DENSITY INEQUALITIES FOR SETS OF MULTIPLES

Rudolf Ahlswede and Levon H. Khachatrian

Universität Bielefeld Fakultät für Mathematik Postfach 100131 33501 Bielefeld Germany

Abstract

For finite sets A, B ⊂ N , the set of positive integers, consider the set of least common multiples [A, B] = { [a, b] : a ∈ A, b ∈ B } , the set of largest common divisors (A, B) = { (a, b) : a ∈ A, b ∈ B } , the set of products A × B = {a · b : a ∈ A, b ∈ B} , and the sets of their multiples M(A) = A × N, M(B), M[A, B], M(A, B) , and M(A × B) , resp. Our discoveries are the inequalities dM(A, B)dM[A, B] ≥ dM(A) · dM(B) ≥ dM(A × B), where d denotes the asymptotic density. The first inequality is by the factor dM(A, B) sharper than Behrend’s well–known inequality. This in turn is a generalisation of an earlier inequality of Rohrbach and Heilbronn, which settled a conjecture of Hasse concerning an identity due to Dirichlet. Our second inequality does not seem to have predecessors.

1. Introduction In addition to the notions presented in the abstract we need the following. For the numbers u, v ∈ N we write u|v if u divides v . In case (u, v) = 1 u and v are said to be relatively prime. If u ≤ v , then we set < u, v >= {u, u + 1, . . . , v} , and for any A ⊂ N we set A_n = A ∩ < 1, n > and |A| for the cardinality of A . The asymptotic density dA of A is defined by

dA = lim_{n→∞} |A_n| n , (1.1) if the limit exists.

We associate with A the set of multiples M(A) = {m ∈ N : a|m for some a ∈ A} (1.2) and the set of non–multiples N(A) = N r M(A).

This naturally leads to the concept of primitive sets (or sequences). B ⊂ N is said to be primitive, if b - b^′ for b, b^′ ∈ B; b ≠ b^′. (1.3) Clearly, every A ⊂ N contains a unique subset P (A) , which is primitive and satisfies M ( P (A) ) = M(A). (1.4) Actually, P (A) = {a ∈ A : ̸∃ a^′ ∈ A, a^′ ≠ a, and a^′|a}. For a finite set A ⊂ N dM(A) exists and with the principle of inclusion–exclusion can be written in the form

dM(A) = ∑ a∈A 1 a − ∑ a<a0 1 [a, a^′] + ∑ a<a0<a00 1 [a, a^′, a^{′′}] − . . . . (1.5)

Similarily,

dN(A) = 1 − ∑ a∈A 1 a + ∑ a<a0 1 [a, a^′] − . . . . (1.6)

In this terminology Behrend’s inequality ([4]; see also [5], [6]) takes the form dN(A ∪ B) ≥ dN(A)dN(B) (1.7) for any finite sets A, B ⊂ N .

Equality holds exactly if for the primitive sets P (A) and P (B) (a, b) = 1 for all a ∈ P (A) and b ∈ P (B). (1.8) In conclusion we reformulate Behrend’s inequality. Clearly, (1.7) is equivalent to 1 − dM(A ∪ B) ≥ ( 1 − dM(A) )( 1 − dM(B) ) . (1.9) Using the identity dM(A ∪ B) = dM(A) + dM(B) − d ( M(A) ∩ M(B) ) (1.10) we get another equivalent form d ( M(A) ∩ M(B) ) ≥ dM(A) · dM(B). (1.11) Since d ( M(A) ∩ M(B) ) = dM[A, B], (1.12) we get the desired form dM[A, B] ≥ dM(A) · dM(B). (1.13) It was this form, which inspired us also to look for an anology to the AD–inequality [7] (and its generalisation [8]) and which led also to our first inequality stated in the abstract. In terms of Behrend’s original formulation (1.7) the path to our sharper inequality is more hidden. It then takes the form dN(A ∪ B) ≥ dN(A)dN(B) + dN(A, B) ( 1 − dN[A, B] ) . (1.14)

2. Auxiliary results

The two lemmas of this section are used in the proofs of the inequalities. Equivalent

formulations are presented, because they may be used elsewhere. We adapt the notation mA = {ma : a ∈ A}. (2.1) Lemma 1. For any finite sets A, B ⊂ N and any number m ∈ N

(i) d ( M(A) ∩ M(B) ) ≤ md ( M(mA) ∩ M(B) ) (ii) dM(mA ∪ B) ≤^1_m dM(A ∪ B) +^{m−1}_m dM(B)

(iii) d ( N(mA) ∩ N(B) ) ≥ d ( N(A) ∩ N(B) ) + (m − 1)N(B)

(iv) dN(mA ∪ B) ≥^1_m dN(A ∪ B) +^{m−1}_m dN(B) .

Equalities hold iff M(mA) ∩ M(B) ⊂ M(mB) .

A sufficient condition for equality is ( {m}, B ) = 1 .

Proof: (i) Obviously^1_m ( M(mA) ∩ M(B) ) ⊃^1_m ( M(mA) ∩ M(mB) ) = ( M(A) ∩ M(B) ) and therefore d

(_1 m ( M(mA) ∩ M(B) ) = md ( M(mA) ∩ M(B) )) ≥ d ( M(A)∩ M(B) ) . Furthermore, equality holds exactly under the specified condition. Also, this

condition holds, if ( {m}, B ) = 1 , because then [mA, B] = [mA, mB] and M(mA) ∩ M(B) = M[mA, B] = M[mA, mB] = M(mA) ∩ M(mB) . (ii) Since dM(mA ∪ B) = dM(mA) + dM(B) − d ( M(mA) ∩ M(B) ) , (2.2)

dM(A ∪ B) = dM(A) + dM(B) − d ( M(A) ∩ M(B) ) (2.3)

we can write (ii) in the form dM(mA) + dM(B) − d ( M(mA) ∩ M(B) ) ≤^1_m dM(A) + 1 m dM(B) −^1_m d ( M(A) ∩ M(B) ) +^{m−1}_m dM(B) or in the form d ( M(A) ∩ M(B) ) ≤ md ( M(mA) ∩ M(B) ) + dM(A) − mdM(mA) = md ( M(mA) ∩ M(B) ) , which is (i).

(iv) We use the equivalent formulation 1 − dM(mA ∪ B) ≥^1_m ( 1 − dM(A ∪ B) ) + m−1 m ( 1 − dM(B) ) . This is obviously equivalent with (ii).

(iii) d ( N(A) ∩ N(B) ) = dN(A ∪ B) = 1 − dM(A ∪ B) , and by (ii) 1 − dM(A ∪ B) ≤ 1 − mdM(mA ∪ B) + (m − 1)dM(B) . Therefore d ( N(A) ∩ N(B) ) ≤ 1 − m(1 − d ( N(mA) ∩ N(B) ) + (m − 1) ( 1 − dN(B) ) = d ( N(mA) ∩ N(B) ) − (m − 1)dN(B) . and thus (iii).

Lemma 2. For finite sets C ⊂ A ⊂ N , D ⊂ B ⊂ N we have dM[A, B] + dM[C, D] ≥ dM[A, D] + M[C, B] (2.4) with equality if and only if M[A, B] ⊂ M(C) ∪ M(D) .

Proof: The inequality (2.4) is equivalent to

d ( M(A) ∩ M(B) ) + d ( M(C) ∩ M(D) ) ≥ d ( M(A) ∩ M(D) ) + d ( M(C) ∩ M(B) )

or d ( M(A) ∩ M(B) ) − d ( M(A) ∩ M(D) ) ≥ d ( M(C) ∩ M(B) ) − d ( M(C) ∩ M(D) ) . Since ( M(A) ∩ M(B) ) ⊃ M(A) ∩ M(D) and ( M(A) ∩ M(B) ) r ( M(A) ∩ M(D) ) = M(A)∩ ( M(B)rM(D) ) and similarly ( M(C)∩M(B) ) r ( M(C)∩M(D) ) = M(C)∩ ( M(B) r M(D) ) , (2.4) is equivalent to d ( M(A) ∩ ( M(B) r M(D) )) ≥ d ( M(C) ∩ ( M(B) r M(D) )) , and this holds, because M(A) ⊃ M(C) and d is monotonic.

3. Proof of the inequality dM(A, B)dM[A, B] ≥ dM(A) · dM(B)

We proceed by induction on T = ∑ a∈A a + ∑ b∈B b . For T = 2 the result holds. Now, if

(a, b) = 1 for all a ∈ A and all b ∈ B, (3.1)

then dM(A, B) = 1 and also by the formula (1.5) dM[A, B] = dM(A) · dM(B). We can assume therefore that for some prime p A_1 = {a ∈ A : p|a} ≠ ϕ and

B_1 = {b ∈ B : p|b} ≠ ϕ . Set A_2 = A r A_1 and B_2 = B r B_1 and observe that

A = pA^′_1^.∪ A_2 , B = pB^′_1^.∪ B_2 , (p, A_2) = 1 , and (p, B_2) = 1 , where

A^′_1 = { a p : a ∈ A_1 } and B^′_1 = { b p : b ∈ B_1 } . (3.2)

We consider

A^′ = A^′_1 ∪ A_2 and B^′ = B^′_1 ∪ B_2. (3.3)

By Lemma 1 (ii) 6

dM(A) = dM(pA^′_1 ∪ A_2) = 1 p dM(A^′) + ( 1 − 1 p ) dM(A_2) (3.4)

and also dM(B) = 1 p dM(B^′) + ( 1 − 1 p ) dM(B_2). (3.5)

Next we calculate dM[A, B] and dM(A, B) . Now,

[A, B] = [A_1, B_1] ∪ [A_1, B_2] ∪ [A_2, B_1] ∪ [A_2, B_2] = p[A^′_1.B^′_1] ∪ p[A^′_1, B_2] ∪ p[A_2, B^′_1] ∪ [A_2, B_2].

Again by Lemma 1 (ii) dM ( [A, B] ) = 1 p dM ( [A^′, B^′] ) + p − 1 p dM ( [A_2, B_2] ) . (3.6)

Also,

(A, B) = (A_1, B_1) ∪ (A_1, B_2) ∪ (A_2, B_1) ∪ (A_2, B_2) = p(A^′_1, B^′_1) ∪ (A^′_1, B_2) ∪ (A_2, B^′_1) ∪ (A_2, B_2) and by Lemma 1 (ii)

dM(A, B) = 1 p dM(A^′, B^′) + p − 1 p dM ( (A^′_1, B_2) ∪ (A_2, B^′_1) ∪ (A_2, B_2) ) . (3.7)

We use the abbreviation

L = (A^′_1, B_2) ∪ (A_2, B^′_1) ∪ (A_2, B_2). (3.8)

In the light of (3.4), (3.5), (3.6), (3.7), and (3.8) we have to prove that ( 1 p dM(A^′) + p − 1 p dM(A_2) ) ( 1 p dM(B^′) + p − 1 p dM(B_2) )

≤ ( 1 p dM[A^′, B^′] + p − 1 p dM[A_2, B_2] ) · ( 1 p dM(A^′, B^′) + p − 1 p dM(L) ) . (3.9)

By induction hypothesis we have 1 p dM(A^′) · 1 p dM(B^′) ≤ 1 p dM[A^′, B^′] · 1 p dM(A^′, B^′) and also p − 1 p dM(A_2) p − 1 p dM(B_2) ≤ p − 1 p dM[A_2, B_2] · p − 1 p dM(A_2, B_2) ≤ p − 1 p dM[A_2, B_2] · p − 1 p dM(L).

Therefore, sufficient for (3.9) is

dM(A^′) · dM(B_2) + dM(A_2)dM(B^′) ≤ dM[A^′, B^′]dM(L) + dM[A_2, B_2] · dM(A^′, B^′). (3.10) Since by induction hypothesis

dM(A^′)dM(B_2) ≤ dM[A^′, B_2] · dM(A^′, B_2)

and also

dM(A_2)dM(B^′) ≤ dM[A_2, B^′] · dM(A_2, B^′)

sufficient for (3.10) is in turn

dM[A^′, B_2]dM(A^′, B_2) + dM[A_2, B^′]dM(A_2, B^′) ≤dM[A^′, B^′]dM(L) + dM[A_2, B_2] · dM(A^′, B^′). (3.11)

Since dM(A^′, B^′) ≥ dM(L) ≥ max ( dM(A^′, B_2), dM(A_2, B^′) ) , of course, sufficent is also ( dM[A^′, B_2] + dM[A_2, B^′] ) · dM(L) ≤ ( dM[A^′, B^′] + dM[A_2, B_2]dM(L).

After cancellation of the factor dM(L) this last inequality holds by Lemma 2.

4. Proof of the inequality dM(A)dM(B) ≥ dM(A × B)

We proceed again by induction on T = ∑ a∈A a+ ∑ b∈B b . In the case (3.1) clearly A×B =

[A, B] and since here also dM[A, B] = dM(A)dM(B) we have even the equality dM(A)dM(B) = dM(A × B) . Otherwise we define sets A_1, B_1 , A_2, B_2 , A^′_1, B^′_1 , A^′ and B^′ again as in Section 3. In addition to (3.4) and (3.5) we calculate now

A × B = p^2 · A^′_1 × B^′_1 ∪ pA^′_1 × B_2 ∪ pA_2 × B^′_1 ∪ A_2 × B_2

and with Lemma 1 (ii) dM(A × B) = 1 p dM(C) + p − 1 p dM(A_2 × B_2), (4.1)

where C = p · A^′_1 × B^′_1 ∪ A^′_1 × B_2 ∪ A_2 × B^′_1 ∪ A_2 × B_2. (4.2)

We derive first an upper bound for dM(A × B) . Again by Lemma 1 (ii) dM(C) ≤ 1 p dM(A^′ × B^′) + p − 1 p dM(D), where D = (A^′_1 × B_2) ∪ (A_2 × B^′_1) ∪ (A_2 × B_2).

Consequently

dM(A × B) ≤ 1 p ( 1 p dM(A^′ × B^′) + p − 1 p dM(D) ) + p − 1 p dM(A_2 × B_2) = 1 p^2 dM(A^′ × B^′) + p − 1 p^2 ( dM(D) + dM(A_2 × B_2) )

+ (p − 1)^2

p^2 dM(A_2 × B_2). (4.3)

We compare this quantity with

dM(A)dM(B) = ( 1 p dM(A^′) + p − 1 p dM(A_2) ) · ( 1 p dM(B^′) + p − 1 p dM(B_2) )

= 1 p^2 dM(A^′)dM(B^′) +

(p − 1)^2 p^2 dM(A_2)dM(B_2) + p − 1 p^2 ( dM(A^′)dM(B_2) + dM(A_2)dM(B^′) ) . (4.4)

By induction hypothesis we have

dM(A^′ × B^′) ≤ dM(A^′)dM(B^′) (4.5) and dM(A_2 × B_2) ≤ dM(A_2)dM(B_2). (4.6)

It is now sufficient for us to show that 9

dM(D) + dM(A_2 × B_2) ≤ dM(A^′)dM(B_2) + dM(A_2)dM(B^′). (4.7)

Again by induction bypothesis for this it is sufficient to show that

dM(D) + dM(A_2 × B_2) ≤ dM(A^′ × B_2) + dM(A_2 × B^′)

or (equivalently) that

d ( M(A^′_1×B_2)∪M(A_2×B^′_1)∪M(A_2×B_2) ) −dM(A^′×B_2) ≤ dM(A_2×B^′)−dM(A_2×B_2). (4.8)

Since M(A^′ × B_2) ⊃ M(A^′_1 × B_2) ∪ M(A_2 × B_2) and M(A_2 × B^′) ⊃ M(A_2 × B_2) , this in turn is a consequence of

d ( M(A_2 ×B^′_1)r ( M(A^′_1 ×B_2)∪M(A_2 ×B_2) )) ≤ d ( M(A_2 ×B^′_1)rM(A_2 ×B_2) ) , (4.9)

which obviously holds, because d is monotonically increasing in sets.

5. On the characterisation of equality in dM(A)dM(B) ≤ dM[A, B] · dM(A, B) . For many of the basic inequalities in mathematics conditions are known, which completely specify the cases of equality. We have mentioned that this is also the case for the predessor of the inequality stated above. However, for itself it turns out that the characterization of equality constitutes a formidable task. Comparable instances are discussed in [9].

In the present case, however, we do have a necessary condition or in short a criterion for equality. It is stated as Lemma 3 below.

We denote by E the set of pairs for which equality holds. It is clear that instead of pairs {A, B} it suffices to consider pairs { P (A), P (B) } of primitive sets (see (1.4)).

Let E_0 be the set of those for which equality holds. Consider now any {A, B} ∈ E_0 . Clearly, 1 ∈ (A, B) implies dM(A, B) = 1 . By Behrend’s result discussed in the Introduction we know therefore that in this case {A, B} ∈ E_0 iff (A, B) = {1}. (5.1) The case 1 /∈ (A, B) is much more complicated. It is convenient to use for finite sets C = {c_1, . . . , c_l} ⊂ N the notation

(C) = (c_1, c_2, . . . , c_k) = g.c.d. of c_1, c_2, . . . , c_k. (5.2)

Lemma 3. For {A, B} ∈ E_0 with 1 /∈ (A, B) we always have (A)(B) > 1. Proof: Assume to the contrary that (A) = (B) = 1 and that {A, B} minimizes T = ∑ a∈A a + ∑ b∈B b .

Under our assumptions there is a prime p such that we have the representation A = pA_1 ∪ A_2, B = pB_1 ∪ B_2 ; A_1, B_1 ≠ ϕ ; A_2, B_2 ≠ ϕ , and

(p, A_2) = (p, B_2) = {1}. (5.3)

(Here and elsewhere (c, C) means ({c}, C) ).

An inspection of the proof of our inequality in Section 3 shows that {A, B} ∈ E occurs exactly if the following six relations hold.

(1) {A_1 ∪ A_2, B_1 ∪ B_2} ∈ E (2) {A_1 ∪ A_2, B_2} ∈ E (3) {A_2, B_1 ∪ B_2} ∈ E (4) {A_2, B_2} ∈ E (5) dM[A_1 ∪ A_2, B_1 ∪ B_2] + dM[A_2, B_2] = dM[A_1 ∪ A_2, B_2] + M[A_2, B_1 ∪ B_2] (6) dM(A_2, B_2) = d ( M(A_1, B_2) ∪ M(A_2, B_1) ∪ M(A_2, B_2) ) . We start with the pair {A_1 ∪ A_2, B_1 ∪ B_2} ∈ E and look at the associated “primitive pair” {A^∗, B^∗} = { P (A_1 ∪ A_2), P (B_1 ∪ B_2) } ∈ E_0 .

Since the original sets A = pA_1 ∪ A_2 and B = pB_1 ∪ B_2 are primitive, we can write

A^∗ = A_1 ∪ A^∗_2, B^∗ = B_1 ∪ B^∗_2 , (5.4)

where A^∗_2 ⊂ A_2 and B^∗_2 ⊂ B_2 . Since ∑ a∈A� a + ∑ b∈B� b < T , the minimality of {A, B} implies that either

(a) dM(A^∗, B^∗) = 1 or (b) dM(A^∗, B^∗) < 1 and (A^∗)(B^∗) > 1 . In the case (A^∗) > 1 necessarily (A_1 ∪A_2) > 1 and therefore (A) = (pA_1 ∪A_2) > 1 , which contradicts our assumption (A) = (B) = 1 . This excludes the case (b).

Suppose now that (a) holds. Since A^∗, B^∗ are primitive, Behrend’s equality characterisation implies

(A^∗, B^∗) = {1}. (5.5)

Suppose now that A^∗_2 ≠ ϕ (or B^∗_2 ≠ ϕ ).

Then in particular (A^∗_2, B_1) = {1} and consequently (A^∗_2, pB_1) = {1} , because (A^∗_2, p) = {1} . Moreover, since A^∗_2 ⊂ A_2 ⊂ A and pB_1 ⊂ B , we get 1 ∈ (A, B) in contradiction to our assumption dM(A, B) ≠ 1 . Hence, A^∗_2 = B^∗_2 = ϕ . Equivalently, since {A, B} is primitive, ∀ a_2 ∈ A_2 (b_2 ∈ B_2) ∃ a_1 ∈ A_1 (b_1 ∈ B_1) : a_1|a_2 (b_1|b_2). (5.6) Moreover, a_1 < a_2 , b_1 < b_2 .

Now we use (6) and observe that it is equivalent to the set equation M(A_2, B_2) = M(A_1, B_2) ∪ M(A_2, B_1) ∪ M(A_2, B_2). (5.7) Let c = (a_2, b_2) > 1 be the smallest number in M(A_2, B_2) . By (5.6) we have a_2 = ℓ · a_1; b_2 = rb_1; a_1 ∈ A_1, b_1 ∈ B_1; ℓ, r > 1.

From (5.5) we know that (a_1, b_1) = 1 . Therefore

f = (a_2, b_1) = (ℓ · a_1, b_1) = (ℓ, b_1) ∈ M(A_2, B_1), g = (a_1, b_2) = (a_1, rb_1) = (a_1, r) ∈ M(A_1, B_2).

We have ℓ = f ·ℓ^′ , b_1 = f ·b^′_1 , a_1 = ga^′_1 , r = g ·r^′ and f; g > 1 (because otherwise dM(A, B) = 1 ).

Now we conclude that c = (a_2, b_2) = (ℓ · a_1, r · b_1) = (f · ℓ^′ · g · a^′_1, g · r^′ · f · b^′_1) ≥ f · g > max{f, g} and that therefore f ∈ M(A_2, B_1) , g ∈ M(A_1, B_2) , and f, g < c . Since c is minimal in M(A_2, B_2) we have f, g /∈ M(A_2, B_2) in contradiction to the definitions of f, g and (5.7).

Remark: An algorithm for deciding on equality for a given pair {A, B} can be found in the preprint [11]. It is based on the criterion in Lemma 3.

References

[1] P.G.L. Dirichlet, R. Dedekind, “Zahlentheorie”, 1. Edit., Braunschweig 1863; 4–th edit., Braunschweig 1893.

[2] H. Rohrbach, “Beweis einer zahlentheoretischen Ungleichung”, J. Reine u. Angew.

Math. 177, 193–196, 1937.

[3] H.A. Heilbronn, “On an inequality in the elementary theory of numbers”, Proc.

Cambridge Philos. Soc. 33, 207–209, 1937.

[4] F.A. Behrend, “Generalization of an inequality of Heilbronn and Rohrbach”, Bull.

Ann. Math. Soc. 54, 681–684, 1948.

[5] H.H. Ostmann, “Additive Zahlentheorie I, II”, Springer–Verlag 1956.

[6] H. Halberstam and K.F. Roth, “Sequences”, Oxford University Press 1966 and Springer–Verlag, New York, 1983.

[7] R. Ahlswede and D.E. Daykin, “An inequality for the weights of two families of sets, their unions and intersections”, Z. Wahrscheinlichkeitstheorie u. verw. Geb. 43, 183–185, 1978.

[8] R. Ahlswede and D.E. Daykin, “Inequalities for a pair of maps S × S → S with S a finite set”, Math. Zeitschrift 165, 267–289, 1979.

[9] R. Ahlswede and L.H. Khachatrian, “Towards characterising equality in correlation inequalities”, SFB 343 “Diskrete Strukturen in der Mathematik”, Bielefeld, Preprint 93–027, submitted to European J. of Combinatorics.

[10] G. Pólya and G. Szegö, “Aufgaben und Lehrsätze aus der Analysis”, 2 vol., Berlin, Springer 1925.

[11] R. Ahlswede and L.H. Khachatrian, “Density inequalities for sets of multiples”, SFB 343 “Diskrete Strukturen in der Mathematik”, Bielefeld, Preprint 93–049.