1,...,k−1}(HL,h⊗Zp[[G
(2)
∞ ]]

Zp[[G
(2)
∞ ]][1/a])[G

(1)
m ] = i{1,...,k−1}(HL,h[1/a])[G

(1)
m ]
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(⊂ (i{1,...,k−1}(HL,h) ⊗
Zp[[G

(2)
∞ ]]

Q(Zp[[G
(2)
∞ ]]))[G

(1)
m ]) with a certain non-

zerodivisor a ∈ Zp[[G
(2)
∞ ]] which satisfies that a(χr) (r = 1, . . . , k−1) are invert-

ible in Qp[[G
(2)
∞ ]]. In 6.3.7 – 6.3.12, we prove that Lf,{k−2},{0,...,k−2},m(zuniv

Np∞)±

is, in fact, contained in i{1,...,k−1}(HL,h)[G
(1)
m ].

6.3.3. We prove that

Lf,{k−2},{0,...,k−2},m(c,d′zuniv
Np∞) ∈ i{1,...,k−1}(HL,h)[G(1)

m ],
(6.4)

which means that Lf,{k−2},{0,...,k−2},m(zuniv
Np∞) ∈ i{1,...,k−1}(HL,h[1/a])[G

(1)
m ]

with a non-zerodivisor a ∈ Zp[[G
(2)
∞ ]] (which satisfies that a(χr) (r = 1, . . . , k−

1) are invertible in Qp[[G
(2)
∞ ]]). It follows directly from the definition that the

projection Mk(X1(Npn); Q) −→ S(f) (n ≥ m) commutes with the Hecke opera-
tor T (p) = U(p) = Trq. By this and by the fact that the action of T (p) on S(f)
coincides with the multiplication by α, we obtain

Lf,{k−2},{r−1},m(c,d′zuniv
Np∞)|(m,n)

= αm−n · prf(Trn−m
q (c,d′zuniv

Np∞(χk−2, χr−1)|(m,n))).
(6.5)

Therefore for the proof of (6.4) it is enough to show that
∏

r∈{1,...,k−1}
lim←−
n

(α−n · prf(Trn−m
q (c,d′zuniv

Np∞(χk−2, χr−1)|(m,n))))

∈ i{1,...,k−1}(HL,h)[G(1)
m ]. (6.6)

We denote the r-component (r ∈ {1, . . . , k − 1}) of the left hand side of (6.6)
by

µr(f) = (µr,n(f))n ∈ lim←−
n

L[G(2)
n ][G(1)

m ] = L[[G(1)
∞ ]][G(1)

m ].

In order to prove the assertion (6.6), by Proposition 5.3 in section 5, it is
sufficient to show the following two assertions:
One is to show that

lim
n−→∞

phnµr,n(f) = 0 for all r ∈ {1, . . . , k − 1}. (6.7)

The other is to prove that for any d ∈ Z such that h ≤ d ≤ k−1, (µr(f))r=1,...,d

satisfy the condition (ii) in Proposition 5.3.

6.3.4. We check that (µr(f))r=1,...,k−1 satisfy (6.7) above.
By Proposition 6.3.2 which shows

Trn−m
q (c,d′zuniv

Np∞(χk−2, χr−1)|(m,n)) ∈ Mk(X1(Npm); Z(p))[G
(1)
m ][G(2)

n ]

for all n ≥ m and by the fact that Mk(X1(Npm); Z(p)) is a finitely gen-
erated Z(p)-module, we have that the image of Mk(X1(Npm); Z(p)) under

prf : Mk(X1(Npm); Q) −→ L is contained in a · OL for some a ∈ L×.
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From this, pnh times µr,n(f) is contained in pnh · α−na · OL[G
(1)
m ][G

(2)
n ].

As vp(α) < h, we obtain limn→∞ pnh · α−na · OL = 0 which implies
limn→∞ pnhµr,n(f) = 0 as desired.

6.3.5. We show that (µr(f))r=1,...,d satisfy the condition (ii) of Proposition 5.3
for any d ∈ Z such that h ≤ d ≤ k − 1.
We use the notation in Proposition 5.3 (ii). We write

c,d′zuniv
Np∞(χk−2, χjX−j

φn
)|(m,n) for (c,d′zuniv

Np∞(χk−2, χj)|(m,n))(id,X−j
φn

) ∈
Mk(X1(Npn); Z(p))[G

(1)
m ][G

(2)
n ].

We can prove that

i−1∑

j=0

(−1)i−j−1

(
i − 1

j

)
µ(f)j+1,n(X−j

φn
)

=

i−1∑

j=0

(−1)i−j−1

(
i − 1

j

)
· α−n · prf(Trn−m

q (c,d′zuniv
Np∞(χk−2, χjX−j

φn
)|(m,n)))

in Proposition 5.3 coincides with

α−n · prf(Trn−m
q (

i−1∑

j=0

(−1)i−j−1

(
i − 1

j

)
· (c,d′zuniv

Np∞(χk−2, χjX−j
φn

)|(m,n)))).
(6.8)

Moreover we have
i−1∑

j=0

(−1)i−j−1

(
i − 1

j

)
· (c,d′zuniv

Np∞(χk−2, χjX−j
φn

)|(m,n))

∈ Mk(X1(Npn); pn(i−1)Z(p))[G
(1)
m ][G(2)

n ]

which follows from the general argument that

i−1∑

j=0

(−1)i−j−1

(
i − 1

j

)
· x(χjX−j

φn
)|n ∈ pn(i−1)Z(p)[Gn]

for any x ∈ Z(p)[[G∞]]. Here x(χjX−j
φn

)|n represents x(χj)|n(X−j
φn

) for the

image x(χj)|n ∈ Z(p)[Gn] of x(χj) ∈ Z(p)[[G∞]] under the projection. By this,

we find (6.8) is contained in α−n ·a ·pn(i−1)OL[G
(1)
m ][G

(2)
n ] with a ∈ L× in 6.3.4.

As vp(α) < h ≤ d, we obtain

lim
n−→∞

p(d−i+1)n
i−1∑

j=0

(−1)i−j−1

(
i − 1

j

)
µ(f)j+1,n(X−j

φn
) = 0,

which says that (µr(f))r=1,...,d (h ≤ d ≤ k − 1) satisfy the condition (ii) of
Proposition 5.3, as desired.

The above arguments conclude our claim (6.4) in 6.3.3.

6.3.6. The argument in 6.3.4 shows that if vp(α) = 0,

µr(f) ∈ (OL[[G(2)
∞ ]] ⊗OL

L)[G(1)
m ].
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This and the argument in 6.3.5 show that in this case,

Lf,{k−2},{0,...,k−2},m(zuniv
Np∞) is contained in i{1,...,k−1}((OL[[G

(2)
∞ ]] ⊗OL

L)[1/a])[G
(1)
m ].

Now we show that Lf,{k−2},{0,...,k−2},m(zuniv
Np∞)± ∈ i{1,...,k−1}(HL,h)[G

(1)
m ]. The

main line of the proof is roughly as follows. Let M be an integer ≥ 1 which is
prime to Np. By using c,d′zM,Np∞ which is similar with the element c,d′zuniv

Np∞

in 4.5.5 and which is defined in 6.3.7 and 6.3.8, we will construct a function

Lφ,f,{k−2},{0,...,k−2},m(c,d′zM,Np∞) ∈ i{1,...,k−1}(HL(φ),h)[G
(1)
m ] in 6.3.9. Here φ

denotes a character (Z/MZ)× −→ Q
×

. Assertions in 6.3.11 and 6.3.12 say that
Lφ,f,{k−2},{0,...,k−2},m(c,d′zM,Np∞) is, in fact, a function which is a multiple

of our Lf,{k−2},{0,...,k−2},m(zuniv
Np∞) by a non-zerodivisor in Zp[[G

(2)
∞ ]] which is

prime to a ∈ Zp[[G∞]] in 6.3.3.

6.3.7. Let M be a positive integer such that (M,Np) = 1. We define an element

zM,Np∞ ∈ MMNp∞ [[GMp∞
(1) × GMp∞

(2)]][
1

g′
]

with a certain non-zerodivisor

g′ ∈ Z[[GMp∞
(1) × GMp∞

(2)]] ⊂ MMNp∞ [[GMp∞
(1) × GMp∞

(2)]],

which is similar to the universal zeta modular form zuniv
Np∞ . In fact, in the case

M = 1, we have z1,Np∞ = zuniv
Np∞ . Here

GMp∞
(1) ∼= GMp∞

(2) ∼= GMp∞ = (Z/MZ)× × Z×
p ,

the group GMp∞
(1) is the one acting on the space MMNp∞ in the following

way. For a = (a1, a2) ∈ (Z/MZ)× × Z×
p , the action of the corresponding

element g
(1)
a ∈ GMp∞

(1) on f =
∑

k fk ∈ ⋃
j M j(X1(MNpt); Qp) with fk ∈

Mk(X1(MNpt); Qp) and t ≥ 1 is given as

g(1)
a · f =

∑

k

ak−2
2 〈a′〉fk,

where a′ ∈ (Z/MNptZ)× is the element such that a′ ≡ a(Mpt) and a′ ≡ 1(N).

The group GMp∞
(2) is the Galois group Gal(Qp(ζMp∞)/Qp) which is endowed

with an isomorphism to (Z/MZ)× × Z×
p via the cyclotomic character.

The element zM,Np∞ is the image of the product F ′
N,1 · F ′

N,2 ∈
H[[GMp∞ ]][[GMp∞ ]] with F ′

N,1, F
′
N,2 ∈ H[[GMp∞ ]] below under the isomorphism

of rings over H

H[[GMp∞ ]][[GMp∞ ]] −→ H[[GMp∞
(1)]][[GMp∞

(2)]] ; xga,1gb,2 7→ xg
(1)
b g

(2)
ab−1

(x ∈ H, a, b ∈ Z×
p × (Z/MZ)×), where ga ∈ GMp∞ is the corresponding element

to a. Here
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F ′
N,1 = (

∑

i≥1
(i,Mp)=1

∑

j≥1

qNij)(gi − g−i) + lim←−
n

(
∑

a∈(Z/MpnZ)×

ζ≡a(Mpn)(0) · ga),

F ′
N,2 = (

∑

i≥1,i≡1(N)
(i,Mp)=1

∑

j≥1

qij · gi −
∑

i≥1,i≡−1(N)
(i,Mp)=1

∑

j≥1

qij · g−i)

+ lim←−
n

(
∑

a∈(Z/NMpnZ)×

a≡1(N)

ζ≡a(NMpn)(0) · ga).

Originally zM,Np∞ belongs to H[[GMp∞
(1) ×GMp∞

(2)]], but we can prove that

zM,Np∞ ∈ MMNp∞ [[GMp∞
(1) × GMp∞

(2)]][1/g′]. This follows from the follow-
ing lemma which can be proven in the same way as for zuniv

Np∞ .

For n ≥ 1, we write GMpn for the group (Z/MZ)× × Gn.

Lemma 6.3.8 . (1) Let c, d′ be integers which are prime to p. Then

c,d′zM,Np∞ := (1−c−1g
(1)
c−1g

(2)
c )(1−d′g(2)

d′ )zM,Np∞ ∈ OH[[GMp∞
(1)×GMp∞

(2)]].

(2) For i ∈ Z, let us denote by χi : GMp∞ −→ GMp∞ the map induced by χi

on the component Z×
p . Let a1, a2 be integers such that 0 ≤ a2 ≤ a1. We define

zM,Np∞(χa1 , χa2) in the same way as for zuniv
Np∞ in section 4. Concerning the

image of the natural projection, we have

zM,Np∞(χa1 , χa2)|(n,n) ∈Ma1+2(X1(MNpn); Q)[G
(1)
Mpn × G

(2)
Mpn ]

(⊂ H[G
(1)
Mpn × G

(2)
Mpn ]),

c,d′zM,Np∞(χa1 , χa2)|(n,n) ∈Ma1+2(X1(MNpn); Z(p))[G
(1)
Mpn × G

(2)
Mpn ]

(⊂ OH[G
(1)
Mpn × G

(2)
Mpn ]).

(3) Let a1 and a2 be as in (2). For any integers n,m such that n ≥ m ≥ 1, we
have

Trn−m
q (zM,Np∞(χa1 , χa2)|(m,n)) ∈ Ma1+2(X1(MNpm); Q)[G

(1)
Mpm ][G

(2)
Mpn ].

Trn−m
q (c,d′zM,Np∞(χa1 , χa2)|(m,n)) ∈ Ma1+2(X1(MNpm); Z(p))[G

(1)
Mpm ][G

(2)
Mpn ].

6.3.9. Let φ : (Z/MZ)× −→ Q
×

be a character whose conductor is M . Let fφ
be the modular form given by

fφ =
∑

n≥1

an(f)φ(n)qn.

It is an eigen cusp form of level MNpm with zeta function L(fφ, s) = L(f, φ, s).
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In the same manner as in 6.3.3 (6.5), we can show that

(α−nφ(p)−n · prfφ
(Trn−m

q (c,d′zM,Np∞(χk−2, χr−1)|(m,n))))n (6.9)

belongs to lim←−
n

L(φ)[G
(2)
Mpn ][G

(1)
Mpm ], where L(φ) is the field generated over L by

the values of φ. Here remark that ap(fφ) = ap(f)φ(p) = αφ(p). We consider
the image of the element (6.9) under the L(φ)-homomorphism given by

L(φ)[[G
(2)
Mp∞ ]][G

(1)
Mpm ] −→ L(φ)[[G(2)

∞ ]][G(1)
m ] ; xg(2)

a g
(1)
b 7→ xφ(ab2)g(2)

a g
(1)
b

(6.10)

(x ∈ L(φ), g∗ ∈ GMp∞ , g∗ ∈ G∞). We write Lφ,f,{k−2},{r−1},m(c,d′zM,Np∞) ∈
L(φ)[[G

(2)
∞ ]][G

(1)
m ] for this image, and we put

Lφ,f,{k−2},{0,...,k−2},m(c,d′zM,Np∞) =
∏

r∈{1,...,k−1}
Lφ,f,{k−2},{r−1},m(c,d′zM,Np∞) ∈

∏

r∈{1,...,k−1}
L(φ)[[G(2)

∞ ]][G(1)
m ].

Concerning Lφ,f,{k−2},{0,...,k−2},m(c,d′zM,Np∞), we have the following proposi-
tions, which are crucial to our purpose.

Proposition 6.3.10 . The element Lφ,f,{k−2},{0,...,k−2},m(c,d′zM,Np∞) is con-

tained in the subspace i{1,...,k−1}(HL(φ),h)[G
(1)
m ].

Proof. We can prove Proposition 6.3.10 in the same manner as in 6.3.1 – 6.3.6.
¤

In the rest of 6.3, we identify an element of HL(φ),h and its image under

i{1,...,k−1} : HL(φ),h ↪→ ∏
r∈{1,...,k−1} L(φ)[[G

(2)
∞ ]].

Proposition 6.3.11 . Assume L(fφ, k−1) = L(f, φ, k−1) 6= 0 and φ(−1) = 1.
Then we have

Lφ,f,{k−2},{0,...,k−2},m(c,d′zM,Np∞)
±

= x · (
∏

r∈{1,...,k−1}
(

∏

l:prime
l|M

(1 − al(f)l
−rg

(2)
l−1 + εf(l)l

k−1−2rg
(2)
l−2)

· (1 − cr−kεf(c
−1)φ(c−1)g(2)

c )(1 − d
′rφ(d′)g(2)

d′ ))

· αm · Lf,{k−2},{0,...,k−2},m(zuniv
Np∞))±

∈ HL(φ),h[G(1)
m ]

for some x ∈ L(φ)×, where ± = (−1)kεf(−1).

Proof. An element of HL(φ),h[1/e](⊂ HL(φ),h ⊗
Zp[[G

(2)
∞ ]]

Q(Zp[[G
(2)
∞ ]])) can be

characterized by specializations HL(φ),h[1/e] −→ L induced by ψ ◦ χri : G
(2)
∞ −→

Q
×

for different h integers ri (i = 1, . . . , h) and all but finitely many Dirichlet
characters ψ. So we can prove Proposition 6.3.11 by comparing the images of
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both hands sides under such specializations. The image of the right hand side
under specializations will be studied in 6.4 – 6.6 below. The image of the left
hand side may be obtained in the same way as for the right hand side, but we
omit the details. ¤

6.3.12. We finish proving that the elements in Theorem 6.2 are contained in

i{1,...,k−1}(HL,h)[G
(1)
m ].

We have

Lf,{k−2},{0,...,k−2},m(c,d′zuniv
Np∞)

= (
∏

r∈{1,...,k−1}
(1 − cr−kεf(c

−1)g(2)
c )(1 − d

′rg
(2)
d′ ))

· Lf,{k−2},{0,...,k−2},m(zuniv
Np∞)

∈ HL,h[G(1)
m ](⊂ HL,h ⊗

Zp[[G
(2)
∞ ]]

Q(Zp[[G
(2)
∞ ]])[G(1)

m ]),

which follows directly from the definition.

Since (1 − al(f)g
(2)
l−1 + εf(l)l

k−1g
(2)
l−2) for all of the prime numbers l which are

prime to Np do not have a common divisor, by Propositions 6.3.10 and 6.3.11,
it is sufficient to show the following assertion.
There exist c, d′, M , and φ which satisfy the above given conditions and the

following condition. For some characters ψ1, ψ2 : (Z/pnZ)× −→ Q
×

with con-
ductor divisible by p, φ(c) = ψ1(c) 6= 1 and φ(d′) = ψ2(d

′) 6= 1, and φ(−1) = 1
hold. We can take such elements, therefore we obtain the desired result.

6.4. We prove that our elements in Theorem 6.2 (1) and (2) satisfy the charac-
terizing properties of Lp-adic(f) in Theorem 5.5. In fact, the difference between
Theorem 6.2 (1) and (2) comes from the fact that we take prf instead of “prf”.
We treat the cases Theorem 6.2 (1) and (2) together.
We use the notation in Theorem 5.5.

6.4.1. As referred earlier, for L[[G
(2)
∞ ]], we define + and − parts in the same

way as in 5.6, and for ∗ = + or −, we define the ∗-part of L[[G
(2)
∞ ]][G

(1)
m ] by

L[[G
(2)
∞ ]]∗[G(1)

m ].
In both cases of Theorem 6.2 (1) and (2), we have

Lf,{k−2},{0,...,k−2},m(zuniv
Np∞)

=
∏

r∈{1,...,k−1}
lim←−
n

(αm−n · prf(Trn−m
q (zuniv

Np∞(χk−2, χr−1)|(m,n))))

∈
∏

r∈{1,...,k−1}
lim←−
n

L[G(2)
n ][G(1)

m ] =
∏

r∈{1,...,k−1}
L[[G(2)

∞ ]][G(1)
m ].

(6.11)
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This follows from the equality (6.5). We will prove the assertion that the image

of the coefficient belonging to lim←−
n

L[G(2)
n ] = L[[G(2)

∞ ]] of g
(1)
1 in

(
∏

l:prime
l|N

(1 − al(f)l
−rg

(2)
l−1)· lim←−

n

(α−n · prf(Trn−m
q (zuniv

Np∞(χk−2, χr−1)|(m,n)))))
±·(−1)r

∈ lim←−
n

L[G(2)
n ][G(1)

m ] = L[[G(2)
∞ ]][G(1)

m ], (6.12)

where ± = (−1)kεf(−1) and ( )±·(−1)r

represents the ± · (−1)r-part of the

element in ( ), under the map ψ−1 : L[[G
(2)
∞ ]] −→ L coincides with the image of

(
∏

l:prime
l|N

(1 − al(f)g
(2)
l−1) · Lp-adic(f))

±

under χr
cycloψ

−1 : HL,h −→ L.
By the following facts, this assertion deduces Theorem 6.2.
Firstly we have the equality (6.11).

Secondly l:prime
l|N

(1 − al(f)g
(2)
l−1) ∈ OL[[G

(2)
∞ ]] ⊗OL

L is a non-zerodivisor of HL,h.

Finally by the results in 4.5.5, we have

(Trn−m
q (zuniv

Np∞(χk−2, χr−1)|(m,n)))n =
∑

a∈(Z/pmZ)×

〈a′−1〉x · g(1)
a

∈ Mk(X1(Npm); Q)[G(1)
m ][[G(2)

∞ ]], (6.13)

where x is the coefficient of g
(1)
1 in the left hand side, and a′ ∈ (Z/NpmZ)×

is the element such that a′ ≡ a(pm) and a′ ≡ 1(N). Hence the coefficient in

lim←−
n

L[G(2)
n ] = L[[G(2)

∞ ]] of g
(1)
a in (6.12) is εf(a

′−1) times the coefficient of g
(1)
1

in (6.12). (Remark that in the case of Theorem 6.2 (2), εf(a
′) = 1 holds.)

Thus we prove the assertion above.

6.4.2. We use the same notation as in Theorem 5.5. We consider the following
composition

ψζpn : L[[G(2)
∞ ]]

proj.−−−→ L[G(2)
n ] −→ L, (6.14)

where the second map is defined by
∑

u∈(Z/pnZ)×

aug(2)
u 7→

∑

x∈(Z/pnZ)×

ψ(x)
∑

u∈(Z/pnZ)×

auζux
pn (au ∈ L).

Lemma 6.4.3 . Let µ be an element of L[[G
(2)
∞ ]]. Then we have

µ(ψ−1) = ψζpn (µ) · G(ψ, ζpn)−1 ∈ L.

Proof. We can prove the lemma by direct computation. ¤
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6.4.4. We assume ψ(−1) = (−1)k−rεf(−1). By Lemma 6.4.3, our task is show-

ing that the image of the coefficient of g
(1)
1 in (6.12) under the map (6.14)

is

(r − 1)! · pnr · α−n · (2πi)k−r−1 · 1

Ω(f, δ(f, k − 1, 1(0)))−
· L(Np)(f, ψ, r).

6.5. In order to prove our claim in 6.4.4, we need to review the result in [Ka2].

6.5.1. As in [Ka2], let

zNpn(f, r, k − 1, 0(1),prim(Np)) ∈ S(f) ⊗ Q(ζNpn) (r 6= 2),

c,dzNpn(f, 2, k − 1, 0(1),prim(Np)) ∈ S(f) ⊗ Q(ζNpn)

be the images of z
(k,r)
1,Npm,Npn(k, r, k − 1, 0(1),prim(Np)) in the case r 6= 2,

and c,dz
(k,2)
1,Npm,Npn(k, 2, k − 1, 0(1),prim(Np)) in the case r = 2, both of which

are elements of Mk(X1(Npm); Q) ⊗Q Q(ζNpn), respectively, in 4.5.2 under the
projection

Mk(X1(Npm); Q) ⊗Q Q(ζNpn) −→ S(f) ⊗Q Q(ζNpn). (6.15)

Let f∗ =
∑

n≥1 an(f)qn denote the dual cusp form of f. Here an(f) are the

complex conjugates of an(f). This is also a normalized eigen cusp form. For
n ≥ 1 such that (n,Np) = 1, it is known that

(T (n)〈n−1〉)(f∗) = an(f)f∗. (6.16)

For x ∈ (Z/NpnZ)×, let us denote by νx the corresponding element to x of
Gal(Qp(ζNpn)/Qp) via the cyclotomic character.

Proposition 6.5.2 . Assume r 6= 2. Let ψ : (Z/NpnZ)× −→ Q
×

be a charac-
ter. We put ± = (−1)k−r−1ψ(−1). Then we have

∑

x∈(Z/NpnZ)×

ψ(x) · perf((〈x−1〉 ⊗ νx)(zNpn(f, r, k − 1, 0(1),prim(Np))))±

= L(Np)(f
∗, ψ, r) · (2πi)k−r−1 · δ(f, k − 1, 0(1))±,

where L(Np)(f
∗, ψ, s) denotes the function obtained from L(f∗, ψ, s) by removing

prime(Np) factors.

Proof. Remark that the definitions of the actions of Galois group
Gal(Q(ζNpn)/Q) are different between in [Ka2] and here: The action of
σx in [Ka2], §6, Theorem 6.6 on S(f) ⊗ Q(ζNpn) is equal to the action of
〈x−1〉 ⊗ νx in our notation. By this relation we see that the above equation
is equivalent to 6.6 in [Ka2] which can be deduced from the work of Shimura
[Sh]. ¤
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In the case r = 2, Proposition 6.5.2 must be modified as

∑

x∈(Z/NpnZ)×

ψ(x) · perf((〈x−1〉 ⊗ νx)(c,dzNpn(f, 2, k − 1, 0(1),prim(Np))))±

= c2d2 · (1 − c2−kψ(c)−1)(1 − ψ(d)−1εf(d))

· L(Np)(f
∗, ψ, 2) · (2πi)k−3 · δ(f, k − 1, 0(1))±.

The above proposition induces the following corollary.

Corollary 6.5.3 . Assume r 6= 2. Let ψ be as in Proposition 6.5.2. We put
± = (−1)k−r−1ψ(−1)εf(−1). Then we have

∑

x∈(Z/NpnZ)×

ψ(x) · perf((1 ⊗ νx)(zNpn(f, r, k − 1, 0(1),prim(Np))))±

= L(Np)(f, ψ, r) · (2πi)k−r−1 · δ(f, k − 1, 0(1))±.

Proof. By the definition of εf, we have the equality

∑

x∈(Z/NpnZ)×

ψ(x)

· perf((〈x−1〉 ⊗ νx)(zNpn(f, r, k − 1, 0(1),prim(Np))))(−1)k−r−1ψ(−1)

=
∑

x∈(Z/NpnZ)×

ψ(x)εf(x
−1)

· perf((1 ⊗ νx)(zNpn(f, r, k − 1, 0(1),prim(Np))))(−1)k−r−1ψ(−1).

By Proposition 6.5.2 and by this, we see that the left hand side of the equation
in Corollary 6.5.3 is equal to

L(Np)(f
∗, ψ · εf, r) · (2πi)k−r−1 · δ(f, k − 1, 0(1))±.

By (6.16) and by the fact that εf(n) = εf∗(n
−1) for n ∈ Z such that (n,Np) = 1,

we have

L(Np)(f
∗, ψ · εf, s) = L(Np)(f, ψ, s).

This shows the result. ¤

With a suitable modification, we have a similar result with Corollary 6.5.3, in
the case r = 2.

As a corollary to Corollary 6.5.3, we obtain the following Corollary 6.5.4 which
is important for the proof of our Theorem 6.2.
For r 6= 2, let A(k, r) be the element of Mk(X1(Npm); Q) ⊗Q Q(ζpn) obtained
from the right hand side of (4.8) in Lemma 4.5.3 (3) in section 4 by replacing
“a ∈ Z/pnZ” in the right hand side of (4.8) by “a ∈ (Z/pnZ)×”. Namely,
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A(k, r) =(r − 1)!
−1 · (Npm)k−r−2(Npn)−2 · N

·
∏

l:prime
l|N

(1 − l−rT (l)νl−1)

(
∑

a∈(Z/pnZ)×

T (p)n−m

(
∑

x∈((1/Npm)Z)/Z

∑

y∈((1/Npn)Z)/Z

(F
(k−r)
1/Npm,x · F (r)

Na/Npn,y)) · ζa
pn).

We define A(f, r) to be the image of A(k, r) under the projection (6.15).

Corollary 6.5.4 . Assume r 6= 2. Let ψ : (Z/pnZ)× −→ Q
×

be a charac-
ter which does not factor through (Z/pn−1Z)× and which satisfies ψ(−1) =
(−1)k−rεf(−1). Then we have

∑

x∈(Z/pnZ)×

ψ(x) · perf((1 ⊗ νx)(A(f, r)))−

= L(Np)(f, ψ, r) · (2πi)k−r−1 · δ(f, k − 1, 0(1))−.

Proof. We take ψ as a character which factors through (Z/pnZ)× −→ Q
×

and
does not factor through (Z/pn−1Z)×, and apply Corollary 6.5.3. Then the part
of the sum

∑
x∈(Z/NZ)× is equivalent to take the trace map trNpn,pn in Lemma

4.5.3 (3). Concerning the problem of changing a, since ψ in Corollary 6.5.4
is primitive, the iterated sum over

∑
x∈(Z/pnZ)× ψ(x)ζax

pn for (a, p) > 1 become

zero. ¤

In the case r = 2, Corollary 6.5.4 must be modified as follows. We take

c,dA(k, 2) as the element which is obtained from (4.9) by replacing “a ∈
Z/pnZ, a 6= 0” in the right hand side of (4.9) by “a ∈ (Z/pnZ)×”. We also
define c,dA(f, 2) to be the image of c,dA(k, 2) under the projection (6.15). Then
we have

∑

x∈(Z/pnZ)×

ψ(x) · perf((1 ⊗ νx)(c,dA(f, 2)))−

= c2d2 · ((1 − c2−kεf(c)
−1ψ(c)−1)(1 − ψ(d)−1))

L(Np)(f, ψ, 2) · (2πi)k−3 · δ(f, k − 1, 0(1))−.

6.6. Now we prove our claim in 6.4.4.
Since T (l)f = al(f)f, (6.12) coincides with

(lim←−
n

(α−n

· prf(
∏

l:prime
l|N

(1 − T (l)l−rg
(2)
l−1)(Trn−m

q (zuniv
Np∞(χk−2, χr−1)|(m,n))))))

±·(−1)r

.
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So to analyze (6.12), we consider the image of
∏

l:prime
l|N

(1 − T (l)l−rg
(2)
l−1)(Trn−m

q (zuniv
Np∞(χk−2, χr−1)|(m,n)))

∈ Mk(X1(Npm); Q)[G(1)
m × G(2)

n ]
(6.17)

under the map

·ζpn : Mk(X1(Npm); Q)[G(1)
m × G(2)

n ] −→ Mk(X1(Npm); Q(ζpn))[G(1)
m ]

(6.18)

defined in the similar way as (4.12).
In the case r 6= 2, by comparing (4.8) in Lemma 4.5.3 (3) and equation (4.13)

in 4.5.6 with a1 = k−2 and a2 = r−1, we see that the coefficient of g
(1)
1 ∈ G

(1)
m

in the image of (6.17) under the map (6.18) is

(r − 1)! · pnr · A(k, r)

with A(k, r) in Corollary 6.5.4. Thus under the composition

L[[G(2)
∞ ]][G(1)

m ]
proj.−−−→ L[G(2)

n ][G(1)
m ]

·ζpn−−→ L(ζpn)[G(1)
m ]

·f−→ (L(ζpn) · f)[G(1)
m ],

(6.19)

the coefficient of g
(1)
1 in the element (6.12) is sent to

α−n · (r − 1)! · pnr · A(f, r).

Hence by Corollary 6.5.4 and by comparing the definition of the map (6.14)
and the map in Corollary 6.5.4, we obtain that under the assumption in 6.4.4,
perf(f)− times the image in question in 6.4.4 equals

α−n · (r − 1)! · pnr · L(Np)(f, ψ, r) · (2πi)k−r−1 · δ(f, k − 1, 0(1))−.

Since L(f, k − 1) 6= 0, we have δ(f, k − 1, 0(1)) = δ(f, k − 1, 0(1))− 6= 0. As
perf(f)− = Ω(f, δ(f, k − 1, 1(0)))− · δ(f, k − 1, 0(1))−, we find that the claim in
6.4.4 is true in the case r 6= 2.
In the case r = 2, in the same way as for r 6= 2, we can show that the coefficient

of g
(1)
1 in the image of c2d2 · (1− c2−kεf(c

−1)g
(2)
c )(1− g

(2)
d ) times element (6.17)

under the map (6.18) is p2n ·c,dA(k, 2) with c,dA(k, 2) just after Corollary 6.5.4.

Hence the image of the coefficient of g
(1)
1 in c2d2 · (1− c2−kεf(c

−1)g
(2)
c )(1−g

(2)
d )

times (6.12) under the composition (6.19) is α−n · p2n · c,dA(f, 2). From this,
in the same way as for r 6= 2, we can show that the claim in 6.4.4 is true for
r = 2.
The above arguments conclude our desired result that the left hands sides of
the equations in Theorem 6.2 (1) and (2) satisfy the characterizing property of
the right hands sides of them.

6.7. We explain that by our method, we can obtain the whole p-adic zeta
function Lp-adic(f) without assuming that L(f, k − 1) 6= 0.
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Similar with zuniv
Np∞ , elements zM,Np∞ in 6.3.7 may be obtained via K2 Cole-

man power series from the system of Beilinson elements (c,dzMNpn,Mpn)n ∈
lim←−
n

K2(Y (MNpn,Mpn)), with c, d ∈ Z such that (c, 6MNp) = (d, 6Mp) = 1

and c ≡ 1(N). In this case, we take the field H(ζM ) instead of H.

We define Lφ,f,{k−2},{0,...,k−2},m(zM,Np∞) ∈ ∏
r∈{1,...,k−1} L(φ)[[G

(2)
∞ ]][G

(1)
m ] by

replacing c,d′zM,Np∞ by zM,Np∞ in (6.9) in the construction of the function
Lφ,f,{k−2},{0,...,k−2},m(c,d′zM,Np∞). Then in the same way as for Theorem 6.2,
one can show that if L(fφ, k − 1) = L(f, φ, k − 1) 6= 0,

Lφ,f,{k−2},{0,...,k−2},m(zM,Np∞)
±·φ(−1)

= x ·
∑

a∈(Z/pmZ)×

((
∏

r∈{1,...,k−1}
(

∏

l:prime
l|M

(1 − al(f)l
−rg

(2)
l−1 + εf(l)l

k−1−2rg
(2)
l−2)))

· Lp-adic(f))
±·φ(−1)εf(a

′−1)g(1)
a ∈

∏

r∈{1,...,k−1}
L(φ)[[G(2)

∞ ]][G(1)
m ]

with some x ∈ L(φ)×, and ± = (−1)kεf(−1).
Moreover by replacing the pair (M,Np) by (N, p), we define a function. Let

φ : (Z/NZ)× −→ Q
×

be a character whose conductor is N . Now we define

Lφ,f,{k−2},{0,...,k−2},m(zN,p∞) ∈ ∏
r∈{1,...,k−1} L(φ)[[G

(2)
∞ ]][G

(1)
m ] to be the im-

age of

∏

r∈{1,...,k−1}
(α−nφ(p)−n · prfφ

(Trn−m
q (c,d′zN,p∞(χk−2, χr−1)|(m,n))))n

∈
∏

r∈{1,...,k−1}
L(φ)[[GNp∞ ]][G

(1)
Npm ]

under an L(φ)-homomorphism given by

L(φ)[[G
(2)
Np∞ ]][G

(1)
Npm ] −→ L(φ)[[G(2)

∞ ]][G(1)
m ] ; xg(2)

a g
(1)
b 7→ xφ(ab2)g(2)

a g
(1)
b

(x ∈ L(φ), g∗ ∈ GNp∞ , g∗ ∈ G∞).
One can show that if L(fφ, k − 1) = L(f, φ, k − 1) 6= 0,

Lφ,f,{k−2},{0,...,k−2},m(zN,p∞)
±·φ(−1)

= x ·
∑

a∈(Z/pmZ)×

(((
∏

r∈{1,...,k−1}
(

∏

l:prime
l|N

(1 − al(f)l
−rg

(2)
l−1))

· Lp-adic(f))
±·φ(−1))εf(a

′−1)g(1)
a ∈

∏

r∈{1,...,k−1}
L(φ)[[G(2)

∞ ]][G(1)
m ]

with some x ∈ L(φ)×, and ± = (−1)kεf(−1).
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From the above equalities, we find that by taking various φ which satisfy
L(f, φ, k−1) 6= 0, the whole (i.e. including the (−1)k−1εf(−1)-part of) Lp-adic(f)
can be obtained by our method without assuming L(f, k − 1) 6= 0.

7. The result on two-variable p-adic zeta function

For a module A over Zp[[G
(1)
∞ × G

(2)
∞ ]], we put AQ = A ⊗

Zp[[G
(1)
∞ ×G

(2)
∞ ]]

Q(Zp[[G
(1)
∞ ×G

(2)
∞ ]]). In 7.1, for a certain subspace B of MNp∞ [[G

(1)
∞ ×G

(2)
∞ ]]Q

to which the universal zeta modular form zuniv
Np∞ belongs, we define a map (in

7.1.3)

LN : B −→ (((hord
Np∞/Iord

Np∞) ⊗Λ Q(Λ))[[G(2)
∞ ]])Q.

The main theorem (Theorem 7.3) of this section is that

LN : zuniv
Np∞ 7→ a “universal ordinary p-adic zeta function”,

where the universal ordinary p-adic zeta function is a p-adic zeta function in
two variables associated to the universal family of ordinary cusp forms (see
Theorem 7.3 for the details).

7.1. We define the subspace B and the map LN .

7.1.1. We put Λ = Zp[[G
(1)
∞ ]] as in 3.5. Let us define a subspace mΛ of

MNp∞ [[G
(1)
∞ ]] in the following way:

mΛ = {x ∈ MNp∞ [[G(1)
∞ ]] ; g

(1)
a−1 · xn,b = xn,ab for all a, b ∈ (Z/pnZ)×}.

Here xn,a ∈ MNp∞ are defined by x|n =
∑

a∈(Z/pnZ)× xn,ag
(1)
a ∈ MNp∞ [G

(1)
n ]

with the image x|n of x under the projection MNp∞ [[G
(1)
∞ ]] −→ MNp∞ [G

(1)
n ].

Proposition 7.1.2 . (1) We have

zuniv
Np∞ ∈ mΛ[[G(2)

∞ ]][
1

g
](⊂ MNp∞ [[G(1)

∞ × G(2)
∞ ]][

1

g
]),

where g is as before.
(2) Let i : MNp∞ −→ HomZp

(HNp∞ , Zp) be as in 3.3. We denote by the same
symbol i the map

i : MNp∞ [[G(1)
∞ ]] −→ HomZp

(HNp∞ , Zp)[[G
(1)
∞ ]]

= HomZp
(HNp∞ ,Λ)

induced by i in 3.3. Then

i(mΛ) ⊂ HomΛ(HNp∞ ,Λ).

Proof. (1)The results in 4.5.5 deduce the assertion.
(2) The result follows directly from the definition. ¤
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7.1.3. We define a map

mΛ −→ (hord
Np∞/Iord

Np∞) ⊗Λ Q(Λ) (7.1)

which induces

LN : mΛ[[G(2)
∞ ]][

1

g
] −→ ((hord

Np∞/Iord
Np∞) ⊗Λ Q(Λ))[[G(2)

∞ ]][
1

g
]

for a non-zerodivisor g ∈ Zp[[G
(1)
∞ × G

(2)
∞ ]].

The map (7.1) is defined as the following composition:

mΛ
i−→ HomΛ(HNp∞ ,Λ)

proj.−−−→ HomΛ(Hord
Np∞ ,Λ)

−→ HomQ(Λ)(P
ord
Np∞ ⊗Λ Q(Λ), Q(Λ))

−→ HomQ(Λ)(p
ord
Np∞ ⊗Λ Q(Λ), Q(Λ))

−→ (hord
Np∞/Iord

Np∞) ⊗Λ Q(Λ).

(7.2)

The second arrow is by the natural projection. The third arrow is the evident
one. The fourth arrow is given as follows. By the definition of Pord

Np∞ and

pord
Np∞ , it follows that the natural map Pord

Np∞ −→ pord
Np∞ is surjective. The

fourth arrow is given as the unique section pord
Np∞ ⊗Λ Q(Λ) −→ Pord

Np∞ ⊗Λ Q(Λ)

as algebras over Q(Λ) of the surjective homomorphism between semisimple
algebras Pord

Np∞ ⊗Λ Q(Λ) −→ pord
Np∞ ⊗Λ Q(Λ) which is induced by the above

surjective map. Finally the last arrow in (7.2) is defined in the following way.
By Proposition 3.6, pord

Np∞ ⊗Λ Q(Λ) ∼= (hord
Np∞/Iord

Np∞) ⊗Λ Q(Λ) are finitely gen-

erated semisimple algebras over Q(Λ). Hence we have an isomorphism

(hord
Np∞/Iord

Np∞) ⊗Λ Q(Λ) ∼= HomQ(Λ)((h
ord
Np∞/Iord

Np∞) ⊗Λ Q(Λ), Q(Λ)) ;
(7.3)

a 7→ (x 7→ Tr(a · x)),

where Tr is the trace map

Tr : hord
Np∞/Iord

Np∞ ⊗Λ Q(Λ) −→ Q(Λ).

This map gives the last map of (7.2).

7.1.4. We define a universal ordinary p-adic zeta function

Lord,univ
p-adic ∈ (hord

Np∞/Iord
Np∞)[[G(2)

∞ ]][
1

hg
],

where h ∈ hord
Np∞ is a certain non-zerodivisor and g is as before, as

Lord,univ
p-adic = LN (zuniv

Np∞).

From the definition, one can see that universal ordinary p-adic zeta function

Lord,univ
p-adic is an element of (1/h)(hord

Np∞/Iord
Np∞)[[G

(2)
∞ ]][1/g], which is contained in

(hord
Np∞/Iord

Np∞)[[G
(2)
∞ ]][1/hg].

7.2. We review basic facts and results of Hida about ordinary eigen cusp forms.
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7.2.1. Let k ≥ 2 and m ≥ 1. Let f ∈ Mk(X(1, Npm)) ⊗ C be a normalized
eigen cusp form. We recall that f is called ordinary if the eigenvalue of T (p)
on f is a p-adic unit. Further f is called an ordinary p-stabilized newform
of tame conductor N when f is ordinary, the conductor of f is divisible by
N , and m ≥ 1 (cf. [GS]). We call Npm the level of an ordinary p-stabilized
newform f of tame conductor N if m is the smallest (positive) integer such
that f ∈ Mk(X(1, Npm)) ⊗ C.
An ordinary p-stabilized newform of tame conductor N of level Npm is either
it is already a newform of level Npm or it is an ordinary eigen cusp form fα

obtained from a newform f of level N when α is a p-adic unit by the method
in 6.1.1 (cf.[GS]).

7.2.2. We call a ring homomorphism κ : hord
Np∞ −→ Zp satisfying the following

conditions an N -primitive arithmetic point (cf. [GS]). For an integer i such
that i ≥ 0 and a Dirichlet character ψ of conductor pn (n ≥ 0), let Pi,ψ be the

kernel of the Zp-homomorphism Λ −→ Zp induced by ψ ◦χi : G
(1)
∞ −→ Zp

×
. The

condition for an N -primitive arithmetic point is that it factors through

κ : hord
Np∞ −→ hord

Np∞/(Pi,ψ + Iord
Np∞) −→ Zp (7.4)

for some i ≥ 0 and some ψ. Here Iord
Np∞ is the ideal defined in 3.7 in section 3.

7.2.3. In the case p ≥ 5, Hida [Hi2], §1, Corollary 1.3 proved that for an N -
primitive arithmetic point κ which factors as (7.4), we have a unique ordinary
p-stabilized newform f =

∑
n≥0 an(f)qn of weight i + 2 of tame conductor N

such that κ(T (n)) = an(f).

Theorem 7.3 . We assume p ≥ 5. The universal ordinary p-adic zeta function

Lord,univ
p-adic ∈ (hord

Np∞/Iord
Np∞)[[G(2)

∞ ]][
1

hg
]

defined in 7.1.4 displays property (7.6) below. Let

κ : hord
Np∞/Iord

Np∞ −→ Zp

be an N -primitive arithmetic point. We write fκ =
∑

n≥1 an(fκ)qn for the
ordinary p-stabilized newform of tame conductor N attached in the sense of
7.2.3 with κ. We denote the weight and level of fκ by k and Npm (m ≥ 1),

respectively. We always have that κ(g) ∈ Zp[[G
(2)
∞ ]] is a non-zero divisor. We

assume that κ(h) 6= 0. Then κ induces the following homomorphism which is
also denoted by κ :

κ : (hord
Np∞/Iord

Np∞)[[G(2)
∞ ]][

1

hg
] −→ Q(Zp[[G

(2)
∞ ]]). (7.5)

Now if L(fκ, k − 1) 6= 0, then concerning the image Lord,univ
p-adic (κ) of Lord,univ

p-adic

under (7.5), we have

Lord,univ
p-adic (κ)± = pm−1(p − 1) ·κ(T (p))m ·Lp-adic(fκ)±(χ) ∈ OM [[G(2)

∞ ]] ⊗OM
M.

(7.6)
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Here concerning (one-variable) p-adic zeta function Lp-adic(fκ), we take the
class of fκ as ω ∈ S(fκ) in the situation of Theorem 5.5. Moreover ± =

(−1)kκ(〈−1〉), Lord,univ
p-adic (κ)± and Lp-adic(fκ)± are the ±-parts of Lord,univ

p-adic (κ)

and Lp-adic(fκ), respectively, and M is the finite extension Qp(an(fκ);n ≥ 1)
of Qp.

Remark 7.3.1 . (1) Recall that as in Theorem 6.2, even for p = 2, 3, the
p-adic zeta function Lp-adic(f) of each ordinary p-stabilized newform f was
constructed from zuniv

Np∞ .

(2) By the argument in 4.5.5, we obtain c,d′zuniv
Np∞ ∈ MNp∞ [[G

(1)
∞ ×G

(2)
∞ ]]. From

this and from the fact that κ((1 − c−1g
(1)
c−1g

(2)
c )(1 − d′g(2)

d′ )) ∈ Zp[[G
(2)
∞ ]] is a

non-zerodivisor for any N -primitive arithmetic point κ, we find that κ(g) ∈
Zp[[G

(2)
∞ ]] is a non-zerodivisor for any N -primitive arithmetic point κ.

(3) In the above, we put the assumption that L(fκ, k − 1) 6= 0. (As referred
before, L(fκ, k−1) = 0 occurs only in the case k = 2.) Moreover we only consid-
ered the (−1)kκ(〈−1〉)-parts of Lp-adic(fκ). However as explained briefly in 7.7
later, by using zM,Np∞ , zN,p∞ , and φ in 6.7, with some device, we can construct
a two-variable p-adic zeta function which can provide the (−1)k+1κ(〈−1〉)-part
of Lp-adic(fκ) for κ satisfying some conditions (see 7.7 for this condition) even
though L(fκ, k − 1) = 0.

We prove Theorem 7.3 by using Theorem 6.2 and the argument in the proof of
it.
We use the notation in Theorem 7.3 and we assume κ(h) 6= 0.

7.4. For integers c, d′ which are prime to p, we put

c,d′Lord,univ
p-adic = (1 − c−1g

(1)
c−1g

(2)
c )(1 − d′g(2)

d′ )Lord,univ
p-adic ∈ (hord

Np∞/Iord
Np∞)[

1

h
][[G∞]].

One can see that c,d′Lord,univ
p-adic = LN (c,d′zuniv

Np∞). We also put

c,d′Lp-adic(fκ) = ((1 − c−kεfκ
(c−1)g(2)

c )(1 − g
(2)
d′ )) · Lp-adic(fκ).

In 7.5 – 7.6, we will prove that under an N -primitive arithmetic point κ satis-
fying the condition in Theorem 7.3,

c,d′Lord,univ
p-adic (κ) = pm−1(p − 1) · κ(T (p))m · c,d′Lp-adic(fκ)(χ).

(7.7)

The result in Theorem 7.3 will follow from this.

7.5. We consider some consequences of Theorem 6.2 for the proof of (7.7).

7.5.1. Since fκ is ordinary, Lp-adic(fκ) may be characterized by the specializa-
tion property in Theorem 5.5 (i) for only one r among 1, . . . , k − 1 under the
notation there.
We have that S(fκ)M := Mk(X1(Npn);M)/(T (n) − κ(T (n)) ; n ≥
1) is a one dimensional M -vector space with a base fκ. We define

Documenta Mathematica · Extra Volume Kato (2003) 387–442



Coleman Power Series for K2 437

prfκ
: Mk(X1(Npn);M) −→ M as the composition Mk(X1(Npn);M)

proj.−−−→
S(fκ)M −→ M , where the second map is the one given by sending the class of
fκ to 1. (In the case that fκ is a newform, the map prfκ

coincides with the
map prf in section 6. In the case fκ = fα for some newform f of conductor N
and α as before, in section 6, we took f as the base of S(fκ)M . So if we use
prfκ

in Theorem 6.2 instead of prf, we obtain the p-adic zeta function of fκ

which takes the class of fκ as ω in the notation in Theorem 5.5.) By Theorem
6.2, we obtain

(lim←−
n

prfκ
(c,d′zuniv

Np∞(χk−2, χr−1)|(m,n)))
±·(−1)r

= αm ·
∑

a∈(Z/pmZ)×

i{r}(c,d′Lp-adic(fκ)±)εfκ
(a

′−1)g(1)
a ∈ lim←−

n

M [G(2)
n ][G(1)

m ],(7.8)

with ± = (−1)kκ(〈−1〉), where a′ ∈ (Z/NpmZ)× is the element such that
a′ ≡ 1(N) and a′ ≡ a(pm) for each a.

7.5.2. Let εp : G
(1)
∞ −→ Z×

p denote the character such that the restriction of κ to

G
(1)
∞ coincides with εp ◦ χk−2. Then εp(g

(1)
a ) = εfκ

(a′) for any a ∈ (Z/pmZ)×,
and a′ ∈ (Z/NpmZ)× is the element such that a′ ≡ a(pm) and a′ ≡ 1(N).

Clearly the image of (7.8) under εp : M [[G
(2)
∞ ]][G

(1)
m ] −→ M [[G

(2)
∞ ]] is

pm−1(p − 1) · αm · i{r}(c,d′Lp-adic(fκ)±).

As fκ is ordinary, by Theorem 6.2, we know Lp-adic(fκ) ∈ OM [[G
(2)
∞ ]] ⊗OM

M ,
and hence we have

i{r}(c,d′Lp-adic(fκ)±) = c,d′Lp-adic(fκ)±(χr) ∈ OM [[G(2)
∞ ]] ⊗OM

M.

7.5.3. By the commutative diagram

Mk(X1(Npn); Z(p))[G
(1)
m ]

εp−−−−→ Mk(X1(Npn); Z(p)[εp])yprfκ

yprfκ

M [G
(1)
m ]

εp−−−−→ M,

and (7.8), it follows that

prfκ
(c,d′zuniv

Np∞(εp ◦ χk−2, χr−1))±·(−1)r

= pm−1(p − 1) · αm · c,d′Lp-adic(fκ)±(χr)

∈ OM [[G(2)
∞ ]] ⊗OM

M. (7.9)

Here we denote by prfκ
(c,d′zuniv

Np∞(εp ◦ χk−2, χr−1))±·(−1)r

the inverse limit

(lim←−
n

prfκ
(c,d′zuniv

Np∞(εp◦χk−2, χr−1)|n))±·(−1)r

with c,d′zuniv
Np∞(εp◦χk−2, χr−1)|n ∈

Mk(X1(Npn); Z(p)[εp])[G
(2)
n ].

Furthermore by (6.13), we have

c,d′zuniv
Np∞(εp ◦ χk−2, χr−1)|n ∈ Mk(X1(Npn), εp; Z(p)[εp])[G

(2)
n ],
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where Mk(X1(Npn), εp; Z(p)[εp]) is the sub Z(p)[εp]-space of

Mk(X1(Npn); Z(p)[εp]) on which G
(1)
∞ acts via εp ◦ χk−2.

7.6. Now we study c,d′Lord,univ
p-adic .

7.6.1. The following composition of Λ-homomorphisms

hord
Np∞/Iord

Np∞ −→ pord
Np∞ ⊗Λ Q(Λ)

−→ Pord
Np∞ ⊗Λ Q(Λ) −→ Hord

Np∞ ⊗Λ Q(Λ)

induces the Λ-homomorphism

HomΛ(Hord
Np∞ ,Λ) −→ HomΛ(hord

Np∞/Iord
Np∞ ,

1

h′Λ) (7.10)

with some non-zerodivisor h′ ∈ Λ. It is easy to see that the composition of
(7.10) and

HomΛ(hord
Np∞/Iord

Np∞ ,
1

h′Λ) −→ (hord
Np∞/Iord

Np∞) ⊗Λ Q(Λ),

which is given by (7.3), coincides with the composition in (7.2). From this, we
see (h′)−1 ⊂ (h)−1.

The Λ-homomorphism mΛ[[G
(2)
∞ ]]

i−→ HomΛ(HNp∞ ,Λ)[[G
(2)
∞ ]] and (7.10) give a

Λ-homomorphism

mΛ[[G(2)
∞ ]] −→ HomΛ(hord

Np∞/Iord
Np∞ ,Λ[

1

h′ ])[[G
(2)
∞ ]],

and this Λ-homomorphism induces

mΛ/Pk−2,εp
[[G(2)

∞ ]]

−→ HomΛ/Pk−2,εp
(hord

Np∞/(Pk−2,εp
+ Iord

Np∞), Λ[
1

h′ ]/Pk−2,εp
)[[G(2)

∞ ]],(7.11)

where mΛ/Pk−2,εp
denotes the image of mΛ under the map

MNp∞ [[G
(1)
∞ ]]

εp◦χk−2

−−−−−→ MNp∞ ⊗Zp
Zp[εp]. The map (7.11) is well-defined

as κ(h) 6= 0.
We put L = Λ[1/h′]/Pk−2,εp

. Now the result of Hida [Hi2], Corollary 1.3 affirms

that HomΛ/Pk−2,εp
(hord

Np∞/(Pk−2,εp
+ Iord

Np∞), Λ[1/h′]/Pk−2,εp
) is contained in

Sord,N
k (X1(Npm), εp;L), where Sord,N

k (X1(Npm), εp;L) is the sub L-space of

e · Mk(X1(Npm), εp;L) with e = lim←−
n

T (p)n!, consisting of cusp forms with

conductor divisible by N . Hence (7.11) induces a homomorphism

mΛ/Pk−2,εp
[[G(2)

∞ ]] −→ Sord,N
k (X1(Npm), εp;L)[[G(2)

∞ ]]. (7.12)

7.6.2. We define mΛ[[G
(2)
∞ ]] = mΛ[[G

(2)
∞ ]] ∩ M [[G

(1)
∞ × G

(2)
∞ ]]{k−2},{0,...,k−2}(⊂

MNp∞ [[G
(1)
∞ × G

(2)
∞ ]]) with mΛ in 7.1.1 and M [[G

(1)
∞ × G

(2)
∞ ]]{k−2},{0,...,k−2} in

6.1.4. We see that c,d′zuniv
Np∞ ∈ mΛ[[G

(2)
∞ ]].
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We define mΛ/Pk−2,εp
[[G

(2)
∞ ]] to be the image of of mΛ[[G

(2)
∞ ]] under the map

MNp∞ [[G
(1)
∞ ×G

(2)
∞ ]]

(εp◦χk−2,id)−−−−−−−−→ MNp∞⊗Zp
Zp[εp][[G

(2)
∞ ]]. Then the map (7.12)

induces a map

j : mΛ/Pk−2,εp
[[G(2)

∞ ]] −→ Sord,N
k (X1(Npm), εp;L)[[G(2)

∞ ]].
(7.13)

By definition, the following diagram is commutative for each n ≥ 1:

mΛ/Pk−2,εp
[G

(2)
n ]

j−−−−→ Sord,N
k (X1(Npm), εp;L)[G

(2)
n ]

yprfκ

yprfκ

M
id−−−−→ M.

(7.14)

We write prfκ
(j(c,d′zuniv

Np∞(εp ◦ χk−2, id))) for the inverse limit

lim←−
n

(prfκ
(j(c,d′zuniv

Np∞(εp ◦ χk−2, χr−1))|n)). By the commutative diagram

(7.14), we obtain

prfκ
(c,d′zuniv

Np∞(εp ◦ χk−2, id)) = prfκ
(j(c,d′zuniv

Np∞(εp ◦ χk−2, id))).

Hence by this and by (7.9), if we prove the assertion in 7.6.3 below, Theorem
7.3 follows.

7.6.3. The assertion in question is as follows.
We have

prfκ
(j(c,d′zuniv

Np∞(εp ◦ χk−2, id))) = c,d′Lord,univ
p-adic (κ).

We prove this assertion. As an element of the right hand side of (7.11),
j(c,d′zuniv

Np∞(εp ◦ χk−2, id)) is the element

x 7→ Trk,εp
(c,d′Lord,univ

p-adic · x) (x ∈ hord
Np∞/(Pk−2,εp

+ Iord
Np∞)),

where Trk,εp
: HomΛ/Pk−2,εp

(hord
Np∞/(Pk−2,εp

+ Iord
Np∞),Λ/Pk−2,εp

) is the trace

map as Λ/Pk−2,εp
-modules. By the result of Hida [Hi2], Corollary 1.3, we find

that
Trk,εp

=
∑

κ′

fκ′ ,

where fκ′ runs over all ordinary p-stabilized newform ∈ Sord,N
k (X1(Npm), εp;L)

of tame conductor N attached to κ′ : hord
Np∞/Iord

Np∞ −→ Zp satisfying κ′|
G

(1)
∞

=

εp ◦ χk−2.

By the definition of c,d′Lord,univ
p-adic , we obtain

j(c,d′zuniv
Np∞(εp ◦ χk−2, id)) = c,d′Lord,univ

p-adic (
∑

κ′

fκ′) =
∑

κ′

c,d′Lord,univ
p-adic (κ′)fκ′ ,

where in
∑

κ′ , κ′ runs as above. This concludes the assertion.

Therefore Theorem 7.3 is proven.
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7.7. We briefly explain how to obtain a two-variable p-adic zeta function at-
tached to the universal family of cusp forms which can provide (−1)k+1κ(〈−1〉)-
part of Lp-adic(fκ) for κ satisfying a certain condition, even though L(fκ, k −
1) = 0.
We use the notation in 6.3.7 – 6.3.12 and in 6.7. As before, let M be a positive
integer which is prime to Np.
We consider the image of zM,Np∞ under the MMNp∞ -homomorphism which is
similar to (6.10) and which is given as follows

MMNp∞ [[GMp∞
(1) × GMp∞

(2)]] −→ MMNp∞ [[G(1)
∞ × G(2)

∞ ]] ;
(7.15)

xg(2)
a g

(1)
b 7→ xφ(ab2)g(2)

a g
(1)
b (x ∈ MMNp∞ , g∗ ∈ GMp∞ , g∗ ∈ G∞).

We write zM,Np∞,φ for the image of zM,Np∞ under the above map.
Now by replacing N by NM in the definition of mΛ, we define mΛ. Then for
this mΛ, the following which is similar to the result in Proposition 7.1.2 (1)
holds. Namely we have

zM,Np∞,φ ∈ mΛ[[G(2)
∞ ]][

1

g′′
](⊂ MNMp∞ [[G(1)

∞ × G(2)
∞ ]][

1

g′′
]),

where g′′ is the image of g′ in 6.3.7 under the homomorphism (7.15). We study
the image of zM,Np∞,φ under the map

mΛ[[G(2)
∞ ]][

1

g′′
] −→ ((hord

Np∞/Iord
Np∞) ⊗Λ Q(Λ))[[G(2)

∞ ]][
1

g′′
]

(7.16)

which is defined as LN . We denote this image by

Lord
p-adic,M ,φ ∈ (hord

NMp∞/Iord
NMp∞)[[G(2)

∞ ]][
1

h′g′′
],

where h′ ∈ hord
NMp∞ is a certain non-zerodivisor. This function Lord

p-adic,M ,φ

displays the property (7.17) below. For an N -primitive arithmetic point κ :
hord

Np∞/Iord
Np∞ −→ Zp, let κφ : hord

NMp∞/Iord
NMp∞ −→ Zp be the NM -primitive

arithmetic point characterized by κφ(T (n)) = κ(T (n))φ(n). We always have

that κφ(g′′) ∈ Zp[[G
(2)
∞ ]] is a non-zero divisor. We assume that κφ(h′) 6= 0.

Then κφ induces the following homomorphism which is also denoted by κφ :

κφ : (hord
Np∞/Iord

Np∞)[[G(2)
∞ ]][

1

h′g′′
] −→ Q(Zp[[G

(2)
∞ ]]).

Now if L(fκ, φ, k − 1) 6= 0, we have
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Lord
p-adic,M ,φ(κφ)±·φ(−1)

= x · ((
∏

l:prime
l|M

(1 − al(f)g
(2)
l−1 + εf(l)l

k−1g
(2)
l−2)) · Lp-adic(fκ))±·φ(−1)(χ)

∈ OM(φ)[[G
(2)
∞ ]] ⊗OM(φ)

M(φ)

(7.17)

with some x ∈ M(φ)×, and ± = (−1)kεf(−1).
By using the arguments in 6.3.7 – 6.3.12 and 6.7, we can prove the above
assertion in the same way as for Theorem 6.2. Furthermore, by using zN,p∞ ,
we can produce another two-variable p-adic zeta function attached to universal
family of ordinary cusp forms in the same manner.
In this way, by taking various φ, we can construct two-variable p-adic zeta func-
tions which can provide not only (−1)kκ(〈−1〉)-part but also (−1)k+1κ(〈−1〉)-
part of Lp-adic(fκ) for κ satisfying the condition that κφ(h′) 6= 0, without
assuming L(fκ, k − 1) 6= 0.
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Abstract. In this paper we study the Selmer groups of elliptic
curves over Galois extensions of number fields whose Galois group
G ∼= Zp o Zp is isomorphic to the semidirect product of two copies of
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1. Introduction

Throughout this paper, let p be a fixed odd prime number. For an elliptic curve
E over Q with good ordinary reduction at p, Mazur’s Main Conjecture predicts
that the Mazur-Swinnerton-Dyer p-adic L-function LMSD associated with E
can be interpreted as an element of the Iwasawa-algebra Λ = Zp[[Gal(Qcyc/Q)]]
of the cyclotomic Zp-extension Qcyc of Q and is a generator of the characteristic
ideal of the Pontryagin dual Xf (Qcyc) of the Selmer group of E over Qcyc

char(Xf (Qcyc)) = (LMSD).

Kato [K] has proved a partial result towards it showing that, for some m ≥ 0,
the function pmLMSD lies in Λ and is divided by the algebraic L-function
of Xf (Qcyc). In particular, up to a power of p, the p-adic L-function LMSD

annihilates Xf (Qcyc) modulo pseudo-null modules: “LMSD Xf (Qcyc) ≡ 0.”
Moreover, if Xf (Qcyc) does not contain any pseudo-null submodule, then
LMSDXf (Qcyc) = 0. Thus, in classical Iwasawa theory the p-adic L-function is
closely related to the annihilator ideal AnnΛ(Xf (Qcyc)) of Xf (Qcyc).
Now, the challenging aim of noncommutative Iwasawa theory is to find and
eventually prove a main conjecture over certain field extensions k∞ of some
number field k whose Galois group G = G(k∞/k) is a (non-abelian) p-adic
Lie group, e.g. over the field k∞ = k(Ep∞) which arises by adjoining to k
all p-power division points Ep∞ . If there should exist some p-adic L-function
adapted to this situation, it would thus be natural to expect that it has the
property of annihilating the dual of the Selmer group Xf (k∞) over k∞. One
could even hope that investigating the global annihilator ideal

AnnΛ(G)(Xf (k∞)) := {λ ε Λ(G)|λx = 0 for all x ε Xf (k∞)}
gives some hints for candidates of such a hypothetic L-function in this noncom-
mutative setting, where Λ(G) = Zp[[G]] denotes the Iwasawa-algebra of G. This
question, which motivated the present paper, was already posed by Harris in
[Ha2], whereas Coates, Schneider and Sujatha [CSS1] defined a characteristic
ideal of Xf (k∞) in case AnnΛ(G)(Xf (k∞)) is not zero.
The first main result of this article however tells that in general, over arbitrary
p-adic Lie-extensions, such a link between global annihilator elements and p-
adic L-functions is not possible (but we should stress that this result is no
obstruction to the existence of p-adic L-functions in which we nevertheless still
believe). Indeed, we prove that Xf (k∞) over some infinite Kummer extension
k∞ of k is a finitely generated Λ(G)-torsion module, but with vanishing global
annihilator ideal, i.e. though any single element of Xf (k∞) is annihilated by
some element of Λ there is no “global” λ ε Λ which annihilates the whole
dual of the Selmer group. In our example, the Galois group G = G(k∞/k) is
isomorphic to the semidirect product of two copies of the p-adic integers Zp.
Before stating the precise result we recall that a Λ-module M is called faithful
if AnnΛ(M) = 0 and bounded otherwise. These notions extend to objects of the
quotient category Λ-mod/C of Λ-mod by the full subcategory C of pseudo-null
modules and an object M of this latter category is called completely faithful if
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all its non-zero subquotient objects are faithful.
Now assume that the number field k contains the pth roots of unity and that
E is an elliptic curve over a k which has good ordinary reduction at all places
above p. Further, assume G = G(k∞/k) ∼= H o Γ where both H and Γ are
isomorphic to Zp and Γ acts non-trivially on H, i.e. G is non-abelian.

Theorem (Theorem 3.7). Assume Xf (k∞) is non-zero and finitely generated
as a Λ(H)-module. Then, it is a faithful torsion Λ(G)-module which is not
pseudo-null. Even more, its image in the quotient category is completely faithful
and cyclic.

The purely algebraic fact that every Λ(G)-module - whether pseudo-null or not
- which is finitely generated over Λ(H) has a completely faithful, cyclic image
in the quotient category has been proved in [V3].
We should mention that e.g. for p = 5, the elliptic curve E = X1(11) of
conductor 11 which is defined by the equation

y2 + y = x3 − x2,

the assumptions of the theorem hold for k = Q(µ5) and k∞ = kcyc(
5∞
√

11).
Indeed, we prove that Xf (k∞) is free of rank 4 as Λ(H)-module where H =
G(k∞/kcyc) (theorem 6.2). Unfortunately, it is still not known even in a single
example of an elliptic curve without complex multiplication whether over the
“GL2”-extension k(Ep∞) of k the dual of the Selmer group is bounded or
faithful.
The above result suggests that it is worth considering Iwasawa theory over the
specified type of extensions whose Galois group is isomorphic to a semidirect
product Zp oZp : This is the easiest non-commutative case and some questions
are attackable for the associated group algebra which can be identified with a
certain skew power series ring (cf. [V3]). Also our second main result, which de-
scribes the Euler characteristic of the Selmer group, confirms that this example
will serve as a good test candidate for further developments in noncommuta-
tive Iwasawa theory. A formula for this Euler characteristic was calculated over
Zp-extensions by Perrin-Riou and Schneider and over the “GL2”-extension by
Coates and Howson [CH].
Let ρp(E/k) be the p-Birch-Swinnerton-Dyer constant (see section 4 for the
definition). We assume that k contains the pth roots of unity and that k∞ is
a Galois extension of k containing the cyclotomic Zp -extension kcyc and such
that G(k∞/k) ∼= Zp o Zp.

Theorem (Theorem 4.1). Assume (i) p ≥ 5, (ii) E has good ordinary reduc-
tion at all primes above p and (iii) Selp∞(E/k) is finite. Then the G-Euler
characteristic χ(G,Selp∞(E/k∞)) is defined and

χ(G,Selp∞(E/k∞)) = ρp(E/k) ×
∏

v ε M

|Lv(E, 1)|p,

where Lv(E, 1) is the local Euler-factor of the L-function of E evaluated at 1
and M denotes a certain set of places of k which is defined in section 4.
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We note that under the assumptions of the theorem Xf (k∞) is Λ-torsion. In
section 4 we also treat the case when k does not contain µp. This result fol-
lows from the explicit calculations of the local and global Galois cohomology,
see Theorem 4.2 as well as subsections 4.3 and 4.2. We also calculate the
“truncated” G-Euler characteristics introduced by Coates-Schneider-Sujatha
([CSS2]) under some milder conditions (Theorem 4.10).
We keep the assumption that k∞ is a Galois extension of k which contains
all p-power roots of unity and whose Galois group is isomorphic to Zp o Zp.
Then - as Coates and Sujatha pointed out to us - another striking phenomenon
in comparison with the GL2-theory is the fact that the validity of Mazur’s
conjecture (i.e. that assuming E has good ordinary reduction at all primes
above p the dual of Selmer Xf (kcyc) over the cyclotomic Zp -extension is Λ(Γ)-
torsion where Γ = G(kcyc/k)) implies the torsionness of Xf (k∞) over Λ(G)
unconditionally; in particular, the vanishing of the µ-invariant of Xf (kcyc) has
not to be assumed, see theorem 2.8. As a consequence one obtains a quite
general asymptotic bound for the rank of the Mordell-Weil group. Let α be
any non-zero element of k which is not a root of unity and let kn be the field
obtained by adjoining to k the pnth root of unity and the pnth root of α.

Theorem (Corollary 2.9). Assume that (i) E has good ordinary reduction at
all primes ν of k dividing p, and (ii) Xf (kcyc) is Λ(Γ)-torsion. Then there
exists a constant C > 0 such that the rank of E(kn) is at most C · pn for all
n ≥ 0.

The following special case is an example of the deep unconditional results which
follows from Kato’s work. Assume now that E is defined over the rational
numbers Q and that α is any non-zero element of the maximal abelian extension
Qab of Q which is not a root of unity. Then there exists a constant C such that

rkZ E(Q(µpn , pn√
α)) ≤ C · pn

for all n ≥ 0.
For the sake of completeness we also discuss other properties of the Selmer
group such as having non-zero pseudo-null submodules (theorem 2.6), being
(non-) trivial (see subsection 4.6, in particular proposition 4.12) or having non-
vanishing µ-invariants (corollary 5.2 and an example in section 6 ). In section
5 we study the behavior of the µ-invariant under isogeny and we compare the
µ-invariants of the duals of Selmer over k∞ and kcyc.
We hope that these results for the “false Tate curves” are indications of what
might be true in general for non-abelian p-adic Lie extensions.

Acknowledgments. We are most grateful to John Coates. It was his kind
invitation of both of us to DPMMS and his inspiring questions which gave the
impulse to this work. Also we would like to express our warmest thanks to
both him and R. Sujatha for suggesting several improvements of our results
and keeping us fully informed on their joint work. We would like to thank
Kazuo Matsuno for reading parts of the manuscript.
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2. Non-existence of pseudo-null submodules

We consider an elliptic curve E over a number field k. Let S be a finite set
of places of k containing all places Sp above p, all places Sbad at which E
has bad reduction and all places S∞ above infinity. Then we write kS for the
maximal outside S unramified extension of k and denote by GS(L) = G(kS/L)
the Galois group of kS over L for any intermediate extension kS |L|k.
Throughout the whole paper we assume that E has good reduction at all places
in Sp.
The main object under consideration in this article, the p-Selmer group, is
classically defined as

Selp∞(E/L) := ker(H1(L,Ep∞) →
⊕

w

H1(Lw, E(Lw))p∞)

∼= ker(H1(GS(L), Ep∞) →
⊕

w ε S(L)

H1(Lw, E(Lw))p∞).

Here, L is a finite extension of k and, in the first line, w runs through all places
of L while, in the second line, S(L) denotes the set of all places of L lying
above some place of S. As usual, Lw denotes the completion of L at the place
w and for any field K we fix an algebraic closure K̄. For infinite extensions K
of k, Selp∞(E/K) is defined to be the direct limit of Selp∞(E/L) over all finite
intermediate extensions L.
Now, let k∞ be a Galois extension of k contained in kS such that its Galois
group G := G(k∞/k) is a pro-p p-adic Lie group of cohomological p-dimension
cdpG = 2. With other words, the set Sram(k∞/k) of all places which ramify in
k∞|k is contained in S. Note that G is soluble, because its Lie algebra over Qp

is 2-dimensional, and has no element of finite order. The last fact implies that
the Iwasawa algebra, i.e. the completed group algebra

Λ(G) := Zp[[G]]

of G is a Noetherian ring without zero-divisors and thus has a skewfield Q(G)
of fractions by Goldie’s theorem. Moreover, Λ(G) is an Auslander regular ring
(see [V1] for the definition and the proof of this property) of global dimension
d = cdp(G) + 1 = 3. For Auslander regular rings there exists a nice dimension
theory for modules over it which coincides with the Krull dimension of the
support if Λ is commutative. For a detailed treatment we refer the reader to
[V1]. We recall that a Λ-module M is called pseudo-null if E0M = E1M = 0
where we use the following

Notation 2.1. For a Λ-module M ,

Ei(M) := Exti
Λ(M,Λ)

for any integer i and Ei(M) = 0 for i < 0 by convention.
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Also, by the rank rkΛ(G)M of a (left) Λ(G)-module M we denote its dimension
over Q(G) after extension of scalars

rkΛM := dimQ(G) Q(G) ⊗Λ(G) M.

Now, the Selmer group Selp∞(E/k∞) bears a natural structure as an discrete
(left) G-module. For some purposes it is more convenient to deal with (left)
compact G-modules, thus we take the Pontryagin duals −∨ and set

Xν :=

{
H1(k∞,ν , Ep∞)∨ for ν ε S \ Sp,

H1(k∞,ν , (Ẽν)p∞)∨ for ν ε Sp,

US :=
⊕

S

IndGν

G Xν ,

XS := H1(GS(k∞), Ep∞)∨ and

Xf := (Selp∞(E/k∞))∨.

Here we define Ẽν to be the reduction of E at the prime ν. It is well known
that US , XS and Xf are all finitely generated (compact) Λ(G)-modules.
The following two conditions will be crucial for our considerations
Assumption WLS: H2(GS(k∞), Ep∞) = 0.
The validity of this assumption is the statement of a generalized weak Leopoldt
conjecture for E, k∞ and S.
Assumption SEQS: The “defining sequence” for the Selmer group is exact, i.e.
also left exact:

0 → US → XS → Xf → 0.

Note that the (dual of) US is indeed isomorphic to the local conditions occurring
in the above definition of the Selmer group by the work of Coates-Greenberg
[CG] and by Mattuck’s theorem (see [V2, §4] for details).
We will show in section 7.1 that if E(k∞)p∞ is finite and Xf a torsion Λ(G)-
module, then both assumptions hold and, in particular, are independent of S.
On the other hand, if k is totally imaginary and both conditions hold for some
S (e.g. S = Σ := Sp ∪ Sbad ∪ Sram(k∞/k) ∪ S∞), then - as we will see below -
the rank of Xf is equal to

(2.1) rkΛ(G)Xf =
∑

Ss
p

[kν : Qp],

where Ss
p denotes the set of places above p at which E has good supersingular

reduction. In particular, if E has good ordinary reduction at all places over p,
then the dual of its Selmer group Xf must be a Λ(G)-torsion module assuming
WLS and SEQS for some S. We refer the reader to theorem 2.8 at the end
of this section for a further discussion about cases in which the equation (2.1)
holds.

Remark 2.2. If the cyclotomic Zp-extension kcyc of k is contained in
k∞, then assumption WLS would be a consequence of the vanishing of
H2(GS(kcyc), Ep∞), which is conjecturally true, see e.g. [P3, section 1.3.3].
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Indeed, as G is a Poincaré group of cohomological dimension 2 with quo-
tient Γ = G(kcyc/k) ∼= Zp a Poincaré group of dimension 1, it follows from
[NSW, thm. 3.7.4] that H = G(k∞/kcyc), which is as p-adic Lie group with-
out element of order p also a Poincaré group, has cohomological dimension
cdpH = 1. Now the Hochschild-Serre spectral sequence supplies a surjection
H2(GS(kcyc)) ³ H2(GS(k∞))H which implies the claim. We should mention
that the vanishing over kcyc was shown by Kato [K] for abelian extensions k of
Q for elliptic curves which are defined over Q (and hence modular).

In order to avoid frequent repetition we define two further assumptions. The
first one concerns the base field.
Assumption BASE:

k contains the pth root of unity µp.

We write Gν ⊆ G and Tν ⊆ Gν for the decomposition group and inertia group
at a place ν, respectively. We shall denote by Sord

p the set of places in Sp at
which E has good ordinary reduction. The second assumption concerns the
dimensions of these local groups.
Assumption DIMS :

a) dim Gν = 2 for all finite places ν ε Sbad ∪ Sram(k∞/k) and
dim Gν ≥ 1 for all ν ε S \ Sp.

b) dim Gν = 2 for all ν ε Sord
p .

c) dim Tν = 2 for all ν ε Sord
p .

Part c) implies

c’) Ẽp∞(k∞,ν) is finite for all ν ε Sord
p .

Indeed, Ẽp∞(k∞,ν) ∼= Ẽp∞(κ∞,ν), where κ∞,ν denotes the residue class field of
k∞,ν which is finite if DIMS c) holds. But an projective variety over a finite
field κ has only finitely many κ- rational points.
Note also that for sets of places S′ ⊇ S ⊇ Σ, the condition DIMS′ implies
DIMS and in particular DIMΣ.
To recover properties of Xf we first have to consider the local modules Xν .

Proposition 2.3. (i) Xν is a Λ(Gν)-torsion module for every ν in S\Sp

and assuming DIMS a) it holds Xν = 0 for all ν ε Sbad.
(ii) Let ν ε Sord

p . Then one has rkΛ(Gν)Xν = [kν : Qp]. If we assume DIMS

b), then there is an exact sequence of Λ(Gν)-modules

0 → Xν → Rν → E2E1Xν → 0,

where Rν is a reflexive, hence torsionfree Λ(Gν)-module.Furthermore,
for the projective dimension of Xν it holds that pdΛ(Gν)Xν ≤ 1 and

E1E1Xν = 0. If, in addition, DIMS c’) holds, then E2E1Xν = 0
vanishes, too.

(iii) For all ν ε Ss
p, the module Xν is obviously trivial.

Proof. For ν - p the module Xν is torsion by [OV2, thm. 4.1] and even vanishes
if dim(Gν) = 2 by prop. 4.5 (loc.cit.). Now let ν be in Sord

p . The statement
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concerning the rank is again thm. 4,1 (loc.cit.). It is easily seen using the

diagram of [OV1, lem. 4.5, rem. 3], that EiXν
∼= Ei+2(Ẽνp∞(k∞,ν)∨) = 0 for

i ≥ 2 because pdΛ(Gν) = 3 by assumption DIMS b). Thus pdΛ(Gν)Xν ≤ 1

using [V1, 6.3,6.4] and hence the module E1E1Xν coincides with torΛ(Gν)Xν =
0 (see [V1, §2]) while the short exact sequence of the statement is taken from
[V2, prop. 3.4]. Now assume that DIMS c’) holds. Then E2E1Xν = 0 by [V2,
lem. 3.1, prop. 3.4] (Note that the additional condition in an earlier version
of lemma 3.1 (loc.cit.) in the case cdp(G) = 2 is superfluous, since in any case
pdXν ≤ 1 by the above). ¤

It follows immediately that rkΛ(G)US =
∑

Sord
p

[kν : Qp], and under assumptions

DIMΣ a) and DIMΣ b) that pdΛ(G)UΣ ≤ 1 and that UΣ is torsionfree where

Σ = Sp ∪ Sbad ∪ Sram(k∞/k) ∪ S∞ as above.
With respect to the global modules we have the following

Proposition 2.4. (i) Assume WLS. Then the projective dimension of
XS is at most one: pdΛ(G)XS ≤ 1, and, if k is totally imaginary, its

rank is rkΛ(G)XS = [k : Q].
(ii) Assuming DIMΣ a), b), WLΣ and SEQΣ the projective dimension of

Xf is less or equal to two: pdΛ(G)Xf ≤ 2.

Proof. As in the proof of proposition 2.3 we obtain immediately that

EiXS
∼= Ei+2(Ep∞(k∞)∨) = 0

for i ≥ 2 which implies that the projective dimension of XS is less or equal
to 1. The statement about the rank is well known, see (sub)section 7.3 for a
sketch of the proof. Since both pdXS , pdUS ≤ 1, it follows by homological
algebra that pdXf ≤ 2. ¤

Remark 2.5. Let k be totally imaginary. Then we obtain from the results above
that assumption SEQS for some S implies the following equality: rkΛ(G)Xf =∑

Ss
p
[kν : Qp], where Ss

p denotes the set of places above p at which E has good

supersingular reduction. On the other hand, if we assume DIMΣ a), DIMΣ b)
and WLΣ, then it follows easily from the long exact Poitou-Tate sequence that
condition SEQΣ is equivalent to the validity of this rank formula. Indeed, the
latter condition forces the kernel of UΣ → XΣ to be torsion. But since UΣ is a
torsionfree Λ(G)-module, the kernel must be zero (see[V2, prop. 4.32, 4.33]).

Theorem 2.6. (i) [OV1, thm 4.6] Assume WLS. Then XS does not con-
tain any non-zero pseudo-null submodule.

(ii) Assume DIMS a), b), c’), WLS and SEQS for some S ⊇ Σ. Then Xf

does not contain any non-zero pseudo-null submodule.

For the proof of (ii) we need the following characterization on the non-existence
of pseudo-null submodules:

Lemma 2.7. [OV1, prop 2.4 1(b)] A finitely generated Λ(G)-module M has
zero maximal pseudo-null submodule if and only if EiEiM = 0 for all i ≥ 2. In
particular, if pdΛ(G)M ≤ 2, this is equivalent to E2E2M = 0.
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Proof of the theorem. The proof of (ii) is analogous to that of [OV1, thm 5.2].
Since some calculations are different we nevertheless give it completely: Since
pdΛ(G)Xf ≤ 2 it suffices by lemma 2.7 to show that E2E2Xf = 0 vanishes. We
consider the long exact E•-sequence associated with the sequence in condition
SEQS :

E1XS →
⊕

Sord
p

IndGν

G E1Xν → E2Xf → E2XS = 0,

where the last identity follows from proposition 2.4 while the compatibility of
Ind and E· is the content of [OV1, lem 5.5]. Splitting this into short exact
sequences we obtain

0 → B →
⊕

Sord
p

IndGν

G E1Xν → E2Xf → 0 and

0 → C → E1XS → B → 0,

where the modules B and C are defined by exactness. Again via the long exact
E•-sequence and using lemma 2.7 with (i) we obtain

0 =
⊕

Sord
p

IndGν

G E1E1Xν → E1B → E2E2Xf →
⊕

Sord
p

IndGν

G E2E1Xν = 0 and

0 = E0C → E1B → E1E1XS ,

where the vanishing of the local modules follows from proposition 2.3. Also
note that C ⊆ E1XS is a Λ(G)-torsion module, hence E0C = 0. We conclude
that the pseudo-null module E2E2Xf is contained in the pure module E1E1XS

(see [V1, propb 3.5 (v)(a)]) and thus zero. ¤

For the rest of this section we assume BASE and that k∞ contains the cyclo-
tomic Zp-extension kcyc of k. As before we put Γ = G(kcyc/k), H = G(k∞/k)
and recall that both groups are isomorphic to Zp.
We are very grateful to John Coates and Sujatha for pointing out to us that
an analogue of their proposition 2.9 in [CSS2] also holds in our situation.
In fact the following result is even stronger since their vanishing condition
“H2(H,Selp∞(E/k∞)) = 0” is always satisfied in this situation because now H
has p-cohomological dimension one.

Theorem 2.8. Assume rkΛ(Γ)Xf (kcyc) =
∑

Ss
p
[kν : Qp]. Then

rkΛ(G)Xf (k∞) =
∑

Ss
p

[kν : Qp].

In particular, if E has good ordinary reduction at all primes ν of k dividing p
and Xf (kcyc) is Λ(Γ)-torsion, then Xf (k∞) is Λ(G)-torsion.

The striking point of this result (in ordinary case) is that one does not have
to assume the vanishing of the µ-invariant of Xf (kcyc) as we did in our earlier
version of this theorem and as all results in this direction in the GL2-case did
until the work of Coates and Sujatha [CSS2].
Examples in which the assumption of the Theorem holds arise by the results
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of Kato, if k is abelian over Q and E is defined over Q. Alternatively, by the
(strong) Nakayama lemma, Xf (kcyc) is Λ(Γ)-torsion in the good ordinary case,
if Selp∞(E/k) is finite (and k is arbitrary).

Proof. First note that the assumption implies the validity of the weak Leopoldt
conjecture WLS(kcyc) over kcyc and thus, by remark 2.2, the weak Leopoldt
conjecture WLS(k∞) over k∞. Thus it is easily seen that the lemmas 2.3-2.5 as
well as remark 2.6 (loc.cit.) hold also in our situation. In fact their proofs are
even easier due to the smaller p-cohomological dimension of G and H. Thus by
literally the same proof as that of prop. 2.9 (loc.cit.) one derives SEQS , i.e.
the surjectivity of the defining sequence of Xf (k∞). Now the claim follows by
remark 2.5.
We give a second proof: First, rkΛ(G)Xf (k∞) ≥ r :=

∑
Ss

p
[kν : Qp] is

shown easily. Next, since the kernel and cokernel of the natural restriction
Selp∞(E/kcyc) → Selp∞(E/k∞)H is Λ(Γ)-torsion (see the proof of Theorem
3.1), rkΛ(Γ)(Xf (k∞)H) = r. By Lemma 7.3 below, we have rkΛ(G)Xf (k∞) ≤ r.
This shows the Theorem. ¤

One consequence of this result is the following asymptotic bound of the Mordell-
Weil rank. Let α be any non-zero element of k which is not a root of unity
and let kn be the field obtained by adjoining to k the pnth root of unity and
the pnth root of α. We are interested in the Z-ranks of the Mordell-Weil group
E(kn) when n varies.

Corollary 2.9. Assume that (i) E has good ordinary reduction at all primes ν
of k dividing p, and (ii) Xf (kcyc) is Λ(Γ)-torsion. Then there exists a constant
C > 0 such that the rank of E(kn) is at most C · pn for all n ≥ 0.

Proof. In the next section we will see that k∞ =
⋃

n kn is a Galois extension
of k with Galois group G isomorphic to the semidirect product of two copies
of Zp. Thus the theorem implies that Xf (k∞) is a Λ(G)-torsion module. We
denote by Gn the normal subgroup of G which consists precisely of the pnth
powers of elements of G. Then its index in G is p2n and, since G is uniform,
Gn is nothing else than the lower p-central series, see [DSMS, thm. 3.6]. Now
[Ha1, thm. 1.10] (see also [Ha3]) or [Ho1, thm. 2.22] prove the existence of
some constant C such that rkZp

Xf (k∞)Gn
≤ C · pn for all n ≥ 0. Since Gn

is contained in the normal subgroup G′
n := G(k∞/kn) of G this gives also a

bound for rkZE(kn) ≤ rkZp
Xf (kn) ≤ Xf (k∞)G′

n
, because the cokernel of the

natural map Xf (k∞)G′
n
→ Xf (kn) is finite by lemma 3.12. ¤

Combined with one of Kato’s deepest results one obtains the following striking
and general estimate which was suggested to us by John Coates: Assume now
that E is defined over the rational numbers Q and that α is any non-zero
element of the maximal abelian extension Qab of Q which is not a root of unity.
Taking as base field the abelian extension k = Q(µp, α) of Q, Kato’s work
on Euler systems tells us that Xf (kcyc) is a torsion Λ(G)-module. Thus the
corollary applies: there exists a constant C (depending on E and α but not on
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n) such that

rkZ E(Q(µpn , pn√
α)) ≤ C · pn

for all n ≥ 0.

3. Completely faithful Selmer groups

Throughout this section, we assume BASE for k. We consider the following
k∞ in this section: k∞ is a Galois extension of k unramified outside a finite
set of primes of k containing Sp. Further we assume k∞ contains kcyc and
H := Gal(k∞/kcyc) is isomorphic to Zp.
In this section, we study the case when Xf (k∞) = Selp∞(E/k∞)∨ for an el-
liptic curve E/k is finitely generated over Λ(H). The remarkable fact is the
completely faithfulness over Λ(G) if G is non-abelian (Theorem 3.7).
One of the examples of k∞ is a “false Tate curve” extension. We collect some
facts on such k∞ in subsection 3.3.

3.1. Λ(H)-structure of Xf (k∞). Let E/k be an elliptic curve which has
good ordinary reduction at all primes above p. Denote by P0 = P0(k∞/kcyc)
the set of all primes of kcyc which are not lying above p and ramified in k∞/kcyc.
Note this is a finite set. Put

P1(k∞/kcyc, E) := {u ε P0| E/kcyc has split multiplicative reduction at u},
P2(k∞/kcyc, E) := {u ε P0| E has good reduction at u and E(kcyc,u)p∞ 6= 0}.

Let Γ = Gal(kcyc/k). We prove the following.

Theorem 3.1. Let p ≥ 5. Assume E has good ordinary reduction at p. Then,

(i) Xf (k∞) is finitely generated over Λ(H) if and only if Xf (kcyc) is
finitely generated over Zp, in other words, Xf (kcyc) is Λ(Γ)-torsion
and its µ-invariant vanishes.

(ii) When Xf (k∞) is finitely generated over Λ(H), then Xf (k∞) is Λ(H)-
torsionfree of rank λ + m1 + 2m2, where λ := rankZp

Xf (kcyc),
mi = ]Pi (i = 1, 2). More precisely, there exists an injective Λ(H)-
homomorphism

Xf (k∞) ↪→ Λ(H)λ+m1+2m2

with finite cokernel.

Remark 3.2. By [V3], (ii) implies that Xf (k∞) has no non-trivial pseudo-null
submodule. This gives another proof of Theorem 2.6 in special cases. We
remark that we did not assume E is ordinary at p nor that Xf is finitely
generated over Λ(H) in Theorem 2.6 while we do not need the Assumptions
DIMS a), b) and c’) in the above theorem.

We note that Λ(H) is isomorphic to Zp[[X]]. Let Hn := Hpn

for n ≥ 0 and Fn

the intermediate field of k∞/kcyc corresponding to Hn. To prove the Theorem,
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we need the following usual fundamental diagram:

(3.2)

0−→ Selp∞(E/Fn) −→ H1(kS/Fn, Ep∞) −→
λFn

⊕
u ε Scyc

J ′
u(Fn)

yr′
n

yg′
n

y⊕
h′

n,u

0−→Selp∞(E/k∞)Hn−→H1(kS/k∞, Ep∞)Hn−→⊕
u ε Scyc

J ′
u(k∞)Hn .

Here, S is a finite set of primes of k containing Sp ∪Sbad ∪Sram, where Sram is
the set of all primes which are ramified in k∞/k. We denote by Scyc the set of
primes of kcyc above S. For a prime u of kcyc, put

J ′
u(Fn) :=

⊕

un|u
H1(Fn,un

, E(Fn,un
))p∞

and put J ′
u(k∞) := lim−→Fn

J ′
u(Fn).

By Nakayama’s lemma, Xf (k∞) is finitely generated over Λ(H) if and only if
Xf (k∞)H is finitely generated over Zp. From the above diagram for n = 0 (note
that H0 = H and F0 = kcyc), we see that Ker(r′0) ⊂ Ker(g′0) and Coker(r′0) is a
subquotient of Ker(

⊕
h′

0,u). Both are cofinitely generated over Zp, as we will

see in Lemma 3.3 and 3.4. Thus, we have Selp∞(E/k∞)H is cofinitely generated
over Zp if and only if so is Selp∞(E/kcyc). This implies Theorem 3.1 (i).
For Theorem 3.1 (ii), we first have Xf (Fn) = Selp∞(E/Fn)∨ is finitely gen-
erated over Zp since so is Xf (kcyc) by (i) (cf. [HM] Theorem 3.1). Then the
map λFn

is surjective (cf. [HM] Prop. 2.3, note that Fn is the cyclotomic
Zp-extension of some field). Thus, from (3.2), we obtain the exact sequences
(3.3)

0 → Ker(r′n) → Ker(g′n) →
⊕

u ε Scyc

Ker(h′
u,n) → Coker(r′n) → Coker(g′n),

(3.4) 0 → Ker(r′n) → Selp∞(E/Fn) → Selp∞(E/k∞)Hn → Coker(r′n) → 0.

By the inflation-restriction exact sequence we have

Ker(g′n) = H1(Hn, E(k∞)p∞) and Coker(g′n) ↪→ H2(Hn, E(k∞)p∞).

We have H2(Hn, E(k∞)p∞) = 0 because cdp(Hn) = 1.

Lemma 3.3. ]H1(Hn, E(k∞)p∞) is finite and bounded for all n. Hence,
]Ker(g′n) and ]Ker(r′n) are finite and bounded for all n.

Proof. Since H1(Hn, E(k∞)p∞) ∼= (E(k∞)p∞)Hn
, Lemma follows from the

facts that E(k∞)p∞ is cofinitely generated and (E(k∞)p∞)Hn = E(Fn)p∞ is
finite. The latter fact is a Theorem of Imai[I]. ¤

By Shapiro’s lemma, we have

Ker(h′
n,u) =

⊕

un|u
H1(Hn,w, E(k∞,w))p∞ .

Here, we choose w a prime of k∞ above un and Hn,w denotes the decomposition
group of w in Hn. We will prove later the following.
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Lemma 3.4. (i) Let u be a prime of kcyc such that u - p. Let un and w
be primes above u of Fn and k∞ respectively such that w|un|u. Then
H1(Hn,w, E(k∞,w))p∞ ∼= H1(Hn,w, E(k∞,w)p∞) and

H1(Hn,w, E(k∞,w)p∞) ∼=





Qp/Zp if u ε P1(k∞/kcyc, E),

(Qp/Zp)
2 if u ε P2(k∞/kcyc, E),

0 otherwise

as an abelian group.
(ii) If u|p, then ]H1(Hn,w, E(k∞,w))p∞ is finite and bounded for all n.

Note that the number of primes of Fn dividing p such that

H1(Hn,w, E(k∞,w))p∞ 6= 0

is bounded if n varies, because H1(Hn,w, E(k∞,w))p∞ = 0 if u splits completely.
By this fact and Lemma 3.4, we have ⊕uKer(h′

n,u) ∼= (Qp/Zp)
tn ⊕ Dn where

tn =
∑

u ε P1

∑

un|u
1 +

∑

u ε P2

∑

un|u
2

and ]Dn is finite and bounded for n. Since the kernel and cokernel of the map
⊕uKer(h′

u,n) → Coker(r′n) are finite, we have that

(3.5) Coker(r′n) ∼= (Qp/Zp)
tn ⊕ D′

n

where ]D′
n is finite and bounded. Next, we need the following which is a result

of Matsuno [M] on finite Λ(Γ)-submodules of Selmer groups.

Lemma 3.5 (Matsuno [M]). Let F be a totally imaginary algebraic number field
and Γ = Gal(Fcyc/F ). Let E be an elliptic curve over F which has good ordi-
nary reduction at all primes above p. If the dual of the Selmer group Xf (Fcyc)
is Λ(Γ)-torsion and its µ-invariant vanishes, then it is Zp-torsionfree.

Combining this with [HM] Theorem 3.1, we have the following.

Lemma 3.6. Under the assumptions of the Theorem, Selp∞(E/Fn) ∼=
(Qp/Zp)

en where

en = pnλ +
∑

u ε P1

∑

un|u
(pn/dn(u) − 1) + 2

∑

u ε P2

∑

un|u
(pn/dn(u) − 1).

Here, we put dn(u) = min(pn, [H : Hw]) where w is a prime of k∞ above u and
Hw is the decomposition group of w in H.

Proof. By [HM] Theorem 3.1,

corankZp
Selp∞(E/Fn) = pnλ +

∑

u ε P1

∑

un|u
(e(un) − 1) + 2

∑

u ε P2

∑

un|u
(e(un) − 1)

where e(un) is the ramification index of un|u. For u - p, the decomposition
group of un|u coincides with its inertia group. Thus,

e(un) = [Hw : (Hn ∩ Hw)] = pn/dn(u).

The cofreeness of Selp∞(E/Fn) follows from Lemma 3.5. ¤
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Thus, from (3.4), we have

(3.6) Selp∞(E/k∞)Hn ∼= (Qp/Zp)
sn ⊕ D′′

n

where
sn = corankZp

Selp∞(E/Fn) + corankZp
Coker(r′n),

and ]D′′
n is finite and bounded for n, because ]D′

n in (3.5) is bounded and
Selp∞(E/Fn) is cotorsion-free. By (3.5) and Lemma 3.6, we have

sn =pnλ +
∑

u ε P1

∑

un|u
(pn/dn(u)) + 2

∑

u ε P2

∑

un|u
(pn/dn(u)) = pn(λ + m1 + 2m2)

since we see that dn(u) = ]{un|u}.
From the well known structure theory of modules over Λ(H)(∼= Zp[[X]]), we see
that Xf (k∞) is pseudo-isomorphic to Λ(H)λ+m1+2m2 by (3.6). Since Xf (Fn)
is Zp-torsionfree by Lemma 3.5, we have Xf (k∞) = lim←−Xf (Fn) is also Zp-

torsionfree. Therefore it can not have non-trivial finite Λ(H)-submodules. This
proves the Theorem.
Finally, we give a proof of Lemma 3.4. The first assertion of (i) is proved by
a standard argument (cf. [CH] §5.1 (59)). If u is unramified in k∞/k, then u
splits completely, so Hn,w = 0. Thus, H1(Hn,w, E(k∞,w)p∞) = 0. Note that
the type of reduction at any prime does not change in k∞/kcyc since p ≥ 5.
Assume u is not contained in P1∪P2. Then we have E(Fn,un

)p∞ = 0 (cf. [HM]
Prop. 5.1 (i),(iii); note that µp ⊆ Fn,un

). Thus H1(Hn,w, E(k∞,w)p∞) = 0.
Assume u ε P2. Then E(Fn,un

)p∞ ∼= (Qp/Zp)
⊕2 (cf. [HM] Prop. 5.1 (i)), so

we have H1(Hn,w, E(k∞,w)p∞) = Hom(Hn,w, E(k∞,w)p∞) ∼= (Qp/Zp)
2. Next,

assume u ε P1. Then, E(Fn,un
)p∞ ∼= Qp/Zp⊕(finite group) (cf. [HM] Prop. 5.1

(ii)). We have E(k∞)p∞ ∼= Ep∞ because k∞ is the maximal tame p-extension.
Thus we have

H1(Hn,w, E(k∞,w)p∞) ∼= (E(k∞,w)p∞)Hn,w
∼= Qp/Zp.

We prove Lemma 3.4 (ii). If u splits completely, H1(Hn,w, E(k∞,w)p∞) = 0.
If u is finitely decomposed, then Hn,w

∼= Zp. Since Fn is a deeply ramified
extension, we have by Coates-Greenberg([CG])

H1(Hn,w, E)p∞ ∼= H1(Hn,w, Ẽu(κ∞,w)p∞)

where Ẽu is the reduction at u of E and κ∞,w is the residue field of k∞,w. Thus
we have H1(Hn,w, E)p∞ is finite and its order is bounded for n by the same

argument of Lemma 3.3 because of the facts that Ẽu(κ∞,w)p∞ is cofinitely

generated and that Ẽu(κn,un
)p∞ is finite where κn,un

is the residue field of
Fn,un

.

3.2. Completely faithfulness of Xf (k∞). Henceforth we assume that G
is non-abelian. In [V3], some properties of Λ(G)-modules for this specific group
G ∼= Zp o Zp, in particular the global annihilator ideal AnnΛ(G)M of a Λ(G)-
torsion module M, were studied. Recall that a module is called faithful if its
annihilator ideal is identical zero. Furthermore, an object M of the quotient
category Λ-mod/C of the category of finitely generated Λ-modules by the Serre
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subcategory C of pseudo-null modules is faithful, by definition, if every lift M
(Q(M) ∼= M) of M is a faithful Λ-module. If this condition holds for every
non-zero subquotient, then M is called completely faithful.
The following result is a direct consequence of theorem 6.3 (loc.cit.) and theo-
rem 3.1:

Theorem 3.7. Suppose that G is non-abelian. If Xf is non-zero and finitely
generated as a Λ(H)-module, then Xf is a faithful, but torsion Λ(G)-module
which is not pseudo-null. Even more, its image in the quotient category is
completely faithful and thus cyclic.

Recall that here the cyclicity in the quotient category means that there exists a
cyclic submodule C of Xf with pseudo-null cokernel, see [CSS1, lem 2.7]. The
following implication is arithmetically by no means obvious:

Corollary 3.8. Under the assumptions of the theorem the Pontryagin dual
X(E/k∞)(p)∨ of the (p-primary part of the) Tate-Shafarevich group contains
a cyclic submodule with pseudo-null cokernel.

Proof. Subobjects of completely faithful objects are again completely faithful.
¤

3.3. The “false Tate curve” case. The typical examples of k∞ in previous
subsections which we keep in our mind are the extensions of the type

k∞ = kcyc(α
p−∞

)

where kcyc denotes the cyclotomic Zp-extension of k and α is in k∗ which is not
any root of unity. (We call this the “false Tate curve case”.) Then by Kummer
theory, the Galois group G = G(k∞/k) is isomorphic to the semi-direct product
G = H oΓ of H = G(k∞/kcyc) ∼= Zp and Γ = G(kcyc/k) ∼= Zp the latter group
acting on the prior by the cyclotomic character, see [V3].
In this subsection, we collect some facts on k∞.
First we consider DIMS . Before we determine the dimensions of the decompo-
sition groups we would like to remark that in the actual situation

DIMS b) ⇒ DIMS c) ⇒ DIMS c’).

Indeed, if dimTν(k∞/kcyc) were finite, hence zero, k∞,ν would be the composi-
tum of the Zp -extensions kcyc,ν and knr

ν which denotes the maximal unramified
extension of kν inside k∞,ν . With other words, Gν would be an 2-dimensional
abelian subgroup of G, a contradiction.
For α ε k∗ \µ we write Sα for the set of finite places of k which divide (α) and

set as before k∞ = kcyc(α
p−∞

).

Lemma 3.9. (i) If S = Sα∪Sp∪S∞, then k∞ is outside S unramified, i.e.
contained in kS . In other words Sram(k∞/k) is contained in Sα ∪ Sp.

(ii) Let ν ε Sp. Then dim Gν = 2. If, in addition, α ε Q∗, k = Q(µp) and α
is not contained in (Qp

∗)p, then the extension k∞|Q is totally ramified
at p.
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(iii) Assume that α is not a pth power in kcyc and let ν ε Sα \ Sp. Then,
for all places ω∞ of k∞ lying above ν the local extension k∞,ω∞ |kcyc,ω,

where ω denotes the place of kcyc induced by ω∞, is a totally ram-
ified Zp -extension, i.e. ω is almost totally ramified in k∞|kcyc. The
number of primes which are over kcyc conjugate to ω∞ equals the max-
imal power of p which divides ν(α), where ν is normalized such that
ν(kν) = Z. In particular, dim Gν = dimG = 2 and the places of Sα\Sp

decompose only into finitely many ones at k∞.

Remark 3.10. Assume that for some ν ε Sα \ Sp it holds ν(α) < p. Then α is
not a pth power in kcyc. Indeed, by [B, lem. 6] k( p

√
α)|k ramifies totally at ν,

thus cannot be contained in kcyc.

Proof. [B, lem. 5] tells us that k∞ is outside S unramified. In order to prove

the first statement of (ii) it suffices to show that if k(αp−n

) is contained in
kcyc for all n ≥ 0, then α is a root of unity. Using the long exact cohomology
sequence for the diagram

1 // µpn // k∗
cyc

pn

// (k∗
cyc)

pn // 1

1 // µpn // µp∞
pn

//?Â

OO

µp∞ //?Â

OO

1

and Hilbert’s theorem 90 one easily sees that the canonical map µ(k)(p) ³

(k∗
cyc)

pn ∩ k∗/(k∗)pn

is surjective. Now, if α is contained in (k∗
cyc)

pn ∩ k∗ there

exist ζn ε µ(k)(p) = µpn0 and bn ε (k∗)pn

such that α = ζn · bn and hence

αpn0
ε (k∗)pn

. Since this holds for all n ≥ 0, the element αpn0
must be in⋂

n(k∗)pn

= µq, the roots of unity of order prime to p in k, thus α is a root of
unity as we had to show.

Now we consider the local extensions K = Qp(µpn) and L = K(αp−n

) of

Qp. Since the extension Qp(α
p−1

)/Qp is not Galois, no pth root of α can be
contained in the cyclic extension K/Qp. Hence, it follows from Kummer theory

that the degree of L over K is [L : K] = pn, i.e. [L : Qp] = [Q(µpn , αp−n

) :

Q](= (p − 1)p2n−1) and in particular p does not split in k(µpn , αp−n

). Since
the maximal abelian quotient Gab of G = G(L/Qp) ∼= G(L/K) o G(K/Qp) is
isomorphic to

Gab ∼= G(L/K)G(K/Qp) ⊕ G(K/Qp) = G(K/Qp)

(note that G(L/K) ∼= Z/pn(1) has no non-zero G(K/Qp)-invariant quotient
because G(K/Qp) acts via the cyclotomic character on G(L/K)), the only
cyclic extensions of Qp in L are contained in K and cannot be unramified.

Hence p is totally ramified in k(µpn , αp−n

) for all n and the second statement
of (ii) follows.
Finally, we prove (iii): It follows from [B, lem. 6] that for sufficiently large n the

extension kn(αp−n

)|kn, where kn := k(µpn), is non-trivial and ramified at ωn =
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ω|kn
and thus not contained in kcyc. Since kcyc,ω is the maximal unramified

p-extension of kν , the local extension k∞,ω∞ |kcyc,ω must be a totally ramified
Zp -extension. Let Hν denote the decomposition group of H = G(k∞/kcyc) at
ω∞ and set L = (k∞)Hν . For sufficiently large n the extensions kcyc|kn and

kn(αp−n

)|kn are linearly disjoint and thus

[L : kcyc] =
[kn(αp−n

) : kn]

[kn,ωn
(αp−n) : kn,ωn

]
=

pn

[kn,ωn
(αp−n) : kn,ωn

]
,

by assumption and Kummer theory. On the other hand, since

kn,ωn
(αp−n

)|kn,ωn
has no unramified intermediate extension, the order of

α in k∗
n,ωn

/(k∗
n,ωn

)pn

, which is by Kummer theory the same as the degree

[kn,ωn
(αp−n

) : kn,ωn
], is equal to the order of ωn(α) in Z/pn (Note that

k∗
n,ν/(k∗

n,ν)pn ∼= Z/pn × µpn , where we assume without lost of generality that

µpn+1 * kn,ν , and that the subgroups of µpn correspond to the unramified
extensions of kn,ν of exponent dividing pn). Since kcyc|k is unramified at ν,
ν(α) = ωn(α) and thus the claim follows. ¤

Put

ME =
∏

l, ν|l for some ν ε Sbad

l

and note that ME is prime to p under our general assumption. The lemma
above now implies

Lemma 3.11. For all α ε Z \ {0} such that ME divides α, k∞ = kcyc(α
p−∞

) is
contained in kS and the assumption DIMS holds with respect to S = Sα ∪Sp ∪
S∞ ⊇ Σ.

Proof. Condition DIMS b) follows from (ii) of lemma 3.9. By definition Sbad

is contained in Sα. Since α is a rational number it follows easily from Kummer
theory that for sufficiently big n none pnth root of α is a pth power in kcyc.
Applying lemma 3.9 (iii) to such a root shows DIMS a). ¤

At the end of this section, we consider the torsion group of an elliptic curve.
Let E/k be an elliptic curve. The following result is quoted as the Assumption
FIN for E and k∞ in section 4. Recall that by lemma 3.9 the conditions DIMS

b), c), c’) are always satisfied in the false Tate curve case.

Lemma 3.12. Let v be a prime of k above p. Assume E has good ordinary

reduction at v. Then, for k∞ = kcyc(α
p−∞

), we have E(k∞,w)p∞ is finite for
w|v. In particular, E(k∞)p∞ is finite.

Proof. Let Êv be the formal group law of E and Ẽv be the reduction at v.
Then we have

0 → Êv(M(k∞,w))p∞ → E(k∞,w)p∞ → Ẽv(κ∞,w)p∞ → 0

where M(k∞,w) is the maximal ideal of k∞,w and κ∞,w is the residue field

of k∞,w. Since κ∞,w is a finite field, Ẽv(κ∞,w)p∞ is a finite group. So we
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show Êv(M(k∞,w))p∞ is finite. Since E has good ordinary reduction at v,

Êv(M(kv))p∞ is isomorphic to Qp/Zp where M(kv) is the maximal ideal of kv.

Thus, the field kv(Êv,p∞) is abelian extension of kv. By a theorem of Imai ([I]),

kcyc,u ∩ kv(Êv,p∞) is a finite extension of kv where u|w. Since the maximal
abelian extension of kv in k∞,w is kcyc,u, we have

k∞,w ∩ kv(Êv,p∞) = kcyc,u ∩ kv(Êv,p∞)

This means Êv(M(k∞,w))p∞ is finite. ¤

4. Euler Characteristics

In this section, we do not assume the Assumption BASE, i.e. k does not nec-
essarily contain the p-th roots of unity. Put

K = k(µp) and Kcyc = k(µp)cyc = k(µp∞).

Let k∞ be a Galois extension of k unramified outside a finite set of primes of
k such that k∞ ⊃ Kcyc and H := Gal(k∞/Kcyc) is isomorphic to Zp. Assume
further k∞ satisfies DIM c).
For an elliptic curve E/k and k∞, with good ordinary reduction at p, we
consider the following.
Assumption FIN: E(k∞)p∞ is a finite group.
When k∞/k is a “false Tate curve” extension (see subsection 3.3), DIM c) and
FIN are always satisfied (Lemma 3.11 and 3.12).
We denote G = Gal(k∞/k) and Γ = G/H. Note that G may not be a pro-p
group.

4.1. G-Euler Characteristics. For an discrete G-module M , we define its
Euler characteristic by

χ(G,M) :=

2∏

i=0

(]Hi(G,M))(−1)i

if this is defined. In this section, we calculate the Euler characteristics of Selmer
groups. The formula as well as its proof is similar to that obtained in [CH]
Theorem 1.1 for GL2-case.
Let E be an elliptic curve defined over k which has good reduction at all primes
above p.
We define the p-Birch-Swinnerton-Dyer constant as

ρp(E/k) :=
]X(E/k)p∞

(]E(k)p∞)2
∏

v |cv|p
×

∏

v|p
(]Ẽv(κv)p∞)2.

Here, X(E/k) is the Tate-Shafarevich group of E over k, κv is the residue

field of k at v and Ẽv is the reduction of E over κv. We denote by cv the local
Tamagawa factor at v, [E(kv) : E0(kv)], where E0(kv) is the subgroup of E(kv)
consisting from all of the points which maps to smooth points by reduction
modulo v. | ∗ |p denotes the p-adic valuation normalized such that |p|p = 1

p . For

any prime v of k, let Lv(E, s) be the local L-factor of E at v. Let P0(k∞/k) be
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the set of all primes of k which are not lying above p and ramified in k∞/Kcyc.
We put

P1(k∞/k,E) := {v ε P0(k∞/k)| E/K has

split multiplicative reduction at any w|v of K = k(µp)},

P2(k∞/k,E) := {v ε P0(k∞/k)| E/K has good reduction

at any w|v of K and E(Kw)p∞ 6= 0.}
and M = M(k∞/k,E) := P1(k∞/k,E)∪P2(k∞/k,E). We prove the following:

Theorem 4.1. Under DIM c) and FIN, assume (i) p ≥ 5, (ii) E has good
ordinary reduction at all primes above p, (iii) Selp∞(E/k) is finite and (iv)
Xf (k∞) := Selp∞(E/k∞)∨ is Λ(G0)-torsion where G0 = Gal(k∞/K) and K =
k(µp). Then χ(G,Selp∞(E/k∞)) is defined and equals

ρp(E/k) ×
∏

v ε M

|Lv(E, 1)|p.

Note that condition (iv) is already a consequence of (i)-(iii), whenever G itself
happens to be a pro-p-group since the strong Nakayama’s lemma holds for G.
In fact, we prove more. Let us consider the usual fundamental diagram.

(4.7)

0−→ Selp∞(E/k) −→ H1(kS/k,Ep∞) −→
λk

⊕
v ε S Jv(k)

yr

yg

y⊕hv

0−→Selp∞(E/k∞)G−→H1(kS/k∞, Ep∞)G−→
ψ∞

⊕
v ε S Jv(k∞)G.

Here, S is a finite set of primes of k containing Sp ∪ Sbad ∪ Sram where Sram

is the set of primes which is ramified in k∞/k, kS is the maximal unramified
extension of k outside S. For any finite extension L of k, we put

Jv(L) :=
⊕

w|v
H1(Lw, E(Lw))p∞

and for infinite extension M , put Jv(M) := lim−→L
Jv(L) where L runs over all

finite extensions of k contained in M . Note that IndGw

G Xw(k∞) defined in §2
is the Pontryagin dual of Jv(k∞).
We have the following and we get Theorem 4.1 as an immediate corollary of
this.

Theorem 4.2. Assume the same hypothesis of Theorem 4.1. Then we have

(i) ]H0(G,Selp∞(E/k∞)) = ρp(E/k) × ∏
v ε M |Lv(E, 1)|p ×

](Coker(ψ∞)),
(ii) ]H1(G,Selp∞(E/k∞)) = ](Coker(ψ∞)),
(iii) Hi(G,Selp∞(E/k∞)) = 0 for i ≥ 2.
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We split the proof of Theorem 4.2 into some subsections.
Throughout this section, we assume the conditions of Theorem 4.1 except con-
dition (iv) if not explicitly stated.

4.2. Global cohomology. First, we consider about the map g. We prove

Lemma 4.3.
]Ker(g)

]Coker(g)
= ]E(k)p∞

To prove this, we need the following lemma.

Lemma 4.4. If a G-module M is finite, then χ(G,M) is defined and equals to
1.

Proof. This is an immediate consequence of the Hochschild-Serre spectral se-
quence for

1 → H → G → Γ → 1

and the fact that the same statement of the Lemma holds if we replace G with
Γ. ¤

Proof of Lemma 4.3.
By the Hochschild-Serre spectral sequence, we have

0 → H1(G,E(k∞)p∞) → H1(kS/k,Ep∞) → H1(kS/k∞, Ep∞)G

→ H2(G,E(k∞)p∞) → H2(kS/k,Ep∞).

Since Selp∞(E/k) is finite, H2(kS/k,Ep∞) = 0 (see [CH] Lemma 4.3 or
[CM]). Thus, we have that Ker(g) = H1(G,E(k∞)p∞) and Coker(g) =
H2(G,E(k∞)p∞), which are finite. This prove the Lemma by Lemma 4.4 be-
cause of FIN. ¤

Next, we consider the global cohomology of k∞. We first have the following.
(See section 7.1 for a proof.)

Theorem 4.5. Assume Xf (k∞) is Λ(G0)-torsion. Then we have

(i) H2(kS/k∞, Ep∞) = 0 and

(ii) The map H1(kS/k∞, Ep∞)
λk∞→ ⊕

v ε S Jv(k∞) is surjective.

As a Corollary, we have

Corollary 4.6. If Xf (k∞) is Λ(G0)-torsion,

Hi(G,H1(kS/k∞, Ep∞)) = 0

for all i ≥ 1 (and still for all i ≥ 2 if Selp∞(E/k) is not assumed to be finite.)

Proof. By the above Theorem, Hi(kS/k∞, Ep∞) = 0 for i ≥ 2. So, we have the
following by the Hochschild-Serre spectral sequence that

Hi+1(kS/k,Ep∞) → Hi(G,H1(kS/k∞, Ep∞)) → Hi+2(G,Ep∞)

are exact for all i ≥ 1. If Selp∞(E/k) is finite, Hi(kS/k,Ep∞) = 0 for i ≥ 2
(see [CH] Lemma 4.3 or [CM]). Since the p-cohomological dimension of G is 2,
Hi(G,Ep∞) = 0 for i ≥ 3. These proves the Corollary. ¤
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4.3. Local cohomology. Next, we consider the cohomology of Jv(k∞) and
the kernel and cokernel of hv.

Proposition 4.7. For all i ≥ 1, we have Hi(G, Jv(k∞)) = 0.

Proof. By Shapiro’s lemma,

Hi(G, Jv(k∞)) ∼= Hi(Gw,H1(k∞,w, E)p∞)

where w|v and Gw is the decomposition group Gal(k∞,w/kv) (see [CH] Lemma
2.8). Thus we show the latter is zero.
(i) The case when v does not divide p.
In this case, H1(k∞,w, E)p∞ ∼= H1(k∞,w, Ep∞) (cf. [CH] §5.1 (59)). We also
have Hi(k∞,w, Ep∞) = 0 for i ≥ 2 because the p-cohomological dimension of

Gal(kv/k∞,w) is less than or equals 1. So we have by the Hochschild-Serre
spectral sequence that

Hi+1(kv, Ep∞) → Hi(G,H1(k∞,w, Ep∞)) → Hi+2(Gw, E(k∞)p∞)

are exact for all i ≥ 1. It is also known Hi(kv, Ep∞) = 0 for i ≥ 2. Further,
Hi(Gw, Ep∞) = 0 for i ≥ 3 since the p-cohomological dimension of Gw is less
than or equals 2. Thus we have the Lemma for v - p.
(ii) The case when v divides p.
In this case, the proof is exactly same as that of [CH] Corollary 5.23 because
k∞,w is a deeply ramified extension. We have

H1(k∞,w, E)p∞ ∼= H1(k∞,w, Ẽv,p∞)

by [CG]. Then we get Hi(Gw,H1(k∞,w, Ẽv,p∞)) = 0 by the same ar-
gument using the Hochschild-Serre spectral sequence as (i) above because
the p-cohomological dimension of Gal(kv/k∞,w) is less than or equals 1 and

Hi(kv, Ẽv,p∞) = 0 for i ≥ 2. ¤

Lemma 4.8. Let v be a prime which does not divide p. If v is in P1(k∞/k,E)∪
P2(k∞/k,E), then

]Ker(hv)

]Coker(hv)
=

∣∣∣∣
cv

Lv(E, 1)

∣∣∣∣
−1

p

,

while otherwise, ]Ker(hv)/]Coker(hv) = |cv|−1.

Proof. By Shapiro’s lemma, the kernel and cokernel of hv are isomorphic to
those of the restriction map

H1(kv, E)p∞
resw→ H1(k∞,w, E)p∞ .

Since v - p, E can be replaced by Ep∞ . So, Ker(hv) ∼= H1(Gw, E(k∞,w)p∞)
and Coker(hv) ∼= H2(Gw, E(k∞,w)p∞).
First we consider the case v is not ramified in k∞/k. Then, we have k∞,w =
Kcyc,w. It is well known that ]H1(Gal(Kcyc,w/kv), E(Kcyc,w)p∞) = |cv|−1

p and

H2(Gal(Kcyc,w/kv), E(Kcyc,w)p∞) = 0.
Next consider the case where E(Kw)p∞ = 0 or the case where v has bad
reduction which is not split multiplicative. In this case, E(Kcyc,w)p∞ = 0 (cf.
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[HM] Prop. 5.1), thus we have E(k∞,w)p∞ = 0. Thus H1(Gw, E(k∞,w)p∞) and
H2(Gw, E(k∞,w)p∞) are zero. Since we assume p ≥ 5, |cv|p = 1 in this case.
Finally, consider the case v ε P1(k∞/k,E) ∪ P2(k∞/k,E). Then k∞,w/Kw

should be the maximal tame p-extension and therefore k∞,w contains kv(Ep∞).
So we have H1(k∞,w, Ep∞) = 0 because there is no p-extension of k∞,w.
Thus, H1(Gw, E(k∞,w)) = H1(kv, Ep∞) and H2(Gw, E(k∞,w)) = 0. There-
fore, Lemma follows from the fact that ]H1(kv, Ep∞) = |cv/Lv(E, 1)|−1

p (cf.
[CH] Lemma 5.6 or [CM]). ¤

Lemma 4.9. Let v be a prime above p. Then

]Ker(hv)

]Coker(hv)
= (]Ẽv(κv)p∞)2.

Proof. By Shapiro’s lemma,

Ker(hv) ∼= H1(Gw, E(k∞,w))p∞ and Coker(hv) ∼= H2(Gw, E(k∞,w))p∞ .

Since k∞,w is a deeply ramified extension, we have that

Hi(Gw, E(k∞,w))p∞ ∼= Hi(Gw, Ẽv(κ∞,w)p∞)

for i ≥ 2 and

0 → H1(kv, Êv(M(kv)))p∞ → H1(Gw, E(k∞,w))p∞

→ H1(Gw, Ẽv(κ∞,w)p∞) → 0

is exact by the exactly same way as [C] Lemma 3.14. Here Êv is the formal
group law for E, M(kv) is the maximal ideal of the integer ring of kv and κ∞,w

is the residue field of k∞,w. It is known that

]H1(kv, Êv(M(kv))) = ]Ẽv(κv)

(cf. [C] Lemma 3.13). Since Ẽv(κ∞,w)p∞ is finite by DIM c), we have

χ(Gw, Ẽv(κ∞,w)p∞) = 1 by the same way as Lemma 4.4. Thus we have

]H1(Gw, Ẽv(κ∞,w)p∞)/]H2(Gw, Ẽv(κ∞,w)p∞) = ]Ẽv(κv)p∞ .

Combining them, we have the Lemma. ¤

4.4. Proof of Theorem 4.2. Now we are ready to prove Theorem 4.2. To
this aim let us assume conditions (i)-(iv). First, by Theorem 4.5,

0 → Selp∞(E/k∞) → H1(kS/k∞, Ep∞)
λk∞→

⊕

v ε S

Jv(k∞) → 0

is exact. Taking G-cohomology and by Lemma 4.6 and Proposition 4.7, we
have

Hi(G,Selp∞(E/k∞)) = 0

Documenta Mathematica · Extra Volume Kato (2003) 443–478



Completely Faithful Selmer Groups 465

for i ≥ 2. At the same time, we have that

0 → Selp∞(E/k∞)G → H1(kS/k∞, Ep∞)G ψ∞→
⊕

v ε S

Jv(k∞)G

→ H1(G,Selp∞(E/k∞)) → 0

is exact, which means Cokerψ∞ ∼= H1(G,Selp∞(E/k∞)).
Next, we calculate Selp∞(E/k∞)G. Consider the diagrams induced from the
fundamental diagram (4.7),

0−→ Selp∞(E/k) −→ H1(kS/k,Ep∞) −→
λk

Imλk −→0
yr

yg

y⊕hv

0−→Selp∞(E/k∞)G−→H1(kS/k∞, Ep∞)G−→
ψ∞

Imψ∞−→0,

0−→ Imλk −→ ⊕
v ε S Jv(k) −→ Cokerλk −→0

y
y⊕hv

y

0−→Imψ∞−→⊕
v ε S Jv(k∞)G−→Cokerψ∞−→0.

Since Selp∞(E/k) is finite, ]Cokerλk = ]E(k)p∞ (cf. [CH] Lemma 2.7 or [CM]).
The kernel and cokernel of ⊕hv are finite by Lemma 4.8 and 4.9. Therefore
Cokerψ∞ is finite by the latter diagram. By applying the Snake Lemma for
the two diagrams, we have

]Selp∞(E/k∞)G = ]Selp∞(E/k) × ]Cokerψ∞
]Cokerλk

×
∏

v ε S

]Kerhv

]Cokerhv
× ]Cokerg

]Kerg
.

Thus we have Theorem by combining Lemma 4.3, Lemma 4.8 and Lemma 4.9.

4.5. Truncated Euler Characteristics. The usual Euler characteristic
at the beginning of this section is not defined for Selp∞(E/k∞) if Selp∞(E/k)
is infinite, e.g. if E(k) has a point of infinite order. To circumvent this prob-
lem (and since the higher cohomology groups Hi(G,Selp∞(E/k∞)), i ≥ 2, are
conjecturally trivial), the truncated G-Euler characteristics was introduced by
Coates-Schneider-Sujatha in the GL2-case extending ideas of Schneider and
Perrin-Riou in the cyclotomic situation. Similarly to Theorem 3.1 of [CSS2],
we can calculate these modified Euler characteristics in our case.
For an G-module M , let

φM : H0(G,M) → H1(G,M)

be the composition of

H0(G,M) ∼= H0(Γ,MH)
ψM→ H1(Γ,MH)

res→ H1(G,M)

where ψM is the map induced from the natural map

H0(Γ,MH) ∼= (MH)Γ → (MH)Γ ∼= H1(Γ,MH).
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We define the truncated G-Euler characteristic of M as

χt(G,M) := q(φM )

where q(φM ) := ]Ker(φM )/]Cok(φM ) and say that this is finite if both Ker(φM )
and Cok(φM ) are finite. Setting formally H = 1, e.g. G = Γ, in the above
we obtain the definition of the modified Γ-Euler characteristic χt(Γ, N) of a
discrete Γ-module N. Then we have

Theorem 4.10. Assume that (i) p ≥ 5, (ii) E has good ordinary reduction at all
primes above p and (iii) Xf (Kcyc) is Λ(Γ0)-torsion where Γ0 = Gal(Kcyc/K).
Then χt(G,Selp∞(E/k∞)) is finite if and only if χt(Γ,Selp∞(E/Kcyc)) is finite.
Furthermore, if χt(Γ,Selp∞(E/Kcyc)) is finite, we have

χt(G,Selp∞(E/k∞)) = χt(Γ,Selp∞(E/Kcyc)) ×
∏

M

|Lv(E, 1)|p

where M is defined in Theorem 4.1.

Remarks 4.11. As mentioned above we do not have to assume the finiteness
of Selp∞(E/k) here. A formula for χt(Γ,Selp∞(E/Kcyc)) was obtained by
Schneider [S] and Perrin-Riou [P2] involving p-adic heights and the constant
ρp(E/k). Thus, if we assume k contains µp (k = K), then we have another
proof of Theorem 4.1. In fact, in this case, if we assume Selp∞(E/k) is finite
then the assumption (iii) of Theorem 4.10 is true. Furthermore, we can prove
Hi(G,Selp∞(E/k∞)) is finite for i = 0, 1 and H2(G,Selp∞(E/k∞)) = 0. Thus
we obtain the Theorem 4.1 as a corollary of Theorem 4.10 by using the formula
for χ(Γ,Selp∞(E/Kcyc)) = χt(Γ,Selp∞(E/Kcyc)).

Proof. The proof goes exactly similar to Theorem 3.1 of [CSS2]. Thus we give
only a sketch. First, we see that

H1(Γ,Selp∞(E/k∞)H)
∼→ H1(G,Selp∞(E/k∞))

since H1(H,Selp∞(E/k∞)) = 0 by the assumption (iii) which is proved sim-
ilarly as Lemma 2.5 of [CSS2]. Thus we have χt(G,Selp∞(E/k∞)) = q(ψ)
where

ψ : H0(Γ,Selp∞(E/k∞)H) → H1(Γ,Selp∞(E/k∞)H).

Next, we define

Sel′p∞(E/Kcyc) := Ker(H1(kS/Kcyc, Ep∞) →
⊕

S\M

Jv(Kcyc)).

Then we have

0 → Selp∞(E/Kcyc) → Sel′p∞(E/Kcyc) →
⊕

M

Jv(Kcyc) → 0

is exact by the assumption (iii). Thus,

χt(Γ,Sel′p∞(E/Kcyc)) = χt(Γ,Selp∞(E/Kcyc)) ×
∏

M

χt(Γ, Jv(Kcyc))
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and χt(Γ, Jv(Kcyc)) = |Lv(E, 1)|p (cf. Lemma 3.4 of [CSS2]). Further, we can
see the restriction map

res : Sel′p∞(E/Kcyc) → Selp∞(E/k∞)H

is defined and the kernel and cokernel of this map are finite (cf. Lemma 3.6 of
[CSS2], see also Lemma 3.4 in section 3.)
Then, by the commutative diagram induced from the restriction

H0(Γ,Selp∞(E/Kcyc)) −−−−→ H0(Γ,Selp∞(E/k∞)H)

ψ′

y
yψ

H1(Γ,Selp∞(E/Kcyc)) −−−−→ H1(Γ,Selp∞(E/k∞)H)

and Lemma 3.5 of [CSS2], we have q(ψ) = q(ψ′)(= χt(Γ,Sel′p∞(E/Kcyc))).
Putting all together, we have the Theorem. ¤

4.6. A condition for triviality. Finally, we consider a question when the
Selmer group Selp∞(E/k∞) is trivial. We assume here BASE,

k = K(= k(µp)), G = G0.

The following is an immediate corollary of Theorem 3.1.

Proposition 4.12. We have

Selp∞(E/k∞) = 0 if and only if χ(G,Selp∞(E/k∞)) = 1.

Proof. Note that if Selp∞(E/k) is not finite then χ(G,Selp∞(E/k∞)) is
not defined, since Selp∞(E/k∞)G is not finite. Thus, we can see that
χ(G,Selp∞(E/k∞)) = 1 if and only if both

(i) Selp∞(E/k) is finite and ρp(E/k) = 1.
(ii) P1(k∞/k,E) ∪ P2(k∞/k,E) = ∅.

holds, since ρp(E/k) ≥ 1 and |Lv(E, 1)|p > 1 if v ε P1 ∪ P2. As is well known,
(i) is equivalent to Selp∞(E/kcyc) = 0. Assume Selp∞(E/kcyc) = 0 and (ii).
Then by the Theorem 3.1, Xf (k∞) has rank 0 and is Λ(H)-torsionfree. Thus
Xf (k∞) = 0. Assume Xf (k∞) = 0. Then Xf (k∞)H = 0. By (3.4), we have
Selp∞(E/kcyc) = 0 and (ii). ¤

Example 4.13. Let E = X1(11) defined by the equation y2 + y = x3 − x. Let

p = 5, k = Q(µ5) and k∞ = Q(µ5∞ , α5−∞

) with α ε Q×. This satisfies DIM c)
and FIN (subsection 3.3). Since E(Q)5 ∼= Z/5, the condition (ii) in the proof of
the Proposition 4.12 holds only when α is some power of ±5. When α = (±5)n,
(i) and (ii) in the proof Proposition 4.12 hold. (For example, it is known that
Selp∞(E/kcyc) = 0 by [CS]). Hence we have Selp∞(E/k∞) = 0.
We see further structures of Xf (k∞) for α = 11 in §6.
Another example is p = 7 and the curve E defined by y2 +xy = x3−141x+657
whose conductor is 294. This has good ordinary reduction at p = 7 over k =

Q(µ7). For k∞ = Q(µ7∞ , α7−∞

) with α ε Q×, we see that Selp∞(E/k∞) = 0 if
and only if α is a power of ±7 thanks to a result of Fisher ([F1], see also [CS]).
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5. µ-invariants

In the GL2-extension case, Coates and Sujatha (unpublished) and Howson
[Ho2, §3] considered the behavior of the µ-invariant for Selmer groups of el-
liptic curves, hereby generalizing the formulas in the Zp -case of Perrin-Riou
(cyclotomic case) and Schneider (general case, also for abelian varieties). Un-
der suitable assumptions, see below, analogous statements can be proven in
our situation by almost literally the same proof as for [Ho2, thm 3.1, cor. 3.2].
To avoid redundancies in the literature we shall therefore just state the results
with some comments and leave the detailed proof to the interested reader.
Assume that k contains µp and that k∞ contains kcyc. Since the Galois group
G = G(k∞/k) ∼= Zp o Zp is without p-torsion, the Iwasawa algebras Λ(G)
and Ω(G) := Fp[[G]] are both integral. Recall that the µ-invariant of a finitely
generated Λ(G)-module M can be defined as

µ(M) :=
∑

i≥0

rkΩ(G)pi+1M/piM

(cf. [V1]) but can be calculated via the relation

pµ(M) = χ(G,M(p)),

where M(p) denotes the Zp -torsion submodule of M (see [Ho2, cor 8]).
Assume ϕ : E1 → E2 is an isogeny of the elliptic curves E1 and E2 above k and
denote by A the p-part of the group scheme kerϕ. Throughout this subsection
we assume that Assumption SEQS holds for E1 or E2 (and hence for both) and
that Assumption WLS holds for E1 (and hence for E2).
The above isogeny induces a Λ(G)-homomorphism

ϕ∗ : Xf,2 → Xf,1

of the corresponding Pontryagin duals Xf,i of the Selmer groups of Ei, i = 1, 2.

Theorem 5.1. Let p ≥ 5. Then, under the above assumptions, the following
holds

µ(ker(ϕ∗))−µ(coker(ϕ∗))=
∑

v|∞
logp #(A(kv))−|k : Q| logp #A−

∑

v|p
logp |#Ãv|v,

where v denotes a place of k, | − |v its absolute value (normalized such that

|p|v = p−[kv:Qp]) and Ãv denotes the image of A under the reduction map of
E1 at v.

The theorem holds for more general pro-p Lie extensions without p-torsion as
long as in addition to Assumption SEQS for E1 or E2 it holds that

H2(kS/k∞, E1,p∞) is finite

(The corresponding local condition, i.e. the finiteness of H2(k∞,w, Ep∞) for all

w|v, v ε Sp ∪Sbad ∪Sram where E denotes Ẽv if v|p and E otherwise, is always
satisfied, see [CSS2, §2 (12),(13)]).
For the proof note also that the image of E2,p∞(k∞) and E2,p∞ in
H1(kS/k∞, A) and H1(k∞,w, A) are always finite, because the cohomology
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groups are annihilated by some power of p. Thus their Euler characteristic is 1.
Furthermore, it is easy to see that the Euler characteristics χ(G,Hi(kS/k∞, A))
are well-defined for all i ≥ 0.
By the additivity of the µ-invariant on short exact sequences of torsion modules
it follows immediately (cf. [Ho2, cor 3.2])

Corollary 5.2. Suppose, in addition to the assumptions of the theorem, that
Xf,i is a Λ(G)-torsion module for i = 1 or i = 0 (and hence for both). Then the
difference between the µ-invariants of Xf,2 and Xf,1 is given by the following
formula

µ(Xf,2) − µ(Xf,1) =
∑

v|∞
logp #(A(kv)) − |k : Q| logp #A −

∑

v|p
logp |#Ãv|v,

where the notation is as in the theorem.

We conclude this section studying the relationship between the µ-invariants of
the duals of the Selmer group over k∞ on the one hand and over kcyc on the
other hand. In the GL2-case this was investigated by Coates-Sujatha [CSS2,
§2] and we will follow closely their arguments. We assume now that p ≥ 5
and we keep the assumption BASE and that kcyc is contained in k∞. As before
we set H := G(k∞/kcyc) and Γ := G(kcyc/k). In order to distinguish between
the two situations we shall write in the following µG(M) and µΓ(M) for the
µ-invariant of a finitely generated Λ(G)- or Λ(Γ)-module M, respectively.

Theorem 5.3. Let E be an elliptic curve defined over k with good ordinary
reduction at Sp and assume that Xf (kcyc) is a Λ(Γ)-torsion module. Then one
always has µG(Xf (k∞)) less than or equal to µΓ(Xf (kcyc)) :

µG(Xf (k∞)) ≤ µΓ(Xf (kcyc)).

Remark 5.4. Assume that E is isogenous over k to an elliptic curve E′ such
that µΓ(X ′

f (kcyc)) = 0 where X ′
f denotes the dual of Selmer of E′. Then

µG(Xf (k∞)) = µΓ(Xf (kcyc)).

Indeed, this follows immediately from the formulae for the change of the µ-
invariant under isogeny over both k∞ and kcyc. More generally, the above
equality holds if and only if the quotient Z := X/T of X := Xf (k∞) by its Zp

-torsion submodule T := Xf (k∞)(p) is finitely generated over Λ(H) (Indeed,
we will see in the proof below, that equality is equivalent to the vanishing
of µΓ(ZH). Since ZH is a Λ(Γ)-torsion module this in turn is equivalent to
ZH being a finitely generated Zp -module. Now the claim follows from the
Nakayama lemma).

Proof. We shall use the notation of the remark. By the analogue of [CSS2,
lem. 2.5], we know that H1(H,X) = 0. Since cdpH = 1, one immediately
obtains that also H1(H,T ) = 0 and that H1(H,Z) has no p-torsion, because
multiplication by p is injective on Z. But, again as H1(H,X) = 0, we have that
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H1(H,Z) injects into TH , which is a Zp-torsion module. Thus we have shown
that H1(H,Z) vanishes, too, and we have the exact sequence

0 // TH
// XH

// ZH
// 0

of Λ(Γ)-torsion modules. It is plain from this sequence that µΓ(TH) ≤ µΓ(XH)
(with equality if and only if µΓ(ZH) is zero).
Now we claim (i) that µΓ(TH) = µG(X) and (ii) that µΓ(XH) = µΓ(Xf (kcyc)).
The latter claim is clear because it follows easily from the usual fundamental
diagram 4.7 that the kernel and cokernel of the canonical map XH → Xf (kcyc)
are finitely generated over Zp . To prove (i), we use the fact that for a module
which is annihilated by a power of p, the µ-invariant is given by the Euler
characteristic (cf. [Ho2, cor. 1.8]). As H2(G,X) = 0 (in theorem 4.2 we state
this only under too restrictive assumptions, but use the validity of SEQS to
derive this from the vanishing of H2(G,XS) (corollary 4.6) and of H2(G,US)
(proposition 4.7), which both hold in this generality) and as cdpG = 2, we see
that H2(G,T ) = 0 and we obtain that

pµG(X) = pµ(T ) =
#H0(G,T )

#H1(G,T )
=

#H0(Γ, TH)

#H1(Γ, TH)
= pµΓ(TH).

The last equality follows from the Hochschild-Serre spectral sequence using
again the vanishing of H1(H,T ). Thus the theorem follows. ¤

6. An example

In this section, we consider the following special example where p = 5 as a first
case. Let k = Q(µ5) and kcyc be the cyclotomic Z5-extension of k. Then, we
put

k∞ := kcyc(
5∞
√

11).

First, we have the following (cf. Lemma 3.9).

Lemma 6.1. (i) k∞ is unramified outside 5 and 11 over Q.
(ii) The number of primes of k above 11 is four. They are not decomposed

in k∞/k. Further, they are totally ramified in k∞/kcyc.
(iii) There is a unique prime of k∞ lying above 5, and it is totally ramified

in the extension k∞/Q.

We consider the Selmer group over k∞ of

E = X1(11) : y2 + y = x3 − x2,

the elliptic curve over Q of conductor 11. In this case, we can determine slightly
more precise structure as a module over Iwasawa algebras.

Theorem 6.2. Let H = Gal(k∞/kcyc). Then, the Pontryagin dual of the
Selmer group Xf (k∞) := Selp∞(E/k∞)∨ is free of rank four as a Λ(H)-module.
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It is shown that Selp∞(E/kcyc) = 0 in [CS]. Thus we have Xf (k∞) is a sub-
module of Λ(H)⊕4 whose cokernel is finite by Theorem 3.1 and Lemma 6.1.
For n ≥ 1, let Hn and Fn be as the same as subsection 3.1:

Fn := kcyc(
5n√

11) and Hn := Gal(k∞/Fn).

Here, we put F0 = kcyc and H0 = H. For the Λ(H)-freeness, it suffices to show
that Selp∞(E/k∞)Hn is cotorsion-free for any n ≥ 0 by the structure theory
of Λ(H)-modules. By (3.4) and Lemma 3.6, it is enough to show Coker(r′n) is
cotorsion-free. Taking S = {5, 11} we have

(6.8) H1(Hn, E(k∞)5∞) →
⊕

w|11,w|5
H1(Hn, E(k∞,w)5∞) → Coker(r′n) → 0,

from (3.3). For w|11, H1(Hn, E(k∞,w))5∞ ∼= Qp/Zp by Lemma 3.4, we have
Coker(r′n) is cotorsion-free if we show the following.

Lemma 6.3. Let w be the (unique) prime of k∞ above 5. Then,

(6.9) H1(Hn, E(k∞)5∞) → H1(Hn, E(k∞,w))5∞

is an isomorphism.

To prove this, we have first

Lemma 6.4. E(k∞)5∞ = E(Q)5∞ ∼= Z/5.

Proof. The field adjoining all of 5-th division points of E is an extension of
degree 5 over k. But it is well known that this is disjoint from k( 5

√
11) and

kcyc over k. 52-th division points of E are defined over the field containing the
maximal real subfield of Q(µ11), which is not contained in k∞. Therefore we
have E(k∞)5∞ = E(Q)5∞ . ¤

By this Lemma, we have

(6.10) H1(Hn, E(k∞)5∞) = Hom(Hn, E(k∞)5∞) ∼= Z/5.

Let w be the unique prime above 5. Let Ẽ5 be the reduction of E modulo 5.
Then it is well known that Ẽ5(F5) ∼= Z/5. Since k∞/Q is totally ramified at 5
by Lemma 6.1, we have

(6.11) Ẽ5(κ∞,w) = Ẽ5(F5) ∼= Z/5.

Further, we have the following.

Lemma 6.5. The composition of the natural injection E(k∞)5∞ ↪→ E(k∞,w)5∞

and the reduction map E(k∞,w)5∞ → Ẽ5(κ∞,w)5∞ is an isomorphism.

Proof. It is enough to show the same assertion replacing k∞ by Q5 by Lemma
6.1 and (6.11). But this is well known (cf. [CS]). ¤

Now we can show Lemma 6.3. Since Fn is a deeply ramified extension, we have
the following isomorphism by Coates-Greenberg:

H1(Hn, E(k∞,w))5∞
∼→ H1(Hn, Ẽ5(κ∞,w)5∞).
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By (6.11), H1(Hn, Ẽ5(κ∞,w)5∞) = Hom(Hn, Ẽ5(κ∞,w)5∞) ∼= Z/5. So,

H1(Hn, E(k∞)5∞) → H1(Hn, Ẽ5(κ∞)5∞)

is an isomorphism by (6.10) and Lemma 6.5. ¤

The formula of corollary 5.2 enables us to calculate for p = 5 the µ-invariant of
the elliptic curve E2 := X0(11), given by the Weierstrass equation y2+y = x3−
x2 − 10x− 20, see [Ho2, ex. in §3] for more details needed for this calculations.
There is an isogeny ϕ : E1 → E2 with E1 := X1(11) and A ∼= Z/5. Since
µ(Xf,1(k∞)) = 0 by theorem 6.2, we obtain

µ(Xf,2(k∞)) =
1

2
|k : Q|,

where k is a finite extension of Q(µ5) inside k∞ = Q(µp∞ , 5∞
√

11).
This result in turn can be used to calculate the µ-invariant of the Galois module

XS
cs := G(L/k∞),

where L denotes the maximal unramified abelian p-extension of k∞ in which all
places lying above S are completely split. For further results on this module
we refer the reader to [V3]. Let us now fix k = Q(µ5) and E = X0(11),
i.e. µ(Xf ) = 2 by the above formula. Using the fact that E5

∼= µ5 × Z/5

as GQ-module where µ5
∼= ker(E5 → Ẽ5

∼= Z/5) identifies with the kernel
of the reduction map at 5, one easily obtains the following exact sequence of
Λ(G)-modules

0 → XS
cs/5 → Xf/5 → XS/5 → 0,

where XS := H1(GS(k∞), Ep∞)∨ and ∨ means taking the Pontryagin dual.
Using the formula [Ho2, cor. 1.11] rkΩM/pM = rkΩ(pM) + rkΛM where pM
denotes the kernel of multiplication by p on a finitely generated Λ-module M,
we conclude

2 = µ(Xf ) ≥ rkΩ(5Xf ) = rkΩ(Xf/5)

= rkΩ(XS/5) + rkΩ(XS
cs/5)

= rkΛ(XS) + rkΩ(5XS) + rkΩ(5X
S
cs)

= 2 + rkΩ(5XS) + rkΩ(5X
S
cs).

Here we used that both Xf and XS
cs are Λ-torsion modules and that rkΛ(XS) =

2 by [OV2, thm 3.2]. Thus rkΩ(5XS) = rkΩ(5X
S
cs) = 0 which implies

µ(XS) = µ(XS
cs) = 0

by [V1, rem 3.33]. Of course, the same calculation holds over the field Q(E5∞)
thus showing the vanishing of µ(Xnr) = µ(XS

cs) = 0 where Xnr denotes the
Galois group of the p-Hilbert class field of Q(E5∞). We should point out that
the modules Xnr and XS

cs are probably pseudo-null, but that the vanishing of
the µ-invariants is all we can show at the moment.

At the end of this section, we mention to the further structure of the Selmer
group for p = 5, E = X1(11) and α = 11. Let G̃ := Gal(k∞/Q). Note that
this is not a pro-p group.
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Theorem 6.6. The Pontryagin dual of the Selmer group Xf (k∞) is cyclic over

Λ(G̃).

Proof. We see that (6.8) for n = 0 is an exact sequence of Λ(Γ̃)-modules where

Γ̃ = Gal(kcyc/Q). By Lemma 6.3,

Coker(r0) ∼=
⊕

u|11
H1(H,E(k∞,w)5∞) ∼= CoindΓ̃

Γ(H1(H,E(k∞,w)5∞)).

because the decomposition group of 11 in Γ̃ is Γ = Gal(kcyc/k). Since we have
H1(H,E(k∞,w)5∞) ∼= Qp/Zp for w|11, its dual is cyclic over Λ(Γ). (In fact,
H1(H,E(k∞,w)5∞) ∼= Qp/Zp(−1) as a Γ-module, but we omit the proof here.)

Because Selp∞(E/k∞)H ∼= Coker(r0), Xf (k∞)H is isomorphic to Λ(Γ̃) ⊗Λ(Γ)

H1(H,E(k∞,w)5∞)∨, which is a cyclic Λ(Γ̃)-module. Thus, to prove Theorem
6.6, we have only to see the following general Lemma which is an immediate
consequence of Nakayama’s lemma. ¤

Lemma 6.7. Let G̃ be a profinite group which is not necessarily pro-p, and M a
compact Λ(G)-module. Let H be a closed subgroup of G̃ which is a pro-p group.

Then, if MH is a cyclic Λ(G̃/H)-module we have M is cyclic over Λ(G̃).

Finally, we propose an interesting question: what is the rank of E(k∞) ? We
know nothing about it so far. The only known result is rank(E(L)) = 0 where

L = k(µ5,
5
√

11) ⊂ k∞ by Fisher ([F2]). See also Corollary 2.9.

7. Appendix

In this section, we collect some facts used in previous sections and prove them
for the sake of completeness.

7.1. Surjectivity of the localization map. We see a relation between
the Λ-torsionness of Selmer groups and the Assumptions WLS and SEQS . We
prove Theorem 4.5. The proofs are exactly the same as [P1] Lemma 4 and 5.
Let F/k be a Galois extension with G = Gal(F/k). Let E be an elliptic curve
defined over k. We analyze the localization map

λF : H1(kS/F,Ep∞) →
⊕

v ε S

Jv(F )

and H2(kS/F,Ep∞) where S is a set of primes of k containing Sp ∪ Sbad and
all the primes which are ramified in F/k.
First, we define the following module

Rp(E/F ) := lim←−
n,M

Selpn(E/M).

Here, we denote

Selpn(E/M) := Ker

(
H1(kS/M,Epn) →

⊕

v ε S

Jv(M)

)
,
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where M runs over all finite extensions of k contained in F and the limit is
taken with respect to the corestrictions and the map induced by multiplication
by p-maps, Epn+1 → Epn .

Theorem 7.1. Assume that G is an infinite pro-p group. Further, assume
E(F )p∞ is finite. Then, there is an injection of Λ(G)-modules.

(7.12) Rp(E/F ) ↪→ HomΛ(G)(Selp∞(E/F )∨,Λ(G)).

Here, HomΛ(G)(Selp∞(E/F )∨,Λ(G)) is considered as a left Λ(G)-module by its

right action on Λ(G) and the involution g → g−1.

Proof. For a finite subextension M of F/k, there is an exact sequence

0 → E(M)p∞ → lim←−
n

Selpn(E/M) → Tp(Selp∞(E/M)) → 0

where Tp(∗) is the Tate module of ∗. We note that

Tp(Selp∞(E/M)) ∼= HomZp
(Selp∞(E/M)∨, Zp).

So we have the exact sequence by taking the inverse limit with respect to the
corestrictions,

0 → lim←−
M

E(M)p∞ → Rp(E/F )
φ→ lim←−

M

HomZp
(Selp∞(E/M)∨, Zp) → 0

where M runs over all of finite Galois subextensions of F/k. By the assumption
that E(F )p∞ is finite, lim←−M

E(M)p∞ = 0 since G is infinite pro-p. So φ is an
injection.
Next, we consider the restriction map

rM : Selp∞(E/M) → Selp∞(E/F )UM

with UM := Gal(F/M). Then we have the following.

0 → lim←−
M

HomZp
(Ker(rM )∨, Zp) → lim←−

M

HomZp
(Selp∞(E/M)∨, Zp)

ψ→ lim←−
M

HomZp
((Selp∞(E/F )∨)UM

, Zp).

Here the inverse limits are taken w.r.t. the corestrictions for the first two terms.
For the last, we take the limit w.r.t. the map induced from the map defined by

(Selp∞(E/F )∨)UM
→ (Selp∞(E/F )∨)UM′ : x 7→

∑

σ ε UM /UM′

σ(x)

for M ′ ⊃ M . Since Ker(rM ) is contained in H1(UM , E(F )p∞) and E(F )p∞ is
finite, Ker(rM ) is finite. So we have HomZp

(Ker(rM )∨, Zp) = 0 and ψ is an
injection.
Finally we see that

HomZp
((Selp∞(E/F )∨)UM

, Zp) ∼= HomΛ(G)(Selp∞(E/F )∨, Zp[G/UM ])
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by the map

f 7→


x ε Selp∞(E/F )∨ 7→

∑

σ ε G/UM

f(σ−1x)σ ε Zp[G/UM ]


 .

Thus we have the isomorphism

lim←−
M

HomZp
((Selp∞(E/F )∨)UM

, Zp) ∼= lim←−
M

HomΛ(G)(Selp∞(E/F )∨, Zp[G/UM ])

where the inverse limit of the right hand side is taken w.r.t the natural surjec-
tion Zp[G/UM ′ ] → Zp[G/UM ] for M ′ ⊃ M . Therefore,

lim←−
M

HomΛ(G)(Selp∞(E/F )∨, Zp[G/UM ]) ∼= HomΛ(G)(Selp∞(E/F )∨,Λ(G))

and we see that Rp(E/F ) maps to this module injectively by the map ψ◦φ. ¤

As a consequence of this Theorem, we have the following (for odd p).

Theorem 7.2. Assume G is a pro-p, p-adic Lie group with no p-torsion and
E(F )p∞ is finite. If Selp∞(E/F )∨ is Λ(G)-torsion, then we have

(i) H2(kS/F,Ep∞) = 0 and

(ii) The map H1(kS/F,Ep∞)
λF→ ⊕

v ε S Jv(F ) is surjective.

Proof. By the assumption that Selp∞(E/F )∨ is Λ(G)-torsion, we have

HomΛ(G)(Selp∞(E/F )∨,Λ(G)) = 0.

Thus we have Rp(E/F ) = 0 by Theorem 7.1. This proves the Theorem because
of the exact sequence

0 → Selp∞(E/F ) → H1(kS/F,Ep∞)
λF→

⊕

v ε S

Jv(F )

→ Rp(E/F )∨ → H2(kS/F,Ep∞) → 0.

by the Poitou-Tate global duality. ¤

7.2. Comparison of the Λ-ranks. Let G ∼= H o Γ where H ∼= Γ ∼= Zp.
For any Λ(G)-module M , the H-coinvariants MH have a structure as a Λ(Γ)-
module.

Lemma 7.3. Let M be a finitely generated Λ(G)-module. Then,

rankΛ(G)M ≤ rankΛ(Γ)(MH).

Proof. For these G and H, the following fact is proved in the proof of [BH,
last Theorem]: A finitely generated Λ(G)-module M is Λ(G)-torsion if MH

is Λ(Γ)-torsion (This fact fails in the GL2-case in general.) It is easy to see
that it is enough to show the Lemma when M is Λ(G)-torsion free. We use
an induction on n = rankΛ(G)M . Assume n = 1. Then the above fact shows
rankΛ(Γ)(MH) ≥ 1. If n ≥ 2, then there exists an exact sequence 0 → N →
M → L → 0 where N and L are torsionfree Λ(G)-modules with rankΛ(G)N =
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n − 1 and rankΛ(G)L = 1. Since LH = 0, the sequence 0 → NH → MH →
LH → 0 is exact. Thus we have the Lemma by induction. ¤

7.3. Euler-Poincaré formula for Λ-ranks. For the convenience of the
reader we include here the well-known determination of the alternating sum of
the Λ-ranks of Hi(GS(k∞), A)∨ using Tate’s global Euler-Poincaré character-
istic formula (see also [OV2, thm. 3.2]).
For that purpose let p be any prime, k be a number field (totally imaginary,
if p = 2), S a finite set of places of k containing Sp and S∞, k∞ a non-trivial
Galois extension of k contained in kS such that G = G(k∞/k) is a pro-p p-adic
Lie group without torsion element. As usual we write r1(k) and r2(k) for the
number of real and complex places of k, respectively.
Furthermore, we denote by A ∼= (Qp/Zp)

d a discrete p-divisible p-primary
GS(k)-module of Zp-corank d. Then the cohomology groups Hi(GS(k∞), A)∨

are finitely generated Λ-modules, where Λ = Λ(G) denotes the Iwasawa algebra
of G. Their ranks are related as follows

Proposition 7.4.

rkΛH1(GS(k∞), A)∨−rkΛH2(GS(k∞), A)∨= (r1(k)+r2(k))d−
∑

v real

dimFp
(pA)+,

where (−)+ denotes the invariant part with respect to the complex conjugation
and pA is the kernel of multiplication by p.

Note that rkΛH0(GS(k∞), A)∨ = 0 because the dual of A(k∞) ⊆ A is finitely
generated over Zp.

Proof. Following [Ho2, thm. 1.1] the rank of any finitely generated Λ-module
M can be calculated via its homology groups as

rkΛM =
∑

j≥0

(−1)j rkZp
Hi(G,M).

Using the Hochschild-Serre spectral sequence, the well known behaviour of
Euler-characteristics with spectral sequences and the fact that in our situation
cdpGS(k∞) ≤ cdpGS(k) ≤ 2, we obtain immediately that the term in the
proposition of the left hand side is equal to

∑

i≥0

(−1)i+1rkΛHi(GS(k∞), A)∨ =
∑

i,j≥0

(−1)i+j+1rkZp
Hj(G,Hi(GS(k∞), A))∨

=
∑

n≥0

(−1)n+1rkZp
Hn(GS(k), A)∨

=

2∑

n≥0

(−1)n+1 dimFp
Hn(GS(k), pA)

= (r1(k) + r2(k))d −
∑

v real

dimFp
(pA)+.
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For the last equality we used Tate’s global Euler-Poincaré characteristic for-
mula, see e.g. [NSW, 8.6.14]. ¤
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Abstract. For arithmetical schemes X, K. Kato introduced certain
complexes Cr,s(X) of Gersten-Bloch-Ogus type whose components in-
volve Galois cohomology groups of all the residue fields of X. For specific
(r, s), he stated some conjectures on their homology generalizing the fun-
damental isomorphisms and exact sequences for Brauer groups of local
and global fields. We prove some of these conjectures in small degrees and
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over local fields, and finiteness questions for some motivic cohomology
groups over local and global fields.
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1. Introduction

The following two facts are fundamental in the theory of global and local fields.
Let k be a global field, namely either a finite extension of Q or a function field in
one variable over a finite field. Let P be the set of all places of k, and denote by
kv the completion of k at v ∈ P. For a field L let Br(L) be its Brauer group, and
identify the Galois cohomology group H1(L, Q/Z) with the group of the continuous
characters on the absolute Galois group of L with values in Q/Z.
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(1-1) For a finite place v, with residue field Fv, there are natural isomorphisms

Br(kv)
∼=−→ H1(Fv, Q/Z)

∼=−→ Q/Z,

where the first map is the residue map and the second is the evaluation of charac-
ters at the Frobenius element. For an archimedean place v there is an injection

Br(kv)
∼=−→ H1(kv, Q/Z) ↪→ Q/Z.

(1-2) There is an exact sequence

0 −→ Br(k)
α−→

⊕

v∈P

Br(kv)
β−→Q/Z −→ 0,

where α is induced by the restrictions and β is the sum of the maps in (1-1).

In [K1] Kazuya Kato proposed a fascinating framework of conjectures that gen-
eralizes the stated facts to higher dimensional arithmetic schemes. In order to
review these conjectures, we introduce some notations. For a field L and an inte-
ger n > 0 define the following Galois cohomology groups: If n is invertible in L,
let Hi(L, Z/nZ(j)) = Hi(L, µ⊗j

n ) where µn is the Galois module of n-th roots of
unity. If n is not invertible in L and L is of characteristic p > 0, let

Hi(L, Z/nZ(j)) = Hi(L, Z/mZ(j)) ⊕ Hi−j(L,WrΩ
i
L,log)

where n = mpr with (p,m) = 1. Here WrΩ
i
L,log is the logarithmic part of the

de Rham-Witt sheaf WrΩ
i
L [Il, I 5.7]. Then one has a canonical identification

H2(L, Z/nZ(1)) = Br(L)[n] where [n] denotes the n-torsion part.
For an excellent scheme X and integers n, r, s > 0, and under certain assumptions
(which are always satisfied in the cases we consider), Kato defined a homological
complex Cr,s(X, Z/nZ) of Bloch-Ogus type (cf. [K1], §1):

· · ·
⊕

x∈Xi

Hr+i(k(x), Z/nZ(s + i)) →
⊕

x∈Xi−1

Hr+i−1(k(x), Z/nZ(s + i − 1)) → · · ·

· · · →
⊕

x∈X1

Hr+1(k(x), Z/nZ(s + 1)) →
⊕

x∈X0

Hr(k(x), Z/nZ(s)).

Here Xi = {x ∈ X|dim{x} = i}, k(x) denotes the residue field of x, and the term⊕
x∈Xi

is placed in degree i. The differentials are certain residue maps generalizing

the maps
Br(kv)[n] = H2(kv, Z/nZ(1)) −→ H1(Fv, Z/nZ)

alluded to in (1-1). More precisely, they rely on the fact that one has canonical
residue maps Hi(K, Z/n(j)) → Hi−1(F, Z/n(j − 1)) for a discrete valuation ring
with fraction field K and residue field F .

Definition 1.1 We define the Kato homology of X with coefficient in Z/nZ as

Hr,s
i (X, Z/nZ) = Hi(C

r,s(X, Z/nZ)).
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Note that Hr,s
i (X, Z/nZ) = 0 for i /∈ [0, d], d = dim X. Kato’s conjectures concern

the following special values of (r, s).

Definition 1.2 If X is of finite type over Z, we put

HK
i (X, Z/nZ) = H1,0

i (X, Z/nZ).

If X is of finite type over a global field or its completion at a place, we put

HK
i (X, Z/nZ) = H2,1

i (X, Z/nZ).

For a prime ` we define the Kato homology groups of X with coefficient in Q`/Z`

as the direct limit of those with coefficient in Z/`νZ for ν > 0.

The first conjecture of Kato is a generalization of (1-2) ([K1], 0.4).

Conjecture A Let X be a smooth connected projective variety over a global field
k. For v ∈ P, let Xv = X ×k kv. Then the restriction maps induce isomorphisms

HK
i (X, Z/nZ)

∼=−→
⊕

v∈P

HK
i (Xv, Z/nZ) for i > 0,

and an exact sequence

0 → HK
0 (X, Z/nZ) →

⊕

v∈P

HK
0 (Xv, Z/nZ) → Z/nZ → 0.

If dim(X) = 0, we may assume X = Spec(k). Then Hi(X, Z/nZ) =
Hi(Xv, Z/nZ) = 0 for i > 0, and H0(X, Z/nZ) = Br(k)[n] and H0(Xv, Z/nZ) =
Br(kv)[n]. Thus, in this case conjecture A is equivalent to (1-2). In case
dim(X) = 1, conjecture A was proved by Kato [K1]. The following is shown
in [J4].

Theorem 1.3 Conjecture A holds if ch(k) = 0 and if one replaces the coefficients
Z/nZ with Q`/Z` for any prime `.

The main objective of this paper is to study the generalization of (1-1) to the higher
dimensional case. Let A be a henselian discrete valuation ring with finite residue
field F of characteristic p. Let K be the quotient field of A. Let S = Spec(A) and
assume given the diagram

(1-3)
Xη

jX−→ X
iX←− Xs

↓ fη ↓ f ↓ fs

η
j−→ S

i←− s

in which s and η are the closed and generic point of S, respectively, the squares
are cartesian, and f is flat of finite type. Then Kato defined a canonical residue
map

∆i
X,n : HK

i (Xη, Z/nZ) → HK
i (Xs, Z/nZ),

and stated the following second conjecture ([K1], 5.1), which he proved for
dim Xη = 1.

Conjecture B If f is proper and X is regular, ∆i
X,n is an isomorphism for all

n > 0 and all i ≥ 0.
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If X = S, then ∆0
X,n is just the map H2(K, Z/n(1)) → H1(F, Z/n) in (1-1). In

general, conjecture B would allow to compute the Kato homology of Xη by that
of the special fiber Xs. Our investigations are also strongly related to Kato’s third
conjecture ([K1], 0.3 and 0.5):

Conjecture C Let X be a connected regular projective scheme of finite type over
Z. Then

H̃K
i (X , Z/nZ)

∼=−→
{

0

Z/nZ
if i 6= 0,

if i = 0.

Here the modified Kato homology H̃K
i (X , Z/nZ) is defined as the homology of the

modified Kato complex

C̃1,0(X , Z/nZ) := Cone( C1,0(X , Z/nZ)[1] → C2,1(X ×Z R, Z/nZ) ).

The map H̃K
0 (X , Z/n) → Z/nZ is induced by the maps H1(k(x), Z/nZ) → Z/nZ

for x ∈ X0 given by the evaluation of characters at the Frobenius (note that
k(x) is a finite field for x ∈ X0), together with the maps H2(k(y), Z/nZ(1)) =

Br(k(y))[n] ↪→ Z/nZ for y ∈ (X ×Z R)0. The canonical map H̃K
i (X , Z/nZ) →

HK
i (X , Z/nZ) is an isomorphism if X (R) is empty or if n is odd.

Conjecture C in case dim(X ) = 1 is equivalent to (the n-torsion part of) the
classical exact sequence (1-2) for k = k(X ), the function field of X . In case
dim(X ) = 2 conjecture C is proved in [K1] and [CTSS], as a consequence of the
class field theory of X . The other known results concern the case that X = Y
is a smooth projective variety over a finite field F : In [Sa4] it is shown that
HK

3 (Y, Q`/Z`) = 0 if ` 6= ch(F ) and dim(Y ) = 3. This is generalized in [CT] and
[Sw] where the Q`/Z`-coefficient version of Conjecture C in degrees i ≤ 3 is proved
for all primes ` and for Y of arbitrary dimension over F .

As we have seen, conjecture C can be regarded as another generalization of (1-
2). In fact, conjectures A, B, and C are not unrelated: If X is flat over Z, it
is geometrically connected over Ok, the ring of integers in some number field k.
Then the generic fiber X = Xk is smooth, and we get a commutative diagram with
exact rows

(1-4)
0 → ⊕vC1,0(Yv) → ⊕vC1,0(Xv) → ⊕vC2,1(Xkv

)[−1] → 0
‖ ↑ ↑

0 → ⊕vC1,0(Yv) → C1,0(X ) → C2,1(X)[−1] → 0.

Here Xv = X ×Ok
Ov for the ring of integers Ov in kv, and Yv = X ×Ok

Fv is
the fiber over v, if v is finite. If v is infinite, we let Yv = ∅ and C1,0(Xv, Z/nZ) =
C2,1(Xv, Z/nZ)[−1]. Thus conjecture B for Xv means that C1,0(Xv) is acyclic for
finite v, and any two of the conjectures imply the third one in this case.

On the other hand, conjecture C for a smooth projective variety over a finite field
allows to compute the Kato homology of Xs in (1-3), at least in the case of semi-
stable reduction: Assume that X is proper over S in (1-3), and that the reduced
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special fiber Y = (Xs)red is a strict normal crossings variety. In §3 we construct a
configuration map

γi
Xs,n : HK

i (Xs, Z/nZ) → Hi(ΓXs
, Z/nZ).

Here ΓXs
, the configuration (or dual) complex of Xs, is a simplicial complex whose

(r − 1)-simplices (r ≥ 1) are the connected components of

Y [r] =
∐

1≤j1<···<jr≤N

Yj1 ∩ · · · ∩ Yjr
,

where Y1, . . . , YN are the irreducible components of Y . This complex has been
studied very often in the literature for a curve X/S, in which case ΓXs

is a graph.
In case X = Spec(OK), γ0

Xs,n is nothing but the map H1(F, Z/nZ) → Z/nZ in
(1-1). For a prime `, let

γi
Xs,`∞ : HK

i (Xs, Q`/Z`) → Hi(ΓXs
, Q`/Z`)

be the inductive limit of γi
Xs,`ν for ν > 0. Then we show in 3.9:

Theorem 1.4 The map γj
Xs,n is an isomorphism if Conjecture C is true in degree

i for all i ≤ j and for any connected component of Y [r], for all r ≥ 1. The anal-
ogous fact holds with Q`/Z`-coefficients. In particular, γj

Xs,n is an isomorphism

for j = 0, 1, 2 and all n > 0, and γ3
Xs,`∞ is an isomorphism for all primes `.

Our main results on Conjecture B now are as follows.

Theorem 1.5 Let n be invertible in K, and assume that X is proper over S.

(1) If Xη is connected, one has isomorphisms

HK
0 (Xη, Z/nZ)

∆0
X,n−→
∼

HK
0 (Xs, Z/nZ)

∼=−→ Z/nZ.

(2) If X is regular, ∆1
X,n is an isomorphism.

In the proof of Theorem 1.5, given in §5, an important role is played by the class
field theory for varieties over local fields developed in [Bl], [Sa1] and [KS1].

In §6 we propose a strategy to show the Q`/Z`-coefficient version of Conjecture B
in degrees ≥ 2 (cf. Proposition 6.4 and the remark at the end of §6) and then show
the following result. Fix a prime ` different from ch(K). Passing to the inductive
limit, the maps ∆i

X,`ν induce

∆i
X,`∞ : HK

i (Xη, Q`/Z`) → HK
i (Xs, Q`/Z`).

Theorem 1.6 Let X be regular, projective over S, and with strict semistable re-
duction. Then ∆2

X,`∞ is an isomorphism and ∆3
X,`∞ is surjective.
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We note that the combination of Theorems 1.4, 1.5 and 1.6 gives a simple de-
scription of HK

i (Xη, Q`/Z`) for i ≤ 2, in terms of the configuration complex of
Xs.

The method of proof for 1.6 is as follows. In [K1] Kato defined the complexes
Cr,s(X, Z/n) and the residue map ∆i

X,n by using his computations with symbols
in the Galois cohomology of discrete valuation fields of mixed characteristic [BK].
To handle these objects more globally and to obtain some compatibilities, we give
an alternative definition in terms of a suitable étale homology theory , in particular
for schemes over discrete valuation rings, in §2.

We will have to use the fact that the complexes defined here, following the method
of Bloch and Ogus [BO], agree with the Kato complexes, as defined in [K1], be-
cause our constructions rely on the Bloch-Ogus method, while we have to use
several results in the literature stated for Kato’s definition (although even there
the agreement is sometimes used implicitely). For the proof that the complexes
agree (up to some signs) we refer the reader to [JSS].

Given this setting, the residue map ∆i
X,n is then studied in §4 by a square

(1-5)

Het
a−2(Xη, Z/nZ(−1))

εXη−→ HK
a (Xη, Z/nZ)

↓ ∆et
X ↓ ∆K

X

Het
a−1(Xs, Z/nZ(0))

εXs−→ HK
a (Xs, Z/nZ),

in which the groups on the left are étale homology groups, and the maps ε
are constructed by the theory in §2. The shifts of degrees by -2 and -1 corre-
spond to the fact that the cohomological dimensions of K and F are 2 and 1,
respectively. If Xη is smooth of pure dimension d, then Het

a−2(Xη, Z/nZ(−1)) ∼=
H2d−a+2

et (Xη, Z/nZ(d+1)), similarly for Xs. But Xs will not in general be smooth,
and then étale cohomology does not work. The strategy is to show that ∆et

X and
εXs

are bijective and that εXη
is surjective, at least if the coefficients are replaced

by Q`/Z` (to use weight arguments), and if X is replaced by a suitable ”good
open” U (to get some vanishing in cohomology).

The proof of the p-part, i.e., for Qp/Zp with p = ch(F ), depends on two results not
published yet. One is the purity for logarithmic de Rham-Witt sheaves stated in
formula (4-2) (taken from [JSS]) and in Proposition 4.12 (due to K. Sato [Sat3]).
The other is a calculation for p-adic vanishing cycles sheaves, or rather its conse-
quence as stated in Lemma 4.22. It just needs the assumption p ≥ dim(Xη) and
will be contained in [JS]. If we only use the results from [BK], [H] and [Ts2], we
need the condition p ≥ dim(Xη) + 3, and have to assume p ≥ 5 in Theorem 1.6.

Combining Theorems 1.5 and 1.6 with Theorem 1.3 one obtains the following result
concerning conjecture C (cf. (1-4)).

Theorem 1.7 Let k be a number field with ring of integers Ok. Let f : X → S be
a regular proper flat geometrically connected scheme over S := Spec(Ok). Assume
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that X has strict semistable reduction around every closed fiber of f . Then we
have

H̃K
i (X , Q/Z)

∼=−→
{

0

Q/Z
if 1 ≤ i ≤ 3,

if i = 0.

We give an application of the above results to the class field theory of surfaces
over local fields. Let K be a non-archimedean local field as in (1-3), and let V be
a proper variety over η = Spec(K). Then we have the reciprocity map for V

ρV : SK1(V ) → πab
1 (V )

introduced in the works [Bl], [Sa1] and [KS1]. Here πab
1 (V ) is the abelian algebraic

fundamental group of V and

SK1(V ) = Coker(
⊕

x∈V1

K2(y)
∂−→

⊕

x∈V0

K1(x))

where Kq(x) denotes the q-th algebraic K-group of k(x), and ∂ is induced by tame
symbols. The definition of ρV will be recalled in §5. For an integer n > 0 prime
to ch(K) let

ρV,n : SK1(V )/n → πab
1 (V )/n

denote the induced map. There exists the fundamental exact sequence (cf. §5)

(1-6) HK
2 (V, Z/nZ) → SK1(V )/n

ρV,n−→ πab
1 (V )/n → HK

1 (V, Z/nZ) → 0.

Combined with 1.5 (2) and 1.4 it describes the cokernel of ρV,n - which is the
quotient πab

1 (V )c.d. of the abelianized fundamental group classifying the covers
in which every point of V splits completely - in terms of the first configuration
homology of the reduction in the case of semi-stable reduction. This generalizes
the results for curves in [Sa1]. Moreover, (1-6) immediately implies that ρV,n is
injective if dim(V ) = 1, which was proved in [Sa1] assuming furthermore that V is
smooth. In general Ker(ρV,n) is controlled by the Kato homology HK

2 (V, Z/nZ).
Sato [Sat2] constructed an example of a proper smooth surface V over K for which
ρV,n is not injective, which implies that the first map in the above sequence is not
trivial in general. The following conjecture plays an important role in controlling
Ker(ρV,n). Let L be a field, and let ` be a prime different from ch(L).

Conjecture BKq(L, `) : The group Hq(L, Q`/Z`(q)) is divisible.

This conjecture is a direct consequence of the Bloch-Kato conjecture asserting the
surjectivity of the symbol map KM

q (L) → Hq(L, Z/`Z(q)) from Milnor K-theory
to Galois cohomology. The above form is weaker if restricted to particular fields L,
but known to be equivalent if stated for all fields. By Kummer theory, BK1(L, `)
holds for any L and any `. The celebrated work of [MS] shows that BK2(L, `)
holds for any L and any `. Voevodsky [V] proved BKq(L, 2) for any L and any q.

Quite generally, the validity of this conjecture would allow to extend results from
Q`/Z`-coefficients to arbitrary coefficients, by the following result (cf. Lemma 7.3;
for extending 1.3 and 1.7 one would need BKq(L, `) over number fields):
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Lemma Let V be of finite type over K, and let ` be a prime. Assume that either
` = ch(K), or that BKi+1(K(x), `) holds for all x ∈ Vi and BKi(K(x), `) holds
for all x ∈ Vi−1. Then we have an exact sequence

0 → HK
i+1(V, Q`/Z`)/`ν → HK

i (V, Z/`ν) → HK
i (V, Q`/Z`)[`

ν ] → 0.

In §7 we combine this observation with considerations about norm maps, to obtain
the following results on surfaces. Let P be a set (either finite or infinite) of rational
primes different from ch(K). Call an abelian group P -divisible if it is `-divisible
for all ` ∈ P .

Theorem 1.8 Let V be an irreducible, proper and smooth surface over K. As-
sume BK3(K(V ), `) for all ` ∈ P , where K(V ) is the function field of V .

(1) Then Ker(ρV ) is the direct sum of a finite group and an P -divisible group.

(2) Assume further that there exists a finite extension K ′/K and an alteration
(=surjective, proper, generically finite morphism) f : W → V ×K K ′ such
that W has a semistable model X ′ over A′, the ring of integers in K ′, with
H2(ΓX′

s′
, Q) = 0 for its special fibre X ′

s′ . Then Ker(ρV ) is P -divisible.

(3) If V has good reduction, then the reciprocity map induces isomorphisms

ρV,`ν : SK1(V )/`ν ∼=−→ πab
1 (V )/`ν

for all ` ∈ P and all ν > 0. In particular, Ker(ρV ) is `-divisible.

Theorem 1.9 Assume that V is an irreducible variety of dimension 2 over a local
field K. Assume BK3(K(V ), `) for all ` ∈ P . If V is not proper (resp. proper),
SK1(V ) (resp. Ker(NV/K)) is the direct sum of a finite group and a P -divisible
group. Here NV/K : SK1(V ) → K∗ is the norm map introduced in §6.

We remark that Theorem 1.8 generalizes [Sa1] where the kernel of the reciprocity
map for curves over local fields is shown to be divisible under no assumption.
Another remark is that Szamuely [Sz] has studied the reciprocity map for varieties
over local fields and its kernel. His results require stronger assumptions than ours
while it affirms that the kernel is uniquely divisible. We note however that Sato’s
example in [Sat2] also implies that the finite group in Theorem 1.8 is non-trivial
in general.

The authors dedicate this paper to K. Kato, whose work and ideas have had a
great influence on their own research and many areas of research in arithmetic in
general. It is also a pleasure to acknowledge valuable help they received from T.
Tsuji and K. Sato via discussions and contributions. The first author gratefully
acknowledges the hospitality of the Research Institute for Mathematical Sciences
at Kyoto and his kind host, Y. Ihara, during 6 months in 1998/1999, which allowed
to write a major part of the paper. For the final write-up he profited from the
nice working atmosphere at the Isaac Newton Institute for Mathematical Sciences
at Cambridge. Finally we thank the referee for some helpful comments.
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2. Kato complexes and Bloch-Ogus theory

It is well-known, although not made precise in the literature, that for a smooth
variety over a field, one may construct the Kato complexes via the niveau spectral
sequence for étale cohomology constructed by Bloch and Ogus [BO]. In this paper
we will however need the Kato complexes for singular varieties and for schemes
over discrete valuation rings, again not smooth. It was a crucial observation for us
that for these one gets similar results by using étale homology (whose definition is
somewhat subtle for p-coefficients with p not invertible on the scheme). This fits
also well with the required functorial behavior of the Kato complexes, which is of
’homological’ nature: covariant for proper morphisms, and contravariant for open
immersions.
In several instances one could use still use étale cohomology, by embedding the
schemes into a smooth ambient scheme and taking étale cohomology with supports
(cf. 2.2 (b) and 2.3 (f)). But then the covariance for arbitrary proper morphisms
became rather unnatural, and there were always annoying degree shifts in relation
to the Kato homology. Therefore we invite the readers to follow our homological
approach.

The following definition formalizes the properties of a homology of Borel-Moore
type. It is useful for dealing with étale and Kato homology together, and for
separating structural compatibilities from explicit calculations.

A. General results Let C be a category of noetherian schemes such that for
any object X in C, every closed immersion i : Y ↪→ X and every open immersion
j : V ↪→ X is (a morphism) in C.

Definition 2.1 (a) Let C∗ be the category with the same objects as C, but where
morphisms are just the proper maps in C. A homology theory on C is a sequence
of covariant functors

Ha(−) : C∗ → (abelian groups) (a ∈ Z)

satisfying the following conditions:

(i) For each open immersion j : V ↪→ X in C, there is a map j∗ : Ha(X) →
Ha(V ), associated to j in a functorial way.

(ii) If i : Y ↪→ X is a closed immersion in X, with open complement j : V ↪→ X,
there is a long exact sequence (called localization sequence)

· · · δ−→ Ha(Y )
i∗−→ Ha(X)

j∗

−→ Ha(V )
δ−→ Ha−1(Y ) −→ . . . .

(The maps δ are called the connecting morphisms.) This sequence is func-
torial with respect to proper maps or open immersions, in an obvious way.

(b) A morphism between homology theories H and H ′ is a morphism φ : H → H ′

of functors on C∗, which is compatible with the long exact sequences from (ii).

Documenta Mathematica · Extra Volume Kato (2003) 479–538



488 U. Jannsen and S. Saito

Before we go on, we note the two examples we need.

Examples 2.2 (a) This is the basic example. Let S be a noetherian scheme,
and let C = Schsft/S be the category of schemes which are separated and of finite
type over S. Let Λ = ΛS ∈ Db(Sét) be a bounded complex of étale sheaves on S.
Then one gets a homology theory H = HΛ on C by defining

HΛ
a (X) := Ha(X/S; Λ) := H−a(Xét, R f !Λ)

for a scheme f : X → S in Schsft/S (which may be called the étale homology of X
over (or relative) S with values in Λ). Here Rf ! is the right adjoint of Rf! defined
in [SGA 4.3, XVIII, 3.1.4]. For a proper morphism g : Y → X between schemes
fY : Y → S and fX : X → S in Schsft/S, the trace (=adjunction) morphism
tr : g∗Rg! → id induces a morphism

R(fY )∗Rf !
Y Λ = R(fX)∗Rg∗Rg!Rf !

XΛ
tr−→R(fX)∗Rf !

XΛ

which gives the covariant functoriality, and the contravariant functoriality for open
immersions is given by restriction. The long exact localization sequence 1.1 (ii)
comes from the exact triangle

i∗Rf !
Y Λ = i∗Ri!Rf !

XΛ → Rf !
XΛ → Rj∗j

∗Rf !
XΛ = Rj∗Rf !

V Λ → .

(b) Sometimes (but not always) it suffices to consider the following more down
to earth version (avoiding the use of homology and Grothendieck-Verdier duality).
Let X be a fixed noetherian scheme, and let C = Sub(X) be the category of
subschemes of X, regarded as schemes over X (Note that this implies that there
is at most one morphism between two objects). Let Λ = ΛX be an étale sheaf
(resp. a bounded below complex of étale sheaves on X). Then one gets a homology
theory H = HΛX on Sub(X) by defining

HΛ
a (Z) := Ha(Z/X; Λ) := H−a

Z (Uét,Λ|U),

as the étale cohomology (resp. hypercohomology) with supports in Z, where U
is any open subscheme of X containing Z as a closed subscheme. For the proper
morphisms in Sub(X), which are the inclusions Z ′ ↪→ Z, the covariantly associated
maps are the canonical maps H−a

Z′ (Uét,Λ|U) → H−a
Z (Uét,Λ|U). The contravariant

functoriality for open subschemes is given by the obvious restriction maps. We
may extend everything to the equivalent category Im(X) of immersions S ↪→ X,
regarded as schemes over X, and we will identify Sub(X) and Im(X).

Remarks 2.3 (a) For any homology theory H and any integer N , we get a
shifted homology theory H[N ] defined by setting H[N ]a(Z) = Ha+N (Z) and mul-
tiplying the connecting morphisms by (−1)N .
(b) If H is a homology theory on C, then for any scheme X in C the restriction of
H to the subcategory C/X of schemes over X is again a homology theory.
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(c) Let H be a homology theory on C/X), and let Z ↪→ X be an immersion. Then
the groups

H(Z)
a (T ) := Ha(T ×X Z)

again define a homology theory on C/X. For an open immersion j : U ↪→ X (resp.
closed immersion i : Z ↪→ X) one has an obvious morphism of homology theories
j∗ : H → H(U) (resp. i∗ : H(Y ) → H).
(d) In the situation of 2.2 (a), let X ∈ Ob(Schsft/S). Then by functoriality of
f Ã Rf ! the restriction of HΛS to C/X = Schsft/X can be identified with HΛX

for ΛX = Rf !
XΛS .

(e) Since for a subscheme ji : Z
i

↪→ U
j

↪→ X, with i closed and j open immersion,
we have

H−a
Z (Uét,ΛX |U) = H−a(Zét, Ri!(j∗ΛX) = H−a(Zét, R(ji)!ΛX)

the notation Ha(Z/X; ΛX) has the same meaning in 2.2 (b) as in 2.2 (a), and the
restriction of HΛS to Sub(X) coincides with HΛX from 2.2 (b).
(f) If moreover fX : X → S is smooth of pure dimension d and ΛS = Z/n(b) for
integers n and b with n invertible on S, then by purity we have Rf !

XZ/n(b) =
Z/n(b+d)[2d], so that HΛS restricted to Sub(X) is HΛX [2d] for ΛX = Z/n(b+d).
(g) In the situation of 2.2 (a), any morphism ψ : ΛS → Λ′

S in Db(Sét) induces a
morphism between the associated homology theories. Similarly for 2.2 (b) and a
morphism ψ : ΛX → Λ′

X of (complexes of) sheaves on X.

The axioms in 2.1 already imply the following property, which is known for example
2.2.
Let Y,Z ⊂ X be a closed subschemes with open complement U, V ⊂ X,
respectively. Then we get an infinite diagram of localization sequences

. . . Ha−1(Y ∩ Z) → Ha−1(Z) → Ha−1(U ∩ Z)
δ→ Ha−2(Y ∩ Z) . . .

↑ δ ↑ δ ↑ δ (−) ↑ δ

. . . Ha(Y ∩ V ) → Ha(V ) → Ha(U ∩ V )
δ→ Ha−1(Y ∩ V ) . . .

↑ ↑ ↑ ↑
. . . Ha(Y ) → Ha(X) → Ha(U)

δ→ Ha−1(Y ) . . .
↑ ↑ ↑ ↑

. . . Ha(Y ∩ Z) → Ha(Z) → Ha(U ∩ Z)
δ→ Ha−1(Y ∩ Z) . . .

Lemma 2.4 The above diagram is commutative, except for the squares marked
(–), which anticommute.

Proof For all squares except for the one with the four δ’s, the commutativity
follows from the functoriality in 2.1 (ii), so it only remains to consider that square
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marked (-). Since (Y ∪ Z) \ (Y ∩ Z) is the disjoint union of Y \ Z = Y ∩ V and
Z \ Y = U ∩ Z, from 2.1 (ii) we have an isomorphism

Ha−1((Y ∪ Z) \ (Y ∩ Z)) ∼= Ha−1(U ∩ Z) ⊕ Ha−1(Y ∩ V )

and a commutative diagram from the respective localization sequences

Ha−1(X) → Ha−1(X \ (Y ∩ Z))
↑ ↑

Ha−1(Y ∪ Z) → Ha−1(U ∩ Z) ⊕ Ha−1(Y ∩ V )
δ+δ→ Ha−2(Y ∩ Z)

↑ ↑ (δ, δ)

Ha(X \ (Y ∪ Z)) = Ha(U ∩ V ) .

As indicated, the connecting morphisms are given by the product α = (δ, δ) and
the sum β = δ + δ, respectively, of the connecting morphisms from the square
marked (-), as one can see by applying the functoriality 2.1 (ii). Now the diagram
implies that the composition β ◦ α is zero, hence the claim.

Corollary 2.5 The maps δ : Ha(T ×X U) → Ha−1(T ×X Y ), for T ∈ C/X,
define a morphism of homology theories δ : H(U)[1] → H(Y ).

We shall also need the following Mayer-Vietoris property.

Lemma 2.6 Let X = X1∪X2 be the union of two closed subschemes iν : Xν ↪→ X,
and let kν : X1 ∩ X2 ↪→ Xν be the closed immersions of the (scheme-theoretic)
intersection. Then there is a long exact Mayer-Vietoris sequence

→ Ha(X1 ∩ X2)
(k1∗,−k2∗)−→ Ha(X1) ⊕ Ha(X2)

i1∗+i2∗−→ Ha(X)
δ→Ha−1(X1 ∩ X2) → .

This sequence is functorial with respect to proper maps, localization sequences and
morphisms of homology theories, in the obvious way.

Proof The exact sequence is induced in a standard way (via the snake lemma)
from the commutative ladder of localization sequences

.. Ha(X2)
i2∗→ Ha(X) → Ha(X \ X2) → Ha−1(X2) ..

↑ k2∗ ↑ i1∗ ‖ ↑
.. Ha(X1 ∩ X2)

k1∗→ Ha(X1) → Ha(X1 \ X1 ∩ X2) → Ha−1(X1 ∩ X2) ..

The functorialities are clear from the functoriality of this diagram.

Now we come to the main object of this chapter. As in [BO] one proves the
existence of the following niveau spectral sequence, by using the niveau filtration
on the homology and the method of exact couples.
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Proposition 2.7 If H is a homology theory on C, then, for every X ∈ Ob(C),
there is a spectral sequence of homological type

E1
r,q(X) =

⊕

x∈Xr

Hr+q(x) ⇒ Hr+q(X).

Here Xr = {x ∈ X | dimx = r} and

Ha(x) = lim
→

Ha(V )

for x ∈ X, where the limit is over all open non-empty subschemes V ⊆ {x}.
This spectral sequence is covariant with respect to proper morphisms in C and
contravariant with respect to open immersions.

Remarks 2.8 (a) Since we shall partially need it, we briefly recall the construction
of this spectral sequence. As in [BO], for any scheme T ∈ C let Zr = Zr(T ) be
the set of closed subsets Z ⊂ T of dimension ≤ r, ordered by inclusion, and let
Zr/Zr−1(T ) be the set of pairs (Z,Z ′) ∈ Zr ×Zr−1 with Z ′ ⊂ Z, again ordered
by inclusion. For every (Z,Z ′) ∈ Zr/Zr−1(X), one then has an exact localization
sequence

. . . → Ha(Z ′) → Ha(Z) → Ha(Z \ Z ′)
δ→Ha−1(Z

′) → . . . ,

and the limit of these, taken over Zr/Zr−1(X), defines an exact sequence denoted

. . . Ha(Zr−1(X)) → Ha(Zr(X)) → Ha(Zr/Zr−1(X))
δ→Ha−1(Zr−1(X)) . . . .

The collection of these sequences for all r, together with the fact that one has
H∗(Zr(X)) = 0 for r < 0 and H∗(Zr(X)) = H∗(X) for r ≥ dimX, gives the
spectral sequence in a standard way, e.g., by exact couples. Here

E1
r,q(X) = Hr+q(Zr/Zr−1(X)) =

⊕

x∈Xr

Hr+q(x).

The differentials are easily described, e.g., in the same way as in [J3] for a filtered
complex (by renumbering from cohomology to homology). In particular, the E1-
differentials are the compositions

Hr+q(Zr/Zr−1(X))
δ→Hr+q−1(Zr−1(X)) → Hr+q−1(Zr−1/Zr−2(X)).

Moreover the ’edge isomorphisms’ E∞
r,q

∼= Er,q
r+q are induced by

Hr+q(Zr/Zr−1(X) ← Hr+q(Zr(X)) → Hr+q(Z∞(X)) = Hr+q(X)

(b) This shows that the differential

d1
r,q :

⊕

x∈Xr

Hr+q(x) →
⊕

x∈Xr−1

Hr+q−1(x)
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has the following description. For x ∈ Xr and y ∈ Xr−1 define

δloc
X {x, y} := δloc

X,a{x, y} : Ha(x) → Ha+1(y)

as the map induced by the connecting maps Ha(V \ {y}) δ→Ha−1(V ∩ {y}) from
2.1 (ii), for all open V ⊂ {x}. Then the components of d1

r,q are the δloc
X,r+q{x, y}.

Note that δloc
X {x, y} = 0 if y is not contained in {x}.

(c) Every morphism φ : H → H ′ between homology theories induces a morphism
between the associated niveau spectral sequences.

We note some general results for fields and discrete valuation rings.

Proposition 2.9 Let S = Spec(F ) for a field F , let X be separated and of finite
type over F , and let H be a homology theory on Sub(X). If i : Y ↪→ X is a closed
subscheme and j : U = X \ Y ↪→ X is the open complement, then the following
holds.
(a) For all r, q the sequence

0 → E1
r,q(Y )

i∗→ E1
r,q(X)

j∗

→ E1
r,q(U) → 0

is exact.
(b) The connecting morphisms δ : Ha(Z ∩ U) → Ha−1(Z ∩ Y ), for T ∈ Sub(X),
induce a morphism of spectral sequences

δ : E1
r,q(U)(−) −→ E1

r−1,q(Y ),

where the superscript (−) means that all differentials in the original spectral se-
quence (but not the edge isomorphisms E∞

r,q
∼= Er,q

r+q) are multiplied by -1.

Proof (a): One has always Xr ∩ Y = Yr, and since X is of finite type over a
field, we also have Xr ∩ U = Ur.
(b): This morphism is induced by the morphism of homology theories
δ : H(U)[1] → H(Y ) and the construction of the spectral sequences, noting the
following. For a closed subset Z ⊂ U let Z be the closure in X and δ(Z) = Z ∩Y .
For (Z,Z ′) ∈ Zr/Zr−1(U) one then has (δ(Z), δ(Z ′)) ∈ Zr−1/Zr−2(Y ), and a
commutative diagram via localization sequences

.. Ha(Z ′) → Ha(Z) → Ha(Z \ Z ′)
δ→ Ha−1(Z ′) ..

↑ ↑ ↑ ↑
.. Ha(δ(Z ′)) → Ha(δ(Z)) → Ha(δ(Z) \ δ(Z ′))

δ→ Ha−1(δ(Z
′)) ..

↑ δ ↑ δ ↑ δ ↑ δ

.. Ha+1(Z
′) → Ha+1(Z) → Ha+1(Z \ Z ′)

−δ→ Ha(Z ′) ..

This shows that one gets a map of the exact couples defining the spectral sequences
and hence of the spectral sequences themselves, with the claimed shift and change
of signs. Note that every differential in the spectral sequence involves a connecting
morphism once, whereas the edge isomorphisms do not involve any connecting
morphism; this gives the signs in E(−).

Documenta Mathematica · Extra Volume Kato (2003) 479–538



Kato Homology and Higher Class Field Theory 493

Corollary 2.10 Let C be a subcategory of Schsft/Spec(F ). For every fixed q,
the family of functors (E2

r,q)r∈Z defines a homology theory on C.

Proof The functoriality for proper morphisms and immersions comes from that
of the spectral sequence noted in 2.8 (c). Moreover, in the situation of 2.9, we get
an exact sequence of complexes

0 → E1
•,q(Y ) → E1

•,q(X) → E1
•,q(U) → 0,

whose associated long exact cohomology sequence is the needed long exact se-
quence

. . . → E2
r,q(Y ) → E2

r,q(X) → E2
r,q(U)

δ→E2
r−1,q(Y ) → . . . .

Its functoriality for proper morphisms and open immersions comes from the func-
toriality of the mentioned exact sequence of complexes.

Remark 2.11 By the construction in 2.9 (b), the components of the maps δ on
E1-level,

δ : E1
r,q(U) =

⊕

x∈Ur

Hr+q(x) →
⊕

y∈Yr−1

Hr+q(y) = E1
r−1,q(Y )

are the maps δloc
X {x, y}. This also shows that the associated maps on the E2-level

coincide with the connecting morphisms in 2.10.

We now turn to discrete valuation rings.

Proposition 2.12 Let S = Spec(A) for a discrete valuation ring A, let X be
separated of finite type over S, and let H be a homology theory on Sub(X). Let η
and s be the generic and closed point of S, respectively, and write Zη = Z ×S η
and Zs = Z ×S s for any Z ∈ Ob(Sub(X)).
(a) The connecting morphisms δ : Ha(Zη) → Ha−1(Zs) induce a morphism of
spectral sequences

∆X : E1
r,q(Xη)(−) → E1

r,q−1(Xs),

where the superscript (−) has the same meaning as in 2.9. This morphism is func-
torial with respect to closed and open immersions, so that one gets commutative
diagrams

0 → E1
r,q(Yη)(−) → E1

r,q(Xη)(−) → E1
r,q(Uη)(−) → 0

↓ ∆Y ↓ ∆X ↓ ∆U

0 → E1
r,q(Ys) → E1

r,q(Xs) → E1
r,q(Us) → 0

for every closed subscheme Y in X, with open complement U .
(b) If X is proper over S, the open immersion j : Xη → X induces a morphism
of spectral sequences

j∗ : E1
r,q(X) → E1

r−1,q(Xη)
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such that

0 → E1
r,q(Xs)

i∗→ E1
r,q(X)

j∗

→ E1
r−1,q(Xη) → 0

is exact for all r and q, where i : Xs ↪→ X is the closed immersion of the special
fiber Xs into X.

Proof. (a): As in 2.9 (b), this morphism is induced by the morphism of homology
theories δ : H(Xη)[1] → H(Xs) and the construction of the spectral sequences,
noting the following in the present case: For Z ∈ Zr(Xη) one now has δ(Z) =
Z ∩ Xs ∈ Zr(Xs), where Z denotes the closure of Z in X.
(b): If X → S is proper, then Xr ∩ Xη = (Xη)r−1.

Remarks 2.13 (a) Proposition 2.12 (b) will in general be false if X is not proper
over S, because Xr ∩ Xη will in general be different from (Xη)r−1 (e.g., for X =
Spec(K)).
(b) By definition of ∆X , the components of the map on E1-level,

∆X :
⊕

x∈(Xη)r

Hr+q(x) −→
⊕

x∈(Xs)r

Hr+q+1(x)

are the maps δloc
X {x, y}.

We study now two important special cases of Example 2.2 (a) (resp.(b)).

B. Étale homology over fields Let S = Spec(F ) for a field F , and fix integers
n and b. We consider two cases.

(i) n is invertible in F , and b is arbitrary.

(ii) F is a perfect field of characteristic p > 0, and n = pm for a positive integer
m. Then we only consider the case b = 0.

We consider the homology theory

Ha(X/F, Z/n(b)) := Ha(X/S; Z/n(−b)) = H−a(Xét, Rf !Z/n(−b))

(for f : X → S) of 2.2 (a) on Schsft/S associated to the following complex of étale
sheaves Z/n(−b) on S. In case (i) we take the usual (−b)-fold Tate twist of the
constant sheaf Z/n and get the homology theory considered by Bloch and Ogus
in [BO]. In case (ii) we define the complex of étale sheaves

Z/pm(i) := Z/pm(i)T := WmΩi
T,log[−i],

for every T of finite type over F and every non-negative integer i, so that

Ha(X/F, Z/n(b)) = H−a+b(X,Rf !WmΩ−b
F,log).
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Here WmΩi
T,log is the logarithmic de Rham-Witt sheaf defined in [Il]. Note that

Z/n(0) is just the constant sheaf Z/n, and that WmΩi
F,log is not defined for i < 0

and 0 for i > 0 (That is why we just consider b = 0 in case (ii)).

The niveau spectral sequence 2.7 associated to our étale homology is

E1
r,q(X/F, Z/n(b)) =

⊕

x∈Xr

Hr+q(x/F, Z/n(b)) ⇒ Hr+q(X/F, Z/n(b)).

Theorem 2.14 Let X be separated and of finite type over F .
(a) There are canonical isomorphisms

Ha(x/F, Z/n(b)) ∼= H2r−a(k(x), Z/n(r − b)) for x ∈ Xr.

(b) If the cohomological `-dimension cd`(F ) ≤ c for all primes ` dividing n, then
one has E1

r,q(X/F, Z/n(b)) = 0 for all q < −c, and, in particular, canonical edge
morphisms

ε(X/F ) : Ha−c(X/F, Z/n(b)) −→ E2
a,−c(X/F, Z/n(b)).

(c) If X is smooth of pure dimension d over F , then there are canonical isomor-
phisms

Ha(X/F, Z/n(b)) ∼= H2d−a(Xét, Z/n(d − b)).

Proof (c): If f : X → Spec(F ) is smooth of pure dimension d, then one has a
canonical isomorphism of sheaves

(2-1) αX : Rf !Z/n(−b)S
∼= Z/n(d − b)[2d],

and (c) follows by taking the cohomology. In case (i) the isomorphism αX is the
Poincaré duality proved in [SGA 4.3, XVIII, 3.2.5]. In case (ii) it amounts to a
purity isomorphism Rf !Z/pm ∼= WmΩd

X,log[d] which is proved in [JSS].
Independently of [JSS] we note the following. In the case of a finite field F (which
suffices for the later applications) we may deduce (c) in case (ii) from results of
Moser [Mo] as follows. By [Mo] we have a canonical isomorphism of finite groups

Exti(F ,WmΩd
X,log)

∼= Hd+1−i
c (X,F)∨,

for any constructible Z/pm-sheaf F on X. Here M∨ = Hom(M, Z/pm) for a
Z/pm-module M . Applying this to F = Z/pm, we get an isomorphism

(2-2) Hi(X,WmΩd
X,log)

∼= Hd+1−i
c (X, Z/pm)∨.

On the other hand, by combining Artin-Verdier duality [SGA 4.3, XVIII, 3.1.4])
and duality for Galois cohomology over F (cf. also 5.3 (2) below), one gets a
canonical isomorphism of finite groups

(2-3) Hj(X, Z/pm(0))) = H−j(X,Rf !Z/pm) ∼= H1+j
c (X, Z/pm)∨.
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Putting together (2-2) and (2-3) we obtain (c):

H2d−a(X, Z/pm(d))
def
= Hd−a(X,WmΩd

X,log)
∼= Ha(X, Z/pm(0))).

(a): By topological invariance of étale cohomology we may assume that F is
perfect also in case (i). Then every point x ∈ Xr has an open neighbourhood
V ⊂ {x} which is smooth of dimension r over F . Thus (a) follows from (c) and
the compatibility of étale cohomology with limits.
(b): If x ∈ Xr, then k(x) is of transcendence degree r over F , and hence
cd`(F ) ≤ c implies cd`(k(x)) ≤ c + r. Hence in case (i) Hr+q(x/F, Z/n(b)) =
Hr−q(k(x), Z/n(r − b)) = 0 for r − q > c + r, i.e., q < −c. In case (ii), since
cdp(L) ≤ 1 for every field of characteristic p > 0, we have Hr+q(x/F, Z/pm(0)) =
H−q(k(x),WmΩr

log) = 0 for −q > 1, which shows the claim unless cdp(F ) = 0. In
this case we may assume that F is algebraically closed, by a usual norm argument,
because every algebraic extension of F has degree prime to p [Se, I 3.3 Cor. 2].
Then Hi(k(x),WmΩr

log) = 0 for i > 0 by a result of Suwa ([Sw, Lem. 2.1], cf.
the proof of Theorem 3.5 (a) below), because k(x) is the limit of smooth affine
F -algebras by perfectness of F .

We shall need the following result from [JSS].

Lemma 2.15 Via the isomorphisms 2.14 (a), the homological complex

E1
•,q(X/F, Z/n(b)) :

. . .
⊕

x∈Xr

Hr+q(x/F, Z/n(b)) →
⊕

x∈Xr−1

Hr+q−1(x/F, Z/n(b)) . . .

. . . →
⊕

x∈X0

Hq(x/F, Z/n(b))

(with the last term placed in degree zero) coincides with the Kato complex

C−q,−b
n (X) :

. . .
⊕

x∈Xr

Hr−q(k(x), Z/n(r − b)) →
⊕

x∈Xr−1

Hr−q−1(k(x), Z/n(r − b − 1)) . . .

. . . →
⊕

x∈X0

H−q(k(x), Z/n(−b))

up to signs.

We also note the following functoriality.

Lemma 2.16 The edge morphisms ε from 2.14 (b) define a morphism of homology
theories on Schsft/F

ε : H•−c(−/F, Z/n(b)) −→ E2
•,−c(−/F, Z/n(b))

2.15
= H•(C

−c,−b
n (−))

Proof Note that the target is a homology theory by 2.10. The functoriality
for proper morphisms and open immersions is clear from the functoriality of the
niveau spectral sequence. The compatibility with the connecting morphisms of
localization sequences follows from 2.8 (b) and remark 2.11.
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C. Étale homology over discrete valuation rings Let S = SpecA for
a discrete valuation ring A with residue field F and fraction field K. Let j :
η = Spec(K) ↪→ S be the open immersion of the generic point, and let i : s =
Spec(F ) ↪→ S be the closed immersion of the special point. Let n and b be integers.
We consider two cases:

(i) n is invertible on S and b is arbitrary.

(ii) K is a field of characteristic 0, F is a perfect field of characteristic p > 0,
n = pm for a positive integer m, and b = −1.

We consider the homology theory

Ha(X/S, Z/n(b)) := Ha(X/S; Z/n(−b)S) = H−a(Xét, Rf !Z/n(−b)S)

(for f : X → S) of 2.2 (a) on Schsft/S associated to the complex Z/n(−b)S ∈
Db(Sét) defined below. The associated niveau spectral sequence is

E1
p,q(X/S, Z/n(b)) =

⊕

x∈Xp

Hp+q(x/S, Z/n(b)) ⇒ Hp+q(X/S, Z/n(b)).

In case (i), Z/n(−b)S is the usual Tate twist of the constant sheaf Z/n on S. In
case (ii) it is the complex of étale sheaves on S

Z/n(1)S := Cone(Rj∗(Z/n(1))η
σ→ i∗(Z/n)s[−1])[−1]

considered in [JSS].

For the convenience of the reader, we add some explanation. By definition, (Z/n)s

is the constant sheaf with value Z/n on s, and (Z/n(1))η is the locally constant
sheaf Z/n(1) = µn of n-th roots of unity on η. Note that n is invertible on
η. The complex Rj∗(Z/n(1))η is concentrated in degrees 0 and 1: Pulling back
by j∗ one gets (Z/n(1))η, concentrated in degree zero, and pulling back by i∗

the stalk of the i-th cohomology sheaf is Hi(Ksh, µn), where Ksh is the strict
Henselization of K. Since Ksh has cohomological dimension at most 1, the claim
follows. Given this, and adjunction for i, the morphism σ is determined by a map
i∗R1j∗(Z/n(1))η → (Z/n)s. Since sheaves on s are determined by their stalks as
Galois modules, it suffices to describe the map on stalks

H1(Ksh, µn) = K×
sh/(K×

sh)n −→ Z/n

which we take to be the map induced by the normalized valuation.
We remark that (Z/n(1))S is well-defined up to unique isomorphism, although
forming a cone is not in general a well-defined operation in the derived category.
But in our case, the source A of σ is concentrated in degrees 0 and 1, and the
target B is concentrated in degree 1, so that Hom(A[1], B) = 0 in the derived
category, and we can apply [BBD, 1.1.10].

Let X be separated of finite type over S, and use the notations s, η,Xs and Xη

from Proposition 2.12.
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Lemma 2.17 There are isomorphisms of spectral sequences

E1
r,q(Xη/S, Z/n(b)) ∼= E1

r,q(Xη/η, Z/n(b))

E1
r,q(Xs/S, Z/n(b)) ∼= E1

r,q+2(Xs/s, Z/n(b + 1)).

Proof. One has canonical isomorphisms

j∗Z/n(−b)S
∼= Z/n(−b)η

Ri!Z/n(−b)S
∼= Z/n(−b − 1)s[−2].

This is clear for j∗. For i! it is the purity for discrete valuation rings [SGA 5,
I,5.1] in case (i), and follows from the definition of Z/n(1)S in case (ii). Thus the
claim follows from remarks 2.3 (d) and (g), which imply isomorphisms of homology
theories on Schsft/η and Schsft/s, respectively.

Ha(Xη/S; Z/n(−b)) ∼= Ha(Xη/η; Z/n(−b))

Ha(Xs/S; Z/n(−b)) ∼= Ha+2(Xs/s; Z/n(−b − 1)).

Definition 2.18 Define the residue morphism

∆X : C−a,−b
n (Xη)(−) → C−a−1,−b−1

n (Xs)

between the Kato complexes by the commutative diagram

C−a,−b
n (Xη)(−) ∆X−→ C−a−1,−b−1

n (Xs)

‖ 2.15o ‖ 2.15o

E1
•,a(Xη/η, Z/n(b))(−) E1

•,a+1(Xs/s, Z/n(b + 1))

‖ 2.17o ‖ 2.17o

E1
•,a(Xη/S, Z/n(b))(−) ∆X−→

2.12(a)
E1

•,a−1(Xs/S, Z/n(b))

Remark 2.19 By 2.12 (a), the residue map is compatible with restrictions for
open immersions and push-forwards for closed immersion. Thus, if Y is closed in
X, with open complement U = X \ Y , we get a commutative diagram with exact
rows

0 → C−a,−b
n (Yη) → C−a,−b

n (Xη) → C−a,−b
n (Uη) → 0

↓ ∆Y ↓ ∆X ↓ ∆U

0 → C−a−1,−b−1(Ys) → C−a−1,−b−1
n (Xs) → C−a−1,−b−1(Us) → 0
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In view of 2.13 (b), the following is proved in [JSS].

Lemma 2.20 For x ∈ (Xη)r and y ∈ (Xs)r the component

∆X{x, y} : Hr+a+1(k(x), Z/n(r − b + 1)) → Hr+a(k(y), Z/n(r − b))

of ∆X coincides with the residue map δKato
X {x, y} used by Kato in the complex

Ca,−b(X).

This gives the relationship between étale homology and the Kato complexes also
in the case of a discrete valuation ring:

Corollary 2.21 If X is proper over S, then the following holds.
(a) The residue map ∆X from 2.18 coincides with the map considered by Kato in
Conjecture B (cf. the introduction).
(b) The homological complex

E1
•,q(X/S, Z/n(b)) :

. . . →
⊕

x∈Xr

Hr+q(x/S, Z/n(b)) →
⊕

x∈Xr−1

Hr+q−1(x/S, Z/n(b)) → . . .

. . . →
⊕

x∈X0

Hq(x/S, Z/n(b))

(with the last term placed in degree zero) coincides with the Kato complex

C−q−2,−b−1
n :

. . .
⊕

x∈Xr

Hr−q−2(k(x), Z/n(r − b − 1)) →
⊕

x∈Xr−1

Hr−q−3(k(x), Z/n(r − b − 2)) . . .

. . . →
⊕

x∈X0

H−q−2(k(x), Z/n(−b − 1)).

Proof. Since Xr ∩ Xs = (Xs)r and Xr ∩ Xη = (Xη)r−1, we have

Ha(x/S, Z/n(b)) = H2r−a−2(k(x), Z/n(r − b − 1)) for all x ∈ Xr.

Hence the components agree in (b). It then follows from 2.13 (b), 2.15 and Kato’s
definitions that (a) and (b) are equivalent, and that (a) holds by lemma 2.20.

3. Kato complexes and étale homology over finite fields

3.1 In this section, F is a finite field of characteristic p > 0, and n > 0 is an
integer. Let

Y
f→ Spec(F ) Ã Het

a (Y/F, Z/n(0)) := H−a(Yét, Rf !Z/n(0))
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be the étale homology with coefficients Z/n(0) over F , and let

E1
r,q(Y/F, Z/n(0)) ⇒ Het

r+q(Y/F, Z/n(0)).

be the associated niveau spectral sequence (cf. 2.A). Since F has cohomological
dimension 1, theorems 2.14 (b) and theorem 2.21 give a canonical edge morphism

εY : Het
a−1(Y/F, Z/n(0)) → E2

a,−1(Y/F, Z/n(0)) = Ha(C1,0(Y, Z/n)) = HK
a (Y, Z/n)

from étale to Kato homology which we want to study more closely for certain
varieties.

For the étale homology we use the Hochschild-Serre spectral sequence, which in
our case just becomes the collection of short exact sequences

0 → Het
a+1(Y /F , Z/n(0))Γ

α→Het
a (Y/F, Z/n(0))

β→Het
a (Y /F , Z/n(0))Γ → 0,

where Γ = Gal(F/F ), for an algebraic closure F of F , is the absolute Galois group
of F , and Y = Y ×F F . Here we have used that the cohomological dimension of Γ is
1 , and that one has a canonical isomorphisms H1(Γ,M) ∼= MΓ for any Γ-module
M . If we pass to the inductive limit, we get versions with coefficients Q`/Z`(0) or
Q/Z(0) which we will treat as well. In the following, we shall suppress F and F
in the notations.

For the Kato homology the following conjecture by Kato, which is a special case
of conjecture C in the introduction, will play an important role. Let ` be a prime
and let ν be a natural number or ∞. If ν = ∞, we define Z/`∞ := Q`/Z`.

Conjecture K(F, Z/`ν) If X is a connected smooth projective variety over F ,
then

HK
i (X, Z/`ν)

∼=−→
{

0

Z/`ν

if i 6= 0,

if i = 0.

3.2 More precisely, we want to study εY for strict normal crossings varieties,
i.e., reduced separated varieties Y with smooth irreducible components Y1, . . . , YN

intersecting transversally. Let

Yi1,...,is
:= Yi1 ×Y . . . ×Y Yis

be the scheme-theoretic intersection of Yi1 , . . . , Yis
, and write

Y [s] :=
∐

1≤i1<···<is≤N

Yi1,...,is

for the disjoint union of the s-fold intersections of the Yi, for s > 0. By assumption,
all Y [s] are smooth. Denote by

i[s] : Y [s] −→ Y
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the canonical morphism induced by the immersions Yi1,...,is
↪→ Y , and let

δν : Y [s] −→ Y [s−1] (ν = 1, . . . , s)

be the morphism induced by the closed immersions

Yi1,...,is
↪→ Yi1,...,îν ,...,is

.

Definition 3.3 A good divisor on Y is a reduced closed subscheme Z ⊂ Y of pure
codimension 1 such that

(a) Z intersects all subschemes Yi1,...,is
transversally.

(b) U = Y \ Z is affine.

Lemma 3.4 Let X be a smooth proper variety over a field L, and let D be a smooth
divisor on X such that X \D is affine. If X is connected of dimension > 1, then
D is connected.

Proof We may assume that X is geometrically connected over L, and, by base
change, that L is algebraically closed. Let d = dim X, and let ` be a prime
invertible in L. Then we get an exact Gysin sequence

0 = H2d−1
et (U, Z/`Z) → H2d−2

et (D, Z/`Z) → H2d
et (X, Z/`Z) → H2d

et (U, Z/`Z) = 0

where the vanishing comes from weak Lefschetz (note that 2d − 1 > d = dim U).
Since dimZ/`Z H2d

et (X, Z/`Z) is the number of proper connected components of a
purely d-dimensional smooth variety X, the claim follows.

If Z is a good divisor, then it is again a strict normal crossing variety. By
the lemma, the intersections Yi ∩ Z are the connected components of Z, unless
dim(Yi) = 1. If Y is projective, then a good divisor always exists over any infinite
field extension of F by the Bertini theorem. The main result of this section is:

Theorem 3.5 Let Y be a proper strict normal crossings variety of pure dimension
d over F , and let ` be a prime number. Let Z ⊂ Y be a good divisor, and let
U = Y \ Z be the open complement.

(a) One has Het
a−1(U, Z/`ν(0)) = 0 = Het

a (U, Z/`ν) for a < d and all ν ≥ 1.

(b) If the Kato conjecture K(F, Q`/Z`) holds in degrees ≤ m, then the map

εU : Het
a−1(U, Q`/Z`(0)) −→ Ha(C1,0(U, Q`/Z`)) = HK

a (U, Q`/Z`)

is an isomorphism for all a ≤ min(m, d).
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Proof We prove the theorem by double induction on the dimension and the
number N of components of Y . If dim Y = 0, then the claim is trivially true.
Now let Y be of pure dimension d, and assume the statements are true in smaller
dimension.
(1) If N = 1, i.e., Y has only one component, then Y is smooth and proper.
Let Z ⊂ Y be a good divisor. Then U = Y \ Z is affine. For ` 6= p one then
has Het

a (U, Z/`ν(0)) = H2d−a
et (U, Z/`ν(d)) = 0 for a < d by weak Lefschetz. For

` = p one has Het
a (U, Z/pr(0)) = H2d−a

et (U, Z/pr(d)) = Hd−a(U,WrΩ
d
U,log) = 0

for d − a > 0, i.e., a < d as well, by 2.14 (c) and the weak Lefschetz theorem
proved in [Sw, Lemma 2.1]. By the exact sequence

0 → Het
a (U, Z/`ν(0))Γ → Het

a−1(U, Z/`ν(0)) → Het
a−1(U, Z/`ν(0))Γ → 0

we see that Het
a−1(U, Z/`ν(0)) = 0 for a < d as claimed in (a).

For (b) we may assume that Y is geometrically connected. First let dim Y = 1. In
this case Het

1 (Y , Q/Z(0)) = H1
et(Y , Q/Z(1)) = Tor(Pic(Y )) is the torsion of the

Jacobian of Y , hence Het
1 (Y , Q/Z(0))Γ = 0, by Weil’s theorem. The map

Het
0 (Z, Q/Z(0)) → Het

0 (Y, Q/Z(0))

is therefore identified with the Gysin map

H0
et(Z, Q/Z(0))Γ → H2

et(Y , Q/Z(1))Γ ∼= Q/Z,

which is surjective: It has a left inverse up to isogeny, and the target is divisi-
ble. Hence the upper row in the following commutative diagram of localization
sequences is exact

0 → Het
0 (U, Q/Z(0)) → Het

−1(Z, Q/Z(0)) → Het
−1(Y, Q/Z(0)) → 0

↓ εU ↓ εZ ↓ εY

0 → HK
1 (U, Q/Z) → HK

0 (Z, Q/Z) → HK
0 (Y, Q/Z) → 0.

Note that Het
−1(U, Q/Z(0)) = 0 by the first step. Since the Kato conjecture is

known for Z and Y (cf. the introduction), one has HK
1 (Y, Q/Z) = 0, and an

isomorphism HK
0 (Y, Q/Z) ∼= Q/Z via the trace map to Spec(F ). Therefore εZ

and εY are isomorphisms, and we conclude that the bottom sequence is exact
(recall that Kato homology gives a homology theory in the sense of 2.1), εU is an
isomorphism, and HK

0 (U, Q/Z) = 0. This settles the case dim Y = 1.
Now assume dim Y > 1. The long exact localization sequence for the Kato ho-
mology,

. . . HK
a (Y, Q`/Z`) → HK

a (U, Q`/Z`) → HK
a−1(Z, Q`/Z`) → . . .

→ HK
1 (U, Q`/Z`) → HK

0 (Z, Q`/Z`)
β→HK

0 (Y, Q`/Z`) → HK
0 (U, Q`/Z`) → 0

then shows that HK
a (U, Q`/Z`) = 0 for all 0 ≤ a ≤ m if the Kato conjecture

is true in dimensions ≤ m for Y and Z. Note that β is an isomorphism
since Z is connected for dim Y > 1 by lemma 3.4. So it remains to show that
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Het
d−1(U, Q`/Z`(0)) = 0 in the considered case as well. The above weak Lefschetz

results imply that

Het
d (U, Q`/Z`(0))Γ ∼= Het

d−1(U, Q`/Z`(0))

is divisible, and a quotient of Het
d (U, Q`(0))Γ. But the exact sequence

Het
d (Y , Q`(0)) → Het

d (U, Q`(0)) → Het
d−1(Z, Q`(0))

shows that the middle group is mixed of weights −d and −d + 1, since
Het

a (X, Q`(b)) ∼= H2d−a
et (X, Q`(d− b)) is pure of weight b− a for a smooth proper

variety X by Deligne’s proof of the Weil conjecture (for the case ` = p one uses
results of Katz-Messing cf. [G-S]). Hence Het

d (U, Q`(0))Γ = 0 for d > 1.
(2) Finally we carry out the induction step for the induction on N , the number
of components of Y . Let

Y ′ =
N−1⋃

i=1

Yi.

Then Y ′∩YN is a strict normal crossings variety, and Z∩Y ′, Z∩YN and Z∩Y ′∩YN

are good divisors on Y ′, YN and Y ′ ∩ YN , respectively. Write
◦
Y = U = Y \ Z,

◦
Y ′= Y ′ \Z and

◦
YN= YN \Z, and note that

◦
Y ′ ∩

◦
YN= (Y ′ ∩ YN ) \Z. By 2.6 and

2.16 we get a commutative diagram of Mayer-Vietoris sequences

.. Het
a−1(

◦

Y ′ ∩
◦

YN ) → Het
a−1(

◦

Y ′) ⊕ Het
a−1(

◦

YN ) → Het
a−1(

◦

Y ) → Het
a−2(

◦

Y ′ ∩
◦

YN )..
↓ ↓ ↓ ↓

.. HK
a (

◦

Y ′ ∩
◦

YN ) → HK
a (

◦

Y ′) ⊕ HK
a (

◦

YN ) → HK
a (

◦

Y ) → HK
a−1(

◦

Y ′ ∩
◦

YN )..

by taking the maps ε as vertical maps. Here we abbreviated Het
a (−) for

Het
a (−, `ν(0)) and HK

a (−) for HK
a (−, `ν), respectively, where ν ∈ N∪{∞} is fixed.

By induction on N , (a) holds for
◦

Y ′,
◦

YN and
◦

Y ′ ∩
◦

YN , hence also for
◦
Y = U by the

upper row. Now let ν = ∞. By induction the vertical maps are then isomorphisms

for
◦

Y ′ and
◦

YN if a ≤ min(d,m), and for
◦

Y ′ ∩
◦

YN if a ≤ min(d − 1,m), so we con-

clude by the 5-lemma. In fact, in case a = d ≤ m note that HK
d (

◦
Y ′ ∩

◦
YN ) = 0.

So even if H ét
d−1(

◦
Y ′ ∩

◦
YN ) may be non-zero (because d > d − 1 = dim Y ′ ∩ YN ),

the 5-lemma in its stronger form applies.

We now come to the proof of theorem 1.4 in the introduction. We use the following
spectral sequence.

Proposition 3.6 Let Y be a noetherian scheme, let Y = (Y1, . . . , YN ) be an or-
dered tuple of closed subschemes with Y =

⋃
Yi, and let the notations be as in 3.2

(although we do not assume any normal crossing condition). Let n, r and b be
integers such that the Kato complex Cr,b(Y, Z/n) is defined.
(a) There is a spectral sequence of homological type

E1
s,t(Y, Z/n) = Ht(C

r,b(Y [s+1], Z/n)) ⇒ Hs+t(C
r,b(Y, Z/n)),
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in which the E1−differential is d1
s,t =

∑s+1
ν=1(−1)ν+1(δν)∗, with (δν)∗ being the

homomorphism induced by the map δν from 3.2.
(b) One has E1

s,t(Y, Z/n) = 0 for all t < 0 and hence canonical edge morphisms

eY,n
a : Ha(Cr,b(Y, Z/n)) → E2

a,0(Y, Z/n) = Ha(H0(C
r,b(Y [•+1], Z/n))).

(c) Let Y be of finite type over the finite field F . Define the following complex

C(Y, Z/n) : . . . → (Z/n)π0(Y
[s+1]) ds→(Z/n)π0(Y

[s]) → . . . → (Z/n)π0(Y
[1]).

Here π0(Z) is the set of connected components of a scheme Z, the last term of

the complex is placed in degree 0, and the differential ds is
∑s+1

ν=1(−1)ν+1(δν)∗,
where (δν)∗ is the obvious homomorphism induced by the map δν from 3.2. If Y
is proper, then there is a canonical homomorphism

tr : E2
a,0(Y) −→ Ha(Y, Z/n) := Ha(C(Y, Z/n)).

If Y is a proper strict normal crossing variety, and Y = (Y1, . . . , YN ) consists of
the irreducible components of Y , then this map is an isomorphism.

Proof (a): Write C for Cr,b. There is an exact sequence of complexes

. . . → C(Y [s+1], Z/n)
ds→C(Y [s], Z/n) → . . . → C(Y [1], Z/n)

π∗→C(Y, Z/n) → 0,

where ds =
∑s+1

ν=1(−1)ν+1(δν)∗, and π∗ is induced by the covering map π : Y [1] →
Y . The exactness is standard. A simple proof can be given by using induction on
the number of components and the exact sequence of complexes

0 → C(Y ′, Z/nZ) → C(Y, Z/nZ) → C(YN \ Y ′, Z/nZ) → 0,

for Y , Y ′ and YN as in the proof of theorem 3.5.
Then the spectral sequence is induced by the naive filtration of the above sequence
of complexes, i.e.,by the second filtration of the double complex C•(Y [•], Z/nZ),
whose associated total complex is quasiisomorphic to C(Y, Z/nZ).
(b): The first claim is clear, since the Kato complex C(−, Z/nZ) is zero in negative
degrees, and the second claim follows from this.
(c): If Y is proper, then the covariant functoriality gives a trace map

tr : C1,0(Y, Z/nZ) → C1,0(Spec(F ), Z/nZ) = Z/nZ,

inducing a map tr : H0(C
1,0(Y, Z/nZ)) → Z/nZ. This is functorial in Y , and by

restricting to the connected components we get a morphism of complexes

E1
•,0(Y, Z/n) = H0(C

1,0(Y [•+1], Z/n))
tr−→ (Z/n)π0(Y

[•+1]) = C(Y, Z/n)

giving the wanted map tr. It is an isomorphism for strict normal crossings vari-
eties, since tr : H0(C

1,0(X, Z/nZ)) → Z/nZ is an isomorphism for smooth proper
connected X (the known case i = 0 of Kato’s conjecture K(F, Z/n), cf. [CT], [Sw],
or 5.2 below).
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As before, we also have versions with coefficients in Z/`∞ := Q`/Z` for a prime
number ` of the complexes and statements above.

Definition 3.7 Let Y be a proper strict normal crossings variety over F . If
Y1, . . . , YN are the irreducible components of Y , and Y = (Y1, . . . , YN ), then we
define C(ΓY , Z/nZ) := C(Y, Z/nZ) and Ha(ΓY , Z/nZ) := Ha(Y, Z/nZ) and call
it the configuration chain complex and configuration homology of Y , respectively.

Remark 3.8 If Y is a (proper) strict normal crossings variety, let us define its
configuration (or dual) complex ΓY as the simplicial complex, whose s−simplices
correspond to the conncted components of Y [s+1], with the face maps given by
the δν . Then the group Ha(ΓY , Z/nZ), as defined above, does in fact compute the
a-th homology of ΓY with coefficients in Z/nZ. If Y has dimension d, then ΓY

has at most dimension d, and Ca(ΓY , Z/nZ) = 0 for a > d. If Y is a curve, then
ΓY is a graph and is also called the intersection graph of Y .

Theorem 3.9 Let Y be a proper strict normal crossings variety of pure dimension
d over F , let ` be a prime number, and let ν be a natural number or ∞. Then
there is a canonical map

γ = γY,`ν

a : Ha(Y, Z/`ν) −→ Ha(ΓY , Z/`ν),

where we define Z/`∞ := Q`/Z`. This map is an isomorphism for all a ≤ m if the
Kato conjecture K(F, Z/`ν) is true in degrees ≤ m.

Proof We define γY,`ν

a as the composition

γY,`ν

a : Ha(C1,0(Y, Z/`ν))
eY,`ν

a−→ E2
a,0(Y, Z/n)

tr−→Ha(C(ΓY , Z/`ν)),

where Y = (Y1, . . . , YN ). By 3.6 (b) , tr is an isomorphism. If the Kato conjecture
K(F, Z/`ν) holds in degrees ≤ m, then one has E1

p,q(Y, Z/n) = 0 for all q =

1, . . . ,m, so that eY,`ν

a is an isomorphism in degrees a ≤ m.

Remark 3.10 As the referee points out, we have morphisms of complexes

C1,0(Y, Z/`ν)
quis← totC1,0

• (Y [•], Z/`ν) → E1
•,0(Y, Z/`ν)

tr→ C(ΓY , Z/`ν)

which induce γ and are quasi-isomorphisms if K(F, Z/`ν) holds.
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4. The residue map in étale homology

We consider the same situation and notations as in 2.C: Hence we have S =
Spec(A) for a discrete valuation ring A, with generic point η = Spec(K) and
special point s = Spec(F ). But in this section we assume that A is henselian.

4.1 Let f : X → S be a scheme which is separated and flat of finite type over S.
We get a diagram with cartesian squares

Xη
jX−→ X

iX←− Xs

↓ fη ↓ f ↓ fs

η
j−→ S

i←− s

The connecting morphisms δ : Ha(Xη/S, Z/n(−1)) → Ha−1(Xs/S, Z/n(−1)) in
étale homology over S together with lemma 2.17 give residue maps in étale ho-
mology

∆X : Ha(Xη, Z/n(−1)) −→ Ha+1(Xs, Z/n(0)),

which we want to study under suitable conditions. We shall also consider the
versions with Z/n replaced by Q/Z or Q`/Z`. Here we omit K and F in the
notation for the homology of schemes over K and F , respectively, as in section
3. For a fixed algebraic closure F of F , let Γ = Gal(F/F ), s = Spec(F ), and
Xs = Xs ×s s. Similarly, let K be a fixed separable closure of K and write
η = Spec(K) and Xη = Xη ×η η. We shall also consider the homology groups of
Xs/F and Xη/K, and omit the fields F and K in the notations as well.

Let f : X −→ S be regular of pure relative dimension d ≥ 1 and with strict
semi-stable reduction. Hence Xs is a strict normal crossings variety over F .

Definition 4.2 By a good divisor on X we mean a divisor Z ↪→ X which is flat
over S and for which Zs is a good divisor in Xs in the sense of 3.3.

Proposition 4.3 (a) If Z is a good divisor on X, then Z is regular and has strict
semi-stable reduction, and is of pure relative dimension d − 1.

(b) If X is projective over S and F has infinitely many elements, then there is
always a good divisor.

Proof (cf. also [JS]) Let Y1, . . . , YM be the irreducible components of the special
fibre Y := Xs. Then all r-fold intersections

Yi1,...,ir
:= Yi1 ∩ Yi2 ∩ . . . Yir

(1 ≤ i1 < i2 < . . . < ir ≤ M) are smooth. If X ↪→ PN
S is a projective embedding

and F is infinite, then by the Bertini theorem there is a hyperplane H0 ⊂ PN
F =

PN
S ×S s, defined over F , intersecting all (irreducible components of all) varieties
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Yi1,...,ir
transversally. Let H ⊂ PN

S be any hyperplane lifting H0. Then the scheme-
theoretic intersection Z = H · X = H ×PN

S
X is flat over S (the generic fibre is

non-empty), and is a good divisor, by definition. It thus suffices to show (a).
We may assume that F is algebraically closed. Let x be a closed point of Xs which
is contained in Z. The completion ÔX,x of the local ring OX,x is isomorphic to

B = A[[x1, . . . , xd+1]]/〈x1 . . . xr − π〉 (1 ≤ r ≤ d + 1)

where π is a prime element in A. Since X is regular, Z is defined by one local
equation at x. Let f be the image of the local equation in B, and let n ⊆ B be
the maximal ideal. Then f ∈ n, and the elements x1, . . . , xr are the images of the
local equations for Yi1 , . . . , Yir

for suitable 1 ≤ i1 < · · · < ir ≤ M . Thus the trace
of Yi1,...,ir

in ÔX,x
∼= B corresponds to the quotient

B′ = B/〈x1, . . . , xr〉 ∼= F [[xr+1, . . . , xd+1]] .

Since x ∈ H and, by assumption, H does not intersect the zero-dimensional vari-
eties Yi1,...,id+1

, we may assume r < d+1. Then H intersects Yi1,...,ir
transversally

at x if and only if the image of f in B′ lies in n′ − (n′)2, where n′ is the maximal
ideal of B′. Since n′/(n′)2 ∼= n/(n2+〈x1, . . . , xr〉) we see that f has non-zero image
in n/(n2 + 〈x1, . . . , xr〉).
Now the elements xi mod n2 (i = 1, . . . , d + 1) form an F -basis of n/n2 . Hence
we have

f ≡
d+1∑

i=1

aixi mod n2

with elements ai ∈ A which are determined modulo 〈π〉. By our condition on f , ai

must be a unit for one i with i > r, and by possibly renumbering and multiplying
f by a unit we may assume i = d + 1, and ad+1 = 1. But then

B/〈f〉 ∼= A[[x1, . . . , xd]]/〈x1 . . . xr − π〉
which proves the claim. Note that the irreducible components of (H ·X)s = Hs ·Xs

are the connected components of the smooth varieties Hs · Yi.

Good divisors Z and ”good opens” U = X \Z are useful because of the following:

Theorem 4.4 Assume that F is a finite field of characteristic p, and that X
is proper of pure relative dimension d and has strict semi-stable reduction. Let
Z ↪→ X be a good divisor, and let U = X \ Z be the open complement.
(a) One has Ha−2(Uη, Z/n(−1)) = Ha−1(Us, Z/n(0)) = 0 if a < d.
(b) The map

∆U : Ha−2

(
Uη, Z/n(−1)

)
→ Ha−1

(
Us, Z/n(0)

)

is an isomorphism for all n prime to p and all a ≤ d.
(c) Assume ch(K) = 0. The map

∆U : Hd−2(Uη, Qp/Zp(−1)) → Hd−1(Us, Qp/Zp(0))

is a surjective isogeny, and it is an isomorphism if p ≥ d or if X is smooth over
S.
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The rest of this section is devoted to the proof of this theorem. Part (a) for Us

was proved in 3.5 (a), and it follows directly from weak Lefschetz for Uη: Since
Uη is smooth of dimension d, we have Ha−2(Uη, Z/n(o)) ∼= H2d−a+2(Uη, Z/n(d)),
which is zero for a < d by weak Lefschetz, since K has cohomological dimension
at most 2. Now we turn to parts (b) and (c).

4.5 From the localization sequence together with Lemma 2.17 we get a long exact
sequence

· · · → Ha(X/S, Z/n(−1)) → Ha(Xη, Z/n(−1))
∆X→

Ha+1

(
Xs, Z/n(0)

)
→ Ha−1(X/S, Z/n(−1)) → . . . .

This sequence shows that kernel and cokernel of the residue map ∆X are controlled
by the homology groups H•(X/S, Z/n(−1)) = H−•(X, Rf ! Z/n(1)S ). We study
these cohomology groups in the following. First we consider the prime-to-p case,
where Z/n(1)S is the usual sheaf Z/n(1) = µn, the first Tate twist of the constant
sheaf Z/n.

Lemma 4.6 Let n be prime to p, and let b be any integer. There are canonical
isomorphisms

(a) Rf !Z/n(b)
∼−→ Z/n(b + d)[2d]

(b) Ha(X/S, Z/n(b))
∼−→ H2d−a

(
X, Z/n(d − b)

)

Proof (b) follows from (a), and (a) is a special case of Grothendieck’s purity
conjecture for excellent schemes, a proof of which has been announced by Gabber
and written down by Fujiwara [Fu].

Lemma 4.7 For X and U as in 4.4, and n prime to p, one has

(a) Hi(X, Z/n(j)) ∼= Hi(Xs, Z/n(j)) for all i, j ∈ Z,

(b) Hi(U, Z/n(j)) ∼= Hi(Us, Z/n(j)) for all i, j ∈ Z.

Proof Part (a) follows from the proper base change theorem. For (b) let g :
U → S be the structural morphism, and let gs : Us → s be the base change
to s = Spec F . Then it follows from [R-Z, 2.18 and 2.19] that the base change
morphism

i∗Rg∗Z/n(b) → Rgs∗Z/n(b),

is an isomorphism, too, for the complement U = X \ Z of a good divisor Z, and
we obtain (b).
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With this, we can now prove Theorem 4.4 (b): Recall that, by assumption, Us

has dimension d and is affine. By weak Lefschetz and the Hochschild-Serre exact
sequences

0 → Hi−1(Us, Z/n(j))Γ → Hi(Us, Z/n(j)) → Hi(Us, Z/n(j))Γ → 0

we conclude that Hi(Us, Z/n(j)) = 0 for i > d+1. On the other hand, by 4.5 and
4.6 (b) we have a long exact sequence

→ H2d−a+2(Us, Z/n(−1)) → Ha−2(Uη, Z/n(−1))
∆U→ Ha−1(Us, Z/n(0))

→ H2d−a+3(Us, Z/n(−1)) → .

This evidently shows the claimed bijectivity of ∆U for all a ≤ d.

4.8 Now we prove Theorem 4.4 (c). We first fix some notation. Let A denote
a henselian discrete valuation ring with perfect (not necessarily finite) residue
field F of characteristic p > 0 and with quotient field K of characteristic 0. Let
S = Spec(A) and assume given a diagram as in 4.1:

Xη
jX−→ X

iX←− Xs

↓ fη ↓ f ↓ fs

η
j−→ S

i←− s

Assume that X is proper and generically smooth with strict semistable reduction
of relative dimension d over S. Let L (resp. MX) be the log structure on S (resp.
X) associated to s ↪→ S (resp. Xs ↪→ X) and let Ls (resp. MXs

) be its inverse
image on s (resp. Xs). We have the Cartesian square of morphisms of log-schemes

(Xs,MXs
) → (X,MX)

↓ fs ↓ f
(s, Ls) → (S,L)

where f and fs is log smooth. Assume now given Z ⊂ X, a good divisor in the
sense of Definition 4.2 and let U = X − Z. We have the diagram of immersions

Us
iU−→ U

jU←− Uη

↓ φ ↓ φ ↓ φ

Xs
iX−→ X

jX←− Xη

↑ τ ↑ τ ↑ τ

Zs
iZ−→ Z

jZ←− Zη

Let MU (resp. MZ) be the log structure on X (resp. Z) associated to Xs∪Z ⊂ X
(resp. Zs ↪→ Z) and let MUs

(resp. MZs
) be its inverse image on Xs (resp.

Zs). By definition we have MX = OX ∩ (jX)∗O∗
Uη

, MU = OX ∩ (φjU )∗O∗
Uη

, and

MZ = OZ ∩ (jZ)∗O∗
Zη

. Let

Wnω·
Xs

, Wnω·
Xs

(logZ), Wnω·
Zs
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denote the de Rham-Witt complexes associated to the log smooth schemes
(Xs,MXs

), (Xs,MUs
), and (Zs,MZs

) over (s, Ls) respectively (cf. [HK]). For
n = 1 we use the simplified notation ω·

Xs
, ω·

Xs
(logZ), and ω·

Zs
for the de Rham-

Witt complexes. They coincide with the complexes of logarithmic differentials
defined in [K3], (1.9). We have the map of sheaves on (Xs)et (cf. [HK],(4.9)).

dlog : (Mgp
Us

)⊗q → Wnωq
Xs

(logZ); a1 ⊗ · · · ⊗ aq → dlog(a1) ∧ · · · ∧ dlog(aq).

We define the etale subsheaf Wnωq
Xs

(logZ)log ⊂ Wnωq
Xs

(logZ) to be the image of
the above map. In a similar way we define the subsheaves

Wnωq
Xs,log ⊂ Wnωq

Xs
and Wnωq

Zs,log ⊂ Wnωq
Zs

.

Lemma 4.9 The sheaf Wnωq
Xs

(logZ)log is flat over Z/pnZ and we have an exact
sequence

0 → Wnωq
Xs

(logZ)log
pm

−→ Wm+nωq
Xs

(logZ)log → Wmωq
Xs

(logZ)log → 0.

The analogous facts hold for Wnωq
Xs,log and Wnωq

Zs,log.

Proof This follows from [H], (2.6) and [Lo] (1.5.4).

By [H], (1.6.1) and [Ts3], (3.1.5) the sheaf Rm(φjU )∗Z/pnZ(m) is generated by
symbols {x1, . . . , xm} = {x1} ∪ . . . ∪ {xm} with local sections x1, . . . , xm of Mgp

U ,
i.e., by the cup products of the images {x1}, . . . , {xm} of these elements under the
Kummer map Mgp

U → R1(φjU )∗Z/pnZ(1). There exists a natural morphism

(4-1) δsym
m : i∗XRm(φjU )∗Z/pnZ(m) −→ Wnωm

Xs
(logZ)log

sending {x1 . . . xm} to dlog(x1) ∧ . . . ∧ dlog(xm). In case m = d + 1, Wnωd+1
Xs,log =

0 and Rd+1(φjU )∗Z/pnZ(d + 1) is generated by symbols {πK , x1, . . . , xd} with
x1, . . . , xd as above and πK , a prime element of K. Then there exists the natural
morphism

δtame : i∗XRd+1(φjU )∗Z/pnZ(d + 1) −→ Wnωd
Xs

(logZ)log

which maps {πK , x1, . . . , xd} to dlog(x1) ∧ . . . ∧ dlog(xd).

Lemma 4.10 Rq(φjU )∗Z/pnZ(d + 1) = 0 for q > d + 1.

Proof Since φjU is affine, the stalk of Rq(φjU )∗Z/pnZ(d+1) at a geometric point
x over x ∈ Xs is a limit of groups Hq(V, Z/pnZ(d+1)) where V is an affine variety
of dimension d over Kur, the maximal unramified extension of K. The lemma
now follows from the fact that cd(Kur) = 1 and cd(V × K) = d, cf. [SGA4], XIV
3.1.
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By the above lemma δtame induces a morphism in Db(Xet)

δtame : R(φjU )∗Z/pnZ(d + 1) → (iX)∗Wnωd
Xs

(logZ)log[−d − 1]

Proposition 4.11 Let g : U → S, gη : Uη → η, and gs : Us → s be the structural
morphisms. There is a canonical isomorphism in Db(Xs,ét),

αX,Z : Rφ∗Rg!
sZ/pnZ(0)s

∼= Wnωd
Xs

(logZ)log[d]

which fits into the following commutative diagram

H2d−a(Uη, Z/pnZ(d + 1))
δtame−→ Hd−a−1(Xs,Wnωd

Xs
(logZ)log)

↑ ∼= 2.14 (c) ↑ ∼= αX,Z

H−a(Uη, Rg!
ηZ/pnZ(1)η)

δ−→ H−a−1(Us, Rg!
sZ/pnZ(0)s)

‖ ‖
Ha(Uη, Z/pnZ(−1))

∆U−→ Ha+1(Us, Z/pnZ(0))

where δ is induced by the map σ : Rj∗Z/pnZ(1)η → Ri∗Z/pnZ(0)s[−1] in §2 C by
base change for g!.

Proof The commutativity of the lower diagram is a direct consequence of the
definition of ∆U . In [JSS] it is proved that there is a canonical isomorphism,

(4-2) αUs
: Rg!

sZ/pnZ(0)s
∼= Wnωd

Us,log[d]

which fits into the following commutative diagram, in which αUη
is the purity

isomorphism for the smooth morphism gη (cf. (2-1))

R(jU )∗Z/pnZ(d + 1)[2d]
δtame−→ (iU )∗Wnωd

Us,log[d − 1]

↑ ∼= αUη
↑ ∼= αUs

R(jU )∗Rg!
ηZ/pnZ(1)η

δ−→ (iU )∗Rg!
sZ/pnZ(0)s[−1].

Applying Rφ∗ to it, and noting φjU = jXφ, we get the commutative diagram

R(φjU )∗Z/pnZ(d + 1)[2d]
δtame−→ (iX)∗Wnωd

Xs
(logZ)log[d − 1]

‖ ↓ γ

R(φjU )∗Z/pnZ(d + 1)[2d]
δtame−→ (iX)∗Rφ∗Wnωd

Us,log[d − 1]

↑ ∼= ↑ ∼=
R(φjU )∗Rg!

ηZ/pnZ(1)η
δ−→ (iX)∗Rφ∗Rg!

sZ/pnZ(0)s[−1]

where Wnωd
Us,log = φ∗Wnωd

Xs
(logZ)log and γ is the adjunction map. Thus Propo-

sition 4.11 follows from the following result shown in [Sat3].

Proposition 4.12 The adjunction induces an isomorphism

Wnωd
Xs

(logZ)log

∼=−→ Rφ∗Wnωd
Us,log.
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In view of Proposition 4.11, Theorem 4.4 (c) is now implied by the following result.

Theorem 4.13 Assume that F is finite. Let

δ∞tame : Hd+2(Uη, Qp/Zp(d + 1)) → H1(Xs,W∞ωd
Xs

(logZ)log)

be obtained from the maps δtame in Proposition 4.11 by passing to the inductive
limit over n, where W∞ωq

Xs
(logZ)log = lim

−→ n
Wnωq

Xs
(logZ)log (with transition

maps denoted pm in 4.9). Then δ∞tame is a surjective isogeny and it is an isomor-
phism if p ≥ d or if X is smooth over S.

In order to show this theorem, we want to compare the map δtame in Proposition
4.11 with another one, to be able to quote some results of Sato [Sat1] and Tsuji
[Ts3]. Let K be a fixed separable closure of K and recall the notation in 4.1. Let
A be the integral closure of A in K and put S = Spec(A) and η = Spec(K). By
base change, we obtain the diagram

Us
iU−→ U

jU←− Uη

↓ φ ↓ φ ↓ φ

Xs
iX−→ X

jX←− Xη

↑ τ ↑ τ ↑ τ

Zs
iZ−→ Z

jZ←− Zη

where X = X ×S S and so on. Passing to the limit over the base changes by all
finite extensions of K contained in K, the maps δsym

m from (4-1) induce a morphism

(4-3) δ
sym

m : i
∗
XRm(φjU )∗Z/pnZ(m) → Wnωm

Xs
(logZ)log.

of etale sheaves on Xs. It induces the map

(4-4) δ
sym

d : Hd
et(Uη, Z/pnZ(d)) → H0(Xs,Wnωd

Xs
(logZ)log).

Lemma 4.14 Assume that F is finite. Let G = Gal(K/K) (resp. Γ = Gal(F/F ))
be the absolute Galois group of K (resp. F ). Then the following diagram is
commutative

Hd(Uη, Z/pnZ(d))G
δ

sym
d−→ H0(Xs,Wnωd

Xs
(logZ)log)Γ

↓ φK ↓ φF

H2(K,Hd(Uη, Z/pnZ(d + 1))) H1(F,H0(Xs,Wnωd
Xs

(logZ)log))
↓ ∼= (a) ↓ ∼= (b)

Hd+2(Uη, Z/pnZ(d + 1))
δtame−→ H1(Xs,Wnωd

Xs
(logZ)log)

where φK (resp. φF ) are the isomorphisms coming from the duality theorems for
Galois cohomology of K (resp. F ), and where the isomorphisms (a) and (b) come
from the Hochschild-Serre spectral sequences.
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Proof (We are indebted to every reader who finds a simpler proof.) The maps
(a) and (b) are isomorphisms since Hr(Uη, Z/pnZ(d+1)) = 0 for r > d by [SGA4],
XIV 3.1 and Hs(Xs,Wnωd

Xs
(logZ)log) = Hd−s(Us, Z/pnZ(0)) = 0 for s > 0 by

Proposition 4.11 and Theorem 3.5. Recall that local duality (resp. duality for Γ)
gives isomorphisms

φK : MG
∼−→H2(K,M(1)) (resp. φF : NΓ

∼−→H1(F,N) )

for any discrete torsion G-module M (resp. Γ-module N). For the proof of the
commutativity we first note that we may pass to any finite extension K ′/K. In
fact, the diagram obtained by base change to S′ = Spec(OK′) = {η′, s′} is related
to the previous one by the corestrictions from K ′ to K (resp. F ′ = k(s′) to F )
and the trace maps from U ′

η′ to Uη (resp. X ′
s′ to Xs). This is clear for the top

and the vertical maps of the diagram. For the bottom, we may translate back to
homology via 4.11, and then have to show that the following diagram commutes:

Ha(U ′
η′ , Z/pnZ(−1))

∆′
U−→ Ha+1(U

′
s′ , Z/pnZ(0))

↓ trK′/K ↓ trF ′/F

Ha(Uη, Z/pnZ(−1))
∆U−→ Ha+1(Us, Z/pnZ(0))

.

This commutativity follows from the covariance of étale homology over S (and its
compatibility with localization sequences) once we show that the étale homology of
U ′ over S′ (which is considered in the first line) coincides with the étale homology
of U ′ over S. This holds, however, because Rg!(Z/pn(1))S = (Z/pn(1))S′ for
g : S′ → S and the complexes defined in §2 C , as one easily sees (a detailed proof
can be found in [JSS]).
Thus it suffices to consider elements which are in the image of the map
Hd(Uη, , Z/pnZ(d)) → Hd(Uη, , Z/pnZ(d))G → Hd(Uη, Z/pnZ(d))G. Let

tr : H2(K, Z/pnZ(1))−→
∼

H1(F, Z/pnZ)
tr−→
∼

Z/pnZ

be the canonical (trace) isomorphisms of (1-1) in the introduction, and let

χK ∈ H2(K, Z/pnZ(1)) and χF ∈ H1(F, Z/pnZ)

be the inverse images of 1 ∈ Z/pnZ under the isomorphisms. Then the composition

Hd(Uη, Z/pnZ(d))G −→ Hd(Uη, Z/pnZ(d))G
φK−→H2(K,Hd(Uη, Z/pnZ(d + 1)))

is the cup product with χK . Now, by the compatibility of cup product with
Hochschild-Serre spectral sequences we have a commutative diagram of cup prod-
uct pairings

(4-5)

H2(Uη, 1) × Hd(Uη, d)
∪→ Hd+2(Uη, d + 1)

↑ ↓ ↑
H1(Γ, H1(Uur

η , 1)) × Hd(Uur
η , d)Γ

∪→ H1(Γ, Hd+1(Uur
η , d + 1))

↑ ↓ ↑
H1(Γ, H1(Kur, 1)) × Hd(Uη, d)G ∪→ H1(Γ, H1(Kur, Hd(Uη, d + 1)))

‖o ‖ ‖o
H2(K, 1) × Hd(Uη, d)G ∪→ H2(K, Hd(Uη, d + 1)).
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Here we have omitted the coefficients Z/pn (but indicated the Tate twists), Kur is
the maximal unramified extension of K, Γ = Gal(Kur/K), and the vertical maps
are restrictions or come from the obvious Hochschild-Serre spectral sequences. The
middle diagram comes from the commutative diagram

H1(Uur
η , 1) × Hd(Uur

η , d)
∪→ Hd+1(Uur

η , d + 1)

↑ ↓ ↑
H1(Kur, 1) × H0(Kur, Hd(Uη, d))

∪→ H1(Kur, Hd(Uη, d + 1),

where the bottom cup product is induced by the pairing H0 × Hd → Hd+1 for
Uη. The right vertical composition in (4-5) is the isomorphism (a) in Lemma 4.14.
Putting things together, we get the following diagram
(4-6)

Hd(Uη, d)
α→ Hd+1(Uη, d + 1)

δtame→ H0(Xs, Wnωd)
↓ ↓ ↓

Hd(Uur
η , Z/pnZ(d))Γ

β→ Hd+1(Uur
η , d + 1)Γ

δtame→ H0(Xs, Wnωd)Γ
‖ ↓ φF ↓ φF

Hd(Uur
η , Z/pnZ(d))Γ

γ→ H1(Γ, Hd+1(Uur
η , d + 1))

δtame→ H1(Γ, H0(Xs, Wnωd))
↓ resφK ↓ ↓

H2(K, Hd(Uη, d + 1))
(a)→ Hd+2(Uη, d + 1)

δtame→ H1(Xs, Wnωd),

where Wnωd stands for Wnωd
Xs

(logZ)log. Here γ is the cup products with
the image χ̃K of χK in H1(Γ,H1(Uur

η , 1)), and resφK is the composition of

res : Hd(Uur
η , d)Γ → Hd(Uη, d)G and φK . Hence the bottom of the diagram

is commutative by (4-5). The diagram involving β and γ is commutative if β
is cup product with the element x corresponding to χ̃K under the isomorphism
φF : H1(Uur

η , 1)Γ → H1(Γ,H1(Uur
η , 1)). Consider the commutative diagram

H2(K, Z/pnZ(1)) → H1(Γ,H1(Kur, Z/pnZ(1))) → H1(Γ, Z/pnZ(1))
↑ φF ↑ φF

H1(Kur, Z/pnZ(1))Γ
v→ Z/pnZ.

Here the left horizonal map comes from the Hochschild-Serre spectral sequence,
and the two right horizontal maps are induced by the Kummer isomorphism
H1(Kur, Z/pnZ(1)) ∼= (Kur)×/pn and the normalized valuation v : (Kur)× → Z.
The composition in the top row is the map considered above and maps χK to χF ,
and the right vertical map sends 1 to χF . This shows that the element x is the
image {πK} of a uniformizing element πK of K under the Kummer isomorphism
and the map H1(Kur, Z/pnZ(1)) → H1(Uur

η , Z/pnZ(1)Γ. Note that πK is also a
uniformizing element of Kur. Now we see that the diagram involving α and β is
commutative, if α is the cup product with {πK}, which now denotes the image of
πK under K×/pn → H1(K, Z/pnZ(1)) → H1(Uη, Z/pnZ(1)).
Thus, diagram (4-6) is commutative with α = {πK}∪. Now, in view of the ob-
servation in the beginning of the proof, we obtain the commutativity in 4.14 by
observing that the composition

Hd(Uη, d)
{πK}∪→ Hd+1(Uη, d + 1)

δtame→ H0(Xs,Wnωd)
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in the top of (4-6) is just δsym
d , since on sheaf level, δsym

d is the composition

Rd(φjU )∗Z/pnZ(d)
{πK}∪→ Rd+1(φjU )∗Z/pnZ(d + 1)

δtame→ (iX)∗Wnωd
Xs

(logZ)log,

where now {πK} denotes the global section of R1(φjU )∗Z/pnZ(1) corresponding
to πK .

We start the proof of Theorem 4.13. First we note that H1(Xs,W∞ωd
Xs

(logZ)log)
is of cofinite type, by [GS, 4.18] and Lemma 4.16 below. We then claim that it is
divisible. Indeed, considering the long exact sequence arising from the sequence
(cf. Lemma 4.9)

0 → Wnωd
Xs

(logZ)log → W∞ωd
Xs

(logZ)log
pn

−→ W∞ωd
Xs

(logZ)log → 0,

the claim follows from the fact that H2(Xs,Wnωd
Xs

(logZ)log) = 0 by Proposition
4.11 and Theorem 3.5 (a). Thus the first assertion of Theorem 4.13 follows from
Lemmma 4.14 and the following result.

Proposition 4.15 Let

δ
sym

d : Hd(Uη, Zp(d))I → lim
←−

n

H0(Xs,Wnωd
Xs

(logZ)log)

be the the map induced by the maps δ
sym

d from (4-4), where I ⊂ G is the inertia
subgroup. Then δ

sym

d has torsion kernel and cokernel.

We need the following two lemmas.

Lemma 4.16 For every integers n, t > 0 the sequence

0 → Wnωt
Xs,log → Wnωt

Xs
(logZ)log

ResZ−→ τ∗Wnωt−1
Zs,log → 0.

is exact where ResZ is the residue along Z ⊂ X.

Proof By Lemma 4.9 it suffices to show the exactness of the sequence

(4-7) 0 → ωt
Xs,log → ωt

Xs
(logZ)log → τ∗ω

t−1
Zs,log → 0.

It follows immediately from the definition of log-differentials that the sequences

0 → ωt
Xs

→ ωt
Xs

(logZ) → τ∗ω
t−1
Zs

→ 0,

is exact. Except for the surjectivity of the last map, the exactness of (4-7) then
follows from the commutative exact diagram

0 0 0
↓ ↓ ↓

0 → ωt
Xs,log → ωt

Xs
(logZ)log → τ∗ω

t−1
Zs,log

↓ ↓ ↓
0 → ωt

Xs,d=0 → ωt
Xs

(logZ)d=0 → τ∗ω
t−1
Zs,d=0

↓ C − 1 ↓ C − 1 ↓ C − 1
0 → ωt

Xs
→ ωt

Xs
(logZ) → τ∗ω

t−1
Zs
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where the vertical exact sequences follow from [Ts3], Th.A.3 and A.4. Finally the
surjectivity onto τ∗ω

t−1
Zs,log is a consequence of the fact that ωq

Zs,log is generated by
dlog-differentials. This completes the proof of Lemma 4.16.

Lemma 4.17 For every integer m > 0 write

Mm
n (X) = (iX)∗Rm(jX)∗Z/pnZ(m),

Mm
n (U) = (iX)∗Rm(φjU )∗Z/pnZ(m),

Mm
n (Z) = (iZ)∗Rm(jZ)∗Z/pnZ(m).

Then we have a commutative diagram with exact horizontal sequences

Mm
n (X) → Mm

n (U)
β−→ Mm−1

n (Z) → 0
↓ ↓ δsym

m ↓
0 → Wnωm

Xs,log → Wnωm
Xs

(logZ)log
ResZ−→ τ∗Wnωm−1

Zs,log → 0

where the vertical arrows are the morphism δsym
m defined for U in (4-1), and its

variants for X and Z, respectively. The upper sequence is induced by the distin-
guished triangle

R(jX)∗Z/pnZ(m)Xη
→ R(φjU )∗Z/pnZ(m)Uη

→ R(τjZ)∗Z/pnZ(m − 1)Zη
[−1]

arising from the localization theory for the smooth pair Zη ↪→ Xη.

Proof We remark that the above sheaves the p-adic vanishing cycles are gen-
erated by local symbols. One can check β({s, x1, . . . , xm−1}) = {x1, . . . , xm−1},
where s is a local equation of Z in X and xi (resp. xi) with 1 ≤ i ≤ m − 1 are
local sections of Mqp

X (resp. the image of xi in Mgp
Z ). This shows the surjectivity

of β. The commutativity of the diagram is verified by using the description of the
values of δsym

m on symbols. This completes the proof of Lemma 4.17.

We proceed with the proof of Proposition 4.15. Writing

M
m

n (X) = (iX)∗Rm(jX)∗Z/pnZ(m),

M
m

n (U) = (iX)∗Rm(φjU )∗Z/pnZ(m),

M
m

n (Z) = (iZ)∗Rm(jZ)∗Z/pnZ(m),

we have the exact sequence

· · · → M
m−1

n (U)(1) → M
m−2

n (Z)(1) → M
m

n (X) → M
m

n (U) → M
m−1

n (Z) → · · · .

Hence the surjectivity of β in Lemma 4.17 implies the exactness of

0 → M
m

n (X) → M
m

n (U) → M
m−1

n (Z) → 0.
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Thus, taking the cohomology and passing to the limit over finite extensions of K,
the diagram in Lemma 4.17, with m = d, gives rise to the commutative diagram

0
↓

Hd(Xη, Zp(d))I → lim
←−

n

H0(Xs,Wnωd
Xs,log)

↓ ↓
Hd(Uη, Zp(d))I

δ
sym
d−→ lim

←−
n

H0(Xs,Wnωd
Xs

(logZ)log)

↓ ↓
Hd(Zη, Zp(d))I → lim

←−
n

H0(Zs,Wnωd
Zs,log)

↓ ↓
Hd+1(Xη, Zp(d))I → lim

←−
n

H1(Xs,Wnωd
Xs,log)

where the second horizontal arrow is the map δ
sym

d for U from Proposition 4.14,
and the first one is its analogue for X, induced by the analogue of (4-3)

δ
sym

X,d : i
∗
XRdjX∗Z/pnZ(d) → Wnωd

Xs,log.

The fourth horizontal arrow is induced by δ
sym

X,d as well, by noting the fact that

RqjX∗Z/pnZ(d) = 0 for q > d, which can be shown by the same argument as in
Lemma 4.10. By similar reasoning, the third horizontal map is induced by the
corresponding morphism δ

sym

Z,d−1 for Z. The left vertical sequence comes from the
localization exact sequence

Hd(Xη, Zp(d)) → Hd(Uη, Zp(d)) → Hd−1(Zη, Zp(d − 1))
τ∗→Hd+1(Xη, Zp(d))

via taking coinvariants under I, and it remains exact modulo torsion, since τ∗ is
split surjective modulo torsion by the hard Lefschetz theorem. Using the semi-
stable comparison theorem on the comparison of p-adic étale cohomology and log-
crystalline cohomology for proper semistable families, one can show (cf. [Sat1],
Lemma 3.3 and [Ts3], (3.1.12) and (3.2.7)) that the first horizontal arrow and the
last two ones are isomorphisms modulo torsion. Hence the second arrow is an
isomorphism modulo torsion, too. This completes the proof of Proposition 4.15.

Next we show the second claim in Theorem 4.13, i.e., that δ∞tame is an isomorphism
provided p ≥ d. Denote by Z/pnZ(d + 1)(X,Z) the mapping fiber of

δtame : R(φjU )∗Z/pnZ(d + 1) → (iX)∗Wnωd
Xs

(logZ)log[−d − 1]

and let Qp/Zp(d + 1)(X,Z) = lim
−→

n

Z/pnZ(d + 1)(X,Z). By definition we have the

exact sequence

Hd+2(X, Qp/Zp(d+1)(X,Z)) → Hd+2(Uη, Qp/Zp(d+1))
δ∞tame−→ H1(Xs, W∞ωd

Xs
(logZ)log).
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We know already that Ker(δ∞tame) is finite, so its vanishing follows once we show
that Hd+2(X, Qp/Zp(d+1)(X,Z)) is divisible. In view of the distinguished triangle

Z/pZ(d + 1)(X,Z) → Qp/Zp(d + 1)(X,Z)
p−→ Qp/Zp(d + 1)(X,Z) →,

which follows from Lemma 4.9, it suffices to show Hd+3(X, Z/pZ(d+1)(X,Z)) = 0.
Thus the claim follows from the following.

Theorem 4.18 Assuming p ≥ d, Hq(X, Z/pZ(d + 1)(X,Z)) = 0 for q ≥ d + 3.

We remark that F is not assumed to be finite in Theorem 4.18. We need the
following three lemmas.

Lemma 4.19 Let the assumption be as above. Then there exists a trace map

Hd(Xs, ω
d
Xs

)
∼=−→ F.

For a locally free OXs
-module M the natural pairing

Hj(Xs, ω
i
Xs

(logZ) ⊗M) × Hd−j(Xs,HomOXs
(M⊗OX(Z), ωd−i

Xs
(logZ)))

→ Hd(Xs, ω
d
Xs

)
∼=−→ F

is a perfect pairing of finite-dimensional F -vector spaces.

Proof By the isomorphism just after [Ts1], Th. 2.21, ωd
Xs

placed at degree d is
the dualizing complex for Xs. The assertion follows from the isomorphisms

(ωi
Xs

(logZ))∨ ⊗ ωd
Xs

(logZ) ∼= ωd−i
Xs

(logZ), ωd
Xs

(logZ) = ωd
Xs

⊗O(Z).

Lemma 4.20 For any ample line bundle L on Xs, we have

Hj(Xs, ω
i
Xs

(logZ) ⊗ L−1) = 0 for i + j < min{d, p}.

Proof The assertion follows from [K3], Th. 4.12 by the same argument as the
proof of [DI], Cor. 2.8.

Lemma 4.21 Hj(Xs, ω
i
Xs

(logZ)) = 0 for i + j > max{d, 2d − p}.

Proof By Lemma 4.19 it suffices to show Hj(Xs, ω
i
Xs

(logZ)⊗OX(Z)−1) = 0 for
i + j < d, which follows from Lemma 4.20 since OX(Z) is ample.

We start the proof of Theorem 4.18. Write ωt for ωt
Xs

(logZ)log , as well as

Bt = Im(d : ωt−1 → ωt), and Zt = Ker(d : ωt → ωt+1).

We may assume that K contains the p-th roots of unity, and can omit all Tate
twists. Recall that Z/pZ(d + 1)(X,Z) is concentrated in degree [0, d + 1].

Documenta Mathematica · Extra Volume Kato (2003) 479–538



Kato Homology and Higher Class Field Theory 519

Lemma 4.22 Assume p ≥ d. For every t ≤ d + 1, the homology sheaf
Ht(i∗XZ/pZ(d + 1)(X,Z)) has a finite filtration whose subquotients are

ωt
log, ωt−1

log , Bt, Bt−1 and ωt−1/Bt−1.

Proof By the Bloch-Kato-Hyodo theorems for the sheaf of the p-adic vanish-
ing cycles (iX)∗Rt(φjU )∗Z/pZ(t), as proved in [BK], [H] and, in particular, [Ts2
Proposition A.15], this holds under the condition p ≥ d+3, which comes from the
use of the syntomic complexes. For the result under the weaker assumption p ≥ d,
which uses the special structure of the good open U , we refer the reader to [JS].

By this result, it suffices to show the following.

Lemma 4.23 Assume p ≥ d. We have Hs(Xs, Q) = 0 for s + t ≥ d + 3 and for
each of the above subquotients Q.

Proof Write Y = Xs. By Lemma 4.21 and the assumption p ≥ d we have

(1) Hs(Y, ωt) = 0 for s + t > d so that Hs(Y, ωt−1) = 0 for s + t > d + 1.

Via the Cartier isomorphism (cf. [K3], Th. 4.12 and [Ts2], Th. A.3) we get

(2) Hs(Y,Zt/Bt) = 0 for s + t > d.

Now we use descending induction on t to show that

(at) Hs(Y, ωt/Bt) = 0 for s + t > d,

(bt) Hs(Y,Bt+1) = 0 for s + t > d,

(ct) Hs(Y,Zt) = 0 for s + t > d + 1.

We start with the case t = d where (ad) (resp. (cd)) follows from (2) (resp. (1)) by
noting Zd = ωd, and (bd) follows from Bd+1 = 0. Now assume that we have shown
(at), (bt), (ct) for some t ≤ d. For the induction step we use the exact sequence

Hs−1(Y,Zt/Bt) → Hs(Y,Bt) → Hs(Y,Zt).

We have Hs−1(Y,Zt/Bt) = 0 if s−1+t > d by (2) and Hs(Y,Zt) = 0 if s+t > d+1
by (ct) so that Hs(Y,Bt) = 0 if s + t > d + 1, which implies (bt−1). Next we look
at the exact sequence

Hs−1(Y,Bt) → Hs(Y,Zt−1) → Hs(Y, ωt−1)

associated to the exact sequence 0 → Zt−1 → ωt−1 d−→ Bt → 0. We have
Hs−1(Y,Bt) = 0 if s− 1 + t− 1 > d by (bt−1) and Hs(Y, ωt−1) = 0 if s + t− 1 > d
by (1) so that Hs(Y,Zt−1) = 0 if s+ t > d+2, which implies (ct−1). Now consider
the exact sequence

Hs(Y,Zt−1/Bt−1) → Hs(Y, ωt−1/Bt−1) → Hs(Y, ωt−1/Zt−1).
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We have Hs(Y,Zt−1/Bt−1) = 0 if s + t − 1 > d by (2) and Hs(Y, ωt−1/Zt−1) ∼=
Hs(Y,Bt) = 0 if s + t − 1 > d by (bt−1) so that Hs(Y, ωt−1/Bt−1) = 0 if s +
t > d + 1, which implies (at−1). This completes the proof of (at), (bt), (ct) for
∀t ≤ d. Note that (bt) implies Hs(Y,Bt−1) = 0 for s + t > d + 2 and (at) implies
Hs(Y, ωt−1/Bt−1) = 0 for s + t > d + 1.

Finally we look at the exact sequence

Hs−1(Y, ωt/Bt) → Hs(Y, ωt
log) → Hs(Y, ωt)

associated to the exact sequence

0 → ωt
log → ωt 1−C−1

−→ ωt/Bt → 0.

We have Hs−1(Y, ωt/Bt) = 0 if s−1+ t > d by (at) and Hs(Y, ωt) = 0 if s+ t > d
by (1) so that Hs(Y, ωt

log) = 0 for s + t > d + 1 and hence Hs(Y, ωt−1
log ) = 0 for

s + t > d + 2 by the exact sequence. This completes the proof of Lemma 4.23 and
hence that of Theorem 4.18.

It remains to show the last claim of Theorem 4.13, i.e., that δ∞tame is an isomorphism
if X is smooth over S. It suffices to show Hd+2(Uη, Qp/Zp(d + 1)) = 0 assuming

d ≥ 2. With G = Gal(K/K), we have isomorphisms

Hd+2(Uη, Qp/Zp(d + 1)) ' H2(K, Hd(Uη, Qp/Zp(d + 1))) ' Hom(Hd
c (Uη, Zp)G, Qp/Zp)

by local duality (cf. Lemma 4.14) and Poincaré duality. By the weak Lefschetz
theorem Hd

c (Uη, Zp) is torsion free. Therefore it suffices to show Hd
c (Uη, Qp)

G = 0.
Noting the exact sequence

Hd−1(Zη, Qp) → Hd
c (Uη, Qp) → Hd(Xη, Qp)

and that Z is smooth over S by the assumption, this vanishing follows from:

Lemma 4.24 If X is proper and smooth over S, then for any i > 0 and any
G-subquotient V of Hi(Xη, Qp) one has V G = 0.

Proof By the Bcris-comparison isomorphism ([FM], [Fa])

Hi(Xη, Qp) ⊗ Bcris ' Hi
cris(Xs/W (F )) ⊗ Bcris,

the claim follows from the Weil conjecture for the crystalline cohomology
([KM]). In fact, V G ∼= Dcris(V )F=1, where Dcris(V ) is a subquotient of
Hi

cris(Xs/W (F )) ⊗Zp
Qp and F is induced by the crystalline Frobenius.

5. ∆0
X ,∆1

X , and class field theory

Let A be a henselian discrete valuation ring with finite residue field F of char-
acteristic p. Let K be the quotient field of A. Let S = Spec(A) and consider a
diagram like (1-3) in the introduction

Xη
jX−→ X

iX←− Xs

↓ fη ↓ f ↓ fs

η
j−→ S

i←− s
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In this section we prove Theorem 1.5, by using the relation between the Kato
complexes of Xη and Xs and the class field theory developed in [Bl], [Sa1] and
[KS1].

Definition 5.1 For a scheme V of finite type over a field we put

SK1(V ) = Coker(
⊕

x∈V1

K2(x)
∂−→

⊕

x∈V0

K1(x)),

CH0(V ) = Coker(
⊕

x∈V1

K1(x)
∂−→

⊕

x∈V0

K0(x)),

where K∗ denotes algebraic K-groups and boundary maps are induced by localiza-
tion theory for algebraic K-theory.

The components of the differential ∂ for SK1(V ) (resp. CH0(V )) are given by
tame symbols (resp. valuations). By definition CH0(V ) is the Chow group of
zero-cycles on V . In case V is smooth of pure dimension d, SK1(V ) coincides with
Bloch’s higher Chow group CHd+1(V, 1) by [La], Lem. 2.8.

Note that cd(K) = 2 and cd(F ) = 1 (cf. [Se], Ch.II, §2 and §4). By Proposition
2.12 (a) and Lemma 2.15 we have the commutative diagram

(5-1)
Het

i−2(Xη, Z/nZ(−1))
εi

Xη−→ HK
i (Xη, Z/nZ)

↓ ∆X ↓ ∆X

Het
i−1(Xs, Z/nZ(0))

εi
Xs−→ HK

i (Xs, Z/nZ),

where the vertical maps are the residue maps (2.12 (a), 2.18) and the horizontal
maps are edge homomorphisms (2.14 (b)) of the following spectral sequences (note
2.14 (a))

(5-2) E1
p,q(Xη) =

⊕

x∈(Xη)p

Hp−q(x, Z/nZ(p + 1)) ⇒ Het
p+q(Xη, Z/nZ(−1)),

(5-3) E1
p,q(Xs) =

⊕

x∈(Xs)p

Hp−q(x, Z/nZ(p)) ⇒ Het
p+q(Xs, Z/nZ(0)).

Lemma 5.2 The maps ε0Xη
and ε0Xs

are isomorphims and we have the commutative

diagram with exact horizontal sequences

0 → Cok(ε2Xη
) → SK1(Xη)/n

αXη−→ Het
−1(Xη, Z/n(−1))

ε1Xη−→ HK
1 (Xη, Z/n) → 0

↓ ∆X ↓ ∂X ↓ ∆X ↓ ∆X

0 → Cok(ε2Xs
) → CH0(Xs)/n

αXs−→ Het
0 (Xs, Z/n(0))

ε1Xs−→ HK
1 (Xs, Z/n) → 0

Here ∂X comes from the localization theory for algebraic K-theory on X.

Documenta Mathematica · Extra Volume Kato (2003) 479–538



522 U. Jannsen and S. Saito

Proof Lemma 2.14 implies that E1
p,q(Xη) = 0 unless p ≥ q and q ≥ −2 and

E1
p,q(Xs) = 0 unless p ≥ q and q ≥ −1 and that

E2
p,−2(Xη) = HK

p (Xη, Z/nZ) and E1
p,−1(Xs) = HK

p (Xs, Z/nZ),

E2
0,−1(Xη) ∼= SK1(Xη)/n and E2

0,0(Xs) ∼= CH0(Xs)/n.

Here the isomorphisms in the second row follows from the following commutative
diagrams established in [K1], Lem. 1.4

⊕
x∈(Xη)1

K2(x)/n → ⊕
x∈(Xη)0

K1(x)/n

↓ o ↓ o⊕
x∈(Xη)1

H2(x, Z/nZ(2)) → ⊕
x∈(Xη)0

H1(x, Z/nZ(1))

⊕
x∈(Xs)1

K1(x)/n → ⊕
x∈(Xs)0

K0(x)/n

↓ o ↓ o⊕
x∈(Xs)1

H1(x, Z/nZ(1)) → ⊕
x∈(Xs)0

H1(x, Z/nZ)

where the top side maps are the boundary maps of the Gersten complex for alge-
braic K-theory and the bottom side maps are the d1-differentials of the spectral
sequences (5-2) and (5-3). The vertical maps are the Galois symbol maps and they
are isomorphisms by Kummer theory and [MS]. The proposition follows easily from
these facts.

Let

trs : H1(s, Z/nZ)
∼=−→ Z/nZ and trη : H2(η, Z/nZ(1))

∼=−→ Z/nZ

be the evaluation at the Frobenius substitution of the finite field F , and the com-
posite of trs and the residue map H2(η, Z/nZ(1)) → H1(s, Z/nZ), respectively.
For a scheme Z denote by Db

c(Z, Z/nZ) the derived category of complexes of étale
sheaves of Z/nZ-modules on Z with bounded constructible cohomology sheaves.

Lemma 5.3 Assume that f is proper.

(1) For any K ∈ Db
c(Xη, Z/nZ) the pairing

Hi(Xη, DXη (K)) × H2−i(Xη, K) → H2(Xη, Rf !
ηZ/n(1))

trXη−→ H2(η, Z/n(1))
trη−→ Z/nZ

is a perfect pairing of finite groups. Here DXη
(K) = RHom(K,Rf !

ηZ/nZ(1)) and

trXη
is induced by the trace morphisms Rfη∗Rf !

ηZ/nZ(1) → Z/nZ(1).

(2) For any K ∈ Db
c(Xs, Z/nZ) the pairing

Hi(Xs, DXs(K)) × H1−i(Xs, K) → H1(Xs, Rf !
sZ/nZ)

trXs−→ H1(s, Z/nZ)
trs−→ Z/nZ

is a perfect pairing of finite groups. Here DXs
(K) = RHom(K,Rf !

sZ/nZ) and
trXs

is induced by the trace morphisms Rfs∗Rf !
sZ/nZ → Z/nZ.

Proof This follows immediately from the Artin-Verdier duality for fη and fs

together with the duality theorems for Galois cohomology of K and F (cf. [Sa3]
and [CTSS]).
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Proof of Theorem 1.5 (1) Assume that f is proper and Xη is connected. Then

the bijectivity of ∆0
X = ∆K,0

X immediately follows from the following commutative
diagram deduced from Lemmas 5.2 and 5.3

HK
0 (Xη, Z/nZ)

ε0Xη←−
∼

H2(Xη, Rf !
ηZ/nZ(1))

trXη−→
∼

H2(η, Z/nZ(1))

↓ ∆K,0
X ↓ ∆et,−2

X ↓ o ∆et,−2
S

HK
0 (Xs, Z/nZ)

ε0Xs←−
∼

H1(Xs, Rf !
sZ/nZ)

trXs−→
∼

H1(s, Z/nZ)

Proof of Theorem 1.5 (2) We need to recall the class field theory of Xη and
Xs developed in [Bl], [KS1] and [Sa1]. For a scheme Z we let

πab
1 (Z) = Hom(H1(Zet, Q/Z), Q/Z)

be the abelian algebraic fundamental group of Z. Let V be a proper scheme over
K. For each x ∈ V0 we have the map

K(x)∗ → Gal(K(x)ab/K(x)) = πab
1 (x) → πab

1 (V ),

where the first map is the reciprocity map for K(x) which is a henselian discrete
valuation field with finite residue field. The second map comes from the covariant
functoriality of πab

1 . Taking the sum of βx over x ∈ V0, we get the map

ρ̃V :
⊕

x∈V0

K(x)∗ → πab
1 (V ).

Now the reciprocity law proved in [Sa1] and [Sa2] implies that ρ̃V factors through

ρV : SK1(V ) → πab
1 (V ).

If Y is a proper scheme over a finite field F , we have the reciprocity map

ρY : CH0(Y ) → πab
1 (Y )

defined in a similar way by using the following map for each x ∈ Y0

Z → Gal(F (x)ab/F (x)) = πab
1 (x) → πab

1 (Y ),

where the first map sends 1 ∈ Z to the Frobenius substitution over F (x).

Now we return to the situation in Lemma 5.2. By 5.3 we have the isomorphism

Het
−1(Xη, Z/nZ(−1))

∼=−→ πab
1 (Xη)/n (resp. Het

0 (Xs, Z/nZ(0))
∼=−→ πab

1 (Xs)/n),

and we claim that the composite map of the isomorphism and the map αXη
(resp.

αXs
) coincides with ρXη

(resp. ρXs
). Indeed, for x ∈ (Xη)0 let ix : x → Xη be the

inclusion and put πx = fηix : x → η. Consider the following composite map βx

H1(x, Z/n(1)) ∼= H1(x, Ri!xRf !
ηZ/n(1)) → H1(Xη, Rf !

ηZ/n(1)) = Het
−1(Xη, Z/n−1),
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where the isomorphism comes from Ri!xRf !
ηZ/nZ(1) = Rπ!

xZ/nZ(1) =
π∗

xZ/nZ(1). By definition αXη
is induced by the sum over x ∈ (Xη)0 of the

composite of βx and the map K(x)∗/n
∼=−→ H1(x, Z/nZ(1)). Via the duality

in Lemma 5.3 (1) and the local duality for Galois cohomology of K(x), βx is
identified with the dual of H1(Xη, Z/nZ) → H1(x, Z/nZ), the restriction map via
ix. This proves the desired assertion for ρXη

. The assertion for ρXs
is shown by

the same argument. Thus we get the commutative diagram with exact rows

SK1(Xη)/n
ρXη /n
−→ πab

1 (Xη)/n → HK
1 (Xη, Z/nZ) → 0

↓ ∂X ↓ δX ↓ ∆X

CH0(Xs)/n
ρXs /n−→ πab

1 (Xs)/n → HK
1 (Xs, Z/nZ) → 0

where δX is the dual of H1(Xs, Z/nZ) ∼= H1(X, Z/nZ) → H1(Xη, Z/nZ), and
hence is the specialization map on fundamental groups. By definition of the reci-
procity map, the cokernel of ρXη

is the quotient πab
1 (Xη)c.d. classifying the abelian

coverings in which every closed point of Xη is completely decomposed. Similarly
Coker(ρXs

) = πab
1 (Xs)

c.d., where the latter classifies the completely decomposed
abelian coverings of Xs. Therefore Theorem 1.5 (2) follows from the next lemma.

Lemma 5.4 If f : X → S is proper, with X regular, then the specialization map
δX : π1(Xη) → π1(Xs) (where we omitted suitable base points) is surjective and
induces an isomorphism

πab
1 (Xη)c.d. ∼→ πab

1 (Xs)
c.d..

Proof The map δX factorizes as π1(Xη) ³ π1(X)
∼← π1(Xs), in which the first

map is surjective because X is normal [SGA 1] V 8.2, and the second map is
an isomorphism because X is proper [Ar] (3.1), (3.4). The second claim of the
lemma then follows from [Sa2], Proposition 3.12, which characterizes the image of
H1(Xs, Q/Z) → H1(Xη, Q/Z) as consisting of those characters on πab

1 (Xη) whose
associated character on SK1(Xη) factors through ∂X : SK1(Xη) → CH0(Xs).

6. ∆2
X ,∆3

X , and finiteness results for Kato homology

Let the notations be as in the beginning of the previous section. Recall that K is
the quotient field of A, a henselian discrete valuation ring with finite residue field
F of characteristic p. In this section we prove a crucial result that allows to control
the second Kato homology of varieties over K by étale homology (Theorem 6.1.
It enables us complete the proof of Theorem 1.6 and to deduce finiteness results
for Kato homology over local and global fields. We also present a strategy to show
Conjecture B in general (cf. Proposition 6.4). In the whole section, ` denotes a
prime different from ch(K). Let V be a separated scheme of finite type over K,
and let

εi
V : Het

i−2(V, Q`/Z`(−1)) → HK
i (V, Q`/Z`)
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be the map considered in (5-1) (for V = Xη). Recall that for a proper scheme V
over K, we have the norm map

NV/K : SK1(V ) → K∗

induced by the sum of the norm maps K(x)∗ → K∗ for x ∈ V0 (cf. [Sa1]).

Theorem 6.1 (1) If V is affine, then ε2V is surjective.
(2) If V is proper and geometrically irreducible over K, then Coker(ε2V ) is finite,
and vanishes if ` 6 | |Coker(NV/K)|.

For the proof of Theorem 6.1, we need some preliminaries, in particular the fol-
lowing generalization of NV/K . If f : V → M is a proper morphism with V and
M of finite type over L, there is a norm map

NV/M : SK1(V ) → SK1(M)

induced by the norm maps K(x)∗ → K(f(x))∗ for x ∈ V0. For M = Spec(K) we
have NV/M = NV/K .

Lemma 6.2 (1) For a proper non-empty scheme V over K, Coker(NV/K) is finite.
(2) For a proper surjective morphism f : V → M with V and M of finite type
over K, Coker(NV/M ) is of finite exponent.

Proof The first assertion is clear, since NL/K(L∗) ⊂ K∗ is of finite index for any
finite extension L/K. As for the second we may clearly assume that V and M are
irreducible. If f is finite and flat, there is a map f∗ : SK1(M) → SK1(V ) induced
by the natural inclusions K(y)∗ → ⊕K(x)∗ for y ∈ M0 where the sum ranges over
all x ∈ V0 such that f(x) = y. We have NV/Mf∗ = [K(V ) : K(M)], from which the
assertion follows. In general, we proceed by induction on dim(M). If dim(M) = 0,
the claim follows from the first assertion of the lemma. By induction on dim(M)
we may then replace V/M by f−1(U)/U for any non-empty open subset U ⊂ M
in view of the commutative diagram

SK1(f
−1(Z)) → SK1(V ) → SK1(f

−1(U)) → 0
↓ ↓ ↓

SK1(Z) → SK1(M) → SK1(U) → 0

where Z = M \ U and the vertical maps are the norm maps. However, replacing
M with some non-empty open subset, we may assume that there exists a finite flat
morphism f ′ : N → M and a proper morphism g : N → V such that f ◦ g = f ′.
We have NV/M ·NN/V = NN/M . Thus the desired assertion follows from the finite
flat case. This completes the proof of Lemma 6.2.

Proposition 6.3 (1) If V is affine, then SK1(V ) ⊗ Q`/Z` = 0.
(2) If V is irreducible and not proper over K, then SK1(V ) ⊗ Q`/Z` = 0.
(3) If V is geometrically irreducible and proper over K, Ker(NV/K)⊗Q`/Z` = 0.
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Proof If V is a proper smooth curve, the claim follows from the class field theory
for curves over local fields [Sa1], Th. 4.1 and Th. 5.1. In what follows we reduce
to this crucial case. First we note that claim (2) follows from claim (3). Indeed,
for irreducible non-proper U there is an open immersion U ⊂ V such that V
is irreducible and proper over K with Z := V \ U non-empty [N]. By possibly
enlarging K, we may assume that V is geometrically irreducible over K. In view
of the exact sequence

(6-1) SK1(Z) → SK1(V ) → SK1(U) → 0,

it suffices to show the surjectivity of SK1(Z) ⊗ Q`/Z` → SK1(V ) ⊗ Q`/Z`. We
have the commutative diagram
(6-2)

0 → Ker(NZ/K) ⊗ Q`/Z` → SK1(Z) ⊗ Q/Z
NZ/K→ K∗ ⊗ Q`/Z` → 0

↓ α ↓ β ‖
0 → Ker(NV/K) ⊗ Q`/Z` → SK1(V ) ⊗ Q/Z

NV/K→ K∗ ⊗ Q`/Z` → 0 .

Since Coker(NZ/K) and the torsion part of K∗ are finite, the horizontal sequences
are exact up to finite groups. By the assumption we have Ker(NV/K)⊗Q`/Z` = 0
so that β is surjective up to finite groups, hence surjective.
In particular, we see that claim (1) holds for smooth affine curves over K. By
6.2 (2) it also holds for an arbitrary irreducible affine curve V over K, since there
is a finite surjective morphism C → V with C affine and smooth. Now let V be
arbitrary affine. Since every closed point of V lies on some irreducible curve Z ↪→
V , the natural maps SK1(Z) → SK1(V ) induce a surjection

⊕
Z⊂V SK1(Z) →

SK1(V ), where Z ranges over all irreducible closed subschemes of V with dim(Z) =
1. As these are necessarily affine, claim (1) follows for V .
As for claim (3), let V is proper and geometrically irreducible over K. By Chow’s
lemma there is a proper birational morphism Z → V with Z projective, and
we have diagram (6-2), exact up to finite groups, also for this morphism. By
Lemma 6.2 (2) the map β then is surjective, hence α is surjective as well. Thus
we may assume that V is projective. We proceed by induction on dim(V ). In
case dim(V ) = 1 we may replace V with its normalization (by Lemma 6.2), and
we may pass to any inseparable extension L of K, because the norm induces an
isomorphism L∗ ⊗ Q`/Z` → K∗ ⊗ Q`/Z`. We thus reduce to the treated case
of proper smooth curves. Assume dim(V ) > 1. Then, by Bertini’s theorem,
there is a hyperplane section Z ⊂ V which is defined over K and geometrically
irreducible over K. Then U = V \Z is affine, and we conclude from claim (1) that
SK1(U) ⊗ Q`/Z` = 0. Now we consider (6-1) and (6-2) for this triple (V,Z, U).
From (6-1) we get that the map β in (6-2) is surjective, and hence so is α. By
induction on the dimension we may assume that Ker(NZ/K) ⊗ Q`/Z` = 0, and
hence we also get Ker(NV/K) ⊗ Q`/Z` = 0 as wanted.

Now we show Theorem 6.1. In case V is affine, it follows immediately from 6.3 (1)
and the exact sequence (cf. Lemma 5.2)

Het
0 (V, Q`/Z`(−1))

ε2V−→ HK
2 (V, Q`/Z`) → SK1(V ) ⊗ Q`/Z`

αV−→ Het
−1(V, Q`/Z`(−1)).
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In case f : V → Spec(K) is proper, we use the commutative diagram

SK1(V ) ⊗ Q`/Z`
αV−→ Het

−1(V, Q`/Z`(−1)) = H1(V,Rf !Q`/Z`(1)))
↓ µ ↓ f∗ ↓ trV/K

K∗ ⊗ Q`/Z`

∼=−→ Het
−1(Spec(K), Q`/Z`(−1)) = H1(K, Q`/Z`(1))

where µ is induced by NV/K . By the above two diagrams we have Coker(ε2V ) =
Ker(αV ) ⊂ Ker(µ). But by 6.2 (1) and 6.3 (3), Ker(µ) is finite and vanishes if
` 6 | |Coker(NV/K)|. This completes the proof of Theorem 6.1.

Now we turn to the proof of Theorem 1.6. In what follows we assume that X
is projective and generically smooth with strict semistable reduction over S =
Spec(A). Assume also that we are given Z ⊂ X, a good divisor in the sense of
Definition 4.2. Write U = X \ Z. We fix a prime ` different from ch(K) and
consider the residue maps

∆i
X : HK

i (Xη, Q`/Z`) → HK
i (Xs, Q`/Z`)

∆i
Z : HK

i (Zη, Q`/Z`) → HK
i (Zs, Q`/Z`).

Our strategy is to use induction on dim(X). Let

εi
Uη

: Het
i−2(Uη, Q`/Z`(−1)) → HK

i (Uη, Q`/Z`)

be the map considered in (5-1).

Proposition 6.4 Fix an integer q ≥ 2. Assume the following conditions hold.

(1) The Kato conjecture K(F, Q`/Z`) (cf. 3.1) is true in degree ≤ q + 1.

(2) εq
Uη

is surjective.

(3) ∆q−1
Z and ∆q

Z are isomorphisms and ∆q+1
Z is surjective.

(4) One of the following conditions is satisfied:

(a) X is smooth over S.

(b) ` 6= p := ch(F ).

(c) ` = p ≥ q.

(d) q < d.

Then ∆q
X is an isomorphism and ∆q+1

X is surjective.

Proof For i = q, q + 1 we look at the following commutative diagram of Kato
homology groups obtained from 2.17 and 2.18, with the coefficients Q`/Z` omitted
in the notation.

HK
i+1(Uη) → HK

i (Zη) → HK
i (Xη) → HK

i (Uη) → HK
i−1(Zη)

↓ ∆i+1
U ↓ ∆i

Z ↓ ∆i
X ↓ ∆i

U ↓ ∆i−1
Z

HK
i+1(Us) → HK

i (Zs) → HK
i (Xs) → HK

i (Us) → HK
i−1(Zs)

Since HK
i (Xη) = HK

i (Xs) = 0 for i > d := dim(Xη), we may assume q ≤ d. The
proposition follows from the diagram by using the following result.
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Lemma 6.5 Assume q ≤ d and the conditions 6.4 (1) and (2) for q.

(1) ∆i
U is surjective for i ≤ q + 1.

(2) HK
q (Uη, Q`/Z`) = HK

q (Us, Q`/Z`) = 0 if q < d.

(3) ∆q
U is an isomorphism if one of the conditions in 6.4 (4) is satisfied.

Proof Consider the commutative diagram

Het
i−2(Uη, Q`/Z`(−1))

εi
Uη−→ HK

i (Uη, Q`/Z`)

↓ ∆i,et
U ↓ ∆i

U

Het
i−1(Us, Q`/Z`(0))

εi
Us−→ HK

i (Us, Q`/Z`)

where the vertical maps are the respective residue maps. The left residue map ∆i,et

is surjective if i ≤ d by Theorem 4.4, and by Theorem 3.5, condition 6.4 (1) implies
that εi

Us
is an isomorphism for i ≤ min(q+1, d). This proves the first assertion. For

the second assertion note that Het
q−2(Uη, Q`/Z`(−1)) = Het

q−1(Us, Q`/Z`(0)) = 0 if
q < d by Theorem 3.5 and Theorem 4.4. Thus the claim follows since εq

Us
and εq

Uη

are surjective by the assumptions 6.4 (1) and (2). For (3) we may assume q = d by
(2). Then the assertion follows since, by Theorem 4.4, the residue map ∆i,et

U is an
isomorphism for i = d(= q) if one of the conditions 6.4 (4)(a),(b),(c) is satisfied.

We can now prove Theorem 1.6. We proceed by induction on dim(X). First we
claim that we may assume the existence of a good divisor Z ⊂ X. Indeed, by
Proposition 4.3 such a divisor exists after replacing F with a finite extension of
degree prime to ` and K with the corresponding unramified extension. Then the
claim follows for the original F and K by a standard norm argument. Given a good
divisor, Theorem 1.6 (1) follows from Proposition 6.4 with q = 2: Condition (1) is
satisfied since the Kato conjecture K(F, Q`/Z`) is known in degrees ≤ 3, as recalled
in the introduction. Condition (2) is satisfied by Lemma 6.1 (1). Condition (3) is
satisfied by the induction hypothesis and Theorem 1.5. Condition (4) is satisfied
since every prime is not less than 2. This completes the proof of Theorem 1.6.

Remark 6.6 Proposition 6.4 tells that, assuming that the Kato conjecture
K(F, Q`/Z`) holds, an essential obstacle against showing Conjecture B in degrees
> 2 is the surjectivity of εi

Uη
for i > 2. In case i = 2 the class field theory for

curves over local fields [Sa1] plays a crucial role to prove it (cf. the proof of Lemma
6.1). In case i > 2 we do not have any effective means to approach this problem
at present.

We close this section with the following applications of Theorems 6.1 and 1.6.

Corollary 6.7 Let V be a scheme of finite type over K.
(1) HK

i (V, Z/nZ) is finite for i = 0, 1 and for all n > 0 invertible in K.
(2) HK

2 (V, Q`/Z`) is of cofinite type.
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Proof There is an affine open subscheme U ↪→ V with complement Z = V \ U
such that dim(Z) < dim(V ). By induction on dim(V ) and by the exact sequences

HK
i (Z, Z/nZ) → HK

i (V, Z/nZ) → HK
i (U, Z/nZ)

we may thus assume that V is affine. By the following Lemma, the claim then
follows from Lemma 5.2 for HK

0 and HK
1 , and from Theorem 6.1 (1) for HK

2 .

Lemma 6.8 If V separated, and n invertible in K, Het
i (V, Z/nZ(j)) is finite for

for all i, j ∈ Z. In particular, Het
i (V, Q`/Z`(j)) is of cofinite type for all i, j ∈ Z.

Proof It suffices to show the first claim; the second then follows via the Kummer

sequence 0 → Z/`Z(−j) → Q`/Z`(−j)
`→Q`/Z`(−j) → 0. For an open immersion

V ↪→ V ′ with complement Z = V ′ \ V , we have the exact sequence

Het
i (Z, Z/nZ(j)) → Het

i (V ′, Z/nZ(j)) → Het
i (V, Z/nZ(j)) → Het

i−1(Z, Z/nZ(j)).

By induction on dim(V ) and embedding V into a proper K-scheme [N], we may
thus assume that g : V → Spec(K) is proper. By Lemma 5.3 we are reduced to
show the finiteness of Ha(V, Z/nZ(b)) = Ha(K,Rg∗Z/nZ(b)) for proper g, which
is a consequence of [SGA4], XIV Th.1.1 and [Se], Ch.II §5.2.

Corollary 6.9 If X is smooth and projective over S, then HK
2 (Xη, Q`/Z`) = 0.

Proof This is an immediate consequence of Theorems 1.6 and 1.4.

Corollary 6.10 For a projective smooth variety Z over a number field,
HK

2 (Z, Q`/Z`) is of cofinite type.

Proof This follows from Theorem 1.3 and Corollaries 6.7 and 6.9 by noting the
following: Let the notation be as in Theorem 1.3. For an imaginary place v, one
has HK

i (Zv, Q/Z) = 0 because cd(k(x)) = p for x ∈ (Zv)p. For a real place v,
HK

i (Zv, Q/Z) is a 2-torsion finite group by results of [Sch] 19.5.1 and 17.7.

7. An application: The kernel of the reciprocity map

Let the notations be as in the beginning of §5. Recall that K is the quotient field
of A, a henselian discrete valuation ring with finite residue field F of characteristic
p. We assume that fη is proper. Let k(Xη) denote the function field of Xη. In
this section we study the kernel of the reciprocity map

ρXη
: SK1(Xη) → πab

1 (Xη)

and prove Theorems 1.8 and 1.9. For an integer n > 0 prime to ch(K) let

ρXη,n : SK1(Xη)/n → πab
1 (Xη)/n
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be the induced map. By Lemmas 5.2 and 5.3 we have an exact sequence

(7-1) Coker(ε2Xη,n) → SK1(Xη)/n
ρXη,n−→ πab

1 (Xη)/n → HK
1 (Xη, Z/nZ) → 0

where εi
Xη,n : Het

i−2(Xη, Z/nZ(−1)) → HK
i (Xη, Z/nZ) is as in (5-1). We need the

following theorem.

Theorem 7.1 Let V be a smooth proper geometrically irreducible variety over
K. Let πab

1 (V )
geo

be the kernel of the natural surjection πab
1 (V ) → Gal(Kab/K).

There is an exact sequence

0 → T → πab
1 (V )

geo → Ẑr → 0,

where T is finite and r is the F -rank of the special fiber of the Néron model of the
Albanese variety of V .

For the pro-` -part, with ` 6= p := ch(F ), this is essentially due to Grothendieck.
The result for the pro-p -part is due to T. Yoshida [Y].

Theorem 7.2 For V as in Theorem 7.1, the image of Ker(NV/K) under ρV :

SK1(V ) → πab
1 (V ) is finite.

Proof By Theorem 7.1 it suffices to show that the image is torsion. By a similar
argument as in the proof of Proposition 6.3 (1) we may reduce to the case that V
is a proper smooth curve. Then the assertion follows from [Sa1], Th. 4.1, together
with [Y], Th. 5.1 (for the p -part if ch(K) = p).

Lemma 7.3 Let V be of finite type over K. For a prime ` we have an exact
sequence

0 → HK
i+1(V, Q`/Z`)/`ν → HK

i (V, Z/`νZ) → HK
i (V, Q`/Z`)[`

ν ] → 0

either if ` = ch(K), or if ` 6= ch(K), BKi+1(K(x), `) (cf. the introduction) holds
for all x ∈ Vi and BKi(K(x), `) holds for all x ∈ Vi−1.

Proof (cf. [CT], §2) We use the Kummer sequences of étale sheaves

0 → Z/`νZ(r) → Q`/Z`(r)
`ν

−→ Q`/Z`(r) → 0 (for ` 6= ch(K)),

0 → WνΩr
log → W∞Ωr

log
`ν

−→ W∞Ωr
log → 0 (for ` = ch(K)).

For x ∈ Vj they give rise to the exact sequence

Hj+1(K(x), Q`/Z`(j+1))
`ν

−→ Hj+1(K(x), Q`/Z`(j+1)) → Hj+2(K(x), Z/`νZ(j+1))

ι−→ Hj+2(K(x), Q`/Z`(j + 1))
`ν

−→ Hj+2(K(x), Q`/Z`(j + 1)) → 0,
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(where we let Hs(K(x), Q`/Z`(r)) := Hs−r(K(x),W∞Ωr
log), cf. 2 B and the

introduction). The surjectivity of the last map follows from Hj+3(K(x), Z/`νZ(j+
1)) = 0, which follows from [Se], Ch.II §4 and §6 for ` 6= ch(K). For ` = p =
ch(K), the vanishing of H2(K(x),WνΩj+1) follows from cdp(K(x)) ≤ 1, cf. the
proof of 2.14 (c). In case ` 6= ch(K) the assumption BKj+1(K(x), `) says that
Hj+1(K(x), Q`/Z`(j + 1)) is divisible so that ι is injective. In case ` = ch(K) we
get the same conclusion by [BK], Th. 2.1. The desired assertion now follows from
the sequence of Kato complexes

0 → C2,1(V, Z/`νZ) → C2,1(V, Q`/Z`)
`ν

−→ C2,1(V, Q`/Z`) → 0

and the exactness properties derived from the above exact sequences for j =
i − 1, i, i + 1.

Lemma 7.4 Let V and W be irreducible and smooth of dimension d over a field L
and let f : W → V be proper and generically finite of degree N . For any integers
r, s,, and any integer n invertible in L, the cokernel of the map

f∗ : Hr,s
d (W, Z/nZ) → Hr,s

d (V, Z/nZ)

induced by f in the Kato homology is annihilated by N .

Proof We have the commutative diagram

Hr,s
d (W, Z/nZ)

↪→−→ Hd+r(L(W ), Z/nZ(d + s))
↓ f∗ ↓ CorL(W )/L(V )

Hr,s
d (V, Z/nZ)

↪→−→ Hd+r(L(V ), Z/nZ(d + s))

where CorL(W )/L(V ) is the corestriction map for Galois cohomology. We claim
that the restriction map

ResL(W )/L(V ) : Hd+r(L(V ), Z/nZ(d + s)) → Hd+r(L(W ), Z/nZ(d + s))

induces f∗ : Hr,s
d (V, Z/nZ) → Hr,s

d (W, Z/nZ), which proves the lemma since the
composite map CorL(W )/L(V )◦ResL(W )/L(V ) is the multiplication by N . If f is flat,
the assertion follows from the contravariant functoriality of the Kato complexes
for flat morphisms. In general it follows from the canonical isomorphism

Hr,s
d (W, Z/nZ) ∼= H0(WZar,Hd+r(Z/nZ(d + s)))

and the similar isomorphism for V following from [BO] by the assumption of
smoothness. Here Hd+r(Z/nZ(d + s)) is the Zariski sheaf associated to U →
Hd+r(Uet, Z/nZ(d + s)).

Lemma 7.5 Assume that Xη is irreducible and proper of dimension 2. If ` 6=
ch(K) is a prime such that BK3(K(Xη), `) holds, then |Ker(ρXη,`ν )| is bounded
with respect to ν.
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Proof Lemma 5.2 induces the following commutative diagram
(7-2)

Het
0 (Xη, Z/`νZ(−1)) → HK

2 (Xη, Z/`νZ) → Ker(ρXη,`ν ) → 0
↓ α ↓ γ

Het
0 (Xη, Q`/Z`(−1))[`ν ]

ε[`ν ]−→ HK
2 (Xη, Q`/Z`)[`

ν ]
↓ ↪→ ↓ ↪→

Het
0 (Xη, Q`/Z`(−1))

ε−→ HK
2 (Xη, Q`/Z`)

where the upper horizontal sequence is exact, α is surjective, γ is an isomorphism
by Lemma 7.3, and Coker(ε) is finite by Theorem 6.1. Since Het

0 (Xη, Q`/Z`(−1))
is of cofinite type by Lemma 6.8, this implies that Ker(ρXη,`ν ) is finite and that

|Ker(ρXη,`ν )| = |Coker(ε[`ν ])| ≤ |Coker(ε)| · |Ker(ε)/`ν |
≤ |Coker(ε)| · |Ker(ε)/Div(Ker(ε))|,

where Div(A) denotes the maximal divisible subgroup of an abelian group A. This
proves Lemma 7.5.

Lemma 7.6 With assumption be as Theorem 1.8 (1), let IP be the set of all inte-
gers whose prime divisors belong to P . Then Ker(ρXη,n) is bounded with respect
to n ∈ IP .

Proof By Lemma 7.5 it suffices to show Ker(ρXη,`ν ) = 0 for almost all ` ∈ P ,
` 6= ch(F ). We claim that we may assume that X is projective over S having
semistable reduction over S. Indeed, by [dJ] there exists a finite morphism S′ → S

and an alteration X̃ → X with X̃/S′ satisfying the condition. Noting that (7-1)
is covariantly functorial for proper morphisms, we get the commutative diagram

HK
2 (X̃η, Z/`νZ) → Ker(ρX̃η,`ν ) → 0

↓ ↓
HK

2 (Xη, Z/`νZ) → Ker(ρXη,`ν ) → 0

Hence the claim follows from Lemma 7.4. Then by Proposition 4.3 and a finite
étale base change we may furthermore assume that there exists a very good divisor
Z ⊂ X in the sense of Definition 3.3. Let U = X \ Z.

Claim 1 If ` ∈ P , then Ker(ρXη,`ν ) ⊂ Im(SK1(Zη)) for all ν.

Proof We have the commutative diagram

SK1(Zη)/`ν → SK1(Xη)/`ν → SK1(Uη)/`ν → 0
↓ αXη

↓ αUη

Het
−1(Xη, Z/`νZ(−1)) → Het

−1(Uη, Z/`νZ(−1))
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in which αXη
can be identified with ρXη,`ν (cf. 5.2 and 5.3). Thus it suffices to

show that αUη
is an injection. By Lemma 5.2 we have the commutative diagram

Het
0 (Uη, Z/`νZ(−1))

εUη−→ HK
2 (Uη, Z/`νZ) → Ker(αUη

) → 0
↓ ↓

Het
0 (Uη, Q`/Z`(−1))[`ν ]

∼=−→ HK
2 (Uη, Q`/Z`)[`

ν ]

where the upper horizontal sequence is exact and the left vertical map is surjective.
The right vertical arrow is an isomorphism by Lemma 7.3 and the lower horizontal
map is an isomorphism by the proof of Theorem 1.6 (note that ` 6= ch(F )). This
proves the desired assertion.

Claim 2 If ` 6 | |Coker(NZη/K)|, then Ker(ρXη,`ν ) ⊂ Im(Ker(NZη/K)).

Proof We have the commutative diagram

0 → Ker(NZη/K)/`ν → SK1(Zη)/`ν → K∗/`ν → 0
↓ ↓ ‖

0 → Ker(NXη/K)/`ν → SK1(Xη)/`ν → K∗/`ν → 0
↓ ρXη,`ν ↓ ρη,`ν

πab
1 (Xη)/`ν → πab

1 (η)/`ν

where ρη,`ν is an isomorphism by local class field theory. Under the assumption of
the claim, the horizontal sequences are exact. Now the claim follows easily from
Claim 1 by simple diagram chasing.

To finish the proof of Lemma 7.6 it suffices to show Ker(NZη/K) is `-divisible for
almost all `. Since dim(Zη) = 1, this follows from the class field theory for curves
over local fields. Indeed, the kernel of

Ker(NZη/K) ↪→ SK1(Zη)
ρV−→ πab

1 (Zη)

is `-divisible by [Sa1], Th.5.1 so that the assertion follows from Theorem 7.2.

Proof of Theorem 1.8(1): Consider the commutative diagram

0 → Ker(ρXη
) → SK1(Xη) → πab

1 (Xη)
↓ ↓ π1 ↓ π2

0 → lim
←−

n∈IP

Ker(ρXη,n) → lim
←−

n∈IP

SK1(Xη)/n → lim
←−

n∈IP

πab
1 (Xη)/n

Theorem 7.1 implies that

lim
←−

n∈IP

πab
1 (Xη)/n =

∏

`∈P

πab
1 (Xη)(`) and Ker(π2) =

∏

` 6∈P

πab
1 (Xη)(`).

and that the torsion part of the former is finite and that the latter is P -torsion free,
namely nx = 0 with n ∈ IP and x ∈ Ker(π2) implies x = 0. Lemma 7.6 implies
lim
←−

n∈IP

Ker(ρXη,n) is finite so that Ker(π1) is P -divisible by Lemma 7.7 below. Hence

the diagram implies that Ker(ρXη
) is an extension of a finite group by a P -divisible

group. Now Theorem 1.8(1) follows from Lemma 7.8 below.
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Lemma 7.7 Assume given an abelian group A, a projective system of abelian

groups {Bn}n∈IP
and a projective system {A/nA

ϕn−→ Bn}n∈IP
of homomor-

phisms. Write

ϕ̂ := lim
←−

n∈IP

ϕn : Â → B̂, (Â = lim
←−

n∈IP

A/nA, B̂ := lim
←−

n∈IP

Bn)

Assume that there exists 0 6= N ∈ IP such that N ·B̂tor = 0 and that N ·Ker(ϕ̂) = 0.
Then D := ∩n∈IP

nA is the maximal P -divisible subgroup of A.

Proof It is evident that D contains the maximal P -divisible subgroup of A. Thus
it suffices to show that D is P -divisible. Let π : A → Â be the natural map and
put D′ = Ker(ϕ̂ ◦ π). By the assumption D = Ker(π) ⊂ D′ and N ·D′ ⊂ D. Take
x ∈ D. For any n ∈ IP there exists y ∈ A such that x = nN2y. Then we have
0 = ϕ̂(π(x)) = nN2ϕ̂(π(y)) so that ϕ̂(π(y)) ∈ B̂tor. By the assumption this implies
Nϕ̂(π(y)) = ϕ̂(π(Ny)) = 0. Hence z := Ny ∈ D′ so that x = n(Nz) ∈ n ·D. This
completes the proof of Lemma 7.7.

Lemma 7.8 Assume given 0 → D → A
π−→ T → 0, an exact sequence of abelian

groups, where T is torsion and D is P -divisible. Write T = T (P )⊕T ′ where T (P )
is P -torsion and T ′ has no P -torsion element. Put D′ = π−1(T ′). Then D′ is
P -divisible and we have A ∼= D′ ⊕ T (P ).

Proof We have the exact sequence 0 → D → D′ → T ′ → 0. By definition T ′

is P -divisible and hence D′ is P -divisible. We show A ∼= D′ ⊕ T (P ). It suffices
to construct a map s` : T{`} → A for each ` ∈ P such that π ◦ s` is the identity,
where M{`} denotes the `-primary torsion part of an abelian group M . We have
an exact Tor-sequence

0 → D′{`} → A{`} → T{`} → 0 = D′ ⊗ Q`/Z`

which can be viewed as an exact sequence of Z`-modules. Since D′{`} is `-divisible,
it is an injective Z`-module (cf. [HS], Th. 7.1). Thus the above sequence splits
and we get the desired map s`. This completes the proof of Lemma 7.8.

Proof of Theorem 1.9: If V is smooth and proper, the claim follows from
Theorem 1.8 (1) and Theorem 7.2. If V is proper, there exists an alteration

Ṽ → V with Ṽ smooth and proper [dJ], and we get a commutative diagram

SK1(Ṽ )
NṼ /V→ SK1(V )

↓ NṼ /K ↓ NV/K

K∗ = K∗

in which NṼ /V has finite cokernel by Lemma 6.2. Hence the claim for V follows

from that for Ṽ . If V is not proper, take an open immersion V ↪→ W with W
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proper over K, and let Z = W \ V . Then we have a commutative diagram with
exact top row

SK1(Z) → SK1(W ) → SK1(V ) → 0
↓ NZ/K ↓ NW/K

K∗ = K∗

It gives a map Ker(NW/K) → SK1(V ) with finite cokernel, which shows that it
suffices to consider W , i.e. the case that V is proper. This completes the proof of
Theorem 1.9.

Proof of Theorem 1.8 (2) and (3): Lemmas 5.2 and 5.3 induce the exact
sequence for n ∈ IP

(7-3) HK
2 (Xη, Q/Z)[n] → SK1(Xη)/n

ρXη,n−→ πab
1 (Xη)/n

where we used that HK
2 (Xη, Z/nZ) ∼= HK

2 (Xη, Q/Z)[n] by Lemma 7.3. The as-
sumption H2(ΓX̃s

, Q) = 0 implies that H2(ΓX̃s
, Q/Z) is finite. On the other hand,

we have maps

HK
2 (X̃η, Q/Z′)

∆2

X̃−→HK
2 (X̃s, Q/Z′)

γ
X̃s−→HK

2 (ΓX̃s
, Q/Z′) , Q/Z′ = ⊕

` 6=ch(K)
Q`/Z`,

where ∆2
X̃

is an isomorphism by Theorem 1.6 and γX̃s
is an isomorphism by

Theorem 1.4. Hence HK
2 (ΓX̃s

, Q/Z′) is finite, and by Lemma 7.4, HK
2 (Xη, Q/Z′)

is finite as well. Thus, passing to the limit, the sequences (7-3) induces an injection

lim
←−

n∈IP

SK1(Xη)/n ↪→ lim
←−

n∈IP

πab
1 (Xη)/n,

because lim
←−

A[n] = 0 = lim1

←−
A[n] for any finite abelian group A. Now Theorem

1.8 (2) follows from Lemma 7.7 by the same argument as in the proof of Theorem
1.8(1). Finally Theorem 1.8 (3) follows from 1.8 (2) together with Theorems 1.4
and 1.5, because in the case of good reduction the complex ΓXs

is contractible.
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100 (1982), 3–171.

[Bl] S. Bloch, Higher Algebraic K-theory and class field theory for arithmetic
surfaces, Ann. of Math. 114 (1981), 229–265.

[BK] S. Bloch and K. Kato, p-adic etale cohomology, Publ. Math. IHES 63
(1986), 107–152.

[BO] S. Bloch and A. Ogus, Gersten’s conjecture and the homology of
schemes, Ann. Ec. Norm. Sup. 4 serie 7 (1974), 181–202.

Documenta Mathematica · Extra Volume Kato (2003) 479–538



536 U. Jannsen and S. Saito

[CT] J.-L. Colliot-Thélène, On the reciprocity sequence in the higher class
field theory of function fields, Algebraic K-Theory and Algebraic Topol-
ogy (Lake Louise, AB, 1991), (J.F. Jardine and V.P. Snaith, ed), 35–55,
Kluwer Academic Publishers, 1993.

[CTSS] J.-L. Colliot-Thélène, J.-J. Sansuc and C. Soulé, Torsion dans le groupe
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[Sz] T. Szamuely, Sur la théorie des corps de classes pour les variétés sur
les corps p-adiques, J. reine angew. Math. 525 (2000), 183–212.
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Abstract. For a CM-field K which is abelian over a totally real
number field k and a prime number p, we show that the structure of
the χ-component Aχ

K of the p-component of the class group of K is de-
termined by Stickelberger elements (zeta values) (of fields containing
K) for an odd character χ of Gal(K/k) satisfying certain conditions.
This is a generalization of a theorem of Kolyvagin and Rubin. We de-
fine higher Stickelberger ideals using Stickelberger elements, and show
that they are equal to the higher Fitting ideals. We also construct and
study an Euler system of Gauss sum type for such fields. In the ap-
pendix, we determine the initial Fitting ideal of the non-Teichmüller
component of the ideal class group of the cyclotomic Zp-extension of
a general CM-field which is abelian over k.

0 Introduction

It is well-known that the cyclotomic units give a typical example of Euler
systems. Euler systems of this type were systematically investigated by Kato
[8], Perrin-Riou [14], and in the book by Rubin [18]. In this paper, we propose
to study Euler systems of Gauss sum type which are not Euler systems in the
sense of [18]. We construct an Euler system in the multiplicative groups of
CM-fields, which is a generalization of the Euler system of Gauss sums, and
generalize a structure theorem of Kolyvagin and Rubin for the minus class
groups of imaginary abelian fields to general CM-fields.
The aim of this paper is to prove the structure theorem (Theorem 0.1 below),
and we do not pursue general results on the Euler systems of Gauss sum type in
this paper. One of very deep and remarkable works of Kato is his construction
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of the Euler system (which lies in H1(T )) for a Zp-representation T associated
to a modular form. We remark that we do not have an Euler system of Gauss
sum type in H1(T ), but fixing n > 0 we can find an Euler system of Gauss
sum type in H1(T/pn), which will be studied in our forthcoming paper.
We will describe our main result. Let k be a totally real number field, and K
be a CM-field containing k such that K/k is finite and abelian. We consider
an odd prime number p and the p-primary component AK = ClK ⊗ Zp of the
ideal class group of K. Suppose that p does not divide [K : k]. Then, AK

is decomposed into AK =
⊕

χ Aχ
K where Aχ

K is the χ-component which is an
Oχ-module (where Oχ = Zp[Image χ], for the precise definition, see 1.1), and

χ ranges over Qp-conjugacy classes of Qp
×

-valued characters of Gal(K/k) (see
also 1.1).
For k = Q and K = Q(µp) (the cyclotomic field of p-th roots of unity),
Rubin in [17] described the detail of Kolyvagin’s method ([10] Theorem 7),
and determined the structure of Aχ

Q(µp) as a Zp-module for an odd χ, by using

the Euler system of Gauss sums (Rubin [17] Theorem 4.4). We generalize this
result to arbitrary CM-fields.
In our previous paper [11], we proposed a new definition of the Stickelberger
ideal. In this paper, for certain CM-fields, we define higher Stickelberger
ideals which correspond to higher Fitting ideals. In §3, using the Stickel-
berger elements of fields containing K, we define the higher Stickelberger ideals
Θi,K ⊂ Zp[Gal(K/k)] for i ≥ 0 (cf. 3.2). Our definition is different from Ru-
bin’s. (Rubin defined the higher Stickelberger ideal using the argument of Euler
systems. We do not use the argument of Euler systems to define our Θi,K .)
We remark that our Θi,K is numerically computable, since the Stickelberger
elements are numerically computable. We consider the χ-component Θχ

i,K .

We study the structure of the χ-component Aχ
K as an Oχ-module. We note

that p is a prime element of Oχ because the order of Image χ is prime to p.

Theorem 0.1. We assume that the Iwasawa µ-invariant of K is zero (cf.
Proposition 2.1), and χ is an odd character of Gal(K/k) such that χ 6= ω (where
ω is the Teichmüller character giving the action on µp), and that χ(p) 6= 1 for
every prime p of k above p. Suppose that

Aχ
K ' Oχ/(pn1) ⊕ ... ⊕ Oχ/(pnr )

with 0 < n1 ≤ ... ≤ nr. Then, for any i with 0 ≤ i < r, we have

(pn1+...+nr−i) = Θχ
i,K

and Θχ
i,K = (1) for i ≥ r. Namely,

Aχ
K '

⊕

i≥0

Θχ
i,K/Θχ

i+1,K .

In the case K = Q(µp) and k = Q, Theorem 0.1 is equivalent to Theorem 4.4
in Rubin [17].
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This theorem says that the structure of Aχ
K as an Oχ-module is determined by

the Stickelberger elements. Since the Stickelberger elements are defined from
the partial zeta functions, we may view our theorem as a manifestation of a very
general phenomena in number theory that zeta functions give us information
on various important arithmetic objects.

In general, for a commutative ring R and an R-module M such that

Rm f−→ Rr −→ M −→ 0

is an exact sequence of R-modules, the i-th Fitting ideal of M is defined to be
the ideal of R generated by all (r−i)×(r−i) minors of the matrix corresponding
to f for i with 0 ≤ i < r. If i ≥ r, it is defined to be R. (For more details, see
Northcott [13]). Using this terminology, Theorem 0.1 can be simply stated as

Fitti,Oχ
(Aχ

K) = Θχ
i,K

for all i ≥ 0.

The proof of Theorem 0.1 is divided into two parts. We first prove the inclusion
Fitti,Oχ

(Aχ
K) ⊃ Θχ

i,K . To do this, we need to consider a general CM-field which
contains K. Suppose that F is a CM-field containing K such that F/k is
abelian, and F/K is a p-extension. Put RF = Zp[Gal(F/k)]. For a character χ
satisfying the conditions in Theorem 0.1, we consider Rχ

F = Oχ[Gal(F/K)] and
Aχ

F = AF ⊗RF
Rχ

F where Gal(K/k) acts on Oχ via χ. For the χ-component
θχ

F ∈ Rχ
F of the Stickelberger element of F (cf. 1.2), we do not know whether

θχ
F ∈ Fitt0,Rχ

F
(Aχ

F ) always holds or not (cf. Popescu [15] for function fields).
But we will show in Corollary 2.4 that the dual version of this statement holds,
namely

ι(θχ
F ) ∈ Fitt

0,Rχ−1

F

((Aχ
F )∨)

where ι : RF −→ RF is the map induced by σ 7→ σ−1 for σ ∈ Gal(F/k), and
(Aχ

F )∨ is the Pontrjagin dual of Aχ
F . We can also determine the right hand side

Fitt
0,Rχ−1

F

((Aχ
F )∨). In the Appendix, for the cyclotomic Zp-extension F∞/F ,

we determine the initial Fitting ideal of (the Pontrjagin dual of) the non-
ω component of the p-primary component of the ideal class group of F∞ as
a ΛF = Zp[[Gal(F∞/k)]]-module (we determine Fitt0,ΛF

((AF∞)∨) except ω-
component, see Theorem A.5). But for the proof of Theorem 0.1, we only
need Corollary 2.4 which can be proved more simply than Theorem A.5, so
we postpone Theorem A.5 and its proof until the Appendix. Concerning the
Iwasawa module XF∞ = lim

←
AFn

where Fn is the n-th layer of F∞/F , we

computed in [11] the initial Fitting ideal under certain hypotheses, for example,
if F/Q is abelian. Greither in his recent paper [4] computed the initial Fitting
ideal of XF∞ more generally.
In our previous paper [11] §8, we showed that information on the initial Fitting
ideal of the class group of F yields information on the higher Fitting ideals of
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the class group of K. Using this method, we will show Fitti,Oχ
(Aχ

K) ⊃ Θχ
i,K in

Proposition 3.2.

In order to prove the other inclusion, we will use the argument of Euler systems.
By Corollary 2.4 which was mentioned above, we obtain

θχ
F Aχ

F = 0.

(We remark that this has been obtained recently also in Greither [4] Corollary
2.7.) Using this property, we show that for any finite prime ρ of F there is
an element gχ

F,ρ ∈ (F× ⊗ Zp)
χ such that div(gχ

F,ρ) = θχ
F [ρ]χ in the divisor

group where [ρ] is the divisor corresponding to ρ (for the precise relation, see
§4). These gχ

F,ρ’s become an Euler system of Gauss sum type (see §4). For
the Euler system of Gauss sums, a crucial property is Theorem 2.4 in Rubin
[18] which is a property on the image in finite fields, and which was proved by
Kolyvagin, based on the explicit form of Gauss sums. But we do not know the
explicit form of our gχ

F,ρ, so we prove, by a completely different method, the
corresponding property (Proposition 4.7) which is a key proposition in §4.

It is possible to generalize Theorem 0.1 to characters of order divisible by p sat-
isfying some conditions. We hope to come back to this point in our forthcoming
paper.

I would like to express my sincere gratitude to K. Kato for introducing me to
the world of arithmetic when I was a student in the 1980’s. It is my great
pleasure to dedicate this paper to Kato on the occasion of his 50th birthday.
I would like to thank C. Popescu heartily for a valuable discussion on Euler
systems. I obtained the idea of studying the elements gχ

F,ρ from him. I would
also like to thank the referee for his careful reading of this manuscript, and for
his pointing out an error in the first version of this paper. I heartily thank C.
Greither for sending me his recent preprint [4].

Notation

Throughout this paper, p denotes a fixed odd prime number. We denote by
ordp : Q× −→ Z the normalized discrete valuation at p. For a positive integer
n, µn denotes the group of all n-th roots of unity. For a number field F , OF

denotes the ring of integers. For a group G and a G-module M , MG denotes the
G-invariant part of M (the maximal subgroup of M on which G acts trivially),
and MG denotes the G-coinvariant of M (the maximal quotient of M on which
G acts trivially). For a commutative ring R, R× denotes the unit group.
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1 Preliminaries

1.1. Let G be a profinite abelian group such that G = ∆×G′ where #∆ is finite
and prime to p, and G′ is a pro-p group. We consider the completed group ring
Zp[[G]] which is decomposed into

Zp[[G]] = Zp[∆][[G′]] '
⊕

χ

Oχ[[G′]]

where χ ranges over all representatives of Qp-conjugacy classes of characters

of ∆ (a Qp
×

-valued character χ is said to be Qp-conjugate to χ′ if σχ = χ′ for
some σ ∈ Gal(Qp/Qp)), and Oχ is Zp[Image χ] as a Zp-module, and ∆ acts on
it via χ (σx = χ(σ)x for σ ∈ ∆ and x ∈ Oχ). Hence, any Zp[[G]]-module M is
decomposed into M ' ⊕

χ Mχ where

Mχ ' M ⊗Zp[∆] Oχ ' M ⊗Zp[[G]] Oχ[[G′]].

In particular, Mχ is an Oχ[[G′]]-module. For an element x of M , the χ-
component of x is denoted by xχ ∈ Mχ.
Let 1∆ be the trivial character σ 7→ 1 of ∆. We denote by M1 the trivial
character component, and define M∗ to be the component obtained from M
by removing M1, namely

M = M1 ⊕ M∗.

Suppose further that G′ = G × G′′ where G is a finite p-group. Let ψ be a
character of G. We regard χψ as a character of G0 = ∆ × G, and define Mχψ

by Mχψ = M ⊗Zp[G0] Oχψ where Oχψ is Oχψ = Zp[Image χψ] on which G0 acts

via χψ. By definition, if χ 6= 1∆, we have Mχψ ' (M∗)χψ.

Let k be a totally real number field and F be a CM-field such that F/k is finite
and abelian, and µp ⊂ F . We denote by F∞/F the cyclotomic Zp-extension,
and put G = Gal(F∞/k). We write G = ∆×G′ as above. A Zp[[G]]-module M
is decomposed into M = M+ ⊕ M− with respect to the action of the complex
conjugation where M± is the ±-eigenspace. By definition, M− =

⊕
χ:odd Mχ

where χ ranges over all odd characters of ∆. We consider the Teichmüller
character ω giving the action of ∆ on µp, and define M∼ to be the component
obtained from M− by removing Mω, namely

M− = M∼ ⊕ Mω.

For an element x of M , we write x∼ the component of x in M∼.

1.2. Let k, F , F∞ be as in 1.1, and S be a finite set of finite primes of k
containing all the primes which ramify in F/k. We define in the usual way the
partial zeta function for σ ∈ Gal(F/k) by

ζS(s, σ) =
∑

(a,F/k)=σ
a is prime to S

N(a)−s
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for Re(s) > 1 where N(a) is the norm of a, and a runs over all integral ideals
of k, coprime to the primes in S such that the Artin symbol (a, F/k) is equal
to σ. The partial zeta functions are meromorphically continued to the whole
complex plane, and holomorphic everywhere except for s = 1. We define

θF,S =
∑

σ∈Gal(F/k)

ζS(0, σ)σ−1

which is an element of Q[Gal(F/k)] (cf. Siegel [21]). Suppose that SF is the
set of ramifying primes of k in F/k. We simply write θF for θF,SF

. We know
by Deligne and Ribet the non ω-component (θF,S)∼ ∈ Qp[Gal(F/k)]∼ is in
Zp[Gal(F/k)]∼. In particular, for a character χ of ∆ with χ 6= ω, we have
(θF,S)χ ∈ Zp[Gal(F/k)]χ.

Suppose that S contains all primes above p. Let Fn denote the n-th layer of
the cyclotomic Zp-extension F∞/F , and consider (θFn,S)∼ ∈ Zp[Gal(Fn/k)]∼.
These θ∼Fn,S ’s become a projective system with respect to the canonical restric-
tion maps, and we define

θ∼F∞,S ∈ Zp[[Gal(F∞/k)]]∼

to be their projective limit. This is essentially (the non ω-part of) the p-adic
L-function of Deligne and Ribet [1].

2 Initial Fitting ideals

Let k, F , F∞ be as in §1. We denote by k∞/k the cyclotomic Zp-extension,
and assume that F ∩ k∞ = k. Our aim in this section is to prove Proposition
2.1 and Corollary 2.4 below.

2.1. Let S be a finite set of finite primes of k containing ramifying primes
in F∞/k. We denote by F+ the maximal real subfield of F . Put ΛF =
Zp[[Gal(F∞/k)]] and ΛF+ = Zp[[Gal(F+

∞/k)]] which is naturally isomorphic
to the plus part Λ+

F of ΛF . We denote by M∞,S the maximal abelian pro-p
extension of F+

∞ which is unramified outside S, and by XF+
∞,S the Galois group

of M∞,S/F+
∞. We study XF+

∞,S which is a torsion ΛF+-module.

We consider a ring homomorphism τ−1ι : ΛF −→ ΛF which is defined by σ 7→
κ(σ)σ−1 for σ ∈ Gal(F∞/k) where κ : Gal(F∞/k) −→ Z×

p is the cyclotomic

character giving the action of Gal(F∞/k) on µp∞ . Let (ΛF )∼ and (Λ+
F )∗ =

(ΛF+)∗ be as in §1.1. Then, τ−1ι induces

τ−1ι : (ΛF )∼ −→ (ΛF+)∗.

Let θ∼F∞,S ∈ (ΛF )∼ be the Stickelberger element defined in 1.2.
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Proposition 2.1. Assume that the the Iwasawa µ-invariant of F is zero,
namely XF+

∞,S is a finitely generated Zp-module. Then, Fitt0,ΛF+ ((XF+
∞,S)∗) is

generated by τ−1ι(θ∼F∞,S
) except the trivial character component, namely

Fitt0,ΛF+ ((XF+
∞,S)∗)∗ = (τ−1ι(θ∼F∞,S)).

Proof. We use the method in [11]. In fact, the proof of this proposition is much
easier than that of Theorem 0.9 in [11].
We decompose G = Gal(F∞/k) as in 1.1 (G = ∆ × G′). Suppose that c is the
complex conjugation in ∆ and put ∆+ = ∆/ < c >, and G0 = Gal(F+/k).
Then, we can write G0 = ∆+ × G where G is a p-group. For a character χ of
∆+ with χ 6= 1∆+ , and a character ψ of G, we regard χψ as a character of
G0. We consider (XF+

∞,S)χψ which is an Oχψ[[Gal(F∞/F )]]-module (cf. 1.1).

Our assumption of the vanishing of the µ-invariant implies that (XF+
∞,S)χψ is

a finitely generated Oχψ-module. We will first show that (XF+
∞,S)χψ is a free

Oχψ-module.
Let H ⊂ G be the kernel of ψ, and M be the subfield of F correspond-
ing to H, namely Gal(F/M) = H. We denote by M∞ the cyclotomic Zp-
extension of M and regard H as the Galois group of F∞/M∞. We will see
that the H-coinvariant ((XF+

∞,S)χ)H is naturally isomorphic to (XM+
∞,S)χ.

In fact, by taking the dual, it is enough to show that the natural map
H1

et(OM+
∞

[1/S],Qp/Zp)
χ−1 −→ (H1

et(OF+
∞

[1/S],Qp/Zp)
χ−1

)H of etale coho-
mology groups is bijective where OM+

∞
[1/S] (resp. OF+

∞
[1/S]) is the ring of

S-integers in M+
∞ (resp. F+

∞). This follows from the Hochschild-Serre spectral

sequence and H1(H,Qp/Zp)
χ−1

= H2(H,Qp/Zp)
χ−1

= 0. Hence, regarding
χψ as a character of Gal(M+/k), we have

(XF+
∞,S)χψ = (XM+

∞,S)χψ.

We note that (XM+
∞,S)χ does not have a nontrivial finite Oχ[[G′]]-submodule

(Theorem 18 in Iwasawa [5]), so is free over Oχ by our assumption of the µ-
invariant. We will use the same method as Lemma 5.5 in [11] to prove that
(XM+

∞,S)χψ is free over Oχψ. We may assume ψ 6= 1G, so p divides the order of

Gal(M+/k). Let C be the subgroup of Gal(M+/k) of order p, M ′ the subfield
such that Gal(M+/M ′) = C, and put NC = Σσ∈Cσ. We have an isomorphism
(XM+

∞,S)χψ ' (XM+
∞,S)χ/(NC). Let σ0 be a generator of C. In order to prove

that (XM+
∞,S)χψ is free over Oχψ, it is enough to show that the map

σ0 − 1 : (XM+
∞,S)χ/(NC) −→ (XM+

∞,S)χ

is injective. Hence, it suffices to show ((XM+
∞,S)χ)C = NC((XM+

∞,S)χ), hence

to show Ĥ0(C, (XM+
∞,S)χ) = 0. Taking the dual, it is enough to show

H1(C,H1
et(OM+

∞
[1/S],Qp/Zp)

χ−1

) = 0. This follows from the Hochschild-

Serre spectral sequence and H2
et(OM ′

∞
[1/S],Qp/Zp) = 0 (which is a famous
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property called the weak Leopoldt conjecture and which follows immediately
from the vanishing of the p-component of the Brauer group of M ′

∞).
Thus, (XF+

∞,S)χψ is a free Oχψ-module of finite rank. This shows that

Fitt0,Oχψ[[Gal(F∞/F )]]((XF+
∞,S)χψ) coincides with its characteristic ideal. By

Wiles [25] and our assumption, the µ-invariant of (τ−1ι(θ∼F∞,S))χψ is also zero,
and by the main conjecture proved by Wiles [25], we have

Fitt0,Oχψ[[Gal(F∞/F )]]((XF+
∞,S)χψ) = (τ−1ι(θ∼F∞,S)χψ).

This holds for any χ and ψ with χ 6= 1∆. Hence, by Corollary 4.2 in [11], we
obtain the conclusion of Proposition 2.1.

2.2. For any number field F , we denote by AF the p-primary component of
the ideal class group of F . Let F be as above. We define

AF∞ = lim
→

AFn

where Fn is the n-th layer of F∞/F . We denote by (AF∞)∨ the Pontrjagin
dual of AF∞ . Let Sp be the set of primes of k lying over p. By the orthogonal
pairing in P.276 of Iwasawa [5] which is defined by the Kummer pairing, we
have an isomorphism

(XF+
∞,Sp

)∗ ' (A∼
F∞

)∨(1).

Let ι : ΛF −→ ΛF be the ring homomorphism induced by σ 7→ σ−1 for
σ ∈ Gal(F∞/k). For a character χ of ∆, ι induces a ring homomorphism

Λχ
F −→ Λχ−1

F which we also denote by ι. Since there is a natural surjective ho-
momorphism (XF+

∞,S
)∗ −→ (XF+

∞,Sp

)∗, Proposition 2.1 together with the above

isomorphism implies

Corollary 2.2. Let χ be an odd character of ∆ such that χ 6= ω. Under the
assumption of Proposition 2.1, we have

ι(θχ
F∞,S) ∈ Fitt

0,Λχ−1

F

((Aχ
F∞

)∨).

Next, we consider a general CM-field F such that F/k is finite and abelian
(Here, we do not assume µp ⊂ F ). Put RF = Zp[Gal(F/k)]. Let G be the p-
primary component of Gal(F/k), and Gal(F/k) = ∆×G. Suppose that χ is an
odd character of ∆ with χ 6= ω. We consider Rχ

F = Oχ[G], and define ι : RF −→
RF and ι : Rχ

F −→ Rχ−1

F similarly as above. If we assume that the Iwasawa µ-

invariant of F vanishes, (XF (µp)∞,S)χ−1ω is a finitely generated Oχ-module, so
we can apply the proof of Proposition 2.1 to get ι(θχ

F∞,S) ∈ Fitt
0,Λχ−1

F

((Aχ
F∞

)∨).

Since A−
F −→ A−

F (µp)∞
is injective ([24] Prop.13.26), (Aχ

F (µp)∞
)∨ −→ (Aχ

F )∨ is

surjective. The image of ι(θχ
F∞,S) ∈ Λχ−1

F in Rχ−1

F is ι(θχ
F,S). Hence, we obtain
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Corollary 2.3. Assume that the Iwasawa µ-invariant of F is zero. Then, we
have

ι(θχ
F,S) ∈ Fitt

0,Rχ−1

F

((Aχ
F )∨).

Let SF (µp)∞ (resp. SF ) be the set of ramifying primes in F (µp)∞/k (resp.
F/k). Note that SF (µp)∞ \ SF ⊂ Sp and

θF,SF (µp)∞
= (Πp∈SF (µp)∞\SF

(1 − ϕ−1
p ))θF,SF

where ϕp is the Frobenius of p in Gal(F/k). If χ(p) 6= 1 for all p above p,

(1 − ϕ−1
p )χ is a unit of Rχ−1

F because the order of χ is prime to p. Therefore,
we get

Corollary 2.4. Assume that the Iwasawa µ-invariant of F is zero, and that
χ(p) 6= 1 for all p above p. Then, we have

ι(θχ
F ) ∈ Fitt

0,Rχ−1

F

((Aχ
F )∨).

3 Higher Stickelberger ideals

In this section, for a finite abelian extension K/k whose degree is prime to p,
we will define the ideal Θi,K ⊂ Zp[Gal(K/k)] for i ≥ 0. We also prove the
inclusion Θχ

i,K ⊂ Fitti,Oχ
(Aχ

K) for K and χ as in Theorem 0.1.

3.1. In this subsection, we assume that O is a discrete valuation ring with
maximal ideal (p). We denote by ordp the normalized discrete valuation of O,
so ordp(p) = 1. For n, r > 0, we consider a ring

An,r = O[[S1, ..., Sr]]/((1 + S1)
pn − 1, ..., (1 + Sr)

pn − 1).

Suppose that f is an element of An,r and write f = Σi1,...ir≥0ai1...ir
Si1

1 ...Sir
r

mod I where I = ((1+S1)
pn −1, ..., (1+Sr)

pn −1). For positive integers i and
s, we set s′ = min{x ∈ Z : s < px}. Assume s′ ≤ n. If 0 < j < ps′

, we have

ordp(
(
pn

j

)
) = ordp(p

n!/(j!(pn − j)!)) ≥ n− s′ +1. Hence, for i1, ..., ir ≤ s < ps′

,

ai1,...,ir
mod pn−s′+1 is well-defined from f ∈ An,r. For positive integers i and

s with s′ ≤ n, we define Ii,s(f) to be the ideal of O which is generated by

pn−s′+1 and

{ai1,...,ir
: 0 ≤ i1, ..., ir ≤ s and i1 + ... + ir ≤ i}.

Since ai1,...,ir
is well-defined mod pn−s′+1, Ii,s(f) ⊂ O is well-defined for any i

and s ∈ Z>0 such that n ≥ s′.
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Lemma 3.1. Let α : An,r −→ An,r be the homomorphism of O-algebras defined
by α(Sk) = Πr

j=1(1+Sj)
akj −1 for 1 ≤ k, j ≤ r such that (akj) ∈ GLn(Z/pnZ).

Then, we have
Ii,s(α(f)) = Ii,s(f).

Proof. It is enough to show Ii,s(f) ⊂ Ii,s(α(f)) because if we obtain this
inclusion, the other inclusion is also obtained by applying it to α−1. Further,
since (akj) is a product of elementary matrices, it suffices to show the inclusion
in the case that α corresponds to an elementary matrix, in which case, the
inclusion can be easily checked.

In particular, let ι : An,r −→ An,r be the ring homomorphism defined by
ι(Sk) = (1 + Sk)−1 − 1 for k = 1, ..., r. Then, we have

Ii,s(ι(f)) = Ii,s(f)

which we will use later.

3.2. Suppose that k is totally real, K is a CM-field, and K/k is abelian such
that p does not divide [K : k]. Put ∆ = Gal(K/k). For i ≥ 0, we will define the
higher Stickelberger ideal Θi,K ⊂ Zp[∆]. Since Zp[∆] ' ⊕

χ Oχ, it is enough
to define (Θi,K)χ. We replace K by the subfield corresponding to the kernel of
χ, and suppose the conductor of K/k is equal to that of χ.
For n, r > 0, let SK,n,r denote the set of CM fields F such that K ⊂ F , F/k
is abelian, and F/K is a p-extension satisfying Gal(F/K) ' (Z/pn)⊕r. For
F ∈ SK,n,r, we have an isomorphism

Zp[Gal(F/k)]χ ' Zp[∆]χ[Gal(F/K)] = Oχ[Gal(F/K)].

Fixing generators of Gal(F/K), we have an isomorphism between
Oχ[Gal(F/K)] and An,r with O = Oχ in 3.1 (the fixed generators σ1,...,σr

correspond to 1 + S1,...,1 + Sr).
We first assume χ is odd and χ 6= ω. Then, θχ

F is in Zp[Gal(F/k)]χ =
Oχ[Gal(F/K)] (cf. 1.2). Using the isomorphism between Oχ[Gal(F/K)] and
An,r, for i and s such that n ≥ s′, we define the ideal Ii,s(θ

χ
F ) of Oχ (cf.

3.1). By Lemma 3.1, Ii,s(θ
χ
F ) does not depend on the choice of generators of

Gal(F/K).
We define (Θ0,K)χ = (θχ

K). Suppose that (Θ0,K)χ = (pm). If m = 0, we define
(Θi,K)χ = (1) for all i ≥ 0. We assume m > 0. We define SK,n =

⋃
r>0 SK,n,r.

We define (Θi,s,K)χ to be the ideal generated by all Ii,s(θ
χ
F )’s where F ranges

over all fields in SK,n for all n ≥ m + s′ − 1 where s′ = min{x ∈ Z : s < px} as
in 3.1, namely

(Θi,s,K)χ =
⋃

F∈SK,n

n≥m+s′−1

Ii,s(θ
χ
F ).

We define (Θi,K)χ by (Θi,K)χ =
⋃

s>0(Θi,s,K)χ. For χ satisfying the condition
of Theorem 0.1, we will see later in §5 that (Θi,K)χ = (Θi,1,K)χ.
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For F ∈ SK,m with m > 0, Ii,1(θ
χ
F ) contains pm (note that s′ = 1 when s = 1),

so pm ∈ (Θi,K)χ. Since (Θ0,K)χ = (pm), (Θ0,K)χ is in (Θi,K)χ. It is also clear
from definition that (Θi,s,K)χ ⊂ (Θi+1,s,K)χ for i > 0 and s > 0. Hence, we
have a sequence of ideals

(Θ0,K)χ ⊂ (Θ1,K)χ ⊂ (Θ2,K)χ ⊂ ...

We do not use the ω-component in this paper, but for χ = ω, we define
(Θ0,K)χ = (θK AnnZp[Gal(K/k)](µp∞(K)))χ. For i > 0, (Θi,K)χ is defined sim-
ilarly as above by using xθχ

F instead of θχ
F where x ranges over elements of

AnnZp[Gal(F/k)](µp∞(F ))χ. For an even χ, we define (Θi,K)χ = (0) for all
i ≥ 0.

Proposition 3.2. Suppose that K and χ be as in Theorem 0.1. Then, for any
i ≥ 0, we have

(Θi,K)χ ⊂ Fitti,Oχ
(Aχ

K).

Proof. At first, by Theorem 3 in Wiles [26] we know #Aχ
K = #(Oχ/(θχ

K)),
hence (Θ0,K)χ = Fitt0,Oχ

(Aχ
K). (In our case, this is a direct consequence of

the main conjecture proved by Wiles [25].) We assume i > 0. By the definition
of (Θi,K)χ, we have to show Ii,s(θ

χ
F ) ⊂ Fitti,Oχ

(Aχ
K) for F ∈ SK,n,r where the

notation is the same as above. By Lemma 3.1, Ii,s(θ
χ
F ) = Ii,s(ι(θ

χ
F )). Hence,

it is enough to show

Ii,s(ι(θ
χ
F )) ⊂ Fitti,Oχ

(Aχ
K).

We will prove this inclusion by the same method as Theorem 8.1 in [11].
We write O = Oχ = Oχ−1 , and G = Gal(F/K). As in 3.2, we fix an
isomorphism O[Gal(F/K)] ' An,r by fixing generators of G. We consider
(Aχ

F )∨ = (AF ⊗Zp[∆] O)∨ = (AF ⊗Zp[Gal(F/k)] O[G])∨ which is an O[G]-module.
Since F/K is a p-extension, it is well-known that the vanishing of the Iwasawa
µ-invariant of K implies the vanishing of the Iwasawa µ-invariant of F ([6]
Theorem 3). By Corollary 2.4, we have

ι(θχ
F ) ∈ Fitt0,O[G]((A

χ
F )∨).

Since χ 6= ω and χ is odd, for a unit group O×
F , we have (O×

F ⊗ Zp)
χ =

µp∞(F )χ = 0, so H1(Gal(F/K), O×
F )χ = H1(Gal(F/K), (O×

F ⊗ Zp)
χ) = 0.

This shows that the natural map Aχ
K −→ Aχ

F is injective. Hence, regarding
Aχ

K as an O[G]-module (G acting trivially on it), we have

Fitt0,O[G]((A
χ
F )∨) ⊂ Fitt0,O[G]((A

χ
K)∨),

and

ι(θχ
F ) ∈ Fitt0,O[G]((A

χ
K)∨).
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Hence, by the lemma below, we obtain

Ii,s(ι(θ
χ
F )) ⊂ Fitti,O(Aχ

K).

This completes the proof of Proposition 3.2.

Lemma 3.3. Put IG = (S1, ..., Sr). Then, Fitt0,O[G]((A
χ
K)∨) is generated by

Fittj,O(Aχ
K)(IG)j for all j ≥ 0.

Proof. Put M = (Aχ
K)∨. Since O is a discrete valuation ring, M∨ is isomorphic

to M as an O-module. Hence, Fittj,O(M) = Fittj,O(M∨) = Fittj,O(Aχ
K).

We take generators e1,...,em and relations Σm
k=1aklek = 0 (akl ∈ O, l =

1, 2, ...,m) of M as an O-module. Put A = (akl). We also consider a rela-
tion matrix of M as an O[G]-module. By definition, IG annihilates M . Hence,
the relation matrix of M as an O[G]-module is of the form




S1 ... Sr ... ... 0 ... 0
0 ... 0 ... ... 0 ... 0
. ... . ... ... . ... . A
. ... . ... ... . ... .
0 ... 0 ... ... S1 ... Sr




.

Therefore, Fitt0,O[G](M) is generated by Fittj,O(M)(IG)j for all j ≥ 0.

4 Euler systems

Let K/k be a finite and abelian extension of degree prime to p. We also assume
that K is a CM-field, and the Iwasawa µ-invariant of K is zero. We consider
a CM field F such that F/k is finite and abelian, F ⊃ K, and F/K is a p-
extension. Since the Iwasawa µ-invariant of F is also zero, by Corollary 2.4,
we have ι(θ∼F )(A∼

F )∨ = 0. Hence, we have

θ∼F A∼
F = 0.

We denote by O×
F , DivF , and AF the unit group of F , the divisor group of F ,

and the p-primary component of the ideal class group of F . We write [ρ] for
the divisor corresponding to a finite prime ρ, and write an element of DivF

of the form Σai[ρi] with ai ∈ Z. If (x) = Πρai
i is the prime decomposition

of x ∈ F×, we write div(x) = Σai[ρi] ∈ DivF . Consider an exact sequence

0 −→ O×
F ⊗ Zp −→ F× ⊗ Zp

div−→ DivF ⊗Zp −→ AF −→ 0. Since the functor
M 7→ M∼ is exact and (O×

F ⊗ Zp)
∼ = 0,

0 −→ (F× ⊗ Zp)
∼ div−→ (DivF ⊗Zp)

∼ −→ A∼
F −→ 0

is exact. For any finite prime ρF of F , since the class of θ∼F [ρF ]∼ in A∼
F vanishes,

there is a unique element gF,ρF
in (F× ⊗ Zp)

∼ such that

div(gF,ρF
) = θ∼F [ρF ]∼.

By this property, we have
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Lemma 4.1. Suppose that M is an intermediate field of F/K, and SF (resp.
SM ) denotes the set of ramifying primes of k in F/k (resp. M/k). Let ρM be a
prime of M , ρF be a prime of F above ρM , and f = [OF /ρF : OF /ρM ]. Then,
we have

NF/M (gF,ρF
) = (

∏

λ∈SF \SM

(1 − ϕ−1
λ ))∼(gM,ρM

)f

where NF/M : F× −→ M× is the norm map, and ϕλ is the Frobenius of λ in
Gal(M/k).

Proof. In fact, we have

div(NL/M (gF,ρF
)) = cF/M (θF )∼[NF/M (ρF )]∼

where cF/M : Zp[Gal(F/k)] −→ Zp[Gal(M/k)] is the map induced by the
restriction σ 7→ σ|M and NF/M (ρF ) is the norm of ρF . By a famous property
of the Stickelberger elements (see Tate [23] p.86), we have

cF/M (θ∼F ) = ((
∏

λ∈SF \SM

(1 − ϕ−1
λ ))θM )∼,

hence the right hand side of the first equation is equal to ((
∏

λ∈SF \SM
(1 −

ϕ−1
λ ))θM )∼f [ρM ]∼. This is also equal to div((

∏
λ∈SF \SM

(1−ϕ−1
λ ))∼(gM,ρM

)f ).
Since div is injective, we get this lemma.

Remark 4.2. By the property θ∼F A∼
F = 0, we can also obtain an Euler system

in some cohomology groups by the method of Rubin in [18] Chapter 3, section
3.4. But here, we consider the Euler system of these gF,ρF

’s, which is an
analogue of the Euler system of Gauss sums. I obtained the idea of studying
the elements gF,ρF

from C. Popescu through a discussion with him.

Let Hk be the Hilbert p-class field of k, namely the maximal abelian p-extension
of k which is unramified everywhere. Suppose that the p-primary component
Ak of the ideal class group of k is decomposed into Ak = Z/pa1Z⊕ ...⊕Z/pasZ.
We take and fix a prime ideal qj which generates the j-th direct summand for

each j = 1, ..., s. We take ξj ∈ k× such that q
paj

j = (ξj) for each j. Let U
denote the subgroup of k× generated by the unit group O×

k and ξ1,...,ξs. For a
positive integer n > 0, we define Pn to be the set of primes of k with degree 1
which are prime to pq1 · ... ·qs, and which split completely in KHk(µpn ,U1/pn

).

Lemma 4.3. Suppose λ ∈ Pn. Then, there exists a unique cyclic extension
kn(λ)/k of degree pn, which is unramified outside λ, and in which λ is totally
ramified.

Proof. We prove this lemma by class field theory. Let Ck (resp. Clk) be the
idele class group (resp. the ideal class group) of k. For a prime v, we denote
by kv the completion of k at v, and define Ukv

to be the unit group of the ring
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of integers of kv for a finite prime v, and Ukv
= kv for an infinite prime v. We

denote by U1
kv

the group of principal units for a finite prime v. We define Ck,λ,n

which is a quotient of Ck ⊗ Zp by

Ck,λ,n = ((k×
λ /U1

kλ
) ⊗ Z/pnZ ⊕

⊕

v 6=λ

(k×
v /Ukv

) ⊗ Zp)/(the image of k×)

where v ranges over all primes except λ. Since λ splits in Hk, the class of λ in
Clk ⊗ Zp = Ak is trivial. Hence, the natural map

⊕

v

k×
v ⊗ Zp −→

⊕

v

(k×
v /Ukv

) ⊗ Zp −→ (
⊕

v

Zp)/(the image of k×) = Ak

(v ranges over all primes) induces Ck,λ,n −→ Ak, and we have an exact sequence

(Ukλ
/U1

kλ
) ⊗ Z/pnZ

a−→ Ck,λ,n
b−→ Ak −→ 0.

Let κ(λ) denote the residue field of λ. Since λ splits in k(µpn), (Ukλ
/U1

kλ
) ⊗

Z/pnZ = κ(λ)×⊗Z/pnZ is cyclic of order pn. Since λ splits in k(µpn , (O×
k )1/pn

),
O×

k is in (Ukλ
)pn

and a is injective (Rubin [18] Lemma 4.1.2 (i)). Next, we will
show that the exact sequence

0 −→ (Ukλ
/U1

kλ
) ⊗ Z/pnZ

a−→ Ck,λ,n
b−→ Ak −→ 0

splits. Let qj , aj , ξj be as above. Suppose that πqj
is a uniformizer of kqj

. We
denote by Πqj

the idele whose qj-component is πqj
and whose v-component is

1 for every prime v except for qj (the λ-component is also 1). Since λ splits

in k(ξ
1/pn

j ), we have ξj ∈ (Ukλ
)pn

. Hence, the class of ξj ∈ k× in (k×
λ /U1

kλ
) ⊗

Z/pnZ⊕⊕
v 6=λ(k×

v /Ukv
)⊗Zp coincides with (Πqj

)paj
. This shows that the class

[Πqj
]Ck,λ,n

of Πqj
in Ck,λ,n has order paj because b([Πqj

]Ck,λ,n
) = [qj ]Ak

where
[qj ]Ak

is the class of qj in Ak. We define a homomorphism b′ : Ak −→ Ck,λ,n

by [qj ]Ak
7→ [Πqj

]Ck,λ,n
for all j = 1, ..., s. Clearly, b′ is a section of b, hence

the above exact sequence splits. By class field theory, this implies that there is
a cyclic extension kn(λ)/k of degree pn, which is linearly disjoint with kH/k.
From the construction, we know that λ is totally ramified in kn(λ), and kn(λ)/k
is unramified outside λ. It is also clear that kn(λ) is unique by class field theory.

As usual, we consider Kolyvagin’s derivative operator. Put Gλ = Gal(kn(λ)/k),

and fix a generator σλ of Gλ for λ ∈ Pn. We define Nλ = Σpn−1
i=0 σi

λ ∈ Z[Gλ] and

Dλ = Σpn−1
i=0 iσi

λ ∈ Z[Gλ]. For a squarefree product a = λ1 · ... ·λr with λi ∈ Pn,
we define kn(a) to be the compositum kn(λ1)...kn(λr), and Kn,(a) = Kkn(a).
We simply write K(a) for Kn,(a) if no confusion arises. For a = λ1 · ... · λr,
we also define Na =

∏r
i=1 Nλi

and Da =
∏r

i=1 Dλi
∈ Z[Gal(kn(a)/k)] =

Z[Gal(K(a)/K)]. For a finite prime ρ of k which splits completely in K(a),
we take a prime ρK(a)

of K(a). By the standard method of Euler systems
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(cf. Lemmas 2.1 and 2.2 in Rubin [17], or Lemma 4.4.2 (i) in Rubin [18]),
we know that there is a unique κa,ρK(a)

∈ (K× ⊗ Z/pn)∼ whose image in

(K×
(a) ⊗ Z/pn)∼ coincides with Da(gK(a),ρK(a)

). We also have an element δa ∈
Z/pn[Gal(K/k)]∼ such that Daθ

∼
K(a)

≡ νK(a)/K(δa) (mod pn) where νK(a)/K :

Zp[Gal(K/k)]∼ −→ Zp[Gal(K(a)/k)]∼ is the map induced by σ 7→ ∑
τ|K =σ τ

for σ ∈ Gal(K/k). This δa is also determined uniquely by this property. We
sometimes write κa for κa,ρK(a)

if no confusion arises.

We take an odd character χ of Gal(K/k) such that χ 6= ω, and consider the
χ-component κχ

a ∈ (K× ⊗ Z/pn)χ, δχ
a ∈ Z/pn[Gal(K/k)]χ = Oχ, ...etc.

Lemma 4.4. Put Si = σλi
− 1 ∈ Oχ[Gal(K(a)/K)]. Then, we have

θχ
K(a)

≡ (−1)rδχ
a S1 · ... · Sr (mod (pn, S2

1 , ..., S2
r )).

Proof. We first prove θχ
K(a)

≡ aS1 · ... · Sr mod (S2
1 , ..., S2

r ) for some a ∈ Oχ by

induction on r. For any subfields M1 and M2 such that K ⊂ M1 ⊂ M2 ⊂ K(a),
we denote by cM2/M1

: Oχ[Gal(M2/K)] −→ Oχ[Gal(M1/K)] the map induced

by the restriction σ 7→ σ|M1
. Since cK(λ1)/K(θχ

K(λ1)
) = ((1−ϕ−1

λ1
)θK)χ (cf. Tate

[23] p.86) and λ1 splits completely in K, we have cK(λ1)/K(θχ
K(λ1)

) = 0. Hence,

S1 = σλ1
− 1 divides θχ

K(λ1)
. So the first assertion was verified for r = 1.

Let ai = a/λi for i with 1 ≤ i ≤ r. Then, we have cK(a)/K(ai)
(θχ

K(a)
) =

((1 − ϕ−1
λi

)θK(ai)
)χ. Since λi splits completely in K, ϕλi

is in Gal(K(ai)/K).

Hence, 1 − ϕ−1
λi

is in the ideal IGal(K(ai)
/K) = (S1, ..., Si−1, Si+1, ..., Sr). This

implies that cK(a)/K(ai)
(θχ

K(a)
) is in the ideal (S2

1 , ..., S2
i−1, S

2
i+1, ..., S

2
r ) by the

hypothesis of the induction. This holds for all i, so θχ
K(a)

can be written as

θχ
K(a)

= α+β where α is divisible by all Si for i = 1, ..., r, and β is in (S2
1 , ..., S2

r ).

Therefore, θχ
K(a)

≡ aS1 · ... · Sr mod (S2
1 , ..., S2

r ) for some a ∈ Oχ.

Next, we determine a mod pn. Note that SiDλi
≡ −Nλi

(mod pn). Hence,
S2

i Dλi
≡ 0 (mod pn). Thus, we have

Da(θ
χ
K(a)

) ≡ Da(aS1 · ... · Sr) ≡ (−1)rNa(a) (mod pn).

Hence, Na((−1)ra) = νK(a)/K((−1)ra) ≡ νK(a)/K(δχ
a ) (mod pn), which implies

δχ
a ≡ (−1)ra (mod pn) because νK(a)/K mod pn is injective. This completes

the proof of Lemma 4.4.

We put G = Gal(K(a)/K). As in §3, we have an isomorphism Oχ[G] ' An,r by
the correspondence σλj

↔ 1 + Sj where An,r is the ring in 3.1 with O = Oχ.
For i, s > 0 and θχ

K(a)
∈ Oχ[G], we have an ideal Ii,s(θ

χ
K(a)

) of Oχ as in 3.2.

By the definition of Ii,s(θ
χ
K(a)

) and Lemma 4.4, we know that Ir,1(θ
χ
K(a)

) is

generated by δχ
a and pn. Thus, we get
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Corollary 4.5.
Ir,1(θ

χ
K(a)

) = (δχ
a , pn).

For a prime λ of k, we define the subgroup Divλ
K of DivK ⊗Zp by Divλ

K =⊕
λK |λ Zp[λK ] where λK ranges over all primes of K above λ. We fix a prime

λK , then Divλ
K = Zp[Gal(K/k)/DλK

][λK ] where DλK
is the decomposition

group of λK in Gal(K/k). Let divλ : (K× ⊗ Zp)
χ −→ (Divλ

K)χ be the map
induced by the composite of div : K× ⊗ Zp −→ DivK ⊗Zp and the projection

DivK ⊗Zp −→ Divλ
K . The following lemma is immediate from the defining

properties of κa,ρK(a)
and δa, which we stated above.

Lemma 4.6. Assume that ρ is a finite prime of k which splits completely in K(a).
We take a prime ρK(a)

of K(a) and a prime ρK of K such that ρK(a)
| ρK | ρ.

(i) divρ(κ
χ
a,ρK(a)

) ≡ (δa[ρK ])χ (mod pn).

(ii) If λ is prime to aρ, we have divλ(κχ
a,ρK(a)

) ≡ 0 (mod pn).

We next proceed to an important property of κχ
a,ρK(a)

. Suppose that λ is a prime

in Pn with (λ, a) = 1 and ρ is a prime with (ρ, aλ) = 1. We assume both ρ and
λ split completely in K(a). Put W = Ker(divλ : (K×⊗Zp)

χ −→ (Divλ
K)χ), and

Rλ
K =

⊕
λK |λ κ(λK)× where κ(λK) is the residue field of λK (κ(λK) coincides

with the residue field κ(λ) = Ok/λ of λ because λ splits in K) and λK ranges
over all primes of K above λ. We consider a natural map

`λ : W/W pn −→ (Rλ
K/(Rλ

K)pn

)χ

induced by x 7→ (x mod λK). Note that N(λ) ≡ 1 (mod pn) because λ ∈ Pn.
So, Rλ

K/(Rλ
K)pn

is a free Z/pnZ[Gal(K/k)]-module of rank 1. We take a basis
u ∈ (Rλ

K/(Rλ
K)pn

)χ, and define `λ,u : W/W pn −→ (Z/pnZ[Gal(K/k)])χ '
Oχ/(pn) to be the composite of `λ and u 7→ 1. By Lemma 4.6 (ii), κχ

a,ρK(a)

is in W/W pn

(note that W/W pn ⊂ (K× ⊗ Z/pnZ)χ). We are interested in
`λ,u(κχ

a,ρK(a)
). We take a prime ρK(a)

(resp. λK(a)
) of K(a) and a prime ρK

(resp. λK) of K such that ρK(a)
| ρK | ρ (resp. λK(a)

| λK | λ).

Proposition 4.7. We assume that χ(p) 6= 1 for any prime p of k above p,
and that [ρK ] and [λK ] yield the same class in Aχ

K . Then, there is an element
x ∈ W/W pn

satisfying the following properties.
(i) For any prime λ′ of k such that (λ′, a) = 1, we have

divλ′(κχ
a,ρK(a)

/x) ≡ 0 (mod pn).

(ii) Choosing u suitably, we have

1 − N(λ)−1

pn
`λ,u(x) ≡ δχ

aλ (mod (δχ
a , pn))

where N(λ) = #κ(λ) = #(Ok/λ).
In particular, in the case a = (1) we can take x = gχ

K,ρK
mod W pn

.
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This proposition corresponds to Theorem 2.4 in Rubin [17], which was proved
by using some extra property of the Gauss sums. For our gF,ρF

we do not have
the property corresponding to Lemma 2.5 in [17], so we have to give here a proof
in which we use only the definition of gF,ρF

, namely div(gχ
F,ρF

) = (θF [ρF ])χ.

Proof of Proposition 4.7. We denote by λK(aλ)
the unique prime of K(aλ) above

λK(a)
. Put N = ordp(N(λ)− 1)+2n. We take by Chebotarev density theorem

a prime ρ′ of k which splits completely in K(aλ)(µpN ) such that the class of
[ρ′K(aλ)

] in Aχ
K(aλ)

for a prime ρ′K(aλ)
of K(aλ) over ρ′ coincides with the class of

[λK(aλ)
]. Let ρ′K be the prime below ρ′K(aλ)

. Then, the class of [λK ], the class

of [ρ′K ], and the class of [ρK ] in Aχ
K all coincide. Hence, there is an element

a ∈ W such that div(a) = [ρK ]− [ρ′K ]. Define x ∈ W/W pn

by x = κχ
a,ρ′

K(a)

·aδχ
a .

By Lemma 4.6 (ii), divλ′(κχ
a,ρK(a)

/x) ≡ 0 (mod pn) for a prime λ′ such that

(λ′, aρρ′) = 1. By Lemma 4.6 (i), the same is true for λ′ = ρ and ρ′. Thus,
we get the first assertion. In the case a = (1), we take y = gχ

K,ρ′
K

aθχ
K . Then,

div(y) = div(gχ
K,ρK

), so y = gχ
K,ρK

, and we have gχ
K,ρK

mod W pn

= y mod

W pn

= x.
In order to show the second assertion, it is enough to prove

1 − N(λ)−1

pn
`λ,u(κχ

a,ρ′
K(a)

) ≡ δχ
aλ (mod pn) (1)

for some u. Set Divλ
K(aλ)

=
⊕

v|λ Zp[v] and Rλ
K(aλ)

=
⊕

v|λ κ(v)× =⊕
v|λ(OK(aλ)

/v)× where v ranges over all primes of K(aλ) above λ. Since

the primes of K(a) above λ are totally ramified in K(aλ), (Divλ
K(aλ)

)χ is

isomorphic to Oχ[Gal(K(a)/K)] and (Rλ
K(aλ)

/(Rλ
K(aλ)

)pn

)χ is isomorphic to

Oχ/(pn)[Gal(K(a)/K)]. We consider WK(aλ)
= Ker(divλ : (K×

(aλ) ⊗ Zp)
χ −→

(Divλ
K(aλ)

)χ) and a natural map

`λ,K(aλ)
: WK(aλ)

/W pn

K(aλ)
−→ (Rλ

K(aλ)
/(Rλ

K(aλ)
)pn

)χ.

We take b ∈ (K×
(aλ) ⊗ Zp)

χ such that div(b) = [λK(aλ)
] − [ρ′K(aλ)

].

Then, b′ = `λ,K(aλ)
(bσλ−1) is a generator of (Rλ

K(aλ)
/(Rλ

K(aλ)
)pn

)χ as an

Oχ/(pn)[Gal(K(a)/K)]-module ([19] Chap.4 Prop.7 Cor.1). Using this b′, we

identify (Rλ
K(aλ)

/(Rλ
K(aλ)

)pn

)χ with Oχ/(pn)[Gal(K(a)/K)], and define

`λ,K(aλ),b′ : WK(aλ)
/W pn

K(aλ)
−→ Oχ/pn[Gal(K(a)/K)].

Since λ splits completely in K(a), cK(aλ)/K(a)
(θχ

K(aλ)
) = 0 by the formula in the

proof of Lemma 4.1. Hence, σλ − 1 divides θχ
K(aλ)

. Since (σλ − 1)[λK(aλ)
] =

0, we have θχ
K(aλ)

[λK(aλ)
]χ = 0. So, div(gχ

K(aλ),ρ
′
K(aλ)

) = div((b
−θK(aλ) )χ) =
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θχ
K(aλ)

[ρ′K(aλ)
]χ. The injectivity of div implies that gχ

K(aλ),ρ
′
K(aλ)

= (b
−θK(aλ) )χ.

Further, by Lemma 4.4, we can write

θχ
K(aλ)

≡ (−1)r+1δχ
aλS1 · ... · Sr(σλ − 1) + β (mod pn)

where β ∈ (S2
1 , ..., S2

r , (σλ−1)2). Since σλ−1 divides θχ
K(aλ)

, σλ−1 also divides

β. We write β = (σλ − 1)β′. So θχ
K(aλ)

≡ (σλ − 1)((−1)r+1δχ
aλS1 · ... · Sr + β′)

(mod pn). Then,

`λ,K(aλ),b′(g
χ
K(aλ),ρ

′
K(aλ)

) = `λ,K(aλ),b′((b
−θK(aλ) )χ)

= −cK(aλ)/K(a)
((−1)r+1δχ

aλS1 · ... · Sr + β′)

= (−1)rδχ
aλS1 · ... · Sr − cK(aλ)/K(a)

(β′).

Since cK(aλ)/K(a)
(β′) ∈ (S2

1 , ..., S2
r ), using SiDλi

≡ −Nλi
(mod pn) and

S2
i Dλi

≡ 0 (mod pn), we have

`λ,K(aλ),b′((g
χ
K(aλ),ρ

′
K(aλ)

)Da) = Da((−1)rδχ
aλS1 · ... · Sr − cK(aλ)/K(a)

(β′))

= Naδ
χ
aλ

= νK(a)/K(δχ
aλ).

We similarly define WK(a)
= Ker(divλ for K(a)) ⊂ (K×

(a) ⊗ Zp)
χ. Recall

that W = Ker(divλ for K) ⊂ (K× ⊗ Zp)
χ. Let `λ (resp. `λ,K(a)

, `λ,K(aλ)
)

be the natural map WK/W pn

K −→ (Rλ
K/(Rλ

K)pn

)χ (resp. WK(a)
/W pn

K(a)
−→

(Rλ
K(a)

/(Rλ
K(a)

)pn

)χ, WK(aλ)
/W pn

K(aλ)
−→ (Rλ

K(aλ)
/(Rλ

K(aλ)
)pn

)χ). We have a

commutative diagram

WK/W pn

K −→ WK(a)
/W pn

K(a)
−→ WK(aλ)

/W pn

K(aλ)y`λ

y`λ,K(a)

y`λ,K(aλ)

(Rλ
K/(Rλ

K)pn

)χ −→ (Rλ
K(a)

/(Rλ
K(a)

)pn

)χ −→ (Rλ
K(aλ)

/(Rλ
K(aλ)

)pn

)χ

where the horizontal arrows are the natural maps. We take a generator u′ of
(Rλ

K(a)
/(Rλ

K(a)
)pn

)χ as an Oχ/(pn)[Gal(K(a)/K)]-module, and a generator u′′

of (Rλ
K/(Rλ

K)pn

)χ as an Oχ/(pn)-module such that the diagram

WK/W pn

K −→ WK(a)
/W pn

K(a)
−→ WK(aλ)

/W pn

K(aλ)y`λ,u′′

y`λ,K(a),u′

y`λ,K(aλ),b′

Oχ/(pn)
νK(a)/K

−→ Oχ/(pn)[Gal(K(a)/K)]
id−→ Oχ/(pn)[Gal(K(a)/K)]

commutes where νK(a)/K is the norm map defined before Lemma 4.4, and id is
the identity map.
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Using the above computation of `λ,K(aλ),b′((g
χ
K(aλ),ρ

′
K(aλ)

)Da), if we get

1 − N(λ)−1

pn
`λ,K(a)

(gχ
K(a),ρ

′
K(a)

) = `λ,K(aλ)
(gχ

K(aλ),ρ
′
K(aλ)

), (2)

we obtain (1) from the above commutative diagram.
The relation (2) is sometimes called the “congruence condition”, and can be
proved by the method of Rubin [18] Corollary 4.8.1 and Kato [8] Prop.1.1.
Put L = K(a)(µpN ) and L(λ) = K(aλ)(µpN ) (Recall that N was chosen in the
beginning of the proof). We take a prime ρ′L(λ)

of L(λ) above ρ′K(aλ)
, and

denote by ρ′L the prime of L below ρ′L(λ)
. We define `λ,L : WL/W pN

L −→
(Rλ

L/(Rλ
L)pN

)χ, and `λ,L(λ)
: WL(λ)

/W pN

L(λ)
−→ (Rλ

L(λ)
/(Rλ

L(λ)
)pN

)χ similarly.

We identify (Rλ
L/(Rλ

L)pN

)χ with (Rλ
L(λ)

/(Rλ
L(λ)

)pN

)χ by the map induced by

the inclusion. Then, the norm map induces the multiplication by pn. Since
NL(λ)/L(gχ

L(λ),ρ
′
L(λ)

) = (1 − ϕ−1
λ )gχ

L,ρ′
L
, we have pn`λ,L(λ)

(gχ
L(λ),ρ

′
L(λ)

) = (1 −
N(λ)−1)`λ,L(gχ

L,ρ′
L
). Hence,

`λ,L(λ)
(gχ

L(λ),ρ
′
L(λ)

) ≡ p−n(1 − N(λ)−1)`λ,L(gχ
L,ρ′

L
) (mod pN−n).

Let S be the set of primes of k ramifying in L(λ) and not ramifying in
K(aλ). Note that if p ∈ S, p is a prime above p. By Lemma 4.1
we have NL(λ)/K(aλ)

(gχ
L(λ),ρ

′
L(λ)

) = εK(aλ)g
χ
K(aλ),ρ

′
K(aλ)

and NL/K(a)
(gχ

L,ρ′
L
) =

εK(a)
gχ

K(a),ρ
′
K(a)

where εK(aλ)
= (Πp∈S(1 − ϕ−1

p ))χ ∈ Oχ[Gal(K(aλ)/K)] and

εK(a)
= cK(aλ)/K(a)

(εK(aλ)
) (cK(aλ)/K(a)

is the restriction map). Since we as-
sumed χ(p) 6= 1 for all p above p, εK(aλ)

is a unit of Oχ[Gal(K(aλ)/K)]. Hence,
we obtain (2) by taking the norms NL(λ)/K(aλ)

of both sides of the above for-
mula. This completes the proof of Proposition 4.7.

5 The other inclusion

In this section, for K and χ in Theorem 0.1 and i ≥ 0, we will prove
Fitti,Oχ

(Aχ
K) ⊂ (Θi,K)χ to complete the proof of Theorem 0.1. More precisely,

we will show Fitti,Oχ
(Aχ

K) ⊂ (Θi,1,K)χ.
As in Theorem 0.1, suppose that

Aχ
K ' Oχ/(pn1) ⊕ ... ⊕ Oχ/(pnr )

with 0 < n1 ≤ ... ≤ nr. We take generators c1,...,cr corresponding to the above
isomorphism (cj generates the j-th direct summand). Let Pn be as in §4. We
define

Qj = {λ ∈ Pn : there is a prime λK of K above λ such that

the class of λK in Aχ
K is cj},
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and Q =
⋃

1≤j≤r Qj . We consider an exact sequence

0 −→ (K× ⊗ Zp)
χ div−→ (DivK ⊗Zp)

χ −→ Aχ
K −→ 0.

For λ ∈ Q, we have (Zp[Gal(K/k)][λK ])χ = Oχ[λK ]χ. We define MQ to be the
inverse image of

⊕
λ∈Q Oχ[λK ]χ by div : (K× ⊗ Zp)

χ −→ (DivK ⊗Zp)
χ. On

the other hand, as an abstract Oχ-module, Aχ
K fits into an exact sequence

0 −→
r⊕

j=1

Oχej
f−→

r⊕

j=1

Oχe′j
g−→ Aχ

K −→ 0

where (ej) and (e′j) are bases of free Oχ-modules of rank r, f is the map
ej 7→ pnj e′j , and g is induced by e′j 7→ cj . We define β :

⊕
λ∈Q Oχ[λK ]χ −→⊕r

j=1 Oχe′j by [λK ]χ 7→ e′j for all λ ∈ Qj and j = 1, ..., r. Then, β induces

α : MQ −→ ⊕r
j=1 Oχej , and we have a commutative diagram of Oχ-modules

0 −→ MQ
div−→ ⊕

λ∈Q Oχ[λK ]χ −→ Aχ
K −→ 0yα

yβ ‖
0 −→ ⊕r

j=1 Oχej
f−→ ⊕r

j=1 Oχe′j
g−→ Aχ

K −→ 0.

Put m = lengthOχ
(Aχ

K). We take n > 0 such that n ≥ 2m and µpn+1 6⊂ K. We
use the same notation as in Proposition 4.7. Especially, we consider

`λ : W/W pn −→ (Rλ
K/(Rλ

K)pn

)χ ' Oχ/(pn)

for λ ∈ Q.

Lemma 5.1. Suppose that a, λ, ρ,...etc satisfy the hypotheses of Proposition
4.7. We further assume that the primes dividing aλρ are all in Q. Then, there
exists κ̃χ

a,ρK(a)
∈ MQ satisfying the following properties.

(i) For any prime λ′ such that (λ′, aρ) = 1, we have

divλ′(κ̃χ
a,ρK(a)

) = 0.

(ii)
divρ(κ̃

χ
a,ρK(a)

) ≡ (δa[ρK ])χ (mod pn).

(iii)
1 − N(λ)−1

pn
`λ(κ̃χ

a,ρK(a)
) ≡ uδχ

aλ (mod (δχ
a , pm))

for some u ∈ O×
χ .

Proof. Let x be an element in W/W pn

, which satisfies the conditions in Propo-
sition 4.7, and take a lifting y ∈ W of x. By Proposition 4.7 (i) and Lemma
4.6, we can write div(y) = A + pnB where A is a divisor whose support is
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contained in the primes dividing aρ. Since the class of pmB in Aχ
K is zero, we

can take z ∈ (K× ⊗ Zp)
χ such that div(z) = pmB. Put κ̃χ

a,ρK(a)
= y/zpn−m

.

Then, κ̃χ
a,ρK(a)

is in MQ, and satisfies the above properties (i), (ii), and (iii) by

Proposition 4.7 and Lemma 4.6.

We will prove Theorem 0.1. First of all, as we saw in Proposition 3.2,
Fitt0,Oχ

(Aχ
K) = Θχ

0,K . Recall that we put m = lengthOχ
(Aχ

K), so

Fitt0,Oχ
(Aχ

K) = (pm). Next, we consider the commutative diagram before
Lemma 5.1. We denote by αj : MQ −→ Oχej ' Oχ the composite of α
and the j-th projection. We take ρr ∈ Qr and a prime ρr,K of K above
ρr. We consider gχ

K,ρr,K
∈ MQ. We choose λr ∈ Qr such that λr 6= ρr,

ordp(N(λr) − 1) = n, the class of λr,K in Aχ
K coincides with the class of ρr,K ,

and αr(g
χ
K,ρr,K

)mod pn = u′`λr
(gχ

K,ρr,K
) for some u′ ∈ O×

χ . This is possible

by Chebotarev density theorem (Theorem 3.1 in Rubin [17], cf. also [16]). By
the commutative diagram before Lemma 5.1 and div(gχ

K,ρr,K
) = θχ

K [ρr,K ]χ, we
have

ordp(αr(g
χ
K,ρr,K

)) + nr = ordp(θ
χ
K) = m. (3)

On the other hand, by Proposition 4.7, we have `λr
(gχ

K,ρr,K
) = uδχ

λr
mod (pm)

for some u ∈ O×
χ . Hence, αr(g

χ
K,ρr,K

) ≡ u′`λr
(gχ

K,ρr,K
) ≡ uu′δχ

λr
mod (pm).

From (3), δχ
λr

mod pm 6= 0, hence, ordp(αr(g
χ
K,ρr,K

)) = ordp(δ
χ
λr

) (for a nonzero

element x in Oχ/pm, ordp(x) is defined to be ordp(x̃) where x̃ is a lifting of x
to Oχ). Therefore, we have

ordp(δ
χ
λr

) = m − nr.

Hence, Fitt1,Oχ
(Aχ

K) = (pm−nr ) is generated by I1,1(θ
χ
K(λr)

) by Corollary 4.5.

Thus, Fitt1,Oχ
(Aχ

K) ⊂ (Θ1,1,K)χ ⊂ (Θ1,K)χ.
For any i > 1, we prove Fitti,Oχ

(Aχ
K) ⊂ Θχ

i,K by the same method. We will

show that we can take λr ∈ Qr, λr−1 ∈ Qr−1,...inductively such that δχ
ai

generates Fitti,Oχ
(Aχ

K) where ai = λr · ... · λr−i+1. For i such that 1 < i ≤ r,
suppose that λr,...,λr−i+2 were defined. We first take ρr−i+1 ∈ Qr−i+1, which
splits completely in K(ai−1). We consider κ = κ̃χ

ai−1,ρr−i+1,K(ai−1)
∈ MQ where

we used the notation in Lemma 5.1. We choose λr−i+1 ∈ Qr−i+1 such that
λr−i+1 6= ρr−i+1, ordp(N(λr−i+1)−1) = n, λr−i+1 splits completely in K(ai−1),
the class of λr−i+1,K in Aχ

K coincides with the class of ρr−i+1,K in Aχ
K , and

αr−i+1(κ) mod pn = u′`λr−i+1
(κ) for some u′ ∈ O×

χ . This is also possible
by Chebotarev density theorem (Theorem 3.1 in Rubin [17], cf. also [16]).
By Lemma 5.1 (ii), divρr−i+1

(κ) ≡ δχ
ai−1 [ρr−i+1]

χ (mod pn). Hence, from the
commutative diagram before Lemma 5.1, we obtain

ordp(αr−i+1(κ)) + nr−i+1 = ordp(δ
χ
ai−1

).

By the hypothesis of the induction, we have ordp(δ
χ
ai−1) = n1 + ... + nr−i+1. It

follows that
ordp(αr−i+1(κ)) = n1 + ... + nr−i.
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On the other hand, by Lemma 5.1 (iii), we have

ordp(αr−i+1(κ)) = ordp(`λr−i+1
(κ)) = ordp(δ

χ
ai−1λr−i+1

)

= ordp(δ
χ
ai

).

Therefore,
ordp(δ

χ
ai

) = n1 + ... + nr−i.

This shows that δχ
ai generates Fitti,Oχ

(Aχ
K) = (pn1+...+nr−i). Hence, by Corol-

lary 4.5 we obtain

Ii,1(θ
χ
K(ai)

) = (δχ
ai

) = Fitti,Oχ
(Aχ

K).

Thus, we have Fitti,Oχ
(Aχ

K) ⊂ (Θi,1,K)χ ⊂ (Θi,K)χ.
Note that for i = r, we have got Θχ

r,K = (1). Hence, Θχ
i,K = (1) for all i ≥ r,

and we have Fitti,Oχ
(Aχ

K) = Θχ
i,K for all i ≥ 0. This completes the proof of

Theorem 0.1.

A appendix

In this appendix, we determine the initial Fitting ideal of the Pontrjagin dual
(A∼

F∞
)∨ (cf. §2) of the non-ω component of the p-primary component of the

ideal class group as a Zp[[Gal(F∞/k)]]-module for the cyclotomic Zp-extension
F∞ of a CM-field F such that F/k is finite and abelian, under the assumption
that the Leopoldt conjecture holds for k and the µ-invariant of F vanishes.
Our aim is to prove Theorem A.5. For the initial Fitting ideal of the Iwasawa
module XF∞ = lim

←
AFn

of F∞, see [11] and Greither’s results [3], [4].

Suppose that λ1,...,λr are all finite primes of k, which are prime to p and
ramifying in F∞/k. We denote by Pλi

the p-Sylow subgroup of the inertia
subgroup of λi in Gal(F∞/k). We first assume that

(∗) Pλ1
× ... × Pλr

⊂ Gal(F∞/k).

(Compare this condition with the condition (Ap) in [11] §3.) We define a set
H of certain subgroups of Gal(F∞/k) by

H = {H1×...×Hr | Hi is a subgroup of Pλi
for all i such that 1 ≤ i ≤ r}.

We also define

M = {M∞ | k ⊂ M∞ ⊂ F∞, M is the fixed field of some H ∈ H}.

For an intermediate field M∞ of F∞/k, we denote by

νF∞/M∞
: Zp[[Gal(M∞/k)]]∼ −→ Zp[[Gal(F∞/k)]]∼
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the map induced by σ 7→ Στ|M∞
=στ for σ ∈ Gal(M∞/k). We define Θ∼

F∞/k

to be the Zp[[Gal(F∞/k)]]∼-module generated by νF∞/M∞
(θ∼M∞

) for all M∞ ∈
MF∞/k.
Put ΛF = Zp[[Gal(F∞/k)]]. Let ι : ΛF −→ ΛF be the map defined by σ 7→ σ−1

for all σ ∈ Gal(F∞/k). For a ΛF -module M , we denote by M≈ to be the

component obtained from M− by removing Mω−1

, namely M− = M≈⊕Mω−1

if µp ⊂ F , and M− = M≈ otherwise (cf. 1.1). The map ι induces M∼ ι−→ M≈

which is bijective.

Proposition A.1. We assume that the µ-invariant of F vanishes. Under the
assumption of (∗), we have

Fitt0,ΛF
((A∼

F∞
)∨)≈ = ι(Θ∼

F∞/k).

Proof. This can be proved by the same method as the proof of Theorem 0.9
in [11] by using a slight modification of Lemma 4.1 in [11]. In fact, instead of
Corollary 5.3 in [11], we can use

Lemma A.2. Let L/K be a finite abelian p-extension of CM-fields. Suppose
that P is a set of primes of K∞ which are ramified in L∞ and prime to p. For
v ∈ P , ev denotes the ramification index of v in L∞/K∞. Then, we have an
exact sequence

0 −→ A∼
K∞

−→ (A∼
L∞

)Gal(L∞/K∞) −→ (
⊕

v∈P

Z/evZ)∼ −→ 0

Proof of Lemma A.2. It is enough to prove Ĥ0(L∞/K∞, A∼
L∞

) =
(
⊕

v∈P Z/evZ)∼. Let P ′
n be the set of primes of Kn ramifying in

Ln. Then, by Lemma 5.1 (ii) in [11], we have Ĥ0(Ln/Kn, A∼
Ln

) =

(
⊕

v∈P ′
n

H1(Ln,w/Kn,v, O×
Ln,w

))∼ = (
⊕

v∈P ′
n
Z/evZ)∼ where w is a prime

of Ln above v. If v is a prime above p, it is totally ramified in K∞
for sufficiently large n, hence we have lim

→
(
⊕

v∈P ′
n,v|p Z/evZ)∼ = 0. On

the other hand, lim
→

(
⊕

v∈P ′
n,v 6 |p Z/evZ)∼ = (

⊕
v∈P Z/evZ)∼. Thus, we get

Ĥ0(L∞/K∞, A∼
L∞

) = (
⊕

v∈P Z/evZ)∼.

Next, we consider a general CM-field F with F/k finite and abelian. We assume
that the Leopodt conjecture holds for k.

Lemma A.3. (Iwasawa) Let λ be a prime of k not lying above p. Suppose that
k(λp∞) is the maximal abelian pro-p extension of k, unramified outside pλ.
Then the ramification index of λ in k(λp∞) is pnλ where nλ = ordp(N(λ)−1).

In fact, Iwasawa proved that the Leopoldt conjecture implies the existence of
“λ-field” (q-field) in his terminology ([5] Theorem 1). This means that the
ramification index of λ is pnλ .

Documenta Mathematica · Extra Volume Kato (2003) 539–563



562 Masato Kurihara

Lemma A.4. Let F/k be a finite abelian extension such that F is a CM-field.
Then, there is an abelian extension F ′/k satisfying the following properties.
(i) F ′

∞ ⊃ F∞, and the extension F ′
∞/F∞ is a finite abelian p-extension which

is unramified outside p.
(ii) F ′

∞ satisfies the condition (∗).
Proof. This follows from Lemme 2.2 (ii) in Gras [2], but we will give here a
proof. Suppose that λ1,...,λr are all finite primes ramifying in F∞/k, and prime

to p. We denote by e
(p)
λi

the p-component of the ramification index of λi in F∞.

By class field theory, e
(p)
λi

≤ pnλi . We take a subfield ki of k(λip
∞) such that

ki/k is a p-extension, and the ramification index of ki/k is e
(p)
λi

. This is possible
by Lemma A.3. Take F ′ such that F ′

∞ = F∞k1...kr. It is clear that F ′ satisfies
the condition (i). Since k1...kr ⊂ F ′

∞, F ′ satisfies the condition (∗).

We define ι(Θ∼
F∞/k) by ι(Θ∼

F∞/k) = cF ′
∞/F∞

(ι(Θ∼
F ′

∞/k)) where cF ′
∞/F∞

:

ΛF ′ −→ ΛF is the restriction map. This ι(Θ∼
F∞/k) does not depend on the

choice of F ′. In fact, we have

Theorem A.5. We assume the Leopoldt conjecture for k and the vanishing of
the µ-invariant of F . Then, we have

Fitt0,ΛF
((A∼

F∞
)∨)≈ = ι(Θ∼

F∞/k).

Proof. We take F ′ as in Lemma A.4. By Proposition A.1, Theorem A.5 holds
for F ′

∞. Since F ′
∞/F∞ is unramified outside p, by Lemma A.2 the natural map

A∼
F∞

−→ (A∼
F ′

∞
)Gal(F ′

∞/F∞) is an isomorphism. Hence, we get

Fitt0,ΛF
((A∼

F∞
)∨)≈ = cF ′

∞/F∞
(Fitt0,ΛF ′ ((A

∼
F ′

∞
)∨)≈) = cF ′

∞/F∞
(ι(Θ∼

F ′
∞/k))

= ι(Θ∼
F∞/k).

This completes the proof of Theorem A.5.
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Abstract. Just as the function ring case we expect the existence
of the coefficient field for the integer ring. Using the notion of one
element field in place of such a coefficient field, we calculate abso-
lute derivations of arithmetic rings. Notable examples are the matrix
rings over the integer ring, where we obtain some absolute rigidity.
Knitting up prime numbers via absolute derivations we speculate the
arithmetic landscape. Our result is only a trial to a proper foundation
of arithmetic.

2000 Mathematics Subject Classification: 11R27, 11R42, 14G10
Keywords and Phrases: absolute derivations, absolute mathematics,
absolute schemes

Kronecker and many excellent arithmeticians attempted to study the arithmetic
geometry by looking at the intimate analogy between Z and Fp[T ]. Although
these two objects are similar in some respects, there exists a quite clear differ-
ence: the non-existence (or “invisibility”) of the constant (coefficient) field of
Z. Zeta functions suggest to compare

ζ̂Z(s) =
det(R − (s − 1

2 ))

s(s − 1)

and

ζ̂Fp[T ](s) =
1

(1 − p−s)(1 − p−(s−1))
,

where ζ̂ denotes the “completed zeta function”; in the latter case we know good
cohomologies with dim H0(Fp[T ]) = 1, dim H1(Fp[T ]) = 0, dim H2(Fp[T ]) = 1
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and Hi(Fp[T ]) = 0 for i > 2. Up to now, we have not come across a coho-
mology theory such as dim H0(Z) = 1, dimH1(Z) = ∞ with a skew-hermitian
operator R : H1(Z) → H1(Z), dim H2(Z) = 1 and Hi(Z) = 0 for i > 2.
Yet we can try to figure out the nature of the “constant field” F1 of Z

(Manin [9], Deninger [1], Kurokawa [6]). As a first little step we calculate F1-
derivations (in other words, “absolute derivations”) of Z and allied objects here.

The authors thank Professor Kazuya Kato for his patient listening to our prim-
itive tales in old days.
[One of our friends indicates the appearance of KAZUYA by looking at the
leading alphabets of sentences in the introduction: the readers are welcome to
find such an accidental coincidence.]

1 Absolute derivations

We define an absolute derivation of a ring R as a map D : R → R satisfying
the condition (Leibniz rule)

D(ab) = D(a)b + aD(b) for all a, b ∈ R.

If an absolute derivation D satisfies moreover the additivity property

D(a + b) = D(a) + D(b),

it is called a derivation of R. Here the word “absolute” indicates objects over
“the one element field F1”. Elements of the absolute mathematics are briefly
described in § 2 below. We denote by DerF1

(R) the set of all absolute deriva-
tions of R, and by DerZ(R) the set of all derivations of R.

1.1

We first determine the absolute derivations of the most simple but the funda-
mental case R = Z. For each prime p, define a map ∂

∂p : Z → Z by

∂

∂p
(x) =

x

p
· ordp(x).

Here ordp(x) denotes the p-order of x ∈ Z, that is, the integer ` such that x is
divisible by p` but is not divisible by p`+1. Namely we have

∂

∂p
(x) =

{
0 if p - x

`p`−1 · m if x = p` · m (` ≥ 1, p - m)

and put ∂
∂p (0) = 0. It is easy to see that ∂

∂p satisfies the Leibniz rule;

∂

∂p
(xy) =

∂

∂p
(x)y + x

∂

∂p
(y),
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whence ∂
∂p ∈ DerF1

(Z). In fact, since ordp(xy) = ordp(x) + ordp(y), we see
that

∂
∂p (xy) = xy

p · ordp(xy)

= xy
p (ordp(x) + ordp(y))

=
(

x
p · ordp(x)

)
y + x

(
y
p · ordp(y)

)

= ∂
∂p (x)y + x ∂

∂p (y).

The following theorem shows these ∂
∂p ’s (p: prime numbers) span the set of the

absolute derivations of Z.

Theorem 1 We have the following direct product decomposition:

DerF1
(Z) =

⊕̂

p:prime

Z
∂

∂p
:=

{ ∑

p

cp
∂

∂p
; cp ∈ Z

}
⊂ EndF1

(Z),

where EndF1
(Z) = Map(Z,Z).

Proof: Note first that the infinite sum
∑

p cp
∂
∂p (x) ∈ ⊕̂

pZ
∂
∂p is well-defined

since for each x ∈ Z, ∂
∂p (x) = 0 except the finite number of p. It is also easy

to see that such an expression is unique. The fact that the sum of absolute
derivations is also an absolute derivation, shows clearly that

DerF1
(Z) ⊃

⊕̂

p

Z
∂

∂p
.

It is therefore enough to prove that any D ∈ DerF1
(Z) can be written as

D =
∑

p

D(p)
∂

∂p
.

In order to see this we show that the absolute derivation D is completely
determined by its values D(p) on prime numbers p = 2, 3, 5, . . .. By successive
use of the Leibniz rule it is obvious to see that

D(p`) = `p`−1D(p).

Remark also that D(0) = D(1) = D(−1) = 0. Actually, the Leibniz rule shows

D(0) = D(0 · 0) = D(0) · 0 + 0 · D(0) = 0,

D(1) = D(1 · 1) = D(1) · 1 + 1 · D(1) = 2D(1),

whence it follows that D(1) = 0. Further,

0 = D(1) = D((−1) · (−1)) = D(−1)(−1) + (−1)D(−1) = −2D(−1).

Since any non-zero x ∈ Z can be written as x = ±pi1
1 pi2

2 · · · pi`

` by primes
pj , using the Leibniz rule again the assertion follows, that is, D is completely
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determined once the values D(p) are given. To confirm the relation D =∑
p D(p) ∂

∂p holds it suffices to show D(q) =
( ∑

p D(p) ∂
∂p

)
(q) for each prime

q. Since

∂

∂p
(q) =

{
1 (p = q)

0 (p 6= q),

it is actually immediate to have

( ∑

p

D(p)
∂

∂p

)
(q) =

∑

p

D(p)
∂

∂p
(q) = D(q).

This completes the proof.

Remark 1 It is easy to see that DerZ(Z) = 0. In fact, since D(0) = D(1) =
D(−1) = 0 as above, the additivity asserts D(m) = 0 for m ∈ Z.

Remark 2 We have for primes p, q

[ ∂

∂p
, q

]
= δpq,

where q in the left-hand side is regarded as a multiplication operator, since

[ ∂

∂p
, q

]
(x) =

∂

∂p
(qx) − q

∂

∂p
(x)

=
( ∂

∂p
(q)x + q

∂

∂p
(x)

)
− q

∂

∂p
(x) =

∂

∂p
(q)x = δpq · x.

1.2

We have the similar statement for Z[i] and Fp[T ].
Let Z[i] = {m + ni; m,n ∈ Z} (i =

√
−1) be the ring of Gaussian integers.

Let {π} be a complete set of representatives of the prime elements in Z[i].
Define the map ∂

∂π ∈ EndF1
(Z[i]) by

∂

∂π
(x) =

x

π
· ordπ(x).

Then similar to the theorem above we obtain the following:

Theorem 2 We have

DerF1
(Z[i]) =

⊕̂

π

Z[i]
∂

∂π
⊂ EndF1

(Z[i]).

Moreover, for prime elements π, π′ we have

[ ∂

∂π
, π′

]
= δππ′ .
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Now we consider the case R = Fp[T ], the polynomial ring over the finite field
Fp. Any f ∈ Fp[T ] can be factorized uniquely as

f = c · he1
1 · he2

2 · · ·he`

` ,

where c ∈ Fp, ei ∈ Z≥0 and h1, h2, . . . , h` are monic irreducible polynomials,
that is, the prime elements in Fp[T ]. We define the order ordh(f) in an obvi-
ous way; ordhi

(f) = ei. Quite similarly as Theorem 1 we have the following
theorem.

Theorem 3 For a monic irreducible polynomial h ∈ Fp[T ], define a map ∂
∂h :

Fp[T ] → Fp[T ] by
∂

∂h
f(T ) =

f(T )

h(T )
· ordh(f).

Then we have

DerF1
(Fp[T ]) =

⊕̂

h:monic irred.

Fp[T ]
∂

∂h
.

Remark 3 We notice that ∂
∂h is different from the usual derivation. For ex-

ample, ∂
∂T (T 2) = 2T and ∂

∂T (T 2 + 1) = 0 here.

1.3

For some general unique factorization domains, we have the following result:

Theorem 4 Let R be a commutative unique factorization domain whose unit
group R× is a finitely generated abelian group. Fix a set of representative P0(R)
of irreducible elements of R \ (R× ∪ {0}) modulo R×, and a set of generators
P1(R) of R× modulo R×

tor, where R×
tor is the subgroup of torsion elements. Put

P (R) = P0(R) ∪ P1(R). Each element a ∈ R \ {0} can be uniquely written as

a = u
∏

π∈P (R)

πm(π),

where m(π) ∈ Z≥0 if π ∈ P0(R), m(π) ∈ Z if π ∈ P1(R), and u ∈ R×
tor. We

define
∂

∂π
(a) = m(π)

a

π

and
∂

∂π
(0) = 0.

Then

DerF1
(R) =

⊕̂

π∈P (R)

R
∂

∂π
.
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Proof. Each a ∈ R \ {0} is uniquely written as

a = u′ ∏

π∈P0(R)

πm(π)

with u′ ∈ R×. Since R×/R×
tor is a free abelian group, we can write

u′ = u
∏

π∈P1(R)

πm(π)

with u ∈ R×
tor uniquely, where P1(R) is a finite set. It is clear that ∂

∂π ∈
DerF1

(R) by definition.

Now, take any X ∈ DerF1
(R). We show

X =
∑

π∈P (R)

X(π)
∂

∂π
.

Take an a ∈ R \ {0}. Express it as

a = u
∏

π∈P (R)

πm(π)

with u ∈ R×
tor. Then, using X(u) = 0 we have

X(a) =
∑

π∈P (R)

m(π)
a

π
X(π) =

∑

π∈P (R)

X(π)
∂

∂π
(a).

Hence,

X =
∑

π∈P (R)

X(π)
∂

∂π
.

Example 1 (1) If R = Z[
√

2], then P1(R) = {1 +
√

2}.

(2) If R = Z[T1, . . . , Tn], then P1(R) = ∅.

1.4

We note on a special subset of DerF1
(R) for R = Z and Z[i].

Theorem 5 Let p be a prime. Then gp = Z ∂
∂p is closed under the Lie bracket

defined by the commutator [·, ·] of EndF1
(Z). Similarly, for a prime element π

in Z[i], the subset gπ = Z[i] ∂
∂π of DerF1

(Z[i]) is closed under the commutator
of EndF1

(Z[i]).
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Proof: The first assertion is easily confirmed by using the relations

[p` ∂

∂p
, pm ∂

∂p
] = (m − `)p`+m−1 ∂

∂p
.

The assertion for Z[i] can be proved similarly.

Remark 4 Define H = p∂, E = −p2∂, F = ∂ with ∂ = ∂
∂p . Then the formula

above implies the following commutation relations

[H,E] = E, [H,F ] = −F, [E,F ] = 2H.

These commutation relations coincide with those of standard generators
{H, E, F} of the simple Lie algebra sl2. Hence, the operator C := 2H2 +
EF + FE can be considered as an “absolute” Casimir operator (cf. [7]). This
element C commutes with each H,E, F , and moreover it is not hard to see that
C vanishes under the map gp → EndF1

(Z). It would be interesting to study the

“absolute Virasoro algebra” extending gp with its physical implications.

1.5

Let R be a (non-commutative) ring. For an element a ∈ R, we define an inner
derivation Da by Da(b) = ab − ba. It is easy to see that Da ∈ DerZ(R). We
denote the set of all inner derivations by InnDerZ(R). We have

InnDerZ(R) ⊂ DerZ(R) ⊂ DerF1
(R).

The main result of this subsection is the following:

Theorem 6 DerF1
(M2(Z)) = InnDerZ(M2(Z)).

Let D be an absolute derivation of M2(Z).

Lemma 1 D(0) = D(I2) = D(−I2) = 0.

Proof: Actually, D(0) = D(00) = 0, D(I2) = D(I2I2) = 2D(I2), 0 =
D((−I2)(−I2)) = −2I2D(−I2).

Let N =

(
0 1
0 0

)
, H =

(
1 0
0 −1

)
, N ′ =

(
0 0
1 0

)
. These elements

satisfy the following relations HN = N , NH = −N , H2 = I2, HN ′ = −N ′,
N ′H = N ′, NN ′ = E11, N ′N = E22.

Lemma 2 (i) There exist a, b ∈ Z such that D(N) = aH + bN .

(ii) There exist a′, b′ ∈ Z such that D(N ′) = a′H + b′N ′.

Documenta Mathematica · Extra Volume Kato (2003) 565–584



572 N. Kurokawa, H. Ochiai, and M. Wakayama

Proof: 0 = D(0) = D(N2) = D(N)N + ND(N). Then (i) follows easily. The
argument for N ′ is the same.

Lemma 3 D(H) = −2a′N − 2aN ′.

Proof: D(N) = D(HN) = HD(N) + D(H)N . Then D(H)N = a(H − I2).
Also,

−D(N) = D(−N) = D(NH) = D(N)H + ND(H).

Then ND(H) = −a(H + I2). By these two conditions, the diagonal entries of
D(H) are both zero, and the (2, 1)-entry of D(H) is −2a.
By D(HN ′) = D(−N ′), we have D(H)N ′ = −a′(I +H). Then the (1, 2)-entry
of D(H) is −2a′.

Lemma 4 There exists q ∈ Z such that for all c ∈ Z

D(H + cN) = D(H) + c(aH + qN),
D(I2 + cN) = c(aH + qN).

Proof: Let Ac := H + cN for c ∈ Z. Since

D(N) = D(AcN) = AcD(N) + D(Ac)N

and (i) of Lemma 2, we have D(Ac)N = acN + a(H − I2). Also,

−D(N) = D(−N) = D(NAc) = D(N)Ac + ND(Ac).

Then ND(Ac) = −a(H+I2)−acN . By these two conditions, we have D(Ac) =
qcN + acH − 2aN ′. By setting c = 0, we have D(H) = q0N − 2aN ′. Then
q0 = −2a′.
Notice

D(I2 + (c′ − c)N) = D(AcAc′)

= AcD(Ac′) + D(Ac)Ac′

= (c′ − c)aH + (qc′ − qc)N.

Then qc′+c − qc = qc′ − q0. This means that Z 3 c 7→ qc − q0 ∈ Z is an additive
map. We set q = q1 − q0, then qc = cq + q0. This proves the lemma.

Lemma 5 We have

D(H + cN ′) = D(H) + c(a′H − qN ′),
D(I2 + cN ′) = c(a′H − qN ′).
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Proof: By a similar argument, there exists q′ ∈ Z, independent of c, such that

D(H + cN ′) = D(H) + c(a′H + q′N ′),
D(I2 + cN ′) = c(a′H + q′N ′)

for all c ∈ Z. In fact, let A′
c := H + cN ′ for c ∈ Z. Since

D(−N ′) = D(A′
cN

′) = A′
cD(N ′) + D(A′

c)N
′

and (ii) of Lemma 2, we have D(A′
c)N

′ = −a′cN ′ − a′(H + I2). Also,

D(N ′) = D(N ′) = D(N ′A′
c) = D(N ′)A′

c + N ′D(A′
c).

Then N ′D(A′
c) = a′(H−I2)+a′cN ′. By these two conditions, we have D(A′

c) =
q′cN

′ + a′cH − 2a′N . By setting c = 0, we have D(H) = q′0N
′ − 2a′N . Then

q′0 = −2a. The remaining is similar to the previous lemma.
Now we put B = (I2 + N)(I2 − N ′). Then, det(B) = 1 and tr(B) = 1 show
that B3 = −I2. Hence

0 = D(B3) = D(B)B2 + BD(B)B + B2D(B).

By multiplying −B from the left, we have

BD(B)B−1 + B−1D(B)B + D(B) = 0.

Taking the trace, 3tr(D(B)) = 0. On the other hand, calculate as

D(B) = D(I2 + N)(I2 − N ′) + (I2 + N)D(I2 − N ′)

= (aH + qN)(I − N ′) − (I + N)(a′H + q′N ′),

then tr(D(B)) = −q′ − q. Thus q′ = −q.

Proof of Theorem 6: We use the notation above, especially, a, a′, q ∈ Z.
Let Y = a′N − aN ′ + qE11 ∈ M2(Z). We note that

[Y,H] = −2a′N − 2aN ′,
[Y,N ] = aH + qN,
[Y,N ′] = a′H − qN ′.

We consider the corresponding inner derivation DY ∈ InnDerZ(M2(Z)). Then
D(H) = DY (H), D(I2 + cN) = DY (I2 + cN) and D(I2 + cN ′) = DY (I2 + cN ′)
for all c ∈ Z. Recall the fact that the group GL(2,Z) is generated by {H, I2 +
cN, I2+cN ′ | c ∈ Z}. Then we know that D(A) = DY (A) for all A ∈ GL(2,Z).
We put Z := D−DY ∈ DerF1

(M2(Z)). Then we have proved that Z(A) = 0 for
all A ∈ GL(2,Z), Z(N) = bN for some b ∈ Z. We set K = N +N ′ ∈ GL(2,Z).
Then NKN = N implies that

Z(N)KN + NKZ(N) = Z(N).
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This shows bN = 0 and so b = 0.

Now we take a non-zero integer λ ∈ Z. Consider a matrix A ∈ GL(2,Z) with
(2, 1)-entry of A is divisible by λ. We define A′ ∈ GL(2,Z) by

(E11 + λE22)A = A′(E11 + λE22).

Then

Z(E11 + λE22)A = A′Z(E11 + λE22),

(E11 + λE22)
−1Z(E11 + λE22)A = A(E11 + λE22)

−1Z(E11 + λE22)

for all A as above. Such an A is so many, this equality holds for all A ∈ M2(Z).
This means that (E11 + λE22)

−1Z(E11 + λE22) is a scalar matrix since it
commutes with all the right multiplication. Therefore, there exists τ(λ) ∈ Z

such that

Z(E11 + λE22) = τ(λ)(E11 + λE22).

On the other hand, we have (E11 + λE22)N = N . Since Z(N) = 0, we have
Z(E11 + λE22)N = 0. This shows that τ(λ) = 0. We have proved Z(E11 +
λE22) = 0 for all non-zero λ ∈ Z. By considering K(E11 + λE22)K, we know
that Z(λE11 + E22) = 0. This proves that Z(A) = 0 for all A ∈ M2(Z) with
det(A) 6= 0.

For any matrix C in M2(Z) of rank one, there exist A,A′ ∈ M2(Z) with
det A 6= 0, detA′ 6= 0 such that C = ANA′. This shows that Z(C) = 0.
Finally we have Z(0) = 0.

This result would suggest a kind of rigidity or semi-simplicity of M2(Z) as an
absolute algebra, but it is not quite sure, at this moment, that such a notion can
be formulated rigorously. We also remark that some argument can be extended
to other non-commutative algebras. For example, the following result is proved
in [10]: Let R 3 1 be a ring contained in the algebraic closure Q̄. Then for
each n ≥ 2,

DerF1
(Mn(R)) = InnDerZ(Mn(R)) = {Da | a ∈ Mn(R)}.

1.6 Absolute Hochschild cohomology

Theorem 6 can be stated as

H1
F1

(M2(Z),M2(Z)) = 0,

where the left-hand side indicates the absolute Hochschild cohomology in the
following sense. Let R be a ring and M be an R-bimodule. Let C0

F1
= M ,

C1
F1

= Map(R,M), C2
F1

= Map(R×R,M), Cn
F1

= Map(Rn,M). We define a
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derivation δn : Cn
F1

→ Cn+1
F1

by

(δ0m)(a) = am − ma,

(δ1f)(a1, a2) = a1f(a2) − f(a1a2) + f(a1)a2,

(δnf)(a1, . . . , an+1) = a1f(a2, . . . , an+1) +

n∑

i=1

(−1)if(a1, . . . , aiai+1, . . . , an+1)

+(−1)n+1f(a1, . . . , an)an+1.

Then (δ∗, C∗
F1

) is a chain complex of abelian groups. We call the cohomology
groups Hn

F1
(R,M) = Kerδn/Imδn−1 of this chain complex by the absolute

Hochschild cohomology (cf. [8]). In particular,

H0
F1

(R,R) = Kerδ0 = {b ∈ R | ba = ab for all a ∈ R},

the center of R, and

H1
F1

(R,R) = DerF1
(R)/InnDerZ(R).

For example, Theorem 1 says

H1
F1

(Z,Z) =
⊕̂

p:prime

Z
∂

∂p
.

2 Absolute mathematics

We explain the background material of absolute mathematics, i.e., the math-
ematics over F1. As noted in Manin [9] the first appearance of F1 seems to
be in GLn(F1) = Sn where Sn is the symmetric group of order n. This might
be a folklore, but a much precise reference was supplied by Soulé [11] citing a
paper [12] by Tits. There it seems that Tits conjectured G(F1) = W (G) for
each algebraic group G, where W (G) is the Weyl group; in the case G = GLn

we get GLn(F1) = W (GLn) = Sn again.
We consider that GLn(F1) = Sn suggests to identify the category Mod(F1) of
F1-modules with the category Set of sets. Let denote the free F1-module over

a set X by F
(X)
1 . Then the more precise expectation is as follows: for objects

X and Y of Set, the corresponding objects of Mod(F1) are F
(X)
1 and F

(Y )
1

respectively with the corresponding morphisms

HomSet(X,Y ) ∼= HomMod(F1)(F
(X)
1 ,F

(Y )
1 ).

Hence, especially for X = {1, 2, . . . , n} it would hold that

Mn(F1) = EndMod(F1)(F
n
1 ) = EndSet({1, 2, . . . , n})

and
GLn(F1) = AutMod(F1)(F

n
1 ) = AutSet({1, 2, . . . , n}) = Sn,
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which give #Mn(F1) = nn and #GLn(F1) = n!. For example

M2(F1) =

{(
1 1
0 0

)
,

(
1 0
0 1

)
,

(
0 1
1 0

)
,

(
0 0
1 1

)}

and

GL2(F1) =

{(
1 0
0 1

)
,

(
0 1
1 0

)}
= S2.

(Here we may omit 0’s respecting F1 = {1}.)
Furthermore we identify the category Alg(F1) of F1-algebras with the category
Monoid of monoids according to the following picture:



Alg(Z)
↙ ↘

Mod(Z) Alg(F1)
↘ ↙

Mod(F1)




=




Ring

↙ ↘
Ab Monoid

↘ ↙
Set




under the forgetful functors

(R,×,+)
↙ ↘

(R,+) (R,×)
↘ ↙

R.

Then, the absolute derivations DerF1
(R) of a ring R studied in §1 would be

understood by looking at the multiplicative monoid structure of the ring R.
(Actually we do not forget completely the additive structure.) Now we state
a problem to which the absolute mathematics may be applicable. Let X be
a (projective smooth) scheme of finite type over Spec(Z). The Hasse zeta
function is defined as

ζX(s) =
∏

x∈X0

(1 − N(x)−s)−1

where x runs over the set X0 of closed points (0-dimensional points) of X
and N(x) is the cardinality of the residue field at x. It is expected that
there exists the so-called gamma factor ΓX(s) and that the completed zeta

function ζ̂X(s) = ζX(s)ΓX(s) is meromorphic in s ∈ C with the functional
equation s ↔ dim(X) − s. For our purpose it is convenient to formulate the
following conjecture (cf. Kurokawa [4], Deninger [2]): There would exist co-
homologies Hm(X) for m = 0, 1, . . . , 2 dim(X) with skew-hermitian operators
Rm : Hm(X) → Hm(X) satisfying

ζ̂X(s) =

2 dim(X)∏

m=0

det
(
Rm − (s − m

2
)
)(−1)m+1

.
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We refer to Deninger [1], [2] for various investigations. For example, in the case
X = Spec(Z), we expect

ζ̂(s) = ζ(s)π−s/2Γ(
s

2
) =

det(R1 − (s − 1
2 ))

s(s − 1)
,

where we consider that H0(Spec(Z)) and H2(Spec(Z)) are one dimensional
with the trivial R0 and R2. Of course H1(Spec(Z)) should be infinite dimen-
sional.

Problem Can such a cohomology Hm(X) and an operator Rm : Hm(X) →
Hm(X) be constructed via the absolute mathematics ? Is Hm(X) interpreted
as a cohomology of the associated absolute scheme Xabs → Spec(F1) ?

Some trials will be made in §3 and §4 below.

3 Zeta functions for absolute derivations

3.1

For a map X : Z → C, we define the zeta function attached to X by the
Dirichlet series:

ζ(s,X) :=

∞∑

n=1

X(n)

ns
.

Lemma 6

ζ(s,
∂

∂p
) =

ζ(s − 1)

ps − p
.

Proof: We start with
∂

∂p
(n) =

n · ordp(n)

p
.

Then

ζ(s,
∂

∂p
) =

1

p

∞∑

n=1

ordp(n)n−(s−1).

We express n = pkm with (p,m) = 1, and k ≥ 0.

ζ(s,
∂

∂p
) =

1

p

∑

m:(p,m)=1

m−(s−1)
∞∑

k=0

kp−k(s−1)

=
1

p
× ζ(s − 1)(1 − p−(s−1)) × p−(s−1)

(1 − p−(s−1))2

= ζ(s − 1) × 1

ps − p
.
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Theorem 7 For an X ∈ DerF1
(Z) of finite type, i.e., X(p) = 0 for all but

finitely many primes p,

ζ(s,X) :=
∞∑

n=1

X(n)

ns
= ζ(s − 1)

∑

p:primes

X(p)

ps − p
.

This can be extended to a meromorphic function on the whole complex plane.
The special value at s = 0 is given by

ζ(0,X) =
1

12

∑

p

X(p)

p − 1
.

Proof: It follows directly from Lemma 6 and X =
∑

p

X(p)
∂

∂p
.

3.2 Quantum noncommutativity

We introduce the noncommutativity of primes as “ζ(0, [ ∂
∂p , ∂

∂q ])”.
First we give a rather explicit formula of the zeta of the commutator of absolute
derivations.

Lemma 7

ζ(s, [
∂

∂p
,

∂

∂q
]) =

1

pq
ζ(s − 1)

(
(1 − q−(s−1))

∞∑

k=1

pk q−pk(s−1)

(1 − q−pk(s−1))2

−(1 − p−(s−1))
∞∑

k=1

qk p−qk(s−1)

(1 − p−qk(s−1))2

)
.

Proof: We start with

∂

∂p
(

∂

∂q
(n)) =

n

pq
(ordq(n)ordp(n) + ordq(n)ordp(ordq(n))) .

Then

[
∂

∂p
,

∂

∂q
](n) =

n

pq
(ordq(n)ordp(ordq(n)) − ordp(n)ordq(ordp(n))) .

We set n = qkm with (q,m) = 1, and k ≥ 0. Then

ζ(s, [
∂

∂p
,

∂

∂q
]) =

1

pq

( ∞∑

n=1

ordq(n)ordp(ordq(n))n−(s−1) − · · ·
)

=
1

pq


 ∑

m:(q,m)=1

m−(s−1)
∞∑

k=1

k ordp(k)q−k(s−1) − · · ·




=
1

pq

(
(1 − q−(s−1))ζ(s − 1)

∞∑

k=1

k ordp(k)q−k(s−1) − · · ·
)
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We set k = plm′ with (p,m′) = 1 and l ≥ 0. Then

∞∑

k=1

k ordp(k)q−k(s−1) =

∞∑

l=1

∑

m′:(p,m′)=1

plm′lq−plm′(s−1))

=
∞∑

l=1

lpl

( ∞∑

m′=1

m′q−plm′(s−1) −
∞∑

m′=1

(pm′)q−pl+1m′(s−1)

)

=

∞∑

l=1

lpl

(
q−pl(s−1)

(1 − q−pl(s−1))2
− p

q−pl+1(s−1)

(1 − q−pl+1(s−1))2

)

=

∞∑

l=1

lpl q−pl(s−1)

(1 − q−pl(s−1))2
−

∞∑

l=0

lpl+1 q−pl+1(s−1)

(1 − q−pl+1(s−1))2

=
∞∑

l=1

pl q−pl(s−1)

(1 − q−pl(s−1))2
.

This proves the lemma.

Remark 5 Notice a partial functional equation under s ↔ 2 − s.

Remark 6 Let φp(z) =

∞∑

n=1

ordp(n)zn. Then the Mellin transform of φp is

pζ(s + 1, ∂
∂p ), and the series in the lemma above is obtained as

∞∑

l=1

pl q−pl(s−1)

(1 − q−pl(s−1))2
=

∞∑

l=1

pl zpl

(1 − zpl)2

∣∣∣∣∣
z=q−(s−1)

= z
∂

∂z

∞∑

l=1

zpl

1 − zpl

∣∣∣∣∣
z=q−(s−1)

= zφ′
p(z)

∣∣
z=q−(s−1) .

Now we give a rigorous definition of the quantum noncommutativity motivated
by the lemma above.

Definition The quantum noncommutativity, abbreviated as QNC, of p and q
is defined by

QNC(p, q) =
1

12pq

(
(q − 1)

∞∑

k=1

pk q−pk

(1 − q−pk)2
− (p − 1)

∞∑

k=1

qk p−qk

(1 − p−qk)2

)
.

Numerically,
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QNC(2, 3) = 0.00220482..,

QNC(2, 5) = 0.00172077..,

QNC(2, 7) = 0.00124803..,

QNC(3, 5) = 0.00031155...

Note that QNC(p, p) = 0 and it seems that QNC(p, q) > 0 for p < q.
We remark that QNC(p, q) has a neat expression using the Jackson integral
(q-integral). We recall the following standard notions in q-analysis [3]. For an
appropriate function f(x), we define the Jackson integral

∫ ∞

1

f(x)dqx :=

∞∑

k=1

(qk − qk−1)f(qk)

with a base q. For a real number x, we define the corresponding q-number

[x]q :=
qx/2 − q−x/2

q1/2 − q−1/2
.

Then the quantum noncommutativity is expressed as

QNC(p, q) =
1

12pq

(
(q − 1)

∞∑

k=1

pk q−pk

(1 − q−pk)2
− (p − 1)

∞∑

k=1

qk p−qk

(1 − p−qk)2

)

=
1

12pq

(
(q − 1)

(q1/2 − q−1/2)2

∞∑

k=1

pk 1

[pk]2q
− (p − 1)

(p1/2 − p−1/2)2

∞∑

k=1

qk 1

[qk]2p

)

=
1

12(p − 1)(q − 1)

(∫ ∞

1

dpx

[x]2q
−

∫ ∞

1

dqx

[x]2p

)
.

Question (A) Let R = (rpq)p,q:primes with rpq =“ζ(0, [ ∂
∂p , ∂

∂q ])”= QNC(p, q).
Then does it hold that

ζ̂Z(s) =
det(1 − R(s − 1

2 ))

s(s − 1)
?

Here we may recall that

H1
F1

(Z,Z)C = ⊕̂pC
∂

∂p
.

(B) For a sheaf (automorphic or Galois) ρ of Z, let Rρ = (rpq(ρ)) with

rpq(ρ) =

(
ρ(p) + ρ(q)∗

2

)
rpq,

where ρ(q)∗ is the adjoint of ρ(p). Then does it hold that

L̂(s, ρ) =
det(1 − Rρ(s − 1

2 ))

sm(ρ)(s − 1)m(ρ)

where m(ρ) is the multiplicity of the trivial representation in ρ ?
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Remark 7 Let P be a set of “generalized primes” with the zeta function

ζP (s) =
∏

p

(1 − N(p)−s)−1,

whose conjectual functional equation is s 7→ d(P ) − s. Let R : V → V be
a linear operator on a complex vector space V . Assume that there is a basis
{vp | p ∈ P} of V indexed by P . Let {eµ | µ ∈ Spect(R)} be an R-eigen basis
of V with Reµ = µeµ. Thus

⊕µCeµ = V = ⊕pCvp.

Take a suitable test function W such that W (R) has a trace. Then we have
(under a suitable condition) a so-called “trace formula”

∑

µ

W (µ) =
∑

p

M(p)

where M(p) = M(p, p) is given by

W (R)vp =
∑

q

M(q, p)vq.

When

W (µ) = log(µ − (s − d(P )

2
))

and
M(p) = log((1 − N(p)−s)−1)

we would obtain the determinant expression

ζP (s) =
∏

p

(1 − N(p)−s)−1

=
∏∐

µ

(µ − (s − d(P )

2
))

= Det(R − (s − d(P )

2
)).

By this way we would have the analytic continuation of the zeta functions and
the L-functions.

4 Towards absolute schemes

We try to set up the first step to F1-schemes. Recall that the usual scheme is
coming from the affine scheme SpecZ(A) = Spec(A) for a (commutative) ring
A, where SpecZ(A) is the set of the prime ideals of A with the Zariski (Stone-
Jacobson-Gelfand) topology. Since we consider an F1-algebra as a monoid, we
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define Spec(M) for a monoid M . A typical example is the case M = (A,×)
for a ring A.
Generalizing a bit, let X be an algebraic system having an associative multi-
plication with the identity element 1. We assume that X has the zero element
0 (satisfying 0 · x = x · 0 = 0 for all x ∈ X). An equivalence relation α on X
is called a congruence if α is compatible with the algebraic operations on X.
For example, if x ≡ x′ and y ≡ y′ mod α, then xy ≡ x′y′ mod α. In other
words, such an α is associated to the residue (quotient) algebraic system X/α.
We denote by Cong(X) the set of all congruences on X.

Example 2 A congruence on a (not necessary commutative) ring corresponds
to a two-sided ideal.

Example 3 A congruence on a group corresponds to a normal subgroup.

We say that a congruence α on X is a prime congruence if X/α is integral in
the sense that X/α has no (non-zero) zero divisors: if x 6≡ 0, y 6≡ 0 mod α,
then xy 6≡ 0 mod α. We denote by Spec(X) the set of the prime congruences
on X with the following topology: the closed subsets are

V (β) = {α ≤ β | α is a prime congruence}

for β ∈ Cong(X). Here α ≤ β means that x ≡ 0 mod β implies x ≡ 0
mod α. As in the usual case, it is checked that such V (β)’s satisfy the needed
conditions for closed sets by

V (id) = X, V (triv) = ∅,

V (β1) ∪ · · · ∪ V (βn) = V (β1 ∧ · · · ∧ βn),⋂

λ∈Λ

V (βλ) = V (
∑

λ

βλ),

where X/triv = {1}, X/id = X, and
∑

λ βλ denotes the congruence generated
by βλ’s.
For a ring A, we define

(SpecZ(A))abs = SpecF1
(A) = Spec((A,×)).

[Notice that Spec((A,×)) is not the set of usual “ideals” of (A,×).] Then we
have the natural map

SpecZ(A) −→ SpecF1
(A)

since each congruence on the ring A induces a congruence on the multiplicative
monoid (A,×). The “local-global” map

A −→
∏

α∈SpecF1
(A)

(A/α)
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refines the usual local global map

A −→
∏

γ∈SpecZ(A)

(A/γ).

For example, SpecF1
(Z) and

∏

α∈SpecF1
(Z)

(Z/α) are both big and unusual.

Remark 8 The absolute fundamental group π1(SpecF1
(Z)) would be interest-

ing from the view point of the Langlands conjecture since for each unramified
automorphic representation π of GLn(A) (A being the adele ring of Q) we
may have an n-dimensional representation (local system)

ρ : π1(SpecF1
(Z)) → GLn(C)

satisfying
L(s, π) = L(s, ρ).

Now we notice on the F1-tensor product. We define the F1-tensor product of
rings A and B as

A ⊗F1
B = (A,×) ∗ (B,×)

the free product of monoids under the identification

1A = 1B = 1 and 0A = 0B = 0.

Theorem 8

SpecF1
(A ⊗F1

B) = SpecF1
(A) × SpecF1

(B).

Proof: We show
Spec(M ∗ N) ∼= Spec(M) × Spec(N)

by sending α ∗ β to (α, β), where M and N are multiplicative monoids having
1 and 0. Here α ∗ β is the natural congruence on M ∗ N coming from α and
β. Since it is easy to see that α ∗ β is a prime congruence on M ∗ N if α and
β are prime congruences on M and N respectively by

(M ∗ N)/(α ∗ β) ∼= (M/α) ∗ (N/β),

it is sufficient to show that the map is surjective. Let γ be a prime congruence
on M ∗N . Then we obtain a congruence α on M and a congruence β on N by
restricting γ to M and N respectively, and it holds that γ = α ∗ β. Since

(M ∗ N)/γ ∼= (M/α) ∗ (N/β),

we know that α (resp. β) is a prime congruence on M (resp. N).

Thus we have

SpecF1
(Z ⊗F1

Z) = SpecF1
(Z) × SpecF1

(Z)

where Z ⊗F1
Z = Z ∗ Z, as expected in [4]–[7] and [9].
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Deninger and Kurokawa). Astérisque 228 (1995) 121–163.

[10] H. Ochiai: Monoidal absolute derivations. A talk at the Conference “Zetas
and Trace Formulas” in Okinawa 2002.
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[12] J. Tits: Sur les analogues algébriques des groupes semi-simple complexes,
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Abstract. We study the growth of the Mordell-Weil groups E(Kn)
of an elliptic curve E as Kn runs through the intermediate fields of
a Zp-extension. We describe those Zp-extensions K∞/K where we
expect the ranks to grow to infinity. In the cases where we know
or expect the rank to grow, we discuss where we expect to find the
submodule of universal norms.

2000 Mathematics Subject Classification: Primary 11G05, 11G40;
Secondary 11R23, 14G05

1 Introduction

Fix an elliptic curve E over Q of conductor N , and an odd prime number p. Let
K be a number field and K∞/K a Zp-extension. For n ≥ 0 denote by Kn/K the
intermediate extension in K∞/K of degree pn. What is the rate of growth of the
Mordell-Weil groups E(Kn) as n tends to ∞? The shape of these asymptotics
for general number fields K and prime numbers p of good ordinary reduction
is given by the following result, conditional on the Shafarevich-Tate conjecture
(more specifically, on the finiteness of p-primary components of Shafarevich-
Tate groups).

Proposition 1.1. If the Shafarevich-Tate conjecture is true, and E has good,
ordinary reduction at p, then there is a non-negative integer r = r(E,K∞/K)
such that

rankZ(E(Kn)) = rpn + O(1)

where the bound O(1) depends on E and K∞/K, but not on n.
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We will review the proof of this proposition in §3 below, Proposition 3.2. For
convenience, if the above asymptotics hold, we will say that (E,K∞/K) has
growth number r = r(E,K∞/K). In particular, if E does not have complex
multiplication by a subfield of K, then (E,K∞/K) has growth number zero
if and only if E(K∞) is finitely generated. When r(E,K∞/K) > 0 let us say
that the Mordell-Weil rank of E has positive growth relative to K∞/K. Recent
work has significantly increased our knowledge of questions related to growth
number, and has allowed us to compute these growth numbers in two specific
instances.

Example 1.2. When K is a real abelian field there is only one Zp-extension
K∞/K (the cyclotomic Zp-extension) and Kato’s celebrated work (cf. [K, Sc,
Ru]) shows that E(Kn) stabilizes for large n. Therefore E(K∞) is a finitely
generated group and the growth number vanishes. This had been conjectured
in [M1], at least for good, ordinary, primes p.

Example 1.3. Suppose K/Q is a quadratic imaginary field and let K∞/K
denote the anti-cyclotomic Zp-extension. This is the unique Zp-extension of K
such that K∞/Q is Galois with nonabelian Galois group. It was conjectured
in [M2] (for the case of primes p of good, ordinary, reduction for E; but see,
e.g., [V] for arbitrary p) that the growth number r(E,K∞/K) is at most 2.
Moreover, the conjectures in [M2] assert that

• the growth number r = 2 can only occur in the “exceptional case” where
E has complex multiplication by K,

• if we are not in this “exceptional case” then the distinction between
growth number 0 and 1 is determined by the root number in the func-
tional equation satisfied by the relevant L-functions.

A good deal of this conjecture, as well as other information about the p-anti-
cyclotomic arithmetic of elliptic curves over Q, is now established, thanks to
work of Gross & Zagier, Kolyvagin, Perrin-Riou, Bertolini & Darmon, Vatsal,
Cornut, Nekovár̆, and Zhang.

The object of this note is to indicate a slightly wider context where “signs of
functional equations” would lead one to conjecture positive growth of Mordell-
Weil ranks, and to formulate some open problems suggested by the recent work
regarding anti-cyclotomic extensions of quadratic imaginary fields.
Specifically, we will do two things. Let E be an elliptic curve over Q. For a
number field K, call a Zp-extension K∞/K new over K if it is not the base
extension of a Zp-extension of a proper subfield of K.

(i) Assuming standard conjectures, we will consider new Zp-extensions
K∞/K of number fields K that have the property that (in a sense to be
made precise) the root number in the functional equation predicts pos-
itive growth for E relative to K∞/K. These Zp-extensions have a very
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tight structure. As we shall see, in such a situation K has an automor-
phism of order 2, and if K+ ⊂ K is the fixed field of this automorphism
then K∞/K+ is an infinite dihedral extension. To be sure, the “classical
case” where K is a quadratic imaginary field is of this form, but–again as
we shall see–there are quite a number of other “nonclassical” instances
(in general K need not even be a CM field). An open problem is to prove
positive growth in all (or even just one) of these “nonclassical” instances.

(ii) When K is a quadratic imaginary field we shall discuss a certain intriguing
p-adic “line” in the Qp-vector space E(K)⊗Qp that can be constructed,
under certain hypotheses, via universal norms from the anti-cyclotomic
Zp-extension of K. This line is stable under the action of complex conju-
gation and we offer a conjecture, and some beginning numerical evidence,
about its “sign.” In the “nonclassical” instances alluded to above, where
at present we cannot prove positive growth, if the growth number is 1 we
can define a similar “sign” (see Remark 4.12).

We only consider here the growth of Mordell-Weil groups in Zp-power exten-
sions of number fields, i.e., infinite extensions F/K where Gal(F/K) is an
abelian p-adic Lie group. There are recent studies (see for example [CH]) by
Coates, Howson, and others concerning the growth of Mordell-Weil groups in
infinite extensions F/K where Gal(F/K) is a nonabelian p-adic Lie group.
We conclude this introduction with an example in which Proposition 1.1, along
with the rest of this paper, does not apply.

Example 1.4. Suppose E has complex multiplication by the quadratic imagi-
nary field K, p is a prime of good, supersingular reduction, and K∞/K is the
anticyclotomic Zp-extension of K. Then standard conjectures imply (see the
remark near the end of §1 of [G1])

rankZ(E(Kn)) =





p2[n+1/2]−1
p+1 + O(1) if W (E/Q) = +1

p2[n/2]+1+1
p+1 + O(1) if W (E/Q) = −1

where W (E/Q) is the root number in the functional equation of the L-function
L(E/Q, s) (see §2.2) and [ ] is the greatest integer function.

2 Where can we find Mordell-Weil contribution in bulk?

Fix an odd prime p. Let E be an elliptic curve over Q, K/Q a finite Galois
extension of degree prime to p, and L the pro-p-abelian extension of K that
is the compositum of all Zp-extensions of K in Q̄. Put ∆ := Gal(K/Q) and
Γ := Gal(L/K) ∼= Zd

p, so we have d ≥ r2(K) + 1 with equality if Leopoldt’s
conjecture holds, where r2(K) is the number of complex archimedean places
of K. The extension L/Q is Galois, and “conjugation” in G := Gal(L/Q)
induces a natural action of the group ∆ on Γ. By the classical Schur-Zassenhaus
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Theorem, G is noncanonically isomorphic to the semi-direct product of ∆ and
Γ, the semi-direct product being formed via this conjugation action.

Example 2.1 (Mordell-Weil growth when K is totally real). As-
sume that Leopoldt’s conjecture holds. If K is (totally) real, it follows that
d = 1 and the unique Zp-extension of K is the base change of the p-cyclotomic
Zp-extension over Q. The action of ∆ on Γ is therefore trivial. In this case
it has been conjectured that E(L) is finitely generated (cf. [M1] when p is of
good ordinary reduction for E) and this conjecture has been proved by Kato
[K] in the case where K/Q is real abelian.

Example 2.2 (Mordell-Weil growth when K is totally complex).
Assume that Leopoldt’s conjecture holds, and that K/Q is (totally) complex.
Consider the Qp-vector space of Zp-extensions of K. That is, form the vector
space

V (K) := Homcont(Γ,Qp),

whose one-dimensional Qp-subspaces are in one-to-one correspondence with
Zp-extensions of K. The vector space V (K) inherits a natural Qp-linear repre-
sentation of ∆. An exercise using class field theory gives us that the character
of this ∆-representation is

Ind∆
〈σ〉χ ⊕ 1,

where 1 is the trivial character on ∆, σ ∈ ∆ is a complex conjugation involution,

χ : 〈σ〉 → {±1} ⊂ C×

is the nontrivial character on 〈σ〉 = {1, σ} ⊂ ∆, and Ind∆
〈σ〉 refers to induction

of characters from the subgroup 〈σ〉 to ∆. Here the “1” corresponds to the
cyclotomic Zp-extension and the “Ind∆

〈σ〉χ” cuts out a hyperplane in V (K) that
we call the anti-cyclotomic hyperplane

V (K)anti−cyc ⊂ V (K).

2.1 Representations in Mordell-Weil.

The “big” Mordell-Weil group E(L) of all L-rational points of E is a union
of finite-rank G = Gal(L/Q)-stable subgroups, so one way of trying to under-
standing the growth of Mordell-Weil is to ask, for finite dimensional irreducible
complex characters τ of G, whether or not the G-representation space V of τ
occurs in E(F ) ⊗ C for some intermediate Galois extension F/Q. Mackey’s
criterion (cf. [Se] §8.2, Prop. 25) gives a description of all the irreducible char-
acters on G in terms of induced characters. Here, in any event, is how to get
quite a few irreducible characters of G.
Define an action of ∆ on the group of (continuous, hence finite order) characters
of Γ as follows. For ψ ∈ Homcont(Γ,C×) and δ ∈ ∆, define ψδ by the formula

ψδ(γ) := ψ(δ−1(γ)) for γ ∈ Γ.
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For such a ψ let Hψ ⊂ ∆ be the stabilizer of ψ, let Kψ ⊂ K be the fixed field
of Hψ, and put Gψ := Gal(L/Kψ) ⊂ G.

Lemma 2.3. With notation as above, every ψ : Γ → C× extends uniquely to a
character ψ0 : Gψ → C× of p-power order (that is, the restriction of ψ0 to Γ is
ψ).

Proof. Fix ψ. Since |∆| is prime to p, Gψ is (noncanonically) a semidirect

product of Hψ and Γ. More precisely, there is a subgroup H̃ψ ⊂ Gψ that

projects isomorphically to Hψ, and such that Gψ = Γ · H̃ψ. We define ψ0 by

ψ0(γh) = ψ(γ) for h ∈ H̃ψ and γ ∈ Γ. Then ψ0 is a homomorphism because
ψh = ψ for h ∈ Hψ, ψ0 clearly has p-power order, and the restriction of ψ0 to
Γ is ψ.
If ψ′

0 is another such extension of ψ, then ψ′
0ψ

−1
0 is trivial on Γ, and hence is

the inflation of a character of Hψ of p-power order, which must be trivial.

Definition 2.4. Suppose ψ : Γ → C×. Lemma 2.3 shows that ψ is the
restriction to K of a character of a Zp-extension of Kψ, and clearly Kψ is
minimal with this property. We will call Kψ the level of ψ, and we say that ψ
is new of level Kψ. We will say that ψ is generic if ψ is new of level K, i.e., if
Hψ is trivial.
Let ψ0 : Gψ → C× be the extension of ψ given by Lemma 2.3, and define

φψ := IndG
Gψ

ψ0,

the induced character from Gψ to G. By [Se] §8.2, Proposition 25, φψ is an
irreducible character of G. We will also say that φψ has level Kψ, and that φψ

is generic if ψ is generic.

Proposition 2.5. Suppose ψ : Γ → C×, and let φψ = IndG
Gψ

ψ0 be the induced
character given by Definition 2.4.
Then φψ is real-valued if and only if there is an element σ ∈ ∆ such that
ψσ = ψ−1. Such a σ lies in the normalizer N(Hψ) of Hψ in ∆, and if ψ 6= 1

then σ has order 2 in N(Hψ)/Hψ.

Proof. Let 〈 , 〉G denote the usual pairing on characters of a profinite group
G. Then using Frobenius reciprocity ([Se] Theorem 13, §7.2) for the second
equivalence, and [Se] Proposition 22, §7.3, for the third and fourth,

φψ is real-valued ⇐⇒ 〈φψ, φ̄ψ〉G > 0

⇐⇒ 〈ResGGψ
φψ, ψ̄0〉Gψ

> 0

⇐⇒ 〈Ind
Gψ

Hσ
(ψσ)0, ψ̄0〉Gψ

> 0 for some σ ∈ ∆

where Hσ = Hψ ∩ Hψσ and (ψσ)0 is the extension of ψσ to Hσ of Lemma 2.3

⇐⇒ ψσ = ψ̄ = ψ−1 for some σ ∈ ∆.
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If ψσ = ψ̄ then we have σHψσ−1 = Hψσ = Hψ, so σ ∈ N(Hψ), and ψσ2

= ψ
so σ2 ∈ Hψ. If further ψ 6= 1 then (since p is odd) ψσ 6= ψ, so σ /∈ Hψ. This
completes the proof.

Corollary 2.6. Suppose ψ 6= 1. Then φψ is real-valued if and only if there is
a subfield K+

ψ ⊂ Kψ such that [Kψ : K+
ψ ] = 2 and Lker(ψ0) is Galois over K+

ψ

with dihedral Galois group. In particular, if φψ is real-valued then [∆ : Hψ] is
even.

Proof. This follows directly from Proposition 2.5. If φψ is real-valued we take
K+

ψ to be be the subfield of Kψ fixed by the element σ of Proposition 2.5.

Conversely, if there is such a field K+
ψ , let σ be a lift to ∆ of the nontrivial

automorphism of Kψ/K+
ψ and apply Proposition 2.5.

2.2 Mordell-Weil and root numbers

Let τ be the character of an irreducible finite dimensional complex G-
representation V . Appealing to a suitably general version of the conjecture
of Birch and Swinnerton-Dyer, and assuming that the relevant L-function
L(E, τ, s) has analytic continuation to the entire complex plane, we expect
that the representation V occurs in E(F ) ⊗ C (for F the fixed field of the
G-representation V ) if and only if the L-function L(E, τ, s) vanishes at s = 1.
We also expect (but do not yet have, in general) a functional equation of the
form

L(E, τ, s) = W (E, τ, s)L(E, τ̄ , 2 − s),

where W (E, τ, s) is an explicit function involving the exponential function and
the Γ-function. Even though the functional equation remains conjectural, there
is an explicit definition of W (E, τ, s) (see for example [D, Ro]). If τ is real-
valued, then the root number W (E, τ) := W (E, τ, 1) = ±1. Moreover, if
W (E, τ, 1) = −1 it would follow that L(E, τ, s) vanishes at s = 1 (to odd
order). Then, by the Birch and Swinnerton-Dyer conjecture we would expect
that the representation space V occurs in E(L) ⊗ C.
It is natural to ask if the really huge contribution to Mordell-Weil (if there is
any) will come from this “expected” occurrence of representations in E(L).
This leads us to seek out real irreducible characters τ with root number
W (E, τ) = −1. Proposition 2.5 provides us with a substantial collection of
real characters, and it remains to determine their root numbers.

Example 2.7. Suppose first that K is quadratic imaginary. We also suppose,
for simplicity, that the discriminant of the field K, the conductor N of the
elliptic curve E, and the prime number p are pairwise relatively prime. The
unique nontrivial element σ ∈ ∆ is complex conjugation, and the nontrivial
character χ : 〈σ〉 = ∆ → C× corresponds in the usual way to the quadratic
Dirichlet character χK attached to the field K.
Choose ψ ∈ Homcont(Γ,C×)− (the subgroup of homomorphisms on which σ
acts as -1), and put φψ = IndG

Γψ as in Definition 2.4. Then φψ is real and
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generic by Proposition 2.5. Viewing detφψ : G → C× as a Dirichlet character
in the usual way we have

W (E, φψ) = (det φψ)(−N) · W (E)dim φψ

where W (E) = W (E,1) is the root number of E (see for example Proposition
10 of [Ro]). But (detφψ) is simply the inflation of χ, and dimφψ = 2, so this
identity simplifies to

W (E, φψ) = χK(−N). (1)

The surprising consequence of this formula, which we will see repeated even
more generally, is that the root number does not depend upon much: it is
independent of the choice of generic (real) character ψ. and the elliptic curve
E only enters into the formula for the root number via its conductor.
This is the case that has seen extraordinary progress recently via the detailed
study of the tower of Heegner points. We will return to this in §4 of this article.

We now return to the general case, where K/Q is Galois with group ∆, L is
the maximal Zd

p-extension of K, and G = Gal(L/Q). From now on we suppose
that the discriminant disc(K) of the field K, the conductor N of the elliptic
curve E, and the prime p are pairwise relatively prime.
If H ⊂ ∆ let χ∆/H : GQ → ±1 be the determinant of Ind∆

H1, the permutation
representation of ∆ on the set of left cosets ∆/H. (If H = {1} we will write
simply χ∆.) We will view χ∆/H (and every other one-dimensional character of
GQ) as a Dirichlet character in the usual way.

Theorem 2.8. If ψ 6= 1 and φψ is real-valued, then W (E, φψ) = χ∆/Hψ
(−N).

In particular characters of the same level have the same root number.

Proof. We have φψ = IndG
Gψ

ψ0 from Definition 2.4. By Corollary 2.6,

dim(φψ) = [G : Gψ] = [∆ : H] is even. Hence Proposition 10 of [Ro] (“a
special case of a well-known formula”) shows that

W (E, φψ) = (det φψ)(−N)W (E)dim(φψ) = (det φψ)(−N).

It remains to show that detφψ = χ∆/Hψ
. We thank the referee for pointing

out the following simple argument.
Let p be a prime of Q̄ above p. Since ψ0 has p-power order, ψ0 ≡ 1 (mod p)
and so

det φψ = det(IndG
Gψ

ψ0) ≡ det(IndG
Gψ

1) = det(Ind∆
Hψ

1) = χ∆/Hψ
(mod p).

Since p is odd and both detφψ and χ∆/Hψ
take only the values ±1, it follows

that detφψ = χ∆/Hψ
.

Proposition 2.9. The following are equivalent:

(i) χ∆ 6= 1,
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(ii) ∆ has a nontrivial cyclic 2-Sylow subgroup,

(iii) ∆ is the semi-direct product of a (normal) subgroup of odd order with a
nontrivial cyclic 2-group.

If these (equivalent) conditions hold then ∆ is solvable, K contains a unique
quadratic subfield k/Q, and χ∆ = χk, the quadratic character of k.

Proof. We have
χ∆(σ) = sign(πσ)

where πσ is the permutation of ∆ given by left multiplication by σ. If σ ∈ ∆
has order d, then the permutation πσ is a product of |∆|/d d-cycles, so

χ∆(σ) = sign(πσ) = (−1)(d−1)|∆|/d =

{
−1 if d is even and |∆|/d is odd,

1 otherwise.

Thus χ∆(σ) = −1 if and only if the cyclic subgroup generated by σ contains a
nontrivial 2-Sylow subgroup of ∆, and so (i) is equivalent to (ii).
If (i) and (ii) hold, then ker(χ) is a (normal) subgroup of index 2 in ∆, which
also has a cyclic 2-Sylow subgroup. Proceeding by induction we get a filtration

∆ = ∆0 ⊃ ∆1 ⊃ · · · ⊃ ∆k

where [∆i : ∆i+1] = 2 and |∆k| is odd.
We claim that ∆k is normal in ∆. For if H is a conjugate of ∆k, then |H|
is odd so we see by induction that for every i ≥ 1 the map H → ∆i−1/∆i

is injective, i.e., H ⊂ ∆i. Thus H ⊂ ∆k, so ∆k is normal. Therefore the
Schur-Zassenhaus Theorem shows that ∆ is the semidirect product of ∆k with
a 2-Sylow subgroup. This shows that (ii) implies (iii)1, and it is immediate
that (iii) implies (ii).
Suppose now that conditions (i)-(iii) hold. It follows from (iii) and the Feit-
Thompson theorem that ∆ is solvable. By (i), χ∆ = χk for some quadratic field
k ⊂ K, and by (ii), K contains at most one quadratic field. This completes
the proof.

Corollary 2.10. Suppose that φψ is real and generic. Then W (E, φ) = −1 if
and only if the equivalent conditions of Proposition 2.9 hold and χk(−N) = −1.

Proof. This is immediate from Theorem 2.8 and Proposition 2.9.

Definition 2.11. Following Theorem 2.8, if F ⊂ K we define W (E/F ) to be
the common root number of all real characters φψ of level F . (The proof of
Theorem 2.8 shows that this common root number is also the root number in
the functional equation of L(E/F, s).)

1 The fact that (ii) implies (iii) was proved by Frobenius in §6, p. 1039 of [F], by the same
method we give here. Another proof was given by Burnside in [Bu], Corollary II of §244, p.
327. We thank Persi Diaconis for pointing us toward these references.
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In particular if F = K, then W (E/K) = χk(−N) if ∆ has nontrivial cyclic
2-Sylow subgroup (where k is the quadratic field inside K), and W (E/K) = 1
otherwise.

Suppose now that we are in such a situation where W (E/K) = −1. From
the discussion above we expect significant growth of Mordell-Weil rank as we
ascend the tower of intermediate finite extensions contained in Zd

p-extensions
that correspond to the −1-eigenspace in V (K) of some element of order 2 in
∆. We next work out the elementary features of two examples that are more
general than the case of K/Q quadratic imaginary, and for which we do not,
as yet, have any satisfactory theory of Mordell-Weil growth.

Example 2.12 (K/Q is a complex abelian Galois extension). In this
case Leopoldt’s conjecture is known to be true, there is a unique complex
conjugation involution, and its −1-eigenspace is the entire anti-cyclotomic hy-
perplane.

Question 2.13. Can one use towers of Heegner points in Shimura curves over
totally real fields to account for (at least some of) the expected Mordell-Weil
growth as one ascends the finite intermediate extensions of the anti-cyclotomic
hyperplane?

Example 2.14 (K/Q is a complex S3-extension). To guard against com-
placency, we wish to mention this relatively simple case, where no analogue of
the detailed results known in the quadratic imaginary case is currently avail-
able. Suppose ∆ ∼= S3, the symmetric group on three letters, and suppose
that W (E/K) = −1. Let k be the quadratic field contained in K. Leopoldt’s
conjecture holds for K (for “easy” reasons: if Leopoldt’s conjecture failed the
natural homomorphism from global units to local units would be trivial, which
it is not). We may decompose the four-dimensional ∆-representation space
V (K) into the sum of two ∆-stable planes

V (K) = V (K)new ⊕ V (k)

where the new plane V (K)new ⊂ V (K)anti−cyc is of codimension one in the
anti-cyclotomic hyperplane. There are three involutions σ, σ′, σ′′ in ∆, none
of which act as scalars either on V (K)new or on V (k). Let Lσ/K denote the
unique Z2

p-extension of K on whose Galois group σ acts as −1, and similarly
for σ′ and σ′′. We have, then, three Z2

p-extensions, Lσ/K, Lσ′/K and Lσ′′/K,
sub-extensions of the anti-cyclotomic Z3

p-extension of K. Each of these Z2
p-

extensions is the compositum of the “old” anti-cyclotomic Zp-extension of the
quadratic subfield k ⊂ K and the unique Zp-extension of K that corresponds
to a line in V (K)new that is a −1-eigenspace for one of the three involutions in
∆.

Challenge 2.15. As one ascends the intermediate fields of finite degree in
each of these Z2

p-extensions we expect significant growth in the ranks of the
corresponding Mordell-Weil groups. Find this Mordell-Weil contribution.
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Remark 2.16. Theorem 2.10 fails in the situation of Example 1.4 because in
that case E has complex multiplication by K, so the conductor of E is not
relatively prime to the discriminant of K.

3 Where is the support of the Selmer module?

Keep the notation of the previous section. In particular we continue to assume
that the conductor of E, the discriminant of K, and the prime p are pairwise
relatively prime.

3.1 Selmer modules

If F is an abelian extension of K we put ΛF = Zp[[Gal(F/K)]]; if [F : K] is
finite this is just the group ring Zp[Gal(F/K)], and if Gal(F/K) ∼= Zd

p then ΛF

is noncanonically isomorphic to a power series ring Zp[[T1, . . . , Td]]. If F ′ ⊂ F
then ΛF ′ is naturally a quotient of ΛF .
For every number field F let Sp(E/F ) ⊂ H1(F,E[p∞]) be the classical Selmer
group, which sits in the center of the exact sequence

0 −→ E(F ) ⊗ Qp/Zp −→ Sp(E/F ) −→ X(E/F )[p∞] −→ 0 (2)

where X(E/F )[p∞] is the p-part of the Shafarevich-Tate group of E over
F . We extend this definition to possibly infinite algebraic extensions of Q by
passing to a direct limit

Sp(E/F ) := lim−→
0

F ′ ⊂ FSp(E/F ′)

where F ′ ranges through the finite extensions of Q in F . If F/K is Galois
then Sp(E/F ) has a natural Zp[[Gal(F/K)]]-module structure. Specifically,
Sp(E/L) is a ΛL-module. We will refer to Sp(E/L) as the discrete Selmer
module attached to L/K. If K∞ ⊂ L is a Zp-extension of K we will write
Kn ⊂ K∞ for the subfield of degree pn over K, and we have the ΛK∞ -module

Sp(E/K∞) = lim−→
0

nSp(E/Kn).

The following Control Theorem is a strengthening by Greenberg ([G2] Propo-
sition 3.1) of a theorem of the first author [M1].

Theorem 3.1 (Control Theorem). Suppose that K∞ is a Zp-extension
of K, and E has good ordinary reduction at p. Then the restriction maps
H1(Kn, E[p∞]) → H1(K∞, E[p∞]) induce maps

Sp(E/Kn) −→ Sp(E/K∞)Gal(K∞/Kn)

whose kernels and cokernels are finite and bounded independently of n.
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For every F we form the corresponding compact Selmer group

X(E/F ) := Hom(Sp(E/F ),Qp/Zp).

Then X(E/L) is a finitely generated ΛL-module, and if K∞ is a Zp-extension
of K then X(E/K∞) is finitely generated over ΛK∞ .

Proposition 3.2. Suppose K∞ is a Zp-extension of K. If E has good ordinary
reduction at p, and X(E/Kn)[p∞] is finite for every n, then the growth number
r(E,K∞/K) defined in Proposition 1.1 is equal to the rank of the compact
Selmer ΛK∞-module X(E/K∞).

Proof. Write Λ∞ = ΛK∞ and Λn = ΛKn
= Zp[Gal(Kn/K)]. The Control The-

orem (Theorem 3.1) shows that there is a map with finite kernel and cokernel

X(E/K∞) ⊗Λ∞ Λn → X(E/Kn).

If X(E/Kn)[p∞] is finite then (2) shows that

rankZ(E(Kn)) = rankZp
(X(E/Kn)) = rankZp

(X(E/K∞) ⊗Λ∞ Λn),

and the structure theory of ΛK∞-modules shows that

rankZp
(X(E/K∞) ⊗Λ∞ Λn) = pnrankΛ∞(X(E/K∞)) + O(1).

3.2 The support of the Selmer module

Definition 3.3. Recall that Γ = Gal(L/K) ∼= Zd
p, so ΛL = Zp[[Γ]]. The group

∆ acts naturally and Zp-linearly on Γ.

If F ⊂ K let LF denote the compositum of all Zp-extensions of F . The group
Aut(F ) of automorphisms of F acts on ΓF := Gal(LF /F ). If σ ∈ Aut(F ) has
order 2, we let Γσ,− denote the maximal quotient of Γ on which σ acts as −1,
and Lσ,−

F ⊂ LF the extension of F .

The minus locus in Spec ΛL is the closed subscheme of SpecΛL

⋃

F⊂K
W (E/F )=−1

⋃

σ∈Aut(F )
σ2=1,σ 6=1

SpecΛKLσ,−
F

,

where we view SpecΛKLσ,−
F

⊂ Spec ΛL via the projection map ΛL ³ ΛKLσ,−
F

.

Using the root number considerations above, the following conjecture follows
from a suitably general version of the Birch and Swinnerton-Dyer conjecture.

Conjecture 3.4. The support of the compact Selmer module X(E/L) in
SpecΛL contains the minus locus.
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Example 3.5. For each quadratic imaginary field F ⊂ K such that χF (−N) =
−1, the minus locus contains a Zp-line corresponding to the anticyclotomic Zp-
extension of F , and Heegner points should provide the corresponding part of
the Selmer group.
On the other hand, if χF (−N) = +1 for every quadratic field F contained in
K, then Theorem 2.8 shows that W (E/F ) = +1 for every subfield F of K, and
the minus locus is empty.
In Example 2.14, the minus locus consists of the union of the 3 Zp-planes
SpecΛLσ , SpecΛLσ′ , and Spec ΛLσ′′ .

Let

MWp(E/L) := Hom(E(L),Zp) = Hom(E(L) ⊗ Qp/Zp,Qp/Zp),

a quotient of X(E/L). We will say that L/K has unexpected large Mordell-Weil
if there exists a subscheme of Krull dimension greater than 1 in SpecΛL that
is in the support of MWp(E/L), but in the complement of the minus locus.

Question 3.6. Are there Galois extensions K/Q such that L/K has unexpected
large Mordell-Weil?

We will call an abelian extension F/K a Zp-power extension of K if
Gal(F/K) = Zk

p for some k ≥ 0.

Question 3.7. Are there Zp-power extensions L1, . . . , Lk of K, and a finite
subset Ψ ⊂ Hom(Γ,C×), such that

{ψ : Γ → C× : ψ occurs in E(L) ⊗ C} = ∪i Hom(Gal(Li/K),C×) ∪ Ψ?

Remark 3.8. Question 3.7 is motivated by work of Monsky, who was the first
to study what the support of a Selmer module (in his case, an ideal class group
module) over a Zd

p-extension should look like when d ≥ 2. Iwasawa theory
suggests that there should be an ideal A ⊂ Λ such that ψ occurs in E(L)⊗C if
and only if ψ(A) = 0 (where we fix an embedding Q̄p ↪→ C so that we can view
ψ as a character into Q̄p). Monsky (Theorem 2.6 of [Mo]) showed that there is
a set {L1, . . . , Lk} of Zp-power extensions of K, and ψi, . . . , ψk ∈ Hom(Γ,C×)
such that

{ψ : ψ(A) = 0} = ∪k
i=1 ψi · Hom(Gal(Li/K),C×).

Combining this with the root number calculation of Theorem 2.8 leads to Ques-
tion 3.7. One can also ask the following variant of Question 3.7.

Question 3.9. Is there a collection L1, . . . , Lk of Zp-power extensions of K
(not necessarily distinct) such that for every finite extension F of K in L we
have

rankZ(E(F )) =

k∑

i=1

[F ∩ Li : K] + O(1)?

Here the bound O(1) should depend only on E and K, not on F .
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4 Where are the universal norms in Mordell-Weil?

Fix for this section a Zp-extension K∞/K, and let Γ := Gal(K∞/K) and
Λ := ΛK∞ = Zp[[Γ]]. As before, Kn will denote the extension of K of degree
pn in K∞, and Λn = ΛKn

= Zp[Gal(Kn/K)].

4.1 Universal norms

Definition 4.1. For m ≥ n consider the (Zp-linear) norm maps (or, perhaps,
“trace maps” since one usually writes Mordell-Weil groups additively)

Nm,n : E(Km) ⊗ Zp −→ E(Kn) ⊗ Zp.

Define

U(E,K∞/Kn) :=
⋂

m≥n

Nm,n(E(Km) ⊗ Zp) ⊂ E(Kn) ⊗ Zp.

Passing to the projective limits we define a Gal(K/Q)-semi-linear Λ-module

U(E/K∞) := lim←−
0

nE(Kn) ⊗ Zp = lim←−
0

n U(E,K∞/Kn),

and U(E,K∞/Kn) is the image of the projection U(E/K∞) → E(Kn) ⊗ Zp.

Theorem 4.2. Suppose E has good ordinary reduction at p, and X(E/Kn)[p∞]
is finite for every n. Let r = rankΛ(X(E/K∞)). Then

(i) U(E/K∞) has finite index in a free Λ-module of rank r,

(ii) U(E,K∞/Kn)⊗Qp is a free Λn ⊗Qp-submodule of E(Kn)⊗Qp of rank
r.

Proof. Write simply X for the finitely generated Λ-module X(E/K∞), and
Xn = X ⊗ Λn.
It follows from the Control Theorem (Theorem 3.1) that there is an injection
with finite cokernel bounded independently of n

Hom(X(E/Kn),Zp) −→ Hom(Xn,Zp).

Further, it follows from (2) that if X(E/Kn)[p∞] is finite then

Hom(X(E/Kn),Zp) ∼= E(Kn) ⊗ Zp.

Taking inverse limits we get an injective map

U(E/K∞) = lim←−(E(Kn) ⊗ Zp) −→ lim←−(Hom(Xn,Zp)) =: U(X)

with finite cokernel, where U(X) is the abstract universal norm Λ-module stud-
ied in Appendix A.2. Since U(X) is free of rank r (Proposition A.20), this
proves (i).
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Consider the diagram

U(E/K∞) ⊗ Qp
//

∼=
²²

U(E/K∞) ⊗ Λn ⊗ Qp
//

∼=
²²

E(Kn) ⊗ Qp

²²
U(X) ⊗ Qp

// // U(X) ⊗ Λn ⊗ Qp
Â Ä // Hom(Xn,Qp)

where the horizontal maps are the natural projections. The lower right-hand
map is injective by Proposition A.21, so the upper right-hand map is injective,
which proves (ii).

4.2 Anticyclotomic Zp-extensions of quadratic imaginary fields

From now on we assume that K is quadratic imaginary, and K∞ is the anticy-
clotomic Zp-extension of K (the unique Zp-extension, Galois over Q, on which
the nontrivial element of Gal(K/Q) acts as −1). Let Λ = Zp[[Gal(K∞/K)]].
We assume in addition that E has good ordinary reduction at p, that
X(E/Kn)[p∞] is finite for every n, and that every prime dividing the con-
ductor N of E splits in K. The last assumption guarantees that W (E/K) =
χK(−N) = −1.

Theorem 4.3 (Vatsal [V], Cornut [Co]). With assumptions as above,
rankΛ(X(E/K∞)) = 1.

Let E(K)± ⊂ E(K) denote the +1 and −1 eigenspaces for the action of ∆ =
Gal(K/Q) on E(K). Thus E(K)+ = E(Q), and E(K)− ∼= E(K)(Q) where
E(K) is the quadratic twist of E by K/Q. Also write r± = rankZ(E(K)±),
and let W (E/Q) = ±1 denote the root number in the functional equation of
L(E/Q, s).

Corollary 4.4. The universal norm subgroup U(E,K∞/K) ⊗ Qp is a one-
dimensional Qp-subspace of E(K) ⊗ Qp, contained either in E(K)+ ⊗ Qp or
E(K)− ⊗ Qp.

Proof. By Theorems 4.2(ii) and 4.3, dimQp
(U(E,K∞/K)⊗Qp) = 1. It is clear

from the definition that U(E,K∞/K)⊗Qp is stable under ∆, so it must lie in
E(K)± ⊗ Qp.

Definition 4.5. Following Corollary 4.4, if U(E,K∞/K)⊗Qp ⊂ E(K)+⊗Qp

(resp., E(K)− ⊗ Qp) we say that the sign of the p-anti-cyclotomic norms in
E(K) is +1 (resp., −1).
In the language of Appendix A.1, the sign of the p-anti-cyclotomic norms is
sign(U(E/K∞)), the sign of the ∆-semi-linear Λ-module U(E/K∞).

Theorem 4.6 (Nekovár̆ [N]). Under the hypotheses above,

(−1)r± = ±W (E/Q) and rankZ(E(K)) is odd.
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Proof. Using (1), the root numbers in the functional equations of L(E/Q, s),
L(E(K)/Q, s), and L(E/K, s) are, respectively, W (E/Q), χK(−N)W (E/Q),
and χK(−N). By Theorem 2.10 and our assumption that all primes dividing
N split in K (the “Heegner hypothesis”), χK(−N) = χK(−1) = −1. Thus the
conclusions of the theorem follow from the Parity Conjecture (which predicts,
for every number field F , that rankZ(E(F ) ≡ ords=1L(E, s) (mod 2)), which
under our hypotheses was proved by Nekovár̆.

Definition 4.7. By Theorem 4.6, rankZ(E(K)+) 6= rankZ(E(K)−). We define

ε(E/K) =

{
+1 if rankZ(E(K)+) > rankZ(E(K)−),

−1 if rankZ(E(K)−) > rankZ(E(K)+).

Conjecture 4.8 (Sign Conjecture). We have

sign(U(E/K∞)) = ε(E/K).

In other words U(E,K∞/K) ⊗ Qp lies in the larger of E(K)+ ⊗ Qp and
E(K)− ⊗ Qp, and in particular sign(U(E/K∞)) is independent of p.

Remark 4.9. Here is a brief heuristic argument that supports the Sign Con-
jecture. It is straightforward to prove that U(E,K∞/K) is contained in the
nullspace of the (symmetric, bilinear) p-anti-cyclotomic height pairing (cf.
[MT])

〈 , 〉anti−cycl : E(K) ⊗ Zp × E(K) ⊗ Zp −→ Gal(K∞/K) ⊗Zp
Qp.

Moreover, this height pairing is compatible with the action of Gal(K/Q) in the
sense that if τ is the nontrivial automorphism of K, then

〈τ(v), τ(w)〉anti−cycl = −〈v, w〉anti−cycl.

It follows that E(K)+ ⊗Zp and E(K)−⊗Zp are each isotropic under the anti-
cyclotomic height pairing, and the null-space of 〈 , 〉anti−cycl is the sum of the
left and right nullspaces of the restriction of 〈 , 〉anti−cycl to

E(K)+ ⊗ Zp × E(K)− ⊗ Zp −→ Gal(K∞/K) ⊗Zp
Qp. (3)

It seems natural to conjecture that the pairing (3) is as nondegenerate as pos-
sible. (For a precise statement of this conjecture, and further discussion, see
§3 of [BD1]). This “maximal nondegeneracy” would imply that (3) is either
left or right nondegenerate, depending upon which of the two spaces E(K)−

or E(K)+ is larger, and this in turn would imply the Sign Conjecture.
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4.3 Heegner points and the Sign Conjecture

We are grateful to Christophe Cornut who communicated to us Proposition
4.10 below and its proof.

Keep the assumptions of the previous section, and fix a modular parametriza-
tion X0(N) ³ E and an embedding K∞ ↪→ C. Let Hn ⊂ E(Kn) be the
module of Heegner points as defined, for example, in [BD2] §2.5 or [M2] §19,
and

H∞ = lim←−(Hn ⊗ Zp) ⊂ U(E/K∞).

Then H∞ is free of rank one over Λ, and stable under the action of ∆ =
Gal(K/Q). In particular it is a ∆-semi-linear Λ-module in the sense of Ap-
pendix A.1, and sign(H) ∈ {1,−1} describes the action of ∆ on H ⊗Λ Zp

(Definition A.16).

Since U(E/K∞) is a torsion-free, rank-one Λ-modules (Theorem 4.2(i)), we can
fix L ∈ Λ so that LU(E/K∞) ⊂ H∞ and [H∞ : LU(E/K∞)] is finite (take L
to be a generator of the characteristic ideal of U(E/K∞)/H∞). Let I denote
the augmentation ideal of Λ, the kernel of the natural map Λ ³ Zp, and let
ordI(L) denote the largest power of I that contains L. If we fix an isomorphism
Λ ∼= Zp[[T ]], then ordI(L) = ordT=0(L).

Proposition 4.10. (i) sign(H∞) = −W (E/Q).

(ii) sign(U(E/K∞)) = −W (E/Q)(−1)ordI(L).

Proof. The Heegner module H∞ has a generator h∞ with the property that

τh∞ = −W (E/Q)σh∞

for some σ ∈ Gal(K∞/K), where τ is complex conjugation (see [Gr] §§1.4-
1.5). Thus τh∞ ≡ −W (E/Q)h∞ in H∞/IH∞, which proves (i). The second
assertion then follows by Proposition A.17(ii).

Conjecture 3.10 of Bertolini and Darmon in [BD1] asserts (in our notation)
that

ordI(L) = max{r+, r−} − 1. (4)

Corollary 4.11. Conjecture 3.10 of Bertolini and Darmon [BD1] implies the
Sign Conjecture.

Proof. Let ε = ε(E/K) as given by Definition 4.7, so rε = max{r+, r−}. Com-
bining Proposition 4.10(ii), the conjecture (4), and Theorem 4.6 gives

sign(U(E/K∞)) = (−1)rεW (E/Q) = ε,

which is the Sign Conjecture.
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Remark 4.12. Suppose now that K is arbitrary (possibly even non-Galois),
and K∞/K is a Zp-extension that is “new”, in the sense that it is not the
base-change of a Zp-extension of a proper subfield of K. Suppose further that
the compact Selmer module X(E/K∞) has rank 1 over Λ = Zp[[Gal(K∞/K)]].
Then by Proposition 3.2 (assuming the Shafarevich-Tate conjecture) the growth
number of (E,K∞/K) is 1.
In the spirit of the questions from §3, we expect this can only happen if the
characters φψ are real-valued for every ψ ∈ Homcont(Gal(K∞/K),C×), and
have root number W (E, φψ) = W (E/K) = −1. In this case Corollary 2.6
shows that K has an automorphism of order 2, with fixed field K+, such that
K∞/K+ is Galois with dihedral Galois group.
Thus in this setting, exactly as when K is quadratic imaginary, the universal
norm module U(E,K∞) is a Gal(K/K+)-semi-linear Λ-module that is torsion-
free of rank one over Λ, and we get a one-dimensional universal norm sub-
space U(E,K∞/K) ⊂ E(K)⊗Qp. Again U(E,K∞/K)⊗Qp ⊂ E(K)± ⊗Qp,
where E(K)± means the plus and minus spaces for the action of Gal(K/K+),
rankZ(E(K)+) and rankZ(E(K)−) (conjecturally) have opposite parity, and
we can conjecture that U(E,K∞/K) ⊗ Qp lies in the larger of E(K)+ ⊗ Qp

and E(K)− ⊗ Qp. As in Remark 4.9, such a conjecture would follow from the
“maximal nondegeneracy” of the p-adic height attached to (E,K∞/K).

4.4 Computational examples

The Sign Conjecture is trivially true if either E(K)+ or E(K)− is finite. In
the first nontrivial case, i.e., if min{rank(E(K)±)} = 1, the Sign Conjecture
would follow (using Remark 4.9) if the anti-cyclotomic height pairing is not
identically zero.
Let us focus on this “first nontrivial case”. Fix an elliptic curve E with
rankZE(Q) = 2, and let R,S ∈ E(Q) generate a subgroup of finite index.
If K is a quadratic field, let E(K) be the twist of E by the quadratic character
attached to K. Fix a prime number p where E has good ordinary reduc-
tion. Let K run through the set KE of all quadratic imaginary fields such
that E and K satisfy our running hypotheses, and such that the rank of the
Mordell-Weil group E(K)(Q) is 1; for each of these fields, choose a rational
point PK ∈ E(K)(Q) ⊂ E(K) of infinite order. If the anti-cyclotomic height
pairing is not identically zero, then the Sign Conjecture is true, so the p-anti-
cyclotomic norm line for K ∈ KE (call it `K) will lie in the Qp vector space
E(Q) ⊗Qp. The slope of `K ⊂ E(Q) ⊗Qp with respect to the basis {R,S} is
given by

slope(`K) = −h(S + PK)

h(R + PK)

where h = hK∞/K is the quadratic function h(P ) = 〈P, P 〉anti−cycl on E(K).

Some numerical experiments. We are grateful to William Stein for provid-
ing us with the following data. Stein works with the prime p = 3 and performs
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two types of numerical experiment. The first experiment is to test whether
or not the 3-anti-cyclotomic height pairing is not identically zero (and hence
whether or not the Sign Conjecture is true) for optimal curves E of Mordell-
Weil rank 2 of small conductor, and for the quadratic imaginary field K of
smallest discriminant in KE . This Stein did for the elliptic curves labelled

389A, 433A,446D, 571B, 643A, 655A, 664A, 707A, 718B, 794A, 817A

in [Cr]. In all these instances, the height pairing is indeed not identically zero.
We also expect that the lines `K (for K ∈ KE) generate the Qp-vector space
E(Q) ⊗ Qp, and further that it is never the case that `K = `K′ for different
fields K,K ′. To test this, Stein computed the slopes of `K (mod 9) (and mod
27, when necessary) for certain selected curves E and various K ∈ KE . In
particular

• for E = 389A the first 6 K ∈ KE have the property that the `K are
distinct, with slopes (mod 9) equal to 4, 4, 4, 0, 7, 4,

• for E = 433A the first 4 K ∈ KE have the property that the `K are
distinct, with slopes (mod 9) equal to 2, 1, 6,∞,

• for E = 571B the first 4 K ∈ KE have the property that the `K are
distinct, with slopes (mod 9) all equal to 6.

Remark 4.13. If the anti-cyclotomic height pairing is not identically zero,
then computing it modulo some sufficiently high power of p will detect its
nontriviality. Unfortunately, at present, we know of no recipe for an a priori
upper bound on how high a power of p one must check, before being able to
conclude with certainty that the height pairing is trivial. In other words, if the
Sign Conjecture were to fail in some example, it seems difficult to formulate a
numerical experiment that would prove this failure.

Appendix

A.1 Semi-linear Λ-modules

Suppose G is a profinite group with a normal subgroup of finite index Γ ∼= Zd
p

for some natural number d. This is the situation discussed earlier in the paper,
with G = Gal(L/Q) and Γ = Gal(L/K). We let ∆ = G/Γ and we assume
further that the order of ∆ is prime to p.
Let Λ = Zp[[Γ]]. Then ∆ acts on both Γ and Λ, and G is noncanonically
isomorphic to the the semidirect product of ∆ and Γ. We fix such a semidirect
product decomposition.

Definition A.14. A Zp[[G]]-module M is a Λ module with a semi-linear action
of ∆ in the following sense:

δ(λ · m) = λδ · δ(m)
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for all δ ∈ ∆, λ ∈ Λ,m ∈ M . We will call such a module a ∆-semi-linear
Λ-module, or simply a semi-linear Λ-module if the group ∆ and its action on
Λ are understood.
Given a semi-linear Λ-module M define MΓ := M ⊗Λ Zp, and note that the
semi-linear ∆-action on M induces a Zp-linear action of ∆ on MΓ. We can also
produce semi-linear Λ-modules by “inverting” this procedure. Namely, if N is a
Zp[∆]-module, then M = N ⊗Zp

Λ (with the natural “diagonal” action of ∆) is
a semi-linear Λ-module and MΓ = N . We say that a semi-linear Λ-module M
is split if M ∼= N ⊗Zp

Λ for some Zp[∆]-module N . Clearly a split semi-linear
Λ-module M is determined, up to isomorphism, by the Zp[∆]-module MΓ.

Lemma A.15. If M is a semi-linear Λ-module that is free of finite rank over
Λ, then M is split.

Proof. For every subgroup H of finite index in Γ that is stable under ∆, the
projection M ⊗Λ Zp[Γ/H] ³ MΓ of finite-type Zp[∆]-modules admits a section
because Zp[∆] is semisimple. It follows by a compactness argument that M ³

MΓ admits a Zp[∆]-section ι : MΓ ↪→ M , and it is straightforward to verify
that M = ι(MΓ) ⊗ Λ.

Definition A.16. Suppose that M is a semi-linear Λ-module. If M ⊗ Qp is
free of rank one over Λ ⊗ Qp, we define the sign sign(M) to be the character

χM : ∆ → Aut(MΓ ⊗ Qp) ∼= Q×
p .

By Lemma A.15, if M is free of rank one over Λ then sign(M) determines M
up to isomorphism.
If ∆ has order two (which is the case of most interest in this paper), and τ is
the nontrivial element of ∆, we will also call χM (τ) = ±1 the sign of M .

Let I denote the augmentation ideal of Λ, the kernel of the natural map Λ ³ Zp.

Proposition A.17. Suppose that Γ ∼= Zp, and let ψ : ∆ → Aut(Γ) ∼= Z×
p be

the character giving the action of ∆ on Γ. Suppose N ⊂ M are semi-linear
Λ-modules, and N ⊗Qp, M ⊗Qp are free of rank one over Λ⊗Qp. Then there
is an L ∈ Λ such that N ⊗ Qp = LM ⊗ Qp, and for every such L

(i) sign(N) = ψλ(L)sign(M), where λ(L) = dimQp
(M/N ⊗ Qp) is the λ-

invariant of L,

(ii) sign(N) = ψrsign(M), where r = ordI(L) is maximal such that L ∈ Ir.

Proof. The existence of such an L ∈ Λ is clear. Further, replacing M and N
by their double duals Hom(Hom(M,Λ),Λ) and Hom(Hom(N,Λ),Λ), we may
assume that M and N are both free of rank one over Λ and that N = LM .
The natural isomorphism Γ

∼−→ I/I2 by γ 7→ γ − 1 is ∆-equivariant, so ∆
acts on I/I2 via ψ. Hence sign(IM), the character giving the action of ∆ on
(IM)Γ = (IM) ⊗Λ Zp = MΓ ⊗ I/I2, is ψ · sign(M) and by induction

sign(IrM) = ψrsign(M) (5)
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for every r ≥ 0.

Identify Λ with a power series ring Zp[[T ]], so that I = TZp[[T ]]. The Weier-
strass Preparation Theorem shows that L = pµT rg(T ), where g is a distin-
guished polynomial of degree λ(L)−r and g(0) 6= 0. Since sign(M) = sign(pM),
we may suppose that µ = 0.

Write M̄ = M/pM and N̄ = N/pN . Then we have N̄ = Iλ(L)M̄ . Using (5)
we see that sign(N) ≡ ψλ(L)sign(M) (mod p). Since sign(N) is a character of
order prime to p, this proves (i).

To prove (ii), thanks to (5) it is enough to consider the case r = 0, i.e., N =
g(T )M with g(0) 6= 0. In that case

NΓ = N ⊗Λ Zp = g(0)(M ⊗Λ Zp) = g(0)MΓ

so sign(N) = sign(M) as desired.

A.2 Universal norms and growth of ranks in Iwasawa modules.

In this appendix Γ will denote a topological pro-p-group written multiplicatively
and isomorphic to Zp, and Γn is the unique open subgroup in Γ of index pn. If
γ ∈ Γ is a topological generator, then γpn

is a topological generator of Γn. Put
Λ := Zp[[Γ]] and for each n ≥ 0, Λn := Zp[Γ/Γn] = Zp[γ]/(γpn − 1). We have
Λn = Λ/(γpn − 1)Λ, and Λ = lim←−Λn. IF n ≥ M there are natural Λ-module
homomorphisms

• the canonical surjection πn,m : Λn → Λm,

• an injection νn,m : Λm → Λn, given by multiplication by

γpn − 1

γpm − 1
=

pn−m−1∑

i=0

γipm ∈ Λ

which takes cosets of (γpm − 1)Λ to cosets of (γpn − 1)Λ,

and πn,m ◦ νn,m = pn−m.

Suppose M is a module of finite type over Λ. Put

Mn := M ⊗Λ Λn = M/(γpn − 1)M,

and let rankZp
(Mn) = dimQp

(Mn ⊗Zp
Qp), the the Zp-rank of Mn. Then the

structure theory of Λ-modules shows that

rankZp
(Mn) = rpn + εn

where the error term εn is non-negative, monotone non-decreasing with n, and
bounded (i.e., there is an n0 ∈ Z+ such that if n ≥ n0 then εn = εn0

).
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Definition A.18. Put

M∗
n := HomZp

(Mn,Zp).

If n ≥ m the map 1⊗ νm,n : Mm → Mn induces a map ν∗
m,n : M∗

n → M∗
m. The

universal norm Λ-module attached to M is the projective limit

U(M) := lim←−
0

nM∗
n

with respect to the maps ν∗
n,m, with its natural Λ-module structure.

Lemma A.19. There are canonical horizontal isomorphisms making the follow-
ing diagram commute

M∗
n

∼−−−−→ HomΛn
(Mn,Λn)

ν∗
m,n

y
y

M∗
m

∼−−−−→ HomΛm
(Mm,Λm)

where the right-hand map is induced by the isomorphism Mm = Mn ⊗Λ Λm.

Proof. Define p1 : Λn → Zp by p1(
∑pn−1

i=0 aiγ
i) = a0. It is straightfor-

ward to check that composition with p1 induces a Λn-module isomorphism
HomΛn

(Mn,Λn)
∼−→ Hom(Mn,Zp) (see for example [Br] Proposition VI.3.4),

and that with these isomorphisms the diagram of the lemma commutes.

The Λ-dual of M is M• := HomΛ(M,Λ), which is a free Λ-module (of finite
rank). The Λ-rank of M is

rankΛ(M) := dimK(M ⊗K)

where K is the field of fractions of Λ. Equivalently, the Λ-rank of M is the rank
of the free module M•.

Proposition A.20. Suppose M is a finitely generated Λ-module. Then
U(M) ∼= M•, so in particular U(M) is free over Λ of rank rankΛ(M).

Proof. Clearly M• ∼= lim←−HomΛn
(Mn,Λn). Thus by Lemma A.19 we have an

isomorphism

U(M)
∼−→ M•

and the proposition follows.

Proposition A.21. Suppose M is a finitely generated Λ-module. Then the
projection map U(M) → M∗

n factors through an injective map U(M) ⊗ Λn ↪→
M∗

n. In particular ∩m>nν∗
m,n(M∗

m) is a free Λn-submodule of M∗
n of rank equal

to rankΛ(M).
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Proof. Using the identification U(M) ∼= M• of Proposition A.20, and the identi-
fication M∗

n
∼= HomΛ(Mn,Λn) = HomΛ(M,Λn) of Lemma A.19, the projection

map U(M) → M∗
n is identified with the natural composition

HomΛ(M,Λ) −→ HomΛ(M,Λ) ⊗ Λn
βn−−→ HomΛ(M,Λn). (6)

We need to show that the map βn is injective.
Let r = rankΛ(M). By Proposition A.20, HomΛ(M,Λ)⊗Λn is a free Zp-module
of rank rpn, so to prove the injectivity of βn it will suffice to show that the
image of the composition (6) contains a Zp-module of rank rpn.
Fix a free Λ-module N of rank r and a map M → N with finite cokernel (for
example, we can take N to be the double dual M••, with the canonical map).
We have a commutative diagram

HomΛ(M,Λ) // HomΛ(M,Λn)

HomΛ(N,Λ) // //
?Â

OO

HomΛ(N,Λn)
?Â

OO

The vertical maps are injective because Λ and Λn have no p-torsion, and the
bottom map is surjective because N is free. Since HomΛ(N,Λn) is free of rank
rpn over Zp, this proves that βn is injective.
By definition the image of U(M) ⊗ Λn ↪→ M∗

n is ∩m>nν∗
m,n(M∗

m), and since
U(M) is free of rank r over Λ, this module is free of rank r over Λn
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610 Shinichi Mochizuki

Introduction

Let XK be a hyperbolic curve (cf. §0 below) over a field K of characteristic
0. Denote its algebraic fundamental group by ΠXK

. Thus, we have a natural
surjection

ΠXK
³ GK

of ΠXK
onto the absolute Galois group GK of K. When K is a finite extension

of Q or Qp, and one holds GK fixed, then it is known (cf. [Tama], [Mzk6])
that one may recover the curve XK in a functorial fashion from ΠXK

. This
sort of result may be thought of as a “relative result” (i.e., over GK).

In the present paper, we continue our study — begun in [Mzk7] — of “ab-
solute analogues” of such relative results. Since such absolute analogues
are well understood in the case where K is a finite extension of Q (cf. the
Introduction to [Mzk7]), we concentrate on the p-adic case. In the p-adic case,
it is proven in [Mzk7] (cf. [Mzk7], Theorem 2.7) — by applying the work of
[Tama] and the techniques of [Mzk5]— that (if XK has stable reduction, then)
the “logarithmic special fiber” of XK — i.e., the special fiber, equipped
with its natural “log structure” (cf. [Kato]), of the “stable model” of XK over
the ring of integers OK — may be recovered solely from the abstract profinite
group ΠXK

. This result prompts the question (cf. [Mzk7], Remark 2.7.3):

What other information — e.g., the isomorphism class of XK itself —
can be recovered from the profinite group ΠXK

?

In this present paper, we give three partial answers to this question (cf. [Mzk7],
Remark 2.7.3), all of which revolve around the central theme that:

When XK is, in some sense, “canonical”, there is a tendency for substantial
information concerning XK — e.g., its isomorphism class — to be recoverable
from ΠXK

.

Perhaps this “tendency” should not be surprising, in light of the fact that in
some sense, a “canonical” curve is a curve which is “rigid”, i.e., has no moduli,
hence should be “determined” by its special fiber (cf. Remark 3.6.3).

Our three partial answers are the following:

(a) The property that the Jacobian of the XK be a Serre-Tate canonical
lifting is determined by ΠXK

(Proposition 1.1).

(b) The theory of correspondences of XK — in particular, whether or not
XK is “arithmetic” (cf. [Mzk3]) — is determined by ΠXK

(cf. Theorem 2.4,
Corollary 2.5).
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Canonical Curves 611

(c) The property that XK be a canonical lifting in the sense of the theory
of [Mzk1] (cf. also [Mzk2]) is determined by ΠXK

; moreover, in this case, the
isomorphism class of XK is also determined by ΠXK

(cf. Theorem 3.6).

At a technical level, (a) is entirely elementary; (b) is a formal consequence of the
“p-adic version of the Grothendieck Conjecture” proven in [Mzk6], Theorem A;
and (c) is derived as a consequence of the theory of [Mzk1], together with
[Mzk7], Theorem 2.7.

Finally, as a consequence of (c), we conclude (cf. Corollary 3.8) that the set
of points arising from curves over finite extensions of Qp whose isomorphism
classes are completely determined by ΠXK

forms a Zariski dense subset of
the moduli stack over Qp. This result (cf. Remark 3.6.2) constitutes the first
application of the “p-adic Teichmüller theory” of [Mzk1], [Mzk2], to prove a
hitherto unknown result that can be stated without using the terminology,
concepts, or results of the theory of [Mzk1], [Mzk2]. Also, it shows that —
unlike (a), (b) which only yield “useful information” concerning XK in “very
rare cases” — (c) may be applied to a “much larger class of XK” (cf. Remarks
1.1.1, 2.5.1, 3.6.1).

Acknowledgements: I would like to thank A. Tamagawa for useful comments
concerning earlier versions of this manuscript.

Section 0: Notations and Conventions

We will denote by N the set of natural numbers, by which we mean the set of
integers n ≥ 0. A number field is defined to be a finite extension of the field
of rational numbers Q.

Suppose that g ≥ 0 is an integer. Then a family of curves of genus g

X → S

is defined to be a smooth, proper, geometrically connected morphism X → S
whose geometric fibers are curves of genus g.

Suppose that g, r ≥ 0 are integers such that 2g−2+r > 0. We shall denote the
moduli stack of r-pointed stable curves of genus g (where we assume the points
to be unordered) by Mg,r (cf. [DM], [Knud] for an exposition of the theory of

such curves; strictly speaking, [Knud] treats the finite étale covering of Mg,r

determined by ordering the marked points). The open substack Mg,r ⊆ Mg,r

of smooth curves will be referred to as the moduli stack of smooth r-pointed
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stable curves of genus g or, alternatively, as the moduli stack of hyperbolic
curves of type (g, r).

A family of hyperbolic curves of type (g, r)

X → S

is defined to be a morphism which factors X ↪→ Y → S as the composite of an
open immersion X ↪→ Y onto the complement Y \D of a relative divisor D ⊆ Y
which is finite étale over S of relative degree r, and a family Y → S of curves of
genus g. One checks easily that, if S is normal, then the pair (Y,D) is unique
up to canonical isomorphism. (Indeed, when S is the spectrum of a field, this
fact is well-known from the elementary theory of algebraic curves. Next, we
consider an arbitrary connected normal S on which a prime l is invertible
(which, by Zariski localization, we may assume without loss of generality). De-
note by S′ → S the finite étale covering parametrizing orderings of the marked
points and trivializations of the l-torsion points of the Jacobian of Y . Note
that S′ → S is independent of the choice of (Y,D), since (by the normality of
S) S′ may be constructed as the normalization of S in the function field of
S′ (which is independent of the choice of (Y,D) since the restriction of (Y,D)
to the generic point of S has already been shown to be unique). Thus, the
uniqueness of (Y,D) follows by considering the classifying morphism (associ-
ated to (Y,D)) from S′ to the finite étale covering of (Mg,r)Z[ 1l ] parametrizing

orderings of the marked points and trivializations of the l-torsion points of the
Jacobian [since this covering is well-known to be a scheme, for l sufficiently
large].)

We shall refer to Y (respectively, D; D; D) as the compactification (respec-
tively, divisor at infinity; divisor of cusps; divisor of marked points) of X. A
family of hyperbolic curves X → S is defined to be a morphism X → S such
that the restriction of this morphism to each connected component of S is a
family of hyperbolic curves of type (g, r) for some integers (g, r) as above.

Section 1: Serre-Tate Canonical Liftings

In this §, we observe (cf. Proposition 1.1 below) that the issue of whether
or not the Jacobian of a p-adic hyperbolic curve is a Serre-Tate canonical
lifting is completely determined by the abstract profinite group structure of its
arithmetic profinite group.

Let p be a prime number. For i = 1, 2, let Ki be a finite extension of Qp, and
(Xi)Ki

a proper hyperbolic curve over Ki whose associated stable curve has
stable reduction over OKi

. Denote the resulting “stable model” of (Xi)Ki
over

OKi
by (Xi)OKi

.
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Assume that we have chosen basepoints of the (Xi)Ki
(which thus induce base-

points of the Ki) and suppose that we are given an isomorphism of profinite

groups Π(X1)K1

∼→ Π(X2)K2
, which (by [Mzk7], Lemmas 1.1.4, 1.1.5) induces a

commutative diagram:

Π(X1)K1

∼→ Π(X2)K2y
y

GK1

∼→ GK2

Proposition 1.1. (Group-Theoreticity of Serre-Tate Canonical
Liftings) The Jacobian of (X1)K1

is Serre-Tate canonical if and only if the
same is true of the Jacobian of (X2)K2

.

Proof. Indeed, this follows from the fact that the Jacobian of (Xi)Ki
is a

Serre-Tate canonical lifting if and only if its p-adic Tate module splits (as a
GKi

-module) into a direct sum of an unramified GKi
-module and the Cartier

dual of an unramified GKi
-module (cf. [Mess], Chapter V: proof of Theorem

3.3, Theorem 2.3.6; [Mess], Appendix: Corollary 2.3, Proposition 2.5). ©

Remark 1.1.1. As is shown in [DO] (cf. also [OS]), for p > 2, g ≥ 4, the
Serre-Tate canonical lifting of the Jacobian of a general proper curve of genus
g in characteristic p is not a Jacobian. Thus, in some sense, one expects that:

There are not so many curves to which Proposition 1.1 may be applied.

From another point of view, if there exist infinitely many Jacobians of a given
genus g over finite extensions of Qp which are Serre-Tate canonical liftings,
then one expects — cf. the “André-Oort Conjecture” ([Edix], Conjecture 1.3)
— that every irreducible component of the Zariski closure of the resulting set of
points in the moduli stack of principally polarized abelian varieties should be a
“subvariety of Hodge type”. Moreover, one expects that the intersection of such
a subvariety with the Torelli locus (i.e., locus of Jacobians) in the moduli stack
of principally polarized abelian varieties should typically be “rather small”.
Thus, from this point of view as well, one expects that Proposition 1.1 should
not be applicable to the “overwhelming majority” of curves of genus g ≥ 2.

Section 2: Arithmetic Hyperbolic Curves

In this §, we show (cf. Theorem 2.4 below) that the theory of correspondences
(cf. [Mzk3]) of a p-adic hyperbolic curve is completely determined by the
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abstract profinite group structure of its arithmetic profinite group. We begin
by reviewing and extending the theory of [Mzk3], as it will be needed in the
discussion of the present §.
Let X be a normal connected algebraic stack which is generically “scheme-
like” (i.e., admits an open dense algebraic substack isomorphic to a scheme).
Then we shall denote by

Loc(X)

the category whose objects are (necessarily generically scheme-like) algebraic
stacks Y that admit a finite étale morphism to X, and whose morphisms are
finite étale morphisms of stacks Y1 → Y2 (that do not necessarily lie over X!).
Note that since these stacks are generically scheme-like, it makes sense to
speak of the (1-)category of such objects (so long as our morphisms are finite
étale), i.e., there is no need to work with 2-categories.

Given an object Y of Loc(X), let us denote by

Loc(X)Y

the category whose objects are morphisms Z → Y in Loc(X), and whose
morphisms, from an object Z1 → Y to an object Z2 → Y , are the morphisms
Z1 → Z2 over Y in Loc(X). Thus, by considering maximal nontrivial de-
compositions of the terminal object of Loc(X)Y into a coproduct of nonempty
objects of Loc(X)Y , we conclude that the set of connected components of Y
may be recovered — functorially! — from the category structure of Loc(Y ).
Finally, let us observe that Loc(X)Y may be identified with the category

Ét(Y )

of finite étale coverings of Y (and Y -morphisms).

We would also like to consider the category

Loc(X)

whose objects are generically scheme-like algebraic stacks which arise as fi-
nite étale quotients (in the sense of stacks!) of objects in Loc(X), and whose
morphisms are finite étale morphisms of algebraic stacks. Note that Loc(X)
may be constructed entirely category-theoretically from Loc(X) by considering
the “category of objects of Loc(X) equipped with a (finite étale) equivalence
relation”. (We leave it to the reader to write out the routine details.)

Definition 2.1.
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(i) X will be called arithmetic if Loc(X) does not admit a terminal object.

(ii) X will be called a(n) (absolute) core if X is a terminal object in Loc(X).

(ii) X will be said to admit a(n) (absolute) core if there exists a terminal object
Z in Loc(X). In this case, Loc(X) = Loc(Z), so we shall say that Z is a core.

Remark 2.1.1. Let k be a field. If X is a geometrically normal, geometrically
connected algebraic stack of finite type over k, then we shall write

Lock(X); Lock(X)

for the categories obtained as above, except that we assume all the morphisms
to be k-morphisms. Also, we shall say that X is k-arithmetic, or arithmetic
over k (respectively, a k-core, or core over k), if Lock(X) does not admit a
terminal object (respectively, X is a terminal object in Lock(X)). On the other
hand, when k is fixed, and the entire discussion “takes place over k”, then we
shall often omit the “k-” from this terminology.

Remark 2.1.2. Thus, when k = C, a hyperbolic curve X is k-arithmetic
if and only if it is arithmetic in the sense of [Mzk3], §2. (Indeed, if X is
non-arithmetic in the sense of [Mzk3], §2, then a terminal object in Lock(X)
— i.e., a “(hyperbolic) core” — is constructed in [Mzk3], §3, so X is non-k-
arithmetic. Conversely, if X is arithmetic in the sense of [Mzk3], §2, then (cf.
[Mzk3], Definition 2.1, Theorem 2.5) it corresponds to a fuchsian group Γ ⊆
SL2(R)/{±1} which has infinite index in its commensurator CSL2(R)/{±1}(Γ)
— a fact which precludes the existence of a k-core.) Moreover, issues over an
arbitrary algebraically closed k of characteristic zero may always be resolved
over C, by Proposition 2.3, (ii), below.

Remark 2.1.3. If we arbitrarily choose a finite étale structure morphism to
X for every object of Loc(X), then one verifies easily that every morphism of
Loc(X) factors as the composite of an isomorphism (not necessarily over X!)
with a (finite étale) morphism over X (i.e., relative to these arbtirary choices).
A similar statement holds for Lock(X).

Definition 2.2. Let X be a smooth, geometrically connected, generically
scheme-like algebraic stack of finite type over a field k of characteristic zero.

(i) We shall say that X is an orbicurve if it is of dimension 1.

(ii) We shall say that X is a hyperbolic orbicurve if it is an orbicurve which
admits a compactification X ↪→ X (necessarily unique!) by a proper orbicurve
X over k such that if we denote the reduced divisor X\X by D ⊆ X, then
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X is scheme-like near D, and, moreover, the line bundle ωX/k(D) on X has

positive degree.

Proposition 2.3. (Independence of the Base Field)

(i) Let ksep be a separable closure of k; X a geometrically normal, geometrically
connected algebraic stack of finite type over k. Then X is a k-core (respectively,

k-arithmetic) if and only if Xksep
def
= X×k ksep is a ksep-core (respectively, ksep-

arithmetic). Moreover, if Xksep admits a finite étale morphism Xksep → Zksep

to a ksep-core Zksep , then Zksep descends uniquely to a k-core Z of X.

(ii) Suppose that k is algebraically closed of characteristic 0, and that X is a
hyperbolic orbicurve. Next, let k′ be an algebraically closed field containing
k. Then the natural functors

Lock(X) → Lock′(X ⊗k k′); Lock(X) → Lock′(X ⊗k k′)

(given by tensoring over k with k′) are equivalences of categories. In par-
ticular, X is a k-core (respectively, k-arithmetic) if and only if X ⊗k k′ is a
k′-core (respectively, k′-arithmetic).

Proof. First, we observe that (i) is a formal consequence of the definitions. As
for (ii), let us observe first that it suffices to verify the asserted equivalences of
categories. These equivalences, in turn, are formal consequences of the following
two assertions (cf. Remark 2.1.3):

(a) The natural functor Ét(X) → Ét(X⊗k k′) is an equivalence of categories.

(b) If Y1, Y2 are finite étale over X, then

Isomk(Y1, Y2) → Isomk′(Y1 ⊗k k′, Y2 ⊗k k′)

is bijective.

The proofs of these two assertions is an exercise in elementary algebraic geom-
etry, involving the following well-known techniques:

(1) descending the necessary diagrams of finite étale morphisms over k′ to
a subfield K ⊆ k′ which is finitely generated over k;

(2) extending orbicurves over K to orbicurves over some k-variety V with
function field K;

(3) specializing orbicurves over V to closed (i.e., k-valued) points v of V ;

(4) base-changing orbicurves over V to formal completions V̂v of V at closed
points v;
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(5) deforming (log) étale morphisms of orbicurves over v to morphisms over

the completions V̂v;

(6) algebrizing such deformed morphisms (when the orbicurves involved are
proper).

This “elementary exercise” is carried out (for assertion (a) above) in the case
when X itself is proper in [SGA1], Exposé X, Theorem 3.8. When X is an
arbitrary orbicurve as in the statement of (ii), the same arguments — centering
around the rigidity of (log) étale morphisms under infinitesimal deformations
— may be used, by considering compactifications (X,D) of X as in Definition
2.2, (ii), and replacing “étale” by “étale away from D”. Note that we use the
assumption that k is of characteristic zero here to ensure that all ramification
is tame.

Finally, assertion (b) may be deduced by similar arguments — by applying,
in (5) above, the fact (cf. Definition 2.2, (ii)) that, if Y → X is any finite
morphism of orbicurves over k, then

H0(Y , ω∨
X/k

(−D)|Y ) = 0

(where “∨” denotes the OX-dual) in place of the rigidity of (log) étale mor-
phisms used to prove assertion (a). ©

Next, for i = 1, 2, let Ki be a finite extension of Qp (where p is a prime
number); let (Xi)Ki

be a hyperbolic curve over Ki. Assume that we have chosen
basepoints of the (Xi)Ki

, which thus induce basepoints/algebraic closures Ki of

the Ki and determine fundamental groups Π(Xi)Ki

def
= π1((Xi)Ki

) and Galois

groups GKi

def
= Gal(Ki/Ki). Thus, for i = 1, 2, we have an exact sequence:

1 → ∆Xi
→ Π(Xi)Ki

→ GKi
→ 1

(where ∆Xi
⊆ Π(Xi)Ki

is defined so as to make the sequence exact). Here, we

shall think of GKi
as a quotient of Π(Xi)Ki

(i.e., not as an independent group

to which Π(Xi)Ki
happens to surject). By [Mzk7], Lemmas 1.1.4, 1.1.5, this

quotient is characteristic, i.e., it is completely determined by the structure of
Π(Xi)Ki

as a profinite group.

Theorem 2.4. (Group-Theoreticity of Correspondences) Any

isomorphism α : Π(X1)K1

∼→ Π(X2)K2
induces equivalences of categories:

LocK1
((X1)K1

)
∼→ LocK2

((X2)K2
); LocK1

((X1)K1
)

∼→ LocK2
((X2)K2

)
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in a fashion that is functorial in α.

Proof. Since LocKi
((Xi)Ki

) may be reconstructed “category-theoretically”

from LocKi
((Xi)Ki

) (cf. the discussion at the beginning of the present §), in
order to prove Theorem 2.4, it thus suffices to show that the isomorphism α
induces an equivalence between the categories LocKi

((Xi)Ki
).

Clearly, the class of objects of LocKi
((Xi)Ki

) may be reconstructed as the
class of objects of the category of finite sets with continuous ∆Xi

-action. To
reconstruct the morphisms, it suffices (cf. Remark 2.1.3) to show that given
any two open subgroups H1, J1 ⊆ Π(X1)K1

— which we may assume, without
loss of generality, to surject onto GK1

— and an isomorphism

H1
∼→ J1

that arises “K1-geometrically” (i.e., from a K1-scheme-theoretic isomorphism
between the curves corresponding to H1, J1), it is necessarily the case that the
corresponding isomorphism

H2
∼→ J2

between open subgroups H2, J2 ⊆ Π(X2)K2
arises K2-geometrically.

But this follows formally from the “p-adic version of the Grothendieck Con-
jecture” proven in [Mzk6], Theorem A: Indeed, H1

∼→ J1 necessarily lies over

an inner automorphism γ1 : GK1

∼→ GK1
. In particular, H2

∼→ J2 lies over

an isomorphism γ2 : GK2

∼→ GK2
, which is obtained by conjugating γ1 by

some fixed isomorphism (not necessarily geometric!) arising from α between

the characteristic quotients GK1

∼→ GK2
. Since the property of “being an

inner automorphism” is manifestly intrinsic, we thus conclude that γ2 is also
an inner automorphism. This allows us to apply [Mzk6], Theorem A, which

implies that H2
∼→ J2 arises K2-geometrically, as desired. ©

Corollary 2.5. (Consequences for Cores and Arithmeticity) Let

α : Π(X1)K1

∼→ Π(X2)K2

be an isomorphism. Then:

(i) (X1)K1
is K1- arithmetic (respectively, a K1- core) if and only if (X2)K2

is K2- arithmetic (respectively, a K2- core).

(ii) Suppose that, for i = 1, 2, we are given a finite étale morphism (Xi)Ki
→

(Zi)Ki
to a Ki-core (Zi)Ki

. Then the isomorphism α extends uniquely to

an isomorphism Π(Z1)K1

∼→ Π(Z2)K2
.
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Proof. Assertion (i) is a formal consequence of Theorem 2.4 and Definition 2.1
(cf. also Remark 2.1.1). In light of Proposition 2.3, (i), assertion (ii) is a formal
consequence of Theorem 2.4, at least over some corresponding finite Galois
extensions K ′

1, K ′
2 of K1, K2. That the resulting extension Π(Z1)K′

1

∼→ Π(Z2)K′
2

of α is unique is a formal consequence of the fact that every open subgroup of
Π(Xi)Ki

has trivial centralizer in Π(Zi)Ki
(cf. [Mzk7], Lemma 1.3.1, Corollary

1.3.3). Moreover, it follows formally from this triviality of centralizers that,
by choosing corresponding normal open subgroups Hi ⊆ Π(Zi)Ki

such that

Hi ⊆ ΠXK′
i

, we may think of Π(Zi)Ki
(and its various open subgroups) as

subgroups of Aut(Hi), in a fashion which is compatible with α and its various
(unique) extensions. Thus, since Π(Zi)Ki

is generated by Π(Zi)K′
i

and Π(Xi)Ki
,

we conclude that this extension Π(Zi)K′
1

∼→ Π(Zi)K′
2

over the K ′
i descends to

some Π(Z1)K1

∼→ Π(Z2)K2
, as desired. ©

Remark 2.5.1. Recall from the theory of [Mzk3] (cf. Remark 2.1.2; Proposi-
tion 2.3, (ii), of the discussion above) that (Xi)Ki

is arithmetic if and only if
it admits a finite étale cover which is a finite étale cover of a Shimura curve,
i.e., (equivalently) if there exists a Shimura curve in LocKi((Xi)Ki

). As is dis-

cussed in [Mzk3], Theorem 2.6, a theorem of Takeuchi states that for a given
(g, r), there are only finitely many isomorphism classes of hyperbolic curves of
type (g, r) (over a given algebraically closed field of characteristic zero) which
are arithmetic. Moreover, a general hyperbolic curve of type (g, r) is not only
non-arithmetic; it is, in fact, equal to its own hyperbolic core (cf. [Mzk3], The-
orem 5.3). Thus, for general curves of a given type (g, r), the structure of the
category Loc((Xi)Ki

) is not sufficient to determine the isomorphism class of
the curve. It is not clear to the author at the time of writing whether or not, in
the case when (Xi)Ki

is arithmetic, the structure of the category Loc((Xi)Ki
)

is sufficient to determine the isomorphism class of (Xi)Ki
. At any rate, just

as was the case with Proposition 1.1 (cf. Remark 1.1.1), Theorem 2.4 does
not allow one to recover the isomorphism class of (Xi)Ki

for “most” (Xi)Ki
—

where here we take “most” to mean that (at least for (g, r) sufficiently large)
the set of points determined by the curves for which it is possible to recover the
isomorphism class of (Xi)Ki

from the profinite group (Xi)Ki
via the method

in question fails to be Zariski dense in the moduli stack of hyperbolic curves of
type (g, r) (cf. Corollary 3.8 below).

Finally, to give the reader a feel for the abstract theory — and, in particular,
the state of affairs discussed in Remark 2.5.1 above — we consider the case
of punctured hemi-elliptic orbicurves, in which the situation is understood
somewhat explicitly:

Definition 2.6. Let X be an orbicurve (cf. Definition 2.2, (i)) over a field
of characteristic zero k.
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(i) We shall say that X is a hemi-elliptic orbicurve if it is obtained by forming
the quotient — in the sense of stacks — of an elliptic curve by the action of
±1.

(ii) We shall say that X is a punctured hemi-elliptic orbicurve if it is obtained
by forming the quotient — in the sense of stacks — of a once-punctured elliptic
curve (i.e., the open subscheme given by the complement of the origin in an
elliptic curve) by the action of ±1.

Proposition 2.7. (Punctured Hemi-Elliptic Cores) Let k be an
algebraically closed field of characteristic 0; let X be a punctured hemi-
elliptic orbicurve over k. Then if X is non-k-arithmetic, then X is a
k-core. In particular, if X admits nontrivial automorphisms (over k), then
X is k-arithmetic. Finally, there exist precisely 4 isomorphism classes of k-
arithmetic X, which are described explicitly in [Take2], Theorem 4.1, (i).

Proof. In the following discussion, we omit the “k-”. Suppose that X is
non-arithmetic. Write

Y → X

for the unique double (étale) covering by a punctured elliptic curve Y , and

Y → Z

for the unique morphism to the core (i.e., the terminal object in Lock(X) =
Lock(Y )). Thus, the induced morphism

Y = Y
crs → Z

crs

on the “coarse moduli spaces” (cf. [FC], Chapter I, Theorem 4.10) associated
to the canonical compactifications Y , Z of the orbicurves Y , Z is a finite
ramified covering morphism — whose degree we denote by d — from an elliptic
curve Y to a copy of P1

k
∼= Z

crs
. Note that since Y has only one “cusp” y∞

(i.e. point ∈ Y \Y ), and a point of Y is a cusp if and only if its image is a cusp
in Z, it follows that Z also has a unique cusp z∞, and that y∞ is the unique
point of Y lying over z∞. Moreover, because Y → Z

crs
arises from a finite

étale morphism Y → Z, it follows that the ramification index of Y → Z
crs

is
the same at all points of Y lying over a given point of Z

crs
. Thus, applying

the Riemann-Hurwitz formula yields:

0 = −2d +
∑

i

d

ei
(ei − 1)
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where the ei are the ramification indices over the points of Z
crs

at which the
covering morphism ramifies. Thus, we conclude that 2 =

∑
i

1
ei

(ei − 1). Since
all of the ei are integers, one verifies immediately that the only possibilities
for the set of ei’s are the following:

(2, 2, 2, 2); (2, 3, 6); (2, 4, 4); (3, 3, 3)

Note that it follows from the fact that y∞ is the unique point of Y lying over
z∞ that d, as well as the ramification index at z∞, is necessarily equal to the
largest ei. In the case of (2, 2, 2, 2), we thus conclude that X = Z, so X is a
core, as asserted. In the other three cases, we conclude that Y is a finite étale
covering of the orbicurve determined by a “triangle group” (cf. [Take1]) of one
of the following types:

(2, 3,∞); (2, 4,∞); (3, 3,∞)

By [Take1], Theorem 3, (ii), such a triangle group is arithmetic, so X itself is
arithmetic, thus contradicting our hypotheses. This completes the proof of the
first assertion of Proposition 2.7.

The second (respectively, third) assertion of Proposition 2.7 is a formal conse-
quence of the first assertion of Proposition 2.7 (respectively, [Take2], Theorem
4.1, (i)). ©

Section 3: Hyperbolically Ordinary Canonical Liftings

In this §, we would like to work over a finite, unramified extension K of Qp,
where p is a prime number ≥ 5. We denote the ring of integers (respectively,
residue field) of K by A (respectively, k). Since A ∼= W (k) (the ring of Witt
vectors with coefficients in k), we have a natural Frobenius morphism

ΦA : A → A

which lifts the Frobenius morphism Φk : k → k on k. In the following dis-
cussion, the result of base-changing over A (respectively, A; A; Zp) with k
(respectively, K; with A, via ΦA; Z/pnZ, for an integer n ≥ 1) will be denoted
by a subscript k (respectively, subscript K; superscript F ; subscript Z/pnZ).

Let

(X → S
def
= Spec(A), D ⊆ X)
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be a smooth, pointed curve of type (g, r) (for which D is the divisor of marked
points), where 2g−2+r > 0 — cf. §0. In the following discussion, we would like
to consider the extent to which (X,D) is a canonical lifting of (Xk,Dk), in the
sense of [Mzk1], Chapter III, §3; Chapter IV. We refer also to the Introduction
of [Mzk2] for a survey of “p-adic Teichmüller theory” (including the theory of
[Mzk1]).

Lemma 3.1. (Canonicality Modulo p
2) Suppose that

YK → XK

is a finite ramified morphism of smooth, proper, geometrically connected curves
over K which is unramified away from DK . Denote the reduced induced sub-
scheme associated to the inverse image in YK of DK by EK ⊆ YK . Suppose
further that the reduction

Yk → Xk

modulo p of the normalization Y → X of X in YK has the following form:

(i) Yk is reduced;

(ii) Yk is smooth over k, except for a total of precisely 1
2 (p−1)(2g−2+r) (≥ 2)

nodes. Moreover, the “order” of the deformation of each node determined by Y
is equal to 1 (equivalently: Y is regular at the nodes), and the special fiber
Ek ⊆ Yk of the closure E ⊆ Y of EK in Y is a reduced divisor (equivalently: a
divisor which is étale over k) at which Yk is smooth.

(iii) Yk has precisely two irreducible components CV , CF . Here, the mor-
phism CV → Xk (respectively, CF → Xk) is an isomorphism (respectively,
k-isomorphic to the relative Frobenius morphism ΦXk/k : XF

k → Xk of Xk).

(iv) (Xk,Dk) admits a nilpotent ordinary indigenous bundle (cf. [Mzk1],
Chapter II, Definitions 2.4, 3.1) whose supersingular divisor (cf. [Mzk1], Chap-
ter II, Proposition 2.6, (3)) is equal to the image of the nodes of Yk in Xk.

Then (X,D) is isomorphic modulo p2 to the canonical lifting (cf. [Mzk1],
Chapter III, §3; Chapter IV) determined by the nilpotent indigenous bundle of
(iv).

Remark 3.1.1. In the context of Lemma 3.1, we shall refer to the points of
Xk which are the image of nodes of Yk as supersingular points and to points
which are not supersingular as ordinary. Moreover, the open subscheme of
ordinary points will be denoted by

Xord
k ⊆ Xk
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and the corresponding p-adic formal open subscheme of X̂ (the p-adic com-

pletion of X) by X̂ord. Also, we shall consider X (respectively, Y ) to be
equipped with the log structure (cf. [Kato] for an introduction to the theory
of log structures) determined by the monoid of regular functions invertible on
XK\DK (respectively, YK\EK) and denote the resulting log scheme by X log

(respectively, Y log). Thus, the morphism of schemes Y → X extends uniquely
to a morphism of log schemes Y log → X log.

Proof. First, let us observe that

(Y log)ordk
∼= {(X log)ordk }F

⋃
(X log)ordk

where the isomorphism is the unique isomorphism lying over X log
k . Since

(X log)ord, (Y log)ord are log smooth over A, it follows that the inclusion
{(X log)ordk }F ↪→ (Y log)ordk lifts to a (not necessarily unique!) inclusion

{(X log)ordZ/p2Z}F ↪→ (Y log)ordZ/p2Z

whose composite

Ψlog : {(X log)ordZ/p2Z}F → (X log)ordZ/p2Z

with the natural morphism (Y log)ordZ/p2Z → (X log)ordZ/p2Z is nevertheless indepen-

dent of the choice of lifting of the inclusion. Indeed, this is formal consequence
of the fact that Ψlog is a lifting of the Frobenius morphism on (X log)ordk (cf.,
e.g., the discussion of [Mzk1], Chapter II, the discussion preceding Proposition
1.2, as well as Remark 3.1.2 below).

Of course, Ψlog might not be regular at the supersingular points, but we may
estimate the order of the poles of Ψlog at the supersingular points as follows:
Since Y is assumed to be regular, it follows that the completion of YZ/p2Z at a
supersingular point ν is given by the formal spectrum Spf of a complete local
ring isomorphic to:

RY
def
= (A/p2 · A)[[s, t]]/(st − p)

(where s, t are indeterminates). Thus, modulo p, this completion is a node,
with the property that precisely one branch — i.e., irreducible component — of
this node lies on CF (respectively, CV ). (Indeed, this follows from the fact that
both CF and CV are smooth over k.) Suppose that the irreducible component
lying on CF is defined locally (modulo p) by the equation t = 0. Thus, the
ring of regular functions on the ordinary locus of CF restricted to this formal
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neighborhood of a supersingular point is given by k[[s]][s−1]. The connected
component of (Y log)ordZ/p2Z determined by CF may be thought of as the open

subscheme “s 6= 0”. Here, we recall that the parameter s in this discussion is
uniquely determined up to multiplication by an element of R×

Y — cf. [Mzk4],
§3.7.

Next, let us write:

R′
X

def
= Im(RY ) ⊆ RY [s−1]

for the image of RY in RY [s−1]. Then since

t = s−1 · p ∈ RY [s−1] = (A/p2 · A)[[s]][s−1]

it follows that R′
X = (A/p2 · A)[[s]][s−1 · p]. In particular, if we think of

RX
def
= (A/p2 · A)[[s]] ⊆ R′

X

— so RX [s−1] = R′
X [s−1] = RY [s−1] — as a local smooth lifting of CF at

ν, we thus conclude that arbitrary regular functions on Spf(RY ) restrict to
meromorphic functions on Spf(RX) with poles of order ≤ 1 at ν. Thus, since
Ψlog arises from an everywhere regular morphism Y log → X log, we conclude
that:

Ψlog has poles of order ≤ 1 at the supersingular points.

But then the conclusion of Lemma 3.1 follows formally from [Mzk1], Chapter
II, Proposition 2.6, (4); Chapter IV, Propositions 4.8, 4.10, Corollary 4.9. ©

Remark 3.1.2. The fact — cf. the end of the first paragraph of the proof
of Lemma 3.1 — that the order of a pole of a Frobenius lifting is independent
of the choice of smooth lifting of the domain of the Frobenius lifting may be
understood more explicitly in terms of the coordinates used in the latter portion
of the proof of Lemma 3.1 as follows: Any “coordinate transformation”

s 7→ s + p · g(s)

(where g(s) ∈ k[[s]][s−1]) fixes — since we are working modulo p2 — functions
of the form sp + p · f(s) (where f(s) ∈ k[[s]][s−1]). This shows that the order
of the pole of f(s) does not depend on the choice of parameter s.

In the situation of Lemma 3.1, let us denote the natural morphism of funda-

mental groups (induced by (X̂ log)ord → X log) by
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Π
(X̂log)ord

def
= π1((X̂

log)ordK ) → ΠXlog
def
= π1(X

log
K ) = π1(XK\DK)

(for some fixed choice of basepoints). Here, we observe that (by the main

theorem of [Vala]) (X̂ log)ord is excellent, so the normalization of (X̂ log)ord in

a finite étale covering of (X̂ log)ordK is finite over (X̂ log)ord. Thus, (X̂ log)ordK has
a “well-behaved theory” of finite étale coverings which is compatible with étale

localization on (X̂ log)ord. Also, before proceeding, we observe that ΠXlog fits
into an exact sequence:

1 → ∆Xlog → ΠXlog → GK → 1

(where ∆Xlog is defined so as to make the sequence exact).

Lemma 3.2. (The Ordinary Locus Modulo p
2) Let VFp

be a 2-
dimensional Fp-vector space equipped with a continuous action of ΠXlog up to
±1 — i.e., a representation

ΠXlog → GL±
2 (VFp

)
def
= GL2(VFp

)/{±1}

— such that:

(i) The determinant of VFp
is isomorphic (as a ΠXlog-module) to Fp(1).

(ii) There exists a finite log étale Galois covering (i.e., we assume tame
ramification over D)

X log
± → X log

such that the action of ΠXlog up to ±1 on VFp
lifts to a (usual) action (i.e.,

without sign ambiguities) of ΠXlog
±

⊆ ΠXlog on VFp
. This action is uniquely

determined up to tensor product with a character of ΠXlog
±

of order 2.

(iii) The finite étale covering Y log
K → X log

K determined by the finite ΠXlog-set
of 1-dimensional Fp-subspaces of VFp

satisfies the hypotheses of Lemma 3.1.

(iv) Write

(Z log
± )K → (X log

± )K

for the finite log étale covering (of degree p2 − 1) corresponding to the nonzero
portion of VFp

. Write

(Y log
± )K → (X log

± )K

for the finite log étale covering of smooth curves which is the composite (i.e.,

normalization of the fiber product over X log
K ) of the coverings (Z log

± )K , Y log
K
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of X log
K . (Thus, (Z log

± )K maps naturally to (Y log
± )K , hence also to Y log

K .) Let
us refer to an irreducible component of the special fiber of a stable reduction

of (Y log
± )K (respectively, (Z log

± )K) over some finite extension of K that maps
finitely to the irreducible component “CF ” (cf. Lemma 3.1) as being “of

CF -type” and “associated to (Y log
± )K (respectively, (Z log

± )K)”. Then any ir-

reducible component of CF -type associated to (Z log
± )K is étale and free of

nodes over the ordinary locus of any irreducible component of CF -type

associated to (Y log
± )K .

Then (after possibly tensoring VFp
with a character of ΠXlog

±
of order 2) the

étale local system Eord
Fp

on (X̂ log
± )ordK determined by the Π

(X̂log
± )ord

-module VFp

arises from a (logarithmic) finite flat group scheme on (X̂ log
± )ord. Moreover,

the Π
(X̂log

± )ord
-module VFp

fits into an exact sequence:

0 → (V etl
Fp

)∨(1) → VFp
→ V etl

Fp
→ 0

where V etl
Fp

is a 1-dimensional Fp-space “up to ±1” whose Π
(X̂log

± )ord
-action

arises from a finite étale local system on (Xord
± )k ⊆ (X±)k, and the “∨” denotes

the Fp-linear dual.

Proof. As was seen in the proof of Lemma 3.1, we have an isomorphism

(Y log)ordk
∼= {(X log)ordk }F

⋃
(X log)ordk

which thus determines a decomposition of (Ŷ log)ord into two connected com-
ponents. Moreover, the second connected component on the right-hand side
corresponds to a rank one quotient VFp

³ QFp
which is stabilized by the ac-

tion of Π
(X̂log)ord

, while the first connected component on the right-hand side

parametrizes splittings of this quotient VFp
³ QFp

. Here, we observe that Q⊗2
Fp

admits a natural Π
(X̂log)ord

-action (i.e., without sign ambiguities).

Now any choice of isomorphism between {(X̂ log)ord}F and the first connected

component of (Ŷ log)ord determines a lifting of Frobenius

Φlog : {(X̂ log)ord}F → (X̂ log)ord

which is ordinary (by the conclusion of Lemma 3.1 — cf. [Mzk1], Chapter
IV, Proposition 4.10). Thus, by the general theory of ordinary Frobenius
liftings, Φlog determines, in particular, a (logarithmic) finite flat group scheme
annihilated by p which is an extension of the trivial finite flat group scheme
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“Fp” by the finite flat group scheme determined by the Cartier dual of some
étale local system of one-dimensional Fp-vector spaces on Xord

k (cf. [Mzk1],
Chapter III, Definition 1.6); denote the Π

(X̂log)ord
-module corresponding to

this étale local system by ΩFp
. Moreover, it is a formal consequence of this

general theory that Φlog
K is precisely the covering of (X̂ log)ordK determined by

considering splittings of this extension. Thus, since the Galois closure of this
covering has Galois group given by the semi-direct product of a cyclic group
of order p with a cyclic group of order p − 1, we conclude (by the elementary
group theory of such a semi-direct product) that we have an isomorphism of
Π

(X̂log)ord
-modules: (QFp

)⊗−2(1) ∼= ΩFp
(1), i.e.,

(QFp
)⊗−2 ∼= ΩFp

We thus conclude that the local system EΦlog

Fp
on (X̂ log)ordK determined by this

(logarithmic) finite flat group scheme arising from the general theory satisfies:

EΦlog

Fp
|
(X̂log

± )ord
K

∼= Eord
Fp

⊗Fp
Q∨

Fp

Next, let us write χQ for the character (valued in Fp
×) of Π

(X̂log
± )ord

corre-

sponding to QFp
. Now it follows formally from condition (iv) of the statement

of Lemma 3.2 that the finite étale covering of (X̂ log
± )ordK determined by Ker(χQ)

WQ → (X̂ log
± )ordK

is dominated by the composite of some finite étale covering of X̂ord
± and

a “constant covering” (i.e., a covering arising from a finite extension L of
K). Thus, the only ramification that may occur in the covering WQ arises
from ramification of the “constant covering”, i.e., the finite extension L/K.
Moreover, (since (QFp

)⊗−2 ∼= ΩFp
) the covering determined by Ker(χ2

Q) is

unramified, so, in fact, we may take L to be the extension K(p
1
2 ). This implies

that we may write

χQ = χ′
Q · χ′′

Q

where the covering determined by the kernel of χ′
Q (respectively, χ′′

Q) is finite

étale over X̂ord
± (respectively, the covering arising from base-change from K to

L). On the other hand, since χ′′
Q extends naturally to ΠXlog

±
, we may assume

(without loss of generality — cf. condition (ii) of the statement of Lemma 3.2)
that χ′′

Q is trivial, hence that QFp
arises from an étale local system on (Xord

± )k.

Documenta Mathematica · Extra Volume Kato (2003) 609–640



628 Shinichi Mochizuki

But this — together with the isomorphism EΦlog

Fp
|
(X̂log

± )ord
K

∼= Eord
Fp

⊗Fp
Q∨

Fp
—

implies the conclusion of Lemma 3.2. ©

Lemma 3.3. (Global Logarithmic Finite Flat Group Scheme)
Let VFp

be a 2-dimensional Fp-vector space equipped with a continuous action
of ΠXlog up to ±1 which satisfies the hypotheses of Lemma 3.2. Then the étale

local system EFp
on (X log

± )K determined by the ΠXlog
±

-module VFp
arises from

a (logarithmic) finite flat group scheme on X log
± .

Proof. Write

Z → X±

for the normalization of X± in the finite étale covering of (X log
± )K determined

by the local system EFp
. Since X± is regular of dimension 2, it thus follows

that Z is finite and flat (by the “Auslander-Buchsbaum formula” and “Serre’s
criterion for normality” — cf. [Mtmu], p. 114, p. 125) over X±. Moreover,
since ZK is already equipped with a structure of (logarithmic) finite flat group
scheme, which, by the conclusion of Lemma 3.2, extends naturally over the
generic point of the special fiber of X — since it extends (by the proof of
Lemma 3.2) to a regular, hence normal, (logarithmic) finite flat group scheme
over the ordinary locus — it thus suffices to verify that this finite flat group
scheme structure extends (uniquely) over the supersingular points of X±. But
this follows formally from [Mtmu], p. 124, Theorem 38 — i.e., the fact (applied
to X±, not Z!) that a meromorphic function on a normal scheme is regular if
and only if it is regular at the primes of height 1 — and the fact that Z (hence
also Z ×X± Z) is finite and flat over X±. ©

Lemma 3.4. (The Associated Dieudonné Crystal Modulo p) Let
VFp

be a 2-dimensional Fp-vector space equipped with a continuous action of
ΠXlog up to ±1 which satisfies the hypotheses of Lemma 3.2. Suppose, further,
that the ΠXlog-module (up to ±1) VFp

satisfies the following condition:

(†M ) The GK-module

M
def
= H1(∆Xlog ,Ad(VFp

))

(where Ad(VFp
) ⊆ End(VFp

) is the subspace of endomorphisms whose trace = 0)
fits into an exact sequence:

0 → G−1(M) → M → G2(M) → 0

where G2(M) (respectively, G−1(M)) is isomorphic to the result of tensoring
an unramified GK-module whose dimension over Fp is equal to 3g − 3 + r
with the Tate twist Fp(2) (respectively, Fp(−1)).
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Then the “MF∇-object (up to ±1)” (cf. [Falt], §2) determined by the ΠXlog-
module (up to ±1) VFp

(cf. Lemma 3.3) arises from the (unique) nilpotent
ordinary indigenous bundle of Lemma 3.1, (iv).

Proof. First, we recall from the theory of [Falt], §2, that the conclusion of
Lemma 3.3 implies that VFp

arises from an “MF∇-object (up to ±1)” on X log,

as in the theory of [Falt], §2. Here, the reader uncomfortable with “MF∇-

objects up to ±1” may instead work with a usual MF∇-object over X log
±

equipped with an “action of Gal(X log
± /X log) up to ±1”. Write Fk for the

vector bundle on (X±)k underlying the MF∇-object on X log
± determined by

EFp
.

Thus, Fk is a vector bundle of rank 2, whose Hodge filtration is given by a
subbundle F 1(Fk) ⊆ Fk of rank 1. Moreover, the Kodaira-Spencer morphism
of this subbundle, as well as the “Hasse invariant”

Φ∗
X±

F 1(Fk)∨ ↪→ Fk ³ Fk/F 1(Fk) ∼= F 1(Fk)∨

(where ΦX± is the Frobenius morphism on X±; and the injection is the mor-

phism that arises from the Frobenius action on the MF∇-object in question),
is generically nonzero. Indeed, these facts all follow immediately from our
analysis of EFp

over the ordinary locus in the proof of Lemma 3.2.

Next, let us observe that this Hasse invariant has at least one zero. Indeed, if
it were nonzero everywhere, it would follow formally from the general theory
of MF∇-objects (cf. [Falt], §2) that the ΠXlog -module (up to ±1) VFp

admits
a ΠXlog-invariant subspace of Fp-dimension 1 — cf. the situation over the
ordinary locus in the proof of Lemma 3.2, over which the Hasse invariant is,
in fact, nonzero. On the other hand, this implies that YK → XK admits a
section, hence that Y is not connected. But this contradicts the fact (cf. the
proof of Lemma 3.1) that the two irreducible components CV , CF of Yk (cf.
Lemma 3.1, (iii)) necessarily meet at the nodes of Yk. (Here, we recall from
Lemma 3.1, (ii), that there exists at least one node on Yk.)

In particular, it follows from the fact that the Hasse invariant is generically
nonzero, but not nonzero everywhere that the degree of the line bundle F 1(F)
on (X±)k is positive. Note that since F 1(F)⊗2 descends naturally to a line
bundle L on Xk, we thus obtain that

1 ≤ deg(L) ≤ 2g − 2 + r

(where the second inequality follows from the fact that the Kodaira-Spencer
morphism in nonzero).
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Now, we conclude — from the p-adic Hodge theory of [Falt], §2; [Falt], §5,
Theorem 5.3 — that the condition (†M ) implies various consequences concern-
ing the Hodge filtration on the first de Rham cohomology module of Ad of the
MF∇-object determined by VFp

, which may be summarized by the inequality:

h1(Xk,L−1) = h0(Xk,L ⊗OX
ωX) ≥ 3g − 3 + r

(where “hi” denotes the dimension over k of “Hi”) — cf. [Mzk1], IV, Theorem
1.3 (and its proof), which, in essence, addresses the Zp analogue of the present
Fp-vector space situation. (Note that here we make essential use of the hy-
pothesis p ≥ 5.) Thus, (cf. loc. cit.) we conclude that (since deg(L) > 0) the
line bundle L ⊗OX

ωX on Xk is nonspecial, hence (by the above inequality)
that:

deg(L) = deg(L ⊗OX
ωX) − deg(ωX)

= h0(Xk,L ⊗OX
ωX) + (g − 1) − 2(g − 1)

≥ 3g − 3 + r − (g − 1) = 2g − 2 + r

Combining this with the inequalities of the preceding paragraph, we thus obtain
that deg(L) = 2g − 2 + r, so the MF∇-object in question is an indigenous
bundle, which is necessarily equal to the indigenous bundle of Lemma 3.1, (iv),
since the supersingular locus of the former is contained in the supersingular
locus of the latter (cf. [Mzk1], Chapter II, Proposition 2.6, (4)). ©

Lemma 3.5. (Canonical Deformations Modulo Higher Powers
of p) Let VFp

be a 2-dimensional Fp-vector space equipped with a continuous
action of ΠXlog up to ±1 which satisfies the hypotheses of Lemmas 3.2, 3.4.
Suppose that, for some n ≥ 1:

(i) (X,D) is isomorphic modulo pn to a canonical lifting (as in [Mzk1],
Chapter III, §3; Chapter IV).

(ii) VFp
is the reduction modulo p of a rank 2 free Z/pnZ-module VZ/pnZ with

continuous ΠXlog-action up to ±1.

Then (X,D) is isomorphic modulo pn+1 to a canonical lifting, and the
ΠXlog-set P(VZ/pnZ) (of free, rank one Z/pnZ-module quotients of VZ/pnZ) is
isomorphic to the projectivization of the canonical representation modulo
pn (cf. [Mzk1], Chapter IV, Theorem 1.1) associated to (X,D). Finally, if the
determinant of VZ/pnZ is isomorphic to (Z/pnZ)(1), then the ΠXlog-module (up
to ±1) VZ/pnZ is isomorphic to the canonical representation modulo pn.
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Proof. First, we observe that the case n = 1 is a formal consequence of
Lemmas 3.1, 3.4. The case of general n is then, in essence, a formal consequence
of the theory of [Mzk1], Chapter V, §1 — cf. especially, Theorem 1.7, and the
discussion following it. We review the details as follows:

The space of deformations (of the projectivization) of the ΠXlog-module “up
to ±1” VFp

may be thought of as a formal scheme

R

which is noncanonically isomorphic to Spf(Zp[[t1, . . . , t2(3g−3+r)]]) (where the
ti’s are indeterminates) — cf. the discussion preceding [Mzk1], Chapter V,
Lemma 1.5. Write RPD for the p-adic completion of the PD-envelope of R
at the Fp-valued point defined by “VFp

”. Note that R and RPD are equipped
with a natural GK-action. Then according to the theory of loc. cit., there is a
GK-equivariant closed immersion of formal schemes (cf. Remark 3.5.1 below)

κPD : Spf(D̂Gal) ↪→ RPD

where D̂Gal is noncanonically isomorphic to the p-adic completion of the PD-
envelope at the closed point of a power series ring Zp[[t1, . . . , t3g−3+r]] equipped
with a natural GK-action.

Now it follows from the theory of loc. cit., the induction hypothesis on n, and

the assumptions (i), (ii) of Lemma 3.5, that VZ/pn−1Z
def
= VZ/pnZ⊗Z/pn−1Z cor-

responds (at least projectively) to the canonical representation modulo pn−1,
hence determines a GK-invariant rational point

σn−1 ∈ RPD(Z/pn−1Z)

that lies in the image Im(κPD) of κPD. Thus, the point

σn ∈ RPD(Z/pnZ)

determined by VZ/pnZ may be regarded as a GK-invariant deformation of
σn−1. Note that the set of deformations of σn−1 naturally forms a torsor T
over the Fp-vector space M of Lemma 3.4. Since σn−1 ∈ Im(κPD), this torsor
is equipped with a natural GK-stable subspace

T ′′ ⊆ T

(consisting of the deformations that lie ∈ Im(κPD)) which is (by the theory of
loc. cit.) a torsor over G−1(M). In particular, this subspace determines a
GK-invariant trivialization τ ′ of the G2(M)-torsor
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(T ³) T ′

given by the “change of structure group M ³ G2(M)”.

Now let us observe that by (†M ) and the fact that p ≥ 5 — so the square of
the cyclotomic character GK → Fp

× is nontrivial — G2(M) has no nontrivial
Galois invariants, i.e.:

G2(M)GK = 0

Thus, we conclude that τ ′ is the unique GK-invariant point of T ′, hence that
the image in T ′ of the point τn ∈ T determined by σn is necessarily equal to
τ ′, i.e., τn ∈ T ′′ — or, in other words, σn ∈ Im(κPD).

On the other hand, if we interpret the Galois-theoretic fact that σn−1 lifts to
a GK-invariant σn ∈ Im(κPD) in terms of the original finite étale coverings
— combinatorial information concerning which the Galois theory is intended
to encode — then we obtain the following conclusion: The A-valued point

α ∈ N (A)

of the Zp-smooth p-adic formal scheme N def
= N ord

g,r (cf. [Mzk1], Chapter III, §2)
determined by (X,D) and the nilpotent ordinary indigenous bundle modulo p
of Lemma 3.4 not only lies — by assumption (i) of the statement of Lemma
3.5 — in the image of N (A) under the (n− 1)-st iterate Φn−1

N of the canonical
Frobenius lifting

ΦN : N → N

on (cf. [Mzk1], Chapter III, Theorem 2.8) but also in the image of N (A) un-
der the n-th iterate Φn

N of ΦN . (Indeed, the restriction of the covering Φn−1
N

(respectively, Φn
N ) to α admits a section, determined by the GK-invariant ra-

tional point σn−1 (respectively, σn).) Thus, we conclude that X log is canonical
modulo pn+1. Finally, since

G−1(M)GK = 0

we conclude that σn is the unique GK-invariant lifting of σn−1 to Z/pnZ,
hence that VZ/pnZ corresponds (projectively) to the canonical representation
modulo pn, as desired. ©

Remark 3.5.1. In some sense, it is natural to think of Im(κPD) (cf. the proof
of Lemma 3.5) as the “crystalline locus” in the space of “all” representations
RPD.
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Theorem 3.6. (Group-Theoreticity of Canonical Liftings) Let
p ≥ 5 be a prime number. For i = 1, 2, let Ki be an unramified finite
extension of Qp, and (Xi,Di) a smooth pointed curve of type (gi, ri) over
OKi

, where 2gi − 2 + ri > 0. Assume that we have chosen basepoints of the
(Xi)Ki

\(Di)Ki
(which thus induce basepoints of the Ki); denote the resulting

fundamental group by ΠXlog
i

. Suppose that we have been given an isomorphism
of profinite groups:

ΠXlog
1

∼→ ΠXlog
2

Then:

(i) (X1,D1) is a canonical lifting (in the sense of [Mzk1], Chapter III,
§3; Chapter IV) if and only if (X2,D2) is so.

(ii) If at least one of the (Xi,Di) is a canonical lifting, then the isomorphism
on logarithmic special fibers of [Mzk7], Theorem 2.7, lifts (uniquely) to an

isomorphism (X1,D1)
∼→ (X2,D2) over OK1

∼= W (k1)
∼→ W (k2) ∼= OK2

.

Proof. Let us verify (i). Since, by [Mzk7], Theorem 2.7 (and [Mzk7], Propo-
sition 1.2.1, (vi)), the logarithmic special fibers of all stable reductions of all
finite étale coverings of (Xi)Ki

\(Di)Ki
are “group-theoretic”, it follows that

the conditions (i), (ii), (iii), (iv) of Lemma 3.1, as well as the conditions (i), (ii),
(iii), (iv) of Lemma 3.2, are all group-theoretic conditions which, moreover, (by
the theory of [Mzk1], Chapter III, §3; Chapter IV) are satisfied by canonical
liftings. (Here, relative to the assertion that canonical liftings satisfy Lemma
3.1, (ii), and Lemma 3.2, (iv), we remind the reader that:

(1) Since p ≥ 5, the special fiber of the curve Y of Lemma 3.1 has ≥ 2
nodes (cf. Lemma 3.1, (ii)), which implies that the curve Y is stable (i.e., even
without the marked points).

(2) The smooth locus of any model of a curve over a discrete valuation
ring necessarily maps to the stable model (whenever it exists) of the curve —
cf., e.g., [JO]— and, moreover, whenever this map is quasi-finite, necessarily
embeds as an open subscheme of the smooth locus of the stable model.)

Moreover, (since the cyclotomic character and inertia subgroup are group-
theoretic — cf. [Mzk7], Proposition 1.2.1, (ii), (vi) — it follows that) condition
(†M ) of Lemma 3.4 is a group-theoretic condition which (by the theory of loc.
cit.) is satisfied by canonical liftings. Thus, successive application of Lemma
3.5 for n = 1, 2, . . . implies assertion (i) of the statement of Theorem 3.6.

Next, let us observe that when one (hence both) of the (Xi,Di) is a canonical
lifting, it follows from Lemma 3.1 that the isomorphism of special fibers

(X1,D1)k1

∼→ (X2,D2)k2
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(lying over some isomorphism k1
∼→ k2) determined by [Mzk7], Theorem 2.7

is compatible with the nilpotent ordinary indigenous bundles on either side
that give rise to the canonical liftings. On the other hand, by the theory of
loc. cit., the lifting of (Xi,Di)ki

over OKi
∼= W (ki) is determined uniquely by

the fact that this lifting is “canonical” (i.e., when it is indeed the case that it
is canonical!). This completes the proof of assertion (ii) of the statement of
Theorem 3.6. ©

Remark 3.6.1. Thus, (cf. Remarks 1.1.1, 2.2.1) unlike the situation with
Proposition 1.1, Theorem 2.2:

Theorem 3.6 provides, for each hyperbolic (g, r), “lots of examples” — in
particular, an example lifting a general curve of type (g, r) in characteristic
p ≥ 5 — of (XK ,DK) which are group-theoretically determined solely by the
profinite group π1(XK\DK).

In fact, the exact same arguments of the present §3 show that the analogue
of Theorem 3.6 also holds for “Lubin-Tate canonical curves (for various tones
$)” — i.e., the curves defined by considering canonical points (cf. [Mzk2],
Chapter VIII, §1.1) associated to the canonical Frobenius lifting of [Mzk2],
Chapter VIII, Theorem 3.1, in the case of a “VF-pattern Π of pure tone $”.

One feature of the Lubin-Tate case that differs (cf. [Mzk7], Proposition 1.2.1,
(vi)) from the “classical ordinary” case of [Mzk1] is that it is not immediately
clear that the “Lubin-Tate character”

χ : GK → W (Fq)
×

(where Fq is a finite extension of Fp) is group-theoretic. Note, however, that
at least for the “portion of χ modulo p”

GK → Fq
×

group-theoreticity — at least after passing to a finite unramified extension of
the original base field K (which does not present any problems, from the point
of view of proving the Lubin-Tate analogue of Theorem 3.6) — is a consequence
of the fact that the field structure on (the union of 0 and) the torsion in Gab

K of
order prime to p is group-theoretic (cf. [Mzk7], Lemma 2.6, Theorem 2.7). This
much is sufficient for the Lubin-Tate analogues of Lemmas 3.1, 3.2, 3.3, 3.4, 3.5
(except for the last sentence of the statement of Lemma 3.5, which is, at any
rate, not necessary to prove Theorem 3.6), and hence of Theorem 3.6. Finally,
once one has proved that the curve in question is (Lubin-Tate) canonical and
recovered its canonical representation VZp

, at least projectively, then it follows,
by considering the W (Fq)-module analogue of the exact sequence of Fp-vector
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spaces in the conclusion of Lemma 3.2, over the ordinary locus, that (even if
one only knows VZp

“projectively”) one may recover the Lubin-Tate character
by forming

Hom(third nonzero term of the exact sequence,

first nonzero term of the exact sequence)

— at least up to un “étale twist”, i.e., up to multiplication by some unramified
character GK → W (Fq)

×. (We leave the remaining routine technical details
of the Lubin-Tate case to the enthusiastic reader.) At the time of writing, it
is not clear to the author whether or not it is possible to eliminate this “étale
twist”. Since this étale twist corresponds to the well-known dependence of the
Lubin-Tate group on the choice of uniformizer, this indeterminacy with respect
to an étale twist may be thought of as being related to the fact that (at the
present time) the author is unable to prove the group-theoreticity of the natural
uniformizer “p” — cf. [Mzk7], Remark 2.7.2.

At any rate, the theory of the present §3 constitutes the case of “tone 0”. More-
over, one checks easily — by considering the “FL-bundle” (as in [Mzk1], Chap-
ter II, Proposition 1.2) determined by the lifting modulo p2 — that canonical
curves of distinct tones are never isomorphic. Thus, (at least when r = 0) the
Lubin-Tate canonical curves give rise to (strictly) more examples of (proper)
hyperbolic XK which are group-theoretically determined solely by the profinite
group π1(XK). This prompts the following interesting question: Is this “list”
complete? — i.e.:

Do there exist any other curves (XK ,DK) that are group-theoretically deter-
mined solely by the profinite group π1(XK\DK)?

At the time of writing, the author does not even have a conjectural answer to
this question.

Remark 3.6.2. One interesting aspect of the theory of the present §3 is that,
to the knowledge of the author:

It constitutes the first application of the “p-adic Teichmüller theory” of [Mzk1],
[Mzk2], to prove a hitherto unknown result (cf. Corollary 3.8 below) that lies
outside — i.e., can be stated without using the terminology, concepts, or results
of — the theory of [Mzk1], [Mzk2].

Moreover, not only does this constitute the first application of “p-adic Te-
ichmüller theory” to prove a new result (cf. the proof of the irreducibility
of the moduli stack via p-adic Teichmüller theory in [Mzk2], Chapter III, §2.5
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— an application, albeit to an old result), it is interesting relative to the
original philosophical motivation for this theory, involving the analogy to uni-
formization theory/Teichmüller theory over the complex numbers, which was to
construct a p-adic theory that would allow one to prove a “p-adic version of
the Grothendieck Conjecture” as in [Mzk6] — cf. [Mzk2], Introduction, §0.10,
for more on these ideas.

Remark 3.6.3. One interesting point of view is the following:

For a hyperbolic curve XK over a finite extension K of Qp, consideration of
the profinite group ΠXK

should be thought of as the arithmetic analogue
of considering a hyperbolic curve (which is given a priori) over Fp[[t]][t

−1] —
where t is an indeterminate which, perhaps, should be thought of as the symbol
“p” — “in the absolute”, i.e., “stripped of its structure morphism to a
specific copy of Fp[[t]][t

−1]”, or, alternatively, “when we allow the indeterminate
t to vary freely (in Fp[[t]])”.

Thus, from this point of view, it is natural to expect that the hyperbolic curves
XK most likely to be recoverable from the absolute datum ΠXK

are those which
are “defined over some (fictitious) absolute field of constants inside K”
— hence which have moduli that are invariant with respect to changes of
variable t 7→ t + t2 + . . . . In particular, since one expects canonical curves to
be arithmetic analogues of “curves defined over the constant field” (cf. [Mzk2],
Introduction, §2.3), it is perhaps not surprising that they should satisfy the
property of Theorem 3.6.

Moreover, this point of view suggests that:

Perhaps it is natural to regard Theorem 3.6 as the proper analogue for hyper-
bolic canonical curves of the fact that Serre-Tate canonical liftings (of abelian
varieties) are defined over number fields (cf. [Mzk2], Introduction, §2.1, Open
Question (7)).

Indeed, one way of showing that Serre-Tate canonical liftings — or, indeed,
arbitrary abelian varieties with lots of endomorphisms — are defined over num-
ber fields is by thinking of the algebraic extension Qp of Qp over which such
abelian varieties are a priori defined “in the absolute”, i.e., as a transcen-
dental extension of Q and considering what happens when one transports such
abelian varieties via arbitrary field automorphisms of Qp. Such field automor-
phisms are reminiscent of the “changes of variable” appearing in the approach
to thinking about“recovering XK from the absolute datum ΠXK

” described
above.

Remark 3.6.4. The “rigidity” of canonical curves — in the sense that they
are determined by the existence of the unique GK-invariant lifting “VZp

” of
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the representation VFp
(cf. Lemma 3.5 and its proof) — is reminiscent, at least

at a technical level, of the theory of deformations of representations applied in
Wiles’ famous proof of the “modularity conjecture” (cf. [Wiles]). It would be
interesting if this analogy could be pursued in more detail in the future.

Remark 3.6.5. Just as the Serre-Tate canonical coordinates are used in
[Mzk5], §9, to prove a weak p-adic Grothendieck Conjecture-type result for
hyperbolic curves over p-adic fields whose Jacobians have ordinary reduction,
the techniques of the present § may be applied — by using the canonical
coordinates of [Mzk1]— to prove a similar (but in some sense even weaker) p-
adic Grothendieck Conjecture-type result for hyperbolic curves over absolutely
unramified p-adic fields which are isomorphic to canonical curves (as in [Mzk1])
modulo p2. Thus, the true significance of the theory of the present § lies in
its wide applicability in the canonical lifting case (cf. Corollary 3.8 below),
a feature which differs substantially from the theory in the case of ordinary
Jacobians (cf. Remark 1.1.1).

Definition 3.7. Let YL be a hyperbolic curve over a finite extension L of
Qp. Then we shall say that YL is absolute if for every other hyperbolic curve
Y ′

L′ over a finite extension L′ of Qp,

π1(YL) ∼= π1(Y
′
L′)

(as profinite groups) implies that Y ′
L′ is isomorphic as a Qp-scheme to YL. Also,

we shall refer to points in moduli stacks of hyperbolic curves over Qp that are
defined by absolute hyperbolic curves as absolute.

Corollary 3.8. (Application of p-adic Teichmüller Theory)

(i) A general pointed smooth curve (Xk,Dk) of type (g, r), where 2g−2+r > 0,
over a finite field k of characteristic p ≥ 5 may be lifted to a pointed smooth
curve (XK ,DK) over the quotient field K of the ring of Witt vectors A = W (k)
such that the hyperbolic curve XK\DK is absolute.

(ii) In particular, for each (g, r), p ≥ 5, there exists a Zariski dense — hence
(at least when 3g − 3 + r ≥ 1) infinite — set of absolute points, valued in
absolutely unramified finite extensions of Qp, of the moduli stack of hyperbolic
curves of type (g, r) over Qp.

Proof. Assertion (i) follows formally from Theorem 3.6; [Mzk7], Lemmas 1.1.4,
1.1.5; and [Mzk7], Proposition 1.2.1, (v). Assertion (ii) follows formally from
assertion (i) and the following elementary argument: The scheme-theoretic
closure of the points of assertion (i) in the (compactified) moduli stack over Zp

forms a Zp- flat proper algebraic stack Z with the property that Z⊗Fp is equal
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to the entire moduli stack over Fp, hence is smooth of dimension 3g−3+r. But
this implies — by Zp-flatness — that Z ⊗ Qp is also of dimension 3g − 3 + r,
hence equal to the entire moduli stack over Qp, as desired. ©
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Introduction. Let GQ be the absolute Galois group Gal(Q/Q) of the

rational number field Q, and Fp an algebraic closure of the prime field Fp of p
elements. In this paper, we are motivated by Serre’s conjecture [19] to prove
that there exists no continuous irreducible representation ρ : GQ → GL2(Fp)
unramified outside p for p ≤ 31 and with small Serre weight k. This extends
the previous works by Tate [21], Serre [18], Brueggeman [1], Fontaine [5], Joshi
[6] and Moon [11], [12]. Our main result is:

Theorem 1. There exists no continuous irreducible representation ρ : GQ →
GL2(Fp) which is unramified outside p and of reduced Serre weight k (cf. Sect.
1) in the following cases marked with ×, and the same is true if we assume
the Generalized Riemann Hypothesis (GRH) in the following cases marked with
×R:

1The first author was supported by the JSPS Postdoctoral Fellowship for Foreign Re-

searchers.
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k\p 2 3 5 7 11 13 17 19 23 29 31
2 × × × × × × × × ×R ×R ×R

3 × × × × × × × × f f f
4 × × × ×R ×R ×R ×R ×R fR fR
5 × × × × × × f f f
6 ×R ×R ×R ×R fR fR ? ? ?
7 × × × × × f f fR
8 ? ? ? ? ? ? ? ?
9 ×R ×R ×R ×R fR fR fR
10 ? ? ? ? ? ? ?
11 ×R ×R ×R ×R fR fR fR
12 ∃ ∃ ∃ ∃ ? ∃ ∃
13 fR ×R ×R fR fR fR
14 ? ? ? ? ? ?
15 fR fR fR fR fR
16 ∃ ∃ ∃ ∃ ?
17 ? ? ? fR fR
18 ∃ ∃ ∃ ∃ ∃
19 ? ? ? ?
20 ∃ ∃ ∃ ∃

In this table, an f(resp. fR) means that, unconditionally (resp. under the GRH),
there exist only finitely many ρ in that case, and an ∃ means that there does
exist an irreducible representation in that case. A ? means that the non-
existence/finiteness is unknown (at present) in that case.

Note that the reduced Serre weight takes values 1 ≤ k ≤ p + 1; the table can
be continued further down to k = 32 in an obvious manner (with many ?’s
and some ∃’s). The case k = 1 of the Theorem is trivial since k = 1 means
that ρ is unramified at p. In the above table, the cases p = 2, 3, 5 are proved
respectively in [21], [18], [1]. The case where p = 7 and ρ is even (i.e. k is odd)
is proved in [12]. For k = 2 and p ≤ 17, Fontaine [5] proved the non-existence
of certain types of finite flat group schemes (not just of two-dimensional Galois
representations). Joshi [6] proved the non-existence of ρ for p ≤ 13 and of
Hodge-Tate weight 1, 2 (instead of Serre weight 2, 3; presumably, one has k− 1
= the Hodge-Tate weight in the sense of Joshi if the Serre weight k satisfies
1 ≤ k ≤ p−1). The representations marked with ∃ are provided by cusp forms
(mod p) of weight 12, 16, 18, 20 and level 1 (cf. [16], §3.3–3.5).
As a corollary, it follows from this theorem that, under the GRH and for
3 ≤ p ≤ 31, (i) any finite flat group scheme over Z of type (p, p) is the direct sum
of two group schemes which are isomorphic to Z/pZ or µp (cf. [19], Théorème
3); and (ii) any p-divisible group over Z of height 2 is the direct sum of two
p-divisible groups which are either constant or multiplicative (cf. [5], Théorème
4 and its Corollaries).
Our strategy in the proof is basically the same as in the above cited works;
to deduce contradiction by comparing two kinds of inequalities of the opposite
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direction for the discriminant of the field corresponding to the kernel of ρ — one
from above (the Tate bound), and the other from below (the Odlyzko bound).
The novelty in this paper is in the refinement of the Tate bound (Theorem 3),
which gives the precise value of the discriminant in terms of the reduced Serre
weight k̃(ρ) of ρ. This is done in Section 1. In Section 2, we compare this with
the Odlyzko bound ([14] and [15]) to prove the above Theorem. To deal with
the case where ρ is odd and has solvable image, we use the fact that Serre’s
conjecture is true for such ρ if p ≥ 3 ([7]).
Another interesting case to consider is where the representation ρ has Serre
weight 1 (i.e. unramified at p) and non-trivial Artin conductor outside p. Al-
though a mod p modular form in Katz’ sense lifts to a classical one of the same
weight in most cases if the weight is ≥ 2, this may not be the case for weight
1 forms (Lemma 1.9 of [4]). If this is the case and Serre’s conjecture is true,
then an odd and irreducible ρ of Serre weight 1 is put under a severe restraint
on its image. Indeed, if ρ comes from a mod p eigenform f which lifts to a
classical eigenform F of weight 1, then ρ has also to lift to an Artin represen-
tation ρF : GQ → GL2(C) associated to F ([2]). In particular, in such a case,
an irreducible ρ cannot have image of order divisible by p (or equivalently, its
projective image cannot contain a subgroup isomorphic to PSL2(Fp)) if p ≥ 5.

Conversely, if there are no such representations ρ : GQ → GL2(Fp) and if the
Artin conjecture is true, then any mod p eigenform of weight 1 lifts, at least
“outside the level”, to a classical eigenform of weight 1. In this vein, we prove:

Theorem 2. Assume the GRH. Then for each prime p ≥ 5, there ex-
ists a positive integer Np such that there exists no continuous representation

ρ : GQ → GL2(Fp) with reduced Serre weight 1, N(ρ) ≤ Np and projective im-
age containing a subgroup isomorphic to PSL2(Fp). The Np can be computed
explicitly; for large enough p (say, p ≥ 1000003), we can take Np = 44, and for
some small p, we can take N5 = 20, N7 = 24, N11 = 29, ..., N31 = 34, ....

This is just a simple application of the Odlyzko bound. One can give also
an unconditional version of this theorem. Theorem 2, together with some
extensions of Theorem 1 to the case of non-trivial Artin conductors, is proved
in Section 3.
In this paper, we follow the definitions, notations and conventions in [4] for, e.g.,
the Serre weight k(ρ), the notion of mod p modular forms, and the formulation
of Serre’s conjecture. There are slight differences (cf. [4], §1) between these and
those of Serre’s original ones in [19].
It is our pleasure to dedicate this paper to Professor Kazuya Kato on the
occasion of his fiftieth birthday. The second named author got interested in
Serre’s conjecture when he read the paper [19] as a graduate student under
the direction of Professor Kato, and a decade later his continued interest was
conveyed to the first named author.

1. Refinement of the Tate bound. In this section, we refine Tate’s
discriminant bound [21] for the finite Galois extension K/Qp corresponding to
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the kernel of a continuous representation ρ : GQp
→ GL2(Fp) of the absolute

Galois group GQp
of the p-adic number field Qp. Namely, we give a formula

which gives the valuation of the different DK/Qp
of K/Qp in terms of the reduced

Serre weight (defined below) of ρ.
Let k(ρ) be the Serre weight of ρ, and χ the mod p cyclotomic character. Then
by the definition of k(ρ), there exists an integer α (mod (p − 1)) such that
k(χ−α ⊗ ρ) ≤ p + 1. It will be convenient for our purpose to define the reduced

Serre weight k̃(ρ) of ρ by

k̃(ρ) := k(χ−α ⊗ ρ)

with the α which minimizes the value of k(χ−α ⊗ ρ). This α (mod (p − 1)) is
unique unless the restriction of ρ to an inertia group at p is the direct sum of
two different powers of χ.
If ρ is tamely ramified, then we have vp(DK/Qp

) < 1, where vp denotes the
valuation of K normalized by vp(p) = 1. So we assume from now on that ρ
is wildly ramified. Let us recall the definition of the Serre weight k(ρ) in this
case. A wildly ramified representation ρ, restricted to an inertia group Ip at p,
has the following form:

(1.1) ρ|Ip
∼

(
χβ ∗
0 χα

)
with ∗ 6= 0,

where ∼ denotes the equivalence relation of representations of Ip. Take the
integers α and β (uniquely) so that 0 ≤ α ≤ p − 2 and 1 ≤ β ≤ p − 1. We set
a = min(α, β), b = max(α, β), and define

k(ρ) :=

{
1 + pa + b + p − 1 if β − α = 1 and χ−α ⊗ ρ is not finite,

1 + pa + b otherwise.

Thus, if we write

ρ|Ip
∼ χα

(
χk−1 ∗

0 1

)

with 2 ≤ k ≤ p, then we have

k̃(ρ) =

{
p + 1 if k = 2 and χ−α ⊗ ρ is not finite,

k otherwise.

We shall prove

Theorem 3. Suppose ρ : GQp
→ GL2(Fp) is wildly ramified, with α, β as in

(1.1). Let k̃ = k̃(ρ) be the reduced Serre weight of ρ. Put d := (α, β, p − 1) =

(α, k̃− 1, p− 1). Let pm be the wild ramification index of K/Qp. Then we have

vp(DK/Qp
) =

{
1 + k̃−1

p−1 − k̃−1+d
(p−1)pm if 2 ≤ k̃ ≤ p,

2 + 1
(p−1)p − 2

(p−1)pm if k̃ = p + 1.
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Remarks. (1) The value of vp(DK/Qp
) is the largest in the last case, so we

have in general

vp(DK/Qp
) ≤ 2 +

1

(p − 1)p
− 2

(p − 1)pm
.

This bound coincides with Tate’s one ([21], Remark 1 on p. 155) if m = 1 or
p = 2, and is smaller if m > 1 and p > 2.

(2) The case of k̃ = 2 is comparable to (the n = 1 case of) the bound of
Fontaine ([5], Théorème 1); the main term 1 + 1/(p− 1) is the same. We have
the correction term −2/(p − 1)pm.

(3) Suppose 2 < k̃ ≤ p. If d0 := (k̃ − 1, p − 1) ≥ 2, then the value of d =

(α, k̃ − 1, p − 1) may vary if ρ is twisted by a power of χ. The largest value
d0 is attained by χ−α ⊗ ρ. So the minimum value of vp(DK/Qp

), with K/Qp

corresponding to Ker(χi ⊗ ρ) for various i, is 1 + k̃−1
p−1 − k̃−1+d0

(p−1)pm .

Proof. Let K0/Qp (resp. K1/Qp) be the maximal unramified (resp. maximal
tamely ramified) subextension of K/Qp (so K1/K0 is cut out by the represen-
tation χα ⊕ χβ and K/K1 by the representation (10

∗
1)). Then K1 is a subfield

of K0(ζp), where ζp is a primitive pth root of unity, and K1/K0 has degree
(and ramification index) e := (p − 1)/d. The extension K/K1 has degree (and
ramification index) pm. Set ∆ = Gal(K1/K0) and H = Gal(K/K1). Then ∆
may be identified with a quotient of Gal(K0(ζp)/K0) ' (Z/pZ)×. In fact, we

have ∆ ' ((Z/pZ)×)d ' Z/eZ, and its character group ∆̂ is generated by χd.
The group ∆ acts on the Fp-module H by conjugation and, in view of (1.1),

this action is via χβ−α = χk̃−1;
(

χβ(σ) b(σ)
0 χα(σ)

)(
1 ∗
0 1

) (
χβ(σ) b(σ)

0 χα(σ)

)−1

=

(
1 χβ−α(σ)∗
0 1

)

for σ ∈ Ip. Thus we have H = H(χk̃−1) if we denote by H(χi) the χi-part (=
the part on which σ ∈ ∆ acts by multiplication by χi(σ)) of any Fp[∆]-module
H.
Now set U = (1+πO)×/(1+πO)p, where π (resp. O) is a uniformizer (resp. the
integer ring) of K1. Here and elsewhere, we denote by (1 + πO)p the subgroup
of pth powers in (1+πO)×. By local class field theory, we have the reciprocity
map

r : U ³ H.

The Galois group ∆ acts naturally on U , so U decomposes as U = ⊕e
i=1U(χdi).

Since the map r is compatible with the actions of ∆ on U and H, only U(χk̃−1)
is mapped onto H and the other parts go to 0;

(1.2) r(U(χdi)) =

{
0 if di 6≡ k̃ − 1 (mod p − 1),

H if di ≡ k̃ − 1 (mod p − 1).

Next we shall examine U(χi) more closely. Any element of U can be represented
by an element 1 + u1π + u2π

2 + . . . of (1 + πO)×, where ui are units of K0.
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Claim. For any σ ∈ ∆, a unit u of K0, and i ≥ 1, one has

σ(1 + uπi) ≡ (1 + uπi)χdi(σ) (mod πi+1).

Proof. By considering K1 as a subfield of K0(ζp), we may reduce this to the
case of K1 = K0(ζp) and d = 1. Also the validity of the Claim is independent
of the choice of a uniformizer π. So it is enough to show

σ(1 + uπi) ≡ (1 + uπi)χi(σ) (mod πi+1)

assuming that π = ζp − 1. Since σ(ζp) = ζ
χ(σ)
p , we have σ(π) ≡ χ(σ)π (mod

π2), hence if u is a unit of K0 then σ(uπi) ≡ χi(σ)uπi (mod πi+1). This implies
the above congruence. ¤

Let U (i) be the image of (1+πiO)× in U . Note that (1+ pπ2O)× ⊂ (1+πO)p

(i.e. U (e+2) = U (p+1) = 0) if d = 1, and (1 + pπO)× ⊂ (1 + πO)p (i.e.
U (e+1) = 0) if d ≥ 2. By the above Claim, we have

(1.3)

{
U(χdi)

∼→ U (i)/U (i+1) if d ≥ 2 or 2 ≤ i ≤ e,

U(χ)
∼→ U (1)/U (2) ⊕ U (p) if d = i = 1.

This shows that, if d ≥ 2 or k̃ 6= 2, p + 1, then by (1.2) we have

(1.4) r(U (i)) =

{
0 if i > k̃−1

d ,

H if i ≤ k̃−1
d .

If d = 1 and k̃ = 2, p + 1, we claim that r(U (p)) = 0 if and only if k̃ = 2, so
that (1.4) is valid also in this case. Indeed, it is proved in §2.8 of [19] that

k̃ = 2 (i.e. (χ−α ⊗ ρ)|Ip
is finite) if and only if K/K1 is “peu ramifiée”, i.e., K

is obtained by adjoining pth roots of units of K1 (actually, this was his original

definition of the Serre weight’s being 2). Suppose k̃ = 2 or p + 1. By (1.3),
a non-trivial cyclic subextension K1(ξ

1/p)/K1 has conductor (π2) or (πp+1),
and accordingly has different (π2) or (πp+1). But the different is easily seen to
divide (p) if ξ is a unit. Thus K/K1 is peu ramifiée if and only if r(U (p)) = 0.

To calculate the value of vp(DK/Qp
), we now distinguish the two cases, 2 ≤ k̃ ≤

p and k̃ = p + 1.

Case 2 ≤ k̃ ≤ p: By (1.4), any non-trivial character ψ ∈ Ĥ := Hom(H, C×)

has conductor (π(k̃−1)/d+1). By the Führerdiskriminantenproduktformel, we
have

vp(DK/K1
) =

1

[K : K1]
vp(dK/K1

)

=
pm − 1

pm

(
k̃ − 1

d
+ 1

)
vp(π) =

(
k̃ − 1

p − 1
+

1

e

)(
1 − 1

pm

)
.

Combining this with the tame part

vp(DK1/K0
) =

1

[K1 : K0]
vp(dK1/K0

) = 1 − 1

e
,
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we have

vp(DK/Qp
) = 1 +

k̃ − 1

p − 1
− k̃ − 1 + d

(p − 1)pm
.

Case k̃ = p + 1: We have d = 1 in this case, and (1.4) shows that non-trivial

characters ψ ∈ Ĥ have conductor either (π2) or (πp+1). In fact, exactly one pth
of all the characters have conductor dividing (π2) and the rest have conductor
(πp+1) (this is remarked in Remarque (2) in §2.4 of [19], and a similar fact had
been noticed already in the proof of the Lemma in [21]). We reproduce here the
proof given in [10], Lemma 3.5.4. This follows from the fact that the subgroup
(1 + πO)p has index p in (1 + πpO)×. To show this, consider the commutative
diagram

(1 + πO)p/(1 + π2pO)×
⊂−−−−→ (1 + πpO)×/(1 + π2pO)×

o
y

yo

℘(F) −−−−→
⊂

F,

where F is (the additive group of) the residue field of K1, ℘(F) is the subgroup
{x + (πp−1/p)xp; x ∈ F} of F, and the right vertical arrow is the map 1 +
πpx(mod π2p) 7→ x(mod π). This map induces the map (1+πx)p(mod π2p) 7→
x + (πp−1/p)xp(mod π) on the left-hand side. We claim that ℘(F) has index p
in F. This is equivalent to that the map

℘ : F → F
x 7→ x + uxp,

where u := πp−1/p (mod π), has kernel of dimension 1 over Fp. The dimension
depends only on the class of u in F×/(F×)p−1, which is independent of the
choice of a uniformizer π of K1. Since K1 = K0(ζp) = K0((−p)1/(p−1)) now,
we may take π so that πp−1/p = −1, in which case the kernel has dimension 1.
Now again by the Führerdiskriminantenproduktformel, we have

vp(DK/K1
) =

1

[K : K1]
vp(dK/K1

)

=
1

pm
((pm − pm−1)(p + 1) + (pm−1 − 1)2)vp(π)

= 1 +
2

p − 1
− 1

p
− 2

(p − 1)pm
.

Combining this with the tame part

vp(DK1/K0
) = 1 − 1

p − 1
,

we obtain

vp(DK/Qp
) = 2 +

1

(p − 1)p
− 2

(p − 1)pm
.
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2. Proof of Theorem 1. In this section, we prove Theorem 1. As in [21],
the proof splits into two cases, according as G = Im(ρ) is solvable or not. We
assume p ≥ 5 since the cases p = 2 and 3 are done respectively in [21] and [18]
(cf. also [1] and [12] for the cases of p = 5, 7).

(1) Solvable case. Suppose G is solvable. To deal with the cases p ≤ 19, we
proceed as follows: According to [20], a maximal irreducible solvable subgroup
G of GL2(Fp) has the following structure: either

(i) Imprimitive case: G is isomorphic to the wreath product F
×
p o (Z/2Z), or

(ii) Primitive case: one has exact sequences

1 → A → G → G → 1, with G ' SL2(F2) ' S3,

1 → F
×
p → A → A → 1, with A ' F⊕2

2 .

Note that, in either case, a finite subgroup of G has order prime to p. So, when
p ≤ 19, we are done if we show the following lemma, since the pth cyclotomic
field Q(ζp) has class number 1 for p ≤ 19.

Lemma 1. If Q(ζp) has class number 1, then there exists no non-abelian
solvable extension of Q which is unramified outside p and of degree prime to
p.

Proof. It is enough to show that there exists no non-trivial abelian extension
of Q(ζp) which is unramified outside p and of degree prime to p. Let Op be the
p-adic completion of the integer ring of Q(ζp). By class field theory (together
with the assumption “class number 1”), the Galois group of the maximal such
extension is isomorphic to the quotient of O×

p /(1 + (ζp − 1)Op)
× ' F×

p by
the image of the global units. This group is trivial since we have at least the
cyclotomic units (ζi

p − 1)/(ζp − 1) ≡ i (mod ζp − 1), 1 ≤ i ≤ p − 1. ¤

To deal with the odd cases with p ≥ 23, we appeal to the solvable case of
Serre’s conjecture:

Theorem 4 (cf. [7]). Let p ≥ 3. Let ρ : GQ → GL2(Fp) be an odd and
irreducible representation with solvable image. Then ρ is modular of the type
predicted by Serre.

Proof. If ρ is irreducible and G := Im(ρ) is solvable, then as we saw above,
either G has order prime to p (if p ≥ 5) or p = 3 and G is an extension
of a subgroup of the symmetric group S3 by a finite solvable group of order
prime to 3. By Fong-Swan’s theorem (Th. 38 of [17]), there is an odd and
irreducible lifting ρ̂ : GQ → GL2(O) of ρ to some ring O of algebraic integers.
By Langlands-Tunnell ([8], [22]), ρ̂, and hence ρ, is modular of weight 1. By the
ε-conjecture ([4], Th. 1.12), ρ is modular of the type predicted by Serre. ¤

By this theorem, we can exclude the possibility of the existence of ρ with
solvable image, unramified outside p, and with even Serre weight k(ρ) ≤ 10.

(2) Non-solvable case. Suppose G = Im(ρ) is non-solvable. In this case, we
compare the discriminant bound in Section 1 and the Odlyzko bound ([14],
[15]) to deduce contradictions. We distinguish the two cases where ρ is odd
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and even. If ρ is even, then the complex conjugation is mapped by ρ to ±(10
0
1),

so the field Q
Ker(ρ)

cut out by ρ is totally real or CM. Note that the Odlyzko
bound is much better (i.e. gives larger values) for totally real fields. Let K be

either Q
Ker(ρ)

or its maximal real subfield according as ρ is odd or even. Let

n := [K : Q] (so n = |G| or |G|/2 according as ρ is odd or even), and let d
1/n
K

denote the root discriminant of K.
For the Odlyzko bound to work for our purpose, the degree n = [K : Q] has
to be large to a certain extent. Set G1 := G ∩ SL2(Fp). We have an exact
sequence

1 → G1 → G → det(G) → 1.

Since det ρ = χk−1, we have det(G) = (F×
p )k−1 ' Z/eZ if we put e := (p −

1)/(k−1, p−1). If G is non-solvable, so is the image G1 of G1 in PSL2(Fp), and

hence we have |G1| ≥ 60. Furthermore, Brueggeman makes a nice observation
after the proof of Lemma 3.1 of [1] as follows: Since G1 is non-solvable, it
contains an element of order 2, which must be −(10

0
1) as it is the only element

of order 2 of SL2(Fp) if p 6= 2. Thus we have |G| ≥ 120e.

If ρ is at most tamely ramified, then we have d
1/n
K < p. On the other hand,

if n ≥ 120e, by the Odlyzko bound [14], we have d
1/n
K > p in all the cases we

need (assuming the GRH for p = 23, 29, 31). Thus we may assume ρ is wildly
ramified.
If pm divides the order of G (hence of G1) and ρ is irreducible, then by §§251–
253 of [3], the image G1 of G1 in PGL2(Fp) coincides with a conjugate of
PSL2(Fpm). Thus we have n = |G| ≥ 2e × |PSL2(Fpm)| = e(p2m − 1)pm if ρ is
odd, and n = |G|/2 ≥ e × |PSL2(Fpm)| = e(p2m − 1)pm/2 if ρ is even. Let us
denote these values by n(pm, k);

n(pm, k) :=

{
e(p2m − 1)pm if k is even,

e(p2m − 1)pm/2 if k is odd.

To show the non-existence of a ρ, it is enough to show the non-existence of a
twist χ−α ⊗ρ of it. So in what follows, we may assume that ρ has Serre weight
k ≤ p + 1 (hence d = (k − 1, p − 1) in the notation of Theorem 3) for our ρ;
this minimizes the bound of Theorem 3 (see Remark (3) after Theorem 3).
We compare inequalities implied by Odlyzko and Tate bounds for each (p, k,m)
to deduce contradictions proving the non-existence of ρ, the Odlyzko bound
being calculated with n ≥ n(pm, k) by using either [14] or [15] (Eqn. (10)
(assuming the GRH) and (16) of loc. cit.). In general, under the GRH and for
not too large n, the values from [14] are better, and otherwise we use [15]. In
most cases, it is enough to compare the n ≥ n(p1, k) case of the Odlyzko bound
and the m = ∞ case of the Tate bound. Sometimes, however, it happens that
we have to look at the cases m = 1 and m ≥ 2 separately.
Also, to prove the finiteness of ρ’s, we only need to have the contradictions
for sufficiently large n, because if the degree n is bounded, by the Hermite-
Minkowski theorem, there exist only finitely many extensions K/Q which are
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unramified outside a given finite set of primes and of degree ≤ n. Thus we only
need to compare the Tate bound with m = ∞ and the asymptotic Odlyzko
bound, which says that, for sufficiently large n = [K : Q], one has

d
1/n
K >





22.381 for any K,

60.839 for totally real K,

44.763 under GRH, for any K,

215.332 under GRH, for totally real K.

The comparison for proving the finiteness is easily done, so in the following we
focus on the proof of the non-existence. As typical cases, we present here only
the proof of the cases of p = 11 and 23.

Case p = 11: For k = 2, ..., 12, we have respectively n(11, k) = 13200, 3300,
13200, 3300, 2640, 3300, 13200, 3300, 13200, 660, 13200. If n ≥ n(11, k), the
Odlyzko bound implies

(2.1) d
1/n
K >





22.108 for k = 2, 4, 8, 10, 12,

58.598 for k = 3, 5, 7, 9,

21.592 for k = 6,

54.517 for k = 11,

34.768 under GRH, for k = 2, 4, 8, 10, 12,

122.112 under GRH, for k = 3, 5, 7, 9,

31.645 under GRH, for k = 6,

97.979 under GRH, for k = 11.

On the other hand, the Tate bound (m = ∞) implies

(2.2) d
1/n
K ≤





13.981 if k = 2,

17.770 if k = 3,

22.585 if k = 4,

28.705 if k = 5,

36.483 if k = 6,

46.370 if k = 7,

58.935 if k = 8,

74.905 if k = 9,

95.203 if k = 10,

121 if k = 11,

123.667 if k = 12.

Comparing (2.1) and (2.2), we obtain contradictions for k = 2, 3, 5, 7, and also
for k = 4, 9 assuming the GRH. For k = 6, 11, we look at the cases m = 1 and
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m ≥ 2 separately. If m = 1, the Tate bound implies

(2.3) d
1/n
K <

{
29.338 if k = 6,

78.243 if k = 11.

Comparing (2.1) and (2.3), we obtain contradictions for k = 6, 11 assuming
the GRH. For m = 2 and k = 6, 11, we have n(112, k) = 3542880, 885720. If
n ≥ n(112, k), the Odlyzko bound implies

(2.4) d
1/n
K >

{
40.458 under GRH, for k = 6,

168.971 under GRH, for k = 11.

Comparing (2.2) and (2.4), we obtain contradictions for k = 6, 11 assuming the
GRH.

Case p = 23 : For p = 23, 29, 31, we rely on Theorem 4 in the solvable image
case, so we can prove the non-existence at most in the odd case (i.e. when k is
even). Let p = 23. We have n(23, k) = 267168 for k = 2, 4, 6. If n is greater
than or equal to this value, the Odlyzko bound implies

(2.5) d
1/n
K > 37.994 under GRH.

On the other hand, the Tate bound implies

(2.6) d
1/n
K <





26.524 if k = 2,

35.272 if k = 4,

46.905 if k = 6.

Comparing (2.5) and (2.6), we obtain contradictions for k = 2, 4.

3. Representations with non-trivial Artin conductor. In this sec-
tion, we prove Theorem 2 and extend Theorem 1 to some other cases where
the representations ρ have non-trivial Artin conductors outside p. We present
in §3.1 (resp. §3.2) the cases where we can prove the non-existence (resp. finite-
ness) of ρ : GQ → GL2(Fp). We denote by N(ρ) the Artin conductor of ρ
outside p. In both cases, we use:

Lemma 2. Let K/Q be the extension which corresponds to the kernel of ρ, and
n = [K : Q]. Let d′K be the prime-to-p part of the discriminant of K. Then if
|d′K | > 1, we have

|d′K |1/n < N(ρ).

Proof. This is Lemma 3.2, (ii) of [13]. Note that, in the proof there, one has
iE/F > 0 if the extension E/F is ramified, whence the strict inequality in the
above lemma. ¤

3.1. Non-existence. We first prove Theorem 2. Let K/Q be the extension
corresponding to the kernel of the representation ρ. If for example p ≥ 1000003,
then for n ≥ 2 × |PSL2(Fp)| ≥ 4000036000104000096, the Odlyzko bound
implies, under the GRH, that the root discriminant of K is > 44.17.... Noticing
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Lemma 2, we conclude that there is no ρ which is unramified at p, with N(ρ) ≤
44, and has projective image containing PSL2(Fp).

To extend Theorem 1, we consider as in Section 2 the solvable and non-solvable
cases separately. We shall consider only the odd cases. In the solvable case,
by Theorem 4, we only need to calculate the dimension of the C-vector space
Sk(Γ1(N)) of cusp forms of weight k with respect to the congruence subgroup
Γ1(N). This is done by using, e.g., Chapters 2 and 3 of [9]. If N ≥ 2, the
values of (N, k) for which Sk(Γ1(N)) = 0 are:

(N, k) = (2, 2), (2, 4), (2, 6), (2, odd);
(N, k) = (3, 2), (3, 3), (3, 4), (3, 5); (4, 2), (4, 3), (4, 4); (5, 2), (5, 3); (6, 2), (6, 3);
and
(N, 2) for N = 7, 8, 9, 10, 12.

The non-solvable case is also done in a similar way to that in Section 2 by com-
paring various discriminant bounds, except that we take the Artin conductor
into account. Combining with the solvable case, we obtain:

Theorem 5. There exists no odd and irreducible representation ρ : GQ →
GL2(Fp) of reduced Serre weight k and Artin conductor N outside p in the
following cases:

Case N = 2: (p, k) = (3, 2), (3, 3), (3, 4); (5, 2); (7, 2).

Case N = 3: (p, k) = (2, 2), (2, 3).

Case N = 4: (p, k) = (3, 2).

Case N = 5: (p, k) = (2, 2).

Assuming the GRH, we obtain the non-existence of ρ, besides the above cases,
in the following cases:

Case N = 2: (p, k) = (5, 3); (7, 3); (11, 2); (13, 2).

Case N = 3: (p, k) = (5, 2); (7, 2).

Case N = 4: (p, k) = (3, 3).

Case N = 5: (p, k) = (3, 2).

3.2. Finiteness. To prove the finiteness of the set of isomorphism classes of
semisimple representations ρ : GQ → GL2(Fp) with bounded Artin conductor
N(ρ), we only need to compare the lower bound of the discriminants by Odlyzko
and the upper bound obtained as the product of the one in Theorem 3 with
m = ∞ and the one in Lemma 2. Here we give only the results for odd
representations under the assumption of the GRH. Other cases (even and/or
unconditional) can be obtained similarly.

Theorem 6. Assume the GRH. Then there exist only finitely many isomor-
phism classes of odd and semisimple representations ρ : GQ → GL2(Fp) with
reduced Serre weight k and Artin conductor N outside p in the following cases:

(1) k = 1, any p, and N ≤ 44.

(2) p = 2: (k = 2 and N ≤ 11), (k = 3 and N ≤ 7).

(3) p = 3: (k = 2 and N ≤ 8), (k = 3 and N ≤ 4), (k = 4 and N ≤ 4).
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Non-existence of mod p Galois representations 653

(4) For other p and k > 1;
N = 2 and (p, k) = (5, 2), (5, 4), (7, 2), (7, 4), (11, 2), (13, 2).
(Note that, when N = 2, the representation ρ is odd if and only if k is even.)
N = 3 and (p, k) = (5, 2), (5, 3), (7, 2), (7, 3), (11, 2).
N = 4 and (p, k) = (5, 2), (7, 2).

To keep the table compact, we classified the cases in an unsystematic manner.
We hope to give a more convenient table on a suitable web site.
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Abstract. We construct a classification of coherent sheaves with
an integrable log connection, or, more precisely, sheaves with an inte-
grable connection on a smooth log analytic space X over C. We do
this in three contexts: sheaves and connections which are equivariant
with respect to a torus action, germs of holomorphic connections, and
finally global log analytic spaces. In each case, we construct an equiv-
alence between the relevant category and a suitable combinatorial or
topological category. In the equivariant case, the objects of the target
category are graded modules endowed with a group action. We then
show that every germ of a holomorphic connection has a canonical
equivariant model. Global connections are classified by locally con-
stant sheaves of modules over a (varying) sheaf of graded rings on the
topological space Xlog. Each of these equivalences is compatible with
tensor product and cohomology.
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0 Introduction

Let X/C be a smooth proper scheme of finite type over the complex numbers
and let Xan be its associated complex analytic space. The classical Riemann-
Hilbert correspondence provides an equivalence between the category Lcoh(CX)
of locally constant sheaves of finite dimensional C-vector spaces V on Xan

and the category MICcoh(X/C) of coherent sheaves (E,∇) with integrable
connection on X/C. This correspondence is compatible with formation of
tensor products and with cohomology: if an object V of Lcoh(CX) corresponds
to an object (E,∇) of MICcoh(X/C), there is a canonical isomorphism

Hi(Xan, V ) ∼= Hi(X,E ⊗ Ω·
X/C), (0.0.1)

where E ⊗ Ω·
X/C is the De Rham complex of (E,∇).

When X is no longer assumed to be proper, such an equivalence and equa-
tion (0.0.1) still hold, provided one restricts to connections with regular sin-
gularities at infinity [3]. Among the many equivalent characterizations of this
condition, perhaps the most precise is the existence of a smooth compactifica-
tion X of X such that the complement X \X is a divisor Y with simple normal
crossings and such that (E,∇) prolongs to a locally free sheaf E endowed with
a connection with log poles ∇ : E → E ⊗ Ω1

X/C
(log Y ). In general there are

many possible choices of E, some of which have the property that the natural
map

Hi(X,E ⊗ Ω·
X/C

(log Y )) → Hi(X,E ⊗ Ω·
X/C) (0.0.2)

is an isomorphism.
In some situations, it is more natural to view the compactification data

(X,E) as the fundamental object of study. To embody this point of view in
the notation, let (X,Y ) denote a pair consisting of a smooth scheme X over C

together with a reduced divisor with strict normal crossings Y on X, and let
X∗ := X \Y . Write OX for OX , and let MX denote the sheaf of sections of OX

which become units on X∗. Then MX is a (multiplicative) submonoid of OX

containing O∗
X , and the natural map of sheaves of monoids αX : MX → OX

defines a “log structure”[6] on X. The datum of (X,Y ) is in fact equivalent
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to the datum of the “log scheme” X := (X,αX). The quotient monoid sheaf
MX := MX/O∗

X is exactly the sheaf of anti-effective divisors with support
in Y . This sheaf is locally constant on a stratification of X and has finitely
generated stalks, making it an essentially combinatorial object, which encodes
in a convenient way much of the combinatorics of the geometry of (X,Y ). For
example, one can easily control the geometry of those closed subschemes of
X which are defined by coherent sheaves of ideals K in the sheaf of monoids
MX . Such a scheme Z inherits a log structure αZ : MZ → OZ from that of
X, and the sheaf of ideals K defines a sheaf of ideals KZ in MZ which is
annihilated by αZ . If one adds this extra datum to the package, one obtains
an idealized log scheme (Z,αZ ,KZ). Many of the techniques of logarithmic de
Rham cohomology work as well for Z as they do for X, a phenomenon explained
by the fact that (Z,αZ ,KZ) is smooth over C in the category of idealized log
schemes. Conversely, any fine saturated idealized log scheme X which is smooth
over C (in the sense of Grothendieck’s general notion of smoothness) is, locally
in the étale topology, isomorphic to the idealized log scheme associated to
the quotient monoid algebra C[P ] by an ideal K ⊆ P , where P is a finitely
generated, integral, and saturated monoid.

In [7], Kato and Nakayama construct, for any log scheme X of finite type
over C, a commutative diagram of ringed topological spaces

X∗
an

jlog- Xlog

@
@

@
@

@

j

R
Xan

τ

?

The morphism τ is surjective and proper and can be regarded as a relative
compactification of the open immersion j. We show in (3.1.2) that, if X is
smooth, X∗

an and Xlog have the same local homotopy type. Since τ is proper,
it is much easier to work with than the open immersion j. The construction of
Xlog also works in the idealized case. Here X∗

an can be empty, hence useless,
while its avatar Xlog remains. These facts justify the use of the space Xlog as
a substitute for X∗

an as the habitat for log topology.
Let X/C be a smooth, fine, and saturated idealized log analytic space, let

Ω1
X/C be the sheaf of log Kahler differentials, and let MICcoh(X/C) denote

the category of coherent sheaves E on X equipped with an integrable (log)
connection ∇ : E → E ⊗ Ω1

X/C. One of the main results of [7] is a Riemann-

Hilbert correspondence for a subcategory MICnilp(X/C) of MICcoh(X/C).
This consists of objects (E,∇) which, locally on X, admit a filtration whose
associated graded object “has no poles.” (In the classical divisor with normal
crossings case, such an object corresponds to the “canonical extension” of a
connection with regular singular points and nilpotent residue map [3, II,5.2].)
Kato and Nakayama establish a natural equivalence between MICnilp(X/C)
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and a category Lunip(Xlog) of locally constant sheaves of C-modules on Xlog

with unipotent monodromy relative to τ . Note that if (E,∇) is an object of
MICnilp(X/C), then E is locally free, but that this is not true for a general
(E,∇) in MICcoh(X/C).

Our goal in this paper is to classify the category MICcoh(X/C) of all
coherent sheaves on X, with no restriction on E or its monodromy, in terms of
suitable topological objects on Xlog. These will be certain sheaves of C-vector
spaces plus some extra data to keep track of the choice of coherent extension.
The extra data we need involve the exponents of the connection. These can
be thought of in the following way. At a point x of X, one can associate to a
module with connection (E,∇) its residue at x. This is a family of commuting
endomorphisms of E(x) parameterized by TM,x := Hom(M

gp

X,x,C); it gives

E(x) the structure of a module over the symmetric algebra of TM,x. The sup-

port of this module is then a finite subset of the maximal spectrum of S·TM,x,

which is just C⊗ M
gp

X,x. The exponents of the connection are the negatives of
these eigenvalues; they are all zero for objects of MICnilp(X/C). Let Λ denote

the pullback of the sheaf C ⊗ M
gp

X to Xlog, regarded as a sheaf of MX -sets
induced from the negative of the usual inclusion MX → C ⊗ MX . The map
MX → Λ sending p to −1 ⊗ p endows the pullback C

log
X of C[MX ]/KX to

Xlog with the structure of a Λ-graded algebra. It then makes sense to speak of

sheaves of Λ-graded (or indexed) C
log
X -modules. In §3, we describe a category

Lcoh(Clog
X ) of “coherent” sheaves of Λ-graded C

log
X -modules and prove the

following theorem:

Theorem Let X/C be a smooth fine, and saturated idealized log ana-

lytic space over the complex numbers. There is an equivalence of tensor

categories:

V : MICcoh(X/C) - Lcoh(Clog
X )

compatible with pullback via morphisms X ′ → X.

As in [7], the equivalence can be expressed with the aid of a sheaf of rings

Õlog
X on Xlog which simultaneously possesses the structure of a Λ-graded C

log
X -

module and an exterior differential:

d : Õlog
X → Ω̃1,log

X/C := Õlog
X ⊗τ−1OX

τ−1Ω1
X/C,

whose kernel is exactly C
log
X . If (E,∇) is an object of MICcoh(X/C), Ẽ :=

Õlog
X ⊗τ−1OX

τ−1E inherits a “connection”

∇̃ : Ẽ → Ẽ ⊗Õlog
X

Ω̃1,log
X/C,

and V(E,∇) is the Λ-graded C
log
X -module Ẽ∇̃. Conversely, if V is an object of
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Lcoh(Clog
X ), then Ṽ := Õlog

X ⊗
C

log
X

V inherits a graded connection

∇̃ := d ⊗ id : Ṽ → Ṽ ⊗Õlog
X

Ω̃1,log
X/C.

Pushing forward by τ and taking the degree zero parts, one obtains an OX -
module which we denote by τΛ

∗ Ṽ and which inherits a (logarithmic) connection
∇; this gives a quasi-inverse to the functor (E,∇) 7→ V(E,∇).

The equivalence provided by the theorem is also compatible with cohomol-
ogy. A Poincaré lemma asserts that the map:

V → E ⊗ Ω̃·,log
X/C

from V to the De Rham complex of τ−1E ⊗ Õlog
X is a quasi-isomorphism. An

analogous topological calculation asserts that the map

E ⊗ Ω·
X/C → RτΛ

∗ (τ−1E ⊗ Ω̃·,log
X/C)

is a quasi-isomorphism, where RτΛ
∗ means the degree zero part of Rτ∗. One

can conclude that the natural maps

Hi(X,E ⊗ Ω·
X/C) → Hi(Xlog, E ⊗ Ω̃·,log

X/C,0) ← Hi(Xlog, V0)

are isomorphisms. Note that in the middle and on the right, we take only the
part of degree zero; this reflects the well-known fact that in general, logarithmic
De Rham cohomology does not calculate the cohomology on the complement
of the log divisor without further conditions on the exponents [3, II, 3.13]. The
grading structure on the topological side obviates the unpleasant choice of a
section of the map C → C/Z which is sometimes made in the classical theory
[3, 5.4]; it has the advantage of making our correspondence compatible with
tensor products.

The question of classifying coherent sheaves with integrable logarithmic
connection is nontrivial even locally. A partial treatment in the case of a divisor
with normal crossings is due to Deligne and briefly explained in an appendix
to [4]. The discussion there is limited to the case of torsion-free sheaves and
is expressed in terms of Zr-filtered local systems (V, F·) of C-vector spaces. In
our coordinate-free formalism, M

gp

X replaces Zr, and the filtered local system
(V, F·) is replaced by its graded Rees-module ⊕mFmV .

Because some readers may be primarily concerned with the local problem,
and/or may not appreciate logarithmic geometry, we discuss the local Riemann-
Hilbert correspondence, in which the logarithmic techniques reduce to toroidal
methods which may be more familiar, before the global one. We shall in fact
describe this correspondence in two ways: one in terms of certain normalized
representations of a “logarithmic fundamental group,” and one in terms of
equivariant nilpotent Higgs modules. Then the proof of the global theorem
stated above amounts to formulating and verifying enough compatibilities so
that one can reduce to the local case.
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The paper has three sections, dealing with the Riemann-Hilbert correspon-
dence in the equivariant, local, and global settings, respectively. The first sec-
tion discusses homogeneous connections on affine toric varieties. Essentially,
these are modules with integrable connection which are equivariant with re-
spect to the torus action. These are easy to classify, for example in terms of
equivariant Higgs modules. Once this is done, it is quite easy to describe an
equivariant Riemann-Hilbert correspondence for such modules. It takes some
more care to arrange the correspondence in a way that will be compatible with
the global formulation we need later. The next section is devoted to the local
Riemann-Hilbert correspondence. The main point is to show that the cate-
gory of analytic germs of connections at the vertex of an affine toric variety is
equivalent to the category of coherent equivariant connections (and hence also
to the category of equivariant Higgs modules). There are two key ingredients:
the first is the study of connections on modules of finite length (using Jordan
normal form) and, by passing to the limit, of formal germs. Ahmed Abbes has
pointed out the similarity between this construction and the technique of “de-
completion” used by Fontaine in an analogous p-adic situation [5]. Our second
key ingredient is a convergence theorem which shows that the formal comple-
tion functor is an equivalence on germs. Since our analytic spaces are only
log smooth and our sheaves are not necessarily locally free, such a theorem is
not standard. Instead of trying a dévissage technique to reduce to the classical
case, we prove convergence from scratch, using direct estimates of the growth
of terms of formal power series indexed by a monoid. In the last section, we
globalize the Riemann-Hilbert correspondence by defining Õlog

X and showing
that it agrees, in a suitable sense, with the equivariant constructions in the
first section. To illustrate the power of our somewhat elaborate main theorem,
we show how it immediately implies a logarithmic version (3.4.9) of Deligne’s
comparison theorem [3, II, 3.13]. Our version says that the map (0.0.2) is an
isomorphism provided that, at each x ∈ X, the intersection of the set of ex-
ponents of E (viewed as a subset of C ⊗ MX,x) with M

gp

X,x lies in MX,x. (In
fact our result is slightly stronger, as well more general, than Deligne’s orig-
inal version.) We also explain how it immediately implies the existence of a
logarithmic version of the Kashiwara-Malgrange V-filtration and of Deligne’s
meromorphic to analytic comparison theorem.

Since this paper seems long enough in its current state, we have not touched
upon several obvious problems, which we expect present varying degrees of
difficulty. These include a notion of regular singular points for modules with
connection on a log scheme, and especially the functoriality of the Riemann-
Hilbert correspondence with respect to direct images. We leave completely
untouched moduli problems of log connections, referring to work by N. Nitsure
in [9] and [10] on this subject.

The proofs given in the admirably short [7] use a dévissage argument, along
with resolution of toric singularities, to reduce to the classical case of a divisor
with normal crossings and a reference to [3]. Our point of view is that the
monoidal models rendered natural by the log point of view are so convenient
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that it is natural and easy to give direct proofs, including proofs of the basic
convergence results in the analytic setting. Thus our treatment is logically
independent of [7] and even [3]. (Of course, these sources were fundamental
inspirations.)

I would like to thank Hélène Esnault for pointing out the existence of
Deligne’s classification in the appendix to [4] and for her encouragement in
this attempt to follow up on it. Acknowledgments are also due to Toshirharu
Matsubara and Maurizio Cailotto, whose preliminary manuscripts on log con-
nections were very helpful. I would also like to thank Ahmed Abbes for the
interest he has shown in this work and the hospitality he provided at the Uni-
versity of Paris (Epinay-Villetaneuse), where I was able to carry out some
important rethinking of the presentation. I am especially grateful to the ref-
eree for his meticulous work which revealed over two hundred errors and/or
ambiguities in the first version of this manuscript. Finally, it is a pleasure and
honor to be able to dedicate this work to Kazuya Kato, whose work on the
foundations and applications of log geometry has been such an inspiration.

1 An equivariant Riemann-Hilbert correspondence

1.1 Logarithmic and equivariant geometry

Smooth log schemes are locally modeled on affine monoid schemes, and the
resulting toric geometry is a powerful tool in their analysis. We shall review the
basic setup and techniques of affine monoid schemes (affine toric varieties) and
then describe an equivariant Riemann-Hilbert correspondence for such schemes.
This will be the main computational tool in our proof of the local and global
correspondences in the next sections.

We start working over a commutative ring R, which later will become the
field of complex numbers. All our monoids will be commutative unless other-
wise stated. A monoid P is said to be toric if it is finitely generated, integral,
and saturated and in addition P gp is torsion free. If P is a monoid, we let R[P ]
denote the monoid algebra of P over R, and write e(p) or ep for the element
of R[P ] corresponding to an element p of P . If K is an ideal of P , we write
R[K] for the ideal of R[P ] generated by the elements of K and R[P,K] for the
quotient R[P ]/R[K]. By an idealized monoid we mean a pair (P,K), where
K is an ideal in a monoid P . Sometimes we simply write P for an idealized
monoid (Q,K) and R[P ] for R[Q,K].

We use the terminology of log geometry from, for example, [6]. Thus a log
scheme is a scheme X, together with a sheaf of commutative monoids MX on
Xét and a morphism of sheaves of monoids αX from MX to the multiplicative
monoid OX which induces an isomorphism α−1

X (O∗
X) → O∗

X . Then α induces
an isomorphism from the sheaf of units M∗

X of MX to O∗
X ; we denote by λX

the inverse of this isomorphism and by MX the quotient of MX by O∗
X . All

our log schemes will be coherent, fine, and saturated; for the definitions and
basic properties of these notions, we refer again to [6]. An idealized log scheme
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is a log scheme with a sheaf of ideals KX ⊆ MX such that αX(k) = 0 for every
local section k of KX . A sheaf of ideals KX of MX is said to be coherent if it
is locally generated by a finite number of sections, and we shall always assume
this is the case. Morphisms of log schemes and idealized log schemes are defined
in the obvious way. A morphism f : X → Y of fs idealized log schemes is strict
if the induced map f−1MY → MX is an isomorphism, and it is ideally strict
if the morphism f−1KY → KX is also an isomorphism.

If P is a monid, we let AP denote the log scheme Spec(P → R[P ]) and AP its
underlying scheme, i.e., with trivial log structure. If A is an R-algebra, the set
AP(A) of A-valued points of AP can be identified with the set of homomorphisms
from the monoid P to the multiplicative monoid underlying A. This set has
a natural monoid structure, and thus AP can be viewed as a monoid object in
the category of R-schemes. The canonical map P → P gp induces a morphism
A
∗
P := APgp = APgp → AP which identifies A

∗
P with the group scheme of units

of AP. The natural morphism of log schemes AP → AP is injective on A-valued
points, and its image coincides with the image of the map A

∗
P → AP. If K

is an ideal of P , the subscheme AP,K := Spec(R[P,K]) it defines is invariant
under the monoid action of AP on itself, so that AP,K defines an ideal of the
monoid scheme AP. Also, K generates a (coherent) sheaf of ideals KX in
the sheaf of monoids MX of AP, and the restrictions of MX and KX to AP,K

give it the structure of an idealized log scheme AP,K. It can be shown that,
using Grothendieck’s definition of smoothness via ideally strict infinitesimal
thickenings as in [6], the ideally smooth log schemes over SpecR are exactly
those that are, locally in the étale topology, isomorphic to AP,K for some P and
K. Note that these are the log schemes considered by Kato and Nakayama in
[7].

Suppose from now on that P is toric. Then A
∗
P is a torus with character

group P gp, and the evident map A
∗
P to AP is an open immersion. The comple-

ment F of a prime ideal p of P is by definition a face of P . It is a submonoid of
P , and there is a natural isomorphism of monoid algebras R[F ] ∼= R[P ]/p, in-
ducing an isomorphism AP,p

∼= AF. If k is an algebraically closed field, AP,p(k)
is the closure of an orbit of the action of A

∗
P (k) on AP(k), and in this way the

set of all faces of P parameterizes the set of orbits of AP(k). In particular, the
maximal ideal P+ of P is the complement of the set of units P ∗ of P , and
defines the minimal orbit of AP.

The map P → R sending every element of P ∗ to 1 and every element of P+

to 0 is a homomorphism of monoids, and hence defines an R-valued point of
AP, called the vertex of AP. The vertex belongs to AP,K for every proper ideal

K of P . By definition P := P/P ∗; and the surjection P → P induces a strict
closed immersion A

P
→ AP. The inclusion P ∗ → P defines a (log) smooth

morphism AP → AP∗ ; note that AP∗ is a torus and that A
P

is the inverse image
of its origin 1 under this map. Thus there is a Cartesian diagram:
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v - A
P

- 1

AP,P+

?
- AP

?
- AP∗

?

The action of the torus A
∗
P on AP manifests itself algebraically in terms of

a P gp-grading on R[P ]: R[P ] is a direct sum of R-modules R[P ] = ⊕{Ap :
p ∈ P gp}, and the multiplication map sends Ap ⊗ Aq to Ap+q. Quasi-coherent
sheaves on AP which are equivariant with respect to the torus action correspond
to P gp-graded modules over R[P ].

More generally, if S is a P -set, there is a notion of an S-graded R[P ]-
module. This is an R[P ]-module V together with a direct sum decomposition
V = ⊕{Vs : s ∈ S}, such that for every p ∈ P , multiplication by ep : V →
V maps each Vs to Vp+s. For example, R[S] is defined to be the free R-
module generated by s in degree s, and if es is a basis in degree s and p ∈ P ,
epes := ep+s. Morphisms of S-graded modules are required to preserve the
grading. We denote by ModS

R(P ) the category of S-graded R[P ]-modules and
S-graded maps, and if K is an ideal of P , we denote by ModS

R(P,K) the full
subcategory consisting of those modules annihilated by K (i.e., by the ideal of
R[P ] generated by K). If the ring R is understood we may drop it from the
notation.

Equivalently, one can work with S-indexed R-modules. Recall that the
transporter of a P -set S is the category whose objects are the elements of S and
whose morphisms from an object s ∈ S to an object s′ ∈ S are the elements p ∈
P such that p+s = s′, (with composition defined by the monoid law of P ). Then
an S-indexed R-module is by definition a functor F from the transporter of S
to the category of R-modules. If F is an S-indexed R-module, then ⊕{F (s) :
s ∈ S} has a natural structure of an S-graded R[P ]-module. This construction
gives an isomorphism between the category of S-graded R[P ]-modules and the
category of S-indexed R-modules, and we shall not distinguish between these
two notions in our notation. See also the discussion by Lorenzon [8].

If the action of P on S extends to a free action of P gp on the localization of
S by P we say that S is potentially free. If S is potentially free, then whenever
s and s′ are two elements of S and p is an element of P such that s′ = p + s,
then p is unique, and the transporter category of S becomes a pre-ordered
set. In this case, an S-indexed module F for which all the transition maps are
injective amounts to an S-filtered R-module, and the corresponding S-graded
R[P ]-module is torsion free.

In particular let φ : P → Q be a morphism of monoids. Then Q inherits
an action of P , and so it makes sense to speak of a Q-graded R[P ]-module.
The morphism φ also defines a morphism of monoid schemes Aφ : AQ → AP,
and hence an action µ : AP ×AQ → AP of AQ on AP. A Q-grading on an
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R[P ]-module E then corresponds to an AQ-equivariant quasi-coherent sheaf

Ẽ on AP, i.e., a quasi-coherent sheaf Ẽ together with a linear map µ∗Ẽ →
pr∗1Ẽ on AP ×AQ satisfying a suitable cocycle condition. We shall be especially
concerned with the case in which Q is a submonoid of R ⊗ P gp, or even all of
R ⊗ P gp.

Remark 1.1.1 Let φ : P → Q be a morphism of monoids, let S (resp. T ) be
a P -set (resp. a Q-set) and let ψ : S → T be a morphism of P -sets over φ.
Then if E is an object of ModS

R(P ), the tensor product R[Q] ⊗R[P ] E has a
natural T -grading, uniquely determined by the fact that if x ∈ E has degree
s and q ∈ Q, then eq ⊗ x has degree q + ψ(s). This works because if p ∈ P ,
(q + φ(p)) + ψ(s) = q + ψ(p + s). We denote this T -graded R[P ]-module by
φ∗

ψ(E). If F is an object of ModT
R(Q), then there is a natural map of R[P ]-

modules:
φψ
∗ (F ) := ⊕s∈SFψ(s) → φ∗F = ⊕t∈T Ft.

Furthermore φψ
∗ (F ) is naturally S-graded, and the functor φψ

∗ is right adjoint
to the functor φ∗

ψ. For example, if P is the zero monoid and T = Qgp, then

the adjoint to the functor Mod(R) → ModQgp

R (Q) is the functor which takes
a Qgp-graded module to its component of degree zero. We denote this functor
by πQ

∗ .

Proposition 1.1.2 Let P be an integral monoid, let S be a potentially free
P -set, and view the orbit space S/P ∗ as a P -set, so that the projection π : S →
S/P ∗ is a morphism over the morphism π : P → P .

1. The base-change functor

π∗
π : ModS

R(P ) → Mod
S/P∗

R (P )

is an equivalence of categories.

2. If E is any object of ModS
R(P ), E := π∗

πE, and s ∈ S maps to s ∈ S/P ∗,
then the natural map Es → Es is an isomorphism.

Proof: Let I be kernel of the surjective map R[P ] → R[P ]. This is the ideal
generated by the set of elements of the form 1 − eu : u ∈ P ∗. If E is an object
of ModS

R(P ), then E := π∗
πE ∼= E/IE. Since S is potentially free as a P -set,

the action of the group P ∗ on S is free. Thus an element t of S/P ∗, viewed as a
subset of S, is a torsor under the action of P ∗. Let Et := ⊕{Es : s ∈ t}. Then
Et has a natural action of R[P ∗] and Et

∼= Et ⊗R[P∗] R, where R[P ∗] → R is
the map sending every element of P ∗ to 1R. Let t := s, and let J be the kernel
of the augmentation map R[P ∗] → R. Since J and I have the same generators,
Et

∼= Et/JEt. For each s′ ∈ t, there is a unique u′ ∈ P ∗ such that s = u′s′,
and multiplication by eu′ defines an isomorphism ιs′ : Es′ → Es. The sum of
all these defines a morphism ι of R-modules Et → Es. If u ∈ P ∗ and s′ := us′′,
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then u′′u = u′, and hence ιu′′ ◦ ·eu = ιu′ . Thus ι factors through a morphism
ι of R-modules Et/JEt → Es. The inclusion Es → Et induces a section j:
ι ◦ j = id. Since the map j : Es → Et/JEt is also evidently surjective, it is an
isomorphism inverse to πs. This proves (1.1.2.2), which implies that the functor
π∗

π is fully faithful. One checks immediately that ππ
∗ is a quasi-inverse.

With the notation of the proposition above, suppose that E is an S-graded
R[P ]-module. The map η : R[P ] → R sending P to 1 can be thought of as a
generic R-valued point of AP. Indeed, this map factors through R[P gp], and the
above result shows that it induces an equivalence from the category of S⊗P gp-
graded modules to the category of R-modules. Let Eη denote the R-module
η∗E. For each s ∈ S, there is a map of R-modules

cosps,η : Es → Eη.

Corollary 1.1.3 If E and s ∈ S are as above, suppose that E is torsion free
as an R[P ]-module and also that it admits a set of homogeneous generators
in degrees t ≤ s (i.e., for each generating degree t, there exists p ∈ P with
s = p + t). Then the cospecialization map cosps,η is an isomorphism.

Proof: Let E′ := E ⊗ R[P gp]. Since E is torsion free, the map from E to
E′ is injective. The proposition shows that for any s′ ∈ S ⊗ P gp, the map
E′

s′ → Eη is bijective. So it suffices to see that the map Es → Eη is surjective.
Any x′ ∈ E′

s′ is a sum of elements of the form eqxq, where q ∈ P gp and xq ∈ E
is a homogeneous generator of some degree t ≤ s. Thus it suffices to show that
if x′ is equal to such an eqxq, then its image in Eη is in the image of Es. Write
s = p + t, with p ∈ P , so that x′ = eqxq = eq−p(epxq). Then epxq ∈ Es has
the same image in Eη as does x′.

1.2 Equivariant differentials and connections

Let P be a toric monoid and let X := AP; since X is affine, we may and shall
identify quasi-coherent sheaves with R[P ]-modules. We refer to [6] and [11] for
the definitions and basic properties of the (log) differentials Ω1

X/R and modules

with connection on X/R. Recall in particular that Ω1
X/R is the quasi-coherent

sheaf on X corresponding to the R[P ]-module

R[P ] ⊗Z P gp ∼= R[P ] ⊗R ΩP/R,

where ΩP/R := R ⊗ P gp. If p ∈ P , we sometimes denote by dp the class of
1⊗pgp in ΩP/R We write Ωi

P/R for the ith exterior power of ΩP/R and TP/R for
its dual; we shall drop the subscripts if there seems to be no risk of confusion.
An element p of P defines a global section β(p) of MX , and

dlog β(p) = dp = 1 ⊗ pgp
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in ΩP/R ⊆ Ω1
X/R. Such an element p also defines a basis element ep of R[P ], and

dep = epdp ∈ Ω1
X/R. The grading of Ω1

X/R for which d is homogeneous of degree

zero corresponds to the action of A
∗
P on Ω1

X/R induced by functoriality; under

this action, ΩP/R ⊆ Ω1
X/R is the set of invariant forms, i.e., the component

of degree zero. The dual TP/R of ΩP/R can be thought of as the module of
equivariant vector fields on AP. If E is an R[P ]-module, a connection on the
corresponding sheaf on X corresponds to a map

∇ : E → E ⊗R[P ] Ω1
X/R

∼= E ⊗R ΩP/R,

and the Leibniz rule reduces to the requirement that

∇(epx) = epx ⊗ dp + ep∇(x).

for p ∈ P and x ∈ E.

Remark 1.2.1 If K is an ideal of P , let AP,K be the idealized log subscheme
of AP defined by K. Then the structure sheaf of AP,K corresponds to R[P,K]
and Ω1

X/R to R[P,K] ⊗R Ω1
P/R. Thus the category of modules with integrable

connection on AP,K /R can be identified with the full subcategory of modules
with integrable connection on AP /R annihilated by K. This remark reduces
the local study of connections on idealized log schemes to the case in which the
ideal is empty.

Suppose now that S is a P -set and (E,∇) is an S-graded R[P ]-module with
an integrable log connection. The S-grading on E induces an S-grading on
Ω1

P/R ⊗E; we say that ∇ is homogeneous if it preserves the grading. Thus for
each s ∈ S and p ∈ P , there is a commutative diagram

Es
∇ + dp- Es ⊗R ΩP/R

Ep+s

ep

? ∇- Ep+s ⊗R ΩP/R

ep

?

For example, the data of a homogeneous log connection on R[S] amounts simply
to a morphism of P -sets d : S → Ω1

P/R. Note that such a morphism defines a

pairing 〈 , 〉 : TP/R × S → R.

Definition 1.2.2 Let (P,K) be an idealized monoid and R a ring. Then a
set of exponential data for (P,K) over R is an abelian group Λ together with
homomorphisms P → Λ and Λ → ΩP/R whose composition is the map p 7→ dp.
The data are said to be rigid if for every nonzero λ ∈ Λ, there exists a t ∈ TP/R

such that 〈t, λ〉 ∈ R∗.
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Typical examples are Λ = P gp, Λ = R⊗P gp, and Λ = k⊗P gp, where k is a
field contained in R. Rigidity implies that Λ → Ω is injective, and is equivalent
to this if R is a field. Note that if R is flat over Z, the map P gp → Ω is also
injective.

We sometimes just write Λ for the entire set of exponential data. Given
such data, P acts on Λ and it makes sense to speak of a Λ-graded R[P ]-module
with homogeneous connection. For example, R[P ] can be viewed as a Λ-graded
R[P ]-module, where ep is given degree δ(p) as in (1.1.1), and the connection d
is Λ-graded. Because the homomorphism Λ → ΩP/R is also a map of P -sets,
R[Λ] also has such a structure. Associated to the map P → Λ is a map from
the torus AΛ to AP and a consequent action of AΛ on AP. Then a Λ-graded
R[P ]-module with a homegeneous connection corresponds to a quasi-coherent
sheaf with a connection on AP which are together equivariant with respect to
this action.

Definition 1.2.3 Let (P,K) be an idealized toric monoid and let

P
δ- Λ

ε- ΩP/R

be a set of exponential data for P/R.

1. MICΛ(P,K/R) is the category of Λ-graded R[P ]-modules with homoge-
neous connection and morphisms preserving the connections and gradings.

2. An object (E,∇) of MICΛ(P,K/R) is said to be normalized if for every
t ∈ TP/R and every λ ∈ Λ the endomorphism of Eλ induced by ∇t−〈t, λ〉
is locally nilpotent. The full subcategory of MICΛ(P,K/R) consisting of
the normalized (resp. of the normalized and finitely generated) objects is
denoted by MICΛ

∗ (P,K/R) (resp. MICΛ
coh(P,K/R)).

Remark 1.2.4 Let MIC(P,K/R) be the category of R[P,K]-modules with
integrable log connection but no grading. If the exponential data are rigid, the
functor MICΛ

∗ (P,K/R) → MIC(P,K/R) is fully faithful. To see this, note
first that, since the category MICΛ(P,K/R) has internal Hom’s, it suffices to
check that if (E,∇) is an object of MICΛ

∗ (P,K/R) and e ∈ E is horizontal,
then e ∈ E0. In other words, we have to show that ∇ is injective on Eλ if
λ 6= 0. Since the data are rigid, if λ 6= 0 there exists a t ∈ T such that 〈t, λ〉
is a unit, and the action of ∇t on Eλ can be written as 〈t, λ〉 plus a locally
nilpotent endomorphism. It follows that ∇t is an isomorphism on Eλ.

When the choice of Λ is clear or fixed in advance, we shall permit ourselves
to drop it from the notation. We also sometimes use the same letter to denote
an element of P or Λ and its image in Λ or ΩP/R. This is safe to do if the maps
P → Λ and Λ → ΩP/R are injective.

Example 1.2.5 The differential d : R[P,K] → R[P,K] ⊗R ΩP/R defines an
object of MICΛ

coh(P/R), for any Λ. More generally, choose λ ∈ Λ, and let
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Lλ denote the free Λ-graded R[P,K]-module generated by a single element xλ

in degree λ, with the connection d such that d(epxλ) = epxλ ⊗ (dp + ε(λ)).
If t ∈ TP/R, then dt(epxλ) = 〈t, p + λ〉. Since epxλ has degree δ(p) + λ and

dt−〈t, dp + ε(λ)〉 = 0 in this degree, Lλ belongs to MICΛ
coh(P,K/R). For λ and

λ′ in Λ there is a homogeneous and horizontal isomorphism Lλ ⊗Lλ′ → Lλ+λ′

sending xλ ⊗ xλ′ to xλ+λ′ , and in this way one finds a ring structure on the
direct sum ⊕{Lλ : λ ∈ Λ}, compatible with the connection. This direct sum is
in some sense a universal diagonal object of MICΛ

∗ (P,K/R). The ring ⊕λLλ

can be identified with the tensor product of the monoid algebras R[P,K] and
R[Λ], or with the quotient of the monoid algebra R[P ⊕ Λ] of P ⊕ Λ by the
ideal generated by K. We shall also denote it by R[P,K,Λ]. Note the unusual
grading: the degree of epxλ is δ(p) + λ. The ring R[P,K,Λ] admits another Λ
grading, in which epxλ has degree λ. In fact it is naturally Λ ⊕ Λ graded. For
convenience, shall set Λ′ := Λ and say that epxλ′ has Λ-degree δ(p) + λ′ and
Λ′-degree λ′. When we need to save space, we shall let P stand for the pair
(P,K) and just write R[P,Λ] instead of R[P,K,Λ].

Example 1.2.6 One can also construct a universal nilpotent object as follows.
Let Ω := ΩP/R, and for each n ∈ N, let Ω → Γn(Ω) denote the universal
polynomial law of degree n [2, Appendix A] over R. Thus, Γn(Ω) is the R-
linear dual of the nth symmetric power of TP/R, and Γ·(Ω) := ⊕nΓn(Ω) is the
divided power polynomial algebra on Ω. It has an exterior derivative d which
maps Γn(Ω) to Γn−1(Ω) ⊗ Ω, defined by

dω
[I1]
1 · · ·ω[In]

n :=
∑

i

ω
[I1]
1 · · ·ω[Ii−1]

i · · ·ω[In]
n ⊗ ωi (1.2.1)

Of course, if R is a Q-algebra, Γn(Ω) can be identified with the nth symmetric
power of Ω. Let N(P,K) := R[P,K]⊗R Γ·(Ω), graded so that Γ·(Ω) has degree
zero, and let

∇ : N(P,K) → N(P,K) ⊗R ΩP/R := d ⊗ id + id ⊗ d

be the extension of d satisfying the Leibniz rule with respect to R[P ]. Then
N(P,K) ∈ MICΛ

∗ (P,K). Note that N∗(P,K) has an exhaustive filtration F·,
where Fn :=

∑
i≤n R[P,K] ⊗ Γi(Ω), and the associated graded connection is

constant.

1.3 Equivariant Higgs fields

Let X be a smooth scheme over R, let ΩX/R be its sheaf of Kahler differentials,
and let TX/R be the dual of ΩX/R. Recall [13] that a Higgs field on a sheaf F of
OX -modules is an OX -linear map θ : F → F ⊗ Ω1

X/R such that the composite

F → F ⊗Ω1
X/R → F ⊗Ω2

X/R vanishes. Such a θ is equivalent to an action of the

symmetric algebra S·TX/R on F , and hence defines a sheaf of OT∗
X/R

-modules,
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where T∗
X/R := VTX/R := SpecX S·TX/R is the cotangent bundle of X/R. One

can prolong a Higgs field θ to a complex

K·(F, θ) := F → F ⊗ Ω1
X/R → F ⊗ Ω2

X/R → · · ·

with OX -linear boundary maps induced by θ, called the Higgs complex of (F, θ).
All these constructions make sense with TX/R replaced by any locally free sheaf
T of OX -modules, and we call (F, θ) an OX-T -module or T -Higgs-module in
the general case.

One can define internal tensor products and duals in the category of T -Higgs
modules in the same way one does for modules with connection. For example,
if θ and θ′ are T -Higgs fields on F and F ′ respectively, then θ ⊗ id + id ⊗ θ′

is the Higgs field on F ⊗ F ′ used to define the internal tensor product. If ω
is a section of the dual Ω of T , the ω-twist of a T -Higgs field θ is the T -Higgs
field θ + id ⊗ ω. An R-T module (F, θ) is said to be nilpotent if θt defines a
locally nilpotent endomorphism of F for every t ∈ T . This means that the
corresponding sheaf on VT is supported on the zero section.

A Jordan decomposition of a T -Higgs module (E, θ) is a direct sum decom-
position E ∼= ⊕Eω : ω ∈ Ω such that each Eω is invariant under θ and is the
ω-twist of a nilpotent T -Higgs module. For example, if R is an algebraically
closed field and E is finitely generated, then E can be viewed as a module of
finite length over S·T and its support is a finite subset of the maximal spectrum
of S·T , which can be canonically identified with Ω. Thus E admits a canonical
Jordan decomposition E ∼= ⊕Eω.

The following simple and well-known vanishing lemma will play a central
role.

Lemma 1.3.1 Let (F, θ) be a T -Higgs module and suppose there exists a t ∈ T
such that θt is an automorphism of F . Then the Higgs complex K·(F, θ) is
homotopic to zero, hence acyclic.

Proof: Interior multiplication by t defines a sequence of maps

ρi : F ⊗ Ωi → F ⊗ Ωi−1.

One verifies easily that κ := dρ + ρd is θt ⊗ id. Thus θt induces the zero map
on cohomology, and since θt is an isomorphism, the cohomology vanishes.

We shall see that there is a simple relationship between equivariant Higgs
fields and equivariant connections. In fact there are two constructions we shall
use.

Definition 1.3.2 Let P be an idealized toric monoid and P
d- Λ

ε- ΩP/R

a set of exponential data for P .
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1. HIGΛ(P/R) is the category of Λ-graded R[P ]-TP/R modules. That is,
the objects are pairs (E, θ), where E is a Λ-graded R[P ]-module and

θ : E → E ⊗R ΩP/R

is a homogeneous map such that θ ∧ θ = 0, and the morphisms are the
degree preserving maps compatible with θ.

2. An object (E, θ) of HIGΛ(P/R) is nilpotent if for every t ∈ TP/R,
the endomorphism θt of E is locally nilpotent. The full subcategory of
HIGΛ(P/R) consisting of nilpotent (resp., the nilpotent and finitely gen-
erated objects) is denoted by HIGΛ

∗ (P/R) (resp., HIGΛ
coh(P/R)).

Example 1.3.3 If λ ∈ Λ, let Lλ be the free Λ-graded R[P ]-module generated
in degree λ by xλ. Then there is a unique TP/R-Higgs field θ on Lλ such that

θ(epxλ) = epxλ ⊗ ε(λ) for each p ∈ P . The isomorphism Lλ ⊗ Lλ′ → Lλ+λ′

sending xλ⊗xλ′ to xλ+λ′ is compatible with the induced Higgs fields, so we get
a Higgs field θ on R[P,Λ] = ⊕Lλ, compatible with the ring structure. Similarly
there is a unique Higgs field on N(P ) = R[P ] ⊗ Γ·(Ω) such that

ω
[I1]
1 · · ·ω[In]

n 7→
∑

i

ω
[I1]
1 · · ·ω[Ii−1]

i · · ·ω[In]
n ⊗ ωi

for all I.

Let (E,∇) be an object of MICΛ(P/R). We can forget the R[P ]-module
structure of E and view it as an R-module. Since TP/R is a finitely generated
free R-module, ∇ : E → E ⊗ ΩP/R can be viewed as a TP/R-Higgs field on E.
If R is an algebraically closed field and E is finite dimensional over R, such
fields are easy to analyze, using the Jordan decomposition. We can generalize
this as follows.

Lemma 1.3.4 Let P → Λ → ΩP/R be a rigid set of exponential data for an
idealized monoid P .

1. Let (E,∇) be an object of MIC(P,K/R). Suppose the correspond-
ing TP/R-Higgs module (E,∇) admits a Jordan decomposition E =
⊕Eλ. Then this direct sum decomposition gives E the structure
of a Λ-graded R[P,K]-module, and with this structure, (E,∇) ∈
MICΛ

∗ (P,K/R). Thus, MICΛ
∗ (P,K/R) is equivalent to the full subcate-

gory of MICΛ(P,K/R) whose corresponding TP/R-Higgs modules admit
a Jordan decomposition.

2. If (E,∇) ∈ MICΛ
∗ (P,K/R), then its de Rham complex is acyclic except

in degree zero.
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Proof: Let θλ := ∇ − id ⊗ λ. The Leibniz rule implies that for each p ∈ P
and t ∈ T , θt,λ+p ◦ ep = ep ◦ θt,λ. It follows that θn

t,λ+p ◦ ep = ep ◦ θn
t,λ, for

every n ≥ 0. If x ∈ Eλ, then x is killed by some power of θt,λ, and hence epx
is killed by some power of θt,λ+p. For any λ′, θt,λ′ = θt,λ+p + 〈t, λ′ − p − λ〉. If
λ′ 6= p+λ, we can choose t so that 〈t, λ′ − p − λ〉 is a unit, and hence θt,λ+p acts
injectively on Eλ′ . It follows that the degree λ′ piece of epx is zero. In other
words, ep maps Eλ to Ep+λ. This shows that ⊕Eλ gives E the structure of a Λ-
graded R[P ]-module. Evidently each Eλ is invariant under ∇, and killed by K,
and with this grading, (E,∇) ∈ MICΛ

∗ (P,K/R). We have already remarked in
(1.2.4) that MICΛ

∗ (P,K/R) is a full subcategory of MIC(P,K/R). The TP/R-
Higgs module associated to every object of MICΛ

∗ (P,K/R) admits a Jordan
decomposition, by definition, and the above argument show that the converse
is also true. This proves (1).

Let (E,∇) be an object of MICΛ
∗ (P,K/R). Its de Rham complex is Λ-

graded, and its component in degree λ can be viewed as the Higgs complex
associated to the linear map ∇ : Eλ → Eλ ⊗ ΩP/R. If λ 6= 0, then there exists
a t ∈ TP such that 〈t, λ〉 is not zero, hence a unit. Since E is normalized,
∇t − 〈t, λ〉 is nilpotent, and hence ∇t an isomorphism, in degree λ. By (1.3.1),
this implies that the complex E⊗Ω·

P/R is acyclic in degree λ and proves (2).

In general, suppose that E is an object of MICΛ(P/R). Then the degree
λ component of ∇ is a Higgs field on Eλ. Then

θλ := ∇− idEλ
⊗ λ : Eλ → Eλ ⊗R Ω1

P/R

is another Higgs field, and evidently (E,∇) is normalized if and only if this
field is nilpotent for every λ ∈ Λ. Moreover, θ := ⊕λθλ is R[P ]-linear, and
endows E with the structure of an equivariant R[P ]-TP/R-module. This Higgs
module structure can be viewed as the difference between the given connec-
tion ∇ and the “trivial” connection coming from the action of Λ. This simple
construction evidently gives a complete description of the category of (normal-
ized) equivariant connections in terms of the category of (nilpotent) equivariant
Higgs modules, and it will play a crucial role in our proof of the equivariant
Riemann-Hilbert correspondence.

We shall see that the above correspondence can be expressed in terms of
a suitable “integral transform.” As it turns out, this integral transform in-
troduces a sign. To keep things straight, we introduce the following notation.
Let

P
δ- Λ

ε- ΩP/R

be a set of exponential data for a toric monoid P . Let P ′ := −P ⊆ P gp, let
Λ′ := Λ, let ε′ := ε, and let δ′ : P ′ → Λ′ be the composite of the inclusion
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−P → P gp with δgp : P gp → Λ. Thus we have a commutative diagram:

P
δ - Λ

ε - ΩP/R

P ′

−id

? −δ′ - Λ′

id

? ε′- ΩP ′/R.

id

?

(Note that the vertical arrow on the right is the map induced by the iden-
tity map P gp → P gp = (−P )gp and is the negative of the map induced by
functoriality from the isomorphism P ′ → P .)

In the context of the above set-up, there is a completely trivial equivalence
between the categories ModΛ

R(P,K) and ModΛ′

R (P ′,K ′), where K ′ := −K.
Namely, if (E,∇) ∈ ModΛ

R(P,K), then for each λ′ ∈ Λ′ = Λ, let E′
λ′ := E−λ′ .

If p′ ∈ P ′, −p′ ∈ P , and one can define

·ep′ : E′
λ′ → E′

λ′+p′

to be multiplication by e−p′ . This gives ⊕E′
λ′ the structure of a Λ′-graded

R[P ′,K ′]-module, and it is evident that the functor E 7→ E′ is an equivalence.
This is too trivial to require a proof, but since it will be very useful in our
following constructions, it is worth stating for further reference.

Proposition 1.3.5 Let (P,K) be an idealized toric monoid endowed with ex-

ponential data P
δ- Λ

ε- Ω and let P ′ δ′

- Λ′ ε′- Ω be the correspond-
ing exponential data for (P ′,K ′).

1. The functor ModΛ
R(P,K) → ModΛ′

R (P ′,K ′) described above is an equiv-
alence of categories, compatible with tensor products and internal Hom.

2. If (E,∇) ∈ MICΛ(P,K/R), let E′ be the object of ModΛ′

R (P ′,K ′) corre-
sponding to E, and define θ′ : E′ → E′ ⊗R Ω by the following diagram:

Eλ
= - E′

−λ

Eλ ⊗ Ω

∇− id ⊗ ε(λ)

? =- E′
−λ ⊗ Ω

θ′

?

Then θ′ defines a Higgs field on E′, and the corresponding functor
MICΛ(P,K/R) → HIGΛ′

(P ′,K ′/R) is an equivalence. Under this func-
tor,an object (E,∇) is normalized if and only if the corresponding (E′, θ′)
is nilpotent.
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The value of the above proposition will be enhanced by the fact that its func-
tors can be realized geometrically, using the ring R[P,Λ] described in (1.3.3)
and (1.2.5). (Here P stands for an idealized monoid (P,K).)

We have morphisms of monoids:

φ : P → P ⊕ Λ : p 7→ (p, 0)

η : P ⊕ Λ → Λ : (p, λ) 7→ δ(p) + λ

φ′ : P ′ → P ⊕ Λ : p′ 7→ (−p′, δ′(p′))

ψ : P ⊕ Λ → Λ ⊕ Λ : (p, λ) 7→ (δ(p) + λ, λ)

π : Λ → Λ ⊕ Λ : λ 7→ (λ, 0)

π′ : Λ → Λ ⊕ Λ : λ 7→ (0, λ)

These fit into commutative diagrams:

P
φ- P ⊕ Λ P ′ φ′

- P ⊕ Λ

Λ

δ

? π- Λ ⊕ Λ

ψ

?
Λ

δ′

? π′
- Λ ⊕ Λ

ψ

?

Note that η◦φ′ = 0 and that Aφ corresponds to the projection q : AP ×AΛ →
AP. Let q′ := Aφ′ . Then there is a commutative diagram:

AΛ

Aη- AP ×AΛ

q′ - AP′

@
@

@
@

@
Aδ

R
AP

q = pr1

?

(1.3.1)

In this diagram, Aη is a closed immersion, and identifies AΛ with q′−1
(1A

P′
).

Recall from (1.2.5) that R[P,Λ] is a Λ⊕Λ′-graded ring, where epxλ′ has de-
gree (δ(p) + λ′, λ′). Thus, a Λ-Λ′-graded R[P,Λ]-module is an R[P,Λ]-module
Ẽ together with a direct sum decomposition into sub R-modules Ẽ = ⊕Ẽλ,λ′ ,

such that multiplication by epxµ maps Ẽλ,λ′ into Ẽδ(p)+λ+µ,λ′+µ. The cat-
egory of such objects (with bihomogeneous morphisms) will be denoted by
ModΛ′

Λ (P,Λ). The pair of morphisms (φ, π) induces a functor

q∗π : ModΛ
R(P ) → ModΛ′

Λ (P,Λ) : E 7→ E ⊗R[P ] R[P,Λ] ∼= E ⊗R R[Λ],

where E ⊗R R[Λ] is graded so that e⊗xλ′ has bidegree (λ+λ′, λ′) if e ∈ E has
degree λ, as discussed in (1.1.1). Recall that its left adjoint, which we denote
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by qπ
∗ or qΛ′

∗ , takes an object of ModΛ′

Λ (P,Λ) to the Λ-graded R[P ]-submodule
consisting of the elements whose Λ′-degree is zero.

Recall that the connection ∇ on R[P,Λ] sends epxλ to epxλ ⊗ (dp + ε(λ)).
In particular, epx−p is horizontal. This implies that, when R[P,Λ] is regarded
as an R[P ′]-module via q′∗, ∇ is R[P ′]-linear, and in fact defines an element
of HIGΛ′

(P ′/R). More generally, if (E,∇) ∈ MICΛ(P/R), the tensor prod-
uct connection ∇̃ on q∗π(E) is an equivariant Higgs field on the R[P ′]-module
q′∗q

∗
π(E). On the other hand, if θ′ is an equivariant Higgs field on a Λ′-graded

R[P ′]-module E′, the tensor product Higgs field θ̃ := d ⊗ id + id ⊗ θ′ on q′∗π′E′

is a connection over R[P ]. Thus we have functors

q′Λ∗ q∗ : MICΛ(P/R) → HIGΛ′

(P ′/R)

qΛ′

∗ q′∗ : HIGΛ′

(P ′/R) → MICΛ(P/R)
(1.3.2)

Remark 1.3.6 Let R[P ′,Λ′] be the ring constructed from P ′ → Λ′ the same
way R[P,Λ] was constructed from R[P,Λ]. Then R[P ′,Λ′] is a Λ′-Λ-graded
R-algebra, where ep′xλ′ has degree (p′ + λ′, λ′). The isomorphism of monoids
P ⊕Λ → P ′ ⊕Λ sending (p, λ) to (−p, p + λ) induces an isomorphism of R[Λ]-
algebras

ι : R[P,Λ] → R[P ′,Λ′] : epxλ 7→ e−pxp+λ.

It takes elements of degree (λ, λ′) to elements of degree (λ′, λ). Its inverse ι′ is
constructed from the data P ′ → Λ′ just as ι was constructed from P → Λ, and
the map q′∗ : R[P ′] → R[P,Λ] is just the inclusion R[P ′] → R[P ′,Λ′] followed
by ι′. Since Λ′ is a group, Proposition (1.1.2) implies that q∗π is an equivalence:
ModΛ

R(P ) → ModΛ′

Λ (P,Λ/R), with quasi-inverse qΛ′

∗ . Of course, ι∗ is also an
equivalence, and hence so are the functors in (1.3.2).

Proposition 1.3.7 The equivalence in Proposition (1.3.5) is given by the
functors (1.3.2).

Proof: For any λ ∈ Λ, xλ is a unit of R[P,Λ] and ι(xλ) = xλ ∈ R[P ′,Λ′].
Then multiplication by x−λ induces an isomorphism q∗πE → ι∗q∗πE which takes
Eλ to E′

−λ; this is the isomorphism in (1.3.5.2). If e ∈ Eλ,

∇̃(x−λe) = x−λ∇(e) + (∇x−λ)e = x−λ(∇e − ε(λ)e) = x−λθ′(e).

This proves the commutativity of the diagram in (1.3.5.2).

1.4 Equivariant Riemann-Hilbert

Now let R = C, and let P → Λ → Ω be a rigid set of exponential data. The
universal cover of the analytic torus A

∗an
P is the exponential map

exp: VΩan → A
∗an
P ,
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which we can describe as follows. Recall that VΩ is the spectrum of the
symmetric algebra S·(Ω), which is isomorphic to Γ·(Ω), since we are in char-
acteristic zero. Thus the set of points of VΩan is just T := Hom(P gp,C), and
an element ω of Ω defines a function on VΩan whose value at t ∈ T is 〈t, ω〉.
Then exp is the map taking an additive homomorphism t : P gp → C to the
multiplicative homomorphism exp ◦t : P gp → C∗. The kernel of this map is
the group Hom(P gp,Z(1)), where Z(1) is the subgroup of C generated by 2πi.
Thus there is a canonical isomorphism:

π1(P ) := Hom(P gp,Z(1)) ∼= π1(A
∗an
P ) = Aut(VΩan/A

∗an
P ). (1.4.1)

We shall now introduce an “equivariant Riemann-Hilbert transform” which
classifies objects of MICΛ

∗ (P ) in terms of suitably normalized graded repre-
sentations of the fundamental group π1(P ).

Definition 1.4.1 Let (P,K) be an idealized toric monoid with a rigid set of
exponential data P → Λ → ΩP/C. Then LΛ(P,K) is the category of pairs
(V, ρ), where V is a Λ-graded C[P,K]-module and ρ is a homogeneous action
of π1(P ) on V . An object (V, ρ) of LΛ(P,K) is said to be normalized if for every
γ ∈ π1(P ) and λ ∈ Λ, the action of ργ − exp〈γ, λ〉 on Vλ is locally nilpotent.
The full subcategory of LΛ(P,K) consisting of the normalized objects (resp.
the normalized and finitely generated objects) is denoted by LΛ

∗ (P,K) (resp.
LΛ

coh(P,K)).

Note that the normalization condition in the definition above is compatible
with multiplication by elements of C[P ]. More precisely, if λ ∈ Λ, p ∈ P , and
γ ∈ π1(P ), then multiplication by ep takes Vλ to Vp+λ, and ργ◦(·ep) = (·ep)◦ργ .
Moreover, 〈p, γ〉 ∈ Z(1), so exp〈γ, p + λ〉 = exp〈γ, p〉.

Remark 1.4.2 If P is a finitely generated abelian free group and Λ = C⊗ P ,
the category LΛ

coh(P ) can be simplified: it is equivalent to the category of finite
dimensional C-vector spaces equipped with an action of π1(P ). More generally,
let P be any idealized toric monoid, let Λ be a subgroup of C⊗P gp containing
P gp and let Λ be the image of Λ in C ⊗ P

gp
. Note that π1(P ) ⊆ π1(P ). Let

L
Λ

coh(P ) denote the category of finitely-generated Λ-graded-C[P ]-modules W
equipped with an action ρ of π1(P ) such that for each γ ∈ π1(P ) and each

λ ∈ Λ, the action of ργe−〈γ,λ〉 on Wλ is unipotent. Then the evident functor

(tensoring with C[P ]) is an equivalence of categories:

LΛ
coh(P ) → L

Λ

coh(P ).

Here is a sketch of why this is so. To see that it is fully faithful, let V be an
object of LΛ

coh(P ) and let V := V ⊗C[P ] C[P ]; it is enough to prove that the

natural map V π1
0 → V

π1

0 is an isomorphism. Let Λ∗ := Λ ∩ (C ⊗ P ∗) and let
VΛ∗ := ⊕Vλ : λ ∈ Λ∗. Then VΛ∗ is a Λ∗-graded C[P ∗]-module, and V 0 is the
quotient of VΛ∗ by IVΛ∗ , where I is the kernel of the map C[P ∗] → C sending
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every element of P ∗ to 1. Note that I is the C-submodule of C[P ∗] generated
by the set of all eu − ev : u, v ∈ P ∗. We have an exact sequence:

0 → IVΛ∗ → VΛ∗ → V 0 → 0,

which remains exact if we restrict to the subspace on which the action of π1(P )
is unipotent. The coherence of V implies that the unipotent part of VΛ∗ is
exactly VP∗ , and IVΛ∗ ∩ VP∗ = IVP∗ . Thus there is an exact sequence;

0 → IVP∗ → VP∗ → V
un

0 → 0.

That is, V
un

0 := VP∗/IVP∗ ∼= VP∗ ⊗C[P∗] C. Then by (1.1.2), the natural map

V0 → V
un

0 is an isomorphism, and it follows that V π1
0 → V

π1

0 is an isomorphism,
as desired.

For the essential surjectivity, let W be an object of L
Λ

coh(P ). For each
λ ∈ Λ, Wλ is a finite dimensional C[π1(P )]-module, and hence can be written
as a direct sum of submodules Wλ,χ, where χ ranges over the set S of homo-

morphisms π1(P ) → C∗. If λ ∈ Λ, let eλ : π1 → C∗ be the homomorphism
taking γ ∈ π1(P ) to e〈γ,λ〉. By hypothesis, if Wλ,χ 6= 0, the restriction of

χ to π1(P ) is eλ. This implies that there exists a λ ∈ Λ which maps to λ
and such that eλ = χ, and the set of such λ is a torsor under P ∗. For each
λ ∈ Λ, let Vλ := Wλ,eλ , and for p ∈ P , let multiplication by ep : Vλ → Vp+λ be

multiplication by ep. Then ⊕Vλ is the desired object of LΛ
coh(P ).

We can now define the equivariant Riemann-Hilbert correspondence:

V : MICΛ
∗ (P,K) → LΛ

∗ (P ′,K ′).

Again we use the exponential data for P ′ deduced from the given exponential
data for P . If (E,∇) is an object of MICΛ

∗ (P,K), let V be its corresponding
C[P ′,K ′]-module, as described in (1.3.5). View −∇ as defining a Higgs field
on the underlying C-module of V , and let ρ be the corresponding action of
π1(P ):

ργ := exp(−∇γ) for γ ∈ π1(P ) ⊆ T.

Note that ργ preserves the Λ-grading. It also commutes with the action of
C[P ′] on V . To see this, recall that if p ∈ P , ∇γ ◦ ·e−p = ·e−p ◦ (∇γ − ·〈γ, p〉),
by the Leibniz rule. Hence

ργ ◦ ·e−p = exp(−∇γ) ◦ ·e−p = ·e−p ◦ exp(∇−γ + ·〈γ, p〉) = e−p ◦ ργ ◦ · exp〈γ, p〉,

and exp〈γ, p〉 = 1. Note also that if γ ∈ π1(P ), ∇γ − 〈γ, λ〉 is locally nilpotent
on Eλ. Hence exp(∇γ)e−〈γ,λ〉 is locally unipotent on Eλ and ργe〈γ,λ〉 is locally
unipotent on V−λ. Hence ργ − e−〈γ,λ〉 is locally nilpotent on V−λ, so (V, ρ) ∈
LΛ
∗ (P ′,K ′).
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Proposition 1.4.3 Let P → Λ → ΩP/C be a rigid set of exponential data for
an idealized toric monoid (P,K), and let P ′ → Λ → ΩP/C be the correspond-
ing exponential data for P ′. The equivariant Riemann-Hilbert correspondence
described above defines an equivalence of tensor categories

V : MICΛ
∗ (P,K) → LΛ

∗ (P ′,K ′).

If (E,∇) ∈ MICΛ
∗ (P,K) and (V, ρ) := V(E,∇), then there is a canonical

isomorphism
Hi

DR(E,∇) ∼= Hi(π1(P ), V0)

for all i. Moreover, if λ ∈ Λ \ P gp, then Hi(π1(P ), Vλ) = 0 for all i.

Proof: It follows immediately from the construction that V is compatible
with tensor product and duality, hence with internal Hom. To prove that it
is fully faithful, it suffices to prove that if (E,∇) is an object of MICΛ

∗ (P )
and V = V(E,∇), the map E∇

0 → V π1
0 is an isomorphism. For each γ ∈ π1,

∇γ defines a nilpotent endomorphism of E0, and it will suffice to prove that if
e ∈ E0, ∇γ(e) = 0 if and only if ργ(e) = e. This follows from the formulas:

ργ = id −∇γ +
∇2

γ

2!
− · · ·

−∇γ = (ργ − 1) − (ργ − 1)2

2
+ · · ·

More generally, one has the following result, which implies the statement about
cohomology.

Lemma 1.4.4 Let (E, θ) be a nilpotent TP/C-Higgs module and let V := E with
the action of π := π1(P ) defined by ργ := exp(−θγ) for γ ∈ π1(P ). Then there
are natural isomorphisms:

Hi
HIG(E, θ) ∼= Hi(π, (V, ρ)).

for all i.

Proof: The category of representations of π is equivalent to the category of
Z[π]-modules, and if M is such a module, Hi(π,M) ∼= Exti

Z[π](Z,M), where Z

is the trivial module. Let P · be a finitely generated and projective resolution of
Z over Z[π]. As a sequence of Z-modules, P · is split, and hence it remains exact
when tensored over Z with any ring R. It follow that, if V is an R-module,
Exti

R[π](R, V ) ∼= Exti
Z[π](Z, V ) for every i. Applying this with R = C, we see

that Hi(π, V ) ∼= Exti
C[π](C, V ) for all i. If the action of π on V is unipotent,

then V is in fact a module for the formal completion Ĉ[π] of C[π] at the vertex.
Since this completion is flat over C[π], it follows that the natural map

Exti
C[π](C, V ) → Exti

Ĉ[π]
(C, V )
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is an isomorphism.
Let Y := Aπ = SpecC[π], let T := C⊗π, and suppose that E and V are as

in the lemma. The exponential map induces an isomorphism of formal schemes
V̂T → Ŷ , where V̂T is the formal completion of VT along the zero section
and Ŷ is the formal completion of Y at the vertex. Under this isomorphism, if
γ ∈ π, exp∗ γ = id + γ + γ2/2! + · · · . The Higgs module (E, θ) can be thought
of as quasi-coherent sheaf on VT . Since E is nilpotent, it is supported on the
zero section, and, up to a sign, V ∼= exp∗ E. By [1], the Higgs cohomology of
E is Exti

S·T (C, E), where C corresponds to the zero section of VT . As before,
this Ext remains the same when computed on the formal completion. Thus

Hi
HIG(E, θ) ∼= Exti

S·T (C, E) ∼= Exti
Ŝ·T (C, E) ∼= Exti

Ĉ[π]
(C, V ) ∼= Hi(π, V ).

To prove that V is essentially surjective, let (V, ρ) be an object of L∗(P ′,K ′),
and for each λ ∈ Λ let Eλ := V−λ, so that ⊕Eλ is a Λ-graded C[P ]-module.
For γ ∈ π1, ργe〈γ,λ〉 induces a unipotent automorphism uγ of Eλ, and hence

log uγ := (uγ − 1) − (uγ−1)2

2 + · · · is well defined and nilpotent. Let ∇γ :=
− log uγ+〈γ, λ〉. Then exp(−∇γ) = ργ . Furthermore, ∇γ1+γ2

= ∇γ1
+∇γ2

, and
∇γ ◦ ep = ep∇γ + 〈γ, dp〉. Thus (E,∇) ∈ MICΛ

∗ (P,K) and V(E,∇) = (V, ρ),
so that V is essentially surjective.

Remark 1.4.5 If (E,∇) ∈ MICΛ
∗ (P,K), then its cohomology vanishes except

in degree zero. This is not true for objects of LΛ
∗ (P ′,K ′), and this is why we

have to specify taking the degree zero part in the isomorphism on cohomology.
On the other hand, if λ ∈ Λ \P gp, then the support of Vλ (regarded as a sheaf
on Aπ) does not meet the vertex, so its cohomology is zero.

There is an evident functor LΛ
coh(P ) → LΛ

coh(P gp). Recall from (1.4.2) that
in the latter category, the grading is superfluous, and that the functor can be
viewed as the functor which takes V to V ⊗C[P ] C via the map C[P ] → C

sending P to 1. This corresponds to evaluating a “generic point” and so we
denote the corresponding module by Vη. There is a cospecialization map V →
Vη and hence a map on cohomology.

Corollary 1.4.6 Let V be a torsion free object of LΛ
coh(P ) and let D ⊆ Λ

be the set of the degrees of a minimal set of homogeneous generators for V .
Suppose that D ∩ P gp ⊆ −P . Then the natural map

Hi(π1(P ), V0) → Hi(π1(P ), Vη)

is an isomorphism.

Proof: Let V ′ :=
∑{Vλ : λ ∈ P gp}. Remark (1.4.5) shows that the natural

map Hi(π1(P ), V ′) → Hi(π1(P ), V ) is an isomorphism, and the same is true
for Vη. Thus we may as well assume that V ′ = V . But then Corollary (1.1.3)
shows that the hypothesis on the degrees of the generators implies that the
natural map V0 → Vη is an isomorphism.
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As stated, Proposition (1.4.3) is too artificial to be of much value. We shall
show that in fact it can be formulated in a more geometric manner which we
can then use in our proof of the global Riemann-Hilbert correspondence.

Tensoring together the fundamental examples C[P,Λ] (1.2.5) and N(P )
(1.2.6), we obtain the C[P ]-algebra

J(P,Λ) := C[P,Λ] ⊗C Γ·(Ω) ∼= C[P,Λ] ⊗C[P ] N(P ).

It has a connection ∇ and a Higgs field θ as explained in Example (1.3.3).
The connection ∇ is in some sense the universal connection in Jordan normal

form. Indeed, we shall see that J(P,Λ) can be viewed as a ring of multivalued
functions which is large enough to solve all the differential equations coming
from objects of MICΛ

∗ (P/R). This fact is the main computational tool under-
lying the equivariant Riemann-Hilbert correspondence. First let us attempt to
explain its geometric meaning.

The map δ : P → Λ induces a map AΛ → AP. Let us write α for the
canonical map from the analytic space Xan → X.

The rings of functions C[P ] and C[Λ] on AP and AΛ map to the ring of
analytic functions on VΩan. For example, if p ∈ P and t ∈ T ,

exp∗(ep)(t) = exp〈t, dp〉.

Thus, the function associated to p is the logarithm of the function associated
to ep. Similarly, if λ ∈ Λ, then

exp∗(xλ)(t) := exp〈t, δλ〉,

so that we have maps exp from VΩan to A
∗an
P and to A

∗an
Λ . There is a com-

mutative diagram (see (1.3.1))

VΩan (exp, exp)- A
∗an
P ×A

∗an
Λ

@
@

@
@

@R
AΛ

Aδ ◦α ◦ exp

? Aη - AP ×AΛ

α ◦ inc

? q′ - AP′

@
@

@
@

@
Aδ

R
AP

q = pr1

?

Thus we obtain a map from J(P,Λ) to the ring of analytic functions on
VΩan. The group π1(P ) acts on the ring of analytic functions on VΩan by
transport of structure, and preserves the subalgebra Γ·(Ω) of algebraic functions
on VΩan as well as the subring C[P,Λ]. Let us make this explicit.
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Lemma 1.4.7 If γ ∈ π1(P ), let ργ act on J(P,Λ) by

ργ := exp(θγ) = exp∇γ := e∇γ := id +
∇γ

1!
+

∇2
γ

2!
+ · · · .

Then this action is compatible with the action on VΩ via the exponential map
and the diagram above.

Proof: The action of π1(P ) on VΩan = T is via translation: ργ(t) = t + γ
if γ ∈ π1(P ) and t ∈ T := Hom(P gp,C). The induced action on the analytic
functions on VΩan is then by transport of structure, and in particular is by
ring automorphisms. On the other hand, if γ ∈ π1(P ) and fi ∈ J(P,Λ), then
∇γ(f1 + f2) = ∇γ(f1) + ∇γ(f2), and ∇γ(f1f2) = ∇γ(f1)f2 + ∇γ(f2)f1. It
follows that exp(∇γ) is also a ring automorphism of J(P,Λ). Thus it suffices
to check the compatibility of exp∇ and ρ on a set of generators of the algebra
J(P,Λ). In particular, it suffices to check it for ω ∈ Ω ⊆ Γ·(Ω), xλ ∈ J(P,Λ),
and ep ∈ C[P ]. First of all, ∇γ maps Ω to C and is zero on C, and hence

e∇γ (ω) = ω + ∇γ(ω) = ω + 〈γ, ω〉.

Thus

〈t, e∇γ (ω)〉 = 〈t, ω〉 + 〈γ, ω〉
= 〈t + γ, ω〉
= 〈ργ(t), ω〉
= 〈t, ργ(ω)〉

On the other hand, if λ ∈ Λ, ∇γ(xλ) = 〈γ, λ〉xλ, so e∇γ (xλ) = e〈γ,λ〉xλ.
Pulling back to VΩan and evaluating at t, we get

〈t, e∇γ (xλ)〉 = e〈γ,λ〉〈t, xλ〉
= e〈γ,λ〉e〈t,λ〉

= e〈t+γ,λ〉

= exp∗(xλ)(t + γ)

= exp∗(xλ)(ργt)

= exp∗(ργ(xλ))(t)

Finally, if p ∈ P , ργ(ep) = ep, and since ∇γep = 〈γ, p〉ep and 〈γ, p〉ep ∈ Z(1),

ep is also fixed by exp(∇̃γ). This proves the compatibility of ρ with ∇. On
the other hand, θγ(epxλω) = ∇γ(xλω) − 〈γ, p〉, and 〈γ, p〉 ∈ Z(1). Hence
exp(θγ) = exp(∇γ), and so ρ is also compatible with θ.

Regarded as a C[P ]-module via the map q∗, (J(P,Λ), d) is an object of
MICΛ

∗ (P ). Regarded as a C[P ′]-module via the map q′∗, (J(P,Λ), ρ) is an
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object of LΛ(P ′), where ρ := exp(∇), since ∇ (hence ρ) is C[P ′]-linear over q′∗.
Let us check that it is normalized. Every element of degree λ′ of q′∗(J(P,Λ)) can
be written as a sum of elements of the form epwxλ′ with p ∈ P , w ∈ Γ·(ΩP/C),
and λ′ ∈ Λ, and

ργ(epwxλ′) = e〈γ,p+λ′〉(exp∇γ)(w) = e〈γ,λ′〉(exp∇γ)w.

Since exp∇γ is locally unipotent on Γ·(ΩP/C), e〈γ,λ′〉 exp(∇γ)−e〈γ,λ′〉 is locally
nilpotent. Note also that ργ commutes with the connection ∇.

Now we can give description of the equivariant Riemann-Hilbert correspon-
dence as an integral transform. If (E,∇) is an object of MICΛ(P/C), let J∗E
be Ẽ := E ⊗C[P ] J(P,Λ) with the Λ-Λ′-grading and connection ∇̃ as described
in the discussion preceding (1.3.2), and with the action ρ̃ of π1(P ) defined by
idE ⊗ ρ. If (V, ρ) is an object of LΛ′

∗ (P ′), let J ′∗(V ) be Ṽ := V ⊗R[P ′] J(P,Λ),

with the Λ-Λ′-grading as above, with ∇̃ := id⊗d, and with ρ̃ the tensor product
action. In both cases, we end up with a J(P,Λ)-module endowed with a Λ-Λ′-
grading, a connection, and an action of π1(P ). Let q′∇∗ be the functor which
takes such an object to its horizontal sections, regarded as a Λ′-graded C[P ′]-

module with an action of π1(P ). Also, let qΛ′,π1∗ denote the part of Λ′-degree
zero which is fixed by ρ̃, regarded a Λ-graded C[P ]-module with connection.

Theorem 1.4.8 Let P → Λ → ΩP/C be a rigid set of exponential data for an
idealized toric monoid and let P ′ → Λ → ΩP/C be the corresponding exponential
data for P ′.

1. The functors
V := q′∇∗ J∗ : MICΛ

∗ (P ) → LΛ
∗ (P ′)

and
E := qΛ′,π1

∗ J ′∗ : LΛ
∗ (P ′) → MICΛ

∗ (P )

are the functors in the equivariant Riemann-Hilbert correspondence
(1.4.3).

2. If (E,∇) ∈ MICΛ
∗ (P ), let (Ẽ, ∇̃, ρ̃) := J∗(E). Then in the category

LΛ
∗ (P ′),

Hi
DR(Ẽ, ∇̃, ρ) =

{
0 if i > 0

V(E,∇) if i = 0.

Furthermore, the natural map V(E,∇)⊗C[P ′] J(P,Λ) → Ẽ is an isomor-
phism.

3. If (V, ρ) ∈ LΛ′

∗ (P ′), let (Ṽ , ∇̃, ρ̃) := J∗(V, ρ). Then in the category
MICΛ

∗ (P ),

Hi(π1(P ), (Ṽ , ∇̃, ρ))Λ′=0 =

{
0 if i > 0

E(V, ρ) if i = 0.

Documenta Mathematica · Extra Volume Kato (2003) 655–724



682 Arthur Ogus

Furthermore, the natural map E(V, ρ) ⊗C[P ] J(P,Λ) → Ṽ is an isomor-
phism.

We give the proof in the next section, where we deduce it from a more
abstract construction which we call, for want of a better name, the “Jordan
transform.”

1.5 The Jordan transform

Most of the real work in this section makes sense over an arbitrary Q-algebra
R, so we temporarily revert to this generality. To simplify the notation, we
let P be an idealized toric monoid (previously denoted (P,K)), and we let
P → Λ → Ω be a rigid set of exponential data. We have seen in (1.2.5) and
(1.3.3) that R[P,Λ] carries a connection ∇ and a Higgs field θ relative to R[P ].
Note that this is not the Higgs field θ′ constructed from ∇ as in (1.3.5). To
emphasize the symmetric nature of the constructions, we now write ∇′ for θ.
Indeed, ∇ is a Higgs field relative to R[P ′] ⊆ R[P,Λ], and ∇′ is a connection
relative to R[P ′]. Note that ∇′ and ∇ commute.

Let us summarize the structures J(P,Λ) := R[P,Λ] ⊗R Γ·(Ω) carries.

1. It has a Λ-grading, where epxλω[i] has degree p + λ, and there is a Λ-
graded homomorphism

q : R[P ] → J(P,Λ) : ep 7→ epx0.

2. It has a second Λ-grading, (called the Λ′-grading) where epxλω[i] has
Λ′-degree λ, and a Λ′-graded homomorphism

q′ : R[P ′] → J(P,Λ) : e′p′ 7→ e−p′xp′ .

3. There is a map ∇ : J(P,Λ) → J(P,Λ) ⊗R ΩP/R such that

∇ : epxλω[i] 7→ epxλω[i] ⊗ (p + λ) + epxλω[i−1] ⊗ ω.

Then q∗(J(P,Λ),∇) ∈ MICΛ
∗ (P/R), and q′∗(J(P,Λ),∇) ∈

HIGΛ′

(P ′/R).

4. There is a map ∇′ : J(P,Λ) → J(P,Λ) ⊗R ΩP/R such that

∇′ : epxλω[i] 7→ epxλω[i] ⊗ λ + epxλω[i−1] ⊗ ω.

Then q∗(J(P,Λ),∇′) ∈ HIGΛ(P/R), and q′∗(J(P,Λ),∇′) ∈
MICΛ′

∗ (P ′/R).

Note also that the set of elements of degree zero with respect to the Λ′-grading
is just R[P ] ⊗ Γ·(Ω). Similarly, the set of elements of degree zero with respect
to the Λ-grading is R[P ′] ⊗ Γ·(Ω).
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Let MHΛ
Λ′(P/R) denote the category of Λ-Λ′-graded J(P,Λ)-modules

equipped with structures parallel to those of J(P,Λ). In particular, an ob-
ject Ẽ of MHΛ

Λ′(P/R) is equipped with two commuting homogeneous maps:

∇̃, ∇̃′ : Ẽ → Ẽ ⊗R ΩP/R

where ∇̃ is a homogeneous connection relative to R[P ] and a homogeneous
Higgs structure relative to R[P ′], and ∇̃′ is a Higgs structure relative to R[P ]
and a connection relative to R[P ′].

Consider then the following functors:

1. If (E,∇) ∈ MICΛ(P/R), let J∗(E) := E ⊗R[P ] J(P,Λ), with the tensor
product gradings, in which E is viewed as having Λ′-degree zero, and
let ∇̃ := ∇ ⊗ id + id ⊗ ∇ and ∇̃′ := idE ⊗ ∇′. Then (J∗(E), ∇̃, ∇̃′) ∈
MHΛ

Λ′(P/R).

2. If (E′,∇′) ∈ MICΛ(P ′/R), let J ′∗(E′) := E′ ⊗R[P ′] J(P,Λ) with the
tensor product gradings, in which E′ is viewed as having Λ′-degree zero,
and let ∇̃′ := ∇′⊗id+id⊗∇′, and ∇̃ := idE′⊗∇. Then (J ′∗(E′), ∇̃, ∇̃′) ∈
MHΛ

Λ′(P/R).

3. If (Ẽ, ∇̃, ∇̃′) ∈ MHΛ
Λ′(P/R), let E := q∇

′

∗ (Ẽ) (resp., qΛ′

∗ (Ẽ)) denote the
elements which are killed by ∇̃′ (resp., and of Λ′-degree zero.) Then
E is a Λ-graded R[P ]-module with a connection ∇ induced by ∇̃, and
(E,∇) ∈ MICΛ(P/R).

4. If (Ẽ, ∇̃, ∇̃′) ∈ MHΛ
Λ′(P/R), let E′ := q′∇∗ (Ẽ) (resp., E′ := q′Λ∗ (Ẽ))

denote the elements which are killed by ∇̃ (resp., and of Λ-degree zero.)
Then E′ is a Λ′-graded R[P ′]-module, with a connection ∇′ induced by
∇̃′, and (E′,∇′) ∈ MICΛ′

(P ′/R).

Theorem 1.5.1 Let P
δ- Λ

ε- ΩP/R be a rigid set of exponential data
for a toric idealized monoid. Then the functor q′∇∗ J∗ described above defines
an equivalence of categories

MICΛ
∗ (P/R) → MICΛ′

∗ (P ′/R).

This functor is compatible with tensor products and formation of cohomology,
and has as quasi-inverse the functor q∇

′

∗ J ′∗. Moreover:

1. If (E,∇) ∈ MICΛ
∗ (P/R) corresponds to (E′,∇′) ∈ MICΛ′

∗ (P ′/R), then
for each λ there is a commutative diagram:

Eλ

∼= - E′
−λ

Eλ ⊗ ΩP/R

−∇

? ∼=- E′
−λ ⊗ ΩP/R

∇′

?
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2. If (E,∇) ∈ MICΛ
∗ (P/R), then

Hi
DR(J∗(E), ∇̃) =

{
E′ := q′∇∗ J∗(E) if i = 0

0 if i > 0.

Hi
HIG(J∗(E), ∇̃′) =

{
E if i = 0

0 if i > 0.

Furthermore, the natural map E′ ⊗R[P ′] J(P,Λ) → J∗(E) is an isomor-
phism.

3. If (E′,∇′) ∈ MICΛ′

∗ (P ′/R), then

Hi
HIG(J ′∗(E′), ∇̃′) =

{
E := q∇

′

∗ J ′∗(E′) if i = 0

0 if i > 0.

Hi
DR(J ′∗(E′), ∇̃) =

{
E′ if i = 0

0 if i > 0.

Furthermore, the natural map E ⊗R[P ] J(P,Λ) → J ′∗(E′) is an isomor-
phism.

We begin with some preliminary lemmas.

Lemma 1.5.2 Let (E,∇) be an object of MICΛ
∗ (P/R).

1. Let K· be the De Rham complex of (E,∇) and let K·
Λ=0 be its degree

zero part (with respect to the Λ-grading). Then the map K·
Λ=0 → K· is

a quasi-isomorphism.

2. Let K̃· be the Higgs complex of (J∗(E), ∇̃′), and let K̃·
Λ′=0 be its degree

zero part with respect to the Λ′-grading. Then the map K̃·
Λ′=0 → K̃· is a

quasi-isomorphism.

Proof: The first statement is an immediate consequence of (1.3.4.2). Let

E′′ := E ⊗R Γ·(Ω) ⊆ Ẽ := J∗(E,∇) ∼= E ⊗R Γ·(Ω)⊗R[Λ] ∼= E′′ ⊗R[P ] R[P,Λ].

Then E′′ = ẼΛ′=0, and the action of ∇̃′ on E′′ is nilpotent. For λ′ ∈ Λ, the
action of ∇̃′ on the degree λ′-component of Ẽ is ∇′

E′′ + id⊗ λ′. By (1.3.1), its
Higgs complex is then acyclic if λ′ 6= 0. This proves (2).

Lemma 1.5.3 Let T be a free R-module with basis (t1, . . . tn), and let Ω be the
dual of T , with dual basis (ω1, . . . ωn). If (V, θ) is a locally nilpotent T -Higgs
module, let

E′′ := V ⊗R Γ·(Ω), and ∇′′ := θ ⊗ id + id ⊗ d.

Let ∂i := ∇′′
ti

and h : E′′ → E′′ be
∑

I(−1)|I|ω[I]∂I , where the sum is taken
over all multi-indices I = (I1, . . . In) with Ii ∈ N.
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1. h is independent of the bases, and defines a projection operator with image
E′′∇′′

.

2. E′′∇′′

is invariant under id⊗ d, and h induces an isomorphism h′ : V →
E′′∇′′

fitting into a commutative diagram:

V
h′

- E′′∇′′ - V ⊗ Γ·(Ω)

V ⊗ Ω

−θ

? h′ ⊗ id- E′′∇′′ ⊗ Ω

?
- V ⊗ Γ·(Ω) ⊗ Ω

id ⊗ d

?

3. The natural map Γ·(Ω) ⊗ E′′∇′′ → E′′ is an isomorphism, with inverse∑
ω[I] ⊗ h∂I .

4. The De Rham cohomology Hi
DR(E′′) of E′′ vanishes if i > 0.

Proof: Most of this lemma is more or less standard, at least if one replaces
the polynomial ring Γ·(Ω) by its formal completion at the origin. Notice first
that for any n > 0,

∑{ω[I] ⊗ tI : |I| = n} is the matrix for the canonical
pairing between Γn(Ω) and Symn(T ). It follows that h (the Kasimir operator)
is independent of the basis. The local nilpotence of the operators ∂i implies that
the operator h is well-defined, and the fact that it is a projection with image
E′′∇′′

is an immediate calculation. It is apparent from the definition that h′

is injective. To see that it is surjective, write an arbitrary e′′ ∈ E′′∇ as a sum
e′′ =

∑
ω[I] ⊗ vI with vI ∈ V . Then e′′ and h′(v0) are two elements of E′′∇′′

which agree modulo the ideal Γ+(Ω) of Γ·(Ω). It follows from the well-known
complete version of this lemma that they agree in the formal completion at this
ideal, and hence that they agree. This shows that h′ is also surjective. Note
that θ ◦h′ = (h′⊗ id)◦θ. If v ∈ V , ∇′′h′(v) = 0, and since ∇′′ = id⊗d+θ⊗ id,

(id ⊗ d) ◦ h′(v) = −(θ ⊗ id) ◦ h′(v)

= −(h′ ⊗ id) ◦ θ(v)

This proves that the diagram in (2) commutes. Statement (3) is a straight-
forward calculation, and (4) then follows, since (3) reduces the computation
of De Rham cohomology to the case of the trivial connection, which of course
vanishes, by the Poincaré lemma in crystalline cohomology.

Proof of Theorem (1.5.1) Let (E,∇) be an object of MICΛ
∗ (P/R) and let

(Ẽ, ∇̃, ∇̃′) be J∗(E,∇). Since (E,∇) and (J(P,Λ),∇) are normalized, so is
(Ẽ, ∇̃). We have

Ẽ := E ⊗R[P ] J(P,Λ) ∼= E ⊗R R[Λ] ⊗R Γ·(Ω).
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Let (V, θ) := (E⊗R R[Λ], ∇̃)Λ=0 and let E′′ := ẼΛ be the part of Ẽ of Λ-degree
zero. Thus

E′′ := ẼΛ=0
∼= V ⊗R Γ·(Ω),

and (V, θ) is just the Higgs transform (1.3.7) of E. Since θ is nilpotent, (1.5.3)
applies. Assembling the diagrams (1.3.5.2) and (1.5.3.2), we obtain a commu-
tative diagram:

Eλ

∼= - V0,−λ

∼= - E′′∇′′

−λ

Eλ ⊗ Ω

∇− id ⊗ λ

?
- V0,−λ ⊗ Ω

θ

? ∼=- E′′∇′′

−λ ⊗ Ω.

−id ⊗∇Γ·(Ω)

?

Now E′′
−λ ⊆ Ẽ0,−λ, and by definition

∇̃′ := idE ⊗∇′ = id ⊗∇Γ·(Ω) + id ⊗ (−λ)

in these degrees. The diagram shows that the map ∇− id ⊗ λ : Eλ → Eλ ⊗ Ω
corresponds to the map −id ⊗∇′

Γ·Ω = −∇′ − id ⊗ λ. Thus ∇ corresponds to
−∇′, and we get the commutative diagram in (1). This diagram implies that

q′∗
∇

J∗E belongs to MICΛ′

∗ (P ′/R).
It follows from (1.5.2) that the map from the de Rham complex K ′′· of E′′ to

K̃· is a quasi-isomorphism. Lemma (1.5.3) implies that Hi
DR(E′′) = 0 if i > 0,

and since K ′′· → K̃· is a quasi-isomorphism, the same is true of Hi
DR(K̃·).

Lemma (1.5.3) also implies that the natural map E′′∇′′ ⊗R Γ·(Ω) → E′′ is an
isomorphism. Now E′′∇′′

is in fact an R[P ′]-module, and this isomorphism can
be rewritten as an isomorphism

E′′∇′′ ⊗R[P ′] ⊗R[P ′] ⊗R Γ·(Ω) → E′′.

Tensoring with R[Λ] and using the fact that the map E′′∇′′ → Ẽ∇̃ is an iso-
morphism, we see that the map

Ẽ∇̃ ⊗R[P ′] ⊗R[P ′,Λ] ⊗R Γ·(Ω) → E′′ ⊗R R[Λ]

is an isomorphism. But by Proposition (1.3.7), the natural map

E′′ ⊗R R[Λ] → Ẽ

is an isomorphism. Hence the map

Ẽ∇̃ ⊗R[P ′] ⊗J(P,Λ) → Ẽ

is an isomorphism, proving the last statement of (2). The calculation of the
Higgs cohomology of (Ẽ, ∇̃′) is done in the same way as the de Rham coho-
mology. This completes the proof of (2), and (3) follows by symmetry.
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Now suppose that (E,∇) ∈ MICΛ
∗ (P/R) and let (E′,∇′) := q′∇∗ J∗(E,∇).

As we have seen, (E′,∇′) ∈ MICΛ′

∗ (P ′/R). By the last part of (2),

J(P,Λ) ⊗ E′ ∼= Ẽ,

and so q∗∇
′

(J(P,Λ) ⊗ E′) ∼= q∗∇
′

Ẽ ∼= E. This implies that the composite
MICΛ

∗ (P/R) → MICΛ′

∗ (P ′/R) → MICΛ
∗ (P/R) is isomorphic to the identity.

A similar argument works starting with MICΛ′

∗ (P ′/R). This completes the
proof of the theorem.

Proof of (1.4.8) Let (E,∇) be an object of MICΛ
∗ (P,C) and let (V, ρ) :=

V(E,∇). By construction, V is the C[P ′]-module q′∇∗ J∗(E,∇) of (1.5.1), and
ρ is the map induced by ρ̃ := idE⊗ρJ . Here ρJ is the action of π1(P ) on J(P,Λ),
which by (1.4.7) is idE ⊗ exp ∇̃′ = idE ⊗ exp θ. The isomorphism E → V of (1)
of (1.5.1) takes ∇′ to −∇, and so the action ρ of (1.4.8) agrees with the action
defined in (1.4.3). This proves (1) of (1.4.8), and (2) follows directly from
(1.5.1.2). Conversely, let (V, ρ) be an object of LΛ′

∗ (P ′), and Ṽ := V ⊗J(P,Λ).
Then the action of π1 on ṼΛ′=0 is unipotent. Its logarithm is the nilpotent Higgs

structure θ = −∇, and so by (1.4.4), qΛ′,π1∗ (Ṽ ) = Ṽ ∇ = E. By (1.4.4), the
Higgs cohomology of Ṽ is the same as the group cohomology, and so (1.4.8.3)
follows from (1.5.1.3).

Remark 1.5.4 A morphism of toric monoids P → Q induces a map ΩP/R →
ΩQ/R. A compatible morphism of exponential data is a commutative diagram

P - ΛP
- ΩP/R

Q
?

- ΛQ

?
- ΩQ/R.

?

For example, if ΛP = P gp or k ⊗ P gp or R ⊗ P gp, there is an evident choice
of ΛP → ΛQ. Associated with such data are morphisms R[P,ΛP ] → R[Q,ΛQ]
and J(P,ΛP ) → J(Q,ΛQ) and concomitant functors (with the subscripts on
the Λ’s omitted from the notation):

MICΛ
∗ (P/R) → MICΛ

∗ (Q/R)

HIGΛ
∗ (P/R) → HIGΛ

∗ (Q/R)

MHΛ
Λ′(P/R) → MHΛ

Λ′(Q/R)

and, when R = C,
LΛ
∗ (P ) → LΛ(Q).

It is easy to verify that the functors in (1.5.1) and (1.4.8) are compatible with
these base change functors.
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2 Formal and holomorphic germs

2.1 Exponents and the logarithmic inertia group

Let X be a smooth, fine, and saturated idealized log analytic space. If x is a
point of X, let

Ix : = Hom(M
gp

X,x,Z(1))

ΩMx/C := C ⊗ M
gp

X,x

TMx/C := Hom(M
gp

X,x,C) ∼= C ⊗ Ix.

The group Ix is called the logarithmic inertia group at x. It is the fundamental
group of the torus A

∗
MX,x

, and TMx/C is the space of invariant vector fields on

A
∗
MX,x

.

It follows as in [12, 1.3.1] that there is a natural surjective map

Ω1
X/C(x) → C ⊗ M

gp

X,x.

If (E,∇) is a coherent sheaf with integrable connection on X, let E(x) :=
Ex/mxEx be its fiber at x. Then there is a unique linear map ρx such that the
following diagram commutes:

E
∇ - E ⊗ Ω1

X/C

E(x)
? ρx- E(x) ⊗ ΩMx/C

?

It follows from the integrability of ∇ that the endomorphisms of E(x) defined
by evaluating ρx at any two elements of TMx/C commute. Thus ρx defines a

TMx/C-Higgs field on E(x), and E(x) becomes a module over the symmetric

algebra S·TMx/C. Since E(x) is finite dimensional over C, it is supported at

a finite set of maximal ideals of this algebra, i.e., at a finite set of elements of
ΩMx

.

Definition 2.1.1 Let (E,∇) be a coherent sheaf with integrable connection on
X and let x be a point of X. Then the residue of (E,∇) at x is the map ρx

in the diagram above, and the exponents of (E,∇) at x are the negatives of
the elements in ΩMx/C = C⊗M

gp

X,x lying in the support of the C-TMx
module

defined by ρx.

To understand the choice of the sign in the definition of exponents, consider
the connection on the structure sheaf of the logarithmic affine line with ∇(1) :=

Documenta Mathematica · Extra Volume Kato (2003) 655–724



On the Logarithmic Riemann-Hilbert Correspondence 689

λ ⊗ dt/t, where λ ∈ C. Then the corresponding C-TMx
-module, has support

at λ. On the other hand, the horizontal sections of the connection are the
constant multiples of t−λ, so it is −λ which appears as an “exponent.” Note
that formation of the residue is compatible with tensor products. In particular,
the set of exponents of the tensor product of two connections (E1,∇1) and
(E2,∇2) is the set of sums λ1 + λ2, with λi an exponent of Ei.

Our main local theorem gives an equivalence between the category of an-
alytic germs of log connections and the category of normalized homogeneous
connections considered in §1. Fix a point x of X and let MX,x → Λ → ΩMx/C

be a rigid set of exponential data for MX,x. Let MICΛ
coh(Xx) denote the

category of germs of coherent sheaves with integrable connection all of whose
exponents lie in Λ. This category is closed under extensions, tensor products,
and duals (because Λ is a group). If P → Λ → C ⊗ P gp is a rigid set of
exponential data for a toric monoid P , then the image Λ of Λ in C ⊗ P

gp

defines a set of exponential data for P , and we sometimes write MICΛ
coh(Xx)

for MICΛ
coh(Xx).

Theorem 2.1.2 Let P be an idealized toric monoid with rigid exponential data
Λ, let X be the log analytic space associated to AP, and let X̂v be the formal
completion of X at its vertex v. Use X and similar notation for A

P
⊆ AP,

where P := P/P ∗. Then the evident functors form a 2-commutative diagram:

MICΛ
coh(P/C)

ª¡
¡

¡
¡

¡ @
@

@
@

@R
MICΛ

coh(P/C)
A- MICΛ

coh(Xv)

?
¾Ban

MICΛ
coh(Xv/C)

@
@

@
@

@

C

R
MICΛ

coh(X̂v/C)

D

?
¾B̂

MICΛ
coh(X̂v/C),

D

?

in which all the labeled arrows are equivalences of tensor categories, compatible
with De Rham cohomology.

The proof will occupy the rest of this section.

Remark 2.1.3 Let (E,∇) be an object of MICΛ
coh(Xv/C) and let (E′,∇) be

the corresponding object of MICΛ
coh(P/C). Then (E,∇) and (E′,∇) have

the same restriction to X̂, and in particular they have the same residue and
exponents. That is, the residue ρ of E can be identified with the endomorphism
of E′/P+E′ induced by ∇. Since ∇ is normalized, {λ : (E′/P+E′)λ 6= 0} is
the same as the support of the TP/C-Higgs module defined by ρ. Note that this
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set is just the set of degrees of any minimal set of generators for E′/P+E′. Let
(V, ρ) be the equivariant Riemann-Hilbert transform (1.4.3) of (E′,∇). Since
the degrees of V are the negative of the degrees of E′, it follows that the set of
exponents of (E,∇) is exactly the set of minimal degrees of V .

2.2 Formal germs

We begin with the functor C; without loss of generality we may and shall as-
sume that P = P . Then v corresponds to the maximal ideal of C[P ] generated
by P+, and the completion of C[P ] at this ideal can be identified with the
formal power series ring C[[P ]]. This is the set of functions a : P → C, where
for a, b ∈ C[[P ]], (a + b)p := ap + bp and (ab)r :=

∑{apbq : p + q = r}. To see
that the sum is finite, choose a local homomorphism φ : P → N, and observe
that each {p ∈ P : φ(p) ≤ n} is finite. In fact, this set is the complement of
an ideal Kn of P , and the set of such ideals {Kn : n ∈ N} is cofinal with the
set of powers of P+. If S is a free P set and V is a finitely generated S-graded
C[P ]-module, the P+-adic completion V̂ of V can be identified with the prod-
uct

∏{Vs : s ∈ S}. The action of P on S defines a partial ordering on S: s ≤ t
if there exists p ∈ P with p + s = t; such a p is unique if it exists, and we write
t−s for this p. Then if a ∈ C[[P ]] and v ∈ ∏

Vs, (av)t :=
∑

at−svs. The P -set
Λ ⊆ C ⊗ P gp is only potentially free, but if V is a finitely generated Λ-graded
C[P ]-module, there exists a finitely generated free P -subset S of Λ such that
Vλ = 0 for λ 6∈ S, and we can identify V̂ with

∏{Vs : s ∈ S} ∼=
∏{Vλ : λ ∈ Λ}.

It is now easy to see that the functor C is compatible with cohomology, i.e.,
that if (E,∇) is an object of MICΛ

coh(P/C), the natural map

(E ⊗ Ω·
X/C)0 → Ê ⊗ Ω·

X/C

from the degree zero part of its de Rham complex to its completion is a quasi-
isomorphism. Indeed, Ω1

X/C,v
∼= OX,v⊗CΩP/C, and Ê⊗Ω·

X/C can be identified

with the product:
∏

λ(E⊗Ω·
P/C)λ. For each λ, the degree λ part of the complex

E ⊗Ω·
P/C can be identified with the Higgs complex of the TP/C-Higgs module

(E,∇λ). Since (E,∇) is normalized (1.2.3), this complex is acyclic whenever
λ 6= 0, by (1.5.2). Since infinite products in the category of vector spaces
commute with cohomology, the cohomology of the product identifies with the
cohomology of the degree zero part of E⊗Ω·

X/C, as required. Since the functor
C is compatible with the formation of internal Hom’s, it follows that it is also
fully faithful.

It remains to prove that C is essentially surjective. Let (E,∇) be an object
of MICΛ

coh(X̂v/C). The connection

∇ : E → E ⊗C[P ] Ω1
X/C

∼= E ⊗C ΩP/C

can be regarded as a C-TP/C-module structure on E, which is easy to ana-
lyze if E is finite dimensional over C. Indeed, such an E admits a Jordan
decomposition

(E,∇) ∼= ⊕{(Eλ,∇λ) : λ ∈ Ω},
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where each (Eλ,∇λ) has support in λ, and Lemma (1.3.4) applies. In fact,
Eλ = 0 unless λ ∈ Λ by (2.2.1) below. Thus E ∼= ⊕λ(Eλ,∇λ) is an object of
MICΛ

coh(P/C) and it is evident that its formal completion at v is (E,∇). This
shows that any such (E,∇) is in the essential image of C.

For the general case, we use a limit argument and the following lemma.

Lemma 2.2.1 Let (E,∇) be an object of MICΛ
coh(X̂v/C) such that E is finite

dimensional over C. Then the support of (E,∇) as a TP/C-Higgs module is
contained in the P -subset S of C⊗ P gp generated by the support of (E(v),∇),
and in particular is contained in Λ. If K is an ideal of P , then the support of
KE is contained in the K-translate of the support of E.

Proof: If K is any ideal of P , then the ideal C[K] of C[P ] it generates is
invariant under ∇ and defines an element of MICΛ

coh(P/C). Since ∇ek =
ek ⊗ dk, the support of the corresponding Higgs module is the image of K
in Λ. Since there is a surjective map C[K] ⊗ E → KE, the support of KE
is contained in the support of C[K] ⊗ E , which is the K-translate of the
support of E. This proves the second statement. Since E has finite length, it
is annihilated by P+n for some n ∈ Z+, and we prove the first statement by
induction on n. If n = 1, E ∼= E/P+E = E(v) and the result is trivial. In the
general case, note that P+E is invariant under the connection and annihilated
by P+n−1

, so the induction hypothesis implies that the support of P+E is
contained in the P -subset of C⊗P gp generated by the support of P+E/P+2E.
As we have just seen, this is contained in P++S ⊆ S. Then the exact sequence
0 → P+E → E → E/P+E → 0 shows that the support of E is contained in S
as well.

Now let (E,∇) be any object of MICΛ
coh(X̂v/C). Choose a local homomor-

phism φ : P → N. Then φ extends uniquely to a C-linear map C ⊗ P gp → C

which we also denote by φ. Let Kn := {p ∈ P : φ(p) ≥ n}, and let
En := E/KnE. If n′ ≥ n there is an exact sequence of modules with con-
nection

0 → KnE/Kn′

E → En′ → En → 0.

Each of these terms is finite dimensional over C, and the C-TP/C-module it
defines has support in Λ. For every λ, the corresponding sequence:

0 → (KnE/Kn′

E)λ → En′,λ → En,λ → 0

is again exact. Let S be the support of E/P+E and choose m ∈ Z so that m <
Re(φ(s)) for all s ∈ S. Suppose (KnE/Kn′

E)λ 6= 0. Then by lemma (2.2.1),
λ can be written as p + s with p ∈ Kn and s ∈ S, and

Re(φ(λ)) = φ(p) + Re(φ(s)) > n + m.

Thus if n ≥ Re(φ(λ))−m, (KnE/Kn′

E)λ vanishes and the map En′,λ → En,λ

is an isomorphism. Let Eλ be the inverse limit, i.e., the stable value of En,λ for
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n large. Then ∇ maps Eλ to Eλ, and ⊕(Eλ,∇λ) is an object of MICcoh(P/C),
whose completion at the vertex is (E,∇).

This completes the proof that C is essentially surjective, and it follows from
the diagram that the same is true of D.

The fact the arrow B̂ is an equivalence follows from the following slightly
stronger result, which is a consequence of the fact there is no log structure in
the transverse direction.

Lemma 2.2.2 Let X∨ denote the formal completion of X along X. Then the
natural functor

MICΛ
coh(X∨/C) → MICΛ

coh(X/C)

is an equivalence, compatible with cohomology.

Proof: Since X/C is smooth, the category MICΛ
coh(X/C) is equivalent to a

full subcategory of the category of coherent crystals on X/C, and the same
holds for X/C [6, 6.2]. Since X → X is a strict closed immersion, the fact
that the above functor is an equivalence follows formally from the properties
of crystals: X∨ is a limit of strict infinitesimal thickenings of X, and hence a
crystal on X has a natural value on X∨, and in fact also on any strict infinites-
imal thickening of X∨. To check the result on De Rham cohomology, one can
work locally, using the fact that X∨ looks locally like X × Spf C[[t1, . . . tn]],
and argue as in the classical case.

Since P is saturated, P
gp

is a finitely generated free abelian group, and
so the exact sequence 0 → P ∗ → P gp → P

gp → 0 splits. Any splitting
P

gp → P gp automatically maps P to P and induces a section of the map
X → X. This implies that the functor MICΛ

coh(P/C) → MICΛ
coh(P/C) is

essentially surjective. Since B̂ is an equivalence, it follows from the diagram
that D is also essentially surjective.

2.3 Convergent germs

Our first task is to establish a convenient description of the ring of germs of
analytic functions at the vertex of AP as a subring C{P} of C[[P ]].

Proposition 2.3.1 Let P be a fine sharp monoid, let v be the vertex of A
∗an
P ,

and let T be the (necessarily finite) set of irreducible elements of P .

1. For δ ∈ R+, let

Uδ := {x ∈ AP(C) : |x(t)| < δ for all t ∈ T}.

Then {Uδ : δ ∈ R+} forms a basis for the system of neighborhoods of v
in A

∗an
P (C) in the usual complex topology.
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2. If φ is a local homomorphism P → N and α :=
∑

p apep ∈ C[[P ]], then

α converges in some neighborhood of v if and only if the set { log |ap|
φ(p) : p ∈

P+} is bounded above.

Proof: First suppose that P = Nn. Then X = Cn, v is the origin, Uδ is the
polydisc about v of radius δ, and (1) is clear. If P is any fine sharp monoid, then
T is finite and generates P as a monoid, and hence a bijection {1 . . . n} → T
induces a surjective homomorphism Nn → P and a closed immersion AP → An.
With respect to this closed immersion, Uδ is just the intersection of AP(C) with
the polydisc of radius δ about v. This proves (1) in general.

Suppose that α =
∑

p apep, c ∈ R, and c ≥ φ(p)−1 log |ap| for every p ∈ P+.
Choose ε > 0, let λt := −(c+ε)φ(t) for each t ∈ T , and choose a positive number
δ such that δ < eλt for all t. Then Uδ is an open neighborhood of v in X, and
if x ∈ Uδ, log |x(t)| < λt for all t. Any p ∈ P can be written p =

∑
ntt. It

follows that for x ∈ Uδ,

log |apx(p)| = log |ap| + log |x(p)|
≤ cφ(p) + log |x(p)|
≤

∑

t

nt(cφ(t) + log |x(t)|)

≤
∑

i

nt(cφ(t) + λt)

≤
∑

t

nt(−εφ(t))

≤ −εφ(p)

Thus |apx(p)| ≤ rφ(p), where r := e−ε < 1. As is well known, {p : φ(p) = i} has
cardinality less than Cim for some C and m, so the set of partial sums of the
series

∑
p |apx(p)| is bounded by the set of partial sums of the series

∑
i Cimri.

Since this latter series converges, so does the former.
Suppose on the other hand that {φ(p)−1 log |ap| : p ∈ P+} is unbounded.

For c ∈ R+ , define xc : P → C by xc(p) := c−φ(p). Then xc ∈ AP(C), and
if δ > 0 and c is chosen large enough so that log c > (φ(t))−1(− log δ) for all
t ∈ T , then xc ∈ Uδ. For every such c, there are infinitely many p ∈ P+ such
that |ap| > (c + 1)φ(p). For any such p,

|apxc(p)| ≥ (1 + c)φ(p)c−φ(p) = (1/c + 1)φ(p) ≥ 1,

so the series
∑

p apxc(p) cannot converge.

Our next task is an existence and uniqueness result for formal and con-
vergent solutions to certain differential equations. Recall that if X = AP, a
homomorphism P → N defines an invariant vector field on X.
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Proposition 2.3.2 Let P be a sharp toric monoid, let X := AP, let v be
its vertex, and let (E,∇) be the germ of a coherent sheaf with integrable log
connection on Xan at v. Suppose that φ : P → N is a local homomorphism
such that φ(λ) < 0 for every exponent λ of E at v. 1 Then ∇φ acts bijectively

on E and on Ê.

Let us first discuss the formal case. It suffices to prove that for each n ∈ N,
∇φ induces an automorphism of En := E/KnE, where Kn := {p : φ(p) ≥ n}.
Each En is finite dimensional over C and ∇ can be viewed as a TP/C-Higgs field
on En. The support of En as a TP/C-Higgs module is a finite subset of ΩP/C.
By (2.2.1), its support is contained in the sub P -subset S of Λ generated by the
support of the TP/C-Higgs module E/P+E, i.e., by the negative of the set of
exponents. Thus φ(s) > 0 for every s ∈ S, and hence ∇φ is an automorphism
of En.

To deal with convergence we must be more explicit. We have a commutative
diagram

E
∇φ - E

Ê

? ∇̂φ - Ê

?

It follows that ∇φ : E → E is injective, and it remains to prove that it is
surjective.

Let (v1, . . . vn) be a subset of E whose reduction modulo P+E forms a basis
for E/P+E, and let V ⊆ E be its C-linear span. Then V generates E as a
module over the ring O := OXan

v
. For each i, ∇φ(vi) ∈ E, and hence can be

written (not necessarily uniquely) as a sum:
∑

aijvj , with aij ∈ O. Let A
denote the n× n matrix

(
aij

)
, and write A as a formal sum

∑{Aqeq : q ∈ P},
where Aq is an n × n matrix in C. For any v ∈ V ,

∇φ(v) =
∑

q

Aq(v)eq

In particular, A0 is the matrix of the endomorphism induced by ∇φ on E/P+E.
The eigenvalues of this endomorphism are among those complex numbers of the
form φ(s) for s in the support of (E/P+E,∇). By hypothesis, φ(p)+φ(s) 6= 0,
for every p ∈ P and s in this support. It follows that A0 + φ(p) is invertible
for every p ∈ P .

1One can show using a Baire category argument that a φ as in (2.3.2) exists if and only
if the set of exponents does not meet P .
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Any element v of Ê can be written as a formal sum v =
∑

vqeq, with
vq ∈ V . Then:

∇φ(v) =
∑

q

(
∇φ(vq)eq + vq〈φ, deq〉

)

=
∑

q

∑

q′

Aq′(vq)eq′eq +
∑

q

φ(q)vqeq

=
∑

p

( ∑

q+q′=p

Aq′(vq)
)
ep +

∑

p

vpφ(p)ep

=
∑

p

wpep,

where
wp := A0(vp) + φ(p)vp +

∑

q<p

Ap−q(vq).

Recall that A0 + φ(p) is invertible; let Bp be its inverse. Then the above
equation becomes:

Bp(wp) = vp + Bp

∑

q<p

Ap−q(vq).

In other words, if w =
∑

wpep, then the coefficients of v = ∇̂−1
φ (w) are

given recursively by the formula:

vp = Bp(wp) − Bp

∑

q<p

Ap−q(vq). (2.3.1)

Note that the sum is finite since there are only finitely many q with q < p. We
have to prove that if the series

∑
wpep converges, so does the series

∑
vpep.

Since φ is local, there are only finitely many p with φ(p) ≤ 2||A0||, and we
can find a constant M ≥ 2 such that ||Bp|| ≤ Mφ(p)−1 for all these p. Let
ψ := φ/M . We claim that ||Bp|| ≤ ψ(p)−1 for all p ∈ P . This is true by our
choice of M if φ(p) ≤ 2||A0||. If on the other hand φ(p) > 2||A0||, then

||Bp|| = || (φ(p) + A0)
−1 ||

= φ(p)−1||1 − φ(p)−1A0 + φ(p)−2A2
0 − · · · ||

≤ φ(p)−1(1 + 1/2 + 1/4 + · · · )
≤ 2φ(p)−1

≤ ψ(p)−1.

Since A and w are convergent there exists a positive real number s such that
||Ap|| and ||wp|| are less than sψ(p) for all p. Moreover, since ∇φ is C-linear, we
may without loss of generality assume that ||w0|| ≤ ||B0||−1, so that ||v0|| ≤ 1.
Let yp := ||vps

−ψ(p)|| for p ∈ P . It will suffice to show that there exists a t
such that yp ≤ tψ(p) for all p.
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By the formula (2.3.1),

yp ≤ ||Bp||||wp||s−ψ(p) + ||Bp||
∑

q<p

||Ap−q||s−ψ(p−q)||vq||s−ψ(q)

Hence

yp ≤ 1

ψ(p)
+

1

ψ(p)

∑

q<p

yq. (2.3.2)

Let ε be the minimum of ψ(P+), and choose c so that cε > 2. Then let
a0 := 1 and for p ∈ P+ define ap inductively by setting

ap := c
∑

q<p

aq(1 − ψ(q)

ψ(p)
).

If q < p, ψ(p) − ψ(q) ≥ ε. Hence if p is any element of P+,

ap =
∑

q<p

caq(
ψ(p) − ψ(q)

ψ(p)
)

≥
∑

q<p

cεaq

ψ(p)

≥
∑

q<p

2aq

ψ(p)
≥

∑

q<p

aq

ψ(p)
+

∑

q<p

aq

ψ(p)

≥ 1

ψ(p)
+

1

ψ(p)

∑

q<p

aq

Note that y0 = ||v0|| ≤ 1 = a0. Then it follows by induction on p from the
previous inequality and (2.3.2) that yp ≤ ap for all p. Thus it suffices to prove
that there exists a t such that ap ≤ tφ(p) for all φ, i.e., that the series

∑
apep

in fact lies in R{P}. This will follow from the following lemma.

Lemma 2.3.3 Let P be a fine sharp monoid, let φ : P → (R≥,+) be a local
homomorphism, and let c be any positive real number. Define a : P → R

inductively setting a(0) = 1, and, if p ∈ P+,

ap = c
∑

q<p

aq

(
1 − φ(q)

φ(p)

)

Then
∑

apep belongs to the ring R{P} of germs of convergent elements of
R[[P ]], and is in fact independent of φ.

Proof: Let

f :=
∑

q∈P+

eq ∈ C[[P ]],
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Evidently f(x) converges for all x in U1 = {x : q(x) < 1 for all q ∈ P+}, hence
so does g := exp cf . Write

g :=
∑

p∈P

bpep.

Then

dg = cgdf
∑

p∈P+

bpepdp = c
(∑

q∈P

bqeq

)( ∑

q′∈P+

eq′dq′
)

=
∑

q∈P,q′∈P+

cbqeq′+qdq′

=
∑

p∈P+

(∑

q<p

cbqd(p − q)
)
ep

Thus

bpdp =
∑

q<p

cbq(dp − dq)

bpφ(p) =
∑

q<p

cbq(φ(p) − φ(q))

Hence ap = bp, and therefore
∑

apep lies in R{P}.

We next show that the functors D and D are compatible with cohomology.
Since this implies that they are fully faithful, this will complete the proof of
the theorem. Since D is a special case of D, the following result suffices.

Proposition 2.3.4 If (E,∇) is an object of MICcoh(Xv/C), then the natural
map

E ⊗ Ω·
X/C → Ê ⊗ Ω·

X/C

is a quasi-isomorphism.

Proof: Since P is a toric monoid, its unit group is a finitely generated free
group, say of rank r, and there is an isomorphism P ∼= P ⊕ Zr. The vertex v

of X is the point sending every element of P ∗ to 1 and every element of P
+

to 0. Let Q := Nr ⊕ P , let X ′′ := Spec(P → C[Q]), and let v′′ be the point
of X ′′ sending Q+ to zero. Finally, let X ′ := AQ, and let f : X ′ → X ′′ be the
map which is the identity on underlying analytic spaces and the inclusion on
log structures. Thus

X ∼= Spec(P → C[P ][t1, t
−1
1 , . . . tr, t

−1
r ]) ∼= X × Gr

m

X ′ ∼= Spec(P ⊕ Nr → C[P ][x1, . . . xr]) ∼= X × ANr

X ′′ ∼= Spec(P → C[P ][x1, . . . xr]) ∼= X × ANr
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The homomorphism sending xi to ti − 1 and which is the identity on P defines
a strict open immersion of log schemes X → X ′′ sending v to v′′. Replacing
X ′ by a neighborhood of the vertex v′ of X ′, we find a map X ′ → X which is
an isomorphism on underlying analytic spaces and which sends v′ to v. Thus
we may and shall identify the stalk of E at v with the stalk of its pullback to
X ′ at v′. (In other words, we have added some log structure to X to get X ′.)

Lemma 2.3.5 For each i, the stalk at v of natural map

E ⊗ Ωi
X/C → E ⊗ Ωi

X′/C

is injective. Furthermore, as submodules of Ê ⊗ Ωi
X′/C,

E ⊗ Ωi
X/C = (Ê ⊗ Ωi

X/C) ∩ (E ⊗ Ωi
X′/C)

at v.

Proof: We can check the injectivity statement after passing to formal com-
pletions. Recall from (2.2.2) that, since E is a crystal on X, there is a coherent

sheaf E on X such that Ê ∼= π∗Ê, where π : X → X is the map induced by
our chosen splitting of P → P . Let Y := ANr , so that X ′ ∼= X × Y and
X ∼= X × Y near v. Then Ω1

X/C
∼= Ω1

X/C
⊕Ω1

Y /C and Ω1
X′/C

∼= Ω1
X/C

⊕Ω1
Y/C;

furthermore all these sheaves are free at v. It follows that Ê and the cok-
ernel of the map Ωi

X/C → Ωi
X′/C are tor-independent. This proves the in-

jectivity. Note that Ωi
X/C and Ωi

X′/C are free, and xΩi
X′/C ⊆ Ωi

X/C, where

x := x1 · · ·xr. If e ∈ Ê and xe ∈ E, then it is clear from (2.3.1) that e ∈ E.
Since X ′ and X have the same underlying analytic structure, it follows that
(Ê ⊗ Ωi

X/C) ∩ (E ⊗ Ωi
X′/C) = E ⊗ Ωi

X/C.

Choose a local homomorphism φ : Q → N and for n ∈ N let Kn := {q ∈
Q : φ(q) ≥ n}. Let Ei := Ev ⊗ Ωi

X/C and let Ei′
v := Ev ⊗ Ωi

X′/C. Then E·′
is a complex, containing subcomplexes E· and KnE·′ for each n. There is a
commutative diagram of exact sequences of complexes:

0 - E· ∩ KnE·′ - E· - E·
n

- 0

0 - Ê· ∩ KnÊ·′
?

- Ê·
?

- Ê·
n

?
- 0

In this diagram, the quotient E·
n is contained in E·′

n := E·′/KnE·′ and anni-
hilated by a power of the maximal ideal at v. Thus, the arrow on the right is
an isomorphism of complexes. Our goal is to prove that the central arrow is a
quasi-isomorphism, and so it will suffice to prove that the arrow on the left is
a quasi-isomorphism. In particular, the following lemma suffices.
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Lemma 2.3.6 With the above notation, suppose that n > φ(λ) for every expo-
nent λ of E(v′) on X ′. Then E· ∩ KnE·′ and Ê· ∩ KnÊ·′ are acyclic.

Proof: The homomorphism φ : Q → N induces a homomorphism ΩQ/C → C,
which can be regarded as an equivariant vector field on X ′. It also induces for
each i a homomorphism Ωi

Q/C → Ωi−1
Q/C, by interior multiplication. These maps

extend to C[Q]-linear maps E ⊗ Ωi
X′/C → E ⊗ Ωi−1

X′/C sending E ⊗ Ωi
X/C to

E ⊗ Ωi−1
X/C and KnE ⊗ Ωi

X′/C to KnE ⊗ Ωi−1
X′/C. Let κ := dρ + ρd, i.e., the

Lie derivative with respect to φ. Then κ defines a morphism of complexes
E·′ → E·′ which preserves the subcomplexes E· and KnE·′ and (hence) passes
to the completions. By construction, κ is homotopic to zero. So to prove the
complexes are acyclic, it suffices to prove that κ is an isomorphism on each of
them.

Note that if q ∈ Q,

κ(eq) = dρ(eq) + ρd(eq) = ρ(eqdq) = φ(q)eq.

Furthermore, κ is a derivation, i.e.,

κ(η ∧ ω) = κ(η) ∧ ω + η ∧ κ(ω)

if η ∈ E ⊗ Ω·
X/C and ω ∈ Ωi

X/C. If ω is equivariant, i.e., if it lies in Ωi
Q/C,

κ(ω) := dρω + ρdω = 0. Thus if e ∈ E and ω ∈ Ωi
Q/C, κ(e ⊗ ω) = ∇φ(e) ⊗ ω.

In other words, viewed as a map

κ : E ⊗C Ωi
Q/C → E ⊗C Ωi

Q/C,

κ := ∇φ ⊗ id. Lemma (2.3.2) implies that ∇φ acts bijectively on E and Ê, and

hence κ induces an automorphism of E ⊗ Ω·
X′/C and of Ê ⊗ Ω·

X′/C.

Since KnE and its quotients also satisfy the hypothesis of (2.3.2), κ also
induces automorphisms of KnE·′ and of KnE·′/Kn′E·′ whenever n′ ≥ n. The
image of E· ∩KnE·′ in KnE·′/Kn′E·′ is a finite dimensional subspace invariant
under κ, and hence κ also acts as an automorphism of this subspace. Taking
the limit over n′, we see that κ induces an automorphism of Ê· ∩ KnÊ·′. It
follows that κ is injective on E· ∩ KnE·′. If e ∈ E· ∩ KnE·′, there is a unique
ê ∈ Ê· ∩ KnÊ·′ such that κ(ê) = e. But e ∈ KnE·′ and so there is a unique
f ∈ KnE·′ such that κ(f) = e. Thus

ê = f ∈ Ê· ∩ E·′ ∩ KnÊ·′ = E· ∩ KnE·′.

This proves that κ is an isomorphism of E· ∩ KnE·′ and completes the proof
of the lemma.
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3 Xlog and the global Riemann-Hilbert correspondence

3.1 Xlog and its universal covering

If X is an idealized log scheme of finite type over C, let Xan or Xan denote
the corresponding log analytic space. Let us say that an idealized log analytic
space X is ideally log smooth if it admits a covering by open subsets each of
which is isomorphic to an open subset of A

an
P,K for some fine idealized monoid

(P,K). For such spaces, the sheaf of ideals K can be recovered from the
log structure as the inverse image in MX of 0. We let S1 be the unit circle,
i.e., {z ∈ C : |z| = 1} and R≥ the multiplicative monoid of nonnegative real
numbers. Thus the multiplication map R≥×S1 → C defines a log structure on
C, and we let ξlog denote the corresponding log scheme Spec(R≥ × S1 → C).
Note that this log scheme is not integral or even coherent.

Kato and Nakayama have constructed in [7] a commutative diagram of
ringed spaces:

X∗
an

jlog- Xlog

@
@

@
@

@

j

R
Xan

τ

?

We refer to [7] for the definition, but recall that the set underlying Xlog is the
set of C-morphisms of log schemes ξlog → X and that τ is the obvious map
which forgets the log structure. This map is proper, and the fiber over a point
x is a torsor under the group Hom(MX,x,S1). Since X is saturated, this space

is (noncanonically) isomorphic to (S1)r(x), where r(x) is the rank of M
gp

X,x.
The fundamental group Ix of the fiber τ−1(x) (the logarithmic inertia group
at x) can be canonically identified with Hom(M

gp

X,x,Z(1)). Since this group is
abelian and the fiber is connected, the choice of base point can be ignored.

When X = AP,K, the space Xlog has a convenient explicit description. If
P is a monoid, let C(P ) denote the set of morphisms of monoids ρ : P → R≥,
with the structure of topological monoid inherited from that of R≥. If K is
an ideal in P , let C(P,K) be the set of those ρ ∈ C(P ) sending K to 0. This
is a closed submonoid of C(P ), and in fact is an ideal in the monoid C(P ).
Let S(P ) denote the set of morphisms of monoids σ : P → S1, or, equivalently,
P gp → S1, with its structure of topological group. If P is toric, P gp is a finitely
generated free abelian group, so S(P ) is a torus. Then if X = AP,K, there is
a canonical isomorphism Xlog

∼= C(P,K) × S(P ). When K is a proper ideal,
the map c0 : P → R≥ sending P ∗ to 1 and P+ to 0 is a point of C(P,K), and
the pair (c0, 1) is a point of Xlog lying over the vertex of X, which we call the
vertex of Xlog.

It will be useful for us to work with an explicit universal cover of Xlog

when X = AP,K. Let R(1) ⊆ C denote the set of purely imaginary numbers,
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which forms a topological group under addition, and let Y (P ) denote the set

of homomorphisms of abelian groups from P gp to R(1). Finally, let Ã
log
P,K :=

C(P,K) × Y (P ), with its natural structure of a topological monoid. If K is a

proper ideal call ṽ := (c0, 0) the vertex of Ã
log
P,K .

Proposition 3.1.1 Let K be a proper ideal in a toric monoid P and let X :=
AP,K and X̃ log := Ã

log
P,K . Then the map

ζ : X̃ log = C(P,K) × Y (P ) → C(P,K) × S(P ) = Xlog : (ρ, y) 7→ (ρ, exp ◦y)

is a universal covering sending the vertex of X̃ log to the vertex of Xlog, with
covering group canonically isomorphic to π1(P ) := Hom(P gp,Z(1)). When P
is a group, there is a natural isomorphism X̃ log ∼= VΩan

P , under which the
covering map ζ corresponds to the covering map exp defined at the beginning
of section (1.4).

Proof: It is clear that id × exp is a covering map taking the vertex to the
vertex. The exact sequence 0 → Z(1) → R(1) → S1 → 0 induces an exact
sequence

0 → π1(P ) → Y (P ) → S(P ) → 0,

and so the covering group of ζ is canonically isomorphic to π1(P ). To finish

the proof, it will suffice to show that Ã
log
P,K is contractible. Choose a local

homomorphism δ : P → N. Then for any t ∈ [0, 1], tδ defines a homomorphism
P → R≥ and so is a point of C(P ). (Here we are using the convention that
00 = 1.) Consider the continuous map

Ã
log
P,K ×I → Ã

log
P,K : (x, t) 7→ xt (3.1.1)

sending (x, t) := ((ρ, y), t) to xt := (ρttδ, ty). When t = 1, the map x 7→ xt

is the identity, and when t = 0, it is the constant map to the vertex, since
0δ(p) is 1 if p ∈ P ∗ and 0 otherwise. If P is a group, then each element
c : P → R≥ of C(P ) factors through R+, and so we can define c̃ : P → R

to be log ◦c. Then C(P ) can be identified with Hom(P,R) and X̃ log with
Hom(P,R)×Hom(P,R(1)) ∼= Hom(P,C) = VΩan

P . With this identification, ζ
corresponds to exp.

The complement p of each face F of P not meeting K is a prime ideal of
P containing K and defines a closed log subscheme of AP,K whose underlying
scheme is isomorphic to AF. Let Xp or XF denote this log scheme; in fact
XF

∼= Spec(P → C[F ]), where P → C[F ] is the obvious one on F and kills
p. If x is a point of the dense open subset X∗

F = A
∗
F of XF , the map P →

MX,x induces an isomorphism P/F → MX,x. Thus the family of faces F not
meeting K defines a canonical stratification of AP,K on which the log structure
is constant. We call this stratification, as well as the stratification it induces
by pullback to Xlog and its universal cover, the canonical log stratification. For
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each F , τ−1(X∗
F ) is the set of (ρ, σ) ∈ C(P,K)×S(P ) such that ρ−1(R+) = F .

This space is homotopy equivalent to all of Xlog, and the fiber over a point x
is isomorphic to S(P/F ). In particular, Ix

∼= Hom(P/F,Z(1)), and there is an
exact sequence:

1 → Ix → π1(X
log
F ) → π1(X

∗
F,an) → 1.

Note that these strata are preserved by the contraction (3.1.1) above. That is,

if x ∈ X̃ log∗
F , then xt ∈ X̃ log∗

F for all t > 0.
The following result may help explain the geometric significance of the con-

struction of τX : Xlog → Xan: it can be regarded as a compactification of the
inclusion X∗

an → Xan which doesn’t change its local homotopy type.

Theorem 3.1.2 Suppose that X/C is a fine, smooth, and saturated log scheme
(so KX = ∅.) Then the map jlog : X∗

an → Xlog is aspheric. That is, any point
z of Xlog has a basis of neighborhoods U such that j−1

log(U) is contractible.
Consequently:

1. There are natural isomorphisms Z ∼= Rjlog∗Z, and Rτ∗Z ∼= Rj∗Z.

2. If V is a locally constant abelian sheaf on X∗
an, then jlog∗V is locally

constant on Xlog and Rijlog∗V = 0 for i > 0.

Proof: This question is local in a neighborhood of z in Xlog, and hence also
in a neighborhood of its image x in X. Since X/C is smooth, by [6, 3.5] there
exists a toric monoid P and a strict étale map f : X → AP. Thus the theorem
follows from the following lemma.

Lemma 3.1.3 Let K be a proper ideal in a toric monoid P , let X := AP,K and
let z be a point of Xlog lying over a point x of X. Then z has a cofinal system
of open neighborhoods U such that for each face F of P such that x ∈ XF , the
intersection of U with the stratum τ−1(X∗

F ) is contractible.

Proof: If z = (ρ, σ), then G := ρ−1(R+) is the face of P corresponding to
the log stratum containing x. Then x ∈ X∗

G ⊆ XF , G ⊆ F , and X∗
G and X∗

F

are contained in XPG
, where PG is the localization of P by G. Thus without

loss of generality we may replace P by PG. Then x lies in the minimal orbit
XP∗ . Since this orbit and its inverse image in Xlog are homogeneous, we may
as well assume that z is the vertex v of Xlog.

Fix a splitting of P → P and choose finite sets of generators S+ for P
and S∗ for P ∗. For each ε > 0, let Cε(P,K) be the set of ρ ∈ C(P,K) such
that ρ(s) < ε for s ∈ S+ and |ρ(s) − 1| < ε for s ∈ S∗. Similarly, let Sε(P )
denote the set of σ ∈ S(P ) such that |σ(s) − 1| < ε for all s ∈ S, and let
Uε := Cε(P,K)×Sε(P ). Then the family of these Uε for ε > 0 is a basis for the
set of neighborhoods of v. If F is a face of P not meeting K, the inverse image
of XF in Xlog can be identified with C(F ) × S(P ). Since F is a face of P ,
P ∗ = F ∗, the splitting P ∼= P ∗⊕P induces a splitting F ∼= F ∗⊕F , and S+∩F
is a set of generators for F . Then the intersection of τ−1(XF ) with Uε becomes
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Cε(F )×Cε(F
∗)×Sε(P ), where Cε(F ) is the set of ρ : F → R≥ such that ρ(s) < ε

for all s ∈ F ∩ S+ and Cε(F
∗) is the set of homomorphisms F ∗ → R≥ such

that |ρ(s)− 1| < ε for s ∈ S∗. Then τ−1(X∗
F )∩Uε is C∗

ε (F )×Cε(F
∗)×Sε(P ),

where C∗
ε (F ) is the set of ρ ∈ Cε(F ) which factor through F

gp
. Thus C∗

ε (F )
is contained in the set C∗(F ) of homomorphisms F

gp → R+. Choosing a
basis (f1, . . . fn) for the finitely generated free abelian group F

gp
and using

the topological isomorphism log : R+ → R, we may identify C∗(F ) with the
Euclidean space E := Rn. Then each s ∈ S+ ∩ F can be written as a linear
combination of the elements fi and defines an element ŝ in the dual of E. For
each s, the set Es := {e ∈ E : ŝ(e) < log ε} is convex. Thus C∗

ε (F ) becomes
identified with the intersection of the convex subsets Es : s ∈ S+ ∩ F , which
is therefore convex, hence contractible. Since Cε(F

∗) and Sε(P ) are evidently
also contractible if ε < 1, the same is true of Uε ∩ τ−1(X∗

F ).

3.2 C
log
X and logarithmic local systems

We shall use the space Xlog to globalize the local classification (2.1.2) of log
connections, as explained in the introduction. Our first task is to give a more
precise formulation of the global Riemann-Hilbert correspondence which takes
into account the fact that the sheaf MX is not constant. This will require the
notion of cospecialization for certain constructible sheaves.

We begin by recalling the simple case of sheaves on intervals. Let I = [0, 1]
be the closed unit interval and let F be a sheaf on I. If F is constant, then
for any connected open subset U of I, the restriction map F (I) → F (U) is an
isomorphism. Hence for any a, b ∈ I, the maps F (I) → Fa and F (I) → Fb

are isomorphisms, and so there is a canonical isomorphism Fa → Fb. More
generally, suppose only that the restriction of F to (0, 1] is constant. Then if
a > 0, the restriction mapping F ((0, 1]) → F ((0, a)) is bijective. Since F is a
sheaf, the sequence

F (I) - F ((0, 1]) × F ([0, a))
-- F ((0, a))

is exact, and it follows that the map F (I) → F ([0, a)) is an isomorphism. Since
this is true for all a > 0, the map F (I) → F0 is also an isomorphism. Hence
there is a natural map

cosp0,b : F0

ρ−1
I,0- F (I)

ρI,1- Fb (3.2.1)

for any b ∈ [0, 1]. Even more generally, suppose F is a sheaf on [0, 1] and that
for some c ∈ (0, 1) the restrictions of F to (0, c] and to [c, 1] are locally constant.
Then they are constant, and since {(0, c], [c, 1]} is a locally finite closed cover
of (0, 1], it follows that the restriction of F to (0, 1] is also constant. Hence for
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any b ∈ [c, 1] there is a commutative diagram

F0

cosp0,c - Fc

@
@

@
@

@
cosp0,b

R
Fb

cospc,b

?

Now let x and y be points in a topological space X and let F be a sheaf on
X. By an F -path (resp. strict F -path) from x to y we shall mean a continuous
function γ : I → X such that γ(0) = x, γ(1) = y, and such that the restriction of
γ−1F to (0, 1] (resp. and such that γ−1(F )) is locally constant. Then the above
construction defines a canonical cospecialization map (resp. isomorphism)

γ∗
x,y : Fx → Fy.

If γ is an F -path from x to y and γ′ is a strict F -path from y to z, then the
concatenation γγ′ is an F -path from x to z, and γ∗

x,z = γ′∗
y,z ◦ γ∗

x,y. If X is a
log scheme and x and y are points of X or Xlog, we shall simply say log path
instead of MX -path.

We shall need a toric version of this cospecialization construction. Let K
be a proper ideal in a toric monoid P , let X := AP,K, and let ζ : X̃ log → Xlog

be the universal cover constructed in Proposition (3.1.1). For each face F of P
not meeting K, let X∗

F denote the corresponding (locally closed) log stratum
of X, and let jF : X∗

F → X denote the inclusion. Thus jF factors through the
closure XF of X∗

F in X. We denote by X̃∗
F the inverse image of X∗

F in X̃ log,

with similar notation for X log
F and j̃F . We say that a sheaf W on Xlog or X̃ log

is log constructible if its restriction to each log stratum is locally constant.
Let W be a log constructible sheaf on X̃ log. Since the log strata are simply

connected, the restriction of W to each log stratum X̃∗
F is constant, and we

let WF := W (X̃∗
F ). Lemma (3.1.3) implies that each point of X̃F admits a

neighborhood basis of open sets whose intersection with X̃∗
F is connected (even

contractible). It follows that j̃F∗j̃∗F W is canonically isomorphic to the constant

sheaf WF on X̃ log
F . If G is a face of F , the canonical map j̃∗GW → j̃∗Gj̃F∗j̃∗F W

induces a map
cospG,F : WG → WF .

Furthermore, there is a commutative diagram

W - j̃F∗j̃
∗
F W

j̃G∗j̃
∗
GW

?
- j̃G∗j̃

∗
Gj̃F∗j̃

∗
F W.

?
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Since j̃F∗j̃∗F W is the constant sheaf with value WF , the same argument as
before shows that the vertical arrow on the right is an isomorphism. If H is
a face of G, we can pull back this diagram to X̃∗

H and take global sections to
obtain a commutative diagram

WH

@
@

@
@

@

cospH,F

R
WG

cospH,G

? cospG,F- WF .

It is well-known and easy to check that W is determined completely by
the family of sets WF and cospecialization maps. Indeed, the functor which
takes a log constructible sheaf on X̃ log to the corresponding family of sets and
maps is easily seen to be an equivalence. We should perhaps remark that it is
not difficult to show that if X := AP,K and W is a log constructible sheaf on

X̃ log, then the natural map from W (X̃ log) to the stalk of W at the vertex is
an isomorphism. This fact can be used to give another interpretation of the
cospecialization maps.

Let V be a log constructible sheaf on Xlog and let Ṽ be its pullback to

X̃ log. Then each ṼF is equipped with a natural action of π1(P ), and the
cospecialization maps are compatible with this action. In this way one obtains
an equivalence between the category of log constructible sheaves on Xlog and
the category of families of π1(P )-sets and compatible cospecialization maps.
Let x and y be points of Xlog and choose points x̃ and ỹ of X̃ lying over
them. Let F (x) (resp. F (y)) be the face of P corresponding to the log stratum
containing x (resp. y). Then if F (x) ⊆ F (y),

cospx̃,ỹ : Vx
- Vy

is by definition the map such that the diagram

ṼF (x)

cospF (x),F (y)- ṼF (y)

Vx

? cospx̃,ỹ - Vy

?

commutes. Here the left vertical arrow is the composite ṼF (x)
∼= Ṽ (X̃∗

F ) ∼=
Ṽx̃

∼= Vx, and the right one is defined similarly. Note that the map cospx̃,ỹ

depends on the choices of x̃ and ỹ lying over x and y, and that cospx̃,ỹ is an
isomorphism if x and y lie in the same log stratum. Note also that if z̃ is a
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point of X̃ such that F (y) ⊆ F (z), then there is a commutative diagram

Vx

@
@

@
@

@

cospx̃,z̃

R
Vy

cospx̃,ỹ

? cospỹ,z̃- Vz

Remark 3.2.1 Let V be a log constructible sheaf on Xlog := A
log
P,K and let γ

be a continuous map from the unit interval I to Xlog such that the image of

(0, 1] is contained in a single log stratum. Choose a point x̃ of X̃ lying over
x := γ(0), let γ̃ : I → X̃ be the lift of γ such that γ̃(0) = x̃, and let ỹ := γ̃(1).
Then the following diagram commutes:

γ−1V0

cosp0,1- γ−1V1

Vx̃

? cospx̃,ỹ- Vỹ

?

The notions of log stratification and log constructibility make sense more
generally, at least locally. Let X be an ideally smooth fs log scheme over C, let
x be a C-valued point of X, and consider the map αX,x : MX,x → OX,x. (We
are temporarily writing x to remind ourselves that we are taking the stalks in
the étale topology.) A point of the spectrum OX,x is said to be a log branch at
x if it is the inverse image of a prime ideal in the monoid MX,x. Since X is,
locally in some étale neighborhood of x, isomorphic to AP,K for some fs monoid
P and some ideal K in P , there is a bijection between the set of log branches
at x and the set of prime ideals of MX,x containing KX,x. Each log branch
at x defines an irreducible and unibranch closed subscheme Z in some étale
neighborhood of x, and the restriction of MX and KX to a dense open subset
Zo of Z is constant. We shall call a maximal such Zo a log stratum at x. We
use the same terminology for the inverse images of these sets in Xlog.

Corollary 3.2.2 Let X be an ideally smooth fs log scheme and let x be a
point of Xlog. Then x has an étale neighborhood U such that for every point y
of U , there exists a log path from x to y.

Proof: Without loss of generality we may assume that X = AP,K, where P
is a fine monoid and K is an ideal of P , and that x is the vertex of Xlog. We

may work in X̃log instead of Xlog. Then the result follows from (3.1.1) and the
discussion which follows it.
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Definition 3.2.3 Let X be an idealized log scheme and let V be a sheaf on
Xlog. Then V is said to be log constructible if for each x ∈ Xlog, V is locally
constant on the log strata at x.

Observe that this condition is local in the analytic topology of X. That is,
if V is a sheaf on Xlog and Xan admits a cover by open sets U such that the
restriction of V to each τ−1(U) is log constructible, then V is log constructible.
The sheaves MX and KX are always log constructible. Let V be a log con-
structible sheaf on Xlog, let x and y be points of Xlog, and let γ be a log path
from x to y. Then X admits an étale open cover {Uλ} which admits charts as
above, and the restriction of γ to each γ−1(Uλ) ∩ (0, 1] factors through a log
stratum. It follows that the restriction of γ−1V to (0, 1] is locally constant, so
γ defines a cospecialization map

γ∗
x,y : Vx → Vy.

In particular, V is locally constant on the fiber τ−1(x) of each point x of X,
and hence if z ∈ τ−1(x), Vz has a natural action ρ of the fundamental group
Ix of τ−1(x).

By a sheaf of exponential data for X we mean a log constructible sheaf of
subgroups Λ ⊆ C ⊗ M

gp

X containing M
gp

X . In practice, it will suffice to take
Λ := C⊗M

gp

X , but for some purposes it might be preferable to use Q⊗M
gp

X or

M
gp

X . We also write Λ for τ−1Λ to simplify the notation. Let C
log
X denote the

pullback to Xlog of the quotient of the sheaf of monoid algebras C[−MX ] by
the ideal generated by −KX . This sheaf is also log constructible. The inclusion
−MX → Λ defines an action of −MX on Λ, so that one has a notion of a sheaf
of Λ-graded C

log
X -modules.

Definition 3.2.4 Let LΛ
coh(Clog

X ) denote the category of Λ-graded sheaves V

of C
log
X -modules on Xlog satisfying the following conditions:

1. V is log constructible.

2. For each z ∈ Xlog, the stalk Vz of V at z is finitely generated over C
log
X,z.

3. If x and y are points of Xlog and γ is any log path from x to y, then the
cospecialization map

γ∗
x,y : Vx ⊗

C
log
X,x

C
log
X,y → Vy

is an isomorphism.

4. If z ∈ Xlog, γ ∈ Iτ(z), and λ ∈ Λz, then exp〈γ, λ〉 is the only eigenvalue
of the action of ργ on Vλ,z, i.e., ργ − exp〈γ, λ〉 : Vz,λ → Vz,λ is nilpotent.

We shall say that a sheaf of Λ-graded C
log
X -modules is coherent if it satisfies

the above conditions. These perhaps need some explanation. Let x = τ(z),
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and note that in (4) of the above definition, γ ∈ Ix = Hom(M
gp

X,x,Z(1)) and

λ ∈ C ⊗ M
gp

X,x, so that 〈γ, λ〉 ∈ C makes sense. Moreover, if m ∈ −MX,x,

exp〈γ,m〉 = 1, so (4) is compatible with multiplication by elements of C
log
X .

Note also that (4) implies that the action of Ix on Vz,λ is unipotent if λ ∈ M
gp

X,x,
and that (2) implies that each graded piece Vz,λ is a finite dimensional C-
vector space. Using the compatibility of cospecialization with concatenation of
log paths, one can easily check that condition (3), like the others, is local on

Xan. Thus the category LΛ
coh(Clog

X ) is of local nature on Xan. Suppose V is
log constructible, that X admits a toric chart above, and that γ is a log path
from x to y for which (3) holds. Then it follows from the toric interpretation
of the cospecialization map that if γ′ is a log path from x to any point y′ in
the log stratum of y, γ′∗

x,y′ is also an isomorphism. Furthermore if a morphism

V → V ′ in LΛ
coh(Clog

X ) induces an isomorphism on the stalks at some point
z of Xlog, then one sees easily from (3) and Corollary (3.2.2) that it induces

an isomorphism in some neighborhood of z. Thus objects in LΛ
coh(Clog

X ) can
be thought of as analogs of locally constant sheaves—of course, when the log
structure is trivial, they are indeed locally constant.

Let us describe the category LΛ
coh(Clog

X ) explicitly when X = AP for a toric
monoid P endowed with a rigid set of exponential data Λ ⊆ C ⊗ P gp. For
each face F of P , the image ΛF of Λ in (C ⊗ P gp)/(C ⊗ F gp) defines a set of
exponential data for P/F , and an inclusion F ⊆ G induces a cospecialization
map ΛF → ΛG. We thus obtain a sheaf of exponential data on AP, also
denoted by Λ. Let M be a Λ-graded C[P ]-module endowed with an action
of π1(P ) which satisfies the coherence conditions of (1.4.1), i.e., an object of

L
Λ

coh(P ) (see (1.4.2)). For each face F of P , let MF := C[P/F ] ⊗
C[P ] M ,

with its natural structure of a ΛF -grading and action of π1(P ), and recall from
(1.4.2) that M 7→ MF is an equivalence when F = P ∗. Since this construction
is compatible with further dividing by faces, the family {MF : F} defines an

object of LΛ
coh(Clog

X ). Conversely, if V is an object of LΛ
coh(Clog

X ), the restriction

of V to X log
P∗ is locally constant, and the evident maps

Γ(X̃ log
P∗ , Ṽ ) - Ṽṽ

¾ Vv

are isomorphisms, where v ∈ Xlog and ṽ ∈ X̃ log are the vertices. The auto-

morphism group of the covering X̃ log
P∗ → X log

P∗ is π1(P ), and it acts naturally

on Γ(X̃ log
P∗ , Ṽ ) ∼= Vv. Thus Γ(X̃ log

P∗ , Ṽ ) is an object of L
Λ

coh(P ). This establishes
the following equivalence, and the compatibilities which go along with it should
be clear.

Proposition 3.2.5 Let X := AP, where P is a toric monoid with rigid expo-
nential data Λ ⊆ C ⊗ P gp.

1. The functor
V 7→ Γ(X̃ log

P∗ , Ṽ ) ∼= Ṽṽ
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is an equivalence from the category LΛ
coh(Clog

X ) to the category L
Λ

coh(P ).

A quasi-inverse is the functor taking an object M of L
Λ

coh(P ) to the sheaf
corresponding to the family {MF := C[P/F ] ⊗ M} described above.

2. If (φ, ψ) : (P,ΛP ) → (Q,ΛQ) is a homomorphism of toric monoids and
exponential data and Y := AQ, the diagram of functors

L
Λ

coh(P )
φ∗

ψ- L
Λ

coh(Q)

LΛ
coh(Clog

X )

? f∗
log- LΛ

coh(Clog
Y )

?

is 2-commutative.

3. If V is an object of LΛ
coh(Clog

X ) and F is a face of P , then the cospecial-

ization map cospP∗,F : ṼP∗ → ṼF identifies ṼF with the tensor product

ṼP ⊗
C[P ] C[P/F ].

3.3 The ring Õlog
X

To globalize the constructions of (1.4.8) and (2.1.2), we shall construct a sheaf

of rings Õlog
X on Xlog, combining the constructions in [7] and [8]. Let us begin

by reviewing the first of these.
If Y and X are topological spaces, let YX denote the sheaf which to every

open set U of X assigns the set of continuous functions U → Y . Recall from
[7] that there is a commutative diagram with exact rows, in which the squares
on the right are Cartesian:

0 - Z(1) - τ−1(OX)
exp- τ−1O∗

X
- 0

0 - Z(1)

id

?
- L

ε

? π- τ−1Mgp
X

λ

?
- 0

0 - Z(1)

id

?
- R(1)Xlog

h̃

? exp- S1
Xlog

h

?
- 0

(3.3.1)

To understand this diagram, recall that a point of Xlog lying over a point x of
X is a homomorphism of monoids σ : MX,x → S1 such that

σ(m)|αX(m)(x)| = αX(m)(x)
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for every m ∈ MX,x. If m is a local section of MX , then the map sending such a
σ to σ(mx) is a continuous function of σ, and so defines a section h(m) of S1

Xlog
.

This defines the homomorphism h in the diagram, and by definition, L is the
fiber product of τ−1Mgp

X and R(1)Xlog
over S1

Xlog
. This defines the bottom two

rows of the diagram, and the top row is just the pullback of the exponential
exact sequence on Xan. The map h ◦ λ is arg, (i.e., the map u 7→ |u|−1u).
Let Im : τ−1OX → R(1)X be the map taking a function to its imaginary part.
Then exp ◦Im = arg ◦ exp, and so there is a unique map ε with h̃ε = Im
making the diagram commute. Since the big right rectangle is Cartesian, so is
the upper square. Chasing the diagram shows that there is an exact sequence

0 → τ−1OX
ε- L → τ−1M

gp

X
- 0. (3.3.2)

By definition, Olog
X is the universal τ−1OX -algebra equipped with a map L →

Olog
X such that the diagram

τ−1OX
ε - L

@
@

@
@

@R
Olog

X

?

commutes.
The ring Olog

X is adequate to deal with connections whose exponents vanish.
In order to deal with the general case we adopt a construction of Lorenzon [8].
Recall that the exact sequence

0 → O∗
X → Mgp

X → M
gp

X → 0

defines a family of O∗
X -torsors, hence invertible sheaves, indexed by M

gp

X . If a

and b are local sections of M
gp

X , there is a map of the corresponding invertible
sheaves La ⊗Lb → La+b, and one obtains using these maps an M

gp

X -indexed or

graded OX -algebra Agp
X := ⊕La. The ring Olog

X ⊗ Agp
X is sufficient to classify

objects of MICΛ
coh(X/C) when Λ = M

gp

X , and the corresponding local sys-
tems have unipotent logarithmic monodromy. For the general case, we need to
enlarge Agp

X even more.
Consider the following diagram:

0 - C ⊗ τ−1OX
- C ⊗ L - C ⊗ τ−1M

gp

X
- 0

0 - O∗
X

µ

?
- M̃X

µ̃

?
π̃- C ⊗ τ−1M

gp

X

id

?
- 0.

(3.3.3)
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Here the top row is obtained by tensoring the sequence (3.3.2) with C, and the
bottom row is just the pushout by the map µ sending a⊗f to exp(af). Finally
let

0 - O∗
X

- MΛ
X

- Λ - 0 (3.3.4)

be the pullback of the bottom row of the above diagram by the map Λ ⊆
C⊗ τ−1Mgp

X . If it seems to be unnecessary to specify the exponential data we

write M log
X instead of MΛ

X . It follows from the exactness of the middle row of
diagram (3.3.1) that there is an injection τ−1Mgp

X → MΛ
X which agrees with µ̃

when composed with π.
Let AΛ

X (or Alog
X ) denote the Λ-graded OX -algebra corresponding to the

exact sequence (3.3.4).

Proposition 3.3.1 Let dL : L → τ−1Ω1
X/C denote the composition of the map

π : L → τ−1Mgp
X with dlog : τ−1Mgp

X → τ−1Ω1
X/C.

1. If f is a section of τ−1(OX), then dLε(f) = df in τ−1(Ω1
X/C).

2. There is a unique homomorphism M̃X
dlog- τ−1Ω1

X/C such that

dlogµ̃(a ⊗ `) = adL(`)

for every section ` of L and every a ∈ C.

3. There is a unique additive and homogeneous homomorphism

∇ : Alog
X → Alog

X ⊗ τ−1Ω1
X/C,

satisfying the Leibniz rule with respect to τ−1OX and such that if xm is
the section of Alog

X corresponding to a section m of M log
X ,

∇xm = xm ⊗ dlog(m).

4. There is a natural map of Λ-graded rings ι : C
log
X → Alog

X , whose image
is annihilated by d.

Proof: By definition, dLε(f) = dlogπε(f) = dlogλexp(f) = df , as asserted
in (1). Let η : C ⊗ τ−1Ω1

X/C → τ−1Ω1
X/C be multiplication. If ai ∈ C and

fi ∈ τ−1(OX) for i = 1 . . . n, it follows that

η ◦ (id ⊗ dL) ◦ (id ⊗ ε)(
∑

ai ⊗ fi) =
∑

aidfi = d
∑

aifi.

In particular, this is zero if
∑

aifi is locally constant. The kernel of the map
µ : C⊗OX → O∗

X is generated by the set of sums
∑

ai⊗fi such that
∑

aifi ∈
Z(1), and in particular any such sum is killed by η ◦ (id ⊗ dL) ◦ (id ⊗ ε). Since
M̃X is the quotient of C⊗L by the image of this kernel, there exists a unique
dlog as in (2).
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To verify the existence of ∇, suppose that λ ∈ Λ, and let Alog
X,λ be the degree

λ part of Alog
X . This is an invertible τ−1OX -module, and if m ∈ M log

X maps to

λ, there is a corresponding basis xm of Alog
X,λ. Then there is a unique

∇ : Alog
X,λ → Alog

X,λ ⊗ τ−1Ω1
X/C

satisfying the Leibniz rule such that ∇xm = xm ⊗ dlog(m). We must verify

that ∇ is independent of the choice of m. If m′ is another section of M log
X

mapping to λ, then m = um′ for some u ∈ O∗
X . Let ∇′ be defined using m′ in

place of m. Then xm = uxm′ and dlog(m) = dlogu + dlogm′. Hence

∇′xm = ∇′(uxm′)

= du ⊗ xm′ + u∇′xm′

= u−1du ⊗ xm + udlog(m′) ⊗ xm′

= dlogu ⊗ xm + dlog(m′) ⊗ xm

= dlogm ⊗ xm

= ∇(xm),

as required.
Let us continue to write the monoid law of MX multiplicatively and that

of MX additively. A section m of M−1
X defines an element m−1 of MX ; let

ι(m) := α(m−1)xm ∈ Alog
X . If u ∈ O∗

X and m′ = um, then

α(m′−1
)xm′ = u−1α(m−1)uxm = ι(m).

Thus ι(m) depends only on the image m of m in M
−1

X , and we write ι(m) instead

of ι(m). Then ι defines a homomorphism of graded rings C[−MX ] → Alog
X

sending em to ι(m). Since α(m−1) vanishes if and only if m ∈ KX , ι factors

through an injective homomorphism C
log
X := C[−MX ]/C[−KX ], which we also

denote by ι. Furthermore,

dι(m) = ∇(α(m−1)xm)

= dα(m−1)xm + α(m−1)∇xm

= α(m−1)dlog(m−1)xm + α(m−1)dlog(m)xm

= −α(m−1dlog(m)xm + α(m−1)dlog(m)xm

= 0

Definition 3.3.2 Let X/C be a fine saturated idealized log scheme with a sheaf

of exponential data Λ ⊆ C ⊗ M
gp

X . Then Õlog
X is the Λ-graded τ−1OX-algebra

Alog
X ⊗τ−1OX

Olog
X , and

d : Õlog
X → Ω̃1,log

X/C := Õlog
X ⊗τ−1OX

τ−1Ω1
X/C
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is the map defined by the usual rule for the tensor product connection, using
the connections defined above on Alog

X and Olog
X .

Remark 3.3.3 Let f : X → Y be a morphism of fs idealized log schemes which
is compatible, in the obvious sense, with sheaves of exponential data ΛX and
ΛY . Then there is a commutative diagram of ringed spaces

Xlog

flog- Ylog

X

τ

? f - Y

τ

?

which is Cartesian if f is strict [7]. It is straightforward to verify that f induces
a map

τ−1OX ⊗(fτ)−1OY
f−1

logA → AX ,

where A is Olog, Alog, or Õlog, compatible with the connections. If f is strict
and the map f−1ΛY → ΛX is an isomorphism, then the above map is also an
isomorphism.

We shall need an explicit description of the ring Õlog
X when X is the log

scheme associated to a toric monoid P . Let

ζ : X̃ log := C(P ) × Y (P ) → Xlog

be the universal covering constructed in (3.1.1). If p ∈ P and x̃ = (ρ, y) ∈ X̃ log,
let p̂(x̃) := y(p) ∈ R(1). Then p̂ is a continuous function from X̃ log to R(1),
i.e., a global section of R(1)X̃log . The element p also defines a global section

β(p) of MX , and in the diagram (3.3.1) pulled back to X̃ log, hβ(p) = exp p̂.
Thus β̃(p) := (p̂, β(p)) is a global section of ζ−1L, and β̃ is a map P → ζ−1L.
We shall abuse notation and write OX̃ for the sheaf ζ−1τ−1OXan

.

Lemma 3.3.4 Let X := AP and let ζ : X̃ log → Xlog be the universal covering.

1. The map β̃ described above fits into a cocartesian diagram:

β−1(O∗
X)

λ̃ - OX̃

P gp
? β̃- ζ−1L.

ε

?
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2. Let ρ be the action of π1(P ) = Aut(X̃ log/Xlog) on OX̃ and ζ−1L by

transport of structure. Then for each p ∈ P gp, ργ(β̃(p)) = β̃(p) + 〈γ, p〉.
In particular, if z is a point in Xlog then the action of Iτ(x) on Lz is
given by

ργ(`) = ` + 〈γ, π`〉
for any ` ∈ Lz and γ ∈ Iτ(x).

3. Let Ĩ be the sheaf of ideals in the algebra OX̃ ⊗ S·(P gp) generated by all

elements of the form λ̃(p) ⊗ 1 − 1 ⊗ p for p a local section of β−1O∗
X .

Then the map β̃ induces an isomorphism of OX̃ -algebras

(OX̃ ⊗ S·(P gp))/Ĩ → ζ−1Olog
X .

Proof: In the diagram, β−1(O∗
X) means the subsheaf of the constant sheaf

P consisting of those elements of P which become units in MX , open set
by open set. Let p be a section of this sheaf on some open set U ⊆ Xan

and let m := β(p) ∈ M∗
X(U) and u := αX(m) ∈ O∗

X(U). Then log |u| ∈
RX(U), p̂ ∈ R(1)(τζ)−1(U), and λ̃(p) := (log |u|, p̂) is a section of ζ−1(OX)
such that exp λ̃(p) = u. Then the diagram in (1) commutes. The fact that it
is cocartesian follows from the exact sequence (3.3.2).

Recall that the action of π1(P ) on X̃ log is the action induced by translation
and its inclusion as a subgroup. Thus if f is a function on X̃ log, ργ(f(x̃)) =

f(x̃) + f(γx̃) for each x̃ ∈ X̃ log. Hence γ∗(p̂) = p̂ + 〈γ, p〉 and γ∗(β̃(p)) =
β̃(p) + 〈γ, p〉, and if q ∈ β−1(O∗

X), ργ(λ̃(q)) = λ̃(q) + 〈γ, q〉. This proves the

formula for the action of ρ on ζ−1L. Note that if γ ∈ Ix, then γ∗(β̃(p)) − β̃(p)
depends only on the image β(p) of p in MX . Let ` := β̃(p), and note that
β(p) = π(`). This proves the formula for the action of Ix on Lz, since the map
P → M

gp

X
∼= Lz/OX,x is surjective.

The map β̃ followed by the inclusion is a homomorphism P gp → ζ−1Olog
X ,

and by the universal property of the symmetric algebra, this map extends
uniquely to a homomorphism of algebras OX̃ ⊗ S·(P gp) → ζ−1Olog

X . For any
local section q of β−1O∗

X , the commutativity of the square in (1) and the

triangle (3.3) imply that 1 ⊗ p and λ̃(p) ⊗ 1 have the same image in ζ−1Olog
X ,

so that this homomorphism annihilates Ĩ. On the other hand, the map

OX̃ ⊕ P gp → (OX̃ ⊗ S·(P gp))/Ĩ

sending (f, p) to f ⊗ 1 + 1 ⊗ p factors through ζ−1L, since the square in (1)
is cocartesian and since for any q ∈ β−1O∗

X the elements 1 ⊗ [q] and λ̃(q) ⊗ 1

have the same image in (OX̃ ⊗ S·(P gp))/Ĩ. By the universal property of Olog
X ,

these maps extend uniquely to a map ζ−1Olog
X → (OX̃ ⊗ S·(P gp))/Ĩ, which is

the inverse to the map in (3).

Proposition 3.3.5 Let P be a toric monoid with exponential data Λ ⊆
C ⊗ P gp and a proper ideal K ⊆ P , and let X := AP,K.
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1. Then there are natural maps, compatible with the connections and grad-
ings, and actions of π1(P ):

Γ(X̃ log,OX̃) ⊕ P gp → Γ(X̃ log, ζ−1L)

Γ(X̃ log,O∗
X̃

) ⊕ Λ → Γ(X̃ log, ζ−1M̃Λ
X)

Γ(X̃ log,OX̃) ⊗ Z[Λ] → Γ(X̃ log, ζ−1Alog
X )

Γ(X̃ log,OX̃) ⊗ Γ·[P gp] → Γ(X̃ log, ζ−1Olog
X )

Γ(X̃ log,OX̃) ⊗C[P ] J(P,Λ) → Γ(X̃ log, ζ−1Õlog
X ).

2. Suppose that P is sharp and let z (resp. v) be the vertex of Xlog (resp.
X). Then these maps induce isomorphisms on stalks:

OX,v ⊕ P gp → Lz

O∗
X,v ⊕ Λ → M̃Λ

X,z

OX,v ⊗ Z[Λ] → Alog
X,z

OX,v ⊗ Γ·[P gp] → Olog
X,z

OX,v ⊗C[P ] J(P,Λ) → Õlog
X,z

These isomorphisms are compatible with the connections, gradings, and
actions of Iv = π1(P ).

Proof: We have already constructed the first of the maps in statement (1),
and the construction of the remaining maps is then straightforward. Let γ be
an element of Ix, let p be an element of P gp and let a be an element of C.
Then µ̃(a ⊗ β̃(p)) is a global section of ζ−1M̃X , and

ργ µ̃(a ⊗ β̃(p)) = µ̃(a ⊗ ργ β̃(p))

= µ̃(a ⊗ β̃(p) + a ⊗ 〈γ, p〉)
= µ̃(a ⊗ β̃(p))µ(a ⊗ 〈γ, p〉)
= µ̃(a ⊗ β̃(p)) exp(a〈γ, p〉)
= µ̃(a ⊗ β̃(p)) exp〈γ, a ⊗ p〉

It follows that if λ is any element of Λ and m̃ is its image in Γ(X̃ log, ζ−1M̃X),
then

ργ(m̃) = m̃ exp〈γ, λ〉
This shows that the second arrow is compatible with the actions of π1(P ). Let
xm̃ be the basis element of AX,λ corresponding to m̃ and let u := exp 〈γ, λ〉.
Then

ργ(xm̃) = xργ(m̃) = xum̃ = uxm̃.
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This shows that the third arrow is compatible with the actions of π1(P ). Fur-
thermore, from the definition in (3.3.2), ∇xm̃ = xm̃ ⊗ dlogm̃, so it is also com-

patible with the connections. The sheaf Olog
X is generated over OX by L, on

which we have already calculated the action of Ix, and it follows that its action
on all of Olog

X is as described. The same argument works with the connections.

The statement for Õlog
X follows, as does part (2) of the proposition.

3.4 Logarithmic Riemann-Hilbert

We can at last give the precise statement of the logarithmic Riemann-Hilbert
correspondence.

Definition 3.4.1 Let X/C be an fs smooth idealized log scheme and let Λ ⊆
C ⊗ M

gp

X be a set of exponential data for X. Let MICΛ
coh(Xan/C) be the

category of coherent sheaves of OX-modules on Xan equipped with an integrable
logarithmic connection all of whose exponents lie in Λ.

1. If (E,∇) is an object of MICΛ
coh(Xan), let

Ẽ := Õlog
X ⊗τ−1OX

τ−1E,

with the induced connection ∇̃ : Ẽ → Ẽ ⊗ Ω̃1,log
X/C, and let V(E,∇) be the

sheaf of Λ-graded C
log
X -modules Ẽ∇̃.

2. If V is an object of LΛ
coh(Clog

X ), let Ṽ := Õlog
X ⊗

C
log
X

V , endowed with

the connection ∇̃ := d ⊗ id and the tensor product Λ-grading, and let
(E(V ),∇) := τΛ

∗ (Ṽ ,∇), where the superscript Λ means the degree zero
part with respect to the Λ-grading.

Since the connection on Ẽ is C
log
X -linear and homogeneous, V(E,∇) is a

sheaf of Λ-graded C
log
X -modules. Thus the definition (1) above makes sense.

Theorem 3.4.2 Let the notation be as in (3.4.1).

1. The functor V above is an equivalence of tensor categories

MICΛ
coh(Xan) → LΛ

coh(Clog
X ),

with quasi-inverse E.

2. If f : X → Y is a morphism of smooth idealized fs log schemes and
(E,∇) is an object of MICΛ

coh(Y ), then there is a natural isomorphism

in LΛ
coh(Clog

X ):
f∗

logV(E,∇) ∼= V(f∗E,∇).

3. Let (E,∇) be an object of MICΛ
coh(Xan) and let V := V(E,∇).
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(a) The natural map

Õlog
X ⊗

C
log
X

V → Ẽ := Õlog
X ⊗τ−1OX

τ−1E

is an isomorphism, compatible with the Λ-gradings and connections.

(b) The natural map

V(E,∇) → Ẽ ⊗Õlog
X

Ω̃·,log
X/C

of complexes of abelian sheaves on Xlog is a quasi-isomorphism.

(c) The natural map

E ⊗ Ω·
X/C → RτΛ

∗ (Ẽ ⊗ Ω̃·,log
X/C)

is a quasi-isomorphism, where the superscript Λ means the degree
zero part.

Proof: We will reduce the proof of the above global theorem to the local
versions proved in the previous sections. Suppose that K is a proper ideal in
a toric monoid P and let X := AP,K. Let E be an object of MICΛ

coh(P,K/C),
and let Ean be the corresponding object of MIC(Xan/C). Then V(Ean) is

a sheaf of graded C
log
X -modules on Xlog. Its stalk at the vertex z is a Λ-

graded C[−P ]-module. Since all the sheaves involved in the construction of
V(Ean) are locally constant on the fibers of τ , it also is locally constant on
the fibers. On the other hand, the equivariant Riemann-Hilbert transform
V of E is an object of LΛ(−P/C). Thus it is a Λ-graded C[−P ]-module,
endowed with an action of π1(P ). Recall that in (3.3.5) we constructed a

map J(P,Λ) → Γ(X̃ log, ζ−1Õlog
X ). Tensoring with E, and observing that the

resulting map is compatible with connections, we find a commutative diagram

V - Γ(X̃ log, ζ−1V(Ean))

E ⊗ J(P,Λ)
?

- Γ(X̃ log, ζ−1(Ean ⊗ Õlog
X )).

?

Lemma 3.4.3 Let X := AP,K, let E be an object of MICΛ
coh(P,K) and let

V ∈ LΛ(−P,−K) be its equivariant Riemann-Hilbert transform (1.4.8). Let z
be the vertex of Xlog.

1. The map V → Γ(X̃ log, ζ−1V(Ean)) constructed above induces an isomor-
phism

V := V ⊗C[−P ] C[−P ] ∼= V(Ean,∇)z

in the category of Λ-graded C[−P ]-modules, compatible with the actions
of Iv ⊆ π1(P ).
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2. The natural map V(Ean,∇)z ⊗
C

log
X

Õlog
X,z → Ẽan,z is an isomorphism.

3. The natural map V(Ean,∇)z → Ẽan,z ⊗ Ω̃·
X/C is a quasi-isomorphism.

Proof: Let X := A
P,K and let (E,∇) be the image of (E,∇) in MICΛ

coh(P/C).

Because the functor Ban of (2.1.2) is fully faithful, the map E∇
an,v → E

∇
an,v is

an isomorphism. Now Ẽz := E ⊗ Õlog
X,z is a direct limit of finitely generated

modules with integrable connection. Applying the same remark to each of these
and passing to the limit, we see that the map V(Ean,∇)z → V(Ean,∇)z is also
an isomorphism. This reduces the proof of the first and third statements to the
case in which P is sharp. The second statement will also follow from the sharp
case. Indeed, a section of P → P induces a strict morphism f : X → X, so
f∗Õlog

X
∼= Õlog

X . Thus for the remainder of the proof we may and shall assume
that P is sharp.

Because the functor A of (2.1.2) is an equivalence, the map

E∇ ∼= E∇
an,v (3.4.1)

is an isomorphism. Now J(P,Λ) is a direct limit of objects Ja of MICΛ
coh(P ).

For each a, E ⊗ Ja is an object of MICΛ
coh(P ), and so applying (3.4.1) to each

of these produces an isomorphism

(E ⊗ Ja)∇ ∼= (Ean,v ⊗ Ja)∇ ∼= (E ⊗OXan,v
⊗ Ja)∇.

Passing to the limit, we see by the last statement of (3.3.5) that the map

(
E ⊗C[P ] J(P,Λ)

)∇ →
(
E ⊗C[P ] OXan,v

⊗ J(P,Λ)
)∇ → (E ⊗C[P ] ÕXlog,v)∇

is an isomorphism. By (1.4.8), the left hand side of this equation is the equiv-
ariant Riemann-Hilbert transform of E, which is in fact V , and the right side
is by definition the stalk of V(E) at z. This proves (1). Recall from (1.4.8.2)
that the natural map V ⊗C[−P ] J(P,Λ) → E ⊗C[P ] J(P,Λ) is an isomorphism.
Statement (2) follows from this, after tensoring with OXan

. To prove (3), it
will now suffice to show that Hi(Ẽ ⊗ Ω̃·

X) = 0 if i > 0. The same direct limit
argument and Theorem (2.1.2) reduce this to the analogous computation in
the category MICΛ

coh(P/C), where it is a consequence of (1.4.8.2).

We can now prove (2) of the theorem. Let (E,∇) be an object of

MICΛ
coh(Yan), and let τ∗

Y E := τ−1E ⊗ Õlog
Y , with a similar notation for X.

As we have seen in (3.3.5), there is a natural map f−1
log Õ

log
Y → Õlog

X , compatible
with the exterior derivative and hence a natural and horizontal isomorphism

f∗
logτ

∗
Y E := f−1

log τ∗
Y E ⊗ Õlog

X
∼= τ∗

Xf∗E (3.4.2)

Thus there is a natural map

V(E) := (τ∗
Y E)∇ → flog∗(τ

∗
Xf∗E)∇ = flog∗V(f∗E).
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By adjunction, we get a map

f∗
logV(E) := f−1

logV(E) ⊗f−1C
log
Y

C
log
X → V(f∗E),

which we are claiming is an isomorphism of C
log
X -modules. It is clear from the

local description (3.3.5) of Õlog
X that it is faithfully flat over C

log
X , so it suffices

to prove that the map is an isomorphism after tensoring with Õlog
X . There is a

commutative diagram

f∗
logV(E) ⊗

C
log
X

Õlog
X

- V(f∗E) ⊗
C

log
X

Õlog
X

f∗
logτ

∗
Y E
?

- τ∗
Xf∗E

?

The lower horizontal map is the isomorphism (3.4.2) we started with, and we
have already seen in (3.4.3) that the vertical arrows are isomorphisms. This
implies that the arrow in (2) of the theorem is an isomorphism.

Lemma 3.4.4 For any X as in the theorem and any E ∈ MICΛ
coh(Xan/C),

V(E) is log constructible (3.2.3).

Proof: This can be verified locally in an analytic neighborhood of an arbitrary
point x of X. Since X/C is fs and ideally log smooth, there exist a toric monoid
P , an ideal K of P , and a strict étale map X → AP,K sending x to the vertex.
In the analytic topology, this map is locally an isomorphism, so we may and
shall assume that X = AP,K. By (2.1.2), there is a neighborhood of the vertex
on which (E,∇) is isomorphic to the analytification of an object (M,∇) of
MICΛ

coh(P,K), so we may as well assume that (E,∇) is this analytification.
We may also assume that Λ = C ⊗ P gp. A splitting of P → P induces a map
X → X, and as we observed in (2.2.2), (E,∇) is isomorphic to the pullback of
some (E,∇) on X, in some neighborhood U of v. By part (2) of the theorem,
formation of V is compatible with pullback, and it follows that V(E,∇) is also
pulled back from X. Hence it is constant on U∩AP∗ . But AP∗ is the log stratum
containing v. Since the same argument works in a neighborhood of every point,
V(E,∇) is locally constant on the canonical stratification of Xlog.

Lemma 3.4.5 The functor V of Theorem (3.4.2) maps MICΛ
coh(Xan) into

LΛ
coh(Clog

X ). In fact, suppose X = AP,K, with P sharp, E is an object of
MICΛ(P,K) and V is its equivariant Riemann-Hilbert transform (1.4.8).

Then the sheaf V(Ean) is isomorphic to the object of LΛ(Clog
X ) corresponding

to V via the equivalence in (3.2.5).

Proof: Let be E an object of MICΛ
coh(P,K). We have seen in (3.4.4) that

V(Ean) is log constructible. To prove that it lies in L(Clog
X ) is a local question
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on Xan, so we may assume that X = AP,K and work in a neighborhood of the
vertex. By (2.1.2), we may also assume that P is sharp. We claim that if x̃ is
the vertex of X̃ log and ỹ is any point of X̃ log, then

cosp∗x̃,ỹ : C
log
X,y ⊗ V(Ean)x → V(Ean)y

is an isomorphism. As we observed above, if this is true for ỹ, it is also true for
every other ỹ′ in the same log stratum. Thus we may assume that ỹ is the vertex
of Ỹ log, where Y := AP/F,K/F for some face F of P . The map P → P/F induces
a map i : Y → X; note that i does not map y to x. The equivariant Riemann-
Hilbert transform W of E ⊗C[P/F ] can be identified with V ⊗C[−P/F ], and
i∗Ean is the analytic sheaf with connection corresponding to E⊗C[P/F ]. Thus
it follows from (2) of theorem (3.4.2) and the functoriality of the constructions
of (3.3.5) that there is a commutative diagram

V - Γ(X̃ log, ζ−1V(Ean)) - Vx

W
?

- Γ(Ỹ log, ζ−1i∗V(Ean))

?
- Wy

Lemma (3.4.3) tells us that the composed horizontal maps are isomorphisms,
and it follows from the definitions that the resulting map Vx → Vy is the
cospecialization map cosp∗x̃,ỹ. In particular, condition (3) of the definition
(3.2.4) is satisfied. Since these maps are automatically compatible with the
operations of π1(P ), the lemma is proved.

Lemma 3.4.6 Let E be a coherent sheaf on Xan and let

Ẽ := τ−1E ⊗τ−1OX
Õlog

X .

Then the natural map E → RτΛ
∗ Ẽ is a quasi-isomorphism.

Proof: It suffices to prove that the stalk of this natural map at every point
x of X is an isomorphism. Since τ is a proper morphism of paracompact
Hausdorff spaces, the natural map

(RτΛ
∗ Ẽ)x → RΓΛ(τ−1(x), i−1Ẽ)

is an isomorphism, where i : τ−1(x) → Xlog is the inclusion. Recall that the su-
perscript Λ means taking the degree zero part in the grading, which commutes
with cohomology. The degree zero part of Ẽ is just τ−1E⊗Olog

X . Furthermore,

the fiber τ−1(x) is a torus and Ẽ is locally constant on the fiber, so the sheaf
cohomology is the same as group cohomology, computed with respect to the
action of the fundamental group Ix on any stalk. Thus it suffices to show that
Hq(Ix, Ex ⊗ Olog

X,z) = 0 if q > 0 and is Ex if q = 0. We may assume that
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X = AP, with P a sharp toric monoid, so that Olog
X,z

∼= OX,z ⊗C Γ·(Ω). The
action of Ix is unipotent, and its logarithm is a nilpotent T -Higgs field. Thus
by (1.4.4) the group cohomology can be identified with the Higgs cohomology.
But this Higgs complex is just Ex tensored with the Higgs complex of Γ·(Ω),
which is a resolution of C.

To prove that V is fully faithful, let Ei be objects of MICΛ
coh(Xan) and let

Vi := V(Ei), for i = 1, 2. Since V is functorial, it induces a map of sheaves of
C-vector spaces Hom(E1, E2) → τ∗Hom(V1, V2). It suffices to prove that this
map of sheaves is an isomorphism, and to do this it suffices to check that its
stalk at each point x is so. Then we may assume that X = AP,K, where P is a
sharp toric monoid and that x is the vertex, and that each Ei comes from an
object of MICΛx

coh(P,K). Then the Vi can be identified with the corresponding
equivariant Riemann-Hilbert transforms, and τ∗ with the invariants under the
log inertia group π1(P ). Then the result follows from the full faithfulness of
the equivariant Riemann-Hilbert transform.

To prove that V is essentially surjective, let V be an object of LΛ
coh(Clog

X )
and let x be a point of X. Then by (2.1.2) and (1.4.8), there exists an analytic
neighborhood U of x and an object (E,∇) of MICΛ

coh(U) such that V(E,∇)x
∼=

Vx. Then in fact V(E,∇) ∼= V on some possibly smaller neighborhood of x.
We can glue these objects of MICΛ

coh using the gluing data coming from V and
the full faithfulness of V.

This completes the proof of (1) and (2) of the theorem. Parts (a) and (b)
of (3) follow immediately from (3.4.3). For part (c), note that for each q, the
natural map

E ⊗ Ωq
X/C → RτΛ

∗ Ẽ ⊗ Ω̃q,log
X/C

is a quasi-isomorphism, by (3.4.6), and hence the map in (c) is also a quasi-
isomorphism.

Associated to the Λ-grading of the category LΛ
coh(X) is a Λ-filtration, where

Λ is regarded as a sheaf of partially ordered sets, with the partial ordering
induced by the action of −MX . This filtration carries over to the equivalent
category MICΛ

coh(X). Matthew Emerton has pointed out that this gives a log
construction of the “Kashiwara-Malgrange V -filtration.”

Corollary 3.4.7 Any object (E,∇) of MICΛ
coh(Xan) admits a unique and

functorial decreasing filtration indexed by the sheaf of partially ordered set Λ,
such that V(FλE) = ⊕λ′≥λVλ′(E,∇). If (E′,∇) is a subobject of (E,∇), then
E′

x ⊆ FλEx if and only if all the exponents of E′ at x are greater than or equal
to λ in the partial ordering on Λ induced by the action of −MX,x.

Remark 3.4.8 It is easy to see, for example from the compatibility of the
local and global Riemann-Hilbert correspondence, that if (E,∇) is an object
of MICcoh(Xan), then E is locally free (resp. torsion free, resp. reflexive) over

OX if and only if V(E,∇) is locally free (resp. . . . ) over C
log
X .
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As an illustration of the content of the main theorem (3.4.2), let us show
how it easily implies a logarithmic version of Deligne’s comparison theorem [3,
II, 3.13]

Theorem 3.4.9 Let X/C be an fs smooth log scheme (with no idealized struc-
ture) and let (E,∇) be a torsion-free object of MICΛ

coh(Xan). At each point of

x, let Sx ⊆ Λx ⊆ C ⊗ M
gp

X,x be the set of exponents of (E,∇) at x. Suppose

that for each such x, Sx ∩ M
gp

X,x ⊆ MX,x. Then the natural map

H∗
DR(Xan, E) → H∗

DR(X∗
an, E)

is an isomorphism.

Proof: Let E∗ := j∗E, let V := V(E,∇), and let V ∗ := V(E∗,∇), which
we can regard as a locally constant sheaf of C-vector spaces on X∗. Theo-
rem (3.4.2) provides a commutative diagram in the derived category:

E ⊗ Ω·
X/C

- Rj∗(E
∗ ⊗ Ω·

X∗/C)

RτΛ
∗ V

?
- Rj∗V

∗,
?

in which the vertical arrows are quasi-isomorphisms. Thus it suffices to show
that the bottom horizontal arrow is a quasi-isomorphism.

By (3.1.2), V ′ := jlog∗V ∗ is a local system of C-vector spaces on Xlog, and
jlog∗V ∗ ∼= Rjlog∗V ∗. Thus it suffices to show that the natural map

RτΛ
∗ V → Rτ∗V

′

is a quasi-isomorphism. This is a local question, and so we can restrict our
attention to a neighborhood of a point x of X. If x̃ ∈ τ−1(x), then Vx̃ and V ′

x̃

are equipped with actions of Ix, and we have to prove that the maps

Hi(Ix, V0,x̃) → Hi(Ix, V ′
x̃) (3.4.3)

are isomorphisms. Here V is a Λx-graded C[−MX,x]-module, and the 0 means
the degree zero part.

It follows from the coherence of V that V ′
x̃ can be identified with the tensor

product of Vx̃ over the map C[−MX,x] → C sending MX,x to 1. It follows
from (2.1.3) and the hypothesis on the exponents that the set of degrees of a
set of generators for V intersected with M

gp

X,x is contained in MX,x. Hence
Corollary (1.4.6) implies that (3.4.3) is an isomorphism.
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Theorem 3.4.10 Let X/C be a smooth fs log scheme (with no idealized struc-
ture) and let (E,∇) be an object of MICΛ

coh(Xan/C). Let j : X∗ → X be the
inclusion of the maximal open set where the log structure is trivial. Then the
natural map

j∗j
∗
mE ⊗ Ω·

X/C → j∗j
∗E ⊗ Ω·

X/C

is a quasi-isomorphism, where j∗j∗m means the sheaf of sections of E with mero-
morphic poles along X \ X∗.

Proof: Fix a point x in X. It suffice to prove the theorem in a neighborhood
of x. Thus we may assume that X = AP for some toric monoid P . Let m be the
sum of a minimal set of generators for P and let J be the ideal of P generated
by m. The support of the corresponding closed subscheme of X is exactly the
set where the log structure is nontrivial. The ideal I of OX generated by β(m)
is an invertible sheaf of ideals, and its inverse defines an effective divisor D
whose support is X \X∗. Thus for any E, j∗j∗mE = lim−→E(nD). Since I comes

from a sheaf of ideals in the monoid, it is stable under the connection d on OX .
In particular, α(m) generates I and dα(m) = α(m)dlogm ∈ I ⊗ Ω1

X/C. By

definition (2.1.1), −mx is the unique exponent of this connection at x. Then
the dual OX(D) has a connection also, and its unique exponent is mx. If s is
any element of M

gp

X , s + nmx ∈ MX for n sufficiently large. It follows that,
locally on X, there exists an n such that E(nD) satisfies the hypothesis of
(3.4.9) for n sufficiently large. By the previous result, the map

E(nD) ⊗ Ω·
X/C → j∗j

∗E ⊗ Ω·
X/C

is a quasi-isomorphism for all n sufficiently large. Hence the same is true for
the map from the direct limit.
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Abstract. We give proofs of existence of alternating pairings on
Selmer groups of p-ordinary elliptic curves on a Z2

p-extension by using
the Cassels-Tate-Flach pairings for twists of the p-adic representation.

Soit E une courbe elliptique définie sur le corps des nombres rationnels Q.
D’après le théorème de Mordell, le groupe E(Q) des points de E rationnels sur
Q est un Z-module de type fini. Nekovář a démontré que son rang est de même
parité que la multiplicité du zéro en s = 1 de la fonction L complexe associée
à E/Q lorsque la p-composante du groupe de Tate-Shafaravich est finie. La
conjecture de Birch et Swinnerton-Dyer prédit qu’il y a égalité entre ces deux
entiers attachés à E.
La démonstration de ce résultat par Nekovář utilise essentiellement trois argu-
ments et se fait en introduisant un corps quadratique imaginaire K et un nom-
bre premier p auxiliaires vérifiant certaines conditions. Le premier argument
utilise le théorème de Cornut et Vatsal concernant les points de Heegner ([9],
[10], [34], conjecture de Mazur [25]) : on en déduit que le rang de E(Kn) tend
vers l’infini avec n pour Kn l’extension de Q de degré 2pn qui est diédrale sur Q.
Le deuxième argument est à base de théorie d’Iwasawa. Il s’agit de généraliser
le théorème de Cassels qui affirme que le groupe de Tate-Shafaravich d’une
courbe elliptique modulo sa partie divisible (noté div) est un carré ou, dans la
version p-primaire, que le quotient du p-groupe de Selmer Sp(E/K) de E/K
modulo sa partie divisible est un carré : on peut construire une forme alternée
et non dégénérée sur Sp(E/K)/div. Dans cette généralisation, le groupe de
Tate-Shafarevich devient le quotient de Sp(E/K∞) par sa partie Λ-divisible
divΛ où K∞ = ∪Kn, Γ = Gal(K∞/K) et Λ est l’algèbre de groupe continue
Zp[[Γ]]. On peut construire sur Sp(E/K∞)/divΛ une forme Λ-linéaire et al-
ternée. Le troisième argument utilise les résultats de Kolyvagin généralisés par
Bertolini et Darmon ([22], [5]) et des arguments de descente pour conclure.
Pour construire la forme alternée, Nekovář reprend complètement la théorie
des groupes de Selmer en utilisant le formalisme des complexes. Il obtient ainsi
d’autres applications en théorie de Hida et autres. On se contente ici de faire
cette construction en allant au plus court.
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Le principe de la démonstration est de faire grand usage du twist d’un Λ-
module : l’adjoint d’un Λ-module de torsion se calcule en effet facilement
lorsque ses coinvariants sont de torsion pour l’anneau quotient, ce qui est
réalisable en faisant un twist convenable. Cette astuce permet d’éviter les
difficultés dues au fait que le groupe de Mordell-Weil n’est pas fini. Ainsi, par
exemple, l’accouplement de Cassels-Tate peut se calculer comme une “limite
convenable” des accouplements relatifs aux représentations twistées par k.
Donnons une idée du contenu de l’article.
Dans le premier paragraphe, on fait quelques rappels d’algèbre commutative
qu’on appliquera ensuite à la descente de modules d’Iwasawa relatifs à une Z2

p-
extension à une sous-Zp-extension (passage à certains coinvariants). Dans ce
genre de situation, on a l’habitude de négliger les modules pseudo-nuls. Mais
la descente de tels modules peut donner des modules non pseudo-nuls sur la
Zp-extension. Aussi, on introduit une notion de modules négligeables qui sont
en gros les modules qui resteront négligeables par descente.
Le but est alors le §1.2 : on y montre comment à partir d’un isomorphisme
entre un module M et son adjoint M ′ construire d’une part une forme bilinéaire
sur la partie libre des coinvariants de M et M ′ et d’autre part une application
bilinéaire sur leurs sous-modules de torsion.
Dans le paragraphe 2, on introduit les groupes de Selmer associés à une
représentation p-adique ordinaire et on démontre les théorèmes tout à fait clas-
siques de “contrôle” par descente (par exemple d’une Z2

p-extension à une Zp-
extension). Remarquons qu’il n’y a pas d’hypothèses sur la finitude des places
au dessus d’une place première à p dans les Zp-extensions et qu’on ne néglige
pas les modules dont la série caractéristique est une puissance de p, ce qui per-
met ensuite de pouvoir traiter la µ-partie des modules de Selmer. On donne
ensuite un moyen de calcul de l’adjoint à partir des modules de Selmer à un
niveau fini relatif à un twist convenable de la représentation p-adique. On doit
pour cela utiliser une condition technique (propriété (A) de §1) et la démontrer
pour les modules d’Iwasawa utilisés (elle permet d’éviter le problème que les
coinvariants d’un module pseudo-nul dans le cas de deux variables n’est pas
toujours pseudo-nul.)
Dans le paragraphe 3, on rappelle les théorèmes de Cassels-Flach à un niveau
fini. En twistant éventuellement la représentation V , on peut alors utiliser
les résultats du paragraphe 2 pour construire un (presque)-isomorphisme en-
tre le module de Selmer sur une Z2

p-extension et son adjoint. On démontre
alors une propriété de “symétrie”, c’est-à-dire un lien naturel entre ce pseudo-
isomorphisme et celui construit pour le dual de Tate V ∗(1) (à ce stade,
l’existence d’un isomorphisme alterné sur V n’a pas été supposé).
Il est alors possible d’appliquer les résultats d’algèbre commutative du premier
paragraphe : par exemple reconstruire l’accouplement de Cassels et la hauteur
p-adique pour les twists de la représentation p-adique, construire des formes
bilinéaires sur la partie libre ou de torsion du module de Selmer relatif à une
sous-Zp-extension...
Le dernier paragraphe est consacré aux applications à l’extension anti-
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cyclotomique d’un corps quadratique imaginaire.

Table des matières

1 Préliminaires d’algèbre commutative 727
1.1 Adjoint et dualité . . . . . . . . . . . . . . . . . . . . . . . . . . 727
1.2 Construction d’accouplement . . . . . . . . . . . . . . . . . . . 730
1.3 Calcul de l’adjoint . . . . . . . . . . . . . . . . . . . . . . . . . 732

2 Modules de Selmer et théorèmes de contrôle 733
2.1 Notations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 733
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2.4 Théorèmes de contrôle . . . . . . . . . . . . . . . . . . . . . . . 735
2.5 Théorème de contrôle : cas d’une Z2

p-extension . . . . . . . . . 738
2.6 Construction de l’adjoint . . . . . . . . . . . . . . . . . . . . . . 740

3 Construction d’accouplements entre modules de Selmer 743
3.1 Accouplements de Cassels-Tate . . . . . . . . . . . . . . . . . . 743
3.2 Dualité : cas d’une Zp-extension . . . . . . . . . . . . . . . . . 744
3.3 Dualité : cas d’une Z2

p-extension . . . . . . . . . . . . . . . . . 746

4 Conséquences 747
4.1 Descente : Zp-extension . . . . . . . . . . . . . . . . . . . . . . 748
4.2 Descente : Z2

p-extension . . . . . . . . . . . . . . . . . . . . . . 748

5 La situation diédrale 751
5.1 Préliminaires . . . . . . . . . . . . . . . . . . . . . . . . . . . . 751
5.2 Théorie arithmétique . . . . . . . . . . . . . . . . . . . . . . . . 751
5.3 Théorie analytique . . . . . . . . . . . . . . . . . . . . . . . . . 752
5.4 Equation fonctionnelle . . . . . . . . . . . . . . . . . . . . . . . 753
5.5 La conjecture de Mazur . . . . . . . . . . . . . . . . . . . . . . 754
5.6 Quelques remarques supplémentaires . . . . . . . . . . . . . . . 756

1 Préliminaires d’algèbre commutative

1.1 Adjoint et dualité

Soit Λ un anneau local noetherien complet de dimension r ; plus précisément Λ
sera l’algèbre de groupes continue d’un groupe Γ topologiquement isomorphe
à Zr−1

p : Λ = Zp[[Γ]]. Les Λ-modules considérés seront toujours de type fini.
Dans ce texte, un homomorphisme entre deux tels modules est dit un quasi-
isomorphisme si son noyau et conoyau sont finis. Un complexe (de longueur
finie) de Λ-modules de type fini est dit suite quasi-exacte s’il est exact à des
modules finis près.
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Soit M un Λ-module de type fini. On pose pour tout entier i ≥ 0

ai
Λ(M) = Exti

Λ(M,Λ) .

En particulier le Λ-module a1
Λ(M) = Ext1Λ(M,Λ) est l’adjoint (d’Iwasawa) de

M . Rappelons quelques faits d’algèbre commutative.

• Un module est dit pseudo-nul si la hauteur des idéaux associés est
supérieure ou égale à 2 ;

• La hauteur des idéaux associés à ai
Λ(M) est supérieure ou égale à i ; aussi,

ai
Λ(M) est pseudo-nul pour i ≥ 2, a1

Λ(M) est un Λ-module de torsion et
pour dim Λ = 3, a3

Λ(M) est fini ;

• Lorsque M est de Λ-torsion, on peut interpréter a1
Λ(M) de la manière

suivante. Soit FracΛ le corps des fractions de Λ. Alors,

a1
Λ(M) = HomΛ(M,Frac Λ/Λ) .

• Si M est un Λ-module de torsion, a1
Λ(M) n’a pas de sous-modules pseudo-

nuls non nuls. En particulier, si M est un module pseudo-nul, a1
Λ(M) = 0.

• Supposons Λ de dimension 3. Si M n’a pas de sous-modules pseudo-nuls
non finis, alors a2

Λ(M) est fini.

Démontrons le dernier point. Il existe un homomorphisme M → E à conoyau
pseudo-nul F et de noyau pseudo-nul avec E module élémentaire E = ⊕Λ/(fi).
Un tel module E est de dimension projective 1. D’autre part, par hypothèse
sur M , le noyau de M → E est fini. Ainsi, on a un quasi-isomorphisme

a2
Λ(M)

∼→ a3
Λ(F ) .

Comme la hauteur des idéaux associés à a3
Λ(F ) est supérieure à 3, a3

Λ(F ) est
fini. On en déduit que a2

Λ(M) est fini.

Définition. Un Λ-module de type fini M est dit négligeable si la hauteur
des idéaux associés à M est supérieure ou égale à 3. On dit que M vérifie la
propriété (A) si ai

Λ(M) est négligeable pour i ≥ 2.
Un complexe (de longueur finie) de Λ-modules de type fini est dit suite presque-
exacte s’il est exact à des modules négligeables près.

Lorsque dim Λ = 2, les modules négligeables sont les modules nuls. Lorsque
dim Λ = 3, les modules négligeables sont les modules finis. Une suite presque
exacte est donc une suite quasi-exacte. Un Λ-module de type fini M vérifie la
propriété (A) si a2

Λ(M) est fini (cela est automatique pour a3
Λ(M)).

Ainsi, si M n’a pas de sous-modules pseudo-nuls non finis, M vérifie la propriété
(A).
Si p est un idéal de Λ, on note Mp le sous-module des éléments de M annulés
par p.
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1.1.1 Proposition. Soit M un Λ-module de type fini, de torsion et p un idéal
de Λ de hauteur 1.

1) Si M/p est de Λ/p-torsion, on a la suite exacte naturelle

0 → a1
Λ(M)/p → a1

Λ/p(M/p) → a2
Λ(M)p → 0 .

2) Si M vérifie la condition (A), on a une suite presque exacte

0 → a1
Λ/p(M/p) → a1

Λ(M)/p → a0
Λ/p(M

p) → 0 .

Si M est de dimension projective inférieure ou égale à 1, la suite

0 → a1
Λ/p(M/p) → a1

Λ(M)/p → a0
Λ/p(M

p) → a2
Λ/p(M/p) → 0

est exacte.

Démonstration. On déduit de la suite exacte 0 → Λ
f→ Λ → Λ/p → 0 avec

p = (f) la suite exacte

0 → Ext1Λ(M,Λ)/p → Ext1Λ(M,Λ/p) → Ext2Λ(M,Λ)p → 0 .

D’autre part, on utilise une résolution de M par des modules de type fini

0 → L′ → L → M → 0

avec L libre. Si L′′ est le noyau de L/p → M/p, on a la suite exacte

0 → Mp → L′/p → L′′ → 0 .

Le diagramme suivant est commutatif et ses lignes et colonnes sont exactes :

0
↓

0 → a0
Λ/p(M/p) → a0

Λ/p(L/p) → a0
Λ/p(L′′) → a1

Λ/p(M/p) → 0

|| || ↓ ↓
0 → HomΛ(M, Λ/p) → HomΛ(L, Λ/p) → HomΛ(L′, Λ/p) → Ext1Λ(M, Λ/p) → 0

↓
a0
Λ/p(Mp)

↓
a1
Λ/p(L′′)

↓
a1
Λ/p(L′/p)

Comme ai
Λ/p(L

′′) ∼= ai+1
Λ/p

(M/p) pour i ≥ 1, on trouve la suite exacte

0 → a1
Λ/p(M/p) → Ext1Λ(M,Λ/p) → a0

Λ/p(M
p) → a2

Λ/p(M/p) .
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Lorsque M/p est de Λ/p-torsion, il en est de même de Mp, a0
Λ/p(M

p) est nul

et on obtient l’assertion (1). En général, on peut résumer en les deux suites
exactes

0
↓

a1
Λ(M)/p

↓
0 → a1

Λ/p(M/p) → Ext1Λ(M,Λ/p) → a0
Λ/p(M

p) → a2
Λ/p(M/p)

↓
a2
Λ(M)p

↓
0

.

Lorsque M vérifie la propriété (A), a2
Λ(M) est négligeable. Lorsque M est de

dimension projective inférieure ou égale à 1, a2
Λ(M) = 0, le Λ-module L′ est

libre, donc le Λ/p-module L′/p est libre et a1
Λ/p(L

′/p) = 0. D’où la suite exacte
de la proposition.

1.1.2 Remarques. (1) L’application Ext1Λ(M,Λ/p) → a0
Λ/p(M

p) dépend du
choix d’un générateur f de p.

(2) Le Λ/p-module a1
Λ(M)/p contrôle à la fois la partie libre de Mp et la partie

de torsion de M/p. En particulier, si M/p est de Λ/p-torsion, a1
Λ(M)/p est un

module de torsion et on a la suite exacte

0 → a1
Λ(M)/p → a1

Λ/p(M/p) → a2
Λ(M)p → 0 .

Si M est de dimension projective inférieure ou égale à 1, a1
Λ(M)/p est égal à

a1
Λ/p(M/p). Si M vérifie la propriété (A), (a2

Λ(M) est donc fini), le noyau de

l’application a1
Λ(M)/p → a0

Λ/p(M
p) est le sous-module de torsion de a1

Λ(M)/p

et est quasi-isomorphe à a1
Λ/p(M/p).

1.2 Construction d’accouplement

Soient deux Λ-modules M et M ′ de Λ-torsion et un Λ-homomorphisme

Θ : M → a1
Λ(M ′)

autrement dit une application bilinéaire M ×M ′ → FracΛ/Λ. Si p est un idéal
de Λ de hauteur 1, on en déduit un homomorphisme de Λ/p-modules

M/p → a1
Λ(M ′)/p → Ext1Λ(M ′,Λ/p) .

L’image du Λ/p-module de torsion tΛ/p(M/p) de M/p est contenue dans le

module de Λ/p-torsion de Ext1Λ(M ′,Λ/p). On a donc le diagramme commutatif
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dont les lignes sont exactes :

0 → a1
Λ/p(M ′/p) → Ext1Λ(M ′, Λ/p) → a0

Λ/p(M ′p)→a2
Λ/p(M ′/p)

↑
↑ a1

Λ(M ′)/p

↑
0 → tΛ/p(M/p) → M/p → (M/p)∗∗→Λ/p − pseudo − nul

(1)

avec (M/p)∗∗ = HomΛ/p(HomΛ/p(M/p,Λ/p),Λ/p) = a0
Λ/p(a

0
Λ/p(M/p)). On

obtient ainsi des homomorphismes de Λ/p-modules

`p(Θ) : M/p/tΛ/p(M/p) → a0
Λ/p(M

′p)

et

tp(Θ) : tΛ/p(M/p) → a1
Λ/p(M

′/p) → a1
Λ/p(tΛ/p(M

′/p)) .

Contrairement à tp(Θ), `p(Θ) dépend du choix d’un générateur de p.

1.2.1 Lemme. Supposons Λ de dimension inférieure ou égale à 3. Si M et M ′

sont des Λ-modules de torsion vérifiant la propriété (A) et si Θ est un quasi-
isomorphisme de Λ-modules, `p(Θ) et tp(Θ) sont des quasi-Λ/p-isomorphismes.

Démonstration. L’hypothèse implique que Θp : M/p → a1
Λ(M ′)/p est un quasi-

isomorphisme. D’autre part, a2
Λ/p(M

′/p) est fini.

Gardons les hypothèses du lemme. On déduit de tp(Θ) une forme bilinéaire
quasi-non dégénérée :

tΛ/p(M/p) × tΛ/p(M
′/p) → FracΛ/p/(Λ/p)

ou

a1
Λ/p(M/p) × a1

Λ/p(M
′/p) → FracΛ/p/(Λ/p) .

Lorsqu’on tensorise `p(Θ) par FracΛ/p, comme le conoyau de M/p → (M/p)∗∗

est fini, on en déduit un isomorphisme

FracΛ/p ⊗ a0
Λ/p(a

0
Λ/p(M/p)) → FracΛ/p ⊗ a0

Λ/p(M
′p) .

En prenant l’inverse et en composant avec l’application induite par M ′p →
M ′/p, on en déduit une forme bilinéaire

a0
Λ/p(M/p) × a0

Λ/p(M
′/p) → FracΛ/p

qui est non dégénérée si et seulement si FracΛ/p⊗M ′p → FracΛ/p⊗M ′/p est
un isomorphisme, c’est-à-dire si et seulement si le noyau de Mp → M/p est de
Λ/p-torsion.
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Lorsque Λ = Zp[[Γ]], Λ est muni d’une involution induite par τ → τ−1 et que

l’on note avec un point. Si N est un Λ-module, Ṅ est le module N muni d’une
nouvelle action de Γ : τ · n = τ−1n.
Supposons Γ = Zp. Reprenons les suites exactes et la construction : si Γn =

Γpn

, les modules Zp[Γ/Γn]-pseudo-nuls sont nuls et a1
Zp[Γ/Γn](Ṅ) est égal à

̂tZp
(N) muni de l’action usuelle de Γ/Γn sur le dual de Pontryagin : τ(f)(n) =

f(τ−1n).
Pour p l’idéal engendré par γ − 1, Mp est le module des invariants MΓ et M/p

le module des coinvariants MΓ. On obtient un diagramme commutatif dont les
lignes sont exactes

HomZp
(M ′

Γ, Zp)
↓

0 → ̂tZp
(M ′

Γ) → Ext1Λ(M ′,Λ)Γ → HomZp
(M ′Γ, Zp) → 0

↑ ↑ ↑
0 → tZp

(MΓ) → MΓ → LZp
(MΓ) → 0 .

Autrement dit, on obtient une forme bilinéaire à valeurs dans Qp/Zp

̂tZp
(MΓ) × ̂tZp

(M ′
Γ) → Qp/Zp

et une forme bilinéaire à valeurs dans Qp

M ′
Γ
∗ × M∗

Γ → Qp

qui est non dégénérée si Qp ⊗Zp
MΓ → Qp ⊗Zp

MΓ est un isomorphisme. En

remplaçant γ par γpn

, on obtient de même une forme sesqui-linéaire

Ṁ ′∗
Γn

× M∗
Γn

→ Qp[Γ/Γn] .

1.3 Calcul de l’adjoint

[24], [20], [2] Prenons Λ = Zp[[Γ]] avec Γ ∼= Zr
p. Iwasawa a donné un moyen

explicite de calculer a1
Λ(M). Soit Γ′ un sous-groupe isomorphe à Zp de Γ. Soit

γ un générateur topologique de Γ′. Posons Λn = Zp[[Γ/Γ′
n]]

1.3.1 Proposition. Soit M un Λ-module de type fini de torsion tel que
M/(γpn − 1) soit un Λn-module de torsion pour tout entier n. Alors

a1
Λ(M) = lim

←
n

a1
Λn

(M/(γpn − 1)) = lim
←
n

a1
Λn

(MΓ′
n
)

l’application de transition étant induite par la trace c’est-à-dire par la multipli-
cation par

∑p−1
i=0 γipn

.

Cela se déduit des suites exactes

0 → a1
Λ(M)Γ′

n
→ a1

Λn
(MΓ′

n
) → a2

Λ(M)Γ
′
n
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et du fait que la limite projective des a2
Λ(M)Γ

′
n est nulle.

Dans le cas où Γ = Γ′ = Zp, on obtient le résultat bien connu suivant : si MΓn

est fini pour tout entier n,

a1
Λ(M) ∼= lim

←
n

̂̇M
Γn

= lim
←
n

̂̇M
Γn

/pn̂̇M
Γn

.

Nous renvoyons à [24] ou à [20] pour des précisions et une interprétation en
termes de cohomologie locale.

2 Modules de Selmer et théorèmes de contrôle

2.1 Notations

Soit p un nombre premier impair, F un corps de nombres, S un nombre fini de
places de F contenant les places à l’infini et les places au dessus de p. Si v est
une place de F , on note Gv un groupe de décomposition de F en v. Si L est
une extension de F , on note S(L) l’ensemble des places de L au dessus de S.
Si v est une place de F , la notation Lv/Fv signifie par abus de notation Lw/Fv

où w est une place choisie de L au dessus de v (le contexte indiquant que le
choix n’a alors pas d’importance).
Soit V une représentation p-adique du groupe de Galois absolu GF de F , non
ramifiée en dehors de S. Ainsi, si GS,F est le groupe de Galois de la plus grande
extension de F non ramifiée en dehors de S, V est une représentation p-adique
de GS,F . Soit T un réseau de V stable par GF . On note V ∗ = Hom(V, Qp),
T ∗ = Hom(T, Zp), V̌ = V ∗(1) le dual de Tate de V , Ť = T ∗(1). Si W est
un Zp-module libre de type fini, on pose U(W ) = (Qp ⊗ W )/W et Ǔ(W ) =
(Qp ⊗ W̌ )/W̌ .
Nous ferons désormais l’hypothèse suivante :

V est ordinaire aux places divisant p. (Ord)

Rappelons que V est ordinaire aux places divisant p si pour tout v | p, il existe
une filtration de Gv-modules Filjv V associée à la représentation p-adique V
telle que le groupe d’inertie en v agit sur le quotient Filjv V/Filj+1

v V par le
caractère χj où χ est le caractère cyclotomique. On pose Filjv T = Filjv V ∩ T .
Soit ρ un caractère continu de GF à valeurs dans Z∗

p. On note V ⊗ ρ la
représentation V twistée par le caractère ρ. Lorsque ρ est la puissance k-ième
du caractère cyclotomique, on trouve le twist à la Tate usuel noté V (k). On
pose pour simplifier Uρ = U(T ⊗ ρ) et Ǔρ = Ǔ(T ⊗ ρ) = Ǔ(T ) ⊗ ρ−1.
Nous faisons plus loin l’hypothèse suivante pour certaines extensions L de F :

(V ⊗ ρ)GL = 0 et pour v | p, ((V/Fil1v V ) ⊗ ρ)GLv = 0. (Hyp(L, V, ρ))

Nous faisons désormais les hypothèses

Hyp(L, V ) et Hyp(L, V̌ )
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correspondant au caractère identité pour les extensions finies L utilisées dans
la suite. Enfin, si F∞ est une Zp ou Z2

p-extension, on suppose qu’il n’y a qu’un
nombre fini de places au dessus de p dans F∞.

2.2 Groupes de Selmer

Sous les hypothèses faites sur V , (ordinarité, Hyp(F, V ) et Hyp(F, V̌ )), les
modules de Selmer peuvent être définis en prenant la définition de Bloch-Kato
ou en prenant celle de Greenberg. Soit

H1
f (Fv, V ) =





H1(Gv/Iv, V Iv ) pour v - p

Im H1(Fv,Fil1v V ) → H1(Fv, V )

= kerH1(Fv, V ) → H1(Fv, V/Fil1v V ) pour v | p

et

H1
/f (Fv, V ) = H1(Fv, V )/H1

f (Fv, V ) .

On a alors

H1
/f (Fv, V ) =

{
H1(Iv, V )Gv/Iv pour v - p

H1(Fv, V/Fil1v V ) pour v | p

Soit H1
f (Fv, T ) l’image réciproque de H1

f (Fv, V ) dans H1(Fv, T ) et

H1
/f (Fv,U) = H1(Fv,U)/Qp/Zp ⊗ H1

f (Fv, T ) = H1(Fv,U)/ Im H1
f (Fv, V ) .

On définit H1
f (F, T ) comme le noyau de

H1(GS,F , T ) →
∏

v∈S

H1
/f (Fv, V ) .

Ensuite, H1
f (F,U) = H1

f (F, V/T ) peut être défini comme le noyau de
l’application

H1(GS,F ,U) →
∏

v∈S

H1
/f (Fv,U) .

2.3 Modules d’Iwasawa

Soit F∞/F une Zp-extension ou une Z2
p-extension. On pose Γ = Gal(F∞/F ),

Λ = Zp[[Gal(F∞/F )]] et on note Fn = FΓpn

∞ le sous-corps de F∞ fixe par Γpn

.
Soit alors

X∞,f (F∞, Ť ) = HomZp
(H1

f (F∞,U), Qp/Zp)
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où H1
f (F∞,U) est la limite inductive des H1

f (L,U) pour L sous-extension de
F∞. C’est un Λ-module de type fini. Soit ρ un caractère continu de GF à
valeurs dans Z∗

p se factorisant par Γ.

Notons

H1
∗ (Fv, V ⊗ ρ) =





H1(Gv/Iv, (V ⊗ ρ)Iv ) (v - p)

Im H1(Fv,Fil1v V ⊗ ρ) → H1(Fv, V ⊗ ρ)

= kerH1(Fv, V ⊗ ρ) → H1(Fv, V ⊗ ρ/Fil1v V ⊗ ρ) (v | p)

et

H1
/∗(Fv,Uρ) = H1(Fv,Uρ)/ Im H1

∗ (Fv, V ⊗ ρ)

Soit H1
∗ (F,Uρ) le noyau de

H1(GS,F ,Uρ) →
∏

v∈S

H1
/∗(Fv,Uρ) =

∏

v|p
H1(Fv,Uρ)/ Im H1(Fv,Fil1v V ⊗ ρ)

∏

v∈S,v-p

H1(Fv,Uρ)/ Im H1(Gv/Iv, (V ⊗ ρ)Iv ).

On définit H1
∗ , H1

/∗ comme pour H1
f , H1

/f . Lorsque F∞ contient le corps Lρ

fixé par le noyau de ρ, le module

X∞,∗(F∞, Ť⊗ρ−1)
déf
= HomZp

(H1
∗ (F∞,Uρ), Qp/Zp) = X∞,∗(F∞, Ť )⊗ρ−1

est un twist de X∞,∗(F∞, Ť ) = X∞,f (F∞, Ť ) (sous les hypothèses Hyp(F∞, V )
et Hyp(F∞, V̌ )). 1

2.4 Théorèmes de contrôle

On note

Z(Lv, T ⊗ ρ) = Zρ(Lv) =

{
Uρ(T )GLv / Im(V ⊗ ρ)GLv si v - p

Uρ(T/Fil1v T )GLv si v | p
.

Considérons pour L contenu dans F∞ les applications

ΞF∞/L(T ⊗ ρ) : H1(F∞/L,UGF∞
ρ ) →

∏

v∈S(L)

H1(F∞,v/Lv,Zρ(F∞,v)) .

Remarquons que seules les places de F qui ne sont pas totalement décomposées
dans F∞ interviennent réellement.

1remarquons que lorsque ρ est le caractère trivial, les notations * et f cöıncident.
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2.4.1 Proposition (théorème de contrôle, cas d’une Zp-extension).
Les applications induites par restriction

H1
∗ (F,Uρ) → H1

∗ (F∞,Uρ)
Γ = ̂X∗(F∞, Ť⊗ρ−1)

Γ

entrent dans une suite exacte naturelle

0 → ker ΞF∞/F (T ⊗ ρ) → H1
∗ (F,Uρ) → H1

∗ (F∞,Uρ)
Γ

→ coker ΞF∞/F (T ⊗ ρ) → ̂H1∗ (F, Ť⊗ρ−1).

2.4.2 Corollaire. Sous l’hypothèse (Hyp(F, V, ρ)), l’homomorphisme

X∗(F∞, Ť⊗ρ−1)Γ → ̂H1∗ (F,Uρ)

a un noyau et conoyau finis. Sous l’hypothèse (Hyp(F∞, V, ρ)), les noyaux et
les conoyaux des

X∗(F∞, Ť⊗ρ−1)Γn
→ ̂H1∗ (Fn,Uρ)

sont d’ordre borné par rapport à n.

Il est commode d’introduire un sous-groupe de H1(GS,F ,Uρ) un peu plus grand
que H1

∗ (F,Uρ). Il s’agit du noyau de

H1(GS,F ,Uρ) →
∏

v∈S

H̃1
/∗(Fv,Uρ)

avec

H̃1
/∗(Fv,Uρ) =





(
∏

w|v H1(F∞,w,Uρ))
Γ si v - p

(
∏

w|v H1(F∞,v,Uρ/Im(Fil1v V ⊗ ρ)))Γ si v | p

= (
∏

w|v H1(F∞,v,Uρ(T/Fil1v T )))Γ

On note aussi H̃1
∗ (Fv,Uρ) le noyau de H1(Fv,Uρ) → H̃1

/∗(Fv,Uρ).

L’intérêt d’introduire ce module est le lemme suivant

2.4.3 Lemme. Les suites suivantes sont exactes

0 → H1(Γ,UGF∞
ρ ) → H̃1

∗ (F,Uρ) → H1
∗ (F∞,Uρ)

Γ → 0

0 → X∗(F∞, Ť⊗ρ−1)Γ → ̂H̃1∗ (F,Uρ) → ̂
H1(Γ,UGF∞

ρ ) → 0
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Démonstration. On a en effet le diagramme commutatif dont les lignes et les
colonnes sont exactes

0
↑

0 → H1
∗ (F∞,Uρ)

Γ → H1(GS,F∞ ,Uρ)
Γ →

(∏
v∈S(F∞) H1

/∗(F∞,v,Uρ)
)Γ

↑ ↑ ↑
0 → H̃1

∗ (F,Uρ) → H1(GS,F ,Uρ) → ∏
v∈S H̃1

/∗(Fv,Uρ)

↑
H1(Γ,UGF∞

ρ )
↑
0

Il s’agit de voir que la flèche verticale de droite est injective. Lorsque v - p est
totalement décomposée dans F∞, H1

/∗(Fv,Uρ) = (
∏

w|v H1
/∗(F∞,v,Uρ))

Γ car Γ
agit simplement par permutation des facteurs. Soit v ne divisant pas p et non
totalement décomposée dans F∞. Si w est une place de F∞ au dessus de v,
l’extension F∞,w est l’unique extension de Fv non ramifiée et de groupe de
Galois un pro-p-groupe. Donc, H1

/∗(F∞,w,Uρ) est égal à H1(F∞,w,Uρ)
Γ. On

en déduit que H̃1
/∗(Fv,Uρ) →

(∏
w|v H1

/∗(F∞,v,Uρ)
)Γ

est un isomorphisme.

Lorsque v | p, l’assertion est claire.

Démonstration de la proposition. La différence entre H̃1
∗ (F,Uρ) et H1

∗ (F,Uρ)
est calculée par la suite exacte suivante, conséquence de la suite exacte de
Poitou-Tate :

0 → H1
∗ (F,Uρ) → H̃1

∗ (F,Uρ) →
∏

v∈S

H̃1
∗ (Fv,Uρ)/H1

∗ (F,Uρ) → ̂H1∗ (F, Ť⊗ρ−1)

et il n’est pas difficile de voir que
∏

v∈S H̃1
∗ (Fv,Uρ)/H1

∗ (Fv,Uρ) est exactement
l’ensemble d’arrivée de ΞF∞/F (T ⊗ ρ). En effet, cela est clair pour la contri-
bution des places totalement décomposées dans F∞. Pour une place v non
totalement décomposée dans F∞ et ne divisant pas p, on a d’après le calcul
précédent

H̃1
∗ (Fv,Uρ) = H1(F∞,v/Fv,UGF∞,v

ρ )

H1
∗ (Fv,Uρ) = Qp/Zp ⊗ H1(F∞,v/Fv, (T ⊗ ρ)GF∞,v )

= H1(F∞,v/Fv,Uρ(T
GF∞,v ))

car Gal(F∞,v/Fv) est de dimension cohomologique 1. Donc,

H̃1
∗ (Fv,Uρ)/H1

∗ (Fv,Uρ) = H1(F∞,v/Fv,Zρ(F∞,v)) .

Remarquons que par la dualité de Tate, c’est aussi le dual de Pontryagin du
sous-Zp-module de torsion de H1(F∞,v, Ť⊗ρ−1)GFv dont le cardinal est le nom-
bre de Tamagawa local en v de Ť⊗ρ−1.
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Soit maintenant une place v divisant p. On a par définition le diagramme
commutatif et exact suivant

0 0
↑ ↑

0 → H̃1
∗(Fv,Uρ) → H1(Fv,Uρ) → H1(F∞,v,Uρ(T/ Fil1v T ))Γv

↑ ↑ ↑
0 → H1

∗(Fv,Uρ) → H1(Fv,Uρ) → H1(Fv,Uρ(T/ Fil1v T )) → H2

↑ ↑ ↑
0 0 H1(F∞,v/Fv, (Uρ(T/ Fil1v T ))GF∞,v )

↑
0

.

L’image de H1(F∞,v/Fv,Uρ(T/Fil1v T )GF∞,v ) dans H2 = H2(Fv,Uρ(Fil1v T ))
est nulle. D’où l’assertion sur la contribution en p.

Pour démontrer le corollaire, on remarque que si v - p et que v n’est pas totale-

ment décomposée dans F∞, H1(F∞,v/Fv,UGF∞,v
ρ /(V ⊗ ρ)GF∞,v ) est dual du

sous-groupe de torsion de H1(Iv, Ť⊗ρ−1)Gv/Iv et a comme cardinal le nombre
de Tamagawa local Tamv(Ť⊗ρ−1). Ainsi, il vaut 0 si V a bonne réduction
en v. Lorsqu’on remplace F par Fn, TamFn,v(Ť⊗ρ−1) est borné par rap-
port à n ([31, 2.2.6]). Pour v | p, l’hypothèse (Hyp(F∞, V, ρ)) implique que
H1(F∞,v/Fn,v,Uρ(T/Fil1v T )GF∞,v ) est fini et d’ordre borné par rapport à n.

2.5 Théorème de contrôle : cas d’une Z2
p-extension

On suppose maintenant que F∞ est une Z2
p-extension de F . On a les théorèmes

de contrôle suivants relatifs à la descente de F∞ à une sous-Zp-extension L∞
(on note alors ΛL∞ = Zp[[Gal(L∞/F )]]). Notons ΞF∞/L∞

(T ⊗ ρ) l’application

H1(F∞/L∞,UGF∞
ρ ) →

∏

v∈S(L∞)

H1(F∞,v/L∞,v,Zρ(F∞,v)) .

Seules les places totalement décomposées dans L∞ et les places divisant p
interviennent en fait. En effet, dans le cas contraire, elles sont nécessairement
totalement décomposées dans F∞/L∞. Notons enfin Ȟ1

∗ (L∞, Ť⊗ρ−1) la limite
projective des H1

∗ (Ln, Ť⊗ρ−1) pour les applications de corestriction.

2.5.1 Proposition (théorème de contrôle, cas d’une Z2
p-extension).

Soit L∞ une sous-Zp-extension de F∞. L’application de restriction induit par
dualité un homomorphisme

rF∞/L∞
: X∞,∗(F∞, Ť⊗ρ−1)Gal(F∞/L∞) → X∞,∗(L∞, Ť⊗ρ−1)

qui se trouve dans une suite exacte naturelle de ΛL∞-modules

Ȟ1
∗ (L∞, Ť⊗ρ−1) → ̂coker ΞF∞/L∞

(T ⊗ ρ) → X∞,∗(F∞, Ť⊗ρ−1)Gal(F∞/L∞)

→ X∞,∗(L∞, Ť⊗ρ−1) → ̂ker ΞF∞/L∞
(T ⊗ ρ) → 0 .
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Sous l’hypothèse (Hyp(L∞, V, ρ)), le noyau de rF∞/L∞
est fini et son conoyau

est annulé par une puissance de p. Lorsqu’il y a un nombre fini de places
au dessus de S dans L∞ et sous (Hyp(F∞, V, ρ)), les noyaux et conoyaux des
rF∞/FnL∞

sont finis et d’ordre borné par rapport à n.

Démonstration. La suite exacte se démontre en utilisant le diagramme exact
et commutatif suivant avec Γ′ = Gal(F∞/L∞),

0 0
↑ ↑

0 → H1
∗(F∞,Uρ)

Γ′ → H1(GS,F∞ ,Uρ)
Γ′ → (

∏
w∈S(F∞) H1

/∗(F∞,w,Uρ))
Γ′

↑ ↑ ↑
0 → H1

∗(L∞,Uρ) → H1(GS,L∞ ,Uρ) →
∏

v∈S(L∞) H1
/∗(L∞,v,Uρ)

↑ ↑
H1(Γ′,UGF∞

ρ ) → ∏
v∈S(L∞) H1(F∞,v/L∞,v, Zρ(F∞,v))

↑ ↑
0 0

En effet, soit w une place de F∞ ne divisant pas p et v sa restriction à
L∞. Si w n’est pas totalement décomposée dans F∞, on a H1

/∗(F∞,w,Uρ) =

H1(F∞,w,Uρ) car H1
∗ (F∞,w,Uρ) = 0. Si v n’est pas totalement décomposée non

plus dans L∞, on a alors aussi H1
/∗(L∞,w,Uρ) = H1(L∞,w,Uρ) et l’application

d’inflation est un isomorphisme. Si v est totalement décomposée dans L∞, le
noyau de H1

/∗(L∞,w,Uρ) →
∏

w|v H1
/∗(F∞,w,Uρ) est égal au quotient

H1(F∞,v/L∞,v,Uρ)/Qp/Zp ⊗ H1(F∞,v/L∞,v, (T ⊗ ρ)GF∞,v )

qui est isomorphe à H1(F∞,v/L∞,v,Zρ(F∞,v)) . Si w est totalement décomposée
dans F∞, l’assertion est triviale. Si w est une place divisant p, le noyau de
l’application inflation est isomorphe à H1(F∞,v/L∞,v,Zρ(F∞,v)). Cela
démontre les assertions sur le diagramme précédent. Par une des vari-
antes de la suite exacte de Poitou-Tate, le conoyau de H1(GS,L∞ ,Uρ) →∏

v∈S(L∞) H1
/∗(L∞,v,Uρ) est contenu dans le dual de Pontryagin de

Ȟ1
∗ (L∞, Ť⊗ρ−1). On en déduit la proposition.

Un cas particulier est le cas où ρ est le caractère trivial.

2.5.2 Corollaire. Soit L∞ une sous-Zp-extension de F∞. Il existe une suite
exacte naturelle de ΛL∞-modules

Ȟ1
f (L∞, Ť ) → ̂coker ΞF∞/L∞

(T )

→ X∞,f (F∞, Ť )Gal(F∞/L∞) → X∞,f (L∞, Ť ) → ̂ker ΞF∞/L∞
(T ) → 0.

2.5.3 Corollaire. Soit L∞ une sous-Zp-extension de F∞. Si

X∞,∗(L∞, Ť⊗ρ−1)

est un ΛL∞-module de torsion, alors X∞,∗(F∞, Ť⊗ρ−1) est un Λ-module de
torsion.
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2.6 Construction de l’adjoint

Supposons que F∞ est une Zp-extension de F .

Définition. Nous dirons que ρ est admissible (pour V et F∞) si pour tout
entier n, les X∞,∗(F∞, Ť⊗ρ−1)Γn

sont finis.

Si ρ est admissible, nécessairement X∞,∗(F∞, Ť⊗ρ−1) est de Λ-torsion. Il existe
un caractère de Gal(F∞/F ) dans Z∗

p admissible pour V si et seulement si

Xf (F∞, Ť ) est un Λ-module de torsion (Tors(F∞, V ))

et il en existe alors une infinité. En effet, fixons un caractère non trivial de
Gal(F∞/F ) dans Z∗

p ; si M est un Λ-module de type fini et de torsion, pour

tout entier k sauf un nombre fini, (M⊗ρk)Γn
est de torsion pour tout entier n.

En effet, si H est une série caractéristique de M (en particulier H annule M),
(M⊗ρk)Γn

est fini si et seulement si H(ukζn−1) est non nul pour ζn une racine
de l’unité d’ordre pn et u = ρ(γ). Comme H n’a qu’un nombre fini de zéros
par le théorème de préparation de Weierstrass, le fait précédent s’en déduit.
Les applications

H1
∗ (Fn,Uρ) → ̂X∗(F∞, Ť⊗ρ−1)

Γn

induisent par passage à la limite projective pour les applications de corestriction
un Λ-homomorphisme

A(ρ)
F∞

: lim
←
n

H1
∗ (Fn,Uρ) → a1

Λ(Ẋ∞,∗(F∞, Ť⊗ρ−1))

(proposition 1.3.1). Soit

ξF∞(T ⊗ ρ) : UGF∞
ρ →

∏

v∈Snd(F∞)

Zρ(F∞,v)

où Snd(F∞) désigne l’ensemble des places de S(F∞) non totalement
décomposées sur F .

2.6.1 Proposition. Soit F∞/F une Zp-extension telle que (Tors(F∞, V )) soit
vérifiée et soit ρ admissible pour F∞. On a la suite exacte naturelle

0 → ker ξF∞(T ⊗ ρ) → lim
←
n

H1
∗ (Fn,Uρ)

A(ρ)
F∞→ a1

Λ(Ẋ∞,∗(F∞, Ť⊗ρ−1))

→ coker ξF∞(T ⊗ ρ) → ̂H1∗ (F∞, Ť⊗ρ−1).

2.6.2 Corollaire. Sous les hypothèses de la proposition, si de plus

(Hyp(F∞, V, ρ)) est vérifié, A(ρ)
F∞

est un quasi-isomorphisme.
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Le corollaire se déduit de la finitude du noyau et du conoyau de ξF∞(T ⊗ ρ) (il
n’y a qu’un nombre fini de places dans Snd(F∞)).

Démonstration de la proposition. La proposition se déduit de la proposition
1.3.1 et de la proposition 2.4.1 (remarquons que l’application de corestriction
devient dans l’isomorphisme H1(Γ, S) ∼= SΓ l’application induite par l’identité
sur S).

2.6.3 Remarques. Supposons de plus que ρ−1 est admissible pour Ť et pour
F∞. Alors, H1

∗ (Fn, Ť⊗ρ−1) est fini pour tout entier n et est égal au sous-

groupe de Zp-torsion de H1
∗ (Fn, Ť⊗ρ−1), c’est-à-dire à ǓGFn

ρ . Donc, sous cette
hypothèse,

H1
∗ (F∞, Ť⊗ρ−1) = ǓGF∞

ρ = (V̌ ⊗ρ−1/Ť⊗ρ−1)GF∞ .

Prenons maintenant pour F∞/F une Z2
p-extension vérifiant (Hyp(F∞, V, ρ)).

Soit Fn le corps fixe par Γn = Γpn

.
Si L∞ est une sous-Zp-extension de F∞/F , on note L∞,n = L∞Fn.
Ainsi, L∞,n+1/L∞,n est une extension d’ordre p (pour n assez grand).
D’autre part, fixons une Zp-extension L′

∞ de F telle que F∞ = L∞L′
∞.

On pose ΛL∞,n
= Zp[[Gal(L∞,n/L′

n)]]. Si M est un Zp[[Gal(L∞,n/F )]]-
module, a1

Zp[[Gal(L∞,n/F )]](M) et a1
ΛL∞,n

(M) muni de sa structure naturelle

de Zp[[Gal(L∞,n/F )]]-modules s’identifient canoniquement ([20, Lemme 2.3]).
La norme de L∞,n+1 à L∞,n induit alors des homomorphismes naturels :

a1
Zp[[Gal(L∞,n+1/F )]](MΓn+1

) → a1
Zp[[Gal(L∞,n/F )]](MΓn

) .

Choisissons une Zp-extension L∞ telle que X∞,∗(F∞, Ť⊗ρ−1)Gal(F∞/L∞,n) soit
de ΛL∞,n

-torsion pour tout entier n. Par la proposition 2.5.1, cela est équivalent

à ce que X∞,∗(L∞,n, Ť⊗ρ−1) soit de ΛL∞,n
-torsion pour tout entier n. On dit

alors que ρ est admissible pour F∞/L∞.

2.6.4 Proposition. On suppose vérifiés (Hyp(F∞, V, ρ)), que

X∞,∗(F∞, Ť⊗ρ−1) est un Λ-module de torsion (Tors(F∞, V, ρ))

et que ρ est admissible pour F∞/L∞. Les applications naturelles

rn : a1
ΛL∞,n

(X∞,∗(L∞,n, Ť⊗ρ−1)) → a1
ΛL∞,n

(X∞,∗(F∞, Ť⊗ρ−1)Gal(F∞/L∞,n))

induisent un Λ-homomorphisme r∞ injectif

lim
←
n

a1
ΛL∞,n

(X∞,∗(L∞,n, Ť⊗ρ−1)) → a1
Λ(X∞,∗(F∞, Ť⊗ρ−1))

et on a la suite quasi-exacte

0 → lim
←
n

a1
ΛL∞,n

(X∞,∗(L∞,n, Ť⊗ρ−1)) →a1
Λ(X∞,∗(F∞, Ť⊗ρ−1))

→
∏

v∈Snd(F∞/L∞)

Zρ(F∞,v)

Documenta Mathematica · Extra Volume Kato (2003) 725–760



742 Bernadette Perrin-Riou

Démonstration. Posons Λn = ΛL∞,n
, Γ′

n = Gal(F∞/L∞,n) et a1
n = a1

Λn
, Mn =

X∞,∗(L∞,n, Ť⊗ρ−1), M = X∞,∗(F∞, Ť⊗ρ−1), Z =
∏

v∈S(F∞) Zρ(F∞,v), Ξn =

ΞF∞/L∞,n
(T ⊗ρ). La suite exacte de la proposition 2.5.1 appliquée à F∞/L∞,n

devient

̂coker Ξn → MΓ′
n
→ Mn → k̂er Ξn → 0

et on a la suite exacte tautologique

0 → ̂coker Ξn → ̂H1(Γ′
n,Z) → ̂

H1(Γ′
n,UGF∞

ρ ) → k̂er Ξn → 0 .

Soit M ′
n l’image de MΓ′

n
dans Mn. On a alors les suites exactes

0 → a1
n(M ′

n) → a1
n(MΓ′

n
) → a1

n( ̂coker Ξn)

0 → a1
n(Mn) → a1

n(M ′
n) → a2

n(k̂er Ξn) .

On en déduit l’injectivité de a1
n(Mn) → a1

n(MΓ′
n
) et par passage à la limite

celle de lim
←
n

a1
n(Mn) → a1

Λ(MΓ′
n
).

D’autre part, on déduit de la suite exacte tautologique la suite exacte

0 → a1
n( ̂H1(Γ′

n,Z)) → a1
n( ̂coker Ξn) → Rn → 0

avec Rn d’ordre borné par rapport à n (on utilise le fait que a1
n(R) = 0 si R

est un module fini).
Nous allons maintenant raisonner à des modules finis près d’ordre borné par
rapport à n (on parle alors de suites quasi-exactes et de quasi-isomorphismes
contrôlés): on a la suite quasi-exacte contrôlée:

0 → a1
n(Mn) → a1

n(MΓ′
n
) → a1

n( ̂coker Ξn)

et le quasi-isomorphisme contrôlé

a1
n( ̂H1(Γ′

n, Z)) ∼= a1
n( ̂coker Ξn)

Comme Z est annulé par une puissance de p, a1
n( ̂H1(Γ′

n,Z)) ∼= H1(Γ′
n,Z) et la

limite projective des a1
n( ̂coker Ξn) est quasi-isomorphe à Z. La proposition se

déduit alors de la proposition 1.3.1

2.6.5 Remarques. On peut être plus précis sous une hypothèse dont on mon-
trera plus tard qu’elle est vraie. Supposons que le plus grand sous-Λn-module
fini de Mn = X∞,∗(L∞,n, Ť⊗ρ−1) est d’ordre borné par rapport à n. Alors la
dernière flèche est quasi-surjective. En effet, comme M ′

n est contenu dans Mn,
a2

n(M ′
n) est fini d’ordre borné par rapport à n. On a donc la suite quasi-exacte

0 → lim
←
n

a1
ΛL∞,n

(X∞,∗(L∞,n, Ť⊗ρ−1)) →a1
Λ(X∞,∗(F∞, Ť⊗ρ−1))

→
∏

v∈Snd(F∞/L∞)

Zρ(F∞,v) → 0
(2)
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3 Construction d’accouplements entre modules de Selmer

3.1 Accouplements de Cassels-Tate

3.1.1 Théorème (Flach). Il existe un homomorphisme naturel

CasselsF (T ⊗ ρ) : H1
∗ (F, Ǔρ) × H1

∗ (F,Uρ) → Qp/Zp

qui induit un isomorphisme

CF (T ⊗ ρ) : ̂H1∗ (F, Ǔρ)/div → H1
∗ (F,Uρ)/div

où M/div désigne le quotient d’un Zp-module M par sa partie divisible. En
particulier, si H1

∗ (F, Ǔρ) et H1
∗ (F,Uρ) sont finis, on en déduit un isomorphisme

CF (T ⊗ ρ) : ̂H1∗ (F, Ǔρ) → H1
∗ (F,Uρ) .

On a les propriétés suivantes :

1. Si L/F est une extension finie,

CasselsF (T ⊗ ρ)(x, coresL/F y) = CasselsL(resL/F x, y)

2. Si F/F1 est une extension galoisienne et σ ∈ Gal(F/F1),

CasselsF (T ⊗ ρ)(σx, σy) = CasselsF (T ⊗ ρ)(x, y) .

3. Soit L un corps contenant le corps fixe par le noyau de ρpn

. Soit x ∈
H1

∗ (L, Ǔpn) et y ∈ H1
∗ (L,Upn). Alors, si Twρ(x) (resp. Twρ−1(x) désigne

le ρ-ième twist de x (resp. le ρ−1-ième twist de y), on a

CasselsL(T ⊗ ρ)(Twρ(x), Twρ−1(x)) = CasselsL(T )(x, y)

4. Le dual de CF (T ⊗ ρ) par la dualité de Pontryagin est CF (Ť⊗ρ−1).

3.1.2 Remarques. 1) La partie divisible de H1
∗ (F,Uρ) est Qp/Zp ⊗H1

∗ (F, T ⊗
ρ).
2) Pour ρ le caractère trivial, V = Vp(E) et en utilisant l’accouplement de Weil
pour identifier V → V̌ = V ∗(1), l’accouplement obtenu est l’accouplement de
Cassels. L’accouplement de Weil étant alterné, l’accouplement de Cassels est
une forme bilinéaire alternée (on utilise pour cela la propriété 4). C’est ce qui
permet de montrer que l’ordre du quotient du groupe de Tate-Shafarevich par
sa partie divisible est un carré.

La démonstration du théorème 3.1.1 est faite dans [11], les deux sous-espaces
de V ⊗ ρ et V̌ ⊗ρ−1 que sont Fil1v V ⊗ρ et Fil1v V̌ ⊗ρ−1 sont orthogonaux dans
la dualité naturelle V ⊗ ρ × V̌ ⊗ρ−1 → Qp(1) (voir aussi [13, §5.4]) Pour le
comportement par twist, il suffit de reprendre la définition en remarquant que
pour τ ∈ GL, ρ(τ) ≡ 1 mod pn. Les différentes cochaines construites diffèrent
alors d’éléments de T et finalement l’image est la même dans 1

pn Z/Z.
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3.2 Dualité : cas d’une Zp-extension

Soit F∞/F une Zp-extension. On suppose toujours vérifiées les hypothèses
(Hyp(F∞, V )) et (Hyp(F∞, V̌ )).

3.2.1 Théorème. Soit ρ un caractère continu de GF à valeurs dans Z∗
p tel que

(Tors(F∞, V, ρ)) soit vérifiée et tel que ρ soit admissible pour F∞ et V . Les
applications CFn

(T ⊗ ρ) induisent un Λ-homomorphisme quasi-injectif

CF∞(T ⊗ ρ) : X∞,∗(F∞, T ⊗ ρ) → a1
Λ(Ẋ∞,∗(F∞, Ť⊗ρ−1))

et on a plus précisément la suite exacte

0 → ker ξF∞(T ⊗ ρ) → X∞,∗(F∞, T ⊗ ρ) → a1
Λ(Ẋ∞,∗(F∞, Ť⊗ρ−1))

→ coker ξF∞(T ⊗ ρ)

où

ξF∞(T ⊗ ρ) : UGF∞
ρ →

∏

v∈Snd(F∞)

Zρ(F∞,v) .

Si de plus ρ−1 est admissible pour V et F∞, on a la suite exacte

0 → ker ξF∞(T ⊗ ρ) → X∞,∗(F∞, T ⊗ ρ) → a1
Λ(Ẋ∞,∗(F∞, Ť⊗ρ−1))

→ coker ξF∞(T ⊗ ρ) → ̂̌UGF∞
ρ .

En particulier, X∞,∗(F∞, T ⊗ ρ) est lui aussi de Λ-torsion.

Démonstration. Par passage à la limite projective des isomorphismes

CFn
(T ⊗ ρ) : ̂H1∗ (Fn, Ǔρ) → H1

∗ (Fn,Uρ) ,

on obtient un homomorphisme de Λ-modules

X∞,∗(F∞, T ⊗ ρ) → lim
←
n

H1
∗ (Fn,Uρ) → a1

Λ(Ẋ∞,∗(F∞, Ť⊗ρ−1)) .

La première flèche est bijective. Les noyau et conoyau de la seconde sont décrits
en 2.6.1 ainsi que dans la remarque qui le suit.

3.2.2 Corollaire. On suppose vérifiée (Tors(F∞, V )). Les applications
CF∞(T ⊗ ρ), pour un caractère continu admissible ρ de Gal(F∞/F ) à valeurs
dans Z∗

p, induisent par twist par ρ−1 un quasi-isomorphisme indépendant de ρ

X∞,f (F∞, T )
∼→ a1

Λ(Ẋ∞,f (F∞, Ť ))

et on a plus précisément la suite exacte

0→ker ξF∞(T )→X∞,f (F∞, T )→a1
Λ(Ẋ∞,f (F∞, Ť ))→coker ξF∞(T )→̂̌UGF∞ (3)
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où

ξF∞(T ) : UGF∞ →
∏

v∈Snd(F∞)

Zρ(F∞,v)

En particulier, X∞,f (F∞, T ) est lui aussi de Λ-torsion.

Démonstration. Il existe sous ces hypothèses un caractère ρ de Gal(F∞/F )
admissible pour T tel que ρ−1 soit admissible pour Ť . L’indépendance par
rapport à ρ se déduit de 3.1.1 et du fait que le calcul de l’adjoint d’un module
M peut se faire en utilisant uniquement les quotient M̂Γn/pnM̂Γn .

3.2.3 Corollaire (Greenberg). Supposons vérifiée (Tors(F∞, V )). Le plus
grand sous-Λ-module fini de X∞,f (F∞, T ) est égal au noyau de ξF∞(T ). Si
ker ξF∞(T ) est nul, X∞,f (F∞, T ) n’a pas de sous-modules finis non nuls et est
de dimension projective inférieure ou égale à 1.

Ainsi, si UGF est nul, il en est de même de UGF∞ (son dual de Pontryagin
est alors un Λ-module de type fini de coinvariant nul, il est donc nul) et
X∞,f (F∞, T ) n’a pas de sous-modules finis non nuls et est de dimension projec-
tive inférieure ou égale à 1. S’il existe une place v - p de S telle que V GF∞,v = 0,
ξF∞(T ) est injective et X∞,f (F∞, T ) est de dimension projective inférieure ou
égale à 1. Si V est la représentation p-adique associée à une courbe elliptique,
cela est le cas s’il existe une place v - p où E a mauvaise réduction additive.
On retrouve le résultat démontré par Greenberg ([14, Proposition 4.15]).
Il est commode de travailler avec l’application Λ-sesquilinéaire qui se déduit de
CF∞(T ⊗ ρ) :

CasselsF∞(T ⊗ ρ) : X∞,∗(F∞, T ⊗ ρ) × X∞,∗(F∞, Ť⊗ρ−1)) → FracΛ/Λ

ou

CasselsF∞(T ) : X∞,f (F∞, T ) × X∞,f (F∞, Ť )) → FracΛ/Λ .

On a donc pour l’une ou l’autre

Cassels(λx, y) = Cassels(x, λ̇y) = λ Cassels(x, y) .

La proposition suivante est fondamentale :

3.2.4 Proposition. On a

CasselsF∞(T )(x, y) = CasselsF∞(Ť )(y, x)̇ .

Démonstration. Il suffit de démontrer l’égalité

CasselsF∞(T ⊗ ρ)(x, y) = CasselsF∞(Ť ⊗ ρ−1)(y, x)̇
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pour ρ un caractère de Gal(F∞/F ) admissible. Posons M = X∗(F∞, T ⊗ ρ) et
M ′ = Ẋ∗(F∞, Ť⊗ρ−1). L’application CF∞(T ⊗ ρ) est définie par passage à la
limite des Λ-homomorphismes

̂H1∗ (Fn, Ǔρ) → H1
∗ (Fn,Uρ)

et on a le diagramme commutatif

̂H1∗ (Fn, Ǔρ)
CFn (T⊗ρ)→ H1

∗ (Fn,Uρ)
↑ ↓

MΓn
→ ̂̇M ′

Γn

|| ↑
MΓn

→ a1
Λ(M ′)Γn

En prenant le dual de Pontryagin de ce diagramme, on obtient le diagramme
commutatif

̂H1∗ (Fn, Ǔρ)
ĊFn (Ť⊗ρ−1)→ H1

∗ (Fn,Uρ)
↑ ↓

M ′
Γn

→ ̂̇M
Γn

↓ ||
̂̇

a1
Λ(M ′)Γn

→ M̂Γn

On passe ensuite à la limite projective. Les applications M ′
Γn

→ ̂̇
aΛ(M ′)Γn

induisent alors l’homomorphisme naturel M ′ → aΛ(aΛ(M ′)) et les CFn
(Ť⊗ρ−1)

induisent l’application CF∞(Ť ⊗ ρ−1).

3.3 Dualité : cas d’une Z2
p-extension

Soit F∞/F une Z2
p-extension. On suppose (Hyp(F∞, V )) et (Hyp(F∞, V̌ )).

Soit L∞ une sous-Zp-extension de F∞/F .

Définition. Disons que L∞ est admissible si X∞,f (L∞,n, Ť ) est un ΛL∞,n-
module de torsion pour tout entier n.

Une telle Zp-extension existe lorsque (Tors(F∞, V )) est vérifiée. En effet, cela
revient à montrer que si F est un élément de Zp[[T1, T2]] (en l’occurrence la
série caractéristique de X∞,f (F∞Ť )), il existe un entier b tel que F (ζn(1 +
T2)

b − 1, T2) 6= 0 pour tout entier n. Dans le cas contraire, F (T1, T2) serait
divisible par 1+T1−ζn(b)(1+T2)

b pour tout entier b avec n(b) entier dépendant
de b. Ces éléments étant premiers entre eux, cela impliquerait que F (T1, T2)
est identiquement nul.
On peut alors appliquer le corollaire 3.2.2 à L∞,n/L′

n : il existe une famille de
ΛL∞,n-homomorphismes

CL∞,n
(T ) : X∞,f (L∞,n, T ) → a1

ΛL∞,n
(Ẋ∞,f (L∞,n, Ť ))
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puis définir par passage à la limite projective et en composant avec r∞ (2.6.4)
un homomorphisme de Λ-modules

X∞,f (F∞, T ) → a1
Λ(Ẋ∞,f (F∞, Ť ))

3.3.1 Proposition. On suppose vérifiés (Hyp(F∞, T )), (Hyp(F∞, V̌ )) et
(Tors(F∞, V )). Le Λ-homomorphisme CF∞(T ) se trouve dans une suite quasi-
exacte

0 → X∞,f (F∞, T ) → a1
Λ(Ẋ∞,f (F∞, Ť )) →

∏

w∈Snd(F∞)

Z(F∞,w) → 0

Le noyau de X∞,f (F∞, T ) → a1
Λ(Ẋ∞,f (F∞, Ť )) est contenu dans ̂̌UGF∞ .

Démonstration. Considérons les suites exactes (3) relatives à la Zp-extension
L∞,n/L′

n et passons à la limite projective. Les ker ξL∞,n
(T ) sont finis et d’ordre

borné et leur limite projective est finie. La limite projective des X∞,f (L∞,n, Ť )

est X∞,f (F∞, Ť ). La limite projective des a1
ΛL∞,n

(Ẋ∞,f (L∞,n, T )) est étudiée

dans la proposition 2.6.4 (on peut utiliser la remarque qui suit car le plus grand
module fini de X∞,f (L∞,n, Ť ) est ker ξL∞,n qui est d’ordre borné par rapport
à n) : on a la suite quasi-exacte

0 → lim
←
n

a1
ΛL∞,n

(X∞,∗(L∞,n, Ť )) →a1
Λ(X∞,f (F∞, Ť ))

→
∏

v∈Snd(F∞/L∞)

Z(F∞,v) → 0

où Snd(F∞/L∞) désigne les places de F∞ non totalement décomposées
dans F∞/L∞. Comme UGF∞ est supposé fini, la limite projective W du
quatrième terme de la suite exacte est quasi-isomorphe à la limite pro-
jective des

∏
v∈Snd(L∞,n) Z(L∞,n,v). Soit v ∈ Snd(L∞,n) ne divisant pas

p. Elle n’est pas totalement décomposée dans L∞,n, elle est donc totale-
ment décomposée dans F∞/L∞. Comme d’autre part Z(F∞,w) est fini,
les groupes Z(L∞,n,w) sont stationnaires pour n À 0 et l’application de
corestriction de

∏
w∈S(L∞,n),w|v Z(L∞,n,w) est surjective. La limite projec-

tive est
∏

w∈S(F∞),w|v Z(F∞,w). On en déduit que W est quasi-isomorphe à
∏

w∈S(F∞),w|v∈Snd(L∞) Z(L∞,n,w). Enfin, la limite projective des ˇ̂UGL∞,n est
finie.

3.3.2 Corollaire. On suppose (Hyp(F∞, V )), (Hyp(F∞, V̌ )) et
(Tors(F∞, V )). Le Λ-module X∞,f (F∞, T ) vérifie la propriété (A) : il n’a
pas de sous-modules pseudo-nuls non finis et les ai

Λ(X∞,f (F∞, T )) sont finis
pour i ≥ 2.

4 Conséquences

Nous pouvons maintenant appliquer les résultats de §1.
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4.1 Descente : Zp-extension

Soit F∞/F une Zp-extension. On suppose (Hyp(F∞, V )), (Hyp(F∞, V̌ )) et
(Tors(F∞, V )). Réécrivons le diagramme (1) pour M = X∞,f (F∞, T ), M ′ =

Ẋ∞,f (F∞, Ť ) et pour le Λ-homomorphisme

X∞,f (F∞, T ) → a1
Λ(Ẋ∞,f (F∞, Ť ))

qu’on a construit dans les §3.2 et 3.3. Posons Sp(T ) = H1
f (F,U), Sp(Ť ) =

H1
f (F, Ǔ), Šp(T ) = H1

f (F, T ) et Šp(Ť ) = H1
f (F, Ť ).

Šp(Ť )
↓

0 → Sp(Ť )/div HomZp
(M ′

Γ, Zp) → 0
↓ ↓

0 → ̂tZp
(M ′

Γ) → a1
Λ(M ′)Γ → HomZp

(M ′Γ, Zp) → 0
↑ ↑ ↑

0 → tZp
(MΓ) → MΓ → LZp

(MΓ) → 0
↓ ↓ ↓

0 → ̂Sp(T )/div → Ŝp(T ) → HomZp
(Š(T ), Zp) → 0

On peut démontrer en suivant les flèches qu’on retrouve l’application de Cassels,
autrement dit que l’on a le diagramme commutatif

Sp(Ť )/div → ̂tZp
(M ′

Γ)
CF (T ) ↑ ↑

̂Sp(T )/div ← tZp
(MΓ)

D’autre part, lorsque Š(T ) n’est pas fini, on obtient une forme bilinéaire 〈·, ·〉γ

Š(T ) × Š(Ť ) → Qp .

Elle dépend de γ et bien sûr de la Zp-extension F∞. Pour ρ caractère non
trivial de Γ à valeurs dans Z∗

p, on note 〈·, ·〉ρ = (logp ρ(γ))−1〈·, ·〉γ . On peut
démontrer que l’on retrouve la hauteur p-adique ordinaire associée à ρ (cf. [28]
dans un cadre un peu différent). Nous n’en aurons pas besoin.

4.2 Descente : Z2
p-extension

Maintenant qu’a été construit CF∞(T ) avec l’aide de coinvariants convenables
(c’est-à-dire de torsion pour la Zp-extension corespondante), il est possible de
redescendre en utilisant les homomorphismes fonctoriels construits dans le §1
et plus particulièrement §1.2. Ce qui permet d’obtenir des informations pour
les Zp-extensions telles que X∞,f (L∞, T ) n’est pas de torsion.
On fait les hypothèses (Hyp(F∞, V )), (Hyp(F∞, V̌ )) et (Tors(F∞, V )). Soit
Z(T ) = Z(F∞, T ) =

∏
w∈Snd(F∞) Z(F∞,w, T ) (pour le caractère ρ trivial). On
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a contruit dans le §3.3 la suite quasi-exacte de Λ-modules suivante

0 → X∞,f (F∞, T ) → a1
Λ(Ẋ∞,f (F∞, Ť )) → Z(F∞, T ) → 0

Soit L∞ une sous-Zp-extension de F∞/F . Posons Γ′ = Gal(F∞/L∞), ΛL∞ =
Zp[[Gal(L∞/F )]]. Dans le cas où X∞,f (L∞, T ) est de torsion, on a alors le
diagramme commutatif suivant dont les lignes et les colonnes sont quasi-exactes

0 0
↓ ↑

Ẑ(Ť )Γ′ a1
ΛL∞

(Ẑ(T )Γ′)

↓ ↑
0 → Z(T )Γ

′ → X∞,f (F∞, T )Γ′ → a1
Λ(Ẋ∞,f (F∞, Ť )Γ′) → Z(T )Γ′→ 0

↓ ↑
X∞,f (L∞, T ) → a1

Λ(Ẋ∞,f (L∞, Ť ))
↓ ↑
0 0

.

et le quasi-isomorphisme du §3.2

X∞,f (L∞, T ) → a1
ΛL∞

(Ẋ∞,f (L∞, T ))

Ne supposons plus X∞,f (L∞, Ť ) de ΛL∞ -torsion. On a alors le diagramme
commutatif suivant dont les lignes sont quasi-exactes :

a1
L∞

(tΛL∞
(Ẋ∞,f (F∞, Ť )Γ′)) HomΛL∞

(Ẋ∞,f (F∞, Ť )Γ′ ,ΛL∞)
↑∼ ↓

0 → a1
L∞

(Ẋ∞,f (F∞, Ť )) → A → HomΛL∞
(Ẋ∞,f (F∞, Ť )Γ

′

,ΛL∞) → 0
↑ ↑ ↑

0 → tΛL∞
(X∞,f (F∞, T )Γ′) → B → LΛL∞

(X∞,f (F∞, T )Γ′) → 0

avec A := a1
L∞

(Ẋ∞,f (F∞, Ť )Γ′), B := X∞,f (F∞, T )Γ′ .

On en déduit comme en §1.2 des homomorphismes

tΛL∞
(X∞,f (F∞, T )Γ′) → ȧL∞(X∞,f (F∞, Ť )Γ′)

et une forme sesqui-linéaire

CasselsL∞(T ) : tΛL∞
(X∞,f (F∞, T )Γ′) × tΛL∞

(X∞,f (F∞, Ť )Γ′) → Frac(ΛL∞)/ΛL∞

quasi non dégénérée vérifiant

CasselsL∞(T )(γx, y) =γ CasselsL∞(T )(x, y) = CasselsL∞(T )(x, γ−1y)

CasselsL∞(T )(x, y) = CasselsL∞(Ť )(y, x) .

On obtient aussi une hauteur p-adique qui est un accouplement sur les quotients
sans ΛL∞ -torsion de X∞,f (F∞, T )Γ′ et de X∞,f (F∞, Ť )Γ′ à valeurs dans ΛL∞ .
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Le noyau (resp. conoyau) de X∞,f (F∞, T )Γ′ → a1
L∞

(Ẋ∞,f (F∞, Ť )Γ′) est de

torsion et quasi-isomorphe à Z(T )Γ
′

(resp. Z(T )Γ′) qui est d’ailleurs annulé par
une puissance de p. On en déduit une suite exacte

0 → Z(T )Γ
′ → tΛL∞

(X∞,f (F∞, T )Γ′) → a1
L∞

(Ẋ∞,f (F∞, Ť )Γ′) → Z → 0

avec Z annulé par une puissance de p et de µ-invariant inférieur à celui de
Z(T )Γ

′

. La série caractéristique de tΛL∞
(X∞,f (F∞, Ť )Γ′) divise donc celle de

tΛL∞
(X∞,f (F∞, T )Γ′). Par symétrie, on en déduit qu’elles sont égales et que

l’on a la suite quasi-exacte

0 → Z(T )Γ
′ → tΛL∞

(X∞,f (F∞, T )Γ′) → a1
L∞

(Ẋ∞,f (F∞, Ť )Γ′) → Z(T )Γ′ → 0

Comme Ẑ(Ť )Γ′ et Ẑ(T )Γ′ sont de torsion, les suites suivantes sont quasi-exactes

0 → Ẑ(Ť )Γ′ → tΛL∞
(X∞,f (F∞, T )Γ′) → tΛL∞

(X∞,f (L∞, T )) → 0

0 → a1
ΛL∞

(tΛL∞
(Ẋ∞,f (L∞, Ť )))

→ a1
ΛL∞

(tΛL∞
(Ẋ∞,f (F∞, Ť )Γ′)) → a1

ΛL∞
( ˙̂Z(T )Γ′) → 0 .

En remarquant que Z(T )Γ
′

et Ẑ(Ť )Γ′ ont même série caractéristique (cela peut
se voir soit sur le diagramme, soit directement : seuls les nombres de Tamagawa
aux places de S totalement décomposées dans L∞ interviennent et on a alors
Tamv(T ) = Tamv(Ť ) pour une place ne divisant pas p, en fait Z(T ) et Z(Ť )
sont quasi-isomorphes), on en déduit le théorème :

4.2.1 Théorème. Supposons (Hyp(F∞, V )), (Hyp(F∞, V̌ )) et (Tors(F∞, V )).
Soit f(F∞, T ) la série caractéristique de X∞,f (F∞, T ) et f(F∞, Ť ) la série
caractéristique de X∞,f (F∞, Ť ). Alors

ḟ(F∞, Ť )Λ = f(F∞, T )Λ

Pour toute sous-Zp-extension L∞ de F∞/F , soit f∗(L∞, Ť ) (resp. f∗(L∞, T ))
la série caractéristique du sous-module de torsion de X∞,f (L∞, Ť ) (resp.
X∞,f (L∞, T )). Alors

ḟ∗(L∞, Ť )ΛL∞ = f∗(L∞, T )ΛL∞

Autrement dit, pour tout caractère ρ de Gal(L∞/F ) à valeurs dans C∗
p, on a

ρ(f∗(L∞, T )) = ρ−1(f∗(L∞, Ť ))
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5 La situation diédrale

5.1 Préliminaires

Soit K un corps quadratique imaginaire de discriminant dK et p un nombre
premier impair et premier à dK . Il existe une unique extension K∞ de K dont
le groupe de Galois est topologiquement isomorphe à Z2

p. Elle contient deux Zp-
extensions qui sont la sous-Zp-extension cyclotomique KQ∞ de K et la sous-Zp-
extension anti-cyclotomique (diédrale sur Q) H∞ = D∞ de K[p∞] = ∪K[pn],
le Ringklasskörper de K de rayon une puissance de p. Soit G∞ = Gal(K∞/K).

L’algèbre d’Iwasawa associée est Λ = ΛK∞ = Zp[[G∞]]. On a une dualité

ΛK∞ × Hom(G∞, C×
p ) → Cp .

Ce qui permet de voir les éléments de ΛK∞ comme des fonctions sur
Hom(G∞, C×

p ) à valeurs dans Cp. Tout élément de Hom(G∞, Z×
p ) est de la

forme νaχb avec χ la p-partie du caractère cyclotomique et ν un caractère
diédral. On note χcycl le caractère cyclotomique et νdied un caractère diédral.

La théorie d’Iwasawa d’une courbe elliptique sur un corps quadratique imagi-
naire et des famille des points de Heegner tire ses origines de l’article de Mazur
([25], voir aussi Kurčanov, [23]). Grâce aux résultats récents de Cornut et
Vatsal, un regain d’intérêt s’est manifesté. Mais il y a bien d’autres résultats
montrés ou en voie de l’être et je voudrais les placer ici un peu plus dans le
contexte de la théorie d’Iwasawa.

5.2 Théorie arithmétique

Soit E une courbe elliptique définie sur Q ou K de conducteur NE premier à
dK et ayant bonne réduction ordinaire en p. Soit T = Tp(E) son module de
Tate, c’est-à-dire la limite projective des points de pn-torsion pour n entier et
Vp(E) = Qp ⊗ Tp(E). Soit L une extension finie de K. Le groupe de Selmer
Sp(E/L) de E/L vérifie la suite exacte

0 → Qp/Zp ⊗ E(L) → Sp(E/L) → X(E/L)(p) → 0

Son dual de Pontryagin Ŝp(E/L) est HomZp
(Sp(E/L), Qp/Zp). Sa variante

compacte (voir [3], [12]) Šp(E/L) est la limite projective des groupes de Selmer
relatif à la multiplication par pn :

0 → Zp ⊗Z E(L) → Šp(E/L) → Tp(X(E/L)) → 0

Lorsque X(E/L)(p) est fini, le dernier terme est nul. Avec les notations
du §2, on a Šp(E/L) = H1

f (L, Tp(E)) et Sp(E/L) = H1
f (L, Vp(E)/Tp(E)).

Le quotient de X(E/L)(p) par sa partie divisible est le groupe de Tate-
Shafarevich X(Tp(E)/L) associé à la représentation p-adique Tp(E) et vaut

Documenta Mathematica · Extra Volume Kato (2003) 725–760



752 Bernadette Perrin-Riou

Sp(E/L)/Qp/Zp ⊗ Šp(E/L). Ainsi,

Sp(E/K∞) = lim
→
L

Sp(E/L) = H1
f (K∞,U)

̂Sp(E/K∞) = X∞,f (K∞, Tp(E))

Šp(E/K∞) = lim
←
L

Šp(E/L)

où la limite projective est prise relativement aux applications de norme (core-
striction). Enfin, il n’est pas difficile de montrer [30] que pour une Zp-extension,
par exemple D∞, on a

Šp(E/D∞) = HomΛD∞
( ̂Sp(E/D∞),ΛD∞)

∼= HomΛD∞
( ̂Sp(E/D∞)/tΛD∞

( ̂Sp(E/D∞)),ΛD∞)

et que

̂Sp(E/D∞)/tΛD∞
( ̂Sp(E/D∞)) → Hom(Šp(E/D∞),ΛD∞)

est injectif avec conoyau fini. En particulier, Šp(E/D∞) est le ΛD∞ -dual de

X∞,f (D∞, Tp(E)) = ̂Sp(E/D∞) et est libre.

5.2.1 Théorème (Kato). Si E est définie sur Q, Šp(E/KQ∞) est de torsion
sur ΛQ∞K et Šp(E/K∞) est de torsion sur ΛK∞ (donc nuls). Il en est de

même de ̂Sp(E/K∞).

Il suffit d’appliquer le théorème démontré par Kato dans [21] à E et à sa tordue
par le caractère quadratique de K/Q.

Soit Lp(E/K∞) une série caractéristique du module de torsion ̂Sp(E/K∞).

5.3 Théorie analytique

Soit Lp(E/K∞) la fonction L p-adique interpolant les valeurs L(E, ρ, 1) pour ρ
caractère d’ordre fini de Gal(K∞/K). On peut trouver sa définition dans [29]
qui suit de très près une construction antérieure de Hida. D’autres construc-
tions ont été faites par Bertolini et Darmon [6]. Par un théorème de Rohrlich
[32], Lp(E/K∞) est non nulle.

Conjecture (Conjecture principale, [30]). Les idéaux de ΛK∞ en-
gendrés par Lp(E/K∞) et par Lp(E/K∞)) sont égaux.

Remarque. On peut utiliser le théorème de Kato pour obtenir une divisibilité
lorsqu’on se restreint à Gal(KQ∞/K).
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5.4 Equation fonctionnelle

Soit c une conjugaison complexe induisant l’automorphisme non trivial de
Gal(K/Q). Elle agit sur le groupe des caractères Ĝ∞ de G∞ : ρc(τ) = ρ(cτc−1).
Ainsi, si χ se factorise par Gal(KQ∞/K), on a χc = χ. Si ν est diédral,
νc = ν−1. On considère l’involution suivante sur Ĝ∞ : ρι = ρ−c. Ainsi,
ρι(τ) = ρ(c−1τc)−1, χcycl = χ−1

cycl, νι
died = νdied.

Les deux fonctions vérifient une équation fonctionnelle

(L(ρ)) = (L(ρι))

Pour la première, cela se déduit de l’équation fonctionnelle complexe et on a
en fait

Lp(E/K∞)(ρι) = εD(−NE)Lp(E/K∞)(ρ) .

En appliquant l’automorphisme non trivial c de K/Q qui laisse stable E ainsi
que tous les modules définis et la proposition 4.2.1 on obtient la seconde
équation fonctionnelle. On en déduit que l’on peut définir le signe de l’équation
fonctionnelle de Lp(E/K∞) : le groupe de cohomologie H1({1, ι},Λ×

K∞
) est

d’ordre 2 et admet −1 comme élément non trivial. Ainsi, on peut choisir
Lp(E/K∞) (qui est alors défini à une unité près de Z∗

p) de manière à ce que

Lp(E/K∞)(ρι) = εpLp(E/K∞)(ρ)

avec εp = ±1.

5.4.1 Proposition. Soit λ0(D∞) le rang du ΛD∞-module ̂S(E/D∞). Alors,

εp = (−1)rgZp
Šp(E/K) = (−1)λ0(D∞)

Démonstration. On utilise le théorème de contrôle 2.5.1, l’existence de formes
bilinéaires alternées montrées dans le paragraphe 3.3 et l’argument suivant de
Guo [16] tel qu’il a été repris par Greenberg dans [14].
Soit Λ = Zp[[Γ]], Γ′ un sous-Zp-module de Γ isomorphe à Zp. On note Ξn =
Γ/Γ′

n, Λn = Zp[[Ξn]], Ξ un sous-Zp-module de Γ tel que Ξ ∩ Γ′ = {0}, ΛΞ =
Zp[[Ξ]]. Soit M un Λ-module de torsion et de type fini ; MΓ′

n
est un ΛΞ-

module de type fini. Soit λn le ΛΞ-rang de MΓ′
n
. Alors λn est stationnaire et

on a λn ≡ λ0 mod p−1. En effet, les Qp-représentations irréductibles de Γ′/Γ′
n

sont de degré divisible par (p − 1)pn−1.
Soit Ln le quotient de Mn par son ΛΞ-module de torsion Tn et T∞ le noyau de
M → L∞ où L∞ est la limite projective des Ln. Alors, l’application naturelle
L∞ → Ln est injective pour n assez grand, les rangs de L∞ et de Ln sur ΛΞ

sont égaux pour n assez grand et on a donc

rgΛΞ
L∞ ≡ λ0 mod p − 1 .
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Supposons qu’il existe une forme bilinéaire alternée sur Tn quasi non dégénérée
(ou telle que les noyaux soient annulés par une puissance de p). Alors le rang de
T∞ en tant que ΛΞ-module est pair et le rang de M en tant que ΛΞ-module est
de même parité que λ0. Pour le démontrer, on remarque, en utilisant le lemme
du serpent et le fait que L∞ → Ln est injective, que l’application T∞ → Tn est
surjective. Si p est un idéal de Λ de hauteur 1 premier à p, la forme bilinéaire
alternée sur Tn induit par localisation une forme alternée non dégénérée sur
Λp ⊗ Tn. Le Λp-rang de Λp ⊗ T∞ est alors pair. En effet, il suffit d’appliquer
le lemme suivant :

Lemme (Guo). Soit A un anneau de valuation discrète d’uniformisante π et
soit Mn un système projectif de A-modules de longueur finie tel que M∞ =
lim
←
n

Mn soit de type fini et que l’application naturelle M∞ → Mn soit sur-

jective. Alors, il existe un entier d et des entiers r1(n), · · · , rd(n) tels que
Mn

∼= A/πr1(n) × · · · × A/πrd(n) avec r1(n) ≥ · · · ≥ rd(n) et le rang sur Zp de
M∞ est égal au nombre d’entiers j tels que la suite rj(n) soit non bornée.

Si maintenant Mn est muni d’une forme bilinéaire alternée pour tout entier n,
on a r2j−1(n) = r2j(n) pour j ≥ 1 et le rang sur Zp de M∞ est donc pair.
Revenons à la démonstration de la proposition 5.4.1. Prenons Γ = Gal(K∞/K),
Γ′ = Gal(K∞/D∞) et Ξ le sous-groupe de Γ laissant invariant la sous-Zp-
extension cyclotomique. Alors, l’équation fonctionnelle de Lp(E/K∞) implique
que

εp = (−1)λ

avec λ le ΛΞ-invariant de la série caractéristique, autrement dit le ΛΞ-rang

du module ̂Sp(E/K∞). En utilisant les théorèmes de contrôle et les formes
bilinéaires alternées du paragraphe 3.2, on obtient l’existence des formes
bilinéaires quasi-non dégénérées alternées nécessaires et on a donc :

λ ≡ λ0(D∞) mod 2 .

Ce qui démontre une des égalités de la proposition 5.4.1. L’autre égalité se
démontre de la même manière (et était déjà montrée par Greenberg) en tra-
vaillant sur la Zp-extension cyclotomique (ici Ξ est nul) :

εp = (−1)rgZp
Šp(E/K)

5.5 La conjecture de Mazur

On suppose toujours que le discriminant de K est premier au conducteur NE

de E. Dans [25], Mazur conjecture que ̂Sp(E/D∞) est un ΛD∞ -module de rang
1 si ε(−NE) = −1 et de rang 0 si ε(−NE) = 1.
Cette conjecture et la proposition 5.4.1 impliquent que les signes des équations
fonctionnelles de Lp(E/K∞) et de Lp(E/K∞) sont égaux.
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Récemment, la situation de cette conjecture a énormément évolué dans le cas
de l’hypothèse de Heegner mais aussi dans les autres cas. Nous appellerons
hypothèses techniques des hypothèses qui devraient pouvoir être affaiblies ou
évoluer rapidement jusqu’à disparâıtre et que l’on trouvera dans les articles
originaux :

5.5.1 Théorème (Bertolini-Darmon+Vatsal, [7], [33]). Supposons que
ε(−NE) = 1. Supposons de plus que `2 - NE si ` est inerte dans K + des

hypothèses techniques, alors ̂Sp(E/D∞) est de torsion.

La démonstration est en deux parties :

• démontrer la non nullité de la fonction L p-adique Lp(E/D∞) (théorème
sur les familles de L(E/K, η) pour η un caractère diédral d’ordre fini et
de conducteur une puissance de p)

• démontrer que si Lp(E/D∞) est non nul, ̂Sp(E/D∞) est de torsion

5.5.2 Théorème (Cornut-Vatsal + Bertolini-Darmon-Nekovář [5]).
Lorsque ε(−NE) = −1 et que tous les nombres premiers divisant NE sont

décomposés dans K, ̂Sp(E/D∞) est de rang 1.

L’énoncé complet que l’on attend est montré ou sur le point de l’être :

5.5.3 Théorème. Supposons que ε(−NE) = −1 et que p2 ne divise pas NE.

Alors, ̂Sp(E/D∞) est de rang 1.

La démonstration comporte plusieurs étapes :

• Construire des points xn de E(Dn) en utilisant une paramétrisation de
E par une courbe modulaire ou une courbe de Shimura et les points de
Heegner ou les points spéciaux provenant de la théorie de la multiplication
complexe x(pn) (idée de Gross exploitée par Bertolini et Darmon, [6]).
En modifiant légèrement ces points, on obtient des points compatibles
pour les applications de trace et donc un élément zspec

∞ de Šp(D∞) et un
sous-module H∞ de Šp(E/D∞).

• Montrer que zspec
∞ est non nul (conjecture de Mazur), ce qui se ramène

facilement à montrer qu’il existe un entier n tel que xn est non nul. C’est
le rôle des théorèmes de Cornut et Vatsal. On pourrait aussi peut-être
utiliser les formules démontrées par Zhang ([35]) généralisant les formules
de Gross-Zagier et qui sont du type :

L′(E/K, ν, 1) = C < x(ν)
n , x(ν)

n >

avec C non nul et utiliser un théorème de non-annulation de la famille
des L′(E/K, ν, 1) pour un caractère ν diédral d’ordre une puissance de p.
On en déduit alors facilement que H∞ est un module libre de rang 1.
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• Utiliser les techniques de Kolyvagin [22] pour démontrer que le quotient

Šp(E/D∞)/H∞ est de torsion et donc que Šp(E/D∞) et ̂Sp(E/D∞) sont
de Λ-rang 1. Ici, c’est la notion de système d’Euler qui est fondamentale.
La définition précise des points xn ne sert pas mais le fait qu’il existe des
points x(npm) pour n sans facteurs carrés définis sur le Ringklasskörper
de rayon npm vérifiant des relations convenables.

5.6 Quelques remarques supplémentaires

Soit u = (]O∗
K) /2 et cE la constante de Manin correspondant à la

paramétrisation de E par X0(NE). Soit I(H∞) une série caractéristique
du ΛK∞ -module de torsion Šp(E/D∞)/H∞. Soit Tp(E/D∞) une série car-

actéristique du ΛD∞ -module de torsion de ̂Sp(E/D∞).

5.6.1 Conjecture ([30]). Sous l’hypothèse de Heegner, les deux éléments
c2
Eu2Tp(E/D∞) et I(H∞)2 engendrent le même idéal de ΛD∞ .

Une version faible de cette conjecture avait été montrée par Bertolini [4] en
utilisant les techniques de Kolyvagin. Récemment, Howard [18] a démontré
la divisibilité de Tp(E/D∞) par I(H∞)2 lorsque l’application Gal(K/K) →
Aut(Tp) est surjective ([1]).
On devrait d’autre part pouvoir remplacer l’hypothèse de Heegner par
l’hypothèse que ε(−NE) = −1 en utilisant les points de Heegner-Shimura.
2

Remarquons qu’on déduit des résultats du §4.2 que Tp(E/D∞) est un carré, ce
qui est compatible avec la conjecture précédente. En effet, en composant avec
l’involution c et en identifiant Tp(E) avec Tp(E)∗(1) par l’accouplement alterné
de Weil, on obtient une forme bilinéaire alternée

tΛD∞
(X∞,f (K∞, Tp(E))Gal(K∞/D∞))×tΛD∞

(X∞,f (K∞, Tp(E))Gal(K∞/D∞))

→ Frac(ΛD∞)/ΛD∞

En tenant compte des noyaux et de la différence entre les modules
X∞,f (K∞, Tp(E))Gal(K∞/D∞) et X∞,f (D∞, Tp(E)) dont la série caractéris-
tique est une puissance de p, on en déduit que Tp(E/D∞) est un carré.
Une conséquence de la démonstration de Cornut [9, théorème B appliqué à
q = p] est la suivante :

5.6.2 Proposition. On suppose que p ne divise pas NEϕ(NEdK), ainsi que
le nombre de composantes connexes du noyau de la paramétrisation modulaire
choisie de E. Alors, I(H∞) n’est pas divisible par p.

Supposons que ε(−NE) = −1. Nous avons défini précédemment une forme
bilinéaire

〈〈·, ·〉〉χcycl
: Šp(E/D∞) × Šp(E/D∞) → ΛD∞ .

2Cela semble être fait maintenant, voir [19].
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Elle peut s’écrire en termes des hauteurs p-adiques classiques de la manière
suivante

〈〈x, y〉〉χcycl
=

(
1

[Dn : K]

∑

σ,τ

< σxn, τyn >χn
στ−1

)

n

.

Ici, χn est un caractère de Gal(K∞/Dn) dont la restriction à Gal(K∞/D∞)
est χcycl. On peut reprendre la démonstration de [30] pour démontrer :

5.6.3 Théorème. Soit ρ un caractère diédral de Gal(K∞/K) à valeurs dans
Z∗

p.

1) Soit rD∞ le rang de Šp(E/D∞) en tant que ΛD∞-modules. Alors,
L(E/K∞)(ρχs

cycl) a un zéro en χcycl de multiplicité supérieure ou égale à rD∞ .
2) Ce zéro est d’ordre exactement rD∞ si et seulement si 〈〈·, ·〉〉χcycl

est non
dégénérée.
3) On a dans ce cas

lim
s→0

L(K∞/K)(ρχs
cycl)

srD∞
∼ discŠp(E/D∞)〈〈·, ·〉〉χcycl

(ρ)Tp(E/D∞)(ρ).

Les théorèmes ou conjectures précédentes impliquent que rD∞ est en fait égal
à 1 lorsque ε(−NE) = −1. D’autre part, l’ordre du zéro de L(E/K∞)(ρχs

cycl)
en s = 0 est impair. Il serait intéressant de montrer qu’il existe un point de
Heegner zn dont la hauteur p-adique < zn, zn >χn

est non nulle. Cela n’est
connu que si E est à multiplication complexe ([8]).
Revenons sur le module des points de Heegner. Soit Hn le sous-module de
Šp(E/Dn) engendré par les traces de K[pn] à Dn des points de Heegner de
niveau divisant pn+1. On a alors la proposition :

5.6.4 Proposition. La norme de Dn+1 à Dn induit une application de Hn+1

à Hn. Elle est surjective pour n ≥ 1. L’indice de Trn,0(Hn) dans H0 est égal
à L(E/Kp, 1)−1 (facteur d’Euler local en p).

5.6.5 Remarques. La définition couramment admise est de prendre le sous-
module de Šp(E/Dn) engendré par les traces de K[pn] à Dn des points de Heeg-
ner de niveau pn+1. Malheureusement, ce n’est pas toujours gros ! L’énoncé de
Mazur dans [25] est incorrect : la condition ap ≡ 2 mod p est inutile avec cette
définition et la surjectivité affirmée est fausse pour ap ≡ 1 mod p. Essentielle-
ment, on a besoin des points de niveau p et de niveau 1 à la fois car la trace de
H[p] à K de yp est un “multiple rationnel” (et non entier) de la trace de H[1]
à K.

5.6.6 Remarques. Plaçons-nous dans le cas où l’hypothèse de Heegner est
vérifiée et où le rang de E(K) est strictement supérieur à 1. L’image de H∞
dans E(K) est alors nulle. On peut construire un élément de Zp ⊗ E(K)
de la manière suivante (à condition que X(E/K)(p) soit fini, construction
de Kolyvagin-Solomon) : on choisit un générateur γ de Gal(D∞/K) et γn sa
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restriction à Dn. Soit un élément z∞ = (zn) de H∞ dont la projection est nulle
(les zn se calculent en fonction des points de Heegner de niveau une puissance
de p). Alors

pn−1∑

i=0

iγi
nzn

converge dans lim
→
n

Š(Dn) vers un élément de Š(K). Moins explicitement, cela

revient à résoudre l’équation z∞ = (γ − 1)z′∞ dans Š(D∞) et à regarder la
projection de z′∞ dans Š(K). Le fait que cette équation admet une solution
vient de ce que l’application trace Qp⊗ Š(D∞)Gal(D∞/K) → Qp⊗ Šp(K) est un
isomorphisme. Il est possible que l’image de z′∞ dans E(K) soit encore nulle.

Il existe alors un entier r = rK tel que z∞ = (γ−1)rz
(r)
∞ et tel que la projection

de z
(r)
∞ dans Šp(K) soit non nulle. Cette projection donne un point non trivial

zK de Šp(K).
Soit ε le signe de l’équation fonctionnelle de E/Q.

5.6.7 Lemme. Avec les notations précédentes, on a c(zK) = −ε(−1)rK zK mod
torsion.

Cela se déduit de la relation xc = −εc modulo torsion pour un point de Heegner
et du fait que cγc−1 = γ−1.
Ainsi, zK appartient à Zp ⊗ E(K)−(−1)rK ε. On peut alors se poser un certain
nombre de questions. Entre autres :

1. Pour K fixé, peut-on relier les parités de rK = r et de rg E(Q) ?

2. Comment varient les rK avec K ?

3. Est-il possible de trouver une base du Zp-module Zp ⊗ E(Q) formée des
points zK pour certains corps quadratiques imaginaires Kg Cela “sig-
nifierait” que “le groupe de Mordell-Weil est engendré par des limites
p-adiques de points de Heegner même en rang supérieur à 1”.

4. Si la réponse à la question précédente est vraie, peut-on espérer borner
la taille des corps quadratiques ?

5. Y a-t-il des relations “intéressantes” entre les différents zKi
∈ Zp ⊗E(Q)

pour différents corps Ki ?
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[27] J. Nekovář. Selmer complexes. preprint (2001)

[28] B. Perrin-Riou. Arithmétique des courbes elliptiques et théorie d’Iwasawa.
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marche sous la lune.

Abstract. Let m be an integer bigger than one, A a ring of algebraic
integers, F its fraction field, and Km(A) the m-th Quillen K-group
of A. We give a (huge) explicit bound for the order of the torsion
subgroup of Km(A) (up to small primes), in terms of m, the degree
of F over Q, and its absolute discriminant.

Let F be a number field, A its ring of integers and Km(A) the m-th Quillen
K-group of A. It was shown by Quillen that Km(A) is finitely generated. In
this paper we shall give a (huge) explicit bound for the order of the torsion
subgroup of Km(A) (up to small primes), in terms of m, the degree of F over
Q, and its absolute discriminant.
Our method is similar to the one developed in [13] for F = Q. Namely, we
reduce the problem to a bound on the torsion in the homology of the general
linear group GLN (A). Thanks to a result of Gabber, such a bound can be
obtained by estimating the number of cells of given dimension in any complex
of free abelian groups computing the homology of GLN (A). Such a complex is

derived from a contractible CW -complex W̃ on which GLN (A) with compact

quotient. We shall use the construction of W̃ given by Ash in [1] . It consists
of those hermitian metrics h on AN which have minimum equal to one and
are such that their set M(h) of minimal vectors has rank equal to N in FN .

To count cells in W̃/GLN (A), one will exhibit an explicit compact subset of

AN ⊗ZR which, for every h ∈ W̃ , contains a translate of M(h) by some matrix
of GLN (A) (Proposition 2). The proof of this result relies on several arguments
from the geometry of numbers using, among other things, the number field
analog of Hermite’s constant [4].
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The bound on the K-theory of A implies a similar upper bound for the étale
cohomology of Spec (A[1/p]) with coefficients in the positive Tate twists of Zp,
for any (big enough) prime number p.
However, this bound is quite large since it is doubly exponential both in m
and, in general, the discriminant of F . We expect the correct answer to be
polynomial in the discriminant and exponential in m (see 5.1).
The paper is organized as follows. In Section 1 we prove a few facts on the
geometry of numbers for A, including a result about the image of A∗ by the
regulator map (Lemma 3), which was shown to us by H. Lenstra. Using these,
we study in Section 2 hermitian lattices over A, and we get a bound on M(h)

when h lies in W̃ . The cell structure of W̃ is described in Section 3. The main
Theorems are proved in Section 4. Finally, we discuss these results in Section 5,
where we notice that, because of the Lichtenbaum conjectures, a lower bound
for higher regulators of number fields would probably provide much better
upper bounds for the étale cohomology of Spec (A[1/p]). We conclude with the
example of K8(Z) and its relation to the Vandiver conjecture.

1 Geometry of algebraic numbers

1.1

Let F be a number field, and A its ring of integers. We denote by r = [F : Q]
the degree of F over Q and by D = |disc (K/Q)| the absolute value of the
discriminant of F over Q. Let r1 (resp. r2) be the number of real (resp.
complex) places of F . We have r = r1 + 2 r2. We let Σ = Hom (F,C) be the
set of complex embeddings of F . These notations will be used throughout.
Given a finite set X we let # (X) denote its cardinal.

1.2

We first need a few facts from the geometry of numbers applied to A and A∗.
The first one is the following classical result of Minkowski:

Lemma 1. Let L be a rank one torsion-free A-module. There exists a non zero
element x ∈ L such that the submodule spanned by x in L has index

#(L/Ax) ≤ C1 ,

where

C1 =
r!

rr
· 4r2 π−r2

√
D

in general, and C1 = 1 when A is principal.

Proof. The A-module L is isomorphic to an ideal I in A. According to [7], V
§4, p. 119, Minkowski’s first theorem implies that there exists x ∈ I the norm
of which satisfies

|N(x)| ≤ C1 N(I) .
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Here |N(x)| = #(A/Ax) and N(I) = # (A/I), therefore # (I/Ax) ≤ C1. The
case where A is principal is clear. q.e.d.

1.3

The family of complex embeddings σ : F → C, σ ∈ Σ, gives rise to a canonical
isomorphism of real vector spaces of dimension r

F ⊗Q R = (CΣ)+ ,

where (·)+ denotes the subspace invariant under complex conjugation. Given
α ∈ F we shall write sometimes |α|σ instead of |σ(α)|.

Lemma 2. Given any element x = (xσ) ∈ F ⊗Q R, there exists a ∈ A such
that ∑

σ∈Σ

|xσ − σ(a)| ≤ C2 ,

with

C2 =
4r1 πr2

rr−2 r!

√
D

in general, and
C2 = 1/2 if F = Q .

Proof. Define a norm on F ⊗Q R by the formula

‖x‖ =
∑

σ∈Σ

|xσ| .

The additive group A is a lattice in F ⊗Q R, and we let µ1, . . . , µr be its
successive minima. In particular, there exist a1, . . . , ar ∈ A such that ‖ai‖ = µi,
1 ≤ i ≤ r, and {a1, . . . , ar} are linearly independent over Z. Any x ∈ F ⊗Q R

can be written

x =

r∑

i=1

λi ai , λi ∈ R .

Let ni ∈ Z be such that |ni − λi| ≤ 1/2, for all i = 1, . . . , r, and

a =
r∑

i=1

ni ai .

Clearly

‖x − a‖ ≤
r∑

i=1

|λi − ni| ‖ai‖ ≤ 1

2
(µ1 + · · · + µr) ≤

r

2
µr . (1)
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On the other hand, we know from the product formula that, given any a ∈
A − {0},

∏

σ∈Σ

|σ(a)| ≥ 1 . (2)

By the inequality between arithmetic and geometric means this implies

‖a‖ =
∑

σ∈Σ

|σ(a)| ≥ r ,

hence

µi ≥ r for all i = 1, . . . , r . (3)

Minkowski’s second theorem tells us that

µ1 . . . µr ≤ 2r W 2−r2
√

D (4)

([7], Lemma 2, p. 115), where W is the euclidean volume of the unit ball for
‖ · ‖ in F ⊗Q R. (Note that the covolume of A is

√
D.) The volume W is the

euclidean volume of those elements (xi, zj) ∈ Rr1 × Cr2 such that

r1∑

i=1

|xi| + 2

r2∑

j=1

|zj | ≤ 1 .

One finds ([7], Lemma 3, p. 117)

W = 2r1 4−r2(2π)r2/r! . (5)

From (3) and (4) we get

µr ≤ 2r W
√

D 2−r2 r−(r−1) . (6)

The lemma follows from (1), (5) and (6). q.e.d.

1.4

We also need a multiplicative analog of Lemma 2. Let R(F ) be the regulator
of F , as defined in [7] V, § 1, p. 109. Let s = r1 + r2 − 1.

Lemma 3. Let (λσ), σ ∈ Σ be a family of positive real numbers such that
λσ = λσ when σ is the complex conjugate of σ. There exists a unit u ∈ A∗

such that

Sup
σ∈Σ

(λσ |u|σ) ≤ C3

(∏

σ∈Σ

λσ

)1/r

,
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with
C3 = exp (s(4 r (log 3 r)3)s−1 2r2−1 R(F )) .

Proof. We follow an argument of H. Lenstra. Let H ⊂ Rr1+r2 be the s-
dimensional hyperplane consisting of vectors (x1, . . . , xr1+r2

) such that x1+x2+
· · · + xr1+r2

= 0. Choose a subset {σ1, . . . , σr1+r2
} ⊂ Σ such that σ1, . . . , σr1

are the real embeddings of Σ and σi 6= σj if i 6= j. Given λ = (λσ)σ∈Σ as in
the lemma, we let

ρ(λ) = (log(λσ1
), . . . , log(λσr1

), 2 log(λσr1+1
), . . . , 2 log(λσr1+r2

)) .

If u ∈ A∗ is a unit, and λ = (|u|σ), we have ρ(λ) ∈ H. We get this way a lattice

L = {ρ(|u|σ) , u ∈ A∗}

in H.
Define a norm ‖ · ‖ on H by the formula

‖(xi)‖ = Sup ( Sup
1≤i≤r1

|xi|, Sup
r1+1≤i≤r1+r2

|xi|/2) .

It is enough to show that, for any vector x ∈ H there exists a ∈ L such that

‖x − a‖ ≤ log(C3) .

According to [14], Cor. 2, p. 84, we have (when r ≥ 2)

‖a‖ ≥ ε

where
ε = r−1(log(3 r))−3 ,

for any a ∈ L − {0}. Therefore, using Minkowski’s second theorem as in the
proof of Lemma 2 we get that, for any x ∈ H there exists a ∈ L with

‖x − a‖ ≤ s 2s−1 ε1−s W vol (H/L) ,

where W is the euclidean volume of the unit ball for ‖ · ‖, where we identify H
with Rs by projecting on the first s coordinates. Clearly W ≤ 2s+r2−1 when,
by definition (loc.cit.), vol (H/L) is equal to R(F ). The lemma follows.

1.5

We now give an upper bound for the constant C3 of Lemma 3.

Lemma 4. The following inequality holds

R ≤ 11 r2
√

D log(D)r−1 .
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Proof. Let κ be the residue at s = 1 of the zeta function of F . According to
[11], Cor. 3, p. 333, we have

κ ≤ 2r+1 Da a1−r

whenever 0 < a ≤ 1. Taking a = log(D)−1 we get

κ ≤ e 2r+1 log(D)r−1 . (7)

On the other hand

κ = 2r1(2π)r2
h(F )R(F )

w(F )
√

D
, (8)

where h(F ) is the class number of F and w(F ) the number of roots of unity in
F ([7], Prop. 13, p. 300). Since h(F ) ≥ 1 we get

R(F ) ≤ w(F ) 2−(r1+r2) π−r2 e 2r+1
√

D log(D)r−1 .

Since the degree over Q of Q( n
√

1) is ϕ(n), where ϕ is the Euler function, we
must have

ϕ(w(F )) ≤ r .

When n = pt is an odd prime power we have

ϕ(pt) = (p − 1) pt−1 ≥ pt/2 .

Therefore
w(F ) ≤ 2 r2 .

Since

2−(r1+r2) π−r2 2r =

(
2

π

)r2

≤ 1

and 4 e ≤ 11, the lemma follows.

2 Hermitian lattices

2.1

An hermitian lattice M = (M,h) is a torsion free A-module M of finite rank,
equipped with an hermitian scalar product h on M ⊗Z C which is invariant
under complex conjugation. In other words, if we let Mσ = M ⊗A C be the
complex vector space obtained from M by extension of scalars via σ ∈ Σ, h is
given by a collection of hermitian scalar products hσ on Mσ, σ ∈ Σ, such that
hσ(x, y) = hσ(x, y) whenever x and y are in M .
We shall also write

hσ(x) = hσ(x, x)
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and
‖x‖σ =

√
hσ(x) .

Lemma 5. Let M be an hermitian lattice of rank N . Assume that M contains
N vectors e1, . . . , eN which are F -linearly independent in M ⊗A F and such
that

‖ei‖ ≤ 1

for all i = 1, . . . , N . Then there exist a direct sum decomposition

M = L1 ⊕ · · · ⊕ LN

where each Li has rank one and contains a vector fi such that

#(Li/Afi) ≤ C1

and
‖fi‖ ≤ (i − 1)C1 C2 + C

1/r
1 C3 .

Here C1, C2, C3 are the constants defined in Lemmas 1, 2, 3 respectively.

Proof. We proceed by induction on N . When N = 1, Lemma 1 tells us that
L1 = M contains x1 such that

# (L1/Ax1) ≤ C1 .

Let us write
x1 = α e1

with α ∈ F ∗. Using Lemma 3, we can choose u ∈ A∗ such that

Sup
σ∈Σ

|uα|σ ≤ C3

(∏

σ

|α|σ
)1/r

= C3 N(α)1/r ≤ C3 C
1/r
1 .

The lemma follows with f1 = ux1.
Assume now that N ≥ 2, and let L1 = M ∩ F e1 in M ⊗A F . As above, we
choose f1 = a11 e1 in L1 with [L1 : Af1] ≤ C1 and

Sup
σ∈Σ

|a11|σ ≤ C3 C
1/r
1 .

The quotient M ′ = L/L1 is torsion free of rank N − 1. We equip M ′ with
the quotient metric induced by h, we let p : M → M ′ be the projection, and
e′i = p(ei), i = 2, . . . , N . Clearly

‖e′i‖ ≤ 1

for all i = 2, . . . , N .
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We assume by induction that M ′ can be written

M ′ = L′
2 ⊕ · · · ⊕ L′

N

and that L′
i contains a vector f ′

i such that

ni = #(L′
i/Af ′

i) ≤ C1

with

f ′
i =

∑

2≤j≤i

aij e′j , (9)

aij ∈ F , and, for all σ ∈ Σ,

|aij |σ ≤ C1 C2 if 2 ≤ j < i ≤ N ,

and
|aii|σ ≤ C

1/r
1 C3 , 2 ≤ i ≤ N .

Let s : M ′ → M be any section of the projection p. From (9) it follows that
there exists µi ∈ F such that

s(f ′
i) −

∑

2≤j<i

aij ej = µi e1 .

Applying Lemma 2, we can choose bi ∈ A such that

∑

σ∈Σ

∣∣∣∣
µi

ni
− bi

∣∣∣∣
σ

≤ C2 .

Define t : M ′ → M by the formulae

t(x) = s(x) − a(x) bi e1

whenever x ∈ L′
i, hence

ni x = a(x) f ′
i ,

for some a(x) ∈ A, 2 ≤ i ≤ N . If we take fi = t(f ′
i), we get

fi = s(f ′
i) − ni bi e1 =

∑

2≤j<i

aij ej + (µi − ni bi) e1

and, for all σ ∈ Σ,
|µi − ni bi|σ ≤ ni C2 ≤ C1 C2 .

We define ai1 = µi − ni bi and Li = t(L′
i). Then

M = L1 ⊕ · · · ⊕ LN
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satisfies our induction hypothesis:

# (Li/Afi) ≤ C1

fi =
∑

1≤j≤i

aij ej ,

|aij |σ ≤ C1 C2 when j < i ,

and
|aii|σ ≤ C

1/r
1 C3 , for all σ ∈ Σ , i = 1, . . . , N .

Since
‖ei‖ ≤ 1 for all i = 1, . . . , N ,

this implies

‖fi‖ ≤ (i − 1)C1 C2 + C
1/r
1 C3 .

q.e.d.

2.2

Lemma 6. Let I ⊂ A be a nontrivial ideal. There exists a set of representatives
R ⊂ A of A modulo I such that, for any x in R,

∑

σ∈Σ

|x|σ ≤ C2

(
r + 3

4

)
N(I) ,

where N(I) = # (A/I) and C2 is the constant in Lemma 2.

Proof. According to the proof of Lemma 2, the Z-module A contains a basis
of r elements e1, . . . , er such that

∑

σ

|ei|σ ≤ µr ≤ 2

r
C2 .

Therefore, by Lemma 5 applied to the field Q, in which case C1 = C3 = 1 and
C2 = 1/2, there exists a basis (fi) of A over Z such that,

∑

σ∈Σ

|fi|σ ≤ 2

r
C2

(
i − 1

2
+ 1

)
.

Since the integer n = N(I) belongs to I, the map A/I → A/nA is injective
and we can choose R among those

x =

r∑

i=1

xi fi

such that xi ∈ Z and |xi| ≤ n/2. In that case, if x ∈ R, we have

∑

σ∈Σ

|x|σ ≤ n

2

∑

σ,i

|fi|σ ≤ nC2
r + 3

4
.

q.e.d.
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2.3

Lemma 7. Let M be an hermitian lattice and assume that M = L1 ⊕ L2 is
the direct sum of two lattices of rank one. Let fi ∈ Li be a non zero vector,
and ni = #(Li/Afi), i = 1, 2. Then there exists a vector e1 ∈ M , and an
isomorphism

ψ : Ae1 ⊕ L → M

such that L contains a vector e2 with

#(L/Ae2) ≤ n1 n2 ,

‖e1‖ ≤ n2 C2 ‖f1‖ +

(
1 + C2

2

r + 3

4
nr

1

)
‖f2‖ ,

and

‖ψ(e2)‖ ≤ n2 ‖f1‖ + C2
r + 3

4
nr

1 ‖f2‖ .

Proof. The algebraic content of this lemma is [9], Lemma 1.7, p. 12. To
control the norms in this proof we first define an isomorphism

ui : Li → Ii

where Ii is an ideal of A. If x ∈ Li, ui(x) ∈ A is the unique element such that

ni x = ui(x) fi , i = 1, 2 .

In particular ni = ui(fi).
Next, we choose an ideal J1 in the class of I1 which is prime to I2. According
to [9], proof of Lemma 1.8, we can choose

J1 =
x0

a0
I1 ,

where a0 is any element of I1 − {0} and x0 belongs to a set of representatives
of A modulo I1 J , where I1 J = a0 A.
According to Lemma 6 we can assume that

∑

σ∈Σ

|x0|σ ≤ C2

(
r + 3

4

)
N(I1 J) = C2

(
r + 3

4

)
N(a0) .

The composite isomorphism

v1 : L1 → J1 → I1

maps f1 to n1 x0/a0. We choose a0 = n1, hence v1(f1) = x0 and

∑

σ∈Σ

|x0|σ ≤ C2

(
r + 3

4

)
nr

1 .
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The direct sum of the inverses of v1 and u2 is an isomorphism

ϕ : J1 ⊕ I2
∼−→ L1 ⊕ L2 = M .

Since J1 and I2 are prime to each other we have an exact sequence (as in [9]
loc.cit.)

0 −→ J1 I2 −→ J1 ⊕ I2
p−→ A −→ 0

where p is the sum in A. Let

s : A −→ J1 ⊕ I2

be any section of p and let α ∈ J1 be such that

s(1) = (α, 1 − α) .

Let α = λn2 x0 with λ ∈ F . Applying Lemma 2, we choose a ∈ A such that

∑

σ∈Σ

|λ − a|σ ≤ C2 .

Since n2 x0 lies in J1 I2 the element

β = α − an2 x0 = (λ − a)n2 x0

lies in J1, and 1 − β lies in I2. Since

β = v1((λ − a)n2 f1)

and

1 − β = u2

(
1

n2
− (λ − a)x0 f2

)

we get

‖ϕ(β, 1 − β)‖ ≤ ‖(λ − a)n2 f1‖ +

∥∥∥∥
(

1

n2
− (λ − a)x0

)
f2

∥∥∥∥

≤ n2 C2 ‖f1‖ +

(
1 + C2

2

(
r + 3

4

)
nr

1

)
‖f2‖ .

We let e1 = ϕ(β, 1 − β). On the other hand we define

L = J1 I2(' L1 ⊗ L2)

and map L to M by the composite map

L
i−→ J1 ⊕ I2

ϕ−→ M

where i(x) = (x,−x). We choose

e2 = n2 x0 ∈ L
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so that ϕ ◦ i (e2) = (n2 v1(f1), x0 u2(f2)) has norm

‖ϕ ◦ i (e2)‖ ≤ n2 ‖f1‖ + C2

(
r + 3

4

)
nr

1 ‖f2‖ .

Furthermore we have isomorphisms

L ⊕ A
(i,s)−→ J1 ⊕ I2

ϕ−→ M

and

# (L/Ae2) = # (J1 I2/A e2) ≤ #(J1/Ax0) × #(I2/An2) = n1 n2 .

q.e.d.

2.4

Proposition 1. Let M be a rank N hermitian free A-module such that its
unit ball contains a basis of M ⊗A F . Then M has a basis (e1, . . . , eN ) such
that

‖ei‖ ≤ Bi

with Bi = (i − 1)C2 + C3, i = 1, . . . , N , when A is principal and

Bi = (1 + C1 C2)(N C2 + C3)

(
1 + C2

r + 3

4

)log2(N)+2

C
2(r+1)N/i
1

in general. Here log2(N) is the logarithm of N in base 2.

Proof. When A is principal, C1 = 1 and Proposition 1 follows from Lemma
5.
In general Lemma 5 tells us that

M = L1 ⊕ · · · ⊕ LN

and Li contains a vector fi with # (Li/Afi) ≤ C1 and

‖fi‖ ≤ C1((i − 1)C2 + C3) ≤ C1 (N C2 + C3) .

Let k > 1 be an integer and λ > 0 be a real number. We shall prove by
induction N that, if M has a decomposition as above with

# (Li/Afi) ≤ k

and
‖fi‖ ≤ k λ ,

then M has a basis (e1, . . . , eN ) such that

‖ei‖ ≤ λ

(
1

k
+ C2

)(
1 + C2

r + 3

4

)t

k(r+1)(1+2+···+2t) , (10)
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for all i = 1, . . . , N , where t ≥ 1 is such that

N

2t
< i ≤ N

2t−1
.

The case N ≤ 2 follows from Lemma 7. If N > 2, let N ′ be the integral part
of N/2. Applying Lemma 7 to every direct sum Li ⊕ LN−i, N/2 < i ≤ N , we
get

M = M ′ ⊕
(

N⊕

i=N ′+1

Aei

)

with

‖ei‖ ≤ kλ

(
1 + C2 k + C2

2

r + 3

4
kr

)

≤ λ

(
1

k
+ C2

)(
1 + C2

r + 3

4

)
kr+1

and M ′ is free, M ′ =
N ′

⊕
i=0

L′
i, and each L′

i contains a vector f ′
i such that

[L′
i : Af ′

i ] ≤ k2

and

‖f ′
i‖ ≤ λ

(
1 + C2

r + 3

4

)
kr+1 .

By the induction hypothesis, M ′ has a basis (ei), 1 ≤ i ≤ N ′, such that

‖ei‖ ≤
(

1 + C2
r + 3

4

)
k(r+1)

(
1

k2
+ C2

)(
1 + C2

r + 3

4

)t

(k2)(r+1)(1+···+2t)

whenever
N ′

2t
< i ≤ N ′

2t−1
.

If
N

2t+1
< i ≤ N

2t
,

this inequality implies

‖ei‖ ≤ λ

(
1

k
+ C2

)(
1 + C2

r + 3

4

)t+1

k(r+1)(1+···+2t+1) .

Therefore M satisfies the induction hypothesis (10).
Since

1 + 2 + · · · + 2t = 2t+1 − 1 ≤ 2N

i
and t ≤ log2(N) + 1, Proposition 1 follows by taking k = C1 and

λ = C1(N C2 + C3)

in (10). q.e.d.
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2.5

Let M be a rank N hermitian free A-module. We let

m(h) = Inf {h(x) , x ∈ M − {0}}

be the minimum value of h on M − {0} and

M(h) = {x ∈ M/h(x) = m(h)}

be the (finite) set of minimal vectors of M . Let ωN be the standard volume of
the unit ball in RN .

Proposition 2. Let M = (M,h) be as above. Assume that m(h) = 1 and that
M(h) spans the F -vector space M ⊗A F . Then M has a basis f1, . . . , fN such
that any x ∈ M(h) is of the form

x =

N∑

i=1

yi fi

with ∑

σ∈Σ

|yi|2σ ≤ Ti ,

Ti = rrN C2rN+2
3 γN

∏

j 6=i

B2
j ,

and
γ = 4r1+r2 ω

−2r1/N
N ω

−2r2/N
2N D .

Proof. From Proposition 1 we know that M has a basis (e1, . . . , eN ) with
‖ei‖ ≤ Bi. Let x ∈ M(h) be a minimal vector and (xi) its coordinates in the
basis (ei).
Fix i ∈ {1, . . . , N} and σ ∈ Σ. Consider the square matrix

Hi = (hσ(vk, v`)) ,

where vk = ek if k 6= i and vi = x. Furthermore, let

Hσ = (hσ(ek, e`)) .

Since
|xi|2σ = det(Hi) det(Hσ)−1

the Hadamard inequality implies

|xi|2σ ≤ hσ(x)
∏

j 6=i

hσ(ej) det(Hσ)−1 .
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For any unit u ∈ A∗ we can replace ei by u−1 ei, and xi by yi = uxi. We then
have

∑

σ∈Σ

|yi|2σ ≤
∑

σ∈Σ

hσ(x)
∏

j 6=i

hσ(ej) |u|2σ det(Hσ)−1 . (11)

Applying Lemma 3 to λσ = det(Hσ)−1/2 we find u such that, for all σ ∈ Σ,

|u|2σ det(Hσ)−1 ≤ C2
3

∏

σ∈Σ

det(Hσ)−1 . (12)

Since
∑
σ

hσ(x) = 1 and hσ(ej) ≤ ‖ej‖2 ≤ B2
j , we deduce from (11) and (12)

that
∑

σ∈Σ

|yi|2σ ≤ C2
3 ·

∏

j 6=i

B2
j ·

∏

σ∈Σ

det(Hσ)−1 . (13)

According to Icaza [4], Theorem 1, there exists z ∈ L such that

∏

σ∈Σ

hσ(z) ≤ γ
∏

σ∈Σ

det(Hσ)1/N

with
γ = 4r1+r2 ω

−2r1/N
N ω

−2r2/N
2N D .

Using Lemma 3 again and the fact that m(h) = 1, we find v ∈ A∗ such that

1 ≤ h(vz) ≤ r C2
3

∏

σ∈Σ

hσ(z)1/r

≤ r C2
3 γ1/r

∏

σ∈Σ

det(Hσ)1/rN .

From this it follows that
∏

σ∈Σ

det(Hσ)−1 ≤ (r C2
3 )rN γN (14)

and Proposition 2 follows from (13) and (14).

2.6

To count the number of vectors in M(h) using Proposition 2 we shall apply the
following lemma :

Lemma 8. The number of elements a in A such that

∑

σ∈Σ

|a|2σ ≤ T
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is at most

B(T ) = Sup (T r/2 2r+3, 1) .

Proof. When r2 > 0, this follows from [7], V § 1, Theorem 0, p. 102, by
noticing that one can take C3 = 2r+3 in loc.cit. When r2 = 0, the argument is
similar.

3 Reduction theory

3.1

Fix an integer N ≥ 2. Let

Γ = GLN (A)

and

G = GLN (F ⊗Q R) .

On the standard lattice L0 = AN consider the hermitian metric h0 defined by

h0(x, y) =
∑

σ∈Σ

N∑

i=1

xiσ yiσ

for all vectors x = (xiσ) and y = (yiσ) in L0⊗ZC = (CN )Σ. Any g ∈ G defines
an hermitian metric h = g(h0) on L0 by the formula

g(h0) (x, y) = h0(g(x), g(y)) .

Let K be the stabilizer of h0 and G and X = K\G . We can view each h ∈ X
as a metric on L0.
Following Ash [1], we say that a finite subset M ⊂ L0 is well-rounded when

it spans the F -vector space L0 ⊗A F . We let W̃ ⊂ X be the space of metrics
h such that m(h) = 1 and M(h) is well-rounded. Given a well-rounded set

M ⊂ L0 we let C(M) ⊂ W̃ be the set of metrics h such that

• h(x) = 1 for all x ∈ M

• h(x) > 1 for all x ∈ L0 − (M ∪ {0}).

As explained in [1], proof of (iv), pp. 466-467, C(M) is either empty or topo-
logically a cell, and the family of closed cells C(M) gives a Γ-invariant cellular

decomposition of W̃ , such that

C(M) =
∐

M ′⊃M

C(M ′) .

Furthermore W̃/Γ is compact, of dimension dim(X) − N .
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3.2

Proposition 3. i) For any integer k ≥ 0, the number of cells of codimension

k in W̃ is at most

c(k,N) =

(
a(N)

N + k

)

where

a(N) = 2N(r+3)

(
N∏

i=1

Ti

)r/2

,

and Ti is as in Proposition 2.

ii) Given a cell in W̃ , its number of codimension one faces is at most a(N)N+1.

Proof. Let Φ be the set of vectors x = (xi) in AN such that, for all i =
1, . . . , N , ∑

σ∈Σ

|xi|2σ ≤ Ti .

Given h ∈ W̃ , Proposition 2 says that we can find a basis (fi) of L0 such that
any x in M(h) has its coordinates (xi) bounded as above. If γ ∈ Γ is the
matrix mapping the standard basis of AN to (fi), this means that M(γ(h)) =
γ−1(M(h)) is contained in Φ.

Let C(M) be a nonempty closed cell of codimension k in W̃ . For any x ∈ L0,
the equation h(x) = 1 defines a real affine hyperplane in the set of N × N
hermitian matrices with coefficients in (F ⊗Q C)+. The equations h(x) = 1,

x ∈ M , may not be linearly independent, but, since C(M) has codimension k,

M has at least N + k elements. And since M ⊂ M(h) for some h ∈ W̃ , there
exists γ ∈ Γ such that γ−1(M) is contained in Φ. Therefore, modulo the action

of Γ, there are at most
(

card(Φ)
N+k

)
cells C(M) of codimension k. From Lemma

7 we know that
card(Φ) ≤ a(N) ,

therefore i) follows.
To prove ii), consider a cell C(M) and a codimension one face C(M ′) of C(M).
We can write M ′ = M ∪{x} for some vector x and there exists γ ∈ Γ such that
γ(M ′) ⊂ Φ. Since M is well-rounded, the matrix γ is entirely determined by
the set of vectors γ(M), i.e. there are at most card(Φ)N matrices γ such that
γ(M) ⊂ Φ. Since γ(x) ∈ Φ, there are at most card(Φ)N+1 vectors x as above.

q.e.d.

3.3

Lemma 9. Let γ ∈ Γ − {1} and p be a prime number such that γp = 1. Then

p ≤ 1 + Sup(r,N) .

Documenta Mathematica · Extra Volume Kato (2003) 761–788



778 Christophe Soulé

Proof. Since γ is non trivial we have P (γ) = 0 where P is the cyclotomic
polynomial

P (x) = Xp−1 + Xp−2 + · · · + 1 .

If F does not contain the p-th roots of one, P is irreducible, and therefore it
divides the characteristic polynomial of the matrix γ over F , hence p− 1 ≤ N .
Otherwise, F contains Q(µp), which is of degree p − 1, therefore p − 1 ≤ r.

4 The main results

4.1

For any integer n > 0 and any finite abelian group A we let cardn(A) be the
largest divisor of the integer #(A) such that no prime p ≤ n divides cardn(A).
Let N ≥ 2 be an integer. We keep the notation of § 3 and we let

w̃ = dim(X) − N = r1
N(N + 1)

2
+ r2 N2 − N

be the dimension of W̃ . For any k ≤ w̃ we define

h(k,N) = a(N)(N+1)c(w̃−k−1,N) ,

where c(·, N) and a(N) are defined in Proposition 3.

Theorem 1. The torsion subgroup of the homology of GLN (A) is bounded as
follows

card1+sup(r,N)Hk(GLN (A),Z)tors ≤ h(k,N) .

Proof. We know from [1] that W̃ is contractible and the stabilizer of any h ∈
W̃ is finite. From Lemma 9 it follows that, modulo S1+sup(r,N), the homology
of Γ = GLN (A) is the homology of a complex (C·, ∂), where Ck is the free
abelian group generated by a set of Γ-representatives of those k-dimensional
cells c in W̃ such that the stabilizer of c does not change its orientation ([2],
VII). According to Proposition 3, the rank of Ck is at most c (w̃−k,N) and any

cell of W̃ has at most a(N)N+1 faces. Theorem 1 then follows from a general
result of Gabber ([13], Proposition 3 and equation (18)).

4.2

For any integer m ≥ 1 let

k(m) = h(m, 2m + 1) .

Denote by Km(A) the m-th algebraic K-group of A.
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Theorem 2. The following inequality holds

cardsup(r+1,2m+2)Km(A)tors ≤ k(m) .

Proof. As in [13], Theorem 2, we consider the Hurewicz map

H : Km(A) → Hm(GL(A),Z) ,

the kernel of which lies in Sn, n ≤ (m + 1)/2. Since, according to Maazen and
Van der Kallen,

Hm(GL(A),Z) = Hm(GLN (A),Z)

when N ≥ 2m + 1, Theorem 2 is a consequence of Theorem 1.

4.3

Let p be an odd prime and n ≥ 2 an integer. For any ν ≥ 1 denote by Z/pν(n)
the étale sheaf µ⊗n

pν on Spec(A[1/p]), and let

H2(Spec(A[1/p]),Zp(n)) = lim←−
ν

H2(Spec(A[1/p]),Zpν (n)) .

From [12], we know that this group is finite and zero for almost all p.

Theorem 3. The following inequality holds

∏

p≥4n−1
p≥r+2

card H2(Spec(A[1/p]),Zp(n)) ≤ k(2n − 2) .

Proof. According to [12], the cokernel of the Chern class

cn,2 : K2n−2(A) → H2(Spec(A[1/p]),Zp(n))

lies in Sn+1 for all p. Furthermore, Borel proved that K2m−2(A) is finite.
Therefore Theorem 3 follows from Theorem 2.

4.4

By Lemmas 1 to 7 and Propositions 1 to 3, the constant k(m) is explicitly
bounded in terms of m, r and D. We shall now simplify this upper bound.

Proposition 4. i) log log k(m) ≤ 220m4 log(m) r4r
√

D log(D)r−1

ii) If F has class number one,

log log k(m) ≤ 210m4 log(m) r4r
√

D log(D)r−1
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iii) If F = Q(
√
−D) is imaginary quadratic

log log k(m) ≤ 1120m4 log(m) log(D) ;

if furthermore F has class number one

log log k(m) ≤ 510m4 log(m) log(D) .

iv) When F = Q and m ≥ 9

log log k(m) ≤ 8m4 log(m) ;

furthermore
log log k(7) ≤ 40 545

and
log log k(8) ≤ 70 130 .

Proof. By definition

k(m) = h(m, 2m + 1) = a(N)(N+1)c(w̃−m−1,N)

with N = 2m + 1 and

c(w̃ − m − 1, N) =

(
a(N)

N + w̃ − m − 1

)
.

Since

N + w̃ − m − 1 = r1
N(N + 1)

2
+ r2 N2 − m − 1

≤ 2 r m2 + 3 r m + r − 2m − 1

and since a(2m + 1) is very big, we get

log log k(m) ≤ (2 r m2 + 3 r m + r − 2m − 1) log a(2m + 1)

+ log(2m + 2) + log log a(2m + 1)

≤ r(2m2 + 3m + 1) log a(2m + 1) . (15)

From Proposition 3 and Proposition 2 we get

a(N) = 2N(r+3)

(
N∏

i=1

Ti

)r/2

, (16)

and

N∏

i=1

Ti = (rrN γN C2rN+2
3 )N

N∏

i=1

BN−1
i . (17)
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According to Proposition 1

N∏

i=1

Bi =

[
(1 + C1 C2)(N C2 + C3)

(
1 + C2

r + 3

4

)log2(N)+2
]N

· C2(r+1)NHN

1 , (18)

where

HN =

N∑

i=1

1

i
≤ 1 + log(N) .

Assume s 6= 0. Then the upper bound C∗
3 we get from Lemmas 3 and 4 for C3

is much bigger than C2. Therefore

log(N C2 + C3) ≤ log(N) + log(C∗
3 ) . (19)

We deduce from (15), (16), (17), (18), (19) that

log log k(m) ≤ X1 + X2

with

X1 = r(2m2 + 3m + 1)
r

2
(N(2 r N + 2) + N(N − 1)) log(C∗

3 )

and

X2 = r(2m2 + 3m + 1)

(
N(r + 3) log(2)

+
r

2
N

(
N log(γ) + (N − 1)

[
log(1 + C1 C2) + log(N)

+ (log2(N) + 2) log

(
1 + C2

r + 3

4

)

+ 2(r + 1)(1 + log(N)) log(C1)

]))
. (20)

Since s ≤ r − 1, Lemma 3 and Lemma 4 imply

log(C∗
3 ) ≤ 11r2(r − 1)(4 r(log 3 r)3)r−2 2r−1

√
D log(D)r−1 ,

from which it follows that

X1 ≤ 208 log(m)m4 r4r
√

D log(D)r−1

when m ≥ 2 and r ≥ 2.
To evaluate X2 first notice that

4ω
−2/N
N ≤ 1 + N/4
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by [10], II, (1.5), Remark, hence

log(γ) ≤ r1 log

(
1 +

N

4

)
+ 2 r2 log

(
1 +

N

2

)
+ log(D)

≤ r log(N) + log(D) (21)

since N ≥ 5.

By the Stirling formula and Lemma 1, if r ≥ 2,

log(C1) = log(r!) − r log(r) + r2 log

(
4

π

)
+

1

2
log(D)

≤ 1 +
1

2
log(r) +

1

2
log(D) , (22)

log

(
1 + C2

r + 3

4

)
≤ Sup

(
log(C2) + log

(
r + 3

4

)
+ 1, log(2)

)
,

where

log(C2) + log(
r + 3

4
) ≤ r log(4) − (r − 2) log(r) − log(r!)

+ log(
r + 3

4
) +

1

2
log(D)

≤ 2.4 +
1

2
log(D) ,

so that

log

(
1 + C2

r + 3

4

)
≤ 3.4 +

1

2
log(D) . (23)

We also have

log(1 + C1 C2) ≤ Sup(1 + log(C1) + log(C2), log(2))

and

log(C1) + log(C2) ≤ −r log(r) + r − (r − 2) log(r) + r log(4) + log(D)

≤ 3.4 + log(D) ,

so that

log(1 + C1 C2) ≤ 4.4 + log(D) . (24)

From (20), (21), (22), (23), (24) we get

X2 ≤ a log(D) + b
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with

a = r(2m2 + 3m + 1)(2m + 1)

(
r

2
((2m + 1) + 2m + m log2(2m + 1) + m

+ 2m (r + 1)(1 + log(2m + 1)))

)
≤ 75 r3 m4 log(m)

if r ≥ 2 and m ≥ 2.
Finally

b = r(2m2 + 3m + 1)(2m + 1)

(
(r + 3) log(2) +

r

2
(2m + 1) r(log(r) + log(2m + 1))

+
r

2
(2m)

(
4.4 + log(2m + 1) + 3.4(log2(2m + 1) + 2)

+ 2 (r + 1) (1 + log(2m + 1))

(
1 +

1

2
log(r)

) ))
≤ 148 r4 m4 log(m)

when r ≥ 2 and m ≥ 2.
Therefore

log log k(m) ≤ 208 log(m)m4 r4r
√

D log(D)r−1 + 75 r3 m4 log(m) log(D)

+ 148 r4 m4 log(m) ≤ 220m4 log(m) r4r
√

D log(D)r−1

when m, r and D are at least 2. This proves i).
If we assume that A is principal, we can take C1 = 1 in Lemma 1 and Bi =
(i − 1)C2 + C3 in Proposition 1. Since C2 < C3 we get

log

(
N∏

i=1

Bi

)
≤ log(N !) + N log(C3)

and
log log k(m) ≤ X1 + X3

where

X3 = r(2m2 + 3m + 1)

[
(r + 3)(2m + 1) log(2) +

r2

2
(2m + 1)2 log(r)

+
r

2
(2m + 1)2 log(γ) +

r

2
(2m) log((2m + 1)!)

]

≤ 6m4 r2 log(D) + 2 r4r m4 log(m) .

Therefore
X1 + X3 ≤ 210m4 log(m) r4r

√
D log(D)r−1 .

Assume now that r1 + r2 = 1. Then C3 = 1 and the term X1 disappears from
the above computation. Assume first that F = Q(

√
−D). Since r2 = 1 and

r1 = 0 we get

log log k(m) ≤ (4m2 + 3m + 1) log a(2m + 1) .
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Furthermore (18) becomes

N∏

i=1

Bi ≤
[
(1 + C1 C2)(1 + N C2)

(
1 +

5

4
C2

)log2(N)+2
]N

· C6N(1+log(N))
1 .

Therefore

log log k(m) ≤ (4m2 + 3m + 1)

[
5N log(2) + 2N2 log(2)

+ N2 log(γ) + N(N − 1)

[
log(1 + C1 C2)

+ log(1 + N C2) + (log2(N) + 2) log

(
1 +

5

4
C2

)]

+ 6N(1 + log N) log(C1)

]
,

with N = 2m + 1. We have now

γ ≤
(

1 +
N

2

)2

D ,

C1 =
2

π

√
D and C2 =

π

2

√
D .

This implies

log log k(m) ≤ 597m4 log(m)+256m4 log(m) log(D) ≤ 1120m4 log(m) log(D) .

If F = Q(
√
−D) is principal we can take C1 = 1 and Bi = (i − 1)C2 + 1. We

get
log log k(m) ≤ 510m4 log(m) log(D) .

Finally, assume that F = Q. Then

Bi =
i + 1

2
since C2 =

1

2
, and γ ≤ 1 +

N

4
.

Therefore

log log k(m) ≤ (2m2 + 2m + 1) log a(2m + 1)

≤ (2m2 + 2m + 1)

[
4N log(2) +

N2

2
log

(
1 +

N

4

)

+
N − 1

2
log

(
N∏

i=1

i + 1

2

)]

≤ 8m4 log(m)

if m ≥ 9. We can also estimate k(7) and k(8) from this inequality above. This
proves iv).
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5 Discussion

5.1

The upper bound in Theorem 2 and Propostition 4 seems much too large.
When m = 0, cardK0(A)tors is the class number h(F ), which is bounded as
follows:

h(F ) ≤ α
√

D log(D)r−1 , (25)

for some constant α(r) [11], Theorem 4.4, p. 153. Furthermore, when F =
Q, m = 2n − 2 and n is even, the Lichtenbaum conjecture predicts that
cardK2n−2(Z) is the order of the numerator of Bn/n, where Bn is the n-th
Bernoulli number. The upper bound

Bn ≤ n! ≈ nn

suggests, since the denominator of Bn/n is not very big, that cardKm(Z)tors
should be exponential in m. We are thus led to the following:

Conjecture. Fix r ≥ 1. There exists positive constants α, β, γ such that,
for any number field F of degree r on Q,

cardKm(A)tors ≤ α exp(βmγ log D) .

Furthermore, we expect that γ does not depend on r.

5.2

As suggested by A. Chambert-Loir, it is interesting to consider the analog in
positive characteristic of the conjecture above. Let X be a smooth connected
projective curve of genus g over the finite field with q elements, ζX(s) its zeta
function and

P (t) =

2g∏

i=1

(1 − αi t) ,

where αi are the roots of Frobenius acting on the fist `-adic cohomology group
of X. When n > 1, it is expected that the finite group K2n−2(X) has order
the numerator of ζX(1 − n), i.e. P (qn−1). Since |αi| = q1/2 for all i = 1 · · · 2g,
we get

P (qn−1) ≤ (1 + qn−1/2)2g ≤ q2ng .

In the analogy between number fields and function fields, the genus g is known
to be an analog of log(D). Therefore the bound above is indeed analogous to
the conjecture in §5.1.
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5.3

The upper bound for k(m) in Proposition 4 i) is twice exponential in D. One
exponential is due to our use of Lemma 3, where C3 is exponential in D. Maybe
this can be improved in general, and not only when s = 0.

The exponential in D occuring in Proposition 4 ii) might be due to our use
of the geometry of numbers. Indeed, if one evaluates the class number h(F )
by applying naively Minkowski’s theorem (Lemma 1), the bound one gets is
exponential in D; see however [8], Theorem 6.5., for a better proof.

5.4

One method to prove (25) consists in combining the class number formula
(see (7) and (8)) with a lower bound for the regulator R(F ). This suggests
replacing the arguments of this paper by analytic number theory, to get good
upper bounds for étale cohomology.

More precisely, let n ≥ 2 be an integer, and let ζF (1 − n)∗ be the leading
coefficient of the Taylor series of ζF (s) at s = 1− n. Lichtenbaum conjectured
that

ζF (1 − n)∗ = ± 2r1 R2n−1(F )

∏

p

cardH2(Spec(A[1/p]),Zp(n))

∏

p

cardH1(Spec(A[1/p]),Zp(n))tors
, (26)

where R2n−1(F ) is the higher regulator for the group K2n−1(F ). The equality
(26) is known up a power of 2 when F is abelian over Q [5], [6], [3].

The order of the denominator on the right-hand side of (26) is easy to evaluate,
as well as ζF (1 − n)∗ (since it is related by the functional equation to ζF (n)).

Problem. Can one find a lower bound for R2n−1(F )?

If such a problem could be solved, the equality (26) is likely to produce a much
better upper bound for étale cohomology than Theorem 3. Zagier’s conjecture
suggests that this problem could be solved if one knew that the values of the
n-logarithm on F are Q-linearly independent.

5.5

To illustrate our discussion, let F = Q and n = 5. Then we have

H2(Spec(Z[1/p]),Zp(5))/p = C(p−5) ,

where C is the class group of Q( p
√

1) modulo p, and C(i) is the eigenspace of C
of the i-th power of the Teichmüller character. Vandiver’s conjecture predicts
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that C(p−5) = 0 when p is odd. It is true when p ≤ 4.106. Theorem 3 and
Proposition 4 tell us that

∏

p

H2(Spec(Z[1/p],Zp(5)) ≤ k(8) ≤ exp exp (70130).

If one could find either a better upper bound for the order of K8(Z) or a good
lower bound for R9(Q), this would get us closer to the expected vanishing of
C(p−5).
Notice that, using knowledge on K4(Z), Kurihara has proved that C(p−3) = 0.
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[13] C. Soulé, Perfect forms and the Vandiver conjecture, J. Reine Angew.
Math. 517, 209–221 (1999).

[14] P.Voutier, An effective bound for the height of algebraic numbers, Acta
Arith. (1) 74, 81–95 (1996).

Christophe Soulé
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§0. Introduction.
Let f : X → S be a morphism between schemes X and S. We refer to an
S-morphism σ : S′ → X from an S-scheme S′ to X as a quasi-section of f , if
the structure morphism π : S′ → S is surjective. Moreover, for each property
P of morphisms of schemes, we say that σ is a P quasi-section, if π is P. In this
terminology, Rumely’s theorem, which generalized Skolem’s classical problems
and was augmented by the work of Moret-Bailly, can be stated as follows:

Theorem ([Ru1], [Mo2]). Let S be a non-empty, affine, open subscheme of
either the spectrum of the integer ring of an algebraic number field K or a
proper, smooth, geometrically connected curve over a finite field with function
field K. Let X be a scheme and f : X → S a morphism of schemes, such

that X is irreducible, that XK
def
= X ×S Spec(K) is geometrically irreducible

over K, and that f is of finite type and surjective. Then, f admits a finite
quasi-section.

On the other hand, the following is a well-known fact in algebraic geometry:
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Theorem ([EGA4], Corollaire (17.16.3)(ii)). Let f : X → S be a morphism of
schemes (with S arbitrary) which is smooth and surjective. Then, f admits an
étale quasi-section.

In the present paper, we prove, among other things, the following theorem
in positive characteristic, which is a sort of mixture of the above two theorems:

Theorem (0.1). (See (3.1).) Let S be a non-empty, affine, open subscheme of
a proper, smooth, geometrically connected curve over a finite field with function
field K. Let X be a scheme and f : X → S a morphism of schemes, such that
XK is geometrically irreducible over K, and that f is smooth and surjective.
Then, f admits a finite étale quasi-section.

Here, we would like to note that the validity of this theorem is typical of positive
characteristic. For example, it is easy to observe that P1

Z−{0, 1,∞} → Spec(Z)
does not admit a finite étale quasi-section.

In the work of Rumely and Moret-Bailly, they also proved certain refined
versions of the above theorem, which involve local conditions at a finite number
of primes. To state these refined versions, let S and K be as in the theorem of
Rumely and Moret-Bailly. Thus, K is either an algebraic number field or an
algebraic function field of one variable over a finite field. We denote by ΣK the
set of primes of K, and we denote by ΣS the set of closed points of S, which
may be regarded as a subset of ΣK . Moreover, let Σ be a (an automatically
finite) subset of ΣK − ΣS , which is not the whole of ΣK − ΣS . (This last
assumption is referred to as incompleteness hypothesis.) For each v ∈ Σ, let
Kv denote the v-adic completion of K, and assume that a normal algebraic
extension Lv/Kv (possibly of infinite degree) is given. Let X and f : X → S
be as in the theorem of Rumely and Moret-Bailly, and assume that, for each
v ∈ Σ, a non-empty, v-adically open, Gal(Ksep

v /Kv)-stable subset Ωv of X(Lv)
is given.

Theorem ([Ru1], [Mo3]). Notations and assumptions being as above, assume,
moreover, either Lv = Kv ([Ru1]) or Lv is Galois over Kv ([Mo3]). Then,
there exists a finite quasi-section S′ → X of f : X → S, such that, for each

v ∈ Σ, S′
Lv

def
= S′ ×S Spec(Lv) is a direct sum of (a finite number of) copies of

Spec(Lv), and the image of S′
Lv

in X(Lv) = XLv
(Lv) is contained in Ωv.

Remark (0.2). In fact, Moret-Bailly’s version implies Rumely’s version. See
[Mo3], Remarque 1.6 for this. Indeed, Moret-Bailly’s version implies more,
namely, that it suffices to assume that Lv is a normal algebraic extension of
Kv such that Lv ∩ Ksep

v is (v-adically) dense in Lv. (See the proof of [Mo3],
Lemme 1.6.1, case (b).)

Remark (0.3). Here is a brief summary of the history (in the modern termi-
nology) of Skolem’s problems and its generalizations. Skolem [S] proved the
existence of finite quasi-sections for rational varieties. Cantor and Roquette
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[CR] proved it for unirational varieties. (A similar result was slightly later ob-
tained in [EG].) Then, Rumely [Ru1] gave the first proof for arbitrary varieties
(in the case of rings of algebraic integers). (See also [Ro].) Moret-Bailly (and
Szpiro) [Mo2,3] gave an alternative proof of Rumely’s result in stronger forms.
(Another alternative proof was later given in [GPR].) Moret-Bailly also proved
the existence of finite quasi-sections for algebraic stacks ([Mo5]).

We also prove the following refined version in the unramified setting. Unfor-
tunately, in the unramified setting, our version for the present is weaker than
Moret-Bailly’s version (though it is stronger than Rumely’s version). To state
this, let S and K be as in (0.1). Thus, K is an algebraic function field of
one variable over a finite field. We denote by ΣK the set of primes of K, and
we denote by ΣS the set of closed points of S. Moreover, let Σ be a subset of
ΣK −ΣS , which is not the whole of ΣK −ΣS . For each v ∈ Σ, let Kv denote the
v-adic completion of K, and assume that a normal algebraic extension Lv/Kv

is given. Let f : X → S be as in (0.1), and assume that, for each v ∈ Σ, a
non-empty, v-adically open, Gal(Ksep

v /Kv)-stable subset Ωv of X(Lv) is given.

Theorem (0.4). (See (3.1).) Notations and assumptions being as above, as-
sume, moreover, that, for each v ∈ Σ, Lv ∩ Ksep

v is dense in Lv, and that the
residue field of Lv is infinite. Then, there exists a finite étale quasi-section
S′ → X of f : X → S, such that, for each v ∈ Σ, S′

Lv
is a direct sum of copies

of Spec(Lv), and the image of S′
Lv

in X(Lv) = XLv
(Lv) is contained in Ωv.

Roughly speaking, the proof of (0.4) goes as follows. Via some reduction
steps, we may assume that X is quasi-projective over S. Then, by means of a
version of arithmetic Bertini theorem, we take hyperplane sections successively
to obtain a suitable quasi-section finally. More precisely, we use the following
unramified version of arithmetic Bertini theorem, which is another main result
of the present paper:

Theorem (0.5). (See (3.2).) Let S, Σ, Lv be as in (0.4). Moreover, let
Y1, . . . , Yr be irreducible, reduced, closed subschemes of Pn

S. For each v ∈ Σ,

let Ω̌v be a non-empty, v-adically open, Gal(Ksep
v /Kv)-stable subset of P̌n

S(Lv).
Then, there exist a connected, finite, étale covering S′ → S such that, for each
v ∈ Σ, S′

Lv
is a direct sum of copies of Spec(Lv), and a hyperplane H ⊂ Pn

S′ ,
such that the following hold: (a) for each i = 1, . . . , r, each geometric point s
of S′ and each irreducible component P of Yi,s, we have P ∩ Hs ( P ; (b) for
each i = 1, . . . , r, the scheme-theoretic intersection (Y sm

i )S′ ∩ H (in Pn
S′) is

smooth over S′ (Here, Y sm
i denotes the set of points of Yi at which Yi → S is

smooth. This is an open subset of Yi, and we regard it as an open subscheme of
Yi.); (c) for each i = 1, . . . , r and each irreducible component P of Yi,K (where

we identify the algebraic closure of the function field of S′ with that of S) with
dim(P ) ≥ 2, P ∩ HK is irreducible; and (d) for each v ∈ Σ, the image of S′

Lv

in P̌n(Lv) by the base change to Lv of the classifying morphism [H] : S′ → P̌n
S

over S is contained in Ω̌v.
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There remain, however, the following non-trivial problems. Firstly, a
Bertini-type theorem is, after all, to find a (quasi-)section in an open subset of
the (dual) projective space, which requires a Rumely-type theorem. Secondly,
in the (most essential) case where X is of relative dimension 1 over S, the
boundary of X (i.e., the closure of X minus X in the projective space) may
admit vertical irreducible components (of dimension 1). Since a hyperplane
intersects non-trivially with every positive-dimensional irreducible component,
the hyperplane section does not yield a finite quasi-section of X (but merely
of the closure of X).

To overcome the first problem, we have to prove a Rumely-type theorem for
projective n-spaces directly. It is not difficult to reduce this problem to the
case n = 1. First, we shall explain the proof of this last case assuming Σ = ∅.
So, we have to construct a finite, étale quasi-section in an open subscheme
X of P1

S . Moreover, for simplicity, we assume that X is a complement of

the zero locus W of w(T ) ∈ R[T ] in A1
S = Spec(R[T ]), where R

def
= Γ(S,OS).

(Since X is assumed to be surjectively mapped onto S, w(T ) is primitive.) The
original theorem of Rumely and Moret-Bailly, together with some arguments
from Moret-Bailly’s proof, implies that there exists a monic polynomial g(T ) ∈
R[T ] of positive degree, such that the zero locus of g in A1

S is contained in
X. Now, if the zero locus of g is étale over S, we are done. In general,
we shall consider the following polynomial: F (T ) = g(T )pm + w(T )pT for
sufficiently large m > 0. Then, F (T ) is a monic polynomial in R[T ], and
its zero locus S′ gives a closed subscheme of A1

S which is finite, flat over S.
Since g(T ) (resp. w(T )) is a unit (resp. zero) on W , F (T ) is a unit on W ,
or, equivalently, S′ is contained in X. Moreover, since F ′(T ) = w(T )p, the
zero locus of F ′ coincides with W , hence is disjoint from the zero locus S′ of F .
This means that S′ is étale over S, as desired. (This argument is inspired by an
argument of Gabber in [G].) Next, assume Σ 6= ∅. Then, to find a finite, étale
quasi-section with prescribed local conditions at Σ, we need to investigate local
behaviors of roots of polynomials like the above F . Since it is easy to reduce
the problem to the case where the above w is v-adically close to 1 (by means
of a coordinate change), we see that it is essential to consider local behaviors
of roots of polynomials in the form of

a1T +

m∑

i=0

aipT
ip

with a1 6= 0. (In the present paper, we refer to a polynomial in this form as a
superseparable polynomial.) As a result of this investigation, we see that we
can take the above F so that, for each v ∈ Σ, every root of F is contained in
the given Ωv. Also, in this investigation, the (hopefully temporary) condition
that the residue field of Lv is infinite for each v ∈ Σ arises.

To overcome the second problem, we take a finite, flat quasi-section with lo-
cal conditions by means of Moret-Bailly’s version of Rumely’s theorem. Then,
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by using this (horizontal) divisor, we construct a (new) quasi-projective em-
bedding of X. Now, in this projective space, we can construct a finite, étale
quasi-section of X as a hyperplane section.

Here is one more ingredient of our proof that we have not yet mentioned:

Theorem (0.6). (See (2.1) and (2.2).) Let S and Σ be as in (0.4). Assume,
moreover, that, for each v ∈ Σ, a finite Galois extension Lv/Kv is given.
Then, there exists a connected, finite, étale, Galois covering S′ → S, such that,
for each v ∈ Σ, S′ ×S Spec(Kv) is isomorphic to a disjoint sum of copies of
Spec(Lv) over Kv.

We use this result in some reduction steps. See §3 for more details.

The author’s original motivation to prove results like (0.1) arises from the
study of coverings of curves in positive characteristic. For example, in the
forthcoming paper, we shall prove the following result as an application of
(0.1):

Theorem (0.7). For each pair of affine, smooth, connected curves X,Y over
Fp, there exists an affine, smooth, connected curve Z over Fp that admits finite,

étale morphisms Z → X and Z → Y over Fp.

In other words, there exists an Fp-scheme H, such that, for every affine,

smooth, connected curve X over Fp, the ‘pro-finite-étale universal covering’ X̃

of X is isomorphic to H over Fp.

For other applications of the above main results, see §4.

Finally, we shall explain the content of each § briefly. In §1, we investigate
the above-mentioned class of polynomials in positive characteristic, namely,
superseparable polynomials. The aim here is to control how a superseparable
polynomial over a complete discrete valuation field in positive characteristic
decomposes. Here, (1.18) is a final result, on which the arguments in §2 and
§3 are based. In §2, we prove the existence of unramified extensions with
prescribed local extensions, such as (0.6) above. The main results are (2.1)
and (2.2). In the former, we treat an arbitrary Dedekind domain in positive
characteristic, while, in the latter, we only treat a curve over a field of positive
characteristic but we can impose (weaker) conditions on all the primes of the
function field. The proofs of both results rely on the results of §1. In §3, we
prove the main results of the present paper, namely, an unramified version of
the theorem of Rumely and Moret-Bailly in positive characteristic (3.1), and an
unramified version of the arithmetic Bertini theorem in positive characteristic
(3.2). In §4, we give several remarks and applications of the main results.
Some of these applications are essentially new features that only arise after our
unramified versions.

Acknowledgment. Professor Kazuya Kato was the advisor of the author’s mas-
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§1. Superseparable polynomials.
Throughout this §, we let K denote a field.

Definition. Let f(T ) be a polynomial in K[T ]. We say that f is supersepa-
rable, if the derivative f ′(T ) of f(T ) falls in K[T ]× = K×.

Lemma (1.1). For each f(T ) ∈ K[T ], the following (a)–(c) are equivalent.
(a) f is superseparable.
(b) The K-morphism A1

K → A1
K associated to f is étale everywhere.

(c) f is in the form of

f(T ) =





a1T + a0, if char(K) = 0,

a1T +
m∑

i=0

aipT
ip, if char(K) = p > 0,

where aj ∈ K and a1 6= 0.

Proof. Immediate. ¤

Remark (1.2). f is separable (i.e., (f, f ′) = 1) if and only if the associated

K-morphism from A1
upper,K

def
= A1

K to A1
lower,K

def
= A1

K is étale at 0 ∈ A1
lower,K .

From now on, let p denote a prime number, and we assume that K is of char-
acteristic p and is equipped with a complete discrete valuation v, normalized as
v(K×) = Z. We denote by R, m, k, and t the valuation ring of v, the maximal
ideal of R, the residue field R/m, and a prime element of R, respectively. We
fix an algebraic closure K of K, and we denote again by v the unique valuation
K → Q ∪ {∞} that extends v. Moreover, for each subfield L of K containing
K, we denote by RL, mL, and kL the integral closure of R in L, the maximal
ideal of RL, and the residue field RL/mL, respectively.

Now, consider a superseparable polynomial

(1.3) f(T ) = aT + h(T p),

where a ∈ K×, h ∈ K[T ], and we put m
def
= deg(h). (We put m = 0 if h = 0.)

The aim of this § is to describe how f decomposes and what is the Galois group
associated with f .

Definition. (i) We say that a polynomial g in K[T ] is integral, if all the
coefficients of g belong to RK .
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(ii) Let g be a non-zero polynomial in K[T ]. We denote by roots(g) the set of
roots of g in K. This is a finite subset of K.
(iii) Let g be a separable polynomial in K[T ]. Then, we denote by Kg the

minimal splitting field of g in K, i.e., the subfield of K generated by roots(g)

over K. This is a Galois extension of K, and we put Gg
def
= Gal(Kg/K).

(iii) Let g be a polynomial in K[T ], and α an element of roots(g). Then, we
put

µ(g, α)
def
= max{v(α′ − α) | α′ ∈ roots(g) − {α}}.

Here, we put max ∅ def
= −∞.

The following is a version of Krasner’s lemma.

Lemma (1.4). Let f be a monic, integral, superseparable polynomial in K[T ]
as in (1.3).
(i) For each α ∈ roots(f), we have µ(f, α) ≤ 1

p−1v(a).

(ii) Let ε(T ) =

mp∑

j=0

εjT
j be a polynomial in K[T ] (with degree ≤ mp), such that

v(εj) > p
p−1v(a) holds for all j = 0, . . . ,mp. We put f1

def
= f + ε. Then, f1 is

separable and we have Kf1
= Kf .

Proof. (i) Observe the Newton polygon of f(T + α) (which is also a monic,
integral, superseparable polynomial).
(ii) For each α ∈ roots(f), put gα(T ) = f1(T + α), which is an integral poly-
nomial in K[T ]. Then, we have roots(gα) = {β − α | β ∈ roots(f1)}. We have
gα(0) = f1(α) = ε(α) and g′α(0) = f ′

1(α) = a+ ε′(α), hence v(gα(0)) > p
p−1v(a)

and v(g′α(0)) = v(a). Thus, by observing the Newton polygon of gα, we see that
there exists a unique β = βα ∈ roots(f1), such that v(β − α) > 1

p−1v(a). The

map roots(f) → roots(f1), α 7→ βα is clearly Gal(Ksep/K)-equivariant. More-
over, this map is injective, since, for each pair α, α′ ∈ roots(f) with α 6= α′,
we have v(α − α′) ≤ 1

p−1v(a) by (i). As ](roots(f)) = mp ≥ ](roots(f1)), this

map must be a bijection. Thus, we obtain a Gal(Ksep/K)-equivariant bijection

roots(f)
∼→ roots(f1), so that f1 is separable and Kf = Kf1

, as desired. ¤

Definition. Let m and n be natural numbers.

(i) We put In
def
= {1, . . . , n}.

(ii) We denote by Sn the symmetric group on the finite set In. Moreover,
identifying In with Z/nZ naturally, we define

Bn
def
= {σ ∈ Sn | ∃a ∈ (Z/nZ)×, ∃b ∈ Z/nZ, ∀i ∈ Z/nZ, σ(i) = ai + b}

and

Cn
def
= {σ ∈ Sn | ∃b ∈ Z/nZ, ∀i ∈ Z/nZ, σ(i) = i + b}.

Thus, Sn ⊃ Bn B Cn, and Bn (resp. Cn) can be naturally identified with the
semi-direct product (Z/nZ)× n (Z/nZ) (resp. the cyclic group Z/nZ).
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(ii) We denote by Sm×n the symmetric group on the finite set Im × In. (Thus,
Sm×n ' Smn.) Let pr1 denote the first projection Im × In → Im. We define

Smnn
def
= {σ ∈ Sm×n | ∃σ ∈ Sm, ∀(i, j) ∈ Im × In, pr1(σ((i, j))) = σ(i)}.

Thus, Smnn can be naturally identified with the semi-direct product Sm n
(Sn)Im . Here, for a group G and a positive integer r, GIr denotes the di-
rect product G × · · · × G︸ ︷︷ ︸

r times

. We adopt this slightly unusual notation to save the

notation Gr for {gr | g ∈ G} (for a commutative group G).

The following proposition is a mere exercise in Galois theory over local fields
in positive characteristic, but it is the starting point of our proofs of main results
in later §§.
Proposition (1.5). Let f be a superseparable polynomial as in (1.3) with m ≥
1. Moreover, we assume that (a) h is separable, and (b) we have δ(a, h, α) >
µ(h, α) for all α ∈ roots(h), where

δ(a, h, α)
def
= min

(
v(a) − v(h′(α)) +

1

p
v(α),

p

p − 1
(v(a) − v(h′(α)))

)
.

Then, by choosing a suitable bijection between roots(f) and Im × Ip:
(i) The Galois group Gf can be identified with a subgroup of Smnp (⊂ Sm×p).
(ii) Gf ∩ (Sp)

Im ⊂ (Bp)
Im .

(iii) The group filtration

{1} ⊂ Gf ∩ (Cp)
Im ⊂ Gf ∩ (Sp)

Im ⊂ Gf

corresponds via Galois theory to the field filtration

Kf ⊃ Mf ⊃ Kh ⊃ K,

where Mf is the subfield of K generated by {(−a/h′(α))
1

p−1 | α ∈ roots(h)}
over Kh.

Proof. (i) First, we shall prove the following:

Claim (1.6). (i) For each α ∈ roots(h), put

Fα
def
= {β ∈ roots(f) | v(βp − α) ≥ δ(a, h, α)}.

Then, Fα has cardinality p for each α ∈ roots(h).
(ii) For each β ∈ roots(f), there exists a unique α = αβ ∈ roots(h), such that
Fα 3 β.

Proof. (i) Observe the Newton polygon of f(T +α1/p) = h(T p+α)+aT +aα1/p

by using δ(a, h, α) > µ(h, α). Then, we see that Fα has cardinality p, as
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desired (and that the subset {β ∈ roots(f) | v(βp − α) = δ(a, h, α)} of Fα has
cardinality ≥ p − 1).
(ii) First, we shall prove the uniqueness. Suppose that there exist α1, α2 ∈
roots(h), α1 6= α2, such that v(βp − αi) ≥ δ(a, h, αi) holds for i = 1, 2. Then,
we have

v(α1 − α2) = v((βp − α2) − (βp − α1)) ≥ min(δ(a, h, α1), δ(a, h, α2)),

while, by assumption, we have

min(δ(a, h, α1), δ(a, h, α2)) > min(µ(h, α1), µ(h, α2)) ≥ v(α1 − α2).

This is absurd.
By this uniqueness and (i), we have

](
⋃

α∈roots(h)

Fα) =
∑

α∈roots(h)

](Fα) = mp = ](roots(f)),

hence
⋃

α∈roots(h)

Fα = roots(f). This implies the existence of α = αβ for each

β ∈ roots(f). ¤

By (1.6)(ii), we obtain a well-defined map π : roots(f) → roots(h), β 7→ αβ .
By (1.6)(i), π is surjective and each fiber of π has cardinality p. Since π is
Gal(Ksep/K)-equivariant by definition, this implies (1.5)(i). (We may choose
any bijections roots(h) ' Im and Fα ' Ip (α ∈ roots(h)).)

Note that this construction already shows that the field extension of K
corresponding to the subgroup Gf ∩ (Sp)

Im = Ker(Gf → Sm) coincides with
Kh.

(ii) We shall start with the following. From now on, for each x, x′ ∈ K
×

, we
write x ∼ x′ if x′/x ∈ 1 + mK , or, equivalently, v(x′ − x) > v(x).

Claim (1.7). (i) Let α, α′ ∈ roots(h) and β ∈ Fα. Assume α 6= α′. Then, we
have βp − α′ ∼ α − α′. In particular, we have v(βp − α′) = v(α − α′).
(ii) Let α, α′ ∈ roots(h), β ∈ Fα, and β′ ∈ Fα′ . Assume β 6= β′. Then, we have

v((β′)p − βp) =

{
v(α′ − α) (≤ µ(h, α)), if α 6= α′,

p
p−1 (v(a) − v(h′(α))) (≥ δ(a, h, α)), if α = α′.

Proof. (i) v((βp−α′)−(α−α′)) = v(βp−α) ≥ δ(a, h, α) > µ(h, α) ≥ v(α−α′).
(ii) If α 6= α′, we have v((β′)p − βp) = v(((β′)p −α′)− (βp −α′)) = v(βp −α′),
since v((β′)p−α′) > v(βp−α′) by the definition of Fα′ . (Recall that Fα∩Fα′ = ∅
holds by (1.6)(ii).) Thus, in this case, v((β′)p − βp) = v(α′ − α) holds by (i).

By using this and (i), observe the Newton polygon of f(T + β) = h(T p +
βp) + aT + aβ and compare it with the Newton polygon of f(T + α1/p). Then,
we can read off the value v(β′ − β) for α = α′. ¤
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For each α ∈ roots(h), the subgroup Gal(Kf/K(α)) of Gf acts on Fα. In
order to prove (1.5)(ii), it suffices to prove that the image Gal(K(α)(Fα)/K(α))
of this action is contained in Bp (⊂ Sp), after choosing a suitable bijection
Fα ' Ip.

Claim (1.8). Let α ∈ roots(h) and β ∈ Fα.
(i) We have K(α)(Fα) = K(α)(β)((−a/h′(α))1/(p−1)).
(ii) Let β′ ∈ Fα, β′ 6= β. Then, we have (β′ − β)p−1 ∼ −a/h′(α). More
precisely, we have

{(β′ − β)mod ∼| β′ ∈ Fα, β′ 6= β} = {ζ(−a/h′(α))
1

p−1 mod ∼| ζ ∈ F×
p }.

Proof. As in the proof of (1.7)(ii), observe the Newton polygon of f(T + β) =
h(T p + βp) + aT + aβ. Then, observing the coefficients of T 0, T 1, . . . , T p,
we see that K(α)(Fα) = K(α)(β)((−a/h′(βp))1/(p−1)). Now, by (1.7)(i),
we obtain h′(βp) ∼ h′(α), which implies K(α)(β)((−a/h′(βp))1/(p−1)) =
K(α)(β)((−a/h′(α))1/(p−1)). These complete the proof of (i), and also show
(ii). ¤

Lemma (1.9). Let G be a subgroup of Sp, and, for each i = 1, . . . , p, we denote
by Gi the stabilizer of i in G. Moreover, let φ : G → F×

p be a homomorphism,

such that, for each i = 1, . . . , p, there exists an identification σi : Ip −{i}∼→F×
p ,

such that σigiσ
−1
i coincides with the φ(gi)-multiplication map on F×

p for each
gi ∈ Gi. Then, we have G ⊂ Bp via a suitable identification Ip ' Fp.

Proof. Put N
def
= Ker(φ). Then, N is a normal subgroup of G. By using the

identity φ(gi)· = σigiσ
−1
i , we see that N∩Gi = {1} for all i = 1, . . . , p. Namely,

the action of N on Ip is free. Since ](Ip) = p is a prime number, this implies
that either N = {1} or N = Cp (via some identification Ip ' Fp). In the latter
case, we obtain G ⊂ Bp, since the normalizer of Cp in Sp coincides with Bp.
So, assume N = {1}. Then, G = G/N is abelian with ](G) | p − 1.

Let X be any G-orbit of Ip. Suppose that X is not a one-point set. Then,
there exist i, j ∈ X, i 6= j. Since G is abelian, this implies Gi = Gj . On the

other hand, by the identity φ(gi)· = σigiσ
−1
i , we see that Gi ∩Gj = {1}. Thus,

we must have Gi(= Gj) = {1}.
By this consideration, we conclude that Ip is isomorphic as a G-set to a

disjoint union of copies of G and copies of G/G. If a copy of G/G appears,
then this means G = Gi for some i = 1, . . . , p, and, by using the unique
extension of σi to Ip

∼→Fp, we obtain G ⊂ F×
p ⊂ Bp.

On the other hand, if no copy of G/G appears, we must have ](G) | p.
As ](G) | p − 1 also holds, we conclude G = {1} ⊂ Bp. This completes the
proof. ¤

By (1.8), we may apply (1.9) to G = Gal(K(α)(Fα)/K(α)) and the Kummer
character φ : G → F×

p defined by (−a/h′(α))1/(p−1), and conclude G ⊂ Bp, as
desired.
(iii) This has been already done in the proofs of (i) and (ii). ¤
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Corollary (1.10). Let m be an integer ≥ 1. Let R = Runiv be the
completion of the discrete valuation ring Fp[s0, sp, s2p, . . . , s(m−1)p, s1](s1)

(where si’s are algebraically independent indeterminates), i.e., R =
Fp(s0, sp, . . . , s(m−1)p)[[s1]], and K = Kuniv the field of fractions of R.
Consider a superseparable polynomial f(T ) as in (1.3), where a = s1 and

h(T ) =

m∑

i=0

sipT
i (smp

def
= 1). Then:

(i) By choosing a suitable bijection between roots(f) and Im × Ip, the Galois
group Gf can be identified with an extension group of Sm by a subgroup B of
(Bp)

Im . Here, B is an extension of a subgroup E of (Bp)
Im/(Cp)

Im = (F×
p )Im

by (Cp)
Im , where E = (F×

2 )Im = {1} if p = 2,

E =





Ker((F×
p )I2 ³ (F×

p /{±1})I2/∆(F×
p /{±1})), m = 2,

Ker((F×
p )Im ³ F×

p /(F×
p )2), m ≡ 0 (mod 2), m 6= 2,

(F×
p )Im , m 6≡ 0 (mod 2),

if p ≡ 1 (mod 4), and

E =





Ker((F×
p )I2 ³ (F×

p /{±1})I2/∆(F×
p /{±1})), m = 2,

Ker((F×
p )Im ³ F×

p /(F×
p )2), m ≡ 0 (mod 4),

(F×
p )Im , m 6≡ 0 (mod 4), m 6= 2,

if p ≡ 3 (mod 4). Here, for a commutative group G and a positive integer r,
we define subgroups ∆(G) and (GIr )0 of GIr by ∆(G) = {(g, . . . , g) ∈ GIr |
g ∈ G} and (GIr )0 = Ker(GIr → G, (g1, . . . , gr) 7→ g1 · · · gr), respectively,
and, in the case where either p ≡ 1 (mod 4), m ≡ 0 (mod 2), m 6= 2 or
p ≡ 3 (mod 4), m ≡ 0 (mod 4) holds, the surjective homomorphism (F×

p )Im ³

F×
p /(F×

p )2 is the composite of (F×
p )Im ³ (F×

p /(F×
p )2)Im and (F×

p /(F×
p )2)Im ³

(F×
p /(F×

p )2)Im/((F×
p /(F×

p )2)Im)0 = F×
p /(F×

p )2. Moreover, the inertia subgroup

of Gf corresponds to ∆(F×
p ) n (Fp)

Im .

(ii) kKf
is generated by {(α mod mKf

)1/p | α ∈ roots(h)} ∪
{(h′(α)/h′(α′))

1
p−1 mod mKf

| α, α′ ∈ roots(h)} over k. Moreover, the
algebraic closure F of Fp in kKf

coincides with F2 if p = 2,

F =

{
Fp2 , m = 2,

Fp, m 6= 2,

if p ≡ 1 (mod 4), and

F =

{
Fp2 , m ≡ 2 (mod 4),

Fp, m 6≡ 2 (mod 4),

if p ≡ 3 (mod 4).
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Proof. (i) In order to apply (1.5), we have to check that conditions (a) and
(b) of (1.5) hold. It is easy to see that (a) holds. Next, since Kh =
Fp(α1, . . . , αm)((s1)), where roots(h) = {α1, . . . , αm}, we have µ(h, α) = 0
for each α ∈ roots(h), while δ(a, h, α) = v(s1) = 1. Thus (b) holds, and we
may apply (1.5).

It is easy to see that Kh/K is an unramified Sm-extension. Next we have
Mf = Kh((−s1/h′(α1))

1/(p−1), . . . , (−s1/h′(αm))1/(p−1)). Since −1/h′(αi) is
a unit of RKh

and s1 is a prime element of RKh
, the inertia subgroup of

Gal(Mf/Kh) corresponds to ∆(F×
p ), and the maximal unramified subexten-

sion M0,f/Kh in Mf/Kh is Kh((h′(αi)/h′(αj))
1/(p−1) | i, j = 1, . . . ,m) =

Kh((h′(αi)/h′(α1))
1/(p−1) | i = 2, . . . ,m).

Now, observing the subgroup of K×
h /(K×

h )p−1 generated by the classes of
−a/h′(α) (α ∈ roots) by using the divisor group of (the spectrum of) the
polynomial ring Fp[α1, . . . , αm] over Fp, we obtain the desired description of
E. (We leave the details to the readers.)

Finally, by (1.6)(i), kKf
contains {(α mod mKf

)1/p | α ∈ roots(h)}. Since
kKh

is a purely transcendental extension of Fp generated by α mod mKf
and

kMf
is separable over kKh

, the inseparable degree of the extension kKf
/kMf

is
at least pm. Thus, the ramification index of the extension Kf/Mf is at least
pm. Therefore, Kf/Mf must be totally ramified with degree pm and the Galois
group Gal(Kf/Mf ) must coincide with the whole of (Cp)

Im .
These complete the proof of (i).

(ii) The above proof shows that kKh
= k(α mod mKh

| α ∈ roots(h)), and that
kKf

contains the field k′
Kf

generated by {(α mod mKf
)1/p | α ∈ roots(h)} ∪

{(h′(α)/h′(α′))
1

p−1 mod mKf
| α, α′ ∈ roots(h)} over kKh

(or, equivalently,

over k, as α = (α1/p)p). Moreover, we can check [kKf
: kKh

] = [k′
Kf

: kKh
],

which implies kKf
= k′

Kf
, as desired.

Finally, kKh
is a purely transcendental extension of Fp generated by

{α mod mKh
| α ∈ roots(h)}. Moreover, observing the subgroup of

(KhFp)
×/((KhFp)

×)p−1 generated by the classes of −a/h′(α) (α ∈ roots(h)) by

using the divisor group of (the spectrum of) the polynomial ring Fp[α1, . . . , αm]

over Fp, and comparing the result with the above description of the subgroup
of K×

h /(K×
h )p−1 generated by the classes of −a/h′(α) (α ∈ roots(h)), we see

that the algebraic closure of Fp in kKh
is as described in the assertion. Since

kKf
/kMf

is purely inseparable, this completes the proof. ¤

So far, we have only investigated superseparable polynomials over complete
discrete valuation fields. Here, we shall introduce the following global situation
and study superseparable polynomials in a moduli-theoretic fashion. We put

Amp
upper

def
= Spec(Fp[t1, . . . , tmp]) ' A

mp
Fp

and

Amp
lower

def
= Spec(Fp[s0, . . . , smp−1]) ' A

mp
Fp

.
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Moreover, consider the morphism E : Amp
upper → Amp

lower, defined by

mp∏

i=1

(T − ti) =

mp∑

i=0

siT
i,

where smp
def
= 1. Namely, for i = 0, . . . ,mp − 1, si is (−1)mp−i times the

(mp − i)-th elementary symmetric polynomial in t1, . . . , tmp. It is well-known
that E is finite flat of degree (mp)!, and that, if we delete the discriminant
locus Dlower from Amp

lower and the union Dupper of weak diagonals from Amp
upper,

E gives a finite, étale, Galois covering with Galois group Smp.

Let Am+1
lower be the closed subscheme of Amp

lower defined by si = 0 for all i with

p - i and i 6= 1. We define a divisor Am
lower of Am+1

lower by s1 = 0. Observe
that Am

lower coincides with the non-étale locus of E|Am+1
lower

, and that we have

Am
lower = Am+1

lower ∩ Dlower set-theoretically. We also have Am+1
lower ' Am+1

Fp
and

Am
lower ' Am

Fp
naturally.

Now, we have the following diagram:

Amp
upper − Dupper

E→ Amp
lower − Dlower

↑ c.i. ¤ ↑ c.i.

Um → Am+1
lower − Am

lower

where ¤ means a fiber product diagram,
c.i.→ means a closed immersion, and

Um
def
= Amp

upper ×Amp
lower

(Am+1
lower − Am

lower).

We shall apply this moduli-theoretic situation to the study of supersepa-
rable polynomials over a (an arbitrary) complete discrete valuation field K
of characteristic p > 0. From now, for each finite subset S of K, we put

φS(T )
def
=

∏

α∈S

(T − α).

Proposition (1.11). Let m be an integer ≥ 1. Assume that there exists a
finite subset S of K with cardinality m, such that φS satisfies

(1.12) φ′
S(γ)/φ′

S(γ′) ∈ (K×)p−1 for all γ, γ′ ∈ S.

Then, there exists a monic, superseparable polynomial f(T ) ∈ K[T ] with
deg(f) = mp, such that f is completely splittable in K.

Proof. We consider the above moduli-theoretic situation E : Amp
upper → Amp

lower

and Am
lower

c.i.→ Am+1
lower

c.i.→ Amp
lower. We have to show that U

def
= Um admits a K-

rational point. Recall that E induces a finite, étale (not necessarily connected)
Smp-Galois covering U → Am+1

lower−Am
lower. However, first we need to investigate

the non-étale loci of E.
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We put Am
upper

def
= Spec(Fp[u1, . . . , um]) ' Am

Fp
, and define a morphism D :

Am
upper → Amp

upper by

(u1, . . . , um) 7→ (u1, . . . , u1︸ ︷︷ ︸
p times

, . . . , um, . . . , um︸ ︷︷ ︸
p times

),

which is clearly a closed immersion. It is easy to see that E◦D : Am
upper → Amp

lower

factors through Am
lower

c.i.→ Amp
lower. More explicitly, E ◦ D induces a morphism

Am
upper → Am

lower, (u1, . . . , um) 7→ ((v1)
p, . . . , (vm)p), where vi is (−1)m−i times

the (m − i)-th elementary symmetric polynomial in u1, . . . , um.
Now, we obtain the following diagram:

Amp
upper

E→ Amp
lower

↑ c.i. ¤ ↑ c.i.

X̃ → X → Am+1
lower

↑ c.i. ¤ ↑ c.i. ¤ ↑ c.i.

Z ′ → Z → Am
lower

↑ c.i. ↑ c.i.

W̃ → W → Am
upper.

Here, X
def
= Amp

upper ×Amp
lower

Am+1
lower, X̃ denotes the normalization of X in U ,

Z
def
= X ×Am+1

lower
Am

lower, Z ′ def
= X̃ ×X Z, W denotes an irreducible component of

X̃×X Am
upper (regarded as a reduced closed subscheme of X̃) that is surjectively

mapped onto Am
upper, and W̃ is the normalization of the integral scheme W .

Now, we are in the situation of (1.10). More explicitly, in the notation of
(1.10), Kuniv is just the field of fractions of the completed local ring of Am+1

lower

at the generic point of Am
lower, kKuniv = Fp(A

m
lower), and kKuniv

f
= Fp(W ). More-

over, we see that Fp(A
m
upper) = Kuniv

h ((α1)
1/p, . . . , (αm)1/p). Thus, (1.10)(ii)

implies that Fp(W ) is generated by {(h′(α)/h′(α′))1/(p−1) | α, α′ ∈ roots(h)}
over Fp(A

m
upper). Note that ui = α

1/p
i holds for each i = 1, . . . ,m. So, if we put

S def
= {u1, . . . , um}, we have φ′

S(ui)
p = h′(αi), hence

(
(h′(αi)/h′(αj))

1/(p−1)

(φ′
S(ui)/φ′

S(uj))

)p−1

= φ′
S(ui)/φ′

S(uj).

Thus, we see that Fp(W ) is generated by {(φ′
S(ui)/φ′

S(uj))
1/(p−1) | i, j =

1, . . . ,m} over Fp(A
m
upper).
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Let V be the complement of the union of weak diagonals defined by ui−uj =

0 for i, j = 1, . . . ,m, i 6= j in Am
upper. Since W̃ coincides with the integral

closure of Am
upper in Fp(W ), we now see that W̃V

def
= W̃ ×Am

upper
V is finite étale

covering generated by {(φ′
S(ui)/φ′

S(uj))
1/(p−1) | i, j = 1, . . . ,m} over V .

Now, take a finite set S as in our assumption, and put S = roots(φS) =
{γ1, . . . , γm}. Then, x = (γ1, . . . , γm) gives an element of V (K) ⊂ Am

upper(K).

Moreover, condition (1.12), together with the above description of W̃V , implies

that the fiber of W̃V → V at x consists of K-rational points. In particular, we
have W̃V (K) 6= ∅. Note that W̃V is smooth over Fp, as being étale over Am

upper.

Or, equivalently, W̃V is contained in the smooth locus W̃ sm of W̃ . Now, as
K is large, we conclude that W̃ (K) is Zariski dense in W̃ . (See [Pop] for the
definition and properties of large fields.) Accordingly, W (K) is dense in W , a
fortiori.

On the other hand, since X̃ is normal (and Fp is perfect), the complement

of X̃sm is of codimension ≥ 2 in X̃. It follows from this that W ∩ X̃sm is
non-empty (and open in W ). Moreover, since W is integral (and Fp is perfect),

we have W sm is also non-empty and open, hence so is W ′ def
= W sm ∩ X̃sm. As

we have already seen, W (K) is dense in W . Accordingly, we have W ′(K) 6= ∅,
hence, a fortiori, X̃sm(K) 6= ∅. As K is large, this implies that there exists a

connected (or, equivalently, irreducible) component Y of X̃, such that Y (K)
is dense in Y . Now, observe that Y → Am+1

lower is (finite and) surjective. From

this, YU
def
= Y ×X U = Y ∩U (where the last intersection is taken in X̃) is non-

empty (and open in Y ). Thus, YU (K) is non-empty, hence, a fortiori, U(K) is
non-empty. This completes the proof. ¤

Lemma (1.13). Let m be an integer ≥ 1. Assume that (K,m) satisfies:

(1.14)
At least one of the following holds:
K ⊃ Fp2 ; p = 2; m ≡ ε (mod p + 1) for some ε ∈ {0,±1}.

Then, there exists a finite subset S of K with cardinality m, such that φS

satisfies (1.12).

Proof. Let s denote any element of m ∩ (K×)p−1 (e.g., s = tp−1).
Firstly, assume that either K ⊃ Fp2 or p = 2 holds. In this case, we take

any integers i1, . . . , im with i1 < · · · < im and put S
def
= {sik | k = 1, . . . ,m}.

Then, ](S) = m clearly holds. Now, for γ = sik ∈ S, we have

φ′
S(γ) =

k−1∏

j=1

(sik − sij )

m∏

j=k+1

(sik − sij )

= (−1)k−1si1+···+ik−1+(m−k)ik

∏

j 6=k

(1 − s|ik−ij |).

Note that we have −1, s ∈ (K×)p−1 and 1 + m ⊂ (K×)p−1. (For −1, use the
assumption that either K ⊃ Fp2 or p = 2 holds.) Thus, (1.12) holds.
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Secondly, assume m ≡ ε (mod p + 1) with ε ∈ {0,±1}. We may put m =
(p + 1)n + ε. Moreover, we take any integers i1, j1, i2, j2, . . . , in, jn, in+1 with
i1 < j1 < i2 < j2 < · · · < in < jn < in+1. Now, we put Sε = {sik | k ∈
Iε} ∪ {sjk + csjk+1 | k = 1, . . . , n, c ∈ Fp}, where

Iε =





{2, . . . , n}, ε = −1,

{1, . . . , n}, ε = 0,

{1, . . . , n + 1}, ε = 1.

Then, by using s ∈ (K×)p−1, 1 + m ⊂ (K×)p−1, and the fact
∏

j∈F×
p

j = −1,

we can elementarily check that φ′
Sε

(γ) ∈ (K×)p−1 (resp. φ′
Sε

(γ) ∈ −(K×)p−1)
holds for each γ ∈ Sε, if ε = 0, 1 (resp. ε = −1). Thus, (1.12) holds. ¤

Definition. Let f(T ) = a1T+

m∑

i=0

aipT
ip be a superseparable polynomial (over

some field of characteristic p).
(i) We say that f is of special type, if amp = a1 = 1, a0 = 0 holds.

(ii) We put def(f)
def
= sup{r > 0 | aj = 0 for all j with mp > j > mp − r} and

call it the defect of f . (Thus, we have 0 < def(f) ≤ mp − 1, unless m = 0.)

Corollary (1.15). Let m be a positive integer.
(i) Assume that (K,m) satisfies (1.14). Then, there exists a monic, integral,
superseparable polynomial f(T ) ∈ K[T ] with f(0) = 0 and deg(f) = mp, such
that f is completely splittable in K.
(ii) Assume that (K,m) satisfies one of the following: K ⊃ Fp2 and (p−1,m−
1) = (p + 1,m + 1) = 1; p = 2; m ≡ ε (mod p + 1) for some ε ∈ {0,±1} and
(p−1,m−1) = 1. Then, there exists a superseparable polynomial f(T ) ∈ K[T ]
of special type with deg(f) = mp, such that f is completely splittable in K.

Proof. (i) By (1.11) and (1.13), there exists a monic superseparable polynomial
f(T ) ∈ K[T ] with deg(f) = mp, such that f is completely splittable in K.

Replacing f(T ) by fc(T )
def
= cmpf(c−1T ) with c ∈ K×, v(c) À 0, we may

assume that f is integral. (Observe that roots(fc) = c roots(f).) Finally,
replacing f(T ) by f(T + α), where α ∈ roots(f), we may assume f(0) = 0.
(ii) We have K ⊃ Fq((t)) with q = p2 (resp. q = p), if K ⊃ Fp2 (resp.
either p = 2 or m ≡ ε (mod p + 1) with ε ∈ {0,±1}). Thus, it suffices to
prove the assertion in the case K = Fq((t)). So, from now on, we assume that
K = Fq((t)).

By (1.11) and (1.13), there exists a monic, superseparable polynomial
f1(T ) ∈ K[T ] with deg(f1) = mp, such that f1 is completely splittable in
K. Replacing f1(T ) by f1(T + α), where α ∈ roots(f1), we may assume

that f1(0) = 0. Moreover, we may put f1(T ) = a1(t)T +
m∑

i=0

aip(t)T
ip, where
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aip(t) ∈ K = Fq((t)), a1(t) ∈ K× = Fq((t))
×, and amp(t) = 1, a0(t) = 0. Next,

we put f2(T )
def
= a1(t

mp−1)T +
m∑

i=1

aip(t
mp−1)T ip. Then, f2(T ) is completely

splittable in Fq((t)) ⊃ Fq((t
mp−1)).

Put a1(t) = ctr + · · · , where c ∈ F×
q , r ∈ Z, and · · · ’ means the higher

order terms. Then, we have a1(t
mp−1) = ctr(mp−1) + · · · . Here, observe that

(p−1,m−1) = (p+1,m+1) = 1 (resp. (p−1,m−1) = 1) is equivalent to saying
(q − 1,mp − 1) = 1, for q = p2 (resp. q = p). So, we have F×

q = (F×
q )mp−1.

By using this fact (and the fact that 1 + m ⊂ (K×)mp−1 as p - mp− 1), we see
that a1(t

mp−1) ∈ (K×)mp−1. So, write a1(t
mp−1) = b(t)mp−1. Now, it is easy

to check that f(T )
def
= b(t)−mpf2(b(t)T ) satisfies the desired conditions. This

completes the proof. ¤

Corollary (1.16). (i) There exists a positive integer m1 (which depends only
on p), such that, for each positive integer m with m1 | m, there exists a monic,
integral, superseparable polynomial f in K[T ] with f(0) = 0 and deg(f) = mp,
such that f is completely splittable in K.
(ii) There exists a positive integer m2 (which depends only on p), such that, for
each positive integer m with m2 | m, there exists a superseparable polynomial
f in K[T ] of special type and with deg(f) = mp, such that f is completely
splittable in K.

Proof. (i) (resp. (ii)) is a direct corollary of (1.15)(i) (resp. (ii)). We can take,
for example, m1 = p + 1 (resp. m2 = (p + 1)(p − 1)). ¤

Lemma (1.17). Let F be a field of characteristic p, and L a Galois extension
of F . Let A be an Fp[Gal(L/F )]-submodule of L with dimFp

(A) = r < ∞, and

put φA(T )
def
=

∏

α∈A

(T − α). Then:

(i) φA(T ) is a monic superseparable polynomial in F [T ].
(ii) FφA

= F (A).
(iii) deg(φA) = pr and def(φA) ≥ pr − pr−1.

(iv) φ′
A(T ) =

∏

α∈A−{0}
α.

(v) If, moreover, F = K and A ⊂ RL, then φA is integral.

Proof. (i) By definition, φA is monic and separable. It is well-known that
φA is an additive polynomial, hence a superseparable polynomial. Since A is
Gal(L/F )-stable, φA(T ) ∈ F [T ].
(ii) Clear.
(iii) The first assertion is clear. The second assertion follows from the fact that
φA is an additive polynomial.
(iv) Since φA is monic and superseparable, we obtain

φ′
A(T ) = φ′

A(0) =
∏

α∈A−{0}
(−α) =

∏

α∈A−{0}
α,
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as desired.
(v) Clear. ¤

The following corollary is a final result of this §, of which (i) (resp. (ii)) will
play a key role in §2 (resp. §3). Note that one of the main differences between
(i) and (ii) consists in the fact that, in (ii), the defect of the superseparable
polynomial is estimated from below.

Corollary (1.18). (i) Let L be a finite Galois extension of K. Then, there
exists a positive integer mL/K , such that, for each positive integer m with
mL/K | m, there exists a superseparable polynomial f(T ) ∈ K[T ] of special
type with deg(f) = mp and Kf = L.
(ii) We have:

∀n: positive integer,

∃mn: positive integer (depending only on p and n),

∀m: positive integer with mK,n | m,

∃c = cK,n,m: positive real number,

∀L: (possibly infinite) Galois extension of K,

∀A: finite Fp[Gal(L/K)]-submodule of RL with A ∩ mL = {0},
∀r: integer > dimFp

(A),

∀ν: integer,

∃δ: positive integer with δ ≤ cmpr+1/](A) and δ ≡ ν (mod n),

∀a ∈ K× with v(a) = δ,

∃f(T ): monic, integral, superseparable polynomial in K[T ],

s.t. deg(f) = mpr+1, def(f) ≥ (p − 1)pr, f ′(T ) = a and Kf = K(A) ⊂ L.

Proof. (i) Since L/K is finite, we see that there exists a finite Fp[Gal(L/K)]-

submodule A0 6= {0} of L, such that L = K(A0). We put q
def
= ](A0), which is a

power of p. Then, by (1.17), φ1
def
= φA0

is a monic, superseparable polynomial

in K[T ] with deg(φ1) = q, φ1(0) = 0, and φ′
1(T ) = a0

def
=

∏
α∈A0−{0} α,

and L = Kφ1
. On the other hand, take m2 as in (1.16)(ii). Now, we put

mL/K
def
= q(q − 1)m2.

Let m be any positive integer divisible by mL/K , and put n
def
= m/mL/K .

Then, by (1.16)(ii), there exists a superseparable polynomial f1(T ) ∈ K[T ] of
special type and with degree n(q− 1)m2p, such that f1 is completely splittable
in K.

For each b ∈ K×, we put fb(T )
def
= bn(q−1)m2pf1(b

−1T ) (resp. φb(T )
def
=

bqφ1(b
−1T )), so that fb (resp. φb) is a monic, superseparable polynomial with

deg(fb) = n(q − 1)m2p (resp. deg(φb) = q), fb(0) = 0 (resp. φb(0) = 0), and
f ′

b(T ) = bn(q−1)m2p−1 (resp. φ′
b(T ) = bq−1a0).
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Now, by (1.4)(ii), every polynomial in L[T ] with degree q which is sufficiently
close to φb(T ) (b ∈ K×) is completely splittable in L. By using this, we

see that Fb,b′
def
= fb′ ◦ φb ∈ K[T ] satisfies KFb,b′

= L for all b′ ∈ K× with

v(b′) ≥ C(b), where C(b) denotes a constant depending on b. Observe that Fb,b′

is a monic, superseparable polynomial with deg(Fb,b′) = n(q−1)m2p×q = mp,

Fb,b′(0) = 0, and F ′
b,b′(T ) = (b′)n(q−1)m2p−1bq−1a0.

Now, take b = a−nm2p
0 and b′ = a0d

mp−1 for any d ∈ K× with v(d) suffi-

ciently large, then f(T )
def
= D−mpFb,b′(DT ) with D

def
= dn(q−1)m2p−1 satisfies

all the desired properties.
(ii) Let m1 be as in (1.16)(i), and choose any common multiple mn > 1 of m1,
p − 1, and n.

Let m be any positive integer with mn | m. Then, by (1.16)(i), there exists a
monic, integral, superseparable polynomial f1(T ) ∈ K[T ] with deg(f1) = mp,

f1(0) = 0, and Kf1
= K. Now, put f ′

1(T ) = a1 ∈ R and c
def
= max(v(a1)

m , np
p−1 ).

Let L be any Galois extension of K, A any finite Fp[Gal(L/K)]-submodule

of RL with A ∩ mL = {0}, and r any integer > r0
def
= dimFp

(A). Let ν be any
integer. We define µ to be the unique integer with 0 < µ ≤ n, such that µ ≡

v(a1)− (r−r0)−ν (mod n). We put δ
def
= v(a1)+µ(mp−1)+

r−r0∑

j=1

(mpj+1−1).

Then, we have

δ ≤ v(a1) +

r−r0∑

j=0

nmpj+1

= m

(
v(a1)

m
+

np

p − 1
(pr−r0+1 − 1)

)

≤ m(c + c(pr−r0+1 − 1))

= cmpr+1/](A)

and
δ ≡ v(a1) − µ − (r − r0) ≡ ν (mod n),

as desired.
Let a be any element of K× with v(a) = δ. For j = 0, . . . , r − r0, we shall

inductively define a monic, integral, superseparable polynomial f2,j(T ) with

deg(f2,j) = mpj+1, f2,j(0) = 0, f2,j(T ) ≡ Tmpj+1

(mod m), and Kf2,j
= K, as

follows. First, for j = 0, we put g0(T )
def
= f1(T ) and f2,0(T )

def
= tµmpg0(t

−µT ).

Next, for j with 0 < j < r−r0, we put gj
def
= f2,j−1◦φFp

, where φFp
(T ) = T p−T ,

and f2,j(T )
def
= tmpj+1

gj(t
−1T ). Finally, for j = r− r0, let u and u′ be elements

of R×, which we shall fix later, and we put gr−r0

def
= f2,r−r0−1 ◦ φuFp

, where

φuFp
(T ) = T p − up−1T , and f2,r−r0

(T )
def
= (u′t)mpr−r0+1

gr−r0
((u′t)−1T ).

Documenta Mathematica · Extra Volume Kato (2003) 789–831



808 Akio Tamagawa

We can check inductively that f2,j(T ) is a monic, integral, superseparable

polynomial with deg(f2,j) = mpj+1, f2,j(0) = 0, f2,j(T ) ≡ Tmpj+1

(mod m),

and Kf2,j
= K. Moreover, since f ′

2,0 = tµ(mp−1)a1, f ′
2,j = (−tmpj+1−1)f ′

2,j−1

(0 < j < r − r0), and f ′
2,r−r0

= (−up−1)(u′t)mpr−r0+1−1, we obtain

f ′
2,r−r0

= up−1(u′)mpr−r0+1−1(−1)r−r0a1t
µ(mp−1)+

∑r−r0

j=1
(mpj+1−1)

= up−1(u′)mpr−r0+1−1(−1)r−r0(a1/tv(a1))tδ.

So, put u′ = (−1)r−r0(a1/tv(a1))(tδ/a)w, where w
def
=

∏

α∈A−{0}
α ∈ R×, and u =

(u′)−
m

p−1 pr−r0+1

, then we have f ′
2,r−r0

(T ) = aw−1. Now, we put f2
def
= f2,r−r0

.

Finally, put f
def
= f2 ◦ φA. Then, f is a monic, integral, su-

perseparable polynomial in K[T ] with deg(f) = deg(f2) deg(φA) =
mpr−r0+1](A) = mpr+1, f ′ = f ′

2φ
′
A = (aw−1)w = a, and

Kf = K(A) ⊂ L. Finally, by the above construction, we see that
f is in the form of (a superseparable polynomial with degree mp) ◦
(an additive polynomial with degree pr). As m ≥ mK,n > 1 and r > r0 ≥ 0,
this implies def(f) ≥ pr+1 − pr. This completes the proof. ¤

Remark (1.19). So far, we have assumed that K is a complete discrete valua-
tion field (of characteristic p). However, this assumption is superfluous. More
specifically, (1.4), (1.5), (1.11), (1.13), (1.15), (1.16), and (1.18) remain valid if
we replace this assumption by the weaker assumption that K is henselian (of
characteristic p), and (1.10) remains valid if we replace the phrase ‘completion’
by ‘henselization’. Indeed, the proof of the henselian case is just similar to the
complete case.

Moreover, among these, (1.11), (1.13), (1.15) (except that we need to delete
the phrase ‘integral’ in (i)), (1.16) (except that we need to delete the phrase
‘integral’ in (i)), and (1.18)(i) remain valid, if we only assume that K is a large
field (of characteristic p) in the sense of [Pop]. (In particular, we do not have
to assume that K is equipped with a discrete valuation.) Indeed, we see that
these statements can be formulated in terms of the existence of K-rational
points of K-varieties. The validity of the complete case implies that these
varieties admit K((t))-rational points. Now, the large case follows directly
from one of the equivalent definitions of large fields (see [Pop], Proposition 1.1,
(5)).

§2. Unramified extensions with prescribed local extensions.
In this §, we use the following new notation. Let C be a noetherian, normal,
integral, separated Fp-scheme of dimension 1. We denote by K the rational

function field of C, and fix an algebraic closure K of K. We denote by Ksep

and G = GK the separable closure of K in K and the absolute Galois group
Gal(Ksep/K) of K, respectively. Let ΣC be the set of closed points of C. For
each v ∈ ΣC , we denote by Rv the completion of the local ring OC,v. This is
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a complete discrete valuation ring. We denote by Kv, mv and kv the field of
fractions of Rv, the maximal ideal of Rv and the residue field Rv/mv of Rv,
respectively. We fix an algebraic closure Kv of Kv, and denote by Ksep

v and
Gv = GKv

the separable closure of of Kv in Kv and the absolute Galois group
Gal(Ksep

v /Kv), respectively.

Definition. We refer to a tuple C = (C,Σ, {Lv}v∈Σ) as a base scheme data,
if C is as above, Σ is a (possibly empty) finite subset of ΣC ; and, for each
v ∈ Σ, Lv is a (possibly infinite) normal subextension of Kv over Kv, such
that Lv ∩ Ksep

v is v-adically dense in Lv. (For example, this last condition is
satisfied if either Lv/Kv is Galois or Lv = Kv.)

If, moreover, C is a normal, geometrically integral curve over a field k of
characteristic p, we refer to C as a base curve data over k.

For a base scheme data C = (C,Σ, {Lv}v∈Σ), we put B = BC
def
= C − Σ.

If, moreover, B is affine, then we put R = RC
def
= Γ(B,OB), so that R is a

Dedekind domain and that B = Spec(R).
We say that a base scheme data C = (C,Σ, {Lv}v∈Σ) is finite, if Lv is a finite

extension of Kv for each v ∈ Σ. (In this case, Lv is automatically Galois over
Kv.)

Definition. Let C = (C,Σ, {Lv}v∈Σ) be a base scheme data. Let K ′ be an
extension of K contained in K. Then, we say that K ′ is C-distinguished (resp.
C-admissible), if the integral closure C ′ of C in K ′ is étale over B; and, for
each v ∈ Σ and each embedding ι : K ↪→ Kv over K, we have ι(K ′)Kv = Lv

(resp. ι(K ′)Kv ⊂ Lv).

Theorem (2.1). Let C = (C,Σ, {Lv}v∈Σ) be a finite base scheme data, and
assume that C is affine. Then, there exists a C-distinguished finite Galois
extension K ′/K.

Proof. For each v ∈ Σ, take a positive integer mLv/Kv
as in (1.18)(i), and let m

be any common multiple of mLv/Kv
(v ∈ Σ). Then, for each v ∈ Σ, there exists

a superseparable polynomial fv(T ) ∈ Kv[T ] of special type and with degree
mp, such that Lv = (Kv)fv

.
Now, observe that R is dense in

∏
v∈Σ Kv. (This follows essentially from

the Chinese Remainder Theorem for the Dedekind domain Γ(C,OC).) From
this, we can take a superseparable polynomial f(T ) ∈ R[T ] of special type and
with degree mp, which is arbitrarily close to fv for each v ∈ Σ. Then, we have
(Kv)f = (Kv)fv

= Lv. Or, equivalently, Kf ⊗K Kv is isomorphic to a direct
product of copies of Lv over Kv. On the other hand, for each v ∈ ΣC − Σ,
f mod mv is a separable polynomial over kv, since f is of special type. From

this, we see that Kf is unramified at v. Thus, K ′ def
= Kf satisfies all the desired

properties. ¤

Definition. Let F be a field. We denote by F sep and GF a separable closure
of F and the absolute Galois group Gal(F sep/F ) of F , respectively. For each
prime number l, we define F (l) to be the union of finite Galois extensions F ′ of
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F in F sep with Gal(F ′/F ) ' (Z/lZ)n for some n. Thus, F (l) corresponds via

Galois theory to the closed subgroup GF (l)
def
= [GF , GF ](GF )l of GF (which

coincides with the kernel of GF ³ Gab
F /(Gab

F )l).

Definition. Let C = (C,Σ, {Lv}v∈Σ) be a base scheme data and Σ∞ a subset
of Σ. Let K ′ be an extension of K contained in K. Then, we say that K ′ is
nearly C-distinguished (resp. nearly C-admissible) with respect to Σ∞, if the
integral closure C ′ of C in K is étale over B; for each v ∈ Σ − Σ∞ and each
embedding ι : K ↪→ Kv over K, we have ι(K ′)Kv = Lv (resp. ι(K ′)Kv ⊂ Lv);
and, for each v ∈ Σ∞ and each embedding ι : K ↪→ Kv over K, we have
Lv ⊂ ι(K ′)Kv ⊂ Lv(p) (resp. ι(K ′)Kv ⊂ Lv(p)).

Theorem (2.2). Let k be a field of characteristic p, and C = (C,Σ, {Lv}v∈Σ)
a finite base curve data over k. Let Σ∞ be a subset of Σ, and assume that
C − Σ∞ is affine. Then, there exists a finite Galois extension K ′/K that is
nearly C-distinguished with respect to Σ∞.

Proof. Let C∗ be the normal, geometrically integral compactification of C, and

put Σ∗ def
= Σ ∪ (ΣC∗ − ΣC) and Σ∗

∞
def
= Σ∞ ∪ (ΣC∗ − ΣC). Moreover, for each

v ∈ ΣC∗ −ΣC , we choose any finite Galois extension Lv of Kv (say, Lv = Kv).
Then, replacing C = (C,Σ, {Lv}v∈Σ) by (C∗,Σ∗, {Lv}v∈Σ∗) and Σ∞ by Σ∗

∞,
we may assume that C is proper over k. In this case, we have Σ∞ 6= ∅, since
C − Σ∞ is affine.

For each v ∈ Σ, take a positive integer mLv/Kv
as in (1.18)(i), and let m

be any common multiple of mLv/Kv
(v ∈ Σ − Σ∞), pmLv/Kv

(v ∈ Σ∞) and
2. Then, for each v ∈ Σ − Σ∞ (resp. v ∈ Σ∞), there exists a superseparable
polynomial fv(T ) ∈ Kv[T ] of special type and with degree mp (resp. m), such
that Lv = (Kv)fv

.

Now, let v ∈ Σ−Σ∞. Then, for each polynomial f1,v(T ) ∈ Kv[T ] with degree
mp which is sufficiently close to fv(T ), we have (Kv)f1,v

= (Kv)fv
= Lv. More

precisely, we can take (sufficiently small) nv ∈ Z and (sufficiently large) mv ∈ Z
with nv < mv, so that every coefficient of fv belongs to mnv

v , and that, if every
coefficient of f1,v − fv belongs to mmv

v , then we have (Kv)f1,v
= (Kv)fv

.

On the other hand, let v ∈ Σ∞. Then, similarly as above, we can take
(sufficiently small) nv ∈ Z and (sufficiently large) mv ∈ Z with nv < mv,
so that every coefficient of fv belongs to mnv

v , and that, for each polynomial
f1,v(T ) ∈ Kv[T ] with degree m, if every coefficient of f1,v − fv belongs to mmv

v ,
then we have (Kv)f1,v

= (Kv)fv
. Moreover, replacing nv and mv if necessary,

we may assume that, for each monic polynomial f1,v(T ) ∈ Kv[T ] with degree m
whose constant term is 0, if every coefficient of f1,v−fv belongs to mmv

v , then we

have (Kv)f1,v
= (Kv)fv

and there exists a bijection ι : roots(fv)
∼→ roots(f1,v),

such that, for each α ∈ roots(fv), v(ια) = v(α), µ(f1,v, ι(α)) = µ(fv, α), and
f ′
1,v(ι(α)) ∼ f ′

v(α) = 1. (For the notations µ(−,−) and ∼, see §1.) Now, we
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let dv denote the minimal non-negative integer satisfying

µ(fv, α) < min

(
dv − v(f ′

v(α)) +
1

p
v(α),

p

p − 1
(dv − v(f ′

v(α)))

)

= min

(
dv +

1

p
v(α),

p

p − 1
dv

)

for all α ∈ roots(fv).

Lemma (2.3). Let P1, . . . , Pr be distinct closed points of C, and, for each
i = 1, . . . , r, let ai and bi be integers with ai ≥ bi. If b1[kP1

: k] + · · · +
br[kPr

: k] > 2pa(C)− 2, then the natural map Γ(C,OC(a1P1 + · · ·+ arPr)) →
m−a1

P1
/m−b1

P1
⊕· · ·⊕m−ar

Pr
/m−br

Pr
is surjective. Here, pa(C) denotes the arithmetic

genus of C.

Proof. This follows from [CFHR], Theorem 1.1. ¤

We fix a sufficiently large integer N satisfying

(2.4)

(
p(p − 1)

∑

v∈Σ∞

[kv : k]

)
N −

∑

v∈Σ

[kv : k]mv > 2pa(C) − 2

and

(2.5) (mp − 1)(p − 1)N ≥ max{dv | v ∈ Σ∞}(≥ 0),

and, for each v ∈ Σ∞, choose any ev ∈ Kv with v(ev) = N .
Now, put

gv(T )
def
=

{
fv(T ), v ∈ Σ − Σ∞,

e
−mp(p−1)
v fv(−e

p(p−1)
v T p) + T, v ∈ Σ∞.

Then, gv(T ) is a superseparable polynomial in Kv[T ] of special type and with
degree mp. (For v ∈ Σ∞, use the assumption that 2 | m.) So, by (2.3) and
(2.4), we see that there exists a superseparable polynomial g(T ) ∈ R[T ] of
special type and with degree mp, such that every coefficient of g(T ) − gv(T )

belongs to mmv
v (resp. m

−p(p−1)N+mv
v ) for v ∈ Σ − Σ∞ (resp. v ∈ Σ∞).

We put K ′ def
= Kg. Just as in the proof of (2.1), K ′ satisfies the de-

sired property for v ∈ Σ − Σ∞ and v ∈ ΣC − Σ. So, we shall observe

what happens at v ∈ Σ∞. We put gev
(T )

def
= e

mp(p−1)
v g(−e

−(p−1)
v T ). Or,

writing g(T ) = T + k(T p), we have gev
(T )

def
= −e

(mp−1)(p−1)
v T + kv(T p),

where kv(T )
def
= e

mp(p−1)
v k(−e

−(p−1)p
v T p). By the choice of g, every coeffi-

cient of g(T ) − gv(T ) belongs to m
−p(p−1)N+mv
v , hence every coefficient of

gev
(T )−(fv(T p)−e

(mp−1)(p−1)
v T ) belongs to e

p(p−1)
v m

−p(p−1)N+mv
v = mmv

v . Or,
equivalently, every coefficient of kv−fv belongs to mmv

v . Thus, we may apply the
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preceding argument to f1,v = kv. Since, moreover, v(−e
(mp−1)(p−1)
v ) = (mp −

1)(p − 1)N ≥ dv by (2.5), we may apply (1.5) to gev
(T ) = −e

(mp−1)(p−1)
v T +

kv(T p). Then, firstly, we have (Kv)gev
⊃ (Kv)kv

= (Kv)fv
= Lv. Secondly,

for each α1 ∈ roots(kv), (−(−e
(mp−1)(p−1)
v )/k′

v(α1)) ∼ (emp−1
v )p−1 belongs to

((Kv)×kv
)p−1. Thus, we have Mgev

= (Kv)kv
. Thirdly, since Gal((Kv)gev

/Mgev
)

is a subgroup of (Cp)
Im , we have (Kv)gev

⊂ Mgev
(p). Combining these, we ob-

tain Lv ⊂ (Kv)gev
⊂ Lv(p). Finally, since roots(gev

) = −ep−1
v roots(g), we have

(Kv)gev
= (Kv)g. Thus, K ′ = Kg satisfies the desired property at v ∈ Σ∞.

This completes the proof. ¤

§3. Main results.
In this §, we use the following notation. Let k be an (a possibly infinite) alge-
braic extension of Fp and C a smooth, geometrically connected (or, equivalently,
normal, geometrically integral) curve over k. In particular, C is a noetherian,
normal, integral, separated Fp-scheme of dimension 1, and we use the notations
introduced at the beginning of §2 for this C. Among other things, see §2 for
the definition of base curve data.

Definition. (i) We refer to a tuple S = (C, f : X → B, {Ωv}v∈Σ) as a
(smooth) Skolem data, if C = (C,Σ, {Lv}v∈Σ) is a base curve data; B = BC ;
f : X → B is a smooth, surjective morphism whose generic fiber XK is geo-
metrically irreducible; and, for each v ∈ Σ, Ωv is a non-empty, v-adically open,
Gv-stable subset of X(Lv). (Observe that X is automatically irreducible.)
(ii) We refer to a tuple B = (C, Y1, . . . , Yr ⊂ P(E), {Ω̌v}v∈Σ) as a Bertini data,
if C = (C,Σ, {Lv}v∈Σ) is a base curve data; E is a locally free sheaf of finite
rank 6= 0 on B; r ≥ 0; Yi is an irreducible, reduced, closed subscheme of P(E);
and, for each v ∈ Σ, Ω̌v is a non-empty, v-adically open, Gv-stable subset of

P(Ě)(Lv), where Ě def
= HomOB

(E ,OB).
For a Bertini data B = (C, Y1, . . . , Yr ⊂ P(E), {Ω̌v}v∈Σ), we define Y sm

i

(i = 1, . . . , r) to be the set of points of Yi at which Yi → B is smooth. This is
an (a possibly empty) open subset of Yi, and we regard it as an open subscheme
of Yi.

Definition. (i) Let S = (C, f : X → B, {Ωv}v∈Σ) be a Skolem data with
C = (C,Σ, {Lv}v∈Σ). Then, an S-admissible quasi-section is a B-morphism
s : B′ → X, where B′ is the integral closure of B in a finite, C-admissible

extension K ′ of K, such that, for each v ∈ Σ, the image of B′
Lv

def
= B′ ×B Lv

in XLv

def
= X ×B Lv is contained in Ωv (⊂ X(Lv) = XLv

(Lv)).
(ii) Let B = (C, Y1, . . . , Yr ⊂ P(E), {Ω̌v}v∈Σ) be a Bertini data with C =
(C,Σ, {Lv}v∈Σ). Then, a B-admissible quasi-hyperplane is a hyperplane H
in P(E)B′ , where B′ is the integral closure of B in a finite, C-admissible ex-
tension K ′ of K, such that (a) for each i = 1, . . . , r, each geometric point b
of B′ and each irreducible component P of Yi,b, we have P ∩ Hb ( P ; (b) for

each i = 1, . . . , r, the scheme-theoretic intersection (Y sm
i )B′ ∩ H (in P(E)B′)

is smooth over B′; (c) for each i = 1, . . . , r and each irreducible component P
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of Yi,K with dim(P ) ≥ 2, P ∩ HK is irreducible; and (d) for each v ∈ Σ, the

image of B′
Lv

in P(Ě)Lv
by the base change to Lv of the classifying morphism

[H] : B′ → P(Ě) over B is contained in Ω̌v (⊂ P(Ě)(Lv) = P(Ě)Lv
(Lv)).

Definition. Let C = (C,Σ, {Lv}v∈Σ) be a base curve data over k.
(i) We denote by RLv

, mLv
, and kLv

the integral closure of Rv in Lv, the
maximal ideal of RLv

, and the residue field RLv
/mLv

, respectively.
(ii) We say that C satisfies condition (RI), if [kLv

: Fp] = ∞ for all v ∈ Σ.
(Here, ‘RI’ means ‘residually infinite’.)

Now, the following are the main results of the present paper.

Theorem (3.1). Let S = (C, f : X → B, {Ωv}v∈Σ) be a Skolem data with
C = (C,Σ, {Lv}v∈Σ), and assume that C is affine and that (RI) holds. Then,
there exists an S-admissible quasi-section.

Theorem (3.2). Let B = (C, Y1, . . . , Yr ⊂ P(E), {Ω̌v}v∈Σ) be a Bertini data
with C = (C,Σ, {Lv}v∈Σ), and assume that C is affine and that (RI) holds.
Then, there exists a B-admissible quasi-hyperplane.

The aim of the rest of this § is to prove these theorems, together and step by
step. From now on, we put C = (C,Σ, {Lv}v∈Σ), S = (C, f : X → B, {Ωv}v∈Σ),
and B = (C, Y1, . . . , Yr ⊂ P(E), {Ω̌v}v∈Σ), and assume always that C is affine
and that (RI) holds.

Definition. We say that a Skolem data S = (C, f : X → B, {Ωv}v∈Σ) is
essentially rational, if Ωv ∩ X(Kv) 6= ∅ for each v ∈ Σ.

Step 1. Assume that S is essentially rational, and that X is an open subscheme
of P1

B . Then, there exists an S-admissible quasi-section.

Proof. We put W
def
= P1

B − X. By shrinking X if necessary, we may assume
that W is purely of codimension 1 in P1

B and that W contains the infinity

section ∞B of P1
B . Next, we put R̃

def
= Γ(C,OC), which is a Dedekind domain

contained in R = Γ(B,OB), such that C = Spec(R̃).
Since Pic(C) is a torsion group (cf. [Mo2], 1.9), there exists n > 0, such

that (mv ∩ R̃)n is a principal ideal of R̃ for each v ∈ Σ. In particular, there

exists $ ∈ R̃, such that (
∏

v∈Σ(mv ∩ R̃))n = R̃$. On the other hand, since

A1(R) is dense in
∏

v∈Σ P1(Kv), there exists x ∈ A1(R)(= R), such that
x ∈ Ωv ∩X(Kv) for each v ∈ Σ. (Here, we have used the assumption that S is
essentially rational.) Since Ωv is v-adically open in X(Lv), there exists lv ≥ 0,
such that x + (mvRLv

)lv ⊂ Ωv. Finally, take a sufficiently large integer M ,
such that nM ≥ lv for each v ∈ Σ and that nM > v(ω − x) for each v ∈ Σ and
each ω ∈ W (Kv) − {∞}.

Now, let S denote the coordinate of A1
B that we are using. Since $ ∈ R× and

x ∈ R, the coordinate change S → T
def
= (S−x)/$M gives an automorphism of

P1
B that fixes the infinity section ∞B . (More sophisticatedly, this corresponds

to a certain blowing-up(-and-down) process in the fibers of P1
C → C at Σ.)
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From now, we shall use this new coordinate T . Then, by the choice of ($,x,M),
we have RLv

= A1(RLv
) ⊂ Ωv for each v ∈ Σ and v(ω) < 0 for each v ∈ Σ and

ω ∈ W (Kv) − {∞}.
We define W̃ to be the closure of W in P1

C , which contains the infinity section

∞C of P1
C . By the above choice of coordinate, we have W̃ ∩ P1

kv
⊂ ∞kv

for

each v ∈ Σ. From now, we regard W̃ as a reduced closed subscheme (or, as a

divisor) of P1
C . By [Mo2], Théorème 1.3, Pic(W̃ ) is a torsion group. So, let

s0 be the order of the class of the line bundle OP1
C
(1)|W̃ on W̃ . On the other

hand, let e be the degree of W̃ over C. Now, choose a positive integer s which
is divisible by s0 and greater than e − 2. As in [Mo2], proof of Théorème 1.7,

Étape VIII, consider the exact sequence

0 → OP1
C
(s)(−W̃ ) → OP1

C
(s) → OP1

C
(s)|W̃ → 0,

which induces the following long exact sequence:

· · · → H0(P1
C ,OP1

C
(s)) → H0(W̃ ,OP1

C
(s)|W̃ )

→ H1(P1
C ,OP1

C
(s)(−W̃ )) → · · · .

Since s0 | s, we have OP1
C
(s)|W̃ ' OW̃ , so that there exists an element

g0 ∈ H0(W̃ ,OP1
C
(s)|W̃ ) which generates OP1

C
(s)|W̃ . On the other hand,

since s > e − 2, we see that H1(P1
C ,OP1

C
(s)(−W̃ )) (which is the dual of

H0(P1
C ,OP1

C
(−2 − s)(W̃ ))) vanishes. Thus, there exists an element g ∈

H0(P1
C ,OP1

C
(s)) that maps to g0. Then, we have Supp(g) ∩ W̃ = ∅. In

particular, we have Supp(g) ∩∞C = ∅.
We may identify H0(P1

C ,OP1
C
(s)) with the set of polynomials in R̃[T ] with

degree ≤ s. Then, since Supp(g)∩∞C = ∅, we see that g is strictly of degree s

and that the coefficient u of T s in g = g(T ) is an element of R̃×. So, replacing
g by u−1g (and g0 by u−1g0), we may assume that g is monic.

Next, since Pic(A1
C) = Pic(C) is a torsion group, there exists an ele-

ment w(T ) ∈ R̃[T ], such that the zero locus of w(T ) in A1
C coincides (set-

theoretically) with W̃ ∩ A1
C . Recall that, for each v ∈ Σ and each root ω of w

in Kv, we have v(ω) < 0. From this fact (and the fact that W̃ ∩ A1
kv

( A1
kv

),
we see that w(0) is a unit in Rv and that w(T ) ≡ w(0) (mod mv). Moreover,
since k×

v is a torsion group, we may assume that w(0) ≡ 1 (mod mv) for each
v ∈ Σ, replacing w by a suitable power. Now, we define d to be the degree of
w.

First, assume Σ 6= ∅, and we shall apply (1.18)(ii) carefully. Let n be as in
the beginning of the proof. Then, there exists a positive integer mn. We choose
a positive integer m to be a common multiple of mn and s. For this m, we

obtain a positive real number cKv,n,m. We put cm
def
= max{cKv,n,m | v ∈ Σ}.

We put D
def
= d

p−1 and E
def
= p

p−1cmmp. We take a positive integer t, such that

pt > D. Next, since we are assuming the condition (RI) that kLv
is an infinite
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algebraic extension of Fp, there exists a finite subfield of kLv
with arbitrarily

large cardinality. So, we may take a finite subfield Fv of kLv
, such that prv

def
=

](Fv) > Ept. Since Rv is complete, Fv admits a canonical lifting in RLv
, to

which we refer again as Fv. Now, take a positive integer r > max{rv(v ∈ Σ), t}.
Applying (1.18)(ii) to L = Lv, A = Fv, r as above, and ν = 0, we see that

there exists a positive integer δv, such that δv ≤ cmmpr+1/](Fv) = cmmpr−rv+1

and that δv ≡ 0 (mod n). Since δv is divisible by n, a
def
=

∏
v∈Σ(mv ∩ R̃)δv is

a principal ideal of R̃. So, let a ∈ R̃ be a generator of a. Then, v(a) =
δv for each v ∈ Σ. Now, the conclusion of (1.18)(ii) is that there exists a
monic, integral, superseparable polynomial fv(T ) ∈ Kv[T ], such that deg(fv) =
mpr+1, def(fv) ≥ (p−1)pr, f ′

v(T ) = a and (Kv)fv
= KvFv ⊂ Lv. Moreover, by

using (1.4)(ii) and the Chinese Remainder Theorem (for the Dedekind domain

R̃), we may assume that fv(T ) ∈ R̃[T ] and fv(T ) does not depend on v. So,

put f(T )
def
= fv(T ) for some (or, equivalently, all) v ∈ Σ, then, f is monic,

superseparable polynomial in R̃[T ], such that deg(f) = mpr+1, def(f) ≥ (p −
1)pr, f ′(T ) = a and (Kv)f = KvFv ⊂ Lv for each v ∈ Σ.

Next, assume Σ = ∅. In this case, we define m to be any multiple of s, put

D
def
= d

p−1 , take a positive integer t with pt > D and a positive integer r with

r > t, and let a be any element of R̃×. Now, we choose a monic superseparable
polynomial f(T ) ∈ R̃[T ] = R[T ], such that deg(f) = mpr+1, def(f) ≥ (p−1)pr,

and f ′(T ) = a. (For example, put f(T ) = Tmpr+1

+ aT .)
Finally, we put

F (T )
def
= g(T )

m
s pr+1

+ w(T )pr−t

(f(T ) − g(T )
m
s pr+1

) ∈ R̃[T ].

Claim (3.3). F is monic of degree mpr+1.

Proof. f is monic with deg(f) = mpr+1 and def(f) ≥ (p − 1)pr. On the other

hand, since g is monic of degree s, g
m
s is monic of degree m, hence g

m
s pr+1

is
monic of degree mpr+1 and with ‘defect’ ≥ pr+1 ≥ (p − 1)pr. From these, we

see that f − g
m
s pr+1

has degree ≤ mpr+1 − (p − 1)pr. Thus,

deg(wpr−t

(f − g
m
s pr+1

)) ≤ pr−td + mpr+1 − (p − 1)pr

< prdD−1 + mpr+1 − (p − 1)pr = mpr+1.

Since g
m
s pr+1

is monic of degree mpr+1 as we have already seen, we conclude
that F is monic of degree mpr+1. ¤

Claim (3.4). For each v ∈ Σ, any root α of F in Kv is contained in RLv
.

Proof. Since w(T ) ≡ 1 (mod mv), we have w(T )pr−t ≡ 1 (mod mpr−t

v ). Thus,

F (T ) ≡ g(T )
m
s pr+1

+ (f(T ) − g(T )
m
s pr+1

) = f(T ) (mod mpr−t

v ).
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Now, since pr−t > Epr−rv = p
p−1cmmpr−rv+1 ≥ p

p−1δv, we have (Kv)F =

(Kv)f ⊂ Lv by (1.4)(ii). This implies α ∈ Lv. Since F (T ) is a monic polynomial

in R̃[T ] ⊂ Rv[T ], we have α ∈ RLv
, as desired. ¤

Let Z̃ be the zero locus of F (T ) in A1
C . By (3.3), Z̃ is closed in P1

C . We

put Z
def
= Z̃ ∩ P1

B .

Claim (3.5). (i) Z ⊂ X.

(ii) Z is finite étale over B.

Proof. (i) On (W ∩ A1
B)red, we have F (T ) ≡ g(T )

m
s pr+1

. Now, since the zero
locus of g in A1

B is disjoint from W ∩ A1
B , so is that of F , as desired.

(ii) By (3.3), Z = Spec(R[T ]/(F (T ))) is finite (and flat) over R. Since F ′ =

wpr−t

f ′ = wpr−t

a and a ∈ R×, the zero locus of F ′ in A1
B is (set-theoretically)

contained in W . This, together with (i), implies that the zero loci of F and F ′

are disjoint from each other, as desired. ¤

Take an irreducible (or, equivalently, connected) component B′ of Z. By
(3.5), we have a natural immersion B′ ↪→ X over B, which we regard as a
finite étale quasi-section of X → B. Since RLv

⊂ Ωv, (3.4) implies that this
quasi-section is S-admissible. This completes the proof. ¤

Step 1 is the main step, and, roughly speaking, the rest of proof is only
concerning how to reduce general cases to Step 1.

Step 2. Assume that S is essentially rational, and that X is an open subscheme
of Pn

B for some n ≥ 0. Then, there exists an S-admissible quasi-section.

Proof. If n = 0, we must have X = B, and the assertion clearly holds. So,
assume n ≥ 1.

Let A be a commutative ring. We define Pn(A)0 to be (An+1 − 0)(A)/A×,
where 0 denotes the section (0, . . . , 0), regarded as a closed subscheme of An+1.
We define Pn(A)00 to be ∪n

i=0Ui(A), where Ui(' An) is the standard open
subset of Pn. Then, we have Pn(A)00 ⊂ Pn(A)0 ⊂ Pn(A). If Pic(A) = {0}
(resp. A is a local ring), then we have Pn(A)0 = Pn(A) (resp. Pn(A)00 =
Pn(A)0 = Pn(A)). If A is a Dedekind domain, we see that Pn(A)0 forms a
GLn+1(A)-orbit.

Now, observe that Pn(R)00 ∩ X(K) is dense in
∏

v∈Σ Pn(Kv). (X(R) may

be empty, though.) So, there exists x ∈ Pn(R)0 ∩ X(K), such that x ∈
Ωv ∩X(Kv) for each v ∈ Σ. (Note that S is essentially rational.) By changing
the coordinates via the GLn+1(R)-action, we may assume x = [1 : 0 : · · · : 0]
(∈ U0).

Let e1, . . . , en−1 be positive integers, and consider the B-morphism
ie1,...,en−1

: A1
B → U0 = An

B , t 7→ (te1 , . . . , ten−1 , t). It is easy to see that
ie1,...,en−1

is a closed immersion.

Claim (3.6). For some choice of e1, . . . , en−1, (ie1,...,en−1
)−1(X) surjects onto B.
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Proof. Denote by T1, . . . , Tn the coordinates of U0 = An
B . Then, there exist

a finite number of polynomials f1, . . . , fr ∈ R[T1, . . . , Tn], such that the closed
subset An

B−X of An
B coincides with the common zero locus of f1, . . . , fr. Since

An
B ∩ X surjects onto B (as X surjects onto B), we see that, for each b ∈ B,

there exists i = ib ∈ {1, . . . , r}, such that the image of fi in kb[T1, . . . , Tr] is
non-zero.

Lemma (3.7). Let S be a finite subset of Zn. Then, there exist positive integers
e1, . . . , en−1, such that the map S → Z, (k1, . . . , kn) 7→ e1k1 + · · ·+en−1kn−1 +
kn is injective.

Proof. Put T
def
= {s − s′ | s, s′ ∈ S, s 6= s′}. This is a finite subset of Zn

that does not contain 0 = (0, . . . , 0). For each t = (l1, . . . , ln) ∈ T , consider
the linear subspace Wt of An

Q defined by l1x1 + . . . lnxn = 0. On the other
hand, consider the hyperplane H = {(x1, . . . , xn) | xn = 1} of An

Q. As H 6⊂
Wt, H ′ def

= H − ∪t∈T Wt is a non-empty open subset of H. Since the set
{(e1, . . . , en−1, 1) | e1, . . . , en−1 ∈ Z>0} is Zariski dense in H (as Z>0 is an
infinite set), it must intersect non-trivially with H ′. Take (e1, . . . , en−1, 1) in
this intersection, then e1, . . . , en−1 satisfies the desired property. ¤

We define S to be the set of elements (k1, . . . , kn) ∈ (Z≥0)
n such that the

coefficient of T k1
1 · · ·T kn

n in fi is non-zero for some i = 1, . . . , r. Applying (3.7)
to this S, we obtain e1, . . . , en−1 ∈ Z>0. Then, we see that, for each b ∈ B,
there exists i = ib ∈ {1, . . . , r}, such that the image of fi(T

e1 , . . . , T en−1 , T )
in kb[T ] is non-zero. This means that (ie1,...,en−1

)−1(X) surjects onto B, as
desired. ¤

Take e1, . . . , en−1 as in (3.6), and put S ′ def
= (C, (ie1,...,en−1

)−1(X) →
B, {(ie1,...,en−1

(Lv))−1(Ωv)}), where ie1,...,en−1
(Lv) denotes the map A1(Lv) →

U0(Lv) = An(Lv) induced by ie1,...,en−1
. Then, S ′ is an essentially rational

Skolem data. (Observe that 0 ∈ A1(K) lies in (ie1,...,en−1
(Lv))−1(Ωv).)

Now, by Step 1, there exists an S ′-admissible quasi-section. By composing
this quasi-section with ie1,...,en−1

, we obtain an S-admissible quasi-section. This
completes the proof. ¤

Remark (3.8). The above argument that involves rational curves with higher
degree was communicated to the author by a referee. The author’s original
argument, which is slightly more complicated, uses lines over finite extensions.

Step 3. Assume that X is an open subscheme of Pn
B for some n ≥ 0. Then,

there exists an S-admissible quasi-section.

Proof. For each v ∈ Σ, Pn(Lv ∩ Ksep
v ) is v-adically dense in Pn(Lv). Ac-

cordingly, we have Ωv ∩ Pn(Lv ∩ Ksep
v ) 6= ∅. So, there exists a finite Galois

subextension Mv/Kv of Lv/Kv, such that Ωv ∩X(Mv) is non-empty. Now, put

C1
def
= (C,Σ, {Mv}v∈Σ), which is a finite base curve data. By (2.1), there exists

a C1-distinguished finite Galois extension K ′ of K. We define C ′ (resp. B′) to
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be the integral closure of C (resp. B) in K ′, and put Σ′ def
= C ′ − B′, which is

the inverse image of Σ in C ′. Let v′ be an element of Σ′ and v the image of

v′ in Σ. Then, we have (K ′)v′ = Mv ⊂ Lv. So, put C′ def
= (C ′,Σ′, {Lv}v′∈Σ′)

and S ′ def
= (C′,XB′ → B′, {Ωv}v′∈Σ′). Then, C′ is a base curve data (over the

algebraic closure of k in K ′) such that C ′ is affine and that (RI) holds, and
S ′ is an essentially rational Skolem data such that XB′ is an open subscheme
of Pn

B′ . So, by Step 2, there exists an S ′-admissible quasi-section B′′ → XB′ .
Now, the composite of this morphism and the natural projection XB′ → X
gives an S-admissible quasi-section. This completes the proof. ¤

Step 4. Assume that E ' On+1
B , where n + 1 is the rank of E . Then, there

exists a B-admissible quasi-hyperplane.

Proof. For simplicity, we put P = P(E) and P̌ = P(Ě). Let I denote the
incidence subscheme of P ×B P̌, and let p and p̌ be the natural projections
P ×B P̌ → P and P × P̌ → P̌, respectively. Both p|I and p̌|I are PN−1-
bundles, hence, a fortiori, smooth.

Let i = 1, . . . , r. Since Yi is an integral scheme and B is a smooth curve,
the morphism Yi → B is either flat over B or flat over bi for some closed point
bi ∈ B. We shall refer to the former (resp. latter) case as case 1 (resp. 2).

In case 1, let Ỹi be the normalization of Yi and Bi the integral closure of B in
Ỹi. Then, since the generic fiber of Ỹi → Bi is geometrically irreducible, there
exists a non-empty open subset B′

i of Bi, such that each fiber of Ỹi×Bi
B′

i → B′
i

is geometrically irreducible ([EGA4], Théorème (9.7.7)). We denote by Σi the
image of Bi − B′

i in B, which is a finite set. We define Ui,1 to be the image of

(Ỹi ×Bi
P̌Bi

minus the inverse image of IBi
) in P̌Bi

, which is an open subset
of P̌Bi

, and define Ui,2 to be the complement in P̌ of the image of P̌Bi
− Ui,1,

which is an open subset of P̌. Moreover, for each b ∈ Σi, fix a geometric
point b on b. Then, for each irreducible component P of Yi,b, we put UP,1 the

image of (P ×b P̌b minus the inverse image of Ib) in P̌b, and define TP,2 to

be the image of P̌b − UP,1 in P̌b, which is a closed subset of P̌b. Now, put

Ui
def
= Ui,2 − ∪b∈Σi

∪P TP,2, which is an open subset of P̌. In case 2, for each

irreducible component P of Yi,bi
, we define a closed subset TP,2 of P̌bi

just as

above, and put Ui
def
= P̌ − ∪P TP,2.

Now, we put U
def
= ∩r

i=1Ui. Let b be a geometric point on B, then, we see
that a point of Ub corresponds to a hyperplane Hb of Pb that satisfies condition
(a) in the definition of B-admissible quasi-hyperplane. In particular, Ub is a
non-empty open subset of P̌b for each b ∈ B.

Next, for each i = 1, . . . , r, let ((p|I)−1(Y sm
i ))non-sm be the set of points of

(p|I)−1(Y sm
i ) at which (p|I)−1(Y sm

i ) → P̌ is not smooth. This is a closed subset
of (p|I)−1(Y sm

i ). Let Zi be the image of ((p|I)−1(Y sm
i ))non-sm in P̌. Chevalley’s

theorem implies that Zi is a constructible subset of P̌, and the usual Bertini
theorem implies that, for each b ∈ B, P̌b−Zi contains a non-empty open subset
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of P̌b. From these, we observe that Vi
def
= P̌− Zi satisfies that, for each b ∈ B,

(Vi)b is a non-empty open subset of P̌b. We put V
def
= ∩r

i=1Vi. Then, for each
b ∈ B, Vb is a non-empty open subset of P̌b.

Next, let P be an irreducible component of Yi,K with dim(P ) ≥ 2. Then, by

a version of Bertini theorem ([J], Théorème 6.11, 3), there exists a non-empty
open subset WP,1 of P̌K , such that, for each hyperplane HK corresponding to
a point of WP,1, P ∩ HK is irreducible. We define W1 to be the intersection
of WP,1 for irreducible components P of Yi,K with dim(P ) ≥ 2, which is a

non-empty open subset of P̌K , and T2 the image of P̌K − W1 in P̌K , which is

a proper closed subset of P̌K . Moreover, we denote by T 2 the closure of T2 in
P̌. We see that (T 2)b is a proper closed subset of P̌b for each b ∈ B. Now, we
put W = P̌− T 2. Then, for each b ∈ B, Wb is a non-empty open subset of Pb.

Now, we put X̌
def
= U∩V ∩W . This is an open subset of P̌ that is surjectively

mapped onto B. Put S ′ def
= (C, X̌ → B, {Ω̌v∩X̌(Lv)}v∈Σ). Then, S ′ is a Skolem

data.
So, by Step 3 and the assumption that E ' On+1

B , there exists an S ′-
admissible quasi-section B′ → X̌. By the choice of S ′, this section corresponds
to a hyperplane H of PB′ , which satisfies all the conditions (a)–(d) in the
definition of B-admissible quasi-hyperplane. This completes the proof. ¤

Step 5. Assume that X is quasi-projective of relative dimension 1 over B.
Then, there exists an S-admissible quasi-section.

Proof. By assumption, we may assume that X is a subscheme of Pn
B for some

n ≥ 1. We define X1 to be the closure of X in Pn
B , regarded as a reduced

scheme. X1 is a projective flat integral curve over B, and X is an open sub-
scheme of X1. It is well-known that, after normalizations and blowing-ups
outside X, X1 can be desingularized. Namely, there exists a birational pro-
jective morphism π : X2 → X1, where X2 is a regular, integral scheme, such
that π−1(X)

∼→X. Since XK is irreducible, so is (X2)K . Hence, by [EGA4],
Théorème (9.7.7), there exists a non-empty open subset B1 of B, such that each
fiber of XB1

→ B1 is geometrically irreducible, and, in particular, irreducible.

We put Σ1
def
= B − B1, which is a finite set.

Now, we introduce a new base curve data C1
def
= (C,Σ ∪ Σ1, {Lv}v∈Σ ∪

{Kur
v }v∈Σ1

), where Kur
v denotes the maximal unramified extension of the com-

plete discrete valuation field Kv. Note that C1 satisfies (RI) and that C is
affine. Moreover, we put S1 = {C1,XB1

→ B1, {Ωv}v∈Σ ∪ {X(RKur
v

)}v∈Σ1
}.

Since X → B is smooth surjective, we see that X(RKur
v

) is non-empty. Thus,
S1 becomes a Skolem data. Now, suppose that there exists an S1-admissible
quasi-section B′

1 → XB1
. Then, firstly, the integral closure B′ of B in B′

1

is finite étale over B. Secondly, as X2 → B is proper, B′
1 → XB1

extends
to B′ → X2. Now, since B′

1 → XB1
is S1-admissible, we see that the im-

age of B′ → X2 must be contained in X. Thus, we obtain an S-admissible
quasi-section B′ → X.
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So, replacing S by S1, we may assume that each fiber of X2 → B is geomet-

rically irreducible. Now, we put X
def
= X2.

Lemma (3.9). Let F be a field and X a projective, geometrically integral F -
scheme of dimension 1. We denote by X ′ the normalization of XF , so that we
have a natural morphism π : X ′ → X. Then, there exists a natural number N ,
such that each invertible sheaf L on X with deg(L) ≥ N is very ample, where

deg(L)
def
= deg(π∗(L)).

Proof. This follows from [CFHR], Theorem 1.1. (We may take N = 2pa(X) +
1.) ¤

Now, take a natural number N for XK as in (3.9). We shall choose horizontal
divisors Y1, Y2, . . . of X inductively, as follows. Firstly, by [Mo3], Théorème
1.3, there exists a horizontal divisor Y1 of X, such that Y1 is contained in X and
that, for each v ∈ Σ, Y1 ×B Spec(Lv) is a disjoint union of copies of Spec(Lv)
and is contained in Ωv. Next, assume that we have defined Y1, . . . , Yr. Then,
again by [Mo3], Théorème 1.3, there exists a horizontal divisor Yr+1 of X, such
that Yr+1 is contained in X −∪r

i=1Yi and that, for each v ∈ Σ, Y ×B Spec(Lv)
is a disjoint union of copies of Spec(Lv) and is contained in Ωv − ∪r

i=1Yi(Lv).
By construction, Y1, Y2, . . . are disjoint from one another. Now, take n so large

that deg(Y1,K +· · ·+Yn,K) ≥ N , and we put Y
def
= Y1+· · ·+Yn. (Note that each

Yi defines an invertible sheaf on X, since it lies in the smooth locus.) Then,
by (3.9), YK is very ample. On the other hand, since each fiber of X → B is
geometrically irreducible, Y itself is ample (cf. [Mo2], Proposition 4.3), hence
there exists a natural number m such that mY is very ample. So, consider an
embedding X ↪→ Pn

B with respect to the very ample divisor mY .

We put D
def
= X − X. Let E1, . . . , Eh be the irreducible components of D,

which must be either an isolated point or a horizontal divisor, as X → B is
surjective and each fiber of X → B is irreducible. Next, for each v ∈ Σ, we
define Ω̌′

v to be the subset of P̌n(Lv) consisting of points corresponding to Lv-
rational hyperplanes H such that XLv

∩ H is a disjoint union of Lv-rational
points in Ωv (whose cardinality must coincide with deg(mYK)). It is easy to
show that Ω̌′

v is a v-adically open subset of P̌(Lv). Moreover, by using the fact
that (not only mYK but also) YK is very ample and that YLv

is a disjoint union
of Lv-rational points in Ωv, we see that Ω̌′

v is non-empty.

Now, we put B′ def
= (C,X,E1, . . . , Eh ⊂ Pn

B , {Ω̌′
v}v∈Σ), which becomes a

Bertini data. As Pn
B = P(On+1

B ), we may apply Step 4 to this Bertini data
B′, to conclude that there exists a B′-admissible quasi-hyperplane H ⊂ Pn

B′ .

By condition (a), we see that XB′ ∩ H is finite (as proper and quasi-finite)
over B, and that Ei,B′ ∩ H = ∅ for each i = 1, . . . , h, hence DB′ ∩ H = ∅, or,

equivalently, XB′ ∩ H = XB′ ∩ H. By condition (b), we see that XB′ ∩ H is
smooth over B′. From these, XB′ ∩ H is finite étale over B′, hence over B.
Moreover, by condition (d), each component of (XB′ ∩H)Lv

is a disjoint union
of Lv-rational point in Ωv. Thus, any connected component of XB′ ∩ H gives
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an S-admissible quasi-section. This completes the proof. ¤

Step 6. Assume that X is quasi-projective over B. Then, there exists an S-
admissible quasi-section.

Proof. We shall prove this by using induction on the relative dimension d of
X over B. If d = 0, this is clear. If d = 1, this is just the content of Step 5.
So, assume d > 1. Since X is quasi-projective, we may choose an embedding

X ↪→ Pn
B . We denote by X the closure of X in Pn

B , and put W
def
= X−X. Next,

for each v ∈ Σ, we define Ω̌′
v to be the subset of P̌n(Lv) consisting of points

corresponding to Lv-rational hyperplanes that meet transversally with a point
of Ωv. Then, it is easy to see that Ω̌′

v is a non-empty, v-adically open, Gv-stable

subset of P̌n(Lv). Thus, B′ def
= (C,X,W ⊂ Pn

B , {Ω̌′
v}v∈Σ) becomes a Bertini

data, and, by Step 4, there exists a B′-admissible quasi-hyperplane H ⊂ Pn
B′ ,

where B′ is the integral closure of B in some finite C-admissible extension K ′ of
K. By conditions (a) and (b) in the definition of B′-admissibility, we see that

X ′
B′

def
= XB′ ∩ H is smooth, surjective over B′. By condition (c), X ′

B′ ×B′ K ′

is irreducible. Moreover, by condition (d), Ω′
v

def
= Ωv ∩ H(Lv) is non-empty.

Now, we define C ′ (resp. B′) to be the integral closure of C (resp. B) in

K ′, and put Σ′ def
= C ′ − B′, which is the inverse image of Σ in C ′. Let v′ be

an element of Σ′ and v the image of v′ in Σ. Then, we have (K ′)v′ ⊂ Lv. So,

put C′ def
= (C ′,Σ′, {Lv}v′∈Σ′) and S ′ def

= (C′,X ′
B′ → B′, {Ω′

v}v′∈Σ′). Then, C′ is
a base curve data (over the algebraic closure of k in K ′) such that C ′ is affine
and that (RI) holds, and S ′ is a Skolem data such that the relative dimension
of XB′ over B′ is d − 1. Thus, by the assumption of induction, there exists an
S ′-admissible quasi-section B′′ → X ′

B′ . Composing this quasi-section with the
natural map X ′

B′ → X, we obtain an S-admissible quasi-section, as desired.
This completes the proof. ¤

Step 7. There exists an S-admissible quasi-section. Namely, (3.1) holds.

Proof. Let X ′ be a non-empty affine open subset of X, and let B′ denote the

image of X ′ in B, which is a non-empty open subset of B. Put Σ′ def
= B − B′.

Then, S ′ def
= (C′,X ′ → B′, {Ωv ∩ X ′(Lv)}v∈Σ ∪ {X ′(Kur

v ) ∩ X(RKur
v

)}v∈Σ′),

where C′ def
= (C,Σ ∪ Σ′, {Lv}v∈Σ ∪ {Kur

v }v∈Σ′), becomes a Skolem data. Now,
just as in the proof of Step 5, an S ′-admissible quasi-section (whose existence
is assured by Step 6) induces an S-admissible quasi-section. This completes
the proof. ¤

Step 8. There exists a B-admissible quasi-hyperplane. Namely, (3.2) holds.

Proof. This is just similar to the proof of Step 4, except that we use Step 7
instead of Step 3. ¤
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§4. Some remarks and applications.

4.1. On condition (RI).
It is desirable to remove the disgusting condition (RI) in the main results (3.1)
and (3.2). The main (and the only) technical difficulty in doing so appears in
Step 1 of §3. More specifically, recall that we have applied (1.18)(ii) in Step
1. However, to apply (1.18)(ii), we need a finite submodule A of RLv

with
A ∩ mLv

= {0} and with ](A) sufficiently large, which requires the infiniteness
of the residue field of Lv. In fact, it is possible to modify (1.18)(ii) to include
the case where A ∩ mLv

= {0} does not hold, but then we cannot expect the
valuation δ of a is sufficiently small compared to deg(f), and the proof of (3.4)
fails when we try to apply (1.4)(ii).

4.2. On the incompleteness hypothesis.
In the main results (3.1) and (3.2), we have assumed the incompleteness hy-
pothesis that the base curve C is affine. It is impossible to remove this condition
entirely, but it is desirable to be able to control the objects at the points at
infinity, even in some weaker sense. In this direction, we have a capacity-
theoretic approach due to Rumely ([Ru1], [Ru2]) and another approach via
small codimension arguments due to Moret-Bailly ([Mo5]). The author hopes
for the following third approach (though it is only applicable to positive char-
acteristic). More precisely, let C = (C,Σ, {Lv}v∈Σ) be a base curve data over
an algebraic extension k of Fp (with C not necessarily affine), and Σ∞ a non-
empty subset of Σ. Then, even if C is proper over k, we might expect that the
following version of (3.1) and (3.2) hold.

For (3.1), let S = (C, f : X → B, {Ωv}v∈Σ−Σ∞ ∪{X(Lv)}v∈Σ∞) be a Skolem
data. (Thus, for v ∈ Σ∞, we just assume X(Lv) 6= ∅.) Then, we might
expect that there exists a quasi-section s : B′ → X of f : X → B which
is nearly S-admissible with respect to Σ∞ in the following sense: K ′ is a
finite extension of K which is nearly C-admissible with respect to Σ∞; B′

is the integral closure of B in K ′; and for each v ∈ Σ − Σ∞, the image of

B′
Lv

def
= B′×B Lv in XLv

def
= X×B Lv is contained in Ωv (⊂ X(Lv) = XLv

(Lv)).
(For v ∈ Σ∞, the image of B′

Lv(p) in XLv(p) is automatically contained in

X(Lv(p)) = XLv(p)(Lv(p)), and we do not impose any more condition.)

For (3.2), let B = (C, Y1, . . . , Yr ⊂ P(E), {Ω̌v}v∈Σ−Σ∞ ∪ {P(Ě)(Lv)}v∈Σ∞)
be a Bertini data. Then, we might expect that there exists a quasi-hyperplane
H ⊂ P(E)B′ which is nearly B-admissible with respect to Σ∞ in the following
sense: K ′ is a finite extension of K which is nearly C-admissible with respect to
Σ∞; B′ is the integral closure of B in K ′; (a), (b), (c) as in the definition of B-
admissibility; and (d) as in the definition of B-admissibility only for v ∈ Σ−Σ∞.
(For v ∈ Σ∞, the image of B′

Lv(p) in P(Ě)Lv(p) is automatically contained in

P(Ě)(Lv(p)) = P(Ě)Lv(p)(Lv(p)), and we do not impose any more condition.)

We might consider (2.2) as a weak evidence for this expectation.
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4.3. Hopeful generalizations (mild).
Firstly, it should be possible to generalize the main results (3.1) and (3.2) to
the case of algebraic spaces or even algebraic stacks, along the lines of [Mo5].

Secondly, it should be possible to prove qualitative versions of (3.1) and
(3.2), in terms of heights (cf. [U], and [A1,2]) and/or degrees (cf. [Mi], [E1,2]).
(See also [Poo].)

Thirdly, it is desirable to be able to prove that, in (3.1), we can choose an S-
admissible quasi-section B′ → X which is a closed immersion (cf., e.g., [Mo2],
Définition 1.4.), and, similarly, that, in (3.2), we can choose a B-admissible
quasi-hyperplane H ⊂ P(E)B′ such that the classifying morphism [H] : B′ →
P(Ě) is a closed immersion. This third possible generalization was suggested
to the author by the referee. Indeed, this generalization is possible in Steps 1
and 2 of §3. (For Step 2, this is possible by means of the simplification of the
proof due to him or her. See (3.8).)

4.4. Hopeful generalizations (ambitious).
As we have mentioned in the Introduction, word-for-word translations of the
main results (3.1) and (3.2) to the number field case, namely, to the case where
C in the base scheme data is (an open subscheme of) the spectrum of the integer
ring of an algebraic number field are false. However, it is very interesting (at
least to the author) to ask if we might hope for any (modified) unramified
versions of (3.1) and (3.2) also in the number field case.

Also, it might be interesting to investigate what happens in the case where
C is a higher-dimensional (affine) scheme, even in positive characteristic. One
of the main obstacles of this direction consists in the fact that the Picard group
of C is no longer a torsion group, and word-for-word translations of (3.1) and
(3.2) to the higher-dimensional case are false. However, there might exist some
reasonable restrictions on the (Skolem or Bertini) data, with which (3.1) and
(3.2) are valid.

4.5. An application to local-global principle and largeness in field theory.

Definition. Let C = (C,Σ, {Lv}v∈Σ) be a base scheme data. Then, we define
KC to be the maximal C-admissible extension of K contained in the algebraic
closure K of K, CC (resp. BC) the integral closure of C (resp. B) in KC , and
ΣC to be the inverse image of Σ in CC . (Thus, ΣC = CC − BC .)

As an application of (3.1), we obtain the following local-global principle in
field theory (cf. [Mo4]).

Theorem (4.1). Let C = (C,Σ, {Lv}v∈Σ) be a base curve data over an alge-
braic extension of Fp, and assume that C is affine and that (RI) holds. Then,
KC satisfies the local-global principle in the sense that, for each smooth, ge-
ometrically connected scheme X over KC, X(KC) 6= ∅ holds if and only if
X((KC)w) 6= ∅ holds for every prime w of KC. Here, (KC)w denotes the alge-
braic closure of Kv in the completion of KC at w, where v is the prime of K
that is below w.
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Proof. The ‘only if’ part is trivial. To prove the ‘if’ part, assume that
X((KC)w) 6= ∅ holds for every prime w of KC . First, replacing X by any
non-empty quasi-compact open subset, we may assume that X is of finite
type over KC . (Observe that the image of X((KC)w) in X is Zariski dense.)
Then, replacing K and C by a suitable finite C-admissible extension and a
suitable base curve data, respectively, we may assume that X comes from a
(smooth, geometrically connected) K-scheme XK . Now, the following (4.2)
implies X(KC) = XK(KC) 6= ∅, as desired. (Put Ωv = XK(Lv).) ¤

Theorem (4.2). Notations and assumptions being as in (4.1), let XK be a
smooth, geometrically connected K-scheme. Assume that XK(Kur

b ) 6= ∅ holds
for each closed point b ∈ B, and that a non-empty, v-adically open, Gv-stable
subset Ωv of XK(Lv) is given for each v ∈ Σ. Then, there exists a finite C-
admissible extension K ′ of K and sK ∈ XK(K ′), such that, for each v ∈ Σ,

the image by sK ×K Lv of Spec(K ′)×K Lv in XLv

def
= XK ×K Lv is contained

in Ωv (⊂ XK(Lv) = XLv
(Lv)).

Proof. First, assume that there exist a regular, integral scheme X proper, flat
over B and an open immersion XK ↪→ XK over K. (We shall refer to such

an X as a regular, relative compactification over B.) Put WK
def
= XK −

XK and denote by W the closure of WK in X. Then, we see easily that
W ∩ XK = WK and that the fiber Wb of W at each closed point b of B has
dimension strictly smaller than the dimension of the whole fiber Xb (which is

automatically equidimensional). On the other hand, let X
sm

denote the set of
points of X at which X → B is smooth. This is an open subset of X. Since
X is regular and X(Kur

b )(⊃ XK(Kur
b )) 6= ∅ for each closed point b ∈ B, we see

that X
sm → B is surjective. From these, we conclude that X

def
= X

sm − W
surjects onto B and that X ×B K = XK holds. Now, applying (3.1) to the

Skolem data S def
= (C,X → B, {Ωv}v∈Σ), we obtain an S-admissible quasi-

section s : B′ → X. Then, sK
def
= s ×B K satisfies the desired properties.

In general, the above desingularization result may not be available, but we

can proceed by using induction on d
def
= dim(XK), as follows. The case d = 0 is

trivial. In the case d = 1, the existence of a regular, relative compactification
as above is well-known. So, we may assume d ≥ 2. Replacing XK by a
suitable (say, non-empty and affine) open subset, we may also assume that XK

is quasi-projective over K. (Observe that the image of Ωv in XK is Zariski
dense.) We choose an embedding XK ↪→ Pn

K . Then, as in the proof of Step

4 of §3, there exists a non-empty open subset ǓK of the dual projective space
P̌n

K , such that, for each hyperplane HK that corresponds to a point of ǓK(K),
XK ∩ HK is smooth, (geometrically) connected of dimension d − 1. Moreover,

as in the proof of Step 6 of §3, for each v ∈ Σ, we define Ω̌′
v to be the subset

of P̌n(Lv) consisting of points corresponding to Lv-rational hyperplanes that
meet transversally with a point of Ωv. Then, it is easy to see that Ω̌′

v is a non-
empty, v-adically open, Gv-stable subset of P̌n(Lv). Now, since ǓK admits
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a regular, relative compactification P̌n
B , we may apply the above argument to

(ǓK , {Ω′
v ∩ ǓK(Lv)}v∈Σ) to obtain a suitable quasi-section s′K of ǓK . (Note

also that ǓK(Kur
b ) 6= ∅ holds for each closed point b of B.) Now, as in the proof

of Step 6 of §3, we may reduce the problem to the case d − 1 by cutting (the
base change of) XK with the quasi-hyperplane corresponding to s′K . Thus, the
proof by induction is completed. ¤

Corollary (4.3). KC is large (in the sense of [Pop]). ¤

Proof. Immediate from (4.1). (See [Pop], Proposition 3.1.) ¤

This corollary gives an interesting new example of large fields. Indeed, as
far as the author knows, in all the known examples of large fields which are
algebraic extensions of either number fields K or function fields K over finite
fields, we can control only finitely many primes of K. On the other hand, our
KC is defined by imposing restrictions at almost all primes of K.

In this sense, this corollary may be regarded as the first example of large
fields which are not so large! (See also (4.11) below.)

4.6. An application to principal ideal theorem.
As an application of (3.1), we obtain the following (cf. [Mo1], 3.1):

Theorem (4.4). Let C = (C,Σ, {Lv}v∈Σ) be a base curve data over an alge-
braic extension k of Fp, and assume that C is affine and that (RI) holds. Then,
we have Pic(CC) = {0}. In particular, we have Pic(BC) = {0}.
Proof. Let LC be any invertible sheaf on CC . Then, there exists a finite subex-
tension K1 of KC over K, such that LC = L1⊗OC1

OCC holds for some invertible
sheaf L1 on C1, where C1 is the integral closure of C in K1. We define B1 and
Σ1 to be the integral closure of B in K1 and the inverse image of Σ in C1, respec-

tively, and, for each v1 ∈ Σ1, we put Lv1

def
= Lv, where v is the image of v1 in Σ.

Then, observe that C1
def
= (C1,Σ1, {Lv1

}v1∈Σ1
) becomes a base curve data (over

the algebraic closure of k in K1), such that (C1)
C1 = CC . Now, consider the

Skolem data S1 = (C1, (V(Ľ1)−0C1
)×C1

B1 → B1, {(V(Ľ1)−0C1
)(RLv

)}v1∈Σ1
)

(such that C1 is affine and that (RI) holds), where V(Ľ1) denotes the (geomet-
ric) line bundle on C1 defined by the dual Ľ1 of L1, and 0C1

denotes the zero
section of V(Ľ1). Now, by (3.1), there exists an S1-admissible quasi-section
B′ → (V(Ľ1) − 0C1

) ×C1
B1. By the choice of S1, this quasi-section extends

to a (unique) quasi-section C ′ → V(Ľ1)− 0C1
of V(Ľ1)− 0C1

→ C1, where C ′

is the integral closure of C1 in B′. This implies that L1 admits an everywhere
non-vanishing section over C ′, or, equivalently, L1 becomes trivial after the
base change to C ′. Therefore, LC is trivial, a fortiori. This completes the proof
of the first assertion.

The second assertion follows from the first, as the natural map Pic(CC) →
Pic(BC) is surjective. ¤

In the case where Σ = ∅, (4.4) directly follows from the principal ideal the-
orem in class field theory. In general, however, there exists an invertible sheaf
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that cannot be trivialized if we only consider abelian C-admissible extensions.
(See (4.11) below.) In this sense, we may regard (4.4) as a new (non-abelian)
type of principal ideal theorem which cannot be covered by class field theory.

4.7. An application to torsors.
More generally than the second assertion of (4.4), we obtain the following:

Theorem (4.5). Let C = (C,Σ, {Lv}v∈Σ) be a base curve data over an alge-
braic extension of Fp, and assume that C is affine and that (RI) holds. Let
GC be a smooth, separated group scheme of finite type over BC, such that
the generic fiber GC

KC is connected. Then, we have Ker(Ȟ1
fpqc(B

C , GC) →∏
w∈ΣC Ȟ1

fpqc(Spec((KC)w), GC))) = {1}.

Proof. By [Ra], Théorème XI, 3.1, each class x of Ȟ1
fpqc(B

C , GC) corresponds

to a representable BC-torsor XC . If, moreover, x belongs to the kernel in
question, XC admits a (KC)w-rational point for each w ∈ ΣC . Since XC is of
finite presentation over BC , it comes from a scheme over a finite (C-admissible)
extension of B. Now, as in the proof of (4.4), we can prove that XC admits a
BC-section, by using (3.1). This completes the proof. ¤

Note that the second assertion of (4.4) is a special case of (4.5), where
GC = Gm,BC . (The first assertion of (4.4) can also be generalized in a suitable
sense. We leave it to the readers.)

As an interesting corollary of (4.5), we obtain:

Corollary (4.6). Let C be an affine, smooth curve over an algebraic ex-
tension of Fp, and K the function field of C. Let G be a smooth, separated,
commutative group scheme of finite type over C, such that the generic fiber GK

is connected.

Then, we have H1
ét(C,G) = H1(π1(C), G(C̃)), where C̃

def
= BC(= CC) for

the base curve data C def
= (C, ∅, ∅).

Proof. This follows from (4.5), together with the Hochschild-Serre spectral se-
quence. ¤

4.8. A group-theoretical remark.
Recall that a quasi-p group (for a prime number p) is a finite group that does
not admit a non-trivial quotient group of order prime to p.

Proposition (4.7). Let B be a smooth, geometrically connected curve over a
finite field k of characteristic p. We denote by B∗ the smooth compactification

of B and put Σ
def
= B∗ − B (which we regard as a reduced closed subscheme of

B∗). Then, there exists a natural number N (depending only on the genus g
of B∗ and the cardinality n of Σ(k)), such that, for each finite extension l of

k with ](l) ≥ N , there is no non-trivial finite étale covering of Bl
def
= B ×k l at

most tamely ramified over Σl
def
= Σ ×k l in which every point of B(l) = Bl(l)

splits completely.
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Proof. This is a rather well-known application of the Weil bound on the cardi-
nality of rational points over finite fields. More specifically, suppose that l is a
finite extension of k with cardinality q and that B′ is a connected finite étale
covering with degree d of Bl at most tamely ramified over Σl in which every
point of B(l) splits completely. We denote by l′ the integral closure of l in B′,
and define (B′)∗, g′ and n′ for B′ just similarly to B∗, g and n, respectively,
for B. Now, firstly, the tamely ramified condition, together with the Hurwitz’
formula, implies

2g′ − 2 ≤ dgeom(2g − 2) + (dgeom − 1)n ≤ d(2g − 2) + (d − 1)n,

where dgeom
def
= d/[l′ : l]. Secondly, the complete splitting condition, together

with the Weil (lower) bound for Bl, implies that

](B′(l)) = d](Bl(l)) ≥ d(]((B′)∗(l)) − n) ≥ d(1 + q − 2g
√

q − n).

Thirdly, the Weil (upper) bound for B′ implies

](B′(l)) ≤ ]((B′)∗(l)) ≤ 1 + q + 2g′
√

q.

(Note that this holds (trivially) even if [l′ : l] > 1.) Combining these three
inequalities together, we obtain

d(q − (4g + n − 2)
√

q − (n − 1)) ≤ q − (n − 2)
√

q + 1.

From this, we see that d < 2 (or, equivalently, d = 1) must hold for sufficiently
large q, as desired. ¤

Proposition (4.8). Let k and B be as in (4.7). Then, there exist finite sets Σ1

and Σ2 of closed points of B, disjoint from each other, such that the following
holds: For each v ∈ Σ1 (resp. v ∈ Σ2), let Lv be any (possibly infinite) pro-p
Galois extension of Kv (resp. Galois extension such that Gal(Lv∩Kur

v /Kv) is a
pro-prime-to-p group) and put C = (B,Σ1∪Σ2, {Lv}v∈Σ1∪Σ2

). Then, for every
C-admissible, finite, Galois extension K ′ of K, Gal(K ′/K) is a quasi-p group
and the constant field of K ′ (i.e., the algebraic closure of k in K ′) coincides
with k.

Proof. Take a natural number N as in (4.7), and choose two finite extensions
l1 and l′1 of k with ](l1) ≥ N and ](l′1) ≥ N , such that l1 ∩ l′1 = k. We define
Σ1 to be the union of the images of B(l1) and B(l′1) in B. Next, the Weil
bound implies that there exists a natural number N ′, such that, for each finite
extension l of k with ](l) ≥ N ′, (B − Σ1)(l) 6= ∅ holds. (Note that B − Σ1 is
geometrically connected over k.) So, we can choose a finite extension l2 of k,
such that (B −Σ1)(l2) 6= ∅ and that [l2 : k] is not divisible by p. We define Σ2

to be any non-empty subset of the image of (B − Σ1)(l2) in B − Σ1. Now, for
each v ∈ Σ1 (resp. v ∈ Σ2), let Lv be any pro-p Galois extension of Kv (resp.
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Galois extension such that Gal(Lv ∩ Kur
v /Kv) is a pro-prime-to-p group), and

put C = (B,Σ1 ∪ Σ2, {Lv}v∈Σ1∪Σ2
).

Let K ′ be any C-admissible finite Galois extension of K. We define
Gal(K ′/K)p′

(resp. Gal(K ′/K)p) to be the maximal quotient group of
Gal(K ′/K) with order prime to p (resp. with order a power of p), and denote by
M1 (resp. M2) the subextension of K ′ over K that corresponds via Galois the-

ory the kernel of the natural surjective map Gal(K ′/K) ³ Gal(K ′/K)p′

(resp.

Gal(K ′/K) ³ Gal(K ′/K)p). Thus we have Gal(M1/K) = Gal(K ′/K)p′

(resp.
Gal(M2/K) = Gal(K ′/K)p) .

We shall first prove that Gal(K ′/K) is a quasi-p group, or, equivalently, that
M1 = K holds. As K ′ is C-admissible, so is M1. Since, moreover, Gal(M1/K)
has order prime to p and Gal(Lv/Kv) is pro-p for each v ∈ Σ1, M1/K must split
completely at each v ∈ Σ1. Now, by (4.7), we obtain M1 ⊂ Kl1 ∩Kl′1 = K, as
desired.

Next, we shall prove that the constant field of K ′ is k. Since the Galois group
over k of a finite extension of k is cyclic (hence nilpotent, a fortiori), we see
that the constant field of K ′ is the compositum of those of M1 and M2. Since
we have already proved M1 = K, it suffices to prove that the constant field of
M2 is k. As K ′ is C-admissible, so is M2. Since, moreover, Gal(M2/K) has
p-power order and Gal(Lv ∩Kur

v /Kv) is pro-prime-to-p for each v ∈ Σ2, M2/K
does not admit a non-trivial residue field extension over Σ2. In particular, the
constant field of M2 is contained in the residue field of each v ∈ Σ2, hence in
l2 by the choice of Σ2. Now, since Gal(M2/K) has p-power order and [l2 : k]
is prime to p, the constant field of M2 must coincide with k, as desired.

This completes the proof. ¤

Proposition (4.9). Let the notations and the assumptions be as in (2.2),
and assume, moreover, that k is an algebraic extension of Fp. Then, in the
conclusion of (2.2), we may assume that Gal(K ′/K) is a quasi-p group and
that the constant field of K ′ coincides with k.

Proof. We can choose a finite subextension k0 of Fp in k, such that the curve C
and the (reduced) closed subscheme Σ of C descend to C0 and Σ0, respectively.
Replacing k0 by a suitable finite extension (in k), we may assume ](Σ) = ](Σ0).
Moreover, again replacing k0 by a suitable finite extension, we may assume
that, for each v ∈ Σ, the finite Galois extension Lv/Kv descends to a finite
Galois extension L0,v0

/K0,v0
, where K0 is the function field of C0 and v0 is the

image of v in Σ0. We define Σ0,∞ to be the image of Σ∞ in Σ0. We also put

B0
def
= C0 − Σ0.

Now, take finite sets Σ1 and Σ2 of closed points of B0 as in (4.8), and put

C0
def
= (C0,Σ0 ∪ Σ1 ∪ Σ2, {L0,v0

}v0∈Σ0
∪ {K0,v0

}v0∈Σ1∪Σ2
). Applying (2.2) to

C0 and Σ∞,0, we obtain a finite Galois extension K ′
0 of K0 that is nearly C0-

distinguished with respect to Σ∞,0. By (4.8), Gal(K ′
0/K0) is a quasi-p group

and the constant field of K ′
0 coincides with k0.

Finally, put K ′ def
= K ′

0k. Then, we easily see that K ′ is a finite Galois
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extension of K = K0k that is nearly C-distinguished with respect to Σ∞, that
Gal(K ′/K) is a quasi-p group (as Gal(K ′/K)

∼→Gal(K ′
0/K0)) and that the

constant field of K ′ coincides with k. This completes the proof. ¤

Proposition (4.10). In (3.1) and (3.2), we may choose B′ such that K ′ is
a finite Galois extension of K with quasi-p Galois group and that the constant
field of K ′ coincides with k.

Proof. The proof of this fact goes rather similarly as that of (4.9). The main
difference between them consists in the fact that, in the proof of (4.9), we
can use the trivial extension K0,v0

/K0,v0
for each v ∈ Σ1 ∪ Σ2, while, in the

proof of (4.10), this is impossible, since we have to require that condition (RI)
also holds for the (enlarged) base curve data. Here, however, we may take
K0,v0

Fp(p
∞)/K0,v0

(resp. K0,v0
Fp(p

′)/K0,v0
) for v0 ∈ Σ1 (resp. v0 ∈ Σ2)

instead of K0,v0
/K0,v0

, where Fp(p
∞) (resp. Fp(p

′)) denotes the maximal pro-
p (resp. pro-prime-to-p) extension of Fp. Details are left to the readers. ¤

Remark (4.11). The group-theoretical results of this subsection are also appli-
cable to other results in this section.

For example, (4.8) implies that, for some base curve data C, the field KC

that appears in (4.1) and (4.3) satisfies the following property: Gal(KC/K) is
pro-quasi-p in the sense that its maximal pro-prime-to-p quotient is trivial.

A similar remark is also applicable to (4.4). Namely, for some base curve
data C, Gal(KC/K)(= Aut(BC/B)) is pro-quasi-p. In particular, the abelian-
ization Gal(KC/K)ab of Gal(KC/K) is a pro-p group, or, equivalently, every
finite abelian C-admissible extension of K has p-power degree. Accordingly,
if, moreover, we start with C such that Pic(C) admits a non-trivial torsion
element [L] whose order is prime to p, then L cannot be trivialized over any
finite abelian C-admissible extension, while it can be trivialized over some finite
(necessarily non-abelian) C-admissible extension by (4.4).
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Abstract. Let OK be a complete discrete valuation ring of mixed char-
acteristic (0, p) with perfect residue field. From the semi-stable conjecture
(Cst) and the theory of slopes, we obtain isomorphisms between the maxi-
mal unramified quotients of certain Tate twists of p-adic étale cohomology
groups and the cohomology groups of logarithmic Hodge-Witt sheaves for
a proper semi-stable scheme over OK . The object of this paper is to show
that these isomorphisms are compatible with the symbol maps to the p-
adic vanishing cycles and the logarithmic Hodge-Witt sheaves, and that
they are compatible with the integral structures under certain restric-
tions. We also treats an open case and a proof of Cst in such a case is
given for that purpose. The results are used in the work of U. Jannsen
and S. Saito in this volume.
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We will study a description of the maximal unramified quotients of certain
p-adic étale cohomology groups in terms of logarithmic Hodge-Witt sheaves.
Let K be a complete discrete valuation field of mixed characteristic (0, p) whose
residue field is perfect, let OK be the ring of integers of K, and let K be an alge-
braic closure of K. We consider a proper semi-stable scheme X over OK , i.e. a
regular scheme X proper and flat over OK such that the special fiber Y of X is
reduced and is a divisor with normal crossings on X. For such an X, we have a
comparison theorem (the semi-stable conjecture by Fontaine-Jannsen) between
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the p-adic étale cohomology Hr
ét(XK , Qp) and the logarithmic crystalline coho-

mology of X with some additional structures (Theorem 3.2.2). Combining this
with the description of the maximal slope part of the logarithmic crystalline
cohomology in terms of logarithmic Hodge-Witt sheaves (see §2.3 for details),
we obtain canonical isomorphisms (=(3.2.6), (3.2.7)):

(0.1)
Hr

ét(XK , Qp(r))I
∼= Qp ⊗Zp

H0
ét(Y ,Wωr

Y /s,log
)

Hr
ét(XK , Qp(d))I

∼= Qp ⊗Zp
Hr−d

ét (Y ,Wωd
Y /s,log

) if r ≥ d

by a simple argument. Here d = dimXK , I denotes the inertia subgroup of
Gal(K/K) and the subscript I denotes the cofixed part by I, i.e. the maximal
unramified quotient.
The purpose of this paper is to answer the following two questions (partially
for the second one) on these isomorphisms.
First, if we denote by i and j the closed immersion and the open immersion
Y → X and XK := X ×Spec(OK) Spec(K) → X respectively, then we have a
unique surjective homomorphism of sheaves on the étale site Yét of Y :

(0.2) i∗Rrj∗Z/pnZ(r) −→ Wnωr
Y/s,log

compatible with the symbol maps (see §3.1 for details), from which we obtain
homomorphisms from the LHS’s of (0.1) to the RHS’s of (0.1). Do these ho-
momorphisms coincide with (0.1) constructed from the semi-stable conjecture?
In [Sat], it is stated without proof that they coincide. We will give its precise
proof. This second construction via (0.2) is necessary in the applications [Sat]
and [J-Sai].
Secondly, the both sides of the isomorphisms (0.1) have natural integral struc-
tures coming from Hr

ét(XK , Zp(s)) and Hr−s
ét (Y ,Wωs

Y /s,log
) for s = r, d. Do

the two integral structures coincide? We will prove that it is true in the case
r ≤ p−2 and the base field K is absolutely unramified by using the comparison
theorem of C. Breuil (Theorem 3.2.4) between the p-torsion étale cohomology
and certain log crystalline cohomology.
By [Ts4], one can easily extend the theorem of C. Breuil to any fine and satu-
rated smooth log scheme whose special fiber is reduced (including the case that
the log structure on the generic fiber is non-trivial), and we will discuss on the
second question under this more general setting. For the Qp case, G. Yamashita
[Y] recently proved the semi-stable conjecture in the open case (more precisely
under the condition (3.1.2)) by the syntomic method. If we use his result, we
can prove our result also in the open case. Considering the necessity in [J-Sai]
of our result in the open case, we will give an alternative proof in §4 when
the horizontal divisors at infinity do not have self-intersections by proving the
compatibility of the comparison maps with the Gysin sequences.
This paper is organized as follows. In §1, we will give a description of the max-
imal unramified quotients of semi-stable Qp-representations and semi-stable
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Zp-representations (in the sense of C. Breuil) in terms of the corresponding ob-
jects in MFK(ϕ,N) and in MFW,tor(ϕ,N) respectively. In §2, we study the
relation between the maximal slope part of the log crystalline cohomology and
the logarithmic Hodge-Witt sheaves taking care of their integral structures. In
§3, we will state our main theorem, review the construction of the comparison
map in the semi-stable conjecture and then prove the main theorem.

I dedicate this paper to Professor K. Kato, who guided me to the p-adic world,
especially to the p-adic Hodge theory. This paper is based on his work at many
points. I would like to thank Professors U. Jannsen and S. Saito for fruitful
discussions on the subject of this paper.

Notation. Let K be a complete discrete valuation field of mixed characteristic
(0, p) whose residue field k is perfect, and let OK denote the ring of integers of
K. Let W be the ring of Witt vectors with coefficients in k, and let K0 denote
the field of fractions of W . We denote by σ the Frobenius endomorphisms of
k, W and K0. Let K be an algebraic closure of K, and let k be the residue
field of K, which is an algebraic closure of k. Let GK (resp. Gk) be the Galois
group Gal(K/K) (resp. Gal(k/k)), and let IK be the inertia group of GK . We
have GK/IK

∼= Gk. We denote by P0 the field of fractions of the ring of Witt
vectors W (k) with coefficients in k.

§1. The maximal unramified quotients of semi-stable representa-
tions.

In this section, we study the maximal unramified quotients (i.e. the coinvariant
by the inertia group IK) of semi-stable p-adic or Zp-representations of GK .

§1.1. Review on slopes.

Let D be a finite dimensional P0-vector space with a semi-linear automor-
phism ϕ. For a rational number α = sr−1 (s, r ∈ Z, r > 0, (s, r) = 1), we de-
note by Dα the P0-subspace of D generated by the Frac(W (Fpr ))-vector space

Dϕr=ps

. Then, the natural homomorphisms Dϕr=ps ⊗Frac(W (Fpr )) P0 → Dα

and ⊕α∈QDα → D are isomorphisms. We call Dα the subspace of D whose
slope is α, and we say that α is a slope of D if Dα 6= 0.

Let D be a finite dimensional K0-vector space with a σ-semi-linear automor-
phism ϕ. Then the above slope decomposition of (P0 ⊗K0

D,ϕ ⊗ ϕ) descends
to the decomposition D = ⊕α∈QDα of D. We call Dα the subspace of D whose
slope is α and we say that α is a slope of D if Dα 6= 0. For a subset I ⊂ Q, we
denote the sum ⊕α∈IDα by DI .

§1.2. Review on semi-stable, crystalline and unramified p-adic rep-
resentations ([Fo1], [Fo2]A1, [Fo3], [Fo4]).

Let MFK(ϕ,N) denote the category of finite dimensional K0-vector spaces
endowed with σ-semilinear automorphisms ϕ, K0-linear endomorphisms N sat-
isfying Nϕ = pϕN , and exhaustive and separated descending filtrations Fil·

on DK := K ⊗K0
D by K-subspaces. Let MFK(ϕ) denote the full subcate-

gory of MFK(ϕ,N) consisting of the objects such that N = 0. We denote by
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MK0
(ϕ) the category of a finite dimensional K0-vector space endowed with a σ-

semilinear automorphism ϕ whose slope is 0. We regard an object D of MK0
(ϕ)

as an object of MFK(ϕ) by giving the filtration Fil0DK = DK , Fil1DK = 0.
By a p-adic representation of GK , we mean a finite dimensional Qp-vector
space endowed with a continuous and linear action of GK , and we denote by
Rep(GK) the category of p-adic representations. We denote by Rep

st
(GK)

(resp. Rep
crys

(GK), resp. Rep
ur

(GK)) be the full subcategory of Rep(GK)

consisting of semi-stable (resp. crystalline, resp. unramified) p-adic representa-
tions.
Choose and fix a uniformizer π of K. Then, by the theory of Fontaine, we have
the following commutative diagram of categories and functors:

Rep
ur

(GK)
Dur−→ MK0

(ϕ)
∩ ∩

Rep
crys

(GK)
Dcrys−→ MFK(ϕ)

∩ ∩
Rep

st
(GK)

Dst−→ MFK(ϕ,N)

The functors Dcrys and Dst are fully faithful and the functor Dur is an equiva-
lence of categories; they are defined by

D•(V ) = (B• ⊗Qp
V )GK (• = st, crys,ur),

where Bst and Bcrys are the rings of Fontaine and Bur = P0. A semi-stable
representation V is crystalline if and only if N = 0 on Dst(V ). Recall that the
embedding Bst ↪→ BdR and hence the functor Dst depends on the choice of π.
The quasi-inverse of Dur is given by

Vur(D) = (P0 ⊗K0
D)ϕ⊗ϕ=1

We say that an object D of MFK(ϕ,N) (resp. MFK(ϕ)) is admissible if there
exists a semi-stable (resp. crystalline) representation V such that Dst(V ) ∼=
D (resp. Dcrys(V ) ∼= D). We denote by MF ad

K (ϕ,N) (resp. MF ad
K (ϕ))

the full subcategory of MFK(ϕ,N) (resp. MFK(ϕ)) consisting of admis-

sible objects. Then the quasi-inverse Vst : MF ad
K (ϕ,N) → Rep

st
(GK)

(resp. Vcrys : MF ad
K (ϕ) → Rep

crys
(GK)) of the functor Dst (resp. Dcrys) is given

by

Vst(D) = Fil0(BdR ⊗K DK) ∩ (Bst ⊗K0
D)ϕ⊗ϕ=1,N⊗1+1⊗N=0

(resp. Vcrys(D) = Fil0(BdR ⊗K DK) ∩ (Bcrys ⊗K0
D)ϕ⊗ϕ=1)

For an object D of MFK(ϕ,N) and an integer r, we denote by D(r) the object
of MFK(ϕ,N) whose underlying K0-vector space and monodromy operator N
are the same as D and whose Frobenius endomorphism (resp. filtration) is
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defined by ϕD(r) = p−rϕD (resp. FiliD(r)K = Fili+rDK). If D is admissible,
then D(r) is also admissible and there is a canonical isomorphism Vst(D)(r) ∼=
Vst(D(r)) induced by (Bst ⊗K0

D) ⊗Qp
Qp(r) ∼= Bst ⊗K0

D(r); (a ⊗ d) ⊗ tr 7→
atr ⊗ d. Here (r) in the left-hand sides means the usual Tate twist
For an object D of MFK(ϕ,N), we define the integers tH(D) and tN (D) by

tH(D) =
∑

i∈Z

(dimK gri
F ilDK) · i

tN (D) =
∑

α∈Q

(dimK0
Dα) · α,

where Dα denotes the subspace of D whose slope is α.
We say that an object D of MFK(ϕ,N) is weakly admissible if tH(D) = tN (D)
and if, for any K0-subspace D′ of D stable under ϕ and N , tH(D′) ≤ tN (D′).
Here we endow D′

K with the filtration FiliD′
K = FiliDK ∩ D′

K (i ∈ Z). Note
that tH(D′) ≤ tN (D′) is equivalent to tH(D/D′) ≥ tN (D/D′) under the as-
sumption tH(D) = tN (D). The admissibility implies the weak admissibility.
P. Colmez and J.-M. Fontaine proved that the converse is also true ([C-Fo]).

§1.3. The maximal unramified quotients of semi-stable p-adic rep-
resentations.

Lemma 1.3.1. Let D be a weakly admissible object of MFK(ϕ,N). If
FilrDK = DK and Fils+1DK = 0 for integers r ≤ s, then the slopes of ϕ
on D are contained in [r, s].

Proof. We prove that the slopes of ϕ on D are not less than r. The proof of
slopes≤ s is similar and is left to the reader. (Consider the projection D → Dα

for the largest slope α.) Let α be the smallest slope of D, and let Dα be
the subspace of D whose slope is α. Then, Dα is stable under ϕ. By the
formula Nϕ = pϕN and the choice of α, we see N = 0 on Dα, especially
Dα is stable under N . Hence tH(Dα) ≤ tN (Dα) = α · dimK0

Dα. Since
tH(Dα) ≥ r · dimK0

Dα by the assumption on D, we obtain α ≥ r. ¤

Let V be a semi-stable p-adic representation of GK , and set D = Dst(V ).
Let s be an integer such that Fils+1DK = 0, and let Vs be the quotient
V (s)IK

(−s) of V . We will construct explicitly the corresponding admissible
quotient of D. For α ∈ Q, let Dα denote the subspace of D whose slope is
α. By Lemma 1.3.1, Dα = 0 if α > s and hence D = ⊕α∈Q,α≤sDα. We
define the monodromy operator on Ds by N = 0 and the filtration on (Ds)K

by Fils(Ds)K = (Ds)K and Fils+1(Ds)K = 0. Then, we see that Ds(s) is
an object of MK0

(ϕ). Especially Ds is admissible. Using the relation Nϕ =

pϕN on D and Fils+1DK = 0, we see that the projection D → Ds is a
morphism in the category MF ad

K0
(ϕ,N). Especially it is strictly compatible

with the filtrations ([Fo4]4.4.4. Proposition i)), that is, the image of FiliDK is
Fili(Ds)K .
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Proposition 1.3.2. Under the notation and the assumption as above, the
quotient Vs of V corresponds to the admissible quotient Ds of D.

Proof. Since Ds(s) is contained in MK0
(ϕ), Vst(Ds)(s) ∼= Vst(Ds(s)) is unram-

ified. Hence the natural surjection V → Vst(Ds) factors through Vs. On the
other hand, since Vs(s) is unramified, Dst(Vs)(s) ∼= Dst(Vs(s)) is contained in
MK0

(ϕ). Hence the unique slope of Dst(Vs) is s and the natural projection
D → Dst(Vs) factors as D → Ds → Dst(Vs). Ds → Dst(Vs) is strictly com-
patible with the filtrations because D → Ds and D → Dst(Vs) are strictly
compatible with the filtrations. (Compatibility with ϕ and N is trivial). ¤

Corollary 1.3.3. Under the above notations and assumptions, there exists a
canonical Gk-equivariant isomorphism:

V (s)IK
∼= (P0 ⊗K0

D)ϕ=ps

.

Proof. By Proposition 1.3.2, we have canonical Gk-equivariant isomorphisms:

V (s)IK
= Vs(s) ∼= Vst(Ds)(s) ∼= Vst(Ds(s)) = Vur(Ds(s))

= (P0 ⊗K0
Ds)

ϕ⊗p−sϕ=1 = (P0 ⊗K0
D)ϕ⊗ϕ=ps

.

¤

§1.4. Review on semi-stable, crystalline and unramified p-torsion
representations ([Fo-L], [Fo2]A1, [Br2], [Br3]§3.2.1).
In this section, we assume K = K0. Following [Br2], we denote by S the p-adic
completion of the PD-polynomial ring in one variable W 〈u〉 = W 〈u − p〉, and
by f0 (resp. fp) the W -algebra homomorphism S → W defined by u[n] 7→ 0

(resp. p[n] = pn/n!) for n ≥ 1. We define the filtration FiliS (i ∈ Z, i > 0) to
be the p-adic completion of the i-th divided power of the PD-ideal of W 〈u− p〉
generated by u − p. We set FiliS = S for i ∈ Z, i ≤ 0. Let ϕS : S → S
denote the lifting of Frobenius defined by σ on W and u[n] 7→ (up)[n]. For an
integer i such that 0 ≤ i ≤ p − 2, we have ϕ(FiliS) ⊂ piS and we denote
by ϕi : FiliS → S the homomorphism p−i · ϕ|FiliS . Finally let N denote the
W -linear derivation N : S → S defined by N(u[n]) = nu[n] (n ∈ N).
Let MFW,[0,p−2],tor(ϕ) be the category of Fontaine-Laffaille of level within

[0, p − 2], let MFW,[0,p−2],tor(ϕ,N) be the category Mp−2 of Breuil, and let

MW,tor(ϕ) be the category of W -modules of finite length endowed with σ-
semilinear automorphisms. These categories are abelian and artinian.
An object of MFW,[0,p−2],tor(ϕ) is a W -module M of finite length endowed with

a descending filtration FiliM (i ∈ Z) by W -submodules such that Fil0M = M ,
Filp−1M = 0 and σ-semilinear homomorphisms ϕi : FiliM → M (0 ≤ i ≤ p −
2) such that ϕi|Fili+1M = pϕi+1 (0 ≤ i ≤ p−3) and M =

∑
0≤i≤p−2 ϕi(FiliM).

We can prove that FiliM (i ∈ Z) are direct summands of M . For an integer
0 ≤ r ≤ p − 2, we say that M is of level within [0, r] if Filr+1M = 0. The
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sequence M1 → M2 → M3 in MFW,[0,p−2],tor(ϕ) is exact if and only if it is
exact as a sequence of W -modules. Furthermore, for an exact sequence M1 →
M2 → M3 in MFW,[0,p−2],tor(ϕ), the sequence FiliM1 → FiliM2 → FiliM3 is
exact for any i ∈ Z.
An object of MFW,[0,p−2],tor(ϕ,N) is an S-module M isomorphic to a fi-

nite sum of S-modules of the form S/pnS (n ≥ 1) endowed with the
following three structures: A submodule Filp−2M such that Filp−2S ·
M ⊂ Filp−2M. A ϕS-semi-linear homomorphism ϕp−2 : Filp−2M →
M such that (ϕ1(u − p))p−2ϕp−2(ax) = ϕp−2(a)ϕp−2((u − p)p−2x) (a ∈
Filp−2S, x ∈ M) and that M is generated by ϕp−2(Filp−2M) as
an S-module. A W -linear map N : M → M such that N(ax) =
N(a)x + aN(x) (a ∈ S, x ∈ M), (u − p)N(Filp−2M) ⊂ Filp−2M and
ϕ1(u−p)Nϕp−2(x) = ϕp−2((u−p)N(x)) (x ∈ Filp−2M). Note that ϕ1(u−p) =

(p − 1)!u[p] − 1 is invertible in S. For an object M of MFW,[0,p−2],tor(ϕ,N),

we define the filtration FiliM (0 ≤ i ≤ p − 2) by FiliM := {x ∈ M|
(u−p)p−2−ix ∈ Filp−2M} and the Frobenius ϕi : FiliM → M (0 ≤ i ≤ p−2)
by the formula ϕi(x) = ϕ1(u − p)−(p−2−i)ϕp−2((u − p)p−2−ix). We have
Fil0M = M and ϕi|Fili+1M = pϕi+1 for 0 ≤ i ≤ p − 3. For an object M of
MFW,[0,p−2],tor(ϕ,N) and an integer 0 ≤ r ≤ p − 2, we say that M is of level

within [0, r] if Filp−2−rS ·M ⊃ Filp−2M. The sequence M1 → M2 → M3 in
MFW,[0,p−2],tor(ϕ,N) is exact if and only if it is exact as S-modules. Further-

more, for an exact sequence M1 → M2 → M3 in MFW,[0,p−2],tor(ϕ,N) and

an integer 0 ≤ r ≤ p − 2, if Ms (s = 1, 2, 3) are of level within [0, r], then the
sequence FilrM1 → FilrM2 → FilrM3 is exact.
We regard an object M of MW,tor(ϕ) as an object of MFW,[0,p−2],tor(ϕ) by

setting Fil0M = M , Fil1M = 0 and ϕ0 = ϕ. We have a canonical fully
faithful exact functor MFW,[0,p−2],tor(ϕ) → MFW,[0,p−2],tor(ϕ,N) defined as

follows ([Br2]2.4.1): To an object M of MFW,[0,p−2],tor(ϕ), we associate the

following object M. The underlying S-module is S ⊗W M and Filp−2M =∑
0≤i≤p−2 Filp−2−iS ⊗W FiliM . The Frobenius ϕp−2 : Filp−2M → M is

defined by the formula: ϕp−2(a ⊗ x) = ϕp−2−i(a) ⊗ ϕi(x) (0 ≤ i ≤ p − 2, a ∈
Filp−2−iS, x ∈ FiliM). The monodromy operator is defined by N(a ⊗ x) =
N(a) ⊗ x (a ∈ S, x ∈ M). To prove that ϕp−2 is well-defined, we use the
fact that FiliM (i ∈ Z) are direct summands of M . Note that, for an integer
0 ≤ r ≤ p−2, M is of level within [0, r] if and only if M is of level within [0, r].
Let Rep

tor
(GK) be the category of Zp-modules of finite length endowed with

continuous actions of GK , and let Rep
tor,ur

(GK) be the full subcategory of

Rep
tor

(GK) consisting of the objects such that the actions of GK are trivial on
IK .
First we have an equivalence of categories:

Tur : MW,tor(ϕ) → Rep
tor,ur

(GK)

defined by Tur(M) = (W (k) ⊗W M)ϕ⊗ϕ=1. Its quasi-inverse is given by T 7→
(W (k) ⊗Zp

T )GK (cf. for example, [Fo2]A1).
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J.-M. Fontaine and G. Laffaille constructed a covariant fully faithful exact
functor ([Fo-L]):

Tcrys : MFW,[0,p−2],tor(ϕ) → Rep
tor

(GK).

(Strictly speaking, they constructed a contravariant functor US . We define
Tcrys to be its dual: Tcrys(M) := Hom(US(M), Qp/Zp).) For an object M of
MFW,[0,p−2],tor(ϕ) and an integer 0 ≤ r ≤ p− 2 such that M is of level within

[0, r], we have the following exact sequence functorial on M (cf. [Ka1]II §3):

(1.4.1) 0 −→ Tcrys(M)(r) −→ Filr(Acrys ⊗W M)
1−ϕr−→ Acrys ⊗W M −→ 0.

Here Fili(Acrys ⊗W M) =
∑

0≤j≤i Fili−jAcrys ⊗W FiljM (0 ≤ i ≤ p − 2) and

ϕi is defined by ϕi(a ⊗ x) = ϕi−j(a) ⊗ ϕj(x) (0 ≤ j ≤ i, a ∈ Fili−jAcrys,
x ∈ FiljM).
C. Breuil constructed a covariant fully faithful exact functor ([Br2]):

Tst : MFW,[0,p−2],tor(ϕ,N) → Rep
tor

(GK).

(Strictly speaking, he constructed a contravariant functor Vst. We define
Tst to be its dual: Tst(M) := Hom(Vst(M), Qp/Zp).) For an object M
of MFW,[0,p−2],tor(ϕ,N) and an integer 0 ≤ r ≤ p − 2 such that M is

of level within [0, r], we have the following exact sequence functorial on M
([Br3]§3.2.1):

(1.4.2) 0 −→ Tst(M)(r) −→ (Filr(Âst⊗SM))N=0 1−ϕr−→ (Âst⊗SM)N=0 −→ 0

Here we define Fil·, ϕr and N on Âst ⊗S M as follows (see [Br1]§2 for the

definition of Âst): We define Fili(Âst ⊗S M) (0 ≤ i ≤ p − 2) to be the

sum of the images of Fili−jÂst ⊗S FiljM (0 ≤ j ≤ i). The homomorphism

ϕr : Filr(Âst ⊗S M) → Âst ⊗S M is defined by ϕr(a ⊗ x) = ϕr−i(a) ⊗ ϕi(x)

(0 ≤ i ≤ r, a ∈ Filr−iÂst, x ∈ FiliM). (The well-definedness is non-trivial).
The monodromy operator N is defined by N(a ⊗ x) = N(a) ⊗ x + a ⊗ N(x)

(a ∈ Âst, x ∈ M).
Now we have the following diagram of categories and functors commutative up
to canonical isomorphisms:

(1.4.3)

MW,tor(ϕ)
Tur−→ Rep

tor,ur
(GK)

∩ ∩
MFW,[0,p−2],tor(ϕ)

Tcrys−→ Rep
tor

(GK)

↓ ||
MFW,[0,p−2],tor(ϕ,N)

Tst−→ Rep
tor

(GK).

For an object M of MW,tor(ϕ), the isomorphism Tur(M) ∼= Tcrys(M) is in-

duced by the natural homomorphism (W (k) ⊗W M)(r) → Filr(Acrys ⊗W
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M) = (FilrAcrys) ⊗W M (0 ≤ r ≤ p − 2) defined by the natural inclu-

sion W (k)(r) ⊂ FilrAcrys. (The isomorphism is independent of the choice
of r.) For an object M of MFW,[0,p−2],tor(ϕ), if we denote by M the corre-

sponding object of MFW,[0,p−2],tor(ϕ,N), then the natural homomorphisms

Fili(Acrys ⊗W M) → Fili(Âst ⊗S M)N=0 (0 ≤ i ≤ p − 2) are isomorphisms
and we obtain the natural isomorphism Tcrys(M) ∼= Tst(M) from the two exact
sequences (1.4.1) and (1.4.2).

§1.5. Review of the comparison between Qp and p-torsion theories
([Fo-L], [Br1], [Br2]).
We assume K = K0 and keep the notation of §1.4. We review the relation
between the functor T• (§1.4) and the functor V• (§1.2) (• ∈ {ur, crys, st}).
Let us begin with • = ur. Let (Mn)n≥1 be a projective system of objects of
MW,tor(ϕ) such that the underlying W -module of Mn is a free W/pnW -module
of finite rank and the morphism Mn+1/pnMn+1 → Mn is an isomorphism.
Associated to such a system, we define the object D of MK0

(ϕ) to be K0 ⊗W

lim←−n Mn. Then, we have a canonical isomorphism defined in an obvious way:

(1.5.1) Vur(D) ∼= Qp ⊗Zp
lim←−
n

Tur(Mn).

Next consider the case • = crys. Let (Mn)n≥1 be a projective system of
objects of MFW,[0,p−2],tor(ϕ) such that the underlying W -module of Mn is a

free W/pnW -module of finite rank and the morphism Mn+1/pnMn+1 → Mn is
an isomorphism. We define the object D of MFK(ϕ) associated to this system
as follows: The underling vector space is K0 ⊗W (lim←−n Mn), the filtration is
defined by K0 ⊗W (lim←−n FiliMn) and the Frobenius endomorphism is defined
to be the projective limit of ϕ0 of Mn. Then D is admissible, and we have a
canonical isomorphism ([Fo-L]§7, §8):

(1.5.2) Vcrys(D) ∼= Qp ⊗Zp
(lim←−

n
Tcrys(Mn)).

The homomorphism from the RHS to the LHS is constructed as follows: By
taking the projective limit of the exact sequence (1.4.1) for M = Mn and
0 ≤ r ≤ p− 2 such that Mn are of level within [0, r] for all n ≥ 1 and tensoring
with Qp, we obtain an isomorphism

Qp ⊗Zp
(lim←−

n
Tcrys(Mn))(r) ∼= Filr(B+

crys ⊗K0
D)ϕ=pr

,

whose RHS is contained in

Vcrys(D)(r) ∼= Filr(Bcrys ⊗K0
D)ϕ=pr

v ⊗ t⊗r 7→ trv (v ∈ Vcrys(D), t ∈ Qp(1)).

Finally let us explain the case • = st. In this case, we need to introduce
another category MFK(ϕ,N) defined by C. Breuil [Br1]§6 (MFS⊗W K0

(Φ,N )
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in his notation), which is categorically equivalent to MFK(ϕ,N). Set SK0
:=

K0⊗W S, and let f0 (resp. fp) also denote the surjective homomorphism SK0
→

K0 induced by f0 (resp. fp) : S → W . The filtration Fil·, the Frobenius
endomorphism ϕ and the monodromy operator N on S naturally induce those
on SK0

, which we also denote by Fil·, ϕ and N . An object of MFK(ϕ,N) is a
free SK0

-module D of finite rank endowed with the following three structures:
A descending filtration FiliD (i ∈ Z) by SK0

-submodules such that FiliSK0
·

FiljD ⊂ Fili+jD (i, j ∈ Z), FiliD = D (i << 0) and FiliD ⊂ Fil1SK0
·

D (i >> 0). A ϕSK0
-semilinear endomorphism D → D whose linearization

D⊗SK0
,ϕ SK0

→ D is an isomorphism. A homomorphism N : D → D such that

N(ax) = N(a)x + aN(x) (a ∈ SK0
, x ∈ D), N(FiliD) ⊂ Fili−1D (i ∈ Z) and

Nϕ = pϕN . We can construct a functor MFK(ϕ,N) → MFK(ϕ,N) easily as
follows: Let D be an object of MFK(ϕ,N). The corresponding object D is the
SK0

-module SK0
⊗K0

D with the Frobenius ϕ⊗ϕ and the monodromy operator
defined by N(a⊗x) = N(a)⊗x+a⊗N(x). The filtration is defined inductively
by the following formula, where i0 is an integer such that Fili0D = D.

FiliD = D (i ≤ i0)

FiliD = {x ∈ Fili−1D|fp(x) ∈ FiliD,N(x) ∈ Fili−1D} (i > i0)

Here fp denotes the natural projection D → D ⊗SK0
,fp

K0 and we identify

D⊗SK0
,fp

K0 with D by the natural isomorphism (D⊗SK0
SK0

)⊗SK0
,fp

K0
∼= D.

To construct the quasi-inverse of the above functor, we need the following

proposition. (Compare with B+
st = B̂+

st

N-nilp

.)

Proposition 1.5.3. ([Br1]§6.2.1). Let D be an object of MFK(ϕ,N). Then
D := DN-nilp is a finite dimensional vector space over K0 and the natural
homomorphism D ⊗K0

SK0
→ D is an isomorphism. Here N -nilp denotes the

part where N is nilpotent.

With the notation of Proposition 1.5.3, we can verify easily that D is stable
under N and ϕ and we can define an exhaustive and separated filtration on
D by the image of FiliD under the homomorphism D → D ⊗SK0

,fp
K0

∼= D.

Thus we obtain an object D of MFK(ϕ,N). The functor associating D to D
is the quasi-inverse of the above functor.

Let (Mn)n≥1 be a projective system of objects of MFW,[0,p−2],tor(ϕ,N) such

that the underlying S-module of Mn is a free S/pnS-module and the morphism
Mn+1/pnMn+1 → Mn is an isomorphism for n ≥ 1. Set M := lim←−n Mn,
Filp−2M := lim←−n Filp−2Mn, and define the Frobenius ϕp−2 : Filp−2M → M
and the monodromy operator N : M → M by taking the projective limit
of those on Mn (n ∈ N). Then M is a free S-module of finite rank and the
additional three structures satisfy the same conditions required in the definition
of the category MFW,[0,p−2],tor(ϕ,N). Furthermore M/F ilp−2M is p-torsion
free. Indeed, we have the following injective morphism between two short exact
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sequences:

0 −−−−→ M p−−−−→ M −−−−→ M1 −−−−→ 0
x

x
x

0 −−−−→ Filp−2M p−−−−→ Filp−2M −−−−→ Filp−2M1 −−−−→ 0.

(With the terminology of [Br2]Définition 4.1.1.1, M with the three addi-
tional structures is a strongly divisible S-module.) For each integer i such
that 0 ≤ i ≤ p − 2, we define the S-submodule FiliM of M by {x ∈
M|(u−p)p−2−ix ∈ Filp−2M} and the Frobenius ϕi : FiliM → M by ϕi(x) =
ϕ1(u − p)−(p−2−i)ϕp−2((u − p)p−2−ix). We have Fil0M = M, ϕi|Fili+1M =
pϕi+1 for 0 ≤ i ≤ p− 3 and FiliM = lim←−n FiliMn (0 ≤ i ≤ p− 2). If Mn are
of level within [0, r] for an integer 0 ≤ r ≤ p − 2, then we see that M/F ilrM
is p-torsion free. Now we define the object D of MFK(ϕ,N) associated to the
projective system (Mn)n as follows ([Br2]§4.1.1): The underlying SK0

-module
is Qp⊗Zp

M. The filtration is defined by FiliD = Qp⊗Zp
FiliM (0 ≤ i ≤ p−2)

and FiliD =
∑

0≤j≤p−2 Fili−jSK0
· FiljD (i ≥ p − 1). The Frobenius and the

monodromy operator on D are defined to be the endomorphisms induced by
ϕ0 and N on M. Finally let D be the object of MFK(ϕ,N) corresponding to
D. (If Mn are of level within [0, r] for an integer 0 ≤ r ≤ p − 2, then so is D,
that is, Fil0D = D and Filr+1D = 0.) Then D is admissible and there is a
canonical isomorphism

(1.5.4) Vst(D) ∼= Qp ⊗Zp
lim←−
n

Tst(Mn)

functorial on (Mn)n ([Br2]4.2).
This isomorphism is constructed as follows (cf. [Br3]4.3.2). First, since M is a
free S-module of finite rank and Mn

∼= M/pnM, we have

(1.5.5) Qp ⊗Zp
(lim←−

n
(Âst ⊗S Mn)) ∼= B̂+

st ⊗SK0
D.

See [Br1]§2 for the definition of B̂+
st .

Lemma 1.5.6. Let r be an integer such that 0 ≤ r ≤ p − 2 and Mn (n ≥ 1)
are of level within [0, r]. Then the above isomorphism induces an isomorphism:

Qp ⊗Zp
(lim←−

n
(Filr(Âst ⊗S Mn)N=0)) ∼= Filr(B̂+

st ⊗SK0
D)N=0.

Here Filr(Âst⊗S Mn) is the Âst-submodule of Âst⊗S Mn defined after (1.4.2),

and Filr(B̂+
st ⊗SK0

D) is the sum of the images of Filr−jB̂+
st ⊗SK0

FiljD (0 ≤
j ≤ r) in B̂+

st ⊗SK0
D.
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This is stated in [Br3] Lemme 4.3.2.2 in the special case that (Mn) comes from
crystalline cohomology with only an outline of a proof, and his proof seems to
work for a general (Mn). To make our argument certain, I will give a proof,
which seems a bit different from his.

Proof. We use the terminology and the notation in [Br3]3.2.1 freely. We define

another filtration Fil
iM (0 ≤ i ≤ r) of M by Fil

iM := FiliD ∩ M. We
see easily that this filtration satisfies the three conditions of [Br3] Définition

3.2.1.1, and Fil
iM ⊃ FiliM. Note that M/F ilrM is p-torsion free. Define

another filtration Fil
iMn (0 ≤ i ≤ r) of Mn to be the images of Fil

iM.
Then this filtration is admissible in the sense of [Br3] Définition 3.2.1.1. De-

fine Fil
r
(Âst ⊗S Mn) using Fil

·Mn instead of Fil·Mn, and Fil
r
(Âst ⊗S M)

similarly using Fil
·M. Then, by [Br3] Proposition 3.2.1.4, we have

(Fil
r
(Âst ⊗S Mn))N=0 = (Filr(Âst ⊗S Mn))N=0.

Hence it suffices to prove that (1.5.5) induces an isomorphism

Qp ⊗Zp
(lim←−

n
Fil

r
(Âst ⊗S Mn)) ∼= Filr(B̂+

st ⊗SK0
D).

To prove this isomorphism, we choose a basis eλ (λ ∈ Λ) of D over SK0
and

integers 0 ≤ rλ ≤ r such that

FiliD = ⊕λFili−rλSK0
eλ (0 ≤ i ≤ r)

([Br1] A). Let M′ be the free S-module generated by eλ. By multiplying p−m

for some m > 0 if necessary, we may assume that there exists an integer ν ≥ 0

such that pνM′ ⊂ M ⊂ M′. We define the filtration Fil
iM′ (0 ≤ i ≤ r) and

Fil
r
(Âst ⊗S M′) in the same way as M. Then, for 0 ≤ i ≤ r, we have

Fil
iM′ = ⊕λFili−rλS · eλ

and hence
Fil

r
(Âst ⊗S M′) = ⊕λFilr−rλÂst · eλ.

Especially Fil
r
(Âst ⊗S M′) and (Âst ⊗S M′)/(Fil

r
(Âst ⊗S M′)) are p-adically

complete and separated, and p-torsion free. On the other hand, we have

pνFil
iM′ ⊂ Fil

iM ⊂ Fil
iM′ and hence

pνFil
r
(Âst ⊗S M′) ⊂ Fil

r
(Âst ⊗S M) ⊂ Fil

r
(Âst ⊗S M′).

Since Fil
r
(Âst ⊗S Mn) is the image of Fil

r
(Âst ⊗S M) and (Âst ⊗S M)/pn =

Âst ⊗S Mn, we have the following commutative diagram:

Fil
r
(Âst ⊗S M′)/pn “pν”−→ Fil

r
(Âst ⊗S Mn) −→ Fil

r
(Âst ⊗S M′)/pn

∩ ∩ ∩
(Âst ⊗S M′)/pn “pν”−→ Âst ⊗S Mn −→ (Âst ⊗S M′)/pn.
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By taking the projective limit with respect to n, we obtain the following com-
mutative diagram:

Fil
r
(Âst ⊗S M′)

pν

−→ lim←−n(Fil
r
(Âst ⊗S Mn)) −→ Fil

r
(Âst ⊗S M′)

∩ ∩ ∩
Âst ⊗S M′ pν

−→ Âst ⊗S M −→ Âst ⊗S M′.

By tensoring with Qp, we obtain the claim. ¤

Let r be an integer as in Lemma 1.5.6. Then by taking the projective limit
of the exact sequence (1.4.2) for Mn and r and using the isomorphism (1.5.5)
and Lemma 1.5.6, we obtain an isomorphism:

Qp ⊗Zp
lim←−
n

(Tst(Mn)(r)) ∼= Filr(B̂+
st ⊗SK0

D)N=0,ϕ=pr

,

where Filr(B̂+
st ⊗SK0

D) is as in Lemma 1.5.6. Recall that D denotes the

object of MFK(ϕ,N) corresponding to D. By definition, D = DN-Nilp, the
canonical homomorphism D ⊗K0

SK0
→ D is an isomorphism, ϕ and N on D

are induced from those on D, and the filtration FiliD is the image of FiliD
by fp : D → D ⊗SK0

,fp
K0

∼= D. (Recall that we assume K = K0.) On the

other hand, B+
st = B̂+

st

N-Nilp

([Ka3]Theorem (3.7)) and we have a canonical

homomorphism B̂+
st → B+

dR ([Br1]§7, see also [Ts2]§4.6) compatible with the

filtrations and fp : SK0
→ K0 such that the composite with Bst ⊂ B̂+

st is the

inclusion B+
st ⊂ B+

dR (associated to p). Hence we have (B̂+
st ⊗SK0

D)N-Nilp =

(B̂+
st⊗K0

D)N-Nilp = B+
st⊗K0

D and the image of Fili(B̂+
st⊗SK0

D)∩(B+
st⊗K0

D)

by the homomorphism B+
st ⊗K0

D → B+
dR ⊗K0

D is contained in Fili(B+
dR ⊗K0

D). Thus we obtain an injective homomorphism

Qp ⊗Zp
(lim←−

n
Tst(Mn)(r)) ↪→ (B+

st ⊗K0
D)N=0,ϕ=pr ∩ Filr(B+

dR ⊗K0
D)

and the RHS is contained in

Vst(D)(r) ∼= (Bst ⊗K0
D)N=0,ϕ=pr ∩ Filr(BdR ⊗K0

D).

§1.6. Unramified quotients of semi-stable Zp-representations.
We assume K = K0 and keep the notation of §1.4 and §1.5.
Let (Mn)n≥1 be a projective system of objects of MFW,[0,p−2],tor(ϕ,N) such

that the underlying S-module Mn is a free S/pnS-module of finite rank and the
morphism Mn+1/pnMn+1 → Mn in MFW,[0,p−2],tor(ϕ,N) is an isomorphism

for every integer n ≥ 1. Let D and D be the objects of MFK(ϕ,N) and
MFK(ϕ,N) associated to (Mn)n≥1. If we denote by M the projective limit
of Mn with respect to n as S-modules, then D = Qp ⊗Zp

M, D = DN-Nilp and
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D ⊗K0
SK0

∼= D. Set Tn := Tst(Mn), T := lim←−n Tn, and V := Vst(D). Recall
that D is admissible. We have a canonical isomorphism Qp ⊗Zp

T ∼= V (1.5.4)
and we will regard T as a lattice of V by this isomorphism in the following.
Let r be an integer such that 0 ≤ r ≤ p−2 and let V ′ be a quotient of the repre-
sentation V such that V ′(r) is unramified. Since V ′(r) is unramified and hence
crystalline, V ′ is also crystalline, and if we denote by D′ the corresponding
quotient of D in the category MFK(ϕ,N), then FilrD′ = D′, Filr+1D′ = 0,
and the slope of the Frobenius ϕ is r. Furthermore, we have GK-equivariant
isomorphisms
(1.6.1)

V ′ ∼= Vcrys(D
′) ∼= Vcrys(D

′(r))(−r) ∼= Vur(D
′(r))(−r) = ((P0⊗K0

D′)ϕ=pr

)(−r).

Let T ′ be the image of T in V ′ and let M ′ be the image of M under the
composite

D → D ⊗SK0
,f0

K0
∼= D → D′.

Theorem 1.6.2. Let the notation and the assumption be as above. Then the
composite of the isomorphisms (1.6.1) induces an isomorphism

T ′ ∼= ((W (k) ⊗W M ′)ϕ⊗ϕ=pr

)(−r).

Proof. Set T ′
n := T ′/pnT ′. Since T ′

n(r) is unramified, T ′
n is crystalline. If

we denote by M′
n the corresponding quotient of Mn, the projective system

(M′
n)n≥0 comes from the projective system (M ′

n)n≥1 in MFW,[0,p−2],tor(ϕ)

such that, for every integer n ≥ 1, FilrM ′
n = M ′

n and Filr+1M ′
n = 0, the

underlying Wn-module of M ′
n is free of rank rankZ/pnZT ′

n = dimQp
V ′, and

the morphism M ′
n+1/pnM ′

n+1 → M ′
n in MFW,[0,p−2],tor(ϕ) is an isomorphism.

We define M ′
n(r) to be the object of MW,tor(ϕ) ⊂ MFW,[0,p−2],tor(ϕ) whose

underlying Wn-module is the same as M ′
n and whose Frobenius ϕ is ϕr. Then,

we have isomorphisms:

T ′
n
∼= Tst(M′

n) ∼= Tcrys(M
′
n) ∼= Tcrys(M

′
n(r))(−r)

∼= Tur(M
′
n(r))(−r) = ((W (k) ⊗W M ′

n)ϕ⊗ϕr=1)(−r).

The third isomorphism follows from the exact sequence (1.4.1). By taking the
projective limit, we obtain an isomorphism

T ′ ∼= (W (k) ⊗W (lim←−
n

M ′
n))ϕ⊗ϕr=1)(−r).

Let M′ be the projective limit of M′
n as S-modules. By taking the projective

limit of the surjective homomorphisms Mn → M′
n of S/pnS-modules, we

obtain a surjective homomorphisms M → M′ of S-modules such that the
following diagram is commutative:

M −−−−→ M′

∩
y ∩

y

D −−−−→ D′,
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where D′ denotes the quotient of D corresponding to the quotient D′ of D. Note
that D′ and D′ are the objects of MFK0

(ϕ,N) and MFK0
(ϕ,N) associated to

(M′
n)n. On the other hand, since M′

n ⊗S,f0
W ∼= M ′

n, we have M′ ⊗S,f0
W ∼=

lim←−n M ′
n. Hence there exists an injective homomorphism lim←−n M ′

n → D′ which
makes the following diagram commutative:

M′ −→ M′ ⊗SK0
,f0

W ∼= lim←−n M ′
n

↓ ↓
D′ −→ D′ ⊗SK0

,f0
K0

∼= D′.

By the definition of M ′, the image of lim←−n M ′
n in D′ is M ′, and ϕr on lim←−n M ′

n

is induced by p−rϕ on D′.
Thus we obtain an isomorphism:

T ′ ∼= ((W (k) ⊗W M ′)ϕ⊗ϕ=pr

)(−r).

Now it remains to prove that this is compatible with (1.6.1), which is straight-
forward. ¤

§2. The maximal slope of log crystalline cohomology.
Set s := Spec(k) and s := Spec(k). Let L be any fine log structure
on s, and let L denote its inverse image on s. We consider a fine log
scheme (Y,MY ) smooth and of Cartier type over (s, L) such that Y is
proper over s. Let Hq((Y,MY )/(W,W (L))) be the crystalline cohomology
lim←−n Hq

crys((Y,MY )/(Wn,Wn(L))) defined by Hyodo and Kato in [H-Ka] (3.2),
which is a finitely generated W -module endowed with a σ-semi-linear endo-
morphism ϕ called the Frobenius. The Frobenius ϕ becomes bijective after
⊗W K0. In this section, we will construct a canonical decomposition M1⊕M2 of
Hq((Y,MY )/(W,W (L))) stable under ϕ such that K0⊗W M1 (resp. K0⊗W M2)
is the direct factor of slope q (resp. slopes< q), and a canonical isomorphism

W (k) ⊗W M1
∼= W (k) ⊗Zp

H0
ét(Y ,Wωq

Y /s,log
).

We will also construct a canonical decomposition M ′
1⊕M ′

2 stable under ϕ such
that K0⊗W M ′

1 (resp. K0⊗W M ′
2) is the direct factor of slope d (resp. slopes< d),

and a canonical isomorphism

W (k) ⊗W M ′
1
∼= W (k) ⊗Zp

Hq−d
ét (Y ,Wωd

Y /s,log
).

Here (Y ,MY ) := (Y,MY )×(s,L) (s, L). See §2.2 for the definition of the RHS’s.

§2.1. De Rham-Witt complex.
First, we will review the de Rham-Witt complex (with log poles) W•ω•

Y/s as-

sociated to (Y,MY )/(s, L). We don’t assume that Y is proper over s in §2.1.
Noting the crystalline description of the de Rham-Witt complex given in [I-R]
III (1.5) for a usual smooth scheme over s, we define the sheaf of Wn-modules
Wnωi

Y/s on Yét to be

σn
∗Riu(Y,MY )/(Wn,Wn(L))∗O(Y,MY )/(Wn,Wn(L))
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for integers i ≥ 0 and n > 0 ([H-Ka] (4.1)). Here u(Y,MY )/(Wn,Wn(L)) denotes
the canonical morphism of topoi: ((Y,MY )/(Wn,Wn(L)))∼crys → Y ∼

ét . These

sheaves are endowed with the canonical projections π : Wn+1ω
i
Y/s → Wnωi

Y/s

([H-Ka] (4.2)) and the differentials d : Wnωi
Y/s → Wnωi+1

Y/s ([H-Ka] (4.1)) such

that πd = dπ and ((Wnω•
Y/s, d)n≥1, π)n becomes a projective system of graded

differential algebras over W . The projections π are surjective ([H-Ka] Theorem
(4.4)). Furthermore, we have the operators F : Wn+1ω

i
Y/s → Wnωi

Y/s and

V : Wnωi
Y/s → Wn+1ω

i
Y/s ([H-Ka] (4.1)) compatible with the projections π.

As in the classical case (cf. [I1] I Introduction), one checks easily that we have

(1) FV = V F = p, FdV = d.

(2) Fx.Fy = F (xy) (x ∈ Wnωi
Y/s, y ∈ Wnωj

Y/s),

xV y = V (Fx.y) (x ∈ Wn+1ω
i
Y/s, y ∈ Wnωj

Y/s).

(3) V (xdy) = V x.dV y (x ∈ Wnωi
Y/s, y ∈ Wnωj

Y/s).

(The property (3) follows from (1) and (2): V (xdy) = V (x.FdV y) = V x.dV y.)

We have W -algebra isomorphisms τ : Wn(OY )
∼→ Wnω0

Y/s (see [H-Ka] (4.9) for

the construction of τ and the proof of the isomorphism) compatible with π, F
and V , where the projections π and the operators F and V on Wn(OY ) are
defined in the usual manner. With the notation in [H-Ka] (4.9), C•

Y/Wn
is a

complex of quasi-coherent Wn(OY )-modules and hence Wnωi
Y/s = Hi(C•

Y/Wn
)

are quasi-coherent Wn(OY )-modules.

In the special case n = 1, we have an isomorphism W1ω
i
Y/s

∼= Hi(ω•
Y/s)

∼←
C−1

ωi
Y/s ([Ka2] (6.4), (4.12)), which is OY -linear and compatible with the differ-

entials. Recall that we regard Hi(ω•
Y/s) as an OY -module by the action via

OY → OY ;x 7→ xp. We will identify (W1ω
•
Y/s, d) with (ω•

Y/s, d) in the following

by this isomorphism.

With the notation of [H-Ka] Definition (4.3) and Theorem (4.4) Bn+1ω
i
Y/s ⊕

Znωi−1
Y/s (resp. B1ω

i
Y/s) are coherent subsheaves of the coherent OY -module

Fn+1
∗ (ωi

Y/s⊕ωi−1
Y/s) (resp. F∗ωi

Y/s), the homomorphism (Cn, dCn) : Bn+1ω
i
Y/s⊕

Znωi−1
Y/s → B1ω

i
Y/s is OY -linear and the isomorphism ([H-Ka] Theorem (4.4)):

(2.1.1)

(V n, dV n) :Fn+1
∗ (ωi

Y/s⊕ωi−1
Y/s)/Ker(Cn, dCn)

∼→ Ker(π : Wn+1ω
i
Y/s → Wnωi

Y/s)

is OY -linear, where we regard the right-hand side as an OY -module via
F : OY = Wn+1OY /V Wn+1OY → Wn+1OY /pWn+1OY . Especially this im-
plies, by induction on n, that Wnωi

Y/s is a coherent Wn(OY )-module.

We set Wωi
Y/s := lim←−n Wnωi

Y/s and denote also by d, F and V the projective

limits of d, F and V for W•ω•
Y/s. Then, by the same argument as in the proof

of [I1] II Proposition 2.1 (a) using the above coherence, we see that, if Y is
proper over k, then Hj(Y,Wnωi

Y/s) and Hj(Y,Wnω•
Y/s) are finitely generated
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Wn-modules and the canonical homomorphisms

Hj(Y,Wωi
Y/s) → lim←−

n
Hj(Y,Wnωi

Y/s)(2.1.2)

Hj(Y,Wω•
Y/s) → lim←−

n
Hj(Y,Wnω•

Y/s)(2.1.3)

are isomorphisms.

Theorem 2.1.4. ([H-Ka] Theorem (4.19), cf. [I1] II Théorème 1.4). There
exists a canonical isomorphism in D+(Yét,Wn):

Ru(Y,MY )/(Wn,Wn(L))∗O(Y,MY )/(Wn,Wn(L))
∼= Wnω•

Y/s

functorial on (Y,MY ) and compatible with the products, the Frobenius and the
transition maps. Here the Frobenius on the RHS is defined by piF in degree i.

Recall that p : Wnωi
Y/s → Wnωi

Y/s factors through the canonical pro-

jection π : Wnωi
Y/s → Wn−1ω

i
Y/s and that the induced homomorphism

p : Wn−1ω
i
Y/s → Wnωi

Y/s is injective ([H-Ka] Corollary (4.5) (1), cf. [I1] I

Proposition 3.4). Hence piF : Wnωi
Y/s → Wnωi

Y/s is well-defined for i ≥ 1.

For i = 0, it is defined by the usual F on WnOY .

Remark. Strictly speaking, the compatibility with the products is not men-
tioned in [H-Ka] Theorem (4.19), but one can verify it simply by looking
at the construction of the map carefully as follows: We use the notation
of the proof in [H-Ka]. We have a PD-homomorphism OD·

n
→ Wn(OY ·)

and ω1
Z·

n/(Wn,Wn(L))|Y · → ω1
Wn(Y ·)/(Wn,Wn(L)), which induce a morphism of

graded algebras Cn = OD·
n
⊗ ω•

Z·
n/(Wn,Wn(L)) → ω•

Wn(Y ·)/(Wn,Wn(L)). By tak-

ing the quotient ω•
Wn(Y ·)/(Wn,Wn(L),[ ]) of the target, we obtain a morphism

Cn → ω•
Wn(Y ·)/(Wn,Wn(L),[ ]) of differential graded algebras. The homomor-

phism Wn(OY ·) → Wnω0
Y ·/s is extended uniquely to a Wn(OY ·)-linear mor-

phism of differential graded algebras: ω•
Wn(Y ·)/(Wn,Wn(L)) → Wnω•

Y · compat-

ible with d log’s from Wn(M ·) = M ⊕ Ker(Wn(OY ·)∗ → O∗
Y ·). It factors

through the quotient ω•
Wn(Y ·)/(Wn,Wn(L),[ ]). Thus we see that the morphism

Cn → Wnω•
Y ·/s constructed in the proof of [H-Ka] Theorem (4.19) is a mor-

phism of differential graded algebras.
From the definition, we immediately obtain the following exact sequences
(cf. [I1] Remarques 3.21.1):

(2.1.5)

W2n+kωi
Y/s

F n+k

−→ Wnωi
Y/s

dV k

−→ Wn+kωi+1
Y/s,

Wkωi−1
Y/s

F kdV n

−→ Wnωi
Y/s

V k

−→ Wn+kωi
Y/s,

W2n+kωi
Y/s

F n

−→ Wn+kωi
Y/s

F kd−→ Wnωi+1
Y/s,

Wkωi
Y/s

V n

−→ Wn+kωi
Y/s

F k

−→ Wnωi
Y/s.
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For example, the first exact sequence is obtained by considering the following
morphism of short exact sequences:

0 −−−−→ C•
n+k −−−−→

pn+k
C•

2n+2k −−−−→ C•
n+k −−−−→ 0

∥∥∥
xpk

xpk

0 −−−−→ C•
n+k −−−−→

pn
C•

2n+k −−−−→ C•
n −−−−→ 0,

where C•
n is the same complex as in [H-Ka] (4.1).

Finally we review a generalization of the Cartier isomorphism to the de Rham-
Witt complex (cf. [I-R] III Proposition (1.4)) and the operator V ′ (cf. [I-R] III
(1.3.2)), which will be used in the proof of our main result in §2.
By the exact sequences (2.1.5), Fn : W2nωi

Y/s → Wnωi
Y/s induces an isomor-

phism Fn : W2nωi
Y/s/V nWnωi

Y/s

∼→ ZWnωi
Y/s. We define the operator V ′ on

ZW•ωi
Y/s by the following commutative diagram:

(2.1.6)

W2n+2ω
i
Y/s/V n+1Wn+1ω

i
Y/s

π2

−−−−→ W2nωi
Y/s/V nWnωi

Y/s

o
yF n+1 o

yF n

ZWn+1ω
i
Y/s

V ′

−−−−→ ZWnωi
Y/s.

We see easily that this operator satisfies the relations:

(2.1.7) V ′π = πV ′, FV ′ = V ′F = π2, V ′d = dV π2.

The last relation implies V ′(BWn+1ω
i
Y/s) ⊂ BWnωi

Y/s and hence V ′ induces a

morphism Hi(Wn+1ω
•
Y/s) → Hi(Wnω•

Y/s), which we will also denote by V ′.
Using the property FndV n = d, we also see that Fn induces an isomorphism
W2nωi

Y/s/(V nWnωi
Y/s+dV nWnωi−1

Y/s)
∼→ Hi(Wnω•

Y/s). On the other hand, from

[H-Ka] Theorem (4.4), we can easily derive

(2.1.8) Ker(πm : Wn+mωi
Y/s → Wnωi

Y/s) = V nWmωi
Y/s + dV nWmωi−1

Y/s

by induction on m (cf. [I1] I Proposition 3.2). Hence Fn induces an isomor-
phism:

(2.1.9) C−n : Wnωi
Y/s

∼→ Hi(Wnω•
Y/s),

which we can regard as a generalization of the Cartier isomorphism. Indeed,
if n = 1, this coincides with the Cartier isomorphism by the identification
W1ω

i
Y/s = ωi

Y/s. (To prove this coincidence, we need d log which will be ex-

plained in the next subsection.)
We need the following lemma in the proof of Lemma 3.4.4.
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Lemma 2.1.10. The composite of the following homomorphisms is the identity.

Wnωr
Y/s

∼−−−−→
C−n

Hr(Wnω•
Y/s)

2.1.4∼= Rru(Y,MY )/(Wn,Wn(L))∗O = Wnωr
Y/s.

Proof. Denote by α the homomorphism in question. Then α is compati-
ble with the products. Since Wnωr

Y/s (r ≥ 2) is generated by x1.x2 . . . xr

(xi ∈ Wnω1
Y/s) as a sheaf of modules ([H-Ka] Proposition (4.6)), it suf-

fices to prove the lemma in the case r = 0, 1. We use the notation in
the proof of [H-Ka] Theorem (4.19). The lemma for r = 0 follows from

the fact that the composite of WnOY •
τ→ OD• → WnOY • coincides with

Fn, where τ(x0, . . . , xn−1) =
∑n−1

i=0 pix̃i
pn−i

. By [H-Ka] Proposition (4.6),
Wnω1

Y/s is generated by dx (x ∈ WnOY ) and d log(a) (a ∈ Mgp
Y ) as a WnOY -

module. Using the quasi-isomorphism W2nω•
Y/s/pnWnω•

Y/s → Wnω•
Y/s ([H-

Ka] Corollary (4.5)), we see that α commutes with the differentials. Hence
α(dx) = d(α(x)) = dx. For a ∈ Mgp

Y , we have C−n(d log(a)) = the class of
d log(a). On the other hand, by the construction of the quasi-isomorphism of
[H-Ka] Theorem (4.19), the following diagram is commutative:

Mgp
D• −−−−→ Wn(MY •)gp

d log

y d log

y

C1
n −−−−→ Wnω1

Y •/s.

Choose a lifting ã ∈ Mgp
D• of a and let au, u ∈ Ker(WnO∗

Y • → O∗
Y •) be

its image in Wn(M•)gp. Then the image of d log(ã) ∈ C1
n in Wnω1

Y •/s is

d log(a) + d(log(u)), which is congruent to d log(a) modulo dWn(OY •). ¤

§2.2. Logarithmic Hodge-Witt sheaves.

We will review the logarithmic Hodge-Witt sheaves W•ω•
Y/s, log associated to

(Y,MY )/(s, L) (See [I1] for usual smooth schemes and [H], [L] for log smooth
schemes). We still don’t assume that Y is proper over s.

As in [H-Ka] (4.9), we have natural homomorphisms

d log : Mgp
Y → Wnω1

Y (n ≥ 1),

which satisfy d log(g−1(Lgp)) = 0, [b]d log(a) = d([b]) for a ∈ MY , its image
b in OY and [b] = (b, 0, 0, · · · ) ∈ Wn(OY ), πd log = d log, Fd log = d log, and
d(d log(Mgp

Y )) = 0. For n = 1, d log coincides with the usual d log : Mgp
Y →

ω1
Y/s. We define the logarithmic Hodge-Witt sheaves Wnωi

Y/s, log to be the

subsheaves of abelian groups of Wnωi
Y/s generated by local sections of the form

d log(a1) ∧ · · · ∧ d log(ai) (a1, . . . , ai ∈ Mgp
Y ).
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Theorem 2.2.1. ([I1] 0 Théorème 2.4.2, [Ts1] Theorem (6.1.1)). The following
sequence is exact for any integer i ≥ 0:

0 −→ ωi
Y/s, log −→ Zωi

Y/s
1−C−→ ωi

Y/s −→ 0.

Now, by the same argument as the proof of [I1] I (3.26) and [I1] I (5.7.2) plus
some additional calculation, we can derive the following theorem from Theorem
2.2.1, the exact sequences (2.1.5) and the isomorphism (2.1.1) (cf. [L] 1.5.2).

Theorem 2.2.2. (cf. [I1] I (3.26), (5.7.2)). For any integers n ≥ 1 and i ≥ 0,
the following sequence is exact:

0 −→ Wnωi
Y/s, log + V n−1W1ω

i
Y/s −→ Wnωi

Y/s
π−F−→ Wn−1ω

i
Y/s −→ 0.

Note that we easily obtain

(2.2.3)
Ker(V n : ωi

Y/s → Wn+1ω
i
Y/s) = Bnωi

Y/s,

Ker(V n : ωi
Y/s → Wn+1ω

i
Y/s/dV nωi−1

Y/s) = Bn+1ω
i
Y/s

(cf. [I1] I (3.8)) from the isomorphism (2.1.1) ([L] Proposition 1.2.7).

Corollary 2.2.4. (cf. [H] (2.6), [L] (1.5.4)). The following sequence is exact
for any integers i ≥ 0, n,m ≥ 1:

0 −→ Wnωi
Y/s, log

pm

−→ Wn+mωi
Y/s, log −→ Wmωi

Y/s, log −→ 0.

Corollary 2.2.5. (cf. [I-R] IV §3). The homomorphism Wnωi
Y/s, log →

Hi(Wnω•
Y/s) is injective and the following sequence is exact:

0 −→ Ki
n −→ Hi(Wnω•

Y/s)
V ′−π−→ Hi(Wn−1ω

•
Y/s) −→ 0,

where Ki
n denotes the image of Wnωi

Y/s, log + pn−1F (Wn+1ω
i
Y/s) in

Hi(Wnω•
Y/s).

Proof. This immediately follows from Theorem 2.2.2 using the following com-
mutative diagram:

Wnωi
Y/s

π−F−−−−→ Wn−1ω
i
Y/s

o
yC−n o

yC−(n−1)

Hi(Wnω•
Y/s)

V ′−π−−−−→ Hi(Wn−1ω
•
Y/s).

¤
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Corollary 2.2.6. (cf. [I-R] IV §3). The homomorphism V ′−π : ZWnωi
Y/s →

ZWn−1ω
i
Y/s is surjective and, if we denote its kernel by Li

n, then Wnωi
Y/s, log ⊂

Li
n and Li

n/Wnωi
Y/s, log is killed by π3.

Proof. The surjectivity follows from Theorem 2.2.2 using the commutative di-
agram:

W2nωi
Y/s

π2−πF−−−−→ W2n−2ω
i
Y/s

F n

y F n−1

y

ZWnωi
Y/s

V ′−π−−−−→ ZWn−1ω
i
Y/s.

The assertion on the kernel follows from Theorem 2.2.2 and Lemma 2.2.7 below
by considering the commutative diagram:

ZWn+1ω
i
Y/s

π−F−−−−→ ZWnωi
Y/s∥∥∥

yV ′

ZWn+1ω
i
Y/s

πV ′−π2

−−−−−→ ZWn−1ω
i
Y/s.

¤

Lemma 2.2.7. The homomorphism V ′ : ZWn+1ω
i
Y/s → ZWnωi

Y/s is surjective

and its kernel is killed by π2.

Proof. In the diagram (2.1.6), the upper horizontal map is a surjection with
its kernel (V nWn+2ω

i
Y/s + dV 2nW2ω

i−1
Y/s)/V n+1Wn+1ω

i
Y/s (2.1.8). Hence V ′ is

surjective and its kernel is pnFWn+2ω
i
Y/s + dV n−1W2ω

i−1
Y/s. ¤

§2.3. The maximal slope.
In §2.3, we always assume that Y is proper over s. For i ∈ N, we define the
projective system of morphisms of complexes (cf. [I-R] III (1.7)):

V ′
≤i : {τ≤iWnω•

Y/s → τ≤iWn−1ω
•
Y/s}n≥1

by the morphism pi−j−1π2V in degree j ≤ i − 1 and V ′ : ZWnωi
Y/s →

ZWn−1ω
i
Y/s in degree i. If j ≤ i or i = d := dim Y , then the natural homo-

morphism Hj(Y, τ≤iWnω•
Y/s) → Hj(Y,Wnω•

Y/s) is an isomorphism and hence

V ′
≤i induces an endomorphism on Hj(Y,Wω•

Y/s), which we will also denote

by V ′
≤i. We need the following lemma, which is well-known for a σ-semilinear

endomorphism and is proven in the same way as in the σ-semilinear case.

Lemma 2.3.1. Let M be a finitely generated W -module and let V be a σ−1-
semilinear endomorphism of M .
(1) There exists a unique decomposition Mbij ⊕Mnil of M stable under V such
that V is bijective on Mbij and p-adically nilpotent on Mnil.
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(2) If k is algebraically closed, V − 1 is surjective on M and bijective on Mnil.
Furthermore, the natural homomorphism:

W ⊗Zp
MV =1 = W ⊗Zp

(Mbij)
V =1 → Mbij

is bijective.

Recall that we have canonical isomorphisms:

Hj(Y,Wnω•
Y/s)

∼= Hj
crys((Y,MY )/(Wn,Wn(L)))

Hj(Y,Wω•
Y ) ∼= Hj

crys((Y,MY )/(W,W (L)))

by Theorem 2.1.4 and the right hand sides are finitely generated modules over
Wn and over W respectively. By applying Lemma 2.3.1 to Hj(Y,Wω•

Y/s) and

V ′
≤i for i ≥ j or i = d, we obtain a decomposition

(2.3.2) Hj(Y,Wω•
Y/s) = Hj(Y,Wω•

Y/s)V ′
≤i

−bij ⊕ Hj(Y,Wω•
Y/s)V ′

≤i
−nil

and a natural isomorphism

(2.3.3) W ⊗Zp
Hj(Y,Wω•

Y/s)
V ′
≤i=1 ∼→ Hj(Y,Wω•

Y/s)V ′
≤i

−bij

if k is algebraically closed.

Lemma 2.3.4. For any integers i and j such that i ≥ j or i = d, we have

K0 ⊗W Hj(Y,Wω•
Y/s)V ′

≤i
−bij = (K0 ⊗W Hj(Y,Wω•

Y/s))[i],

K0 ⊗W Hj(Y,Wω•
Y/s)V ′

≤i
−nil = (K0 ⊗W Hj(Y,Wω•

Y/s))[0,i[.

(See §1.1 for the definition of DI (I ⊂ Q) for an F -isocrystal D over k.)

Proof. Let F denote the morphism τ≤iWnω•
Y/s → τ≤iWn−1ω

•
Y/s whose degree

q-part is pqF , which induces the Frobenius endomorphism ϕ on Hj(Y,Wω•
Y/s).

Then FV ′
≤i = V ′

≤iF = piπ2 : τ≤iWnω•
Y/s → τ≤iWn−2ω

•
Y/s. Hence, we have

ϕV ′
≤i = V ′

≤iϕ = pi on Hj(Y,Wω•
Y/s), which implies the lemma. ¤

We set Hj(Y,Wωi
Y/s, log) := lim←−n Hj(Y,Wnωi

Y/s, log).

Proposition 2.3.5. Assume that k is algebraically closed. Then, for any
integers i and j, we have

H0(Y,Wωi
Y/s, log)

∼−→ Hi(Y,Wω•
Y/s)

V ′
≤i=1,

Hj(Y,Wωd
Y/s, log)

∼−→ Hj+d(Y,Wω•
Y/s)

V ′
≤d=1.
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Proof. First note that V π is a nilpotent endomorphism of Wnωi
Y/s. By Corol-

lary 2.2.6, the morphism of complexes

V ′
≤i − π : τ≤iWnω•

Y/s −→ τ≤iWn−1ω
•
Y/s

is surjective, and if we denote its kernel by K•
i,n, Kj

i,n = Ker(π : Wnωj
Y/s →

Wn−1ω
j
Y/s) if j ≤ i−1, Wnωi

Y/s, log ⊂ Ki
i,n and Ki

i,n/Wnωi
Y/s, log is annihilated

by π3. Hence we have a long exact sequence

· · · → Hj(Y,K•
n,i) −→ Hj(Y, τ≤iWnω•

Y/s)
V ′
≤i−π
−→ Hj(Y, τ≤iWn−1ω

•
Y/s) −→ · · ·

and the natural homomorphism

Hj−i(Y,Wωi
Y/s, log) −→ lim←−

n
Hj(Y,K•

n,i)

is bijective. By Lemma 2.3.1 (2), if j ≤ i or i = d, the endomorphism V ′
≤i − 1

on Hj(Y,Wω•
Y/s) is surjective. On the other hand, we have the following

morphism of short exact sequences:

0 −→ Hj(Y/W )/pn −→ Hj(Y/Wn) −→ Hj+1(Y/W )pn −→ 0
xproj

xproj

xp

0 −→ Hj(Y/W )/pn+1 −→ Hj(Y/Wn+1) −→ Hj+1(Y/W )pn+1 −→ 0,

where we abbreviate (Y,MY )/(W,W (L)) or (Wn,Wn(L)) to Y/W or Wn.
Hence, if the torsion part of Hj+1((Y,MY )/(W,W (L))) is killed by pνj+1 , then
the cokernel of the homomorphism

V ′
≤i − π : Hj(Y,Wnω•

Y/s) → Hj(Y,Wn−1ω
•
Y/s)

is killed by πνj+1 if j ≤ i or i = d. By taking lim←−n of the above long exact
sequences, we obtain

lim←−
n

Hi(Y,K•
n,i)

∼→ Hi(Y,Wω•
Y/s)

V ′
≤i=1

lim←−
n

Hj(Y,K•
n,d)

∼→ Hj(Y,Wω•
Y/s)

V ′
≤d=1.

¤

We also need the following lemma (in (3.4.5)):
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Lemma 2.3.6. Assume that k is algebraically closed. Then, for any integers
i ≥ 0 and j ≥ 0, we have an isomorphism

Hj(Y,Wωi
Y/s, log)

∼−→ lim←−
n

Hj(Y,Hi(Wnω•
Y/s))

V ′=1.

Proof. Set M j
n := Hj(Y,Hi(Wnω•

Y/s)), M j := lim←−n M j
n and let M j′

n be the

image of M j in M j
n. By (2.1.9), M j

n are finitely generated Wn-modules and

hence {(V ′−π)(M j
n+1)}n≥1 satisfies the Mittag-Leffler condition. On the other

hand, by Lemma 2.3.7 below, (V ′ − π)(M j′
n+1) = M j′

n , which implies

lim←−
n

((V ′ − π)(M j
n+1)) ⊃ lim←−

n
((V ′ − π)(M j′

n+1)) = lim←−
n

M j′
n = lim←−

n
M j

n.

Hence lim←−n(M j
n/(V ′ − π)(M j

n+1)) = 0. Since {M j−1
n /(V ′ − π)(M j−1

n+1)}n≥1

satisfies the Mittag-Leffler condition, Corollary 2.2.5 implies lim←−Hj(Y,Ki
n) ∼=

(M j)V ′=1. Since π(pn−1FWn+1ω
i
Y/s) = 0, the LHS is isomorphic to

Hj(Y,Wωi
Y/s, log). ¤

Lemma 2.3.7. Let M1 and M2 be W -modules of finite length, let π : M1 →
M2 be a surjective W -linear homomorphism and let V ′ : M1 → M2 be a σ−1-
linear homomorphism. If k is algebraically closed, then V ′ − π : M1 → M2 is
surjective.

Proof. Using the short exact sequences 0 → pMi → Mi → Mi/pMi → 0
(i = 1, 2), we are easily reduced to the case pMi = 0 (i = 1, 2). In this case, π
has a W -linear section s : M2 → M1 and V ′ ◦ s− π ◦ s = V ′ ◦ s− 1 is surjective
by Lemma 2.3.1 (2). ¤

§3. The maximal unramified quotient of p-adic étale cohomology.

§3.1. Statement of the main theorem.
Let (S,N) be the scheme Spec(OK) endowed with the canonical log structure
(i.e. the log structure defined by its closed point). Let f : (X,M) → (S,N)
be a smooth fs(=fine and saturated) log scheme and let g : (Y,MY ) → (s, L)
be the reduction of f modulo the maximal ideal of OK . We assume that X
is proper over S and that f is universally saturated, which is equivalent to
saying that g is of Cartier type, or also to saying that Y is reduced ([Ts3]). Let
Xtriv denote the locus where the log structure M is trivial, which is open and
contained in the generic fiber of X. Let (s, L) be the scheme Spec(k) endowed
with the inverse image of L, and set (Y ,MY ) := (Y,MY ) ×(s,L) (s, L). Set

(Xtriv)K := Xtriv ×Spec(K) Spec(K). We will describe the maximal unramified
quotients

Hr
ét((Xtriv)K , Qp(r))IK

, Hr
ét((Xtriv)K , Qp(d))IK

(r ≥ d)
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of p-adic étale cohomology groups and the images of Hr
ét((Xtriv)K , Zp(r

′))
(r′ = r or d) in them in terms of the logarithmic Hodge-Witt sheaves of
(Y ,MY )/(s, L) (Theorem 3.1.11).
In the rest of §3.1, we choose and fix an integer r ≥ 0, and assume that
(X,M)/(S,N) and r satisfy one of the following conditions:
(3.1.1) r ≤ p − 2.

(3.1.2) Étale locally on X, there exists an étale morphism over S:

X → Spec((OK [T1, . . . , Tu]/(T1 · · ·Tu − πe))[U1, . . . , Us, V1, . . . , Vt])

for some integers u ≥ 1, s, t ≥ 0 and e ≥ 1 such that e | [K : K0] and
Xtriv = X − (Y ∪ D), where D is the inverse image of {U1 · · ·Us = 0}.
Let i and j denote the immersions Y → X and Xtriv → X respectively. By
[Ka4]Theorem (11.6), we have

(3.1.3) M = OX ∩ j∗O∗
Xtriv

and Mgp = j∗O∗
Xtriv

and, hence, from the Kummer sequence on (Xtriv)ét, we obtain a symbol map:

(3.1.4) (i∗Mgp)⊗r −→ i∗Rrj∗Z/pnZ(r).

Theorem 3.1.5. ([Bl-Ka]Theorem (1.4), [H](1.6.1), [Ts2], [Ts4]). The homo-
morphism (3.1.4) is surjective.

Proof. In the case (3.1.2) with s = 0, this is [H](1.6.1) (=[Bl-Ka]Theorem (1.4)
in the good reduction case). The case (3.1.2) for a general s is reduced to the
case s = 0 as in the proof of [Ts2] Lemma 3.4.7. (The proof of Lemma 3.4.7
(1) works without the assumption µpn ⊂ K). In the case (3.1.1), we are easily
reduced to the case n = 1, and the theorem follows from [Ts3]Theorem 5.1 and
Proposition A15 with r = q. ¤

We have a surjective homomorphism (§2.2):

(3.1.6) (Mgp
Y )⊗r −→ Wnωr

Y/s, log; a1 ⊗ · · · ⊗ ar 7→ d log(a1) ∧ · · · ∧ d log(ar).

Proposition 3.1.7. (cf. [Bl-Ka]Theorem (1.4) (i), [H](1.6.2)). There exists a
unique surjective homomorphism:

(3.1.8) i∗Rrj∗Z/pnZ(r) −→ Wnωr
Y/s, log

such that the following diagram commutes:

(i∗Mgp)⊗r −−−−→ i∗Rrj∗Z/pnZ(r)
y

y

(Mgp
Y )⊗r −−−−→ Wnωr

Y/s, log.
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Proof. We have the required map ν∗(i∗Rrj∗Z/pnZ(r)) → ν∗(Wnωr
Y/s, log) for

each generic point ν : η → Y of Y ([Bl-Ka] (6.6)). Note that Y is reduced.
Since the homomorphism ωr

Y/s → ⊕νν∗ν∗ωr
Y/s is injective, the homomorphism

Wnωr
Y/s, log → ⊕νν∗ν∗Wnωr

Y/s, log is also injective by Corollary 2.2.4. Now the

proposition follows from Theorem 3.1.5 (cf. [Bl-Ka] (6.6)). ¤

The condition (3.1.1) or (3.1.2) still holds for the base change of (X,M)/(S,N)
by any finite extension of K contained in K. Hence, by taking the inductive
limit, we obtain:

(3.1.9) i
∗
Rrj∗Z/pnZ(r) −→ Wnωr

Y /s,log

Here X = X ×Spec(OK) Spec(OK), and i and j denote the morphisms Y → X

and (Xtriv)K → X respectively. Note that, for any fs log structure L′ on s and
a morphism (s, L′) → (s, L), Wnω• and Wnω•

log associated to (Y,MY )/(s, L)

and (Y,MY ) ×(s,L) (s, L′)/(s, L′) coincide by the base change theorem [H-
Ka]Proposition (2.23) (or [Ts2] Proposition 4.3.1).
Let d = dim XK . Then, for any affine scheme U étale over (Xtriv)K , we have

Hi(U, Z/pnZ(d)) = 0 (i > d). Hence we have i
∗
Rij∗Z/pnZ(d) = 0 (i > d). By

the proper base change theorem, we obtain from (3.1.9) homomorphisms:

(3.1.10)
Hr

ét((Xtriv)K , Z/pnZ(r)) −→ H0
ét(Y ,Wnωr

Y /s,log
),

Hr
ét((Xtriv)K , Z/pnZ(d)) −→ Hr−d

ét (Y ,Wnωd
Y /s,log

)

Theorem 3.1.11. (1) (cf. [Sat] Lemma 3.3). Assume K = K0 in the case
(3.1.1) and s = 0 in the case (3.1.2). Then the homomorphisms (3.1.10) induce
isomorphisms:
(3.1.12)

Hr
ét((Xtriv)K , Qp(r))IK

∼−→ Qp ⊗Zp
H0

ét(Y ,Wωr
Y /s ,log

)

Hr
ét((Xtriv)K , Qp(d))IK

∼−→ Qp ⊗Zp
Hr−d

ét (Y ,Wωd
Y /s ,log

) if r ≥ d

(2) In the case (3.1.1), if K = K0, (3.1.10) induce isomorphisms:
(3.1.13)

Hr
ét((Xtriv)K , Zp(r))IK

/tor
∼−→ H0

ét(Y ,Wωr
Y /s, log

)

Hr
ét((Xtriv)K , Zp(d))IK

/tor
∼−→ Hr−d

ét (Y ,Wωd
Y /s, log

)/tor if r ≥ d

Remark 3.1.14. For (1) in the case (3.1.2), if we use [Y] (resp. Theorem 4.1.2),
the proof of Theorem 3.1.11 in 3.2–3.4 works without the assumption s = 0
(resp. under the assumption (4.1.1)). See Remark 3.2.3.

§3.2. Review of the semi-stable conjecture.
We will review comparison theorems between p-adic étale cohomology and crys-
talline cohomology.
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Let f : (X,M) → (S,N) and g : (Y,MY ) → (s, L) be the same as in §3.1. Then
the crystalline cohomology Dq := K0 ⊗W lim←−n Hq((Y,MY )/(Wn,Wn(L)) ([H-
Ka] (3.2)) is a finite dimensional K0-vector space endowed with a σ-semi-linear
automorphism ϕ and a linear endomorphism N ([H-Ka] (3.4), (3.5), (3.6))
satisfying the relation Nϕ = pϕN . We choose and fix a uniformizer π of K.
Then there exists a canonical isomorphism ([H-Ka] Theorem (5.1)):

(3.2.1) ρπ : K ⊗K0
Dq ∼= Hq(XK ,Ω•

XK
(log MK)).

Using the Hodge filtration on the RHS, the crystalline cohomology Dq becomes
an object of MFK(ϕ,N) (§1.2). Set V q := Hq

ét((Xtriv)K , Qp), which is a finite
dimensional Qp-vector space endowed with a continuous and linear action of
GK .

Theorem 3.2.2. (The semi-stable conjecture by Fontaine-Jannsen:[Ka3],
[Ts2]). Assume that (X,M)/(S,N) satisfies the condition (3.1.2) with s = 0.
Then, for any integer q ≥ 0, V q is a semi-stable p-adic representation and
there exists a canonical isomorphism Dst(V

q) ∼= Dq in MFK(ϕ,N). Here we
define Dst using the same uniformizer π as (3.2.1).

Remark 3.2.3. G. Faltings ([Fa]) proved the theorem without the assumption
on (X,M)/(S,N). However his construction of the comparison map is differ-
ent from that in [Ka3], [Ts2] via syntomic cohomology, and we will use the
latter construction in the proof of Theorem 3.1.11. Recently, G. Yamashita [Y]
proved that the comparison map via syntomic cohomology is an isomorphism
for any (X,M) satisfying (3.1.2). We give an alternative proof in §4 when the
horizontal divisors at infinity do not have self-intersections.
To prove Theorem 3.1.11 (2), we need the following refinement by C. Breuil
for the integral p-adic étale cohomology T q := Hq

ét((Xtriv)K , Zp)/tor. We
assume K = K0 and q ≤ p − 2. Let (En,MEn

) be the scheme
Spec(Wn〈u〉) = Spec(Wn〈u − p〉) endowed with the log structure associ-
ated to N → Wn〈u〉; 1 7→ u. We have a closed immersion ip : (Sn, Nn) ↪→
(En,MEn

) defined by u 7→ p. Then the crystalline cohomology Mq
n :=

Hq((Xn,Mn)/(En,MEn
)) ∼= Hq((X1,M1)/(En,MEn

)) is naturally regarded
as an object of MFW,[0,q],tor(ϕ,N) ([Br3] Théorème 2.3.2.1). Set Mq :=

(lim←−n Mq
n)/tor and M′q

n := Mq/pnMq. Then {M′q
n }n becomes a projective

system of objects of MFW,[0,p−2],tor(ϕ,N) satisfying the condition in the be-

ginning of §1.6 ([Br3] 4.1).

Theorem 3.2.4. ([Br3] Théorème 3.2.4.7, §4.2, [Ts4]). Assume K = K0 and
let q be any integer such that 0 ≤ q ≤ p − 2. Then there exist canonical
GK-equivariant isomorphisms:

Tst(Mq
n) ∼= Hq

ét((Xtriv)K , Z/pnZ), Tst(M′q
n ) ∼= T q/pnT q

The object of MFK(ϕ,N) associated to the projective system {M′q
n }n≥0 (§1.6)

is canonically isomorphic to Dq ([Br3] Proposition 4.3.2.3 and the remark after
Corollaire 4.3.2.4). Hence, Theorem 3.2.4 implies (§1.5):
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Theorem 3.2.5. ([Br3]Corollaire 4.3.2.4 and the following remark). If K =
K0, for any integer 0 ≤ q ≤ p − 2, the p-adic étale cohomology V q is a
semi-stable p-adic representation and there exists a canonical isomorphism
Dst(V

q) ∼= Dq in MFK(ϕ,N)

By Corollary 1.3.3, Lemma 2.3.4 and Proposition 2.3.5, we obtain the following
isomorphisms form Theorem 3.2.2 (resp. 3.2.5) for an integer r ≥ 0 such that
the condition (3.1.2) with s = 0 is satisfied (resp. the condition (3.1.1) is
satisfied and K = K0):

V r(r)IK
∼= Qp ⊗Zp

H0
ét(Y ,Wωr

Y /s,log
)(3.2.6)

V r(d)IK
∼= Qp ⊗Zp

Hr−d
ét (Y ,Wωd

Y /s,log
) if r ≥ d.(3.2.7)

Here d = dim(XK). See the proof of Lemma 2.3.4 for the relation between ϕ
and V ′

≤i. In the case (3.1.2), if we use the result in [Y] (resp. Theorem 4.1.2),

we obtain the isomorphisms without the assumption s = 0 (resp. under the
condition (4.1.1)).
In the case (3.1.1) and K = K0, the image of Mr under the projection Mr →
Dr given by u 7→ 0 coincides with the image of Hr((Y,M)/(W,W (L)))(∼=
Hr(Y,Wω•

Y/s)) ([Br3] Proposition 4.3.1.3). Hence, by Corollary 1.3.3, Theorem

1.6.2, (2.3.2), Lemma 2.3.4, Proposition 2.3.5 and Theorem 3.2.4, we see that
the isomorphisms (3.2.6) and (3.2.7) induce isomorphisms:

T r(r)IK
/tor ∼= H0

ét(Y ,Wωr
Y /s,log

)(3.2.8)

T r(d)IK
/tor ∼= Hr−d

ét (Y ,Wωd
Y /s,log

)/tor if r ≥ d.(3.2.9)

To prove Theorem 3.1.11, it remains to prove that (3.2.6) and (3.2.7) are in-
duced by (3.1.10).

§3.3. Review of the construction of the comparison map.
We will review the construction of the comparison map in Theorems 3.2.2 and
3.2.5. First recall that to give an isomorphism Dst(V

q) ∼= Dq is equivalent to
give a Bst-linear isomorphism:

(3.3.1) Bst ⊗Qp
V q ∼−→ Bst ⊗K0

Dq

compatible with ϕ, N , the actions of GK and Fil· after BdR⊗Bst
. Recall also

that we fixed a uniformizer π of K (in the case K = K0, we choose p as π)
in order to define the functor Dst (or equivalently the embedding Bst ↪→ BdR)
and to define the filtration on K ⊗K0

Dq.
Let (En,MEn

) be the PD-envelope of the exact closed immersion (Sn, Nn) ↪→
(Spec(Wn[u]),L(u)) defined by u 7→ π compatible with the canonical PD-
structure on pWn. Here L(u) denotes the log structure defined by N →
W [u]; 1 7→ u. Since (En,MEn

) is isomorphic to the PD-envelope of (S1, N1) ↪→
(Spec(Wn[u]),L(u)), the lifting of Frobenius of (Spec(Wn[u]),L(u)) defined by
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σ : Wn → Wn and u 7→ up induces that of (En,MEn
), which is compatible

with the PD-structure δ on the ideal JEn
of OEn

defining S1. We denote by
iEn,π the canonical exact closed immersion (Sn, Nn) ↪→ (En,MEn

). We have

Γ(En,OEn
) = W [u, uen

n! (n ∈ N)]/pn (e = [K : K0]) and (En,MEn
) coincides

with the log scheme appearing before Theorem 3.2.4 when K = K0 and π = p.
Let Wn(L) be the “Teichmüller lifting” ([H-Ka] Definition (3.1)) of the log
structure L on s to Spec(Wn), which already appeared in the definition of Dq.
Then, we have a closed immersion iEn,0 : (Spec(Wn),Wn(L)) ↪→ (En,MEn

)
defined by u 7→ 0, which is compatible with the lifting of Frobenius.
First we review the crystalline interpretation of (B+

st ⊗K0
D)N=0. We set

RE,Qp
:= Qp ⊗Zp

lim←−n Γ(En,OEn
). We define the crystalline cohomology Dq

to be

Qp ⊗Zp
lim←−
n

Hq
crys((Xn,Mn)/(En,MEn

, JEn
, δ))

∼=Qp ⊗Zp
lim←−
n

Hq
crys((X1,M1)/(En,MEn

, JEn
, δ)),

which is an RE,Qp
-module endowed with ϕ and N satisfying Nϕ = pϕN ([Ts2]

4.3). The projection pr0 : Dq → Dq induced by the exact closed immersions
{iEn,0}, which is compatible with ϕ, N , has a unique K0-linear section s : Dq →
Dq compatible with ϕ and N , and it induces an isomorphism RE,Qp

⊗K0
Dq ∼→

Dq ([H-Ka] Lemma (5.2), [Ts2] Propositions 4.4.6, 4.4.9).
We define Hq

crys((Xn,Mn)/(En,MEn
)) to be the inductive limit of

Hq
crys((X

′
n,M ′

n)/(En,MEn
)), where (X ′,M ′) ranges over the base changes

of (X,M) by all finite extensions K ′ of K contained in K. We define Dq
to be

Qp ⊗Zp
lim←−n Hq

crys((Xn,Mn)/(En,MEn
)), which is also endowed with ϕ and

N ([Ts2] 4.3). In the special case (X,M) = (S,N), we have Dq = 0 (q > 0)

([Ka3] Proposition (3.1), [Ts2] Lemma 1.6.7) and B̂+
st = D0 by definition

([Br1]§2). Furthermore, there exists a canonical isomorphism (the crystalline

interpretation of B+
st) ι : B+

st
∼= B̂+

st

N-nil

compatible with the actions of GK ,
ϕ and N ([Ka3] Theorem (3.7)). Here N -nil denotes the part where N is
nilpotent. Let us return to a general (X,M). Then we have a Künneth

isomorphism B̂+
st ⊗RE,Qp

Dq ∼→ Dq
([Ka3]§4, [Ts2]Proposition 4.5.4). By taking

N = 0, we obtain the following crystalline interpretation of (B+
st ⊗K0

Dq)N=0

([Ka3]§4, [Ts2]§4.5).

(3.3.2) (B+
st ⊗K0

Dq)N=0 ∼−−−−→
ι⊗s

(B̂+
st ⊗RE,Qp

Dq)N=0 ∼−−−−→ (Dq
)N=0.

To compare Dq
with V q, we use syntomic cohomology. The syntomic complex

S∼
n (r)(X,M) ([Ts2]§2.1) is an object of D+(Yét, Z/pnZ) such that there exists a

canonical distinguished triangle:

(3.3.3) → S∼
n (r)(X,M) → Ru(Xn,Mn)/Wn∗J

[r]
(Xn,Mn)/Wn

pr−ϕ−→ Ru(Xn,Mn)/Wn∗O(Xn,Mn)/Wn
,
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where u(Xn,Mn)/Wn
denotes the canonical morphism of topoi

((Xn,Mn)/Wn)∼crys → (Xn)∼ét. We define the syntomic cohomology

Hq(Y ,SQp
(r)(X,M)) to be Qp ⊗Zp

lim←−n(lim−→K′ Hq
ét(Y

′,S∼
n (r)(X′,M ′))), where K ′

ranges over all finite extensions of K contained in K and (X ′,M ′) denotes the
base change of (X,M) by OK → OK′ . From the above distinguished triangle
(3.3.3), we obtain a natural homomorphism

(3.3.4) Hq(Y ,SQp
(r)(X,M)) →

(Qp ⊗Zp
lim←−
n

Hq
crys((Xn,Mn)/Wn))ϕ=pr → (Dq

)N=0,ϕ=pr

.

On the other hand, if we set Z/pnZ(r)′ = ( 1
paa!Zp(r))/pn (r = a(p− 1)+ b, a ≥

0, 0 ≤ b ≤ p − 2), we have a canonical map

(3.3.5) S∼
n (r)(X,M) −→ i∗Rj∗Z/pnZ(r)′

in D+(Yét, Z/pnZ) ([Ts2] §3.1), which induces a homomorphism

(3.3.6) Hq(Y ,SQp
(r)(X,M)) −→ V q(r)

by taking Hq
ét(Y,−) and the inductive limit with respect to all finite base

changes of (X,M). We do not identify Z/pnZ(r)′ with Z/pnZ(r) by the multi-
plication by paa! because (3.3.5) is compatible with the products and the Tate
twist if we use the natural maps Z/pnZ(r)′ ⊗ Z/pnZ(s)′ → Z/pnZ(r + s)′ and
Z/pnZ(r)′(1) → Z/pnZ(r + 1)′.

Theorem 3.3.7. ([Ku], [Ka3]Theorem (5.4), [Ts2]Theorem 3.4.4,
[Ts4]Theorem 5.1). Assume (X,M)/(S,N) and r satisfy one of the con-
ditions (3.1.1) and (3.1.2). Then the homomorphism (3.3.6) is an isomorphism
if q ≤ r or r = d = dimXK .

For the case r = d, note i
∗
Rij∗Z/pnZ(d) = 0 (i > d), Hi(S∼

n (d)(X,M)) = 0

(i > d + 1) ([Ts2] (2.3.3) and Lemma 2.3.4), and pNHd+1(S∼
n (d)(X,M)) = 0 for

some N > 0 independent of n ([Ts2] Lemma 2.3.19: Hd+1(Cn(d)) = 0 and the
proof of [Ts2] Theorem 2.3.2).
Thus, under the condition (3.1.1) or (3.1.2), we obtain a homomorphism

(3.3.8) V q(r)
∼←−

p−r·(3.3.6)
Hq(Y ,SQp

(r)(X,M))

−→
(3.3.4)

(Dq
)N=0,ϕ=pr ∼←−

(3.3.2)
(B+

st ⊗K0
Dq)N=0,ϕ=pr

.

if q ≤ r or r = d. By using Qp(−r) ⊂ Bst, we obtain a homomorphism

(3.3.9) Bst ⊗Qp
V q −→ Bst ⊗K0

Dq,

which is independent of r ([Ts2] Corollary 4.8.8 and Lemma 4.9.1). If K =
K0 in the case (3.1.1) and s = 0 in the case (3.1.2), then (3.3.9) gives the
required isomorphism Dst(V

q) ∼= Dq. In the case (3.1.2), the result of [Y]
(resp. Theorem 4.1.2) says that (3.3.9) still gives the isomorphism without the
condition s = 0 (resp. under (4.1.1)).
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§3.4. Proof of the main theorem.
Let us prove the main theorem: Theorem 3.1.11. Let (X,M)/(S,N) be as in
the beginning of §3.1. We fix an integer r ≥ 0 and assume that (X,M)/(S,N)
and r satisfy (3.1.1) and K = K0, or (3.1.2) with s = 0. (In the case (3.1.2),
we can remove (resp. replace) the condition s = 0 (resp. by (4.1.1)) if we
use [Y] (resp. Theorem 4.1.2).) The remaining problem is only to prove that
the isomorphisms (3.2.6) and (3.2.7) induced by the comparison isomorphism
Dst(V

r) ∼= Dr (Theorems 3.2.2 and 3.2.5) coincide with the homomorphisms
induced by (3.1.10).

First we define canonical projections f0 : B̂+
st → P0 and pr0 : Dq → P0 ⊗K0

Dq

compatible with ϕ. Let K ′ be any finite extension of K contained in K, let
(S′, N ′) be the scheme Spec(OK′) endowed with the canonical log structure,
and set (X ′,M ′) := (X,M) ×(S,N) (S′, N ′). Then we have a commutative
diagram:

(3.4.1) (X ′
n,M ′

n)

²²

(Y ′,MY ′)oo

²²
(S′

n, N ′
n)

²²

(s′, L′)oo

²²

uukkkkkkkkkkkkkkkk

(Sn, Nn)

iEn,π

²²

(s, L)

²²

oo

(En,MEn
) (Wn(s),Wn(L))

iEn,0oo (Wn(s′),Wn(L′)),oo

which induces a homomorphism

Hq((X ′
n,M ′

n)/(En,MEn
)) −→ Hq((Y ′,MY ′)/(Wn(s′),Wn(L′)))

∼←− Wn(k′) ⊗Wn
Hq((Y,MY )/(Wn,Wn(L))).

By taking the inductive limit with respect to K ′ and Qp ⊗Zp
lim←−n, we obtain

pr0 : Dq −→ P0 ⊗W Dq.

This is compatible with ϕ and the action of GK , but not with N . In the special
case (X,M) = (S,N) and q = 0, this becomes a ring homomorphism

f0 : B̂+
st −→ P0

and the above homomorphism pr0 is compatible with f0. By definition, pr0
and f0 are compatible with pr0 : Dq → Dq and f0 : RE,Qp

→ K0 induced by
{iEn,0}.
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Lemma 3.4.2. Let V be a semi-stable p-adic representation of GK and set
D := Dst(V ). Let s be a positive integer such that Fils+1DK = 0 and let D′ be
the quotient of D corresponding to the quotient V (s)IK

(−s) of V (§1.3). Then
the following diagram is commutative:

Fils(B+
st ⊗K0

D)N=0,ϕ=ps −−−−→
f0⊗1

(P0 ⊗K0
D)ϕ=ps

y
yo

Fils(B+
st ⊗K0

D′)N=0,ϕ=ps ∼←−−−− (P0 ⊗K0
D′)ϕ=ps

.

Recall D′ = D[s], FilsD′
K = D′

K , Fils+1D′
K = 0 and N = 0 on D′.

Proof. We are reduced to the case D = D′, in which case the claim is trivial
because f0 is a P0-algebra homomorphism. ¤

Note that, with the notation of Lemma 3.4.2, the isomorphism in Corollary
1.3.3 is characterized by the following commutative diagram:
(3.4.3)

V (s) Fils(Bst ⊗K0
D)N=0,ϕ=ps

↓ ↓
V (s)IK

∼=
Cor. 1.3.3

(P0 ⊗K0
D′)ϕ=ps ∼→ Fils(Bst ⊗K0

D′)N=0,ϕ=ps

.

Lemma 3.4.4. Let K ′, (S′, N ′) and (X ′,M ′) be as in the definition of pr0
above. Then the composites of the following two sequences of homomorphisms
coincide:

Hr(S∼
n (r)(X′,M ′))

pr·(A)−→ Rru(X′
n,M ′

n)/Wn∗O
(B)−→ Rru(X′

n,M ′
n)/(En,MEn )∗O

(C)−→ Rru(Y ′,MY ′ )/(Wn(s′),Wn(L′))∗O
(D)∼= Hr(Wnω•

Y ′/s′)
pm

−→ Hr(Wnω•
Y ′/s′),

Hr(S∼
n (r)(X′,M ′))

(E)−→ i′∗Rrj′∗Z/pnZ(r)′
“pm”−→ i′∗Rrj′∗Z/pnZ(r)

(F)−→ Wnωr
Y ′/s′, log −→ Hr(Wnω•

Y ′/s′).

Here the integer m is defined by paa! = pm·unit in Zp, r = a(p − 1) + b,
a, b ∈ Z, 0 ≤ b ≤ p− 2. The homomorphisms (A), (B), (C), (D), (E) and (F )
are induced by the distinguished triangle (3.3.3), the morphism (En,MEn

) →
Spec(Wn), the diagram (3.4.1), Theorem 2.1.4, (3.3.5) and (3.1.8) respectively.

Proof. The question is étale local on X ′. Étale locally on X ′, by choosing a
closed immersion of (X ′,M ′) into a smooth fine log scheme (Z,MZ) over W
with liftings of Frobenius {FZn

} of {(Zn,MZn
)} satisfying the condition [Ts2]

(2.1.1), we can define a complex S ′
n(r) ([Ts2]§2.1) and a natural homomorphism

S∼
n (r) → S ′

n(r) ([Ts2](2.1.2)). By the definition of the morphisms [Ts2](2.1.2)
and [Ts2](3.1.1) (=(3.3.5)), the homomorphisms pr· (A) and (E) canonically
factor through Hr(S ′

n(r)). Hence we may replace Hr(S∼
n (r)) with Hr(S ′

n(r)).
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We denote by {a1, . . . , ar}ét (resp. {a1, . . . , ar}syn) the image of a1 ⊗ · · · ⊗ ar

(ai ∈ M ′gp) under the symbol map (3.1.4) (resp. (i′∗M ′gp)⊗r → Hr(S ′
n(r))

([Ts2](2.2.1)). Then the local section {a1, . . . , ar}syn is sent to {a1, . . . , ar}ét

by (E) ([Ts2] Proposition 3.2.4 (2)) and hence to pmd log(a1) ∧ · · · ∧ d log(ar)
by the composite of the second sequence. On the other hand, by the explicit
description of the syntomic symbol map [Ts2] Lemma 2.4.6, which is still valid
for Sn(r)′, and Lemma 2.1.10, the image of {a1, . . . , ar}syn under the composite
of the first sequence is also pmd log(a1) ∧ · · · ∧ d log(ar). By [Ts2] Proposition
2.4.1 (1), we see that the symbol map (i′∗M ′gp)⊗r → Hr(S ′

n(r)) is surjective
by induction on n. ¤

By taking the inductive limit with respect to K ′ and Qp ⊗Zp
lim←−n, we obtain

the following commutative diagram from Lemma 3.4.4:
(3.4.5)

V r(s)

²²

Hr(Y ,SQp (s)
(X,M)

)
∼

p−s·(3.3.6)

oo // (Dr
)N=0,ϕ=ps

pr0

²²
Hr−s(Y ,Wωs

Y /s, log
)Qp

∼ // (lim←−n
Hr−s(Y ,Hs(Wnω•

Y /s
)))ϕ=ps

Qp (P0⊗K0
D)ϕ=ps

.oo

where s = r or s = d = dimXK and we assume r ≥ d in the latter case.
The left vertical (resp. lower right) homomorphism is induced by (3.1.10)
(resp. τ≤sWnω•

Y/s → Hs(Wnω•
Y/s)). Note Wnω•

Y/s = τ≤dWnω•
Y/s in the case

s = d. The lower left one is an isomorphism by Lemma 2.3.6. See (2.1.7) for
the relation between ϕ and V ′. To prove the commutativity in the case s = d,
we need the remark after Theorem 3.3.7.
On the other hand, we have a commutative diagram:
(3.4.6)

(Dr
)N=0,ϕ=ps

pr0 ))SSSSSSSSSSSSSSS

(B̂+
st ⊗RE,Qp

Dr)N=0,ϕ=ps∼oo

f0⊗pr0

²²

(B+
st ⊗K0

Dr)N=0,ϕ=ps

ι⊗s

∼oo

f0⊗1ttiiiiiiiiiiiiiiiii

(P0 ⊗K0
Dr)ϕ=ps

Note that the first line is (3.3.2). Combining the above two commutative
diagrams, we obtain a commutative diagram:

(3.4.7)

V r(s)
∼−−−−→

(3.3.8)
Filr(B+

st ⊗K0
Dr)N=0,ϕ=ps

y
yf0⊗1

Qp ⊗Zp
Hr−s(Y ,Wωs

Y /s, log
)

∼−−−−−−−→
Prop. 2.3.5

(P0 ⊗K0
Dr)ϕ=ps

.

Note that the composite of the lower horizontal map of (3.4.7) with the lower
right one of (3.4.5) coincides with the lower left one of (3.4.5). By Lemma 3.4.2,
(3.4.3) and (3.4.7), we see that the isomorphisms (3.2.6) and (3.2.7) induced
by the comparison isomorphism Dst(V

r) ∼= Dr are induced by (3.1.10).
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§4. The semi-stable conjecture in the open case.

§4.1. Statement of the theorem.
Recently, G. Yamashita [Y] gave a proof of the semi-stable conjecture via
syntomic cohomology for (X,M)/(S,N) satisfying (3.1.2) in the open case,
i.e. without assuming s = 0. (Moreover he proved it also for cohomologies
with partial compact supports.) In this section, we will give an alternative
proof in the special case that the “horizontal divisors at infinity do not have
self-intersections” i.e. when (X,M)/(S,N) satisfies the following condition:

(4.1.1) There exist a finite number of divisors Di (i ∈ I) on X such that
Xtriv = X − (Y ∪ (∪i∈IDi)) and an étale covering {Xλ → X}λ∈Λ satisfying the
following condition. For each λ ∈ Λ, there exists an étale morphism over S:

X → Spec((OK [T1, . . . , Tu]/(T1 · · ·Tu − πe))[Ui (i ∈ Iλ), V1, . . . , Vt])

for some integers u ≥ 1, t ≥ 0 and e ≥ 1 such that e|[K : K0] and Di ×X Xλ

is the inverse image of {Ui = 0} for each i ∈ Iλ. Here Iλ denotes the set of all
i ∈ I such that Di ×X Xλ 6= ∅.
Theorem 4.1.2. Assume that (X,M)/(S,N) satisfies the condition (4.1.1).
Then, for any integer q ≥ 0, the homomorphism (3.3.9) is an isomorphism
preserving the filtrations after taking BdR⊗Bst

. Hence V q is a semi-stable p-
adic representation and (3.3.9) induces an isomorphism: Dst(V

q) ∼= Dq in
MFK(ϕ,N).

We will prove this theorem by removing the divisors Di at infinity one by one
and using the Gysin exact sequences.

§4.2 Gysin sequence for crystalline cohomology.
Associated to an effective Cartier divisor X ′ on a scheme X , one can construct a
log structure on X ′ as follows: If X ′ is defined by a global section f ∈ Γ(X ,OX ),
then f is a non-zero divisor and unique up to multiplication by units. Hence
the fine log structure on X associated to the pre-log structure NX → OX ; 1 7→ f
is independent on the choice of f up to canonical isomorphisms. In the general
case, one obtains a fine log structure by gluing the above log structures étale
locally. For a fine log scheme (X ,M), we define the fine log structure associated
to a Cartier divisor X ′ ⊂ X to be the co-product of M and the log structure
constructed above.
We say that a morphism of fine log scheme f : (X ,M) → (Y,N ) is syntomic
([Ka3] (2.5)) if it is integral, the underlying morphism of schemes X → Y is
flat and locally of finite presentation, and étale locally on X , there exists a
(Y,N )-exact closed immersion of (X ,M) into a smooth fine log scheme (Z,L)
over (Y,N ) such that the underlying closed immersion of schemes is transver-
sally regular relative to Y ([EGA IV] Définition (19.2.2). See also Proposition
(19.2.4)). If f is syntomic, for any (Y,N )-exact closed immersion of (X ,M)
into a smooth fine log scheme (Z,L) over (Y,N ), the underlying closed im-
mersion is transversally regular relative to S. Syntomic morphisms are stable
under base changes and compositions.
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Proposition 4.2.1. Let (S,N ) be a fine log scheme endowed with a PD-ideal
(I, γ) such that p is nilpotent on OS , let S0 be the closed subscheme of S defined
by a sub PD-ideal of I, and let N0 be the inverse image of N . Let (X0,M0) be
a syntomic fine log scheme over (S0,N0), let X ′

0 ⊂ X0 be a Cartier divisor flat
over S0, and let M′

0 be the inverse image of M0 on X ′
0.

(1) Étale locally on X0, there exist an (S,N )-closed immersion of (X0,M0)
into a smooth fine log scheme (Y,L) over (S,N ) and a Cartier divisor Y ′ ⊂ Y
such that X ′

0 is the inverse image of Y ′ and Y ′ endowed with the inverse image
L′ of L is smooth over (S,N ).
(2) Suppose that we are given i : (X0,M0) ↪→ (Y,L) and Y ′ as in (1) glob-
ally. Let (D,MD) (resp. (D′,MD′)) be the PD-envelope of (X0,M0) in (Y,L)
(resp. (X ′

0,M′
0) in (Y ′,L′)) compatible with the PD-structure (I, γ). Let JD

(resp. JD′) be the PD-ideal of OD (resp. OD′). If Y ′ is defined by a global
section f ∈ Γ(Y,OY), then f is a non-zero divisor on OD and we have isomor-

phisms OD/fOD ∼= OD′ and J
[r]
D /fJ

[r]
D

∼= J
[r]
D′ (r ≥ 1).

(3) Under the notation of (2), let L◦ (resp. M◦
0) be the log structure on Y

(resp. X0) defined by the log structure L (resp. M0) and the Cartier divisor Y ′

(resp. X ′
0). Then the PD-envelope of (X0,M◦

0) in (Y,L◦) compatible with the
PD-structure (I, γ) has the same underlying scheme as (D,MD). Furthermore
(Y,L◦) is smooth over (S,N ), and, for each integer r ≥ 0, we have a canonical
exact sequence:

0 → J
[r−•]
D ⊗OY Ω•

Y/S(log(L/N )) → J
[r−•]
D ⊗OY Ω•

Y/S(log(L◦/N ))

(∗)→ (J
[r−1−•]
D′ ⊗OY′ Ω•

Y′/S(log(L′/N )))[−1] → 0

such that (∗) sends ω1+d log(g)∧ω2 to ω2 for ω1 ∈ J
[r−q]
D ⊗OY Ωq

Y/S(log(L/N )),

ω2 ∈ J
[r−q]
D ⊗OY Ωq−1

Y/S(log(L/N )) and a local equation g = 0 defining Y ′ in Y,

where ω2 denotes the image of ω2 in J
[r−q]
D′ ⊗OY′ Ωq−1

Y′/S(log(L′/N )).

Proof. (1) Étale locally on X0, there exists an (S,N )-closed immersion i
of (X0,M0) into a smooth fine log scheme (Z,MZ) over (S,N ), and X ′

0

is defined by the global equation f = 0 for some f ∈ Γ(X0,OX0
). Set

(Y,L) := (Z,MZ)×Spec(Z) Spec(Z[T ]) an let Y ′ be the closed subscheme of Y
defined by T = 0. Then the closed immersion (X0,M0) ↪→ (Y,L) defined by i
and T 7→ f satisfies the required condition.
(2) Since the question is étale local on X0, we may assume that we have a

factorization (X0,M0)
j

↪→ (Z,MZ)
α→ (Y,L) such that j is an exact closed

immersion and α is étale, and that Y ′ is defined by the global equation g = 0
for some g ∈ Γ(Y,OY). Since (X0,M0) is integral over (S0,N0), we may also
assume that (Z,MZ) is integral over (S,N ). Let Z ′ ⊂ Z be the pull-back of
Y ′ ⊂ Y and let h be the inverse image of g in Γ(Z,OZ). Since (Z,MZ) and Z ′

endowed with the pull-back of MZ are smooth and integral over (S,N ), the
morphism (Z,MZ) → (S,N )×Spec(Z) Spec(Z[T ]) defined by T 7→ g is smooth
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and integral on a neighbourhood of Z ′. Especially the underlying morphism
of schemes is flat on the neighbourhood. Hence h is a non-zero divisor. Thus,
by the construction of PD-envelopes ([Ka2] (5.6)), we may replace (Y,L) with
(Z,MZ) and assume that i is an exact closed immersion and (Y,L) is integral
over (S,N ). Since (X0,M0) is syntomic over (S0,N0), the closed immersion
X0 ↪→ Y0 := Y ×S S0 is transversally regular relative to S0 and hence we may
assume that there exists a sequence g1, . . . , gd ∈ Γ(Y,OY) whose image in OY0

is transversally OY0
-regular relative to S0, and X0 ⊂ Y0 is defined by the ideal∑

1≤i≤d gi · OY0
. Since S0 ↪→ S is a nilimmersion and Y is flat over S, we see

that the sequence g1, . . . , gd is transversally OY -regular relative to S. (Since Y
is locally of finite presentation over S, we are reduced to the case S is noetherian
and then to the case S0 is defined by an ideal J of OS such that J2 = 0). Let
X be the closed subscheme of Y defined by the ideal

∑
1≤i≤d gi · OY and set

X ′ := X ×Y Y ′(⊂ Y ′). Since the image of the sequence g1, · · · , gd, g in OY0

is transversally OY0
-regular relative to S0 and S0 ↪→ S is a nilimmersion, the

sequence g1, . . . , gd, g is transversally OY -regular relative to S and hence the
image of g1, . . . , gd in OY′ is transversally OY′ -regular relative to S. Hence the
morphism Y → S[T1, . . . , Td] (resp. Y ′ → S[T1, . . . , Td]) defined by Ti 7→ gi

(resp. Ti 7→ the image of gi in OY′) is flat on a neighbourhood of X (resp. X ′).
(Since Y and Y ′ are locally of finite presentation over S, we are easily reduced
to the case S is noetherian, where we can use [EGA IV] Chap. 0 Proposition
(15.1.21).) Furthermore, since X0 = X×SS0 (resp. X ′

0 = X ′×SS0), D (resp. D′)
is isomorphic to the PD-envelope of X in Y (resp. X ′ in Y ′). Hence, by [Be-O]
3.2.1, we have D ∼= Y ×S[T1,... ,Td] S < T1, . . . , Td >, D′ ∼= Y ′ ×S[T1,... ,Td] S <
T1, . . . , Td >, which implies the claim.
(3) As in (2), we may assume that i is an exact closed immersion, and (Y,L)
is integral over (S,N ), and Y ′ ⊂ Y is defined by the global equation g = 0 for
some g ∈ Γ(Y,OY). Then (X ,M◦) ↪→ (Y,L◦) is an exact closed immersion and
we obtain the first claim. For the second claim, we may replace Y with a neigh-
bourhood of Y ′. Hence, we may assume (Y,L) → (S,N )×Spec(Z)Spec(Z[T ]) de-
fined by T 7→ g is smooth, and there exists a chart P → Γ(S,N ), Q → Γ(Y,L),
P → Q of (Y,L) → (S,N ) such that (Y,L) → (S,N )×Spec(Z[P ]) Spec(Z[Q][T ])
is étale and the kernel and the torsion part of the cokernel of P gp → Qgp have
orders invertible on S. Then Q ⊕ N → Γ(Y,L◦); (0, 1) 7→ g becomes a chart of
L◦. Hence (Y,L◦) is smooth over (S,N ), and we have

ΩY/S(log(L◦)) ∼= OY ⊗Z P gp ⊕OY · d log(g),

ΩY/S(log(L)) ∼= OY ⊗Z P gp ⊕OY · dg,

ΩY′/S′(log(L′)) ∼= OY′ ⊗Z P gp.

Now the claim follows from (2). ¤

Proposition 4.2.2. Let (S,N , I, γ), (S0,N0), (X0,M0) and X ′
0 be the same

as in Proposition 4.2.1. Assume that X0 is quasi-compact and separated. Then,
there exist an étale hypercovering X •

0 of X0, a simplicial smooth and integral
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fine log scheme (Y•,L•) over (S,N ) with a Cartier divisor Y ′ν ⊂ Yν for each
ν ≥ 0 and an (S,N )-closed immersion of (X •

0 ,M|X•
0
) into (Y•,L•) such that

X ν
0 (ν ≥ 0) is affine, Y ′ν (ν ≥ 0) endowed with the inverse image of Lν

is smooth over (S,N ), Y ′0 is defined by the global equation g = 0 for some
g ∈ Γ(Y0,OY0), for any non-decreasing map s : {0, 1, . . . , ν} → {0, 1, . . . , µ},
Y ′

µ is the pull-back of Y ′
ν by the morphism Yµ → Yν corresponding to s, and

X ′ν
0 := X ′

0 ×X0
X ν

0 (ν ≥ 0) is the pull-back of Y ′ν by the closed immersion
X ν

0 ↪→ Yν .

Proof. We will write X for X0 to simplify the notation. Since X is quasi-
compact, by Proposition 4.2.1 (1), there exist an étale covering X 0 → X with
X 0 affine, an (S,N )-closed immersion of (X 0,M|X 0) into a fine log scheme
(Y0,L0) smooth and integral over (S,N ), and a Cartier divisor Y ′0 ⊂ Y0

defined by the global equation g = 0 for some g ∈ Γ(Y0,OY0) such that X ′0 ⊂
X 0 is the pull-back of Y ′0 by the closed immersion X 0 ↪→ Y0 and Y ′0 endowed
with the inverse image of L0 is smooth over (S,N ). For each ν ≥ 0, we define
X ν to be the fiber product of ν+1 copies of X 0 over X , which is affine, and X ′ν

to be X ′ ×X X ν . We define (Y(ν),L(ν)) (resp. Y ′(ν)) to be the fiber product
of ν + 1 copies of (Y0,L0) (resp. Y ′0) over (S,N ) (resp. S), and Yν to be the
blowing-up of Y(ν) along Y ′(ν). We define Y ′′(ν) to be the sum of the pull-
backs of Y ′0 by the ν + 1 projections Y(ν) → Y and Yν to be the complement
of the strict transform of Y ′′(ν) ⊂ Y(ν) on Yν . We denote by Lν and Lν

the inverse images of L(ν) on Yν and Yν respectively. We define Y ′ν to be
Y ′(ν)×Y(ν)Yν , which is a Cartier divisor on Yν . Let prν

i : Y(ν) → Y1 (0 ≤ i ≤
ν) be the projection to the (i+1)-th component and set gν

i := (prν
i )∗(g). Then

the morphism (Y(ν),L(ν)) → (S,N )[T0, . . . , Tν ] defined by Ti 7→ gν
i is smooth

and integral on a neighbourhood of Y ′(ν) in Y(ν), especially, the underlying
morphism of scheme is flat on the neighbourhood. Hence Yν is the pull-back
of the blowing-up of S[T0, . . . , Tν ] along T0 = T1 = · · · = Tν = 0. If we choose
an integer i0 such that 0 ≤ i0 ≤ ν, Yν is the pull-back of S[Ti0 , Ui, U

−1
i (0 ≤

i ≤ ν, i 6= i0)] → S[T0, . . . , Tν ] where Ti = Ti0Ui (i 6= i0).This implies that
(Yν ,Lν), (Yν ,Lν) and Y ′ν endowed with the inverse images of Lν are smooth
and integral over (S,N ). We also see that Y ′ν ⊂ Yν is defined by the equation
gν

i0
= 0 and gν

i0
is a non-zero divisor on Yν . By the universality of blowing-

up, the closed immersion i(ν) : (X ν ,M|Xν ) ↪→ (Y(ν),L(ν)) canonically factors
through a closed immersion iν : (X ν ,M|Xν ) ↪→ (Yν ,Lν). If we denote by hν

i

the inverse image of gν
i in OXν , then, for each i, the closed subscheme X ′ν

of X ν is defined by hν
i = 0. Hence hν

i = hν
i0

· ui for some ui ∈ O∗
Xν . This

implies that iν factors through (Yν ,Lν), which we denote by iν . Furthermore
we see that X ′ν is the pull-back of Y ′ν . Let s : {0, 1, · · · , ν} → {0, 1, . . . , µ}
be a non-decreasing map. By the universality of blowing-up, the composite
of (Yµ,Lµ) → (Y(µ),L(µ)) with the morphism (Y(µ),L(µ)) → (Y(ν),L(ν))
corresponding to s uniquely factors through (Yν ,Lν). The inverse images of
gν

i (0 ≤ i ≤ ν) in OYµ are gµ
s(i) and coincide up to the multiplication by units.

Hence it further factors through (Yν ,Lν) and Y ′µ is the pull-back of Y ′ν . Thus
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{(Yν ,Lν)}ν≥0 become a simplicial fine log scheme and {iν} are compatible
with the simplicial structures. ¤

Corollary 4.2.3. Let (S,N , I, γ), (S0,N0), (X0,M0) and (X ′
0,M′

0) be as in
Proposition 4.2.1 and let M◦

0 be the fine log structure on X0 defined by M0 and
the Cartier divisor X ′

0 ⊂ X0. Assume that X0 is quasi-compact and separated.
Let u(X0,M0)/(S,N ) denote the morphism of topoi

((X0,M0)/(S,N , I, γ))∼crys −→ (X0)
∼
ét,

and define u(X0,M◦
0)/(S,N ) and u(X ′

0,M′
0)/(S,N ) similarly. Then we have a canon-

ical distinguished triangle:

Ru(X0,M0)/(S,N ),∗J [r] → Ru(X0,M◦
0)/(S,N ),∗J [r]

→ Ru(X ′
0,M′

0)/(S,N ),∗J [r−1][−1] →

for each integer r. Here O denotes the structure sheaf on the relevant crystalline
site, J denotes the PD-ideal of O and, for an integer r, J [r] denotes the r-th
divided power of J if r ≥ 1 and O if r ≤ 0.

Proof. Choose (X •
0 ,M0|X•

0
) ↪→ (Y•,L•), Y ′• ⊂ Y• and g as in Proposition

4.2.2 Then we can apply Proposition 4.2.1 (3) to (X ν
0 ,M0|Xν

0
) ↪→ (Yν ,Lν),

X ′ν
0 and Y ′ν for each ν ≥ 0. Furthermore, for each non-decreasing map

s : {0, 1, . . . , ν} → {0, 1, . . . , µ}, since Y ′µ is the pull-back of Y ′ν by the mor-
phism fs : Yµ → Yν corresponding to s, the short exact sequences are func-
torial with respect to fs. Hence, by the cohomological descent ([Ka3](2.18)–
(2.21)), we obtain the required distinguished triangles. If we are given another

(X̃ •
0 ,M0|X̃•

0
) ↪→ (Ỹ•, L̃•), Ỹ ′• ⊂ Ỹ• and g̃, we define Zν to be the blowing-up of

Yν×S Ỹν along Y ′ν×S Ỹ ′ν and let Zν be the complement of the strict transform
of Y ′ν × Ỹν ∪Yν × Ỹ ′ν on Zν . Let MZν be the inverse image of the log struc-
ture of (Yν ,Lν) ×(S,N ) (Ỹν , L̃ν) to Zν , and let Z ′ν ⊂ Zν be the pull-back of

Y ′ν×Ỹ ′ν . Then, similarly as the proof of Proposition 4.2.2, using g and g̃, we see
that {(Zν ,MZν )}ν≥0 naturally become a simplicial fine log scheme, there exists

a closed immersion (X ν
0 ×X0

X̃ ν
0 , the inverse image of M0) ↪→ (Zν ,MZν ) in-

ducing a morphism between simplicial fine log schemes, and this closed immer-
sion with Z ′ν ⊂ Zν satisfies the conditions in Proposition 4.2.2. Furthermore,
we have natural morphisms (Z•,MZ•) → (Y•,L•) and (Z•,MZ•) → (Ỹ•, L̃•)
compatible with the closed immersions, and isomorphisms Z ′ν ∼= Y ′ν ×Yν Zν ∼=
Ỹ ′ν ×Ỹν Zν . Hence the distinguished triangle is independent of the choice of
X •

0 etc. ¤

The distinguished triangle in Corollary 4.2.3 is functorial with respect to
(X0,M0) → (S0,N0) ↪→ (S,N , I, γ) and X ′

0 as follows: Suppose that we

are given another (X̃0,M̃0) → (S̃0, Ñ0) ↪→ (S̃, Ñ , Ĩ , γ̃) and X̃ ′
0, a morphism

α : (X̃0,M̃0) → (X0,M0) and a PD-morphism β : (S̃, Ñ ) → (S,N ) inducing a

morphism β0 : (S̃0, Ñ0) → (S0,N0) in a compatible manner in the obvious sense.

Documenta Mathematica · Extra Volume Kato (2003) 833–890



p-Adic Étale Cohomology and Log Hodge–Witt Sheaves 871

We further assume that X̃ ′
0 = X ′

0 ×X0
X̃0. Then the distinguished triangles in

Corollary 4.2.3 for (X0,M0)/(S,N , I, γ), X ′
0 and for (X̃0,M̃0)/(S̃, Ñ , Ĩ , γ̃), X̃ ′

0

are compatible with the morphisms between the each component induced by
α and β: Choose (X •

0 ,M•
0) ↪→ (Y•,L•), Y ′• ⊂ Y• for (X0,M0)/(S,N ), and

(X̃ •
0 ,M̃•

0) ↪→ (Ỹ•, L̃•), Ỹ ′• ⊂ Ỹ• for (X̃0,M̃0)/(S̃, Ñ ) as in Proposition 4.2.2.

Let Zν be the blowing-up of Ỹν ×S Yν along Ỹ ′ν ×S Y ′ν , let Zν be the com-
plement of the strict transform of Ỹ ′ν ×S Yν ∪ Ỹν ×S Y ′ν on Zν , and let Z ′ν

be the inverse image of Ỹ ′ν ×S Y ′ν . Let MZν be the inverse image of the log
structure on (Ỹν , L̃ν)×(S,N ) (Yν ,Lν) to Zν . Then similarly as in the proof of
Corollary 4.2.3, we see that {(Zν ,MZν )}ν≥0 naturally become a simplicial fine

log scheme smooth and integral over (S̃, Ñ ), there exists a closed immersion of

(X̃ ν
0 ×X0

X ν
0 , the inverse image of M̃0) into (Zν ,MZν ) over (S̃, Ñ ) compatible

with the simplicial structures, and this closed immersion with Z ′ν ⊂ Zν satisfies
the conditions in Proposition 4.2.2. Furthermore we have a natural morphism
to the closed immersion (X •

0 ,M•
0) ↪→ (Y•,L•) (resp. (X̃ •

0 ,M̃•
0) ↪→ (Ỹ•, L̃•))

such that Z ′ν is the pull-back of Y ′ν (resp. Ỹ ′ν). This implies the required
functoriality.

§4.3. Gysin sequence for syntomic cohomology.
Let the notation and the assumption as in §4.1. Assume that I is non-empty
and choose one i0 ∈ I. We will change the notation as follows: We write M◦

for M , and M will denote the log structure defined by the union of the special
fiber of X and the divisors Di (i ∈ I, i 6= i0). We define (X ′,M ′) to be Di0

endowed with the inverse image of M . Then (X,M), (X,M◦) and (X ′,M ′)
satisfies the condition (4.1.1). Note that X ′ is a Cartier divisor on X and M◦

is the co-product of M and the log structure on X defined by X ′ (cf. §4.2).
We can construct Gysin sequence for syntomic cohomology as follows. We
choose an affine étale covering X0 → X, a closed immersion of (X0,M |X0)
into a fine log scheme (Z0,MZ0) smooth over Spec(W ) endowed with a Cartier
divisor Z ′0 defined by a global equation g = 0 and with a compatible system of
liftings of Frobenius {FZ0

n
: (Z0

n,MZ0
n
) → (Z0

n,MZ0
n
)}n≥1 such that X ′ ×X X0

is the pull-back of Z ′0 and F ∗
Z0

n
(g) = gp · (1 + py) for some y ∈ OZ0

n
. Here the

subscript n denotes the reduction mod pn. Such a covering and an embedding
exist by a similar argument as the proof of Proposition 4.2.1 (1). Starting
from this embedding, we can construct an étale hypercovering X• → X, a
closed immersion (X•,M•) ↪→ (Z•,MZ•) and a Cartier divisor Z ′• ⊂ Z• as
in Proposition 4.2.2 endowed with a compatible system of liftings of Frobenius
on {(Z•

n,MZ•
n
)}n≥1. By taking the PD-envelope of (X•

n,M•
n) in (Z•

n,MZ•
n
)

compatible with the canonical PD-structure on pWn and applying Proposition
4.2.1 (3), we obtain a short exact sequence on the étale site of the simplicial
scheme X•

1 for each r ≥ 0. By using the property F ∗
Z0

n
(g) = gp · (1 + py), we

see that the short exact sequences are compatible with the Frobenius induced
by FZ•

n
and obtain a short exact sequence:

0→S∼
n (r)(X•,M•),(Z•,MZ• )→S∼

n (r)(X•,M◦•),(Z•,M◦
Z• )→S≈

n (r−1)(X′•,M′•),(Z′•,M
Z′• )[−1]→0.
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Here S∼
n (s) denotes the syntomic complex defined in [Ts2] §2.1, and S≈

n (s)
denotes the complex obtained by replacing ps − ϕ with ps+1 − pϕ in the defi-
nition of S∼

n (s). By taking the derived direct image by the morphism of topoi
(X•

1 )∼ét → (X1)
∼
ét. We obtain the required distinguished triangle:

(4.3.1) → S∼
n (r)(X,M) → S∼

n (r)(X,M◦) → S≈
n (r − 1)(X′,M ′)[−1]

on (X1)ét. We can verify the independence and the functoriality similarly as
in the crystalline case by taking care of liftings of Frobenius.
We define V q

syn,1(r) to be the syntomic cohomology Hq(Y ,SQp
(r)(X,M))

(cf.§3.3) of (X,M). We define V q
syn,2(r) and V q

syn,3(r) to be the syntomic

cohomology of (X,M◦) and (X ′,M ′) respectively. Then, by taking Q ⊗
lim←−n lim−→K′ H∗((X1 ×Spec(OK) Spec(OK′))ét,−) of the triangle (4.3.1) for the
base changes of (Xn,Mn), (Xn,M◦

n) and (X ′
n,M ′

n) by OK → OK′ , we obtain
a complex:

(4.3.2) · · · → V q
syn,1(r) → V q

syn,2(r) → V q−1
syn,3(r − 1) → V q+1

syn,1(r) → · · ·

§4.4 Compatibility of Gysin sequences 1.
We will prove the compatibility of Gysin sequences with the isomorphisms
(3.2.1), (3.3.2) and the homomorphism (3.3.4). We follow the notation in

§3.3. We denote by Dq
1 (resp. Dq

1, resp. Dq

1) for the crystalline cohomology Dq

(resp. Dq, resp. Dq
) for (X,M)/(S,N) defined in §3.2 (resp. §3.3, resp. §3.3).

We denote by Dq
2, Dq

2 and Dq

2 for the cohomologies of (X,M◦)/(S,N), and Dq
3,

Dq
3 and Dq

3 for the cohomologies of (X ′,M ′)/(S,N). We denote by Dq
3(−1),

Dq
3(−1) and Dq

3(−1) the same modules as Dq
3, Dq

3 and Dq

3 whose Frobenius
endomorphisms ϕ are replaced with pϕ. By taking Q ⊗ lim←−n of the Gysin se-
quences for the crystalline cohomologies over the bases (Wn,Wn(L), pWn, γ)
and (En,MEn

, JEn
, δ), we obtain an exact sequence:

(4.4.1) · · · → Dq
1 → Dq

2 → Dq−1
3 (−1) → Dq+1

1 → · · ·

and a complex:

(4.4.2) · · · → Dq
1 → Dq

2 → Dq−1
3 (−1) → Dq+1

1 → · · · .

Lemma 4.4.3. Let Di (i = 1, 2) be finitely generated free RE,Qp
-modules en-

dowed with ϕE-semilinear endomorphisms ϕDi
whose linearizations RE,ϕ ⊗RE

Di → Di are isomorphisms. Let Di be the reduction of Di with respect to
RE,Qp

→ K0 induced by {iEn,0} (§3.3) and let ϕDi
be the σ-semilinear automor-

phism of Di induced by ϕDi
. Suppose that we are given an RE,Qp

-linear homo-
morphism f : D1 → D2 compatible with ϕDi

and K0-linear sections si : Di → Di

of the canonical surjections pi : Di → Di compatible with ϕDi
and ϕDi

. Let
g : D1 → D2 be the K0-linear homomorphism induced by f . Then we have
f ◦ s1 = s2 ◦ g.
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Proof. We apply [Ts2] Lemma 4.4.11. Let In be as in loc. cit. For any a ∈ D1,
f(s1(ϕ

−n
D1

(a))) is a lifting of g(ϕ−n
D1

(a)) = ϕ−n
D2

(g(a)) ∈ D2 in D2. Hence, by

loc. cit., s2(g(a)) ≡ ϕn
D2

(f(s1(ϕ
−n
D1

(a)))) = f(s1(a)) mod InD2. Since ∩n(In⊗
Q) = 0 and D2 is a free RE,Qp

-module, this implies s2(g(a)) = f(s1(a)). ¤

By functoriality, the projections Dq
i → Dq

i (cf. §3.3) are compatible with (4.4.1)
and (4.4.2). On the other hand, by a similar argument as the proof of the
functoriality of the Gysin sequences, we also see that the sequences (4.4.1)
and (4.4.2) are compatible with the Frobenius endomorphisms. Hence, from
Lemma 4.4.3, we obtain the following:

Lemma 4.4.4. The isomorphisms RE,Qp
⊗K0

Dq
i
∼= Dq

i (i = 1, 2, 3) (§3.3) are
compatible with the sequences (4.4.1) and (4.4.2).

Note that this and the exactness of (4.4.1) implies that (4.4.2) is also exact.
We denote by Dq

dR,1 the de Rham cohomology Hq(XK ,Ω•
XK

(log(MK))) en-

dowed with the Hodge filtration (cf. (3.2.1)), which is canonically isomor-
phic to the projective limit of the crystalline cohomology of (Xn,Mn) over
(Sn, Nn, pOSn

, γ) with respect to n tensored with K over OK . We denote by
Dq

dR,2 and Dq
dR,3 the de Rham cohomology of (XK ,M◦

K) and (X ′
K ,MK′) respec-

tively. Recall that the Hodge spectral sequences for Dq
dR,i degenerate (cf. [Ts2]

Proposition 4.7.9). We denote by Dq
dR,3(−1) the same K-vector space as Dq

dR,3

whose filtration is defined by Filr(Dq
dR,3(−1)) = Filr−1Dq

dR,3. Then, by taking
Q ⊗ lim←−n of the Gysin sequence for the crystalline cohomology over the base
(Sn, Nn, pOSn

, γ), we obtain an exact sequence of filtered K-vector spaces:

(4.4.5) · · · → Dq
dR,1 → Dq

dR,2 → Dq−1
dR,3(−1) → Dq+1

dR,1 → · · ·

By functoriality, the projections Dq
i → Dq

dR,i induced by {iEn,π} (§3.3) are

compatible with the exact sequences (4.4.2) and (4.4.5). Hence by combining
with Lemma 4.4.4, we obtain the following compatibility:

Lemma 4.4.6. The isomorphisms ρπ : K⊗K0
Dq

i
∼= Dq

dR,i (3.2.1) are compatible

with the exact sequences (4.4.1) and (4.4.5).

By taking Q ⊗ lim←−n lim−→K′ of the Gysin sequence for the base changes of
(Xn,Mn), (Xn,M◦

n) and (X ′
n,M ′

n) by (S′, N ′) → (S,N) over (En,MEn
), we

obtain a complex:

(4.4.7) · · · → Dq

1 → Dq

2 → Dq−1

3 (−1) → Dq+1

1 → · · · .

Here S′ = Spec(OK′) and N ′ is the log structure defined by the closed point. By

functoriality, the natural homomorphisms Dq
i → Dq

i are compatible with (4.4.2)
and (4.4.7). Hence, by Lemma 4.4.4, we obtain the following compatibility:

Lemma 4.4.8. The isomorphisms B̂+
st ⊗K0

Dq
i
∼= Dq

i ([Ts2] Proposition 4.4.6)
are compatible with the sequence (4.4.1) and (4.4.7).
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Note that this lemma and the exactness of (4.4.1) imply the exactness of (4.4.7).
By construction, it is clear that the distinguished triangle (4.3.1) is compati-
ble with the distinguished triangle of Corollary 4.2.3 for (Xn,Mn), (X ′

n,M ′
n),

. . . over (Wn, pWn, γ). Hence, by the functoriality of the Gysin sequence for
crystalline cohomology, we obtain:

Lemma 4.4.9. The natural homomorphisms V q
syn,i → Dq

i (3.3.4) are compatible

with the sequences (4.3.2) and (4.4.7).

§4.5. Compatibility of Gysin sequences 2.
To prove Theorem 4.1.2, we also need to verify the compatibility of the Gysin
sequence (4.3.2) of the syntomic cohomology with that of the étale cohomology.
For simplicity, we omit the log structures from the notation of log schemes; we
simply write X, X◦ and X ′ for the log schemes (X,M), (X,M◦) and (X ′,M ′)
appearing in §4.4. As in [O], we denote by X, S,... the underlying schemes of

log schemes X, S,... (We do not adopt the notation
◦
X,

◦
S,... in [Na] Notation

(1.1.2) and [I2]1.2 to avoid the confusion with the notation X◦. )
Let Xtriv (resp. (X◦)triv, resp. X ′

triv) be the maximal open subschemes of
X (resp. X◦, resp. X ′) on which the log structure is trivial. We have
(X◦)triv = Xtriv\X ′

triv. We denote by V q
1 , V q

2 and V q
3 the q-th étale coho-

mology of (Xtriv)K , ((X◦)triv)K and (X ′
triv)K with coefficients Qp respectively.

Then we have the Gysin exact sequence:

(4.5.1) · · · → V q
1 → V q

2 → V q−1
3 (−1) → V q+1

1 → · · ·

Proposition 4.5.2. For any integer r ≥ 0, the homomorphisms V q
syn,i(r) →

V q
i (r) defined by p−r · (3.3.6) are compatible with the sequences (4.5.1) and

(4.3.2).

Let i and i′ denote the closed immersions Y → X and Y ′ → X ′ and let j, j◦

and j′ denote the open immersions Xtriv → X, (X◦)triv → X and X ′
triv → X ′

respectively. Proposition 4.5.2 follows from the following local version:

Proposition 4.5.3. For any integer r ≥ 0, the following diagram is commu-
tative:

−→ S∼
n (r)X −→ S∼

n (r)X◦ −→ S≈
n (r − 1)X′ [−1]

y(3.3.5)

y(3.3.5)

y

−→ i∗Rj∗Z/pnZ(r)′ −→ i∗Rj◦∗Z/pnZ(r)′ −→ i′∗Rj′∗Z/pZ(r)′(−1)[−1].

Here the right vertical homomorphism is the composite of
(4.5.4)

S≈
n (r − 1)X′ → S∼

n (r − 1)X′
(3.3.5)−→ i′∗Rj′∗Z/pn(r − 1)′ → i′∗Rj′∗Z/pn(r)′(−1),

where the first map is defined by the multiplication by p on J
[r−1−•]
D′ ⊗ Ω• and

the identity map on OD′ ⊗ Ω•.
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We will prove Proposition 4.5.3 in §4.8 after some preliminaries in §4.6 and §4.7.
We will prove it along the following lines. By using the Gysin sequence (4.3.1)
and explicit descriptions of i∗Rj∗Z/pnZ(r)′ and i∗Rj◦∗Z/pnZ(r)′ as complexes
in terms of Godment resolutions, we construct a map

(4.5.5) α : S≈
n (r − 1)X′ → i′∗Rj′∗Z/pnZ(r)′(−1)

such that the diagram in Proposition 4.5.3 with (4.5.4) replaced by α is commu-
tative. The main difficulty to compare α with (4.5.4) comes from the fact that
the resolution Sn(r) of Z/pnZ(r)′ relating Z/pnZ(r)′ with S∼

n (r) (cf. [Ts2] §3.1)
does not behave well with respect to the closed immersion X ′ ↪→ X. We over-

come this problem by replacing X ′ → X ← X◦ with X ′ id→ X ′ ← X ′◦, where
X ′◦ is the scheme X ′ endowed with the inverse image of MX◦ . Although X ′◦

is not log smooth, we still have a Gysin sequence for S∼
n (r) (4.7.11) and we can

construct a map

(4.5.6) β : S≈
n (r − 1)X′ → i′∗Rj′∗Z/pnZ(r)′(−1)

in the same way as α, which is easily seen to be equal to α above. (For the
étale side, we need to use the Kummer étale sites of fs log schemes ([Na]).)

For X ′ id→ X ′ ← X ′◦, we also have a Gysin sequence for Sn(r) (4.7.10), which
allows us to compare the morphism β with (4.5.4).

§4.6. Preliminaries on log fundamental groups.
We will summarize some basic facts on log fundamental groups ([I2]§4) which
we use in the proof of the compatibility of Gysin sequences for syntomic and
étale cohomologies. We leave the most of their proofs to the readers. We
continue to omit the log structures in the notation of log schemes.
A logarithmic point s is Spec(k) for a separably closed field k with a saturated
log structure such that the multiplication by n is bijective on Ms/k∗ for any
positive integer n prime to the characteristic of k. A log geometric point of an fs
log scheme S is a morphism s → S for a log geometric point s ([Na] Definition
(2.5), [I2] Definition 4.1).

Lemma 4.6.1. Let T → S be a Kummer étale morphism ([Na] Definition
(2.1.2), [I2] 1.6) and let s̃ → S be a log geometric point. If the image of s̃
in S is contained in the image of T in S, then there exists a lifting s̃ → T .

Using the fact that a Kummer étale closed immersion is an open immersion,
we can prove the following lemma in the same way as [SGA1] 5.3, 5.4.

Lemma 4.6.2. Let T → S be a Kummer étale separated morphism of fs log
schemes, let U be an fs log scheme over S and let ϕ : ũ → U be a log geometric
point of U . Then the map HomS(U, T ) → HomS(ũ, T ); f 7→ f ◦ ϕ is injective.

Let S be a locally noetherian fs log scheme and let s̃ → S be a log geometric
point. Then the category Kcov(S) of Kummer étale covers of S ([I2] 3.1) with
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the fiber functor Fs̃ : Kcov(S) → (Sets) satisfies the axioms (G1) to (G6) of
[SGA1] V§4. We define the log fundamental group of S at s̃ to be Aut(Fs̃)
([I2]4.6). By Lemma 4.6.2, we see that the fiber functor Fs̃(−) is canonically
identified with HomS(s̃,−).
We consider an equi-characteristic connected normal scheme X with an fs log
structure such that there exists a global chart α : N → Γ(X,MX) whose com-
posite with Γ(X,MX) → Γ(X,OX) sends N\{0} to 0.
Let x = Spec(k) be the generic point of X with the inverse image log structure.
Let ksep be a separable closure of k and let x be Spec(ksep) endowed with the
inverse image of Mx. Choose a chart α as above and define a log geometric point

x̃ of X to be Spec(ksep) with the log structure associated to Ñ → k; a 6= 0 7→ 0.

Here Ñ = ∪n∈N,n∈k∗
1
nN. We define the morphism x̃ → x → x → X by the

natural inclusion N → Ñ and the chart α. x̃ is independent of the choice of the
chart α up to non-canonical isomorphisms over x.

For n ∈ N invertible in k, let tn denote the image of 1
n ∈ Ñ in Γ(x̃,Mx̃).

Then the homomorphism Aut(x̃/x) → Ẑ′(1) := lim←−n∈N,n∈k∗ µn(ksep) defined by

σ 7→ (σ(tn)t−1
n )n≥1 is an isomorphism. Any automorphism of x̃ over x induces

an automorphism of x over x and thus we obtain a surjective homomorphism
Aut(x̃/x) → Aut(x/x) = Gal(ksep/k)◦ with kernel Aut(x̃/x) ∼= Ẑ′(1). Here
(−)◦ denotes the the opposite group.
We define kur to be the union of all finite extensions k′ of k contained in
ksep such that the normalizations of the underlying scheme of X in k′ are
unramified. We define xur and x̃ur similarly as x and x̃ using kur instead of
ksep. We have a canonical surjective homomorphism Aut(x̃/x) → Aut(x̃ur/x)

inducing an isomorphism Ẑ′(1) ∼= Aut(x̃/x)
∼→ Aut(x̃ur/xur). We also have a

natural surjection Aut(x̃ur/x) → Aut(xur/x) ∼= Gal(kur/k)◦.
The fiber functor Fx̃ : Kcov(X) → (Sets) is explicitly pro-represented as follows.
For each finite extension k′ of k contained in kur, let Xk′ be a strict étale cover of
X whose function field is k′, and for a positive integer n invertible on X, we de-
fine Xk′,n to be the Kummer étale cover Xk′×Spec(Z[N])Spec(Z[ 1

nN]) of X. Then,

the inclusions k′ ↪→ ksep and 1
nN ↪→ Ñ define a morphism x̃ → Xk′,n. If k′/k is

Galois and µn(ksep) ⊂ k′, then Xk′,n/X is Galois i.e. Aut(Xk′,n/X) acts transi-
tively on Fx̃(Xk′,n) = HomX(x̃,Xk′,n). We assert that Fx̃ is pro-represented by
{Xk′,n} i.e. lim−→k′,n HomX(Xk′,n, Y ) → HomX(x̃, Y ) is an isomorphism for any

Y ∈ Kcov(X). The injectivity follows from Lemma 4.6.2. For the surjectivity,
by Lemma 4.6.1 and Lemma 4.6.3 below, we may replace Y by Xk′,n with k′/k
Galois and µn(ksep) ⊂ k′. In this case HomX(Xk′,n,Xk′,n) → HomX(x̃,Xk′,n)
is surjective.

Lemma 4.6.3. For any Kummer étale cover Y → X, there exists n ∈ N in-
vertible on X and a strict étale cover X ′ → X such that Y ×X X ′

n → X ′
n is

trivial. Here X ′
n = Xn ×Spec(Z[N]) Spec(Z[ 1

nN]).

The automorphism group Aut(x̃/x) naturally acts on the fiber functor
Fx̃ : Kcov(X) → (Sets) and we obtain a homomorphism Aut(x̃/x)◦ → π1(X, x̃).
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Proposition 4.6.4. The above homomorphism factors through an isomor-

phism Aut(x̃ur/x)◦
∼=→ π1(X, x̃).

Proof. Since Fx̃ is pro-represented by {Xk′,n} and x̃ → Xk′,n factors through

x̃ur, we see that the action of Aut(x̃/x) on Fx̃ factors through Aut(x̃ur/x).
For m ∈ N invertible on X, we denote by tm the image of ( 1

m , 1) by the

(non-canonical) isomorphism Ñ ⊕ (kur)∗ ∼= M
x̃ur . We have a bijection as sets

Aut(x̃ur/x) → Gal(kur/k) × Ẑ′(1)(kur) sending σ to the pair of σ∗ : kur → kur

and (σ∗(tm)t−1
m )m. On the other hand, we have Aut(Fx̃)◦ ∼= lim←−k′,n Aut(Xk′,n),

where (k′, n) ranges over all finite Galois extensions k′ of k contained in kur

and n ∈ N invertible on X such that µn(kur) ⊂ k′. For such (k′, n), we
have a bijection Aut(Xk′,n) → Gal(k′/k) × µn(k′) sending τ to the pair of
τ∗ : k′ → k′ and τ∗(t′n)(t′n)−1, where t′n denotes the image of 1

n by the chart
1
nN → Γ(Xk′,n,MXk′,n

). Hence Aut(x̃ur/x)◦ ∼= π1(X, x̃). ¤

Next we consider an equi-characteristic connected regular scheme Z with the
fs log structure associated to a regular divisor defined by the equation t = 0 for
some t ∈ Γ(Z,OZ), and assume that X is the divisor with the inverse image of
MZ . Set Ztriv = Z\X. Then the functor Kcov(Z) → Etcov(Ztriv);W 7→ W ×Z

Ztriv induces an equivalence of categories from Kcov(Z) to the subcategory
consisting of étale covers of Ztriv tamely ramified along X ([I2] Theorem 7.6).
Let z = Spec(K) be the generic point of Z, choose a separable closure Ksep of
K and set z := Spec(Ksep). Let Kur be the union of all finite extensions K ′ of
K contained in Ksep such that the normalizations of Ztriv in K ′ are unramified
and tamely ramified along X. Set zur := Spec(Kur).
We will give a way to construct a path from z to x̃. For a finite extension K ′

of K contained in Kur, we denote by ZK′ a Kummer étale cover of Z whose
function field is K ′. Then we have a natural morphism z → ZK′ and the fiber
functor Fz : Kcov(Z) → (Sets) is pro-represented by {ZK′}. By Lemma 4.5.1,
lim←−K′ HomZ(x̃, ZK′) is non-empty. An element ϕ = {ϕK′}K′ of this set defines
a path from z to x̃; it induces a map

HomZ(z,W )
∼← lim−→

K′⊂Kur

HomZ(ZK′ ,W )
ϕ◦−−→ HomZ(x̃,W )

for W ∈ Kcov(Z). For any σ ∈ Aut(x̃ur/x), there exists a unique automorphism
σK′ of ZK′ such that σK′ ◦ϕK′ = ϕK′ ◦σ for each finite Galois extension K ′ of
K contained in Kur, and {σK′} defines an automorphism τ ∈ Aut(zur/z). The

homomorphism Aut(x̃ur/x)◦ ∼= π1(X, x̃) → π1(Z, z) ∼= Aut(zur/z)◦ induced
by the above path sends σ to τ . For another ϕ′, there exists a unique τ ∈
Aut(zur/z) such that ϕ′ = σ ◦ ϕ.

§4.7. The complexes Sn(r) and S∼
n (r).

We keep the notation of §4.5. Working étale locally on X, we assume that X
is affine and we are given a W -closed immersion of X into a fine log scheme
Z smooth over W endowed with a Cartier divisor Z ′ ⊂ Z defined by a global
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equation g = 0 (g ∈ Γ(Z,OZ)) and with a compatible system of liftings of
Frobenius {FZn

: Zn → Zn}n≥1 such that X ′ is the pull-back of Z ′ and Z ′

endowed with the pull-back of MZ is smooth over W . We denote by Z◦ the
scheme Z endowed with the log structure defined by MZ and the Cartier divisor
Z ′ (cf. the beginning of §4.2), and by Z ′ (resp. Z ′◦) the scheme Z ′ with the the
inverse image of MZ (resp. MZ◦). Note that Z ′◦ is not smooth over W . We
further assume that there exists t1, . . . , td ∈ Γ(Z,MZ) and t ∈ Γ(Z,OZ) such
that Z ′ is defined by t = 0 in Z, {d log(ti)(1 ≤ i ≤ d), dt} (resp. {d log(ti)(1 ≤
i ≤ d), d log(t)}, resp. {d log(ti)}) form a basis of ΩZ/W (resp. ΩZ◦/W , resp.
ΩZ′/W ), and F ∗

Zn
(ti) = tpi , F ∗

Zn
(t) = tp for each n ≥ 1. Choose and fix such ti

and t. We have closed immersions X◦ ↪→ Z◦, X ′ ↪→ Z ′ and X ′◦ ↪→ Z ′◦. Recall
that X ′◦ is X ′ with the inverse image of MX◦ .
Let U = Spec(A) → X be a strict étale morphism and set U◦ := X◦ ×X

U , U ′ := X ′ ×X U and U ′◦ := X ′◦ ×X U . By replacing U with a suitable
affine open covering, we assume that U , U◦ and U ′ satisfy the condition [Ts2]
(1.5.2). (See [Ts2] Lemma 1.3.3). We may further assume that U ′◦ also satisfies
the equivalent conditions in [Ts2] Lemma 1.3.2 and Γ(U ′,MU ′)/Γ(U ′,O∗

U ′) →
Γ(U ′,MU ′/O∗

U ′) is an isomorphism. (See the proof of [Ts2] Lemma 1.3.3 for
the latter.) Let A′ be the coordinate ring of U ′. As in [Ts2] 1.4, let Ah be the
henselization of A with respect to the ideal pA.
Let Uh be Spec(Ah) with the inverse image of MU and set Uh◦ := X◦ ×X Uh,
U ′h := X ′×X Uh and U ′h◦ := X ′◦×X Uh. The coordinate ring of U ′h = U ′h◦ is
the henselization of A′ with respect to pA′, which we denote by A′h. Let Uh

triv,
(Uh◦)triv and U ′h

triv denote the maximal open subschemes of Uh, Uh◦ and U ′h

respectively on which the log structures are trivial and let Ah
triv, (Ah◦)triv and

A′h
triv denote their coordinate rings. Finally we define (Xtriv)

◦ (resp. (X ′
triv)

◦)
to be Xtriv (resp. X ′

triv) endowed with the inverse image of MX◦ , and define
(Uh

triv)
◦ and (U ′h

triv)
◦ similarly. Note that the log structure of (Xtriv)

◦ is the one
defined by the divisor X ′

triv ↪→ Xtriv.
Now we have the following commutative diagrams:

(4.7.1)

((X◦)triv)ét → ((Xtriv)
◦)Két

ε→ (Xtriv)ét
↑ ↑

((X ′
triv)

◦)Két
ε′

→ (X ′
triv)ét

(4.7.2)

((Uh◦)triv)ét → ((Uh
triv)

◦)Két
εU→ (Uh

triv)ét
↑ ↑

((U ′h
triv)

◦)Két
ε′

U→ (U ′h
triv)ét

Here Két denotes the Kummer étale site ([Na]). Note ét = Két for schemes
with trivial log structures. We have natural morphisms from (4.7.2) to (4.7.1).
We will construct a resolution Sn(r) of Z/pnZ(r)′ on each site in the diagram
(4.7.2) in a compatible manner. For (Uh◦)triv, (Uh

triv)
◦ and U ′h

triv, we can directly
apply [Ts2]§3.1, but for the other two, we need some modifications.
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Let η := Spec(K) be the generic point of Uh
triv. Choose an algebraic closure

K of K and set η := Spec(K). We define Kur (resp. K◦ur) to be the union
of all finite extensions L of K contained in K such that the normalizations of
Uh

triv (resp. (Uh◦)triv) in L are unramified. We define η′, K′, K′, η′ and K′ur

similarly using U ′h
triv. We set

GU := Gal(Kur/K) ∼= π1(U
h
triv, η),

G◦
U := Gal(K◦ur/K) ∼= π1((U

h◦)triv, η) ∼= π1((U
h
triv)

◦, η),

G′
U := Gal(K′ur/K′) ∼= π1(U

′h
triv, η

′).

See [I2]Theorem 7.6 for the last isomorphism in the second line. We define

η′◦ to be Spec(K′) with the inverse image of M(U ′h
triv

)◦ and define η̃′◦ and η̃′◦ur

similarly as x̃ and x̃ur in §4.6 using K′ and K′ur. We set

G′◦
U := Aut(η̃′◦ur/η′◦)◦ ∼= π1((U

′h
triv)

◦, η̃′◦).

See Proposition 4.6.4 for the second isomorphism.
For a finite extension L of K contained in K◦ur, denote by VL a Kummer étale
cover of (Uh

triv)
◦ whose function field is L. We choose and fix a compatible sys-

tem {fL : η̃′◦ → VL}L⊂K◦ur , which gives a path from η̃′◦ → (U ′h
triv)

◦ → (Uh
triv)

◦

to η → (Uh
triv)

◦ (§4.6). It also induces a compatible system {fL : η′ →
VL}L⊂Kur , which gives a path from η′ to η. These paths induce homomor-
phisms G′◦

U → G◦
U and G′

U → GU which are compatible with the natural
homomorphisms G◦

U → GU and G′◦
U → G′

U .

We define Ah (resp. Ah
triv) to be the normalization of Ah (resp. Ah

triv) in Kur.

Similarly, we define Ah◦ and (Ah◦)triv (resp. A′h and A′h
triv) using Ah, (Ah◦)triv

and K◦ur (resp. A′h, A′h
triv and K′ur). By applying [Ts2]§1.4 and §1.5 to U , U◦,

U ′ and Ah, Ah◦, A′h, we obtain a commutative diagram:

U ′h ← U ′ ↪→ D′

↓ ↓ ↓
Uh ← U ↪→ D
↑ ↑ ↑

Uh◦ ← U◦ ↪→ D◦

compatible with the actions of G∗
U on U∗ and D∗ and with the liftings of

Frobenius on D∗ (∗ = ∅, ′, ◦). The upper vertical maps are induced by the path
from η′ to η chosen above.

Since Z◦ and Z ′ satisfy the condition [Ts2] (2.1.1), we can construct resolutions
Sn(r)U◦,Z◦ and Sn(r)U ′,Z′ of Z/pnZ(r)′ on ((Uh◦)triv)ét (or ((Uh

triv)
◦)Két) and

on (U ′h
triv)ét as in [Ts2] §3.1. Although Z does not satisfy [Ts2] (2.1.1), the

construction in [Ts2] §3.1 still works as follows.
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Lemma 4.7.3. (1) The absolute Frobenius of Ah/pAh is surjective.

(2) The homomorphism Fil1Acrys(Ah) → Âh defined by x 7→ p−1ϕ(x)
mod Fil1 is surjective.

Proof. (1) For any a ∈ Ah, there exists u ∈ (Ah)∗ such that 1 + p1/2a = up

and hence p1/2a ≡ (u − 1)p mod pAh. Set v = (u − 1) · p−1/2p. Then vp ∈ Ah

and hence v ∈ Ah. Thus we obtain a ≡ vp mod p1/2Ah. Set b = (a − vp) ·
p−1/2. Then, by the same argument, there exists w ∈ Ah such that b ≡ wp

mod p1/2Ah. Now we have a ≡ (v + p1/2pw)p mod pAh. (2) By (1), the

homomorphism Acrys(Ah) → Âh is surjective (cf. [Ts2] Lemma A1.1). Hence

the claim follows from the surjectivity of 1−p−1ϕ : Fil1Acrys(Ah) → Acrys(Ah)
(cf. [Ts2] Theorem A3.26 and Proposition A3.33). ¤

As in [Ts2] §3.1, let En be the PD-envelope of Un ↪→ Dn ×Wn
Zn compatible

with the PD-structure on JDn
+pODn

. For each ti ∈ Γ(Z,MZ), choose and fix

a lifting ai ∈ Γ(D,MD) of the image of ti in Γ(U,MU ) such that F ∗
D

(ai) = ap
i

([Ts2] Lemma 3.1.5). Let ui ∈ Γ(En, 1 + JEn
) be the unique element such

that ti = ai · ui in Γ(En,MEn
). For t ∈ Γ(Z,OZ), we choose a lifting a ∈

Γ(D,OD) = Acrys(Ah) of the image of t in Γ(U,OU ) = Âh. By Lemma 4.7.3

(2), we may assume that ap−ϕ(p) ∈ pF il1Acrys(Ah). Similarly as [Ts2] Lemma
3.1.4, we see that there exists a PD-isomorphism over ODn

:

ODn
〈V1, . . . , Vd, V 〉 ∼→ OEn

;Vi 7→ ui − 1, V 7→ t − a

We define J̃
[r]′
Dn

and J̃
[r]′
En

as in [Ts2] §3.1.

Lemma 4.7.4. (cf. [Ts2] Lemma 3.1.6). For each r, we have

J̃
[r]′
En

=
⊕

m∈Nd+1

J̃
[r]′
Dn

∏

1≤i≤d

(ui − 1)[mi] · (t − a)[m],

where m = (m1, . . . ,md,m).

Proof. Since we can apply the same argument as the proof of [Ts2] Lemma 3.1.6
to the ring Rn := ODn

〈u1 − 1, . . . , ud − 1〉, it suffices to show the following:

For x =
∑

m∈N xm(t− a)[m] ∈ OEn
= Rn〈t− a〉, we have ϕ(x) ∈ prOEn

if and

only if ϕ(xm) ∈ pmax{r−m,0}Rn for all m ∈ N. The sufficiency follows from

ϕ(t − a) = tp − ϕ(a) = (t − a + a)p − ϕ(a)

= p
{
(p − 1)!(t − a)[p] +

p−1∑

ν=1

1

p

(
p

ν

)
(t − a)p−νaν

}
+ ap − ϕ(p) ∈ pJEn

.
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Assume x 6= 0 and ϕ(x) ∈ prRn〈t − a〉, and let M be the largest integer such
that xM 6= 0. Then the coefficient of (t− a)[Mp] in ϕ(x) is ϕ(xM )pMc for some
c ∈ Z∗

p ∩ Q. Hence pMϕ(xM ) ∈ prRn, which implies ϕ(xM ) ∈ pmax{r−M,0}Rn.

By the sufficiency, we can subtract xM (t−a)[M ], repeat the argument and show
ϕ(xm) ∈ pmax{r−m,0}Rn for all m. ¤

By Lemma 4.7.4, we can construct a complex J
[r]′
En

⊗OZn
Ω•

Zn/Wn
and show

that it gives a resolution of J
[r]′
Dn

as in [Ts2] Lemma 3.1.7. (Since d(t − a)[m] =

(t−a)[m−1]dt, it is enough to use dt instead of uid log(ti) for the indeterminate
t − a. ) Thus we obtain a resolution Sn(r)U,Z of Z/pnZ(r)′ on (Uh

triv)ét by
the same method as [Ts2] §3.1. We have natural maps from the pull-backs of
Sn(r)U,Z to Sn(r)U ′,Z′ and Sn(r)U◦,Z◦ . We will need the following lemma to
construct the map α (4.5.5).

Lemma 4.7.5. The natural map Sn(r)U,Z → εU∗Sn(r)U◦,Z◦ is injective. (See
(4.7.2) for εU .)

Let E◦
n be the PD-envelope of U◦

n ↪→ D◦
n × Z◦

n. Choose a lifting a′ ∈
Γ(D◦,MD◦) of the image of t in Γ(U◦,MU◦) such that F ∗

D◦
(a′) = (a′)p ([Ts2]

Lemma 3.1.5) and let u ∈ Γ(E◦
n, 1 + JE◦

n
) be the unique element such that

a′ · u = t in Γ(E◦
n,ME◦

n
). We denote the image of ui ∈ Γ(En, 1 + JEn

)

(defined above) in Γ(E◦
n, 1 + JE◦

n
) by the same letter ui. Then we have an

isomorphism:

OE◦
n

∼= OD◦
n
〈u1 − 1, . . . , ud − 1, u − 1〉.

Proof Lemma 4.7.5. It suffices to prove that the natural map J
[r]′
En

→ J
[r]′
E◦

n

and the multiplication by t on J
[r]′
E◦

n
are injective. We first prove the claim for

r = 0. Since the map OEn
→ OE◦

n
factors through OD◦

n
〈ui − 1, t − a〉 ∼=

OD◦
n
〈ui − 1, t − a′〉 and t = a′u, it is enough to prove that ODn

→ OD◦
n

and

the multiplication by a′ on OD◦
n

are injective. We are easily reduced to the

case n = 1. Define R
Ah and R

Ah◦ as in [Ts2] §1.1 and let z be a generator of the

kernel of W (R
Ah) → Âh ([Ts2] Corollary A2.2). Then, by [Ts2] Lemma A2.11,

we see that Γ(D1,OD1
) = Acrys(Ah)/p (resp. Γ(D◦

1,OD◦
1
) = Acrys(Ah◦)/p) is

a free R
Ah/zp (resp. R

Ah◦/zp)-module with a base {z[pn]|n ≥ 0}. Especially,

the filtration is separated and each graded quotient is isomorphic to R
Ah/z ∼=

Ah/p (resp. R
Ah◦/z ∼= Ah◦/p) (Lemma 4.7.3 (1) and [Ts2] Lemma A2.1). Hence

the claim follows from the injectivity of the natural map Ah/p → Ah◦/p and the

multiplication by t on Ah◦/p. Next we consider the case r ≥ 1. Let x ∈ J̃
[r]′
En+r

and assume that its image in J̃
[r]′
E◦

n+r
is contained in pnJ̃

[r]′
E◦

n+r
. Then it is

contained in pnJ
[r]

E◦
n+r

and hence x ∈ pnJ
[r]

En+r
by the case r = 0. Choose

Documenta Mathematica · Extra Volume Kato (2003) 833–890



882 Takeshi Tsuji

y ∈ J
[r]

En+r
such that x = pny and let y◦ be the image of y in J

[r]

E◦
n+r

. Then

pny◦ ∈ pnJ̃
[r]′
E◦

n+r
, which implies y◦ ∈ J̃

[r]′
E◦

n+r
i.e. ϕ(y◦) ∈ prOE◦

n+r
. By the

case r = 0, this implies ϕ(y) ∈ prOEn+r
and hence y ∈ J̃

[r]′
En+r

. We can prove

the second assertion similarly. Note ϕ(a′) = (a′)p. ¤

Now it remains to construct a resolution Sn(r)U ′◦,Z′◦ of Z/pnZ(r)′ on

((U ′
triv)

◦)Két. To do this we need to construct U ′◦ ↪→ D′◦ for the non-smooth
U ′◦ modifying the construction in [Ts2] §1.4, §1.5.

The underlying scheme of D′◦ is the same as D′ i.e. Spec(Acrys(A′h)). For the
log structure, we use the fiber product Q′◦ of the diagram of monoids:

lim←−(M
η̃′◦ur

f← M
η̃′◦ur

f← M
η̃′◦ur

f← · · · ) → M
η̃′◦ur

← Γ(U ′◦,MU ′◦),

where f(x) = xp and the left map is the projection to the first component.

Choose a chart Ñ → M
η̃′◦ur

compatible with the chart N → Γ(U ′◦,MU ′◦) send-

ing 1 to the image of t (cf. the definition of x̃ur in §4.6). The chart induces an iso-

morphism Ñ⊕ (K′ur)∗ ∼= M
η̃′◦ur

. By Γ(U ′,MU ′/O∗
U ′)⊕N ∼= Γ(U ′◦,MU ′◦/O∗

U ′◦)

and the assumption Γ(U ′,MU ′)/Γ(U ′,O∗
U ′) ∼= Γ(U ′,MU ′/O∗

U ′), we see
Γ(U ′,MU ′)/Γ(U ′,O∗

U ′) ⊕ N ∼= Γ(U ′◦,MU ′◦)/Γ(U ′◦,O∗
U ′◦) and hence

Γ(U ′◦,MU ′◦) is generated by the images of t and Γ(U ′,MU ′). This im-

plies that the image of Γ(U ′◦,MU ′◦) in M
η̃′◦ur

∼= Ñ ⊕ (K′ur)∗ is contained in

N ⊕ ((A′h
triv)

∗ ∩ A′h). Hence Q′◦ coincides with the fiber product of

lim←−
f

(
Ñ ⊕ ((A′h

triv)
∗ ∩ A′h)

)
→ Ñ ⊕ ((A′h

triv)
∗ ∩ A′h) ← Γ(U ′◦,MU ′◦)

and the morphism Q′◦ → lim←−f M
η̃′◦ur

→ lim←−f K′ur factors through lim←−f A′h.

We define the log structure of D′◦ to be the one associated to

Q′◦ → lim←−Ah → R
Ah

[ ]→ W (R
A′h) ⊂ Acrys(A′h).

Using the natural action of G′◦
U on Q′◦ and the multiplication by p on Q′◦, we

can define the action of G′◦
U and the lifting of Frobenius on D′◦.

We define U ′◦ to be Spec(Â′h) with the log structure associated to

Γ(U ′◦,MU ′◦) → Â′h. We have a natural action of G′◦
U (through G′

U ) on

U ′◦ and G′◦
U -equivariant morphism U ′◦ → D′◦ induced by the surjection

Acrys(A′h) → Â′h (cf. Lemma 4.7.3) and Q′◦ → Γ(U ′◦,MU ′◦).

We assert that U ′◦ and D′◦ are fs log schemes and the morphism U ′◦ → D′◦ is
an exact closed immersion. To prove this, we choose a chart P → Γ(U ′◦,MU ′◦)
such that P → Γ(U ′◦,MU ′◦)/Γ(U ′◦,O∗

U ′◦) is an isomorphism ([Ts2] Lemma

Documenta Mathematica · Extra Volume Kato (2003) 833–890



p-Adic Étale Cohomology and Log Hodge–Witt Sheaves 883

1.3.2). Then the composite P → Γ(U ′◦,MU ′◦) → Ñ ⊕ ((A′h
triv)

∗ ∩ A′h) can

be lifted to the projective limit lim←−f (Ñ ⊕ ((A′h
triv)

∗ ∩ A′h)). Hence P →
Γ(U ′◦,MU ′◦) can be lifted to P → Q′◦. On the other hand, since the im-

age of Γ(U ′◦,O∗
U ′◦) in Ñ ⊕ (A′h

triv

∗
∩ A′h) is contained in A′h∗

, the inverse
image G of {1} under Q′◦ → Γ(U ′◦,MU ′◦)/Γ(U ′◦,O∗

U ′◦) is a group and we
have Q′◦/G ∼= Γ(U ′◦,MU ′◦)/Γ(U ′◦,O∗

U ′◦) ∼= P . Hence, by [Ts2] Lemma 1.3.1,

P → Γ(U ′◦,MU ′◦) → Γ(U ′◦,MU ′◦) and P → Q′◦ → Γ(D′◦,MD′◦) are charts,

and U ′◦ → D′◦ is an exact closed immersion.
Next we compare U ′◦ → D′◦ with U ′ → D′ and U◦ → D◦. The fiber product Q′

of lim←−f A′h → A′h ← Γ(U ′,MU ′) used in the definition of the log structure of D′

is the same as the fiber product of the diagram with A′h replaced by A′h
triv

∗
∩A′h.

Hence, there exists a natural map Q′ → Q′◦ compatible with the actions of G′
U

and G′◦
U . Using this and the natural map Γ(U ′,MU ′) → Γ(U ′◦,MU ′◦), we

obtain a commutative diagram:

(4.7.6)
U ′h◦ ← U ′◦ ↪→ D′◦

↓ ↓ ↓
U ′h ← U ′ ↪→ D′

compatible with the actions of G′
U , G′◦

U and the liftings of Frobenius.

Similarly, the fiber product Q◦ of lim←−f Ah◦ → Ah◦ ← Γ(U◦,MU◦) used in the

construction of the log structure of D◦ is the same as the the fiber product of

the diagram with Ah◦ replaced with (Ah◦)triv
∗ ∩ Ah◦. On the other hand, we

have (Ah◦)triv
∗∩Ah◦ ⊂ lim−→L⊂K◦ur Γ(VL,ML), where VL is as in the construction

of a path from η̃′◦ to η. The fixed system of morphisms {fL : η̃′◦ → VL} induces
a morphism Q◦ → Q′◦ compatible with the actions of G◦

U and G′◦
U . Using this

and the natural map Γ(U◦,MU◦) → Γ(U ′◦,MU ′◦), we obtain a commutative
diagram:

(4.7.7)
Uh◦ ← U◦ ↪→ D◦

↑ ↑ ↑
U ′h◦ ← U ′◦ ↪→ D′◦

compatible with the actions of G′◦
U , G◦

U and the liftings of Frobenius.

Now we are ready to construct Sn(r)U ′◦,Z′◦ . Let E′◦
n be the PD-envelope of

U ′◦
n ↪→ D′◦

n × Z◦
n, which is endowed with an action of G′◦

U and a lifting of
Frobenius by a natural way. The diagram (4.7.7) and id: Z◦ → Z◦ induce a
PD-morphism E′◦

n → E◦
n compatible with the actions of G◦

U and G′◦
U and with

the liftings of Frobenius. If we denote by the images of ui, u ∈ Γ(E◦
n,O∗

E◦
n
)

in Γ(E′◦
n,O∗

E′◦
n
) by the same symbols, we have (cf. [Ts2] Lemma 3.1.4)

OE′◦
n

∼= OD′◦
n
〈ui − 1, u − 1〉.
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Hence, if we define J̃
[r]′
E′◦

n
similarly as in [Ts2] §3.1, [Ts2] Lemma 3.1.6 still

holds. Similarly as in [Ts2] Lemma 3.1.7, we obtain a resolution J
[r]′
D′◦

n

→
J

[r−•]′
E′◦

n
⊗ Ω•

Z◦
n/Wn

. Thus, as in [Ts2] §3.1, we obtain the required resolution

Sn(r)U ′◦,Z′◦ of Z/pnZ(r)′ on ((U ′h
triv)

◦)Két by taking the global section of the
mapping fiber of

1 − ϕr : J
[r−•]′
E′◦

n
⊗ Ω•

Z◦
n/Wn

→ OE′◦
n
⊗ Ω•

Z◦
n/Wn

.

The morphism E′◦
n → E◦

n induces a map from the pull-back of Sn(r)U◦,Z◦

to Sn(r)U ′◦,Z′◦ . The comparison with Sn(r)U ′,Z′ is non-trivial. Consider the

morphism D′◦ ×Z◦ → Spec(Z[N⊕N]) defined by sending (1, 0), (0, 1) ∈ N⊕N
to the images of a′ ∈ Γ(D◦,MD◦) and t ∈ Γ(Z◦,MZ◦) in Γ(D′◦ × Z◦,M).
Define the log étale morphism Spec(Z[N ⊕ Z]) → Spec(Z[N ⊕ N]) by N ⊕ N →
N ⊕ Z; (m,n) 7→ (m,m − n), and consider the following cartesian diagrams:

(D′◦ × Z ′◦)∼ → (D′◦ × Z◦)∼ → Spec(Z[N ⊕ Z])
↓ ↓ ↓

D′◦ × Z ′◦ → D′◦ × Z◦ → Spec(Z[N ⊕ N]).

Then, the closed immersion U ′◦ ↪→ D′◦ ×Z ′◦ naturally factors through (D′◦ ×
Z ′◦)∼ because the images of a′ and t coincide in Γ(U ′◦,M). On the other hand,

the vanishing of a′ in Γ(D′◦×Z◦,O) implies that (D′◦×Z ′◦)∼ → (D′◦×Z◦)∼

is an isomorphism. Hence E′◦
n is isomorphic to the PD-envelope of U ′◦

n ↪→
D′◦

n × Z ′◦
n , and the diagram (4.7.6) and Z ′◦ → Z ′ induce a PD-morphism

E′◦
n → E′

n. Here E′
n denotes the PD-envelope of U ′

n ↪→ D′
n × Z ′

n used
in the construction of Sn(r)U ′,Z′ . One can verify the compatibility with the
actions of G′

U , G′◦
U , with the liftings of Frobenius and with the connections.

Thus we obtain a canonical map Sn(r)U ′,Z′ → ε′U∗Sn(r)U ′◦,Z′◦ .

Lemma 4.7.8. The map Sn(r)U ′,Z′ → ε′U∗Sn(r)U ′◦,Z′◦ is injective.

Proof. This follows from OE′
n

∼= OD′
n
〈ui − 1〉 and OE′◦

n

∼= OD′
n
〈ui − 1,

u − 1〉. ¤

Next we discuss on Gysin sequence for Sn(r) on (U ′
triv)ét. Recall that Z ′◦ is

not smooth over W .

Lemma 4.7.9. (1) The natural map ΩZ◦/W ⊗OZ◦ OZ′◦ → ΩZ′◦/W is an iso-
morphism.
(2) Let F be an OZ′(= OZ′◦)-module with an integrable connection ∇ : F →
F ⊗ ΩZ′/W . Then the composite

F → F ⊗OZ′ ΩZ′/W → F ⊗OZ′ ΩZ′◦/W
∼= F ⊗OZ

ΩZ◦/W
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is an integrable connection on F as an OZ◦-module. Furthermore, the natural
maps F⊗Ωq

Z′ → F⊗Ωq
Z′◦

∼= F⊗Ωq
Z◦ induce a morphism between the de Rham

complexes: F ⊗ Ω•
Z′ → F ⊗ Ω•

Z◦ .

Proof. Straightforward. ¤

By Lemma 4.7.9 above, we can replace Ωq
Z′ with Ωq

Z′◦ in Sn(r)U ′,Z′ , and obtain

a complex on (U ′h
triv)ét, which we denote by Sn(r)◦U ′,Z′ . We can construct a short

exact sequence:

(4.7.10) 0 −→ Sn(r)U ′,Z′ −→ Sn(r)◦U ′,Z′ −→ Sn(r − 1)U ′,Z′ [−1] −→ 0

in an obvious way. On the other hand, the PD-morphism E′◦
n → E′

n induces
a map Sn(r)◦U ′,Z′ → ε′U∗Sn(r)U ′◦,Z′◦ compatible with the map in Lemma 4.7.8.

Finally, we discuss on the complex S∼
n (r). As in [Ts2] §2.1, using the PD-

envelopes of X ↪→ Z, X◦ ↪→ Z◦ and X ′ ↪→ Z ′, we can define complexes
S∼

n (r)X,Z , S∼
n (r)X◦,Z◦ and S∼

n (r)X′,Z′ on (X1)ét, (X◦
1 )ét = (X1)ét and (X ′

1)ét.
We have natural maps from the first complex to the latter two. We also have
natural maps from the sections over U1, U◦

1 = U1 and U ′
1 to the global sections

of Sn(r)U,Z , Sn(r)U◦,Z◦ and Sn(r)U ′,Z′ (cf. [Ts2] (3.1.9) and (2.1.2)). For
X ′◦ ↪→ Z ′◦, we define the complex S∼

n (r)X′◦,Z′◦ on (X ′◦
1 )ét = (X ′

1)ét to be the

one obtained by replacing Ωq
Z′ with Ωq

Z′◦ in S∼
n (r)X′,Z′ , using Lemma 4.7.9.

We can construct a short exact sequence:

(4.7.11) 0 −→ S∼
n (r)X′,Z′ −→ S∼

n (r)X′◦,Z′◦ −→ S≈
n (r − 1)X′,Z′ [−1] −→ 0.

Here S≈
n (r − 1)X′,Z′ is the complex obtained from S∼

n (r − 1)X′,Z′ by replacing
pr−1 −ϕ with pr −pϕ. We have a natural map from Γ(U ′

1,S∼
n (r)X′◦,Z′◦) to the

global section of Sn(r)◦U ′,Z′ , and (4.7.11) is compatible with (4.7.10). Noting

that the PD-envelope of U ′◦ ↪→ Z ′◦ is isomorphic to the PD-envelope of U ′ ↪→
Z ′, one can also construct a natural map from the pull-back of S∼

n (r)X◦,Z◦

to S∼
n (r)X′◦,Z′◦ and (4.7.11) is compatible with the short exact sequence (cf.

(4.3.1)):

(4.7.12) 0 −→ S∼
n (r)X,Z −→ S∼

n (r)X◦,Z◦ −→ S≈
n (r − 1)X′,Z′ [−1] −→ 0.

§4.8. Proof of Proposition 4.5.3.
We keep the notation and the assumption in §4.7. We first construct the
morphisms α (4.5.5) and β (4.5.6).
Choose sufficiently large algebraically closed fields Ω of characteristic 0 and Ω′

of characteristic p. Let S be the set of all isomorphic classes of fs monoids P
such that P ∗ = {1}. For each isomorphic class c ∈ S, choose a representative
Pc of c and define the log geometric point Ωc to be Spec(Ω) with MΩc

=
Ω ⊕ ∪n∈N,n 6=0

1
nPc and Ω′

c to be Spec(Ω′) with MΩ′
c

= Ω′ ⊕ ∪n∈N,p-n
1
nPc. In

the following, we denote by C∗ the Godement resolution with respect to all log
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geometric points whose sources are Ωc or Ω′
c for some c ∈ S. Note that such

log geometric points form a set.
To simplify the notation, we write Θ for the operation C∗i∗i∗j∗C∗ and Θ′ for
C∗i′∗i

′∗j′∗C
∗. Denote by iU and i′U the closed immersions U ⊗k = Uh⊗k → Uh

and U ′⊗k = U ′h⊗k → U ′h, and by jU , j◦U , j′U the open immersions Uh
triv → Uh,

(Uh◦)triv → Uh and U ′h
triv → U ′h. Similarly, as above, we denote by ΘU and

Θ′
U the operations C∗iU∗i∗U jU∗C∗ and C∗i′U∗i

′∗
U j′U∗C

∗.
Since the derived direct images of Z/pnZ(r)′ by the left morphisms in the first
lines of the diagrams (4.7.1) and (4.7.2) are again Z/pnZ(r)′ ([I2] Theorem 7.4),
we see that the left and middle vertical morphisms in the diagram in Proposition
4.5.3 are induced by sheafifying the following morphisms of presheaves on X ét:

Γ(U,Θ(Λ))
q.i.→ Γ(Uh,ΘU (Λ))

q.i.→ Γ(Uh,ΘU (Sn(r)U,Z)) ← Γ(U, i∗S∼
n (r)X,Z)

Γ(U,Θ(ε∗C
∗(Λ)))

q.i→ Γ(Uh,ΘU (εU∗C
∗(Λ)))

q.i.→
Γ(Uh,ΘU (εU∗C

∗(Sn(r)U◦,Z◦))) ← Γ(U, i∗S∼
n (r)X◦,Z◦)

Here Λ = Z/pnZ(r)′ and q.i. means a quasi-isomorphism. See (4.7.1) and
(4.7.2) for ε and εU . Let K•, K•

U and L•
U be the cokernels of the injec-

tive homomorphisms ΛXtriv
→ ε∗C∗(Λ(Xtriv)◦), ΛUh

triv
→ εU∗C∗(Λ(Uh

triv
)◦), and

Sn(r)U,Z → εU∗C∗(Sn(r)U◦,Z◦) (Lemma 4.7.5). We have a natural injective
homomorphism from the first line to the second one. Taking its quotient and
using (4.7.12), we obtain

(4.8.1) Γ(U,Θ(K•))
q.i.→Γ(Uh,ΘU (K•

U ))
q.i.→Γ(Uh,ΘU (L•

U ))←Γ(U,i∗S≈
n (r)X′,Z′ [−1])

We have quasi-isomorphisms K• ← τ≤1K
• → H1(K•)[−1] ∼= Λ(−1)X′

triv
[−1]

([I2]Theorem 7.4). Hence varying U and sheafifying, we obtain the required
morphism α (4.5.5).
We can apply the same argument to ε′ : ((X ′

triv)
◦)Két → (X ′

triv)ét,

ε′U : ((U ′h
triv)

◦)Két → (U ′h
triv)ét and the resolutions ΛU ′h

triv
→ Sn(r)U ′,Z′ and

Λ(U ′h
triv

)◦ → Sn(r)U ′◦,Z′◦ . We define K ′•, K ′•
U and L′•

U to be the cokernels of the

injective homomorphisms ΛX′
triv

→ ε′∗C
∗(Λ(X′

triv
)◦), ΛU ′h

triv
→ ε′U∗C

∗(Λ(U ′h
triv

)◦)

and Sn(r)U ′,Z′ → ε′U∗C
∗(Sn(r)U ′◦,Z′◦) (Lemma 4.7.8). Then using (4.7.11),

we obtain

(4.8.2) Γ(U ′,Θ′(K′•))
q.i.→Γ(U ′h,Θ′

U (K′•
U ))

q.i.→Γ(U ′h,Θ′
U (L′•

U ))←Γ(U ′,i′∗S≈
n (r)X′,Z′ [−1])

By [I2]Theorem 7.4 and [Na] Theorem (5.1), we have quasi-isomorphisms
K ′• ← τ≤1K

′• → H1(K ′•)[−1] ∼= Λ(−1)X′
triv

[−1]. Hence, varying U and

sheafifying, we obtain the required β. We have a natural map from (4.8.1)
to (4.8.2) and hence the two maps α and β coincide.
Let us compare β with the map (4.5.4). By (4.7.10), we have a morphism
Sn(r − 1)U ′,Z′ [−1] → L′•

U and the last map of (4.8.2) factors through

Documenta Mathematica · Extra Volume Kato (2003) 833–890



p-Adic Étale Cohomology and Log Hodge–Witt Sheaves 887

Γ(U ′h,Θ′
U (Sn(r)U ′,Z′ [−1])). We have the following commutative diagram of

complexes on (U ′h
triv)ét:

K ′•
U

q.i.← τ≤1K
′•
U

q.i.→ Z/pn(r)′(−1)[−1]
q.i. ↓ q.i. ↓ ‖

L′•
U

q.i.← τ≤1L
′•
U

q.i.→ Z/pn(r)′(−1)[−1]
↑ ↑ (∗) ↑

Sn(r − 1)U ′,Z′ [−1]
q.i.← τ≤1(Sn(r − 1)U ′,Z′ [−1]) ∼= Z/pn(r − 1)′[−1]

Here the morphism (∗) is the composite
(4.8.3)

Z/pn(r − 1)′ ∼= H0(Sn(r − 1)U ′,Z′) → H1(L′•
U )

∼← H1(K ′•
U ) ∼= Z/pn(r)′(−1)

Hence to prove the coincidence of β and (4.5.4), it suffices to prove the following:

Proposition 4.8.4. The map (4.8.3) is the natural map.

Proof. By the definition of K ′•
U and L′•

U , the map (4.8.3) coincides with the
composite of

Z/pn(r − 1)′ ∼= H0(Sn(r − 1)U ′,Z′)
∼=← H1(Sn(r)◦U ′,Z′) → R1ε′U∗Sn(r)U ′◦,Z′◦

∼=← R1ε′U∗Z/pn(r)′
(∗∗)∼= Z/pn(r)′(−1)

where the second isomorphism is defined by (4.7.10). Note that all sheaves
appearing above are ind locally constant. Let I be the kernel of the surjection
G′◦

U → G′
U , which is canonically isomorphic to Ẑ(1). Then we have a natural

isomorphism H1(I, Z/pn(r)′) ∼= Hom(Ẑ(1), Z/pn(r)′) ∼= Z/pn(r)′(−1), and it is
compatible with the isomorphism (∗∗) above. Hence we may replace R1ε′U∗(−)
with H1(I,−) regarding locally constant sheaves on ((U ′h

triv)
◦)Két and (U ′h

triv)ét
as G′◦

U and G′
U -modules. Let α ∈ Z/pn(r − 1)′ ∼= H0(Sn(r − 1)U ′,Z′). Since

F ∗
Zn

(t) = tp, we see that the image of α in H1(Sn(r)◦U ′,Z′) is the class of

(α·d log(t), 0). Choose an isomorphism M
η̃′◦ur

∼= Ñ⊕(K′ur)∗ as in the definition

of D′◦ in §4.7. Then the pair (t, {(1/pn, 1)}n∈N) defines an element of Q′◦ and

we denote its image under Q′◦ → Γ(D′◦
n,M) → Γ(E′◦

n,M) by [t]. Since the

images of t and [t] in Γ(U ′◦
n,M) coincide, there exists a unique u ∈ Γ(E′◦

n, 1+
JE′◦

n
) such that u · t = [t] in Γ(E′◦

n,M). We have ϕ(u) = up and d log(u) =

−d log(t). Hence (α · d log(t), 0) ∈ (Sn(r)U ′◦,Z′◦)1 is the image of −α · log(u) ∈
(Sn(r)U ′◦,Z′◦)0 by the differential map. Hence the image of (α · d log(t), 0) in
H1(I, Z/pnZ(r)′) is given by the cocycle σ 7→ −(σ(−α log(u))− (−α log(u))) =

α · log(σ([t])[t]−1). This completes the proof because I ∼= Ẑ(1) → Z/pn(1)′ ⊂
Γ(E′◦

n, JE′◦
n
) is given by σ 7→ log(σ([t])[t]−1). ¤

In the case that X does not have a global embedding into Z as in the beginning
of §4.7, we choose a strict étale covering X0 → X, and X0 ↪→ Z0, Z ′0 ⊂
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Z0, and {FZ0
n
: Z0

n → Z0
n} satisfying the conditions in the beginning of §4.7.

Such a covering and an embedding exist by a similar argument as the proof
of Proposition 4.2.1 (1). From this embedding, we can construct X• ↪→ Z•

and Z ′• ⊂ Z• as in Proposition 4.2.2 endowed with {FZ•
n
}. We can verify

that Xν ↪→ Zν , Z ′ν ⊂ Zν and {FZν
n
} satisfy the conditions in the beginning

of §4.7 for each ν ∈ N. By applying the above argument to each level, we
can construct α and β on (X•)ét, which coincide with each other, and show
that β coincides with (4.5.4) on (X•)ét. Note that our construction does not
depend on {t1, . . . , td, t} chosen in the beginning of §4.7. By taking Rθ∗ for
the morphism of topoi θ : (X•)∼ét → (X)∼ét, we obtain Proposition 4.5.3 for a
general X.

§4.9. Proof of Theorem 4.1.2.
We will prove Theorem 4.1.2 by the induction on the number of elements of
I. In the case that I is empty, the theorem is nothing but Theorem 3.2.2.
Assume that I is non-empty, choose i0 ∈ I and we define (X,M), (X,M◦) and
(X ′,M ′) as in the beginning of §4.3. As the induction hypothesis, we assume
that Theorem 4.1.2 is true for (X,M) and (X ′,M ′).
By Lemma 4.4.8, Lemma 4.4.9 and Proposition 4.5.2, for an integer r ≥
2 dim(XK), the comparison maps Bst ⊗Qp

V q
i (r) → Bst ⊗K0

Dq
i (r) (i = 1, 2)

and Bst⊗Qp
V q

3 (r−1) → Bst⊗K0
Dq

3(r−1) are compatible with the Gysin exact
sequences (4.5.1) and (4.4.1). Since the comparison maps are isomorphisms for
(X,M) and (X ′,M ′) for every q by the induction hypothesis, we see that the
comparison map for (X,M◦) is also an isomorphism for every q. Furthermore,
by Lemma 4.4.6, the comparison maps above tensored with BdR over Bst send
Fili to Fili and are compatible with the Gysin exact sequences (4.5.1) and
(4.4.5). By the induction hypothesis, the comparison maps tensored with BdR

are filtered isomorphisms for (X,M) and (X ′,M ′). Hence by five lemma, it
also holds for (X,M◦). Thus we see that Theorem 4.1.2 is true for (X◦,M◦).
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[Fo-L] Fontaine, J.-M. and Laffaille, G., Constructions de représentations
p-adiques, Ann. scient. E. N. S. 15 (1982), 547–608.

[H] Hyodo, O., A note on p-adic etale cohomology in the semi-stable
reduction case, Invent. math. 91 (1988), 543-557.

[H-Ka] Hyodo, O. and Kato, K., Semi-stable reduction and crystalline co-
homology with logarithmic poles, Périodes p-adiques, Séminaire de
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Abstract. We prove that the base change theorem in rigid coho-
mology holds when the rigid cohomology sheaves both for the given
morphism and for its base extension morphism are coherent. Apply-
ing this result, we give a condition under which the rigid cohomology
of families becomes an overconvergent isocrystal. Finally, we establish
generic coherence of rigid cohomology of proper smooth families under
the assumption of existence of a smooth lift of the generic fiber. Then
the rigid cohomology becomes an overconvergent isocrystal generi-
cally. The assumption is satisfied in the case of families of curves.
This example relates to P. Berthelot’s conjecture of the overconver-
gence of rigid cohomology for proper smooth families.

2000 Mathematics Subject Classification: 14F30, 14F20, 14D15
Keywords and Phrases: rigid cohomology, overconvergent isocrystal,
base change theorem, Gauss-Manin connection, coherence

1 Introduction

Let p be a prime number and let V (resp. k, resp. K) be a complete discrete val-
uation ring (resp. the residue field of V with characteristic p, resp. the quotient
field of V with characteristic 0). Let f : X → Spec k be a separated morphism
of schemes of finite type. The finiteness of rigid cohomology H∗

rig(X/K,E) for
an overconvergent F -isocrystal E on X/K are proved by recent developments
[2] [6] [8] [9] [11] [18] [19] [20] [21]. However, if one takes another embedding
Spec k → S for a smooth V-formal scheme S, we do not know whether the
“same” rigid cohomology, R∗frigS∗E in our notation, with respect to the base
S = (Spec k,Spec k,S) becomes a sheaf of coherent O]Spec k[S -modules or not,
and whether the base change homomorphism

H∗
rig(X/K,E) ⊗K O]Spec k[S → R∗frigS∗E

1 Supported by JSPS.
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is an isomorphism or not. In this case, if one knows the coherence of R∗frigS∗E,
then the homomorphism above is an isomorphism. Moreover, if the coherence
holds for any S, then there exists a rigid cohomology isocrystal R∗frig∗E on
Spec k/K and R∗frigS∗E is a realization with respect to the base S.
In this paper we discuss the coherence, base change theorems, and the over-
convergence of the Gauss-Manin connections, for rigid cohomology of families.
Up to now, only few results are known. One of the difficulities to see the
coherence of rigid cohomology comes from the reason that there is no global
lifting. If a proper smooth family over Spec k admits a proper smooth formal
lift over Spf V, then the rigid cohomology of the family is coherent by R. Kiehl’s
finiteness theorem for proper morphisms in rigid analytic geometry. Hence it
becomes an overconvergent isocrystal. This was proved by P. Berthelot [4,
Théorème 5]. (See 4.1.)
In general it is too optimistic to believe the existence of a proper smooth lift
for a proper smooth family. So we present a problem on the existence of a
projective smooth lift of the generic fiber up to “alteration” (Problem 4.2.1).
Assuming a positive solution of this problem, we have generic coherence of
rigid cohomology. This means that the rigid cohomology becomes an overcon-
vergent isocrystal on a dense open subscheme. In the case of families of curves
this problem is solved [12, Exposé III, Corollaire 7.4], so the rigid cohomology
sheaves become overconvergent isocrystals generically.
In [1] Y. André and F. Baldassarri had a result on the generic overconver-
gence of Gauss-Manin connections of de Rham cohomologies for overconvergent
isocrystals on families of smooth varieties (not necessary proper) which come
from algebraic connections of characteristic 0.

Now let us explain the contents. See the notation in the convention.
Let

X
v←− Y

f ↓ ↓ g
S ←−

u
T

be a cartesian square of V-triples separated of finite type such that f̂ : X → S
is smooth around X. In section 2 we discuss base change homomorphisms

ũ∗RqfrigS∗E → RqgrigT∗v
∗E

such that T → S is flat. In a rigid analytic space one can not compare sheaves
by stalks because of G-topology. Only coherent sheaves can be compared by
stalks. The base change homomorphism is an isomorphism if both the source
and the target are coherent (Proposition 2.3.1). By the hypothesis we can use
the stalk argument.
In section 3 we review the Gauss-Manin connection on the rigid cohomology
sheaf and give a condition under which the Gauss-Manin connection becomes
overconvergent. Let f : X → T and u : T → S be morphisms of V-triples such
that f̂ : X → T and û : T → S are smooth around X and T , respectively. Then
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the Gauss-Manin connection ∇GM on the rigid cohomology sheaf RqfrigT∗E for
an overconvergent isocrystal E on (X,X)/SK is overconvergent if RqfrigT′∗E
is coherent for any triple T′ = (T, T , T ′) over T such that T ′ → T is smooth
around T (Theorem 3.3.1). If the Gauss-Manin connection is overconvergent,
then there exists an overconvergent isocrystal Rqfrig∗E on (T, T )/SK such that
the rigid cohomology sheaf RqfrigT′∗E is the realization of Rqfrig∗E on T′ for
any embedding T → T ′ such that T ′ → S is smooth around T . We also prove
the existence of the Leray spectral sequence (Theorem 3.4.1).
In section 4 we discuss Berthelot’s conjecture [4, Sect. 4.3]. Let f : (X,X) →
(T, T ) be a proper smooth family of k-pairs of finite type over a triple S. We
give a proof of Berthelot’s theorem using the result in the previous sections
(Theorems 4.1.1, 4.1.4). Finally, we discuss the generic coherence of rigid
cohomology of proper smooth families as mentioned above.

Convention. The notation follows [5] and [9].
Throughout this paper, k is a field of characteristic p > 0, K is a complete
discrete valuation field of characteristic 0 with residue field k and V is the ring
of integers of K. | | is denoted an p-adic absolute value on K.
A k-pair (X,X) consists of an open immersion X → X over Spec k. A V-triple
X = (X,X,X ) separated of finite type consists of a k-pair (X,X) and a formal
V-scheme X separated of finite type with a closed immersion X → X over
Spf V. Let X = (X,X,X ) and Y = (Y, Y ,Y) be V-triples separated of finite
type. A morphism f : Y → X of V-triples is a commutative diagram

Y → Y → Y
◦
f ↓ f ↓ ↓ f̂
X → X → X .

over Spf V. The associated morphism between tubes denotes f̃ :]Y [Y→]X[X .
A Frobenius endomorphism over a formal V-scheme is a continuous lift of p-
power endomorphisms.

Acknowledgements. The author thanks Professor K. Kato, who invited the
author to the wonderful world of “Mathematics”, for his constant advice. This
article is dedicated to him.
The author also thanks Professor H. Sumihiro for useful discussions.

2 Base change theorems

2.1 Base change homomorphisms

We recall the definition of rigid cohomology in [9, Sect. 10] and introduce base
change homomorphisms. Let V → W be a ring homomorphism of complete
discrete valuation rings whose valuations are extensions of that of the ring
Zp of p-adic integers and let k and K (resp. l and L) be the residue field
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and the quotient field of V (resp. W), respectively. Let S = (S, S,S) (resp.
T = (T, T , T )) be a V-triple (resp. a W-triple) separated of finite type and let
u : T → S be a morphism of triples. Let

(X,X)
v←− (Y, Y )

f ↓ ↓ g
(S, S) ←−

u
(T, T )

↓ ↓
Spec k ←− Spec l

be a commutative diagram of pairs such that the vertical arrows are separated
of finite type and the upper square is cartesian. Then there always exists
a Zariski covering X′ of (X,X) over S (resp. Y′ of (Y, Y ) over T) with a
commutative diagram

X′ v′

←− Y′

f ′ ↓ ↓ g′

S ←−
u

T

as triples such that the induced morphism Y ′ → X ′ ×S T ′ is smooth
around Y . Let X′

¦ be the Čech diagram as (X,X)-triples over S and let
DR†(X′

¦/S, (EX′
¦

,∇X′
¦

)) be the de Rham complex

EX′
¦

∇X′
¦−→EX′

¦

⊗j†O
]X′

¦

[
X′

¦

j†Ω1
]X

′
¦

[X′
¦

/]S[S

∇X′
¦−→EX′

¦

⊗j†O
]X′

¦

[
X′

¦

j†Ω2
]X

′
¦

[X′
¦

/]S[S
→ · · ·

on ]X[X ′
¦

associated to the realization (EX′
¦

,∇X′
¦

) of E with respect to X′
¦. Since

X′
¦ is a universally de Rham descendable hypercovering of (X,X) over S, one

can calculate the q-th rigid cohomology RqfrigS∗E with respect to S as the

q-th hypercohomology of the total complex of DR†(X′
¦/S, (EX′

¦

,∇X′
¦

)). From
our choice of X′ and Y′, there is a canonical homomorphism

Lũ∗RfrigS∗E → RgrigT∗v
∗E

in the derived category of complexes of sheaves of abelian groups on ]T [T . The
canonical homomorphism does not depend on the choices of X′ and Y′. If
û : T → S is flat around T , we have a base change homomorphism

ũ∗RqfrigS∗E → RqgrigT∗v
∗E

of sheaves of j†O]T [T
-modules for any q.

The following is the finite flat base change theorem in rigid cohomology.

2.1.1 Theorem [9, Theorem 11.8.1]

With notation as above, we assume furthermore that û : T → S is finite flat,
û−1(S) = T and u−1(S) = T . Then the base change homomorphism

ũ∗RqfrigS∗E → RqgrigT∗v
∗E

is an isomorphism for any q.
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2.2 The condition (F)

Let T = S ×(Spec k,Spec k,Spf V) (Spec l,Spec l,Spf W) and let q be an integer.

For an overconvergent isocrystal E on (X,X)/SK , we say that the condition
(F)

q
f,W/V,E holds if and only if the base change homomorphism

ũ∗RqfrigS∗E → RqgrigT∗v
∗E

is an isomorphism. By Theorem 2.1.1 we have

2.2.1 Proposition

If l is finite over k, then the condition (F)
q
f,W/V,E holds for any q and any E.

2.2.2 Example

Let S = (Spec k,Spec k,Spf V) and let j†O]X[ be the overconvergent isocrystal

on (X,X)/K associated to the structure sheaf with the natural connection. If
X is proper over Spec k, then the condition (F)

q
f,W/V,j†O]X[

holds for any q and

any extension W/V of complete discrete valuation rings.

Proof. Using an alteration [14, Theorem 4.1] and the spectral sequence for
proper hypercoverings [21, Theorem 4.5.1], we may assume that X is smooth.
Note that the Gysin isomorphism [20, Theorem 4.1.1] commutes with any base
extension. The assertion follows from induction on the dimension of X by
a similar method of Berthelot’s proof of finiteness of the rigid cohomology
[6, Théorème 3.1] since the crystalline cohomology satisfies the base change
theorem [5, Chap. 5, Théorème 3.5.1]. ¤

2.3 A base change theorem

We give a sufficient condition for a base change homomorphism to be an iso-
morphism.

2.3.1 Proposition

With notation in 2.1, assume furthermore that W = V and û : T → S is smooth
around T . Let q be an integer and suppose that RqfrigS∗E (resp. RqgrigT∗v∗E)
is a sheaf of coherent j†O]S[S

-modules (resp. a sheaf of coherent j†O]T [T
-

modules) for an overconvergent isocrystal E on (X,X)/SK . Then the base
change homomorphism

ũ∗RqfrigS∗E → RqgrigT∗v
∗E

is an isomorphism.
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Proof. Since both sheaves are coherent, we may assume T = T by the faithful-
ness of the forgetful functor from the category of sheaves of coherent j†O]T [T

-

modules to the category of sheaves of coherent O]T [T -modules [5, Corollaire
2.1.11]. Then we have only to compare stalks of both sides at each closed point
of ]T [T by [7, Corollary 9.4.7] since both sides are coherent. Hence we may
assume that T = T consists of a k-rational point by Proposition 2.2.1. Then
the assertion follows from the following lemma. ¤

2.3.2 Lemma

Under the assumption of Proposition 2.3.1, assume furthermore that T = T =
Spec k. Then the base change homomorphism

ũ∗RqfrigS∗E → RqgrigT∗v
∗E

is an isomorphism.

Proof. We may assume that S = S = Spec k. By the fibration theorem [5,

Théorème 1.3.7] we may assume that T = Âd
S is a formal affine space over S

with coordinates x1, · · · , xd such that T = S is included in the zero section of
T over S. Applying Proposition 2.2.1, we have only to compare stalks of both
sides at a K-rational point t ∈]T [T with xi(t) = 0 for all i after a suitable
change of coordinates.
Let Tn = Spf V[x1, · · · , xd]/(xn1

1 , · · · , xnd

d ) ×Spf V S for n = (n1, · · · , nd) with
ni > 0 for all i and denote by un : Tn = (T, T , Tn) → S (resp. wn : Tn → T)
the natural structure morphism. Observe a sequence of base change homomor-
phisms:

ũ∗RqfrigS∗E → RqgrigT∗v
∗E → w̃n∗RqgrigTn∗v

∗
nE.

By the finite flat base change theorem (Theorem 2.1.1) the induced homomor-
phism

ũ∗
nRqfrigS∗E → RqgrigTn∗v

∗
nE

is an isomorphism since the rigid cohomology is determined by the reduced sub-
scheme. Hence, the base change homomorphism ũ∗RqfrigS∗E → RqgrigT∗v∗E
is injective.
Let us define an overconvergent isocrystal F = v∗E/(x1, · · · , xd)v

∗E on
(Y, Y )/TK and observe a commutative diagram with exact rows:

⊕i ũ∗RqfrigS∗E
⊕ixi−→ ũ∗RqfrigS∗E −→ w̃1∗ũ∗

1RqfrigS∗E −→ 0
↓ ↓ ↓

⊕i RqgrigT∗v∗E
⊕ixi−→ RqgrigT∗v∗E −→ RqgrigT∗F,

where the subscript 1 of u1 and w1 means the multi-index (1, · · · , 1). In-
deed, one can prove RqgrigT∗((x1, · · · , xd)v

∗E) ∼= (x1, · · · , xd)RqgrigT∗v∗E in-
ductively since xiv

∗E ∼= v∗E as overconvergent isocrystals. Hence the bottom
row is exact. By the finite flat base change theorem we have ũ∗

1RqfrigS∗E ∼=
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RqgrigT1∗v
∗E. Since w̃1 :]T [T1

→]T [T is a closed immersion of rigid analytic
spaces, Rqw̃1∗F = 0 (q > 0) for any sheaf F of coherent O]T [T1

-modules. Hence

the right vertical arrow is an isomorphism.

Let G be a cokernel of the base change homomorphism ũ∗RqfrigS∗E →
RqfrigT∗v∗E. By the snake lemme we have

G = (x1, · · · , xd)G.

Since G is coherent and the ideal (x1, · · · , xd)O]T [T ,t is included in the unique
maximal ideal of the stalk O]T [T ,t of O]T [T

at t, the stalk Gt vanishes by
Nakayama’s lemma. Hence the homomorphism between stalks at t which is
induced by the base change homomorphism is an isomorphism. This completes
the proof. ¤

2.3.3 Corollary

With notation in 2.1, assume furthermore that the induced morphism T →
S ×Spf V Spf W is smooth around T . Suppose that, for an integer q and an
overconvergent isocrystal E on (X,X)/SK , the condition (F)

q
f,W/V,E holds and

RqfrigS∗E (resp. RqgrigT∗v∗E) is a sheaf of coherent j†O]S[S
-modules (resp. a

sheaf of coherent j†O]T [T
-modules). Then the base change homomorphism

ũ∗RqfrigS∗E → RqgrigT∗v
∗E

is an isomorphism.

3 A condition for the overconvergence of Gauss-Manin connec-
tions

3.1 The condition (C)

Let S = (S, S,S) be a V-triple separated of finite type and let (X,X) be a
pair separated of finite type over (S, S) with structure morphism f : (X,X) →
(S, S).

Let E be an overconvergent isocrystal on (X,X)/SK and let q be an integer.
We say that the condition (C)

q
f,S,E holds if and only if, for any V-morphism

û : T → S separated of finite type with a closed immersion S → T over S such
that û is smooth around S, the rigid cohomology RqfrigT∗v∗E with respect to
T = (S, S, T ) is a sheaf of coherent j†O]S[T

-modules.

Since an open covering (resp. a finite closed covering) of S induces an admissible
covering of ]S[S [5, Proposition 1.1.14], we have the proposition below by the
gluing lemma.
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3.1.1 Proposition

Let u : S′ → S be a separated morphism of V-triples locally of finite type such
that S′ = u−1(S), and let

(X,X)
v←− (X ′,X

′
)

f ↓ ↓ f ′

(S, S) ←−
u

(S′, S
′
)

be a cartesian diagram of pairs. Let E be an overconvergent isocrystal on

(X,X)/SK and let E′ = v∗E be the inverse image on (X ′,X
′
)/S ′

K .

(1) Suppose one of the situations (i) and (ii).

(i) û : S ′ → S is an open immersion and S
′
= û−1(S).

(ii) u : S
′ → S is a closed immersion and S

′ → S ′ = S is the natural
closed immersion.

Then, the condition (C)
q
f,S,E implies the condition (C)

q
f ′,S′,E′ .

(2) Suppose one of the situations (iii) and (iv).

(iii) û : S ′ → S is an open covering and S
′
= û−1(S).

(iv) u : S
′ → S is a finite closed covering and the closed immersion

S
′ → S ′ is a disjoint sum of the natural closed immersion into S for

each component of S
′
.

Then, the condition (C)
q
f,S,E holds if and only if the condition (C)

q
f ′,S′,E′

holds.

3.2 The overconvergence of Gauss-Manin connections

Let S = (S, S,S) be a V-triple separated of finite type and let T = (T, T , T )
be a S-triple separated of finite type such that T → S is smooth around
T . Let f : (X,X) → (T, T ) be a morphism of pairs separated of finite type.
Then, for an overconvergent isocrystal E on (X,X)/SK , we have an integrable
connection

∇GM : RqfrigT∗E → RqfrigT∗E ⊗j†O]T [T
j†Ω1

]T [T /]S[S

of sheaves of j†O]T [T
-modules over j†O]S[S

, which is called the Gauss-Manin

connection and constructed as follows (cf. [16]). Here RqfrigT∗E needs not
be coherent and the integrable connection means a j†O]S[S

-homomorphism ∇
such that ∇(ae) = a∇(e)+e⊗da for e ∈ E, a ∈ j†O]T [T

and such that ∇2 = 0.
Let us take a formal V-scheme X separated of finite type over T with a T -closed
immersion X → X such that the structure morphism f̂ : X → T is smooth
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around X. In general, one can not take such a global X and one needs to take
a Zariski covering U of (X,X) over S in order to define the rigid cohomology.
For simplicity, we assume here that there exists a global X . The following
construction also works if one replaces the triple X = (X,X,X ) by the Čech
diagram U¦ of U as (X,X)-triples over S. (See [9, Sect. 10].)

Let DR†(X/S, (EX,∇X)) be the de Rham complex associated to the realization
(EX,∇X) of E with respect to X and let us define a decreasing filtration {Filq}q

of DR†(X/S, (EX,∇X)) by

Filq = Image(DR†(X/S, (EX,∇X))[−q] ⊗f̃−1j†O]T [T

f̃−1j†Ωq

]T [T /]S[S

→ DR†(X/S, (EX,∇X)))

for any q, where [−q] means the −q-th shift of the complex. Since

0 → f̃∗j†Ω1
]T [T /]S[S

→ j†Ω1
]X[X /]S[S

→ j†Ω1
]X[X /]T [T

→ 0

is an exact sequence of sheaves of locally free j†O]X[X /]S[S
-modules of finite

type, the filtration {Filq}q is well-defined and we have

grq
Fil = Filq/Filq+1 = DR†(X/T, (EX,∇X))[−q] ⊗f̃−1j†O]T [T

f̃−1j†Ωq

]T [T /]S[S
,

where ∇X is the connection induced by the composition

EX
∇X−→EX ⊗j†O]X[X

j†Ω1
]X[X /]S[S

−→ EX ⊗j†O]X[X
j†Ω1

]X[X /]T [T
.

From this decreasing filtration we have a spectral sequence

Eqr
1 = Rq+rf̃∗grq

Fil ⇒ Rq+rf̃∗DR†(X/S, (EX,∇X)),

where

Eqr
1 = Rrf̃∗(DR†(X/T, (EX,∇X)) ⊗f̃−1j†O]T [T

f̃−1j†Ωq

]T [T /]S[S
)

∼= RrfrigT∗E ⊗j†O]T [T
j†Ωq

]T [T /]S[S
.

Then the Gauss-Manin connection ∇GM : RqfrigT∗E → RqfrigT∗E ⊗j†O]T [T

j†Ω1
]T [T /]S[S

is defined by the differential

d0r
1 : E0r

1 → E1r
1 .

Indeed, one can check that d0r
1 is an integrable connection by an explicit cal-

culation (see [16, Sect. 3]).
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3.2.1 Theorem

Let E be an overconvergent isocrystal on (X,X)/SK and let q be an in-
teger. If the condition (C)

q
f,T,E holds, then the Gauss-Manin connection

∇GM : RqfrigT∗E → RqfrigT∗E ⊗j†O]T [T
j†Ω1

]T [T /]S[S
is overconvergent along

∂T = T \ T .

Proof. Let us put X2 = (X,X,X ×S X ), denote by pXi : X2 → X the i-th
projection for i = 1, 2, and the same for T. By definition, the overconvergent
connection ∇X is induced from an isomorphism

εX : p̃∗X1E → p̃∗X2E

of sheaves of j†O]X[X2
-modules which satisfies the cocycle condition [5, Defini-

tion 2.2.5]. Consider the commutative diagram

XT1 = (X,X,X ×S T ) → X2

↓ ↓
T2 → (X,X, T ×S X ) = XT2

of triples. Then the rigid cohomology RqfrigT2∗E can be calculated as the
hypercohomology of the de Rham complex by using any of X2, XT1 and XT2.
Hence, we have an isomorphism

εT : p̃∗T1RqfrigT∗E ∼= RqfrigT2∗E
RqfrigT2∗(εX)

−→∼= RqfrigT2∗E ∼= p̃∗T2RqfrigT∗E

of sheaves of j†O]T [T 2
-modules which satisfies the cocycle condition by (C)

q
f,T,E

(Proposition 2.3.1). By an explicit calculation, the Gauss-Manin connection
∇GM is induced from the isomorphism εT (see [3, Capt.4, Proposition 3.6.4]).
Therefore, ∇GM is an overconvergent connection along ∂T = T \ T . ¤

3.2.2 Proposition

Let w : T′ → T be a morphism separated of finite type over S which satisfies
the conditions

(i)
◦
w : T ′ → T is an isomorphism;

(ii) w : T
′ → T is proper;

(iii) ŵ : T ′ → T is smooth around T ′,

and let f ′ : (X ′,X
′
) → (T ′, T

′
) be the base extension of f : (X,X) → (T, T ) by

w : (T, T ) → (T ′, T
′
). Let q be an integer and let E (resp. E′) be an overconver-

gent isocrystal on (X,X)/SK (resp. the inverse image of E on (X ′,X
′
)/SK).

(1) If the condition (C)
q
f,T,E holds, then the condition (C)

q
f ′,T′,E′ holds.

Documenta Mathematica · Extra Volume Kato (2003) 891–918



Base Change Theorem and Coherence 901

(2) If the condition (C)
q′

f ′,T′,E′ holds for all q′ ≤ q, then the condition (C)
q
f,T,E

holds.

In both cases, the base change homomorphism

w̃∗RqfrigT∗E → Rqf ′
rigT′∗E

′

is an isomorphism with respect to connections.

Proof. If ŵ : T ′ → T is etale around T ′, then there are strict neighborhoods
of ]T [T and ]T ′[T ′ (resp. ]X[X and ]X ′[X ′ , where X ′ = X ×T T ′) which
are isomorphic [5, Théorème 1.3.5]. Using the argument of the proof of [5,
Théorème 2.3.5], we may assume that T ′ is a formal affine space over T and

w : T
′ → T is an isomorphism by Proposition 3.1.1. Then the assertion (1)

follows from Proposition 2.3.1.
Now we prove the assertion (2). We may assume that T ′ is a formal affine line
over T by induction. Since the equivalence between categories of realizations of
overconvegent isocrystals with respect to T and T ′ is given by the functors w∗

and R0wrigT∗ [5, Théorème 2.3.5] [9, Proposition 8.3.5], R0wrigT∗Rq′

f ′
rigT′∗E

′

is a sheaf of coherent j†O]T [T
-modules with an overconvergent connection for

q′ ≤ q by Theorem 3.2.1. Moreover, the canonical homomorphism

R0wrigT∗Rq′

f ′
rigT′∗E

′ → Rw̃∗DR†(T′/T, (Rq′

f ′
rigT′∗E

′,∇GM))

is an isomorphism for q′ ≤ q.
Let us put C¦ = Rf̃ ′∗DR†(X′/T′, (E′

X′ ,∇X′)) and D¦ = C¦ ⊗j†O
]T ′[T ′

j†Ω1
]T

′
[T ′/]T [T

. Observe the filtration of DR†(X′/T, (E′
X′ ,∇X′)) with respect

to w and f ′ in 3.2. Then

Rf̃ ′∗DR†(X′/T, (E′
X′ ,∇X′)) ∼= Cone(C¦ → D¦)[−1].

since T ′ is an affine line over T . Let us denote by C¦>i (resp. C¦≥i) a sub-
complex of (C¦, d¦) defined by (C¦>i)j = 0 (j < i− 1), (C¦>i)i = Ci/Ker di and
(C¦>i)j = Cj (j > i) (resp. (C¦≥i)j = 0 (j < i − 1), (C¦≥i)i = Ci/Im di−1 and
(C¦≥i)j = Cj (j > i)) and the same for D¦. Then

DR†(T′/T, (Rtf ′
rigT′∗E

′,∇GM))[−t]
∼= Cone(Cone(C¦≥t → D¦≥t)[−1] → Cone(C¦>t → D¦>t)[−1])[−1]

for any t. Hence we have an isomorphism

Rq′

(wf ′)rigT∗E
′ ∼= R0wrigT∗Rq′

f ′
rigT′∗E

′

for any q′ ≤ q inductively.

On the contrary, if we denote by v : (X ′,X
′
) → (X,X) the structure morphism,

then the spectral sequence

Est
1 = RtvrigX∗E

′ ⊗j†O]X[X
j†Ωs

]X[X /]T [T
⇒ Rs+tṽ∗DR†(X′/T, (E′

X′ ,∇X′))

Documenta Mathematica · Extra Volume Kato (2003) 891–918



902 Nobuo Tsuzuki

with respect to f and v in 3.2 induces an isomorphism

Rq(wf ′)rigT∗E
′ ∼= RqfrigT∗E

since R0vrigX∗E′ = E and RtvrigX∗E′ = 0 (t > 0). Hence,

RqfrigT∗E ∼= R0wrigT∗Rqf ′
rigT′∗E

′

and RqfrigT∗E is a sheaf of coherent j†O]T [T
-modules. The same holds for any

triple T′′ = (T, T , T ′′) separated of finite type over T such that T ′′ → T is
smooth around T . Therefore, the condition (C)

q
f,T,E holds. ¤

3.3 Rigid cohomology as overconvergent isocrystals

Let S = (S, S,S) be a V-triple separated of finite type and let

(X,X)
f−→ (T, T )

u−→ (S, S)

be morphisms of pairs separated of finite type over Spec k.

As a consequence of Theorem 3.2.1, we have a criterion of the overconvergence
of Gauss-Manin connections by the gluing lemma and Proposition 3.2.2.

3.3.1 Theorem

Let E be an overconvergent isocrystal on (X,X)/SK and let q be an integer.
Suppose that, for each q′ ≤ q, there exists a triple T′ =

∐
(Ti, T i, Ti) separated

of finite type over S which satisfies the conditions

(i) T
′
=

∐
T i → T is an open covering;

(ii) T ′ is the pull back of T in T
′
;

(iii) T ′ =
∐ Ti → T is smooth around T ′,

(iv) the condition (C)
q′

f ′,T′,E′ holds, where f ′ : (X ′,X
′
) → (T ′, T

′
) denotes the

extension of f and E′ is the inverse image of E on (X ′,X
′
)/SK .

Then the rigid cohomology RqfrigT∗E with the Gauss-Manin connection ∇GM

is a realization of an overconvergent isocrystal on (T, T )/SK . Moreover, the
overconvergent isocrystal on (T, T )/SK does not depend on the choice of T′.

Under the assumption of Theorem 3.3.1, we define the q-th rigid cohomol-
ogy overconvergent isocrystal Rqfrig∗E as the overconvergent isocrystal on
(T, T )/SK in the theorem above.
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3.3.2 Proposition

With notation as before, we have the following results.

(1) Let E → F be a homomorphism of overconvergent isocrystals on
(X,X)/SK and let q be an integer. Suppose that, for each q′ ≤ q and each
E and F , there exists a triple T′ such that the conditions (i) - (iv) in The-
orem 3.3.1 holds. Then there is a homomorphism Rqfrig∗E → Rqfrig∗F
of overconvergent isocrystals on (T, T )/SK . This homomorphism com-
mutes with the composition.

(2) Let 0 → E → F → G → 0 be an exact sequence of overconvergent isocrys-
tals on (X,X)/SK . Suppose that, for each q and each E,F and G, there
exists a triple T′ such that the conditions (i) - (iv) in Theorem 3.3.1 holds.
Then there is a connecting homomorphism Rqfrig∗G → Rq+1frig∗E of
overconvergent isocrystals on (T, T )/SK . This connecting homomorphism
is functorial. Moreover, there is a long exact sequence

0 → frig∗E → frig∗F → frig∗G
→ R1frig∗E → R1frig∗F → R1frig∗G
→ R2frig∗E → · · ·

of overconvergent isocrystals on (T, T )/SK .

Proof. Since the induced homomorphism (resp. the connecting homomor-
phism) commutes with the isomorphism ε in the proof of Theorem 3.2.1 by [9,
Propositions 4.2.1, 4.2.3], the assertions hold by [5, Corollaire 2.1.11, Proposi-
tions 2.2.7]. ¤

3.3.3 Proposition

With the situation as in Theorem 3.3.1, assume furthermore that the residue
field k of K is perfect, there is a Frobenius endomorphism σ on K, and S =
(Spec k,Spec k,Spf V). Let E be an overconvergent F -isocrystal on (X,X)/K
and let q be an integer. Suppose that, for each q′ ≤ q, there exists a triple T′

such that the conditions (i) - (iv) in Theorem 3.3.1 holds and suppose that, for
each closed point t, the Frobenius endomorphism

σ∗
t Hq

rig((Xt,Xt)/Kt, Et) → Hq
rig((Xt,Xt)/Kt, Et)

is an isomorphism. Then the rigid cohomology sheaf Rqfrig∗E is an overcon-
vergent F -isocrystal on (T, T )/K. Here ft : (Xt,Xt) → (t, t) is the fiber of
f : (X,X) → (T, T ) at t, Kt is a unramified extension of K corresponding
to the residue extension k(t)/k, σt : Kt → Kt is the unique extension of the
Frobenius endomorphism σ and Et is the inverse image of E on (Xt,Xt)/Kt.
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Proof. Let σX (resp. σT ) be an absolute Frobenius on (X,X) (resp. (T, T )).
Then the Frobenius isomorphism σ∗

XE → E induces a Frobenius homomor-
phism

σ∗
T Rqfrig∗E → Rqfrig∗E

of overconvergent isocrystals on (T, T )/K by Theorem 3.3.1 and Proposition
3.3.2. We have only to prove that the Frobenius homomorphism is an isomor-
phism when T = T = t for a k-rational point t and Kt = K by Proposition
3.2.2 and the same reason as in the proof of Proposition 2.3.1.
Let us put T = (t, t,Spf V). The realization of the overconvergent isocrystal
Rqfrig∗E on t/K with respect to T is Hq

rig((X,X)/K,E). Hence, the assertion
follows from the hypothesis. ¤

3.4 The Leray spectral sequence

We apply the construction of the Leray spectral sequence in [15, Remark 3.3]
to our relative rigid cohomology cases.

3.4.1 Theorem

With notation as in 3.3, suppose that, for each integer q, there exists a triple
T′ such that the conditions (i) - (iv) in Theorem 3.3.1 hold. Then there exists
a spectral sequence

Eqr
2 = RqurigS∗(Rrfrig∗E) ⇒ Rq+r(u ◦ f)rigS∗E

of sheaves of j†O]S[S
-modules.

Proof. Let Y = (Y, Y ,Y) (resp. U = (U,U,U)) be a Zariski covering of
(X,X) (resp. (T, T )) over S with a morphism Y → U of triples over S such
that Y → U is smooth around Y . Let Y¦ (resp. U¦) be the Čech diagram as
(X,X)-triples (resp. (T, T )-triples) over S associated to the (X,X)-triple Y

(resp. the (T, T )-triple U) over S and let us denote by

Y¦

g
¦−→U¦

v
¦−→S

the structure morphisms. The Čech diagram Y¦ (resp. U¦) is a universally
de Rham descendable hypercovering of (X,X) (resp. (T, T )) over S [9, Sect.
10.1].
Let us consider the filtration {Filq}q of DR†(Y¦/S, (EY

¦

,∇Y
¦

)) which is defined
in 3.2 and take a finitely filtered injective resolution

DR†(Y¦/S, (EY
¦

,∇Y
¦

)) → I ¦
¦

as complexes of abelian sheaves on ]Y ¦[Y
¦

, that is, FilqI ¦
¦ (resp. grq

FilI
¦
¦ ) is an

injective resolution. Let
g̃¦∗I

¦
¦ → M ¦¦

¦
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be a finitely filtered resolution as complexes of abelian sheaves on ]U ¦[U
¦

such
that

(i) Mqr
s = 0 if one of q, r and s is less than 0;

(ii) Filig̃¦∗Ir
¦ → FiliM ¦r

¦ (resp. gri
Filg̃¦∗Ir

¦ → gri
FilM

¦r
¦ ) is a resolution by ṽ¦∗-

acyclic sheaves for any r;

(iii) the complex

Hr(FiliM0¦
¦ ) → Hr(FiliM1¦

¦ ) → Hr(FiliM2¦
¦ ) → · · ·

is a resolution of Hr(FiliI ¦
¦ ) by ṽ¦∗-acyclic sheaves for any r, and the same

for gri
FilI

¦
¦ → gri

FilM
¦¦
¦ .

One can construct such a resolution g̃¦∗I ¦
¦ → M ¦¦

¦ inductively on degrees and it
is called a filtered C-E resolution in [15].
Now we define a filtration {F i}i of ṽ¦,∗M ¦¦

¦ by

F iMq¦
¦ = Fili−qMq¦

¦ .

Let us consider a spectral sequence

(∗) F Eqr
1 = Hq+r(grq

F tot(ṽ¦∗M
¦¦
¦ )) ⇒ Hq+r(tot(ṽ¦∗M

¦¦
¦ ))

for the total complex of ṽ¦∗M ¦¦
¦ with respect to the filtration {F i}i. Since Y¦ is

a universally de Rham descendable hypercovering of (X,X) over S, we have

Rr(u ◦ f)rigS∗E ∼= Hr(tot(ṽ¦∗M
¦¦
¦ )).

by the definition of rigid cohomology in [9, Sect 10.4]. Let (FilE¦r
1 , d¦r

1 ) be the
complex induced by the edge homomorphism of the spectral sequence

FilEqr
1 = Hq+r(grq

Filg̃¦∗I
¦
¦ ) ⇒ Hq+r(g̃¦∗I

¦
¦ ).

Then there is a resolution

(FilEαr
1 , dαr

1 )α → {Hα+r(grα
FilM

β¦
¦ )}α,β

by the double complex on ]U ¦[U
¦

by the condition (iii). The complex induced
by the edge homomorphisms in the F E1-stage of the spectral sequence (∗) is

isomorphic to the total complex of {ṽ¦∗H
α+r(grα

FilM
β¦
¦ )}α,β . Hence there is a

spectral sequence

F Eqr
2 = Hq(tot(Rṽ¦∗

FilE¦r
1 )) ⇒ Hq+r(tot(ṽ¦,∗M

¦¦
¦ )).

Since the direct image overconvergent isocrystal Rrfrig∗E on (T, T )/SK exists
by Theorem 3.3.1, we have

(FilE¦r
1 , d¦r

1 ) ∼= DR†(U¦/S, ((Rrfrig∗E)U
¦

,∇GM
U

¦

))
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by Theorem 3.2.1, Proposition 3.2.2 and the definition of rigid cohomology.
Here we also use the fact that an injective sheaf on ]U ¦[U

¦

consists of injective
sheaves at each stage [9, Corollary 3.8.7]. Therefore, we have the Leray spectral
sequence

Eqr
2 = RqurigS∗(Rrfrig∗E) ⇒ Rq+r(u ◦ f)rigS∗E

in rigid cohomology. ¤

4 Examples of coherence

Let S = (S, S,S) be a V-triple separated of finite type and let

(X,X)
f−→ (T, T ) −→ (S, S) be a sequence of morphisms of pairs separated

of finite type over Spec k. In order to see the existence of the overconvergent
isocrystal Rqfrig∗E, one has to show the coherence of direct images. Berth-

elot’s conjecture [4, Sect. 4.3] asserts that, if f is proper, X = f
−1

(T ) and
◦
f

is smooth, then the rigid cohomology overconvergent (F -)isocrystal Rqfrig∗E
exists for any q and any overconvergent (F -)isocrystal E on (X,X)/SK . In this
section we discuss a generic coherence which relates to Berthelot’s conjecture.

4.1 Liftable cases

The following Theorems 4.1.1 and 4.1.4 are due to Berthelot [4, Théorème 5].
We give a proof of the theorems along our studies in the previous sections.

4.1.1 Theorem

Suppose that there exists a commutative diagram

X → X → X
◦
f ↓ f ↓ ↓ f̂

T → T → T

of S-triples such that both squares are cartesian, f̂ : X → T is proper and
smooth around X and ĝ : T → S is smooth around T . Then the condition
(C)q

f,T,E holds for any q and any overconvergent isocrystal E on (X,X)/SK .
In particular, the rigid cohomology overconvergent isocrystal Rqfrig∗E on
(T, T )/SK exists. If S = (Spec k,Spec k,Spf V) and the relative dimension
of X over T is less than or equal to d, then Rqfrig∗E = 0 for q > 2d.
Moreover, the base change homomorphism is an isomorphism of overconvergent

isocrystals for any base extension (T ′, T
′
) → (T, T ) separated of finite type over

(S, S).

Proof. We may assume that T is affine. First we prove the coherence of
RqfrigT∗E. By the Hodge-de Rham spectral sequence

Eqr
1 = Rrf̃∗(E ⊗j†O]X[X

j†Ωq

]X[X /]T [T
) ⇒ RqfrigT∗E
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we have only to prove that Rrf̃∗(E⊗j†O]X[X
j†Ωq

]X[X /]T [T
) is a sheaf of coherent

j†O]T [T
-modules for any q and r. Since the second square is cartesian, the

associated analytic map f̃ :]X[X→]T [T is quasi-compact. If {V } is a filter of a

fundamental system of strict neighbourhoods of ]T [T in ]T [T , then {f̃−1(V )}
is a filter of a fundamental system of strict neighbourhoods of ]X[X since both
squares are cartesian. Let us take a sheaf E of coherent j†O]X[X

-modules with

E = j†E (E is defined only on a strict neighbourhood in general). One can
take a filter of a fundamental system {V } of strict neighbourhoods of ]T [T in

]T [T such that, if jV : V →]T [T (resp. jf̃−1(V ) : f̃−1(V ) →]X[X ) denotes

the open immersion, then RqjV ∗E = 0 (resp. Rqjf̃−1(V )∗f̃
∗E = 0) by [9, Sect.

2.6, Proposition 5.1.1]. Since the direct limit commutes with cohomological
functors by quasi-separatedness and quasi-compactness, we have

Rrf̃∗(E ⊗j†O]X[X
j†Ωq

]X[X /]T [T
)

∼= Rrf̃∗j†(E ⊗O]X[X
Ωq

]X[X /]T [T
)

∼= Rrf̃∗(lim−→
V

jf̃−1(V )∗j
−1

f̃−1(V )
(E ⊗O]X[X

Ωq

]X[X /]T [T
))

∼= lim
−→
V

Rrf̃∗(jf̃−1(V )∗j
−1

f̃−1(V )
(E ⊗O]X[X

Ωq

]X[X /]T [T
))

∼= lim
−→
V

Rr(f̃ jf̃−1(V ))∗j
−1

f̃−1(V )
(E ⊗O]X[X

Ωq

]X[X /]T [T
)

∼= lim
−→
V

j−1
V Rr(jV ∗f̃)∗(E ⊗O]X[X

Ωq

]X[X /]T [T
)

∼= lim
−→
V

j−1
V jV ∗R

rf̃∗(E ⊗O]X[X
Ωq

]X[X /]T [T
)

∼= j†Rrf̃∗(E ⊗O]X[X
Ωq

]X[X /]T [T
).

Here Rrf̃∗(E ⊗O]X[X
Ωq

]X[X /]T [T
) is coherent on a strict neighborhood of ]T [T

in ]T [T by Kiehl’s finiteness theorem of cohomology of coherent sheaves [17,
Theorem 3.3] and Chow’s lemma. Hence, each E1-term is coherent. The situ-
ation is unchanged after any extension T ′ → T smooth around T . Therefore,
the condition (C)q

f,T,E holds for any q and any E. Hence, the rigid cohomology
overconvergent isocrystal Rqfrig∗E exists by Theorem 3.3.1.

Suppose that S = (Spec k,Spec k,Spf V) and the relative dimension of X over
T is less than or equal to d. Then Rqfrig∗E is an overconvergent isocrystal on
(T, T )/K. In order to prove the vanishing of Rqfrig∗E for q > 2d, we have only
to prove the assertion when T = T = t for a k-rational point t by Proposition
3.2.2 and the same reason as in the proof of Proposition 2.3.1. Let us put
T = (Spec k,Spec k,Spf V). The realization of the overconvergent isocrystal
Rqfrig∗E on t/K with respect to T is Hq

rig((X,X)/K,E). Hence, the vanishing
follows from Lemma 4.1.2 below.

Since the liftable situation is unchanged locally on base schemes, the base
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change homomorphism for (T ′, T
′
) → (T, T ) is isomorphic as overconvergent

isocrystals by Proposition 2.3.1. ¤

4.1.2 Lemma

Let X be a smooth separated scheme of finite type over Spec k, let Z be a closed
subscheme of X, and let E be an overconvergent isocrystal on X/K. Suppose
that X is of dimension d and Z is of codimension greater than or equal to e.
Then the rigid cohomology Hq

Z,rig(X/K,E) with supports in Z vanishes for any
q > 2d and any q < 2e.

Proof. We use double induction on d and e, similar to the proof of [6,
Théorème 3.1]. If d = 0, then the assertion is trivial. Suppose that the as-
sertion holds for X with dimension less than d and suppose that e = d. Then
we may assume that Z is a finite set of k-rational points by Proposition 2.2.2.
Hence the assertion follows from the Gysin isomorphism

Hq
Z,rig(X/K,E) ∼= Hq−2e

rig (Z/K,EZ)

[20, Theorem 4.1.1]. Suppose that the assertion holds for any closed subscheme
with codimension greater than e. By using the excision sequence

· · · → Hq
Z′,rig(X/K,E) → Hq

Z,rig(X/K,E) → Hq
Z\Z′,rig(X \ Z ′/K,E)

→ Hq+1
Z′,rig(X/K,E) → · · · ,

for a closed subscheme Z ′ of Z (see [6, Proposition 2.5] for the constant coef-
ficients; the general case is similar), we may assume Z is irreducible. We may
also assume that Z is absolutely irreducible by Proposition 2.2.2. Then there
is an affine open subscheme U of X such that the inverse image ZU of Z in
U is smooth over Spec k after a suitable extension of k. Since Z \ ZU is of
codimension greater than e, we may assume that Z is smooth over Spec k by
the excision sequence and Proposition 2.2.2. Applying the Gysin isomorphism
to Z ⊂ X, we have the assertion by the induction hypothesis if e > 0. Now
suppose that e = 0. We may assume X = Z by induction on the number of
generic points of X. We may also assume that X = Z is an affine smooth
scheme over Spec k and we can find an affine smooth lift X̃ of X over SpecV
by [10, Théorème 6]. Let X be the p-adic completion of the Zariski closure

of X̃ in a projective space over SpecV and put X = X ×Spf V Spec k. Then
Hq(]X[X , E) = 0 (q > 0) for any sheaf E of coherent j†O]X[X

-modules by [9,

Corollary 5.1.2]. Hence one can calculate the rigid cohomology by the complex
of global sections of the de Rham complex associated to a realization of E.
Therefore, Hq

rig(X/K,E) = 0 for any q > 2d. This completes the proof. ¤

Since the situation in Theorem 4.1.1 is unchanged by any extension V → W of
complete discrete valuation rings, we have
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4.1.3 Proposition

Under the assumption in Theorem 4.1.1, the condition (F)
q
f,W/V,E holds for

any q, any extension W of complete discrete valuation ring over V and any
overconvergent isocrystal E on (X,X)/SK .

We mention overconvergent F -isocrystals.

4.1.4 Theorem

With the situation as in Theorem 4.1.1, suppose S = (Spec k,Spec k,Spf V)
and let σ be a Frobenius endomorphism on K. Then, for an overconvergent
F -isocrystal E on (T, T )/K, the rigid cohomology overconvergent isocrystal
Rqfrig∗E is an overconvergent F -isocrystal on (T, T )/K for any q.
Moreover, the base change homomorphism is an isomorphism as overconvergent

F -isocrystals for any base extension (T ′, T
′
) → (T, T ) separated of finite type

over (S, S).

Proof. Let us put V ′ = lim
→

(V σ→V σ→ · · ·). Then V ′ is a complete discrete

valuation ring over V whose residue field k′ is the perfection of k. Applying
Proposition 4.1.3 to the base extension by Spec k′ → Spec k, we may assume
that k is algebraically closed. Let W be the ring of Witt vectors with coef-
ficients in k and let L be the quotient field of W. Since the residue field of
L is algebraically closed, the restriction of σ on L is the canonical Frobenius
endomorphism. Regarding an overconvergent F -isocrystal E on (X,X)/K as
an overconvergent F -isocrystal E on (X,X)/L, we may assume that K = L
by the argument of [20, Sect. 5.1].
Let t be a closed point of T . Since the associated convergent F -isocrystal Et

on Xt/K comes from an F -crystal on Xt/W [5, Théorème 2.4.2], the Frobenius
homomorphism

σ∗
t Hq

rig(Xt/K,Et) → Hq
rig(Xt/K,Et)

is an isomorphism by the Poincaré duality of the crystalline cohomology theory
[3, Théorème 2.1.3] and the comparison theorem between the rigid cohomol-
ogy and the crystalline cohomology [6, Proposition 1.9] [20, Theorem 5.2.1].
Therefore, the assertion follows from Proposition 3.3.3. ¤

4.2 Generic coherence

First we present a problem concerning an existence of smooth liftings.

4.2.1 Problem

Let V be a complete discrete valuation ring of mixed characteristics with residue
field k and let X be a proper smooth connected scheme over Spec k. Are there
a finite extension W of complete discrete valuation ring over V and a projective
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smooth scheme Y over SpecW with a proper surjective and generically finite
morphism

Y ×SpecW Spec l → X

over Spec k? Here l is the residue field of W.

4.2.2 Remark

We give two remarks on the problem above.

(1) When X is a proper smooth curve over Spec k, one can take a projective
smooth scheme Y over SpecV such that Y ×SpecV Spec k = X [12, Exposé
III, Corollaire 7.4].

(2) In Proposition 4.2.3 and its application to Theorem 4.2.4 and Corollary

4.2.5 we use only the smoothness of the formal completion Ŷ → Spf W.
Hence, it is sufficient to resolve a weaker version of the problem which
asks for the existence of a formal W-scheme Y which is projective smooth
over Spf W with a proper surjective and generically finite morphism

Y ×SpecW Spec l → X

over Spec k. If such a Y exists, then there is a projective scheme over
SpecW whose formal completion over Spf W is Y by [13, Chap. 3, Corol-
laire 5.1.8].

Let m be the maximal ideal of V and let

X → X
◦
f ↓ ↓ f

T → T

be a cartesian square of k-schemes such that T is an affine and integral scheme

which is smooth over Spec k, f is proper and
◦
f is smooth with a connected

generic fiber Xη, where η denotes the generic point of T . Let us take a smooth

lift T = SpecR of T over SpecV and put T = (T, T , T ) with T = Spf R̂. Here

Ẑ (resp. Â) means the p-adic formal completion for a V-scheme Z (resp. a
V-algebra A). Let us denote by Rm the localization of R at the prime ideal

mR. Note that R̂ is integral and R̂m is a complete discrete valuation ring over
V with special point η.

4.2.3 Proposition

With notation as above, suppose that there is a projective smooth scheme Y
over Spec R̂m whose reduction is the generic fiber Xη of X. Then there exist
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(i) an open dense subscheme U of T (we define the associated V-triple U =
(U, T , T ));

(ii) a formal V-scheme T ′ which is finite flat over T (U′ = (U ′, T
′
, T ′), where

U ′ (resp. T
′
) is the inverse image of U (resp. T ) in T ′);

(iii) a formal V-scheme T ′′ separated of finite type over T ′ with a closed

immersion T
′ → T ′′ over T ′ such that T ′′ → T ′ is etale around U ′

(U′′ = (U ′, T
′
, T ′′));

(iv) a formal V-scheme X ′′ projective over T ′′ with a natural isomorphism

X ′′ ×T ′′ U ′ ∼= X ×T U ′

such that X ′′ → T ′′ is smooth around X ′′ ×T ′′ U ′.

Proof. Since Y is projective over Spec R̂m, one can take a1, · · · , an ∈ mR̂m

for any i such that there exists a projective scheme Z over the n-dimensional
R̂-affine space An

R̂
with the natural cartesian square

Y → Z
↓ ↓

Spec R̂m → An
R̂

ai ← xi.

Indeed, if one considers the sheaf I of ideals of definition of Y in a projective
space over Spec R̂m, then the Serre twist I(r) of I is generated by global sec-
tions for sufficiently large r. Then all coefficients which appear in the generators
belong to R + mR̂m.
Let I ⊂ R̂[x] be an ideal of definition of the image of Spec R̂m in An

R̂
. Choose

b ∈ R̂m

n
with |b| < 1 such that g(b) = 0 for all g ∈ I and denote by Zb

the pull back of Z → An
R̂

by the natural morphism Spec R̂[b]nor → An
R̂
, where

Spec R̂[b]nor is the normalization of Spec R̂[b]. Note that R̂[b]nor is finitely

generated over R̂ since the characteristic of the field of fractions of R̂ is 0.

The map defined by b 7→ 0 determines a closed immersion T → Spf
̂̂
R[b]nor

over Spf R̂ since R̂[b]nor is included in R̂m. T is a connected component of

Spf
̂̂
R[b]nor ×Spf V k. The generic fiber of Ẑb ×

Spf ̂̂R[b]nor
T → T is Xη by our

construction of Z. Hence, there are an open dense subset of X containing the
generic fiber and an open dense subset of Ẑb×

Spf ̂̂R[b]nor
T containing the generic

fiber which are isomorphic to each other.

Put a = (a1, · · · , an). Since smoothness is an open condition, Ẑa → Spf
̂̂

R[a]nor

is smooth around Xη by applying the Jacobian criterion to the cartesian squares

Xη → Ŷ → Ẑa

↓ ↓ ↓
η → Spf R̂m → Spf

̂̂
R[a]nor.

Documenta Mathematica · Extra Volume Kato (2003) 891–918



912 Nobuo Tsuzuki

Now we consider the associated analytic morphism to Ẑ → Ân
R. Since smooth-

ness is an open condition for morphisms of rigid analytic spaces, there exists

0 < λ < 1 such that Ẑb → Spf
̂̂
R[b]nor is smooth around Xη for any b ∈ R̂m

n

with |b − a| = maxi |bi − ai| ≤ λ such that g(b) = 0 for any g ∈ I by the

quasi-compactness of Ẑan
K .

Let us take an element b ∈ (Frac(R̂)alg ∩ R̂m)n with |b − a| ≤ λ such that

g(b) = 0 for any g ∈ I. Here Frac(R̂)alg is the algebraic closure of Frac(R̂)

in an algebraic closure R̂m[p−1]alg of R̂m[p−1]. It is possible to choose such a
b using Noether’s normalization theorem and the approximation by Newton’s
method. Consider an extension R̂[b]nor⊗̂R̂R̂m over R̂m. Then R̂[b]nor⊗̂R̂R̂m

is finite over R̂m for |b| < 1 and it has no p-torsion. We denote by R̂m

′
a

finite extension as a complete discrete valuation ring over R̂m which contains
R̂[b]nor. Then there are a sequence R̂ = R̂0, R̂1, · · · , R̂s of finite extensions

of R̂ in Frac(R̂)alg and a sequence q1(z), · · · , qs(z) of monic polynomials with

qi(z) ∈ R̂i−1[z] such that R̂i
∼= R̂i−1[z]/(qi(z)) and R̂m

′
is generated by R̂s

over R̂m using the approximation by Newton’s method.

Now we define V-formal schemes separated of finite type

T ′ = Spf R̂s

T ′′ = the Zariski closure of the image of the diagonal morphism

Spf R̂m

′ → T ′ ×T Spf
̂̂
R[b]nor as a V-formal scheme

X ′′ = Ẑb ×
Spf ̂̂R[b]nor

T ′′

and define the k-scheme T
′
= T×T T ′. Then there is a natural closed immersion

T
′ → T ′′ over T ′. By our construction of T ′′, T ′′ → T ′ is etale around

all generic points of T ′′ ×V k above on η ×T T ′ since all the localizations of

R̂[b]nor⊗̂R̂R̂m at the prime ideal above m is contained in R̂m

′
. Hence, T ′′ → T ′

is etale around a dense open subscheme of T
′
. By the property of Ẑb, X ′′ → T ′′

is smooth around Xη ×T T
′
. Moreover, there are an open dense subset of

X ×T T
′
containing all of the generic fibers over T

′
and an open dense subset

of X ′′ ×T ′′ T
′
containing all of the generic fibers over T

′
which are isomorphic

to each other. Therefore, there is an open dense subscheme U of T such that

U = (U, T , T ), U′ = (U ′, T
′
, T ′) with U ′ = U ×T T

′
, U′′ = (U ′, T

′
, T ′′) and X ′′

are the desired objects. ¤

Now we apply the study in 4.1. Let us keep the notation as in the beginning
of this section. Suppose that the diagram

X → X
◦
f ↓ ↓ f

T → T
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is a cartesian square of k-schemes such that f is proper and
◦
f has smooth

generic fibers.

4.2.4 Theorem

Under the assumption as above, assume furthermore that T is an affine integral

scheme which is smooth over Spec k and the generic fiber of
◦
f : X → T is

connected. Suppose that there exists a projective smooth lift of the generic fiber

of
◦
f over the spectrum of a complete discrete valuation ring which is induced

by the localization of a smooth lift of T over SpecV. Then there exists an open
dense subscheme U of T and a formal V-scheme T over S which is smooth

around T such that, if one denotes by fU : (
◦

f−1(U),X) → (U, T ) the restriction
of f and puts U = (U, T , T ), then the condition (C)

q
fU ,U,E holds for any q and

any overconvergent isocrystal E on (
◦

f−1(U),X)/SK . In particular, the rigid
cohomology overconvergent isocrystal RqfUrig∗E on (U, T )/SK exists for any q
and any E.

Proof. Let us take U , U, U′, U′′ and X ′′ as in Proposition 4.2.3 except
for the formal schemes U , U ′, U ′′ and X ′′. We replace U , U ′, U ′′ and X ′′

by U ×Spf V S, U ′ ×Spf V S, U ′′ ×Spf V S and X ′′ ×Spf V S. Let us denote by

f ′
U : (X ×T U ′,X ×T T

′
) → (U ′, T

′
) (resp. f ′′

U : (X ′′ ×T ′′ U ′,X ′′ ×T ′′ T
′
) →

(U ′, T
′
)) the induced morphism from the conclusion of Proposition 4.2.3, and

by E′ (resp. E′′) the inverse image of E on (X ×T U ′,X ×T T
′
)/T ′

K (resp.

(X ′′ ×T ′′ U ′,X ′′ ×T ′′ T
′
)/T ′

K). Then the condition (C)q
fU ,U,E is equivalent

to the condition (C)q
f ′

U ,U′,E′ by the finite flat base change theorem (Theorem

2.1.1) and the faithfully flat descent theorem for finitely generated modules.
Since the rigid cohomology is independent of the choices of compactification [4,
Sect. 2, Théorème 2], the condition (C)q

f ′
U ,U′,E′ is equivalent to the condition

(C)q
f ′′

U ,U′,E′′ . Then the assertion follows from Proposition 3.3.1. ¤

With the situation of Theorem 4.2.4, a smooth lift of T over SpecV always
exists by [10, Theorem 6] since T is affine and smooth.

4.2.5 Corollary

With notation as above, suppose that Problem 4.2.1 admits an affirmative so-
lution in general. Then there exists an open dense subscheme U of T such

that, if fU : (
◦

f−1(U),X) → (U, T ) denotes the morphism of pairs induced
by f , the rigid cohomology overconvergent isocrystal RqfUrig∗E on (U, T )/SK

exists for any q and any overconvergent isocrystal E on (
◦

f−1(U),X)/SK . If
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S = (Spec k,Spec k,Spf V) and the relative dimension X over T is d, then
RqfUrig∗E = 0 for any q > 2d.
Moreover, the base change homomorphism is an isomorphism of overconvergent

isocrystals for any base extension (T ′, T
′
) → (T, T ) separated of finite type over

(S, S) (resp. any extension W of complete discrete valuation ring over V).
Suppose that S = (Spec k,Spec k,Spf V) and there exists a Frobenius endomor-
phism on K. Then RqfUrig∗E is an overconvergent F -isocrystal on (U, T )/K.

Proof. Note that the rigid cohomology is determined by the reduced struc-
tures of X and T . We may assume that T is affine. Since we can replace K by
finite extensions of K by Proposition 2.2.1 and faithfully flat descent of finitely
generated modules, we may assume that there exists a generically etale and

proper surjective morphism T
′ → T such that T

′
is smooth over Spec k by ap-

plying an alteration [14, Theorem 4.1]. Let us denote by T ′ the inverse image

of T in T
′
. Shrinking T , we can find a finite flat extension T

′′
of T such that

T ′ is an open subscheme of T
′′
. Indeed, such T

′′
exists if one considers an open

dense subscheme of T
′
which is standard etale over T . Applying the finite flat

base change theorem (Theorem 2.1.1) to the extension (T ′, T
′′
)/(T, T ), we may

assume that T ′ = T by the faithfully flat descent of finitely generated modules.
Since the category of overconvergent isocrystals is independent of the choices

of compactification [5, Théorème 2.3.5], we may assume that T
′
= T . Hence,

we may assume that T is an affine and integral scheme which is smooth over
Spec k.
Let T be a formal V-scheme separated of finite type with closed immersion
T → T over S such that T → S is smooth around T . Then one can take
a decreasing sequence {T (r)}r≥0 of open dense subschemes of T and an r-
truncated proper hypercovering

f
(r)
¦ : (X

(r)
¦ ,X

(r)

¦ ) → (X(r),X)

of pairs over (T (r), T ) for each r such that

(i) X(r) =
◦

f−1(T (r)) and X
(r)
n is smooth over T (r);

(ii) if we put T(r) = (T (r), T , T ), the condition (C)
q

f
(r)
n ,T(r),G

holds for any q

and any overconvergent isocrystal G on (X
(r)
n ,X

(r)

n )/TK ;

for any n ≤ r. Indeed, one can construct a proper hypercovering inductively on

n by [21, Lemma 4.2.3] such that the generic fiber of X
(r)

n is projective smooth

over the generic point of T after taking a finite extension T
′ → T such that

Γ(T
′
,OT

′) is free over Γ(T ,OT ) by Problem 4.2.1. Take a lift T ′ of T
′

over

T such that T ′ → T is finite flat and T
′
= T ×T T ′. Then there is an open

dense subscheme T
(r)′

n of T
′

such that, if we put X
(r)′

n = X
(r)

n ×T T
′

(resp.

X
(r)′

n to be the inverse image of T
(r)′

n in X
(r)′

n , resp. f
(r)′

n : (X
(r)′

n ,X
(r)′

n ) →
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(T
(r)′

n , T
′
) to be the induced morphism, resp. T(r)′ = (T

(r)′

n , T
′
, T (r)′

n )), then the
condition (C)

q

f
(r)′
n ,T(r)′ ,G′

holds for any q and any overconvergent isocrystal G′

on (X
(r)′

n ,X
(r)′

n )/T ′
K by Theorem 4.2.4. By the finite flat base change theorem

and faithfully flat descent of finitely generated modules, there is an open dense

subscheme T
(r)
n of T

′
such that the condition (C)

q

f
(r)
n ,T(r),G

holds for a suitable

choice of f
(r)
n and T(r). Hence, by shrinking T , such a proper hypercovering

exists by Proposition 3.1.1.

Let E be an overconvergent isocrystal on (X(r),X)/SK and let f (q) :

(f
−1

(U (q)),X) → (U (q), T ) be the induced structure morphism. Completing

the truncated proper hypercovering (X
(r)
¦ ,X

(r)

¦ ) → (X(r),X) as a full simplicial
proper hypercovering [21, Proposition 4.3.1] and using the spectral sequence
for the proper hypercovering

Eqs
1 = Rsf

(r)

qrigT(r)∗(f
(r)∗
q E) ⇒ Rq+sf

(r)

rigT(r)∗E

[21, Theorem 4.1.1], the sheaf Rqf
(r)

rigT(r)∗E is a sheaf of coherent j†O]T [
T (r)

-

modules if q ≤ (r − 1)/2 since the category of coherent sheaves is abelian and
any extension of a coherent sheaf by a coherent sheaf in the category of sheaves
of j†O]T [

T (r)
-modules is coherent.

Since the condition (C)
q

f
(r)
n ,T(r),G

holds for n ≤ r, it also holds after any base

extension by a morphism T ′ → T separated of finite type over T with a
closed immersion T → T ′ such that T ′ → T is smooth around T . Hence,
for any q, there exists an open dense subscheme U (q) of T such that the rigid

cohomology overconvergent isocrystal Rqf
(q)
rig∗E on (U (q), T )/SK exists for any

overconvergent isocrystal E on (f
−1

(U (q)),X)/SK by Theorem 3.3.1.

For an open subscheme W of T , we define a morphism fW : (f
−1

(W ),X) →
(W,T ) of pairs by the induced structure morphism. By the proposition below,
there exists an integer q0 such that RqfV rigV∗E = 0 for any open subscheme

V of T , any q > q0 and any overconvergent isocrystal E on (f
−1

(V ),X)/SK ,
where V = (V, T , T ). Hence, there exists an open dense subscheme U of T such
that the rigid cohomology overconvergent isocrystal RqfUrig∗E on (U, T )/SK

exists for any overconvergent isocrystal E on (f
−1

(U),X)/SK . Indeed, we can
shrink T by the vanishing of rigid cohomology sheaves.

The rest is same as in Theorems 4.1.1 and 4.1.4. ¤

4.2.6 Proposition

Let S = (S, S,S) be a V-triple separated of finite type and let f : X → T be
a morphism of k-schemes separated of finite type over S. Then there exists an
integer q0 such that, for
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(i) any open subscheme X (resp. T ) of X (resp. T ) with f
−1

(T ) = X (we
denote by f : (X,X) → (T, T ) the structure morphism of k-pairs and put
T = (T, T , T ));

(ii) any V-formal scheme T separated of finite type over S with an S-closed
immersion T → T which is smooth over S around T ;

(iii) any overconvergent isocrystal E on (X,X)/TK ,

the rigid cohomology RqfrigT∗E vanishes for any q > q0.

Proof. We may assume that T is affine. Since X is of finite type over
Spec k, there is a finite open covering {Xα}α of X such that there exists a
smooth formal scheme separated Xα of finite type over Spf V with a V-closed
immersion Xα → Xα for any α. We use induction on the minimal cardinality
n of such a finite open covering of X.
Suppose that n = 1. Let us take a finite affine open covering {Uβ}β of X , put Uβ

(resp. Uβ) to be the inverse image of X (resp. X) in Uβ for each β, and denote
by Uβ = (Uβ , Uβ ,Uβ ×Spf V T ) (resp. fβ : Uβ → T) the associated triple (resp.
the structure morphism of triples). For a multi-index β = (β0, β1, · · · , βr) (β0 <
β1 < · · · < βr), let Uβ be the intersection of Uβ0

,Uβ1
, · · · ,Uβr

and let fβ : Uβ →
T be the structure morphism. Let E be a sheaf of coherent j†O]X[X

-modules.

We denote by C•
alt({Uβ}β , E) the alternating sheaf-valued Čech complex of E

with respect to the covering {Uβ}β of X [9, 2.11]. Then we have a natural
isomorphism

Rq f̃∗E ∼= Rq f̃∗C•
alt({Uβ}β , E)

for any q by [9, Lemma 2.11.1]. Let us fix a multi-index β. Since f
−1

β (T ) = Uβ ,

there exists an admissible affinoid covering {Wγ}γ of ]T [T such that

Hq(f̃−1
β (Wγ), E) = 0 (q > 1)

for any γ. Indeed, we take an admissible affinoid covering by [9, Sect. 2.6]
and prove the vanishing by a method similar to [21, Proposition 3.2.3] using

[9, Proposition 5.1.1]. Hence, the direct image sheaf Rq f̃β∗E|]Uβ [Uβ
vanishes

for q > 1. By the Čech spectral sequence Rq f̃∗E = 0 for q > card({Uβ}β).
By the Hodge-de Rham spectral sequence there exists an integer q0 such that
RqfrigT∗E vanishes for any q > q0. This q0 is independent of the choices of
an open subscheme T of X, a smooth formal scheme T and an overconvergent
isocrystal E on (X,X)/TK .

Suppose that n is general. Let us put X
′

= ∪n
α=2 Xα and X

′
1 = X ∩ X

′
,

denote by X1 (resp. X ′, resp X ′
1) the inverse image of T in X1 (resp. X

′
,

resp. X
′
1) and define f1 : (X1,X1) → (T, T ) (resp. f ′ : (X ′,X

′
) → (T, T ),

resp. f ′
1 : (X ′

1,X
′
1) → (T, T )) as the structure morphism. Then, for any
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overconvergent isocrystal on (X,X)/TK , there exists a natural commutative
diagram

Rqf ′
rigT∗E

′ → Cq+1 → Rq+1frigT∗E → Rq+1f ′
rigT∗E

′

↓ ↓∼= ↓ ↓
Rqf ′

1rigT∗E
′
1 → Cq+1 → Rq+1f1rigT∗E1 → Rq+1f ′

1rigT∗E
′
1

of exact rows with a vertical isomorphism in the second terms for any q since

{X1,X
′} is an open covering of X with X1 ∩ X

′
= X

′
1. Here E1 (resp. E′,

resp. E′
1) is the inverse image of E on (X1,X1)/TK (resp. (X ′,X

′
)/TK , resp.

(X ′
1,X

′
1)/TK). Since X

′
1 is an open subscheme of X1, it is embedded into

a smooth formal scheme separated of finite type over Spf V. Therefore, the
assertion follows from the induction hypothesis. ¤

In the case of families of curves one can take a lift of the generic fiber without
any extension (Remark 4.2.2 (1)). Hence, we do not need to take a proper
hypercovering.

4.2.7 Theorem

If X is a proper smooth family of curves over T , then the conclusions of The-
orem 4.2.4 hold.
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[1] André, Y., Baldassarri, F., Geometric theory of G-functions, Arithmetic
Geometry edited by Catanese, F., Cambridge Univ. Press 1997.

[2] Baldassarri, F., Chiarellotto, B., Algebraic versus rigid cohomology with
logarithmic coefficients, Barsotti Symposium in Algebraic Geometry, Per-
spective in Math. 15, Academic press (1994), 11–50.

[3] Berthelot, P., Cohomologie Cristalline des schémas de caractéristique p >
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