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AbstractA (variable length) code is �x { free code if no codeword is a pre�xor a su�x of any other. A database constructed by a �x { free code isinstantaneously decodeable from both sides. We discuss the existence of�x { free codes, relations to the deBrujin Network and shadow problems.Particulary we draw attention to a remarkable conjecture: For numbersl1; : : : ; lN satisfying NPi=1 2�li � 34 a �x{free code with lengths l1; : : : lN exists.If true, this bound is best possible.�email:bernhard@mathematik.uni-bielefeld.deyemail:lk@mathematik.uni-bielefeld.de 1



1 BASIC DEFINITIONS 21 Basic De�nitionsFor a �nite set X = f0; : : : ; a � 1g, called alphabet, we form X n = nQ1 X ,the words of length n, with letters from X and X � = 1Sn=0X n, the set ofall �nite length words including the empty word e from X 0 = feg, X � isequipped with an associative operation, called concatenation, de�ned by(x1; : : : ; xn)(y1; : : : ; ym) = (x1; : : : ; xn; y1; : : : ; ym):We skip the brackets whenever this results in no confusion, in particularwe write the letter x instead of (x). We also write X+ = X � r feg for theset of non{empty words.The length j xn j of the word xn = x1 : : : xn is the number n of letters inxn.A word w 2 X � is a factor of a word x 2 X � if there exist u; v 2 X � suchthat x = uwv. A factor w of x is proper if w 6= x.For subsets Y;Z of X � and a word w 2 X �, we de�neYw = fyw 2 X � : y 2 Yg;YZ = fyz 2 X � : y 2 Y; z 2 Zgand Yw�1 = fz 2 X � : zw 2 Yg:A set of words C � X � is called a code.Recall that a code is called pre�x{free (resp. su�x{free), if no codewordis beginning (resp. ending) of another one.De�nition 1 A code, which is simultaneously pre�x{free and su�x{free,is called bipre�x or �x{free. This can be expressed by the equationsCX+ \ C = � and X+C \ C = �:De�nition 2 A code C = fc1; : : : ; cNg over an a{letter alphabet X is saidto be complete if it satis�es equality in Kraft's inequality, i.e. for`i =j ci j, NXi=1 a�`i = 1:De�nition 3 A �x{free code C is called saturated, if it is not possible to�nd a �x{free code C0 containing C properly, that is, j C0 j>j C j.



2 THE EXISTENCE 32 The ExistenceLemma 1 A �nite �x{free code C = fc1; : : : ; cNg over X = f0; : : : ; a� 1gis saturated i� C is complete.Proof:Let `i =j ci j for all 1 � i � N .1. If NPi=1 a�`i = 1, then C is saturated, because otherwise we get a con-tradiction to Kraft's inequality.2. Now we show that in case NPi=1 a�`i < 1, `1 � : : : � `N , we can addanother codeword to C.Indeed, by the proof of Kraft's inequality there exists a word x`N 2X `N such that no codeword of C is pre�x of x`N . Similarly, thereexists a word y`N 2 X `N such that no codeword of C is su�x of y`N .De�ne now the new codewordcN+1 = x`N y`N :De�nition 4 We de�ne the shadow of a word w 2 X � in level l as�l(w) = fxl 2 X l : w is pre�x or su�x of xlg.= w�1X l [ X lw�1.For a set Z this notation is extended to�l(Z) = [z2Z �l(z):We are next looking for Kraft{type inequalities.Lemma 2 NPi=1 a�`i � 12 implies that there exists a �x{free code C overX = f0; : : : ; a� 1g with `1 � : : : � `N as lengths of codewords.Proof: We proceed by induction in the number of codewords. The caseN = 1 being obvious we assume that we have found a �x{free code forN � 1 codewords. We present these words as vertices of a tree, where aword of length ` corresponds to a certain vertex on the `{th level (in theusual way).We count now all leaves of this tree in the `N 'th level, which have one ofthe codewords as a pre�x or as a su�x. (The shadow of the code in the`N 's level.)



2 THE EXISTENCE 4For each codeword ci of length `i we thus count a`N�`i leaves, which haveci as a pre�x and also a`N�`i leaves, which have ci a su�x. These sets neednot be distinct. However, their total number does not exceed 2N�1Pi=1 a`N�`i .By our assumption this is smaller than a`N and there is a leaf on the `N 'slevel, which was not counted. The corresponding word can serve as ourN{th codeword.We de�ne now  as the largest constant such that for every integral tuple(`1; `2; : : : ; `N ) NPi=1 2�`i <  implies the existence of a binary �x{free codewith lengths `1; `2; : : : ; `N .Lemma 3  � 34 .Proof: For any  = 34 + "; " > 0, choose k such that 2�k < ". For thevector (`1; : : : ; `N ) = (1; k; : : : ; k) with N = 2k�2 + 2 we haveNXi=1 2�`i = 12 + 2�k(2k�2 + 1) = 34 + 2�k < 34 + ":However, there are exactly 2k�2 words of length k without a codewordc1 as a pre�x and a su�x and, since 1 + 2k�2 < N , we have shown thenonexistence of a code with the desired parameters.There is some evidence for theConjecture:  = 34 .For instance we have the following observation.Lemma 4 Suppose thateither `i = `i+1 or 2`i � `i+1 for all 1 � i � N: (2.1)Then NPi=1 2�`i � 34 implies the existence of a binary �x{free code with thesecodeword lengths.Proof: We go by induction on the number n of di�erent lengths occurringin `1 � `2 � : : : � `N :Obviously the result is true, if there is only one length, that is, n = 1.Assuming that we can construct a code with n � 1 di�erent codewordlengths we show that we can construct a code with n di�erent codewordlengths. Let M be the largest index i with `i < `N . Thus MPi=1 2�`i � 34



2 THE EXISTENCE 5and by induction hypothesis we have a �x{free code C0 with the lengths`1; : : : ; `M . We estimate now the shadow �`N (C0). Actually, by 2.1 we getan exact formula:j�`N (C0)j = 2 MXi=1 2`N�`i � MXi=1 2`N�2`i � 2 X1�i<j�M 2`N�(`i+`j): (2.2)A code with lengths `1; : : : ; `N is constructable exactly ifj�`N (C0)j � 2`N � (N �M): (2.3)Writing K = N �M and � = MPi=1 2�`i we get after division by 2`N from(2.2) and (2.3) that su�cient for constructability is2�� �2 � 1� K2`N :With the abbreviations � = NPi=1 2�`i = � + K2`N and � = K2`N we get theequivalent inequality � � 1 + � �p�:This is satis�ed for � � 34 , because 1+ ��p� has the minimal value 34 (at� = 14).2.1 Minimal Average Codeword LengthsThe aim of data compression in Noiseless Coding Theory is to minimizethe average length of the codewords (see [2, 5]).Theorem 1 For each probability distribution P = (P (1); : : : ; P (N)) thereexists a binary �x { free code C where the average length of the codewordssatis�es H(P ) � L(C) < H(P ) + 2:Proof: The left{hand side of the theorem is clearly true, because each �x{ free code is a pre�x code and for each pre�x code the left{hand side ofthe theorem follows from the Noiseless Coding Theorem. It is also clear,that this lower bound is reached for N = 2m (m 2 N) and P (i) = 2�m forall 1 � i � 2m.The proof of the right{hand side of the Theorem is the same as the prooffor alphabetic codes, which can be found in [1]:



3 ON COMPLETE FIX{FREE{CODES 6We de�ne `i , d� log(P (i))e + 1. It follows thatNXi=1 2�`i � 12 NXi=1 2log(P (i)) = 12 NXi=1 P (i) = 12 :By Lemma 2 there exists a �x { free code C with the codeword lengths`1; : : : ; `N .The average length of this code isL(C) = NPi=1P (i)`i < NPi=1P (i)(� log(P (i)) + 2)= H(P ) + 2 NPi=1P (i) = H(P ) + 2;where the logarithm is taken to the base 2. For an arbitrary alphabet theproof follows the same lines.3 On Complete Fix{Free{Codes3.1 Auxiliary ResultsIn Chapter 3 of [3] the structure of complete �x{free codes is studied andmethods for constructing �nite codes are presented. To each complete �x {free code two basic parameters are associated: its kernel and its degree. Thekernel is the set of codewords which are proper factors of some codeword.The degree d is a positive integer which is de�ned as follows:It is well known (see [3]) that for each �nite complete �x { free codeC = fc1; : : : ; cNg and for each w 2 X+, there exists a positive integerm < max1�i�N j ci j such that w : : : w| {z }m 2 C�. Now we de�ned , maxw2X+ minm2N fm : w : : : w| {z }m 2 C�g:We need the following results of [3]:Proposition 1 Let C be a �nite complete �x { free code over a �nitealphabet X and let d be its degree. Then we have the properties:(i) For each letter x 2 X , x : : : x| {z }d 2 C:(ii) There is only a �nite number of �nite complete �x{free codes over Xwith degree d.



3 ON COMPLETE FIX{FREE{CODES 7(iii) If the length of the shortest codeword is d, then the length of everycodeword is d as well.Lemma 5 For each �nite complete �x{free code C = fc1; : : : ; cN ) overX = f0; : : : ; a� 1g, a2 divides the number of codewords of maximal length.Proof : From the de�nition of complete �x{free codes it follows that withevery codeword c 2 C of maximal length, there are also a2 � 1 other code-words which di�er from c only in the �rst and/or last components. Hencethe set of codewords of maximal length is a disjoint union of equivalentclasses each of cardinality a2. 2Lemma 6 For each binary complete �x { free code C there is at most onecodeword of length 2 or all codewords have length 2.Proof : By (i) in Proposition 1 we know that C contains no codewordof length one. If C contains a codeword c with j c j> 2 then by (iii) ofProposition 1 the degree of C is greater than 2, and by (i) of Proposition 100 62 C and 11 62 C. Hence if we have two codewords of length 2 then thesetwo codewords are 01 and 10. However, there is a codeword of maximallength starting with 01 or 10 (see Lemma 5). 23.2 Only Three Di�erent LevelsLet C be a �nite binary complete �x{free code and let Ci , fc 2 C :j c j= ig.Let bin�1(c) be the natural number which corresponds to the binary rep-resentation of c (Note that the length of c is not �xed so that bin�1(c) =bin�1(0c)).Lemma 7 Let C = (c1; : : : ; cN ) be a �nite binary complete �x{free codewith codeword lengths `1; : : : ; `N satisfying `i 2 fk; k + 1; k + 2g for all1 � i � N and some k. Then for every E � Ckj �k+1(E) j� 2 j E j and equality holds exactly if j E j= 2k.Proof : The union of the sets E0 and E1 contains 2 j E j elements. Hencealways j �k+1(E) j� 2 j E j, if j E j< 2k then by (i) and (iii) of Proposition 1,(0; : : : ; 0) 62 E .Let c be the element in E with smallest bin�1(c). We consider 0c 2 �k+1(E)and let us show that 0c 62 E0 [ E1. Assume in the opposite 0c = c00 or0c = c01 for some c0 2 E . However bin�1(0c) = bin�1(c) < 2bin�1(c0) =bin�1(c00) and bin�1(0c) < 1 + 2bin�1(c0) = bin�1(c01) hold, since c isthe element of E with smallest bin�1(c). Hence j �k+1(E) j� 2 j E j +1 ifj E j< 2k. 2Theorem 2 Let C be a �nite binary complete �x { free code with codewordlengths: k = `1 � `2 � : : : � `N = k + 2. Then



3 ON COMPLETE FIX{FREE{CODES 8(i) xcy 2 Ck+2, x; y 2 f0; 1g if and only if c 2 Ck and(ii) j �k+1(Ck) j= 4 j Ck j.Proof :(i) Let C0k = �c 2 f0; 1gk n Ck : xcy 2 Ck+2; x; y 2 f0; 1g	,C0k+2 = �xcy 2 Ck+2; x; y 2 f0; 1g : c 2 C0k	 and letD = �k+1(C0k) = �c0; c1; 0c; 1c 2 f0; 1gk+1 : c 2 C0k	.From Lemma 5 we know that j C0k+2 j= 4 j C0k j. We consider newcodes C01 = (C n C0k+2) [ C0k and C02 = (C n C0k+2) [ D. It can beeasely veri�ed, that both C01 and C02 are �x{free codes. Moreover, C01is complete, since C is complete. Therefore we can apply Lemma 7with respect to E = C0k ; j C0k j< 2k, to get j �k+1(C0k) j=j D j> 2 j C0k j.However this leads to the contradiction, because C02 is a �x-free code,but Xc2C02 2�jcj = Xc2(CnC0k+2) 2�jcj +Xc2D 2�jcj> Xc2(CnC0k+2) 2�jcj + Xc2C0k+2 2�jcj= Xc2C 2�jcj = 1:(ii) We consider teh lower shadow of Ck+2:��k+1(Ck+2) , nc 2 f0; 1gk+1 : �k+2(c) \ Ck+2 6= ;o :By (i) we have ��k+1(Ck+2) = �k+1(Ck).Therefore Ck+1 = f0; 1gk+1 n �k+1(Ck), since C is complete.Now j �k+1(Ck) j< 4 j Ck j would imply Pc2C 2�jcj > 1. 23.3 Relations to the deBruijn NetworkThe binary deBruijn Network of order n is an undirected graph Bn =(Vn; En), where Vn = X n is the set of vertices and (un; vn) 2 En is an edgei� un 2 f(b; v1; : : : ; vn�1); (v2; : : : ; vn; b) : b 2 f0; 1g:The binary deBruijn Network B4 is given as an example:



3 ON COMPLETE FIX{FREE{CODES 9
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A subset A � Vn is called independent, if no two vertices of A are con-nected, and we denote by I(Bn) the set of all independent subsets of thedeBruijn network. We note, that for all b 2 f0; 1g, (b; b; : : : b) 62 A 2 I(Bn),because (b; b; : : : b) is dependent itself. The independence number f(n) ofBn is f(n) = maxA2I(Bn) j A j.Lemma 8 Let C be a binary complete �x { free code on three levels:C = Cn [ Cn+1 [ Cn+2; Ci 6= ;. Then(i) Cn 2 I(Bn) and(ii) for every A 2 I(Bn) there exists a complete �x { free code on threelevels n; n+ 1; n+ 2 for which A = Cn, and the code is unique.Proof :(i) Immideately follows from Theorem 2 (ii).



3 ON COMPLETE FIX{FREE{CODES 10(ii) For an A 2 I(Bn) we construct a complete �x { free codeC = Cn [ Cn+1 [ Cn+2 as follows: Cn+1 = f0; 1gn+1 n �n+1(A),Cn+2 = �xcy 2 f0; 1gn+2; x; y 2 f0; 1g : c 2 A	. 2We note, that the exact value of the independence number f(n) of Bn ingeneral is not known.Clearly for any xn; yn 2 A 2 I(Bn); xn 6= yn:bin�1(xn) 6= 2bin�1(yn); bin�1(xn) 6= 2bin�1(yn) + 1;bin�1(xn) 6= bin�1(yn) + 2n�1bin�1(yn) 6= 2bin�1(xn);bin�1(yn) 6= 2bin�1(xn) + 1; bin�1(yn) 6= bin�1(xn) + 2n�1Hence, the determination of f(n) is a special case of the following number{theoretical problem:For given m 2 N, �nd a set S = f1 � a1 < : : : < as < mg of maximalcardinality, for which fai; 2ai; 2ai+1; ai+mg\faj ; 2aj ; 2aj+1; aj+mg = ;holds for all 1 � i < j �j S j.In the case m = 2n we have exactly the problem of �nding a maximalindependent set with cardinality f(n) in the deBruijn network. Hence wesolve this problem (for m = 2n) asymptotically.Theorem 3 limn!1 f(n)2n = 12 :Proof : Let A 2 I(Bn) with j A j= f(n). Clearly f(n) < 2n�1, becausefor an xn 2 A:1 � bin�1(xn) < 2bin�1(xn) < 2bin�1(xn)+1 < bin�1(xn)+2n � 2n+1�1and these integers are di�erent for di�erent elements of A. It is easy tosee, that always f(n + 1) � 2f(n), and hence the limn!1 f(n)2n exists. To�nish the proof, we have to construct a sequence of sets An 2 I(Bn) withlimn!1 jAnj2n = 12 . For this it su�ces to construct only for even values of n.Let Sn0 = 8<:xn 2 f0; 1gn : n2Xi=1 x2i > n2Xi=1 x2i�19=;and Sn1 = 8<:xn 2 f0; 1gn : n2Xi=1 x2i < n2Xi=1 x2i�19=; :Clearly j Sn0 j=j Sn1 j,



4 COMPUTER RESULTS 11
j f0; 1gn n (Sn0 [ Sn1 ) j = n2Xi=0 �n2i�2 = �nn2�:Hence j Sn0 j= 2n�(nn2 )2 , and limn!1 jSn0 j2n = 12 .It is easely seen that Sn0 2 I(Bn) and we set An = Sn0 . 24 Computer Results1.) For 2 � n � 6 we have calculated the independent number (f(n)) of thebinary deBruijn network of order n via a computer program. A maximalindependent set S = f1 � a1 < : : : < as < 2ng is greedy constructable asfollows:If n is odd we take a1 = 1 and a1 = 2 otherwise. Now if ai is choosen in astep we take in the next one ai+1 as the smallest possible number greaterthan ai.From this constructions we obtain thatf(n) = 492n � 49 � n6 and f(n) = 2f(n� 1) + n2 , if n is even andf(n) = 492n � 59 � n3 and f(n) = 2f(n� 1), if n is odd.For even n the set j S j<j Sn0 j (see Theorem 3) for n = 8 and for alln � 52.2.) In [4] one �nds an example of a complete �x { free code with thecodeword lengths 2; 3; 3; 3; 3; 4; 4; 4; 4;We know from (i) of Proposition 1 that it is not possible to choose 00 or11 as codeword of length 2 for this code.This result suggests the question: \Suppose there is a �x { free code withcodeword lengths `1 � : : : � `t, l1 > 1. Is it possible to construct a �x{freecode with these length, where the codewords of smallest length are not theall{zero vector and the all{one vector ?"The following �x { free code f11; 000; 100; 010; 001; 10110g with lengths2; 3; 3; 3; 3; 5 shows that the answer is negative. Indeed, assume that thecodeword of length 2 is 01. There are exactly 4 codewords of length 3which are pre�x { and su�x free with 01: 000; 100; 110; 111.Suppose there is a codeword abcde of length 5. Let us show that it isimpossible.



4 COMPUTER RESULTS 12Necessary d = 1, because in case d = 0,we have e = 0, for otherwise,the codeword 01 would be su�x. However, 00 isexcluded, because otherwise 000 or 100 would be su�x.c = 0, because for c = 1 we get 110 or 111 as su�x.b = 1, because for b = 0 we get 000 or 100 as pre�x.Finally a 6= 0, because for a = 0 we get 01 as pre�x.and a 6= 1, because for a = 1 we get 110 as pre�x. 2This is a contradiction.3.) We present an example of a complete binary �x { free code for eachpossible length{distribution L with j L j� 29:0 12 : 2 x 101 00 10 114 : 4 x 2000 001 010 011 100 101 110 1118 : 8 x 301 000 100 110 1110010 1010 0011 10119: 1 x 2 + 4 x 3 + 4 x 40000 1000 0100 1100 0010 1010 0110 11100001 1001 0101 1101 0011 1011 0111 111116 : 16 x 4001 0000 1000 0100 1100 1010 0110 11100101 1101 1011 0111 1111 00010 10010 000111001117 : 1 x 3 + 12 x 4 + 4 x 5001 110 0000 1000 0100 1010 0101 10110111 1111 01100 11100 00010 10010 01101 1110100011 1001118 : 2 x 3 + 8 x 4 + 8 x 5001 100 0000 1010 0110 1110 0101 11011011 0111 1111 01000 11000 00010 00011 010010110010 010011 11001119 : 2 x 3 + 9 x 4 + 4 x 5 + 4 x 6001 100 101 0000 0110 1110 0111 111101000 11000 00010 01010 11010 00011 01011 11011010010 110010 010011 11001120 : 3 x 3 + 5 x 4 + 8 x 5 + 4 x 6001 010 011 0000 1000 1100 1110 11011111 10100 10110 10101 10111 000100 100100 000110100110 000101 100101 000111 10011121 : 3 x 3 + 6 x 4 + 4 x 5 + 8 x 6



4 COMPUTER RESULTS 1301 0000 1000 1100 1110 1111 00100 1010000010 10010 11010 00110 10110 00011 10011 1101100111 10111 001010 101010 001011 10101122 : 1 x 2 + 5 x 4 + 12 x 5 + 4 x 6001 100 110 0000 1010 0101 1011 01111111 01000 00010 01101 11101 00011 011000 111000010010 010011 0110010 1110010 0110011 111001122 : 3 x 3 + 6 x 4 + 5 x 5 + 4 x 6 + 4 x 701 0000 1000 1100 1110 0011 1111 0010010100 00010 10010 11010 10110 11011 10111 001010101010 000110 100110 001011 101011 000111 10011123 : 1 x 2 + 6 x 4 + 8 x 5 + 8 x 601 0000 1000 1100 0010 1110 1111 1010011010 00110 10110 00011 10011 11011 00111 10111000100 100100 101010 101011 0001010 1001010 0001011 100101124 : 1 x 2 + 6 x 4 + 9 x 5 + 4 x 6 + 4 x 7001 100 110 101 0000 0111 1111 0100000010 01010 00011 01011 011000 111000 010010 011010111010 010011 011011 111011 0110010 1110010 0110011 111001124 : 4 x 3 + 3 x 4 + 5 x 5 + 8 x 6 + 4 x 701 0000 1000 1100 0010 1110 0011 111110100 11010 10110 11011 10111 000100 100100 101010000110 100110 101011 000111 100111 0001010 1001010 0001011100101125 : 1 x 2 + 7 x 4 + 5 x 5 + 8 x 6 + 4 x 701 100 0000 1110 1111 11000 00010 1101000110 10110 00011 11011 00111 10111 001000 101000110010 001010 101010 110011 001011 101011 0010010 10100100010011 101001126 : 1 x 2 + 1 x 3 + 3 x 4 + 9 x 5 + 8 x 6 + 4 x 710 0000 0100 0001 1101 0011 0111 111111000 01100 11100 11001 00101 01011 001000 001001010101 011011 111011 0101000 0101001 0110101 1110101 0110100011101000 01101001 1110100127 : 1 x 2 + 7 x 4 + 6 x 5 + 5 x 6 + 4 x 7 + 4 x 810 001 0000 1101 0111 1111 01000 1100001100 11100 00011 01011 000100 010100 000101 010101010011 110011 011011 111011 0100100 1100100 0110100 11101000100101 1100101 0110101 111010128 : 1 x 2 + 1 x 3 + 4 x 4 + 6 x 5 + 8 x 6 + 8 x 7
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