ESSENTIAL DIMENSION OF QUADRATIC FORMS WITH
TRIVIAL DISCRIMINANT AND CLIFFORD INVARIANT

VLADIMIR CHERNOUSOV AND ALEXANDER MERKURJEV

ABSTRACT. We conclude the computation of the essential dimension of
split spinor groups and give an application in algebraic theory of quadratic
forms. We also compute essential dimension of quadratic forms with trivial
discriminant and Clifford invariant.

1. INTRODUCTION

Let F be a field and let F : Fields/F — Sets be a functor from the category
of field extensions over F' to the category of sets. Let E € Fields/F and K C E
a subfield over F'. We say that that K is a field of definition of an element
a € F(FE) if a belongs to the image of the map F(K) — F(FE). The essential
dimension of a, denoted ed” (a), is the least transcendence degree tr. deg (K)
over all fields of definition K of a. The essential dimension of the functor F
is

ed(F) = sup{ed” ()},
where the supremum is taken over all fields £ € Fields/F and all o € F(FE)
(see [, Def. 1.2] or [[2, Sec.1]). Informally, the essential dimension of F is the
smallest number of algebraically independent parameters required to define F
and may be thought of as a measure of complexity of F.
Let p be a prime integer. The essential p-dimension of a, denoted edpf(oz),

is defined as the minimum of ed” (o), where E' ranges over all finite field
extensions of E of degree prime to p. The essential p-dimension of F is

ed,(F) = sup{ed; (a)},

where the supremum ranges over all fields £ € Fields/F and all a € F(E).
By definition, ed(F) > ed,(F) for all p.

For convenience we write edg(F) = ed(F), so ed,(F) is defined for p = 0
and all prime p.

Let G be an algebraic group scheme over F'. Write F¢ for the functor taking
a field extension E/F to the set HL(E,G) of isomorphism classes of principal
homogeneous G-spaces (G-torsors) over E. The essential (p-)dimension of Fg
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is called the essential (p-)dimension of G and is denoted by ed(G) and ed,(G)
(see [I4] and [1T]).

In this paper we conclude computation of the essential dimension of the split
spinor groups originated in [B] and [[] and continued in [[J] (Theorem R.7). We
give an application in algebraic theory of quadratic forms (Theorem [.2). We
also compute essential dimension of quadratic forms with trivial discriminant

and Clifford invariant (Theorem [.1]).

2. ESSENTIAL DIMENSION OF Spin,

Let G be an algebraic group over F' and let C' C G be a normal subgroup over
F. For a torsor E — Spec(F") of the group H := G/C consider the stack [E/G]|
(see [[q]). Recall that an object of the category [E/G](K) for a field extension
K/F is a pair (E', ), where £’ is a G-torsor over K and ¢ : E'/C = Ey is
an isomorphism of H-torsors over K. The essential dimension ed[E/G] of the
stack [E/G] is the essential dimension of the functor K + set of isomorphism
classes of objects in [E/G](K).

The following proposition was proven independently by R. Lotscher in [T1],
Ex. 3.4]:

Proposition 2.1. Let C' be a normal subgroup of an algebraic group G over
F and H=G/C. Then

ed(G) < ed(H) + maxed[E/G],

where the mazimum is taking over all field extensions L/F and all H-torsors
E over L.

Proof. Let I' be a G-torsor over a field extension K/F. Then I := I'/C is
an H-torsor over K. There is a subextension K,/F of K/F and an H-torsor
E over K such that there is an isomorphism ¢ : I = Ex of H-torsors and
tr.deg(Ko/F) < ed(H).

Consider the stack [E/G] over Ky. The pair (I', ) is an object of [E/G](K).
There is a subextension K;/Kj of K/Kj such that (I’,¢) is defined over K;
and tr.deg(K;/Ky) < ed[E/G]. Tt follows that I” is defined over the field K;
with

tr.deg(K,/F) = tr.deg(Ko/F) + tr.deg(K,/Ky) < ed(H) +ed[E/G]. O

The following theorem concludes computation of the essential dimension of
the spinor groups initiated in [JJ] and [[]] and continued in [[F. We write Spin,,
for the split spinor group of a nondegenerate quadratic form of dimension n
and maximal Witt index.

If char(F') # 2, then the essential dimension of Spin, has the following
values for n < 14 (see [i, §23]:

n <6 101111121314

eds(Spin,) =ed(Spin,,) | 0 |[4|(5|5]|4 |5 |6 |6 |7

-3
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In the following theorem we give the values of ed,(Spin,,) for n > 15 and
p =0 and 2. Note that ed,(Spin,) = 0 if p # 0,2 as every Spin,,-torsor over
a field is split over an extension of degree a power of 2.

Theorem 2.2. Let F' be a field of characteristic zero. Then for every integer
n > 15 we have:

o(n-1)/2 _ @’ if n is odd;
eds(Spin,,) = ed(Spin,) = { 20-2/2 _ b ifn=2 (mod 4);
2(n=D/2 pgm — nl) i = 0 (mod 4),

where 2™ 1is the largest power of 2 dividing n.

Proof. The case n > 15 and n is not divisible by 4 has been considered in [g,
Th. 3.3].

Now assume that n > 15 and n is divisible by 4. The inequality ”>" was
obtained in [[[J, Th. 4.9], so we just need to prove the inequality ”<”. The
case n = 16 was considered in [[J, Cor. 4.10]. Assume that n > 20 and n is
divisible by 4.

Consider the following diagram with the exact rows:

1 —— p, — Spin, —— Spin} —— 1

| l |

1 —— py — O} —— PGO, —— 1,

where Spin is the semi-spinor group, O is the split special orthogonal group
and PGO); is the split special projective orthogonal group. We see from the
diagram that the image of the connecting map

5K : Helt(Ka Spin:) — He2t<K7 l'l'2) - BI‘(K)
is contained in the image of the other connecting map
H,y (K, PGOy) — HE(K, py) C Br(K)

for every field extension K/F. The image of the last map consists of the
classes [A] of all central simple K-algebras A of degree n admitting orthogonal
involutions (see [, §31]). As ind(A) is a power of 2 dividing n, we have
ind(A) < 2™, where 2™ is the largest power of 2 dividing n.

Let E be a Spin, -torsor over K. We have shown that if dx([E]) = [A] for
a central simple K-algebra A, then ind(A) < 2™. It follows from [B, Th. 4.1]
that ed[E/ Spin,] = ind(A) < 2™.

It is shown in [, Rem. 3.10] that ed(Spin}) = 2"~/ @ for every
integer n > 20 divisible by 4. Finally, by Proposition P.1],

n(n—l).

ed(Spin,,) < ed(Spin;) 4 2™ = 2(=2/2 4 om _ 5
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3. THE FUNCTORS [F

We use the following notation. Let F' be a field of characteristic different
from 2 and K/F a field extension. We define:

Set of isomorphism classes of nondegenerate
quadratic forms over K of dimension n

L,(K) =

We have a natural bijection I}(K) ~ HL(K,O,) (see [P, §29.E]).
Recall that the discriminant disc(q) of a form ¢ € I'(K) is equal to
(—=1)"=D/2 det(q) € K*/K*2. Set
I’(K) ={q€ I)(K) such that disc(q) =1}.
We have a natural bijection I2(K) ~ HL(K,O;) (see [{, §29.E]).
The Clifford invariant c(q) of a form ¢ € I?(K) is the class in the Brauer

group Br(K) of the Clifford algebra of ¢ if n is even and the class of the even
Clifford algebra if n is odd [P}, §8.B]. Define

I}(K)={q€ I?(K) suchthat c(q)=0}.

Remark 3.1. Our notation of the functors I* for k = 1,2, 3 is explained by the
following property: I*(K) consists of all classes of quadratic forms ¢ € W (K)
of dimension n such that ¢ € I(K)* if n is even and ¢ L (—1) € I(K)* if n is
odd, where I(K) is the fundamental ideal in the Witt ring W (K) of K.

The functor I? is related to Spin,-torsors as follows. The short exact se-
quence
1 — py — Spin, — O — 1
yields an exact sequence
(1) Helt(Ka y’2) — Helt(Ka Splnn) - Helt(Ka O:) i) Hth(Kv 1-1’2)7

where c is the Clifford invariant. Thus Ker(c) = I3(K).
The essential dimension of I} and I? was computed in [[4, Th. 10.3 and
10.4]: we have ed(I}) = n and ed(I?) = n—1. In Section [] we compute ed(I?).

Lemma 3.2. We have: ed,(I?) < ed,(Spin,) < ed,(I3) + 1.

Proof. Let K/F be a field extension. The group HL (K, p,) = K*/K*? acts
transitively on the fibers of the second map in the sequence ([J). It follows
that the natural map Spin,-Torsors — I3 is a surjection with Gy, acting
surjectively on the fibers. The statement follows from [, Prop. 1.13]. O

4. SUBFORMS OF FORMS IN [3

In this section we study the following problem in quadratic form theory
which will be used in Section [ in order to compute the essential dimension of
I3. Note that the problem is stated entirely in terms of quadratic forms, while
in the solution we use the essential dimension. We don’t know how to solve
the problem by means of quadratic form theory.
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Problem 4.1. Given a field F', determine all integers n such that every form
in I3(K) contains a nontrivial subform in I*(K) for any field extension K/F.

All forms in I3(K) for n < 14 are classified (see [[], Ex. 17,8, Th.17.13 and
Th. 21.3]). Inspection shows that for such n the problem has positive solution.

In the following theorem we show that in the range n > 15 the problem has
negative solution (with possibly two exceptions).

Theorem 4.2. Let F' be a field of characteristic zero, n > 15 and let b be an
even integer with 0 < b < n. Then there is a field extension K/F and a form
in I3(K) that does not contain a subform in IZ(K) (with possible exceptions:

(n,b) = (15,8) or (16,8)).
Let a :=n —b. Write H,; for the image of the natural homomorphism
(2) Spin, x Spin, — Spin,, .
Note that the kernel of (P]) is contained in
ey X pty = Ker(Spin, x Spin, — O x O})

and therefore, is the cyclic group of order 2 generated by (—1,—1). Hence we
have an exact sequence

1= py— Hypy— OF xOf — 1
and therefore a map
HY(R, Hayp) = HY(R,0F x Of ) = HY (R, OF) x H,(R,O)

for a commutative F-algebra R.

We write ¢(n) := (¢4, ) for the image of an element n € H% (R, H, ;) under
this map, where q, € H4(R,O) and ¢, € HL (R, O;).

Consider the commutative diagram with the exact rows

1 >y H,, —— Ofx0f —— 1
1 > Lo Spin, — O/ —— 1.

The image of an element & € HL (R, Spin,,) in H. (R, O}) will be denoted by
q(§)-
If ¢ € HL(R,Spin,) is the image of an element n € HL(R, H,p), then
q(&) = qu L qp, the image of (g4, q) = q(n) under the map induced by 7. We
can reverse this statement as follows:

Lemma 4.3. Let ¢ € HL(R, Spin,,) with q(§) = q, L qy, where q, € HL(R, OF)
and q, € HL(R,OF). Then & is the image of an element 1 under the map
HL(R,H,;) — HL(R,Spin,) such that ¢(n) = (qa, qv)-
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Proof. The diagram above yields a commutative diagram with the exact rows:

HY(R,H,,) —— HL(R,0F) x HY(R,0f) ——= HZ(R, )

l ! |

Helt<R7 Splnn) E— Helt<R7 O:) L) H62t<R7 IJ’Q)
Moreover, the group H) (R, ) acts transitively on the fibers of the left maps

in the two rows. The result follows. O

For non-negative integers a, b and a field extension K/F' set
_fib(K) = {(qu, ®) € Ig(K) X II?(K) such that ¢, L ¢, € IE(K)}

Corollary 4.4. For any n € H}(K,H,y) we have q(n) € ID,(K). The
morphism of functors q : Hgy-Torsors — Iib 15 surjective. In particular,
edy(I2,) < edy(Hap) for every p > 0.

Proof. Note that the map ¢ in the proof of Lemma [f.J when R = K takes a
pair (g4, q») to the Clifford invariant of g, L ¢, in Br(K). The pair (q,,q) €
I?(K) x IZ(K) comes from HL (K, H,;) if and only if the Clifford invariant of
qa L qp is split, ie., q, L g € I3(K). O

Lemma 4.5. For an even a and any b,
edy(I5) < edy(I3_1p) +1
for every p > 0.
Proof. Consider the morphism of functors
a: Gy Xlgq,b — Ig,ba (A fr9) = (A(f L (=1)),9).
Every form h in I?(K) can be written in the form h = A(f L (—1)) for a value

A of hand a form f € I2 |(K), i.e., a is a surjection, whence the result. [

Write V,, (respectively W,,) for the (semi-)spinor (respectively regular) rep-
resentation of the group Spin,,. We have

20=1/2 " if p is odd;
200=2)/2 " if n is even,

dim(V,,) = {

and dim(W,,) = n. We consider the tensor product V,;, := V, ® V} as the
representation of the group H,;,. We also view W, (respectively W,) as a
H, j-representation via the natural homomorphism H,;, — O (respectively
H ab O;)

A representation V' of an algebraic group H is generically free if the stabilizer
of a generic vector in V' is trivial. In this case by [[7],

ed(H) < dim(V) — dim(H).
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Lemma 4.6. Let a be odd and b even. Suppose that V., is a generically free
representation of the image of the homomorphism H,p — GL(V,,). Then
Vap @ Wy is a generically free representation of H,p. In particular,

ed(Ha,b) S dim(Va,b) + dlm(Wb) - dim(Ha,b).

Proof. Write C,, for the kernel of Spin, — PGO,’ and C! for the kernel of
Spin,, — O so C! = {+1} C C,. By assumption, the generic stabilizer H of
the action of Spin, x Spin, on V,; is contained in the center C, x C}. Since
Cy/C) = py acts on Wy, by multiplication by —1 we have H C C, x C] =~
Moy X py. Note that pu, x 1 and 1 x p, act by multiplication by —1 on V.,
hence H is generated by (—1,—1). It follows that H,, = (Spin, x Spin,)/H
acts generically freely on V,, ® W}. O

Proposition 4.7. Let char(F) =0. If n =a+b > 15 with a < b, then V,, is
a generically free representation of the image of H,p — GL(V, ) if and only
if (a,6) # (3,12), (4,11), (4,12), (6, 10) and (,8).

Proof. All the cases of infinite generic stabilizers H are listed in [{, §3] (row 7
of Table 6): H is infinite if and only if (a,b) = (3,12) and (4, 12).

If H is finite, by [I3, Th. 1] (rows 1, 12 and 13 of Table 1) H is nontrivial
if and only if (a,b) = (4,11), (6,10) and (8, 8). O

Proof of Theorem [£.2. Note that the case (n,b) with n even implies the case
(n — 1,b). Indeed suppose that every form in I3 ; for an even n contains a
subform from [?. Take any form ¢ € I3(K) for a field extension K/F and
write ¢ = A(f L (=1)) fora A € K* and f € I3 |(K). If f contains a subform
h € I}(K), then g contains Ah.

We need to show that the natural morphism of functors I3, — I3 is not
surjective. It suffices to prove that ed(I3,) < ed(I}). We may assume that n
(and hence also a) is even. Moreover, we may assume that a < b.

Suppose that n > 18. By Proposition [[.7, Lemma .5, Lemma . and
Corollary 4,

ed(IZ’,b) < ed(Igfl,b) +1
S ed(Ha,Lb) —+ 1
S dim(Va_l,b) + dlm(Wb) - dim(Ha_l,b) +1
=222 41— (a—1)(a—2)/2—bb—1)/2+1
= 27272 _ (a® + b* — 3a — 3b)/2
<2272 _ (n? — 6n)/4
as a? + b? > n?/2. The last integer is strictly less than
2271 _n(n—1)/2 -1 < ed(Spin,) — 1 < ed(I?)

by Theorem P.7 and Lemma B.2.
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It remains to consider the case n = 16. Note that by Theorem P.J and
Lemma B.2,

(3) ed(I3) > ed(Spin,g) — 1 = 23.
We shall prove that ed(/,) < 23. All possible values of b are 8, 10, 12 and 14.

Case (n,b) = (16,10): Consider the representation V := Wy @ Vi 10 ® Wig of
Hg 19. We claim that V' is generically free. The stabilizer in Sping of a point
in general position in Wy is Spin;. Hence the stabilizer in Hg 1o of a point in
general position in Ws is Hj 9. Note that the restriction of V519 to Hs 0 is
isomorphic to V5 19. Finally, the Hj jo-representation Vs 190 @ Wi is generically
free by Proposition f.7.

It follows from (B)) and Corollary [£.4 that

ed(1 10) < ed(He10) < dim(V') — dim(Hg o) = 80 — 60 = 20.

Case (n,b) = (16, 12): Consider the representation V := W3 & W5 & V312 @
Wig of Hsqo. We claim that V' is generically free as the representation of
Hsj 1. Indeed, the stabilizer in Hs 19 of a generic vector in Wiy is Hsz 11 We are
reduced to showing that W3 @ W5 @ V311 is a generically free representation
of Hy11. By [[3, §5, p. 246] the generic stabilizer S of Hsjy in V31 is finite
(isomorphic to py X py), and the restriction to S of the natural projection
Hsqp — O;{ is injective. It remains to notice that the representation W5 @ Wy
of OF = PGLs, is generically free.

It follows from Lemmas [[.5 and [l.§ and Corollary .4 that

ed([im) S ed([g,u) + 1 S ed(Hng) + 1 S dlm(V) — dim(Hgvlg) -+ 1
=82-69+1=14.

Case (n,b) = (16,14): As every form in I3 is hyperbolic, we have I3 , = I},
and ed(I},) = 7 by Theorem P2 O

5. UNRAMIFIED PRINCIPAL HOMOGENEOUS SPACES

Let G be an algebraic group over F' and let K/F be a field extension with
a discrete valuation v trivial on F'. Write O for the valuation ring of v. It is a
local F-algebra. We say that a class £ € HL(K, G) is unramified (with respect
to v) if ¢ belongs to the image of the map HL(O,G) - HL(K, G).

Let K be the residue field of v. The ring homomorphism O — K yields a
map HL(O,G) — HL(K,G). This map is a bijection if K is complete (see [f,
Exp. XXIV. Prop. 8.1]). Hence we have the map

(4) Helt<F7 G) :> Helt<07 G) — Helt<K7 G)

Example 5.1. Let char(F) # 2 and G = O,,. Then HL(K, Q) is the set of
isomorphism classes of nondegenerate quadratic forms of dimension n over K.
A quadratic form g over a field K with a discrete valuation is unramified if and
only if ¢ ~ (ay, as, . .., a,), where a; are units in the valuation ring O in K. In
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general, every ¢ can be written ¢ = ¢; L mgo L h, where 7 is a prime element,
q1 and ¢y are unramified anisotropic quadratic forms and h is a hyperbolic
form. The form ¢ is unramified if and only if g5 = 0. It follows that if two
forms ¢ and wq are both unramified, then ¢ is hyperbolic. If K is complete,
then the map (@) takes f = (ay,ds,...,a,) over K, where a; are units in O,

to fr = (ai,as,...,a,).

6. ESSENTIAL DIMENSION OF PI3

Two quadratic forms f and g over a field K are called similar if f = Ag for
some A € K*. If n is even, we write PI3(K) for the set of similarity classes
of forms in I3(K). The group K* acts transitively on the fibers of the the
natural surjective map I3(K) — PI3(K). Hence

ed,(PI3) < edy(I3) < edy(PI9) + 1
for any p > 0 by [, Prop. 1.13].

Proposition 6.1. Let char(F') # 2. For an evenn > 8, and p = 0 or 2, we
have

ed,(PI?) = ed,(I?) — 1.

Proof. Let K/F be a field extension and let ¢ € I3(K) be a non-hyperbolic
form. Consider the form tq over the field K((t)). It suffices to show that

ed{ﬁ (tq) > ed;;[% (¢) + 1.

Let M/K((t)) be a finite field extension of degree prime to p (i.e., M = K((t))
if p=0and [M: K((t))] is odd if p = 2), let L/F be a subextension of M/F
and let f € I3(L) be such that tr.deg(L/F) = ed{ﬁ(tq) and tqy ~ fur.

Let v be the (unique) extension on M of the discrete valuation of K ((t)) and
let w be the restriction of v on L. The residue field M is a finite extension of
K of degree prime to p. As the form ¢ is not hyperbolic, gy, is not hyperbolic
and therefore, the form tqy ~ fy is ramified by Example p.. It follows that
w is nontrivial, i.e., w is a discrete valuation on L.

Let L be the completion of L. Note that as M is complete, we can identify
L with a subfield of M. Write fz =~ (fi); L 7(f2);, where f; and f, are
quadratic forms over the residue field L and 7 € L is a prime element (see
Example 5.1). Note that fi, fo € I*(L) by [, Lemma 19.4]. If the ramification
index e of M/L is even, then 7 is a unit in the valuation ring O of M modulo
squares in M*, hence fj; is unramified, a contradiction. It follows that e is
odd. Writing m = ut® with a unit u € O* we have

ta >~ fu = (fi)m L (o) = (fr)m L ut(fo)um,

(fi)m = 0 and gy = u(fa)r in W(M). It follows that (f1);; = 0 and
= u(fy)g7 in W (M) and therefore,

= u(fo)37 = ugsz

hence

—
ot
N~—
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where g := f; L f, is the form over L of dimension n. Note that fz—9; =

(m,—1)(f2); € I3(L), hence g; € I3(L) and g € I3(L).
It follows from ([) that ¢g7 is similar to g7, i.e., the form ¢ is p-defined over
L for the functor PI3 (see [[3, §1.1]) and therefore

edf (tq) = tr.deg(L/F) > tr.deg(L/F) + 1 > edl™(q) + 1. -

7. ESSENTIAL DIMENSION OF I3

In this section we compute the essential dimension of I3.

Theorem 7.1. Let F' be a field of characteristic zero. Then for every integer
n > 15 we have:

o(n-1/2 _ 1 _ nlnl) if n is odd;
edy(I3) = ed(I}) =  20-2)/2 _ nlnzl) if n =2 (mod 4);

)

20n=2)/2 pom 1 U e = () (mod 4),

where 2™ 1is the largest power of 2 dividing n.
If char(F) # 2, then the essential dimension of I? has the following values
forn < 14:

n <6[7]8]9110[11 121314
edy(I3) =ed(I®)| 0 |3[4[4[4 56|67

Proof. We will prove the theorem case by case.

7.1. Case n =2 (mod 4) and n > 10. The exact sequence
1 — p, — Spin, - PGO; — 1

yields a surjective map Spin, - Torsors(K) — PI3(K) for any K/F with the
group K acting transitively on the fibers of this map. It follows from Theorem

2.9, Proposition [p.1] and Lemma B.9 that
edy(I?) = edy(PI?) + 1 > edy(Spin,,) = ed(Spin,,) > ed(I?) > edy(I?).
Hence edy(I3) = ed(I3) = ed(Spin,,). The latter value is known by Theorem

7.2. Case n = 2 (mod 4) and n > 15. Let n = a + b with even b # 2. Let
Z be the trivial group if b = 0 and the image of the center C} of Spin, in
H,, if b > 4. Then Z is central in H,;, hence the group HL (K, Z) acts on
HL(K,H,p).

Lemma 7.2. Let &,n € HY(K, Hyp) with even b # 2. Suppose that q(§) =
qa L @ and q(n) = q. L Ay with the forms q, € I12(K) and ¢, € I}(K) and
A€ K*. Then n = af for some a € HL(K, 7).
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Proof. The statement is trivial if b = 0, so assume that b > 4. The restriction
of the natural homomorphism H,; — O} to the subgroup Z yields a surjection
¢ Z — s = Center(O}). The kernel of ¢ coincides with the kernel C' of
the canonical homomorphism H,;, — O x O/ .

As Z is isomorphic to py X g or py, the homomorphism ¢* : HL(K, Z) —
HL(K, py) = K*/K*? is surjective. Let v € HL(K, Z) be such that ¢*(y) =
AK*2. Then ¢(v€) = ¢o L Agy = q(n). Then there is § € HL(K, C) such that

= [(7€). Hence n = a&, where a = 'y with 4’ the image of 5 under the
map HL(K,C) — HL(K, Z) induced by the inclusion of C' into Z. O

Let £ € HL(K,Spin,) be such that the form ¢ = ¢(¢) € I3(K) is generic
for the functor I3 (see [[J, §2.2]). In particular, edlg(q) = ed(I3). Note that q
is anisotropic.

Identifying p, with the kernel of Spin, — O, we have an action of
HL(E, p,) = EX/E*? on HL(FE,Spin,) where E = K((t)). Consider the
element t{p € HL(FE,Spin,,) over E. We claim that t{x is ramified. Suppose
not, i.e., té comes from an element p € HL(O, Spin,,) where O = K[[t]]. Let

" € HL(O,0/) be the image of p, viewed as a quadratic form over O. We
have

dr = q(t&p) = 9(€p) = am,
hence ¢’ = qo. Then p and &p belong to the same fiber of the map
Helt<07 Spinn) — Helt<07 O:)
As the group HL(O, py) = O*/O*? acts transitively on the fiber, there is a

unit u € O satisfying t&g = uég. It follows from [fl, Prop. 28.11] that tu~! is
in the image spinor norm map

0" (qp) = Hoy(E, py) = B [E**

for the form gg, hence ¢ is isotropic by [f, Th. 18.3], a contradiction. The
claim is proven.

Let L/F be a subextension of E/F and let n € H}(L,Spin,,) be such that
tr.deg(L/F) = ed®P™ (t€) and np ~ t€x. We have q(n)g = q(t€) = q(ép) =
qg, hence the form ¢(n)g is anisotropic.

Let v be the restriction on L of the discrete valuation of E. As t£ is ramified,
v is nontrivial, hence v is a dlscrete valuation. Let m € L be a prime element

Consider the completion Lof L. As E is complete, we can view L as a
subfield of E. Write ¢(n;) = (¢a)7 L 7(q);, where ¢, and g, are anisotropic
quadratic forms over the residue field L of dimension a and b respectively. As
q(n) € I3(L) we have g, € I2(L) and therefore, b is even and b # 2. By Lemma
i3, there is 1/ € Hgt(/[;, H,p) that maps to n with ¢(') = ((¢a)7, 7(a%)7)-

We claim that the ramification index e of the extension E/ L is odd. Suppose
e is even. Note that ¢, L ¢ € I}(L). Lemma allows us to choose an
unramified element v € HL(L, H,) with ¢(v) = ((¢a)z,(@)z). By Lemma
[(.3, there is a € H;t(i, Z) such that ' = av. If b is divisible by 4, we have
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Z >~ py X WM. As e is even, a is unramified over E, hence 7, is unramified. It
follows that ng ~ t£ is also unramified, a contradiction.

Suppose that b = 2 (mod 4). Note that 0 < b < n since n £ 2 (mod 4).
Write m = ut® with a unit v € O* and even k. Then

(qa Lug)e ~ (qo L 7@0)p ~ q(ne) ~ q(tée) = q(&r) = q5.

It follows that ¢ ~ (qa)x L (Uiq) K, i.e., ¢ contains the subform (ug)x in I%(K)
of dimension b. This contradicts Theorem [I.3. The claim is proven.

Thus e is odd. We have

(4o L utqy)p ~ (qa L 7qp) e ~ q(ne) = q(t&e) = a(e) = q&.
It follows that (¢)k is hyperbolic and hence (¢, L @)k = (¢a)x = g in W(K),
1.e., (Qa 1 Qb)K =q. N .
Note that (¢.); = (¢)7 + T(@)z = q(nz) € I*(L), hence q, € I*(L) and
Ga L @ € I3(L). Therefore, q is defined over L for the functor I3, hence

edSPn (t¢) = tr. deg(L/F) > tr.deg(L/F) + 1 > ed™(q) + 1 = ed(I?) + 1.

It follows that ed(Spin,) > ed(I3) + 1, hence ed(I3) = ed(Spin,) — 1 by
Lemma B.4. The value of ed(Spin,,) is given in Theorem .3

In what follows we use the following observation (see []): if a functor F
admits a nontrivial cohomological invariant of degree d with values in Z/27Z,

then edy(F) > d.

7.3. Case n = 7. Every form ¢ in I3(K) is the pure subform of a 3-fold Pfister
form ((a,b,c)), hence ed(I2) < 3. On the other hand, the Arason invariant
es(q L (=1)) = ( YU (b) U (c) € H3(K,Z/2Z) is nontrivial (see [[], §18.6]),
hence edy(I3) >

7.4. Case n = 8. Every form ¢ in I3(K) is a multiple e({a,b,c)) of a 3-fold
Pfister form, hence ed(I$) < 4. The invariant a4(q) = (e) U (a) U (b) U (c) €
H*(K,Z/27) is nontrivial, hence edy(I3) > 4.

7.5. Case n = 9 and 10. Every form ¢ in I3(K) (respectively in I3,(K)) is
equal to f L (1) (respectively, f L (1,—1)), where f is a 3-fold Pfister form
over K, by [0, XII.2.8]. Hence I3 ~ I3 ~ I}

7.6. Case n = 11. The degree 5 cohomological invariant a; of Spin,; defined
in [[d, §20.8] factors through a nontrivial invariant of I}, hence edy(I3)) > 5.
On the other hand, ed(I3;) < ed(Spiny;) = 5.

7.7. Case n = 12. The degree 6 cohomological invariant ag of Spin,, defined
in [, §20.13] factors through a nontrivial invariant of I3,, hence edy(I3,) > 6.
On the other hand, ed(73,) < ed(Spin;,) = 6.

7.8. Case n = 13 and 14. By Case [[.T]and Theorem B3, edy(I3,) = ed([3,) =
ed(Spin,,) = 7. By Lemma, 3, edy(I};) = edy(Is,) > eda(1},,) — 1 = 6.
On the other hand, ed(I3;) < ed(Spin,;) = 6. O
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