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ABSTRACT. A necessary and sufficient condition for a central simple algebra
with involution over a field of characteristic two to be decomposable as a ten-
sor product of quaternion algebras with involution, in terms of its Frobenius
subalgebras, is given. It is also proved that a bilinear Pfister form, recently
introduced by A. Dolphin, can classify totally decomposable central simple
algebras of orthogonal type.

Mathematics Subject Classification: 16W10, 16W25, 16K20, 11E39.

1. INTRODUCTION

An old result due to A. A. Albert states that every central simple algebra A
of degree 4 which carries an involution of the first kind can be decomposed as a
tensor product of two quaternion algebras (see [15, §16]). This result is no longer
valid if A is of degree 8 by the examples given in [1] over fields of characteristic
different from 2 and in [23] over fields of characteristic 2. In [1], it was also shown
that if A is of degree 2™ over a field of characteristic different from 2, then A
decomposes into a tensor product of quaternion algebras if and only if there exists
a finite square-central subset of A (called a g-generating set) which satisfies some
commuting properties. Over a field of particular cohomological dimension, it is
known that central simple algebras which carry an involution of the first kind can
be decomposed as a tensor product of quaternion algebras (see [12], and [4] for a
characteristic 2 counterpart). In [3], a similar result was proved provided that the
base field is of the u-invariant < 8.

A closely related problem is to determine the conditions under which a central
simple algebra with involution (A, o) is totally decomposable (i.e., (A, o) decomposes
as a tensor product of o-invariant quaternion algebras). In [22], it was shown
that if A is of degree 4 over a field of characteristic different from 2 and o is of
symplectic type, then A can be decomposed as a tensor product of two o-invariant
quaternion algebras. A proof of this result in characteristic 2 was given in [24], also
a characteristic independent proof of this result and a criterion for decomposability
in the case where o is orthogonal can be found in [16]. A similar criterion for
the unitary case of degree 4 and of arbitrary characteristic was derived in [13].
A cohomological invariant to detect decomposability for degree 8 algebras with
symplectic involution over a field of characteristic different from 2 can be found in
[9]. For the case of degree 8 algebras with orthogonal involution (A, o) over a field
of characteristic different from 2, a criterion for decomposability in terms of the
Clifford algebra of (A, o) can be found in [15, (42.11)], see also [25, (3.10)]. For the
case where (A, o) is split and of arbitrary degree 2™ over a field of characteristic
different from 2, a decomposability criterion in term of higher degree invariants of
a quadratic form ¢, to which o is adjoint, can be found in [25].

Another relevant problem is to find invariants which classify central simple al-
gebras with involution (A4, o) up to conjugation. Orthogonal involutions of degree
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< 4 can be classified by their Clifford algebras [15, §15], [17, §2]. A degree 4 central
simple algebra with symplectic involution (A, o) can be classified by a 3-fold Pfister
form or an Albert form associated to o, see [14] and [15, §16].

In this work we study the problems of decomposition and classification of central
simple algebras with involution in the case of characteristic 2. In (4.5), we show
that a central simple algebra with involution over a field of characteristic 2 is
totally decomposable if and only if there exists a symmetric and self-centralizing
subalgebra S = ®(A,0) of A such that (i) 22 € F for every x € S and (i)
dimp S = 2779 where rr(S) is the minimum rank of S. In the case where (4, o)
is totally decomposable central simple algebra with involution of orthogonal type
we show that the aforementioned subalgebra ®(A, o), is unique up to isomorphism
(see (5.10)). We prove the existence of a natural associative bilinear form s on
®(A,0), isometric to a recently introduced bilinear Pfister form Bf(A, o) in [7],
thus providing a more intrinsic definition of Bf(A, o) (see (5.5), (5.6)). In [7, (7.5)],
it was shown that for every splitting field K of A, the involution ox on Ak is
adjoint to the bilinear form Bf(A, o)k (see [7, (7.5)], compare [21, (5.1)]), and it
was asked (see [7, (7.4)]) if PBf(A, o) classify (A, 0) up to conjugation. Using the
methods developed in the current work, we give in (6.5) an affirmative answer to
this question.

2. PRELIMINARIES

Let V be a finite dimensional vector space over a field Fand let b: V xV — F
be a bilinear form. Let Dp(b) = {b(v,v) : v € V and b(v,v) # 0}. If K/F is a field
extension, the extension of b to Vi =V ®p K is denoted by by.

The orthogonal sum and the tensor product of two bilinear forms b; and by are
denoted by by L by and by ® bs respectively. For o in F'*, the group of invertible
elements of F', we use the notation («) for the isometry class of the one-dimensional
bilinear space (V, b) over F defined by b(u,v) = auv. The bilinear form L7 ; (o)
is denoted by {(aq, -, ).

Let F be a field and let i, -+ ,a, € F*. The 2"-dimensional bilinear form
(L,an) ® -+ ® (1, ) over F is called a bilinear n-fold Pfister form and is denoted
by {1, ,an). If b is a bilinear Pfister form then there exists a bilinear form b’,
uniquely determined up to isometry, such that b = (1) L b’ (see [2, p. 16]). The
form b’ is called the pure subform of b.

A quadratic form over F is a map ¢ : V — F such that: (1) g(aw) = a?q(v)
for every aw € F and v € V; (2) the map by : V x V — F defined by by(u,v) =
q(u 4+ v) — q(u) — q(v) for every u,v € V is a bilinear form. We say that ¢ is
totally singular if by(u,v) = 0 for every u,v € V. For ay, -+ , &, € F, the isometry
class of the n-dimensional totally singular quadratic form (V,q) over F defined by
q(v1,...,vn) = @1vf + -+ + a2 is denoted by [a1] L --+ L [a]. The Clifford
algebra of a quadratic form (V,q) is denoted by C(V). We refer the reader to [8,
Ch. 1] for basic definitions and facts regarding Clifford algebras and quadratic and
bilinear forms in arbitrary characteristic.

Let R be a ring. An additive map § : R — R is called a derivation, if §(ab) =
ad(b) + 6(a)b for every a,b € R. For a € R, the map 0, : R — R defined by
do(x) = ax — za is a derivation of R which is called the inner derivation induced
by a.

All F-algebras considered in this work are supposed to be unital and associative.
The reader is referred to [20, Ch. 12] for basic notions concerning central simple
algebras. We just recall that the degree of a central simple algebra A is defined by
degr A = y/dimp A. Also for a subalgebra B of A the centralizer of B in A and
the center of B are denoted respectively by C4(B) and Z(A).
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A finite dimensional algebra A over F' is called a Frobenius algebra if A contains
a hyperplane H that contains no nonzero left ideal of A; alternatively A is called
a Frobenius F-algebra if there exists a nondegenerate bilinear form b: A x A — F
which is associative, in the sense that b(x,yz) = b(zy, z) for every x,y,z € A. In
this work, we use the following fundamental result about the properties of Frobenius
subalgebras of central simple algebras:

Theorem 2.1. [11, (2.2.3)] Let A be a central simple algebra over a field F' and let
S be a commutative Frobenius subalgebra of A such that dimp S = degp A.

(1) We have C4(S)=S.

(i1) Every deriation of S into A can be extended to an inner derivation of A.

For further properties of Frobenius algebras see [11] .

The minimum rank of a finite dimensional F-algebra A which is denoted by
rp(A) is the minimum number r such that A can be generated as an F-algebra
by 7 elements. Also the Loewy length of A which is denoted by ¢£(A) is defined
as the smallest positive integer [ such that J(A)! = 0; in other words £/(A) is the
nilpotency index of the Jacobson radical of A.

Let A be a central simple algebra over a field F. An involution on A is an anti-
automorphism ¢ of A such that 02 = id. The involution ¢ is called of the first kind
if o|p =id. The set of alternating and symmetric elements of (A, o) are defined as
follows:

Alt(A,0) ={a—o0(a):a € A}, Sym(A,o)={a€ A:0(a)=a}.

An involution o of the first kind is said to be of symplectic type if over a splitting
field of A, o becomes adjoint to an alternating bilinear form. Otherwise, o is said
to be of orthogonal type. If char F = 2 and o is of the first kind, then it can be
shown that o is of orthogonal type if and only if 1 ¢ Alt(A4, o), see [15, (2.6)]. The
discriminant of an involution o of orthogonal type is denoted by disco, see [15,
(7.1)].

Let F' be a field of characteristic 2. A quaternion algebra over F'is a central simple
F-algebra of degree 2. As an F-algebra, every quaternion algebra is generated by
two elements u and v subject to the relations

w+ueF, v*eF* and wv+ou=v.

Furthermore {1, u,v,uv} is a basis of Q over F.

3. TOTALLY SINGULAR CONIC FROBENIUS ALGEBRAS

Definition 3.1. In analogy with [10], we call an algebra R over a field F a totally
singular conic algebra if 2% € F for every z € R.

Remark 3.2. Let F' be a field of characteristic 2 and let R be a finite dimensional
totally singular conic F-algebra. It follows immediately that

(i) R is a local commutative algebra and its unique maximal ideal is m = {z €
R:a2? =0}

(i) For every u € R\ F, the subalgebra F[u] is a field if and only if u? ¢ F? =
{z%: 2 € F}.

Remark 3.3. A local commutative algebra is a Frobenius algebra if and only if it
has a unique minimal ideal, see [11, (2.1.3)]. In particular for a finite dimensional
totally singular conic algebra, being a Frobenius algebra is a purely ring theoretic
property and dose not depend on the base field.

Lemma 3.4. Let R be a finite dimensional totally singular conic algebra over a
field F. If dimp R = 2"*(®) | then R is a Frobenius algebra.
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Proof. Set n = rp(R) and write R = Fluq,- - ,u,] for some uq,--- ,u, € R. The
F-algebra homomorphisms f; : Flu;] — R defined by f;(u;) = usy, @ = 1,--- ,n,
induce a surjective F-algebra homomorphism f : Flui] ® --- ® Flu,] = R. By
dimension count f is an isomorphism. We know that single generated algebras
(i.e., algebras of the form F[u]) and the tensor product of Frobenius algebras are
Frobenius (see [11, (2.1.4)] and [11, (2.1.2)]), hence R is a Frobenius F-algebra. [

Remark 3.5. The converse of (3.4) is not necessarily true. Here we construct a
counter example. Let F be a field of characteristic 2 and for n > 4, let R, be
the n-dimensional algebra over F' with the basis {1,u1,- - ,u,—1} subject to the
relations

u?:uluizo, 1§z§n71,
(1) wu; =u, 2<i#j<n-L

It is easy to see that the above relations imply that wiu; = u;u; for every i. It
follows that R, is a totally singular conic algebra with the unique maximal ideal
m = Fu; 4+ -+ Fu,_1. In particular for every element z € R, one can write
r = a-+m, where a € F and m € m. Set I := R,u; = Fuy. Then I is a minimal
ideal of R,,. Let z,y € R, and write x = a +m and y = b+ m' where a,b € F and
m,m’ € m. By (1) we have mm’ € I. So there exist ¢ € F' such that

(2) xy = ay + bx + cuy — ab.
Let r = rp(Ry) and write R, = F[v1, - ,v,] for some vy, -+ ,v, € R,. Set
S=Fvi+---+ Fv. C R,. By (2) every monomial in terms of vy, - - , v, belongs

to the subspace S+ Fuj + F. Since these monomials generate R,, as an F-algebra
and dimg R, = n, we obtain r > n — 2. On the other hand R,, is generated as an
F-algebra by the elements ug, -+, up—1, 80 rp(R,) =r=n— 2.

Now suppose that n is even. We claim that I is the unique minimal ideal of R,,.
Let J # {0} be an ideal of R, and let 0 # z € J. As J C m we have

n—1
(3) x = Z a;uy,
i=1

for ay,--+ ,an—1 € F. Set b; = (Z?:_; a;) — a;, © = 2,---,n — 1. Multiplying
(3) by u; we get bju; € J, i =2,---,n—1. If b; # 0 for some 2 < i < n-—1
then u; € J and I C J. Otherwise by = -+ = b,—1 = 0 which leads to a system
of linear equations with respect to as,--- ,a,—1. As n is even (and char F = 2)
it is easy to see that the only solution of this system is the trivial solution, i.e.,
ag =+ =ay_1 = 0. Since z # 0 we obtain a; # 0, so againu; € J,i.e., I CJ. So
the claim is proved and by (3.3), R,, is a Frobenius algebra. For every even integer
n > 6 the algebra R, is a totally singular conic algebra which is Frobenius, but
dimp R, =n # 272 = 27#(Ex)  Also even if dimp R is a power of 2, the converse
of (3.4) is not true; take n = 2% k >3 and R = R,,.

Remark 3.6. Let R be a finite dimensional totally singular conic algebra over a
field F' of characteristic 2 and let L O F be a subfield of R. If R is a field, then
r.(R) + rp(L) = rp(R). This fact is an easy consequence of the multiplication
formula [R : F] = [R : LJ[L : F] and the fact that [K : F] = 2"7(5) for every
subfield K D F of R.

Lemma 3.7. Let R be a finite dimensional totally singular conic algebra over a
field F of characteristic 2 and let m be its unique mazimal ideal mentioned in (3.2).

Setr =rp(R/m) and n =rp(R).
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(1) If K O F is a mazimal subfield of R, then the residue field R/m and K
are isomorphic as F-algebras. In particular K is unique up to F-algebra
isomorphism and [K : F| = dimp R/m = 2". Also for every x € R we have
r? e K2

(1i) There exist a maximal subfield K O F of R and u1, -+ ,Up—r € m such
that R = Kluy, -+, Up—r].

(i4i) We have tL(R) < rp(R) —rp(R/m) + 1.

Proof. (i) Since F C K C R, R is a finite dimensional totally singular conic K-
algebra as well. Since K is maximal, using (3.2 (ii)) we have 22 € K? for every
x € R. Consider the map ¢ : K — R/m defined by ¢(x) = z + m. Clearly ¢ is an
injective F-algebra homomorphism. We show that ¢ is surjective. Let z+m € R/m,
where x € R. As 22 € K2, there exists y € K such that 22 = 3% € K2, ie,
(y +2)? = 0. So we have y + x € m which implies that p(y) =y +m =z + m.

(#¢) By induction on n, we first prove that there exist a maximal subfield K O F
of R and w1, ,un—pr € R such that R = K[u,- -+ ,u,—]. Choose v1, - ,v, € R
such that R = Flvy,--- ,v,]. Ifv? € F2 foreveryi=1,---,n, then foreveryu € R
we obtain u? € F?, so (3.2 (ii)) implies that every maximal subfield K O F of R
reduces to F, i.e.,, r = 0 and we are done. Otherwise (by re-indexing if necessary)
we may assume that v? ¢ F2. Then L := F[v1] is a quadratic extension of F' and
R = L[va, -+ ,v,]. By (3.3), R is a Frobenius L-algebra. We have r(R) =n — 1,
also (3.6) implies that rp(R/m) = rp(R/m) — rp(L) = r — 1. So by induction

hypothesis there exist a maximal subfield K O L of R and u1,-- ,un— € R such
that R = Kluy, -+, Up—r].

Since K is maximal we have u? € K2, i =1,--- ,n—r. Replacing u; with u; +«;
for some «; € K, we may assume that u? =0,i=1,--- ,n—r.

(#i7) By the previous part, there exist a maximal subfield K O F and uy, -+, tup—p
m such that R = K[uy, - ,up—,]. Consider arbitrary elements @1, ,Zp—pp1 €
m. Since K Nm = {0}, every z; can be written as

Tr; = Z Ay Ugy » s Uy Qg .oy € K.
1<i<n—r
1<ii << <n—r

So every monomial in the expansion of 1 - -+ 2,41 in terms of uy, -+, up—, has
two identical u;’s. As uf = 0 we have z1 - - - x,_,41 = 0. Thus we obtain mr—rtl =
0,ie, Y(R)<rp(R)—rrp(R/m)+1. O

The following result shows that (3.6) is also true for every finite dimensional
totally singular conic algebra:

Corollary 3.8. Let R be a finite dimensional totally singular conic algebra over a
field F' of characteristic 2. If L D F is a subfield of R then rp(R)+rp(L) =rp(R).

Proof. f L = F (in other words rr(L) = 0) the result trivially holds. So suppose
that rp(L) > 1. We obviously have rp(R) < rp(R) + rr(L). So it is enough to
show that rp(R) > r(R) + rp(L). We prove this for the case where rp(L) = 1.
The general case follows from induction. Let m be the unique maximal ideal of
R mentioned in (3.2), » = rp(R/m) and n = rp(R). By (3.7 (ii)) there exist
a maximal subfield K O F of R and uy,- - ,up—r € m such that R = Klug, -
,Un—r]. Write L = F[u] for some u € R with u? € F*\ F*2, Extend L to a maximal
subfield K’ of R. By (3.7 (i)) we have K’ ~ K, so there exists v; € K such that
v} =u? € F*\F*2 Set m := v;+u € R. Since m? = (vi+u)? = 0, we have m € m.
As rp(K) =r and K is a field, by (3.6) we have rp(,,)(K) = r — 1. So there exist
va, -+ ,up € K such that K = Flvy, -+ ,v:]. Then R = Flv1, -+ ,0p, U1, , Up—p]-
Set S = Llvg, -+ ,vp,u1,  * ,Up—r]. We claim that S = R which implies that
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r(R) <n-—1=rp(R)— 1. It is enough to show that v; € S. As R = KJuy,--
, Un—r], ONE can write

(4) m = E Oy oy Uiy = Uiy s Ay ...q € K.
1<i<n—r
1<ii <<y <n—r

Every «;,..;, € K = Flv1,- -+ ,v,] can be written as
ail---il = ﬂil“'il + ’Yil---ilvlv

where Bi,...i,, Viy-i, € Flva,--+,v,] € S5. So by (4) there exist s,s" € S such that

m=uwv1s+5. Asuy, - ,u,_» € mand mis an ideal, we obtain s,s’ € m, so 5,5’ €
SNm. We obtain therefore u = v1 +m =v1(1+s)+ 5, s0 (1+s)u=v1+(1+9)s,
e, v1=(1+s)(ut+s)e€S. O
Remark 3.9. The statement of (3.7 (i7)) can be strengthened as follows: “For
every maximal subfield K O F of R there exist ui,--- ,u,_, € m such that
R = Kluy, -+ ,un—r].” In fact by (3.8) we have rx(R) = n — r. So there exist
Ui, ,Up—p € R such that R = K[uy, -+ ,up—r]. Since K is maximal we have
u? € K2 fori =1,--- ,n —r. Replacing u; with u; + a; for some «; € K, we may
assume that uf =---=u2_ =0.

Definition 3.10. Let R be a finite dimensional totally singular conic algebra over
a field F' of characteristic 2 and let m be its unique maximal ideal. We say that R
is a p-generated algebra if rp(R) = p(R) where p(R) = ll(R) + rp(R/m) — 1.

Proposition 3.11. Let F be a field of characteristic 2 and let R be a finite di-
mensional totally singular conic F-algebra. Then R is p-generated if and only if
dimp R = 2" In particular every p-generated totally singular conic algebra is
a Frobenius algebra.

Proof. By (3.2), R is a local commutative algebra. Let m be the unique maximal
ideal of R, r = rp(R/m) and n = rp(R).

Suppose that R is a p-generated algebra. As rp(R) = n we have dimp R < 2™,
So it is enough to show that dimp R > 2". Let K O F be a maximal subfield of R

and write K = Fluy,--- ,u,] for some uy,--- ,u, € K. Since £{(R) =n —7r+ 1 we
have m™~" #£ 0, so there exist vy, -+ ,v,—, € m such that vy ---v,_, # 0. We show
that

(5) dimg Kvy, - ,0p—p] =277,

which concludes that
dimp R > dimp K - dimg K(vy, - ,0p—p] = 2™
In order to prove (5), we claim that the set
W={1}U{vy v, 1<ig3 < <y <n-—r 1<I<n-—r}
is linearly independent over K. Suppose that

(6) Z Qg Uiy 0" V5 = @, QO Oy gy € K,
1<i<n—r
1<ii <<y <n—r
where at least one of the above terms is nonzero and the number of nonzero terms
is minimal. Since the left side of (6) belongs to m we have o = 0. As v7 = 0,
j=1,---,n—r, multiplying the equality (6) by v; implies that either v; does not
appear in the above sum or appears in all terms. It follows that the only nonzero
term of the left side of (6) is a multiple of v;, - - - v;, forsome 1 < ji < --- < jy < n—r
and 1 <[ < n — r which contradicts the assumption vy - - - v, # 0. So the claim

is proved and dimg Klvy, -+ ,vp—p] = 277",
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Conversely suppose that dimp R = 2. As dimp K = 2", we have dimg R =
2"~". By (3.9) there exist u1,- - ,up—r € m such that R = Kluy, - ,up—r]. It
follows that uy -+ up—r # 0, i.e,, m" " £ 0. So ¢{(R) > n —r + 1 and thanks to
(3.7 (ii4)), R is a p-generated algebra. The last statement of the result follows from
(3.4). O

Remark 3.12. For n = 2%k > 3, the totally singular conic algebra R,, constructed
in (3.5) is a Frobenius algebra which is not p-generated, because dimp R,, # 2"F (Fn)
So the converse of the second statement of (3.11) does not hold.

The next result follows from (3.11) and the standard properties of tensor product.

Corollary 3.13. Let R and R’ be two finite dimensional p-generated totally sin-
gular conic algebras over a field F' of characteristic 2. Then R @r R’ is also a
p-generated totally singular conic F-algebra.

Lemma 3.14. Let (V,q) be a quadratic form over a field F of characteristic 2 and
let f:V — C(V) be an F-linear map such that f(v) € Z(C(V)) for everyv € V.
Then the map f can be uniquely extended to an F-derivation § : C(V) — C(V).

Proof. Let T(V) be the tensor algebra of V' with the canonical map ~: T(V) —
C(V). Let g : T(V) — C(V) be the linear map induced by g(1) = 0 and

gu1 ® - @ up) = f(u)Tz - Ty + U1 f (u2)T3 - - -y

for uy, - ,u, € V. For every wy,wy € T(V) we have
(8) g(w1 ® wp) = Wig(wa) + g(w1)Ws.

Let I be the ideal of T'(V') generated by the elements of the form v ® v — ¢(v) for
v € V. We claim that g(I) = 0. For every w € T(V) and v € V we have

gw (vev—q(v))) =wg(v®v—qv)) +g(w)(vev—q(v))
=wg(v®@v —q(v)) +0=w(g(v®v) —g(q(v)))
=wg(v@v) =w(@f(v) + f(v)v) =0,

where in the last equality we used the assumption f(v) € Z(C(V)). Similarly for
every w € T(V) and v € V we have g((v ® v —¢(v)) ®w) =0. So g(I) =0 and g
can be factored through C(V), i.e., g induces a map § : C(V) — C(V). By (8), for
every w,ws € C(V) we have §(wiwz) = wid(wz) + (w1 )ws, so d is a derivation.
The uniqueness of 0 follows from the fact that V generates C(V) as an F-
algebra. O

Lemma 3.15. Let R be a finite dimensional algebra over a field F' of characteristic
2 and let n = rp(R). Then R is a p-generated totally singular conic F-algebra if
and only if there exists a totally singular quadratic form (V,q) of dimension n over
F such that R~ C(V). In addition V can be chosen as the vector space generated
by every generating subset {uy,--- ,un} of R (as F-algebra) with q(v) =v* € F for
everyv € V.

Proof. First suppose that R is a p-generated totally singular conic F-algebra. Write
R = Fluy,- - ,u,] for some uy,--- ,u, € R. Set a; =u? € F,i=1,---,n and
V = Fuy +---+ Fu, C R. Define the map q : V. — F via q(v) = v?> € F. For
every u,v € V we have q(u +v) — q(u) — q(v) = (u +v)? —u? —v2 = 0. So ¢ is
a totally singular quadratic form. Consider the inclusion map i : V < R. The
map ¢ is compatible with ¢ and can be extended to an F-algebra homomorphism
9:C(V) = R. As R = Fluy, - ,uy], ¢ is surjective. Also using (3.11), we have
dimp R = 2" = dimp C(V), so ¢ is an isomorphism.
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Conversely suppose that R ~ C(V) for a totally singular quadratic form (V,q)
over F. Let {vy,--+ ,v,} be a basis of V over F. As (V,q) is totally singular, C(V)
is a totally singular conic F-algebra. Also as an F-algebra, C(V) is generated
by the set {v1, - ,v,}, e, rp(C(V)) < n. Since dimp C(V) = 2™ we obtain
n =7rp(C(V)). So dimp C(V) = 27#(€V) and by (3.11), C(V) (and therefore R)
is p-generated. (I

Corollary 3.16. Let R and R’ be two finite dimensional p-generated totally sin-
gular conic algebras over a field F' of characteristic 2 with respective mazimal sub-
fields K and K'. Then there exists an F-algebra isomorphism R ~ R’ if and only
if dimp R = dimp R’ and K ~ K’ as F-algebras.

Proof. First suppose that dimp R = dimp R’ and K ~ K’. By (3.11) we have
dimp R = 27 and dimp R = 27®). So dimp R = dimp R’ = 2", where
n =rp(R) =rp(R'). Let m and m’ be respectively the unique maximal ideals of
R and R’ mentioned in (3.2) and set r = rp(R/m). As K ~ K’, by (3.7 (i)) we
have R/m ~ R'/m’ as F-algebras. So rp(R'/m’) = r. Also by (3.9) there exist
Uty oy Up—p € mand uf, -+ ul_ . €m' such that R = K[uy, - ,upn—] and R =

K'uy, - ,ul,_.]. As dimp R = 2™ and dimp K = 2", we have dimg R = 2""". So
the set {uy, -+ ,un—r} is linearly independent over K. Set V.= Kuj + -+ Ktp_y
and V' = K'u} 4+ -+ 4+ K'u},_,. Define the quadratic forms ¢ on V and ¢’ on V’
via ¢(v) = v2 and ¢/(v') = v'>. Since u; e mand u, em’, i =1,--- ,n—r, g and ¢
are zero maps. So C(V) ~ C(V’) as K-algebras. On the other hand by (3.15) we
have R ~ C(V) and R’ ~ C(V’) as F-algebras, so R ~ R’ and we are done. The

converse is trivial. O

Proposition 3.17. Let R be a finite dimensional totally singular conic algebra
over a field F' of characteristic 2 and let n = rp(R). Consider a subset B :=
{u1, - ,un} € R which generates R as an F-algebra. Then the following state-
ments are equivalent:

(1) The algebra R is p-generated.
(1i) Fvery map f: B — R can be uniquely extended to an F-derivation § : R —
R.
(iii) BEvery map f : B — A satisfying f(u;)> = u? € F, i = 1,--- ,n, can be
uniquely extended to an F-algebra homomorphism ¢ : R — A.

Proof. Let V.= Fu; + -+ Fu, and let ¢ : V. — F be the quadratic form defined
by q(v) = v?. By (3.15), R is p-generated if and only if R ~ C(V). So the
equivalence (i) < (i4i) follows from the universal property of Clifford algebras and
the implication (i) = (i7) follows from (3.14).

(#9) = (i): Let K be a maximal subfield of R and set r = rp(K). Let m be the

unique maximal ideal of R mentioned in (3.2). By (3.9) there exist v1,- -+ ,vp_r € m
such that R = K[vy, -+ ,Un—r|. We claim that vy - vp—p #0. vy v, =0,
then there exists a minimal number [ <n—rand 1 <1 <ixa <--- <4y <n-—r
such that

(9) Viy © Vi = 0.

Choose vp—pt1, -+ ,Up € R such that K = Flvp_pi1, - ,0n], 80 {v1, -, 05}

generates R as an F-algebra. Let f : {v1,---,v,} — R be the map defined by
f(vi;) = 1 and f(v;) = 0 for every j # i1. By the hypothesis, f can be extended
to a derivation § on R. Note that [ > 2, because all v;’s are nonzero. Applying §
to (9) we obtain v;, - - - v;, = 0, which contradicts the minimality of I. So the claim
is proved and we have m™~" # 0. It follows that ¢/(R) > n — r 4+ 1 and thanks to
(3.7 (i41)), R is a p-generated algebra. O
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4. DECOMPOSABILITY IN TERMS OF FROBENIUS SUBALGEBRAS

Remarks 4.1. Let (Q,0) be a quaternion algebra with involution over a field F
of characteristic 2.

(i) There exists u € Sym(Q, o) \ F such that u? € F*. In fact if o is of symplectic
type and u € Sym(@, o), then u has trivial reduced trace (see [15, pp. 25-26]), so
u? € F. Replacing u with u+ 1 we may assume that u? € F*. If ¢ is of orthogonal
type, Alt(Q, o) is one dimensional and by [15, (2.8 (2))] every nonzero element in
Alt(Q, o) is invertible. So for every 0 # u € Alt(Q, o) we have u? = Nrdg(u) € F*,
where Nrdg(u) is the reduced norm of u in Q.

(#¢) If ¢ is the transpose involution, (Q,o) ~ (M2(F),t) if and only if o is of
orthogonal type and disco is trivial, see [15, (7.4)].

The proof of the following result uses the method of that of [16, (3.7)] and [19]".
The technique was only applied for biquaternion algebras, but the main idea of the
general case was present there.

Lemma 4.2. Let (A,0) be a central simple algebra with involution over a field
F of characteristic 2. Suppose that there exists a totally singular conic subalgebra
S C Sym(A, o) such that C4(S) =S and dimp S = 2", where r = rp(S).
(i) There exists a quaternion F-subalgebra @ C A such that 0(Q) = Q.
(t) If S = Fluy, -+ ,u.|, where uy,--- ,u, €S, then the quaternion subalgebra
Q in part (i) can be chosen so that Flug,--- ,u.] C Ca(Q).
(i4i) If o is of orthogonal type, then the quaternion subalgebra Q in part (i) can
be chosen so that SN Alt(Q, olg) has an invertible element.

Proof. (i) By (3.4), S is a Frobenius algebra. Write S = Flus,--- ,u,], where

u; € S. Replacing u; with u; + 1 if necessary, which doesn’t change Flug,- -, u,]
and S, we may assume that
(10) 0Au?ecF i=1,---,r

By (3.17), there exists an F-derivation § of S induced by 6(u1) = uy and 6(u;) = 0,
i=2,---,7. By (2.1 (ii)), § extends to an inner derivation d¢ of A for some & € A.
As 62 = § on S, the element &2 + ¢ commutes with S, so €2 + & € Ca(S) = S. Let
n=¢£%2 e A. We have

(11) =6+ =+ €F
Since ¢ and £? induce the same derivation § on S, we have
(12) nuy + urn = Eug + ur€ = 0(u1) = ug.

For x € S the relations
So(e)() = 0(§)z —20(§) = 0(§)o(x) —o(x)0o(§) = o(2€ — €x) = 2§ — &x,

imply that the elements £ and o(€) also induce the same derivation ¢ on S. Thus
o(§) = &+ s for some s € S and

(13) a(n) =0o(€)* = (§+5)* =n+3(s) +°,
with §(s) € S, since S is stable under §. Also
(14) s> F,

since S is totally singular conic algebra. Now consider two cases.
Case 1. If 6(s) € F, then (13) implies that n 4+ o(n) € F. By (10), (11) and (12),
u; and n generate a quaternion algebra (), which is invariant under o, because

We are grateful to Professor M.-A. Knus for making [19] available to us.
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n+o(n) € F.
Case 2. If §(s) € S'\ F, we obtain
(15) 5(5) = 62(s) = 52 (6(5)) = nd(5) + S(s)n.

Then by (11), (14) and (15), n and J(s) generate a quaternion subalgebra @ of A,
which is invariant under o thanks to (13).

(#9) Since d(uz) = -+ = 0(uy) = 0, in both cases above Flug,--- ,u,] commutes
with 7, thus Flug,---, uy] C Ca(Q).

(#4¢) Suppose that o is of orthogonal type. In case 1 above, as n + o(n) € F, we
obtain = o(n). Therefore using (12) we get nuy + o(nu1) = nuy + u1n = uq, so
up € SN AI(Q,0lg). Similarly in the case 2, we have §(s) + s € SN Alt(Q, o)
by (13). So in both cases there exists a nonzero element in S N Alt(Q, o|g) which
is invertible by [15, (2.8 (2))]. O

Corollary 4.3. Let (A,0) be a central simple algebra of degree 2™ with involution
of orthogonal type over a field F' of characteristic 2. Suppose that there exists a
totally singular conic subalgebra S C Sym(A, o) such that C4(S) = S and dimp S =
27r(S) Then fori=1,--- ,n, there exists a o-invariant quaternion algebra Q; C A
and an invertible element v; € SNAIL(Q;, 0lg,) such that (A, o) ~ @, (Qi,0l0,)
and S = Flvy,- -+ ,v,]. In particular dimp S = 2™.

Proof. Set r = rp(S). Write S = Fluq,- -+ ,u,] for some uy, - ,u, € S and set
S" = Flug, -+ ,ur]. By (4.2 (i)) there exists a quaternion subalgebra Q1 of A such
that (4,0) ~ (Q1,0]g,) ® (B,7), where B = C4(Q1) and 7 = o|pg. Also by (4.2
(#1)), @1 can be chosen such that S C C4(Q1) = B. We have

Flu]® 8"~ § = Ca(8) = Cq, (Flu1]) © Cp(5') ~ Flu] ® Cp(S5"),

so dimp Cg(S’') = dimp S’. As S’ is commutative we obtain Cg(S’) = S’. Since
dimp §’ = 277(5") the induction can be applied to B and we obtain (A,o) ~
R, (Qi,0:) where (Q;,0;) is a quaternion algebra over F with involution.

By (4.2 (it1)) for every ¢ there exists an invertible element v; € SNAlt(Q;, 0]0,)-
We claim that S = Flvy, -+ ,v,]. Set 8" = Flvy, -+ ,v,] € 5. Then dimp 5" =
21 = 277(5") 50 by (3.4) and (2.1 (i), S” is a Frobenius algebra and C4(S”) = S”.
As 8" C S and C4(S) =S, we have S = S. O

Remark 4.4. The converse of (4.3) is trivially true. In fact let (4,0) = Q. (Qs, %)
be a totally decomposable algebra with involution over a field F' of characteristic 2.
By (4.1) there exists v; € Sym(Q;,0;) such that v? € F*. Set S = Flvy,--- ,v,] C
Sym(A, o). Then S is a totally singular conic F-algebra and dimp S = 2™ = 27#(5),
By (3.4) and (2.1 (%)), we have C4(S) = S.

Theorem 4.5. Let (A, o) be a central simple algebra of degree 2™ with involution
over a field F' of characteristic 2. Then the following statements are equivalent:

(1) (A,0) is totally decomposable.
(i4) There exists a p-generated totally singular conic F-algebra S C Sym(A, o)
such that C4(S) = S.

Furthermore if o is of orthogonal type then for every F-algebra S satisfying (ii),
we have necessarily S C Alt(A,0) + F. More precisely there exist vi,--- v, €
Alt(A,0) N A* such that S = Fluy,---,v,] and vy ---v;, € Alt(A,0) for every
1<ii<---<iy<nandl <Il<n. Thus, if o is of orthogonal type the statement
(i1) can be replaced by the following:

(iii) There exists a p-generated totally singular conic F-algebra S C Alt(A, o)+
F such that C4(S) = S.
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Finally if S is any subalgebra of A satisfying the condition (ii) or (iii) then rp(S) =
n and dimp S = degp A = 2.

Proof. The equivalence (i) < (i) follows from (3.11), (4.3) and (4.4).
If o is of orthogonal type, then by (4.3) for every i there exists an invertible

element v; € S N Alt(Q;,0;) such that S = Flvy,--- ,v,]. Choose an element
w; € @Q; such that v; = w; —o(w;), i = 1,--- ,n. Then vy, «--v;, = Wiy Viy Vi, —
o(wi, iy - vyy) € Alb(A,0) forevery 1 <43 <--- <4 <nand 1<I<n.

The last statement of the result follows from (4.3). O

5. A NEW DESCRIPTION OF THE PFISTER INVARIANT

Definition 5.1. Let (4, 0) be a totally decomposable algebra with involution of
orthogonal type over a field F of characteristic 2. By (4.5 (ii)) there exists a
p-generated totally singular conic algebra S C Sym(A, o) such that C4(S) = S.

By (4.5 (#i7)) we have necessarily S C Alt(A, o) + F and there exist vy, , v, €
Alt(A, o) N A* such that S = Flvy,---,v,] and v;, - --v;, € Alt(4,0) for 1 < i <
< iy <mnand 1l <1l <n Wecall the set {v1,---,v,}, a set of alternating

generators of S.

Definition 5.2. Let (A,0) be a totally decomposable algebra of degree 2" with
involution of orthogonal type over a field F of characteristic 2 and let S C Sym(A, o)
be a p-generated totally singular conic algebra such that C4(S) = S. Define a map
5:5x8 = F as follows: for every v,w € S, as vw € S C Alt(A,0) + F, there
exists a unique a € F such that vw + o € Alt(A, o). Set s(v,w) = . It is easy to
see that s is a symmetric bilinear form on S. Note that for every v € S, as v? € F
and F N Alt(A, o) = {0}, we obtain

(16) s(v,v) =v? € F.

Furthermore for every w,v,w € S and a € F, we have u(vw) + a € Alt(4,0) if
and only if (uv)w + o € Alt(A, o), so s(u, vw) = s(uv,w), i.e., s is an associative
bilinear form. We also have the orthogonal decomposition S = F 1 Sy with respect
to s, where Sy = SN Alt(A, o).

Remark 5.3. Let (A,0) be a totally decomposable algebra of degree 2" with
involution of orthogonal type over a field F’ of characteristic 2 and let S C Sym(A, o)

be a p-generated totally singular conic algebra such that C4(S) = S. If {v1, -+ ,vn}
is a set of alternating generators of S with v? = a; € F* and s is the bilinear form
defined in (5.2), then s ~ {(aq,- -, ay)); in particular s is nondegenerate.

Definition 5.4. Let (A,0) ~ @, (Q:, 0;) be a totally decomposable algebra with
involution of orthogonal type over a field F' of characteristic 2 and let a; € F*,
i=1,---,n, be a representative of the class disco; € F'*/F*2. In [7] it is shown
that the bilinear n-fold Pfister form PBf(A, o) := (@1, - ,an) is independent of

the decomposition of (A,0). As in [7] we call this form the Pfister invariant of
(4,0).

The following result gives another description of (A4, o):

Lemma 5.5. Let (A, o) be a totally decomposable algebra with involution of orthog-
onal type over a field F' of characteristic 2 and let S C Sym(A, o) be a p-generated
totally singular conic algebra such that Ca(S) = S. Then the bilinear form s on S
defined in (5.2) is isometric to Pf(A, o).

Proof. By (4.3) there exists a o-invariant quaternion algebra @Q; C A, i = 1,---
,n with (4,0) ~ ., (Qi,0]g,) and an invertible element v; € Alt(Q;, o|g,) such
that S = Flvy, - ,v,) and v? = o; € F*, i = 1,---,n. Then {vy, -+ ,v,} is
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set of alternating generators of S and s ~ (a1, -+ ,a,)). We also have disco;=
Nrin(Ui)FX2 = F*? ¢ FX/FX2a S0 mf(Aao-) = <<O¢1, T aan>> =5 U

Let aq, -+ ,an, B1, -+, Bn € F*. The bilinear Pfister forms {(aq, -, a,)) and
{B1,- -, Bn) are said to be simply P-equivalent if either n = 1 and oy F*? = 31 F*2

or n > 2 and there exist 1 < i < j < n such that {(«;, a;) ~ (8;,8;)) and ax, = B
for k # i,j. We say that two bilinear Pfister forms b and ¢ are chain P-equivalent,
if there exist bilinear Pfister forms bg,--- ,b,, such that b = by, ¢ = b,,, and for
every ¢ =0, -+ ,m — 1, b; and b;4; are simply P-equivalent.

Proposition 5.6. Let (A,0) be a totally decomposable algebra of degree 2™ with
involution of orthogonal type over a field F of characteristic 2 and let S C Sym(A, o)
be a p-generated totally singular conic algebra such that C4(S) = S. Let s be the

bilinear form on S defined in (5.2). If s ~ (a1, -+ , @) for some aq, -+, € F*,
then there exists a set of alternating generators {uy, - - - , u, } of S such that uf = 4,
1=1,---,n.

Proof. First suppose that n = 1 and let {v1} is a set of alternating generators of S
with v? = 8 € F*. Since A is a quaternion algebra, we have disco = Nrda(v;) =
BF*% € F*/F*? and the result follows from [15, (7.4)].

Now suppose that n = 2. Set Sy = SN Alt(A,0) = FL, 50 = 5|s,x5, and
b = (a1,02)). As s ~ b, by [2, p. 16] the pure subforms of these forms are
also isometric. So sp ~ (a1,a9,a102). Let V be the underlying vector space
of by := {a1,a0,a1003) with a respective orthogonal basis {vi,ve,v3}. Let f :
(V,bg) =~ (So,50) be an isometry and set u; = f(v;) € Sp, ¢ = 1,2. We have
u? = f(v;)? = v? = ay,i = 1,2. We also have s(1, ujuz) = s(uy, us) = b(vy,v2) = 0,
so ujug € F+ = Sy C Alt(A,0). Thus {uy,us} is the desired set of alternating
generators of S.

Finally suppose that n > 3. Let (4,0) ~ @ ;(Q;,0;) be a decomposition of
(A,0) and let v; € Alt(Q;,0;) with v? =3, € F*,i=1,--- ,n. Then {v1,--- ,v,}
is set of alternating generators of S and by (5.3) we have s ~ (1, -, Bn)), s0O

<<O‘1a"' aan>> = <<ﬁ1’ ’ﬁn»

By [2, (A. 1)] there exist bilinear n-fold Pfister forms by, --- , b, such that by =
UB1,+, Bn), by = (a1, ,ap) and for every 4 = 0,--- ,;m — 1, b; is simply P-
equivalent to b;y1. In order to prove the result, using induction on m, it is enough
to consider the case where ((aq,- - ,ay,)) and (B1,- -, Bn)) are simply P-equivalent.
By re-indexing if necessary we may assume that {(aq, as) ~ (81, 082)) and a; = 5;
fori > 3. Set (B,7) = (Q1,01)®(Q2,02) and S’ = F[v1,v2]. Then S’ C Sym(B, 1)
is a p-generated totally singular conic algebra and Cp(S’) = S’. As proved in the
case n = 2, there exists a set of alternating generators {uj,us} of S" such that
u? =q;,i=1,2. Wehave S = S’ ® F[vs, -+ ,vn] =~ Flu1,us] ® Flvs, -+ ,v,]. So
{u1,u2,vs,- -+ ,v,} is the desired set of alternating generators of S. [l

Proposition 5.7. Let (A,0) be a totally decomposable algebra of degree 2™ with
involution of orthogonal type over a field F' of characteristic 2 and let S C Sym(A, o)
be a p-generated totally singular conic algebra such that Cx(S) = S. Then the
following statements are equivalent: (i) (A,o0) ~ (Man(F),t). (i) Pf(4,0) ~
(1, ,1). (i) u* € F? for every u € S. (iv) Fvery mazimal subfield of S
containing F reduces to F'.

Proof. The implication (i) = (4) follows from the fact that the transpose involution
in characteristic 2 has trivial discriminant, see [15, p. 82].

(ii) = (i) : Let (A, 0) ~ @), (Q;,0;) be a decomposition of (A, o) to quaternion
algebras with involution over F'. Since char F' = 2 a sum of squares in F' is again
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a square, so Dp(Bf(A,0)) = Dp((1,---,1)) = F2 Tt follows that for every i,
disco; is trivial. So by (4.1) we have (Q;,0;) ~ (M2(F),t) which implies that
(A,0) = (Man(F),t). The equivalence (ii) < (iii) follows from (5.3), (5.5) and
(5.6) and (ii7) < (iv) follows from (3.2). O

The proof of the following result is left to the reader.

Lemma 5.8. Let (A, o) be a totally decomposable algebra with involution of orthog-
onal type over a field F of characteristic 2 and let S C Sym(A, o) be a p-generated
totally singular conic F-algebra such that Cx(S) = S. If K/F is a field exten-
sion, then Sk C Sym(Ak,ok) is a p-generated totally singular conic K-algebra
and Cy, (Sk) = Sk.

Lemma 5.9. Let (A, o) be a totally decomposable algebra of degree 2™ with invo-
lution of orthogonal type over a field F of characteristic 2 and let S C Sym(A, o)
be a p-generated totally singular conic algebra such that C4(S)=S. If K D F isa
mazimal subfield of S, then (Ak,ox) ~ (Man (K),t). In particular K is a splitting
field of A.

Proof. By (5.8), Sk C Sym(Ak,o0k) is a p-generated totally singular conic algebra
and C4, (Sk) = Sk. As K is a maximal subfield of S, by (3.2) we have u? € K?
for every u € S. This, together with K2 C S? C F implies that 22 € K? for every
x € Sk. So by (5.7) we have (Ak,0k) ~ (Man(K),t). O

Let (A, 0) be a totally decomposable algebra with involution of orthogonal type
over a field F' of characteristic 2. By [7, (7.2)], (5.5) and (5.6) all p-generated
totally singular conic subalgebras S of (4, 0) with S C Sym(A4,0) and C4(S) =S
are isomorphic as F-algebras. Here, we give a proof of this fact which is independent
from [7]:

Lemma 5.10. Let (A4, 0) be a totally decomposable algebra of degree 2™ with invo-
lution of orthogonal type over a field F' of characteristic 2 and let S and S’ be two
p-generated totally singular conic subalgebras of (A, o) such that S, S’ C Sym(A, o),
Ca(S) =S and Cu(S") = 5".
(1) If K O F and K' D F are respectively mazimal subfields of S and S’, then
K ~ K’ as F-algebras.
(1) We have S ~ S’ as F-algebras.

Proof. By (5.9) we have (Ax,0k) ~ (Mon(K),t). Also according to (5.8), Sy is a
p-generated totally singular conic subalgebra of (Ax, ok ) with S5 C Sym(Ak,o0k)
and Cy,. (S%) = S%. So we have u? € K2 for every u € S} by (5.7). In particular
if K' = Fv, - ,v.], where r = rp(K’) and v}, -+ ,v. € K/ C S C S}, then
0> € K2, i=1,---,r. So for every i there exists v; € K such that v? = v/* € K2.
By (3.17) the linear map f : K’ — K induced by f(v)) = v; is an F-algebra
homomorphism. As K’ is a field, f is a monomorphism. Similarly there exists
an F-algebra monomorphism K — K’. So dimp K = dimp K’ and K ~ K’ as
F-algebras. This proves (i). The statement (i7) follows from (i) and (3.16). O

Notation 5.11. Let (A,0) be a totally decomposable algebra with involution of
orthogonal type over a field F' of characteristic 2. In view of (5.10 (i7)) there
exists, up to isomorphism, a unique p-generated totally singular conic algebra S C
Sym(A, o) such that C4(S) = S. We denote this algebra by ®(A, o). Note that if
5 is the bilinear form on ®(A, o) defined in (5.2), then s ~ Pf(A4, o) by (5.5).

Remark 5.12. Let (Q,0) be a quaternion algebra with involution over a field
F of characteristic 2. Then ®(Q,0) = F + Alt(Q,0). In fact by (4.5) we have
D(Q,0) C F+Alt(Q,0) and dim ®(Q, 0) = 2. As Alt(Q, o) is one dimensional, we
obtain ®(Q,0) = F + Alt(Q, 0).
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Corollary 5.13. Let (A,0) and (B, T) be two totally decomposable algebras with
involution of orthogonal type over a field F of characteristic 2. Then we have
P(ARB,c®T)~®(A,0)®P(B,7).

Proof. (i) Set S = ®(A,0) ® ®(B, 7). Then S C Sym(A ® B,o ® 7) is a totally
singular conic F-algebra and Cagp(S) = S. Also by (3.13), S is a p-generated
algebra. So by (5.10 (i7)), we have ®(A® B,o0 ® 7) ~ S. The part (i) follows from
(5.8) and (5.10 (ii)). O

6. SOME CHARACTERIZING PROPERTIES OF THE PFISTER INVARIANT

Lemma 6.1. (Compare [5, (2.4)]) Let K/F be a finite extension of fields of char-
acteristic 2 and let (Q,0) be a quaternion algebra with involution of orthogonal
type over K. If u> € F for every u € ®(Q,0), then there exists a quaternion
F-subalgebra Qo C Q such that o(Qo) = Qo, i.e., (Q,0) ~k (Qo,0|g,) ® (K,id).

Proof. The idea of the proof is similar to the proof of (4.2). Set S = ®(Q,0). By
(5.12) we have S = K + Alt(Q,0) = KJu|, where 0 # u € Alt(Q,0). Let § be
the K-derivation of S induced by §(u) = u. By (2.1 (i4)), § extends to an inner
derivation &¢ of Q for some £ € Q. Let n = €2 € Q. As &2 +¢ € Cg(S) = S, we
obtain (£2 + €)% € F and (£ + €2)u = u(€ + £2), thus

P+n=E+E =+ €F, nutun=_E&u+ul=>5u)=u.

So the F-algebra generated by w and 7 is a quaternion algebra. As Alt(Q, o) = Ku,
we have n + o(n) = au for some o € K. If a € F, then the quaternion F-algebra
Qo generated by u and 7 is invariant under o. Otherwise a # 0 and the quaternion
F-algebra @y generated by awu and 7 is invariant under o. ([

Corollary 6.2. Let K/F be a finite extension of fields of characteristic 2. Let
(A, 0) be a totally decomposable algebra with involution of orthogonal type over K.
Ifu? € F for every u € ®(A, o), then there exists a central simple F-algebra B C A
such that (A,0) ~k (B,o|p) ® (K,id).

Proof. Let (A,0) ~x @;_,(Qi,0;) be a decomposition of (A4,0) into quaternion
K-algebras with involution and choose an invertible element u; € Alt(Q;, 0;), ¢ =

1, ,n. Then we have ®(A,0) ~ K[uy, - ,uy,), so u? € F* fori=1,--- ,n. It
follows from (5.13) that u? € F for every u € ®(Q;,0:). So by (6.1), (4,0) ~k
Qi1 (@i, 0lq) ® (K,id), where Q] is a quaternion F-subalgebra of Q;. O

Lemma 6.3. Let (A,0) be a totally decomposable algebra of degree 2™ with invo-
lution of orthogonal type over a field F' of characteristic 2. Consider an element
u € (A, 0) with u?> € F* \ F*2. Set B = Cx(u) and K = F|[u].
(i) The pair (B,o|p) is a totally decomposable algebra with involution of ortho-
gonal type over K and ®(B,o|p) ~ ®(A,0) as K-algebras.
(it) There exists a quaternion algebra Q C A containing u such that o(Q) = Q.

Proof. (i) Since o(u) = u, o|p is of the first kind. We also have 1 ¢ Alt(4,0)
which implies that 1 ¢ Alt(B,o|g), so o|p is of orthogonal type. Set S = ®(A,0).
By (3.8) we have 75 (S) = rp(S) =1 = n — 1. So dimg S = 2"5(5) and using
(3.11), S is a Frobenius p-generated K-algebra. As dimg S = degy B, by (2.1 (i))
we have Cp(S) = S. By (4.5) and (5.10 (i¢)) (B, o|p) is totally decomposable and
®(B,o|lg) ~S.

(ii) As u? € F for every u € ®(B,o|p) ~ S, by (6.2) there exists a central
simple F-algebra By C B such that (B,o|p) ~k (Bo,0|B,) ® (K,id). Then Q =
Ca(Bo) C A is a quaternion algebra containing v which is invariant under o. O
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Lemma 6.4. Let (A, o) be a totally decomposable algebra with involution of orthog-
onal type over a field F of characteristic 2. Let {uy, - ,u,} be a set of alternating
generators of ®(A, o) and set a; = u? € F*, i =1,---,n. Suppose that a,, ¢ F*>
and set B = Cy(u,) and K = Fluy,]. Then (B,o|p) is a totally decomposable
algebra with involution of orthogonal type over K and {uy, - ,un—1} is a set of
alternating generators of ®(B,o|g). In particular Bf(B,o|) ~ (a1, ,@n—1) K-

Proof. By (6.3 (i)), (B,o|p) is a totally decomposable algebra with involution of
orthogonal type over K and we have an isomorphism of K-algebras ®(B,o|p) ~
D(A,0). Let 1 <l <n—-1land1l <i; < -+ <14 <n—1 We claim that
Uy -+ uy, € Alt(B,o|p). By (4.5 (ii7)) we have ®(B,o|p) C Alt(B,o|p) + K, so
there exists A € K such that w := u;, -+ - u;, + A € Alt(B,o|p). Write A = a + Buy,
for some «, 8 € F. Then

w =gy - uqy, +a+ Bu, € Alt(B,olp) C Alt(A, o).

(
As o is of orthogonal type, we have a = 0. As uw, € K = Z(B) we have
upw € Alt(B,o|p). On the other hand u,w = unu;, -+ u;y, + anf € Alt(B,0|p) C
Alt(A,0). Again, as o is of orthogonal type, we have § = 0. So u;, ---u; €
Alt(B,o|p) and the claim is proved, i.e., {u1,---,un—1} is a set of alternating
generators of ®(B,o|p). O

In [7] it was shown that if (A4,0) ~ (A’,0’) then A ~ A’ and PBf(4,0) =~
PBf(A’,0’). It was also asked whether the converse is also true (see [7, (7.4)]).
The following result shows that this question has an affirmative answer, i.e., totally
decomposable algebras with involution of orthogonal type can be classified, up to
conjugation, by their Pfister invariant.

Theorem 6.5. Let (A,0) and (A',0') be two totally decomposable algebras with

involution of orthogonal type over a field F of characteristic 2. If A ~ A’ and
PBf(A, 0) ~ Bf(A', 0"), then (A,0) ~ (A, 0").

Proof. Let {u1,--- ,u,} be a set of alternating generators of ®(A, o) with u? =
a; € F* so that Pf(A,0) ~ (a1, ,a,). By (5.5) and (5.6) there exists a set of
alternating generators {uf, - ,ul,} of ®(A’,o’) such that u’i2 =a;,i=1,---,n.

We use induction on n. If n = 1, we have disco = disco’ = Nrds(up)F*? =
a1F*2, so the result follows from [15, (7.4)]. So suppose that n > 1. If a; € F*? for
every ¢ = 1,---,n, then using (5.7) we obtain (A,o0) ~ (4’,0") ~ (M2~ (F),t) and
we are done. So (by re-indexing if necessary) we may assume that o, € F* \ F*2.
Set B = Ca(uy), K = Fluy], B' = Car(u},) and K' = Flu,]. As K ~ K' =
F(y/w,,), we may consider B’ as a central simple algebra over K. By (6.3 (i)) and
(6.4), (B,o|p) and (B’,0’|p/) are totally decomposable algebras with involution
of orthogonal type over K and PBf(B,o|s) ~ Pf(B',0'|p) ~ (a1, ,an-1)Kk-
Since A ~p A’, we obtain B ~k B’, so by induction hypothesis there exists an
isomorphism of K-algebras with involution

f:(B,o|p) ~k (B',d|p).

By (6.3 (¢)) we have a K-algebra isomorphism ®(B,co|p) ~ ®(A,0). So we get
u? € F for every u € ®(B,o|g). By (6.2) there exists a central simple F-subalgebra
By C B such that (B,o|p) ~k (Bo,0lp,) ® (K,id). Set B = f(By) C B’, hence
(Bo,olB,) ~r (Bj,0'|p;). Then By is a o'-invariant central simple subalgebra
of B’ and (BI,O'llB/) ~K (B{),O'I|Bé) (9 (K,ld) Set Q = CA(Bo) 2 CA(B) =
Ca(Ca(uy)), hence u, € Q. Similarly set Q' = Ca/(Bj) = Ca(f(Bp)) 2
Ca (f(B)) = Ca(B') = Ca/(Car(ul)), hence ul, € Q'. As degp Q = degp Q' = 2,
@ and Q' are quaternion algebras over F. We also have (4,0) ~p (Q,0lQ) ®
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By, o|p,) and (A, 0") ~r (Q',d'|0/) ® (B}, 0|5, ). Since By ~p B}, and A ~p A’,
o Q 0 0 0
we obtain

Q' ~p Ca(Bj) ~r Ca(By) ~r Q.

Also as u, € Alt(A,0) N Q, by [18, (3.5)] we have w,, € Alt(Q,0lg). It follows
that disco|g = Nrdg(u,)F*? = o, F*? and similarly disco’|qr = o, F*2, hence
(Q,0lg) ~r (Q',0"|g’) by [15, (7.4)]. Using this isomorphism we obtain
(

(4,0) =F (Q,0lQ) @ (Bo,ols,) ~r (@', 0'|q)) ® (By, 0’| 5y) = (A',0"). .

A bilinear space (V, b) over a field F is called metabolic if there exists a subspace
W of V such that dim W = % dimV and b|wxw = 0. An F-algebra with involution
(A, 0) is called metabolic if there exists an idempotent e € A such that o(e)e = 0
and dimpeA = %dimp A. A bilinear form is metabolic if and only if its adjoint
involution is metabolic, see [6, (4.8)].

As an application we complement a characterization of totally decomposable
algebras with metabolic involution given in [7].

Theorem 6.6. ([7, (7.5)]) Let (A,0) be a totally decomposable algebra of degree
2™ with involution of orthogonal type over a field F of characteristic 2. Then the
following statements are equivalent:

(1) (A,0) is metabolic.
(i1) Bf(A, o) is metabolic.
(1i1) (A, o) is not a field.
(tv) There exists a central simple algebra with involution of orthogonal type

(B,T) over F such that (A,0) ~ (M2(F),t) ® (B, 7).

Proof. The equivalence of (i) and (i7) was shown in [7, (7.5)].

(i1) = (4i1): If Pf(A, o) is metabolic, then as Pf(A4, o) ~ s, by the relation (16)
given in (5.2) there exists a nonzero x € ®(4,0) such that 2> = 0 and we obtain
(iid).

(#91) = (iv): We use induction on n. If n = 1, the result follows from (5.7) and
(5.12). So suppose that n > 1. Let m be the unique maximal ideal of ®(A, o) and
let K O F be a maximal subfield of ®(A4,0). If K = F the result again follows
from (5.7); so suppose that K # F. Write K = Fluy, - ,u,|, where r = rp(K)
and uy, -+ ,ur, € K. Since ®(A,0) is not a field we have m # {0}. So using

(3.9) one can find w,y1,---,u, € m such that ®(4,0) = Klupy1, - ,uy). It
follows that ®(A,0) = Fluy,- - ,up] with uy € K\ F and u,, € m. By (4.2 (ii))
there exists a o-invariant quaternion subalgebra @Q of A such that Flug,--- ,uy] C

Ca(Q). Set B = Ca(Q). We have dimp Flug,- -+ ,u,] = degr B = 2"71, so
by (3.11), Flug,--- ,uy] is a p-generated F-algebra. Also it is easy to see that
Cp(Flug, -+ ,up]) = Flug, - ,up]. As Flug, - ,uy] C Sym(B,o|p), by (4.5),
(B,o|B) is a totally decomposable algebra with involution of orthogonal type over
F. By (5.10 (i%)) we have ®(B,o|p) =~ Fluz, - ,un]. As up € Flug, - ,u,] Nm,
®(B,o|p) is not a field. So the result follows from induction hypothesis.

(iv) = (i): Let
e— ( - )EMQ(F).

Then e is a metabolic idempotent for (Ma(F),t). So (M2(F),t) is metabolic which
implies that (A4, 0) ~ (M2 (F),t) ® (B, 1) is also metabolic. O
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