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ABSTRACT. Let G be a split semisimple linear algebraic group over a field and
let X be a generic twisted flag variety of G. Extending the Hilbert basis tech-
niques to Laurent polynomials over integers we give an explicit presentation of
the Grothendieck ring Ko(X) in terms of generators and relations in the case
G = G*¢/uz is of Dynkin type A or C (here G*¢ is the simply-connected cover
of G); we compute various groups of (indecomposable, semi-decomposable) co-
homological invariants of degree 3, hence, generalizing and extending previous
results in this direction.

1. INTRODUCTION

Let G be a split semisimple linear algebraic group over a field F. Let U/G be
a classifying space of G in the sense of Totaro [I8, Rem.1.4], i.e. U is an open
G-invariant subset in some representation of G with U(F) # () and U — U/G is a
G-torsor. Consider the generic fiber U’ of U over U/G. It is a G-torsor over the
quotient field F’ of U/G called the versal G-torsor [4, Ch.I, §5]. We denote by X
the respective flag variety U’/ B over F”, where B is a Borel subgroup of G, and call
it the versal flag. The variety X appears in many different contexts, e.g. related to
cohomology of homogeneous G-varieties (see [6] for an arbitrary oriented theory;
Karpenko [7], [8], [0 for Chow groups; Panin [I7] for K-theory) and cohomological
invariants of G (see Merkurjev [I4] and [5], [15]). It can be viewed as a generic
example of the so called twisted flag variety.

In the first part of the paper (Sections 2-4) we give an explicit presentation of
the ring Ko(X) in terms of generators modulo a finite number of relations in cases
when G = G*°°/ g, where G*¢ is the product of simply-connected simple groups of
Dynkin types A or C and pus is a central subgroup of order 2.

Observe that for simply-connected G the ring Ky(X) can be identified with
Ko(G/B) (e.g., see Panin [I7]), and by Chevalley theorem there is a surjective
characteristic map ¢: R(Ts.) — Ko(G/B) from the representation ring of the split
maximal torus Ts. such that the kernel ker(c) = I is generated by augmented
classes of fundamental representations. So, all relations in Ky(X) correspond to
W -orbits of fundamental weights.

If G is not simply-connected (as in the G*¢/ua-case), then the situation changes
dramatically as by [6, Ex.5.4] we have Ko(X) ~ R(T)/I!Y N R(T) and a finite set of
generators of I N R(T) is not known in general. Note that by definition we have
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inclusions of abelian groups IV C I N R(T) C IV which all coincide if taken with
Q-coeflicients. However, there are examples of semisimple groups (see [15, Ex.3.1]
and [1]) where both quotients IV N R(T)/I" and I}V /IV N R(T) are non-trivial.

Our Theorem [34] provides a complete list of generators (Definition 3.2]) of the
ideal IV NR(T'). To prove this result we assume that the root system of G*¢ satisfies
the generalized flatness condition (see Definition [Z0)). In Section 4 we show that
this condition holds for types A and C.

In the second part of the paper we study cohomological invariants of degree 3
of G. According to Garibaldi-Merkurjev-Serre [4, p.106], a degree d cohomological
invariant is a natural transformation of functors a: H*(-,G) — H(-,Q/Z(d—1))
on the category of field extensions over F, where the functor H!(-,G) classifies
G-torsors, He(-,Q/Z(d — 1)) is the Galois cohomology. Following Merkurjev [14],
an invariant is called decomposable if it is given by a cup-product of invariants of
smaller degrees; the factor group of (normalized) invariants modulo decomposable
is called the group of indecomposable invariants. For d = 3 the latter has been
computed for all simple split groups in [I4] and [2]; for some semi-simple groups of
type A in [I3] and [I]; for adjoint semisimple groups in [12].

Another key subgroup of semi-decomposable invariants introduced in [I5] consists
of invariants given by a cup-product of invariants up to some field extensions. For
d = 3 it coincides with the group of decomposable invariants for all simple groups
[15]. It was also shown that these groups are different for G = SOy [I5, Ex.3.1]
and for some semisimple groups of type A (see [I]).

In Sections 6-11 we compute the groups of decomposable, indecomposable and
semi-decomposable invariants of degree 3 for new examples of semisimple groups
(e.g. G*¢/ua, products of adjoint groups), hence, extending the results of [14], [2],
[, [15], [13]. In particular, we essentially extend the examples [I5, Ex.3.1] and [II;
we show that

e The factor group of semi-decomposable invariants of G modulo decomposable is
nontrivial if and only if G is of classical type A, B, C, D. Moreover, we determine all
the factor groups (and indecomposable groups) for an arbitrary product of simply-
connected simple groups of the same Dynkin type modulo the central subgroups

W (see Corollaries [6.5] [72] B:2] [0.2] and Proposition IT.2]).

o If G is of type A, then the factor group of semi-decomposable invariants modulo
decomposable (and the group of indecomposable invariants) can have an arbitrary
order and contains any homocyclic p-group (see Corollary [6.6]).

e If G is of type B or C, then it is always a product of cyclic groups of order 2
(see Corollaries[T.2] B2).

We also provide a direct proof of the fact that for the simple group G = PGOsg
any semi-decomposable invariant is decomposable (Corollary [[0.4]).
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2. SYZYGIES AND DIVISIBILITY FOR LAURENT POLYNOMIALS

Let A be a free abelian group of rank n with a fixed basis {z1,...,2,}. Let
R be one of the rings Z or Z/mZ, m > 2. Consider the group ring R[A]. It
consists of finite linear combinations }; ajer, a;j € R, \j € A. We identify R[A]
with the Laurent polynomial ring R[zi?,..., 2] via e® s z; and e=% s z; L.
By a polynomial we mean always a Laurent polynomial, i.e., an element of R[A].
We denote by A; a free subgroup with the basis {z1,...,2;}, 1 < ¢ < n. Hence,
R[A;] = Rz, ... 2!
Definition 2.1. Given f € R[A], we can express it uniquely as

f=fual + fo1ah V4 fx™, where fi € R[A,_1], k,m € Z, k > m.

The integer k is called the highest degree of f with respect to xz, and denoted
hdeg,,(f). The integer m is called the lowest degree of f with respect to x, and
denoted ldeg,,(f). The difference k — m is called the degree of f with respect to x,,
and denoted wdeg,, (f).

By definition, if wdeg,,(f) = 0, then f is a product of z* and a polynomial in
Llyeoey Tp—1-

Definition 2.2. Let f, p € R[A] and let 1deg,,(f) > d for some d € Z. We say that
it is possible to perform a divison of f by p bounded by d if there exist monomials
g, 7 € R[A] such that

(1) f=pg+r.
(2) Either r = 0 or (ldeg,,(r) > d and hdeg,, (r) < d 4+ wdeg,, (p)).

In this case ¢ is called the quotient, and r is called the remainder.

Definition 2.3. We call p € R[A] a divisor with respect to x, if it satisfies the
following condition:

In the presentation of Definition 2.1]
p=prxt + .. A pmr™, p; € R[An_1], k,m €Z, k>m,
the leading coeflicient py is a monic monomial in x1,...,Tp—1.
Lemma 2.4. Let f, p € R[A] and let 1deg,,(f) > d for some d € Z.

If p is a divisor with respect to x,, then it is possible to perform a division of f
by p bounded by d.

Proof. We proceed by induction on hdeg, (f). If hdeg, (f) < d + wdeg,, (p), then
we set g =0 and r = f.

Suppose that hdeg,,(f) > d + wdeg,,(p). Since p is a divisor, we can write it as
p=YzF 49, where Y € R[A,_;] is a monic monomial and

p’ is either 0 or a polynomial with hdeg, (p’) < hdeg,(p) = k and ldeg, (p') =
ldeg,, (p). Observe that Y is invertible in R[A,_1].

We write f as f = gz + f’, where m = hdeg,,(f), g € R[A,,—1], and f’ is either
0, or a polynomial with hdeg,, (') < m and ldeg, (f’) = ldeg,, (f).

Set go = gY ~'a™ . Then YzFqq = gz™. If both f’ and p’ are 0, then YzF = p
and gz’ = f, so pgo = f, and we are done.
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Consider the polynomial f” = f'—qop’. We have hdeg,,(qo) = ldeg,,(q0) = m—k.
Recall that either p’ = 0 or (hdeg, (p') < k and ldeg,, (p') = ldeg,,(p)). So, either
qop’ = 0, or (hdeg,,(qop") < m and ldeg,, (qop) = m—k-+1deg,,(p) = m—wdeg, (p)).

Recall also that either f' =0, or (hdeg,, (f') < m and ldeg,, (f’) = ldeg,, (f)). So,
if p’ and f’ are not both 0, then hdeg,, (f") < m.

Also, if p’ and f’ are not both 0, then ldeg,, () > min(m — wdeg,, (p), 1deg,,(f)).
We know that m = hdeg, (f) > d + wdeg,(p), so m — wdeg, (p) > d. Also,
ldeg,,(f) > d. So, ldeg,, (") > d, and we can apply the induction hypothesis.

By induction, there exist polynomials ¢; and r such that f” = pg; + r, and
(either r = 0 or (ldeg,,(r) > d and hdeg,, () < d + wdeg,,(p))).

Set ¢ = qo + q1. Then
pa+r=pgo+pg +r=Yak +p)g0 + 1"
=Yarqo+0'q+ f —aqp =gz + [ = f. O
Definition 2.5. (cf. [3, §15.5]) Given a n-tuple of polynomials ¢ = (¢1,...,¢n), a
n-tuple of polynomials f = (f1,..., fn) is called a syzygy of ¢'if Y, figi = 0.

Observe that syzygies form a submodule of a free module of rank n over R[A].
An element of a submodule generated by

S,L" = (O,...,q]‘,...,—qi,...,O),
where g; is at the position ¢ and —g; is at the position j, 4,5 = 1,...,n and i # j,
is called a trivial syzygy of ¢.
Lemma 2.6. Let § = (qi), ¢; € Z[A] and let § = (q;), where §; € Z/dZ[A] is the
reduction modulo d, d > 2.

If f’ = (f]) is a trivial syzygy of q, then there exists a trivial syzygy f = (fi)
of ¢ such that its reduction modulo d coincides with f', i.e., a trivial syzygy can be
always lifted to Z.

Proof. Let S;; be the reduction modulo d of S;;. We have = Do ggjgij for some

9i; € Z/dZ[A]. Let g;; be liftings of g;; to Z[A]. Set f= >0 9iiSij- O
Definition 2.7. We say that a n-tuple of polynomials (q1,...,¢,) satisfies the
flatness condition if ¢; € R[A;] for each ¢ =1,...,n, and ¢; is a divisor with respect
to x;.

Lemma 2.8. If an n-tuple of polynomials 7 satisfies flatness property, then all
syzygies of ¥ are trivial.

Proof. First, consider the case where R is a domain (i.e., R = Z or Z/pZ with p
prime). We use induction on n. If n = 1, then the trivial syzygy 0 is the only
syzygy. Let f = (fis---, fn) be a syzygy of ¥ = (r1,...,r,) with n > 2. By
Lemma [Z4] we can divide f; = rpg; + h; with bound d = min{ldeg, (fi)}, where
ldeg,, (h;) > d and hdeg,, (h;) < d + wdeg,,(r,) for 1 <i <mn.

Since (g171, .- . ,gn,lrn,l,fzzzll gir;) is a trivial syzygy of 7, it suffices to
show that (hy, ..., ha 1, fn + o0 giri) is a trivial syzygy of 7. If 07}

i=1 hir; =
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(fn+ 2?2—11 gir; )Ty, is nonzero, then by taking wdeg,, of both sides, we obtain

wdeg,, (1) > wdeg,, (31! hiri) = wdeg((fr + 312, giri)rn) > wdeg(rn),

a contradiction. Thus, we have f, + Z?;ll g;7; = 0 and it remains to show that
h = (h1,...,hpn—1,0) is a trivial syzygy of 7. Let e = d 4+ wdeg,, (r,) — 1. Write
hi = hiazd + -+ hieat for all 1 <i <n—1and hj = (hyj,.. ., hn_1);,0) for all
d < j <e. Then, we have h= f_idac;il 4+ f_ieacfl By induction, all syzygies f_ij are
trivial, so is h.

Now we consider the case R = Z/mZ. We proceed by induction on the number
of prime factors in m. If m is a prime, it follows from the previous case.

Write m = pl, | > 1, where p is a prime. Let f= (fi) be asyzygy of 7= (r;) and
let f = (f;) be the corresponding syzygy of 7 = (7;) over R = Z/IZ for 1 < i < n.
By induction, we have

(*) f = Zgijgij for some Jij € R[A]
5

Set
f7 = f', ZgijSij, where g¢;; is a preimage of g;; in R[A].
4,J

By (*) we have f/ = If! for some f/’ € R[A]. Since f!is a syzygy of 7, we have
0=>, firi =103, f{'r:) in R[A]. Thus, = (f") is a syzygy of ¥ modulo p. By
the previous case, f” is a trivial syzygy modulo p. So f” = > i 9435 + ph for
some n-tuple of polynomials & and preimages gij- Then fr=1f" = >ijl9i;Sij s
a trivial syzygy of 7.

Definition 2.9. We say that a n-tuple of polynomials (g1, ..., q,) satisfies a gen-
eralized flatness condition if there exists a matrix A € GL, (R[A]) such that the
n-tuple (r1,...,7m) = (q1,...,qn)A satisfies the flatness condition.

Lemma 2.10. Assume that a n-tuple of polynomials § = (qi,...,qn) satisfies the
generalized flatness condition. Then all syzygies of ¢ are trivial.

Proof. Let A be a matrix such that 7 = ¢A satisfies the flatness condition. Let

—

f=(f1,..., fn) be a syzygy of . Then (as a product of matrices)
0=q-f'=qA-A"'f' =7 G, where §= AL

Hence, ¢ is a syzygy of 7 and f: Ag. By Lemma 2.8 it suffices to prove that if
g = Sij is a trivial syzygy of 7, then Ag is a trivial syzygy of ¢.

Let M;;, ¢ # j denote a matrix where all entries are zeros except 1 at the
position (4, j) and —1 at the position (j,¢). The matrix M;; is skew-symmetric. By
definition, we have S;; = M;;(F)". So all trivial syzygies of 7 are linear combinations
with coefficients in R[A] of M;;*. Similarly, all trivial syzygies of ¢ are linear
combinations of M;;q".

Then we obtain Ag = AM;;7* = AM,;;A'q". Finally, since the matrix AM,;; A
is skew-symmetric, it is a linear combination with coefficients in R[A] of matrices
M/ for various i, j'. u
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3. THE GENERATORS

Consider the weight lattice A of a semisimple root system corresponding to a
group G. Let T* be a group of characters of a split maximal torus T of G. We
assume that 7% is of index 2 in A, i.e., A/T* =7Z/27.

Consider the Z/2Z-grading on A given by: a weight A € A has degree |\| which
is its class in the quotient A/T*. We denote by A(®) = T* the subgroup of A of
degree 0 and by A = A\ T* the subset of degree 1.

There is an induced grading on the group ring R[A] so that R[A] = R[A®)] &
R[AM)]. Hence, we can uniquely express any f € R[A] as a sum of its homogeneous
components, i.e., f = f(O 4+ f(1). We say that f € R[A] is homogeneous of degree
0 or, equivalently, deg(f) = 0 (resp. f is of degree 1 or deg(f) = 1) if f € R[A(?)]
(resp. f € R[AM)]).

Let {w1, . ..,w,} denote the set of fundamental weights (a Z-basis of A). Consider
the orbit W(w;) of the fundamental weight w; by means of the Weyl group W. We
denote by |i| the degree of w; with respect to the grading and by |W (w; )| the number
of elements in the orbit. Let

d=ged ([W(wi)]) = ged (JW(wi)l)-
w; EAM) li|=1
We set R = Z and we denote by bar the reduction modulo d, i.e., R = Z/dZ.
We define
plw)= > € andp; = p(w;) — [W(wi)| € R[A].
AeEW (w;)
Since the Weyl group acts trivially on A/T™*, we have deg(p(w;)) = |i|. Reducing
modulo d we obtain deg(p;) = deg(p(w;)) = |i|.

We will need the following

Lemma 3.1. Assume that (p1,...,pn) satisfies the generalized flatness condition
with respect to some basis {x;} of A. Assume that f; € R[A], i=1,...,n are such

that deg(>~; fipi) = 0.
Then there exist polynomials g1, ..., gn € R[A] such that Y, fipi = Y, gipi and
gil_m) =0 for each 1.

Proof. Since deg(>; fipi) = 0, we have ), f_i(l_li‘)ﬁi = 0. Hence, by Lemma 210
the n-tuple ( f_i(l_m)) is a trivial syzygy of (p;). By Lemma [2.6] there exist a trivial
syzygy (hi), hi € R[A], of (p;) such that h; = fi(l_‘ll). Set g; = fi — hy. O

After a possible reindexing, we may assume that the first n’ fundamental weights
{w1,...,wn } have degree 1 and the remaining fundamental weights have degree 0.
For 1 <i<n' we set

d; = ged (sj), where s; = |W(w;)|.
1<j<n/
So we have d =dy | da | ... | dpn = sps. By a presentation of the ged, there exist
integers (denoted a; ;, 1 < i < j < n') such that

di = i ;8 + Q41541 + - F Q55 F o Qs Sy
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For 1 <i < n' we set
Pi = Qiipi + Qi ir1Pit1 T .o T Qi Prre
By definition, the coefficient of j; at 1 = € is
—Q;,3Si — Qi i41Si41 — - — Qip/Spy = —dj.

Definition 3.2. Fix A\ € A and consider the following subsets of elements in
R[T*):

(1) {h1i=eM(Ep(wi) — F5pwirr)) | 1< i <n', ry = lem(sy, dig)}-

(2) {hg,i = p(wi)ﬁ(wl) — deL' | 1 S 7 S n'},

(3) {hsi=pi|n' <i<n}

Remark 3.3. The elements h; will be extensively used (see (II)) and (I3)) in the
computations of the group of semi-decomposable invariants.

Let I be the augmentation ideal of R[A], that is I is the kernel of the map
R[A] = R given by e* = \. Let IV denote the ideal in R[A] generated by elements
from R[A]" N I. By the Chevalley theorem IV is generated by the elements p;,
1 <i<mn,ie,any f € I' can be written as f = fip1 + ... + fupn for some
fi € R[A].

Our main result is the following
Theorem 3.4. Assume that the n-tuple (p1,...,pn) satisfies the generalized flat-
ness condition with respect to some basis {x;} of the weight lattice A.

Then the elements hy ; of Definition[Z2 generate the ideal 1YY N R[T*] in R[T*].

Proof. Suppose that fip1 + ...+ fapn € R[T*] for some f; € R[A]. By Lemma B
(1—1i[) ;
we may assume that d | f; for each 1.

To prove the theorem we modify (f1,...,fn) in several steps. At each step,
we subtract a linear combination of the elements h; ; (with coefficients in R[T*])
from fip1 + ...+ fnpn so that the new polynomials fi,..., f/ have less non-zero
monomials. In the end they will all become 0, so that the original fip1 +...+ fupn
will be replaced by a linear combination of h; ;.

Step 1. By definition we have for 1 <i < n’
ha; = p(wi)p(wi) — ds; = p(wi)(p1 + d1) — ds;
= p(wi)(a11p1 +a12p2+ ...+ a1 pn +d) —ds;
=ap(wi)pr + ...+ (aripwi) + d)pi + ... + a1, p(Wi) pur-
Since |i| =1, d | fi(o). Consider the difference

*) Fior+ ot fopn = fipr+ ot fupn — L F 0 has.
Collecting the coefficients we obtain

o fi=f;forall j>n

) fj/-(o) = f;o) for all j <n' and j # i,

° fil(o) =0.
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Hence, applying (*) for each 4, 1 < i < n’ we obtain new coefficients (fy,..., f})
such that f]/-(o) =0 for all j <n' and f; = f; for all j > n'. (Observe that fj/-(l) for
j < n' does not necessarily coincides with f;l).)

Step 2. We have for n’ <1< n

plwi)hss = plwi)pi = (a1,101 +a12p2 + ... + a1, pns +d)p;
= (a1,1pi)p1 + - - + (a1,0pi) pnr + dpi.

Since |i] =0, d | fi(l). Consider the difference

(**) Flov+ 4 foon = Fipr+ -+ fapn — 317 p(wi)hs i
Collecting the coefficients we obtain

o fi=f;forall j>n"andj+#i,

° fj’.(o) = f](o) for all j <n'.

. fil(l) =0.

Hence, applying (**) for each i, n’ < i < n we obtain new coefficients (fy,..., f})
such that f;(l) =0 for all j > n’ and f;(o) =0forall j <n'.
Step 3. As a result of step 2, we have f; € R[T*] for all i > n/. Subtracting

fimm+ .o+ fapn — Z fihs,i

i>n’

we may assume that f; =0 for all 7 > n/.
Step 4. Fix i, 1 <i <n'/. If i > 1 we assume in addition that f; =... = f;_1 = 0.
So, we have fip;+...+ fnpn € R[T*], where f;o) =0 for all i < j < n/ by previous
steps. Hence, we can express it as

Fipit ot furpw = Fpwi) + o+ £ plwn) = (sif 4.+ 5w f1)) € RIT™).

Since deg(p(w;)) =1 for i < j <n’, we obtain
Slfz(l) = _Si+1fi(41r)1 — ... Sn/f,,(;)

el

The right hand side of this equation is divisible by r;, hence, =
By definition, we have

T

hig = e (§p(wi) — g plwint)) = e (5 pi — gE5 pivn)

= eAO(

3
I

@3

pi = g (@ig1i41 Pt + Gig1iv2pite + oo Qi por)

Consider the difference
(%) Flpit oo+ faopw = fipi+ -+ fupn — 20 0hy ;.

Collecting the coefficients we obtain f/ = 0 while keeping f;(o) = f;o) = 0 for all
i < j <n'. Hence, applying (***) inductively starting with ¢ = 1, we obtain that
fi=0foralll<i<n O
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4. THE GENERALIZED FLATNESS CONDITION

In the present section we prove that the n-tuple of W-orbits (p1,...,pn) in
R[A]. satisfies the generalized flatness condition when A is a weight lattice for a
semi-simple root system of type A and C. Observe that it is enough to prove the
generalized flatness condition for each simple component.

4.1. Type A. Let A = 7"+ with a standard basis e1,...,ent1. The weight lattice
of type A is then given by A = A/(e1 4 ... + en41). We denote the class of e; in
A by é;. The basis of A is given by the fundamental weights w; = €1 + ... + €;,
t=1,...,n. The Weyl group (the symmetric group S,,+1) acts by permutations of

{e1,...,ent1}. Let z; = e¥i in Z[A] and let y; = e in Z[A].

Consider the induced map ¢: Z[A] — Z[A] given by ¢(y1) = 1, ¢(y;) = e =
xix;_ll, 1 <i<nand ¢(ynt1) = z,,*. The image of the elementary symmetric
function o; = 0;(y1,...,Yn+1) gives the W-orbit p(w;).

Let g; be (the complete sum symmetric function) the sum of all monomials of
total degree ¢ in variables y1,...,yn42—;. We have the following analogue of the
Newton relation (see [16, Relation (2)]) for ¢ > 0
(1) Z(*l)jgg‘(yl, s Ynt2-5)0i—j (Y15 Ynt1-5) =0 (here go = 09 = 1)

§=0
which implies that the ideal I, = (01,...,0n41) in Zly1, ..., Ynt1] coincides with
the ideal I, = (g1, ..., gn+1). Consider the involution 7 of Z[yi, ..., yn+1] given by
y; — 1 —1y;. We get

(0’1 — 81y +30n+1 — Sn+1) = T(Ia) = T(Ig) = (§1, N 7§n+1)7
where s; = 0;(1,...,1) = [W(w;)| and g; is the (non-homogeneous) polynomial in
variables y1, ..., yn42-; of degree i such that its coefficient at y;, ,,_, is £=1. Taking

its images in Z[A] we obtain

(P15 pn) = ¢(1(L5)) = (7(Ly)) = (r1, - Tnta),

where p; = p(w;) — s; and ; = ¢(Gnt2—i). We claim that r,11 can be written as
a linear combination of r1,...,r,. Indeed, taking the sum of relations () for all

we obtain
n+1 n+l—1:

1=> (g [ @=w).
i=0 j=1
After applying 7 we obtain 1 = ngol GiY1 - - - Yn+1—s- Since yi ...yp4+1 = 1, after
taking its image in Z[A] we obtain the desired linear combination.

4.2. Type C. Consider the weight lattice A of type C. It is generated by the
standard vectors {ej,...,e,} with fundamental weights w; = e; + ...+ e;. The
Weyl group W acts on the standard vectors by permutations and changing signs.
Consider the embedding ¢: Z[y1, ..., yn] < Z[A] given by ¢(y;) = e + e . The
image of the elementary symmetric function o; = o;(y1, ..., yn) gives the W-orbit
p(ws).

As in type A let g; be the sum of all monomials of total degree ¢ in variables
Y1y sYnti—i- Then (o1,...,04) = (91,...,9n) asideals in Z[y1, ..., yn]. Applying
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the involution 7 we obtain (p1,...,pn) = (11,...,7n), where p; = p(w;) — 84, 7 =
d(7(gn+1-:) and s; = |W(w;)|. The n-tuple (rq,...,r,) satisfies flatness condition
and there is an invertible transformation matrix between p; and r;.

5. CHARACTERS AND INVARIANTS

In the present section we introduce some notation and recall basic definitions for
the group of characters, characteristic classes and invariants which will be used in
the subsequent sections. We follow [14], [15] and [I].

5.1. Characters. Let H and H' be simply connected simple split groups of the
same Dynkin type D over a field F'. Assume that there is a central diagonal sub-
group py in H x H'. The quotient G = (H x H') /i will be called a group of index
k of type D.

We denote by T the split maximal torus of H x H’, by T the split maximal
torus of G and by T,4 the split maximal torus of the product of the adjoint forms
H.,g x H (’ld. Then there is an exact sequence for the groups of characters

0—->T"/T;—Tr/Tri—Z/KZ —0

c

which can be used to describe T*. Indeed, the quotient T7./T, is the group of
characters of the center Z(G) and the map T, /T, — Z/kZ is induced by the

diagonal embedding ur — Z(G). Moreover, Ti. /T, is the product of groups of
characters of the centers of H and H’, hence,

T;c/ ;d = Aw/A7' & AL}/A; - Z/kZ7

is given by taking the sum, where A,, (resp. A!)) is the weight lattice and A, (resp.
A!) is the root lattice of H (resp. of H').

5.2. Invariant forms. Let W = Wy x Wy be the Weyl group of H x H'. It
acts on T, = A, @ A, as the Weyl groups of H and H'. Consider the group of
W-invariant quadratic forms. It is a direct sum of cyclic groups

ST = S (M) @ S2(N,) = Zq ® Ld,
where ¢ and ¢’ are generators given by normalized Killing forms. So any form
¢ € S*T:)W can be written uniquely as ¢ = dg + d'q/, d,d’ € Z. The list of
Killing forms for all types can be found in [14] §4].
Let {w;} and {w}} denote the fundamental weights of H and H’, i.e., the Z-bases

of A, and A/,. Choose a Z-basis {x;} of T*. Expressing each w; and wj in terms
of z;’s and substituting into ¢ allows to explicitly describe the subgroup

Q(G) = S*(T")" = S*(T") N S*(T7,)" .
5.3. Characteristic map. Consider the group ring Z[T,] that is the representa-
tion ring R(Ts.) of Ts.. Each element of Z[T7] can be written as a finite linear
combination Y, a;e*, a; € Z, \; € T7.. Fix a basis of T, consisting of fundamental
weights {w;} and {w}}. Following [14, §3c] and [5] define the map
C2: Z[T:c] - SSQ(T;c) - SQ(T:C)
2

by sending 1+ 1, €™ = 1 —w; and €’ > 1 + w; + w7 (resp. for w}) and then
taking the degree 2 homogeneous component.
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Let I,. denote the augmentation ideal in Z[T%], i.e., the kernel of the trace map
Z[T%] — Z, e + 1. Then the image c(I3.) = 0, so ¢z can be restricted to I2[5].

Observe that the filtration by powers of the ideal I,. can be viewed as a ~-
filtration on Ko(BT); its image in Ko(G/B) via the characteristic map c: Z[T] —
Ky(G/B) gives the Grothendieck 7-filtration on Ko(G/B) (e.g., see [19]).

5.4. Invariants. Given A € T™ denote by p(A) = 3_ cyy(y) €¥, where W(A) is the
W-orbit of A. If restricted to invariants, the map cs defines a group homomorphism

ca: Z[T*]W — SQ(T*)W
with image generated by forms cz(p(\)) = —1 erw()\) x?2 for all A € T* [14], §3c].
It was shown in [I4] that the image co(Z[T*]") can be identified with the group of
degree 3 decomposable invariants Dec(G) and the quotient Q(G)/ Dec(G) with the

group of indecomposable invariants denoted by Invi,,(G). By definition for any
two semisimple groups G, G2 we have

(2) Q(G1 x G2) = Q(G1) x Q(G2) and Dec(G1 x G2) = Dec(G1) x Dec(G3).

Let I}V denote an ideal in Z[T}] generated by W-invariants from the augmenta-
tion ideal I, namely, IV = (I,. N Z[T%]"). The main result of [15] says that the
image co(Z[T*]NIY) in S?(T*)W coincides with the subgroup of semi-decomposable
invariants Sdec(G) and that Dec(H) = Sdec(H) if H is a simple group. Observe

that we have
(3) Dec(G) C Sdec(G) C Q(G).
We denote by Inv?,(G) the quotient Sdec(G)/ Dec(G).

6. TYPE A

In the present section we consider semisimple groups of type A. The following
lemma gives a simple geometric proof for the coincidence between the normalized
invariants and semi-decomposable invariants (c.f. [I]):

Lemma 6.1. Let G = (SL,, x SL,,)/p, m,n, k > 2, where p ~ p,;, is a diagonal
(central) subgroup. Then, Q(G) = Sdec(G), i.e., each degree 3 indecomposable
invariant of G is semi-decomposable.

Proof. We follow arguments used in [I], §5]. Assume
w={A\XN)em, xum, | NVo=XE=1 A=)}

is the diagonal subgroup. The corresponding versal flag variety X over the function
field F” of the classifying space of G can be replaced by the product of Severi-Brauer
varieties SB(A) x SB(A’), where A and A’ are central simple F’-algebras of degree
m and n, respectively such that k[A] = k[A’] = 0 and [4] = [A’] in the Brauer group
Br(F"). Since the subgroup in Br(F”) generated by A and A’ is generated by some
division algebra B such that the index and the exponent of B are all equal to k, we
obtain CH?(X )tors = CH?(SB(B))tors. By [10, Cor.4] we have CH?(SB(B))1ors = 0,
thus by the main theorem of [I5] Q(G) coincides with Sdec(G). O
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Remark 6.2. The same proof works for an arbitrary product G = ([~ SLy, )/
with a diagonal subgroup py, i.e., Q(G) = Sdec(G). Indeed, using arguments in [1]
one can compute the quotient

Inv?nd(G) = Q(G)/ SdeC(G) = CHQ(X)tors

for an arbitrary semisimple group G of type A. For instance, observe that the same
arguments in the proof work if we replace the diagonal subgroup p ~ p, by a
central subgroup py x 1 C ., X p,, or 1 X poy C pr, X ..

The following proposition deals with groups of p-primary index for any prime p,
which in turn computes the p-primary component of Inv? ,((SLy, x SLy,)/pu,) for
any diagonal (central) subgroup py,.

Proposition 6.3. Let G = (SL,, x SL,,)/p, m,n > 2, where p ~ p, is a p-
primary diagonal (central) subgroup. Then,

Q(G) ={dg+d'q" | (£2)(md +nd") = 0 mod 2k}

and
kZq @ kZq' if p#2 or p=2,min{va(m),v2(n)} > va(k),
Dec(G) ~ ¢ kZ(q — ¢') @ kZ(g +q')  if p=2,v2(m) = va2(n) = va(k),
kZq ® 2kZq' if p=2,v2(m) > v2(k) = va(n),

where q (resp. ¢') is the normalized Killing form of SL,, (resp. SLy,).

Proof. Let G = (SL,;, x SLy,)/ s, myn, k > 2, k| ged(m, n), where p,, is a diagonal
subgroup. Then, by [B.1] the character group of the split maximal torus T of G is
given by

m—k n—k

m—1 n—1 & k-1 % k-1
(4) T = {Z ajw; + Z ajw} | Z Ziai+rk + Z Ziaiﬂk = 0 mod k}.
i=1 j=1

r=0 i=1 s=0 i=1

Following the group of W-invariant quadratic forms S2(T%,)" is generated
by the normalized Killing forms
m—2 n—1

m—1 n—2
2 ’ 12 / !
q= E w; — E wiwit+1 and ¢ = wj — E Wilj41-
i=1 j=1

i=1 j=1

Consider the Z-basis {z1,...,Zm—1,21,...,2,_1} of the character group T™*
given by
- ! ! - / !
Titrk = Witrk + Wn_1, Thirk = Whkirk and Titsk = Witsk T Wn_1, Thisk = Wkisks
where 1 < i < k—-1,0<r < Lk_k, 0 <s< "T_k (for convenience, we set
zj=aj =0 forany j >n—1or j>m—1). In this basis a form ¢ € S2(Tx )W
can be written as

¢ _ (Tﬂd(k‘*l)‘i’nd/(kfl) )1,%2_1 + w’ d, d/ c Z

2k2
where 1 is a quadratic form with integer coefficients. Hence, we obtain
(5) Q(G) ={dg+d'q | (£2)(md + nd') = 0 mod 2k}.

From now on we assume that k is p-primary. We claim that Dec(G) C kZq &
kZq'. To show this we extend the arguments in [4} p.136]. We use the standard
presentation of the root system of type A, namely, that A, (resp. A!,) consists of
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vectors in the standard basis {e1, .., em } (resp. {e], .., €}, }) whose sum of coordinates
is zero.

Choose a character x € T*. Assume x has [ (resp. ') distinct coordinates in
some order by > --- > by (resp. b} > ... > b},) which repeat ry,..,r; (vesp. s1,..,51)
times with respect to the basis {e;} (resp. {e’}). Then, for the orbit p(x) of x
under the action of W we obtain

(6) e2(p(0) = i - I bl g+ 2 < [, 0] - ', where

l’
['r b 1(”7171; i)L' Zrsz Zrl i [S b 31' Sl ZS] ,2 (Z Sjb;)Q)
j=1

Observe that by (@) we have > rb; + ) s;05 = 0 mod k:. Let ¢ = min{v,(r;)}
and d = min{v,(s;)}. If v,(k) < d, then vy(k) < v,(3 ribi). So we obtain
vp(k) < vp(ged(m, Y r:b;)). Hence, by [ p.137, Lemma 11.4] the coefficient [r, b]
is divisible by k. Similarly, if v2(k) < ¢, then [s, V'] is divisible by k. Hence, we may
assume that ¢, d < v,(k). By [}, p.137, Lemma 11.3], we have

Up(ﬁ) > vp(k) —d >0 and v, (%) > vy(k) — ¢ >0,

7'7“'

which implies that

vp(ged(m an > d and v, (ged(n ZSJJ ) >ec.

Therefore, again by [4, p.137, Lemma 11.4] we see that each coefficient of ¢ and ¢’
in (@) is divisible by k, which proves the claim.

Finally, we compute the group Dec(G) case by case. As

(7) ca(p(kwr)) = —k?q, c2(p(2w1 — w2)) = —2mg
and similarly, ca(p(kw!)) = —k2¢’, ca(p(2w] — wh)) = —2mgq’, we have
®) ged(2, p)lg € Dec(G) if vy(m) = uy(k)

and similarly, ged(2, p)kq’ € Dec(G) if vp(n) = vy (k). Moreover, we get
(9) c2(p(n)) = (k')q with ged(K',p) = 1 if vp(m) > vp(k)
and similarly, co(p(wi)) = (kk")g with ged(k”,p) = 1 if vy(n) > vy(k) (see also [2)
Thm.4.1]). Thus if p # 2, then by (@) and (@) we obtain

ged(k?, kk')qg = kq € Dec(G), ged(k?, kk")q = kq' € Dec(G).
Therefore, by (8) and the claim above, Dec(G) = kZq & kZq' if p # 2.

Now assume that p = 2. If va(m) > va(k) and ve(n) > ve(k), then by (@), @)
and the claim above, we have Dec(G) = kZq ® kZq'.

If va(m) = v2(n) = v2(k), then ca(p(wy/2 + wyp)) = —kq — kg’ mod 2k. Hence,
by @), k(¢ —¢'), k(¢ +¢') € Dec(G). Since Dec(SL,, /) = 2kq if va(m) = va(k),
and Dec(SL,, /) = 2kq’ if vo(n) = vo(k) ([2, Thm.4.1)), it follows from the claim
above that Dec(G) = kZ(q — ¢') ® kZ(q¢ + ¢').

Similarly, if ve(m) > va(k) = v2(n), then by (@) and (@) we have kq € Dec(G).
Since Dec(SL,, /) = 2kq’, we get kq', k(qx¢q') € Dec(G). Therefore, by the claim
we obtain Dec(G) = kZq @ 2kZq . O
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Remark 6.4. This proposition generalizes [I4, Theorem 4.4] and [2] Theorem 4.1]
for split simple groups of type A.
For instance, in order to obtain Q(PGL,,) we simply set d = 0 and k = m in

@), then we get Q(PGL,,) = 2gcd(2,m)q [14, Theorem 4.4]. Similarly, we can
obtain Dec(PGL,,) in the same way.

In order to compute the indecomposable groups for G = SLa,, /o, we set d’ = 0,
k = 2. Then it follows by Proposition [63] that Q(G) = {d¢ | md = 0 mod 4} and
2q if va(m) >0,
4q if va(m) =0.

Dec(G) = {

Hence, we obtain [2| Theorem 4.1], that is
(Z/2Z)q if va(m) > 2,

0 otherwise.

Invi,, (G) ~ {

Finally observe that together with Lemma [6.J] properties () and (B]) it computes
the group Inv?,(G"), where G’ = (SLa,, /tt5) X SLay, n,m > 1.

The following corollary generalizes [I5, Example 3.1] to groups of type A (see
also [1]). Similarly, by using Lemmal[6.I] and Proposition[6.3] one can compute both
groups Inv}, ;(G) and Inv?;(G) for any p-primary diagonal subgroup pu.

Corollary 6.5. Let G = ([[;~, SLan,)/ps, n; > 1, where p, is the diagonal
subgroup. Then

®&m . o
Inviy(G) = Inv},4(G) = {(Z/2Z) if Vn; =0 mod 4,

(Z/2Z)®™~"  otherwise.

Proof. Let G = (SLay, X SLay,)/pty. Then, it follows from Proposition [6:3 that

(Z/2Z)q ® (Z/27Z)q' if m =n =0 mod 4,

Inv?nd(G) ~ (z/272)q if m=0,n=2mod 4 or m = 0mod 4,n is odd,
(Z/2Z)(q — q') if m =n =2 mod 4 or both m,n are odd,
(Z/)27)(q — 2q") if m =2 mod 4,n is odd.

Hence, the result follows by Lemma Applying the same arguments for three
and more groups completes the proof. (I

In the following we show that the both indecomposable group Inv?nd(G) and
the semi-decomposable group Inv?,(G) can have an arbitrary order (c.f. [I]). In
particular, the order can be arbitrarily large.

Corollary 6.6. For an arbitrary integer k > 2 there exists a semisimple group G
of type A such that
| Invi,q(G)] = | Inv34(G)| = k.

Moreover, for any homocyclic p-group C' there exists a semisimple group H of type
A such that Inv? ,(H) = Inv?,(H) = C.
Proof. Let p" (r > 1) be a prime factor of k and let n = ged(2,p)p”. We denote
G[p"] = (SL, x SLy,)/ -, where p,,, is the diagonal subgroup. By Proposition 6.3]
we have

v}, q(Glp")) = Inviy(Glp")) = Z/p"Z.
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Set G = (SLged(2,k)k X SLgcd(2,k)k)/ i Then, the same argument as in [I5, §3b]
shows that Inv} ,(G[p"]) is a p-primary component of Inv? ;(G) and the first state-
ment follows from Lemma

Let C = (Z/p"Z)®™ be a homocyclic p-group of rank m for some prime p. It
suffices to consider the case m > 2. Let H = (SL,)™/p,,-, where n = ged(2, p)p*”
and p,,- is the diagonal subgroup. Then, the arguments used in the proof of Propo-
sition [6.3] yield

Q(G) ={>_digi| (n/p")>_ di = 0mod ged(2,p)p"},

=1 =1
where ¢; is the corresponding normalized Killing form of SL,,. Similarly, we have
Dec(G) = @], p"Zq;. Then the second statement follows by Remark [6.2] O

7. TYyPE B

In the present section we show that any semi-decomposable invariant of semisim-
ple groups of type B is decomposable, except in the case of a product of groups
of type Bs = C3 modulo the diagonal subgroup p,. We first consider the index 2
case.

Proposition 7.1. Let G = (Spiny,, ;; x Sping,, )/ py, m,n > 2, where p, is the
diagonal subgroup. Then, we have Inv}, ,(G) = Z/27 and
7./27 ; =n=2
Inviy(G) = { EE dm=n =2
0 otherwise,

i.e., each semi-decomposable invariant is decomposable unless m = n = 2.

Proof. Following 5] the character group of the split maximal torus T of G is given
by

m n
! ’ !
T ={ E a;w; + E a;w; | am = a;, mod 2}.
im1 i=1

Following the group S?(T%,)W is generated by the normalized Killing forms

m—1 n—1
2 2 ’ 12 /) /2 / ’
q= E (wi — wiwit1) + 2wy, — Wm—1Wm,q = E (wi” — wiwit1) + 2wy, — Wy 1 Wiy, -

i=1 i=1

Choose a Z-basis {w1,...,Wm-1,W}, ..., Wm—1,v1,v] } of T* where v1 = w, +w),
and v} = wy,—w/,. For any ¢ € S2(T*)W there exist d,d’ € Z such that ¢ = dg+d'q’,
thus in this basis we have

¢ = 3(d+d) (v} + o) + 9
for some quadratic form 1 with integer coefficients. Hence, we obtain
(10) Q(G) ={dg+dq'|d+d =0mod 2} =Z(q — ¢') & Z(g + ¢).
We claim that Dec(G) = 2Zq @ 2Zq'. The result for the group of indecom-

posable invariants then follows immediately. Indeed, since ¢ = £(37", €?) and
¢ = 5(3°7_, €f) in terms of the standard basis of T}, = Z™ ® Z", we conclude

that ca(p(w1)) = 2¢ and ca(p(wy)) = 2¢’ are contained in Dec(G). On the other
hand, as Dec(G) is generated by ca(p(A)) for all A € T* and the Weyl group of G
contains normal subgroups (Z/2Z)™ and (Z/2Z)™ generated by sign switching, we
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see that the coefficient at each e; in the expansion of ca(p())) is divisible by 2 (c.f.
[4, Lemma 14.2]).

We now compute the group Sdec(G). Assume that m = n = 2. Consider an
element

(11) y=e2zc Z[T* NIV with z = p(ws) — plwh),
where p(w;) denotes the augmented orbit p(w;) — |[W (w;)|. As (e¥2 — 1)z € I2., we

sco

see that ca(y) = c2(2). Since ca(p(ws)) = q and c2(p(wh)) = ¢/, we conclude that
¢ — ¢ € Sdec(G). Therefore, Inv?,(G) = Z/2Z.

Assume that m,n > 3. We will show that ¢— ¢’ which is a generator of Inv? ,(G)
does not belong to Sdec(G). Let x € Z[T*]NIY. Similar to [I5, §3c] write

m

z = (di+6:)p(ws) + Z(d} + 85)p(w})

i=1

d; € Z and §;,0,; € Is.. As c2(I2,) =0, we have

iy 7 [2) J

c2(x) = Z dica(p(ws)) + Z djea(p(w))).-

for some d

On the other hand, we have
ca(p(wi)) = 2miq and co(p(w})) = 2m’yq’

forall1 <i<mand 1< j<n and for some mi,m;- € Z. Hence, c3(z) = 0 mod 2,
thus ¢—¢' ¢ Sdec(G). Similarly, if m = 2 and n > 3, then co(z) = (d1+dz2)g mod 2,
thus ¢ — ¢’ & Sdec(G), which completes the proof. O

The previous proposition yields the following. Combining these results we obtain
both indecomposable and semi-decomposable subgroups for an arbitrary semisimple
group of type B.

Corollary 7.2. (1) Let G = H:il SOz, 41, n; > 2. Then,
Inv?nd(G) = InV?d(G) =

0.
(2) Let G = (I];~, Sping,, 1)/ty, ni > 2, m > 2, where py is the diagonal
subgroup. Then,

Inv},q(G) = (Z/22)°" " and Inviy(G) = (2/22)%* ",
where k is the number of n;’s such that n; = 2.
(8) Let G = (I]:~, Spiny,, ;) X (HZ’:I SO2p:41), ni,nj > 2. Then,
v, o (G) = (2/22)%" and Inv3,(G) =0,
where k is the number of n;’s such that n; > 3.
Proof. (1) We set d = 0 in ({I0). Then, we obtain Q(SOam+t1) = 2Zq ([14,

§4b]). It immediately follows from the proof of Proposition [Z]] that we also have
Dec(SOgpt1) = 2Z4.

(2) This follows by the same argument as in Proposition [(]l

(3) As Dec(Spin,,, ;) = Sdec(Spiny, ;) for any n > 2, the same argument
as in (1) shows that Sdec(G) = Dec(G). By [, Theorem 13.4], Q(Spiny, ) =
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2 Dec(Spiny,, ;) for any n > 3 and Inv},,(Spin;) = 0, thus the same argument as
in (1) proves the result for the indecomposable group. (I

8. TypE C

In the present section we compute the groups of indecomposable and semi-
decomposable invariants for semisimple groups of type C. In particular, we show
that for groups G = ([[\~, SP2y,)/1o, where m > 2, n; # 0mod 4 for all i =
1,...,m, and p, is the diagonal subgroup, any indecomposable invariant is semi-
decomposable.

We consider the index 2 case, which generalizes the example [I5, Example 3.1]
(the case n = m = 1) to groups of type C.

Proposition 8.1. Let G = (SPa,, x SPa,)/ 1y, m,n > 1 where p, is the diagonal
subgroup. Then, we have

Z/22®7/2Z if m =n=0mod 4,
Z/2Z otherwise,

Inv?nd(G) = {

and
Z/2Z ifm=n=0 orm%0#nmod 4,

0 otherwise.

InV?d(G) = {

In particular, if both n and m are not divisible by 4, then each indecomposable
invariant is semi-decomposable.

Proof. Let {e1, -+ ,em,€}, - ,e,} be a standard basis of T, = Z™ @ Z™. Then
T* consists of all linear combinations of standard basis elements with even sums of
coefficients. Consider the Z-basis {z1,...,Zm, 2], ...,z } of T* given by

! ! /
x1=e1+€], ] =e1 —€], i =e1 — ¢, T, fel—e i,7,> 1,

J

The standard basis can be expressed in terms of this basis over QQ as

_ YA z ’ ;1 /
e; = e1 — x;, €; = e} — 1z, where e; = (x1 + 1) and e} = 5(x; — 7).

The group S?(T%)W is generated by ¢ = > i~ €? and ¢’ = Y., e/?>. Therefore,

Jj=1%j
for any ¢ € S?(T%)W there exist d,d’ € Z such that ¢ = dq + d'q’ =
d( (z1+27) +Z%x1+x1 f:vz))+d( +Z%x17:v1 x;)g)
i>1 Jj>1
The form ¢ has integer coefficients at zqzf, :clm], 22,z ;2, i,7 > 1 and it has
coefficient 1 (dm + d'n) at 3 and at z/?. Hence,
(12) Q(G) ={dg+d'q |dm+dn=0mod 4}.

Consider the subgroup Dec(G) of decomposable invariants of G. As in the proof
of [4l Lemma 14.2], since the Weyl group of G contains normal subgroups (Z/2Z)™
and (Z/2Z)™ generated by sign switching, we conclude that the coeflicient at each
e; in the expansion of ¢, is divisible by 2, hence, Dec(G) C 2Zqg & 2Zq'. Since
c2(p(2e1)) = 4q and c2(p(2€})) = 4q’, we have 4Zq & 4Zq' C Dec(G).
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Assume n = m = 0 mod 2. Since ca(p(z2)) = 2(m — 1)q and ca(p (x'2 =2(n—
1)¢', we obtain Dec(G) = 2Zq®27Zq¢" and Q(G) = {dq+d'q’ | d5 +d'% = 0 mod 2}.
Hence,

(2)2Z)q ® (Z/2Z)q¢"  if n=m =0 mod 4,
Inv},q(G) (Z/QZ)q/ %f m=0#nmod4,
(Z/2Z)q if m Z 0 = n mod 4,
(Z)22)(q+q') if m £ 0 # n mod 4.

Assume both n and m are odd. If n = —m mod 4, then Q(G) = {dqg+d'¢' | d =
d mod 4} ~ Z/4Z(q + ¢'). Since c2(p(x1)) = 2nqg + 2mq’, Dec(G) = 2Z(q+ ¢') @
27(q — ¢') and, therefore, Inv? ,(G) ~ (Z/27)(q + ¢'). Similarly, if n = m mod 4,
then Inv? ,(G) ~ (Z/2Z)(q -q).

Finally, assume n is odd and m is even. If m = 0 mod 4, then Q(G) = ZqP4Zq .
Since ca(p(2)) = 2(m — 1)q, Dec(G) = 2Zq & 4Zq', hence, Inv3, ,(G) ~ (Z/2Z)q.
If m # 0 mod 4, then d’ is even and

) ={dg+dq | d+% =0mod 2} = {(0,0),(2,0),(1,2),(~1,2)},

QG
where (d,d’) denotes dq + d’'q’ modulo 4. Since Dec(G) = 2Zq + 4Zq', we have
Invznd(G = (Z/QZ) (q + 2(]/)-

As for semi-decomposable invariants, consider an element (cf. with hq; of Defi-
nition B.2))
(13) 2= st Pwi) = soatmy A1)

By definition, we have y = ez € Z[T*] N IY¥ and we obtain

ca(y) = ea((1+ (e = 1))2) = 2(2) = woqtory @ — soray @

where the second equality holds since (e —1)z € I3,. The element c2(y) € Sdec(G)
coincides with the generator of Inv? ,(G) = Z/2Z except if n = m = 0 mod 4. So
Inv?,(G) = Inv}, ,(G) = Z/27 except if n = m = 0 mod 4.

Assume that m = n = 0mod 4. Then {q,¢’'} are generators of the group of
indecomposable invariants. Consider an arbitrary element z € Z[T*] N I¥ and the
ring homomorphism

¢: ZITL] — ZITZ T = Z[t]/(t* — 2t)

given by ¢(1—e~Wedd) = (1 —e Woaa) = t and G(1—e Weven) = (1 —e~Weven ) = 0.
Write

m

z = (di+8:)p(ws) + Z(d; +00p(w)),  diydy € Z, 8,8 € Ise.

i=1

Since ker ¢ D Z[T*] N IV we obtain

sc
ZQ’( ) (di + 2s:)t + Zz?( )(d + 25t
odd i odd j ‘7

Observe that if 2" | m and i is odd, then 2" | ("}). Dividing by the 2-primary part
2" of the greatest common divisor of all the coefficients we obtain

(m/2" " Ydy + (n/2""1)d} = 0 mod 2,
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where 277! = g.c.d.(va(n), v2(m)) is the g.c.d. of the 2-primary parts. Therefore,

{d1 +dy =0mod 2 if va(m) = va(n)

(14) .
di = 0mod 2 if va(m) < va(n).

We then have
i1 (m—1 _ i1 (n—1 Yo'
CQ(m)_(gz <i_1>dz)q+(j§_‘:2 <j_1>dg)q.

So ca(x) = d1g + dyq’ mod Dec(G), where dy and d} satisfy ([{4]).

Since

W) g+ ¢ mod Dec(G)  if va(n) = va2(m)

c =

W ¢’ mod Dec(G) if va(m) < v2(n)

we conclude that cy(y) is also a generator of Inv?,(G) ~ Z/2Z. O

We now present a generalization of the previous proposition, which in turn de-
termine both indecomposable and semi-decomposable subgroups for an arbitrary
semisimple group of type C.

Corollary 8.2. (1) Let G =[]~ PGSp,,,,, m,n; > 1. Then,

Invi,a(G) =~ (2/22)%",
where k is the number of n;’s which are divisible by 4, and Sdec(G) = Dec(G),
i.e., each semi-decomposable invariant is decomposable.

(2) Let G = ([1;~, SPan,)/py, m,n; > 1, where p, is the diagonal subgroup.
Then,

Z/2Z)%™ if Yn; = 4
Tnv?, (G) = (z/)27) » if Vn ; 0 mod 4,
(Z.)27,)°™ otherwise,
and
(Z/QZ)@’”_1 if Vni; =0 or Vn; Z 0 mod 4,
(Z/2Z)®™~2  otherwise.

Invgd(G) = {

(3) Let G = ([[1~, PGSpa,,) x ([T1, SPaw:), ni,n} > 1. Then,
v, g (G) = (Z/22)%% and Sdec(G) = Dec(G),

where k is the number of n;’s which are divisible by 4.

Proof. (1) Let G; = PGSp,,,, and G2 = PGSp,,,, m,n > 1. It suffices to consider
the case G = G X G5 since the same arguments can be easily adapted to prove the
case of three and more groups. We simply set d = 0 (resp. d = 0) in[I21 Then,
we have Q(G1) = 4/ ged(4,m)Zq (resp. Q(G2) = 4/ ged(4,n)Zq’). Similarly, by
the proof of Proposition [B1] we get Dec(G1) = 4/ ged(2,m)Zq (resp. Dec(Gz) =
4/ ged(2,n)Zq') ([14, §4b]). By @) the answer for Inv ;(G) then follows.

As for semi-decomposable invariants, by @) and Dec(G) = Q(G) for n # 0 mod
4, it suffices to consider the case n = m = 0 mod 4. We follow arguments used in
[15, §3c].

Let x € Z[T*] N IY be an arbitrary element. Write

m

x=> (di +0:)p(wi) + Y _(d} + 5))p(w))

i=1 j=1
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for some d;,d; € Z and 6;, 0} € Is.. Consider the ring homomorphism induced by
the quotient map Ty, — TSC/T*

¢: ZITy,) — ZIT;,/T*] = Z[Aw/A] ® ZIN, /A]] = L[t E]/ (8 — 26,82 - 2t').
It is given by
P(1 — e ott) =t ¢(1 — e woaa) = ' and ¢(1 — e~ ¥even) = (1 — ¢ Weven) = 0,

Since © € Z[T*], ¢(x) = 0. Moreover, we have ¢(Is.) = (t,¢') and ¢(p(w;)) =
W (w;)] - t ( (W) = |W(w})| - t'. Combining these facts we obtain
:Zd + o6 wi) + > _(d; + ¢(5;))d(p(w)))
i=1 j=1
:Z | (di+ sit + st )t + > [W(w))| - (d +ryt + )t
odd odd j

for some s;, s{, 75,7 € Z. Since |[W (w;)| = Qi(’?), collecting the coefficients at ¢ and
t', we get

di +2s1 = d} + 27} = 0 mod 2.
Hence, both dy and d} are even.

We now compute cz(x). Since c2(I2,) = 0 and ca(p(w;)) = 2°7H(7'7 1)q, we obtain
ZdCQ (wi) +ZdlCQ ) = 2sq + 2rq’, for some r,s € Z.

Therefore, Sdec(G1) C 2Zqg = Dec(G1) and Sdec(Gz) C 2Zq¢" = Dec(Ga).
(2) This immediately follows from the same argument as in Proposition [R]1
(3) As Dec(SPs,,) = Sdec(SP2,) = Q(SPay,) for any n > 1 ([, Theorem 14.3]),

the same argument as in (1) shows that Sdec(G) = Dec(G) and the result for the
indecomposable subgroup. (I

9. TypPE D

In this section we calculate the groups of indecomposable and semi-decomposable
invariants for an arbitrary product of simply-connected simple groups of type D
modulo the (diagonal) central subgroups. We first consider the groups of index 2
and 4.

Proposition 9.1. Let G = (Spin,,,, x Spin,,,)/u, where m,n > 4 and m + n is
even, and p is a diagonal subgroup of G. Then

Z]AZ i p~ py,
Z[2L  if p py,

ZPPL  if =,

Inv;,q(G) = )
! { 0 if 1 .

and  Inv2y(G) = {

Proof. Observe that there is a unique diagonal subgroup p ~ p, in the case where
m and n are odd and there are two different diagonal subgroups p ~ py : p C p?
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if both m and n are odd and p C pj otherwise. First, assume that pu ~ p,. Then,
by Bl the character group of the split maximal torus T of G is given by
(15)

m—1 n—1
m n 2 2
T = {Zaiwi+2a;w§ | @m-1+3am+2 Z azi_1 = 3an_1+a,+2 Z asj_ mod 4}.
i=1 j=1 i=1 j=1

Write Y07 | aw; + 305 ajw; = >0 bieg + 00, e} in terms of the standard
basis vectors {e1, - ,em, €}, -+ ,en} of TX, = Z™ @ Z". Then, the relation in (I0)
is equivalent to

m=3 n=3
2 2
(16) 2(bm—2+bm—1+bm—+ Z bai—1—bai) = 2(b,_g+b_1 — by, + Z b2j—1—ba;) mod 4.
i=1 =1

Using ([IH) we choose the following basis {x1,...,Tm, 2}, ..., 2z}, } of T*:

’ ! /
Toi—1 = W2i—1 + 2wy, Tk = Wak, Tm-1 = Wm—1+ Wy, Tm = Wm + 3wn,

(17) ’ o 20! ro_ ’ o / A,
Toj_1 = Waj_1 + 2wy, Ty = Way, Tpn_1 = Wp_1 + Wp, Tn = 4w,

for1<i<(m—-1)/2,1<k<(m-3)/2,1<j<(n—-1)/2,and 1 <1< (n—3)/2.

Let ¢ be a quadratic form on (7)) with integer coefficients. As the group
S2(Tx)W is generated by the normalized Killing forms

m m—2 m

q:= Zw? -2 Z WiWit1 — 2Wm—2Wm = (Z 6?)/2,
i=1 i=1 i=1
n n—2 n

/ 12 / / !/ / 12
q = wi —2 E Wiwjt1 — 2wn_owy, = (Y €5)/2,
Jj=1 Jj=1 Jj=1

from the equation ¢ = dq + d'q’ we get

¢ = (mEind)e? 4y,
where v is a quadratic form on (7)) with integer coefficients. Therefore,
(18) Q(G) ={dg+d'q | md+nd =0 mod 8}.

We show that Dec(G) = 4Z(q — ¢') + 4Z(q + ¢'). First, by (&) we see that all
elements ca(p(2w1)) = —8¢, c2(p(2w))) = =8¢, ca(p(w1 +wy)) = —4ng — 4mq’ are
contained in Dec(G), thus 4(¢ — ¢'),4(¢ + ¢') € Dec(G). On the other hand, since
Dec(@Q) is generated by ca2(p(A)) for all A € T* and W contains normal subgroups
(Z/27)™~1 and (Z/2Z)"~ !, we see that the coefficient at each e; in the expansion
of c2(p(N)) is divisible by 2, thus, Dec(G) C 4Zq @ 4Zq’ (note that by (I8) 4q,4q” &
Dec(@)). Hence,

Inv},a(G) = Z/42(

/
wedtmm 4~ gea(mm 4 )-

Now we show that Sdec(G) = QZ(ng(}n 54~ ged(m) q’). First of all, as

(19) e3(p(wr)) = 2mig and s(p(})) = 2mlq/

forall1 <i<mand 1< j <n and for some m;, m; € Z, by the same argument
as in the proof of Proposition [[.]] we obtain gcd(’;n’n)q — gcd(Tn’n) ¢ ¢ Sdec(G). On
the other hand, consider an element

2= gatrmy PW1) = gagtmay PW)-
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Then, by (I6) we obtain y := ez € Z[T*] N I'V. Therefore, as in the proof of
Proposition B.I} we have c2(y) = 2(geqimm 4 — zearmm @) € Sdec(G). Hence, the

result for Inv3,(G) follows.

Now we assume that g ~ p,, so that g C p? if m and n are odd and p C p3
otherwise. In both cases, the corresponding character group of T is given by

T = {Zaiwi + Zaiwé ‘ Am—-1+ Qm = a1 + a,, mod 2}.

i=1 j=1
By applying the same argument in the above p >~ p, case, we obtain
Q(G) ={dg+dq |d+d =0mod 2}.
Since ca(p(w1)) = —2¢ and ca(p(w))) = —2¢’, we have 2q,2¢" € Dec(G). Moreover,
by (@), we get ¢ — ¢’ € Sdec(G), thus Sdec(G) = Dec(G) = 2Zq & 2Zq' and
v}, (G) = Z/2Z(q — ¢'). O

We obtain the following generalization of the previous proposition. Together with
Remark [@.3] they determine the groups of indecomposable and semi-decomposable
invariants for an arbitrary product of simply-connected simple groups of type D
modulo the central subgroups p,.

Corollary 9.2. Let G = ([~ Spiny,,)/p, n; > 4, m > 1, where either all n; are
even or odd, and w is a diagonal subgroup. Then,

m—1 : ~ m—1 : ~
(/42 TR R 0 1) = {(Z/%) if e gy,

Invi,q(G) = o ,
! {(Z/2Z)m Loifp o, 0 if 1 s

Proof. By the same argument as in Proposition [0.1] we obtain

Q(G) = {30 digi | Yonid; =0mod 8} if p o~ py,

{>°0 1 digi| 3-di = 0 mod 2} if g~ po,
where g1, ..., gm are the corresponding normalized Killing forms of Spin,,, . Simi-
larly,

AT — g 47, i~
Dec(@) = @52 (01— @) ®4Z(a + @) fp=p,
@izl 27.q; if o~ p,
thus, the factor groups follow. Following Proposition .1} we see that

m
SdeC(G)/ DeC(G) = @ Z/2Z(gcd(za,nl)q1 - gcd(zlhnq,)qi)

i=2
if p~ p, and @1 — ¢q; € Sdec(G) for all 2 < i < m if p ~ p,, which completes the
proof. O

Remark 9.3. (1) Let G' = G x (H:’:l Spiny,, ), where G is the group from Corol-
lary[@2l Then, similar to the proof of Proposition@.Ilone can show that Inv?,(G’) =
Inv3,(G). Moreover, by [4, Theorem 15.4] Inv? ,(G') = Inv> ,(G) & (Z/2Z)®™ .

(2) Let G = G x (HZ1 Spin,,, ), where G is either SOs,, or HSpin,,,. If
G = SOgy,,, then by [, §15] Dec(G) = Dec(Spin,,,), thus Dec(G') = Sdec(G’).
Similarly, if G = HSpin,,,, then it follows from [2] §5] and [I5] §3d] that Dec(G’) =
Sdec(G’). One can also easily compute the indecomposable groups.
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10. THE PGOg-CASE

In the present section we use the techniques developed in section B] to give a
direct proof of the main result of [I5, Appendix].

In this section, G = PGOg that is an adjoint group of Dynkin type Dy. The
weight lattice of type Dy can be constructed as follows. We first take a Q-vector

space with basis eq,...,e4. Then A has the following Z-basis consisting of funda-
mental weights:

wi=e1, wa=¢€1+e, wg=(e1+e2+e3—es)/2, ws=(e1+e2+es+eq)/2.
So the coordinates of elements of A are either all integers or half-integers.

The group T consists of all points such that all coordinates are integers, and the
sum of coordinates is divisible by 2. We have A/T* = Z/2Z & Z /27 with elements
0 = (0,0), @1 = (0,1), @3 = (1,0), @4 = (1,1). The quotient map A — A/T*
induces a grading on A and, hence, on Z[A]. We denote by A(%-0) A1) A(1,0) A1)
the respective homogeneous components. Each polynomial f € Z[A] can be split
into a sum of its homogeneous components, which we will denote by f(7). Denote

the orbits in Z[A] by p(w1),. .., p(ws) and the augmented orbits by p1,...,ps as in
section [3

Lemma 10.1. Let fi,..., f4 € Z[A] be such that fip1 + ...+ faps € Z[T*]. Then,

for each element i € A/T* except for i = (0,1) the sum of coefficients of fl(i) is
even.

Proof. Consider a subgroup
N = {z1e1 + xoes + x363 + T4e4 € T* | T2 + 13 + 74 and 1 is even}.
We have A/A' = 7Z/27 & 7./A7 with a generator @; of order 2 and @, of order 4.

Set R = Z/4Z. Consider a natural map Z[A] — R[A/A] given by f — f.
Since A’ C T*, R[A/A'] is also a A/T*-graded algebra, and this map preserves
the grading. By definition, the sum of coefficients of f modulo 4 is the sum of
coefficients of f. So, it is sufficient to prove that for each element i € A/T* except
for i = (0,1), the sum of coefficients of fl(l) = fl(l) is even.

Since p1 = 2eft + 2672, p2 = p3 = pg = 0in R[A/A/] and flﬁl + ...+ f4ﬁ4 S
R[T*/A'], we obtain that f1p; € R[T*/A’]. Since py € Z[AV)], for each i € A/T*,
i # 0, we have

0= (i) = Fi" "y = 201 4 e O,

Therefore, for each j € A/T*, j # (0,1), all coefficients of (1 + e€1+e2)f1(3) are
divisible by 2.

Observe that the classes of 0 and of wy in A/A’ are all elements of A/A’ that
belong to T*/A’. So, if A € A/A’, and f € R[A/A'], then the coefficient of (1 +
eeitez) f at e is the sum of coefficients of f in front of X’ for all ' € A/A’ such
that A = A mod T* (there are exactly two such X, one of them is A, the other is
A+ e1+e2). If f is a homogeneous polynomial of degree j € A/T™*, and A € A/A’
is mapped to j by the natural projection A/A’” — A/T*, then the coefficient of
(1+ec1te2) f in front of e* is the sum of all coefficients of f. Therefore, the sum of
all coefficients of flm is divisible by 2 for each j € A/T*, j # (0,1). O
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Lemma 10.2. Let fi,..., f4 € Z[A] be such that fip1 + ...+ faps € Z[T*]. Then,

(1) for each element i € AJT* except for i = (1,0) the sum of coefficients of féi)
1S even;

(2) for each element i € AJT* except for i = (1,1) the sum of coefficients of fii)
15 even.

Proof. (1) Consider an automorphism ¢ of A (induced by an outer automorphism
of PGOg) that interchanges w; and w3 and keeps wo and wy invariant. It preserves
T*. So, it also acts on A/T* = Z/2 & Z/2 by interchanging (0,1) and (1,0) (and
keeping (0,0) and (1,1)).

By definition ¢ maps the graded components of a polynomial f € Z[T*] to
graded components of (f), more precisely, ¥(f®) = ¥(f)¥®. In particular,
(O = p(fH).

Since 1 interchanges p; and p3, and keeps py and ps unchanged,

Y(fipr + ..+ fapa) = U(f1)ps + U (f2)p2 + U (f3)p1 + ©(fa)pa.

Finally, observe that the sum of coefficients of ¥ (f) is the same as the sum of
coefficients of f. We then apply Lemma [I0.1}

(2) The proof is completely similar to the proof of the previous case, the only
difference is that now 1 should interchange wi and wy and keep wo and ws un-
changed. O

Proposition 10.3. Let f1,..., f4 € Z[A] be such that fip1 + ...+ faps € Z[T*].
Then the sum of all coefficients of f; is even fori=1,3,4.

Proof. Set w(g,1) = w1, wW(1,0) = w3, W(1,1) = w4, and w(g0) = w2. Then the class of
W(,5) in A/T* is precisely (i, j).

Set R = Z/16Z and consider the natural map Z[A] — R[A/T*] given by f > f.
Since fip1 + ...+ faps € Z[T*], p; = 8e¥i — 8,1 =1,3,4 and ps = 24e¥2 — 24 = (),

f1p1 + f3ps + fapa is a constant in R[A/T*].

For i = 1,3,4 and (j,k) € A/T*, denote by cgj’k) the sum of coefficients of

fi(j’k) modulo 16. Then ﬁ(j’k) = cEj’k)e”U\’v). By Lemma [[01] and I0.2] all numbers

cgj’k) are even, except for, possibly, cgo’l), cél’o), and 04(11,1). Observe that if cz(j’k) is

even, then cz(-j’k)ewuvk)ﬁi = 0 in R[A/T*] since p; is divisible by 8. Therefore, both
expressions
@ipy + Ve ps + M Vewip,  and

80(10’1)671 + 86&1’0)673 + 86511’1)674 + 8(0(10’1) + cgl’o) + cil’l))

are constants in R[A/T*].

So, the coefficients 0(10’1), cél’o), and 0511,1) are even which means that for all

i=1,3,4 and (j,k) € A/T*, cz(.j’k) is even. But then the sum of all coefficients of
fiis even for i = 1,3,4. O

ch,l)

We now give a direct proof of the result obtained in [I5] Appendix] using a
computer algorithm
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Corollary 10.4. If G = PGOs, then any semi-decomposable invariant of G is
decomposable.

Proof. Let x € Z|T*] N IY. Similar to [I5 §3c] we write

4
T = z:(dZ + 0;)p(w;) for some d; € Z, §; € I..

i=1

Then co(x) = 2?21 d;c2(p;). By Proposition[I0.3 we have dy = d3 = d4 = 0 mod 2.
Since c2(p;) = 2q for i = 1,3,4 and ca(p2) = 12¢ by [15, §3d], we obtain that
c2(z) € 4Zq = Dec(G). O

11. TypE E

We now treat the exceptional cases. In the following we show that any semi-
decomposable invariant is decomposable for semisimple groups of type Fg and E7.

Lemma 11.1. Let G be a split semisimple group of type Eg or E7. Then, Sdec(G) =
Dec(@G), i.e., each semi-decomposable invariant is decomposable.

Proof. We denote by Egd (resp. E?d) a split simple adjoint group of type Eg (resp.
E;) and by EZ° (resp. E3°) a split simple simply connected group of type FEjg
(resp. E7). We first consider the case where G is a semisimple group of type FEg,
ie, G = (E x - x E)/p (n copies of EE°) for some central subgroup p. Let
g1, ,qn be the corresponding normalized Killing forms for each copy of Eg¢ in
G. Since Dec(Eg°) = Dec(Eg?) = 6¢; by [14] §4b], we have Dec(Eg¢ x - - x Eg¢) =
Dec(E¢? x -+ x Ed) = 6Zq1 @ --- ® 6Zq,. As Dec(E? x E2?) C Dec(G) C
Dec(Eg° x EE°), we conclude that Dec(G) = 6Zg1 & - - - ® 6Zqp.

Now we show Sdec(G) C Dec(G). Similar to the proof of Proposition [} we
consider an arbitrary element x € I%:

n 6
z= Z (dij + 8i5)p(wiz)
j=1i=1
for some d;; € Z and §;; € I, where {w1j,...,ws;} is the fundamental weights of

each copy of E§¢. Since c3(I2,) = 0, we obtain

n 6
(20) ca(w) =YD dijea(p(wig))-
j=1i=1

By [11} §2], each element co(p(w;;)) in (20) iz contained in 6Z¢;. Hence, Sdec(G) C
Dec(G), so the equality holds.

Let G = (E5¢ x --- x E£°)/p (n copies of E£¢) for some central subgroup p.
Then, the same argument together with Dec(Eg¢) = Dec(E2%) = 12¢; (|14} §4b])
shows that Dec(G) = Sdec(G) = 12Zg1 & - - - © 12Zq,,. O

We determine the indecomposable groups for the groups of index 2 (resp. 3) of
type Eg (resp. E7).
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Proposition 11.2. (1) Let G = (E§® x - - - X B§®)/ps with n (> 2) copies of a split
simple simply connected group E§¢ of type Eg and the diagonal subgroup ps. Then

Inv? (G) = Z/27.@ (Z/6Z)®" ' and Sdec(G) = Dec(G).

(2) Let G = (E5¢ X -+ X E5%) /o with n (> 2) copies of a split simple simply
connected group EE¢ of type E; and the diagonal subgroup p,. Then

nv? (G) = Z/37.@ (Z/122)*"~ ! and Sdec(G) = Dec(G).

Proof. By Lemma [IT.1] it suffices to compute the indecomposable groups.

(1) Assume that n = 2. Then, by [5.1] the character group of the split maximal
torus T of G is given by

6 6
(21) T = {Zaiwi—&—Za;w”al—l—ai—&—%—l—aé = a3 + a3 + ag + ag mod 3}.

i=1 i=1
Choose a basis {z1,...x¢,2],...,x5} of (ZI) as follows
r1 = w1 +wé,x2 = w2, T3 = W3 +2wé,m4 = w4, T5 = Ws +wé,x6 = weg +2wé,
T = Wi + W, Th = wh, T = wh + 26, Ty = Wi, T = W5 + W, Tg = Swg.

Let ¢ be a quadratic form on z;, } over Z. Since the group S?(T )" is generated
by the normalized Killing forms

(22)
. 2 2 2 2 2 2
g = W] —Wiw3 + Wy — Waw4 + W3 — W3Wa + Wy — WaWs + W5 — Wswe + Wg and
/ 12 ! / 12 !/ !/ 12 / / 12 / / 12 / / 12
q ‘= wi —wiws + Wy — Wawy + W3 — W3Wwy + Wy — Wiws + W5 — WsWwg + We

from the equation ¢ = dq + d'q’, we obtain
¢ = (L) + v,
where 1 is a quadratic form with integer coefficients. Therefore,
(23) Q(G) ={dg+d'q'|d+ d =0 mod 3}.
Therefore, by (23]) and the proof of the previous lemma, we obtain
Inv,,(G) = Z/2Z(3q + 3¢') @ Z/6Z(q + 24).

For n > 3, the same argument shows that

n
Q(G) ={dig+---dngn| Zdi = 0 mod 3},
i=1
where ¢, ..., q, are the corresponding normalized Killing forms. Hence, the result
for the indecomposable group follows from Lemma IT.11

(2) Assume that n = 2. Then, by (1] the character group of the split maximal
torus T of G is given by

7 7
T :{Za¢w¢+2a;w£|ag+a5+a7Ea'2+a/5+a'7 mod 2}.

i=1 =1
Since the group S%(T7)W is generated by the normalized Killing forms

2 ! / 1 ! 12
q:= @6 — wew7 + w7 and ¢ = qg — wewr + W7 ,



THE K-THEORY AND COHOMOLOGICAL INVARIANTS 27

where g and gj are the normalized Killing forms of Eg in (22), the same argument
as in (1) shows
Q(G) ={dg+d'q|d+d =0mod 4}.

Hence, by Lemma [Tl Inv}, ,(G) = Z/37Z(4q') ® Z/12Z(q — ¢'). For n > 3, the
same argument shows that Q(G) = {dig+ -+~ dngn | > i, di = 0 mod 4}, where
q1,---,qn are the corresponding normalized Killing forms, which comptues the in-
decomposable group together with Lemma [TT.T1 O

Remark 11.3. (1) Let G = (B34 x - - x E¢?) x (B¢ x - -- x EE®), n(> 0) copies of
Eg¢% and m(> 0) copies of E§¢. Tt follows by (), 3) and the proof of Lemma [T.1]
that Inv? ,(G) = (Z/22)®" @ (Z,/6Z)®™. Similarly, for the same group G replacing

ind

Eg by Fr, we have Inv?, ,(G) = (Z/32)%" @ (Z/122Z)%™.

(2) Note that the center pg x pg of E® x ES® contains two nontrivial (# pg X 1,
1 X pg) central subgroups which is isomorphic to pg: a diagonal subgroup and a
non-diagonal subgroup. Assume that p is non-diagonal. Then, the character group
of T' becomes

6 6
T = {ZaiwiJrZa;w“al +al + a5 +ag = a) + as + ag + ag mod 3}.
i=1 i=1

In this case, we have the same Q(G) as in (23], thus have the same indecomposable
group.
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