Number theoretic correlation inequalities for Dirichlet densities

Rudolf Ahlswede and Levon H. Khachatrian

Universität Bielefeld Fakultät für Mathematik Postfach 100131 33501 Bielefeld Germany

Abstract

Our main discovery is the inequality D (A, B) D[A, B] ˘ D A D B, where A, B are arbitrary sets of positive integers, (A, B) = � (a, b) : a 2 A, b 2 B � is the set of largest common divisors, [A, B] = � [a, b] : a 2 A, b 2 B � is the set of least common multiples, and D denotes the lower Dirichlet density. It is much more general than our recent inequality for multiples of sets, which in turn is sharper than Behrend’s well–known inequality.

We also extend another recently discovered inequality, which does not seem to have number theoretic predecessors.

1 Introduction

The starting point of our investigations are two new inequalities of [3], which concern asymptotic densities of sets of multiples of certain sets of positive integers. They are readily stated.

For sets A, B ⊂ N, the set of positive integers, consider the set of least common multiples [A, B] = { [a, b] : a ∈ A, b ∈ B } , the set of largest common divisors (A, B) = { (a, b) : a ∈ A, b ∈ B } , the set of products A × B = {a · b : a ∈ A, b ∈ B}, and the sets of their multiples M(A) = A × N, M(B), M[A, B], M(A, B), and M(A × B), resp.

We use the abbreviations ⟨1, n⟩ = {1, 2, . . . , n} and for any set C ⊂ N C_n = C ∩ ⟨1, n⟩.

The asymptotic density dC is defined as dC = lim_{n→∞} C_n/n, if the limit exists. The lower

(resp. upper) asymptotic densities dC and dC are defined similarly with lim replaced by lim inf (resp. lim sup).

The discoveries in [3] are the inequalities dM(A, B)dM[A, B] ≥ dM(A) · dM(B) (1.1) and dM(A) · dM(B) ≥ dM(A × B), (1.2) where A and B are finite.

The first inequality is by the factor dM(A, B) sharper than Behrend’s well–known inequality ([9], [25], [16]). This in turn is a generalisation of an earlier inequality of Rohrbach [27] and Heilbronn [18], which settled a conjecture of Hasse concerning an identity due to Dirichlet (see [27]). A simple proof was given in [28] via a probabilistic inequality, which actually is a special case of the earlier FKG–inequality [15].

The second inequality does not seem to have predecessors in number theory.

We mentioned already in [4] that structural similarities between Behrend’s inequality and the AD–inequality (see Section 2) led us to conjecture the first inequality.

Now we go further in three directions. We mention first that these similarities are more than just analogies. In fact, we show in Section 2 that (1.1) is a consequence of the AD– inequality. Thus we have a unified view and the AD–inequality now not only includes several correlation inequalities from statistical physics ([15]) resp. probability theory ([17], [19]) and combinatorics ([22], [29], [12], [7]), but also well–known density inequalities ([27], [18], [9]) in number theory.

Secondly, this approach gives more than just another proof of (1.1), because it works for arbitrary subsets C, D ⊂ N and not just sets of multiples M(A), M(B) with A, B finite (Theorem 1 in Section 2).

The application of the AD–inequality is made to isomorphic images of A_n and B_n in finite lattices of multisets (that is, divisors of an integer). The transition to the (possibly infinite) sets A and B proceeds via Dirichlet series D(C, s) = ∑ n∈C n^{−s} and Dirichlet densities

DC = lim_{s→1+}(s − 1)D(C, s), (1.3)

if they exist. Otherwise we use the lower (resp. upper) Dirichlet densities DC and DC, which are defined with lim replaced by lim inf (resp. lim sup).

Finally, we explore number theoretic analoga to other known correlation inequalities. Sets of multiples correspond to upsets in lattices.

Insofar our main finding is, that the inequality in (1.2) corresponds to and can also be derived via Dirichlet series from the van den Berg/Kesten inequality (see Section 3). It plays a role in (and was discovered in the context of) reliability theory (see [8], [24]) and also in percolation theory (see [10], [21]). This inequality holds only for upsets and as striking confirmation of our ideas we note that (1.2) does not extend to arbitrary sets! (Example 3 in Section 3.)

However our approach gives an extension of (1.2) to multiples of infinite sets in terms of Dirichlet densities (Theorem 2 in Section 3). Further perspectives of our ideas are discussed in Section 4. We conclude with relations between density concepts, which are used in the paper.

Dirichlet proved (see [25], page 96) that DA equals the so called logarithmic density

ffiA = lim_{n→∞} 1 log n ∑ a∈An 1 a . (1.4)

Inspection of the proof shows that the corresponding lower and upper densities are also equal:

DA = ffiA and DA = ffiA. (1.5)

It is also well–known (see [25]) that

0 ≤ dA ≤ DA ≤ DA ≤ dA. (1.6)

Consequently the existence of dA implies the existence of DA. (For converse implications see [20], [23], [25]). A famous example of Besicovitch ([11], [16]) shows that infinite sets of multiples need not have an asymptotic density. However, Davenport and Erdös [13] proved that for every A ⊂ N

ffiM(A) = dM(A). (1.7)

2 A number theoretic consequence of the AD–inequality

We state first the AD–inequality.

Let L ⊂ {0, 1}^n be a sublattice of {0, 1}^n and let α, β, γ, δ : L → R_+ , then α(a)β(b) ≤ γ(a ∨ b)δ(a ∧ b) for all a, b ∈ L (2.1) implies α(A)β(B) ≤ γ(A ∨ B)δ(A ∧ B) for all A, B ∈ L, (2.2) where α(A) = ∑ a∈A α(a) etc. and A ∨ B = {a ∨ b : a ∈ A, b ∈ B} etc.

We state next our main result. It is an inequality, which is sharper and considerably more general than all its predecessors, inequalities by Rohrbach, Heilbronn, Behrend, and Ahlswede/Khachatrian (see [27], [18], [9], [4]). It holds for arbitrary sets and not just for sets of multiples of finite sets.

Presently we have no proof without transfinite methods. Whereas A_n, B_n ⊂< 1, n > we know in general only that [A_n, B_n] ⊂< 1, n^2 >, which makes comparisons of densities difficult.

Theorem 1.

For arbitrary A, B ⊂ N DA · DB ≤ D[A, B] · D(A, B).

Before we give a proof we present some immediate consequences. Corollary 1.

(i) For finite A, B ⊂ B dM(A)dM(B) ≤ dM[A, B]dM(A, B) ([4]). (ii) For arbitrary A, B ⊂ N DM(A)DM(B) ≤ DM[A, B]DM[A, B].

Furthermore, this inequality can be given in equivalent forms by writing ffi or d instead of D.

Proof: First observe that M[A, B] = [ M(A), M(B) ] and M(A, B) = ( M(A), M(B) ) .

These identities and application of Theorem 1 to the sets M(A) and M(B) give DM(A) · DM(B) ≤ DM[A, B] · DM(A, B). Now (i) follows, because multiples of finite sets have asymptotic density and by (1.6) we can replace D by d.

Finally (ii) follows, because we know from (1.7) and (1.5) that for any C ⊂ N dM(C) = ffiM(C) = DM(C).

Proof of Theorem 1:

We consider the Dirichlet series D associated with A, B, [A, B], and (A, B) in the domain {s : s ∈ R, s > 1}, where they all converge.

It is also clear that for A_n = A∩ < 1, n > and B_n = B∩ < 1, n > lim_{n→∞} D(A_n, s) = D(A, s), lim_{n→∞} D(B_n, s) = D(B, s), lim_{n→∞} D ( [A_n, B_n], s ) = D ( [A, B], s ) , and lim_{n→∞} D ( (A_n, B_n), s ) = D ( (A, B), s ) . (2.3)

Using these facts we derive below from the AD–inequality the inequality D(A, s) · D(B, t) ≤ D ( [A, B], s ) D ( (A, B), t ) for 1 < s < t. (2.4)

This immediately yields

lim inf s→1+ D(A, s) · D(B, t) ≤ lim inf_{s→1+} D ( [A, B], s ) · D ( (A, B), t )

and thus DA · DB ≤ D[A, B] · D(A, B).

We prove now (2.4).

Let {p_1, p_2, . . . , p_m} be the set of all primes in < 1, n >.

Clearly A_n ∪ B_n ∪ [A_n, B_n] ∪ (A_n, B_n) ⊂ L^′ = {_m ∏ i=1 p^{πi}_i : 0 ≤ π_i ≤ n } and c^′ ∈ L^′ has a

unique representation

c^′ = m∏ i=1 p^{πi(c0 )}_i . (2.5)

f : L^′ → {0, 1}^{m·n}, defined by f(c^′) = c = (c_{11}, . . . , c_{n1}, c_{12}, . . . , c_{n2}, . . . , c_{1m}, . . . , c_{nm}) with c_{ji} = { 1 if π_i(c^′) ≥ j 0 if π_i(c^′) < j,

(2.6)

embedds the lattice L^′ isomorphically into the lattice ( {0, 1}^{m·n}, ∨, ∧ ) . Denote the image by L.

The quadruple (α, β, α, β), where α(c) = 1 (c^′)^s = m∏ i=1 p^{−πi(c0 )s} i , β(c) = 1 (c^′)^t = m∏ i=1 p^{−πi(c0)t} i (2.7)

for c ∈ L and equals 0 otherwise, satisfies (2.1), because (a, b) ≤ a, b ≤ [a, b], (a, b)·[a, b] = a · b and thus for 1 < s < t 1 a^s 1 b^t ≤ 1 [a, b]^s · 1 (a, b)^t . (2.8)

Since [a, b] = m∏ i=1 p^{max(πi(a),πi(b))} i , (a, b) = m∏ i=1 p^{min(πi(a),πi(b))} i (2.9)

the AD–inequality implies now (2.2), that is, ∑ a∈An 1 a^s · ∑ b∈Bn 1 b^t ≤ ∑ c∈[An,Bn] 1 c^s · ∑ d∈(An,Bn) 1 d^t , (2.10)

or that D(A_n, s)D(B_n, t) ≤ D ( [A_n, B_n], s ) D ( (A_n, B_n), t ) . (2.11)

This and (2.3) finally imply (2.4).

Obviously, from (2.4) we can derive also other inequalities for arbitrary A, B ⊂ N, namely DA · DB ≤ D[A, B] · D(A, B), DA · DB ≤ D[A, B] · D(A, B), and DA · DB ≤ D[A, B] · D(A, B). It is a wide field of research to investigate for which sets the various densities exist.

Now we deduce from Theorem 1 an inequality for non–multiples N(C) = N r M(C).

Corollary 2.

(i) For finite A, B ⊂ N dN(A) · dN(B) ≤ d [ N(A), N(B) ] dN(A ∪ B). (ii) For arbitrary A, B ⊂ N DN(A)DN(B) ≤ D [ N(A), N(B) ] DN(A ∪ B). Here D can be replaced by ffi or d.

Proof:

First observe that ( N(A), N(B) ) = N(A ∪ B). This identity and application of Theorem

1 to the sets N(A) and N(B) give DN(A) · DN(B) ≤ D [ N(A), N(B) ] · DN(A ∪ B). Here D can be replaced by D, because [ N(A), N(B) ] = N(A) ∪ N(B) and DN(A) + DN(B) − DN(A ∪ B) = D ( N(A) ∪ N(B) ) . This gives (ii) and, since for a finite set C

DN(C) = 1 − DM(C) = 1 − dM(C) = dN(C), also (i).

Notice that (i) is by the factor d [ N(A), N(B) ] better than Behrend’s inequality.

In [4] we have shown that (i) in Corollary 1 is equivalent to dN(A)dN(B) ≤ dN(A ∪ B) − dN(A, B) ( 1 − dN[A, B] ) , (2.12)

which is by the term dN(A, B) ( 1 − dN[A, B] ) better than Behrend’s inequality!

Quite surprisingly the two inequalities are different and none implies the other!

Example 1:

A = {3, 4}, B = {6}, dN(A) = 1 −

(_1 3 +^1_4 −^1_{12} ) =^1_2 , dN(B) =^5_6 , dN(A ∪ B) =

dN(A) =^1_2 , d [ N(A), N(B) ] =^{11}_{12} , (A, B) = {2, 3}, dN(A, B) =^1_3 , [A, B] = {6, 12},

dN[A, B] = dN({6}) = dN(B) =^5_6 .

We have therefore dN(A ∪ B) − dN(A, B) ( 1 − dN[A, B] ) =^1_2 −^1_3 ( 1 −^5_6 ) =^4_9 <^{11}_{24} =^1_2 ·^{11}_{12} = dN(A ∪ B) · d [ N(A), N(B) ] . Example 2:

A = {2}, B = {2, 3}, dN(A) =^1_2 , dN(B) = 1 −^1_2 −^1_3 +^1_6 =^1_3 , dN(A ∪ B) = dN(B) =^1_3 ,

by R_{10} [ N(A), N(B) ] = N(A) ∪ N(B) = N(A) and thus d [ N(A), N(B) ] =^1_2 , dN(A ∪

B) = dN(B) =^1_3 , dN(A, B) = 0.

We have therefore dN(A ∪ B) − dN(A, B) ( 1 − dN[A, B] ) =^1_3 >^1_6 =^1_3 ·^1_2 = dN(A ∪ B)d [ N(A), N(B) ] . We mention that in the case A = {4}, B = {6}, the order is as in example 1, but with

equality in (2.12).

3 From “new better than used” (NBU) to the inequality DM (A × B) ≤ DM (A) · DM (B)

The role played by the AD–inequality in the forgoing section is now played by the BK– inequality, which we now introduce.

For a = (a_1, . . . , a_n) and b = {b_1, . . . , b_n) ∈ R^n , a ≥ b means a_t ≥ b_t for t = 1, 2, . . . , n. A set A ⊂ R^n is called increasing, if a ∈ A and b ≥ a implies b ∈ A.

In reliability theory (see [8] for a systematic account) a non–negative random variable X is called “new better than used” or in short NBU, if its probability distribution on R_+ satisfies for all x_1, x_2 ≥ 0 P {X > x_1 + x_2|X > x_1} ≤ P {X > x_2}, (3.1) or equivalently, P {X > x_1 + x_2} ≤ P {X > x_1}P {X > x_2}. (3.2)

Motivated by the study of critical probabilities in percolation theory (see [21], [10]) van der Berg and Kesten introduced and analysed the following concept. A random vector X = (X_1, . . . , X_n) is strongly new better than used (SNBU), if for all increasing Borel sets A, B ⊂ R^n P {X ∈ A + B} ≤ P {X ∈ A}P {X ∈ B}. (3.3)

They found the BK–inequality.

If X_1, X_2, . . . , X_n are NBU and independent, then X = (X_1, . . . , X_n) is SNBU. (3.4)

Since N ∪ {o} ⊂ R_+ this inequality applies also for products of chains. We state and prove now our second inequality.

Theorem 2.

For arbitrary A, B ⊂ N DM(A) · DM(B) ≥ DM(A × B). Here D can be replaced by d and also by d if A and B are finite.

Proof: We use the product of chains L(ℓ, m) = {0, 1, . . . , ℓ}^m and the probability distri-

bution ν^{(m)} =^m ∏ i=1 ν_i, where

ν_i(ℓ_i) = p^{−sℓi}_i · (_ℓ ∑ λ=0 p^{−sλ}_i )_{−1} (3.5)

and thus

ν^{(m)}(ℓ_1, . . . , ℓ_m) = m∏ i=1 p^{−sℓi}_i · m∏ i=1 (_ℓ ∑ λ=0 p^{−sλ}_i )_{−1} . (3.6)

Notice that for any A, B ⊂ N M(A) = A × N, M(A × B) = A × B × N. (3.7)

Define N(ℓ, m) = {_m ∏ i=1 p^{ℓi}_i : (ℓ_1, . . . , ℓ_m) ∈ L(ℓ, m) } and notice that M(A) ∩ N(ℓ, m) = (( (A ∩ N(ℓ, m) ) × N(ℓ, m)^) ∩ N(ℓ, m), (3.8) M(A × B) ∩ N(ℓ, m) = (( (A ∩ N(ℓ, m) ) × ( B ∩ N(ℓ, m)^) × N(ℓ, m)^) ∩ N(ℓ, m) (3.9)

and that lim ℓ,m→∞ M(A) ∩ N(ℓ, m) = M(A). (3.10)

Since all summands in our Dirichlet series are non–negative we have therefore also for s > 1 lim ℓ,m→∞ D ( M(A) ∩ N(ℓ, m), s ) = D ( M(A), s ) (3.11) and lim ℓ,m→∞ D ( M(A × B) ∩ N(ℓ, m), s ) = D ( M(A × B), s ) . (3.12)

We show next that the ν_i’s are NBU: ν_i ( {λ_1, . . . , ℓ} ) · ν_i ( {λ_2, . . . , ℓ} ) ≥ ν_i ( {λ_1 + λ_2, . . . , ℓ} ) . For λ_1 + λ_2 > ℓ this inequality obviously holds.

Lemma.

For any λ_1, λ_2 ∈ {0, 1, . . . , ℓ}, λ_1 + λ_2 ≤ ℓ ℓ∑ λ≥λ1 1 p^λ · ℓ∑ λ≥λ2 1 p^λ ≥ ℓ∑ λ≥λ1+λ2 1 p^λ · ℓ∑ λ=0 1 p^λ .

Proof: The claimed statement is equivalent with

(1 + p + · · · + p^{ℓ−λ1} )(1 + p + · · · + p^{ℓ−λ2} ) ≥ (1 + p + · · · + p^{ℓ−λ1−λ2} )(1 + p + · · · + p^ℓ)

and consequently with

(p^{ℓ−λ1+1} − 1)(p^{ℓ−λ2+1} − 1) ≥ (p^{ℓ−λ1−λ2+1} − 1)(p^{ℓ+1} − 1).

This in turn is equivalent with p^{ℓ−λ1−λ2+1} + p^{ℓ+1} ≥ p^{ℓ−λ1+1} + p^{ℓ−λ2+1} and with 1 + p^{λ1+λ2} ≥ p^{λ2} + p^{λ1} , which is true.

Since U = M(A) ∩ N(ℓ, m) and V = M(B) ∩ N(ℓ, m) are increasing sets, we can apply the BK–inequality and get with W = M(A × B) ∩ N(ℓ, m) ∑ u∈U 1 u^s ∑ n∈N(ℓ,m) 1 n^s −1 · ∑ v∈V 1 v^s ∑ n∈N(ℓ,m) 1 n^s −1 ≥ ∑ w∈W 1 w^s ∑ n∈N(ℓ,m) 1 n^s −1

and consequently ∑ u∈U 1 u^s · ∑ v∈V 1 v^s ≥ ∑ w∈W 1 w^s ∑ n∈N(ℓ,m) 1 n^s . (3.13)

Now, together with (3.11) and (3.12) this implies D ( M(A), s ) · D ( M(B), s ) ≥ D ( M(A × B), s ) · ζ(s), (3.14)

if ζ is Riemann’s Zetafunction. We know that the logarithmic and also the Dirichlet densities exist for sets of multiples. Since also lim_{s→1+}(s − 1)ζ(s) = 1, we complete the proof with (1.3).

Example 3:

In the case A = {1}, B = N we have 1 = d(A × B) � dA · dB = 0. This shows that for the present inequality it is essential to work with sets of multiples.

4 Concluding remarks

Supplementary material can be found in the preprint [6]. Besides investigations of the existence of the various densities it concerns in particular firstly a discussion of possible number theoretic implications of the work [3] and secondly inequalities of an elementary nature. We give here a brief sketch.

1. We dare to say that we did not just discover new density inequalities, but that we discovered a method to produce density inequalities from combinatorial correlation inequalities.

Since the AD–inequality is much more general and also sharper than its predecessors ([17], [22], [15], [29], [19]) it received strong attention. However, it went almost unnoticed in the subsequent literature that this inequality is a very, very special case of the much more general inequalities of [3].

More importantly, the discovery of [3] was that the basis of such correlation inequalities are not lattice properties (as was believed earlier), but cartesian product properties of the operations used.

As the AD–inequality passes from a “local” property (2.1) to a “global” property (2.2), those more general inequalities also constitute local–global principles. It should be explored, which of these inequalities lead to number theoretic inequalities (“twins”). Conversely, now number theoretic questions may give hints for the search after combinatorial or probabilistic correlation inequalities. Recently, a beautiful generalization of AD has been given in (to our knowledge) independent papers [1] and [26]. We state without proof its number theoretic “twins” obtained by our approach for these sets. For arbitrary A, B, C ⊂ N DA · DB · DC ≤ D[A, B, C]D [ (A, B), (A, C), (B, C) ] D(A, B, C). (4.1) From Theorem 1 we also get the bound DA · DB · DC ≤ ( D[A, B]D(A, B) · D[A, C] · D(A, C) · D[B, C]D(B, C) )_2 . (4.2)

We conjecture that the upper bound in (4.1) is always at least as good as the upper bound in (4.2). If true, this gives an inequality for these bounds.

2. We consider here only finite sets A, B ⊂ N.

Some observations were made by asking just out of curiosity whether in (1.1) we can replace the operation M by the operation N, if we simultaneously reverse the inequality sign. Quite luckily, this is the case, but the inequality is very elementary: dN[A, B]dN(A ∪ B) ≤ dN(A)dN(B). (4.3)

Equality holds exactly if N(A) ⊃ N(B) or N(B) ⊃ N(A). Since N(A, B) ⊂ N(A ∪ B), we also have dN[A, B]dN(A, B) ≤ dN(A)dN(B). (4.4) Slightly more sophisticated is d ( M(A) ∩ M(B) ) d ( M(A) ∪ M(B) ) ≤ dM(A)dM(B), (4.5) where equality holds exactly if dM(A) ⊃ dM(B) or dM(B) ⊃ dM(B). Since M(A) ∪ M(B) = M(A ∪ B) and M(A ∩ B) ⊂ M(A) ∩ M(B) this implies dM(A ∩ B)dM(A ∪ B) ≤ dM(A)dM(B), (4.6) where equality holds exactly if B ⊂ M(A ∩ B) or A ⊂ M(A ∩ B). Combining (4.5) and Theorem 2, that is, by taking the maximum of the left–hand sides in the inequalities, we get an inequality truly better than any one of them. We conclude with a combinatorial “twin” of (4.6): For downsets U, V ⊂ L (|L| − |U ∨ V |)(|L| − |U ∧ V |) ≤ (|L| − |U|)(L − |V |), (4.7) where equality holds exactly if U ⊂ V or V ⊂ U.

Consistent with our observation about Theorem 2 is, that (4.7) does not extend to the non–monotone case.

5 References

[1 ] R. Aharoni and U. Keich, “A generalization of the Ahlswede–Daykin inequality”, Preprint 1990, to appear in Discrete Mathematics.

[2 ] R. Ahlswede and D.E. Daykin, “An inequality for the weight of two families of sets, their unions and intersections”, Z. Wahrscheinlichkeitstheorie u. verw. Geb. 43, 183–185, 1978.

[3 ] R. Ahlswede and D.E. Daykin, “Inequalities for a pair of maps S × S → S with S a finite set”, Math. Zeitschrift 165, 267–289, 1979.

[4 ] R. Ahlswede and L.H. Khachatrian, “Density inequalities for sets of multiples”, Journ. of Number Theory, Vol. 55, No. 2, 170–180, 1995.

[5 ] R. Ahlswede and L.H. Khachatrian, “Classical results on primitive and recent results on cross–primitive sequences”, SFB 343 “Diskrete Strukturen in der Mathematik”, Bielefeld, Preprint 93–042, 1993. Invited survey paper in honour of Paul Erdös; R. Graham and J. Nesetril editors.

[6 ] R. Ahlswede and L.H. Khachatrian, “Number theoretic correlation inequalities for Dirichlet densities”, Preprint 93–060, SFB 343 “Diskrete Strukturen in der Mathematik”, Universität Bielefeld, 1993.

[7 ] I. Anderson, “Combinatorics of finite sets”, Clarendon Press, Oxford.

[8 ] R.E. Barlow and F. Proschan, “Statistical Theory of Life Testing and Probability Models”, Holt, Rinehart and Winston, New York, 1975.

[9 ] F.A. Behrend, “Generalization of an inequality of Heilbronn and Rohrbach”, Bull.

Ann. Math. Soc. 54, 681–684, 1948.

[10 ] J. van der Berg and H. Kesten, “Inequalities with applications to percolation and reliability”, J. Appl. Prob. 22, 556–569.

[11 ] A.S. Besicovitch, “On the density of certain sequences of integers”, Math. Annalen 110, 336–341, 1934.

[12 ] B. Bollobás, “Combinatorics”, Cambridge Univ. Press 1986.

[13 ] H. Davenport and P. Erdös, “On sequences of positive integers”, Acta Arithm. 2, 147–151, 1937.

[14 ] P. Erdös, “On the density of some sequences of integers”, Bull. Amer. Math. Soc.

54, 685–692, 1948.

[15 ] C.M. Fortuin, P.W. Kasteleyn and J. Ginibre, “Correlation inequalities on some partially ordered sets”, Communications Math. Phys. 22, 89–103, 1971.

[16 ] H. Halberstam and K.F. Roth, “Sequences”, Oxford Univ. Press 1966, Springer– Verlag, 1983.

[17 ] T.E. Harris, “A lower bound for the critical probability in a certain percolation process”, Math. Proc. Cambridge Phil. Soc. 56, 13–20, 1960.

[18 ] H.A. Heilbronn, “On an inequality in the elementary theory of numbers”, Proc.

Cambridge Philos. Soc. 33, 207–209, 1937.

[19 ] R. Holley, “Remarks on the FKG inequalities”, Communications Math. Phys. 36, 227–231, 1974.

[20 ] S. Ikehara, “An extension of Landau’s theorem in the analytical theory of numbers”, J. Math. Phys., Massachusets 10, 1–12, 1931.

[21 ] H. Kesten, “Percolation Theory for Mathematicians”, Birkhäuser, Boston, 1982. [22 ] D. Kleitman, “Families of non–disjoint subsets”, J. Combinatorial Theory 1, 153– 155, 1966.

[23 ] E. Landau, “Handbuch der Lehre von der Verteilung der Primzahlen”, Bd. 2, S.

874, 1909.

[24 ] A.W. Marshall and M. Shaked, “A class of multivariate new better than used distributions”, Ann. Prob. 10, 259–264, 1982.

[25 ] H. Ostmann, “Additive Zahlentheorie I, II”, Ergebnisse der Math. u. ihrer Grenzgebiete, Springer–Verlag, 1956.

[26 ] Y. Rinott and M. Saks, “Correlation inequalities and a conjecture for permanents”, Combinatorica 13 (3), 269–277, 1993.

[27 ] H. Rohrbach, “Beweis einer zahlentheoretischen Ungleichung”, J. Reine Angew.

Math. 177, 193–196, 1937.

[28 ] I.Z. Rusza, “Probabilistic generalization of a number–theoretical inequality”, American Math. Soc. Monthly, No. 83, 723–725, 1976.

[29 ] P.D. Seymour and D.J.A. Welsh, “Combinatorial applications of an inequality from statistical mechanics”, Math. Proc. Cambridge Philos. Soc. 77, 485–495, 1975.