HOMOLOGY STABILTY FOR THE SPECIAL LINEAR GROUP
OF A FIELD AND MILNOR-WITT K-THEORY

KEVIN HUTCHINSON, LIQUN TAO

ABSTRACT. Let F' be a field of characteristic zero and let f; , be the stabiliza-
tion homomorphism H,, (SL;(F'),Z) — H, (SLi+1(F),Z). We prove the following
results: For all n, f;, is an isomorphism if ¢ > n 4 1 and is surjective for t = n,
confirming a conjecture of C-H. Sah. Furthermore if » is odd, then f, , is an iso-
morphism. If n > 1 is even then the cokernel of f,,_1 , is naturally isomorphic to
the nth Milnor-Witt K-group, KMW(F). This answers a question of Jean Barge
and Fabien Morel. If n > 3 is odd there is a natural short exact sequence

0 — Coker(fn_1.,) — KMYV(F) — Ker(fn—1,n-1) — 0.

1. INTRODUCTION

Given a family of groups {G}ieny with natural inclusions G; — Gy11, we say that
the family has homology stability if there exist constants K (n) such that the natural
maps H,(Gy,Z) — H,(G41,7Z) are isomorphisms for t > K(n). The question of
homology stability for families of linear groups over a ring R - general linear groups,
special linear groups, symplectic, orthogonal and unitary groups - has been studied
since the 1970s in connection with applications to algebraic K-theory, algebraic
topology, the scissors congruence problem, and the homology of Lie groups. These
families of linear groups are known to have homology stability at least when the
rings satisfy some appropriate finiteness condition, and in particular in the case of
fields and local rings ([4],[25],[26],[24], [5],[2], [15],[14]). It seems to be a delicate -
but interesting and apparently important - question, however, to decide the minimal
possible value of K (n) for a particular class linear groups (and rings) and the nature
of the obstruction to extending the stability range further.

The best illustration of this last remark are the results of Suslin on the integral
homology of the general linear group of a field in the paper [22]. He proved that,
for an infinite field F', the maps H,(GL;(F),Z) — H,(GLi1(F),Z) are isomor-
phisms for ¢ > n (so that K(n) = n in this case), while the cokernel of the map
H,(GL,-1(F),Z) — H,(GL,(F),Z) is naturally isomorphic to the nth Milnor K-
group, KM(F).In fact, if we let

H,(F) := Coker(H,(GL,,_,(F),Z) — H,(GL.(F),Z)),

his arguments show that there is an isomorphism of graded rings H,(F) = KM(F)
(where the multiplication on the first term comes from direct sum of matrices and
cross product on homology). In particular, the non-negatively graded ring H,(F') is
generated in dimension 1.
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Recent work of Barge and Morel ([1]) suggested that Milnor-Witt K-theory may
play a somewhat analogous role for the homology of the special linear group. The
Milnor-Witt K-theory of F is a Z-graded ring KMW(F) surjecting naturally onto
Milnor K-theory. It arises as a ring of operations in stable motivic homotopy the-
ory. (For a definition see section 2 below, and for more details see [17, 18, 19].)
Let SH,(F) := Coker(H,(SL,—1(F),Z) — H,(SL,(F),Z)) for n > 1, and let
SHy(F) = Z[F*] for convenience. Barge and Morel construct a map of graded
algebras SH (F) — KMW(F) for which the square

SH,(F) — KJ™(F)

l l

H(F) —— KJ(F)

commutes.

A result of Suslin ([23]) implies that the map Hy(SLo(F'),Z) = SHo(F) — KW (F)
is an isomorphism. Since positive-dimensional Milnor-Witt K-theory is generated
by elements of degree 1, it follows that the map of Barge and Morel is surjective in
even dimensions greater than or equal to 2. They ask the question whether it is in
fact an isomorphism in even dimensions.

As to the question of the range of homology stability for the special linear groups
of an infinite field, as far as the authors are aware the most general result to date is
still that of van der Kallen [24], whose results apply to much more general classes
of rings. In the case of a field, he proves homology stability for H,(SL,(F'),Z) in
the range t > 2n 4+ 1. On the other hand, known results when n is small suggest
a much larger range. For example, the theorems of Matsumoto and Moore imply
that the maps Hy(SLi(F'),Z) — Ha(SLiy1(F),Z) are isomorphisms for ¢ > 3 and
are surjective for ¢ = 2. In the paper [21] (Conjecture 2.6), C-H. Sah conjectured
that for an infinite field F' (and more generally for a division algebra with infinite
centre), the homomorphism H,,(SL;(F'),Z) — H,(SL¢+1(F), ) is an isomorphism if
t > n+ 1 and is surjective for t = n.

The present paper addresses the above questions of Barge/Morel and Sah in the case

of a field of characteristic zero. We prove the following results about the homology
stability for special linear groups:

Theorem 1.1. Let F' be a field of characteristic 0. Let f;, be the stabilization
homomorphism H,,(SLy(F'), Z) — H,,(SL11(F), Z)

(1) fen is an isomorphism for t > n+1 and is surjective for t = n.

(2) Ifn is odd f,, is an isomorphism

(3) For even n the cokernel of fn_1., is naturally isomorphic to KW (F).
(4) When n >is odd there is a natural exact sequence

0 — Coker(f,_1.,) — KNW(F) — Ker(fo_1,) — 0.

Proof. The proofs of these statements can be found below as follows:

(1) Corollary 5.11.
(2) Corollary 6.12.
(3) Corollary 6.11.
(4) Corollary 6.13



Homology of SL,(F) 3

O

Our strategy is to adapt Suslin’s argument for the general linear group in [22] to
the case of the special linear group. Suslin’s argument is an ingenious variation on
the method of van der Kallen in [24], in turn based on ideas of Quillen. The broad
idea is to find a highly connected simplicial complex on which the group G; acts and
for which the stabilizers of simplices are (approximately) the groups G,., with r <,
and then to use this to construct a spectral sequence calculating the homology of
the GG, in terms of the homology of the G,. Suslin constructs a family £(n) of such
spectral sequences, calculating the homology of GL,(F'). He constructs partially-
defined products £(n) x £(m) — £(n + m) and then proves some periodicity and
decomposabilty properties which allow him to conclude by an easy induction.

Initially, the attempt to extend these arguments to the case of SL,(F') does not
appear very promising. Two obstacles to extending Suslin’s arguments become
quickly apparent.

The main obstacle is Suslin’s Theorem 1.8 which says that a certain inclusion of a
block diagonal linear group in a block triangular group is a homology isomorphism.
The corresponding statement for subgroups of the special linear group are emphat-
ically false, as elementary calculations easily show. Much of Suslin’s subsequent
results - in particular, the periodicity and decomposability properties of the spectral
sequences &€ (n) and of the graded algebra S,(F") which plays a central role - depend
on this theorem. And, indeed, the analogous spectral sequences and graded algebra
which arise when we replace the general linear with the special linear group do not
have these periodicity and decomposability properties.

However, it turns out - at least when the characteristic is zero - that the failure
of Suslin’s Theorem 1.8 is not fatal. A crucial additional structure is available to
us in the case of the special linear group; almost everything in sight in a Z[F*]-
module. In the analogue of Theorem 1.8, the map of homology groups is a split
inclusion whose cokernel has a completely different character as a Z[F*]-module
than the homology of the block diagonal group. The former is ‘additive ’, while the
latter is ‘multiplicative ’, notions which we define and explore in section 4 below.
This leads us to introduce the concept of ‘AM modules’, which decompose in a
canonical way into a direct sum of an additive factor and a multiplicative factor.
This decomposition is sufficiently canonical that in our graded ring structures the
additive and multiplicative parts are each ideals. By working modulo the messy
additive factors and projecting onto multiplicative parts, we recover an analogue
of Suslin’s Theorem 1.8 (Theorem 4.21 below), which we then use to prove the
necessary periodicity (Theorem 5.10) and decomposability (Theorem 6.8) results.

A second obstacle to emulating the case of the general linear group is the vanishing
of the groups H;(SL,(F'),Z). The algebra H,(F'), according to Suslin’s arguments,
is generated by degree 1. On the other hand, SH,(F) = 0 = H;(SL(F),Z) = 0.
This means that the best we can hope for in the case of the special linear group is
that the algebra SH,(F') is generated by degrees 2 and 3. This indeed turns out to
be essentially the case, but it means we have to work harder to get our induction
off the ground. The necessary arguments in degree n = 2 amount to the Theorem
of Matsumoto and Moore, as well as variations due to Suslin ([23]) and Mazzoleni
([11]). The argument in degree n = 3 was supplied recently in a paper by the present
authors ([8]).
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We make some remarks on the hypothesis of characteristic zero in this paper: This
assumption is used in our definition of AM-modules and the derivation of their
properties in section 4 below. In fact, a careful reading of the proofs in that section
will show that at any given point all that is required is that the prime subfield
be sufficiently large; it must contain an element of order not dividing m for some
appropriate m. Thus in fact our arguments show that our main results on homology
stability for the nth homology group of the special linear groups are true provided
the prime field is sufficiently large (in a way that depends on n). However, we
have not attempted to here to make this more explicit. To do so would make the
statements of the results unappealingly complicated, and we will leave it instead to
a later paper to deal with the case of positive characteristic. We believe that an
appropriate extension of the notion of AM-module will unlock the characteristic
p > 0 case.

As to our restriction to fields rather than more general rings, we note that Daniel
Guin [5] has extended Suslin’s results to a larger class of rings with many units. We
have not yet investigated a similar extension of the results below to this larger class
of rings.

2. NOTATION AND BACKGROUND RESULTS

2.1. Group Rings and Grothendieck-Witt Rings. For a group G, we let Z [G]
denote the corresponding integral group ring. It has an additive Z-basis consisting of
the elements g € GG, and is made into a ring by linearly extending the multiplication
of group elements. In the case that the group G is the multiplicative group, F'*, of
a field F', we will denote the basis elements by (a), for a € F*. We use this notation
in order, for example, to distinguish the elements (1 — a) from 1 — (a), or (—a) from
— (a), and also because it coincides, conveniently for our purposes, with the notation
for generators of the Grothendieck-Witt ring (see below). There is an augmentation
homomorphism € : Z [G] — Z, (g) — 1, whose kernel is the augmentation ideal Zg,
generated by the elements g — 1. Again, if G = F*, we denote these generators by
((a)) = (a) — 1.

The Grothendieck-Witt ring of a field F' is the Grothendieck group, GW(F)), of the
set of isometry classes of nondgenerate symmetric bilinear forms under orthogonal
sum. Tensor product of forms induces a natural multiplication on the group. As
an abstract ring, this can be described as the quotient of the ring Z [F*/(F*)?]
by the ideal generated by the elements ({a)) - ({1 — a)), a # 0,1. (This is just
a mild reformulation of the presentation given in Lam, [9], Chapter II, Theorem
4.1.) Here, the induced ring homomorphism Z [F'*] — Z [F*/(F*)?] — GW(F),
sends (a) to the class of the 1-dimensional form with matrix [a]. This class is
(also) denoted (a). GW(F) is again an augmented ring and the augmentation ideal,
I(F), - also called the fundamental ideal - is generated by Pfister 1-forms, ((a)).
It follows that the n-th power, I"(F), of this ideal is generated by Pfister n-forms
(ars s @) 1= {(a)) -+ ({an).

Now let h := (1) + (—1) = ((—1)) + 2 € GW(F). Then h- I(F) =0, and the Witt
ring of F'is the ring
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Since h — 2 under the augmentation, there is a natural ring homomorphism
W(F) — 7Z/2. The fundamental ideal I(F) of GW(F) maps isomorphically to
the kernel of this ring homomorphism under the map GW(F) — W (F'), and we also
let I(F') denote this ideal.

For n < 0, we define I"(F) := W(F). The graded additive group I*(F) =
{I™(F)}nez is given the structure of a commutative graded ring using the natu-
ral graded multiplication induced from the multiplication on W (F'). In particular,
if we let n € I71(F) be the element corresponding to 1 € W (F), then multiplication
by n: I"™(F) — I"(F) is just the natural inclusion.

2.2. Milnor K-theory and Milnor-Witt K-theory. The Milnor ring of a field
F (see [12]) is the graded ring KM(F) with the following presentation:

Generators: {a} , a € F*, in dimension 1.
Relations:

(a) {ab} = {a} + {b} for all a,b € F*.

(b) {a} - {1l —a} =0foralla e F*\ {1}.
The product {a;}---{a,} in KM(F) is also written {ay,...,a,}. So K)M(F) =7
and KM(F) is an additive group isomorphic to F'*.
We let kM (F) denote the graded ring KM (F)/2 and let i"(F) := I"(F)/I""™(F),
so that i*(F") is a non-negatively graded ring.

In the 1990s, Voevodsky and his collaborators proved a fundamental and deep
theorem - originally conjectured by Milnor ([13]) - relating Milnor K-theory to
quadratic form theory:

Theorem 2.1 ([20]). There is a natural isomorphism of graded rings kM(F) = i*(F)
sending {a} to ((a)).

In particular for alln > 1 we have a natural identification of kM (F) and i"(F) under
which the symbol {ay, ..., a,} corresponds to the class of the form ({a1,..., a,)).

The Milnor-Witt K-theory of a field is the graded ring KMW(F) with the following
presentation (due to F. Morel and M. Hopkins, see [17]):
Generators: [a], a € F*, in dimension 1 and a further generator 7 in dimension —1.
Relations:

(a) [ab] = [a] + [b] + 1 - [a] - [b] for all a,b € F*

(b) [a]-[1 —a] =0 for all a € F*\ {1}

(¢) n-la] = [a] - n for all a € F*

(d) n-h =0, where h =n-[-1]+2 € KY'W(F).
Clearly there is a unique surjective homomorphism of graded rings KMW(F) —
KM(F) sending [a] to {a} and inducing an isomorphism

K3 (F)
(n)

Furthermore, there is a natural surjective homomorphism of graded rings KMV (F) —
I*(F) sending [a] to ((a)) and n to n. Morel shows that there is an induced isomor-
phism of graded rings

~ KM(F).

KW(F)

D = J*(F).
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The main structure theorem on Milnor-Witt K-theory is the following theorem of
Morel:

Theorem 2.2 (Morel, [18]). The commutative square of graded rings
KIW(F) —= KJ(F)

| |

I*(F) k(F)

18 cartesian.

Thus for each n € Z we have an isomorphism
K™ (F) 22 K (F) Xngey I'(F).

It follows that for all n there is a natural short exact sequence

0— I""YF) — KMY(F) - KM(F) -0
where the inclusion I"*(F) — KMW(F) is given by ((a1, ..., ani1)) — nlay] - - - [a,].
Similarly, for n > 0, there is a short exact sequence

0—2KM(F) — KMWY(F) - I"(F) -0
where the inclusion 2KM(F) — KMW(F) is given (for n > 1) by 2{a,...,a,} —
hlay] - - - [a,]. Observe that, when n > 2,

hla][az] -+ [an] = ([a1][az] = [az][a])[as] - - - [an] = [ai][az] - - - [an].

(The first equality follows from Lemma 2.3 (3) below, the second from the obser-
vation that [a?]---[a,] € Ker(KMW(F) — I"(F)) = 2KM(F) and the fact, which
follows from Morel’s theorem, that the composite 2KM(F) — KMW(F) — KM(F)
is the natural inclusion map.)

When n = 0 we have an isomorphism of rings
GW(F) 2 W(F) xz/2 Z = K"V (F).

Under this isomorphism ({a)) corresponds to nfa| and (a) corresponds to nla] + 1.
(Observe that with this identification, h = n[—1] +2 = (1) + (1) € K}YW(F) =
GW(F), as expected.)

Thus each KMW(F) has the structure of a GW(F)-module (and hence also of a
Z [F*]-module), with the action given by ({a)) - ([a1] - - - [an]) = nlalla1] - - - [an]-

We record here some elementary identities in Milnor-Witt K-theory which we will
need below.

Lemma 2.3. Let a,b € F*. The following identities hold in the Milnor- Witt K-
theory of F':

(1) [a][-1] = [a][a].

(2) [ab] = la] + {a)[b].

(3) [allb] = —(=1)[b][a].
Proof.

(1) See, for example, the proof of Lemma 2.7 in [7].

(2) (@)b = (nla] + 1)[b] = nla][b] + [b] = [ab] — [a].
(3) See [7], Lemma 2.7.
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2.3. Homology of Groups. Given a group G and a Z [G]-module M, H, (G, M)
will denote the nth homology group of G with coefficients in the module M. B,(G)
will denote the right bar resolution of G: B,(G) is the free right Z [G]-module with
basis the elements [g1] - - |gn], gi € G. (Bo(G) is isomorphic to Z [G] with generator
the symbol [ ].) The boundary d = d,, : B,,(G) — B,_1(G), n > 1, is given by

n—1

d[g1] - -1ga]) = D (=D)'lgrl - 1il - - 1ga] + (=1)"[gn] - -~ [gn—1] (g} -

i=o0

The augmentation By(G) — Z makes B,(G) into a free resolution of the trivial
Z [G]-module Z, and thus H, (G, M) = H,(B.(G) Q@zc) M).

If Cy = (Cy,d) is a non-negative complex of Z [G]-modules, then E, , := Bo(G)®zq)
C, is a double complex of abelian groups. Each of the two filtrations on £, . gives
a spectral sequence converging to the homology of the total complex of E, ,, which

is by definition, He(G, C). (see, for example, Brown, [3], Chapter VII).
The first spectral sequence has the form

E;%,q = H,(G, Hy(C)) = Hpy(G, O).

In the special case that there is a weak equivalence Cy — Z (the complex consisting
of the trivial module Z concentrated in dimension 0), it follows that He(G,C) =
H.(G,Z).

The second spectral sequence has the form

E;,q = Hp(Ga Cq) = HP+Q<G7 C)-

Thus, if C, is weakly equivalent to Z, this gives a spectral sequence converging to
H.(G,Z).

Our analysis of the homology of special linear groups will exploit the action of
these groups on certain permutation modules. It is straightforward to compute the
map induced on homology groups by a map of permutation modules. We recall the

following basic principles (see, for example, [6]): If G is a group and if X is a G-set,
then Shapiro’s Lemma says that

H,(G,ZIX]) = P H,(G,.2),

yeX/G
the isomorphism being induced by the maps
H,(Gy, Z) — Hy(G, Z[X])
described at the level of chains by

Let X;, 2 = 1,2 be transitive G-sets. Let z; € X; and let H; be the stabiliser of z;,
i=1,2. Let ¢ : Z|X,| — Z[X3] be a map of Z|G]-modules with

o(xq) = Z NggTa, with n, € Z.
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Then the induced map ¢, : Ho(H1,Z) — He(H>, Z) is given by the formula

H ~'H -
(1) ¢‘(Z) = Z ngcorgflngﬂngeSg_lHizﬂHz (g t Z)
gEHI\G/H2

There is an obvious extension of this formula to non-transitive G-sets.

2.4. Homology of SL,(F') and Milnor-Witt K-theory. Let F' be an infinite
field.

The theorem of Matsumoto and Moore ([10], [16]) gives a presentation of the group
Hy(SLo(F),Z). It has the following form: The generators are symbols (aq,a),
a; € F*, subject to the relations:

i) (a1, as) =0 if a; = 1 for some i
(i) (a1, a2) = (a; ", az)
(111) <a1, a2b2> + <CL2, b2> = <CL16L2, b2> + <CL1, CL2>
iv) (

It can be shown that for all n > 2, KMW(F) admits a (generalised) Matsumoto-
Moore presentation:

Theorem 2.4 ([7], Theorem 2.5). For n > 2, KMWV(F) admits the following pre-
sentation as an additive group:

Generators: The elements [a1][ag] - - - [ay], a; € F*.
Relations:
(i) [a1]laz] -« [an] =0 if a; = 1 for some i.
(i) [aa] - [aia]lai] -+ [an] = [aa] -~ [a; ][ai-a] - [an]
(iii) [a1] - - - [an]lanbn]+[an] - - [ans][an][bn] = [a1] - - - [an—van][ba]+]aa] - - [an-1][an]
(iv) [a1] -+ [an—1][an] = [a1] - - - [an—1][—an-1a4]
(v) [a1] - - [an—i]lan] = [a1] - - - [an—1][(1 — an—1)ay]

In particular, it follows that there is a natural isomorphism K}W(F) = Hy(SLy(F), Z).
This fact is essentially due to Suslin ([23]). A more recent proof, which we will need
to invoke below, has been given by Mazzoleni ([11]).

Recall that Suslin ([22]) has constructed a natural surjective homomorphism H,, (GL,(F),Z) —
KM(F) whose kernel is the image of H,(GL,_(F),Z).

In [8], the authors proved that the map H3(SL3(F),Z) — H3(GL3(F'),Z) is injec-
tive, that the image of the composite H3(SL3(F'), Z) — H3(GL3(F),Z) — K}'(F) is
2KY(F) and that the kernel of this composite is precisely the image of H,,(SL,,_1(F'), Z).
In the next section we will construct natural homomorphisms 7},0¢,, : H,, (SL,,(F'), Z) —
KMW(F), in a manner entirely analogous to Suslin’s construction. In particular, the
image of H,,(SL,,—1(F),Z) is contained in the kernel of T, o ¢, and the diagrams

H,(SL,(F), Z) — KMV (F)

| |

H,(GLo(F), Z) —= KM(F)
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commute. It follows that the image of T30 €3 is 2K3(F) ¢ KMW(F), and its kernel
is the image of H3(SLo(F),Z).

3. THE ALGEBRA S(F*)

In this section we introduce a graded algebra functorially associated to F' which
admits a natural homomorphism to Milnor-Witt K-theory and from the homology
of SL,(F). It is the analogue of Suslin’s algebra S,(F') in [23], which admits ho-
momorphisms to Milnor K-theory and from the homology of GL, (F'). However, we
will need to modify this algebra in the later sections below, by projecting onto the
‘multiplicative ” part, in order to derive our results about the homology of SL,,(F).

We say that a finite set of vectors vy, ..., v, in an n-dimensional vector space V' are
in general position if every subset of size min(g, n) is linearly independent.

If vq,...,v, are elements of the n-dimensional vector space V' and if £ is an ordered
basis of V, we let [v1]---|v,]e denote the n x ¢ matrix whose i-th column is the
components of v; with respect to the basis £.

3.1. Definitions. For a field F' and finite-dimensional vector spaces V and W, we
let X, (W, V) denote the set of all ordered p-tuples of the form

<<w17 vl>7 T (wpv vp))
where (w;, v;) € W@V and the v; are in general position. We also define Xo(W, V') :=
0. X,(W,V) is naturally an A(W,V)-module, where
Idy Hom(V,W)

0 GL(V)

Let C,(W,V) = Z[X,(W,V)], the free abelian group with basis the elements of
X, (W, V). We obtain a complex, Co(W, V), of A(W, V)-modules by introducing the
natural simplicial boundary map

AW, V) = ( ) C GL(W @ V)

dps1: Cpn(W V) — G, (W,V)
p+1 ' .
(Wi, v1), .-, (Wpi1, Vpi1)) Z(_l)l+1((wlavl)a---a(wiavi)a---a(wp—l—lavp-i-l))
i=1

Lemma 3.1. If F is infinite, then H,(Co(W,V)) =0 for all p.

Proof. 1f
2= ni((wi,vh), ..., (whvl) € CLW, V)

is a cycle, then since F is infinite, it is possible to choose v € V such that v, vi, ..., v;
are in general position for all . Then z = d,1((—1)Ps,(z)) where s, is the ‘partial
homotopy operator’ defined by

Sp((wr,v1)s .y (Wp,vp)) = ((wr,v1),. .., (Wp,vp), (0,v)) if v,vy,...v, are in general

position, and = 0 otherwise. U

We will assume our field F' is infinite for the remainder of this section. (In later
sections, it will even be assumed to be of characteristic zero.)

If n = dimp (V), we let HW,V) = Ker(d,) = Im(d,41). This is an A(W,V)-
submodule of C,,(W, V). Let S(W, V) := Ho(SA(W, V), H(W,V)) = H(W,V)sawv)
where SA(W, V) .= A(W, V)N SL(W @ V).
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If W' C W, there are natural inclusions X,(W’, V) — X, (W, V) inducing a map of
complexes of A(W’ V)-modules Co(W' V) — Co(W, V).

When W = 0, we will use the notation, X,(V), C,(V), H(V) and S(V) instead of
Xp(07 V)7 CP(07 V)7 H(Ov V) and 8(07 V)

Since, A(W, V) /SA(W, V) = F* any homology group of the form H;(SA(W, V), M)
where M is a A(W,V)-module is naturally a Z[F*]-module: If ¢ € F* and if
g € A(W,V) is any element of determinant a, then the action of a is the map on
homology induced by conjugation by g on A(W, V) and multiplication by g on M.
In particular, the groups S(W, V') are Z[F*]-modules.

Let ey,...,e, denote the standard basis of F™. Given ay,...,a, € F*, we let
lai, ..., a,| denote the class of d,,y1(e1, ..., en, are1+---+aye,) in S(F™). Ifb € F*,
then (b) - |aq,...,a,] is represented by

dpi1(er, ..., be;, ... e are1 + - -abe; - - -+ apey)

for any 7. (As a lifting of b € F*, choose the diagonal matrix with b in the (i,14)-
position and 1 in all other diagonal positions.)

Remark 3.2. Given z = (v1,...,0,,v) € X, 1(F"), let A = [v1]---|v,] € GL,(F)
of determinant det A and let A’ = diag(1,...,1,det A). Then B = A’A~! € SL,(F)
and thus z is in the SL,,(F)-orbit of (ey, ..., e, 1, det Ae,, A'w) with w = A~1v, and
hence d,,1(x) represents the element (det A) [w] in S(F™).

Theorem 3.3. S(F™) has the following presentation as a Z[F*]-module:
Generators: The elements |ay, ..., a,], a; € F*

Relations: For all ay,...,a, € F* and for all by, ... b, € F* with b; # b; fori # j

n
—

[bras, . ban]—Lar, - an] =Y (=)™ {(=1)"a) (a1 (bi—bi),. .., ai(bi — i), ...

i=1
Proof. Taking SL,, (F')-coinvariants of the exact sequence of Z|GL,,(F")]-modules

n+2

d dn
Crsa F") 252 €y (F7) 220 () —
gives the exact sequence of Z[F*]-modules

dn+2 dn+1 ~

Crnio(F")sL,(r) — Cn1(F")sL,(r) — S(F™) — 0.
It is straightforward to verify that
Xy (F™) 2 1T GLn(F) - (eq, ..., en, a)

a=(ai,...,an),a;#0

as a GL, (F)-set. It follows that
Chosr (F™) @ZGL (e1, ..., en,a)

as a Z|GL,(F)]-module, and thus that
Cn+1 SLn(F @ Z 617 D) a)

as a Z[F*]-module.

) a’n(bn_bl)a bl-l .
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Similarly, every element of X, o(F™) is in the GL,(F)-orbit of a unique element
of the form (ey,...,e,,a,b-a) where a = (aq,...,a,) with a; # 0 for all ¢ and b =
(b1,...,b,) with b; # 0 for all ¢ and b; # b; for all i # j, and b-a := (biay, ..., byay).
Thus

Xpo(F™) HGL ~(e1,...,en,a,b-a)
(a,b)
as a GL, (F')-set and
Chi2(F")sL,(r) @Z (e1,...,en,a,b-a)
(a,b)

as a Z[F*]-module.

So d,,+1 induces an isomorphism
DL[F™] - (e1,...,en,a)
(dpyo(er, ... en,a,b-a)l(a,b))

Now d,a(e1,...,€n,a,b-a) =

>~ S(F™).

n

Z(—l)”l(el, ce s €iyeyepyasbha) + (—l)i((el, oo en,boa) — (eq, .. .,en,a)).

i=1

Applying the idea of Remark 3.2 to the terms (eq,...,¢é;,...,€,,a,b-a) in the sum
above, we let M;(a) := [e1]---|é&]| - |en|a] and &; = det M;(a) = (—1)"'a;. Since

1 ... 0 —al/ai 0O ... 0

0 . : S

0 1 —ai_l/ai 0 .0

Mi(a)_l = 0 0 — Q1G4 1 .0

0 0 : 0 . 0

0 0 —an/ai 0 1

0 0 1/a; 0 0
it follows that d,ii(e1,..., 6, ... €en, a,b - a) represents (5;) |w;] € S(F™) where
w; = Mi(a) Y (b-a) = (a1 (by —b;), ..., ai(b; — b;), ..., an(by—b;), ;). This proves the
theorem. 0

3.2. Products. If W/ C W, there is a natural bilinear pairing
C(W, V) x Ce(W) = Cpry(Wa V), (z,y) = zxy
defined on the basis elements by
(Wi, v1), -y (wp, vp)) * (W, .. wy) = ((wi, v1), .-, (W, vp), (w1, 0), ..., (wy, O)) )

This pairing satisfies d, ,(z *y) = d,(x) * y + (—1)Px * d,(y).

Furthermore, if a € A(W',V) € GL(W & V) then (az) xy = a(z x y), and if
a e GL(V) c AW, V) Cc GLIW @ V) and g € GL(W) C GL(W & V), then
(az) % (By) = (o - B)(x *y). (However, if W’ # 0 then the images of A(W’, V) and
GL(W) in GL(W & V') don’t commute.)

In particular, there are induced pairings on homology groups

HW VY@ HW)— HWaV),
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which in turn induce well-defined pairings
S(W', V)@ HW) — S(W,V) and S(V) @ S(W) — S(W & V).

Observe further that this latter pairing is Z[F*]-balanced: If a € F*, z € S(W)
and y € S(V), then ((a) z)xy = x* ((a) y) = (a) (x*y). Thus there is a well-defined
map

S(V) @zppr) S(W) — S(W @ V).

In particular, the groups {H (F™)},>o form a natural graded (associative) algebra,
and the groups {S(F™)},>0 = S(F*) form a graded associative Z[F*]-algebra.
The following explicit formula for the product in S (F*) will be needed below:

Lemma 3.4. Letay,...,a, anday,...,a, beelements of F*. Letby,... b, b},..., b,
be any elements of F* satisfying b; # b; fori # j and b, # b, for s #t.
Then (=1)""™|ay,...,a,] * |a},...,a,,] =

SO0 (<1) a0,y Laa(br = b - ailbs — bi)s - by @V — B, a0 — B, 0]
i=1 j=1

n
—

+(—1 —]_ —]_Z a;) 1a1(01 —05)y...,a4;\0; —0;),...,0;,01Q79, ..., Qa

" o + by —b b —b bi, bia) b,an,
1=1

_'_(_1)” Z(_1>j+1 <<_1)j+1a;‘ Lblalu SRR bnan7 a’/l(b/l o b;)a SRR CL;(b; o b;)a SRR b;—l
j=1

+(=1)"T"bray, . . ., beay, b, Vid), ..., b al ]

rmm

Proof. This is an entirely straightforward calculation using the definition of the
product, Remark 3.2, the matrices M;(a), M;(a’) as in the proof of Theorem 3.3,
and the partial homotopy operators s, with v = (a1by, ..., a,b,,a}by, ... al b ). O

r'mTm

3.3. The maps ey. If dimp (V) = n, then the exact sequence of GL(V')-modules

0— H(V) —= Co(V) —2= 0, 4 (V) 2o 2 (V) = Z—= 0

gives rise to an iterated connecting homomorphism
ev : H,(SL(V),Z) — Ho(SL(V), H(V)) = S(V).

Note that the collection of groups {H, (SL,(F'),Z)} form a graded Z[F*]-algebra
under the graded product induced by exterior product on homology, together with
the obvious direct sum homomorphism SL,,(F') X SL,,(F) — SL,4m(F).

Lemma 3.5. The maps €, : H,(SL,(F),Z) — S(F™), n > 0, give a well-defined
homomorphism of graded Z|F*]-algebras; i.e.

(1) If a € F* and z € H,(SLn(F),Z), then e,({a) z) = (a) €,(2) in S(F™), and
(2) If z € H,,(SL,(F),Z) and w € H,,(SL,,,(F'),Z) then

enim(z X W) = €,(2) * € (w) in S(F™T™).

Proof.
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(1) The exact sequence above is a sequence of GL(V')-modules and hence all of

the connecting homomorphisms §; : H,,_; 11 (SL(V),Im(d;)) — H,,_;(SL(V), Ker(d;))

are F'*-equivariant.
(2) Let CI(V) denote the truncated complex.

G V) = { 0, §> dimp (V)

Thus H(V) — C](V) is a weak equivalence of complexes (where we regard
H (V') as a complex concentrated in dimension dim (V')). Since the complexes
CI(V) are complexes of free abelian groups, it follows that for two vector
spaces V and W, the map H(V) ®z H(W) — T,(V,W) is an equivalence
of complexes, where T,(V, W) is the total complex of the double complex
CI(V) ®z CI(W). Now T,(V,W) is a complex of SL(V) x SL(W)-modules,
and the product * induces a commutative diagram of complexes of SL(V') x
SL(W)-complexes:

HV)®z HW)—CJ(V)®CI (W)

| )

HVaoW) Ci(VeWw)

which, in turn, induces a commutative diagram

H,(SL(V),Z) ® H,,(SL(W), Z) Y2 Hy(SL(V), H(V)) ® Ho(SL(W), H(W))

) A

Hy i (SL(V) x SL(W),Z ® Z) —~ Ho(SL(V)) x SL(W), H(V) @ H(W))

| |

H,sm (SL(V & W), Z) e Ho(SL(V & W), H(V & W))

(where n = dim (V) and m = dim (W)).

Lemma 3.6. If V =W & W’ with W' # 0, then the composite
H, (SL(W), Z) —= H,(SL(V), Z) == §(V')
1S Z€ero.

Proof. The exact sequence of SL(V')-modules
0 — Ker(dy) = C1(V) - Z — 0

is split as a sequence of SL(IW)-modules via the map Z — C1(V), m — m - e where
e is any nonzero element of W’'. It follows that the connecting homomorphism
9 : H,(SL(W),Z) — H,_1(SL(W), Ker(d,)) is zero. O

Let SH,,(F) denote the cokernel of the map H,(SL,—1(F),Z) — Hn(SL,(F), Z). It
follows that the maps €, give well-defined homomorphisms SH,, (F') — S(F™), which
yield a homomorphism of graded Z[F*|-algebras €, : SHo(F) — S(F'*).
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3.4. The maps Dy. Suppose now that W and V are vector spaces and that
dim (V) = n. Fix a basis £ of V. The group A(W, V) acts transitively on X, (W, V)
(with trivial stabilizers), while the orbits of SA(WW, V') are in one-to-one correspon-
dence with the points of F'* via the correspondence

X, (W, V)= F*  ((wy,v1),...,(wn,v,)) — det ([v1] - - |vn]e) -

Thus we have an induced isomorphism
Ho(SA(W, V), Cu(W, V) =~ Z[F*].

Taking SA(W, V')-coinvariants of the inclusion H(W, V) — C,,(W, V) then yields a
homomorphism of Z[F*]-modules

DW,V : S(VV, V) — Z[FX]

In particular, for each n > 1 we have a homomorphism of Z[F*]-modules D,, :
S(F™) — Z[F*].
We will also set Dy : S(F°) = Z — 7Z equal to the identity map. Here Z is a trivial
F>*-module.
We set

Z, n =20

An = Ipx, n odd
ZIF*], n >0 even

We have A,, C Z[F*] for all n and we make A, into a graded algebra by using the
multiplication on Z[F*].

Lemma 3.7.

(1) The image of D, is A,.
(2) The maps Dy : S(F*) — A define a homomorphism of graded Z[F*]-
algebras.

(3) For each n > 0, the surjective map D,, : S(F™) — A, has a Z[F*]-splitting.

Proof.

(1) Consider a generator |ay, ..., a,| of S(F™).
Let eq,...,e, be the standard basis of F™. Let a := aje; + -+ + aye,.

Then
lat, ... an] = dusalen,. .., en a)

= i(—niﬂ(el,...,a,...,en,a)+(—1)n(el,...,en).
Thus h
Dy(lay, ... an]) = i(—l)”l<det([61|-~-|67-|-~-Ien\a])>+(—1)"<1>

_ {_<al>—<—az>+---+<an>—<

() = {a) - {an) ¢

Thus, when n is even, D, (|—1,1,—1,...,—1,1]) = (1) and D,, maps onto
Z[F™].
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When n is odd, clearly, D, (|a1,...,a,|) € Zpx. However, for any a € F*,
D,(la,—1,1,...,—1,11]) = {({a)) € A, = Zpx.
(2) Note that C,(F") = Z|GL,(F)| naturally. Let p be the homomorphism of
additive groups

p 2 ZIGLy (F)] @ Z[GLin (F)] = Z[GLpym(F)],
A 0
A®B — (0 B)

The formula D, 1, (x*y) = Dy(x)- Dy, (y) now follows from the commutative
diagram

H(F")® H(F™) - H(F™m)

Cn(Fn) & Cm(Fm) - Cn+m(Fn+m)

o~ o

Z|GL,(F)] ® Z|GLy (F)] —> Z|GLy i (F)]

ZIF*] @ Z[F*] Z[F~]

(3) When n is even the maps D,, are split surjections, since the image is a free

module of rank 1. }
It is easy to verify that the map D; : S(F) — Ay = Ipx is an isomorphism.
Now let E € S(F?) be any element satisfying Dy(E) = (1) (eg. we can take

E = |[-1,1]). Then for n = 2m + 1 odd, the composite S(F) * E*™ —
S(F™) — Ipx = A, is an isomorphism.

OJ

We will let S(W, V)T = Ker(Dyy). Thus S(F™) = S(F™)T® A, as a Z[F*]-module

by the results above.

Observe that it follows directly from the definitions that the image of €y is contained

in S(V)* for any vector space V.

3.5. The maps T,,.

Lemma 3.8. If n > 2 and by, ...,b, are distinct elements of F'* then

n

[bulba] - - - [bn) = > [br = bi] -+ - [bimy — bil ] [bia — bi] - - - b — bi] i KY™V(F).

=1
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Proof. We will use induction on n starting with n = 2: Suppose that b; # by € F*.

Then
([bl] () {1 - %D (—(bl) [2—?]) by Lemma 2.3 (2)

[br — bo] ([b1] — [b])
= —(by)[b4] {2—?] since [z][1 — 2] =0

[b1]([b1] — [b2]) by Lemma 2.3(2) again
[b1]([—1] — [b2]) by Lemma 2.3 (1)
[b1](—(=1)[=b2]) = [~bo][b1] by Lemma 2.3 (3).

Thus
[01][b2 = b1] 4 [b1 = bo][ba] = —(=1)[b2 — b1][b1] + [b1 — bo][b2]
= —([br — bo] = [=1])[b1] + [b1 — Do][bo]
= —[by — bo]([bu] — [b2]) + [1][b4]
= —[=bo][b1] + [-1][n] = ([-1] — [=ba])[b4]
= —(=1)[b2][b1] = [ba][bo]

proving the case n = 2.

Now suppose that n > 2 and that the result holds for n — 1. Let by, ..., b, be
distinct elements of F'*.We wish to prove that

n—1 n

(z;[bl b ] o ) ] = > bbb
We re-write this as:
S[bl —bi] - [bi] - [bny = 0] ([bn] = [bn — bi]) = [br — by ] - -+ [bp1 — bn][bn].
Now
by =i - [b] -+ - by = BiJ([ba] = [bn = b)) = (=(=1))"""[br — )] —1 — b <
= ({1 - b 1—b<b—b )

So the identity to be proved reduces to

n—1

(01— 80— bl = )] = I = b+ s = ]I

i=1

Letting b = b; — b, for 1 <4 <n —1, then b; — b, :b;»—bg for i,7 <n —1 and this
reduces to the case n — 1. O
Theorem 3.9.

(1) For allmn > 1, there is a well-defined homomorphism of Z|F™*]-modules
T, : S(F™) — KMY(F)
sending |ay, ..., an] to [ay] - - [an).

— [bn

— b))
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(2) The maps {T,,} define a homomorphism of graded Z[F*]-algebras S(F*) —
KMW(F): We have

Trom(z 5 y) = To(z) - Tu(y),  for all z € S(F™),y € S(F™).

Proof.
(1) By Theorem 3.3, in order to show that 7}, is well-defined we must prove the
identity
i) - uaa] ~far] - fa] = 3 (=(=1)"* @) aa(by=b)] - - as{b; = b)) -+ [an (bu=bi] 1]
in KMW(F).
Writing [b;a;] = [a;] + (a;)[b;] and [a;(b; — b;)] = [a;] + (a;)[b; — b;] and

expanding the products on both sides and using (3) of Lemma 2.3 to permute
terms, this identity can be rewritten as

S (D) gy )] ag )] ] =
0£IC{1,....,n}
k

S e o o S~ bl )

0£IC{1,....,n} t=1

where I = {i; < --- < i} and the complement of I is {j; < --- < js} (so
that £ + s = n) and o7 is the permutation

1 ... s s+1 ... n
o Js 11 e g )
The result now follows from the identity of Lemma 3.8.
(2) We can assume that x = |ai,...,a,| and y = |a}, ..., a,, | with a;,a} € F*.

JFrom the definition of T},,,, and the formula of Lemma 3.4,
(=)™ (z x y) =

D2 D (1) asal) far (b= b)) [ b — b)) - b (6 — )] -+ [y (0 — B)] -+ 0]
(=)™ S (1 (1)) [ag(by = b)) -+ ag(B — b)) - - B [Bhad] - - - (Bl

i=1

DI (=1Y 1)) [brar] - - [buag]al (b — B))] -« [a;(b/;?b;)] -~ [b]]

=

3
=

D

J=1

H(=1)"" braa] - - [buan][bi][1a)] - - - [br,a,]

m=m

which factors as X - Y with X =
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and Y =
D (=)= ag) [ah (8 = b)) - - e (¥ —b})]---[b}] + (=)™ ray] - [br,an,]

= (=1)"[a@] -+ - [ay,] = (=1)"T(y) by (1) again.
UJ

Note that 7} is the natural surjective map S(F) 2 Tpx — KMWV(F), |a] < ((a)) —
la]. Tt has a nontrivial kernel in general.

Note furthermore that SHy(F') = HQ(SLQ( ), Z). Tt is well-known ([23],[11], and
[7]) that Ha(SLy(F), Z) = K3N(F) Xy IP(F) = K3™W(F).
In fact we have:

Theorem 3.10. The composite Ty o €5 : Hy(SLy(F), Z) — KMW(F) is an isomor-
phism.

Proof. For p > 1, let X,(F) denote the set of all p-tuples (1,...,z,) of points of
PY(F) and let Xo(F) = . We let C,(F) denote the GLy(F) permutation module
Z[X,(F)] and form a complex C,(F) using the natural simplicial boundary maps,
d,. This complex is acyclic and the map F?\ {0} — P'(F), v + v induces a map
of complexes C,(F?) — C,(F).

Let HQ(F) = Kel‘(dg CQ( ) — él(F)) and let SQ(F) = HQ(SLQ(F), HQ(F))
We obtain a commutative diagram of SLy(F')-modules with exact rows:

Ca(F?) == C5(F?) = H(F?) —0

I

dy = ds

Co(F) ——= C3(F) ——= Ha(F) —=0
Taking SLy(F')-coinvariants gives the diagram

Hy(SLa(F), C4(F2)) —2> Hy(SLy(F), C5(F?)) —2 §(F2) — 0

. X

Ho(SLo(F), Cy(F)) —=r Hy(SLa(F), Csy(F)) —= §y(F) —= 0

Now the calculations of Mazzoleni, [11], show that Ho(SLy(F), C3(F)) = Z[F* /(F*)?]
via

class of (00,0, a) — (a) € Z[F*/(F*)?,
where a € P1(F) = e, + ae; and oo := €. Furthermore So(F) = GW(F) in such a
way that the induced map Z[F*/(F*)?] — GW(F) is the natural one.
Since |a, b| = d3(eq, €9, ae;+bes), it follows that ¢(|a,b]) = (a/b) = (ab) in GW(F).
Associated to the complex C.(F) we have an iterated connecting homomorphism
w : Ho(SLo(F'),Z) — S2(F) = GW(F'). Observe that w = ¢oes. In fact, (Mazzoleni,
[11], Lemma 5) the image of w is I*(F) € GW(F).
On the other hand, the module S (F?)T is generated by the elements
[[a,b]] :== |a,b] — Ds(|a,b]) - E (where E, as above, denotes the element |—1,1]).
Note that Ty([[a, b]]) = Ta(|a, b]) = [a][b] since To(E) = [-1][1] = 0 in KMV (F).
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Furthermore,

¢([[a>b]]) = gb(La’?b-l _DQ(

(using the identity (b) + (—b) = (1) + (—1) in GW(F)).
Using these calculations we thus obtain the commutative diagram

Hy(SLo(F), Z) —2> §(F2)t —2> KMW(F)

I*(F)
Now, the natural embedding F* — SLy(F), a — diag(a,a™ ') := a induces a homo-
morphism, u:
2
N (FX) 2 Hy(F*,Z) — Hy(SLy(F),Z),
anb ([a|5] - [zé|a]) ® 1 € By(SLa(F)) @zpsia(ry Z-

Mazzoleni’s calculations (see [11], Lemma 6) show that u(A* (F*)) = Ker(w) and
that there is an isomorphism p(A* (F*)) =2 2 - K)M(F) given by p(a A b) — 2{a, b}.
On the other hand, a straightforward calculation shows that

ex (p(a A 8) = {a) [b, 1= 15, 1= L1 1 +00) (1,3 1+ Lo, 21 (0) La, =] o= Cag

a

Now by the diagram above,
T5(Cap) = Tole2 (u(a AD))) € Ker(Ky™ (F) — I*(F)) = 2K5'(F).

Recall that the natural embedding 2KM(F) — KMW(F) is given by 2{a,b} —
[a?][b] = [a][b] — [b][a] and the composite

2K (F) — KW (F) —> K)(F)
is the natural inclusion map. Since
1 1 1 1 1 1
R () U B G R R A e )
= {a7 b} - {b7 a’} = 2{&, b}7

it follows that we have a commutative diagram with exact rows

0— (A (F*)) —= Hy(SLy(F), Z) == I*(F) —=0

lg lT l

00— 2KM(F) KMW(F) I2(F) —0

proving the theorem. O
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4. AM-MODULES

. From the results of the last section, it follows that there is a Z[F*]-decomposition
S(F?) =~ KYW(F) @ Z|F¥|&?

It is not difficult to determine that the missing factor is isomorphic to the 1-
dimensional vector space F' (with the tautological F'*-action). However, as we will
see, this extra term will not play any role in the calculations of H,,(SLy(F'),Z).

As Z[F*]-modules, our main objects of interest (Milnor-Witt K-theory, the ho-
mology of the special linear group, the powers of the fundamental ideal in the
Grothendieck-Witt ring) are what we call below ‘multiplicative ’; there exists m > 1
such that, for all a € F*, (a™) acts trivially. This is certainly not true of the vector
space F' above. In this section we formalise this difference, and use this formalism
to prove an analogue of Suslin’s Theorem 1.8 ([23]).

Throughout the remainder of this paper, I is a field of characteristic 0. The prime
subfield will be denoted k; i.e. k= Q.

We will say that a Z[F*|-module M is a simple multiplicative module with parameter
r if there exists r > 1 such that (F*)" acts trivially on M.

Example 4.1. Any trivial Z[F*]-module is a simple multiplicative module with
parameter 1.

Example 4.2. GW(F) is a simple multiplicative module with parameter 2.

Example 4.3. KMWV(F) is a simple multiplicative module with parameter 2, since

it is a GW(F')-module.
Example 4.4. ["(F) is a simple multiplicative module with parameter 2.

Example 4.5. The groups H, (SLx(F'),Z) are simple multiplicative modules with
parameter k (see the proof of Theorem 4.21 below).

We will say that a Z[F*]-module is multiplicative if it admits a filtration by sub-
modules
O=FkMCFMC---CFM=M
such that the quotients
E;M
FiaM

gr, M =
are all simple multiplicative .
Lemma 4.6. Let

0—-M — M — My, —0
be a short exact sequence of Z[F*]|-modules.

(1) If M is multiplicative so are My and M.
(2) If My and My are multiplicative so is M.

Proof. This is clear from the definition. OJ

Lemma 4.7. Let M be a multiplicative Z[F*]-module. Then there exist r,t € N
such that
(Zerye)

M =0
whenever r|s and m > t.
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Proof. If M is a simple multiplicative module with parameter r then
Tipxys - M =0
for any s divisible by 7.
Now suppose that M has a filtration of length ¢ whose associated quotients gr, M

are simple multiplicative with parameters r;. Let » = lem(ry, ..., ;). Then
(Zarye)™ - M =0
for any m >t and s divisible by r. OJ

Let A be a Z[F*]-module which is also a k-vector space. (Recall that &k = Q.) Thus
A is equipped with two (possibly different) Z[k*]-actions:

(1) The action obtained by restricting from Z[F*], which we will denote by
a— (x)aforzek* ac A
(2) The action by scalar multiplication, denoted a — za.

Remark 4.8. Since £ is a prime field, if A; and As are k-vector spaces, any additive
group homomorphism A; — A, is automatically a vector space homomorphism.

We will say that A is a simple additive Z[k*]-module with parameter r if for all
x € (k*)"\ {1} there exists A\, € k* \ {1} such that (z)a = \,a
Example 4.9. Of course, the vector space F' with the natural F'*-action is additive
with parameter 1. We will see other examples below (proof of Theorem 4.21).
We will say that a Z[k*]-module A is additive if A is a k-vector space and A admits
a finite filtration by submodules

O=FRACFHAC---CF,A=A
for which the associated quotients gr; A are simple additive .

Lemma 4.10. Let
0—A —A— A, — 0
be a short exact sequence of Z[F*|-modules which are k-vector spaces.

(1) If A is additive so are Ay and A,.
(2) If Ay and As are additive so is A.

Proof. This is clear from the definition. OJ
Lemma 4.11. If A is an additive Z[k*|-module, then Hy(k*, A) = 0; i.e.
Ikx . A = A

Proof. Choose a filtration of A whose quotients are simple additive with parameters
r1,..., s and let 7 = lem(ry, ..., 7).

Let x € (K*)"\ {1}. (z) — 1 acts on gr;A as multiplication by the nonzero scalar
i = A, —1 € k*. Thus (z) — 1 gives an automorphism of each gr; A, and thus acts
on A itself as an automorphism.

So (x) —1 € Zyx and ((z) —1)A = A.
UJ

Lemma 4.12. Let M be a multiplicative Z[k*]-module and A an additive Z[k*]-
module.
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(1) If f: M — Ais a Z[k*]-module homomorphism, then f = 0.
(2) If g: A — M is a Z[k*]-module homomorphism, then g = 0.

Proof. By the arguments above, we can find x € k* \ {1} and s > 1 such that
((x)—1)*m = 0 for all m € M, while (x)—1, and hence ({x)—1)* is an automorphism
of A. Let b= ((z) — 1)°.
(1) For all m € M, we have 0 = f(0) = f(b-m) = b- f(m), which forces
f(m) = 0.
(2) For all a € A, there exists a’ € A with a = b-a’. Thus g(a) =0 g(a') = 0.
UJ

Corollary 4.13. If B is a Z[k*]-module and if A is an additive submodule and M
a multiplicative submodule, then AN M = 0.

Proof. The identity map of AN M is 0 by Lemma 4.12. O
Lemma 4.14.
(1) If

s

0 M H A 0

is an exact sequence of Z[F*]-modules with M multiplicative and A an ad-
ditive Z[k*|-module, then the sequence splits over Z[F*].
(2) Similarly, if

0 A H M 0

is an exact sequence of Z[F*]-modules with M multiplicative and A an ad-
ditive Z[k*]|-module, then the sequence splits over Z[F*].

Proof.

(1) As above we can find b € Z[k*] such that b- M = 0 and b acts as an
automorphism of A. Then b - H is a Z[F*]-submodule of H and 7 induces
an isomorphism b - H = A.

(2) Choose b as before so that b annihilates M and multiplication by b gives a
Z[F*]-automorphism, « of A. Then b- H = A and the Z[F*]-homomorphism

H — A, h+— a7 1(b- h) splits the sequence.
O
We will say that a Z[F*]-module H is an AM module if there exists a multiplica-

tive Z[F*]-module M and a Z[F*] module A which is additive over Z[k*] and an
isomorphism of Z[F*]-modules H =2 A& M.

Lemma 4.15. Let H be an AM module and let ¢ : H — A® M be an isomorphism
of Z|F*]-modules, with M multiplicative and A additive .

Then
o (A) = U A’ and ¢ (M) = U M

A’CH, A’additive M'C H,M’multiplicative
Proof. Let M' C H be multiplicative. Then the composite

is zero by Lemma 4.12, and thus M’ C ¢~1(M). O
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It follows that the submodules ¢~'(A) and ¢~'(M) are independent of the choice
of ¢, A and M. We will denote the first as H4 and the second as H 4.

Thus if H is an AM module then there is a canonical decomposition H = H 4P H p4,
where H 4 (resp. Hpq) is the maximal additive (resp. multiplicative ) submodule of
H. We have canonical projections

a4 H— Hy, Tm s H — Hpy.

Lemma 4.16. Let H be a AM module. Suppose that H is also a module over a
ring R and that the action of R commutes with that of Z[k*]. Then H4 and H
are R-submodules of H.

Proof. Let r € R. Then the composite

Hy—">H M H oy
is a Z[k*]-homomorphism and thus is 0 by Lemma 4.12. It follows that r- Hy4 C
Ker(my) = Hy. O
Lemma 4.17. Let f : H — H' be a Z[k*]-homomorphism of AM modules.
Then there exist Z[k™|-homomorphisms fa : Hqy — H'g and fyp @ Hy — H' a

such that f = fa® fam-

Suppose that H and H' are modules over a ring R and that the R-action commutes
with the Z[k*]-action in each case. If f is an R-homomorphism, then so are f4 and

fm.
Proof. This is immediate from Lemmas 4.12 and 4.16. U
Lemma 4.18. If

0 Ay .y 0

is a short exact sequence of Z[k*]-modules and if L and K are AM modules, then
so 1s H.

Proof. Let H = m~1(K ). Then the exact sequence
0—L— H— Ky — 0

gives the exact sequence

0 L il K 0
— — = — — 0.
Lym o §(Lm) M
Since L/Ly & L4 is additive , this latter sequence is split, by Lemma 4.14 (2).

So H/j(Lny) is a AM module, and there is a Z[k*]-isomorphism

~ ¢
H/j(Lm) —== La® K.
Let ¢ be the composite
- ~ ¢

Let H,, = ¢~ (L) C H C H. Then, we have an exact sequence

0— Ly — H), — Ky — 0
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so that H,, is multiplicative .

On the other hand, since I;T/Hm >~ L4 and H/ﬁ >~ K4, we have a short exact
sequence

0—>LA—>H——>KA—>O.

m

This implies that H/H,, is additive , and thus H is AM by Lemma 4.14 (1). O

Lemma 4.19. Let (C,,d) be a complex of Z[k*|-modules. If each C,, is AM, then
H.(C) is AM, and furthermore

H, (CA) = H, <C>A
Ha(Cu) = Ha(C),,

Proof. The differentials d decompose as d = d4 ¢ dyq by Lemma 4.17. U

Theorem 4.20. Let (E",d") be a first quadrant spectral sequence of Z[k*|-modules
converging to the Z[k*|-module Hy = {H}, }n>o0-

If for some o > 1 all of the modules ES, are AM, then the same holds for all the
modules E,, , for all r > ry and hence for the modules E;%,.

Furthermore, H, is AM and the spectral sequence decomposes as a direct sum
E"=E4®FE p (r > 19) with E" 4 converging to He 4 and E" ¢ converging to
Hq g

Proof. Since E™' = H(E",d") for all r, the first statement follows from Lemma
4.19.

Since E" is a first quadrant spectral sequence (and, in particular, is bounded), it
follows that for any fixed (p, q), £55 = Ej , for all sufficiently large r. Thus E* is
also AM.

Now H, admits a filtration 0 = FyH, C --- C F,H, = H, with corresponding
quotients gr, H, = E

p—p
Since all the quotients are AM, it follows by Lemma 4.18, together with an induc-
tion on the filtration length, that H,, is AM.

The final two statements follow again from Lemma 4.19. O

If G is a subgroup of GL(V'), we let SG denote G N SL(V).

Theorem 4.21. Let F be a field of characteristic 0.

Let V., W be finite-dimensional vector spaces over F and let Gy C GL(W), Gy C
GL(V) be subgroups and suppose that Gy contains the group F* of scalar matrices.

Let M be a subspace of Homp(V, W) for which GiyM = M = MG,.
Let

0 Go

Then the groups H;(SG,Z) are AM and the natural embedding j : S(G1 x Gg) —
SG induces an isomorphism

HZ(S(Gl X GQ),Z) = HZ(SG,Z)M

G= <G1 M) C GL(W V).
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Proof. We begin by noting that the groups H;(SG, Z) are Z[F*]-modules, and hence
Z[k*]-modules by restriction. The action of F* is derived from the short exact
sequence

det

1 SG G Fx 1
We have a split extension of groups (split by the map j) which is F'*-stable:

0 M SG ——= S(Gy x Gy) —=1.
The resulting Hochschild-Serre spectral sequence has the form
E? = H,(S(G1 x Ga), Hy(M,Z)) = H,,4(SG, Z).
This spectral sequence exists in the category of Z[F*]-modules and thus all differ-
entials and edge homomorphisms are Z[F*]-maps.
Since the map 7 is split by 7 it induces a split surjection on integral homology

groups. Thus
Hn<S<G1 X GQ), Z) = EEL,O = ES?O for all n > 0.

Observe furthermore that the Z[F*|-module H, (S(G; x G3),Z) is multiplicative :
Given a € F'*, the element
(w0
Pa = ( 0 a-IdV) €G

has determinant a™ and centralizes S(G; x G2). It follows that (a™) acts trivially
on H,(S(Gy x Gq),Z) for all n.

Now M is k-vector space and hence so are the groups H,(M,Z) and H,(S(G; x
Gs),H,(M,Z)). We will show that these are additive Z[k*]-modules when ¢ > 0.
For ¢ > 0, H,(M,Z) = N\ (M) and scalar multiplication by A € k on M induces
multiplication by A? om H,(M,Z).

Now if a € k*, then conjugation by p, is trivial on S(G; x G3) but acts on M as
scalar multiplication by a.

It follows that (z™) € Z[kx] acts as scalar multiplication by 2? on H,(M,Z) and
on each of the groups H,(S(G; x G2),H,(M,Z)). Thus, for ¢ > 0, these groups are
additive with parameter m; i.e., all E2q are additive for ¢ > 0. It follows at once
that the groups £ are addltlve for all ¢ > 0. Thus, from the convergence of the
spectral sequence, we have a short exact sequence

0— H — H,(5G,Z) — E;, = j (H.(S(G1 x G2),Z)) — 0

and H has a filtration whose graded quotients are all additive .
So H,(SG,Z) is AM as claimed, and H,,(SG,Z) ,, = H,(S(G1 x G2),Z).
OJ

Corollary 4.22. Suppose that W' C W. Then there is a corresponding inclusion
SA(W', V) — SA(W, V). This inclusion induces an isomorphism

H,(SAW, V), Z) ,, —= Hu(SA(W. V), Z) , = H,(SL(V), Z)

for alln > 0.
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5. THE SPECTRAL SEQUENCES

Recall that F' is a field of characteristic zero and k = Q throughout this section.

In this section we use the complexes Co(W, V') to construct spectral sequences con-
verging to 0 in dimensions less than n = dimp (V), and to S(W,V) in dimension
n. By projecting onto the multiplicative part, we obtain spectral sequences with
good properties: the terms in the E'-page are just the kernels and cokernels of the
stabilization maps f;,, : H,(SLi(F'),Z) — H, (SLy41(F),Z). We then prove that the
higher differentials are all zero. Since the spectral sequences converge to 0 in low
degrees, this already implies the main stability result (Corollary 5.11); the maps f;,,
are isomorphisms for ¢ > n + 1 and are surjective for t = n. The remainder of the
paper is devoted to an analysis of the case t = n — 1, which requires some more
delicate calculations.

Let CJ (W, V) denote the truncated complex.

- (W V), p<dimp (V)
C,(W. V) = { 0, p > dimg (V)

Thus

Hmﬂmvnz{%mwmgiz

where n = dimg (V).

Thus the natural action of SA(W, V') on C] (W, V') gives rise to a spectral sequence
E(W, V) which has the form

Eziq = HP<SA<VV7 V>7 C;—<W7 V)) = HP+Q*H<SA(W7 V)? H(W V))

The groups Cj (W, V) are permutation modules for SA(W, V') and thus the E'-terms
(and the differentials d') can be computed in terms of the homology of stabilizers.

Fix a basis e_{ej,...,e,} of V. Let V,. be the span of {ej, ..., e} and let V] be the
span of {e,_s,...,e,},sothat V=V, @ V! _if0<r <n.

For any 0 < ¢ < n—1, the group SA(W, V) acts transitively on the basis of C7 (W, V)
and the stabilizer of
((0, e1),---, (0, eq))

is SAW @V, V).
Thus, for g <n —1,

By, = Hy(SA(W.V),C{(W,V)) = H,(SAW @ V,., V), Z)
by Shapiro’s Lemma.

By the results in section 4 we have:

Lemma 5.1. The terms E;q in the spectral sequence E(W, V') are AM for q > 0,
and

(Epg) = Hp(SL(V,_,), Z) = Hy(SLy—y(F), Z).

For ¢ = n, the orbits of SA(W, V) on the basis of C] (W, V) are in bijective corre-
spondence with F'* via

((wr,v1), .-, (Wpy vy)) = det ([or] -+ - |vn)e) -
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The stabilizer of any basis element of C7 (W, V') is trivial. Thus

1 Z[FX], p:O
Ep’"_{(), p>0

Of course, E} , =0 for ¢ > n.
The first column of the E'-page of the spectral sequence (W, V) has the form

7, qg<n
E&q =< Z[F*], ¢q=n
0, q>n

and the differentials are easily computed: For ¢ < n
Id is odd

1.l 1 z, 4
dog : Eog = Eoq = { 0, q 1s even

and
augmentation , n odd

d(l]’” 2P~ 2= { 0 n even
It follows that E§, = 0 for ¢ # n and

E2 . :Z-Fx, n odd
On 1 Z[F*], n even

Note that the composite

~ edge

SW, V)< By, € BB, = A,

is just the map Dy of section 3 above.
Lemma 5.2. The map Dw,v is a split surjective homomorphism of Z[F*|-modules.
Proof. If W = 0, this is Lemma 3.7 (1) and (3), since V' = F".

In general the natural map of complexes C] (V') — CJ (W, V') gives rise to a commu-
tative diagram of Z[F*]-modules

S(V) SW,v)

DN e
A,

O

We let S(W, V)t := Ker(Dy,y : S(W, V) — A,), so that S(W, V) = S(W, V)T DA,
for all W, V.

Corollary 5.3. In the spectral sequence E(W, V'), we have Equ = Egy, for allqg > 0.
All higher differentials dj , : Eg , — EJ.

1q4+r QTE ZETO.

It follows that the spectral sequences £(W, V) decompose as a direct sum of two
spectral sequences

EW,V) =W, V)@ EX(W, V)
where E°(W, V) is the first column of £(W, V) and T (W, V) involves only the terms
E, , with ¢ > 0.
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The spectral sequence E°(W, V') converges in degree d to

0, d#n
A,, d=n
The spectral sequence E(W, V) converges in degree d to
Q, d<n
S(W, V), d=n

Hd—ﬂ(SA(VVa V)v H(VV, V))v d>n

By Lemma 5.1 above, all the terms of the spectral sequence E¥(W,V) are AM.
We thus have

Corollary 5.4.

(1) The Z[F*]-modules 5’(V~V, V)T are AM.

(2) The graded submodule S(F*)* , C S(F*) is an ideal.
Proof.

(1) This follows from Theorem 4.20. ) )
(2) This follows from Lemma 4.16, since S(F*)" is an ideal in S(F*) by Lemma
3.7 (2).
U

Corollary 5.5. The natural embedding H(V') — H(W, V') induces an isomorphism
SV) = S(W.V)

Proof. The map of complexes of SL(V')-modules C](V) — CJ(W, V) gives rise to
a map of spectral sequences £7(V) — £F(W,V) and hence a map £¥(V),, —
ET(W,V) . The induced map on the E'-terms is

Id

Hy(SLn—(F), Z)

l” l”

Hy(SL(V), G5 (V) ):Cq

and thus is an isomorphism.

It follows that there is an induced isomorphism of abutments
SV =S V)Y,

and

HL(SL(V), H(V)) 0 = H(SAGW, V), H(W, V) .

For convenience, we now define
g<W7 V)M — M
SW, V),

(even though S(W, V') is not an AM module).
This gives:
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Corollary 5.6.
SW V) 2 SWV)* @A, 2 S(V)F @ A, = S(V)
as Z[F*]-modules, and S(F*) , is a graded Z[F*]-algebra.
Lemma 5.7. For any k > 1, the corestriction map
cor : H;(SLy(F),Z) — H;(SLx41(F), Z)

is F*-invariant;i.e. if a € F* and z € H;(SLy(F),Z), then

cor((a) z) = (a) cor(z) = cor(z).
Proof. Of course, cor is a homomorphism of Z[F*]-modules. However, for a € F*,
(a*) acts trivially on H;(SLy(F),Z) while (a*™) acts trivially on H;(SLy41(F),Z)
so that

cor((a) z) = cor({a"*') z) = (a**") cor(z) = cor(z).

O
Lemma 5.8. For 0 < g < n, the differentials of the spectral sequence E*(W, V) ,,
dgl;,q : (E;,q)M > Hy(SLy—o(F), Z) — (B, )M = Hy(SLn—q+1(F), Z)

p,q—1

are zero when q is even and are equal to the corestriction map when q is odd.

Proof. d' is derived from the map d, : CJ(W,V) — C;_ (W, V) of permutation
modules. Here

q
—_—

dg((0,e1),...,(0,ep)) = Z(—ni“((o,el),...,(o,ei),...,(o,eq))

= > ()" ((0,e1),...,(0,4-1))

i=1

where ¢; € SA(W, V') can be chosen to be of the form

o= ("0 0) w= (7 1) ecum

with o; € GL(V;) a permutation matrix of determinant ¢; and 7, € GL(V,,_,) also
of determinant ;.

¢; normalises SA(W © V,,V,_,) and SL(V,;_,). Thus for z € H,(SL(V,,_,), Z),

—q

q

d'(z) = Z(—l)”lcor(nz)

= Z(—l)iﬂcor(z) = { S?r(z)a q odd

q even



30 KEVIN HUTCHINSON, LIQUN TAO

Let £ :=|—1,1] € S(FQ)M. E is represented by the element

E :=dsley, en, 60 —e1) = (e2,65 —e1) — (e1, €2 — €1) + (e1, €2) € H(F?) C CJ(F?).

Multiplication by E induces a map of complexes of GL,,_o(F)-modules
Co(F"2)[2] — o (F™)

There is an induced map of spectral sequences £(F"?)[2] — E(F™), which in
turn induces a map ET(F"7?)[2] — ET(F™), and hence a map E1(F"?),,[2] —
EX(F™) \r-
By the work above, the E'-page of £T(F™),, has the form

E;,q = H,(SLn—o(F),Z) (p>0)
while the E'-page of £T(F"?),,[2] has the form

gt _ § Ho(SLing) (g9 (F), Z) = Hy(SLn(F), Z), ¢=>2,p>0
P4 0, g<lorp=0

Lemma 5.9. For ¢ > 2 (and p > 0), the map
1 ~
E, 2 H,(SL,—(F),Z) — E, , = H,(SL,,_((F), Z)
induced by E * — is the identity map.
Proof. There is a commutative diagram

E'y = Hy(SLug(F), Z) —= Hy(SA(F, F"0), Z) — Hy(SLy5(F), C7_o(F" %))

\L(E*_)M lﬁ'* \LE*—

Ez%vq = H,(SLy—(F), Z) —— H,(SA(F?, F"71), Z) = Hp(SLn(F),C;(F"))

We number the standard basis of F"72 es, ..., e, so that the inclusion SL,_»(F) —

SL,(F) has the form
I, 0
A (O A) .

So we have a commutative diagram of inclusions of groups

SLy_g(F) —= SA(F4=2, Fn=4) — SL,_o(F)

5 | |

SLy_g(F) ——= SA(F7, F=7) — SL,,(F).

Let By = B.(SL,(F)) be the right bar resolution of SL,(F). We can use it to
compute the homology of any of the groups occurring in this diagram.

Suppose now that ¢ > 2 and we have a class, w, in E’;’q = H,(SL,—,(F),Z)
represented by a cycle
z®1€ Bp ®Z[SLn7q(F)] Z.

Its image in Hy,(SL,—2(F),C;_o(F™?)) is represented by z® (es, ..., ¢,). The image
of this in H,(SL,(F),C7(F™)) is

zZ® [E*(eg,...,eq)] = z®[(eg, 0 —e1,€3,...) — (e1,e9 —eq,€e3,...) + (e — 1,e9,€3, ..

= 2z [(gl — 02 + 1)(617 €2,€3, .. )] S Bp ®Z[SLn(F)] C;-(Fn)

)l
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where
0 -1 0 . 0 1 -1 0 0
1 1 0 . 0 0O 1 0 ... 0
g=10 0 1 0 , g2=10 0 1 0 :| e€SL,(F).
oo 0 0 : S0 0
0O 0 0 . 1 0 0 0 1

This corresponds to the element in H,(SL,,_,(F'), Z) represented by
A9 —g2 +1) @ 1 € By @pisi,,(r)) Z

Since the elements g; centralize SL,,_,(F) it follows that thisis (g1 — g2+ 1) - w =
w. U

Recall that the spectral sequence £*(F"),, converges in degree n to S(F™)* .
Thus there is a filtration

0=Fp 1 CFnoCFp1 CooFrn=SE"T,,

with
fni
, o Eoo o

fn,ifl n—i,:
The E'-page of E¥(F"),, has the form
0 0 0 e 0
0 H, (SLy(F), Z) Hy(SLa(F), Z) H, (SL2(F), Z)
0 H,(SL,—2(F),Z) Hy(SL,,_o(F),Z) e H,(SL, o(F),Z)

0 0 0

0 H,(SL,,—1(F),Z) Hy(SL,,—1(F),Z) R H,(SL,_1(F),Z)

Theorem 5.10.

(1) The higher differentials d*,d*, ..., in the spectral sequence ET(EF™),, are all
0.

(2) S(F"?),, = Ex S(F"”)M and this latter is a direct summand of S(F”)M

Proof.

(1) We will use induction on n. For n < 2 the statement is true for trivial
reasons.
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On the other hand, if n > 2, by Lemma 5.9, the map
Ex—:EX(F"2), 2] — ET(F™),,

induces an isomorphism on E'-terms for ¢ > 2. By induction (and the fact
that E’Il,,q =0 for ¢ < 1), the result follows for n.

(2) The map of spectral sequences ET(F"7?), [2] — ET(F™),, induces a homo-
morphism on abutments

S(an2)+M i S(F")+M
By Lemma 5.9 again, it follows that the composite
~ Ex— ~ =
S<Fn72)+M = 5 S(pn)JrM . (S<Fn)+M> /.7:'1171

is an isomorphism.
Thus S(F"~ 2) ~ F

O

As a corollary we obtain the following general homology stability result for the
homology of special linear groups:

Corollary 5.11.

The corestriction maps H,(SL,—1(F),Z) — H,(SL,(F),Z) are isomorphisms for
p <n—1 and are surjective when p =n — 1.

Proof. Using (1) of Theorem 5.10 and Lemma 5.8, we have (for the spectral sequence
EX(F™) \p):

co 2
Ey, =E

— KL(d1> — { Ker<HP<SLn*Q<F)7Z) —H (SLn q+1( ) )) q odd
P4~ Tm(d")

Coker(H,(SL,,—y—1(F),Z) — H,(SL,_((F),Z)) q even

But the abutment of the spectral sequence is 0 in dimensions less than n. It follows
that E>% = 0 whenever p+¢ <n—1. O

Remark 5.12. Note that in the spectral sequence E¥(F"),,
Eyy = Coker(H, (SLy—1(F), Z) — H,(SLyn(F'), Z)) = SH,(F).

Clearly, the edge homomorphism H,(SL,(F),Z) — E;5 — S(F™),, is just the
iterated connecting homomorphism ¢, of section 3 above. Thus we have:

Corollary 5.13. The maps
€e : SHo(F) — S(F*)
define an injective homomorphism of graded Z[F*]-algebras.
Corollary 5.14. S(F?),, = Fo1 ® Z[F*]E and for alln > 3,
S(E™) g = (E % S(F"2) ) & Fur = S(F") 1y © Fo.
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Proof. Clearly S(F?)* , = Fi,, while for n > 3 we have
B S(F™)* ,, ® Z|F¥)E*3 n even
(F) = S(F™)* @ <§(F) * E*%) n odd

Corollary 5.15. For alln > 3,

S(F™),, = Fo1 @ Fno1 @@ For1 ®LZIF*] n even
M Fn,l@fn—zl@"‘@fg,l@l—px n odd

as a Z[F*]-module.
Note that, by definition, F,, ; fits into an exact sequence associated to the spectral
sequence ET(F™)
0— Eﬁf’o =Fno— Far1 — Effim — 0.
Corollary 5.16. For all n > 2 we have an exact sequence
H,(SL,-1(F),Z) — H,,(SL.(F),Z) — Fn1 — Hp-1(SL,—1(F),Z) — H,,—1(SL,.(F'),Z) — 0.

Lemma 5.17. For alln > 2, the map T,, induces a surjective map F,, 1 — KMV (F).

Proof. First observe that since KMW(F) is generated by the elements of the form

[a1] -+ [an] it follows from the definition of T, that T, : S(F") — KMW(F) is
surjective for all n > 1.

Next, since KMW(F) is multiplicative, T, factors through an algebra homomorphism

S(F*)\, — KMW(F). The lemma thus follows from Corollary 5.14 and the fact that
Ty(E) = 0. O

Lemma 5.18. Ty : Fo1 — K)Y™WV(F) is an isomorphism.

Proof. Since Hy(SLy(F),Z) = 0, Foy = E55 = e(Ha(SLy(F),Z)). Now apply
Theorem 3.10. U

It is natural to define elements [a,b] € Foy C S(F?),, by [a,b] := Ty *([a][b]).
Lemma 5.19. In S(FQ)M we have the formula
[a,0] = [a] * [b] = ((a)){(b)) E.
Proof. The results above show that the maps 75 and Ds induce an isomorphism
(Ty, Da) : $(F),,, = K™ (F) & Z[F™].
Since Ds(|a] * |b]) = ({a))((b)), while Dy(E) = 1, the result follows. O
Lemma 5.20. For alla € F*, |a] * E = E * [a] in S(F?),,.

Proof. By the calculations above, F3; = S(F?)*t, = Ker(D3). Thus
R, :=|a]|* E— Ex* |a] € F3,.
Consider the short exact sequence
0 — B35 — Fz1 — B — 0.
Here €3 induces an isomorphism

E5% = Coker(Hy(SLs(F), Z) — Hy(SLy(F), Z)).
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By the main result of [8] (Theorem 4.7 - see also section 2.4 of this article), T3 thus
induces an isomorphism EG = 2K (F) ¢ K3"™W(F).
On the other hand,

EQO.il = Ker<H2<SL2(F), Z) — HQ(SL3<F>, Z)) = [3(F)

Thus we have a commutative diagram

0 Eg, Faz1 —L—DB3(F)—=0
Nng ng la’
0 — 2KM(F) —= KMW(F) —= I3(F) — 0

where the vertical arrows are surjections. Now a tedious but direct calculation shows
that p(R,) = 0. It follows that R, € ES5. Since T3(R,) = 0 it now follows that
R, = 0 as required. O

Remark 5.21. The results below will show that the map « above (and hence T%
also) is an isomorphism. A direct proof of this fact would shorten our argument.

Lemma 5.22.

(1) For all a,b,c € F*

la] % [b, ] = [a,b] * |c] in S(F?),,.
(2) For all a,b,c € F*
la] % |b] * |c] = |c] * |a] = [b] in S(F?),,.
(3) For all a,b,c,d € F*
[a,b] % [c,d] = [a,c ] * [b,d] in S(F4)M.

Proof. We begin by observing that, since S(F) 2 Zp« as a Z[F*]-module we have
({a))|b] = |ab] — |a] — [b] = ((b))|a] for all a,b € F*.

(1) Now by Lemma 5.19 we have

la] *[b, ] = [a, b] * [c] = [a] + ({(b)) () E) — (((a)){(b)) E) * [c].

However, by the observation above and the fact that % is F*-balanced

lal] * ((OH (D E) = () {(e))[a]) x E

= ((an) () [c]) * E

= {(@){(b)) (L] * E)

= (@) {(0)) (E * [c])

= (((a))((b)) E) * [c].

(2) Since [2][y] = [y~][x] in K3 (F), we have [z,y] = [y~", 2] in S(F?),,. Thus
lal * [b] * [c] = la] *[b,c] + [a] * (((0){(c)) E)

= Lal* [ 8] + Le] * ({{a)) () E)
= o, 7' [0] + Le] * ({{a) () E)
= [eal = [b] + [c] x ({{a)) (b)) E)
= lel*[a, 0] + [e] x ({{a)) (b)) E)
= [e] * [a] = [0]
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(3) For xy, ..., x, € F* and i,7 > 1 with i + j = n we set
Lij(w1, . mn) o= (@) - (@) (i ] - [2a]) € S(FY)

By the observation at the start of the proof we have
Li,j<x1 ..... .Tn) = Li,j(xa(l) ..... xo‘(n))

for any permutation o of 1,..., n.
So

[a, 8] * [e, d] = ([a] * [b] = ({a))
= [a] = [b] * [c] * [d] — 2Laa(a, b, ¢, d) * E + ({a)) ((0)){(c)) {{d)) £
]

Let R=[a,b] * [c,d] — [a,c7 '] * [b,d
So R =

L] % 8] % L] % [d] — La] * [] % 8] # |d] — 2(Loa(a,b,e.d) — Loa(a,c™,b.d)) « B
() [((BI(e) — (e D (BIE] * E.

) We have (by Lemma 5.19)

S
=
o
—

However, since [b,c] = [¢™',b] in S
(BN {e)) = (e NN E = [b] = [b] — L7 = [0].
Thus
{(a)){(d)) [(@)){(e)) = (T NUNE] # E = (Laa(a,b,¢,d) = Laa(a,c ™, b,d)) + E
and hence R =
la] * [b] x |c] * |d] — |a] * [¢] = |b] * |d] — (Laz(a,b,c,d) — Lys(a, ¢ b,d)) x E.

Now

(Laa(abye,d) = Lop(a, ™' bd)) x B = [a] * [d] = [({{B){(c)) — ((c™ D)D) E]
= [a] [d] * [[b] * [c] — [c7"] = [b]
= [a] = (ld] * [0] = [c]) — [a] = (Ld] =[] = [b])
= [a]* [b] = [c] * [d] — [a] =[] = [b] * |d]

using (2) in the last step.

Theorem 5.23. For all n > 2 there is a homomorphism pi,, : KNW(F) — F,, 1 such
that the composite T, o u, is the identity map.
Proof. For n > 2 and ay, ..., a, € F*, let

lay, as] * -+ % [an_1, ay], n even

ay,. .., ap}} = { la1] * [ag, ag] * - - - % [an_1,a,], n odd

By Lemma 5.22 (1) and (3), as well as the definition of [z, 3], the elements {{a, .. ., a,}}
satisfy the ‘Matsumoto-Moore’ relations (see Section 2.4 above), and thus there is
a well-defined homomorphism of groups

Hn - KyW(F) — Jn,1; [a1] -+ [an) = {{a, . .., an}}-
Since T,,({{a1, ..., an}t}) = [a1] -+ - [an], the result follows. O

Corollary 5.24. The subalgebra of SHae(F') generated by SHo(F) = Ho(SLo(F), Z)
is isomorphic to KMW(F) and is a direct summand of SHae(F).

} € Fn1 CS(F™) -
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Proof. This is immediate from Theorems 3.10 and 5.23. U

6. DECOMPOSABILTY

Recall that F' is a field of characteristic zero and k = Q throughout this section.

In [23], Suslin proved that H,(GL,(F),Z)/H,(GL,_1(F),Z) = KM(F). This is,
in particular, a decomposability result. It says that H,(GL,(F"),Z) is generated,
modulo the image of H,(GL,_1(F'),Z) by products of 1-dimensional cycles. In this
section we will prove analogous results for the special linear group, with Milnor-Witt
K-theory replacing Milnor K-theory. To do this, we prove the decomposability of
the algebra S(F*) ,, (for n > 3). Theorem 6.2 is an analogue of Suslin’s Proposition
3.3.1. The proof is essentially identical, and we reproduce it here for the convenience
of the reader. From this we deduce our decomposability result (Theorem 6.8), which
requires still a little more work than in the case of the general linear group.

Lemma 6.1. For any finite-dimensional vector spaces W and V', the image of the

paiTing

(2) SV, V)& H(W) = S(IW & V)
coincides with the image of the pairing

(3) S(V)®@S(W) — S(W @ V),,

Proof. The image of the pairing (2) is equal to the image of
SWV)p ® HW) = SIW @ V)
which coincides with the image of
g(‘/)/vt ® g<W>M —S(W o V) m
by the isomorphism of Corollary 5.6. O

Let S(Fm™)dec ¢ S(F")M be the Z[F*]-submodule of decomposable elements; i.e.
S(F™)dec is the image of

By tamnpao (SF) g @ S(F1) ) —=§(F") ..

More generally, note that if V- = V1 &V, = V] @ V5 and if dimp (V;) = dimp (V) for
i = 1,2, then the image of S(V1) ® S(V3) — S(V) coincides with S(V{) @ S(V5) —

S(V). This follows from the fact that there exists ¢ € SL(V) with ¢(V;) = V/ for
i=1,2.
Therefore S(F™)% is the image of

Do viovavizo (SV1)p @ 8(Va) ) ——=S(F™) .

If o = > nat,....28) € Cp(V) and y = ijj(y{,...,yg) € Cy(V) and if

Lp
(2%, .. abul, . y)) € Xpyg(V) for all 4, j, then we let

T®Y = Znimj(xi, cxb oyl yl) € (V).

0]
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Of course, if x € Cy(V4) and y € Cy(Va) with V =V, @ V5, then 2 ® y = z x y.
Furthermore, when x ® y is defined, we have

dlz®y)=d(z)®y+ (—1)Pz ®d(y).
Theorem 6.2. Letn > 1. For any ay,...,a,,b0 € F* and for any 1 <i<n
la1, ... bag, ... a,] = (b) a1,...,a,] (mod S(F™)%).
Proof. Let a = ajeq + - - - + baje; + - - - aye,.
We have

lay, ... baj, ... ,a,] —(b) |a1,...,a,] = d(er,... e ...,en,a) —d(er,...,bie;, ... en,a)
= d((el, Cey 62‘,1) ® <<€Z> — (bel)) ® (€i+17 N X a))

= d(el,'. N ei_l) ® ((62) — (bez)) ® (62‘4_1, A ) a)
+ (=D)'(e1,...,e-1) ® ((e;) — (bey)) ® d(€ig1, ..., en,a)

Let u=aje; + -+ a;_1e;_1 + bae; = a — Z?:Hl aje;. Then

(—l)i_l(el, Ceey 62‘_1) = d((el, .. .,ei_l) ® (U)) — d(el, ey 62‘_1) ® (u)

and

(€is1, v en,a) = d((u) ® (€ip1, ., en, @) + (1) @ d(eigs, .. ., en, a).
Thus |aq,...,ba;, ... a,] —(b) |a1,...,a,] = X1 — X5 + X3 where
X1 = d(el, .. .,ei_l) ® ((62) — (bez)) ®d(u, Citly-- .,en,a),
Xy = d(ey,...,61,u)® ((ei) — (bei)) ®d(ejr1,...,en,a), and

X; = dler,....ei21) ® | ((e) — (bey)) ® (u) + (v) ® ((;) — (bey)) | ® d(eiga, .., €n,a)

We show that each X; is decomposable: Let V C F™ be the span of u,e; q,...,¢e,
(which is also equal to the span of a,e;i1,...,€,), and let V' be the span of
€1,...,€i—1. Then F" =V'@®V and d(u,e;11,...,e,,a) € H(V) while

d(el, N ei_l) ® ((62) — (be,)) S H(‘/, V’)

Thus X; lies in the image of
HV,V)® H(V) —= S(F"),,

and so is decomposable.
Similarly, if we let W be the span of ey, ..., e; and W’ the span of e;,1, ..., e,, then

d(er, ... ei_1,W)®((e;)—(be;)), dlex, ..., eim)® | ((e:)—(be;))®(u)+(w)®((e;)—(be;)) | € H(W)
and d(e;y1,...,6n,a) € HW,W’'). Thus X5, X3 lie in the image of
HW)® H(W,W') —= S(F")

and are also decomposable. O]
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Let S(F™)nd .= S(F™),,/S(F™)de.
The main goal of this section is to show that S(F™)®d = 0 for all n > 3 (Theorem
6.8 below).

Lemma 6.3. For alln >3, S(F™)" is a multiplicative Z[F*]-module.

Proof. We have

S(F)* E*"=1/2 " n odd

and these modules are decomposable for all n > 3. It follows that the map
g(F”)+M — g(F")ind

is surjective for all n > 3. U

Remark 6.4. Since ExS(F"~2), C S(F")% in fact we have that 7, ; — S(F™)nd
is surjective.

A { Z[FX|E™m/2, n even

Theorem 6.2 shows that for all a4,...,a, € F*
lay, ... a,] = <H ai> |1,...,1] (mod S(F™)nd).

In other words the map
ZIFX] — S(FM" o all,... 1]

is a surjective homomorphism of Z[F*]-modules. Thus, we are required to establish
that |1,...,1] € S(F™)%c for all n > 3.
For convenience below, we will let 3, (F) denote the free ZjF *]-module on the
symbols [a1,...,a,], a1,...,a, € F*. Let p, : ,(F) — S(F") be the Z[F*]-
module homomorphism sending [al, e ,an] to lai,...,a,]. We will say that o €
S(F™) is represented by & € ¥, (F) if p,(¢) = 0.
Note that i.(F) can be given the structure of a graded Z[F*]-algebra by setting

I:al, ceey an:| . [an+1, ceey an+m] = I:al, ceey an+m];
i.e., we can identify 3,(F) with the tensor algebra over Z[F*] on the free module
with basis [a}, a € F*.
Let II, : 3,(F) — Z[F*][z] be the homomorphism of graded Z[F*]-algebras sending
[a] to (a) .
For all n > 1 we have a commutative square of surjective homomorphisms of Z[F*]-
modules

$,(F) — Z[F*] - 2"
lpn l'}/n
S(F™) ——= S(Fm)ind

where v, (2™) = [1,...,1].
Lemma 6.5. Ifn is odd and n > 3 then S(F™)™! = 0; i.e.,
S 0 = (Y™
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Proof. From the fundamental relation in S(F™) (Theorem 3.3), if by, ..., b, are dis-
tinct elements of F'*, then 0 € S(F™) is represented by

n

Ry = [bryeoba] = [L,o o 1= D (=1)™ (1)) [by—bj, ... b — by, .. bu—by] € S (F).

j=1
Now
)= <Hbl> — (1) = > (=)™ ((bj = b1) -+ (b = bj1) - (b1 — by) -+ (b
i =1
Now choose b; =i, 1 =1, ... ,jn Then
IL,(Ry) = | (n!) — (1) — zn:(—l)"J’j ('(n— )| 2™ = — (1) 2" since n is odd.
j=1
It follows that —|1,...,1] =0 in S(F")™ as required. O

The case n even requires a little more work. We will use the following easy obser-
vation:

Lemma 6.6. If M is a multiplicative Z[F*|-module, then
M =0+ M/(Zpxy - M) =0 for allr > 1.

The maps {p, }» do not define a map of graded algebras. However, we do have the
following;:

Lemma 6.7. For1#a € F*, let

L(z) = (-1) [1—=,1] — () [1 - % 2] + [1,1] € Sy(F).

Then for all ay,...,a, € F*\ {1}, the product

n

[t al =1 ai] - [1,a,] € S(F™)

i=1
is represented by [, L(a;) € Yon(F).
Proof. For convenience of notation, we will represent standard basis elements of
Cy(F™) as n x ¢ matrices [v1]- - |vy].
Let e = (1,...,1) and let 0;(C) denote the sum of the entries in the ith row of
the n x n matrix C. By Remark 3.2, if A € GL,(F) and [Ale] € X,,11(F") then
dni1([Ale]) represents (det A) [o1(A™Y), ..., 0,(A71)] € S(F™).
Now, for a # 1, |1,a] is represented in S(F?) by

@(B?iD:B;j—Bi%[éﬂ:ﬂ@—n@+n@e@w%

o From the definition of the product *, it follows that [1,a;] *---* |1,a,]| is repre-
sented by

le(al)
Zi= S (1 = S ()7, a).

j:(]l ----- ]n)e(lvzvg)n CZ—_‘]n (CLn) J

—b;))| ="
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where k(j) := |{i < n|j; = 2}
Since a; # 1 for all 7, the vector e = (1,...,1) is in general position with respect to

the columns of all these matrices. Thus we can use the partial homotopy operator
s, to write this cycle as a boundary'

Z = Z "9 dy 41 ([T'(j,a)le]) .
By the remarks above

d2n+1 ([T(]7 a)|6]) = <Hdet T]z(al)> Lgl( ]1((11)), OQ(le (al))> 0’1(7}2(012)), SRR 0-1(Tjn(a’n))v OQ(TM(GN)H

This is represented by

<H det Tz<a2>> [01 <T]1 (CLl))v 0-2<Tj1 (al))v 01 (TJ2 (a2))7 - 01 (TJn (an>>7 0-2<Tjn (an))]
1] (<det T, (a0)) [o0(T (). o—2<Tji<a@->>}) € S (F).

i=1

Thus Z is represented by

Z k() H ( det T z [01 (TJz (ai))v 0-2<Tj¢ (al))})

J

= H (Z(—l)”l (det T} (a;)) [0'1(7}(%)),0'2(@(%))]) = HL(ai) € Son(F).

Theorem 6.8. S(F™)" =0 for all n > 3.

Proof. The case n odd has already been dealt with in Lemma 6.5
For the even case, by Lemma 6.6 it will be enough to prove that for all » > 1

ZIF* ) (F*)"] @z S(F™)™ = 0.
Fixr > 1. If a € (F*)"\ {1}, then

Iy (L(a)) = (<a —1) — <1 — 1> + <1)) v? = (1) 2* € Z[F* ) (F*)"]2*

a

since . .
1--=2-
a a

Now let n > 1 and choose ay, ..., a, € (F*)"\ {1}. Let 0 = |1,a1]%---%|1,a,] €
S(F?"), so thz}t o+ 0in S(F*)"d By Lemma 6.7, o is represented by 7 =
[T, L(a;) in 3, (F) and thus

=a—1 (mod (F*)").

M, (0 H = (1) € Z[F*/(F)"]2*

1

so that the image of o in Z[F* /(F*)"] ®@gpx) S(F?")"d is 1® [1,..., 1]. This proves
the theorem. ]
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Corollary 6.9. For alln > 2, the map T,, induces an isomorphism F, 1 = KMV (F).

Proof. Since, by the computations above, S(F?),, = S(F)*? + Z[F*]E it follows,
using Theorem 6.8 and induction on n, that S(F*),, is generated as a Z[F*]-algebra
by {|a] € S(F)]1# a € F*} and E.

Thus E is central in the algebra S(F')M and for all n > 2,

SUE™) m
Ex S(Fr-2),,

is generated by the elements of the form [a;| * - - * |a,|, and hence also by the
elements {{ay,...,a,}} since [a,b] = |a] * |b] (mod (F)) for all a,b € F*.

Since

S(F") m
Ex S(Fr2),,
by Corollary 5.14, it follows that F,,; is generated by the elements {{ai,...,a,}},
and thus that the homomorphisms ,, of Theorem 5.23 are surjective. U

fn,lg

Corollary 6.10. For all n > 3,
. KMV(EYo KMY(FY® - @ KY™W/(F)® Z[F*] n even
S(Fn)/\/i = MW MW MW
K)VF)e K,y 5 (F)®--- @ K" (F)®Zrx  n odd
as a Z[F*]-module.
Corollary 6.11. For all even n > 2 the cokernel of the map
H,(SL,_1(F),Z) — H,(SL,(F),Z)
is isomorphic to KMWV(F).

Proof. Recall that e; induces an isomorphism Ho(SLo(F),Z) = Fy;. Let (a,b)
denote the generator e, ([a,b]) of Hy(SLy(F),Z). Then for even n
Hai,...;a,}} = [ar,a0] %% [a,_1, ay]
= e({ar,a9)) * - xea({an_1,a,))
= ey ((a1,a2) X -+ X {ap_1,an,))
by Lemma 3.5 (2).

Since F, . is generated by the elements {{ay,...,a,}}, it follows that F,; =
en(H, (SL,(F), Z)) = 5%, proving the result. O
Corollary 6.12. For all odd n > 1 the maps

H,(SLx(F),Z) — H,(SLi1(F),Z)

are isomorphisms for k > n.

Proof. In view of Corollary 5.11, the only point at issue is the injectivity of
H,(SL,(F),Z) — H,(SL,1(F),Z).
But the proof of Corollary 6.11 shows that the term
Frora) B0 2 B, = Ker(Hy(SLa(F),Z) — Ho(SLay1(F), Z))

in the spectral sequence E(F™1) ,  is zero. O
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Corollary 6.13. Let f;, be the stabilization homomorphism H,,(SL;(F'), Z) — H,,(SLi41(F), Z).
For all odd n > 3 there is an exact sequence
0 — Coker(f, 1,) — KMWV(F) — Ker(f,_1,1) — 0.

Proof. This follows from Corollaries 5.16 and 6.9

O

I

By our calculations above, we note that when n = 3 we have Coker(fs3)
2KM(F) ¢ KMW(F) and Ker(fo0) = I3(F). We expect that for all odd n > 3,
the analogous statement should hold; i.e. that Coker(f, 1,) = 2KM(F) and that
Ker(fn-1n-1) = I"(F) when n > 3 is odd. This may involve a finer analysis of
products in the spectral sequence.

In any case, observe that for odd n > 3 we always have

2KM(F) € Coker(fn_1,) € KMY(F)F™.
The first inclusion follows from the fact that e, : SH (F) — KMW(F) is an algebra
map and that 2K3(F) - KoMV, (F) = 2K3),(F) € KW, (F) for all n. The second
inclusion follows from the fact that for all @ € F*, (a?) acts trivially on KMW(F),
while (a") acts trivially on SH,(F) = Coker(f,—1.x).
Taking F*-invariants of the short exact sequence

0— QKS/[(F) — KMW(F) —I"(F)—0
gives an exact sequence

0 — 2KN(F) — KV (F)

X X

— I"(F)F".
Now
(Y ={p e I"(F) | {{a))¢ =0 for all a € F*}
={oeI"(F) | I(F)¢ = 0} C Wi(F) N I"(F)
where W, (F) is the torsion subgroup of W (F'). In particular, if W;(F)NI™"(F) =0,
then 2KM(F) = KMW(F)F” . Tt is known that if F' is a finitely generated field then

Wi(F)NI"(F) = 0 for all sufficiently large n. If F'is a number field, then this even
holds for all n > 3. Thus

Corollary 6.14. If F' is a finitely generated field and n is a sufficiently large odd
integer, or if F' is a number field and n > 3 is odd, then

Coker(H,(SL,_1(F),Z) — H,(SL,(F), Z)) = 2KM(F)
Ker(H,_(SL,_1(F),Z) — H,_1(SL,(F),Z)) = I"(F).

7. ACKNOWLEDGEMENTS

The work in this article was partially funded by the Science Foundation Ireland
Research Frontiers Programme grant 05/RFP/MAT0022.

REFERENCES

[1] Jean Barge and Fabien Morel. Cohomologie des groupes linéaires, K-théorie de Milnor et
groupes de Witt. C. R. Acad. Sci. Paris Sér. I Math., 328(3):191-196, 1999.

[2] Stanislaw Betley. Hyperbolic posets and homology stability for O, . J. Pure Appl. Algebra,
43(1):1-9, 1986.

[3] Kenneth S. Brown. Cohomology of groups, volume 87 of Graduate Texts in Mathematics.
Springer-Verlag, New York, 1982.



[4]

[5]

[23]
[24]

Homology of SL,(F) 43

Ruth M. Charney. Homology stability of GL,, of a Dedekind domain. Bull. Amer. Math. Soc.
(N.S.), 1(2):428-431, 1979.

Daniel Guin. Stabilité de ’homologie du groupe linéaire et K-théorie algébrique. C. R. Acad.
Sci. Paris Sér. I Math., 304(9):219-222, 1987.

Kevin Hutchinson. A new approach to Matsumoto’s theorem. K -Theory, 4(2):181-200, 1990.
Kevin Hutchinson and Liqun Tao. A note on Milnor-Witt K-theory and a theorem of Suslin.
Comm. Alg, 36:2710-2718, 2008.

Kevin Hutchinson and Liqun Tao. The third homology of the special linear group of a field.
ArXiv:0808.0625, 2008.

T. Y. Lam. Introduction to quadratic forms over fields, volume 67 of Graduate Studies in
Mathematics. American Mathematical Society, Providence, RI, 2005.

Hideya Matsumoto. Sur les sous-groupes arithmétiques des groupes semi-simples déployés.
Ann. Sci. Ecole Norm. Sup. (4), 2:1-62, 1969.

A. Mazzoleni. A new proof of a theorem of Suslin. K-Theory, 35(3-4):199-211 (2006), 2005.
John Milnor. Algebraic K-theory and quadratic forms. Invent. Math., 9:318-344, 1969/1970.
John Milnor. Introduction to algebraic K -theory. Princeton University Press, Princeton, N.J.,
1971. Annals of Mathematics Studies, No. 72.

B. Mirzaii. Homology stability for unitary groups. II. K-Theory, 36(3-4):305-326 (2006), 2005.
B. Mirzaii and W. van der Kallen. Homology stability for unitary groups. Doc. Math., 7:143—
166 (electronic), 2002.

Calvin C. Moore. Group extensions of p-adic and adelic linear groups. Inst. Hautes Etudes
Sci. Publ. Math., (35):157-222, 1968.

Fabien Morel. An introduction to A'-homotopy theory. In Contemporary developments in
algebraic K -theory, ICTP Lect. Notes, XV, pages 357-441 (electronic). Abdus Salam Int.
Cent. Theoret. Phys., Trieste, 2004.

Fabien Morel. Sur les puissances de 1'idéal fondamental de I’anneau de Witt. Comment. Math.
Helv., 79(4):689-703, 2004.

Fabien Morel. Al-algebraic topology. In International Congress of Mathematicians. Vol. II,
pages 1035-1059. Eur. Math. Soc., Ziirich, 2006.

D. Orlov, A. Vishik, and V. Voevodsky. An exact sequence for K /2 with applications to
quadratic forms. Ann. of Math. (2), 165(1):1-13, 2007.

Chih-Han Sah. Homology of classical Lie groups made discrete. III. J. Pure Appl. Algebra,
56(3):269-312, 1989.

A. A. Suslin. Homology of GL,,, characteristic classes and Milnor K-theory. In Algebraic K-
theory, number theory, geometry and analysis (Bielefeld, 1982), volume 1046 of Lecture Notes
in Math., pages 357-375. Springer, Berlin, 1984.

A. A. Suslin. Torsion in K3 of fields. K-Theory, 1(1):5-29, 1987.

Wilberd van der Kallen. Homology stability for linear groups. Invent. Math., 60(3):269-295,
1980.

Karen Vogtmann. Homology stability for O,, ,,. Comm. Algebra, 7(1):9-38, 1979.

Karen Vogtmann. Spherical posets and homology stability for Oy, ,,. Topology, 20(2):119-132,
1981.

SCHOOL OF MATHEMATICAL SCIENCES, UNIVERSITY COLLEGE DUBLIN

E-mail address: kevin.hutchinson@ucd.ie, liqun.tao@ucd.ie



