SYMMETRIC CORRESPONDENCES ON QUADRICS
RAPHAEL FINO

ABSTRACT. We prove a result comparing the rationality of some elementary algebraic
cycles introduced by Alexander Vishik, defined on orthogonal grassmannians, with the ra-
tionality of some algebraic cycles defined on fiber products of the corresponding quadric.

Keywords: Chow groups, quadratic forms, orthogonal flag varieties.

CONTENTS
1. Introduction 1
2. Materials 2
3. Proof of the first part of Main Theorem )
4. FElementary Discrete Invariant and first Witt index 10
5. Proof of the second part of Main Theorem 11
References 12

1. INTRODUCTION

Let X be a smooth projective quadric of dimension n over a field F' associated with
a non-degenerate F-quadratic form ¢ and let K/F be a splitting field extension of q.
Let us denote [n/2] as d. In his paper [4] dedicated to the Kaplansky’s conjecture on
the u-invariant of a field, Alexander Vishik introduced the so-called Elementary Discrete
Invariant. This invariant encodes information about rationality of algebraic cycles on
the d + 1 orthogonal grassmannians associated with ¢, by means of certain elementary
classes defined on these grassmannians over K: it is the collection of the codimensions of
those elementary classes that are already defined at the level of the base field F' (such an
algebraic cycle is called rational).

In the current note, we relate the rationality of the highest elementary classes (highest
in the sense that, for each grassmannian, the highest elementary class is the one with
maximal codimension) with the rationality of certain algebraic cycles defined on some
fiber products X x X x .-+ x X.

More precisely, for any I C {0,...,d}, we write F(I) for the partial orthogonal flag
variety associated with ¢. So, for any i € {0,...,d}, the variety F(i) is the grassmannian
of i-dimensional totally isotropic subspaces and we denote it by G;. In particular Gg is
the quadric X. For J C I, we write m with subindex I with J underlined inside it for the
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natural projection F(I) — F(J). In particular, for any ¢ € {0,...,d}, one can consider

X ~— F(0,i) —

T(0,) T(0,2)

Gi7

and we set
Z, ;= T(0), © T(o,)(lo) € CH" "(Gix),

n

where [y € CHy(Xg) is the class of a closed point x € Xk of degree 1 and CH stands
for the Chow ring with Z-coefficients. The cycle 2% , := Z! . (mod 2) € Ch" *(Gix)
is the highest elementary class for the grassmannian G; (with Ch the Chow ring with
7] 2Z-coefficients). Note that A. Vishik proved in [4, Proposition 2.5] that the rationality
of 2}, ; implies the rationality of 2 ; for any j > i.

We now introduce the other type of algebraic cycles coming into play in the main
statement of this note (Theorem 1.1). For any i € {0,...,d}, let us denote by sym :
CH*(X"*!) — CH*(X"™) the homomorphism e, ., 5., where s : X! — X! is the
isomorphism associated with a permutation s. We set

pi 1= sym ((x;;%]hj) X lp) € CHH-D/2(xitL),

where x is the external product and A/ is the j-th power of the hyperplane section class
h € CH'(X) (always rational). Note that p; is the Rost correspondence 1 x Iy + Iy x 1
of X in the sense of |1, §80] (we refer to [1, §62| for an introduction to correspondences).
Note that the rationality of p; implies the rationality of p; for any j > i. Note also that
Lo = lo = Zg

The main result of this note is the following statement.

Theorem 1.1 (Main Theorem). Let i € {0,...,d}. The cycle 2! _,

, s rational if and
only if the cycle p; (mod 2) is rational.

This result reduces certain questions about rationality of algebraic cycles on orthogonal
grassmannians to the sole level of quadrics. For example, Theorem 1.1 allows one to
reformulate Vishik Conjecture [3, Conjecture 3.11] and this reformulation may help prove
the conjecture. Note that there are some quadrics for which none of the 2! _, is rational
(hence none of the p; is), this is for example the case for generic quadrics (see [3, Statement
3.6]).

The proofs in the present note mainly rely on computations of compositions of corre-
spondences and the use of Chern classes of vector bundles over orthogonal grassmannians.

In section 2, we introduce some materials which will be required to prove Theorem
1.1 in sections 3 and 5. In section 4, we apply Theorem 1.1 (actually, only the direct
implication is needed) to relate the first Witt index of the quadric with the rationality of
the cycle 2!, (Proposition 4.1).

2. MATERIALS

In this section, we use notations introduced in the introduction.
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2.1. Rational cycles on powers of quadrics. We refer to [1, §68] for an introduction

to cycles on powers of quadrics. For any i € {1,...,d}, we set
d
A; == sym ((XiZ1h7) x 1 x ly) + Zsym ((xIZ1W7) x hF x 1) € CH"HU-DR(X),
k=i

where [}, is the class in CHy(Xg) of a k-dimensional totally isotropic subspace of P ((V,) )
(with V, the F-vector space associated with ¢). Note that A; is just the class of the
diagonal in CH"(X%).

The following observation is crucial for our matter (it will be used in Corollary 3.15 to
obtain the first part Theorem 1.1).

Lemma 2.1. For anyi € {1,...,d}, the cycle A; € CH"M0-V/2( X1y s rational.

Proof. We use an induction on 7. Since A; is the class of the diagonal in CH"(X%), it is
rational. Assume A; ; rational and let 0 € S;;; be a cyclic permutation (¢ > 2). Then
the cycle

i d
Zai(Ai—l x hi71) = sym ((xj;llhj) x 1 x lo) + Z sym ((xé;llhj) x hF x lk)
=0 k=i—1

is also rational. Moreover, the cycle
(23) Sym ((X;;llhj) X hi_l X lifl)

is always rational. Indeed, since h'~! appears exactly two times in every summand of
(2.3), each distinct summand appears exactly two times, therefore it can be rewritten as

2 ) s (X)X W x ),
SGAZ+1

and one has 2/;_; = h"7""1. Since A; is the difference of (2.2) and (2.3), one get the
conclusion. O

2.2. Cycles on orthogonal flag varieties. For 0 <: <dandn—i—d <j <n—z,
we set A
Zj = o), © Ty (ln-i—j) € CH (Gig)

j
and 2! := Z! (mod 2) € Ch/(G;). The cycles 2 are all the elementary classes defining
the Elementary Discrete Invariant FDI(X).

For any nonnegative integer j and ¢ > 0 such that j + i < d, we set

W =y, © T, )(hjﬂ) e CH(Gy),
WP = hJ and w} := W/ (mod 2) € Ch/(G)).

J

The proofs in the next sections will use the following lemma, which can easily be
deduced from [4, Propositon 2.1 and Lemma 2.6] and its proofs. For 0 < i < d, let us
denote by T; the tautological vector bundle on Gj, i.e. T; is given by the closed subvariety
of the trivial bundle V1 = V|, x G; consisting of pairs (u, U) such that «w € U. For a vector

bundle E over a scheme, we write ¢;(F) for the i-th Chern class with value in CH.

Lemma 2.4 (Vishik). One has
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(i) T(0,), © ﬂ-zkg,i)<h’i) = Wg = [G()];
(ii)
W?@,Z‘)(Zj‘_l) =c1(0(1)) - ﬂiki—17j)(Z§—1) + 77&—1,1)(Z;)a
where O(1) is the standard sheaf on the projective bundle F(i — 1,i) = Pg, ,(T}’),

with T, the vector bundle dual to T;;
(iii) For0<j<d—i+1,

Wzﬂ,z’ﬂwjil) =c1(0(1)) - W?Fl,g)(“ﬁﬂ) + 7?i71,g)<w'i)§

J
(iv)
FEkifl,i)(Wé:ilJ,-l) = (0(1)) - 77641,;)(”@4) + 277—6'71,1)(26@17@#1)'

The following statement is a direct consequence of the previous lemma.

Lemma 2.5. Forany1 <i<d,i<k<dand0<m <k, one has
T(i—1,), © 77(1‘—171)*(Wli—i i) = Z Wé:;m—j T T(i=14), © W(i—l,z')*(Zrizf%H)'

Proof. This is obtained by applying repeatedly Lemma 2.4(ii) after Lemma 2.4(iii), and
using the Projection Formula combined with dimensional considerations. O

Finally, the following description of the Chern classes modulo 2 of the tautological
vector bundles on orthogonal grassmannians will be needed.

Lemma 2.6. Forany 1 <i<d and 0 < j <14, one has
¢;(Tiy) (mod 2) = 714y, © 14 (2 _2i1)

Proof. We use an induction on j. Since Z!_,; = mg,, © 7o (li), the cycle TrEkifl,g')(ZriL—Qi)
is the class in CH (F(i — 1,4)x) of the closure of {(y,< y,z >)|z € (y*\y) N L;} in
F(i—1,i)k, with L; a fixed i-dimensional totally isotropic subspace of P ((V,)k). Con-
sequently, one has m;_14), © mi-14)"(Z, ;) = 1. Let 1 < j <. By [4, Proposition 2.1],
for any [ > d —i+ 1, the element ¢;(V1/T;_;) is divisible by 2 in CH'(G;_1 ). Therefore,
by Whitney Sum Formula ([1, Proposition 54.7]), the Chern class ¢;(T;—;) is congruent
modulo 2 to
j—1
GVIYT )+ Y (VLT - e(Ti).
k=max(1,j—d+i—1)

By the induction hypothesis and [4, Proposition 2.1], the latter cycle is congruent modulo
2 to
j—1
(27) C]<V]1/7j271) + Z WJZ:; . ﬂ-(ﬂyi)* [e] ﬂ-(ifl,i)*<Z£L—2i+k)'
k=max(1,j—d+i—1)
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Moreover, by Lemma 2.5, one has
(2.8) T(i—1i), om(i—1.4) (Wi ZrzzfifdJrj) = Z W;:,i TT(i=1,1), om(i—1.5) (Zn_aivk)-
k=max(j—d+1,0)
If j—d+i—1 < 0, combining (2.7) with (2.8), one get that ¢;(7;_1) is congruent
modulo 2 to

T(i=1,i), © W(ifl,z)*<ZriL—2i+j) + (-1, © i1 (Wi, - riz—z‘—d+j)-
Futhermore, by applying Lemma 2.4(iv) after Lemma 2.4(ii) and using the Projection

Formula combined with dimensional considerations, one obtains

*/ 4 7 a1 *( 0
(2.9) T(i—1,i), © T(i—1,) (wg_; - Zn—i—d—l—j) = Wg—it1 " T(i=1,i), © T(i—1,) (’Zn—i—d—i—j—l)'

Since j —d +i—1 <0, the cycle w14, 071" (Z)_;_4y,_1) 18 trivial by dimensional
reasons.

If j—d+17—1=0, combining (2.7) with (2.8), one get that c¢4—;41(7;-1) is congruent
modulo 2 to

1

Ti=1), © T(i-14) (Zp—itar1) Wé:z‘lﬂ + i1, © Tr(iflvi)*(WCZé—i : Zriz—2i+1)

and the two last summands of the previous cycle are equal modulo 2 by identity (2.9)
(valid for any 1 < j < d) and the base of the induction.
Otherwise — if j —d+i—1 > 0 — one proceeds similarly combining (2.7) with (2.8) and
using identity (2.9).
O

3. PROOF OF THE FIRST PART OF MAIN THEOREM

We use notations and materials introduced in sections 1 and 2. For any i € {1,...,d},
we denote by 6; the class of the subvariety

{(y,z1,...,%i11) | T1,. . .71 €y} C Gy x X
in CH(G; x X, Viewing the cycle 6; as a correspondence G; ~ X! we set
i = (0,)(Zy,_;) + pi € CH(XF),
and we view «; as a correspondence Xy ~ Xb.

The following computations are the key point in the proof of the first part of Theo-
rem 1.1 (see Corollary 3.15).

Proposition 3.1. For any i € {1,...,d}, one has

sym ((xé;llhj) x1) if k=0;
(o (mod 2)), (KF) =< 0 | if 1<k<i—1;
sym ((x;;llhj) x h*) af i <k <d.

Proof. The following lemma provides an appropriate formula for ((6;).(Z%_,)),. We write
p with underlined target for projections.



6 RAPHAEL FINO

Lemma 3.2. For any x € CH(Xg), one has

((ez)*(zﬁﬂ))* (7) = pa,xxi X (77(0,1)* © Wzﬁg,z’) (z) - Zrizfi : 772‘) )
where n; is the class in CH(G; x X?) of the subvariety {(y,z1,...,z;) | z1,...,2; €y} C
Gl' X XZ
Proof. By definition, one has
(0:):(Z5,-) = paxxen, ((Z x [XT]) - 0:)
((0)(Z,-0)), (@) = pxxxi, (@ X [X7]) - paxxinr, ((Z,s x [XT]) - 6:)) .
Therefore, using the Projection Formula (see [1, Proposition 56.9|) and the following fiber
product diagram with respect to projections

GixXx X —= X x X',

| l

one get that
((91)*(231—@))* (7) = Paxxi, ©Paxxxxi . ((Zi_i Xz x [X']) - ei) .
Moreover, the cycle 6; can be rewritten as
0; = pg,xxxxi” ([F(i,0)]) - g, xxxx" (1),
where [F(i,0)] is the class in CH(G; x X) of the subvariety F(i,0) C G(i) x X. Hence,

using the Projection Formula twice, one get that

((0:)(Z3-0), (@) = pavexs . ((pavex, ((Zis x @) - [F(,0)]) x [X7]) - )

— o, (Pavex, (Pooex (@) - [FGLO) - Zyomi)

Furthermore, by denoting the closed embedding F(i,0) < G; x X as in, one has
in.(1) = [F(z,0)]. It follows again from the Projection Formula that pg,«x*(x)-[F(i,0)] =
ing o in* (pg,xx*(x)). Consequently, one has

PGixx, (Paixx™(z) - [F(i,0)]) = T4, © W?Q,i)(x)

and the lemma is proven. O

For any » € CH"(Xg) with k <i—1, the cycle 7, 0T (o4 () is trivial by dimensional
reasons. Thus, by Lemma 3.2, the cycle ((6;).(Z;_;)), (z) is also trivial. Therefore, since
(pi)«(h¥) = sym ((xé;llhj) x 1) for k = 0 and is trivial for 0 < k < d, one get the
conclusion of Proposition 3.1 for the cases k <1i — 1.

Note that for : < k < d, Lemma 3.2 provides the following identity
(3-3) (i (mod 2)), (h*) = payxxi , (wi—; - 2, i) in Ch(X),
where we abuse notation and write »; for n; (mod 2).

We prove the cases i < k < d of Proposition 3.1 by backward induction on 7.
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For any 1 <1 < d, by the very definitions, one has

(2

(3.4) m =TT (1o, % px;) (F(0)]) in CH(G: x X,

j=1

with Pxi the projection from X' to the j-th coordinate, and
d d
(3.5) [F@0)] =" Zi i x ™+ Y Wi x Ly in CH(Gix x Xk).
m=0 m=1

The base of the backward induction i = d (so i = k = d) is obtained by combining the
identities (3.3), (3.4) and (3.5) for i = d (recall also that w = 1 for any 0 < i < d by
Lemma 2.4(i)) with the fact that, for any integers 0 < ag < a; < --- < ag < d, one has

d .
deg< y >:{1 if {agar,....a0} = {0,1,....d} ;

— n—d-a; 0  otherwise,
j:

where deg : Ch(Gyx) — Ch(Spec(K)) = Z/2Z is the homomorphism associated with the
push-forward of the structure morphism, see [1, Lemma 87.6].

The backward induction step will follow from Lemma 3.10, which make use of the
following statement.

Lemma 3.6. For any 2 <1 <d, one has
i * - t it
2 i = (o) % Tdxi), ((W(i—l,z) x pxg) ([F(@0))) - (W(g,i) x ng) (2 igr - Th—l)) :
Proof. Tt follows from the identity (3.5) and Lemma 2.4(ii), (iii) and (iv) that
+ (morg x Idx) ™ ((1x ) - ([F(4,0)] = Zi_;_q x h%))
+ 27?2‘71,;)(227#1) X lg
in CH(F(i — 1,i)k x Xk). Considered modulo 2, this gives
(3.7)
(W(E,i) X Idx)* ([F(Z — 1,0)]) = (Cl<0<1)) x 1 + 1 x h) . (7'('(@',172') X Idx)* ([.F(Z,O)])
Moreover, by (3.4), one has

(3.9)
x . -1 *
(W(ﬂg) X pxg) (i mie) = man (i) - || (W(ﬂ,i) X px;ﬁ) ([F (= 1,0)])
j=1

with py: the projection from X to the i — 1 first coordinates. By (3.7), the right member
of the previous equation can be rewritten as

i—1 i—1

W(ﬂ,@')*(z::iﬂ) : H <01(0(1)) X [XZ] +1x px;*(h)) : (ﬂ-(ifl,g) X px;i>* ([]—"(i, 0)])

j=1 j=1
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Hence, by multiplying the equation (3.8) by (ﬂ(i_u) X pXii> ([F(i,0)]) and using Lemma
2.4(ii), one get
(39) (710 % pxe) (FGOD - (Ramsn X px:) (k) =
i1
(o) < XT7)-11 (Cl(o(l)) x [XT] + 1 x Px;*(h)> (T-1p X 1) (2 - m0)-
j=1
Furthermore, it follows from the Projective Bundle Theorem (see |1, Theorem 53.10])
apphed to T(i—1,3) - .F(’l - 1,2) — Gl that W(ifl,i)*<01(0(1))i) = 1. Since dim .F(’l - 1,2) —
dim G; = i, one obtains the conclusion of the lemma by composing the equation (3.9) by
(W(i_l@ X Idxi)* and using the Projection Formula.

t

Lemma 3.10. For any 2 < i < d and i < k < d, the cycle in identity (3.3) can be
rewritten as

min(k—m,i)

E E ) i—1 Jj o a1 m
pGFlXXZ__l*(wk m—j "O0i-1 " At T M- )Xh ’

m=0 j=max(:—m,0)
with o?_, = T(i-14), © T(i-14) (Z}_9iy;) (mod 2) € Ch? (Gi_1x)-

Proof. 1t follows from Lemma 3.6 and the Projection Formula that the cycle in identity
(3.3) can be rewritten as

pGi—IX&* <(7T(g7l) X IdXz)#< 9] (ﬂ-(ifl,g‘) X pXZ) (U}]ZC_Z . [F(Z 0)]) Zp_ Z+1 (?71',1 X 1)) .

Moreover, by decomposition (3.5) and dimensional considerations, the latter cycle is equal
to

. * 7 7 i—1 m
E PGy xxit (W(@@)* O T(i—1,) (Wh—s * Zh—im) * Zoip1 " Thi ) x h™.
m=0

Lemma 2.5 completes the proof. U

Let 2 < i < d. On the one hand, by identity (3.3) and backward induction hypothesis,
for any ¢ < k < d, one has
(3.11) Paixxt (wlifi 2 m) = sym ((x;;llhj) X hk) )
Therefore, in particular, the coordinate of (3.11) on top right hi™1, i.e.,

pxi-ixx , ((Paixxi (w?;—i g m)) - (X1 x li-1)
is equal to
(3.12) sym ((xiZ3h7) x h*) .
On the other hand, by Lemma 3.10, this coordinate is also equal to
min(k—i+1,i)

(3.13) Z PaiixXi-t (wi 1z+1 j 0211 -2 1z+1 Ti— )

Jj=1
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Since W,ijﬂ_j = cp_is1-;(V1/Ti_y) (see [4, Proposition 2.1]) and o7 |, =¢;(T;_;) (mod 2)
(see Lemma 2.6), by Whitney Sum Formula, one has

min(k—i+1,7) ‘ min(k—i+1,i)
Yoo witoii= Y o (VI/Tia) - ¢(Ti) = e i (V1) = 0.
5=0 =0

Consequently, in view of (3.12) and (3.13), one get

(3'14) PG, ixXxi-1 (wlle 1erl n z+1 *Mi— 1) = syn ((x;;thj) X hk) .
Note that, by identities (3.3) and (3.14), it only remains to prove that

PG _ixxi-t  \Z ( n z+1 *Mi— 1) = sym ((X;_:ﬁhj»

to complete the backward induction step. On the one hand, by backward induction
hypothesis, the coordinate of (3.11) on top right A* is

sym ((<2107))
and on the other hand, by Lemma 3.10, it is also equal to

pGileXi_l *( n @+1 772 1)
Proposition 3.1 is proven.
U

We are now able to prove the first part of the main result of this note (Theorem 1.1),
which we restate below.

Corollary 3.15. Leti € {0,...,d}. If 2% . is rational then p; (mod 2) is also rational.

n—1i

Proof. Since the conclusion is obvious for 7 = 0, we assume that ¢« > 1. In view of the
ring structure of CH(X ™) (see [1, §68]), and knowing that the cycle «; is symmetric, one
deduces from Proposition 3.1 that

a; (mod 2) = A; (mod 2) +

with 3 a sum of nonessential elements (a nonessential element is an external product of
powers of the hyperplane class, it is always rational). Since a; = (6;).(Z%_;) + pi, the
corollary is proved. U

The following statement is a consequence of Proposition 3.1 and its proof.

Proposition 3.16. Let 1 <1 <d—1,i+1<k<dand1 <m <i. For any integers
0<a;<ay <---<a; <d, the integer

(2 1) (S0
=1 Jj=0

is congruent to 1(mod2) if {a,...,a;} = {k} U ({1,2,...,i1}\{m}) and to 0(mod?2)
otherwise.
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Proof. Proposition 3.1 and Lemma 3.10 provide two descriptions of the coordinate of the
cycle (3.3) on top right ™ (note that one can decompose the cycle n; € CH(G;x x X&)
appearing in Lemma 3.10 as a sum of external products by combinng equations (3.4) and
(3.5)). The conclusion is obtained by comparing these two descriptions and applying the
Whitney Sum Formula to that given by Lemma 3.10. U

Remark 3.17. We also retrieve [4, Statement 2.15| by proceeding the same way as in
the previous proof but considering the coordinate on top right A* instead of top right h™.
Proposition 3.16 is completed for i = d by [1, Lemma 87.6].

4. ELEMENTARY DISCRETE INVARIANT AND FIRST WITT INDEX

In this section, we continue to use notations and materials introduced in the previous
sections. Corollary 3.15 implies the following condition on the first Witt index ¢; of the
quadric X.

%
n—1i

Proposition 4.1. Assume X anisotropic and let i € {1,...,d}. If z!_, is rational then
1 < i
Proof. In view of Corollary 3.15, the statement follows from the next lemma.

Lemma 4.2. Assume X anisotropic and let i € {1,...,d}. If p; (mod 2) is rational then
1 < 1.
Proof. Suppose that p; (mod 2) is rational and that i; > i. We claim that this implies
that p;_; (mod 2) is also rational. A

Indeed, let us denote by 7 € Ch" “*Y(X2) the 1-primordial cycle (see [1, Definition

73.16] and paragraph right after [1, Theorem 73.26], it is a rational cycle). Even if it
means adding a rational cycle to 7, one can assume that © decomposes as

d—i1+1
T=1X lil—l + lil—l x 14 Z a; (h] X lj—}—il—l + lj-l—il—l X h])
J=i1
for some a; € Z/2Z (the fact that one can choose to make the previous sum start from
j = i1 is due to [1, Proposition 73.27]). Since i; > i, the computation of the composition
of rational correspondences (p; (mod 2)), o ((1 x h"~") - 7) gives the identity

(pi (mod 2)),e 0 (1 x A" 7") - m) =1 % (pi_1 (mod 2)) .
Therefore, pulling back the latter algebraic cycle with respect to the diagonal morphism
Xt — Xt

('T17'T27x37"'7'ri) — (x17x17x27x3"'7'ri>
(for example), one get that p;_; (mod 2) is also a rational cycle.
It follows from the claim that [y is rational, i.e., X is isotropic. O
The proposition is proved. O

Remark 4.3. Combining Proposition 4.1 with [4, Propositon 2.5, one get that, rep-
resenting the Elementary Discrete Invariant EDI(X) of an anisotropic quadric X as a
(d+1) x (d+ 1) coordinate square (see [4, Definition 2.3 and the paragraph right after|),
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there is no marked integral node below the i;-th diagonal of this square. That is to say,
the invariant £DI(X) looks as

d X X
7:1><
O. )
o
.
0 o o o X - X

where o means that the node is unmarked.

We recall that each row is associated with an orthogonal grassmannian, starting with the
quadric at the bottom row, and that each integral node corresponds to an elementary
classes as defined by A. Vishik in [4], with codimension decreasing from left to right (the
cycles 22 . € Ch" *(G(i)x) correspond to the first column on the left).

5. PROOF OF THE SECOND PART OF MAIN THEOREM

We use notations and materials introduced in previous sections. In the following state-
ment, the fact that if p; is rational then Z! , is also rational has already been shown by
A. Vishik in the proof of [2, Theorem 4.4]. The second part of Main Theorem (Theorem

1.1) is actually valid at the level of integral Chow groups.
Proposition 5.1. Let i € {0,...,d}. If p; is rational then Z! _, is also rational.

Proof. Since the conclusion is obvious for ¢ = 0, we assume that ¢ > 1. Consider the
rational cycle
0; := Px x xx F(0) © (Idx x ”(Q,i))* (A1) - Pxux xF04) o (Idx x 7T(0’))* (70, 9)lx)

in CH*" (X% x F(0,1)g), with A; the class of the diagonal in CH"(X?%) (see §2.1). We
view it as a correspondence 6} : X2 ~» F(0,7)x. Using decomposition (3.5), one get that
for any (o, ) € {1,h, ..., h"71 1o}?, with o # 3, one has

; _ [ mop*(Zis) ifaxB=1x1;
binlax B) = { 0 otherwise.

Consequently, since p; is assumed to be rational, one obtains that the cycle
(s x 61), (1) = sym ((x24h9)) x 70" (Z1.)

is rational. By multiplying the previous cycle by [X*~!] X m(g;*(h') and then composing
by (IdXi—l X W(O,D)*, one get, using the Projection Formula and Lemma 2.4(i), that the
cycle

sym ((<I24)) x 7.,

is rational. Therefore, it suffices to prove that, for any 1 < k£ < 4 — 1, the rationality
of sym ((x}jhj)) x Z! . implies the rationality of sym ((xgj_lhj)) x Z! . to conclude.
This follows from the next formula (which uses decomposition (3.5))
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Pxi-i-txxxa,, (X7 x (BF < [Gi] - [F(0,4)]k) - sym ((X5507)) x Z,,_;) =
sym ((x;;’i_lhj)) x 7' ..
O
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