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ABSTRACT. Let F be a field of characteristic # 2. The w-invariant of the
field F is defined as the maximal dimension of anisotropic quadratic forms
over F'. It is well known that the w-invariant cannot be equal to 3, 5, or
7. We construct a field F' with w-invariant 9. It is the first example of a
field with odd u-invariant > 1. The proof uses the computation of the third
Chow group of projective quadrics X4 corresponding to quadratic forms ¢.
We compute CHg(X¢) completely except for the case dim¢ = 8. In our
computation we use the results of B. Kahn, M. Rost, and R. Sujatha on the
unramified cohomology and the third Chow group of quadrics ([KRS1]). We
compute the unramified cohomology H2 (F(¢)/F) for all forms of dimension
> 9. We apply our results to prove several conjectures. In particular, we
prove a conjecture of Bruno Kahn on the classification of forms of height 2
and degree 3 for all fields of characteristic zero.
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0. INTRODUCTION

Let F be a field of characteristic # 2, and let ¢ = a2 + -+ + a,22 be a
quadratic form over F. We always assume that the forms under consideration
are nondegenerate. The form ¢ is called isotropic if the homogeneous equation
a1z? +- -+ a,x2 = 0 has a nontrivial solution. Otherwise, the form ¢ is called
anisotropic. The u-invariant of the field F'is defined as the maximal dimension
of anisotropic quadratic forms over F':

u(F') = sup{dim ¢ | ¢ is an anisotropic form over F'}.

Since many questions about a quadratic form can be reduced to that about its
anisotropic part, u(F') is a fundamental measure of the complexity of quadratic
form theory over F. However, u(F') is often very difficult to determine, and
its value is unknown for many fields. Nevertheless, in the following cases the
u-invariant is known:

o If F'is a quadratically closed field, then u(F') = 1. In particular, u(C) = 1.
o If F'is a formally real field, then u(F) = oo. In particular, u(Q) = co and
u(R) = oo.

e If F'is a finite field, then u(F) = 2.

e If F'is a local field, then u(F) = 4.

e If F'is a nonreal global field, then u(F) = 4. In particular, u(Q(7)) = 4.

e For any field F', we have u(F'((¢1))((t2)) ... ((tn))) = 2"u(F). In particular,

w(C(())((1)) . (ta))) = 2

o If FF = C(ty,...,t,) denotes the field of rational functions in n variables

over C, then u(F) = 2".
Note that in all examples listed above the value of the w-invariant is always
a power of 2 or infinite. This observation was probably a reason for the well-
known conjecture of Kaplansky (1953) that only powers of 2 are possible for
finite values of the u-invariant. It is known that Kaplansky’s conjecture is true
for finitely generated fields over algebraically closed or finite fields (see [Kah3]).
More precisely, if F' is such a field, then it is proved that u(F) = 2°¢) where
cd(F) is the cohomological dimension of F. The problem concerning the u-
invariant of finitely generated fields of transcendence degree # 0 over number
or local fields seems to be very difficult. For example, the finiteness of the
u-invariant is known only in the case when F' is of transcendence degree 1
over a local nondyadic field (1998, [HvG] and [PS]). In a series of papers, R.
Elam and T. Y. Lam studied the u-invariant for fields satisfying some additional
hypotheses ([Elm, EL1, EL2]). In particular, Kaplansky’s conjecture was proved
for all linked fields.

In ([M2], 1989), A. Merkurev disproved this conjecture by constructing a field
F with u(F) = 6 (see also [Lam2]). Later, he proved that the u-invariant of a
field can be any even number ([M3], 1991). It should be noted that the basic
idea of his proof (index reduction formula) cannot be used to construct a field
with odd u-invariant. It was still an open problem whether the u-invariant can
take odd values other than 1. However, it is known that the u-invariant never
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equals 3, 5, or 7 (see e.g., [Lam1, Prop. 4.8]). The principal result of this paper
is the following

Theorem 0.1. There exists a field F with u(F) = 9.

In fact, we prove a more precise result. To formulate it, we introduce the
following notion:

Definition 0.2. We say that ¢ is an essential 9-dimensional form if the follow-
ing conditions hold:

e ¢ is an anisotropic 9-dimensional form;
e ¢ is not a Pfister neighbor;
e ind Cy(¢p) > 4.

The role of this notion is illuminated by the following version of Theorem 0.1.

Theorem 0.3. Let ¢ be a 9-dimensional quadratic form over a field F'. Then
the following conditions are equivalent:

(1) there exists a field extension E/F such that u(E) =9 and the form ¢ g is
anisotropic,
(2) ¢ is an essential form.
Moreover, if these conditions hold, we can construct a field E with the following
additional properties:

e all anisotropic 9-dimensional forms over E are similar to ¢ .
e E has no nontrivial odd extensions and cds(E) = 3.

The basic tool for the proof of Theorem 0.1 is the following

Proposition 0.4. (cf. Theorem 7.3). Let ¢ be an essential 9-dimensional
quadratic form and v be a form of dimension > 10. Then ¢ () is an essential
form.

Using this proposition we can construct a field with u-invariant 9 (cf. [M3,
§3] and/or [M2]). Indeed, we start with an arbitrary field ko and consider the
form ¢ = (t1,...,19) over the rational function field k = ko(t1, ..., o). It is easy
to show that the k-form ¢ is essential. By iterated passages to function fields of
10-dimensional quadratic forms, one can obtain a field £’ with no anisotropic 10-
dimensional quadratic forms. By Proposition 0.4, the form ¢ is still essential.
In particular, ¢ is an anisotropic 9-dimensional form. Hence, u(F') = 9.

Our proof of Proposition 0.4 (and Theorem 0.3) uses the following recent
results of B. Kahn, M. Rost, R. Sujatha, and N. Karpenko:

e the results of B. Kahn, M. Rost, and R. Sujatha, concerning the unramified
cohomology of quadrics [KRS1].

e a new result of N. Karpenko related to isotropy of 9-dimensional essential
forms over the function fields of 9-dimensional forms (see Theorem 1.13).

An essential part of the proof of Proposition 0.4 is based on the compu-
tation of the third Chow group and the fourth unramified cohomology group
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of quadrics. We compute these groups completely for all quadrics of dimen-
sion > 7 (i. e., in the case where the corresponding quadratic forms are of
dimension >9).

Theorem 0.5. Let ¢ be an F-form of dimension > 9. Let X = X, be the
projective quadric corresponding to the form ¢. Then Tors CH*(X) = 0, with
the following exceptions, where Tors CH*(X) ~ Z/27

(9-a) ¢ =7 L (d), where 7 is similar to an anisotropic 3-fold Pfister form (in
this case, ind Cy(¢) = 1).

(9-b) ¢ is an anisotropic 9-dimensional form with the following properties:
ind Cy(¢p) = 2, det ¢ ¢ Dp(¢), and ¢ contains no 7-dimensional Pfister
neighbors.

(10-a) ¢ = m L H, where 7 is similar to an anisotropic 3-fold Pfister form (in
this case, ¢ € I*(F) and ind C(¢) = 1).

(10-b) ¢ is an anisotropic 10-dimensional form such that ¢ € I*(F) and

ind C(¢) = 2.
(10-c) ¢ is an anisotropic 10-dimensional form with nontrivial discriminant
d = did & F*? which is similar to a subform of an anisotropic 12-

dimensional form T € I*(F) and such that Gp(yay 18 ot hyperbolic (in
this case, ind Cy(¢) = 1).

(11-a) ¢ is an anisotropic 11-dimensional form with ind Co(¢) = 1.

(12-a) ¢ is an anisotropic 12-dimensional form belonging to I3(F) (in particular,

ind C(¢) = 1).

Remarks. 1) The statement that the group Tors CH?*(X) is either zero or iso-
morphic to Z/2Z is due to N. Karpenko. He also proved that this group is
trivial for all forms of dimension > 12 ([Kar2]).

2) In many cases the triviality of the group Tors CH?*(X,) was proved by
B. Kahn and R. Sujatha in [KS3].

3) Theorem 0.5 together with the results of N. Karpenko [Karl] complete the
computation of the group CHB(X¢) for all forms except for the case when ¢ is
an 8-dimensional form with nontrivial discriminant.

Theorem 0.5 is closely related to the computation of the fourth unramified
cohomology of quadrics. Let H"(F') be the Galois cohomology group of F' with
7./ 27-coeficients. For a form ¢, we denote by fIﬁT(F (¢)/F') the homology group
of the complex

HY(F) — HY(F(X4)) — @mX;UHB(F(ﬂJ)),

where X, is the projective quadric corresponding to ¢. This group was studied
in detail in [KRS1, KS2, KS3]. Among many other results, it was proved that
if ¢ has dimension > 9 and ¢ is not a 4-fold neighbor, then there exists an
injective homomorphism € : H (F(¢)/F) — Tors CH*(X,) (see [KRS1, Th.
6(1) and Prop.3]). The construction of this homomorphism fundamentally uses
mixing the Hochschild-Serre and Bloch-Ogus spectral sequences. Another tool,



FIELDS OF U-INVARIANT 9 5

originally due to Bloch, is an exact sequence that relates H-cohomology and
KC-cohomology (cf. [CT2, 3.6]). It is a very important question to ask when the
homomorphism ¢ is an isomorphism.

Theorem 0.6. Let ¢ be an anisotropic form of dimension > 9 that is not
a 4-fold Pfister neighbor. Then the homomorphism ¢ : H: (F(¢)/F) —
Tors CH?*(X,) 4s an isomorphism.

Remarks. 1) Under the hypothesis of the theorem, B. Kahn and R. Sujatha
proved that the homomorphism € : H* (F(¢)/F,Q/Z(3)) — Tors CH3(X,) is
an isomorphism ([KS3, Th. 1(b)]). Moreover, they proved Theorem 0.6 for
fields containing all 2-primary roots of unity (see Corollary 1 in [KS3]).

2) Theorem 0.6 together with Theorem 0.5, complete the computation of the
groups HY (F(¢)/F) for all forms ¢ of dimension > 9. Here we note that in the
case of 4-fold neighbors (which is excluded from the formulation of Theorem 0.6)
the group H: (F(¢)/F) was computed in [KRSI, Cor. 8(3)].

The following easy corollary of Theorem 0.6 gives a partial answer to the
question stated at the beginning of Subsection 1.1 of [KS2].

Corollary 0.7. (cf. [KS2, Theorem 1]). Let ¢ be a form of dimension >
9. Then the natural homomorphism H: (F(¢)/F) — H (F(¢)/F,Q/Z(3)) is
surjective.

In this paper we also prove the following conjectures.

Conjecture 0.8. ([Kahl, p.154]). Let ¢ € I3(F) be an anisotropic form of
dimension 12. Let ¢ be a form of dimension > 12. Then ¢ gy is anisotropic.

Conjecture 0.9. ([Lag, Conj. 3]). Let ¢ € I*(F) be an anisotropic form of
dimension 10 with ind C(¢) = 2. Let ¥ be a form of dimension > 10. Then
OFyp) 1S anisotropic.

Conjecture 0.10. ([Izhl, Conj. 2.1]). Let ¢ be a 10-dimensional anisotropic
form. Then ¢ has maximal splitting if and only if at least one of the following
conditions holds:

e ¢ is a Pfister neighbor,
e ¢~ ((a) ® T with dim T = 5.

The proofs of all results mentioned above depend only on published papers or
papers accepted for publication. However, our following result depends on the
theory of Voevodsky related to the proof of Milnor’s conjecture. Using some
recent results announced by Alexander Vishik [Vi3, Vi4], we prove the following
conjecture of Bruno Kahn in the case when n = 3 and char F' = 0:

Conjecture 0.11. ([Kah2, Conj. 7]). Let ¢ be a nongood form of height 2 and
degree n. Then ¢ is of the form T ® q, where T is an (n — 2)-fold Pfister form
and q is an Albert form.
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1. QUADRATIC FORMS

This section contains some preliminary results concerning quadratic forms.
The basic notations are the same as in the books of T. Y. Lam and W. Schar-
lau ([Lam1], [Sch]). We recall some of them and introduce several additional
notations.

Let ¢ be a quadratic form over F'. We denote the Witt index of ¢ by iy (¢).
The anisotropic part of ¢ is denoted by ¢,,. We say that ¢ is Witt equivalent
to ¥ if ¢g, is isometric to ¥,.,. We call two forms ¢ and v stably birationally
equivalent if the corresponding quadrics X, and X, are stably birationally
equivalent. It is well known that the forms ¢ and ¢ are stably birationally
equivalent if and only if ¢p(y) and ¢p are both isotropic (see, e.g., [Ohm,
Sect. 3]). In this paper we deal with the following four equivalence relations on
the set of quadratic forms:

¢ ~1 - isometry of the forms ¢ and 1),

¢ ~ 1 - similarity of the forms ¢ and ¢ (i.e., ¢ ~ ki) for a suitable
ke F*),

10) Z 1) - stable rational equivalence of the forms ¢ and 1,

o =1 - Witt equivalence of the forms ¢ and .

The Clifford algebra (resp., the even part of the Clifford algebra) of ¢ will be
denoted by C(¢) (resp., Co(¢)). We recall that if ¢ € I*(F), then Cy(¢) is a
semisimple algebra of the form A x A, where A is a central simple F-algebra.
Moreover, in this case we have C(¢) = My (A).

For any form ¢, we define F-algebra C{(¢) as follows:

e if dim ¢ is odd, then C{(¢) = Cy(¢). In this case, C}(¢) is a central simple
F-algebra.

e if dim¢ is even and d = dy¢ ¢ F*?, then C}(¢) = Co(¢). In this case,
C{(¢) is a central simple L-algebra, where L/F is the discriminant exten-
sion (i.e., L = F(V/d)).

e if dim ¢ is even and d = di¢ € F*?, then C}(¢) = A, where A is a central
simple F-algebra such that Cy(A) = A x A.

By definition, C}(¢) is a simple algebra of degree 2[(dm¢=1)/21 By Wedderburn’s
theorem, there exists a division algebra D and an integer s > 0 such that
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Cy(¢p) = Mys(D). We define Schur invariants ind ¢ and ig(¢) as follows !:
ind ¢ = ind C}(¢p) = deg D, is(¢) =s

We say that ind ¢ is the Schur indezx of ¢. The integer ig(¢) will be called
the Schur splitting index of ¢. Many properties of the Schur splitting index
is(¢) are the same as the properties of the Witt index iy (¢). For example,

is(¢ L mH) =ig(¢) +m and ig(ko) = is(¢). Moreover, ig(¢) > iw ().

The following lemma is trivial

Lemma 1.1. Let ¢ be a form over F.
e if dim ¢ = 2n + 1, then deg Cj(¢) = 2'5(%) . ind ¢ = 27,
e if dim ¢ = 2n, then deg C}(¢) = 25®) . ind ¢ = 2"~ 1.

The following statement is well known:

Lemma 1.2. Let E/F be either an odd extension or a unirational extension
(i.e., a subfield of a purely transcendental extension). Then for any F-form ¢,
we have

iw(or) = iw (@), dim(¢g)an = dim @gp,
is(¢r) = is(¢), ind(¢g)=ind(¢).

In particular, the homomorphism W (F) — E(F) is injective. Moreover, the
homomorphism W (F)/I"(F) — W(E)/I"(E) is injective for all n.
Theorem 1.3 ([Ti]). Let F be a field and F(t) be the field of rational functions
in one variable over F'.

o if A is a simple algebra over F, then ind Ay = ind A,

e if A is a central simple algebra over F of exponent 2, and d is an element
of F* such that d ¢ F**, then ind(Apy ® (d,t)) = 2ind Apvay-

Corollary 1.4. Let F be a field and F(t) be the field of rational functions in
one variable over F. Let ¢ be a quadratic form over F', and let <;~5 = ¢pe L (kt)
with k € F*.

o if dim ¢ is odd or ¢ € I*(F), then ind ¢ = ind ¢,

o if dim ¢ is even and ¢ ¢ I?(F), then ind ¢ = 2ind ¢.

Sketch of the proof. Using the formulas for Clifford algebras given in [Laml1],

one can compute Cy(¢) in terms of C(¢) or Cy(¢). After this, the required
result follows easily from Tignol’s Theorem 1.3. O

The following lemma is a trivial consequence of Merkurev’s index reduction

formula ([M3]).

Lemma 1.5. Let ¢ and ¢ be forms over F.
o Ify € I*(F), then ind ¢pp(y) = ind ¢.
o Ifind¢ <8 and dimv > 9, then ind ¢p(y) = ind ¢.
e [findp >4 and dim) > 9, then ind Or@) = 4.

n [H2] the author used the notation ig(¢) for the index of ¢(¢) € Br(F).
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We recall Cassels—Pfister subform theorem (which will be used in the sequel
without any reference).

Theorem 1.6. [Sch, Ch.4, Th. 5.4(ii)] Let ¢ be a nonhyperbolic form, and let
Y be a form such that ¢p(y) is hyperbolic. Then for any k € Dp(¢) - Dp(v), we
have kv C ¢. In particular, dimy < dim ¢.

In what follows, we use the following very specific consequence of this theo-
rem.

Corollary 1.7. Let i be a form over F, and let d be an element of F such
that d ¢ F*2. Let K be

e cither an odd extension of F',
e or a unirational extension of F,
e or K = F(v), where v is a form with dimt > dim ¢.

Then the form Drc(vay 1 hyperbolic if and only if the form O p(yva s hyperbolic.

Proof. If K/F is odd or unirational, then the extension K (v/d)/F(\/d) is also
odd or unirational. In these cases, the result follows immediately from Lemma
1.2. Now, we assume that K = F(¢) with dim¢ > dim¢. Let L = F(\/d).
By Theorem 1.6, the form P (vay = Prw) is hyperbolic if and only if the form

G p(va) = ¢r is hyperbolic. 0

The following theorem we will call Pfister’s theorem on 10-dimensional forms
in I3 (or simply Pfister’s theorem).

Theorem 1.8. (see [Pf2, Satz 14 and Zautsats|, also [Sch, Ch.2, Th.14.4] or
[H3, Th. 2.9]). Let ¢ € I*(F) and dim ¢ = 10. Then ¢ is isotropic and can be
written in the form ¢ ~m L H for some m € GP3(F).

Corollary 1.9. Let ¢ € I3(F). We have

(a) if dim ¢, < 12, then there exists m € GP5(F) such that ¢ and m are Witt
equivalent,

(b) if dim ¢ = 12, then iw (dr(y)) > 2,

(c) if dim ¢ = 12 and ¢ is nonhyperbolic, then (¢ pp))an € GP3(F(9)).

The following theorems concern the so-called forms with mazimal splitting.

Theorem 1.10 ([H1, Kahl, H2, Izh1]). Let ¢ be an anisotropic form of di-
mension 2" +m, where 0 < m < 2". Then

1 <i1(¢) < m (in the case where i1(¢) = m, we say that ¢ has mazimal

splitting),

e if ¢ is a Pfister neighbor, then ii(¢) = m (i.e., ¢ has mazimal splitting),

e ifn >3, m>2"-5 and ¢ has mazimal splitting, then ¢ is an (n+1)-fold
Pfister neighbor,

o ifn>3 m=2"-6,¢c [*(F), and ¢ has maximal splitting, then ¢ is

an (n + 1)-fold Pfister neighbor.
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The first two statements of this theorem (as well as the notion of forms with
maximal splitting) are due to Detlev Hoffmann [H1]. The proofs of the third
and fourth statements follow easily from the results of Bruno Kahn [Kahl,
Remark after Th.4]. Besides, an elementary proof of the third statement can
be found in [Izh1], and an elementary proof of the fourth statement is given in

[H2] and [Izh1].

Theorem 1.11 ([H1, Izh4]). Let ¢ be an anisotropic form with 2" < dim ¢ <
2"t Suppose that ¢ has mazimal splitting (e.g., dim¢ = 2" +1). Let 1) be a
form of dimension > 2" + 1 such that ¢p(y) s isotropic. Then

e ¢ has mazimal splitting and 2" < dim1) < 271

® Ypg) 1S isotropic (and hence ¢ 2 V),
e if Y is a Pfister neighbor, then ¢ is also a Pfister neighbor.

The first and third statements of this theorem are due to D. Hoffmann [H1].
The second statement is proved in [Izh4]. Setting n = 3 in Theorems 1.10 and
1.11, we get the following corollary.

Corollary 1.12. Let ¢ be a form 9 < dim ¢ < 16. Suppose that ¢ has mazimal
splitting (e.g., dim ¢ = 9), and ¢ is not a Pfister neighbor. Let 1 be a form of
dimension > 9 such that ¢y is isotropic. Then

e 9 <dim¢,dimvy < 10,

e ¢ is not a Pfister neighbor and ) ¢ I*(F),

The following result concerning the isotropy of 9-dimensional forms over func-
tion fields of quadrics has recently been proved by Nikita Karpenko.

Theorem 1.13. (N. Karpenko [Kar3]). Let ¢ be a 9-dimensional essential
form (see Definition 0.2). Let 1) be a form of dimension 9 such that ¢ p(y) is
1sotropic. Then 1 is similar to ¢.

It should be pointed out that Theorem 1.13 plays a key role in the proof of
our main Theorem 0.1. We also need the following statement from Karpenko’s
paper [Kar3].

Lemma 1.14. Let ¢ be a 9-dimensional form which is not a Pfister neighbor.
Then ¢p, is not a Pfister neighbor for all odd extensions L/F.

The following theorem was proved by A. Vishik by using calculations in
Voevodsky’s motivic category [Vi2]. In [Kar4]|, N. Karpenko simplified Vishik’s
proofs by using arguments in the framework of the classical category of Gro-
thendieck Chow-motives and presented the current formulation of the theorem:

Theorem 1.15. Let ¢ and v be anisotropic forms such that ¢ 2 Y. Then
dim ¢ — i1 (¢) = dim ) — i1 ().

The rest of this section contains several lemmas concerning quadratic forms.
These results will be used in other sections.
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Lemma 1.16. Let F' be a field which has no nontrivial odd extensions. Let ¢
be an F-form with ind ¢ > 2°. Then there exists a finite field extension E/F
such that

e ind ng = 28,

e if dim ¢ is even, then ¢ € I*(E),

e the homomorphism Ng/r : K(Co(¢r)) — K(Co(9)) is surjective. *

Proof. Let D be the simple division algebra corresponding to the algebra C{(¢).
Let L be the center of D (in the cases when dim ¢ is odd or ¢ € I[*(F) we
obviously have L = F'). Let M/L be a maximal subfield of D. Clearly, [M :
L] = 2" with r = ind ¢. By our assumption, [M : L] = 2" > 2°. Since F' has no
odd extensions, Galois theory shows that there exists a tower of fields

M=MyD>DM D---DM,=1L

such that [M; : M; 1] = 2 for all i. Setting E = M,, we get the field with the
required properties. ]

Lemma 1.17. Let L/F be a field extension, A be a central simple F-algebra of
exponent 2, and m be an integer. Suppose that one of the following conditions
holds:

(i) [L:F]<2,indAp =1, and m = 2;

(i) L=F,ind A <2, and m = 3;

(iii) [L: F)<2,ind Ap <2, and m = 4;

(iv) L=F,ind A <4, and m = 5.
Then there exists an m-dimensional form p over F' such that the algebra C{(u)
is Brauer equivalent to Ay,

Proof. (i) If L = F, we set u = H, if L = F(\/d), we set pn = ((d).

(ii) Since ind A < 2, it follows that A is Brauer equivalent to a quaternion
algebra (a,b). Now, it suffices to set u = (1, —a, —b).

(iii) If L = F, then A; = A is Brauer equivalent to a biquaternion algebra
(a,b). In this case we set u = ((a,b)). If [L : F] = 2, the condition ind Ay < 2
implies that ind A < 4. Therefore A is Brauer equivalent to a biquaternion
algebra. Let ¢ be an Albert form corresponding to A. Since ind A; < 2, the
form gy, is isotropic. Hence ¢ can be written in the form g ~ ¢ {(d)) L qo, where
d is such that L = F(v/d). Now, it suffices to set u = qo.

(iv) Let ¢ be an Albert form corresponding to A. We define p as an arbitrary
5-dimensional subform of q. O

Lemma 1.18. Let ¢ and ¢ be F-forms such that dim¢ = dimvy (mod 27Z)
and C{(¢) is Brauer equivalent to C{(¢). Then there exists k € F* such that
¢ =k (mod I3(F)).

Proof. If dim¢ and dim are odd, it suffices to set k& = di¢/ditp. Then
v=¢ L —kip € I*(F) and ¢(7) = ¢(¢) + c¢(v)) = 0. Therefore, v € I3(F). In

2Here K(A) denotes the Grothendieck group of the ring A.
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the case when dim ¢ and dim ) are even, the lemma is proved in [Izh2, Lemma
4.3] 0
Lemma 1.19. Let ¢ be a form satisfying one of the following conditions:

(i) dim ¢ = 2n, and ind ¢ = 1,

(ii) dim¢ = 2n — 1 and ind ¢ < 2,
(iii) dim¢ = 2n — 2 and ind ¢ < 2,

(iv) dim¢ = 2n — 3 and ind ¢ < 4.
Then there exists a (2n + 1)-dimensional form ¢ and a (2n + 2)-dimensional
form v € I3(F) such that ¢ C ¢ C ~y and ind ¢ = 1.

Proof. Let m = 2n+2 —dim ¢. By Lemma 1.17, there exists an m-dimensional
form p such that C{(¢) is Brauer equivalent to C{(x). Then there exists k € F*
such that ¢ = ku (mod I°(F)) (Lemma 1.18). We set v = ¢ L —ku. Now it

suffices to set ¢ = ¢ 1L —kpug, where p is a subform of p of codimension 1. [

Lemma 1.20. (cf. [H1, Lemma 3)). Let ¢ be a form over F, and let ¢ C .
If dim ¢ > dim ) — iy (Yr) + 1, then ¢ Xy

Proof. It suffices to verify that ¢g(y) is isotropic, but this is an obvious conse-
quence of [H1, Lemma 3]. O

Lemma 1.21. (1) Let v be a 12-dimensional form from I3(F), and let 1) be an

11-dimensional subform of v. Then 2 y.
(2). Let ¥ be an 11-dimensional form with indvy = 1. Then there exists a

12-dimensional form v € I3(F) such that 1 2.
Proof. (1). Obvious in view of Lemma 1.20 and Corollary 1.9.

(2). We set v = ¢ L (detw). Clearly v € I*(F) and indy = indy = 1.
Hence, v € I3(F). Item (1) shows that 1 & ~. O

Lemma 1.22. (see, e.g., [Izh4, Lemma 2.11]). Let p and v be F-forms of
dimension > 1, and let ¢ = p L —tv be a form over F' = F(t). Then the
extension F(¢)/F is purely transcendental.

Lemma 1.23. Let ¢ be an F-form and E/F be a unirational field extension.
Then the form ¢g is a Pfister neighbor if and only if the form ¢ is a Pfister
neighbor.

Proof. 1t suffices to consider the case where E/F is purely transcendental. In
this case lemma is proved in [H1, Prop.7]. O

Lemma 1.24. Let ¢ be a 9-dimensional essential form over F (see Definition
0.2). Let E/F be either an odd extension or a unirational extension. Then ¢ g
1s an essential form.

Proof. By Springer’s theorems, ¢g is anisotropic. By Lemma 1.2, ind ¢p =
ind ¢ > 4. By Lemmas 1.14 and 1.23, ¢ is not a Pfister neighbor. O
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At the end of this section, we prove the implication (1)=-(2) in Theorem 0.3
(this is the simplest part of the theorem).

Proof. Let E be as in Item (1) of Theorem 0.3. We must prove that ¢p is
essential. By our assumption, ¢ is anisotropic. Since u(E) =9, it follows that
all 4-fold Pfister forms over E are isotropic. Hence all 4-fold Pfister neighbors
are also isotropic. Hence, ¢ is not a 4-fold Pfister neighbor. Now, it suffices
to verify that ind ¢ > 4. Since all 10-dimensional forms over E are isotropic,
it follows that all 9-dimensional E-form are universal (i.e., Dg(¢) = E*). In
particular, d = det ¢ € Dg(¢). Hence, ¢r can be written in the form ¢p =
7 L (d), where 7 is an 8-dimensional form over E with trivial discriminant.
Since ind 7 = ind ¢, it suffices to prove that ind 7 > 4. Assume the converse,
ind7 < 2. Then there exists a quaternion F-algebra (a,b) such that c¢(7) =
(a,b). We have 7 = {(a,b)) (mod I*(F)). Let v =dr L {a,b). Since dim~y =
12 > 9 = u(F), the form ~ is isotropic. Therefore, the forms (—d)7 and ((a, b))
have a nontrivial common value. Let k& € E* be such that k € Dg(—dr) and
k € Dg({a,b)). Set m = (k)) ® 7 =7 L —k7. Since k € Dg(—dr), it follows
that that d € Dg(—k7), and hence ¢pp =7 L (d) C 7 L —k7 = 7.

Since k € Dg({a,b))), it follows that ((a, b, k)) = 0. Therefore 7 = (k) @ T =
(k) @ {a,b)) =0 (mod I*(F)). Since dim7 = 16, we have m € GP,(E). Since
¢or C m, we see that ¢p is a Pfister neighbor. However, we have proved earlier
that ¢ is not a Pfister neighbor, a contradiction. O

2. GRADED GROTHENDIECK GROUPS OF QUADRICS

For a smooth variety X we will denote by K (X) the Grothendieck ring of X.
This ring is supplied with the “topological” filtration K (X)® (which respects
multiplication). The factor group K (X)®/K(X)@b is denoted by G'K(X).
Thus, we get the adjoint graded ring G*K(X) = @®;G'K(X). There exists
a canonical surjective homomorphism of the graded Chow ring CH*(X') onto
G*K(X).

Now, let X = X4 be the projective quadric corresponding to the n-
dimensional form ¢. We consider X as a subvariety of codimension 1 in
P*~! (in particular, dim X, = n — 2). The embedding Xy C P"~! determines
the local free sheaf Ox(—1) on X. The group K (X)) contains the element
h:=1-[Ox(=1)]. By h, we denote the class of the element h in the group
G'K(X). Tt is well known that h € G'K(X) corresponds the “hyperplane”
class in CH'(X) via the natural isomorphism CH!(X) ~ G'K(X). For all
i =0,...,dimX = dim¢ — 2 the homomorphism Z — G'K(X), 1 — h' is
injective. The image of this homomorphism will be denoted by h'Z.

Let us recall some basic properties of the group K (X,) (see [Karl]). Let s =
is(¢) (i-e., Cj(¢) has the form Mss(D), where D is a division algebra). Clearly,
s < $dim X. If s = 0, then the group K(X) is generated (as a free Abelian
group) by the elements h?, where i = 0,...,dim X. If s > 0, the group K(X)
contains elements [y, . . ., [,_; such that 271, = h? +2h% 1 +. .. + 2°h?~" where
d = dim X. Since the group K (Xy) is torsion free, the elements [y, ..., ls_4
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are uniquely defined. There exists a convenient geometric characterization of
the elements ;. Namely, [; coincides with the “class of an i-dimensional line”.
More formally, this means that the image of the element [, under the push-
forward homomorphism K (X) — K(P"!) coincides with the image of the unit
1 = [Opi] under the push-forward homomorphism K (P') — K(P"!) induced
by the natural embedding P* C P* 1.

Theorem 2.1. (N. Karpenko, [Karl, Th. 3.8 and 3.10] ® ). Let ¢ be a quadratic
form over F. Let X be the quadric corresponding to ¢. Let i be an arbitrary
integer such that 0 <1 < dim X = dim ¢ — 2.

(1) if i < $dim X = Ldim¢ — 1, then G'K(X) = Tors G'K (X) @ h'Z,

(2) if ¢ ¢ I*(F) and lig(4)-1 € K(X)0TD, then

Tors G°K(X) = -+ = Tors G'K (X) = 0.

(3) if i < 3dim¢ — 1 and TorsG°K(X) = --- = Tors G'K(X) = 0, then
lz‘s(qﬁ)_l S K(X)(Hl).

Lemma 2.2. Let ¢ C ¢ be quadratic forms such that ¢,¢ ¢ I*(F). Let m =
dim ¢ — dim ¢. Let p be an integer such that 0 < p < %dimqﬁ — 1.

(1) ifig(¢) = is(®) and Tors G'K (X,) = 0 for alli < p, then Tors G'K(X;) =
0 for qlli <p-+m.

(2) if is(¢) = is(¢) + m and TorsG'K(Xz) = 0 for all i < p, then
Tors G'K (Xy) = 0 for all i < p.

Proof. Let s =ig(¢) and § = ig(¢).

(1) Theorem 2.1(3) shows that I, ; € K(X4)®™V). Let us consider the push-
forward homomorphism K (Xy) — K(X;). This homomorphism maps K (Xy)@
to K(Xé)(”m) for all 4, and maps I; to I; for all j < s — 1. Taking the image
of l,_1 under this homomorphism, we get I,_; € K(ng)(p*l*m). Since § = s,
Theorem 2.1(2) shows that Tors G*K (X ;) = 0 for all i < p+m.

(2) Theorem 2.1(3) shows that l;_; € K(XQ;)(pH). Let us consider the pull-
back homomorphism K(X;) — K(X). This homomorphism maps K (X &)(i)
to K(X,)® for all 4, and maps [; to l;_,, for all j =m,...,§ — 1. Taking the
image of [;_; under this homomorphism, we get Iz 1, € K(X4)®™V. Since
§—m = s, Theorem 2.1(2) shows that Tors G'K (X) = 0 for all i < p. O

Corollary 2.3. Let ¢ C g?) be odd-dimensional forms. Let k be an integer such
that dimgzg = dim ¢ + 2k and indg?) = %ind ¢. Let p be an integer such that
0<p< %dimgﬁ — 1. Suppose also that Tors GiK(XQ;) =0 for alli < p. Then
Tors G'K (X,) = 0 for all i < p.

3 Actually, Theorems 3.8 and 3.10 from [Karl] are proved only for anisotropic quadrics.
However, the proof of three statements included in the formulation of Theorem 2.1 does not
use anything specific from the anisotropic case.



14 O. T. IZHBOLDIN

Proof. By Lemma 2.2(2), it suffices to prove that is(®) = ig(¢)+ 2k. Applying
Lemma 1.1, we get Q(di’mqb_dim‘?ﬁ)/2 - 2i5(¢)_i5~(¢) -ind ¢/ind ¢. Since dim ¢ —
dim ¢ = 2k, and 2¥ind ¢ = ind ¢, we have ig(¢) — is(¢) = 2k. O

Corollary 2.4. Let ¢ be an even-dimensional form with nontrivial discrimi-
nant and ¢ be an odd-dimensional form such that ¢ C qg Let k be an integer
such that dim ¢ = dim ¢ + (2k + 1) and ind ¢ = s ind ¢. Let p be an integer
such that 0 < p < %dimgb — 1. Suppose that Tors GiK(X&) =0 for alli < p.
Then Tors G'K (X ) = 0 for all i < p.

Proof. By Lemma 2.2(2), it suffices to prove that ig(¢) = ig(¢) + 2k + 1. Let
dim¢ = 2n and dim¢ = 27 + 1. Since dim ¢ — dim¢ = 2k + 1, we have
i —n = k. Applying Lemma 1.1, we get 27~ (—1) = 2is(#)=is(9) . inq gz~5/ ind ¢.
Since 7 — n = k and 2* ind ¢ = ind ¢, we have ig(¢) — ig(¢) = 2k + 1. O
Corollary 2.5. Let ¢ = ¢g L (a) be an even-dimensional form with nontrivial
discriminant such that that ind ¢ = ind ¢g. Let p be an integer such that 1 <
p < %dimqﬁ — 1. Suppose that Tors G'K (Xy,) = 0 fori < p—1. Then
Tors G'K (Xy) = 0 fori < p.

Proof. Since ind¢ = ind ¢y, we have ig(¢) = ig(¢g). Clearly, 0 < p—1 <
%dim ¢o — 1. Now, Lemma 2.2(1) completes the proof. O

Proposition 2.6 (Karpenko). Let ¢ be an arbitrary quadratic form over F,
and let E/F be a finite extension such that the norm map

Np/r + K(Co(ér)) — K(Co(e))
is surjective (e.g., E is a subfield of the division algebra corresponding to the
simple algebra Cj(¢)). Let p > 0 be such that G'K(X,,) = h'Z for all i < p.
Then
o G'K(Xy) = h'Z for all i < p,
e the norm map Ng/p : GPK(Co(¢r))/WhZ — GPK(Co(9))/hPZ is surjec-

tive.

Proof. The first statement coincides with Corollary 4.9 in [Kar2]. The proof of
the second statement is the same as that of Corollary 4.9 in [Kar2]. U

Corollary 2.7. Let m, s, and p be integers such that p < m/2 — 1. Suppose
that for any field F' and any F-form p satisfying the following conditions:
e p has dimension m,
e indp = s,
o if m is even, then p € I*(F),
we necessarily have Tors G'K (X,) =0 for all i < p.
Then for any field F' and any F-form ¢ satisfying two conditions:
e ¢ has dimension m,
e ind¢ > s,
we necessarily have Tors G'K (X,) = 0 for all i < p.
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Proof. Standard transfer arguments reduce the general case to the case where
F has no nontrivial odd extensions. Let E/F be the extension constructed in
Lemma 1.16. Applying Theorem 2.1(1) to the form ¢z, we have G'K(X,,) =
Tors G'K(X,,,) @ h'Z for all i < p. Applying the hypothesis of the corollary to
the form p = ¢p, we have Tors G'K (X, ) = 0 for i < p. Hence, G'K(X,,) =
hZ for all i < p. By Proposition 2.6, we have G'K(X4) = h'Z for all i < p.
Therefore, Tors G'K (X,,) = 0 for i < p. O

Proposition 2.8. Let n > 3 and p > 0 be integers satisfying the following
condition: for any (2n + 1)-dimensional form T over an arbitrary field F, the
group Tors G'K (X,) is zero for all i < p.

Now, let ¢ be a form such that p < %dimqﬁ — 1. Suppose also that ¢ satisfies
one of the following conditions:

(i) dim¢ = 2n, de¢ ¢ F*?, and ind ¢ = 1,

(ii) dim¢ = 2n — 1 and ind ¢ > 2,

(iii) dim¢ =2n — 2, de¢ ¢ F*?, and ind ¢ = 2,

(vi) dim¢ = 2n — 3 and ind ¢ > 4.
Then Tors G'K (X,) is zero for all i < p.

Proof. Corollary 2.7 shows that, instead of the cases (ii) and (iv), it suffices to
consider their subcases in which we have

(ii’) dim¢ = 2n — 1 and ind ¢ = 2,

(iv’) dim ¢ = 2n — 3 and ind ¢ = 4.

After this, Lemma 1.19 and Corollaries 2.3 and 2.4 complete the proof. U

3. CHOW GROUPS OF QUADRICS

Our computation of the third Chow group of quadrics is based on the follow-
ing assertion.

Theorem 3.1 (Karpenko, [Karl, Kar2]). Let ¢ be a quadratic form and X, be
the projective quadric corresponding to ¢. Then

e the homomorphism CH'(X4) — G'K(Xy) is an isomorphism for i < 3.

e Tors CH'(X,) = Tors G'K(X,) =0 fori < 1.

e Tors CH*(X4) = Tors G?K(Xy) = 0 except for the case when ¢ is an
anisotropic 3-fold Pfister neighbor. If ¢ is an anisotropic 3-fold Pfister
neighbor, then Tors CH?(X,) = Tors G2K (Xy) = Z/27Z.

e Tors CH?(Xy) is either 0 or Z/2Z. If dim ¢ > 12, then Tors CH?*(X,) = 0.

We will also use the following statement concerning the Chow groups of
isotropic quadrics.

Lemma 3.2 ([Karl]). If ¢ = ¢ L H, then Tors CH'(X,) = Tors CH'™'(X)
for alli. If ¢ splits (i.e., dim ¢, < 1), then Tors CH'(X,) =0 for all i.
Corollary 3.3. Let ¢ be an isotropic form. Then the group Tors CH3(X¢) 18

nonzero only in the case when

¢ ~ (anisotropic 3-fold neighbor) L H.
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In particular, this implies that 7 < dim ¢ < 10.

Proof. Since ¢ is isotropic, we can write ¢ in the form ¢ ~ p L H. By Lemma
3.2, Tors CH?(X,) ~ Tors CH?(X,). Theorem 3.1 completes the proof. O

Corollary 3.4. Let ¢ be an isotropic form of dimension > 9. Then the group
Tors CH3(X¢,) is nonzero only in the following two cases:
e dim¢ = 10 and ¢ ~ w L H, where 7 is similar to an anisotropic 3-fold
Pfister form,
e dim¢ =9 and ¢ ~ p L H, where i is an anisotropic 7-dimensional Pfister
neighbor.

Corollary 3.5. Let ¢ be a quadratic form of dimension > 9. Then
e Tors G'K(Xy) = Tors CH (X,) = 0 fori < 2,
e Tors G*K (X4) = Tors CH?(X,);
o [fdim ¢ > 12, then Tors G*K(Xy) = 0;

Remark 3.6. In the remaining part of this section we mostly work with
forms of dimension > 9. On the other hand, we are interested in the group
Tors CH'(X,) only in the case when i < 3. In this case, the condition
1 < %dimgb — 1 obviously holds. This shows that we can use all results of
the previous section.

Now, we can prove our first result concerning the third Chow group of
quadrics.

Proposition 3.7. Let ¢ be a form satisfying one of the following conditions:
(i) dim¢ =12, do+¢p ¢ F*?, and ind ¢ = 1
(i) dim¢ = 11 and ind ¢ > 2,

(iii) dim ¢ = 10, dr¢ ¢ F*?, and ind ¢ = 2,

(vi) dim¢ =9 and ind ¢ > 4.

Then Tors CH?(X,) = 0.

Proof. Let n = 6 and p = 3. By Corollary 3.5, we have Tors G'K(X,) = 0 for
1 < p = 3 and all forms 7 of dimension 13 = 2n + 1. Applying Proposition
2.8, we see that Tors G*K (X,) = 0 for all quadratic forms satisfying conditions
(i)—(iv). Since CH?*(Xy) ~ G®K (X,), the proof is complete. O

Lemma 3.8 (Karpenko). Let ¢ be an arbitrary quadratic form over F of di-
mension > 9, and let E/F be a finite extension such that the norm map

Ngyr: K(Co(¢r)) — K(Co(9))

is surjective (e.g., E may be any subfield of the division algebra corresponding
to C(¢)). Then the homomorphism Ngr : Tors CH?*(X,,) — Tors CH?(X,)
18 surjective.

Proof. Theorem 2.1 shows that Tors G'K (X,) ~ G'K(Xy)/h'Z for all i < 3.
By Corollary 3.5, we have Tors G'K (X,) = 0 for 7 < 2. Finally, Proposition
2.6 together with the second item of Corollary 3.5 complete the proof. O
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Corollary 3.9. Let ¢ be an even-dimensional form of dimension > 8. Suppose
that d = de¢ ¢ F*? and put L = F(v/d). Then the norm homomorphism
Ni,r : Tors CH*(X,, ) — Tors CH?(X,) is surjective.

Corollary 3.10. Let ¢ be a form of even dimension > 8. Suppose that d =
dsd ¢ F** and ¢y sy is hyperbolic. Then Tors CH3*(X,4) = 0.

Proof. Let L = F(v/d). By Lemma 3.2, we have Tors CH*(X,,) = 0. Corollary
3.9 implies that Tors CH*(Xy) = 0. O

Lemma 3.11. Let d ¢ F*? and ¢ be a 10-dimensional form with discriminant
d. Suppose that ¢ has the form ¢ =7 L c{(d), where 7 € I*(F) (i.e., Pp(vay i

isotropic). Then Tors CH?(X,) = 0 except possibly when
ind ¢ = ind Trw/a = b indr = 2, ng(\/E) 1s not hyperbolic.

Proof. Suppose that Tors CH*(X,) # 0. Let L = F(v/d). By Lemma 3.9, we
have Tors CH?*(X,,) # 0. Since ¢y, = 7, L H, Corollary 3.3 implies that 7y, is
an anisotropic 8-dimensional Pfister neighbor. In particular, this means that
¢r, is not hyperbolic and ind ¢ = ind 77, = 1.

Now, it suffices to verify that ind 7 = 2. Since ind 7, = 1, we obviously have
ind7 < 2. Assume that ind7 =1 (i.e., 7 € GP3(F)). Let ¢9 =7 L (¢) C ¢.
Clearly, ind¢py = ind7 = 1 = ind¢. Since dim¢, = 9 > 8, it follows that
Tors G'K (X,) = 0 for ¢ < 2. By Corollary 2.5, we get Tors G'K(X,) = 0 for
i < 3. Hence, Tors CH*(X,) = Tors G®K(X,) = 0. We get a contradiction to
our assumption. Hence ind 7 = 2. O

Lemma 3.12. Let ¢ be a 9-dimensional form such that ind ¢ # 1. Suppose
that ¢ has one of the following forms:

(i) ¢ =~ L (u,v), where 7 is a 7-dimensional Pfister neighbor,

(i) ¢ =7 L (d), where T C I*(F).
Then Tors CH?(X,) = 0.

Proof. The case ind ¢ > 4 was considered in Proposition 3.7. Thus, we can
assume that ind ¢ = 2.

(i) Since ind ¢ = 2 and dim ¢ = 9, Lemma 1.1 shows that ig(¢) = 3. Since
v is a 7-dimensional Pfister neighbor, we have indy = 1. By Lemma 1.1,
we get ig(y) = 3. By Theorem 3.1, we have Tors G'K(X,) = 0 for ¢ < 1.
Lemma 2.2(1) shows that Tors G*K (X,4) = 0 for i < 3. Thus, Tors CH?(X,) =
Tors G*K (X,) = 0.

(ii) Since 7 € I*(F) and ind7 = ind¢ = 2, we can write 7 in the form
¢ = (a) ® p with dimp = 4. Let L = F(y/a). Since ¢, splits, we have
Tors CH(X,,) = 0 for all i. By Lemma 3.8, the homomorphism Ny p :
Tors CH?(X,, ) — Tors CH?(X,,) is surjective. Hence Tors CH?*(X,) = 0. O

Lemma 3.13. Let F be a field such that all 14-dimensional forms from I3(F)
are 1sotropic. Let ¢ be a form over F satisfying one of the following conditions:

o dim¢ = 10, ¢ € I2(F) and ind ¢ = 4,
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o dim¢ =12, ¢ € I2(F) and ind ¢ = 2.
Then Tors CH?*(X4) = 0

Proof. Let us define the form 7 as follows: if dim ¢ = 10, then 7 is an Albert
form corresponding to ¢(¢); if dim¢ = 12, then 7 is the 2-fold Pfister form
corresponding to ¢(¢). Let k € F* be such that the form ~ := ¢ L —k7
is isotropic. By definition, we have dimvy = 16 and v € I*(F). Since 7 is
isotropic, we obtain dim~,, < 14. By the hypothesis of the lemma, we have
dim 7,, < 12. Therefore ¢ and k7 contain a common subform of dimension 2.
Hence, there exists a quadratic extension L/F such that ¢, and 7, are isotropic.
By Corollary 3.3, we have Tors CH?*(X,, ) = 0. Since 7, is isotropic, it follows
that L is a subfield of the division algebra corresponding to C{j(¢). Then Lemma
3.8 shows that the homomorphism Ny, : Tors CH*(X,,) — Tors CH*(X,) is
surjective. Hence Tors CH*(X) = 0. O

4. GALOIS COHOMOLOGY

Throughout the paper we use the notation H"(F') for the Galois cohomology
H"(Gal(F*?/F),Z]27)
of the field F. It is well known that H'(F) ~ F*/F*?. Thus, any element
a € F* determines an element of H'(F), which is denoted by (a). The cup-
product (a;)U---U (a,) € H*(F) is denoted by (ay,...,a,). It is well known
that there exists a well-defined map
P.(F)— H"(F), (ag, ... an) — (a,...,a,).
If n < 4, this map yields the homomorphism ([Ara, JR, Szy]):
e" I"(F)/I""Y(F) — H"(F).

Recently, Orlov-Vishik-Voevodsky have announced deep results concerning ex-
istence and bijectivity of € for arbitrary n, but in our paper, we need only old
(already published) results concerning e”. We list these results in the following
theorem ([Ara, AEJ2, M1, MS, R1, Szy, JR]).

Theorem 4.1. Let F be a field, and w,m, 79 € P,(F), where n < 4.
e The form 7 is isotropic (and hence hyperbolic) if and only if e"(7) = 0.
o [fe(m) = e"(m), then m ~ m.
e If n < 3, then the homomorphism e : I"(F)/I""(F) — H™(F) is an
1somorphism.

Corollary 4.2. Let n < 3, and let E/F be a field extension such that the
homomorphism H'(F) — H'(E) is injective for i = 0,...,n. Then the homo-
morphism

W(F)/ T HF) — W(E)/I"(E)
18 1njective.
Definition 4.3. Let E/F be a field extension. By H"(E/F) we denote the
kernel of the homomorphism H™(F) — H™(E).
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The following theorem was proved by J. K. Arason in the case when n < 3
and proved by B. Kahn, M. Rost, and R. Sujatha, in the case n = 4.

Theorem 4.4 ([Ara, KRS1]). Let ¢ be a form of dimension > 9. Then
o for n < 3, the homomorphism H"(F) — H"(F(¢)) is injective (i.e.,
H(F(8)/F) = 0),
e if ¢ is not an anisotropic 4-fold Pfister neighbor, then the homomorphism
HYF) — H'F(9)) is injective (i.e., HY(F(¢)/F) =10).
e [f ¢ is a Pfister neighbor of a Pfister form m = {a,b,c,d)), then the group
HY(F(¢)/F) is generated by the element e*(7) = (a, b, c,d).

Corollary 4.5. (cf. [KRS1, Cor.10]). Let ¢ be a form of dimension > 9. Then
the homomorphism

W(F)/I"(F) — W(F(¢)/1"(F(¢))
1s injective for all n < 4.
Proof. Obvious in view of Corollary 4.2 and Theorem 4.4. O

Proposition 4.6. ([AEJ1, AEJ2]). Let F be a field satisfying two conditions:
F has no nontrivial odd extensions and I*(F) = 0. Then H*(F) = 0 and

Lemma 4.7. Let E/F be an arbitrary field extension and ¢ be a 4-fold Pfister
neighbor over F. Then H*(E(y)/F) = HYE/F) + HY(F(y)/F).

Proof. Clearly, HY(E(y)/F) > HYE/F) + H*(F(¢)/F). Tt suffices to verify
that any element v € H*(E(¢))/F) belongs to HY(E/F) + H*(F(¢)/F). Let
7 = ({a,b, c,d)) be the Pfister form associated with . Since u € H*(E(¢)/F),
we have up € H*(E(¢y)/E). By Theorem 4.4, the group H*(E(y)/E) is
generated by the element (a,b,¢,d)p € H*(E). Let m € Z be such that
ug = m - (a,b,c,d)gp. We have u — m - (a,b,c,d) € H*(E/F). Since
m - (a,b,c,d) € H(F()/F), we get w € HYE/F) + H"(F(+)/F). O

Corollary 4.8. Let ¢ be a 4-fold Pfister neighbor over F'. Then for any form
¢, we have H'(F(¢,9)/F) = H'(F(¢)/F) + H'(F(¢)/F).
Proof. 1t suffices to set £ = F(¢) in the Lemma 4.7. O

Corollary 4.9. Let ¢ and 1y be forms of dimension > 9. Suppose that ¢ is not
a 4-fold neighbor and 1 is a 4-fold Pfister neighbor. Then H*(F(¢,v)/F) =

HY(F(¢)/F).

Proof. By Theorem 4.4, the group H*(F(¢)/F) is zero. Hence,

HY(F(6,¢)/F) = HY(F(¢)/F) + H{(F(¢)/F) = HY(F({)/F). a
5. UNRAMIFIED COHOMOLOGY OF QUADRICS

In this section we use the terminology and notation of [CT1] and [KRS1, KS2].
For a smooth variety X we define the unramified cohomology H!.(F(X)/F') and
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the unramified Witt ring W,,,.(F(X)/F) as follows:
Hy, (F(X)/F) : = ker(H"(F(X)) — [ H"}(F(x))),

reXx @)
Wor(F(X)/F) : = ker(W(F(X)) = [ W(F@).
xeX @)

Besides that, we set

L (F(X)/F) =ker(I"(F(X)) — [ I"'(F(2))).
zeX @)

Clearly, Il (F(X)/F) = I"'(F(X)) N W, (F(X)/F). For n < 4, the ho-
momorphism e" : ["(F(X)) — H"(F(X)) determines the homomorphism
" I (F(X)/F) — Hy (F(X)/F).

Since the image of the homomorphism H"(F) — H"(F(X)) belongs to
Hy (F(X)/F), we get the homomorphism 73y : H"(F) — H] (F(X)/F),
The cokernel of this homomorphism will be denoted by H” (F(X)/F):

H;,,(F(X)/F) := coker(ng x - H"(F) — H,;,(F(X)/F)).

For a form ¢, we set H" (F(¢)/F) := H" (F(X4)/F), where X, is the projec-
tive quadric corresponding to the form ¢.

The following statement is well known (see, e.g., [KRS1, Prop.2.5]).
Lemma 5.1. If ¢ is an isotropic form over F, then H" (F(¢)/F) = 0. If two

forms ¢1 and ¢o are stable rational equivalent (i.e., ¢, 2 ¢2), then

Hy, (F(¢0)/F) = Hy, (F(¢2)/F).
To state the following theorem, we need one more notation:
HY(F(X)/F)o = {a € H'(F(X)/F) | (~1)Ua =0¢ H™(F)}.

We note, that H"(F(X)/F)o is a subgroup of H"(F).

The essential part of the following theorem is contained in the paper of B.
Kahn, M. Rost, and R. Sujatha [KRS1].
Theorem 5.2. Let X = X, be the projective quadric corresponding to the
quadratic form ¢ of dimension > 9. Then

(1) There exists a natural exact sequence

0 —— HYF(X)/F)y —— H! (F(X)/F) —— Tors CH® X.

(2) The orders * of the groups H*(F(X)/F)o, H* (F(X)/F), and Tors CH* X
are at most 2.
(3) If ¢ is not a 4-fold Pfister neighbor, then H*(F(X)/F)o = 0. This (in
particular) means that the homomorphism
e: H (F(X)/F) — Tors CH® X
is injective and |H? (F(X)/F)| < | Tors CH? X| < 2.

“Below we will use the notation |A| for the order of a set A.
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(4) If ¢ is a 4-fold neighbor, then the homomorphism € is zero and the homo-
morphism d is an isomorphism

52 H(F(X)/F)o = H.(F(X)/F).

Proof. (1) This is a formal consequence of [KRS1, Prop.3 and Th.6(1)].

(3) The group H*(F(¢)/F) is zero in view of Theorem 4.4. Hence, its sub-
group HY(F(¢)/F)y is also zero. The rest of the statement is a formal conse-
quence of the first item of this theorem and Theorem 3.1.

(4) By Theorem 4.4, the group HYF(X)/F), is finite. By Item (1), it
suffices to prove that |HL.(F(X)/F)| = |HF(X)/F),|. Since the groups
H*(F(X)/F)o and H* (F(X)/F) are stably birational invariants of X, we can
change the 4-fold Pfister neighbor ¢ by its associated 4-fold Pfister form. Thus,
we can assume that dim¢ = 16. In this case, we have Tors CH?(X,) = 0
in view of Theorem 3.1. By Item (1) of the theorem, we obtain that J is an
isomorphism, and hence |H? (F(X)/F)| = |H*(F(X)/F),|.

(2) The groups H*(F(X)/F)o and Tors CH*(X,) have orders at most 2 in
view of Theorems 4.4 and 3.1. After this, the statement concerning the group
H: (F(X)/F) follows readily from Items (3) and (4). O

Corollary 5.3. Let ¢ be a form of dimension > 9. Suppose that ¢ is not a
4-fold Pfister neighbor and H: (F(¢)/F) # 0. Then

H: (F(¢)/F) ~ Tors CH® X5 ~ 7/27
and the homomorphism € : H: (F(¢)/F) — Tors CH® X, is an isomorphism.
Proof. Obvious in view of Item (3) of Theorem 5.2. O
Corollary 5.4. ([KRS1, Cor. 8(3)(a)]). If dim¢ > 12 and ¢ is not a 4-fold
neighbor, then H! (F(¢)/F) = 0.
Proof. Follows from Theorems 5.2(3) and Theorem 3.1. O
Corollary 5.5. Let v be a 4-fold Pfister neighbor. Let E/F be an extension
such that H*(E/F) = 0 (for example, E = F(¢), where ¢ is a form of dimen-

sion > 9 which is not a 4-fold neighbor). 3

Then the homomorphism H2 (F(Xy,)/F) — Hj (E(Xy)/E) is injective.
Proof. Since H*(F) — H*(E) is injective, it follows that the homomorphism
HY(F(Xy)/F)o — HYE(Xy)/E)o is also injective (because H*(F(X,)/F)o is
a subgroup of H*(F)). Now the corollary follows from Theorem 5.2(4). O

6. PFISTER NEIGHBORS OVER FUNCTION FIELDS

Definition 6.1. Let ¢ be a quadratic form over F. By Pf(¢) we denote the
form defined as follows:

e if ¢ is not a Pfister neighbor, then Pf(¢) = 0,

e if ¢ is a Pfister neighbor of a Pfister form 7, we set Pf(¢) = 7.
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Lemma 6.2. Let X be a smooth F-variety, and let ¢ be a quadratic form over
F. Then Pt(¢px)) € Wi (F(X)/F).

Proof. We can assume that 1 € Dp(¢). Let 7 = Pf(¢px)). If 7 = 0, the
statement is trivial. Hence we can assume that ¢p(x) is a Pfister neighbor
of a Pfister form 7 € P,(F(X)). We must prove that é,(r) = 0 for any
r € XU, Since 7 € I'(F(X)), it follows that &,(w) € I"'(F(z)). Since
1 € Dp(¢), we have ¢px) C 7. Let { be an F'(X)-form such that ¢px) L
¢ = m. Clearly, dim¢ < 27! Since ¢ is defined over F, it follows that
0:(op(x)) = 0. Therefore, 0,(m) = 0,(§). Since dim¢ < 2" and §,(§) €
I"1(F(x)), the Arason-Pfister Hauptsatz shows that d,(m) = 0. Therefore,
m € Wy (F(X)/F). O

Corollary 6.3. Let X be a smooth F-variety and ¢ be a quadratic form over
F. Suppose that ¢r(x) is a Pfister neighbor of m € P,(F(X)), where n < 4.
Then e"(m) € H (F(X)/F).

Lemma 6.4. Let ¢ be a quadratic form over F, and let E = F(¢). Let X be a
smooth F'-variety. Suppose that ¢r(x) is an anisotropic n-fold Pfister neighbor
(n < 4). Then one of the following conditions holds:

e the kernel of the natural homomorphism
iryp  Hy (F(X)/F) — H; (E(X)/E)
contains the nonzero element e"(Pf(¢p(x))). In particular, iy /p is not
injective and H” (F(X)/F) # 0.
o H'(F(¢,X)/F) 2 H"(F(X)/F). In particular, H"(F (¢, X)/F) # 0 and
H"(F) # 0.

Proof. Let m = Pf(¢r(x)). By Corollary 6.3, we have e"(7) € H}.(F(X)/F).

Case 1: the element e"(m) is not defined over F. In this case, the element
¢"(m) determines the nonzero element é*(w) € H" (F(X)/F). In particular,
H7 (F(X)/F) # 0. Since ¢r(x) is a Pfister neighbor of 7, we conclude that
is hyperbolic over the function field of ¢r(x). Since the function field of ¢p(x)
coincides with F(X), we see that the element €"(m) maps to zero under the
homomorphism iz, p : H" (F(X)/F) — H" (E(X)/E).

Case 2: the element e"(7) € H"(F (X)) is defined over F. Let A € H"(F)
be an element such that e"(7) = Ap.x). Since 7 is anisotropic, it follows
that e"(m) # 0 (see Theorem 4.1). Hence A ¢ H"(F(X)/F). Since ¢p(x)
is a subform of 7, it follows that 7 x) is hyperbolic. Hence, Ap x) =
e"(mp,x)) = 0. Therefore, A € H*(F(¢, X)/F). Thus, we have proved that A
belongs to the group H"(F (¢, X)/F) but does not belong to H"(F(X)/F).
Since H"(F(¢,X)/F) D H™(F(X)/F), we obtain that H"(F(¢,X)/F) 2
H"(F(X)/F). O

Corollary 6.5. Let I be a field such that H*(F)=0. Let ¢ be a form over F
such that H} (F(¢)/F) = 0. Then for any form ¢ over F, the form ¢p(y is
not an anisotropic 4-fold neighbor. L
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Corollary 6.6. Let F be a field such that HY(F) = 0, and let ¢ be a form of
dimension > 9 over F. Suppose that Tors CH*(X,) = 0 (for ezample, dim ) >
12). Then for any form ¢ over F', the form ¢p(y) is not an anisotropic 4-fold
neighbor.

Proof. Since H*(F) = 0, the form ¢ is not an anisotropic 4-fold neighbor.
By Theorem 5.2, we have |H2 (F(1))/F)| < |Tors CH*(X,)| = 0. Hence,
H}.(F()/F)=0. Now, the required result follows from Corollary 6.5. O

Lemma 6.7. Let F be a field such that HY(F) = 0. Let ¢y, ¢, and 1) be forms

of dimension > 9 such that (¢1)pe) and (¢2)p) are anisotropic 4-fold Pfister
st

neighbors. Then (¢1)rw) ~ (02)F(w) -

Proof. Let m; = Pf((¢i)p(y)) for i = 1,2. By our assumption, the forms m
and 7, are anisotropic. Hence, ¢(m;) and e%(my) are nonzero elements of the
group H* (F(y)/F). Since |H: (F(¢)/F)| < 2 and H*F) = 0, we have
|H2 (F(¢)/F)| < 2. Therefore, e*(m) = e*(my). Thus m = m, and so
(01) Py and (¢2)py) are Pfister neighbors in the same Pfister form. Hence

(D1 @) ~ (02) rw). -

Lemma 6.8. Let ¢ be an anisotropic form of dimension 9 which is not a Pfister
neighbor. Let v be a 4-fold Pfister neighbor. Then ¢py is anisotropic form
which is not a Pfister neighbor.

Proof. The form ¢p(y) is anisotropic in view of Corollary 1.12. Suppose that
®r(yp) is a Pfister neighbor. Let X = X, and I/ = F(¢). By Corollary 4.9, we
have HY(F(¢,X)/F) = H*(F(X)/F). By Corollary 5.5, the homomorphism
H! (F(X)/F) — H! (E(X)/E) is injective. We get a contradiction to the
statement of Lemma 6.4. O

Corollary 6.9. Let ¢ be an essential 9-dimensional form, and ¢ be a 4-fold
Pfister neighbor. Then ¢p(y) is essential.

Proof. Follows from Lemma 6.8 and Lemma 1.5. O

Proposition 6.10. For any field F' there exists a field extension E/F with the
following properties:
(i) E has no nontrivial odd extensions, I*(F) = 0, and H*(F) = 0 (in par-
ticular, cdy(F) < 3),
(i) for any F-form T, we have ind 75 = ind T,
(iii) for any anisotropic 9-dimensional form ¢ which is not a Pfister neighbor,
the form ¢g is also anisotropic and is not a Pfister neighbor.
(iv) for any essential 9-dimensional form ¢ over F, the form ¢ is also essen-
tial,
(v) the homomorphism W (F)/I™(F) — W (E)/I"(E) is injective for all n <
47
(vi) for any 10-dimensional form ¢ with nontrivial discriminant d the form
qu(\/g) s hyperbolic only if P Ja) U hyperbolic.
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Proof. Let us construct the fields
FOCFlC"'CFQiCF2i+1 cC ...

as follows. First, we set F_; = F.

If n = 2i, we define F,, as the maximal odd extension of F,,_;.

If n =2i+ 1, we define F, as the free composite of all fields F,_1(¢), where
1 runs over all 4-fold Pfister forms over F),_;.

Now, we set E = U,>F,,. We claim that E satisfies all needed properties.

(i) By definition, F has no odd extensions. Clearly all 4-fold Pfister forms
over E are isotropic. Hence [*(E) = 0. Therefore H*(E) = 0 and cdy(E) < 3
(see Proposition 4.6.)

(ii) Follows from Lemmas 1.2 and 1.5;

(iii) Follows from Lemmas 1.14 and 6.8;

(iv) Follows from Lemma 1.24 and Corollary 6.9;

(v) Follows from Lemma 1.2 and Corollary 4.5;

(vi) Follows from Corollary 1.7. O

Remark 6.11. It is possible to include many additional properties of the field
extension F/F in the formulation of Proposition 6.10. Here we point out only
the following modification of property (iii) (which has the same proof): Let ¢ be
a 9-dimensional form, and let X be an F-variety such that ¢ p(x) is anisotropic
and is not a Pfister neighbor. Then ¢g(x) is also anisotropic and is not a Pfister
neighbor.

Lemma 6.12. Let E/F be a field extension constructed 5 in Theorem 6.10.
Let ¢ be a form with mazimal splitting satisfying the condition 9 < dim ¢ < 16.
Then

(1) If ¢ is anisotropic and is not a Pfister neighbor, then ¢ is also anisotropic
and is not a Pfister neighbor.

(2) If1 is an F-form such that ¢ p(y is anisotropic and is not a Pfister neigh-
bor, then ¢g(y is also anisotropic and is not a Pfister neighbor.

Proof. (1) Let ¢y be a 9-dimensional subform of ¢. By Theorem 1.11, ¢y ~ ¢

and hence (¢g)g L bp. Replacing ¢ by ¢g, we can assume that dim¢ = 9. In

this case the required statement coincides with Item (iii) of Theorem 6.10.
(2). Taking into account Remark 6.11, one can can give the same proof as

for Ttem (1). O

Proposition 6.13. Let ¢ be an anisotropic form of dimension 9 that is not
a Pfister neighbor. Let v be a form of dimension > 12. Then ¢py) is an
anisotropic form that is not a Pfister neighbor.

Proof. In view of Proposition 6.10, we can assume that H*(F) = 0. By Corol-
lary 1.12, the form ¢p(y) is anisotropic. Now, the required result follows imme-
diately from Corollary 6.6. U

SHere we mean not only the formulation of Theorem 6.10, but also the proof of this

theorem. In all other statements we will refer the reader only to the formulation of Theorem
6.10.
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Corollary 6.14. Let ¢ be an anisotropic form and 1 be a form of dimension
> 12. Suppose that ¢ry is an anisotropic 4-fold Pfister neighbor. Then ¢ is a
4-fold Pfister neighbor.

Proof. Since ¢p(y) is an anisotropic 4-fold Pfister neighbor, it follows that ¢ p(y)
has maximal splitting and 9 < dim¢ < 16. By [H1, Lemma 5], the form ¢
also has maximal splitting. Let ¢ be an arbitrary 9-dimensional subform of ¢.
Since ¢p(y) is a 4-fold Pfister neighbor, it follows that (¢g)r(y) is a 4-fold Pfister
neighbor. By Proposition 6.13, ¢ is a 4-fold neighbor. Since ¢ has maximal
splitting, it follows that (¢o)p(s) is isotropic. Hence ¢ is a 4-fold neighbor. [

Remark 6.15. As it will be shown in the following sections, Proposition 6.13
and Corollary 6.14 cannot be generalized to the case of 12-dimensional forms

0.

7. CONSTRUCTION OF A FIELD WITH u-INVARIANT 9

In this section, we prove Theorems 0.1 and 0.3, and Conjecture 0.10. We
start the proofs with two easy lemmas.

Lemma 7.1. Let ¢, ¥, and vy be forms over F' such that gy, 1s isotropic
(for example, 1o C 1). Suppose that ¢p(y,) is an essential 9-dimensional form.
Then ¢py 15 also essential.

Proof. Let E = F(iy). Since g = tp(y,) is isotropic, it follows that the
extension F(1)/E is purely transcendental. Since ¢r = ¢p(y,) is essential and
E(1)/E is purely transcendental, Lemma 1.24 implies that ¢p(y) is essential.
Since F'(¢) C E(¢), it follows that ¢p(y is also essential. O

Lemma 7.2. Let F be a field such that H*(F) = 0, and let ¢ be an essential
9-dimensional F-form. Let 1 be a form of dimension > 9 such that ¥ ¢ and
Tors CH*(X,) = 0. Then ¢p(y) is an essential form.

Proof. By Theorem 1.13, the form ¢y is anisotropic. Lemma 1.5 shows that
ind ¢pyy > 4. By Corollary 6.6, the form ¢p(y is not a Pfister neighbor.
Therefore, ¢r(y) is an essential form. O

The following theorem is a basic tool in the proof of our main results con-
cerning the u-invariant.

Theorem 7.3. Let ¢ be an essential 9-dimensional form over F. Then for an
F-form 1 of dimension > 9, the following conditions are equivalent:

(1) dim = 9 and there exists k € F* such that ¢ = k¢ (mod I*(F)),
(2) the form ¢p is not essential.

In particular, ¢py) 1s always essential if dim > 10.

Proof. (1)=(2). Let ¢ and k be as in (1). Let ¢y be a 7-dimensional F(¢)-form
such that ¥ py) = o L H. Put m = ¢pyy L —kt)y. Clearly, dim7 = 947 = 16.
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In the Witt ring W(F(¢)), we have m = ¢pp) — ktbg = (¢ — k) py) €
I*(F(v)). By the Arason-Pfister Hauptsatz, 7 € GPy(F(¢)). Since ¢py) C m,
the form ¢p(y) is a Pfister neighbor. Therefore, ¢p () is not an essential form.

(2)=-(1). First of all, we introduce the following notation:

Definition 7.4. Let ¢ and ¢ be forms over F. We will write ¢ ~
(mod I™(F)) if there exists k € F* such that ¢ = k¢ (mod I™(F)). Other-
wise, we write ¢ ¢ ¢ (mod I"(F)).

Remark 7.5. In Definition 7.4 we do not assume that dim ¢ = dim ¢).

Lemma 7.6. Let ¢ be an odd-dimensional form and n > 2. Then for a form
¥ the following conditions are equivalent:

(i) ¢ ~ ¢ (mod I"(F)),

(ii) ¥ = k¢ (mod I"(F)), where k = d+1/d+¢.
Proof. (1)=-(ii). Let z € F* be such that ¢ = x¢ (mod I"(F)). It suffices to
verify that x = di1/de¢ € F*/F*?. Since n > 1 and dim ¢ is odd, it follows
that dim ) is odd. Since n > 2, it follows that di1) = dy(x¢) € F*/F*2. Hence,
v =doy/ded € F*/F*.

(ii)=-(i). Obvious. O

Corollary 7.7. Let ¢ be an odd-dimensional form and let n > 2. Let E/F
be an extension such that the homomorphism W (F)/I"(F) — W(E)/I™"(E) is
injective. Then for any F-form 1, the condition v % ¢ (mod I™(F')) implies
that vg % ¢p (mod I"(E)).

Proof. Suppose that ¥g ~ ¢g (mod I"(E)). By Lemma 7.6, ¢p = kog
(mod I"™(E)), where k = d11)/dy+¢. Since the homomorphism W (F)/I"(F) —
W(E)/I"(FE) is injective, it follows that ¢ = k¢ (mod I™(F')). Hence, ¥ ~ ¢
(mod I™(F')), a contradiction. O

Corollary 7.8. Let ¢ and 1 be odd-dimensional forms such that ¢ &
(mod I*(F)). Then
(a) if E/F is an extension such that W(F)/I*(F) — W(E)/I*(E) is injective,
then ¢ # Yr (mod I*(E)),
(b) if 71,...,Tm are forms of dimension > 9, then Gper.,. . r) % Vr(m,.mm)
(mod I*(F(7))).

Proof. Statement (a) follows from Corollary 7.7; Statement (b) follows from
Statement (a) and Corollary 4.5. O

Lemma 7.9. Let ¢ be an anisotropic form of dimension 10. Then there exists
an extension E/F and a 9-dimensional form 1o C ¢ such that:

(1) for any 9-dimensional form ¢ over F we have ¢ # 1y (mod I*(FE)).
(2) E/F is a purely transcendental field extension.
(3) ind 4y > 4 except for the cases where

— either ¢ € I*(F) and indy < 2,

—or ¢ I*(F) and indvy = 1.
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Proof. We define 1y as the “generic subform of ¢ of codimension 1”. Let us
give the explicit definition of ¥y and E. Let F = F(t) and ¢ = b5 L (—t).
We define F as F (1/;) Since 1; g 1s isotropic, there exists a E-form 1y such that
Up =1y L H. We have

Yo L (t) LH=1p L (t) =vg L (—t) L {t) =g L H.

Hence, ¢ L (t) = 1g. Therefore, 1y is a 9-dimensional subform of ¥g.

(1) Let ¢ be an arbitrary 9-dimensional form over F. We set ¢ = ¢ and
k=ds/dsd. Clearly, k = kt, where k = dstp/dy.

We claim that ¢ % ¢ (mod I*(F)). Indeed, assuming the contrary, we have
Y = k¢ (mod I*'(F)). Then ¢z + (—t) = tkdz (mod I*(F)). Computing the
homomorphism §; (see e.g., [Lam1, Ch.6. Cor.1.6]), we get v» = 0 (mod I*(F)).
Since dim v = 10, Pfister’s theorem shows that ¢ is isotropic, a contradiction.

Since K = F(w) and dim¢ = 11 > 9, Corollary 7.8(2), shows that ¢z £ g
(mod I*(E)). Since ¢p coincides with 1y, in the Witt ring W (E), we have
¢ 7 o (mod I*(E)).

(2) Obvious in view of Lemma 1.22.

(3) Suppose that 1 is not “exceptional”. By Lemma 1.4, ind¢) > 4. By
Lemma 1.5, we have ind ¢y = ind(¢55)) > 4. O

Now, we return to the proof of the implication (2)=-(1) in Theorem 7.3.

We start with the following case:

Case 1. dimvy = 10, ¢ € I*(F), and ind ¢ > 4.

Since dim # 9, we must prove that ¢p is an essential form. Let E/F
and ¢ be as in Lemma 7.9. Since E/F' is purely transcendental, it follows that
¢ is essential and ind¥p = indvy > 4 (see Lemmas 1.2 and 1.24). Replacing
the field F' by F, we can assume that the 9-dimensional form 1/ is defined over
the ground field and ¢ ¢ 1y (mod I*(F)). After this, applying Proposition
6.10 together with Corollary 7.8(a), we can assume that H*(F) = 0. Since
ind)y = ind > 4, Proposition 3.7(iv) shows that Tors CH?(X,,) = 0. Since
¢ 7 by (mod I*(F)), we have ¢ o 1)p. By Lemma 7.2, the form ¢p(y, is
essential. By Lemma 7.1, the form ¢p(y) is also essential.

Case 2. dimv = 10, ¢ € I*(F), and ind¢ < 2.

Since dim®y # 9, we must prove that ¢p( is an essential form. By
Proposition 6.10, we can assume that H*(F) = 0. Our assumption concern-
ing the form v shows that ¢ (up to similarity) can be written in the form
7 L —{u,v)’, where 7' is the pure subform of a 3-fold Pfister form 7 and
(u,v) is the pure subform of {(u,v) (see e.g, [H2, Th. 5.1]). Consider the
subform ¢y = 7" L (u,v) C 9. Since ind¢y = indy < 2 < ind ¢, we have
Yo # ¢. By Lemma 3.12(i), we have Tors CH*(X,,) = 0. By Lemma 7.2, the
form ¢p(y,) is essential. Lemma 7.1 shows the form ¢p(y) is also essential.

Case 3. dim1 = 9. Suppose that ¢ ¢ ¢ (mod I*(F)). We must verify that
Or(yp) 1s essential.
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Let 7 = ¢ L (—d), where d = det. Since 7 € I*(F) and dim7 = 10, the
results of Cases 1 and 2 show that ¢g(-) is an essential form. By Corollary 7.8,
we have @p(r) % Yp@) (mod I*'(F(7))). Hence, replacing F by F(7), we can
assume that 7 is isotropic. Then ¢ has the form ¢ = vy L (d), where 1) is a
8-dimensional form from I*(F'). By Proposition 6.10 and Corollary 7.8(a), we
can assume that H*(F) = 0. All needed properties of ¢ and 1 are preserved.
In particular, we still have ¢ # ¢ (mod I*(F)). Since H*(F) = 0, all 4-fold
Pfister neighbors are isotropic. Hence, we can assume that 1 is not a Pfister
neighbor. Then ¢y ¢ GP3(F') and therefore, ind¢) = ind )y > 2. By Lemma
3.12(ii), we have Tors CH?*(X,) = 0. By Lemma 7.2, the form ¢y is essential.

Case 4. dimt > 10. Changing ¢ by a 10-dimensional subform, we can
assume that dimy = 10 (Lemma 7.1). As in Case 1, we can assume that there
exists a 9-dimensional subform 1y C 1 such that 1y % ¢ (mod I*(F)). By Case
3, the form ¢p(y,) is essential. By Lemma 7.1, the form ¢p(y) is also essential.

The proof of Theorem 7.3 is complete. O

Corollary 7.10. Let ¢ be an essential 9-dimensional form, and let ¥y, ..., Uy
be forms of dimension > 9. Then the following conditions are equivalent:

(1) there exists i such that dim; =9 and 1; ~ ¢ (mod I*(F)),
(2) the form ¢ry,, .y, is not essential.

In particular, the form ¢p(y,
1=1,...,m.

Proof. (1)=(2). Obvious in view of Theorem 7.3.

(2)=(1). Suppose that ¢p(y,, v, is not an essential form. Set F, = F,
Fy = F(¢n), F» = F(¢1,19), ..., Fyy = F(¢1,...1,). By our assumption,
¢r, is essential and ¢p, is not. Hence, there exists ¢ > 1 such that ¢p,_, is
essential and ¢, is not essential. Since F; = F;_1(¢;), Theorem 7.3 shows
that dim; = 9 and (¢;)p,_, ~ ¢r,_, (mod I*(F;_1)). Finally, Corollary 7.8(b)
shows that ¢; ~ ¢ (mod I'*(F)). O

wm) 8 always essential if dim; > 10 for all

-----

Proof of Theorem 0.3. Implication (1)=(2) was proved in Section 1.
(2)=-(1). Let us construct the fields

FoCF,C---CFs5 CF301 CF41C...

as follows. First, we set F_; = F.

If n = 37, we define F;, as the maximal odd extension of F},_;.

If n =3i+ 1, we define F,, as the free composite of the fields F,,_;(¢), where
1 runs over all F,,_;-forms of dimension > 10.

If n = 3i+ 2, we define F}, as the free composite of the fields F,,_;(¢), where
1 runs over all 9-dimensional F),_;-forms satisfying the condition ¢ % ¢p, _,
(mod I*(F,_1)).

Induction on n, Lemma 1.14, and Corollary 7.10 show that ¢, is an essential
form for all n. Now, we set £ = U,>oF},. Clearly, ¢p is an essential form. In
particular, ¢p is anisotropic. Hence u(E) > dim¢ = 9. By the definition
of Fy;yq, all 10-dimensional forms over E are isotropic. Hence, u(F) = 9.
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Therefore I*(E) = 0. By the definition of F3;, 9, each anisotropic 9-dimensional
form v over E satisfies the condition 1 ~ ¢p (mod I*(E)). Since I*(E) = 0,
we have 1) ~ ¢g. Clearly, ' has no odd extensions. Taking into account the
equation I*(E) = 0, we conclude that cdy(FE) < 3 (see Proposition 4.6). Now,
it suffices to verify that cds(FE) £ 2. Indeed, assuming the contrary, we obtain
I*(E) = 0. In this case, [Laml, Ch. 11, Lemma 4.9] claims that u(E) is even.
We get a contradiction. O

Proof of Theorem 0.1. By Theorem 0.3, it suffices to construct at least one
example of a 9-dimension essential form. We present here the following exam-
ple: Let Fy be an arbitrary field and F' = Fy((t1))...((t9)). We define ¢ as
(t1,...,t9). An easy computation using Tignol’s Theorem (see Corollary 1.4)
shows that ind ¢ = 16. By Springer’s theorem, ¢ is anisotropic. Now, it suf-
fices to prove that ¢ is not a Pfister neighbor. Assume the contrary. Let pu
be the complementary 7-dimensional form. Since ¢ L u € GPy(F), it follows
that ¢ = —p (mod I*(F)) and hence ind ¢ = ind p. Since dim p = 7, we have
ind ;4 < 8, a contradiction. O

At the end of this section we present a proof of Conjecture 0.10. ©

Proof of Conjecture 0.10. Let ¢ be an anisotropic 10-dimensional form with
maximal splitting. We can assume that ¢ is not a Pfister neighbor. We must
prove that ¢ ~ ((d)) ® T for a suitable d € F* and a 5-dimensional form 7. Let
us consider the following three cases.

Case 1: ¢ € I*(F). Since all 10-dimensional forms from I*(F) with maximal
splitting are necessarily Pfister neighbors (see the last Item of Theorem 1.10),
we get a contradiction to our assumption.

Case 2: ¢ ¢ I*(F) and ind¢ = 1. Let d = det ¢ and L = F(\/d). Since ¢, €
I*’(L) and ind ¢, = ind ¢ = 1, it follows that ¢;, € I*(L). By Pfister’s theorem
the form ¢, is isotropic. Since ¢ has maximal splitting, we have dim(¢y,)q, < 6.
Then the Arason—Pfister Hauptsatz implies that ¢y, is hyperbolic. Therefore, ¢
is divisible by ((d)). Hence ¢ has the form {(d)) ® 7 with dim 7 = 5.

Case 3: ¢ ¢ I*(F) and ind¢ > 2. By Lemma 7.9, there exists a purely
transcendental extension E/F and a 9-dimensional subform ¢y C ¢p with
ind ¢y > 4. Since ¢ has maximal splitting, the form (¢o)g(g) is isotropic. As-
sume that ¢, is a Pfister neighbor. Since (¢o)pg(g) is isotropic, it follows that
¢ is a Pfister neighbor. Since E/F is unirational, ¢ is also a Pfister neighbor
(Lemma 1.23). We get a contradiction. Hence ¢ is not a Pfister neighbor.

Then ¢q is an essential E-form. Since dim¢p = 10, it follows from Theo-
rem 7.3 that (¢o)g(e) is anisotropic. We get a contradiction, and the proof is
complete. O

8. SPECIAL PAIR OF FORMS: DEFINITION AND BASIC PROPERTIES

The main goal of this section is to study the properties of some specific class of
pairs of forms. We will call these pairs special (see Definition 8.3 below). Since

6This conjecture was proved in [Izh3] in the case when char F = 0 and /—1 € F*.
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many basic properties of special pairs are closely related to linkage properties
of Pfister forms, we recall some results of R. Elman and T. Y. Lam on this
subject.

Theorem 8.1. ([EL3, §4]) 7 Let 7y € B, (F) and 15 € P, (F).

(1) Let k € F* be such that the form 7 L —kmy is isotropic. Then the forms
(11 L —k72)an and (11 L —79) 4y are similar. In particular,

dim(my L —k7)an = dim(7y L —72)an.

(2) Let p € P,(F), p € P,(F), and v € Pi(F) be such that m ~ p ® pu,
Ty~ p®vu, and m,k > 0. Let i/ and V' be the pure subforms of u and v.
Then

— either (11 L —79)an ~ p® (¢ L =) (in particular, this means that
the form p ® (u' L —v') is anisotropic),

— or there exist g € Py 1(F), vy € Pr1(F), and d € F* such that
T~ p @ (d) ® po and 72 >~ p @ (d)) ® vo.

Lemma 8.2. Let p = T7®q, where q is an Albert form and T € P,(F'). Suppose
that there exists a form p such that dimp < dim p and p = p (mod I""3(F)).
Then the form p is isotropic.

Proof. Assume that p is anisotropic. Then 7 is anisotropic. We obviously have
p € I"2(F). Since p = p (mod I""3(F)), we also have p € I""?(F). Clearly,
dimp < dimp = 6 - 2" < 2"*3,

If we assume that p is hyperbolic, we get p = p = 0 (mod I"™3(F)). Since
dim p < 2""3, the Arason—Pfister Hauptsatz shows that p is hyperbolic. We
get a contradiction. Hence, p is not hyperbolic. Changing p by its anisotropic
part, we can assume that p is non-zero and anisotropic.

We have pp(;) = ppi) =0 (mod I""3(F)). Since dim p < 2"*3, the Arason—
Pfister Hauptsatz shows that pp(;) is hyperbolic. Hence there exists a form A
such that p = 7 ® A. Since dim7 = 2" and dimp < dimp = 6 - 2", it follows
that dim A < 6. First, consider the case when dim A is odd. Then (1) = A
(mod I(F)) and we have 7 =7® A = p =0 (mod I""!(F)). Since dim 7 = 2",
the Arason-Pfister Hauptsatz shows that 7 is hyperbolic, a contradiction. Now,
we can assume that dim A is even. Since dim A < 6, we have dim A < 4. Hence,
dimp = dim(r @ \) < 2" -4 = 2""2 Since p € [""*(F), the Arason-Pfister
Hauptsatz implies that p € GP,,o(F). Therefore, dimp = 2"*2 and the form
pr(z) 1s hyperbolic. Hence pp(z = prp) = 0 (mod I"(F(p))). Since dimp <
273 the Arason-Pfister Hauptsatz shows that the form pp(z is hyperbolic.
Hence, the form p is divisible by p. On the other hand, dimp = 6 - 2" is not
divisible by dim p = 2"*2, a contradiction. O

"For the proof of the first statement, see the proof of Theorem 4.5 in [EL3] or [H4, Lemma
3.2]. The proof of the second statement is the same as Step 2 of the proof of Proposition 4.4
in [EL3].



FIELDS OF U-INVARIANT 9 31

Definition 8.3. Let n and m be integers such that n > 0 and m > 2. We
say that (p, po) is an (n,m)-special pair of forms if there exist u,v € F* and
T € Py(F), p € Py(F) such that

pTe (@ L—{(uv)) and  po=T® W L (uv)),
where i/ and ((u,v))" are the pure subforms of y and {(u, v)).
Our interest in special pairs is motivated by the following conjecture.

Conjecture 8.4. Let s be a positive integer and ¢ be an F-form such that:

® ¢ is not an s-fold Pfister neighbor,
o dim¢ > 21 and H:, (F(¢)/F) # 0.

Then H? (F(¢)/F) ~ Z/2Z and there exists an (n,m)-special pair (p, po) with
the following properties:

i)n>0,m>2, andm+n+1=s,

(ii) pr(g) is isotropic and (po)r(e) s anisotropic,

(iii) the group Hz,.(F(¢)/F) is generated by é*(Pf((po)r(e)))-

Remark 8.5. (1) If s < 2, then the group H?,(F(¢)/F) is zero for all non
Pfister neighbors ¢ (see [KRS1, Th. 4 and Prop. 3|). Hence, in this case
the conjecture is obvious. We also note that for s < 2 there are no integers
n and m satisfying condition (i).

(2) In the case s = 3, the conjecture follows easily from the results of [Kah3]
and [KRS1]. See also the following section: Example 9.2 and the proof of
Lemma 9.5.

(3) In the case s = 4, the conjecture will be proved in Section 12.

(4) In this section, we show (Theorem 8.6(2)) that condition (ii) of Conjecture
8.4 implies that (pg)r(s) is an anisotropic s-fold Pfister neighbor. Hence
Pf((po)r(s)) is an anisotropic s-fold Pfister form.

In this section, we study the properties of (n, m)-special pairs. Let us start
with the following obvious observation: if (p, pg) is an (n, m)-special pair over
F, then (pr, (po)r) is an (n, m)-special pair over L for any field extension L/F.

All basic properties of (n, m)-special pair of forms are collected in the follow-
ing theorem.

Theorem 8.6. Let n and m be integers such that n > 0 and m > 2. Let (p, po)
be an (n, m)-special pair of forms. Then
(1) dimpy = 2"(2™ + 1), dimp = 2"(2™ + 2), and po is a subform of p. In
particular,
2"™ < dim py < dim p < 2™
(2) The following conditions are equivalent:
(a) the form pgy is a Pfister neighbor,
(b) the form p contains an (n + m + 1)-fold Pfister neighbor,
(c) there exists a form p such that dimp < dimp and p = p
(mod I+ (F)),
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(d) the form p is isotropic.
(3) If po is an anisotropic form, then
— po has mazximal splitting,
— p is not a Pfister neighbor,
— (po) (o) s an anisotropic Pfister neighbor.
(4) If p is anisotropic, then i1(p) = 2" and dim(pp(p))an = 2",

Proof. Ttem (1) is obvious.

Let us prove Statement (2).

(a)=-(b). Obvious.

(b)=(c). Suppose that p contains an (n+m+ 1)-fold Pfister neighbor. Then
we can write p in the form p = A L u, where A is an (n +m + 1)-fold Pfister
neighbor. Then there exists a form A such that A L —A € GP141(F). In
particular, A = A (mod I"*™*!(F)). By the definition of Pfister neighbors, we
have dim A < dim A. To complete the proof, it suffices to set p = X L pu.

(c)=(d). Let p be such that dim p < dimp and p = p (mod I"*™(F)).

Set m = (p L —p)an and A = 7@pu. Clearly, 7 € I"™™ T (F)and X € P, ,,,(F).
Since m > 2, we have
dim 7 < dim p +dim j < 2dim p = 2"t (2™ +2) < 2"HH(2™ 4 2m 1) = 3. 2nhm,
We can assume that 7 is a nonhyperbolic form (otherwise, p,, = pan and the
proof is obvious). Since w € I""™*1(F), it follows that dim 7 > 2™l We
have proved 2 - 2"t < dimw < 3. 2"+,

We consider the cases m > 2 and m = 2 separately.

Case 1: m > 2. In the Witt ring, we have p = 7(u — {(u,v))) = A — 7 {(u, v).
Hence pryy = =7 (u,v) p(y)- Therefore, dim(pr(r))an < 272, Taking into
account the inequality 6 < 2™, we have

dim(7p(n))an < dim(pp(a))an + dim p < 22 L dim p
< 2MF2 4 2n(27M 4 2) = 27(6 +2™) < 27T
Since m € ["*"*1(F), the Arason-Pfister Hauptsatz shows that 7p(y is hyper-
bolic. Hence, there exists a form £ such that 7 = A ® £. Since dim A = 2"+
and 22" < dim 7 < 3-2""™ we conclude that dim & = 2. Let us write £ in
the form £ = k (d)). Then 1 = A® & = k7 @ p ® (d)). In the Witt ring W (F')
we have
p=p—m=r1(u—{(uv))—krp{d) =

=71 (l, =k, kd) — 7 (u,v)) =

— (e )+ {d)) — 7, 0) =

= 7(dp = (u, v)) + 7 (K, d)) -
Let p=7® (du L — {(u,v))). Since T7u {(k,d)) € GPyimi2(F), we have p = p
(mod I"*™2(F)). On the other hand, dim p+dim p < dim p+dim p < 2"(2™+
2)427(2m +4) = 27(2m T 4 6) < 27T +2 The Arason-Pfister Hauptsatz shows
that pan = pan- Since dimp < dimp < dimp, it follows that p = 7 ® (du L
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— {(u,v))) is isotropic. Applying Theorem 8.1(1) to the forms 73 = 7 ® p and
7 = 7 ® {(u,v)), we see that p,, is similar to p.,. Hence, pun ~ Pan = Pan-
Since dim p < dim p, the form p is isotropic.

Case 2: m = 2. Since u € P,(F) = Py(F), there exist a,b € F*
such that u = {((@,b). Then p = 7® (¢ L —{u,v)) = 7 ® q, where
q = (—a,—=b,ab,u,v, —uv). Since ¢q is an Albert form, the required statement
follows readily from Lemma 8.2.

(d)=(a). Let us assume that p is isotropic. Applying Theorem 8.1(2) to the
forms 1 = 7 ® p and 5 = 7 ® ((u,v)), we see that there exists d € F* such
that 7 ® (d)) divides the both forms 7 ® p and 7 ® ((u,v)). Thus, there exists
to € Pp_1(F) and k € F* such that 7 ® (d) ® o = 7 @ p and 7 ® ((d, k)) =
T ® (u,v)).

We claim that py is a subform of the Pfister form

T:=7TQ® u® (—uvk)) .
Besides, we claim that the complementary form is equal to
1= ot @ (kyty @ (d) L (~d)).

Since dim py = 2"(2" + 1), dim py = 2"(2™ — 1), and m € Pyimy1(F), it suffices
to verify the equation py + pf, = 7 in the Witt ring. We have
™ —po = 7(p + uokp) — 7(p + (u,v, —1))

= 1(uwvkp + (1, —u, —v))

= wot(kp + (uv, —v, —u))

= wr(kp + (u, v) — (1))

= wot (kpo (d)) + (d, k) — (1))

= uvt(kpg (d)) + (=d))

= Pl
The proof of Item (2) is complete. To prove Item (3), we need the following

lemma.

Lemma 8.7. Let ¢ =7 @ v, where T is an n-fold Pfister form. Let L/F be an
arbitrary extension such that T, is anisotropic. Then iw (¢r) is divisible by 2".

Proof. Since ¢r(;) is hyperbolic, there exists an L-form ~ such that (¢1)en =
71, ®~. In the Witt ring W (L), we have 7, - (v, —~) = 0. Since 7, # 0 € W (L),
(v, —7) is a zero-divisor in W(L). By [Lam1, Ch. VIII, Cor. 6.7], dim v —dim~y
is even. Hence dim ¢ — dim(¢r )., = 2"(dimv — dim~) is divisible by 2"*1,
Therefore, iy (¢r) is divisible by 2". O

Corollary 8.8. Let ¢ = 7 ® v be an anisotropic form, where T is an n-fold
Pfister form and dimv > 2. Then i1(¢) is divisible by 2.

Proof. Since ¢ is anisotropic, 7 is also anisotropic. Since dimv > 2, we have
dim¢ > dim7. The Cassels-Pfister subform theorem shows that 7p) is
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anisotropic. Now, Lemma 8.7 shows that i1(¢) = iw(¢dr)) is divisible by
A 0

Corollary 8.9. Let ¢ = 7 ® v be an amisotropic form, where T is an n-fold
Pfister form and dimv = 2™ + 1. Then ¢ has mazimal splitting (i.e., i1(¢) =
2m).

Proof. Since dim ¢ = 2"+t 42", Theorem 1.10 shows that 1 <;(¢) < 2". From
Corollary 8.8 it follows that i;(¢) is divisible by 2". Hence i,(¢) = 2". O

Corollary 8.10. Let ¢ = 7 ® v be an anisotropic form, where T is an n-fold
Pfister form and dimv = 2™ + 2 with m > 1. Then

o cither i1(¢) = 2"t (in this case ¢ has mazimal splitting),
o oriy(¢p) =2" (in this case dAim(Pr(p))an = 2"T").

Proof. Since dim ¢ = 2"t 4271 Theorem 1.10 shows that i;(¢) < 2", From
Corollary 8.8 it follows that i;(¢) is divisible by 2". Hence i;(¢) = 2" or 2".
The rest of the proof is obvious. O

Now, we return to the proof of Item (3) of Theorem 8.6. Here we can assume
that pg is anisotropic. Corollary 8.9 shows that p, has maximal splitting. Now,
we must verify that p is not a Pfister neighbor. Suppose at the moment that
p is a Pfister neighbor of m. Then p, is also a Pfister neighbor of 7. Item (2)
of Theorem 8.6 shows that p is isotropic. Then 7 is isotropic. Since pg is a
neighbor of 7, the form pq is also isotropic. This contradicts our assumption.
Hence p is not a Pfister neighbor.

To complete the proof of Item (3) it suffices to verify that (p)p(,) is an
anisotropic Pfister neighbor. Suppose that (p)p(,) is isotropic. Since py has
maximal splitting, p also has maximal splitting (Theorem 1.11). By [H1, Prop.
6] there exists an extension K /F such that pg is an anisotropic Pfister neighbor.
Changing the field F' by K, we can assume that p is an anisotropic Pfister
neighbor. However, we have proved above that p is not a Pfister neighbor, a
contradiction. Hence (pg)p(,) is anisotropic. To prove that (pg)r(, is a Pfister
neighbor, we consider the special pair (pp(p), (po)r(p)). Since pr(,y is isotropic,
Item (2) of the theorem shows that (pg)r(,) is a Pfister neighbor. The proof of
Item (3) is complete.

In the proof of Item (4) of Theorem 8.6, we can assume that p is anisotropic.
By Corollary 8.10, the form p has maximal splitting or i;(p) = 2". If p has max-
imal splitting, then there exists an extension K /F such that px is an anisotropic
Pfister neighbor ([H1, Prop. 6]). This contradicts Item (3) of the theorem. By
Corollary 8.10, we have i;(p) = 2" and dim(pp(y))an = 2""™. The proof of
Theorem 8.6 is complete. O

p

Definition 8.11. We say that a special pair (p, po) is anisotropic, if p (and so
po) is anisotropic.

Lemma 8.12. Let (p, po) be an anisotropic (n,m)-special pair. Then
e p contains no (n+ m + 1)-fold Pfister neighbors,
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e po and p are not Pfister neighbors,
® po is a form with maximal splitting,
® (po)r(p) s an anisotropic Pfister neighbor.

Proof. Obvious in view of Theorem 8.6. O

Proposition 8.13. Let (p, po) be an anisotropic (n, m)-special pair, and (p, po)
be an anisotropic (i, m)-special pair with n +m = n + m. Suppose that pg is
isotropic over the function field of po. Then n = n, m = m, dimp = dim p,
dim po = dim po, p % f, and py ~ fo.

Proof. Since n + m = i + m, we have 2" < dim py, dim gy < 2™+, Since
po and pg have maximal splitting and py is isotropic over the function field of
po, Theorem 1.11 shows that pg z 0o-

By Lemma 8.12, the form (po)r(, is a Pfister neighbor. Since py 2 po, it
follows that (po)r(,) is also a Pfister neighbor. Applying Theorem 8.6(2) to the
special pair (pp(p), (fo) F(p)), We see that the form pg(,) is isotropic. Analogously,
pr(p) is isotropic. Hence p X j. By Theorem 1.15, dim p—iy(p) = dim p—i1(p).
Taking into account Items (1) and (4) of Theorem 8.6, we have 2"(2"+2)—2" =
27(2™ 4+ 2) — 2™, Since n+m = n+m, we obviously get n =n and m =m. O

9. SPECIAL PAIRS OF DEGREE 4 AND UNRAMIFIED COHOMOLOGY

We recall that if (p,pg) is an (n,m)-special pair, then 2" < dimp, <
dim p < 2™+ When we say that a pair is “(n, m)-special’, we always assume
that n > 0 and m > 2.

Definition 9.1. Let (p, po) be an (n, m)-special pair. We define the degree of
(p, po) by the formula deg(p, po) =n +m + 1.

Since n > 0 and m > 0, the degree d of any special pair satisfies the condition
d=n+m+12>3.

Example 9.2. Let us consider special pairs of degree 3. Since n > 0, m > 2,
and n+m+1 = 3, we obviously have n = 0 and m = 2. In this case, 7 € By(F)
and p € Po(F'). Hence 7 = (1) and p is of the form p = ((s,7)). Then we get
p={s.1) L —(uv) = (=s,—rsruv,—uw),
Po = <<S7 T»I 1 <u7 U> - = <_S7 -, sr,u, U>

Thus, p is an Albert form, and py is a 5-dimensional subform of p.

In what follows, we are interested in the case when the degree is equal to 4.
Since m > 2 and n > 0, we have exactly two possibilities for special pairs of
degree 4, namely:

(i) n=1and m =2,

(ii) n =0 and m = 3.
Let us consider consider these cases separately.
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Example 9.3. Let n =1 and m = 2. In this case, 7 € Pi(F) and p € Py(F).
Then we can write 7 and u in the forms 7 = ((a)) and p = {(s,r)). We obtain

p={a) ® ({s.,r)" L = (u,v)) = {a) ® (=s, =1, s7,u,0, —uv),
po = {a) ® ({s,r)" L (u,v)) = {a) @ (=s,—r,s7,u,0).

We will say that p is a special 12-dimensional form and pq is a special subform
of p.

Example 9.4. Let n =0 and m = 3. In this case, 7 € Fy(F') and p € P3(F).
Then 7 = (1) and p can be written in the form p = {(a, b, c)). We get

p = <<CL, b, C>>/ 1 - <<u7 U>>/ )
Po = <<a7 b, C>>I 1 <u’ U> )

We will say that p is a special 10-dimensional form and py is a special 9-
dimensional subform of p.

Lemma 9.5. Let (p, po) be an anisotropic special pair of degree 4 (in particular,
9 <dimpy < dimp < 16). Then H. (F(p)/F) =7Z/27Z.

Proof. By Lemma 8.12, the form (py)r(,) is an anisotropic 4-fold neighbor.
Now, we apply Lemma 6.4. This lemma (in particular) shows that either
112 (F(p)/ F) # 0 ot H(F(po, )/ F) £ 0.

We claim that H*(F(po, p)/F) = 0. To prove this, we note that py C p, and
hence H*(F(po, p)/F) = H*(F(py)/F). Since p is anisotropic, it follows that pg
is not a Pfister neighbor (Lemma 8.12). Hence H*(F(py)/F) = 0 and therefore
HY(F(po, p)/F) = 0. )

Since H*(F(po, p)/F) = 0, it follows that Hj.(F(p)/F) # 0. Now, the lemma
follows from Theorem 5.2. U

Now, we need the following well-known statement.

Lemma 9.6. e (Pfister, [Pf2, Satz 14]). Let p be a 12-dimensional form
from I3(F). Then there exist a,s,r,u,v € F* such that p is similar to the
form

{a)) @ (—=s, —r, sryu, v, —uv) .
In other words, the form p up to similarity coincides with the “special
12-dimensional form” defined in Fxample 9.3.
e (see e.g., [H2, Th.5.1]). Let p be a 10-dimensional form from I*(F) with
ind C(¢) < 2. Then there ezist a,b,c,u,v € F* such that p is similar to

the form

{a.b,c) L —{u,v)".
In other words, the form p up to similarity coincides with the “special
12-dimensional form” defined in Fxample 9.4.

Corollary 9.7. Let p € I*(F) be either an anisotropic 12-dimensional form
with ind p = 1, or an anisotropic 10-dimensional form with ind p = 2. Then p
does not contain 4-fold Pfister neighbors.
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Proof. By Lemma 9.6, we can assume that p is either a special 12-dimensional
form, or a special 10-dimensional form. In any case, Lemma 8.12 shows that p
contains no 4-fold Pfister neighbors. O

Lemma 9.8. Let p be an anisotropic form from I*(F). Suppose also that p is
either a 10-dimensional form with ind p = 2, or a 12-dimensional form with
indp = 1. Then p is not a Pfister neighbor and H: (F(p)/F) = Z/27Z.

Proof. Corollary 9.7 shows that p is not a Pfister neighbor. The isomorphism
HL.(F(p)/F) = 7Z/2Z follows from Lemmas 9.6 and 9.5. O

Corollary 9.9. Let p be an anisotropic 11-dimensional form with ind p = 1.
Then p is not a Pfister neighbor and H: (F(p)/F) = Z/27.

Proof. Since ¢(p) = 1, we obtain from Lemma 1.21(2) that there exists a 12-

dimensional form v € I*(F) such that p 2 ~. Since p is anisotropic, 7 is also
anisotropic. By Lemma 9.8, v is not a Pfister neighbor and H}.(F(v)/F) =

Z./27Z. Since v % p, the proof is complete (see Lemma 5.1). O

Proposition 9.10. Let p be an F-form satisfying one of the following condi-
tions:
(a) dimp =12 and p € I3(F),
(b) dim p =11 and ¢(p) =1,
(c) dimp =10, p € I*(F), and ind C(p) = 2.
Then
o if p is isotropic, then H (F(p)/F) =~ Tors CH*(X,) ~ 0,
e if p is anisotropic, then H2 (F(p)/F) ~ Tors CH}(X,) ~ Z/27.
In any case, the homomorphism e : H: (F(p)/F) — Tors CH*(X,) is an iso-
morphism.

Proof. It p is isotropic, then the proposition is trivial in view of Corollary 3.3
and Lemma 5.1. Hence, we can assume that p is anisotropic. By Lemma 9.8 and
Corollary 9.9, the form p is not a Pfister neighbor and H2 (F(p)/F) = Z./27.
The claim follows now from Corollary 5.3. O

Corollary 9.11. Let ¢ be a quadratic form of dimension > 10. If dim ¢ = 10
we suppose in addition that ind ¢ # 1. Then
(i) the homomorphism € : H: (F(¢)/F) — Tors CH*(X,) is surjective,
(i) if ¢ is not a Pfister neighbor, then the homomorphism e : HL (F(¢)/F) —
Tors CH?*(Xy) is an isomorphism,
(iil) If ¢ is a Pfister neighbor, then Tors CH?(X,) = 0.

Proof. (i) If dim ¢ > 12, then Tors CH*(X) = 0 by Theorem 3.1. Hence we can
assume that dim ¢ = 10, 11, or 12. The standard transfer arguments reduce the
general case to the case where F' has no nontrivial odd extensions. By Lemma
1.16, there exists an extension E/F such that the form p = ¢p satisfies one
of the conditions (a)-(c) of Proposition 9.10, and the homomorphism Ng/p :
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K(Co(pr)) — K(Co(¢)) is surjective. By Proposition 9.10, the homomorphism
¢ : H: (E(¢)/E) — Tors CH?*(X,,) is an isomorphism. By Theorem 3.8, the
homomorphism Ngr : Tors CH*(X,,) — Tors CH?(X}) is surjective.

Clearly, the diagram

Hy;,(E($)/E) ——*—— Tors CH*(X,,)
isomorphism
NE/Fl NE/Flsurjective

H! (F(¢)/F) LN Tors CH?(X,)

is commutative. Hence, the homomorphism € is surjective.

(ii) is obvious in view of Item (i) and Theorem 5.2.

(iii) Since ¢ is a Pfister neighbor, Theorem 5.2(4) shows that the homomor-
phism e is zero. Since ¢ is surjective (Item (i)), we have Tors CH*(X4) = 0. O

10. PROOF OF THE CONJECTURES 0.8 AND 0.9

In this section we prove the conjectures 0.8 and 0.9 (see Theorems 10.5 and
10.6). We start with the following lemma.

Lemma 10.1. Let (p, py) be an anisotropic special pair of degree 4. Let E/F
be the extension constructed in Proposition 6.10 and 1 be an F-form. Then

(1) the special pair (pg, (po)E) is anisotropic,
(2) if pr(y) s anisotropic, then pgy) is also anisotropic,
(3) if dime) > 11, then (po)p(y) @5 anisotropic.

Proof. (1) Since (p, po) is a special pair of degree 4, it follows that py is a form
with maximal splitting and 9 < dim py < 16. By Lemma 8.12, p, is anisotropic
and is not a Pfister neighbor. By Lemma 6.12, (po)g is also anisotropic and is
not a Pfister neighbor. Then Theorem 8.6(2) shows that pg is anisotropic.

(2) The proof is the same as for Item (1).

(3) The form (pg)g is anisotropic and is not a Pfister neighbor (see the proof
of Item (1)). Since py has maximal splitting, it follows that (pg)r has maximal
splitting. Since dim+¢) > 11, Corollary 1.12 shows that (po)g(y) is anisotropic.

U

Lemma 10.2. Let (p, py) be an anisotropic special pair of degree 4, and let 1)
be a form such that ppy) ts isotropic. Then dim < 12. Moreover,

o if dimvy) = 12, then ¢ € I3(F),

o if dimy = 11, then c(¢p) = 1.

Proof. Since pp(y) is isotropic, Theorem 8.6 shows that (pg)r(y) is a Pfister
neighbor. Let E/F be the extension constructed in Proposition 6.10. Obvi-
ously, (po)r(y) is a Pfister neighbor. By Lemma 10.1(3), the form (po) gy is
anisotropic. Hence ¢py) is an anisotropic Pfister neighbor, where ¢ is an arbi-
trary 9-dimensional subform of py. Since H*(FE) = 0, Corollary 6.6 shows that
Tors CH*(X,,,) # 0. By Theorem 3.1, we have dim ¢ < 12.
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Now we consider the case dim 1) = 11. Since Tors CH?(X,,,) # 0, Proposition
3.7(ii) shows that ind 5 = 1. Hence ind¢ = 1 (see Theorem 6.10(ii)).

Now, it suffices to consider the case dim ) = 12. Let 1y be an 11-dimensional
subform of . Since pp(y) is isotropic, it follows that pp(y, is also isotropic.
We have proved above that ind 1)y = 1. Hence ind¢ = 1 and ind ¢y = 1. Since
Tors CH?(Xy,,) # 0, Proposition 3.7(i) shows that d11x = 1. Since ind ¢y = 1,
we have vr € I*(F). Now, Item (v) of Theorem 6.10 shows that ¢ € I*(F).
The proof is complete. O

Lemma 10.3. Let (p,py) be an anisotropic special pair of degree 4, and let
Y be a 12-dimensional form such that ppy is isotropic. Then ¢ € I3(F),

dim p = dimvy = 12, and p 2 .

Proof. By Lemma 10.2, we have 1) € I3(F). Since dim = 12, we can assume
that v is a special 12-dimensional form containing a special 10-dimensional sub-
form 1)y (see Lemma 9.6 and Example 9.3). Clearly, the special pair (1, y) is
anisotropic (since the form pp(y) is isotropic). Now, let E/F be the field exten-
sion constructed in Proposition 6.10. By Lemma 10.1(1), the pairs (pg, (po)Er)
and (g, (Vo)) are anisotropic.

Since pp(yy is isotropic, (po)p(y) is a 4-fold neighbor (Theorem 8.6). By
Lemma 10.1(3), the Pfister neighbor (po) g(y) is anisotropic. By Theorem 8.6(3),

the form (1)g)g(y) is also an anisotropic 4-fold Pfister neighbor. By Lemma 6.7,

we have (Vo) g(y) & (po)E(y)- Hence, (po)Eg(puy) is isotropic. Since 1y C 9, the

form (po) gy, is also isotropic. By Lemma 8.13, pg 2 4y and dim p = dim .
Hence the form t¢p,) is isotropic. By Lemma 10.1(2) ®, the form tp(,) is also

isotropic. Since pp(y) and 1 p(,) are both isotropic, we conclude that p 2 Y. O
Corollary 10.4. Let (p, po) be an anisotropic special pair of degree 4, and let
Y be an 11-dimensional form such that ppy) is isotropic. Then indy = 1,
dimp =12, and p 2 V.

Proof. By Lemma 10.2, we have indiy = 1. By Lemma 1.21(2), there is a
12-dimensional form v € I*(F) such that ¢ 2 7. Since pp(y) is isotropic and
Y 2 7, it follows that pp(,) is isotropic. Lemma 10.3 shows that dim p = 12
and p 2 . Therefore p 2 v 2 Y. O

Theorem 10.5. Let p € I3(F) be an anisotropic 12-dimensional form. Let 1)
be a form such that ¢p(y) is isotropic. Then dim1 < 12. Moreover,

(1) if dimy = 12, then ¢ € I3(F) and 1 < p,

(2) if dimp = 11, then indy) =1 and 9 2 p.
Proof. We can assume that p is a special 12-dimensional form containing a
special 10-dimensional subform pg. By our assumption, the special pair (p, po)

8Here we apply Lemma 10.1(2) for the special pair (¢,10) over the function field of the
form p.
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is anisotropic. Now, the results follow readily from Lemmas 10.2 and 10.3 and
Corollary 10.4 O

Theorem 10.6. Let p € I*(F) be an anisotropic 10-dimensional form with
indC(¢) = 2. Let ¢ be a form of dimension > 10. Then the form ppy) is
anisotropic.

Proof. We can assume that p is a special 10-dimensional form containing a
special 9-dimensional subform py. By Lemma 10.2, dim ¢ < 12. Hence dim vy =
11 or 12. Then Lemma 10.3 and Corollary 10.4 show that dimp = 12, a
contradiction. 0

11. THE ¢rOUP Tors CH?(X,) FOR FORMS ¢ € [%(F)

The main goal of this section is the computation of the group Tors CH?(X )
for all forms ¢ € I*(F'). We start the proof with the following easy lemma.

Lemma 11.1. Let o € I*(F) be a 14-dimensional Pfister neighbor. Then ) is
hyperbolic.

Proof. By our assumption, there exists a 2-dimensional form p such that ¥+pu €
GPy(F) C I*(F). Since ¢ € I*(F), it follows that u € I*(F). Since dim p = 2,
the form g is hyperbolic. Hence 7 is hyperbolic. Therefore ¢ = m — p is also
hyperbolic. O

Corollary 11.2. For any 14-dimensional form ¢ € I*(F), we have
H,.(F(y)/F) = 0.

Proof. The case when v is isotropic is obvious (Lemma 5.1). Now we assume
that ¢ is anisotropic. Then Lemma 11.1 shows that 1) is not a Pfister neighbor.
In this case the statement is proved in Corollary 5.4 O

Lemma 11.3. Let ¢ be a 14-dimensional form from I*(F) and let E = F()).
Then for any form ¢ of dimension > 9, the homomorphism HY (F(¢)/F) —
H! (E(¢)/E) is injective.

Proof. Let X = X4 and Y =Y}, be the projective quadrics corresponding to
the forms ¢ and . Let us consider the commutative diagram

HYF)  —— HY(F(X)) — %Im H(F (x))

! | |

HYF(Y)) ——  HYF(XxY)) —— [ H(FY)()

xeXF(Y) (1)

[ HYF(y) —2= 11 HYFX)(@)

yey ™ YEYrx) M
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Clearly, all columns and rows of this diagram are zero sequences. The homol-
ogy group of the first and the second rows coincide with H2 (F(¢)/F) and
ﬁfw(E (¢)/E) respectively. Thus, we must verify that the homology group of
the first row maps injectively to the homology group of the second row. This
is a formal consequence of the following three properties of the diagram:

(i) the homomorphism « is injective,

(ii) the homomorphism [ is injective,
(iii) the first column of the diagram is an exact sequence.
Let us verify these properties.

(i) By Theorem 4.4, the homomorphism « is not injective only in the case
when 9r(x,) is an anisotropic 4-fold Pfister neighbor, which is impossible in
view of Lemma 11.1.

(ii) The homomorphism [ is injective in view of Theorem 4.4.

(iii) The homology group of the first column equals H2 (F(1))/F). By Corol-
lary 11.2, this group is zero. Hence, the first column is exact. O

Corollary 11.4. For any field F' there exists an extension E/F with the fol-
lowing properties:
(i) all 14-dimensional forms from I*(E) are isotropic;
(ii) for all quadratic forms ¢ over F', we have ind ¢ p = ind ¢,
(i) for all F-forms ¢ of dimension > 9, the homomorphism H2 (F(¢)/F) —
H} (E(¢)/E) is injective.
(iv) for any F-form ¢ of dimension > 9 which is not a 4-fold Pfister neighbor,
the form ¢g is not an anisotropic 4-fold Pfister neighbor.

Proof. Let us construct the fields
F=FKCF,C---CF,C...

as follows. First, we set Fy = F. For n > 1, we define F}, as the free composite
of all fields F,_1(¢), where ¢ runs over all 14-dimensional forms from I3(F).
We set ' = U,>oF,,. We claim that the field E satisfies all required properties.
Indeed, Item (i) follows from the definition of E; Item (ii) follows from Lemma

1.5; Item (iii) follows from Lemma 11.3 and Item (iv) follows from Corollary
6.14. U

Lemma 11.5. Let ¢ be an F-form which is not an anisotropic 4-fold Pfister
neighbor. Suppose also that ¢ satisfies one of the following conditions:

o dim¢ = 10, ¢ € I*(F), and ind ¢ = 4,
o dim¢ =12, ¢ € I*(F), and ind ¢ = 2.

Then H (F(¢)/F) = 0.

Proof. Corollary 11.4 reduces the proof to the case where all 14-dimensional
forms from I3(F) are isotropic. Then Lemma 3.13 shows that Tors CH?(X,) =

0. By Theorem 5.2(3), we have H (F(¢)/F) = 0. O
Corollary 11.6. Let ¢ be an F'-form satisfying one of the following conditions:
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o dim¢ = 10, ¢ € I2(F), and ind ¢ = 4,
o dim¢ =12, ¢ € I2(F), and ind ¢ = 2.
Then Tors CH*(X,) = 0. Moreover, Tors G'K(Xy) = 0 for all i < 3.

Proof. The first statement follows from Lemma 11.5 and items (ii) and (iii) of
Corollary 9.11. The second statement is obvious in view of Theorem 3.1. [

Corollary 11.7. Let ¢ be a form satisfying one of the following conditions:
e dim ¢ = 10 and ind ¢ > 4,
e dim¢ =12 and ind ¢ > 2.

Then Tors CH?*(X,) = 0.

Proof of Corollary 11.7. Corollaries 2.7 and 11.6 show that Tors G'K(X,) = 0
for all i < 3. Hence Tors CH*(X,) = Tors G3K (X,) = 0. O

Proposition 11.8. Let ¢ be an anisotropic quadratic form from I*(F). Then
the group Tors CH3(X¢) s nonzero only in the following cases:

e dim ¢ = 8 and ¢ is similar to a 3-fold Pfister form,

e dim¢ = 10 and ind ¢ = 2,

e dim¢ =12 andind¢ =1 (i.e., ¢ € I3(F)).
In all cases listed above, the group Tors CH?(Xy) is isomorphic to Z /2.

Proof. In case dim ¢ < 8, the proposition is proved in [Karl]. Suppose that
dim ¢ > 8. By Theorem 3.1, we can assume that dim¢ = 10 or 12. If dim ¢ =
10, we necessarily have ind ¢ > 2 (otherwise, the form ¢ is isotropic by Pfister’s
theorem). Now, the required result follows readily from Corollary 11.7 and
Proposition 9.10. H

12. PROOF OF THEOREMS 0.5 AND 0.6

In this section we complete the computation of the third Chow group of
quadrics X for all forms of dimension > 9 (Theorem 0.5). Besides, we prove
our main results concerning unramified cohomology (Theorem 0.6 and Corollary
0.7). In the proofs we will use the following terminology: we say that ¢ is of
type (9-a), or (10-a), etc., if the form ¢ satisfies the corresponding conditions
gwen in the formulation of Theorem 0.5.

Lemma 12.1. Let ¢ be a form of dimension > 9 such that Tors CH?(X,) # 0.
Then ¢ belongs to the list of forms given in Theorem 0.6.

Proof. First, we consider the case when ¢ is isotropic. Corollary 3.4 shows that

e cither dim¢ = 10 and ¢ = m L H, where 7 is similar to an anisotropic
3-fold Pfister form,
e or dim¢ = 9 and ¢ = p L H, where p is an anisotropic 7-dimensional
Pfister neighbor.
Obviously, in the case dim ¢ = 10, the form ¢ has type (10-a). Let us consider
the case dim¢ = 9. Let d € F* be such that 7 = u L (—d) € GP3(F). Then
we have g = p L H=p L (—d,d) =7 L (d). Hence ¢ is of type (9-a).
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In the following, we can assume that ¢ is an anisotropic form. By Theorem
3.1, it suffices to consider the following four cases separately: dim¢ = 9, 10,
11, or 12.

dim ¢ = 12. Since Tors CH*(X,) # 0, Corollary 11.7 shows that ind ¢ = 1.
From Proposition 3.7(i) it follows that ¢ € I*(F). Since ind¢ = 1 and ¢ €
I*(F), we have ¢ € I*(F). Therefore ¢ is of type (12-a).

dim ¢ = 11. Since Tors CH?*(X,) # 0, Proposition 3.7(ii) shows that ind ¢ =
1 and hence ¢ has type (11-a).

dim¢ =10. If ¢ € I*(F), then Proposition 11.8 shows that ind¢ = 2.
We get a form of type (10-b). Now, we can assume that ¢ ¢ I*(F). Then
d=ds+p ¢ F**. By Corollary 3.10, ¢ p(vay 1s not hyperbolic. Proposition 3.7(iii)
and Corollary 11.7 show that ind ¢ = 1. Hence, there exists a ¢ € F** such that
¢ L —c(d) € I*(F) (see, e.g., Lemma 1.19(i)). Now, it suffices to verify
that the 12-dimensional form v = ¢ L —c{(d)) is anisotropic (see Item (10-c)
of Theorem 0.5). Assume the contrary. Then dim~,, < 10 and Corollary 1.9
shows that -y is Witt equivalent to some 7 € GP(F). In the Witt ring W (F') we
have ¢ = v+ c{(d) = 7 + c{(d)). Since dim¢ = 10 = 8 4+ 2 = dim(7 L ¢ {(d))),
it follows that ¢ ~ 7 L c¢{(d)). Since ind7 = 1, Lemma 3.11 shows that
Tors CH?(X,,) = 0. We get a contradiction.

dim ¢ = 9. Proposition 3.7(iv) shows that ind¢ < 2. First, we suppose
that d = det ¢ € Dp(¢). Then ¢ has the form ¢ = 7 L (d), where 7 is an 8-
dimensional form from *(F). Then Lemma 3.12(ii) shows that ind 7 = ind ¢ =
1. Then 7 € GP3(F). We get a form of type (9-a).

Now, we can assume that d = det ¢ ¢ Dp(¢). In this case, the 10-dimensional
form p = ¢ L (—d) € I*(F) is anisotropic. Pfister’s theorem shows that
ind ¢ = ind p # 1. Since ind ¢ < 2, we have ind ¢ = 2. We claim that ¢ has the
type (9-b). We have already proved that ind¢ = 2 and d ¢ Dp(¢). Thus, it
suffices to verify that ¢ contains no 7-dimensional Pfister neighbors. This has
been proved in Lemma 3.12. O

Lemma 12.2. Let ¢ be one of the forms listed in Theorem 0.5. Suppose also
that the form ¢ is not of type (9-a) or (10-a). Then the homomorphism
€ . H (F(¢)/F) — TorsCH*(Xy) is an isomorphism and H: (F($)/F) =~
Tors CH?*(X,) ~ Z/27Z

Proof. It dim ¢ = 11 or 12 the statement is obvious in view of Proposition 9.10.
If dim ¢ = 9 or 10, it suffices to verify the following two properties of the form

o:
(i) ¢ is not a Pfister neighbor,
(i) H,,(F(6)/F) #0.
After this, the lemma will be obvious in view of Corollary 5.3.
Now, let us study the forms case by case.
(9-b). Since d = det¢ ¢ Dp(¢), the form p := ¢ L (—d) is anisotropic.
Clearly, dimp = 10, p € I*(F) and indp = ind ¢ = 2. In view of Lemma 9.6,
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we can assume that p is a “special 10-dimensional form” containing a special
9-dimensional subform py (Example 9.4).

Since ind ¢ = 2, there exists a 3-dimensional form y such that ¢ L pu € I3(F)
(see e.g, Lemma 1.19(ii)). Set p = ¢ L p. Clearly, dimp = 12. First,
we suppose that p is isotropic. Then p is Witt equivalent to some form
m € GP(F) (Corollary 1.9). In the Witt ring, we have ¢ + u = p = 7.
Then m — ¢ = p. Hence, ¢ and 7 contain a common subform of dimension
2(dim7 4+ dim¢ — dimp) = (94 8 — 3) = 7. Therefore, ¢ contains a 7-
dimensional Pfister neighbor of 7. This contradicts condition (9-b). Thus, we
have proved that p is anisotropic. In view of Lemma 9.6, we can assume that
p is a “special 12-dimensional form” which contains a special 10-dimensional
subform py (Example 9.3).

We have constructed two anisotropic special pairs (p, pp) and (p, po) such that
¢ C pand ¢ C p. Corollary 9.7 shows that ¢ is not a Pfister neighbor. We
have realized Item (i) of our plan. Since ¢ C p and ¢ C p, the forms pp(y) and
pr(s) are isotropic. Theorem 8.6 shows that (py)p(s) and (po)r(s) are Pfister
neighbors. We get two elements é*(Pf((po)r(s))) and é*(PL((po)r(g))) of the
group HY (F(¢)/F). If at least one of these elements is nonzero, the proof is
complete (see item (ii) of our plan of the proof).

Thus, we can assume that é*(Pf((po)r(g))) = €*(P{((po)r)) = 0.

Let E/F be the field extension constructed in Proposition 6.10. By Lemma
10.1(1), the forms pgr and pg are anisotropic. Hence, (po)g and (po)r are also
anisotropic. Since H*(E) = 0, we have ¢*(Pf((po)r(s))) = ¢*(PL((po)r@))) =
0 in the group H! (E(¢)/E) C H*(E(¢)) (without “tilde” !). By Theorem
4.1, Pf((po)r(s))) = Pf((Po)r(s)) = 0. This means that both Pfister neighbors
(po)E(e) and (po) k(g are isotropic. Since (pg)p and (po)g are anisotropic forms

with maximal splitting (Theorem 8.6), it follows that (po)s ~ ¢ and (fo)g ~

¢p (see Theorem 1.11). Hence, (o) ~ (fo)z. By Proposition 8.13, we get
dim p = dim p, which contradicts the equations dimp = 10 and dimp = 12.
This completes the proof in case (9-b).

(10-b). In this case the result of the lemma is covered by Proposition 9.10.

(10-c). Let ¢, d, and 7 be as in (10-c). Since dim7 = 12 and 7 € I*(F),
we can assume that 7 is a “special 12-dimensional form” containing a 10-
dimensional special subform 75 (Example 9.3). Since ¢ C 7, Corollary 9.7
shows that ¢ is not a Pfister neighbor. This completes the proof of Item
(i) of our plan. To prove Item (ii), it suffices to verify that the element
e*(PL((70)r(g))) is non-zero in the group H! (F(¢)/F). Assume the contrary,
e*(P((10)r(#))) = 0. Let E/F be the extension constructed in Proposition 6.10.
By Lemma 10.1(1), the form 7 is anisotropic. Hence (7y)g is an anisotropic
form which is not a Pfister neighbor. On the other hand, the form (79)g(y)
is a Pfister neighbor because the form 7p(y) is isotropic. Since H*(E) = 0,
we get e*(PI((70)p(4))) = 0 € H*(E(¢)). Hence, the Pfister neighbor (7))
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is isotropic. Since (79)g is an anisotropic form with maximal splitting, The-
orem 1.11 shows that ¢g also has maximal splitting. Since ind ¢ = 1, it fol-
lows that ¢ /4 € I3(F). Since dim¢ = 10, Pfister’s theorem shows that
P p(yay 18 isotropic. Taking into account that ¢ has maximal splitting, we have
dim(ng(\/g))(m < 6. Now, the Arason-Pfister Hauptsatz implies that ¢p g
is hyperbolic. By Item (vi) of Proposition 6.10, we conclude that ng(\/g) is
hyperbolic. This contradicts condition (10-c). The proof is complete. O

Proof of Theorem 0.6. 1f Tors CH3(X¢) = (, then € is an isomorphism by The-
orem 5.2(3). Now, we can assume that Tors CH?(Xy) # 0. By Lemma 12.1, the
form ¢ belongs to the list of forms given in Theorem 0.5. Since ¢ is anisotropic
and is not a Pfister neighbor, it follows that ¢ is not of type (9-a) or (10-a).
Then Lemma 12.2 completes the proof. U

Lemma 12.3. If ¢ has type (9-a) or (10-a), then Tors CH?(X,) = Z/27Z.

Proof. (9-a). If ¢ = m L (d) is isotropic, then 7 can be written as u L (—d),
where g is a 7-dimensional anisotropic Pfister neighbor. Then ¢ = pu L
(—d,d) = p L H. By Corollary 3.3, we have Tors CH*(X,) = Z/2Z. Now
we can assume that ¢ is anisotropic. Since ind ¢ = 1, we have s = ig(¢) = 4
(Lemma 1.1). By [Karl, Th. 3.8], the set

U = {i| Tors G'K(X,) # 0}

consists exactly of s = 4 elements. Since dim X; = dim¢ — 2 = 7, we have
U c {0,1,...,7}. By Theorem 3.1, Tors G'K(X,;) = 0 for i < 2. Hence,
U C {3,4,5,6,7}. By [Sw], we have Tors G'K(X,) = Tors GoK(X,;) = 0.
Hence, U C {3,4,5,6}. Since U consists of 4 elements, we get U = {3,4,5,6}.
In particular, 3 € U. Hence, Tors CH? X, ~ Tors G*K (X) = Z/2Z.

(10-a). Let ¢ =7 L H, where 7 is similar to an anisotropic Pfister form. In
this case Tors CH?(X,) = Z/2Z in view of Corollary 3.3. O

Proof of Theorem 0.5. The theorem is a formal consequence of Lemmas 12.1
12.2, and 12.3. O

Proof of Corollary 0.7. Let us consider the homomorphisms
H,,(F(¢)/F) % H;,(F(¢)/F,Q/Z(3)) % Tors CH*(X,),
where « is the homomorphism induced by the natural homomorphism

HY(F(¢)) — H'(F(9),Q/Z(3))

and [ is the homomorphism defined in [KRS1, Th.6(1)]. We must prove that
a is surjective. If ¢ is a 4-fold Pfister neighbor or isotropic, then the group
HL.(F(¢)/F,Q/Z(3)) is zero by [KRS1, Th.3(1) and Prop.2.5(a)]. Therefore,
« is surjective. If ¢ is anisotropic and is not a 4-fold Pfister neighbor, then
the composition o « is surjective by Theorem 0.6. By [KRS1, Th.6(1)], the
homomorphism [ is injective. Hence « is surjective. O
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13. FORMS OF HEIGHT 2 AND DEGREE 3

The main goal of this section is to prove Conjecture 0.11 in the case when
n = 3 and char F' = 0. We will use the following theorem of A. Vishik.

Theorem 13.1. (A. Vishik, [Vi3, Vid]). Let F be a field of characteristic zero.
Let ¢ be an even-dimensional F'-form of height 2 and degree d. Then

dim¢=3-291  dim¢ =29, or dim¢ = 2V — 27 for some N > d + 1.

The proof of this theorem depends on Voevodsky’s announced theorem ? that
Milnor’s conjecture is valid ([Vo]). We need below only the following special
case of Theorem 13.1: If ¢ is a form of height 2 and degree 3, then dim ¢ # 14.
This special case was proved by Vishik in his thesis [Vil, Statement 1.2.1] under
the additional hypothesis v/—1 € F™*.

Corollary 13.2. Let F be a field of characteristic 0, and let ¢ € I*(F) be an
anisotropic 14-dimensional form. Then dim(¢ pp))an = 12.

Proof. The form ¢p(y) is nonhyperbolic because ¢ is not similar to a Pfister
form. If dim(¢p(g))an 7# 12, then dim(¢p(g))an < 8 by Pfister’s theorem. Since
¢ € I3(F), we get dim(¢r(p))an € GP3(F(¢)). Hence ht(¢) = 2 and deg ¢ = 3.
However, Theorem 13.1 implies that dim ¢ # 14 for all forms of height 2 and
degree 3, a contradiction. O

Corollary 13.3. Let F be a field of characteristic zero, and T € I*(F) be an
anisotropic form of dimension 12 or 14. Let 1 be a form of dimension > 12.
Then dim(Tpp))an > 12.

Proof. If dim7 = 12, the statement follows from Theorem 10.5. Hence we
can assume that dim7 = 14. By Corollary 13.2, we have dim(7p(;))an = 12.
Applying Theorem 10.5 once again, we see that (TF(T))ML is anisotropic over
the function field of the form ¢ p(;). Hence dim(7p(ry))an = 12. Therefore
dim(TF(w))an Z dim(TF(T7¢))an = 12. ]

Below we will use the following terminology: we say that an element u €
H"(F) is a symbol, if there exist ay,...,a, € F* such that u = (ai,...,a,).

The following lemma is well known (it is an easy consequence of the iso-
morphism H?(F) ~ I*(F)/I*(F) and the “linkage properties” of Pfister forms
[EL3)).

Lemma 13.4. Let u = (ay,ag,a3) + (by,by,b3) € H3(F). The the following
conditions are equivalent:

e the element u is a symbol,
o the form ({(a1,as,as)) L — (b1, ba,b3)))an is zero or belongs to GPs(F).

9More precisely, the proof of Theorem 13.1 is based on the whole technique developed by
Voevodsky in his proof of Milnor conjecture. We also note that, for good forms over a field
of characteristic not 2, this result was proved earlier (see [H5] and [HR, §3]).
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Proposition 13.5. (cf. [Kahl, Prop.5]). Let F be a field of characteristic
zero. Let 1 be an F-form of dimension > 12. Let uw € H3(F) be an element
such that upy s a symbol. Then u is also a symbol.

Proof. Suppose that u is not a symbol. By [Kahl, Prop.5], u is a sum of at
most two symbols. Thus, u = (ay, as, az) + (b1, b, b3) for suitable a;, b; € F*.
Let ¢ = ({a1, az2,a3)) L — (b1, b2,b3)))an. Clearly, dimg < 14. Since u is not a
symbol, Lemma 13.4 shows that dim ¢ > 8. By Pfister’s theorem, dimq > 12.
Hence dimg = 12 or 14. By Lemma 13.3, dim(gp(y))an > 12. By Lemma
13.4, the element up(y) is not a symbol, which contradicts the hypothesis of the
proposition. ]

Proposition 13.6. Let F' be a field of characteristic zero, and ¥ be an F-form
of dimension > 12. Let 7 be a 3-fold Pfister form over F(1)). Suppose also that
xm is unramified for some element x € F()* (i.e., xm € Wy (F(¢¥)/F)). Then
7 is defined over F by a 3-fold Pfister form (i.e., there exists T € P3(F) such
that m ~ TFW’))'

Proof. Since xm € W,,.(F(¢)/F), we have e3(n) = e*(zm) € H3.(F(¥)/F).
Since dim¢ > 8, the homomorphism H?*(F) — H32 (F(¢)/F) is surjective
(see [KRS1, Cor.8(2a)]). Hence, there exists an element u € H?3(F) such
that up = €*(m). Since e*(m) is a symbol, Proposition 13.5 shows that
is also a symbol. Let aj,as,a3 € F* be such that u = (aq,az,as), and let
7 = (a1, as, az)). We have €*(7p(y)) = up) = €*(r). By Theorem 4.1, we have
T = Tp(y). The proof is complete. O

Corollary 13.7. Let F' be a field of characteristic zero and ¢ be a nongood
F-form of degree 3 and height 2. Then dim ¢ < 12.

Proof. Suppose that dim ¢ > 12. Since ¢ has degree 3 and height 2, it follows
that (¢r(s))an € GP3(F(¢)). Hence, there exists m € P3(F(¢)) and x € F()*
such that (¢p(p))an = @m. By definition, zm € Im(W (F) — W(F(¢))). Hence
xm € W, (F(¢)/F). By Proposition 13.6, 7 is defined over F' by a Pfister form.
This contradicts the definition of nongood forms. O

We recall the conjecture of Bruno Kahn concerning the classifications of forms
of height 2.

Conjecture 13.8. (see [Kah2, Conjecture 7]). Let ¢ be a quadratic form of
height 2 and degree n > 2. Then at least one of the following conditions holds:
o (excellent forms) ¢ ~ ap @ 1', where a € F*, p € P,(F) and 7" is the pure
subform of T € Py, (F) with m > 2.
e (good nonexcellent forms) ¢ ~ p @ 1, where p € P,_1(F) and ¢ is a
4-dimensional form.
e (nongood forms) ¢ ~ p ® ~y, where p € P,_o(F) and v is an Albert form.

Theorem 13.9. Let F be a field of characteristic zero. Then Conjecture 13.8
is true forn < 3.
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Proof. M. Knebusch proved Conjecture 13.8 for all excellent forms. B. Kahn
proved Conjecture 13.8 for n = 2 ([Kah2]). Moreover, he proved the second
item of this conjecture (i.e., for good forms) for n = 3 (see [Kah2, Th.2.12]).
To complete the proof of the theorem it suffices to classify nongood forms of
height 2 and degree 3.

Since deg ¢ = 3 and ht(¢) = 2 > 1, we have ¢ € I3(F) and dim¢ > 8. By
Pfister’s theorem, we have dim ¢ > 12. On the other hand, Corollary 13.7 shows
that dim¢ < 12. Hence, ¢ is a 12-dimensional form from I*(F). Therefore,
¢ = {(a)) ® , for suitable a € F* and an Albert form v (Lemma 9.6). O

Corollary 13.10. Let F' be a field of characteristic zero, and let ¢ be an F-
form of degree 2 and height 3. © Then dim¢ # 14. If dim¢ = 16, then
® € GPyoF (i.e. ¢ ~k{(a) @ (n' L (b)), where ' is the pure subform of some
3-fold Pfister form).

Proof. This follows from Theorem 13.9 and [Lag, Th.6]. O]
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