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ABSTRACT. A classical result of Hasse states that the norm principle holds
for finite cyclic extensions of global fields, in other words local norms are
global norms. We investigate the norm principle for finite dimensional
commutative étale algebras over global fields; since such an algebra is a
product of separable extensions, this is often called the multinorm principle.
Under the assumption that the étale algebra contains a cyclic factor, we give
a necessary and sufficient condition for the Hasse principle to hold, in terms
of an explicitly constructed element of a a finite abelian group. This can
be seen as an explicit description of the Brauer-Manin obstruction to the
Hasse principle.
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0. Introduction

Let k be a global field, and L be a finite dimensional commutative étale
algebra over k. We say that the Hasse norm principle holds for L if the local-
global principle holds for the equation

(0.1) Npj(t) = ¢

for all ¢ € k*; this terminology is inspired by Hasse’s result that the norm
principle holds in the case of cyclic extensions (|[Ha31|, [Ha32| §I (3.11) and
§II (15)). Over the years, the norm principle for separable field extensions
attracted a lot of attention; it is known not to hold in general, and many
positive results are also available, see for instance [PIR94]|, pages 308-309 for a
survey; for more recent results, see [BN16|, [FLN], and the references therein.

It is natural to ask for Hasse principles in the case when L is a finite
dimensional commutative étale algebra, and not just a field extension. Since L
is by definition a product of separable extensions, the equation (0.1) is often
called a multinorm equation.

This more general problem was also studied extensively, in particular by
Hiirlimann ([Hu84|), Colliot-Théléne and Sansuc (unpublished), Platonov and
Rapinchuk (see [PIR94], sections 6.3 and 9.3), Prasad and Rapinchuk ([PR10],
Section 4), Pollio and Rapinchuk (|[PoR13]), Demarche and Wei (|[DW14]),
Pollio ([Pol4]). Multinorm equations also arise when dealing with classical
groups of type A, (see for instance [PR10] Prop. 4.2).
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In spite of many interesting results, some quite simple cases were still open.
We illustrate this, as well as our results, by the following example:

Example. Assume that L is a product of n non-isomorphic quadratic field
extensions of k. If n = 1 or n = 2, then the Hasse principle holds for L - this is
clear for n = 1, and easy for n = 2 (for instance, it is a consequence of [Hu84|,
Proposition 3.3). It is also well-known that it does not hold in general when
n = 3 (see for instance [CT 14]). In the present paper, we show that the Hasse
principle holds if n > 4.

To obtain this result and others, let us assume that one of the factors of L
is a cyclic field extension of k. Under this hypothesis, we construct a finite
abelian group III(L) having the property that

III(L) =0 <= the Hasse principle holds for L

(cf. Section 5). Assume now that III(L) # 0, and that ¢ € k* is such that
(0.1) has a solution locally everywhere. Then we construct a homomorphism

a.: 1I(L) - Q/Z
such that
(0.1) has a solution over k <= a,. =0
(see Sections 6 and 7, in particular Theorem 7.1).

These results can be summarized as follows : let I}, be the idele group of L.
Then sending ¢ € k* to a. gives rise to an isomorphism

kN NL/k([L)/NL/k(LX) — IH(L)*
(where IIT(L)* is the dual of III(L), cf. Corollary 7.16).

We also give a necessary and sufficient condition for the Hasse principle to
hold when one of the factors is metacyclic (see Proposition 7.17).

The results are easy to use. To illustrate this, we consider the case where

L is a product of cyclic extensions; assume that L = [] K, where K;/k is a
ieJ
cyclic extension of degree d;. Let P be the set of prime numbers dividing []d;.
=
For all p € P and all i € J, let K;(p) be the largest subfield of K; such that
[K;(p) : k] is a power of p, and set L(p) = [[ Ki(p). Then we have
ied
(L) = @ HI(L(p)),
peEP

(see Proposition 8.6).

For any cyclic field extension K/k of prime power degree, we denote by
K im the unique subfield of K of degree p over k. Set

L(p)prim = HKZ (p)prim-
ieJ

Then we have



HASSE PRINCIPLES FOR MULTINORM EQUATIONS 3

(L) =0 < @& II(L(P)pim) =0,
pEP(L)

(cf Theorem 8.1), and
X(L(p)prim) == (Z/pZ)™™),

where P(L) is a set of prime numbers (subset of P), and m,(L) is a positive
integer; both are determined explicitly (see Theorem 8.2).

The paper is structured as follows. Sections 1-4 contain some preliminary
results, including a new proof of a proposition of Hiirlimann, [Hu84| Prop.
3.3. The group II(L) is defined in Section 5, and the homomorphism . in
Section 6. In both sections, we start with the case where the étale algebra L
has a cyclic factor of prime power degree, which is the essential case. We also
show how one can reduce the exponent of the prime number, using the exact
sequence of Proposition 5.9 - this is then used in inductive arguments. The
main result is proved in Section 7 (see Theorem 7.1). Section 8 contains the
application of the above results to the special case where all the factors of the
étale algebra are cyclic.

Note that the results of this paper are related to the Brauer-Manin obstruc-
tion. Indeed, for ¢ = 1, the equation (0.1) yields the so-called norm-one torus
defined by L/k (see 1.2 for details); we denote this torus by 77,. When k
is an algebraic number field, then one can deduce from [San81]| that the only
obstruction to the Hasse principle is the Brauer-Manin obstruction, and is
an element of the group H_IQ(k:,TL/k)*. We show that (L) ~ le(k‘,TL/k)
(see Proposition 5.10), hence our results provide an explicit description of the
Brauer-Manin obstruction.

1. Notation, definitions and basic facts

1.1. Welil restriction

If f: R— R'is a homomorphism of commutative rings such that R’ is a
projective R-module of finite type, and if W is an affine R’-scheme, then we
denote by Rp//rW the Weil restriction (see for instance [O 84|, Appendice 2).

1.2. Etale algebras, tori and characters

Let k be a field, let ks be a separable closure of k and set I'y, = Gal(ks/k). We
use standard notation in Galois cohomology; in particular, if M is a discrete
['j-module and 4 is an integer > 0, we set H'(k, M) = H (T, M).

If L is a commutative étale k-algebra of finite rank, we denote by Ny . the

norm map, and set 17/, = R(Ll/)k((Gm); then T7, ), is the k-torus determined by

the exact sequence

(1.1) 1 — Ty — Ry i(Go) —25 Gy — 1.
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For a k-torus T, we denote by T = Hom(T, G,,) its character group. If
K /k is a finite separable extension, set I'xr = Gal(ks/K). If moreover M is a
discrete I' g-module, set I /x (M) = Ind?’;{ (M).

The following lemmas will be used several times in the sequel

Lemma 1.1. Let F'/k be a separable extension of finite degree, and let L be
the product of n copies of F'. Then we have

(1) TL/k ~ RF/k(Gm)nil X TF/k
(i)  H'(k, Tp) ~ H'(k, Tr).

Proof. The isomorphism (Rp/k(Gn))" — (Rp(Gn))" sending (by, ..., by)
to (b1, ..., bp—1,b1...b,_1b,) induces an isomorphism 77/, ~ Rp/(Gy,)"t x
Tryi. This proves (i). By (i), we have TL/k ~ Ipp(Z)" ' @ Tp/k; since
H'(k,1p/1(Z)) = 0, this implies (ii).

Lemma 1.2. Let K/k be a cyclic extension of degree d. Then we have
H'(k, Tx 1) =~ 7./ dZ.

Proof. Let o be a generator of Gal(K/k). Consider the exact sequence
1 = Gy = Rew(Gr) = Trm — 1,
where the map from R/ (Gy,) to T i sends x to /o (x), and its dual sequence

This exact sequence induces
T ()% 5 20— H'(k, Tre ) —— H'(k, I (Z)) = 0 .

We have I, (Z)"* ~ Z, and the map e is multiplication by d; hence
H'Y(k, Ty 1) ~ 7,/ dZ.

1.3. The multinorm problem

Let L be an étale k-algebra, and let ¢ € k*. Let X, be the affine k-variety
determined by the equation Ny /x(t) = c. Then X, is a torsor over the torus
Ty, defined in 1.2, hence defines a class [X.| € H'(k, Ty x); the variety X,
has a k-point if and only if [X.] = 0. Hence we have

c€ Npj(LX) = X (k) #0 < [X]=0.
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2. A construction

Let k be a field, and let L be a commutative étale k-algebra of finite rank;
assume that L is not a field. We keep the notation of the previous section.
The aim of this section is to introduce a k-torus that will play a basic role in
the study of the cohomology of the torus T7,/;, and of the multinorm problem.

Let us write L = K x K’', where K and K’ are étale k-algebras, and set
E=K®,K'.

The norm maps Ng i : K — k and Nk, : K' — k induce Ng/gr : E — K
and Ng/x : £ — K'. Let f: Rgi(Gn) = Rii(Gp) be defined by f(x) =
(Ng/k(2)™', Ng/ko(x)). The image of f is T}, and we consider the torus
Sk, k defined by the exact sequence

1— SKJ(/ — RE/k(Gm) i) TL/k — 1.

Note that Sk i also fits in the exact sequence

N
(21) 1_>SK,K’—>RK’/I§(TE/K’) ﬂ)TK/kﬁl .
where T/ is defined by the exact sequence

NE/K/
1 = Tg/x = Re/x/(Gn) — Gy, — 1.

3. Tate-Shafarevich groups

We keep the notation of the previous sections, and assume that £ is a global
field. Let 2 be the set of all places of k; if v € Q, we denote by k, the
completion of k at v.

For any k-torus T, set IIT'(k, T) = Ker(H(k,T) — [[ H'(k,,T)). If M is

vEQ

a I'y-module, set II'(k, M) = Ker(H'(k, M) — ] H'(k,, M)). Recall that

vENy

by Poitou-Tate duality, we have IIT?(k,T) ~ III! (k, T)*.
3.1. Hasse principle for the multinorm problem

Let L be an étale k-algebra, and let ¢ € k™. If X.(k,) # 0 for all v € ,
then we have [X.] € III'(k, Ty ;). In particular, the Hasse principle holds for
all ¢ € k* if and only if IT' (k, Ty %) = 0.

We have the following relationship between the Tate-Shafarewich groups of
the torus 77, and the torus Sk g defined in §2 :

Lemma 3.1. We have 1" (k, Ty, i) ~ 1% (k, Sk x7).
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Proof. By the definition of the torus Sk ks, we have the exact sequence

1 — Sk.xr — RE/k(Gm) i> Tre—1,

giving rise to the cohomology exact sequence

0— Hl(k,TL/k) — Hz(k, SKJ(/) — HQ(/{,RE/k(Gm))

By the Brauer-Hasse-Noether Theorem, we have II*(k,Rp/k(G,)) = 0,
hence II' (k, Ty, 1) ~ II*(k, Sk 1), as claimed.

We now compute the group IIT*(k, TK/k) for a cyclic extension K/k - note
that by Poitou-Tate duality, this is equivalent to Hasse’s cyclic norm principle,
which is the following proposition :

Proposition 3.2. Let K/k be a cyclic extension. Then 1" (k, Tx1.) = 0.

Proof. We give a proof for the convenience of the reader. Let o be a generator
of Gal(K/k). Consider the exact sequence

where the map from R /x(G,) to Tk, sends x to x/o(x). This sequence gives
rise to an injection H'(k, Tx/x) — H?*(k,G,,). By the Brauer-Hasse-Noether
theorem, we have I11*(k, G,,) = 0, hence Hll(k,TK/k) =0.

Corollary 3.3. Let K/k be a cyclic extension. Then I1*(k, TK/k) =0.

This follows from the previous proposition, combined with Poitou-Tate
duality.

4. A result of Hiirlimann

Using the above lemmas, we generalize a result of Hiirlimann ([Hu84] Prop.
3.3).

Proposition 4.1. Let K/k be a cyclic extension of k, and let K'/k be a
separable extension of finite degree. Let ¢ € k*. Then the local-global principle
holds for the multinorm equation N ,(x) Nk /i(y) = c.

Proof. Set L = K x K'; the assertion is equivalent to the vanishing of
' (k, Ty %) By Lemma 3.1, we have IIT' (k, T}, ) ~ II*(k, Sk ). By Poitou-
Tate duality we have III*(k, Sk x+) ~ III' (k, Sk x/)*, hence it suffices to prove
that IIT'(k, Sk k) = 0. Since K/k is a cyclic extension, the algebra E =
K ®j K’ is isomorphic to a product of copies of F', where F'/K' is some cyclic
field extension. Set d = [K : k] and f = [F : K'].

Consider the dual sequence of (2.1) :

(41) O—>TK//§ L>IK//,1€(JA1E/K/) i}S}(’K/—)O s
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and the sequence induced by (4.1)
(4.2)  H'(k, Ticsr) = H (b, L (T i) 2 HY(k, Sicper) 2 H2(k, Tre ).

We have H*(k, IK//k(TE/K/)) ~ HY(K', TE/K/); lemmas 1.1 (ii) and 1.2 imply
that Hl(K’,TE/K/) ~ Hl(K’,TF/K/) ~ 7/fZ. The map (' is the natural
projection from Z/dZ — 7/ f7Z, therefore (' is surjective. This implies that
6 : H'(k, Sk rr) — HQ(k,TK/k) is injective; moreover, § induces an injection
I (k, Sk i) — HIQ(k:,TK/k). Since K/k is a cyclic extension, we have
112 (k, T /) = 0 by Lemma 3.3. The proposition then follows.

5. The group HI(K, K’)

We keep the notation of the previous sections : in particular, L = K x K’,
where K and K’ are étale k-algebras, and £ = K ® K'. In addition, we now
assume that K/k is a cyclic extension. Under this hypothesis, we define a
finite abelian group II(K, K'), and we show that III'(k, T} ;) is isomorphic
to the dual of HI(K, K').

Let K' = [],.; K;, where the K;/k are field extensions. Then we have

5.1. The prime power degree case

Suppose that K is a cyclic extension of degree p®, where p is a prime number.
We start with some notation and definitions. For each ¢ € Z, let M; be a cyclic
extension of K; such that F; is isomorphic to a product of copies of M;. Let
p = [M; : K;|; without loss of generality, we assume that e; > e;;; for
1<i<m-—1.

Let s and t be positive integers. For s > ¢, let w4, be the canonical projection
Z|p°Z — Z/p'Z. For x € Z/p*Z and y € Z/p'Z, we say that x dominates y
if s > t and 7m,4(z) = y; if this is the case, we write z = y. For x € Z/p°Z
and y € Z/p'7Z, let 6(x,y) be the greatest nonnegative integer d < min{s, ¢}
such that 7, 4(x) = mq(y). We have §(x,y) = min{s, ¢} if and only if z > y
ory >~ x.

Let Z = {1,...,m}. For a = (ay,...,ay) € ®Z/p“7Z and n € Z/p'Z, let
€T
I,,(a) be the set {i € Z| n = a;} and let I(a) = (Io(a), ..., Iper—1(a)).

Let £ be the set of p*-tuples (Io, ..., [pe1—1), where Iy, ..., [er_; are subsets
of Z such that U I, =Z. Now we characterize the image of the map
0<n<p1—1
I:®Z/p%7 — E.
i€T

An element (1o, ..., Ipei—1) € € is said to be coherent if for all ny, ny € Z/p*'Z
we have:

(1) If i € I,,, N I,,, then 7., ¢.(N1) = ey e, (N2).

(2) If i € I,,, and 7, ¢, (n1) = Teye;(N2), then i € I,,,.
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Let £°¢ be the subset of all coherent elements in €. For a € & Z/p“Z, it
€T
is clear that I(a) is a coherent element. Conversely for a coherent element
(Lo, .y Iyer—1) € E°, we set a; = 7, ¢, (n) for ¢ € I,,. Note that condition (1)
of the definition of a coherent element ensures that the q;’s are well-defined.
Hence a = (aq,...,an) is a well-defined element in @ Z/p“Z; condition (2)
€T

implies that I(a) = (Lo, ..., Lpe1—1). This shows that I is a bijection between
@ Z/p“Z and E°.

i€l

Given a positive integer 0 < d < e and ¢ € Z, let Z‘j be the set of all
places v € () such that at each place w of K; above v, the algebra K ® K" is
isomorphic to a product of isomorphic field extensions of degree at most p? of
K". Let ¥; = ¥, in other words, ¥; is the set of all places v € Q; where E?

is isomorphic to a product of copies of K.

Let (lo,...,Lpe11) € E° For ny € Z/p“Z and i € I, set d(ny,i) =
d(n1, Te, e;(n2)), where ny is an element in Z/p“Z such that i € I,,. Since
(Lo, ..., Iyer—1) is coherent, d(ny, ) is independent of the choice of ny and hence
is well-defined. Note that if we let a = (ay, ..., a,) be the element in & Z/p“Z

i€l
corresponding to (Io, ..., [y 1), then §(ny, i) = d(ny, a;). For I, G T, define
1 OIL,) = N X0,
5.1) ()= 0%
For I, = Z, we set Q(1,,) = Q.
Set

G =Gp(K,K') ={(a1,...am) € DZ/p"Z] | ] QI(a)) = Q).

el nEL/p°lZ
Lemma 5.1. The set G is a subgroup of & 7Z/p*Z.
i€

Proof. Let a = (ay,...,a,) and b = (by,...,b,) be elements of G. By the
definition of G, for each v € Q, there exist some n, n’ € Z/p“7Z such that
v e QI,(a)) and v € Q(L,(b)). We claim that

v € QL1 (a+D)).

This is clear when 1,1 ,/(a+b) = Z. Suppose that I,,,,/(a+0b) # Z. First note
that §(n+n', a;+b;) > min{d(n, a;),d(n’, b;)} and that min{d(n, a;),d(n’,b;)} <
e; for all i € Z. Pick an arbitrary ¢ ¢ I,,,,v(a +b). Without loss of general-
ity, we suppose that min{d(n,a;),d(n',b;)} = d(n,a;). If i ¢ I,(a), we have
v e ximed) ¢ gttt yonce we have v € QI (a + b)).

If i € I,(a), then by definition d(n,a;) = ¢;. We have d(n,a;) < o(n’, b;)
by assumption, hence §(n',b;) > e;. But §(n/,b;) < e;, therefore we have
d(n',b;) = e;, and hence i € I,,(b). This implies that i € I,,,»(a+b), and this
is a contradiction. This completes the proof of the lemma.
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Let D be the subgroup of @ Z/p“Z generated by the diagonal element
1€l
(1,...,1), and note that D is contained in G. Set
1, (K,K')=G/D.

Example 5.2. Assume that k = Q, and that L = Q(y/a) x Q(v/b) x Q(+/ab),
where a,b are distinct square-free integers. Set K = Q(v/a), K; = Q(\/b)
and K, = Qvab). Then with the above notation we have Z = {1,2}, and
E, = B, = Q(V/a, \/l_)), hence ¢ = e; = ey = 1. This implies that either
HI(K,K') =0, or II(K, K') ~ Z/2Z. Note that

there exists v € () such that E} is a field <= 3, U Xy # ,
hence
HI(K,K') =0 <= there exists v € € such that E} is a field.

Set now a = 13, b = 17 : then there exists no v € () such that EY is a field,
therefore (K, K') = Z/27Z. Note that it is well-known that the multinorm
principle fails in this case (see for instance [CT 14|, Proposition 5.1).

Theorem 5.3. Suppose that K/k is a cyclic extension of degree p°, where p
is a prime number. Then II'(k, Sk x+) ~ NI(K, K).

Proof. Consider the dual sequence of (2.1),
(52) 00— TK/k L> IK’/k(TE/K’) £> AK7K/ —0 y

and the exact sequence induced by (5.2),
A 1 ~ 1 N A
(5.3)  HY(k,Trp) = H' (b, Ixw(Tryxe)) 2 HY (K, Skeier) = H*(k, Tesi)-

We have IIT%(k, TK/k) = 0 by Corollary 3.3, therefore IIT*(k, SKK/) is in the
image of p.

Note that Hl(k,IKi/k(TEi/Ki)) ~ Hl(Ki,TEi/KZ.), and that by Lemma 1.1
(ii), we have H'(K;, T, /x,) ~ H'(Ki, Tar,/x;). Moreover, by Lemma 1.2, we
have Hl(Ki,TMi/Ki) ~ Z/p“Z.

In the following we identify Hl(k:,TK/k) to Z/p°Z and H'(k, IKZ./k(TEi/KZ.))
to Z/p“Z for 1 < i < m. Under this identification, the map

A HY (K Tegr) — HY (kLo (T i) = '?IHl(k,IKi/k(TAEi/Ki))
sends Z/p°Z to @ Z/pZ by the natural projections. Therefore we can rewrite
1€l

the exact sequence (5.3) as follows :
(5.4) Z{pL = S L/p T s HY(k, Skrer) — H2(k, T ),

where (! is the natural projection from Z/p°Z to Z/p“Z for each i. Note that
the image of ¢! is the subgroup D, and we have the exact sequence
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(5.5) 0= (©2Z/p~2)/D L H'(k, Sk sr) — H*(k, Tic i)

1€

Let a = (a1, ...,an,) € @ Z/p“Z and [a] be its image in (B Z/p“Z)/D. We
i€l 1€

claim that p'([a]) is in IIT'(k, Sk k) if and only if a € G.
We denote by a’ the image of a in 7&% H'(ky, Lo g, (TE;’/K?J)), and by D, the
Z:l 1 1 1
image of D in this sum.

By the exact sequence (5.5), we have p'([a]) € II'(k, Sk k) if and only if
a’ € D, for all places v € €);,. Therefore, it suffices to prove that a € GG if and
only if a¥ € D, for all places v € (2.

Suppose that a € G, and let v € Q. Then there exists n € Z/p® Z such that
v e Q,(a). If I,(a) = Z, then clearly a € D C G. Suppose that I,,(a) # Z.
This implies that for each ¢ ¢ I,(a) and for each place w of K; above v, the
étale algebra K’ ® K is isomorphic to a product of field extensions of K" of
degree at most d(n,i). Let 6; = d(n,i) = §(n,a;). Note that

H (ko Lo o (Do yce)) = HY(KY, T ycv).
We have
Hl(sz’TEi”/Kf) = GBHl(KiwaTK;”@K/K;U) ~ QL/p*Z,

wlv wlv
where e;,, < §;, and the localization map Hl(Ki,TEi/Ki) — Hl(Kg’,TE;J/K;J)
is the canonical projection 7, ., , from Z/p“Z to each component Z/p*+Z.
Since for all i ¢ I,,(a) we have e;,, < 6;, and 7, 45,(a;) = 7, 5,(n), this implies
that a¥ = (n,...,n)".

Suppose conversely that ¥ € D, for all v € Q; and a ¢ G. Then a ¢ D,

and there exists a place v € € such that v ¢ ZL/J ZQ([n(a)). Since a’ € D,,
neZ/pl

there exists n’ € Z/p°Z such that a* = (}(n')),. Let n = m..,(n'). As
v & Q(1,(a)), there exists ¢ ¢ I,(a) and a place w of K; above v such that
K}"® K is isomorphic to a product of field extensions of degree e; ,, > 6; of K}*.
Then by the definition of §; = §(n, a;),we have 7., ., , (a;) # e, ¢, (n). Hence
the localization a} of the i-th coordinate of a is not equal to the localization
of the i-th coordinate of (n,...,n), which is a contradiction. Our claim then
follows. Therefore, we have III' (k, Sk x/) ~ III(K, K").

5.2. The group HI(K /Ky, K')

Let Ky be the unique subfield of K such that [K, : k] = p*~'. The
proof of the main theorem in the prime power case uses induction on e, and
the comparison of the groups III(K, K') and III(K,, K'). We first define a
homomorphism F' : ITI( Ky, K') — (K, K’), and then determine the cokernel
of F, denoted by II(K /Ky, K').
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Note that if e = 1, then Ky = k, and hence III(Kjy, K') is trivial; in this
case, III(K /Ky, K') is the group II(K, K') itself.

The homomorphism F' : III(Ky, K') — II(K, K').

Recall that we have K’ = [[ K, that E; = K ® K;, and that E; is the
i€T

product of copies of a cyclic extension of degree p® of K;. Set E? = K, ® K;.

Then E? also splits as a product of copies of a cyclic extension of K;; let us

denote by p’i the degree of this extension.

Proposition 5.4. For all t € Z, we have f; < e;. If moreover e; # 0, then

This is an immediate consequence of the following proposition :

Proposition 5.5. Let F//k be a field extension, and let K ®; F be a product
of cyclic field extensions of F' of degree p°F; let Ko ®y F' be a product of cyclic
field extensions of F' of degree fr. Then we have

(i) fr <ep;
(11) fF Z ep — 1,’
(i) If e # 0, then ep = fr+ 1.

Proof. If n is a positive integer, let us denote by C,, the cyclic group of order
n. Let us consider the homomorphisms

5T 25 Cpe 5 Cles — 1,

where ¢ is the inclusion of I'r into I'y, the homomorphism ¢r : I'y — Cpe
corresponds to the cyclic extension K/k, and 7 : Cpe — Cpe-1 is the quotient
of Cpe by its unique subgroup of order p. Note that the image of ¢x o is
the Galois group of the cyclic factors of K ®; F', and hence is of order p°F;
similarly, the image of 7 o ¢ o ¢ is the Galois group of the cyclic factors of
Ko @, F, and hence is of order p/#. Therefore we have fp < ep. Moreover, if
er # 0, then the image of ¢ o ¢ contains the unique subgroup of order p of
Cpe, and hence ep = fr + 1. This completes the proof of the proposition.

For all i € Z, let F; : Z)p’iZ — 7 /p“7Z be the inclusion of the subgroup of
order p’i in the group Z/p“Z, and set F/x, = F = @ F,.
1€L
Proposition 5.6. The map F : ®Z/p"Z — & Z/p“Z induces an injective
i€T i€T
homomorphism F : III(Ky, K') — II(K, K').

Proof. Let us recall some notation from 5.1, for K and Ky : For all 2 € 7
and for all positive integers d, we denote by X (K)¢ (respectively X(Ky)¢) the
set of all places v € €2, such that at each place w of K; above v, the algebra
K ® K} (respectively Ky ® K} ) is isomorphic to a product copies of a cyclic

extension of degree at most p? of K*. Recall that
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G=GK,K')={ae @IZ/peiZ | | | Q(I,(a)) = Q},
1€
neZL/pelZ

and that D is the diagonal subgroup of GG. Similarly, set

Go=G(KyK')={be az/p"Z | |] QI.(b) =%},
i€T nezohz
and let Dy, be the diagonal subgroup of Gy. Then we have HI(K, K') = G/D
and HI(Ky, K') = G/ Dy.

Let b € Gy, and let us show that F(b) € G. Let v € Q4. Then there
exists r € Z/p/'Z such that v € E(Ko)f(r’i) for all ¢ € Z such that i ¢ I.(b).
Note that for all positive integers &, we have N(K)! € Z(K)*!. Set n =
Fi(r) € Z/p“Z; then we have d(n, F;(b;)) = 0(r,b;) + 1. Hence we have
v E E(K){S(r’bi)ﬂ, and therefore F(b) € G.

(2

It is clear that F' is injective.

Remark 5.7. For any subextension N/k of K/k, let Fy v : II(N,K') —
III( K, K') be the injective homomorphism obtained by successive applications
of Proposition 5.6.

The group HI(K /Ky, K').

As we will see, the cokernel of F' is isomorphic to the group (K /Ky, K'),
defined as follows :

For all i € Z, set r; = min{1,¢;}. For all c € ®Z/p"7Z and n € Z/pZ, set
i€
INce)={ieI |n=c}. I Ilc)#TZ, set QI(c)) = ¢Q< )Zi; if I"(c) = Z, set
1¢15 (c
QI (c)) = Q. Set

G(K/Ko, K') ={ce @Z/p"Z | ] QM) =2},
el neL/p™1L
let D(K /Ky, K') be the diagonal subgroup of G(K /Ky, K'), and set

HI(K/K(]a Kl) = G(K/K07K/)/D(K/K07 Kl)

Lemma 5.8. The projection w : & Z/p“7Z — & Z/p"Z induces a homomor-
i€Z i€
phism 7 HI(K, K') — II(K/ Ky, K').

Proof. Let a € G, and set @ = 7(a). Let us show that @ € G(K/Ky, K'). Let
v € Q; then there exists s € Z/p“Z such that v € Q(I5(a)). Set n = m, 1(5),
and let us prove that v € Q(I!(@)). This is clear if I'(@) = Z. Suppose that
I}@) #Z. Ifi € Zis such that i € I'}(a), then we have ¢ & I,(a), and therefore

v e Nia

i

). Since n = e, 1(s) and i & I'(a@), we have d(s,a;) = 0, and hence
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v € ¥;. Therefore we have @ € G(K /Ky, K'), as claimed, and this completes
the proof of the lemma.

Proposition 5.9. The sequence
0 = (Ko, K') =5 HI(K, K') = TI(K /Ky, K') — 0

18 exact.

Proof. It is clear that F is injective, and that 7 o F' = 0; it remains to check
that 7 is surjective, and that Ker(m) C Im(F). Let us check the second
assertion first. Let a € III(K, K') be such that m(a) = 0. Then there exists
b e @IZ/pfiZ such that F'(b) = a; let us check that b € II(Ky, K'). Let
S
v € Q. Then there exists n € Z/p“Z such that v € Q(I,(a)). If i € I,(a),
then we have 7., .,(n) = a;. Since a; = F;(b;), this implies that there exists
r € Z./p'7Z such that n = Fy(r). Let us show that v € Q(I,(b)). For all i € T

such that i & I,,(a), we have v € Z(K)f(n’ai). Note that d(n,a;) = o(r, b;) + 1,
hence this implies that v € Z(Ko)f(r’bi). Therefore we have v € Q(I,(b)),
as claimed, and this implies that b € III(K,, K'). Let us now prove that =
is surjective. Let @ € III(K /Ky, K'). For each n € Z/pZ, let us fix a lifting
r(n) € Z/p“Z. 1fi € I} (a), set a; = e, ¢, (r(n)). Let us check that a; € Z/p*Z
is well-defined. Suppose that ny,ny € Z/pZ are such that i € I} (a) NI (a);
then we have m,,(n1) = m,,(n2). If ny # ng, then this implies that r; = 0,
hence e; = 0. We have ., .,(r(n1)) = 7, ¢,(r(n2)) in this case, hence a; is
well-defined. Let us check that a € HI(K, K’). Since a € II(K/Ky, K'), we

have |J QI (@) = Q. Let v € Q; then there exists n € Z/pZ such that
neEL/p1Z

v € QI}(a)). Let r = r(n); we claim that v € Q(I,.(a)). If I}(a@) = Z, then we
have I,(a) = Z, and the claim is clear. Suppose that I}(a) # Z. If i & I,(a),
then we have i ¢ I(@) by construction, hence v € ;. Since ; C 3;(K )%,
the claim follows. This completes the proof of the proposition.

5.3. The general case

Recall that K/k is a cyclic extension of degree d, and let P be the set of
prime numbers dividing d. For all p € P, let K(p) be the largest subfield of
K such that [K(p) : k] is a power of p. Set

(K, K') = ¢ III(K(p), K").

peEP

Proposition 5.10. We have I (k, Sk ) ~ II(K, K').

Proof. By 5.3 we have II'(k, Sx(.ir) =~ II(K(p), K'), hence it suffices
to show that IIT'(k, Sk k) ~ [] II'(E, SYK(p)?K/). For every p € P, set

peEP
E(p) = K(p) ® K" and L(p) = K(p) x K'. The inclusion K(p) — K induces
maps €, : TK(p)/k—>TK/k7 €p TE(p)/K’ — TE/K’ and €p SK(p),K’ — SK,K“
We have the commutative diagram, coming from cohomology exact sequences
associated to the dual sequences of (2.1) :
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(5.6)

~ L ~ 1 ~
Hl(k,TK/k> _— Hl(k,IK//k(TE/K/)) p—) Hl(k, SK,K/) —_— ...

@%J @%l @é},l

~ L - 1 N
&P Hl(k?,TK(p)/k) — P Hl(k‘, IK’/k(TE(p)/K’)) L P Hl(k?, SK(p),K’) —_— ...
peEP peEP peEP

where the vertical maps are induced by the maps €,.

Foralli € Z, let M; be a cyclic extension of K; such that E; is isomorphic to a
product of copies of M;, and let d; = [M; : K;]. If p is a prime divisor of [K : k],
set E;(p) = K(p) ®k K;, and let M;(p) be a cyclic extension of K; such that
E;(p) is isomorphic to a product of copies of M;(p); set d;(p) = [M;(p) : K;].
Note that d;(p) is the highest power of p dividing d;, and that d; = [] d;(p).

peEP

Note that Hl(k,IKi/k(TEi/Ki)) ~ Hl(Ki,TEi/Ki), and that by Lemma 1.1
(ii), we have Hl(Ki,TEi/Ki) ~ Hl(Ki,TMZ./Ki). Moreover, by Lemma 1.2, we
have H'(K;, Tar,/x,) ~ Z/d;Z. Similarly, we have H'(k, Ix, )/ (Tr.p)/x:)) =
Z/d;(p)Z. Note that the morphism

gl(p) : Hl(k7 IKi/k(TEi/Ki)) ~ L] d;Zo — Hl(kv IKi/k(TEi(P)/Ki>> ~ Z/d;(p)Z
is the canonical projection Z/d;Z — 7 /d;(p)Z. Hence the morphism

& &p): @ H Kk, e n(Tr ) = & & HY K, Lew(Tr /5,
D ) GH K Ln(Toyc)) = & & H (K Liyn(Te)/)
is an isomorphism. Similarly,

@ &(p): H'(k, Ticp) = Z/dZ — & H'(k, Tryp) =~ @ Z/diZ
pEP peP peP

is also an isomorphism. By Corollary 3.3, we have HI2(k,TK/k) = 0 and
1% (, TK(p)/k) = 0, hence IIT'(k, Sk x+) and IIT' (k, SYK(p)?K/) are in the image

of the maps p'. Since the localization map commutes with @ ¢!(p), by diagram
peP

chasing we see that €' : TII*(k, Sg xv) — @ I (k, Siep) i) is an isomorphism.
peEP
This completes the proof of the proposition.
Note that the proposition, together with Lemma 3.1, implies that III( K, K')
does not depend on the decomposition of L as L = K x K’. We will also use

the notation III(L) = II(K, K'), where L = K x K’ is any decomposition of
L with K/k a cyclic extension.

In summary, we proved

Corollary 5.11. We have II(L)* ~ 1T (k, Ty s3.).-
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Example 5.12. Let p and ¢ be two distinct odd prime numbers, with p > gq.
For all positive integers n, let (,, be a primitive nth root of unity. Let

L= Q(CPQ) X Q(Cpq) % Q(CQQ)'

Since Q((,2) and Q((,2) are both cyclic, we can determine III(L) in two ways;
this shows that the order of III(L) divides p — 1, and that

HI(L) = OH(Q(¢p) X Q(Cpg) X Q(Cy2))-

But since Q((,) is a subfield of Q((,,), we have III(Q((,) X Q((pq) X Q((p2))
HI(Q(¢,) xQ(¢,2)). Note that by Proposition 4.1 we have HI(Q((,) x Q((,2))

0, hence we have

I(L) = 0.
6. The Brauer-Manin map

We keep the notation of the previous section : in particular, L = K x K’,
where K is a cyclic extension of k of degree d, K’ is an étale k-algebra, and
E =K ®K'. We write K" = [[,.; K;, where the K;/k are field extensions,
and £ = [[,.; E;, with E; = K® K;. The group II(L) = HI(kK, K') is defined
in the previous section.

Let ¢ € k* and recall that X, is the affine k-variety defined by the equation

NL/k(t) = C.

Assume that X.(k,) # 0 for all v € Q4. In the following, we define a
homomorphism «. : III(L) — Q/Z such that X (k) # 0 if and only if a, = 0;
the map a. will be called the Brauer-Manin map associated to c.

6.1. Local points

We start with some preliminary results. We are assuming that [[X.(k,) # 0;
as we will see, this set contains elements satisfying certain finiteness conditions.

We first recall the notion of cyclic algebra. Let us choose a generator g of the
cyclic group Gal(K/k), and let ¢ : I'y — Z/dZ be given by the composition of
the isomorphism Gal(K/k) — Z/dZ sending g to 1 with the surjection I'y —
Gal(K/k). Let us consider the exact sequence 0 — 7247 — 7/d7 — 0,
and let 0 : H'(k,Z/dZ) — H?*(k,Z) be the connecting homomorphism of the
associated cohomology exact sequence. If ¢ € k*, let us denote by (c) the
corresponding element of H°(k,G,,). The cup product §(¢).(c) is an element
of H*(k,G,,), and via the identification H?(k,G,,) ~ Br(k) it is mapped to
the class of the cyclic algebra defined by K and ¢ (see for instance |[GS06],
Proposition 4.7.3). We denote this cyclic algebra by (K, c).

The first observation is the following:

Lemma 6.1. Suppose that E; is isomorphic to a product of copies of a field
M;, and set [M; : K;] = d;. Then for any x € K, the order of the cyclic

)

algebra (K, Nk, /x(x)) divides d;. In particular, if d; = 1, then for any x € k*,
the algebra (K, N, /(x)) splits.
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Proof. Given z € K, consider the cyclic algebra (M;, ) = 0(¢|k,).(x), where
¢|K; : Tk, — Z/dZ is the restriction of ¢ to I'k,. Let r be the order of (M;, z)
in Br(K;). Since M; is of degree d; over K;, we have r|d;. By the projection
formula ([GS06] Prop. 3.4.10), the corestriction of (M;, z) is (K, Nk, /(x)).
Therefore the order of (K, Nk, i(x)) divides d;.

Let z = (2¥) € ][] Xo(ky), and let us write 2% = (x§,2Y,...,z%), with

vEQ

xy € K and z} € K} for i € Z. Let us consider the invariant map inv :

Br(k,) = Q/Z and set b} (z) = b (z}) = inv(K", Ny i, (27)) € 7Z/Z C Q/Z.
Note that if d; is odd, then b¥(x) = 0 for all infinite places v € Q.
We say that z = (2¥) € [] X.(k,) is a local point of X, if for each i € Z,
vEQ
we have bY(x) = 0 for almost all v € €. The following lemma implies the

existence of local points whenever [] X.(k,) # 0.
vEQ

Lemma 6.2. Assume that [[ X.(k,) # 0. Then there exists

vENy
r=(af) € [ Xelko)
vEQ
such that b (x) = 0 for almost all v € Qy, and for all i € T.

Proof. For each v € § such that (K, ¢)" is split, there exists xfj € K such
that Ngv g, (25) = ¢. Then x = (2§, 1, ..., 1) is a k,-point of X, and b}(z) =0
for all i € Z. Since (K, c)" is split for almost all places v € €, the lemma
follows.

We now prove some properties of local points which will be used later.

Lemma 6.3. Let x = (z¥) € [] X.(ky) be a local point of X.. Then we have

vEQ
> S =0
vEQE 1€L
Proof. Let us write ¥ = (zf,2Y,...,20,), with 2§ € K" and a2} € K} for

i € L. Foralli €T, set yf = Ny, (77). Set yg = Ny, (25), and note that
yo[1y? = c¢. We have

(S
2_b} () = Yoinv (K, yp) = inv(K", [[y}) = inv(K", ¢/yg) = inv(K", c).
i€ i€Z i€
Since ¢ € k*, the Brauer-Hasse-Noether Theorem implies that . inv(K", ¢) =

vEQy

0. Hence we have Y > bY(x) =0, as claimed.

UEQkiEI

Lemma 6.4. Let v = (x¥) be a local point of X., and set b}y = bY(x) =
inv(K", Ngv, (77)). Foralli € Z, let 7} € K} and set

Z;;) = inV(KU, NK;J/]% (i’f))
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Suppose that for all i € T we have l;f = 0 for almost all v € Qy, and that

SO0 = S°bY. Then for all v € Qy, there exists & € K¥ such that & = (39) is
i€z i€T
a local point of X..

Proof. Let §; = N, (7)) and yi = Ngvjp,(27). Since ) b7 = STV, the

i€l 1€l
algebras (K", [[yY) and (K", [[9}) are isomorphic, hence there exists some
i€l 1€l
z € K" such that ([Ty?)([19¢)"" = Nkv, (2). Therefore (242,29, ...,2%,) is a
i€ i€z

k,-point of X..

Lemma 6.5. Let z = (x}) be a local point of X., and set by = bY(x) =
inv(K", Nv i, (7). Suppose that for alli € I, we have ) b =0. Then X,

vEQ
has a k-point.

Proof. By the Brauer-Hasse-Noether Theorem, for every ¢ € Z there exists

a central simple algebra A; such that inv(A4;) = bY for all v € Q. Set

y; = Nivmw,(x7). Since (K, y;) splits over K for all v, the algebra A; also

splits over K. Hence there exists y; € k such that A; is Brauer equivalent to

(K, ;) (see [GS06] Cor. 4.7.6). Since (K, [[9:)o =~ (K", [1yY) ~ (K, ¢),, the

i€l €T

Brauer-Hasse-Noether Theorem implies that (K, [[7;) ~ (K, c¢), and hence
i€l

119 = cNki(w) for some w € K*. Moreover, we claim that the element g;

i€l

belongs to the group Nk ,(K*)Ng, k(K;*). To see this, we note that

Hence we have ; € Ng/u(Jx)Nk,/k(J;) where J; is the idéle group of Kj,

for all © € Z, and Jg is the idele group of K. By Proposition 4.1, we

have §; = Ngji(w;)Ng,/k(2) for some w; € K* and z; € K;°. Therefore

[19; = TINk/m(wi) Nk, u(2z:) = cNgpw(w) and (w ! [[w;, 21, ..., ) is & k-

i€T ieT i€T

point of X.. This completes the proof of the lemma.

6.2. Brauer-Manin map - the prime power degree case

Now suppose that K is a cyclic extension of degree d = p°®, where p is a

prime. Let z = (2¥) € [] X.(k,) be a local point of X.. Let M; be a cyclic
vENy
extension of K; such that the algebra E; is isomorphic to a product of copies

of M;; then the degree of M; is p® for some 0 < ¢; < e. Without loss of
generality, we assume that (eq, ..., e,,) is a decreasing sequence. Let us define

a.: HI(K,K') — Q/Z
by aclay,...;am) = > > aby(x), where (ay,...,a,) € G C ®Z/p*“Z. Note
vEQyiIET i€T
that by Lemma 6.1, we have b}(z) € I%Z/Z. Hence a;bY(x) is well-defined.

Moreover, by Lemma 6.3, the map «. vanishes on the subgroup D of G; hence,
the map a, : HI(K, K') — Q/Z is well-defined.
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Proposition 6.6. The map o, : UI(K,K') — Q/Z is independent of the
choice of the local point v = (z¥).

Proof. We use the notation of section 5.1. Let a € G and I(a) =
(Loy ooy Iper—1). If @ € D, then by Lemma 6.3, we have a.(a) = 0. In the
following, we assume that a ¢ D.

By the definition of G, we have Q(Ip) U ... U Q(Ipe1_1) = Q. Given a place
v € (Y, there exists n(v) € Z/p“Z such that v € Q(1)). Set 6; = 0(n(v), a;)
and let K = []K;’, where K}’ are field extensions of k,. Then for all i ¢ I,

i
wlv

the algebra E} is isomorphic to a products of field extensions of K of degree
at most p%. Set bY = bY(x); by Lemma 6.1, we have b € ﬁZ/Z. By the
definition of ¢;, we have 7, s5,(a;) = 7, 5,(n(v)). Hence for i ¢ I,,(,), we have

azbf = Treiaéi(ai)b;} = Tey,d; (n(v))bf - n(v)bf

Hence for all v € €, we have
>oaby = n(v)> bY = n(v)inv(K, c),,

1€T 1€l
which is again independent of the z}’s. Therefore, the map a, is independent
of the choice of the local point, and the proposition is proved.

The map a. : HI(K, K') — Q/Z will be called the Brauer-Manin map for
Xe.

Let Ky be the unique subfield of K such that [Ky : k] = p°~!, and set Ly =
Kox K'. If ¢ € k™, let X! be the affine k-variety determined by Ny, (t) = c.
If X%(k,) # 0 for all v € Q, we denote by o : III(Ky, K') — Q/Z the
corresponding Brauer-Manin map.

Ift; € K7, set
b;j(K, tz) = iHV(Kv, NKf/k“ (tl)), and b;j(KQ, tz) = iHV(Kg, NK;J/]% (tz))

Recall that a local point of X, is x = (2¥) € ] X.(k,) such that for each
vEQ

i € Z, we have bY (K, z¥) = 0 for almost all v € Q.
Lemma 6.7. Assume that X.(k,) # 0 for all v € Q. Then we have
(i) X2(k,) # 0 for all v € Q.

(i) ae o F = af

c*

Proof. If 2V € X.(k,), then Npo/pe(z) € X2(ky). This proves (i). Let
us check (ii). Let = = (z¥) be a local point of X.. Note that bY(Ky,x}) =
pbY (K, xY). Let a € HI(Ky, K'). Then we have

aulFla) = S alpbi(,a) = 3 D aif (Ko a1) = alfa).

This completes the proof of the lemma.
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6.3. Brauer-Manin map - the general case

Recall that K/k is a cyclic extension of degree d, and that L = K x K’,
where K’ is an étale k-algebra. We keep the notation of 5.3, in particular, P
is the set of prime divisors of d. For all p € P, we denote by K (p) the largest
subfield of K of degree a power of p, and we set L(p) = K(p) x K'. For all
c€ k™ and p € P, we let X.(p) be the T} ,)/,-torsor defined by

NL(p)/k(x) = C.

Let x = (27) € ] Xc(ky) be alocal point of X, and let us write z = (xf, 2")
vEQ
with zf € K" and 2" € K. Then (Ngv/k@p)y(25),2") is a local point of

X.(p).

Let a(p) be the Brauer-Manin map of X.(p), as defined above. By Propo-
sition 6.6 the map a(p) is independent of the choice of the local point. Recall
that III(K, K') = & UI(K(p), K'), and let us define «. : (K, K') — Q/Z

peEP

by a. = @ a.(p). Hence . is also independent of the choice of the local point.
peEP

We call a, the Brauer-Manin map for X..

7. Necessary and sufficient condition

We keep the notation of the previous sections. The main theorem is the
following:

Theorem 7.1. The affine k-variety X. has a k-point if and only if X. has a
k,-point at each place v € Q) and a. s the zero map.

7.1. The prime power degree case

We suppose that K is cyclic of degree p°, where p is a prime number and
e > 1. The proof of Theorem 7.1 uses induction on e. We start with some
preliminary results.

Recall that E; = K ®; K;.

Lemma 7.2. Suppose that K is a cyclic extension of degree p¢, where p is a
prime and e > 1. Let v € y and 1 € L be such that E} is not isomorphic to
a product of copies of K. Then for all b € %Z/Z C Q/Z, there exists x € K}
such that inv(K", Ngv g, (7)) = b.

Proof. Suppose that KV is isomorphic to a product of copies of a field
extension M of k,, and set [M : k,] = p/. Since by hypothesis EY is not
isomorphic to a product of copies of K/, we have f > 1. Assume that
K} ~ [[ M;;, where M, ; is a field extension of k, for all j € J.
jet

It suffices to prove that %Z/Z C inv(M, Ny, ;k,(M;5)) for some j € J;
hence we may assume that K" is a field extension of k, of degree p® with
e > 1, and that K} is a field.
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Let Br(K"/k,) be the subgroup of the Brauer group of k, split by K; this
group is isomorphic to Z/p°Z ~ kS /N((K")*).

For all ¢ € Z, let M; be a field such that £} = K ®; K} is a product of
copies of M;, and set [M; : K!] = p®; the hypothesis implies that e; > 1. The
corestriction map Br(K}) — Br(k,) is an injection and restricts to an injection
of Br(M;/KY?) into Br(K"/k,), the image being the unique subgroup of order
p¢ of the cyclic group of order p¢. By the projection formula (|[GS06] Prop.
3.4.10), the image consists of cyclic algebras of the type (K", Nkvp,(2)) with
z an element of K7. Hence [Z/Z C —7/7 = inv(K", Ny, (K})*). This
completes the proof of the lemma.

Let Ky be the unique subfield of K such that [Kj : k] = p*!.

Recall that we have K’ = [[K;, that E; = K ® K;, and that E; is the

1€l
product of copies of a cyclic extension of degree e; of K;. Set E? = Ky ® K;.
Then E? also splits as a product of copies of a cyclic extension of Kj; let us
denote by f; the degree of this extension. Recall that for all i € Z, we have
fi < e;. If moreover e; # 0, then ¢; = f; +1 (cf. lemma 5.4). For all i € Z, the
map Fj : Z/p/iZ — Z/p%Z is the inclusion of the unique subgroup of order p/

in the group Z/pZ, and we set F'= & Fj.
i€

The map F : @®Z/p'iZ — @&Z/p“Z induces a homomorphism F :
i€T ieT

HI(Ky, K') — HI(K, K’). Recall that the cokernel of F' is isomorphic to
the group (K /Ky, K'), defined in section 5.

For all i € Z, set r; = min{1,e;}. For all c € ©Z/p"7Z and n € Z/pZ, set
€T
INe)={i €T |n=c} I I}c) # T, set QIL(c)) = WQ( )Zi; if I"(c) =, set
O(I1(c)) = Q. Set '
GUK/Ko.K')={ce @Z/p"Z | | Q.(e) =),

neL/p™1Z
let D(K /Ky, K') be the diagonal subgroup of G(K /Ky, K'), and recall that

I(K/Ko, K') = G(K/Ko, K')/D(K /Ko, K').

Recall that the projection 7w : ® Z/p“Z — @ Z/p"7Z induces a homomor-
1€T i€l
phism F: HI(K, K') — HI(K /Ky, K') (cf. lemma 5.8)

Set Ly = Ko x K. If ¢ € k*, let X? be the affine k-variety determined by
Nioi(t) = c. If X2(k,) # 0 for all v € Q, we denote by af : III(Ky, K') —
Q/Z the corresponding Brauer-Manin map.

Iftl c KZU, set b:)(K, tz) = iIlV(Kv, NKf/kU (tz)), and bf(Kg, tz) = iHV(Kg, NKf/kU (tz))

Recall that a local point of X, is z = (a}) € [] X.(k,) such that for each
vEQ
i € Z, we have bY(K,z¥) = 0 for almost all v € Q.
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Lemma 7.3. Let x = (2}) be a local point of X., and let z = (z;) be a global
point of X°. Then for all v € Q,, we have

pY WK, al)=p > b(K, z)

i€ i€l

Proof. Since z is a local point of X, we have > bY(K,z}) = inv(K", ¢) for all
€T
v € Q. Similarly, we have Y bY(Ky, z;) = inv(K{, ¢) for all v € Q. Note that
€T
inv(K{,c) = pinv(K", ¢), and inv(K{, z;) = p inv(K", z;) for all i € Z. Hence
we have

p Y WK, a) =pinv(K" c) = inv(K§,¢) = > b(Ko,z) =p > b(K, z),

i€ i€ i€

as claimed.

Lemma 7.4. Let v = (2¢) be a local point of X., and assume that X°(k) # 0.
Then there exist ¥} € K} such that

(i) For each i € T, we have b} (K,z}Y) = 0 for almost all v € €.
s - V(e ) e L
(ii) For alli € I, we have }_ b}(K,i}) € JZ/Z.

vENy

(ili) For all v € Qy,, we have

D WK, a) =) b(K, )

€L €L

Proof. Let z = (z;) be a global point of X?. Set b¢ = bY(K,z?) and hY =
bY(K, z;). By Lemma 7.3, we have p> by = p) h?. Since b} = 0 and h} = 0 for
1€l i€l
almost all v € Q, for almost places v € €, we have Y hY = > b. Suppose that
i€l i€l
v € Q is such that > hY # > bY. Then there exists ¢ € Z such that v ¢ %;.
i€l i€l
Since pY bY = p> hY in Q/Z, we know that > bY — > hY € lZ/Z. By Lemma
1€l zeI 1€T €T
7.2, there exists 7} € K} such that inv(K", Ngv s, (2})) = hi — > (hi — b}).
(=4
Set hY = inv(K?, Nioyr, (T7)); for all j # i, let 75 = z;, h” =hj =bj(K, 2).
Then we have S"hY = S_bY; this proves (iii).
i€T ieT
Since h? = hY for almost all v € €, (i) holds. As z = (z) is a global
point of XU, we have Y bY(Ky,z;) = 0, hence Y. hY € lZ/Z; moreover,
’UEQk UEQk

he—hY e 1Z/Z for all i € Z and all v € Q. Therefore we have Y h? € 1Z/Z,
vENy
and this proves (ii).
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Lemma 7.5. Assume that X.(k,) # 0 for all v € Q, and that X°(k) # 0.
Then there exists a local point T = (Z¥) of X, such that for all i € T, we have

(2

1
> WK, &) € ~Z/Z.
p

vEQ

Proof. Let x = (z¥) be a local point of X.. By Lemma 7.4, there exist 7} € K7

such that by (K, z}) = 0 for almost all v € €, that Y bY (K, x) = Y bY(K, 2}),
i€l i€l

and that for all i € Z, we have Y bY(K,Z}) € %Z/Z. By Lemma 6.4, for

’UEQk
all v € Q, there exists Zf € (KV)* such that (z§,2Y,...,2%,) € X.(k,). This
completes the proof of the lemma.

Recall that if X.(k,) # 0 for all v € Q, and that for all ¢ € k£*, we have
a homomorpism «, : II(K, K') — Q/Z. We now show that a. induces a
homomorphism @, : HI(K/Ky, K') — Q/Z such that @.o 7 = ..

Lemma 7.6. Assume that X.(k,) # 0 for allv € Q, and let ¢ € k*, and that
XO%k) # 0. Then there exists a homomorphism @, : WI(K/Ky, K') — Q/Z
such that &, om = .

Proof. Let z = (z7) be a local point of X, and set bj = inv(K", Ngz s, (77))

foralli € Z and all v € Q. By lemma 7.5, we may assume that ) bY € %Z/Z
vEQ

for all i € Z. Let a = (a1,...,a;,) € G and @ = 7w(a) = (ay,...,am) €
G(K/Ky, K'"). We have

aq(ay,...,a Zal va ZGZ(ZI);’)

€L vENy 1€L vENy

Hence a. induces a homomorphism @, : (K /Ky, K') — Q/Z, as claimed.

The group (K /Ky, K’) and partitions

We now need more information about the group HI(K/ Ky, K’). This will
be useful in the inductive step, as well as in dealing with the case e = 1, in
other words, in the case where K /k is of prime degree.

Lemma 7.7. The set G(K/Ko, K') is in bijective correspondence with the

partitions (Jo, ..., Jy—1) of the set {i € T | r; = 1} such that %J/ Q(J,) = Q.
ne

Proof. Recall that we have r; = 0 or 1. Set Z = {i € Z | r; = 1}. Let
a € G(K/Ky, K'), and set I'(a) NZ' = (I)(a) NT',..., I} ;(a) N T"); note
that I'(a) N Z' is a partition of Z’. Hence the set G(K/Ky, K') is then
in bijective correspondence with the partitions (.J, ..., J,—1) of 7’ such that
U Q(J,) = Q, as claimed.
neL/pZ
In the sequel, we identify G(K /Ky, K') with the set of these partitions. We

also note a consequence for the case where K is of degree p, in other words, if
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e = 1. If K/k is of prime degree, then either E; is a field extension of K;, or
E; is a product of copies of K;. Let J be the subset of I such that E; is a field
extension of K; if i € J, and that E; is a product of copies of K; if i & J.

Lemma 7.8. Assume that K/k is a degree p extension. Then G(K,K') is

in bijective correspondence with the partitions (Jo, ..., Jp—1) of J such that
U Q(J,) = Q.

neZ/pZ

Proof. Since e = 1, we have Ky = k and G(K /Ky, K') = G(K, K’). Hence

the lemma follows from Lemma 7.7.

Let Kpim be the unique subfield of K of degree p over k.
Proposition 7.9. The group III(K /Ky, K') is a subgroup of (K prim, K').

Proof. J be the subset of i € 7 such that Kim ®i K; is a field extension.
Then G(Kpim, K') is in bijection with the set of partitions ([, ..., I,—1) of
J such that U Qg . (I,) = Q, where Qg . (I,) = Nigr, Xi(Kprim) (see

ne€Z/pZ
Lemma 7.8).
Note that J = {i € Z | r; = 1}. Hence by Lemma 7.7, the set G(K/K,, K') is
in bijection with the set of partitions (/o, ..., [,—1) of Jsuch that U Qg(I,) =

neL/pZ
Qk, where QK([n) = mlganZ(K)

Note that X;(Kpim) C %;(K) for all ¢ € Z. Hence G(K/Ky, K') C
G(Kprim, K'), and this implies that (K /Ky, K') is a subgroup of (K pyim, K).

Proposition 7.10. If III(Kyim, K') =0, then II(K, K') = 0.

Proof. By Proposition 7.9, we have III(K /Ky, K') = 0; hence Proposition
5.9 implies that (K, K') = (K, K'). Repeating this argument, we see
that (K, K') = (K prim, K'). But (K pyim, K') = 0 by hypothesis, hence
HI(K, K') = 0, as claimed.

The following lemma will be useful in the sequel.

Lemma 7.11. Let (ly,...,1p—1) € G(K/Ko, K'), and let r,r" be two distinct
elements of Z/pZ. Set J, = 1., J. = L;&J I,, and J, = 0 if n # r,r'. Then

(Jos- -y Jp1) € G(K /Ky, K'). If moreover (Iy,...,I,—1) € D(K/Ky, K') and
I,« 7£ @, then (J(), ceey Jp—l) Q D(K/KQ,K/)

Proof. Let us show that Q(J.) UQ(J) = Q. Let v € Q) be such that
v & Q(J,). Since we have U ZQ([") = Qy, there exists n(v) € Z/pZ with

neZ/p
n(v) # r such that v € Q(I,)). Since n(v) # r, we have Q(I)) C n Y, =
1€ly
Q(Jy). Therefore we have Q(J,) U Q(J,v) = €, and hence (Jy,...,Jp_1) €
G(K/Ky, K').
Let us prove the second statement. If (Jo, ..., J,—1) € D(K/Kj), then either
J. =1 or J» =T'; we have I, = T’ in the first case, hence (ly,...,[,—1) €
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D(K/Ky, K'), and I, = () in the second case. This completes the proof of the
lemma.

Lemma 7.12. Let © = (2¥) be a local point of X., and set by = bY(K,xY).
Assume that o, = 0, and that X2(k) # 0. Let (Iy,...,I,—1) € G(K/Ky, K').
Then we have Y > by =0 for alln € Z/pZ.

i€l vEQ,
Proof. Let n € Z/pZ. The statement is trivial if I,, is empty, and it follows

from Lemma 6.3 if [,, = Z'. Assume that [, is not empty, and I, # Z’. Let
n' € Z/pZ such that n' # n, and set J, = I, Jy = ;,l]r, and J, = 0 if
r # n,n'. Then by Lemma 7.11, we have (Jo, ..., J,—1) € G(K/Ky, K'). Since
XO(k) # 0, by Lemma 7.6 there exists a homomorphism @, : HI(K/Ky, K') —
Q/Z such that @, om = .. By hypothesis a. is the zero map, hence we have
@, = 0. Therefore we have

PIDID D DD LA DI L S

T’EZ/pZ iEJr ver iEJn UEQk iEJn/ ver
By Lemma 6.3 we have > > bY =0, hence (n —n') Y. > b = 0. Recall
1€ veEQ 1€y vVEQ

that n’ # n by hypothesis, therefore we have »_ >° b = 0; since J,, = I,,, we
ieJnUer
have > > bY =0, as claimed.

i€ln vEQ

Lemma 7.13. Let x = (2}) be a local point of X.. Assume that o. =0, and
that X2(k) # 0. Let (Io,...,I,-1) € G(K/Ky, K'), and let n € Z/pZ. Then
there exists a local point & = (Z}) of X. such that &} = x¥ if i & I, and that
YUK, z) =0 foralli€ I,.

vEQ

Proof. We prove this by induction on the cardinality of I,,. If |I,,| = 0 then
the claim is trivial; if |1,| = 1, then it follows from lemma 7.12, since we have

Y2 bY(x) = 0 for all ¢ € I,,. Suppose that the claim is true for |I,| < h. For
vEQ

|I,| = h, suppose that there are nonempty disjoint subsets I? and I! of I,
satisfying I} U, = I, and ( N %;)U( N %) = Q. Then consider the element
iely i€l

(Jo,...dp—1) where J, = L. if r # n,n+1, J, = I? and Jpq = I} U L1,
Note that Q(1,) = Q(J,) if » # n,n + 1 and that Q(/,11) C Q(Jpy1). Let
us prove that (Jo,...J,—1) represents an element of (K, K’); for this, we
have to check that Q(Jy) U --- U Q(Jp—1) = Q. Since Q) C Q(J,) if
r # nand QL) U---UQ(I,_1) = Q, it suffices to check that if v € Q(1,),
then v € Q(Jo) U---UQ(Jp—y). Ifv € ieﬂﬂEi, then we have v € Q(J,).

Otherwise, we have v € N %; because ( N X;,)U( N %;) = Q. Hence we have
eIl eIl i€l

ve( N XN ('HOES = Q(Jp41). Therefore (Jo,...J,—1) represents an
gL Ul 11 €Il

element of III(K, K'). Since |J,| < h, we can apply the induction hypothesis,
and hence there exists a local point & = (z?) such that ¥ = 2V ifi & J,, = I},
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and that > 0Y(K,Z) = 0 for all ¢ € J, = I}. The same argument with 2

vEQ
instead of I! gives the desired result.

Assume now that I, does not have any non-trivial subpartitions, in other
words, that there are no nonempty disjoint subsets I2 and I} of I, satisfying
IPUTll =1, and ( ﬂOEi) U (N %) = Q. Let us consider the graph with

iel9 iel}

vertex set I,,, and edge set & = {(4,)|X; UX; # Q}; since I, has no non-
trivial subpartitions, this graph is connected. Set by = b(K,x})?, and for all
i€1I,,setd;= > bY. Let us fix an ordering of I,,, say I, = {io, ..., }. Since
vEN
the graph is connegted, there exists a loop-free path between iy and 7;. Along
this path, for any two adjacent vertices 7, j, there exists v € () such that
v & ¥, UX;. By Lemma 7.5 we may assume that b} € %Z/Z for all 7 € I,.
Applying Lemma 7.2, by modifying z} and z} we can modify b; to b} —d;, and
bj to by +dj,. Note that this modification does not change ) 7. Therefore by
i€Z
Lemma 6.4, after changing also xj if necessary, the modified () is still a local
point of X.. After these modifications, we have ) by =0, Z by, = d;, +d;

20

vEQy vEQy
and all the other d;’s remain unchanged. We repeat this process along a loop-
free path from i; to iy, and we modify each adjacent pair along the path from

i1 to is by d;, +d;; and so on. At the end, we modify each adjacent pair along
t—1

the path from 7, 1 to #; by Zd After this process, we have ) b} = 0 for
vENy

r=0,.,t—1and ) b =d; + Zdir. However, by Lemma 7.12, we know

vENy

that Zd = 0; hence, we have }_ bj, = 0. Moreover, only finitely many b;’s
vENy
are modlﬁed, so by = 0 for almost all v; the lemma then follows.

Proposition 7.14. Let x = (z}) be a local point of X.. Assume that a. = 0,
and that X2(k) # 0. Then there exists a local point & = (ZV) of X, such that

for all v € I, we have
> bi(K, &) =

vEQ
Proof. This follows from Lemma 7.13.

Proof of Theorem 7.1 for K of prime power degree.

It is clear that if X. has a k-point, then X. has a k,-point for all v € )
and o, = 0. Conversely, suppose that X. has a k,-point for all v € €, and
that a. = 0. Let us show that the variety X, has a k-point. We show our
claim by induction on the exponent e. Suppose that e = 1. Then Ky = k,
and X?(k) # 0. By Proposition 7.14, there exists a local point z = (z¢) of

)

X, such that for all i € Z, we have ) b;(z¥) = 0. Lemma 6.5 implies that
vEQ
X (k) # 0. Assume now that e > 1. Since X, has a k,-point for all v € Q,
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the variety X? also has a k,-point for all v € Q4. As a. is the zero map, by
Lemma 6.7 the Brauer-Manin map a? for X? is also the zero map. Therefore
X0 has a k-point by induction hypothesis. By Proposition 7.14, there exists
a local point = = (z¥) of X, such that for all i € Z, we have > b;(z¥) = 0.

7
vEQ

Lemma 6.5 implies that X.(k) # 0.

7.2. The general case

Recall that K/k is a cyclic extension of degree d, and that L = K x K/,
where K’ is an arbitrary étale k-algebra. We keep the notation of 5.3, in
particular, P is the set of prime divisors of d. For all p € P, we denote by
K(p) the largest subfield of K of order a power of p, and L(p) = K(p) x K.
For all ¢ € k* and p € P, the affine k-variety defined by

NL(p)/k(x) = C.

is denoted by X.(p). We denote by a.(p) be the Brauer-Manin map of X.(p).
Recall that (K, K') = @ HI(K(p), K'), and that o, : II(K, K') — Q/Z is
pEP

given by a. = @ a.(p).
peEP

Lemma 7.15. Let ¢ € k*. Then X, has a k-point if and only if X.(p) has a
k-point for all p € P.

Proof. Let z € X.(k) be a k-point of X, and let us write z = (x,y) with
r € K and y € K'. Then (Nk/kp(x),y) is a k-point of X.(p) for all p € P.
Conversely, suppose that for all p € P, the k-variety X.(p) has a k-point
(p,yp) € K(p) x K'. For all p € P, set

TP: H [K(Q)k]a
q€P,q#p
and let s, € Z such that > r,s, =1. Set z = [[z)’, and y = [[ v""". Then
peEP peEP peEP
(x,y) is a k-point of X,.

Proof of Theorem 7.1. Suppose that X, has a k-point. Then by lemma
7.15, X.(p) has a k-point for all p € P. This implies that a.(p) = 0 for all
p € P, and hence a. = 0. Conversely, suppose that X, has a k,-point for all
v € Q and that a. = 0. Then X .(p) has a k,-point for all v € . Since
a, = 0, we have a.(p) = 0 for all p € P. But K(p) is a cyclic extension of
prime power degree, hence this implies that X.(p) has a k-point for all p € P.
Therefore X, has a k-point by Lemma 7.15.

Corollary 7.16. Let I}, be the idéle group of L. Then sending ¢ € k* to a,
gives rise to an isomorphism

(K* N Npe(In))/Npw(L*) — HI(L)".
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Proof. It is clear from the definition of a,. that sending ¢ € k* to a. is
a homomorphism; Theorem 7.1 implies that this homomorphism is injective.
That it is an isomorphism follows from the fact that II(L)* ~ II'(k, Ty )
(see Corollary 5.11).

Metacyclic extensions

In the following we apply the main theorem to the case where K is a meta-
cyclic extension of k (recall that a metacyclic extension is a Galois extension
such that all the Sylow subgroups of its Galois group are cyclic). As before,
let X, be the k-variety defined by the equation (0.1). Assume that K/k is a

metacyclic extension of degree ¢ = Hpjj , where p;’s are distinct primes. Let
j=1
g = pjj and r; = ¢q/q;. For 1 < j < s, let G, be a p;-Sylow subgroup of
Gal(K/k) and let F; be the subfield of K fixed by G;. Note that [F} : k| = ;.
Let Xg be X, ®; F;. Then the injection k& — Fj induces a natural injection of
Xe(k) to Xe(Fy) = XI(F}).

Suppose that X, has a k,-point for all v € Q4. Then X7 has a F},-point
for all w € Q. Since K is a cyclic extension of Fj, we can define the Brauer-
Manin map «; for XJ. The necessary and sufficient condition for the Hasse
principle for X, to hold is the following :

Proposition 7.17. Assume that K is a metacyclic extension. Then X. has a
k-point if and only if X, has a k,-point for allv € ; anda; =0 for1 < j <s.

Proof. Assume that X, has a k,-point for all v € €, and that a; = 0 for
1 < j < s. Then the variety X7 has a Fj ,-point for all w € Qp,. Since a; =0
for all 1 < j < s, by Theorem 7.1 the variety X7 has a Fj-point. Let (z;;) be a

Fj-point of X7, where x;; € (F;®; K;)*. Let b; € Z such that > b;r; =1, and
j=1

S
set 2z = ] Nrok, /K, (%;:)%; then (z;) is a point of X,. The other direction is
=1

trivial.

8. Products of cyclic extensions

In this section, we suppose that L is a product of cyclic extensions, and we
denote by II(L) the obstruction group. In the following, we give a simple
criterion for the vanishing of III(L); in other words, an easy way to decide
whether the Hasse principle holds for L.

Assume that L = [[ K;, where K;/k is a cyclic extension of degree d;. Let
ieJ
P be the set of prime numbers dividing [[d;. For all p € P and all i € J, let
ieJ
K;(p) be the largest subfield of K; such that [K;(p) : k] is a power of p, and
set L(p) = [1Ki(p).

e
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For any cyclic field extension K/k of prime power degree, we denote by
K rim the unique subfield of K of degree p over k. Set L(p)prim = [[£i(P)prim-
ieJ

The aim of this section is to prove the following two results :

Theorem 8.1.
peP(L)

where P(L) is a set of prime numbers, subset of P.
The set P(L) is determined in Theorem 8.3, see below.

Theorem 8.2.
(L (p)prinm) = (Z/pZ)"™ ),
where m,(L) is a positive integer.

The value of m,(L) is given in Theorem 8.3.

We start with the proof of Theorem 8.2, which amounts to treating the case
where L is a product of cyclic extensions of prime degree.

Theorem 8.3. Let p be a prime number, and assume that L is a product of
n non-isomorphic cyclic extensions of degree p. Then we have

(a) If n <2, then III(L) = 0.
(b) If 3 <n < p+1, then either III(L) = 0, or (L) ~ (Z/pZ)" 2.
(¢) If n > p+2, then III(L) = 0.

Note that Theorem 8.3 implies immediately Theorem 8.2, and gives the
value of the integer m,(L).

In order to prove Theorem 8.3, we need to come back to the definition of
II(L) = HI(K, K') in the case where K is cyclic of prime degree, and give a
description of this group in terms of partitions.

We keep the notation of 5.1, with e = 1. In particular, p is a prime number,
and L = K x K', where K is a cyclic extension of k of degree p. Recall that
E; = K ® K;, and note that Ej; is either a cyclic field extension of K; or a
product of p copies of K;. Let J be the subset of i € Z such that E;/K; is a
field extension, and let r = |J|.

Recall that ¥; is the set of v € ) such that E? is the product of p copies
of K. For all J' C J with J" # J, set Q(J') = ‘Q]/Ei’ and let Q(J) = Q.

By lemma 7.8, the group G(K, K’) is in bijection with the set of partitions
(Jo, .., Jp—1) of J such that U Q(J,) = Q. We identify G(K, K') with

n€L/pZ
the set of these partitions. Note that under this identification, D(K, K’)
corresponds to the partitions where one of the subsets is J, and all the others
are empty; these will be called the trivial partitions of J.

For all n € Z/pZ and all a € (Z/pZ)", set Jy,(a) = {i € J | a; = n}. Then
lemma 7.8 can be reformulated as follows :
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Lemma 8.4. G(K, K') is in bijection with the set
{a € (Z/pz)" | (Jn(a)) =}

U Q
nez/pZ

Proof of Theorem 8.3

Note first that (a) follows from Proposition 4.1. From now on, we assume
that n > 3. Theorem 8.3, as well as a precise condition for when III(L) = 0
in case (b), is a consequence of Proposition 8.5 below.

For any positive integer d, a finite separable extension F' of k is said to have
local degrees < d if for all places v € )i, the étale algebra F' @y k, is a product
of field extensions of k, with degrees < d.

Proposition 8.5. Let p be a prime number, and assume that L is a product
of distinct field extensions of degree p of k, at least one of which is cyclic.

Then UI(L) # 0 <= the factors of L are distinct subfields of a field
extension F/k of degree p*, and all the local degrees of F are < p.

Moreover, if HI(L) # 0, and if L is a product of n distinct degree p field
extensions of k, then UI(L) ~ (Z/pZ)" 2.

Proof. Let K be a cyclic factor of L, and let us write L = K x K’, where K’ is
a product of field extensions of degree p of k. Suppose that III(L) # 0. Then
there exists a partition (Io, I;) of J such that Q(ly) U Q([;) = Q. Indeed,

let (Jo,...,Jp—1) be a non-trivial partition of J such that %J/ ZQ(JZ-) = Q.
resli/p

Without loss of generality, we can assume that Jy is not empty. Set Iy = Jy,
and let I; = A;JOJi; then we have Q(Iy) = Q(Jy), and Q(J,) C Q(1;) for all

r # 0. Therefore Q(Iy) U (1) = Q, as claimed. Let K; and K; be two
distinct factors of K’, and let K;K; be the composite of K; and K;. For all
v € X;, we have

K R (KZKJ)v ~ K Rk KZ} ®K1v (KZ‘KJ‘)U,
and, since v € ¥;, this is isomorphic to the product of p copies of (K;K;)".

Let i € Iy and j € I;. As we have Q(ly) UQ(I;) = Q, the tensor product
K ®; (K;K;)" is isomorphic to the product of p copies of (K;K;)" for all
v € . This implies that K is a subfield of K;K;. Recall that K is cyclic,
and that K;, K; are not isomorphic; hence we have K ®; K; ~ KK; C K;K;.
The degree of K;K; is at most p?, hence we have KK, = K,K; = KK, and
K; ®y K; ~ K;K; is of degree p? over k.

Let « € Iy, and set FF = KK;; we just saw that F' is independent of the
choice of 7, and that ' = K, K for all j € I;. This shows that K; is a subfield
of F for all ¢ € J. Since (Iy, ;) represents a non-trivial element of III(L),
for all v € {2 there exists ¢ € J such that F'¥ ~ K ®; K} is isomorphic to a
product of p copies of K. Therefore all the local degrees of F' are < p.
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Conversely, let F' be a separable extension of degree p* of k such that all
the factors of L are distinct subfields of F. It suffices to prove that all non-
trivial partitions (Jy,...,Jp,—1) of J satisfy %J/ ZQ(Ji) = . Suppose that

reL/p

this is not the case. Let (Jo,...,Jp,—1) be a non-trivial partition of J with
U Q) # Q. Let v € Q with v ¢ U Q(J;). Since v & Q(Jy), there
reZ/pZ reZ/pZ

exists ¢ ¢ Jy such that iv ¢ ¥;. Let r € Z/pZ such that i € J,; since v € Q(J,),
there exists j & J, such that v € 3;.

Since the degree p extensions K, K; and K are distinct subfields of I, we
have '~ K ® K; ~ K ® K. Note that [K" : k,| = p, because v ¢ ¥;. Let us
write K as a product of separable extensions of k,. If one of the factors M;
of K? is such that 1 < [M : k,] < p, then M, and K" are linearly disjoint,
and this contradicts the assumption that all the local degrees of F' are < p.
Hence K7 is either a degree p field extension of k,, or a product of p copies
of k,. However, if K7 and K" are both fields, then E? is a field extension of
degree p? of k,. Since F” ~ E?, this contradicts the hypothesis that all the
local degrees of F' are < p. Therefore K} is a product of p copies of k,, and
hence F'¥ ~ E? is a product of p copies of K".

Set d = [K;K; : k]. Since v ¢ ¥, the same argument shows that K} is a
product of p copies of k,, hence (K;K;)" is a product of d copies of k,. Note
that (K;Kj;)" is a subalgebra of F¥, and that F" is a product of p copies of

K?"; hence we have d < p. As K, and K are distinct subfields of K;K;, we
have d = rp for some integer r > 1, and this leads to a contradiction.

Hence for all non-trivial partitions (Jo, ..., J,—1) of J we have %J/ ZQ(JZ-) =
res/p
Q.. This shows that OI(K, K') = II(L) ~ (Z/pZ)" 2.

Proof of Theorem 8.1

Assume now that L is a product of n cyclic extensions, L = K; X - -+ X K,
where K;/k is a cyclic extension of degree d;, and let J = {1,...,n}. Note
that III(L) = II(K;, K]) for any i € J, where L = K; x K!. This will be used
repeatedly in the sequel.

Let P be the set of prime numbers dividing d; ...d,. For all p € P and all
i € J, let K;(p) be the largest subfield of K; such that [K;(p) : k] is a power
of p, and set L(p) = Ki(p) X -+ X K,(p).

Proposition 8.6. We have

(L) = & LI(L(p)).
pEP(L)
Proof. This follows from Proposition 5.10, and from the fact that L is a
product of cyclic extensions.

Lemma 8.7. Let p be a prime number, and let K;/k, i € J, be cyclic exten-
sions of degree a power of p of k. For all i € J, let N;/k be a subextension of
K;/k. Then II(]]N;) injects into TI(]] K;).

ieJ e
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Proof. This follows from Proposition 5.6, and Remark 5.7 following this
proposition.

Proof of Theorem 8.1 Assume that III(L) = 0. By Lemma 8.7 and
Proposition 8.6, the group III(Lpim) injects into III(L), hence this implies
that I (Lpyyim) = 0. Conversely, suppose that II(Lpim) = 0. By Proposition
8.6, we may assume that L is a product of extensions of degree a power of
a prime p. Let us write L = K x K’, for some cyclic field extension K/k;
then Lpim = Kprim X K;/)rim‘ Since II(Lyyim) = 0, by Proposition 7.10 we
have HI(K, K] ;,,) = 0. Permuting K with one of the other cyclic factors and
repeating the same procedure, we obtain III(L) = 0.

Example 8.8. Let p be a prime number, and let F'/k be an extension with
Galois group C, x C,, where C, denotes the cyclic group of order p. Let
Ky, ..., Ky be the distinct subfields of degree p of F'. Set L = KX+ - X Kp4;.
Then by Proposition 8.5, we have III(L) = 0 or [II(L) = (Z/pZ)P~1. Moreover,
we have

I(L) =0 <= there exists v € Q such that F" is a field.

e Assume first that there exists v € € such that F is a field. Then III(L) = 0,
hence for all ¢ € k*, we have X.(k) # 0. In other words, we have

NL/k(LX) == kx
in this case.

e Assume now that all the local degrees of F' are < p. Then by Proposition
8.5 we have III(L) = (Z/pZ)P~'.

Let Q; be the set of v € €U such that K is split. Note that we have
QU UQp1 = Q. This implies that X.(k,) # 0 for all v € Q and for all
c € kx.

Set K = K,y1. For all ¢ € k£ and for all v € 4, let us denote by
[K,cl, € Z/pZ the image of inv(K,c), by the isomorphism 7/Z ~ pZ/Z.
Then the map

J kY /Npp(L™) — (Z/pZ)P~*

e (O 1K cuy o YK ),

o Qp 1

given by

is an isomorphism.

When p = 2, we recover a well-known result of Serre and Tate, see [CF 67],
Exercise 5.2, page 360; see also |[CT 14], Proposition 5.1.
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