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Abstract. We consider the partially ordered set ([k]", <), which is defined as n-th product 
of the chain [k] = {0,1, 2 . . . . .  k - 1}, and study pairs (A, B) of incomparable sets A, B ~ [k]", 
that is, a :g b, a :~ b for all a ~ A, b ~ B or (in short notation) A : :~  B. 

We are concerned with the growth of the functions f,: {0, 1 . . . . .  k ~} ---, {0, 1 . . . . .  k"}, 
n ~ N, defined by f,(ct) = max{IN: A,B c [k] * with Iat = ~ and A ~ B} and a charac- 
terisation of pairs (A, B), which assume this bound. 

In the previously studied case k = 2 our results are considerably sharper than earlier 
result s by Seymour, Hilton, Ahlswede and Zhang. 

1. Introduction, Basic Results and Problems 

Let us be given the part ial ly ordered set ~ , ( [k]" ,  <) ,  where [k] = {0,1,2 . . . . .  
k - 1} and a = (al,a2 . . . . .  a,) <_ b = (bl,b2 . . . . .  b,) iff at < b~ for t = 1, 2 . . . . .  n. 
In  the terminology of our  earlier work  ([1], [8], [9]) we call a pair  (A,B) with 
A, B c [k]n a c loud-ant ichain  of  length 2, if 

a.'/;b, a ~ b  fo ra l l  a s A ,  b s B .  (i.1) 

A short  expression for (1.1) is: A ~ B. 
We denote  the set of these pairs by ~ ¢ ~ ( n ) .  The objects of  our  invest igat ion 

are the functions f~: {0, 1 . . . . .  k"} ---, {0, 1 . . . . .  kn}, n e N, defined by 

f,(c~) = max{IBl:  ~(A,B)~  cddCd(n)with IA[ = c~} (1.2) 

and a character izat ion of pairs (A, B) which are optimal,  that  is, assume this 
bound.  We denote by (.0(n) the set of  all those opt imal  pairs. 

In case where we emphas ize  the dependence on paramete r  k we also write 
¢gd~k(n), Ok(n), f,.k(Ct), etc. instead of ~ d ~ ( n ) ,  ~O(n), f,(ct), etc. 

Previous work  is discussed in [9], where the best results prior  to those in this 
paper  can be found. They are all for the binary alphabet,  i.e. k = 2. Famil iar i ty  
with this paper  m a y  be helpful but  is not necessary for an unders tanding of the 
present results and proofs. We extend here first the key result of  that  pape r  to the 
case of general k. 
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Theorem 1. For every 7, 0 < V < k"-2, a pair (A,B) ~ tP(n) with IA[ = Y exists, such 
that for  some component all a in A have a 0 and for  some other component all a in 
A have a k - 1. 

From here we derive by an approach similar to (but not identical with) that of 
[9] the main recursion. 

Theorem 2. For every 7, 0 < 7 < kn-2, 

(i) f.(Y) = (k - 1)k "-1 + kf.-2(7) - (k - 1)7. 
(1.3) 

(ii) f~+:,(y) = (k s - 1)(k "+s - y) + kSf~(7)for s > O. 

The explicit characterization of all pairs (7,~(Y)) given in [9"] does not seem to 
allow a reasonably simple extension to general k. Therefore results concerning 
aspects of this characterization problem are already of interest. 

Theorem 8 of fl"] states that in the case k = 2 for (A, B) ~ ~¢:¢(n) 

(a) IAI IBI < 2 : " - '  
(b) min{IAl, IB[} < 2 "-z 

and that these bounds are best possible. 
The key observation was that for (A, B)~ ffMCd(n) we have the disjointness 

properties (A A B) N (A v B) = ~,  (A ^/3)  fq (A U B) = ~,  (A v B) f'l (A U B) = ~,  
a n d A N B = ~ .  

Therefore 

IAI + IBI + IA v BI + IA A BI < 2" 

and since by the arithmetic-geometric means inequality 

I A l + l n l + l a v n l + l a ^ n l  
(tml 1nl Im v nl IA ^ nl) x/4 < 

4 

we get 

IA[ IBI -< [ A v  B[ [A A B[ 

and get 

]AI [BI < 2 :"-4. 

(b) is an immediate consequence. 

[ A I I B I I A v B I I A A  B [ ~ ( ~ ) ' .  

Now we use the AD-inequality 

(see [6]) 

(1.4) 

(1.5) 

Inspection shows that the same derivation is valid for all k and thus for 
(A, B) ~ cgdcgk(n ) 

lhl IBI < k 2"-'. (1.6) 

This is tight only for even k. 
In [9] the arithmetic-geometric means inequality was applied to two terms 

and so do we now for general k. Hence, 
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k" > Ial + IBI + Ia ^ B[ + IA v nl 

> IZl + [al + 2~/Ih ^ BI [A v nl 

> l Z l + l a l + 2 ~ = (  I , ~ +  I , ~ )  2 

and therefore 

IA[ 1/2 + IBI 1/2 ~ k n/2. 

Theorem 3 of I9] states two consequences in case k = 2: 
For all l, 0 < l _< 2" 

(c) f2,(l 2) = (2" -- I) 2 
(d) f2.+~(2l 2) = 2(2" - •)2. 

99 

(1.7) 

(1.8) 

Problem I. For every k describe all (A, B) ~ c~d%(n) with equality in (1.8). In the 
terminology of [10] this is an equality characterization problem. 

Problem II. How does f,,k(a) behave asymptotically in k, n, and ~t? Next  we try to 
generalize statements of type (a) and (b) to general k, 

Problem IH. Determine 

Problem IV. Determine 

G(n) = max min(IA[, IB[). 
(A,B)  ~ ~.zlcC.k(n) 

Q(n) = max [AIIBI. 
(A, B) ~ "¢.~/%(n) 

Finally we solve 

Problem V. Let A be any integer, - k "  <_ A <_ k", f ind as(n) = max{IAl: (A, B) 
~ed%(n), lal = lal + ~}. 

We completely solve problems III and IV and provide partial results for the 
other problems. 

2. Auxiliary Results 

We use for the proofs of our Theorems 1 and 2 results of Daykin, Kleitman and 
West 1,5]. They are described in the abstract of I"5]. Except for a reference to these 
Theorems in brackets, we literally repeat the main part of the abstract: 

"Let L be a lattice of divisors of an integer (isomorphically, a direct product of 
chains). We prove IAI IBI < ILl [A ^ B[ for any A, B c L where I't denotes cardi- 
nality and A ^ B = {a A b: a s A, b s B}. IA A Bt attains its minimum for fixed 
IAI, [B[ when A and B are ideals (Theorem 2). I'1 can be replaced by certain other 
weight functions (Theorem 3). When the n chains are of equal size k, the elements 
may be viewed as n-digit k-ary numbers. Then for fixed [A[, ]BI, ]a A B[ is mini- 
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mized when A and B are [A[ and [B[ smallest n-digit k-ary numbers written back- 
wards and forwards, respectively (Theorem 4). 1 IA ^ BI for these sets is deter- 
mined and bounded  (Theorem 5)." 

We don ' t  need Theorem 3. Whereas Theorems 2, 4 are selfexplanatory, we 
have to give the details of  Theorem 5. 

Theorem 5. 15] Suppose L is a product of  n chains of  size k, 0 < ct < k", 0 < fl < k". 

Let /~k(n, ct, fl) = m i n { l A  A BI: Ihl -- ~,lnl --/~} and e~(n,=,~) = ~ ( n , = , # )  - ~ .  

l f  pk "-I < ~ < (p + 1)k "-I and fl =. r m o d k ,  then 

j=o ; p > O  

(ii) ~k( n, ~, fl) = ek n -- 1, ~ -- pk "-l ,  + 

; 

Furthermore, 

(iii) 

(iv) 

and, finally, 

(v) 

(vi) 

ek(n, k" - ~, k" - 8) = ek(n, ~, 8) 

#k(n,  k" - -  ~, k" - 8 )  = #k(  n, ~, 8 )  + k" - o~ - fl 

kn 
0 <<_ ~k(n, ~, 8) <- T"  

(Immediate from definitions and added for the ease o f  reference) 

I~k(n,O, fl) = O; #k(n,k",fl) = fl; ek(n,O, fl) = ek(n,k",fl) = O. 

3. A Connection Between Optimal Cloud-Antichains and Pairs Extremal  
in the M e e t  

In the In t roduc t ion  we have defined the set O(n) of optimal cloud-antichains of 
length 2 in [k]". Now we define the set g(n) of  pairs (C, D) with C, D c I-k]" which 
are extremal in the meet C A D, that  is, 

tC A DI = min{[C' ^ D'[: C',D' c l-k]",lC'l = ICI,[D'I = [D[}. (3.1) 

t For any c = (ct . . . . .  c,) e [k]" we define a forward and a backward value by ~'(c)= 
~7=1 k"-~ct and ~(c) = ~7=1 kHci ,  resp., b" and ~ evaluate elements as k-ary numbers when 
the components are written in natural order or in reversed order. 
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Within go(n) there is the set ~g(n) of those pairs (A, B) which are maximal in the 
sense that for all (C,D) ~ cg~cg(n) with ICI > Ia[ necessarily IDI < Inl. 

Finally, we call (A, B) ~ cgdCg(n) A-saturated (resp. B-saturated), if there is no 
(A, B') ~ ogden(n) with B c B', B # B' (resp. (A', B) e cg.~CCg(n) with A c A', A ~ A') 
and we call (A, B) saturated (or bisaturated), if it is A-saturated and B-saturated. 
We denote the set of all these saturated pairs by Y(n). 

Actually, fewer definitions would suffice for the proofs of our Theorems. How- 
ever, clarity is gained by analysing in which generality properties used hold. We 
establish therefore first simple properties of the classes defined. It is immediately 
clear that 

~¢/(n) = go(n) N 5a(n). (3.2) 

Our first result is of general nature. 

Lemma 1. 

(i) For A, B c ['k]" we have (A \ (A  ^ B) ,B \ (A  ^ B)) ~ ~dd~g(n). 
(ii) For (A,B) eCd~Cd(n) we have A N ( A  A B ) = B A ( . 4  ^ B ) = A N ( A  v B ) =  

B N ( A  v B ) = Z .  

Proof. (i) Suppose that for a ~ A \ ( A  ^ B) and b ~ B \ (A  ^ B) we have a > b, then 
b = a ^ b ~ A ^ B, contradicting that b ~ A A B (the case a _< b is symmetrically 
the same). 

(ii) If for instance a ~ A N (A v B), then a b ~ B exists with b _< a. This con- 
tradicts the assumption (A, B) ~ ~gd~g(n). 

For any C = [-k]" we define 

go(C) = {c ~ [k]": c ¢ C, 3c' ~ C with e < c'}. (3.3) 

Clearly, C U go(C) is an ideal ("downset'). 
With any pair (A, B), A, B c [k]", we associate a pair 

(A*, B*) = (A U go(A), B U go(B)). (3.4) 

Lemma 2. For (A, B) ~ 5~(n) we have 

A* ^ B* = A* n B* = go(A) = go(B). (3.5) 

Proof. If for instance a ~ go(A) and a ~ go(B), then either a _> b for some b ~ B and 
for an a' e A with a' >_ a the inequality a' _> b contradicts (A, B) ~ cd~lCd(n), or a 
is incomparable with all members of B, which contradicts the saturation of (A, B). 
In any case we have go(A) = q~(B) and A* ^ B* = A* N B*, because A* and B* are 
ideals. Finally, since A N B = A n go(A) = B n go(B) = Z, we have 

A* n B* = go(A) = go(B). 

Actually we need a related result. For any (a,f,(c¢)) there is a pair (A, B) ~ gO(n), 

(IAt, IBI) = (a,f,(e)), 

with minimal total weight ~ W(a), where W(a) = ~.t"=1 a,. We denote the set of 
a ~ A  

all such pairs by gO.(n). 
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Lemma 3. For (A, B) e (9.(n) (3.5) holds. 

Proof. Since (A, B) is A-saturated the previous argument gives cp(B) = ¢p(A). For 
a e ¢p(A), a ~ ~p(B) the case in which a is incomparable with all members of B is to 
be discussed. Here A' = (A LJ {a})\{a'}, a' > a, has smaller total weight than A 
and since (A', B)e c~aCC~(n) we get a contradiction. The remaining identities in 
(3.5) are established as previously. 

Proposition 1. For (A, B) e t~.(n) we have (A*, B*) e g(n). 

Proof. Set ct* = Ia*l andfl* = [B*[. Now clearly 

[A* ^ B*[ > tzk(n,~*,fl*) (defined in Section 2) 

and suppose that here strict inequality holds. By Theorem 2 1"5] there are ideals 
Ax, Bi with cardinalities IAxl--~*, IBxl = 8 *  and lAx ^ Bxl=l~,(n,a*,fl*). 
Therefore 

IAx\(Ax ^ Bx)[ = c~* - #(n,~*,fl*) > ~* - I A *  ^ B*[ 

-- Ia*l - I~P(A)I by Lemma 3. 

By definition of A* Ia*l - I~p(A)I = Ihl and thus IAz\(Az ^ Bx)l > IAI. Symmet- 
rically IBI\(Ax ^ Bz)l > IB[. 

Since (Az\(Az ^ Bz) ,Bt \ (Ai  ^ B1)) e c#MC#(n) (by (i) in Lemma I) we obtain a 
contradiction to the optimality of (A, B). 

4. A Formula for f .  via 8(n) 

Let us define for 0 < ~ < k" 

M r = ((~,fl): 0 < ~,fl < k",~ - btk(n,~,fl) = r}. (4.1) 

Here all numbers are non-negative integers. Note that M r # ~,  because (7, 0) e M r. 

Lemma 4. For 0 < y < k" 

f,(y) = max (fl -/zk(n, co, fl)) (4.2) 
(a,#)eMy 

and the maximum can be achieved for a pair of  ideals. 

Proof. Let (A,/3) e O. (n) satisfy I a l  = ~,, I nl = f~(~). By Proposition 1 (I A* I, I B* I) = 
(~, + #k(n, IA*I, In*l), f~(~) + #~(n, Ia*l, In*l)) and hence (Ia*l, In*l) e Mr. There- 
fore, 

f.(7) = [B*[ -  #k(n, lA*l, le*[) < max (8 -/zk(n,~,/~)). 

To establish the reverse inequality, suppose the maximum is assumed at 
(~',fl') e M r and let (A',B') satisfy IZ'l = ~', IB'[ = 8' and [A' ^ B'I = #k(n,~',fl'). By 
Theorem 2 15] A' and B' can be assumed to be ideals. Then A = A'\(A'  A B') and 
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B = B ' \ ( A ' ^  B') satisfy ( A , B ) e ~ d C ~ ( n ) ( b y  Lemma 1), lZ[ = ~ ' - # k ( n , c ¢ , f f ) =  
V, and IBI = fl' - #k(n,a',fl') < f~(~'). Therefore 

f,(y) = I n * l - / A ( n ,  IA*I, IB*I) = max (fl - /~k(n,a,~)) .  
(~,.B) • M r 

Since A* and B* are ideals, the maximum in (4.2) at (a', fl') is assumed for a pair  
of ideals. Actually, with the aid of Theorem 4 [5] a s tronger conclusion can be 
drawn 

Lemma  5. I f  the maximum in (4.2) is assumed at (a*, fl*), then it can be attained by 
letting A* be the a* smallest and written backwards, B* be the fl* smallest n-digit 
k-ary numbers. 

Next  we establish a relation between y and a pair  (a*, fl*) at which the maxi- 
mum occurs. 

Lemma  6. I f  the maximum in (4.2) is assumed at (a*,fl*) and if ~ <_ k n-2, then 
a* <_ k "-I and fl* >_ (k - 1)k "-l .  

Proof. This is the first argument,  which not  just generalizes that  of [9]. However,  
it starts as previously. Let  us consider the pair  (ks, (k - 1)k "-~) and derive with (i) 
in Theorem 5 [5] (for p = k - 2) and I~k(n,a, fl) = I~k(n, fl, a ) that (k~,(k - 1)k "- l )  e 
M~, because 

ks - lzk(n, ky,(k - 1)k "- l )  = ks - /~k(n -- 1,~,k "- i )  -- (k - 2)~ 

Therefore  

max 
(~ ,  fl) e M r 

= k s  - ~ - ( k  - 2 ) ~  = r .  

(/~ - u k ( n , ~ , # ) )  > ( k  - i ) k  " - 1  - ( k  - 1 ) r  

= (k - 1)k "-I - (k - 1)(a' - #k(n,a',fl')) for all (a',fl') e M r 

In part icular  we get at a maximum (a*, fl*) 

fl* - -  I~k(n, ct*,fl*) > (k - 1)k "-i  - (k - 1)(a* - pk(n,a*,fl*)) 

or equivalently 

fl* + (k - 1)a* - kiCk(n, ~*, fl*) >_ (k - 1)k "-1. (4.3) 

Since for any C, D c [k]" ICI IDI <_ IC ^ Ol I C v  Ol <_ IC A Olk", we also have 

a*fl* #k(n, a*, fl*) >_ (4.4) k n 

Combina t ion  of (4.3) and (4.4) yields 

fl* + ( k -  1)a* - - -  
a*fl* 
k._ 1 > (k - 1)k "-1. (4.5) 
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Write now/3" = (k - 1)k " - t  + 6, ~* = k "-1 + 8 and verify that 

~*[3" 
[3* + (k - i ) ~ *  k " - '  = (k - 1)k "-~ + ~ + (k - 1)k "-~ 

(k "-~ + 8)((k - 1)k "-1 + ~5) 
+ (k  - 1 )8  - /e ,_  ~ 

= (k  - 1 )k  "-1 k . _  1. 

We conclude from (4.5) that 8~5 < 0. In view of (4.2) r* > a*, but if k - 1 > 1 this 
does not imply (as in the case k = 2) that 6 > 0 and e < 0. 

Suppose, for contradiction, that either fi < 0 and 8 > 0, or fi < 0 and ~ = 0. 
By definition of (a*,[3*), f,(v) = [3*-/~k(n,~*,[3*) and (a*,[3*)~M v so 
a* - #,(n, a*, [3*) = 7. Thus f , (? )  - ~ = r *  - ct*. From the preceding verification 
it follows that r *  - ~* < (k - 1)k "-1 - k "-1 = (k - 2 )k  "-1. Thus 

f , ( r )  - 7 < (k - 2 )k  "-~. (4.6) 

Next observe that the pair 

(A, B) = ({0} x { k - 1 } x  t=3I~ [k],{1 . . . .  , k - 1 } x  {0 . . . . .  k - 2 } x  ,=3[I [k])  

is a cloud antichain with [A[ = k "-2 and IBI = (k - 1)2k "-2, so 

f~(k "-2) > (k - 1)2k "-2.  (4.7) 

It follows from (4.6) and (4.7) that 

f~(k "-2) - k "-2 >_ (k - 1)2k "-2 - k "-2  = (k - 2 )k  "-~ > f~(~) - ~. 

But f ,( .)  is a decreasing function and ? _< k " - z  by hypothesis so we have the 
contradiction 

f . ( k  " -2)  - k . - 2  > f . (? )  - ~ > f . ( k  " -2)  - k . - 2 .  

5. Proof of Theorem 1 

Starting with ( A , B ) ~ ( ~ . ( n ) ,  IAI = 7, IB] = f.(~') we know from Proposition 1 
that ( A * , B * )  ~ ~(n)  and that a* = IA*I = ~' + ~(n,~*,[3*), [3* = In*l = f,(3') + 
/~k(n, ~*, fl*). The same parameter values can be obtained with A*, B* being ideals 
and having the numberings of Lemma 5. Then the sequences in A = A * \ ( A *  ^ B * )  

are all zero in the last component, because [A*I = ~* < k "-1 by Lemma 6, and 
they are all k - 1 in the first component, because IB*I >_ (k - 1)k "-1 again by 
Lemma 6 and thus all elements of A* beginning with an element of {0, 1 . . . . .  k - 2} 
are also in A* ^ B* and thus not in A. This  means that only elements of A* 
beginning with a k - 1 can be members of A. 
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6. P r o o f  of  Theorem 2 

We  m a k e  use of  the n o t a t i o n  

q~(D) = {d ~ [k]":  d ~ D,3d '  ~ D with d < d'},  

~U(D) = {d e [k]":  d (E D,3d '  ~ D with d > d'},  

and  

t05 

(6.1) 

(6.2) 

a(D) = (c e [k]" :  c K d, c ~: d for all d e D}. (6.3) 

Let  n o w  (A, B) e d).(n) have  an  A s t ruc tured  as in T h e o r e m  1: a = (at ,  a2 . . . . .  a.)  e 
A implies a I = k - 1, a. = O. Necessar i ly  B = or(A) and  it can  be descr ibed as a 
u n i o n  of  four  disjoint  sets: 

I m a g i n e  b e [k]" to be wr i t ten  in the form ( b l , . . . ,  b,)  and  set 

B I -- (b ~ [k]":  b 1 e {0 . . . . .  k - 2} ,b .  ~ {1 . . . . .  k - 1} , (b2 , . . . , b ._ t )  ~ [k ] " -2 ) ,  

B 2 = {b e [k]":  b 1 e {0 . . . . .  k - 2} ,b .  = 0,(b:  . . . .  ,b . -1)  e T ( A o ) U a ( A o )  }, 

where  Ao = {(a:  . . . . .  a . _ l ) e  [ k ] " - 2 : ( k  - 1,a2 . . . . .  a._ l ,0 )  e A } ,  

B 3 = {b e [k]":  b~ = k -  1,b. ~ {1 . . . . .  k -  1},(b 2 . . . . .  b._~) ~ ~o(Ao)Ua(Ao)  }, 

B,  = {b e [k]":  b 1 = k - 1,b. = 0,(b 2 . . . . .  b._l)  e ~r(Ao) }. 

T h e n  

IBI = [ B t U B 2 U B 3 U B 4 [  = ( k -  1)2k "-2 + (k - 1)(I ~(Ao)l  + Iq~(ao)[) 

+ (2k - 1)[o'(Ao)l, 

and  since 

I ~ ( a o ) l  + I~o(ao)t + I~r(ao)l = k " - :  - IZol = k "-2 - ~', 

we conc lude  that  

f . ( y )  = IBI = (k  - 1 )2k  " - 2  + (k  - 1 ) ( k  " - 2  - ~,) + kla(Zo)l  

< (k - 1)2k "-2 + (k - 1)(k "-2 - ?) + kf._2(7) 

= (k - 1)k "-~ + kf._2(7) - (k - 1)7. 

Converse ly ,  if we choose  A o c [ k ]  "-2, [ A o [ =  ? such that  (Ao, a ( A o ) ) e  
E).(n - 2), then [cr(Ao) I = f . - z (? )  and  cons t ruc t ing  A and  B as before, we ob ta in  

IBI = (k - 1)k "-~ + kf . -2( ' t )  - (k - 1)y.  

Wri t ing  (i) in the fo rm 

f.+2(Y) = (k - 1)(k "+' - ~) + kf.(];) 

(ii) fbllows by induc t ion  on  s. 
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7. A Corollary 

Since there exists (A,B)~ cgdCg(n) with [A[ = 3, and [B[ = f.(3,), it is immediate  
that  

f.(f~(3,)) > ~,. (7.1) 

Since the function f .  is decreasing we have therefore 

f~(f.(f#(3,))) <__ f#(~,). (7.2) 

On the other  hand there exists (A',B')e cg..dCg(n) with IA'I = L(L(3,)) and IB'[ = 
f .  (3,). Hence 

L(L(L(~ , ) ) )  >. L(r) ,  (7.3) 

and from (7.2), (7.3) we conclude 

L(L(L(3 , ) ) )  = L(3,) for all 3, _< k". (7.4) 

For  ~ + 1 < k "-2 the recursion (i) in Theorem 2 applies and, since f._z(3, + 1) < 
f.-2(3,), we have f.(3, + 1) = (k - 1)k "-1 + kf.-2(3, + 1) - (k - 1)(7 + 1) < 
(k - 1)k "-1 + kf,_2(3,) - (k - 1)3, - (k - 1) = f~(3,) - (k - 1), and hence 

fn(3, + 1) < f.(3,) for  all 0 < 3' < kn-2. (7.5) 

Suppose for some 3,, 0 < V < k ~-2, strict inequality in (7.1) holds, i.e. 

L(L(3,))  = 3,1 >-- 3, + 1, 

then, applying (7.4), we have 

L(L(L(3 , ) ) )  = L(3,1) = L(3,), 

which contradicts  (7.5). 
We summarize these findings 

Corollary. 

(i) f.(f.(3,)) > 7 for all r <- k" 
(ii) L(L(3,))  = 3, for  0 _ 3, < k "-2. 
(iii) L(L(L(~ ' ) ) )  = L(3,) for  all 3, <_ k". 

8. On Problem I: an Equality Characterization 

i 

What  can we say about  (A, B) ~ ~,~%(n) for.which 

holds? 
First  we derive an auxiliary result. 

(8.1) 
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Lemma 8. I f  (8.1) holds, then 

(i) ct + fl = k" and 

o r  

(ii) a + fl = k" and #k(n, ~, fl) = -~.  

Proof. By Lemma 4 we know that for (A, B) ~ O(n) we can assume that 

I A I  = ~ - # k ( n , ~ , f l ) ,  IBI  = fl - ~ d n , ~ , f l )  

and there are ideals A*, B* with Ia* l - -= ,  IB*I = fl, I A * ^  B*t =/A(n,~,fl) 
(0 < ~t, fl < k"). Since (8.1) holds, by (iii) in Lemma 7 (A ,B)~  S(n) and hence by 
Lemma 2 Ilk(n,~t, fl) = [A* ^ B*I = [q~(A)l. Now by (iv) in Lemma 7 we conclude 
that 

/~(n,z~,fl) = I~0(Z)l = [Z ^ BI. (8.3) 

Also tA v Bt = #k(n,~,fl), because ]A ^ BI + t A v  B[ = 2.,/[A ^ BIIA v BI, iff 
IA ^ Bt = IA v BI. 

Recall also that under (8.1) k" = IAI + IBI + IA ^ BI + ]A v BI and by (8.3) 
we have 

IAI + IA ^ nl -- ~, IBI + IA v B[ = ft. 

Theorem 3. ~ + [ x / ~  = x / ~  holds for (A, B) e c~dCgk(n) if  and only if, for 
some integer l, 0 < l < k m 

~/~ - ,~(n, ~, fl) + , / f l  -- Uk(", ~, fl) = V @  

Lemma 7. For an (A, B) ~ CgZgcgk(n) satisfying (8.1) necessarily We have 

(i) A and B are convex. 
(ii) (A, B) ~ (9(n). 
(iii) (A, B) is bisaturated. 
(iv) (p(A) = ~o(B) = A ^ B and (symmetrically) ~(A) = ~t(B) = A v B. 

Proof. Statements (i), (ii) and (iii) are trivially true, because otherwise we could 

increase ~ + I ,A~.  
Lemma 2 implies 

q~(A) = q~(B) = A* ^ B* m A ^ B. (8.2) 

Also we have by the disjointness properties and the inclusion ~g(A) = A v B 

k" > IAI + IB[ + I~(A)I + [ ~(A)I > IA! + ]BI + [A ^ BI + tA v B[ 

> (  l x / ~ +  I x ~ )  2 (by (1.7)) 

and (8.1) yields 

I~o(A)l + I~(A)t = IA ^ Bt + tA v BI. 

Thus (8.2) gives finally (iv). 
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(i) n = 2 m ,  Ial "= 12, ]BI = ( k m  - l )  2 

o r  

(ii) n = 2m + I, IZl = kl  2, Inl = k ( k "  - l) 2. 

Proof .  Sufficiency of (i) or  (ii) follows by a construction,  which generalizes that  of  
Section 8 in [9] f rom k = 2 to general k. In case (i) it goes as follows. 

Let __A,,(s) (resp. ,~,,(s)) be the s smallest (resp. largest) weight elements of  [k] m. 
Set 

A = {a ~ [k] 2m" a = ( a l , a 2 ) , a  I ~ A_m(1), a 2 ~ ,4re(l)}, 

B = {b ~ [k]2m: b = (b l ,b2) ,b  1 ~ Am(k ra - l ) , b  2 ~ A ~ ( k "  - l)}, 

and verify tha t  ( A , B ) ~  c~dCg(n), IAI = 12, and IBI = (km - l) 2. In case (ii) choose 
(A ' ,B ' )  = (A x [ k ] , B  x [k]). 

T o  see the necessity we use the following result, which is a special case of our  
for thcoming  T h e o r e m  2 in [10], which corrects Theorem 6 of [5]: ek(n,a, fl) = 

#k(n, a, r )  -- ~-; = 0 iff (i) kila,  =" k"- i l f l  or  (ii) a or  fl equals k ~ or O. 

In our  case #,(n,  a, r )  =/Zk(n, a, k" - el) = - -  

when k"la 2 and  we can use the relat ions 

kila,  ki+X }[~=,k t l f l  , 

~(k ~ _ ~) ~2 
k" = ~ t - ~  is possible only 

/ ~ = k " - ~ .  

However ,  we have also k'let, k i+1 ~ a = , k " - i l  k" - a and k i+1 ~'k" - a and there- 
fore necessarily i > n - i. Hence  (ii) in L e m m a  8 holds iff k~l a where 

1.) i > m ,  i f n = 2 m  
2.) i > m +  l, i f n = 2 m +  l. 

~z 2 

N o w  we have Ia l  -- ~ - /~k(n,  ~,/~)  = ~ and 

1.) n = 2m, a = k m- l (l integral), IZl = / 2 ,  IBI = (km - l) z 
2.) n = 2m + 1, ct = km+ll, IAI = kl 2, IBI -- k(k  m - l) 2. 

9. An Asymptotic Result 

The recursive formula  of  T h e o r e m  2 in conjunct ion with Theorem 3 allow to 
est imate the growth  o f f , .  

Theorem 4 . . . . . .  

(i) For  any  ), ~ t~ (the natural  numbers ) such  that  ~ + ~ < x / ~  

lim ( ~  - v/~) 2 - fn+zs(7) = o~. 
8 4 0 0  
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(ii) For any y ~ N 

109 

lim ( ' ¢ ~  - x/~)2 - 1. 

Proof. (i) We choose n such that  y < k" and let ~,(~) = ( x / ~  - x/~) z - f,(y) > 0. 
The  recursion (ii) in Theorem 2 can be written in the form 

= ( k,/g  _ , 5 ) 2  _ - - 

which implies 

(kv4 - ; ~  - 4 ~ )  ~ - L + ~ ( 7 )  = k%(~)  

and k~.(y) --* ~ ( s  ~ ~) .  
(ii) Fo r  any y and n so large that  y < k" we write 

L+2, (~ )  (k'  - 1)(k "+' - ~) + k%(~)  

lim = 1. 
, . ~  (k ~ - 1)(k .+, - ~) + kSf.(7) 

and notice that  

10. A Divisibility Property of Optimal and Bisaturated Pairs 

We present here a result, which we later use and which is interesting in itself. 

Theorem 5. Let (A, B) be optimal and bisaturated, that is, (A, B) ~ O(n) • 2f(n) = ~(n). 
Then a maximum pair (~*, fl*) with ~* - #k(n, ~*, fl*) = [A], r*  -/2k(n, ~*, fl*) = IB[ 
has the properties kla and klfl. In particular 

kl(tAI - IBI). 

Proof. Since by definition of optimali ty for a ~IA[ = ~' and [BI = f . (7 )  we know 
from Lemma 4 that 

f , ( 7 ) =  max (fl--#k(n,a, fl)), (10.1) 
(~, r )  ~ M~ 

where 

My = {(a, fl): 0 < ~t, fl < k" ,a  - #k(n ,a ,  fl) = y}. 

We also know from Lemma 5 that  at a maximum assuming pair (~*, fl*) there 
is a realisation ( A , B ) = ( A * \ ( A * ^  B*) ,B* \ (A*^  B*)), where A* are the a* 
smallest and written backwards,  B* are the r*  smallest n-digit k-ary numbers.  

First we show that integer a* - 1 represented lexicographically backwards 
does not appear  in the list of B*. Namely otherwise we have 

#k(n,a* -- 1 , f l )=  #k(n,a*~fl*)- 1 



110 R. Ahlswede and L.H. Khachatrian 

and thus 

a* - 1 -- #k(n,a* - 1,fl) = a* - 1 - ( l t k (n ,a* , f l* )  --  1) = y. 

Hence (a* - 1, 8*) e Mr. But we then have the contradiction 

8" - /A(n ,  a* - 1, 8) = f,(Y) + 1 > f,(7) = max (8 - #k(n, a, 8))" 
(~, #) • M r 

Also 8 "  - 1 written lexicographically forward does not appear in A*, because 
otherwise/~k(n, a*, 8" -- 1)= II~(n,a*, 8 * ) -  1 and thus 

8 "  - 1 - I.tk(n, g*, 8" -- 1) = f~(y), a* - -  lak(n, ~*, 8" -- 1) = y + 1 

in contradiction to bisaturation. 
We interpret now these properties in terms of the structures of A* and B* 

under the assumption k )f 8" and derive a contradiction. By our supposition k ~ 8" 
for the last digit d,(fl.* - 1) (i.e. the n-th component of 8" - 1) of integer 8" - 1 
(the biggest number in B*) we have 

d , ( 8 *  - 1) ¢ k - 1. (10.2) 

Let integer 8" - 1 be the l-th lexicographic dement, when it is read back- 
wards (as the numbers in A*). We just proved that it does not appear in A* and 
so l _> a*. Since d , ( 8 *  - 1) ¢ k - i, we get d,( f l*)  = d , ( 8 *  - 1) + 1 and so integer 
8" is the (l + k"-l)-th element when read lexicographically backwards. Therefore 
integer 8" is also not in the list A*. This means that #~(n, a*, 8" + 1) =/&(n, :t*, 8*) 
and thus 

~* - ~ ( . , : ~ * , 8 "  + I) = ~,, 8"  + i - ~ ( n , : e , 8 *  + I) =L(~)  + i, 

which contradicts optimality and completes the proof. 

R e m a r k .  The relation k l(IA I - I BI) need not hold, if we require only (A, B)e d~(n) 
or only (A, B) ~ ~(n). 

E x a m p l e  I. n = 4, k = 2, V = 8, f4(8) = 1 because f4(8) < 2 by (1.7) and f4(8) -> 
f4(9) = 1 by Theorem 3 (i), but 2 ~ 8 - 1. 

E x a m p l e  2. n = 6, k = 2, (A, B) e Y(6) (by inspection), [AI = 3, [B[ = 20, 2 ~ (20 - 3). 

A=(111100,110011,001111}, B = B I O B  z, 

B~ -- (101 010, 101001,100110, 100 101,011010, 

011 001,010 110, 010101,111010,111001}, 

B 2 = (110110,110101,101 110,101 i01,011 110, 

011 101,101 011,100 111,011011,010 111}. 

Note also that here ¢p(A) = (0(B) ~ A ^ B, because (000000) ~ A ^ B. 
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I 1. Solution of Problem III 

It suffices to study the set 

z ( a ( n ) )  = {(z ,n)  ~ c¢~¢CCk(n): IAI = a(n) < Inl}, 

where G(n) is defined in the Introduction. 

(11.1) 

Lemma 9. The set Z(G(n)) consists only o f  pairs (A,B)  for  which IAI = IBI = G(n) 
or equivalently f~(G(n)) = G(n). 

Proof. Clearly there are (A, B )~  Z(G) which are optimal and bisaturated. It suf- 
fices to show that  for such a pair IAI = IBI. 

We know from Lemma 5 that  there exist integers e*, fl*, 0 < ct*, fl* < k" such 
that  

~* - / ~ ( n , ~ * , f l * )  = Ial  = G, (11.2) 

fl* - /~ (n ,  ~*, fl*) -- IBI = f~(IA t), (11.3) 

where A and B are the not  intersected parts of ideals A* and B* with IA*I = ~*, 
4--- 

In*l = fl*. Here A* are the a* smallest and written backwards, B* are the fl* 
smallest n-digit k-ary numbers. 

Then [BI > [hi would mean fl* > ct* and from Theorem 5 fl* > 0t* + k. At 
first we claim that 

I.tk(n, 0~*, OC* ) = Irk(n, n*, fl* ). (11.4) 

Otherwise, since /~k(n,e, fl) is an increasing function of fl, we'd have 

#k(n, c~*, ~*) < #k(n, e*, fl*). Then if A* and A* denote respectively the first written 

backward and the first written forward e* elements of [k] ~, and A' = A * \ A *  ^ A*, 
4---- 

B' = A * \ A *  A A*, then (A',B')~c¢~'C~(n) and min(lA'l, lB'l) = Ia ' l  = ~* - 
t~k(n, ~*, ~t*) > ~* -- l~k(n, ~*, fl*) = G, contradicting the maximality of G. 

We also claim that  

/tk(n, C~*, fl*) -- ~* = /~k(n, fl*, fl*) -- fl*. (1 1.5) 

Otherwise, since :tk(n,c~*,fl*)- e* is a decreasing function of e*, we'd have 
4'-'- ~ - -  ----k 

#k(n,e*,fl*) - co* > #k(n, fl*,fl*) -- fl*. Then with A' = B * \ B *  ^ B* and B' = 

B * \ B *  ^ B*, where B* and B* are respectively the first written backward and the 
first written forward fl* elements of [k] n, we'd have 

min(lA'l, IB'I) = IA'I = fl* - ldk(n, fl*,fl*) > ~* --  #k(n, ot*,fl*) = G 

again contradicting the maximali ty of G. 
From (11.4) and (11.5) it follows that  for every i, 0 < i < fl* - ~t*, 

#k(n, ~* + i, ~* + i + 1) = #k(n, Ct* "Jr i, o~* -1- i) and 

#k(n, (~* 21- i + 1, ~* + i + 1) = #k(n, ~* + i, ~* + i) + 1. 
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Therefore, for every i, 0 < i < 8" - e*, the (a* + i + 1)-th forward lexico- 
graphic element is simultaneously the ( e * + i +  1)-th backward lexicographic 
element, i.e. 

~* = ~*, ~* + 1 = ~* + 1, /~* - 1 = / ~ *  - 1. 

It is easy to veriI~y, that no two consecutive integers e*, e* + 1; e* < kn; satisfy 

c~*=e* and e * + l = e * + l .  Also, we note that e * + l < / ~ * - l ,  since 
/~* - e* > k > 2. This is a contradiction and hence e* = 8*. 

T h e o r e m  6. 

(i) Forn>__2,2[k 

G(n) = ~ and f ,  ~ =--~ 

(ii) For n = 2m, m > 1, 2 ~ k 

k n -  1 and f ,  
G(n) = T 4 

(iii) For n = 2m + 1, m > 1, 21/k 

G(n)=k(k2m-1)4 and f 2 m + l ( k ( k 2 4 - 1 ! )  4 

Proof. (i) Recall (1.6), which was obtained by the Ahlswede/Zhang method: 

k~l 
G(n) < ~-, n > 2. (11.6) 

This bound is achievable for all even k and all n > 2 by the following construc- 
tion: 

{ , . . ,  {0, .....  1}o. 
k k _  

k 2m-  1 
(ii) It follows from (11.6) that G < ~ and this bound is achievable by 

4 
this construction: 

( k m -  1 
A =  al . . . . .  a,.,a.,+l . . . . .  a2m): (al . . . . .  am)s R \-------~-/, 

, 
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- ( k m  + 1"~ 
B =  (bl,...,bm, bm+l .... , b2,,): (bl . . . . .  bm) sR~  ~ ) ,  

where R(s) (resp. R(s)) is the set of s lexicographic smallest (resp. largest) elements 
of [k]". 

(iii) From Lemma 9 it follows that G(n)= m a x ( ~ -  i~k(n,a,~)) and from 

Theorem 5 it follows that if G(n) = ~ - #k(n, ~, fl), then k[a. 
Let us denote g(a) = e - pk(n, ~, ~). 

k m - 1  m+l km +lk, ,+ 1 
Lemma 10. I f  a < ----f-- k or a > ~ , then 

< g = = 

Proof. We use from Theorem 5 in [5] ]~k(n, ~, fl) >_ , from where we get 

g2 
g(a) -- ~ -/~k(2m + 1, a, a) _< ~ - ~ -- P(a), say. 

Also from our Theorem 2 in [10] it follows that g(a) = P(a) if and only ff k "+11a. 
Hence, 

g~,--~kfkm-lm+l\) ---- P ( km@l k i n + t ) -  k(kam- 1 ) 4  - g L---~ - g [ ' k m  + 1 "ra+l~fl 

= p m+l 
- -  o 

Let us note that the function P(e) is monotonically increasing in the interval 

0 , ~  and monotonically decreasing in / ~ , k 2 " + l / .  Therefore, if e < 

k " ;  1 kin+l), km__- 1 km+l (or ~ > ~ then 
2 

/k  m -  1 re+l\ " -  1 / 
g(~) <- P(oO < P L ~ k  ) = g ( ~ - - - k  "+1 

So Lemma 10 shows, that max~ g(e) = G is achieved, when 

- k"  + I k , . + l .  k" 1 km+l _< 0~ _< - -  (11.7) 
2 2 

Proof of (iii). Let us proceed by induction on m. 

m = 1: We need to consider only e divisible by k (since (A,B) is bisaturated) and 
k - 1  2 k + l - 2  

satisfying ~ k < e < ~ k . 
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k - 1  
If a =  

k + l .  2 
k 2 or :¢ = ~ k ,  then we have 

9 ( ~ - - ~  k2) = 9 ( ~  -~-k2) = k(k2 - 1 ) 4  

k + l .  2 
If  k 2 < a < ~ k, then we apply Theorem 5 of [5] and get 

Ct_#k(3, Ct, a ) = a _ [ # k ( 2 ,  a k--12 

= 0 ~ - -  gk 2 

k(k 2 -  1) 

4 

-:1 - ~ k  ,~ + 2 ' 

k - 1  "X k - 1  a 
2 k + 2 "k ) 

k(k  2 1) k - 1  
and G(3) = g(a) = for 4 al l  g = _ _  k 2 + k ' s ,  s = O, 1 . . . . .  k. 

k m-1 - 1 
Suppose it is true for m - 1 and for a = - -  k m + k m-l- s, s = 0, 1, . . . ,  k; 

2 
k(k 2 m - 2 -  1) 

max,  (a - #(2m - 1, a, a)) = 4 and let us prove it for m. 

If max(a'  - #(2m + 1,a',a')) = a - #(2m + 1,a,a), it follows from Lemma 10 

k i n - 1  .,+I k"  f l k~+l ~ k +  lk2m that  ~ k _< ~ ~ ~ and therefore k 2m < O~ < ~ . 

N o w  

a - # k ( 2 m  + 1, a, a) = ~ - I~k 2m, a - -  k , - ~ |  + " 

k - 1 k2m_ 1 _ ,uk ( 2 m  ~ k - - k 2 - 1,~ 2 1 k2m_l, 

a k -  lk2m_ t + + 
k 2 4 

- -  (k - 1) 2 k 2 . _ 1  
=~i -#k(2m- 1,~1,~1) + - ~ k  2m-I "} 4 
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a k -  1 k m -  1 kra+ 1 
km+l km+l where at = k - - 2  k2ra-l' and, since ~ -< e - < - - 2  we get 

k m-I k m-1 + 1 
- - k m  _< a~ _< - - k m .  It follows that a - #k(2m + 1,a,a) is m a x i m u m  iff 

2 2 
a t - - # k ( 2 m - - l ,  a l , a t )  is maximum. According to the induction hypothesis  

k(k 2 m - 2 -  1) 
m a x = ' ( a t - - # k ( 2 m - - l ' ~ t ' ~ t ) )  -- 4 and it is achieved for at  = 

k rn-1 - -  1 
- -  k ~ + k=-l"s;  s = O, 1 . . . . .  k. Hence, max~(e - #k(2m + 1,~,~)) = 

2 

- 1)and ( ~ ) (km-~- lk '+k  "-t k(k2" it is achieved for ce = a t + k 2=-t k = 
4 

) + kin's; s = 0, 1, Finally, we give a con- 

% 

k"  1 
S-I -  k 2ra-I  k -  ~ k  ra+l . . . .  k. 

. ¢  

struction of (A, B) achieving this bound:  

A = {(al . . . .  am, am+l . . . .  a2m, a2m+l):(at . . . .  , a m ) ~ R ( k  ~ -  1~ 
' ' - \ 2 ] '  

(ara+l . . . . .  azm ) e R k + 1 ,az=+l e [k 

~ / ' k  m + 1"~ 
B =  (b t . . . . .  bin, b,,,+ t . . . . .  b2m, b2,,,+,):(b,,...,b,,,)e ~ ) ,  

/ ' km - -  1"~ 

12. Solution of Problem IV 

Theorem 7. The function Q(n) 

(i) 

(ii) 

= max Ial IBI satisfies 
(A,B) e ~gd~k(n ) 

k 2n 
For n >_ 2, 21k Q(n) - 16 

(k  n - 1) 2 
For n = 2m, m >_ 1, 2 ~ k Q(n) - - -  and this value is assumed only for  

16 
(A1,B1) and (A2,B2); ]All _< IBtJ, [A2[ < IB2] with the cardinaIities 

(km - 1) 2 (km q- 1) 2 k TM -- 1 k TM -- 1 
[ A I [ -  4 , I B l l - T ,  IA2I---T-- ,  IB21- T 

(k 2 = -  1)(k 2m+2-  1) and this value is (iii) For n = 2m + 1, m >_ 1, 2~'k Q(n) = 16 

assumed only for (Aa,B3) and (A4,B,) [A3[ < [B31, IA4l -< IB4[ with the cardi- 
naIities 
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IA31 = 
(k" - 1)(k m+l + 1) (k m + 1)(k '~+1 - 1) 

4 , IB31 = 4 

(k '~ - 1)(k m+l - 1) (k s + 1)(k m+l + 1) 
4 , In41 = 4 tA41 = 

k 2n 
Proof of (i). By the Ahlswede/Zhang method, IA11BI -< -i-if' so (i) follows from 

Theorem 6 (i). The remaining cases are more complicated. We need further auxil- 
iary results. 

Lemma 11. Let (A,B)e  c~¢C~k(n); [hi ~ IBI, n = 2m, 2~ k and let l be a positive 
integer. 

k 2 m -  1 
(a) / f l a l  < 12 < - - ,  then 

4 

IAI'IA~(IAI) < 12 "f2.(/2) = 12"(k m - / ) 2 .  

k 2 m -  1 
(b) I f  12 < I a l  < - - ,  then 

4 

lal  + If2ml(Z)l < 12 + Am(/2) = 12 -4- (km - i)2. 

Proof. (a) We use inequality (1.8), that is, 

+ 

Hence 

From Theorem 3 we have 

(12.1) 

f2m(12) = (km __ l)2. 

Therefore, from the condition 

IAI < / 2  < Am(i2) < Am(IAI) 

and (12.1) one has (a). 
(b) In this case we have 

12 < IA] < Am([At) -< A=(/=). (12.2) 

Inequality (12.1) is equivalent to 

IAI + IA.,(IAI) + 2~/]A[ "f2m(lAI) < l 2 + f2m(12) + 2/V/~22m(l=) • (12.3) 

NOW, if [Z[ + f2m(lZl) > 12 + fe,~(la), then from (12.2) and by arithmetic-geo- 
metric mean inequalities we have [al'f2m(IAI)> lZ'f2m(12). Hence [A[ + IBI + 

x/IZ[ "A,(IAI) > l z + Am(l z) + ~ l  z) which contradicts (12.3). 
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Proof of  (ii). Suppose Q(n) is achieved for some pair (A,B) with IBI = A,~(IAI);  
k 2 m -  1 

Ial -< f2m(Ial)- From (1.8) we have Iat --- and we have also 
4 

< IAI < - - - T - - ,  

because l 2 = > IAJ would contradict (a) in Lemma 11. 

If [Z[ = , then by Theorem 3 f2m(IA]) = and this gives 

the cardinalities IA1 I, tBll of the Theorem. 

Now, if[AI > , then from Lemma 11 (b) we have 

/ k , * _ l ,  2 / k i n _ l \  2 f k m - 1 ,  2 / k ' + l ,  2 k 2 m + l  

k TM + 1 k TM - -  1 
or equivalently I A l + f 2 m ( I A I ) < - - - - f - -  1 - ~ ,  from where IAI" 

IA,,(IAI)! < with possible equality only for IAI = Am(IAI) - 4 

- ~ follows from Theorem 6 (ii) and this gives the 

cardinalities of (A2, Bz). 
Clearly an (A ,B)Sg '~ 'k (n )  with ]AI[B[ = Q(n) is optimal and bisaturated. 

Therefore for some a, fl 

ct -- #k(n,a, fl) = IAt, /7 -- #~(n,~,/~) = IBI (12.4) 

and by Theorem 5 

kl~, klfl. (12.5) 

Lemma 12. Suppose that n = 2m + 1, Ial" Inl = Q(2m + 1), IAI ~ IBI and IAI = 
cc -- #k(2m + l,~,fl), [B[ = fl -- lZk(2m + 1,~t, fl). Then 

k -  l k2 m k +  l k2m. < ~ _ < / ~ <  
2 - - - T -  

Proof. Let us introduce 

Gzm+l(a, fl) = (a - btk(2m + 1,a, fl))'(fl -- #k(2m + 1,~t, fl)). 

Since lZk(2m + 1, a, fl) > ~ (by (v) Theorem 5 F5]), stated in Section 2, we 

have 

G2,~÷l(ct, f l ) < (  a k ~ + i ) f l - k @ ~ + ~ ) = c ~ ( l  k2~+t)" fl (1 k2fl+x ) 

= P(c~, fl), say. 
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It is easy to see that 

P(al, 8) < P(cq, 8), 
k2ra+l k2ra+l 

if ~ 1 < ~ 2 < ~  or ~ 1 > ~ 2 >  2 

and 

k2rn+l k2m+1 
P(~t, f l l )<P(~ , fz ) ,  if 8 1 < 8 2 < ~  or 8 1 > 8 2 >  

k + l  2,~ Suppose that e < k 2__.~1 k2 m (or e > ~ k ), then 

On the other hand since klfl by (12.5), then P(~-~-~-k2m, f l ) =  

G2m+l(~-~k2m, fl), (we apply Theorem 2 of [ 1 0 ] ) a n d  hence Q(2m+ 1)<  

Proof of (iii). Let us proceed by induction on m. 

m = 1: From Lemma 12 one has 

k -  l k :  k +  lk2 
< ~ < 8 <  

2 - - 2 " 

k - - 1  k + 1 Case. ~ = 2 - ~ k 2  (or fl = k2). 
2 

Since k2lct and klfl, we have #k(3,k_~_k2,fl ) k - 1  fl = 2 • ~ and 

(12.6) 

us consider the function T(fl)= fl(k 2 -ill" We verify that T(f l l )< T(fl2) Let if 
\ 

k a k 3 
~1 < f12 < ~ or #1 > f12 > -~-. 

k(k 2 - 1)(k 2 + 1) 
Hence, taking account of 2 ~ k, klfl one has maxkLa,2~k T(fl) = 4 

k a -  k k a + k 
and the maximum is achieved for fit - 2 , f12 = ~ only. 
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So, m,,x, O, ,,2, ' )  , , , ' -1, , , , ' - , ,  = 16 and 

[Aal = k2 --  #k 3, k 2 ,  f l  I = ( k  - 1)(k 2 4- 1) 
-~--~ ( ~ - ~ )  4 

4 

o r  

Case. ~ k z < 

I[A'd = k 2----~lkZ - #k(3'~"~-k2'fl2) = (k --1)(kz 

/A(3, k - l k 2 n ' ~  (k+l)(k 2+1) 
L IB41 f12 - - y -  ,~2j = 

k + l .  2 ~ _< fl < - - - y - k  

(12.7) 

We apply Theorem 5 of [5]: 

gk( 3,a'fl)=/~k 2,~ k k2 ' + ~ k  

k - l k ,  k 
1,k 2 2 ~ ~ k  

( k - 1 )  fl ( k - 1 ) ~  ( k - 1 ) ( k - 1 ) k  + - -  + - -  
2 k 2 k 4 

_~ __k-lk+k__-lfl+__k-la (k-t)Zk 
k 2 2 k 2 k 4 

k + 1 fl(k--1)~ k(k 2 - 1) 
= ~ " ~ - k - -  + 4 

(12.8) 

and hence 

Ga(a, fl) = (e - 12k(3, a, fl))(fl -- #k(3, Cq fl)) 

- k(k2_4 .- ( k _ ~  k + l  k(k 2 -  = ( - ~ a  - ~ - i f l  + 1!). f l _ ~ +  4 I)) 

Nowletusdefinefl-o~=xandconsiderthefunctionL(x)=x(l-  ~ ) .  We 

k z k 2 
verify that L(xl) < L(x2), ifx z < x 2 < -~- or x z > x 2 > ~-. With regards to 2~k, 
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k2-k(k2-k.) ( k - 1 ) ( k +  1 ) a n d  it is 
kla, kl/3 one has maxkl~,L(x)= ~ 1 2k 2 = 4 

k 2 - k k 2 + k 
achieved only for xl  = ~ ,  x2 = T .  Therefore from (12.9) 

k2(k 2 - I )  2 (k 2 - 1 ) ( k - 1 ) ( k + 1 )  (k 2 - 1 ) ( k  4 - 1 )  

G3(a'fl) = 16 + 4 . 4  = 16 

Furthermore,  substi tution of/3 - a = xl  (or/3 - a = x2) in (12.8) give us 

(k - 1)(k 2 + 1) ( k -  1)(k 2 - 1) 
/ . tk(3  , (Z, f l )  = a - -  4 or a 4 

and hence the same parameters  for (A3, B3) and (A,, B,) occur. N o w  suppose that  
(k 2"-2 - 1)(k 2" - 1) and it 

the statement is true for n = 2m - 1 that is Q2,,-1 - 16 

assumed only for 

i {k "-1 - 1)(k,. + 1) I "IA I--  4 IA~,I-- 

(A'a,B'a), (A~,,BD: (k "-~ + 1)(k" - 1)' IBm] 
IBBI 4 L 

(k "-1 - 1)(k" - i) 

4 

(k m-1 + 1)(k" + 1) 

4 
(12.10) 

According to Lemma 12 one has 

k -  ik2m < a < /3 <k + 1 .2"  " 
2 - - - T t c  ' 

a =  k + l  2,. Case. k 2____11 k2" (or/3 = T k ) 

Since k2,.la, klfl then l& k2,.,fl = (k-_kl)/3 and G 2 , . + l ~ k  ,fl = 

( ~ k 2 "  (k-2 1 ) ~ ) ( f l  ( k - l ) ~ ) = ( k - 1 ) ( k + 2  4k 1).fl k2"_,./(~) We v e r i f y  

(~-~-- ) k2,.+l - k k2,.+i ..b k 
that  max G2m+t k2,.,fl is assumed for/31 = 2 or f12 = 2 

(k2" 1)(k 2"+2 1) L 1 

i fm > 1 and so a > ~ _ - ~ k  TM- 
16 2 

(k  TM - 1 ) ( k  2" + 1 ) ( k  2 - 1) 

16 
< 

k 2 lk2"  k +  1-2,.  C a s e . -  < a <_ fl < - T -  g 

We apply again Theorem 5 of [5]: 
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and so 

~ - 1  ~.,~', k - I / ~  Uk(2m + 1, a, fl) = #k 2m,= -- - - ~ k  , ~ )  + - - - ~  

( ~ k - i  ~ k-lk2,,,_l ) =/~k 2 m - - l , ~  ~ k 2"-~, 

k - l f l  k - l a  ( k - l )  zk2,._l 
+ 4 

2 k 2 k 4 

k + l ,  
- /z~(2m + 1,~,fl) = - - ~ t a l  -/1~(2m - 1,~l,fll))  

and 

(k - 1) 

2 
- - ( f l ~  --/~k(2m -- 1,cq,fll)) + ~ k  2m-1 

(12.1 I) 

fl - #k(2m + 1, ~, fl) (k + .~_  - 2 1)(/~ _ ud2m - 1 ,~ ,&))  

(k 2 - 1) k2,,,_~, 
4 

( k -  1)k2,._l, fl~ fl k -  lk2m_ t where "1 = k ~ - k 2 " 

Substituting (12.11) in Gz,.+ I (~, fl ), after simplification one has 

G2,.+,(=, 3) = G2,.- ,  ( ~ , / ~ ) ' / J  + - -  (k 2 - 1) 2 k4m_ ~ 
16 

+ (k2~ - 1)(. 1 + ,8~ - 2,uj,(2m - 1,~,f l~))  

Therefore, 

max Gz.~+l(~.3) < - -  

"( k2"-1 - (~1 + 3a - 2#k(2m - 1,cq,fll)) ). 

( k2 -- 1)Zk4,,-2 k 2 - 1 
16 + max G2m_ ~ (~i, ill) '  k2 + - - ~ "  max R(y), 

Y 

where y = ~t + fll - 2#k(2m -- 1, el , i l l  ) and R(y) = 2(k 2m-1 - y). By the induc- 

tion hypothesis max G2,.-1 (el, f l0 - -  (k2m-2  - 1)(k2m - 1) and is achieved only for t6 
(see (12.10)) 

{~'1 f"'~ -/~k(2m - 1. ~';, fli' ) = lASt #k(2m 1, ~'l,fl'l) IA;t 
fl'a uk(2m 1,cfi,fl;) }B;] and _[B;,_~k(2m 1 . . . . . .  . (12.12) ,~ l ,P l )  IBm,} 
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(k 2ra-1 - 1)(k 2"-x + 1) 
Also we verify that  max r R(y) = 4 

k 2m-I - 1 k 2ra-1 + 1 
sumed for y~ = 2 , Y2 - 2 

Hence 

and the maximum is as- 

and they are compatible with (12.12). 

kZ(k zm-2 - 1)(k TM - 1) (k 2 - 1)2k 4m-2 
G2m+I(~,P) --< + 16 16 

(k 2 - 1)(k zm-1 - 1)(k 2m-1 + 1) (k z m -  1)(k 2m+2 - 1) 
+ = 

16 16 

On the other hand we take ~* = (~l + ~--~k2m-1)k, fl = (fll + ~ - k 2 " - 1 ) k  

(k TM -- 1)(k 2m+2 - 1) 
and verify G2m+l (e, fl) = 16 

The optimal constructions • are: 

{ & = (a~,..., am, am+l, . . . ,  a2m+l):  ( a l  . . . .  , am) s_Rm 

(a,+l . . . . .  a2m+l) ~ t~m+l ( k ' + 2  + 1 )}  

f - {km + 1~ 
B 3 = ~.(b' . . . . .  b. , ,b , .+ , , . . . ,bz . ,+ t ) :  (b, . . . . .  bm) s R.,L---2--- j, 

and 

A,={<a, ..... a.,o.+, ..... 

(a,+ t . . . . .  a2m+t) ~ 1~,+ 1 (km+; - 1))--__ 

- {km + 1"~ 
B~ = (b, . . . . .  b , ;b,+,  . . . . .  b~.+,): ( b , , . . . , b . ) ~  g . ~ , - - - ~ ) ,  

(bm+t . . . . .  b2r,+t) s Rm+l (km+l + 1)} .  

13. Solution of Problem V 

From Lemma 4 in Section 4 we conclude that  

%(n) = max (~ - #k(n,~,~ + A)). 
O~a~k n 

(13.1) 
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It is convenient  to introduce the function 

F,(~,fl)  = ~ - #k(n,~,f l)  (13.2) 

and write for any A, - k "  < .4 < k" 

an(n) = max F,(~,~t + A). (13.3) 

Theorem 8. 

(i) n = 2m: For  any A and t with - k  TM _< k TM - -  2 t k "  - k "  < ,4 <_ k TM - -  2 t k "  + 
k rn ~ k TM 

aa(n) = F2m(tk", t k "  + ,4). 

(ii) n = 2m + 1: For  any A and t with - k  2m+l ~ k 2m+I - 2tk m+l - k "+l < '4 < 
k2m+l _ 2tk,,+l + k "+x _< k 2m+l 

aa(n) = F2m+l(tk "+l, tk '~+l + "4). 

The proof  uses three auxiliary results (Lemmas 13, 14, and 15 below) concern-  
ing the function F,, which are obtained by a thorough analysis. Essential use is 
made  of properties of  the func t ion /4 ,  which were obtained by Daykin,  Klei tman,  
and West. We rely upon their Theorem 5 in [5], which is restated in Section 2 
and from now on will be refered to as Theorem DKW.  

We present and prove now our  auxiliary results. 

L e m m a  13. Assume that 0 < s < k, ~ <_ s" k "-l ,  and fl <_ (k - s)k "-l .  Then  

min(~,fl) 
(i) F,(~, fl) _> F,(g - rk, fl - rk) f o r  all r; 0 <_ r <_ - -  

k 
(ii) I f  k[~, then F,(~,fl)  >_ F,(g - 6,fl - 6 ) f o r  all 6; 0 <_ 6 <_ min(g, fl). 

Proof.  (i) F rom Theorem 4 in [5] (see Section 2) it follows that  #k(n, ~, fl) can he 
assumed for a pair of ideals A, B with [AI = ~, IBI = fl, where A are the ~ smallest 
and written backwards, B are the fl smallest n-digit k-ary numbers.  Further ,  we 
cont inue to denote by 2 (resp. 2) the x-th lexicographic vector written backwards  
(resp. the x-th lexicographic vector). 

Now let 

A = A 1 U A  2 with [ A l l = ~ t - r k  , I A 2 l = r k  a n d l e t  

B = B1U B 2 with IBll = fl - rk and IB21= rk, 

where A ~ (resp. B~) is the set of the (ct - rk) smallest lexicographic vectors written 
backwards  (resp. ( f l - r k )  smallest lexicographic vectors). Then  F~(ct, f l ) =  
I A 1 U A 2 [ -  I ( A I U A 2 ) A ( B i U B 2 ) I  = IA~[ + [A21 - I A I A B ~ I -  IA1AB21 -- 
IA2 A (Bi UB2)I and F~(~t - rk, fl - rk) = IAxl - [a~ ABI[. 

We notice in view of the bound  on :t that the last component  of a vector  in 
the ideal A is never one of the (k - s) integers s, s + 1 . . . . .  k - 1 while each of the 

IB2I 
digits 0, 1 . . . . .  k - 1 must occur  exactly T = r times in the last component  of a 
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vector  in B2 because the vectors in B 2 a r e  consecutive. It  follows that  IA1 N/321 < 
I B21 - r(k - s). Similarly, in view of the bound  on fl, it follows that  the first com-  
ponen t  of a vector  in the ideal B is never one of the s digits k - s, k - s + 1, 

. . . .  k - 1 while each of the digits 0, 1, . . . ,  k - 1 must  occur  exactly ~ = r t imes 

as a first componen t  of  a vector  in A2 since the vectors in A2 are consecutive 
(in the backward  order). I t  follows that  I A 2 rl (Bz U B2)I < I A 2 [ -  rs and therefore 
F,(a, fl) > [azl - lAx N Btl = F,(~ - rk, fl - rk). 

(ii) Suppose  that  A = A'~UA'~ with [A*I = a - 6, [A~[ = 6 and B = B '~UB~  with 
[B~'[ = f l -  6 and tB~[ = 6, where A~' (resp. B~') is the set of  ( a -  6) smallest  
lexicographic vectors  writ ten backwards  (resp. ( a -  6) smallest lexicographic 
vectors). F r o m  (i) it follows that  it is sufficient to consider 6; 0 < 6 < k. 

We consider the first componen t s  of  vectors A~. As kla the first c o m p o n e n t  of  
the a- th  vector  is equal to k - 1. Hence,  the first componen t s  of vectors A* are 
k - 6 ,  k - 6 +  l , . . . , k - 1 .  

We consider separately  cases a) 6 < s and  b) 6 > s. 

a) 6 _< s: Then A ' ~ N ( B * U B * ) =  Z,  since fl <_ ( k -  s )k  "-~ implies that  the first 
componen t s  of  vectors  B = B* U B~' are smaller than  or  equal  to k - s - 1 < 
k - s < k - 6. Also, clearly [A~'NB~'I _< [B~'[ = [A~[ = 6. Therefore,  F,(ct, fl) = 
[ A ~ ' U A * [ -  [ ( A * U A * ) N ( B t U B * ) [  = [ a * [ -  ]AI'NB~'I + I A ~ I -  IAI'NB~'I -- 
IA~ n (B* u B~)I >- IA*I - IA* n B t t =  F.(~ - 6,/~ - 6). 

b) 6 > s: Then  ] A ~ N ( B * U B ~ ) [  < 6 - s  since the first componen t s  of  the 6 vec- 
tors in A~ are k - 6, k - 6 + 1 . . . . .  k - 1 while the first componen t s  of  vectors  in 
B are < k - s - 1 in view of fl < (k - s)k  "-z.  N o w  suppose that  the last compo-  
nents of  the 6 vectors  in B* are i, i + 1, . . . ,  i + 6 - 1 (rood k). These integers are 
distinct because 6 < k. I t  follows that  [A~' N B~'I < s since otherwise some vector  
in A* would have last coordinate  > s, which would imply [AI'[ _> (s + 1)k "+z, 
contradic t ing tha t  [A*I = a -  6 < ~ < sk  "-x. Therefore,  F,(e,  fl) = [A*[ - 
IA*NB*I + Ia~l - IAI 'NBI ' I  -IA'~N(B*UB~)I >_ Im*l - I A I ' N B I ' I +  6--  
(6 - s) - s = tA~'I - I Z *  NB~'[ = F,(~ - 6, f l  - 6). 

Corollary.  Le t  0 < s < k; ~ > sk  "-z  and fl > (k - s)k  "-z,  then 

(i) F.(7, fl) >_ F.(ct + rk, fl + rk) 
(ii) kl~ implies F.(ct, fl) _> F.(~ + 6, f l  + 6). 

Proof .  We use the identity (iv) of  Theo rem D K W ,  that  is I~k(n, k" - ~, k" - fl) = 

#k(n, Ct, fl) + k" - o~ - ft. One has F.(~, fl) = ot - #k(n, ~, fl) = ~ -- #k(n, k" - ct, 
k" - fl) + k"  - a - f l  = k"  - f l  - # k ( n ,  k"  - -  f l ,  k"  - a )  = F . ( k "  - f l ,  k"  - a )  and 
F.(a + rk, fl + rk) = F.(k"  - fl - rk, k" - ~ - rk). 

We introduce ~ * =  k " - f l  and f l * =  k " - ~  and observe that  ~*<_ s . k  "-z,  
f l * <  ( k -  s)k "- t .  According to (i) in L e m m a  13 one has F.(a, f l ) =  F . ( k " - - f l ,  
k" - a) = F.(a*, f l*)  >_ F.(ct* - rk, fl* - rk) = F.(k" - f l -  rk, k " -  e - rk) = 
F.(ct + rk, fl + rk), 

Analogously  one can prove  (ii). 
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L e m m a  14. Assume  that  k ~ a  and a =-at  m o d k ,  0 < al  < k. Then  F,(a, f l ) <  
max{F, (a  - a l , f l  - a i ) , F , ( a  + k - a l , f l  + k - al)}. 

Proof .  As in the p roof  of  L e m m a  13 let A, lAI = a, be the ideal of the a smallest  
lexicographic vectors writ ten backwards ,  and B, I BI = fl, be the fl smallest  n-digit 

k-dry vectors. The  first componen t  of a -*---1, being biggest vector  in A, is equal  to 
( ( 

al  - 1, since a = a 1 (modk).  We distinguish two cases: a - 1 e B and a - 1 ¢ B. 

1) a - l e B :  Then a - l = ) ' f o r  some ? < f t .  I t  is easy to see, tha t  a - i =  

y - ' i k  "- t  for all i = 1 . . . . .  a~. Hence  a ( -  i e B for all i = 1 . . . . .  a I. Therefore,  if we 
remove  the last a~ vectors  f rom A, we decrease Af l  B by a t. This is equivalent  to 
#k(n,a, fl) = 12k(n, a -- a l , f l )  + a t >_ #k(n,a -- ~Xl, fl -- a t )  q- a t ,  f rom where one has 
F . ( a  - a t , / ~  - / ~ )  = a - a l  - # k ( n ,  a - a ~ , / ~  - ~ t )  - a - u , ( n ,  a , / ~ )  --- F . ( a , / ~ ) .  

2) a ( -  1 ~ B: Then clearly a~'+"i(s B, i =  0 . . . . .  k -  a 1 - 1 .  We add the next 
(k - a~) lexicographic vectors to the ideals A and B: A* = A U B', B* = B U B'; 

, _  - -  -------k 

A' = { a , . . . , a + k - * Z - a l  1}, B ' = { f l ,  . . . .  f l + k - a  i - l } .  Let us consider 

A* FI B* = (A* fl B) U (A* FIB'). As ~4-+---i ~ B for i = 0 . . . . .  k - a t - 1, then 

A * f ' I B  = A A B .  

Also, obviously ]A* AB'[ _< tB'I = k - a t. Therefore,  #k(n,a + k - a l ,  fl + k - a t )  

= IA*FIB*I = [ A * A B ] + I A * A B ' I  = M A B I + M * A B ' ]  = Izk(n,a, f l ) +  

[A*AB*[ < pk(n,a, f l ) + k - - a  i or equivalently F , ( a + k - a l ,  f l + k - a t )  = 
a + k -- a t - Pk(n,a + k - a i ,  fl + k - a i )  > a - #k(n,a,  fl) = F.(a, fl). 

N o w  we try to est imate max .  F.(a, a + A) for arbi t rary  fixed A. We concen- 
trate on the case n = 2m. Obviously,  for any A, there exists a unique t, such that  

k TM - 2 k " t  - k "  < A < k TM - 2 k ' t  + k".  (13.4) 

L e m m a  15. (i) I f  sk m-1 < t < (s + 1)k m-i, then m a x j z m ( a ,  a + A) can be at tained 

when 

kid, sk 2m-l <_ a <_ (s + l )k  2"- I  and ( k - s -  1)k 2 " - l _ < a + A _ < ( k - s ) k  2m+l. 

(ii) I f  t = sk m-i, then in case 

(a) k TM - 2 k " t  < A <_ k TM - 2 k " t  + k m 

max~f2,~(a, a + A) can be attained, when 

kla, sk 2 " - 1 -  k m < a < sk 2"-1 and 

( k - s ) k  2 m - l _ < a + d _ < ( k - s ) k  2 m - l + k  m. 

and in case 

(b) k 2m - 2 k " t  - k m < A < k TM - k ' t  

max~ F,(a, a + A) can be obtained when 

kid, sk am-l < a <_ sk am-l + k m and 

(k - s)k 2m-~ - k m < a + A <_ ( k -  s)k 2~-1. 
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Proof.  (i) kt~ follows from Lemma 14. As sk m-1 < t < (s + 1)k m-l, then 

sk 2m-1 + k m <_ tk m <_ (s + 1)k 2'n-1 - k"  

and using (13.4) one has 

k 2m - 2(s + 1)k 2m-1 + k m < .4 < k TM - 2 s k  2m-1  - k m .  

Now, if ~ < sk 2m-1, then 

O~ q" d < k TM - -  s k  2ra-1 - k m = k 2 m - l ( k  - s )  - k m 

and we apply Lemma 13. Thus 

F2, ( sk  2"-1, sk 2"-1 + .4) > F2m(~, ~ + .4). 

If ~t > (s + 1)k 2m-1, then e + .4 > (k - s - 1)k 2"-1 + k"  and we apply the 
Corollary above. Thus 

F2m((s -I- 1)k 2m-l ,  (s q- 1)k 2m-I n t- .4) _> F2m(a, a q- .4). 

I f s k  2m-1 < o~ < (s + 1)k 2m-1, but (k - s - 2)k 2m-1 < ~ + A < (k - s - 1)k 2m-1 
or (k - s)k 2m-x < o~ -t- .4 < (k - s q- 1)k 2m-1, then we apply again Lemma 13 or 
the Corollary, respectively. 

The proof  of (ii) is analogous. 

P r o o f  o f  Theorem 8. Suppose that  sk 2rn-1 ~ tk  m < (s + 1)k 2m-1. We proceed by 
induction on m: 

m = l :  

k 2 - 2kt  - k <_ .4 < k 2 - 2kt  + k. (13.5) 

F rom Lemma 15 (ii) it follows that  max=F2(ct, e + A) can be attained, when 
ct ~ {(t - 1)k, tk, (t + 1)k}. Using (ii) and (vi) of Theorem D K W  we verify 

F2((t - 1)k,(t - 1)k + '4) = (t - 1)k - (t - 1) 2 - ~ 
j=O 

F2(tk, tk + A) -- tk - t 2 - ~ , and 
j=O 

From here, using (13.5), one has 

F2(tk, tk + . 4 ) -  F2((t - 1 ) k , ( t -  1)k + .4)-- k -  2t + 1 - / A - ( t -  i) / > 0 
k 

and 

F2(tk, t k + A ) - F 2 ( ( t + l ) k , ( t + l ) k + ' 4 ) = 2 t + l - k + [ ~ - - ~ l > - O .  

So, max~F2(e,e + A) = F2(kt, kt  + .4) for all .4 satisfying (13.5). 
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m - 1 --* m: Suppose (i) is true for m - 1, with respect to any A l, tl satisfying 

k2m-2  - 2tl kin-1 - kin-1 < .41 < k2m-2 - 2tl k ' - I  + kin-1. 

That is 
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- (s - 1 ) sk  2m-2 - 
i=o 

= s(k - s)k 2m-2 - ~ (13.7) 
i=0 

and 

F2m(e, e + .4) = e - / 4 (2m,  a, e + .4) 

= e - # k  2 m - l , k , e + A - ( k - s ) k  2'~-1 - ( k - s ) ~  

(2 I =°~--12k m - 2 ' k  - ( s - 1 ) k 2 m - l '  - ( k - s ) k 2 m - 2  + k 

- ( k - s ) ~ - ( s -  1) + ( s -  1 ) (k - s )k  2 m - 2 -  
i=0 

--- sk2m-t -12k(2m-  l,kZm-l,sk2m-2 + f .4 - s q" 

max F2,,_2(ct,~ + `41) = F2m-2( t lkm- l , t~  kin-1 + A1)" 
tg 

I )  Case tk m = sk 2r"-l, m >_ 2: 
(To prove this case we do not need to use induction hypothesis.) 

a)  k TM - -  2 s k  2m-1 ~ .4 < k TM - -  s k  2m-I  q- k": 

According to Lemma 15 (case (a) in (ii)) it follows that rnax~ F2m(~,~ + .4) can be 
attained when 

kIct , s k  2m-1 - k m . (  ¢t <_~ s k  2 m - l ,  (k - -  $)k 2m-1 ~ ct -t- .4 <__ (k - s ) k  2m-1 q- km. 

If • + .4 = (k - s)k 2m-l, then we verify (using formula (iv)of Theorem DKW) that 

F2m(sk2"-l ,sk2m-1 + .4) = F2m((k - s)k 2m-~ - .4,(k - s)k2m-1). 

Let ~ + A > (k - s)k 2m-1 and hence sk :m-1 - k m < ~. T h e n  

k l~ ;  sk  2m-1 - k ra < ct ~ sk2m-1;  (k - -  s )k  2m-1 < ct + .4 < (k - s ) k  2m-1 + k m 

(13.6) 

We compare values F2m(sk2'n-l,sk 2m-1 + d) and F2m(Ct, e + d), where e satisfies 
(13.6). Using formulas (ii) and (vi) of Theorem DKW one has 

F2m(sk 2m- t ,  s k  2m-1 + A)  = sk  2m-I  - / 4 ( 2 m ,  s k  2m-l ,  s k  2m-1 q- `4) 
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= ~ + ( s - 1 ) ( k -  - 2 
y=O 

( [ d - s +  1 ] )  
a 1)k2m_ 1 a ( k - s ) k  2m-2 + 

- # k  2 m  - -  2 , ~  - -  ( s  - -  ' k -  k 

1)k2m-1 k2ra-2 F rom (13.6) if follows that k 2m-2 - k  m-1 < ~ - ( s -  < and 

~. - (k - s)k 2"-2 [ A  - s + 1 -] • m t 0 < + [ - - - -~ -  - - |  < g - . Let us show that for all 7, 6 such 
! 1 

tha t  k 2m-2 - k m-1 < 7 < k2m-2,  0 < 6 ~ k m-1 it is t rue  tha t  I . t k ( 2 m  - -  2, 7, 6) = 6. 

7 '6  7 '6  
It is known that #k(2m -- 2,7, 6) _> ~ implies #,(2m -- 2, 7, 6) >_ ~fg=g > 

(k 2m-2 -- kin-l)6 6 
k 2 m _  2 = 6 - ~ _> 6 - I. So, 6 _> #k(2m - 2, 7, 6) > 6 - 1 implies 

( = - 1)k ,~ - (k - s)k 2"-2 + #k(2m -- 2, 7, 6) 6. Therefore, # 2m 2 , ~ - - ( s - -  2,-1 ~ 

[ A -  s + 1 ] )  e k  = ~ - ( k  - s)k 2m-2 q- V d - s + l l  a n d h e n c e f ° r a l l a s a t i s f y i n g k  

(13.6) one has 

F2ra(~,¢~ + A)  = s ( k  - s ) k  2ra-2 - ~ ,  = f 2 m ( s k 2 r a - l , s k  2m-1 + A). 
j=o 

b) k TM - 2sk 2m-1 - k m ~_ d ~_~ k 2m - 2 s k 2 m - l :  

This case can be treated analogously. So, if t k "  = sk  2m-i, then 

max F2m(~, ~ + A) = F2m(sk 2m-I, sk 2m-1 4" .4). 
~t 

2)  Case sk 2m-x < tk  ~ < (s + 1)k 2m-1, m ~ 2: 

Using again formula (ii) of Theorem D K W  one has 

F2 . ( t k  m, tk m + A) 

= tk m - #,(2m, tk m, tk  m + A) 

= t k  m - -  (k - s - 1)tk m-1 - #,(2m - 1, tkm- l ,  tk  m + d - (k - s - 1)k 2m-i) 

= tk m -  ( k -  s -  1)tk m-t - s tk  m-1 + s ( k -  s -  1)k 2m-2 - ~ 
j=O 

= k r l t  + sk2~'-2(k - s - I) - 
j=0 

(13.8) 
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L e m m a  15 says  t h a t  in this  case  max~ Fzm(e, 0¢ + A) can  be a t t a ined ,  w h e n  

k[e,  s k  2ra-1 N ~ < (S q" l ) k  2m-1  a n d  (k - -  S - -  1 )k  2ra- i  _< ct -t- A _< (k - s ) k  2 ' n - t .  

A t  first  let  us c o n s i d e r  the  e x t r e m a l  cases,  t h a t  is (*) e = s k  2rn-I a n d  (**) e + A = 
(k - s - 1)k 2m-i. 

(*) ~ = sk2m-t:  U s i n g  (13.7) a n d  (13.8) one  has  F2,~(tkm, tkm + A ) -  F2m(sk 2m-i, 
s k  Era-1 + A) = k in- i t  - -  s k  2ra-2 - #k(2m --  2 , k ' - l t  - -  s k  2 r a - 2 , k m - l t  - -  

(**) e + A = (k - s - 1)k2m-l:  As  kle ,  we have  k i d  a n d  hence  

sA 
F2m(tk m, tk  m + A) = k ~'-I + s k 2 " - 2 ( k  - s - 1) k 

a n d  we verify t h a t  

- # k ( 2 m - 2 ,  k ' ~ - l t - s k 2 r 2 ,  k m - l t - ( k - s - 1 ) k 2 " - 2 + k  ) 

(13.9) 

F2m((k - s - 1)k 2m-1 - A , ( k  - s - 1)k 2m-i) 

= (k  - s - 1 ) k  2 m - 2 " ( s  d- 1) 
zt(s + 1) 

k 

The re fo re  

F2,.(tkm, tk  m + A) -- F2m((k - s - 1)k 2m-1 - A , ( k  - s - l ) k  2m-i) 

A 
= k " - l t  - k 2 " - 2 ( k  - s - 1) + 

- #k 2m - 2 , k in - i t  - sk2m-2, k m - l t  - k2m-2(k - s - 1) + ~ > 0. 

N o w  let 

kl~,  sk  2m-l < e < (s + l ) k  2m-1 a n d  ( k - s - 1 ) k  2 m - i < e + A < ( k - s ) k  2m-i.  

T h e n  (we use (ii) of  T h e o r e m  D K W )  

F2m(ct, e + A) = ~ + sk2m-2(k  - s - 1) 

-Pk  2 m - 2 , ~  , ~ -  

- - ~ .  . 
j=0  

N o w  we c o m p a r e  the values  F2m(tk m, tk  m + A) a n d  F2m(e, ~ + A). O n e  has  

f~m(tk ~', tk ~ + zl) - F2m(~, ~ + / 1 )  = tk ~-1 - - - #(1) + #c2~,  (13.10) 
k 
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2k.1   k2. 2k.lt s 1,k2. 2 i 1) 

&2) = #k 2m --  2 ,~  --  , ~  --  ( k ' -  s - + . 

°~--$k2m-2.  T h e n  /Zcl)= We use abbrevia t ions  t I = t - s k  m-1 and ~t = ~  

I.tk(2ra --  2, k m - i t l , k m - l t l  + all) and /zc2 ) = #k(2m --  2,~i,C~ 1 + "41), where A1 = 

( 2 s + l - k ) k 2 m - 2 + [ ~ - ~ ] . W e v e r i f y t h a t  

k 2 m - 2  - -  2tl  km-I -- kin-1 < '41 - k 2 m - 2  - 2tl kin-1 + kin-1. 

(13.10) can be wri t ten in the form: 

F2m(tkm, tk  m + ,4) - F2m(a,a + ,4) = F2,~_2( t lk '* - l ,  t i  kin-1 + ,41) 

- F2m-2(al,Cq + ,41) >- 0, 

accord ing  to the  i n d u c t i o n  hypothesis.  We remark  that  (ii) can be proved  in the 
same way.  

Finally we in t roduce n o w  s o m e  simplification for the de terminat ion  of  the 
value F2m(tk m, tk  m + ,4). If  A satisfies (i), then 

t k  m + ,4 = k TM - -  k ' t  + 6 for s o m e  - k "  _< 6 < k m. 

L e m m a  16. 

a) I f  - k  m <_ 6 <_ O, then 

F2m(tk m, t k  ~ + "4) = t 2 + t - lZk(m, t, k "  + 6) 

(b) I f  0 <_ 6 <_ k ~, then  

F2m(tk m, tk  m + "4) = t 2 - ~tk(m, t, 6). 

Proo f .  a) - -k  m _< 6 _< 0: 
Let t k  ~ = s l k  2m-1 + S2 k2m-2 -1" "'" -[- Srak m. Then  

t k  m + "4 = k 2m - kmt + 6 = (k - s 1 - 1)k 2m-I + . . .  + (k - s,~ - 1)k m + k m + 6. 

We use again  fo rmula  (ii) of  T h e o r e m  D K W .  One  has 

~k(2rn, t k  m, (k - s - 1)k 2m-I + " "  + (k - s m  - 1)k m + k"  + 6) 

= # k ( 2 m - -  1, k m - l t , ( k -  s2 - 1)k 2m-2 + " "  + k m + 6) + ' "  

+ (k - s i - 1)kin-it = " "  = I.tk(m, t, k m + 6) + ~ (k - s~ - 1)km-~t 
i=1 

= #k(m, t, k m -b 6) "b kmt - t - t ~ s ik  m-i = #k(m, t, k m + 6) + kmt - t - t ~-, 
i=1 
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because ~ sik m-i = t. Therefore we have 
i = i  

F2m(tk ra, tk m + A) = tk m - #k(tk m, tk m + A) = t 2 -I- t - lZk(m, t, k m + c5). 

(b) is proved analogously. 
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14. On Optimal and Bisaturated Pairs 

Recall that (A, B ) ~  Cg~CCgk(n ) is called optimal exactly if ]BI = f,(lAI). An optimal 
pair  (A, B) is always A-saturated, but  not  necessarily B-saturated. We try to de- 
scribe pairs of cardinalities (IAI, IBI) for all pairs (A,B),  which are optimal and 
bisaturated. Earlier we denoted this set by ..¢1(n) = dT(n) fl 6P(n). Clearly for (A, B) 

(A ,B)  ~ ~ ( n )  iff L(L(IAI)) -- IAI. (14.1) 

We also know (see Corollary (iii) in Section 7), that for all 

and hence for all a 

(c, D) ~ ~(n), 

f~(f~(L(a))) = f~(a) (14.2) 

[Cl=f~(a) ,  I D l = f , ( f ~ ( a ) )  implies (C ,D)~ . / g (n ) .  (14.3) 

Theorem 9. Le t  (A ,B)  ~ ¢(n), [hi = a, [B[ = f,(a).  Then 

(i) (A ,B)  ~ J l (n )  implies kl(IZl - lnl). 
(ii) For all a < k "-2 (A, B) e ./g(n). 
(iii) For all a, k ~-2 < a < k" -Z(k  - 1) z, (A ,B)  ~ .lit(n) iff kl(Ial  - Inl). 
(iv) For any integer A; - ( k "  - sk "-1) < A < k n - 2k~-1; with klA there is a unique 

a; k ~-2 < a < (k - 1)2k ~-2 f o r  which (A ,B)  ~ sit(n), 

Ial = a, Inl = f,(a) and IBI - [Zl = 3, 

(v) Le t  M(n)  equal the number  o f  different pairs o f  integers (IAI, IBI), where 
]AI < IB[ and ( A , B )  E .ll(n). Then 

M(n)  = k ~-1 - k ~-z + 1. 

At first let us introduce an auxiliary result. 

Lemma 17. Le t  k ~-2 < a <_ (k - 1)2k n-1 and let 

- 12k(n,O:,fl) = a, fl -- I~(n, ct, fl) = f,(a). (14.4) 

Then k ~-1 < ~, fl < (k - 1)k ~-1. 

Proof.  We know that 

fn(k n-2) = (k - 1)2k n-2 (follows from Theorem 3) 

and that ( A , B ) s  tit'(n), where [AI = k "-2, [B[ = (k - 1)2k n-2. Therefore, for any a, 
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k "-2 _< a _< (k - 1)2k n-a, 

[f.(a) - a[ ___ k n - 2k "-I  = f . (k "'-2) - k "-2. 

Suppose, for some a, k n-2 <_ a < f~(a) < (k  - 1)2k n-2, ct < k n-1. We denote  

A. = fl - a and together with (14.4) let us consider 

k " - I  - # k ( n , k " - l , k  "-1 + A . ) ,  k " - i  + zJ. - # k ( n , k " - i , k  "-1 + A . ) .  (14.5) 

As a < k "-i ,  A. = fn(a) - -  a < k"  - 2k n-i, then k ~-I + A a <~ ( k  - -  1)k "-l.  There-  
fore, f rom L e m m a  13 it follows that  

k ~-I  - [lk(n, k n - l , k  n-1 + zJ.) >_ ~ - I~k(n, ct, a + d . )  = a - #k(n,  Ct, fl) = a 

A.  + k "-1 -- #k(n, k "-l ,  k ~-I + A . )  >_ fl - #k(n, ~, ~ + A. )  = f . (a)  

Now,  if k "-1 - I~k(n, k ~- i ,  k ~-I + d . )  = a I > a, then 

f ~ ( a l )  > k ~-I  + ,4. - l z k ( n , k ~ ' t , k  " - t  + . 4 )  > f~(a). 

This is a contradict ion,  since f . ( . )  is a monotonica l ly  decreasing function. 
Hence 

k " - I  - ~k(n, k n- l ,  k n - i  -t- , 4 )  = a, 
(14.6) 

k ~-~ + A.  - I~k(n, k "-~, k ~-~ + A. )  = f~(a). 

Suppose that `4. = k ' r  + .41, 0 _< `4t < k. 
If  1) 0 < d t < k, we verify (using (ii) of  Theorem D K W )  that 

l ~k (n~k" - i , k  " - I  + d . ) =  [ k~-i + d . ]  = i l k ( n , k ~ _ i , k . _  t + `4. + k -  .41) / k / 

and hence 

k " - t  - ~ t k ( n , k ~ - l , k  ~-I  + `4. + k - At) = a, 

k ~-~ + , 4  + k - ,4t - I l k (n ,k" -~ ,  k " - t  + ,4. + k - `4t)  = f~(a) + k - d l  > fn(a), 

a contradict ion.  

2) `4. = 0, then, as #k(n, ~, fl) > ~ ,  one has ~ - #k(n, ~, a + ,4.) < a -- If  

+ .4) 
k" = r (e ,  d.),  say, and we verify that  r (a ' ,  d . )  < r ( e " ,  A . ) ,  if e'  < e" < 

k" - A. 
k "-I  < - - .  Therefore e - / ~ ( n ,  e, c~ + A.) _< T(e, d . )  < T ( k  " - l ,  A . )  = k "-~ - 

2 
k"-t(k "-I + d)  

#k(n, k n- t ,  k n- t  + `4.) and since kl d .  we have gk(n, k "-t, k n-1 + `4) = k" 

Hence a = a - #k(n,a,a + `4.) < k r t  - l ~ k ( n , k ~ - t , k  ~-1 + ,4.) and this is also a 
contradiction, because we assumed (14.6). ct, fl < (k - 1)k "-t  is proved analogously. 
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P r o o f  o f  T h e o r e m  9. 

(i) 
fl ) 
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This restates Theorem 5. 
Let  us show that  for all a < k "-2 f,,(a) > f,,(a + 1), f rom where the claim 
follows. We use our  main  recursive formula: for a < k " - :  

A ( a )  = (k - 1)k "-1 + k f , _ d a )  - (k - 1)a. 

Hence, as L - d a )  > L - d a  + 1) 

f~(a) > (k - 1)k "- i  + G - z ( a  + 1) - (k - l )a  > (k - 1)k "-I  

+ G - 2 ( a  + 1) - (k - 1)(a + 1) = f~(a + 1). 

(iii) Follows from (i) and  (iv). 
(iv) Let J///1 (n) c d/(n) be defined by 

ril l(n) = {(Ai, B0~=l: ( A ~ , B i ) e  rig(n), k "-a = lAxl < tAal < " " <  IA~I 

= ( k -  1 ) 2 k " - 2 ; ( k -  1)k "-a = IBtl > ]B2I > " "  > IBN] =- k"-2}.  

Obviously ,  IA~l = IBu-il .  
We show that  for all 1 < i <  N ] A i + i i -  IA~I < k (or equivalently for all 

1 < j < N IBjI - IBj+il < k), f rom where, using (i), (iv) follows. Assume it does not  
and  there exists i, 1 < i < N for which [A~+~I - IAit > k. Suppose that  for some 

c(,fl 

- IA(n ,~ , f l )  = lAb+l] and  fl --  lzk(n,a, fl) = ]Bi+i] = f,(lAi+l]). 

According to L e m m a  17 k "- i  < e, fl _< ( k -  1)k"-L Also, as (Ai+t,B~+l) e ~ '(n),  
then k]~ and k[3. 

Now,  we consider 

- k - / ~ k ( n ,  • -- k, fl) = e* and /~ - /zk(n,  ~ - k, fl) = b. 

Let us show that  l ik(n ,e  - k, fl) < I~k(n,a, fl) for/ />_ k " - t ,  k le ,  klfl. 
If  fl = k "-i ,  then using (ii) of  T h e o r e m  D K W  one has I~k(n,e --  k , k  "-1) = 

#k n - 1 , - ~ - -  l , k  " - i  = - l = I ta (n , e , k  " - l ) -  I < p a ( n , e , k " - l ) .  Let sk  ~ - 1 <  

fl < ( s + l ) k  "-~, s > 0 .  Then p k ( n , e  - k, fl) = #k n - 1 , - k -  l ,  f l -  sk  "-~ + 

s -~ - 1 <_ I~ n - 1,-~,B - sk ~-~ + s~  - s = #~(n,e,B) - s < /~ (n ,~ ,B) .  

Therefore, 

a* = ~ - k - / A ( n ,  ~ - k,3) > • - k - ~g(n, ~;3) = tAi+ll - k > IA~I 

and  

f ( a * )  >_ b = fl - #k (n ,~  -- k, fl) > fl - # k ( n , . , f l )  = f ( A i + l ) .  

We consider ( A * , B * ) e . ~ g ( n ) ,  where ] A * l = f . ( f . ( a * ) ) ,  ] B * l = f . ( a * ) .  N o w  
IA*I < IAi+~l is impossible, since IA*l = f . ( f . ( a * ) )  > a* > fAil and hence the next 



134 R. Ahlswede and L.H. Khachatrian 

pair of (AI, Bi) is not (A~+I,Bi+I). Also IA*[ >_ [A~+II is impossible, since IB*I = 
fn(a*) > f(Ai+l) and hence (Ai+t,Bi+1)CJC(n). Finally, (v) follows from (ii) and 
(iv), 

Now for all ,4; - ( k "  - 2k "-1) < d < k" - 2k"-~; and Alk let us find (A ,B)e  
de'l(n) for which [B[ = IAI + d.  From the definition of F,(a,a + A) it follows that  
for all 0 < a < k" 

max F,(e, e + f~(a) - a) = a. 
~t 

We formulate a consequence of Theorems 8, 9 and Lemma 17. 

Theorem 10. For n = 2m (the case n = 2m + 1 is similar) 

~ [ A l = t 2  + t - # k ( m , t ,  km + 6 1 ) "  

! 6; lBl=(k'-t) +tm 
"AC'l(2m)= ( A ' B ) : - l B l = ( k m - t ) 2 - 1 z k ( m ' t ' 5 ) +  L -#k (m, t , k  +51)+81 

where for t, 6, 61: k m-1 < t < (k - 1)kin-l; 
k16; 0 < 6 < k ' ;  kiss; - k m  < 51 < O, (A,B) e c~¢~'k(2m). 

15. Explicit Values of f .(a) 

We return to our  original question: what  is f,(a)? 

Theorem 11. 

(i) f 2m( t  2) = ( k  m - t) 2, for all 0 < t <_ k m. 

(ii) A m ( t  2 - t )  = ( k  m - t ) ( k  m - t + 1), f o r  all 1 < t. 

( S - - 6 k )  5 ( k - S ) f o r a l l O < s < k ; k l 6 ; - k m < _  (iii) f2m (skin-i) 2 - = (k" - skin-z) 2 + 

6 < k  m. 

Moreover, all pairs (A,B) with above mentioned parameters are optimal and 
bisaturated. 

Proof. (i) equals (i) of Theorem 3. It can also be proved inductively on m as the 
case (ii) to follow. 

(ii) If a) k m-1 < t < (k - 1)k " - i ,  then we apply Theorem 10. We put 5 = k m 
and get 

[A[ = t 2 - - l t k ( m , t , k  m) --- t 2 - -  t, 

IBI = (km - t) 2 - I z a ( m , t , k  m) + k m = (k m - t ) ( k  m - t + 1) 

and as (A, B )  e Jl(2m), then f 2 . ( t  2 - t )  = ( k  ~ - t ) ( k  m - t + 1). 

I f  b) (k - -  1)k  m-1 < t < k m, t h e n  w e  a b b r e v i a t e  t 1 = k ra -.- t .-1- 1; 1 <~ t I ~__ k ra-1, 

and consider f2m(t 2 - tl). Now, if f z . ( t ~  - q )  = ( k  ~ - t l ) ( k  m - t l  + 1) = t 2 - t, 
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then f2m(t  2 - t) = t 2 - t l  = (km - t ) (k  m - t + 1) according to (ii) of Theo rem 9. 
Therefore  it is sufficient to consider 

c) 1 < t < k m - i :  

We proceed by induct ion on m. 

m = 1" As 1 < t < k (condition of (ii), then t is f rom the interval a) which is settled. 

m - 1 - - * m :  

f 2 r n _ 2 ( t  2 - -  t )  -'- ( k  m-1  - t)(k m-i - t + 1) for all 1 < t < k r i .  (15.1) 

N o w  we use the induct ion hypothesis  (15.1) and our  recursive formula  for 
1 < t < k r a - 1 .  " 

f 2 r a ( t  2 - -  t )  = ( k  - 1 ) k  2 m - i  + k f 2 m _ 2 ( t  2 - t )  - ( k  - 1 ) ( t  2 - t )  

= (k - 1)k 2"-1 + k ( k  - - 1  - t)(k '~-t - t + 1) - (k - l)(t  2 - t) 

= (k 2 - t)(k ~ -  t + 1). 

(iii) follows f rom T h e o r e m  10. We put  t = sk  ~ - I  and verify that  for 0 _< t5 <__ k% 

s6 
IA[ = (skin-i) 2 - #k(m,  s k ~ - t , 8 )  = (sk r i )  - -~,  

~(k - s) 
IBI = (km - s k r a - 1 )  2 + - -  

k 

and for - k m  < 6l < 0, m l ~  

IAI = ( s k i n - l )  2 -I- sk  ra-1 s(km kt- 8i) - (skin-i)2 S6ik ' 

~ ( k  - s) 
IBI = ( k  m - s k i n - t )  2 + - -  

k 

and so (iii) holds. 

R e m a r k .  F o r  n odd there are similar results. 

16.  A n  A l g o r i t h m  fo r  C o m p u t i n g f . ( a )  

We distinguish three cases 

Case .  a < kn-2:  

Here  we apply  our  recursive formula.  

Case .  k n - 2  < a ~ ( k  - 1 ) 2 k n - 2 :  

We do the case n = 2m (the case n odd is similar). We find the unique t for which 
t 2 - -  t < a <~ t 2 + t ;  k ra- I  <7 f "< ( k  - -  1)k m-i. 
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S u b c a s e  1 )  t 2 - t < a < t 2" 

We find the unique 6, 0 <_ 6 < k m, k16 for which t 2 - I~k(ra, t , 6  -1- k) < a ~ t 2 - 

I~k(m, t, 6). Then  f2m(a)  = (k m - 0 2 - #k(m,  t, 6 )  + 6. 

S u b c a s e  2 )  t 2 < a < t 2 q- t: 

We find the unique 61, k161; - k  s _< 6~ < 0 for which t 2 + t - # , ( m , t , k  s + 6~ + k) 

< a <_ t 2 + t - t z k ( m , t , k  m + 61). Then  f2s(a) = (k m - -  t )  2 -I- t - -  # k ( m , t , k  m + 61) + 

61. 
Let us note  that,  a s  ~ k ( m ,  t, 6 )  is a strictly monotonica l ly  increasing function in 

6 for any  fixed t; k s-1 _< t _< (k - 1)kS-l;  and  also note  that  kl6. Therefore  one 
needs to find 6 by at most  log 2 k m-1 = (m - 1)log 2 k trials. 

Case .  a > (k  - 1)2k2'n-2: 

We find the unique t; t _ (k - 1)k m-1 for which t z - t < a <_ t 2 -t" t. 

S u b c a s e  I )  t 2 < a < t 2 --}- t: 

According to (ii) of  Theorem 11 one has 

( k s - t ) ( k m - t  - 1 ) < f 2 m ( a ) < ( k S - t )  2. 

We find the unique b; ( k  s - t ) ( k  s - t - 1) < b < (k s - -  t )  2,  for which 

f2s(b + 1) < a _< As(b) .  

Then  As(a) = b. 

S u b c a s e  2 )  t 2 - t < a < t2: 
Here  (k s - 0  2 _ < f 2 s ( a ) < ( k  s - t ) ( k  s - t + l )  and we find b l , ( k  s - 0  2_<b 1 <  
(k  s - t ) ( k  s - t + 1), for which f2s(b 1 + 1) < a _< f2s(bi).  Then  

f z s ( a )  = b l .  
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