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Ursula Hamenstädt, Bonn ursula@math.uni-bonn.de
Lars Hesselholt, Cambridge, MA (MIT) larsh@math.mit.edu
Max Karoubi, Paris karoubi@math.jussieu.fr
Stephen Lichtenbaum Stephen Lichtenbaum@brown.edu
Eckhard Meinrenken, Toronto mein@math.toronto.edu
Alexander S. Merkurjev, Los Angeles merkurev@math.ucla.edu
Anil Nerode, Ithaca anil@math.cornell.edu
Thomas Peternell, Bayreuth Thomas.Peternell@uni-bayreuth.de
Takeshi Saito, Tokyo t-saito@ms.u-tokyo.ac.jp
Stefan Schwede, Bonn schwede@math.uni-bonn.de
Heinz Siedentop, München (LMU) h.s@lmu.de
Wolfgang Soergel, Freiburg soergel@mathematik.uni-freiburg.de
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Degenerate Cohomological Hall Algebra and

Quantized Donaldson-Thomas Invariants for

m-Loop Quivers

Markus Reineke

Received: June 7, 2011

Communicated by Peter Schneider

Abstract. We derive a combinatorial formula for quantized
Donaldson-Thomas invariants of the m-loop quiver. Our main tools
are the combinatorics of noncommutative Hilbert schemes and a de-
generate version of the Cohomological Hall algebra of this quiver.

2010 Mathematics Subject Classification: Primary 16G20, secondary
05E05, 14N35
Keywords and Phrases: Quantized Donaldson-Thomas invariant, Co-
homological Hall algebra, Noncommutative Hilbert scheme

1 Introduction

Generalized Donaldson-Thomas invariants of (noncommutative) varieties arise
from factorizations of generating series of motivic invariants of Hilbert scheme-
type varieties into Euler products. For 3-Calabi-Yau manifolds, this principle
is developed extensively in [10].

In [13], the author showed that the wall-crossing formulae of [10] can be mod-
elled using Hilbert schemes of path algebras of quivers; explicit calculations for
these varieties in [14] allowed to derive relative integrality (that is, preservation
of integrality under wall-crossing) of generalized Donaldson-Thomas invariants.

In [9] a general framework for the study of such integrality properties is pro-
posed, the central tools being Cohomological Hall algebras and the geometric
concept of factorization systems.

The purpose of the present paper is to develop an explicit, in most parts purely
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2 Markus Reineke

combinatorial, setup for the study of the quantized Donaldson-Thomas invari-
ants of [9] in the very special, but typical, case of the m-loop quiver. The
relevant concepts of [9] are discussed in sections 3, 4. Our approach is based
on the explicit description of Hilbert schemes attached to this quiver of [12],
which is reviewed in Section 2. It allows us to give a combinatorial description
of a degenerate version of the Cohomological Hall algebra, whose structure is
easily described (see Section 5). Using number-theoretic arguments similar to
[14], we obtain explicit formulas for these quantized Donaldson-Thomas invari-
ants (see Theorem 6.8) in terms of cyclic classes of certain integer sequences in
Section 6. We also relate this combinatorics to a similar one appearing in the
study of Higgs moduli in [7], thereby proving a conjecture of [6] on the Hitchin
nullcone; see Section 7.

Roughly speaking, our approach uses (the combinatorics of) noncommutative
Hilbert schemes as a transitional tool between the geometric problem of de-
termination of Donaldson-Thomas invariants and the combinatorial object of
cyclic configurations. However, the present approach is not strong enough to
yield the positivity properties conjectured in [9]. A proof of these is announced
in [3]. The quantized Donaldson-Thomas invariants considered here also ap-
pear in [16].

Acknowledgments: The author would like to thank S. Mozgovoy for several
discussions concerning this work, and in particular for pointing out the poten-
tial relation to Higgs moduli. After this work was first submitted to the arXiv,
the author learned about the work of A. Efimov [3] and of F. Rodriguez-Villegas
[16]. This work was started while the author participated in the workshop
“Wall-crossing in Mathematics and Physics” at Urbana-Champaign, and fin-
ished during stays at the Issac Newton Institute Cambridge and the Hausdorff
Institute Bonn. The author would like to thank the organizers and participants
of these programmes for the inspiring atmosphere.

2 Noncommutative Hilbert schemes

In this section, we recall the definition of noncommutative Hilbert schemes and
their main properties following [12]. We also relate the relevant combinatorics
of trees to a combinatorics of partitions which will play a major role in the
following.

Fix an integer m ≥ 1. For n ≥ 0, we call a pair consisting of a tuple
(ϕ1, . . . , ϕm) of linear operators on Cn and a vector v ∈ Cn stable if v is cyclic
for the representation of the free algebra F (m) = C〈x1, . . . , xm〉 on Cn defined
by the operators ϕi, that is, if C〈ϕ1, . . . , ϕm〉v = Cn. This defines an open
subset of the affine space End(Cn)m ⊕Cn, for which a geometric quotient by
the action of GLn(C) via g(ϕ1, . . . , ϕm, v) = (gϕ1g

−1, . . . , gϕmg−1, gv) exists.

This quotient is denoted by Hilb(m)
n and is called a noncommutative Hilbert
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Degenerate Cohomological Hall Algebra and . . . 3

scheme for F (m): in analogy with the Hilbert scheme of n points of an affine
variety X parametrizing codimension n ideals in the coordinate ring of X , the
variety Hilb(m)

n parametrizes left ideals I in F (m) of codimension n, that is,
ideals such that dimC F

(m)/I = n. Namely, to a tuple as above we associate
the left ideal of polynomials P ∈ F (m) such that P (ϕ1, . . . , ϕm)v = 0. Con-
versely, given a left ideal I ⊂ F (m), we choose an isomorphism between F (m)/I
and Cn. The operators ϕi are induced by left multiplication by xi on F (m)/I
via this isomorphism, whereas v is induced by the coset of the unit 1 ∈ F (m).
This tuple is stable by definition, and well defined up to the choice of the iso-
morphism F (m)/I ≃ Cn, that is, up to the GLn(C)-action.

Consider the set Ω(m) of words ω = i1 . . . ik in the alphabet {1, ...m}. Composi-
tion of words defines a monoid structure on Ω(m); define ω′ to be a left subword
of ω if ω = ω′ω′′ for a word ω′′. The set Ω(m) carries a lexicographic ordering
≤lex induced by the canonical total ordering on the alphabet {1, . . . ,m}. An
m-ary tree is a finite subset T ⊂ Ω(m) which is closed under left subwords. This
terminology is explained as follows: a subset T is visualized as the tree with
nodes ω for ω ∈ T and an edge of colour i from ω to ωi if ω, ωi ∈ T ; the empty
word corresponds to the root of the tree.

For a tree T , define its corona C(T ) as the set of all ω ∈ Ω(m) such that ω 6∈ T ,
but ω′ ∈ T for ω = ω′i for some i. We have |C(T )| = (m− 1)|T |+ 1.

Given a word ω = i1 . . . ik and a tuple of operators (ϕ1, . . . , ϕm) as above, we

define ϕω = ϕik ◦ . . . ◦ ϕi1 . For a tree T of cardinality n, define ZT ⊂ Hilb(m)
n

as the set of classes of tuples (ϕ1, . . . , ϕm, v) such that:

1. the elements ϕωv for ω ∈ T form a basis of Cn,

2. if ω ∈ C(T ), then ϕωv =
∑

ω′ λω,ω′ϕω′v, where the sum ranges over all
words ω′ ∈ T such that ω′ <lex ω.

Denote by d(T ) the number of pairs (ω, ω′) such that ω ∈ C(T ), ω′ ∈ T and
ω′ <lex ω.

Theorem 2.1 [12, Theorem 1.3] The following holds:

1. ZT is a locally closed subset of Hilb(m)
n , which is isomorphic to an affine

space of dimension d(T ).

2. The subsets ZT , for T ranging over all trees of cardinality n, define a cell
decomposition of Hilb(m)

n , that is, there exists a decreasing filtration of

Hilb(m)
n by closed subvarieties, such that the successive complements are

the subsets ZT .

As a corollary to this geometric description, we can derive precise information
on the cohomology (singular cohomology with rational coefficients) of Hilb(m)

n .
The existence of a cell decomposition implies vanishing of odd cohomology (and
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4 Markus Reineke

algebraicity of even cohomology), thus we can consider the following generating
series of Poincaré polynomials

F (q, t) =
∑

n≥0
q(m−1)(

n
2)
∑

k

dimHk(Hilb(m)
n )q−k/2tn ∈ Z[q, q−1][[t]],

as well as its specialization

F (t) = F (1, t) =
∑

n≥0
χ(Hilb(m)

n )tn ∈ Z[[t]].

We also define

H(q, t) =
∑

n≥0

q(m−1)(
n
2)

(1− q−1) · . . . · (1− q−n)
tn ∈ Q(q)[[t]],

which is a q-hypergeometric series whose major role for the following will be
explained in the next section.

Corollary 2.2 We have the following explicit descriptions of the series
F (q, t) and F (t):

1. The series F (q, t) is uniquely determined as the solution in Q(q)[[t]] of
the algebraic q-difference equation

F (q, t) = 1 + t
m−1∏

k=0

F (q, qkt).

2. The series F (t) is uniquely determined as the solution in Q[[t]] of the
algebraic equation

F (t) = 1 + tF (t)m.

3. The Euler characteristic of Hilb(m)
n equals the number of m-ary trees with

n nodes, which is 1
(m−1)n+1

(
mn
n

)
.

4. We have F (q, t) = H(q,t)
H(q,q−1t) .

Proof: In the notation of [12], the series F (q, t) equals the series ζ
(m)

1 (q, t)
of [12, Section 5] by [12, Corollary 4.4.]. The first statement translates the
operation of grafting of trees; see [12, Theorem 5.5.]. Specialization of the
functional equation to q = 1 yields the second statement. The third statement
follows from an explicit formula for the number ofm-ary trees; see [12, Corollary
4.5.]. The fourth statement is a special case of [4, Theorem 5.2.]; in the present
case, it is easily derived from the identity

H(q, t) = H(q, q−1t) + tH(q, qm−1t)
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Degenerate Cohomological Hall Algebra and . . . 5

(which follows by a direct calculation from the definition of H(q, t)), together
with the first statement.

�

Remark: These explicit descriptions of the series F (q, t) are also derived in
[1, 2]; these references are already used in [12] to derive asymptotic properties

of the cohomology of Hilb(m)
n .

Denote by Tn the set of partitions (see the beginning of Section 5 for a discussion
of this non-standard definition of partitions) λ = (0 ≤ λ1 ≤ . . . ≤ λn) such
that λi ≤ (m − 1)(i − 1) for all i = 1, . . . , n. Define the weight of λ ∈ Tn as
wt(λ) = (m − 1)

(
n
2

)
− |λ|. We also define a weight function wt(T ) on trees T

as above by

wt(T ) = (m− 1)

(|T |
2

)
− |{(ω′, ω) ∈ C(T )× T : ω′ <lex ω}|,

thus wt(T ) = d(T )− (m− 1)
(
n+1
2

)
− n by definition of d(T ).

Given an m-ary tree T ⊂ Ω(m) with n vertices as above, write T = {ω1, . . . , ωn}
with ω1 <lex . . . <lex ωn. We define a partition λ(T ) by

λ(T )i = |{ω ∈ C(T ) : ω <lex ωi}|.

Proposition 2.3 The map associating λ(T ) to T defines a weight-preserving
bijection between m-ary trees with n nodes and Tn.

Proof: To prove that λ(T ) belongs to Tn, we observe that an element
ω ∈ C(T ) such that ω <lex ωk belongs to C(Tk) \ {ωk} for the subtree
Tk = {ω1, . . . , ωk−1} of T ; this is a set of cardinality (m− 1)(k− 1). We recon-
struct the tree from the partition λ ∈ Tn inductively as follows: we start with
the empty tree T0. In the k-th step, we list the elements of the corona of Tk−1 in
ascending lexicographic order as C(Tk−1) = {ωki , . . . , ωk(m−1)(k−1)−1} and define

Tk = Tk−1 ∪ {ωkλk+1}. We then have {ω ∈ C(T ), ω <lex ωk} = {ωk1 , . . . , ωkλk
},

proving that T is reconstructed from λ(T ). The equality of the weights of T
and λ(T ) follows from the definitions.

�

3 Donaldson-Thomas type invariants

The following definition of Donaldson-Thomas type invariants for the m-loop
quiver (recall that m ≥ 1) is motivated by [10].

Definition 3.1 Define DT(m)
n ∈ Q for n ≥ 1 by writing

F ((−1)m−1t) =
∏

n≥1
(1 − tn)−(−1)

(m−1)nnDT(m)
n .

Documenta Mathematica 17 (2012) 1–22



6 Markus Reineke

These numbers are well-defined since F (t) is an integral power series with

constant term 1. A priori, we have nDT(m)
n ∈ Z.

Theorem 3.2 [14] We have DT(m)
n ∈ N; explicitly, these numbers are given

by the following formula:

DT(m)
n =

1

n2

∑

d|n
µ(
n

d
)(−1)(m−1)(n−d)

(
mn− 1

n− 1

)
.

We make this formula more explicit by giving some examples, in which we ob-
serve that DT(m)

n is a polynomial in m except if n ≡ 2 mod 4 (this phenomenon
will become more transparent in the following sections).

DT
(m)
1 = 1, DT

(m)
2 =

⌊m
2

⌋
, DT

(m)
3 =

m(m− 1)

2
,

DT
(m)
4 =

m(m− 1)(2m− 1)

3
, DT

(m)
5 =

5m(m− 1)(5m2 − 5m+ 2)

24
,

DT
(m)
6 =

m(m− 1)(36m3 − 54m2 + 31m− 13+(−1)m−15
2 )

20
,

DT
(m)
7 =

7m(m− 1)(343m4 − 686m3 + 539m2 − 196m+ 36)

720
.

Remark: In general, DT(m)
n has leading term nn−2

n! mn−1 considered as a func-
tion of m. It would be interesting to give a graph-theoretic explanation of
this, in the spirit of the graph-theoretic explanation for the leading term of the
polynomial counting isomorphism classes of absolutely indecomposable repre-
sentations of dimension n of the m-loop quiver in [8].

In [9], a conjecture is formulated which implies the above theorem; we formulate
a slight variant of this conjecture.

Conjecture 3.3 [9, Section 2.6] There exists a product expansion

H(q, (−1)m−1t) =
∏

n≥1

∏

k≥0

∏

l≥0
(1− qk−ltn)−(−1)

(m−1)ncn,k

for nonnegative integers cn,k, such that only finitely many cn,k are nonzero for
any fixed n.

Assuming this conjecture, we have

F (q, (−1)m−1t) =
∏

n≥1

∏

k≥0

n−1∏

l=0

(1− qk−ltn)−(−1)
(m−1)ncn,k

and thus
F ((−1)m−1t) =

∏

n≥1
(1− tn)−(−1)

(m−1)nn
∑

k cn,k .
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Degenerate Cohomological Hall Algebra and . . . 7

Thus, setting DTn
(m)(q) =

∑
k≥0 cn,kq

k, the conjecture implies that DT(m)
n (q)

is a polynomial with nonnegative coefficients, such that DT(m)
n (1) = DT(m)

n .

In the following, we will use a simplified notation for product expansions as in
the conjecture, using the λ-ring exponential Exp, see Section 8. Using Lemma
8.3, the product of the conjecture can be rewritten as

Exp(
1

1− q−1
∑

n≥1
DT(m)

n (q)((−1)m−1t)).

4 The Cohomological Hall algebra

In this section, we review the definition and the main properties of the Coho-
mological Hall algebra of [9] for the m-loop quiver. In particular, we formulate
the main conjecture of [9] on these algebras and relate it to the conjecture of
the previous section.

For a vector space V , we denote by EV = End(V )m the space of m-tuples of
endomorphisms of V . The groupGV = GL(V ) acts on EV by simultaneous con-
jugation. For complex vector spaces V and W of dimension n1 and n2, respec-
tively, we consider the subspace EV,W of EV⊕W of m-tuples of endomorphisms
(ϕ1, . . . , ϕm) respecting the subspace V of V ⊕W , that is, such that ϕi(V ) ⊂ V
for all i = 1, . . . ,m. We have an obvious projection map p : EV,W → EV ×EW
mapping (ϕ1, . . . , ϕm) to ((ϕ1|V , . . . , ϕm|V ), (ϕ1, . . . , ϕm)), where ϕi denotes
the endomorphism of W induced by ϕi. The action of GV⊕W on EV⊕W re-
stricts to an action of the parabolic subgroup PV,W of GV⊕W , consisting of
automorphisms respecting the subspace V , on EV,W . The projection p is equiv-
ariant, if the action of PV,W on EV ×EW is defined through the Levi subgroup
GV × GW of PV,W . Moreover, the closed embedding of EV,W into EV⊕W is
PV,W -equivariant.

Using these maps EV × EW ← EV,W → EV⊕W and their PV,W -equivariance,
we can define the following map in equivariant cohomology with rational coef-
ficients:

H∗GV
(EV )⊗H∗GW

(EW ) ≃ H∗GV ×GW
(EV × EW )

≃ H∗PV,W
(EV,W )

→ H∗+2s1
PV,W

(EV⊕W )

→ H∗+2s1+2s2
GV ⊕W

(EV ⊕W ),

where the shifts in cohomological degree are s1 = dimEV⊕W − dimEV,W =
m dimV dimW and s2 = − dimGV⊕W /PV,W = − dimV dimW (see [9, Sec-
tion 2.2.] for the details). Then the following holds:

Theorem 4.1 [9, Theorem 1] The above maps induce an associative unital

Documenta Mathematica 17 (2012) 1–22



8 Markus Reineke

Q-algebra structure on H =
⊕

n≥0H
∗
GCn

(ECn), which is N × Z-bigraded if

Hk
GCn (ECn) is placed in bidegree (n, (m− 1)

(
n
2

)
− k/2).

The algebra H is called the Cohomological Hall algebra of the m-loop quiver
in [9]. Since all spaces EV are contractible, the vector space underlying H is
independent of m, whereas the algebra structure depends on m.

The above bigrading differs slightly from the one in [9]; it is more suited to
our purposes of studying the series H(q, t) in relation to the generating series

F (q, t) of Poincaré polynomials of Hilb(m)
n .

We consider the Poincaré-Hilbert series of H:

PH(q, t) =
∑

n≥0

∑

k∈Z
dimQHn,kqktn.

Lemma 4.2 The series PH(q, t) equals H(q, t).

Proof: The homogeneous component of H with respect to the first compo-
nent of the bidegree equals H∗GCn

(ECn) ≃ H∗GCn
(pt), which is isomorphic to

a polynomial ring in n generators placed in bidegree (n, (m − 1)
(
n
2

)
− i) for

i = 1, . . . , n. Thus, this component has Poincaré-Hilbert series

q(m−1)(
n
2)tn

(1− q−1) · . . . · (1 − q−n)
.

�

Using torus fixed point localization, one obtains the following algebraic descrip-
tion of H:

Theorem 4.3 [9, Theorem 2] The algebra H is isomorphic to the following
shuffle-type algebra structure on

⊕
n≥0 Q[x1, . . . , xn]Sn , the space of symmetric

polynomials in all possible numbers of variables:

(f1 ∗ f2)(x1, . . . , xn1+n2) =

∑
f1(xi1 , . . . , xin1

)f2(xj1 , . . . , xjn2
)(

n1∏

k=1

n2∏

l=1

(xjl − xik ))m−1,

the sum ranging over all shuffles {i1 < . . . < in1} ∪ {j1 < . . . < jn2} =
{1, . . . , n1 +n2}. A homogeneous symmetric function of degree k in n variables
is placed in bidegree (n, (m− 1)

(
n
2

)
− k).

From this description we see that H is commutative in case m is odd, and
supercommutative in case m is even.
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Degenerate Cohomological Hall Algebra and . . . 9

Conjecture 4.4 [9, Conjecture 1] The bigraded algebra H is isomorphic to
Sym(C ⊗ Q[z]), the (graded) symmetric algebra over a bigraded super vector
space. For any fixed n ≥ 1, only finitely many homogeneous components Cn,k
are nonvanishing and k ≥ 0 in this case, and z is a homogeneous element of
bidegree (0,−1).

This conjecture immediately implies Conjecture 3.3 for cn,k = dimQ Cn,k, since
the Poincaré-Hilbert series of a symmetric algebra has a natural product ex-
pansion, namely PSym(V ) = Exp(PV ). A proof of Conjecture 4.4 is announced
in [3].

5 The degenerate Cohomological Hall Algebra

We introduce a degenerate form of the Cohomological Hall algebra H and show
that it is of purely combinatorial nature. We analyze its structure using the
combinatorics of partitions in the set Tn introduced in Section 2.

In the following, we will adopt a non-standard notation for partitions: a parti-
tion of length n is a non-decreasing sequence λ = (0 ≤ λ1 ≤ . . . ≤ λn) of (not
necessarily non-zero) integers. Denote by Λn the set of partitions of length
l(λ) = n, and denote the disjoint union of all Λn (for n ≥ 0) by Λ. For N ∈ N,
define SNλ = (λ1+N, . . . , λn+N). Define the union µ∪ν of partitions µ, ν ∈ Λ
as the partition with parts µ1, . . . , µl(µ), ν1, . . . , νl(ν), resorted in ascending or-
der.

Generalizing the definition in Section 2, the weight of a partition λ is defined
as wt(λ) = (m− 1)

(
n
2

)
− |λ|, where |λ| = λ1 + . . .+ λn. Comparison with the

argument in the proof of Lemma 4.2 immediately shows:

Lemma 5.1 The generating function
∑

λ∈Λ q
wt(λtl(λ) of Λ by weight and length

equals H(q, t).

Definition 5.2 Define an algebra structure ∗ on the vector space A with basis
elements λ ∈ Λ by

µ ∗ ν = µ ∪ S(m−1)l(µ)ν

for µ, ν ∈ Λ.

This multiplication is obviously associative, but non-commutative unless m =
1. It is easy to verify that this algebra is bigraded by weight and length of
partitions, and thus has H(q, t) as its Poincaré series.

The explicit description of the Cohomological Hall algebra in Theorem 4.3
allows us to define the following (naive) quantization.

Definition 5.3 Define the quantized Cohomological Hall algebra Hq as the
bigraded Q[q]-module

⊕
n≥0 Q[q][x1, . . . , xn]Sn with the product

(f1 ∗ f2)(x1, . . . , xn1+n2) =
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10 Markus Reineke

∑
f1(xi1 , . . . , xin1

)f2(xj1 , . . . , xjn2
)(

n1∏

k=1

n2∏

l=1

(xjl − qxik ))m−1.

Remark: It would be interesting to realize this algebra geometrically, as the
convolution algebra in some appropriate cohomology theory on the GV -spaces
EV of the previous section.

We can specialize the algebra Hq to any q ∈ Q, in particular to q = 0, yielding
an algebra H0.

Proposition 5.4 We have an isomorphism of bigraded algebras A ≃ H0 by
mapping a partition λ to the symmetric polynomial

Pλ(x1, . . . , xn) =
∑

σ∈Sn

xλ1

σ(1) · . . . · x
λn

σ(n).

Proof: The polynomial Pλ is a suitable multiple of the monomial symmetric
polynomial mλ(x1, . . . , xn). The multiplication in H0 reduces to

(f1 ∗ f2)(x1, . . . , xn1+n2) =

∑
f1(xi1 , . . . , xin1

)f2(xj1 , . . . , xjn2
)(

n2∏

l=1

xjl)
(m−1)n1 .

Identification of shuffles with cosets Sn1+n2/(Sn1 × Sn2) immediately shows
that Pλ ∗ Pµ = Pλ∗µ.

�

Recall from section 2 the subset Tn ⊂ Λn of partitions λ ∈ Λn such that
λi ≤ (m − 1)(i − 1) for all i = 1, . . . , n, and define T as the disjoint union of
all Tn.

Lemma 5.5 The subspace B of A generated by the basis elements indexed by T
is stable under the multiplication ∗, thus B is a subalgebra of A. In computing
a product λ ∗ µ for λ, µ ∈ T , it suffices to append S(m−1)l(λ)µ to λ (without
resorting parts).

Proof: Using the definition of T and of ∗, this is immediately verified.
�

Denote by S the linear operator on A induced by the operation S on partitions.

Lemma 5.6 Multiplication induces an isomorphism of bigraded vector spaces
B ⊗ SA ≃ A.

Proof: On the level of partitions, this reduces to the statement that mul-
tiplication induces a bijection between

⋃
k+l=n Tk × S(Λl) and Λn preserving

weights. Suppose λ is given. If λ ∈ Tn, we map λ to (λ, ()) ∈ Tn × Λ0. Oth-
erwise, let i be maximal such that λi ≤ (m − 1)(i − 1) (thus i < n). We
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Degenerate Cohomological Hall Algebra and . . . 11

define µ = (λ1, . . . , λi). We have λj > (m − 1)(j − 1) for all j > i, thus
(λi+1, . . . , λn) = S(m−1)i+1ν for the partition ν of length n − i with parts
νk = λi+k − (m − 1)i − 1 ≥ 0. Then λ is mapped to (µ, ν). By a simple
calculation, compatibility of this bijection with the weight is verified.

�

We can iterate this lemma to get (the infinite tensor product meaning finite
combinations of finite pure tensors):

Corollary 5.7 Multiplication induces an isomorphism

⊗

i≥0
SiB = B ⊗ SB ⊗ S2B ⊗ . . . ≃ A.

Proof: Iteration of the previous lemma shows that any λ admits a finite
decomposition λ = λ1 ∗ . . . ∗ λs such that λk ∈ SkB for degree reasons.

�

Next, we analyze the structure of the algebra B. Denote by T 0
n ⊂ Tn the subset

of all λ ∈ Tn such that λi < (m− 1)(i− 1) for i = 2, . . . , n, by T 0 the disjoint
union of all T 0

n , and by B0 the subspace of B linearly generated by T 0.

Lemma 5.8 B is isomorphic to the tensor algebra T (B0).

Proof: In a product λ = λ1 ∗ . . . ∗ λk of partitions λi ∈ T 0, the set of indices
l = 2, . . . , n such that λl = (m− 1)(l− 1) is precisely the set {l(λ1) + 1, l(λ1) +
l(λ2) + 1, . . . , l(λ1) + . . .+ l(λk−1) + 1}. This observation shows that any λ ∈ T
admits a unique such decomposition.

�

We define a total ordering on T 0 by the lexicographic ordering, viewing par-
titions as words in the alphabet N. This induces a total ordering, the lexi-
cographic ordering in the alphabet T 0, on words in T 0. Call a word in the
alphabet T 0 Lyndon if it is strictly bigger than all of its proper cyclic shifts.
Denote by TL the set of all λ1 ∗ . . .∗λk for λ1 . . . λk a Lyndon word in T 0, thus
TL is the union of all TLn = TL ∩ Tn, and by BL the subspace of B generated
by TL.

Lemma 5.9 Multiplication induces an isomorphism of bigraded vector spaces
Sym(BL) ≃ B.

Proof: By the previous lemma, we have B ≃ T (B0), thus B ≃ Sym(L(B0))
as vector spaces by Poincaré-Birkhoff-Witt, where L(B0) is the free Lie algebra
in B0 (since the free algebra of a vector space is the enveloping algebra of its
free Lie algebra). By general results on free Lie algebras [17], the Lyndon
words parametrize a basis of the free Lie algebra, since every word can be
written uniquely as a product of Lyndon words, weakly increasing with respect
to lexicographic ordering on words. This construction provides an isomorphism
between B and Sym(BL). The latter inherits its bigrading from BL, and the
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12 Markus Reineke

construction obviously respects the bigradings.
�

Combining the above lemmas, we arrive at the following description of the
algebra A:

Theorem 5.10 We have an isomorphism of bigraded vector spaces

A ≃ Sym(
⊕

i≥0
SiBL).

Proof: The result follows from the following chain of isomorphisms:

A ≃
⊗

i≥0
SiB ≃

⊗

i≥0
SiSym(BL) ≃

⊗

i≥0
Sym(SiBL) ≃ Sym(

⊕

i≥0
SiBL).

�

Remark: This result is not a direct analogue of Conjecture 4.4 for the algebra
A ≃ H0, since the operator S induces a shift of (0,−n) in bidegree on a
homogeneous component BL(n,k) of BL.

Comparing Poincaré-Hilbert series of both sides in the formula of Theorem
5.10, we get:

Corollary 5.11 We have the following product expansion:

H(q, t) = Exp(
∑

n≥1

1

1− q−n
∑

λ∈TL
n

qwt(λ)tn).

For application to (quantized) Donaldson-Thomas invariants, we have to de-
scribe H(q, (−1)m−1t), thus it is necessary to derive a signed analogue of the
previous corollary. Define TL,+ as TL if m is odd, and as

TL,+ = TL ∪ {λ ∗ λ |λ ∈ TL, l(λ) odd}

if m is even. Define TL,+n = TL,+ ∩ Tn.

Theorem 5.12 We have a product expansion

H(q, (−1)m−1t) = Exp(
∑

n≥1

1

1− q−n
∑

λ∈TL,+
n

qwt(λ)((−1)m−1t)n).

Proof: If m is odd, there is nothing to prove, so suppose that m is even.
From the identity

(1 + qatb)−1 = Exp(q2at2b − qatb)
it follows that H(q, (−1)m−1t) equals

Exp(
∑

n≥1

1

1− q−n
∑

λ∈TL
n

qwt(λ)((−1)m−1t)n +
∑

n≥1
odd

1

1− q−2n
∑

λ∈TL
n

q2wt(λ)t2n).
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Degenerate Cohomological Hall Algebra and . . . 13

Now it remains to recall that length and weight double when passing from λ
to λ ∗ λ, and the claim follows.

�

Arguing as in Section 3, this implies the following combinatorial interpretation
of Donaldson-Thomas invariants.

Corollary 5.13 We have DT(m)
n = 1

n |TL,+n |.

Define the polynomials Qn(q) =
∑
λ∈TL

n
qwt(λ) and Qn(q) =

∑
λ∈TL,+

n
qwt(λ);

we thus have Qn(q) = Qn(q) except in case m is even and n = 2n for odd n,
where Qn(q) = Qn(q) +Qn(q2). We can reformulate Theorem 5.12 as

H(q, (−1)m−1t) = Exp(
∑

n≥1

1

1− q−nQn(q)((−1)m−1t)n).

Example: To illustrate the classes of partitions T 0 ⊂ TL ⊂ T ⊂ Λ defined
above, we consider the case m = 2, n = 4. The set T4 consists of the 14
partitions

(0000), (0001), (0002), (0003), (0011), (0012), (0013),

(0022), (0023), (0111), (0112), (0113), (0122), (0123).

The five underlined partitions belong to T 0
4 ; for the other ones, we have the

following decompositions:

(0003) = (000) ∗ (0), (0013) = (001) ∗ (0), (0022) = (00) ∗ (00),

(0023) = (00) ∗ (0) ∗ (0), (0111) = (0) ∗ (000), (0112) = (0) ∗ (001),

(0113) = (0) ∗ (00) ∗ (0), (0122) = (0) ∗ (0) ∗ (00), (0123) = (0) ∗ (0) ∗ (0) ∗ (0).

The lexicographic ordering on T 0 gives (0) <lex (00) <lex (000) <lex (001), thus
we have the following eight elements in TL4 :

(0000), (0001), (0002), (0003), (0011), (0012), (0013), (0023).

6 Explicit formulas and integrality

Denote by Un the set of all sequences (a1, . . . , an) of nonnegative integers which
sum up to (m − 1)n. We consider the natural action of the n-element cyclic
group Cn on Un by cyclic shift; call a sequence primitive if it is different from
all its proper cyclic shifts. Every non-primitive sequence can be written as the
(n/d)-fold repetition of a primitive sequence in Ud for d a proper divisor of n;
we denote the corresponding subset of Un by Ud−primn , and in particular by
Uprim
n = Un−primn the subset of primitive sequences. We relate Uprim

n /Cn, the
set of Cn-orbits of primitive sequences, to the set TLn of the previous section.
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14 Markus Reineke

Lemma 6.1 We have an injective map ϕ from Tn to Un given by

(λ1, . . . , λn) 7→ (λ2 − λ1, λ3 − λ2, . . . , λn − λn−1, (m− 1)n− λn).

Its inverse is given by

(a1, . . . , an) 7→ (0, a1, a1 + a2, . . . , a1 + . . .+ an−1).

The image of ϕ consists of the sequences (a1, . . . , an) such that a1 + . . .+ ai ≤
(m− 1)i for all i = 1, . . . , n.

Proof: This is immediately verified using the definitions.
�

Call a sequence (a1, . . . , an) as above admissible if the condition of the previous
lemma is satisfied, that is, if it belongs to the image of ϕ.

Lemma 6.2 Every cyclic class in Un contains at least one admissible element.

Proof: Define an auxilliary sequence (b1, . . . , bn) of integers by bi = ai− (m−
1); then

∑
i bi = 0, and the admissibility condition translates into

∑i
j=1 bj ≤ 0

for all i ≤ n. Choose an index i0 such that b1+ . . .+bi0 is maximal among these
partial sums. Then (ai0+1, . . . , an, a1, . . . , ai0) is admissible: for i0 ≤ i ≤ n we
have

bi0+1 + . . .+ bi = (b1 + . . .+ bi)− (b1 + . . .+ bi0) ≤ 0.

For i ≤ i0, we have (since the bi sum up to 0):

bi0+1 + . . .+ bn + b1 + . . .+ bi = (b1 + . . .+ bi)− (b1 + . . .+ bi0) ≤ 0.

�

Proposition 6.3 The map ϕ induces a bijection between TLn and Uprim
n /Cn.

Proof: If µ ∈ Tk and ν ∈ Tl for k + l = n, then ϕ(µ ∗ ν) is just the con-
catenation of the sequences ϕ(µ) and ϕ(ν). Thus, ϕ(µ ∗ ν) and ϕ(ν ∗ µ) are
cyclic shifts of each other. Conversely, if a sequence a ∈ Un and a proper cyclic
shift a′ = (ai+1, . . . , an, a1, . . . , ai) of a are both admissible, both subsequences
(a1, . . . , ai) and (ai+1, . . . , an) are admissible. It follows that a = ϕ(µ ∗ ν) and
a′ = ϕ(ν ∗ µ) for some µ, ν.

We conclude that the restriction of ϕ to TLn only maps to primitive classes, and
that each such cyclic class is hit precisely once.

�

Define Uprim,+
n as Uprim

n ∪ Un−primn if m is even and n = 2n ≡ 2 mod 4, and as
Uprim
n otherwise. We have the following variant of the previous proposition:

Corollary 6.4 The map ϕ induces a bijection between TL,+n and Uprim,+
n /Cn.
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Under the above map ϕ, the weight wt(λ) of a partition translates into the
function

wt(a1, . . . , an) =

n∑

i=1

(n− i)(m− 1− ai).

Lemma 6.5 Considered modulo n, the function wt on Un is invariant under
cyclic shift. In each cyclic class, it assumes its maximum at an admissible
element. If a ∈ Un is the n

d -fold repetition of a sequence b ∈ Ud, then wt(a) =
n
dwt(b).

Proof: We have

wt(ai+1, . . . , an, a1, . . . , ai) = wt(a1, . . . , an)− n((m− 1)i− a1 − . . .− ai),

proving the first two claims. It follows from a direct calculation that the func-
tion wt is additive with respect to concatenation of sequences as above, proving
the third claim.

�

Defining wt(C) for a cyclic class C ∈ Uprim,+
n /Cn as the maximal weight of

sequences in class C, we can thus rewrite the polynomial Qn(q) of the previous
section as Qn(q) =

∑
C∈Uprim,+

n /Cn
qwt(C). We also derive the identity

nQn(q) ≡
∑

a∈Uprim,+
n

qwt(a) mod (qn − 1).

Define Pn(q) =
∑

a∈Un
qwt(a). Using again the previous lemma, we have

Pn(q) =
∑

d|n

∑

a∈Ud−prim
n

qwt(a) =
∑

d|n

∑

b∈Uprim
d

q
n
d wt(b)

and thus

Pn(q) ≡
∑

d|n
dQd(q

n
d ) mod (qn − 1).

By Moebius inversion, this gives

Lemma 6.6 We have

Qn(q) ≡ 1

n

∑

d|n
µ(
n

d
)Pd(q

n
d ) mod (qn − 1).

Remark: Arguments like the above also appear in the context of the “cyclic
sieving phenomenon” for Gaussian binomial coefficients, see [15].

Theorem 6.7 The polynomial Qn(q) is divisible by [n] = 1 + q + . . . + qn−1,
and the quotient 1

[n]Qn(q) is a polynomial in Z[q].
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16 Markus Reineke

Proof: Unwinding the definitions of the polynomial Pn(q), of the set Un and
of its weight statistics wt, we see that Pn(q) equals the t(m−1)n-term in

∑

a1,...,an≥0
q
∑

i(n−i)(m−1−ai)t
∑

i ai =
q(m−1)(

n
2)

∏n−1
i=0 (1− q−it)

.

Let ζn be a primitive n-th root of unity. Specializing q at an arbitrary n-th
root of unity ζsn for s = 1, . . . , n, we see that Pn(ζsn) equals the t(m−1)n-term in

ζ
(m−1)(n

2)s
n∏n−1

i=0 (1 − ζsin t)
=

ζ
(m−1)(n

2)s
n

(
∏n

g−1
i=0 (1 − ζsin t))g

=
ζ
(m−1)(n

2)s
n

(1− tn
g )g

=

= ζ
(m−1)(n

2)s
n

∑

k≥0

(
k + g − 1

g − 1

)
t
n
g k,

where g = gcd(s, n). The term ζ
(m−1)(n

2)s
n is easily seen to equal the sign

(−1)(m−1)(n−1)s, thus

Pn(ζsn) = (−1)(m−1)(n−1)s
(
mgcd(s, n)− 1

gcd(s, n)− 1

)
.

Substituting this into the Moebius inversion formula of the previous lemma,
we arrive at

Qn(ζsn) =
1

n

∑

d|n
µ(
n

d
)(−1)(m−1)(n−1)s

(
mgcd(s, n)− 1

gcd(s, n)− 1

)
.

In particular, we have Qn(1) =
∑

d|n µ(nd )
(
mn−1
n−1

)
. Applying Lemma 8.4, we

see that Qn(ζsn) = Qn(ζsn) = 0 except in case m even, n even, s = n = n
2 odd,

where Qn(−1) = − 1
n

∑
d|n µ(nd )

(
md−1
d−1

)
. Using the above formula for Qn(1), in

this case we thus get Qn(−1) = Qn(−1) +Qn(1) = 0.

We have proved that Qn(ζsn) = 0 for s = 1, . . . , n − 1, thus Qn(q) ∈ Z[q] is
divisible in Z[q] by all nontrivial cyclotomic polynomials Φd(q) for 1 6= d|n, and
thus Qn(q) is divisible in Z[q] by their product, which equals the polynomial
[n].

�

We thus arrive at the following explicit formulas:

Theorem 6.8 The following holds for all m ≥ 1 and all m ≥ 1:

1. The quantized Donaldson-Thomas invariant DT(m)
n (q) is given by

DT(m)
n (q) = q1−n

1

[n]

∑

C∈Uprim,+
n

qwt(C)

and is a polynomial with integer coefficients.
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2. For every i = 0, . . . , n−1, the (unquantized) Donaldson-Thomas invariant

DT(m)
n equals the number of classes C ∈ Uprim,+

n of weight wt(C) ≡
i mod n.

Proof: Using Corollary 5.11 and the definition of DT(m)
n (q) of Section 3, the

first part follows from Theorem 6.7. The second part follows by comparing
coefficients of the polynomials Qn(q) and DT(m)

n (q).
�

Remark: There seems to be no natural weight function s on classes C ∈
Uprim,+
n of weight wt(C) ≡ i mod n such that

∑
C q

s(C) = DT(m)
n (q).

7 Relation to Higgs moduli

For n ∈ N and d ∈ Z, define Hn,d as the set of all sequences (l1, . . . , ln) ∈ Zn

with the following properties:

1. lk+1 − lk + (m− 1) ≥ 0 for all k = 1, . . . , n− 1,

2.
∑n
i=1 li = d,

3.
∑k

i=1 li
k ≥ d

n for all k < n.

These sequences arise as certain fixed points (so-called type (1, . . . , 1)-fixed
points) in the moduli space of SLn-Higgs bundles, for the action of C∗ scaling
the Higgs field; see [7, Proposition 10.1]. A relation to Conjecture 3.3 is pro-
vided by [6, Remark 4.4.6].

Remark: Shifting every entry of such a sequence by 1 defines a bijection
Hn,d ≃ Hn,d+n. We also have a duality Hn,d ≃ Hn,−d by mapping (l1, . . . , ln)
to (−ln, . . . ,−l1). The elements of Hn,0 appear in combinatorics as “score se-
quences of complete tournaments” [11].

The aim of this section is to prove a conjecture of T. Hausel and F. Rodriguez-
Villegas originating in [6, Remark 4.4.6] (see also [16]):

Theorem 7.1 If d is coprime to n, the cardinality of Hn,d equals DT(m)
n .

Proof: We continue to work with the sets Un, Uprim
n , Uprim,+

n and

U
prim(,+)
n /Cn of the previous section. We define a map Φ : Hn,d → Un by

associating to l∗ = (l1, . . . , ln) the sequence (a1, . . . , an) defined by

ak = lk+1 − lk + (m− 1) for k = 1, . . . , n,

where we formally set ln+1 = l1 (the second and third of the defining conditions
of Hn,d have to be used to ensure an ≥ 0). Obviously this map is injective.
It is also compatible with cyclic shifts, from which it follows easily that the
image of Φ consists only of primitive sequences, and that each cyclic class in
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Uprimn is hit at most once by the image of Φ (compare the proof of Proposition
6.3 ). In other words, Φ induces an embedding of Hn,d into Uprim

n /Cn. The
weight of Φ(l∗) is easily computed as nl1−d, thus it is congruent to −d mod n.
We want to prove that, conversely, every primitive cyclic class a∗ of weight
wt(a∗) ≡ −d mod n belongs to the image of Φ. We first choose an arbitrary
element a∗ in such a cyclic class and associate to it the integers

lk = l1 +

k−1∑

i=1

ai − (m− 1)(k − 1) where l1 =
wt(a∗) + d

n
.

This sequence does not necessarily belong to Hn,d; only the first two defining
conditions are fulfilled a priori, together with the condition l1−ln+(m−1) ≥ 0.
We define k0 as the maximal index k ∈ {0, . . . , n} where l1+. . .+lk− d

nk reaches
its minimum. Then the cyclic shift (lk0+1, . . . , ln, l1, . . . , lk0) fulfills the third
defining condition by definition of k0 (compare the proof of Lemma 6.2), and
the first two conditions are still valid. From the definition, it also follows that
this defines an inverse map to Φ.

We have thus proved that Hn,d is in bijection to (Uprim
n /Cn)−d, the subset of

Uprim
n /Cn of sequences of weight ≡ −d mod n. For parity reasons, sequences of

such a weight cannot be twice a shorter sequence, thus we can replace Uprim
n /Cn

by Uprim,+
n /Cn. By Theorem 6.8, the cardinality of the latter equals DT(m)

n .
�

Remark: As in the case of (Uprim
n /Cn)−d, there seems to be no natural weight

function on sequences (l1, . . . , ln) as above which gives DT(m)
n (q).

8 Appendix: λ-ring exponential and Moebius inversion

Let R be the ring Z[q, q−1][[t]] of formal power series in t with coefficients being
integral Laurent series in q, and denote by R+ the ideal of formal series without
constant term. Then exp and log define mutually inverse isomorphisms between
the additive group of R+ and the multiplicative group 1 +R+ of formal series
with constant term 1.

We can define (see [5]) a λ-ring structure on R with Adams operations ψi for
i ≥ 1 given by ψi(q) = qi, ψ(t) = ti; thus, in particular, we have ψ1 = id and
ψiψj = ψij . We define Ψ =

∑
i≥1

1
iψi.

Lemma 8.1 The operator Ψ is invertible with inverse Ψ−1 =
∑

i≥1
µ(i)
i ψi,

where µ denotes the number-theoretic Möbius function.

Proof: Composition of Ψ with the operator defined on the right hand side
of the claimed formula yields

∑
n≥1

∑
i|n µ(i)ψn

n , which equals ψ1 = id by
properties of the Moebius function.

�
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Using this explicit form of the operators Ψ and Ψ−1, we can derive the following
q-Moebius inversion formula for polynomials fn(q), gn(q) in q (viewing them as
coefficients of formal series):

Lemma 8.2 We have

ngn(q) =
∑

d|n
fd(q

n/d)) ⇐⇒ fn(q) =
∑

d|n
µ(
n

d
)dgd(q

n/d).

We define the λ-ring exponential Exp : R+ → 1 + R+ by Exp = exp ◦Ψ. Its
inverse is the λ-ring logarithm Log = Ψ−1 ◦ log. We have the following explicit
formula:

Lemma 8.3 For coefficients ci,k ∈ Z such that, for fixed i ∈ N, we have ci,k 6= 0
for only finitely many k ∈ Z, the following formula holds:

Exp(
∑

i≥1

∑

k∈Z
ci,kq

kti) =
∏

i≥1

∏

k∈Z
(1− qkti)−ci,k .

Proof: It suffices to compute Exp(qkti), which is

exp(
∑

j≥1

1

j
(qkti)j) = exp(− log(1− qkti)) = (1− qkti)−1.

The lemma follows.
�

In Section 6, we make use of the following Moebius inversion type result.

Lemma 8.4 Let f : N → Z be function on non-negative integers. For n ≥ 1
and a proper divisor s of n, the sum

1

n

∑

d|n
µ(
n

d
)(−1)(m−1)(d−1)sf(gcd(d, s))

equals 0, except when m is even, n is even, s = n = n
2 is odd, where it equals

− 1
n

∑
d|n µ(nd )f(d).

Proof: Suppose first that m is even, n is even, and s = n is odd. Every
divisor of n is a divisor d of n or twice such a d. We can then split the sum in
question into

1

n
(
∑

d|n
µ(
n

d
)(−1)d−1f(d) +

∑

d|n
µ(
n

d
)(−1)2d−1f(d)).

Since all divisors d are odd, we have µ(nd ) = −µ( dn ), and the sum simplifies to

− 2

n

∑

d|n
µ(
n

d
)f(d) = − 1

n

∑

d|n
µ(
n

d
)f(d),
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as claimed.

Now suppose that s is an arbitrary proper divisor of n, but s 6= n
2 in case m is

even and n ≡ 2 mod 4. We write

1

n

∑

d|n
µ(
n

d
)(−1)(m−1)(d−1)sf(gcd(d, s)) =

1

n

∑

g|s

∑

d|ng
gcd(d, sg )=1

µ(
n

gd
)(−1)(m−1)(gd−1)sf(g).

We can uniquely decompose n
g as n1n2, where n1 collects all prime factors of

n
g dividing s

g ; we then have gcd(n1, n2) = 1, and the divisors d of n
g such that

gcd(d, sg ) = 1 are precisely the divisors of n2. Thus, we can rewrite the above
sum as

1

n

∑

g|s

∑

d|n2

µ(n1)µ(
n2

d
)(−1)(m−1)(gd−1)sf(g) =

1

n
(−1)(m−1)s

∑

g|s
µ(n1)f(g)

∑

d|n2

µ(
n2

d
)(−1)(m−1)gds.

By Moebius inversion, the inner sum, temporarily called ρ(g), equals zero ex-
cept in the case n2 = 1, or n2 = 2 and (m− 1)gs is even.

Now suppose that in the above sum, the summand corresponding to a divisor
g of s is non-zero, that is, both µ(n1) and ρ(g) are non-zero. First consider the
case n2 = 1, thus n1 = n

g is squarefree. Since s 6= n, there exists a prime p

dividing n
s , and thus also n

g . Since n2 = 1, the prime p also divides s
g , thus p2

divides n
g , a contradiction. Now consider the case n2 = 2 and (m− 1)gs even,

thus n1 = n
2g is squarefree. Again, a prime p dividing n

2g also divides s
g . If p

is odd, the argument of the first case again yields a contradiction. So suppose
that 2 is the only prime divisor of n

g , that n = 2kn′ for odd n′, and g = 2ln′.

Then s = 2l
′
n′ for some l′ ≤ l, and n

2g = 2k−l. Since n
2g is squarefree, we have

k = l or k = l + 1. If k = l, then s ≥ g = n, a contradiction. If k = l + 1, then
g = n

2 , both s and g are odd, and thus m is even. But then n ≡ 2 mod 4, and
by assumption s 6= n

2 , a contradiction.

Thus we see that no summand above can be non-zero, proving the claim.
�
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Abstract. Let F be a locally compact nonarchimedean local field. In
this article, we extend to any inner form of GLn over F, with n > 1, the
notion of endo-class introduced by Bushnell and Henniart for GLn(F).
We investigate the intertwining relations of simple characters of these
groups, in particular their preservation properties under transfer. This
allows us to associate to any discrete series representation of an inner
form of GLn(F) an endo-class over F. We conjecture that this endo-
class is invariant under the local Jacquet-Langlands correspondence.
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Introduction

This is the fifth in a series of articles whose objective is a complete description
of the category of smooth complex representations of GLr(D), with r a positive
integer and D a division algebra over a locally compact nonarchimedean local
field. The longer term aim is an explicit description, in terms of types, of
the local Jacquet-Langlands correspondence [14, 1], as begun by Bushnell and
Henniart [18, 7, 9], and by Silberger and Zink [26, 27].

The main object of study in this paper is the notion of endo-equivalence class,
or endo-class, of simple characters. This notion has been introduced by Bush-
nell and Henniart [6] for the group GLn(F), with n a positive integer and F
a locally compact nonarchimedean local field: an endo-class is an invariant
associated to an irreducible cuspidal representation of GLn(F), constructed by
explicit methods related to the description of this representation as compactly
induced from an irreducible representation of a compact-mod-centre subgroup
of GLn(F) (see [10, 6]). The arithmetic significance of this invariant has been
described in [8], in the case where F is of characteristic zero: if we denote by WF

the Weil group of F (relative to an algebraic closure) and by PF its wild inertia
subgroup, there is a bijection between the set E(F) of endo-classes over F and
the set of WF-conjugacy classes of irreducible representations of PF, which is
compatible with the local Langlands correspondence.

In this article, we extend the notion of endo-class to any inner form of GLn(F),
n > 1, that is, to any group of the form GLr(D), with r a positive integer and D
an F-central division algebra of dimension d2 over F, with n = rd. For this we
develop a Shintani lift, or base change, for simple characters, which is also of
independent interest (see below). If G is an inner form of H = GLn(F), and
if D(G) denotes the discrete series of G (that is, the set of isomorphism classes
of essentially square-integrable irreducible representations of G), we define a
map:

ΘG : D(G)→ E(F)

(see paragraph 9.2) which associates an endo-class over F to any discrete series
representation of G. This map should play an important role in an explicit
description of the local Jacquet–Langlands correspondence:

JL : D(G)→ D(H).

In particular, we expect that JL preserves the endo-class (see Conjecture 9.5),
that is:

ΘH ◦ JL = ΘG.
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Endo-Classes for GLm(D) 25

This conjectural property can be seen as a generalization of the fact that the
correspondence JL preserves the representations of level zero (see [26]). The
notion of endo-class also plays a central role in:

– the construction of semisimple types, which leads to a complete descrip-
tion of the structure of the category of smooth complex representations of G
(see [25]);

– the study of smooth representations of G with coefficients in a field of
non-zero characteristic different from the residue characteristic of F (see [19]).

Before giving more details, let us mention that there are roughly speaking two
main obstacles to overcome: First, one has to compare simple characters in
GLr(D) with simple characters in GLr′(D

′) where GLr(D) and GLr′(D
′) are

two inner forms of GLn(F) with D and D′ not necessarily isomorphic. It is
to overcome this that we need to develop a Shintani lift, or base change, for
simple characters. This process is of independent interest and may be used
to define a Shintani lift for irreducible representations of GLr(D). The second
problem is due to the notion of embedding type, a phenomenon first discovered
by Fröhlich [15]; this problem, and its resolution, will be discussed in more
detail below.

One of the objectives of [20], completed in [24], is the construction of simple
characters, which are certain special characters of particular compact open sub-
groups of G. These simple characters are attached to data called simple strata,
and are a fundamental part of the construction of more elaborate objects called
simple types (see [21, 22]). One knows from [22, 24] that every irreducible
discrete series representation π of G contains a simple character θ attached
to a simple stratum. Neither the simple stratum nor the simple character are
unique, but every other simple character θ′ contained in π intertwines θ, that is,
there is an element g ∈ G such that θ′ and the conjugate character θg coincide
on the intersection of the compact open subgroups where they are defined. It
is this observation which leads to the notion of endo-class.

An endo-class is an equivalence class of objects called potential simple char-
acters (or ps-characters for short), for a relation called endo-equivalence. A
ps-character Θ is characterized by giving a simple stratum [Λ, n,m, β] in an F-
central simple algebra A and a simple character θ attached to this simple stra-
tum. The pair ([Λ, n,m, β], θ) is called a realization of Θ. Another simple
stratum [Λ′, n′,m′, β] in another F-central simple algebra A′ (note that β is
unchanged) and a simple character θ′ for this stratum define the same ps-
character precisely when θ and θ′ are linked by the transfer map defined in [20]
(see paragraph 1.2 below). Two ps-characters Θ1 and Θ2 are said to be endo-
equivalent (see Definition 1.10) if they can be characterized by giving realiza-
tions ([Λ, ni,mi, βi], θi) in an F-central simple algebra A, for i = 1, 2 (note that
A and Λ do not depend on i), of the same degree and normalized level, and
such that the simple characters θ1 and θ2 intertwine in A×.
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The properties of endo-equivalence depend on important intertwining prop-
erties of simple characters, notably the preservation of these properties un-
der the transfer map. This article centres on two important technical results:
the property of “preservation of intertwining” (Theorem 1.11) and the “inter-
twining implies conjugacy” property (Theorem 1.12). Partial results on these
questions were already given by Grabitz [17], notably a proof of “intertwining
implies conjugacy”, but these results are proved under unnecessarily restrictive
hypotheses: that the simple strata underlying the construction are sound in the
sense of Definition 1.14. We have sought to develop the notion of endo-class in
as general a situation as possible, emphasizing the functorial properties of the
objects involved. However, rather than starting again from scratch, we decided
to use the work of Grabitz as much as possible. We note that, as well as [17],
our proofs rely heavily on the results of Bushnell, Henniart and Kutzko [10, 6]
in the split case.

Let us now describe in more detail the results, and the techniques used, in
this article. For i = 1, 2, let Θi be a ps-character defined by a simple stra-
tum [Λ, ni,mi, βi] in an F-central simple algebra A and a simple character θi
in C(Λ,mi, βi) attached to this stratum (see paragraph 1.1 for the notation).
Suppose from now on that the ps-characters Θ1 and Θ2 are endo-equivalent so
that, in particular, we may assume the characters θ1 and θ2 intertwine in A×.
The “preservation of intertwining” property can be stated as follows:

Theorem (see Theorem 1.11). — For i = 1, 2, let [Λ′, n′i,m
′
i, βi] be a simple

stratum in a simple central F-algebra A′ and θ′i ∈ C(Λ′,m′i, βi) defining the
ps-character Θi, that is, θ

′
i is the transfer of θi. Then the characters θ′1 and θ′2

intertwine in A′×.

This means that the property that two simple characters intertwine is invariant
under transfer. The statement above is the same as its analogue [6, Theorem
8.7] in the case that A is split and Λ is strict. However, we will see that the
proof requires new ideas.

One of the important results in [10] is the “intertwining implies conjugacy”
property for simple characters, which expresses the fact that intertwining of
simple characters is a very stringent relation. It is this property which allows
a classification “up to conjugacy” of the irreducible cuspidal representations
of GLn(F). This property no longer holds in the general case, as was already
observed in [5] for simple strata. To remedy the situation, we introduce the
notion of embedding type of a simple stratum (see Definition 1.8): two simple
strata [Λ, ni,mi, βi] have the same embedding type if the maximal unramified
subextensions of F(βi)/F are conjugate under the normalizer of Λ in A×. With
the same notation and hypotheses as above, we prove the following:

Theorem (see Theorem 1.12). — Suppose that n1 = n2, m1 = m2, and the
simple strata [Λ, ni,mi, βi] have the same embedding type. Write Ki for the
maximal unramified extension of F contained in F(βi) ⊆ A. Then there is
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an element of the normalizer of Λ in A× which simultaneously conjugates K1

to K2 and θ1 to θ2.

This result was proved by Grabitz [17, Corollary 10.15] with the additional
assumption that the simple strata [Λ, n,m, βi] are sound. We prove it here
without this hypothesis.

Once one has proved that endo-equivalence preserves certain numerical invari-
ants (see Lemma 4.7), it is not hard to see that the proofs of these two Theorems
can be reduced to the following:

Theorem (see Theorem 1.13). — For i = 1, 2, let [Λ′, n′,m′, βi] be a simple
stratum in a simple central F-algebra A′ and θ′i ∈ C(Λ′,m′, βi) defining the
ps-character Θi, that is, θ

′
i is the transfer of θi. Assume the simple strata have

the same embedding type and write Ki for the maximal unramified extension of
F contained in F(βi) ⊆ A′. Then there is an element of the normalizer of Λ′

in A′× which simultaneously conjugates K1 to K2 and θ′1 to θ′2.

Now let us describe the scheme of the proof. We begin with our endo-equivalent
ps-characters Θ1 and Θ2, together with realizations ([Λ, ni,mi, βi], θi) in A such
that the simple characters θ1 and θ2 intertwine in A×. In order to use the results
of Grabitz, we need first to produce sound realizations of the ps-characters
Θi with the same embedding type, which intertwine. For sound strata, the
embedding type is determined by a single integer, the Fröhlich invariant, which
can also be defined for arbitrary strata (see Definition 4.1). One can then realize
Θi on the lattice sequence Λ ⊕ Λ in such a way that the Fröhlich invariant is
1 and the simple characters still intertwine (see Lemma 4.4). In particular,
replacing our original realizations of Θ1 and Θ2 with these new ones, we can
assume the simple strata [Λ, ni,mi, βi] have the same Fröhlich invariant. Now
we define a process:

([Λ, n,m, β], θ) 7→ ([Λ‡, n,m, β], θ‡)

from arbitrary realizations to sound realizations, with θ‡ the transfer of θ,
which preserves intertwining and the Fröhlich invariant (see paragraph 2.7). In

particular, from θ1 and θ2 one obtains simple characters θ‡1 and θ‡2 on sound
simple strata with the same Fröhlich invariant (so same embedding type) which
intertwine. Thus we can apply Grabitz’s results, together with a reduction to

the case m1 = m2, to deduce that θ‡1 and θ‡2 are conjugate under A‡× (where A‡

is the simple central F-algebra with respect to which the stratum [Λ‡, n,m, β]
is defined). Changing again our realizations of Θ1 and Θ2 we can suppose we
have an equality θ1 = θ2 of simple characters. This is given in Proposition 4.9,
the culmination of the first stage of the proof.

To show that other realizations θ′1 and θ′2 on simple strata in A′ with the same
embedding type are conjugate, we would like to reduce to the split case so
that we can use results from [10, 6]. For this we define an interior lifting (see
section 5):

([Λ, n,m, β], θ) 7→ ([Γ, n,m, β], θK)
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relative to the extension K/F, the maximal unramified subextension of F(β)/F,
where [Γ, n,m, β] is a simple stratum in the centralizer C of K in the simple
central F-algebra A with respect to which [Λ, n,m, β] is defined. Then we make
a base change (see section 7):

([Γ, n,m, β], θK) 7→ ([Γ, n,m, β], θK)

relative to L/K, a finite unramified extension which is sufficiently large so
that the algebra C ⊗K L is split. The definition of the base change used here
is somewhat subtle: indeed, it is not clear how to make a good definition
which will preserve intertwining and, when applied to our characters θi, will
be independent of i. Moreover, it is necessary to begin with the interior lift or
else the base change process would produce quasi-simple characters (see [20]),
rather than simple characters.

In order to apply these processes, we note that the maximal unramified subex-
tension K of F(βi)/F in A can be assumed to be independent of i since the
simple strata have the same embedding type. Combining now interior lifting
and base change, we get a process:

([Λ, n,m, β], θ) 7→ ([Γ, n,m, β], θK)

denoted here θ 7→ θ̃ for simplicity, which is both injective and equivariant,

so it is enough to show that θ̃′1 and θ̃′2 are conjugate under A′×. Now the

hypothesis θ1 = θ2 implies θ̃1 = θ̃2 (see Propositions 6.11 and 7.5), so that the

ps-characters Θ̃1 and Θ̃2 defined by θ̃1 and θ̃2 are endo-equivalent. Moreover,

for each i, the simple character θ̃′i is the transfer of θ̃i (see Theorem 6.7), so

it is another realization of the ps-character Θ̃i. We are now in the split case
so, modulo a finesse in the case that we do not have strict lattice sequences,

we deduce from endo-equivalence [6] that the characters θ̃′i intertwine. Thus,

from the “intertwining implies conjugacy” property [10], the characters θ̃′1 and

θ̃′2 are conjugate under (C′ ⊗K L)×, where C′ denotes the centralizer of K in
A′. Thanks to the invariance property of the base change under the action of
the Galois group Gal(L/K) (see Proposition 7.7), a cohomological argument
(see Lemma 8.1) allows us to show that they are actually conjugate under C′×.
This completes the proof.

Notation

Let F be a nonarchimedean locally compact field. All F-algebras are supposed
to be finite-dimensional with a unit. By an F-division algebra we mean a central
F-algebra which is a division algebra.
For K a finite extension of F, or more generally a division algebra over a finite
extension of F, we denote by OK its ring of integers, by pK the maximal ideal
of OK and by kK its residue field.
For A a simple central algebra over a finite extension K of F, we denote by
NA/K and trA/K respectively the reduced norm and trace of A over K.

Documenta Mathematica 17 (2012) 23–77



Endo-Classes for GLm(D) 29

For u a real number, we denote by ⌈u⌉ the smallest integer which is greater
than or equal to u, and by ⌊u⌋ the greatest integer which is smaller than or
equal to u, that is, its integer part.
A character of a topological group G is a continuous homomorphism from G
to the group C× of non-zero complex numbers.
All representations are supposed to be smooth with complex coefficients.

1. Statement of the main results

In this section, we recall some well known facts about lattice sequences, simple
strata and simple characters in a simple central F-algebra (see [4, 10, 12, 20,
24] for more details), and we state the main results of this article.

1.1. Let A be a simple central F-algebra, and let V be a simple left A-module.
The algebra EndA(V) is an F-division algebra, the opposite of which we denote
by D. Considering V as a right D-vector space, we have a canonical isomor-
phism of F-algebras between A and EndD(V).

Definition 1.1. — An OD-lattice sequence on V is a sequence Λ = (Λk)k∈Z of
OD-lattices of V such that Λk ⊇ Λk+1 for all k ∈ Z, and such that there exists
a positive integer e satisfying Λk+e = ΛkpD for all k ∈ Z. This integer is called
the period of Λ over OD.

If Λk ) Λk+1 for all k ∈ Z, then the lattice sequence Λ is said to be strict.

Associated with an OD-lattice sequence Λ on V, we have an OF-lattice sequence
on A defined by:

Pk(Λ) = {a ∈ A | aΛi ⊆ Λi+k, i ∈ Z}, k ∈ Z.

The lattice A(Λ) = P0(Λ) is a hereditary OF-order in A, and P(Λ) = P1(Λ)
is its Jacobson radical. They depend only on the set {Λk | k ∈ Z}.
We denote by K(Λ) the A×-normalizer of Λ, that is the subgroup of A× made of
all elements g ∈ A× for which there is an integer n ∈ Z such that g(Λk) = Λk+n
for all k ∈ Z. Given g ∈ K(Λ), such an integer is unique: it is denoted υΛ(g)
and called the Λ-valuation of g. This defines a group homomorphism υΛ from
K(Λ) to Z. Its kernel, denoted U(Λ), is the group of invertible elements of
A(Λ). We set U0(Λ) = U(Λ) and, for k > 1, we set Uk(Λ) = 1 + Pk(Λ).

Let F′ be a finite extension of F contained in A. An OD-lattice sequence Λ
on V is said to be F′-pure if it is normalized by F′×. The centralizer of F′ in
A, denoted A′, is a simple central F′-algebra. We fix a simple left A′-module
V′ and write D′ for the algebra opposite to EndA′(V′). By [24, Théorème 1.4]
(see also [4, Theorem 1.3]), given an F′-pure OD-lattice sequence on V, there
is an OD′-lattice sequence Λ′ on V′ such that:

(1.1) Pk(Λ) ∩ A′ = Pk(Λ′), k ∈ Z.

It is unique up to translation of indices, and its A′×-normalizer is K(Λ) ∩A′×.

Documenta Mathematica 17 (2012) 23–77



30 P. Broussous, V. Sécherre, and S. Stevens

Definition 1.2. — A stratum in A is a quadruple [Λ, n,m, β] made of an OD-
lattice sequence Λ on V, two integers m,n such that 0 6 m 6 n − 1 and an
element β ∈ P−m(Λ).

For i = 1, 2, let [Λ, n,m, βi] be a stratum in A. We say these two strata are
equivalent if β2 − β1 ∈ P−m(Λ).

Given a stratum [Λ, n,m, β] in A, we denote by E the F-algebra generated by β.
This stratum is said to be pure if E is a field, if Λ is E-pure and if υΛ(β) = −n.
In this situation, we denote by:

eβ(Λ)

the period of Λ as an OE-lattice sequence. Given a pure stratum [Λ, n,m, β],
we denote by B the centralizer of E in A. For k ∈ Z, we set:

nk(β,Λ) = {x ∈ A(Λ) | βx− xβ ∈ Pk(Λ)}.
The smallest integer k > υΛ(β) such that nk+1(β,Λ) is contained in A(Λ) ∩
B + P(Λ) is called the critical exponent of the stratum [Λ, n,m, β], denoted
k0(β,Λ).

Definition 1.3. — The stratum [Λ, n,m, β] is said to be simple if it is pure and
if we have m 6 −k0(β,Λ)− 1.

Let [Λ, n,m, β] be a simple stratum in A. In [24] (see paragraph 2.4), one
attaches to this simple stratum a compact open subgroup Hm+1(β,Λ) of A×

and a finite set C(Λ,m, β) of characters of Hm+1(β,Λ), called simple characters
of level m, depending on the choice of an additive character:

(1.2) Ψ : F→ C×

which is trivial on pF but not on OF, and which will be fixed once and for all
throughout this paper. If ⌊n/2⌋ 6 m, then Hm+1(β,Λ) = Um+1(Λ), and the
set C(Λ,m, β) reduces to a single character ΨA

β of Um+1(Λ) defined by:

(1.3) ΨA
β : x 7→ Ψ ◦ trA/F(β(x − 1)),

which depends only on the equivalence class of [Λ, n,m, β]. More generally,
for any possible value of m, the subgroup Hm+1(β,Λ) and the set C(Λ,m, β)
depend only on the equivalence class of [Λ, n,m, β].

1.2. Let β be a non-zero element of some finite extension of F. We set E =
F(β) and:

nF(β) = −υE(β),

eF(β) = e(E : F),

fF(β) = f(E : F),

where e(E : F) and f(E : F) stand for the ramification index and the residue
class degree of E over F respectively, and υE for the valuation map of the field E
giving the value 1 to any uniformizer of E. The lattice sequence i 7→ piE, denoted
Λ(E), is the unique (up to translation) E-pure strict OF-lattice sequence on the
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F-vector space E, and its valuation map coincide with υE on E×. To any integer
0 6 k 6 nF(β) − 1 we can attach the pure stratum [Λ(E), nF(β), k, β] of the
split F-algebra A(E) = EndF(E), the critical exponent of which we denote by:

kF(β) = k0(β,Λ(E)).

This is an integer greater than or equal to −nF(β). In the case where this
integer is equal to −nF(β), the element β is said to be minimal over F. Let us
recall the definition of a simple pair over F (see [6, Definition 1.5]).

Definition 1.4. — A simple pair over F is a pair (k, β) consisting of a non-zero
element β of some finite extension of F and an integer 0 6 k 6 −kF(β) − 1.

Given a simple pair (k, β) over F, there is the simple stratum [Λ(E), nF(β), k, β]
in A(E) together with a compact open subgroup of A(E)× and a set of simple
characters:

Hk+1
F (β) = Hk+1(β,Λ(E)), CF(k, β) = C(Λ(E), k, β).

Now let A be a simple central F-algebra and V be a simple left A-module. A
realization of (k, β) in A is a stratum in A of the form [Λ, n,m, ϕ(β)] made of:

(1) a homomorphism ϕ of F-algebra from F(β) to A;
(2) an OD-lattice sequence Λ on V normalized by the image of F(β)× under

ϕ;
(3) an integer m such that

⌊
m/eϕ(β)(Λ)

⌋
= k.

The integer −n is then the Λ-valuation of ϕ(β). By [20, Proposition 2.25] we
have:

(1.4) k0(ϕ(β),Λ) = eϕ(β)(Λ)kF(β),

which implies that any realization of a simple pair is a simple stratum. Ac-
cording to [20] again (ibid., paragraph 3.3), for such a realization there is a
canonical bijective map:

(1.5) τΛ,m,ϕ : CF(k, β)→ C(Λ,m, ϕ(β))

called the transfer map. Some of its properties have been studied in [24] and
some further properties will be given in sections 6 and 7 of the present ar-
ticle. Given another realization [Λ′, n′,m′, ϕ′(β)] of the pair (k, β) in some
simple central F-algebra A′, we have a transfer map from C(Λ,m, ϕ(β)) to
C(Λ′,m′, ϕ′(β)) by composing τ−1Λ,m,ϕ with τΛ′,m′,ϕ′ .

Associated with (k, β) is the set C(k,β) of all pairs ([Λ, n,m, ϕ(β)], θ) made of
a realization [Λ, n,m, ϕ(β)] of (k, β) in a simple central F-algebra and a simple
character θ ∈ C(Λ,m, ϕ(β)). Hence the surjective map:

([Λ, n,m, ϕ(β)], θ) 7→ τ−1Λ,m,ϕ(θ) ∈ CF(k, β)

is well defined on C(k,β) and induces, by its fibers, an equivalence relation on
it.
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Definition 1.5. — A potential simple character over F (or ps-character for
short) is a triple (Θ, k, β) made of a simple pair (k, β) over F and an equivalence
class Θ in C(k,β).

When the context is clear, we will often denote by Θ the ps-character (Θ, k, β).
Given a realization [Λ, n,m, ϕ(β)] of (k, β), we will denote by Θ(Λ,m, ϕ) the
simple character θ such that the pair ([Λ, n,m, ϕ(β)], θ) belongs to Θ.

1.3. We now state the main results which are proved in this article. Our
first task is to extend the notion of endo-equivalence of simple pairs developed
by Bushnell and Henniart in [6]. More precisely, we extend it to realizations
in non-necessarily split simple central F-algebras with non-necessarily strict
lattice sequences.

Definition 1.6. — For i = 1, 2, let (ki, βi) be a simple pair over F. We say that
these pairs are endo-equivalent, denoted:

(k1, β1) ≈ (k2, β2),

if k1 = k2 and [F(β1) : F] = [F(β2) : F], and if there exists a simple central
F-algebra A together with realizations [Λ, ni,mi, ϕi(βi)] of (ki, βi) in A, with
i = 1, 2, which intertwine in A.

Recall that two strata [Λ, ni,mi, βi] in A, with i ∈ {1, 2}, intertwine in A if
there exists g ∈ A× such that:

(1.6) (β1 + P−m1(Λ)) ∩ g(β2 + P−m2(Λ))g−1 6= ∅.

As we will see in paragraph 2.5 (see Corollary 2.9), this definition of endo-
equivalence of simple pairs is equivalent to [6, Definition 1.14], although more
general in appearance.

We now investigate the intertwining relations among various realizations of
given simple pairs, and in particular their preservation properties. Our first
result is the following proposition, which generalizes [6, Proposition 1.10] and
is proved in paragraph 2.6.

Proposition 1.7. — For i = 1, 2, let (k, βi) be a simple pair over F, and suppose
these pairs are endo-equivalent. Let A be a simple central F-algebra and let
[Λ, ni,mi, ϕi(βi)] be a realization of (k, βi) in A, for i = 1, 2. These strata then
intertwine in A.

Broussous and Grabitz remarked in [5] that two simple strata [Λ, n,m, βi],
i = 1, 2, in A which intertwine in A may be not conjugate under A×, unlike the
case where A is split (see [10, Theorem 2.6.1] for the case where A is split and Λ
is strict). In order to remedy this, they introduced the notion of an embedding
type (see also Fröhlich [15]). Here we extend this notion to non-necessarily
strict lattice sequences.

We fix a simple central F-algebra A and a simple left A-module V as in para-
graph 1.1. Associated with it, we have an F-division algebra D. An embedding
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in A is a pair (E,Λ) made of a finite extension E of F contained in A and an
E-pure OD-lattice sequence Λ on V. Given such a pair, we denote by E⋄ the
maximal finite unramified extension of F which is contained in E and whose
degree divides the reduced degree of D over F.

Two embeddings (Ei,Λi), i = 1, 2, in A are said to be equivalent in A if there
exists an element g ∈ A× such that Λ1 is in the translation class of gΛ2 and
E⋄1 = gE⋄2g

−1. This defines an equivalence relation on the set of embeddings in
A, and an equivalence class for this relation is called an embedding type in A.

Definition 1.8. — The embedding type of a pure stratum [Λ, n,m, β] is the em-
bedding type of the pair (F(β),Λ) in A.

This allows us to state the following “intertwining implies conjugacy” theorem,
which generalizes [10, Theorem 2.6.1] and [5, Proposition 4.1.2] and is proved
in paragraph 3.3.

Proposition 1.9. — For i = 1, 2, let [Λ, n,m, βi] be a simple stratum in A.
Assume that they intertwine in A and have the same embedding type. Write
Ki for the maximal unramified extension of F contained in F(βi). Then there
is u ∈ K(Λ) such that K1 = uK2u

−1 and β1 − uβ2u−1 ∈ P−m(Λ).

1.4. We now extend the notion of endo-equivalence of simple characters devel-
oped by Bushnell and Henniart in [6]. As for simple pairs, we extend it to real-
izations in non-necessarily split simple central F-algebras with non-necessarily
strict lattice sequences.

Definition 1.10. — For i = 1, 2, let (Θi, ki, βi) be a ps-character over F. We
say that these ps-characters are endo-equivalent, denoted:

Θ1 ≈ Θ2,

if k1 = k2 and [F(β1) : F] = [F(β2) : F], and if there exists a simple central
F-algebra A together with realizations [Λ, ni,mi, ϕi(βi)] of (ki, βi) in A, with
i = 1, 2, such that the simple characters Θ1(Λ,m1, ϕ1) and Θ2(Λ,m2, ϕ2) inter-
twine in A×.

Recall that two simple characters θi ∈ C(Λ,mi, βi), i = 1, 2, intertwine in A×

if there exists g ∈ A× such that:

(1.7) θ2(x) = θ1(gxg−1), x ∈ Hm2+1(β2,Λ) ∩ g−1Hm1+1(β1,Λ)g.

As we will see at the end of this article (see Corollary 8.2), this definition of
endo-equivalence of simple characters is equivalent to [6, Definition 8.6].

We now state the main results of this article concerning properties of simple
characters with respect to intertwining and conjugacy. The following general-
izes [6, Theorem 8.7].
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Theorem 1.11. — For i = 1, 2, let (Θi, ki, βi) be a ps-character over F, and
suppose that Θ1 ≈ Θ2. Let A be a simple central F-algebra and, for i = 1, 2,
let [Λ, ni,mi, ϕi(βi)] be realizations of (ki, βi) in A. Then Θ1(Λ,m1, ϕ1) and
Θ2(Λ,m2, ϕ2) intertwine in A×.

The following “intertwining implies conjugacy” theorem for simple characters
generalizes [10, Theorem 3.5.11] and [17, Corollary 10.15] to simple characters
in non-necessarily split simple central F-algebras with non-necessarily strict
lattice sequences.

Theorem 1.12. — Let A be a simple central F-algebra. For i = 1, 2, let
[Λ, n,m, βi] be a simple stratum in A, and let θi ∈ C(Λ,m, βi) be a simple
character. Write Ki for the maximal unramified extension of F contained in
F(βi). Assume that θ1 and θ2 intertwine in A× and that the strata [Λ, n,m, βi]
have the same embedding type. Then there is an element u ∈ K(Λ) such that:

(1) K1 = uK2u
−1;

(2) C(Λ,m, β1) = C(Λ,m, uβ2u
−1);

(3) θ2(x) = θ1(uxu−1), for all x ∈ Hm+1(β2,Λ) = u−1Hm+1(β1,Λ)u.

We will see in section 4 (see Corollary 4.8) that the proofs of these two theorems
can be reduced to that of the following statement, which will be proved in
section 8.

Theorem 1.13. — For i = 1, 2, let (Θi, ki, βi) be a ps-character over F, and
suppose that we have Θ1 ≈ Θ2. Let A be a simple central F-algebra, and let
[Λ, n,m, ϕi(βi)] be realizations of (ki, βi) in A, for i = 1, 2. Write Ki for the
maximal unramified extension of F contained in F(βi) and θi for the simple
character Θi(Λ,m, ϕi). Assume these strata have the same embedding type.
Then there is an element u ∈ K(Λ) such that:

(1) ϕ1(K1) = uϕ2(K2)u−1;
(2) C(Λ,m, ϕ1(β1)) = C(Λ,m, uϕ2(β2)u−1);
(3) Hm+1(ϕ1(β1),Λ) = uHm+1(ϕ2(β2),Λ)u−1;
(4) θ2(x) = θ1(uxu−1) for all x ∈ Hm+1(ϕ2(β2),Λ).

The main ingredient in this reduction step is Lemma 4.7, which states that the
endo-equivalence relation preserves certain numerical invariants attached to a
ps-character.

1.5. As has been explained in the introduction, this article makes a large use
of the results of Bushnell, Henniart and Kutzko in the split case [6, 10] (see
paragraphs 1.3 and 1.4), as well as results of Grabitz [17] which are based on
the following definition.

Definition 1.14. — A simple stratum [Λ, n,m, β] in A is sound if Λ is strict,
A∩B is principal and K(A)∩B× = K(A∩B), where A is the hereditary OF-order
defined by Λ.
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More generally, an embedding (E,Λ) in A is sound if the conditions of Definition
1.14 are fulfilled with B the centralizer of E in A.

Remark 1.15. — Note that the condition on A ∩ B forces A to be a principal
OF-order. In the split case, a simple stratum [Λ, n,m, β] is sound if and only if
Λ is strict and A is principal.

When Λ is strict, its translation class is entirely determined by the hereditary
OF-order A = A(Λ). In this case, we will sometimes write (E,A) and [A, n,m, β]
rather than (E,Λ) and [Λ, n,m, β].

In the case where the simple strata [Λ, n,m, βi], i = 1, 2, are sound, Grabitz
has proved in [17] the “intertwining implies conjugacy” theorem for simple
characters (see ibid., Theorem 10.3 and Corollary 10.15). More precisely, he
has proved the following result.

Given K/F an unramified extension contained in A, a sound simple stratum
[Λ, n,m, β] in A is K-special (see [17, Definition 3.1]) if it is K-pure in the sense
of Definition 5.1 and if (K(β),A(Λ) ∩ C) is a sound embedding in C, where C
is the centralizer of K in A.

Theorem 1.16 ([17], Theorem 10.3). — For i = 1, 2, let [Λ, n,m, βi] be a sound
simple stratum in a simple central F-algebra A and let θi ∈ C(Λ,m, βi) be
a simple character. Let f be a multiple of the greatest common divisor of
fF(β1) and fF(β2), and let Ki be an unramified extension of F of degree f
contained in A such that [Λ, n,m, βi] is Ki-special. Assume (K1,Λ) and (K2,Λ)
are equivalent embeddings in A, and that θ1 and θ2 intertwine in A×. Then:

(1) eF(β1) = eF(β2) and fF(β1) = fF(β2);
(2) Ki contains the maximal unramified extension of F contained in F[βi].

Moreover, there exists u ∈ K(Λ) such that:

(3) K1 = uK2u
−1;

(4) C(Λ,m, β1) = C(Λ,m, uβ2u
−1);

(5) θ2(x) = θ1(uxu−1), for all x ∈ Hm+1(β2,Λ) = u−1Hm+1(β1,Λ)u.

We will also need the following result.

Proposition 1.17 ([17], Propositions 9.1, 9.9). — For i = 1, 2, let [Λ, n,m,βi]
be a sound simple stratum in A. Assume that C(Λ,m, β1) ∩ C(Λ,m, β2) 6= ∅.
Then eF(β1) = eF(β2), fF(β1) = fF(β2), kF(β1) = kF(β2) and C(Λ,m, β1) =
C(Λ,m, β2).

Note that [17, Proposition 9.1] gives us an equality between [F(β1) : F] and
[F(β2) : F], but the two finer equalities between the ramification indexes and
residue class degrees come from Theorem 1.16.

Our proof of Theorem 1.13 in section 8 is decomposed into two steps. The
first step consists of treating the case where the extensions F(βi)/F are totally
ramified, and the second step consists of reducing to the totally ramified case.
In section 5, we develop an interior lifting process for simple strata and simple
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characters with respect to a finite unramified extension K of F, in a way similar
to [6] and [17]. Its compatibility with transfer is explored in section 6. This
interior lifting is enough to reduce to the totally ramified case. The totally
ramified case is more subtle. For this we develop an ‘exterior lifting’ or un-
ramified base change in section 7.

2. Realizations and intertwining for simple strata

In this section, we introduce various constructions which will be used through-
out the paper. More precisely, we describe various processes, preserving inter-
twining, which associate to a realization of a simple pair in some simple central
F-algebra a realization in a (possibly different) simple central F-algebra, with
additional properties. This allows us to prove that Definition 1.6 and the
definition of endo-equivalence of simple pairs given in [6] are equivalent (see
Corollary 2.9), and to prove Proposition 1.7.

2.1. We fix a simple central F-algebra A and a simple left A-module V. We
set:

Ã = EndF(V),

which is a split simple central F-algebra in which the algebra A embeds natu-

rally. To any stratum [Λ, n,m, β] in A we can attach a stratum [Λ̃, n,m, β] in

Ã, where Λ̃ denotes the OF-lattice sequence defined by Λ. By [20, Théorème
2.23], this latter stratum is simple if and only the first one is, and in this case
they are realizations of the same simple pair over F. Moreover, we have the
following result.

Proposition 2.1. — For i = 1, 2, let [Λ, ni,mi, βi] be a simple stratum in A.

Assume they intertwine in A. Then the strata [Λ̃, ni,mi, βi] intertwine in Ã.

Proof. — This follows immediately from the definition of intertwining and the

fact that the OF-module Pk(Λ) is contained in Pk(Λ̃) for all k ∈ Z.

2.2. Let [Λ, n,m, β] be a simple stratum in A, which is a realization of a simple
pair (k, β) over F. The affine class of Λ is the set of all OD-lattice sequences
on V of the form:

(2.1) aΛ + b : k 7→ Λ⌈(k−b)/a⌉,

with a, b ∈ Z and a > 1. The period of (2.1) is a times the period e(Λ) of Λ.
Given an integer l > 1, we set V′ = V⊕ · · · ⊕V (l times) and A′ = EndD(V′),
and embed A in A′ diagonally. For each j ∈ {1, . . . , l}, we choose a lattice
sequence Λj in the affine class of Λ, and assume the periods of the Λj ’s are
all equal to a common integer ae(Λ) with a > 1. We now form the OD-lattice
sequence Λ′ on V′ defined by:

(2.2) Λ′ = Λ1 ⊕ Λ2 ⊕ · · · ⊕ Λl,
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and fix a non-negative integer m′ such that:

⌊m′/a⌋ = m.

If we set n′ = an, this gives us a simple stratum [Λ′, n′,m′, β] in A′, which is
a realization of the simple pair (k, β). In the particular case where l = 1, we
have the following result.

Lemma 2.2. — Assume that l = 1, so that Λ′ is in the affine class of Λ. Then
we have Hm′+1(β,Λ′) = Hm+1(β,Λ) and C(Λ′,m′, β) = C(Λ,m, β). Moreover,
the transfer map from C(Λ′,m′, β) to C(Λ,m, β) is the identity map.

Proof. — The first assertion is straightforward by induction on β (that is,
on the integer kF(β) defined in paragraph 1.2). For the second one, see [24,
Théorème 2.13].

2.3. Assume now we are given two simple strata [Λ, ni,mi, βi], i = 1, 2, in A.
For each i, we set n′i = ani and fix a non-negative integer m′i such that we have
⌊m′i/a⌋ = mi, so that we have a simple stratum [Λ′, n′i,m

′
i, βi] in A′.

Proposition 2.3. — Assume that the strata [Λ, ni,mi, βi], i ∈ {1, 2}, intertwine
in A. Then the strata [Λ′, n′i,m

′
i, βi], i ∈ {1, 2}, intertwine in A′.

Proof. — We start with an element g ∈ A× which intertwines the two strata
[Λ, ni,mi, βi], that is, which satisfies the condition (1.6), and we let ι denote
the diagonal embedding of A in A′ (which we omit from the notation when
the context is clear). For j ∈ {1, . . . , l}, write Vj for the jth copy of V in
V′ = V⊕ · · · ⊕V. Then for each i, we have:

P−m′
i
(Λ′) ∩ EndD(Vj) = P−m′

i
(Λj), j ∈ {1, . . . , l},

which is equal to P−mi(Λ) as can be seen by a direct computation in the case
l = 1. This implies that ι induces an OF-module embedding of P−mi(Λ) in
P−m′

i
(Λ′), from which we deduce that g′ = ι(g) ∈ A′× intertwines the strata

[Λ′, n′i,m
′
i, βi].

Remark 2.4. — Note that ι induces a group homomorphism of K(Λ) into K(Λ′).
Therefore, if g ∈ K(Λ) intertwines two simple strata [Λ, n,m, βi], i = 1, 2, that
is, if we have:

β2 − gβ1g−1 ∈ P−m(Λ),

and if we set n′ = an and fix a non-negative integer m′ such that ⌊m′/a⌋ = m,
then the element ι(g) ∈ K(Λ′) intertwines the strata [Λ′, n′,m′, βi].

Proposition 2.5. — Assume that the strata [Λ, ni,mi, βi], for i ∈ {1, 2}, have
the same embedding type. Then the strata [Λ′, n′i,m

′
i, βi], i ∈ {1, 2}, have the

same embedding type.

Proof. — Given g ∈ K(Λ) which conjugates the unramified extensions F(βi)
⋄,

i ∈ {1, 2}, then ι(g) ∈ K(Λ′) conjugates the extensions F(ι(βi))
⋄, i ∈ {1, 2}.
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2.4. For i = 1, 2, let θi be a simple character in C(Λ,mi, βi), and let θ′i be its
transfer in C(Λ′,m′i, βi). The following result is an analogue of Proposition 2.3
for simple characters.

Proposition 2.6. — Assume that θ1 and θ2 intertwine in A×. Then θ′1 and θ′2
intertwine in A′×.

Proof. — The decomposition of V′ into a sum of copies of V defines a Levi
subgroup:

(2.3) M = A× × · · · ×A×

of A′×. We fix a parabolic subgroup P of A× with Levi factor M and unipotent
radical N, and we write N− for the unipotent radical of the parabolic subgroup
of A× opposite to P with respect to M. According to [24, Théorème 2.17], we
have an Iwahori decomposition:

Hm′
i+1(βi,Λ

′) =
(
Hm′

i+1(βi,Λ
′)∩N−

)(
Hm′

i+1(βi,Λ
′)∩M

)(
Hm′

i+1(βi,Λ
′)∩N

)
,

Hm′
i+1(βi,Λ

′) ∩M = Hmi+1(βi,Λ)× · · · ×Hmi+1(βi,Λ)

for each integer i = 1, 2. We have the following result.

Lemma 2.7. — The simple character θ′i is trivial on Hm′
i+1(βi,Λ

′) ∩ N and

Hm′
i+1(βi,Λ

′) ∩ N−, and we have:

θ′i | Hm′
i+1(βi,Λ

′) ∩M = θi ⊗ · · · ⊗ θi.

Proof. — This derives from [24, Théorème 2.17]. Indeed, for j ∈ {1, . . . , l}, the

restriction of θ′i to Hm′
i+1(βi,Λ

′)∩AutD(Vj) is the transfer of θ′i to C(Λj ,m′i, βi),
which is equal to θi by Lemma 2.2.

Now let g ∈ A× intertwine θ1 and θ2 as in (1.7), and set g′ = ι(g) ∈ M. If we

write Hi = Hmi+1(βi,Λ) and H′i = Hm′
i+1(βi,Λ

′) for each integer i ∈ {1, 2}, we
get an Iwahori decomposition:

H′2 ∩g′−1H′1g
′ =

(
H′2∩g′−1H′1g

′∩N−
)(

H′2∩g′−1H′1g
′∩M

)(
H′2∩g′−1H′1g

′∩N
)
,

H′2 ∩ g′−1H′1g
′ ∩M =

(
H2 ∩ g−1H1g

)
× · · · ×

(
H2 ∩ g−1H1g

)
.

According to Lemma 2.7, the simple characters θ′1 and θ′2 are trivial on the two
subgroups H′2 ∩ g′−1H′1g

′ ∩ N and H′2 ∩ g′−1H′1g
′ ∩ N−, and we have:

θ′i | H′2 ∩ g′−1H′1g
′ ∩M =

(
θi | H2 ∩ g−1H1g

)
⊗ · · · ⊗

(
θi | H2 ∩ g−1H1g

)

for each i ∈ {1, 2}. This ensures that g′ intertwines the simple characters θ′1
and θ′2.
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2.5. We give here an example which will be of particular interest for us. Let
[Λ, n,m, β] be a simple stratum in A, which is a realization of a simple pair
(k, β) over F, and let e denote the period of Λ over OD. We set:

(2.4) Λ† : k 7→ Λk ⊕ Λk+1 ⊕ · · · ⊕ Λk+e−1,

which is a strict OD-lattice sequence on V† = V⊕ · · ·⊕V (e times) of the form
(2.2). Thus we can form the simple stratum [Λ†, n,m, β] in A† = EndD(V†),
which is a realization of (k, β). Moreover, the hereditary OF-order A† defined
by Λ† is principal, and we have the following result, which derives from Propo-
sitions 2.3 and 2.5.

Proposition 2.8. — For i = 1, 2, let [Λ, ni,mi, βi] be a simple stratum in A.
Assume they intertwine in A (resp. have the same embedding type). Then the
strata [Λ†, ni,mi, βi] intertwine in A† (resp. have the same embedding type).

Note that the operations Λ 7→ Λ̃ (see paragraph 2.1) and Λ 7→ Λ† commute,

so that there is no ambiguity in writing Λ̃† for the strict OF-lattice sequence
defined by Λ†.

Corollary 2.9. — Definition 1.6 is equivalent to Definition [6, 1.14].

Proof. — Assume we are given two simple pairs (k, βi), i = 1, 2, which are endo-
equivalent in the sense of Definition 1.6. Then we have [F(β1) : F] = [F(β2) : F],
and there exists a simple central F-algebra A together with two realizations
[Λ, ni,mi, ϕi(βi)] of (k, βi) in A, with i = 1, 2, which intertwine in A. By

replacing A and Λ by Ã† and Λ̃†, we have realizations [Λ̃†, ni,mi, ϕi(βi)] of

(k, βi) in Ã†, with i = 1, 2, and these realizations intertwine in Ã† according to
Propositions 2.1 and 2.8. Thus the simple pairs (k, β1) and (k, β2) are endo-
equivalent in the sense of [6, Definition 1.14]. Conversely, two simple pairs
which are endo-equivalent in this sense are clearly endo-equivalent in the sense
of Definition 1.6.

2.6. We now prove the preservation property of intertwining for simple strata,
that is, Proposition 1.7. We first prove that the endo-equivalence relation pre-
serves certain numerical invariants attached to simple pairs. Compare the
following proposition with [6], Property (1.15). See paragraph 1.2 for the no-
tation.

Proposition 2.10. — For i = 1, 2, let (k, βi) be a simple pair over F, and sup-
pose that (k, β1) and (k, β2) are endo-equivalent. Then we have nF(β1) =
nF(β2), eF(β1) = eF(β2), fF(β1) = fF(β2) and kF(β1) = kF(β2).

Proof. — By Corollary 2.9, we may assume that the pairs (k, βi) are endo-
equivalent in the sense of [6]. The result follows from [6, Proposition 1.10].

For i = 1, 2, let (k, βi) be a simple pair over F, and suppose that (k, β1) ≈
(k, β2).
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Let A be a simple central F-algebra and, for i = 1, 2, let [Λ, ni,mi, ϕi(βi)] be a
realization of (k, βi) in A. Let V denote the simple left A-module on which Λ
is a lattice sequence and write D for the F-algebra opposite to EndA(V). For
i = 1, 2, let Ei denote the F-algebra F(βi). We fix a simple right E1 ⊗F D-
module S and set A(S) = EndD(S), and we denote by ρ1 the natural F-algebra
homomorphism E1 → A(S). Let S denote the unique (up to translation) E1-
pure strict OD-lattice sequence on S.

Lemma 2.11. — There is a homomorphism of F-algebras ρ2 : E2 → A(S) such
that S is ρ2(E2)-pure, and such that the pairs (ρ1(E1),S) and (ρ2(E2),S) have
the same embedding type in A(S) (see paragraph 1.3).

Proof. — As (k, β1) and (k, β2) are endo-equivalent, Proposition 2.10 gives us
the equalities eF(β1) = eF(β2) and fF(β1) = fF(β2). The result follows from
[5, Corollary 3.16].

Remark 2.12. — We actually have a stronger result: for any F-algebra homo-
morphism ρ2 such that S is ρ2(E2)-pure, the pairs (ρ1(E1),S) and (ρ2(E2),S)
have the same embedding type in A(S). Indeed, if ρ2 is such a homomorphism
and if η2 is an F-algebra homomorphism as in Lemma 2.11, the Skolem-Noether
theorem gives us g ∈ A(S)× which conjugates these F-algebra homomorphisms
ρ2 and η2. As E1 and E2 have the same degree over F, the lattice sequence
S is the unique (up to translation) ρ2(E2)-pure strict OD-lattice sequence —
and also the unique (up to translation) η2(E2)-pure strict OD-lattice sequence
— on S. It follows that g normalizes the lattice sequence S and that the pairs
(ρ2(E2),S) and (η2(E2),S) have the same embedding type in A(S).

Let us fix an F-algebra homomorphism ρ2 as in Lemma 2.11. As (k, β1) and
(k, β2) are endo-equivalent, we have nF(β1) = nF(β2) and eF(β1) = eF(β2), so
that the S-valuation of ρi(βi), denoted n0, and the period eρi(βi)(S) do not
depend on i ∈ {1, 2}. We set:

m0 = eρi(βi)(S)k.

For each i ∈ {1, 2}, we have a stratum [S, n0,m0, ρi(βi)], which is a realization

of (k, βi) in A(S). By paragraph 2.1, we have a realization [S̃, n0,m0, ρi(βi)]
of (k, βi) in the split simple central F-algebra EndF(S), and the OF-lattice se-

quence S̃ is strict. Hence we can apply [6, Proposition 1.10], which implies
that these realizations, for i = 1, 2, intertwine in EndF(S). By our assumption
(see Lemma 2.11), the strata [S, n0,m0, ρi(βi)], for i = 1, 2, have the same em-
bedding type. Here we need to recall the following statement, due to Broussous
and Grabitz.

Proposition 2.13 ([5], Proposition 4.1.3). — For i = 1, 2, let [Σ, n,m, γi] be a
simple stratum in a simple central F-algebra U, where Σ is strict. Assume that

they have the same embedding type, and that the strata [Σ̃, n,m, γi] intertwine

in Ũ. Then there exists an element u ∈ K(Σ) such that γ1−uγ2u−1 ∈ P−m(Σ).
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Moreover, u can be chosen such that the maximal unramified extension of F
contained in F(γ1) is equal to that of F(uγ2u

−1).

We deduce from Proposition 2.13 that there exists an element g ∈ K(S) such
that:

(2.5) ρ1(β1)− gρ2(β2)g−1 ∈ P−m0(S).

We now fix a decomposition:

V = V1 ⊕ · · · ⊕Vl

of V into simple right E1 ⊗F D-modules (which all are copies of S) such that
the lattice sequence Λ decomposes into the direct sum of the Λj = Λ ∩Vj , for
j ∈ {1, . . . , l}.
Lemma 2.14. — There are isomorphisms of E1 ⊗F D-modules Vj → S, j ∈
{1, . . . , l}, such that the resulting F-algebra homomorphism ι : A(S) → A sat-
isfies ι ◦ ρ1 = ϕ1.

Proof. — Since each Vj , for j ∈ {1, . . . , l}, is an E1-vector subspace of V, the
F-algebra homomorphism ϕ1 has the form x 7→ (ω1(x), . . . , ωl(x)), where ωj is
an F-algebra homomorphism from E1 to EndD(Vj). By the Skolem-Noether
theorem, one can choose, for each integer j, a suitable E1⊗F D-module isomor-
phism between Vj and S such that the resulting F-algebra homomorphism πj
between EndD(Vj) and A(S) satisfies the condition πj ◦ ωj = ρ1. Then the F-

algebra homomorphism ι defined by ι(x) = (π−11 (x), . . . , π−1l (x)) for x ∈ A(S)
satisfies the required condition.

We now fix isomorphisms of E1 ⊗F D-modules Vj → S, j ∈ {1, . . . , l}, as in
Lemma 2.14. Then each Λj is in the affine class of S (see (2.1) and also [22,
§1.4.8]), and these lattice sequences all have the same period, equal to that of
Λ. Therefore, we are in the situation of paragraph 2.2. We set:

n = ni, m = eϕi(βi)(Λ)k,

which both do not depend on i ∈ {1, 2}. By (2.5) and Remark 2.4, the ele-
ment ι(g) normalizes Λ and conjugates [Λ, n,m, ι(ρ2(β2))] into a simple stratum
in A which is equivalent to [Λ, n,m, ϕ1(β1)]. By the Skolem-Noether theo-
rem, there is an element x ∈ A× which conjugates the F-algebra homomor-
phisms ι ◦ ρ2 and ϕ2, and thus intertwines the simple strata [Λ, n,m, ι(ρ2(β2))]
and [Λ, n,m, ϕ2(β2)]. Therefore the strata [Λ, n,m, ϕi(βi)] intertwine. As
m 6 m1,m2, the strata [Λ, ni,mi, ϕi(βi)] intertwine, which ends the proof
of Proposition 1.7.

Remark 2.15. — There is a gap in the proof of the existence of the transfer map
given in [20, Théorème 3.53], in the case where Λ is a strict lattice sequence.
To complete this proof, one has to prove that, given a non-minimal simple pair
(k, β) over F together with a realization [Λ, n,m, ϕ(β)] of this pair in a simple
central F-algebra A, there is a simple pair (k′, γ) over F having realizations
in A(E) and A which are approximations of β and ϕ(β), respectively. More

Documenta Mathematica 17 (2012) 23–77



42 P. Broussous, V. Sécherre, and S. Stevens

precisely, set q = −k0(β,Λ), and start with a stratum [Λ, n, q, γ] in A which is
simple and equivalent to [Λ, n, q, ϕ(β)]. If we denote by (k′, γ) the simple pair of
which this stratum is a realization, and if we set n0 = nF(β) and q0 = −kF(β),
then we search for a realization [Λ(E), n0, q0, ϕ0(γ)] of (k′, γ) in A(E) which
is equivalent to the pure stratum [Λ(E), n0, q0, β] (see paragraph 1.2). Let us

remark that, when passing to Ã (see paragraph 2.1), we get a stratum [Λ̃, n, q, γ]

which is simple and equivalent to [Λ̃, n, q, ϕ(β)]. Now let [Λ(E), n0, q0, δ] be a
stratum in A(E) which is simple and equivalent to [Λ(E), n0, q0, β]. By choosing
a suitable decomposition of the F-vector space V into a direct sum of copies of
E, we get an F-embedding:

ι : A(E)→ Ã,

thus a stratum [Λ̃, n, q, ι(δ)] in Ã which is simple and equivalent to [Λ̃, n, q, ι(β)].

By the Skolem-Noether theorem, there is an element g ∈ Ã× which conjugates

ι(β) and ϕ(β), thus intertwines the strata [Λ̃, n, q, γ] and [Λ̃, n, q, ι(δ)]. The sim-
ple pairs (k′, γ) and (k′, δ) are thus endo-equivalent. Now let [Λ(E), n0, q0, (γ)]
be a realization of (k′, γ) in A(E) which intertwines with [Λ(E), n0, q0, δ]. By
the “intertwining implies conjugacy” theorem [10, Theorem 3.5.11] in the split
simple central F-algebra A(E), there is g ∈ U(Λ(E)) such that g(γ)g−1 − δ ∈
P(Λ(E))−q0 . The homomorphism of F-algebras ϕ0 : x 7→ g(x)g−1 has the
required property.

2.7. Before closing this section, we give a more elaborate example than that
of paragraph 2.5, which will be very useful in the sequel. As in paragraph
2.5, let [Λ, n,m, β] be a simple stratum in A, which is a realization of a simple
pair (k, β) over F, and let e denote the period of Λ over OD. Write B for the
centralizer of the field E = F(β) in A, fix a simple left B-module Vβ and write
Dβ for the E-algebra opposite to the algebra of B-endomorphisms of Vβ . Let
Σ denote an ODβ

-lattice sequence on Vβ corresponding to Λ by (1.1), and let
e′ denote its period over ODβ

. We fix an integer l which is a multiple of e and
e′ and set:

(2.6) Λ‡ : k 7→ Λk ⊕ Λk+1 ⊕ · · · ⊕ Λk+l−1,

which is a strict OD-lattice sequence on V‡ = V⊕ · · · ⊕V (l times) of the form
(2.2). Thus we can form the simple stratum [Λ‡, n,m, β] in A‡ = EndD(V‡),
which is a realization of (k, β). Moreover, the hereditary OF-order A‡ defined
by Λ‡ is principal, and we have the following result.

Lemma 2.16. — The stratum [Λ‡, n,m, β] is sound (see Definition 1.14).

Proof. — Write B‡ for the centralizer of E in A‡ and Σ‡ for the ODβ
-lattice

sequence on Vβ × · · · ×Vβ (l times) defined by:

Σ‡ : k 7→ Σk ⊕ Σk+1 ⊕ · · · ⊕ Σk+l−1.
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This is a strict lattice sequence, which defines a principal order of B‡. By direct
computation of each block, we get for all k ∈ Z:

(2.7) Pk(Λ‡) ∩ B‡ = Pk(Σ‡),

which amounts to saying that Σ‡ is an ODβ
-lattice sequence which corresponds

to Λ‡ by (1.1). In particular, its B‡×-normalizer is K(Λ‡)∩B‡×. As Λ‡ is strict,
its normalizer is equal to K(A‡), and a similar statement holds for the lattice
sequence Σ‡, so that we have K(A‡) ∩ B‡× = K(A‡ ∩ B‡). Finally, if we choose
k = 0 in (2.7), we deduce that A‡ ∩ B‡ is principal.

Note that, unlike (2.4), the process defined by (2.6) depends on E and l, and
not only on the lattice sequence Λ.

Now let [Λ, ni,mi, βi], for i = 1, 2, be simple strata in A. Let e denote the
period of Λ over OD, and write e′i for the period of the ODβi

-lattice sequence
associated with Λ as above.

Proposition 2.17. — Let l > 1 be a multiple of e′1, e
′
2 and e, and assume that

the simple strata [Λ, ni,mi, βi], i = 1, 2, intertwine in A (resp. have the same
embedding type). Then the simple strata [Λ‡, ni,mi, βi], i = 1, 2, are sound,
and intertwine in A‡ (resp. have the same embedding type).

Proof. — This derives from Propositions 2.3 and 2.5, and Lemma 2.16.

3. Intertwining implies conjugacy for simple strata

In this section, we prove the “intertwining implies conjugacy” property for
simple strata, that is Proposition 1.9. We fix a simple central F-algebra A and
a simple left A-module V as in paragraph 1.1. Associated with it, we have an
F-division algebra D.

3.1. We will need the following general lemma on embedding types. Let B

be a D-basis of V, and let L be a maximal unramified extension of F contained
in D. The choice of B defines an isomorphism of F-algebras between A and
Mr(D) for some integer r > 1, which allows us to identify these F-algebras. In
particular, we will consider L as an extension of F contained in A. We write Ir
for the identity matrix.

An embedding (K,Λ) in A is said to be standard with respect to the pair (B,L)
if K is a subfield of L and if Λ is split by the basis B in the sense of [3].

Lemma 3.1. — Let (B,L) be a pair as above.

(1) Any embedding in A is equivalent to an embedding which is standard
with respect to the pair (B,L).

(2) Let (K,Λ) be standard with respect to (B,L), and let ̟ be a uniformizer
of D normalizing L. Then conjugation by the diagonal matrix ̟ · Ir normalizes
K and Λ, and any element of Gal(K/F) is induced by conjugation by a power
of ̟ · Ir.
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Proof. — Assertion (2) follows from the fact that the map x 7→ ̟x̟−1, for
x ∈ L, is a generator of the group Gal(L/F). To prove (1), let (E,Λ) be an
embedding in A, and set K = E⋄ (see paragraph 1.3 for the notation). One
first notices that one can conjugate the pair (K,Λ) so that K ⊆ L, which we
will assume. Let I be the non-enlarged Bruhat-Tits building of A× and I ′

be that of the centralizer C× of K× in A×. Since the group C× identifies with
GLr(D

′), where D′ is the centralizer of K in D, the two buildings I and I ′

have same dimension r − 1. Recall (see [3, Théorème II.1.1]) that there exists
a unique mapping:

j = jK/F : I
′ → I

which is affine and C×-equivariant. Its image is the set of K×-fixed points in
I . The basis B gives rise to an apartment A of I (see e.g. [3, §0]), and points
in that apartment are fixed by diagonal matrices of A× of the form x · Ir, with
x ∈ D×. In particular, they are fixed by K×. It easily follows that there is
some apartment A ′ in I ′ such that we have A = j(A ′).
The affine class of Λ determines a point y of the building I (see [3, I.7]). Since
K× normalizes Λ, this point writes j(x), for some x ∈ I ′. Since C× acts
transitively on the set of all apartments of I ′, and since any point of I ′ is
contained in some apartment, there is an element h ∈ C× such that h ·x ∈ A ′.
Its follows that h·y = j(h·x) lies in A . By [3, Proposition I.2.7], this means that
the lattice sequence hΛ is split by the basis B, i.e. that (hKh−1, hΛ) = (K, hΛ)
is standard with respect to the pair (B,L), as required.

Remark 3.2. — We can rephrase Assertion (1) of the above lemma by saying
that, for any embedding (E,Λ) in A, there is g ∈ A× such that (E⋄,Λ) is
standard with respect to the pair (gB, gLg−1).
If one writes NA×(K) for the normalizer of K in A×, Assertion (2) can also be
rephrased by saying that conjugation induces a surjective group homomorphism
from the intersection K(Λ)∩NA×(K) onto Gal(K/F). With the notation of the
proof of Lemma 3.1, the kernel of this homomorphism is K(Λ) ∩ C×.

3.2. We will also need the following result, which generalizes [6, Lemma 1.6].

Proposition 3.3. — Let Λ be an OD-lattice sequence on V and E/F a finite ex-
tension. Suppose that there are two homomorphisms ϕi : E→ A of F-algebras,
i = 1, 2, such that the pairs (ϕ1(E),Λ) and (ϕ2(E),Λ) are two equivalent em-
beddings in A. Then there is an element u ∈ K(Λ) such that:

(3.1) ϕ1(x) = uϕ2(x)u−1, x ∈ E.

Remark 3.4. — In particular, if K denotes the maximal unramified extension
of F contained in E, then u conjugates ϕ2(K) to ϕ1(K).

Proof. — Since the embeddings (ϕ1(E),Λ) and (ϕ2(E),Λ) are equivalent, there
exists an element g ∈ K(Λ) such that ϕ1(E⋄) = gϕ2(E⋄)g−1. Then the mapping:

(3.2) x 7→ gϕ2(ϕ−11 (x))g−1
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is an F-automorphism of ϕ1(E⋄). By Lemma 3.1(2), there is h ∈ K(Λ) such
that this F-automorphism is x 7→ hxh−1. We thus have ϕ1(x) = wϕ2(x)w−1,
for all x ∈ E⋄, where w = h−1g. So replacing ϕ2 by a K(Λ)-conjugate, one may
reduce to the case where ϕ1 and ϕ2 coincide on E⋄. Assume now that we are
is this case, and put K = ϕ2(E⋄). Let C be the centralizer of K in A, and write
C for the intersection of A = A(Λ) with C.

Lemma 3.5. — There is u ∈ U(C) such that (3.1) holds.

Proof. — We fix an unramified extension L of K such that the degree of L/F is
equal to the reduced degree of D over F, denoted d. The L-algebra C = C⊗K L
is thus split and, as E/K has residue class degree prime to d, the L-algebra
E ⊗K L is an extension of L, denoted E. For each i, the K-algebra homo-
morphism ϕi extends to a homomorphism of L-algebras E → C, still denoted
ϕi. By applying [6, Lemma 1.6] with the OL-order C = C ⊗OK OL and the
homomorphisms of L-algebras ϕ1 and ϕ2, we get u ∈ U(C) satisfying (3.1). If
we write B for the centralizer of ϕ2(E) in C, then the 1-cocycle σ 7→ u−1σ(u)
defines a class in the Galois cohomology set:

H1(Gal(L/K),U(C) ∩ B×).

This cohomology set is trivial by a standard filtration argument. (For more
detail, see e.g. [5, §6].) Hence we actually may choose u in U(C), which ends
the proof of the lemma.

Proposition 3.3 follows immediately from Lemma 3.5.

Remark 3.6. — The conclusion of Proposition 3.3 does not hold if the pairs
(ϕ1(E),Λ) and (ϕ2(E),Λ) are not assumed to be equivalent in A. For instance,
take A = M2(D) where D is a quaternionic algebra over F, and let E/F be
an unramified quadratic extension. One may embed E in M2(F) so that the
multiplicative group of the image normalizes the order M2(OF). This gives an
embedding ϕ1 of E in A = M2(D) = M2(F)⊗F D, such that ϕ1(E×) normalizes
M2(OD) = M2(OF) ⊗OF OD. One also may embed E in D. The diagonal
embedding of D in A gives rise to a second embedding ϕ2 such that ϕ2(E×)
normalizes M2(OD). Take Λ to be a strict lattice sequence in D × D defining
the order A = M2(OD), so that:

K(Λ) = K(A) = 〈̟〉 · U(A),

where ̟ denotes a uniformizer of D and 〈̟〉 the subgroup generated by ̟.
One can check that the pairs (ϕi(E),Λ), i = 1, 2, are inequivalent. Assume for a
contradiction that there is an element u ∈ K(A) such that ϕ1(E) = uϕ2(E)u−1,
and write P for the radical of A. For i = 1, 2, the map ϕi induces an embedding
of the residue field kE in the kF-algebra A/P, which is isomorphic to M2(kD),
and the images ϕi(kE), i = 1, 2, are conjugate under the action of u on the
quotient A/P. But this action stabilizes the centre of M2(kD) and ϕ2(kE) lies
in this centre. This implies that ϕ1(kE) is central: a contradiction.
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3.3. We now prove the “intertwining implies conjugacy” property for simple
strata, that is, Proposition 1.9. For i = 1, 2, let [Λ, n,m, βi] a simple stratum in
A. Assume that they intertwine in A and have the same embedding type, and
write Ki for the maximal unramified extension of F contained in Ei = F(βi).
By Remark 3.4, we may replace β2 by some K(Λ)-conjugate and assume that
K1 and K2 are equal to a common extension K of F. We write NA×(K) for the
normalizer of K in A×. Therefore, we are reduced to proving that there is an
element u ∈ K(Λ) ∩ NA×(K) such that we have β1 − uβ2u−1 ∈ P−m(Λ).

We proceed as in the proof of proposition 1.7 (see paragraph 2.6). Let us fix
a simple right E1 ⊗F D-module S and set A(S) = EndD(S). Let us denote
by ρ1 the natural F-algebra homomorphism E1 → A(S). We write S for the
unique (up to translation) E1-pure strict OD-lattice sequence on S and fix an
F-algebra homomorphism ρ2 : E2 → A(S) such that S is ρ2(E2)-pure, and such
that (ρ1(E1),S) and (ρ2(E2),S) have the same embedding type in A(S) (see
Lemma 2.11). We also fix a decomposition:

(3.3) V = V1 ⊕ · · · ⊕Vl

of V into simple right K(β)⊗F D-modules (which all are copies of S) such that
Λ is decomposed by (3.3) in the sense of [22, Définition 1.13], that is, Λ is
the direct sum of the lattice sequences Λj = Λ ∩ Vj , for j ∈ {1, . . . , l}. By
choosing, for each j, an isomorphism of K(β)⊗F D-modules between S and Vj ,
this decomposition gives us an F-algebra homomorphism:

ι : A(S)→ A.

Using Lemma 2.14, we may assume that it satisfies ι(ρ1(β1)) = β1.

For i ∈ {1, 2}, let (k, βi) be the simple pair of which the stratum [Λ, n,m, βi]
is a realization. By putting n0 = nF(βi) and m0 = eρi(βi)(S)k, which do not
depend on i by Proposition 2.10, we get a simple stratum [S, n0,m0, ρi(βi)]
which is a realization of (k, βi) in A(S). The proof of [5, Theorem 4.1.2] (see also
[17, Lemma 10.5]) gives us an element v ∈ K(S) such that ρ1(K) = vρ2(K)v−1

and β1− vβ2v−1 ∈ P−m0(S). By Proposition 3.3, there is w ∈ K(Λ) such that
ι(ρ2(x)) = wxw−1 for all x ∈ E2, and, by Remark 3.4, this element satisfies
wKw−1 = ι(ρ2(K)). Thus the element u = ι(v)w normalizes K and Λ and
satisfies the required condition:

β1 − uβ2u−1 ∈ P−eβi
(Λ)k(Λ) ⊆ P−m(Λ),

which ends the proof of Proposition 1.9.

4. Realizations and intertwining for simple characters

The two main results of this section are Propositions 4.9 and 4.11. The first
one asserts that two endo-equivalent ps-characters have realizations with very
special properties, allowing us to use the results of [17]. The second one leads
to the rigidity theorem 4.16, and will also give us an important property of the
base change map in paragraph 7.2.
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4.1. In this paragraph, we generalize the construction given in paragraph 2.7
by incorporating the notion of embedding type. For this, we will need the
following definition.

Let [Λ, n,m, β] be a simple stratum in A, which is a realization of a simple pair
(k, β) over F, and set E = F(β). The containment of OE in A(Λ) allows us
to identify the residue field k = kE⋄ with its canonical image in the kF-algebra
A = A(Λ)/P(Λ).

Definition 4.1. — The Fröhlich invariant of [Λ, n,m, β] is the degree over kF
of the intersection of k with the centre of A.

Recall that this invariant has been introduced by Fröhlich (see [15]) for sound
strata. In this case, we have the following important property.

Theorem 4.2 ([15], Theorem 2). — For i = 1, 2, let (Ki,Λ) be a sound em-
bedding in A where Ki/F is an unramified extension contained in A. These
embeddings are equivalent if and only if [K⋄1 : F] = [K⋄2 : F] and they have the
same Fröhlich invariant.

We will need the two following lemmas.

Lemma 4.3. — Let us fix an integer l > 1, an OD-lattice sequence Λ′ and an
integer m′ as in paragraph 2.2, and let us form the simple stratum [Λ′, n′,m′, β]
in A′. The simple strata [Λ, n,m, β] and [Λ′, n′,m′, β] have the same Fröhlich
invariant.

Proof. — Let us identify A′ with the matrix algebra Ml(A), and write j for the
kF-algebra homomorphism k → A′ = A(Λ′)/P(Λ′) induced by the embedding
of OE in A(Λ′) (which is the restriction to OE of the diagonal embedding of E
in A′). By a direct computation, we see that the diagonal blocks of A(Λ′) are
equal to A(Λ), and that of its radical P(Λ′) are equal to P(Λ). This is enough
to prove that j(x) is central in A′ if and only if x is central in A. Thus the
strata [Λ, n,m, β] and [Λ′, n′,m′, β] have the same Fröhlich invariant.

Lemma 4.4. — We set Λ′ = Λ ⊕ Λ and m′ = m (thus l = 2). There exists
an element u ∈ A′× such that Λ′ is uF(β)u−1-pure and the simple stratum
[Λ′, n,m, uβu−1] in A′ has Fröhlich invariant 1.

Proof. — We fix a D-basis B of V, a maximal unramified extension L of F
contained in D and a uniformizer ̟ of D normalizing L (see paragraph 3.1).
According to Lemma 3.1, we may identify A with Mr(D) and assume that
the embedding (E⋄,Λ) is in standard form with respect to (B,L). The map
ϕ : x 7→ ̟x̟−1 defines a generator of Gal(E⋄/F), and thus induces on the
residue field k = kE⋄ a generator of Gal(k/kF), denoted σ. We write j for the
kF-algebra homomorphism from k to A induced by ϕ, which is the composite
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of σ with the canonical embedding of k in A. Thus, one has j(x) = x if and
only if x ∈ kF. We now set:

u =

(
Ir 0
0 ̟ · Ir

)
∈M2(A) = A′.

If one identifies the kF-algebra A′ = A(Λ′)/P(Λ′) with M2(A), then the kF-
algebra homomorphism j′ from k to A′ induced by x 7→ uxu−1 is given by:

x 7→
(
x 0
0 j(x)

)
.

Therefore, j′(x) is central in A′ if and only if x = j(x) is central in A, that is,
if and only if x ∈ kF.

This leads us to the following result. For i = 1, 2, let (k, βi) be a simple pair
over F, let [Λ, ni,mi, ϕi(βi)] be a realization of (k, βi) in A and let θi be a
simple character in C(Λ,mi, ϕi(βi)).

Proposition 4.5. — Assume θ1 and θ2 intertwine in A×. Then there is a simple
central F-algebra A′ together with realizations [Λ′, ni,mi, ϕ

′
i(βi)] of (k, βi) in

A′ (with the same ni and mi), with i = 1, 2, which are sound and have the
same embedding type, and such that θ′1 and θ′2 intertwine in A′×, where θ′i ∈
C(Λ′,mi, ϕ

′
i(βi)) denotes the transfer of θi.

Proof. — First, we reduce to the case where the strata [Λ, ni,mi, ϕi(βi)] have
Fröhlich invariant 1. Let g ∈ A× intertwine the characters θ1 and θ2 as in (1.7).
We set Λ′ = Λ⊕Λ and A′ = M2(A) and, for each i, we fix an element ui ∈ A′× as
in Lemma 4.4 so that the simple stratum [Λ′, ni,mi, uiϕi(βi)u

−1
i ] has Fröhlich

invariant 1. For each i, let θ′i be the transfer of θi in C(Λ′,mi, ϕi(βi)), and let θ′′i
be that of θi in C(Λ′,mi, uiϕi(βi)u

−1
i ), which is equal to the conjugate character

x 7→ θ′i(u
−1
i xui). By the proof of Proposition 2.6, the element g′ = ι(g) ∈ A′×

intertwines θ′1 and θ′2, where ι denotes the diagonal embedding of A in A′,
and it follows that g′′ = u−11 g′u2 intertwines θ′′1 and θ′′2 . Thus we can assume
that the strata [Λ, ni,mi, ϕi(βi)] have Fröhlich invariant 1. Using Proposition
2.17 (with some suitable integer l > 1) and Lemma 4.3 together, we see that
the simple strata [Λ‡, ni,mi, ϕi(βi)] are sound with Fröhlich invariant 1. By

Theorem 4.2, they have the same embedding type. Let θ‡i be the transfer of

θi in C(Λ‡,mi, ϕi(βi)). The fact that θ‡1 and θ‡2 intertwine in A‡× follows from
Proposition 2.6.

Remark 4.6. — The assumption [F(β1) : F] = [F(β2) : F] is not needed in the
proof.

4.2. Before proving the first main result of this section, that is Proposition
4.9, we will need the following lemmas. Compare the first one with Proposition
2.10.
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Lemma 4.7. — For i = 1, 2, let (Θi, k, βi) be a ps-character over F, and sup-
pose that Θ1 and Θ2 are endo-equivalent. Then nF(β1) = nF(β2), eF(β1) =
eF(β2), fF(β1) = fF(β2) and kF(β1) = kF(β2).

Proof. — By assumption, we have [F(β1) : F] = [F(β2) : F] and there is a
simple central F-algebra A together with realizations [Λ, ni,mi, βi] of (k, βi),
for i = 1, 2, such that the corresponding simple characters θ1 and θ2 intertwine
in A×. By Proposition 4.5, we can assume that these realizations are sound and
have the same embedding type. We now follow the proof of [6, Proposition 8.4].
An argument similar to the first part of this proof (which we do not reproduce)
gives us n1 = n2, denoted n. Now consider the integers m1,m2. By symmetry,
we can assume that m1 > m2. Let us choose a simple stratum [Λ, n,m1, γ] in
A which is equivalent to [Λ, n,m1, β2] and let θ0 denote the restriction of θ2 to
Hm1+1(γ,Λ). The characters θ0 and θ1 still intertwine, which implies, by the
“intertwining implies conjugacy” theorem [17, Corollary 10.15], the existence
of u ∈ K(Λ) such that C(Λ,m1, β1) = C(Λ,m1, uγu

−1). By Proposition 1.17,
we get:

(4.1) kF(β1) = kF(γ), [F(β1) : F] = [F(γ) : F].

By [5, Theorem 5.1(ii)], the equality [F(β2) : F] = [F(γ) : F] implies that
[Λ, n,m1, β2] is a simple stratum in A. By Theorem 1.16, we get eF(β1) =
eF(β2) and fF(β1) = fF(β2), and (4.1) gives us kF(β1) = kF(β2). The remaining
equality is a consequence of the identity ni = eβi(Λ)nF(βi).

Corollary 4.8. — Theorem 1.13 implies Theorems 1.11 and 1.12.

Proof. — For i = 1, 2, let (Θi, k, βi) be a ps-character over F, and suppose that
Θ1 and Θ2 are endo-equivalent. Let A be a simple central F-algebra. For each i,
let [Λ, ni,mi, ϕi(βi)] be a realization of (k, βi) in A, and put θi = Θi(Λ,mi, ϕi).
Write n = ni and:

m = eϕi(βi)(Λ)k,

which do not depend on i by Lemma 4.7. As m1,m2 > m, we may assume
without loss of generality that m1 = m2 = m. Let us fix an F-algebra ho-
momorphism ϕ3 : F(β2) → A such that the simple strata [Λ, n,m, ϕ1(β1)]
and [Λ, n,m, ϕ3(β2)] have the same embedding type, and let θ3 denote the
transfer of θ2 in C(Λ,m, ϕ3(β2)). According to Theorem 1.13, there is an el-
ement u ∈ K(Λ) such that θ3(x) = θ1(uxu−1) for all x ∈ Hm+1(ϕ3(β2),Λ)
and, by the Skolem-Noether theorem, there is an element g ∈ A× such that
ϕ3(x) = gϕ2(x)g−1. Thus g intertwines θ3 and θ2, which proves that θ1 and θ2
intertwine in A× and ends the proof of Theorem 1.11.
Assume now that the strata [Λ, n,m, ϕi(βi)], i = 1, 2 have the same embedding
type. Then applying Theorem 1.13 gives immediately Theorem 1.12.

We are thus reduced to proving Theorem 1.13, which will be done in section
8. For this we will have to develop base change methods (see sections 5, 6 and
7). We now state and prove the first main result of this section.
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Proposition 4.9. — For i = 1, 2, let (Θi, k, βi) be a ps-character over F, and
suppose that Θ1 and Θ2 are endo-equivalent. Write Ki for the maximal un-
ramified extension of F contained in F(βi). Then there exists a simple central
F-algebra A together with realizations [Λ, n,m, ϕi(βi)] of (k, βi), for i = 1, 2,
which are sound and have the same embedding type, and such that:

(1) m is a multiple of k;
(2) ϕ1(K1) = ϕ2(K2);
(3) Θ1(Λ,m, ϕ1) = Θ2(Λ,m, ϕ2).

Proof. — By Proposition 4.5, there is a simple central F-algebra A together
with realizations [Λ, ni,mi, ϕi(βi)] of (k, βi), for i = 1, 2, sound and having the
same embedding type, such that θ1 = Θ1(Λ,m1, ϕ1) and θ2 = Θ2(Λ,m2, ϕ2)
intertwine in A×. By Lemma 4.7, we have n1 = n2, and the integer m =
eϕi(βi)(Λ)k does not depend on i.

Lemma 4.10. — For each i, there exists a unique ϑi ∈ C(Λ,m, ϕi(βi)) extend-
ing θi, and the characters ϑ1 and ϑ2 intertwine in A×.

Proof. — The proof is similar to that of [10, Lemma 3.6.7] and [6, Lemma 8.5]
together. One just has to replace Corollary 3.3.21 of [10] by Proposition 2.16
of [24], and Theorems 3.5.8, 3.5.9 and 3.5.11 of [10] by Corollary 10.15 and
Propositions 9.9 and 9.10 of [17].

Therefore we can assume that m1,m2 are both equal to m. The result follows
from the “intertwining implies conjugacy” theorem [17, Corollary 10.15].

4.3. We now assume that we are in the situation of paragraph 2.4. Let us
fix two simple strata [Λ, n,m, βi], i = 1, 2, in A. We set n′ = an and fix a
non-negative integer m′ such that ⌊m′/a⌋ = m, so that we have simple strata
[Λ′, n′,m′, βi], i = 1, 2, in A′, where Λ′ is defined by (2.2). We fix a simple
character θi in C(Λ,m, βi) and write θ′i for its transfer in C(Λ′,m′, βi). The
aim of this paragraph is to prove the following proposition, which is the second
main result of this section.

Proposition 4.11. — Assume that θ1 and θ2 are equal. Then θ′1 and θ′2 are
equal.

Proof. — We first prove the following lemma, which generalizes [10, Theo-
rem 3.5.9] and [17, Proposition 9.10] (see also [13, Lemme 7.9], which gives a
similar result in the split case for semisimple characters and whose proof we
follow).

Lemma 4.12. — Assume that m > 1, and that C(Λ,m, β1)∩ C(Λ,m, β2) is not
empty. Then we have Hm(β1,Λ) = Hm(β2,Λ).

Proof. — We put ν = 2m − 1 and, for i = 1, 2, we choose a simple stratum
[Λ, n, ν, γi] equivalent to [Λ, n, ν, βi] in A. Then, for each i = 1, 2, we have
the equality C(Λ, ν, βi) = C(Λ, ν, γi) and, from [24, Proposition 2.15], we have
Hm(βi,Λ) = Hm(γi,Λ). Since the restriction of a simple character to the

Documenta Mathematica 17 (2012) 23–77



Endo-Classes for GLm(D) 51

subgroup Hν+1(β1,Λ) = Hν+1(β2,Λ) is still a simple character, the intersection
C(Λ, ν, γ1) ∩ C(Λ, ν, γ2) is not empty. By computing the intertwining of an
element of this intersection via the formula of [24, Théorème 2.23], we get:

Ωq1−ν(γ1,Λ)B×γ1Ωq1−ν(γ1,Λ) = Ωq2−ν(γ2,Λ)B×γ2Ωq2−ν(γ2,Λ)

with the notations of loc. cit. and where, for each i = 1, 2, we write Bγi for
the centralizer of F(γi) in A and qi = −k0(γi,Λ). Taking the intersection with
Pm(Λ) and then its additive closure, we find that the following set:

(4.2) Qi
m + (Pqi−ν(Λ) ∩ n−ν(γi,Λ))Qi

m + Qi
mJ⌈qi/2⌉(γi,Λ),

is independent of i, where we have put Qi
m = Pm(Λ) ∩ Bγi and where the

notations Jk and Hk, for k > 0, are defined in [24, §2.4]. We claim that the set
in (4.2) is contained in Hm(γi,Λ) = Hm(βi,Λ). For then, adding Hm+1(γi,Λ) =
Hm+1(βi,Λ), which is also independent of i, we see that:

Hm(βi,Λ) = Hm(γi,Λ) = Qi
m + Hm+1(γi,Λ)

is independent of i, as required. We now need the following lemma (see [28,
Lemma 3.11(i)]).

Lemma 4.13. — Let [Λ, n,m, β] be a simple stratum in A with q = −k0(β,Λ).
For each integer 1 6 k 6 q − 1, we have:

(n−k(β,Λ) ∩Pq−k(Λ)) J⌈k/2⌉(β,Λ) ⊆ H⌊k/2⌋+1(β,Λ).

Proof. — We write [Λ̃, n,m, β] for the simple stratum in Ã = EndF(V) associ-
ated with [Λ, n,m, β] (see paragraph 2.1). Then we have:

(
n−k(β, Λ̃) ∩Pq−k(Λ̃)

)
J⌈k/2⌉(β, Λ̃) ⊆ H⌊k/2⌋+1(β, Λ̃)

by [28, Lemma 3.11(i)]. By taking the intersection with A, we get the expected
result.

We now see that:

(Pqi−ν(Λ) ∩ n−ν(γi,Λ))Qi
m ⊆ (Pqi−ν(Λ) ∩ n−ν(γi,Λ)) J⌈ν/2⌉(γi,Λ),

which is contained in Hm(γi,Λ). Similarly, we have:

Qi
mJ
⌈qi/2⌉(γi,Λ) ⊆

(
Pqi−(qi−m)(Λ) ∩ nm−qi(γi,Λ)

)
J⌈(qi−m)/2⌉(γi,Λ),

which is contained in H⌊(qi−m)/2⌋+1(γi,Λ). Since the left hand side here is
clearly also contained in Pm(Λ), we see that it is contained in Hm(γi,Λ) as
required. This also completes the proof of Lemma 4.12.

For each i, write Θi for the ps-character defined by the pair ([Λ, n,m, βi], θi),
and recall that θ1 and θ2 are equal.

Lemma 4.14. — We have eF(β1) = eF(β2) and fF(β1) = fF(β2).

Documenta Mathematica 17 (2012) 23–77



52 P. Broussous, V. Sécherre, and S. Stevens

Proof. — By Proposition 4.5, there is a simple central F-algebra A together
with realizations [Λ0, n,m, ϕ0

i (βi)] of (k, βi), with i = 1, 2, which are sound and
have the same embedding type, and such that Θ1(Λ0,m, ϕ0

1) and Θ2(Λ0,m, ϕ0
2)

intertwine in A0×. Let us write f for the greatest common divisor of fF(β1)
and fF(β2) and Ki for the maximal unramified extension of F contained in
F(ϕ0

i (βi)). Then Theorem 1.16 gives us the expected equality.

Thus the ps-characters Θ1 and Θ2 are endo-equivalent, which allows us to use
Lemma 4.7.

Lemma 4.15. — The characters θ′1 and θ′2 are equal if and only if we have:

(4.3) Hm′+1(β1,Λ
′) = Hm′+1(β2,Λ

′).

Proof. — This follows immediately from Lemma 2.7.

Thus we are reduced to proving equality (4.3), and for this, we claim that it is
enough to prove that:

(4.4) Hq′(β1,Λ
′) = Hq′ (β2,Λ

′),

where q′ = −k0(βi,Λ
′) is independent of i by Lemma 4.7. Indeed, assume that

(4.4) holds, and let t′ be the smallest integer in {m′, . . . , q′ − 1} such that:

(4.5) Ht′+1(β1,Λ
′) = Ht′+1(β2,Λ

′).

Suppose that t′ 6= m′. By Lemma 4.15, the characters θ′1 and θ′2 agree on (4.5),
that is, the intersection C(Λ′, t′, β1)∩C(Λ′, t′, β2) is not empty. By Lemma 4.12,
we get an equality which contradicts the minimality of t′. Hence t′ = m′ and
we are thus reduced to proving (4.4), which we do by induction on β1. Assume
first that β1 is minimal over F. Then so is β2 by Lemma 4.7, so that we have:

Hq′(β1,Λ
′) = Uq′(Λ

′) = Hq′ (β2,Λ
′).

Assume now that β1 is not minimal over F, set q = −k0(βi,Λ), which is in-
dependent of i by Lemma 4.7, and choose a simple stratum [Λ, n, q, γi] in A
equivalent to the stratum [Λ, n, q, βi], for each i ∈ {1, 2}. We then have:

Hq′ (βi,Λ
′) = Hq′ (γi,Λ

′),

and the restriction ϑi = θi | Hq+1(γi,Λ) belongs to C(Λ, q, γi). As βi − γi ∈
P−q(Λ), the simple characters ϑ1 and ϑ2 are equal. If we write ϑ′i for the
transfer of ϑi to the set C(Λ′, q′, γi), then the inductive hypothesis implies that
ϑ′1 = ϑ′2. Therefore, the intersection C(Λ′, q′, γ1) ∩ C(Λ′, q′, γ2) is not empty,
and Lemma 4.12 gives us the required equality (4.4). This ends the proof of
Proposition 4.11.
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4.4. Before closing this section, we prove the following rigidity theorem for
simple characters, which generalizes [10, Theorem 3.5.8] and [17, Proposition
9.9] to simple characters in non-necessarily split simple central F-algebras with
non-necessarily strict lattice sequences.

Theorem 4.16. — For i = 1, 2, let [Λ, n,m, βi] be a simple stratum in a simple
central F-algebra A. Assume that the intersection C(Λ,m, β1) ∩ C(Λ,m, β2) is
not empty. Then we have C(Λ,m, β1) = C(Λ,m, β2).

Proof. — For each i ∈ {1, 2}, we fix a simple character θi ∈ C(Λ,m, βi) and
assume that θ1 and θ2 are equal. In particular, we have:

(4.6) Hm+1(β1,Λ) = Hm+1(β2,Λ).

By choosing an integer l as in Proposition 2.17, we have sound simple strata

[Λ‡, n,m, βi], i = 1, 2, in A‡. If we write θ‡i for the transfer of θi to C(Λ‡,m, βi),

then it follows from Proposition 4.11 that the simple characters θ‡1 and θ‡2 are
equal, hence that the intersection C(Λ‡,m, β1)∩ C(Λ‡,m, β2) is not empty. By
Proposition 1.17, the sets C(Λ‡,m, βi), i = 1, 2, are equal. As the transfer map
from C(Λ‡,m, βi) to C(Λ,m, βi) is the restriction map from Hm+1(βi,Λ

‡) to
Hm+1(βi,Λ), the equality (4.6) implies that C(Λ,m, β1) = C(Λ,m, β2).

It is natural to ask whether the simple strata [Λ, n,m, βi] in Theorem 4.16 have
the same embedding type. We have the following conjecture(2).

Conjecture 4.17. — For i = 1, 2, let [Λ, n,m, βi] be a simple stratum in a simple
central F-algebra A. Assume that the intersection C(Λ,m, β1) ∩ C(Λ,m, β2)
is not empty, and that Λ is strict. Then these simple strata have the same
embedding type.

Note that we know from [5, Lemma 5.2] that two equivalent simple strata (with
respect to a strict lattice sequence) have the same embedding type.

In the case where the strata are sound, we will prove below that this conjecture
is true. First we need a series of lemmas.

Lemma 4.18. — Let E/F be a finite extension with ramification index e, con-
tained in a simple central F-algebra A, and let B be a principal OE-order of
period r in the centralizer B of E in A. Write A ≃Mk(D) for some k > 1 and
some F-division algebra D, and write d for the reduced degree of D over F.

(1) There exists a unique E-pure hereditary OF-order A in A such that B =
A ∩ B and K(B) = K(A) ∩ B×, and such an order is principal.

(2) The period of A is equal to re/(re, d), where (re, d) denotes the greatest
common divisor of re and d.

Proof. — The first part is given by [16, Corollary 1.4(ii)]. Part (2) follows for
instance from the formula given in the proof of [24, Théorème 1.7].

(2)This conjecture — and an even more general statement — is proven in [25, Lemma 3.5].
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In other words, there exists a unique hereditary OF-order A in A such that
A ∩ B = B and that (E,A) is a sound embedding in A.

Lemma 4.19. — For i = 1, 2, let Ei be an extension of F contained in A and
let A be a hereditary OF-order in A such that (Ei,A) is a sound embedding in
A. Write Bi for the intersection of A with the centralizer of Ei in A. Let f be
the greatest common divisor of f(E1 : F) and f(E2 : F), and for each i, let Ki

be the unramified extension of F of degree f contained in Ei. Assume E1 and
E2 have the same ramification order e and B1 and B2 have the same period r.
Then the embeddings (K1,A) and (K2,A) are equivalent in A.

Proof. — Let Ci denote the intersection of A with the centralizer Ci of Ki in
A. If we write Bi for the centralizer of Ei in A, then we have Bi = Ci ∩ Bi
and K(Bi) = K(Ci) ∩ B×i . Using Lemma 4.18, the period of Ci is equal to
re/(re, di), where di is the reduced degree of the Ki-division algebra Di such
that Ci is isomorphic to Mki(Di) for some ki > 1. Using for instance [29],
we have di = d/(d, f), which does not depend on i. By the Skolem-Noether
theorem, there is g ∈ A× such that gK1g

−1 = K2. Thus gC1g
−1 and C2 are

two principal OK2-orders in C2 with the same period, which implies that there
exists h ∈ C×2 such that gC1g

−1 = hC2h
−1. Let us write u = h−1g. Using the

unicity property (1) of Lemma 4.18, we get A = u−1Au, that is u ∈ K(A).

We now prove Conjecture 4.17 in the case where the strata are sound.

Proposition 4.20. — For i = 1, 2, let [Λ, n,m, βi] be a sound simple stratum
in a simple central F-algebra A. Assume that C(Λ,m, β1) ∩ C(Λ,m, β2) is not
empty. Then these simple strata have the same embedding type.

Proof. — For each i, we fix a simple character θi ∈ C(Λ,m, βi) and assume θ1
and θ2 are equal. Thus we have [F(β1) : F] = [F(β2) : F] by Proposition 1.17.
By Lemma 4.7, we also have eF(β1) = eF(β2) and fF(β1) = fF(β2). If we write
IU(Λ)(θi) for the intertwining of θi in U(Λ), then [20, Théorème 3.50] gives us:

IU(Λ)(θi)U
1(Λ)/U1(Λ) ≃ U(Bi)/U

1(Bi),

where Bi is the intersection of A = A(Λ) with the centralizer of βi in A. As
the stratum [Λ, n,m, βi] is sound, Bi is a principal OF(βi)-order. Thus there
are a finite extension ki of kF and two positive integers ri, si > 1 such that:

U(Bi)/U
1(Bi) ≃ GLsi(ki)

ri .

Since it does not depend on i, we have r1 = r2. Now write Ki for the maximal
unramified extension of F contained in F(βi). Using Lemma 4.19 with Ei =
F(βi), we deduce that the embeddings (K1,A) and (K2,A) are equivalent in
A.
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5. The interior lifting

In this section, we develop an interior lifting process for simple strata and
characters with respect to a finite unramified extension K of F, in a way similar
to [6] and [17]. The situation in [6] is somewhat more general than ours, since
the authors only assume K/F to be tamely ramified, but is only concerned
with simple strata and characters in split simple central F-algebras attached
to strict lattice sequences. The situation in [17] deals with any simple central
F-algebra, but puts an unnecessarily restrictive condition on the simple strata
(they are supposed to be sound).

5.1. Let A be a simple central F-algebra and K/F be a finite unramified exten-
sion contained in A. Let C denote the centralizer of K in A. We fix a simple left
A-module V and a simple left C-module W. The following definition extends
[6, Definition 2.2] to strata with non-necessarily strict lattice sequences.

Definition 5.1. — A stratum [Λ, n,m, β] in A is said to be K-pure if it is pure,
if β centralizes K and if the algebra K[β] is a field such that K[β]× normalizes
Λ.

Given a K-pure stratum [Λ, n,m, β] in A, we can form the pure stratum
[Γ, n,m, β], where Γ is the unique (up to translation) lattice sequence on W
defined by:

(5.1) Pk(Λ) ∩C = Pk(Γ), k ∈ Z.

Note that the C×-normalizer of Γ is equal to K(Λ)∩C×. We then get a process:

(5.2) [Λ, n,m, β] 7→ [Γ, n,m, β]

giving an injection, respecting equivalence, between the set of K-pure strata
of A and the set of pure strata of C. The fact that Γ is defined only up to
translation makes (5.2) not well defined, but this will be of no importance in
the sequel. We now discuss the image of simple K-pure strata of A by (5.2).

Proposition 5.2. — (1) Let [Λ, n,m, β] be a K-pure stratum in A. Then:

(5.3) k0(β,Γ) 6 k0(β,Λ).

(2) Suppose moreover that [Λ, n,m, β] is a simple stratum. Then the stratum
[Γ, n,m, β] given by the map (5.2) is simple.

Proof. — As K is unramified over F, the lattice sequences Λ and Γ have the
same period over OF. By (1.4) it is then enough to prove that kK(β) 6 kF(β).
Let L denote the strict OF-lattice sequence on K(β) defined by i 7→ piK(β). By

[6, Theorem 2.4], we have:

kK(β) 6 k0(β,L).

On the other hand, we have eβ(L) = 1 as K is unramified over F. By (1.4)
again, we get the expected result. Suppose now that the stratum [Λ, n,m, β]
is simple. Then the fact that [Γ, n,m, β] is simple derives immediately from
(5.3).

Documenta Mathematica 17 (2012) 23–77



56 P. Broussous, V. Sécherre, and S. Stevens

Remark 5.3. — For a case where the map (5.2) is not surjective, see [24, Ex-
emple 1.6]. Compare with the split case [6, (2.3)].

5.2. Given a simple stratum [Γ, n,m, β] in C in the image of (5.2), the K-pure
stratum of A corresponding to it may not be simple. However, we have the
following result, which generalizes [6, Corollary 3.8].

Proposition 5.4. — Let [Λ, n,m, β] be a K-pure stratum in A such that
[Γ, n,m, β] is simple. Then there exists a simple stratum [Γ, n,m, β′] in C
equivalent to [Γ, n,m, β] such that the stratum [Λ, n,m, β′] is simple.
Moreover, β′ can be chosen such that the maximal unramified extension of F
contained in F(β′) is contained in that of F(β).

Proof. — Let (k, β) denote the simple pair over K of which [Γ, n,m, β] is a
realization, fix a simple right K(β) ⊗F D-module S and set A(S) = EndD(S).
Write ρ for the natural K-algebra homomorphism from K(β) to A(S). Let S
denote the unique (up to translation) ρ(K(β))-pure strict OD-lattice sequence
on S and n0 the S-valuation of ρ(β), and set:

m0 = eρ(β)(S)k,

so that [S, n0,m0, ρ(β)] is a K-pure stratum in A(S). Write C(S) for the cent-
ralizer of K in A(S), fix a simple left C(S)-module T and let [T, n0,m0, ρ(β)]
be the stratum in C(S) attached to [S, n0,m0, ρ(β)] by (5.2). This stratum is
a realization of (k, β) in C(S), hence this is a simple stratum. According to [6,
Theorem 3.7], the simple pair (k, β) is endo-equivalent to a simple pair (k, α)
over K which is a K/F-lift of some simple pair over F in the sense of [6] (see
paragraph 3). By [6, Proposition 1.10], the extensions K(α) and K(β) have
the same ramification index and residue class degree over K, which implies by
[5, Corollary 3.16] that there is a realization [T, n0,m0, ϕ(α)] of (k, α) in C(S),
having the same embedding type as [T, n0,m0, ρ(β)].

We now pass to the strata [T̃, n0,m0, ϕ(α)] and [T̃, n0,m0, ρ(β)] in the K-
algebra EndK(T) (see paragraph 2.1). By [24] (see Théorème 1.7 and Remarque

1.8), the lattice sequence T (and thus T̃) is in the affine class of a strict lattice
sequence, so that, up to renormalization, one may consider it as being strict
(see Lemma 2.2). By [6, Proposition 1.10], these strata thus intertwine. Hence,
using Proposition 2.13, we can replace ϕ by some K(T)-conjugate and assume
that the strata [T, n0,m0, ϕ(α)] and [T, n0,m0, ρ(β)] are equivalent, and that
the maximal unramified extension of K contained in K(ϕ(α)) is equal to that
of K(ρ(β)). We check that the stratum [S, n0,m0, ϕ(α)] is simple as in the
proof of [6, Proposition 4.3]. We now fix a decomposition:

(5.4) V = V1 ⊕ · · · ⊕Vl

of V into simple right K(β)⊗F D-modules (which all are copies of S) such that
Λ is decomposed by (5.4) in the sense of [22, Définition 1.13], that is, Λ is
the direct sum of the lattice sequences Λj = Λ ∩ Vj , for j ∈ {1, . . . , l}. By
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choosing, for each j, an isomorphism of K(β)⊗F D-modules between S and Vj ,
this decomposition gives us an F-algebra homomorphism:

ι : A(S)→ A.

Using Lemma 2.14, we may assume that this homomorphism satisfies ι(ρ(β)) =
β. If we set β′ = ι(ϕ(α)), then the stratum [Γ, n,m, β′] is simple and satisfies
the conditions of the first part of Proposition 5.4.

In particular, the pure strata [Λ, n,m, β] and [Λ, n,m, β′] are equivalent, and
the second one is simple. By replacing the lattice sequence Λ by Λ† (see para-
graph 2.5), we can apply [5, Theorem 5.1(ii)] and thus get that fF(β′) divides
fF(β). Moreover, the maximal unramified extension of K contained in K(β′)
is equal to that of K(β), denoted L. As K/F is unramified, the extension
L/F is unramified. Thus the maximal unramified extension of F contained in
F(β′) and that of F(β) are two finite unramified extensions of F contained in
L. According to the condition on their degrees, it follows that the maximal
unramified extension of F contained in F(β′) in contained in that of F(β).

5.3. Let [Λ, n,m, β] be a K-pure simple stratum in A, and let [Γ, n,m, β] be the
stratum in C given by the map (5.2), which is simple by Proposition 5.2. Recall
that one attaches to these simple strata compact open subgroups Hm+1(β,Λ)
of A× and Hm+1(β,Γ) of C×, respectively.

Proposition 5.5. — Let [Λ, n,m, β] be a K-pure simple stratum in A, and let
[Γ, n,m, β] correspond to it by (5.2). Then we have:

Hm+1(β,Λ) ∩ C× = Hm+1(β,Γ).

Proof. — It is enough to prove it when m = 0. The proof is by induction on
β. Let R denote the centralizer of K(β) in A. Assume first that β is minimal
over F, so that:

H1(β,Λ) = (U1(Λ) ∩ B×)U⌊n/2⌋+1(Λ).

According to (5.1), we get:

H1(β,Λ) ∩ C× = (U1(Γ) ∩ R×)U⌊n/2⌋+1(Γ),

which is equal to H1(β,Γ) as β is minimal over K by Proposition 5.2. Now
assume that β is not minimal over F, set q = −k0(β,Λ) and r = ⌊q/2⌋+ 1, and
choose a simple stratum [Γ, n, q, γ] equivalent to [Γ, n, q, β] such that [Λ, n, q, γ]
is simple and K-pure, which is possible thanks to Proposition 5.4. We then
have:

H1(β,Λ) = (U1(Λ) ∩ B×)Hr(γ,Λ)

and, if we set q1 = −k0(β,Γ) and r1 = ⌊q1/2⌋+ 1, we have:

H1(β,Γ) = (U1(Γ) ∩ R×)Hr1(γ,Γ).

As −k0(γ,Γ) > q1 > q, the group Hr(γ,Γ) is equal to (Ur(Γ) ∩ R×)Hr1(γ,Γ).
It follows from (5.1) that the group H1(β,Γ) is equal to H1(β,Λ) ∩ C×. This
ends the proof of Proposition 5.5.
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5.4. We now want to lift simple characters. For this, given a simple stra-
tum [Λ, n,m, β] in A, we will need a characterization of the set C(Λ,m, β)
by induction on β, generalizing [20, Proposition 3.47] to the case where Λ is
non-necessarily strict.

Lemma 5.6. — Let [Λ, n,m, β] be a simple stratum in A and θ be a character
of the group Hm+1(β,Λ), and set q = −k0(β,Λ) and m′ = max{m, ⌊q/2⌋}.
Then θ ∈ C(Λ,m, β) if and only if it is normalized by K(Λ) ∩ B× and satisfies
the following conditions:

(1) if β is minimal over F, then θ | Um′+1(Λ) = ΨA
β and θ | Um+1(Λ)∩B× =

χ ◦NB/E for some character χ of 1 + pE (see (1.3) for the definition of ΨA
β );

(2) if β is not minimal over F, and if [Λ, n, q, γ] is simple and equivalent to

[Λ, n, q, β] in A, then θ | Hm′+1(β,Λ) = θ0ΨA
β−γ and θ | Hm+1(β,Λ) ∩ B× =

χ ◦ NB/E for some simple character θ0 ∈ C(Λ,m′, γ) and some character χ of
1 + pE.

Proof. — The proof is similar to that of [20, Proposition 3.11], and we do not
repeat it. Note that [17, Lemma 1.9] is actually not needed in the proof, and
that [12, Corollary 5.3] has to be replaced by [24, Proposition 1.20] and [10,
Proposition 3.3.9] by [20, Proposition 3.30].

Let [Λ, n,m, β] be a simple K-pure stratum in A, and let [Γ, n,m, β] correspond
to it by (5.2). We write C(Γ,m, β) for the set of simple characters attached to
[Γ, n,m, β] with respect to the additive character:

(5.5) ΨK = Ψ ◦ trK/F,

which is trivial on pK but not on OK, as K is unramified over F. Compare the
following theorem with [6, Theorem 7.7] and [17, Proposition 7.1].

Theorem 5.7. — Let [Λ, n,m, β] be a simple K-pure stratum in A, and let
[Γ, n,m, β] correspond to it by (5.2). Then, for any θ ∈ C(Λ,m, β), we have:

θ | Hm+1(β,Γ) ∈ C(Γ,m, β).

Proof. — The proof is by induction on β. Let θK denote the restriction of θ to
the group Hm+1(β,Γ) and R the centralizer of K(β) in A. Assume first that β
is minimal over F. By Proposition 5.2, it is also minimal over K. If m > ⌊n/2⌋,
we have C(Λ,m, β) = {ΨA

β } and C(Γ,m, β) = {ΨC
β}, where ΨC

β denotes the

character of Um+1(Γ) defined by:

ΨC
β : x 7→ ΨK ◦ trC/K(β(x − 1)).

So we just need to prove that:

(5.6) ΨA
β | Um+1(Γ) = ΨC

β ,

which is given by [6, Property (7.6)]. If m 6 ⌊n/2⌋, then any θ ∈ C(Λ,m, β)
extends the character ΨA

β | U⌊n/2⌋+1(Λ) and its restriction to Um+1(Λ) ∩ B×

has the form:
θ | Um+1(Λ) ∩ B× = χ ◦NB/E
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for some character χ of 1+pE. Therefore the character θK extends the character
ΨC
β | U⌊n/2⌋+1(Γ), and its restriction to Um+1(Γ) ∩ R× has the form:

θK | Um+1(Γ) ∩ R× = χ ◦NK(β)/E ◦NR/K(β).

Finally, the group K(Γ) ∩ R×, which normalizes both θ and Hm+1(β,Γ), nor-
malizes θK. It follows from Lemma 5.6 that θK ∈ C(Γ,m, β).
Now assume that β is not minimal over F. We set q = −k0(β,Λ) and r =
⌊q/2⌋+ 1, and choose a simple stratum [Γ, n, q, γ] equivalent to [Γ, n, q, β] such
that [Λ, n, q, γ] is simple and K-pure. If m > ⌊q/2⌋, then any θ ∈ C(Λ,m, β)
can be written as θ = θ0ΨA

β−γ for some simple character θ0 ∈ C(Λ,m, γ). Now
we claim that:

(5.7) Hm+1(β,Γ) = Hm+1(γ,Γ).

We write q1 = −k0(β,Γ). If q1 = q, then the equality (5.7) follows by defini-
tion. Otherwise, we have q1 > q by Proposition 5.2. The strata [Γ, n, q, β] and
[Γ, n, q, γ] are thus both simple, and (5.7) follows. We now restrict the charac-
ter θ to the group given by (5.7) and get θK = θK0 ΨC

β−γ, where θK0 denotes the

restriction θ0 | Hm+1(γ,Γ), and this restriction is in C(Γ,m, γ) by the induc-
tive hypothesis. If q1 = q, then θK is in C(Γ,m, β) by definition. Otherwise,
[Γ, n, q, β] is simple and the result follows from [24, Proposition 2.15]. The case
m 6 ⌊q/2⌋ reduces to the previous one exactly as in the minimal case.

6. Interior lifting and transfer

In this section, we define the interior lift of a ps-character. This amounts to
studying the behaviour of the interior lifting process with respect to transfer.

6.1. As in section 5, we are given in this section a simple central F-algebra A
and a finite unramified extension K/F contained in A. We fix a finite unramified
extension L of K such that the L-algebra:

A = A⊗F L

is split. This L-algebra inherits an action of the Galois group of L/F in the
obvious way, and we consider A as being naturally embedded in A by jA : a 7→
a⊗F 1. We have a decomposition:

(6.1) K⊗F L = K1 ⊕ · · · ⊕Kf

into simple K ⊗F L-modules, where f denotes the degree of K/F. For each
i ∈ {1, . . . , f}, we write ei for the minimal idempotent in K⊗F L corresponding
to Ki. The centralizer of K ⊗F L in A, denoted U, is equal to C ⊗F L. By
identifying it with C⊗K (K ⊗F L) and using (6.1), we get a decomposition:

U = U1 ⊕ · · · ⊕Uf ,

where the Ki-algebra Ui = eiAei identifies with C⊗KKi for each i ∈ {1, . . . , f}.

Documenta Mathematica 17 (2012) 23–77



60 P. Broussous, V. Sécherre, and S. Stevens

In a similar way, we may consider the centralizer C of K in A as being embedded
in the split L-algebra C = C ⊗K L by the K-algebra homomorphism jC : c 7→
c⊗K 1.

Similarly to the case of simple characters (see paragraph 5.4), we will define
the interior lift of a quasi-simple character by restriction from A to C. For this
we need an embedding of C in A satisfying some conditions with respect to jA
and jC (see below), but there is no canonical such embedding. We choose a
set:

(6.2) S = {σ1, . . . , σf} ⊆ Gal(L/F)

of representatives of HomF(K,L) in Gal(L/F), that is a subset of Gal(L/F) such
that the restriction map from L to K induces a bijection from S to HomF(K,L).
For simplicity, we assume that we have ordered the ei’s so that:

K1 and L are isomorphic K⊗ L-modules(6.3)

and σi(e
1) = ei for any i ∈ {1, . . . , f}.

This gives us an F-algebra homomorphism:

(6.4) κ : C
≃−→ U1 ⊆ U,

and σi ◦ κ is an F-algebra homomorphism from C to Ui for each integer i ∈
{1, . . . , f}. The following lemma gives us a relationship between (6.4) and the
embeddings jA and jC.

Lemma 6.1. — Let jA,C denote the restriction of jA to C, with values in U.

Then the F-algebra homomorphism from C to U defined by:

(6.5) ι = ιS : x 7→ σ1 ◦ κ(x) + · · ·+ σf ◦ κ(x)

satisfies the equality ι ◦ jC = jA,C.

Proof. — We have σi(e
1jA(x)) = eijA(x) for all i ∈ {1, . . . , f} and x ∈ C,

which implies that ι ◦ e1jA,C = jA,C. Note that e1jA,C = jC, so that we get the
expected equality.

6.2. Let [Λ, n,m, β] be a simple stratum in A, which is a realization of a
simple pair (k, β) over F. In this paragraph, we assume that Λ is a strict lattice
sequence. If we fix a simple left A-module V, then there is a unique (up to
translation) OL-lattice sequence Λ on V such that:

(6.6) Pk(Λ) = Pk(Λ)⊗OF OL, k ∈ Z

(see [20, §2.2]). This provides us with a stratum [Λ, n,m, β] in A, called the
quasi-simple L/F-lift of the simple stratum [Λ, n,m, β]. This quasi-simple lift
is pure if and only if the residue class degree of E over F is prime to the degree
of L over F, and in this case it is a simple stratum (ibid.).

In [20] (see paragraph 3.2.3), one attaches to the stratum [Λ, n,m, β] a compact
open subgroup Hm+1(β,Λ) of A× and a set Q(Λ,m, β) of characters of the
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group Hm+1(β,Λ), called quasi-simple characters of level m and depending on
an additive character:

(6.7) Ψ : L→ C×

extending the additive character (1.2), being trivial on pL but not on OL. Recall
that the restriction map from Hm+1(β,Λ) to Hm+1(β,Λ) induces a surjective
map from Q(Λ,m, β) to C(Λ,m, β).

Let [Λ′, n′,m′, β] be another realization of (k, β) in a simple central F-algebra
A′, with Λ′ strict. We assume that Λ and Λ′ have the same period and that
m = m′ is a multiple of k. We assume that the extension L/F is chosen such
that the L-algebras A and A′ are both split, and we set:

(6.8) V0 = V ⊕V′, Λ0 = Λ⊕ Λ′.

Then Λ0 is a strict OL-lattice sequence on the L-vector space V0. Moreover
A0 = EndL(V0) is a split simple central L-algebra, in which E = F(β) is natu-
rally embedded. We write M for A× × A′× considered as a Levi subgroup of
A0×. We have the decomposition:

(6.9) Hm+1(β,Λ0) ∩M = Hm+1(β,Λ)×Hm+1(β,Λ′).

We will need the following characterization of the transfer map.

Proposition 6.2. — Let θ ∈ C(Λ,m, β) and θ′ ∈ C(Λ′,m′, β) be two simple
characters. Assume Λ and Λ′ are strict, have the same period and m = m′

is a multiple of k. Then θ′ is the transfer of θ if and only if there exists
θ0 ∈ Q(Λ0,m, β) such that:

(6.10) θ0 | Hm+1(β,Λ)×Hm+1(β,Λ′) = θ ⊗ θ′.

Proof. — Recall (see [20, §3.3]) that θ and θ′ are transfers of each other if
and only if there exist two quasi-simple characters θ ∈ Q(Λ,m, β) and θ

′ ∈
Q(Λ′,m, β), extending θ and θ′ respectively, which are transfers of each other.

Lemma 6.3. — The map from Q(Λ0,m, β) to Q(Λ,m, β) induced by the restric-
tion from Hm+1(β,Λ0) to Hm+1(β,Λ) is the transfer.

Proof. — We have a decomposition of the L-algebra E⊗FL into simple E⊗FL-
modules Ej , for j ∈ {1, . . . , s}, where s denotes the greatest common divisor
of the degree of L/F and the residue class degree of E/F. For each j, we write
1j for the minimal idempotent in E ⊗F L corresponding to Ej , as well as Λ0,j

for the projection of Λ0 onto V0,j = 1jV0 and βj for 1jβ. Thus we get a
simple stratum [Λ0,j, n,m, βj ] in the F-algebra A0,j = 1jA01j and, similarly,
we get a simple stratum [Λj , n,m, βj ] in Aj . By [20, Corollaire 3.34], there are
bijections:

Q(Λ0,m, β)→
s∏

j=1

C(Λ0,j ,m, βj), Q(Λ,m, β)→
s∏

j=1

C(Λj ,m, βj),

Documenta Mathematica 17 (2012) 23–77



62 P. Broussous, V. Sécherre, and S. Stevens

which are compatible with transfer. Therefore, it is enough to prove that, for
each j, the map from C(Λ0,j,m, βj) to C(Λj ,m, βj) induced by the restriction
from Hm+1(βj ,Λ0,j) to Hm+1(βj ,Λj) is the transfer. This is [24, Théorème
2.17].

Assume first that there is a quasi-simple character θ0 ∈ Q(Λ0,m, β) such that

(6.10) is satisfied, and write θ and θ′ for the restrictions of θ0 to Hm+1(β,Λ) and
Hm+1(β,Λ′), respectively. By Lemma 6.3, these are quasi-simple characters
which are transfers of each other. By (6.10), they extend the simple characters
θ and θ′. It follows that θ and θ′ are transfers of each other.
Conversely, assume θ and θ′ are transfers of each other. Let θ be a quasi-simple
character in Q(Λ,m, β) extending θ, and let θ

0 be its transfer to Q(Λ0,m, β).
By Lemma 6.3, the restriction of θ0 to Hm+1(β,Λ′) is the transfer of θ, and
thus extends θ′. Therefore, the identity (6.10) is satisfied.

6.3. Let [Λ, n,m, β] be a K-pure simple stratum in A, and let [Γ, n,m, β]
denote the simple stratum in C associated with [Λ, n,m, β] by (5.2). In this
paragraph, we assume that Λ and Γ are strict lattice sequences.

If we fix a simple left C-module W, we can form the quasi-simple lift [Γ, n,m, β]
of the simple stratum [Γ, n,m, β] with respect to L/K. One attaches to
this quasi-simple lift a compact open subgroup Hm+1(β,Γ) of C× and a set
Q(Γ,m, β) of characters of Hm+1(β,Γ) with respect to the additive character:

(6.11) ΨK = Ψ ◦ (σ1 + · · ·+ σf )

of L, depending on the choice of the set S fixed in (6.2). It is trivial on pL and,
thanks to the condition on S, it extends the character ΨK defined by (5.5);
hence it is not trivial on OL. This comes with a surjective restriction map from
Q(Γ,m, β) to C(Γ,m, β).

Lemma 6.4. — The image of Hm+1(β,Γ) by ι is contained in Hm+1(β,Λ).

Proof. — First we have to prove that:

κ(Hm+1(β,Γ)) = Hm+1(β,Λ) ∩ U1 = e1Hm+1(β,Λ)e1.

This follows from the definition of the groups Hm+1(β,Γ) and Hm+1(β,Λ) by
induction on β, and from the fact that e1 commutes to β. According to (6.3),
we get:

σi ◦ κ(Hm+1(β,Γ)) = Hm+1(β,Λ) ∩ Ui = eiHm+1(β,Λ)ei

for each i ∈ {1, . . . , f}, and the result follows.

This gives rise to the following result.

Proposition 6.5. — Let θ ∈ C(Λ,m, β) be a simple character, let θ ∈ Q(Λ,m, β)
be a quasi-simple character extending θ, and set:

(6.12) θK(x) = θ(ι(x)), x ∈ Hm+1(β,Γ).
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Then θK is a quasi-simple character in Q(Γ,m, β) extending the character θK =
θ | Hm+1(β,Γ).

Proof. — By Lemmas 6.1 and 6.4, the character θK is well defined and extends
the simple character θK. It thus remains to prove that it is in Q(Γ,m, β). The
proof is by induction on β (see [20, Définition 3.22]). Assume first that β is
minimal over F. Then it is minimal over K by Proposition 5.2. If m > ⌊n/2⌋,
the set Q(Λ,m, β) consists of a single element ΨA

β , which is the character of

Um+1(Λ) defined by:

ΨA
β (x) = Ψ ◦ trA/L(β(x − 1)), x ∈ Um+1(Λ),

and the set Q(Γ,m, β) consists of a single element ΨC
β , which is the character

of Um+1(Γ) defined by:

ΨC
β (x) = Ψ ◦ trC/L(β(x − 1)), x ∈ Um+1(Γ).

So we just need to prove that:

(6.13) ΨA
β ◦ ι(x) = ΨC

β (x), x ∈ Um+1(Γ),

which follows from the fact that:

trA/L ◦ ι =

f∑

i=1

trA/L ◦ σi ◦ κ

= (σ1 + · · ·+ σf ) ◦ trA/L ◦ κ = (σ1 + · · ·+ σf ) ◦ trC/L.

If m 6 ⌊n/2⌋, then θ extends the character ΨA
β | U⌊n/2⌋+1(Λ) and its restriction

to Um+1(Λ) ∩ B
×

has the form:

(6.14) θ | Um+1(Λ) ∩ B
×

= χ ◦NB/E⊗FL
,

where we write B for the centralizer of E in A and where χ denotes some
character of the subgroup 1 + pE ⊗ OL of (E ⊗F L)×. Then, if we write R for

the centralizer of K(β) in A, the character θK extends ΨC
β | U⌊n/2⌋+1(Γ), and

its restriction to Um+1(Γ) ∩ R
×

has the form:

(6.15) θK | Um+1(Γ) ∩ R
×

= χS ◦NR/K(β)⊗KL

where χS is the product of all the χ ◦ σi’s for all i ∈ {1, . . . , f}, as required.
Assume now that β is not minimal over F. We set q = −k0(β,Λ) and
r = ⌊q/2⌋+ 1, and choose a simple stratum [Γ, n, q, γ] equivalent to [Γ, n, q, β]
such that [Λ, n, q, γ] is simple and K-pure. By [5, Theorem 5.1] and Proposition
5.4 together, one may assume that the maximal unramified extension of F con-
tained in F(γ) is contained in that of F(β), which implies that the L-canonical
decomposition of γ is finer than that of β (see paragraph 2.3.4 and the proof of
Lemme 3.16 in [20]). If m > ⌊q/2⌋, then any θ ∈ Q(Λ,m, β) can be written as
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θ = θ0Ψ
A
β−γ for some quasi-simple character θ0 ∈ Q(Λ,m, γ). Now we claim

that:

(6.16) Hm+1(β,Γ) = Hm+1(γ,Γ).

We write q1 = −k0(β,Γ). If q1 = q, then the equality (6.16) follows by defi-
nition. Otherwise, we have q1 > q by Proposition 5.2. The strata [Γ, n, q, β]
and [Γ, n, q, γ] are thus simple, and (6.16) follows. We now form the character

θK = θ ◦ ι | Hm+1(β,Γ) and get the equality θK = θK
0 Ψ

C
β−γ , where θK

0 denotes

the character θ0 ◦ ι | Hm+1(γ,Γ), and this character is in Q(Γ,m, γ) by the

inductive hypothesis. If q1 = q, then θK is in Q(Γ,m, β) by definition. Other-
wise, the strata [Γ, n, q, β] and [Γ, n, q, γ] are simple and the result follows from
[24, Proposition 2.15]. The case m 6 ⌊q/2⌋ reduces to the previous one as in
the minimal case.
It remains to prove that the subgroup K(Γ)∩R× normalizes θK. If g ∈ K(Γ)∩
R×, then we have:

ι(g) · Λk =

f⊕

i=1

σi(κ(g)) · eiΛk =

f⊕

i=1

eiΛk+υ(σi(κ(g)))(6.17)

where υ denotes the valuation map associated with Λ. As all the σi(κ(g))’s have
the same valuation, the equality (6.17) gives us ι(g) ∈ K(Λ)∩B×. Proposition
6.5 now follows from the fact that K(Λ) ∩ B× normalizes θ.

Remark 6.6. — Note that the interior lifting map from Q(Λ,m, β) to Q(Γ,m, β)
defined by Proposition 6.5 depends on the choice of the set S chosen in (6.2).

6.4. Let [Λ, n,m, β] and [Λ′, n′,m′, β] be realizations of a simple pair (k, β)
over F in simple central F-algebras A and A′, respectively. Assume further
that A and A′ contain K, that the strata [Λ, n,m, β] and [Λ′, n′,m′, β] are K-
pure and that the strata [Γ, n,m, β] and [Γ′, n′,m′, β] associated with them by
(5.2) are realizations of the same simple pair over K. (This is equivalent to
saying that the extensions of K generated by β in A and A′ are K-isomorphic.)
We have the following relation between the transfer maps and the interior lifting
maps.

Theorem 6.7. — Let θ ∈ C(Λ,m, β) and θ′ ∈ C(Λ′,m′, β) be transfers of each
other. Then the simple characters:

θ | Hm+1(β,Γ), θ′ | Hm′+1(β,Γ′)

are transfers of each other.

Proof. — One can assume without loss of generality that m and m′ are multi-
ples of k. By rescaling the lattice sequences Λ and Λ′, one can also assume that
they have the same period thanks to Lemma 2.2. Thus m = m′ and n = n′.
The proof decomposes into two parts.
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(1) First we prove the theorem in the case where all the lattice sequences
are strict, so that we can apply the results of paragraphs 6.2 and 6.3. We fix a
quasi-simple character θ in Q(Λ,m, β) extending θ and write θ′ for its transfer
in Q(Λ′,m, β). The restriction of θ′ to Hm+1(β,Λ′) is thus equal to θ′. By Pro-
position 6.2, there exists a quasi-simple character θ0 in Q(Λ0,m, β) extending
θ ⊗ θ′. We write C and U as in paragraph 6.1, and use similar notations C′

and U′. We have:

(6.18) Hm+1(β,Λ0) ∩
(
C× × C′×

)
= Hm+1(β,Γ)×Hm+1(β,Γ′).

We define ι by (6.5) and write θK for the quasi-simple character defined by

(6.12). We also define ι′ and θ′K in a similar way. If we restrict the map x 7→
(ι(x), ι′(x)) to the subgroup (6.18) and then compose it with θ0, then we get the

character θK ⊗ θ′K. This implies that θK and θ′K are transfers of each other.
By Propositions 6.5 and 6.2 together, their restrictions θK | Hm+1(β,Γ) = θK

and θ′K | Hm+1(β,Γ′) = θ′K are transfers of each other.
(2) We now reduce the general case to Case (1). For this we fix a positive

integer l as in Lemma 2.16, and form the sound simple strata [Λ‡, n,m, β] and
[Λ′‡, n,m, β]. Write C‡ for the centralizer of K in A‡ and [Γ‡, n,m, β] for the
simple stratum in C‡ associated with [Λ‡, n,m, β] by (5.2). In a similar way,
we have a K-algebra C′‡ and a simple stratum [Γ′‡, n,m, β]. Then the simple
strata [Γ‡, n,m, β] and [Γ′‡, n,m, β] are realizations of the same simple pair
over K. Write θ‡ for the transfer of θ in C(Λ‡,m, β). In a similar way, we have
a simple character θ′‡. By Case (1), the simple characters:

θ‡ | Hm+1(β,Γ‡), θ′‡ | Hm+1(β,Γ′‡)

are transfers of each other. Thus it remains to prove the following lemma.

Lemma 6.8. — The characters θ | Hm+1(β,Γ) and θ‡ | Hm+1(β,Γ‡) are trans-
fers of each other.

Proof. — Write M for the Levi subgroup of A‡× defined by the decomposition
of V‡ into copies of V. According to Lemma 2.7, the character θ‡ is character-
ized by the identity:

θ‡ | Hm+1(β,Λ‡) ∩M = θ ⊗ · · · ⊗ θ.

Thus its restriction to Hm+1(β,Γ‡) ∩M = Hm+1(β,Γ) × · · · × Hm+1(β,Γ) is
equal to the tensor product of l copies of θK.

This ends the proof of Theorem 6.7.

Remark 6.9. — In the case where [Λ, n,m, β] and [Λ′, n′,m′, β] are sound, this
theorem implies that Grabitz’s transfer [17] is the same as the transfer defined
in [20].
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6.5. Before closing this section, we prove the following result. Let [Λ, n,m, β]
be a simple K-pure stratum in A, and write [Γ, n,m, β] for the simple stratum in
C which corresponds to it by (5.2). Theorem 5.7 gives us a map from C(Λ,m, β)
to C(Γ,m, β), called the interior lifting map, and denoted lK/F : θ 7→ θK. It
has the following properties.

Proposition 6.10. — The map lK/F is injective and K(Γ)-equivariant.

Proof. — Note that the second assertion is immediate. Let us fix a positive
integer l > 1 as in Lemma 2.16, and form the sound simple stratum [Λ‡, n,m, β].
Write C‡ for the centralizer of K in A‡ and [Γ‡, n,m, β] for the simple stratum
in C‡ associated with the stratum [Λ‡, n,m, β] by (5.2). Now let θ ∈ C(Λ,m, β)
be a simple character and write θ‡ for its transfer in C(Λ‡,m, β). Then, by
Lemma 6.8, the transfer of θK to C(Γ‡,m, β) is equal to θ‡ | Hm+1(β,Γ‡). As
the transfer map from C(Λ,m, β) to C(Λ‡,m, β) is bijective, we may replace
Λ by Λ‡ and assume that the stratum [Λ, n,m, β] is sound. In this case, the
injectivity of the map lK/F follows from [17, Proposition 7.1].

Assume we are given two K-pure simple strata [Λ, n,m, βi], i = 1, 2, in A. For
each i, let θi be a simple character in C(Λ,m, βi).

Proposition 6.11. — Assume θ1 and θ2 are equal. Then lK/F(θ1) and lK/F(θ2)
are equal.

Proof. — It suffices to verify that the groups Hm+1(βi,Γ), i = 1, 2, are equal.
This follows from Proposition 5.5 and the fact that the groups Hm+1(βi,Λ),
i = 1, 2, are equal.

7. The base change

In this section, we develop a base change process for simple strata and charac-
ters with respect to a finite unramified extension K of F, in a way similar to
[6].

7.1. Let K/F be an unramified extension of degree f . Given a simple central
F-algebra A, we set:

Â = A⊗F EndF(K).

Then K embeds naturally in Â, and its centralizer, denoted AK, is canonically
isomorphic to A⊗F K as a K-algebra. Let V be a simple left A-module. Then

V̂ = V ⊗F K is a simple left Â-module and, if we fix an F-basis of K, we have
a decomposition:

(7.1) V̂ = V ⊕ · · · ⊕V

of V̂ into a sum of f copies of V, so that we are in the situation of paragraph
2.2.

Let [Λ, n,m, β] be a simple stratum in A and set E = F(β). Let us form the

simple stratum [Λ̂, n,m, β] in Â, where Λ̂ = Λ ⊕ · · · ⊕ Λ is the direct sum
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of f copies of Λ. This simple stratum is not K-pure in general. We have a
decomposition:

E⊗F K = E1 ⊕ · · · ⊕ Es

into simple E ⊗F K-modules, where s denotes the greatest common divisor of
f and the residue class degree of E over F. For each j ∈ {1, . . . , s}, we write
cj for the minimal idempotent in E⊗F K corresponding to Ej, and we set:

βj = cjβ, j ∈ {1, . . . , s}.

These are the various K/F-lifts of β. If we write Λ̂j for the projection of Λ̂

onto the space V̂j = cjV̂ for each j, we get a simple stratum [Λ̂j , n,m, βj ] in

the F-algebra Âj = cjÂcj , which is K-pure for the natural embedding of K in

Âj . Thus one can form the interior lift [Γ̂j , n,m, βj] in the centralizer of K in

Âj (see paragraph 5.1).

Given a simple character θ ∈ C(Λ,m, β), let θ̂ denote its transfer to C(Λ̂,m, β)

and write θ̂j for the transfer of θ̂ to C(Λ̂j ,m, βj), that is the restriction of θ̂ to

Hm+1(βj , Λ̂j). Let us denote by θjK the restriction of θ̂j to Hm+1(βj , Γ̂j), which

belongs to C(Γ̂j ,m, βj) by Theorem 5.7. We have the following definition.

Definition 7.1. — The process:

bK/F : θ 7→ {θjK, j = 1, . . . , s}
is the K/F-base change for simple characters. For each j, the simple character

θjK is called the K/F-lift of θ corresponding to the K/F-lift βj of β.

Now let (Θ, k, β) be a ps-character over F. Let [Λ, n,m, ϕ(β)] be a realization
of the pair (k, β) in a simple central F-algebra A, and let θ denote the simple
character Θ(Λ,m, ϕ). Let (k, βj), for j ∈ {1, . . . , s}, be the various K/F-lifts
of the pair (k, β), and let ϕj denote the homomorphism of K-algebras from

K(βj) to the centralizer of K in Âj induced by ϕ. Thus the sum of the ϕj ’s is
the K-algebra homomorphism ϕ⊗ idK from E ⊗F K to AK. For each j, let us

denote by (Θj
K, k, β

j) the ps-character defined by ([Γ̂j , n,m, βj ], θjK).

Definition 7.2. — The process:

bK/F : (Θ, k, β) 7→ {(Θj
K, k, β

j), j = 1, . . . , s}

is the K/F-base change for ps-characters, and Θj
K is called the K/F-lift of Θ

corresponding to the K/F-lift βj of β.

This definition does not depend on the choice of the realization [Λ, n,m, ϕ(β)].
Indeed, let [Λ′, n′,m′, ϕ′(β)] be another realization of (k, β) in a simple central
F-algebra A′, and let us write θ′ for the transfer of θ to C(Λ′,m′, ϕ′(β)). Then it

follows from Theorem 6.7 that, for each j, the K/F-lifts θjK and θ′jK are transfers
of each other.
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7.2. In this paragraph, we study in more details the case where s = 1, that
is the case where the residue class degree of F(β)/F is prime to f . In this
case, the simple pair (k, β) has exactly one K/F-lift. If we write ΛK for the

OK-lattice sequence defined by Λ̂, then the base change process gives rise to a
map:

(7.2) bK/F : C(Λ,m, β)→ C(ΛK,m, β)

having the following properties.

Proposition 7.3. — The map bK/F is injective and K(Λ)-equivariant.

Proof. — As bK/F is the composite of the transfer map from C(Λ,m, β) to

C(Λ̂,m, β) and the interior lifting from C(Λ̂,m, β) to C(ΛK,m, β), this follows
from Proposition 6.10.

Assume we are given two simple strata [Λ, ni,mi, βi], i = 1, 2, in A, such that
fF(β1) and fF(β2) are prime to f . For each i, let θi be a simple character in
C(Λ,mi, βi).

Proposition 7.4. — Assume θ1 and θ2 intertwine in A×. Then bK/F(θ1) and

bK/F(θ2) intertwine in A×K.

Proof. — Assume θ1 and θ2 are intertwined by g ∈ A×. By the proof of Propo-

sition 2.6, the characters θ̂1 and θ̂2 are intertwined by ι(g), where ι denotes the

diagonal embedding of A in Â = Mf (A). As ι(g) is actually in A×K, we deduce

that the characters bK/F(θ1) and bK/F(θ2) intertwine in A×K.

We now suppose that n1 = n2 and m1 = m2.

Proposition 7.5. — Assume θ1 and θ2 are equal. Then bK/F(θ1) and bK/F(θ2)
are equal.

Proof. — If θ1 and θ2 are equal, then Proposition 4.11 gives us θ̂1 = θ̂2 and
Proposition 6.11 gives us the expected equality.

Let [Λ, n,m, β] and [Λ′, n′,m′, β] be two realizations of the simple pair (k, β),
let θ be a simple character in C(Λ,m, β) and let θ′ be its transfer in C(Λ′,m′, β).
The following proposition is a special case of Theorem 6.7.

Proposition 7.6. — The character bK/F(θ′) is the transfer of bK/F(θ) in
C(Λ′K,m

′, β).

Finally, we will need the following result. Note that Gal(K/F) acts naturally
on AK.

Proposition 7.7. — Let θ ∈ C(ΛK,m, β) be a simple character. Then for any
σ ∈ Gal(K/F), we have θ ◦ σ ∈ C(ΛK,m, β).
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Proof. — One checks by induction on β that the image of C(ΛK,m, β) by θ 7→
θ ◦ σ is the set of simple characters attached to the image of [ΛK, n,m, β] by
σ−1 with respect to the additive character ΨK ◦ σ. The result follows from the
fact that this stratum and the additive character ΨK are invariant by σ.

7.3. We prove the following theorem, which generalizes [10, Corollary 3.6.3].

Theorem 7.8. — For i = 1, 2, let (ki, βi) be a simple pair over F. Let us fix
two realizations [Λ, n,m, βi] and [Λ′, n′,m′, βi] of (ki, βi). Assume C(Λ,m, βi)
and C(Λ′,m′, βi) do not depend on i. Then the transfer map τ i : C(Λ,m, βi)→
C(Λ′,m′, βi) does not depend on i.

Proof. — The proof decomposes into three steps.

(1) In the first step, we reduce to the case where the strata are all sound.
For this, we fix an integer l as in Proposition 2.17 which is large enough for Λ
and Λ′. Write ai for the transfer map from C(Λ,m, βi) to C(Λ‡,m, βi). There
is also a map a′i for Λ′. Thus we have a commutative diagram:

C(Λ‡,m, βi)
τ

‡
i // C(Λ′‡,m′, βi)

C(Λ,m, βi) τ i

//

ai

OO

C(Λ′,m′, βi)

a
′
i

OO

where τ‡i denotes the transfer map from C(Λ‡,m, βi) to C(Λ′‡,m′, βi). By
Proposition 4.11, the vertical maps ai and a′i do not depend on i, and Propo-
sition 1.17 implies that the sets C(Λ‡,m, βi) and C(Λ′‡,m′, βi) do not depend

on i. Since a′i is bijective, the equality τ
‡
1 = τ

‡
2 implies that τ 1 = τ 2. We thus

may replace Λ by Λ‡ and Λ′ by Λ′‡ and assume that all the strata are sound.
(2) We now assume that all the strata are sound, and we reduce to the case

where the extensions F(βi)/F are totally ramified. By Proposition 4.20, for each
i, the simple strata [Λ, n,m, βi] and [Λ′, n′,m′, βi] have the same embedding
type. Write Ki for the maximal unramified extension of F contained in F(βi),
and fix θi ∈ C(Λ,m, βi). Assume that the characters θ1 and θ2 are equal. Using
the “intertwining implies conjugacy” theorem [17, Corollary 10.15], one may
assume that K1 = K2, denoted K. Write li for the interior lifting map from
C(Λ,m, βi) to C(Γ,m, βi). There is also a map l′i for Λ′. By Theorem 6.7, we
have a commutative diagram:

C(Γ,m, βi)
τ

K
i // C(Γ′,m′, βi)

C(Λ,m, βi) τ i

//

li

OO

C(Λ′,m′, βi)

l
′
i

OO

where τK
i denotes the transfer map from C(Γ,m, βi) to C(Γ′,m′, βi). By Propo-

sition 6.11, the vertical maps li and l′i do not depend on i, and Theorem 4.16
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implies that the sets C(Γ,m, βi) and C(Γ′,m′, βi) do not depend on i. By the
same argument as above, using that the map l′i is injective (see Proposition
6.10), we may assume that F(βi) is totally ramified over F.

(3) We now assume that fF(β1) = fF(β2) = 1, and reduce to the split case.
Let us fix a finite unramified extension L/F such that the L-algebras A and
A′ are split. Write bi for the base change map from C(Λ,m, βi) to C(Λ,m, βi).
There is also a map b′i for Λ′. By Proposition 7.6, we have a commutative
diagram:

C(Λ,m, βi)
τ i // C(Λ′,m′, βi)

C(Λ,m, βi) τ i

//

bi

OO

C(Λ′,m′, βi)

b
′
i

OO

where τ i denotes the transfer map from C(Λ,m, βi) to C(Λ′,m′, βi). By Propo-
sition 7.4, the maps bi and b′i do not depend on i. Thus [10, Theorem 3.5.8]
(the rigidity theorem for simple characters in the split case) implies that the
sets of simple characters C(Λ,m, βi) and C(Λ′,m′, βi) do not depend on i. By
the same argument as above, using that the map b′i is injective (see Proposition
7.3), we may assume that A is split and Λ is strict.

The result then follows from [10, Corollary 3.6.3].

8. Endo-equivalence of simple characters

8.1. In this paragraph, we prove Theorem 1.13 in the totally ramified case. For
i = 1, 2, let (Θi, k, βi) be a ps-character over F with fF(βi) = 1, and suppose
that Θ1 and Θ2 are endo-equivalent. Let A be a simple central F-algebra and
let [Λ, n,m, ϕi(βi)] be realizations of (k, βi) in A, with i = 1, 2. Write θi for the
simple character Θi(Λ,m, ϕi). We have to prove that θ1 and θ2 are conjugate
under K(Λ).

For each i, we write Ei for the F-algebra F(βi), which is a totally ramified finite
extension of F. By assumption, we have [E1 : F] = [E2 : F]. Using Proposition
4.9, there exists a simple central F-algebra A′ together with sound realizations
[Λ′, n′,m′, ϕ′i(βi)] of (k, βi), with i = 1, 2, such that k divides m′ and θ′1 = θ′2,
where we write θ′i = Θi(Λ

′,m′i, ϕ
′
i).

Now let A be a simple central F-algebra and [Λ, n,m, ϕi(βi)] be realizations of
(k, βi) in A, for i = 1, 2. Let V denote the simple left A-module on which Λ
is a lattice sequence and write D for the F-algebra opposite to EndA(V). Let
us fix a finite unramified extension L of F such that the L-algebra A = A⊗F L
is split and a simple left A-module V. As Ei is totally ramified over F, the
quasi-simple lift [Λ, n,m, βi] is a simple stratum in A (see [20, Théorème 2.30]
and [24, Remarque 2.9]). We denote by C(Λ,m, βi) the set of simple characters
attached to this quasi-simple lift with respect to the character Ψ ◦ trL/F. The
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base change process developed in paragraph 7.2 gives rise to an injective and
K(Λ)-equivariant map:

bL/F : C(Λ,m, βi)→ C(Λ,m, βi),

simply denoted b. We use similar notations for A′. For each i, we write θi for
the simple character Θi(Λ,m, ϕi). By Proposition 7.4, we have b(θ′1) = b(θ′2).
By Proposition 7.6, for each i, the lifts b(θi) and b(θ′i) are transfers of each
other. At this point, we cannot apply [6, 10] to deduce that b(θ1) and b(θ2)
are K(Λ)-conjugate, because the lattice sequence Λ is not necessarily strict.

Let us fix a simple right E1 ⊗F D-module S. We set A(S) = EndD(S), and
denote by ρ1 the natural F-algebra homomorphism E1 → A(S). Let S denote
the unique (up to translation) E1-pure strict OD-lattice sequence on S, and let
us fix an F-algebra homomorphism ρ2 : E2 → A(S) such that S is ρ2(E2)-pure.
Write n0 for the S-valuation of ρi(βi) and:

m0 = eρi(βi)(S)k,

which do not depend on i. We thus can form the stratum [S, n0,m0, ρi(βi)],
which is a realization of (k, βi) in A(S). Write ϑi for the simple character
Θi(S,m0, ρi). We now form the simple stratum [S, n0,m0, ρi(βi)] in the split
simple central L-algebra A(S)⊗F L. It is a realization of (k, βi) over L, and the

OL-lattice sequence S is strict. We thus can apply [6, Theorem 8.7] and [10,
Theorem 3.5.11], which imply together that there exists u ∈ K(S) such that:

b(ϑ2)(x) = b(ϑ1)(uxu−1), x ∈ Hm+1(ρ2(β2),S) = u−1Hm+1(ρ1(β1),S)u.

We need the following lemma.

Lemma 8.1. — We may assume that u ∈ K(S).

Proof. — By Proposition 7.7, the map σ 7→ u−1σ(u) is a 1-cocycle on Gal(L/F)
with values in the U(S)-normalizer of b(ϑ2), which is equal to J(ρ2(β2),S)
according to [10]. This cocycle defines a class in the cohomology set:

H1(Gal(L/F), J(ρ2(β2),S)).

We claim this cohomology set is trivial. According to [20, Proposition 2.39], it
is enough to prove that:

H1(Gal(L/F), J(ρ2(β2),S)/J1(ρ2(β2),S))

is trivial, which is given by a standard filtration argument (see [5, §6]).

Using Proposition 7.3, we thus may replace ρ2 by a K(S)-conjugate and assume
that the characters ϑ1 and ϑ2 are equal. We now fix a decomposition:

V = V1 ⊕ · · · ⊕Vl

of V into simple right E1 ⊗F D-modules (which all are copies of S) such that
the lattice sequence Λ decomposes into the direct sum of the Λj = Λ ∩Vj , for
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j ∈ {1, . . . , l}. By choosing, for each j, an isomorphism of K(β)⊗F D-modules
between S and Vj , this gives us an F-algebra homomorphism:

ι : A(S)→ A.

Using Lemma 2.14, we may assume that ι ◦ ρ1 = ϕ1, and, by Lemma 3.5, on
may replace ϕ2 by a K(Λ)-conjugate and assume that ι ◦ ρ2 = ϕ2. We now
remark that, for each i, the map ϑi 7→ θi corresponds to the process described
in paragraph 2.4. The equality θ1 = θ2 thus follows from Proposition 4.11.

8.2. In this paragraph, we reduce the proof of Theorem 1.13 to the totally ra-
mified case, which has been treated in paragraph 8.1. For i = 1, 2, let (Θi, k, βi)
be a ps-character over F, set Ei = F(βi) and write Ki for the maximal unram-
ified extension of F contained in Ei, and suppose that Θ1 ≈ Θ2. Then we
have [E1 : F] = [E2 : F] and, using Proposition 4.9, there is a simple central
F-algebra A together with realizations [Λ, n,m, ϕi(βi)] of (k, βi), with i = 1, 2,
which are sound and have the same embedding type, with k dividing m and
such that ϕ1(K1) = ϕ2(K2), denoted K, and θ1 = θ2, where θi = Θi(Λ,mi, ϕi).
Let C denote the centralizer of K in A and write [Γ, n,m, βi] for the stratum
in C associated with [Λ, n,m, βi] by (5.2). By Proposition 6.11, the K/F-lifts
θK1 and θK2 are equal.

Now let A′ be a simple central F-algebra and [Λ′, n′,m′, ϕ′i(βi)] be realizations
of (k, βi) in A, with i = 1, 2, having the same embedding type. By Remark 3.4,
we may conjugate ϕ′2 by K(Λ′) and assume that the maximal unramified ex-
tensions of F contained in ϕ′1(E1) and ϕ′2(E2) are equal to a common extension
K′ of F, say. Moreover, by Lemma 3.1, we may conjugate again ϕ′2 by K(Λ′)
and assume that the F-algebra isomorphisms ϕ′1 ◦ ϕ−11 and ϕ′2 ◦ ϕ−12 agree on
K (and thus identify K and K′). Let C′ denote the centralizer of K′ in A′ and
write [Γ′, n′,m′, ϕ′i(βi)] for the stratum in C associated with [Λ′, n′,m′, ϕ′i(βi)]
by (5.2). Thus the simple strata [Γ, n,m, ϕi(βi)] and [Γ′, n′,m′, ϕ′i(βi)] are
realizations of the same simple pair over K. For each i, we write θ′i for the
character Θi(Λ

′,m′, ϕ′i). By Theorem 6.7, for each i, the K/F-lifts θKi and θ′Ki
are transfers of each other. Therefore, by paragraph 8.1, there exists u ∈ K(Γ′)
such that:

θ′K2 (x) = θ′K1 (uxu−1), x ∈ Hm+1(ϕ′2(β2),Γ′) = u−1Hm+1(ϕ′1(β1),Γ′)u.

The equality θ′u1 = θ′2 follows from Proposition 6.10.

Corollary 8.2. — Definition 1.10 is equivalent to [6, Definition 8.6].

Proof. — Assume we are given two ps-characters (Θi, k, βi), i = 1, 2, which
are endo-equivalent in the sense of Definition 1.10, and let A be a simple cen-
tral split F-algebra together with realizations [Λ, ni,mi, ϕi(βi)] of (k, βi) in A,
with i = 1, 2, such that Λ is strict. By Theorem 1.11, the simple charac-
ters Θi(Λ,mi, ϕi) intertwine in A×, that is, the ps-characters (Θi, k, βi) are
endo-equivalent in the sense of [6, Definition 8.6]. Conversely, two simple pairs
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which are endo-equivalent in this sense are clearly endo-equivalent in the sense
of Definition 1.10.

Corollary 8.3. — The relation ≈ on ps-characters is an equivalence relation.

Proof. — This comes from [6, Corollary 8.10] together with Corollary 8.2.

9. The endo-class of a discrete series representation

9.1. Let A be a simple central F-algebra, and let V be a simple left A-module.
Associated with it, there is an F-division algebra D. We write d for the reduced
degree of D over F and m for the dimension of V as a right D-vector space. We
set G = A×, identified with GLm(D).
Let π be an irreducible smooth representation of G, and assume that its inertial
class (in the sense of Bushnell and Kutzko’s theory of types [11]), denoted s(π),
is homogeneous. Thus there is a positive integer r dividing m, an irreducible
cuspidal representation ρ of the group G0 = GLm/r(D) and unramified char-
acters χi of G0, with i ∈ {1, . . . , r}, such that π is isomorphic to a quotient
of the normalized parabolically induced representation ρχ1× · · · × ρχr (see for
instance [2] for the notation).
In this section, we associate with π an endo-class Θ(π) over F, and show that
it depends only on the inertial class s = s(π).

9.2. Let π be a representation of G as above, and write s = s(π) for its
inertial class. According to [24, Théorème 5.23], this inertial class possesses
a type in the sense of [11]. Such a type is a pair (J, λ) formed of a compact
open subgroup J of G and of an irreducible smooth representation λ of J such
that an irreducible smooth representation of G has inertial class s if and only
if λ occurs in its restriction to J. More precisely, (J, λ) can be chosen to be a
simple type in the sense of [22]. We won’t give a precise description of simple
types; the only property of interest for us is the following fact, which is a weak
form of [24, Théorème 5.23].

Fact 9.1. — There is a simple stratum [A, n, 0, β] in A together with a simple
character θ ∈ C(A, 0, β) such that the order A ∩ B (with B the centralizer of
F(β) in A) is principal of period r and the character θ occurs in the restriction
of π to H1(β,A).

Neither [A, n, 0, β] nor the character θ are uniquely determined. We let (Θ, 0, β)
be the ps-character defined by the pair ([A, n, 0, β], θ) and we denote by Θ its
endo-class.

Theorem 9.2. — The endo-class Θ depends only on the inertial class s.

Proof. — We have to prove that Θ does not depend on the choice of the simple
stratum [A, n, 0, β] and the simple character θ satisfying the conditions of Fact
9.1. For i = 1, 2, let [Ai, ni, 0, βi] be a simple stratum and θi be a simple
character satisfying the conditions of Fact 9.1, and let (Θi, 0, βi) denote the
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ps-character that it defines. Let A′i denote the unique principal OF-order in A
such that the pair (Ei,A

′
i) is a sound embedding in A (see Lemma 4.18) and let

θ′i denote the transfer of θi in C(A′i, 0, βi). By a standard argument using [24,
Théorème 2.13], the character θ′i occurs in the restriction of π to H1(βi,A

′
i).

Therefore, we can assume without changing Θi that (Ei,Ai) is sound.

Lemma 9.3. — The extensions E1/F and E2/F have the same ramification in-
dex.

Proof. — We are going to prove that this ramification index is determined by
the irreducible cuspidal representation ρ of paragraph 9.1. Let n(ρ) denote
the number of unramified characters χ of G0 such that ρχ is equivalent to ρ.
Write q for the cardinality of the residue field of F and | · |F for the absolute
value on F giving the value q−1 to any uniformizer. Let s(ρ) denote the unique
positive real number such that ρ× ρνρ is reducible, where νρ is the unramified

character g 7→ |NA/F(g)|s(ρ)F (see section 4 of [23] for more details). By using
[23, Theorem 4.6], the product n(ρ)s(ρ) is equal to the quotient of md by the
ramification index of Ei/F, for any i = 1, 2.

By Lemma 4.18, the principal orders A1 and A2 have the same period (as Ai∩Bi
has period r). Thus one may conjugate ([A1, n1, 0, β1], θ1) by an element of G
and assume that A1 = A2, denoted A. For each i, we have θi ∈ C(A, 0, βi) and
θi occurs in the restriction of π to the subgroup H1(βi,A). Thus the characters
θ1 and θ2 intertwine in A×. To prove that Θ1 and Θ2 are endo-equivalent,
it remains to prove that F(β1) and F(β2) have the same degree over F. By
copying the beginning of the proof of Lemma 4.7, we get n1 = n2. We now
write f for the greatest common divisor of fF(β1) and fF(β2) and Ki for the
maximal unramified extension of F contained in F(βi). Then Theorem 1.16
gives us the expected equality.

We call the class Θ the endo-class of π (or of s). We have actually obtained
more.

Theorem 9.4. — Let π be an irreducible representation with inertial class s as
above, and let [A, n, 0, β] and θ satisfy the conditions of Fact 9.1. Assume more-
over [A, n, 0, β] is sound. The following objects are invariants of the inertial
class s:

(1) the ramification index eF(β) and the residue class degree fF (β);
(2) the G-conjugacy class of the order A;
(3) the embedding type of (F(β),A).

Proof. — Assertions (1) and (2) have already been proved. Assertion (3) fol-
lows immediately from Lemma 4.19.

9.3. Recall that an irreducible smooth representation π of G is essentially
square integrable if there is a character χ of G such that πχ is unitary and has
a non-zero coefficient which is square integrable on G/Z, where Z denotes the
centre of G. We write D(G) for the set of isomorphism classes of essentially
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square integrable representation of G. According to [2, §2.2], any essentially
square integrable representation of G has an inertial class which is homogeneous
in the sense of paragraph 9.1. Thus the construction of paragraph 9.2 gives us
a map:

(9.1) ΘG : D(G)→ E(F)

from D(G) to the set of endo-classes of ps-characters over F.

We now write H = GLmd(F), and let JL denote the Jacquet-Langlands corre-
spondence (see [1, 14]) from D(G) to D(H). We have the following conjecture.

Conjecture 9.5. — For any π in D(G), we have:

(9.2) ΘH(JL(π)) = ΘG(π).

This conjecture generalizes the fact that, for any level zero representation π
in D(G), the representation JL(π) has level zero. It allows one to refine the
correspondence JL by fixing the endo-class: given Θ an endo-class over F,
Conjecture 9.5 implies that we have a bijective map:

JLΘ : D(G,Θ)→ D(H,Θ)

where we write D(G,Θ) for the set of isomorphism classes of essentially square
integrable representations of G of endo-class Θ.
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des algèbres centrales simples p-adiques”, in Representations of reduc-
tive groups over a local field, Travaux en Cours, Hermann, Paris, 1984,
p. 33–117.
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1 Introduction

Given compact connected Lie groupsK ⊂ G of equal rank, it is well-known that
the K-action on the homogeneous space G/K is equivariantly formal because
the odd de Rham cohomology groups of G/K vanish. (See for example [7] for
an investigation of the equivariant cohomology of such spaces.) If however the
rank of K is strictly smaller than the rank of G, then the isotropy action is not
necessarily equivariantly formal, and in general it is unclear when this is the
case.1 Restricting our attention to symmetric spaces of compact type, we will
prove the following theorem.

Theorem. Let (G,K) be a symmetric pair of compact type, where G and K
are compact connected Lie groups. Then the K-action on the symmetric space
M = G/K by left translations is equivariantly formal.

For symmetric spaces of type II, i.e., compact Lie groups, this result is already
known, see Section 4.3. More generally, in the case of symmetric spaces of split
rank (rankG = rankK + rankG/K), the fact that all K-isotropy groups have
maximal rank implies equivariant formality, see Section 4.5. However, for the
general case we have to rely on an explicit calculation of the dimension of the

1A sufficient condition for equivariant formality of the isotropy action was introduced in
[17], see Remark 4.2 below. If K belongs to a certain class of subtori of G this condition is
in fact an equivalence, see [18].
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cohomology of the T -fixed point set MT , where T ⊂ K is a maximal torus,
in order to use the characterization of equivariant formality via the condition
dimH∗(MT ) = dimH∗(M). With the help of the notion of compartments
introduced in [1] and several results proven therein we will find in Section 4.1
a calculable expression for this dimension, and after reducing to the case of
an irreducible simply-connected symmetic space in Section 4.2 we can invoke
the classification of such spaces to show equivariant formality in each of the
remaining cases by hand. On the way we obtain a formula for the number of
compartments in a fixed K-Weyl chamber, see Proposition 4.14.

Acknowledgements. The author wishes to express his gratitude to
Augustin-Liviu Mare for interesting discussions on a previous version of the
paper.

2 Symmetric spaces

Let G be a connected Lie group and K ⊂ G a closed subgroup. Then K is
said to be a symmetric subgroup of G if there is an involutive automorphism
σ : G → G such that K is an open subgroup of the fixed point subgroup Gσ.
We will refer to the pair (G,K) as a symmetric pair, and G/K is a symmetric
space.
Given a symmetric pair (G,K) with corresponding involution σ : G→ G, then
the Lie algebra g decomposes into the (±1)-eigenspaces of σ: g = k ⊕ p, and
the usual commutation relations hold: [k, k] ⊂ k, [k, p] ⊂ p and [p, p] ⊂ k. The
rank of G/K is by definition the maximal dimension of an abelian subalgebra
of p. Then clearly rankG− rankK ≤ rankG/K, and if equality holds, then we
say that G/K is of split rank.
A symmetric pair (G,K) is called (almost) effective ifG acts (almost) effectively
on G/K. Given a symmetric pair (G,K), then the kernel N ⊂ G of the G-
action on G/K is contained in K, and (G/N,K/N) is an effective symmetric
pair with (G/N)/(K/N) = G/K. An almost effective symmetric pair (G,K)
(and the corresponding symmetric space G/K) will be called of compact type
if G is a compact semisimple Lie group. In this paper only symmetric spaces
of compact type will occur. If (G,K) is effective, then G can be regarded
as a subgroup of the isometry group of G/K with respect to any G-invariant
Riemannian metric on G/K. If (G,K) is additionally of compact type, then
this inclusion is in fact an isomorphism between G and the identity component
of the isometry group.

3 Equivariant formality

The equivariant cohomology of an action of a compact connected Lie group
K on a compact manifold M is by definition the cohomology of the Borel
construction

H∗K(M) = H∗(EK ×K M);
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we use real coefficients throughout the paper. The projection EK ×K M →
EK/K = BK to the classifying space BK of K induces on H∗K(M) the struc-
ture of an H∗(BK)-algebra.

An action of a compact connected Lie group K on a compact manifold M is
called equivariantly formal in the sense of [3] if H∗K(M) is a free H∗(BK)-
module. If the K-action on M is equivariantly formal then automatically

H∗K(M) = H∗(M)⊗H∗(BK) (1)

as graded H∗(BK)-modules, see [2, Proposition 2.3]. In the following proposi-
tion we collect some known equivalent characterizations of equivariant formal-
ity.

Proposition 3.1. Consider an action of a compact connected Lie group K on
a compact manifold M , and let T ⊂ K be a maximal torus. Then the following
conditions are equivalent:

1. The K-action on M is equivariantly formal.

2. The T -action on M is equivariantly formal.

3. The cohomology spectral sequence associated to the fibration ET ×TM →
BT collapses at the E2-term.

4. We have dimH∗(M) = dimH∗(MT ).

5. The natural map H∗T (M)→ H∗(M) is surjective.

Proof. For the equivalence of (1) and (2) see [5, Proposition C.26]. The Borel
localization theorem implies that the rank of H∗T (M) as an H∗(BT )-module
always equals dimH∗(MT ). Then [5, Lemma C.24] implies the equivalence
of (2), (3), and (4); see also [10, p. 46]. For the equivalence to (5), see [13,
p. 148].

Note that by [10, p. 46] the inequality dimH∗(MT ) ≤ dimH∗(M) holds for
any T -action on M . Condition (5) in the proposition shows that

Corollary 3.2. If a compact connected Lie group K acts equivariantly for-
mally on a compact manifold M , then so does every connected closed subgroup
of K.

Applying the gap method to the spectral sequence in Item (3) of Proposition
3.1 we obtain the following well-known sufficient condition for equivariant for-
mality.

Proposition 3.3. Any action of a compact Lie group K on a compact manifold
M with Hodd(M) = 0 is equivariantly formal.
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4 Isotropy actions on symmetric spaces of compact type

Let G be a compact connected Lie group and K ⊂ G a compact connected sub-
group. Because an equivariantly formal torus action always has fixed points,
the only tori T ⊂ G that can act equivariantly formally on G/K by left trans-
lations are those that are conjugate to a subtorus of K. On the other hand,
if a maximal torus T of K acts equivariantly formally on G/K, then we know
by Corollary 3.2 that all these tori do in fact act equivariantly formally. In
the following, we will prove that this indeed happens for symmetric spaces of
compact type. More precisely:

Theorem 4.1. Let (G,K) be a symmetric pair of compact type, where G and
K are compact connected Lie groups. Then the K-action on the symmetric
space G/K by left translations is equivariantly formal.

Remark 4.2. The pair (G,K) is a Cartan pair in the sense of [4], see [4, p. 448].
Therefore, [17, Theorem A] shows that a sufficient condition for the K-action
on G/K to be equivariantly formal is that the map H∗(G/K)NG(K) → H∗(G)
induced by the projection G → G/K, where NG(K) acts on G/K from the
right, is injective. It would be interesting to know whether a symmetric pair
always satisfies this condition.

4.1 The fixed point set of a maximal torus in K

Let (G,K) be a symmetric pair of compact type, where G and K are compact
connected Lie groups. Denote by σ : G → G the corresponding involutive
automorphism. Then M = G/K is a symmetric space of compact type. We
fix maximal tori TK ⊂ K and TG ⊂ G such that TK ⊂ TG. Let g = k ⊕ p be
the decomposition of the Lie algebra g into eigenspaces of σ.
In order to prove Theorem 4.1 we can without loss of generality assume that
the symmetric pair (G,K) is effective: if N ⊂ K is the kernel of the G-action
on G/K, then clearly the K-action on G/K = (G/N)/(K/N) is equivariantly
formal if and only if the K/N -action is equivariantly formal. (This follows
for example from Proposition 3.1 because the fixed point sets of appropriately
chosen maximal tori in K and K/N coincide.)

Lemma 4.3. The TK-fixed point set in M is NG(TK)/NK(TK).

Proof. An element gK ∈ M is fixed by TK if and only if g−1TKg ⊂ K (i.e.,
g−1TKg is a maximal torus in the compact Lie group K), which is the case if
and only if there is some k ∈ K with k−1g−1TKgk = TK . Thus, (G/K)TK =
NG(TK)/NG(TK) ∩K = NG(TK)/NK(TK).

Lemma 4.4 ([15, Proposition VII.3.2]). TG is the unique maximal torus in G
containing TK .

Lemma 4.4 implies that the Lie algebra tg of TG decomposes according to the
decomposition g = k⊕ p as tg = tk⊕ tp. (In fact, this statement is the first part
of the proof of [15, Proposition VII.3.2].)
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Proposition 4.5. Each connected component of MTK is a torus of dimension
rankG− rankK.

Proof. Because of Lemma 4.4, the abelian subalgebra tp ⊂ p is the space of ele-
ments in p that commute with tk. Thus, Lemma 4.3 implies that the component
of MTK containing eK is TG/(TG ∩K) = TG/TK (note that the centralizer of
TK in K is exactly TK), i.e., a rankG− rankK-dimensional torus. Because the
fixed set MTK is a homogeneous space, all components are diffeomorphic.

We therefore understand the structure of the TK-fixed point set MTK if we
know its number of connected components, which we denote by r. In view of
condition (4) in Proposition 3.1, we are mostly interested in the dimension of
its cohomology. Proposition 4.5 implies immediately:

Proposition 4.6. We have dimH∗(MTK ) = 2rankG−rankK · r.

In order to get a calculable expression for r we will use several results from
[1, Sections 5 and 6] which we now collect. Denote by ∆G = ∆g the root
system of G with respect to the maximal torus TG, i.e., the set of nonzero
elements α ∈ t∗g such that the corresponding eigenspace gα = {X ∈ gC |
[W,X ] = iα(W )X for all W ∈ tg} is nonzero. Then we have the root space
decomposition

gC = tCg ⊕
⊕

α∈∆g

gα. (2)

The g-Weyl chambers are the connected components of the set tg\
⋃
α∈∆g

kerα.
Because of Lemma 4.4, tk contains g-regular elements, hence no root in ∆g van-
ishes on tk. Therefore some of the g-Weyl chambers intersect tk nontrivially, and
following [1] we will refer to these intersections as compartments. Considering
as in [1] the decomposition of ∆g into complementary subsets ∆g = ∆′ ∪∆′′,
where

∆′ = {α ∈ ∆g | gα 6⊂ pC}, ∆′′ = {α ∈ ∆g | gα ⊂ pC}, (3)

we have by [1, Lemma 9] that the root system ∆K = ∆k of K with respect to
TK is given by

∆k = {α|tk | α ∈ ∆′}. (4)

In particular, g-regular elements in tk are also k-regular, and hence each com-
partment is contained in a k-Weyl chamber.
Because of Lemma 4.4, the group NG(TK) is a subgroup of NG(TG). Both
groups have the same identity component TG, so we may regard the quotient
group NG(TK)/TG as a subgroup of the Weyl group W (G) of G. The free
action of W (G) on the g-Weyl chambers induces an action of NG(TK)/TG on
the set of compartments. Because any two compartments are G-conjugate [1,
Theorem 10], this action is simply transitive on the set of compartments, and
it follows that the number of connected components of NG(TK) equals the
total number of compartments in tk. On the other hand no connected com-
ponent of NG(TK) contains more than one connected component of NK(TK).
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(It is sufficient to check this for the identity component TG of NG(TK). An
element in NK(TK) ∩ TG is an element in K centralizing TK , hence already
contained in TK .) Because the number of connected components of NK(TK)
equals the number of k-Weyl chambers, and each k-Weyl chamber contains the
same number of compartments [1, Theorem 10], we have shown the following
lemma.

Lemma 4.7. The number r of connected components of MTK =
NG(TK)/NK(TK) is the number of compartments in a fixed k-Weyl cham-
ber. In particular it only depends on the Lie algebra pair (g, k).

Let C be a g-Weyl chamber that intersects tk nontrivially. By [1, Lemma
8] the compartment C ∩ tk can be described explicitly: The involution σ :
G → G permutes the g-Weyl chambers and fixes tk, hence it fixes C. Let
B = {α1, . . . , αrankG} be the corresponding simple roots such that C is exactly
the set of points where the elements of B take positive values. The involution σ
acts as a permutation group on B because for any i the linear form αi◦σ is again
positive on C. Note that for every root α ∈ ∆g the linear form 1

2 (α + α ◦ σ)
vanishes on tp and coincides with α|tk on tk. The set B|tk = {αi|tk | i =
1, . . . , rankG} is a basis of t∗k (in particular it consists of dim tk elements) and
the compartment C ∩ tk is exactly the set of points in tk where all αi|tk take
positive values. It is a simplicial cone bounded by the hyperplanes ker αi|tk .
Any such hyperplane is either a wall of a k-Weyl chamber or the kernel of a
g-root αi with αi ◦σ = αi, see (4). In any case, reflection along the hyperplane
defines an element of NG(TK)/TG and takes C∩tk to an adjacent compartment.
(This argument is taken from the proof of [1, Theorem 10].)
It follows that the action of NG(TK)/TG on the set of compartments described
above is generated by the reflections along all hyperplanes ker α|tk , where α ∈
∆g. Let 〈·, ·〉 be the Killing form on g. The decomposition g = k⊕p is orthogonal
with respect to 〈·, ·〉. We identify t∗g with tg and t∗k with tk via 〈·, ·〉. For α ∈ ∆g,
let Hα ∈ tg be the element such that α(H) = 〈H,Hα〉 for all H ∈ tg. Given
X ∈ tg, we write Xk and Xp for the k- and p-parts of X respectively. Then Hk

α

corresponds to α|tk under the isomorphism tk ∼= t∗k .

Lemma 4.8. Let α ∈ ∆g be a root with α ◦ σ 6= α. Then either

1. 〈Hα, Hα◦σ〉 = 0 and |Hp
α|2 = |Hk

α|2 or

2. 2 · 〈Hα,Hα◦σ〉
|Hα|2 = −1, |Hp

α|2 = 3|Hk
α|2 and α+ α ◦ σ ∈ ∆g.

Proof. We have Hα◦σ = Hk
α −Hp

α, and because ∆g is a root system it follows
that

2 · 〈Hα, Hα◦σ〉
|Hα|2

= 2 · |H
k
α|2 − |Hp

α|2
|Hk

α|2 + |Hp
α|2
∈ Z.

Because α and α ◦ σ are roots of equal length, this integer can only equal 0
or ±1 [12, Proposition 2.48.(d)]. Further, because α − α ◦ σ is not a root (by
Lemma 4.4 no root vanishes on tk) and not 0, only the possibilities 0 and −1
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remain, and in the latter case we also have that α+α◦σ ∈ ∆g [12, Proposition
2.48.(e)].

Proposition 4.9. The set ∆g|tk = {α|tk | α ∈ ∆g} is a root system in t∗k .

Proof. It is clear that ∆g|tk spans t∗k . We have to check that for all α, β ∈ ∆g,
the quantity

2 ·
〈Hk

α, H
k
β〉

|Hk
α|2

(5)

is an integer. With respect to the decomposition ∆g = ∆′ ∪∆′′ (see (3)) there
are four cases:

If both α and β are elements of ∆′, then (5) is an integer because α|tk and β|tk
are k-roots, see (4). In case α and β are elements of ∆′′, then the corresponding
vectors Hα and Hβ are already elements of tk, so Hk

α = Hα and Hk
β = Hβ , hence

(5) is an integer.

Consider the case that α ∈ ∆′′ and β ∈ ∆′. Then Hα = Hk
α ∈ tk, hence

2 ·
〈Hk

α, H
k
β〉

|Hk
α|2

= 2 · 〈Hα, Hβ〉
|Hα|2

∈ Z.

The last case to be considered is that α ∈ ∆′ and β ∈ ∆′′. In this case
Hβ = Hk

β ∈ tk. It may happen that Hα ∈ tk, but then the claim would follow
as before, so we may assume that Hα /∈ tk. It follows that α ◦ σ is a root
different from α. By Lemma 4.8 we have |Hp

α|2 = c|Hk
α|2 with c = 1 or c = 3.

We know that

2 · 〈Hα, Hβ〉
|Hα|2

= 2 ·
〈Hk

α, H
k
β〉

|Hk
α|2 + |Hp

α|2
=

2

1 + c
·
〈Hk

α, H
k
β〉

|Hk
α|2

is an integer, hence multiplying with the integer 1 + c shows that (5) is an
integer in this case as well.

Next we have to check that for each α ∈ ∆g the reflection sα|
tk

: tk → tk along

ker α|tk defined by

X 7→ X − 2 · 〈H
k
α, X〉
|Hk

α|2
Hk
α (6)

sends {Hk
β | β ∈ ∆g} to itself. If Hα ∈ tk (this includes the case α ∈ ∆′′), then

the reflection sα : tg → tg along kerα leaves invariant tk, and (6) is nothing but
the restriction of this reflection to tk. Thus, {Hk

β | β ∈ ∆g} is sent to itself.

Let α ∈ ∆′ with Hα /∈ tk. We treat the two cases that can arise by Lemma 4.8
separately: assume first that 〈Hα, Hα◦σ〉 = 0. In this case the two reflections
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sα and sα◦σ commute and we have, recalling that Hα◦σ = Hk
α −Hp

α,

sα◦σ◦sα(X) = X − 2 · 〈Hα, X〉
|Hα|2

Hα − 2 · 〈Hα◦σ , X〉
|Hα◦σ|2

Hα◦σ

= X − 2 · 〈Hα, X〉+ 〈Hα◦σ, X〉
2|Hk

α|2
Hk
α − 2 · 〈Hα, X〉 − 〈Hα◦σ, X〉

2|Hp
α|2

Hp
α

= X − 2 · 〈H
k
α, X〉
|Hk

α|2
Hk
α + 2 · 〈H

p
α, X〉
|Hp

α|2
Hp
α.

In particular for each β ∈ ∆g the vector Hk
β − 2 · 〈H

k
α,H

k
β〉

|Hk
α|2

Hk
α is the k-part of

some vector Hγ , which shows that (6) sends {Hk
β | β ∈ ∆g} to itself.

In the second case of Lemma 4.8 we have that α + α ◦ σ ∈ ∆g, with ker(α +
α ◦ σ) = ker α|tk ⊕ tp. Thus, the reflection sα|

tk

is nothing but the restriction

of sα+α◦σ to tk; in particular it sends {Hk
β | β ∈ ∆g} to itself.

Remark 4.10. The root system ∆g|tk is not necessarily reduced: if there exists
a root α ∈ ∆g with α ◦ σ 6= α for which the second case of Lemma 4.8 holds,
then it contains α|tk as well as 2 · α|tk . This happens for instance for SU(2m+
1)/ SO(2m+ 1).

Because B is the set of simple roots of ∆g every root α ∈ ∆g can be written
as a linear combination of elements in B with integer coefficients of the same
sign. It follows that every restriction α|tk ∈ ∆|tk is a linear combination of
elements in B|tk of the same kind. We thus have proven the following lemma.

Lemma 4.11. The ∆g|tk-Weyl chambers are exactly the compartments. If C
is a g-Weyl chamber that intersects tk nontrivially, with corresponding set of
simple roots B ⊂ ∆g, then B|tk is the set of simple roots of the root system
∆g|tk corresponding to C ∩ tk.

Recall that the NG(TK)/TG-action on the set of compartments was shown to
be generated by the reflections along all hyperplanes ker α|tk , where α ∈ ∆g.
Thus, we obtain

Corollary 4.12. The NG(TK)/TG-action on the set of compartments is the
same as the action of the Weyl group W (∆g|tk). In particular, it is generated

by the reflections along the hyperplanes ker αi|tk . Furthermore, r =
|W (∆g|tk )|
|W (k)| .

Recall that whereas a reduced root system is determined by its simple roots
[12, Proposition 2.66], this is no longer true for nonreduced root systems such
as ∆g|tk , see [12, II.8]. However, the reduced elements in a nonreduced root
system always form a reduced root system [12, Lemma 2.91] with the same
simple roots and the same Weyl group. Using the following proposition taken
from [15] we will identify this reduced root system contained in ∆g|tk with the
root system of a second symmetric subalgebra k′ ⊂ g.
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Proposition 4.13 ([15, Proposition VII.3.4]). There is an extension of σ :
tg → tg to an involutive automorphism σ′ : g → g such that its C-linear
extension σ′ : gC → gC satisfies σ′|gα

= id for every root α ∈ B with α = α◦σ.
The root system of the fixed point algebra k′ = gσ

′
relative to the maximal

abelian subalgebra tk has B|tk as simple roots.

The roots of k′ relative to tk are restrictions of certain (not necessarily all)
elements in ∆g to tk; the restrictions of all elements in B occur. See [15,
p. 129] for the root space decomposition of k′ with respect to kk. Because the
sub-root system of reduced elements in ∆g|tk and the root system of k′ have
the same simple roots, these reduced root systems coincide. In particular we
obtain the following formula for r:

Proposition 4.14. We have r = |W (k′)|
|W (k)| .

Example 4.15. If rankG = rankK, i.e., if TK is also a maximal torus of
G, then the identity on g satisfies the conditions of Proposition 4.13. Hence

k′ = g and the proposition says r = |W (G)|
|W (K)| . This however follows already from

Lemma 4.3.

Example 4.16. If G/K is a symmetric space of split rank, i.e., rankG =
rankK + rankG/K, then σ itself satisfies the conditions of Proposition 4.13.
In fact, let α ∈ B with α = α ◦ σ. In this case α vanishes on tp, which
implies that gα is contained either in kC or in pC. But if it was contained in
pC, then [tp, gα] = 0 and [tp, g−α] = 0, which would contradict the fact that tp
is maximal abelian in p. Thus, we have r = 1 in the split rank case. Note that
r = 1 also follows from [1, Lemma 13], combined with Lemma 4.7.

Example 4.17. The symmetric space G/K ′, where K ′ is the connected sub-
group of G with Lie algebra k′, is not always of split rank. Assume as in Remark
4.10 that there exists a root α ∈ ∆g with α ◦ σ 6= α such that α+ α ◦ σ ∈ ∆g.
Let X ∈ gα be nonzero. Then [X, σ′(X)] is a nonzero element in gα+α◦σ. We
have σ′([X, σ′(X)]) = −[X, σ′(X)], thus [X, σ′(X)] ∈ p′, where p′ is the −1-
eigenspace of σ′. By definition of σ′ we have tp ⊂ p′, but tp is not a maximal
abelian subspace of p′ because it commutes with [X, σ′(X)]. For example, in
the case SU(2m+ 1)/ SO(2m+ 1) we have K ′ = K although the space is not
of split rank, see Subsection 4.6.2 below.

We will use below that the symmetric subalgebra k′ can be determined via the
Dynkin diagram of G: σ defines an automorphism of the Dynkin diagram of
G (because it is a permutation group of B), which is nontrivial if and only if
rank g > rank k. One can calculate the root system of k′ via the fact that by
Proposition 4.13 the simple roots of k′ are given by B|tk = { 12 (αi+αi ◦σ) | i =
1, . . . , rankG}.
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4.2 Reduction to the irreducible case

Lemma 4.18. If (G,K) and (G′,K ′) are two effective symmetric pairs of con-
nected compact semisimple Lie groups associated to the same pair of Lie alge-
bras (g, k), then the K-action on G/K is equivariantly formal if and only if the
K ′-action on G′/K ′ is equivariantly formal.

Proof. Because K and K ′ are connected, both H∗(G/K) and H∗(G′/K ′)
are given as the R-algebra of k-invariant elements in Λ∗p, see [20, Theorem
8.5.8]. In particular dimH∗(G/K) = dimH∗(G′/K ′). Choosing maximal
tori T ⊂ K and T ′ ⊂ K ′, we furthermore know from Propositions 4.6 and
4.7 that dimH∗((G/K)T ) = dimH∗((G′/K ′)T

′
) because (G,K) and (G′,K ′)

correspond to the same Lie algebra pair. The statement then follows from
Proposition 3.1.

Lemma 4.19. Given actions of compact connected Lie groups Ki on compact
manifolds Mi (i = 1 . . . n), then the K1× . . .×Kn-action on M1× . . .×Mn is
equivariantly formal if and only if all the Ki-actions on Mi are equivariantly
formal.

Proof. Choose maximal tori Ti ⊂ Ki. Then T1× . . .×Tn is a maximal torus in
K1×. . .×Kn. The claim follows from Proposition 3.1 because the T1×. . .×Tn-
fixed point set is exactly the product of the Ti-fixed point sets.

Lemmas 4.18 and 4.19 imply that for proving Theorem 4.1 it suffices to check
it for effective symmetric pairs (G,K) of compact connected Lie groups such
that G/K is an irreducible simply-connected symmetric space of compact type.
Below we will make use of the classification of such spaces, see [8].

4.3 Lie groups

Given a compact connected Lie group G, the product G × G acts on G via
(g1, g2) ·g = g1gg

−1
2 . The isotropy group of the identity element is the diagonal

D(G) ⊂ G × G. In the language of Helgason [8], we obtain an irreducible
symmetric pair (G×G,D(G)) of type II. The D(G)-action on (G×G)/D(G)
is nothing but the action of G on itself by conjugation. But for any compact
connected Lie group, the action on itself by conjugation is equivariantly formal.
In fact, if T ⊂ G is a maximal torus, then the fixed point set of the T -action,
GT , is T itself, and thus dimH∗(GT ) = dimH∗(T ) = 2rankG = dimH∗(G).
For other ways to prove that this action is equivariantly formal see [2, Example
4.6]. For instance, equivariant formality would also follow from Proposition
4.23 below as (G×G,D(G)) is of split rank.

4.4 Inner symmetric spaces

Consider the case that the symmetric space G/K of compact type is inner, i.e.,
that the involution σ is inner. By [8, Theorem IX.5.6] this is the case if and
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only if rankG = rankK. Hence, a maximal torus TK ⊂ K is also a maximal
torus in G, and the TK-fixed point set is by Lemma 4.3 a finite set of cardinality
|W (G)|
|W (K)| . Because of the following classical result (see for example [4, Chapter

XI, Theorem VII]), the case of inner symmetric spaces is easy to deal with.

Proposition 4.20. Given any compact connected Lie groups K ⊂ G, the fol-
lowing conditions are equivalent:

1. rankG = rankK.

2. χ(G/K) > 0.

3. Hodd(G/K) = 0.

It follows from Proposition 3.3 that the K-action on a homogeneous space
G/K with rankG = rankK is always equivariantly formal. Alternatively, [2,
Corollary 4.5] implies that the G-action onG/K is equivariantly formal because
all its isotropy groups have rank equal to the rank of G. Then by Corollary 3.2
any closed subgroup of G acts equivariantly formally on G/K.

Proposition 4.21. If rankG = rankK, then the K-action on G/K is equiv-
ariantly formal. If TK ⊂ K is a maximal torus, then the fixed point set of the

induced TK-action consists of exactly dimH∗(G/K) = |W (G)|
|W (K)| points.

Remark 4.22. This is not a new result. For an investigation of the (algebra
structure of the) equivariant cohomology of homogeneous spaces G/K with
rankG = rankK see [7], or [9, Section 5] for an emphasis on other coefficient
rings.

4.5 Spaces of split rank

Also when G/K is of split rank, i.e., rankG = rankK + rankG/K, there is a
general argument that implies equivariant formality of the K-action on G/K.

Proposition 4.23. If G/K is of split rank, then the natural K-action on G/K
is equivariantly formal.

Proof. We will show that every K-isotropy algebra has maximal rank, i.e., rank
equal to rank k. Then equivariant formality follows from [2, Corollary 3.5].
Consider the decomposition g = k ⊕ p and choose any AdK-invariant scalar
product on p that turns G/K into a Riemannian symmetric space. Then we
have an exponential map exp : p → G/K, and it is known that every orbit of
the K-action on G/K meets exp(a), where a is a maximal abelian subalgebra
of p. Because G/K is of split rank, there is a maximal torus TK ⊂ K such that
tk ⊕ a is abelian. The torus TK acts trivially on exp(a). Thus, the K-isotropy
algebra of any point in exp(a) (and hence of any point in M) has maximal
rank.

In the split-rank case we have r = 1 by Example 4.16. We thus have
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Proposition 4.24. If G/K is of split rank then dimH∗(G/K) = 2rankG/K . If
TK ⊂ K is a maximal torus, then the fixed point set of the induced TK-action
on G/K is a rankG/K-dimensional torus (in particular connected).

4.6 Outer symmetric spaces which are not of split rank

For the remaining cases that are not covered by any of the arguments above,
i.e., irreducible simply-connected symmetric spaces of type I that are neither
of equal nor of split rank, we do not have a general argument for equivariant
formality of the isotropy action. Using the classification of symmetric spaces [8,
p. 518], we calculate for each of these spaces the dimension of the cohomology
of the TK-fixed point set and show that it coincides with the dimension of
the cohomology of G/K (which we take from the literature), upon which we
conclude equivariant formality via Proposition 3.1. Fortunately, there are only
three (series of) such symmetric spaces, namely

SU(n)/ SO(n), SO(2p+ 2q + 2)/ SO(2p+ 1)× SO(2q + 1), and E6/PSp(4),

where n ≥ 4 and p, q ≥ 1. We have shown with Propositions 4.6 and 4.14 that

dimH∗((G/K)TK ) = 2rank g−rank k · |W (k′)|
|W (k)| ,

where the symmetric subalgebra k′ ⊂ g was introduced in Proposition 4.13.
Because in this section we are dealing with outer symmetric spaces, we have
rank g > rank k, so k′ 6= g is a symmetric subgroup of g. The orders of the
appearing Weyl groups are listed in [11, p. 66].

4.6.1 SU(2m)/ SO(2m)

Let M = SU(2m)/ SO(2m), where m ≥ 2, and T ⊂ SO(2m) be a maximal
torus. The only connected symmetric subgroup of SU(2m) of rank m different
from SO(2m) is Sp(m). The fact that k′ = sp(m) can be visualized via the
Dynkin diagrams: the involution σ fixes only the middle root of the Dynkin
diagram A2m−1 of SU(2m). Hence, after restricting, the middle root becomes
a root which is longer than the other roots, and only in Cm there exists a root
longer than the others, not in Dm.

We thus may calculate

r =
|W (Cm)|
|W (Dm)| =

2m ·m!

2m−1 ·m!
= 2;
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note that for this example the number of compartments was also calculated in
[1, p. 11]. It is known that dimH∗(M) = 2m (see for example [4, p. 493] or
[14, Theorem III.6.7.(2)]), hence

dimH∗(MT ) = 22m−1−m · r = 2m = dimH∗(M).

Thus, the action is equivariantly formal.

4.6.2 SU(2m+ 1)/ SO(2m+ 1)

Let M = SU(2m + 1)/ SO(2m + 1), where m ≥ 2, and T ⊂ SO(2m + 1) be a
maximal torus. It is known that dimH∗(M) = 2m (see for example [4, p. 493]
or [14, Theorem III.6.7.(2)]), hence

2m · r = dimH∗(MT ) ≤ dimH∗(M) = 2m

for some natural number r. Thus necessarily r = 1 (in fact k′ = so(2m + 1))
and the action is equivariantly formal. Note that this space is also listed as
an exception in [1] as it is the only outer symmetric space which is not of
split rank such that the corresponding involution fixes no root in the Dynkin
diagram (and hence every compartment is a K-Weyl chamber).

4.6.3 SO(2p+ 2q + 2)/ SO(2p+ 1)× SO(2q + 1)

Let M = SO(2p + 2q + 2)/ SO(2p + 1) × SO(2q + 1), where p, q ≥ 1, and
T ⊂ SO(2p+1)×SO(2q+1) be a maximal torus. The only connected symmetric
subgroups of SO(2p+2q+2) of rank p+ q are SO(2p′+1)×SO(2q′+1), where
p′+ q′ = p+ q. The involution σ fixes all roots of the Dynkin diagram Dp+q+1

of SO(2p + 2q + 2) but two; after restricting, these two become a single root
which is shorter than the others. Because Ap+q−1⊕A1 and Dp+q do not appear
as the Dynkin diagram of any of the possible symmetric subgroups, the Dynkin
diagram of k′ is forced to be Bp+q, which means that k′ = so(2p+ 2q + 1).

We thus have

r =
|W (Bp+q)|

|W (Bp)| · |W (Bq)|
=

2p+q · (p+ q)!

2p · p! · 2q · q! =

(
p+ q

p

)
.

By [4, p. 496] we have dimH∗(M) = 2 ·
(
p+q
p

)
, and it follows that the action is

equivariantly formal because of

dimH∗(MT ) = 2p+q+1−p−q · r = 2 ·
(
p+ q

p

)
= dimH∗(M).
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4.6.4 E6/PSp(4)

Let M = E6/PSp(4) and T ⊂ PSp(4) be a maximal torus. The only symmetric
subalgebra of e6 of rank 4 different from sp(4) is f4.

We obtain

r =
|W (F4)|
|W (C4)| =

27 · 32
24 · 4!

= 3.

It is shown in [19] that dimH∗(M) = 12. Thus,

dimH∗(MT ) = 26−4 · r = 22 · 3 = 12 = dimH∗(M)

shows that the action is equivariantly formal.
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Abstract. Let k be a field of characteristic zero. For a linear alge-
braic group G over k acting on a scheme X , we define the equivariant
algebraic cobordism of X and establish its basic properties. We ex-
plicitly describe the relation of equivariant cobordism with equivariant
Chow groups, K-groups and complex cobordism.

We show that the rational equivariant cobordism of a G-scheme can be
expressed as the Weyl group invariants of the equivariant cobordism
for the action of a maximal torus of G. As applications, we show that
the rational algebraic cobordism of the classifying space of a complex
linear algebraic group is isomorphic to its complex cobordism.

2010 Mathematics Subject Classification: Primary 14C25; Secondary
19E15
Keywords and Phrases: Algebraic cobordism, group actions

1. Introduction

Let k be a field of characteristic zero. Based on the construction of the motivic
algebraic cobordism spectrum MGL by Voevodsky, Levine and Morel [31] gave
a geometric construction of the algebraic cobordism and showed that this is a
universal oriented Borel-Moore homology theory in the category of varieties
over the field k. Their definition was extended by Deshpande [9] in the equi-
variant set-up that led to the notion of the equivariant cobordism of smooth
varieties acted upon by linear algebraic groups. This in particular allowed one
to define the algebraic cobordism of the classifying spaces analogous to their
complex cobordism.
Apart from its many applications in the equivariant set up which are parallel
to the ones in the non-equivariant world, an equivariant cohomology theory
often leads to the description of the corresponding non-equivariant cohomology
by mixing the geometry of the variety with the representation theory of the
underlying groups.
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Our aim in this first part of a series of papers is to develop the theory of
equivariant cobordism in the category of all k-schemes with action of a linear
algebraic group. We establish the fundamental properties of this theory and
give applications. In the second part [20] of this series, we shall give many
important applications of the results of this paper. Some further applications
of the results of this paper to the computation of the non-equivariant cobordism
rings appear in [21], [24] and [15]. We now describe some of the main results
in of this paper.
Let G be a linear algebraic group over k. In this paper, a scheme will mean
a quasi-projective k-scheme and all G-actions will be assumed to be linear.
If X is a smooth scheme with a G-action, Deshpande defined the equivariant
cobordism ΩG∗ (X) using the coniveau filtration on the Levine-Morel cobordism
of certain smooth mixed spaces. This was based on the construction of the
Chow groups of classifying spaces in [39] and the equivariant Chow groups in
[10].
Using a niveau filtration on the algebraic cobordism, which is based on the
analogous filtration on any Borel-Moore homology theory as described in [2,
Section 3], we define the equivariant algebraic cobordism of any k-scheme with
G-action in Section 4. This is defined by taking a projective limit over the
quotients of the Levine-Morel cobordism of certain mixed spaces by various
levels of the niveau filtration. In order to make sense of this construction, one
needs to prove various properties of the above niveau filtration which is done in
Section 3. These equivariant cobordism groups coincide with the one in [9] for
smooth schemes. We also show in Section 5 how one can recover the formula
for the cobordism group of certain classifying spaces directly from the above
definition, by choosing suitable models for the underlying mixed spaces.
In Section 5, we establish the basic properties such as functoriality, homotopy
invariance, exterior product, projection formula and existence of Chern classes
for equivariant vector bundles in Theorem 5.2. Although we do not have the
equivariant version of the localization sequence for the algebraic cobordism, we
shall show that the restriction map induced by a G-equivariant open immersion
is indeed surjective.
In Section 7, we show how the equivariant cobordism is related to other
equivariant cohomology theories such as equivariant Chow groups, equivari-
ant K-groups and equivariant complex cobordism. Using some properties of
the niveau filtration and known relation between the non-equivariant cobor-
dism and Chow groups, we deduce an explicit formula (cf. Proposition 7.2)
which relates the equivariant cobordism and the equivariant Chow groups of
k-schemes. Using this and the main results of [17], we give a formula in Theo-
rem 7.4 which relates the equivariant cobordism with the equivariant K-theory
of smooth schemes. We also construct a natural transformation from the alge-
braic to the equivariant version of the complex cobordism for schemes over the
field of complex numbers.
Our next main result of this paper is Theorem 8.6, where we show that for a
connected linear algebraic group G acting on a scheme X , there is a canonical
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isomorphism ΩG∗ (X)
∼=−→
(
ΩT∗ (X)

)W
with rational coefficients, where T is a

split maximal torus of a Levi subgroup of G with Weyl group W . This is
mainly achieved by the Morita isomorphism of Proposition 5.4 and a detour to
the motivic cobordism MGL and its extension MGL′ to singular schemes by
Levine [28]. The use of MGL′-theory in our context is motivated by the recent
comparison result of Levine [29] which shows that the Levine-Morel cobordism
theory is a piece of the more general MGL′-theory.
As an easy consequence of Proposition 7.2, we recover Totaro’s cycle class map
(cf. [39])

CH∗(BG)→MU∗(BG) ⊗L Z→ H∗(BG,Z)

for a complex linear algebraic group G. It is conjectured that this map is an
isomorphism of rings. This conjecture has been shown to be true by Totaro
for some classical groups such as BGLn, On, Sp2n and SO2n+1. Although, we
can not say anything about this conjecture here, we do show as a consequence
of Theorem 8.6 that the map CH∗(BG) → MU∗(BG) ⊗L Z is indeed an iso-
morphism of rings with the rational coefficients (see Theorem 8.9 for the full
statement). We do this by first showing that there is a natural ring homomor-
phism Ω∗(BG) → MU∗(BG) (with integer coefficients) which lifts Totaro’s
map. We then show that this map is in fact an isomorphism with rational
coefficients using Theorem 8.6.
We now make a remark on our definition and the notation for the equivariant
cobordism groups. In many of the topology texts, the cobordism rings of
classifying spaces are expressed as rings which are complete. For example,
one often writes MU∗(CP∞) as the formal power series L[[t]] instead of the
graded power series ring. This does not allow one to write an expression of
the cobordism in each degree. Since our interest is to give an expression of
the cobordism groups in each component, we shall express the equivariant
cobordism of a smooth scheme as a graded ring. This notation has been used
earlier by other authors in the topological context (see [25, Section 2], [27]).
We refer the reader to Subsection 6.1 for more about the comparison between
the two notations.
We end this introduction with the following comment. One of the initial mo-
tivations for this article was to find a definition of the equivariant algebraic
cobordism which has all the expected properties of an equivariant cohomol-
ogy theory and which is simultaneously, simple enough to compute. Although
much of this objective is achieved, the equivariant cobordism as considered here
has two drawbacks. The first one is that there is not always a natural map
from the algebraic to the complex equivariant cobordism for complex varieties
with group action (cf. Proposition 7.5). A more serious problem is the lack of
the localization sequence (cf. Proposition 5.3). One way to take care of these
two problems is to consider Voevodsky’s motivic cobordism MGL from the
equivariant point of view. It turns out that although this approach does have
certain advantages, it becomes computationally much harder. So the challenge
is to study and analyze the situations when these two approaches yield the
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same answer so that one can use either of the two, depending on what one
would like to prove. These questions will be studied in further detail in [23].

2. Recollection of algebraic cobordism

In this section, we briefly recall the definition of algebraic cobordism of
Levine-Morel. We also recall the other definition of this object as given
by Levine-Pandharipande. Since we shall be concerned with the study of
schemes with group actions and the associated quotient schemes, and since
such quotients often require the original scheme to be quasi-projective, we
shall assume throughout this paper that all schemes over k are quasi-projective.

Notations. We shall denote the category of quasi-projective k-schemes by Vk.
By a scheme, we shall mean an object of Vk. The category of smooth quasi-
projective schemes will be denoted by VSk . If G is a linear algebraic group over
k, we shall denote the category of quasi-projective k-schemes with a G-action
and G-equivariant maps by VG. The associated category of smooth G-schemes
will be denoted by VSG. All G-actions in this paper will be assumed to be linear.
Recall that this means that all G-schemes are assumed to admit G-equivariant
ample line bundles. This assumption is always satisfied for normal schemes (cf.
[36, Theorem 2.5], [37, 5.7]).

2.1. Algebraic cobordism. Before we define the algebraic cobordism, we
recall the Lazard ring L. It is a polynomial ring over Z on infinite but countably
many variables and is given by the quotient of the polynomial ring Z[Aij |(i, j) ∈
N2] by the relations, which uniquely define the universal formal group law FL

of rank one on L. This formal group law is given by the power series

FL(u, v) = u+ v +
∑

i,j≥1
aiju

ivj ,

where aij is the equivalence class of Aij in the ring L. The Lazard ring is
graded by setting the degree of aij to be 1 − i − j. In particular, one has
L0 = Z,L−1 = Za11 and Li = 0 for i ≥ 1, that is, L is non-positively graded.
We shall write L∗ for the graded ring such that L∗,i = L−i for i ∈ Z. We now
define the algebraic cobordism of Levine and Morel [31].
Let X be an equi-dimensional k-scheme. A cobordism cycle over X is a family

α = [Y
f−→ X,L1, · · · , Lr], where Y is a smooth scheme, the map f is projective,

and Li’s are line bundles on Y . Here, one allows the set of line bundles to
be empty. The degree of such a cobordism cycle is defined to be deg(α) =
dimk(Y )− r and its codimension is defined to be dim(X)−deg(α). Let Z∗(X)
be the free abelian group generated by the cobordism cycles of the above type.
Note that this group is graded by the codimension of the cycles. In particular,

for j ∈ Z, Zj(X) is the free abelian group on cobordism cycles α = [Y
f−→

X,L1, · · · , Lr], where Y is smooth and irreducible and codimension of α is j.
We impose several relations on Z∗(X) in order to define the algebraic cobordism
group. The first among these is the so called dimension axiom: let R∗dim(X) be
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the graded subgroup of Z∗(X) generated by the cobordism cycles α = [Y
f−→

X,L1, · · · , Lr] such that dimkY < r. Let

Z∗dim(X) =
Z∗(X)

R∗dim(X)
.

For a line bundle L on X and cobordism cycle α as above, we define the Chern

class operator on Z∗dim(X) by letting c1(L)(α) = [Y
f−→ X,L1, · · · , Lr, f∗(L)].

Next, we impose the so called section axiom. Let R∗sec(X) be the graded
subgroup of Z∗dim(X) generated by cobordism cycles of the form [Y → X,L]−
[Z → X ], where Y

s−→ L is a section of the line bundle L on Y which is
transverse to the zero-section, and Z →֒ Y is the closed subvariety of Y defined
by the zeros of s. The transversality of s ensures that Z is a smooth variety.
In particular, [Z → X ] is a well-defined cobordism cycle on X . Define

Ω∗(X) =
Z∗dim(X)

R∗sec(X)
.

The assignment X 7→ Ω∗(X) is called the pre-cobordism theory.
Finally, we impose the formal group law on the cobordism using the follow-
ing relation. For X as above, let R∗FGL(X) ⊂ L⊗ZΩ∗(X) be the graded L-
submodule generated by elements of the form

{FL (c1(L), c1(M)) (x) − c1(L⊗M)(x)|x ∈ Ω∗(X), L,M ∈ Pic(X)} .
We define the algebraic cobordism group of X by

(2.1) Ω∗(X) =
L⊗ZΩ∗(X)

R∗FGL(X)
.

If X is not necessarily equi-dimensional, we define Z∗(X) to be same as
Z∗(X) except that Z∗(X) is now graded by the degree of the cobordism
cycles. In particular, Zi(X) is the free abelian group on cobordism cycles

[Y
f−→ X,L1, · · · , Lr] such that f is projective and Y is smooth and irreducible

such that dim(Y ) − r = i. One then defines Ω∗(X) to be the quotient of
L∗ ⊗Z Ω∗(X) in the same way as above. Note that for X equi-dimensional of
dimension d and i ∈ Z, one has Ωi(X) ∼= Ωd−i(X).
Observe that Ω∗(X) is a graded L-module such that Ωj(X) = 0 for j > dim(X)
and Ωj(X) can be non-zero for any given −∞ < j ≤ dim(X). Similarly, Ω∗(X)
is a graded L∗-module which has no component in the negative degrees and it
can be non-zero in arbitrarily large positive degree.
The following is the main result of Levine and Morel from which most of their
other results on algebraic cobordism are deduced. We refer to loc. cit. for
more properties.

Theorem 2.1. The functor X 7→ Ω∗(X) is the universal Borel-Moore homology
on the category Vk. In other words, it is universal among the homology theories
on Vk which have functorial push-forward for projective morphism, pull-back for
smooth morphism (any morphism of smooth schemes), Chern classes for line
bundles, and which satisfy Projective bundle formula, homotopy invariance,

Documenta Mathematica 17 (2012) 95–134



100 Amalendu Krishna

the above dimension, section and formal group law axioms. Moreover, for a
k-scheme X and closed subscheme Z of X with open complement U , there is a
localization exact sequence

Ω∗(Z)→ Ω∗(X)→ Ω∗(U)→ 0.

It was also shown in loc. cit. that the natural composite map

Φ : L→ L⊗Z Ω∗(k)։ Ω∗(k)

a 7→ [a]

is an isomorphism of commutative graded rings.
As an immediate corollary of Theorem 2.1, we see that for a smooth k-scheme
X and an embedding σ : k → C, there is a natural morphism of graded rings

(2.2) ΦtopX : Ω∗(X)→MU2∗(Xσ(C)),

where MU∗(Xσ(C)) is the complex cobordism ring of the complex manifold
Xσ(C) given by the complex points of X ×k C. This map is an isomorphism
for X = Spec(k). In particular, there are isomorphisms of graded rings

(2.3) L
∼=−→ Ω∗(k)

∼=−→MU2∗ ∼=−→MU∗,

where MU∗ is the complex cobordism ring of a point. As a corollary, we see
that for any field extension k →֒ K, the natural map Ω∗(k) → Ω∗(K) is an
isomorphism.

2.2. Cobordism via double point degeneration. To enforce the formal
group law on the algebraic cobordism in order to make it an oriented cohomol-
ogy theory on the category of smooth varieties, Levine and Morel artificially
imposed this condition by tensoring their pre-cobordism theory with the Lazard
ring. Although they were able to show that the resulting map Z∗(X)→ Ω∗(X)
is still surjective, they were unable to describe the explicit geometric relations
in Z∗(X) that define Ω∗(X). This was subsequently accomplished by Levine-
Pandharipande [32]. We conclude our introduction to the algebraic cobordism
by briefly discussing the construction of Levine-Pandharipande. For n ≥ 1, let
�n denote the space (P1

k − {1})
n
.

Definition 2.2. A morphism Y
π−→ �1 is called a double point degeneration,

if Y is a smooth scheme and π−1(0) is scheme-theoretically given as the union
A ∪ B, where A and B are smooth divisors on Y which intersect transversely.
The intersection D = A ∩ B is called the double point locus of π. Here, A, B
and D are allowed to be disconnected or, even empty.

For a double point degeneration as above, notice that the scheme D is also
smooth and OD(A+B) is trivial. In particular, one sees that NA/D⊗DNB/D ∼=
OD. This is turn implies that the projective bundles P(OD ⊕NA/D)→ D and
P(OD ⊕ NB/D) → D are isomorphic, where NA/D and NB/D are the normal
bundles of D in A and B respectively. Let P(π)→ D denote any of these two
projective bundles.
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Let X be a k-scheme and let Y
f−→ X × �1 be a projective morphism from a

smooth scheme Y . Assume that the composite map π : Y → X ×�1 → �1 is
a double point degeneration such that Y∞ = π−1(∞) is smooth. We define the
cobordism cycle on X associated to the morphism f to be the cycle

(2.4) C(f) = [Y∞ → X ]− [A→ X ]− [B → X ] + [P(π)→ X ].

Let M∗(X) be the free abelian group on the isomorphism classes of the mor-

phisms [Y
f−→ X ], where Y is smooth and irreducible and f is projective. Then

M∗(X) is a graded abelian group, where the grading is by the dimension of Y .
Let R∗(X) be the subgroup ofM∗(X) generated by all cobordism cycles C(f),
where C(f) is as in (2.4). Note that R∗(X) is a graded subgroup of M∗(X).
Define

(2.5) ω∗(X) =
M∗(X)

R∗(X)
.

Theorem 2.3 ([32]). There is a canonical isomorphism

(2.6) ω∗(X)
∼=−→ Ω∗(X)

of oriented Borel-Moore homology theories on V.

3. Niveau filtration on algebraic cobordism

In this section, we introduce the niveau filtration on the algebraic cobordism
which plays an important role in the definition of the equivariant algebraic
cobordism. Our main result here is a refined localization sequence for the
cobordism which preserves the niveau filtration. This new localization sequence
will have interesting consequences in the study of the equivariant cobordism.
Let X be a k-scheme of dimension d. For j ∈ Z, let Zj be the set of all closed
subschemes Z ⊂ X such that dimk(Z) ≤ j (we assume dim(∅) = −∞). The
set Zj is then ordered by the inclusion. For i ≥ 0, we define

Ωi(Zj) = lim−→
Z∈Zj

Ωi(Z) and put

Ω∗(Zj) =
⊕

i≥0
Ωi(Zj).

It is immediate that Ω∗(Zj) is a graded L∗-module and there is a graded L∗-
linear map Ω∗(Zj)→ Ω∗(X).
Following [2, Section 3], we let Zj/Zj−1 denote the ordered set of pairs (Z,Z ′) ∈
Zj × Zj−1 such that Z ′ ⊂ Z with the ordering

(Z,Z ′) ≥ (Z1, Z
′
1) if Z1 ⊆ Z and Z ′1 ⊆ Z ′.

If (Z,Z ′) ≥ (Z1, Z
′
1), then the functoriality of the push-forward maps and the

localization sequence yield a map Ωi(Z1−Z ′1)→ Ωi(Z−Z ′) (cf. (3.1)). We let

Ωi (Zj/Zj−1(X)) := lim−→
(Z,Z′)∈Zj/Zj−1

Ωi(Z − Z ′).
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Lemma 3.1. For f : X ′ → X projective, the push-forward map Ω∗(X ′)
f∗−→

Ω∗(X) induces a push-forward map Ω∗ (Zj/Zj−1(X ′))→ Ω∗ (Zj/Zj−1(X)).

Proof. Let (Z,Z ′) ∈ Zj/Zj−1(X ′). Then (W,W ′) = (Im(Z), Im(Z ′)) ∈
Zj/Zj−1(X). It suffices now to show that f∗ induces a natural map Ω∗(Z −
Z ′)→ Ω∗(W −W ′). However, this follows directly from the localization exact
sequences

(3.1) Ω∗(Z ′) //

f∗
��

Ω∗(Z) //

f∗
��

Ω∗(Z − Z ′) //

��

0

Ω∗(W ′) // Ω∗(W ) // Ω∗(W −W ′) // 0

and the fact that the square on the left is commutative. �

For x ∈ Zj , let

(3.2) ˜Ω∗(k(x)) = lim−→
U⊆{x}

Ω∗(U),

where the limit is taken over all non-empty open subsets of {x}. Taking the
limit over the localization sequences

Ω∗(Z
′)→ Ω∗(Z)→ Ω∗(Z − Z ′)→ 0

for (Z,Z ′) ∈ Zj/Zj−1, one now gets an exact sequence

(3.3) Ω∗(Zj−1)→ Ω∗(Zj)→
⊕

x∈(Zj−Zj−1)

˜Ω∗(k(x))→ 0.

Definition 3.2. We define FjΩ∗(X) to be the image of the natural L∗-linear
map Ω∗(Zj)→ Ω∗(X). In other words, FjΩ∗(X) is the image of all Ω∗(W )→
Ω∗(X), where W → X is a projective map such that dim(Image(W )) ≤ j.
Using the localization sequence, this is same as saying that FjΩ∗(X) is the set
of all elements s ∈ Ω∗(X) such that i∗(s) = 0 for some open subset i : U →֒ X ,
whose complement has dimension at most j.

One checks at once that there is a canonical niveau filtration

(3.4) 0 = F−1Ω∗(X) ⊆ F0Ω∗(X) ⊆ · · · ⊆ Fd−1Ω∗(X) ⊆ FdΩ∗(X) = Ω∗(X).

Lemma 3.3. If f : X ′ → X is a projective morphism, then f∗ (FjΩ∗(X ′)) ⊆
FjΩ∗(X). If g : X ′ → X is a smooth morphism of relative dimension r, then
g∗ (FjΩ∗(X)) ⊆ Fj+rΩ∗(X ′).

Proof. The first assertion is obvious from the definition. In fact, the push-
forward map preserves the niveau filtration at the level of the free abelian
groups of cobordism cycles. The second assertion also follows immediately
using the fact that for a cobordism cycle [Y → X ], one has g∗ ([Y → X ]) =
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[Y ×X X ′ → X ′]. This in turn implies that g∗ ◦ f∗ = f ′∗ ◦ g′∗ for a Cartesian
square

W ′
f ′

//

g′

��

X ′

g

��

W
f

// X

such that f is projective and g is smooth. �

Proposition 3.4. Let X be a k-scheme and let Z be a closed subscheme of X
with the complement U . Then for every j ≥ dim(Z), there is an exact sequence

Ω∗(Z)→ FjΩ∗(X)→ FjΩ∗(U)→ 0.

Proof. Since j ≥ dim(Z), we see that the image of the map Ω∗(Z) → Ω∗(X)
lies in FjΩ∗(X). Using the localization sequence of the algebraic cobordism
(cf. Theorem 2.1), we only need to show that the map FjΩ∗(X) → FjΩ∗(U)
is surjective.

Let FjZ∗(X) be the free abelian group on cobordism cycles [Y
f−→ X ] such that

Y is irreducible and dim(f(Y )) ≤ j. Note that f(Y ) is a closed and irreducible
subscheme of X since Y is irreducible and f is projective. It is then clear that
FjZ∗(X) ⊂ Z∗(X) and FjZ∗(X)։ FjΩ∗(X).

Let [Y
f−→ U ] be a cobordism cycle on U such that Y is smooth and irreducible,

f is projective and dim(f(Y )) ≤ j. We have a factorization Y →֒ Pnk ×U → U

where the first inclusion is a closed immersion. Let Y denote a resolution of

singularities of the closure of Y in Pnk × X and let Y
f̄−→ X be the projection

map. It is then easy to verify that [Y
f̄−→ X ] is a cobordism cycle on X which

restricts to [Y
f−→ U ] in Ω∗(U) and dim(f̄(Y )) = dim(f(Y )) ≤ j. This proves

the required surjection. �

Theorem 3.5. Let X be a k-scheme and let Z be a closed subscheme of X with
the complement U . Then for every j ∈ Z, there is an exact sequence

(3.5)
Ω∗(Z)

FjΩ∗(Z)
→ Ω∗(X)

FjΩ∗(X)
→ Ω∗(U)

FjΩ∗(U)
→ 0.

Proof. Let f : U → X and g : Z → X be the inclusion maps. The surjectivity
of the second map in (3.5) follows from the localization sequence of algebraic
cobordism (cf. Theorem 2.1). It suffices thus to show that

(3.6) f∗(−1) (FjΩ∗(U)) ⊆ Image (Ω∗(Z)⊕ FjΩ∗(X)→ Ω∗(X))

in order to prove the theorem.
So let α ∈ Ω∗(X) be such that β = f∗(α) ∈ FjΩ∗(U). We can find a closed
subscheme q : W →֒ U of dimension at most j and a cobordism cycle β′ ∈
Ω∗(W ) such that β = q∗(β′). Let Y be the closure of W in X and let W

f ′
−→

Y
p−→ X be the open and the closed immersions.
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Using Theorem 2.1 (the localization sequence), we can find α′ ∈ Ω∗(Y ) such
that β′ = f ′∗(α′). We conclude from this that f∗ (α− p∗(α′)) = 0 in Ω∗(U).
Using Theorem 2.1 (the localization sequence) again, we see that α = g∗(γ) +
p∗(α′) for some γ ∈ Ω∗(Z). Since dim(Y ) = dim(W ) ≤ j, it also follows that
p∗(α′) ∈ FjΩ∗(X). This proves (3.6) and hence the theorem. �

The following is an immediate consequence of Theorem 3.5.

Corollary 3.6. Let X be a k-scheme. Then for any j ≥ 0 and any closed
subscheme Z ⊂ X of dimension at most j, the natural map Ω∗(X)→ Ω∗(X−Z)
induces an isomorphism

Ω∗(X)

FjΩ∗(X)

∼=−→ Ω∗(X − Z)

FjΩ∗(X − Z)
.

Lemma 3.7. For a k-scheme X and i ≥ 0, the natural map Ωi(X)→ CHi(X)
has the factorization

Ωi(X)→ Ωi(X)

Fi−1Ωi(X)
→ CHi(X).

Proof. By Theorem 2.3, Ω∗(X) is generated by the cobordism cycles [Y → X ],
where Y is smooth and f is projective. It follows from the definition of the
niveau filtration that FjΩ∗(X) is generated by the cobordism cycles of the form

i∗ ([Y → Z]), where Z
φ→֒ X is a closed subscheme of X of dimension at most j.

Since Ω∗ → CH∗ is a natural transformation of oriented Borel-Moore homology
theories, we get a commutative diagram

Ωi(Z) //

φ∗
��

CHi(Z)

φ∗
��

Ωi(X) // CHi(X).

The lemma now follows from the fact that CHi(Z) = 0 if j ≤ i− 1. �

Lemma 3.8. For any s ∈ FjΩ∗(X), there are elements ai ∈ L∗ and si ∈
Ω≤j(X) such that s =

∑
i aisi.

Proof. It is a simple variant of the generalized degree formula [30, Theorem 4.7].
We can assume that s is a homogeneous element of Ω∗(X). We have seen in the
proof of Proposition 3.4 that FjZ∗(X) a free abelian subgroup of Z∗(X) such

that FjZ∗(X) ։ FjΩ∗(X). We can thus assume that s = [Y
f−→ X ], where Y

is smooth and irreducible and f is projective such that dim(f(Y )) ≤ j.
Let ι : f(Y ) = W →֒ X denote the inclusion of the closed subset and let
U be the complement of W in X . Then the image of s dies in Ω∗(U) un-
der the restriction map. It follows from the localization sequence of the alge-
braic cobordism (cf. Theorem 2.1) and [30, Theorem 4.7] that we can write

s = ι∗
(
a[W̃ →W ] +

∑
i ai[Z̃i → Zi]

)
, where W̃ →W is a resolution of singu-

larities of W , Z̃i → Zi is a resolution of singularities of a closed subscheme Zi
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of W of dimension strictly less than that of W and a, ai ∈ L∗. It follows from
this expression that s =

∑
i aisi such that si ∈ Ω≤j(X) and ai ∈ L∗ �

Proposition 3.9. Let E
f−→ X be a vector bundle of rank r. Then the pull-back

map f∗ : Ω∗(X)→ Ω∗(E) induces an isomorphism

FjΩ∗(X)
∼=−→ Fj+rΩ∗(E)

for all j ∈ Z. In particular, F<rΩ∗(E) = 0.

Remark 3.10. The reader should be warned that the map f∗ shifts the degree
of the grading by r.

Proof. Using Lemma 3.8, this can be proved in the same way as [9, Lemma 3.3],
where a similar result is proven for smooth varieties and coniveau filtration. We
sketch the proof in the singular case.
The homotopy invariance of the algebraic cobordism tells us that the natural

map Ω∗(X)
f∗
−→ Ω∗(E) is an isomorphism. So we only need to show that this

map is surjective at each level of the niveau filtration. So let e ∈ Fj+rΩ∗(E).
We can assume that e ∈ Ωi(E) is a homogeneous element.
By Lemma 3.8, we can write e =

∑
p apsp, where each sp is a homogeneous

element of Ω≤j+r(E) and ap ∈ L∗. Since f∗ is an isomorphism of graded
abelian groups which shifts the degree by r, we can write sp = f∗(xp) such
that xp ∈ Ω≤j(X). Letting x =

∑
p apxp, we see that x ∈ FjΩ∗(X) and

s = f∗(x). This proves the proposition. �

4. Equivariant algebraic cobordism

In this text, G will denote a linear algebraic group of dimension g over k. All
representations of G will be finite dimensional. The definition of equivariant
cobordism needs one to consider certain kind of mixed spaces which in general
may not be a scheme even if the original space is a scheme. The following well
known (cf. [10, Proposition 23]) lemma shows that this problem does not occur
in our context and all the mixed spaces in this paper are schemes with ample
line bundles.

Lemma 4.1. Let H be a linear algebraic group acting freely and linearly on a
k-scheme U such that the quotient U/H exists as a quasi-projective variety. Let

X be a k-scheme with a linear action of H. Then the mixed quotient X
H
× U

exists for the diagonal action of H on X×U and is quasi-projective. Moreover,
this quotient is smooth if both U and X are so. In particular, if H is a closed
subgroup of a linear algebraic group G and X is a k-scheme with a linear action

of H, then the quotient G
H
× X is a quasi-projective scheme.

Proof. It is already shown in [10, Proposition 23] using [12, Proposition 7.1]

that the quotientX
H
× U is a scheme. Moreover, as U/H is quasi-projective, [12,

Proposition 7.1] in fact shows that X
H
× U is also quasi-projective. The similar
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conclusion about G
H
× X follows from the first case by taking U = G and by

observing that G/H is a smooth quasi-projective scheme (cf. [3, Theorem 6.8]).

The assertion about the smoothness is clear sinceX×U → X
H
× U is a principal

H-bundle. �

For any integer j ≥ 0, let Vj be an l-dimensional representation of G and
let Uj be a G-invariant open subset of Vj such that the codimension of the
complement (Vj −Uj) in Vj is at least j and G acts freely on Uj such that the
quotient Uj/G is a quasi-projective scheme. Such a pair (Vj , Uj) will be called
a good pair for the G-action corresponding to j (cf. [17, Section 2]). It is easy
to see that a good pair always exists (cf. [10, Lemma 9]). Let XG denote the

mixed quotient X
G
× Uj of the product X × Uj by the diagonal action of G,

which is free.
Let X be a k-scheme of dimension d with a G-action. Fix j ≥ 0 and let (Vj , Uj)
be an l-dimensional good pair corresponding to j. For i ∈ Z, set

(4.1) ΩGi (X)j =

Ωi+l−g

(
X

G
× Uj

)

Fd+l−g−jΩi+l−g

(
X

G
× Uj

) .

Lemma 4.2. For a fixed j ≥ 0, the group ΩGi (X)j is independent (in a canonical

way) of the choice of the good pair (Vj , Uj).

Proof. Let (Vj , Uj) and (V ′j , U
′
j) be two good pairs of dimensions and l and

l′ respectively corresponding to j. Using the results of Section 3, one can
follow the proof of the similar result for the equivariant Chow groups in [10,
Proposition 1] to construct a canonical isomorphism

αvv′ :

Ωi+l−g

(
X

G
× Uj

)

Fd+l−g−jΩi+l−g

(
X

G
× Uj

) ∼=−→
Ωi+l′−g

(
X

G
× U ′j

)

Fd+l′−g−jΩi+l′−g

(
X

G
× U ′j

)

as follows.
We let V = Vj ⊕V ′j and U = (Uj ⊕V ′j )∪ (Vj ⊕U ′j). Let G act diagonally on V .

Then it is easy to see that the complement of the open subset X
G
× (Uj ⊕ V ′j )

in X
G
× U has dimension at most d+ l+ l′− g− j. Hence by Corollary 3.6, the

map
(4.2)

Ωi+l+l′−g

(
X

G
× U

)

Fd+l+l′−g−jΩi+l+l′−g

(
X

G
× U

) ι∗v−→
Ωi+l+l′−g

(
X

G
× (Uj ⊕ V ′j )

)

Fd+l+l′−g−jΩi+l+l′−g

(
X

G
× (Uj ⊕ V ′j )

)
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is an isomorphism. On the other hand, the map X
G
× (Uj ⊕ V ′j )

φv−→ X
G
× Uj is

a vector bundle of rank l′ and hence by Proposition 3.9, the map
(4.3)

Ωi+l−g

(
X

G
× Uj

)

Fd+l−g−jΩi+l−g

(
X

G
× Uj

) φ∗
v−→

Ωi+l+l′−g

(
X

G
× (Uj ⊕ V ′j )

)

Fd+l+l′−g−jΩi+l+l′−g

(
X

G
× (Uj ⊕ V ′j )

)

is also an isomorphism. Combining the above two isomorphisms, we get the
canonical isomorphism

(ι∗v)−1 ◦ φ∗v :

Ωi+l−g

(
X

G
× Uj

)

Fd+l−g−jΩi+l−g

(
X

G
× Uj

) ∼=−→
Ωi+l+l′−g

(
X

G
× U

)

Fd+l+l′−g−jΩi+l+l′−g

(
X

G
× U

) .

In the same way, we also get an isomorphism

(φ∗v′ )
−1 ◦ ι∗v′ :

Ωi+l+l′−g

(
X

G
× U

)

Fd+l+l′−g−jΩi+l+l′−g

(
X

G
× U

) ∼=−→

∼=−→
Ωi+l′−g

(
X

G
× U ′j

)

Fd+l′−g−jΩi+l′−g

(
X

G
× U ′j

) .

The composite αvv′ = ((φ∗v′ )
−1 ◦ ι∗v′) ◦ ((ι∗v)

−1 ◦ φ∗v) is the desired canonical
isomorphism (see the proof of [39, Theorem 1.1]). �

Lemma 4.3. For j′ ≥ j ≥ 0, there is a natural surjective map ΩGi (X)j′ ։
ΩGi (X)j.

Proof. Choose a good pair (Vj′ , Uj′ ) for j′. Then it is clearly a good pair for j
too. Moreover, there is a natural surjection

Ωi+l−g

(
X

G
× Uj′

)

Fd+l−g−j′Ωi+l−g

(
X

G
× Uj′

) ։
Ωi+l−g

(
X

G
× Uj′

)

Fd+l−g−jΩi+l−g

(
X

G
× Uj′

) .

On the other hand, the left and the right terms are ΩGi (X)j′ and ΩGi (X)j
respectively by Lemma 4.2. �

Definition 4.4. Let X be a k-scheme of dimension d with a G-action. For
any i ∈ Z, we define the equivariant algebraic cobordism of X to be

ΩGi (X) = lim←−
j

ΩGi (X)j .
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The reader should note from the above definition that unlike the ordinary
cobordism, the equivariant algebraic cobordism ΩGi (X) can be non-zero for
any i ∈ Z. We set

ΩG∗ (X) =
⊕

i∈Z
ΩGi (X).

If X is an equi-dimensional k-scheme with G-action, we let ΩiG(X) = ΩGd−i(X)

and Ω∗G(X) = ⊕
i∈Z

ΩiG(X). We shall denote the equivariant cobordism Ω∗G(k)

of the ground field by S(G). This is also called the algebraic cobordism of the
classifying space of G and often written as Ω∗(BG).

Remark 4.5. If G is the trivial group, we can take the good pair (Vj , Vj) for
every j where Vj is any l-dimensional k-vector space. In that case, we get

Ωi+l(X
G
× Vj) ∼= Ωi+l(X×Vj) which is isomorphic to Ωi(X) by the homotopy

invariance of the non-equivariant cobordism. Moreover, Fd+l−jΩi+l(X ×Vj) is
isomorphic to Fd−jΩi(X) by Proposition 3.9 and this last term is zero for all
large j. In particular, we see from (4.1) and the definition of the equivariant

cobordism that there is a canonical isomorphism ΩG∗ (X)
∼=−→ Ω∗(X).

Remark 4.6. Let X be a G-scheme and let H be a closed normal subgroup of
G with quotient W . If (Vj , Uj) is a good pair for the G-action for any j ≥ 0,

then W naturally acts on the mixed quotient Xj = X
H
× Uj and hence it acts on

Ω∗(Xj). Since W acts on Xj by automorphisms, it keeps the niveau filtration
invariant. In particular, it acts on ΩH∗ (X)j . It is clear that if (V ′j , U

′
j) is another

good pair, then the isomorphisms in (4.2) and (4.3) areW -equivariant. In other
words, the W -action on Ω∗(Xj) does not depend on the choice of good pairs.
Furthermore, for j′ ≥ j, we can choose a good pair for j′ and that makes the
maps in the inverse system {Ω∗(Xj)}j≥0 W -equivariant. We conclude that W
acts on the equivariant cobordism ΩH∗ (X). One example of such a situation is
where H is a maximal torus in a linear algebraic group and G is its normalizer.
The quotient W is then the Weyl group. In that case, ΩH∗ (X) becomes a
Z[W ]-module.

Remark 4.7. It is easy to check from the above definition of the niveau fil-
tration that if X is a smooth and irreducible k-scheme of dimension d, then
FjΩi(X) = F d−jΩd−i(X), where F •Ω∗(X) is the coniveau filtration used in
[9]. Furthermore, one also checks in this case that if G acts on X , then

(4.4) ΩiG(X) = lim←−
j

Ωi
(
X

G
× Uj

)

F jΩi
(
X

G
× Uj

) ,

where (Vj , Uj) is a good pair corresponding to any j ≥ 0. Thus the above
definition 4.4 of the equivariant cobordism coincides with that of [9] for smooth
schemes.
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Remark 4.8. As is evident from the above definition (see Example 6.6), the
equivariant cobordism ΩGi (X) can not in general be computed in terms of
the algebraic cobordism of one single mixed space. This makes these groups
more complicated to compute than the equivariant Chow groups, which can
be computed in terms of a single mixed space. This also motivates one to ask
if the equivariant cobordism can be defined in such a way that they can be
calculated using one single mixed space in a given degree. It follows however
from Lemmas 4.2 and 4.3 that for a given i and j, each component of the
projective system

{
ΩGi (X)j

}
j≥0 can be computed using a single mixed space.

4.1. Change of groups. If H ⊂ G is a closed subgroup of dimension h, then
any l-dimensional good pair (Vj , Uj) for G-action is also a good pair for the

induced H-action. Moreover, for any X ∈ VG of dimension d, X
H
× Uj → X

G
×

Uj is an étale locally trivial G/H-fibration and hence a smooth map (cf. [3,
Theorem 6.8]) of relative dimension g − h. This induces the inverse system of
pull-back maps

ΩGi (X)j =

Ωi+l−g

(
X

G
× Uj

)

Fd+l−g−jΩi+l−g

(
X

G
× Uj

) → h

→
Ωi+l−h

(
X

H
× Uj

)

Fd+l−h−jΩi+l−h

(
X

H
× Uj

) = ΩHi (X)j

and hence a natural restriction map

(4.5) rGH,X : ΩG∗ (X)→ ΩH∗ (X).

Taking H = {1} and using Remark 4.5, we get the forgetful map

(4.6) rGX : ΩG∗ (X)→ Ω∗(X)

from the equivariant to the non-equivariant cobordism. Since rGH,X is obtained
as a pull-back under the smooth map, it commutes with any projective push-
forward and smooth pull-back (cf. Theorem 5.2). We remark here that al-
though the definition of rGH,X uses a good pair, it is easy to see as in Lemma 4.2
that it is independent of the choice of such good pairs.

4.2. Fundamental class of cobordism cycles. Let X ∈ VG and let

Y
f−→ X be a morphism in VG such that Y is smooth of dimension d and f is pro-

jective. For any j ≥ 0 and any l-dimensional good pair (Vj , Uj), [YG
fG−−→ XG]

is an ordinary cobordism cycle of dimension d+ l− g by Lemma 5.1 and hence
defines an element αj ∈ ΩGd (X)j . Moreover, it is evident that the image of

αj′ is αj for j′ ≥ j. Hence we get a unique element α ∈ ΩGd (X), called the

G-equivariant fundamental class of the cobordism cycle [Y
f−→ X ]. We also see
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from this more generally that if [Y
f−→ X,L1, · · · , Lr] is as above with each Li

a G-equivariant line bundle on Y , then this defines a unique class in ΩGd−r(X).
It is interesting question to ask under what conditions on the group G, the
equivariant cobordism group ΩG∗ (X) is generated by the fundamental classes
of G-equivariant cobordism cycles on X . It turns out that this question indeed
has a positive answer if G is a split torus by [20, Theorem 4.11].

5. Some properties of equivariant cobordism

In this section, we establish some basic properties of equivariant algebraic
cobordism that are analogous to the non-equivariant case. We begin with the
following elementary result. This will be used in the sequel for the morphisms
between mixed quotients.

Lemma 5.1. Let f : X → Y be a projective G-equivariant map in VG with free
G-actions such that Y/G is quasi-projective. Then X/G ∈ Vk and the induced
map f : X/G→ Y/G of quotients is projective.

Proof. It follows from our assumption and [12, Proposition 7.1] that X/G exists
and that f : X ′ = X/G → Y/G = Y ′ is a morphism in Vk. Furthermore, the
square

X //

f

��

X ′

f

��

Y // Y ′

is Cartesian. Since both the horizontal maps are the principal G-bundles, they
are smooth and surjective. Since proper maps have smooth descent (in fact fpqc
descent), we see that f : X ′ → Y ′ is proper. Since these schemes are quasi-
projective, we leave it as an exercise to show that f is also quasi-projective and
hence must be projective. �

Theorem 5.2. The equivariant algebraic cobordism satisfies the following prop-
erties.
(i) Functoriality : The assignment X 7→ ΩG∗ (X) is covariant for projective
maps and contravariant for smooth maps in VG. It is also contravariant for
l.c.i. morphisms in VG. Moreover, for a fiber diagram

X ′
g′

//

f ′

��

X

f

��

Y ′ g
// Y

in VG with f projective and g smooth, one has g∗ ◦ f∗ = f ′∗ ◦ g′∗ : ΩG∗ (X) →
ΩG∗ (Y ′).
(ii) Homotopy : If f : E → X is a G-equivariant vector bundle, then f∗ :

ΩG∗ (X)
∼=−→ ΩG∗ (E).
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(iii) Chern classes : For any G-equivariant vector bundle E
f−→ X of rank

r, there are equivariant Chern class operators cGm(E) : ΩG∗ (X) → ΩG∗−m(X)

for 0 ≤ m ≤ r with cG0 (E) = 1. These Chern classes have same functoriality
properties as in the non-equivariant case. Moreover, they satisfy the Whitney
sum formula.

(iv) Free action : If G acts freely on X with quotient Y , then ΩG∗ (X)
∼=−→

Ω∗(Y ).
(v) Exterior Product : There is a natural product map

ΩGi (X)⊗Z ΩGi′ (X
′)→ ΩGi+i′(X ×X ′).

In particular, ΩG∗ (k) is a graded algebra and ΩG∗ (X) is a graded ΩG∗ (k)-module
for every X ∈ VG.
(vi) Projection formula : For a projective map f : X ′ → X in VSG, one has
for x ∈ ΩG∗ (X) and x′ ∈ ΩG∗ (X ′), the formula : f∗ (x′ · f∗(x)) = f∗(x′) · x.

Proof. Assume that the dimensions of X and Y are m and n respectively and
let d = m−n be the relative dimension of a projective G-equivariant morphism
f : X → Y . For a fixed j ≥ 0, let (Vj , Uj) be an l-dimensional good pair for j.

Since f is projective, Lemma 5.1 implies that f : XG → YG is projective and
hence by Theorem 2.1 and Lemma 3.3, there is a push-forward map

Ωi+l−g(XG)

Fm+l−g−jΩi+l−g(XG)
→ Ωi+l−g(YG)

Fm+l−g−jΩi+l−g(YG)
=

Ωi+l−g(YG)

Fn+l−g−(j−d)Ωi+l−g(YG)
.

In particular, we get a compatible system of maps

ΩGi (X)j+d → ΩGi (Y )j .

Taking the inverse limits, one gets the desired push-forward map ΩGi (X)
f∗−→

ΩGi (Y ).

If f is smooth of relative dimension d, then f : XG → YG is also smooth of
same relative dimension. Hence, we get a compatible system of pull-back maps

ΩGi (Y )j
f−→
∗

ΩGi+d(X)
j
. Taking the inverse limit, we get the desired pull-back

map of the equivariant algebraic cobordism groups. If f is a l.c.i. morphism
of G-schemes, the same proof applies using the existence of similar map in the
non-equivariant case. The required commutativity of the pull-back and push-
forward maps follows exactly in the same way from the corresponding result
for the non-equivariant cobordism groups.

To prove the homotopy property, let E
f−→ X be a G-equivariant vector bun-

dle of rank r. For any j ≥ 0, let (Vj , Uj) be a good pair for j. Then the
map of mixed quotients EG → XG is a vector bundle of rank r (cf. [10,
Lemma 1]). Hence by Proposition 3.9, the pull-back map ΩGi (X)j → ΩGi+r(E)

j

is an isomorphism. If j′ ≥ j, then we can choose a common good pair
for both j and j′. Hence, we have a pull-back map of the inverse systems
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{ΩGi (X)j} → {ΩGi+r(E)
j
} which is an isomorphism at each level. Hence

f∗ : ΩGi (X)→ ΩGi+r(E) is an isomorphism.
To define the Chern classes of an equivariant vector bundle E of rank r, we
choose an l-dimensional good pair (Vj , Uj) and consider the vector bundle
EG → XG as above and let cGm,j : Ωi+l−g(XG) → Ωi+l−g−m(XG) be the

non-equivariant Chern class as in [31, 4.1.7]. For a closed subscheme Z
ι→֒XG,

the projection formula for the non-equivariant cobordism

(5.1) cGm,j(EG) ◦ ι∗ = ι∗ ◦
(
cGm,j (ι∗(EG))

)

implies that cGm,j(EG) descends to maps cGm,j : ΩGi (X)j → ΩGi−m(X)
j
.

One shows as in Lemma 4.2 that this is independent of the choice of the good
pairs. Furthermore, choosing a common good pair for j′ ≥ j, we see that cGm,j
actually defines a map of the inverse systems. Taking the inverse limit, we get
the Chern classes cGm(E) : ΩGi (X) → ΩGi−m(X) for 0 ≤ m ≤ r with cG0 (E) =
1. The functoriality and the Whitney sum formula for the equivariant Chern
classes are easily proved along the above lines using the analogous properties
of the non-equivariant Chern classes.
The statement about the free action follows from [9, Lemma 7.2] and Re-
mark 4.5.
We now show the existence of the exterior product of the equivariant cobor-
dism which requires some work. Let d and d′ be the dimensions of X and X ′

respectively. We first define maps

(5.2) ΩGi (X)j ⊗ ΩGi′ (X
′)j → ΩGi+i′ (X ×X ′)j for j ≥ 0.

Let (Vj , Uj) be an l-dimensional good pair for j and let α = [Y
f−→ XG] and α′ =

[Y ′
f ′
−→ X ′G] be the cobordism cycles on XG and X ′G respectively. Using the

fact that X×Uj → XG and X ′×Uj → X ′G are principal G-bundles, we get the

unique cobordism cycles [Ỹ → X ×Uj] and [Ỹ ′ → X ′×Uj] whose G-quotients

are the above chosen cycles. We define α ⋆ α′ = [Ỹ
G
× Ỹ ′ → (X ×X ′)G]. Note

that (Vj × Vj , Uj × Uj) is a good pair for j of dimension 2l and (X ×X ′)G is
the quotient of X ×X ′ × Uj × Uj for the free diagonal action of G and α ⋆ α′

is a well defined cobordism cycle by Lemma 5.1.

Suppose now that W
p−→ XG × �1 is a projective morphism from a smooth

scheme W such that the composite map π : W → XG × �1 → �1 is a double
point degeneration with W∞ = π−1(∞) smooth. Letting G act trivially on �1,

this gives a unique G-equivariant double point degeneration W̃
p̃−→ X×Uj×�1

of G-schemes. This implies in particular that W̃ × Ỹ ′ p̃×f̃
′

−−−→ X×X ′×Uj×Uj×
�1 is also a G-equivariant double point degeneration whose quotient for the

free G-action gives a double point degeneration W̃
G
× Ỹ ′

q−→ (X ×X ′)G × �1.
Moreover, it is easy to see from this that C(p)⋆α′ = C(q) (cf. (2.4)). Reversing
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the roles of X and X ′ and using (2.4) and Theorem 2.3, we get the maps

Ωi+l−g(XG)⊗ Ωi′+l−g(X
′
G)→ Ωi+i′−2l−g ((X ×X ′)G) .

It is also clear from the definition of α ⋆ α′ and the niveau filtration that

{Fd+l−g−jΩi+l−g(XG)⊗ Ωi′+l−g(X
′
G)}+

+ {Ωi+l−g(XG)⊗ Fd′+l−g−jΩi′+l−g(X ′G)} →
→ Fd+d′+2l−g−jΩi+i′−2l−g−j ((X ×X ′)G) .

This defines the maps as in (5.2). One can now show as in Lemma 4.2 that
these maps are independent of the choice of the good pairs. We get the desired
exterior product as the composite map

ΩGi (X)⊗Z ΩGi′ (X
′) = lim←−

j

ΩGi (X)j ⊗Z lim←−
j

ΩGi′ (X
′)j

→ lim←−
j

(
ΩGi (X)j ⊗Z ΩGi′ (X

′)j

)
(5.3)

→ lim←−
j

ΩGi+i′ (X ×X ′)j = ΩGi+i′ (X ×X ′).(5.4)

Finally for X smooth, we get the product structure on Ω∗G(X) via the composite

Ω∗G(X) ⊗Z Ω∗G(X) → Ω∗G(X × X)
∆∗

X−−→ Ω∗G(X). The projection formula can
now be proven by using the non-equivariant version of such a formula (cf. [31,
5.1.4]) at each level of the projective system {ΩiG(X)j} and then taking the

inverse limit. �

We now turn our attention to the question of the localization sequence in
equivariant cobordism. In the topological context, Buhstaber-Miscenko [6, 7]
defined the topological K-theory of an infinite CW -complex as the projective
limit of the K-theory of finite skeleta. They suggested that this theory might
not have the Gysin exact sequence. In [26], Landweber showed that such a
phenomenon for the K-theory is also reflected in the complex cobordism. This
makes us believe that one should not expect the full localization sequence for the
equivariant algebraic cobordism considered here. On the positive side however,
we can prove the following weaker result.

Proposition 5.3. Let X be a G-scheme of dimension d and let f : U →֒ X be a
G-invariant open subscheme. Then the restriction map f∗ : ΩG∗ (X)→ ΩG∗ (U)
is surjective.

Proof. Let Z be the complement of U in X with the reduced induced closed
subscheme structure and let g : Z →֒ X be the inclusion map.
We fix integers i ∈ Z and j ≥ 0 and choose a good pair (Vj , Uj) of dimension l
for j. Then we see that Z is a G-invariant closed subscheme of X and ZG ⊆ XG

is a closed subscheme with the complement UG. Hence by applying Theorem 3.5
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at the appropriate levels of the niveau filtration and taking the quotients, we
get an exact sequence

Ωi+l−g(ZG)

Fd+l−g−jΩi+l−g(ZG)
→ Ωi+l−g(XG)

Fd+l−g−jΩi+l−g(XG)
→ Ωi+l−g(UG)

Fd+l−g−jΩi+l−g(UG)
→ 0.

If d′ = dim(Z), then Fd′+l−g−jΩi+l−g(ZG) ⊆ Fd+l−g−jΩi+l−g(ZG) and hence
by Lemma 4.2, we get an exact sequence of inverse systems

(5.5) ΩGi (Z)j
φi
j−→ ΩGi (X)j → ΩGi (U)j → 0.

Setting M i
j and N i

j to be the kernel and the image of the map φij respec-
tively, (5.5) can be split into the short exact sequences of inverse systems

(5.6) 0→M i
j → ΩGi (Z)j → N i

j → 0;

(5.7) 0→ N i
j → ΩGi (X)j → ΩGi (U)j → 0.

It follows from Lemma 4.3 that {ΩGi (Z)j}j≥0 is an inverse system of surjective

maps and hence so is {N i
j}j≥0. In particular, it satisfies the Mittag-Leffler

(ML) condition. As a consequence, we get an exact sequence of inverse limits

lim←−
j

N i
j → ΩGi (X)→ ΩGi (U)→ 0

and this proves the proposition. �

Proposition 5.4 (Morita Isomorphism). Let H ⊂ G be a closed subgroup and
let X ∈ VH . Then there is a canonical isomorphism

(5.8) ΩG∗

(
G

H
× X

)
∼=−→ ΩH∗ (X).

Proof. Define an action of H ×G on G×X by

(h, g) · (g′, x) =
(
gg′h−1, hx

)
,

and an action of H ×G on X by (h, g) · x = hx. Then the projection map G×
X

p−→ X is (H ×G)-equivariant which is a G-torsor. Hence by [9, Lemma 7.2],

the natural map ΩH∗ (X)
p∗−→ ΩH×G∗ (G ×X) is an isomorphism. On the other

hand, the projection map G × X → G
H
× X is (H ×G)-equivariant which is

an H-torsor. Hence we get an isomorphism ΩG∗

(
G

H
× X

)
∼=−→ ΩH×G∗ (G×X).

The proposition follows by combining these two isomorphisms. �

6. Computations

Let X be a k-scheme of dimension d with a G-action. We have seen above that

unlike the situation of Chow groups, the cobordism group Ωi+l−g

(
X

G
× Uj

)

is not independent of the choice of the l-dimensional good pair (Vj , Uj) even if
j is large enough. This anomaly is rectified by considering the quotients of the
cobordism groups of the good pairs by the niveau filtration. Our main result
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in this section is to show that if we suitably choose a sequence of good pairs
{(Vj , Uj)}j≥0, then the above equivariant cobordism group can be computed

without taking quotients by the niveau filtration. This reduction is often very
helpful in computing the equivariant cobordism groups.

Theorem 6.1. Let {(Vj , Uj)}j≥0 be a sequence of lj-dimensional good pairs

such that
(i) Vj+1 = Vj ⊕Wj as representations of G with dim(Wj) > 0 and
(ii) Uj ⊕Wj ( Uj+1 as G-invariant open subsets.
(iii) codimVj+1 (Vj+1 \ Uj+1) > codimVj (Vj \ Uj).
Then for any scheme X as above and any i ∈ Z, we have

lim←−
j

Ωi+lj−g

(
X

G
× Uj

)
∼=−→ ΩGi (X).

Moreover, such a sequence {(Vj , Uj)}j≥0 of good pairs always exists.

Proof. Let {(Vj , Uj)}j≥0 be a sequence of good pairs as in the theorem. We

have natural maps

Ωi+lj+1−g

(
X

G
× Uj+1

)
։(6.1)

։ Ωi+lj+1−g

(
X

G
× (Uj ⊕Wj)

)
∼=←− Ωi+lj−g

(
X

G
× Uj

)
,

where the first map is the restriction to an open subset and the second is the
pull-back via a vector bundle. Taking the quotients by the niveau filtrations,
we get natural maps (cf. proof of Lemma 4.2)
(6.2)

Ωi+lj+1−g

(
X

G
×Uj+1

)

Fd+lj+1−g−j−1Ωi+lj+1−g

(
X

G
×Uj+1

) //
Ωi+lj+1−g

(
X

G
×(Uj⊕Wj)

)

Fd+lj+1−g−j−1Ωi+lj+1−g

(
X

G
×(Uj⊕Wj)

)

Ωi+lj−g

(
X

G
×Uj

)

Fd+lj−g−jΩi+lj−g

(
X

G
×Uj

)
Ωi+lj−g

(
X

G
×Uj

)

Fd+lj−g−j−1Ωi+lj−g

(
X

G
×Uj

)

∼=

OO

oooo

where the right vertical arrow is an isomorphism by Proposition 3.9. Setting

Xj = X
G
× Uj, we get natural maps

(6.3) Ωi+lj+1−g (Xj+1)
νj+1
j

//

����

Ωi+lj−g (Xj)

����
Ωi+lj+1−g(Xj+1)

Fd+lj+1−g−j−1Ωi+lj+1−g(Xj+1)
//

Ωi+lj−g(Xj)

Fd+lj−g−jΩi+lj−g(Xj)
.
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Since (Vj , Uj) is a good pair for each j, we see that
Ωi+lj−g(Xj)

Fd+lj−g−jΩi+lj−g(Xj)
∼=

ΩGi (X)j . Hence, we only have to show that the map

(6.4) lim←−
j

Ωi+lj−g (Xj)→ lim←−
j

Ωi+lj−g (Xj)

Fd+lj−g−jΩi+lj−g (Xj)

is an isomorphism in order to prove the theorem.
To prove (6.4), we only need to show that for any given j ≥ 0, the map

Ωi+lj′−g (Xj′)
νj′
j−−→ Ωi+lj−g (Xj) factors through

(6.5)
Ωi+lj′−g (Xj′)

Fd+lj′−g−j′Ωi+lj′−g (Xj′)
→ Ωi+lj−g (Xj) for all j′ ≫ j.

However, it follows from (6.2) that νj
′

j induces the map

Ωi+lj′−g (Xj′)

Fd+lj′−g−j′Ωi+lj′−g (Xj′)
→ Ωi+lj−g (Xj)

Fd+lj−g−j′Ωi+lj−g (Xj)
.

On the other hand Fd+lj−g−j′Ωi+lj−g (Xj) vanishes for j′ ≫ j. This
proves (6.5) and hence (6.4).
Finally, it follows easily from the proof of Lemma 4.2 (see also [39, Remark 1.4])
that a sequence of good pairs as in Theorem 6.1 always exists. �

As a simple corollary of Theorem 6.1, we get the following localization sequence
for the equivariant cobordism in a special case.

Corollary 6.2. Let X be a G-scheme and let Z ⊆ X be a G-invariant closed
subscheme with the complement U . Assume that there is a G-equivariant pro-
jective morphism p : X → Y whose restriction to Z is an isomorphism. Then
there is a short exact sequence

(6.6) 0→ ΩG∗ (Z)→ ΩG∗ (X)→ ΩG∗ (U)→ 0.

Proof. Let {(Vj , Uj)}j≥0 be a sequence of good pairs as in Theorem 6.1. The
localization sequence for the ordinary algebraic cobordism yields for any i ∈ Z,
an exact sequence of inverse systems

(6.7) Ωi+lj−g

(
Z

G
× Uj

)
→ Ωi+lj−g

(
X

G
× Uj

)
→ Ωi+lj−g

(
U

G
× Uj

)
→ 0.

It follows from Lemma 5.1 that there are projective morphisms Z
G
× Uj

fj−→
X

G
× Uj

pj−→ Y
G
× Uj such that pj ◦ fj is an isomorphism. This implies that the

map pj∗ ◦ fj∗ is an isomorphism. In other words, (6.8) is in fact a short exact
sequence of inverse systems
(6.8)

0→ Ωi+lj−g

(
Z

G
× Uj

)
→ Ωi+lj−g

(
X

G
× Uj

)
→ Ωi+lj−g

(
U

G
× Uj

)
→ 0.
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We have moreover seen in (6.1) that {Ωi+lj−g(Z
G
× Uj)}j≥0 is an inverse system

of surjective maps. It follows that (6.8) remains short exact after taking limit,
which proves (6.6). �

Another consequence of Theorem 6.1 is that for a linear algebraic group G
acting on a scheme X of dimension d, the forgetful map rGX : ΩG∗ (X)→ Ω∗(X)
(cf. (4.6)) can be easily shown to be analogous to the one used in [10, Subsec-
tion 2.2] for the Chow groups. This interpretation of the forgetful map has some
interesting applications in the computation of the non-equivariant cobordism
using the equivariant techniques (cf. [20], [21]).
So let {(Vj , Uj)}j≥0 be a sequence of good pairs as in Theorem 6.1. We choose
a k-rational point x ∈ U0 and let xj be its image in Uj/G under the natural

map U0 → U0/G → Uj/G. Setting Xj = X
G
× Uj , this yields a commutative

diagram

(6.9) X × Uj
pj

//

πj

��

Xj
φj

//

ψj

��

Xj+1

ψj+1

��

Uj // Uj/G // Uj+1/G

such that the left square is Cartesian and

(6.10) X ∼= π−1j (x)
∼=−→ ψ−1j (xj)

∼=−→ ψ−1j+1(xj+1).

Let νj : ψ−1j (xj) →֒ Xj be the closed embedding. Notice that since Uj/G is

smooth and ψj is flat, it follows that νj is a regular closed embedding (hence an
l.c.i. morphism). Using the identification in (6.10), we get maps ν∗j : Ω∗(Xj)→
Ω∗(X) such that ν∗j ◦ φ∗j = ν∗j+1. Taking the limit over j ≥ 0, this yields for
any i ∈ Z, a restriction map

(6.11) r̃GX : ΩGi (X) = lim←−
j≥0

ΩGi (X)j → Ωi(X).

Corollary 6.3. The maps rGX , r̃
G
X : ΩGi (X)→ Ωi(X) coincide.

Proof. Using the construction of the map rGX in (4.6) and the diagram (6.9), it
suffices to show that for any i ∈ Z, the natural maps

Ωi(X)

Fd−jΩi(X)
← Ωi (X × Vj)

Fd+lj−jΩi (X × Vj)
→ Ωi (X × Uj)

Fd+lj−jΩi (X × Uj)
are isomorphisms for all j ≫ 0. Here, the first map is the restriction induced
by the section corresponding to the rational point xj ∈ Uj/G, and the second
map is the restriction to an open subset. The existence of the first map follows
from Proposition 3.9. The assertion that these two maps are isomorphisms
follows immediately from Corollary 3.6 and Proposition 3.9. �

Remark 6.4. It follows from Corollary 6.3 that the map r̃GX does not depend
on the choice of the k-rational point x ∈ U0.
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6.1. Graded vs. completed cobordism rings. Another consequence of
Theorem 6.1 is that it allows us to explain the relation between the graded
(or noncomplete) and the nongraded (or complete) versions of the equivariant
cobordism rings of smooth G-schemes. If {(Vj , Uj)}j≥0 is a sequence of lj-

dimensional good pairs as in Theorem 6.1, then it can be easily checked from
the proof of this theorem that the expression

(6.12) Ω̂∗G(X) = lim←−
j

Ω∗
(
X

G
× Uj

)

is well-defined and there is a natural map ιX : Ω∗G(X)→ Ω̂∗G(X).

Furthermore, the surjectivity of the map Ω∗
(
X

G
× Uj+1

)
→ Ω∗

(
X

G
× Uj

)

(cf. (6.1)) implies that ιX identifies Ω̂∗G(X) as the completion of Ω∗G(X) with
respect to the linear topology given by the decreasing filtration

F jΩ∗G(X) = Ker

(
Ω∗G(X)։ Ω∗

(
X

G
× Uj

))
.

6.2. Formal group law in equivariant cobordism. Let G be a linear al-
gebraic group over k acting on a scheme X of dimension d. We have seen before
that the equivariant line bundles on X give rise to the equivariant Chern class
operators on ΩG∗ (X). Below, we write down an expression for the equivariant
Chern class of the tensor product of two such line bundles.
Let {(Vj , Uj)}j≥0 be a sequence of lj-dimensional good pairs as in Theorem 6.1.

Letting Xj = X
G
× Uj , we see that for every j ≥ 0, Ω∗ (Xj) =

⊕
i∈Z

Ωi+lj−g(Xj)

is an L-module and for j′ ≥ j, there is a natural surjection Ω∗ (Xj′)։ Ω∗ (Xj)
of L-modules.
Given G-equivariant line bundles L,M on X , we get line bundles Lj,Mj on

Xj , where Lj = L
G
× Uj for j ≥ 0. The formal group law of the non-equivariant

cobordism yields

c1 ((L ⊗M)j) =

= c1 (Lj ⊗Mj) = c1(Lj) + c1(Mj) +
∑

i,i′≥1
ai,i′ (c1(Lj))

i ◦ (c1(Mj))
i′
.

Note that if (xj) ∈ ΩGi (X), then the evaluation of the operator cG1 (L)(xj) at
any level j ≥ 0 is a finite sum above.
Taking the limit over j ≥ 0 and noting that the sum (and the product) in the
equivariant cobordism groups are obtained by taking the limit of the sums (and
the products) at each level of the inverse system, we get the same formal group
law for the equivariant Chern classes:

(6.13) cG1 (L⊗M) = cG1 (L) + cG1 (M) +
∑

i,i′≥1
ai,i′

(
cG1 (L)

)i ◦
(
cG1 (M)

)i′
.
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Note that the coefficients ai,i′ are homogeneous elements of L and can be
considered as elements of S(G) under the natural inclusion of graded rings
L →֒ S(G) . One should also observe that unlike the case of ordinary cobordism,
the evaluation of the above sum on any given equivariant cobordism cycle may
no longer be finite. In other words, the equivariant Chern classes are not in
general locally nilpotent.

6.3. Cobordism ring of classifying spaces. Let R be a Noetherian ring
and let A = ⊕

j∈Z
Aj be a Z-graded R-algebra with R ⊆ A0. Recall that the

graded power series ring S(n) = ⊕
i∈Z
Si is a graded ring such that Si is the set

of formal power series of the form f(t) =
∑

m(t)∈C
am(t)m(t) such that am(t) is

a homogeneous element of A of degree |am(t)|and |am(t)| + |m(t)| = i. Here,
C is the set of all monomials in t = (t1, · · · , tn) and |m(t)| = i1 + · · · + in if

m(t) = ti11 · · · tinn . We call |m(t)| to be the degree of the monomial m(t).
We shall write the above graded power series ring as A[[t]]gr to distinguish

it from the usual formal power series ring A[[t]]. Notice that if A is only
non-negatively graded, then S(n) is nothing but the standard polynomial ring
A[t1, · · · , tn] overA. It is also easy to see that S(n) is indeed a graded ring which
is a subring of the formal power series ring A[[t1, · · · , tn]]. The following result
summarizes some basic properties of these rings. The proof is straightforward
and is left as an exercise.

Lemma 6.5. (i) There are inclusions of rings A[t1, · · · , tn] ⊂ S(n) ⊂
A[[t1, · · · , tn]], where the first is an inclusion of graded rings.
(ii) These inclusions are analytic isomorphisms with respect to the t-adic topol-
ogy. In particular, the induced maps of the associated graded rings

A[t1, · · · , tn]→ Gr(t)S
n → Gr(t)A[[t1, · · · , tn]]

are isomorphisms.

(iii) S(n−1)[[tn]]gr
∼=−→ S(n).

(iv) S(n)

(ti1 ,··· ,tir )
∼=−→ S(n−r) for any n ≥ r ≥ 1, where S(0) = A.

(v) The sequence {t1, · · · , tn} is a regular sequence in S(n).
(vi) If A = R[x1, x2, · · · ] is a polynomial ring with |xi| < 0 and lim

i→∞
|xi| = −∞,

then S(n)
∼=−→ lim←−

i

R[x1, · · · , xi][[t]]gr.

Examples 6.6. In the following examples, we compute Ω∗(BG) = Ω∗G(k) for
some classical groups G over k. These computations follow directly from the
definition of equivariant cobordism and suitable choices of good pairs.
We first consider the case when G = Gm is the multiplicative group. For
any j ≥ 1, we choose the good pair (Vj , Uj), where Vj is the j-dimensional
representation of Gm with all weights −1 and Uj is the complement of the

origin. We see then that Uj/Gm ∼= Pj−1k . Let ζ be the class of c1(O(−1))(1) ∈
Ω1(Pj−1k ). The projective bundle formula for the ordinary algebraic cobordism
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implies that (ΩiG)j =
⊕

0≤p≤j−1
Li−pζp. Taking the inverse limit over j ≥ 1, we

find from this that for i ∈ Z,

ΩiGm
(k) =

∏

p≥0
Li−pζp.

It particular, if x =
n∑
j=1

xij is a sum of homogeneous elements of Ω∗(BGm),

then we get a natural map

(6.14) Ω∗(BGm)→ L[[t]]gr

x =
(
xi1 =

∏
ai1p ζ

p, · · · , xin =
∏

ainp ζ
p
)
7→
∑

p≥0


 ∑

1≤j≤n
aijp


 tp,

which is an isomorphism of graded L-algebras. Observe that ̂Ω∗(BGm)
(cf. (6.12)) is the formal power series ring L[[t]].
For a general split torus T of rank n, we choose a basis {χ1, · · · , χn} of the

character group T̂ . This is equivalent to a decomposition T = T1 × · · · × Tn
with each Ti isomorphic to Gm and χi is a generator of T̂i. Let Lχ be the
one-dimensional representation of T , where T acts via χ. For any j ≥ 1, we

take the good pair (Vj , Uj) such that Vj =
n∏
i=1

L⊕jχi
, Uj =

n∏
i=1

(
L⊕jχi
\ {0}

)
and

T acts on Vj by (t1, · · · , tn)(x1, · · · , xn) = (χ1(t1)(x1), · · · , χn(tn)(xn)). It is

then easy to see that Uj/T ∼= X1 × · · · ×Xn with each Xi isomorphic to Pj−1k .

Moreover, the T -line bundle Lχi gives the line bundle Lχi

Ti×
(
L⊕jχi
\ {0}

)
→ Xi

which is O(±1). Letting ζi be the first Chern class of this line bundle, the
projective bundle formula for the non-equivariant cobordism shows that

ΩiT (k) =
∏

p1,··· ,pn≥0
L
i−(

n∑
i=1

pi)
ζp11 · · · ζpnn ,

which is isomorphic to the set of formal power series in {ζ1, · · · , ζn} of degree
i with coefficients in L. It particular, one concludes as in the rank one case
above that

Proposition 6.7. Let {χ1, · · · , χn} be a chosen basis of the character group
of a split torus T of rank n. The assignment ti 7→ cT1 (Lχi) yields a graded
L-algebra isomorphism

L[[t1, · · · , tn]]gr → Ω∗(BT ).

For G = GLn, we can take a good pair for j to be (Vj , Uj), where Vj is the
vector space of n× p matrices with p > n with GLn acting by left multiplica-
tion, and Uj is the open subset of matrices of maximal rank. Then the mixed
quotient is the Grassmannian Gr(n, p). We can now calculate the cobordism
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ring of Gr(n, p) using the projective bundle formula (by standard stratifica-
tion technique) and then we can use the similar calculations as above to get a
natural isomorphism

(6.15) Ω∗(BGLn)→ L[[γ1, · · · , γn]]gr

of graded L-algebras, where γi’s are the elementary symmetric polynomials in
t1, · · · , tn that occur in (6.14).
Another way to obtain the isomorphism (6.15) is to observe that the Weyl
group of GLn is the permutation group Sn and tGLn = 1, where tG denotes
the torsion index of a connected reductive group G. It follows from [15, The-
orem 3.7] that we can assume the base field to be the field of complex num-
bers. Subsequently, it follows from [15, Proposition 4.8] that the natural map

Ω∗(BGLn) → (Ω∗(BT ))Sn = L[[γ1, · · · , γn]]gr is an isomorphism. Using the

same argument, on obtains an isomorphism Ω∗(BSLn)
∼=−→ L[[γ2, · · · , γn]]gr.

Remark 6.8. The cobordism rings of BGLn and BSLn have also been written
down by Deshpande in [9, Section 4]. His expressions depend on the assumption
that these groups are isomorphic to the complex cobordism. As the reader will
find in Subsection 7.3, there may not in general exist a map from the algebraic
to the complex equivariant cobordism although such a map does exist for a
classifying space BG (cf. Corollary 7.7). Moreover, it is not clear when such a
map is an isomorphism. We refer the reader to [15, Theorem 3.7] for a result
in this direction.

7. Comparison with other equivariant cohomology theories

In this paper, we fix the following notation for the tensor product while deal-
ing with inverse systems of modules over a commutative ring. Let A be a
commutative ring with unit and let {Ln} and {Mn} be two inverse systems
of A-modules with inverse limits L and M respectively. Following [38], one
defines the topological tensor product of L and M by

(7.1) L⊗̂AM := lim←−
n

(Ln⊗AMn).

In particular, if D is an integral domain with quotient field F and if
{An} is an inverse system of D-modules with inverse limit A, one has

A⊗̂DF = lim←−
n

(An⊗DF ). The examples Ẑ(p) = lim←−
n

Z/pn and Z[[x]] ⊗Z Q →

lim←−
n

Z[x]
(xn)⊗ZQ = Q[[x]] show that the map A ⊗D F → A⊗̂DF is in general nei-

ther injective nor surjective. We shall denote A⊗̂DF in the sequel by AF to
simplify the notations.
If R is a Z-graded ring and if M and N are two R-graded modules, then recall
that M ⊗R N is also a graded R-module given by the quotient of M ⊗R0 N
by the graded submodule generated by the homogeneous elements of the type
ax ⊗ y − x⊗ ay where a, x and y are the homogeneous elements of R, M and
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N respectively. If all the graded pieces Mi and Ni are the limits of inverse sys-
tems {Mλ

i } and {Nλ
i } of R0-modules, we define the graded topological tensor

product as M⊗̂RN =
⊕
i∈Z

(
M⊗̂RN

)
i
, where

(7.2)
(
M⊗̂RN

)
i

= lim←−
λ


 ⊕

j+j′=i

Mλ
j ⊗R0 N

λ
j′

(ax⊗ y − x⊗ ay)


 .

Notice that this reduces to the ordinary tensor product of graded R-modules
if the underlying inverse systems are trivial.

7.1. Comparison with equivariant Chow groups. Let X be a k-scheme
of dimension d with a G-action. It was shown by Levine and Morel [31] that
there is a natural map Ω∗(X) → CH∗(X) of graded abelian groups which is
a ring homomorphism if X is smooth. Moreover, this map induces a graded
isomorphism

(7.3) Ω∗(X)⊗L Z
∼=−→ CH∗(X).

Recall from [39] and [10] that the equivariant Chow groups of X are defined

as CHG
i (X) = CHi+l−g

(
X

G
× U

)
, where (V, U) is an l-dimensional good pair

corresponding to d− i+1. It is known that CHG
i (X) is well-defined and can be

non-zero for any −∞ < i ≤ d. We set CHG
∗ (X) =

⊕
i

CHG
i (X). If X is equi-

dimensional, we let CHi
G(X) = CHG

d−i(X) and set CH∗G(X) =
⊕
i≥0

CHi
G(X).

Notice that in this case, CHi
G(X) is same as CHi

(
X

G
× U

)
, where (V, U) is

an l-dimensional good pair corresponding to i+ 1.
If we fix i ∈ Z and choose an l-dimensional good pair (Vj , Uj) corresponding
to j ≥ max(0, d − i + 1), the universality of the algebraic cobordism gives a

unique map Ωi+l−g

(
X

G
× Uj

)
→ CHi+l−g

(
X

G
× Uj

)
. By Lemma 3.7, this

map factors through

(7.4)

Ωi+l−g

(
X

G
× Uj

)

Fi+l−g−1Ωi+l−g

(
X

G
× Uj

) → CHi+l−g

(
X

G
× Uj

)
.

Since j ≥ d− i+ 1 by the choice, we have d+ l− g− j ≤ i+ l− g− 1 and hence
we get the map
(7.5)

ΩGi (X)j =

Ωi+l−g

(
X

G
× Uj

)

Fd+l−g−jΩi+l−g

(
X

G
× Uj

) → CHi+l−g

(
X

G
× Uj

)
= CHG

i (X).
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It is easily shown using the proof of Lemma 4.2 that this map is independent
of the choice of the good pair (Vj , Uj). Taking the inverse limit over j ≥ 0,

we get a natural map ΩGi (X)→ CHG
i (X) and hence a map of graded abelian

groups

(7.6) ΦX : ΩG∗ (X)→ CHG
∗ (X)

which is in fact a map of graded L-modules. Notice that the right side of (7.5)
does not depend on j as long as j ≫ 0. If X is equi-dimensional, we write the
above map cohomologically as Ω∗G(X)→ CH∗G(X).

Example 7.1. Let T be a split torus of rank n over k. It follows from
Proposition 6.7 that Ω∗(BT ) is isomorphic to the graded power series ring
L[[t1, · · · , tn]]gr. One knows that CH∗(BT ) is isomorphic to the polynomial
ring Z[t1, · · · , tn] (cf. [10, 3.2]). And the map Φk : Ω∗(BT ) → CH∗(BT ) in
this case is the obvious map L[[t1, · · · , tn]]gr → Z[t1, · · · , tn] obtained by killing
the ideal L<0.

Proposition 7.2. The map ΦX induces an isomorphism of graded L-modules

ΦX : ΩG∗ (X)⊗̂LZ
∼=−→ CHG

∗ (X).

Proof. Let {(Vj , Uj)}j≥0 be a sequence of lj-dimensional good pairs as in The-

orem 6.1. It follows from (7.3) that for any i ∈ Z, there is a short exact
sequence
(7.7)

0→
(
L<0Ω∗(Xj) ∩Ωi+lj−g(Xj)

)
→ Ωi+lj−g(Xj)→ CHi+lj−g(Xj)→ 0.

By comparing this exact sequence for j′ ≥ j ≥ 0, using the surjection
Ωi+lj+1−g(Xj+1) → Ωi+lj−g(Xj) as in (6.1) and using the localization se-
quences for the cobordism and Chow groups, we find that the map

(
L<0Ω∗(Xj+1) ∩ Ωi+lj+1−g(Xj+1)

)
→
(
L<0Ω∗(Xj) ∩ Ωi+lj−g(Xj)

)

is surjective for each j ≥ 0. Taking the limit in (7.7) and using Theorem 6.1,
we get a short exact sequence

0→ lim←−
j≥0

(
L<0Ω∗(Xj) ∩ Ωi+lj−g(Xj)

)
→ ΩGi (X)→ CHG

i (X)→ 0.

Observe here that the inverse system {CHi+l−g(Xj)}j≥0 is eventually constant

with CHG
i (X) as its limit. We now take the direct sum over i ∈ Z to get the

desired isomorphism ΩG∗ (X)⊗̂LZ
∼=−→ CHG

∗ (X). �

Let C(G) = CH∗G(k) denote the equivariant Chow ring of the field k. The
following is the equivariant analogue of (7.3).

Corollary 7.3. For a k-scheme X with a G-action, the natural map

ΩG∗ (X)⊗S(G)C(G)→ CHG
∗ (X)

is an isomorphism of C(G)-modules. This is a ring isomorphism if X is smooth.
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Proof. It is clear that the above map is a ring homomorphism if X is smooth.
So we only need to prove the first assertion. But this follows directly from the
isomorphisms ΩG∗ (X)⊗S(G)C(G) ∼= ΩG∗ (X)⊗S(G)

(
S(G)⊗̂LZ

) ∼= ΩG∗ (X)⊗̂LZ
using Proposition 7.2. �

7.2. Comparison with equivariant K-theory. It was shown by Levine
and Morel in [30, Corollary 11.11] that the universal property of the algebraic
cobordism implies that there is a canonical isomorphism of oriented cohomology
theories

(7.8) Ω∗(X)⊗L Z[β, β−1]
∼=−→ K0(X)[β, β−1]

in the category of smooth k-schemes. This was later generalized to a complete
algebraic analogue of the Conner-Floyd isomorphism

MGL∗ ⊗L Z[β, β−1]
∼=−→ K∗(X)[β, β−1]

between the motivic cobordism and algebraic K-theory by Panin, Pimenov
and Röndigs [33]. Since the equivariant cobordism is a Borel style cohomol-
ogy theory, one can not expect an equivariant version of the isomorphism (7.8)
even with the rational coefficients. However, we show here that the equivari-
ant Conner-Floyd isomorphism holds after we base change the above by the
completion of the representation ring of G with respect to the ideal of virtual
representations of rank zero. In fact, it can be shown easily that such a base
change is the minimal requirement. In Theorem 7.4, all cohomology groups are
considered with rational coefficients (cf. Section 8).
For a linear algebraic group G, let R(G) denote the representation ring of
G. Let I denote the ideal of of virtual representations of rank zero in R(G)

and let R̂(G) denote the associated completion of R(G). Let Ĉ(G) denote
the completion of C(G) with respect to the augmentation ideal of algebraic
cycles of positive codimensions. For a scheme X with G-action, let KG

0 (X)
denote the Grothendieck group of G-equivariant vector bundles on X . By [11,

Theorem 4.1], there is a natural ring isomorphism R̂(G)
∼=−→ Ĉ(G) given by the

equivariant Chern character. We identify these two rings via this isomorphism.

In particular, the maps S(G) ։ C(G) → Ĉ(G) yield a ring homomorphism

S(G)→ R̂(G).

Theorem 7.4. Let X be a smooth scheme with a G-action. Then, with rational
coefficients, there is a natural isomorphism of rings

ΨX : Ω∗G(X)⊗S(G)R̂(G)
∼=−→ KG

0 (X)⊗R(G) R̂(G).

Proof. By [17, Theorem 1.2], there is a Chern character isomorphism

KG
0 (X) ⊗R(G) R̂(G)

∼=−→ CH∗(X) ⊗C(G) Ĉ(G) of cohomology rings. Thus, we

only need to show that the map Ω∗G(X)⊗S(G)Ĉ(G)→ CH∗(X)⊗C(G) Ĉ(G) is
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an isomorphism. However, we have

Ω∗G(X)⊗S(G)Ĉ(G) ∼=
(
Ω∗G(X)⊗S(G)C(G)

)
⊗C(G) Ĉ(G)

∼= CH∗G(X)⊗C(G) Ĉ(G),

where the last isomorphism follows from Corollary 7.3. This finishes the proof.
�

7.3. Comparison with complex cobordism. Let G be a complex Lie group
acting on a finite CW -complex X . We define the equivariant complex cobor-
dism ring of X as

(7.9) MU∗G(X) := MU∗
(
X

G
× EG

)

where EG → BG is universal principal G-bundle over the classifying space
BG of G. If E′G → B′G is another such bundle, then the projection (X ×
EG×E′G)/G→ X

G
× EG is a fibration with contractible fiber. In particular,

MU∗G(X) is well-defined. Moreover, if G acts freely on X with quotient X/G,

then the map X
G
× EG → X/G is a fibration with contractible fiber EG and

hence we get MU∗G(X) ∼= MU∗(X/G).
For a linear algebraic group G over C acting on a C-scheme X , let H∗G(X,A)
denote the (equivariant) cohomology of the complex analytic space X(C) with
coefficients in the ring A.

Proposition 7.5. Assume that X ∈ VSG is such that H∗G(X,Z) is torsion-free.
Then there is a natural homomorphism of graded rings

ρGX : Ω∗G(X)→MU2∗
G (X).

Proof. If {(Vj , Uj)} is a sequence of good pairs as in Theorem 6.1, then the
universality of the Levine-Morel cobordism gives a natural L-algebra map of
inverse systems

Ωi
(
X

G
× Uj

)
→MU2i

(
X

G
× Uj

)

which after taking limits yields the map

(7.10) ΩiG(X) = lim←−
j≥0

Ωi
(
X

G
× Uj

)
→ lim←−

j≥0
MU2i

(
X

G
× Uj

)
.

On the other hand, it follows from [15, Lemma 3.2] (see also [39, Theorem 2.1])
that there is a Milnor exact sequence
(7.11)

0 // lim←−
j≥0

1 MU2i−1
(
X

G
× Uj

)
// MU2i

(
X

G
× EG

)
// lim←−
j≥0

MU2i

(
X

G
× Uj

)
// 0.

Moreover, it follows from our assumption and [26, Corollary 1] that the
first term of this exact sequence vanishes. This yields the natural map
ρGX : ΩiG(X)→MU2i

G (X). �
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It follows from the proof of [26, Corollary 1] that the first term in (7.11) al-
ways vanishes if we work over the rationals. We can thus imitate the proof
of Proposition 7.5 to see that there is a natural map Ω∗G(X)Q → MU2∗

G (X)Q.
Combining this with Proposition 7.2 (with rational coefficients), one concludes
the following.

Corollary 7.6. For any X ∈ VSG, there is a natural map of graded LQ-algebras

ρGX : Ω∗G(X)Q →MU2∗
G (X)Q.

In particular, there is a natural ring homomorphism

ρGX : CH∗G(X)Q →MU2∗
G (X)Q⊗̂LQ

Q

which factors the cycle class map CH∗G(X)→ H2∗
G (X,Q).

Corollary 7.7. There is a natural morphism Ω∗(BG) → MU2∗(BG) of
graded L-algebras. In particular, there is a natural ring homomorphism
CH∗(BG) → MU2∗(BG)⊗̂LZ which factors the cycle class map CH∗(BG) →
H2∗(BG,Z).

Proof. The first assertion follows immediately from (7.10), (7.11) and [26, The-
orem 1] using the fact that BG is homotopy equivalent to the classifying space
of its maximal compact subgroup. The second assertion follows from the first

and Proposition 7.2 using the identification L
∼=−→MU∗. �

Remark 7.8. The map CH∗(BG) → MU2∗(BG)⊗̂LZ has also been con-
structed by Totaro [39] by a different method.

We shall study the above realization maps in more detail in the next section.

8. Reduction of arbitrary groups to tori

The main result of this section is to show that with the rational coefficients, the
equivariant cobordism of schemes with an action of a connected linear algebraic
group can be written in terms of the Weyl group invariants of the equivariant
cobordism for the action of the maximal torus. This reduces the problems
about the equivariant cobordism to the case where the underlying group is a
torus. We draw some consequences of this for the cycle class map from the
rational Chow groups to the complex cobordism groups of classifying spaces.
We first prove some reduction results about the equivariant cobordism which
reflect the relations between the G-equivariant cobordism and the equivariant
cobordism for actions of subgroups of G. The results of this section are used
in [19] and [21] to compute the non-equivariant cobordism ring of flag varieties
and flag bundles.

Proposition 8.1. Let G be a connected reductive group over k. Let B be
a Borel subgroup of G containing a maximal torus T over k. Then for any
X ∈ VG, the restriction map

(8.1) ΩB∗ (X)
rBT,X−−−→ ΩT∗ (X)
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is an isomorphism.

Proof. By Proposition 5.4, we only need to show that

(8.2) ΩB∗

(
B

T
× X

)
∼= ΩB∗ (X) .

By [8, XXII, 5.9.5], there exists a characteristic filtration Bu = U0 ⊇ U1 ⊇
· · · ⊇ Un = {1} of the unipotent radical Bu of B such that Ui−1/Ui is a vector
group, each Ui is normal in B and TUi = T ⋉Ui. Moreover, this filtration also
implies that for each i, the natural map B/TUi → B/TUi−1 is a torsor under
the vector bundle Ui−1/Ui × B/TUi−1 on B/TUi−1. Hence, the homotopy
invariance (cf. Theorem 5.2) gives an isomorphism

ΩB∗ (B/TUi−1 ×X)
∼=−→ ΩB∗ (B/TUi ×X) .

Composing these isomorphisms successively for i = 1, · · · , n, we get

ΩB∗ (X)
∼=−→ ΩB∗ (B/T ×X) .

The canonical isomorphism of B-varieties B
T
× X ∼= B/T × X and Proposi-

tion 5.4 together now prove (8.2) and hence (8.1). �

Proposition 8.2. Let H be a possibly non-reductive group over k. Let H =
L⋉Hu be the Levi decomposition of H (which exists since k is of characteristic
zero). Then the restriction map

(8.3) ΩH∗ (X)
rHL,X−−−→ ΩL∗ (X)

is an isomorphism.

Proof. Since the ground field is of characteristic zero, the unipotent radical Hu

of H is split over k. Now the proof is exactly same as the proof of Proposi-
tion 8.1, where we just have to replace B and T by H and L respectively. �

Notation: All results in the rest of this section will be proven with the rational
coefficients. In order to simplify our notations, an abelian group A from now on
will actually mean the Q-vector space A⊗Z Q, and an inverse limit of abelian
groups will mean the limit of the associated Q-vector spaces. In particular, all
cohomology groups will be considered with the rational coefficients and ΩGi (X)
will mean

ΩGi (X) := lim←−
j

(
ΩGi (X)j ⊗Z Q

)
.

Notice that this is same as ΩGi (X)⊗̂ZQ in our earlier notation.
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8.1. The motivic cobordism theory. Before we prove our main results
of this section, we recall the theory of motivic algebraic cobordism MGL∗,∗
introduced by Voevodsky in [41]. This is a bi-graded ring cohomology theory
in the category of smooth schemes over k. Levine has recently shown in [28]
that MGL∗,∗ extends uniquely to a bi-graded oriented Borel-Moore homology
theory MGL′∗,∗ on the category of all schemes over k. This homology theory
has exterior products, homotopy invariance, localization exact sequence and
Mayer-Vietoris among other properties (cf. [loc. cit., Section 3]). Moreover,
the universality of Levine-Morel cobordism theory implies that there is a unique
map

ϑ : Ω∗ →MGL′2∗,∗
of oriented Borel-Moore homology theories. Our motivation for studying the
motivic cobordism theory in this text comes from the following result of Levine.

Theorem 8.3 ([29]). For any X ∈ Vk, the map ϑX is an isomorphism.

We recall from [28] that for a smooth k-scheme X , there is a Hopkins-Morel
spectral sequence

(8.4) Ep,q2 (n) = CHn−q(X, 2n− p− q)⊗ Lq ⇒MGLp+q,n(X)

which is an algebraic analogue of the Atiyah-Hirzebruch spectral sequence in
complex cobordism.
If X is possibly singular, we embed it as a closed subscheme of a smooth scheme
M . Then, the functoriality of the above spectral sequence with respect to an
open immersion yields a spectral sequence

Ep,q2 (n) = CHn−q
X (M, 2n− p− q)⊗ Lq ⇒MGLp+q,nX (M)

of cohomology with support. Since the higher Chow groups and the motivic
cobordism groups of M with support in X are canonically isomorphic to the
higher Chow groups and the Borel-Moore motivic cobordism groups of X (cf.
[1], [29, Section 3]), the above spectral sequence is identified with

(8.5) E2
p,q(n) = CHn(X, p)⊗ Lq ⇒MGL′2n+2q−p,n+q(X).

Now, suppose that a finite group G acts on X . By embedding X equivariantly
in a smooth G-scheme M , the formula

MGL′p,q(X) := HomSH(k)

(
Σ∞T M/(M −X),Σp

′,q′MGL
)

(where p′ = 2dim(M) − p, q′ = dim(M) − q) shows that G acts naturally on
MGL′p,q(X). It also acts on the higher Chow groups CHp(X, q) likewise, where
we just have to replace MGL in (8.5) by the Eilenberg-MacLane spectrum HZ.
Recall furthermore that MGL and HZ are ring spectra and the spectral se-
quence (8.4) (and hence (8.5)) is obtained by first showing that there is a
natural quotient morphism of ring spectra MGL → HZ. In particular, for
any G-scheme X , (8.5) is a spectral sequence of Z[G]-modules. The reader will
notice that the rational coefficients have not been used so far and Theorem 8.3
as well as the spectral sequence (8.5) hold integrally.
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We shall now use rational coefficients everywhere and draw some consequences
of Theorem 8.3 and (8.5). Since the functor of taking “G-invariants” is exact
on the category of Q[G]-modules, the spectral sequence (8.5) over the rationals,
yields the spectral sequence of G-invariants

(8.6) E′
2
p,q(n) = (CHn(X, p))

G ⊗ Lq ⇒
(
MGL′2n+2q−p,n+q(X)

)G
.

Recall that a connected and reductive group G over k is said to be split, if it
contains a split maximal torus T over k such that G is given by a root datum
relative to T . One knows that every connected and reductive group containing
a split maximal torus is split (cf. [8, Chapter XXII, Proposition 2.1]). In such a
case, the normalizer N of T in G and all its connected components are defined
over k and the quotient N/T is the Weyl group W of the corresponding root
datum. As an application of the spectral sequences (8.5) and (8.6), we get the
following.

Lemma 8.4. Let G be a connected reductive group with split maximal torus T
and the associated Weyl group W . Let G act freely on a scheme X. Then,

with rational coefficients, the pull-back map Ω∗(X/G) → (Ω∗(X/T ))W (up to
a shift) is an isomorphism.

Proof. It follows from [17, Corollary 3.9] (see also [22, Corollary 8.9]) that in the

case under consideration, the natural map CH∗(X/G, p)→ (CH∗(X/T, p))
W

is
an isomorphism for all p ≥ 0. We can thus apply the spectral sequences (8.5)

and (8.6) to conclude that the map MGL′∗,∗(X/G)→
(
MGL′∗,∗(X/T )

)W
is an

isomorphism. The lemma now follows from this isomorphism and Theorem 8.3.
�

Remark 8.5. The proof of Lemma 8.4 is based on the existence of the Atiyah-
Hirzebruch spectral sequence in the motivic cobordism. There is no published
proof of the existence of this spectral sequence, though it has been presented by
the authors during various seminars. We can give another proof of the above
lemma without using the spectral sequence as follows.
It was proven by Levine and Morel in [31, Theorems 4.1.28, 4.5.1] that there is
a morphism of oriented Borel-Moore homology theories Ω∗ → CH∗[t](t) which
is an isomorphism with rational coefficients. Here, CH∗[t] is the polynomial
module CH∗[t1, t2, · · · ] in infinitely many variables with deg(ti) = i. Recall
also that CH∗[t](t) is same as CH∗[t] as CH∗(k)-module.
Applying the above isomorphism to X/T and X/G and using the isomorphism

CH∗(X/G)
∼=−→ (CH∗(X/T ))

W
(cf. [10, Proposition 9]), we immediately get

that the map Ω∗(X/G)→ (Ω∗(X/T ))
W

is an isomorphism.

Recall from Remark 4.6 that if a connected reductive group G acts on a scheme
X , then the Weyl group W acts on ΩT∗ (X) where T is a maximal torus of G.
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Theorem 8.6. 1 Let G be a connected linear algebraic group and let L be a
Levi subgroup of G with a split maximal torus T . Let W denote the Weyl group
of L with respect to T . Then for any X ∈ VG, the natural map

(8.7) ΩG∗ (X)→
(
ΩT∗ (X)

)W

is an isomorphism with rational coefficients.

Proof. By Proposition 8.2, we can assume that G = L and hence G is a con-
nected reductive group with split maximal torus T .
We choose a sequence of lj-dimensional good pairs {(Vj , Uj)} as in Theorem 6.1
for the G-action. Then, this is also a sequence of good pairs for the action of

T . Setting Xj
H = {X

H
× Uj} for any closed subgroup H ⊆ G, we see that {Xj

T}
is a sequence of W -schemes, each term of which has a free W -action. It follows
from Lemma 8.4 (or Remark 8.5) that the smooth pull-back map

(8.8) Ωi+lj−g
(
Xj
G

)
→
(

Ωi+lj−n
(
Xj
T

))W

is an isomorphism, where dim(G) = g and dim(T ) = n.

Since the action of W on the inverse system
{

Ωi+lj−n
(
Xj
T

)}
j

induces the

similar action on the inverse limit and since the inverse limit commutes with
taking the W -invariants, we get

(8.9) lim←−
j

Ωi+lj−g
(
Xj
G

) ∼=−→
(

lim←−
j

Ωi+lj−n
(
Xj
T

))W
.

Since the left and the right terms are same as ΩGi (X) and
(
ΩTi (X)

)W
re-

spectively by choice of our good pairs and Theorem 6.1, we conclude that

ΩGi (X)
∼=−→
(
ΩTi (X)

)W
. This completes the proof of the theorem. �

Corollary 8.7. Let X ∈ VG be as in Theorem 8.6. Then the restriction map

(8.10) ΩG∗ (X)Q
rGT,X−−−→ ΩT∗ (X)Q

is a split monomorphism which is natural for the morphisms in VG. In partic-
ular, if H is any closed subgroup of G, then there is a split injective map

(8.11) ΩH∗ (X)Q
rGT,X−−−→ ΩT∗

(
G

H
× X

)

Q

.

Proof. The first statement follows directly from Theorem 8.6, where the split-
ting is given by the trace map. The second statement follows from the first
and Proposition 5.4. �

1It has been shown recently in [15, Proposition 4.8] that the map S(G) → S(T )W is an

isomorphism over Z[t−1
G ], where tG is the torsion index of G.
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Before we apply Theorem 8.6 to study the rational cobordism rings of classifying
spaces, we need the following topological analogue, which is much simpler to
prove. Recall from (7.9) that if G is a complex Lie group and X is a finite CW -
complex with a G-action, then its equivariant complex cobordism is defined as

(8.12) MU∗G(X) := MU∗
(
X

G
× EG

)
.

Theorem 8.8. Let G be a complex Lie group with a maximal torus T and Weyl
group W . Then for any X as above, the natural map

(8.13) MU∗G(X)→ (MU∗T (X))
W

is an isomorphism with rational coefficients.

Proof. As in the proof of Theorem 8.6, we can reduce to the case when G
is reductive. It follows from the above definition of the equivariant complex
cobordism and the similar definition of the equivariant singular cohomology of
X , plus the Atiyah-Hirzebruch spectral sequence in topology that there is a
spectral sequence

(8.14) Ep,q2 = Hp
G(X,Q)⊗Q MU q ⇒MUp+qG (X).

Since the Atiyah-Hirzebruch spectral sequence degenerates rationally, we see
that the above spectral sequence degenerates too. Since one knows that

H∗G(X) ∼= (H∗T (X))
W

(cf. [4, Proposition 1]), the corresponding result for
the cobordism follows. �

Theorem 8.9. For a connected linear algebraic group G over C, the degree
doubling map ρG : Ω∗(BG) → MU∗(BG) (cf. Corollary 7.7) of L-algebras,
is an isomorphism with rational coefficients. In particular, the natural map of
Q-algebras

CH∗(BG)Q
ρG−−→MU∗(BG)⊗̂LQ

is an isomorphism.

Proof. To prove the first isomorphism, we can use Theorems 8.6 and 8.8 to
reduce to the case of a torus. But this case is already known even with the
integer coefficients (cf. (6.14) and [39]). The second isomorphism follows from
the first and Proposition 7.2. �

Remark 8.10. The map ρG : CH∗(BG) → MU∗(BG)⊗̂LZ was found by To-
taro in [39] even before Levine and Morel discovered their algebraic cobordism.
It was conjectured that the map ρG should be an isomorphism with the integer
coefficients for a connected complex algebraic group G. Totaro modified this
conjecture to an expectation that ρG should be an isomorphism after localiza-
tion at a prime p such that MU∗(BG)(p) is concentrated in even degree. The
above theorem proves the isomorphism in general with the rational coefficients.
We also remark that the map MU∗(BG)⊗̂LQ→ H∗(BG,Q) is an isomorphism
(cf. [38]). The above result then shows that the cycle class map for the clas-
sifying space is an isomorphism with the rational coefficients. One wonders if
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the techniques of this paper could be applied to the algebraic version of the
Brown-Peterson cobordism theory to prove the Totaro’s modified conjecture.
We do not know the answer yet.

Acknowledgments. The author would like to thank the referee for his/her com-
ments and suggestions, which were immensely helpful in improving the contents
and the presentation of this paper.
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Abstract. Consider a crystallographic root system together with
its Weyl group W acting on the weight lattice Λ. Let Z[Λ]W and
S(Λ)W be the W -invariant subrings of the integral group ring Z[Λ]
and the symmetric algebra S(Λ) respectively. A celebrated result by
Chevalley says that Z[Λ]W is a polynomial ring in classes of funda-
mental representations ρ1, ..., ρn and S(Λ)W ⊗Q is a polynomial ring
in basic polynomial invariants q1, ..., qn. In the present paper we es-
tablish and investigate the relationship between ρi’s and qi’s over the
integers. As an application we provide estimates for the torsion of the
Grothendieck γ-filtration and the Chow groups of some twisted flag
varieties up to codimension 4.
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Introduction

Consider a crystallographic root system Φ together with its Weyl group W act-
ing on the weight lattice Λ of Φ. Let Z[Λ]W and S∗(Λ)W be the W -invariant
subrings of the integral group ring Z[Λ] and the symmetric algebra S∗(Λ). A
celebrated theorem of Chevalley says that Z[Λ]W is a polynomial ring over Z in
classes of fundamental representations ρ1, . . . , ρn and S∗(Λ)W ⊗Q is a polyno-
mial ring over Q in basic polynomial invariants q1, . . . , qn, where n = rank(Φ).
Another classical result due to Demazure says that the kernels of character-
istic maps Z[Λ] → K0(X) and S∗(Λ) → CH∗(X), where X is the variety of
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Borel subgroups of the associated linear algebraic group, are generated by non-
constant W -invariants. This fact provides a link between combinatorics of the
W -action on Z[Λ] and S∗(Λ) and the respective cohomology rings.

In the present paper we establish and investigate the relationship between ρi’s
and qi’s. To do this we introduce an equivariant analogue of the Chern class
map φi that provides an isomorphism between the truncated rings Z[Λ]/Ijm and
S∗(Λ)/Ija modulo powers of the respective augmentation ideals. This allows us
to express basic polynomial invariants in terms of fundamental representations
and vice versa, hence, relating the representation theory of the respective Lie
algebra g with the geometry of the variety of Borel subgroups X .

A multiple of φi restricted to the respective cohomology (K0 and CH∗) of X
gives the classical Chern class map ci : K0(X)→ CHi(X). This geomeric inter-
pretation provides a powerful tool to compute the annihilators of the torsion
of the Grothendieck γ-filtration on K0 of twisted forms of X as well as a tool
to estimate the torsion part of its Chow groups in small codimensions.

The paper is organized as follows. In the first section we introduce the I-
adic filtrations on Z[Λ] and S∗(Λ) together with an isomorphism φi on their
truncations. Then we study the subrings of invariants and introduce the key
notion of an exponent τi of a W -action on a free abelian group Λ. Roughly
speaking, the integers τi measure how far is the ring S∗(Λ)W from being a
polynomial ring in qi’s. In section 5 we estimate all the exponents up to degree 4
and show that they all divide the Dynkin index of the Lie algebra g. We would
like to stress that the procedure of estimating τi-s has an algorithmic nature,
i.e. given a group and an integer i one can estimate τi for this group just
using the explicit formulas for W -invariant polynomials. Finally, we apply the
obtained results to estimate the torsion in Grothendieck γ-filtration of some
twisted flag varieties.

Acknowledgments. The first author has been partially supported from the
NSERC grants of the other two authors and from the Fields Institute. The sec-
ond author gratefully acknowledges support through NSERC Discovery grant
8836-20121. The last author has been supported by the NSERC Discovery
grant 385795-2010, Accelerator Supplement 396100-2010 and an Early Re-
searcher Award (Ontario).

1. Two filtrations

Consider the two covariant functors S∗(−) and Z[−] from the category of
abelian groups to the category of commutative rings

S∗(−) : Λ 7→ S∗(Λ) and Z[−] : Λ 7→ Z[Λ]

given by taking the symmetric algebra of an abelian group Λ and the integral
group ring of Λ respectively. The ith graded component Si(Λ) is additively
generated by monomials λ1λ2 . . . λi with λj ∈ Λ and the ring Z[Λ] is additively
generated by exponents eλ, λ ∈ Λ.
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The trivial group homomorphism induces the ring homomorphisms

ǫa : S∗(Λ)→ Z and ǫm : Z[Λ]→ Z

called the augmentation maps. By definition ǫa sends every element of positive
degree to 0 and ǫm sends every eλ to 1. Let Ia and Im denote the kernels
of ǫa and ǫm respectively. Observe that Ia = S>0(Λ) consists of elements of
positive degree and Im is generated by differences (1 − e−λ), λ ∈ Λ. Consider
the respective I-adic filtrations:

S∗(Λ) = I0a ⊇ Ia ⊇ I2a ⊇ . . . and Z[Λ] = I0m ⊇ Im ⊇ I2m ⊇ . . .
and let

gr∗a(Λ) =
⊕

i≥0
Iia/I

i+1
a and gr∗m(Λ) =

⊕

i≥0
Iim/I

i+1
m

denote the associated graded rings. Observe that gr∗a(Λ) = S∗(Λ).

1.1. Example. If Λ ≃ Z, then the ring S∗(Λ) can be identified with the poly-
nomial ring in one variable Z[ω], where ω is a generator of Λ and the ring Z[Λ]
can be identified with the Laurent polynomial ring Z[x, x−1] where x = eω.
The augmentations ǫa and ǫm are given by

ǫa : ω 7→ 0 and ǫm : x 7→ 1.

We have Ia = (ω) and Im is additively generated by differences (1−xn), n ∈ Z.

Note that the rings Z[ω] and Z[x, x−1] are not isomorphic, however they be-
come isomorphic after the truncation. Namely for every i ≥ 0 there is ring
isomorphism

φi : Z[x, x−1]/Ii+1
m

≃→ Z[ω]/Ii+1
a

defined by φi : x 7→ (1 − ω)−1 = 1 + ω + . . . + ωi with the inverse defined by
φ−1i : ω 7→ 1− x−1. It is useful to keep the following picture in mind

Z[x, x−1]

���� ''OOOOOOOOOOO
Z[ω]

����

oo

Z[x, x−1]/Ii+1
m

φi

≃
// Z[ω]/Ii+1

a

observing that the inverse φ−1i can be lifted to the map Z[ω] → Z[x, x−1] but
φi can’t.

The example can be generalized as follows:

1.2. Lemma. [GZ10, 2.1] Assume that Λ is a free abelian group of finite rank
n. The rings Z[Λ] and S∗(Λ) become isomorphic after truncation. Namely, if
{ω1, . . . , ωn} is a Z-basis of Λ, then for every i ≥ 0 there is a ring isomorphism

φi : Z[Λ]/Ii+1
m

≃→ S∗(Λ)/Ii+1
a

defined by φi(1) = 1 and

φi(e
∑n

j=1 ajωj ) =

n∏

j=1

(1 − ωj)−aj
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with the inverse defined by φ−1i (ωj) = 1− e−ωj .

Note that the map φi preserves the I-adic filtrations. Indeed, by definition
φi(I

j
m) ⊆ Ija for every 0 ≤ j ≤ i. Moreover, we have the following

1.3. Lemma. (cf. [CPZ, 4.2]) The isomorphism φi restricted to the subsequent
quotients Iim/I

i+1
m doesn’t depend on the choice of a basis of Λ. Hence, there is

an induced canonical isomorphism of graded rings

φ∗ = ⊕i≥0φi : gr∗m(Λ)
≃−→ gr∗a(Λ) = S∗(Λ).

Proof. Indeed, in this case we can define the inverse φ−1i : Iia/I
i+1
a → Iim/I

i+1
m

by

φ−1i (λ1λ2 . . . λi) = (1− e−λ1)(1 − e−λ2) . . . (1− e−λi).

It is well-defined since (1 − e−λ−λ′
) = (1 − e−λ) + (1 − e−λ′

) modulo I2m. �

Consider the composite of the map φi with the projections

φ(i) : Z[Λ]→ Z[Λ]/Ii+1
m

φi−→ S∗(Λ)/Ii+1
a → Si(Λ).

The map φ(i), and therefore φi, can be computed on generators eλ, λ ∈ Λ as
follows:

Let f(z) =
∏
j(1 − ωjz)−aj , where λ =

∑
j ajωj . Then

φ(i)(e
∑

j ajωj ) =
1

i!

dif(z)

dzi

∣∣∣
z=0

To compute the derivatives of f(z) we observe that f ′(z) = f(z)g(z), where

g(z) =
∑
j ajωj(1 − ωjz)−1 and di g(z)

d zi =
∑
j

i! ajω
i+1
j

(1−ωjz)i+1 . Hence, starting with

g0 = 1 we obtain the following recursive formulas

di f(z)

d zi
= f(z) · gi(z), where gi(z) = g(z)gi−1(z) + g′i−1(z).

1.4. Example. For small values of i we obtain

i i! · φ(i)(eλ) =
1 λ
2 λ2 + λ(2)
3 λ3 + 3λ(2)λ+ 2λ(3)
4 λ4 + 6λ(4) + 6λ(2)λ2 + 8λ(3)λ+ 3λ(2)2

where given a presentation λ =
∑n

j=1 aj,λωj , aj,λ ∈ Z in terms of the basis

{ω1, ω2, . . . .ωn} we set λ(m) =
∑n
j=1 aj,λω

m
j for m ≥ 1.

2. Invariants and exponents

Let W be a finite group which acts on a free abelian group Λ of finite rank by
Z-linear automorphisms. Consider the induced action of W on Z[Λ] and S∗(Λ).
Observe that it is compatible with the I-adic filtrations, i.e. W (Iim) ⊆ Iim and
W (Iia) ⊆ Iia for every i ≥ 0.
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Note that the isomorphisms φi and φ−1i are not necessarily W -equivariant.
However, by Lemma 1.3 their restrictions to the subsequent quotients Iim/I

i+1
m

and Iia/I
i+1
a = Si(Λ) are W -equivariant and we have

(Iim/I
i+1
m )W ≃ (Iia/I

i+1
a )W .

Let IWm denote the ideal of Z[Λ] generated by W -invariant elements from the
augmentation ideal Im, i.e., by elements from Z[Λ]W ∩ Im. Similarly, let IWa
denote the ideal of S∗(Λ) generated by W -invariant elements from Ia, i.e., by
elements from S∗(Λ)W ∩ Ia.

For each χ ∈ Λ let ρ(χ) =
∑

λ∈W (χ) e
λ denote the sum over all elements

of the W -orbit of χ. Every element in IWm can be written as a finite linear
combination with integer coefficients of the elements ρ̂(χ) = ρ(χ) − ǫm(ρ(χ)),
χ ∈ Λ. Therefore, the ideal IWm is generated by the elements ρ̂(χ), i.e.,

IWm = 〈ρ̂(χ) | χ ∈ Λ〉.
The image of IWm by means of the composite

Z[Λ]→ Z[Λ]/Ii+1
m

φi−→ S∗(Λ)/Ii+1
a .

is an ideal in S∗(Λ)/Ii+1
a generated by the elements φi(ρ̂(χ)), χ ∈ Λ. Therefore,

the image of IWm in Si(Λ) is the ith homogeneous component of the ideal
generated by φ(j)(ρ̂(χ)), where 1 ≤ j ≤ i, χ ∈ Λ, i.e.

φ(i)(IWm ) = 〈f · φ(j)(ρ̂(χ)) | 1 ≤ j ≤ i, f ∈ Si−j(Λ), χ ∈ Λ〉Z .
We are ready now to introduce the central notion of the present paper:

2.1. Definition. We say that an action of W on Λ has finite exponent in degree
i if there exists a non-zero integer Ni such that

Ni · (IWa )(i) ⊆ φ(i)(IWm ),

where (IWa )(i) = IWa ∩ Si(Λ). In this case the g.c.d. of all such Nis will be
called the i-th exponent of the W -action and will be denoted by τi.

Observe that if φ(i)(IWm ) is a subgroup of finite index in (IWa )(i), then τi is simply
the exponent of φ(i)(IWm ) in (IWa )(i). Note also that by the very definition
τ0 = 1.

2.2. Example. Consider Λ = Z·ω with the action ω 7→ −ω ofW = Z/2Z. Then
(IWa ) is generated by ω2, ω4, · · · , hence (IWa )(i) = Z ·ωi if i is even, 0 otherwise.
On the other hand, φ(i)(IWm ) is generated by φ(i)(ρ̂(ω)) = φ(i)(eω+e−ω−2) = ωi

if i ≥ 2, 0 otherwise. Therefore, we have τi = 1 for every i ≥ 0.

3. Essential actions

In the present section we study W -actions that have no W -invariant linear
forms, i.e. we assume that ΛW = 0. In the theory of reflection groups such
actions are called essential (see [B4-6, V, §3.7] or [Hu]). Note that this imme-
diately implies that τ1 = 1.
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3.1. Lemma. For every χ ∈ Λ and m ∈ N+ we have
∑
λ∈W (χ) λ(m) = 0.

Proof. Let ω1, ω2, . . . .ωn be a Z-basis of Λ. For m ∈ N+ we have

∑

λ∈W (χ)

λ(m) =
∑

λ∈W (χ)

( n∑

j=1

aj,λω
m
j

)
=

n∑

j=1

( ∑

λ∈W (χ)

aj,λ
)
ωmj .

In particular, for m = 1 we obtain

∑

λ∈W (χ)

λ =

n∑

j=1

( ∑

λ∈W (χ)

aj,λ
)
ωi.

Since ΛW = 0, we have
∑

λ∈W (χ) λ = 0. Since ωj, 1 ≤ j ≤ n are Z-free, we

have
∑
λ∈W (χ) aj,λ = 0 for all 1 ≤ j ≤ n. �

3.2. Corollary. For every χ ∈ Λ we have

φ(2)(ρ(χ)) = 1
2

∑

λ∈W (χ)

λ2.

In particular, the quadratic form φ(2)(ρ(χ)) is W -invariant, i.e.

φ(2)(ρ(χ)) ∈ S2(Λ)W .

Proof. By the formula for φ(2) in Example 1.4 and by Lemma 3.1 we obtain
that

φ(2)
( ∑

λ∈W (χ)

eλ
)

= 1
2

∑

λ∈W (χ)

(λ2 + λ(2)) = 1
2

∑

λ∈W (χ)

λ2. �

3.3. Corollary. If S2(Λ)W = 〈q〉 for some q, then φ(2)(IWm ) is a subgroup of
finite index in (IWa )(2).

Proof. The image of the ideal IWm is generated by φ(1)(ρ(χ)) and φ(2)(ρ(χ)).
Since ΛW = 0, φ(1)(ρ(χ)) =

∑
λ∈W (χ) λ = 0 and by Corollary 3.2, φ(2)(IWm ) is

generated only by the W -invariant quadratic forms φ(2)(ρ(χ)). For every χ ∈ Λ
let

(1) φ(2)(ρ(χ)) = Nχ · q, Nχ ∈ N.

Then the subgroup φ(2)(IWm ) is a subgroup of (IWa )(2) of exponent

τ2 = gcd
χ∈Λ

Nχ. �

We now investigate the invariants of degree 3 and 4.

3.4. Lemma. For every χ ∈ Λ we have

φ(3)(ρ(χ)) = 1
6

∑

λ∈W (χ)

(λ3 + 3λ(2)λ).
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Proof. By the formula for φ(3) in Example 1.4 and by Lemma 3.1 we obtain
that

φ(3)(ρ(χ)) = 1
6

∑

λ∈W (χ)

(λ3 + 3λ(2)λ+ 2λ(3)) = 1
6

∑

λ∈W (χ)

(λ3 + 3λ(2)λ). �

3.5. Lemma. For every χ ∈ Λ we have

φ(4)(ρ(χ)) = 1
24

∑

λ∈W (χ)

[λ4 + 6λ(2)λ2 + 8λ(3)λ+ 3λ(2)2].

Proof. It follows from Example 1.4 and Lemma 3.1. �

4. The Dynkin index

In the present section we show that the action of the Weyl group W of a
crystallographic root system Φ on the weight lattice Λ has finite exponent in
degree 2 which coincides with the Dynkin index of the respective Lie algebra.

Let W be the Weyl group of a crystallographic root system Φ and let Λ be
its weight lattice as defined in [Hu, §2.9]. Let {ω1, . . . , ωn} be a basis of Λ
consisting of fundamental weights (here n is the rank of Φ).

The Weyl group W acts on λ ∈ Λ by means of simple reflections

sj(λ) = λ− 〈α∨j , λ〉 · αj , j = 1 . . . n

where α∨j is the j-th simple coroot and 〈−,−〉 is the usual pairing. Note that
〈α∨j , ωi〉 = δij , where δij is the Kronecker symbol.

The subring of invariants Z[Λ]W is the representation ring of the respective Lie
algebra g. By a theorem of Chevalley it is the polynomial ring in classes of
fundamental representations ch(Vj) ∈ Z[Λ]W , i.e.

Z[Λ]W ≃ Z[ch(V1), . . . , ch(Vn)].

Note that every ch(Vl) is a sum of W -orbits ρ(χ) with some multiplicities.

Therefore, the image φ(i)(IWm ) is the i-th homogeneous component of the ideal
generated by φ(j)(ch(Vl)), 1 ≤ j ≤ i, l = 1 . . . n.

4.1. Lemma. We have ΛW = 0 and hence also

φ(1)(Z[Λ]W ) = φ(1)(IWm ) = 0.

Proof. Let η ∈ ΛW . Since η = sαj (η) = η − 〈η, α∨
j 〉αj we have 〈η, α∨

j 〉 =
2(αj ,η)
(αj ,αj)

= 0 for all simple roots αj which implies that η = 0. �

4.2. Lemma. We have S2(Λ)W = 〈q〉.
Proof. By [GN04, Prop. 4] there exists an integer valued W -invariant quadratic
form on Λ which has value 1 on short coroots. As the group S2(Λ)W is identical
to the group of all integral W -invariant quadratic forms on T∗ ⊗ R, the result
follows. �

4.3. Corollary. The image φ(2)(IWm ) is a subgroup of (IWa )(2) of finite index.
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Proof. This follows from Corollary 3.3 and Lemma 4.1. �

We recall briefly the notion of indices of representations introduced by Dynkin
[Dy57, §2] (See also [Br91]).

Let f : g → g′ be a morphism between simple Lie algebras. Then there exists
a unique number jf ∈ C, called the Dynkin index of f , satisfying

(f(x), f(y)) = jf (x, y),

for all x, y ∈ g, where (–,–) is the Killing form on g and g′ normalized such
that (α, α) = 2 for any long root α. In particular, if f : g → sl(V ) is a linear
representation, jf is a positive integer, called the Dynkin index of the linear
representation f , defined by

tr(f(x), f(y)) = jf (x, y).

The Dynkin index of g is defined to be the greatest common divisor of all the
Dynkin indices of all linear representations of g. By [Dy57, (2.24) and (2.25)],
the Dynkin index of g is the greatest common divisor of the Dynkin indexes jl
of its fundamental representations Vl, l = 1 . . .m. All the Dynkin indexes jl
were calculated in [Dy57, Table 5]. We provide below the list of Dynkin indexes
taken from [LS97, Prop. 2.6]:

type of g A or C Bn (n ≥ 3), Dn (n ≥ 4), G2 F4 or E6 E7 E8

Dynkin index 1 2 6 12 60

Using the sl2-representation theory, the Dynkin index of a linear representation
f : g→ sl(V ) can be described as follows. Let α be a long root. For the formal
character ch(V ) =

∑
λ nλe

λ, one has (see [LS97, Lemma 2.4] or [KNR, 5.1 and
Lemma 5.2])

jf =
1

2

∑

λ

nλ〈λ, α∨〉2.

4.4. Theorem. The second exponent equals the Dynkin index of g.

Proof. As explained at the beginning of this section, the image φ(2)(IWm ) is
spanned by φ(2)(ch(Vl)), where Vl is the l-th fundamental representation. It
follows that τ2 is the greatest common divisor of the integers Nl defined by
φ(2)(ch(Vl)) = Nl · q as in Corollary 3.3.
To find the precise value of τ2 we use the explicit formula for φ(2)(ρ(χ)) given
in Corollary 3.2, that is

φ(2)(ρ(χ)) = 1
2

∑

λ∈W (χ)

λ2.

Recall that ch(Vl) is a sum of W -orbits ρ(χ) of some χ ∈ Λ with some multiplic-
ities. Evaluating φ(2)(ch(Vl)) (considered as a linear combination of φ(2)(ρ(χ)))
at α∨, where α is long, we obtain that jl = Nlq(α

∨) = Nl. Therefore,
gcd(j1, . . . , jn) = gcd(N1, . . . , Nn) = τ2. �

We note that Theorem 4.4 was shown in [GZ10, §2] with a different proof.
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5. Exponents of degrees 3 and 4

In the present section we show that τ2 = N3 = N4 for all crystallographic root
systems, i.e. that the exponents τ3 and τ4 divide the Dynkin index of G.

Let S = {λ1, . . . , λr} be a finite set of weights. We denote by −S the set of
opposite weights {−λ1, . . . ,−λr}, by S+ the set of sums {λi + λj}i<j , by S−
the set of differences {λi − λj}i<j and by S± the disjoint union S+ ∐ S−. By
definition we have |S+| = |S−| =

(
r
2

)
.

Using the fact that (λ+λ′)(m) = λ(m)+λ′(m) for every λ, λ′ ∈ Λ andm ≥ 0 we
obtain the following lemma which will be extensively used in the computations

5.1. Lemma. (i) For every integer m1,m2, x, y ≥ 0 and a finite subset S ⊂ Λ
we have

∑

λ∈S∐−S
λ(m1)xλ(m2)y = (1 + (−1)x+y)

∑

λ∈S
λ(m1)xλ(m2)y.

In particular,
∑
λ∈S∐−S λ(2)λ2 = 0.

(ii) For every subset S ⊂ Λ with |S| = r and for every m1,m2 ≥ 0 we have
∑

λ∈S+

λ(m1)λ(m2) = (r − 1)
∑

λ∈S
λ(m1)λ(m2) +

∑

i6=j
λi(m1)λj(m2) and

∑

λ∈S−

λ(m1)λ(m2) = (r − 1)
∑

λ∈S
λ(m1)λ(m2)−

∑

i6=j
λi(m1)λj(m2).

In particular, this implies that
∑

λ∈S±

λ(m1)λ(m2) = 2(r − 1)
∑

λ∈S
λ(m1)λ(m2).

An-case. Let Φ be of type An for n ≥ 3. We denote the canonical basis
of Rn+1 by ei with 1 ≤ i ≤ n + 1. According to [Hu, §3.5 and §3.12] the
basic polynomial invariants of the W -action on Λ (algebraically independent
homogeneous generators of S∗(Λ)W as a Q-algebra) are given by the symmetric
power sums

qi := ei1 + · · ·+ ein+1, 2 ≤ i ≤ n+ 1.

Let si denote the ith elementary symmetric function in e1, . . . , en+1. Using the
classical identities

q1 = s1, qi = s1qi−1−s2qi−2+ . . .+(−1)isi−1q1+(−1)i+1i ·si, 1 < i < n+1

and the fact that s1 = 0, we obtain that

q2/2 = −s2, q3/3 = s3, and q4/2 = s22 − 2s4.

generate (with integral coefficients) the ideal IWa up to degree 4.

The fundamental weights of Φ can be expressed as follows

ω1 = e1, ω2 = e1 + e2, . . . , ωn−1 = e1 + . . .+ en−1, ωn = −en+1,
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where e1 + e2 + . . . + en+1 = 0. The orbits of ω1, ω1 + ωn, ωn and ω2, ωn−1
under the action of the Weyl group W = Sn+1 are given by

W (ω1) = {e1, . . . , en+1} = −W (ωn), W (ω1 + ωn) = {ei − ej}i6=j and

W (ω2) = {ei + ej}i<j = −W (ωn−1).

Therefore, W (ω1 + ωn) = S− ∐−S− and W (ω2) = S+, where S = W (ω1).

Applying Lemma 3.5 and Lemma 5.1 we obtain that

φ(4)(ρ(ω1) + ρ(ωn)) = 1
12

∑

λ∈S
(λ4 + 8λ(3)λ+ 3λ(2)2) and

φ(4)(ρ(ω1 + ωn) + ρ(ω2) + ρ(ωn−1)) = 1
24

∑

λ∈S±∐−S±

(λ4 + 8λ(3)λ+ 3λ(2)2) =

= 1
24

∑

λ∈S±∐−S±

λ4 + n
6

∑

λ∈S
(8λ(3)λ+ 3λ(2)2).

Then the difference

φ(4)(ρ(ω1 + ωn) + ρ(ω2) + ρ(ωn−1))− 2n · φ(4)(ρ(ω1) + ρ(ωn)) =

(2) = 1
24

∑

λ∈S±∐−S±

λ4 − n
6

∑

λ∈S
λ4 =

is a symmetric function in e1, . . . , en+1 and, therefore, it can be always written
as a polynomial in qis. Indeed, since

∑

λ∈S±∐−S±

λ4 = 2
∑

i<j

((ei + ej)
4 + (ei − ej)4) = 4n

∑

λ∈S
λ4 + 24

∑

i<j

e2i e
2
j ,

the difference (2) equals

=
∑

i<j

e2i e
2
j = (q22 − q4)/2.

5.2. Lemma. For a root system of type An, n ≥ 2, we have τ2 = τ3 = τ4 = 1.

Proof. It is enough to show that the generators q2/2, q3/3 and q4/2 are in the
ideal generated by the image of φ(i), i ≤ 4.

By Corollary 3.2 we have φ(2)(ρ(ω1)) = 1
2

∑
λ∈S λ

2 = q2/2. By Lemma 3.4 we

have q3/3 = φ(3)(ρ(ω1)) − φ(3)(ρ(ωn)) (see also [GZ10, §1C]). If Φ is of type
A2, then s4 = 0 and, hence, q4 = q22/2. If Φ is of type An, n ≥ 3, then by
(2) the generator q4/2 belongs to the ideal generated by the images of φ(2) and
φ(4). �
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Bn, Cn and Dn cases. Let Φ be of type Bn or Cn for n ≥ 2 or of type Dn

for n ≥ 4. We denote the canonical basis of Rn by ei with 1 ≤ i ≤ n. By [Hu,
§3.5 and §3.12] the basic polynomial invariants of the W -action on Λ are given
by even power sums

q2i := e2i1 + · · ·+ e2in , 1 ≤ i ≤ n,
together with pn := e1 · · · en if Φ is of type Dn.

The first two fundamental weights of Φ are given by ω1 = e1, ω2 = e1 + e2 and
their W -orbits are

W (ω1) = {±e1, . . . ,±en} and W (ω2) = {±ei ± ej}i<j .
Hence W (ω1) = S ∐−S and W (ω2) = S± ∐−S±, where S = {e1, . . . , en}.
Applying Lemma 3.5 and Lemma 5.1 we obtain that

φ(4)(ρ(ω1)) = 1
12

∑

λ∈S
λ4 + 1

12

∑

λ∈S
(8λ(3)λ+ 3λ(2)2) and

φ(4)(ρ(ω2)) = 1
24

∑

λ∈S±∐−S±

λ4 + n−1
6

∑

λ∈S
(8λ(3)λ + 3λ(2)2).

Then similar to the An-case we obtain

(3) φ(4)(ρ(ω2))− 2(n− 1)φ(4)(ρ(ω1)) = (q22 − q4)/2,

where qi = ei1 + . . .+ ein and

(4) −φ(4)(ρ(ω3)) + φ(4)(ρ(ω4)) = p4,

if Φ is of type D4.

5.3. Lemma. For a root system of type Bn or Cn, n ≥ 2 or Dn, n ≥ 4 the
exponents τ3 and τ4 divide the Dynkin index τ2.

Proof. Since there are no basic polynomial invariants in degree 3 [Hu, §3.7
Table 1] we have τ3 | τ2 = 2. For D4, by (4) the invariant p4 is in the ideal
generated by the image of φ(4). Hence, to show that τ4 | τ2 it is enough to
show that q4/2 is in the ideal generated by the image of φ(2) and φ(4). Indeed,
by Corollary 3.2 we have φ(2)(ρ(ω1)) =

∑
λ∈S λ

2 = q2. Therefore, by (3)

q4/2 = (q2/2) · φ(2)(ρ(ω1))− φ(4)(ρ(ω2)) + 2(n− 1)φ(4)(ρ(ω1)). �

5.4. Theorem. For every crystallographic root system Φ the exponents τ3 and
τ4 divide the Dynkin index τ2.

Proof. If Φ is of type An, this follows from Lemma 5.2. If Φ is of type Bn, Cn
or Dn this follows from Lemma 5.3; for all other types τ3 and τ4 divide τ2 since
there are no basic polynomial invariants of degree 3 and 4 (see [Hu, §3.7 Table
1]). �
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6. Torsion in the Grothendieck γ-filtration

The goal of the present section is to provide geometric interpretation (see (6))
of the map φi and the exponents τi.

Let G be a split simple simply-connected group over a field k. We fix a maximal
split torus T ofG and a Borel subgroupB ⊃ T . Let Λ be the group of characters
of T . Since G is simply-connected, Λ coincides with the weight lattice of G.

Let X denote the variety of Borel subgroups of G (conjugate to B). Consider
the Chow ring CH∗(X) of algebraic cycles modulo rational equivalence and the
Grothendieck ring K0(X). Following [De74, §1] to every character λ ∈ Λ we
may associate the line bundle L(λ) over X . It induces the ring homomorphisms
(called the characteristic maps)

ca : S∗(Λ)→ CH∗(X) and cm : Z[Λ]։ K0(X)

by sending λ 7→ c1(L(λ)) and eλ 7→ [L(λ)] respectively. Note that the map ca
is an isomorphism in codimension one, hence, giving

ca : S1(Λ) = Λ
≃→ Pic(X) = CH1(X)

and the map cm is surjective. Let W be the Weyl group and let IWa and IWm
denote the respective W -invariant ideals. Then according to [De73, §4 Cor.2,§9]
and [CPZ, §6]

(5) ker cm = IWm

and ker ca is generated by elements of S∗(Λ) such that their multiples are in
IWa .

Consider the Grothendieck γ-filtration on K0(X) (see [GZ10, §1]). Its ith term
is an ideal generated by products

γi(X) := 〈(1 − [L∨1 ])(1− [L∨2 ]) · . . . · (1− [L∨i ])〉,
where L1,L2, . . . ,Li are line bundles over X . Consider the ith subsequent quo-
tient γi(X)/γi+1(X). The usual Chern class ci induces a group homomorphism

ci : γ
i(X)/γi+1(X)→ CHi(X).

6.1. Proposition. For every i ≥ 0 there is a commutative diagram of group
homomorphisms

(6) Iim/I
i+1
m

(−1)i−1(i−1)!·φi //

cm
����

Si(Λ)

ca

��
γi(X)/γi+1(X)

ci // CHi(X)

Proof. Indeed, the γ-filtration on K0(X) is the image of the Im-adic filtration
on Z[Λ], i.e. γi(X) = cm(Iim) for every i ≥ 0. The Proposition then follows
from the identity

ci

(
(1− [L∨1 ])(1− [L∨2 ]) . . . (1− [L∨i ])

)
= (−1)i−1(i−1)! ·c1(L1)c1(L2) . . . c1(Li),
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where L1,L2, . . . ,Li are line bundles over X and L∨i denotes the dual of Li. �

6.2. Remark. Note that Z[Λ] can be identitfied with the T -equivariant K0 of a
point pt = Spec k and S∗(Λ) with the T -equivariant CH of a point (see [GZ11]).
The maps ca and cm then can be identified with the pull-backs KT

0 (pt) →
KT

0 (G) and CHT (pt)→ CHT (G) induced by the structure map G→ pt.
In view of these identifications the map φi can be viewed as an equivariant
analogue of the Chern class map ci.

Consider the diagram (6) with Q-coefficients. In this case the Chern class map
ci will become an isomorphism (by the Riemann-Roch theorem), the charac-
teristic map ca will turn into a surjection and the map (−1)i−1(i− 1)! · φi will
be an isomorphism as well. In view of (5) we obtain an isomorphism

φ(i) ⊗Q : IWm ∩ Iim/IWm ∩ Ii+1
m ⊗Q −→ (IWa )(i) ⊗Q

on the kernels of cm and ca. By the very definition of the exponents τi this
implies that

6.3. Corollary. The action of the Weyl group of a crystallograhic root system
has finite exponent τi for every i.

6.4. Lemma. We have (ker ca)(i) = (IWa )(i) for each i ≤ 4 except the case i = 4
and G is of type Bn (n ≥ 3) or Dn (n ≥ 5) where we have 2(ker ca)(4) ⊆
(IWa )(4).

Proof. The statement follows by the same analysis as in [GZ10, §1B]. For the
exception it is enough to show that the polynomial P = q · f2 + d · (q4/2) in
ωi-s is not divisible by 4, where d ∈ Z, f2 is a polynomial of degree 2, q4/2 is
the basic polynomial invariant of degree 4 and g.c.d.(f2, d) = 1.
Assume that 4 | P , we claim that in this case g.c.d.(f2, d) = 2. Indeed, let
f2 =

∑n
i=1 aiω

2
i +

∑
i<j aijωiωj , ai, aij ∈ Z. Take ωi and ωj corresponding

to adjacent long roots. Set ωk = 0 for k 6= i, j. Then the congruence P ≡
0 (mod 4) turns into

(ω2
i −ωiωj+ω2

j )(aiω
2
i +aijωiωj+ajω

2
j )+d(ω4

i −2ω3
i ωj+3ω2

i ω
2
j−2ωiω

3
j+ω4

j ) ≡ 0

which gives ai ≡ aj ≡ −d, aij − ai ≡ aij − aj ≡ −2d and ai − aij + aj ≡ 3d.
This implies that 2d ≡ 0, therefore, 2 | d. Finally, since q is indivisible, 2 | f2.
In the D4-case let Q = q ·f2 +d · (q4/2)+e ·p4 with g.c.d.(f2, d, e) = 1. If 4 | Q,
then we have d ≡ ai ≡ 0 (mod 2) by the same argument. Hence, 2 | q ·f2+e ·p4.
Set ω2 = 0. Then we have

(ω2
1 + ω2

3 + ω2
4)f2 |ω2=0 +e(ω2

1ω
2
3 − ω2

1ω
2
4) ≡ 0 (mod 2).

In particular, 2 | a1 + a3 + e. As 2 | ai, we have 2 | e, which implies that
2 | f2. �

We are now ready to prove the main result of this section
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6.5. Theorem. The integer τi · (i − 1)! annihilates the torsion of the ith sub-
sequent quotient γi(X)/γi+1(X) of the γ-filtration on K0(X) for i = 2, 3, 4
except the case i = 4 and G is of type Bn (n ≥ 3) or Dn (n ≥ 5) where the
torsion of γ4(X)/γ5(X) is annihilated by 24.

6.6. Remark. Note that by [SGA6, Exposé XIV, 4.5] for groups of types An
and Cn the quotients γi(X)/γi+1(X) have no torsion.

Proof. Assume that α is a torsion element in γi(X)/γi+1(X). Then ci(α) = 0

since CHi(G/B) has no torsion. Let α̃ be a preimage of α via cm in Iim/I
i+1
m ⊆

Z[Λ]/Ii+1
m . By (6) we obtain that

(i− 1)!φi(α̃) ∈ (ker ca)(i)

where (ker ca)(i) coincides with (IWa )(i) up to a multiple (see Lemma 6.4). By
definition of the index τi we have

τi · (i − 1)!φi(α̃) = φi(β), where β ∈ IWm /Ii+1
m ∩ IWm .

Applying φ−1i to the both sides we obtain

τi · (i− 1)! · α̃ = β ∈ IWm /Ii+1
m ∩ IWm

Applying cm to the both sides and observing that IWm = ker cm we obtain that
τi · (i− 1)! · α = 0. �

Let ξX be a twisted form of the variety X by means of a cocycle ξ ∈ Z1(k,G).
By [Pa94, Thm. 2.2.(2)] the restriction map K0(ξX)→ K0(X) (here we iden-
tify K0(X) with the K0(X×k k̄) over the algebraic closure k̄) is an isomorphism.
Since the characteristic classes commute with restrictions, this induces an iso-
morphism between the γ-filtrations, i.e. γi(ξX) ≃ γi(X) for every i ≥ 0, and
between the respective quotients

γi(ξX)/γi+1(ξX) ≃ γi(X)/γi+1(X) for every i ≥ 0.

In view of this fact Theorem 6.5 implies that

6.7. Corollary. Let G be a split simple simply connected group of type
Bn (n ≥ 3) or Dn (n ≥ 4). Then for every ξ ∈ Z1(k,G) the torsion in
γ4(ξX)/γ5(ξX) is annihilated by 24.

Consider the topological filtration on K0(Y ), where Y is a smooth projective
variety, given by the ideals

τ i(Y ) := 〈[OV ] | V →֒ Y, codimV Y ≥ i〉.
It is known (see [FuLa, Ch.V, Thm. 3.9]) that γi(Y ) ⊆ τ i(Y ) for every i ≥ 0.

Given an Abelian group M let e(M) denote the exponent of its torsion sub-
group. The following exact sequences of Abelian groups

(7) (i) γi/γi+1 →֒ τ i/γi+1
։ τ i/γi and (ii) τ i+1/γi+1 →֒ τ i/γi+1

։ τ i/τ i+1,

where τ i = τ i(Y ), γi = γi(Y ), lead to the recursive divisibility for each i ≥ 1

e(τ i/γi+1) | e(γi/γi+1) · e(τ i/γi) | e(γi/γi+1) · e(τ i−1/γi)
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which gives

(8) e(τ i/γi+1) | e(γi/γi+1) · e(γi−1/γi) · . . . · e(γ1/γ2).
By the Riemann-Roch theorem [Fu, Ex.15.3.6], the composition

CHi(Y )→ τ i/τ i+1 ci→ CHi(Y )

is the multiplication by (−1)i−1(i − 1)!, therefore, by (7).(ii) the torsion sub-
group of CHi(Y ) is annihilated by (i − 1)! · e(τ i/τ i+1) | (i − 1)! · e(τ i/γi+1).
Combining this with the formula (8) and Theorem 6.5 we obtain

6.8. Corollary. Let G be a split simple simply connected group. Then for
every ξ ∈ Z1(k,G) the torsion in CHi(ξX) for i = 2, 3, 4 is annihilated by the
integer

(i− 1)! ·
i∏

j=2

τj(j − 1)!

except for i = 4 and G is of type Bn (n ≥ 3) or Dn (n ≥ 5) where it is
annihilated by 27.
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1. Introduction

Let F be an arbitrary field and p be a prime numbre. For any integer l, we
write vp(l) for the exponent of the highest power of p dividing l.
Let D be a central division F -algebra of degree pn, with n ≥ 1. We write
X(pm, D) for the generalized Severi-Brauer variety of right ideals in D of re-
duced dimension pm for m = 0, 1, . . . , n. In particular, X(pn, D) = SpecF and
X(1, D) is the usual Severi-Brauer variety of D. The generalized Severi-Brauer
varieties are twisted forms of grassmannians (see [11, §I.1.C]).
For each integer m = 0, ..., n we define an upper motive Mm,D in the category
of Chow motives with coefficients in Fp. This is the summand of the complete
motivic decomposition of the variety X(pm, D) such that the 0-codimensional
Chow group of Mm,D is non-zero.
Let A be a central simple F -algebra, such that the p-primary component of
A is Brauer equivalent to D. Let XA be the class of finite direct products of
projective (AutA)-homogeneous F -varieties (the class XA includes the gener-
alized Severi-Brauer varieties of the algebra A). Nikita Karpenko proved the
following theorem [9, Theorem 3.8]. Any variety X from XA decomposes into
a sum of shifts of the motives Mm,D with m ≤ vp(indAF (X)). This theorem
shows that the motivic indecomposable summands Mm,D of the generalized
Severi-Brauer varieties X(pm, D) are some kind of “basic material” to constuct
the motives of more general class of varieties. This gives us a motivation to un-
derstand the structure of the upper motives Mm,D themselves. It was known
that in the cases m = 0 (Severi-Brauer case, see Corollary 3.2) and m = 1,
p = 2 ( [9, Theorem 4.2]) the motive Mm,D coincides with the whole motive
of the variety X(pm, D) (that is, the motive of this variety is indecomposable).
Taking into account these cases and the fact that any generalized Severi-Brauer
variety X(pm, D) is p-incompressible [9, Theorem 4.3] (this condition is weaker
than motivic indecomposability), one probably expected that the Chow motive
with coefficients in Fp of any variety X(pm, D) is indecomposable. But, except
the two already mentioned cases, the motivic decomposability of generalized
Severi-Brauer variety X(pm, D) was proven in [14].
This article is an extended version of [14]. To show that the motive of the vari-
ety X(pm, D) is decomposable, we prove in [14] that some shifts of M0,D are the
motivic summands of X(pm, D). Let Y be a F -variety satisfying the nilpotence
principle and such that it splits over the function field of X(1, D). For exam-
ple, one can take for Y any generalized Severi-Brauer variety X(pm, D) and,
more generally, any variety from XA. The main result of the present article
(Theorem 3.4) find all shifts of M0,D in the complete motivic decomposition of
the variety Y in terms of some subgroups of rational cycles. These subgroups
can be described in the case of generalized Severi-Brauer variety X(pm, D)
(see Proposition 3.7). As consequence, we prove the motivic decomposability
of these varieties in Corollary 3.8. With Theorem 3.4 in hand, we find in §4
more examples (comparing to [14]) of complete motivic decompositions of gen-
eralized Severi-Brauer varieties X(pm, D) and therefore we describe the upper
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motives Mm,D in that cases. Theorem 3.4 also permits to prove differently (see
Corollary 3.12, [3, Corollary 5]) a particular case of the following conjecture.

Conjecture 1.1. Let D be a central division F -algebra. Let K/F be a field
extension such that DK is still division. Then (Mm,D)K is still indecomposable.

Acknowledgements. I would like to express particular gratitude to Nikita
Karpenko, my Ph.D. thesis adviser, for introducing me to the subject, raising
the question studied here, and guiding me during this work. I am also very
grateful to Olivier Haution, Sergey Tikhonov and Skip Garibaldi for very useful
discussions.

2. Chow motives with finite coefficients

A variety is a separated scheme of finite type over a field. Our basic reference
for Chow groups and Chow motives (including notations) is [4]. We fix an
associative unital commutative ring Λ. Given a variety X over a field F , we
write Ch(X) and CH(X) respectively for its Chow group with coefficients in Λ
and for its integral Chow group. For a field extension L/F we denote by XL

the respective extension of scalars. An element of Ch(XL) is called F -rational,
if it lies in the image of the homomorphism Ch(X)→ Ch(XL).
Our category of motives is the category CM(F,Λ) of graded Chow motives with
coefficients in Λ, [4, definition of § 64]. By a sum of motives we always mean
the direct sum. We also write Λ for the motive M(SpecF ) ∈ CM(F,Λ). A
Tate motive is the motive of the form Λ(i) with i an integer.
Let X be a smooth complete variety over F and let M be a motive. We call M
split if it is a finite sum of Tate motives. We call X split, if its integral motive
M(X) ∈ CM(F,Z) (and therefore the motive of X with an arbitrary coefficient
ring Λ) is split. We call M or X geometrically split, if it splits over a field
extension of F . For a geometrically split variety X over F , we denote by X̄
the scalar extension of X to a splitting field of its motive and we write C̄h(X)
for the subring of F -rational cycles in Ch(X̄). Note that the rings Ch(X̄) and
C̄h(X) are independent on the choice of a splitting field.
Over an extension of F the geometrically split motive M becomes isomorphic
to a finite sum of Tate motives. We write rkM and rkiM for respectively the
number of all summands and the number of summands Λ(i) in this decompo-
sition, where i is an integer. Note that these two numbers do not depend on
the choice of a splitting field extension.
We say that X satisfies the nilpotence principle, if for any field extension E/F
and any coefficient ring Λ, the kernel of the change of field homomorphism
End(M(X)) → End(M(X)E) consists of nilpotents. Any projective homo-
geneous (under an action of a semisimple affine algebraic group) variety is
geometrically split and satisfies the nilpotence principle, [4, Theorem 92.4 with
Remark 92.3].
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A complete decomposition of an object in an additive category is a finite direct
sum decomposition with indecomposable summands. We say that the Krull-
Schmidt principle holds for a given object of a given additive category, if every
direct sum decomposition of the object can be refined to a complete one (in
particular, a complete decomposition exists) and there is only one (up to a
permutation of the summands) complete decomposition of the object. We
have the following theorem:

Theorem 2.1. ([2, Theorem 3.6 of Chapter I]). Assume that the coefficient
ring Λ is finite. The Krull-Schmidt principle holds for any shift of any sum-
mand of the motive of any geometrically split F -variety satisfying the nilpotence
principle.

We will use the following two statements in the next section.

Lemma 2.2. Assume that the coefficient ring Λ is a field. Let X be a split
variety. Then the bilinear form b : Ch(X)× Ch(X)→ Λ, b(x, y) = deg(x · y)
is non-degenerate.

Proof. Since the motive of X decomposes into a finite sum of Tate motives, we
have the following decomposition for the diagonal class ∆ ∈ ChdimX(X ×X):

∆ = a1 × b1 + ...+ an × bn ,
where a1, ..., an and b1, ..., bn are the homogeneous elements in Ch(X), such
that for any i, j = 1, ..., n the degree deg(ai · bj) ∈ Λ is 0 for i 6= j and 1 for
i = j.
Note that dimΛ Ch(X) = rkM(X) = n < ∞. Therefore, to prove the lemma
it suffices to show that rad b = {0}. Suppose that x ∈ rad b (this means
b(x, y) = 0 for any y ∈ Ch(X)). Then we have

x = ∆∗(x) =

n∑

i=1

deg(x · ai)bi =

n∑

i=1

b(x, ai)bi = 0 .

�

Lemma 2.3. Assume that the coefficient ring Λ is finite. Let X be a vari-
ety satisfying the nilpotence principle. Let f ∈ End(M(X)) and 1E = fE ∈
End(M(X)E) for some field extension E/F . Then fn = 1 for some positive
integer n.

Proof. Since X satisfies the nilpotence principle, we have f = 1 + ε, where
ε is nilpotent. Let n be a positive integer such that εn = 0 = nε. Then

fn
n

= (1 + ε)n
n

= 1 because the binomial coefficients
(
nn

i

)
for i < n are

divisible by n. �

3. Main results

Let p be a positive prime integer. The coefficient ring Λ is Fp in this section.
Let F be a field. Let D be a central division F -algebra of degree pn. We
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write X(pm, D) for the generalized Severi-Brauer variety of right ideals in D
of reduced dimension pm for m = 0, 1, . . . , n.

Lemma 3.1. Let E/F be a splitting field extension for X = X(1, D). Then the
subgroup of F -rational cycles in ChdimX(XE×XE) is generated by the diagonal
class.

Proof. By [7, Proposition 2.1.1], we have C̄h
i
(X) = 0 for i > 0. Since the

(say, first) projection X2 → X is a projective bundle, we have a (natural with
respect to the base field change) isomorphism ChdimX(X2) ≃ Ch(X). Passing

to C̄h, we get an isomorphism C̄hdimX(X2) ≃ C̄h(X) = C̄h
0
(X) showing that

dimFpC̄hdimX(X2) = 1. Since the diagonal class in C̄hdimX(X2) is non-zero,
it generates all the group. �

Corollary 3.2. (cf. [7, Theorem 2.2.1]). The motive with coefficients in Fp
of the Severi-Brauer variety X = X(1, D) is indecomposable.

Proof. To prove that our motive is indecomposable it is enough to show that
End(M(X))= ChdimX(X × X) does not contain nontrivial projectors. Let
π ∈ ChdimX(X ×X) be a projector. By Lemma 3.1, πE is zero or equal to 1E .
Since X satisfies the nilpotence principle, π is nilpotent in the first case, but
also idempotent, therefore π is zero. Lemma 2.3 gives us π = 1 in the second
case. �

Nikita Karpenko proved the motivic indecomposability of generalized Severi-
Brauer varieties also in the case p = 2, m = 1.

Theorem 3.3. (cf. [9, Theorem 4.2]). Let D be a central division F -algebra
of degree 2n with n ≥ 1. Then the motive with coefficients in F2 of the variety
X(2, D) is indecomposable.

Corollary 3.8 of the following main theorem will show that Corollary 3.2 and
Theorem 3.3 give us the only cases when the motive of generalized Severi-Brauer
variety is indecomposable.

Theorem 3.4. Let D be a central division F -algebra of degree pn with n ≥ 1.
Let X be the Severi-Brauer variety X(1, D) and Y be a variety satisfying nilpo-
tence principle, such that Y is split over the function field of X. Then for any
integer k the number of copies M(X)(k) in the complete motivic decomposition
of Y is equal to dimFp f∗ C̄hdimY−k(X × Y ), where f is a projection onto the
second factor.

Proof. We fix an integer k and we note the motive M(X)(k) simply by M . Let
r be the number of copies of M in the complete motivic decomposition of Y .
We note V := f∗ C̄hdimY−k(X × Y ) and r′ := dimFp V . We want to show that
r = r′.
Let A1, ..., Am and B1, ..., Bn be the motives. We recall that a morphism be-
tween the motives

⊕m
i=1Ai and

⊕n
j=1 Bj is given by an n×m-matrix of mor-

phisms Ai → Bj . The composition of morphisms is the matrix multiplication.
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The motive M⊕r is a summand of the motive M(Y ). Therefore there exist
two morphisms α = (α1, ..., αr)

t ∈ Hom(M⊕r,M(Y )) and β = (β1, ..., βr) ∈
Hom(M(Y ),M⊕r), such that

β ◦ α = (βj ◦ αi)1≤i,j≤r = (δi,j)1≤i,j≤r ,

where (δi,j)1≤i,j≤r is the identity morphism in Hom(M⊕r,M⊕r) (that is δi,j is
zero if i 6= j and δi,j is the diagonal class ∆ in Corr0(X,X) if i = j).
Let E = F (X), then E/F is a splitting field extension for the varieties X and Y
(here we use the condition of the theorem) and XE ≃ Pd, where d = pn−1. We

know that ∆E =
∑d

i=0 h
i × hd−i, where h is the hyperplane class in Ch1(XE).

For any 1 ≤ i ≤ r we have

(βi)E ◦ (αi)E = (δi,i)E = ∆E =

= h0 × hd +

d∑

i=1

hi × hd−i = [XE ]× [pt] +

d∑

i=1

hi × hd−i ,

where [pt] is the class of a rational point in Ch(XE). Therefore the correspon-
dences βi ∈ ChdimY−k(YE ×XE) and αi ∈ Chd+k(XE × YE) have to be of the
following form:

(3.5) (βi)E = bi × [pt] + . . . ,

where bi ∈ Chk(YE) is non-zero and where “. . . ” stands for a linear combination
of only those terms whose first factor has codimension > k,

(3.6) (αi)E = [XE ]× b∗i + . . . ,

where b∗i ∈ Chk(YE) is such that deg(bi · b∗i ) = 1 and where “. . . ” stands for a
linear combination of only those terms whose second factor has dimension > k.
For any i 6= j we have (βj)E ◦ (αi)E = 0, this implies that deg(bj · b∗i ) = 0.
Therefore the system of vectors {b∗1, ..., b∗r} from the vector space Ch(YE) is
dual to the system of vectors {b1, ..., br} with respect to the bilinear form b :
Ch(YE) × Ch(YE) → Fp, b(x1, x2) = deg(x1 · x2). It follows that the vectors
b1, ..., br are linearly independent. Since bi = f∗((βti )E), then bi ∈ V for any
1 ≤ i ≤ r. Therefore r ≤ r′.
Let now b1, ..., br′ be a basis of V . We want to show that M⊕r

′
is a motivic

summand of Y . By the definition of V , there exist correspondences β1, ..., βr′ ∈
ChdimY−k(Y ×X) of the form (3.5), such that bi = f∗((βti )E). Since the variety
YE is split, then by Lemma 2.2 the bilinear form b is non-degenerate. It follows
that there exists a system of vectors {b∗1, ..., b∗r′} from the vector space Ch(YE),
which is dual to the system of vectors {b1, ..., br′}. For any 1 ≤ i ≤ r′ we
construct the correspondence αi ∈ Chd+k(X × Y ), such that (αi)E is of the
form (3.6), by the following way. The pull-back homomorphism

g : Ch(X × Y )→ Ch(YF (X)) = Ch(YE)

with respect to the morphism YF (X) = (SpecF (X)) × Y → X × Y given
by the generic point of X is surjective by [4, Corollary 57.11]. We define
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αi ∈ Ch(X × Y ) as a cycle whose image in Ch(YE) under the surjection g is
b∗i . We have (αi)E = [XE ]× b∗i + . . . , so (αi)E is of the form (3.6).
The r′-tuples (α1, ..., αr′)

t and (β1, ..., βr′) give us respectively two morphisms

α ∈ Hom(M⊕r
′
,M(Y )) and β ∈ Hom(M(Y ),M⊕r

′
). By the construction of

α and β, the matrix (mult((βj)E ◦ (αi)E))1≤i,j≤r is an identity matrix. Then,
by Lemma 3.1, βE ◦ αE = ((βj)E ◦ (αi)E)1≤i,j≤r = 1E , where we note simply
by 1 the identity morphism ((δi,j))1≤i,j≤r in Hom(M⊕r,M⊕r). Let X be a

disjoint union of r′ copies of X , then Hom(M(X),M(X)) = Hom(M⊕r
′
,M⊕r

′
).

According to [4, Theorem 92.4] the variety X satisfies the nilpotence principle.
By Lemma 2.3, there exist a positive integer n, such that (β ◦ α)

n
= 1 (we apply

Lemma 2.3 to the variety X and to the morphism β ◦α ∈ Hom(M(X),M(X))).

The morphisms α and (β ◦ α)
n−1 ◦β give the isomorphism between the motive

M⊕r
′

and a direct summand of M(Y ). Therefore r′ ≥ r and then finally
r′ = r. �

Proposition 3.7. Let D be a central division F -algebra of degree pn with
n ≥ 1. Let X and Y be respectively the varieties X(1, D) and X(pm, D),
0 ≤ m < n. Let E/F be a splitting field extension for the variety X, let T1 and
Tpm be the tautological bundles of rank 1 and pm on XE and YE respectively.
Then the subring of F -rational cycles in Ch(XE×YE) is generated by the Chern
classes of the vector bundle T1 ⊠ (−Tpm)∨ (we lift the bundles T1 and Tpm on
XE × YE and then take a product).

Proof. Let Tav be the tautological vector bundle on X . The product X × Y
considered over X (via the first projection) is isomorphic (as a scheme over X)
to the Grassmann bundle Gr(Tav) of r-dimensional subspaces in Tav (cf. [6,
Proposition 4.3]), where r = pn − pm. Let T be the tautological r-dimensional
vector bundle onGr(Tav). By [5, Example 14.6.6], the Chow ring Ch(Gr(Tav))
as an algebra over Ch(X) is generated by Chern classes c0(T ), c1(T ), ..., cr(T ).

By [7, Proposition 2.1.1], we have C̄h(X) = C̄h
0
(X) = Z · [XE ]. Therefore the

Chow ring C̄h(X×Y ) ≃ C̄h(Gr(Tav)) is generated (as a ring) by Chern classes
c0(TE), ..., cr(TE). Since there exists an isomorphism (cf. [6, Proposition 4.3]):
TE ≃ T1 ⊠ (−Tpm)∨, we are done.

�

Corollary 3.8. The motive with coefficients in Fp of the variety X(pm, D) is
decomposable for p = 2, 1 < m < n and for p > 2, 0 < m < n. In these cases
M(X(1, D))(k) is a summand of M(X(pm, D)) for 2 ≤ k ≤ pn − pm.

Proof. We use the notations: X = X(1, D), Y = X(pm, D), d =
dim(X(1, D)) = pn − 1, r = pn − pm. Let E = F (X), then E/F is a splitting
field extension for the variety X (and also for Y ). Over the field E the algebra
D becomes isomorphic to EndE(V ) for some E-vector space V of dimension
d+ 1 = pn. We have XE ≃ Pd(V ) and YE ≃ Gpm(V ). Let T1 and Tpm be the
tautological bundles of rank 1 and pm on XE and YE respectively. We note by
T the r-dimensional vector bundle T1⊠ (−Tpm)∨ on XE × YE . By Proposition
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3.7, the ring C̄h(X × Y ) is generated by Chern classes of the vector bundle T .

Let h = c1(T1) ∈ Ch1(XE) (then −h is the hyperplane class in Ch1(XE)) and

ci = ci((−Tpm)∨) ∈ Chi(YE), 0 ≤ i ≤ r. Then by [5, Remark 3.2.3(b)]

(3.9) ct(T ) = ct(T1 ⊠ (−Tpm)∨) =

r∑

i=0

(1 + (h× 1)t)r−i(1 × ci)ti .

It follows from the conditions of the corollary that the binomial coefficients(
pn−pm

2

)
,
(
pn−pm
pm−1

)
are divisible by p and

(
pn−pm−1
pm−2

)
≡ (−1)p

m−2 mod p. There-

fore
c1(T ) = (pn − pm)h× 1 + 1× c1 = 1× c1 ,

c2(T ) =

(
pn − pm

2

)
h2 × 1 + (pn − pm − 1)h× c1 + 1× c2 = −h× c1 + 1× c2 ,

cpm−1(T ) =

(
pn − pm
pm − 1

)
hp

m−1 × 1 +

(
pn − pm − 1

pm − 2

)
hp

m−2 × c1 + . . . =

= (−1)p
m−2hp

m−2 × c1 + . . . ,

where “. . . ” stands for a linear combination of only those terms whose second
factor has codimension > 1. For the top Chern class we have:

cr(T ) =

r∑

i=0

hr−i × ci .

For any integer k ≥ 2 we define βk = cr(T )cpm−1(T )c2(T )c1(T )k−2 = (−h)d ×
ck1 + . . . = [pt]× ck1 + . . . , where “. . . ” stands for a linear combination of only
those terms whose second factor has codimension > k and where [pt] is the
class of a rational point in Ch(XE). Let f : X × Y → X be a projection
onto the first factor. The cycle βk is F -rational and f∗(βk) = ck1 . By [5,
Example 14.6.6], the cycle ck1 is non-zero for 2 ≤ k ≤ pn − pm. Therefore
dimFp f∗ C̄hdimY−k(X × Y ) ≥ 1 for 2 ≤ k ≤ pn − pm. The statement follows
from Theorem 3.4. �

Remark 3.10. The Corollary 3.8 also gives us some information about the
integral motive of the variety X(pm, D). Indeed, according to [12, Corollary
2.7] the decomposition of M(X(pm, D)) with coefficients in Fp lifts (and in a
unique way) to the coefficients Z/pNZ for any N ≥ 2. Then by [12, Theorem
2.16] it lifts to Z (uniquely for p = 2 and p = 3 and non-uniquely for p > 3).
See also Remark 4.14.

Remark 3.11. Let l be an integer such that 0 < l < pn and gcd(l, p) = 1.
The complete decomposition of the motive M(X(l, D)) with coefficients in Fp
is described in [1, Proposition 2.4].

Corollary 3.12. Let D be a central division F -algebra of p-primary index.
Let K/F be a field extension, such that DK is still division. Then the motive
(M1,D)K is still indecomposable.
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Proof. We note by X and Y respectively the varieties X(1, D) and X(p,D).
We note by M the motive M(X). By [9, Theorem 3.8] the complete motivic
decomposition of the variety Y consists of the motive M1,D and of the sum
of motives M (we neglect the shifts in this proof). Suppose that the motive
(M1,D)K is decomposable, then by the same theorem, MK is a summand of
(M1,D)K . Therefore, the number of motives MK in the complete motivic de-
composition of YK is greater then the number of motives M in the complete
motivic decomposition of Y . Let E/K be a splitting field extension for the al-
gebra D. By Proposition 3.7, the subspace of K-rational cycles in Ch(XE×YE)
coincides with the subspace of F -rational cycles in Ch(XE × YE). Therefore
the Theorem 3.4 gives a contradiction. �

4. Complete motivic decompositions

In the Corollary 3.8 we proved that the motive of the variety X(pm, D) is
decomposable for p = 2, 1 < m < n and for p > 2, 0 < m < n. Moreover, in
these cases the Corollary 3.8 gives us a list of some motivic summands of the
variety X(pm, D). By duality, we can extend this list. It happens, that in two
small-dimensional cases p = 3, m = 1, n = 2 and p = 2, m = 2, n = 3 this
is already a complete list of indecomposable motivic summands of the variety
X(pm, D). Note that in general it is not true (see Example 4.8).

Example 4.1. In this example we describe the complete motivic decomposition
of Y := X(3, D) for a division F -algebra D of degree 9. We note by X the
variety X(1, D) and by M the motive M(X). Note that dimX = 8 and
dimY = 18.
By [9, Theorem 3.8], any indecomposable motivic summand of Y , besides the
upper motive M1,D, is some shift of M . By Corollary 3.8, the motives M(2),
M(3), M(4), M(5), M(6) and by duality M(8), M(7) are direct summands of
M(Y ). Suppose that there is at least one more motive M(t) (for some integer
t ≥ 0) in the complete motivic decomposition of Y . Since by [9, Theorem 4.3]
the variety Y is 3-incompressible, we have

rk0M(Y ) = rk0M1,D = rkdimY M1,D = rkdimY M(Y ) = 1 .

It follows that rk0M(t) = rkdimY M(t) = 0. We have

1 ≤ t ≤ dimY − dimX − 1 = 9 .

Since the decomposition of any of eight motives M(2), M(3), ..., M(8),M(t)
into the sum of Tate motives over the splitting field contains a Tate mo-
tive F3(9), then rk9M1,D ≤ rk9M(Y ) − 8. According to [13, §2.5], we have
rk9M(Y ) = 8, therefore rk9M1,D = 0.
By [8, Corollary 10.19], we have the following motivic decomposition of Y over
the function field L = F (Y ):

(4.2) M(Y )L =
⊕

i+j+k=3

M(X(i, C)×X(j, C)×X(k, C)) ,
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where C is a central division L-algebra (of degree 3) Brauer-equivalent to DL.
Note that the triples (3, 0, 0), (0, 3, 0), (0, 0, 3) correspond to three Tate motives

F3, F3(9) and F3(18). Let M̃ = M(X(1, C)), then by [8, Example 10.20],

ML = M̃ ⊕ M̃(3) ⊕ M̃(6). It follows that the complete decomposition of
ML does not contain F3(9). Therefore F3(9) is a direct motivic summand of
(M1,D)L and we have a contradiction with rk9M1,D = 0.
The complete motivic decomposition of the variety X(3, D) with coefficients in
F3 is the following one:
(4.3)
M(X(3, D)) = M1,D ⊕M(2)⊕M(3)⊕M(4)⊕M(5)⊕M(6)⊕M(7)⊕M(8) .

Example 4.4. Similarly, as in the previous example, we can find the complete
motivic decomposition of Y := X(4, D) for a division F -algebra D of degree 8.
We note by M the motive M(X(1, D)).
By Corollary 3.8, the motives M(2), M(3), M(4) and by duality M(7), M(6),
M(5) are direct summands of M(Y ). We have

M(X(4, D)) = M(2)⊕ ...⊕M(7)⊕N
for some motive N . Assume that N is decomposable. Then by [9, Theorem
3.8], and Theorems 3.2, 3.3, the motive N has an indecomposable summand
which is some shift of either M0,D = M or M1,D = M(X(2, D)). But the
second case is impossible because

70 =

(
8

4

)
= rkM(Y ) < 6 rkM + rkM(X(2, D)) = 6 · 8 +

(
8

2

)
= 76

(see [9, Example 2.18] for the computations of ranks). Therefore M(t) is a
summand of N for some integer t.
According to [8, Corollary 10.19], we can write the complete decomposition of
N over the function field L = F (Y ):

NL = F2 ⊕ M̃(1)⊕M(X(2, C))(4)⊕M(X(2, C))(8)⊕ M̃(12)⊕ F2(16) ,

where C is a central division L-algebra (of degree 4) Brauer-equivalent to DL

and where M̃ = M(X(1, C)). It follows from this decomposition that the mo-

tive M(t)L = M̃(t) ⊕ M̃(t+ 4) can not be a direct summand of NL. We have
a contradiction. Therefore the motive N is indecomposable and N ≃M2,D.
Now we can write the complete motivic decomposition of X(4, D) with coeffi-
cients in F2:

(4.5) M(X(4, D)) = M2,D ⊕M(2)⊕M(3)⊕M(4)⊕M(5)⊕M(6)⊕M(7) .

Let us consider the following class of generalized Severi-Brauer varieties.

Definition 4.6. We say that the generalized Severi-Brauer variety X(pm, D)
is of type 0, if the complete decomposition of M(X(pm, D)) consists only of
the upper motive Mm,D and some (possibly zero) shifts of the motive M0,D =
M(X(1, D)).
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For example, by [9, Theorem 3.8], the variety X(p,D) is of this type. Let
Y be a generalized Severi-Brauer X(pm, D) variety of type 0. By Theorem
3.4, the subspace of F -rational cycles in Ch(XE × YE) describes the complete
motivic decomposition of Y , where X = X(1, D), E = F (X). Note that the
structure of the ring Ch(XE × YE) = Ch(XE) × Ch(YE) is well-known (cf.
[5, § 14]) and by Proposition 3.7 we can compute the subring C̄h(X × Y ) ⊂
Ch(XE×YE). Therefore we can say that the complete motivic decomposition of
any generalized Severi-Brauer varietyX(pm, D) of type 0 can be “theoretically”
found in a finite time using computer.

Remark 4.7. We do not possess a single example of a variety X(pm, D), which
is not of type 0. Therefore, it may happen that the generalized Severi-Brauer
variety X(pm, D) is always of type 0 (for any division F -algebra D of degree pn

and for any integer m, 0 ≤ m ≤ n). Note that if this is true, then Conjecture
1.1 holds (one can follow the lines of the proof of Corollary 3.12).

Example 4.8. Let D be a central division F -algebra of degree 27. In this
example we find complete motivic decomposition of the variety Y = X(3, D),
which is of type 0. We take the same notations as in the proof of Corollary
3.8: X = X(1, D), E = F (X), T = T1 ⊠ (−T3)∨, where T1 and T3 are the
tautological bundles of rank 1 and 3 on XE and YE respectively (the vector
bundle T is of the rank 24). We note also by V∗ the graded F3-vector space
f∗ C̄hdimY−∗(X × Y ), where f is a projection onto the second factor.
By Theorem 3.4, for any integer k the number of motives M(k) in the complete
motivic decomposition of Y is equal to dimF3 Vk, where M = M(X). By
duality, this number is also equal to the number of motives M(dimY −dimX−
k) = M(46 − k) in the same decomposition. Therefore the vector space V≤23
describes the complete motivic decomposition of Y .
Let h = c1(T1) ∈ Ch1(XE) and ci = ci((−T3)∨) ∈ Chi(YE), 0 ≤ i ≤ 24.
Using the formula 3.9 we can compute the following Chern classes of the vector
bundle T :

c1(T ) = 1× c1 , c2(T ) = −h× c1 + 1× c2 ,
c7(T ) = 1× c7 , c8(T ) = −h× c7 + 1× c8 ,

c24(T ) = h24 × 1 +
∑24

i=1 h
24−i × ci .

We have:

c21 = f∗
(
c24(T )(c2(T ))2

)
∈ V2 , c1c7 = f∗

(
c24(T )c2(T )c8(T )

)
∈ V8 ,

c27 = f∗
(
c24(T )(c8(T ))2

)
∈ V14 .

Also we have the following property:

(4.9) x ∈ V∗ ⇒ (xc1 ∈ V∗+1 and xc7 ∈ V∗+7) .

Indeed, if x ∈ V∗, then x = f∗(y) for some y ∈ C̄hdimY−∗(XE×YE). Therefore
xc1 = f∗(y · c1(T )) ∈ V∗+1 and xc7 = f∗(y · c7(T )) ∈ V∗+7.
This property gives us the following elements in Vi:
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(4.10)
ci1 if 2 ≤ i ≤ 7 , ci1, c

i−7
1 c7, c

i−14
1 c27 if 14 ≤ i ≤ 20 ,

ci1, c
i−7
1 c7 if 8 ≤ i ≤ 13 , ci1, c

i−7
1 c7, c

i−14
1 c27, c

i−21
1 c37 if 21 ≤ i ≤ 23 .

We also define a sequence bi, i ∈ Z:

bi =





0 if i < 2
1 if 2 ≤ i ≤ 7
2 if 8 ≤ i ≤ 13
3 if 14 ≤ i ≤ 20
4 if 21 ≤ i ≤ 23

b46−i if i > 23.

Note that for any i ≤ 23 the number of elements lying in Vi from the list 4.10
is equal to bi.
We are going to show that all elements from the list 4.10 are linearly indepen-
dent (to apply then Theorem 3.4). The F3-vector space V∗ is a subspace of
Ch∗(YE). We note c̃i = ci(T

∨
3 ), i = 1, 2, 3, where T3 is the tautological bundle

of rank 3 on YE . According to [5, Example 14.6.6] the graded ring Ch∗(YE) is
generated by Chern classes c̃1, c̃2, c̃3, c1, ..., c24 modulo the homogeneous rela-
tions

(4.11) cr + cr−1c̃1 + cr−2c̃2 + cr−3c̃3 = 0 for r = 1, ..., 27 ,

where ci = 0 for i < 0 or i > 24. It follows that the graded ring Ch∗(YE) is
generated by only three elements c̃1, c̃2, c̃3 modulo some homogeneous relations
of degree greater than 23. Therefore we have an isomorphism:

Ch∗≤23(YE) ≃ F3[c̃1, c̃2, c̃3]≤23 .

Using relations 4.11 we can compute that c1 = −c̃1 and c7 = −c̃17 + c̃1
4c̃3 −

c̃1
3c̃2

2 + c̃1c̃2
3.

Now we consider the elements from the list 4.10 as polynomials in F3[c̃1, c̃2, c̃3].
To show that all of them are linearly independent, it suffices to check this
for four elements c211 , c

14
1 c7, c

7
1c

2
7, c

3
7 (they are in our list) from V21. Since the

polynomial ring F3[c̃1, c̃2, c̃3] is factorial and c7 is not divisible by c̃21, then for
any α, β, γ, δ ∈ F3 we have

αc211 + βc141 c7 + γc71c
2
7 + δc37 = 0 =⇒ α = β = γ = δ = 0 .

Since all elements from the list 4.10 are linearly independent, then dimF3 Vi ≥ bi
for i ≤ 23. Therefore for any integer i the motive M⊕bi(i) is a direct summand
of M(Y ). Indeed, the statement follows from Theorem 3.4 for i ≤ 23 and by
duality it is also true for i > 23. We have

(4.12) M(Y ) = ⊕i∈ZM⊕bi(i)⊕N
for some motive N over F .
Now we want to understand the complete decomposition of N . Let L be a
function field of the variety Y and C be a central division L-algebra (of degree
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9) Brauer-equivalent to DL. Using the motivic decomposition similar to the
decomposition 4.2 from Example 4.1, we can show that the complete decom-
position of M(Y )L contains three indecomposable motives: M1,C , M1,C(27),
M1,C(54). Moreover any other summand in the complete motivic decomposi-

tion of M(Y )L is a shift of the motive M̃ := M(X(1, C)). We know that ML =

M̃ ⊕ M̃(9)⊕ M̃(18). It follows that NL = M1,C ⊕M1,C(27)⊕M1,C(54)⊕N ′
for some motive N ′ over L and N ′ is a sum of shifts of the motive M̃ . Note
that if M(k) is direct summand of N for some integer k, then ML(k) is a direct
summand of N ′.
Let S be a direct summand of the motive of a geometrically split variety. We
write P (S, t) for the Poincaré polynomial of S:

P (S, t) =
∑

i≥0
(rki S) · ti .

Let us find the Poincaré polynomial of the motive N ′. We have

P (N ′, t) = P (M(Y ), t)− (1 + t27 + t54)P (M1,C , t)−
∑

i≥0
bit

iP (M, t) .

Using the following formulas

P (M(Y ), t) =
(1 − t27)(1 − t26)(1− t25)

(1− t)(1 − t2)(1− t3)
, (according to [13, §2.5]),

P (M, t) =
1− t27
1− t =

26∑

i=0

ti ,

P (M1,C , t) = t6 + t12 +

26∑

i=0

ti , (by Example 4.3) ,

we can compute P (N ′, t). Since N ′ is a sum of shifts of the motive M̃ then

P (N ′, t) is divisible by P (M̃, t) = (1 − t9)/(1 − t) = 1 + t+ ... + t8. Let Q(t)
be a quotient of these two polynomials. After computations, we have

Q(t) = t7+t13+t16+t18+t19+t20+t22+t24+t26+t28+t29+t30+t34+t35+

t36 + t38 + t40 + t42 + t44 + t45 + t46 + t48 + t51 + t57 .

Now if M(k) is direct summand of N for some integer k, then

ML(k) = M̃(k)⊕ M̃(k + 9) ⊕M̃(k + 18) is a direct summand of N ′. There-
fore in this case the decomposition of Q(t) contains tk + tk+9 + tk+18 =

P (ML(k), t)/P (M̃, t). Only two values k = 20 and k = 26 satisfy this
condition. Note that if complete decomposition of the motive N contains
M(20) then by duality it contains also M(26). It follows that the question
of the complete motivic decomposition of Y reduces to the question either
dimF3 V20 = 3 or dimF3 V20 = 4? Let us show that we are in the second case.
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Consider the following cycle e from V20

e = f∗(c
11
2 (−T )c83(−T )) = −c̃171 c̃3 + c̃161 c̃

2
2 − c̃141 c̃32 − c̃141 c̃23 − c̃131 c̃22c̃3 − c̃121 c̃42+

c̃111 c̃
3
2c̃3 − c̃111 c̃33 − c̃101 c̃52 − c̃21c̃92 ,

where c2(−T ) = −hc̃1 + c̃2, c3(−T ) = h3 + h2c̃1 + hc̃2 + c̃3. The cycle e as
a polynomial in F3[c̃1, c̃2, c̃3] is not divisible by c̃31. It follows that the cycle e
could not be a linear combination of three cycles c201 , c

13
1 c7, c

6
1c

2
7 from the list

4.10. Therefore dimF3 V20 = 4.
Consider a sequence (ai)i∈Z defined by

ai =

{
bi + 1 if i = 20 or i = 26
bi else.

The complete motivic decomposition of the variety Y is the following

(4.13) M(Y ) = ⊕i∈ZM⊕ai ⊕M1,D .

Remark 4.14. We have the same decompositions as (4.3), (4.5) and (4.13)
for the motives with the integral coefficients. To show this one can apply [12,
Corollary 2.7] and then [12, Theorem 2.16].
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Abstract.

The K-theory of inner twisted forms of homogeneous varieties G/H
with connected reductive algebraic groups H ⊂ G of the same rank is
computed. We provide an explicit isomorphism with the K-theory of
certain central simple algebras associated to the considered variety, as
a consequence one has that K0(G/H) is a free abelian group of rank
[W (G) : W (H)]. The result is used for the computation of the K-
theory of some affine homogeneous varieties including an octonionic
projective plane and quaternionic projective spaces.
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1 Introduction.

It is known that the K-theory of homogeneous projective varieties could be
expressed by means of the K-theory of central simple algebras. The most
fundamental result concerns the case of a projective space and states that
there is an isomorphism

K∗(k)[t]/tn+1 ∼ // K∗(Pn).

The case of Severi-Brauer varieties was treated by Quillen [Q, §8], and one has

n⊕
i=0

K∗(A⊗i)
∼ // K∗(Pnγ ),
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where A is a central simple algebra defined by the cocycle γ. Swan [Sw] com-
puted the K-theory of a smooth projective quadric and showed that there is
an analogous isomorphism involving some Clifford algebras. It was shown by
Panin [Pan1] that one has an analogous isomorphism for every homogeneous
projective variety and one can express its K-theory in the terms of the K-
theory of certain separable algebras. In the present paper we provide a unified
approach to the K-theory of homogeneous varieties and compute it for inner
forms of G/H with connected reductive H ⊂ G of the same rank. The main
result is theorem 4 which claims that there is an isomorphism

K∗((G/H)γ)
∼ //

r⊕
i=1

K∗(A(λi)γ),

with r = [W (G) : W (H)] and central simple algebras A(λi)γ associated to
(G/H)γ in some canonical way. In the last section of the present paper it is
shown that the known results concerning the homogeneous projective varieties
could be derived from this theorem, although it deals with the affine varieties.
An essential role in our computations plays a well-known fact that the choice
of a rational point on a homogeneous variety induces an equivalence between
the category of equivariant vector bundles over the homogeneous variety and
the category of finite dimensional representations of the stabilizer of the chosen
point. Another important ingredient is the spectral sequence constructed by
Merkurjev [Mer] that allows to pass from the equivariant K-theory to the
ordinary one. It turns out that when the groups have the same rank the
spectral sequence degenerates and provides a very explicit answer. In order to
show that the sequence degenerates we use a theorem proved by Steinberg [St]
which states that in our case the representation ring R(H) is a free module
over R(G). We give a new proof of the last theorem which provides us a good
basis consisting of the irreducible representations such that we can handle it in
the twisted case.
Note that there is a decent classification of the connected reductive subgroups
containing the maximal torus [BT, § 3]. They correspond to quasi-closed
(for char k = 0 one can say closed) symmetric subsets in the root system
of the group G, so one can explicitly write down the varieties covered by the-
orem 4. For example we can compute by hand the K-theory for the variety
G(E6)/G(A2 +A2 +A2) with the inclusion provided by 3A2 ⊂ E6. The K0 in
this case is a free abelian group of rank 240.
In the article everything is settled over a field k of an arbitrary characteristic.
Algebraic groups are supposed to be smooth algebraic varieties over the field
k. The text is organized as follows. In the second section we recall some well-
known facts on the representation theory of reductive groups, including the
combinatorics concerning roots, weights and the Weyl group.
In the next section we introduce some useful combinatorics arising from a
reductive subgroup of maximal rank. We define a linear order on the dominant
weights and prove key lemmas providing the technical tool for the new approach
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to the Steinberg theorem.
In section 4 we show that with the given order one can choose some set resem-
bling the Gröbner basis and could carry out the division relative to the chosen
elements. Using the above idea we construct a basis for the representation ring
in theorem 2 and show that there is a natural freedom in the choice of the
basis. The introduced division algorithm provides an explicit method for the
calculation of the multiplicative structure on the obtained free module.
The fifth section contains some examples, from a vivid two-dimensional case
involving G2 to the non-obvious series of Cn root systems.
In section 6 we recall basic notions from the equivariant K-theory and present
the spectral sequence constructed by Merkurjev. The following section deals
with a split case of the homogeneous varieties, a degeneration of the spectral
sequence is demonstrated and the isomorphism for the K-theory is constructed.
Section 8 deals with the twisted forms, separable algebras are introduced and
the main result is proved by means of the splitting principle [Pan2].
In the last section we use the developed technique towards concrete examples.
First of all the relations with the known results are presented and the K-theory
for twisted flags is computed. Then we turn to the case of the characteristic
zero and show that the K-theory for any homogeneous variety with the stabi-
lizer connected and having the maximal rank could be computed without the
assumption on reductiveness. Also some affine homogeneous examples are con-
sidered, including an octonionic projective plane and quaternionic projective
spaces.
Acknowledgement. The author wishes to express his sincere gratitude to
I. Panin for numerous discussions and useful suggestions concerning the sub-
ject of this paper. Also the author acknowledges support of the RFFI-project
10-01-00551-а.

2 Representations of reductive algebraic groups.

In this section we fix the notations and recall some well-known facts concerning
the representation theory of split reductive algebraic groups. A comprehensive
survey of this theme could be found in [Jan], and a classic reference for the
semisimple case is [Hum2].
Let G be a connected split reductive algebraic group and let T ⊂ G be a split
maximal torus of G. Let W (G, T ) = NG(T )/ZG(T ) be the Weyl group of G.
Since all split maximal tori are conjugate, W (G, T ) does not depend on the
choice of torus T so we will as usual denote it by W (G). Let

X∗(T ) = Hom(T,Gm) ∼= Zrk(T ), Ch = Hom(Z(G), Gm)

be the character groups of torus T and center Z(G) respectively. Recall that
the Weyl group W (G) acts faithfully on X∗(T ) and that there is a natural
Weyl-equivariant Ch grading on X∗(T ).
Let Repk(G) be the category of finite dimensional k-rational representations of
G and let R(G) = K0(Repk(G)) be the representation ring of G. Recall that as
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an additive group R(G) is a free abelian group generated by the isomorphism
classes of irreducible representations. The following result is well-known (for
example, see [Se, Théorème 4]).

Theorem 1. Let G be a connected split reductive algebraic group and let T ⊂ G
be a split maximal torus of G. Then there is a ring isomorphism R(T ) ∼=
Z[X∗(T )] where the last one denotes a group ring. Moreover, the restriction of
representations induces R(G) ∼= Z[X∗(T )]W (G).

We need some more combinatorial data on the connection between representa-
tions and characters group ring.
There is a root system Φ in X∗(T ) and one could construct a positive definite
bilinear form (− ,−) on

V = X∗(T )⊗Z R ∼= Rrk(G)

such that the Weyl group is generated by the reflections {wα, α ∈ Φ}. If G
is semisimple then there is a canonical choice of this bilinear form. In general
case we proceed as follows. For the root datum (X∗(T ),Φ, X∗(T ),Φ∨) and the
pairing 〈− ,−〉 : X∗(T ) × X∗(T ) → Z the Weyl group W (G) is generated by
the reflections

sαλ = λ− 〈λ, α∨〉α, α ∈ Φ.

Set
X0(T ) = {λ ∈ X∗(T )| 〈λ, α∨〉 = 0 ∀α ∈ Φ} .

Then V = RΦ ⊕ X0(T ) ⊗Z R. The space RΦ possesses a canonical bilinear
form. Choose an arbitrary positive definite bilinear form on X0(T )⊗Z R. The
required form (− ,−) is an orthogonal sum of these two forms.
The hyperplanes Hα orthogonal to the roots α ∈ Φ divide V into chambers
which are the fundamental domains for the Weyl group action. The hyperplanes
adjacent to the chamber are called walls of this chamber. Fix a set of simple
roots Π ⊂ Φ and positive roots Φ+. Let

C(G) = {v ∈ V |(v, α) ≥ 0, α ∈ Π}

be the fundamental Weyl chamber. Walls of the fundamental Weyl chamber
C(G) coincide with the hyperplanes orthogonal to the simple roots. Let

Λ+
G = C(G) ∩X∗(T )

be a cone of the dominant weights. Note that in the semisimple case G is
simply connected iff there is an isomorphism of semigroups Λ+

G
∼= (N+

0 )rk(G),
where N+

0 stands for the additive semigroup of non-negative integers.
Let λ ∈ Λ+

G be a dominant weight. Theorem 1 states that there is a bijection
between such weights and irreducible G-modules, so we will denote by VG(λ)
the corresponding G-module.
At last, recall that there is a partial order on X∗(T ) which is defined by the
choice of simple roots Π: µ �Π λ if and only if λ − µ is a sum of positive
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roots. The interaction between this order and Weyl action is stated in the next
lemma.

Lemma 1. Let λ ∈ Λ+
G, w ∈W (G) then w(λ) �Π λ.

Proof. If G is semisimple we can use [Hum1, Lemma 13.2A]. In general case
consider the inclusion of the derived group DG ⊂ G with maximal torus T1 ⊂ T
[Jan, 1.18]. It induces an orthogonal projection

π : X∗(T )⊗Z R→ RΦ ∼= X∗(T1)⊗Z R

mapping simple roots to simple roots and Λ+
G to Λ+

DG. We have λ = λ0 + λ1
for some λ0 ∈ X0(T )⊗ R and λ1 ∈ RΦ such that λ1 = π(λ1) ∈ Λ+

DG. Then

λ− w(λ) = λ0 + λ1 − w(λ0)− w(λ1) = λ1 − w(λ1) ∈ RΦ

and
λ1 − w(λ1) = π(λ1 − w(λ1)) = π(λ1)− w(π(λ1)).

Using the semisimple case we conclude that π(λ1)−w(π(λ1)) is a sum of positive
roots of DG which coincide with the positive roots of G.

3 Subgroup combinatorics.

In this section we introduce the necessary combinatorics that we need in order
to prove theorem 2. The main goal is to order dominant weights of the subgroup
and show that there are several weights with good properties relative to the
order.
Let G be a connected split semisimple simply connected group of rank r, let
T ⊂ G be a split maximal torus of G and let T ⊂ H ⊂ G be a connected
split reductive subgroup of maximal rank. Evidently, in this setting there is an
inclusion of the Weyl groupsW (H) ⊂W (G). Hence we have the corresponding
combinatorial data introduced in the previous section: the lattice X∗(T ) ⊂ V
in the euclidean space, the root system Φ ⊂ X∗(T ) and the actions of the Weyl
groups W (H) ⊂ W (G) on the V . The following lemma shows that we can
choose compatible fundamental Weyl chambers and the corresponding cones of
dominant weights

C(G) � � // C(H)

Λ+
G

?�

OO

� � // Λ+
H

?�

OO

Let r = [W (G) : W (H)] be the Weyl group index.

Lemma 2. Any Weyl chamber of H is a union of r Weyl chambers of G.

Documenta Mathematica 17 (2012) 167–193



172 Alexey Ananyevskiy

Proof. It is clear that any wall for the W (H) action is a wall for the W (G)
action, so in order to get the chambers of G we need to subdivide the H
chambers. The number of G subchambers is independent on a H chamber since
W (H) rearranges the G chambers and acts transitively on the H chambers.
Since the number of the chambers coincides with the order of Weyl group, the
number of subchambers equals to the index r.

So we choose some chambers C(G) ⊂ C(H) and elements

e = w1, w2, ..., wr ∈W (G),

such that
C(H) =

⋃

1≤i≤r
wiC(G), Λ+

H =
⋃

1≤i≤r
wiΛ

+
G.

Let ω1, ..., ωs be the fundamental weights corresponding to C(G) and let Π,Π′

be the sets of simple roots for G, H respectively.

Definition 1. Let µ ∈ X∗(T ) be some weight. Define

H(µ) = {Hα, α ∈ Φ+|∃i : (µ, α) · (ωi, α) < 0} = {Hα, α ∈ Φ+|(µ, α) < 0}

to be the set of walls which separate µ from C(G). Let H(wC(G)) = H(µ) for
some interior weight µ ∈ wC(G)o.

Remark 1. The set H(µ) somehow measures a combinatorial spherical distance
from µ to C(G), the furthest weights are separated by the most hyperplanes.
Also note that #H(wC(G)) = l(w), the usual length of an element of a Weyl
group, which is defined to be the number of simple reflections in the shortest
word representing w.

Lemma 3. Let µ ∈ Λ+
H be a dominant weight. Then there exists such i that

µ ∈ wiΛ+
G and H(wiC(G)) = H(µ).

Proof. If µ belongs to the interior of some chamber we should take that cham-
ber. Otherwise we can choose an arbitrary ν ∈ C(G)o and draw a segment con-
necting the points corresponding to µ and ν. Since ν is interior for C(G) this
segment does not belong to hyperplanes Hα and we should take the chamber
wiC(G) which interior it crosses first, starting from µ. There are no hyperplanes
separating the chosen chamber from µ so H(wiC(G)) = H(µ).

Lemma 4. Let µ, λ ∈ wiΛ
+
G for some i and w ∈ W (G). Suppose that there

exists a hyperplane Hα separating λ and wµ, i.e. such that (λ, α) · (wµ, α) < 0.
Then (wµ, λ) < (µ, λ).

Proof. First of all we multiply the weights by w−1i and consider

µ′ = w−1i µ, λ′ = w−1i λ, w′ = w−1i wwi, α
′ = w−1i α.
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It follows that µ′, λ′ ∈ Λ+
G and

(λ′, α′) · (w′µ′, α′) = (w−1i λ,w−1i α) · (w−1i wµ,w−1i α) = (λ, α) · (wµ, α),

and by the same vein

(w′µ′, λ′) = (wµ, λ), (µ′, λ′) = (µ, λ).

So from now on we suppose wi = e.
Note that by lemma 1 µ−wµ equals to a sum of positive roots and λ is a sum of
fundamental weights with nonnegative coefficients, so in general (wµ−µ, λ) ≤ 0,
and we need to show that the difference wµ−µ is not orthogonal to λ. First of
all wµ 6∈ Λ+

G (i.e. not equals µ) since there are no hyperplanes crossing C(G).
We can find a sequence α1, α2, ..., αn ∈ Φ+ such that the following conditions
hold, where si = wαiwαi−1 . . . wα1 and s0 = e.

a. w = sn = wαnwαn−1 . . . wα1 .

b. For every 1 ≤ i < n the hyperplane Hαi is a wall of si−1C(G) and
separates it and C(G) from snC(G)

This presentations divides w into the sequence of flips, and every flip drives the
chamber further from C(G).
We claim that the roots αi should be the roots corresponding to hyperplanes in
H(wC(G)) written in an appropriate order. Indeed, there exists a hyperplane
Hα1 ∈ H(wC(G)) which is the wall of C(G), otherwise wC(G) = C(G) and
w = e, contradicting µ 6= wµ. Note that

H(s1C(G)) = {Hα1} ⊂ H(wC(G)),

and whenever s1 6= w we can find Hα2 ∈ H(wC(G)) \H(s1C(G)) satisfying the
condition (b), i.e. it should be a wall of s1C(G), the separating part is valid
since we look at the separating hyperplanes. Now one has

H(s2C(G)) = {Hα1 , Hα2} ⊂ H(wC(G)).

If s2 6= w we can find α3 ∈ H(wC(G)) \H(s2C(G)) and so on.
For the above roots αi one has

(wµ − µ, λ) = (

n∑

i=1

siµ− si−1µ, λ) =

n∑

i=1

ci(αi, λ),

where ci = −2 (si−1µ,αi)
(αi,αi)

. From the condition (b) it follows that Hαi does not
separate si−iC(G) from C(G), so (si−1µ, αi) ≥ 0, hence ci is nonpositive.
In general (αi, λ) ≥ 0 so it is sufficient to show that there exists some αi such
that (αi, λ) 6= 0 and (si−1µ, αi) 6= 0 simultaneously. The first condition is
equivalent to λ 6∈ Hαi and the second means that siµ 6= si−1µ. Now suppose
that there is no such αi, then we can get from µ to wµ by reflections wαi
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such that λ ∈ Hαi . Then wµ and λ lie in the same chamber and there are
no hyperplanes separating them. So by contradiction we can find such i that
ci(αi, λ) < 0 and this finishes the proof.

Now we are ready to introduce a good order on Λ+
H which uses W (G) action

and hence somehow connects W (G) orbits with H weights.

Definition 2. Let µ1, µ2 ∈ Λ+
H , we say that µ1 �′ µ2 if and only if one of the

following conditions holds:

1. µ1 = µ2

2. (µ1, µ1) < (µ2, µ2)

3. (µ1, µ1) = (µ2, µ2) and H(µ1) ) H(µ2)

Remark 2. The meaning of the above definition is that a dominant weight is
smaller if the vector is shorter or the combinatorial spherical distance to C(G)
is greater.

Lemma 5.

1. �′ defines a partial order on Λ+
H .

2. For any µ ∈ Λ+
H there are only finitely many µ′ such that µ 6�′ µ′.

3. Let µ1, µ2 ∈ Λ+
H and µ1 ≺Π′ µ2. Then µ1 ≺′ µ2.

Proof.

1. is checked by hand.

2. Follows from the fact that there are finitely many weights µ′ such that
(µ′, µ′) ≤ (µ, µ).

3. There exists β ∈ X∗(T ) such that β equals to a sum of positive roots and
µ2 = µ1 + β. Then (µ2, µ2) = (µ1, µ1) + (β, β) + 2(µ1, β). The last term
is nonnegative since the scalar product of a simple root and a dominant
weight is nonnegative and so is the scalar product of a positive root and
a dominant weight. So µ1 �′ µ2 follows from the examining of their
lengths.

Definition 3. Let � be an arbitrary linear extension of the order �′ on Λ+
H ,

i.e. such a linear order that from µ1 �′ µ2 it follows that µ1 � µ2.

Remark 3. Part (3) of the previous lemma is valid for � too and the part (2)
transforms into the property that there are only finitely many µ′ such that
µ′ � µ.
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The next lemma introduces basic and in some sense minimal and indecompos-
able elements λi ∈ Λ+

H , one for the each chamber wiC(G).

Lemma 6. For every i there exists an element λi ∈ wiΛ+
G such that

1. H(λi) = H(wiC(G)).

2. For every µ ∈ wiΛ+
G, H(µ) = H(wiC(G)) one has µ− λi ∈ wiΛ+

G.

3. For every µ ∈ wiΛ+
G one has λi + wjw

−1
i µ � λi + µ.

Proof. The set of weights {µ ∈ wiΛ+
G |H(µ) 6= H(wiC(G))} is just an intersec-

tion of wiΛ
+
G with the union of chamber wiC(G) walls which separate it from

the C(G). Indeed, the only chance for the weight to have the lesser number
of walls separating it from C(G) is to belong to a such wall, and every weight
lying on this wall has the lesser number of separating hyperplanes.
Now we use the fact that G is simply connected so wiΛ

+
G
∼= (N+

0 )s. The walls
of the chamber correspond to the hyperplanes where some coordinate equals
0, so the weights, which have the same H(µ) as the chamber, correspond to
the points with certain coordinates, say 1, ..., l, strictly greater then 0. Let λi
be the element corresponding to the point with first l coordinates equal 1 and
others equal 0. From the above it follows that we get (1) and (2), so we turn
to (3).
First of all note that all weights really lie in the Λ+

H , so we can try to compare
them. Examine their lengths:

(λi+wjw
−1
i µ, λi+wjw

−1
i µ) = (λi, λi)+2(λi, wjw

−1
i µ)+(wjw

−1
i µ,wjw

−1
i µ) =

= (λi, λi) + 2(λi, wjw
−1
i µ) + (µ, µ),

(λi + µ, λi + µ) = (λi, λi) + 2(λi, µ) + (µ, µ).

Applying lemma 1 to w−1i λi, w
−1
i µ ∈ Λ+

G and w−1i wj ∈W (G) we have

(λi, wjw
−1
i µ) = (w−1i λi, w

−1
i wjw

−1
i µ) ≤ (w−1i λi, w

−1
i µ) = (λ, µ)

and, consequently,

(λi + wjw
−1
i µ, λi + wjw

−1
i µ) ≤ (λi + µ, λi + µ).

Now look at H(λi). Observe that H(λi) = H(λi + µ). Indeed, λi + µ ∈
wiΛ

+
G and from the first part of the lemma it follows that H(λi) ⊃ H(λi + µ).

The opposite inclusion follows from the fact that since µ and λi lie in the
same chamber there are no hyperplanes Hα separating them, i.e. one has
(λi, α) · (µ, α) ≥ 0. For every Hα ∈ H(λi) one has (λi, α) < 0, so (µ, α) ≤ 0
and (λi + µ, α) < 0, then Hα ∈ H(λi + µ).
First suppose that there exists some Hα ∈ H(λi) such that (wjw

−1
i µ, α) > 0.

Since Hα ∈ H(λi) one has (λi, α) < 0 and

(λi, α) · (wjw−1i µ, α) < 0.
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Then we are in the setting of lemma 4 with a slight change of notation, so
(λi, wjw

−1
i µ) < (λi, µ) hence λi + wjw

−1
i µ � λi + µ.

Otherwise for all Hα ∈ H(λi) one has (wjw
−1
i µ, α) ≤ 0 and since (λi, α) < 0

one has (λi + wjw
−1
i µ, α) < 0, so H(λi) ⊂ H(wjw

−1
i µ+ λi) and

H(λi + µ) ⊂ H(wjw
−1
i µ+ λi).

The last two sets coincide only if wjw
−1
i µ + λi ∈ wiΛ+

G and the second part
of the lemma in this case yields wjw

−1
i µ ∈ wiΛ+

G that means µ = wjw
−1
i µ. In

any case one has λi + wjw
−1
i µ � λi + µ.

Remark 4. Note that from the above construction one gets λ1 = 0 ∈ X∗(T ).

4 Restriction of representations.

In this section we study the representation restriction homomorphism on the
representation rings and prove theorem 2.
Let T ⊂ H ⊂ G be the same groups as in the previous section. From theorem
1 we get the following commutative diagram.

R(G) � � //

≃
��

R(H) � � //

≃
��

R(T )

≃
��

Z[X∗(T )]W (G) � � // Z[X∗(T )]W (H) � � // Z[X∗(T )]

Recall that Z(G) ⊂ T , hence all the rings above are Ch = X∗(Z(G))-graded.
We are interested in the R(G)-module structure on R(H) and its connection
with the grading.
We need the following easy lemma from commutative algebra.

Lemma 7. Let S ⊂ R be integral domains and let λ1, ..., λr ∈ R generate R as
S-module. Set Q(R) and Q(S) to be the fraction fields of R and S respectively
and let [Q(R) : Q(S)] = r. Then R is a free S-module with basis λ1, ..., λr.

Proof. R is finitely generated as an S-module hence it is integral over S. Then
R ⊗S Q(S) is an integral domain integral over the field S ⊗S Q(S) = Q(S),
hence itself is a field [AM, Proposition 5.7] so R⊗S Q(S) ∼= Q(R).
We have the following short exact sequence induced by λ1, ..., λr.

N // // Sk // // R ,

hence
N ⊗S Q(S) // // Q(S)k // // R⊗S Q(S) .

The last term is isomorphic to Q(R) and comparing dimensions one can see
that N ⊗S Q(S) = 0 hence N = 0 and we get the claim of the lemma.
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We consider X∗(T ) as an additive group, so we will write the element of
Z[X∗(T )] corresponding to weight µ in a such way: xµ.

Definition 4. For µ ∈ X∗(T ) we will denote by (xµ)W (H) the sum in the
Z[X∗(T )] of all elements corresponding to the weights in a W (H)-orbit of µ
and for any monomial axµ ∈ Z[X∗(T )] by (axµ)W (H) = a(xµ)W (H) we denote
the similar orbit but with a coefficient.

With the above notation one has the unique decomposition of

f =
∑

(aµjx
µj )W (H) ∈ Z[X∗(T )]W (H)

into the sum of monomial orbits with distinct µj ∈ Λ+
H . Recall that we have a

linear order � on µj introduced in the previous section.

Definition 5. Let f =
∑

(aµjx
µj )W (H), then define the degree deg(f) =

max
j
µj to be the maximal µj in the decomposition and the leading orbit lo(f) =

(adeg(f)x
deg(f))W (H) to be the orbit of the maximal monomial.

We will use an analogous notation for the group G.

Lemma 8. For µ1, µ2 ∈ Λ+
H we have

lo
(

(xµ1)
W (H)

(xµ2)
W (H)

)
=
(
xµ1+µ2

)W (H)
.

Proof. Expanding the orbits we obtain

(xµ1 )
W (H)

(xµ2 )
W (H)

=
∑

s1∈S1,s2∈S2

xs1µ1+s2µ2

for some sets Si ⊂W (H) of representatives of cosets W (H)/StabW (H)(µi). We
can choose Si such that e ∈ S1, S2. By lemma 1 we have

s1µ1 �Π µ1, s2µ2 �Π µ2,

and for nontrivial si the relation is strict. Hence s1µ1 + s2µ2 ≺Π µ1 + µ2 and
applying lemma 5 we get s1µ1 + s2µ2 ≺ µ1 + µ2.

Theorem 2. Let G be a split semisimple simply connected group and let H
be a connected split reductive subgroup of the maximal rank (i.e. H contains
a split maximal torus T of G). Then R(H) is a free R(G)-module of rank
[W (G) : W (H)] and there is a Ch-homogeneous basis.

Proof. First of all we will deal with the weight realization of the rings of rep-
resentations, i.e. with the following sequence.

Z[X∗(T )]W (G) � � // Z[X∗(T )]W (H) � � // Z[X∗(T )]

In the previous section in lemma 6 we have constructed some λi and we claim
that the orbits (xλi )W (H) form a homogeneous basis of Z[X∗(T )]W (H) over
Z[X∗(T )]W (G).
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a. Homogeneity. It is the easiest part since it follows at once from the
equivarianсe of the W (H) action.

b. (xλi)W (H) generate Z[X∗(T )]W (H) as a Z[X∗(T )]W (G)-module. We will
show by induction on deg(f) that f ∈ Z[X∗(T )]W (H) could be expressed
as a linear combination of (xλi )W (H) with Z[X∗(T )]W (G) coefficients.
Note that λ1 = 0 ∈ X∗(T ) and

(xλ1 )W (H) = 1 ∈ Z[X∗(T )]W (H),

so we have the constants. Now suppose that we can express as linear
combinations all f ∈ Z[X∗(T )]W (H) such that deg(f) ≺ µ0 and we need
to write down such an expression for (xµ0 )W (H).

By lemma 3 we have some chamber wlC(G) such that µ0 ∈ wlΛ
+
G and

H(µ0) = H(wlC(G)), hence, by lemma 6 ν = µ0 − λl ∈ wlΛ+
G. Choose a

subset {wj} of {wi} such that we have all the distinct wjw
−1
l ν. Then by

subdividing the W (G)-orbit into the W (H)-orbits we have the following
equality.

lo
(

(xν)
W (G) (

xλl
)W (H)

)
= lo


∑

j

((
xwjw

−1
l ν
)W (H) (

xλl
)W (H)

)
 .

Looking only at the leading orbits of the summands in the last expression
and applying lemma 8 we get

lo
(

(xν)
W (G) (

xλl
)W (H)

)
= lo





∑

j

xwjw
−1
l
ν+λl



W (H)


 ,

and finally, by lemma 6, we have

lo





∑

j

xwjw
−1
l
ν+λl



W (H)


 =

(
xν+λl

)W (H)
= (xµ0)

W (H)
.

Hence

deg
(

(xµ0 )W (H) − (xν)W (G) (xλl
)W (H)

)
≺ µ0

and we can use the induction.

c. (xλi)W (H) are linearly independent. >From the sequence

Z[X∗(T )]W (G) �
� // Z[X∗(T )]W (H) � � // Z[X∗(T )],
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one gets a sequence of the fraction fields

Q(Z[X∗(T )]W (G))
� � // Q(Z[X∗(T )]W (H))

� � // Q(Z[X∗(T )])

Q(Z[X∗(T )])W (G) � � // Q(Z[X∗(T )])W (H) � � // Q(Z[X∗(T )])

with a degree of field extension
[
Q (Z[X∗(T )])

W (H)
: Q (Z[X∗(T )])

W (G)
]

= [W (G) : W (H)] .

Hence, by lemma 7 one gets the claim of the theorem.

Corollary 1. In the notation of theorem 2 one has a basis of R(H) over
R(G) consisting of the classes of irreducible representations of H.

Proof. One can take VH(λi) and since their leading orbits coincide with the
basis constructed in the theorem one gets the claim.

Remark 5. We can choose various chambers C(G) and the different choices
produce different bases. Also the proof of the theorem gives an explicit algo-
rithm for the calculation of the coefficients of decomposition with respect to the
chosen basis, so, for example, in every particular case one can write down the
multiplication table for the basis, yet it seems that there is no elegant general
formula.

5 Examples: A1 +A1 ⊂ G2, B4 ⊂ F4 and C1 + Cn−1 ⊂ Cn.

In this section we compute several examples of bases. Every reductive subgroup
containing the maximal torus is defined by some quasi-closed root subset [BT,
§ 3], so we use the root system notation. Every maximal root subsystem of full
rank corresponds to a node in the Dynkin diagram and the subsystem diagram
is just an extended Dynkin diagram with the chosen node removed. We label
simple roots in a way of [Bou].

5.1 A1 +A1 ⊂ G2

In this example we take the subsystem in G2 defined by the short simple root
and the maximal one. The corresponding Dynkin diagram is the next one, with
the white node removed.

✉ ❡ ✉

α1 α2 −αmax
〈
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We label the roots in a way shown above and αmax = 3α1 + 2α2. The funda-
mental chamber C(G2) is a chamber spanned by the fundamental weights

ω1 = αmax = 3α1 + 2α2, ω2 = 2α1 + α2.

The fundamental chamber C(A1 +A1) should contain C(G2) so it is the quarter
of the plane bounded by α1 and αmax. Note, by the way, that the considered
group G(A1 +A1) is not simply connected since there are no weights 1

2α1 and
1
2αmax in our lattice and one can see that

G(A1 +A1) = (SL2 × SL2)/µ2

with µ2 embedded diagonally.
The chamber C(A1+A1) subdivides into the G2 chambers in the following way:

C(A1 +A1) = C(G2) ∪ wα2C(G2) ∪ wα1+α2wα2C(G2)

So theorem 2 tells us that we should take in each subchamber the shortest of
the furthest by spherical distance weights, i.e. the generator for the furthest
wall, hence one has

0 ∈ C(G), 3α1 + α2 ∈ wα2C(G), α1 ∈ wα1+α2wα2C(G2)

and the corresponding sums over W (A1 + A1) would form a basis. The basis
from the theorem is the following one:

1, x3α1+α2 + xα2 + x−α2 + x−3α1−α2 , xα1 + x−α1 .

One could compute the corresponding basis consisting of irreducible modules
from corollary 1 having the following weight subspaces:

V (0) = 1
V (3α1 + α2) = x2α1+α2 + xα1+α2 + x−α1−α2 + x−2α1−α2+

+x3α1+α2 + xα2 + x−α2 + x−3α1−α2

V (α1) = 1 + xα1 + x−α1

In fact after identifying G(A1 + A1) = (SL2 × SL2)/µ2 one can write down
the above representations in more natural way, denoting by W1,W2 the regular
representations of the factors one has

V (0) = S0W1⊗S0W2, V (3α1+α2) = S3W1⊗W2, V (α1) = S2W1⊗S0W2.

5.2 B4 ⊂ F4

In this case we remove the α4 node from the extended Dynkin diagram of type
F4. One can show that it corresponds to Spin9 ⊂ G(F4).

✉ ✉ ✉ ✉ ❡

−αmax α1 α2 α3 α4

〉
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With the above labelling one has

αmax = 2α1 + 3α2 + 4α3 + 2α4.

We will shorten the above notation to (2, 3, 4, 2). The fundamental weights
defining C(F4) are

ω1 = (2, 3, 4, 2), ω2 = (3, 6, 8, 4), ω3 = (2, 4, 6, 3), ω4 = (1, 2, 3, 2).

Choose the simple roots for B4 in the following way:

α′1 = wα4 (−αmax) = (0, 1, 2, 2), α′2 = α1, α′3 = α2, α′4 = α3,

hence we have the fundamental weights defining C(B4) ∼ {ω′1, ω′2, ω′3, ω′4}:

ω′1 = (1, 2, 3, 2) = ω4, ω′2 = (2, 3, 4, 2) = ω1,

ω′3 = (2, 4, 5, 2), ω′4 = (1, 2, 3, 1).

Since these weights belong to the considered lattice the chosen G(B4) is simply
connected, so it really is Spin9. Now we compute the subdividing of C(B4):

C(B4) = C(F4) ∪ wα4C(F4) ∪ wα3+α4wα4C(F4),

wα4C(B4) ∼ {ω1, ω2, ω3, ω
′
4}, wα3+α4wα4C(B4) ∼ {ω1, ω2, ω

′
3, ω
′
4}.

Theorem 2 suggests to look at the elements appeared after flips, since they are
the spherically furthest, so the basis would consist of W (B4) orbits of 0, ω′4, ω

′
3.

Another basis comes from the corollary 1 that claims V (0), V (ω′3), V (ω′4) to be
a basis. These representations are just the trivial one, Λ3W for the regular W
and the spin one.

5.3 C1 + Cn−1 ⊂ Cn
In this case we remove α1 node from the extended Dynkin diagram of type
Cn and it corresponds to (Sp2 × Sp2n−2) ⊂ Sp2n with the quotient variety
HPn−1 = Sp2n/(Sp2× Sp2n−2) being a quaternionic projective space in nota-
tion of section 9.3.

✉ ❡ ✉ ✉ ✉ ✉

−αmax α1 α2 αn−2 αn−1 αn
. . .〉 〈

One has

αmax = 2α1 + 2α2 + · · ·+ 2αn−1 + αn = (2, 2, . . . , 2, 1).

The fundamental weights for C(Cn) are

ωi = (1, 2, . . . , i− 1, i, i, . . . i,
i

2
).

Documenta Mathematica 17 (2012) 167–193



182 Alexey Ananyevskiy

Choosing α2, α3, . . . , αn, αmax to be the simple roots of C1 +Cn−1 one gets the
following C(C1 + Cn−1):

ω′i = (0, 1, . . . , i− 1, i, i, . . . i,
i

2
), ω′n = (1, 1, . . . , 1,

1

2
).

The subdivision of C(C1 + Cn−1) is straightforward:

C(C1 + Cn−1) = C(Cn) ∪wα1C(Cn) ∪ wα1+α2wα1C(Cn) ∪ . . .
· · · ∪ (wα1+···+αn−1 . . . wα1+α2wα1)C(Cn),

(wα1+···+αi . . . wα1+α2wα1)C(Cn) ∼ {ω′1, ω′2, . . . , ω′i, ωi+1, . . . ωn}.
Corollary 1 claims V (0), V (ω′1), . . . V (ω′n−1) to be a basis and this representa-
tions are just ΛiW for a regular representation W of Sp2n−2.

6 Representations, vector bundles and equivariant K-theory.

In this section we recall some results on the equivariant K-theory. An extensive
exposition and further references could be found in [Mer].
Let G be an algebraic group, let H ⊂ G be a closed subgroup and let X = G/H
be the corresponding smooth homogeneous G-variety. There is a well-known
tensor equivalence [Mer, Example 2]

Repk(H)
∼ // V ectG(X)

between the categoriesRepk(H) of finite dimensional k-rational representations
of H and V ectG(X) of G-equivariant vector bundles over X . The inverse for
the above equivalence is given by the fiber over the distinguished rational point
eH of X . Further we will use the following notation.

Definition 6. Let VH(λ) be an irreducible representation of H with the high-
est weight λ ∈ Λ+

H , then denote by VH(λ) the corresponding vector bundle over
G/H . For an irreducible representation VG(µ) of G with the highest weight
µ ∈ Λ+

G one can use the restriction of representations, get a representation
of H (not necessary irreducible) and then take the corresponding vector bun-
dle VG(µ). Occasionally we will write VG(λ) and VG(λ) for λ ∈ Λ+

H and it
means that one should find µ ∈ Λ+

G from a W (G)-orbit of λ and then take the
corresponding VG(µ) and VG(µ).

Remark 6. Note that after forgetting about the G-action the last bundle be-
comes trivial, i.e. the composition

Repk(G)
Res // Repk(H)

∼ // V ectG(X) // V ect(X)

takes G representations to trivial bundles.
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Set
Kn(G;X) = Kn(V ectG(X)).

The above equivalence yields

Kn(G;X) ∼= Kn(Rep(H)),

in particular
K0(G;X) ∼= R(H).

Note that R(H) is a R(G)-module, hence every Kn(G,X) also is. The fol-
lowing proposition, being a straightforward consequence of [Mer, Theorem 10],
compares Kn(G;X) with Kn(X).

Proposition 1. Let G be a split simply connected semisimple group. Then
there is a spectral sequence

E2
p,q = TorR(G)

p (Z,Kq(G;X)) =⇒ Kp+q(X).

7 K-theory of a homogeneous variety.

In this section we calculate the K-theory of a homogeneous variety X = G/H
with connected split reductive algebraic groups H ⊂ G of the same rank.

Lemma 9. Kn(Repk(H)) ∼= R(H)⊗Z Kn(k) as R(H)-modules.

Proof. Note that char k not necessary equals 0, so the reductive group H is
not necessary geometrically reductive, i.e. the category Repk(H) may be not
semisimple. But, nevertheless, all objects of Repk(H) have finite length and,
thanks to Devissage property of the K-theory, one has

Kn(Repk(H)) ∼= Kn(Repk(H)ss),

where Repk(H)ss stands for the subcategory of semisimple representations. By
Shur’s Lemma we can pass to a sum of the abelian categories of modules over
the endomorphism rings of irreducible representations

Kn(Repk(H)ss) ∼= Kn


⊕

[Vi]

M (EndRep(Vi)) [Vi]




with [Vi] being the isomorphism classes of irreducible representations. Since
EndRep(Vi) = k, the last one equals to

Kn


⊕

[Vi]

M (k) [Vi]


 ∼=

⊕
Kn(k) [Vi] ∼= R(H)⊗Z Kn(k).
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Proposition 2. Let G be a connected split simply connected semisimple alge-
braic group and let H ⊂ G be a connected split reductive subgroup of the same
rank. Then the spectral sequence in proposition 1 degenerates, i.e.

TorR(G)
p (Z,Kn(G;X)) =

{
Kn(X), if p = 0;

0, if p > 0.

Proof. Due to lemma 9 it is sufficient to show that for p ≥ 1 one has

TorR(G)
p (Z, R(H)⊗Z Kn(k)) = 0.

Replace Kn(k) with an arbitrary abelian group M . Since Tor commutes with
the direct limits we can reduce the problem to the finitely generated abelian
groups, and, moreover, to M = Z or M = Z/mZ.
In the first case we at once get the claim from theorem 2,

TorR(G)
p (Z, R(H)) = 0,

since R(H) is a free R(G)-module.
In the second case we can write a resolution

0 // R(H)
m // R(H) // R(H)⊗Z Z/mZ // 0 ,

which is exact since R(H) is a domain of a zero characteristic. Denoting the
rank of R(H) over R(G) by r, after tensoring with Z one still gets an exact
sequence

0 // Zr
m // Zr // (Z/mZ)r // 0 .

So, we conclude
TorR(G)

p (Z, R(H)⊗ Z/mZ) = 0,

finishing the proof.

In order to remove the annoying restriction that G should be simply connected
we need the following lemma.

Lemma 10. Let H ⊂ G be a pair of connected split reductive groups of the same
rank. Then there exists a connected split simply connected semisimple group
G̃ and a connected split reductive subgroup H̃ ⊂ G̃ of the same rank such that
G̃/H̃ ∼= G/H.

Proof. Let G̃ be a simply connected covering of the derived group DG. There
exists a covering

Z // // (Gm)l × G̃ // // G
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with a finite kernel Z. Since H contains the maximal torus the preimage of
H under this projection contains the factor (Gm)l, so we have the following
diagram.

(Gm)l × G̃ // // G

(Gm)l × H̃
?�

OO

// // H
?�

OO

The above consideration yields

G̃/H̃ ∼= (Gm)l × G̃/(Gm)l × H̃ ∼= G/H,

so we need to show that H̃ is connected. One has

Z // // (Gm)l × H̃ // // H

with finite central Z and connected H . The identity component of (Gm)l × H̃
contains the maximal torus, hence it contains Z and the connectedness of H
yields that the identity component coincides with the whole group. The group
H̃ is connected as the quotient of the connected group.

Theorem 3. Let H ⊂ G be a pair of connected split reductive groups of
the same rank. Denote r = [W (G) : W (H)]. Then there exist V1, ...,Vr ∈
V ect(G/H) such that

K∗(G/H) =
r⊕

i=1

K∗(k)[Vi].

Proof. By lemma 10 we can pass to a simply connected semisimple group G
and from the proof one has that [W (G) : W (H)] remains the same. Due
to proposition 2, the spectral sequence in proposition 1 degenerates, so using
lemma 9 one has

Kn(X) ∼= Tor
R(G)
0 (Z, R(H)⊗Z Kn(k)) =

= Z⊗R(G) R(H)⊗Z Kn(k) = Zr ⊗Z Kn(k).

The above isomorphism is induced by the elements of the basis R(H) overR(G)
constructed in theorem 2, so we can take as Vi the corresponding elements of
V ect(G/H).

Remark 7. In remark 5 we noted that there is an explicit algorithm to write
down the multiplication for the basis elements and now it describes the ring
structure on the K0(G/H).

Documenta Mathematica 17 (2012) 167–193



186 Alexey Ananyevskiy

8 The K-theory of twisted forms.

In this section we deal with certain twisted forms of homogeneous varieties
X = G/H with connected split reductive groups H ⊂ G of the same rank.
From now on we suppose G to be simply connected semisimple, lemma 10
shows that in fact it is not a restriction. Denote as before r = [W (G) : W (H)].
One has an obvious left action of G on G/H and since H contains the maximal
torus hence the center of G, this action extends to the action of

G = G/Z(G).

Now fix a 1-cocycle γ : Gal(ksep/k)→ G(ksep). Twisting the variety with this
cocycle we obtain

Xγ = (G/H)γ .

The following lemma provides a splitting variety for this cocycle.

Lemma 11. For the above cocycle γ there exists a variety Y such that the
following conditions hold:

1. Y is a smooth projective variety.

2. The Euler characteristic χ(Y ) equals to 1.

3. For every point (not necessary closed) y ∈ Y the cocycle γk(y) is a
coboundary.

Proof. Note that G is a split semisimple group and we can twist it with γ as
well. The last condition is equivalent to the condition that for every point
y ∈ Y the group (Gγ)k(y) is split. Set B to be a Borel subgroup of G and
consider

Y = (G/B)γ .

We claim that the variety YF = ((G/B)γ)F has a rational point if and only if
Gγ splits over F . The existence of a rational point on this variety is equivalent
to the existence of a Borel subgroup defined over F , which is the stabilizer of
this point in (Gγ)F . The existence of a Borel subgroup means that the group
is quasi-split and in our case it is equivalent to be split, since we work with an
inner form.
Y = (G/B)γ is clearly a smooth projective variety. In order to compute the
Euler characteristic χ(G/B) it can be shown [Jan, Proposition 4.5] that

hi(OG/B) =

{
0, if i > 0;

1, if i = 0.

so we get the claim.
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The idea lying behind the calculation of the K-theory of a twisted form is
quite simple: one needs to construct some candidate for the K-theory and a
morphism such that they will produce a correct answer and an isomorphism
in the split case. The isomorphism in the split case is written by means of
some vector bundles Vi, so in general we want to twist them. And here is the
problem – there is no action of G on these bundles since the center could act
non-trivially. In order to get over that we should tensor Vi with some bundles
to trivialize the center action, and then for the cancellation of this tensoring we
should look at the modules over endomorphism algebras of the excessive factors.
Twisting these endomorphism algebras we get separable algebras which produce
the answer.

Definition 7. Let VG(λ) be a representation of G then we denote

A(λ) = Endk(VG(λ)) = VG(λ)⊗ VG(λ)∗

the endomorphism algebra of the underlying vector space. There is an obvious
diagonal G action on A(λ) which extends to the G action, so we can twist
this algebra and get a separable algebra A(λ)γ . Also one can pass to the
corresponding trivial sheaf of algebras A(λ)γ over Xγ .

Now we fix λi from theorem 2 and the corresponding A(λi). Denote

W (λi) = VH(λi)⊗ VG(λi)
∗,

and the corresponding vector bundleW(λi). Note that W (λi) is a right module
over A(λi) through the second factor and so W(λi) is. Recall that

Z(G) ⊂ T ⊂ H
and the weights λi are Ch-homogeneous. The center Z(G) acts on the VH(λi)
and VG(λi)

∗ through the opposite characters hence it acts trivially on W (λi)
and W(λi) so we can obtain a twisted form W(λi)γ .
All the considered above structures are agreed, so now we have trivial sheaves
of separable algebras A(λi)γ and vector bundlesW(λi)γ that are right A(λi)γ-
modules.

Definition 8. For a variety Z and a separable algebra A let P(Z,A) be the
category of coherent OZ⊗A-modules which are locally free OZ -modules. Then
we denote

K∗(Z,A) = K∗(P(Z,A)).

There is a corresponding notion of K ′∗(Z,A) and it satisfies all the usual prop-
erties of the K-theory [Mer].

Proposition 3. Let Z be a variety such that every point z ∈ Z (not necessary
closed) splits γ, i.e. γk(z) is a coboundary. Then in the above notation one has
an isomorphism

r∑
i=1

φi :
r⊕
i=1

K ′∗(Z,A(λi)γ) // K ′∗(Xγ × Z),
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where
φi(U) = p∗X(W(λi)γ)⊗A(λi)γ p

∗
Z(U).

Proof. This is proved by induction on the variety dimension.
Suppose first that dimZ = 0, i.e. Z is a point, then we are in fact in the split
case. Let F = k(Z), so we have

Xγ × Z = XF , (A(λi)γ)F = A(λi)F = EndF (VG(λi)⊗ F ),

(W(λi)γ)F =W(λi)F = VH(λi)⊗ V∗G(λi)⊗ F.
Since every module over EndF (VG(λi)⊗ F ) is isomorphic to VG(λi)⊗ Fn and

V ∗G(λi)⊗ F ⊗EndF (VG(λi)⊗F ) VG(λi)⊗ F ∼= F,

one has

φi(VG(λi)⊗ Fn) = VH(λi)⊗ V∗G(λi)⊗ F ⊗EndF (VG(λi)⊗F ) VG(λi)⊗ Fn =

= VH(λi)⊗ Fn.

The above considerations show that we are in the setting of theorem 3 claiming∑
φi to be an isomorphism.

For the dimension greater then 0 we can write the localization sequence for
all subvarieties Z ′ ⊂ Z of the codimension one, so for the generic point η =
Spec k(Z) one has

lim−→
Z′⊂Z

r⊕
i=1

K ′∗(Z
′, A(λi)γ) //

��

r⊕
i=1

K ′∗(Z,A(λi)γ) //

∑
φi

��

r⊕
i=1

K ′∗(η,A(λi)γ)

��
lim−→
Z′⊂Z

K ′∗(Xγ × Z ′) // K ′∗(Xγ × Z) // K ′∗(Xγ × η)

This sequence extends to the right and to the left with the shifts in the K-
theory, and both the side vertical morphisms in each triple are isomorphisms
by induction, so using the five lemma one concludes that the middle one is an
isomorphism.

Corollary 2. In the notation of proposition 3 for a smooth Z one has

r∑
i=1

φi :
r⊕
i=1

K∗(Z,A(λi)γ) // K∗(Xγ × Z).

Proof. One has K∗(Z,A) = K ′∗(Z,A) and K∗(Xγ × Z) = K ′∗(Xγ × Z).
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Theorem 4. In the above notation there is an isomorphism

r∑
i=1

ψi :
r⊕
i=1

K∗(A(λi)γ) // K∗(Xγ),

where
ψi(U) =W(λi)γ ⊗A(λi)γ U.

Proof. We can insert two copies of our morphism into the following diagram
with the middle arrow from corollary 2 and Y being the splitting variety con-
structed in lemma 11.

r⊕
i=1

K∗(A(λi)γ)

p∗

''NNNNNNNNNNN

χ(Y )·

��

∑
ψi // K∗(Xγ)

p∗

zzvvvvvvvvvvvvv

χ(Y )·

��

r⊕
i=1

K∗(Y,A(λi)γ)
∑
φi //

p∗

wwppppppppppp

K∗(Xγ × Y )

p∗

$$H
HHHHHHHHHHHH

r⊕
i=1

K∗(A(λi)γ)
∑
ψi // K∗(Xγ)

A direct verification shows that the diagram is commutative. The vertical
morphisms are just multiplications by χ(Y ) = 1 since they are equal to the
composition p∗p∗ with p being a projection from Y to a point. The above
yields that our morphism

∑
ψi is a retraction of an isomorphism

∑
φi hence

is an isomorphism itself.

Remark 8. It can be shown [Pan1] that K∗(A(λi)) depends only on the Z(G)
action on VG(λi). The explicit description of the arising algebras could be
found in [Ti].

9 Examples.

9.1 Twisted flag variety.

The K-theory of twisted flag varieties was computed in [Pan1] and our com-
putation gives the same description for the inner forms. Flag variety is a
homogeneous variety G/P with a split semisimple G and a parabolic P ⊂ G,
and this definition includes projective spaces, flag varieties in usual sense (for
G = SLn), split projective quadrics, etc.
There is a decomposition P = LU into a semidirect product of a Levi subgroup
and the unipotent radical of P hence there is a morphism

G/L // G/P
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with the fiber U . Over the distinguished point eP the group P acts on U by

lpup · u = lpupul
−1
p ,

so one has a representation of P on the Lie algebra of U , and G/L is the
corresponding vector bundle.
Levi subgroup is a reductive subgroup of maximal rank hence theorem 4 gives
an explicit answer for the K∗(G/L) and by the homotopy invariance of the K-
theory this is an answer for K∗(G/P ). Note that the center Z(G) acts trivially
on the above bundle so one can twist it and get a new vector bundle

(G/L)γ // (G/P )γ ,

hence the K-theory for an inner form of a flag variety could be computed by
our method as well.

9.2 Even dimensional affine quadric.

This case corresponds to the inclusion SO2n ⊂ SO2n+1 and for the root systems
it is Dn ⊂ Bn.
First of all we pass to a simply connected group,

Spin2n+1/Spin2n = SO2n+1/SO2n.

One has [W (Bn) : W (Dn)] = 2 so there are two elements in a basis. First
element V (λ1) as usual corresponds to the trivial representation of Spin2n and
as the second we can take one of the half-spin representations V (ωn−1), V (ωn),
since the algorithm from theorem 2 suggests one of the fundamental weights
having an orbit consisting of two points.
After twisting with γ we get a quadric X(q) defined by a quadratic form q,
then the algebra A(λ2)γ = C0(q) is an even Clifford algebra for the form q [Ti].
Hence one has

K∗(X(q)) = K∗(k)⊕K∗(C0(q)).

This answer coincides with the one obtained in [Sw].

9.3 Quaternionic projective space.

We consider
HPn = Sp2n+2/(Sp2 × Sp2n)

as an algebraic model for the quaternionic projective space. The motivation
comes from the fact that HPn(C) is homotopy equivalent to the usual quater-
nionic projective space HPn. An extensive treatment of the quaternionic flag
varieties including the simplest case of projective spaces one can find in [PW].
The root systems in this case are C1 + Cn ⊂ Cn+1, so the basis consists of

[W (Cn+1) : (W (C1)×W (Cn))] = n+ 1
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elements. We have dealt with this case in section 5.3 and the basis consists of
ΛiW for a regular representation W of Sp2n. The center acts trivially on the
even degrees and nontrivially on the odd ones, so one has

K∗(HP
n
γ ) = K∗(k)⌈

n+1
2 ⌉ ⊕K∗(A(λ1)γ)⌊

n+1
2 ⌋.

In the split case it reduces to K∗(HPn) = K∗(k)n+1, and it agrees with the
result obtained in [PW].

9.4 Zero characteristic.

In this case we can treat non-reductive groups. When char k = 0 one has the
Levi decomposition G = LGUG of group G into a semidirect product of some
reductive subgroup and the unipotent radical [McN], which in general fails in
the positive characteristic. Also in this case the unipotent radical UG splits,
i.e. it has a filtration with vector factors [KMT] so the underlying variety is
An, which also can fail over nonperfect fields. Hence for the connected split
groups of the same rank H ⊂ G one has the following triangle.

G/LH
p1 //

p2

��

G/H

LG/LH

The fibres of p1 and p2 are isomorphic to UG and UH respectively and both
are affine spaces. One can show that both the projections define some vector
bundles with the trivial action of the center Z(LG), so one can twist with a
LG/Z(LG)-cocycle γ and from the homotopy invariance obtain that

K∗((G/H)γ) = K∗((LG/LH)γ).

The last one could be computed using the methods introduced in this paper.

9.5 Octonionic projective plain.

It could be shown [Ba] that

OP2 ∼= G(F4)/Spin(9),

where G(F4) stands for the compact form of a simple algebraic group with the
root system F4. We consider as an algebraic model

OP 2 = G(F4)/Spin9

with split G(F4). It corresponds to the root systems B4 ⊂ F4 treated in section
5.2. One has

[W (F4) : W (B4)] = 3,
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and the corresponding representations for Spin9 are k, V (ω3), V (ω4), i.e. the
trivial one, 84-dimensional Λ3W and 16-dimensional spinor representation.
Since the center of G(F4) is trivial the twisting does not produce interesting
algebras, though it changes the variety. Hence one has

K∗(OP
2
γ ) = K∗(k)⊕K∗(k)⊕K∗(k).
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Abstract. In this paper we compute the cohomology groups of the

second Voronoi and the perfect cone compactification AVor
4 and Aperf

4
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4 corresponding
to semi-abelic varieties with constant torus rank.
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1. Introduction and plan

The moduli space Ag of principally polarized abelian varieties of genus g are
much studied objects in algebraic geometry. Although much progress has been
made in understanding the geometry of these spaces, we still know relatively
little about the cohomology or the Chow groups of Ag and its compactifica-
tions. These are difficult questions even for low genus. Mumford in his seminal
paper [Mu2] computed the Chow ring ofM2, or what is the same, of the second
Voronoi compactification AVor

2 . It was also in this paper that he laid the foun-
dations for the study of the Chow ring of Mg in general. Lee and Weintraub
[LW] have investigated the cohomology of certain level covers of AVor

2 . The
cohomology of A3 and of the Satake compactification ASat

3 were determined
by Hain [Ha], while the Chow group of the second Voronoi compactification
AVor

3 had earlier been computed by van der Geer [vdG1]. The authors of this
paper proved in [HT] that the Chow ring and the cohomology ring of AVor

g are
isomorphic for g = 2, 3.
Very little is known about the topology of Ag and its compactifications in
general. A positive exception is given by the subring generated by the Chern
classes λi of the Hodge bundle in the Chow ring or the cohomology ring of Ag.
By [vdG2] this subring is known explicitly; in particular, it is generated by the
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odd degree Hodge classes λ2i+1. Furthermore, by a classical result by Borel [Bo]
the Hodge classes λ2i+1 generate the stable cohomology of Ag, which is defined
in terms of the natural maps Ag′ →֒ Ag for g′ < g given by multiplication with
a fixed abelian variety of dimension g − g′. Note that by the construction of
Ag as a quotient of Siegel space, the rational cohomology of Ag coincides with
the group cohomology of the symplectic group Sp(2g,Z).
In this paper we investigate the case of genus 4 of whose cohomology very little
is known. There are two reasons why we believe that it is worth the effort
to undertake this study. One is that the spaces A2 and A3 are very close to
the moduli spaces M2 and M3 whose cohomology is rather well understood,
whereas A4 is the first Siegel moduli space where the Torelli map fails to be
birational and thus one might expect new phenomena. The second reason is
that, as our discussion of the boundary strata shows, the complexity of the
structure of Ag and its compactifications grows dramatically with g. At the
moment calculations on the cohomology of A5, or any of its compactifications,
seems far out of reach and thus A4 is the only remaining low genus case where
the computation of the entire cohomology currently seems within reach.
In this paper we thus investigate the cohomology of toroidal compactifications
of A4. In general there are several meaningful compactifications of Ag. Besides
the second Voronoi compactification AVor

g there is the perfect compactification

Aperf
g , given by the second Voronoi decomposition and the perfect cone (or first

Voronoi) decomposition respectively, as well as the Igusa compactificationAIgu
g .

It was shown by Alexeev [Al] and Olsson [Ol] that (at least up to normalization)
AVor
g represents a geometric functor given by stable semi-abelic varieties. On

the other hand Aperf
g is, as was proved by Shepherd-Barron [S-B], a canonical

model in the sense of Mori theory, i.e. its canonical bundle is ample, if g ≥
12. Finally, Igusa constructed AIgu

g as a partial blow-up of ASat
g and it was

shown by Namikawa [Nam] that Igusa’s model is the toroidal compactification
defined by the central cone decomposition. In genus g ≤ 3 all of the above
toroidal compactifications coincide. In genus 4 the Igusa and the perfect cone
decomposition coincide and the second Voronoi compactificationAVor

4 is a blow-

up of Aperf
4 . However, for general g all three compactifications are different.

The main result of our paper is the determination of the Betti numbers of

Aperf
4 of degree less than or equal to 9 and of all Betti numbers of AVor

4 with
the exception of the middle Betti number b10. This reduces the problem of
the computation of the cohomology of AVor

4 to the computation of the Euler
number of A4, which is an independent problem in its own right. Indeed, one
can compute the Euler number of level covers A4(n) for n ≥ 3 by Hirzebruch–
Mumford proportionality. From this one could compute e(A4) if one had a
complete classification of torsion elements in the group Sp(8,Z). Although this
is not known, it does not seem an impossible task to obtain such a classification.
This is, however, a hard problem which requires different methods from the the
ones used in this paper; therefore, we will not approach it here.
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Our approach involves computing a spectral sequence converging to the coho-
mology of AVor

4 . As a by-product, this spectral sequence determines the long
exact sequence relating the cohomology with compact support of AVor

4 with
that of A4 and of its boundary. For this reason, a natural application of our
analysis is to obtain evidence on the existence of non-trivial cohomology classes
of A4 in different degrees, by giving lower bounds for the Betti numbers of A4.
However, all contributions from the cohomology of A4 to our computation can
be explained using either the Hodge classes or a certain non-algebraic class
related to the one in H6(A3;Q) described in [Ha, Thm 1]. This gives rise to
the following question:

Question. Is the rational cohomology of A4 generated by the Hodge classes
λ1, λ3 and by one non-algebraic cohomology class of Hodge weight 18 arising in
degree 12?

The starting point of our investigations is the fact that every toroidal compact-
ification Ator

g admits a map ϕg : Ator
g −→ ASat

g . We recall that

ASat
g = Ag ⊔ Ag−1 ⊔ . . . ⊔ A0,

which allows us to construct a stratification of Ator
g by considering the closed

loci β
(g)
i = βi = ϕ−1g (ASat

g−i) and their open parts β0
i = βi \ βi+1 = ϕ−1g (Ag−i).

Each stratum β0
i is itself the disjoint union of locally closed substrata that are

quotients of torus bundles over the product of a certain number of copies of
the universal family Xg−i over Ag−i by finite groups. The strategy is then
to compute the cohomology with compact support of each of these substrata
using Leray spectral sequences and then to glue these strata by Gysin spectral
sequences to compute the cohomology with compact support of β0

i . Although
this is a natural approach, we are not aware that it has been used in this form
before apart from [HT] where it was applied to the case of genus 3. The reader
will however notice that the complexity encountered in the present case is of a
very different level: we need a full understanding of the Voronoi decomposition
in genus 4, which in this case can no longer be deduced from the knowledge of
the basic cone alone.
The use of Leray spectral sequences requires to know the cohomology with
compact support of Ag−i not only with constant coefficients, but also with
coefficients in certain symplectic local systems of low weight. In the case of
i = 1, 2 we deduce this information from results on the cohomology of moduli
spaces of pointed curves. Passing from the moduli space of curves to the
moduli space of abelian varieties produces a small ambiguity, which does not
influence our final result, mainly because it disappears at the level of Euler
characteristics. Up to this ambiguity, we are able to obtain complete results for
the cohomology with compact support of all strata contained in the boundary
as well as of the closure J 4 of the Jacobian locus in A4 and we believe that
this is of some independent interest.
In the case of the cohomology ofA4 itself, there are two facts which help us. The
first is that the complement in A4 of the closure of the locus of jacobians has a

Documenta Mathematica 17 (2012) 195–244



198 Klaus Hulek and Orsola Tommasi

smooth affine variety as coarse moduli space. This implies that its cohomology
with compact support is trivial if the degree is smaller than 10 and thus that
the cohomology with compact support of A4 agrees with that of J 4 in degree
≤ 9. The second is that AVor

4 is (globally) the quotient of a smooth projective
scheme by a finite group. This implies that its cohomology satisfies Poincaré
duality, and, more specifically, that its cohomology in degree k carries a pure
Hodge structure of weight k.
In the case of AVor

4 , putting the cohomological information from all strata
β0
i together yields Table 1, from which we can deduce Theorem 1 by using

the Gysin spectral sequence associated to the stratification given by the βi.
A consequence of this spectral sequence is that the cohomology groups with
compact support of A4 in degree ≤ 9 are sufficient to determine all cohomology
groups ofAVor

4 of degree 6= 10. In turn, the cohomology groups ofAVor
4 in degree

≥ 11 so obtained can be used to gain information on the cohomology with
compact support of A4 in degree ≥ 11, thus leading (using Poincaré duality) to

the question formulated above. Finally, we obtain the Betti numbers for Aperf
4

in Theorem 2 by using the fact that AVor
4 is a blow-up of Aperf

4 in one point.
The plan of the paper is as follows. In §2 we prove the main results using
cohomological informations on the strata β0

i . The geometrical study of each
of the five strata β0

i is performed in the following five sections. Finally, in the
appendix we collect and prove all results on the cohomology of local systems
on A2 and A3 used in Section 4 and 5.

Acknowledgments. Partial support from DFG under grants Hu 337/6-1 and
Hu 337/6-2 is gratefully acknowledged. During the preparation of this paper,
the second author has been partially supported by the programme Wege in die
Forschung II of Leibniz Universität Hannover. We would like to thank MSRI
for hospitality during the first part of the preparation of this paper. Finally, we
thank Frank Vallentin for untiringly answering our questions about the second
Voronoi decomposition.

Notation.

Ag moduli stack of principally polarized abelian varieties of
genus g

Xg universal family over Ag
Vλ1,...,λg rational local system on Ag induced by the Sp(2g,Q)-

representation indexed by the partition (λ1, . . . , λg)

ASat
g Satake compactification of Ag
AVor
g Voronoi compactification of Ag
XVor
g universal family over AVor

g

Aperf
g perfect cone compactification of Ag
AIgu
g Igusa compactification of Ag
Mg,n moduli stack of non-singular curves of genus g with n marked

points

Documenta Mathematica 17 (2012) 195–244



Cohomology of the Second Voronoi . . . 199

Mg :=Mg,0

Sd symmetric group in d letters

Sym2
≥0(Rg) space of real positive semidefinite quadratic forms in Rg

〈ϕ1, . . . , ϕr〉 convex cone generated by the half rays R≥0ϕ1, . . . , R≥0ϕr

For every g, we denote by ϕg : AVor
g → ASat

g (respectively, ψg : Aperf
g → ASat

g )
the natural map from the Voronoi (respectively, perfect cone) to the Satake
compactification. Let πg : XVor

g → AVor
g be the universal family, qg : XVor

g →
XVor
g /±1 the quotient map from the universal family to the universal Kummer

family and kg : XVor
g /± 1→ AVor

g the universal Kummer morphism.

For 0 ≤ i ≤ g, we set β0
i = ϕ−1g (Ag−i) ⊂ AVor

g , βi = ϕ−1g (ASat
g−i) ⊂ AVor

g and

βperf
i = ψ−1g (ASat

g−i) ⊂ Aperf
g .

We denote the Torelli map in genus g by τg : Mg → Ag its image, the Jacobian

locus, by Jg = τg(Mg) and closure of the image in Ag by Jg.
Throughout the paper, we work over the field C of complex numbers. All co-
homology groups we consider will have rational coefficients. Since the rational
cohomology of a Deligne–Mumford stack coincides with the rational cohomol-
ogy of its coarse moduli space, we will sometimes abuse notation and denote
stack and coarse moduli space with the same symbol.
In this paper, we make extensive use of mixed Hodge structures, focussing
mainly on their weight filtration. We will denote by Q(−k) the Hodge structure
of Tate of weight 2k. For two mixed Hodge structures A,B we will denote by
A⊕B their direct sum and by A+B any extension

0→ B → E → A→ 0.

Furthermore, we will denote Tate twists of mixed Hodge structures by A(−k) =
A⊗Q(−k).

2. Main theorems

Theorem 1. The cohomology of AVor
4 vanishes in odd degree and is algebraic

in all even degrees, with the only possible exception of degree 10. The Betti
numbers are given by

i 0 2 4 6 8 10 12 14 16 18 20
bi 1 3 5 11 17 10 + e(A4) 17 11 5 3 1

where e(A4) denotes the Euler number of A4.

The only missing information needed to compute all Betti numbers of AVor
4 is

the Euler number. As we shall see, we are able to compute the Euler numbers
of all strata β0

i for i ≥ 1, and thus, as already mentioned, it would suffice
to compute the Euler number of the space A4 itself (see the introduction for
comments on this).
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Theorem 2. The Betti numbers of Aperf
4 in degree ≤ 9 are given by

i 0 1 2 3 4 5 6 7 8 9
bi 1 0 2 0 3 0 8 0 14 0

Moreover, all cohomology classes of degree ≤ 9 are algebraic.

Corollary 3. The rational cohomology of A4 vanishes in degree 1, 11 and all
degrees ≥ 13. Furthermore one has H0(A4;Q) = Q(−10), H2(A4;Q) = Q(−9)
and H12(A4;Q) = Q(−6) + Q(−9). For the remaining Betti numbers a lower
bound is given in the table

i 0 1 2 3 4 5 6 7 8 9 10 11 12 ≥ 13
bi 1 0 1 ≥ 0 ≥ 1 ≥ 0 ≥ 2 ≥ 0 ≥ 1 ≥ 0 ≥ 1 0 2 0

Note that the vanishing of b1 also follows independently from simple connect-
edness of A4 [HR, Theorem 4.1] and that b2 = 1 corresponds to the fact that
the Picard group is generated by the Hodge line bundle (over Q).

Proof of Theorem 1. To compute the cohomology of AVor
4 , we study the

Gysin spectral sequence Ep,qr ⇒ Hp+q(AVor
4 ;Q) associated with the filtration

{Ti}i=1,...,6 such that

• Ti = β5−i, i = 1, . . . , 4;
• T5 = J4 ∪ T4;
• T6 = AVor

4 .

The E1 term of this spectral sequence has the form Ep,q1 = Hp+q
c (Tp \Tp−1;Q).

For p = 1, . . . , 4 the strata Tp \ Tp−1 coincide with the strata of AVor
4 of semi-

abelic varieties of torus rank 5 − p; their cohomology with compact support
is computed in the next sections by combining combinatorial information on
the toroidal compactification with the geometry of fibrations on moduli spaces
of abelian varieties (see Propositions 7, 8, 24 and Theorem 26). The stratum
T5 \ T4 is the closure inside A4 of the locus of jacobians. Its cohomology with
compact support is computed in Lemma 6.
The only remaining stratum is the open stratum T6 \ T5. Let J Sat

4 be the
closure of J4 in ASat

4 . Since this contains the entire boundary of ASat
4 it follows

that

T6 \ T5 = A4 \ J 4 = ASat
4 \ J Sat

4 .

The latter set is affine since it is the complement of an ample hypersurface on
ASat

4 (see [HaHu]). In particular, its cohomology with compact support can be
non-trivial only if the degree lies between 10 and 20.
From this it follows that the E1 term of the Gysin spectral sequence associated
with the filtration {Ti} is as given in Table 1. For the sake of simplicity, in that
table we have denoted H3

c (A2;V2,2) and H4
c (A2;V2,2) with the same symbol

H , even though a priori they are only isomorphic after passing to the associated
graded piece with respect to the weight filtration. (Furthermore, the results in
in [T4] imply H = 0.)
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14 0 0 0 Q(−9) 0 Q(−10)
13 Q(−7)⊕2 0 Q(−8) 0 Q(−9) ?
12 0 Q(−7) 0 Q(−8)⊕2 0 ?
11 Q(−6)⊕4 0 Q(−7)⊕3 0 Q(−8) ?
10 0 Q(−6)⊕3 0 Q(−7)⊕3 0 ?
9 Q(−5)⊕6 0 Q(−6)⊕5 Q(−6)⊕ǫ Q(−7)⊕2 ?

8 0 Q(−5)⊕4 Q(−3) Q(−6)⊕(4+ǫ) + Q(−3) 0 ?
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Table 2. Ep,q∞ in the range p+ q ≤ 9.

q

8 0
7 Q(−4)⊕7 0
6 0 Q(−4)⊕4 0
5 Q(−3)⊕6 0 Q(−4)⊕3 0
4 0 Q(−3)⊕2 0 Q(−4)⊕2 0
3 Q(−2)⊕3 0 Q(−3)⊕2 0 Q(−4) 0
2 0 Q(−2) 0 Q(−3) 0 0
1 Q(−1)⊕2 0 Q(−2) 0 0 0
0 0 Q(−1) 0 0 0 0
−1 Q 0 0 0 0 0

1 2 3 4 5 6 p

Since the terms in the sixth column are only known for q ≤ 3, in the following
we will only deal with the terms of the spectral sequence that are independent
of them, that is, the Ep,qr terms with p+ q ≤ 8.
Let us recall that AVor

4 is a smooth Deligne–Mumford stack which is globally
the quotient of a smooth proper variety by a finite group. From this it follows
that the cohomology groups of AVor

4 carry pure Hodge structures of weight
equal to the degree. Therefore, the Hodge structures on Ep,q∞ have to be pure
of weight p+ q. This means that for all p, q, the graded pieces of Ep,q1 of weight
different from p+q are killed by differentials. In particular, if we restrict to the
range p+q ≤ 9, this gives that the E∞ terms are as given in Table 2. Of course,
this does not describe precisely at which Er the spectral sequence degenerates,
or what exactly is the rank of the differentials. For instance, if one assumes
H = 0 (which in view of the results in [T4] is indeed the case), a natural thing

to expect is that the d1-differentials E1,5
1 → E2,5

1 , E3,5
1 → E4,5

1 , E3,4
1 → E4,4

1

and E4,3
1 → E5,3

1 , as well as the d2-differential E2,3
2 → E4,2

2 have rank 1, but
this is not the only possibility. The claim on the cohomology of AVor

4 in degree
≤ 9 follows from the E∞ term in Table 2. The claim on the cohomology in
degree ≥ 11 follows by Poincaré duality. Finally, the computation relating the
middle Betti number b10 to the Euler number e(A4) follows from the additivity
of the Betti numbers of the stratification {T•}. �

Remark 4. The fact that the mixed Hodge structures on the Ep,q1 in Table 1
are compatible with obtaining Ep,q∞ terms that carry pure Hodge stuctures
of the correct weight provide an important check on the correctness of our
computations.

Proof of Theorem 2. The proof is analogous to that of Theorem 1. Rather

than working with the filtration {Ti}, we will consider the stratification {T perf
i }

defined analogously by T perf
i = βperf

5−i for 1 ≤ i ≤ 4 and T perf
5 = J 4 ∪ T perf

4 ,
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T perf
6 = Aperf

4 . The closed stratum T1 is the the locus βperf
4 of torus rank 4

inside Aperf
4 . Hence E1,q

1 = Hq+1(βperf
4 ;Q) can be obtained from Theorem 25.

Since the exceptional divisor of the blow-up map q : AVor
4 → Aperf

4 is contained

in T1, we have (Aperf
4 \ q(T1)) ∼= (AVor

4 \ T1). In particular, the Gysin spectral

sequence associated with the stratification of Aperf
4 has Ep,q1 terms that coincide

with those of Table 1 for p ≥ 2. Moreover, also the rank of all differentials
Ep,qr → Ep+r,q−r+1

r coincide with those for the filtration {Ti} as long as no
E1,q
r -terms are involved. This already implies the claim for all degrees different

from 6. In degree 6, it is necessary to decide whether the class of Hodge weight
2 in E5,1

1 is killed by differentials of the spectral sequence or not. If we consider

the map AVor
4 ⊃ β4 → βperf

4 ⊂ Aperf
4 , we have that the weight 2 class on βperf

4

lies in the image of the weight 2 class in the cohomology of β4, which was killed
by differentials for purity reasons on AVor

4 . This implies that this must be the

case also on Aperf
4 . From this the claim follows. �

Proof of Corollary 3. The lower bounds in the claim are those given by the
dimension of the subring generated by λ1 and λ3. The vanishing of the coho-
mology of A4 in all degrees i ≥ 13 and in degree 11, as well as H12(A4;Q) =
Q(−6)+Q(−9) follow directly from the last two columns of Table 1 by Poincaré
duality. �

Remark 5. Comparing Table 1 with the cohomology of AVor
4 of degree ≥ 11

suggests that the cohomology of the open stratum A4 \ J 4 could vanish in all
positive degrees, with the exception of degree 10 on which Poincaré duality
yields no information.
The reason is the following. One can reinterpret the first 4 columns of Table 1
as the E1 terms of a Gysin spectral sequence converging to the cohomology of
the boundary ∂AVor

4 = AVor
4 \ A4. Then the remaining information from that

Table is equivalent to the study of the long exact sequence

(2.1) Hk
c (A4;Q)→ Hk(AVor

4 ;Q)→ Hk(∂AVor
4 ;Q)→ Hk+1

c (A4;Q)

associated with the closed inclusion of the boundary in AVor
4 . One can compare

the information on the cohomology of the boundary coming from Table 1 with
the Betti numbers of AVor

4 in degree ≥ 11 from Theorem 1. Then one sees that
even in this range the results are compatible with the vanishing of the coho-
mology of A4 \J 4, or, equivalently, with the hypothesis that the cohomology of
A4 is the minimal possible, i.e. generated by λ1, λ3 and α ∈ H9,9(H12(A4;Q))
from Corollary 3. This would imply that the cohomology of A4 coincides with
the stable cohomology in degree ≤ 10, while a priori this is known only in
degree ≤ g − 2 = 2.
Furthermore, (2.1) gives strong restrictions on the possible existence of co-
homology classes on A4 that are not in the subring generated by the Hodge
classes. This follows from the purity of the cohomology of AVor

4 combined with
Table 1, which ensures that the cohomology of ∂AVor

4 is very close to be pure
itself. Practically, this forces non-trivial cohomology classes from A4 \ J 4 to
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appear in pairs of isomorphic Hodge structures, occurring as graded pieces of
Hk(A4 \ J 4;Q) and Hk+1(A4 \ J 4;Q).
One could also use Table 1 to prove the vanishing of Hk(A4 \ J 4;Q). Then
one needs to prove that all (algebraic) classes of weight 10 − k that occur in
Ep,q1 with p+q = 10−k give rise to cohomology classes in H10−k

c (AVor
4 ;Q) that

are linearly independent. This is known for divisors (ensuring the vanishing
of Hk(A4 \ J 4;Q) for k = 1, 2). It would be interesting to investigate it for
classes of higher codimension.
Note that, if one knew that Hk(A4 \ J 4;Q) vanishes for all 1 ≤ k ≤ 9, then

this would yield the following result for the Betti numbers of Aperf
4 in degree

≥ 11:
i 12 14 16 18 20
bi 14 9 4 2 1

as well as the vanishing of all odd Betti numbers of Aperf
4 .

3. Torus rank 0

We start by considering T5 \ T4, which is the Zariski closure J 4 of the locus of
jacobians J4 = τ4(M4) inside A4.

Lemma 6. The only non-zero Betti numbers with compact support of J 4 are
as follows:

i 18 16 14 12 10 8
bi 1 1 2 1 1 2

In particular, all odd Betti numbers vanish.
Furthermore, all cohomology groups with compact support are generated by al-
gebraic classes, with the only exception of H8

c (J 4;Q), which is an extension of
Q(−4) by Q(−1).

Proof. We compute the cohomology with compact support of J 4 by recalling
that the Zariski closure of the locus of jacobians in A4 is the union of the
image of the Torelli map and the locus of abelian fourfolds that are products
of abelian varieties of dimension ≤ 3. This allows to cover J4 by the following
locally closed disjoint strata:

S1 = Sym4A1, S2 = τ2(M2)× Sym2A1, S3 = Sym2 τ(M2),
S4 = τ3(M3)×A1, S5 = τ4(M4).

Furthermore, the Torelli map in all genera induces an isomorphism in cohomol-
ogy with rational coefficients between Mg and its image τg(Mg). This allows
to compute the cohomology with compact support of all strata from previously
known results on the cohomology of Mg with g ≤ 4 ([Mu2],[Lo],[T1]). These
yield that the E1 term Ep,q1 = Hp+q

c (Sp;Q) of the Gysin exact sequence of the
filtration associated with the stratification Sj is as in Table 3.

In view of Table 3, to calculate the cohomology with compact support of J4 it
is sufficient to know the rank of the differential

d : H12
c (J red

4 ;Q) ∼= Q(−6)⊕2 −→ H13
c (J4;Q) ∼= Q(−6)

Documenta Mathematica 17 (2012) 195–244



Cohomology of the Second Voronoi . . . 205

Table 3. E1 term of the Gysin spectral sequence converging
to the cohomology with compact support of the closure of the
locus of jacobians in A4

q

13 0 0 0 0 Q(−9)
12 0 0 0 0 0
11 0 0 0 0 Q(−8)
10 0 0 0 Q(−7) 0
9 0 0 Q(−6) 0 Q(−7)
8 0 Q(−5) 0 Q(−6) Q(−6)
7 Q(−4) 0 0 0 0
6 0 0 0 0 0
5 0 0 0 0 0
4 0 0 0 Q(−1) 0

1 2 3 4 5 p

in the Gysin long exact sequence associated with the closed inclusion of the

locus J red

4 = J 4 \ J4 = S3 ∪ S4 ⊂ A4 of reducible abelian fourfolds in the
Zariski closure in A4 of the locus of jacobians J4 = τ4(M4).

We observe that H12
c (J red

4 ;Q) is generated by two 6-dimensional algebraic cy-
cles C1 and C2, where C1 is the fundamental class of S3 and C2 the fundamental
class of τ(H3) × A1, where H3 is the hyperelliptic locus. Therefore, the sur-
jectivity of d is equivalent to the existence of a relation between C1 and C2

viewed as elements of the Chow group of J 4.
Let us denote by Mct

4 the moduli space of stable genus 4 curves of compact
type, i.e. such that that their generalized Jacobian is compact. Then the Torelli
map extends to a proper morphism

τct : Mct
4 −→ J 4.

From the geometric description of the map τct it follows that the image under
τct of the Chow group of dimension 6 cycles supported on the boundaryMct

4 \
M4 coincides with 〈C1, C2〉. Indeed, let D1 be the closure of the locus of stable
curves consisting of two genus 2 curves intersecting in a Weierstrass point and
let D2 be the closure of the locus of stable curves consisting of elliptic curves
intersecting a hyperelliptic genus 3 curve in a Weierstrass point. Then D1 and
D2 map to C1 and C2 respectively. It is known that the dimension 6 classes
in Mct

4 fulfill a relation, given by the restriction of the relation on M4 of [Y,
Prop. 2]. When pushed forward via τct, this relation gives a non-trivial relation
between C1 and C2. Thus the differential d has to be surjective and the claim
follows. �
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Table 4. E2 term of the Leray spectral sequence converging
to H•c (β0

1 ;Q).

q

6 0 Q(−6) +Q(−3) 0 Q(−7) 0 Q(−8) 0 Q(−9)
5 0 0 0 0 0 0 0 0

4 Q(−2) Q(−5) +Q(−2) 0 Q(−6)⊕(1+ǫ) Q(−6)⊕ǫ Q(−7) 0 Q(−8)
3 0 0 0 0 0 0 0 0

2 Q(−1) Q(−4) +Q(−1) 0 Q(−5)⊕(1+ǫ) Q(−5)⊕ǫ Q(−6) 0 Q(−7)
1 0 0 0 0 0 0 0 0
0 0 Q(−3) +Q 0 Q(−4) 0 Q(−5) 0 Q(−6)

5 6 7 8 9 10 11 12 p

ǫ = rankH9
c (A3;V1,1,0) ∈ {0, 1}.

4. Torus rank 1

Next, we deal with the locus β1
0 of semi-abelic varieties of torus rank 1.

Proposition 7. The rational cohomology with compact support of β0
1 is as

follows: the non-zero Betti numbers are

i 6 7 8 9 10 11 12 13 14 16 18
bi 2 1 3 1 4 + ǫ ǫ 5 + ǫ ǫ 3 2 1

where ǫ = rankH9
c (A3;V1,1,0). The cohomology groups of even degree 2k are

algebraic for k ≥ 7; for k ≤ 6 they are extensions of pure Hodge structures of
the form H2k

c (β0
2 ;Q) = Q(−k)⊕(b2k−1) +Q(k−3). The Hodge structures in odd

degree are given by H2k+1
c (β0

2 ;Q) = Q(2− k) for k = 7, 9 and H2k+1
c (β0

2 ;Q) =
Q(−k)⊕ǫ for k = 11, 13.

Proof. To compute the cohomology with compact support of β0
1 we will use the

map k3 : β0
1 → A3 realizing β0

1 as the universal Kummer variety over A3. The
fibre of β0

1 over a point parametrizing an abelian surface S is K := S/± 1.
Note that the cohomology of K vanishes in odd degree because of the Kum-
mer involution. The cohomology of K is one-dimensional in degree 0 and 6
and induces trivial local systems on A3. The cohomology group H2(K;Q) ∼=∧2

H1(S;Q) is 15-dimensional and induces the local system V1,1,0⊕Q(−1) on
A3. By Poincaré duality we have H4(K;Q) ∼= H2(K;Q) ⊗ Q(−1), inducing
the local system V1,1,0(−1)⊕ Q(−2) on A3.
The cohomology with compact support of A3 in the local system V1,1,0 is
calculated in Lemma 35. We refer to Theorem 31 for the cohomology with
compact support of A3 with constant coefficients, which was calculated by
Hain in [Ha]. These results allow to compute Ep,q2 = Hp

c (A3;Rq! k3∗(Q)) for the
Leray spectral sequence Ep,q• ⇒ Hp+q

c (β0
1 ;Q) associated with k3 : β0

1 → A3.
This E2 term is given in Table 4.
Note that all differentials of this Leray spectral sequence vanish for Hodge-
theoretic reasons, so that E2 = E∞. Specifically, all differentials must involve
one Ep,q2 term with p+ q odd, but there are only two such terms, namely E5,2

2
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and E5,4
2 . It follows from Table 4 that for both these terms, any differential dk

with k ≥ 2 which involves one of them will map either to 0 or to a E2 term that
carries a pure Hodge structure of different weight. In both cases the differential
has to be 0. �

5. Torus rank 2

In this section we compute the cohomology with compact support of the stra-
tum β0

2 ofAVor
4 of rank 2 degenerations of abelian fourfolds. For this purpose we

recall first the known global construction of β2
0 as the quotient of a P1-bundle

of a fibre product of the universal family over A2.
Furthermore, let us recall that the restriction of the Voronoi fan in genus g to
Sym2

≥0(Rg
′
) for genus g ≥ g′ coincides with the Voronoi fan in genus g′. This

implies that the geometric constructions of the fibrations β0
2 → A2 and β0

3 →
A1 we give in this section and in the following one, respectively, are actually
independent of the choice of g = 4 but extend to analogous descriptions of the
fibres of fibrations β0

2 → Ag−2 and β0
3 → Ag−3 that exist for β0

2 , β
0
3 ⊂ AVor

g

independently of g. In particular, the geometric construction of β0
2 explained

in this section coincides with the construction used in [HT, §4] to compute the
cohomology with compact support of the corresponding locus in AVor

3 .

Proposition 8. The rational cohomology with compact support of β0
2 is as

follows: the non-zero Betti numbers are

i 4 6 7 8 9 10 11 12 14 16
bi 1 2 1 + r 4 + r 1 + r 5 + r 1 5 3 1

where r = rankH3
c (A2;V2,2). If we assume r = 0, then all cohomology groups

of even degree are algebraic, with the exception of H8
c (β0

2 ;Q) = Q(−4)⊕3 +
Q(−2) which is an extension of Hodge structures of Tate type. The Hodge
structure in odd degree 2k + 1 with k = 3, 4, 5 is pure of Tate type of weight
2k − 4.

Remark 9. It follows from [T4] that r = 0.

The proof of this Proposition will given in §5.4 after some preliminary steps.
In the previous section, we calculated the cohomology with compact support of
β0
1 using the map k3 : β0

1 → A3 given by the universal Kummer variety. This
map extends to the stratum β0

2 of degenerations of abelian fourfolds of torus
rank 2, giving a map k3 : (β1 \ β3) → AVor

3 . Under this map, the elements of
AVor

4 with torus rank 2 are mapped to elements of AVor
3 of torus rank 1. If

we denote by β′t
0

the stratum of AVor
3 of semi-abelian varieties of torus rank
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exactly t, we get a commutative diagram

AVor
4OO
� ?

AVor
3OO
� ?

AVor
2OO
� ?

β0
2

k3 // β′1
0 k2 // A2

π−13 (β′1
0
)

q3

OO

π3

<<yyyyyyyyy
X2

q2

OO

π2

??���������

The map π3 is the restriction of the universal family over AVor
3 . In particular,

the fibres of π3 over points of β′1
0

are rank 1 degenerations of abelian threefolds,
i.e. compactified C∗-bundles over abelian surfaces. A geometric description of
these compactified C∗-bundles is given in [Mu1]. They are obtained by taking
the P1-bundle associated to the C∗-bundle and then gluing the 0- and the
∞-section with a shift, defined by a point of the underlying abelian surface
that is uniquely determined by the line bundle associated to the C∗-bundle.
In particular, this shift is 0 for the fibres of the π3 over the 0-section of the

Kummer fibration β′1
0 ∼= (X2/± 1)

k2−→ A2, which are thus products of a nodal
curve and an abelian surface.
We want to describe the situation in more detail. For this, consider the uni-
versal Poincaré bundle P → X2 ×A2 X̂2, normalized so that the restriction to

the zero section X̂2 → X2 ×A2 X̂2 is trivial. Let U = P(P ⊕ OX2×A2 X̂2
) be

the associated P1-bundle. Using the principal polarization we can naturally
identify X̂2 and X2, which we will do from now on. We denote by ∆ the union
of the 0-section and the∞-section of this bundle. Set U = U \∆, which is sim-
ply the C∗-bundle given by the universal Poincaré bundle P with the 0-section
removed and denote the bundle map by f : U → X2 ×A2 X2. Then there is
a map ρ : U → β0

2 with finite fibres. Note that the two components of ∆ are
identified under the map ρ. The restriction of ρ to both U and to ∆ is given
by a finite group action, although the group is not the same in the two cases
(see the discussion below).

5.1. Geometry of the C∗-bundle. We now consider the situation over a
fixed point [S] ∈ A2. For a fixed degree 0 line bundle L0 on S the preimage
f−1(S × {L0}) is a semi-abelian threefold, namely the C∗-bundle given by

the extension corresponding to L0 ∈ Ŝ. This semi-abelian threefold admits a
Kummer involution ι which acts as x 7→ −x on the base S and by t 7→ 1/t on
the fibre over the zero section. The Kummer involution ι is defined universally
on U .
Consider the two involutions i1, i2 on X2 ×A2 X2 defined by

i1(S, p, q) = (S,−p,−q) and i2(S, p, q) = (S, q, p)

for every abelian surface S and every p, q ∈ S. These two involutions lift to
involutions j1 and j2 on U that act trivially on the fibre of f : U → X2×A2 X2

over the zero section.
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The following lemma can also be proved directly from the toroidal construction
of AVor

4 using the approach of [S-B, Lemma 2.4].

Lemma 10. The diagram

(5.1) U
f

//

g

++

ρ|U
��

X2 ×A2 X2

ρ′

��

// A2

β0
2 \ ρ(∆) // Sym2

A2
(X2/± 1)

88qqqqqqqqqqq

where ρ′ : X2 ×A2 X2 → Sym2
A2

(X2/± 1) is the natural map, is commutative.

Moreover ρ|U : U → ρ(U) = β0
2 \ ρ(∆) is the quotient of U by the subgroup of

the automorphism group of U generated by ι, j1 and j2.

Proof. Since the map ρ′ in the diagram (5.1) has degree 8 and ι, j1, j2 generate
a subgroup of order 8 of the automorphism group of U , it suffices to show that
the map ρ|U factors through each of the involutions ι and j1, j2.
Recall that the elements of β0

2 correspond to rank 2 degenerations of abelian
fourfolds. More precisely, every point of ρ(U) corresponds to a degenerate
abelian fourfold X whose normalization is a P1 × P1-bundle, namely the com-
pactification of a product of two C∗-bundles on the abelian surface S given
by k1 ◦ k2([X ]). The degenerate abelian threefold itself is given by identify-
ing the 0-sections and the ∞-sections of the P1 × P1-bundle. This identifica-
tion is determined by a complex parameter, namely the point on a fibre of
f : U → X2 ×A2 X2.
Since a degree 0 line bundle L0 and its inverse define isomorphic semi-abelian
threefolds and since the role of the two line bundles is symmetric, the map ρ|U
factors through ι and j2. Since j1 is the commutator of ι and j2 the map ρ|U
also factors through j1. �

We will compute the cohomology with compact support of β0
2 by considering

the Leray spectral sequence associated with the fibration k2 ◦ k3 : β0
2 → A2.

This requires to compute the cohomology with compact support of the fibre
(k2◦k3)−1([S]) over a point [S] ∈ A2. To this end, we decompose (k2◦k3)−1([S])
into an open part given by its intersection with ρ(U) and a closed part given
by its complement.

5.2. Cohomology of the open part of the fibre. The fibration g : U →
A2 obtained by composing the C∗-bundle f : U → X2×A2 X2 with the natural
map X2 ×A2 X2 → A2 plays an important role in the study of the restriction
of k2 ◦ k3 to ρ(U). Namely, the fibre of (k2 ◦ k3)|ρ(U) over [S] ∈ A2 coincides
with the quotient of the fibre of g under the automorphism group generated by
j1, j2 and ι. Therefore, the cohomology of the fibre of k2 ◦k3 restricted to ρ(U)
is the part of the cohomology of g−1([S]) that is invariant under j1, j2 and ι.
We start by computing the actions of i1, i2 and of the involution κ : (p, q) 7→
(−p, q) induced by the Kummer involution of semi-abelian threefolds of torus
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k Hk(S × S;Q)(i1,i2) κ-invariant κ-alternating
8 Q(−4) Q(−4) 0

6 (
∧2

Λ)(−2)⊕2 (
∧2

Λ)(−2) (
∧2

Λ)(−2)

4 Q(−2)⊕ Λ⊗2(−1)⊕ Sym2(
∧2

Λ) Q(−2)⊕ Sym2(
∧2

Λ) Λ⊗2(−1)

2
∧2

Λ⊕2
∧2

Λ
∧2

Λ
0 Q Q 0

Table 5. Cohomology of S × S/(i1, i2)

q

1 0 0
∧2 Λ(−1) 0 Λ⊗2(−2) 0 (

∧2 Λ)(−3) 0 0

0 Q 0 (
∧2 Λ) 0 Q(−2) ⊕ Sym2(

∧2 Λ) 0 (
∧2 Λ)(−2) 0 Q(−4)

0 1 2 3 4 5 6 7 8 p

Table 6. E2 term of the spectral sequence converging to
Hk(g−1([S]);Q)(i1,i2,ι)

rank 1 on the cohomology of S × S. Recall that the cohomology of S
is isomorphic to the exterior algebra generated by the 6-dimensional space
Λ := H1(S;Q) and that H•(S× S;Q) ∼= H•(S;Q)⊗2 by the Künneth formula.
Using this description, one can calculate the part of the cohomology of S × S
which is invariant under i1 and i2. In particular, since all cohomology in odd
degree is alternating under the involution i1, the only non-trivial invariant co-
homology groups are in even degree. We give the description of the invariant
cohomology groups in the second column of Table 5. One then proceeds to
investigate their structure with respect to κ. For instance one can use the iso-
morphism Hk(S × S;Q)(i1,i2,κ) ∼= Hk(S × S/(i1, i2, κ);Q), together with the
fact that the quotient of S×S by the subgroup generated by i1, i2 and κ is the
second symmetric product of S/±1. In this way one proves that the behaviour
of the cohomology with respect to κ is as given in the last two columns of
Table 5.

Lemma 11. The (i1, i2, ι)-invariant part of the Leray spectral sequence asso-
ciated with the C∗-bundle g−1([S]) → S × S gives rise to a spectral sequence
Ep,q• ⇒ Hp+q((k2 ◦ k3|ρ(U))

−1([S]);Q) which behaves as follows:

- Ep,q2 vanishes for q 6= 0, 1;

- Ep,02 is the part of Hk(S×S;Q) which is invariant under i1, i2 and κ;

- Ep,12 is the part of Hk(S × S;Q) which is invariant under i1, i2 and
alternating under κ, tensored with the Tate Hodge structure Q(−1).

Furthermore, the E∞ term of this spectral sequence, together with its structure
as Sp(4,Q)-representation, is as given in Table 7.
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q

1 0 0 0 0 V2,0(−2) 0 V1,1(−3) 0 0
0 Q 0 Q(−1)⊕ V1,1 0 Q(−2)⊕2 ⊕ V2,2 0 0 0 0

0 1 2 3 4 5 6 7 8 p

Table 7. E∞ term of the spectral sequence converging to
Hk(g−1([S]);Q)(i1,i2,ι)

Proof. Let us consider the C∗-bundle fS := f |g−1([S]) : g−1([S])→ S × S. The
Leray spectral sequence in cohomology associated with fS converges to the
cohomology of g−1([S]) and has E2 term Ep,q2

∼= Hp(S × S;Q) ⊗ Hq(C∗;Q).
However, we are only interested in the part of the cohomology of g−1([S]) which
is invariant under j1, j2 and ι. Since the actions of j1, j2 and ι respect the map
g−1([S]) → S × S, they act also on the terms of the Leray spectral sequence
associated with fS . In particular, the spectral sequence whose Er terms are the
(j1, j2, ι)-invariant part of the terms of the Leray spectral sequence associated

with fS converges to Hk(g−1([S]);Q)
j1,j2,ι

.
In particular, the E2 term of this spectral sequence is given by the (j1, j2, ι)-
invariant part of Hp(S × S;Q)⊗Hq(C∗;Q). We have already determined the
behaviour of the projection of these involutions to S × S in Table 5, so it
remains only to determine their action on the fibre C∗. Since j1 and j2 both
fix the fibre of f over the origin, they act trivially on the cohomology of C∗.
Instead, the Kummer involution ι acts as the identity on H0(C∗;Q) and as
the alternating representation on H1(C∗;Q). From this the first part of the
claim follows. For the convenience of the reader, we have written the E2 term
of the spectral sequence in Table 6. Notice that this spectral sequence has
only two non-trivial rows. Therefore, it could be written equivalently as a long
exact sequence. In particular, the only differentials one needs to study are the
d2-differentials.
These differentials are given by restriction of the differentials of the Leray spec-
tral sequence associated with the C∗-bundle fS . Recall that fS is the C∗-bundle
obtaining by subtracting the 0-section from the Poincaré bundle over S × S.
Therefore (see e.g. [Hu, XVI.7.5]) the d2-differentials are given by taking the
intersection product with the first Chern class of the Poincaré bundle, which
is known to be equal to [diag(S)] − [S × {0}] − [{0} × S], where [·] denotes
the fundamental class and diag : S → S × S is the diagonal map. An explicit
computation of the intersections of this class with the κ-alternating classes in

Hk(S × S;Q)
i1,i2

yields the description of E3 = E∞ given in Table 7. Here
we have used the fact that Sym2 Λ is the irreducible Sp(4,Q) -representation

V2,0, whereas
∧2

Λ decomposes into irreducible Sp(4,Q)-representations as

Q(−1) ⊕ V1,1 and Sym2(
∧2

Λ) decomposes as Q(−2)⊕2 ⊕ V1,1(−1) ⊕ V2,2.
In the notation, Tate twists are only relevant for the Hodge structure.

�
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5.3. Geometry of ρ(∆). The map ρ identifies the two components of ∆,
each of which is isomorphic to X2 ×A2 X2. In particular, the space ρ(∆) can
be realized as a finite quotient of X2 ×A2 X2. This can be read off from the
construction of the toroidal compactification, as in [S-B, Lemma 2.4]. See also
[HS1, Section I] for an outline of this construction. Also note that the stratum
∆ corresponds to the stratum in the partial compactification in the direction
of the 2-dimensional cusp associated with a maximal-dimensional cone in the
second Voronoi decomposition for g = 4. A detailed description can be found
in [HKW, Part I, Chapter 3].
Specifically, the stratum ρ(∆) corresponds to the GL(2,Z)-orbit of the cone
〈x21, x22, (x1 − x2)2〉. Hence, the map X2 ×A2 X2 → ρ(∆) is the quotient map
with respect to the stabilizer G of the cone 〈x21, x22, (x1 − x2)2〉 in Sym2(Z2).
This is generated by three involutions: the multiplication map by −1, the
involution interchanging x1 and x2 and the involution x1 7→ x1, x2 7→ x1 − x2.
These generators of G act on X2 ×A2 X2 by the following three involutions:
the involution i1 which acts by (x, y) 7→ (−x,−y) on each fibre S × S, the
involution i2 which interchanges the two factors of X2 ×A2 X2 and finally the
involution i3 which acts by (x, y) 7→ (x+ y,−y).
From this description, it follows that there is a fibration g′ : ρ(∆)→ A2 whose
fibre over [S] ∈ A2 is isomorphic to the quotient of S × S by the subgroup of
Aut(S × S) generated by the three involutions i1, i2 and i3 introduced above.
If we write Λ := H1(S×{0};Q) and Λ′ := H1({0}×S;Q), then the cohomology
of S × S is the exterior algebra of H1(S × S;Q) = Λ ⊕ Λ′. If we denote by
f1, . . . , f4, resp. f5, . . . , f8 the generators of Λ, resp. Λ′, the three involutions
act of H1(S × S;Q) as follows:

(5.2) fi 7→ −fi, i = 1, . . . , 8,

(5.3) fi ↔ fi+4, i = 1, . . . , 4,

(5.4) fi 7→ fi, fi+4 7→ fi − fi+4, i = 1, . . . , 4.

Then one proceeds to determine the invariant part of the exterior algebra of Λ⊕
Λ′ under these involution. Moreover, to determine the local systems Rq! g

′
∗(Q)

that appear in the Leray spectral sequence associated with g′ : ρ(∆)→ A2, one
needs to investigate the structure of the invariant subspaces as representations
of Sp(4,Q). An explicit calculation of the invariant classes yields the results
which we summarize in the following lemma.
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Lemma 12. The rational cohomology groups the fibre of g′ : ρ(∆) → A2 over
a point [S] ∈ A2, with their mixed Hodge structures and structure as Sp(4,Q)-
representations, are given by

Hk(g′
−1

([S]);Q) =





Q k = 0,∧2 V1,0 = Q(−1)⊕ V1,1 k = 2,
Q(−2)⊕2 ⊕ V1,1(−1)⊕ V2,2 k = 4,

(
∧2 V1,0)(−2) = Q(−3)⊕ V1,1(−2) k = 6,
Q(−4) k = 8,
0 otherwise.

5.4. Proof of Proposition 8. We will prove Proposition 8 by investigating
the Leray spectral sequence associated with the fibration k2 ◦ k3 : β0

2 → A2.
As explained at the beginning of this section, the fibre of k2 ◦ k3 over a point
[S] ∈ A2 is the disjoint union of an open part, which is (k2 ◦ k3|ρ(U))

−1([S]),
and a closed part, which is the fibre of g′ : ρ(∆)→ A2. The cohomology of the
fibre of k2 ◦ k3|ρ(U) was determined in Lemma 11, whereas the cohomology of

the fibre of g′ was computed in Lemma 12. Notice that (k2 ◦ k3|ρ(U))
−1([S]) =

g−1([S])/(j1, j2, ι) is the finite quotient of a smooth quasi-projective variety,
so that we can use Poincaré duality to obtain its cohomology with compact
support from its cohomology. Furthermore, since g′−1([S]) = S2/(i1, i2, i3) is
compact, its cohomology with compact support coincides with its cohomology.
To compute the cohomology with compact support of the fibre of k2◦k3 one can
use the Gysin long exact sequence associated with the inclusion g′−1([S]) →֒
(k2 ◦ k3)−1([S]):

(5.5) · · · → Hk
c (g−1([S]);Q)

(j1,j2,ι) → Hk
c ((k2 ◦ k3)−1([S]);Q)→

Hk
c (S × S;Q)

(i1,i2,i3) δk−→ Hk+1
c (g−1([S]);Q)

(j1,j2,ι) → · · ·
Notice that all differentials δk in (5.5) have to respect the structure of the
cohomology groups as representations of Sp(4,Q). In this specific case, this
implies that all δk with k 6= 2 vanish, whereas

δ2 : Q(−1)⊕ V1,1 −→ V1,1

is surjective by Lemma 13 below.
The above determines the cohomology with compact support of the fibre of
k2 ◦ k3. In particular, it also determines the local systems Rq! (k2 ◦ k3)∗(Q)
occurring in the Leray spectral sequence in cohomology with compact support
associated with the fibration k2 ◦ k3. These local systems are given in the first
column of Table 8.
Recall that the E2 term of the Leray spectral sequence Ep,qr ⇒ Hp+q

c (β0
2 ;Q)

associated with k2 ◦ k3 are of the form Ep,q2 = Hp
c (A2;Rq! (k2 ◦ k3)∗(Q)). From

the decomposition into symplectic local systems of the Rq! (k2 ◦ k3)∗(Q), one
gets the E2 term of the Leray spectral sequence as in Table 8. Here we used
the description of the cohomology with compact support of A2 with coefficients
in the local systems V1,1, V2,0 and V2,2 from Lemma 34 and 36.
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Rq
! (k2 ◦ k3)∗(Q) q

Q(−5) 10 0 Q(−7) 0 Q(−8)
0 9 0 0 0 0

Q(−4)⊕2⊕V1,1(−3) 8 Q(−3) Q(−6)⊕2 0 Q(−7)⊕2

0 7 0 0 0 0
Q(−3)⊕3⊕V1,1(−2) 6 Q(−2)⊕H(−1) Q(−5)⊕3 ⊕H(−1) 0 Q(−6)⊕3

⊕V2,2(−1)

V2,0(−1) 5 Q(−2) 0 0 0
Q(−2)⊕2⊕V1,1(−1) 4 Q(−1)⊕H Q(−4)⊕2 ⊕H 0 Q(−5)⊕2

⊕V2,2

0 3 0 0 0 0
Q(−1) 2 0 Q(−3) 0 Q(−4)

0 1 0 0 0 0
Q 0 0 Q(−2) 0 Q(−3)

3 4 5 6 p

Table 8. E2 term of the Leray spectral sequence converging
to the cohomology with compact support of β0

2 . We denote
H = H3

c (A2;V2,2) ∼= H4
c (A2;V2,2) (up to grading).

To prove the claim, it remains to show that the Leray spectral sequence de-
generates at E2. From the shape of the spectral sequence, it follows that all d2
differentials, and all differentials dr with r ≥ 4 are necessarily trivial. The only
differentials one needs to investigate are the d3-differentials E3

3,q → E3
6,q−2.

These are necessarily 0 by Hodge-theoretic reasons, because morphisms of
Hodge structures between pure Hodge structures of different weights are nec-
essarily trivial. From this the claim follows. �

Lemma 13. The differential

δ2 : H2
c (S × S;Q)

(i1,i2,i3) → H3
c (g−1([S]);Q)

(j1,j2,ι)

is surjective.

Proof. We shall prove the claim by an explicit computation on the generators
of the groups involved. Since in the proofs of Lemma 11 and Lemma 12 we
described the cohomology of the fibres of E rather than those of the cohomology
with compact support, to compute the rank of δ2 we shall compute the rank of
the map induced by δ2 on cohomology by Poincaré duality

δ∗2 : H6(S × S;Q)
(i1,i2,i3) ⊗Q(−1) −→ H7(g−1([S]);Q)

(j1,j2,ι)
,

which can be described explicitly as the composition of the map

H6(S × S;Q)
(i1,i2,i3) −→ H7(g−1([S]);Q)

α 7−→ Q⊗ α,
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whereQ denotes the image of the generator of H1(C∗;Q) inside the cohomology
of g−1([S]), and the symmetrization with respect to the group G generated by
j1, j2 and ι.
A direct computation yields that the classes

vi,j,k,l = fi ∧ fj ∧ fi+4 ∧ fj+4 ∧ (2fk ∧ fl + 2fk+4 ∧ fl+4 + fk ∧ fl+4 + fk+4 ∧ fl)

with {i, j, k, l} = {1, 2, 3, 4} form a basis of H6(S × S;Q)
(i1,i2,i3). Here

f1, . . . , f8 denote the basis of f1, . . . , f8 described in Section 5.3. Then we
have

δ∗2(vi,j,k,l) = Q ⊗ fi ∧ fj ∧ fi+4 ∧ fj+4 ∧ (fk ∧ fl+4 + fk+4 ∧ fl)
and these classes generate H7(g−1([S]);Q). From this the claim follows. �

6. Torus rank 3

In this section we compute the cohomology with compact support of the stra-
tum with torus rank 3. As in the previous section, our strategy is based on a
detailed geometric analysis of the fibration β0

3 → A1 whose toric part is actually
independent of the choice of g = 4.

6.1. Description of the geometry. We first note that the spaces AIgu
4

and AVor
4 only differ over A0 and hence βperf

3 \ βperf
4 = βVor

3 \ βVor
4 =: β0

3 . In
this section we want to compute H•c (β3

0 ;Q). For this we first give a geometric
description.
In order to compactify A4 we start with the lattice Z4. The choice of a toroidal
compactification corresponds to the choice of an admissible fan Σ4 in the cone
of semi-positive forms in Sym2(Z4). One possible choice for such a fan is given

by the perfect cone decomposition Σperf
4 . A cusp of A4 corresponds to the

choice of an isotropic subspace U ⊂ Q4. In our case, for the stratum over
A1 we take U = 〈e1, e2, e3〉 where the ei (1 ≤ i ≤ 4) are the standard basis
of Z4. This defines an embedding Sym2(Z3) ⊂ Sym2(Z4) and, by restriction

of Σperf
4 , also a fan in Sym2(Z3) which is nothing but Σperf

3 . The stratum β0
3

itself consists of different strata which are in 1 : 1-correspondence with the

GL(3,Z)-orbits of the cones σ in Σperf
3 whose interior contains rank 3 matrices.

Up to the action of GL(3,Z) there is a unique minimal cone with this property,
namely the cone σ(3) = 〈x21, x22, x23〉. Beyond that there are (again up to group

action) 4 further cones. In dimension 4 there are two cones, namely σ
(4)
I =

〈x21, x22, x23, (x2−x3)2〉 and σ
(4)
II = 〈x21, x22, (x2−x3)2, (x1−x3)2〉. In dimensions

5 and 6 there are one cone each, namely σ(5) = 〈x21, x22, x23, (x2−x3)2, (x1−x3)2〉
and σ(6) = 〈x21, x22, x23, (x2 − x3)2, (x1 − x3)2, (x1 − x2)2〉. Note that all cones
are contained in σ(6). In fact the perfect cone decomposition in genus 3 (where
it coincides with the second Voronoi decomposition) is obtained by taking the
GL(3,Z)-orbit of σ(6) and all its faces.
To describe the various strata let X1 → A1 be the universal elliptic curve and
let X1 ×A1 X1 ×A1 X1 → A1 be the triple product with itself over A1. Let
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T = Sym2(Z3) ⊗ C∗ be the 6-dimensional torus associated with Sym2(Z3).

Every cone σ in Σperf
3 is basic (i.e. the generators of the rays are part of a

Z-basis of Sym2(Z3)) and defines a subtorus T σ ⊂ T of rank dim(σ). We can
now give a description of β0

3 .

Proposition 14. The variety β0
3 admits a stratification into strata as follows:

(i) there are 6 strata of β0
3 , corresponding to the cones σ(3), σ

(4)
I , σ

(4)
II , σ

(5)

and σ(6).
(ii) Each stratum is the finite quotient of a torus bundle over X1×A1X1×A1

X1 → A1 with fibre T/T σ.

Proof. See [S-B, Lemma 2.4]. �

We shall now compute the cohomology with compact support for each of these
strata and then use a spectral sequence argument to compute the cohomology
with compact support of β0

3 . We denote the substratum of β0
3 associated with

a cone σ by β0
3(σ) and the total space of the torus bundle by T (σ).

Before we state the results we have to give a brief outline of the construction
of the stratum β0

3(σ) with a view towards describing suitable coordinates in
which our calculations can be done. Consider a point in Siegel space of genus
4:

τ =




τ1,1 τ1,2 τ1,3 τ1,4
τ1,2 τ2,2 τ2,3 τ2,4
τ1,3 τ2,3 τ3,3 τ3,4
τ1,4 τ2,4 τ3,4 τ4,4


 ∈ H4.

Going to the cusp over A1 means sending the top left hand 3 × 3 block of
this matrix to i∞. We shall make this more precise. We consider the basis of
Sym2(Z3) given by U∗i,j = (2 − δi,j)xixj . Let ti,j (1 ≤ i, j ≤ 3) be the dual
basis. Setting

ti,j = e2π
√−1τi,j (1 ≤ i, j ≤ 3)

defines a map

(6.1) H4 → T × C3 ×H1

τ 7→ ((ti,j), τ1,4, τ2,4, τ3,4, τ4,4).

This corresponds to taking the partial quotient X(U) = P ′(U)\H4 with respect
to the center P ′(U) of the unipotent radical of the parabolic subgroup P (U)
associated with the cusp U . We denote P ′′(U) = P (U)/P ′(U). The partial
quotientX(U) can be considered as an open set of the trivial torus bundle X (U)

(with fibre T ) over C3 × H1. Using the fan Σperf
3 one constructs XΣperf

3
(U) by

taking a fibrewise toric embedding. Let XΣperf
3

(U) be the interior of the closure

of X(U) in XΣperf
3

(U). The action of the group P ′′(U) on X(U) extends to

an action on XΣperf
3

(U) and one obtains the partial compactification in the

direction of the cusp U by YΣperf
3

(U) = P ′′(U)\XΣperf
3

(U).
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Every cone σ ∈ Σperf
3 defines an affine toric variety Xσ. Since all cones σ are

basic one has Xσ = Ck × (C∗)6−k where k is the number of generators of σ.
Every inclusion σ ⊂ σ′ induces an inclusionXσ ⊂ Xσ′ . Note thatX(0) = T and,

in particular we obtain an inclusion X(0) = T ⊂ Xσ(6)
∼= C6. Let T1, . . . , T6 be

the coordinates on Xσ(6)
∼= C6 corresponding to the generators of σ(6) which

form a basis of Sym2(Z3). Computing the dual basis of this basis one finds
that this inclusion is given by

(6.2)
T1 = t1,1t1,3t1,2, T2 = t2,2t2,3t1,2, T3 = t3,3t1,3t2,3,
T4 = t−12,3, T5 = t−11,3, T6 = t−11,2.

The relation to the strata β0
3(σ) is then the following. The coordinate τ4,4

defines a point in A1 and the coordinates τ1,4, τ2,4, τ3,4 define a point in the
fibre of X1×A1 X1×A1 X1 → A1 over [τ4,4] ∈ A1 which is Eτ4,4 ×Eτ4,4 ×Eτ4,4 ,
where Eτ4,4 = C/(Z + Zτ4,4) is the elliptic curve defined by τ4,4. The fibres of

β0
3(σ)→ X1 ×A1 X1 ×A1 X1 are isomorphic to the torus T/T σ.

Finally, we have to make some comments on the structure of the parabolic
subgroup P (U). This group is generated by four types of matrices. The first
type are block matrices of the form

g1 =




1 0 S 0
0 1 0 0
0 0 1 0
0 0 0 1


 , where S = tS ∈ Sym2(Z3).

These matrices generate the center P ′(U) of the unipotent radical and act by



τ1,1 τ1,2 τ1,3 τ1,4
τ1,2 τ2,2 τ2,3 τ2,4
τ1,3 τ2,3 τ3,3 τ3,4
τ1,4 τ2,4 τ3,4 τ4,4


→




τ1,1 + s1,1 τ1,2 + s1,2 τ1,3 + s1,3 τ1,4
τ1,2 + s1,2 τ2,2 + s2,2 τ2,3 + s2,3 τ2,4
τ1,3 + s1,3 τ2,3 + s2,3 τ3,3 + s3,3 τ3,4

τ1,4 τ2,4 τ3,4 τ4,4




giving rise to the partial quotient H4 → T × C3 ×H1 described above.
The second set of generators is of the form

g2 =




1 0 0 0
0 a 0 b
0 0 1 0
0 c 0 d


 ,where

(
a b
c d

)
∈ SL(2,Z),

resp.

g3 =




1 M 0 N
0 1 tN 0
0 0 1 0
0 0 −tM 1


 , where M,N ∈ Z3.

Note that the elements of type g2, g3 generate a Jacobi group, which, in par-
ticular, acts on the base C3×H1 of the partial quotient by P ′(U) given by the
map H4 → C3 ×H1 giving rise to the triple product X1 ×A1 X1 ×A1 X1.
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Finally we have matrices of the form

g4 =




tQ−1 0 0 0
0 1 0 0
0 0 Q 0
0 0 0 1


 , where Q ∈ GL(3,Z).

These matrices are of particular importance to us as they operate on the space
Sym2(Z3) by

GL(3,Z) ∋ g : M 7→ tQ−1MQ−1.

6.2. The cohomology of β0
3(σ(3)). In this section we will prove

Lemma 15. The rational cohomology groups with compact support of β0
3(σ(3))

are given by

Hk
c (β0

3(σ(3));Q) =





Q(−k/2) k = 12, 14
Q((5− k)/2) k = 9, 7
0 otherwise.

We start by giving an explicit description of the torus bundle T (σ(3)) defined
by the cone σ(3).

Lemma 16. Let qσ(3) : T (σ(3))→ X1×A1 X1×A1 X1 be the rank 3 torus bundle
associated with σ(3). Then over each fibre E ×E ×E of X1 ×A1 X1 ×A1 X1 we
have

T (σ(3))|E×E×E ∼= p∗2,3(P0)⊕ p∗1,3(P0)⊕ p∗1,2(P0)

where P0 is the Poincaré bundle over the product E × E with the 0-section
removed, and pi,j : E × E × E → E × E is the projection to the ith and jth
factor.

Proof. We first recall the following description of the Poincaré bundle over
E × E where E = C/(Z + Zτ). Consider the action of the group Z4 on the
trivial rank-1 bundle on C× C given by

(6.3) (n1, n2,m1,m2) : (z1, z2, w) 7→
(z1 + n1 +m1τ, z2 + n2 +m2τ, we

−2πi(m1z2+m2z1+m1m2τ))

(where the zi are the coordinates on the base and w is the fibre coordinate).
We claim that the quotient line bundle on E × E is the Poincaré bundle. For
this it is enough to see that this line bundle is trivial on E × {0} and {0} × E
(which is obvious) and that it is isomorphic to OE(O − P ) on E × {P}. The
latter can be checked by comparing the transformation behaviour of (6.3) to
the transformation behaviour of the theta function ϑ(z, τ) in one variable (see
e.g. [La, 15.1.3.]).
We have to compare this to our situation. In this case we have an action of
the group generated by the matrices g3 with M,N ∈ Z3. For N = (n1, n2, n3)
we have τi,4 7→ τi,4 + ni and for M = (m1,m2,m3) we have τi,j 7→ τi,j +
mjτi,4 + miτj,4 + mimjτ4,4 for 1 ≤ i, j ≤ 3 and τi,4 7→ τi,4 + miτ4,4. Recall
that the entries τi,4 for i = 1, 2, 3 are coordinates on the factors of E × E × E
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and that it follows from (6.2) that we can choose t−1i,j with ti,j = e2πiτi,j for

(i, j) = (1, 2), (1, 3), (2, 3) as coordinates on the torus T (σ(3)). Comparing this
to the transformation (6.3) gives the claim. �

Proof of Lemma 15. Recall that the stratum β0
3(σ(3)) is a finite quotient of the

rank 3 torus bundle qσ(3) : T (σ(3)) → X1 ×A1 X1 ×A1 X1. This enables us to
calculate its rational cohomology by exploiting Leray spectral sequences.
Notice that the base of qσ(3) is the total space of the fibration p : X1×A1X1×A1

X1 → A1. Over a point [E] ∈ A1, the fibre of p is p−1([E]) ∼= E × E × E and
the fibre of p ◦ qσ(3) over [E] is the total space of the rank 3 torus bundle
qσ(3) |E×E×E : T (σ(3))|E×E×E → E × E × E described in Lemma 16. The
cohomology of (p◦qσ(3))−1([E]) can be computed by the Leray spectral sequence
associated with this rank 3 torus bundle:

(6.4) Ep,q2 (qσ(3)) = Hq(T/T (σ(3));Q)⊗Hp(E × E × E;Q)

=⇒ Hp+q((p ◦ qσ(3))−1([E]);Q).

Note that the cohomology of E × E × E (respectively, the torus T/T (σ(3))) is

an exterior algebra generated by H1(E × E × E;Q) (resp. H1(T/T (σ(3));Q)).

We denote by Q1, Q2 and Q3, respectively, the generators of H1(T/T σ
(3)

;Q) ∼=
H1((C∗)3;Q) ∼= Q3 defined by integrating along the loop around 0 defined,
respectively, by |t−12,3| = 1, |t−11,3| = 1 or |t−11,2| = 1.

We can write each copy of E as a quotient E = C/(Ze2i−1 + Ze2i); i = 1, 2, 3.
Then e1, . . . , e6 give rise to a basis of the first homology group of E × E × E.
We will denote by f1, . . . , f6 the elements of the basis of H1(E×E×E;Q) dual
to e1, . . . , e6. Notice that the transformation behaviour of the f2i−1 and of the
f2i for 1 ≤ i ≤ 3 agrees with the transformation behaviour of the coordinates
{τi,4| 1 ≤ i ≤ 3} of C3 ∼= (Ze1 + Ze2 + · · · + Ze6) ⊗Z C (and that of the
differentials dτi,4 which give rise to classes in cohomology).

As we are interested in the quotient of T (σ(3)) by the finite group G(σ(3)), we
shall compute the invariant cohomology with respect to this group. This is
done in Lemma 17 for the invariant cohomology of the fibre T (σ(3))|E×E×E =
(p ◦ qσ(3) )−1([E]) using a Leray spectral sequence argument. It remains to
determine the local systems Ri! (p ◦ qσ(3))∗(Q) over A1 defined by the fibration

p ◦ qσ(3) : β0
3(σ(3)) = T (σ(3)) → A1. This is quite straightforward, since the

cohomology with compact support of the fibre is constant in degrees 12 and
10, and since Sym2H1(E;Q) induces the symplectic local system V2 on A1.
Recall that the cohomology with compact support of A1 with constant coef-
ficients is concentrated in degree 2, and that the only non-trivial cohomology
group of A1 with coefficients in V2 is H1

c (A1;V2) = Q (see e.g. [G1, Thm. 5.3]).
In particular, it then follows from Lemma 17 that the Leray spectral sequence
associated with p ◦ qσ(3) has only two columns containing non-trivial E2 terms,
so it has to degenerate at E2. From this the claim follows. �
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Lemma 17. For every [E] ∈ A1, the rational cohomology with compact support
of the fibre of β0

3(σ(3)) → A1, with its Hodge structures, coincides with the
G(σ(3))-invariant part of the cohomology with compact support of the rank 3
torus bundle T (σ(3))|E×E×E and is given by

(
Hk
c (T (σ(3))|E×E×E ;Q)

)G(σ(3))

=





Q(−6) k = 12,
Q(−5) k = 10,

Sym2(H1(E;Q))⊗Q(−2) k = 8,
Sym2(H1(E;Q))⊗Q(−1) k = 6,
0 otherwise.

Proof. The stabilizer G(σ(3)) of σ(3) in GL(3,Z) is an extension of the sym-
metric group S3 (permuting the coordinates x1, x2, x3) by (Z/2Z)3 (acting by
involutions (x1, x2, x3, x4) 7→ (±x1,±x2,±x3, x4)).
The interchange of two coordinates (say, xi and xj) acts on H1(E ×E ×E;Q)
by interchanging f2i−1 with f2j−1, f2i with f2j and leaving all other generators

invariant. The action on H1(T/T (σ(3));Q) interchanges Qi and Qj and leaves
the third generator invariant.
The automorphism mapping xi to −xi acts on H1(E × E × E;Q) as multipli-

cation by −1 on the generators f2i−1, f2i and on H1(T/T (σ(3));Q) as multipli-
cation by −1 on Qk with k 6= i. All other generators are invariant.
We can compute the G(σ(3))-invariant part of the rational cohomology
of the rank 3 torus bundle T (σ(3))|E×E×E by restricting to the G(σ(3))-
invariant part of the Leray spectral sequence (6.4) associated with qσ(3) . This
yields a spectral sequence Ep,q2 converging to the G(σ(3))-invariant part of

Hp+q(T (σ(3))|E×E×E ;Q).
A computation of the part of the tensor product

∧•H1(E × E × E;Q) ⊗∧•
H1(T/T (σ(3));Q) which is invariant under G(σ(3)) yields that Ep,q2 is non-

zero only for (p, q) ∈ {(2, 0), (2, 1), (4, 0), ((2, 2), (4, 1), (6, 0)}. A precise de-
scription of the generators of the non-trivial E2 terms is given in Table 9.
Note that the spaces for p = q = 2 and p = 4, q = 2 are both isomorphic to
Sym2H1(E;Q) as Sp(2,Q)-representations.
Next, one investigates the differentials of the spectral sequence. As differentials
have to occur between Ep,q2 terms such that the two p+ q have different parity,
an inspection of the spectral sequence quickly reveals that all differentials have
to be trivial, with the possible exception of

(6.5) d2,12 : E2,1
2 → E4,0

2

and

(6.6) d4,12 : E4,1
2 → E6,0

2 .

We can determine their rank by exploiting the description of the restriction to
E × E × E of the torus bundle T (σ(3)) given in Lemma 16 as a direct sum of
pull-backs of the Poincaré bundle with the 0-section removed. This description
implies that one can employ the usual description of d2 differentials of C∗-
bundles to investigate d2,12 and d4,12 . In particular, each of these differentials is
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p q dim. generators

0 0 1 1

2 0 1
∑
i f2i−1 ∧ f2i

2 1 1
∑

i<j,k 6=i,j
Qk ⊗ (f2i−1 ∧ f2j − f2i ∧ f2j−1)

2 2 3
∑

i<j,k 6=i,j
Qi ∧Qj ⊗W (m)

k , m = 1, 2, 3

4 0 1
∑
i<j f2i−1 ∧ f2i ∧ f2j−1 ∧ f2j

4 1 1
∑

i<j,k 6=i,j
Qk ⊗ (f2i−1 ∧ f2j − f2i ∧ f2j−1) ∧ f2k−1 ∧ f2k

4 2 3
∑

i<j,k 6=i,j
Qi ∧Qj ⊗W (m)

k ∧ f2k−1 ∧ f2k, m = 1, 2, 3

6 0 1 f1 ∧ f2 ∧ f3 ∧ f4 ∧ f5 ∧ f6.
All indices i, j, k are between 1 and 3. For indices i < j we set W

(1)
k =

f2i−1 ∧f2j +f2i∧f2j−1, W
(2)
k = f2i−1 ∧f2j−1 and W

(3)
k = f2i∧f2j for k 6= i, j.

Table 9. Description of the generators of the E2 terms of the
G(σ(3))-invariant part of the spectral sequence associated with
qσ(3) .

given by formally replacing each generator Qk of H1(T/T σ
(3)

;Q) by the first
Chern class of the bundle p∗i,j(P), where 1 ≤ i < j ≤ 3 are chosen such that

{i, j, k} = {1, 2, 3}. Recall that on the product E × E the Poincaré bundle
P ∼= OE×E(E × {0}+ {0} × E −∆), where ∆ is the diagonal. From this one
concludes that c1(P) = f1∧f2+f3∧f4−(f1+f3)∧(f2 +f4) = f2∧f3−f1∧f4.
It is then a straightforward calculation to prove that both differentials are
isomorphisms.
It remains to pass from cohomology to cohomology with compact support,
which we can do by Poincaré duality, using the fact that T (σ(3))|E×E×E is
smooth of complex dimension 6. Finally, we can identify the G(σ(3))-invariant
part of the cohomology with compact support of T (σ(3))|E×E×E with the coho-
mology with compact support of its finite quotient

(
T (σ(3))|E×E×E

)
/G(σ(3)),

which coincides with the fibre of β0
3(σ(3))→ A1 over [E]. �

6.3. The cohomology of β0
3(σ

(4)
I ). In this section we will prove
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Lemma 18. The rational cohomology groups with compact support of β0
3(σ

(4)
I )

are given by

Hk
c (β0

3(σ
(4)
I );Q) =





Q(−6) k = 12
Q(−5)⊕2 k = 10
Q(−4) + Q(−2) k = 8
Q k = 5
0 otherwise.

Proof. We shall make again use of the twofold fibre structure of this stra-

tum. The stratum β0
3(σ

(4)
I ) is a finite quotient of a rank 2 torus bundle

q
σ
(4)
I

: T (σ
(4)
I ) → X1 ×A1 X1 ×A1 X1 with fibres isomorphic to T/T (σ

(4)
I ).

Note that the generators of σ
(4)
I correspond to the first four generators of

the cone σ(6). Comparing this to the embedding described in (6.2) we find

that we can choose t−11,3, t
−1
1,2 as coordinates on T/T (σ

(4)
I ). As before we denote

p : X1 ×A1 X1 ×A1 X1 → A1.

As we are interested in the quotient of T (σ
(4)
I ) by the finite group G(σ

(4)
I ), we

shall compute the invariant cohomology with respect to this group. Thus we

first have to describe the automorphism group G(σ
(4)
I ) of the cone σ

(4)
I , i.e.

all elements of the form g3 ∈ GL(3,Z) which fix this cone. We have already
discussed this in [HT, Section 3]. The result is that the automorphism group
is generated by the following four transformations:

(6.7) x1 7→ x1, x2 7→ x2 − x3, x3 7→ −x3

(6.8) x1 7→ −x1, x2, x3 7→ x2, x3

(6.9) x1 7→ x1, x2 ↔ x3.

(6.10) xi 7→ −xi; i = 1, 2, 3.

Note that these automorphisms act trivially on the base of the fibration X1×A1

X1 ×A1 X1 → A1.
Again we shall determine the invariant cohomology of the fibre (q

σ
(4)
I

◦p)−1([E])

using the Leray spectral sequence with terms Ep,q2 = Hq(T/T (σ
(4)
I ),Q)⊗Hp(E×

E × E,Q). The result is given by:

Lemma 19. For every [E] ∈ A1, the rational cohomology with compact support

of the fibre of β0
3(σ

(4)
I )→ A1, with its Hodge structures, is given by

(
Hk
c (T (σ

(4)
I )|E×E×E ;Q)

)G(σ
(4)
I )

=





Q(−5) k = 10,
Q(−4)⊕2 k = 8

Sym2(H1(E;Q))⊗Q(−2) k = 7,
Q(−3) k = 6

Sym2(H1(E;Q)) k = 4,
0 otherwise.
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Proof. We denote the generators of H1(T/T (σ
(4)
I );Q) ∼= H1((C∗)2;Q) ∼= Q2

corresponding to t−11,3, t
−1
1,2 by Q2, Q3. The fi, i = 1, . . . , 6 are, as before, a basis

of the cohomology of the triple product E × E × E.
We must now compute the action on (co)homology of the automorphisms of

σ
(4)
I . As a non-trivial example we shall do this in detail in the case of the trans-

formation given in (6.7), the computations in the other cases are analogous.
The action of this transformation on Siegel space is given by:



1 0 0 0
0 1 0 0
0 −1 −1 0
0 0 0 1







τ1,1 τ1,2 τ1,3 τ1,4
τ1,2 τ2,2 τ2,3 τ2,4
τ1,3 τ2,3 τ3,3 τ3,4
τ1,4 τ2,4 τ3,4 τ4,4







1 0 0 0
0 1 −1 0
0 0 −1 0
0 0 0 1


 =

=




τ1,1 τ1,2 −τ1,2 − τ1,3 τ1,4
τ1,2 τ2,2 −τ2,2 − τ2,3 τ2,4

−τ1,2 − τ1,3 −τ2,2 − τ2,3 τ2,2 + 2τ2,3 + τ3,3 −τ2,4 − τ3,4
τ1,4 τ2,4 −τ2,4 − τ3,4 τ4,4


 .

From this we conclude that under this transformation:

(6.11) Q2 7→ −Q2 −Q3; Q3 7→ Q3;

fi 7→ fi, i = 1, . . . , 4 fi 7→ −fi−2 − fi; i = 5, 6,

Note that the latter coincides with the transformation behaviour of the differ-
entials dτi,4, i = 1, 2, 3, and the former with the transformation behaviour of
−τ1,3,−τ1,2.
An analogous computation for the other automorphisms gives the following
results:

(6.12) Q2, Q3 7→ −Q2,−Q3;

f1, f2 7→ −f1,−f2, fi 7→ fi, i = 3, . . . , 6.

(6.13) Q2, Q3 7→ Q3, Q2;

f1, f2 7→ f1, f2, f3 ↔ f5, f4 ↔ f6,

(6.14) Q2, Q3 7→ Q2, Q3;

fi 7→ −fi, i = 1, . . . , 6.

Now we must compute the invariant cohomology with respect to G(σ
(4)
I ). This

can either be done by a (lengthy) computation by hand or a standard computer
algebra system.
The Ep,02 terms of the spectral sequence can be computed as follows. The

invariant part E2,0
2 of the cohomology groupH0(T/T σ

(4)
I ;Q)⊗H2(E×E×E;Q)

is two-dimensional and generated by the tensors

I1 = f1 ∧ f2, I2 = 2(f3 ∧ f4 + f5 ∧ f6) + (f3 ∧ f6 + f5 ∧ f4).

The term E4,0
2 is also two-dimensional, with generators I1∧I2 and I2∧I2. The

terms E0,0
2
∼= H0(T/T σ

(4)
I ;Q)⊗H0(E×E×E;Q) and E6,0

2
∼= H0(T/T σ

(4)
I ;Q)⊗

H6(E ×E ×E;Q) are one-dimensional and generated by fundamental classes.
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Table 10. E2 term of the spectral sequence converging to

the cohomology of β0
3(σ

(4)
I )

q

2 0 0 V2(−2) 0 V2(−3) 0 0
1 0 0 V2(−1)⊕Q(−2) 0 V2(−2)⊕Q(−3) 0 0
0 Q 0 Q(−1)⊕2 0 Q(−2)⊕2 0 Q(−3)

0 1 2 3 4 5 6 p

The term E2,1
2 , which is the invariant part ofH1(T/T σ

(4)
I ;Q)⊗H2(E×E×E;Q)

is 4-dimensional, with generators

gi,j = ((Q2 + 2Q3)⊗ fj+2 + (2Q2 +Q3)⊗ fj+4) ∧ fi, i, j = 1, 2.

In particular, it is isomorphic to H1(E;Q) ⊗ H1(E;Q) = Sym2(H1(E;Q)) ⊕∧2H1(E;Q). The term E4,1
2 is also four-dimensional and generated by (gi,j ∧

I2). All other Ep,12 vanish.

Finally, the only non-trivial terms of the form Ep,22 are those with p = 2 and

p = 4. The subspace E2,2
2 ⊂ H2(T/T σ

(4)
I ;Q)⊗H2(E×E×E;Q) is isomorphic

to Sym2(H1(E;Q)) and is generated by the invariant tensors

Q2 ∧Q3 ⊗ f3 ∧ f5, Q2 ∧Q3 ⊗ (f3 ∧ f6 + f4 ∧ f5), Q2 ∧Q3 ⊗ f4 ∧ f6.
Finally, the subspace E4,2

2 is 4-dimensional and equal to E2,2
2 ∧ I1.

In terms of local systems this gives rise to the Table 10. We claim that that
the differentials dp,q2 : Ep,q2 → Ep+2,q−1

2 for (p, q) = (2, 1), (2, 2) and (4, 1) are
of maximal rank. Indeed, by Schur’s lemma it is enough to prove that they
are non-zero. To check this it is enough to recall that the torus bundle is
isomorphic to p∗1,3(P0) ⊕ p∗1,2(P0). In particular, for every class α ∈ Ep,12 we

obtain dp,12 (α) by replacing Q2 with c1(p∗1,3(P)) = −(f1 ∧ f6 + f5 ∧ f2) and Q3

with c1(p∗1,3(P)) = −(f1 ∧ f4 + f3∧ f2) in the expression of α. Analogously, for

every class β ∈ E2,2
2 we get d2,22 (β) by replacing Q2∧Q3 with Q2⊗c1(p∗1,2(P))−

Q3⊗c1(p∗1,3(P)). Then the claim follows from a straightforward calculation. �

To complete the proof of Lemma 18 is now an easy consequence of the Leray

spectral sequence of the fibration p ◦ q
σ
(4)
I

: T (σ
(4)
I ) → A1. Looking at the

weights of the Hodge structures, we see immediately that all differentials must
vanish and thus the result follows. �

6.4. The cohomology of β0
3(σ

(4)
II ). Before we can describe the cohomology

of this stratum we must identify the toric bundle T (σ
(4)
II ).

Lemma 20. Let p1,2 : E × E × E → E × E be the projection onto the first
two factors and let q : E × E × E → E × E be the map given by q(x, y, z) =
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(x+ y + z, z). Then

T (σ
(4)
II )|E×E×E ∼= p∗1,2(P0)⊕ q∗((P−1)0).

where P0 is the Poincaré bundle over the product E × E with the 0-section
removed.

Proof. Since the generators of the cone σ
(4)
II correspond to T1, T2, T4, T5 we can

take T6 = t−11,2 and T3 = t3,3t1,3t2,3 as coordinates on the torus T/T (σ
(4)
II ). In

Lemma 17 we had seen that the action of the group generated by the matrices
g3 with M,N ∈ Z3 is as follows. For N = (n1, n2, n3) we have τi,4 7→ τi,4 + ni
and for M = (m1,m2,m3) we have τi,j 7→ τi,j +mjτi,4 +miτj,4 +mimjτ4,4 for
1 ≤ i, j ≤ 3 and τi,4 7→ τi,4 +miτ4,4. In particular

τ1,2 7→ τ1,2 +m2τ1,4 +m1τ2,4 +m1m2τ4,4

whereas

(τ1,3 + τ2,3 + τ3,3) 7→ (τ1,3 + τ2,3 + τ3,3)+

m3(τ1,4 + τ2,4 + τ3,4) + (m1 +m2 +m3)τ3,4 +m3(m1 +m2 +m3)τ4,4.

A comparison with the transformation behaviour for the Poincaré bundle de-
scribed in Lemma 17 gives the claim. �

Lemma 21. The rational cohomology groups with compact support of β0
3(σ

(4)
II )

are given by

Hk
c (β0

3(σ
(4)
II );Q) = Q(−k/2), k = 10, 12.

Proof. As in the previous case we first have to describe the automorphism

G(σ
(4)
II ) of the cone σ

(4)
II . This group is the symmetric group S4 permuting the

generators of the cone together with the map xi 7→ −xi. Hence we can work
with the following generators:

(6.15) xi 7→ −xi, i = 1, . . . , 6

(6.16) x1 ↔ x2, x3 7→ x1 + x2 − x3

(6.17) x1 7→ x1 − x3, x2 7→ −x2, x3 7→ −x3

(6.18) x1 7→ x3 − x2, x2 7→ −x2, x3 7→ x1 − x2.
We now have to compute the induced action of these automorphisms on the

cohomology groups H•(T/T (σ
(4)
II );Q) ⊗ H•(E × E × E;Q). To this end, we

denote by Q3 (respectively, R) the generator of H1(T/T (σ
(4)
II );Q) corresponding

to the parameter T6 = t−11,2 (respectively, to T3 = t1,3t2,3t3,3).

It is immediately clear that in the case of (6.15) the action is given by

(6.19) Q3, R 7→ Q3, R;

fi 7→ −fi, i = 1, . . . , 6.
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We note that this implies that there can be no non-trivial invariant cohomology
classes involving terms of odd degree in H•(E × E × E). Next we claim that
the action on cohomology of (6.16) is given by

(6.20) Q3 7→ Q3 −R, R 7→ −R
fi 7→ fi+2+fi+4, i = 1, 2; fi 7→ fi−2+fi+2, i = 3, 4; fi 7→ −fi, i = 5, 6.

To see this we compute



0 1 1 0
1 0 1 0
0 0 −1 0
0 0 0 1







τ1,1 τ1,2 τ1,3 τ1,4
τ1,2 τ2,2 τ2,3 τ2,4
τ1,3 τ2,3 τ3,3 τ3,4
τ1,4 τ2,4 τ3,4 τ4,4







0 1 0 0
1 0 0 0
1 1 −1 0
0 0 0 1


 =

=




∗ τ1,2 + τ2,3 + τ1,3 + τ3,3 −τ2,3 − τ3,3 τ2,4 + τ3,4
∗ ∗ −τ1,3 − τ3,3 τ1,4 + τ3,4
∗ ∗ τ3,3 −τ3,4
∗ ∗ ∗ τ4,4


 .

This immediately gives the claim for the fi. For Q3, R we observe that
the action induced on the homology is dual to the action on the subspace
〈−τ1,2, τ1,3 + τ2,3 + τ3,3. Since cohomology is dual to homology, the action on
Q3, R agrees with that on −τ1,2, τ1,3 + τ2,3 + τ3,3.
A similar calculation gives the following results in the remaining cases:

(6.21) Q3 7→ −Q3, R 7→ −Q3 +R;

fi 7→ fi, i = 1, 2; fi 7→ −fi, i = 3, 4; fi 7→ −fi−4 − fi, i = 5, 6.

(6.22) Q3 ↔ R;

fi 7→ fi+4, i = 1, 2; fi 7→ −fi−2−fi−fi+2, i = 3, 4; fi 7→ fi−4, i = 5, 6.

It is now straightforward to compute the invariants under G(σ
(4)
II ). In the

cohomology group H0(T/T (σ
(4)
II );Q)⊗H2(E ×E ×E;Q) we find one invariant

tensor, namely

I1 = 3(f1 ∧ f2 + f3 ∧ f4) + 2ϕ+ ψ,

where we denoted ϕ = (f1 + f3 + f5) ∧ f6 + f5 ∧ (f2 + f4 + f6) and ψ =

f1 ∧ f4 + f3 ∧ f2. In H1(T/T (σ
(4)
II );Q)⊗H2(E ×E ×E;Q) we also obtain one

invariant tensor, namely

I2 = −R⊗ (2ϕ+ ψ) +Q⊗ (ϕ+ 2ψ).

The invariant class in H0(T/T (σ
(4)
II );Q) ⊗ H4(E × E × E;Q) is I1 ∧ I1

and in H1(T/T (σ
(4)
II );Q) ⊗ H4(E × E × E;Q) it is I2 ∧ I1. This together

with the fundamental classes in H0(T/T (σ
(4)
II );Q) ⊗ H0(E × E × E;Q) and

H0(T/T (σ
(4)
II );Q)⊗H6(E × E × E;Q) are the only invariants.

As before we now look at the Leray spectral sequence in cohomology associated

with p◦q
σ
(4)
II

: T (σ
(4)
II )→ A1. Since all representations are trivial we thus obtain

Table 11. Hence, we have two differentials which could be non-zero, namely
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Table 11. E2 term of the spectral sequence converging to

the cohomology of β0
3(σ

(4)
II )

q

2 0 0 0 0 0 0 0
1 0 0 Q(−2) 0 Q(−3) 0 0
0 Q 0 Q(−1) 0 Q(−2) 0 Q(−3)

0 1 2 3 4 5 6 p

d2,12 : H1(T/T (σ
(4)
II

);Q)⊗H2(E×E×E;Q)→ H0(T/T (σ
(4)
II

);Q)⊗H4(E×E×E;Q),

resp.

d4,12 : H1(T/T (σ
(4)
II

);Q)⊗H4(E×E×E;Q)→ H0(T/T (σ
(4)
II

);Q)⊗H6(E×E×E;Q).

Indeed we claim that they do not vanish. For this we use the description of

T (σ
(4)
II )|E×E×E given in Lemma 20. It follows from this description that this

bundle splits into the product of two factors with Euler classes −ϕ and ψ. The
claim that the first differential is non-zero is now equivalent to

ϕ ∧ (2ϕ+ ψ) + ψ ∧ (ϕ+ 2ψ) 6= 0.

For the second differential we must check that

(ϕ ∧ (2ϕ+ ψ) + ψ ∧ (ϕ+ 2ψ)) ∧ I1 6= 0.

This can be checked by direct calculation. At the same time this proves that
the first differential does not vanish. The claim of the lemma now follows
immediately after converting to cohomology with compact support. �

6.5. The cohomology of β0
3(σ(5)).

Lemma 22. The rational cohomology groups with compact support of β0
3(σ(5))

are given by

Hk
c (β0

3(σ(5));Q) =





Q(−k/2) k = 6, 10
Q(−k/2)⊕2 k = 8
0 otherwise.

Proof. We first have to compute the automorphism group G(σ(5)). It is not
hard to see that this group is generated by the transformations

(6.23) xi 7→ −xi, i = 1, 2, 3

(6.24) x1 ↔ x2, x3 7→ x3

(6.25) x1 7→ x1 − x3, x2 7→ x2 − x3, x3 7→ −x3

(6.26) x1 7→ x1 − x3, x2 7→ −x2, x3 7→ −x3.
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Table 12. E2 term of the spectral sequence converging to
the cohomology of β0

3(σ(5))

q

1 0 0 Q(−2) 0 Q(−3) 0 0
0 Q 0 Q(−1)⊕2 0 Q(−2)⊕2 0 Q(−3)

0 1 2 3 4 5 6 p

A computation analogous to that in Lemma 18 shows that this results in the
following action on cohomology, where again we denoted by fi the generators
of the cohomology of E × E × E and by Q3 the generator of the cohomology
of the fibre of the torus bundle:

(6.27) fi 7→ −fi, i = 1, . . . , 6; Q3 7→ Q3

(6.28) fi ↔ fi+2, i = 1, 2; fj 7→ fj , j = 5, 6; Q3 7→ Q3

(6.29) fi 7→ fi, i = 1, . . . , 4; fk 7→ −fk−4 − fk−2 − fk, k = 5, 6; Q3 7→ Q3

(6.30)
fi 7→ fi, i = 1, 2; fj 7→ −fj, j = 3, 4;

fk 7→ −fk−4 − fk, k = 5, 6; Q3 7→ −Q3.

Next, we compute the invariant cohomology in H0(C∗;Q) ⊗ H2k(E × E ×
E;Q). Clearly this is 1-dimensional for k = 0, 6. By duality it is enough to do
the computation for k = 2. Here we find a 2-dimensional invariant subspace
generated by i1 := f1 ∧ f2 + f3 ∧ f4 and i2 := f1 ∧ f4 + f3 ∧ f2 + 2(f1 + f3 +
f5) ∧ f6 + 2f5 ∧ (f2 + f4 + f6).
In this situation we also have invariant cohomology in H1(C∗;Q)⊗H2(E×E×
E;Q). This is 1-dimensional and generated by Q3⊗(f1∧f4+f3∧f2). By duality
we also have a 1-dimensional invariant subspace in H1(C∗)⊗H4(E×E×E). A
standard calculation shows that this is generated by Q3∧(f1∧f4 +f3∧f2)∧ i2.
In this case the differentials in the Leray spectral sequence are not automatically
0. The situation is described in Table 12. here are two differentials which we
have to consider. These are:

d2,12 : H1(C∗;Q)⊗H2(E × E × E;Q)→ H0(C∗;Q)⊗H4(E × E × E;Q),

resp.

d4,12 : H1(C∗;Q)⊗H4(E × E × E;Q)→ H0(C∗;Q)⊗H6(E × E × E;Q).

We claim that both differentials are non-zero, i.e. they have rank 1. We first
treat d1,22 . The differential is given by taking the cup-product with the first

Chern class of the vector bundle spanned by the torus bundle T (σ(5))|E×E×E .
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As in previous cases on can see that T (σ(5))|E×E×E ∼= p∗12(P0). This shows
that

d1,22 : Q3 ⊗ (f1 ∧ f4 + f3 ∧ f2) 7→
(f1 ∧ f4 + f3 ∧ f2) ∧ (f1 ∧ f4 + f3 ∧ f2) = 2f1 ∧ f2 ∧ f3 ∧ f4 6= 0.

The argument for d1,42 is analogous. Finally we use the duality

Hk
c (β0

3(σ(5));Q) = H10−k(β0
3(σ(5));Q)∗ ⊗ Q(−5) (which holds on finite

smooth covers) to obtain the claim.
�

6.6. The cohomology of β0
3(σ(6)).

Lemma 23. The rational cohomology groups with compact support of β0
3(σ(6))

are given by

Hk
c (β0

3(σ(6));Q) =

{
Q(−k/2) k = 2, 4, 6, 8
0 otherwise.

Proof. The proof of this lemma is analogous to the other cases. We first note
that the automorphism group of G(σ(6)) is generated by the symmetric group
in three variables permuting the coordinates xi (i = 1, 2, 3) and the transforma-
tions (6.23) and (6.25) already considered in the previous section. In this case
the torus rank is 0 and hence it suffices to compute the action on the cohomol-
ogy of the triple product E×E×E. In view of the transformation (6.23) there
is no invariant in odd degree. By duality it is enough to compute the invariant
cohomology in H2(E×E×E;Q). A straightforward calculation shows that this
is 1-dimensional with generator 2v1+v2+v3, with v1 = f1∧f2+f3∧f4+f5∧f6,
v2 = f1 ∧ f4 + f3 ∧ f6 + f5 ∧ f2 and v3 = f1 ∧ f6 + f3 ∧ f2 + f5 ∧ f4. �

6.7. The cohomology of β0
3 . In this section, we will use the computations

on the strata of β0
3 to prove the following result.

Proposition 24. The rational cohomology with compact support of β0
3 is as

follows: the non-zero Betti numbers are

i 2 4 5 6 7 8 10 12 14
bi 1 1 1 2 1 4 4 3 1

One has H7
c (β0

3 ;Q) = Q(−1) and H5
c (β0

3 ;Q) = Q. Furthermore all cohomology
groups of even degree are algebraic.

Proof. We consider the Gysin spectral sequence associated with the stratifica-
tion of β0

3 given by the locally closed strata W1 = β0
3(σ(6)), W2 = β0

3(σ(5)),

W3 = β0
3(σ

(4)
I ) ∪ β0

3(σ
(4)
II ) and W4 = β0

3(σ(3)). We set Yp = W p. This is the

spectral sequence Ep,q• ⇒ Hp+q
c (β

(0)
3 ;Q) with Ep,q1 = Hp+q

c (Yp \ Yp−1;Q) =
Hp+q
c (Wp;Q). The cohomology with compact support of the strata Wi was

computed in the Lemmas 15, 18, 21, 22 and 23. In view of these results, the E1

term of the Gysin spectral sequence is as given in Table 13. We consider the
differentials dp,qr : Ep,qr → Ep+r,q−r+1

r . Inspection of Table 13 shows that the

only possible non-zero differential is d3,51 : E3,5
1 = H8

c (β0
3(σ

(4)
I );Q) → E4,5

1 =
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Table 13. Gysin spectral sequence converging to the coho-
mology with compact support of β0

3

q

10 0 0 0 Q(−7)
9 0 0 Q(−6)⊕2 0
8 0 Q(−5) 0 Q(−6)
7 Q(−4) 0 Q(−5)⊕3 0
6 0 Q(−4)⊕2 0 0
5 Q(−3) 0 Q(−4) + Q(−2) Q(−2)
4 0 Q(−3) 0 0
3 Q(−2) 0 0 Q(−1)
2 0 0 Q 0
1 Q(−1) 0 0 0

1 2 3 4 p

H9
c (β0

3(σ(3));Q). We can interpret this differential as arising from the Gysin

long exact sequence associated with the inclusion of β0
3(σ

(4)
I in the partial com-

pactification β0
3(σ(3)) ∪ β0

3(σ
(4)
I ) of β0

3(σ(3)). Let us denote by ΨE the fibre of

the fibration β0
3(σ(3)) ∪ β0

3(σ
(4)
I ) → A1 over a point [E] ∈ A1. Thanks to the

Leray spectral sequence associated with that fibration, all we need to know is
that the cohomology with compact support of ΨE vanishes in degree 7. This
requires to prove that the differential

d7 : H7
c ((p ◦ q

σ
(4)
I

)−1([E]);Q)→ H8
c ((p ◦ qσ(3))−1([E]);Q)

in the Gysin long exact sequence associated with (p ◦ q
σ
(4)
I

)−1([E]) ⊂ ΨE is an

isomorphism.
Since in the proofs of Lemma 17 and Lemma 19 we described the generators
of the cohomology of the fibres of E rather than those of the cohomology with
compact support, we shall analyze the map induced by d7 on cohomology by
Poincaré duality, whose rank coincides with that of d7. Let us recall that the
inclusion of {0}×(C∗)2 in C×(C∗)2 induces a Gysin long exact sequence whose
differentials define the maps

Hk((C∗)2;Q)⊗Q(−1) −→ Hk+1((C∗)3;Q)
Ti 7−→ Ti ∧ T1 i = 2, 3.

As a consequence, the differential H3((p ◦ q
σ
(4)
I

)−1([E]);Q)⊗Q(−1)→ H4((p ◦
qσ(3))−1([E]);Q) maps each of the generators gi,j described in the proof of
Lemma 19 to the class obtained by replacing T2 by T2 ∧ T1 in the expression,
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and then symmetrizing for the action of the group G(σ(3)). This yields:

gi,j 7−→
2

3

∑

0≤k,l≤2
Qk+1 ∧Ql+1 ⊗ f2k+i ∧ f2l+j ,

hence in particular the differential is surjective. From this the claim follows.
�

7. Torus rank 4

In this section we compute the cohomology of the closed strata β4 ⊂ AVor
4

and βperf
4 ⊂ Aperf

4 of torus rank 4 in the second Voronoi and the perfect cone
compactification, respectively.
We shall first state the main results:

Theorem 25. The cohomology groups with rational coefficients of the closed

stratum βperf
4 ⊂ Aperf

4 of the perfect cone compactification of the moduli space
of abelian varieties of dimension 4 are non-zero only in even degree. The only
non-zero Betti numbers are b0 = b2 = b4 = 1, b6 = b8 = 4, b10 = 3 and b12 = 1.
The cohomology is algebraic in all degrees different from 6, whereas

H6(βperf
4 ;Q) is an extension of Q(−3)⊕3 by Q(−1).

The closed stratum β4 ⊂ AVor
4 has two irreducible components: a nine-dimen-

sional component E, which is the exceptional divisor of the blow-up q : AVor
4 →

Aperf
4 , and a six-dimensional component, which is the proper transform of βperf

4

under q.

Theorem 26. (1) The rational cohomology of E is all algebraic. The only
non-zero Betti numbers are b0 = b2 = b16 = b18 = 1, b4 = b14 = 2 and
b6 = b8 = b10 = b12 = 3.

(2) The rational cohomology of β4 is non-trivial only in even degree. The
non-zero Betti numbers are

i 0 2 4 6 8 10 12 14 16 18
bi 1 2 3 7 7 6 4 2 1 1

All cohomology groups are algebraic, with the exception of H6(β4;Q),
which is an extension of Q(−3)⊕6 by Q(−1).

7.1. Cone decompositions. It is in this section that we require full informa-
tion about the perfect cone or first Voronoi and the second Voronoi decompo-
sition in Sym2

≥0(R4). Details concerning these decompositions can be found in
[ER1], [ER2], [Val] and [Vor]. We start by recalling the perfect cone decom-
position. The starting point is two 10-dimensional cones, namely the principal
cone Π1(4) and the second perfect cone Π2(4). These cones are given by

Π1(4) = 〈x21, x22, x23, x24, (x1 − x2)2, (x1 − x3)2, (x1 − x4)2, (x2 − x3)2,
(x2 − x4)2, (x3 − x4)2〉

and

Π2(4) = 〈x21, x22, x23, x24, (x1 − x3)2, (x1 − x4)2, (x2 − x3)2, (x2 − x4)2,
(x3 − x4)2, (x1 + x2 − x3)2, (x1 + x2 − x4)2, (x1 + x2 − x3 − x4)2〉
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respectively. The perfect cone decomposition consists of all GL(4,Z)-translates
of these cones and their faces. While the cone Π1(4) is basic, the cone Π2(4)

is not, hence it defines a singular point Psing ∈ Aperf
4 . Nevertheless, all 9-

dimensional faces of Π2(4) are basic. Modulo the action of GL(4,Z) these
9-dimensional faces define two orbits. Traditionally these are called RT (red
triangle) and BF (black face) respectively (see [ER2]).
In genus 4 and 5 (but not in general) the second Voronoi decomposition is a
subdivision of the perfect cone decomposition. In our case it is the refinement
of the perfect cone decomposition obtained by adding all cones that arise as
spans of the 9-dimensional faces of Π2(4) with the central ray generated by

(7.1)

e =
1

3

[
x2
1 + x2

2 + x2
3 + x2

4 + (x1 − x3)
2 + (x1 − x4)

2 + (x2 − x3)
2 + (x2 − x4)

2

+(x3 − x4)
2 + (x1 + x2 − x3)

2 + (x1 + x2 − x4)
2 + (x1 + x2 − x3 − x4)

2
]
.

In particular, all perfect cones, with the exception of Π2(4), belong to the
second Voronoi decomposition. Geometrically this means that AVor

4 is a blow-

up of Aperf
4 = AIgu

4 in the singular point Psing. Since all cones on the second
Voronoi decomposition are basic AVor

4 is smooth (as a stack). Moreover, the
exceptional divisor E is irreducible and smooth (again as a stack). (For a
discussion of this see also [HS2].
A description of representatives of all GL(4,Z)-orbits of cones in the second
Voronoi, and hence also the perfect cone decomposition, can be found in [Val,
Chapter 4]. For cones with extremal rays spanned by quadratic forms of rank 1
the list is given in [Val, S.4.4.4]. Note that in this listK5 denotes the cone Π2(4),
and the 9-dimensional cones K5 − 1 and K3,3 correspond to the equivalence
classes BF, respectively, RT of [ER2]. The remaining cones are listed in [Val,
S.4.4.5]. The following list gives the number of GL(4,Z)-orbits of cones in each
dimension for the two decompositions.

dimension 1 2 3 4 5 6 7 8 9 10
# perfect cones 1 1 2 3 4 5 4 2 2 2
# second Voronoi cones 2 2 4 7 9 11 11 7 4 3

From this we see that the perfect cone decomposition has 26 different cones,
whereas the second Voronoi decomposition has 60 different cones. The lists in
[Val] also allow us to write down generators for the extremal rays of represen-
tatives in all cases.

7.2. Plan for computation. We briefly recall the structure of β4 and βperf
4

which comes from the toroidal construction. More generally, let βΣ
4 be the

stratum of any admissible fan Σ (in our case either the perfect cone or the
second Voronoi fan), then each cone σ ∈ Σ defines a torus orbit Tσ of dimension
10 − k where k is the dimension of σ. Let Gσ ⊂ GL(4,Z) be the stabilizer of
σ with respect to the natural action of GL(4,Z) on Sym2

≥0(R4). Then Gσ acts

on Tσ and βΣ
4 is the disjoint union of the quotients Zσ = Tσ/Gσ where σ runs

through a set of representatives of all cones in Σ which contain a form of rank
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4 in their interior. We then define a stratification by defining Sp as the union
of all Zσ where dimσ ≥ 10− p. In particular, Sp \ Sp−1 is the union of all Zσ
with dimσ = 10− p.
The Gysin spectral sequence Ep,q• ⇒ Hp+q

c (βperf
4 ;Q) = Hp+q(βperf

4 ;Q) associ-
ated with the filtration Sp has E1 term given by

Ep,q1 = Hp+q
c (Sp \ Sp−1;Q).

Since Sp \ Sp−1 is the disjoint union of the Zσ with dimσ = 10 − p it follows
that

H•c (Sp \ Sp−1;Q) =
⊕

dimσ

H•c (Zσ;Q).

In our situation we have considerably more information. In particular we know
that, with the exception of Π2(4), all cones in both the perfect cone and the
second Voronoi decomposition, are basic. In particular all strata Sp with p ≤ 9
are locally quotients of a smooth variety by a finite group. Moreover Tσ =
(C∗)10−dimσ and Zσ = (C∗)10−dimσ/Gσ. The torus orbit of Π2(4) is a point.
Thus we have to compute for each cone σ the cohomology of the torus Tσ with
respect to Gσ. Recall that H•((C∗)k;Q) is the exterior algebra generated by
the k-dimensional vector space H1((C∗)k;Q). Moreover, a basis of the vector
space H1((C∗)k;Q) can be obtained by taking the Alexander dual classes of
the fundamental classes of the components

{(y1, . . . , yk)|yi = 0}, i = 1, . . . , k

of the complement of (C∗)k in Ck. This means that, once the generators of the
cone σ and of the group Gσ are known, the computation of the cohomology of
Zσ reduces to a linear algebra problem, which can be solved using computa-
tional tools. In our case, the generators of the stabilizers Gσ were calculated
with Magma ([BCP]) and the invariant part of the algebra

∧•
H1((C∗)k;Q)

with Singular ([GPS]).

7.3. Perfect cones. We shall now perform the programme outlined above
for the perfect cone compactification, which coincides with the Igusa compact-
ification in genus 4. We have already mentioned that a list of representatives
of all cones in the perfect cone decomposition, together with their generators,
can be found in [Val, Ch. 4]. This enables us to compute the stabilizer groups
Gσ as well as the invariant cohomology of the torus orbits Tσ = (C∗)k where
k = 10−dimσ. The results so obtained are listed in Table 14, where the nota-
tion for the cones is the one of [Val, §4]. The information on the cohomology of
the strata is given in the form of Hodge Euler characteristics, i.e. what is given
is the Euler characteristic of H•c (Zσ;Q) in the Grothendieck group of Hodge
structures. The symbol L denotes the class of the weight 2 Tate Hodge struc-
ture Q(−1) in the Grothendieck group. The relationship between cohomology
and cohomology with compact support is given by Poincaré duality:

H l
c(Zσ;Q) = Hom(H2k−l(Zσ;Q),Q(−k)),

which holds since the Zσ are finite quotients of the smooth varieties Tσ.

Documenta Mathematica 17 (2012) 195–244



234 Klaus Hulek and Orsola Tommasi

Table 14. GL(4,Z)-orbits of perfect cones

Σ dim Σ eHdg(ZΣ)

K5 = Π1(4) 10 1
Π2(4) 10 1
K5 − 1 9 L

K3,3 9 L− 1
K5 − 2 8 L2

K5 − 1− 1 8 L2 − L

K5 − 2− 1 7 L3 − L2

C2221 7 L3

K5 − 3 7 L3

Σ dim Σ eHdg(ZΣ)

K4 + 1 7 L3

C222 6 L4 − L3

C321 6 L4 + 1
C221 + 1 6 L4

C3 + C3 6 L4

C5 5 L5 − 1
C4 + 1 5 L5

C3 + 1 + 1 5 L5 + L

1 + 1 + 1 + 1 4 L6

Table 15. E1 term of the spectral sequence converging to H•(βperf
4 ;Q).

q

6 0 0 0 0 0 0 Q(−6)
5 0 0 0 0 0 Q(−5)⊕3 0
4 0 0 0 0 Q(−4)⊕4 0 0
3 0 0 0 Q(−3)⊕4 Q(−3) 0 0
2 0 0 Q(−2)⊕2 Q(−2) 0 0 0
1 0 Q(−1)⊕2 Q(−1) 0 0 Q(−1) 0
0 Q⊕2 Q 0 0 Q Q 0

0 1 2 3 4 5 6 p

In view of the information on the cohomology of the Zσ given in Table 14, this

yields that the E1 terms of the spectral sequence Ep,q• ⇒ Hp+q(βperf
4 ;Q) are

as shown in Table 15.
To establish Theorem 25, we need to determine the rank of all differentials
in the spectral sequence. As morphisms between pure Hodge structures of
different weights are necessarily trivial, one remains with five differentials to
investigate, all of the form dp,q1 : Ep,q1 → Ep+1,q

1 . We will denote them by

δ0 : E0,0
1 −→ E1,0

1 , δ′0 : E4,0
1 −→ E5,0

1 ,

δ1 : E1,1
1 −→ E2,1

1 , δ2 : E2,2
1 −→ E3,2

1 , δ3 : E3,3
1 −→ E4,3

1 .

Lemma 27. All the differentials δ0, δ
′
0, δ1, δ2 and δ3 have rank 1.

Proof. Since βperf
4 is connected, one has H0(βperf

4 ;Q) = Q. This implies that
δ0 has rank 1.
Next, we consider the differential δ′0 : E4,0

1
∼= Q −→ E5,0

1
∼= Q. From the

description of the strata given in Table 14, we have E4,0
1 = H4

c (ZC321 ;Q) and
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E5,0
1 = H5

c (ZC5 ;Q) for the cones

C5 = 〈x21, x22.(x1 − x4)2, (x2 − x3)2, (x3 − x4)2〉,
C321 = 〈x21, x22, x24, (x1 − x4)2, (x2 − x3)2, (x3 − x4)2〉.

The cone C5 is contained in C321, hence ZC321 is contained in the closure of
ZC5 . Furthermore, the rank of δ′0 must coincide with the rank of the differential
η0 : H4

c (ZC321 ;Q) → H5
c (ZC5 ;Q) of the Gysin long exact sequence associated

with the inclusion of ZC321 in the partial compactification ZC5 ∪ ZC321 of ZC5 .
If one considers the stabilizers, one observes that GC321 is a subgroup of GC5 .
Therefore, one can view η0 as a map from the cohomology of (C∗)4 to the
cohomology of (C∗)5 in the following way:

H4
c (ZC321 ;Q)

η0��

H4
c ((C∗)4;Q)GC321

η0

**UUUUUUUUU

H5
c (ZC5 ;Q) H5

c ((C∗)5;Q)GC5 H5
c ((C∗)5;Q)GC321 ,

where we used the fact that the GC321 -invariant part of H5
c ((C∗)5;Q) coincides

with the GC5-invariant part. This new interpretation relates the map η0 to the
differential

(7.2) H4
c ((C∗)4;Q) ∼= Q −→ H5

c ((C∗)5;Q) ∼= Q

of the Gysin exact sequence of an inclusion (C∗)4 →֒ C× (C∗)4, with comple-
ment isomorphic to (C∗)5. In particular, since Hk

c (C × (C∗)4;Q) vanishes for
k ≤ 5, the differential (7.2) is an isomorphism, and the same holds for η0.
Let us consider the differential

δ1 : E1,1
1
∼= H2

c (ZK5−1;Q)⊕H2
c (ZK3,3 ;Q)→ E2,1

1
∼= H3

c (ZK5−1−1;Q).

Note that both ZK5−1 and ZK3,3 are contained in the closure of ZK5−1−1 ⊂
βperf
4 . We choose to investigate the inclusion i3,3 of ZK3,3 in the partial com-

pactification ZK3,3 ∪ ZK5−1−1 of ZK5−1−1. Then the rank of δ1 cannot be
smaller than the rank of the differential

η1 : H2
c (ZK3,3 ;Q) −→ H3

c (ZK5−1−1;Q)

in the Gysin long exact sequence associated with i3,3, even though there is no
canonical isomorphism between the kernel of η1 and that of δ1.
In Vallentin’s notation, the cone K3,3 is given by

K3,3 = 〈x21, x22, x23, x34, (x1 − x3)2, (x1 − x4)2, (x2 − x3)2, (x2 − x4)2,
(x1 + x2 − x3 − x4)2〉.

In particular, its subcone

K5 − 1− 1b = 〈x21, x22, x23, x24, (x1 − x3)2, (x1 − x4)2, (x2 − x3)2, (x2 − x4)2〉

belongs to the same GL(4,Z)-orbit as K5 − 1 − 1, so that ZK5−1−1b ⊂ βperf
4

coincides with ZK5−1−1. The stabilizer GK5−1−1b of the cone K5 − 1 − 1b is
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generated by −IdZ4 and by the two automorphisms




x1 7→ x3
x2 7→ x4
x3 7→ x2
x4 7→ x1

and





x1 7→ x1
x2 7→ x2
x3 7→ x4
x4 7→ x3

.

In particular, one can check that the group GK5−1−1b is contained in the sta-
bilizer GK3,3 of the cone K3,3.
Analogously to the case of η0, we can reduce the study of η1 to the study of the
long exact sequence of an inclusion C∗ →֒ C×C∗ with complement isomorphic
to (C∗)2, by exploiting the diagram

H2
c (ZK3,3 ;Q)

η1��

H2
c (C∗;Q)GK3,3 H2

c (C∗;Q)GK5−1−1b

η1��
H3
c (ZK5−1−1b;Q) H3

c ((C∗)2;Q)GK5−1−1b .

Then the claim follows from the fact that the differentialH2
c (C∗;Q) ∼= Q(−1)→

H3
c ((C∗)2;Q) in the Gysin long exact sequence associated with the inclusion

C∗ →֒ C× C∗ has rank 1.
The proof for δ2 and δ3 is completely analogous to that for δ1. In the case
of δ2 one considers the inclusion of the 2-dimensional stratum ZK5−2 in the
3-dimensional stratum ZK5−2−1, given by the inclusion of the cone

K5 − 2− 1b = 〈x21, x22, x23, (x1 − x4)2, (x2 − x3)2, (x2 − x4)2, (x3 − x4)2〉,
which lies in the same GL(4,Z)-orbit as K5 − 2− 1, in

K5 − 2 = 〈x21, x22, x23, x24, (x1 − x4)2, (x2 − x3)2, (x2 − x4)2, (x3 − x4)2〉.
In this case, the stabilizers of K5− 2 and of K5 − 2− 1b coincide as subgroups
of GL(4,Z).
In the case of δ3, one considers the inclusion of the 3-dimensional stratum
ZC2221 in the 4-dimensional stratum ZC222 , given by the inclusion of the cone

C222 = 〈x21, x22, x23, (x1 − x4)2, (x2 − x4)2, (x3 − x4)2〉
in

C2221 = 〈x21, x22, x23, x24, (x1 − x4)2, (x2 − x4)2, (x3 − x4)2〉.
Again, the stabilizers of C222 and C2221 coincide. �

7.4. Cones containing e. We shall now prove Theorem 26.

Proof of (1)⇒(2) in Theorem 26. Assume that the cohomology with compact

support of the exceptional divisor E of the blow-up AVor
4 → Aperf

4 is as stated
in (1). The Gysin long exact sequence associated with the closed inclusion
E ⊂ β4 is as follows:

(7.3) · · · → Hk−1
c (E;Q)

dk−→ Hk
c (β4 \ E;Q)→ Hk

c (β4;Q)→ Hk
c (E;Q)→ · · ·

Documenta Mathematica 17 (2012) 195–244



Cohomology of the Second Voronoi . . . 237

Similarly the Gysin sequence of the pair {Psing} ⊂ βperf
4 reads

· · · → Hk−1
c (Psing;Q)→ Hk

c (βperf
4 \ {Psing};Q)→

→ Hk
c (β4

perf ;Q)→ Hk
c (Psing;Q)→ · · ·

Since AVor
4 → Aperf

4 is an isomorphism outside E, the complement β4 \ E is

isomorphic to βperf
4 \{Psing}. By Theorem 25 the odd cohomology with compact

support of βperf
4 vanishes and hence Hk

c (βperf
4 \{Psing};Q) = Hk

c (β4 \E;Q) = 0

for odd k ≥ 3. Moreover, H1
c (βperf

4 \{Psing};Q) = H1
c (β4 \E;Q) = 0 since Psing

is a point and βperf
4 is compact (which implies that cohomology with compact

support and ordinary cohomology coincide).
Furthermore by the description of H•c (E;Q) from (1) we know that all odd
cohomology of E vanishes. This ensures that all differentials dk, k ≥ 1 are
zero. This implies that the Betti numbers bk of β4 with k ≥ 1 are as stated
in Theorem 26. Also the description of the Hodge structures follows from
Theorem 25 and from part (1) in view of the long exact sequence (7.3). Finally,
the fact that H0

c (β4;Q) is one-dimensional follow from the connectedness of
β4. To complete the proof, recall that β4 is compact, so that cohomology and
cohomology with compact support agree. �

Lemma 28. For every k, the cohomology group Hk(E;Q) carries a pure Hodge
structure of weight k.

Proof. To prove the claim, we consider the second Voronoi compactification
AVor

4 (n) of the moduli space of principally polarized abelian fourfolds with a
level-n structure (n ≥ 3). Recall that AVor

4 (n) is a smooth projective scheme
and that the map π(n) : AVor

4 (n) → AVor
4 is a finite group quotient. The

preimage π(n)−1(E) of E is the union of finitely many irreducible components,
all of which are smooth and pairwise disjoint. This follows from the toric
description, since these components are themselves toric varieties given by the
star Star(〈e〉) in the lattice Sym2(Z4)/Ze.
In particular, this implies that the Hodge structures on the cohomology groups
of π(n)−1(E) are pure of weight equal to the degree. As π(n) is finite, the
pull-back map

π(n)|∗π(n)−1(E) : Hk(E;Q)→ Hk(π(n)−1(E);Q)

is injective. This implies that each cohomology group Hk(E;Q) is a Hodge
substructure of Hk(π(n)−1(E);Q), thus yielding the claim. �

Proof of (1) in Theorem 26. In view of Lemma 28, determining the cohomol-
ogy of E is equivalent to computing its Hodge Euler characteristics, i.e.

eHdg(E) =
∑

k∈Z
(−1)k[Hk

c (E;Q)],

where [·] denotes the class in the Grothendieck group K0(HSQ) of Hodge struc-
tures. Hodge Euler characteristics are additive, so we are going to work with
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Table 16. GL(4,Z)-orbits of cones of dimension ≥ 6 contain-
ing e

σ dimσ eHdg(Zσ)

111+ 10 1
111− 10 1
211+ 9 L− 1
211− 9 L

311+ 8 L2 − L

311− 8 L2

22′1 8 L2 − L

221+ 8 L2

221− 8 L2 + L

411 7 L3 − L2

321+ 7 L3 − L2 + L− 1

σ dimσ eHdg(Zσ)

321− 7 L3 − 2L2 + L

222′ 7 L3 − L2

22′2′′ 7 L3

222+ 7 L3

222− 7 L3

421 6 L4 − L3 + L2 − L

331+ 6 L4 + 1
331− 6 L4 − L3 − L + 1
322+ 6 L4 − L3

322− 6 L4 − L3

322′ 6 L4 − 2L3 + 2L2 − 2L + 1

Table 17. GL(4,Z)-orbits of cones of dimension ≤ 5 contain-
ing e

Σ dim Σ eHdg(Zσ)

422′ 5 L5 + L3 − L2 + L

332− 5 L5 − L4 + L3 − 3L2 + 2L
431 5 L5 − L4 + L3 − L2 + L− 1
422 5 L5 − L4

332+ 5 L5 − 2L4 + L3 − L2 + 2L− 1
432 4 L6 − 2L5 + 2L4 − 4L3 + 5L2 − 2L
333− 4 L6 + 2L2

441 4 L6 + L2

333+ 4 L6 − L5 − L3 + 2L2 − L

433 3 L7 − L6 + L5 − L4 + 4L3 − 4L2

442 3 L7 + 2L3 − L2

443 2 L8 + 2L4 − 3L3

444 1 L9 − L4

TOT. L9 + L8 + 2L7 + 3L6 + 3L5 + 3L4 + 3L3 + 2L2 + L + 1

a locally closed stratification of E and add up the Hodge Euler characteristics
to get the result.
The toroidal construction of AVor

4 yields that E is the union of toric strata Zσ
for all cones σ belonging to the second Voronoi decomposition but not to the
perfect cone decomposition. Note that for such σ the variety Zσ automatically
maps to A0 under the map AVor

4 → ASat
4 . Furthermore, up to the action of

GL(4,Z), one can assume that these cones contain the extremal ray 〈e〉 defined
in (7.1) as extremal ray.
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Since cones that lie in the same GL(4,Z)-orbit give the same variety Zσ, we
have to work with a list of representatives of all GL(4,Z)-orbits of cones ful-
filling our conditions. Such a list is given in [Val, §4.4.5]. As in the proof of
Theorem 14, we compute for each cone σ in Vallentin’s list the generators of its
stabilizer Gσ in GL(4,Z), as well as their action on H1((C∗)10−dimσ;Q). Then
we use the computer algebra program Singular [GPS] to calculate all positive
Betti numbers of the quotient Zσ = (C∗)10−dimσ/Gσ. The results are given in
Tables 16 and 17, where we list all cones and the Hodge Euler characteristics
of the corresponding strata of E.
As already explained, the Hodge Euler characteristic of E is the sum for the
Euler characteristics of all strata Zσ and is computed at the bottom of Table 17.
In view of Lemma 28, and recalling that L is the notation of the weight 2 Tate
Hodge structure Q(−1) in the Grothendieck group of rational Hodge structures,
we can conclude that the Betti numbers of E agree with those given in the
statement of Theorem 26. �

Remark 29. Note that the Betti numbers of E satisfy Poincaré duality. Indeed,
this must be the case as E is smooth up to finite group action.

Appendix A. Cohomology of A3 with coefficients in symplectic
local systems

In this section, we recollect the information on the cohomology of local systems
on A2 and A3 that we used in the course of the paper. Let us recall that the
cohomology of local systems of odd weight on Ag vanishes because it is killed
by the abelian involution. Therefore, we only need to deal with local systems
of even rank.
The cohomology of A2 and A3 with constant coefficients is known. The moduli
space A2 is the disjoint union of the moduli space M2 of genus 2 curves and
the locus Sym2A1 of products. Since it is known that the rational cohomology
of both these spaces vanishes in positive degree, we have

Lemma 30. The only non-trivial rational cohomology groups with compact sup-
port of A2 are H4

c (A2;Q) = Q(−2) and H2
c (A2;Q) = Q(−1).

The rational cohomology of A3 was computed by Hain ([Ha]). We state below
his result in terms of cohomology with compact support.

Theorem 31 (Hain). The non-trivial Betti numbers with compact support of
A3 are

i 12 10 8 6
bi 1 1 1 2

Furthermore, all cohomology groups are algebraic with the exception of
H6
c (A3;Q), which is an extension of Q(−3) by Q.

We deduce the results we need on non-trivial symplectic local systems with
weight ≤ 2 from results on moduli spaces of curves ([BT],[T3]). Note that the
result for V1,1 was already proven in [HT, Lemma 3.1].
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Lemma 32. The cohomology groups with compact support of the weight 2 sym-
plectic local systems onM2 are as follows: the cohomology of V2,0 vanishes in
all degrees, whereas the only non-zero cohomology group with compact support
of V1,1 is H3

c (M2;V1,1) = Q.

Lemma 33. The rational cohomology of M3 with coefficients in V1,0,0 and
V2,0,0 is 0 in all degrees. The only non-trivial cohomology group with compact
support of M3 with coefficients in V1,1,0 is H9

c (M3;V1,1,0) = Q(−5).

Proof of Lemma 33. Following the approach of [G2], we use the forgetful maps
p1 : M3,1 →M3 and p2 : M3,2 →M3 to obtain information. Note that p1 is
the universal curve overM3 and that the fibre of p2 is the configuration space
of 2 distinct points on a genus 3 curve.
According to [BT, Cor. 1], there is an isomorphism H•(M3,1;Q) ∼=
H•(M3;Q) ⊗ H•(P1;Q) as vector spaces with mixed Hodge structures. If
we compare this with the Leray spectral sequence in cohomology associated
with p1, we get that the cohomology of M3 with coefficients in V1,0,0 must
vanish.
Next, we analyze the Leray spectral sequence in cohomology associated with p2.
Taking the S2-action into account, the cohomology of the fibre of p2 induces
the following local systems on M3:

local system: local system:
deg. invariant part alternating part
0 Q 0
1 V1,0,0 V1,0,0

2 Q(−1)⊕ V1,1,0 Q(−1)⊕ V2,0,0

3 0 V1,0,0(−1)

This implies that the cohomology ofM3 with coefficients in V2,0,0 (respectively,
in V1,1,0) is strictly related to the S2-alternating (resp. S2-invariant) part of
the cohomology ofM3,2. The rational cohomology ofM3,2 is described with its
mixed Hodge structures and the action of the symmetric group in [T3, Thm 1.1].
By comparing this with the E2-term of the Leray spectral sequence associated
with p2, one obtains that the cohomology of V2,0,0 vanishes and that the only
non-trivial cohomology group of V1,1,0 is H3(M3;V1,1,0) = Q(−3). Then the
claim follows from Poincaré duality. �

Proof of Lemma 32. The proof is analogous to that of Lemma 33. In this case,
one needs to compare the Leray spectral sequence associated with p2 : M2,2 →
M2 with the cohomology of M2,2 computed in [T2, II,2.2]. Note that in this
case the cohomology of V1,0 vanishes because it is killed by the hyperelliptic
involution on the universal curve over M2. �

Next, we compute the cohomology of the weight 2 local systems on A2 and
A3 we are interested in, by using Gysin long exact sequences in cohomology
with compact support and the stratification A2 = τ2(M2) ⊔ Sym2A1 of A2,
respectively, the stratification A3 = τ3(M3) ⊔ τ2(M2) ×A1 ⊔ Sym3A1 of A3.
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The result on the cohomology with compact support of V1,1 was already proved
in [HT, Lemma 3.1].

Lemma 34. The only non-trivial cohomology groups of A2 with coefficients in
a local system of weight 2 are H3

c (A2;V1,1) = Q and H3
c (A2;V2,0) = Q(−1).

Proof. Using branching formulae as in [BvdG, §§7–8], one proves that the re-
striction of V2,0 to Sym2A1 ⊂ A2 coincides with the symmetrization of V2×V0

on A1 × A1. Its cohomology with compact support is then Q(−1) in degree
3 and trivial in all other degrees by e.g. [G1, Thm. 5.3]. Analogously, one
shows that the cohomology of Sym2A1 with coefficients in the restriction of
the local system V1,1 is trivial. Then the claim follows from the Gysin long

exact sequence associated with the inclusion Sym2A1 ⊂ A2. �

Lemma 35. The cohomology with compact support of A3 in the local system
V1,1,0 is non-trivial only in degree 5 and possibly in degrees 8 and 9 and
is given in these degrees by H5

c (A3;V1,1,0) = Q(−1) and H8
c (A3;V1,1,0) ∼=

H9
c (A3;V1,1,0) = Q(−4)⊕ǫ with ǫ ∈ {0, 1}.

Proof. Branching formulae yield that the cohomology with compact support
of the restriction of V1,1,0 to τ2(M2) × A1 is equal to Q(−5) (coming from
the local system V1,1 ⊗ V0 on M2 × A1) in degree 8, to Q(−1) in degree 5
(coming from the local system V0⊗V0(−1)) and is trivial in all other degrees.
Moreover, the restriction of V1,1,0 to Sym3A1 is trivial, as is easy to prove if
one looks at the cohomology of the restriction of the universal abelian variety
over A3 to Sym3A1.
It remains to consider the Gysin long exact sequence associated with the closed
inclusion Ared

3 ⊂ A3. The only differential which can possibly be non-trivial is

Q(−5) = H8
c (Ared

3 ;V1,1,0) −→ H9
c (M3;V1,1,0) = Q(−5).

From this the claim follows. �

In the investigation of the cohomology with compact support of the locus β0
2 of

semi-abelic varieties of torus rank 2 we also need to consider the cohomology
with compact support of the weight 4 local system V2,2 on A2. In the forth-
coming preprint [T4], we will show that the cohomology of V2,2 vanishes in all
degrees. For our application, however, we do not need such a complete result.
The following lemma suffices:

Lemma 36. The cohomology with compact support of A2 with coefficients in
the local system V2,2 is 0 in all degrees different from 3, 4. Furthermore, for
every weight k there is an isomorphism

GrWk (H3
c (A2;V2,2)) ∼= GrWk (H4

c (A2;V2,2))

between the graded pieces of the weight filtration.

Proof. First, we prove that the result holds in the Grothendieck group of ra-
tional Hodge structures. This requires to prove that the Euler characteristic
of H•c (A2;V2,2) in the Grothendieck group of rational Hodge structures van-
ishes. By branching formulae, the cohomology with compact support of the
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restriction of V2,2 to Sym2A1 is equal to the cohomology of the local system
V0 ⊗ V0(−2), which is equal to Q(−4) in degree 4 and trivial otherwise. On
the other hand, the Euler characteristic of H•c (M2;V2,2) was proved in [Ber,
Theorem 11.6] to be equal to −[Q(−4)]. Then the additivity of Euler char-
acteristics ensures that the Euler characteristic of V2,2 on M2 vanishes. This
means that the Euler characteristic of each graded piece of the weight filtration
on H•c (A2;V2,2) is 0.

More generally, the fact that M2 and Sym2A1 are affine of dimension 3 and
2 respectively, combined with the Gysin long exact sequence associated to
Sym2A1 →֒ A2 implies that the cohomology of A2 with values in any local
system is trivial in degree greater than 3. Thus, by Poincaré duality, the
cohomology with compact support of A2 can be non-trivial only in degree
larger than or equal to 3. Furthermore, for non-trivial irreducible local sys-
tems H0 (and hence H6

c ) vanishes, whereas H1 (and hence H5
c ) is always zero

by the Raghunathan rigidity theorem [R]. This means that the cohomology
with compact support of V2,2 on A2 can be non-zero only in degrees 3 and
4. The cohomology groups in these degrees are then isomorphic when pass-
ing to the associated graded pieces of the weight filtration as a consequence of
the vanishing of the Euler characteristic in the Grothendieck group of Hodge
structures. �
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Abstract. Let K be an arbitrary field of characteristic not equal to
2. Let m,n ∈ N and V be an m dimensional orthogonal space over K.
There is a right action of the Brauer algebra Bn(m) on the n-tensor
space V ⊗n which centralizes the left action of the orthogonal group
O(V ). Recently G.I. Lehrer and R.B. Zhang defined certain quasi-
idempotents Ei in Bn(m) (see (1.1)) and proved that the annihilator
of V ⊗n in Bn(m) is always equal to the two-sided ideal generated by
E[(m+1)/2] if charK = 0 or charK > 2(m+1). In this paper we extend
this theorem to arbitrary field K with charK 6= 2 as conjectured
by Lehrer and Zhang. As a byproduct, we discover a combinatorial
identity which relates to the dimensions of Specht modules over the
symmetric groups of different sizes and a new integral basis for the
annihilator of V ⊗m+1 in Bm+1(m).

2010 Mathematics Subject Classification: 20B30, 15A72, 16G99
Keywords and Phrases: Brauer algebras, tensor spaces, symmetric
groups, standard tableaux

1 Introduction

Let N be the set of non-negative integers. Let x be an indeterminate over Z and
0 < n ∈ N. The Brauer algebra Bn(x) over Z[x] was introduced by Richard
Brauer (see [1]) when he studied how the n-tensor space V ⊗n decomposes into
irreducible modules over the orthogonal group O(V ) or the symplectic group
Sp(V ), where V is an orthogonal vector space or a symplectic vector space. It
was defined as the free Z[x]-module on the basis of the set Bdn of all Brauer
n-diagrams, graphs on 2n vertices, and n edges with the property that every
vertex is incident to precisely one edge. The multiplication of two Brauer n-
diagrams is defined using natural concatenation of diagrams. Precisely, we
compose two diagrams D1, D2 by identifying the bottom row of vertices in
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D1 with the top row of vertices in D2. The result is a graph, with a certain
number, n(D1, D2), of interior loops. After removing the interior loops and
the identified vertices, retaining the edges and remaining vertices, we obtain
a new Brauer n-diagram D1 ◦ D2, the composite diagram. Then we define
D1 · D2 = xn(D1,D2)D1 ◦ D2. For example, let d be the following Brauer 5-
diagram.

    

2

79 6

31 4

8

5

Figure 1.1

10

Let d′ be the following Brauer 5-diagram.

    

2

79 6

1 4

8

5

Figure 1.2

3

10

Then dd′ is equal to

    d 

2
2

7
7

9
9

6
6

1
1

4
4

8
8

5
5

Figure 1.3

3
3

10
10

d’

= x

In general, the multiplication of two elements in Bn(x) is given by the linear
extension of a product defined on diagrams. For each integer i with 1 ≤ i ≤ 2n,
we define i− := 2n + 1 − i. The Brauer algebra Bn(x) is a free Z[x]-module
with rank (2n− 1) · (2n− 3) · · · 3 · 1. For any Z[x]-algebra R with x specialized
to δ ∈ R, we define Bn(δ)R := R⊗Z[x] Bn(x).

Now let K be an arbitrary field of characteristic not equal to 2. Let m,n be
two positive integers and V an m dimensional orthogonal space over K. Let

Documenta Mathematica 17 (2012) 245–270



On a Theorem of Lehrer and Zhang 247

Bn(m) be the specialized Brauer algebra with parameter m · 1K . There is a
right action of Bn(m) on the n-tensor space V ⊗n which commutes with the left
action of the orthogonal group O(V ). If K = C, then by a well-known result
of Brauer [1], the canonical homomorphism ϕ : Bn(m) → EndO(V )(V

⊗n) is
surjective. In general, as long as K is an infinite field of characteristic not
equal to 2, the surjection still holds and we actually have a characteristic-free
version of the Schur–Weyl duality between Bn(m) and KO(V ) on V ⊗n. For
the proof as well as the symplectic version of these results, we refer the readers
to [7], [10] and [11].

The above Schur–Weyl duality is closely related to the second fundamental
theorem in invariant theory for O(V ). By [12] and [27], Bn(m) is semisimple
if and only if m ≥ n − 1. From the representation theoretic point of view, it
is desirable to describe the radical of Bn(m) in the non-semisimple case. By
[16], the kernel of ϕ is closely related to the radical of Bn(m). Therefore, it is
important to understand the kernel of ϕ. Note that ϕ is not injective if and
only if n ≥ m+ 1. In [16, Theorem 4.8], using the invariant theory for O(V ),
Gavarini showed that the kernel of ϕ is spanned by some diagrammatic minors
of order m+ 1 (which are certain alternating sum of some Brauer n-diagrams).
Note that, however, those diagrammatic minors are not necessarily K-linearly
independent. In [11, Theorem 1.4, Theorem 6.9], an integral basis for the kernel
of ϕ was obtained. The Brauer algebra Bn(m) can be endowed with a right
S2n-module structure in a way such that Kerϕ is an S2n-submodule (cf. [11]
and [15]). So far, to the best of our knowledge, it remains an open question on
whether or not there exists a characteristic-free basis for Kerϕ which consists
of some diagrammatic minors of order m+ 1.

In [20, Corollary 5.9], we proved in the symplectic case that Kerϕ is always
generated by one specific diagrammatic Pfaffian of order 2m+ 2. In the quan-
tized type C case, we proved (in [20, Proposition 5.6]) a similar statement
under the assumption that the quantum parameter q is generic. Recently, G.I.
Lehrer and R.B. Zhang have studied extensively the orthogonal case in [22] by
connecting it with the second fundamental theorem of invariant theory for the
orthogonal group. For each Brauer n-diagram D ∈ Bdn, the vertices of D are
arranged in two rows: the top and bottom rows. The vertices in top row are
labeled by the indices 1, 2, · · · , n from left to right; while the vertices in bottom
row are labeled by the indices 1−, · · · , n− from left to right. The following key
definitions are due to them.

Definition 1.1. ([22, Definition 4.2]) Let a, b ∈ N such that 1 ≤ a + b ≤ n.
Let Bd(a, b) be the set of all Brauer n-diagrams D such that:

(1) for each integer s with a + b + 1 ≤ s ≤ n, D connects the vertex labeled
by s with the vertex labeled by s−; and

(2) for each integer s with s ∈ {1, 2, · · · , a, (a+ 1)−, (a+ 2)−, · · · , (a+ b)−},
D connects the vertex labeled by s with the vertex labeled by t for t ∈
{1−, 2−, · · · , a−, a+ 1, a+ 2, · · · , a+ b}.
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We define

Ea,b :=
∑

D∈Bd(a,b)

sign(D)D, Ei := Ei,m+1−i, ∀ 0 ≤ i ≤ m+ 1.

We refer the reader to Definition 2.2 for the definition of sign(D).1 Lehrer
and Zhang have proved a number of important properties about those Ei. In
particular, they have proved the following theorem in [22].

Theorem 1.2. ([22, Proposition 4.4, Theorems 4.3, 9.4]) Assume that m < n.
Then for each integer i with 0 ≤ i ≤ [(m + 1)/2], Ei ∈ Kerϕ. Furthermore, if
charK = 0 or charK > 2(m+ 1) then Kerϕ is the two-sided ideal of Bn(m)
generated by E[(m+1)/2].

Furthermore, Lehrer and Zhang have conjectured in [22, Remark 9.5] that
the second statement of the above theorem is true for arbitrary field K with
charK 6= 2. The main result in this paper is a proof of this conjecture. In
other words, we extend Lehrer and Zhang’s theorem to arbitrary field K with
charK 6= 2. That is,

Theorem 1.3. Let K be an arbitrary field of characteristic other than two.
Then Kerϕ is always equal to the two-sided ideal generated by E[(m+1)/2].

As a byproduct, we discover (in Theorem 4.15 and Corollary 4.17) a combina-
torial identity which connects to the dimensions of some Specht modules over
the symmetric group S2m+2 and the symmetric group Sm+1. We get (in Corol-
lary 4.19) a new integral basis for the annihilator of V ⊗m+1 in Bm+1(m). The
content is organized as follows. In Section 2 we recall some basic knowledge
about the structure and representation theory of the Brauer algebras as well as
some related combinatorics which are needed later. In Section 3 we prove that
the annihilator of V ⊗n in Bn(m) is equal to the two-sided ideal generated by
E0, E1, . . . , E[(m+1)/2]. The proof makes essential use of the integral basis of
Kerϕ obtained in [11]. In Section 4 we prove our main result Theorem 1.3. The
proof will proceed in three steps. The main strategy to prove Theorem 1.3 is
to transform it into a statement about identification between certain two-sided
ideals in the symmetric group algebra KSn. For the latter, we make use of the
Young seminormal basis and the Murphy basis theory of the symmetric group
algebras as well as the first main result obtained in Section 3.

ACKNOWLEDGMENTS. The first author is supported by the Australian Re-
search Council and the National Natural Science Foundation of China (Grant
No. 11171021). The second author is supported by a research foundation of
Huaqiao University (Grant No. 10BS323).

1At a first look, the definition of Ei which we give here seems to be different with [22,
Definition 4.2]. But they are indeed the same. The equivalence between the two definitions
follows from a simple counting by the proof given in the paragraph directly below [22, (4.5)].
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2 The Brauer algebra

The Brauer algebra Bn(x) can be alternatively defined as the unital associative
Z[x]-algebra with generators s1, · · · , sn−1, e1, · · · , en−1 and relations (see [13]):

s2i = 1, e2i = xei, eisi = ei = siei, ∀ 1 ≤ i ≤ n− 1,
sisj = sjsi, siej = ejsi, eiej = ejei, ∀ 1 ≤ i < j − 1 ≤ n− 2,

sisi+1si = si+1sisi+1, eiei+1ei = ei, ei+1eiei+1 = ei+1, ∀ 1 ≤ i ≤ n− 2,
siei+1ei = si+1ei, ei+1eisi+1 = ei+1si, ∀ 1 ≤ i ≤ n− 2.

Note that the subalgebra of Bn(x) generated by s1, · · · , sn−1 is isomorphic to
the symmetric group algebra Z[x]Sn of Sn over Z[x] and s1, · · · , sn−1 are the
standard Coxeter generators. Let ℓ : Sn → N be the length function on Sn

so that ℓ(w) = k if k is minimal such that w = si1 . . . sik , for some sij with
1 ≤ ij < n.

For each integer 1 ≤ j < n, the generator sj corresponds to the Brauer n-
diagram with edges connecting the vertices j (respectively, j + 1) on the top
row with (j + 1)− (respectively, j−) on the bottom row, and all other edges
are vertical, connecting the vertices k and k− on the top and bottom rows for
all k 6= i, i + 1; the generator ej corresponds to the Brauer n-diagram with
horizontal edges connecting the vertices j, j + 1 (resp., j−, (j + 1)−) on the
top rows (resp., bottom rows), and all other edges are vertical, connecting the
vertices k and k− on the top and bottom rows for all k 6= j, j + 1.

Let R be a commutative integral domain which is an Z[x]-algebra such that
x is specialized to δ ∈ R. Then both the symmetric group algebra RSn and
the Brauer algebra Bn(δ)R are cellular algebras over R (see [26] and [17]). To
recall their cellular structures we need some combinatorics. A composition of
n is a sequence of nonnegative integer λ = (λ1, λ2, · · · ) with

∑
i≥1 λi = n. A

composition λ = (λ1, λ2, · · · ) of n is said to be a partition if λ1 ≥ λ2 ≥ · · · . In
this case, we write λ ⊢ n and |λ| = n. We use Pn to denote the set of all the
partitions of n. For any composition λ of n, the conjugate of λ is defined to be
a partition λ′ = (λ′1, λ

′
2, · · · ), where λ′j := #{i|λi ≥ j} for each j ≥ 1. We use

Sλ to denote the standard Young subgroup of Sn corresponding to λ. That is

Sλ := S{1,2,··· ,λ1} ×S{λ1+1,λ1+2,··· ,λ1+λ2} × · · · .

Let λ be a composition of n. The Young diagram of λ is defined to be the set

[λ] :=
{

(i, j)
∣∣ 1 ≤ j ≤ λi

}
.

The elements of [λ] are called nodes of λ. A λ-tableau is a bijection t : [λ] →
{1, 2, · · · , n}. The symmetric group Sn acts on the set of λ-tableaux from the
right hand side by letter permutations. If λ is a partition, then the conjugate of
t is define to be the λ′-tableau t′ such that t′(i, j) := t(j, i) for any (i, j) ∈ [λ′].
The λ-tableau t is row standard if t(i, j) ≤ t(i, k) whenever j ≤ k. t is standard
if both t and t′ are row-standard. Let Std(λ) be the set of standard λ-tableaux.
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We denote by tλ (respectively, tλ) the standard λ-tableau in which the numbers
1, 2, · · · , n appear in order along successive rows (respectively, columns). If t
is a λ-tableau then let d(t) ∈ Sn such that tλd(t) = t and we shall write
Shape(t) = λ. Note that Sλ is the row stabilizer of tλ. We use Dλ to denote
the set of distinguished right coset representatives of Sλ in Sn. Then for any
d ∈ Dλ and w ∈ Sλ we have that ℓ(wd) = ℓ(w) + ℓ(d). Let wλ ∈ Sn such that
tλwλ = tλ. Then wλ ∈ Dλ.

We define

Xλ :=
∑

w∈Sλ

w, Yλ :=
∑

w∈Sλ

(−1)ℓ(w)w.

Let τ be the R-algebra automorphism of RSn which is defined on generators
by τ(si) = −si for any 1 ≤ i < n. It is clear that τ2 = id and τ(Yλ) = Xλ.

Let λ ⊢ n. For any s, t ∈ Std(λ), we define Xst := d(s)−1Xλd(t). By a well-
known result of Murphy [26], the set {Xst|λ ⊢ n, s, t ∈ Std(λ)} is a basis of
RSn. We call it the Murphy basis of RSn. It is a cellular basis of RSn in the
sense of [17]. Note also that the set {Yst := d(s)−1Yλd(t)|λ ⊢ n, s, t ∈ Std(λ)}
is a cellular basis of RSn too. We call it the Y Murphy basis of RSn. For
both cellular bases the cell modules (i.e., Specht modules) of RSn are labeled
by the partitions in Pn.

For any λ, µ ∈ Pn, we write λ☎µ if
∑i
j=1 λj ≥

∑i
j=1 µj for any i ≥ 1. If λ☎µ

and λ 6= µ, then we write λ✄ µ. We use (RSn)☎λ (respectively, (RSn)✄λ) to
denote the free R-submodule of RSn spanned by the Murphy basis elements
of the form Xuv with u, v ∈ Std(µ) and µ☎ λ (respectively, µ✄ λ). Then both
(RSn)☎λ and (RSn)✄λ are two-sided ideals of RSn.

We now recall the cellular structure of the Brauer algebra Bn(m). Let f be an
integer with 0 ≤ f ≤ [n/2], where [n/2] is the largest non-negative integer not
bigger than n/2. We define

Df :=

{
d ∈ Sn

∣∣∣∣∣
(2j − 1)d < (2j)d for 1 ≤ j ≤ f
(1)d < (3)d < · · · < (2f − 1)d

(2f + 1)d < (2f + 2)d < · · · < (n)d

}
.

For each λ ∈ Pn−2f , we denote by Std2f (λ) the set of all the standard λ-
tableaux with entries in {2f + 1, · · · , n}. The initial tableau tλf in this case has
the numbers 2f + 1, · · · , n in order along successive rows. Again, for each t ∈
Std2f (λ), let d(t) be the unique element in S{2f+1,··· ,n} ⊆ Sn with tλfd(t) = t.

Let σ ∈ S{2f+1,··· ,n} and d1, d2 ∈ Df . Then d−11 e1e3 · · · e2f−1σd2 corresponds
to the Brauer n-diagram where the top horizontal edges connect (2i − 1)d1
and (2i)d1, the bottom horizontal edges connect

(
(2i − 1)d2

)−
and

(
(2i)d2

)−
,

for i = 1, 2, · · · , f , and the vertical edges connects (j)d1 with
(
(j)d2

)−
for

j = 2f + 1, 2f + 2, · · · , n.
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Lemma 2.1. ([10, Corollary 3.3]) With the above notations, the set

{
d−11 e1e3 · · · e2f−1σd2

∣∣∣∣ 0 ≤ f ≤ [n/2], σ ∈ S{2f+1,··· ,n}, d1, d2 ∈ Df
}
.

is a basis of the Brauer algebra Bn(x)R, which coincides with the natural basis
given by Brauer n-diagrams.

Definition 2.2. Let D = d−11 e1e3 · · · e2f−1σd2 ∈ Bdn, where 0 ≤ f ≤ [n/2],
σ ∈ S{2f+1,··· ,n}, d1, d2 ∈ Df . Then we define ℓ(D) := ℓ(d1)+ ℓ(d2)+ ℓ(σ) and

sign(D) := (−1)f (−1)ℓ(D).

Remark 2.3. 1) We can always draw the Brauer diagram as a “nice diagram”
(i.e., in a way such that two edges intersect at most once and there are no
self-intersections and no three edges intersect at one point, etc, see [14, 1.1]).
If D is represented by a “nice diagram” with f horizontal edges in each row
and n(D) is the number of crossings of edges, then sign(D) = (−1)f+n(D).
Moreover, if D ∈ Sn then n(D) coincides with the length function on Sn

which we introduced before.
2) For any D1, D2 ∈ Bdn, note that in general

sign(D1D2) 6= sign(D1) sign(D2).

3) Our definition of sign(D) coincides with that of ε(D) in [16, 1.4].

Note that, however, the above basis is not a cellular basis for Bn(x). But if we
replace the σ in the above basis by a Murphy basis element of RS{2f+1,··· ,n}
then we will get a cellular basis of Bn(x). Precisely, the set

{
d−11 e1e3 · · · e2f−1

(
d(s)−1X(f)

λ d(t)
)
d2

∣∣∣∣∣
0 ≤ f ≤ [n/2], λ ∈ Pn−2f
s, t ∈ Std2f (λ),d1, d2 ∈ Df

}
,

where X
(f)
λ :=

∑
w∈S(f)

λ

w and

S
(f)
λ := S{2f+1,··· ,2f+λ1} ×S{2f+λ1+1,··· ,2f+λ1+λ2} × · · · ,

is a cellular basis of the Brauer algebra Bn(x)R. The cell modules of Bn(x)R
are labeled by the set of pairs (f, λ), where 0 ≤ f ≤ [n/2] and λ ⊢ n− 2f . For
any two pairs (f, λ), (g, µ) with 0 ≤ f, g ≤ [n/2] and λ ∈ Pn−2f , µ ∈ Pn−2g, we
define (f, λ) ☎ (g, µ) if either f > g or f = g and λ ☎ µ. If (f, λ) ☎ (g, µ) and
(f, λ) 6= (g, µ), then we write (f, λ)✄(g, µ). We use (Bn(x))☎(f,λ) (respectively,
(Bn(x))✄(f,λ)) to denote the freeR-submodule of Bn(x) spanned by the cellular
basis elements corresponding to those (g, µ, d1, d2, s, t) with µ ∈ Pn−2g, d1, d2 ∈
Dg, s, t ∈ Std(µ) and (g, µ) ☎ (f, λ) (respectively, (g, µ) ✄ (f, λ)). Then both
(Bn(x))☎(f,λ) and (Bn(x))✄(f,λ) are two-sided ideals of Bn(x). In particular, if
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we denote by Bn(x)(f) the two-sided ideal of Bn(x) generated by e1e3 · · · e2f−1,
then

Bn(x)(f) =
∑

λ⊢n−2f
(Bn(x))☎(f,λ)

is spanned by the cellular basis elements which it contains. Henceforth, we

shall write B
(f)
n instead of Bn(x)(f) for simplicity.

The Brauer algebra Bn(x) and its specialized version have been studied in
a number of references, e.g., [1], [2], [3], [4], [5], [6], [7], [10], [12], [14], [15],
[16], [19], [20], [25], [27] and [28]. In the set up of Schur–Weyl duality for
orthogonal groups, we only need certain specialized Brauer algebras. Let K be
a field of characteristic not equal to 2. Let m ∈ N and V an m-dimensional
orthogonal space over K. Let Bn(m)Z := Z ⊗Z[x] Bn(x), where Z is regarded
as Z[x]-algebra by specifying x to m. Let Bn(m) := K ⊗Z Bn(m)Z, where K
is regarded as Z-algebra in the natural way. Then there is a right action of
Bn(m) on the n-tensor space V ⊗n which commutes with the natural left action
of O(V ). We recall the definition of this action. Let δi,j denote the value of
the usual Kronecker delta. We fix an ordered basis

{
v1, v2, · · · , vm

}
of V such

that
(vi, vj) = δi,m+1−j , ∀ 1 ≤ i, j ≤ m.

The right action of Bn(m) on V ⊗n is defined on generators by

(vi1 ⊗ · · · ⊗ vin)sj := vi1 ⊗ · · · ⊗ vij−1 ⊗ vij+1 ⊗ vij ⊗ vij+2 ⊗ · · · ⊗ vin ,

(vi1 ⊗ · · · ⊗ vin)ej := δij ,m+1−ij+1vi1 ⊗ · · · ⊗ vij−1 ⊗
( m∑

k=1

vk ⊗ vm+1−k

)

⊗ vij+2 ⊗ · · · ⊗ vin .

Let K be the algebraic closure of K. Set VK := K ⊗K V . Then by the main
results in [1], [2], [3], [7], [11] and [29], we know that there is a Schur–Weyl
duality between Bn(m)K and O(VK) on V ⊗n

K
. In particular, we have two

surjective homomorphisms as follows:

ϕK : Bn(m)K → EndO(VK)(V
⊗n
K

), ψK : KO(VK)→ EndBn(m)K
(V ⊗n
K

).

Furthermore, ϕK is injective if and only if m ≥ n. If m < n then dim KerϕK
is independent of the characteristic of the field K (as long as charK 6= 2).

From now on until the end of this section, we assume that m < n. The main
results in [11] actually implies that dimK KerϕK = dimK Kerϕ and KerϕK =
K ⊗K Kerϕ because [11, Theorem 1.4, Theorem 6.9] gave an integral basis for
KerϕK . In particular, dim Kerϕ is independent of the characteristic of the field
K (as long as charK 6= 2). In the following sections we shall sometimes use
AnnBn(m)

(
V ⊗n

)
to denote the annihilator of V ⊗n in Bn(m). By definition,

AnnBn(m)(V
⊗n) = Kerϕ.
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3 The annihilator of n-tensor space

In this section, we shall prove that the annihilator of V ⊗n in Bn(m) is equal
to the two-sided ideal generated by E0, E1, . . . , E[(m+1)/2]. This generalizes the
early result (for the case charK = 0) of Lehrer–Zhang [22, Theorem 6.1].

We first recall a definition and a result given in [22].

Definition 3.1. ([22, Lemma 4.1]) Let S = (i1, · · · , iN ), S′ = (j1, · · · , jN ) be
two N -tuples of integers such that {i1, · · · , iN}, {j1, · · · , jN} are two disjoint
subsets of {1, 2, · · · , 2n}. Let β be any pairing of the vertices

{
1, 2, · · · , 2n

}
\

{i1, · · · , iN , j1, · · · , jN}. For w ∈ SN , let Dw(S, S′, β) be the Brauer diagram
with edges

{
(ik, jπ(k))

∣∣ k = 1, 2, · · · , N
}
⊔ β. We define

b(S, S′, β) :=
∑

w∈SN

sign(w)Dw(S, S′, β) ∈ Bn(m).

Lemma 3.2. ([22, (4.5)]) Let Sa,b := (1, 2, · · · , a, (a+1)−, (a+2)−, · · · , (a+b)−),
S′a,b := (a + 1, a + 2, · · · , a + b, 1−, 2−, · · · , a−), βa+b be the pairing (a + b +

1, (a+ b+ 1)−), (a+ b+ 2, (a+ b+ 2)−), · · · , (n, n−). Then we have that

Ea,b = b(Sa,b, S
′
a,b, βa+b).

The advantage of the above alternative description of Ea,b lies in that the
sign sign(w) before Dw(S, S′, β) depends only on w which is more easier to
be handled than the sign sign(Dw(S, S′, β)). More precisely, up to a sign,
b(S, S′, β) depends only on β and the two subsets {i1, · · · , iN}, {j1, · · · , jN}
but not on the orderings on these two subsets.

For any h ∈ Bn(m), we use 〈h〉 to denote the two-sided ideal of Bn(m) gener-
ated by h. For any finite set S, we use |S| to denote the cardinality of S.

Lemma 3.3. Let a, b ∈ N such that 1 ≤ a+b ≤ n. Then there exist two elements
w1, w2 ∈ Sa+b such that Eb,a = ±w1Ea,bw2. In particular, 〈Ea,b〉 = 〈Eb,a〉.
Proof. This is clear by Lemma 3.2. In fact, we can take w1 to be the Brauer
n-diagram which has

{1, (a+ 1)−}, {2, (a+ 2)−}, · · · , {b, (a+ b)−},
{b+ 1, 1−}, {b+ 2, 2−}, · · · , {b+ a, a−},
{r, r−}, for all r ∈ {a+ b+ 1, a+ b+ 2, · · · , n},

as its (vertical) edges; and w2 to be the Brauer n-diagram which has

{1, (b+ 1)−}, {2, (b+ 2)−}, · · · , {a, (b+ a)−},
{a+ 1, 1−}, {a+ 2, 2−}, · · · , {a+ b, b−},
{r, r−}, for all r ∈ {a+ b+ 1, a+ b+ 2, · · · , n},

as its vertical edges.
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The proof of the next lemma uses the original definition of Ea,b.

Lemma 3.4. For any positive integers a, b with 1 ≤ a + b ≤ n, we have that
Ea,b ∈ 〈Ea,b−1〉 ∩ 〈Ea−1,b〉.

Proof. For each k ∈ {1, 2, · · · , a, (a + 1)−, · · · , (a + b)−}, we use Bd(k; a, b)
to denote the subset of the Brauer diagrams in Bd(a, b) which have the edge
{k, a+ b}.
If k = i ∈ {1, 2, · · · , a} then we use d to denote the Brauer n-diagram which
has {k, a+ b} and {k−, (a+ b)−} as its only horizontal edges and

{r, r−}, for all r ∈ {1, 2, · · · , n}\{k, a+ b},

as its vertical edges. It is clear that sign(d) = −1. By the concatenation rule
of Brauer diagrams, it is easy to see that

{
D
∣∣ D ∈ Bd(k; a, b)

}
=
{
dD′′

∣∣ D′′ ∈ Bd(a, b− 1)
}
.

We claim that

∑

D∈Bd(k;a,b)

sign(D)D = −dEa,b−1 ∈ 〈Ea,b−1〉.

To prove this claim, it suffices to show that for each D′′ ∈ Bd(a, b− 1),

sign(dD′′) = sign(d) sign(D′′) = − sign(D′′). (3.5)

Note that when concatenating a “nice diagram” for d with a “nice diagram” for
D′′ and transforming it into a “nice diagram” for dD′′, the only transformation
which can possibly change the parity of ℓ(d) + 1 + ℓ(D′′) + f (where 2f is the
number of horizontal edges of D′′) is the following type of edge which was
drawn in red color (where D′′ ∈ Bd(a, b− 1)):

1 k a+ba+b−1

2n       2n+1−a−b

  D"

   d

a

2n+1−k

           Figure 1.4

=

=

That is, we need to eliminate the self-intersection in the following picture.
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           Figure 1.5

However, by eliminating the above self-intersection and making it into an edge
in a “nice diagram” for dD′′ has the effect of removing one horizontal edge
on the top rows of D′′ together with eliminating 2k − 1 crossing on this con-
catenation diagram for some k ∈ N. To be more precise, when we eliminate
the self-intersection in Figure 1.5, the immediate effect is that we will remove
one top horizontal edge of D′′ as well as one crossing from the concatenation
diagram. However, there are possibly some more crossings which will be re-
moved. These are the crossings arising from the vertices inside the area circled
by the edge in Figure 1.5. If a vertex γ inside the area connects with another
vertex which is also inside the circled area then these two interior vertices will
contribute two crossings with the red line which will finally be eliminated; oth-
erwise γ itself will connect with two different vertices outside the circled area
and hence will produce two crossings with the red line which will finally be
eliminated. To sum all, the sign finally remains unchanged. This proves (3.5).

If k = i− ∈ {(a + 1)−, (a + 2)−, · · · , (a + b)−} then we use d′ to denote the
Brauer n-diagram which has

{i, (i+ 1)−}, {i+ 1, (i+ 2)−}, · · · , {a+ b− 1, (a+ b)−}, {a+ b, i−},
{r, r−}, for all r ∈ {1, 2, · · · , i− 1} ⊔ {a+ b+ 1, a+ b+ 2, · · · , n},

as its (vertical) edges. It is clear that sign(D2) = (−1)a+b−i. Then by a similar
argument as in the case k = i, we can deduce that

∑

D∈Bd(k;a,b)

sign(D)D = (−1)a+b−iEa,b−1d
′ ∈ 〈Ea,b−1〉.

Therefore, we have that

Ea,b =
∑

k∈{1,2,··· ,a,(a+1)−,··· ,(a+b)−}

∑

D∈Bd(k;a,b)

sign(D)D ∈ 〈Ea,b−1〉.

This proves Ea,b ∈ 〈Ea,b−1〉. It remains to prove that Ea,b ∈ 〈Ea−1,b〉.
Exchanging the roles of a and b and using Lemma 3.3, we see that

〈Ea,b〉 = 〈Eb,a〉 ⊆ 〈Eb,a−1〉 = 〈Ea−1,b〉.

as required. This completes the proof of the lemma.
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Note that if a ≥ 1 and b = 0 (respectively, if a = 0 and b ≥ 1) then, by
the theory of symmetric group, we have that Ea,0 ∈ 〈Ea−1,0〉 (respectively,
E0,b ∈ 〈E0,b−1〉).

Let A(1), A(2), A(3), A(4) be four subsets of indices such that

(a) A(i) ∩ A(j) = ∅ for any 1 ≤ i 6= j ≤ 4; and

(b) A(1) ⊔A(3) ⊆ {1, 2, · · · , n}, A(2) ⊔ A(4) ⊆ {1−, 2−, · · · , n−}; and

(c) |A(1)|+ |A(2)| = |A(3)|+ |A(4)|.

Recall that i− = 2n+ 1 − i for each 1 ≤ i ≤ 2n. We set n0 := |A(1)| + |A(2)|,
and

{
a1, a2, · · · , a2n−2n0

}
:=
{

1, 2, · · · , 2n
}
\

4⊔

k=1

A(k).

Let (i1, j1, i2, j2, · · · , in−n0 , jn−n0) be a fixed permutation of {a1, · · · , a2n−2n0}.
Set

i := (i1, i2, · · · , in−n0), j := (j1, j2, · · · , jn−n0).

a11 := |A(1)|, a12 := |A(2)|, a21 := |A(3)|, a22 := |A(4)|.

Let βi,j be the pairing (i1, j1), (i2, j2), · · · , (in−n0 , jn−n0). We fix an ordering
on A(1) ⊔A(2) and an ordering on A(3) ⊔A(4) respectively. We define SA, S

′
A to

be the corresponding n0-tuples with respect to the two orderings. As we said
before, for different choices of orderings, b(SA, S

′
A, βi,j) differs only by a sign.

Lemma 3.6. With notations as above, we have that

b(SA, S
′
A, βi,j) ∈ 〈Ea11+k,a12−k〉,

for some integers 0 ≤ k ≤ min{a12, n− a11}.

Proof. Assume that

SA = (q1, · · · , qa11 , p−a22+1, · · · , p−a22+a12),

S′A = (qa11+1, · · · , qa11+a21 , p−1 , · · · , p−a22),

{qa11+a21+1, · · · , qn} = {i1, · · · , in−n0 , j1, · · · , jn−n0} ∩ {1, 2, · · · , n},
{p−a12+a22+1, · · · , p−n } = {i1, · · · , in−n0 , j1, · · · , jn−n0} ∩ {1−, 2−, · · · , n−},

where a11 + a12 = a21 + a22 = n0. In other words,

A(1) = {q1, · · · , qa11}, A(2) = {p−a22+1, · · · , p−a22+a12},
A(3) = {qa11+1, · · · , qa11+a21}, A(4) = {p−1 , · · · , p−a22}.

We divide the proof into three cases:
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Case 1. a11 = a22 and a12 = a21. In this case, We use σ1 to denote the Brauer
diagram which has the following edges

{k, q−k }, for 1 ≤ k ≤ a11 + a21,

{a11 + a21 + l, q−a11+a21+l}, for 1 ≤ l ≤ n− a11 − a21,

and use σ2 to denote the Brauer diagram which has the following edges

{pk, k−}, for 1 ≤ k ≤ a12 + a22,

{pa12+a22+l, (a12 + a22 + l)−}, for 1 ≤ l ≤ n− a12 − a22.

Then σ1, σ2 are both elements in the symmetric group Sn.
The pairing βi,j and the elements σ1, σ2 determine a pairing β on the set of
vertices {n0+1, n0+2, · · · , n, (n0+1)−, (n0+2)−, · · · , n−}, and hence a Brauer
(n − n0)-diagram D. Since the number of top horizontal edges of D is the
same as the number of the bottom horizontal edges of D, we can clearly write
D = D1D0D2 such that D1, D0, D2 ∈ Bdn−n0 and D0 contains only the vertical
edges of the form (k, k−) with n0 +1 ≤ k ≤ n. We extend the Brauer diagrams
D1, D2 ∈ Bdn−n0 to be Brauer diagrams D′1, D

′
2 ∈ Bdn by adding the vertical

edges (k, k−) with 1 ≤ k ≤ n0 to their left-hand sides.
Then it follows directly from the alternative description of Ea,b given in Lemma
3.2 that

σ1b(SA, S
′
A, βi,j)σ2 = D′1Ea11,a12D

′
2.

It follows (by Lemma 3.3) that

b(SA, S
′
A, βi,j) = σ−11 D′1Ea11,a12D

′
2σ
−1
2 ∈ 〈Ea11,a12〉 = 〈Ea12,a11〉,

as required.

Case 2. a11 > a22 and a12 < a21. We set d := a11 − a22. Then d ∈ N and
d ≥ 1. We use induction on d. It is clear that a11 ≥ 1. In this case, for each
Brauer diagram D′′ involved in b(SA, S

′
A, βi,j), since a11 + a21 > a12 + a22,

there must be some bottom horizontal edges in D′′ of the form {p−a , p−b } with
a, b > a12 + a22. In other words, there must exist a pairing (is0 , js0) ∈ βi,j
such that is0 , js0 ∈ {1−, 2−, · · · , n−}. Let D3 be the Brauer diagram which
has the horizontal edges {i−s0 , j−s0}, {is0 , js0} and vertical edges {j, j−} for any
j ∈ {1, 2, · · · , n} \ {i−s0 , j−s0}. Define

SB := SA, S′B := (S′A \ {qa11+a21}) ∪ {is0},
β′ :=

{
(is, js)|1 ≤ s ≤ n− n0, (is, js) 6= (is0 , js0)

}
⊔ {(qa11+a21 , js0)}.

Then it is clear that

b(SA, S
′
A, βi,j) = b(SB, S

′
B, β

′)D3 ∈ 〈b(SB , S′B, β′)〉.

Now we are in a position to apply induction hypothesis to b(SB, S
′
B, β

′). This
proves the lemma in Case 2.
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Case 3. a11 < a22 and a12 > a21. We set d := a22 − a11. Then d ∈ N and
d ≥ 1. We use induction on d. It is clear that a12 ≥ 1. In this case, for
each Brauer diagram D̂ involved in b(SA, S

′
A, βi,j), since a11 + a21 < a12 + a22,

there must be some top horizontal edges in D̂ of the form {qa, qb} with a, b >
a11 + a21. In other words, there must exist a pairing (is0 , js0) ∈ βi,j such that
is0 , js0 ∈ {1, 2, · · · , n}. Let D′3 be the Brauer diagram which has the horizontal
edges {i−s0 , j−s0}, {is0, js0} and vertical edges {j, j−} for any j ∈ {1, 2, · · · , n} \
{is0 , js0}. Define

SB := (SA \ {p−a12+a22}) ∪ {is0}, S′B := S′A,

β′ :=
{

(is, js)|1 ≤ s ≤ n− n0, (is, js) 6= (is0 , js0)
}
⊔ {(js0 , p−a12+a22)}.

Then it is clear that

b(SA, S
′
A, βi,j) = D′3b(SB, S

′
B, β

′) ∈ 〈b(SB , S′B, β′)〉.
Now we are in a position to apply induction hypothesis to b(SB, S

′
B, β

′). This
proves the lemma in Case 3. Hence we complete the proof of the lemma.

For the sake of simplicity, we shall abbreviate the partition (a, · · · , a︸ ︷︷ ︸
k copies

) as (ak).

Definition 3.7. ([11, Theorem 1.4]) We set

(2Pn)′ :=
{
λ̃ := (λ1, λ1, λ2, λ2, · · · ) ⊢ 2n

∣∣ λ = (λ1, λ2, · · · ) ∈ Pn
}
,

Tm :=
{

(ν, t)
∣∣ t ∈ Std(ν̃), (m+ 1, 1n−m−1) ✂ ν ∈ Pn

}
.

Now we are in a position to state the main result of this section.

Theorem 3.8. Let K be an arbitrary field of characteristic other than two. If
n > m, then

AnnBn(m)

(
V ⊗n

)
=
〈
E0, E1, · · · , E[m+1

2 ]

〉
.

Proof. By [11, Theorem 1.4 and Theorem 6.9], we know that AnnBn(m) (V ⊗n)
has a basis consisting of elements of the form Yν,t, where (ν, t) ∈ Tm. It remains
to show (by the first statement of Theorem 1.2) that each Yν,t belongs the two-
sided ideal generated by E0, E1, · · · , E[m+1

2 ].

Let (ν, t) ∈ Tm. By the definition (see [11, §6])

Yν,t = (−1)ℓ(d(t))Yν ∗ d(t) = (−1)ℓ(d(t))
∑

i,j

(±b(SA, S′A, βi,j)),

where “ ∗ ” denotes the permutation action of S2n on Bn(m) (see [11, Section
6]), and

A(1) : = {(i)d(t) | i = 1, 2, 3, · · · , ν1} ∩ {1, 2, · · · , n},
A(2) : = {(i)d(t) | i = 1, 2, 3, · · · , ν1} ∩ {1−, 2−, · · · , n−},
A(3) : = {(i−)d(t) | i = 1, 2, 3, · · · , ν1} ∩ {1, 2, · · · , n},
A(4) : = {(i−)d(t) | i = 1, 2, 3, · · · , ν1} ∩ {1−, 2−, · · · , n−},
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with |A(1)|+ |A(2)| = |A(3)| + |A(4)| = ν1, SA, S
′
A are defined by using certain

prefixed ordering on the sets A(1) ⊔ A(2), A(3) ⊔A(4)respectively, and

i := (i1, i2, · · · , in−ν1), j := (j1, j2, · · · , jn−ν1)

such that (i1, j1, i2, j2, · · · , in−ν1 , jn−ν1) runs over a subset of permutations of

the integers in {1, 2, · · · , 2n} \⊔4
k=1A

(k).

By Lemma 3.6, we obtain

b(SA, S
′
A, βi,j) ∈

〈
E|A(1)|+k,|A(2)|−k

〉
,

for some integers k with 0 ≤ k ≤ min{|A(2)|, n − |A(1)|}. Note that the con-
dition (ν, t) ∈ Tm implies that |A(1)| + |A(2)| = ν1 ≥ m + 1. It follows from
Lemma 3.4 that b(SA, S

′
A, βi,j) belongs to the two-sided ideal generated by

E0, E1, · · · , Em+1.

On the other hand, it is clear that for any integer [m+1
2 ] + 1 ≤ i ≤ m + 1,

there exists σ′1, σ
′
2 ∈ Sn, such that Ei = ±σ′1Em+1−iσ′2 ∈ 〈Em+1−i〉. As a

consequence, we get that

b(SA, S
′
A, βi,j) ∈ 〈E0, E1, · · · , E[(m+1)/2]〉,

as required. This completes the proof of the theorem.

4 Proof of Theorem 1.3

In this section we shall give the main result of this paper. That is, the proof
of Theorem 1.3.

We shall proceed the proof in three steps. The first step is to prove a statement
(Theorem 4.10) about identification between certain two-sided ideals in the
symmetric group algebra KSn. To this end, we need to recall the seminormal
basis ([18], [9], [24]) of the symmetric group algebra. We shall follow the
approach in [24]. Note that [24] only consider the seminormal basis of the
(cyclotomic) Hecke algebra with q 6= 1. The symmetric group case (i.e., q = 1)
is similar and may be proved using the same arguments. The only real difference
between the cases q 6= 1 and q = 1 is the choice of content function: if q 6= 1 then
contt(k) = ξc−r, when t(r, c) = k, and if q = 1 then, instead, contt(k) = c− r.
Analogous minor ‘logarithmic’ adjustments are required in the argument below
when q = 1.

Set L1 := 0 and define Li+1 := siLisi + si for i = 1, · · · , n− 1. The elements
L1, · · · , Ln are called the Jucys–Murphy operators of the symmetric group Sn.
Let λ ⊢ n and t ∈ Std(λ). For any integer 1 ≤ k ≤ n, we define contt(k) = j− i
if k appears in row i and column j in t. Let

R(k) :=
{
d ∈ Z

∣∣ |d| < k and d 6= 0 if k = 2, 3
}
,
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which is the complete set of possible contents contt(k) as t runs over the set of
standard tableaux.

Definition 4.1. ([24, Definition 2.4]) Let λ ⊢ n and s, t ∈ Std(λ).

(i) Let Ft :=
n∏
k=1

∏
c∈R(k)

contt(k) 6=c

Lk − c
contt(k)− c .

(ii) Let fst := FsXstFt.

Let λ ⊢ n and t ∈ Std(λ). For each integer 1 ≤ k ≤ n we use tk to denote
the subtableau of t which contains {1, 2, · · · , k}. If γ = (i, j) ∈ [λ] such that
[λ]\{γ} is again the Young diagram of a partition µ. Then we call γ a removable
node of λ and an addable node of µ. For any two nodes γ = (i, j), γ′ = (i′, j′)
we say that γ is below γ′, or γ′ is above γ if i > i′.

Definition 4.2. ([24, (2.8)]2, [21, 3.15]) Let λ ⊢ n and t ∈ Std(λ). For
k = 1, · · · , n, let At(k) be the set of addable nodes of the partition Shape(tk)
which are below t−1(k). Similarly, let Rt(k) be the set of removable nodes of
Shape(tk) which are below t−1(k). Now define

γt =

n∏

k=1

∏
α∈At(k)

(
contt(k)− cont(α)

)
∏
ρ∈Rt(k)

(
contt(k)− cont(ρ)

) ∈ Q,

and f̃st := γ−1t fst for any s ∈ Std(λ).

Lemma 4.3. ([24, (2.9)]) Let λ ⊢ n. Then

γtλ = [λ]! :=
∏

i≥1
λi! .

Theorem 4.4. ([24, (2.14), (2.15)])

(1)
{
f̃st
∣∣ s, t ∈ Std(λ), λ ⊢ n

}
is a basis of matrix units in QSn.

(2) Let λ ⊢ n and t ∈ Std(λ), then Ft = ftt/γt and Ft is a primitive idempo-
tent in QSn with Sλ ∼= FtQSn.

(3) For any λ ⊢ n let Fλ :=
∑

t∈Std(λ) Ft. Then Fλ is a primitive central
idempotent in QSn.

(4)
{
Fλ
∣∣ λ ⊢ n

}
is a complete set of primitive central idempotent in QSn

and
1 =

∑

λ⊢n
Fλ =

∑

t standard

Ft.

2We remark that there is a typos in [24, Page 704, Line 9], y ≺ x there should be replaced
by y ≻ x, cf. [21, 3.15].
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Lemma 4.5. ([24, Proposition 2.6]) Let λ ⊢ n and s, t ∈ Std(λ). Then

fst ≡ Xst +
∑

u,v∈Std(λ)
u✄s,v✄t

auvXuv (mod (QSn)✄λ),

where au,v ∈ Q for each u, v ∈ Std(λ).

Definition 4.6. ([8, Section 4]) Let λ ⊢ n. We define

zλ := XλwλYλ′ .

Lemma 4.7. ([8], [26]) Let λ ⊢ n and w ∈ Sn. Then

(1) (ZSn)✄λYλ′ = 0 = Yλ′(ZSn)✄λ;

(2) If w 6= wλ and ℓ(w) ≤ ℓ(wλ), then XλwYλ′ = 0 in ZSn.

Proof. (1) follows from [26, Lemma 4.12]. It remains to prove (2). Assume
that w 6= wλ and ℓ(w) ≤ ℓ(wλ). If ℓ(w) < ℓ(wλ), then by [26, Corollary 4.13]
we see that XλwYλ′ = 0. Now assume ℓ(w) = ℓ(wλ). Then by [8, Lemma 1.5]
tλw 6∈ Std(λ) because w 6= wλ.
For any t ∈ Std(λ) and integer 1 ≤ k < n, it is well-known that

Xλd(t)sk =

{
Xλd(t), if k, k + 1 are in the same row of t;

Xλd(tsk), if tsk ∈ Std(λ),

and if k, k + 1 are in the same column of t, then (by [23, Corollary 3.21])

Xλd(t)sk ≡ −Xλd(t) +
∑

t✁v∈Std(λ)
rvXλd(v) (mod (ZSn)✄λ),

where rv ∈ Z for each v. By [23, Theorem 3.8], t✁ v ∈ Std(λ) only if ℓ(d(t)) >
ℓ(d(v)). As a result (of the fact tλw 6∈ Std(λ)), we see that

Xλw ≡
∑

t∈Std(λ)
ℓ(d(t))<ℓ(w)=ℓ(wλ)

btXλd(t) (mod (ZSn)✄λ),

where bt ∈ Z for each t. Now, applying the result (1) (which we have just
proved) and [26, Corollary 4.13] again,

XλwYλ′ =
∑

t∈Std(λ)
ℓ(d(t))<ℓ(w)=ℓ(wλ)

btXλd(t)Yλ′ = 0,

as required. This completes the proof of (2).

Lemma 4.8. ([24, (3.13)]) Let λ ⊢ n. Then

zλ = γtλ′ ftλtλ .
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Note that in the right hand side of the above lemma the coefficient is γtλ′

instead of γ′
tλ

′ because we have specialized q to 1.

The next lemma is a key observation to the proof of Theorem 4.10.

Lemma 4.9. Let λ = (n− k, k) ⊢ n, where k ∈ Z such that 0 ≤ k ≤ n/2. Then
(1) zλ = 2kftλtλ ≡ 2kXtλtλ (mod (ZSn)✄λ).

(2) Yλ′wλ′XλwλYλ′ = 2kYλ′wλ′Xλwλ.

Proof. By Lemma 4.8 and Lemma 4.3, we get that zλ = 2kftλtλ . Applying
Lemma 4.5, we get that

zλ = 2kftλtλ ≡ 2kXtλtλ (mod (QSn)✄λ).

Since zλ, 2
kXtλtλ ∈ ZSn, we deduce that

zλ = 2kftλtλ ≡ 2kXtλtλ (mod (ZSn)✄λ).

This proves (1). Note that w−1λ = wλ′ . By [8, (4.1)] and applying the anti-
automorphism ∗ we know that Yλ′wλ′(ZSn)✄λ = 0. Now (2) follows from this
equality and (1).

Let λ, µ be two compositions of n. A λ-tableau of type µ is a map S : [λ] →
{1, 2, · · · , d} such that µi = #{γ ∈ [λ]|S(γ) = i} for i ≥ 1. A λ-tableau S of
type µ is row semistandard if the entries in each row of S are non-decreasing
from left to right; S is semistandard if (i) λ is a partition; and (ii) S is row
semistandard and the entries in each column of S are strictly increasing from
top to bottom. If t ∈ Std(λ) then we define µ(t) to be the λ-tableau obtained
from t by replacing each entry i in t by r if i appears in row r of tµ. It is clear
that µ(t) is a row semistandard λ-tableau of type µ. Recall our definition (see
Section 2) of Xλ, Yλ for each composition λ. For each integer i with 0 ≤ i ≤ n,
we set

Xi := X(i,n−i), Yi := Y(i,n−i).

For any h ∈ KSn, we use 〈h〉0 to denote the two-sided ideal of KSn generated
by h. The next theorem is the first step in the direction towards the proof of
Theorem 1.3.

Theorem 4.10. Let K be a field of characteristic other than two. Let a be an
integer with 0 ≤ a ≤ n/2. Then we have that

〈Xn−a〉0 =
(
KSn

)☎(n−a,a)
.

Proof. By the cellular structure of KSn, we see that 〈Xn−a〉0 ⊆(
KSn

)☎(n−a,a)
and

dim
(
KSn

)☎(n−a,a)
= na :=

∑

(n−a,a)✂λ⊢n

(
# Std(λ)

)2
. (4.11)
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To prove the theorem, it suffices to find at least na K-linear independent ele-
ments in the two-sided ideal 〈Xn−a〉0.

Let λ ⊢ n be a partition such that λ☎µ := (n−a, a). Then λ := (n−k, k), where
k ∈ Z with 0 ≤ k ≤ a ≤ n/2. Let Sk be the following (unique) semistandard
λ-tableau of type µ:

Sk :=

n− a copies︷ ︸︸ ︷
1, 1, . . . , 1,

a− k copies︷ ︸︸ ︷
2, . . . , 2,

2, . . . , 2︸ ︷︷ ︸
k copies

We define S0(λ) :=
{
t ∈ Std(λ)

∣∣ µ(t) = Sk
}

. By [26, Section 7],

∑

t∈S0(λ)

Xλd(t) ∈ (KSn)Xn−a ⊆ 〈Xn−a〉0. (4.12)

It is clear that S0(λ) 6= ∅. We divide the remaining proof into three steps:

Step 1. We claim that Yλ′wλ′Xλ

(∑
t∈S0(λ)

d(t)
)
KSn = Yλ′wλ′XλKSn.

Let t0 ∈ S0(λ) such that ℓ(d(t0)) is maximal. Then ℓ(d(s)) ≤ ℓ(d(t0)) for any
s ∈ S0(λ). Furthermore, by [8, Lemma 1.5],

ℓ(wλ) = ℓ(d(t0)) + ℓ(d(t0)−1wλ).

We set w := d(t0)−1wλ. By Lemma 4.7, we deduce that Xλd(s)wYλ′ = 0
for any t0 6= s ∈ S0(λ). Now multiplying wYλ′ and applying Lemma 4.7 and
Lemma 4.9, we get that

Yλ′wλ′Xλ

( ∑

t∈S0(λ)

d(t)
)
wYλ′

= Yλ′wλ′XλwλYλ′ = 2kYλ′wλ′Xλwλ.

Since charK 6= 2, 2k is invertible in K. The above equality implies that

Yλ′wλ′Xλ

( ∑

t∈S0(λ)

d(t)
)
KSn = Yλ′wλ′XλwλKSn = Yλ′wλ′XλKSn,

as required. This proves our claim. Furthermore, it is well-known that the
elements in {Yλ′wλ′Xλd(t)|t ∈ Std(λ)} form a K-basis of Yλ′wλ′XλKSn. In
particular, we have that dimYλ′wλ′XλKSn = # Std(λ).

Step 2. We define

Nλ :=

Xλ

( ∑
t∈S0(λ)

d(t)
)
KSn

Xλ

( ∑
t∈S0(λ)

d(t)
)
KSn

⋂
(KSn)✄λ

.
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We claim that nλ := dimNλ ≥ # Std(λ).

In fact, by Lemma 4.7, the left multiplication by Yλ′wλ′ induces a surjective

homomorphism from Nλ onto Yλ′wλ′Xλ

(∑
t∈S0(λ)

d(t)
)
KSn. By the main

result of Step 1, we know that Yλ′wλ′Xλ

(∑
t∈S0(λ)

d(t)
)
KSn = Yλ′wλ′XλKSn

and has dimension # Std(λ). It follows that nλ := dimNλ ≥ # Std(λ), as
required. This proves our claim.

As a consequence, we can find u1, · · · , unλ
∈ Sn such that the natural image

of the following elements

Xλ

( ∑

t∈S0(λ)

d(t)
)
u1, · · · , Xλ

( ∑

t∈S0(λ)

d(t)
)
unλ

in Nλ form a K-basis of Nλ. For each s ∈ Std(λ) and each integer 1 ≤ j ≤ nλ,
we define

vs,j := d(s)−1Xλ

( ∑

t∈S0(λ)

d(t)
)
uj.

By construction, it is clear that vs,j ∈ 〈Xn−a〉0.

Step 3. We claim that the elements in the following set
{
vs,j

∣∣ s ∈ Std(λ), λ ⊢ n, 1 ≤ j ≤ nλ
}

(4.13)

are K-linearly independent.

In fact, assume that

∑

λ⊢n,s∈Std(λ)
1≤j≤nλ

cs,jvs,j =
∑

λ⊢n,s∈Std(λ)
1≤j≤nλ

cs,jd(s)−1Xλ

( ∑

t∈S0(λ)

d(t)
)
uj = 0, (4.14)

where cs,j ∈ K for each s, j. Set

Σ0 :=
{

(s, j)
∣∣ s ∈ Std(λ), λ ⊢ n, 1 ≤ j ≤ nλ, cs,j 6= 0

}
.

Suppose that Σ0 6= ∅. We choose an s such that (s, j) ∈ Σ0 for some j and
Shape(s) = λ is minimal under the dominance order “✁”. By the property of
the cellular basis {Xs,t} we know that

Xλ

( ∑

t∈S0(λ)

d(t)
)
uj ≡

∑

t∈Std(λ)
rj,tXtλ,t (mod (KSn)✄λ),

and hence
vs,j ≡

∑

t∈Std(λ)
rj,tXs,t (mod (KSn)✄λ).

By the main result in Step 2, we know that Xλ

(∑
t∈S0(λ)

d(t)
)
uj 6∈ (KSn)✄λ.

It follows that at least one of those coefficients rj,t is nonzero. Combing this
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fact and the minimality of λ and (4.14) we can deduce that for each s ∈ Std(λ)
and each 1 ≤ j ≤ nλ,

∑

1≤j≤nλ

cs,jd(s)−1Xλ

( ∑

t∈S0(λ)

d(t)
)
uj ∈ (KSn)✄λ.

Now applying the main result of Step 2 again, we deduce that cs,j = 0 for each
1 ≤ j ≤ nλ, a contradiction to the definition of Σ0. This completes the proof
of our claim.

As a consequence, we see that the two-sided ideal 〈Xn−a〉0 contains at least

∑

(n−a,a)✂λ⊢n
nλ(# Std(λ)) ≥

∑

(n−a,a)✂λ⊢n
(# Std(λ))2 = na

K-linearly independent elements. This implies that we must have that

dim〈Xn−a〉0 = na = dim(KSn)☎(n−a,a)

and hence 〈Xn−a〉0 = (KSn)☎(n−a,a). This completes the proof of the theorem.

Our second step in the direction towards Theorem 1.3 is the proof of the fol-
lowing purely combinatorial identity.

Theorem 4.15. Let K be a field of arbitrary characteristic. Let S(m+1,m+1)

(respectively, S(m+1−k,k)) be the Specht module of the symmetric group algebra
KS2m+2 (respectively, KSm+1) corresponding to (m+ 1,m+ 1) (respectively,
(m+ 1− k, k), where 0 ≤ k ≤ [(m+ 1)/2]. Then we have that

[(m+1)/2]∑

k=0

(
dimK S

(m+1−k,k))2 = dimK S
(m+1,m+1).

Proof. We shall give a representation theoretic argument to prove the above
combinatorial identity. Note that the dimension of each Specht module is
independent of the field. We can assume without loss of generality that K = C.

We use Bm+1(m)C to denote the specialized Brauer algebra over C with pa-
rameter m. In other words, we assume that n = m+ 1 for the moment. Then
by [12], Bm+1(m)C is semisimple. We have a natural surjective homomorphism
ϕC : Bm+1(m)C ։ EndCO(VC)

(
V ⊗m+1
C

)
, where VC is an orthogonal C-vector

space with dimension m. Note that CS2m+2 is semisimple and each Specht
module CS2m+2 over is irreducible. By [11] we see that

dim KerϕC = dimC S
(m+1,m+1)
C , (4.16)

where we use S
(m+1,m+1)
C to denote the simple (Specht) module of CS2m+2

corresponding to the partition (m + 1,m + 1). As before, we use B
(1)
m+1 to
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denote the two-sided ideal of Bm+1(m)C generated by e1. Equivalently, B
(1)
m+1

is the subspace of Bm+1(m)C spanned by those Brauer (m+1)-diagrams which

contain horizontal edges. We claim that KerϕC ∩B
(1)
m+1 = {0}.

In fact, by [22, Theorem 4.3], we know that KerϕC is equal to the two-sided

ideal 〈E[(m+1)/2]〉. It suffices to show that 〈E[(m+1)/2]〉 ∩B
(1)
m+1 = {0}. Since

B
(1)
m+1 is a two-sided ideal of the semisimple C-algebra Bm+1(m)C, we have

that Bm+1(m)C = B
(1)
m+1 ⊕ I0 for some two-sided ideal I0 of Bm+1(m)C. In

particular, xI0 = 0 = I0x for any x ∈ B
(1)
m+1. We define

J0 :=
{
y ∈ Bm+1(m)C

∣∣ yx = 0 = xy for any x ∈ B
(1)
m+1

}
.

Then J0 is a two-sided ideal of Bm+1(m)C and I0 ⊆ J0. Thus Bm+1(m)C =

J0 +B
(1)
m+1. Since J0x = 0 for any x ∈ B

(1)
m+1, it follows that every right simple

submodule of J0 is a simple module over Bm+1(m)C/B
(1)
m+1

∼= CSm+1. Using
the Wedderburn theorem for semisimple algebras we get that

J0 =
⊕

λ⊢m+1

(
SλC
)⊕aλ ,

where aλ ∈ N such that 0 ≤ aλ ≤ dimSλC for each λ ⊢ m+ 1. As a result, we
deduce that

dim J0 ≤
∑

λ⊢m+1

(dimSλC)2 = dimC CSm+1 = dimC Bm+1(m)C − dimC B
(1)
m+1,

because Bm+1(m)C/B
(1)
m+1

∼= CSm+1. This in turn forces

J0
⊕

B
(1)
m+1 = J0 + B

(1)
m+1 = Bm+1(m)C.

In particular, J0 ∩B(1)
m+1 = {0}. On the other hand, by [22, Corollary 5.13] we

know that 〈E[(m+1)/2]〉 ⊆ J0, from which our claim follows at once.

We write a0 := m + 1 − [(m + 1)/2]. Then a0 ≥ m + 1 − a0 and hence
(a0,m+ 1− a0) is a partition of m+ 1. Note that (by Lemma 3.3)

〈E[(m+1)/2]〉 = 〈E[(m+1)/2],a0〉 = 〈Ea0,[(m+1)/2]〉 = 〈Ea0〉,
Ea0 = Ea0,m+1−a0 ≡ Ya0,m+1−a0 ≡ Ya0 (mod B

(1)
m+1).

By Theorem 4.10, we know that 〈Ya0〉0 = (CSm+1)☎(a0,m+1−a0). Combining
these fact together with the equality

〈E[(m+1)/2]〉 ∩B
(1)
m+1 = KerϕC ∩B

(1)
m+1 = {0}
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which we have just proved, we can deduce that

dim KerϕC = dim〈E[(m+1)/2]〉 = dim(CSm+1)☎(a0,m+1−a0)

=

[(m+1)/2]∑

k=0

(
dimC S

(m+1−k,k)
C

)2
.

Finally, comparing the above equality with (4.16), we complete the proof of
the theorem.

By the well-known hook formula (cf. [23]) for the dimension of Specht modules,
we get that

dimS(m+1) = 1, dimS(m,1) = m,

and for each 2 ≤ k ≤ [(m+ 1)/2],

dimS(m+1−k,k) =
(m+ 1)!

∏
(i,j)∈[(m+1−k,k)] h

(m+1−k,k)
i,j

=
(m+ 1)m · · · (m− k + 4)(m− k + 3)(m− 2k + 2)

k!
,

where hλi,j := λi + λ′j − i − j + 1 is the (i, j)-hook length of the partition λ.
Similarly,

dimS(m+1,m+1) =
(2m+ 2)!

∏
(i,j)∈[(m+1,m+1)] h

(m+1,m+1)
i,j

=
(2m+ 2)(2m+ 1) · · · (m+ 3)

(m+ 1)!
.

As a result, we have the following corollary.

Corollary 4.17. We have the following identity:

1 +m2 +

[(m+1)/2]∑

k=2

(
(m+ 1)m · · · (m− k + 3)(m+ 2− 2k)

k!

)2

=
(2m+ 2)(2m+ 1) · · · (m+ 3)

(m+ 1)!
.

Proof. This follows directly from Theorem 4.15 and the hook length formulae
for the dimensions of Specht modules over symmetric groups.

Now we are in the final step to prove Theorem 1.3.

Theorem 4.18. Let K be an arbitrary field of characteristic other than two.
Then the annihilator of V ⊗n in Bn(m) is the two-sided ideal generated by
E[(m+1)/2].
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Proof. By Theorem 3.8, it suffices to show that for each integer i with 0 ≤ i <
[(m + 1)/2], Ei lies in the two-sided ideal of Bn(m) generated by E[(m+1)/2].
For simplicity, we write a := [(m + 1)/2]. By Lemma 3.3, we know that
〈Ej〉 = 〈Em+1−j〉 for each 0 ≤ j ≤ m + 1. Therefore, it suffices to show
that for each integer i with 0 ≤ i < a, E(m+1−i,i) lies in the two-sided ideal
of Bn(m) generated by Em+1−a := E(m+1−a,a). Note that for each integer
0 ≤ i ≤ m + 1, Ei ∈ Bm+1(m) ⊆ Bn(m). Without loss of generality, we can
assume that n = m+ 1 henceforth.

We consider the natural homomorphism ϕK : Bm+1(m)→ EndK(V ⊗m+1). By
Corollary 4.17, we have that

(m+ 1)a := 1 +m2 +

[(m+1)/2]∑

k=2

(
(m+ 1)m · · · (m− k + 3)(m+ 2− 2k)

k!

)2

=
(2m+ 2)(2m+ 1) · · · (m+ 3)

(m+ 1)!
.

By [11, Lemma 7.1], Theorem 4.15 and Corollary 4.17, we have that

dimK AnnBm+1(m)(V
⊗m+1) = dimK KerϕK = (m+ 1)a.

On the other hand, since Em+1−a ≡ Ym+1−a (mod B
(1)
n ), we deduce (from

Theorem 4.15, Corollary 4.17 and the Y -Murphy basis for KSm+1) that
〈Em+1−a〉 contains at least (m + 1)a K-linearly independent elements. Since
〈Em+1−a〉 ⊆ KerϕK , it follows that 〈Em+1−a〉 = KerϕK and hence for each
integer 0 ≤ i ≤ [(m+1)/2], Ei ∈ 〈Em+1−a〉 = 〈Ea〉 = 〈E[(m+1)/2]〉, as required.
This completes the proof of the Theorem.

The following corollary give a new integral basis for the annihilator of V ⊗m+1

in Bm+1(m).

Corollary 4.19. Let K be a field of characteristic other than two. Then the
elements in the following set

{
d(s)−1E[(m+1)/2]d(t)

∣∣ s, t ∈ Std(m+ 1− k, k), 0 ≤ k ≤ [(m+ 1)/2]
}

form a K-basis of AnnBm+1(m)(V
⊗m+1)

Proof. This follows directly from the proof of Theorem 4.18.
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Abstract. It has been observed that certain localizations of the
spectrum of topological modular forms are self-dual (Mahowald-Rezk,
Gross-Hopkins). We provide an integral explanation of these results
that is internal to the geometry of the (compactified) moduli stack of
elliptic curves M, yet is only true in the derived setting. When 2 is
inverted, a choice of level 2 structure for an elliptic curve provides a
geometrically well-behaved cover of M, which allows one to consider
Tmf as the homotopy fixed points of Tmf(2), topological modular
forms with level 2 structure, under a natural action by GL2(Z/2).
As a result of Grothendieck-Serre duality, we obtain that Tmf(2) is
self-dual. The vanishing of the associated Tate spectrum then makes
Tmf itself Anderson self-dual.

2010 Mathematics Subject Classification: Primary 55N34. Secondary
55N91, 55P43, 14H52, 14D23.
Keywords and Phrases: Topological modular forms, Brown-Comenetz
duality, generalized Tate cohomology, Serre duality.

1 Introduction

There are several notions of duality in homotopy theory, and a family of such
originates with Brown and Comenetz. In [BC76], they introduced the spectrum
IQ/Z which represents the cohomology theory that assigns to a spectrum X the
Pontryagin duals HomZ(π−∗X,Q/Z) of its homotopy groups. Brown-Comenetz
duality is difficult to tackle directly, so Mahowald and Rezk [MR99] studied
a tower approximating it, such that at each stage the self-dual objects turn
out to have interesting chromatic properties. In particular, they show that
self-duality is detected on cohomology as a module over the Steenrod algebra.
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272 Vesna Stojanoska

Consequently, a version of the spectrum tmf of topological modular forms
possesses self-dual properties.
The question thus arises whether this self-duality of tmf is already inherent
in its geometric construction. Indeed, the advent of derived algebraic geom-
etry not only allows for the construction of an object such as tmf , but also
for bringing in geometric notions of duality to homotopy theory, most no-
tably Grothendieck-Serre duality. However, it is rarely possible to identify the
abstractly constructed (derived) dualizing sheaves with a concrete and com-
putable object. This stands in contrast to ordinary algebraic geometry, where
a few smallness assumptions guarantee that the sheaf of differentials is a dual-
izing sheaf (eg. [Har77, III.7]).
Nevertheless, the case of the moduli stack of elliptic curves1M0 and topological
modular forms allows for a hands-on approach to Serre duality in a derived
setting. Even if the underlying ordinary stack does not admit a traditional Serre
duality pairing, the derived version ofM0 is considerably better behaved. The
purpose of this paper is to show how the input from homotopy theory brings
duality back into the picture. Conversely, it provides an integral interpretation
of the aforementioned self-duality for tmf that is inherent in the geometry of
the moduli stack of elliptic curves.
The duality that naturally occurs from the geometric viewpoint is not quite that
of Brown and Comenetz, but an integral version thereof, called Anderson du-
ality and denoted IZ [And69, HS05]. After localization with respect to Morava
K-theory K(n) for n > 0, however, Anderson duality and Brown-Comenetz
duality only differ by a shift.
Elliptic curves have come into homotopy theory because they give rise to in-
teresting one-parameter formal groups of heights one or two. The homotopical
version of these is the notion of an elliptic spectrum: an even periodic spectrum
E, together with an elliptic curve C over π0E, and an isomorphism between the
formal group of E and the completion of C at the identity section. Étale maps
Specπ0E →M0 give rise to such spectra; more strongly, as a consequence of
the Goerss-Hopkins-Miller theorem, the assignment of an elliptic spectrum to
an étale map to M0 gives an étale sheaf of E∞-ring spectra on the moduli
stack of elliptic curves. Better still, the compactification of M0, which we will
hereby denote by M, admits such a sheaf, denoted Otop, whose underlying
ordinary stack is the usual stack of generalized elliptic curves [Beh07]. The
derived global sections of Otop are called Tmf , the spectrum of topological
modular forms. This is the non-connective, non-periodic version of Tmf .2

The main result proved in this paper is the following theorem:

Theorem 13.1. The Anderson dual of Tmf [1/2] is Σ21Tmf [1/2].

The proof is geometric in the sense that it uses Serre duality on a cover of M
1The moduli stack of elliptic curves is sometimes also denoted Mell or M1,1; we chose

the notation from [DR73].
2We chose this notation to distinguish this version of topological modular forms from the

connective tmf and the periodic TMF .
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as well as descent, manifested in the vanishing of a certain Tate spectrum.
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2 Dualities

We begin by recalling the definitions and properties of Brown-Comenetz and
Anderson duality.
In [BC76], Brown and Comenetz studied the functor on spectra

X 7→ I∗Q/Z(X) = HomZ(π−∗X,Q/Z).

Because Q/Z is an injective Z-module, this defines a cohomology theory, and
is therefore represented by some spectrum; denote it IQ/Z. We shall abuse
notation, and write IQ/Z also for the functor

X 7→ F (X, IQ/Z),

which we think of as “dualizing” with respect to IQ/Z. And indeed, if X is a
spectrum whose homotopy groups are finite, then the natural “double-duality”
map X → IQ/ZIQ/ZX is an equivalence.
In a similar fashion, one can define IQ

3 to be the spectrum corepresenting the
functor

X 7→ HomZ(π−∗X,Q).

The quotient map Q → Q/Z gives rise to a natural map IQ → IQ/Z; in ac-
cordance with the algebraic situation, we denote by IZ the fiber of the latter
map. As I have learned from Mark Behrens, the functor corepresented by IZ
has been introduced by Anderson in [And69], and further employed by Hopkins
and Singer in [HS05].
For R any of Z, Q, or Q/Z, denote also by IR the functor on spectra
X 7→ F (X, IR). When R is an injective Z-module, we have that π∗IRX =
HomZ(π−∗X,R).
Now for any spectrum X , we have a fiber sequence

IZX → IQX
ϕ−→ IQ/ZX, (1)

3In fact, IQ is the Eilenberg-MacLane spectrum HQ.
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giving a long exact sequence of homotopy groups

· · · πt+1IQ/ZX //

##FFFFFFFF
πtIZX //

��
88

88
88

8
πtIQX · · ·

Cokerπt+1ϕ

>>~~~~~~~~
Kerπtϕ

BB�������

But the kernel and cokernel of π∗ϕ compute the derived Z-duals of the homo-
topy groups of X , so we obtain short exact sequences

0→ Ext1Z(π−t−1X,Z)→ πtIZX → HomZ(π−tX,Z)→ 0.

We can think of these as organized in a two-line spectral sequence:

ExtsZ(πtX,Z)⇒ π−t−sIZX. (2)

Remark 2.1. In this project we will use Anderson duality in the localization
of the category of spectra where we invert some integer n (we will mostly be
interested in the case n = 2). The correct way to proceed is to replace Z by
Z[1/n] everywhere. In particular, the homotopy groups of the Anderson dual
of X will be computed by ExtsZ[1/n](πtX,Z[1/n]).

2.1 Relation to K(n)-local and Mahowald-Rezk Duality

This section is a digression meant to suggest the relevance of Anderson duality
by relating it to K(n)-local Brown-Comenetz dualty as well as Mahowald-Rezk
duality.
We recall the definition of the Brown-Comenetz duality functor in the K(n)-
local category from [HS99, Ch. 10]. Fix a prime p, and for any n ≥ 0, let
K(n) denote the Morava K-theory spectrum, and let Ln denote the Bousfield
localization functor with respect to the Johnson-Wilson spectrum E(n). There
is a natural transformation Ln → Ln−1, whose homotopy fiber is called the
monochromatic layer functor Mn, and a homotopy pull-back square

Ln //

��

LK(n)

��

Ln−1 // Ln−1LK(n),

(3)

implying that Mn is also the fiber of LK(n) → Ln−1LK(n).
The K(n)-local Brown-Comenetz dual of X is defined to be InX =
F (MnX, IQ/Z), the Brown-Comenetz dual of the n-th monochromatic layer
of X . By (3), InX only depends on the K(n)-localization of X (since MnX
only depends on LK(n)X), and by the first part of the proof of Proposition 2.2
below, InX is K(n)-local. Therefore we can view In as an endofunctor of the
K(n)-local category.
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Note that after localization with respect to the Morava K-theories K(n) for
n ≥ 1, IQX becomes contractible since it is rational. The fiber sequence (1)
then gives that LK(n)IQ/ZX = LK(n)ΣIZX . By Proposition 2.2 below, we
have that InX is the K(n)-localization of the Brown-Comenetz dual of LnX .
In particular, if X is already E(n)-local, then

InX = LK(n)ΣIZX. (4)

In order to define the Mahowald-Rezk duality functor [MR99] we need some
preliminary definitions. Let Ti be a sequence of finite spectra of type i and let
Tel(i) be the mapping telescope of some vi self-map of Ti. The finite localization
Lfn of X is the Bousfield localization with respect to the wedge Tel(0) ∨ · · · ∨
Tel(n), and Cfn is the fiber of the localization map X → LfnX . A spectrum X
satisfies the E(n)-telescope conjecture [Rav84, 10.5] if and only if the natural
map LfnX → LnX is an equivalence (eg. [MR99]).
Let X be a spectrum whose Fp-cohomology is finitely presented over the Steen-
rod algebra; the Mahowald-Rezk dual Wn is defined to be the Brown-Comenetz
dual IQ/ZC

f
n .

Suppose now that X is an E(n)-local spectrum which satisfies the E(n) and
E(n − 1)-telescope conjectures. This condition is satisfied by the spectra of
topological modular forms [Beh06, 2.4.7] with which we are concerned in this
work. Then the monochromatic layer MnX is the fiber of the natural map
LfnX → Lfn−1X . Taking the Brown-Comenetz dual of the first column in the
diagram of fiber sequences

Σ−1MnX //

��

⋆ //

��

MnX

��

CfnX
//

��

X // LfnX

��

Cfn−1X
// X // Lfn−1X

implies the fiber sequence [Beh06, 2.4.4]

Wn−1X →WnX → LK(n)IZX,

relating Mahowald-Rezk duality to K(n)-local Anderson duality.
We have used the following result.

Proposition 2.2. For any X and Y , the natural map F (LnX,Y ) →
F (MnX,Y ) is K(n)-localization.

Proof. First of all, we need to show that F (MnX,Y ) is K(n)-local. This is
equivalent to the condition that for any K(n)-acyclic spectrum Z, the function
spectrum F (Z, F (MnX,Y )) = F (Z∧MnX,Y ) is contractible. But the functor
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Mn is smashing, and is also the fiber of LK(n) → Ln−1LK(n), by the homotopy
pull-back square (3). Therefore, for K(n)-acyclic Z, MnZ is contractible, and
the claim follows.
It remains to show that the fiber F (Ln−1X,Y ) is K(n)-acyclic. To do this,
smash with a generalized Moore spectrum Tn. This is a finite, Spanier-
Whitehead self-dual (up to a suspension shift) spectrum of type n, which is
therefore E(n− 1)-acyclic. A construction of such a spectrum can be found in
Section 4 of [HS99]. We have (up to a suitable suspension)

F (Ln−1X,Y ) ∧ Tn = F (Ln−1X,Y ) ∧DTn = F
(
Tn, F (Ln−1X,Y )

)

= F
(
(Ln−1Tn) ∧X,Y

)
= ∗,

implying that F (Ln−1X,Y ) is K(n)-acyclic, which proves the proposition.

3 Derived Stacks

In this section we briefly recall the notion of derived stack which will be useful
to us; a good general reference for the classical theory of stacks is [LMB00].
Roughly speaking, stacks arise as solutions to moduli problems by allowing
points to have nontrivial automorphisms. The classical viewpoint is that a
stack is a category fibered in groupoids. One can also equivalently view a stack
as a presheaf of groupoids [Hol08].
Deligne-Mumford stacks are particularly well-behaved, because they can be
studied by maps from schemes in the following sense. If X is a Deligne-Mumford
stack, then X has an étale cover by a scheme, and any map from a scheme S to
X is representable. (A map of stacks f : X → Y is said to be representable if
for any scheme S over Y, the (2-categorical) pullback X ×

Y
S is again a scheme.)

Derived stacks are obtained by allowing sheaves valued in a category which has
homotopy theory, for example differential graded algebras, simplicial rings, or
commutative ring spectra. To be able to make sense of the latter, one needs a
nice model for the category of spectra and its smash product, with a good notion
of commutative rings and modules over those. Much has been written recently
about derived algebraic geometry, work of Lurie on the one hand [Lur11b,
Lur09, Lur11a] and Toën-Vezossi on the other [TV05, TV08]. For this project
we only consider sheaves of E∞-rings on ordinary sites, and consequently we
avoid the need to work with infinity categories. Derived Deligne-Mumford
stacks will be defined as follows.

Definition 3.1. A derived Deligne-Mumford stack is a pair (X ,OtopX ) consist-

ing of a topological space (or a Grothendieck topos) X and a sheaf OtopX of
E∞-ring spectra on its small étale site such that

(a) the pair (X , π0OtopX ) is an ordinary Deligne-Mumford stack, and

(b) for every k, πkOtopX is a quasi-coherent π0OtopX -module.
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Here and elsewhere in this paper, by π∗F of a sheaf of E∞-rings we will mean
the sheafification of the presheaf U 7→ π∗F(U).
Next we discuss sheaves of E∞-ring spectra. Let C be a small Grothendieck
site. By a presheaf of E∞-rings on C we shall mean simply a functor F : Cop →
(E∞-Rings). The default example of a site C will be the small étale site Xét of
a stack X [LMB00, Ch. 12].
A presheaf F of E∞-rings on C is said to satisfy hyperdescent or that it is a
sheaf provided that the natural map F(X)→ holimF(U•) is a weak equivalence
for every hypercover U• → X . Hyperdescent is closely related to fibrancy in
Jardine’s model category structure [Jar87, Jar00]. Specifically if F → QF is a
fibrant replacement in Jardine’s model structure, then [DHI04] shows that F
satisfies hyperdescent if and only if F (U) → QF (U) is a weak equivalence for
all U .
When the site C has enough points, one may use Godement resolutions in order
to “sheafify” a presheaf [Jar87, Section 3]. In particular, since Xét has enough
points we may form the Godement resolution F → GF . The global sections of
GF are called the derived global sections of F and Jardine’s construction also
gives a spectral sequence to compute the homotopy groups

Hs(X , πtF)⇒ πt+sRΓF . (5)

4 Moduli of Elliptic Curves and Level Stuctures

In this section, we summarize the results of interest regarding the moduli stacks
of elliptic curves and level structures. Standard references for the ordinary
geometry are Deligne-Rapoport [DR73], Katz-Mazur [KM85], and Silverman
[Sil86].
A curve over a base scheme (or stack) S is a proper, flat morphism p : C → S,
of finite presentation and relative dimension one. An elliptic curve is a curve
p : C → S of genus one whose geometric fibers are connected, smooth, and
proper, equipped with a section e : S → C or equivalently, equipped with a
commutative group structure [KM85, 2.1.1] . These objects are classified by
the moduli stack of elliptic curvesM0.
The j-invariant of an elliptic curve gives a map j :M0 → A1 which identifies
A1 with the coarse moduli scheme [KM85, 8.2]. Thus M0 is not proper, and
in order to have Grothendieck-Serre duality this is a property we need. Hence,
we shall work with the compactification M of M0, which has a modular de-
scription in terms of generalized elliptic curves: it classifies proper curves of
genus one, whose geometric fibers are connected and allowed to have an iso-
lated nodal singularity away from the point marked by the specified section e
[DR73, II.1.12].
If C is smooth, then the multiplication by n map [n] : C → C is finite flat
map of degree n2 [DR73, II.1.18], whose kernel we denote by C[n]. If n is
invertible in the ground scheme S, the kernel C[n] is finite étale over S, and
étale locally isomorphic to (Z/n)2. A level n structure is then a choice of an
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isomorphism φ : (Z/n)2 → C[n] [DR73, IV.2.3]. We denote the moduli stack
(implicitly understood as an object over SpecZ[1/n]) which classifies smooth

elliptic curves equipped with a level n structure by M(n)
0
.

In order to give a modular description of the compactificationM(n) ofM(n)
0
,

we need to talk about so-called Néron polygons. We recall the definitions from
[DR73, II.1]. A (Néron) n-gon is a curve over an algebraically closed field
isomorphic to the standard n-gon, which is the quotient of P1 × Z/n obtained
by identifying the infinity section of the i-th copy of P1 with the zero section
of the (i + 1)-st. A curve p : C → S is a stable curve of genus one if its
geometric fibers are either smooth, proper, and connected, or Néron polygons.
A generalized elliptic curve is a stable curve of genus one, equipped with a
morphism + : Csm ×

S
C → C which

(a) restricts to the smooth locus Csm of C, making it into a commutative
group scheme, and

(b) gives an action of the group scheme Csm on C, which on the singular
geometric fibers of C is given as a rotation of the irreducible components.

Given a generalized elliptic curve p : C → S, there is a locally finite family
of disjoint closed subschemes (Sn)n≥1 of S, such that C restricted to Sn is
isomorphic to the standard n-gon, and the union of all Sn’s is the image of the
singular locus Csing of C [DR73, II.1.15].

The morphism n : Csm → Csm is again finite and flat, and if C is an m-
gon, the kernel C[n] is étale locally isomorphic to (µn × Z/(n,m)) [DR73,
II.1.18]. In particular, if C a generalized elliptic curve whose geometric fibers
are either smooth or n-gons, then the scheme of n-torsion points C[n] is étale
locally isomorphic to (Z/n)2. These curves give a modular interpretation of the

compactificationM(n) ofM(n)
0
. The moduli stackM(n) over Z[1/n] classifies

generalized elliptic curves with geometric fibers that are either smooth or n-
gons, equipped with a level n structure, i.e. an isomorphism ϕ : (Z/n)2 → C[n]
[DR73, IV.2.3].

Note that GL2(Z/n) acts on M(n) on the right by pre-composing with the
level structure, that is, g : (C,ϕ) 7→ (C,ϕ ◦ g). If C is smooth, this action is
free and transitive on the set of level n structures. If C is an n-gon, then the
stabilizer of a given level n structure is a subgroup of GL2(Z/n) conjugate to

the upper triangular matrices U =

{(
1 ∗
0 1

)}
.

The forgetful mapM(n)
0 →M0[1/n] extends to the compactifications, where

it is given by forgetting the level structure and contracting the irreducible
components that do not meet the identity section [DR73, IV.1]. The re-
sulting map q : M(n) → M[1/n] is a finite flat cover of M[1/n] of degree
|GL2(Z/n)|. Moreover, the restriction of q to the locus of smooth curves is an
étale GL2(Z/n)-torsor, and over the locus of singular curves, q is ramified of
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degree n [Kat73, A1.5]. In fact, at the “cusps” the map q is given as

q :M(n)
∞ ∼= HomU (GL2(Z/n),M∞)→M∞.

Note that level 1 structure on a generalized elliptic curve C/S is nothing but
the specified identity section e : S → C. Thus we can think of M as M(1).
The objects M(n), n ≥ 1, come equipped with (Z-)graded sheaves, the tensor
powers ω∗M(n) of the sheaf of invariant differentials [DR73, I.2]. Given a general-
ized elliptic curve p : C ⇄ S : e, let I be the ideal sheaf of the closed embedding
e. The fact that C is nonsingular at e implies that the map p∗(I/I2)→ p∗ωC/S
is an isomorphism [Har77, II.8.12]. Denote this sheaf on S by ωC . It is locally
free of rank one, because C is a curve over S, with a potential singularity away
from e. The sheaf of invariant differentials on M(n) is then defined by

ωM(n)(S
C−→M(n)) = ωC .

It is a quasi-coherent sheaf which is an invertible line bundle on M(n).
The ring of modular forms with level n structures is defined to be the graded
ring of global sections

MF (n)∗ = H0(M(n), ω∗M(n)),

where, as usual, we denote MF (1)∗ simply by MF∗.

5 Topological Modular Forms and Level Structures

By the obstruction theory of Goerss-Hopkins-Miller, as well as work of Lurie,
the moduli stack M has been upgraded to a derived Deligne-Mumford stack,
in such a way that the underlying ordinary geometry is respected. Namely, a
proof of the following theorem can be found in Mark Behrens’ notes [Beh07].

Theorem 5.1 (Goerss-Hopkins-Miller, Lurie). The moduli stack M admits a
sheaf of E∞-rings Otop on its étale site which makes it into a derived Deligne-
Mumford stack. For an étale map SpecR→M classifying a generalized elliptic
curve C/R, the sections Otop(SpecR) form an even weakly periodic ring spec-
trum E such that

(a) π0E = R, and

(b) the formal group GE associated to E is isomorphic to the completion Ĉ
at the identity section.

Moreover, there are isomorphisms of quasi-coherent π0Otop-modules π2kOtop ∼=
ωkM and π2k+1Otop ∼= 0 for all integers k.

The spectrum of topological modular forms Tmf is defined to be the E∞-ring
spectrum of global sections RΓ(Otop).
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We remark that inverting 6 kills all torsion in the cohomology ofM as well as
the homotopy of Tmf . In that case, following the approach of this paper would
fairly formally imply Anderson self-duality for Tmf [1/6] from the fact thatM
has Grothendieck-Serre duality. To understand integral duality on the derived
moduli stack of generalized elliptic curves, we would like to use the strategy
of descent, dealing separately with the 2 and 3-torsion. The case when 2 is
invertible captures the 3-torsion, is more tractable, and is thoroughly worked
out in this paper by using the smallest good cover by level structures, M(2).
The 2-torsion phenomena involve computations that are more daunting and
will be dealt with subsequently. However, the same methodology works to give
the required self-duality result.
To begin, we need to lift M(2) and the covering map q : M(2) → M to
the setting of derived Deligne-Mumford stacks. We point out that this is not
immediate from Theorem 5.1 because the map q is not étale. However, we
will explain how one can amend the construction to obtain a sheaf of E∞-
rings O(2)top on M(2). We will also incorporate the GL2(Z/2)-action, which
is crucial for our result.
We will in fact sketch an argument based on Mark Behrens’ [Beh07] to construct
sheaves O(n)top on M(n)[1/2n] for any n, as the extra generality does not
complicate the solution.
As we remarked earlier, the restriction of q to the smooth locus M(n)0 is
an étale GL2(Z/n)-torsor, hence we automatically obtain O(n)|M(n)0 together
with its GL2(Z/n)-action. We will use the Tate curve and K(1)-local obstruc-
tion theory to construct the E∞-ring of sections of the putative O(n)top in a
neighborhood of the cusps, and sketch a proof of the following theorem.

Theorem 5.2 (Goerss-Hopkins). The moduli stack M(n) (as an object over
Z[1/2n]) admits a sheaf of even weakly periodic E∞-rings O(n)top on its
étale site which makes it into a derived Deligne-Mumford stack. There are
isomorphisms of quasi-coherent π0O(n)top-modules π2kO(n)top ∼= ωkM(n) and

π2k−1O(n)top ∼= 0 for all integers k. Moreover, the covering map q :M(n) →
M[1/2n] is a map of derived Deligne-Mumford stacks.

5.1 Equivariant K(1)-local Obstruction Theory

This is a combination of the Goerss-Hopkins’ [GH04b, GH04a] and Cooke’s
[Coo78] obstruction theories, which in fact is contained although not explicitly
stated in [GH04b, GH04a]. Let G be a finite group; a G-equivariant θ-algebra
is an algebraic model for the p-adic K-theory of an E∞ ring spectrum with an
action of G by E∞-ring maps. Here, G-equivariance means that the action of
G commutes with the θ-algebra operations. As G-objects are G-diagrams, the
obstruction theory framework of [GH04a] applies.
Let Hs

G−θ(A,B[t]) denote the s-th derived functor of derivations from A into
B[t]4 in the category of G-equivariant θ-algebras. These are the G-equivariant

4For a graded module B, B[t] is the shifted graded module with B[t]k = Bt+k.
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derivatons from A into B[t], and there is a composite functor spectral sequence

Hr(G,Hs−r
θ (A,B[t]))⇒ Hs

G−θ(A,B[t]). (6)

Theorem 5.3 (Goerss-Hopkins). (a) Given a G − θ-algebra A, the obstruc-
tions to existence of a K(1)-local even-periodic E∞-ring X with a G-
action by E∞-ring maps, such that K∗X ∼= A (as G − θ-algebras) lie
in

Hs
G−θ(A,A[−s+ 2]) for s ≥ 3.

The obstructions to uniqueness like in

Hs
G−θ(A,A[−s+ 1]) for s ≥ 2.

(b) Given K(1)-local E∞-ring G-spectra X and Y whose K-theory is p-
complete, and an equivariant map of θ-algebras f∗ : K∗X → K∗Y , the
obstructions to lifting f∗ to an equivariant map of E∞-ring spectra lie in

Hs
G−θ(K∗X,K∗Y [−s+ 1]), for s ≥ 2,

while the obstructions to uniqueness of such a map lie in

Hs
G−θ(K∗X,K∗Y [−s]), for s ≥ 1.

(c) Given such a map f : X → Y , there exists a spectral sequence

Hs
G−θ(K∗X,K∗Y [t])⇒ π−t−s(E∞(X,Y )G, f),

computing the homotopy groups of the space of equivariant E∞-ring maps,
based at f .

5.2 The Igusa Tower

Fix a prime p > 2 which does not divide n. Let Mp denote the p-completion
ofM, and letM∞ denote a formal neighborhood of the cusps ofMp. We will
use the same embellishments for the moduli with level structures.
The idea is to use the above Goerss-Hopkins obstruction theory to construct
the E∞-ring of sections overM(n)

∞
of the desired O(n)top, from the algebraic

data provided by the Igusa tower, which will supply an equivariant θ-algebra.
We will consider the moduli stack M(n) as an object over Z[1/n, ζ], for ζ a
primitive n-th root of unity. The structure map M(n) → SpecZ[1/n, ζ] is
given by the Weil pairing [KM85, 5.6].
The structure ofM∞ as well asM(n)

∞
is best understood by the Tate curves.

We already mentioned that the singular locus is given by Néron n-gons; the
n-Tate curve is a generalized elliptic curve in a neighborhood of the singular
locus. It is defined over the ring Z[[q1/n]], so that it is smooth when q is
invertible and a Néron n-gon when q is zero. For details of the construction,
the reader is referred to [DR73, VII].
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From [DR73, VII] and [KM85, Ch 10], we learn that M∞ = Spf Zp[[q]], and

that M(n)∞ =
∐

cusps

Spf Zp[ζ][[q1/n]]. The GL2(Z/n)-action on M(n)∞ is un-

derstood by studying level structures on Tate curves, and is fully described
in [KM85, Theorem 10.9.1]. The group U of upper-triangular matrices in

GL2(Z/n) acts on B(n) = Zp[ζ][[q1/n]] by the roots of unity:

(
1 a
0 1

)
∈ U

sends q1/n to ζaq1/n. Note that then, the inclusion Zp[[q]] → B(n) is U -
equivariant, and M(n)

∞
is represented by the induced GL2(Z/n)-module

A(n) = HomU (GL2(Z/n), B(n)).
Denote byM(pk, n)

∞
a formal neighborhood of the cusps in the moduli stack

of generalized elliptic curves equipped with level structure maps

η : µpk
∼−→ C[pk]

ϕ : (Z/n)2
∼−→ C[n].

Note that as we are working in a formal neighborhood of the singular locus,
the curves C classified byM(pk, n)

∞
have ordinary reduction modulo p. As k

runs through the positive integers, we obtain an inverse system called the Igusa
tower, and we will write M(p∞, n) for the inverse limit. It is the Z×p -torsor
over M(n)

∞
given by the formal affine scheme Spf Hom(Z×p , A(n)) [KM85,

Theorem 12.7.1].
The Tate curve comes equipped with a canonical invariant differential, which
makes ωM(n)∞ isomorphic to the line bundle associated to the graded A(n)-

module A(n)[1]. We define A(n)∗ to be the evenly graded A(n)-module, which
in degree 2t is H0(M(n)∞, ωtM(n)∞) ∼= A(n)[t]. Similarly we define A(p∞, n)∗.

The modules A(p∞, n)∗ = Hom(Z×p , A(n)∗) have a natural GL2(Z/n)-
equivariant θ-algebra structure, with operations coming from the following
maps

(ψk)∗ :M(p∞, n)→M(p∞, n)

(C, η, ϕ) 7→ (C, η ◦ [k], ϕ),

(ψp)∗ :M(p∞, n)→M(p∞, n)

(C, η, ϕ) 7→ (C(p), η(p), ϕ(p)).

Here, C(p) is the elliptic curve obtained from C by pulling back along the
absolute Frobenius map on the base scheme. The multiplication by p isogeny
[p] : C → C factors through C(p) as the relative Frobenius F : C → C(p)

followed by the Verschiebung map V : C(p) → C [KM85, 12.1]. The level
structure ϕ(p) : (Z/n)2 → C(p) is the unique map making the diagram

(Z/n)2

ϕ

��

ϕ(p)

{{v
v

v
v

v

C(p)
V // C
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commute. Likewise, η(p) is the unique level structure making an analogous
diagram commute. More details on η(p) are in [Beh07, Section 5]. The op-
eration ψk comes from the action of Z×p on the induced module A(p∞, n)∗ =
Hom(Z×p , A(n)∗).
We point out that from this description of the operations, it is clear that the
GL2(Z/n)-action commutes with the operations ψk and ψp, which in particular
gives an isomorphism

A(p∞, n)∗ ∼= HomU

(
G,Hom

(
Z×p , B(n)∗

))
. (7)

Denote by B(p∞, n)∗ the θ-algebra Hom(Z×p , B(n)∗).
As a first step, we apply (a) of Theorem 5.3 to construct even-periodic K(1)-
local GL2(Z/n)-equivariant E∞-ring spectra Tmf(n)∞p whose p-adic K-theory
is given by A(p∞, n)∗. The starting point is the input to the spectral sequence
(6), the group cohomology

Hr
(
GL2(Z/n), Hs−r

θ (A(p∞, n)∗, A(p∞, n)∗)
)
. (8)

Remark 5.4. Lemma 7.5 of [Beh07] implies that Hs
θ (B(p∞, n)∗, B(p∞, n)∗) = 0

for s > 1, from which we deduce the existence of a unique K(1)-local weakly
even periodic E∞-ring spectrum that we will denote by K[[q1/n]], whose K-
theory is the θ-algebra B(p∞, n)∗. This spectrum K[[q1/n]] should be thought
of as the sections of O(n)top over a formal neighborhood of a single cusp of
M(n).

By the same token, we also know that Hs
θ (A(p∞, n)∗, A(p∞, n)∗) = 0 for s > 1,

and

H0
θ (A(p∞, n)∗, A(p∞, n)∗) ∼= HomU

(
GL2(Z/n), H0

θ (A(p∞, n)∗, B(p∞, n)∗)
)
.

Thus the group cohomology (8) is simply

Hr
(
U,H0

θ (A(p∞, n)∗, B(p∞, n)∗)
)

which is trivial for r > 0 as the coefficients are p-complete, and the group U
has order n, coprime to p. Therefore, the spectral sequence (6) collapses to
give that

Hs
GL2(Z/n)−θ (A(p∞, n)∗, A(p∞, n)∗) = 0, for s > 0.

Applying Theorem 5.3 now gives our required GL2(Z/n)-spectra Tmf(n)∞p .
A similar argument produces a GL2(Z/n)-equivariant E∞-ring map

q∞ : Tmf∞p → Tmf(n)∞p ,

where Tmf∞ is given the trivial GL2(Z/n)-action.

Proposition 5.5. The map q∞ : Tmf∞p → Tmf(n)∞p is the inclusion of
homotopy fixed points.
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Proof. Note that from our construction it follows that Tmf(n)∞p is equivalent

to HomU (GL2(Z/n),K[[q1/n]]), whereK[[q1/n]] has the U -action lifting the one
we described above on its θ-algebra B(n)∗. (This action lifts by obstruction
theory to the E∞-level because the order of U is coprime to p.) Since Tmf∞p
has trivial GL2(Z/n)-action, the map q∞ factors through the homotopy fixed
point spectrum

(
Tmf(n)∞p

)hGL2(Z/n) ∼= K[[q1/n]]hU .

So we need that the map q′ : Tmf∞ = K[[q]]→ K[[q1/n]]hU be an equivalence.
The homotopy groups of K[[q1/n]]hU are simply the U -invariant homotopy in
K[[q1/n]], because U has no higher cohomology with p-adic coefficients. Thus
π∗q′ is an isomorphism, and the result follows.

5.3 Gluing

We need to patch these results together to obtain the sheaf O(n)top on the
étale site of M(n).
To construct the presheaves Õ(n)topp on the site of affine schemes étale over
M(n), one follows the procedure of [Beh07, Step 2, Sections 7 and 8]. Thus
for each prime p > 2 which does not divide n, we have Õ(n)p on M(n)p. As

in [Beh07, Section 9], rational homotopy theory produces a presheaf Õ(n)Q.
These glue together to give Õ(n) (note, 2n will be invertible in Õ(n)).
By construction, the homotopy group sheaves of Õ(n)top are given by the tensor
powers of the sheaf of invariant differentials ωM(n), which is a quasi-coherent

sheaf onM(n). Section 2 of [Beh07] explains how this data gives rise to a sheaf
O(n)top on the étale site of M(n), so that the E∞-ring spectrum Tmf(n) of
global sections of O(n)top can also be described as follows.

Denote by TMF (n) the E∞-ring spectrum of sections RΓ
(
O(n)top|M(n)0

)

over the locus of smooth curves. Let TMF (n)∞ be the the E∞-ring of sec-
tions of O(n)top|M(n)0 in a formal neighborhood of the cusps. Both have
a GL2(Z/n)-action by construction. The equivariant obstruction theory of
Theorem 6 can be used again to construct a GL2(Z/n)-equivariant map
TMF (n)K(1) → TMF (n)∞p that refines the q-expansion map; again, the
key point as that K∗(TMF (n)∞p ) is a U -induced GL2(Z/n)-module. Pre-
composing with the K(1)-localization map, we get a GL2(Z/n)-E∞-ring map
TMF (n)→ TMF (n)∞.
We build Tmf(n)p as a pullback

Tmf(n)p //

��

Tmf(n)∞p

��

TMF (n)p // TMF (n)∞p
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All maps involved are GL2(Z/n)-equivariant maps of E∞-rings, so Tmf(n)
constructed this way has a GL2(Z/n)-action as well.

6 Descent and Homotopy Fixed Points

We have remarked several times that the map q0 : M(n)
0 → M0 is a

GL2(Z/n)-torsor, thus we have a particularly nice form of étale descent. On
global sections, this statement translates to the equivalence

TMF [1/2n]→ TMF (n)hGL2(Z/n).

The remarkable fact is that this property goes through for the compactified
version as well.

Theorem 6.1. The map Tmf [1/2n]→ Tmf(n)hGL2(Z/n) is an equivalence.

Proof. This is true away from the cusps, but by Proposition 5.5, it is also true
near the cusps. We constructed Tmf(n) from these two via pullback diagrams,
and homotopy fixed points commute with pullbacks.

Remark 6.2. For the rest of this paper, we will investigate Tmf(2), the spec-
trum of topological modular forms with level 2 structure. Note that this spec-
trum differs from the more commonly encountered TMF0(2), which is the
receptacle for the Ochanine genus [Och87], as well as the spectrum appearing
in the resolution of the K(2)-local sphere [GHMR05, Beh06]. The latter is
obtained by considering isogenies of degree 2 on elliptic curves, so-called Γ0(2)
structures.

7 Level 2 Structures Made Explicit

In this section we find an explicit presentation of the moduli stackM(2).
Let E/S be a generalized elliptic curve over a scheme on which 2 is invertible,
and whose geometric fibers are either smooth or have a nodal singularity (i.e.
are Néron 1-gons). Then Zariski locally, E is isomorphic to a Weierstrass curve
of a specific and particularly simple form. Explicitly, there is a cover U → S
and functions x, y on U such that the map U → P2

U given by [x, y, 1] is an
isomorphism between EU = E×

S
U and a Weierstrass curve in P2

U given by the

equation

Eb : y2 = x3 +
b2
4
x2 +

b4
2
x+

b6
4

=: fb(x), (9)

such that the identity for the group structure on EU is mapped to the point at
infinity [0, 1, 0][Sil86, III.3],[KM85]. Any two Weierstrass equations for EU are
related by a linear change of variables of the form

x 7→ u−2x+ r

y 7→ u−3y.
(10)
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The object which classifies locally Weierstrass curves of the form (9), together
with isomorphisms which are given as linear change of variables (10), is a stack
Mweier [1/2], and the above assignment E 7→ Eb of a locally Weierstrass curve
to an elliptic curve defines a map w :M[1/2]→Mweier [1/2].
The Weierstrass curve (9) associated to a generalized elliptic curve E over an
algebraically closed field has the following properties: E is smooth if and only if
the discriminant of fb(x) has no repeated roots, and E has a nodal singularity if
and only if fb(x) has a repeated but not a triple root. Moreover, non-isomorphic
elliptic curves cannot have isomorphic Weierstrass presentations. Thus the
map w : M[1/2] →Mweier [1/2] injects M[1/2] into the open substack U(∆)
of Mweier[1/2] which is the locus where the discriminant of fb has order of
vanishing at most one.
Conversely, any Weierstrass curve of the form (9) has genus one, is smooth if
and only if fb(x) has no repeated roots, and has a nodal singularity whenever
it has a double root, so w : M[1/2] → U(∆) is also surjective, hence an
isomorphism. Using this and the fact that points of order two on an elliptic
curve are well understood, we will find a fairly simple presentation of M(2).
The moduli stack of locally Weierstrass curves is represented by the Hopf al-
gebroid

(B = Z[1/2][b2, b4, b6], B[u±1, r]).

Explicitly, there is a presentation SpecB →Mweier[1/2], such that

SpecB ×
Mweier [1/2]

SpecB = SpecB[u±1, r].

The projection maps to SpecB are Spec of the inclusion of B in B[u±1] and
Spec of the map

b2 7→ u2(b2 + 12r)

b4 7→ u4(b4 + rb2 + 6r2)

b6 7→ u6(b6 + 2rb4 + r2b2 + 4r3)

which is obtained by plugging in the transformation (10) into (9). In other
words, Mweier [1/2] is simply obtained from SpecB by enforcing the isomor-
phisms that come from the change of variables (10).
Suppose E/S is a smooth elliptic curve which is given locally as a Weierstrass
curve (9), and let φ : (Z/2)2 → E be a level 2 structure. For convenience in
the notation, define e0 =

(
1
1

)
, e1 =

(
1
0

)
, e2 =

(
0
1

)
∈ (Z/2)2. Then φ(ei) are

all points of exact order 2 on E, thus have y-coordinate equal to zero since
[−1](y, x) = (−y, x) ([Sil86, III.2]) and (9) becomes

y2 = (x− x0)(x − x1)(x− x2), (11)

where xi = x(φ(ei)) are all different.
If E is a generalized elliptic curve which is singular, i.e. E is a Néron 2-gon,
then a choice of level 2 structure makes E locally isomorphic to the blow-up
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of (11) at the singularity (seen as a point of P2), with xi = xj 6= xk, for
{i, j, k} = {0, 1, 2}.
So let A = Z[1/2][x0, x1, x2], let L be the line in SpecA defined by the ideal
(x0 − x1, x1 − x2, x2 − x0), and let SpecA− L be the open complement. The
change of variables (10) translates to a (Ga ⋊Gm)-action on SpecA that pre-
serves L and is given by:

xi 7→ u2(xi − r).

Consider the isomorphism ψ : (SpecA− L)
∼−→ (A2 − {0})× A1:

(x0, x1, x2) 7→ ((x1 − x0, x2 − x0), x0) .

We see that Ga acts trivially on the (A2−{0})-factor, and freely by translation
on A1. Therefore the quotient (SpecA− L)//Ga is

M̃(2) = A2 − {0} = SpecZ[1/2][λ1, λ2]− {0},

the quotient map being ψ composed with the projection onto the first factor.
This corresponds to choosing coordinates in which E is of the form:

y2 = x(x − λ1)(x − λ2). (12)

The Gm-action is given by grading A as well as Λ = Z[1/2][λ1, λ2] so that
the degree of each xi and λi is 2. It follows that M(2) = M̃(2)//Gm is the
weighted projective line Proj Λ = (Spec Λ−{0})//Gm. Note that we are taking
homotopy quotient which makes a difference: −1 is a non-trivial automorphism
on M(2) of order 2.
The sheaf ωM(2) is an ample invertible line bundle on M(2), locally gen-

erated by the invariant differential ηEλ
=
dx

2y
. From (10) we see that the

Gm = SpecZ[u±1]-action changes ηEλ
to uηEλ

. Hence, ωM(2) is the line bundle
on M(2) = Proj Λ which corresponds to the shifted module Λ[1], standardly
denoted by O(1). We summarize the result.

Proposition 7.1. The moduli stack of generalized elliptic curves with a choice
of a level 2 structure M(2) is isomorphic to Proj Λ = (Spec Λ − {0})//Gm,
via the mapM(2)→ Proj Λ which classifies the sheaf of invariant differentials

ωM(2)onM(2). The universal curve over the locus of smooth curvesM(2)
0

=
Proj Λ−{0, 1,∞} is the curve of equation (12). The fibers at 0, 1, and ∞, are
Néron 2-gons obtained by blowing up the singularity of the curve (12).

Remark 7.2. As specifying a Gm-action is the same as specifying a grading,
we can think of the ringed space (M(2), ω∗M(2)) as the ringed space (M̃(2) =

Spec Λ− {0},OM̃(2)) together with the induced grading.

Next we proceed to understand the action of GL2(Z/2) on the global sections
H0(M(2), ω∗M(2)) = Λ. By definition, the action comes from the natural action
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of GL2(Z/2) on (Z/2)2 and hence by pre-composition on the level structure
maps φ : (Z/2)2 → E[2]. If we think of GL2(Z/2) as the symmetric group S3,
then this action permutes the non-zero elements {e0, e1, e2} of (Z/2)2, which
translates to the action on

H0(SpecA− L,OSpecA−L) = Z[x0, x1, x2],

given as g ·xi = xgi where g ∈ S3 = Perm{0, 1, 2}. The map on H0 induced by

the projection (SpecA− L)→ M̃(2) is

Z[λ1, λ2]→ Z[x0, x1, x2]

λi 7→ xi − x0

Therefore, we obtain that gλi is the inverse image of xgi − xg0. That is,
gλi = λgi − λg0, where we implicitly understand that λ0 = 0. We have proven
the following lemma.

Lemma 7.3. Choose the generators of S3 = Perm{0, 1, 2}, σ = (012) and
τ = (12). Then the S3 action on Λ = H0(M(2), ω∗M(2)) is determined by

τ : λ1 7→ λ2 σ : λ1 7→ λ2 − λ1
λ2 7→ λ1 λ2 7→ −λ1.

This fully describes the global sections H0(M(2), ω∗M(2)) as an S3-module. The

action on H1(M(2), ω∗M(2)) is not as apparent and we deal with it using Serre

duality (8.5).

8 (Equivariant) Serre Duality for M(2)

We will proceed to prove Serre duality forM(2) in an explicit manner that will
be useful later, by following the standard computations for projective spaces,
as in [Har77]. To emphasize the analogy with the corresponding statements
about the usual projective line, we might write Proj Λ and O(∗) instead of
M(2) and ω∗M(2), in view of Remark (7.2). Also remember that for brevity, we

might omit writing 1/2.

Proposition 8.1. The cohomology of M(2) with coefficients in the graded
sheaf of invariant differentials ω∗M(2) is computed as

Hs(M(2), ω∗M(2)) =





Λ, s = 0

Λ/(λ∞1 , λ
∞
2 ), s = 1

0, else

where Λ/(λ∞1 , λ
∞
2 ) is a torsion Λ-module with a Z[1/2]-basis of monomials 1

λi
1λ

j
2

for i, j both positive.
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Remark 8.2. The module Λ/(λ∞1 , λ
∞
2 ) is inductively defined by the short exact

sequences

0→Λ
λ1−→ Λ

[ 1

λ1

]
→ Λ/(λ∞1 )→ 0

0→Λ/(λ∞1 )
λ2−→ Λ

[ 1

λ1λ2

]
→ Λ/(λ∞1 , λ

∞
2 )→ 0.

Remark 8.3. Note that according to 7.2, H∗(M(2), ω∗M(2)) is isomorphic to

H∗(M̃(2),OM̃(2)) with the induced grading. It is these latter cohomology
groups that we shall compute.

Proof. We proceed using the local cohomology long exact sequence [Har77, Ch
III, ex. 2.3] for

M̃(2) ⊂ Spec Λ ⊃ {0}.
The local cohomology groups R∗Γ{0}(Spec Λ,O) are computed via a Koszul
complex as follows. The ideal of definition for the point {0} ∈ Spec Λ is (λ1, λ2),
and the generators λi form a regular sequence. Hence, R∗Γ{0}(Spec Λ,O) is
the cohomology of the Koszul complex

Λ→ Λ
[ 1

λ1

]
× Λ

[ 1

λ2

]
→ Λ

[ 1

λ1λ2

]
,

which is Λ/(λ∞1 , λ
∞
2 ), concentrated in (cohomological) degree two. We also

know that H∗(Spec Λ,O) = Λ concentrated in degree zero, so that the local
cohomology long exact sequence splits into

0→ Λ→ H0(M̃(2),O)→ 0

0→ H1(M̃(2),O)→ Λ/(λ∞1 , λ
∞
2 )→ 0,

giving the result.

Lemma 8.4. We have the following properties of the sheaf of differentials on
M(2).

(a) There is an isomorphism ΩM(2)
∼= ω−4M(2).

(b) The cohomology group Hs(M(2),ΩM(2)) is zero unless s = 1, and
H1(M(2),ΩM(2)) is the sign representation Zsgn[1/2] of S3.

Proof. (a) The differential form η = λ1dλ2 − λ2dλ1 is a nowhere vanishing
differential form of degree four, thus a trivializing global section of the
sheaf O(4)⊗ ΩProjΛ. Hence there is an isomorphism ΩProjΛ

∼= O(−4).

(b) From Proposition 8.1, H∗(Proj Λ,Ω) is Z[1/2] concentrated in cohomo-
logical degree one, and generated by

η

λ1λ2
=
λ1
λ2
d
(λ2
λ1

)
.
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Any projective transformation ϕ of Proj Λ acts on H1(Proj Λ,Ω) by the
determinant detϕ. By our previous computations, as summarized in
Lemma 7.3, the transpositions of S3 act with determinant −1, and the
elements of order 3 of S3 with determinant 1. Hence the claim.

We are now ready to state and prove the following result.

Theorem 8.5 (Serre Duality). The sheaf of differentials ΩM(2) is a dualizing
sheaf on M(2), i.e. the natural cup product map

H0(M(2), ωtM(2))⊗H1(M(2), ω−tM(2) ⊗ ΩM(2))→ H1(M(2),ΩM(2)),

is a perfect pairing which is compatible with the S3-action.

Remark 8.6. Compatibility with the S3-action simply means that for every
g ∈ S3, the following diagram commutes

H0(M(2), g∗ωt
M(2))⊗H1(M(2), g∗ω−t

M(2) ⊗ g∗ΩM(2)) //

g

��

H1(M(2), g∗ΩM(2))

g

��

H0(M(2), ωt
M(2))⊗H1(M(2), ω−t

M(2)
⊗ ΩM(2)) // H1(M(2),ΩM(2))

.

But we have made a choice of generators for Λ = H0(M(2), ω∗M(2))
∼=

H0(M(2), g∗ω∗M(2)), and we have described the S3-action on those genera-

tors in Lemma 7.3. If we think of the induced maps g : H∗(M(2), g∗ω∗M(2))→
H∗(M(2), ω∗M(2)) as a change of basis action of S3, Theorem 8.5 states that we
have a perfect pairing of S3-modules. As a consequence, there is an S3-module
isomorphism

H1(M(2), ω∗−4M(2))
∼= Hom(Λ,Zsgn[1/2]) = Λ∨sgn.

(The subscript sgn will always denote twisting by the sign representation of
S3.)

Proof. Proposition 8.1 and Lemma 8.4 give us explicitly all of the modules
involved. Namely, H0(Proj Λ,O(∗)) is free on the monomials λi1λ

j
2, for i, j ≥ 0,

and H1(Proj Λ,O(∗)) is free on the monomials 1

λi
1λ

j
2

= 1

λi−1
1 λj−1

2

1
λ1λ2

, for i, j >

0. Lemma (8.4) gives us in addition that H1(Proj Λ,O(∗)⊗ ΩM(2)) is free on
1

λi−1
1 λj−1

2

η
λ1λ2

. We conclude that

(λi1λ
j
2,

η

λi+1
1 λj+1

2

) 7→ η

λ1λ2

is really a perfect pairing.
Moreover, this pairing is compatible with any projective transformation ϕ of
Proj Λ, which includes the S3-action as well as change of basis. Any such ϕ
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acts on H∗(Proj Λ,O(∗)) by a linear change of variables, and changes η by the
determinant detϕ. Thus the diagram

H0(M(2), ϕ∗ωt
M(2))⊗H1(M(2), ϕ∗ω−t

M(2) ⊗ ϕ∗ΩM(2)) //

ϕ

��

ϕ⊗detϕ

��

H1(M(2), ϕ∗ΩM(2))

detϕ

��

H0(M(2), ωt
M(2))⊗H1(M(2), ω−t

M(2) ⊗ ΩM(2)) // H1(M(2),ΩM(2))

commutes.

We explicitly described the induced action on the global sections
H0(Proj Λ,O(∗)) = Λ in Lemma 7.3, and in (8.4) we have identified
H1(Proj Λ,ΩProjΛ) with the sign representation Zsgn of S3. Therefore,
the perfect pairing is the natural map

Λ⊗ Λ∨sgn → Zsgn[1/2].

9 Anderson Duality for Tmf(2)

The above Serre duality pairing forM(2) enables us to compute the homotopy
groups of Tmf(2) as a module over S3. We obtain that the E2 term of the
spectral sequence (5) for Tmf(2) looks as follows:

· · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · ·· · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · ·· · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · ·· · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · ·· · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · ·· · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · ·

-32 -24 -16 -8 0 8 16 24
�������������������������

������������������������
Λ

Λ∨sgn

Figure 1: Jardine spectral sequence (5) for π∗Tmf(2)

As there is no space for differentials or extensions, we conclude that

π∗Tmf(2) = Λ⊕ Σ−9Λ∨sgn.

Even better, we are now able to prove self-duality for Tmf(2).

Since we are working with 2 inverted everywhere, the Anderson dual of Tmf(2)
is defined by dualizing the homotopy groups as Z[1/2]-modules, as noted in
Remark 2.1. Although this duality may deserve the notation IZ[1/2], we forbear
in the interest of compactness of the notation.

Recall that the Anderson dual of Tmf(2) is the function spectrum
F (Tmf(2), IZ), so it inherits an action by S3 from the one on Tmf(2).

Theorem 9.1. The Anderson dual of Tmf(2) is Σ9Tmf(2). The inherited
S3-action on π∗IZTmf(2) corresponds to the action on π∗Σ9Tmf(2) up to a
twist by sign.
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Proof. On the level of homotopy groups, we have the spectral sequence (2)
which collapses because each πiTmf(2) is a free (and dualizable) Z-module.
Thus

π∗IZTmf(2) = (Λ ⊕ Σ−9Λ∨sgn)∨,

which is isomorphic to Σ9(π∗Tmf(2))sgn = Λ∨⊕Σ9Λsgn, as π∗Tmf(2)-modules
via a double duality map. Now, IZTmf(2), being defined as the function
spectrum F (Tmf(2), IZ), is naturally a Tmf(2)-module, thus a dualizing class
f : S9 → IZTmf(2) extends to an equivalence f̃ : Σ9Tmf(2) → IZTmf(2).
Specifically, let f : S9 → IZTmf(2) represent a generator of π9IZTmf(2) =
Z[1/2], which is also a generator of π∗IZTmf(2) as a π∗Tmf(2)-module. Then
the composition

f̃ : S9 ∧ Tmf(2)
f∧IdTmf(2)−−−−−−−→ IZTmf(2) ∧ Tmf(2)

ψ−→ IZTmf(2),

where ψ is the Tmf(2)-action map, gives the required equivalence. Namely, let
a be an element of π∗Tmf(2); then f̃∗(Σ9a) = [f ]a, but f was chosen so that
its homotopy class generates π∗IZTmf(2) as a π∗Tmf(2)-module.

10 Group Cohomology Computations

This section is purely technical; for further use, we compute the S3 homology
and cohomology of the module H∗(M(2), ω∗M(2)) = Λ ⊕ Σ−9Λ∨sgn, where the
action is described in Lemma 7.3. First we deal with Tate cohomology, and
then we proceed to compute the invariants and coinvariants.

10.1 Tate Cohomology

The symmetric group on three letters fits in a short exact sequence

1→ C3 → S3 → C2 → 1,

producing a Lyndon-Hochschield-Serre spectral sequence for the cohomology
of S3. If 2 is invertible in the S3-module M , the spectral sequence collapses to
give that the S3 cohomology, as well as the S3-Tate cohomology, is computed
as the fixed points of the C3-analogue

H∗(C3,M)C2 ∼= H∗(S3,M)

Ĥ∗(C3,M)C2 ∼= Ĥ∗(S3,M).

Therefore, it suffices to compute the respective C3-cohomology groups as C2-
modules.

To do this, we proceed as in [GHMR05]. Give A = Z[1/2][x0, x1, x2] the left
S3-action as follows: g ∈ S3 maps xi to (−1)sgn gxgi. We have a surjection of
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S3-modules A→ Λ given by

x0 7→ λ1

σ(x0) = x1 7→ λ2 − λ1 = σ(λ1)

σ2(x0) = x2 7→ −λ2 = σ2(λ2).

The kernel of this map is the ideal generated by σ1 = x0 + x1 + x2. Therefore,
we have a short exact sequence

0→ Aσ1 → A→ Λ→ 0. (13)

The orbit under σ of each monomial of A has 3 elements, unless that polynomial
is a power of σ3 = x0x1x2. Therefore, A splits as a sum of a S3-module F with
free C3-action and Z[σ3] which has trivial C3-action, i.e.

A = F ⊕ Z[σ3]. (14)

Let N : A → H0(C3, A) be the additive norm map, and let d denote the
cohomology class in bidegree (0, 6) represented by σ3. Then we have an exact
sequence

A
N−→ H∗(C3, A)→ Z/3[b, d]→ 0,

where b is a cohomology class of bidegree (2, 0). The Tate cohomology of A is
then

Ĥ∗(C3, A) ∼= H∗(C3, A)[b−1]
∼→ Z/3[b±1, d].

The quotient C2-action is given by τ(b) = −b and τ(d) = −d. Similarly, noting
that the degree of σ1 is 2, and τ(σ1) = −σ1, we obtain that the C3-cohomology
of the module Aσ1 is the same as that of A, with the internal grading shifted
by 2, and the quotient C2-action twisted by sign. In other words,

Ĥ∗(C3, Aσ1) ∼= Σ2
(

(Zsgn/3)[b̃±1, d̃]
)
.

where again b̃ and d̃ have bidegrees (2, 0) and (0, 6) respectively, and the quo-
tient C2-action is described by

τ : b̃id̃j 7→ (−1)i+j+1 b̃id̃j .

Note that Ĥ∗(C3, A) and Ĥ∗(C3, Aσ1) are concentrated in even cohomological
degrees. Therefore, the long exact sequence in cohomology induced by (13)
breaks up into the exact sequences

0→ Ĥ2k−1(C3,Λ)→ Ĥ2k(C3, Aσ1)→ Ĥ2k(C3, A)→ Ĥ2k(C3,Λ)→ 0. (15)

The middle map in this exact sequence is zero, because it is induced by mul-
tiplication by σ1, which is in the image of the additive norm on A. It follows
that

Ĥ∗(C3,Λ) ∼= Z/3[a, b±1, d]/(a2),
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where a is the element in bidegree (1, 2) which maps to b̃ ∈ Ĥ2(C3, Aσ1). The
quotient action by C2 is described as

τ : a 7→ a

b 7→ −b
d 7→ −d.

Now it only remains to take fixed points to compute the Tate cohomology of
Λ and Λsgn.

Proposition 10.1. Denote by R the graded ring Z/3[a, b±2, d2]/(a2). Then
Tate cohomology of the S3-modules Λ and Λsgn is

Ĥ∗(S3,Λ) = R⊕Rbd,
Ĥ∗(S3,Λsgn) = Rb⊕Rd.

Remark 10.2. The classes a and bd will represent the elements of π∗Tmf com-
monly known as α and β, respectively, at least up to a unit.

10.2 Invariants

We now proceed to compute the invariants H0(S3, H
∗(M(2), ω∗M(2))). The

result is summarized in the next proposition.

Proposition 10.3. The invariants of Λ under the S3-action are isomorphic
to the ring of modular forms MF∗[1/2], i.e.

ΛS3 = Z[1/2][c4, c6,∆]/(1728∆− c34 − c26).

The twisted invariants module ΛS3
sgn is a free ΛS3-module on a generator d of

degree 6.

Proof. Let ε ∈ A denote the alternating polynomial (x1−x2)(x1−x3)(x2−x3).
Then ε2 is symmetric, so it must be a polynomial g(σ1, σ2, σ3) in the elementary
symmetric polynomials. Indeed, g is the discriminant of the polynomial

(x − x0)(x − x1)(x − x2) = x3 + σ1x
2 + σ2x+ σ3. (11)

The C3 invariants in A are the alternating polynomials in three variables

AC3 = Z[σ1, σ2, σ3, ε]/(ε
2 − g).

The quotient action by C2 fixes σ2 and ε, and changes the sign of σ1 and σ3.
Since C3 fixes σ1, the invariants in the ideal in A generated by σ1 are the ideal
generated by σ1 in the invariants AC3 . As H1(C3, Aσ1) = 0, the long exact
sequence in cohomology gives a short exact sequence of invariants

σ1A
C3 → AC3 → ΛC3 → 0.
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Denoting by p the quotient map AC3 → ΛC3 , we now have

ΛC3 ∼= AC3/(σ1) = Z[p(σ2), p(σ3), p(ε)]/p(ε2 + 27σ2
3 + 4σ3

2)

where τ fixes p(σ2) and p(ε) and changes the sign of p(σ3). It is consistent with
the above computations of Tate cohomology to denote σ3 and p(σ3) by d. The
invariant quantities are well-known; they are the modular forms of Eλ of (12),
the universal elliptic curve over M(2):

p(σ2) =− (λ21 + λ22 − λ1λ2) = − 1

16
c4

p(ε) =− (λ1 + λ2)(2λ21 + 2λ22 − 5λ1λ2) =
1

32
c6

p(σ2
3) =d2 = λ21λ

2
2(λ2 − λ1)2 =

1

16
∆.

(16)

Hence, d is a square root of the discriminant ∆, and since 2 is invertible, we
get that the invariants

ΛS3 = Z[1/2][p(σ2), p(σ2
3), p(ε)]/p(ε2 + 27σ2

3 + 4σ3
2)

= Z[1/2][c4, c6,∆]/(1728∆− c34 + c26) = MF∗
(17)

are the ring of modular forms, as expected. Moreover, there is a splitting
ΛC3 ∼= ΛS3 ⊕ dΛS3 , giving that

ΛS3
sgn = dΛS3 . (18)

10.3 Coinvariants and Dual Invariants

To be able to use Theorem (8.5) to compute homotopy groups, we also need
to know the S3-cohomology of the signed dual of Λ. For this, we can use the
composite functor spectral sequence for the functors HomZ(−,Z) and Z ⊗

ZS3

(−).

Since Λ is free over Z, we get that

HomZ(Z ⊗
ZS3

Λsgn,Z) ∼= HomZS3(Z,Λ∨sgn),

and a spectral sequence

ExtpZ(Hq(S3,Λsgn),Z)⇒ Hp+q(S3,Λ
∨
sgn). (19)

The input for this spectral sequence is computed in the following lemma.

Lemma 10.4. The coinvariants of Λ and Λsgn under the S3 action are

H0(S3,Λ) = (3, c4, c6)⊕ ab−1dZ/3[∆]

H0(S3,Λsgn) = d(3, c4, c6)⊕ ab−1Z/3[∆],

where (3, c4, c6) is the ideal of the ring ΛS3 = MF∗ of modular forms generated
by 3, c4 and c6, and d(3, c4, c6) is the corresponding submodule of the free ΛS3-
module generated by d.
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Proof. We use the exact sequence

0→ Ĥ−1(S3,M)→ H0(S3,M)
N−→ H0(S3,M)→ Ĥ0(S3,M)→ 0. (20)

For M = Λ, this is

0→ ab−1dZ/3[∆]→ H0(S3,Λ)
N−→ Z[c4, c6,∆]/(∼)

π−→ Z/3[∆]→ 0,

where the rightmost map π sends c4 and c6 to zero, and ∆ to ∆. Hence its
kernel is the ideal (3, c4, c6), which is a free Z-module so we have a splitting as
claimed.
Similarly, for M = Λsgn, the exact sequence (20) becomes

0→ ab−1Z/3[∆]→ H0(S3,Λsgn)
N−→ dZ[c4, c6,∆]/(∼)

dπ−→ dZ/3[∆]→ 0.

The kernel of dπ is the ideal d(3, c4, c6), and the result follows.

Corollary 10.5. The S3-invariants of the dual module Λ∨ are the module
dual to the ideal (3, c4, c6), and the S3-invariants of the dual module Λ∨sgn are
the module dual to the ideal d(3, c4, c6).

Proof. In view of the above spectral sequence (19), to compute the invariants
it suffices to compute the coinvariants, which we just did in Lemma 10.4, and
dualize.

We need one more computational result crucial in the proof of the main The-
orem 13.1.

Proposition 10.6. There is an isomorphism of modules over the cohomology
ring H∗(S3, π∗Tmf(2))

H∗(S3, π∗IZTmf(2)) ∼= H∗(S3, π∗Σ
21Tmf(2)).

Proof. We need to show that H∗(S3,Σ
9Λsgn ⊕ Λ∨) is a shift by 12 of

H∗(S3,Σ
9Λ⊕Λ∨sgn). First of all, we look at the non-torsion elements. Putting

together the results from equation (18) and Corollary 10.5 yields

H0(S3,Σ
9Λsgn ⊕ Λ∨) = dH0(S3,Σ

9Λ⊕ Λ∨sgn),

and indeed we shall find that the shift in higher cohomology also comes from
multiplication by the element d (of topological grading 12).
Now we look at the higher cohomology groups, computed in Proposition 10.1.
Identifying (b−1)∨ with b, we obtain, in positive cohomological grading

H∗(S3, π∗IZTmf(2)) = Σ9H∗(S3,Λsgn)⊕H∗(Λ∨)

= Z/3[b2,∆]〈Σ9b,Σ9ab,Σ9b2d,Σ9ad〉
⊕Z/3[b2,∆]/(∆∞)〈b2∆, a∨b2∆, bd, a∨bd〉,
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which we are comparing to

Σ21H∗(S3, π∗Tmf(2)) = Σ9dH∗(S3,Λ)⊕ dH∗(S3,Λ
∨
sgn)

= Z/3[b2,∆]〈Σ9b2d,Σ9ad,Σ9b∆,Σ9ab∆〉
⊕Z/3[b2,∆]/(∆∞)〈bd∆, a∨bd∆, b2∆, a∨b2∆〉.

Everything is straightforwardly identical, except for the match for the genera-
tors Σ9b,Σ9ab ∈ Σ9H∗(S3,Λsgn) which have cohomological gradings 2 and 3,
and topological gradings 7 and 10 respectively. On the other side of the equa-
tion we have generators a∨bd, bd ∈ H∗(S3,Λ

∨) = Σ9H∗(S3, H
1(M(2), ω∗)),

whose cohomological gradings are 2 and 3, and topological 7 and 10 respec-
tively. Identifying these elements gives an isomorphism which is compatible
with multiplication by a, b, d.

10.4 Localization

We record the behavior of our group cohomology rings when we invert a mod-
ular form; in Section 11.1 we will be inverting c4 and ∆.

Proposition 10.7. Let M be one of the modules Λ, Λsgn; the ring of modular
forms MF∗ = ΛS3 acts on M . Let m ∈ MF∗, and let M [m−1] be the module
obtained from M by inverting the action of m. Then

H∗(S3,M [m−1]) ∼= H∗(S3,M)[m−1].

Proof. Since the ring of modular form is S3-invariant, the group S3 acts MF∗-
linearly on M ; in fact, S3 acts Z[m±1]-linearly on M , where m is our chosen
modular form. By Exercise 6.1.2 and Proposition 3.3.10 in [Wei94], it follows
that

H∗(S3,M [m−1]) = Ext∗Z[m±1][S3](Z[m±1],M [m−1])

= Ext∗Z[m][S3](Z[m],M)[m−1] = H∗(S3,M)[m−1].

Note that if M is one of the dual modules Λ∨ or Λ∨sgn, the elements of positive
degree (i.e. non-scalar elements) in the ring of modular forms MF∗ act on
M nilpotently. Therefore M [m−1] = 0 for such an m. Moreover, for degree
reasons, c4a = 0 = c4b, and we obtain the following result.

Proposition 10.8. The higher group cohomology of S3 with coefficients in
π∗Tmf(2)[c−14 ] vanishes, and

H∗(S3, π∗Tmf(2)[c−14 ]) = H0(S3,Λ)[c−14 ] = MF∗[c
−1
4 ].

Inverting ∆ has the effect of annihilating the cohomology that comes from the
negative homotopy groups of Tmf(2); in other words,

H∗(S3, π∗TMF (2)) = H∗(S3, π∗Tmf(2)[∆−1]) = H∗(S3,Λ)[∆−1].
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11 Homotopy Fixed Points

In this section we will use the map q : M(2) → M[1/2] and our knowledge
about Tmf(2) from the previous sections to compute the homotopy groups of
Tmf , in a way that displays the self-duality we are looking for. Economizing
the notation, we will write M to mean M[1/2] throughout.

11.1 Homotopy Fixed Point Spectral Sequence

We will use Theorem 6.1 to compute the homotopy groups of Tmf via the
homotopy fixed point spectral sequence

H∗(S3, π∗Tmf(2))⇒ π∗Tmf. (21)

We will employ two methods of calculating the E2-term of this spectral se-
quence: the first one is more conducive to computing the differentials, and the
second is more conducive to understanding the duality pairing.

Method One

The moduli stack M has an open cover by the substacks M0 =M[∆−1] and
M[c−14 ], giving the cube of pullbacks

M0[c−14 ] //

��

M0

��

M(2)
0
[c−14 ]

66nnn
//

��

M(2)
0

;;www

��

M[c−14 ] //M.

M(2)[c−14 ]

66mmm
//M(2)

;;wwww

Since ∆, c4 are S3-invariant elements of H∗(M(2), ω∗), the maps in this dia-
gram are compatible with the S3-action. Taking global sections of the front
square, we obtain a cofiber sequence

Tmf(2)→ TMF (2) ∨ Tmf(2)[c−14 ]→ TMF (2)[c−14 ],

compatible with the S3-action. Consequently, there is a cofiber sequence of the
associated homotopy fixed point spectral sequences, converging to the cofiber
sequence from the rear pullback square of the above diagram

Tmf → TMF ∨ Tmf [c−14 ]→ TMF [c−14 ]. (22)

We would like to deduce information about the differentials of the spectral
sequence for Tmf from the others. According to Proposition 10.8, we know
that the spectral sequences for Tmf [c−14 ] and TMF [c−14 ] collapse at their E2

pages and that all torsion elements come from TMF . From Proposition 10.1,
we know what they are.
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As the differentials in the spectral sequence (21) involve the torsion elements
in the higher cohomology groups H∗(S3, π∗Tmf(2)), they have to come from
the spectral sequence for TMF 5, where they are (by now) classical. They are
determined by the following lemma, which we get from [Bau08] or [Rez01].

Lemma 11.1. The elements α and β in π∗S(3) are mapped to a and bd respec-
tively under the Hurewicz map π∗S(3) → π∗TMF .

Hence, d5(∆) = αβ2, d9(α∆) = β5, and the rest of the pattern follows by
multiplicativity.
The aggregate result is depicted in the chart of Figure 2.

Method Two

On the other hand, we could proceed using our Serre duality for M(2) and
the spectral sequence (19). The purpose is to describe the elements below the
line t = 0 as elements of H∗(S3,Λ

∨
sgn). Indeed, according to the Serre duality

pairing from Theorem 8.5, we have an isomorphism

Hs(S3, H
1(M(2), ωt−4)) ∼= Hs(S3,Λ

∨
sgn),

and the latter is computed in Corollary 10.5 via the collapsing spectral sequence
(19) and Lemma 10.4

ExtpZ(Hq(S3,Λsgn),Z)⇒ Hp+q(S3,Λ
∨
sgn).

In Section 10 we computed the input for this spectral sequence. The coinvari-
ants are given as

H0(S3,Λsgn) = Z/3[∆]ab−1 ⊕ d(3, c4, c6)

by Lemma 10.4, and the remaining homology groups are computed via the Tate
cohomology groups. Namely, for q ≥ 1,

Hq(S3,Λsgn) ∼= Ĥ−q−1(S3,Λsgn)

which, according to Proposition 10.1, equals to the part of cohomological
degree (−q − 1) in the Tate cohomology of Λsgn, which is Rb ⊕ Rd, where
R = Z/3[a, b±2,∆]/(a2). Recall, the cohomological grading of a is one, that of
b is two, and ∆ has cohomological grading zero.
In particular, we find that the invariants H0(S3,Λ

∨
sgn) are the module dual to

the ideal d(3, c4, c6). This describes the negatively graded non-torsion elements.
For example, the element dual to 3d is in bidegree (t, s) = (−10, 1). We can
similarly describe the torsion elements as duals. If X is a torsion abelian group,
let X∨ denote Ext1Z(X,Z), and for x ∈ X , let x∨ denote the element in X∨

corresponding to x under an isomorphism X ∼= X∨. For example, (ab−1)∨

is in bidegree (−6, 2), and the element corresponding to b−2d lies in bidegree
(−10, 5).

5Explicitly, the cofiber sequence (22) gives a commutative square of spectral sequences
just as in the proof of Theorem 13.1 below, which allows for comparing differentials.
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11.2 Duality Pairing

Consider the non-torsion part of the spectral sequence (21) for π∗Tmf . Accord-
ing to Lemma 10.4, on the E2 page, it is MF∗ ⊕ Σ−9d∨(3, c4, c6)∨. Applying
the differentials only changes the coefficients of various powers of ∆. Namely,
the only differentials supported on the zero-line are d5(∆m) for non-negative
integers m not divisible by 3, which hit a corresponding class of order 3. There-
fore, 3ǫ∆m is a permanent cycle, where ǫ is zero if m is divisible by 3 and one
otherwise. In the negatively graded part, only (3∆3kd)∨, for non-negative k,
support a differential d9 and hit a class of order 3, thus (3ǫ∆md)∨ are perma-
nent cycles, for ǫ as above. The pairing at E∞ is thus obvious: 3ǫ∆mci4c

j
6 and

(3ǫ∆mdci4c
j
6)∨ match up to the generator of Z in π−21Tmf .

The pairing on torsion depends even more on the homotopy theory, and inter-
estingly not only on the differentials, but also on the exotic multiplications by
α. The non-negative graded part is Z[∆3] tensored with the pattern in Fig-

ure 3, whereas the negative graded part is (Z[∆3]/∆∞) d∨

λ1λ2
tensored with the

elements depicted in Figure 4.
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α

αβ

β

β2

β3

β4

α∆ = β3

α

αβ∆ = β4

α

� �
3∆

�
3∆2

Figure 3: Torsion in positive degrees

Everything pairs to α∨β5(∆2)∨, which is d9( (3d)
∨

λ1λ2
), i.e. the image under d9 of

1/3 of the dualizing class. Even though α∨β5(∆2)∨ is zero in the homotopy
groups of Tmf , the corresponding element in the homotopy groups of the
K(2)-local sphere is nontrivial [HKM08], thus it makes sense to talk about the
pairing.
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Figure 4: Torsion in negative degrees

Documenta Mathematica 17 (2012) 271–311



302 Vesna Stojanoska

12 The Tate Spectrum

In this section we will relate the duality apparent in the homotopy groups of
Tmf ≃ Tmf(2)hS3 to the vanishing of the associated Tate spectrum. The
objective is to establish the following:

Theorem 12.1. The norm map Tmf(2)hS3 → Tmf(2)hS3 is an equivalence.

A key role is played by the fact that S3 has periodic cohomology.

Generalized Tate cohomology was first introduced by Adem-Cohen-Dwyer in
[ACD89]. However, it was Greenlees and May who generalized and improved
the theory, and, more importantly, developed excellent computational tools in
[GM95]. In this section, we shall summarize the relevant results from [GM95]
and apply them to the problem at hand.
Suppose k is a spectrum with an action by a finite group G; in the terminology
of equivariant homotopy theory, this is known as a naive G-spectrum. There is
a norm map [GM95, 5.3], [LMSM86, II.7.1] from the homotopy orbit spectrum
khG to the homotopy fixed point spectrum khG whose cofiber we shall call the
Tate spectrum associated to the G-spectrum k, and for simplicity denote it by
ktG

khG → khG → ktG. (23)

According to [GM95, Proposition 3.5], if k is a ring spectrum, then so are the
associated homotopy fixed point and Tate spectra, and the map between them
is a ring map.

We can compute the homotopy groups of each of the three spectra in (23) using
the Atiyah-Hirzebruch-type spectral sequences Ě∗, E∗, Ê∗ [GM95, Theorems
10.3, 10.5, 10.6]

Ěp,q2 = H−p(G, πqk)⇒ πq−pkhG

Ep,q2 = Hp(G, πqk)⇒ πq−pk
hG

Êp,q2 = Ĥp(G, πqk)⇒ πq−pk
tG,

which are conditionally convergent. As these spectral sequences can be con-
structed by filtering EG, the first two are in fact the homotopy fixed point and
homotopy orbit spectral sequences. In the case when k = Tmf(2), the first two
are half-plane spectral sequences, whereas the third one is in fact a full plane
spectral sequence. Moreover, the last two are spectral sequences of differential
algebras.
The norm cofibration sequence (23) relates these three spectral sequences by
giving rise to maps between them, which on the E2-terms are precisely the
standard long exact sequence in group cohomology:

· · · → H−p(G,M)→ Hp(G,M)→ Ĥp(G,M)→ H−p−1(G,M)→ · · · (24)
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The map of spectral sequences E∗ → Ê∗ is compatible with the differential
algebra structure, which will be important in our calculations as it will allow
us to determine the differentials in the Tate spectral sequence (and then further
in the homotopy orbit spectral sequence).

Proof of Theorem 12.1 . We prove that the norm is an equivalence by showing
that the associated Tate spectrum is contractible, using the above Tate spectral
sequence for the case of k = Tmf(2) and G = S3

Ĥp(S3, π2t−qTmf(2)) = Ĥp(S3, H
q(M(2), ωt))⇒ π2t−p−qTmf(2)tS3. (25)

The E2-page is the Tate cohomology

Ĥ∗(S3,Λ⊕ Σ−9Λ∨sgn),

which we computed in Proposition 10.1 to be

R⊕Rbd⊕ ηd∨

λ1λ2
R∨ ⊕ ηb∨

λ1λ2
R∨,

where R = Z/3[a, b±2,∆]/(a2), and R∨ = Ext1Z(R,Z). Comparing the two
methods for computing the E2-page of the homotopy fixed point spectral se-

quence (21) identifies ηd∨

λ1λ2
with α

∆ and ηb∨

λ1λ2
with α

β . Further, we can identify

b∨ with b−1 and similarly for ∆, as it does not change the ring structure, and
does not cause ambiguity. We obtain

ηd∨

λ1λ2
R∨ =

α

∆
R∨ =

1

∆
Z/3[a, b±2,∆−1]/(a2)

ηb∨

λ1λ2
R∨ =

α

β
R∨ =

b

d
Z/3[a, b±2,∆−1]/(a2) =

β

∆
Z/3[a, b±2,∆−1]/(a2).

Summing all up, we get the E2-page of the Tate spectral sequence

Ĥ∗(S3, π∗Tmf(2)) = Z/3[α, β±1,∆±1]/(α2), (26)

depicted in Figure 5.
The compatibility with the homotopy fixed point spectral sequence implies that
d5(∆) = αβ2 and d9(α∆2) = β5; by multiplicativity, we obtain a differential
pattern as showed below in Figure 5. From the chart we see that the tenth
page of the spectral sequence is zero, and, as this was a conditionally conver-
gent spectral sequence, it follows that it is strongly convergent, thus the Tate
spectrum Tmf(2)tS3 is contractible.

12.1 Homotopy Orbits

As a corollary of the vanishing of the Tate spectrum Tmf(2)tS3, we fully de-
scribe the homotopy orbit spectral sequence

Hs(S3, πtTmf(2))⇒ πt+sTmf(2)hS3 = πt+sTmf. (27)
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Figure 5: Tate spectral sequence (25) for π∗Tmf(2)tS3
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From (26), we obtain the higher homology groups as well as the differentials.
If S denotes the ring Z/3[β−1,∆±1],

⊕

s>0

Hs(S3, πtTmf(2)) = Σ−1(β−1S ⊕ αβ−2S).

(The suspension shift is a consequence of the fact that the isomorphism comes
from the coboundary map Ĥ∗ → H−∗−1.) The coinvariants are computed in
Lemma 10.4. The spectral sequence is illustrated in Figure 6, with the the topo-
logical grading on the horizontal axis and for consistency, the cohomological on
the vertical axis.

13 Duality for Tmf

In this section we finally combine the above results to arrive at self-duality
for Tmf . The major ingredient in the proof is Theorem 12.1, which gives an
isomorphism between the values of a right adjoint (homotopy fixed points) and
a left adjoint (homotopy orbits). This situation often leads to a Grothendieck-
Serre-type duality, which in reality is a statement that a functor (derived global
sections) which naturally has a left adjoint (pullback) also has a right adjoint
[FHM03].
Consider the following chain of equivalences involving the Anderson dual of
Tmf

IZTmf = F (Tmf, IZ)← F (Tmf(2)hS3, IZ)→ F (Tmf(2)hS3, IZ)

≃ F (Tmf(2), IZ)hS3 ≃ (Σ9Tmf(2)sgn)hS3 ,

which implies a homotopy fixed point spectral sequence converging to the ho-
motopy groups of IZTmf . From our calculations in Section 10 made precise
in Proposition 10.6, the E2-term of this spectral sequence is isomorphic to the
E2-term for the homotopy fixed point spectral sequence for Tmf(2)hS3, shifted
by 21 to the right. A shift of 9 comes from the suspension, and an additional
shift of 12 comes from the twist by sign (which is realized by multiplication by
the element d whose topological degree is 12). It is now plausible that IZTmf
might be equivalent to Σ21Tmf ; it only remains to verify that the differential
pattern is as desired. To do this, we use methods similar to the comparison
of spectral sequences in [Mil81] and in the algebraic setting, [Del71]: a com-
mutative square of spectral sequences, some of which collapse, allowing for the
tracking of differentials.

Theorem 13.1. The Anderson dual of Tmf [1/2] is Σ21Tmf [1/2].

Remark 13.2. Here again Anderson duals are taken in the category of spectra
with 2 inverted, and 2 will implicitly be inverted everywhere in order for the
presentation to be more compact. In particular, Z will denote Z[1/2], and Q/Z
will denote Q/Z[1/2].
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Proof. For brevity, let us introduce the following notation: for R any of
Z,Q,Q/Z, we let A•R be the cosimplicial spectrum F (ES3+ ∧

S3

Tmf(2), IR).

In particular we have that

AhR = F
(
(S3)

∧(h+1)
+ ∧

S3

Tmf(2), IR
)
.

Then the totalization TotA•Z ≃ IZTmf is equivalent to the fiber of the natural
map TotA•Q → TotA•

Q/Z. In other words, we are looking at the diagram

A0
Q

+3

��

A1
Q

_ *4

��

A2
Q · · ·

��

A0
Q/Z

+3 A1
Q/Z

_*4 A2
Q/Z · · ·

and the fact that totalization commutes with taking fibers gives us two ways to
compute the homotopy groups of IZTmf . Taking the fibers first gives rise to the
homotopy fixed point spectral sequence whose differentials we are to determine:
Each vertical diagram gives rise to an Anderson duality spectral sequence (2),

which collapses at E2, as the homotopy groups of each
(
(S3)

∧(h+1)
+ ∧

S3

Tmf(2)
)

are free over Z. On the other hand, assembling the horizontal direction first
gives a map of the Q and Q/Z-duals of the homotopy fixed point spectral
sequence for the S3-action on Tmf(2); this is because Q and Q/Z are injective
Z-modules, thus dualizing is an exact functor.
Let R• denote the standard injective resolution of Z, namely R0 = Q and
R1 = Q/Z related by the obvious quotient map. Then, schematically, we have
a diagram of E1-pages

HomZ

(
Z[S3]⊗(h+1) ⊗

Z[S3]
πtTmf(2), Rv

)

A
��

B
+3 HomZ

(
πt+hTmf(2)hS3, R

v
)

D

��
HomZ

(
Z[S3]⊗(h+1) ⊗

Z[S3]
πtTmf(2),Z

) C
+3 π−t−h−vIZTmf(2)hS3.

The spectral sequence A collapses at E2, and C is the homotopy fixed point
spectral sequence that we are interested in: its E2 page is the S3-cohomology
of the Z-duals of π∗Tmf(2), which are the homotopy groups of the Anderson
dual of Tmf(2)

H∗HomZ

(
Z[S3]⊗(h+1) ⊗

Z[S3]
πtTmf(2),Z

)

∼= H∗HomZ[S3]

(
Z[S3]⊗(h+1),HomZ(πtTmf(2),Z)

)

∼= Hh(S3, π−tIZTmf(2)).
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Indeed, the E2-pages assemble in the following diagram

ExtvZ
(
Hh(S3, πtTmf(2)),Z

)

A
��

B
+3 ExtvZ

(
πt+hTmf(2)hS3,Z

)

D
��

Hh+v(S3, π−tIZTmf(2))
C

+3 π−t−h−vIZTmf(2)hS3.

The spectral sequence A is the dual module group cohomology spectral se-
quence (19), and it collapses, whereas D is the Anderson duality spectral se-
quence (2) which likewise collapses at E2. The spectral sequence B is dual
to the homotopy orbit spectral sequence Ě∗ (27), which we have completely
described in Figure 6. Now [Del71, Proposition 1.3.2] tells us that the differen-
tials in B are compatible with the filtration giving C if and only if A collapses,
which holds in our case. Consequently, B and C are isomorphic.
In conclusion, we read off the differentials from the homotopy orbit spectral
sequence (Figure 6). There are only non-zero d5 and d9. For example, the gen-
erators in degrees (6, 3) and (2, 7) support a d5 as the corresponding elements
in (27) are hit by a differential d5. Similarly, the generator in (1, 72) supports
a d9, as it corresponds to an element hit by a d9. There is no possibility for
any other differentials, and the chart is isomorphic to a shift by 21 of the one
in Figure 2.
By now we have an abstract isomorphism of the homotopy groups of IZTmf
and Σ21Tmf , as π∗Tmf -modules. As in Theorem 9.1, we build a map realizing
this isomorphism by specifying the dualizing class and then extending using the
Tmf -module structure on IZTmf .

As a corollary, we recover [Beh06, Proposition 2.4.1].

Corollary 13.3. At odd primes, the Gross-Hopkins dual of LK(2)Tmf is
Σ22LK(2)Tmf .

Proof. The spectrum Tmf is E(2)-local, hence we can compute the Gross-
Hopkins dual I2Tmf as ΣLK(2)IZTmf by (4).
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Abstract. We define and study a Weil-étale topos for any regular,
proper scheme X over Spec(Z) which has some of the properties sug-
gested by Lichtenbaum for such a topos. In particular, the cohomol-
ogy with R̃-coefficients has the expected relation to ζ(X , s) at s = 0 if
the Hasse-Weil L-functions L(hi(XQ), s) have the expected meromor-
phic continuation and functional equation. If X has characteristic p
the cohomology with Z-coefficients also has the expected relation to
ζ(X , s) and our cohomology groups recover those previously studied
by Lichtenbaum and Geisser.

2000 Mathematics Subject Classification: Primary: 14F20, 11S40,
Secondary: 11G40, 18F10

1. Introduction

In [30] Lichtenbaum suggested the existence of Weil-étale cohomology groups
for arithmetic schemes X (i.e. separated schemes of finite type over Spec(Z))
which are related to the zeta-function ζ(X , s) of X as follows.

a) The compact support cohomology groups Hi
c(XW , R̃) are finite dimen-

sional vector spaces over R, vanish for almost all i and satisfy
∑

i∈Z
(−1)i dimRH

i
c(XW , R̃) = 0.

b) The function ζ(X , s) has a meromorphic continuation to s = 0 and

ords=0 ζ(X , s) =
∑

i∈Z
(−1)i · i · dimRH

i
c(XW , R̃).

c) There exists a canonical class θ ∈ H1(XW , R̃) so that the sequence

· · · ∪θ−−→ Hi
c(XW , R̃)

∪θ−−→ Hi+1
c (XW , R̃)

∪θ−−→ · · ·
is exact.
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314 M. Flach and B. Morin

d) The compact support cohomology groups Hi
c(XW ,Z) are finitely gen-

erated over Z and vanish for almost all i.
e) The natural map from Z to R̃-coefficients induces an isomorphism

Hi
c(XW ,Z)⊗Z R ∼−→ Hi

c(XW , R̃).

f) If ζ∗(X , 0) denotes the leading Taylor-coefficient of ζ(X , s) at s = 0
and

λ : R ∼=
⊗

i∈Z
detRH

i
c(XW , R̃)(−1)

i

the isomorphism induced by c) then

Z · λ(ζ∗(X , 0)−1) =
⊗

i∈Z
detZH

i
c(XW ,Z)(−1)

i

where the determinant is understood in the sense of [28] and R̃ is the
sheaf associated to the field of real numbers endowed with its standard
topology (see Definition 14 below).

If X has finite characteristic these groups are well defined and well under-
stood by work of Lichtenbaum [29] and Geisser [18, 19]. In particular all the
above properties a)-f) hold for dim(X ) ≤ 2 and in general under resolution
of singularities. Lichtenbaum also defined such groups for X = Spec(OF )
where F is a number field and showed that a)-f) hold if one artificially rede-
fines Hi

c(Spec(OF )W ,Z) to be zero for i ≥ 4. In [15] it was then shown that
Hi
c(Spec(OF )W ,Z) as defined by Lichtenbaum does indeed vanish for odd i ≥ 5

but is an abelian group of infinite rank for even i ≥ 4.
In any case, in Lichtenbaum’s definition the groups Hi

c(Spec(OF )W ,Z) and

Hi
c(Spec(OF )W , R̃) are defined via an Artin-Verdier type compactification

Spec(OF ) of Spec(OF ) [1], where however Hi(Spec(OF )W ,F) is not the coho-
mology group of a topos but rather a direct limit of such. The first purpose of
this article is to give a definition of a topos Spec(OF )W which recovers Licht-
enbaum’s groups (see section 5 below). This definition was proposed in the
second author’s thesis [33] and is a natural modification of Lichtenbaum’s idea
which is suggested by a closer look at the étale topos Spec(OF )et.
In [1] Artin and Verdier defined a topos X et for any arithmetic scheme X →
Spec(Z) so that there are complementary open and closed immersions

Xet → X et ← Sh(X∞)

the sense of topos theory [20]. Here X∞ is the topological quotient space
X (C)/GR where X (C) is the set of complex points with its standard Euclidean
topology and GR = Gal(C/R). If X is an arithmetic scheme and Y denotes
either X or X we define the Weil-étale topos of Y by

YW := Yet ×Spec(Z)et
Spec(Z)W ,

a fibre product in the 2-category of topoi. This definition is suggested by the
fact that the Weil-étale topos defined by Lichtenbaum for varieties over finite
fields is isomorphic to a similar fibre product, as was shown in the second
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author’s thesis [33] and will be recalled in section 3 below. The work of Geisser
[19] shows that Lichtenbaums’s definition is only reasonable (i.e. satisfies a)-
f)) for smooth, proper varieties over finite fields. Correspondingly, one can
only expect our fibre product definition to be reasonable for proper regular
arithmetic schemes.
The second purpose of this article is to show that this is indeed the case as far
as R̃-coefficients are concerned. Our main result is the following

Theorem 1.1. Let X be a regular scheme, proper over Spec(Z).

i) For X = Spec(OF ) one has

Spec(OF )W
∼= Spec(OF )et ×Spec(Z)et

Spec(Z)W ,

where Spec(OF )W is the topos defined in section 5 below, based on
Lichtenbaum’s idea of replacing Galois groups by Weil groups.

ii) If X → Spec(Fp) has characteristic p then our groups agree with those
of Lichtenbaum and Geisser and a)-f) hold for X .

iii) If X is flat over Spec(Z) and the Hasse-Weil L-functions L(hi(XQ), s)
of all motives hi(XQ) satisfy the expected meromorphic continuation
and functional equation. Then a)-c) hold for X .

The assumptions of iii) are satisfied, for example, if X is a regular model of a
Shimura curve, or of a self product E × · · · × E where E is an elliptic curve,
over a totally real field F .
Unfortunately, properties d) and e) do not hold with our fibre product def-
inition, even in low degrees, and we also do not expect them to hold with
any similar definition (see the remarks in section 9.3). The right definition of
Weil-étale cohomology with Z-coefficients for schemes of characteristic zero will
require a key new idea, as is already apparent for X = Spec(OF ).
We briefly describe the content of this article. In section 2 we recall pre-
liminaries on sites, topoi and classifying topoi. Section 3 contains the proof
that Lichtenbaum’s Weil-étale topos in characteristic p is a fibre product via a
method that is different from the one in the second author’s thesis [33]. In sec-
tion 4 we recall the definition of X et and the corresponding compact support
cohomology groups Hi

c(Xet,F). In section 5 we define Spec(OF )W and give

the proof of Theorem 1.1 i) (see Proposition 5.5). In section 6 we define XW ,
describe its fibres above all places p ≤ ∞ and its generic point. In section 7 we
compute the cohomology of XW with R̃-coefficients following Lichtenbaum’s
method of studying the Leray spectral sequence from the generic point. This
section is the technical heart of this article. In section 8 we compute the com-
pact support cohomology Hi

c(XW , R̃) via the natural morphism XW → X et

and prove properties a) and c) (see Theorem 8.2). The class θ in c) is defined
in subsection 8.3.
Section 9 introduces Hasse-Weil L-functions of varieties over Q as well as Zeta-
functions of arithmetic schemes and contains the proof of Theorem 1.1 ii) (see
Theorem 9.2) and of property b) (see Theorem 9.1), thereby concluding the
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proof Theorem 1.1 iii). In subsection 9.4 we show that property f) for ζ(X , s)
is compatible with the Tamagawa number conjecture of Bloch and Kato [4] (or

rather of Fontaine and Perrin-Riou [16]) for
∏
i∈Z L(hi(XQ), s)(−1)

i

at s = 0.
In order to do this we need to augment the list of properties a)-f) for Weil-
étale cohomology with further natural assumptions g)-j), some of which hold
in characteristic p, and we need to assume a number of conjectures which are
preliminary to the formulation of the Tamagawa number conjecture. Finally,
in section 10 we prove some results related to the so called local theorem of
invariant cycles in l-adic cohomology, and we formulate analogous conjectures
in p-adic cohomology. These results may be of some interest independently of
Weil-étale cohomology, and are necessary to establish the equality of vanishing
orders

ords=0 ζ(X , s) = ords=0

∏

i∈Z
L(hi(XQ), s)(−1)

i

for regular schemes X proper and flat over Spec(Z).
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2. Preliminaries

In this paper, a topos is a Grothendieck topos over Set, and a morphism of
topoi is a geometric morphism. A pseudo-commutative diagram of topoi is said
to be commutative. We suppress any mention of universes.

2.1. Left exact sites. Recall that a Grothendieck topology J on a category
C is said to be sub-canonical if J is coarser than the canonical topology, i.e. if
any representable presheaf on C is a sheaf for the topology J . A category C is
said to be left exact when finite projective limits exist in C, i.e. when C has a
final object and fiber products. A functor between left exact categories is said
to be left exact if it commutes with finite projective limits.

Definition 1. A Grothendieck site (C,J ) is said to be left exact if C is a left
exact category endowed with a subcanonical topology J . A morphism of left
exact sites (C′,J ′)→ (C,J ) is a continuous left exact functor C′ → C.
Note that any Grothendieck topos, i.e. any category satisfying Giraud’s axioms,
is equivalent to the category of sheaves of sets on a left exact site. Note also
that a Grothendieck site (C,J ) is left exact if and only if the canonical functor
(given in general by Yoneda and sheafification)

y : C −→ (̃C,J )

identifies C with a left exact full subcategory of (̃C,J ). The following result is
proven in [20] IV.4.9.
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Lemma 1. A morphism of left exact sites f∗ : (C′,J ′) → (C,J ) induces a

morphism of topoi f : (C̃,J ) → (C̃′,J ′). Moreover we have a commutative
diagram

(C̃,J )
f∗

←−−−− (C̃′,J ′)
xyC

xyC′

C f∗
←−−−− C′

where the vertical arrows are the fully faithful Yoneda functors.

2.2. The topos T . We denote by Toplc (respectively by Topc) the category of
locally compact topological spaces (respectively of compact spaces). A locally
compact space is assumed to be Hausdorff. The category Toplc is endowed
with the open cover topology Jop, which is subcanonical. We denote by T the
topos of sheaves of sets on the site (Toplc,Jop). The Yoneda functor

y : Toplc −→ T
is fully faithful, and Toplc is viewed as a generating full subcategory of T . For
any object T of Toplc, T is locally compact hence there exist morphisms

∐
yUi →

∐
yKi → yT

where {Ui ⊂ T } is an open covering, and Ki is a compact subspace of T .
It follows that

∐
yUi → yT is an epimorphism in T , hence so is

∐
yKi →

yT . This shows that the category of compact spaces Topc is a generating full
subcategory of T .
The unique morphism t : T → Set has a section s : Set→ T such that t∗ = s∗

hence we have three adjoint functors t∗, t∗ = s∗, s∗. In particular t∗ is exact
hence we have Hn(T ,A) = Hn(Set,A(∗)) = 0 for any n ≥ 1 and any abelian
object A (see Lemma 8 for a generalization of this fact).

2.3. Classifying topoi.

2.3.1. General case. For any topos S and any group object G in S, we denote
by BG the category of left G-object in S. Then BG is a topos, as it follows
from Giraud’s axioms, and BG is endowed with a canonical morphism BG → S,
whose inverse image functor sends an object F of S to F with trivial G-action.
If there is a risk of ambiguity, the topos BG is denoted by BS(G). We denote
by EG the object of BG given by the action of G on itself by left multiplication.
The topos BG is said to be the classifying topos of G since for any topos
f : E → S over S, the category HomtopS (E , BG) is equivalent to the category

of f∗G-torsors in E (see [20] IV. Exercice 5.9).

2.3.2. Examples. Let G be a discrete group, i.e. a group object of the final
topos Set. Then BSetG is the category of left G-sets, and the cohomology
groups H∗(BSetG,A), where A is an abelian object of BG i.e. a G-module,
is precisely the cohomology of the discrete group G. Here BSetG is called the
small classifying topos of the discrete group G and is denoted by BsmG . If G is
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a profinite group, the small classifying topos BsmG of the profinite group G is
the category of continuous G-sets.
Let G be a locally compact topological group. Then G represents a group
object of T , where T is defined above. Then BG is the classifying topos of the
topological group G, and the cohomology groups H∗(BG,A), where A is an
abelian object of BG (e.g. a topological G-module) is the cohomology of the
topological group G. If G is not locally compact, then we just need to replace
T with the category of sheaves on (Top,Jop).
Let S be a scheme and let G be a smooth group scheme over S. We denote by
SEt the big étale topos of S. Then G represents a group object of SEt and BG
is the classifying topos of G. The cohomology groups H∗(BG,A), where A is
an abelian object of BG (e.g. an abelian group scheme over S endowed with a
G-action) is the étale cohomology of the S-group scheme G.

2.3.3. The local section site. For G any locally compact topological group, we
denote by BToplcG the category of G-equivariant locally compact topological
spaces endowed with the local section topology Jls (see [30] section 1). The
Yoneda functor yields a canonical fully faithful functor

BToplcG −→ BG.

Then one can show that the local section topology Jls on BToplcG is the topol-
ogy induced by the canonical topology of BG. MoreoverBToplcG is a generating
family of BG. It follows that the morphism

BG −→ ˜(BToplcG,Jls)
is an equivalence. In other words the site (BToplcG,Jls) is a site for the clas-
sifying topos BG (see [15] for more details).

2.3.4. The classifying topos of a strict topological pro-group. A locally compact
topological pro-group G is a pro-object in the category of locally compact topo-
logical groups, i.e. a functor Iop → Gr(Toplc), where I is a filtered category
and Gr(Toplc) is the category of locally compact topological groups. A locally
compact topological pro-group G is said to be strict if the transition maps
Gj → Gi have local sections. We define the limit of G in the 2-category of
topoi as follows.

Definition 2. The classifying topos of a strict topological pro-group G is de-
fined as

BG := lim←−I BGi ,

where the the projective limit is computed in the 2-category of topoi.

2.3.5. In order to ease the notations, we will simply denote by Top the category
of locally compact spaces. For any locally compact group G, we denote by
BTopG the category of locally compact spaces endowed with a continuous G-
action.
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2.4. Fiber products of topoi. The class of topoi forms a 2-category. In
particular, Homtop (E ,F) is a category for any pair of topoi E and F . If
f, g : E ⇒ F are two objects of Homtop (E ,F), then a morphism σ : f → g is
a natural transformation σ : f∗ → g∗. Consider now two morphisms of topoi
with the same target f : E → S and g : F → S. For any topos G, we define the
category

Homtop (G, E) ×Homtop (G,S) Homtop (G,F)

whose objects are given by triples of the form (a, b, α), where a and b are objects
of Homtop (G, E) and Homtop (G,F) respectively, and

α : f ◦ a ∼= g ◦ b

is an isomorphism in the category Homtop (G,S).
A fiber product E ×S F in the 2-category of topoi is a topos endowed with
canonical projections p1 : E ×S F → E , p2 : E ×S F → F and an isomorphism
α : f ◦ p1 ∼= g ◦ p2 satisfying the following universal condition. For any topos G
the natural functor

Homtop (G, E ×S F) −→ Homtop (G, E) ×Homtop (G,S) Homtop (G,F)

d 7−→ (p1 ◦ d, p2 ◦ d, α ◦ d∗)

is an equivalence. It is known that fiber products of topoi always exist (see
[25] for example). The universal condition implies that such a fiber product is
unique up to equivalence. A product of topoi is a fiber product over the final
topos

E × F = E ×Set F .

A square of topoi

E ′ −−−−→ S ′
y

y

E −−−−→ S
is said to be a pull-back if it is commutative and if the morphism

E ′ −→ E ×S S ′,

given by the universal condition for the fiber product, is an equivalence. The
following examples will be used in this paper. Let f : E → S be a morphism of
topoi. For any object X of S, the commutative diagram

(1)

E/f∗X −−−−→ S/X
y

y

E f−−−−→ S
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is a pull-back (see [20] IV Proposition 5.11). For any group-object G in S, the
commutative diagram

(2)

BE(f∗G) −−−−→ BS(G)
y

y

E f−−−−→ S
is a pull-back. This follows from the fact that BS(G) classifies G-torsors.

3. The Weil-étale topos in characteristic p is a fiber product

For any scheme Y , we denote by Yet the (small) étale topos of Y , i.e. the
category of sheaves of sets on the étale site on Y . Let G be a discrete group
acting on a scheme Y . An étale sheaf F on Y is G-equivariant if F is endowed
with a family of morphisms {ϕg : g∗F → F ; g ∈ G} satisfying ϕ1G = IdF and
ϕgh = ϕg ◦ g∗(ϕh), for any g, h ∈ G. The category S(G;Yet) of G-equivariant
étale sheaves on Y is a topos, as it follows from Giraud’s axioms. The coho-
mology H∗(S(G;Yet),A), for any G-equivariant abelian étale sheaf on Y , is the
equivariant étale cohomology for the action (G, Y ).
An equivariant map of G-schemes u : X → Y induces a morphism of topoi
S(G;Xet)→ S(G;Yet). Let Y be a scheme separated and of finite type over a

field k, let k/k be a separable closure and let F be an étale sheaf on Y ⊗k k. An
action of the Galois group Gk on F is said to be continuous when the induced
action of the profinite group Gk on the discrete set F(U×k k) is continuous, for
any U étale and quasi-compact over Y . It is well known that the étale topos
Yet is equivalent to the category S(Gk, Y et) of étale sheaves on Y := Y ⊗k k
endowed with a continuous action of the Galois group Gk.
Let Y be a separated scheme of finite type over a finite field k = Fq. Let k/k be
an algebraic closure. Let Wk and Gk be the Weil group and the Galois group of
k respectively. Recall that Wk is the discrete subgroup of Gk generated by the
Frobenius element. The small classifying topos BsmWk

is defined as the category
of Wk-sets, while BsmGk

is the category of continuous Gk-sets. We denote by
Y smW the Weil-étale topos of the scheme Y , which is defined as follows. We

consider the scheme Y = Y ⊗k k endowed with the action of Wk. Then the
Weil-étale topos Y smW is the topos of Wk-equivariant sheaves of sets on Y . We
have a morphism

γY : Y smW := S(Wk, Y et) −→ S(Gk, Y et) ∼= Yet.

Indeed, consider the functor γ∗Y which takes an étale sheaf F on Y endowed
with a continuous Gk-action to the sheaf F endowed with the induced Wk-
action via the canonical map Wk → Gk. Then γ∗Y commutes with arbitrary
inductive limits and with projective limits. Hence γ∗Y is the inverse image of
a morphism of topoi γY . This morphism has been defined and studied by T.
Geisser in [18]. Note that the Weil-étale topos of Spec(k) is precisely BsmWk

and
that the étale topos Spec(k)et is equivalent to BsmGk

. In this case the morphism
γk := α : BsmWk

→ BsmGk
, from the Weil-étale topos of Spec(k) to its étale topos

Documenta Mathematica 17 (2012) 313–399
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is the morphism induced by the canonical map Wk → Gk. The structure
map Y → Spec(k) gives a Wk-equivariant morphism of schemes Y → Spec(k),
inducing in turn a morphism Y smW → BsmWk

. This structure map also induces a
morphism of étale topos Yet → BsmGk

. The diagram

(3)

Y smW
γY−−−−→ Yety

y

BWk

α−−−−→ BGk

is commutative, where α is induced by the morphism Wk → Gk. The aim of
this section is to prove that the previous diagram is a pull-back of topoi. Our
proof is based on a descent argument. We need some basic facts concerning
truncated simplicial topoi. A truncated simplicial topos S• is given by the
usual diagram

S2 ⇒→ S1 ⇒← S0
Given such a truncated simplicial topos S•, we define the category Desc(S•)
of objects of S0 endowed with a descent data. By [32], the category Desc(S•)
is a topos. More precisely, Desc(S•) is the inductive limit of the diagram S•
in the 2-category of topoi. The simplest example is the following. Let S be a
topos and let X be an object of S. We consider the truncated simplicial topos

(S, X)• : S/(X ×X ×X)⇒→ S/(X ×X)⇒← S/X
where these morphisms of topoi are induced by the projections maps (of the
form X × X × X → X × X and X × X → X) and by the diagonal map
X → X × X . It is well known that, if X covers the final object of S (i.e.
X → eS is epimorphic where eS is the final object of S), then the natural
morphism

Desc(S, X)• −→ S
is an equivalence (see [12] Chapter 4 Example 4.1). In other words S/X → S
is an effective descent morphism for any X covering the final object of S.

Lemma 2. Let f : E → S be a morphism of topoi and let X be an object of S
covering the final object. The morphism f is an equivalence if and only if the
induced morphism

f/X : E/f∗X −→ S/X
is an equivalence.

Proof. The condition is clearly necessary. Assume that f/X is an equivalence.
We have S/(X ×X) = (S/X)/(X ×X) and S/(X ×X ×X) = (S/X)/(X ×
X ×X), for any projection maps X ×X → X and X ×X ×X → X . Hence
the triple of morphisms (f/X ×X ×X, f/X ×X, f/X) yields an equivalence
of truncated simplicial topoi

f/ : (E , f∗X)• −→ (S, X)•

This equivalence induces an equivalence of descent topoi

Desc(f/) : Desc(E , f∗X)• −→ Desc(S, X)•
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such that the following square is commutative

Desc(E , f∗X)•
Desc(f/)−−−−−−→ Desc(S, X)•y

y

E f−−−−→ S
This shows that f is an equivalence since the vertical maps are equivalences. �

Theorem 3.1. Let Y be a scheme separated and of finite type over a finite field
k. The canonical morphism

Y smW −→ Yet ×Bsm
Gk
BsmWk

is an equivalence.

Proof. The morphism

f : Y smW −→ Yet ×Bsm
Gk
BsmWk

is defined by the commutative square (3). Let p : Yet×Bsm
Gk
BsmWk

→ BsmWk
be the

second projection. Consider the object EWk of BsmWk
defined by the action of

Wk on itself by multiplication, and let p∗EWk be its pull-back in Yet×Bsm
Gk
BsmWk

.

It is enough to show that the morphism

f/p∗EWk : Y smW /f∗p∗EWk −→ (Yet ×Bsm
Gk
BsmWk

)/p∗EWk

is an equivalence.
Recall that Y smW := Set(Wk, Y ) is the topos of Wk-equivariant étale sheaves on

Y . The object f∗p∗EWk is represented by the Wk-equivariant étale Y -scheme∐
Wk

Y → Y . One has the following equivalences

Y smW /f∗p∗EWk = S(Wk, Y et)/
∐

Wk

yY ∼= S(Wk,
∐

Wk

Y et) ∼= Y et.

Consider now the localization (Yet ×Bsm
Gk
BsmWk

)/p∗EWk. We have the following

canonical equivalences:

(Yet ×Bsm
Gk
BsmWk

)/p∗EWk
∼= Yet ×Bsm

Gk
BsmWk

×Bsm
Wk

Set(4)

∼= Yet ×Bsm
Gk
Set(5)

∼= lim←− (Yet ×Bsm
G

k′/k
Set)(6)

∼= lim←− (Yet ×Bsm
G

k′/k
(BsmGk′/k

/EGk′/k))(7)

∼= lim←− (Yet/Y
′)(8)

∼= lim←− Y
′
et(9)

∼= (lim←− Y
′)et = Y et(10)
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Indeed, (4) follows from the canonical equivalence BsmWk
/EWk

∼= Set. The
inverse limit in (6) is taken over the Galois extensions k′/k. Using the natural
equivalence

BsmGk

∼= lim←−B
sm
G(k′/k)

(6) follow from the universal property of limits of topoi. For (7) we use again

BsmG(k′/k)/EG(k′/k) ∼= Set.

Then (8) follows from the fact that the inverse image of EG(k′/k) in the étale
topos Yet is the sheaf represented by the étale Y -scheme Y ′ := Y ×k k′. Then
(9) is given by ([20] III Proposition 5.4), and (10) is given by ([33] Lemma 8.3),
since the schemes Y ′ are all quasi-compact and quasi-separated. We obtain a
commutative square

(11)

Y et
Id−−−−→ Y ety

y

Y smW /f∗p∗EWk
f/p∗EWk−−−−−−→ (Yet ×Bsm

Gk
BsmWk

)/p∗EWk

where the vertical maps are the equivalences defined above. It follows that
f/p∗EWk is an equivalence, and so is f by Lemma 2. �

Corollary 1. There is a canonical equivalence

Yet ×Bsm
Gk
BWk

∼= Y smW × T

Proof. The Weil group Wk is a group of the final topos Set. If u : T → Set
denotes the unique map, then u∗Wk is the group object of T represented by
the discrete group Wk. Hence one has (see the pull-back diagram (2)):

BsmWk
× T := BSet(Wk)× T ∼= BT (yWk) =: BWk

.

The previous theorem therefore yields

Yet ×Bsm
Gk
BWk

∼= Yet ×Bsm
Gk
BsmWk

× T ∼= Y smW × T .
�

Definition 3. We define the big Weil-étale topos of Y as the fiber product

YW := Yet ×Bsm
Gk
BWk

∼= Y smW × T .

Corollary 2. Let p1 : YW → Y smW and p2 : YW → T be the projections. Then
for any abelian object A′ of YW , one has

Hn(YW ,A′) ∼= Hn(Y smW , p1∗A′).
If A is an abelian object of T , then

Hn(YW , p
∗
2A) ∼= Hn(Y smW ,A(∗)).

Proof. This follows from Corollary 12, using the equivalence YW ∼= Y smW ×
T . �
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Define the sheaf R̃ on YW as p∗2(yR), where yR is the object of T represented
by the standard topological group R. Then we have canonical isomorphisms

Hn(YW , R̃) ∼= Hn(Y smW ,R) and Hn(YW ,Z) ∼= Hn(Y smW ,Z)

as it follows from the previous corollary.

Corollary 3. Let α : G → H and β : G′ → H be two homomorphisms of
group objects in a topos S. If α is an epimorphism then the natural morphism

f : BG×HG′ −→ BG ×BH BG′

is an equivalence.

Proof. Let eS be the final object in S. The unique map G′ → eS is epimorphic,
since the unit of G′ yields a section eS → G′. Therefore, the morphism EG′ →
eG′ in BG′ , where eG′ is the final object of BG′ , is epimorphic. We denote the
second projection by

p : BG ×BH BG′ −→ BG′

Let K be the kernel of α, so that G/K ∼= H. On the one hand, we have the
following canonical equivalences:

(BG ×BH BG′)/p∗EG′ ∼= BG ×BH (BG′/EG′)
∼= BG ×BH S
∼= BG ×BH (BH/EH)

∼= BG/α
∗EH

∼= BG/(G/K)
∼= BK

Here G/K is endowed with its natural G-action. The second, the third and the
last equivalences are given by ([20] IV.5.8), and the fourth equivalence is given
by the pull-back diagram (1).
On the other hand, we have an exact sequence of group objects in S

1→ K → G ×H G′ → G′ → 1.

Indeed, the kernel of G ×H G′ → G′ is given by

G ×H G′ ×G′ eS = G ×H eS = K.
Moreover, G ×H G′ → G′ is epimorphic, since epimorphisms are universal in a
topos. We obtain

BG×HG′/f∗p∗EG′ = BG×HG′/(G ×H G′/K)

= BK

and we have a commutative square

(12)

BK
Id−−−−→ BKy

y

BG×HG′/f∗p∗EG′ f/p∗EG′
−−−−−−→ (BG ×BH BG′)/p∗EG′
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where the vertical maps are the equivalences defined above. Hence f/p∗EG′ is
an equivalence. By Lemma 2, f is an equivalence as well, since EG′ → eG′ is
epimorphic. �

Corollary 4. Let α : G → H and β : G′ → H be two morphisms of locally
compact topological groups. If α has local sections then the natural morphism

f : BG×HG′ −→ BG ×BH BG′

is an equivalence.

Proof. Since α : G→ H has local sections, the induced morphism y(G)→ y(H)
is an epimorphism in T . Hence the result follows from Corollary 3. �

4. Artin-Verdier étale topos of an arithmetic scheme

Let X be a scheme separated and of finite type over Spec(Z). We denote by X an
the complex analytic variety associated to X ⊗ZC, endowed with the standard
complex topology. The Galois group GR of R acts on X an. The quotient space
X∞ := X an/GR is endowed with the quotient topology. We consider the pair

X := (X ,X∞).

As a set, X is the disjoint union X ∐X∞. The Zariski topology on X is
defined as follows. An open subset (U , D) of X is given by a Zariski open
subscheme U ⊂ X and an open subspace D ⊂ U∞ for the complex topology.
We define the category EtX of étale X -schemes as follows. An étale X -scheme
is an arrow f : (U , D) → (X ,X∞), where U → X is an étale morphism in
the usual sense and D is an open subset of U∞. The map f∞ : D → X∞
is supposed to be unramified in the sense that f∞(d) ∈ X (R) if and only if
d ∈ D ∩ U(R). An étale X -scheme U is said to be connected (respectively
irreducible) if it is connected (respectively irreducible) as a topological space.
A morphism (U , D) → (U ′, D′) in the category EtX is given by a morphism
of étale X -schemes U → U ′ inducing a map D → D′. The étale topology Jet
on the category EtX is the topology generated by the pretopology for which a
covering family is a surjective family. The Artin-Verdier étale site is left exact.

Definition 4. The Artin-Verdier étale topos of X is the category of sheaves
of sets on the Artin-Verdier étale site:

X et := ( ˜EtX ,Jet).
Let X and Y be schemes which are separated and of finite type over Spec(Z).
A map f : X → Y induces a map f̄ : X → Y (in the obvious sense) and a
morphism of topoi f̄et : X et → Yet. The object yX := y(X , ∅) is a subobject
of the final object yX of X et. This yields an open subtopos

X et/y(X , ∅) →֒ X et.
We have the following canonical identifications (see [20] III Proposition 5.4):

X et/y(X , ∅) ∼= ˜(EtX /(X ,∅),Jind) ∼= ( ˜EtX ,Jet) = Xet
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where Xet is the usual étale topos of X , and Jind is the topology on EtX /(X , ∅)
induced by Jet on EtX via the forgetful functor EtX /(X , ∅)→ EtX . We thus
obtain an open embedding

ϕ : Xet →֒ X et.
Let Sh(X∞) be the topos of sheaves of sets on the topological space X∞, i.e.
the category of étalé spaces on X∞. We consider Sh(X∞) as a site endowed
with the canonical topology Jcan. There is a morphism of left exact sites

u∗∞ : (EtX ,Jet) −→ (Sh(X∞),Jcan)
(U , D) 7−→ D → X∞

The resulting morphism of topoi

u∞ : Sh(X∞) −→ X et
is precisely the closed complement of the open subtopos Xet →֒ X et defined
above, i.e. we have the following result.

Proposition 4.1. There is an open-closed decomposition of topoi

ϕ : Xet −→ X et ←− Sh(X∞) : u∞

The gluing functor u∗∞φ∗ can be made more explicit as follows. There is a
canonical morphism of topoi

α : Sh(GR,X an) −→ Xet
where Sh(GR,X an) is the topos of GR-equivariant sheaves on the topological
space X an, i.e. the category of GR-equivariant étalé spaces on X an. The map
α is defined by the morphism of left exact sites which takes an étale X -scheme
U to the GR-equivariant étalé space Uan over X an (note that Uan → X an is a
GR-equivariant local homeomorphism since the morphism U ⊗Z C → X ⊗Z C
is étale and compatible with complex conjugation).
The quotient map X an → X an/GR yields another morphism of topoi

(π∗, πGR

∗ ) : Sh(GR,X an) −→ Sh(X∞).

Here π : X an → X∞ is the quotient map, π∗ is the usual inverse image and
πGR∗ F is the GR-invariant subsheaf of the the direct image π∗F , i.e. for any
open U ⊂ X∞ one has

πGR
∗ F(U) := F(π−1U)GR .

Then we have an identification of functors

u∗∞ϕ∗ ∼= πGR

∗ α∗ : Xet −→ Sh(X∞)

Let us consider the category (Sh(X∞) ,Xet, πGR∗ α∗) defined in ([20] IV.9.5.1) by
Artin gluing. Recall that an object of this category is a triple (F,E, σ), where F
is an object of Sh(X∞), E is an object of Xet and σ is a map σ : F → πGR∗ α∗E.

Corollary 5. The category X et is canonically equivalent to
(Sh(X∞) ,Xet, πGR∗ α∗).
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Proof. There is a canonical functor

Φ : X et −→ (Sh(X∞) ,Xet, u∗∞ϕ∗)
F 7−→ (u∗∞F , ϕ∗F , σ)

where the morphism

σ : u∗∞F −→ u∗∞ϕ∗(ϕ
∗F)

is induced by the adjunction transformation Id → ϕ∗ϕ∗. By ([20] IV.9.5.4.a)
the functor Φ is an equivalence of categories, since u∞ : Sh(X∞) →֒ X et is the
closed complement of the open embedding φ : Xet →֒ X et. Hence the result
follows from the isomorphism

u∗∞ϕ∗ ∼= πGR

∗ α∗.

�

Corollary 6. We denote by∞ the archimedean place of Q. The commutative
square

(13)

Sh(X∞) −−−−→ Sh(∞)
y

y

X et f−−−−→ Spec(Z)et

is a pull-back, where Sh(∞) = Set is the category of sheaves on the one point
space.

Proof. The map X → Spec(Z) induces a morphism of étale topos f . Consider

the open embedding Spec(Z)et →֒ Spec(Z)et. Its inverse image under the map

f is Xet →֒ X et. The result therefore follows from Proposition 4.1 and ([20] IV
Corollaire 9.4.3). �

Proposition 4.2. For any prime number p, we have a pull-back

(14)

(X ⊗Z Fp)et −−−−→ Spec(Fp)ety
y

X et f−−−−→ Spec(Z)et

Proof. The morphism Spec(Fp)et → Spec(Z)et factors through Spec(Z)et,
hence one is reduced to show that

(X ⊗Z Fp)et ∼= Xet ×Spec(Z)et
Spec(Fp)et.

This follows from ([20] IV Corollaire 9.4.3) since Spec(Fp)→ Spec(Z) is a closed
embedding. �
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4.1. Étale cohomology with compact support. It follows from Corol-
lary 5 that we have the usual sequences of adjoint functors (see [20] IV.14)

ϕ!, ϕ
∗, ϕ∗ and u∗∞, u∞∗, u

!
∞.

between the categories of abelian sheaves on X et, Xet and Sh(X∞). In partic-
ular u∞∗ is exact and ϕ∗ preserves injective objects since ϕ! is exact. For any
abelian sheaf A on X et, one has the exact sequence

(15) 0→ ϕ!ϕ
∗A → A→ u∞∗u

∗
∞A → 0,

where the morphisms are given by adjunction.

Definition 5. Assume that X is proper over Spec(Z) and let A be an abelian
sheaf on Xet. The étale cohomology with compact support is defined by

Hn
c (Xet,A) := Hn(X et, ϕ!A).

Proposition 4.3. Let X be a flat proper scheme over Spec(Z). Assume that
X is normal and connected. Then the R-vector space Hn

c (Xet,R) is finite di-
mensional, zero for n large, and we have

Hn
c (Xet,R) = 0 for n = 0

= H0(X∞,R)/R for n = 1

= Hn−1(X∞,R) for n ≥ 2

Proof. The exact sequence

0→ ϕ!R→ R→ u∞∗R→ 0

and the fact that u∞∗ is exact give a long exact sequence

0→ H0
c (Xet,R)→ H0(X et,R)→ H0(X∞,R)→ H1

c (Xet,R)→ H1(X et,R)→
The inclusion of the generic point of X yields a morphism of topoi

η : (Spec K(X ))et −→ X et.
We have immediately Rnη∗R = 0 for any n ≥ 1 since Galois cohomology is
torsion and R is uniquely divisible. Moreover, we have η∗R = R. Indeed,
the scheme X is normal hence the set of connected components of an étale
X -scheme U is in 1-1 correspondence with the set of connected components of
U ×X Spec K(X ) , i.e. one has

π0(U ×X Spec K(X )) = π0(U) = π0(U).

Therefore the Leray spectral sequence associated to the morphism η gives

Hn(X et,R) = Hn(GK(X ),R).

We obtain H0(X et,R) = R and Hn(X et,R) = 0 for n ≥ 1, and the result
follows. �
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5. The definition of Spec(OF )W

Let F be a number field. We consider the Arakelov compactification X̄ =
(Spec OF , X∞) of X = Spec OF , where X∞ is the finite set of archimedean
places of F . Note that this is a special case of the previous section, since X∞ is
the quotient of X ⊗ C by complex conjugation. We endow X̄ with the Zariski
topology described previously.
If F̄ /F is an algebraic closure and F̄ /K/F a finite Galois extension then the
relative Weil group WK/F is defined by the extension of topological groups

1→ CK →WK/F → GK/F → 1

corresponding to the fundamental class in H2(GK/F , CK) given by class field
theory, where CK is the idèle class group of K. A Weil group of F is then
defined as the projective limit WF := lim←−WK/F , computed in the category of

topological groups. Alternatively, let F̄ /K/F be a finite Galois extension and
let S be a finite set of places of F containing all the places which ramify in K.
Then the fundamental class in

H2(GK/F , CK) ∼= H2(GK/F , CK,S)

yields a group extension

1→ CK,S →WK/F,S → GK/F → 1

where CK,S is the S-idèle class group of K. Then one has (see [30])

WF := lim←−WK/F = lim←−WK/F,S ,

where K runs over the finite Galois extensions F̄ /K/F and S runs over the
finite sets of places of F containing all the places which ramify in K.
However, the structure of the Weil-?tale topos at the generic point suggests
to consider the projective system of topological groups WK/F,S as a strict
topological pro-group WK/F,S (see Sect. 2.3.4).

5.1. The Weil-étale topos. We choose an algebraic closure F̄ /F and a Weil
group WF . For any place v of F , we choose an algebraic closure F̄v/Fv and
an embedding F̄ → F̄v over F . Then we choose a local Weil group WFv and a
Weil map θv : WFv →WF compatible with F̄ → F̄v.
Let W 1

Fv
be the maximal compact subgroup of WFv . For any closed point

v ∈ X̄ (ultrametric or archimedean), we define the Weil group of ”the residue
field at v” as follows

Wk(v) := WFv/W
1
Fv
,

while the Galois group of the residue field at v can be defined as Gk(v) :=
GFv/Iv. Note that Gk(v) is the trivial group for v archimedean. For any v,
the Weil map WFv → GFv chosen above induces a morphism Wk(v) → Gk(v).
Finally, we denote by

qv : WFv −→WFv/W
1
Fv

=: Wk(v)
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the map from the local Weil group WFv to the Weil group of the residue field
at v ∈ X̄ .

Definition 6. Let TX̄ be the category of objects (Z0, Zv, fv) defined as follows.
The topological space Z0 is endowed with a continuous WF -action. For any
place v of F , Zv is a topological space endowed with a continuous Wk(v)-action.
The continuous map fv : Zv → Z0 is WFv -equivariant, when Zv and Z0 are
seen as WFv -spaces via the maps θv : WFv → WF and qv : WFv → Wk(v).
Moreover, we require the following facts.

• The spaces Zv are locally compact.
• The map fv is an homeomorphism for almost all places v of F and a

continuous injective map for all places.
• The action of WF on Z0 factors through WK/F , for some finite Galois

subextension F̄ /K/F .

A morphism
φ : (Z0, Zv, fv)→ (Z ′0, Z

′
v, f
′
v)

in the category TX̄ is a continuous WF -equivariant map φ : Z0 → Z ′0 inducing
a continuous map φv : Zv → Z ′v for any place v. Then φv is Wk(v)-equivariant.
The category TX̄ is endowed with the local section topology Jls, i.e. the topology
generated by the pretopology for which a family

{ϕi : (Zi,0, Zi,v, fi,v)→ (Z0, Zv, fv), i ∈ I}
is a covering family if

∐
i∈I Zi,v → Zv has local continuous sections, for any

place v.

Lemma 3. The site (TX̄ ,Jls) is left exact.

Proof. The category TX̄ has fiber products and a final object, hence finite
projective limits are representable in TX̄ . It remains to show that Jls is sub-
canonical. This follows easily from the fact that, for any topological group G,
the local section topology Jls on BTopG coincides with the open cover topology
Jop, which is subcanonical. �

Definition 7. We define the Weil-étale topos X̄W as the topos of sheaves of
sets on the site defined above:

X̄W := ˜(TX̄ ,Jls).
Proposition 5.1. We have a morphism of topoi

j : BWF −→ X̄W .

Proof. By [15] Corollary 2, the site (BTopWF ,Jls) is a site for the classifying
topos BWF . By [15] Corollary 2, the site (BTopWF ,Jls) is a site for BWF . The
morphism of left exact sites

j∗ : (TX̄ ,Jls) −→ (BTopWF ,Jls)
(Z0, Zv, fv) 7−→ Z0

induces the morphism of topoi j. �
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Proposition 5.2. The morphism of topoi j : BWF → X̄W factors through the
classifying topos

BWK/F,S
:= lim←−BWK/F,S

of the strict topological pro-group WK/F,S (see Sect. 2.3.4). The induced mor-

phism i0 : BWK/F,S
→ X̄W is an embedding.

Proof. Let (Z0, Zv, fv) be an object of TX̄ . The action of WF on Z0 factors
through WK/F , for some finite Galois sub-extension F̄ /K/F . Since WK/F and
Z0 are both locally compact, this action is given by a continuous morphism

ρ : WK/F −→ Aut(Z0)

where Aut(Z0) is the homeomorphism group of Z0 endowed with the compact-
open topology. The kernel of ρ is a closed normal subgroup of WK/F since

Aut(Z0) is Hausdorff. Moreover, there exists an open subset V of X̄ such that

fv : Zv → Z0 is an isomorphism of WFv -spaces for any v ∈ V . Let W̃ 1
Fv

denote
the image of the continuous morphism

W 1
Fv
−→WFv −→WK/F ,

endowed with the induced topology. Then W̃ 1
Fv

is in the kernel of ρ for any
v ∈ V . Let NV be the closed normal subgroup of WK/F generated by the

subgroups W̃ 1
Fv

for any v ∈ V . Then ρ induces a continuous morphism

WK/F /NV −→ Aut(Z0).

We choose V small enough so that K/F is unramified above V and we set
S := X̄ − V . Then we have

NV =
∏

w|v, v∈V
O×Kw

⊆ CK ⊆WK/F and WK/F /NV = WK/F,S .

Hence the action of WF on Z0 factors through WK/F,S , for some finite Galois

sub-extension F̄ /K/F and some finite set S of places of F containing all the
places which ramify in K. The morphism of left exact sites

j∗ : (TX̄ ,Jls) −→ (BTopWF ,Jls)
(Z0, Zv, fv) 7−→ Z0

.

therefore induces a morphism

i∗0 : (TX̄ ,Jls) −→ (lim−→BTopWK/F,S ,Jls)
(Z0, Zv, fv) 7−→ Z0

where (lim−→BTopWK/F,S ,Jls) is the direct limit site. More precisely,

lim−→BTopWK/F,S is the direct limit category endowed with the coarsest topol-

ogy J such that the functors BTopWK/F,S → lim−→BTopWK/F,S are all con-

tinuous, when BTopWK/F,S is endowed with the local section topology. One
can identify lim−→BTopWK/F,S with a full subcategory of BTopWF and J
with the local section topology Jls. By ([20] VI.8.2.3), the direct limit site
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(lim−→BTopWK/F,S ,Jls) is a site for the projective limit topos BWK/F,S
. We

obtain a morphism of topoi

i0 : BWK/F,S
−→ X̄W .

It remains to show that this morphism is an embedding. Let F be an object
of BWK/F,S

. Then i∗0i0∗F is the sheaf associated with the presheaf

ip0i0∗F : lim−→BTopWK/F,S −→ Set

Z 7−→ lim
Z→i∗0(Y0,Yv ,fv)

i0∗F(Y0, Yv, fv)

where the direct limit is taken over the category of arrows Z → i∗0(Y0, Yv, fv).
For any object Z of lim−→BTopWK/F,S , there exist a finite Galois extension

KZ/F and a finite set SZ such that Z is an object of BTopWKZ/F,SZ
. Consider

the cofinal subcategory IZ of the category of arrows defined above, where IZ
consists of the following objects. For any finite set S of places of F such that
SZ ⊆ S, we consider the map Z → i∗0(Z0, Zv, fv) with Z0 = Z as a WF -space,
Zv = Z as a Wk(v)-space for any place v not in S and Zv = ∅ for any v ∈ S.
We thus have

lim
Z→i∗0(Y0,Yv,fv)

i0∗F(Y0, Yv, fv) = lim
IZ

i0∗F(Z0, Zv, fv) = F(Z).

Hence ip0i0∗F is already a sheaf and we have

i∗0i0∗F = ip0i0∗F = F .
This shows that i0∗ is fully faithful, i.e. i0 is an embedding.

�

Proposition 5.3. There is canonical morphism of topoi

f : X̄W −→ BR.

Proof. We have a commutative diagram of topological groups

(16)

WFv −−−−→ Wk(v)y
y

WF −−−−→ R

where WF → R is defined as the composition

WF →W ab
F
∼= CF → R×+ ∼= R.

Hence there is a morphism of left exact sites

(17)
f∗ : (BTopR,Jls) −→ (TX̄ ,Jls)

Z 7−→ (Z,Z, IdZ)

where Z is seen as WF -space (respectively a Wk(v)-space) via the canonical
morphism WF → R (respectively via Wk(v) → R). The result follows. �
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5.2. The morphism from the Weil-étale topos to the Artin-Verdier
étale topos. Let X̄ be the Arakelov compactification of the number ring OF .
We consider below the Artin-Verdier étale site (EtX̄ ;Jet) and the Artin-Verdier
étale topos X̄et of the arithmetic curve X̄.

Proposition 5.4. There exists a morphism of left exact sites

γ∗ : (EtX̄ ;Jet) −→ (TX̄ ;Jls)
Ū 7−→ (U0, Uv, fv)

.

The underlying functor γ∗ is fully faithful and its essential image consists ex-
actly of objects (U0, Uv, fv) of TX̄ where U0 is a finite WF -set.

This result is a reformulation of [33] Proposition 4.61 and [33] Proposition 4.62.
We give below a sketch of the proof.

Proof. For any étale X̄-scheme Ū , we define an object γ∗(Ū) = (U0, Uv, fv) of
TX̄ as follows. The scheme Ū ×X̄ Spec F is the spectrum of an étale F -algebra
and the Grothendieck-Galois theory shows that this F -algebra is uniquely de-
termined by the finite GF -set

U0 := HomSpec F (Spec F̄ , Ū ×X̄ Spec F ) = HomX̄(Spec F , Ū).

Let v be an ultrametric place of F . The maximal unramified sub-extension
of the algebraic closure F̄v/Fv yields an algebraic closure of the residue field

k(v)/k(v). The scheme Ū×X̄Spec k(v) is the spectrum of an étale k(v)-algebra,
corresponding to the finite Gk(v)-set

Uv := HomSpec k(v)(Spec k(v), Ū ×X̄ Spec k(v)) = HomX̄(Spec k(v), Ū)

The chosen F -embedding F̄ → F̄v induces a GFv -equivariant map

fv : Uv −→ U0.

Consider now an archimedean place v of F . Define

Uv := HomX̄(v, Ū) = Ū ×X̄ v

where the map v → X̄ is the closed embedding corresponding to the
archimedean place v of F . As above, the F -embedding F̄ → F̄v induces a
GFv -equivariant map

fv : Uv −→ U0.

For any place v of F , the set Uv is viewed as a Wk(v)-topological space via
the morphism Wk(v) → Gk(v). Respectively, U0 is viewed as a WF -topological
space via WF → GF . Then the map fv defined above is WFv -equivariant. We
check that the map fv is bijective for almost all valuations and injective for all
valuations (see [33] Proposition 4.62). We obtain a functor

γ∗ : EtX̄ −→ TX̄ .

This functor is left exact by construction (i.e. it preserves the final objects
and fiber product) and continuous (i.e. it preserves covering families) since a
surjective map of discrete sets is a local section cover. The last claim of the
proposition follows from Galois theory. �
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Corollary 7. There is a morphism of topoi γ : X̄W → X̄et.

Proof. This follows from the fact that a morphism of left exact sites induces a
morphism of topoi. �

Definition 8. Let X ′ be an open subscheme of X̄. We define

X ′W := X̄W /γ
∗(yX ′).

5.3. Structure of X̄W at the closed points. Let v be a place of F .
We consider the Weil group Wk(v) and the Galois group Gk(v) of the residue

field k(v) at v ∈ X̄. Note that for v archimedean one has Wk(v)
∼= R and

Gk(v) = {1}. Consider the big classifying topos BWk(v)
, i.e. the category of

y(Wk(v))-objects in T . We consider also the small classifying topos BsmGk(v)
,

which is defined as the category of continuous Gk(v)-sets. The category of lo-
cally compact Wk(v)-spaces BTopWk(v) is endowed with the local section topol-
ogy Jls. Recall that the site (BTopWk(v),Jls) is a site for the classifying topos
BWk(v)

. We denote by BfSetsGk(v) the category of finite Gk(v)-sets endowed

with the canonical topology Jcan. The site (BfSetsGk(v),Jcan) is a site for the
small classifying topos BsmGk(v)

.

For any place v of F , we have a morphism of left exact sites

i∗v : (TX̄ ,Jls) −→ (BTopWk(v),Jls)
(Z0, Zv, fv) 7−→ Zv

hence a morphism of topoi

iv : BWk(v)
−→ X̄W .

On the other hand one has morphism of topoi

uv : BsmGk(v)
−→ X̄et

for any closed point v of X̄ . For v ultrametric, this morphism is induced by
the closed embedding of schemes

Spec k(v) −→ X̄

since the étale topos of Spec k(v) is equivalent to the category BsmGk(v)
of con-

tinuous Gk(v)-sets. Note that this equivalence is induced by the choice of an
algebraic closure of k(v) made at the beginning of section 5.1. By Corollary
4.1, there is a closed embedding

Sh(X∞) =
∐

X∞

Set −→ X̄et

which yields the closed embedding

uv : BsmGk(v)
= Set −→ X̄et
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for any archimedean valuation v of F . In both cases, we have a commutative
diagram of left exact sites

(BTopWk(v),Jls)
α∗

v←−−−− (BfSetsGk(v),Jcan)
xi∗v

xu∗
v

(TX̄ ,Jls)
γ∗

←−−−− (EtX̄ ,Jet)

where u∗v(Ū) is the finite Gk(v)-set HomX̄(Spec k(v), Ū) (respectively

HomX̄(v, Ū)) for v ultrametric (respectively archimedean). Moreover, α∗v
maps a finite Gk(v)-set E to the discrete topological space E on which
Wk(v) acts via Wk(v) → Gk(v). This commutative diagram of sites induces a
commutative diagram of topoi.

Theorem 5.1. For any closed point v of X̄, the following diagram is a pull-back
of topoi.

BWk(v)

αv−−−−→ BsmGk(v)yiv
yuv

X̄W
γ−−−−→ X̄et

In particular, the morphism iv is a closed embedding.

Proof. We first prove a partial result.

Lemma 4. The morphism iv is an embedding, i.e. iv∗ is fully faithful.

Proof. We use below the fact that the full subcategory

Wk(v) × Top →֒ BTopWk(v)

is a topologically generating subcategory of the site (BTopWk(v),Jls). Here
Wk(v) × Top consists in locally compact topological spaces of the form Z =
Wk(v) × T on which Wk(v) acts by left multiplication on the first factor. In
particular, a sheaf F of

BWk(v)
= ˜(BTopWk(v),Jls)

is completely determined by its values F(Wk(v)×T ) on objects of Wk(v)×Top.
Let F be an object of BWk(v)

. Consider the adjunction map

(18) i∗v ◦ iv∗F −→ F .
The sheaf i∗v ◦ iv∗F is the sheaf on (BTopWk(v),Jls) associated to the presheaf

Z → lim
Z→i∗v(Y0,Yw,fw)

iv∗F(Y0, Yw, fw) = lim
Z→i∗v(Y0,Yw,fw)

F(Yv)

where the direct limit is taken over the category of arrows Z → i∗v(Y0, Yw, fw)
with (Y0, Yw, fw) an object of TX̄ .
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Let F̄ /K/F be a finite Galois sub-extension, let S be a finite set of closed points
of X̄ such that v ∈ S and let Z = Wk(v) × T be an object of Wk(v) × Top.
Consider the object of TX̄

Y(K,S, Z) = (T0, Tw, fw)

defined as follows. We first define the topological space

T0 = WK/F,S ×WFv Z := (WK/F,S ×Wk(v) × T )/WFv
∼= (WK/F,S/W

1
Fv

)× T
endowed with its natural WF -action. For any w not in S, we consider Tw =
WK/F,S ×WFv Z on which Wk(w) acts via the map

Wk(w) = WFw/W
1
Fw
−→WK/F,S .

For any w ∈ S such that w 6= v, we set Tw = ∅, and we define Tv = Z. The
map fw is the identity for any w not in S and

fv : Z −→WK/F,S ×WFv Z

is the canonical map. This map fv is continuous and injective. The image of
W 1
Fv

in WK/F,S is compact, and the spaces T0 and Tw are locally compact for
any place w so that Y(K,S, Z) is an object of TX̄ .
On the one hand, the functor Z 7→ WK/F,S ×WFv Z is left adjoint to the
forgetful functor BTopWK/F,S → BTopWFv . On the other hand, for any object
(Y0, Yw, fw) of TX̄ , the action of WF on Z0 factors through WK/F,S for some
finite Galois extension K/F and some finite set S of places of F . It follows
that

{Y(K,S, Z), for K/F Galois, S finite }
yields a cofinal system in the category of arrows Z → i∗v(Y0, Yw, fw) considered
above, for any fixed object Z of Wk(v) × Top. Hence i∗v ◦ iv∗F is the sheaf on
(BTopWk(v),Jls) associated to the presheaf

Wk(v) × Top −→ Set
Z 7−→ lim

Z→i∗v(Y0,Yw,fw)
F(Yv) = lim

Z→i∗vY(K,S,Z)
F(Z) = F(Z)

Since Wk(v)×Top is a topologically generating subcategory of (BTopWk(v),Jls),
the sheaf on BWk(v)

associated to this presheaf is F , and the adjunction mor-

phism (18) is an isomorphism. This shows that iv∗ is fully faithful, i.e. iv is an
embedding. �

Definition 9. Let v be a closed point of X̄. We consider the morphism pv :
T → BWk(v)

whose inverse image p∗v is the forgetful functor, and we denote by
iv the composite morphism

iv := iv ◦ pv : T −→ BWk(v)
−→ X̄W .

For any object Z = Wk(v)×T of the full subcategoryWk(v)×Top →֒ BTopWk(v)

and for any sheaf F of X̄W , we have

(19) ipvF(Z) = lim
Z→i∗v(Y0,Yw,fw)

F(Y0, Yw, fw) = lim
Z→i∗vY(K,S,Z)

F(Y(K,S, Z))
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where we consider the pull-back presheaf ipvF on BTopWk(v). The morphism
pv : T → BWk(v)

is induced by the morphism of left exact sites given by the
forgetful functor BTopWk(v) → Top. By adjunction, for any space T of Top
and any presheaf P on BTopWk(v) we have

ppvP(T ) = P(Wk(v) × T ).

Hence the isomorphism ipv
∼= ppv ◦ ipv gives

(20) ipvF(T ) = ipvF(Z) = lim
Z→i∗vY(K,S,Z)

F(Y(K,S, Z))

where Z := Wk(v)×T . We consider the category of compact spaces Topc. The
morphism of sites (Topc,Jop) → (Top,Jop) induces an equivalence of topoi,
hence one can restrict our attention to compact spaces. Let us show that ipvF
restricts to a sheaf on (Topc,Jop). Let {Ti → T, i ∈ I} be a covering family of
(Topc,Jop), i.e. a local section cover of compact spaces. One can assume that
I is finite, since any covering family of (Topc,Jop) can be refined by a finite
covering family. For any K/F and any S,

{Y(K,S,Wk(v) × Ti)→ Y(K,S,Wk(v) × T )}
is a covering family of (TX̄ ,Jls). Moreover the fiber product

Y(K,S,Wk(v) × Ti)×Y(K,S,Wk(v)×T ) Y(K,S,Wk(v) × Tj)
computed in the category TX̄ , is isomorphic to Y(K,S,Wk(v) ×Tij), where Tij
denotes Ti ×T Ti. It follows that the diagram of sets

F(Y(K,S,Wk(v) × T ))→
∏

i

F(Y(K,S,Wk(v) × Ti))

⇒
∏

i,j

F(Y(K,S,Wk(v) × Tij))

is exact. Passing to the inductive limit over K and S, and using left exactness
of filtered inductive limits (i.e. using the fact that filtered inductive limits
commute with finite products and equalizers), we obtain an exact diagram of
sets

ipvF(T )→
∏

i

ipvF(Ti)⇒
∏

i,j

ipvF(Tij),

as it follows from (20). Hence ipvF is a sheaf on (Topc,Jop). Therefore, for any
compact space T , one has

(21) i∗vF(T ) = ipvF(T ) = lim
Z→i∗vY(K,S,Z)

F(Y(K,S, Z))

where Z = Wk(v) × T .

Lemma 5. The family of functors

{i∗v : X̄W → T , v ∈ X̄0}
is conservative, where X̄0 is the set of closed points of X̄.
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Proof. Let F be an object of X̄W . We need to show that the adjunction map

(22) F −→
∏

v∈X̄0

iv∗i
∗
vF .

is injective. For any (Z0, Zw, fw) of TX̄ , we have
∏

v∈X̄0

(iv∗i
∗
vF)(Z0, Zw, fw) =

∏

v∈X̄0

i∗vF(Zv).

Note that, in the term on the right hand side of the equality above, Zv is
considered as a topological space without any action. For any v, we choose a
local section cover of the space Zv:

{Tv,l →֒ Zv, l ∈ Λv}
such that Tv,l is a compact subspace of Zv for any index l. Such a local section
cover exists since Zv is locally compact. The map

i∗vF(Zv) −→
∏

l∈Λv

i∗vF(Tv,l).

is injective since i∗vF is a sheaf. It is therefore enough to show that the com-
posite map

κ : F(Z0, Zw, fw) −→
∏

v∈X̄0

i∗vF(Zv) −→
∏

v∈X̄0, l∈Λv

i∗vF(Tv,l)

is injective. Let α, β ∈ F(Z0, Zw, fw) be two sections such that κ(α) = κ(β).
For any pair (v, l), we consider

κv,l : F(Z0, Zw, fw) −→
∏

v∈X̄0, l∈Λv

i∗vF(Tv,l) −→ i∗vF(Tv,l).

For any (v, l), we have κv,l(α) = κv,l(β) and by (21)

i∗vF(Tv,l) = lim−→F(Y(K,S,Wk(v) × Tv,l))
where the direct limit is taken over the category of arrows

Wk(v) × Tv,l −→ i∗vY(K,S,Wk(v) × Tv,l).
The inclusion Tv,l ⊆ Zv gives a Wk(v)-equivariant continuous map

Wk(v) × Tv,l −→ i∗v(Z0, Zw, fw) = Zv.

Thus for any pair (v, l), there is an object Y(K,S,Wk(v)×Tv,l) and a morphism

Y(K,S,Wk(v) × Tv,l) −→ (Z0, Zw, fw)

in the category TX̄ inducing the previous map

Wk(v) × Tv,l = i∗vY(K,S,Wk(v) × Tv,l) −→ i∗v(Z0, Zw, fw) = Zv

and such that α|(v,l) = β|(v,l), where α|(v,l) (respectively β|(v,l)) denotes the
restriction of α (respectively of β) to Y(K,S,Wk(v) × Tv,l). We obtain a local
section cover

{Y(K,S,Wk(v) × Tv,l)→ (Z0, Zw, fw), v ∈ X̄0, l ∈ Λv)}
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in the site (TX̄ ,Jls) such that α|(v,l) = β|(v,l) for any (v, l). It follows that
α = β since F is a sheaf. Hence κ is injective and so is the adjunction map
(22).

�

A morphism of topoi f is said to be surjective if its inverse image functor f∗

is faithful.

Corollary 8. The following morphism is surjective:

(iv)v∈X̄0 :
∐

v∈X̄0

BWk(v)
−→ X̄W .

Proof. The morphism of topoi

(iv)v∈X̄0 :
∐

v∈X̄0

T −→ X̄W

is surjective since its inverse image is faithful by the previous result. But
(iv)v∈X̄0 factors through (iv)v∈X̄0 , hence (iv)v∈X̄0 is surjective as well. �

Proof of Theorem 5.1. Since the morphism iv is an embedding, we have in fact
two embeddings of topoi

BWk(v)
−→ X̄W ×X̄et

BsmGk(v)
−→ X̄W

where the fiber product X̄W ×X̄et
BsmGk(v)

is defined as the inverse image

γ−1(BsmGk(v)
) of the closed sub-topos BsmGk(v)

→֒ X̄et under the morphism γ (see

[20] IV. Corollaire 9.4.3). Therefore BWk(v)
is equivalent to a full subcategory

of X̄W ×X̄et
BsmGk(v)

. This fiber product is the closed complement of the open

subtopos ȲW →֒ X̄W where Ȳ := X̄ − v (see the next section for the definition
of ȲW ). In other words, the strictly full subcategory X̄W ×X̄et

BsmGk(v)
of X̄W

consists in objects G such that G × γ∗Ȳ is the final object of ȲW . It follows
that

iv∗F × γ∗Ȳ
is the final object of ȲW , for any object F of BWk(v)

.

We have to prove that BWk(v)
is in fact equivalent to X̄W ×X̄et

BsmGk(v)
. Let G

be an object of this fiber product, i.e. an object of X̄W such that G × γ∗Ȳ is
the final object. Consider the adjunction map

G −→ iv∗i
∗
vG.

If w is a closed point of X̄ such that w 6= v, then the morphism iw factors
through ȲW :

iw : BWk(w)
−→ ȲW −→ X̄W .

We denote by iȲ ,w : BWk(v)
→ ȲW the induced map. Hence

i∗wG = i∗Ȳ ,w(G × Ȳ )
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is the final object of BWk(w)
, since G × Ȳ is the final object of ȲW and i∗

Ȳ ,w
is

left exact. On the other hand

i∗wiv∗i
∗
vG = i∗Ȳ ,w(iv∗i

∗
vG × Ȳ )

is the final object of BWk(w)
, since iv∗i∗vG × Ȳ is the final object of ȲW . Hence

the map

i∗w(G) −→ i∗w(iv∗i
∗
vG)

is an isomorphism for any closed point w 6= v of X̄. Suppose now that w = v.
Then the map

i∗v(G) −→ i∗v(iv∗i
∗
vG) = (i∗viv∗)i

∗
vG = i∗vG

is an isomorphism by Lemma 4. Hence the morphism

i∗w(G) −→ i∗w(iv∗i
∗
vG)

induced by the adjunction map G → iv∗i∗vG is an isomorphism for any closed
point w of X̄. Since the family of functors

{i∗w : X̄W → BWk(w)
, w ∈ X̄}

is conservative, the adjunction map G → iv∗i∗vG is an isomorphism for any
object G of γ−1(BsmGk(v)

). Hence any object of γ−1(BsmGk(v)
) is in the essential

image of iv∗. This shows that the morphism

BWk(v)
−→ X̄W ×X̄et

BsmGk(v)

is an equivalence (this is a connected embedding). Theorem 5.1 follows. �

We consider the morphism

X̄W = Spec(OF )W −→ Spec(Z)W

induced by the map Spec(OF )→ Spec(Z).

Proposition 5.5. The canonical morphism

δX̄ : X̄W −→ X̄et ×Spec(Z)et
Spec(Z)W

is an equivalence.

Proof. Let X̄ ′ be the open subscheme of X̄ consisting of the points of X̄ where
the map X̄ → Spec(Z) is étale. Let Y → X̄ be the complementary reduced
closed subscheme.

(i) The morphism δX̄ is an equivalence over X̄ ′ and over Y . Recall
from Definition 8 that X̄ ′W is defined as an open subtopos of X̄W . The canonical
morphism

X̄ ′W → X̄ ′et ×Spec(Z)et
Spec(Z)W
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is an equivalence. Indeed, the morphism X̄ ′ → Spec(Z) is étale hence we have

X̄ ′et ×Spec(Z)et
Spec(Z)W

∼= (Spec(Z)et/X̄
′)×Spec(Z)et

Spec(Z)W

∼= Spec(Z)et ×Spec(Z)et
(Spec(Z)W /γ

∗X̄ ′)

∼= Spec(Z)W /γ
∗X̄ ′.

∼= X̄ ′W

Let Y ′ be the image of Y in Spec(Z), such that Y ′ ×Spec(Z) Spec(Z) is given

with a structure of reduced closed subscheme of Spec(Z). The morphism of

étale topoi Yet → Spec(Z)et factors through Y ′et. It follows from Theorem 5.1
that one has

Yet ×Spec(Z)et
Spec(Z)W

∼= Yet ×Y ′
et
Y ′et ×Spec(Z)et

Spec(Z)W
∼= Yet ×Y ′

et
Y ′W .

We have the following equivalences Yet ∼=
∐
v∈Y B

sm
Gk(v)

, Y ′et ∼=
∐
p∈Y ′ BsmGk(p)

and Y ′W :=
∐
p∈Y ′ BWk(p)

. We obtain

Yet ×Spec(Z)et
Spec(Z)W

∼= Yet ×Y ′
et
Y ′W

∼=
∐

v∈Y
BsmGk(v)

×(
∐

p∈Y ′ Bsm
Gk(p)

)

∐

p∈Y ′

BWk(p)

∼=
∐

v∈Y
(BsmGk(v)

×Bsm
Gk(p)

BWk(p)
)

∼=
∐

v∈Y
BWk(v)

= YW

In view of the pull-back square (1), the last equivalence above follows from the
fact that

BsmGk(v)

∼= BsmGk(p)
/(Gk(p)/Gk(v)) −→ BsmGk(p)

is a localization morphism.
(ii) The natural transformation t between the glueing functors.
The previous step (i) shows that there is an open-closed decomposition of topoi

j : X̄ ′W → X̄et ×Spec(Z)et
Spec(Z)W ← YW : i

By Theorem 5.1, we have another open-closed decomposition

j : X̄ ′W → X̄W ← YW : i

The glueing functors associated to these open-closed decompositions are given

by i∗j∗ and i∗j∗. The map X̄W → X̄et ×Spec(Z)et
Spec(Z)W induces a natural

transformation

(23) t : i∗j∗ −→ i∗j∗.

Documenta Mathematica 17 (2012) 313–399



342 M. Flach and B. Morin

Indeed, the following commutative diagram

(24)

X̄ ′W
j−−−−→ X̄W

i←−−−− YWyId
yδX̄

yId

X̄ ′W
j−−−−→ X̄et ×Spec(Z)et

Spec(Z)W
i←−−−− YW

gives δX̄ ◦ i = i and δX̄ ◦ j = j. Then the natural transformation (23) is induced
by the adjunction transformation δ∗

X̄
δX̄∗ → Id as follows :

i∗j∗ ∼= i∗δ∗X̄δX̄∗j∗ −→ i∗j∗.

(iii) The glueing functors are naturally isomorphic. Since the dis-
joint sum topos YW =

∐
v∈S BWk(v)

is given by the direct product of the cate-
gories BWk(v)

, it is enough to show that the natural transformation

(25) i∗vj∗ −→ i∗vj∗

is an isomorphism for any v ∈ Y .
Let F be an object of X̄ ′W . The sheaf i∗v ◦ j∗F (respectively i∗v ◦ j∗F) is the
sheaf on (Wk(v) × Top,Jls) associated to the presheaf ipv ◦ j∗F (respectively to
the presheaf ipv ◦ j∗F). Recall that Wk(v) × Top is a topologically generating
subcategory of (BTopWk(v),Jls). It is therefore enough to show that the natural
map

(26) ipv ◦ j∗F → ipv ◦ j∗F ,
of presheaves on Wk(v) × Top, is an isomorphism.

On the one hand, for any object F of X̄ ′W we have

ipvj∗F(Wk(v) × T ) = lim
Wk(v)×T→i∗v(Y0,Yw,fw)

F((Y0, Yw, fw)× X̄ ′)(27)

= lim−→K/F,S
F(Y(K/F, S,Wk(v) × T )× X̄)(28)

where (28) is given by (19). See the proof of Lemma 4 for the definition of
Y(K/F, S,Wk(v) × T ). On the other hand, for any object F of X̄ ′W we have

ipvj∗F(Wk(v) × T ) = lim−→ j∗F((Z0, Zw, fw)→ V ← U)

= lim−→F((Z0, Zw, fw)×V U × X̄ ′)
where the direct limit is taken over the category of arrows

(29) Wk(v) × T → i∗v((Z0, Zw, fw)→ V ← U) = Zp ×Vp Uv.

Here, ((Z0, Zw, fw) → V ← U) is an object of the fiber product site CX̄ , i.e.
(Z0, Zw, fw), V and U are objects of the sites T

Spec(Z)
, Et

Spec(Z)
and EtX̄

respectively. Then (Z0, Zw, fw) ×V U is seen as an object of TX̄ . Finally, the

place p is defined as the image of v ∈ X̄ in Spec(Z). We refer to [25] and section
7 for the definition of the site CX̄ .
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There is a natural functor from the category of arrows of the form (29) to the
category of arrows (Wk(v) × T )→ i∗v(Y0, Yw, fw) sending ((Z0, Zw, fw)→ V ←
V ′) to (Z0, Zw, fw)×V V ′. This provides us with the natural map

(30) ipvj∗F(Wk(v) × T ) −→ ipvj∗F(Wk(v) × T ).

In order to show that (30) is an isomorphism, we have to show that the system

Wk(v) × T −→ i∗v((Z0, Zw, fw)×V U),

where (Z0, Zw, fw) → V ← U) runs over the class of objects in CX̄ , is cofinal
in the category of arrows Av,T :

Wk(v) × T → i∗v(Y0, Yw, fw).

We know that the system given by the Y(K,S,Wk(v) × T )’s is cofinal in Av,T .
Here v ∈ S and K/F is unramified outside S. One can choose S large enough

so that S contains Y . Let S′ be the image of S in Spec(Z). Then K/Q is
unramified outside S′. If we denote by L/Q the Galois closure of K/Q (in the
fixed algebraic closure Q/Q), then L/Q remains unramified outside S′, and
L/F is Galois and unramified outside S. Moreover, we have a morphism

Y(L/F, S,Wk(v) × T )→ Y(K/F, S,Wk(v) × T ) in Av,T .
Hence one can restrict our attention to the objects of Av,T of the form

Wk(v) × T → i∗vY(K/F, S,Wk(v) × T )

where K/Q is a Galois extension unramified outside S′. We denote again by p

the image of v in Spec(Z) and we consider the object

Y(K/Q, S′,Wk(p) × T )→ V ← U in CX̄ ,
where V and U are defined as follows. Using Proposition 5.4, the étale Spec(Z)-
scheme V is given by the GQ-set GK/Q/Ip, with no point over S′ − {p}, and
exactly one point over the place p corresponding to the distinguished GQp -orbit

of GK/Q/Ip on which the inertia group Ip acts trivially. The étale X̄-scheme U
is given by the GF -set GK/F /Iv, with no point over S − {v}, and exactly one
point over the place v corresponding to the distinguished GFv -orbit of GK/F /Iv
on which the inertia group Iv acts trivially. Finally, we enlarge S so that S is
the inverse image of S′ (which is the image of S) along the map X̄ → Spec(Z).
Then the map U → V is well defined.
Assume that one has an identification

(31) Y(K/F, S,Wk(v) × T ) = Y(K/Q, S′,Wk(p) × T )×V U
in the category TX̄ . It would follow that the system of objects

Wk(v) × T → i∗v((Z0, Zw, fw)×V U)

is cofinal in the category Av,T . The map (30) would be an isomorphism for
any T and any F , hence (26) would be an isomorphism of presheaves for any
F . This would show that the transformation (25) is an isomorphism. Hence
the transformation (23) would be an isomorphism as well.
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It is therefore enough to show (31). One has

Y(K/F, S,Wk(v) × T ) = Y(K/F, S,Wk(v))× (T, T, IdT )

and

Y(K/Q, S′,Wk(p) × T ) = Y(K/Q, S′,Wk(p))× (T, T, IdT )

in the category TX̄ , hence one can assume that T = ∗ is the point. We have a
map in TX̄

(32) Y(K/F, S,Wk(v)) −→ Y(K/Q, S′,Wk(p))×V U.
and we need to show that it is an isomorphism. Let w be a point of X̄. If
w ∈ S and w 6= v, then the w-component of both the right hand side and
the left hand side in (32) are empty. Assume that w is not in S. Then the
w-components of Y(K/F, S,Wk(v)), Y(K/Q, S′,Wk(p)), V and U are theWk(w)-

spaces WK/F,S/W
1
Fv

, WK/Q,S′/W 1
Qp

, GK/Q/Ip and GK/F /Iv respectively. But

we have an Wk(w)-equivariant homeomorphism

WK/F,S/W
1
Fv
∼= (WK/Q,S′/W 1

Qp
)×(GK/Q/Ip) (GK/F /Iv).

Moreover, the v-component of Y(K/F, S,Wk(v)), Y(K/Q, S′,Wk(p)), V and U
are the Wk(v)-spaces Wk(v), Wk(p), Gk(p)/Gk(u) and Gk(v)/Gk(u), where u the
unique point of U lying over v. But we have an Wk(v)-equivariant homeomor-
phism

Wk(v)
∼= Wk(p) ×(Gk(p)/Gk(u)) (Gk(v)/Gk(u)).

This shows that (32) is an isomorphism in TX̄ , and (31) follows.

(v) The morphism δX̄ is an equivalence. We consider the glued topoi
(YW , X̄

′
W , i

∗j∗) and (YW , X̄
′
W , i

∗j∗). Recall that an object of (YW , X̄
′
W , i

∗j∗) is
a triple (E,F, σ) with E ∈ YW , F ∈ X̄ ′W and σ : E → i∗j∗F (see [20] IV.9.5.3).
There is a canonical functor

X̄W −→ (YW , X̄
′
W , i

∗j∗)
F 7−→ (i∗F , j∗F , i∗F → i∗j∗j∗F)

where i∗F → i∗j∗j∗F is given by adjunction. By ([20] IV Theorem 9.5.4), this
functor is an equivalence, and the same is true for the canonical functor

X̄et ×Spec(Z)et
Spec(Z)W −→ (YW , X̄

′
W , i

∗j∗)

Under these identifications, the inverse image functor δ∗
X̄

is given by (see dia-
gram (24))

δ∗
X̄

: (YW , X̄
′
W , i

∗j∗) −→ (YW , X̄
′
W , i

∗j∗)
(E,F, τ) 7−→ (E,F, tF ◦ τ)

Here t is the transformation defined in step (ii), and tF ◦τ denotes the following
composition :

tF ◦ τ : E → i∗j∗F → i∗j∗F.

Since t is an isomorphism of functors, the inverse image functor δ∗
X̄

is an equiv-
alence, hence so is the morphism δX̄ . �
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On the Weil-Étale Topos of Regular Arithmetic Schemes 345

6. The definition of XW
6.1. Let X be a scheme separated and of finite type over Spec(Z). Recall the
defining site EtX of the Artin-Verdier étale topos X et from section 4. For any

object U of EtX one has the induced topos

Uet = X et/U ∼= ˜(EtX /U ,Jind).

Definition 10. For any object U of EtX we define the Weil-étale topos of U
as the fiber product

UW := Uet ×Spec(Z)et
Spec(Z)W .

This topos is defined by a universal property in the 2-category of topoi. As a
consequence, it is well defined up to a canonical equivalence. We point out two
special cases. If U = (X ,X∞) = X is the final object we obtain the definition
of XW and if U = (X , ∅) we obtain the definition of XW . The topos XW will
play no role in this paper but XW is our central object of study in case X is
proper and regular.
Note also that for X = Spec(OF ) Definition 10 is consistent with Definition 7
by Proposition 5.5.

Proposition 6.1. The first projection yields a canonical morphism

γX : XW −→ X et.

Proposition 6.2. There is a canonical morphism

fX : XW −→ BR.

Proof. The morphism fX is defined as the composition

XW −→ Spec(Z)W −→ BR

where the first arrow is the projection and the second is the morphism of
Proposition 5.3. �

The structure of the topos XW over any closed point of Spec(Z) is made explicit
below. Note that X ⊗Z Fp is not assumed to be regular.

Proposition 6.3. Let Spec(Fp) be a closed point of Spec(Z). Then

XW ×Spec(Z)et
Spec(Fp)et ∼= (X ⊗Z Fp)W ∼= (X ⊗Z Fp)smW × T

where (X ⊗Z Fp)W denotes the big Weil-étale topos of X ⊗Z Fp.
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Proof. The result follows from the following equivalences.

XW ×Spec(Z)et
Spec(Fp)et ∼= X et ×Spec(Z)et

Spec(Z)W ×Spec(Z)et
Spec(Fp)et

∼= X et ×Spec(Z)et
BWFp

∼= X et ×Spec(Z)et
Spec(Fp)et ×Spec(Fp)et BWFp

∼= (X ⊗Z Fp)et ×Bsm
GFp

BWFp

∼= (X ⊗Z Fp)W

The second equivalence, the fourth and the last one are given by Theorem 5.1,
Proposition 4.2 and Corollary 1 respectively. �

Corollary 9. The closed immersion of schemes (X ⊗Z Fp) → X induces a
closed embedding of topoi

(X ⊗Z Fp)W −→ XW .

We denote by∞ the closed point of Spec(Z) corresponding to the archimedean
place of Q. This point yields a closed embedding of topoi

Set = Sh(∞) −→ Spec(Z)et.

This paper suggests the following definition.

Definition 11. We define the Weil-étale topos of X∞ as follows:

X∞,W := Sh(X∞)×BR.

The argument of Proposition 6.3 is also valid for the archimedean fiber.

Proposition 6.4. We have a pull-back square of topoi:

(33)

X∞,W −−−−→ Set
yi∞

y

XW −−−−→ Spec(Z)et

In particular i∞ is a closed embedding.

Proof. The result follows from the following equivalences.

XW ×Spec(Z)et
Set ∼= X et ×Spec(Z)et

Spec(Z)W ×Spec(Z)et
Set

∼= X et ×Spec(Z)et
BR

∼= X et ×Spec(Z)et
Set×Set BR

∼= Sh(X∞)×Set BR

∼= Sh(X∞)×BR

= X∞,W
Indeed, the second (respectively the fourth) equivalence above is given by The-
orem 5.1 (respectively by Corollary 6). �
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6.2. We assume here that X is irreducible and flat over Spec(Z). Let us study
the structure of XW at the generic point of X . We denote byK(X ) the function

field of the irreducible scheme X . Let K(X )/K(X ) be an algebraic closure. The

algebraic closure Q/Q is taken as a sub-extension of K(X )/Q. Then we have
a continuous morphism GK(X ) → GQ.

Definition 12. Let X be an irreducible scheme which is flat, separated and of
finite type over Spec(Z). We consider the locally compact topological group

WK(X ) := GK(X ) ×GQ
WQ

defined as a fiber product in the category of topological groups.

If K(X )/Q is a number field, then WK(X ) = GK(X )×GQ
WQ coincides with the

Weil group of K(X ) defined in Sect. 5.

Proposition 6.5. Let X be an irreducible scheme which is flat, separated and
of finite type over Spec(Z). There is a canonical morphism jX : BWK(X)

→
XW .

Proof. The continuous morphism WK(X ) → GK(X ) induces a morphism

BWK(X)
→ BGK(X)

→ BsmGK(X)
.

Here the second map is the canonical morphism from the big classifying topos
of GK(X ) to its small classifying topos, whose inverse image sends a continuous
GK(X )-set E to the sheaf represented by the discrete GK(X )-space E (see [15]
Section 7). The generic point of the irreducible scheme X and the previous

choice of the algebraic closureK(X )/K(X ) yield an embedding BsmGK(X)
→֒ X et.

We obtain a morphism

BWK(X)
−→ X et.

On the other hand we have maps

BWK(X)
−→ BWQ

−→ Spec(Z)W

and a commutative diagram

BWK(X)
−−−−→ Spec(Z)Wy

y

X et −−−−→ Spec(Z)et

The result therefore follows from the very definition of XW . �

Unfortunately the morphism jX is not an embedding. The structure of XW at
the generic point is more subtle, as it is shown below. We assume again that
X is irreducible, flat, separated and of finite type over Spec(Z). The generic

point Spec(Q)→ Spec(Z) and Q/Q induce an embedding

BsmGQ

∼= Spec(Q)et →֒ Spec(Z)et.
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The corresponding subtopos of Spec(Z)W is the classifying topos of the topo-
logical pro-group (see Proposition 5.2)

WK/Q,S := {WK/Q,S , for Q/K/Q finite Galois and S finite}.
Recall that we have

BWK/Q,S
:= lim←−BWK/Q,S

where the projective limit is understood in the 2-category of topoi. In other
words, there is a pull-back

BWK/Q,S
−−−−→ BsmGQyi0

yu0

Spec(Z)W −−−−→ Spec(Z)et

The generic point of the irreducible scheme X and an algebraic closure
K(X )/K(X ) yield an embedding BsmGK(X)

→֒ X et. We obtain

XW ×X et
BsmGK(X)

= Spec(Z)W ×Spec(Z)et
X et ×X et

BsmGK(X)

∼= Spec(Z)W ×Spec(Z)et
BsmGK(X)

∼= Spec(Z)W ×Spec(Z)et
BsmGQ

×Bsm
GQ

BsmGK(X)

∼= BWK/Q,S
×Bsm

GQ

BsmGK(X)

The small classifying topos BsmGK(X)
is the projective limit lim←−B

sm
GL/K(X)

where

L/K(X ) runs over the finite Galois sub-extension of K(X )/K(X ). For such
L we set L′ := L ∩ Q. Then the same is true for BsmGQ

, i.e. we have BsmGQ
=

lim←−B
sm
GL′/Q

. Since projective limits commute between themselves, we have

BsmGK(X)
×Bsm

GQ

BWK/Q,S
= lim←−B

sm
GL/K(X)

×lim←−−Bsm
G

L′/Q
lim←−BWL′/Q,S

= lim←−L,S
(BsmGL/K(X)

×Bsm
G

L′/Q
BWL′/Q,S

)

By Corollary 4, the fiber product BsmGL/K(X)
×Bsm

G
L′/Q

BWL′/Q,S
is equivalent to

the classifying topos of the topological group GL/K(X ) ×GL′/Q WL′/Q,S where

the fiber product is in turn computed in the category of topological groups.
Note that WL′/Q,S → GL′/Q has local sections since GL′/Q is profinite (see [15]
Proposition 2.1).

Definition 13. Let K(X )/L/K(X ) be a finite Galois sub-extension and let S
be a finite set of places of Q containing all the places which ramify in L′ = L∩Q.
We consider the locally compact topological group

WL/K(X ),S := GL/K(X ) ×GL′/Q WL′/Q,S

defined as a fiber product in the category of topological groups.

We have obtained the following result.
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Proposition 6.6. Let X be an irreducible scheme which is flat, separated and
of finite type over Spec(Z). We have a pull-back square of topoi

lim←−L,S
BWL/K(X),S

−−−−→ BsmGK(X)y
y

XW −−−−→ X et
where the vertical arrows are embedding.

7. Cohomology of XW with R̃-coefficients

The fiber product topos XW , as defined in section 6, is equivalent to the cat-
egory of sheaves on a site (CX ,JX ) lying in a non-commutative diagram of
sites

(CX ,JX ) ←−−−− (T
Spec(Z)

,Jls)x
xγ∗

(EtX ,Jet)
f∗

←−−−− (EtSpec(Z),Jet)
The site (CX ,JX ) is defined as follows (see [25]). The category CX is the
category of pairs of morphisms U → V ← Z, where U is an object of EtX ,
V is an object of EtSpec(Z) and Z is an object of TSpec(Z). The map U →
V (respectively Z → V ) is understood as a morphism U → f∗V in EtX
(respectively as a morphism Z → γ∗V in TX).
The topology JX is generated by the covering families

{(Ui → Vi ← Zi)→ (U → V ← Z), i ∈ I}
of the following types:
(a) Ui = U , Vi = V and {Zi → Z} is a covering family.
(b) Zi = Z, Vi = V and {Ui → U} is a covering family.
(c) {(U ′ → V ′ ← Z ′)→ (U → V ← Z)} with U ′ = U , and Z ′ → Z is obtained
by base change from the map V ′ → V of EtSpec(Z).

(d) {(U ′ → V ′ ← Z ′)→ (U → V ← Z)} with Z ′ = Z, and U ′ → U is obtained
by base change from the map V ′ → V of EtSpec(Z).

Then (CX ,JX ) is a defining site for the fiber product topos XW . The topology
JX is not subcanonical.

Definition 14. For any T -topos t : E → T , we define the sheaf of continuous
real valued functions on E as follows:

R̃ := t∗(yR)

Here yR is the abelian object of T represented by the standard topological group
R.

For an irreducible scheme X which is flat, separated and of finite type over
Spec(Z), we consider the morphism jX : BWK(X)

→ XW defined in Proposition
6.5.

Documenta Mathematica 17 (2012) 313–399



350 M. Flach and B. Morin

Proposition 7.1. Let X be an irreducible scheme which is flat, separated and
of finite type over Spec(Z). We have RnjX ,∗R̃ = 0 for any n ≥ 1.

Proof. Recall that the morphism jX is defined by the following commutative
diagram of topoi.

BWK(X)

b−−−−→ Spec(Z)W

a

y γ

y

X et
f−−−−→ Spec(Z)et

The site (BTopWK(X ),Jls) is a defining site for BWK(X)
, and we denote by a∗,

b∗, γ∗ and f∗ the morphism of sites inducing the morphism of topos a, b, γ and
f . The morphism jX : BWK(X)

→ XW is induced by the morphism of sites :

CX −→ BTopWK(X )

(U → V ← Z) 7−→ a∗U ×a∗f∗V b
∗Z

Note that one has an identification a∗U×a∗f∗V b
∗Z = a∗U×b∗γ∗V b

∗Z. Consider
the object of TSpec(Z) whose components are all given by the action of WQ on

WQ/W
1
Q
∼= R:

(R,R, IdR) = f∗ER.

Recall that W 1
Q denotes the maximal compact subgroup of WQ. Then f∗ER is

a covering of the final object in T
Spec(Z)

for the local section topology, hence

f∗XER = (∗ → ∗ ← f∗ER) −→ (∗ → ∗ ← ∗)
is a covering of the final object of CX for the topology JX .

The sheaf RnjX ,∗R̃ is the sheaf on (CX ,JX ) associated to the presheaf

PnjX ,∗R̃ : CX −→ Ab

(U → V ← Z) 7−→ Hn(BWK(X)
, a∗U ×a∗f∗V b

∗Z, R̃)

Since the object f∗XER defined above covers the final object of CX , we can

restrict our attention to the slice category CX /f∗XER. Let (U → V ← Z) be

an object of CX /f∗XER, i.e. (U → V ← Z) is given with a map Z → f∗XER in
TSpec(Z). We obtain a morphism

a∗U ×a∗f∗V b
∗Z −→WK(X )/W

1
K(X )

in the category BTopWK(X ), where the homogeneous space (WK(X )/W
1
K(X ))

∼=
R is seen as an object of BTopWK(X ). Here W 1

K(X ) denotes the maximal com-

pact subgroup of WK(X ).
On the other hand the continuous morphism

WK(X ) −→WK(X )/W
1
K(X ) = R

has a global continuous section. This gives an isomorphism in T
y(WK(X )/W

1
K(X )) = yWK(X )/yW

1
K(X )
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On the Weil-Étale Topos of Regular Arithmetic Schemes 351

and a canonical equivalence

BWK(X)
/y(WK(X )/W

1
K(X ))

∼= BWK(X)
/(yWK(X )/yW

1
K(X ))

∼= BW 1
K(X)

.

Under this equivalence the object represented by

α : a∗U ×a∗f∗V b
∗Z −→ (WK(X )/W

1
K(X ))

∼= R

corresponds to the object of BW 1
K(X)

represented by the subspace

α−1(0) ⊂ a∗U ×a∗f∗V b
∗Z

endowed with the induced continuous action of W 1
K(X ). Thus one has

Hn(BWK(X)
, a∗U ×a∗f∗V b

∗Z, R̃) = Hn(BW 1
K(X)

, α−1(0), R̃).

Therefore it is enough to prove

(34) Hn(BW 1
K(X)

, Z, R̃) := Hn(BW 1
K(X)

/yZ, R̃× yZ) = 0,

for any object Z of BTopW
1
K(X ) and any n ≥ 1. We have two canonical equiv-

alences

BW 1
K(X)

/EW 1
K(X )

∼= T and (BW 1
K(X)

/yZ)/(EW 1
K(X ) × yZ) ∼= T /yZ.

We obtain a pull-back square

T /yZ l′−−−−→ T

h′
y h

y

BW 1
K(X)

/yZ
l−−−−→ BW 1

K(X)

where all the maps are localization morphisms (local homeomorphisms of topoi
in the modern language). It follows easily that this pull-back square satisfies
the Beck-Chevalley condition

h∗l∗ ∼= l′∗h
′∗.

Moreover the functor h′∗, being a localization functor, preserves injective
abelian objects. We obtain

(35) h∗Rn(l∗)A ∼= Rn(l′∗)h
′∗A

for any abelian object A of BW 1
K(X)

/yZ and any n ≥ 0. The forgetful functor

h∗ takes an object F of T endowed with an action of yW 1
K(X ) to F . Hence

Rn(l∗)A is the object Rn(l′∗)A endowed with the induced yW 1
K(X )-action.

Lemma 6. We have Rn(l′∗)(R̃× yZ) = 0 for any n ≥ 1.

Proof. We consider the morphism l′ : T /yZ → T . The sheaf Rn(l′∗)(R̃ × yZ)
on T = (Toplc,Jls) is the sheaf associated to the presheaf

Pn(l′∗)(R̃× yZ) : Toplc −→ Ab

T 7−→ Hn(T /y(Z × T ), R̃× y(Z × T ))
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It is enough to show that Hn(T /yT ′, R̃ × yT ′) = 0 for any locally compact
topological space T ′ = Z × T . By ([20] IV.4.10.5) we have a canonical isomor-
phism

Hn(T /yT ′, R̃× yT ′) = Hn(T ′, C0(T ′,R))

where the right hand side is the usual sheaf cohomology of the paracompact
space T ′ with values in the sheaf C0(T ′,R) of continuous real valued functions
on T ′. It is well known that the sheaf C0(T ′,R) is fine, hence acyclic for the
global section functor. The Lemma follows. �

Therefore the sheaf

h∗Rn(l∗)(R̃× yZ) ∼= Rn(l′∗)h
′∗(R̃× yZ)

vanishes for any n ≥ 1, hence so does Rn(l∗)(R̃× yZ). The spectral sequence

Hp(BW 1
K(X)

, Rq(l∗)(R̃× yZ))⇒ Hp+q(BW 1
K(X)

/yZ, R̃× yZ)

degenerates and yields an isomorphism

Hn(BW 1
K(X)

, l∗(R̃× yZ)) ∼= Hn(BW 1
K(X)

/yZ, R̃× yZ)

for any n ≥ 0. The sheaf l∗(R̃× yZ) is given by the object l′∗(R̃× yZ) of T en-
dowed with the induced action of yW 1

K(X ), as it follows from (35). Furthermore,

one has

l′∗(R̃× yZ) = l′∗l
′∗(R̃) = HomT (yZ, R̃)

where the right hand side is the internal Hom-object in T (see [20] IV Corollaire

10.8). The sheaf HomT (yZ, R̃) is represented by the abelian topological group
HomTop(Z,R) of continuous maps from Z to R endowed with the compact-
open topology, since Z is locally compact. The compact-open topology on
HomTop(Z,R) is the topology of uniform convergence on compact sets, since
R is a metric space. The real vector space HomTop(Z,R) is locally convex,
Hausdorff and complete (see [6] X.16. Corollaire 3). Note that the action of
W 1
K(X ) on HomTop(Z,R) is induced by the action on Z, and that the group

W 1
K(X ) is compact. By [15] Corollary 8, one has

Hn(BW 1
K(X)

, HomTop(Z,R)) = 0.

In summary, for any locally compact topological space Z with a continuous
action of W 1

K(X ) and any n ≥ 1, one has

Hn(BW 1
K(X)

/yZ, R̃× yZ) = Hn(BW 1
K(X)

, l∗(R̃× yZ))

= Hn(BW 1
K(X)

, HomTop(Z,R))

= 0

Hence (34) holds and Rn(jX ,∗)R̃ = 0 for any n ≥ 1. �
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Lemma 7. Let X be an irreducible scheme which is flat, separated and of finite
type over Spec(Z). If X is normal, then the adjunction map

f∗X R̃ −→ jX∗ j
∗
X f∗X R̃ ∼= jX∗ R̃

is an isomorphism.

Proof. Firstly, we need to restrict the site CX . The class of connected étale

X -schemes (respectively of connected étale Spec(Z)-schemes) is a topologically

generating family for the étale site of X (respectively of Spec(Z)). It follows
easily that the subcategory C′X ⊂ CX , consisting in objects (U → V ← Z) of
CX such that U and V are both connected, is a topologically generating family.
Then we endow the full subcategory C′X with the induced topology via the
natural fully faithful functor

C′X →֒ CX .
Then C′X is a defining site for the topos XW .

The composite map fX ◦jX : BWK(X)
→ XW → BR is induced by the morphism

of topological groups WK(X ) → R. The canonical isomorphism j∗X f
∗
X R̃
∼= R̃

induces

jX∗ j
∗
X f∗X R̃ ∼= jX∗ R̃.

On the one hand f∗X R̃ is the sheaf associated to the abelian presheaf

fpX R̃ : C′X −→ Ab

(U → V ← Z) 7−→ HomC′X ((U → V ← Z), (∗ → ∗ ← f∗R̃))

where f∗R̃ denotes the object (R,R, Id) of TSpec(Z) (with trivial action of the

Weil groups on R). For any object (U → V ← Z) of C′X with Z = (Z0, Zv, fv),
one has

fpX R̃(U → V ← Z) = HomC′X ((U → V ← Z), (∗ → ∗ ← f∗R̃))

= HomT
Spec(Z)

(Z, f∗R̃)

= HomBTopWQ
(Z0,R)

= HomTop(Z0/WQ,R).

One the other hand, the morphism jX is induced by the continuous functor:

C′X −→ BTopWK(X )

(U → V ← Z) 7−→ a∗U ×a∗f∗V b
∗Z

Hence the direct image jX∗ is given by

jX∗R̃(U → V ← Z) = HomBTopWK(X)
(a∗U ×a∗f∗V b

∗Z,R).

Here the topological group R is given with the trivial action of WK(X ). We set

U0 := a∗U and V0 := a∗f∗V.

Note that U0 (respectively V0) is given by the finite GK(X )-set (respectively the
finite GQ-set) corresponding, via Galois theory, to the étale K(X )-scheme U×X
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SpecK(X ) (respectively to the étale Q-scheme V ⊗Q). Here, U0 (respectively
V0) is considered as a finite set on which WK(X ) acts via WK(X ) → GK(X )

(respectively via WK(X ) → GQ). Finally, WK(X ) acts on the space Z0 := b∗Z
via WK(X ) →WQ.
Since WK(X ) acts trivially on R, one has

jX∗R̃(U → V ← Z) = HomBTopWK(X)
(a∗U ×a∗f∗V b

∗Z,R)

= HomTop((U0 ×V0 Z0)/WK(X ),R).

(i) The map f∗X R̃→ jX∗ R̃ is a monomorphism.

The morphism f∗X R̃ → jX∗ R̃ is given by adjunction. It is induced by the

morphism of presheaves on C′X given by the functorial map

(36) HomTop(Z0/WQ,R) −→ HomTop((U0 ×V0 Z0)/WK(X ),R)

which is in turn induced by the continuous map

(37) (U0 ×V0 Z0)/WK(X ) −→ Z0/WQ.

Let (U → V ← Z) be an object of C′X . Hence U and V are both connected.

Since U and V are both normal, the schemes U ×X Spec(K(X )) and V ×Spec(Z)

Spec(Q) are connected as well. By Galois theory, the Galois groups GK(X ) and
GQ act transitively on U0 and V0 respectively. Hence the Weil groups WK(X )

and WQ act transitively on U0 and V0 respectively.
We have maps of compactified schemes

U → X → Spec(Z) and U → V → Spec(Z).

We consider the subfield L(U) of K(U) consisting in elements of K(U) that are
algebraic over Q, i.e. we set

L(U) := K(U) ∩Q.

Note that U is normal and connected, hence irreducible, so that its function
field K(U) is well defined. We consider the arithmetic curve Spec(OL(U)). Since
U is normal, we have a canonical map

U −→ Spec(OL(U)).

We denote by U ′ the (open) image of U in Spec(OL(U)). Then we have a
factorization

U → U ′ → V → Spec(Z)

since V → Spec(Z) is étale.
The group WK(X ) acts transitively on U0, hence the choice of a base point
u0 ∈ U0 induces an isomorphism of WK(X )-sets :

α : U0 ∼= WK(X )/WK(U) = GK(X )/GK(U).
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We fix such a base point u0 ∈ U0. Then one has a 1-1 correspondence

(U0 × Z0)/WK(X ) −→ Z0/WK(U) = Z0/WL(U)
(u0, z) 7−→ z

where the equality Z0/WK(U) = Z0/WL(U) follows from the fact that the image
of WK(U) in WQ is precisely WL(U).
We consider now the commutative diagram of topological spaces

(U0 ×V0 Z0)/WK(X )
(37)−−−−→ Z0/WQ

i

y s

x

(U0 × Z0)/WK(X )

∼=−−−−→
α

Z0/WL(U)

where i is injective and s is surjective. We denote by v0 the image of u0 ∈ U0
in V0 (note that U → V induces a map U0 → V0).
Let z ∈ Z0/WQ. There exists w ∈ WQ such that w.z goes to v0 under the
WQ-equivariant map Z0 → V0, since WQ acts transitively on V0. Then one has
w.z = z, (u0, w.z) ∈ U0 ×V0 Z0, and

s ◦ α ◦ i(u0, w.z) = s ◦ α(u0, w.z) = s(w.z) = z

where ∗ stands for the orbit of some point ∗ under some group action. Using
the previous commutative diagram, this shows that the map (37) is surjective
whenever U and V are both connected. Hence the map (36) is injective for any
object (U → V ← Z) of C′X . In other words the morphism of presheaves on C′X

fpX R̃ −→ jX∗ R̃

is injective. Since the associated sheaf functor is exact, the morphism of sheaves

f∗X R̃ −→ jX∗ R̃

is injective.
(ii) The map f∗X R̃→ jX∗ R̃ is an epimorphism.
One has

f∗X R̃(U → ∗ ← Z) = HomXW
(εU × εZ; f∗X R̃).

Here we denote by ∗ the final object EtSpec(Z). Moreover, we denote by εU
(respectively by εZ) the sheaf on the topos XW associated to the presheaf
represented by (U → ∗ ← ∗) (respectively by (∗ → ∗ ← Z)), where ∗ stands
for the final object of the corresponding site. Finally, the product εU × εZ is
computed in the topos XW . By adjunction, we have

f∗X R̃(U → ∗ ← Z) = HomXW
(εU × εZ; f∗X R̃)

= HomXW /εU (εU × εZ, εU × f∗X R̃)
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where we consider the slice topos XW /εU . On the other hand we have

XW /εU = (X et ×Spec(Z)et
Spec(Z)W )/εU

∼= (X et/yU)×Spec(Z)et
Spec(Z)W

∼= Uet ×Spec(Z)et
Spec(Z)W

=: UW
∼= Uet ×U ′

et
U ′et ×Spec(Z)et

Spec(Z)W
∼= Uet ×U ′

et
U ′W

where U ′ ⊆ Spec(OL(U)) is defined as in the proof of step (i). The last equiv-
alence above is given by Proposition 5.5. Hence the fiber product site CU for
Uet ×U ′

et
U ′W given by the sites EtU , EtU ′ and TU ′ , is a defining site for the

topos UW . Then the object εU × εZ of

XW /εU = UW ∼= Uet ×U ′
et
U ′W

is the sheaf associated to the presheaf on CU represented by (∗ → ∗ ← Z)
where Z = (Z0, Zv, fv) is seen as an object of TU ′ by restricting the group of

operators on Z0 and Zv for any place v of Q. Moreover, the object εU × f∗X R̃

of XW /εU = UW is precisely f∗U R̃. It is the sheaf associated to the presheaf

fpU R̃ on CU represented by (∗ → ∗ ← f∗U ′R̃). Therefore, we have

fpU R̃(∗ → ∗ ← Z) = HomCX ((∗ → ∗ ← Z), (∗ → ∗ ← f∗U ′R̃))

= HomTU′ (Z, f∗U ′R̃)

= HomBTopWL(U)
(Z0,R)

= HomTop(Z0/WL(U),R)

By the universal property of the associated sheaf functor, we obtain a map
from

fpU R̃(∗ → ∗ ← Z) = HomTop(Z0/WL(U),R)

to the set

f∗U R̃(∗ → ∗ ← Z) = HomUW (εU × εZ, f∗U R̃)

= HomXW /εU (εU × εZ, εU × f∗X R̃)

= HomXW
(εU × εZ, f∗X R̃)

= f∗X R̃(U → ∗ ← Z)

Composing this map fpU R̃(∗ → ∗ ← Z)→ f∗X R̃(U → ∗ ← Z) with

(38) f∗X R̃(U → ∗ ← Z) −→ jX∗ R̃(U → ∗ ← Z),

we obtain the natural bijective map from

fpU R̃(∗ → ∗ ← Z) = HomTop(Z0/WL(U),R)

Documenta Mathematica 17 (2012) 313–399
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to the set

jX∗ R̃(U → ∗ ← Z) = HomTop(Z0/WL(U),R).

It follows that the map (38) is surjective.
It remains to show that the map

(39) f∗X R̃(U → V ← Z) −→ jX∗ R̃(U → V ← Z)

is surjective when V is not necessarily the final object. For any object (U →
V ← Z) of C′X , we consider the following commutative diagram

f∗X R̃(U → ∗ ← Z)
(38)−−−−→ jX∗ R̃(U → ∗ ← Z)

y p

y

f∗X R̃(U → V ← Z)
(39)−−−−→ jX∗ R̃(U → V ← Z)

We have proven above that the map (38) is surjective. The vertical arrow p is
the natural map from

jX∗ R̃(U → ∗ ← Z) = HomBTopWK(X)
(U0 × Z0,R)

to the set

jX∗ R̃(U → V ← Z) = HomBTopWK(X)
(U0 ×V0 Z0,R),

which is surjective as well. Indeed, U0 ×V0 Z0 is an open and closed WK(X )-
equivariant subspace of U0×Z0, hence any equivariant continuous map U0×V0

Z0 → R extends to an equivariant continuous map U0 × Z0 → R. It follows
immediately from the previous commutative diagram that the map (39) is
surjective, for any object (U → V ← Z) of C′X . Therefore the morphism of

sheaves f∗X R̃→ jX∗ R̃ is surjective. �

Theorem 7.1. Let X be an irreducible scheme which is flat, separated and of
finite type over Spec(Z). If X is normal then the morphism

f∗X : Hn(BR, R̃) −→ Hn(XW , R̃)

is an isomorphism for any n ≥ 0.

Proof. The Leray spectral sequence

Hp(XW , RqjX∗R̃)⇒ Hp+q(BWK(X)
, R̃)

degenerates by Proposition 7.1. This shows that the canonical morphism

Hn(XW , R̃) ∼= Hn(XW , jX∗R̃) −→ Hn(BWK(X)
, R̃)

is an isomorphism, where the first identification is given by Lemma 7. These
cohomology groups can be computed using the spectral sequence associated
with the extension

1→W 1
K(X ) →WK(X ) → R→ 1.
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Indeed, localizing along ER, we obtain a pull-back square

(40)

BW 1
K(X)

q′−−−−→ T ∼= BR/ER

p′
y p

y

BWK(X)

q−−−−→ BR

This gives an isomorphism

p∗Rn(q∗) ∼= Rn(q′∗)p
′∗

for any n ≥ 0. The argument of the proof of Proposition 7.1 shows that
Rn(q′∗)R̃ = 0 for any n ≥ 1. Hence Rn(q∗)R̃ = 0 for any n ≥ 1. Moreover q is
connected, i.e. q∗ is fully faithful, hence we have

q∗R̃ = q∗q
∗R̃ = R̃.

Therefore, the Leray spectral sequence given by the morphism q

Hi(BR, R
j(q∗)R̃)⇒ Hi+j(BWK(X)

, R̃)

degenerates and yields

Hn(BR, R̃) = Hn(BR, q∗R̃) ∼= Hn(BWK(X)
, R̃)

for any n ≥ 0. The result follows. �

8. Compact support Cohomology of XW with R̃-coefficients

Throughout this section, the arithmetic scheme X is supposed to be irreducible,
normal, flat, and proper over Spec(Z).

8.1. The morphism γX : XW → X et. Recall the notion of étale X -scheme

defined in section 4. An étale X -scheme is in particular a topological space so
that it makes sense to speak of connected étale X -schemes. Theorem 7.1 yields
the following result.

Corollary 10. For any connected étale X -scheme U , the morphism

f∗U : Hn(BR, R̃) −→ Hn(UW , R̃)

is an isomorphism for any n ≥ 0. In particular, one has Hn(UW , R̃) = R for

n = 0, 1 and Hn(UW , R̃) = 0 for n ≥ 2.

Proof. This is clear from the fact that an étale X -scheme U = (U , D) is con-
nected if and only if the scheme U is connected, and Theorem 7.1 applies to
U . �

Recall that γX : XW → X et is the projection induced by Definition 10.

Proposition 8.1. The sheaf RnγX∗(R̃) is the constant étale sheaf on X as-

sociated to the discrete abelian group R for n = 0, 1 and RnγX∗(R̃) = 0 for
n ≥ 2.
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Proof. For any n ≥ 0, RnγX∗(R̃) is the sheaf associated to the presheaf

EtX −→ Ab

U 7−→ Hn(XW /γ∗XU , R̃)

Hence the result follows immediately from Corollary 10, since XW /γ∗XU ∼=
UW . �

8.2. The morphism γ∞ : X∞,W → X∞.

8.2.1. If T is a locally compact space (or any space), one can define the big
topos TOP (T ) of T as the category of sheaves on the site (Top/T,Jop) where
Jop is the open cover topology. It is well known that the natural morphism
TOP (T )→ Sh(T ) is a cohomological equivalence. The following lemma gives
a slight generalization of this result.

Lemma 8. Let T be an object of Top. Let T /T be the big topos of T and let
Sh(T ) be its small topos. For any topos S, the canonical morphism

f : T /T × S −→ Sh(T )× S
has a section s such that s∗ ∼= f∗.

Proof. We first observe that one has a canonical equivalence

TOP (T ) := ˜(Top/T,Jop) ∼= T /T ,
where TOP (T ) is the big topos of the topological space T . In what follows,
we shall identify T /T with TOP (T ). The morphism f ′ : T /T → Sh(T ) has a
canonical section s′ : Sh(T )→ T /T , hence the map

f = (f ′, IdS) : T /T × S −→ Sh(T )× S
has a section

s := (s′, IdS) : Sh(T )× S −→ T /T × S.
Moreover, we have s′∗ = f ′∗ hence a sequence of three adjoint functors

f ′∗, f ′∗ = s′∗, s′∗.

The functor f ′∗ = s′∗ is called restriction and is denoted by Res. The functor
f ′∗ is called prolongement and is denoted by Prol.
The category Op(∗) of open sets of the one point space is a defining site for
the final topos Set. The site (S,Jcan) and (T /T ,Jcan) can be seen as sites for
the topoi S and T /T respectively, where Jcan denotes the canonical topology.
Then the morphisms f ′ and s′ are induced by the left exact continuous functors
f ′∗ and s′∗ respectively. A site for T /T × S (respectively for Sh(T ) × S) is
given by the category C of objects of the form (F → ∗ ← S) (respectively by
the category C of objects (F → ∗ ← S)). Here S is an object of S, F is an
étalé space on T , F is a big sheaf on T and ∗ is the set with one element. The
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categories C and C both have an initial object (∅ → ∅ ← ∅). The morphism of
topoi f is induced by the morphism of sites

f−1 : C −→ C
(F → ∗ ← S) 7−→ (Prol(F )→ ∗ ← S)

and the morphism s is induced by the morphism of sites

s−1 : C −→ C
(F → ∗ ← S) 7−→ (Res(F)→ ∗ ← S)

Let L be a sheaf of T /T × S. Then one has

f∗L(F → ∗ ← S) = L(Prol(F )→ ∗ ← S)

for any object (F → ∗ ← S) of C. On the other hand, s∗L is the sheaf
associated with the presheaf

spL : C −→ Set
(F → ∗ ← S) 7−→ lim−→L(F → ∗ ← S′)

where the direct limit is taken over the category of arrows

(F → ∗ ← S) −→ (Res(F)→ ∗ ← S′).

But this category has an initial object given by (Prol(F )→ ∗ ← S), since Prol
is left adjoint to Res. We obtain

s−1L(F → ∗ ← S) = L(Prol(F )→ ∗ ← S).

Hence s−1L is already a sheaf isomorphic to f∗L. This identification is func-
torial hence gives an isomorphism of functors

f∗ ∼= s∗.

�

Corollary 11. Let A be an abelian object of T /T ×S and let A′ be an abelian
object of Sh(T )× S. We have the following canonical isomorphisms:

Hn(T /T × S,A) ∼= Hn(Sh(T )× S, f∗A)

Hn(Sh(T )× S,A′) ∼= Hn(T /T × S, f∗A′).
Proof. By Lemma 8, the Leray spectral sequence associated with the morphism
f : T /T × S → Sh(T )× S degenerates since f∗ ∼= s∗ is exact. This yields the
first isomorphism

Hn(T /T × S,A) ∼= Hn(Sh(T )× S, f∗A) = Hn(Sh(T )× S, s∗A).

Applying this identification to the sheaf f∗A′, we obtain

Hn(T /T × S, f∗A′) ∼= Hn(Sh(T )× S,A′)
Indeed, we have f ◦ s ∼= Id hence

f∗f
∗A′ ∼= s∗f∗A′ ∼= (f ◦ s)∗A′ ∼= A′.

�
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Corollary 12. Let S be any topos. We denote by p1 : T × S → T and
p2 : T × S → S the projections. For any abelian object A′ of T × S, one has

Hn(T × S,A′) ∼= Hn(S, p2∗A′).
For any abelian object A of T , one has

Hn(T × S, p∗1A) ∼= Hn(S,A(∗)).
Proof. The topos T is the big topos of the one point space {∗} while Sh(∗) =
Set is the final topos. The map

f : T × S → Sh(∗)× S = Set× S = S
is the second projection p2. Hence one has

(41) Hn(T × S,A′) ∼= Hn(S, p2∗A′)
as it follows from Corollary 11.
There is a pull-back square :

(42)

T × S p2−−−−→ S
p1

y eS

y

T eT−−−−→ Set

The functor eT ∗ has a right adjoint, so that eT ∗ commutes with arbitrary
inductive limits and in particular with filtered inductive limits. Hence the
morphism eT is tidy (see [26] C.3.4.2). It follows that the Beck-Chevalley
natural transformation

e∗S ◦ eT ∗ ∼= p2∗ ◦ p∗1.
is an isomorphism (see [26] C.3.4.10). But the sheaf

p2∗p
∗
1A = e∗SeT ∗A

is the constant sheaf on S associated with the abelian group A(∗), since eT ∗ is
the global section functor and e∗S is the constant sheaf functor. Applying (41)
to the sheaf p∗1A, we obtain

Hn(T × S, p∗1A) ∼= Hn(S, p2∗p∗1A) ∼= Hn(S, e∗SeT ∗A) = Hn(S,A(∗))
for any n ≥ 0. �

Lemma 9. Let U be a contractible topological space and let

q : T × Sh(U) −→ T
be the first projection. Then one has

Rn(q∗)q
∗R̃ = 0 for n ≥ 1.

Proof. The sheaf Rn(q∗)q∗R̃ is the sheaf associated to the presheaf

Pn(q∗)q∗R̃ : Top −→ Ab

K 7−→ Hn(T × Sh(U), q∗yK, q∗R̃)
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Recall that Top denotes the category of locally compact topological spaces.
The category Topc of compact spaces is a topologically generating family of
the site (Top,Jls). It is therefore enough to show

(43) Hn(T × Sh(U), q∗yK, q∗R̃) := Hn((T × Sh(U))/q∗yK , q
∗R̃× q∗yK) = 0

for any compact space K and any n ≥ 1. We have immediately

(T × Sh(U))/q∗yK = T /yK × Sh(U).

We denote by qK : T /yK × Sh(U) → T /yK → T the morphism obtained by
projection and localization. Equivalently qK is the composition

T /yK × Sh(U) ∼= (T × Sh(U))/q∗yK −→ (T × Sh(U)) −→ T .
We consider also the map

s : Sh(K)× Sh(U) −→ T /yK × Sh(U)

defined in Lemma 8. Then the following identifications

Hn(T × Sh(U), q∗yK, R̃) ∼= Hn(T /yK × Sh(U), q∗KR̃)

∼= Hn(Sh(K)× Sh(U), s∗q∗KR̃)

∼= Hn(Sh(K × U), s̃∗q∗KR̃)

are induced by the following composite morphism of topoi

s̃ : Sh(K × U) −→ Sh(K)× Sh(U) −→ T /yK × Sh(U).

Indeed, the first map Sh(K × U) → Sh(K) × Sh(U) is an equivalence since
K is compact, and the second map induces an isomorphism on cohomology by
Corollary 11. The commutative diagram

(44)

Sh(K × U) −−−−→ Sh(K)× Sh(U)
s−−−−→ T /yK × Sh(U)

yp1
y

yqK

Sh(K) −−−−→ T /K −−−−→ T
shows that the sheaf s̃∗q∗KR̃ on the product space K × U is the inverse image
of the sheaf C0(K,R), of continuous real functions on K, along the continuous
projection p1 : K × U → K. In other words, one has

s̃∗q∗KR̃ = p∗1C0(K,R).

Consider the proper map
p2 : K × U −→ U.

By proper base change, the stalk of the sheaf Rn(p2∗)p∗1C0(K,R) on U at some
point u ∈ U is given by

(Rn(p2∗)p
∗
1C0(K,R))u = Hn(p−12 (u), p∗1C0(K,R) |p−1

2 (u)) = Hn(K, C0(K,R)).

This group is trivial for any n ≥ 1. Indeed K is compact, in particular para-
compact, hence C0(K,R) is fine on K. Thus we have

Rn(p2∗)p
∗
1C0(K,R) = 0 for any n ≥ 1.
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On the Weil-Étale Topos of Regular Arithmetic Schemes 363

Applying again proper base change to the proper map K → ∗, we see that
p2∗p∗1C0(K,R) is the constant sheaf on U associated with the discrete abelian
group

C0(K,R) := H0(K, C0(K,R)).

The Leray spectral sequence associated with the continuous map K × U → U
therefore yields

Hn(Sh(K × U), p∗1C0(K,R)) ∼= Hn(U, p2∗p
∗
1C0(K,R)) = Hn(U,C0(K,R))

for any n ≥ 0. But U is contractible hence Hn(U,C0(K,R)) = 0 for n ≥ 1,
since sheaf cohomology with constant coefficients of locally contractible spaces
coincides with singular cohomology, which is in turn homotopy invariant. We
obtain

Hn(K × U, p∗1C0(K,R)) = Hn(U,C0(K,R)) = 0

for any n ≥ 1. The result follows since we have

Hn(T × Sh(U), q∗yK, R̃) ∼= Hn(Sh(K × U), s̃∗q∗KR̃)

∼= Hn(Sh(K × U), p∗1C0(K,R))

= 0

for any compact space K and any n ≥ 1. �

8.2.2. We still denote by X an irreducible normal scheme which is flat and
proper over Spec(Z). Recall that X∞ is the topological space X an/GR, and
that the Weil-étale topos of X∞ is defined as follows (see Definition 11):

X∞,W := BR × Sh(X∞)

Proposition 8.2. Consider the projection morphism

γ∞ : X∞,W = BR × Sh(X∞) −→ Sh(X∞).

If R denotes the constant sheaf on X∞ associated to the discrete abelian group
R we have

Rnγ∞∗(R̃) ∼=
{
R n = 0, 1

0 n ≥ 2

and

Rnγ∞∗(Z) ∼=
{
Z n = 0

0 n ≥ 1.

Proof. The sheaf Rnγ∞∗(R̃) is the sheaf on the topological space X∞ associated
to the presheaf

Pn(γ∞∗)(R̃) : Op(X∞) −→ Ab

U 7−→ Hn(BR × Sh(X∞), U, R̃)

where Op(X∞) is the category of open sets of X∞. One has

Hn(BR × Sh(X∞), U, R̃) := Hn(BR × Sh(X∞)/U, R̃) = Hn(BR × Sh(U), R̃).
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The family of contractible open subsets U ⊂ X∞ forms a topologically gener-
ating family of the site (Op(X∞),Jop), since X∞ is locally contractible. It is

therefore enough to compute the groups Hn(BR×Sh(U), R̃) for U contractible.
For any contractible open subset U ⊂ X∞, we consider the following pull-back
square :

(45)

T × Sh(U)
q−−−−→ T

l′
y l

y

BR × Sh(U)
p−−−−→ BR

Here the vertical arrows l and l′ are both localization maps (recall that
BR/ER ∼= T ), while p and and q are the projections. This yields a canoni-
cal isomorphism

l∗(Rp∗) ∼= (Rq∗)l
′∗.

By Lemma 9, we obtain

l∗(Rnp∗)R̃ ∼= (Rnq∗)l
′∗R̃ = (Rnq∗)q

∗R̃ = 0

for any n ≥ 1. It follows immediately that (Rnp∗)R̃ = 0 for n ≥ 1, since
l∗ : BR → T is the forgetful functor (forget the yR-action).
The contractible topological space U is connected and locally connected, hence
so is the morphism of topoi Sh(U) → Set. Since connected and locally con-
nected morphisms are stable under base change (see [26] C.3.3.15), the first
projection p : BR × Sh(U) → BR is also connected and locally connected. In
particular, p∗ is fully faithful hence we have

p∗R̃ := p∗p
∗R̃ = R̃

The Leray spectral sequence associated to the morphism p therefore yields

(46) Hn(BR × Sh(U), p∗R̃) ∼= Hn(BR, p∗p
∗R̃) = Hn(BR, R̃).

But one has Hn(BR, R̃) = R for n = 0, 1 and Hn(BR, R̃) = 0 for n ≥ 2. Hence

the sheaf Rnγ∞∗(R̃) is the constant sheaf on X∞ associated to the discrete

abelian group R for n = 0, 1 and Rn(γ∞∗)R̃ = 0 for n ≥ 2.
To compute Rnγ∞∗(Z) recall that for any group object G in a topos E and any
abelian G-object A there is a spectral sequence

Hp(Hq(E/G•,A))⇒ Hp+q(BG ,A).

Applying this to G = R in E = T ×Sh(U) we note that the classifying topos of
G is just BR × Sh(U) by [10]. Hence for A = Z we obtain a spectral sequence

Hp(Hq(T /R•×Sh(U),Z)) ∼= Hp(Hq(Sh(R•×U),Z))⇒ Hp+q(BR×Sh(U),Z)

where we have again used Corollary 11 and the fact that the spaces Rq are
locally compact. Now if U is contractible so is Rq×U and Hq(Sh(R•×U),Z) =
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On the Weil-Étale Topos of Regular Arithmetic Schemes 365

Z (resp. 0) for q = 0 (resp. q > 0). The spectral sequence degenerates to an
isomorphism

Hp(BR × Sh(U),Z) ∼= Hp(C(Z)) =

{
Z p = 0

0 p > 0

where C(Z) is the complex associated to the constant simplicial abelian group
Z which is quasi-isomorphic to Z[0]. The sheaf Rnγ∞∗(Z) is associated to the
presheaf U 7→ Hp(BR × Sh(U),Z) and hence takes the values in the statement
of Proposition 8.2. �

By Proposition 8.2 the Leray spectral sequence for γ∞ induces a long exact
sequence

· · · → Hi(X∞,R)→ Hi(X∞,W , R̃)→ Hi−1(X∞,R)→ · · ·
which decomposes into a collection of canonical isomorphisms

(47) Hi(X∞,W , R̃) ∼= Hi(X∞,R)⊕Hi−1(X∞,R)

since γ∞ is canonically split by the morphism of topoi σ : Sh(X∞) → BR ×
Sh(X∞) which is the product with Sh(X∞) of the canonical splitting Set →
T → BR of the canonical projection BR → T → Set. Note here that σ∗

applied to the adjunction map R = γ∗∞γ∞,∗R̃ → R̃ is an isomorphism R =

σ∗R ∼= σ∗R̃ ∼= R.

8.3. The fundamental class. The map fX : XW → BR induces an isomor-
phism

f∗X : Homc(R,R) = H1(BR, R̃)→ H1(XW , R̃).

Definition 15. The fundamental class is defined as follows:

θ := f∗X (IdR) ∈ H1(XW , R̃).

We consider the sheaf R̃ as a ring object on the topos XW and we denote by
D+(R̃) the derived category of bounded below complexes of R̃-modules on XW .

For any such complex of R̃-modules M one has (see [20] V.3.5)

Hn(XW ,M) = ExtnZ(XW ,Z,M) = Extn
R̃

(XW , R̃,M) = HomD+(R̃)(R̃,M [n])

and we consider θ : R̃→ R̃[1] as a map in D+(R̃). Applying M ⊗L
R̃
− we get

∪θ : M = M ⊗L
R̃
R̃ −→M ⊗L

R̃
R̃[1] = M [1].

Applying RγX ,∗ we obtain

(48) ∪θ : RγX ,∗(M) −→ RγX ,∗(M)[1].

Applying in turn RΓXet
we get

(49) ∪θ : RΓXW
(M) −→ RΓXW

(M)[1]

Similarly, for any U étale over X we have

∪θU : RΓUW
(M) −→ RΓUW

(M)[1]
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Taking cohomology we get

(50) ∪θ : RnγX ,∗(M) −→ Rn+1γX ,∗(M),

(51) ∪θ : Hn(XW ,M) −→ Hn+1(XW ,M)

and

(52) ∪θU : Hn(UW ,M) −→ Hn+1(UW ,M).

Note that the collection of maps (52), when U runs over the category of étale
X -schemes, gives a map of presheaves inducing the morphism of sheaves (50).
Consider now the open-closed decomposition

ϕ : Xet −→ X et ←− Sh(X∞) : u∞

given by Corollary 4.1. The morphism γX : XW → X et gives pull-back squares

XW γX−−−−→ Xet

φ

y ϕ

y

XW
γX−−−−→ X et

and

X∞,W γ∞−−−−→ Sh(X∞)

i∞

y u∞

y

XW
γX−−−−→ X et

The second square is indeed a pull-back, as can be seen from the following
commutative diagram:

X∞,W γ∞−−−−→ Sh(X∞) −−−−→ Sh(∞) = Set

i∞

y u∞

y
y

XW
γX−−−−→ X et −−−−→ Spec(Z)et

The right hand side square and the total square are both pull-backs by Corollary
6 and Proposition 6.4 respectively. It follows that the left hand side square is
a pull-back as well.

Theorem 8.1. There is an isomorphism RnγX∗(φ!R̃) ∼= ϕ!R̃ for n = 0, 1, and

RnγX∗(φ!R̃) = 0 for n ≥ 2. Under these identifications, the morphism

∪θ : R0γX∗(φ!R̃) −→ R1γX∗(φ!R̃)

given by cup product with the fundamental class, is the identity of the sheaf
ϕ!R̃.

Proof. We have an exact sequence of abelian sheaves on XW :

0→ φ!R̃→ R̃→ i∞∗R̃→ 0
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Applying the functor RγX∗, we obtain an exact sequence of étale sheaves

0→ γX∗φ!R̃→ γX∗R̃→ γX∗i∞∗R̃→
R1γX∗(φ!R̃)→ R1γX∗(R̃)→ R1γX∗(i∞∗R̃)→ ...

But we have canonical isomorphisms

(53) RnγX∗(i∞∗R̃) ∼= Rn(γX∗i∞∗)R̃
∼= Rn(u∞∗γ∞∗)R̃ ∼= u∞∗R

nγ∞∗(R̃)

for any n ≥ 0, since the direct image of a closed embedding of topoi is exact.
Therefore, by Proposition 8.1 and Proposition 8.2, we obtain an exact sequence

0→ γX∗φ!R̃→ R→ u∞∗R→ R1γX∗(φ!R̃)→ R→ u∞∗R→ R2γX∗(φ!R̃)→ 0

and RnγX∗(φ!R̃) = 0 for n ≥ 3. The map R→ u∞∗R is surjective since u∞ is
a closed embedding. Hence we have an exact sequence

0→ RnγX∗(φ!R̃)→ R→ u∞∗R→ 0

for n = 0, 1 and RnγX∗(φ!R̃) = 0 for n ≥ 2. The first claim of the theorem
follows.
For any connected étale X -scheme U , we have a commutative square of R-vector
spaces

H0(UW , R̃)
∪θU−−−−→ H1(UW , R̃)

x
x

H0(BR, R̃) = R
∪IdR−−−−→ H1(BR, R̃) ∼= R

where the vertical maps are isomorphisms by Corollary 10. The R-linear map

(54) ∪IdR : H0(BR, R̃) = R −→ H1(BR, R̃) = Homcont(R,R)

sends 1 ∈ R to IdR. Under the identification

H1(BR, R̃) = Homcont(R,R) ∼= R

which maps f : R→ R to f(1), the morphism (54) is the identity of R. Hence
the morphism

∪θU : H0(UW , R̃) = R −→ H1(UW , R̃) ∼= R

is just the identity, for any connected étale X -scheme U . It follows that the
morphism of sheaves defined in (50)

(55) ∪θ : R0γX∗(R̃) = R̃ −→ R1γX∗(R̃) ∼= R̃

is the identity of the sheaf R̃.
The same argument is valid for the sheaf i∞∗R̃. The composite morphism

p : X∞,W = BR × Sh(X∞) −→ X −→ BR

is the first projection. We consider the fundamental class

θ∞ := p∗(IdR) = i∗∞(θ) ∈ H1(X∞,W , R̃).
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Then the morphism

∪θ : R0γX∗(i∞∗R̃) −→ R1γX∗(i∞∗R̃)

coincides, via the canonical isomorphism (53), with the morphism

u∞∗R0γ∞∗(R̃)→ u∞∗R1γ∞∗(R̃) induced by

∪θ∞ : R0γ∞∗(R̃) −→ R1γ∞∗(R̃).

But for any contractible open subset U ⊂ X∞, one has a commutative square

H0(X∞,W , U, R̃)
∪θ∞−−−−→ H1(X∞,W , U, R̃)

x
x

H0(BR, R̃) = R
∪IdR−−−−→ H1(BR, R̃) ∼= R

where all the maps are isomorphisms, as it follows from (46). Hence the map

∪θ∞ : R̃ = γ∞∗(R̃) −→ R1γ∞∗(R̃) ∼= R̃

is the identity, and so is the morphism

(56) ∪θ : R0γX∗(i∞∗R̃) = u∞∗R̃ −→ R1γX∗(i∞∗R̃) ∼= u∞∗R̃.

The morphism (50) is functorial hence ∪θ gives a morphism of exact sequences
from

0→ R0γX∗(φ!R̃)→ R0γX∗(R̃)→ R0γX∗(i∞∗R̃)→ 0

to

0→ R1γX∗(φ!R̃)→ R1γX∗(R̃)→ R1γX∗(i∞∗R̃)→ 0

But the morphisms (55) and (56) are both given by the identity map, hence so
is the morphism

∪θ : R0γX∗(φ!R̃) = ϕ!R̃ −→ R1γX∗(φ!R̃) ∼= ϕ!R̃.

�

Definition 16. For any abelian sheaf A on XW , the compact support coho-
mology groups Hi

c(XW ,A) are defined as follows:

Hi
c(XW ,A) := Hi(XW , φ!A)

Theorem 8.2. Assume that X is irreducible, normal, flat and proper over
Spec(Z). The compact support cohomology groups Hi

c(XW , R̃) are finite di-
mensional vector spaces over R, vanish for almost all i and satisfy

∑

i∈Z
(−1)i dimRH

i
c(XW , R̃) = 0.

Moreover, the complex of R-vector spaces

· · · ∪θ−−→ Hi
c(XW , R̃)

∪θ−−→ Hi+1
c (XW , R̃)

∪θ−−→ · · ·
is acyclic.
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Proof. Consider the Leray spectral sequence

Hp(X et, RqγX∗(φ!R̃)) =⇒ Hp+q(XW , φ!R̃)

given by the morphism γX . This spectral sequence yields

H0(XW , φ!R̃) = H0(X et, ϕ!R) = 0

and a long exact sequence

0 −→ H1(X et, R0γX∗(φ!R)) −→ H1(XW , φ!R̃) −→ H0(X et, R1γX∗(φ!R))
y∪θ

... −→ H2(X et, R0γX∗(φ!R)) −→ H2(XW , φ!R̃) −→ H1(X et, R1γX∗(φ!R))
y∪θ

... −→ H3(X et, R0γX∗(φ!R)) −→ H3(XW , φ!R̃) −→ H2(X et, R1γX∗(φ!R))

... −→ H4(X et, R0(γX∗)φ!R) −→ ...

Here the vertical maps ∪θ are given by cup product with the fundamental class.
More precisely, the morphism (48)

RγX ,∗(φ!R) −→ RγX ,∗(φ!R)[1]

induces a morphism of spectral sequences. This morphism of spectral sequences
induces in turn these vertical maps ∪θ. It follows that the composite map

(57) Hi(X et, R0γX∗(φ!R))→ Hi(XW , φ!R̃)
∪θ−−→ Hi+1(XW , φ!R̃)

→ Hi(X et, R1γX∗(φ!R))

is induced by the isomorphism of sheaves

R0γX∗(φ!R̃) = ϕ!R
∪θ−−→ R1γX∗(φ!R̃) ∼= ϕ!R.

Hence the map (57) is an isomorphism for any i ≥ 0, by Theorem 8.1. This
yields a section to the map

Hi+1(XW , φ!R̃) −→ Hi(X et, R1γX∗(φ!R)).

It follows that the long exact sequence above decomposes into a collection of
canonical isomorphisms

Hi(XW , φ!R̃) ∼= Hi(X et, R0γX∗(φ!R̃))⊕Hi−1(X et, R1γX∗(φ!R̃))(58)

∼= Hi(X et, ϕ!R)⊕Hi−1(X et, ϕ!R)(59)

∼= Hi
c(Xet,R)⊕Hi−1

c (Xet,R)(60)

for any i ≥ 1. By Proposition 4.3, the R-vector space Hi
c(Xet,R) is finite

dimensional and zero for i large. Hence we have

dimRH
i
c(XW , R̃) = dimRH

i
c(Xet,R) + dimRH

i−1
c (Xet,R)
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and ∑

i∈Z
(−1)i dimRH

i
c(XW , R̃) = 0.

Under the identification (60), the morphism given by cup product with the
fundamental class

Hi
c(XW , R̃)

∪θ−−→ Hi+1
c (XW , R̃)

is obtained by composing the projection with the inclusion as follows:

(61) Hi
c(XW , R̃)։ Hi

c(Xet,R) →֒ Hi+1
c (XW , R̃).

It follows immediately from (60) and (61) that the complex of R-vector spaces

· · · ∪θ−−→ Hi
c(XW , R̃)

∪θ−−→ Hi+1
c (XW , R̃)

∪θ−−→ · · ·
is acyclic. �

Proposition 8.3. Assume that X is irreducible, normal, flat and proper over
Spec(Z). Then one has

∑

i∈Z
(−1)ii dimRH

i
c(XW , R̃) =

∑

i∈Z
(−1)i+1 dimRH

i
c(Xet,R)

= −1 +
∑

i∈Z
(−1)i dimRH

i(X∞,R)

= −1 +
∑

i∈Z
(−1)i dimRH

i(X an,R)+

Proof. The first equality (respectively the second) follows from (60) (respec-
tively from Proposition 4.3). To prove the third, we consider the morphism of
topoi

(π∗, πGR

∗ ) : Sh(GR,X an)→ Sh(X∞)

given by the quotient map π : X an → X an/GR, where Sh(GR,X an) is the
topos of GR-equivariant sheaves on the space X an. The constant sheaf R on
X an is endowed with its GR-equivariant structure. For any n ≥ 1, the stalk of
Rn(πGR∗ )R at some fixed point x ∈ X (R) ⊂ X∞ is the abelian groupHn(GR,R),
which is zero since R is uniquely divisible. This gives

Rn(πGR

∗ )R = 0 for n ≥ 1

and a canonical isomorphism

Hn(X∞,R) ∼= Hn(Sh(GR,X an),R)

for any n ≥ 0. But the spectral sequence

Hp(GR, H
q(X an,R)) =⇒ Hp+q(Sh(GR,X an),R)

degenerates and gives an isomorphism

Hn(Sh(GR,X an),R) ∼= H0(GR, H
n(X an,R)) =: Hn(X an,R)+
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for any n. The result follows. �

9. Relationship to the Zeta-function

9.1. Motivic L-functions. We first recall the expected properties of motivic
L-functions [38]. For any smooth proper scheme X/Q of pure dimension d and
0 ≤ i ≤ 2d one defines the L-function

L(hi(X), s) =
∏

p

Lp(h
i(X), s)

as an Euler product over all primes p where

Lp(h
i(X), s) = Pp(h

i(X), p−s)−1

and

Pp(h
i(X), T ) = detQl

(
1− Frob−1p · T |Hi(XQ̄,et,Ql)

Ip
)

is a polynomial (conjecturally) with rational coefficients independent of the
prime l 6= p. By [9] this product converges for ℜ(s) > i

2 + 1. Set

ΓR(s) = π−s/2Γ(
s

2
); ΓC(s) = 2(2π)−sΓ(s)

and

L∞(hi(X), s) =
∏

p<q

ΓC(s− p)hp,q ·
∏

p= i
2

ΓR(s− p)hp,+

ΓR(s− p+ 1)h
p,−

where Hi(X(C),C) ∼=
⊕

p+q=iH
p,q is the Hodge decomposition,

hp,q = dimCH
p,q; hp,± = dimC(Hp,p)F∞=±(−1)p

and F∞ is the map induced by complex conjugation on the manifold X(C).
Here the product over p = i

2 is understood to be empty for odd i. The com-
pleted L-function

Λ(hi(X), s) = L∞(hi(X), s)L(hi(X), s)

is expected to meromorphically continue to all s and satisfy a functional equa-
tion

(62) Λ(hi(X), s) = ǫ(hi(X), s)Λ(h2d−i(X), d+ 1− s).
Here ǫ(hi(X), s) is the product of a constant and an exponential function in s,
in particular nowhere vanishing.

Lemma 10. Assuming meromorphic continuation and the functional equation
we have

ords=0 L(hi(X), s) =

{
−t+ dimCH

0(X(C),C)F∞=1 i = 0

dimCH
i(X(C),C)F∞=1 i > 0.

where t is the number of connected components of the scheme X.
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Proof. For i > 0 the point d + 1 > 2d−i
2 + 1 lies in the region of absolute

convergence of L(h2d−i(X), s) so that L(h2d−i(X), d + 1) 6= 0. The Gamma-
function has no zeros and has simple poles precisely at the non-positive integers.
For p+ q = 2d− i and p < q we have p < d− i

2 , hence ΓC(d+ 1− p) 6= 0. For

p = d− i
2 we likewise have ΓR(d+ 1− p) 6= 0 and ΓR(d+ 1 + 1− p) 6= 0. Hence

L∞(h2d−i(X), d + 1) 6= 0 and the functional equation shows Λ(hi(X), 0) 6= 0,
i.e.

ords=0 L(hi(X), s) =− ords=0 L∞(hi(X), s)(63)

=
∑

p<q

hp,q +
∑

p= i
2

hp,± = dimCH
i(X(C),C)F∞=1

where this last identity follows from F∞(Hp,q) = Hq,p and the sign ± in hp,±

is the one for which ±(−1)p = 1. Indeed, ΓR(s− p) (resp. ΓR(s − p+ 1)) has
a simple pole at s = 0 precisely for even (resp. odd) p.
For i = 0 the function

L(h0(X), s) = ζK1(s) · · · ζKt(s)

is a product of Dedekind Zeta-functions where H0(X,OX) = K1 × · · · ×Kt is
the ring of global regular functions on X and the Ki are number fields. It is
classical that ords=1 ζKj (s) = −1 and therefore

ords=0 Λ(h0(X), s) = ords=1 Λ(h0(X), s) =
t∑

j=1

ords=1 ζKj (s) = −t.

Hence (63) holds for i = 0 with −t added to the right hand side.
�

9.2. Zeta-functions. For any separated scheme X of finite type over
Spec(Z) one defines a Zeta-function

ζ(X , s) :=
∏

x∈Xcl

1

1−N(x)−s
=
∏

p

ζ(XFp , s)

as an Euler product over all closed points. By Grothendieck’s formula [31][Thm.
13.1]

ζ(XFp , s) =

2 dim(XFp )∏

i=0

detQl

(
1− Frob−1p · p−s|Hi

c(XF̄p,et,Ql)
)(−1)i+1

.

If XQ → Spec(Q) is smooth and proper of relative dimension d, there will be
an open subscheme U ⊆ Spec(Z) on which XU → U is smooth and proper. By
smooth and proper base change we have for p ∈ U

Hi
c(XF̄p,et,Ql)

∼= Hi(XF̄p,et,Ql)
∼= Hi(XQ̄,et,Ql) ∼= Hi(XQ̄,et,Ql)

Ip
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and therefore

(64) ζ(X , s) =
∏

p/∈U
Ep(s)

2d∏

i=0

L(hi(XQ), s)(−1)
i

where

Ep(s) =

∞∏

i=0

(
detQl

(
1− Frob−1p · p−s|Hi(XQ̄,et,Ql)

Ip
)

detQl

(
1− Frob−1p · p−s|Hi

c(XF̄p,et,Ql)
)
)(−1)i

is a rational function in p−s.

Theorem 9.1. Let X be a regular scheme, proper and flat over Spec(Z). As-
sume that the L-functions L(hi(XQ), s) can be meromorphically continued and
satisfy the functional equation (62). Then

ords=0 ζ(X , s) =
∑

i∈Z
(−1)i · i · dimRH

i
c(XW , R̃).

Proof. Note that regularity of X implies that XQ → Spec(Q) is smooth. By
Lemma 10 and Proposition 8.3 we have

ords=0

∏

i∈Z
L(hi(XQ), s)(−1)

i

=− t+
∑

i∈Z
(−1)i dimCH

i(XQ(C),C)F∞=1

=− t+
∑

i∈Z
(−1)i dimRH

i(X an,R)F∞=1

=
∑

i∈Z
(−1)i · i · dimRH

i
c(XW , R̃)

and in view of (64) it remains to show that ords=0Ep(s) = 0 for all p (or just

p /∈ U). This follows from the fact that the Frob−1p eigenvalue 1 (of weight 0) has

the same multiplicity on Hi
c(XF̄p,et,Ql) = Hi(XF̄p,et,Ql) and on Hi(XQ̄,et,Ql)

Ip

by part b) of Theorem 10.1 in the next section. �

Corollary 13. Let F be a totally real number field and X a proper, regular
model of a Shimura curve over F , or of E×E× · · · ×E where E is an elliptic
curve over F . Then

ords=0 ζ(X , s) =
∑

i∈Z
(−1)i · i · dimRH

i
c(XW , R̃).

Proof. For any Shimura curve X , by the now classical results of Eichler,
Shimura, Deligne, Carayol and others, L(h1(X), s) is a product of L-functions
associated to weight 2 cusp forms for a suitable arithmetic subgroup of PSL2(R)
associated to X , hence satisfies (62). It is moreover well known that any curve
always has a proper regular model.
By the Kuenneth formula we have

hi(Ed) ∼=
⊕

i0+i1+i2=d
i1+2i2=i

h0(E)⊗i0⊗h1(E)⊗i1⊗h2(E)⊗i2 ∼=
⊕

i0+i1+i2=d
i1+2i2=i

h1(E)⊗i1 (−i2)
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and each tensor power h1(E)⊗i1 is a direct sum of Tate twists of symmetric

powers Symkh1(E). But for elliptic curves E over totally real fields F the

meromorphic continuation and functional equation of L(Symkh1(E)/F, s) fol-
lows from recent deep results of Harris, Taylor, Shin et al (see [5][Cor. 8.8]). We
remark that a proper regular model X of Ed certainly exists if E has semistable
reduction at all primes since then the product singularities of Ed, where E is a
proper regular model of E, can be resolved [37]. �

Theorem 9.2. Let X be a smooth proper variety over a finite field. Then a)-f)
in the introduction hold for X .
Proof. This was proved for X smW in [18][Thm. 9.1] since one clearly has

Hi(X smW ,Z)⊗Z R ∼= Hi(X smW ,R).

But in view of Corollary 12 (see also Corollary 2 and the remark after it) we
have

Hi(XW ,Z) ∼= Hi(X smW ,Z); Hi(XW , R̃) ∼= Hi(X smW ,R)

when XW is defined by Definition 10. Note here that our fundamental class θ
defined in Definition 15 is different from the class e ∈ H1(XW , R̃) used in [18].
The class e lies in the image of H1(XW ,Z) and is the pullback of the identity
map in

H1(Spec(Fp)W ,Z) = HomZ(WFp ,Z) ∼= HomZ(Z,Z).

Since the natural map WFp → R sends the Frobenius to log(p), the elements θ
and e differ by a factor of log(p). This is consistent with the fact that

(65) ζ∗(X , 0) = log(p)rZ∗(X , 1)

where Z(X , T ) ∈ Q(T ) is the rational function so that ζ(X , s) = Z(X , p−s)
and

Z(X , T ) = (1− T )rZ∗(X , 1) + ...

with r ∈ Z and Z∗(X , 1) 6= 0,∞. �

9.3. Remarks. We finish this section with some remarks to put our results
in perspective.

9.3.1. Cohomology with Z-coefficients. If X → Spec(Z) is a (proper, flat, reg-

ular) arithmetic scheme with a section then RΓ(Spec(Z)W ,Z) is a direct sum-

mand of RΓ(XW ,Z). Hence by [14] H4(XW ,Z) will not be a finitely generated
abelian group and d) does not hold. Even if one could find a definition of

Spec(Z)W with the expected Z-cohomology the definition of XW as a fibre
product (Definition 10) will not be the right one. Heuristically this is because
one should view the fibre product of topoi as a ”homotopy pullback”, and the
”homotopy fibre” of γ : XW → Xet is not independent of X , unlike in the sit-
uation over finite fields. Indeed, viewing Rγ∗Z as the cohomology of the fibre,
Geisser has shown [18] that this complex has cohomology Z, Q, 0 in degrees 0,
1, ≥ 2, respectively, for any X over Spec(Fp). So for any X over Spec(Fp) one
can view the fibre as the pro-homotopy type of a solenoid.
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For X = Spec(OF ) where F is a number field, one expects Rγ∗Z to be concen-
trated in degrees 0 and 2 (see [34][Sec.9]). On the other hand, if

X = P1
Spec(OF )

has the correct Z-cohomology, compatible with the computations of R̃-
cohomology in this paper, then H4(X̄W ,Z) must be a finitely generated group
of rank r2, the rank of K3(OF ) (see j) in section 9.4.2 below). This can only
happen if Riγ∗Z is nonzero for i = 3 or i = 4, the most likely scenario being that
R4γ∗Z is nonzero with global sections H0(X̄et, R4γ∗Z) ∼= HomZ(K3(OF ),Q).
Again, this is only a heuristic argument since we have not rigorously defined
the homotopy fibre, let alone established any relation between its Z-cohomology
and Rγ∗Z.

9.3.2. Weil-groups of finitely generated fields. The definition of the Weil-étale
topos as a fibre product is closely related to the idea, briefly mentioned by
Lichtenbaum in the introduction of [30], of defining the Weil-étale topos via
Weil-groups for all scheme points x ∈ X , and then gluing into a global topos
in the spirit of [30]. This is because the Weil-group of a field k(x) of finite
transcendence degree over its prime subfield F would be defined as the fibre
product Gk(x) ×GF WF (as in Definition 12) and the classifying topos of this
group is the fibre product of the classifying topoi of the factors by Corollary 4.
The remarks in the previous paragraph would then apply to such a definition
as well.

9.3.3. Properties a)-f) for X . If X is regular, proper and flat over Spec(Z) with
generic fibre X of dimension d it follows easily from our results that properties
a)-c) hold for X where of course

RΓc(XW , R̃) = RΓ(XW , R̃)

and

ζ(X , s) = ζ(X , s)
2d∏

i=0

L∞(hi(X), s)(−1)
i

.

Property d) must also hold for any reasonable definition of RΓ(XW ,Z) as
will become clear from our discussion in section 9.4.2 below. This discussion
will also show, however, that properties e) and f) will definitely not hold for
any definition of RΓ(XW ,Z). This is consistent with the fact that there are
no special value conjectures for the completed L-functions Λ(hi(X), s) in the
literature.

9.3.4. Non-regular/non-proper schemes. For varieties over finite fields which
are not smooth and proper the work of Geisser [19] shows that one has to
replace the étale topology by the eh-topology (which allows abstract blow-ups
as coverings) in order to define groups Hi

c(XWh,Z) and Hi
c(XWh,R) which

are independent of a choice of compactification of X and which satisfy a)-f)
in the introduction (where the index W is replaced by Wh). For arithmetic
schemes over Spec(Z) a similar modification will be necessary, and one also has
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to assume some strong form of resolution of singularities for arithmetic schemes.
We have refrained from trying to incorporate the idea of the eh-topology in this
paper since our results (based on the fibre product definition of XW ) are only
very partial in any case.

9.4. Relation to the Tamagawa number conjecture. In this section
we establish the compatibility of the conjectural properties of Weil-étale co-
homology, as outlined in the introduction and augmented with some further
assumptions below, with the Tamagawa number conjecture of Bloch and Kato.

9.4.1. Statement of the Tamagawa number conjecture. Let X be a proper,
flat, regular Z-scheme with generic fibre X of dimension d. The original Tam-
agawa number conjecture of Bloch and Kato [4] concerned the leading Taylor
coefficient of L(hi(X), s) at integers s ≥ i+1

2 . This was then generalized by
Fontaine and Perrin-Riou [16] to a conjecture about the vanishing order and
leading coefficient at any integer s. In this paper we are only concerned with
s = 0.
One defines ”integral motivic cohomology” groups Hp

M (X/Z,Q(q)) for example,
as

Hp
M (X/Z,Q(q)) := im

(
K2q−p(X )

(q)
Q → K2q−p(X)

(q)
Q

)
,

with Kj(X)
(q)
Q the q-th Adams eigenspace of the algebraic K-groups Kj(X)⊗Z

Q. Denote by W ∗ = HomQ(W,Q) the dual Q-space and set WR := W ⊗Q R.

Conjecture 1. (Vanishing order) The space H2d−i+1
M (X/Z,Q(d+ 1)) is finite

dimensional and

ords=0 L(hi(X), s)= dimQH
1
f (hi(X)∗(1))∗− dimQH

0
f (hi(X)∗(1))∗

= dimQH
1
f (h2d−i(X)(d+ 1))∗− dimQH

0
f (h2d−i(X)(d+ 1))∗

= dimQH
2d−i+1
M (X/Z,Q(d+ 1))∗

Here we refer to [13] for the notation Hi
f (M) (not needed in the sequel).

Let Hp
D(X/R,R(q)) denote (real) Deligne cohomology and let

ρi∞ : H2d−i+1
M (X/Z,Q(d+ 1))R →H2d−i+1

D (X/R,R(d+ 1))(66)

be the Beilinson regulator.

Conjecture 2. (Beilinson) The map ρi∞ is an isomorphism for i ≥ 1 and
there is an exact sequence

(67) 0→ H2d+1
M (X/Z,Q(d+1))R

ρ0∞−−→ H2d+1
D (X/R,R(d+1))→ CH0(X)∗R → 0

for i = 0.

We remark that Deligne cohomology satisfies a duality

(68) H2d−i+1
D (X/R,R(d+ 1))∗ ∼= Hi

D(X/R,R) = Hi(X(C),R)+
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for i ≥ 0 and deduce the well known fact that the vanishing order of L(hi(X), s)
predicted by Conjectures 1 and 2 is in accordance with Lemma 10. Another
consequence of conjecture 2 is

(69) H2d−i+1
M (X/Z,Q(d+ 1)) = 0

for i ≥ 2d+ 1, a particular case of the Beilinson-Soule conjecture.
Define the fundamental line

∆f (hi(X)) = det−1Q (Hi(X(C),Q)+)⊗Q detQH
2d−i+1
M (X/Z,Q(d+ 1))∗

for i > 0 and

∆f (h0(X))

= detQCH
0(X)Q ⊗Q det−1Q (H0(X(C),Q)+)⊗Q detQH

2d+1
M (X/Z,Q(d+ 1))∗

for i = 0. There is an isomorphism

ϑi∞ : R ∼= ∆f (hi(X))R

induced by (68) and the dual of (66) (resp. (67)) for i > 0 (resp. i = 0).
Now fix a prime number l and let U ⊆ Spec(Z) an open subscheme on which
l is invertible. For any smooth l-adic sheaf V on U and prime p 6= l define a
complex concentrated in degrees 0 and 1

RΓf (Qp, V ) = RΓ(Fp, i∗pjp,∗V ) = V Ip
1−Frob−1

p−−−−−−→ V Ip

where Ip is the inertia subgroup at p and ip : Spec(Fp) → Spec(Z) and jp :
U → Spec(Z) are the natural immersions. For p = l define

RΓf (Qp, V ) = Dcris(V )
(1−φ,ι)−−−−−→ Dcris(V )⊕DdR(V )/F 0DdR(V )

where Dcris and DdR are Fontaine’s functors [16]. In both cases there is a map
of complexes

RΓf(Qp, V )→ RΓ(Qp, V )

and one defines RΓ/f (Qp, V ) as the mapping cone. The next Lemma shows
that the complex RΓf (Qp, V ) has a uniform description for p = l and p 6= l in
the case that interests us.

Lemma 11. Let V be finite dimensional Qp-vector space with a continuous
Gp := Gal(Q̄p/Qp)-action and such that DdR(V )/F 0DdR(V ) = 0. Then there
is a commutative diagram in the derived category of Qp-vector spaces

RΓf (Qp, V ) −−−−→ RΓ(Qp, V )

κ

y ‖

RΓ(Fp, V Ip) −−−−→ RΓ(Qp, V )

where κ is a quasi-isomorphism.
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Proof. For a profinite group G and continuous G-module M we denote by
C∗(G,M) the standard complex of continuous cochains. There is an exact
sequence of continuous Gp-modules

0→ V → B0(V )
d0−→ B1(V )→ 0

where

B0(V ) = Bcris ⊗Qp V

(with diagonal Gp-action),

B1(V ) = Bcris ⊗Qp V ⊕ (BdR/F
0BdR)⊗Qp V

and d0(x) = ((1 − φ)(x), ι(x)) where ι is induced by the canonical inclusion
Bcris → BdR (see [16] for more on Fontaine’s rings Bcris and BdR). Viewing
this sequence as a quasi-isomorphism between V and a two term complex we
obtain a quasi-isomorphism

RΓ(Qp, V ) = RΓ(Gp, V ) = C∗(Gp, V )

∼= Tot

(
C∗(Gp, B

0(V ))
d0∗−−→ C∗(Gp, B

1(V ))

)

where Tot denotes the simple complex associated to a double complex. By
definition RΓf (Qp, V ) is the subcomplex

H0(Gp, B
0(V ))

d0−→ H0(Gp, B
1(V ))

of this double complex, i.e. the complex

Dcris(V )
d0−→ Dcris(V )⊕DdR(V )/F 0DdR(V ).

For any continuous Gp-module M there is moreover a quasi-isomorphism

RΓ(Gp,M) ∼= RΓ(Fp, RΓ(Ip,M)) ∼= Tot

(
C∗(Ip,M)

1−Frob−1
p−−−−−−→ C∗(Ip,M)

)

where Frobp ∈ Gp is any lift of the Frobenius automorphism in Gp/Ip,
acting simultaneously on Ip (by conjugation) and on M . The complex
RΓ(Fp, H0(Ip,M)) is the subcomplex

H0(Ip,M)
1−Frob−1

p−−−−−−→ H0(Ip,M)

of this double complex. Combining these two constructions, we deduce that
RΓ(Qp, V ) is canonically isomorphic to the total complex of the triple complex

(70)

C∗(Ip, B0(V ))
d0∗−−−−→ C∗(Ip, B1(V ))

1−Frob−1
p

y 1−Frob−1
p

y

C∗(Ip, B0(V ))
d0∗−−−−→ C∗(Ip, B1(V )).

We have an isomorphism

Q̂urp ⊗Qp Dcris(V ) ∼= H0(Ip, B
0(V ))
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where Q̂urp is the p-adic completion of the maximal unramified extension of Qp.
The map φ on this space (induced by φ on Bcris) is semilinear with respect to

the automorphism φ of Q̂urp . The classical Dieudonné-Manin structure theorem

for such semilinear φ-modules [27] shows that H0(Ip, B
0(V )) is a direct sum

of simple modules E( NM ) ∼= Q̂urp [φ]/(φM − pN), parametrized by non-negative

rational numbers N
M , and an explicit computation shows that 1−φ is surjective

on E( NM ). Hence 1− φ is surjective on H0(Ip, B
0(V )). By our assumption on

V we have

H0(Ip, B
1(V )) ∼= H0(Ip, B

0(V ))⊕ Q̂urp ⊗Qp (Ddr(V )/F 0DdR(V ))

∼= H0(Ip, B
0(V ))

and d0 is simply the map 1 − φ on H0(Ip, B
0(V )). Hence H0(Ip, V ) is quasi-

isomorphic to the complex

H0(Ip, B
0(V ))

d0−→ H0(Ip, B
1(V ))

and RΓ(Fp, H0(Ip, V )) is canonically isomorphic to the total complex of the
double subcomplex

H0(Ip, B
0(V ))

d0−−−−→ H0(Ip, B
1(V ))

1−Frob−1
p

y 1−Frob−1
p

y

H0(Ip, B
0(V ))

d0−−−−→ H0(Ip, B
1(V ))

of (70). Now, again using our assumption DdR(V )/F 0DdR(V ) = 0, this double
complex is naturally quasi-isomorphic to RΓf (Qp, V ) via the natural map κ
(given by the inclusion H0(Gp,−)→ H0(Ip,−)) in the following diagram

Dcris(V )
1−φ−−−−→ Dcris(V )

κ0

y κ1

y

H0(Ip, B
0(V ))

1−φ−−−−→ H0(Ip, B
0(V ))

1−Frob−1
p

y 1−Frob−1
p

y

H0(Ip, B
0(V ))

1−φ−−−−→ H0(Ip, B
0(V )).

Indeed, the vertical sequences in this diagram are short exact sequences. The
space Dcris(V ) = H0(Gp, B

0(V )) is the kernel of 1−Frob−1p on H0(Ip, B
0(V ))

by definition, and 1 − Frob−1p is surjective on H0(Ip, B
0(V )). This is because

there is an isomorphism of Frobp-modules

H0(Ip, B
0(V )) = Q̂urp ⊗Qp Dcris(V ) ∼= (Q̂urp )d

where d = dimQp Dcris(V ), using again the fact that Frobp acts trivially on

Dcris(V ). Finally, it is well known that 1 − Frobp : Q̂urp → Q̂urp is surjective.
This concludes the proof of the Lemma. �
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We continue with the notations introduced before Lemma 11. One defines a
global complex RΓf(Q, V ) as the mapping fibre of

RΓ(Uet, V )→
⊕

p/∈U
RΓ/f(Qp, V ).

Then there is an exact triangle in the derived category of Ql-vector spaces

(71) RΓc(Uet, V )→ RΓf(Q, V )→
⊕

p/∈U
RΓf(Qp, V )

where the primes p /∈ U include p = ∞ with the convention RΓf (R, V ) =
RΓ(R, V ). One can further show that Artin-Verdier duality induces a duality

Hi
f (Q, V ) ∼= H3−i

f (Q, V ∗(1))∗.

The index ”f” stands for ”finite” which in this context is synonymous for
”unramified” or ”coming from an integral model”. The following proposition
justifies this interpretation of the complex RΓf in the case of interest in this
paper.

Proposition 9.1. Let π : X → Spec(Z) be a regular, proper, flat Z-scheme
and X̄et its Artin-Verdier étale topos. Let U ⊆ Spec(Z) be an open subscheme
so that πU : XU → U is proper and smooth, let l be a prime number invertible
on U and set Xp = X ⊗ZFp. For brevity we write X∞,et for Sh(X∞) (see Prop.
4.1). Assume Conjecture 9 in the next section. Then there is an isomorphism
of exact triangles in the derived category of Ql-vector spaces

RΓc(XU,et,Ql) −→ RΓ(X̄et,Ql) −→ ⊕
p/∈U

RΓ(Xp,et,Ql) −→
y

y
y

2d⊕
i=0

RΓc(Uet, V
i
l )[−i] −→

2d⊕
i=0

RΓf (Q, V il )[−i] −→ ⊕
p/∈U

2d⊕
i=0

RΓf(Qp, V il )[−i] −→

where V il := Hi(XQ̄,et,Ql) and the bottom exact triangle is a sum over triangles
(71).

Proof. For all p and l (including p = ∞ with a suitable interpretation of the
terms) we shall first show that there is a commutative diagram
(72)

RΓ(Xp,et,Ql) −→ RΓ(XQp,et,Ql) −→ RΓXp(XZp,et,Ql)[1] −→
α

y β

y
y

2d⊕
i=0

RΓf (Qp, V il )[−i] −→
2d⊕
i=0

RΓ(Qp, V il )[−i] −→
2d⊕
i=0

RΓ/f(Qp, V il )[−i] −→
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where the rows are exact and the vertical maps are quasi-isomorphisms. This
then induces a commutative diagram where the vertical maps are quasi-
isomorphisms
(73)

RΓ(XU,et,Ql) −→ ⊕
p/∈U

RΓ(XQp,et,Ql) −→ ⊕
p/∈U

RΓXp(XZp,et,Ql)[1]

y
y

y
2d⊕
i=0

RΓ(Uet, V
i
l )[−i] −→ ⊕

p/∈U

2d⊕
i=0

RΓ(Qp, V il )[−i] −→ ⊕
p/∈U

2d⊕
i=0

RΓ/f (Qp, V il )[−i].

Indeed, the first commutative square is induced by the commutative diagram

XU ←−−−− XQpy
y

U ←−−−− Spec(Qp)

and a decomposition RπU,∗Ql ∼=
⊕2d

i=0 V
i
l [−i] in the derived category of l-adic

sheaves on U , and the second is a sum over p /∈ U of the right hand square
in (72). Taking mapping fibres of the composite horizontal maps in (73) we
obtain an isomorphism of exact triangles

RΓ(X̄et,Ql) −→ RΓ(XU,et,Ql) −→ ⊕
p/∈U

RΓXp(XZp,et,Ql)[1] −→
y

y
y

2d⊕
i=0

RΓf (Q, V il )[−i] −→
2d⊕
i=0

RΓ(Uet, V
i
l )[−i] −→ ⊕

p/∈U

2d⊕
i=0

RΓ/f (Qp, V il )[−i] −→

where we use excision to identify the first fibre with RΓ(X̄et,Ql). The oc-
tahedral axiom then gives the isomorphism of exact triangles in Proposition
9.1, using the fact that the mapping fibre of the top left (resp. bottom left)

horizontal map in (73) is RΓc(XU,et,Ql) (resp.
⊕2d

i=0 RΓc(Uet, V
i
l )[−i]).

Concerning (72), for p = ∞ we declare RΓ(Xp,et,Ql) = RΓ(XQp,et,Ql) and
RΓXp(XZp,et,Ql) = 0. This agrees with the convention RΓf (R,−) = RΓ(R,−)
introduced above. For p 6= ∞ the top exact triangle is simply a localization
triangle in étale cohomology since we have RΓ(Xp,et,Ql) ∼= RΓ(XZp,et,Ql) by
proper base change. It suffices to construct quasi-isomorphisms α and β so
that the left hand square in (72) commutes. For brevity we now omit the index
et when referring to (continuous l-adic) étale cohomology.
The quasi-isomorphism β is induced by the Leray spectral sequence for πQp

and a decomposition

(74) RπQp,∗Ql ∼=
2d⊕

i=0

V il [−i]
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in the derived category of l-adic sheaves on Spec(Qp). The existence of α
follows if the composite map

Hi(Xp,Ql)→ Hi(XQp ,Ql)
Hi(β)−−−−→ H0(Qp, V il )⊕H1(Qp, V

i−1
l )⊕H2(Qp, V

i−2
l )

induces an isomorphism

Hi(Xp,Ql) ∼= H0
f (Qp, V il )⊕H1

f (Qp, V i−1l ).

We shall show this only referring to the filtration F ∗ on Hi(XQp ,Ql) induced
by the Leray spectral sequence for πQp , not any particular decomposition (74).
The Hochschild-Serre spectral sequence for the covering X

Ẑur
p
→ XZp , whose

group we identify with Gal(F̄p/Fp), induces a commutative diagram with exact
rows
(75)
0 −→ H1(Fp, Hi−1(XF̄p

,Ql)) −→ Hi(Xp,Ql) −→ H0(Fp, Hi(XF̄p
,Ql)) −→ 0

y
y

y

0 −→ H1(Fp, Hi−1(X
Q̂ur

p
,Ql)) −→ Hi(XQp ,Ql) −→ H0(Fp, Hi(X

Q̂ur
p
,Ql)) −→ 0

y
y

yγ

H1(Fp, H0(Ip, V
i−1
l )) H0(Qp, V il ) H0(Fp, H0(Ip, V

i
l )).

The left and right composite vertical maps are isomorphisms by Theorem 10.1
b) for l 6= p (resp. Conjecture 9 for l = p) and the fact that

RΓ(Fp, V ) ∼= RΓ(Fp,W0V )

for any l-adic sheaf V on Spec(Fp) where W0V ⊆ V is the generalized Frobenius
eigenspace for eigenvalues which are roots of unity (or just for the eigenvalue
1). Note also that

Hk
f (Qp, V il ) = Hk(Fp, H0(Ip, V

i
l ))

for k = 0, 1 and all l and i by Lemma 11 since

DdR(V ip ) ∼= Hi
dR(XQp/Qp) = F 0Hi

dR(XQp/Qp) ∼= F 0DdR(V ip ).

The kernel of the map γ in (75) is H0(Fp, H1(Ip, V
i−1
l )), hence there is a

commutative diagram with exact rows

0−→H1(Fp, Hi−1(X
Q̂ur

p
,Ql))−→F 1Hi(XQp ,Ql)−→H0(Fp, H1(Ip, V

i−1
l ))−→ 0

y
y ‖

0−→ H1(Fp, H0(Ip, V
i−1
l )) −→ H1(Qp, V i−1l ) −→H0(Fp, H1(Ip, V

i−1
l ))−→ 0

which implies that the left vertical isomorphism in (75) fits into a commutative
diagram with the natural map F 1Hi(XQp ,Ql) → H1(Qp, V

i−1
l ). This finishes

the proof of the existence of α and of Proposition 9.1.
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We remark that for l 6= p we have W0H
1(Ip, V

i
l ) = W0((V il )Ip(−1)) = 0 and

hence isomorphisms

W0H
i(XF̄p

,Ql) ∼= W0H
i(X

Q̂ur
p
,Ql) ∼= W0H

0(Ip, V
i
l )

which implies that the top left and right, and therefore the top middle vertical
maps in (75) are isomorphisms. We conclude that

RΓ(Xp,Ql) ∼= RΓ(XQp ,Ql)

for l 6= p like for p =∞. �

We continue with the statement of the Tamagawa number conjecture. One
might view the following conjecture as an l-adic analogue of Beilinson’s conjec-
ture, or as a generalization of Tate’s conjecture.

Conjecture 3. (Bloch-Kato) There are isomorphisms

ρil : H2
f (Q, V il ) ∼= H2d−i+1

M (X/Z,Q(d+ 1))∗Ql

and H1
f (Q, V il ) = 0 for any i.

One can show easily that H0
f (Q, V 0

l ) ∼= Ch0(X)Ql
, H0

f (Q, V il ) = 0 for i > 0

and H3
f (Q, V il ) = 0 so that Conjecture 3 computes the entire cohomology of

RΓf (Q, V il ). Together with Artin’s comparison isomorphism

V il = Hi(XQ̄,et,Ql) ∼= Hi(X(C),Q)Ql

as well as the isomorphisms

ιp : detQl
RΓf (Qp, V ) ∼= Ql

induced by the identity map on (V il )Ip and Dcris(V
i
l ), Conjecture 3 induces an

isomorphism

ϑil : ∆f (hi(X))Ql
∼= detQl

RΓf (Q, V il )⊗ detQl
RΓ(R, V il ) ∼= detQl

RΓc(Uet, V
i
l ).

Conjecture 4. (l-part of the Tamagawa number conjecture) There is an iden-
tity of free rank one Zl-submodules of detQl

RΓc(Uet, V
i
l )

Zl · ϑil ◦ ϑi∞(L∗(hi(X), 0)−1) = detZl
RΓc(Uet, T

i
l )

for any Galois stable Zl-lattice T il ⊆ V il .
This conjecture is independent of the choice of the lattice T il since

(76)
∏

i∈Z
|Hi

c(Uet,M)|(−1)i = 1

for any finite locally constant sheaf M whose cardinality is invertible on U . The
following conjecture allows a reformulation of the Tamagawa number conjecture
in terms of the L-function

LU (hi(X), s) =
∏

p∈U
Lp(h

i(X), s)
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associated to the smooth l-adic sheaf V il over U . Recall that a two term complex

C =
(
W

λ−→ W
)

is called semisimple at 0 if the composite map

H0(C) = ker(λ) ⊆W → coker(λ) = H1(C)

is an isomorphism. This is always the case, for example, if the complex C is
acyclic.

Conjecture 5. (Frobenius-Semisimplicity at the eigenvalue 1) For any prime
number p the complex RΓf(Qp, V il ) is semisimple at zero.

Under this conjecture one has a second isomorphism

ι̃p : detQl
RΓf (Qp, V il ) ∼= Ql

which satisfies

ιp = P ∗p (hi(X), 1)−1ι̃p = L∗p(h
i(X), 0) log(p)ri,p ι̃p

where ri,p = ordT=1 Pp(h
i(X), T ) = − ords=0 Lp(h

i(X), s) (see [7][Lemma 2]).
If RΓf (Qp, V il ) is acyclic then ι̃p is the canonical trivialization of the deter-
minant of an acyclic complex. Using this second isomorphism the Tamagawa
number conjecture becomes

(77) Zl · ϑ̃il ◦ ϑ̃i∞(L∗U (hi(X), 0)−1) = detZl
RΓc(Uet, T

i
l )

where
ϑ̃il =

∏

p/∈U
P ∗p (hi(X), 1)ϑil , ϑ̃i∞ =

∏

p/∈U
log(p)ri,pϑi∞.

9.4.2. Further assumptions on Weil-étale cohomology. In order to establish
the compatibility of the conjectural picture a)-f) outlined in the introduction
with the Tamagawa number conjecture, we need to augment it with a number
of further assumptions. Even though a)-f) only refer to cohomology groups
we now assume that these groups do indeed arise from a topos XW - different
from the one defined in Definition 10 - and that compact support cohomology
is defined via an embedding into a proper scheme followed by an Artin-Verdier
type compactification X̄W (and is independent of a choice of compactification).

g) For an open subscheme U of an arithmetic scheme X with closed com-
plement Z there is an exact triangle of perfect complexes in the derived
category of abelian groups

RΓc(UW ,Z)→ RΓc(XW ,Z)→ RΓc(ZW ,Z)→ .

h) There is a morphism of topoi γ : XW → Xet for any arithmetic scheme
X (or the Artin-Verdier compactification of such a scheme). Moreover,
for any constructible sheaf F on Xet the adjunction F → Rγ∗γ∗F is
an isomorphism.

If X has finite characteristic then h) holds if one understands the index W as
denoting the Weil-eh cohomology of Geisser (see [19][Thm. 5.2b), Thm. 3.6]).
In addition, the exact triangle in g) exists for Weil-eh cohomology by [19][Def.
5.4, eq. (4)] but perfectness is only known under resolution of singularities
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(more precisely, under the assumption R(d) of [19][Def. 2.4], see loc. cit.
Lemma 2.7).
The following property is a natural extension of property g) to the Artin-Verdier
compactification.

i) If X is regular, proper, flat over Spec(Z) then there is an exact triangle
in the derived category of abelian groups

RΓc(XW ,Z)→ RΓ(X̄W ,Z)→ RΓ(X∞,W ,Z)→
and there is an exact triangle

RΓc(XW , R̃)→ RΓ(X̄W , R̃)→ RΓ(X∞,W , R̃)→
in the derived category of R-vector spaces, where X∞,W was defined in
Definition 11.

Note that

RΓ(X∞,W ,Z) ∼= RΓ(X∞, γ∞∗(Z)) ∼= RΓ(X∞,Z)

by Proposition 8.2 and this last complex is isomorphic to the singular com-
plex of the (locally contractible) compact space X∞ and is therefore a perfect
complex of abelian groups. Since the complex RΓc(XW ,Z) is perfect by d)
the triangle in i) then implies that RΓ(X̄W ,Z) is also a perfect complex of

abelian groups. Note also that, unlike in the situation g), the triangle for R̃-
coefficients is not the scalar extension of the triangle for Z-coefficients since
neither RΓ(X∞,W ,Z) nor RΓ(X̄W ,Z) satisfies property e). One rather has a
commutative diagram of long exact sequences

−→ Hi+1(X∞,W , R̃) −→ Hi+2
c (XW , R̃) −→ 0 −→ Hi+2(X∞,W , R̃)

xα∞

xα
x

x

−→ Hi+1(X∞,W ,Z) −→ Hi+2
c (XW ,Z) −→ Hi+2(X̄W ,Z) −→ Hi+2(X∞,W ,Z)

where only αR is an isomorphism by e). Here we assume i ≥ 0 so that

Hi+2(X̄W , R̃) = 0 by Theorem 7.1. There is a direct sum decomposition

Hi+1(X∞,W , R̃) ∼= Hi+1(X∞,R)⊕Hi(X∞,R)

by (47) and an isomorphism

Hi+1(X∞,W ,Z)R ∼= Hi+1(X∞,Z)R ∼= Hi+1(X∞,R).

One therefore obtains a map for i ≥ 0

ri∞ : Hi(X∞,R)→ Hi+2(X̄W ,Z)R

which is an isomorphism for i > 0.
Proposition 9.1 and assumption h) yield an isomorphism for i ≥ 0

ril : H2
f (Q, V il ) ∼= Hi+2(X̄et,Ql) ∼= Hi+2(X̄W ,Ql) ∼= Hi+2(X̄W ,Z)Ql

.

The following is the key requirement on a definition of a Weil-étale topos.
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j) If X is regular, proper, flat over Spec(Z) with generic fibre X of di-
mension d then there are isomorphisms

λi : Hi+2(XW ,Z)Q ∼= H2d−i+1
M (X/Z,Q(d+ 1))∗

for i ≥ 0 such that λiR ◦ ri∞ = (ρi∞)∗ and λiQl
◦ ril = ρil.

This is true for d = i = 0 with Lichtenbaum’s current definition where

H2(Spec(OF )W ,Z)Q ∼= H1
M (Spec(F )/Z,Q(1))∗ = HomZ(O×F ,Q).

Note that j) together with (69) and h) also implies

Hi+2(XW ,Z) = 0

for i > 2d+ 1, which is not satisfied by the current definition of Spec(OF )W .

Proposition 9.2. Suppose there is a definition of Weil-étale cohomology
groups for arithmetic schemes satisfying a)-j) except perhaps f) for schemes
of characteristic 0. Let X be a proper, smooth variety over Q of dimension d
which has a proper, regular model over Spec(Z) such that Conjectures 1,2,3,5,9
are satisfied. Assume L(hi(X), s) has a meromorphic continuation to s = 0 for
all i. Then the Tamagawa number conjecture (Conjecture 4) for the motive

h(X) =

2d⊕

i=0

hi(X)[−i]

is equivalent to statement f) for any arithmetic scheme X with generic fibre X.

Proof. If X is any arithmetic scheme with generic fibre X then there exists an
open subscheme U ⊆ Spec(Z) so that π : XU → U is proper and smooth. Let
Z be the closed complement of U . Then by g) we have an isomorphism

detZRΓc(XW ,Z) ∼= detZRΓc(XU,W ,Z)⊗Z detZRΓc(XZ,W ,Z)

as well as factorizations

ζ(X , s) = ζ(XU , s)ζ(XZ , s); ζ∗(X , 0) = ζ∗(XU , 0)ζ∗(XZ , 0).

Since we assume f) for XZ =
∐
p∈Z Xp , statement f) for X is equivalent to

statement f) for XU . We now assume that X is the proper regular model of X .
For any prime p ∈ Z, the exact sequence

· · · ∪e−−→ Hi(Xp,W ,Z)Q
∪e−−→ Hi+1(Xp,W ,Z)Q

∪e−−→ · · · ,
where e ∈ H1(Xp,W ,Z) is Lichtenbaum’s canonical class, yields a trivialization

(78) Q ∼= detQRΓ(Xp,W ,Z)Q.

The exact triangle

RΓc(XU,W ,Z)→ RΓ(X̄W ,Z)→
⊕

p∈Z∪{∞}
RΓ(Xp,W ,Z)

together with assumptions i), j), (78) and the isomorphisms

Hi(X∞,W ,Z)Q ∼= Hi(X (C),Q)+, CH0(X)Q ∼= H0(X̄W ,Z)Q
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induce an isomorphism

ϑW : detQRΓc(XU,W ,Z)Q ∼=detQRΓ(X̄W ,Z)Q ⊗
⊗

p∈Z∪{∞}
det−1Q RΓ(Xp,W ,Z)Q

∼=
2d⊗

i=0

∆f (hi(X))(−1)
i

.

By assumption j) there is a commutative diagram of isomorphisms

R
γ−−−−→ detRRΓc(XU,W ,Z)R

‖
yϑW,R

R
⊗i(ϑ̃

i
∞)(−1)i

−−−−−−−−→ ⊗2d
i=0 ∆f (hi(X))

(−1)i
R

where γ is induced by c). The power of log(p) in ϑ̃ appears for the same reason
as in the proof of Theorem 9.2.
Similarly, j) implies that for any prime l ∈ Z we have a commutative diagram
of isomorphisms

(79)

detQl
RΓc(XU,W ,Z)Ql

−−−−→ detQl
RΓc(XU,et,Ql)yϑW,Ql

y
⊗2d

i=0 ∆f (hi(X))
(−1)i
Ql

⊗i(ϑ̃
i
l)

(−1)i

−−−−−−−→ ⊗2d
i=0 det

(−1)i
Ql

RΓc(Uet, V
i
l )

where the top isomorphism is induced by an isomorphism

RΓc(XU,W ,Z)⊗Z Zl ∼= RΓc(XU,et,Zl)
(coming from assumption h) together with the finite generation of the coho-
mology of RΓc(XU,W ,Z) claimed in g)), while the right vertical isomorphism
is induced by the isomorphism

RΓc(XU,et,Zl) ∼= RΓc(Uet, Rπ∗Zl)

and

detZl
RΓc(Uet, Rπ∗Zl) ∼=

2d⊗

i=0

det
(−1)i
Zl

RΓc(Uet, L
i
l) =

2d⊗

i=0

det
(−1)i
Zl

RΓc(Uet, T
i
l )

where Lil := Riπ∗Zl and T il ⊆ V il is the torsion free part of Lil. Note that we
have an exact sequence of locally constant Zl-sheaves on U

0→ Lil,tor → Lil → T il → 0

and an identity detZl
RΓc(Uet, T

i
l ) = detZl

RΓc(Uet, L
i
l) of invertible Zl-

submodules of detQl
RΓc(Uet, V

i
l ) by (76).

As discussed above statement f) for XU is equivalent to statement f) for XU ′

for U ′ ⊂ U , hence we can always assume that a given prime l is not in U . If
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we know statement f) for XU then the image under γ of

ζ∗(XU , 0)−1 =

2d∏

i=0

L∗U (hi(X), 0)(−1)
i+1

generates the natural invertible Zl-submodule

RΓc(XU,W ,Z)⊗Z Zl ∼=
2d⊗

i=0

det
(−1)i
Zl

RΓc(Uet, T
i
l )

in (79) (see the discussion in the previous paragraph). Hence we obtain the
Tamagawa number conjecture in the form (77) for h(X). Conversely, knowing
the Tamagawa number conjecture for h(X), we obtain the l-primary part of
statement f) for XU\{l} which is equivalent to the l-primary part of statement
f) for XU . Varying l we obtain f) for XU . Here by l-primary parts, we mean
that for any perfect complex of abelian groups C, such as RΓc(XU,W ,Z), an
element b ∈ detZ(C) ⊗ Q is a generator of detZ(C) if and only if the image of
b in detZ(C)⊗Ql is a generator of detZ(C) ⊗ Zl for all primes l.

�

10. On the local theorem of invariant cycles

Let R be a complete discrete valuation ring with quotient field K and finite
residue field k of characteristic p. Set S = Spec(R), η = Spec(K), s = Spec(k).
Let S̄ = (S̄, s̄, η̄) be the normalization of S in a separable closure K̄ of K and
denote by I ⊆ G := Gal(K̄/K) the inertia subgroup.

10.1. l-adic cohomology for p 6= l. In this section l is a prime different
from p. The following lemma might be well known as a consequence of de Jong’s
theorem on alterations [11], and also of Deligne’s work [9] in case char(K) = p.
We shall only need it for Xη → Spec(K) proper and smooth.

Lemma 12. Let Xη → Spec(K) be separated and of finite type. Then the
G-representation Hi(Xη̄,Ql) has a (unique) G-invariant weight filtration

· · · ⊆WjH
i(Xη̄,Ql) ⊆Wj+1H

i(Xη̄,Ql) ⊆ · · ·
in the sense of [9][Prop.-Def. 1.7.5], i.e. if F ∈ G is any lift of a geometric
Frobenius element in Gal(k̄/k) then the eigenvalues of F on grWj H

i(Xη̄,Ql) are
Weil numbers of weight j ∈ Z with respect to |k|. The same is true for the G-
representation Hi

c(Xη̄,Ql). One has W−1Hi(Xη̄,Ql) = W−1Hi
c(Xη̄,Ql) = 0.

Proof. By [9][Prop.-Def. 1.7.5] it suffices to show that all eigenvalues α of F
on Hi(Xη̄,Ql) are Weil numbers of some weight j = j(α) ∈ Z. In doing so,
one may pass to an open subgroup G′ ⊆ G, i.e. replace Xη by its base change
to a finite extension K ′/K, since an algebraic number α is a Weil number with

respect to |k| if and only if α[k′ :k] is a Weil number with respect to |k′|. One
can now argue exactly as in the proof of [2][Prop. 6.3.2] to which we refer for
more details. If Xη is the generic fibre of a proper, strictly semistable scheme,
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then the vanishing cycle spectral sequence computed by Rapoport and Zink
[36][Satz 2.10]

(80) E−r,i+r1 =
⊕

q≥0,r+q≥0
Hi−r−2q(Y (r+2q),Ql)(−r − q)⇒ Hi(Xη̄,Ql)

together with the Weil conjectures for the smooth proper schemes Y (i) give the
statement (and moreover the weight filtration on Hi(Xη̄,Ql) is the filtration
induced by the spectral sequence). If Xη is only smooth and proper then by
de Jong’s theorem [2][Thm. 1.4.1] there is a generically finite, flat X ′η′ → Xη

where X ′η′ is strictly semistable. Hence Hi(Xη̄,Ql) is a direct summand of

the G′-representation Hi(X ′η̄,Ql) for which the statement holds. Then one
can use induction on the dimension together with the long exact localization
sequence to prove the statement for Hi

c(Xη̄,Ql) for any separated Xη of finite
type. Another application of de Jong’s theorem is necessary here to assure that
a regular open subscheme U ⊆ Xη has a finite cover U ′ → U which is open in
a proper regular K-scheme. For Xη smooth over K, Poincare duality then im-
plies the statement for Hi(Xη̄,Ql) and for general X one uses a hypercovering
argument. In this proof, starting with (80), all occurring F -eigenvalues have
non-negative weight, i.e. we have W−1Hi(Xη̄,Ql) = W−1Hi

c(Xη̄,Ql) = 0. �

Let f : X → S be a proper, flat, generically smooth morphism of relative
dimension d. For 0 ≤ i ≤ 2d one defines the specialization morphism

(81) sp : Hi(Xs̄,Ql)→ Hi(Xη̄,Ql)I

as the composite

(82) Hi(Xs̄,Ql) ∼= Hi(X ′,Ql)→ Hi(X ′η,Ql)→ Hi(Xη̄,Ql)

where X ′ is the base change of X to a strict Henselization of S at s̄ and the first
isomorphism is proper base change. The map sp is G-equivariant and respects
the weight filtration.

Theorem 10.1. If X is regular then the following hold.

a) The map

Hi(Xs̄,Ql) = WiH
i(Xs̄,Ql)→WiH

i(Xη̄,Ql)I

induced by sp is surjective for all i.
b) The map

(83) W1H
i(Xs̄,Ql)→ W1H

i(Xη̄,Ql)I

induced by sp is an isomorphism for all i, and the zero map for i > d.
c) The map sp is an isomorphism for i = 0, 1.
d) If WiH

i(Xη̄,Ql)I = Hi(Xη̄,Ql)I for all i then the map

Wi−1H
i(Xs̄,Ql)→ Wi−1H

i(Xη̄,Ql)I

induced by sp is an isomorphism for all i.
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Remarks. a) By part a) of the theorem, the assumption of part d) is equivalent
to the surjectivity of the map sp for all i, a statement which is called the local
theorem on invariant cycles. It is known to hold if R is the local ring of a smooth
curve over k by [9][Lemma 3.6.2], see also [9][Thm. 3.6.1], but it is only conjec-
tured in mixed characteristic. Unconditionally, we were only able to prove the
weak statement in b) rather than the full conclusion of d). Part c) is probably
well known and follows, for example, from b) and results of [22][Exposé IX] on
Neron models which assure that W1H

1(Xη̄,Ql)I = H1(Xη̄,Ql)I .
b) It is easy to construct examples where sp is not injective for i ≥ 2. For
example if X is the blowup of a proper smooth relative curve over S in a closed
point, then H2(Xs̄,Ql) will have an extra summand Ql(−1) corresponding to
the exceptional divisor which gives a new irreducible component of Xs̄.
c) If X arises by base change from a regular, proper, flat scheme X → Spec(Z)
part b) of the theorem implies

ords=n ζ(X , s) = ords=n

2d∏

i=0

L(hi(XQ), s)(−1)
i

for integers n ≤ 0 (and for n = 1
2 ) where ζ(X , s) is the Zeta-function of the

arithmetic scheme X and L(hi(XQ), s) is the L-function of the motive hi(XQ)
defined by Serre [38]. Indeed the former (resp. latter) is an Euler product
of characteristic polynomials of Frobenius on Hi(X ⊗ F̄p,Ql) (resp. Hi(X ⊗
Q̄p,Ql)Ip). These are equal for almost all primes and at the finitely many (bad
reduction) primes where they might differ, part b) assures that the vanishing
order at s ≤ 0 of both factors, which equals (−1)i+1 times the multiplicity of
the Frobenius-eigenvalue pn (of weight 2n), is the same.
d) Regularity of X is a key assumption in the theorem. The map sp will be
an isomorphism for i = 0 if X is only normal but for i = 1 normality is not
even sufficient for surjectivity of sp on W0, as the following example of de Jeu
[8] shows. If E is an elliptic curve over Q given by a projective Weierstrass
equation

Y 2Z = X3 +AXZ2 +BZ3

with A,B ∈ Q then for any u ∈ Q× the curve

Y 2Z = X3 + u4AXZ2 + u6BZ3

is isomorphic to E, and if u4A, u6B ∈ Z this equation defines a normal scheme
E , proper and flat over Spec(Z), inside P2

Z. Indeed, the affine coordinate ring
of the complement of the zero section (X : Y : Z) = (0 : 1 : 0) is R =
Z[x, y]/(y2 − x3 − u4Ax − u6B) and hence a complete intersection. So R is
normal if and only if all local rings Ap for primes p of height ≤ 1 are regular.
If p maps to the generic point of Spec(Z) this is clear because E is a smooth
curve over Q. If p maps to (p) for some prime number p, then p = R · p since
R · p is already a prime ideal as the equation y2 − x3 − u4Ax − u6B remains
irreducible modulo p. Hence p is principal and Ap is a DVR. The generic point
of the zero section maps to the generic point of Spec(Z), hence E is normal.
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If we now pick u in addition to be a multiple of some prime p where E has split
multiplicative reduction, then Es̄ is a cuspidal cubic curve and therefore

0 = H1(Es̄,Ql)→ H1(Eη̄,Ql)I = W0H
1(Eη̄,Ql)I ∼= Ql

is not surjective.
However, the condition that X is locally factorial (all local rings are UFDs)
lies between normality and regularity and is sufficient to ensure that our proof
of c) given below goes through. Regularity is only used for the isomorphism
Pic(X) ∼= Cl(X) and for [35][Thm. 6.4.1] via normality.

Proof. Since the statement of Theorem 10.1 only depends on the base change
of f to the strict Henselization of S at s̄ we may assume that S is strictly
Henselian. Note that regularity is preserved by this base change by [31][I,3.17
c)].
For a) we follow Deligne’s proof of [9][Thm. 3.6.1], replacing duality for the
essentially smooth morphism X → Spec(k) by duality for the morphism f
combined with purity for the regular schemes X , proved by Thomason and
Gabber (see [17]), and S, proved by Grothendieck in [21][I,Thm. 5.1]. The
same arguments as in loc. cit. lead to the commutative diagram with exact
rows and columns

(84)

Hi+1
Xs̄

(X,Ql)x

0 −→ Hi−1(Xη̄,Ql)I(−1) −→ Hi(Xη,Ql) −→ Hi(Xη̄,Ql)I −→ 0
x

xsp

Hi(X,Ql)
∼−→ Hi(Xs̄,Ql)x

Hi
Xs̄

(X,Ql)

and after application of the exact functor Wi to a diagram

WiH
i+1
Xs̄

(X,Ql)x

WiH
i(Xη,Ql) −−−−→ WiH

i(Xη̄,Ql)I −−−−→ 0
x

xsp

WiH
i(X,Ql)

∼−−−−→ WiH
i(Xs̄,Ql)

so that it remains to show that

(85) WiH
i+1
Xs̄

(X,Ql) = 0
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for all i. The vertical long exact sequence in (84) arises by applying the (exact)
global section functor Γ(S,−) to the exact triangle

Rf∗RHomX(i∗Ql,Ql)→ Rf∗Ql → Rf∗Rj∗Ql

where i : Xs̄ → X and j : Xη → X are the inclusions. By purity for X [17][§8]
we have Ql ∼= Rf !Ql(−d)[−2d] and the (sheafified) adjunction between Rf !

and Rf! gives

Rf∗RHomX(i∗Ql,Ql) ∼= RHomS(Rf!i∗Ql,Ql(−d))[−2d]

∼= RHomS(is,∗Rfs,∗Ql,Ql(−d))[−2d]

∼= is,∗RHoms(Rfs,∗Ql, Ri
!
sQl(−d))[−2d]

∼= is,∗RHoms(Rfs,∗Ql,Ql)(−d− 1)[−2d− 2]

where is : s → S is the closed immersion and fs : Xs → s the base change
of f . Here we have also used Rf∗ = Rf! (f proper) as well as the sheafified
adjunction between is,! = is,∗ and i!s, and purity for S. This last complex has
cohomology in degree i+ 1 given by

HomQl
(H2d+2−i−1(Xs̄,Ql),Ql)(−d− 1)

which has weights greater or equal to 2(d+ 1)− (2d+ 2− i− 1) = i+ 1 since
WkH

k(Xs̄,Ql) = Hk(Xs̄,Ql) by [9][Cor. 3.3.8]. This finishes the proof of a).

Concerning b), we apply the exact functor W1 to the diagram (84) and obtain
a commutative diagram

W1H
i(Xη,Ql)

β−−−−→ W1H
i(Xη̄,Ql)Ixα
xsp

W1H
i(X,Ql)

∼−−−−→ W1H
i(Xs̄,Ql).

For i ≥ 2 the map α is an isomorphism since

W1H
j
Xs̄

(X,Ql) ⊆Wj−1H
j
Xs̄

(X,Ql) = 0

for j = i, i+ 1 by (85). For i = 0, 1 we already have

Hi
Xs̄

(X,Ql) ∼= HomQl
(H2d+2−i(Xs̄,Ql),Ql)(−d− 1) = 0

before applying W1 and the map α is also an isomorphism. For any i the map
β is an isomorphism since

W1

(
Hi−1(Xη̄,Ql)I(−1)

)
= W−1

(
Hi−1(Xη̄,Ql)I

)
(−1) = 0

by Lemma 12. Hence the map induced by sp on W1 is also an isomorphism. For
i > d both sides of (83) vanish. Indeed, the weights of Hi(Xs̄,Ql) are greater
or equal to 2(i− d) ≥ 2 by [9][Cor. 3.3.4] and the same is true for Hi(Xη̄,Ql)
as follows from Poincare duality and the fact that the weights on Hi(Xη̄,Ql)
are ≤ 2i for i < d. This in turn can be read off from the spectral sequence (80)
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in the strictly semistable case and follows in general from de Jong’s theorem.
Hence

W1H
i(Xs̄,Ql) = W1H

i(Xη̄,Ql)I = 0

for i > d and we have finished the proof of b).
Concerning d), we apply the exact functor Wi−1 to the diagram (84) and obtain
a commutative diagram

Wi−1Hi(Xη,Ql)
β−−−−→ Wi−1Hi(Xη̄,Ql)Ixα

xsp

Wi−1Hi(X,Ql)
∼−−−−→ Wi−1Hi(Xs̄,Ql)

where α is an isomorphism for the same reason as in the proof of b) and β is
an isomorphism since

Wi−1
(
Hi−1(Xη̄,Ql)I(−1)

)
= Wi−3

(
Hi−1(Xη̄,Ql)I

)
(−1)

is dual to

H2d−i+1(Xη̄,Ql)I(d+ 1)/W2d−i+2

(
H2d−i+1(Xη̄,Ql)I

)
(d+ 1)

which vanishes by the assumption in d).
Concerning c), the case i = 0 follows from b) sinceW1H

0(Xs̄,Ql) = H0(Xs̄,Ql)
and W1H

0(Xη̄,Ql)I = H0(Xη̄,Ql)I . The case i = 1 can be deduced from b)
and [22][Exposé IX] or from results of Raynaud on the Picard functor [35]. We
give the details of this last argument because the method, essentially using
motivic cohomology, might be of some interest. The short exact sequence

0→ µlν → Gm
lν−→ Gm → 0 of sheaves on Xet induces an isomorphism

(86) R1f∗µlν ∼= (R1f∗Gm)lν

of sheaves on Set since (f∗Gm)/lν = 0. Indeed, the stalks H0(Y,O×Y ) =
∏
iR
×
i

and H0(Yη̄,O×Yη̄
) =

∏
i(Li ⊗K K̄)× of f∗Gm are l-divisible since S is strictly

Henselian. Here

X → Y =
∐

i

Spec(Ri)→ S

is the Stein factorization and Li is the fraction field of Ri. The Leray spectral
sequence for f gives an exact sequence

0→ H1(S, f∗Gm)→ H1(X,Gm)→ H0(S,R1f∗Gm)→ H2(S, f∗Gm)

and Hi(S, f∗Gm) = 0 for i = 1, 2. Indeed, H1(S, f∗Gm) = Pic(Y ) = 0 (resp.
H2(S, f∗Gm) = Br(Y ) = 0) since Y is the disjoint union of spectra of local
(resp. strictly Henselian local) rings. Hence

(87) Pic(X) ∼= H1(X,Gm) ∼= H0(S,R1f∗Gm).

A similar argument for fη shows

(88) Pic(Xη) ∼= H1(Xη,Gm) ∼= H0(η,R1f∗Gm).
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We have a commutative diagram

H1(Xs̄, µlν )
∼−→ H0(S,R1f∗µlν )

∼−→ H0(S,R1f∗Gm)lν
∼−→ Pic(X)lν

sp

y
y

y
y

H1(Xη̄, µlν )I
∼−→ H0(η,R1f∗µlν )

∼−→ H0(η,R1f∗Gm)lν
∼−→ Pic(Xη)lν

where the isomorphisms in the top row are given by proper base change, (86)
and (87) and in the bottom row by an elementary stalk computation, (86) and
(88). Passing to the inverse limit over ν we are reduced to studying the map

(89) lim←−
ν

Pic(X)lν =: Tl Pic(X)→ Tl Pic(Xη) := lim←−
ν

Pic(Xη)lν

and the proof of c) for i = 1 is then finished by the following Lemma. �

Lemma 13. The map (89) is injective with finite cokernel.

Proof. Since X is regular and Xη is an open subscheme the map

Pic(X) = Cl(X)→ Cl(Xη) = Pic(Xη)

is surjective and its kernel K is the subgroup of Cl(X) generated by divisors
supported in the closed subschemeXs̄ ⊂ X , hence is a finitely generated abelian
group [23][II.6]. By the snake lemma we obtain an exact sequence

(90) 0 = TlK → Tl Pic(X)→ Tl Pic(Xη)→ K̂
ρ−→ P̂ic(X)

where Â = lim←−ν A/l
ν denotes the l-completion of an abelian group A.

Let Pic0(X) ⊆ Pic(X) be the subgroup defined in [35][3.2 d)], i.e. the kernel
of the map

(91) Pic(X) = P (S)→ (P/P 0)(s̄)× (P/P 0)(η̄)

where P = PicX/S is the relative Picard functor of f [35][1.2] and P 0 is the
connected component of P restricted to schemes over s̄ (resp. η). Note that
over a field P is represented by a group scheme, locally of finite type, hence
has a well defined connected component. By [35][Thm. 3.2.1] the target group
in (91) - the product of the Neron-Severi groups of the geometric fibres - is
finitely generated, hence so is Pic(X)/Pic0(X).
By [35][Thm. 6.4.1] - and this is the key fact in the proof- the groupK∩Pic0(X)
is finite. In the notation of loc. cit. we have K = E(S) by Prop. 6.1.3 and
Pic0(X) = P 0(S) ⊆ P τ (S). Hence the kernel of K → Pic(X)/Pic0(X) is
finite and since both groups are finitely generated, so is the kernel on their
l-completions. But this means that the map ρ in (90) has finite kernel which
proves the Lemma. �
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10.2. p-adic cohomology. In this section we assume that K has charac-
teristic 0 and for simplicity also that k = Fp. For l = p one still has the
specialisation map

(92) sp : Hi(Xs̄,Qp)→ Hi(Xη̄,Qp)I

since proper base change holds for arbitrary torsion sheaves. However, it is
well known that p-adic étale cohomology of varieties in characteristic p only
captures the slope 0 part of the full p-adic cohomology, which is Berthelot’s rigid
cohomology Hi

rig(Xs/k) (for proper Xs this follows from [3, Thm. 1.1] and [24,

Prop. 3.28, Lemma 5.6]). Here the slope 0 part V slope 0 of a finite dimensional
Qp-vector space V with an endomorphism φ is the maximal subspace on which
the eigenvalues of φ are p-adic units. One knows that the eigenvalues of φ on
Hi
rig(Xs/k) are Weil numbers, and a proof similar to that of Lemma 12 shows

that the same is true for Dpst(H
i(Xη̄,Qp)), and hence for

Dcris(H
i(Xη̄,Qp)) = Dst(H

i(Xη̄,Qp))N=0 = Dpst(H
i(Xη̄,Qp))I,N=0.

Therefore one deduces weight filtrations on both spaces.
In analogy with the l-adic situation one might make the following conjecture.

Conjecture 6. Let X → S be proper, flat and generically smooth. Then there
is a φ-equivariant specialization map

Hi
rig(Xs/k)

sp′−−→ Dcris(H
i(Xη̄,Qp))

and a commutative diagram of Gal(k̄/k)-modules

Hi(Xs̄,Qp)
sp−−−−→ Hi(Xη̄,Qp)I

λs

y λη

y

Hi
rig(Xs/k)⊗Qp Q̂

ur
p

sp′⊗1−−−−→ Dcris(H
i(Xη̄,Qp))⊗Qp Q̂

ur
p

where Q̂urp is the p-adic completion of the maximal unramified extension of Qp.
Moreover, the vertical maps induce isomorphisms

λs : Hi(Xs̄,Qp) ∼= (Hi
rig(Xs/k)⊗Qp Q̂

ur
p )φ⊗φ=1 ∼= Hi

rig(Xs/k)slope 0

and

λη : Hi(Xη̄,Qp)I ∼= (Dcris(H
i(Xη̄,Qp))⊗Qp Q̂

ur
p )φ⊗φ=1

∼= Dcris(H
i(Xη̄,Qp))slope 0.(93)

Note here that for any φ-module D the Gal(k̄/k)-module (D ⊗Qp Q̂urp )φ⊗φ=1

can also be viewed as a φ-module (via the action of φ⊗ 1) and as such is non-
canonically isomorphic to Dslope 0. Moreover the action of Frob−1p ∈ Gal(k̄/k)

coincides with that of 1⊗ φ−1 = φ⊗ 1 = φ.
The p-adic analogue of Theorem 10.1 (replacing a) by the conjectural local
theorem on invariant cycles) would be the following conjecture.
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Conjecture 7. Assume that X is moreover regular. Then the following hold.

a) The map sp′ is surjective.
b) The map

Wi−1H
i
rig(Xs/k)

sp′−−→Wi−1Dcris(H
i(Xη̄,Qp))

induced by sp′ is an isomorphism.
c) The map sp′ is an isomorphism for i = 0, 1.

Combining both conjectures we deduce the following statement for p-adic étale
cohomology.

Conjecture 8. If X is regular then the map

Wi−1H
i(Xs̄,Qp)

sp−→Wi−1H
i(Xη̄,Qp)I

induced by sp is an isomorphism.

Here we deduce the weight filtrations on Hi(Xs̄,Qp) and Hi(Xη̄,Qp)I from
Conjecture 6 via the injectivity of the maps λs and λη. For the applications
in this paper we only need this isomorphism on W0 (or in fact on the still
smaller generalized eigenspace for the eigenvalue 1). For reference we record
this statement separately.

Conjecture 9. If X is regular then the map

W0H
i(Xs̄,Qp)

sp−→W0H
i(Xη̄,Qp)I

induced by sp is an isomorphism, where W0 is the sum of generalized φ-
eigenspaces for eigenvalues which are roots of unity.

Again, if Conjecture 6 holds the maps λs and λη are injective and it suffices to
establish an isomorphism

W0H
i
rig(Xs/k) ∼= W0Dcris(H

i(Xη̄,Qp)).

We do not know how to establish Conjecture 6 or Conjecture 9 in general,
since it seems difficult to make use of the regularity assumption. In case X has
semistable reduction, however, it seems plausible that one can avoid any ref-
erence to rigid cohomology and establish a commutative diagram of Gal(k̄/k)-
modules

Hi(Xs̄,Qp)
sp−−−−→ Hi(Xη̄,Qp)I

λ̃s

y λη

y

(Hi
HK(Xs/k)N=0)⊗Qp Q̂

ur
p

c′⊗1−−−−→ Dcris(H
i(Xη̄,Qp))⊗Qp Q̂

ur
p

where Hi
HK(Xs/k) is Hyodo-Kato cohomology. Contrary to what the notation

suggests this cohomology theory not only depends on Xs/k but on the scheme
X/S. Building on work of Fontaine-Messing, Bloch-Kato, Hyodo-Kato, and
Kato-Messing, Tsuji [39] proved that there is an isomorphism of (φ,N)-modules

Hi
HK(Xs/k)

c−→ Dst(H
i(Xη̄,Qp))
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and hence an isomorphism of φ-modules

Hi
HK(Xs/k)N=0 c′−→ Dst(H

i(Xη̄,Qp))N=0 = Dcris(H
i(Xη̄,Qp)).

In addition to the commutative diagram it would then be enough to show that
λ̃s and λη are injective. We refrain from giving more details since in this paper
Conjecture 9 is only used in the proof of Proposition 9.2 (via Proposition 9.1)
which already needs to assume a host of other, much deeper conjectures that
we are unable to prove.

Remark 1. (Added in Proof) Conjectures 6, 7 c), 8 and 9 have meanwhile been
proven in the Caltech thesis of Yitao Wu [40]. In fact Wu shows that

Hi(Xs̄,Qp)
sp−→ Hi(Xη̄,Qp)I

is an isomorphism for regular X . Conjectures 7 a) and b) however, still seem
out of reach.
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Abstract.

We determine the ground state energy of the translation invariant
Pauli-Fierz model for an electron with spin, to subleading orderO(α2)
with respect to powers of the finestructure constant α and prove rig-
orous error bounds of order O(α3). A main objective of our argument
is its brevity.
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1. Introduction

We continue the study of the translation invariant Pauli-Fierz model [2], de-
scribing a nonrelativistic free electron interacting with the quantized electro-
magnetic field. In contrast with [2], we study now electron with spin. We are
interested in quantitative properties of the ground state energy (Theorem 2.1)
and its associated eigenfunctions (Theorem 2.2). In particular, we determine
the subleading terms of the ground state energy up to order α2, where α denotes
the finestructure constant, and rigorously bound the error by a term of order
α3. In comparison with [2], the ground state energy is an order of magnitude
larger in powers of α, due to the presence of electron spin.
Following the technique developed in [2] (see also [4]), our method is based
on perturbations around the true ground state of the translation invariant
operator, together with a bound on the expected photon number for this ground
state, obtained by Chen and Fröhlich [8]. In particular, an important ingredient
of the proof is the improvement of photon number estimates for different parts
of the ground state.
A well-known difficulty connected to this problem arises from the fact that the
ground state energy is not an isolated eigenvalue of the Hamiltonian, and that
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402 Jean-Marie Barbaroux and Semjon A. Vugalter

the form factor in the interaction term of the Hamiltonian contains a critical
frequency space singularity (the infrared problem of Quantum Electrodynamics
(QED)).
Estimates on the ground state energy play an important role, for instance, in
binding problems, e.g., the determination of the Hydrogen binding energy [3].
The systematic study of Pauli-Fierz Hamiltonian was initiated in [1]. The first
estimate for the translation invariant operator for spinless electron was obtained
by [12]. Later on in [6], the model for electron with spin was considered, and
the bound was obtained up to the order α2 with an error term of the order

α
5
2 logα. Such estimates are not sufficient to compute the correction to the

binding energy due to the interaction with the radiation field. In [2] a new
effective method was developed to obtain the self energy in the spinless case
up to the order α3 with an error O(α4). This result was later improved in
[5] with computing the term O(α4) with error term O(α5). These last two
results [2, 5] were crucial for proving that the binding energy in the case of the
Hydrogen atom with spinless electron contained an α5 logα term and that this
term comes from the ground state energy of the Hydrogen atom and does not
exist in the translation invariant case [3].
In the work at hand, we are starting to implement the same program for the
model of a Hydrogen atom with spin 1/2 electron interacting with the quantized
radiation field. The first step of this program is, as in [2], computing the self-
energy, for the electron with spin, up to the order O(α3).
The Pauli-Fierz Hamiltonian H for a free electron coupled to the quantized
electromagnetic field is defined by

H = :
(
i∇x ⊗ If −

√
αA(x)

)2
: +
√
ασ ·B(x) + Iel ⊗Hf .(1)

where : · · · : denotes normal ordering, corresponding to the subtraction of
a normal ordering constant proportional to α. The operator H acts on the
Hilbert space H := Hel ⊗ F , where Hel = L2(R3,C2), is the Hilbert space of
one non-relativistic electron, R3 is the configuration space of the electron, and
C2 accomodates its spin.
We describe the quantized electromagnetic field by use of the Coulomb gauge
condition. Accordingly, the one-photon Hilbert space is given by L2(R3) ⊗
C2, where R3 denotes the photon momentum and C2 accounts for the two
independent transversal polarizations of the photon. The photon Fock space is
then defined by

F =
⊕

n∈N
F (n)
s ,

where the n-photons space F (n)
s =

⊗n
s

(
L2(R3)⊗ C2

)
is the symmetric tensor

product of n copies of L2(R3)⊗ C2.
We use units such that ~ = c = 1, and where the mass of the electron equals
m = 1/2. The electron charge is then given by e =

√
α, with α ≈ 1/137 denot-

ing the fine structure constant. As usual, we will consider α as a parameter.
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The operator that couples an electron to the quantized vector potential is given
by

A(x) =
∑

λ=1,2

∫

R3

ζ(|k|)
2π|k|1/2 ελ(k)

[
eikx ⊗ aλ(k) + e−ikx ⊗ a∗λ(k)

]
dk ,

where by the Coulomb gauge condition, divA = 0. The operators aλ, a∗λ satisfy
the usual commutation relations

[aν(k), a∗λ(k′)] = δ(k − k′)δλ,ν , [aν(k), aλ(k′)] = 0,

and there exists a unique unit ray Ωf ∈ F , the Fock vacuum, which satisfies
aλ(k)Ωf = 0 for all k ∈ R3 and λ ∈ {1, 2}. The vectors ελ(k) ∈ R3 are the
following two orthonormal polarization vectors perpendicular to k,

ε1(k) =
(k2,−k1, 0)√

k21 + k22
and ε2(k) =

k

|k| ∧ ε1(k).

The function ζ(|k|) describes the ultraviolet cutoff on the wavenumbers k. We
assume ζ to be of class C1, with compact support.
The operator that couples the electron to the magnetic field is

B(x) =
∑

λ=1,2

∫

R3

ζ(|k|)
2π|k|1/2 k × iελ(k)

[
eikx ⊗ aλ(k)− e−ikx ⊗ a∗λ(k)

]
dk .

In Equation (1), σ = (σ1, σ2, σ3) is the 3-component vector of Pauli matrices.
The photon field energy operator Hf is given by

Hf =
∑

λ=1,2

∫

R3

|k|a∗λ(k)aλ(k)dk.

For convenience, in the following, we shall denote

A(x) = A−(x) +A+(x) and B(x) = B−(x) +B+(x)

where

A−(x) :=
∑

λ=1,2

∫

R3

ζ(|k|)
2π|k|1/2 ελ(k)eikx ⊗ aλ(k)dk ,

A+(x) := (A−(x))∗,

B−(x) :=
∑

λ=1,2

∫

R3

ζ(|k|)
2π|k|1/2 k × iελ(k)eikx ⊗ aλ(k)dk ,

and B+(x) := (B−(x))∗.
The system is translationally invariant, and H commutes with the operator of
total momentum

Ptot = i∇x ⊗ If + Iel ⊗ Pf ,
where i∇x and Pf =

∑
λ=1,2

∫
ka∗λ(k)aλ(k)dk denote respectively the electron

and the photon momentum operators.
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Therefore, if Hp ∼= C2 ⊗ F denotes the fibre Hilbert space corresponding to
conserved total momentum p, for any fixed value p of the total momentum, the
restriction of H to the fibre space Hp is given by (see e.g. [7])

(2) H(p) =: (p− Pf −
√
αA(0))2 : +

√
ασ · B(0) + Hf .

Henceforth, we will write A± := A±(0) and B± = B±(0).
It is known that inf spec(H) = inf spec(H(0)) for small α [9]. Moreover, the
ground state energy of the one electron self-energy operator with total momen-
tum p = 0 is an eigenvalue of multiplicity two [7]. The case of spinless electron,
without restriction on α, was investigated earlier in [10].
In the sequel, we shall study the operator H(p = 0).

2. Statements of the main results

Consider

(3) Ω0 := λΩf , with λ ∈ C2 such that |λ| = 1 ,

and define

(4) Γ1 := −(Hf + P 2
f )−1σ.B+Ω0

(5) Γ2 = −(Hf + P 2
f )−1

[
σ · B+Γ1 + 2A+ · PfΓ1 +A+ · A+Ω0

]
.

On C2 ⊗F , we define the positive bilinear form

(6) 〈v, w〉∗ := 〈v, (Hf + P 2
f )w〉 ,

and its associated semi-norm ‖v‖∗ = 〈v, v〉∗.
Theorem 2.1 (Ground state energy of H(0)). We have

inf spec(H(0)) = −α‖Γ1‖2∗
+ α2

(
2‖A−Γ1‖2 − ‖Γ2‖2∗ + ‖Γ1‖2∗ ‖Γ1‖2

)
+O(α3) .

(7)

The proof of the Theorem consists in proving an upper bound obtained with
a trial state (see inequality (12) in Section 3), and a lower bound obtained by
variational estimates (see (59) in Section 6).

Remark 2.1. Recall that the ground state of H(0) is twice degenerate [7]. The
result in Theorem 2.1 does not depend on the choice of Ω0.
According to Lemma 7.2, the term of order α is nonzero.

In the remainder, we will need the following notations. For n ∈ N, let Pn be
the orthogonal projection onto the subspace C2⊗Fn of the space C2⊗F , and

P≥n be the orthogonal projection onto the space C2 ⊗
(⊕

k≥n Fk
)

.

Let Φ0 be a ground state of H(0) with the condition P0Φ0 = Ω0. Taking
the 〈 . , . 〉∗-orthonormal projections of Φ0 along the vectors Γ1 and Γ2, and
denoting by R the component in the 〈 . , . 〉∗-orthogonal complement of their
span, we get

(8) Φ0 = Ω0 + α
1
2 γ1Γ1 + αγ2Γ2 +R
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where for i = 1, 2 we assume

(9) 〈Γi, R〉∗ = 0 and P0R = 0 .

Theorem 2.2. For Φ0 defined by (8) and (9), we have

|γ1 − 1| = O(α) |γ2 − 1| = O(α
1
2 )(10)

‖R‖∗ = O(α
3
2 ) ‖R‖ = O(α) .(11)

The statement of this theorem follows immediately from the proof of Theo-
rem 2.1.

3. Upper bound to the ground state energy

In this section, we prove the upper bound for the ground state energy

inf spec(H(0))

≤ −α‖Γ1‖2∗ + α2
(
2‖A−Γ1‖2 − ‖Γ2‖2∗ + ‖Γ1‖2∗ ‖Γ1‖2

)
+O(α3) .

(12)

Let us define the following trial state

Θ = Ωf +
√
αΓ1 + αΓ2 .

Since

H(0) =Hf + P 2
f + 4

√
αRePf ·A− + 2αReA+ ·A+

+ 2αA+ · A− + 2
√
αRe σ ·B−

(13)

we obtain

〈H(0)Θ, Θ〉 = α‖Γ1‖2∗ + α2‖Γ2‖2∗ + 2α2Re〈A+ ·A+Ωf , Γ2〉
+ 2αRe〈σ ·B−Γ1, Ωf 〉+ 2α2‖A−Γ1‖2 + 4α2Re〈Pf ·A−Γ2, Γ1〉
+ 2α2Re〈σ ·B−Γ2, Γ1〉+ 2α3‖A−Γ2‖2

= −α2‖Γ1‖2∗ − α2‖Γ2‖2∗ + 2α2‖A−Γ1‖2 + 2α3‖A−Γ2‖2

(14)

where in the last equality, we used

α2Re〈A+ ·A+Ωf , Γ2〉+2α2Re〈Pf ·A−Γ2, Γ1〉+α2Re〈σ ·B−Γ2, Γ1〉
= −α2‖Γ2‖2∗ ,

and

2αRe〈σ · B−Γ1, Ωf 〉 = −2α‖Γ1‖2∗ .
The identity ‖Θ‖2 = 1 + α‖Γ1‖2 + α2‖Γ2‖2 together with (14) yields

inf spec(H(0)) ≤ 〈H(0)Θ, Θ 〉
‖Θ‖2

= −α2‖Γ1‖2∗ − α2‖Γ2‖2∗ + 2α2‖A−Γ1‖2 + α2‖Γ1‖2∗‖Γ1‖2 +O(α3) .

which concludes the proof of the upper bound (12).
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4. A priori estimates

Let Φ0 denote the ground state of H(0) with the normalization condition
P0Φ0 = Ω0, where Ω0 is defined by (3).
For Γ1 defined by (4), we decompose Φ0 as

(15) Φ0 = Ω0 + (γ1Γ1 +R1) + P≥2Φ0 with 〈Γ1, R1〉∗ = 0 , γ1 ∈ C .

Proposition 4.1. The following estimate holds

(16) ‖Φ0‖∗ = O(α) .

Proof.

〈H(0)Φ0, Φ0〉 = 〈(Hf + P 2
f )Φ0, Φ0〉+ 4

√
αRe〈Pf ·A−Φ0 Φ0〉

+ 2
√
αRe〈σ ·B−Φ0, Φ0〉+ 2αRe〈A− · A−Φ0 Φ0〉+ 2α‖A−Φ0‖2

≥ 〈(Hf + P 2
f )Φ0, Φ0〉 − c

√
α‖H

1
2

f Φ0‖ ‖PfΦ0‖

− c√α‖H
1
2

f Φ0‖ ‖Φ0‖ − cα‖H
1
2

f Φ0‖ (‖H
1
2

f ψ‖+ ‖ψ‖)

≥ 〈(Hf + P 2
f )Φ0, Φ0〉 − (c

√
α+

1

4
)‖H

1
2

f Φ0‖2

− c√α‖PfΦ0‖2 − cα‖Φ0‖2

≥ 1

2
〈(Hf + P 2

f )Φ0, Φ0〉 − cα =
1

2
‖Φ0‖2∗ − cα

(17)

using in the second inequality of (17) that for all ψ ∈ C2 ⊗ F we have

‖A−ψ‖ ≤ c‖H
1
2

f ψ‖, ‖B−ψ‖ ≤ c‖H
1
2

f ψ‖ and ‖A+ψ‖ ≤ c(‖H
1
2

f ψ‖ + ‖ψ‖) (see

e.g. [11, Lemma A4]). The proof of (16) follows from (17) and the fact that
〈H(0)Φ0, Φ0〉 ≤ 〈H(0)Ω0, Ω0〉 = 0. �

Proposition 4.2. There exists c > 0 such that for all φ ∈ C2 ⊗F ,

〈H(0)φ, φ〉 − 1

2
‖φ‖2∗ ≥ −cα‖φ‖2 .(18)

Proof. The proof is done by repeating all steps in (17), replacing Φ0 by φ. �

The next result is a consequence of an a priori photon number bound for
the ground state obtained in [8, Proposition 5.1], whose statement is given
in Lemma 7.3 for total momentum p = 0.

Proposition 4.3. The following holds

(19) ‖P≥1Φ0‖2 = O(α) .

Proof. Applying Lemma 7.3, we obtain

‖P≥1Φ0‖2 ≤ 〈P≥1Φ0, Nf P≥1Φ0〉 =
∑

λ=1,2

∫
‖aλ(k)Φ0‖2dk

≤ c
∫

α

|k|2 ζ(|k|)
2dk ≤ cα ,

where Nf is the photon number operator. �
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Corollary 4.1. There exists α0 > 0 such that γ1 is uniformly bounded in
α ∈ [0, α0].

Proof. Since 〈R1, Γ1〉∗ = 0, then from Proposition 4.1, we have that there
exists α0 and c such that for all α smaller than α0,

(20) α〈(Hf + P 2
f )γ1Γ1, Γ1〉 ≤ cα

which implies |γ1|2 ≤ c (〈(Hf + P 2
f )Γ1, Γ1〉)−1. We conclude the proof by

applying Lemma 7.2. �

Corollary 4.2. We have

(21) ‖R1‖2∗ = O(α) and ‖R1‖2 = O(α) .

Proof. Applying Proposition 4.1 and Corollary 4.1 gives

‖R1‖∗ ≤ ‖Π1Φ0‖∗ +
√
α |γ1| ‖Γ1‖∗ ≤ c

√
α .

Similarly, applying Proposition 4.3 and Corollary 4.1 we get

(22) ‖R1‖ ≤ ‖Π1Φ0‖+
√
α |γ1| ‖Γ1‖ ≤ c

√
α .

�

5. Lower bound up to the order α

In the present section, we derive a sharp lower bound for the ground state
energy 〈H(0)Φ0, Φ0〉/‖Φ0‖2, up to the order α, with rest of order α2. The
proof also implies improved estimates on γ1, ‖R1‖∗ and ‖P≥2Φ0‖∗. These
results are stated as follows

Proposition 5.1. The following holds

inf spec(H(0)) = −α‖Γ1‖2∗ +O(α2)(23)

‖R1‖∗ = O(α)(24)

‖P≥2Φ0‖∗ = O(α)(25)

γ1 = 1 +O(
√
α), Imγ1 = O(

√
α)(26)

Proof. Using the decomposition (15) for Φ0, and the identity (13) for H(0), we
get

〈H(0)Φ0, Φ0〉
=α|γ1|2‖Γ1‖2∗+‖R1‖2∗+ ‖P≥2Φ0‖2∗+ 4

√
αRe〈Pf ·A−P≥2Φ0, P≥1Φ0〉

+ 2
√
αRe〈σ ·B−(

√
αγ1Γ1 +R1 + P≥2Φ0), Φ0〉+ 2α‖A−Φ0‖2

+ 2αRe〈A− ·A−Pn≥2Φ0, Φ0〉 .

(27)

Applying [11, Lemma A4], Corollary 4.1 and Corollary 4.2, the fourth term in
the right hand side of (27) is estimated as

4
√
αRe〈Pf ·A−P≥2Φ0, P≥1Φ0〉

≥ −ǫ‖H
1
2

f P≥2Φ0‖2 − c(ǫ)α‖PfP1Φ0‖2 − c(ǫ)α‖PfP≥2Φ0‖2

≥ −ǫ‖P≥2Φ0‖2∗ − cα2 .

(28)
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In (28), as well as in the sequel, we shall omit the ǫ-dependence of the constants
c since ǫ will eventually be given a fixed value independent of α.
Similarly, using in addition 〈σ · B−Γ1, Ω0〉 = −‖Γ1‖2∗ and 〈σ · B−R1, Ω0〉 =
〈R1, Γ1〉∗ = 0, we estimate the fifth term in the right hand side of (27) as

2
√
αRe〈σ · B−(

√
αγ1Γ1 +R1 + P≥2Φ0), Φ0〉

= 2αRe〈σ ·B−γ1Γ1, Ω0〉+ 2
√
αRe〈σ ·B−R1, Ω0〉

+ 2
√
αRe〈σ ·B−P≥2Φ0, P≥1Φ0〉

≥ −2αReγ1‖Γ1‖2∗ − ǫ‖H
1
2

f Pn≥2Φ0‖2 − cα‖P≥1Φ0‖2

≥ −2αReγ1‖Γ1‖2∗ − ǫ‖P≥2Φ0‖2∗ − cα2

(29)

The sixth term in the right hand side of (27) is nonnegative, and with similar
arguments as above, the seventh is bounded by

2αRe〈A− ·A−P≥2Φ0, Φ0〉 ≥ −cα‖A−P≥2Φ0‖ ‖A+Φ0‖
≥ −ǫ‖P≥2Φ0‖2∗ − cα2 .

(30)

Collecting (27)-(30) gives

〈H(0)Φ0, Φ0〉

≥ 1

2
‖P≥2Φ0‖2∗ + α|1 − γ1|2‖Γ1‖2∗ − α‖Γ1‖2∗ + ‖R1‖2∗ − cα2

(31)

To prove (23) we first note that from the decomposition (15) of Φ0 and Propo-
sition 4.3, we have ‖Φ0‖2 = 1 +O(α). Therefore, (23) is a consequence of this
equality, the upper bound (12), and the lower bound (31).
The estimates (24)-(26) are direct consequences of (31) and the fact that
〈H(0)Φ0, Φ0〉 ≤ 0. �

6. Lower bound up to the order α2

Equipped with the estimates of Sections 4 and 5, we are now ready to establish
a lower bound up to the order α2, with error term of the order α3 for the
ground state energy.
For Γ1 defined by (4) and for γ1 given by the decomposition (15) of Φ0, we
define

Γ
(γ1)
2 = −(Hf + P 2

f )−1
(
γ1σ · B+Γ1 + 2γ1A

+ · PfΓ1 +A+ · A+Ω0

)
,(32)

and we define γ2 and R2 (depending on γ1) by

(33) P2Φ0 = αγ2Γ
(γ1)
2 +R2 and 〈R2,Γ

(γ1)
2 〉∗ = 0 .

Thus, we have

(34) Φ0 = Ω0 +
√
αγ1Γ1 +R1 + αγ2Γ

(γ1)
2 +R2 + P≥3Φ0 .
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6.1. Preliminary estimates. Before estimating the ground state energy, we
need to prove some estimates for the vectors occurring in the decomposition
(34) for Φ0.

Proposition 6.1. There exits α1 > 0 and c > 0 such that for all α ∈ (0, α1)
and all γ1 ∈ (12 ,

3
2 ), we have

|γ2| < c .

Proof. From (25) of Proposition 5.1 we have

(35) ‖P2Φ0‖∗ = α2|γ2|2‖Γ(γ1)
2 ‖2∗ + ‖R2‖2∗ < cα2 .

Together with Lemma 7.1, this yields the result. �

Proposition 6.2. There exists α2 > 0 and c > 0 such that for all α ∈ (0, α2),
for all ǫ > 0, and for all γ1 ∈ (12 ,

3
2 )

‖R1‖2 ≤ c ǫ−1α2 + ǫα−1‖H
1
2

f R1‖2 ,

‖R2‖2 ≤ c ǫ−1α2 + ǫα−1‖H
1
2

f R2‖2 ,

‖P≥3Φ0‖2 ≤ c ǫ−1α2 + ǫα−1‖H
1
2

f P≥3Φ0‖2 .

(36)

Proof. We have, applying lemma 7.3

(37) ‖aλ(k)R2‖ ≤ ‖aλ(k)P2Φ0‖+ α |γ2| ‖aλ(k)Γ
(γ1)
2 ‖ ≤ c√α/|k| .

Therefore, given ǫ > 0, we have

‖R2‖2 ≤
∑

λ=1,2

∫
‖aλ(k)R2‖2dk

=
∑

λ=1,2

∫

ǫ|k|<α
‖aλ(k)R2‖2dk +

∑

λ=1,2

∫

ǫ|k|≥α
‖aλ(k)R2‖2dk

≤
∫

ǫ|k|<α

∣∣∣∣
c
√
α

|k|

∣∣∣∣
2

dk +

∫

ǫ|k|≥α

ǫ|k|
α
‖aλ(k)R2‖2dk

≤ c2ǫ−1α2 + ǫα−1‖H
1
2

f R2‖2 .

The bounds for ‖R1‖ and ‖P≥3Φ0‖ can be derived similarly. �

To estimate 〈H(0)Φ0, Φ0〉 we use the above decomposition (34) of Φ0 and the
identity (13).

6.2. Terms involving P1Φ0 but not P≥2Φ0. Denoting by (I) the terms in
〈H(0)Φ0, Φ0〉 involving P1Φ0 but not P≥2Φ0 we have

(I) =α|γ1|2 ‖Γ1‖2∗ + ‖R1‖2∗ + 2
√
αRe〈σ · B−(

√
αγ1Γ1 +R1), Ω0〉

+ 2α‖A−(
√
αγ1Γ1 +R1)‖2 .

(38)
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Using the definition of Γ1 and 〈Γ1, R1〉∗ = 0, we get that the third term in
the right hand side equals −2αReγ1‖Γ1‖2∗. Using the bound (26) on γ1, we get
that the fourth term in the right hand side of (38) is estimated as

2α2|γ1|2‖A−Γ1‖2 + 4α
3
2Re〈A−γ1Γ1, A

−R1〉+ 2α‖A−R1‖2

≥ 2α2|γ1|2‖A−R1‖2 − ǫ‖H
1
2

f R1‖2 +O(α3) .
(39)

The above thus implies

(I) ≥ α‖Γ1‖2∗(|γ1|2−2Reγ1) + (1−ǫ)‖R1‖2∗
+ 2α2|γ1|2‖A−Γ1‖2+O(α3)

=−α2‖Γ1‖2∗ + α|1− γ1|2‖Γ1‖2∗ + 2α2(|γ1|2 − 1)‖A−Γ1‖2

+ 2α2‖A−Γ1‖2 + (1− ǫ)‖R1‖2∗ +O(α3)

This yields

(I) ≥ −α2‖Γ1‖2∗ + 2α2‖A−Γ1‖2 +
1

2
α|1−γ1|2‖Γ1‖2∗

+
1

2
α|1−γ1|2‖Γ1‖2∗ − cα2

∣∣|γ1|2 − 1
∣∣ ‖Γ1‖2∗ + (1− ǫ)‖R1‖2∗ +O(α3)

≥ −α2‖Γ1‖2∗ + 2α2‖A−Γ1‖2 +
1

2
α|1 − γ1|2‖Γ1‖2∗

+α‖Γ1‖2∗
(

1

2
(1−Reγ1)2 +

1

2
(Imγ1)2 − cα |Reγ1−1|− cα(Imγ1)2

)

+ (1− ǫ)‖R1‖2∗ +O(α3)

≥ −α2‖Γ1‖2∗ + 2α2‖A−Γ1‖2 +
1

2
α|1 − γ1|2‖Γ1‖2∗

+ (1− ǫ)‖R1‖2∗ +O(α3) ,

(40)

using 1
2 (1−Reγ1)2−cα |Reγ1 − 1| ≥ −c′α2 and 1

2 (Imγ1)2−cαImγ1 ≥ −c′α2.

6.3. Terms involving P2Φ0 but not P≥3Φ0. Denoting by (II) the terms in
〈H(0)Φ0, Φ0〉 involving P2Φ0 but not P≥3Φ0 we have

(II) = α2|γ2|2‖Γ(γ1)
2 ‖2∗ + ‖R2‖2∗

+ 4α2Reγ2γ1〈Pf ·A−Γ
(γ1)
2 , Γ1〉+ 4α

3
2Reγ2〈Pf · A−Γ

(γ1)
2 , R1〉

+ 4αReγ1〈Pf · A−R2, Γ1〉+ 4
√
αRe〈Pf · A−R2, R1〉

+ 2α2Reγ2γ1〈σ ·B−Γ
(γ1)
2 , Γ1〉+ 2α

3
2Reγ2〈σ · B−Γ

(γ1)
2 , R1〉

+ 2αReγ1〈σ · B−R2, Γ1〉+ 2
√
αRe〈σ · B−R2, R1〉

+ 2α2Reγ2〈A− ·A−Γ
(γ1)
2 ,Ω0〉+ 2αRe〈A− · A−R2, Ω0〉

+ 2α3|γ2|2‖A−Γ
(γ1)
2 ‖2 + 2α‖A−R2‖+ 4α2Reγ2〈A+ ·A−Γ

(γ1)
2 , R2〉 .

(41)

The sum of the fifth, the ninth and the twelfth terms in the right hand side

of (41) is equal to −2α〈R2, Γ
(γ1)
2 〉∗ = 0; the sum of the third, seventh and
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eleventh terms is equal to −2α2γ2‖Γ(γ1)
2 ‖2∗; the sum of the fourth and the sixth

terms is bounded below by

−c√α‖H
1
2

f P2Φ0‖ ‖H
1
2

f R1‖ ≥ −ǫ‖R1‖2∗ − c(ǫ)α‖P2Φ0‖2∗
≥ −ǫ‖R1‖2∗ − cα3 ,

according to (25) of Proposition 5.1. Applying Proposition 6.2, yields

2
√
αRe〈σ ·B−R2, R1〉 ≥ −ǫ‖R2‖2∗ − cα‖R1‖2

≥ −ǫ‖R2‖2∗ − ǫ‖R1‖2∗ − cα3 .

The term 2α
3
2Reγ2〈σ · B−Γ

(γ1)
2 , R1〉 in (41) is estimated by

2α
3
2Reγ2〈σ ·B−Γ

(γ1)
2 , R1〉 = 2α

3
2Reγ2〈H−

1
2

f σ · B−Γ
(γ1)
2 , H

1
2

f R1〉
≥ −ǫ‖R1‖2∗ − cα3 ,

(42)

since the norm of H
− 1

2

f σ ·B−Γ
(γ1)
2 is uniformly bounded in γ1 ∈ (12 ,

3
2 ). Finally

we have

(43) 4α2Reγ2〈A+ · A−Γ
(γ1)
2 , R2〉 ≥ −ǫ‖R2‖2∗ − cα4 .

Collecting all the above estimates in (41) thus gives

(II) ≥ α2‖Γ(γ1)
2 ‖2∗(|γ2|2 − 2γ2) + (1− ǫ)‖R2‖2∗ − ǫ‖R1‖2∗ − cα3

≥ −α2‖Γ(γ1)
2 ‖2∗ + (1 − ǫ)‖R2‖2∗ − ǫ‖R1‖2∗ − cα3 .

(44)

6.4. Remaining terms. We collect in (III) all the terms in 〈H(0)Φ0, Φ0〉 that
have not been treated in subsections 6.2 and 6.3. This yields

(III) = 〈H(0)P≥3Φ0, Φ0〉
= 〈H(0)P≥3Φ0, P≥3Φ0〉+ 〈H(0)P≥3Φ0, (1− P≥3)Φ0〉

(45)

Applying Proposition 6.2, the first term in the right hand side of (45) is
bounded below using the following estimate

〈H(0)P≥3Φ0, P≥3Φ0〉 −
1

2
‖P≥3Φ0‖2∗ ≥ −cα‖P≥3Φ0‖2

≥ −cǫ−1α3 − ǫ‖P≥3Φ0‖2∗ .
(46)

The second term in the right hand side of (45) is

〈H(0)P≥3Φ0, (1−P≥3)Φ0〉= 2
√
αRe〈σ ·B−P3Φ0, P2Φ0〉

+ 4
√
αRe〈Pf · A−P3Φ0, P2Φ0〉+ 2αRe〈A− ·A−P3Φ0, P1Φ0〉

+ 2αRe〈A− ·A−P4Φ0, P2Φ0〉
(47)

We have

2αRe〈A− ·A−P3Φ0, P1Φ0〉 ≥ −ǫ‖H
1
2

f P3Φ0‖2∗ − cα2‖A+P1Φ0‖2

≥ −ǫ‖H
1
2

f P3Φ0‖2∗ − cα2‖P1Φ0‖2 ≥ −ǫ‖H
1
2

f P3Φ0‖2∗ − cα3 ,
(48)

where in the last inequality, we used Proposition 4.3.
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Similarly, we get

2αRe〈A− ·A−P4Φ0, P2Φ0〉 ≥ −ǫ‖H
1
2

f P4Φ0‖2∗ − cα3(49)

and

2αRe〈σ · B−P3Φ0, P2Φ0〉 ≥ −ǫ‖H
1
2

f P3Φ0‖2∗ − cα‖P2Φ0‖2

≥ −ǫ‖H
1
2

f P3Φ0‖2∗ − cα3|γ2|2‖Γ(γ1)
2 ‖2 − cα‖R2‖2

≥ −ǫ‖H
1
2

f P3Φ0‖2∗ − cα3 − ǫ‖H
1
2

f R2‖2 ,

(50)

where in the last inequality we applied Propositions 6.1 and 6.2.
The last term we have to estimate in (47) is

4
√
αRe〈Pf ·A−P3Φ0, P2Φ0〉 ≥ −c

√
α
(
‖H

1
2

f P3Φ0‖2+‖H
1
2

f P2Φ0‖2
)
.(51)

Collecting (45)-(51) yields

(III) ≥ 1

4
‖P≥3Φ0‖2∗ − ǫ‖P2Φ0‖2∗ − cα3 .(52)

6.5. Proof of the lower bound. The estimates (40), (44) and (52) for (I),
(II) and (III) give

〈H(0)Φ0, Φ0〉 ≥ −α‖Γ1‖2∗ +
1

2
α|1 − γ1|2‖Γ1‖2∗ + 2α2‖A−Γ1‖2

− α2‖Γ(γ1)
2 ‖2∗+

1

4

(
‖R1‖2∗+‖R2‖2∗+‖P≥3Φ0‖2∗

)
− cα3.

(53)

Next, we replace Γ
(γ1)
2 by Γ2 in the above expression and estimate the difference.

For that sake, we estimate
∣∣∣‖Γ(γ1)

2 ‖2 − ‖Γ2‖2
∣∣∣ ≤ c

∣∣∣‖Γ(γ1)
2 ‖ − ‖Γ2‖

∣∣∣ ≤ c‖Γ(γ1)
2 − Γ1‖

≤ c|γ − 1|
∥∥Γ2 + (Hf + P 2

f )−1A+ · A+Ω0

∥∥ ≤ c|γ − 1| .
where in the first inequality we applied Lemma 7.1.
Applying this inequality, and Corollary 4.1, we thus can estimate in (53) the
following two terms

(54)
1

2
|1− γ1|2α‖Γ1‖2∗ − α2‖Γ(γ1)

2 ‖2∗ ≥ −α2‖Γ2‖2∗ − cα3 .

Thus, (54) and (53) give

〈H(0)Φ0, Φ0〉 ≥ − α‖Γ1‖2∗ + 2α2‖A−Γ1‖2 − α2‖Γ2‖2∗
+

1

4

(
‖R1‖2∗ + ‖R2‖2∗ + ‖P≥3Φ0‖2∗

)
− cα3 .

(55)

Eventually, we compute

〈H(0)Φ0, Φ0〉
‖Φ0‖2

=
〈H(0)Φ0, Φ0〉

1 + ‖P1Φ0‖2 + ‖P≥2Φ0‖2
≥ 〈H(0)Φ0, Φ0〉

1 + ‖P1Φ0‖2
(56)
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since 〈H(0)Φ0, Φ0〉 ≤ 0. Now using from proposition 4.3 that ‖P≥1Φ0‖2 =
O(α), we obtain, applying (55) and (56)

〈H(0)Φ0, Φ0〉
‖Φ0‖2

= 〈H(0)Φ0, Φ0〉+ ‖P1Φ0‖2α‖Γ1‖2∗ +O(α3) .(57)

Since

‖P1Φ0‖2α‖Γ1‖2∗
= α2‖Γ1‖2‖Γ1‖2∗ + α‖R1‖2‖Γ1‖2∗ + 2α

3
2 ‖Γ1‖2∗Re〈H

− 1
2

f Γ1, H
1
2

f R1〉

≥ α2‖Γ1‖2‖Γ1‖2∗ − cα
3
2 ‖Γ1‖2∗‖H

− 1
2

f Γ1‖ ‖R1‖∗
≥ α2‖Γ1‖2‖Γ1‖2∗ − cα3 − ǫ‖R1‖2∗ ,

(58)

we obtain, together with (55) and (57)

〈H(0)Φ0, Φ0〉
‖Φ0‖2

≥ −α‖Γ1‖2∗ + 2α2‖A−Γ1‖2 − α2‖Γ2‖2∗ + α2‖Γ1‖2‖Γ1‖2∗ +O(α3) .

(59)

7. Appendix

Lemma 7.1. There exists δ1 > 0, δ2 > 0, and α0 > 0 such that for all γ1 ∈
(12 ,

3
2 ) and all α ∈ (0, α0), ‖Γ(γ1)

2 ‖∗ ∈ (δ1, δ2).

Proof. For the sake of simplicity, we shall fix here Ω0 =

(
1
0

)
Ωf . The state-

ment of the Lemma remains true for all Ω0 defined as in (3).
We have

Γ
(γ1)
2 = γ1(Hf + P 2

f )−1
[
σ · B+(Hf + P 2

f )−1σ · B+

+ 2A+ · Pf (Hf + P 2
f )−1σ ·B+

]
Ω0 − (Hf + P 2

f )−1A+ ·A+Ω0 .
(60)

In order to prove the bound below, it is sufficient to show that there exists
a region J ⊂ R3 × R3 with strictly positive Lebesgue measure, and δ > 0
such that for all α small enough independent of δ , for all γ ∈ (12 ,

3
2 ) and all

(k, k′) ∈ J , and for given λ, µ ∈ {1, 2}, we have |Γ(γ1)
2 (k, λ; k′, µ)| > δ. For

that sake, we shall prove that the third vector in the right hand side of (60)
has a stronger singularity at the origin than the fist two vectors.

For all λ, µ in {1, 2}, we have, for all k and k′ in the region S1 := {(k, k′) | |k
′|
2 ≤

|k| ≤ 2|k′|}
∣∣(σ · B+(Hf + P 2

f )−1Ω0

)
(k, λ; k′, µ)

∣∣

=
1√
2

∣∣∣∣σ ·
ik′ ∧ ǫµ(k′) ζ(|k|)

2π|k′| 12
1

|k|+ |k|2 σ ·
ik ∧ ǫµ(k)

2π|k| 12
+ symmetric

∣∣∣∣

≤ c
(
|k′| 12
|k| 12

+
|k| 12
|k′| 12

)
≤ c ,

(61)
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where the symmetric expression is with respect to (k, λ) and (k′, µ), and the
constants c are independent of the variables and of the parameters α and γ1.
On the other hand, we have

∣∣(A+ · Pf (Hf + P 2
f )−1σ ·B+Ω0

)
(k, λ; k′, µ)

∣∣

=
1√
2

∣∣∣∣
ǫµ(k′) · k′
2π|k′| 12

1

|k|+ |k|2 σ ·
ik ∧ ǫλ(k)

2π|k| 12
+ symmetric

∣∣∣∣ .
(62)

Picking S2 = {(k, k′) | k′2k2+k
′
1k1√

k21+k
2
2

√
k′1

2+k′2
2
}, where For k = (k1, k2, k3) and

k′ = (k′1, k
′
2, k

′
3), we obtain, for λ = µ = 1 and for k and k′ in S2,
∣∣(A+ · Pf (Hf + P 2

f )−1σ · B+Ω0

)
(k, 1; k′, 1)

∣∣

≥ c
∣∣∣∣∣

1

|k′| 12 |k| 12
k′2k2 + k′1k1√

k21 + k22
√
k′1

2 + k′2
2

∣∣∣∣∣ ≥ c
1

|k′| 12 |k| 12
,

(63)

where again the constants are independent of k, k′, γ1 and α. Therefore, for
any δ > 0 there exists ǫ > 0 such that for S3(ǫ) = {(k, k′) | |k| ≤ ǫ, |k′| ≤ ǫ},
we have, for all α small enough and all γ1 ∈ (12 ,

3
2 ), that for all (k, k′) ∈

S1 ∩ S2 ∩ S3(ǫ), which is of positive Lebesgue measure, |Γ(γ1)
2 (k, 1; k′, 1)| > δ.

This concludes the proof of the existence of the uniform lower bound δ1 for

‖Γ(γ1)
2 ‖∗.

The proof of the upper bound for ‖Γ(γ1)
2 ‖∗ is straightforward. �

Lemma 7.2. We have

‖H
1
2

f Γ1‖ <∞ , 0 < ‖Γ1‖∗ and 0 < ‖Γ1‖ .
Proof. Straightforward computations. �

We end this appendix by recalling a useful result due to Chen and Fröhlich [8],
which we reproduce below in the case of total momentum p = 0, which is the
case of interest for us.

Lemma 7.3. [8, Proposition 5.1] For any normalized state ψ in the eigenspace
associated to the ground state energy of H(0), there exists c > 0 such that

‖aλ(k)ψ‖ ≤ c
√
α

|k| ζ(|k|) .
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Abstract. We study the moduli spaces which classify smooth sur-
faces along with a complex line bundle. There are homological sta-
bility and Madsen–Weiss type results for these spaces (mostly due to
Cohen and Madsen), and we discuss the cohomological calculations
which may be deduced from them. We then relate these spaces to
(a generalisation of) Kawazumi’s extended mapping class groups, and
hence deduce cohomological information about these.

Finally, we relate these results to complex algebraic geometry. We
construct a holomorphic stack classifying families of Riemann surfaces
equipped with a fibrewise holomorphic line bundle, which is a gerbe
over the universal Picard variety, and compute its holomorphic Picard
group.
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57R20, 55R40
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mology

1 Introduction

Let Σng,r be a connected oriented smooth surface of genus g with r boundary
components and P := {p1, . . . , pn} be n distinct marked points in the interior.
Let Dn

g,r the group of orientation preserving diffeomorphisms of Σng,r which
fix the set ∂Σng,r ∪ P pointwise and let Γng,r := π0D

n
g,r be the mapping class

group. We assume that g ≥ 2, so that by a theorem of Earle and Eells [11]
Dn
g,r has contractible components and the natural map on classifying spaces

BDn
g,r → BΓng,r is a homotopy equivalence.
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Let map∂(Σng,r, BC×) denote the space of continuous maps Σng,r → BC× which
send ∂Σng,r∪P to the basepoint of BC×. We write map∂(Σng,r, BC×)(k) for the
path component consisting of those maps of degree k. The principal object of
study in this paper is the moduli space of surfaces of genus g with r boundary
components, n marked points and a complex line bundle, originally introduced
by Cohen and Madsen [7]:

Sng,r := map∂(Σng,r , BC×)×Dn
g,r
ED

n
g,r .

Being a Borel construction, this space fits into a defining fibration sequence

map∂(Σng,r, BC×) −→ Sng,r −→ BD
n
g,r. (1.1)

The space Sng,r carries a tautological surface bundle

Eng,r := (Σng,r ×map∂(Σng,r , BC×))×Dn
g,r
ED

n
g,r ,

and we denote the bundle projection by π : Eng,r → Sng,r, the vertical tangent
bundle by Tv, and the n canonical sections by s1, ..., sn. The evaluation map
Σng,r ×map∂(Σng,r, BC×) → BC× is Dn

g,r-invariant, so gives a map L : Eng,r →
BC×. We use the letter L also for the complex line bundle this map induces,
and note that it is trivialised over the boundary and marked points in each
fibre.
The space Sng,r splits into path components Sng,r(k) corresponding to the maps
of degree k, and the total space Eng,r has an analogous decomposition. The term
“moduli space” is justified by the following observation.

Proposition 1.1. Let X be any paracompact Hausdorff space. Homotopy
classes of maps X → Sng,r(k) are in bijection with isomorphism classes of tu-
ples (E, π, s, L, η), where π : E → X is an oriented smooth surface bundle of
genus g with r boundary components and the boundary bundle is trivialised;
s = (s1, . . . , sn) are pairwise disjoint cross-sections in the interior; L→ E is a
line bundle; η is a trivialisation of L over ∂E ∪ s1(X)∪ . . . ∪ sn(X), such that
with respect to this trivialisation, L has fibrewise degree k.

Definition 1.2. For each k we choose a degree k map L0 ∈
map∂(Σng,r, BC×)(k). The extended mapping class group Γ̃ng,r(k) is the
fundamental group of the space Sng,r(k), based at L0,

Γ̃ng,r(k) := π1(Sng,r(k), L0).

When k = 0 we make the canonical choice of L0, which is the constant map
to the basepoint. In this case the extended mapping class group also has an
algebraic description. If we let Hn

g,r denote the Γng,r-module H1(Σng,r , ∂Σng,r ∪
P ;Z), there is an isomorphism

Γ̃ng,r(0) ∼= Hn
g,r ⋊ Γng,r.
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If (r, n, k) = (1, 0, 0) this definition agrees with that of Kawazumi [20], however
we warn the reader that our definition is different from Kawazumi’s for other
values of (r, n).

For both Sng,r(k) and Γ̃ng,r(k) we adopt the convention of omitting r or n from
the notation when they are zero.

1.1 Topological results

The first part of this paper (Sections 2 and 3) is devoted to the study of the

cohomology of the group Γ̃g,r(k). We will see in Proposition 2.1 that as long
as r+n > 0 the space Sng,r(k) is aspherical, so there is a homotopy equivalence

BΓ̃ng,r(k) ≃ Sng,r(k),

and the cohomology of the space Sng,r(k) translates to the group cohomology

of Γ̃ng,r(k). The relation between Sg(k) and BΓ̃g(k) turns out to be much more
subtle.
Due to the moduli-theoretic interpretation of Sng,r(k), the methods of the ho-
motopy theory of moduli spaces apply and yield a great amount of information
about these spaces, and hence about BΓ̃ng,r(k) for r+n > 0. Comparison with

Sg(k) will also be essential for the study of BΓ̃g(k).

Theorem A.

(i) (Independence of k) There are homotopy equivalences

Sng,r(k) ≃ Sng,r(k + 1) for r > 0

S1g (k) ≃ S1g (k + 1)

Sg(k) ≃ Sg(k + 2g − 2).

(ii) (Harer type stability) Consider the “stabilisation maps”

α(g) : Sng,r+1(k) −→ Sng+1,r(k)

β(g) : Sng,r(k) −→ Sng,r+1(k)

γ(g) : Sng,r(k) −→ Sng,r−1(k)

given by gluing in a pair of pants along the legs, along the waist, or gluing
in a disc (and extending the map to BC× trivially over the glued-in part
in each case). Then the induced maps in homology H∗(α(g)), H∗(β(g)),
H∗(γ(g)) are isomorphisms if 3∗ ≤ 2g − 3, 3∗ ≤ 2g − 1, 3∗ ≤ 2g − 1,
respectively.

(iii) (Splitting) The map Sng,r(k) → Sg,r(k) × (BC×)n given by the tangent
spaces at the marked points is a homology isomorphism in degrees 3∗ ≤
2g − 1.

Documenta Mathematica 17 (2012) 417–450



420 Johannes Ebert and Oscar Randal-Williams

(iv) (Madsen–Weiss type theorem) Let MTSO(2) be the Madsen–Tillmann–
Weiss spectrum. There is a map αg,r : Sg,r(k)→ Ω∞0 (MTSO(2)∧BC×+),
which is a homology equivalence in degrees 3∗ ≤ 2g − 3.

We shall say “stable range” for the range of degrees in which a given homology
group is independent of g.
Most of this theorem has been proved elsewhere. A complete proof of homo-
logical stability as formulated in (ii) was given by the second named author
[34], but the result has a longer prehistory. For r > 0, it was first proved by
Cohen–Madsen [7], but with the weaker stable range 2∗ > g. The range of
stability was improved by Boldsen [4], again as long as r > 0. The proof of
stability for closing the last boundary in [7] is incorrect and has been partially
repaired by those authors in [8], as long as rational coefficients are employed.
In the references we have cited only the case n = 0 is covered, but in Section
2.3 we show how to derive the case n > 0. The homological splitting of (iii)
is a straightforward adaption of an argument by Bödigheimer and Tillmann
[5], and we briefly sketch it in Section 2.3. Part (iv) is a generalisation of the
Madsen–Weiss theorem [25] due to Cohen–Madsen [7] (though one needs the
result of [34] to deal with the case r = 0), and we recall this result in Section
2.4. We prove (i) in Section 2.2.

Remark 1.3. Parts (ii) and (iii) show that H∗(Sng (k)) ∼= H∗(Sng (k + 1)) in the
stable range. However, in general Sg(k) 6≃ Sg(k+1). This can be deduced from
Theorem E, which computes the group cohomology of the fundamental groups
of these spaces and we see they differ in general.

The space Ω∞0 (MTSO(2)∧BC×+) can be understood by the usual methods of
algebraic topology. We defer its definition to Section 2.4, where we will also
construct certain cohomology classes

κi,j ∈ H2i+2j(Ω∞0 (MTSO(2) ∧BC×+);Z).

Under the map αg,r : Sg,r(k) → Ω∞0 (MTSO(2) ∧ BC×+) the class κi,j pulls
back to

π!(e(Tv)
i+1c1(L)j) ∈ H2i+2j(Sng,r(k);Z),

where π : Eg,r(k)→ Sg,r(k) is the tautological surface bundle, Tv is the vertical
tangent bundle and L is the complex line bundle we described earlier. For
simplicity we denote this class by κi,j too. The class κi,0 may be defined on
BDg,r , and here it coincides with the Mumford–Morita–Miller class usually
denoted κi.

Theorem B. There is an isomorphism

H∗(Ω∞0 (MTSO(2) ∧BC×+);Q) ∼= Q[κi,j | i+ j > 0, j ≥ 0, i ≥ −1].

Therefore when r > 0, for degrees 3∗ ≤ 2g − 3 there are isomorphisms

H∗(BΓ̃g,r(k);Q) ∼= H∗(Sg,r(k);Q) ∼= Q[κi,j | i+ j > 0, j ≥ 0, i ≥ −1]. (1.2)
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We are also able to make low-dimensional integral calculations. The Hodge
class λ ∈ H2(Sg;Z) may be defined as c1(πK! (T ∗v )), the first Chern class of
the push-forward in complex K-theory of the vertical cotangent bundle of the
tautological surface bundle, and it is known to satisfy the relation 12λ = κ1.
Just as for the κi,j , the class λ is induced from a class on Ω∞(MTSO(2)∧BC×+)
which we also denote λ.

Theorem C. The groups

H1(Ω∞0 (MTSO(2) ∧BC×+);Z) and H3(Ω∞0 (MTSO(2) ∧BC×+);Z)

are trivial. The group H2(Ω∞0 (MTSO(2) ∧ BC×+);Z) is free abelian of rank
three, with free basis the Hodge class λ, κ0,1 and ζ := 1

2 (κ0,1 − κ−1,2).

As long as g ≥ 6, this gives a description of the integral cohomology of Sg,r(k)
up to degree 3.
We now turn to the case r = n = 0. The main obstacle in studying the
cohomology of BΓ̃g(k) is that the stabilisation map BΓ̃g,1(k) → BΓ̃g(k) is
not a homology isomorphism in a range of degrees. However the failure of
homological stability is entirely down to the failure of stability on the third
cohomology. Before we state the key result, let us introduce some language.

Definition 1.4. A fibre sequence consist of a connected pointed space (B, b),

maps F
f→ E

p→ B and a nullhomotopy H : p ◦ f ≃ cb from the composition
to the constant map to b. This determines a map F → hofibb(p) which we
require to be a weak equivalence. We will often drop the nullhomotopy from
the notation.

Define
Ξ : BC×

−⊗L0−→ map(Σg, BC×)(k) −→ Sg(k),

which is a map that classifies the data (BC××Σg, pr1, pr∗1γ⊗pr∗2L0), where γ
denotes the universal line bundle over BC×.

Theorem D.

(i) For g ≥ 3, there exist fibre sequences

BC× Ξ−→ Sg(k)
Π−→ BΓ̃g(k)

Sg(k)
Π−→ BΓ̃g(k)

θ−→ K(Z, 3)

(i.e. there exist nullhomotopies of Π◦Ξ and θ◦Π yielding fibre sequences).

(ii) There is a map from BΓ̃g,1(k) to the homotopy fibre of the map θ which
induces an isomorphism in integral homology in degrees 3∗ ≤ 2g − 1.

It turns out that the cohomology of Γ̃g(k) behaves in a fairly systematic way in
a certain range of degrees, but the systematic way in which it behaves in turn
depends on k. The following are our main results on the cohomology of Γ̃g(k).
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Theorem E. Suppose g ≥ 6. The group H1(BΓ̃g(k);Z) is trivial, and the

group H2(BΓ̃g(k);Z) is free abelian of rank two and injects into H2(Sg(k);Z).
A free basis for it may be taken to be the Hodge class λ and an element η that
maps to

1

gcd(2g − 2, g + k − 1)
(kκ0,1 + (g − 1)κ−1,2)

in H2(Sg(k);Z). The group H3(BΓ̃g(k);Z) is Z/ gcd(2g−2, 1−g−k) generated

by the class θ ∈ H3(BΓ̃g(k);Z) = [BΓ̃g(k),K(Z, 3)] of Theorem D.

We are also able to give a complete description of the rational cohomology
algebra in the stable range, where the dependence on g and k is less vividly
seen.

Theorem F. The rational cohomology H∗(BΓ̃g(k);Q) injects into

H∗(Sg(k);Q) in all degrees. There exist classes νi,j ∈ H2i+2j(BΓ̃g(k);Q)
defined for i ≥ −1 and j ≥ 0, such that the algebra homomorphism

Q[νi,j | i ≥ −1, j ≥ 0, i+ j > 0; (i, j) 6= (0, 1)] −→ H∗(BΓ̃g(k);Q)

is an isomorphism in degrees 3∗ ≤ 2g − 3. Moreover, the image of νi,j in
H∗(Sg(k);Q) is equal to κi,j modulo the ideal (κ0,1), and νi,0 = κi.

Remark 1.5. Using different methods, Kawazumi [20, 21, 22] obtained the iso-
morphism (1.2) when r = 1 and k = 0. Looijenga [24] was able to determine

the structure of H∗(BΓ̃g(k);Q) as a module over H∗(BΓg;Q), but not the
algebra structure.

Next, we study the group extension

0 −→ Hn
g,r −→ Γ̃ng,r(k) −→ Γng,r −→ 1 (1.3)

obtained by taking the fundamental groups of the spaces in the defining fibra-
tion (1.1). The Γng,r-modules Hn

g,r = H1(Σng,r, ∂Σng,r ∪ P ;Z) form a coefficient
system in the sense of [7] or [4]. We denote this coefficient system simply by H
and its rationalisation by HQ, thereby explaining notation such as H∗(Γng,r;H).

Theorem G. The rational Leray–Hochschild–Serre spectral sequence of the
extension (1.3) degenerates at E2 in the stable range. If r+n ≤ 1 it degenerates
in all degrees. The associated graded algebra in the stable range is
⊕

p,q

Hp(Γng,r;∧qHQ) ∼= Q[e1, , ..., en, κ1, . . .]⊗Q[xi,j | i+ j > 0, j > 0, i ≥ −1],

if r + n > 0, and
⊕

p,q

Hp(Γg;∧qHQ) ∼= Q[κ1, . . .]⊗Q[xi,j | i+ j > 0, j > 0, i ≥ −1, (i, j) 6= (0, 1)],

if r + n = 0. In both cases, ei has bidegree (p, q) = (2, 0), κi has bidegree
(p, q) = (2i, 0) and xi,j has bidegree (p, q) = (2i+ j, j).
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The proof of this theorem is via the work of Kawazumi [20, 21, 22], who has

studied in depth the rational cohomology of Γ̃g,1. He has defined certain classes
mi,j ∈ H2i+j−2(Γg,1,∧jH) which are permanent cycles in the spectral sequence

Ep,q2 = Hp(Γg,1;∧qHQ) =⇒ Hp+q(Γ̃g,1;Q)

and detect classes m̃i,j ∈ H2i+2j−2(Γ̃g,1;Z) he has also defined. He then shows
that the mi,j generate E∗,∗2 in the stable range, so the spectral sequence col-
lapses. If r = 1 and n = 0, Theorem G follows immediately from the more
technical statement that Kawazumi’s m̃i,j agree with our κi−1,j . This is some-
what surprising, as the m̃i,j are defined using an explicit group cocycle which
depends crucially on the surface having boundary, whereas κi−1,j may be de-
fined for closed surfaces. The other cases with r + n > 0 are derived using
homological stability.

1.2 Relation to complex geometry

The homotopy types BDg, Sg(k) and BΓ̃g(k) bear a close relationship to the
geometry of Riemann surfaces, and the preceding purely topological results can
be used to obtain more geometrical results. In order to formulate these results,
we have to employ the language of stacks. We adopt the convention of writing
stacks as Abc and their associated homotopy types as Abc.
Let Mg be the moduli stack of genus g Riemann surfaces, defined on the site
Top of topological spaces (with the ordinary topology of open covers). El-
ements of Mg(X) or, equivalently, maps X → Mg, correspond to families of
genus g Riemann surfaces π : E → X . It is well-known, by Teichmüller theory,
that Mg

∼= Tg//Γg, the orbifold quotient of Teichmüller space by Γg. Moreover,
the homotopy type of Mg is just BDg.
Denote by Holg the stack over Top which classifies families of Riemann surfaces
of genus g, E → X , equipped with a fibrewise holomorphic line bundle L→ E.
It splits into components Holkg , where k is the fibrewise degree of L. Recall that
for an individual Riemann surface S, the Picard variety Pic(S) is the complex
Lie group of isomorphism classes of holomorphic line bundles on S. It splits
into components Pick(S) parametrising isomorphism classes of degree k line
bundles. There is a (noncanonical) isomorphism Pic(S) ∼= Z × Pic0(S) and
Pic0(S) is a complex g-dimensional torus. If π : E → X is a family of genus
g Riemann surfaces, there is a family Pic(E/X) → X of complex manifolds
whose fibre over x ∈ X is just the Picard variety Pic(Ex) of Ex := π−1(x).
Denote by Picg the stack over Top which classifies families of Riemann sur-
faces of genus g, E → X , equipped with a section s : X → Pic(E/X) of the
associated bundle of Picard varieties. Again, Picg splits into components Pickg ,
indexed by the fibrewise degree of the line bundle on the total space. Both
stacks have a natural map to Mg that just remembers the underlying Riemann

surface. Furthermore, there is a map Φkg : Holkg → Pic
k
g that takes a complex

line bundle to its isomorphism class.
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In Theorem 4.5 we show that Φkg is a gerbe with band C×. As a consequence,
after taking homotopy types we get a fibre sequence

BC× −→ Holkg
φk
g−→ Pickg .

In Theorem 4.6 we show that there are equivalences Holkg ≃ Sg(k) and Pickg ≃
BΓ̃g(k) under which this fibre sequences corresponds to that of Theorem D.
Thus the cohomological results of the last section also give information about
the cohomology of Holkg and Pickg , and of the effect on cohomology of the map

Φkg .

Another property of the stacks Holkg and Pickg is that they are local quotient
stacks (this is the class of stacks which are closest to spaces in the sense that the
homotopy type of the stacks reflects geometric properties such as the classifi-
cation of line bundles and gerbes). Therefore, we are able to prove an analogue
of a result of Mestrano–Ramanan on the existence of Poincaré line bundles.

It is a well-known—but fairly deep—result that the moduli stack Mg is even a

holomorphic stack. This will easily imply that Holkg and Pickg are holomorphic
(local quotient) stacks, so that concepts from holomorphic geometry translate.
In particular, the notion of a holomorphic line bundle on these stacks is mean-
ingful. We show that for both these stacks, the holomorphic Picard group is
isomorphic to the topological one. The resulting computation of the Picard
group of Pickg is not new: it is due to Kouvidakis [23] and we recover his result,
although we give a different description of the generators. We also discuss the
relationship between our results and related results in algebraic geometry, in
particular those of Melo and Viviani [28].
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2 The spaces of surfaces with line bundles

2.1 Homotopy type

Recall from the introduction the definition of Sng,r , the tautological surface
bundle π : Eng,r → Sng,r , its sections s1, ..., sn, the vertical tangent bundle Tv
and the complex line bundle L → Eng,r trivialised along the boundary and at
the marked points.
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Proposition 2.1. Let g ≥ 2.

(i) If r + n > 0, then Sng,r(k) is aspherical, and so BΓ̃ng,r(k) ≃ Sng,r(k).

(ii) If r = n = 0, then πi(Sg(k)) = 0 for i 6= 1, 2 and π2(Sg(k)) = Z.

Proof. We look at the long exact sequence of the defining fibration sequence

map∂(Σng,r, BC×) −→ Sng,r −→ BD
n
g,r.

If r + n > 0, then map∂(Σng,r, BC×)(k) is an Eilenberg–MacLane space of
type BHn

g,r. This is immediate and proves the first part. Because BC× is an
abelian topological group so is map(Σg, BC×), and hence map(Σg, BC×)(k) is
a product of Eilenberg–MacLane spaces, namely BHg × BC× (however, this
product decomposition is not natural, which is responsible for many of the
subtleties of that case). The second part follows.

2.2 Independence of the degree

The homotopy equivalences of part (i) of Theorem A are given by tensoring
the line bundle with a fixed line bundle, provided by Proposition 2.2 below.

Proposition 2.2. Let Eng,r → BDn
g,r be the universal surface bundle, with

sections s1, . . . sn. Then there is a line bundle L → Eng,r with fibrewise degree
k and such that both L|∂En

g,r
and s∗iL are trivial in each of the following cases:

(i) r > 0, n arbitrary and k = 1.

(ii) r = 0, n = k = 1.

(iii) r = 0, n = 0, k = 2− 2g.

This proposition can be restated by saying that the map Sng,r(k)→ BDn
g,r has

a section in the listed cases.

Proof. The third case is clear, since we can take the vertical tangent bundle Tv
(the condition n = 0 is necessary as we might be unable to trivialise Tv over
the cross-sections in the case n > 0).
In the first case, the boundary bundle is trivialised and so the bundle may
be assumed to contain a trivialised collar. Inside the collar, there exists an
embedded BΓng,r × D2 → Eng,r over BΓng,r which does not meet the boundary
or the marked points. The standard collapse construction defines a map h :
Eng,r → BΓng,r × D2/∂D2 of fibrewise degree 1. Let H → D2/∂D2 be the Hopf
bundle and pick a trivialisation over the point ∂D2 and one over the origin of
D2. The bundle L := h∗H , together with the induced trivialisations, does the
job in the first case.
For second case, let U → BΓ1

g be the closed unit disc bundle in the line bundle
s∗T , where T is the vertical tangent bundle, and ∂U be the unit sphere bundle.
There exists a tubular neighborhood, i.e. a fibrewise embedding U → E1

g that
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maps the zero section to s. The collapse construction, performed fibrewise,
yields a fibrewise map E1

g → U/∂U of fibrewise degree 1. Consider the rotation
action of U(1) on S2 (considered as the Riemann sphere), fixing the points 0,∞,
and the S2-bundle p : F := EU(1) ×U(1) S2 → BU(1). There is a bundle map
U/∂U → F , covering the map ǫ from (2.1). The composition with the collapse
is a fibre-preserving map h : E1

g → F .
The Hopf bundle on S2 admits a U(1)-action that turns it into an equivariant
line bundle, therefore inducing a line bundle H ′ → EU(1)×U(1) S2 of fibrewise
degree 1. Let t : BC× → EU(1)×U(1) S2 be the section at 0. Then the bundle
H := p∗t∗(H ′)∗ ⊗ H ′ has fibrewise degree 1 and is trivialised over the zero
section. To finish the proof, let L := h∗1H .

2.3 Homological stability and its consequences

As we stated in the introduction, proofs of Theorem A (ii) for n = 0 have
appeared in several places [7, 8, 4, 34] with various stability ranges. An explicit
reference for the version we are using is [34, §1.4].
Now we derive the case n > 0 from the case n = 0. There is a map

ǫi : Sng,r −→ BC×, (2.1)

defined as the classifying map of the line bundle s∗iTv → Sng,r (in other words,
ǫi takes the tangent space at the i-th marked point). The homotopy fibre of
ǫi classifies families of surfaces as classified by Sng,r but with a framing of Tv
at the i-th marked point: this is homotopy equivalent to Sn−1g,r+1. Taking all ǫi
together, we obtain a fibre sequence

Sg,r+n −→ Sng,r
ǫ−→ (BC×)n; (2.2)

analogous to that used by Bödigheimer and Tillmann in [5, eq. (3.2)]. Consider
the commutative diagram

Sg,r+n //

��

Sng,r ǫ //

��

(BC×)n

Sh,s+n // Snh,s ǫ // (BC×)n,

whose rows are the fibre sequences (2.2) and whose left and middle vertical maps
are suitable stabilisation maps. Comparing the Leray–Serre spectral sequences
of the two fibre sequences shows homological stability in the case n > 0. The
sequence (2.2) can also be used to prove Theorem A (iii), using an argument
from [5]. Consider the commutative diagram

Sg,r+n //

��

Sng,r //

��

(BC×)n

Sg,r // Sg,r × (BC×)n // (BC×)n.
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The bottom sequence is the product sequence, the left vertical map is a compo-
sition of stabilisation maps γ(g), and the middle vertical map is the product of
ǫ with the forgetful map. Comparing the Leray–Serre spectral sequences of the
two fibre sequences establishes that the middle map is a homology isomorphism
in degrees 3∗ ≤ 2g − 1.

2.4 Madsen–Weiss type theorem

Consider the vector bundle

γ⊥2,n −→ Gr+2 (Rn)

given by the orthogonal complement of the tautological bundle, and write Mn

for its Thom space. The stabilisation maps Gr+2 (Rn) → Gr+2 (Rn+1) pull back
γ⊥2,n+1 to ǫ1 ⊕ γ⊥2,n and so give maps of Thom spaces ΣMn →Mn+1. Thus the
collection {Mn}n≥0 forms a spectrum in the sense of stable homotopy theory,
which is denoted MTSO(2). Similarly, we define a spectrum MTSO(2)∧BC×+
having as its n-th space the smash product Mn ∧BC×+.
Homotopy groups of spectra are very hard to compute in general, but in low
degrees, the homotopy groups of MTSO(2) ∧ BC×+ may be calculated using
the Atiyah–Hirzebruch spectral sequence and the known homotopy groups of
MTSO(2) up to degree 3, which have, for example, been computed by the first
named author in [12]. The result is displayed in the table below.

i −2 −1 0 1 2 3

πi(MTSO(2)) Z 0 Z 0 Z Z/24
πi(MTSO(2) ∧BC×+) Z 0 Z2 0 Z3 –

Table 1: Some stable homotopy groups.

The infinite loop space Ω∞(MTSO(2) ∧ BC×+) associated to this spectrum is
defined to be the colimit

Ω∞(MTSO(2) ∧BC×+) := colim n→∞Ωn(Mn ∧BC×+),

and the homotopy groups of this space coincide with those of the spectrum in
non-negative degrees. From the table we see that Ω∞(MTSO(2)∧BC×+) has π0
in bijection with Z2. We denote by Ω∞0 (MTSO(2)∧BC×+) the path-component
of the basepoint.
Cohen and Madsen [7, 8] have defined a comparison map

αg,k : Sg,r(k) −→ Ω∞0 (MTSO(2) ∧BC×+)

using Pontrjagin–Thom theory, and shown that it is an integral homology iso-
morphism in the stable range. Given homology stability, this may also be
deduced from the general machines [15, 16] for proving Madsen–Weiss type
theorems.
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Let us now describe how the classes κi,j are defined on the space
Ω∞(MTSO(2) ∧BC×+). Under the composition

H̃∗+2(BSO(2)×BC×) ∼= H∗(MTSO(2)∧BC×+)
σ∗−→ H∗(Ω∞0 MTSO(2)∧BC×+)

of the Thom isomorphism in spectrum cohomology with the cohomology sus-
pension1, the class ei+1 ⊗ cj1 maps to a class we define to be

κi,j ∈ H2i+2j(Ω∞0 MTSO(2) ∧BC×+;Z).

The description of push-forwards in terms of Pontrjagin–Thom theory shows
that these classes pull back under αg,k to the classes

π!(e(Tv)
i+1c1(L)j) ∈ H2i+2j(Sg,r(k);Z),

as in the introduction.

2.5 Cohomology of the infinite loop space

The rational cohomology of an infinite loop space has a very restricted struc-
ture, and is easily deduced from the rational cohomology of the associated
spectrum. In turn, the cohomology of a Thom spectrum over a classifying
space can be expressed by means of characteristic classes.

Proof of Theorem B. It is well known that the rational cohomology of the zero
component infinite loop space Ω∞0 X is given by the free graded-commutative
algebra on the vector space τ∗>0H

∗(X;Q) of positive degree elements in spec-
trum cohomology. (For a proof, note that any rational spectrum splits into a
sum of suspensions of HQ, and the claim is true for ΣnHQ by direct calcula-
tion.)
The rational spectrum cohomology of MTSO(2) ∧BC× in positive degrees is
the vector space

Q〈u−2 · ei+1 ∧ cj1 | i+ j > 0, j ≥ 0, i ≥ −1〉

where u−2 ∈ H−2(MTSO(2);Q) denotes the Thom class. The element u−2 ·
ei+1∧cj1 under the cohomology suspension gives the element κi,j on the infinite
loop space.

To prove Theorem C, we first identify H2(Ω∞0 (MTSO(2) ∧ BC×+);Z) as an
abstract group.

Lemma 2.3. There are isomorphisms

Hi(Ω∞0 (MTSO(2) ∧BC×+);Z) =

{
0 i = 1, 3;

Z3 i = 2.

1For any spectrum X = {Xn}, the evaluation maps ΣnΩnXn → Xn induce maps on
cohomology H∗+n(Xn) → H∗(ΩnXn), which after taking limits over n gives σ∗ : H∗(X) →
H∗(Ω∞

X).
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Proof. By Theorem B we know the statement is true modulo torsion. Thus we
must show there is no torsion in cohomology in degrees ∗ ≤ 3, or equivalently
that there is no torsion in homology in degrees ∗ ≤ 2.
By the isomorphisms listed in Table 1, Ω∞0 (MTSO(2) ∧ BC×+) is simply-
connected, so in particular H1 is zero and hence torsion free. Furthermore

π2(MTSO(2) ∧BC×+) ∼= H2(Ω∞0 (MTSO(2) ∧BC×+);Z)

by Hurewicz’ theorem, and hence we see that the second homology is free
abelian of rank three.

Next we determine a Z-basis of H2(Ω∞0 (MTSO(2)∧BC×+)) ∼= Z3, which begins
with naming elements. We describe the elements on the moduli space Sg(k)
as Chern classes of certain index bundles of Cauchy–Riemann operators. A
standard exercise in index theory will then show that the classes are indeed
induced from Ω∞(MTSO(2) ∧ BC×+) (this exercise has been solved in the
section on “universal operators” in [13]). We do this in order to deal with more
concrete objects and also to facilitate computations.
Recall that H2(BΓg;Z) ∼= Z has a generator λ, the Hodge class, that satisfies
12λ = κ1. To define the next element, we need a divisibility result, based on
the Grothendieck–Riemann–Roch theorem. Recall the universal surface bundle
π : Eg(k) → Sg(k) with vertical tangent bundle Tv and universal line bundle
L → E . Consider the Dolbeault operator ∂T⊗r⊗L⊗s on the tensor product
bundle of r copies of the vertical tangent bundle and s copies of L. The Chern
character of its index bundle is, by Grothendieck–Riemann–Roch:

ch(Ind(∂T⊗rL⊗s)) = π!(Td(x)erc1(Tv)esc1(L))

and the degree 2 part is

(6r2 + 6r + 1)λ+ 1
2s

2(κ0,1 + κ−1,2) + (rs + 1
2 (s− s2))κ0,1. (2.3)

The first and third summand are integral, hence so is the middle summand. In
other words, we have proved:

Proposition 2.4. The class κ0,1 − κ−1,2 ∈ H2(Sg,r(k);Z) is divisible by 2.

Thus we may define

ζ := 1
2 (κ0,1 − κ−1,2) ∈ H2(Sg,r(k);Z),

as this group is torsion-free and hence κ0,1 − κ−1,2 is uniquely divisible.

Proof of Theorem C. It is enough to give a map H2(Ω∞0 (MTSO(2) ∧
BC×+);Z) → Z3 that maps the tuple B := (λ, κ0,1, ζ) to a basis. To achieve
this, we construct three examples of surface bundles equipped with complex
line bundles. The genus and the degree of the line bundle are irrelevant for
this purpose. Here are the examples:
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Example 2.5. For g in the stable range, we consider the universal surface
bundle on BΓg, together with the trivial line bundle on it. We know that
H2(BΓg;Z) ∼= Z〈λ〉, and it is clear that B evaluates to (1, 0, 0).

Example 2.6. Consider the trivial surface bundle π : BC××Σg → BC×, with
complex line bundle given by π∗γ. Because this surface bundle is trivial, we
have κ1 = 0, hence λ = 0. Moreover, κ0,1 is χ(Σg) times a generator. Finally,
κ−1,2 is zero. If we put g = 2, we obtain that B is mapped to (0, 2, 1).

Example 2.7. Let H1 be the Hirzebruch surface (we use the notation of [9]). It
is an S2-bundle over S2, which is not spin and has κ1 = 0 (since the signature
of the total space is 0). A basis for H2(H1;Z) is given by the fundamental
class u of the fibre and the image v of the section S2 → H1 at ∞. Let (x, y)
be the Poincaré dual basis to (u, v). Using the intersection matrix given in
[9], it is not hard to see that the Euler class of the vertical tangent bundle is
e = 2x + y. Let L → H1 be the line bundle with Chern class y. Again using
the intersection matrix, we compute κ0,1 = −1 and κ−1,2 = −1. Thus B is
mapped to (0,−1, 0).

3 Cohomology of the extended mapping class groups

3.1 Proof of Theorems D, E and F

The results of the previous section give the stable cohomology of all the ex-
tended mapping class groups Γ̃ng,r, except for the case (r, n) = (0, 0), which is
the most interesting of all. Theorem D is the key result about the extended
mapping class groups in the case (r, n) = (0, 0).

Proof of Theorem D. All four spaces in the sequences are connected. By defi-
nition the map

Π : Sg(k) −→ BΓ̃g(k)

induces an isomorphism on fundamental groups. Therefore, by Proposition 2.1,
the homotopy fibre of Π is a K(Z, 2).

The mapping space map(BC×, BΓ̃g(k)) is connected (because the source is
simply-connected and the target is aspherical). So the map Π ◦ Ξ : BC× →
BΓ̃g(k) is nullhomotopic. The choice of a nullhomotopy defines a map F :
BC× → hofib∗(Π). To prove that Π and Ξ form a fibre sequence, it suffices to
prove that F induces an isomorphism on π2. But hofib∗(Π) → Sg(k) induces
an isomorphism on π2, so it is enough to prove that Ξ induces an isomorphism

on π2. However, Ξ is defined as BC×
−⊗L0→ map(Σg, BC×)(k) → Sg(k) and

both maps are π2-isomorphisms. Thus Ξ and Π form a fibre sequence.

From now on we replace Π by a fibration and we will show that Γ̃g(k) acts
trivially on the cohomology of the fibre, using that g ≥ 3. By Theorem A
(iv) and Theorem C, we have the calculation H1(Sg(k);Z) = 0 for g ≥ 3. The
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Leray–Serre spectral sequence for the map Π implies thatH1(BΓ̃g(k);Z/2) = 0,

and so Γ̃g(k) can only act trivially on H2(BC×;Z) = Z.
Consequently, the generator of H2(BC×;Z) gives an element in the E2-page of
the Leray–Serre spectral sequence of the map Π, which transgresses to a class
θ ∈ H3(BΓ̃g(k);Z). This corresponds to a homotopy class of map θ : BΓ̃g(k)→
K(Z, 3). Standard obstruction theory provides a homotopy cartesian square

Sg(k)

��

// PK(Z, 3) ≃ ∗

��
BΓ̃g(k)

θ // K(Z, 3)

(the left-hand vertical map is the path-fibration of K(Z, 3)), which identifies
Sg(k) with the homotopy fibre of θ.
To establish the second part of Theorem D, recall that the stabilization map
Sg,1(k)→ Sg(k) is a homology isomorphism in degrees 3∗ ≤ 2g−1 by Theorem
A (ii). Together with Proposition 2.1, this completes the proof.

We now prepare to prove Theorem E. Recall the fibre sequence

BC× Ξ−→ Sg(k)
Π−→ BΓ̃g(k) (3.1)

from Theorem D. Because Π (when replaced by a fibration) is principal, it is
simple and so the E2-term of the Leray–Serre spectral sequence takes the form

Ep,q2 = Hp(BΓ̃g;H
q(BC×)) ∼=

{
Hp(BΓ̃g;Z) q = 0 (mod 2)

0 q = 1 (mod 2).

The first task will be to compute the edge homomorphism of the spectral
sequence, i.e. the map Ξ∗ : H∗(Sg(k)) → H∗(BC×). We have described this
map geometrically: for L0 → Σg the fixed degree k line bundle, this map
classifies the trivial surface bundle BC× × Σg → BC×, together with the line
bundle L = pr∗1γ ⊗ pr∗2L0.
For this surface bundle and line bundle we immediately compute

e(Tv) = (2 − 2g) · 1⊗ u
c1(L) = c1(γ)⊗ 1 + 1⊗ k · u,

where u ∈ H2(Σg;Z) is the Poincaré dual to a point, from which it is easy to
compute the classes κi,j .

Lemma 3.1. The classes κi,j with i > 0 map to zero, κ0,j maps to (2−2g)·c1(γ)j

and κ−1,j maps to j · k · c1(γ)j−1.
In particular, λ goes to zero, ζ goes to (1−g−k)·c1(γ) and κ0,1 to (2−2g)·c1(γ).
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Figure 1: E2 page of the Serre spectral sequence for (3.1).

Proof of Theorem E. We study the Leray–Serre spectral sequence in cohomol-
ogy for the fibre sequence (3.1), which has E2 page as shown in Figure 1 and
which converges to zero in total degrees 1 and 3 by Lemma 2.3. From this we
deduce that H1(BΓ̃g(k)) = 0 and we get an exact sequence

0 −→ H2(BΓ̃g(k))
Π∗
−→ H2(Sg(k))

Ξ∗
−→ H2(BC×)

d3−→ H3(BΓ̃g(k)) −→ 0.

By Lemma 3.1, the index of the image of the edge homomorphism in H2(BC×)
is gcd(2− 2g, 1− g− k). The kernel of the edge homomorphism is free of rank
2, and by elementary algebra it is generated by λ and η.

We now prepare to prove Theorem F, where we describe H∗(BΓ̃g(k);Q) in
the stable range. We must begin with the definition of the classes νi,j . Let
BΓ1

g → BΓg be the universal surface bundle. There is a homotopy commutative
diagram

BC×
ι // Eg(k)

π

��

f // BΓ̃1
g(k)

p

��

// BΓ1
g

��
BC×

ǫ // Sg(k)
Π // BΓ̃g(k) // BΓg.

The two squares on the right are cartesian and π and p are surface bundles.
The maps ι and ǫ are the inclusions of the respective homotopy fibres. The first
two maps of the bottom sequence form a fibre sequence by Theorem D. Recall
that Eg = map(Σ1

g, BC×) ×D1
g
ED1

g . Evaluation at the basepoint of Σ1
g is a

D1
g -equivariant map map(Σ1

g, BC×)→ BC× and so defines a map Eg → BC×,
which is a left homotopy inverse to ι.

As ι has a left homotopy inverse, there is a short exact sequence

0 −→ H2(Γ̃1
g(k);Q)

f∗
−→ H2(Eg(k);Q)

ι∗−→ H2(BC×;Q) −→ 0.
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The rational cohomology class c1(L) − 1
2−2gπ

∗κ0,1 maps to 0 ∈ H2(BC×;Q)

by Lemma 3.1, and thus there exists a unique v ∈ H2(S1g (k);Q) with f∗v =

c1(L)− 1
2−2gπ

∗κ0,1. Let e(Tv) ∈ H2(S1g (k);Z) be the Euler class of the vertical
tangent bundle of p, and define

νi,j := p!(e(Tv)i+1vj) ∈ H2i+2j(BΓ̃g(k);Q).

We compute

Π∗νi,j = π!(e(Tv)
i+1(c1(L)− 1

χπ
∗κ0,1)j)

=
∑

p+q=j

(
j

p

)
(− 1

χ)qπ!(e(Tv)
i+1c1(L)pπ∗(κq0,1))

=
∑

p+q=j

(
j

p

)
(− 1

χ)qκi,pκ
q
0,1,

bearing in mind that the degree zero classes are κ−1,1 = k, κ0,0 = 2− 2g.

Proof of Theorem F. To see that Π∗ is rationally injective, we use the fibre se-
quence (3.1) and the fact from Theorem E that the element θ ∈ H3(BΓ̃g(k);Z)
which classifies this fibre sequence is torsion. This implies that the rational
Leray–Serre spectral sequence collapses, so that Π∗ is rationally injective.

We certainly have an algebra homomorphism

Q[νi,j | i ≥ −1, j ≥ 0, i+ j > 0; (i, j) 6= (0, 1)] −→ H∗(BΓ̃g(k);Q) (3.2)

and by the calculation above Π∗νi,j ≡ κi,j mod (κ0,1), so the algebra Q[νi,j |
i ≥ −1, j ≥ 0, i + j > 0; (i, j) 6= (0, 1)] maps injectively into H∗(Sg(k);Q)
in the stable range, and so (3.2) is injective too. Counting dimensions and
using the collapse of the Leray–Serre spectral sequence above shows (3.2) is
also surjective in the stable range.

Remark 3.2. The computation above shows that ν0,1 = 0 and ν−1,2 =
1
g−1 gcd(2g − 2, g − 1 + k)η.

3.2 Structure of the extended mapping class groups

From the results proved so far and some facts on the cohomology of the map-
ping class groups, we can illuminate the structure of the extended mapping
class groups. If we write Hn

g,r := H1(Σng,r, ∂Σng,r ∪P ;Z), then there is a homo-
topy equivalence map∂(Σng,r, BC×)(k) ≃ BHn

g,r as long as r + n > 0, and so
extensions

0 −→ Hn
g,r −→ Γ̃ng,r(k) −→ Γng,r −→ 1. (3.3)
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If (r, n) = (0, 0) there is a square of isomorphisms

π1(map(Σg, BC×)(k), L0)

Hurewicz

��

π1(map(Σg, BC×)(0), ∗) ∼= Hg

Hurewicz

��

−⊗L0oo

H1(map(Σg, BC×)(k);Z) H1(map(Σg, BC×)(0);Z)
−⊗L0oo

(3.4)

and so we still have the sequence (3.3).

Lemma 3.3. The action of Γng,r on H
n
g,r in the extension (3.3) is the usual one.

Proof. Let γ ∈ Dn
g,r be a diffeomorphism. It acts on map∂(Σng,r, BC×)(k) by

precomposition, which does not typically fix the point L0. Instead, we have the
equation γ∗ ◦ (−⊗L0) = (−⊗γ∗L0)◦γ∗. As γ has degree 1, γ∗L0 is homotopic
to L0, and so the action of γ on H1(map(Σg, BC×)(k);Z) corresponds to the
usual action on Hg under the isomorphism of (3.4).

We ask when the extension (3.3) is split, i.e. admits a homomorphic section.
For all values of r, n, k in which Proposition 2.2 applies, there is a splitting,
showing triviality in these cases. For (r, n) = (0, 0), the following proposition
shows that this result is sharp (in the stable range).

Proposition 3.4. Let g ≥ 6 and n = r = 0. Then the extension (3.3) splits if
and only if k ≡ 0 (mod 2g − 2).

Proof. Let σ be a splitting, giving a map σ : BΓg → BΓ̃g(k). If g ≥ 6, then it is
known that H3(BΓg;Z) = 0 and so σ∗θ = 0. Therefore σ lifts to a cross-section
τ : BΓg → Sg(k) by elementary obstruction theory. This means that there is
a line bundle on the universal surface bundle Eg → BΓg of fibrewise degree k.
But Bödigheimer and Tillmann have shown [5] that the fibrewise degree of a
line bundle on Eg is divisible by the Euler number 2− 2g.

Remark 3.5. Morita [31] has proved that H2(Γg;Hg) ∼= Z/(2 − 2g). One can
show that the map Z → H2(Γg;Hg) that sends k to the isomorphism class of

the extension Hg → Γ̃g(k)→ Γg is a surjective homomorphism.

3.3 Proof of Theorem G

The rational Leray–Serre spectral sequence of the fibre sequence

BHn
g,r −→ BΓ̃ng,r(k) −→ BΓng,r (3.5)

has the form

Ep,q2 = Hp(BΓng,r;∧q(Hn
g,r ⊗Q)) =⇒ Hp+q(BΓ̃ng,r ;Q), (3.6)

where the action of Γng,r is given by the usual action on the cohomology of Σng,r.
The proof that this collapses begins with the case (r, n) = (0, 0), where we need
the following result.
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Proposition 3.6. (Deligne [10, Proposition 2.1]) Let f : X → Y be a fi-
bration, F be a local coefficient system of Q-vector spaces on X, m ∈ N
and u ∈ H2(X ;Q) be given. Denote Xy := f−1(y) and suppose that for
each y ∈ Y and each i ≥ 0, the multiplication by (ui)|Xy induces an iso-
morphism Hm−i(Xy;F|Xy ) → Hm+i(Xy;F|Xy ) (the “Lefschetz condition for
(X, f,F , u,m)”). Then the Leray–Serre spectral sequence Ep,q2 ⇒ Hp+q(X ;F)
for f collapses at the E2-stage.

To apply this criterion, let ω ∈ H2(BHg) be the symplectic class. It is easy
to see that multiplication by ωk induces an isomorphism Hg−k(BHg;Q) →
Hg+k(BHg;Q). The next lemma therefore shows that (3.5) satisfies the Lef-
schetz condition for the constant coefficient system Q, m = g and the class
η ∈ H2(BΓ̃g(k)) from Theorem E.

Lemma 3.7. The restriction of η ∈ H2(BΓ̃g(k)) to BHg is a non-trivial mul-
tiple of ω.

Proof. As the Γg-invariant part of H2(BHg;Z) = ∧2Hg is the subspace
spanned by the symplectic form ω, the restriction of η is certainly some multi-
ple of ω. By a theorem of Morita [30, Proposition 4.1], H1(Γg;Hg) = 0. Thus
from the spectral sequence (3.6) we find an exact sequence

0 −→ H2(Γg;Q) −→ H2(Γ̃g(k);Q) −→ H2(Hg;Q)Γg
d3−→ · · · .

As η and κ1,0 are linearly-independent, the image of η is non-trivial.

Remark 3.8. In fact, one may calculate that the restriction of η is
2−2g

gcd(2−2g,g+k−1) · ω.

This shows that the spectral sequence (3.6) collapses if r = n = 0.

Proof of the collapse of (3.6) for r + n = 1 or r > 1 and n = 0. If g : Z → X
is a map, then the Lefschetz condition for a fibration X → Y implies the
Lefschetz condition for the pullback fibration g∗X → Z. Because the two
squares

BΓ̃g,1(k) //

��

BΓ̃1
g(k) //

��

BΓ̃g(k)

��
BΓg,1 // BΓ1

g
// BΓg

are cartesian, this observation shows the collapse of the spectral sequence for
r + n = 1.
Now we use homological stability to extend this result to the cases n = 0
and r ≥ 1, so we only obtain the collapsing in the stable range. We use the
homological stability theorem of Boldsen [4] for the mapping class group with
twisted coefficients. The coefficient system ∧jHQ has degree j and so the map

H2i+j(Γg,r;∧jHQ) −→ H2i+j(Γg,1;∧jHQ)
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is an isomorphism for 2i+ j ≤ ⌊ 2g3 ⌋ − j. Hence the map of spectral sequences

corresponding to Γ̃g,1(k) → Γ̃g,r(k) is an isomorphism in the stable range on

E2, and hence the spectral sequence for Γ̃g,r(k) also collapses.

Computation of the associated graded algebras for n = 0, r > 0. The case r =
1, k = 0 has been proved by Kawazumi [20, 21, 22]. He defined certain coho-
mology classes [20]

m̃i,j ∈ H2i+2j−2(Γ̃g,1(0);Z),

in the framework of group cohomology, as pushforwards π!(e
i · ω̃j) where the

element e ∈ H2(Γ1
g,1,Γg,1 ×Z;Z) is the group level analogue of the Euler class

of the vertical tangent bundle, and ω̃ ∈ H2(Γ̃1
g,1, Γ̃g,1 × Z;Z) is represented by

a cocycle he defines manually. He does not phrase it in this way, but it is the
Euler class of the relative central extension

Z // H1(Σ1
g,1) ⋊ Γ1

g,1
// H1(Σg,1) ⋊ Γ1

g,1

Z // (H1(Σ1
g,1) ⋊ Γg,1)× Z //

OO

Γ̃g,1(0)× Z

OO

(3.7)

The homomorphism ρ : Γg,1 ×Z→ Γ1
g,1 implicit in the diagram is obtained by

gluing in an annulus with a Dehn twist, see [20, p. 140]. Here H1(Σ1
g,1) denotes

the homology of the surface with the marked points removed. The top sequence
arises from the short exact sequence 0 → Z → H1(Σ1

g,1) → H1(Σg,1) → 0 of
Γ1
g,1-modules. The bottom sequence is induced from the top one via ρ and

it is split via the Γg,1-equivariant inclusion H1(Σg,1) → H1(Σ1
g,1) obtained by

boundary connected sum with a punctured disc.
Diagram (3.7) has a topological interpretation. Recall the U(1)-principal bun-
dle S1g,1 → Eg,1 (that is, the frame bundle of the universal line bundle) and
recall also that over the boundary Sg,1 × S1 this bundle is trivialised. The
diagram

S1 // S1g,1 // Eg,1

S1 // ∂Eg,1 × S1

OO

// ∂Eg,1

OO

BΓ̃g,1(0)× S1

consisting of aspherical spaces induces the diagram (3.7) on fundamental
groups. Therefore ω̃ coincides with the Chern class c1(L). Thus we have
proved:

Proposition 3.9. There is an equality m̃i,j = κi−1,j ∈ H∗(Γ̃g,1(0);Z).

We say that the natural filtration of the cohomology of Γ̃ng,r is the Leray fil-
tration coming from the fibre sequence (3.5). Kawazumi shows that the class
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m̃i+1,j ∈ H∗(BΓ̃g,1) is detected in the Leray–Serre spectral sequence (3.6) by
a certain class

mi+1,j ∈ H2i+j(Γg,1;∧jH)

which he constructs. Equivalently, we may say that κi,j = m̃i+1,j has natural
filtration precisely j. In [22, Theorem 3.2] he then shows that rationally the
associated graded algebra to the natural filtration is

Gr(H∗(Γ̃g,1(0);Q)) = H∗(Γg,1;Q)⊗Q[mi+1,j | j > 0],

which proves Theorem G in this case. On the other hand, by Theorem A (i),

there is an equivalence BΓ̃g,1(k) ≃ BΓ̃g,1(0) so this proves the result for all k.
Furthermore, homological stability for twisted coefficients extends this to all
r > 0 by the comparison maps BΓ̃g,r(k)→ BΓ̃g,1(k).

Proof of collapsing and associated graded algebra for n > 0 and r ≥ 0. As in
Section 2.3 we have a fibre sequence

BΓg,r+n −→ BΓng,r
e1×···×en−→ BC× × · · · ×BC×

and as long as r > 0 the composition BΓg,r+n → BΓng,r → BΓg,r induces a

cohomology isomorphism with coefficients in ∧jHQ in a stable range. Thus

H∗(Γg,r;∧jHQ)[e1, ..., en] −→ H∗(Γng,r;∧jHQ)

is an isomorphism in a stable range. The same argument with the fibre sequence

BΓ̃g,r+n(k) −→ BΓ̃ng,r(k)
e1×···×en−→ BC× × · · · ×BC×

shows that H∗(Γ̃g,r(k);Q)[e1, ..., en] → H∗(Γ̃ng,r(k);Q) is also an isomorphism
in the stable range, and by counting dimensions we see that the spectral se-
quence for Γ̃ng,r(k) must collapse.
This leaves the case r = 0, n > 0. We consider the fibre sequence

BΓn−1g,1 −→ BΓng
e1−→ BC×

which gives a spectral sequence

Ê∗,∗2 := H∗(Γn−1g,1 ;∧qHQ)[e1] =⇒ H∗(Γng ;∧qHQ).

The output of this spectral sequence is the input of the spectral sequence

Ep,q2 := Hp(Γng ;∧qHQ) =⇒ Hp+q(Γ̃ng (k);Q)

which we want to show collapses. In the stable range

H∗(Γ̃ng (k);Q) ∼= Q[e1, ..., en, κ1, κ2, ...]⊗Q[κi,j | i+ j > 0, j > 0, i ≥ −1]
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and

⊕

p,q

Hp(Γn−1g,1 ;∧qHQ) ∼= Q[e2, ..., en, κ1, κ2, ...]⊗Q[xi,j | i+ j > 0, j > 0, i ≥ −1]

and hence by counting dimensions we see that both spectral sequences must
collapse. From the collapse of the first spectral sequence we find that the
associated graded is as claimed.

The case (r, n) = (0, 0). The last part of Theorem G to be proved is the claim

about the associated graded to the natural filtration of H∗(Γ̃g(k);Q).

For this we consider the fibre sequences

Σg −→ BΓ1
g

p−→ BΓg Σg −→ BΓ̃1
g(k)

p̃−→ BΓ̃g(k).

The first one satisfies the assumptions of Theorem 3.6 for any rational coeffi-
cient system that is induced from BΓg, by taking u to be the Euler class of
the vertical tangent bundle. The second sequence is the pullback of the first.
Therefore the spectral sequence for BΓ1

g → BΓg with coefficients in ∧rHQ:

Ep,q2 = Hp(BΓg;H
q(Σg)⊗ ∧rHQ) =⇒ Hp+q(BΓ1

g;∧rHQ)

collapses at the E2-stage and

p∗ : H∗(Γg;∧qHQ) −→ H∗(Γ1
g;∧qHQ)

is injective. Hence the natural filtration on H∗(Γ̃g(k);Q) and the filtration
induced by the injection p̃∗ agree, and the claimed description of the associated
graded follows from Theorem F.

4 Relation to complex algebraic geometry

4.1 Definitions and results

We first summarise our results, and will give proofs below. We assume that
the reader is familiar with the basic vocabulary of the language of topological
stacks. If not, they are advised to read [18], [32] and the relevant parts of [14].

Definition 4.1. Let Holg denote the following stack, defined on the site Top.
An object of Holg(X), X ∈ Top, is a triple (E, π, L), consisting of a family of
genus g Riemann surfaces π : E → X and a fibrewise holomorphic line bundle
L → E. An isomorphism (E,L) → (E′, L′) is an isomorphism of families
f : E → E′ and an isomorphism h : L → f∗L′ of holomorphic line bundles.
We denote by Hol

k
g ⊂ Holg the open and closed substack consisting of those

bundles having fibrewise degree k.
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There is an obvious forgetful map Holg → Mg, which just remembers the un-
derlying family of Riemann surfaces.
The definition of the Picard stack Picg is a little more involved. Let π : E → X
be a family of genus g Riemann surfaces, that is, an element of Mg(X). We
define the associated Picard bundle Pic(E/X) → X as follows. Let O denote
the sheaf of continuous, fibrewise holomorphic functions on E, and O× the
subsheaf of nowhere zero functions. The exponential sequence of sheaves Z→
O → O× gives an exact sequence of sheaves on X ,

0 −→ R1π∗Z −→ R1π∗O −→ R1π∗O× −→ R2π∗Z −→ 0.

This is because the sequence 0 → π∗Z → π∗O → π∗O× → 0 is isomorphic to
0→ Z→ C→ C× → 0 and hence exact. Moreover, R2π∗O = 0. These are all
sheaves of continuous sections of certain bundles of groups on X ,

0 −→ [H1(Fx;Z)] −→ [H1(Fx;O)] −→ Pic(E/X) −→ Z×X −→ 0

where [H1(Fx;F)] is the bundle of fibrewise first cohomologies with coefficients
in the sheaf F , and Pic(E/X) is a bundle of abelian groups isomorphic to
Z × T2g. The fibre of Pic(E/X) over x ∈ X is the Picard group Pic(π−1(x)).
The group π1(X) acts trivially on the set of path components, and we denote
by Pick(E/X) the degree k component.

Definition 4.2. Let Picg denote the following stack, defined on the site Top.
An object of Picg(X) is a family of Riemann surfaces π : E → X and a section
s : B → Pic(E/X). An isomorphism (E, s) → (E′, s′) is an isomorphism of
families f : E → E′ such that f∗(s′) = s. We denote by Pickg ⊂ Picg the
open and closed substack consisting of those pairs (E, s) where s takes values
in Pick(E) ⊂ Pic(E).

Definition 4.3. Let Φkg : Holkg → Pickg be the morphism that sends a fibrewise
holomorphic line bundle to its isomorphism class.

Let X be a space and β : X → Pickg be a map, which is a family of Riemann

surfaces π : E → X and a section s : X → Pick(E/X). We can ask whether
there exists a (fibrewise) holomorphic line bundle L → E such that for each
x ∈ X , the isomorphism class of the line bundle L|Ex is s(x). Such a line
bundle will be called topological Poincaré line bundle for β. It is plain to see
that topological Poincaré line bundles for β are the same as lifts X → Hol

k
g of β

along Φkg . This observation can be used to generalise the notion of a Poincaré

line bundle to stacks, as follows: a Poincaré line bundle for a map X→ Pickg is

a lift to Holkg .

Remark 4.4. In the classical literature, the notion “Poincaré line bundle” is
used slightly differently. Namely, for a single Riemann surface S, one asks for
a line bundle L→ Pick(S)× S, such that for each ℓ ∈ Pick(S), the restriction
L|{ℓ}×S is in the isomorphism class ℓ. More generally, for a family E → X , one

asks for a holomorphic line bundle L→ E ×X Pick(E/X) with that property.

Documenta Mathematica 17 (2012) 417–450



440 Johannes Ebert and Oscar Randal-Williams

Theorem 4.5. Let β : X → Pickg be given. Then the following properties hold:

(i) Each x ∈ X has an open neighborhood U such that the restriction β|U
admits a Poincaré line bundle.

(ii) If Li, i = 0, 1 are two Poincaré line bundles, then each x ∈ X has a
neighborhood U , such that (L0)|U ∼= (L1)|U .

(iii) If L is a Poincaré line bundle, then the group of automorphisms of L is
isomorphic to map(X,C×).

More technically, the map Φkg is a gerbe with band C×.

In fact, the three statements in Theorem 4.5 are precisely the gerbe axioms [6,
§V.2 ], translated to the present context. Probably Theorem 4.5 is a special
case of a statement that is well-known among algebraic geometers who are also
fond of stacks, though we were unable to find a complete proof in the literature.
The proof below applies only to line bundles on curves of genus g ≥ 2.
A map of stacks X → Y of stacks is a universal weak equivalence if for each
space Z and each map Z → Y, the induced map X×Y Z → Z is a weak equiva-
lence of topological spaces. A homotopy type of the stack X is a universal weak
equivalence X → X with source a space X . Each topological stack admits a
homotopy type, and two homotopy types are unique up to homotopy equiva-
lence. See Noohi [32] for these notions (he writes “classifying space” instead of
“homotopy type”). We say shortly “the homotopy type of the stack X is X”
if there exists a space X ′, a weak equivalence X ′ ≃ X and a universal weak
equivalence X ′ → X.

Theorem 4.6. The homotopy type of the stack Holkg is Sg(k), the homotopy

type of Pickg is BΓ̃g(k), and under these equivalences the gerbe Φkg corresponds
to Π.

If Y → X is a gerbe with band C×, the map X → Y on homotopy types
has homotopy fibre a K(Z, 2) at every point, and the associated fibration is
principal (c.f. [33]).
Isomorphism classes of line bundles on a stack are in bijection with the sheaf
cohomology group H1(X;C×). Similarly, isomorphism classes of gerbes with
band C× are in bijection with the sheaf cohomology group H2(X;C×). The
connecting homomorphism Hi(X;C×)→ Hi+1(X;Z) may fail to be an isomor-
phism on a general stack. However, if X is a local quotient stack (see [18] or [14]
for this notion), the connecting homomorphism is an isomorphism. The reason
is that the sheaf of continuous functions on a local quotient stack is acyclic.
This is well-known, but we do not know a reference and include a proof as
Lemma 4.19.
The image of the isomorphism class of a gerbe G on X in H3(X;Z) is called
Dixmier–Douady class. So on a local quotient stack, gerbes are classified by
their Dixmier–Douady class. Finally, the Dixmier–Douady class of G agrees
with the characteristic class of the induced principal fibration.
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Proposition 4.7. Both Holg and Picg are local quotient stacks.

Together with the observation that a gerbe is trivial once there exists a section,
we obtain a corollary, using Theorem E.

Corollary 4.8. There exists a Poincaré line bundle for the identity map on
Pickg if and only if gcd(2g − 2, 1− g − k) = 1.

This is a precise topological analogue with the result by Mestrano and Ramanan
[27] that takes place in the holomorphic category. The proof of Proposition
4.7 will show the stronger result that both stacks are even holomorphic local
quotient stacks. On a holomorphic stack X, we can talk about holomorphic
line bundles. Let Pichol(X) be the group of isomorphism classes of holomorphic
line bundles. There is a comparison map Pichol(X)→ Pictop(X), which we will
show to be an isomorphism in Theorem 4.17. This theorem, combined with
the purely topological Theorem E and Lemma 3.7, gives another proof of the
main result of Kouvidakis’ paper [23].

4.2 The gerbe of holomorphic maps

Here we prove Theorem 4.5, which begins with a trivial observation:

Lemma 4.9. Tensor multiplication with the cotangent bundle induces a com-
mutative diagram

Holkg
//

Φk
g

��

Holk+2g−2
g

Φk+2g−2
g

��
Pickg

// Pick+2g−2
g

whose horizontal arrows are isomorphisms.

Therefore, it is enough to prove Theorem 4.5 for large values of k. In the sequel,
we assume that k > 2g− 2. The third part of Theorem 4.5 is obvious, because
the automorphism group of a holomorphic line bundle on a compact Riemann
surface is C×. The other two parts are in the lemmata below.

Lemma 4.10. The map Φkg : Holkg → Pickg admits local sections.

Proof. Let X be a space, x ∈ X and β : X → Pickg be a map, giving a family

of Riemann surfaces E → X and a section s : X → Pick(E/X). We use a
classical construction from the geometry of algebraic curves. The fibrewise k-
fold symmetric product is denoted by Symk(E/X)→ X . It is well-known and
not hard to see that this is a fibre bundle with smooth complex manifolds as
fibres. Recall the classical divisor–line-bundle correspondence [17, p. 129 ff.].
This construction yields a fibre-preserving map η : Symk(E/X)→ Pick(E/X).
As long as k ≥ g, η is surjective (the Jacobi inversion theorem; because any line
bundle of degree k then has a nontrivial holomorphic section). It is a classical
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result that for k > 2g − 2, η is a submersion with fibres isomorphic to CPk−g.
More precisely, Mattuck [26] has shown that for an individual Riemann surface
S, the map Symk(S) → Pick(S) is a projective bundle (the structural group
is PGlk+1−g(C)). It follows that η : Symk(E/X) → Pick(E/X) is a proper
surjective submersion. In particular, η has local sections and by passing to a
smaller X we can pick a lift of s; denoted by t : X → Symk(E/X); this is a
section of the bundle Symk(E/X)→ X .
Given a divisor D on a Riemann surface S, the classical construction gives an
actual line bundle (and not merely an isomorphism class) when one specifies
local holomorphic functions on S that define D, i.e. have the same zeroes (with
mutliplicity). Observe that such local functions can be picked continuously
when the divisor varies continuously. This argument shows that after passage
to an even smaller X , we can find a line bundle L→ E whose restriction to Ey
corresponds to the divisor t(y), for all y ∈ X . This L is the desired Poincaré
line bundle.

Lemma 4.11. Let β : X → Pic
k
g and let Li → E, i = 0, 1, be two Poincaré

line bundles for β. Then each x ∈ X has a neighborhood U such that (L0)|U ∼=
(L0)|U .

Proof. Consider the line bundle H := Hom(L0, L1) → E. It has fibrewise
degree 0, and the hypothesis states that for each b ∈ B, the bundle H |Eb

is
trivial. Now look at the fibrewise Cauchy–Riemann operator for H . As the
kernels all have dimension 1, they form a line bundle on B by basic Fredholm
theory. By passing to a neighborhood U of a given b ∈ B, we can pick a nowhere
zero section of the kernel bundle. This is nothing else than an isomorphism
L0|U ∼= L1|U .

Remark 4.12. One can show a stronger statement. Namely, the fibre bundle η :
Symk(E/B)→ Pick(E/B) with fibre CPk−g has structure group PGlk−g+1(C)
(if k > 2g − 2). There exists a cartesian diagram:

Holkg
//

��

∗//Glk−g+1(C)

��
Pickg

// ∗//PGlk−g+1(C).

The lower horizontal map classifies the bundle η and the upper horizon-
tal map classifies the vector bundle on Holkg whose fibre at (C,L) is the
space of holomorphic sections of L. We do not make use of this result,
but leave a remark. The Dixmier–Douady class of the gerbe Φkg is an el-

ement of H3(Pickg ;Z) ∼= H3(Pickg ;Z), and under the homotopy equivalence

Pickg ≃ BΓ̃g(k) it corresponds to the generator θ ∈ H3(BΓ̃g(k);Z). Since
the order of the gerbe ∗//Glk−g+1(C)→ ∗//PGlk−g+1(C) is k − g + 1, this can
be used to give another proof that gcd(k − g + 1, 2g − 2)θ = 0.
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Proof of Proposition 4.7. An atlas for Pickg is given as follows. Let π : Eg → Tg
be the universal family of Riemann surfaces on Teichmüller space. The total
space of Pic(Eg/Tg) is a complex manifold of dimension 4g− 3. There is a map
µ : Pic(Eg)→ Picg that fits into a cartesian diagram

Pic(Eg) //

��

Picg

��
Tg // Mg.

Therefore µ is an atlas, and so Picg is a Deligne–Mumford stack. The corre-

sponding result for Holkg follows from this and [18, Corollary 6.3].

4.3 Proof of Theorem 4.6

We will use the basic notions of homotopy theory for stacks as developed in [14]
or [32]. The homotopy equivalence goes via a zig-zag, and we have to introduce
an intermediate stack for this purpose.

Definition 4.13. Let Cxg denote the following stack, defined on the site Top.
An object of Cxg(Y ) consists of an oriented smooth surface bundle π : E → Y
with genus g fibres, and a complex line bundle L → E. An isomorphism
(E,L) → (E′, L′) is an isomorphism of surface bundles f : E → E′ and an
isomorphism h : L → f∗L′ of complex line bundles. We denote by Cxkg ⊂ Cxg
the open and closed substack consisting of those bundles having fibrewise degree
k.

There is a diagram

Holg //

��

Cxg

��

Sgoo

}}zz
zz

zz
zz

Mg // ∗//Dg

where the left horizontal maps forget the holomorphic structure and the right
horizontal one is given by taking the induced bundle. The vertical morphisms
forget the line bundle data. It is clear that the diagram commutes (up to
2-isomorphism).

Lemma 4.14. The map Sg → Cxg is a universal weak equivalence.

Proof. Since by definition

Sg = EDg ×Dg map(Σg, BC×),

we can rewrite the map Sg → Cxg as the composition

EDg ×Dg map(Σg, BC×) −→ map(Σg, BC×)//Dg −→ Cxg. (4.1)
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The first map is a universal weak equivalence by general stack-theoretic prin-
ciples, namely [14, Proposition 2.5]. To analyze the second map, consider a

space X and a map X → Cxg, representing L→ E
π→ X , where π : E → X is

a surface bundle and L→ E a complex line bundle.
Look at the auxiliary space S of pairs (x, f), where x ∈ X and f : L|π−1(x) →
π−1(x)×C∞ is a bundle monomorphism. The topology on S is the unique one
such that the projection S → X is a locally trivial fibre bundle and such that
the preimage of x has the compact-open topology. The fibre over x is the space
of bundle monomorphisms L|π−1(x) → π−1(x) × C∞, which is contractible. It
is a routine verification to identify the fibre product X×Cxg map(Σg;BC×)//Dg

with S. Thus the second map in (4.1) has local sections and it is a universal
weak equivalence. This finishes the proof

Lemma 4.15. The map Holg → Cxg is a universal weak equivalence.

Proof. The map Holg → Cxg can be factored into three maps

Holg
φ1−→ H̃olg

φ2−→ qHolg
φ3−→ Cxg,

each of which is a homotopy equivalence. The stack qHolg parametrises families
of Riemann surfaces together with complex line bundles, and the map φ3 is the
forgetful map. It is a universal weak equivalence because the diagram

qHolg

��

// Cxg

��
Mg // ∗//Dg

is a fibre square and the bottom map is a universal weak equivalence by Te-
ichmüller thory.

Now we define the stack H̃olg. A map X → H̃olg is an element L → E →
X of qHolg(X), together with a family of fibrewise differential operators D :
Γ(E;L)→ Γ(E; Λ0,1

v ⊗ L) such that

D(fs) = ∂f ⊗ s+ fD(s) (4.2)

for each s ∈ Γ(E;L) and f ∈ C∞(E), where differentiation is understood to
be in the fibrewise sense. The map φ2 forgets the differential operator. The
condition (4.2) is convex, which implies that each smooth line bundle admits
such an operator and that the space of these operators is convex. Therefore φ2
is a universal weak equivalence.
The map φ1 associates to each holomorphic line bundle the Cauchy–Riemann
operator on that line bundle. We claim that φ1 is an isomorphism of stacks.
This amounts to showing that a holomorphic structure on a line bundle is
determined by its Cauchy–Riemann operator (which is a tautology) and that
any family of operators satisfying (4.2) induces the structure of a holomorphic
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line bundle on L, i.e. there exist locally nonzero solutions of Ds = 0. The
argument we give is due to Atiyah and Bott [2, p. 555] (they consider the
case of higher-dimensional vector bundles, which is more complicated, but for
a fixed Riemann surface, which is easier).

Let (L→ E
p→ X,D) be an element of H̃olg(X). For x ∈ X and y ∈ p−1(x), we

can pick a neighborhood U of x and a map α : U ×D→ E over X which is an
open embedding, fibrewise holomorphic and satisfies α(x, 0) = y; furthermore
we require L to be trivial over U × D. We wish to find a section s of L over
α(U ×D) that is nowhere zero and satisfies Ds = 0 over U ×D 1

2
. To this end,

pick a fibrewise smooth section s0 of L over α(U × D) and look for a function
f that satisfies D(efs0) = 0. So we have to solve the PDE

0 = e−fD(efs0) = ∂f ⊗ s0 +Ds0.

Write Ds0 = −β ⊗ s0 for a (0, 1)-form β; this reduces the problem to the
equation

∂(f) = β.

Since all that matters is a local section on U × D 1
2
, we can multiply β with

a cut-off function and thus assume that β has compact support. Now we
pick a fibrewise holomorphic embedding U × D → U × CP1 and a bundle
map from the trivial bundle on U × D into the tautological line bundle on
U×CP1. By Riemann–Roch, the Cauchy–Riemann operator on the tautological
line bundle (it has degree −1) is invertible. Hence its inverse is continuous as
well. Therefore we can find a continuous solution of ∂f = β over U × D. The
arguments given so far amount to the construction of an inverse map to φ1 and
thus the proof is complete.

Now we will show how to compare Pickg with BΓ̃g(k). The first observation

is that the homotopy type Pickg is aspherical, as the map Pickg → Mg is repre-
sentable and a torus bundle, and the homotopy type of Mg is BΓg, so aspherical.

Lemma 4.16. After taking homotopy types, the map Φkg : Holkg → Pickg is a first
Postnikov approximation.

Proof. As the homotopy type of Pickg is aspherical, it is enough to show that

the map Φkg induces an isomorphism on fundamental groups of homotopy types
at all basepoints. By [33, Example 4.4 and Theorem 5.2], there is an exact
sequence

· · ·πn(BC×, ∗) −→ πn(Holkg , x) −→ πn(Pickg , φ
k
g(x)) −→ πn−1(BC×, ∗) · · ·

on homotopy groups. As BC× is simply connected, the claim follows.
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We have the diagram of solid arrows

Sg(k)
≃ //

Π

��

Cxkg Holkg
≃oo

Φk
g

��

BΓ̃g(k) // Pickg

By taking associated homotopy types, and using obstruction theory, there exists
a dotted map (on homotopy types) which is a weak equivalence. Composing
with Pickg → Pickg , we obtain the map in the statement of

4.4 Holomorphic versus topological Picard groups

Theorem 4.17. For both stacks Pickg and Holkg , the comparison map c1 :
Pichol(−)→ H2(− ;Z) is an isomorphism.

Proof of surjectivity. We know that H2(Holkg ;Z) ∼= Z3 generated by λ, κ0,1
and ζ, by Theorem A (ii), Theorem C, and Theorem 4.6. The index bundles of
the Cauchy–Riemann operators on powers of the tangent bundle and the line
bundle are holomorphic vector bundles, and in equation (2.3) we computed
their first Chern classes.
To realise λ as a first Chern class, put r = s = 0. To realise λ + ζ, put
(r, s) = (0, 1). Finally, s = r = 1 yields 13λ + ζ + κ0,1, which completes the

proof for X = Holkg . The result for Pickg follows from this and Lemma 4.18
below.

Lemma 4.18. Let X and Y be holomorphic local quotient stacks and X → Y a
C×-gerbe. If the comparison map Pichol(X) → Pictop(X) is surjective, then so
is Pichol(Y)→ Pictop(Y).

Proof. Any line bundle (holomorphic or topological) L → X has an action of
C× coming from the gerbe structure. As usual, z ∈ C× acts by multiplication
with zw for a uniquely determined w ∈ Z, called the weight of L. It is not
difficult to see that w : Pictop(X) → Z is a homomorphism and coincides with
the edge homomorphism H2(X ;Z) → H2(BC×;Z) derived from the Leray–
Serre spectral sequence. Moreover, a line bundle L → X descends to a line
bundle on Y if and only if w(L) = 0. Therefore we get a diagram with exact
rows:

Pichol(Y) //

��

Pichol(X)
w //

����

Z

0 // Pictop(Y) // Pictop(X)
w // Z.

The bottom sequence is exact at the left by a look at the Leray–Serre spectral
sequence. A fragmentary version of the 5-lemma holds in this situation and
shows that the left vertical map is onto.
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Proof of injectivity. This begins with a result by Arbarello and Cornalba [1].
They showed that Pichol(M

n
g ) → H2(Mn

g ;Z) is an isomorphism for all n ≥ 0.
The long exact cohomology sequence of the exponential sequence, using that
H1(Mn

g ;Z) = 0, shows H1(Mn
g ;O) = 0 for all n ≥ 0. We use the Leray spectral

sequence for the map f : Pickg → Mg, which takes the form

Ep,q2 := Hp(Mg;R
qf∗O) =⇒ Hp+q(Pickg ;O).

As f is a proper map with connected fibres, f∗O = O, and so E1,0
2 = 0.

Let π : M1
g → Mg denote the universal curve. There is a map i : M1

g → Pic
k
g over

Mg given by (Σ, p) 7→ (Σ,K + (k − 2g + 2) · p) where K denotes the canonical
class of Σ. It satisfies f ◦ i = π, and

i∗ : R1f∗O −→ R1π∗O

is known to be an isomorphism. We argue that H0(Mg;R
1π∗O) = 0. Oth-

erwise, there would be a nontrivial section of the holomorphic vector bundle
R1π∗O, producing a nontrivial family of sections of Pic0(M1

g/Mg), parametrised
by C. This would produce a line bundle on M1

g which has fibrewise degree 0, but
is nontrivial in some fibre, contradicting the result of Arbarello and Cornalba
just quoted. Therefore H1(Pickg ;O) = 0.

To derive that H1(Holkg ;O) = 0 as well, consider the Leray–Serre spec-

tral sequence of the gerbe Holkg → Pickg , which has the form Ep,q2 =

Hp(Pickg ;Hq(∗//C×;O)). Since C× is reductive, this E2-term is concentrated
in the bottom row and because H0(∗//C×;O) = C, the proof is complete.

4.5 Relation to algebraic geometry

In the algebraic setting there exists a smooth algebraic stack P ickg over the mod-

uli stack of curvesMg, which is an algebraic analogue of our Holkg → Mg. There
is a natural copy of the multiplicative group Gm inside the endomorphisms of
every object of P ickg , hence it may be rigidified to a stack Pkg which is an alge-

braic analogue of our Pickg . This new stack is smooth and Deligne–Mumford,
and the quotient map is representable. We have not proved, but expect to
be true, that the associated analytic stacks to P ickg and Pkg are Holkg and Pickg

respectively. In any case, there is certainly an analytic map (Pkg )an → Pickg ,
and so we may consider the composition

Pic(Pkg ) −→ Pichol((Pkg )an) −→ Pichol(Pic
k
g), (4.3)

and similarly for P ickg .
In [28], Melo and Viviani use algebro-geometric methods to study the Picard
groups of Pkg and P ickg , and also of their compactifications. Comparing with
[28, Theorem 4.2 and Corollary 4.4], we see—by computation of both sides—
that the composition (4.3) and its analogue for P ickg are both isomorphisms.
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4.6 A technical result on local quotient stacks

Lemma 4.19. Let X be a local quotient stack. Then the sheaf CX of continuous
complex-valued functions is acyclic, and so the homomorphism c1 : Pictop(X)→
H2(X;Z) is an isomorphism.

Proof. This follows from a twofold application of the descent spectral sequence.
If X and Y are stacks, Y→ X a representable surjective map and F a sheaf on
X, then there is a spectral sequence

Ep,q1 = Hq(Yp;Fp) =⇒ Hp+q(X;F),

where Yp := Y×X Y×X . . .×X Y (p factors) and Fp is the pullback of F to Yp.
If X = X//G is a global quotient of a space by a compact Lie group, then the
descent spectral sequence is

Ep,q2 = Hp
cts(G;Hq(X, CX)) =⇒ Hp+q(X; CX);

this is zero if q > 0 since the sheaf CX is fine. Thus the spectral sequence
collapses to the continuous group cohomology H∗cts(G; map(X,C)), which van-
ishes in positive degrees as the group G is compact and the coefficient module
is a locally convex topological vector space with a continuous G-action. For
details of that argument, consult [3, Proposition 6.3].
If X is merely a local quotient stack, there is an open cover by substacks Xi each
of which is a global quotient stack. Since fibre products of global quotients are
global quotient stacks, the descent spectral sequence for the map

∐
i Xi → X has

Ep,q1 = 0 for q > 0. The Ep,0-line is just the Čech complex for the open cover.
Because there exist partitions of unity in this situation, see [14, Appendix A],
this complex is acyclic.

References

[1] E. Arbarello, M. Cornalba. The Picard groups of the moduli spaces of curves.
Topology 26 (1987), 153-171.

[2] M. F. Atiyah, R. Bott. The Yang–Mills equation over Riemann surfaces.
Phil. Trans. R. Soc. London 308 (1982), 523-615.

[3] M. F. Atiyah, G. Segal. Twisted K-theory. Ukr. Mat. Visn. 1 (2004), 287–
330.

[4] S. Boldsen. Improved homological stability for the mapping class group with
integral or twisted coefficients. Math. Z. 207 (2012) No. 1-2, 297–329.
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1 Introduction

The dynamics of N electrons in an atom (K = 1) or molecule (K ≥ 2)
with K nuclei of charges Z := (Z1, Z2, . . . , ZK), fixed at positions R :=
(R1, R2, . . . , RK), is generated by the Hamiltonian

H(N)(Z,R) :=

N∑

n=1

(
−∆xn −

K∑

j=1

Zj
|xn −Rj |

)
+

∑

1≤n<m≤N

1

|xn − xm|
(1)

to lowest order in the Born–Oppenheimer approximation. H(N)(Z,R) ≡ H(N)

is a semibounded, self-adjoint operator defined on a suitable dense domain
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D(N) in the Hilbert space F (N)
f [h] of antisymmetric N -electron wave functions,

cf. (18) below.
Basic quantities of interest are the ground state energy

E(N)
gs (Z,R) := inf

{
σ
{
H(N)(Z,R)

}}
,

whose variational characterization

E(N)
gs (Z,R) = inf

{〈
Ψ(N)

∣∣∣H(N)Ψ(N)
〉 ∣∣∣ Ψ(N) ∈ D(N) ∩ F (N)

f [h], ‖Ψ(N)‖ = 1
}

(2)

is given by the Rayleigh–Ritz principle, and corresponding ground states Ψ
(N)
gs ,

i.e., normalized solutions of the stationary Schrödinger equation

H(N)(Z,R)Ψ(N)
gs = E(N)

gs (Z,R)Ψ(N)
gs .

The Hartree–Fock (HF) variational principle is an important method to obtain
approximations to both, the ground state energy and ground states. The HF

energy E
(N)
hf (Z,R) is defined by restricting the variation in (2) to SD(N)[h],

E
(N)
hf (Z,R)

= inf
{〈

Φ(N)
∣∣∣H(N)Φ(N)

〉 ∣∣∣ Φ(N) ∈ D(N) ∩ SD(N)[h], ‖Φ(N)‖ = 1
}
,

(3)

where SD(N)[h] ⊆ F (N)
f [h] denotes the set of Slater determinants, i.e., the set

of all antisymmetrized product vectors ϕ1 ∧ · · · ∧ ϕN . Since the variation in
(3), compared to (2), is restricted, we clearly have

E
(N)
hf (Z,R) ≥ E(N)

gs (Z,R).

A lower bound to the ground state energy by the HF energy minus an error
which is small in the large-Z limit was obtained by one of us in [1, 2]. In the
case of a neutral atom, i.e., N = Z := Z1 and R1 = 0, the resulting estimate
was

E(Z)
gs (Z) ≥ E

(Z)
hf (Z)−O

(
Z(5/3)−ε), (4)

for some ε > 0. The error term O(Z(5/3)−ε) is small compared to all three

contributions to E
(Z)
hf (Z), namely, the kinetic, the classical electrostatic, and

the exchange energy which are at least of size cZ5/3 in magnitude for some
constant c > 0.
A key inequality derived in [1] that eventually lead to (4) is the fermion corre-
lation estimate

tr2

{
(X ⊗X)Γ(T)

}
≥ − tr1 {Xγ}min

{
1; const ·

√
tr1 {X (γ − γ2)}

}
(5)
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where X = X∗ = X2 is an orthogonal projection, Γ(T) := Γ− (1−Ex)(γ ⊗ γ),
Γ ≡ ΓΦ(N) is the two-particle- and γ ≡ γΦ(N) the one-particle density matrix of

a normalized N -electron state Φ(N) ∈ F (N)
f [h].

The purpose of the present paper is to give an alternative derivation of (5) by
using ideas originating from the theory of N -representability. More precisely,
we show that (5) follows already from the G-Condition and the P-Condition
specified by Garrod and Percus [8] and Coleman [4].

Observing that the Rayleigh–Ritz principle (2) can be rewritten as a varia-
tion over all N -representable two-particle density matrices Γ, we consequently
obtain (4) from relaxing the requirement of N -representability of Γ to merely
requiring Γ to fulfill the G-Condition and the P-Condition:

Theorem 1.1. The G-Condition and the P-Condition imply (5).

We note that (5) was also derived by Graf and Solovej in [13] by a different
method that, in retrospective, resembles the application of Garrod and Percus’
G-Condition. In fact, one part of the derivation in [13] follows already from the
G-Condition. A main difference to using representability methods, however,
lies in the use of operator inequalities in [13] which are necessarily formulated
on the N -particle Hilbert space, as opposed to the one- or two-particle Hilbert
spaces in the presented work.

In future work we plan to sharpen this result by making additional use
of Erdahl’s T1- and T2-Conditions [6, 5] which have recently lead to very
good numerical results in quantum chemistry computations [3, 10, 11], as well
as Coleman’s Q-Condition which was also given in [4] but is not necessary
for the derivation of our present result. Furthermore, similar representability
conditions also exist for bosons [10]. There we like to adress the question
whether analogous results can also be obtained.

Acknowledements. We would like to thank Gero Friesecke, Peter Müller
and Heinz Siedentop for fruitful remarks and discussions. H. K. K. and E. M.
were partially supported by the MPGC Mainz and the ESI.

2 Density Matrices and Reduced Density Matrices

2.1 Fock space, Creation and Annihilation Operators

Let h be a separable complex Hilbert space which we henceforth refer to as the
one-particle Hilbert space. The fermion Fock space F ≡ Ff [h] is defined to be
the orthogonal sum

Ff [h] :=

∞⊕

N=0

F (N)
f [h],
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where

F (N)
f [h] :=

N∧
h := AN

( N⊗
h
)

is the antisymmetric tensor product of N copies of h, for N ≥ 1, and F (0)
f [h] :=

C ·Ω, with Ω being the normalized vacuum vector. Here, AN is the orthogonal

projection from
N⊗

h onto
N∧

h uniquely defined by

AN (ϕ1 ⊗ · · · ⊗ ϕN ) :=
1

N !

∑

π∈SN
(−1)

π
ϕπ(1) ⊗ · · · ⊗ ϕπ(N)

=:
1√
N !
ϕ1 ∧ · · · ∧ ϕN ,

for ϕ1, . . . , ϕN ∈ h. It is convenient to introduce creation operators c∗(f) ∈
B(F) for any f ∈ h by

c∗(f)Ω := f, (6)

c∗(f) (ϕ1 ∧ · · · ∧ ϕN ) := f ∧ ϕ1 ∧ · · · ∧ ϕN (7)

for ϕ1, . . . , ϕN ∈ h, and extension by linearity and continuity. By induction
and (6)-(7)

ϕ1 ∧ ϕ2 ∧ · · · ∧ ϕN = c∗(ϕ1)c∗(ϕ2) · · · c∗(ϕN )Ω (8)

for all ϕ1, ϕ2, . . . , ϕN ∈ h. If {ϕk}∞k=1 ⊆ h is an orthonormal basis (ONB) of h,
then for any N ∈ N

{c∗(ϕk1 ) · · · c∗(ϕkN )Ω| 1 ≤ k1 < k2 < · · · < kN} ⊆ F (N)
f [h] (9)

is an ONB of F (N)
f [h], and

{c∗(ϕk1) · · · c∗(ϕkN )Ω| N ∈ N0, 1 ≤ k1 < k2 < · · · < kN} ⊆ F (10)

is an ONB of F .
The adjoint operators c(f) := (c∗(f))

∗ ∈ B(F), with f ∈ h, are the annihila-
tion operators. Note that, while f 7→ c∗(f) is linear, f 7→ c(f) is antilinear.
Together with the creation operators they fulfill the canonical anticommutation
relations (CAR), i.e.,

∀f, g ∈ h : {c(f), c∗(g)} = 〈f |g〉h · 1F , {c∗(f), c∗(g)} = 0, (11)

where {A,B} := AB +BA denotes the anticommutator.
Moreover,

∀f ∈ h : c(f)Ω = 0, (12)
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and {c∗(f), c(f)| f ∈ h} is completely determined by (6), (11) and (12), i.e.,
(7)-(10) follow from (6), (11) and (12). The creation and annihilation operators
introduced here are a specific representation of the (abstract) CAR (11), namely
the Fock representation. For ϕk being any element of a given ONB {ϕk}∞k=1 ⊆
h, we write

c∗k ≡ c∗(ϕk), ck ≡ c(ϕk).

An important unbounded, self-adjoint and positive operator on F is the number
operator N̂ defined by

N̂ (c∗(f1) · · · c∗(fN )Ω) := N · c∗(f1) · · · c∗(fN )Ω

for any f1, . . . , fN ∈ h. It is not difficult to see that

N̂ =

∞∑

k=1

c∗kck

as a quadratic form, for any ONB {ϕk}∞k=1 ⊆ h.

2.2 Density Matrices

A positive trace class operator ρ ∈ L1+(F) of unit trace, trF {ρ} = 1, is called
density matrix. Given a density matrix ρ, the map A 7→ trF {ρA} defines a
state, i.e., a normalized, linear, and positive functional on B(F) ∋ A. If Ψ ∈ F
is a normalized vector, then |Ψ〉 〈Ψ| is a density matrix (of rank one) called
pure state. In this paper we study fermion systems with a repulsive interaction
and whose dynamics preserve the particle number. For this reason we restrict
our attention to density matrices which commute with the particle number
operator and have a finite squared particle number expectation value,

ρ =
∞⊕

N=0

ρ(N), and
〈
N̂

2
〉
ρ
<∞, (13)

where here and henceforth we denote for any A ∈ B(h)

〈A〉ρ := trF
{
ρ

1
2Aρ

1
2

}
.

Note that, if m 6= n, m, n ≥ 0, then trF {ρ c∗(f1) · · · c∗(fm)c(g1) · · · c(gn)} = 0
for any choice of f1, . . . , fm, g1, . . . , gn ∈ h, due to (13).

2.3 Reduced Density Matrices

Given a density matrix ρ ∈ L1+(F) subject to (13), we introduce two bounded
operators, γρ ∈ B(h) and Γρ ∈ B(h⊗ h), by

∀f, g ∈ h : 〈f | γρg〉 := trF {ρ c∗(g)c(f)} (14)
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and

∀f1, f2, g1, g2 ∈ h : 〈f1 ⊗ f2|Γρ(g1 ⊗ g2)〉 := trF {ρ c∗(g2)c∗(g1)c(f1)c(f2)} .
(15)

γρ is called the one-particle density matrix (1-pdm) and Γρ the two-particle
density matrix (2-pdm) corresponding to ρ. For any ONB {ϕk}∞k=1 ⊆ h we
define the exchange operator Ex ∈ B (h⊗ h) by

Ex :=

∞∑

k,l=1

|ϕk ⊗ ϕl〉 〈ϕl ⊗ ϕk| , (16)

such that Ex (f ⊗ g) = g ⊗ f . Then the CAR leads to the antisymmetry
property of Γρ:

Ex Γρ = −Γρ = Γρ Ex. (17)

The following properties of the 1-pdm and the 2-pdm are easily proven (we
denote tr1 := trh and tr2 := trh⊗h):

Lemma 2.1. Let ρ ∈ L1+(F) be a density matrix obeying (13). Then the fol-
lowing assertions hold true:

i) γρ ∈ L1+(h), 0 ≤ γρ ≤ 1, tr1 {γρ} =
〈
N̂

〉
ρ
, Γρ ∈ L1+(h⊗ h),

0 ≤ Γρ ≤
〈
N̂

〉
ρ
, and tr2 {Γρ} =

〈
N̂

(
N̂− 1

)〉
ρ
.

ii) If Ran {ρ} ⊆ F (N)
f , then, for all f, g ∈ h,

〈f | γρg〉 =
1

N − 1

∞∑

k=1

〈f ⊗ ϕk|Γρ(g ⊗ ϕk)〉 ,

where {ϕk}∞k=1 ⊆ h is an ONB.

iii) Furthermore,

ρ = |c∗(ϕ1) · · · c∗(ϕN )Ω〉 〈c∗(ϕ1) · · · c∗(ϕN )Ω| ⇔ γρ =

N∑

i=1

|ϕi〉 〈ϕi|

and, in this case,

Γρ = (1− Ex) (γρ ⊗ γρ) .
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2.4 Hamiltonian and Ground State Energy

Recall from (1) that the Hamiltonian of an atom or molecule is given by

H(N)(Z,R) :=

N∑

n=1

(
−∆xn −

K∑

k=1

Zk
|xn −Rk|

)
+

∑

1≤n<m≤N

1

|xn − xm|
. (18)

Choosing an ONB {ϕk}∞k=1 ⊆ h = L2
(
R

3 × Z2

)
such that {ϕk}∞k=1 ⊆

H2
(
R

3 × Z2

)
, where H2

(
R

3 × Z2

)
denotes the Sobolev space, we define

hkl :=

〈
ϕk

∣∣∣∣∣

(
−∆x −

K∑

k=1

Zk
|x−Rk|

)
ϕl

〉
,

Vkl;mn :=

〈
ϕk ⊗ ϕl

∣∣∣∣
1

|x− y| (ϕm ⊗ ϕn)

〉
,

and

Ĥ :=

∞∑

k,l=1

hkl c
∗
kcl +

∞∑

k,l,m,n=1

Vkl;mn c
∗
l c
∗
kcmcn.

Stability of matter ensures that Ĥ+µN̂ is a semibounded self-adjoint operator,
provided µ <∞ is sufficiently large. Moreover, the Hamiltonian of an atom or
molecule can be viewed as

H(N)(Z,R) = Ĥ

∣∣
F(N)

f [h]
,

i.e., H(N)(Z,R) is the restriction of Ĥ to F (N)
f [h].

The ground state energy can now be reexpressed as

E(N)
gs (Z,R) = inf

{
trF

{
ρ

1
2
Ĥρ

1
2

} ∣∣∣ ρ ∈ L1+(F), N̂ ρ = Nρ, trF {ρ} = 1
}

= inf
{
E (γρ,Γρ)

∣∣∣ ρ ∈ L1+(F), N̂ ρ = Nρ, trF {ρ} = 1
}
,

where the energy functional is defined as

E (γρ,Γρ) := tr1 {hγρ}+
1

2
tr2 {V Γρ} .

We call (γ,Γ) ∈ B(h)×B(h⊗h) N -representable if there exists a density matrix

ρ ∈ L1+(F) with N̂ ρ = Nρ and trF {ρ} = 1 such that γ = γρ and Γ = Γρ. Using
the notion of N -representability, the ground state energy can be rewritten as

E(N)
gs = inf

{
E (γ,Γ)

∣∣∣ (γ,Γ) is N -representable
}
.
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By Lemma 2.1, we have that

E
(N)
hf = inf

{
E
(
γ, (1− Ex)(γ ⊗ γ)

)∣∣∣ γ = γ∗ = γ2, tr1 {γ} = N
}
,

and Lieb’s variational principle [9, 1] ensures that actually

E
(N)
hf = inf

{
E
(
γ, (1− Ex)(γ ⊗ γ)

)∣∣∣ 0 ≤ γ ≤ 1, tr1 {γ} = N
}
.

3 G-, P- and Q-Conditions

In this section we derive necessary conditions on (γ,Γ) to be N -representable.
To this end, we assume N ∈ N, γ ∈ L1(h) with 0 ≤ γ ≤ 1 and tr1 {γ} = N ,
Γ ∈ L1(h⊗ h), Ex Γ = Γ Ex = −Γ, and we call (γ,Γ) admissible in this case.

(P) (γ,Γ) fulfills the P-Condition

:⇔ Γ ≥ 0. (19)

(G) (γ,Γ) fulfills the G-Condition

:⇔ ∀A ∈ B(h) : tr2 {(A∗ ⊗A) (Γ + Ex (γ ⊗ 1))} ≥ |tr1 {Aγ}|2 . (20)

(Q) (γ,Γ) fulfills the Q-Condition

:⇔ Γ + (1 − Ex)(1⊗ 1− γ ⊗ 1− 1⊗ γ) ≥ 0. (21)

Our main result of this section is

Theorem 3.1. Let ρ ∈ L1(F) (not necessarily positive) such that trF {ρ} =

1, trF
{
|ρ| 12 N̂2 |ρ| 12

}
< ∞, and that ρ preserves the particle number, i.e.,

[
N̂, ρ

]
= 0. Define γρ and Γρ by (14) and (15), respectively, and let {ϕk}∞k=1 ⊆

h be an ONB. Then the following two statements are equivalent.

(i) If Pr ∈ B(F) is a polynomial in {c∗k, ck}
∞
k=1 of degree r ≤ 2, then

trF {ρP∗rPr} ≥ 0. (22)

(ii) (γρ,Γρ) is admissible and fulfills the G-, P- and Q-Conditions.

Before we turn to the proof of Theorem 3.1, we establish its finite-dimensional
analogue in Lemma 3.2 below. Theorem 3.1 then follows from Lemma 3.2 by
a limiting argument.

Lemma 3.2. Let ρ ∈ L1(F) (not necessarily positive) such that trF {ρ} =

1, trF
{
|ρ| 12 N̂2 |ρ| 12

}
< ∞, and that ρ preserves the particle number, i.e.,

[
N̂, ρ

]
= 0. Define γρ and Γρ by (14) and (15), respectively, and let {ϕk}∞k=1 ⊆

h be an ONB. Then the following statements are equivalent.
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(i) If Pr ∈ B(F) is a polynomial in {c∗k, ck}
∞
k=1 of degree r ≤ 2, then

trF {ρP∗rPr} ≥ 0. (23)

(ii) For any φ ∈ span {ϕk| k ∈ N}, Ψ ∈ span {ϕk ⊗ ϕl| k, l ∈ N}, we have

0 ≤ 〈φ| γρφ〉 ≤ 1, (24)

〈Ψ|ΓρΨ〉 ≥ 0, (25)

〈Ψ| (Γρ + (1− Ex)(1⊗ 1− γρ ⊗ 1− 1⊗ γρ)) Ψ〉 ≥ 0, (26)

and, for all A :=
M∑

k,l=1

αkl |ϕk〉 〈ϕl|, M <∞, (αkl)
M
k,l=1 ∈ CM×M ,

tr2 {(A∗ ⊗A) (Γρ + Ex (γρ ⊗ 1))} ≥ |tr1 {Aγρ}|2 . (27)

Proof. First we show (i) ⇒ (ii). The properties (24)-(27) of (γρ,Γρ) can be
checked by suitable choices of Pr.

a) The first inequality of (24) follows by choosing P1 :=
M∑
i=1

αici, where

αi ∈ C and M <∞:

0 ≤ trF {ρP∗1P1} =

M∑

i,j=1

αiαjtrF {ρ c∗i cj}

=

M∑

j=1

M∑

i=1

〈αjϕj | γρ(αiϕi)〉 =
〈
φM
∣∣ γρφM

〉
, (28)

with φM :=
M∑
i=1

αiϕi ∈ span {ϕk| k ∈ N}. The second inequality derives

from the CAR and P1 :=
M∑
i=1

αic
∗
i :

0 ≤ trF {ρP∗1P1} =

M∑

i,j=1

αiαjtrF
{
ρ cic

∗
j

}

=
M∑

i,j=1

αiαjtrF
{
ρ (δij − c∗jci)

}

=

M∑

i=1

M∑

j=1

〈αiϕi| (1− γρ)(αjϕj)〉

=
〈
φM
∣∣ (1− γρ)φM

〉
. (29)
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b) Property (27) is obtained by choosing P2 := µ + 1
2

M∑
k,l=1

αkl (c∗kcl − clc∗k)

with µ, αkl ∈ C, M <∞ and calculating trF {ρP∗2P2}:

0 ≤ trF

{
ρ

(
µ+

1

2

M∑

k,l=1

αkl(c
∗
kcl − clc∗k)

)∗

×
(
µ+

1

2

M∑

m,n=1

αmn(c∗mcn − cnc∗m)

)}

= trF

{
ρ

(
1

2

M∑

k,l=1

αkl(c
∗
kcl − clc∗k)

)∗(
1

2

M∑

m,n=1

αmn(c∗mcn − cnc∗m)

)}

+ 2Re

{
µ trF

{
1

2
ρ

M∑

k,l=1

αkl(c
∗
kcl − clc∗k)

}}
+ |µ|2 .

Now we expand the brackets and use the CAR to reorder the annihilation
and creation operators:

0 ≤
M∑

k,l,m,n=1

αklαmntrF

{
ρ

(
− c∗l c∗mckcn + δkmc

∗
l cn −

1

2
δklc

∗
mcn

− 1

2
δmnc

∗
l ck +

1

4
δklδmn

)}

+ 2Re

{
µ

M∑

k,l=1

αkltrF

{
ρ

(
c∗kcl −

1

2
δkl

)}}
+ |µ|2 .

Bearing αkl = 〈ϕk|Aϕl〉 and trF {ρ} = 1 in mind, we derive from the
definitions of Γρ and γρ that

0 ≤
M∑

k,l,m,n=1

〈
ϕk ⊗ ϕn

∣∣∣∣
(
− Γρ + 1⊗ γρ −

1

2
Ex (γρ ⊗ 1)− 1

2
Ex (1⊗ γρ)

+
1

4
Ex (1⊗ 1)

)
(ϕm ⊗ ϕl)

〉

×
〈
ϕl ⊗ ϕm

∣∣ (A∗ ⊗A) (ϕk ⊗ ϕn)
〉

+ 2Re



µ

M∑

k,l=1

〈ϕk|Aϕl〉 〈ϕl| γρϕk〉 −
µ

2

M∑

k=1

〈ϕk|Aϕk〉



+ |µ|2 .
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We can now perform the summations and arrive at

0 ≤ tr2

{
Ex (A∗ ⊗A)

(
− Γρ + 1⊗ γρ

+
1

2
Ex

(
1

2
1⊗ 1− 1⊗ γρ − γρ ⊗ 1

))}

+ 2Re

{
µ tr1 {Aγρ} −

µ

2
tr1 {A}

}
+ |µ|2

= tr2

{
(A∗ ⊗A)

(
Γρ + (1⊗ γρ)Ex +

1

4
1⊗ 1− 1

2
(1⊗ γρ + γρ ⊗ 1)

)}

+ 2Re

{
µ tr1 {Aγρ} −

µ

2
tr1 {A}

}
+ |µ|2 . (30)

Defining s ∈ C by µ =:
(
s+ 1

2

)
tr1 {A}, the inequality can be rewritten

as

0 ≤ trF

{
ρ

(
µ+

1

2

M∑

k,l=1

αkl(c
∗
kcl − clc∗k)

)∗

×
(
µ+

1

2

M∑

m,n=1

αmn(c∗mcn − cnc∗m)

)}

= tr2

{
(A∗ ⊗A)

(
Γρ + |s|2 1⊗ 1+ s1⊗ γρ + s γρ ⊗ 1+ (1⊗ γρ)Ex

)}
.

(31)

This inequality is valid for all s. We first assume that tr1 {A} =
M∑
i=1

αii 6=

0, then the choice s := − tr1{Aγ}
tr1{A} optimizes the inequality. The conclusion

is (27):

tr2 {(A∗ ⊗ A) (Γρ + Ex (γρ ⊗ 1))} − |tr1 {Aγρ}|2 ≥ 0. (32)

Note that (31) and (32) are equivalent because (32) implies (31) by

tr2 {(A∗ ⊗A) (Γρ + Ex (γρ ⊗ 1))} ≥ |tr1 {Aγρ}|2

≥ −tr2

{
(A∗ ⊗A)

(
|s|2 1⊗ 1+ s1⊗ γρ + s γρ ⊗ 1

)}
.

Conversely, if tr1 {A} = 0, the choice µ = − tr1 {Aγ} in (30) leads directly
to (32).
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c) Inserting P2 :=
M∑

k,l=1

αklckcl into (23) yields inequality (25):

0 ≤ trF

{
ρ

( M∑

k,l=1

αklckcl

)∗( M∑

m,n=1

αmncmcn

)}

=

M∑

k,l,m,n=1

αklαmntrF {ρ c∗l c∗kcmcn} .

By the definition of Γρ one finds

0 ≤
M∑

k,l,m,n=1

αklαmn
〈
ϕm ⊗ ϕn

∣∣Γρ(ϕk ⊗ ϕl)
〉

=
〈
ΨM

∣∣ΓρΨM

〉
, (33)

where ΨM :=
M∑

i,j=1

αij (ϕi ⊗ ϕj) ∈ span {ϕk ⊗ ϕl| k, l ∈ N}.

d) Inequality (26) follows from (23) by choosing P2 :=
M∑

k,l=1

αklc
∗
kc
∗
l :

0 ≤ trF

{
ρ

( M∑

k,l=1

αklc
∗
kc
∗
l

)∗( M∑

m,n=1

αmnc
∗
mc
∗
n

)}

=

M∑

k,l,m,n=1

αklαmntrF {ρ clckc∗mc∗n} .

By normal-ordering using the CAR, one establishes the required relation-
ship to Γρ and γρ:

0 ≤
M∑

k,l,m,n=1

αklαmntrF
{
ρ
(
c∗mc

∗
nclck − δlnc∗mck + δknc

∗
mcl + δlmc

∗
nck

− δkmc∗ncl − δlmδkn + δkmδln
)}

=

〈
M∑

k,l=1

αkl(ϕl ⊗ ϕk)

∣∣∣∣∣
(

Γρ + (1 − Ex)(1⊗ 1− γρ ⊗ 1− 1⊗ γρ)
)

×
(

M∑

m,n=1

αmn(ϕn ⊗ ϕm)

)〉

=
〈

ΨM

∣∣∣
(

Γρ + (1− Ex)(1⊗ 1− γρ ⊗ 1− 1⊗ γρ)
)

ΨM

〉
. (34)

Next we prove (ii) ⇒ (i). Thus, we assume (24)-(27).
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e) A general polynomial of degree r ≤ 1 is of the form P1 =
M∑
k=1

(αkc
∗
k +

βkck) + µ with µ, αk, βk ∈ C. This means we have to consider

trF {ρP∗1P1} =
M∑

k,l=1

trF {ρ (αkc
∗
k + βkck + µ)∗(αlc

∗
l + βlcl + µ)} . (35)

We expand the product on the right side of (35) and compute the
traces, taking into account that trF {ρ c∗i } = trF {ρ ci} = trF

{
ρ c∗i c

∗
j

}
=

trF {ρ cicj} = 0 for every i, j since ρ preserves the particle number.
Therefore, only three terms in (35) are non-vanishing,

trF {ρP∗1P1} =

M∑

k,l=1

trF
{
ρ
(
(αkc

∗
k)∗ (αlc

∗
l ) + (βkck)

∗
(βkck)

)}
+ |µ|2 ,

where we additionally use trF {ρ} = 1. The sum over the terms in braces
is non-negative due to (28) and (29). The conclusion is trF {ρP∗1P1} ≥ 0.

f) For r ≤ 2 we have a general polynomial given by

P2 = ν +

M∑

k=1

(αkc
∗
k + βkck) +

M∑

k,l=1

αklc
∗
kc
∗
l +

M∑

k,l=1

βklckcl

+
M∑

k,l=1

κklc
∗
kcl +

M∑

k,l=1

ηklckc
∗
l ,

where ν, αk, βk, αkl, βkl, κkl, ηkl ∈ C, for all 1 ≤ k, l ≤ M . Using the
CAR, we rewrite P2 as

P2 = P1 + P2,α + P2,β + P2,η,

where

P1 := µ+

M∑

k=1

(αkc
∗
k + βkck) , P2,α :=

∑

k,l=1

αklc
∗
kc
∗
k,

P2,β :=

M∑

k=1

βklckcl, P2,θ :=

M∑

k,l=1

θkl (c∗kcl − clc∗k) ,

and

µ := ν +
1

2

M∑

k=1

(κkk + ηkk) , θkl :=
1

2
(κkl − ηlk) .
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Then

trF {ρP∗2P2}
= trF

{
ρ
(
P∗1 + P∗2,α + P∗2,β + P∗2,η

)
(P1 + P2,α + P2,β + P2,θ)

}

= trF {ρP∗1P1}+ trF
{
ρP∗2,αP2,α

}
+ trF

{
ρP∗2,βP2,β

}

+ trF
{
ρP∗2,θP2,θ

}
,

where we use that trF {ρP∗aPb} = 0 whenever a 6= b, since ρ con-
serves the particle number. Now, e) implies trF {ρP∗1P1} ≥ 0, (34)

yields trF
{
ρP∗2,αP2,α

}
≥ 0 (see d)), (33) yields trF

{
ρP∗2,βP2,β

}
≥ 0

(see c)), and trF
{
ρP∗2,θP2,θ

}
≥ 0 follows from (32), see b). Hence,

trF {ρP∗2P2} ≥ 0.

Lemma 3.2 is the algebraic part of the proof of Theorem 3.1. To conclude, we
have to extend the proof to infinite dimensions.

Proof of Theorem 3.1. Since (ii) contains (24)-(27) of Lemma 3.2, the impli-
cation (ii) ⇒ (i) is obvious. For (i) ⇒ (ii), let φ, ψ and Φ,Ψ be normalized
vectors in h and h ⊗ h, respectively, and set αi := 〈ϕi|φ〉, βi := 〈ϕi|ψ〉 and
αij := 〈ϕi ⊗ ϕj |Φ〉, βij := 〈ϕi ⊗ ϕj |Ψ〉 for all i, j ∈ N. For M ∈ N, we define

the orthogonal projection PM :=
M∑
k=1

|ϕk〉 〈ϕk| and set φM := PMφ =
M∑
i=1

αiϕi

and ΨM := (PM ⊗ PM ) Ψ =
M∑

i,j=1

βij (ϕi ⊗ ϕj). The admissibility and the G-,

P-, and Q-Condititions follow from Lemma 3.2 as follows:

a) For the 1-pdm we have ‖γρ‖op <∞, since

|〈φ| γρψ〉| = |trF {ρ c∗(ψ)c(φ)}|
≤ trF {|ρ|} ‖ψ‖‖φ‖ = trF {|ρ|} <∞

by the Cauchy–Schwarz inequality and c∗(φ)c(φ) ≤ 1 〈φ|φ〉. Afterwards,
we infer by the triangle inequality

|〈φ| γρφ〉 − 〈φM | γρφM 〉| = |〈φ− φM | γρφ〉 + 〈φM | γρ(φ− φM )〉|
≤ |〈φ− φM | γρφ〉|+ |〈φM | γρ(φ− φM )〉|
≤ ‖φ− φM‖ (‖φ‖+ ‖φM‖) ‖γρ‖op
≤ 2 ‖φ− φM‖‖γρ‖op. (36)

As M → ∞, ‖φ − φM‖ vanishes and we conclude with 〈φM | γρφM 〉 ≥ 0
that also 〈φ| γρφ〉 ≥ 0 for all φ ∈ h. The same argument with γρ replaced
by 1− γρ leads to 〈φ| (1− γρ)φ〉 ≥ 0 for all φ ∈ h.
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b) γρ ∈ L1(h) follows by monotone convergence since γρ ≥ 0. For any ONB
{ψi}∞i=1 ⊆ h and ǫ > 0, we have

∞∑

k=1

〈
ψk
∣∣ γρψk

〉
≤ sup

M

{ M∑

k=1

trF {ρ c∗kck}
}

= sup
M

{
trF

{
ρ

M∑

k=1

c∗kck

}}

= (N + ǫ) sup
M

{
trF

{
ρ

(
1

N̂+ ǫ

) 1
2
( M∑

k=1

c∗kck

)(
1

N̂+ ǫ

) 1
2
}}

≤ (N + ǫ) trF {|ρ|} <∞,

since N̂ ρ = Nρ and

∥∥∥∥
(

1

N̂+ǫ

) 1
2

(
M∑
k=1

c∗kck

)(
1

N̂+ǫ

) 1
2

∥∥∥∥
op

≤ 1.

c) Thanks to b) we can compute
∞∑
k=1

〈
ϕk
∣∣ γρϕk

〉
using monotone convergence

and N̂ ρ = Nρ. This gives the trace of γρ.

tr1 {γρ} :=

∞∑

k=1

〈ϕk| γρϕk〉 =

∞∑

k=1

trF {ρ c∗kck}

= trF

{
ρ

∞∑

k=1

c∗kck

}
= trF

{
ρ N̂
}

= N.

d) For any basis of h, the identities Ex Γρ = Γρ Ex = −Γρ are a consequence
of the definition of Γρ and the CAR.

e) We conclude from the definition of Γρ by the Cauchy–Schwarz inequality

|〈Ψ|ΓρΦ〉| =
∣∣∣∣trF

{
ρ

( ∞∑

m,n=1

βmncncm

)∗( ∞∑

k,l=1

αklclck

)}∣∣∣∣

≤ trF {|ρ|} ‖Ψ‖‖Φ‖ = trF {|ρ|} <∞.

Therefore, we have ‖Γρ‖op < ∞. Afterwards, we infer analogously to
(36)

|〈Ψ|ΓρΨ〉 − 〈ΨM |ΓρΨM 〉| ≤ 2 ‖Ψ−ΨM‖‖Γρ‖op,

which tends to zero as M → ∞ due to the definition of ΨM . With
〈ΨM |ΓρΨM 〉 ≥ 0 from (33), this means 〈Ψ|ΓρΨ〉 ≥ 0 for all Ψ ∈ h⊗ h.

f) To prove that Γρ ∈ L1(h⊗ h) we show that there is an ONB {ψi}∞i=1 ⊆ h

such that
∞∑

k,l=1

〈
ψk ⊗ ψl

∣∣Γρ(ψk ⊗ ψl)
〉

is finite, again using Γρ ≥ 0. For
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any ǫ > 0 we have, using N̂ ρ = Nρ and monotone convergence,

∞∑

k,l=1

〈ψk ⊗ ψl|Γρ(ψk ⊗ ψl)〉 ≤ sup
M

{ M∑

k,l=1

trF {ρ c∗l ckc∗kcl}
}

= sup
M

{
trF

{
ρ

[( M∑

k=1

c∗kck

)2

−
( M∑

k=1

c∗kck

)]}}

≤ sup
M

{(
N2 + ǫ

)
trF

{
|ρ|
(

1

N̂

2 + ǫ

) 1
2
( M∑

k=1

c∗kck

)2(
1

N̂

2 + ǫ

) 1
2
}}

≤
(
N2 + ǫ

)
trF {|ρ|} <∞

since
M∑
k=1

c∗kck ≥ 0 and, due to

(
M∑
k=1

c∗kck

)2

≤ N̂2,

∥∥∥∥∥

(
1

N̂

2 + ǫ

) 1
2
( M∑

k=1

c∗kck

)2(
1

N̂

2 + ǫ

) 1
2

∥∥∥∥∥
op

≤ 1.

g) To check (32) for any bounded A (not necessarily of finite rank) we abbre-
viate ΛG := Γρ + Ex (γρ ⊗ 1)− γρ⊗ γρ and set AM := PMAPM . Clearly,
AM is of finite rank and we observe

|tr2 {(A∗ ⊗A) ΛG} − tr2 {(A∗M ⊗AM ) ΛG}|
=
∣∣tr2

{[
(A−AM )

∗ ⊗A+A∗M ⊗ (A−AM )
]

ΛG

}∣∣

=
∣∣∣tr2
{[ (

PMA
∗P⊥M + P⊥MA

∗PM + P⊥MA
∗P⊥M

)
⊗A

+A∗M ⊗
(
P⊥MAPM + PMAP

⊥
M + P⊥MAP

⊥
M

) ]
ΛG

}∣∣∣ (37)

using P⊥M := 1 − PM . For
∣∣tr2

{(
P⊥MA

∗PM ⊗A
)

ΛG

}∣∣, for instance, we
find

∣∣tr2
{(
P⊥MA

∗PM ⊗A
)

ΛG

}∣∣
=
∣∣tr2

{(
P⊥MA

∗PM ⊗A
)

Γρ
}

+ tr1
{
P⊥MA

∗PMγρA
}

− tr1
{
P⊥MA

∗PMγρ
}

tr1 {Aγρ}
∣∣

≤
∣∣tr2

{(
P⊥MA

∗PM ⊗A
)

Γρ
}∣∣ +

∣∣tr1
{
P⊥MA

∗PMγρA
}∣∣

+
∣∣tr1

{
P⊥MA

∗PMγρ
}

tr1 {Aγρ}
∣∣ . (38)

Since Γρ ≥ 0 due to the P-Condition (see e)), P⊥M , PM ≥ 0 and N̂ ρ = Nρ
we have on the one hand

∣∣tr2
{(
P⊥MA

∗PM ⊗A
)

Γρ
}∣∣ ≤ ‖A‖2op tr2

{(
P⊥M ⊗ 1

)
Γρ
}

= (N − 1) ‖A‖2op tr1
{
P⊥Mγρ

}
,
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and on the other hand with 0 ≤ γρ ≤ 1 and PM ≤ 1
∣∣tr1

{
P⊥MA

∗PMγρA
}∣∣ ≤ ‖A‖2op tr1

{
P⊥Mγρ

}
,

and
∣∣tr1

{
P⊥MA

∗PMγρ
}

tr1 {Aγρ}
∣∣ ≤ N ‖A‖2op tr1

{
P⊥Mγρ

}
.

Note that tr1
{
P⊥Mγρ

}
=

∞∑
k=M+1

〈ϕk| γρϕk〉 → 0, as M → ∞, since

∞∑
k=1

〈ϕk| γρϕk〉 = tr1 {γρ} = N is convergent. Analogously, one finds

that all terms on the right hand side of (37) tend to zero, as M → ∞.
This, in turn, implies tr2 {(A∗ ⊗A) ΛG} ≥ 0 for any bounded A since
tr2 {(A∗M ⊗AM ) ΛG} ≥ 0 due to (32).

h) Again by the Cauchy–Schwarz inequality we find
∣∣∣
〈

Ψ
∣∣∣
(

Γρ + (1− Ex)(1⊗ 1− γρ ⊗ 1− 1⊗ γρ)
)

Φ
〉∣∣∣

=

∣∣∣∣trF
{
ρ

( ∞∑

m,n=1

βmncmcn

)( ∞∑

k,l=1

αklckcl

)∗}∣∣∣∣

≤ trF {|ρ|} ‖Ψ‖‖Φ‖
and, therefore, ‖Γρ+(1−Ex)(1⊗1−γρ⊗1−1⊗γρ)‖op <∞. Following
(36) with Γρ + (1−Ex)(1⊗ 1− γρ ⊗ 1− 1⊗ γρ) instead of Γρ, we arrive
at
〈

Ψ
∣∣∣
(

Γρ + (1 − Ex)(1⊗ 1− γρ ⊗ 1− 1⊗ γρ)
)

Ψ
〉
≥ 0 ∀Ψ ∈ h⊗ h.

(γρ,Γρ) obeys the P-, G-, and Q-Conditions by e), g) and h). The admissibility
is ensured in a) to d), and f).

A simple consequence of Theorem 3.1 is

Corollary 3.3. Let N ∈ N and assume that (γ,Γ) is N -representable. Then
(γ,Γ) is admissible and fulfills the G-, P- and Q-Conditions.

Proof. Since (γ,Γ) is N -representable, there exists a density matrix ρ ∈ L1+(F)
with (γ,Γ) ≡ (γρ,Γρ). By the last theorem, (γ,Γ) then is admissible and fulfills
the G-, P- and Q-Conditions.

Remark 3.4. The G-Condition (27) seems to be asymmetric in terms of γρ.
However, since tr2 {(A⊗B) Γρ} = tr2 {(B ⊗A) Γρ}, it is easy to show that

also tr2 {(A∗ ⊗A) (Γρ + Ex (1⊗ γρ))} ≥ |tr1 {Aγρ}|2 holds. Thus, we have a
symmetrized, but weaker, G-Condition given by

tr2

{
(A∗ ⊗A)

(
Γρ +

1

2
Ex (1⊗ γρ + γρ ⊗ 1)

)}
≥ |tr1 {Aγρ}|2 .
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4 Correlation inequalities from G- and P-Conditions

In [1], a lower bound on the difference of the ground state functional E (γ,Γ)
and the Hartree–Fock functional E (γ, (1− Ex (γ ⊗ γ))), i.e.,

tr2

{
V Γ(T)

}
= tr2 {V (Γ− (1− Ex) (γ ⊗ γ))} , (39)

is derived using the decomposition of the potential V according to Fefferman
and de la Llave [7]. It turns out that this decomposition is also useful to derive
lower bounds only by means of N -representability. The main result of this
section is the following theorem.

Theorem 4.1. Let X = X∗ = X2 ∈ B(h) be an orthogonal projection on h.
Assume that (γ,Γ) is admissible and fulfills the G- and P-Conditions. Then

tr2

{
(X ⊗X) Γ(T)

}
≥ − tr1 {Xγ}min

{
1; 38 tr1

{
X
(
γ − γ2

)}

+ 4
[
tr1
{
X
(
γ − γ2

)}(
2 + 8 tr1

{
X
(
γ − γ2

)}2 )] 1
2

}
.

(40)

Proof. The proof is carried out in several parts in the following sections. The
first inequality is derived in Theorem 4.4. The second inequality follows from
Theorems 4.15, 4.17 and 4.19.

In order to apply Theorem 4.1 to (39), the potential V on h⊗ h is decomposed
into an integral of a tensor product of two copies of the one-particle operator
X . This decomposition is called Fefferman–de la Llave identity.

Lemma 4.2. For all x , y ∈ R3, x 6= y, one has

1

|x− y| =

∞∫

0

dr

πr5

∫

R

3

d3z χB(z,r) (x) χB(z,r) (y) , (41)

where χB(z,r) is the characteristic function of the ball B (z, r) :={
x ∈ R3 | |x− z| ≤ r

}
of radius r > 0 centered at z ∈ R3.

The proof of the decomposition can be found in the original work of Fefferman
and de la Llave in [7]. In [12], Hainzl and Seiringer have derived sufficient
conditions on a pair potential V : Rn → R so as to admit a decomposition of
the form (41).

Remark 4.3. The multiplication operator corresponding to χB(z,r) is denoted
by Xr,z ≡ X . Clearly,

B(h) ∋ X = X∗ = X2 (42)

is an orthogonal projection.
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Instead of (39) we consider from now on

tr2

{
(X ⊗X) Γ(T)

}
= tr2 {(X ⊗X) (Γ− (1− Ex) (γ ⊗ γ))} . (43)

A first estimation of this quantity is immediately obtained by applying the
G-Condition directly on tr2 {(X ⊗X) Γ}. This yields the first inequality of
(40).

Theorem 4.4. Let X be as in (42). Assume that (γ,Γ) is admissible and
fulfills the G-Condition. Then

tr2

{
(X ⊗X) Γ(T)

}
≥ − tr1 {Xγ} .

Proof. As mentioned, we apply the G-Condition (20) with A∗ = A := X
directly on tr2 {(X ⊗X) Γ}. The HF-part is carried out:

tr2 {(X ⊗X) (Γ− (1− Ex) (γ ⊗ γ))}
≥ (tr1 {Xγ})2 − tr1 {Xγ} − (tr1 {Xγ})2 + tr1 {XγXγ}
≥ − tr1 {Xγ} . (44)

The last inequality follows from tr1 {XγXγ} = tr1 {XγXγX} ≥ 0.

The goal of the next sections is an estimation of (43) in terms of
tr1
{
X
(
γ − γ2

)}
.

4.1 Preparation

A crucial step in [1] is the decomposition of the spectrum of γ into eigenvalues
which are larger than 1

2 , and those which are smaller or equal 1
2 . Following

this step, the decomposition is denoted by two orthogonal projections, P and
P⊥ (a comparable strategy was also used by Graf and Solovej in [13]). The
first one, P , projects on the space which is spanned by the eigenvectors of γ
corresponding to eigenvalues larger than 1

2 . The second one treats the eigen-
vectors with eigenvalues smaller or equal 1

2 . Furthermore, the eigenvectors of
γ, {ϕi | γϕi = λiϕi}∞i=1, are used as an ONB of h which we mainly refer to. In
this basis the two projections can be defined straightforwardly.

Definition 4.5. On h, the orthogonal projections P and P⊥ are defined by

P := 1

[
γ >

1

2

]
=
∑

k> 1
2

|ϕk〉 〈ϕk| and P⊥ := 1

[
γ ≤ 1

2

]
=
∑

k≤ 1
2

|ϕk〉 〈ϕk| .

(45)

Here, the summation over ”k > 1
2” denotes the summation over

{
k
∣∣ λk > 1

2

}

and for ”k ≤ 1
2” analogously. Obviously,

P + P⊥ = 1, PP⊥ = P⊥P = 0, Pγ = γP and P⊥γ = γP⊥.

Moreover, the projections are bounded from above.
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Lemma 4.6. For P and P⊥ defined in (45)

P ≤ 2γ and P⊥ ≤ 2 (1− γ) (46)

hold true.

Note that, since rk {P} ≤ 2N , P is of finite rank and, hence, trace class.

Proof. Using the definition of the projections together with 0 ≤ γ ≤ 1, one
finds for P :

P =
∑

k> 1
2

|ϕk〉 〈ϕk| ≤
∑

k> 1
2

2λk |ϕk〉 〈ϕk| ≤ 2

∞∑

k=1

λk |ϕk〉 〈ϕk| = 2γ,

and for P⊥:

P⊥ =
∑

k< 1
2

|ϕk〉 〈ϕk| ≤
∑

k< 1
2

2 (1− λk) |ϕk〉 〈ϕk| ≤ 2 (1− γ) .

Thanks to P⊥+P = 1 we can expand tr2 {(X ⊗X) Γ} into three parts to have
expressions on which we can apply the conditions on (γ,Γ). We denote this
three parts by Main Part (MP), Remainder (R) and Main Error Term (MET).

Lemma 4.7. Let X, and P and P⊥ be as defined in (42) and (45), respectively.
Then

tr2 {(X ⊗X) Γ}
= tr2 {(PXP ⊗ PXP ) Γ}+ 4Re

{
tr2
{(
PXP ⊗ P⊥XP

)
Γ
}}

+ 2 tr2
{(
PXP⊥ ⊗ P⊥XP

)
Γ
}

+ tr2
{(
P⊥XP⊥ ⊗ P⊥XP⊥

)
Γ
}

+ 4Re
{

tr2
{(
P⊥XP ⊗ P⊥XP⊥

)
Γ
}}

+ 2 tr2
{(
P⊥XP⊥ ⊗ PXP

)
Γ
}

+ 2Re
{

tr2
{(
PXP⊥ ⊗ PXP⊥

)
Γ
}}

. (47)

Proof. After replacing the identity operator on each side of X in each factor of
the tensor product X ⊗X by

(
P + P⊥

)
, one can expand the r.h.s. of

tr2 {(X ⊗X) Γ}
= tr2

{((
P + P⊥

)
X
(
P + P⊥

)
⊗
(
P + P⊥

)
X
(
P + P⊥

))
Γ
}
.

Using tr2 {(A⊗B) Γ} = tr2 {(B ⊗A) Γ}, which is a consequence of Ex Γ Ex =
Γ, one arrives at the assertion after rearranging.

Afterwards, we collect the terms of (47) in a suitable way. Note that compared
to [1] the definitions of the Main Part and the Remainder are slightly changed.
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Definition 4.8. The term

TMP := tr2 {(PXP ⊗ PXP ) Γ}+ 4Re
{

tr2
{(
PXP ⊗ P⊥XP

)
Γ
}}

+ 4 tr2
{(
PXP⊥ ⊗ P⊥XP

)
Γ
}

is called Main Part,

TR := tr2
{(
P⊥XP⊥ ⊗ P⊥XP⊥

)
Γ
}

+ 4Re
{

tr2
{(
P⊥XP ⊗ P⊥XP⊥

)
Γ
}}

+ 2 tr2
{(
P⊥XP⊥ ⊗ PXP

)
Γ
}
− 2 tr2

{(
PXP⊥ ⊗ P⊥XP

)
Γ
}

is called Remainder, and

TMET := 2Re
{

tr2
{(
PXP⊥ ⊗ PXP⊥

)
Γ
}}

is called Main Error Term.

One estimate is used more than once when considering the terms in the Re-
mainder and Main Error Term. This estimate requires the following lemma.

Lemma 4.9. Let {ψi}∞i=1 ⊆ h be an ONB, Q = Q∗ = Q2, Q⊥ := 1 − Q, and
Y = Y ∗ = Y 2 ∈ B(h) orthogonal projections. For r, s ∈ N define

B (r, s) := |QY ψr〉
〈
Q⊥Y ψs

∣∣ ∈ B(h). (48)

Then one has

∞∑

r,s=1

tr2 {(B∗ (r, s)⊗B (r, s)) (Γ + Ex (γ ⊗ 1))}

= tr2
{(
QYQ⊗Q⊥Y Q⊥

)
(−Γ + 1⊗ γ)

}
. (49)

Proof. Denoting K :=
∞∑

r,s=1
tr2 {(B∗ (r, s)⊗B (r, s)) (Γ + Ex (γ ⊗ 1))}, we cal-

culate the trace using the ONB {ψi}∞i=1 ⊆ h.

K =

∞∑

r,s=1

∞∑

k,l,m,n=1

〈
ψk ⊗ ψl

∣∣ (B∗ (r, s)⊗B (r, s)) (ψm ⊗ ψn)
〉

×
〈
ψm ⊗ ψn

∣∣ (Γ + Ex (γ ⊗ 1)) (ψk ⊗ ψl)
〉
.

In the next step, the definition of B (r, s) together with (A)ij := 〈ψi|Aψj〉, for
any A ∈ B(h), can be used to write

K =

∞∑

r,s=1

∞∑

k,l,m,n=1

(Y Q)rm
(
Q⊥Y

)
ks

(QY )lr
(
Y Q⊥

)
sn

×
〈
ψm ⊗ ψn

∣∣ (Γ + Ex (γ ⊗ 1)) (ψk ⊗ ψl)
〉
.
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Performing the summation over r and s leads to

K =

∞∑

k,l,m,n=1

(QY Q)lm
(
Q⊥Y Q⊥

)
kn

×
〈
ψm ⊗ ψn

∣∣ (Γ + Ex (γ ⊗ 1)) (ψk ⊗ ψl)
〉

=

∞∑

k,l,m,n=1

〈
ψl ⊗ ψk

∣∣ (QYQ⊗Q⊥Y Q⊥
)

(ψm ⊗ ψn)
〉

×
〈
ψm ⊗ ψn

∣∣ (Γ + Ex (γ ⊗ 1)) (ψk ⊗ ψl)
〉
.

The summation over m and n can also be carried out. Finally, the summation
over k and l gives

K =
∞∑

k,l=1

〈
ψk ⊗ ψl

∣∣ (Ex
(
QYQ⊗Q⊥Y Q⊥

)
(Γ + Ex (γ ⊗ 1))

)
(ψk ⊗ ψl)

〉

= tr2
{(
QYQ⊗Q⊥Y Q⊥

)
(−Γ + 1⊗ γ)

}
,

using the cyclicity of the trace, Γ Ex = −Γ, and Ex (1⊗ γ) Ex = γ ⊗ 1.

Remark 4.10. By changing the definition of B (r, s) it is also possible to treat,
for example, QY Q ⊗ QYQ similarly. However, it is important to notice that∑
r,s
B∗ (r, s) ⊗ B (r, s) is, in general, indefinite. In fact, the trace of B (r, s) is

vanishing in our case and so is the trace of B∗ (r, s)⊗B (r, s). Hence, B∗ (r, s)⊗
B (r, s) is either indefinite or zero. Furthermore, since P⊥ and P commute with
γ, we also have tr1 {B (r, s) γ} = 0.

A consequence of Lemma 4.9 is a key inequality for proving the estimate on
the Remainder and the Main Error Term. This inequality is given in (50).

Lemma 4.11. Let X, and P and P⊥ be as defined in (42) and (45), respectively.
Assume that (γ,Γ) is admissible and fulfills the G-Condition. Then

tr2
{(
PXP ⊗ P⊥XP⊥

)
Γ
}
≤ 4 tr1 {Xγ} tr1

{
X
(
γ − γ2

)}
. (50)

Proof. First, we observe that (49) with Y = X andQ = P and the G-Condition
immediately lead to

0 ≤
∑

p,q

tr2 {(B∗ (r, s)⊗B (r, s)) (Γ + Ex (γ ⊗ 1))}

= tr2
{(
PXP ⊗ P⊥XP⊥

)
(−Γ + (1⊗ γ))

}
.

Consequently,

tr2
{(
PXP ⊗ P⊥XP⊥

)
Γ
}
≤ tr2

{(
PXP ⊗ P⊥XP⊥

)
(1⊗ γ)

}

= tr1 {PX} tr1
{
P⊥Xγ

}
.
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Secondly, we permute the arguments in the trace cyclically and use that γ is
trace class and PX and P⊥X are bounded. Then we use (46) to estimate the
projections:

tr1 {PX} tr1
{
P⊥Xγ

}
= tr1 {XPX} tr1

{
X
√
γP⊥

√
γX
}

≤ 4 tr1 {Xγ} tr1
{
X
(
γ − γ2

)}

since γP⊥ =
√
γP⊥

√
γ.

Remark 4.12. ¿From tr2 {(A⊗B) Γ} = tr2 {(B ⊗A) Γ}, for A,B ∈ B(h), one
directly can conclude

tr2
{(
P⊥XP⊥ ⊗ PXP

)
Γ
}
≤ 4 tr1 {Xγ} tr1

{
X
(
γ − γ2

)}
. (51)

4.2 Estimation of the Remainder

Now we consider the Remainder of (47):

TR := tr2
{(
P⊥XP⊥ ⊗ P⊥XP⊥

)
Γ
}

+ 4Re
{

tr2
{(
P⊥XP ⊗ P⊥XP⊥

)
Γ
}}

+ 2 tr2
{(
P⊥XP⊥ ⊗ PXP

)
Γ
}
− 2 tr2

{(
PXP⊥ ⊗ P⊥XP

)
Γ
}
.

The first three terms, summed up in TR1 and the last term, called TR2 , are
treated separately to derive a lower bound.

Lemma 4.13. Let X, and P and P⊥ be as defined in (42) and (45), respectively.
Assume that (γ,Γ) is admissible and fulfills the G- and P-Conditions. Then

TR1 := tr2
{(
P⊥XP⊥ ⊗ P⊥XP⊥

)
Γ
}

+ 2 tr2
{(
P⊥XP⊥ ⊗ PXP

)
Γ
}

+ 4Re
{

tr2
{(
P⊥XP⊥ ⊗ PXP⊥

)
Γ
}}

≥ − 8 tr1 {Xγ} tr1
{
X
(
γ − γ2

)}
.

Proof. First, we use Re (ζ) ≥ − |ζ|, for any complex number ζ, and P⊥XP ⊗
P⊥XP⊥ =

(
P⊥X ⊗ P⊥X

) (
XP ⊗XP⊥

)
to infer

TR1 = tr2
{(
P⊥XP⊥ ⊗ P⊥XP⊥

)
Γ
}

+ 2 tr2
{(
PXP ⊗ P⊥XP⊥

)
Γ
}

+ 4Re
{

tr2
{(
P⊥XP ⊗ P⊥XP⊥

)
Γ
}}

≥ tr2
{(
P⊥XP⊥ ⊗ P⊥XP⊥

)
Γ
}

+ 2 tr2
{(
PXP ⊗ P⊥XP⊥

)
Γ
}

− 4
∣∣tr2

{(
P⊥X ⊗ P⊥X

) (
XP ⊗XP⊥

)
Γ
}∣∣ .

Then we use that (A,B) := tr2 {A∗B Γ} defines a positive semidefinite Hermi-
tian form on B(h ⊗ h), due to Γ ≥ 0, which is the P-Condition. Hence, the
Cauchy–Schwarz inequality

|(A,B)| ≥ (A,A)
1
2 (B,B)

1
2 (52)
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holds, and we arrive at

TR1 ≥ tr2
{(
P⊥XP⊥ ⊗ P⊥XP⊥

)
Γ
}

+ 2 tr2
{(
PXP ⊗ P⊥XP⊥

)
Γ
}

− 4
(
tr2
{(
P⊥XP⊥ ⊗ P⊥XP⊥

)
Γ
}) 1

2
(
tr2
{(
PXP ⊗ P⊥XP⊥

)
Γ
}) 1

2 .

As x2 − 4bx ≥ − 4b2, for x :=
(
tr2
{(
P⊥XP⊥ ⊗ P⊥XP⊥

)
Γ
}) 1

2 and b :=
(
tr2
{(
PXP ⊗ P⊥XP⊥

)
Γ
}) 1

2 , one then easily concludes

TR1 ≥ − 4 tr2
{(
PXP ⊗ P⊥XP⊥

)
Γ
}

+ 2 tr2
{(
PXP ⊗ P⊥XP⊥

)
Γ
}

= − 2 tr2
{(
PXP ⊗ P⊥XP⊥

)
Γ
}
.

The proof is completed by using (50):

TR1 ≥ − 2 tr2
{(
PXP ⊗ P⊥XP⊥

)
Γ
}
≥ − 8 tr1 {Xγ} tr1

{
X
(
γ − γ2

)}
.

The estimate on TR2 := − 2 tr2
{(
P⊥XP ⊗ PXP⊥

)
Γ
}

is addressed in the next
lemma.

Lemma 4.14. Let X, and P and P⊥ be as defined in (42) and (45), respectively.
Assume that (γ,Γ) is admissible and fulfills the G- and P-Conditions. Then

TR2 = − 2 tr2
{(
P⊥XP ⊗ PXP⊥

)
Γ
}
≥ − 8 tr1 {Xγ} tr1

{
X
(
γ − γ2

)}
.

(53)

Proof. First, the left side is estimated by its absolute value. Then the Cauchy–
Schwarz inequality (52) is used:

− 2 tr2
{(
P⊥XP ⊗ PXP⊥

)
Γ
}

≥ − 2
∣∣tr2

{(
P⊥XP ⊗ PXP⊥

)
Γ
}∣∣

≥ − 2
(
tr2
{(
P⊥XP⊥ ⊗ PXP

)
Γ
}) 1

2
(
tr2
{(
PXP ⊗ P⊥XP⊥

)
Γ
}) 1

2

= − 2 tr1
{(
PXP ⊗ P⊥XP⊥

)
Γ
}
. (54)

The assertion (53) follows again from (50).

Summing up the results, we obtain the following estimate of the Remainder
directly from Lemmata 4.13 and 4.14.

Theorem 4.15. Let X, and P and P⊥ be as defined in (42) and (45), respec-
tively. Assume that (γ,Γ) is admissible and fulfills the G- and P-Conditions.
Then

TR ≥ − 16 tr1 {Xγ} tr1
{
X
(
γ − γ2

)}
.
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4.3 Estimation of the Main Error Term

The main error in Theorem 4.1 results from estimating TMET in (47),

TMET = 2Re
{

tr2
{(
P⊥XP ⊗ P⊥XP

)
Γ
}}

. (55)

A key observation is that terms of the form A⊗B ∈ B(h⊗ h) or Ex (A⊗B) ∈
B(h⊗h) can be added to Γ in (55) without changing the value of TMET, provided
A and B commute with P⊥ and P . Therefore, one can also consider

TMET = 2Re
{

tr2
{(
P⊥XP ⊗ P⊥XP

)
(Γ + Ex (γ ⊗ 1))

}}
.

This expression can now be estimated using a variant of the Cauchy–Schwarz
inequality given in the next lemma.

Lemma 4.16. Let X, and P and P⊥ be as defined in (42) and (45), respectively.
Assume that (γ,Γ) is admissible and fulfills the G-Condition. Then

Re
{

tr2
{(
P⊥XP ⊗ P⊥XP

)
(Γ + Ex (γ ⊗ 1))

}}

≥ −
(
tr2
{(
PXP⊥ ⊗ P⊥XP

)
(Γ + Ex (γ ⊗ 1))

}) 1
2

×
(
tr2
{(
P⊥XP ⊗ PXP⊥

)
(Γ + Ex (γ ⊗ 1))

}) 1
2 . (56)

Proof. We define

(A,B) := tr2 {(A∗ ⊗B) (Γ + Ex (γ ⊗ 1))}
on B(h)× B(h) and observe that, because

tr2 {(B∗ ⊗A) Γ} = tr2 {(A⊗B∗) Γ} = tr2 {(A∗ ⊗B) Γ}
and

tr2 {(B∗ ⊗A) Ex (γ ⊗ 1)} = tr1 {B∗Aγ} = tr1 {A∗B γ}
= tr2 {(A∗ ⊗B) Ex (γ ⊗ 1)},

(· , ·) defines a Hermitian form on B(h) × B(h). Furthermore, (· , ·) is positive
semidefinite, since

(A,A) = tr2 {(A∗ ⊗A) (Γ + Ex (γ ⊗ 1))}
≥ |tr1 {Aγ}|2 ≥ 0

thanks to the G-Condition. Hence, the Cauchy–Schwarz inequality |(A,B)| ≤
(A,A)

1
2 (B,B)

1
2 holds true. Applying this with A∗ := B := P⊥XP , we arrive

at the asserted estimate (56):

Re
{

tr2
{(
P⊥XP ⊗ P⊥XP

)
(Γ + Ex (γ ⊗ 1))

}}

= Re {(A∗, A)} ≥ − |(A∗, A)| ≥ − (A∗, A∗)
1
2 (A,A)

1
2

= −
(
tr2
{(
PXP⊥ ⊗ P⊥XP

)
(Γ + Ex (γ ⊗ 1))

}) 1
2

×
(
tr2
{(
P⊥XP ⊗ PXP⊥

)
(Γ + Ex (γ ⊗ 1))

}) 1
2 .
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Now the Main Error Term can be estimated.

Theorem 4.17. Let X, and P and P⊥ be as defined in (42) and (45), respec-
tively. Assume that (γ,Γ) is admissible and fulfills the G- and P-Conditions.
Then

TMET ≥ − 2 tr1 {Xγ}
[
8 tr1

{
X
(
γ − γ2

)}(
1 + 4 tr1

{
X
(
γ − γ2

)} )] 1
2

.

Proof. We rewrite TMET adding the necessary exchange term to allow for an
application of (56):

TMET = 2Re
{

tr2
{(
P⊥XP ⊗ P⊥XP

)
Γ
}}

= 2Re
{

tr2
{(
P⊥XP ⊗ P⊥XP

)
(Γ + Ex (γ ⊗ 1))

}}

≥ − 2
(
tr2
{(
PXP⊥ ⊗ P⊥XP

)
(Γ + Ex (γ ⊗ 1))

}) 1
2

×
(
tr2
{(
P⊥XP ⊗ PXP⊥

)
(Γ + Ex (γ ⊗ 1))

}) 1
2 .

Note that tr2
{(
PXP⊥ ⊗ P⊥XP

)
Γ
}

= tr2
{(
P⊥XP ⊗ PXP⊥

)
Γ
}

, which was
already estimated in (54). Together with (50) we obtain

tr2
{(
PXP⊥ ⊗ P⊥XP

)
Γ
}
≤ tr1

{(
PXP ⊗ P⊥XP⊥

)
Γ
}

≤ 4tr1 {Xγ} tr1
{
X
(
γ − γ2

)}
.

The two exchange terms have to be treated separately. Using P⊥, P ≤ 1, we
find

tr2
{(
PXP⊥ ⊗ P⊥XP

)
Ex (γ ⊗ 1)

}
= tr1

{
P⊥XPγPXP⊥

}

= tr1
{
P⊥X

√
γP
√
γXP⊥

}

≤ tr1 {Xγ} ,

and

tr2
{(
P⊥XP ⊗ PXP⊥

)
Ex (γ ⊗ 1)

}
= tr1

{
PXP⊥γP⊥XP

}

= tr1
{
XPXXP⊥γP⊥X

}

≤ tr1 {XPX} tr1
{
XP⊥γP⊥X

}

≤ 4 tr1 {Xγ} tr1
{
X
(
γ − γ2

)}
,

where cyclic permutation in the argument of the trace is used together with

X = X2,
(
P⊥
)2

= P⊥ and P 2 = P to expand the argument of the trace.
Then one can use XPX ≥ 0 and XP⊥γP⊥X ≥ 0 to estimate by XPX ≤
1 tr1 {XPX}. Afterwards, (46) can be used. Merging the results, we arrive at
the assertion.
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4.4 Estimation of the Main Part

In this section it is shown that the remaining terms of (47),

TMP = tr2 {(PXP ⊗ PXP ) Γ}+ 4Re
{

tr2
{(
PXP⊥ ⊗ PXP

)
Γ
}}

+ 4 tr2
{(
PXP⊥ ⊗ P⊥XP

)
Γ
}
,

are large enough to cover the HF-part tr2 {(X ⊗X) (1− Ex) (γ ⊗ γ)} in (43).
Due to this, we call this terms the Main Part. As mentioned, the Main Part
was extended by an additional term. This extension allows for the following
observation.

Lemma 4.18. Let X, and P and P⊥ be as defined in (42) and (45), respectively.
Then

TMP = tr2
{(
PX

(
P + 2P⊥

)
⊗
(
P + 2P⊥

)
XP

)
Γ
}
. (57)

Proof. Expanding the parentheses on the right side leads to the assertion by
using tr2 {(A⊗B) Γ} = tr2 {(B ⊗A) Γ}.

For A :=
(
P + 2P⊥

)
XP we have TMP = tr2 {(A∗ ⊗A) Γ}. This provides the

use of the G-Condition.

Theorem 4.19. Let X, and P and P⊥ be as defined in (42) and (45), respec-
tively. Assume that (γ,Γ) is admissible and fulfills the G-Condition. Then

TMP − tr2 {(X ⊗X) (1− Ex) (γ ⊗ γ)} ≥ − 22 tr1 {Xγ} tr1
{
X
(
γ − γ2

)}
.

(58)

Proof. The proof is split into two parts. In the first part, the trace of the HF-
part is calculated. In the second part, the Main Part is estimated by applying
the G-Condition with A :=

(
P + 2P⊥

)
XP .

a) As in (44), the trace of the HF part can be written as

tr2 {(X ⊗X) (1− Ex) (γ ⊗ γ)} = (tr1 {Xγ})2 − tr1 {XγXγ} .

b) Owing to (57), the G-Condition can be applied directly on the Main Part:

TMP = tr2
{(
PX

(
P + 2P⊥

)
⊗
(
P + 2P⊥

)
XP

)
Γ
}

≥
∣∣tr1

{
PX

(
P + 2P⊥

)
γ
}∣∣2

− tr1
{
PX

(
P + 2P⊥

)
γ
(
P + 2P⊥

)
XP

}
.

Due to cyclical permutation, [γ, P ] =
[
γ, P⊥

]
= 0 and P⊥P = PP⊥ = 0,

some traces vanish. The result is

TMP ≥ |tr1 {PXγ}|2 − tr1 {XPXPγ} − 4 tr1
{
XPXP⊥γ

}

≥ (tr1 {PXγ})2 − tr1 {PXγX} − 4 tr1 {XP} tr1
{
XP⊥γ

}
.
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In tr1 {XPXPγ}, [P, γ] = 0 and P ≤ 1 is used to write
tr1 {XPXPγ} = tr1

{
PX
√
γP
√
γXP

}
≤ tr1 {PXγX}. In the

last trace, XP ≤ 1 tr1 {XP} is used. This is possible since

tr1
{
XPXP⊥γ

}
= tr1

{
XPXXP⊥γX

}
and XP⊥γX =

∣∣XP⊥√γ
∣∣2 ≥ 0

together with XPX ≥ 0.

Before adding up the estimates, we note that

tr1
{
P⊥XγXγ

}
= tr1

{√
γX
√
γP⊥

√
γX
√
γ
}
≥ 0

and

(tr1 {Xγ})2 − (tr1 {PXγ})2

=
(

tr1 {Xγ}+ tr1 {PXγ}
)(

tr1 {Xγ} − tr1 {PXγ}
)

=
(

tr1 {Xγ}+ tr1 {PXγ}
)

tr1
{
P⊥Xγ

}
. (59)

Furthermore, one has tr1 {XP} tr1
{
XP⊥γ

}
≤ 4 tr1 {Xγ} tr1

{
X
(
γ − γ2

)}
.

These results can now be applied together with a) and b) to the left side of
(58):

TMP − tr2 {(X ⊗X) (1− Ex) (γ ⊗ γ)}
≥ −

(
(tr1 {Xγ})2 − (tr1 {PXγ})2

)
+ tr1 {XγXγ}− tr1 {PXγX}

− 16 tr1 {Xγ} tr1
{
X
(
γ − γ2

)}
.

At this point we use (59), split tr1 {XγXγ} into tr1 {PXγXγ} +
tr1
{
P⊥XγXγ

}
, and rearrange:

TMP − tr2 {(X ⊗X) (1− Ex) (γ ⊗ γ)}
≥ − (tr1 {Xγ}+ tr1 {PXγ}) tr1

{
P⊥Xγ

}

− tr1 {PXγX (1− γ)}+ tr1
{
P⊥XγXγ

}

− 16 tr1 {Xγ} tr1
{
X
(
γ − γ2

)}
.

Then, with P ≤ 1, P⊥ ≤ 2 (1− γ), and tr1
{
P⊥XγXγ

}
≥ 0, one obtains

TMP − tr2 {(X ⊗X) (1− Ex) (γ ⊗ γ)}
≥ − 4 tr1 {Xγ} tr1

{
X
(
γ − γ2

)}
− tr1 {PXγX (1− γ)}
− 16 tr1 {Xγ} tr1

{
X
(
γ − γ2

)}
.

We continue with the inequality XγX ≤ 1tr1 {XγX}. This is allowed be-
cause tr1 {PXγX (1− γ)} = tr1 {XγXX (1− γ)PX} and X (1− γ)PX =
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X
√
1− γP√1− γX =

∣∣X√1− γP
∣∣2 ≥ 0 together with XγX ≥ 0:

TMP − tr2 {(X ⊗X) (1− Ex) (γ ⊗ γ)}
≥ − 20 tr1 {Xγ} tr1

{
X
(
γ − γ2

)}
− tr1 {XγX} tr1 {X (1− γ)PX}

≥ − 20 tr1 {Xγ} tr1
{
X
(
γ − γ2

)}
− 2 tr1 {Xγ} tr1

{
X
(
γ − γ2

)}

= − 22 tr1 {Xγ} tr1
{
X
(
γ − γ2

)}
.

The last inequality follows from P ≤ 2γ.

Finally, the proof of Theorem 4.1 is completed by the estimation of TR in Theo-
rem 4.15, TMET in Theorem 4.17 and TMP− tr2 {(X ⊗X) (1− Ex) (γ ⊗ γ)} in
Theorem 4.19. In each of this theorems, the G-Condition was used to generate
bounds. The P-Condition was only applied to provide the use of the Cauchy–
Schwarz inequality. In the end, it is remarkable that the Q-Condition is not
needed for the proof of the correlation estimate.

5 Summary

We have obtained several results in the last section, which were merged in the
main theorem, Theorem 4.1:

tr2 {(X ⊗X) (Γ− (1− Ex) (γ ⊗ γ))} ≥ − tr1 {Xγ} ,

TR ≥ − 16 tr1 {Xγ} tr1
{
X
(
γ − γ2

)}
,

TMET ≥ − 2 tr1 {Xγ}
[
8 tr1

{
X
(
γ − γ2

)}(
1 + 4 tr1

{
X
(
γ − γ2

)} )] 1
2

,

TMP − tr2 {(X ⊗X) (1− Ex) (γ ⊗ γ)} ≥ − 22 tr1 {Xγ} tr1
{
X
(
γ − γ2

)}
.

Denoting b := tr1 {Xγ} and a :=
√

tr1 {X (γ − γ2)}, one can rewrite the es-
timates for tr2

{
(X ⊗X) Γ(T)

}
= tr2 {(X ⊗X) (Γ− (1− Ex) (γ ⊗ γ))} as fol-

lows:

tr2

{
(X ⊗X) Γ(T)

}
≥ − b min

{
1; a

(
38a+ 2

√
8 + 32a2

)}
. (60)

A suitable choice of a ≤ b in (60) leads to the following correlation estimation.

Theorem 5.1. Let X, and P and P⊥ be as defined in (42) and (45), respec-
tively. Assume that (γ,Γ) is admissible and fulfills the G- and P-Conditions.
Then

tr2

{
(X ⊗X) Γ(T)

}
≥ − tr1 {Xγ} min

{
1; 10

√
tr1 {X (γ − γ2)}

}
.
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Proof. The minimum in (60) is a
(
38a+ 2

√
8 + 32a2

)
for 0 < a ≤ 1√

94
and,

thus, 1
a ≥

(
38a+ 2

√
8 + 32a2

)
. Since

(
38a+ 2

√
8 + 32a2

)
is monotonously

increasing in a, we find
(

38a+ 2
√

8 + 32a2
)
≤
√

94 < 10, (61)

which implies the assertion.

Remark 5.2. In section 4.1, we have split the eigenvalues of γ in eigenvalues
which are larger than 1

2 and lower or equal 1
2 . In fact, this split turns out to be

almost optimal and (61) cannot be sharpened by another choice of P and P⊥.

Up to the constant (61), Theorem 5.1 is exactly the result which was already
obtained in [1]. The difference of the constants comes, on the one hand, from
a different arrangement of the terms of tr2

{
(X ⊗X) Γ(T)

}
and, on the other

hand, from the fact that in [1] also the Q-Condition was used, which can be
seen implicitly in estimate (68) in [1]. With the result of Theorem 5.1 we can
immediately perform the integration in the Feffermann–de la Llave identity
according to [1] which leads to an estimate of tr2 {V (Γ− (1− Ex)(γ ⊗ γ))}.
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1 Introduction

One of the well-known complexes in mathematics is the Chevalley-Eilenberg
complex of a Lie algebra g with coefficients in a g-module V [2].

C•(g, V ) : V
dCE // V ⊗ g∗

dCE // V ⊗ ∧2g∗ dCE // · · · (1.1)

Through examples, we can see that when the coefficients space V is equipped
with more structures, then the complex (C•(g, V ), dCE), together with another
operator dK : C•(g, V ) → C•−1(g, V ), called Koszul boundary, turns into a
mixed complex. That is dCE + dK defines a coboundary on the total complex

W • =
⊕

•≥p≥0
C2p−•(g, V ).

Among examples, one observes that,

• the well-known (truncated) Weil complex is achieved by V := S(g∗)[2q]
the (truncated) polynomial algebra of g,

• the Weil algebra with generalized coefficients defined by Alekseev-
Meinrenken in [1] is obtained by V := E ′(g∗), the convolution algebra
of compactly supported distributions on g∗,

• finally it was shown by Kumar-Vergne that if V is a module over the Weyl
algebra D(g) then (W •, dCE +dK) is a complex which is called perturbed
Koszul complex [14].

In this paper we prove that (W •, dCE + dK) is a complex if and only if V is
a unimodular stable module over the Lie algebra g̃, where g̃ := g∗ >⊳ g is the
semidirect product Lie algebra g∗ and g. Here g∗ := Hom(g,C) is thought of
as an abelian Lie algebra acted upon by the Lie algebra g via the coadjoint
representation.

Next, we show that any Yetter-Drinfeld module over the enveloping Hopf alge-
bra U(g) yields a module over g̃ and conversely any locally conilpotent module
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over g̃ amounts to a Yetter-Drinfeld module over the Hopf algebra U(g). This
correspondence is accompanied with a quasi-isomorphism which reduces to the
antisymmetrization map if the module V is merely a g-module. The isomor-
phism generalizes the computation of the Hopf cyclic cohomology of U(g) in
terms of the Lie algebra homology of g carried out by Connes-Moscovici in [4].

Throughout the paper, g denotes a finite dimensional Lie algebra over C, the
field of complex numbers. We denote byX1, . . . , XN and θ1, . . . , θN a dual basis
for g and g∗ respectively, and by δ ∈ g∗ the trace of the adjoint representation
of g on itself. All tensor products are over C.

B. R. would like to thank Alexander Gorokhovsky for the useful discussions on
the G-differential algebras, and is also grateful to the organizers of NCGOA
2011 at Vanderbilt University, where these discussions took place.

2 The model complex for G-differential algebras

In this section we first recall G-differential algebras and their basic properties.
Then we introduce our model complex which is the main motivation of this
paper. The model complex includes as examples Weil algebra and their trun-
cations, perturbed Koszul complex introduced by Kumar- Vergne in [14], and
Weil algebra with generalized coefficients introduced by Alekseev-Meinrenken
[1].

2.1 G-differential algebras

Let ĝ = g−1 ⊕ g0 ⊕ g1 be a graded Lie algebra, where g−1 and g0 are N -
dimensional vector spaces with bases ι1, · · · , ιN , and L1, · · · ,LN respectively,
and g1 is generated by d.

We let Cijk denote the structure constants of the Lie algebra g0 and assume
that the graded-bracket on ĝ is defined as follows.

[ιp, ιq] = 0, (2.1)

[Lp, ιq] = Crpqιr, (2.2)

[Lp,Lq] = CrpqLr, (2.3)

[d, ιk] = Lk, (2.4)

[d,Lk] = 0, (2.5)

[d, d] = 0. (2.6)

Now let G be a (connected) Lie group with Lie algebra g. We assume ĝ be as
above with g0 ∼= g as Lie algebras.

A graded algebra A is called a G-differential algebra if there exists a represen-
tation ρ : G→ Aut(A) of the group G and a graded Lie algebra homomorphism
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ρ̂ : ĝ → End(A) compatible in the following way:

d

dt

∣∣∣∣
t=0

ρ(exp(tX)) = ρ̂(X) (2.7)

ρ(a)ρ̂(X)ρ(a−1) = ρ̂(AdaX) (2.8)

ρ(a)ιXρ(a−1) = ιAdaX (2.9)

ρ(a)dρ(a−1) = d (2.10)

for any a ∈ G and any X ∈ g. For further discussion on G-differential algebras
we refer the reader to [8, chapter 2] and [1].

The exterior algebra
∧
g∗ and the Weil algebra are examples of G-differential

algebras.

Here we recall W (g), the Weil algebra of a finite dimensional Lie algebra g, by

W (g) =
∧

g∗ ⊗ S(g∗),

with the grading

W (g) =
⊕

l≥0
W l(g), (2.11)

where

W l(g) =
⊕

p+2q=l

W p,q, W p,q := ∧pg∗ ⊗ Sq(g∗). (2.12)

It is equipped with two degree +1 differentials as follows. The first one is

dK : ∧pg∗ ⊗ Sq(g∗)→ ∧p−1g∗ ⊗ Sq+1(g∗)

ϕ⊗R 7→
∑

j

ιXj (ϕ)⊗Rθj (2.13)

and it is called the Koszul coboundary. The second one is the Chevalley-
Eilenberg coboundary (Lie algebra cohomology coboundary)

dCE : ∧pg∗ ⊗ Sq(g∗)→ ∧p+1g∗ ⊗ Sq(g∗). (2.14)

Then dCE + dK : W l(g) → W l+1(g) equips W (g) with a differential graded
algebra structure. It is known that via coadjoint representation W (g) is a
G-differential algebra.

A G-differential algebra is called locally free if there exists an element

Θ =
∑

i

Xi ⊗ θi ∈ (g⊗Aodd)G

called the algebraic connection form.

We assume that Θ ∈ (g⊗A1)G, and we have

ιk(Θ) = Xk, and Lk(θi) = −Ciklθl.
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2.2 The model complex

Let (A,Θ) be a locally freeG-differential algebra with dim(G) = N . We assume
that V is a vector space with elements Lk and Lk in End(V ), 1 ≤ k ≤ N .

We consider the graded space A ⊗ V with the grading induced from that of
A. Using all information of the G-differential algebra structure of A and the
connection form Θ ∈ (g⊗A1)G, we introduce the map

D(x⊗ v) := d(x) ⊗ v + θkx⊗ Lk(v) + ιk(x)⊗ Lk(v) (2.15)

as a sum of a degree +1 map and a degree −1 map.

Proposition 2.1. Let (A,Θ) be a locally free G-differential algebra. Then the
map

dK(x ⊗ v) = ιk(x) ⊗ Lk(v) (2.16)

is a differential, that is d2K = 0, if and only if V is a CN -module via Lks, i.e.,

[Lp, Lq] = 0, 1 ≤ p, q,≤ N.

Proof. Assume that [Lj, Li] = 0. Then

dK ◦ dK(x⊗ v) = ιlιk(x)⊗ LlLk(v) = 0 (2.17)

by the commutativity of Lks and the anti-commutativity of ιks.

Conversely, if dK has the property dK ◦ dK = 0, then by using ιk(θj) = δjk we
have

dK ◦ dK(θiθj ⊗ v) = dK(θj ⊗ Li(v)− θi ⊗ Lj(v)) = 1⊗ [Lj, Li](v) = 0 (2.18)

which implies [Lj, Li] = 0.

Definition 2.2. [8]. For a commutative locally free G-differential algebra A,
the element Ω =

∑
i Ωi ⊗Xi ∈ (A2 ⊗ g)G, satisfying

d(θi) = −1

2
Cipqθ

pθq + Ωi, (2.19)

is called the curvature of the connection Θ =
∑

i θ
i ⊗Xi.

We call a commutative locally free G-differential algebra (A,Θ) flat if Ω = 0,
or equivalently

d(θk) = −1

2
Ckpqθ

pθq. (2.20)

Proposition 2.3. Let (A,Θ) be a commutative locally free flat G-differential
algebra. Then the map

dCE(x⊗ v) = d(x) ⊗ v + θkx⊗ Lk(v) (2.21)

is a differential, that is d2CE = 0, if and only if V is a g-module via Lk, that is
[Lt, Ll] = CktlLk.
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Proof. Using the commutativity of A we see that

dCE ◦ dCE(1⊗ v) =
∑

k

dCE(θk ⊗ Lk(v))

=
∑

k

d(θk)⊗ Lk(v) +
∑

k,t

θtθk ⊗ LtLk(v)

= −
∑

l,t

1

2
Cktlθ

tθl ⊗ Lk(v) +
∑

t,l

1

2
θtθl ⊗ [Lt, Ll](v),

(2.22)

which proves the claim.

One notes that we use the commutativity of the differential graded algebra in
the above proposition. It would be interesting if one finds an argument for a
similar proposition to cover the noncommutative and twisted noncommutative
Weil algebra as discussed in [1] and [3] respectively.

Considering the dual g∗ of the Lie algebra g as a commutative Lie algebra, we
can define the Lie bracket on g̃ := g∗ >⊳ g by

[
α⊕X , β ⊕ Y

]
:=

(
LX(β) − LY (α)

)
⊕
[
X , Y

]
. (2.23)

Accordingly, the next proposition determines the necessary and sufficient con-
ditions on V for (A⊗ V, dCE + dK) to be a differential complex.

Proposition 2.4. Let A be a commutative locally free flat G-differential algebra
and V a g-module via Lks and a CN -module via Lks. Then, (A ⊗ V,D) is a
differential complex if and only if V is

unimodular stable
∑

k

LkLk = 0, (2.24)

and
g̃-module [Li, Lj ] =

∑

k

CijkL
k. (2.25)

Proof. Once we have d2CE = 0 = dK, then (A ⊗ V, dCE + dK) is a differential
complex i.e.,

0 = dCE ◦ dK + dK ◦ dCE

= Lk ⊗ Lk + θkιt ⊗ [Lk, L
t] + Id⊗LkLk,

(2.26)

if and only if (2.24) and (2.25) hold.

3 Lie algebra cohomology and Perturbed Koszul complex

In this section we specialize the model complex (A⊗V,D) defined in (2.15) for
A =

∧
g∗. We show that the perturbed Koszul complex defined in [14] is an

example of the model complex. As another example of the model complex, we
cover the Weil algebra with generalized coefficients introduced in [1].
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3.1 Lie algebra cohomology

Let g be a finite dimensional Lie algebra and V be a right g-module. Let also
{θi} and {Xi} be dual bases for g∗ and g. The Chevalley-Eilenberg complex
C(g,M) is defined by

V
dCE // C1(g, V )

dCE // C2(g, V )
dCE // · · · , (3.1)

where Cq(g, V ) = Hom(∧qg, V ) is the vector space of all alternating linear
maps on g⊗q with values in V . If α ∈ Cq(g, V ), then

dCE(α)(X0, . . . , Xq) =
∑

i<j

(−1)i+jα([Xi, Xj ], X0 . . . X̂i, . . . , X̂j , . . . , Xq)+

∑

i

(−1)i+1α(X0, . . . , X̂i, . . .Xq)Xi.

(3.2)

Alternatively, we may identify Cq(g, V ) with ∧qg∗ ⊗ V and the coboundary
dCE with the following one

dCE(v) = −θi ⊗ v ·Xi,

dCE(β ⊗ v) = ddR(β)⊗ v − θi ∧ β ⊗ v ·Xi.
(3.3)

where ddR : ∧pg∗ → ∧p+1g∗ is the de Rham derivation defined by ddR(θi) =
−1
2 C

i
jkθ

jθk. We denote the cohomology of (C•(g, V ), dCE) by H•(g, V ) and
refer to it as the Lie algebra cohomology of g with coefficients in V .

3.2 Perturbed Koszul complex

With the same assumptions on g and V in the previous subsection, we spe-
cialize the model complex A ⊗ V defined in (2.15) for A =

∧
g∗. Indeed we

have Wn(g, V ) := ∧ng∗ ⊗ V , for n ≥ 0, with differentials dCE : Wn(g, V ) →
Wn+1(g, V ) defined in (3.3) and

dK : Wn(g, V )→Wn−1(g, V )

α⊗ v 7→
∑

i

ιXi (α)⊗ v ✁ θi. (3.4)

An immediate example is the (truncated) Weil algebra.

Example 3.1 (Weil algebra). Let g be a (finite dimensional) Lie algebra and set
V = S(g∗) - the polynomial algebra on g. Then V is a unimodular stable right
g-module via the (co)adjoint action of g on g∗ and the initial multiplication of
the symmetric algebra as the action of g∗.

Example 3.2 (Truncated Weil algebra). Let V = S(g∗)[2n] be the truncated
polynomial algebra on g. With the same structure as it is defined in Example
3.1 one obtains the differential complex W (g, S(g∗)[2n]).
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To be able to interpret the coefficient space further, we introduce the crossed
product algebra

D̃(g) := S(g∗) >⊳ U(g). (3.5)

In the next proposition, by g̃ we mean g∗ >⊳ g with the Lie bracket defined in
(2.23).

Proposition 3.3. The algebras D̃(g) and U(g∗ >⊳ g) are isomorphic.

Proof. It is a simple case of [15, Theorem 7.2.3], that is

U(g∗ >⊳ g) = U(g∗) >⊳ U(g) = S(g∗) >⊳ U(g) = D̃(g) (3.6)

Next, we recall the compatibility for a module over a crossed product algebra,
for a proof see [16, Lemma 3.6].

Lemma 3.4. Let H be a Hopf algebra, and A an H-module algebra. Then V
is a right module on the crossed product algebra A >⊳ H if and only if V is a
right module on A and a right module on H such that

(v · h) · a = (v · (h(1) ✄ a)) · h(2) (3.7)

Finally we restate Proposition 2.4 in the case of A =
∧
g∗.

Proposition 3.5. The graded space (W •(g, V ), dCE + dK) is a complex if and
only if V is a unimodular stable right g̃-module.

Example 3.6 (Weil algebra with generalized coefficients [1]). Let E ′(g∗) be the
convolution algebra of compactly supported distributions on g∗. The symmet-
ric algebra S(g∗) is canonically identified with the subalgebra of distributions
supported at the origin. This immediately results with a natural S(g∗)-module
structure on E ′(g∗) via its own multiplication.

Regarding the coordinate functions µi, 1 ≤ i ≤ N as multiplication operators,
we also have [µi, θ

j ] = δij .

The Lie derivative is described as follows.

Li = Ckijθ
jµk, 1 ≤ i ≤ N. (3.8)

Therefore,

τ : g→ End(E ′(g∗)), Xi 7→ Ckjiµkθ
j = −LXi − δ(Xi)I (3.9)

is a map of Lie algebras, and hence equips E ′(g∗) with a right g-module struc-
ture.

We first observe that
∑

i

(v ·Xi) ✁ θi = Ckjivµkθ
jθi = 0, (3.10)
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by the commutativity of S(g∗) and the anti-commutativity of the lower indices
of the structure coefficients.

Secondly we observe

(v ·Xi) ✁ θt = Ckjivµkθ
jθt =

Ckjivθ
tµkθ

j + Ctjivθ
j = (v ✁ θt) ·Xi + v ✁ (Xi ✄ θt),

(3.11)

i.e., E ′(g∗) is a right module over S(g∗) >⊳ U(g). Hence we have the complex
W (g, E ′(g∗)).
Finally we remark that in [1] the authors consider compact groups and their
Lie algebras, which are unimodular and hence δ = 0. So, their and our actions
of g coincide.

3.3 Weyl algebra

Following [17] Appendix 1, let V be a (finite dimensional) vector space with
dual V ∗. Let P(V ) be the algebra of all polynomials on V and S(V ) the
symmetric algebra on V . Let us use the notation D(V ) for the algebra of
differential operators on V with polynomial coefficients - the Weyl algebra on
V . For any v ∈ V we introduce the operator

∂v(f)(w) :=
d

dt

∣∣∣∣
t=0

f(w + tv). (3.12)

As a result, we get an injective algebra map v 7→ ∂v ∈ D(V ). As a differential
operator on V , ∂v is identified with the derivative with respect to v∗ ∈ V ∗.
Using the bijective linear map P(V ) ⊗ S(V )→ D(V ) defined as f ⊗ v 7→ fv,
and the fact that P(V ) ∼= S(V ∗), we conclude that D(V ) ∼= S(V ∗)⊗ S(V ) as
vector spaces.

Following [7], the standard representation of D(V ) is as follows. Let
{v1∗, · · · , vn∗} be a basis of V ∗. Then, forming E = C[v1

∗, · · · , vn∗], we con-
sider the operators Pi ∈ End(E) as ∂/∂vi

∗ and Qi ∈ End(E) as multiplication
by vi

∗. Then the relations are

[Pi, Q
i] = I, [Pi, Q

j ] = 0, i 6= j

[Pi, Pj ] = 0, [Qi, Qj] = 0, ∀ i, j
(3.13)

It is observed that if V is a module over D(g) then (W •(g, V ), dCE + dK) is a
differential complex [14]. We now briefly remark the relation of this result with
our interpretation of the coefficient space (2.15). To this end, we first notice
that if V is a right module over the Weyl algebra D(g), then it is module over
the Lie algebra g via the Lie algebra map

τ : g→ D(g), Xi 7→ ClkiPlQ
k. (3.14)
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Explicitly, we define the action of the Lie algebra as

v ·Xk = vτ(Xk). (3.15)

On the other hand, V is also a module over the symmetric algebra S(g∗) via

v ✁ θk = vQk. (3.16)

Lemma 3.7. Let V be a right module over D(g). Then V is unimodular stable.

Proof. We immediately observe that

∑

i

(v ·Xi) ✁ θi =
∑

i

v · (τ(Xi)Q
i) =

∑

i,l,k

v · (CkliPkQlQi) = 0 (3.17)

by the commutativity of Qs and the anti-commutativity of the lower indices of
the structure coefficients.

Let us now introduce the map

Φ : D̃(g)→ D(g), θj >⊳ Xi 7→ Qjτ(Xi) = ClkiQ
jPlQ

k. (3.18)

Lemma 3.8. The map Φ : D̃(g)→ D(g) is well-defined.

Proof. It is enough to prove Φ(Xi)Φ(θj) = Φ(Xi(1) ✄ θj)Φ(Xi(2)). To this, we
observe

RHS = Φ(Xi(1) ✄ θj)Φ(Xi(2)) = −CjikQk + ClkiQ
jPlQ

k

= ClkiPlQ
jQk = ClkiPlQ

kQj = Φ(Xi)Φ(θj) = LHS.
(3.19)

Corollary 3.9. If V is a right module over D(g), then V is a right module

over D̃(g) = S(g∗) >⊳ U(g).

4 Lie algebra homology and Poincaré duality

In this section, for any Lie algebra g and any stable g̃-module V we define a
complex dual to the model complex and we establish a Poincaré duality between
these two complexes. The need for this new complex will be justified in the
next sections.

4.1 Lie algebra homology

Let g be a Lie algebra and V be a right g-module. We recall the Lie algebra
homology complex Cq(g, V ) = ∧qg⊗ V by

· · · ∂CE // C2(g, V )
∂CE // C1(g, V )

∂CE // V (4.1)
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where

∂CE(X0 ∧ · · · ∧Xq−1 ⊗ v) =
∑

i

(−1)iX0 ∧ · · · ∧ X̂i ∧ · · · ∧Xq−1 ⊗ v ·Xi+

∑

i<j

(−1)i+j [Xi, Xj ] ∧X0 ∧ · · · ∧ X̂i ∧ · · · ∧ X̂j ∧ · · · ∧Xq−1 ⊗ v

(4.2)

We call the homology of the complex (C•(g, V ), ∂CE) the Lie algebra homology
of g with coefficients in V and denote it by H•(g, V ).

4.2 Poincaré duality

Let V to be a right g-module and right S(g∗)-module. We consider the graded
vector space Cn(g, V ) := ∧ng ⊗ V with two differentials ∂CE : Cn+1(g, V ) →
Cn(g, V ) defined in (4.2), and

∂K : Cn(g, V )→ Cn+1(g, V ), Y1∧· · ·∧Yn⊗v 7→
∑

i

Xi∧Y1∧· · ·∧Yn⊗v✁θi

(4.3)

Let us first justify that ∂K is a differential.

Lemma 4.1. We have ∂K ◦ ∂K = 0.

Proof. We observe that by the commutativity of S(g∗) and the anti-
commutativity of the wedge product we have

∂K ◦ ∂K(Y1 ∧ · · · ∧ Yn ⊗ v) =
∑

i

∂K(Xi ∧ Y1 ∧ · · · ∧ Yn ⊗ v ✁ θi)

=
∑

i,j

Xj ∧Xi ∧ Y1 ∧ · · · ∧ Yn ⊗ v ✁ θiθj = 0.
(4.4)

We say that a right g̃-module V is stable if

∑

i

(v ✁ θi) ·Xi = 0. (4.5)

Proposition 4.2. The space (C•(g, V ), ∂CE + ∂K) is a differential complex if
and only if V is stable right g̃-module.
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Proof. On the one hand we have

∂CE(∂K(Y0 ∧ · · · ∧ Yn ⊗ v))

=
∑

i

∂CE(Xi ∧ Y0 ∧ · · · ∧ Yn ⊗ v ✁ θi)

=
∑

i

Y0 ∧ · · · ∧ Yn ⊗ (v ✁ θi) ·Xi

+
∑

i,j

(−1)j+1Xi ∧ Y0 ∧ · · · ∧ Ŷj ∧ · · · ∧ Yn ⊗ (v ✁ θi) · Yj

+
∑

i,j

(−1)j+1[Xi, Yj ] ∧ Y0 ∧ · · · ∧ Ŷj ∧ · · · ∧ Yn ⊗ v ✁ θi

+
∑

i,j

(−1)j+k[Yj , Yk] ∧Xi ∧ Y0 ∧ · · · ∧ Ŷj ∧ · · · ∧ Ŷk ∧ · · · ∧ Yn ⊗ v ✁ θi,

(4.6)

and on the other hand

∂K(∂CE(Y0 ∧ · · · ∧ Yn ⊗ v))

=
∑

j

(−1)j∂K(Y0 ∧ · · · ∧ Ŷj ∧ · · · ∧ Yn ⊗ v · Yj)

+
∑

j,k

(−1)j+k∂K([Yj , Yk] ∧ Y0 ∧ · · · ∧ Ŷj ∧ · · · ∧ Ŷk ∧ · · · ∧ Yn ⊗ v)

=
∑

i,j

(−1)jXi ∧ Y0 ∧ · · · ∧ Ŷj ∧ · · · ∧ Yn ⊗ (v ∧ Yj) ✁ θi

+
∑

i,j,k

(−1)j+k+1[Yj , Yk] ∧Xi ∧ Y0 ∧ · · · ∧ Ŷj ∧ · · · ∧ Ŷk ∧ · · · ∧ Yn ⊗ v ✁ θi.

(4.7)

Therefore, the complex is a mixed complex if and only if

(∂CE ◦ ∂K + ∂K ◦ ∂CE)(Y0 ∧ · · · ∧ Yn ⊗ v) =
∑

i

Y0 ∧ · · · ∧ Yn ⊗ (v ✁ θi) ·Xi+

∑

i,j

(−1)j+1Xi ∧ Y0 ∧ · · · ∧ Ŷj ∧ · · · ∧ Yn ⊗ [(v ✁ θi) · Yj − (v · Yj) ✁ θi]+

∑

i,j

(−1)j+1[Xi, Yj ] ∧ Y0 ∧ · · · ∧ Ŷj ∧ · · · ∧ Yn ⊗ v ✁ θi = 0.

(4.8)

Now, if we assume that (C•(g, V ), ∂CE + ∂K) is a differential complex, then
we obtain the stability condition (4.5) evaluating (4.8) on 1⊗ v. Similarly we
observe that V is a g̃-module by evaluating (4.8) on Y ⊗ v.

The converse argument is obvious.

Documenta Mathematica 17 (2012) 483–515



Cyclic Cohomology of Lie Algebras 495

Proposition 4.3. A vector space V is a unimodular stable right g̃-module, if
and only if V ⊗ Cδ is a stable right g̃-module.

Proof. Indeed, if V is unimodular stable right g̃-module, that is
∑

i(v✁Xi)·θi =
0, for any v ∈ V , then

∑

i

((v ⊗ 1C) · θi) ✁X i =
∑

i

(v · θi) ·Xi ⊗ 1C + vδ(Xi)⊗ 1C

=
∑

i

(v ·Xi) ✁ θi ⊗ 1C = 0,
(4.9)

which proves that V ⊗Cδ is stable. Similarly we observe that for 1 ≤ i, j ≤ N ,

((v ⊗ 1C) ·Xj) ✁ θi = (v ·Xj ⊗ 1C + vδ(Xj)⊗ 1C) ✁ θi =

((v ·Xj) ✁ θi + vδ(Xj) ✁ θi)⊗ 1C =

(v ✁ (Xj ✄ θi) + (v ✁ θi) ·Xj + vδ(Xj) ✁ θi)⊗ 1C =

(v ⊗ 1C) ✁ (Xj ✄ θi) + ((v ⊗ 1C) ✁ θi) ·Xj

(4.10)

i.e., V ⊗ Cδ is a right g̃-module.

The converse argument is similar.

Let us now briefly recall the Poincaré isomorphism by

DP : ∧kg∗ → ∧N−kg, η 7→ ι(η)̟, (4.11)

where ̟ = X1 ∧ · · · ∧ XN is the covolume element of g. By definition ι(θi) :
∧•g→ ∧•−1g is given by

〈ι(θi)ξ, θj1 ∧ · · · ∧ θjr−1 〉 := 〈ξ, θi ∧ θj1 ∧ · · · ∧ θjr−1 〉, ξ ∈ ∧rg. (4.12)

Finally, for η = θi1 ∧ · · · ∧ θik , the interior multiplication ι(η) : ∧•g→ ∧•−kg is
defined by

ι(η) := ι(θik ) ◦ · · · ◦ ι(θi1 ). (4.13)

Proposition 4.4. Let V be a stable right g̃-module. Then the Poincaré iso-
morphism induces a map of complexes between the complex W (g, V ⊗C−δ) and
the complex C(g, V ).

Proof. Let us first introduce the notation Ṽ := V ⊗ C−δ. We can identify Ṽ
with V as a vector space, but with the right g-module structure deformed as
v ✁X := v ·X − vδ(X).

We prove the commutativity of the (co)boundaries via the (inverse) Poincaré
isomorphism, i.e.,

D−1P : ∧pg⊗ V → ∧N−pg∗ ⊗ Ṽ
ξ ⊗ v 7→ D−1P (ξ ⊗ v),

(4.14)
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where for an arbitrary η ∈ ∧N−pg

〈η,D−1P (ξ ⊗ v)〉 := 〈ηξ, ω∗〉v. (4.15)

Here, ω∗ ∈ ∧Ng∗ is the volume form.

The commutativity of the diagram

∧pg⊗ V

D−1
P

��

∂CE // ∧p−1g⊗ V

D−1
P

��
∧N−pg∗ ⊗ Ṽ

dCE

// ∧N−p+1g∗ ⊗ Ṽ

follows from the Poincaré duality in Lie algebra homology - cohomology, [13,
Chapter VI, Section 3]. For the commutativity of the diagram

∧pg⊗ V

D−1
P

��

∂K // ∧p+1g⊗ V

D−1
P

��
∧N−pg∗ ⊗ Ṽ

dK

// ∧N−p−1g∗ ⊗ Ṽ

we take an arbitrary ξ ∈ ∧pg, η ∈ ∧N−p−1g and v ∈ V . Then

D−1P (∂K(ξ ⊗ v))(η) = 〈ηXiξ, ω
∗〉v ✁ θi =

(−1)N−p−1〈Xiηξ, ω
∗〉v ✁ θi = (−1)N−p−1dK(D−1P (ξ ⊗ v))(η).

(4.16)

5 Lie algebra coaction and SAYD coefficients

In this section we identify the coefficients we discussed in the previous sec-
tions of this paper with stable-anti-Yetter-Drinfeld module over the universal
enveloping algebra of the Lie algebra in question. To this end, we introduce
the notion of comodule over a Lie algebra.

5.1 SAYD modules and cyclic cohomology of Hopf algebras

Let H be a Hopf algebra. By definition, a character δ : H → C is an algebra
map. A group-like σ ∈ H is the dual object of the character, i.e., ∆(σ) = σ⊗σ.
The pair (δ, σ) is called a modular pair in involution [6] if

δ(σ) = 1, and S2
δ = Adσ, (5.1)

where Adσ(h) = σhσ−1 and Sδ is defined by

Sδ(h) = δ(h(1))S(h(2)). (5.2)
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We recall from [10] the definition of a right-left stable-anti-Yetter-Drinfeld mod-
ule over a Hopf algebra H. Let V be a right module and left comodule over a
Hopf algebra H. We say that it is stable-anti-Yetter-Drinfeld (SAYD) module
over H if

H(v · h) = S(h(3))v〈−1〉h(1) ⊗ v〈0〉 · h(2) , v〈0〉 · v〈−1〉 = v, (5.3)

for any v ∈ V and h ∈ H. It is shown in [10] that any MPI defines a one
dimensional SAYD module and all one dimensional SAYD modules come this
way.

Let V be a right-left SAYD module over a Hopf algebra H. Let

Cq(H, V ) := V ⊗H⊗q, q ≥ 0. (5.4)

We recall

face operators ∂i : Cq(H, V )→ Cq+1(H, V ), 0 ≤ i ≤ q + 1

degeneracy operators σj : Cq(H, V )→ Cq−1(H, V ), 0 ≤ j ≤ q − 1

cyclic operators τ : Cq(H, V )→ Cq(H, V ),

by

∂0(v ⊗ h1 ⊗ . . .⊗ hq) = v ⊗ 1⊗ h1 ⊗ . . .⊗ hq,
∂i(v ⊗ h1 ⊗ . . .⊗ hq) = v ⊗ h1 ⊗ . . .⊗ hi(1) ⊗ hi(2) ⊗ . . .⊗ hq,
∂q+1(v ⊗ h1 ⊗ . . .⊗ hq) = v〈0〉 ⊗ h1 ⊗ . . .⊗ hq ⊗ v〈−1〉 ,

σj(v ⊗ h1 ⊗ . . .⊗ hq) = (v ⊗ h1 ⊗ . . .⊗ ε(hj+1)⊗ . . .⊗ hq),
τ(v ⊗ h1 ⊗ . . .⊗ hq) = v〈0〉h

1
(1) ⊗ S(h1(2)) · (h2 ⊗ . . .⊗ hq ⊗ v〈−1〉),

(5.5)

where H acts on H⊗q diagonally.

The graded module C•(H, V ) endowed with the above operators is then a co-
cyclic module [9], which means that ∂i, σj and τ satisfy the following identities

∂j∂i = ∂i∂j−1, if i < j,

σjσi = σiσj+1, if i ≤ j,

σj∂i =





∂iσj−1, if i < j

Id if i = j or i = j + 1

∂i−1σj if i > j + 1,

τ∂i = ∂i−1τ, 1 ≤ i ≤ q
τ∂0 = ∂q+1, τσi = σi−1τ, 1 ≤ i ≤ q
τσ0 = σnτ

2, τq+1 = Id .

(5.6)
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We use the face operators to define the Hochschild coboundary

b : Cq(H, V )→ Cq+1(H, V ), b :=

q+1∑

i=0

(−1)i∂i (5.7)

It is known that b2 = 0. As a result, one obtains the Hochschild complex of the
coalgebra H with coefficients in the bicomodule V . Here, the right comodule
defined trivially. The cohomology of (C•(H, V ), b) is denoted by H•coalg(H, V ).

We use the rest of the operators to define the Connes boundary operator,

B : Cq(H, V )→ Cq−1(H, V ), B :=

(
q∑

i=0

(−1)qiτ i

)
σq−1τ. (5.8)

It is shown in [5] that for any cocyclic module we have b2 = B2 = (b+B)2 = 0.
As a result, we define the cyclic cohomology of H with coefficients in the SAYD
module V , which is denoted by HC•(H, V ), as the total cohomology of the
bicomplex

Cp,q(H, V ) =




V ⊗H⊗q−p, if 0 ≤ p ≤ q,

0, otherwise.
(5.9)

We can also define the periodic cyclic cohomology of H with coefficients in V ,
which is denoted by HP ∗(H, V ), as the total cohomology of direct sum total
of the bicomplex

Cp,q(H, V ) =




V ⊗H⊗q−p, if p ≤ q,

0, otherwise.
(5.10)

It can be seen that the periodic cyclic complex and hence the cohomology is
Z2 graded.

5.2 SAYD modules over Lie algebras

We need to define the notion of comodule over a Lie algebra g to be able to
make a passage from the stable g̃-modules we already defined in the previous
sections to SAYD modules over the universal enveloping algebra U(g).

Definition 5.1. We say a vector space V is a left comodule over the Lie algebra
g if there is a map Hg : V → g⊗ V such that

v[−2] ∧ v[−1] ⊗ v[0] = 0, (5.11)

where Hg(v) = v[−1] ⊗ v[0] , and

v[−2] ⊗ v[−1] ⊗ v[0] = v[−1] ⊗ (v[0])[−1] ⊗ (v[0])[0] .
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Proposition 5.2. Let g be a Lie algebra and V be a vector space. Then, V is
a right S(g∗)-module if and only if it is a left g-comodule.

Proof. Assume that V is a right module over the symmetric algebra S(g∗).
Then for any v ∈ V there is an element v[−1] ⊗ v[0] ∈ g∗∗⊗V ∼= g⊗V such that
for any θ ∈ g∗

v ✁ θ = v[−1](θ)v[0] = θ(v[−1])v[0] . (5.12)

Hence define the linear map Hg : V → g⊗ V by

v 7→ v[−1] ⊗ v[0] . (5.13)

The compatibility needed for V to be a right module over S(g∗),which is (v ✁
θ) ✁ η − (v ✁ η) ✁ θ = 0 translates directly into

α(v[−2] ∧ v[−1])⊗ v[0] = (v[−2] ⊗ v[−1] − v[−1] ⊗ v[−2])⊗ v[0] = 0, (5.14)

where α : ∧2g → U(g)⊗ 2 is the anti-symmetrization map. Since the anti-
symmetrization is injective, we have

v[−2] ∧ v[−1] ⊗ v[0] = 0. (5.15)

Hence, V is a left g-comodule.

Conversely, assume that V is a left g-comodule via the map Hg : V → g ⊗ V
defined by v 7→ v[−1] ⊗ v[0] . We define the right action

V ⊗ S(g∗)→ V, v ⊗ θ 7→ v ✁ θ := θ(v[−1])v[0] , (5.16)

for any θ ∈ g∗ and any v ∈ V . Thus,

(v✁ θ)✁ η− (v✁ η)✁ θ = (v[−2] ⊗ v[−1] − v[−1] ⊗ v[−2])(θ⊗ η)⊗ v[0] = 0, (5.17)

proving that V is a right module over S(g∗).

Having understood the relation between the left g-coaction and right S(g∗)-
action, it is natural to investigate the relation with left U(g)-coaction.

Let H : V → U(g) ⊗ V be a left U(g)-comodule structure on the linear space
V . Then composing via the canonical projection π : U(g)→ g, we get a linear
map Hg : V → g⊗ V .

V

Hg ##H
HH

HH
HH

HH
H

H // U(g)⊗ V
π⊗id
��

g⊗ V

Lemma 5.3. If H : V → U(g)⊗ V is a coaction, then so is Hg : V → g⊗ V .
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Proof. If we write H(v) = v
[−1]
⊗ v

[0]
then

v[−2] ∧ v[−1] ⊗ v[0] = π(v
[−2]

) ∧ π(v
[−1]

)⊗ v
[0]

=

π(v
[−1]

(1)) ∧ π(v
[−1]

(2))⊗ v
[0]

= 0
(5.18)

by the cocommutativity of U(g).

For the reverse process which is to obtain a U(g)-comodule out of a g-comodule,
we will need the following concept.

Definition 5.4. Let V be a g-comodule via Hg : V → g⊗V . Then we call the
coaction locally conilpotent if it is conilpotent on any one dimensional subspace.
In other words, Hg : V → g ⊗ V is locally conilpotent if and only if for any
v ∈ V there exists n ∈ N such that Hng(v) = 0.

Example 5.5. If V is an SAYD module on U(g), then by [11, Lemma 6.2] we
have the filtration V = ∪p∈ZFpV defined as F0V = V coU(g) and inductively

Fp+1V/FpV = (V/FpV )coU(g) (5.19)

Then the induced g-comodule V is locally conilpotent.

Example 5.6. Let g be a Lie algebra and S(g∗) be the symmetric algebra on
g∗. For V = S(g∗), consider the coaction

S(g∗)→ g⊗ S(g∗), α 7→ Xi ⊗ αθi, (5.20)

called the Koszul coaction. The corresponding S(g∗)-action on V coincides
with the multiplication of S(g∗). Therefore, the Koszul coaction is not locally
conilpotent.

One notes that the Koszul coaction is locally conilpotent on any truncation of
the symmetric algebra.

Let {Uk(g)}k≥0 be the canonical filtration of U(g), i.e.,

U0(g) = C · 1, U1(g) = C · 1⊕ g, Up(g) · Uq(g) ⊆ Up+q(g) (5.21)

Let us call an element in U(g) as symmetric homogeneous of degree k if it is
the canonical image of a symmetric homogeneous tensor of degree k over g.
Let Uk(g) be the set of all symmetric elements of degree n in U(g).

We recall from [7, Proposition 2.4.4] that

Uk(g) = Uk−1(g)⊕ Uk(g). (5.22)

In other words, there is a (canonical) projection

θk : Uk(g)→ Uk(g) ∼= Uk(g)/Uk−1(g)

X1 · · ·Xk 7→
∑

σ∈Sk

Xσ(1) · · ·Xσ(k).
(5.23)
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So, fixing an ordered basis of the Lie algebra g, we can say that the above map
is bijective on the PBW-basis elements.

Let us consider the unique derivation of U(g) extending the adjoint action of
the Lie algebra g on itself, and call it ad(X) : U(g) → U(g) for any X ∈ g.
By [7, Proposition 2.4.9], ad(X)(Uk(g)) ⊆ Uk(g) and ad(X)(Uk(g)) ⊆ Uk(g).
So by applying ad(X) to both sides of (5.22), we observe that the preimage of
ad(Y )(

∑
σ∈Sk

Xσ(1) · · ·Xσ(k)) is ad(Y )(X1 · · ·Xk).

Proposition 5.7. For a locally conilpotent g-comodule V , the linear map

H : V → U(g)⊗ V
v 7→ 1⊗ v +

∑

k≥1
θ−1k (v[−k] · · · v[−1])⊗ v[0] (5.24)

defines a U(g)-comodule structure.

Proof. For an arbitrary basis element vi ∈ V , let us write

vi[−1] ⊗ vi[0] = αijk Xj ⊗ vk (5.25)

where αijk ∈ C. Then, by the coaction compatibility v[−2] ∧ v[−1] ⊗ v[0] = 0 we
have

vi[−2] ⊗ vi[−1] ⊗ vi[0] =
∑

j1,j2

αij1j2l2
Xj1 ⊗Xj2 ⊗ vl2 , (5.26)

such that αij1j2l2
:= αij1l1 α

l1j2
l2

and αij1j2l2
= αij2j1l2

.

We have

H(vi) = 1⊗ vi +
∑

k≥1

∑

j1≤···≤jk
αij1···jklk

Xj1 · · ·Xjk ⊗ vlk , (5.27)

because for k ≥ 1

vi[−k] ⊗ · · · ⊗ vi[−1] ⊗ vi[0] =
∑

j1,··· ,jk
αij1···jklk

Xj1 ⊗ · · · ⊗Xjk ⊗ vlk , (5.28)

where αij1···jklk
:= αij1l1 · · ·α

lk−1jk
lk

, and for any σ ∈ Sk we have

αij1···jklk
= α

ijσ(1) ···jσ(k)

lk
. (5.29)

At this point, the counitality is immediate,

(ε⊗ id) ◦ H(vi) = vi. (5.30)
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On the other hand, to prove the coassociativity we first observe that

(id⊗ H) ◦ H(vi) = 1⊗ H(vi) +
∑

k≥1

∑

j1≤···≤jk
αij1···jklk

Xj1 · · ·Xjk ⊗ H(vlk)

= 1⊗ 1⊗ vi +
∑

k≥1

∑

j1≤···≤jk
αij1···jklk

1⊗Xj1 · · ·Xjk ⊗ vlk+

∑

k≥1

∑

j1≤···≤jk
αij1···jklk

Xj1 · · ·Xjk ⊗ 1⊗ vlk+

∑

k≥1

∑

j1≤···≤jk
αij1···jklk

Xj1 · · ·Xjk ⊗ (
∑

t≥1

∑

r1≤···≤rt
αlkr1···rtst Xr1 · · ·Xrt ⊗ vst),

(5.31)

where αlkr1···rtst := αlkr1s1 · · ·α
st−1rt
st . Then we notice that

∆(
∑

k≥1

∑

j1≤···≤jk
αij1···jklk

Xj1 · · ·Xjk)⊗ vlk

=
∑

k≥1

∑

j1≤···≤jk
αij1···jklk

1⊗Xj1 · · ·Xjk ⊗ vlk

+
∑

k≥1

∑

j1≤···≤jk
αij1···jklk

Xj1 · · ·Xjk ⊗ 1⊗ vlk

+
∑

k≥2

∑

j1≤···≤r1≤···≤rp≤···≤jk
αij1···jklk

Xr1 · · ·Xrp ⊗Xj1 · · · X̂r1 · · · X̂rp · · ·Xjk ⊗ vlk

=
∑

k≥1

∑

j1≤···≤jk
αij1···jklk

1⊗Xj1 · · ·Xjk ⊗ vlk

+
∑

k≥1

∑

j1≤···≤jk
αij1···jklk

Xj1 · · ·Xjk ⊗ 1⊗ vlk

+
∑

p≥1

∑

k−p≥1∑

q1≤···≤qk−p

∑

r1≤···≤rp
α
ir1···rp
lp

α
lpq1···qk−p

lk
Xr1 · · ·Xrp ⊗Xq1 · · ·Xqk−p

⊗ vlk ,

(5.32)

where for the last equality we write the complement of r1 ≤ · · · ≤ rp in j1 ≤
· · · ≤ jk as q1 ≤ · · · ≤ qk−p. Then (5.29) implies that

αij1···jklk
= α

ir1···rpq1···qk−p

lk
= α

ir1···rp
lp

α
lpq1···qk−p

lk
. (5.33)

As a result,

(id⊗ H) ◦ H(vi) = (∆⊗ id) ◦ H(vi). (5.34)

This is the coassociativity and the proof is now complete.
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Let us denote by gconilM the subcategory of locally conilpotent left g-
comodules of the category of left g-comodules gM with colinear maps.

Assigning a g-comodule Hg : V → g⊗V to a U(g)-comodule H : V → U(g)⊗V
determines a functor

U(g)M
P // gconilM (5.35)

Similarly, constructing a U(g)-comodule from a g-comodule determines a func-
tor

gconilM E // U(g)M (5.36)

As a result, we can express the following proposition.

Proposition 5.8. The categories U(g)M and gconilM are isomorphic.

Proof. We show that the functors

U(g)M
P // gconilM
E

oo

are inverses to each other.

If Hg : V → g ⊗ V is a locally conilpotent g-comodule and H : V → U(g) ⊗
V the corresponding U(g)-comodule, by the very definition the g-comodule
corresponding to H : V → U(g) ⊗ V is exactly Hg : V → g ⊗ V . This proves
that

P ◦ E = IdgconilM . (5.37)

Conversely, let us start with a U(g)-comodule H : V → U(g)⊗V and write the
coaction by using the PBW-basis of U(g) as follows

vi(−1) ⊗ vi(0) = 1⊗ vi +
∑

k≥1

∑

j1≤···≤jk
γij1···jklk

Xj1 · · ·Xjk ⊗ vlk . (5.38)

So, the corresponding g-comodule Hg : V → g⊗ V is given as follows

vi[−1] ⊗ vi[0] = π(vi(−1))⊗ vi(0) =
∑

j

γijk Xj ⊗ vk. (5.39)

Finally, the U(g)-coaction corresponding to this g-coaction is defined on vi ∈ V
as

vi 7→ 1⊗ v +
∑

k≥1

∑

j1≤···≤jk
γij1l1 γ

l1j2
l2
· · · γlk−1jk

lk
Xj1 · · ·Xjk ⊗ vlk (5.40)

Therefore, we can recover U(g)-coaction we started with if and only if

γij1···jklk
= γij1l1 γ

l1j2
l2
· · · γlk−1jk

lk
, ∀k ≥ 1. (5.41)
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The equation (5.41) is a consequence of the coassociativity H. Indeed, applying
the coassociativity as

(∆k−1 ⊗ id) ◦ H = Hk (5.42)

and comparing the coefficients of Xj1 ⊗ · · · ⊗ Xjk we conclude (5.41) for any
k ≥ 1. Hence, we proved

E ◦ P = IdU(g)M . (5.43)

The equation (5.41) implies that if H : V → U(g) ⊗ V is a left coaction, then
its associated g-coaction Hg : V → g⊗ V is locally conilpotent.

For a g-coaction
v 7→ v[−1] ⊗ v[0] , (5.44)

the associated U(g)-coaction is denoted by

v 7→ v
[−1]
⊗ v

[0]
. (5.45)

Definition 5.9. Let V be a right module and left comodule over a Lie algebra
g. We call V a right-left AYD over g if

Hg(v ·X) = v[−1] ⊗ v[0] ·X + [v[−1] , X ]⊗ v[0] . (5.46)

Moreover, V is called stable if

v[0] · v[−1] = 0. (5.47)

Proposition 5.10. Let Hg : V → g ⊗ V be a locally conilpotent g-comodule
and H : V → U(g)⊗V the corresponding U(g)-comodule structure. Then, V is
a right-left AYD over g if and only if it is a right-left AYD over U(g).

Proof. Let us first assume V to be a right-left AYD module over g. For X ∈ g
and an element v ∈ V , AYD compatibility implies that

(v ·X)[−k] ⊗ · · · ⊗ (v ·X)[−1] ⊗ (v ·X)[0] = v[−k] ⊗ · · · ⊗ v[−1] ⊗ v[0] ·X
+ [v[−k] , X ]⊗ · · · ⊗ v[−1] ⊗ v[0] + v[−k] ⊗ · · · ⊗ [v[−1] , X ]⊗ v[0] .

(5.48)

Multiplying in U(g), we get

(v ·X)[−k] · · · (v ·X)[−1] ⊗ (v ·X)[0] =

v[−k] · · · v[−1] ⊗ v[0] ·X − ad(X)(v[−k] · · · v[−1])⊗ v[0] .
(5.49)

So, for the extension H : V → U(g)⊗ V we have

(v ·X)
[−1]
⊗ (v ·X)

[0]
= 1⊗ v ·X +

∑

k≥1

θ−1
k ((v ·X)[−k] · · · (v ·X)[−1] )⊗ (v ·X)[0]

= 1⊗ v ·X +
∑

k≥1

θ−1
k (v[−k] · · · v[−1])⊗ v[0] ·X −

∑

k≥1

θ−1
k (ad(X)(v[−k] · · · v[−1] ))⊗ v[0]

= v
[−1]
⊗ v

[0]
·X −

∑

k≥1

ad(X)(θ−1
k (v[−k] · · · v[−1] ))⊗ v[0]

= v
[−1]
⊗ v

[0]
·X − ad(X)(v

[−1]
)⊗ v

[0]
= S(X(3) )v

[−1]
X(1) ⊗ v

[0]
·X(2) .

(5.50)
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Here on the third equality we used the fact that the operator ad commute
with θk, and on the fourth equality we used

∑

k≥1
ad(X)(θ−1k (v[−k] · · · v[−1]))⊗ v[0] =

∑

k≥1
ad(X)(θ−1k (v[−k] · · · v[−1]))⊗ v[0] + ad(X)(1)⊗ v = ad(X)(v

[−1]
)⊗ v

[0]
.

(5.51)

By using the fact that AYD condition is multiplicative, we conclude that H :
M → U(g)⊗M satisfies the AYD condition on U(g).

Conversely assume that V is a right-left AYD over U(g). We first observe that

(∆⊗ id) ◦∆(X) = X ⊗ 1⊗ 1 + 1⊗X ⊗ 1 + 1⊗ 1⊗X (5.52)

Accordingly,

H(v ·X) = v
[−1]

X ⊗ v
[0]

+ v
[−1]
⊗ v

[0]
·X −Xv

[−1]
⊗ v

[0]

= −ad(X)(v
[−1]

)⊗ v
[0]

+ v
[−1]
⊗ v

[0]
·X

(5.53)

It is known that the projection map π : U(g) → g commutes with the adjoint
representation. So

Hg(v ·X) = −π(ad(X)(v
[−1]

))⊗ v
[0]

+ π(v
[−1]

)⊗ v
[0]
·X

= −ad(X)π(v
[−1]

)⊗ v
[0]

+ π(v
[−1]

)⊗ v
[0]
·X

= [v[−1] , X ]⊗ v[0] + v[−1] ⊗ v[0] ·X.
(5.54)

That is, V is a right-left AYD over g.

Lemma 5.11. Let Hg : V → g ⊗ V be a locally conilpotent g-comodule and
H : V → U(g)⊗V be the corresponding U(g)-comodule structure. If V is stable
over g, then it is stable over U(g).

Proof. Writing the g-coaction in terms of basis elements as in (5.25), the sta-
bility reads

vi[0]vi[−1] = αijk v
k ·Xj = 0, ∀i (5.55)

Therefore, for the corresponding U(g)-coaction we have

∑

j1≤···≤jk
αij1l1 · · ·α

lk−1jk
lk

vlk · (Xj1 · · ·Xjk) =

∑

j1≤···≤jk−1

αij1l1 · · ·α
lk−2jk−1

lk−1
(
∑

jk

α
lk−1jk
lk

vlk ·Xj1) · (Xj2 · · ·Xjk) =

∑

j2,··· ,jk
αijkl1 · · ·α

lk−2jk−1

lk−1
(
∑

j1

α
lk−1j1
lk

vlk ·Xj1) · (Xj2 · · ·Xjk),

(5.56)
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where on the second equality we used (5.29). This immediately implies that

vi
[0]
· vi

[−1]
= vi. (5.57)

That is, the stability over U(g).

However, the converse is not true.

Example 5.12. It is known that U(g), as a left U(g)-comodule via ∆ : U(g)→
U(g)⊗U(g) and a right g-module via ad : U(g)⊗g→ U(g) is stable. However,
the associated g-comodule, is no longer stable. Indeed, for u = X1X2X3 ∈
U(g), we have

u[−1] ⊗ u[0] = X1 ⊗X2X3 +X2 ⊗X1X3 +X3 ⊗X1X2 (5.58)

Then,

u[0] · u[−1] = [[X1, X2], X3] + [[X2, X1], X3] + [[X1, X3], X2] = [[X1, X3], X2]
(5.59)

which is not necessarily zero.

The following is the main result of this section.

Proposition 5.13. Let V be a vector space, and g be a Lie algebra. Then, V
is a stable right g̃-module if and only if it is a right-left SAYD module over g.

Proof. Let us first assume that V is a stable right g̃-module. Since V is a right
S(g∗)-module it is a left g-comodule by Proposition 5.2. Accordingly

[v[−1] , Xj]⊗ v[0] + v[−1] ⊗ v[0] ·Xj =

[Xl, Xj ]θ
l(v[−1])⊗ v[0] +Xtθ

t(v[−1])⊗ v[0] ·Xj =

XtC
t
ljθ

l(v[−1])⊗ v[0] +Xtθ
t(v[−1])⊗ v[0] ·Xj =

Xt ⊗ [v ✁ (Xj ✄ θt) + (v ✁ θt) ·Xj ] =

Xt ⊗ (v ·Xj) ✁ θt = Xtθ
t((v ·Xj)[−1])⊗ (v ·Xj)[0] =

(v ·Xj)[−1] ⊗ (v ·Xj)[0]

(5.60)

This proves that V is a right-left AYD module over g. On the other hand, for
any v ∈ V ,

v[0] · v[−1] =
∑

i

v[0] ·Xiθ
i(v[−1]) =

∑

i

(v ✁ θi) ·Xi = 0 (5.61)

Hence, V is stable too. As a result, V is SAYD over g.
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Conversely, assume that V is a right-left SAYD module over g. So V is a right
module over S(g∗) and a right module over g. In addition we see that

v ✁ (Xj ✄ θi) + (v ✁ θi) ·Xj = Cikjv ✁ θk + (v ✁ θi) ·Xj =

Cikjθ
k(v[−1])v[0] + θi(v[−1])v[0] ·Xj =

θi([v[−1] , Xj ])v[0] + θi(v[−1])v[0] ·Xj =

(θi ⊗ id)([v[−1] , Xj ]⊗ v[0] + v[−1] ⊗ v[0] ·Xj) =

θt((v ·Xj)[−1])(v ·Xj)[0] = (v ·Xj) ✁ θi.

(5.62)

Thus, V is a right g̃-module. Finally, we prove the stability by

∑

i

(v ✁ θi) ·Xi =
∑

i

v[0] ·Xiθ
i(v[−1]) = v[0] · v[−1] = 0. (5.63)

Corollary 5.14. Any right module over the Weyl algebra D(g) is a right-left
SAYD module over the Lie algebra g.

Finally, we state an analogous of Lemma 2.3 [10] to show that the category of
gAYDg is monoidal.

Proposition 5.15. Let M and N be two right-left AYD modules over g. Then
M ⊗N is also a right-left AYD over g via the coaction

Hg : M ⊗N → g⊗M ⊗N, m⊗n 7→ m[−1] ⊗m[0]⊗n+n[−1]⊗m⊗n[0] (5.64)

and the action

M ⊗N ⊗ g→M ⊗N, (m⊗ n) ·X = m ·X ⊗ n+m⊗ n ·X (5.65)

Proof. We verify that

[(m⊗ n)[−1] , X ]⊗ (m⊗ n)[0] + (m⊗ n)[−1] ⊗ (m⊗ n)[0] ·X =

[m[−1] , X ]⊗m[0] ⊗ n+ [n[−1] , X ]⊗m⊗ n[0]+

m[−1] ⊗ (m[0] ⊗ n) ·X + n[−1] ⊗ (m⊗ n[0]) ·X =

(m ·X)[−1] ⊗ (m ·X)[0] ⊗ n+ n[−1] ⊗m ·X ⊗ n[0]+

m[−1] ⊗m[0] ⊗ n ·X + (n ·X)[−1] ⊗m⊗ (n ·X)[0] =

Hg(m ·X ⊗ n+m⊗ n ·X) = Hg((m⊗ n) ·X).

(5.66)

5.3 Examples

This subsection is devoted to examples to illustrate the notion of SAYD module
over a Lie algebra. We consider the representations and corepresentations of a
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Lie algebra g on a finite dimensional vector space V in terms of matrices. We
then investigate the SAYD condition as a relation between these matrices and
the Lie algebra structure of g.

Let also V be a n dimensional g-module with a basis {v1, · · · , vn}. We express
the module structure as

mi ·Xj = βijkm
k, βijk ∈ C. (5.67)

In this way, for any basis element Xj ∈ g we obtain a matrix Bj ∈Mn(C) such
that

(Bj)
i
k := βijk. (5.68)

Let Hg : V → g⊗ V be a coaction. We write the coaction as

Hg(vi) = αijk Xj ⊗ vk, αijk ∈ C. (5.69)

This way we get a matrix Aj ∈Mn(C) for any basis element Xj ∈ g such that

(Aj)ik := αijk . (5.70)

Lemma 5.16. Linear map Hg : M → g ⊗M forms a right g-comodule if and
only if

Aj1 ·Aj2 = Aj2 · Aj1 . (5.71)

Proof. It is just the translation of the coaction compatibility vi[−2]∧vi[−1]⊗vi[0] =
0 in terms of the matrices Ai.

Lemma 5.17. Right g-module left g-comodule V is stable if and only if

∑

j

Aj ·Bj = 0. (5.72)

Proof. By the definition of the stability,

vi[0] · vi[−1] = αijk v
k ·Xj = αijk β

k
jlv

l = 0 (5.73)

Therefore,

αijk β
k
jl = (Aj)ik(Bj)

k
l = (Aj · Bj)il = 0. (5.74)

We proceed to express the AYD condition.

Lemma 5.18. The g-module-comodule V is a right-left AYD if and only if

[Bq, A
j ] =

∑

s

AsCjsq . (5.75)
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Proof. We first observe

Hg(vp ·Xq) = Hg(βpqkv
k) = βpqkα

kj
l Xj ⊗ vl

= (Bq)
p
k(Aj)klXj ⊗ vl = (Bq · Aj)plXj ⊗ vl.

(5.76)

On the other hand, writing Hg(vp) = αpjl Xj ⊗ vl,

[vp[−1] , Xq]⊗ vp[0] + vp[−1] ⊗ vp[0] ·Xq = αpsl [Xs, Xq]⊗ vl + αpjt Xj ⊗ vt ·Xq

= αpsl C
j
sqXj ⊗ vl + αpjt β

t
qlXj ⊗ vl = (αpsl C

j
sq + (Aj · Bq)pl )Xj ⊗ vl.

(5.77)

Next, considering the Lie algebra sl(2), we determine the SAYD modules over
simple sl(2)-modules.

Example 5.19. Let V =< {v1, v2} > be a two dimensional simple sl(2)-
module. Then, by [12], the representation

ρ : sl(2)→ gl(V ) (5.78)

is the inclusion ρ : sl(2) →֒ gl(2). Therefore, we have

B1 =

(
0 0
1 0

)
, B2 =

(
0 1
0 0

)
, B3 =

(
1 0
0 −1

)
. (5.79)

We want to find

A1 =

(
x11 x12
x21 x22

)
, A2 =

(
y11 y12
y21 y22

)
, A3 =

(
z11 z12
z21 z22

)
, (5.80)

such that together with the g-coaction Hsl(2) : V → sl(2) ⊗ V , defined as

vi 7→ (Aj)ikXj ⊗ vk, V becomes a right-left SAYD over sl(2). We first express
the stability condition. To this end,

A1 ·B1 =

(
x12 0
x22 0

)
, A2 ·B2 =

(
0 y11
0 y21

)
, A3 ·B3 =

(
z11 −z12
z21 −z22

)
,

(5.81)
and hence, the stability is

∑

j

Aj ·Bj =

(
x12 + z11 y11 − z12
x22 + z21 y21 − z22

)
= 0. (5.82)

Next, we consider the AYD condition

[Bq, A
j ] =

∑

s

AsCjsq . (5.83)
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For j = 1 = q,

A1 =

(
x11 0
x21 x22

)
, A2 =

(
0 y12
0 y22

)
, A3 =

(
0 0
z21 0

)
. (5.84)

Similarly, for q = 2 and j = 1, we arrive

A1 =

(
0 0
0 0

)
, A2 =

(
0 y12
0 y22

)
, A3 =

(
0 0
0 0

)
. (5.85)

Finally, for j = 1 and q = 2 we conclude

A1 =

(
0 0
0 0

)
, A2 =

(
0 0
0 0

)
, A3 =

(
0 0
0 0

)
. (5.86)

Thus, the only sl(2)-comodule structure that makes a 2-dimensional simple
sl(2)-module V to be a right-left SAYD over sl(2) is the trivial comodule struc-
ture.

Example 5.20. We investigate all possible coactions that make the truncated
symmetric algebra S(sl(2)∗)[2] an SAYD module over sl(2).

A vector space basis of S(sl(2)∗)[2] is {1 = θ0, θ1, θ2, θ3} and the Koszul coaction
is

S(sl(2)∗)[2] → sl(2)⊗ S(sl(2)∗)[2]

θ0 7→ X1 ⊗ θ1 +X2 ⊗ θ2 +X3 ⊗ θ3

θi 7→ 0, i = 1, 2, 3

(5.87)

We first determine the right sl(2) action to find the matrices B1, B2, B3. We
have

θi ✁Xj(Xq) = θi ·Xj(Xq) = θi([Xj , Xq]). (5.88)

Therefore,

B1 =





0 0 0 0
0 0 0 −2
0 0 0 0
0 0 1 0



 , B2 =





0 0 0 0
0 0 0 0
0 0 0 2
0 −1 0 0



 , B3 =





0 0 0 0
0 2 0 0
0 0 −2 0
0 0 0 0





(5.89)

Let A1 = (xik), A2 = (yik), A3 = (zik) represent the g-coaction on V . According
to the above expression of B1, B2, B3, the stability is

∑

j

Aj · Bj =




0 y03 + 2z01 x03 − 2z02 −2x01 + 2y02
0 y13 + 2z11 x13 − 2z12 −2x11 + 2y12
0 y23 + 2z21 x23 − 2z22 −2x21 + 2y22
0 y33 + 2z31 x33 − 2z32 −2x31 + 2y32


 = 0. (5.90)
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As before, we make the following observations. First,

[B1, A
1] =




0 0 −x03 2x01
−2x30 −2x31 −2x32 − x13 −2x33 + 2x11

0 0 −x23 2x21
x20 x21 x22 − x33 x23 − 2x31


 = 2A3 (5.91)

and next

[B2, A
1] =




0 x03 0 −2x02
0 x13 0 −2x12

2x30 2x31 + x23 2x32 2x33 − 2x22
−x10 −x11 + x33 −x12 −x13 − 2x32


 = 0 (5.92)

Finally,

[B3, A
1] =




0 −2x01 0 0
0 0 0 0
−2x20 −4x21 0 −2x23

0 −2x31 0 0


 = −2A1. (5.93)

Hence, together with the stability one gets

A1 =




0 x01 0 0
0 0 0 0
x20 0 0 0
0 0 0 0


 (5.94)

and

[B1, A
1] =




0 0 0 2x01
0 0 0 0
0 0 0 0
x20 0 0 0


 = 2A3. (5.95)

Similarly one computes

[B1, A
2] =




0 0 0 2y01
−2y30 −2y31 0 2y11

0 0 0 2y21
y20 y21 0 2y31


 = 0, (5.96)

as well as

[B2, A
2] =




0 0 0 −2y02
0 0 0 0
0 0 0 0
−y10 0 0


 = −2A3, (5.97)

and [B3, A
2] = 2A2. We conclude that

A1 =




0 c 0 0
0 0 0 0
d 0 0 0
0 0 0 0


 , A2 =




0 0 c 0
d 0 0 0
0 0 0 0
0 0 0 0


 , A3 =




0 0 0 c
0 0 0 0
0 0 0 0
1
2d 0 0 0


 .

(5.98)
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One notes that c = 1, d = 0 recovers the Koszul coaction, but obviously it is
not the only choice.

6 Cyclic cohomology of Lie algebras

In this section we show that for V , a SAYD module over a Lie algebra g,
the (periodic) cyclic cohomology of g with coefficients in V and the (periodic)
cyclic cohomology of the enveloping Hopf algebra U(g) with coefficient in the
corresponding SAYD over U(g) are isomorphic.

As a result of Proposition 4.2 and Proposition 5.13, we have the following
definition.

Definition 6.1. Let g be a Lie algebra and V be a right-left SAYD module
over g. We call the cohomology of the total complex of (C•(g, V ), ∂CE + bK) the
cyclic cohomology of the Lie algebra g with coefficients in the SAYD module V ,
and denote it by HC•(g, V ). Similarly we denote its periodic cyclic cohomology
by HP •(g, V ).

Our main result in this section is an analogous of Proposition 7 of [4].

Theorem 6.2. Let g be a Lie algebra and V be a SAYD module over the
Lie algebra g. Then the periodic cyclic homology of g with coefficients in V
is the same as the periodic cyclic cohomology of U(g) with coefficients in the
corresponding SAYD module V over U(g). In short,

HP •(g, V ) ∼= HP •(U(g), V ). (6.1)

Proof. The total coboundary of C(g, V ) is ∂CE+∂K while the total coboundary
of the complex C(U(g), V ) computing the cyclic cohomology of U(g) is B + b.

Next, we compare the E1 terms of the spectral sequences of the total com-
plexes corresponding to the filtration on the complexes which is induced by
the filtration on V via [11, Lemma 6.2]. To this end, we first show that the
coboundaries respect this filtration.

As it is indicated in the proof of [11, Lemma 6.2], each FpV is a submodule of
V . Thus, the Lie algebra homology boundary ∂CE respects the filtration. As
for ∂K, we notice for v ∈ FpV

∂K(X1 ∧ · · · ∧Xn ⊗ v) = v[−1] ∧X1 ∧ · · · ∧Xn ⊗ v[0] (6.2)

Since

H(v) = v
[−1]
⊗ v

[0]
= 1⊗ v + v[−1] ⊗ v[0] +

∑

k≥2
θ−1k (v[−k] · · · v[−1])⊗ v[0] (6.3)

we observe that v[−1]∧X1∧· · ·∧Xn⊗v[0] ∈ ∧n+1g⊗Fp−1V . Since Fp−1V ⊆ FpV ,
we conclude that ∂K respects the filtration.
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Since the Hochschild coboundary b : V ⊗ U(g)⊗n → V ⊗ U(g)⊗n+1 is the
alternating sum of cofaces δi, it suffices to check each δi preserve the filtration,
which is obvious for all cofaces except possibly the last one. However, for the
last coface, we take v ∈ FpV and write

v
[−1]
⊗ v

[0]
= 1⊗ v + v〈−1〉 ⊗ v〈0〉 , v〈−1〉 ⊗ v〈0〉 ∈ g⊗ Fp−1V. (6.4)

We have

δn(v ⊗ u1 ⊗ · · · ⊗ un) = v
[0]
⊗ u1 ⊗ · · · ⊗ un ⊗ v

[−1]
∈ FpV ⊗ U(g)⊗n+1. (6.5)

Hence, we can say that b respects the filtration.

For the cyclic operator, the result again follows from the fact that Fp is a
g-module. Indeed, for v ∈ FpV
τn(v⊗u1⊗· · ·⊗un) = v

[0]
·u1(1)⊗S(u1(2))·(u2⊗· · ·⊗un⊗v

[−1]
) ∈ FpV ⊗U(g)⊗n

(6.6)
Finally we consider the extra degeneracy operator

σ−1(v⊗u1⊗· · ·⊗un) = v ·u1(1)⊗S(u1(2))·(u2⊗· · ·⊗un) ∈ FpV ⊗U(g)⊗n (6.7)

which preserves the filtration again by using the fact that Fp is g-module and
the coaction preserve the filtration. As a result now, we can say that the
Connes’ boundary B respects the filtration.

Now, the E1-term of the spectral sequence associated to the filtration (FpV )p≥0
computing the periodic cyclic cohomology of the Lie algebra g is known to be
of the form

Ej, i1 (g) = Hi+j(Fj+1C(g, V )/FjC(g, V ), [∂CE + ∂K]) (6.8)

where, [∂CE+∂K] is the induced coboundary operator on the quotient complex.
By the obvious identification

Fj+1C(g, V )/FjC(g, V ) ∼= C(g, Fj+1V/FjV ) = C(g, (V/FjV )cog), (6.9)

we observe that

Ej, i1 (g) = Hi+j(C(g, (V/FjV )coU(g)), [∂CE]), (6.10)

for ∂K(Fj+1C(g, V )) ⊆ FjC(g, V ).

Similarly,

Ej, i1 (U(g)) = Hi+j(C(U(g), (V/FjV )coU(g)), [b+B]). (6.11)

Finally, considering

Ej, i1 (g) = Hi+j(C(g, (V/FjV )cog), [0] + [∂CE]) (6.12)

i.e., as a bicomplex with degree +1 differential is zero, the anti-symmetrization
map α : C(g, (V/FjV )cog) → C(U(g), (V/FjV )coU(g)) induces a quasi-

isomorphism [α] : Ej, i1 (g)→ Ej, i1 (U(g)), ∀i, j by Proposition 7 in [4].

Documenta Mathematica 17 (2012) 483–515



514 Bahram Rangipour and Serkan Sütlü

Remark 6.3. In case the g-module V has a trivial g-comodule structure, the
coboundary ∂K = 0 and

HP •(g, V ) =
⊕

n=•mod 2

Hn(g, V ). (6.13)

In this case, the above theorem becomes [4, Proposition 7].

References

[1] A. Alekseev and E. Meinrenken, The non-commutative Weil algebra, In-
vent. Math. 139 (2000), no. 1, 135–172.

[2] Claude Chevalley and Samuel Eilenberg, Cohomology theory of Lie groups
and Lie algebras, Trans. Amer. Math. Soc. 63 (1948), 85–124.

[3] Lucio S. Cirio, Twisted noncommutative equivariant cohomology: Weil and
Cartan models, J. Geom. Phys. 60 (2010), no. 9, 1170–1189.

[4] A. Connes and H. Moscovici, Hopf algebras, cyclic cohomology and the
transverse index theorem, Comm. Math. Phys. 198 (1998), no. 1, 199–246.

[5] Alain Connes, Cohomologie cyclique et foncteurs Extn, C. R. Acad. Sci.
Paris Sér. I Math. 296 (1983), no. 23, 953–958.

[6] Alain Connes and Henri Moscovici, Cyclic cohomology and Hopf algebra
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Abstract. We study the L2–cohomology of certain local systems
on non-compact arithmetic ball quotients X = Γ\Bn. In the case of
a ball quotient surface X we show that vanishing theorems for L2–
cohomology are intimately related to vanishing theorems of the type

H0(X,SnΩ1
X

(logD)⊗OX(−D)⊗ (KX +D)−m/3) = 0

for m ≥ n ≥ 1 on the toroidal compactification (X,D). We also
give generalizations to higher dimensional ball quotients and study
the mixed Hodge structure on the sheaf cohomology of a local system
in general with the L2-cohomology contributing to the lowest weight
part.
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Introduction

Miyaoka [22] proved the vanishing

H0(X,SnΩ1
X ⊗ L−m) = 0

for m ≥ n ≥ 1, if X = Γ\B2 is a compact ball quotient surface such that
KX = det Ω1

X = L⊗3 for some nef and big line bundle L.
In this paper we want to investigate more generally vanishing and non–
vanishing results for the L2–cohomology of non–compact ball quotients X =
Γ\Bn in any dimension. These theorems are related to questions about the
representation theory of SU(n, 1). The vanishing and non-vanishing theorems
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on the representation theory side were shown by Li-Schwermer [20] and Saper
[28].
The complex ball Bn is a bounded symmetric domain of type G/K with G =
SU(n, 1) and K = U(n). A ball quotient X = Γ\Bn is a quotient of Bn by a
torsion–free discrete subgroup Γ ⊂ SU(n, 1). If Γ ⊂ SU(n, 1) is an arithmetic
subgroup, then X is quasi–projective and allows a natural normal projective
compactification by adding a finite number of points (cusps) at infinity, the
Baily–Borel–Satake compactification. Canonical desingularizations X of this
compactification are given by toroidal compactifications.
Examples of ball quotient surfaces are Picard modular surfaces. Those are
(components of) Shimura varieties which parametrize abelian 3–folds with
given endomorphism algebra [16]. In this case Γ is a subgroup of SU(2, 1)
with values in integers of an imaginary quadratic field E. In the classical
situation, already studied by Picard [18], the abelian 3–folds are Jacobians of
Picard curves y3 = P (x) with deg(P ) = 4. In this way Picard modular surfaces
arise as one case in Deligne–Mostow’s list [5]. We refer to [21] for an explicit
geometric example defined over Q(

√
−3).

The toroidal compactification in the Picard modular surface case is given by
resolving all cusps in a unique way by smooth elliptic curves [16]. In general,
arithmetic ball quotients X = Γ\Bn may be embedded into Ag, the moduli
space of abelian varieties, for a suitable g. In this case the toroidal compacti-
fication X is unique with disjoint abelian varieties as boundary strata [10, 31].

In this paper we study L2–cohomologies of complex local systems V on non–
compact arithmetic ball quotients X = Γ\Bn with a toroidal compactification
X. We will assume throughout this paper that Γ is torsion-free, so that X is
smooth and Γ is the fundamental group. There is the standard representation

ρ : Γ −→ GL(n+ 1,C)

and we assume that it has unipotent monodromies around each component
of the boundary divisor D of a toroidal compactification X of X . This can
always be achieved by passing to a subgroup of finite index in Γ. We denote
the associated local system on X by V1, and call it uniformizing. The dual
local system is denoted by V2. Both local systems have rank n+ 1 on X . The
sum of all Galois conjugates of V1 contains V2 and is defined over Q.
The uniformizing local system V1 underlies a complex VHS on X , also denoted
by V1, which is defined over a number field. The vector bundle V1 ⊗ OX
has a canonical Deligne extension to a vector bundle V1 on X together with
holomorphic subbundles F p ⊂ V1. It carries a logarithmic connection ∇ : V1 →
V1 ⊗ Ω1

X
(logD).

To V1, or more generally to any local system W on X underlying a complex
VHS, there corresponds a logarithmic Higgs bundle E on X via the Simpson
correspondence. E can be defined as the graded object

E =
⊕

Ep,q,
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where
Ep,q = F p/F p+1.

If W = V1 was the uniformizing local system on X , E is called the uniformizing
Higgs bundle. The associated Higgs operator θ = gr∇ is a homomorphism of
vector bundles

θ : E −→ E ⊗ Ω1
X

(logD),

which satisfies θ∧θ = 0, and Griffiths transversality, i.e., θ(Ep,q) ⊂ Ep−1,q+1⊗
Ω1
X

(logD).
Any Higgs bundle E =

⊕
Ep,q gives rise to a complex of vector bundles

E
θ−→E ⊗ Ω1

X
(logD)

∧θ−→E ⊗ Ω2
X

(logD)
∧θ−→· · · ∧θ−→E ⊗ Ω

dim(X)

X
(logD).

The hypercohomology of this complex computes the sheaf cohomology

H∗(X,W)

and the complex itself carries a weight filtration (see [7] for both facts), giving
rise to a MHS on H∗(X,W), defined first by Deligne, Zucker and Saito. There
is an algebraic subcomplex

Ω∗(2)(E) ⊂ E ⊗ Ω∗
X

(logD)

whose hypercohomology is isomorphic to the L2- resp. intersection cohomology
of W

H∗L2(X,W) = IH∗(X,W)

by a result of Zucker [32] and Jost-Yang-Zuo [13]. We denote this cohomology
group also by

H∗L2(X, (E, θ)).

There is a natural map from L2–cohomology to sheaf cohomology, factoring
surjectively through the weight zero part [23]:

H∗L2(X,W)։ W0H
∗(X,W) →֒ H∗(X,W).

Now let us describe the results of this paper: First we consider the case n = 2 of
arithmetic ball quotient surfacesX = Γ\B2 where Γ ⊂ SU(2, 1) is an arithmetic
subgroup. Over X one has two complex local systems V1 and V2 of rank 3
defined over some number field. Both are complex conjugate and dual to each
other, and the sum W = V1⊕V2 is a real local system. We will always assume
that Γ is small enough so that X is smooth and V1 and V2 have unipotent
monodromies at infinity. Under this assumption there is a line bundle L on X
such that L3 = KX +D [21]. We may assume that V1 is the uniformizing local
system corresponding to the standard representation of Γ in SU(2, 1), and we
let (E1, θ) be the corresponding Higgs bundle. The Higgs bundle corresponding
to V2 is denoted by E2. Our first result concerns the L2-cohomology of E1:

Theorem 0.1. Assume that X is an (arithmetic) ball quotient surface with the
assumption that Γ is sufficiently small. Then we have:

• H0(X,Ω1
X

(logD)⊗ Ω1
X
⊗ L−1) = 0 implies IH1(X,V1) = 0.
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• IH1(X,V1) = 0 implies H0(X,S2Ω1
X

(logD)⊗OX(−D)⊗ L−1) = 0.

If Γ is sufficiently small, then H1
L2(E1) = IH1(X,V1) can be non–zero.

The non–vanishing statement for Γ sufficiently small is due to Kazdan [14] and
holds for certain types of ball quotients. However, for compact ball quotients
of certain quaternionic types, examples with vanishing cohomology were found
by Kottwitz [15]. The local systems V1 and V2 are Galois conjugate to each
other, hence one vanishes if and only if the other does. However the vanishing
of H1

L2(E2) has a different interpretation:

Theorem 0.2. Assume that X is an (arithmetic) ball quotient surface with the
assumption that Γ is sufficiently small. Then IH1(X,V1) = 0 if and only if
IH1(X,V2) = 0. If these vanish, it implies that

H0(X, S2Ω1
X (logD)⊗OX(−D)⊗ L−2) = H1(X,Ω1

X(logD)⊗OX(−D)⊗ L−2) = 0.

In the sequel we also look at different Schur functors applied to V1, e.g., S2V1

and Λ3V1. More generally, we consider the most general Schur functors Wa,b

which are defined as kernels of natural maps

SaV1 ⊗ SbV2 −→ Sa−1V1 ⊗ Sb−1V2.

We refer to [8] for this notation. As a result we get:

Theorem 0.3. Assume that X is an (arithmetic) ball quotient surface. Then
one has H0(X,SnΩ1

X
(logD)⊗OX(−D)⊗ L−m) = 0 for all m ≥ n ≥ 1.

The twist by (−D) in the theorem is too strong and the proof will give a
slightly better result. The proof uses a vanishing theorem of Ragunathan, Li–
Schwermer [20] and Saper [28], since Wa,b has regular highest weight if and
only if a, b > 0.
In section 2 we give generalizations of the previous results to higher–
dimensional arithmetic ball quotients X = Γ\Bn. For example we compute
the Higgs cohomology of the uniformizing Higgs bundle E1 and its symmetric
powers SkE1:

Theorem 0.4. The L2–Higgs complex for the symmetric powers (SkE1, θ) with
k ≥ 1 is quasi–isomorphic to

0→ T 0(k)
0→T 1(k)

0→→ · · · 0→T n(k)→ 0,

with trivial differentials, where T i(k) is the sheaf of L2–sections of

Ker
(
SkΩ1

X(logD) ⊗ L−k ⊗ Ωi
X(logD)→ Sk−1Ω1

X (logD)⊗ L−k ⊗ Ωi+1

X
(logD)

)

for i = 1, . . . , n. For i = 0 we get T0(k) = L−k.

Here, by sheaves of L2-sections we mean the sections of the subsheaves arising
in the subcomplex Ω∗(2)(E). We prove a similar theorem for the dual Higgs
bundle E2 in the same section.
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In the final section we look at the weight filtration W• on the Higgs complex
E ⊗ Ω•

X
(logD) on a ball quotient surface X where E is the Higgs bundle cor-

responding to the real VHS W = SkV1 ⊕ SkV2. Together with the Hodge
filtration it computes the mixed Hodge structure on H∗(X,W). The natural
map IH∗(X,W) −→ H∗(X,W) maps onto the weight zero part W0H

∗(X,W)
by [23]. Our goal is to compute the mixed Hodge numbers hp,q of this Hodge
structure. To do this, we first compute the weight graded pieces of the com-
plex E ⊗ Ω•

X
(logD). Using this and the comparison map from intersection

cohomology we prove the following results:

Theorem 0.5. The mixed Hodge numbers of H l(X,SkV1 ⊕ SkV2), 0 ≤ l ≤ 4
above weight l+k depend only on the number of boundary components h. More
precisely:
1. For l = 3, the only non–zero mixed Hodge number is hk+2,k+2

3 = 2h.

2. For l = 2, the only non–zero mixed Hodge numbers are hk+2,1
2 = h1,k+2

2 ≤ h
and hk+2,k+1

2 = hk+1,k+2
2 = h.

Furthermore, if
H1(X,SkV1 ⊕ SkV2) = 0,

then hk+2,1
2 = h1,k+2

2 = h.
3. For l = 1 one has

H1(X,SkV1 ⊕ SkV2) = W0H
1(X,SkV1 ⊕ SkV2).

Theorem 0.6. The mixed Hodge numbers of H l(X,End0(V1)), 0 ≤ l ≤ 4
above weight l+2 depend only on the number of boundary components h. More
precisely:
1. For l = 3, the nonzero mixed Hodge number is only h4,43 = h.

2. For l = 2, the nonzero mixed Hodge numbers are only h4,22 = h2,42 = h.

1. The L2–cohomology of certain local systems on Picard
modular surfaces

In this section we study the L2–cohomology of certain local systems on an
arithmetic ball quotient surface, and study their (non)–vanishing.

1.1. The Simpson correspondence in the simplest case. Let X be a
smooth, quasiprojective variety and X be a smooth compactification with nor-
mal crossing boundary divisor D. There is a categorical correspondence be-
tween direct sums of local systems on X and polystable logarithmic Higgs
bundles on X with vanishing Chern classes that goes back to Hitchin, Donald-
son, Uhlenbeck-Yau and Simpson, see [30] for a reference. It associates to any
irreducible local system W on X underlying a complex VHS and with unipotent
monodromies at infinity a logarithmic Higgs bundle (E, θ) where E is a vector
bundle on X and

θ : E → E ⊗ Ω1
X

(logD)

which, in addition, satisfies θ ∧ θ = 0.
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Under these assumptions it is constructed as follows: the vector bundle W =
W⊗OX has a canonical Deligne extension to a vector bundleW on X together
with holomorphic subbundles F p ⊂ W . The associated Higgs bundle E can be
defined as the graded object

E =
⊕

Ep,q,

where
Ep,q = F p/F p+1

together with the graded extended Gauß–Manin connection ∇ as Higgs opera-
tor θ. The Higgs operator θ is a homomorphism of vector bundles

θ : E −→ E ⊗ Ω1
X

(logD),

which satisfies θ ∧ θ = 0 and Griffiths transversality, i.e., θ(Ep,q) ⊂ Ep−1,q+1⊗
Ω1
X

(logD).

1.2. The uniformizing Higgs bundles on Picard modular surfaces.
Let X be a toroidal compactification of an arithmetic ball quotient surface
X = Γ\B2 [16]. There are two local systems V1 and V2 on X = X \ D.
Both are 3–dimensional, are complex conjugate and dual to each other, and
underly a complex VHS which is defined over a number field. The standard
representation of Γ ⊂ SU(2, 1) corresponds to V1 without loss of generality.
We assume throughout that Γ is torsion-free and the monodromy at infinity,
i.e., around the elliptic cusp divisors, is unipotent. This implies that KX + D
is divisible by 3 and we define L to be a third root, so that KX +D = L⊗3 [21].
L is a nef and big line bundle. The Deligne extensions of the vector bundles
Vi := Vi ⊗ OX to X are denoted by Vi. The corresponding Higgs bundle are
denoted by Ei. The local system W = V1 ⊕ V2 is real and corresponds to the
Higgs bundle E = E1 ⊕ E2. By [21] we may assume that the Higgs bundle E1

corresponding to V1 is

E1 = E1,0
1 ⊕ E0,1

1 =
(
Ω1
X

(logD)⊗ L−1
)
⊕ L−1,

where L3 = det Ω1
X

(logD) = OX(KX+D) and the Higgs bundle corresponding
to V2 is

E2 = E1,0
2 ⊕ E0,1

2 = L⊕
(
Ω1
X

(logD)⊗ L−2
)
.

Note that E0,1
2 = TX(− logD) ⊗ L. The non–zero part of the Higgs operator

for E1 is given by

θ = id : E1,0
1 = Ω1

X
(logD)⊗ L−1 → E0,1

1 ⊗ Ω1
X

(logD) = L−1 ⊗ Ω1
X

(logD).

For E2

θ : E1,0
2 = L→ E0,1

2 ⊗ Ω1
X

(logD) = TX(− logD)⊗ L⊗ Ω1
X

(logD)

is the inclusion onto L ⊂ TX(− logD)⊗L⊗Ω1
X

(logD) dual to the contraction
operator. The decomposition of E into Hodge types is therefore

E1,0 = E1,0
1 ⊕ E1,0

2 =
(
Ω1
X

(logD)⊗ L−1
)
⊕ L,

E0,1 = E0,1
1 ⊕ E0,1

2 = L−1 ⊕
(
Ω1
X

(logD)⊗ L−2
)
.
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Taking the determinant implies:

Lemma 1.1. detE1,0 = L2 and detE0,1 = L−2.

For a general arithmetic ball quotient surface X in Deligne–Mostow’s list [5]
the canonial Higgs bundle associated to a universal family f can have more
direct summands than V1 and V2 as in the following example.

Example 1.2. Consider the family of cyclic 5 : 1 covers C → P1 of genus 6
ramified along 5 points. Then the eigenspace decomposition for Z/5Z implies
R1f∗C = V1 ⊕V2 ⊕U1 ⊕U2, where U1,U2 are unitary local systems. We may
again assume that V1 is the standard representation. All four local systems
have rank three and are Galois conjugate to each other. The unitary local
systems correspond to Higgs bundles with θ = 0.

1.3. Definition of L2–Higgs cohomology on surfaces.

For ball quotients X of arbitrary dimension we have that the boundary divisor
D in the toroidal compactification is smooth [10, 31].

The L2–Higgs cohomology Hi
L2(X, (E, θ)) of any logarithmic Higgs bundle

(E, θ) on a surface X may be computed via the hypercohomology of a complex
of algebraic sheaves [13, 32]

Ω0(E)(2) → Ω1(E)(2) → Ω2(E)(2),

In our case, where D is smooth in particular, one has [21, Appendix]:

Ω0(E)(2) = KerN1 = Ker(Res(θ)), where N1 = Res(θ),

Ω1(E)(2) =
dz1
z1
⊗ z1E + dz2 ⊗KerN1 = dz1 ⊗ E + dz2 ⊗KerN1,

Ω2(E)(2) =
dz1
z1
∧ dz2 ⊗ z1E = Ω2

X
⊗ E.

The shape of these sheaves arises from L2–conditions in the Poincaré metric
on X [13, 32]. We have an isomorphism of cohomology groups

Hi
L2(X, (E, θ)) = IHi(X,W)

for any Higgs bundle (E, θ) underlying a complex VHS with local system W
[13, 32], i.e., L2–Higgs and intersection cohomology on X are isomorphic.

Now let E1 = Ω1
X

(logD) ⊗ L−1 ⊕ L−1 be the uniformizing Higgs bundle as

above. Taking v as the generating section of L−1, dz1
z1
⊗ v, dz2 ⊗ v as the

generating sections of Ω1
X

(logD)⊗ L−1, then the Higgs field

θ : E → E ⊗ Ω1
X

(logD)

is defined by setting θ(dz1z1 ⊗ v) = v ⊗ dz1
z1

, θ(dz2 ⊗ v) = v ⊗ dz2, and θ(v) = 0.

If θ is written as N1
dz1
z1

+ N2dz2, then N1(dz1z1 ⊗ v) = v, N1(dz2 ⊗ v) = 0,
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N1(v) = 0, N2(dz1z1 ⊗ v) = 0, N2(dz2 ⊗ v) = v, N2(v) = 0; the kernel of N1 is

the subsheaf generated by dz2⊗ v, dz1z1 ⊗ z1v and v, hence
(

Ω1
X
⊗ L−1

)
⊕L−1.

Summarizing, we have [21, Appendix]

Ω0(E)(2) = KerN1 =
(
Ω1
X
⊗ L−1

)
⊕ L−1, Ω2(E)(2) = Ω2

X
⊗ E,

and

E ⊗ Ω1
X

(logD)(−D) ⊆ Ω1(E)(2) ⊆ E ⊗ Ω1
X
.

1.4. The L2–Higgs cohomology of E1.

In this subsection we compute the L2–cohomology of the uniformizing Higgs
bundle E1 on an arithmetic ball quotient surface X: First neglecting L2–
conditions, the complex

(E•1 , θ) : E1
θ→E1 ⊗ Ω1

X
(logD)

θ→E1 ⊗ Ω2
X

(logD)

looks like:
(
Ω1

X
(logD) ⊗ L−1

)
⊕ L−1

↓∼= ↓(
Ω1

X
(logD)⊗2 ⊗ L−1

)
⊕

(
L−1 ⊗ Ω1

X
(logD)

)
0

↓(
Ω1

X
(logD) ⊗ L−1 ⊗ Ω2

X
(logD)

)
⊕

(
L−1 ⊗ Ω2

X
(logD)

)
.

Therefore it is quasi–isomorphic to a complex

L−1
0−→S2Ω1

X
(logD)⊗ L−1 0−→Ω1

X
(logD)⊗ Ω2

X
(logD)⊗ L−1

with trivial differentials. As L is nef and big, we have

H0(L−1) = H1(L−1) = 0.

Hence we get

H1(X, (E•1 , θ)) ∼= H0(X,S2Ω1
X

(logD)⊗ L−1)

and H2(X, (E•1 , θ)) is equal to

H0(X,KX ⊗ L)∨ ⊕H0(X,Ω1
X(logD)⊗ L2)⊕H1(X,S2Ω1

X(logD)⊗ L−1).

If we now impose the L2–conditions and use the complex Ω∗(2)(E1) instead
of (E•1 , θ), the resulting cohomology groups are subquotients of the groups
described above.

Theorem 1.3. With the assumption on X as above:

• H0(X,Ω1
X

(logD)⊗ Ω1
X
⊗ L−1) = 0 implies IH1(X,V1) = 0.

• IH1(X,V1) = 0 implies H0(X,S2Ω1
X

(logD)⊗OX(−D)⊗ L−1) = 0.

If Γ is sufficiently small, then H1
L2(E1) = IH1(X,V1) can be non–zero.
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Proof. By the proof above,

H1
L2(X,E1) = L2 − sections in H0(X,S2Ω1

X
(logD)⊗ L−1).

In addition, one certainly has Ω1
X

(logD)(−D) ⊗ E1 ⊆ Ω1(E1)(2) ⊆ Ω1
X
⊗ E1.

Together with E1 = Ω1
X

(logD)⊗ L−1 ⊕ L−1 this implies that

H0(X, S2Ω1
X (logD)⊗OX (−D)⊗L−1) ⊂H1

L2(X,E1) ⊂ H0(X,Ω1
X (logD)⊗Ω1

X⊗L
−1)

which gives the assertion. The standard representation V1 can have non–
vanishing cohomology if the arithmetic subgroup Γ has large index in SU(2, 1).
This is a result of Kazdan, see [2, Cor. 5.9 and Remark 5.10]. �

In [21] such a vanishing result has been verified for one particular example of
a Picard modular surface, studied also by Hirzebruch and Holzapfel.

1.5. The L2–Higgs cohomology of E2.

We compute the L2–cohomology of E2 in a similar way: First neglecting L2–
conditions, the complex

(E•2 , θ) : E2
θ→E2 ⊗ Ω1

X
(logD)

θ→E2 ⊗ Ω2
X

(logD)

looks like:

L ⊕
(

Ω1
X

(logD)⊗ L−2
)

↓ ↓(
L⊗ Ω1

X
(logD)

)
⊕

(
Ω1
X

(logD)⊗2 ⊗ L−2
)

0

↓∼=
L4 ⊕

(
Ω1
X

(logD)⊗ L
)
.

and the arrow L→ Ω1
X

(logD)⊗2⊗L−2 is injective with cokernel S2Ω1
X

(logD)⊗
L−2. Therefore (E•2 , θ) is quasi–isomorphic to a complex

Ω1
X

(logD)⊗ L−2 0−→S2Ω1
X

(logD)⊗ L−2 0−→L4

with trivial differentials. Hence we get

H1(X, (E•2 , θ)) ∼= H0(X,S2Ω1
X

(logD)⊗ L−2)⊕H1(X,Ω1
X

(logD)⊗ L−2)
and H2(X, (E•1 , θ)) is equal to

H0(X,L4)⊕H1(X,S2Ω1
X

(logD)⊗ L−2)⊕H2(X,Ω1
X

(logD)⊗ L2).

With L2–conditions we have to again introduce twists by −D as above. The
vanishing of H1

L2(E1) and H1
L2(E2) is related by a conjugation argument:

Theorem 1.4. Assume that X is an arithmetic ball quotient surface. Then
H1
L2(E1) = 0 if and only if H1

L2(E2) = 0. If both vanish, this implies that

H0(X,S2Ω1
X

(logD)(−D)⊗ L−2) = H1(X,Ω1
X

(logD)(−D)⊗ L−2) = 0.

Proof. The first statement follows from complex conjugation, the second one
was shown above. �
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In [21] there is an example with H1
L2(E1) = H1

L2(E2) = 0. In general this group
does not vanish by the result of Kazdan [2, Cor. 5.9 and Remark 5.10].

1.6. The L2–Higgs cohomology of End0(V1) = End0(V2).

If we consider irreducible representations other than SnV1 or SnV2 then there
is the following vanishing theorem which is a special case of the results in
[20, 28]. Recall that we assumed Γ to be torsion-free.

Theorem 1.5 (Ragunathan, Li–Schwermer, Saper). Let W be an irreducible
representation of an arithmetic subgroup Γ ⊂ SU(2, 1) coming from G =
SU(2, 1), i.e., a local system on X. If the highest weight of W is regular,
then one has IH1(X,W) = 0.

For representations of SU(2, 1) regular highest weight is equivalent to not being
isomorphic to either SnV1 nor SnV2. This applies in particular to all represen-
tations Wa,b of SU(2, 1) ⊆ SL3(C) with a, b > 0. These are defined as kernels
of natural maps

SaV1 ⊗ SbV2 −→ Sa−1V1 ⊗ Sb−1V2.

We refer to [8] for this notation. A consequence of the vanishing theorem is:

Corollary 1.6. IH1(X,Wa,b) = 0 for a, b > 0.

The Higgs bundle corresponding to End(V1) is E1 ⊗E2. It is of weight 2 with
Hodge types (2, 0) + (1, 1) + (0, 2). We have

E1 ⊗ E2 =
(
Ω1
X

(logD)⊗ L−1 ⊕ L−1
)
⊗
(
L⊕ Ω1

X
(logD)⊗ L−2

)

= Ω1
X

(logD)⊕
(
Ω1
X

(logD)⊗2 ⊗ L−3 ⊕OX
)
⊕
(
Ω1
X

(logD)⊗ L−3
)

corresponding to types. The Higgs bundle corresponding to W1,1 = End0V1 is
the quotient of this bundle modulo the image of OX and hence is isomorphic
to

Ω1
X

(logD)⊕
(
Ω1
X

(logD)⊗ Ω1
X

(logD)⊗ L−3
)
⊕
(
Ω1
X

(logD)⊗ L−3
)
.

Its Higgs complex looks like

Ω1
X
(logD)⊕

(
Ω1

X
(logD) ⊗ Ω1

X
(logD)⊗ L−3

)
⊕
(
Ω1

X
(logD) ⊗ L−3

)

↓
Ω1

X
(logD)⊗2⊕

(
Ω1

X
(logD)⊗Ω1

X
(logD) ⊗ Ω1

X
(logD)⊗ L−3

)
⊕
(
Ω1

X
(logD)⊗2 ⊗ L−3

)

↓(
Ω1

X
(logD) ⊗ L3

)
⊕
(
Ω1

X
(logD)⊗ Ω1

X
(logD)

)
⊕
(
Ω1

X
(logD)

)

This complex is quasi–isomorphic to

Ω1
X

(logD)⊗ L−3 0−→S3Ω1
X

(logD)⊗ L−3 0−→Ω1
X

(logD)⊗ L3.

Corollary 1.6 with a = b = 1 now implies a rigidity theorem:

Theorem 1.7 (Weil rigidity). Let X be an arithmetic ball quotient surface with
uniformizing VHS V1. Then IH1(X,End0V1) = 0 and therefore

H0(X,S3Ω1
X

(logD)(−D)⊗ L−3) = 0
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as well as

H1(X,Ω1
X

(logD)⊗ L−3) = H1(X,TX(− logD)) = 0.

1.7. The L2–Higgs complex of S2E1.

Let us look at the symmetric square S2V1. The associated Higgs bundle is
S2E1. The Higgs complex without L2–conditions looks as follows:

(
S2Ω1

X
(logD) ⊗ L−2

)
⊕

(
Ω1

X
(logD) ⊗ L−2

)
⊕ L−2

↓(
S2Ω1

X
(logD) ⊗ L−2 ⊗ Ω1

X
(logD)

)
⊕

(
Ω1

X
(logD) ⊗ L−2 ⊗ Ω1

X
(logD)

)
⊕

(
L−2 ⊗ Ω1

X
(logD)

)

↓(
S2Ω1

X
(logD) ⊗ L−2 ⊗ Ω2

X
(logD)

)
⊕

(
Ω1

X
(logD) ⊗ L−2 ⊗ Ω2

X
(logD)

)
⊕

(
L−2 ⊗ Ω2

X
(logD)

)

Again, many differentials in this complex are isomorphisms or zero. For ex-
ample the differential

S2Ω1
X

(logD)⊗ L−2 ⊗ Ω1
X

(logD)→ Ω1
X

(logD)⊗ L−2 ⊗ Ω2
X

(logD)

is a projection map onto a direct summand, since for every vector space W we
have the identity

S2W ⊗W = S3W ⊕
(
W ⊗ Λ2W

)
.

Therefore the Higgs complex for S2(E1) is quasi–isomorphic to

L−2
0→S3Ω1

X
(logD)⊗ L−2 0→S2Ω1

X
(logD)⊗ L.

We conclude that the first cohomology is given by a subspace

H1
L2(S2E1) ⊆ H0(X,S3Ω1

X
(logD)⊗ L−2).

1.8. The L2–Higgs complex of S2E2.

Now look at the symmetric square S2V2. The associated Higgs bundle is S2E2.
The Higgs complex ignoring L2–conditions looks as follows:

L2 ⊕
(
Ω1

X
(logD)⊗ L−1

)
⊕
(
S2Ω1

X
(logD)⊗ L−4

)

↓(
L⊗2 ⊗ Ω1

X
(logD)

)
⊕
(
Ω1

X
(logD)⊗2 ⊗ L−1

)
⊕
(
S2Ω1

X
(logD)⊗ L−4 ⊗Ω1

X
(logD)

)

↓
L5 ⊕

(
Ω1

X
(logD)⊗ L2

)
⊕
(
S2Ω1

X
(logD)⊗ L−1

)

Again, many differentials in this complex are isomorphisms, exact or zero. For
example the sequence

L2 → Ω1
X

(logD)⊗2 ⊗ L−1 → S2Ω1
X

(logD)⊗ L−1

is exact and Ω1
X

(logD)⊗ L2 is mapped isomorphically. By the plethysm

S2W ⊗W = S3W ⊕
(
W ⊗ Λ2W

)
.

we get that the Higgs complex is quasi–isomorphic to

S2Ω1
X

(logD)⊗ L−4 0→S3Ω1
X

(logD)⊗ L−4 0→L5.

We will later see that in this complex one has

H0(X,S3Ω1
X

(logD)(−D)⊗ L−4) = 0.
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The proof will be given in section 1.10.

1.9. The L2–Higgs complex for Λ3V.

The Higgs bundle corresponding to the third primitive cohomology inside Λ3V
will be denoted by E3

pr =
⊕
Ep,qpr . We have in particular two important graded

pieces:

(A) E2,1
pr → E1,2

pr ⊗ Ω1
X

(logD)→ E0,3
pr ⊗ L3, and

(B) E3,0
pr → E2,1

pr ⊗ Ω1
X

(logD)→ E1,2
pr ⊗ L3.

Let us first compute all Ep,qpr . We have E3,0
pr = L2 and E0,3

pr = L−2.
Furthermore

E2,1 = Λ2E1,0 ⊗ E0,1 = OX ⊕ 2
(
Ω1
X

(logD)⊗ L−1
)
⊕
(
Ω1
X

(logD)⊗2 ⊗ L−2
)
.

Hence we get the primitive part

E2,1
pr = OX ⊕

(
Ω1
X

(logD)⊗ L−1
)
⊕
(
S2Ω1

X
(logD)⊗ L−2

)
,

since the Lefschetz operator ∧ω is a natural inclusion here. In a similar way
we get

E1,2
pr = OX ⊕

(
Ω1
X

(logD)⊗ L−2
)
⊕
(
S2Ω1

X
(logD)⊗ L−4

)
.

Now the complex (A) becomes

OX ⊕
(

Ω1
X

(logD)⊗ L−1
)
⊕
(
S2Ω1

X
(logD)⊗ L−2

)

↓
Ω1
X

(logD)⊕
(

Ω1
X

(logD)⊗2 ⊗ L−2
)
⊕
(
S2Ω1

X
(logD)⊗ Ω1

X
(logD)⊗ L−4

)

↓
L.

It is quasi–isomorphic to

(A) : OX
0→
(
S3Ω1

X
(logD)⊗ L−4

)
⊕ Ω1

X
(logD)→ 0

in degrees 0 and 1 only. In a similar way (B) becomes

L2

↓
Ω1
X

(logD)⊕
(

Ω1
X

(logD)⊗2 ⊗ L−1
)
⊕
(
S2Ω1

X
(logD)⊗ Ω1

X
(logD)⊗ L−2

)

↓
L3 ⊕

(
Ω1
X

(logD)⊗ L1
)
⊕
(
S2Ω1

X
(logD)⊗ L−1

)

It is quasi–isomorphic to

(B) :
(
S3Ω1

X
(logD)⊗ L−2

)
⊕ Ω1

X
(logD)

0→L3

in degrees 1 and 2 only.
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1.10. A vanishing theorem.

For higher symmetric powers on arithmetic ball quotient surfaces we get the
following vanishing theorem:

Theorem 1.8. One has H0(X,SnΩ1
X

(logD)(−D) ⊗ L−m) = 0 for all m ≥
n ≥ 3.

Proof. Consider Wa,b for a, b > 0. The corresponding Higgs bundle Ea,b is

a subbundle of SaE1 ⊗ SbE2. Since E1 =
(

Ω1
X

(logD)⊗ L−1
)
⊕ L−1 and

E2 = L ⊕
(

Ω1
X

(logD)⊗ L−2
)
, SaE1 ⊗ SbE2 contains the direct summand

SaΩ1
X

(logD)⊗ L−a ⊗ SbΩ1
X

(logD)⊗ L−2b. We have defined

Ea,b := Ker(SaE1 ⊗ SbE2
ι→Sa−1E1 ⊗ Sb−1E2),

with the map ι induced by the pairing E1⊗E2 → OX . When one restricts the
pairing E1 ⊗ E2 → OX to E1,0

1 ⊗ E0,1
2 it is given by the wedge product

Ω1
X

(logD)⊗ L−1 ⊗ Ω1
X

(logD)⊗ L−2 → Λ2Ω1
X

(logD)⊗ L−3 = OX .

Therefore, Ea,b contains the vector bundle Sa+bΩ1
X

(logD)⊗L−a−2b as a direct
summand.
Now we compute H1

L2 of the corresponding Higgs complex for Ea,b in the same
way as in the proof of theorem 1.3. Ignoring again L2–conditions first, then
in degree one of the corresponding Higgs complex there is the vector bundle
Sa+b+1Ω1

X
(logD) ⊗ L−a−2b, which is in the kernel of θ but not killed by the

differential θ from degree zero. This follows in the same way as in the proof
of theorem 1.3. Therefore the H0 of this term survives in H1

L2(X,Ea,b). For
a, b > 0 we however have H1

L2(X,Ea,b) = 0 by Corollary 1.6 and hence we have
H0(X,Sa+b+1Ω1

X
(logD)⊗OX(−D)⊗L−a−2b) = 0. For all such choices of a, b

we let n = a + b + 1 ≥ 3 and m = a + 2b and we obtain the assertion for all
possible values of m ≥ n ≥ 3 in this way. �

2. Higher dimensional ball quotients: Non–vanishing theorems

If X \D = Bn = SU(n, 1)/U(n) is an n–dimensional arithmetic ball quotient
with smooth boundary D, then the uniformizing Higgs bundle is as above

E1 =
(

Ω1
X

(logD)⊗ L−1
)
⊕ L−1 with Ln+1 = OX(KX + D). Its dual Higgs

bundle is E2 = L ⊕
(

Ωn−1
X

(logD)⊗ L−n
)
. The latter holds because of the

perfect pairing Ω1
X

(logD) ⊗ Ωn−1
X

(logD) → Ωn
X

(logD) = Ln+1. The Higgs
operator for E1 is given by the identity map

θ : Ω1
X

(logD)⊗ L−1 → L−1 ⊗ Ω1
X

(logD)

on Ω1
X

(logD) ⊗ L−1 and by 0 on L−1. Therefore we can compute its L2–
cohomology as above and obtain:
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Theorem 2.1. Hi
L2(X, (E1, θ)) is isomorphic to the L2–sections inside

H0
L2

(
Ker(Ω1

X
(logD)⊗ L−1 ⊗ Ωi

X
(logD)→ Ωi+1

X
(logD)⊗ L−1)

)

for i = 1, . . . , n and H0
L2(X, (E1, θ)) ⊆ H0(X,L−1) = 0.

Proof. The Higgs operator on each level is given by the canonical surjective
map

Ω1
X

(logD)⊗ L−1 ⊗ Ωi
X

(logD)→ Ωi+1

X
(logD)⊗ L−1

on Ω1
X

(logD) ⊗ L−1 ⊗ Ωi
X

(logD) and by 0 on L−1 ⊗ Ωi
X

(logD). This proves
the assertion. �

Turning to more general symmetric powers of E1 =
(

Ω1
X

(logD)⊗ L−1
)
⊕L−1,

we have the following result:

Theorem 2.2. The L2–Higgs complex for the symmetric power (SkE1, θ) with
k ≥ 1 is quasi–isomorphic to

0→ T 0(k)
0→T 1(k)

0→→ · · · 0→T n(k)→ 0,

with trivial differentials, where T i(k) is the sheaf of L2–sections of

Ker
(
SkΩ1

X(logD) ⊗ L−k ⊗ Ωi
X(logD)→ Sk−1Ω1

X (logD)⊗ L−k ⊗ Ωi+1

X
(logD)

)

for i = 1, . . . , n. For i = 0 we get T0(k) = L−k.

Proof. The Higgs bundle associated to SkE1 is
(
SkΩ1

X
(logD)⊗ L−k

)
⊕
(
Sk−1Ω1

X
(logD)⊗ L−k

)
⊕ · · · ⊕ L−k.

If we write down the Higgs complex, then the Eagon–Northcott type complexes

SkΩ1
X

(logD)⊗ L−k ⊗ Ωi
X

(logD)→ Sk−1Ω1
X

(logD)⊗ L−k ⊗ Ωi+1

X
(logD)→

→ Sk−2Ω1
X

(logD)⊗ L−k ⊗ Ωi+2

X
(logD)

occur which are exact in the middle [9]. Hence the only cohomology arises at
the left or right ends as stated. �

Example 2.3. In the case n = 3 this complex is

0→ L−k → Sk+1Ω1
X(logD) ⊗ L−k →

→ Γk,1(Ω
1
X (logD)) ⊗ L−k → SkΩ1

X (logD)⊗ L4−k → 0.

Here Γa,b is the standard irreducible representation

Γa,b(W ) = Ker
(
Sa(W )⊗ Sb(Λ2W )→ Sa−1(W )⊗ Sb−1(Λ2W )⊗ det(W )

)
.

associated to any GL3–representation W .

In a similar way we obtain a result for E2:
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Theorem 2.4. The L2–Higgs complex for the symmetric power (SkE2, θ) with
k ≥ 1 is quasi–isomorphic to

0→ T 0(k)
0→T 1(k)

0→→ · · · 0→T n(k)→ 0,

with trivial differentials, where T i(k) is the sheaf of L2–sections of

Coker
(
Sk−1Ωn−1

X
(logD)⊗ L(n+1)−nk ⊗ Ωi−1

X
(logD)→

SkΩn−1
X

(logD)⊗ L−nk ⊗ Ωi
X

(logD)
)

for i = 0, . . . , n− 1. For i = n we get T n(k) = Lk+n+1.

Proof. Argue as in the case of E1. �

Example 2.5. In the case n = 3 this complex is

0→ SkΩ2
X

(logD)⊗ L−3k →
→ Γ1,k(Ω1

X
(logD))⊗ L−3k → Sk+1Ω2

X
(logD)⊗ L−3k → Lk+4 → 0.

Corollary 2.6. For i = 1 and k ≥ 1, H1
L2(X, (SkE1, θ)) is equal to the

L2–sections of H0(X,Sk+1Ω1
X

(logD) ⊗ L−k). This group is non–zero if Γ

is sufficiently small. In a similar way H1
L2(X, (SkE2, θ)) is equal to the L2–

sections of H0(Γ1,...,k(Ω1
X

(logD)) ⊗ L−nk). This group is non–zero if Γ is
sufficiently small.

Proof. A result of Kazdan [2, page 255], generalized in [19], implies that
H1
L2(X, (SkE1, θ)) is non–zero if Γ is sufficiently small. �

3. The mixed Hodge structures on the cohomology groups of
certain local systems

In this section, we will discuss the mixed Hodge structure on the cohomol-
ogy groups of some local systems underlying a polarized variation of Hodge
structures over an (arithmetic) ball quotient surface. Before that, we provide
a short outline of the Deligne-Saito-Zucker theory of mixed Hodge structures
on cohomology groups with locally constant coefficients.

3.1. General remarks about the mixed Hodge structure on the
cohomology group of a local system.

Let us first recall some notation from the introduction and then introduce basic
facts about mixed Hodge structures on the cohomology group of a local system.
Denote by X a quasi-projective manifold of dimension d and by (WR,∇, F ·)
a polarized R-VHS over X of weight n. Let X be a smooth, projective com-
pactification of X such that D := X \X is a simple normal crossing divisor.
For simplicity of exposition, we assume that the local monodromy around each
irreducible component of D is unipotent (it is quasi-unipotent in general in
geometric situations). Put W = WR ⊗R OXan , where OXan is the sheaf of
germs of holomorphic functions on X . Deligne’s canonical extension (see Ch
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II, §4 in [3]) gives a unique extended vector bundle W of W over X, together
with a flat logarithmic connection

∇ :W →W ⊗ Ω1
X

(logD).

Using this we obtain the logarithmic de Rham complex Ω∗log(W ,∇). Schmid’s
Nilpotent orbit theorem implies that the Hodge filtration F · extends to a fil-
tration F

·
of holomorphic subbundles ofW as well (see §4 in [29]). By GAGA,

the extended holomorphic objects over X are in fact algebraic. One defines a
Hodge filtration on the logarithmic de Rham complex by

F rΩ∗log(W ,∇) = Ω∗
X

(log S)⊗ F r−∗,

which is a subcomplex by Griffiths transversality. After Saito (see [24]-[27]),
there is a naturally defined weight filtration W· on the logarithmic de Rham
complex such that the triple (Ω∗log(W ,∇),W·, F ·) is a cohomological mixed
Hodge complex (see Appendix A in [6] and [7]). By Scholie 8.1.9 (ii) in [4], this
gives rise to a real MHS with weights ≥ k + n on Hk(X,WR). When WR is
constant, this MHS coincides with the one defined in §3.2, [4] by Deligne. It is
this MHS that we intend to understand properly in the case of a ball quotient
surface.

3.2. Case 1: SkV1 ⊕ SkV2 over ball quotient surfaces.

Let X = Γ\B2 be an arithmetic ball quotient surface. Let V1 and V2 be the two
standard complex local systems of rank 3 over X . Their sum WR = V1 ⊕ V2

is a real local system. As in the preceeding subsection there are two asso-
ciated Deligne extensions Vi on X (the toroidal compactification) such that
W = V1 ⊕ V2. We denote the logarithmic de Rham complex for each Vi by
(Ω·

X
(logD)⊗ Vi,∇).

In the following we explain the weight filtration on the logarithmic Higgs com-
plex of SkE1 ⊕ SkE2 which is the logarithmic Higgs bundle obtained from
SkV1 ⊕ SkV2 by taking graded pieces with respect to the Hodge filtration.
This Higgs bundle corresponds to the real local system SkV1 ⊕ SkV2. For the
construction of the weight filtration on the logarithmic de Rham complex, one
could see [32] in the case of noncompact curves and [6, 7] in the general case.
The weight filtration on the logarithmic Higgs complex is then obtained by
taking the graded pieces for the Hodge filtration on the weight filtration of the
logarithmic de Rham complex. In our approach we follow El Zein’s work [6, 7].
In this reference all technical details concerning the filtrations and the related
spectral sequences are discussed.
Now we introduce some useful notation:

Definition 3.1. Let I = i1, ..., ij, 0 ≤ j ≤ k be a subset of {1, ..., k}. Denote
Ω1
X

(logD)⊗k(I) the subsheaves of Ω1
X

(logD)⊗k such that on the ith posi-
tion (i ∈ I), the tensor factor Ω1

X
(logD) is replaced by Ω1

X
. For example,
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Ω1
X

(logD)⊗3({2, 3}) = Ω1
X

(logD) ⊗ Ω1
X
⊗ Ω1

X
. Denote Ω1

X
(logD)⊗kj the sub-

sheaves of Ω1
X

(logD)⊗k given by

ΣI,|I|=jΩ
1
X

(logD)⊗k(I).

Denote SkΩ1
X

(logD)j := SkΩ1
X

(logD) ∩ Ω1
X

(logD)⊗kj .

Using this notation, one can show:

Proposition 3.2. (a) The Higgs complex for SkE1 has the following shape:
The weight (k + 1)–part Wk+1(SkE1, θ) is of the form

Grk+2
F

: Grk+1
F

: Gr
j
F
(0 ≤ j ≤ k) :

...

↓

SkΩ1
X

(logD) ⊗ L−k ⊗ Ω1
X

(logD) ...

↓ ↓

SkΩ1
X

(logD) ⊗ L−k ⊗ Ω2
X

(logD) Sk−1Ω1
X

(logD) ⊗ L−k ⊗ Ω2
X

(logD) ...

where the column under GrjF (0 ≤ j ≤ k) is given by

SjΩ1
X

(logD)⊗ L−k → Sj−1Ω1
X

(logD)⊗ L−k ⊗ Ω1
X

(logD)

→ Sj−2Ω1
X

(logD)⊗ L−k ⊗ Ω2
X

(logD).

(As a notation, SjΩ1
X

(logD) means 0 if j < 0)
For every 1 ≤ l ≤ k the weight l–part Wl(S

kE1, θ) is of the form

Grk+2
F

: Grk+1
F

: Gr
j
F
(0 ≤ j ≤ k) :

...

↓

SkΩ1
X

(logD) ⊗ L−k ⊗ Ω1
X

+ ...

SkΩ1
X

(logD)k−l+1 ⊗ L−k ⊗ Ω1
X

(logD)

↓ ↓

SkΩ1
X

(logD) ⊗ L−k ⊗ Ω2
X

+ Sk−1Ω1
X

(logD) ⊗ L−k ⊗ Ω2
X

(logD) ...

SkΩ1
X

(logD)k−l+1 ⊗ L−k ⊗ Ω2
X

(logD)

where the column under GrjF (0 ≤ j ≤ k) is given by

SjΩ1
X

(logD)⊗ L−k → Sj−1Ω1
X

(logD)⊗ L−k ⊗ Ω1
X

(logD)

→ Sj−2Ω1
X

(logD)⊗ L−k ⊗ Ω2
X

(logD).
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The weight 0–part W0(SkE1, θ) is of the form

Grk+2
F : Grk+1

F : GrjF (0 ≤ j ≤ k) :

...

↓

SkΩ1
X
(logD)⊗ L−k ⊗ Ω1

X
...

↓ ↓

SkΩ1
X
(logD) ⊗ L−k ⊗ Ω2

X
Sk−1Ω1

X
(logD) ⊗ L−k ⊗ Ω2

X
(logD) ...

where the column under GrjF (0 ≤ j ≤ k) is given by

SjΩ1
X

(logD)⊗ L−k → Sj−1Ω1
X

(logD)⊗ L−k ⊗ Ω1
X

(logD)

→ Sj−2Ω1
X

(logD)⊗ L−k ⊗ Ω2
X

(logD).

(b) The Higgs complex for SkE2 has the following shape: The weight (k + 1)–
part Wk+1(SkE2, θ) is of the form

GrjF (2 ≤ j ≤ k + 2) : Gr1F : Gr0F :

... Sk−1Ω1
X

(logD)⊗ L3−2k SkΩ1
X

(logD)⊗ L−2k

↓ ↓

... SkΩ1
X

(logD)⊗ L−2k ⊗ Ω1
X

(logD)

↓

...

where the column under GrjF (2 ≤ j ≤ k + 2) is given by

Sk−jΩ1
X

(logD)⊗ L3j−2k → Sk−j+1Ω1
X

(logD)⊗ L3j−3−2k ⊗ Ω1
X

(logD)

→ Sk−j+2Ω1
X

(logD)⊗ L3j−6−2k ⊗ Ω2
X

(logD).
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For every 1 ≤ l ≤ k the weight l–part Wl(S
kE2, θ) is of the form

GrjF (2 ≤ j ≤ k + 2) : Gr1F : Gr0F :

... Sk−1Ω1
X

(logD)⊗ L3−2k SkΩ1
X

(logD)⊗ L−2k

↓ ↓

... SkΩ1
X

(logD)⊗ L−2k ⊗ Ω1
X

(logD)

↓

...

where the column under GrjF (2 ≤ j ≤ l) is given by

Sk−jΩ1
X

(logD)⊗ L3j−2k → Sk−j+1Ω1
X

(logD)⊗ L3j−3−2k ⊗ Ω1
X

(logD)

→ Sk−j+2Ω1
X

(logD)⊗ L3j−6−2k ⊗ Ω2
X

(logD),

the column under Grl+1
F is given by

Sk−l−1Ω1
X (logD) ⊗ L3l+3−2k → Sk−lΩ1

X(logD)⊗ L3l−2k ⊗ Ω1
X

+Sk−lΩ1
X (logD)1⊗L3l−2k⊗Ω1

X(logD)→ Sk−l+1Ω1
X (logD)⊗L3l−3−2k⊗Ω2

X(logD),

and the column under GrjF (l + 2 ≤ j ≤ k + 2) is given by:

Sk−jΩ1
X (logD)⊗ L3j−2k → Sk−j+1Ω1

X(logD)⊗ L3j−3−2k ⊗ Ω1
X

+Sk−j+1Ω1
X(logD)1⊗L3j−3−2k ⊗Ω1

X (logD)→ Sk−j+2Ω1
X(logD)⊗L3j−6−2k ⊗Ω2

X .

The weight 0–part W0(SkE2, θ) is of the form

GrjF (2 ≤ j ≤ k + 2) : Gr1F : Gr0F :

... Sk−1Ω1
X
(logD) ⊗ L3−2k SkΩ1

X
(logD)⊗ L−2k

↓ ↓

... SkΩ1
X
(logD)⊗ L−2k ⊗Ω1

X

+SkΩ1
X
(logD)1 ⊗ L−2k ⊗ Ω1

X
(logD)

↓

...

where the column under GrjF (2 ≤ j ≤ k + 2) is given by

Sk−jΩ1
X (logD)⊗ L3j−2k → Sk−j+1Ω1

X(logD)⊗ L3j−3−2k ⊗ Ω1
X

+Sk−j+1Ω1
X(logD)1⊗L3j−3−2k ⊗Ω1

X (logD)→ Sk−j+2Ω1
X(logD)⊗L3j−6−2k ⊗Ω2

X .
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Proof. This can be worked out using a recent result of El Zein [6, §4] for the
special case where the boundary divisor D is smooth. �

Using these results, we can prove the following theorem:

Theorem 3.3. The mixed Hodge numbers of H l(X,SkV1 ⊕ SkV2), 0 ≤ l ≤ 4
above weight l+k depend only on the number of boundary components h. More
precisely:
1. For l = 3, the only non–zero mixed Hodge number is hk+2,k+2

3 = 2h.

2. For l = 2, the only non–zero mixed Hodge numbers are hk+2,1
2 = h1,k+2

2 ≤ h
and hk+2,k+1

2 = hk+1,k+2
2 = h.

Furthermore, if
H1(X,SkV1 ⊕ SkV2) = 0,

then hk+2,1
2 = h1,k+2

2 = h.
3. For l = 1 one has

H1(X,SkV1 ⊕ SkV2) = W0H
1(X,SkV1 ⊕ SkV2).

Proof. Let V := SkV1 ⊕ SkV2. Note that:

H l(X,V) = 0 for l = 0, 4,

so we only need to consider the case when l = 1, 2, 3. Let

hp,ql := dimGrpFGr
q

F
Gr

W [l+k]
p+q (Hk(X,V)),

hp,ql,1 := dimGrpFGr
q

F
Gr

W [l+k]
p+q (Hk(X,SkV1)),

hp,ql,2 := dimGrpFGr
q

F
Gr

W [l+k]
p+q (Hk(X,SkV2)).

Note that hp,ql = hp,ql,1 + hp,ql,2 and hq,pl,1 = hp,ql,2 . From Prop. 3.2 we deduce that
hp,ql = 0 for p + q > l + 2k + 1 or p + q < l + k. From the calculation of the
cohomology of the logarithmic Higgs complex we conclude that hp,q2,1 = 0 for
0 < p < k+1, p+q > k+2 and hp,q3,1 = 0 for 0 < p < k+2, p+q > k+2. On the
other hand, by theorem 2.4, we know that hp,q2,2 = 0 for 1 < p < k+2, p+q > k+2

and hp,q3,2 = 0 for 0 < p < k + 2, p+ q > k + 2.
Case 1. l = 1
Let X∗ be the Baily-Borel compactification of X , and note that we have the
following commutative diagram:

IH1(X∗, SkV1 ⊕ SkV2) //

**UUUUUUUUUUUUUUUUU
IH1(X,SkV1 ⊕ SkV2)

��
H1(X,SkV1 ⊕ SkV2).

Since the singularities of X∗ are isolated points, we know that the maps

IH1(X∗, SkV1 ⊕ SkV2)→ H1(X,SkV1 ⊕ SkV2)

are isomorphisms [1]. Therefore, the map

IH1(X,SkV1 ⊕ SkV2)→ H1(X,SkV1 ⊕ SkV2)
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is surjective. So we have

H1(X,SkV1 ⊕ SkV2) = W0H
1(X,SkV1 ⊕ SkV2).

Case 2. l = 3
By Hodge symmetry we have hk+2,q

3 = hq,k+2
3 = 0, 0 ≤ q ≤ k + 1. So the

only unknown Hodge number is hk+2,k+2
3 . By E2-degeneration of the weight

filtration, Grk+2
F Grk+2

F
Gr

W [3+k]
k+2+k+2(H3(X,V)) =

Ker(H3(X,GrWk+1Gr
k+2
F (Ω·

X
(logD) ⊗ V,∇)) → H4(X,GrWk Gr

k+2
F (Ω·

X
(logD) ⊗ V,∇)))

Image(H2(X,GrW
k+2

Grk+2
F (Ω·

X
(logD) ⊗ V,∇)) → H3(X,GrW

k+1
Grk+2

F (Ω·
X

(logD) ⊗ V,∇)))
.

Since

H4(X,GrWk Grk+2
F (Ω·

X(logD) ⊗ V ,∇))) = H2(X,GrWk+2Grk+2
F (Ω·

X(logD) ⊗ V ,∇))
vanishes, we get

Grk+2
F Grk+2

F
Gr

W [3+k]
k+2+k+2(H3(X,V)) = H3(X,GrWk+1Gr

k+2
F (Ω·

X
(logD)⊗V ,∇)))

= H1(D,OD)⊕H1(D,OD).

Therefore hk+2,k+2
3 = 2h, where h is the number of connected components

contained in D.
Case 3. l = 2
By Hodge symmetry we have hp,q2 = hq,p2 = 0 for 1 < q < k + 1. So the only
unknown Hodge numbers are hk+2,k+1

2 = hk+1,k+2
2 , hk+1,k+1

2 , hk+2,1
2 = h1,k+2

2 .

For hk+2,k+1
2 , we know that hk+2,k+1

2,1 = hk+1,k+2
2,2 = 0. Hence we only need to

compute hk+2,k+1
2,2 . Denote by V i, i = 1, 2 the Deligne extension of SkVi. We

have Grk+1
F Grk+2

F
Gr

W [2+k]
k+1+k+2(H2(X,SkV2)) =

Ker(H2(X,GrWk+1Gr
k+1
F (Ω·

X
(logD) ⊗ V2,∇)) → H3(X,GrWk Gr

k+1
F (Ω·

X
(logD) ⊗ V2,∇)))

Image(H1(X,GrW
k+2

Grk+1
F (Ω·

X
(logD) ⊗ V2,∇)) → H2(X,GrW

k+1
Grk+1

F (Ω·
X

(logD) ⊗ V2,∇)))
.

Furthermore,

H3(X,GrWk Grk+1
F (Ω·

X(logD)⊗ V2,∇)) = H1(X,GrWk+2Grk+1
F (Ω·

X(logD) ⊗ V2,∇))
vanishes, so we get

Gr
k+1
F Gr

k+2

F
Gr

W [2+k]
k+2+k+1

(H
2
(X,S

k
V2)) = H

2
(X,Gr

W
k+1Gr

k+1
F (Ω

·
X

(logD) ⊗ V2,∇)) = H
1
(D,OD).

Therefore hk+2,k+1
2,2 = hk+2,k+1

2 = hk+1,k+2
2 = h.

Since hk+1,k+1
2,2 = 0, one has hk+1,k+1

2,1 = 0. Therefore hk+1,k+1
2 = 0.

One has Grk+2
F Gr1

F
Gr

W [2+k]
k+2+1 (H2(X,V)) =

Ker(H2(X,GrW1 Grk+2
F

(Ω·
X

(logD) ⊗ V,∇)) → H3(X,GrW0 Grk+2
F

(Ω·
X

(logD) ⊗ V,∇)))

Image(H1(X,GrW2 Grk+2
F

(Ω·
X

(logD) ⊗ V,∇)) → H2(X,GrW1 Grk+2
F

(Ω·
X

(logD) ⊗ V,∇)))
.

Since H1(X,GrW2 Grk+2
F (Ω·

X
(logD)⊗ V ,∇)) = 0, we have

Grk+2
F Gr1FGr

W [2+k]
k+2+1 (H2(X,V)) ⊂ GrW1 Grk+2

F (Ω·
X(logD)⊗ V,∇)) = H0(D,OD).

Therefore hk+2,1
2 = h1,k+2

2 ≤ h. �
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The inequality in the theorem becomes an equality under the following assump-
tion:

Corollary 3.4. If we assume

IH3(X∗, SkV1 ⊕ SkV2)k+2,1 ∼= W0H
3(X,SkV1 ⊕ SkV2)k+2,1,

where the index (k+2, 1) denotes the (k+2, 1) Hodge component, then we have

hk+2,1
2 = h1,k+2

2 = h.

Note that if

H1(X,SkV1 ⊕ SkV2) = 0,

then

IH3(X∗, SkV1 ⊕ SkV2) ∼= IH1(X∗, SkV1 ⊕ SkV2) = 0,

and hence this assumption is satisfied, since by [23] this implies

IH3(X∗, SkV1 ⊕ SkV2)k+2,1 ∼= W0H
3(X,SkV1 ⊕ SkV2)k+2,1 = 0.

Proof. From the Higgs complex and the proof of the theorem it follows that

dim IH1(X,SkV1 ⊕ SkV2)0,k+1 = dimW0H
1(X,SkV1 ⊕ SkV2)0,k+1.

Using the assumption (and [23]) we obtain therefore

dim IH3(X∗, SkV1 ⊕ SkV2)k+2,1 = dimW0H
3(X,SkV1 ⊕ SkV2)k+2,1

≤ dim IH3(X,SkV1 ⊕ SkV2)k+2,1 = dim IH1(X,SkV1 ⊕ SkV2)0,k+1

= dimW0H
1(X,SkV1 ⊕ SkV2)0,k+1 = dim IH1(X∗, SkV1 ⊕ SkV2)0,k+1.

Since by duality

dim IH3(X∗, SkV1 ⊕ SkV2)k+2,1 = dim IH1(X∗, SkV1 ⊕ SkV2)0,k+1,

we have equality in the above inequality and hence

dimW0H
3(X,SkV1 ⊕ SkV2)k+2,1 = dim IH3(X,SkV1 ⊕ SkV2)k+2,1.

Then the map

H2(X,GrW1 Grk+2
F (Ω·

X (logD) ⊗ V,∇))→ H3(X,GrW0 Grk+2
F (Ω·

X(logD) ⊗ V ,∇)))

is trivial. We have

Grk+2
F Gr1FGr

W [2+k]
k+2+1 (H2(X,V)) ∼= GrW1 Grk+2

F (Ω·
X(logD)⊗ V,∇)) = H0(D,OD).

Therefore hk+2,1
2 = h1,k+2

2 = h. �
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3.3. Case 2: End0(V1) = End0(V2) over ball quotient surfaces.

Theorem 3.5. The mixed Hodge numbers of H l(X,End0(V1)), 0 ≤ l ≤ 4
above weight l+2 depend only on the number of boundary components h. More
precisely:
1. For l = 3, the nonzero mixed Hodge number is only h4,43 = h.

2. For l = 2, the nonzero mixed Hodge numbers are only h4,22 = h2,42 = h.

Proof. We proceed as in case 1, and first compute the weight filtration
on the logarithmic Higgs complex of End0(E1) = End0(E2) ⊂ E1 ⊗ E2

which is the logarithmic Higgs bundle associated to the Deligne extension of
V := End0(V1) = End0(V2).

W3(End0(E1), θ) :

Gr4F : Gr3F : Gr2F : Gr1F : Gr0F :

Ω1
X

(logD) ⊕Ω1
X

(logD)⊗2 ⊗ L−3⊕Ω1
X

(logD) ⊗ L−3

↓ ↓∼=

Ω1
X

(logD)⊗2⊕Ω1
X

(logD)⊗3 ⊗ L−3⊕Ω1
X

(logD)⊗2 ⊗ L−3

↓∼= ↓

Ω1
X

(logD) ⊗ L3⊕Ω1
X

(logD)⊗2⊕ Ω1
X

(logD)

W2(End0(E1), θ) :

Gr4F : Gr3F : Gr2F : Gr1F : Gr0F :

Ω1
X

(logD) ⊕Ω1
X

(logD)⊗2 ⊗ L−3⊕Ω1
X

(logD) ⊗ L−3

↓ ↓∼=

Ω1
X

⊗ Ω1
X

(logD)

+Ω1
X

(logD) ⊗ Ω1
X

⊕Ω1
X

(logD)⊗3 ⊗ L−3⊕Ω1
X

(logD)⊗2 ⊗ L−3

↓ ↓

Ω1
X

⊗ L3 ⊕Ω1
X

(logD)⊗2 ⊕ Ω1
X

(logD)

W1(End0(E1), θ) :
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Gr4F : Gr3F : Gr2F : Gr1F : Gr0F :

Ω1
X

(logD) ⊕Ω1
X

(logD)⊗2 ⊗ L−3⊕Ω1
X

(logD) ⊗ L−3

↓ ↓∼=

Ω1
X

(logD) ⊗ Ω1
X

⊕(Ω1
X

(logD) ⊗ Ω1
X

⊗ Ω1
X

(logD)⊕Ω1
X

(logD)⊗2 ⊗ L−3

+Ω1
X

⊗ Ω1
X

(logD)⊗2

+Ω1
X

(logD)⊗2 ⊗ Ω1
X

) ⊗ L−3

↓ ↓

Ω1
X

(logD) ⊗ Ω2
X

⊕ Ω1
X

⊗ Ω1
X

(logD) ⊕ Ω1
X

(logD)

+Ω1
X

(logD) ⊗ Ω1
X

W0(End0(E1), θ) :

Gr4F : Gr3F : Gr2F : Gr1F : Gr0F :

Ω1
X

(logD) ⊕Ω1
X

(logD)⊗2 ⊗ L−3⊕Ω1
X

(logD) ⊗ L−3

↓ ↓∼=

Ω1
X

(logD) ⊗ Ω1
X

⊕ (Ω1
X

(logD) ⊗ Ω1
X

⊗ Ω1
X

(logD)⊕Ω1
X

(logD)⊗2 ⊗ L−3

+Ω1
X

(logD)⊗2 ⊗ Ω1
X

) ⊗ L−3

↓∼= ↓

Ω1
X

(logD) ⊗ Ω2
X

⊕Ω1
X

(logD) ⊗ Ω1
X

⊕ Ω1
X

(logD)

Note that:

H l(X,V) = 0, for l = 0, 1, 4,

so we only need to consider the case when l = 2, 3. Let

hp,ql := dimGrpFGr
q

F
Gr

W [l+2]
p+q (H l(X,V)).

From the above calculation, we know that hp,ql = 0 for p + q > l + 2 + 3 or
p+ q < l + 2.
Denote the logarithmic de Rham complex of V by (Ω·

X
(logD)⊗ V ,∇).

1. l = 3
We use the calculation of the weight filtration on the logarithmic Higgs complex
in Prop. 3.2 together with the vanishing result Cor. 1.6. This implies the
exactness of the graded subquotients Gr3F and Gr1F of W3(End0(E1), θ), and
hence that all the Hodge numbers h3,53 , h6,23 , h1,73 , h8,03 , h3,43 , h5,23 , h1,63 , h7,03 ,
h3,33 , h4,23 , h1,53 and h6,03 are 0. Consequently, by Hodge symmetry, we only need
to compute h4,43 .

By E2-degeneration of the weight filtration, Gr4FGr
4
F
Gr

W [3+2]
4+4 (H3(X,V)) =

Ker(H3(X,GrW3 Gr4F (Ω
·
X
(logD)⊗ V,∇))→ H4(X,GrW2 Gr4F (Ω

·
X
(logD)⊗ V ,∇)))

Im(H2(X,GrW4 Gr4F (Ω
·
X
(logD)⊗ V,∇))→ H3(X,GrW3 Gr4F (Ω

·
X
(logD)⊗ V,∇)))

.
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Since H4(X,GrW2 Gr4F (Ω
·
X
(logD)⊗V ,∇))) = H2(X,GrW4 Gr4F (Ω

·
X
(logD)⊗V ,∇)) =

0, we get

Gr4FGr4FGr
W [3+2]
4+4 (H3(X,V)) = H3(X,GrW3 Gr4F (Ω

·
X(logD)⊗V ,∇))) = H1(D,L⊗3

|D ).

Therefore h4,43 = h, where h is the number of connected components of D.

2. l = 2
As in the case l = 3 we know by Prop. 3.2 together with Cor. 1.6 that all the
Hodge numbers h3,42 , h5,22 , h1,62 , h7,02 , h3,32 , h1,52 , h6,02 , h3,22 , h1,42 , h5,02 are zero.
So by Hodge symmetry we only need to compute h4,22 .

Since Gr4FGr
2
F
Gr

W [2+2]
4+2 (H2(X,V)) =

Ker(H2(X,GrW2 Gr4F (Ω·
X

(logD) ⊗ V,∇)) → H3(X,GrW1 Gr4F (Ω·
X

(logD) ⊗ V,∇)))

Image(H1(X,GrW3 Gr4
F
(Ω·

X
(logD) ⊗ V,∇)) → H2(X,GrW2 Gr4

F
(Ω·

X
(logD) ⊗ V,∇)))

.

In addition, H3(X,GrW1 Gr4F (Ω·
X

(logD)⊗ V,∇)) =

= H1(X,GrW3 Gr4F (Ω·
X

(logD)⊗ V ,∇)) = 0, hence we get

Gr4FGr2FGr
W [2+2]
4+2 (H2(X,V)) = H2(X,GrW2 Gr4F (Ω

·
X(logD) ⊗ V,∇)) = H0(D,OD).

Therefore h4,22 = h2,42 = h, where h is the number of connected components of
D. �
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1 Introduction

The purpose with the present paper is to present a complete description and
classification of the simple C∗-algebras which arise from the generalised crossed
product construction of Renault, Deaconu and Anantharaman-Delaroche when
it is applied to affine maps on tori of dimension ≤ 3. The paper is written in
the conviction that progress on our understanding of the relationship between
dynamical systems and operator algebras can benefit both areas and that it is
improved by having rich classes of examples where the dynamical systems and
the associated C∗-algebras are equally tractable. The affine maps of tori consti-
tute a class of dynamical systems that are well studied and whose structures are
relatively transparent when compared to other systems. As the present paper
will demonstrate our knowledge of C∗-algebras is now comprehensive enough
to allow a complete identification and classification of the corresponding C∗-
algebras, provided the affine maps are strongly transitive and the dimension of
the torus does not exceed 3.
There are many other compact abelian groups for which it would be desirable to
have a better understanding of the C∗-algebras associated to affine maps which
are local homeomorphisms. For this reason we maintain a high level of gener-
ality before we specialise to tori of low dimension. Specifically we first describe
the general construction of Renault, Deaconu and Anantharaman-Delaroche
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from [Re], [De] and [An], which produces a locally compact étale groupoid and
hence a C∗-algebra out of a local homeomorphism. We develop a bit of the
structure theory that we need when we specialise to affine maps. In particular,
we show that the KK-equivalence class of the C∗-algebra is preserved by an
appropriate notion of homotopy. It follows from this that the C∗-algebra of
a locally homeomorphic and surjective affine map on a path-connected com-
pact group is KK-equivalent, in a unit-preserving way, to the C∗-algebra of
its linear part. This means that as far as the calculation of the K-groups is
concerned it suffices to consider group endomorphisms. Furthermore, it follows
from the classification theorem of Kirchberg and Phillips that the C∗-algebras
of two strongly transitive affine maps on the same compact metrizable path-
connected group are isomorphic provided they are purely infinite and the maps
have the same linear parts. Thanks to a recent result from [CT] we know that
the C∗-algebra of a locally injective surjection on a compact finite dimensional
metric space is purely infinite if it is simple, provided only that the map is
not injective. All in all this means that for the C∗-algebras of non-injective
strongly transitive locally homeomorphic affine maps on a compact metrizable
path-connected group it is not only the K-theory, but also the algebra itself
which is completely determined by the K-theory of the C∗-algebra coming from
the linear part of the map. Before we apply this to tori we first show that the
C∗-algebra of a locally homeomorphic affine map on a compact abelian group
is the universal C∗-algebra generated by a unitary representation of the dual
group and an isometry subject to two relations, cf. Theorem 3.2. This result
is motivated by a recent paper by Cuntz and Vershik ([CV]) where this is done
for exact endomorphisms.

Turning the attention to tori we first give necessary and sufficient conditions
for an affine surjection on a torus to be strongly transitive, cf. Theorem 4.3.
It remains then to calculate the K-theory, and in order to obtain a complete
calculation, covering all strongly transitive locally homeomorphic affine maps,
we restrict to tori of dimension ≤ 3. When all the eigenvalues of the integer
matrix which defines the endomorphism are strictly larger than one in absolute
value the endomorphism is expanding, and in this case the calculation was
performed in dimension 1 and 2 in [EHR]. The calculations in [EHR] were
based on a six-terms exact sequence which in the commutative case is the same
as the Deaconu-Muhly sequence from [DM] and [Th2]. We state here what this
sequence becomes in the general two and three dimensional cases and complete
in this way the calculation in these dimensions.

It remains then to handle the injective case which means that we must deter-
mine the C∗-algebras arising from minimal affine homeomorphisms. On the
circle these are just the irrational rotation algebras and they are well under-
stood. On the two-torus the minimal affine homeomorphisms are all conjugate
to one of the Furstenberg transformations whose C∗-algebras have been char-
acterised through the work of Lin and Phillips, [LP], [Ph2]. We show that both
the methods and the results of Lin and Phillips carry over with little effort to
the three-dimensional case. This part of the paper has some overlap with recent
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work of Reihani, [Rei], where the K-theory of the C∗-algebras of Furstenberg
transformations is studied.
Finally, we summarise our results in the three Sections 6.1, 6.2 and 6.3. They
contain a description of the orderedK-theory groups, together with the position
of the distinguished element of the K0-group represented by the unit, for all
the simple C∗-algebras one can obtain from the transformation groupoid of an
affine local homeomorphism on a torus of dimension ≤ 3. This characterises
these C∗-algebras since they are all classified by K-theory.

2 Algebras from local homeomorphisms

In this section we describe the construction of an étale groupoid and a C∗-
algebra from a local homeomorphism. It was introduced in increasing gener-
ality by J. Renault [Re], V. Deaconu [De] and Anantharaman-Delaroche [An].
Although the focus in this paper is on cases where the space is compact it will
be crucial to have access to statements and results from the locally compact
case.

2.1 The definition

Let X be a second countable locally compact Hausdorff space and ϕ : X → X
a local homeomorphism. Set

Γϕ = {(x, k, y) ∈ X × Z×X : ∃n,m ∈ N, k = n−m, ϕn(x) = ϕm(y)} .

This is a groupoid with the set of composable pairs being

Γ(2)
ϕ = {((x, k, y), (x′, k′, y′)) ∈ Γϕ × Γϕ : y = x′} .

The multiplication and inversion are given by

(x, k, y)(y, k′, y′) = (x, k + k′, y′) and (x, k, y)−1 = (y,−k, x).

Note that the unit space of Γϕ can be identified with X via the map x 7→
(x, 0, x). Under this identification the range map r : Γϕ → X is the projection
r(x, k, y) = x and the source map the projection s(x, k, y) = y.
To turn Γϕ into a locally compact topological groupoid, fix k ∈ Z. For each
n ∈ N such that n+ k ≥ 0, set

Γϕ(k, n) =
{

(x, l, y) ∈ X × Z×X : l = k, ϕk+n(x) = ϕn(y)
}
.

This is a closed subset of the topological product X×Z×X and hence a locally
compact Hausdorff space in the relative topology. Since ϕ is locally injective,
Γϕ(k, n) is an open subset of Γϕ(k, n+ 1) and hence the union

Γϕ(k) =
⋃

n≥−k
Γϕ(k, n)
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is a locally compact Hausdorff space in the inductive limit topology. The
disjoint union

Γϕ =
⋃

k∈Z
Γϕ(k)

is then a locally compact Hausdorff space in the topology where each Γϕ(k) is
an open and closed set. In fact, as is easily verified, Γϕ is a locally compact
groupoid in the sense of [Re] and an étale groupoid, i.e. the range and source
maps are local homeomorphisms.
To obtain a C∗-algebra, consider the space Cc (Γϕ) of continuous compactly
supported functions on Γϕ. They form a ∗-algebra with respect to the
convolution-like product

fg(x, k, y) =
∑

z,n+m=k

f(x, n, z)g(z,m, y)

and the involution
f∗(x, k, y) = f(y,−k, x).

To obtain a C∗-algebra, let x ∈ X and consider the Hilbert space Hx of square
summable functions on s−1(x) = {(x′, k, y′) ∈ Γϕ : y′ = x} which carries a
representation πx of the ∗-algebra Cc (Γϕ) defined such that

(πx(f)ψ) (x′, k, x) =
∑

z,n+m=k

f(x′, n, z)ψ(z,m, x)

when ψ ∈ Hx. One can then define a C∗-algebra C∗r (Γϕ) as the completion of
Cc (Γϕ) with respect to the norm

‖f‖ = sup
x∈X
‖πx(f)‖ .

Since we assume that X is second countable it follows that C∗r (Γϕ) is separable.
It is this C∗-algebra we study in the present paper when ϕ is an affine map.
Note that the C∗-algebra can be constructed from any locally compact étale
groupoid in the place of Γϕ, see e.g. [Re], [An]. Note also that C∗r (Γϕ) is noth-
ing but the classical crossed product C0(X)×ϕZ when ϕ is a homeomorphism.

2.2 The structure

By construction C∗r (Γϕ) carries an action β by the circle group T defined such
that

βλ(f)(x, k, y) = λkf(x, k, y)

when f ∈ Cc (Γϕ). This is the gauge action and it gives us an important
tool for the study of the structure of C∗r (Γϕ). To describe the fixed point
algebra of the gauge action note that the canonical conditional expectation
P : C∗r (Γϕ)→ C∗r (Γϕ)β , given by

P (a) =

∫

T

βλ(a) dλ,
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maps Cc (Γϕ) onto Cc (Γϕ(0)). If we denote the open subgroupoid Γϕ(0) by
Rϕ, it follows that

C∗r (Γϕ)
β

= C∗r (Rϕ) .

To unravel the structure of C∗r (Rϕ) and C∗r (Γϕ), consider for n ∈ N the set

R(ϕn) = {(x, y) ∈ X ×X : ϕn(x) = ϕn(y)} .

Since ϕ is a local homeomorphism R (ϕn) is a locally compact étale groupoid
(an equivalence relation, in fact) in the relative topology inherited from X×X ,
and we can consider its (reduced) groupoidC∗-algebraC∗r (R (ϕn)). NowR(ϕn)
can be identified with an open subgroupoid of Rϕ ⊆ Γϕ via the map (x, y) 7→
(x, 0, y) and when we suppress this identification in the notation we have that

Rϕ =
⋃

n

R (ϕn) .

It follows that the embeddings Cc (R (ϕn)) ⊆ Cc
(
R
(
ϕn+1

))
⊆ Cc (Rϕ) extend

to embeddings C∗r (R (ϕn)) ⊆ C∗r
(
R
(
ϕn+1

))
⊆ C∗r (Rϕ), cf. e.g. Proposition

1.9 in [Ph3], and hence that

C∗r (Rϕ) =
⋃

n

C∗r (R (ϕn)). (2.1)

Lemma 2.1. C∗r (R(ϕ)) is Morita equivalent to C0(ϕ(X)).

Proof. Except for considerations regarding continuity the arguments are the
same as in the proof of Theorem 3.2 in [Th1]. Let

Gϕ = {(y, x) ∈ X ×X : y = ϕ(x)}

be the graph of ϕ. When h ∈ Cc(Gϕ) and f ∈ Cc (R(ϕ)) define hf : Gϕ → C
such that

hf(y, x) =
∑

z∈ϕ−1(y)

h(y, z)f(z, x).

Then hf ∈ Cc(Gϕ) and we have turned Cc(Gϕ) into a right Cc(R(ϕ))-module.
Similarly, when g ∈ Cc(ϕ(X)) we define gh ∈ Cc(Gϕ) such that

gh(y, x) = g(y)h(y, x),

so that Cc(Gϕ) is also a left Cc(ϕ(X))-module. Define a Cc (R(ϕ))-valued
’inner product’ on Cc(Gϕ) such that

〈h, k〉 (x, y) = h(ϕ(x), x)k(ϕ(y), y)

and a Cc(ϕ(X))-valued ’inner product’ such that

(h, k) (y) =
∑

z∈ϕ−1(y)

h(y, z)k(y, z).
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In this way Cc(Gϕ) becomes a Cc(ϕ(X))-Cc(R(ϕ))-pre-imprimitivity bimodule
as defined by Raeburn and Williams in Definition 3.9 of [RW] and then Propo-
sition 3.12 of [RW] shows that the completion of this bimodule is the required
C0(ϕ(X))-C∗r (R(ϕ))-imprimitivity bimodule.

Let K denote the C∗-algebra of compact operators on a separable, infinite
dimensional Hilbert space. By applying Lemma 2.1 to ϕn and combining with
a well-known result of Brown, Green and Rieffel, [BGR], we conclude that

C∗r (R (ϕn))⊗K ∼= C0 (ϕn(X))⊗K.

In particular, it follows from (2.1) that C∗r (Rϕ) is an inductive limit of C∗-
algebras stably isomorphic to abelian C∗-algebras. When X is compact and ϕ
is surjective it follows that C∗r (Rϕ) is the inductive limit of a unital sequence
of homogeneous C∗-algebras with spectrum X .
The next step will be to show that the gauge action is full.

Lemma 2.2. Elements of the form fg∗, where f, g ∈ Cc (Γϕ(1)), span a dense

subspace in C∗r (Rϕ) = C∗r (Γϕ)
β
, and the same is true for the elements of the

form hk∗ where h, k ∈ Cc (Γϕ(−1)).

Proof. For each n ∈ N set

R (ϕn) = {(x, 0, y) ∈ Rϕ : ϕn(x) = ϕn(y)} .

Let F ∈ Cc (R (ϕn)) , n ≥ 2. Using a partition of unity we can write F as a sum
of functions in Cc (R (ϕn)) each of which is supported in a subset of R (ϕn) of
the form R (ϕn)∩(U×{0}×V ) where U, V are open subsets of X where ϕn+1 is
injective. We assume therefore that F is supported in R (ϕn)∩ (U ×{0}× V ).
Set U0 = r (R (ϕn) ∩ (U × {0} × V )) and V0 = s (R (ϕn) ∩ (U × {0} × V )),
both open subsets of X . Set K = r (suppF ), a compact subset of U0. Let
h ∈ Cc(X) be such that supph ⊆ U0 and h(x) = 1 for all x ∈ K. Set

A = Γϕ(1, n) ∩ (U0 × {1} × ϕ(U0))

and
B = Γϕ(−1, n) ∩ (ϕ(U0)× {−1} × V0)

which are open in Γϕ(1) and Γϕ(−1), respectively. For every (x, 1, y) ∈ A, set
f(x, 1, y) = h(x) and note that f has compact support in A. When (x,−1, y) ∈
B there is a unique element x′ ∈ U0 such that ϕ(x′) = x and (x′, 0, y) ∈
R (ϕn). We can therefore define g : B → R such that g(x,−1, y) = F (x′, 0, y).
Extending f and g to be zero outside A and B, respectively, we can consider
them as elements of Cc(Γϕ). Then f, g∗ ∈ Cc (Γϕ(1)). Since fg = f (g∗)∗ = F
this completes the proof of the first assertion because

⋃
n Cc (R (ϕn)) is dense

in C∗r (Rϕ). The second assertion is proved in the same way.

Theorem 2.3. There is an automorphism α on C∗r (Rϕ)⊗K such that C∗r (Γϕ)⊗
K is ∗-isomorphic to the crossed product (C∗r (Rϕ)⊗K) ⋊α Z.
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Proof. It follows from Lemma 2.2 that Theorem 2 of [KT] applies to give an
isomorphism

(C∗r (Γϕ) ⋊β T)⊗K ∼= C∗r (Rϕ)⊗K. (2.2)

Let α0 be the automorphism of C∗r (Γϕ) ⋊β T generating the action dual
to β. Then (C∗r (Γϕ) ⋊β T) ⋊α0 Z ∼= C∗r (Γϕ) ⊗ K by Takai duality, cf.
e.g. Theorem 7.9.3 of [Pe]. Thus, when we let α be the automorphism of
C∗r (Rϕ)⊗K corresponding to α0⊗ idK under the isomorphism (2.2) we deduce
that (C∗r (Rϕ)⊗K) ⋊α Z ∼= C∗r (Γϕ)⊗K.

When ϕ is proper and surjective, we can realise C∗r (Γϕ) as a crossed product
by an endomorphism via the procedure described in [De] and [An], and this
can be used to give an alternative proof of Theorem 2.3. Without properness
such an approach seems impossible.

Corollary 2.4. a) C∗r (Γϕ) is a separable nuclear C∗-algebra in the boot-
strap category of Rosenberg and Schochet, [RS].

b) Assume that ϕ is surjective and that C0(X) is KK-contractible. It follows
that C∗r (Γϕ) is KK-contractible.

Proof. a) is an immediate consequence of the preceding and b) follows from a)
since Theorem 2.3 and the Pimsner-Voiculescu exact sequence, [PV], implies
that the K-groups of C∗r (Γϕ) are both zero when C0(X) is KK-contractible.

2.3 Homotopy of local homeomorphisms

Let Y be a compact metric space. A path σt : Y → Y, t ∈ [0, 1], of surjective
local homeomorphisms is called a homotopy of local homeomorphisms when the
map Σ : [0, 1]× Y → [0, 1]× Y defined by

Σ(t, y) = (t, σt(y)) (2.3)

is a local homeomorphism. We say then that {σt} is a homotopy of local
homeomorphism connecting σ0 and σ1, and that σ0 and σ1 are homotopic as
local homeomorphisms.

Lemma 2.5. Let σ0 : Y → Y and σ1 : Y → Y be surjective local homeomor-
phisms. Assume that σ0 and σ1 are homotopic as local homeomorphisms. Then
there is a KK-equivalence λ ∈ KK (C∗r (Γσ0) , C∗r (Γσ1)) such that the induced
isomorphism λ∗ : K0 (C∗r (Γσ0))→ K0 (C∗r (Γσ1)) takes the element represented
by the unit in C∗r (Γσ0) to the one represented by the unit in C∗r (Γσ1).

Proof. Consider a homotopy {σt} of local homeomorphisms connecting σ0 to
σ1. Define Σ : [0, 1] × Y → [0, 1] × Y by (2.3) and observe that {0} × Y and
{1}×Y are both closed totally Σ-invariant subsets of [0, 1]×Y . By Proposition
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4.6 of [CT] we have therefore surjective ∗-homomorphisms πi : C∗r (ΓΣ) →
C∗r (Γσi) such that

kerπi ∼= C∗r

(
ΓΣ|Zi

)
,

where
Zi = ([0, 1]\ {i})× Y,

i = 0, 1. Since C0(Zi) is a contractible C∗-algebra it follows from Corollary 2.4

that C∗r

(
ΓΣ|Zi

)
is KK-contractible.

Let • denote the Kasparov product. Since we deal with separable nuclear
C∗-algebras it follows from Theorem 19.5.7 of [Bl] that

KK (C∗r (Γσi) , C
∗
r (ΓΣ))

x 7→[πi]•x
KK (C∗r (Γσi) , C

∗
r (Γσi)) (2.4)

and

KK (C∗r (ΓΣ) , C∗r (ΓΣ))
x 7→[πi]•x

KK (C∗r (ΓΣ) , C∗r (Γσi)) (2.5)

are both isomorphisms because kerπi is KK-contractible. It follows from the
surjectivity of (2.4) that there is an element [πi]

−1 ∈ KK (C∗r (Γσi) , C
∗
r (ΓΣ))

such that [πi] • [πi]
−1 =

[
idC∗

r (Γσi)

]
. Then

[πi] •
(

[πi]
−1 • [πi]

)
=
(

[πi] • [πi]
−1
)
• [πi] = [πi]

by associativity of the Kasparov product so the injectivity of (2.5) implies that

[πi]
−1 • [πi] =

[
idC∗

r (ΓΣ)

]
, i.e. [πi]

−1
is a KK-inverse of [πi]. To finish the proof,

set λ = [π1] • [π0]−1.

Recall that a continuous map ψ : X → X is strongly transitive when for every
open non-empty subset V of X , there is an N ∈ N such that

⋃N
i=0 ψ

i(V ) = X .
It was shown in [DS] that when φ : X → X is a surjective local homeomorphism
on a compact metric space X , the C∗-algebra C∗r (Γφ) is simple if and only
if X is not a finite set and φ is strongly transitive. In [CT] it was shown
that the C∗-algebra of a non-injective and surjective strongly transitive local
homeomorphism on a compact metric space of finite covering dimension is
purely infinite. Combined with Lemma 2.5 this leads to the following.

Theorem 2.6. Let X be a finite dimensional compact metric space and
ϕ : X → X, φ : X → X two surjective local homeomorphisms, both non-
injective and strongly transitive. Assume that φ and ϕ are homotopic as local
homeomorphisms. It follows that C∗r (Γφ) ∼= C∗r (Γϕ).

Proof. It follows from Corollary 6.6 of [CT] that the classification result of
Kirchberg and Phillips applies, cf. Corollary 4.2.2 of [Ph1]. The conclusion
follows therefore from Lemma 2.5.
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2.4 Strong transitivity and exactness

Let X be a compact metric space which is not a finite set, and φ : X → X a
continuous map. Recall that φ is exact when for every open non-empty subset
V ⊆ X there is an N ∈ N such that φN (V ) = X . Thus exactness implies strong
transitivity while the converse is generally not true. (For example an irrational
rotation of the circle is strongly transitive but not exact.) It was pointed out
in [DS] that a surjective local homeomorphism ϕ : X → X is exact if and only
if C∗r (Rϕ) is simple. Thus ϕ is exact if and only if C∗r (Γϕ) and C∗r (Rϕ) are
both simple while ϕ is strongly transitive and not exact if and only C∗r (Γϕ) is
simple while C∗r (Rϕ) is not.
With this section we want to point out that for locally injective and surjective
endomorphisms of compact groups, strong transitivity is equivalent to exact-
ness.

Lemma 2.7. Let φ : X → X be continuous, surjective and open. Then the
following conditions are equivalent:

i) φ is strongly transitive.

ii)
⋃
n,m∈N φ

−m (φn(x)) is dense in X for all x ∈ X.

iii)
⋃
n∈N φ

−n(x) is dense in X for all x ∈ X.

Proof. i) ⇒ iii): If there is a point x ∈ X such that

F =
⋃

n∈N
φ−n(x)

is not all of X , the set U = X\F is open, non-empty and satisfies that x /∈⋃
n φ

n(U), contradicting the strong transitivity of φ.
ii) ⇒ i): Consider an open non-empty subset V of X . For every x ∈ X there
are n,m ∈ N such that φ−m (φn(x)) ∩ V 6= ∅, i.e. x ∈ φ−n (φm(V )). Since
φ is continuous and open, and X is compact, there is an N ∈ N such that
X =

⋃
i,j≤N φ

−i (φj(V )
)
. Then X = φN (X) =

⋃2N
i=0 φ

i(V ).
Since iii) ⇒ ii) is trivial, the proof is complete.

Proposition 2.8. Let H be a compact group and α0 : H → H a continuous
surjective group endomorphism with finite kernel. Then α0 is exact if and only
if α0 is strongly transitive.

Proof. Note that α0 is open since its kernel is finite. Assume that α0 is strongly
transitive, and let 1 ∈ H be the neutral element. Consider an open non-empty
subset U ⊆ H . Set

∆ =
⋃

n

kerαn0 =
⋃

n

α−n0 (1).

Then ∆ is dense in H by Lemma 2.7. For every x ∈ H ,
⋃

n

α−n0 (αn0 (x)) = {zx : z ∈ ∆} ,
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and it follows that
⋃
n α
−n
0 (αn0 (x)) is dense in H for every x ∈ H . In particular,

there is for every x an n ∈ N such that x ∈ α−n0 (αn0 (U)). Since

α−m0 (αm0 (U)) ⊆ α−m−10

(
αm+1
0 (U)

)

for all m the compactness of H implies that H = α−N0

(
αN0 (U)

)
and therefore

that H = αN0 (U) for some N .

3 The algebra of an affine map on a compact abelian group

Let H be a compact metrizable abelian group and let G = Ĥ be its Pontryagin
dual group. Let α : H → H be a continuous affine map. That is, α is
the composition of a continuous group endomorphism α0 : H → H and the
translation by an element h0 ∈ H , viz.

α(h) = h0α0(h).

We will refer to α0 as the linear part of α. To ensure that the transformation
groupoid of α is a well-behaved étale groupoid it is necessary to assume that α
is a local homeomorphism.
Let 〈·, ·〉 denote the duality between H and G. We can then define an endo-
morphism φ : G→ G such that

〈φ(g), h〉 = 〈g, α0(h)〉 . (3.1)

Lemma 3.1. The following conditions are equivalent.

i) α is a local homeomorphism.

ii) α0 is a local homeomorphism.

iii) kerα0 and cokerα0 are finite.

iv) kerφ and cokerφ are finite.

v) kerα0 and kerφ are finite.

Proof. Straightforward.

Observe that when H is connected, cokerα0 is finite if and only if α0 is surjec-
tive.
Assume that α : H → H is an affine local homeomorphism. For each g ∈ G
we define a unitary U ′g in C(H) ⊆ C∗r (Γα) in the usual way: U ′g(x) = 〈g, x〉.
Then U ′ is a representation of G by unitaries in C∗r (Γα). Set N = # kerα0

and define an isometry Vα ∈ Cc (Γα) such that

Vα(x, k, y) =

{
1√
N

when k = 1, y = α(x)

0 otherwise.
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It is straightforward to check that VαU
′
g = 〈g, h0〉U ′φ(g)Vα and that

∑

g∈G/φ(G)

U ′gVαV
∗
αU
′
g
∗

= 1.

It follows that we can consider the universal C∗-algebra A[α] generated by
unitaries Ug, g ∈ G, and an isometry S such that

UgUh = Ug+h SUg = 〈g, h0〉Uφ(g)S
∑

g∈G/φ(G)

UgSS
∗U∗g = 1. (3.2)

Furthermore, there is a ∗-homomorphism ν : A[α]→ C∗r (Γα) such that ν(Ug) =
U ′g and ν(S) = Vα. Note that the existence of ν implies that the canonical map
C(H)→ A[α] coming from the generators Ug, g ∈ G, is injective.

Theorem 3.2. Let H be a compact metrizable abelian group and α : H → H an
affine map. Assume that α is a local homeomorphism. Then C∗r (Γα) ∼= A[α].

Proof. To construct the desired isomorphism we will show that the isomorphism
ρ : OE → C∗r (Γα) from Proposition 3.2 in [Th2] factorises through ν, i.e. that
there is a ∗-homomorphism µ : OE → A[α] such that

OE
ρ

µ

C∗r (Γα)

A[α]

ν

(3.3)

commutes. Since ρ is an isomorphism this will complete the proof if we also
show that µ is surjective. Let gi, i = 1, 2, . . . , N , be elements in G representing
the distinct elements of G/φ(G). Notice that it follows from the third of the
three relations in (3.2) that

S∗U∗giUgjS =

{
1 when i = j

0 when i 6= j.

Combined with the second relation this implies that

S∗UgS =

{
0 when g /∈ φ(G)

〈k, h0〉Uk when g = φ(k), k ∈ G.

In particular, it follows that the closure of C(H)S in A[α] is a Hilbert
C(H)-module with the ’inner product’ (a, b) = a∗b. The existence of the ∗-
homomorphism ν, or a simple direct calculation shows that

V ∗αU
′
gVα =

{
0 when g /∈ φ(G)

〈k, h0〉U ′k when g = φ(k), k ∈ G. .
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Since the C∗-correspondence E is the closure of C(H)Vα in C∗r (Γα) it follows
that we can define an isometry t : E → A[α] such that t(fVα) = fS for all
f ∈ C(H). Together with the inclusion π : C(H) → A[α] this isometry t
gives us a representation of the C∗-correspondence E in the sense of Katsura,
cf. Definition 2.1 of [Ka]. To show that this representation is covariant in
the sense of [Ka] it suffices by Proposition 3.3 in [Ka] to show, in Katsura’s
notation, that C(H) ⊆ ψt (K(E)). This follows from the observation that

Uk =
∑

j

UkUgjSS
∗U∗gj =

∑

j

ψt

(
θU ′

k
U ′

gj
Vα, U ′

gj
Vα

)

for all k. Thus (π, t) is covariant and by Definition 3.5 in [Ka] there is therefore
a ∗-homomorphism µ : OE → A[α] whose range is generated by π(C(H)) and
t(E). But this is all of A[α], i.e. µ is surjective.
It remains now only to show that ρ = ν ◦ µ. To this end observe that the two
∗-homomorphisms agree on the canonical copies of C(H) and E inside OE . As
OE is generated by these subsets the proof is complete.

3.1 Affine maps with the same linear part

The following result follows immediately from Lemma 2.5 and Theorem 2.6.

Theorem 3.3. Let H be a compact abelian path-connected second countable
group and α0 : H → H a continuous group endomorphism with finite non-trivial
kernel. Let hi ∈ H, i = 1, 2, and define αi : H → H such that αi(h) = hiα0(h).
a) It follows that C∗r (Γα1) and C∗r (Γα2) are KK-equivalent.

b) Assume in addition that α1 and α2 are both strongly transitive, and that H
is of finite covering dimension. It follows that

C∗r (Γα1) ∼= C∗r (Γα2) .

Corollary 3.4. Let H be a compact abelian path-connected second countable
group of finite covering dimension. Let α : H → H be an affine map whose lin-
ear part α0 is a continuous group endomorphism with finite non-trivial kernel.
Assume that α is exact. Then α0 is exact and

C∗r (Γα) ∼= C∗r (Γα0) .

Proof. It is easy to see that α is exact if and only of α0 is. Apply then Theorem
3.3.

Theorem 3.3 a) is generally not true when H is not connected, but it may
be that b) of Theorem 3.3 and Corollary 3.4 remain true also when H is not
connected; at least we do not know of a counterexample.

Example 3.5. Let A be a finite abelian group of order N ≥ 2. On the infinite
product AN the shift α0, given by α0((an)) = (an+1), is a surjective exact
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endomorphism with finite kernel. Fix an element x = (xn) ∈ AN and consider
the affine map α : AN → AN defined by

α((an)) = (xnan+1).

The dual group is ⊕k∈NA and the dual endomorphism φ of α0 is given by

φ((an)) = (0, a0, a1, a2, . . . )

Consider the C∗-algebraA[α] generated by unitaries and an isometry satisfying
(3.2). For a ∈ A, set ga = (a, 0, 0, 0, . . . ). Then Va = UgaS, a ∈ A, is a
collection of isometries in A[α] and

∑
a∈A VaV

∗
a = 1. Since

Ugb =
∑

a∈A
Vb+aV

∗
a

and
Uφk(ga)VbV

∗
b ∈ CVbUφk−1(ga)V

∗
b

for all k ≥ 1 and all a, b, we conclude that the Va’s generate A[α]. It follows
that A[α] is a copy of the Cuntz algebra ON . In particular, A[α] is independent
of the translation part of α.

4 Strongly transitive affine surjections on tori

A continuous map T : Tn → Tn on the n-torus is affine when it is the composi-
tion of a group endomorphism φ : Tn → Tn and the translation by an element
λ ∈ Tn, i.e.

Tx = λφ(x).

Being a continuous group endomorphism φ is determined by an integer matrix
A = (aij) ∈Mn(Z). Specifically, φ = φA where φA is given by the formula

φA (t1, t2, . . . , tn) = (ta111 ta122 · · · ta1nn , ta211 ta222 · · · ta2nn , · · · · · · , tan1
1 tan2

2 · · · tann
n )
(4.1)

for all (t1, t2, . . . , tn) ∈ Tn. It follows from Lemma 3.1 that T is a local home-
omorphism if and only if it is surjective and finite-to-one. In fact, since surjec-
tivity of φA is equivalent to non-singularity of A, and hence implies that T is
finite-to-one we conclude that T is a local homeomorphism if and only if A is
non-singular, i.e. DetA 6= 0. We call A the matrix of the linear part of T .
In [Kr] Krzyzewski has given an algebraic characterisation of which surjec-
tive group endomorphisms of tori are strongly transitive and we will here use
his results to obtain a similar characterisation of which affine surjections are
strongly transitive. To formulate Krzyzewski’s result recall that a non-constant
polynomial

akx
k + ak−1x

k−1 + · · ·+ a0

is called unimodular when ai ∈ Z for all i, ak = 1, and a0 ∈ {−1, 1}.
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Theorem 4.1. (Krzyzewski, [Kr]) Let A ∈ Mn(Z) be non-singular, i.e.
DetA 6= 0, and let fA(x) = Det(x1 − A) be the characteristic polynomial of
A. The group endomorphism φA of Tn is strongly transitive if and only if no
unimodular polynomial divides fA.

Lemma 4.2. Let φ : Tn → Tn be a surjective affine endomorphism and A ∈
Mn(Z) the matrix of its linear part. Assume that 1 is not an eigenvalue of A.
There is then a translation τ on Tn such that τφτ−1 = φA.

Proof. Let λ ∈ Rn be a vector such that Rn ∋ x 7→ Ax + λ is a lift of φ, i.e.
φ(p(x)) = p (Ax + λ) where p : Rn → Tn is the canonical surjection. Since
A − 1 is surjective on Rn by assumption there is a vector µ ∈ Rn such that
λ = (A− 1)µ. Define τ such that τt = p(µ)t and note that τφτ−1 = φA.

Theorem 4.3. Let A ∈Mn(Z) be an integral matrix with non-zero determinant
and let fA(x) = Det(x1 −A) be the characteristic polynomial of A. Write

fA(x) = (1− x)kg(x)

where k ∈ {0, 1, 2, . . . , n} is the algebraic multiplicity of 1 as a root of fA.

1) If no unimodular polynomial divides fA, every affine local homeomor-
phism of Tn with φA as linear part is exact and conjugate to φA.

2) If k ≥ 1 but no unimodular polynomial divides g, let S be the set of ele-
ments µ ∈ Tn with the property that the closed subgroup of Tn generated
by µ and {

x−1φA(x) : x ∈ Tn
}

(4.2)

is all of Tn. Then S is a dense proper subset of Tn such that an affine
map

Tx = λφA(x) (4.3)

is strongly transitive if and only if λ ∈ S. In this case no affine local
homeomorphism with φA as linear part is exact.

3) If there is a unimodular polynomial which divides g, then no affine local
homeomorphism of Tn with φA as linear part is strongly transitive.

Proof. 1) In this case 1 is not an eigenvalue of A and hence every affine local
homeomorphism with φA as linear part is conjugate to φA by Lemma 4.2. It
follows from Theorem 4.1 and Proposition 2.8 that φA is exact.
2) Note that an affine map is exact if and only if its linear part is. Moreover it
follows from Theorem 4.1 and Proposition 2.8 that φA is not exact; hence no
affine map with φA as linear part is exact. This justifies the last assertion in 2)
and shows that the set S is proper since it does not contain the neutral element.
It is dense because it contains all topological group generators of Tn. To prove
the remaining assertions in 2), consider first the affine map (4.3) and assume
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that it is strongly transitive. Let H be the closed subgroup of Tn generated by
λ and the set (4.2). It is easy to check that T−1(H) ⊆ H and then condition
iii) of Lemma 2.7 shows that H = Tn, i.e. λ ∈ S. Conversely, assume that
λ ∈ S. We use now Theorem III.12. on page 50 of [N] to get W ∈ Gln(Z) and
matrices B11 ∈Mn−k(Z), B22 ∈Mk(Z) and a (n− k)× k integral matrix B12

such that

WAW−1 =

(
B11 B12

0 B22

)
(4.4)

and such that B22 is an upper triangular matrix of the form

B22 =




1 b12 b13 . . . b1k
0 1 b23 . . . b2k
0 0 1 . . . b3k
...

...
...

. . .
...

0 0 0 . . . 1




and g is the characteristic polynomial of B11. By exchanging λ with φW (λ) and
A with WAW−1 we may assume that A is the matrix on the right-hand side of
(4.4). Let V and U be open non-empty subsets of Rn−k and Rk, respectively. It
follows from Theorem 4.1 and Proposition 2.8 that φB11 is exact which implies
that there is a N ∈ N such that

Bj11V + Zn−k = Rn−k (4.5)

for all j ≥ N . Let α ∈ Rn−k, β ∈ Rk be vectors such that p((α, β)) = λ
where p : Rn → Tn is the canonical surjection. Let ρ ∈ Tk be the image of β
and note that the affine map z 7→ ρφB22(z) is an affine homeomorphism of Tk

which, thanks to the block diagonal form (4.4) is a factor of T . Since λ ∈ S it
follows that ρ and the set

{
z−1φB22(z) : z ∈ Tk

}
generate Tk as a topological

group. It follows then from Theorem 4 in [HP] that x 7→ ρφB22(x) is a minimal
homeomorphism of Tk. There is therefore an M ∈ N such that

N+M⋃

j=N

(
Bj22U +

j−1∑

l=0

Bl22β

)
+ Zk = Rk. (4.6)

Let L : Rn → Rn be the affine map Lx = Ax + (α, β). Thanks to the block
form of A it follows from (4.5) and (4.6) that

N+M⋃

j=N

Lj(V × U) + Zn = Rn,

proving that x 7→ λφA(x) is strongly transitive.
3) It follows from Theorem III.12 on page 50 of [N] that there are W1 ∈ Gln(Z),
matrices A11 ∈Mk(Z), A22 ∈Mn−k(Z) and a k × (n− k) integral matrix A12

such that

W1AW
−1
1 =

(
A11 A12

0 A22

)
(4.7)
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and the characteristic polynomials of A11 and A22 are (1 − x)k and g, respec-
tively. We may therefore assume that A is the matrix on the right-hand side
of (4.7). Let T be an affine local homeomorphism with φA as linear part. The
projection q : Tn → Tn−k to the last coordinates gives then a factor map to an
affine local homeomorphism R : Tn−k → Tn−k whose linear part is φA22 . Since
1 is not an eigenvalue of A22 it follows from Lemma 4.2 that R is conjugate to
φA22 which by Theorem 4.1 is not strongly transitive. Since strong transitivity
is inherited by factors it follows that T is not strongly transitive either.

4.1 Local homeomorphisms of the circle

In this section we want to point out that for the torus of lowest dimension
the group endomorphisms comprise all strongly transitive non-invertible local
homeomorphisms, up to conjugacy.
Let T be the unit circle in the complex plane. For any continuous map φ : T→
T there is a unique continuous map g : [0, 1] → R such that g(0) ∈ [0, 1[ and
φ
(
e2πit

)
= e2πig(t) for all t ∈ [0, 1]. The value g(1) − g(0) ∈ Z is the degree

of φ and we denote it by dφ. For maps of positive degree the following can be
deduced from the work of Boyland in [B].

Theorem 4.4. Let φ : T→ T be a local homeomorphism such |dφ| ≥ 2. Assume
that φ is strongly transitive. Then φ is conjugate to the endomorphism z 7→ zdφ.

Proof. The proof is essentially the same which is standard for expanding maps.
Let p : R → T be the covering p(t) = e2πit and choose a continuous function
g : R→ R such that φ ◦ p = p ◦ g. Note that g(x+ 1) = g(x) + dφ and that g
is strictly increasing when dφ ≥ 2 and strictly decreasing when dφ ≤ −2. Let
M denote the set of non-decreasing continuous functions f : R → R with the
property that f(t+ 1) = f(t) + 1 for all t. Then M is a complete metric space
in the metric D defined by

D(f1, f2) = sup
t∈R
|f1(t)− f2(t)| .

Define Tg : M →M such that

Tg(f) = d−1φ f ◦ g.

Then D (Tg(f1), Tg(f2)) ≤ 1
|dφ|D(f1, f2) ≤ 2−1D(f1, f2), and there is therefore

a function h ∈M such that Tg(h) = h. Define α : T→ T such that α◦p = p◦h
and observe that α ◦ φ = βdφ ◦ α, where βdφ(z) = zdφ . We claim that h
is strictly increasing. Indeed, if not there is a non-empty open interval in R
on which h is constant, and hence also a non-empty open interval I ⊆ T on
which α is constant. Since φ is strongly transitive there is an N ∈ N such
that T =

⋃N
j=0 φ

j(I). Since α ◦ φj = βjdφ ◦ α for all j ∈ N it follows that α

is constant on φj(I) for all j, whence α is constant because T is connected.
This is impossible since h ∈ M and hence h is strictly increasing as claimed.
It follows that α is a conjugacy.
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5 K-theory calculations

Let T : Tn → Tn be a continuous affine map which is also a local homeo-
morphism. It follows from Lemma 2.5 that the K-theory groups of C∗r (ΓT )
are unchanged when we replace T by its linear part. We focus therefore in
this section on the calculation of the K-groups of C∗r (Γφ) when φ is a group
endomorphism of Tn. The main tool will be the six-terms exact sequence from
Theorem 3.7 in [EHR]. Note that it applies to our case since C∗r (Γφ) is an Exel
system in the sense of [EHR] by Theorem 9.1 of [EV], and that it is the same
as the Deaconu-Muhly six-terms exact sequence considered in [Th2].
Let φA : Tn → Tn be a group endomorphism given by the integral non-
singular matrix A, i.e. φA is defined by (4.1). Set D = |DetA| and let (φA)∗ :
K∗ (C (Tn)) → K∗ (C (Tn)) , ∗ = 0, 1, be the homomorphism induced by the
endomorphism of C (Tn) sending f to f ◦ φA and let ι : C(Tn) → C∗r (ΓφA)
be the canonical embedding. It follows from Lemma 4.3 in [EHR] that the
six terms exact sequence from Theorem 3.7 of [EHR], or from Theorem 3.3 in
[Th2], takes the form

K0 (C (Tn))
id−D(φA)0

−1

K0 (C (Tn))
ι∗

K0 (C∗r (ΓφA))

K1 (C∗r (ΓφA)) K1 (C (Tn))ι∗
K1 (C (Tn))

id−D(φA)1
−1

(5.1)

Consequently

K0 (C∗r (ΓφA)) ∼= coker
(

id−D(φA)0
−1
)
⊕ ker

(
id−D(φA)1

−1
)

(5.2)

and

K1 (C∗r (ΓφA)) ∼= coker
(

id−D(φA)1
−1
)
⊕ ker

(
id−D(φA)0

−1
)
. (5.3)

For classification purposes it is important to keep track of the distinguished
element of K0 (C∗r (ΓφA)) represented by the unit in C∗r (ΓφA). This is always
quite easy because the unit of C∗r (ΓφA) is the image of the unit in C(Tn) under
the embedding ι. In particular, the unit represents always an element in the

direct summand coker
(

id−D(φA)0
−1
)

.

In general, for n large, it is not easy to give explicit descriptions of the maps
(φA)0 and (φA)1. When n ≤ 3 the calculations are not too complicated and
can be based either on the realization of K∗ (C(Tn)) as an exterior algebra,
cf. [EHR], or more simply on a repeated use of the Künneth theorem, [S]. In
the following sections we combine the resulting six-terms exact sequences with
Theorem 4.3 to obtain a complete list of the simple C∗-algebras which arise
from strongly transitive affine maps on a torus Tn when n ≤ 3.
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5.1 The circle

As pointed out in [EHR] the calculation of the K-theory groups of the C∗-
algebra of an endomorphism of the circle of positive degree has been carried
out by several mathematicians, and [EHR] contains the calculation for endo-
morphisms of negative degree.
Let a ∈ Z\{0} and define φa : T→ T such that φa(t) = ta. Then

1) K0 (C∗r (Γφa)) = Za−1 ⊕ Z and K1 (C∗r (Γφa)) = Z when a ≥ 2,

2) K0 (C∗r (Γφ1)) = Z2 = K1 (C∗r (Γφ1)),

3) K0

(
C∗r
(
Γφ−1

))
= Z and K1

(
C∗r
(
Γφ−1

))
= Z⊕ Z2 and

4) K0 (C∗r (Γφa)) = Z|a|−1 and K1 (C∗r (Γφa)) = Z2 when a ≤ −2.

5.2 The two-torus

In this case the diagram (5.1) takes the form

Z2

(
1−|DetA| 0

0 1−ǫ(A)

)

Z2 K0 (C∗r (ΓφA))

K1 (C∗r (ΓφA)) Z2 Z2
1−ǫ(A)A

where ǫ(A) denotes the sign of DetA. This gives us the following conclusions.

1) K0 (C∗r (ΓφA)) ∼= Z ⊕ ZDetA−1 ⊕ ker(1 − A) with the unit [1] ∈
K0 (C∗r (ΓφA)) represented by 1 ∈ ZDetA−1 and K1 (C∗r (ΓφA)) ∼= Z ⊕
coker(1−A), when DetA ≥ 2.

2) K0 (C∗r (ΓφA)) ∼= Z2 ⊕ ker(1 − A) with the unit [1] ∈ K0 (C∗r (ΓφA)) rep-
resented by (1, 0) ∈ Z2 and K1 (C∗r (ΓφA)) ∼= Z2 ⊕ coker(1 − A), when
DetA = 1.

3) K0 (C∗r (ΓφA)) ∼= Z ⊕ Z2 ⊕ ker(1 + A) with the unit [1] ∈ K0 (C∗r (ΓφA))
represented by 1 ∈ Z andK1 (C∗r (ΓφA)) ∼= Z⊕coker(1+A), when DetA =
−1.

4) K0 (C∗r (ΓφA)) ∼= Z2 ⊕ Z|DetA|−1 ⊕ ker(1 + A) with the unit [1] ∈
K0 (C∗r (ΓφA)) represented by 1 ∈ Z|DetA|−1 and K1 (C∗r (ΓφA)) ∼=
coker(1 +A), when DetA ≤ −2.

When we specialise to the cases where all eigenvalues of A have modulus greater
than 1 we recover Corollary 4.12 from [EHR].
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5.3 The three-dimensional torus

In this case the exact sequence (5.1) takes the form

Z4

(
1−|DetA| 0

0 1−ǫ(A)A

)

Z4 K0 (C∗r (ΓφA))

K1 (C∗r (ΓφA)) Z4 Z4(
1−ǫ(A) 0

0 1−ǫ(A) cof(A)

)

where cof(A) = DetA
(
A−1

)t
is the cofactor matrix of A. It follows that

1) K0 (C∗r (ΓφA)) ∼= Z⊕ker(1−cof(A))⊕ZDetA−1⊕coker(1−A) with the unit
[1] ∈ K0 (C∗r (ΓφA)) represented by 1 ∈ ZDetA−1 and K1 (C∗r (ΓφA)) ∼=
Z⊕ ker(1 −A)⊕ coker (1− cof(A)), when DetA ≥ 2.

2) K0 (C∗r (ΓφA)) ∼= K1 (C∗r (ΓφA)) ∼= Z2 ⊕ ker(1 − A) ⊕ coker(1 − A) with
the unit [1] ∈ K0 (C∗r (ΓφA)) represented by (1, 0) ∈ Z2, when DetA = 1.

3) K0 (C∗r (ΓφA)) ∼= Z ⊕ ker(1 − A) ⊕ coker(1 + A) with the unit [1] ∈
K0 (C∗r (ΓφA)) represented by 1 ∈ Z and K1 (C∗r (ΓφA)) ∼= Z ⊕ ker(1 +
A)⊕ coker (1−A)⊕ Z2, when DetA = −1.

4) K0 (C∗r (ΓφA)) ∼= ker(1+cof(A))⊕Z|DetA|−1⊕coker(1+A) with the unit
[1] ∈ K0 (C∗r (ΓφA)) represented by 1 ∈ Z|DetA|−1 and K1 (C∗r (ΓφA)) ∼=
ker(1 +A)⊕ coker(1 + cof(A))⊕ Z2, when Det ≤ −2.

6 The C∗-algebras of strongly transitive affine surjections on
an n-torus, n ≤ 3

6.1 The C∗-algebra of a strongly transitive local homeomor-
phism on the circle

A continuous affine map T of the circle has the form

T t = e2πiαta

for some α ∈ R and some a ∈ Z. By combining the results of Section 4 with the
K-theory calculations listed in Section 5.1 we obtain the following conclusion.

A) When a ≥ 2 the C∗-algebra C∗r (ΓT ) is the same for all α ∈ R, it is purely
infinite and simple with K-theory groups

K0 (C∗r (ΓT )) ∼= Z⊕ Za−1, K1 (C∗r (ΓT )) ∼= Z.

The unit of C∗r (ΓT ) corresponds to 1 ∈ Za−1 ⊆ K0 (C∗r (ΓT )).
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B) When a ≤ −2 the C∗-algebra C∗r (ΓT ) is the same for all α ∈ R, it is
purely infinite and simple with K-theory groups

K0 (C∗r (ΓT )) ∼= Z|a|−1, K1 (C∗r (ΓT )) ∼= Z2.

The unit of C∗r (ΓT ) corresponds to 1 ∈ Z|a|−1 ⊆ K0 (C∗r (ΓT )).

C) When a = ±1, T is a homeomorphism and C∗r (ΓT ) is finite. When
a = −1, T is not strongly transitive and C∗r (ΓT ) is not simple. When
a = 1, T is strongly transitive if and only if α is not rational. When
α ∈ R\Q, C∗r (ΓT ) is an irrational rotation algebra and its structure is
well-known. See [EE].

It is well-known that two irrational rotation algebras are isomorphic if and
only if the two irrational rotations are conjugate. Now combine this with the
observation that the degree a of T can be read off from the K-theory groups of
C∗r (ΓT ), and the well-known fact that a minimal homeomorphism of the circle
is conjugate to an irrational rotation. Combining with Theorem 4.4 we obtain
then the following result regarding strongly transitive local homeomorphisms
of the circle.

Proposition 6.1. Two strongly transitive local homeomorphisms ϕ and ψ of
the circle are conjugate if and only if the associated C∗-algebras C∗r (Γϕ) and
C∗r (Γψ) are isomorphic.

6.2 The C∗-algebra of a strongly transitive affine surjection on
the two-torus

An affine local homeomorphism of T2 has the form

Tx = λφA(x) (6.1)

for some A ∈M2(Z) with DetA 6= 0 and some λ ∈ T2.
Most of the following results summarise the results of Theorem 4.3, Corollary
3.4 and Section 5.2, but the case DetA = 1 uses the calculation of N.C. Phillips
from Example 4.9 of [Ph2] and the classification results of Lin and Phillips from
[LP].
Assuming that neither 1 nor −1 is an eigenvalue of A we have the following:

A) When DetA ≥ 2 the C∗-algebra C∗r (ΓT ) is isomorphic to C∗r (ΓφA), it is
purely infinite and simple with K-theory groups

K0 (C∗r (ΓT )) ∼= Z⊕ ZDetA−1, K1 (C∗r (ΓT )) ∼= Z⊕ coker(1−A).

The unit of C∗r (ΓT ) corresponds to 1 ∈ ZDetA−1 ⊆ K0 (C∗r (ΓT )).

B) When DetA ∈ {−1, 1}, T is not strongly transitive and C∗r (ΓT ) is not
simple.
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C) When DetA ≤ −2 the C∗-algebra C∗r (ΓT ) is isomorphic to C∗r (ΓφA), it
is purely infinite and simple with K-theory groups

K0 (C∗r (ΓT )) ∼= Z2 ⊕ Z|DetA|−1, K1 (C∗r (ΓT )) ∼= coker(1 +A).

The unit of C∗r (ΓT ) corresponds to 1 ∈ Z|DetA|−1 ⊆ K0 (C∗r (ΓT )).

Note that it follows from Theorem 4.3 that T is not strongly transitive and
C∗r (ΓT ) not simple when −1 is an eigenvalue while 1 is not.

Assuming that 1 is an eigenvalue of A we have the following:

D) When DetA ≥ 2 the set of λ’s for which T is strongly transitive
is the dense proper subset of T2 consisting of the elements λ ∈ T2

with the property that the closed group generated by λ and the set{
x−1φA(x) : x ∈ T2

}
is all of T2. The correspondingC∗-algebrasC∗r (ΓT )

are the same simple and purely infinite C∗-algebra with K-theory groups

K0 (C∗r (ΓT )) ∼= Z2 ⊕ ZDetA−1, K1 (C∗r (ΓT )) ∼= Z⊕ coker(1−A).

The unit of C∗r (ΓT ) corresponds to 1 ∈ ZDetA−1 ⊆ K0 (C∗r (ΓT )).

E) When DetA = 1, the set of λ’s for which T is strongly transitive is a
dense proper subset of T2. For each such λ the C∗-algebra C∗r (ΓT ) is a
simple unital AH-algebra with no dimension growth, a unique trace state
and real rank zero, cf. Example 5.6 of [LP]. The ordered K-theory groups
depend on λ and are calculated in Example 4.9 of [Ph2].

F) When DetA = −1, T is not strongly transitive and C∗r (ΓT ) is not simple.

G) When DetA ≤ −2 the set of λ’s for which T is strongly transitive is
the dense proper subset of T2 which consists of the elements λ ∈ T2

with the property that the closed group generated by λ and the set{
x−1φA(x) : x ∈ T2

}
is all of T2. The correspondingC∗-algebrasC∗r (ΓT )

are the same simple and purely infinite C∗-algebra with K-theory groups

K0 (C∗r (ΓT )) ∼= Z2 ⊕ Z|DetA|−1, K1 (C∗r (ΓT )) ∼= coker(1 +A).

The unit of C∗r (ΓT ) corresponds to 1 ∈ Z|DetA|−1 ⊆ K0 (C∗r (ΓT )).

6.3 The C∗-algebra of a strongly transitive affine surjection on
the three-dimensional torus

We consider now an affine map T : T3 → T3 of the form

Tx = λφA(x) (6.2)

where A ∈M3(Z) and DetA 6= 0.
Assume first that none of the numbers 1,−1,DetA and −DetA are an eigen-
value of A.
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A) When DetA ≥ 2 the C∗-algebra C∗r (ΓT ) is isomorphic to C∗r (ΓφA), it is
purely infinite and simple with K-theory groups

K0 (C∗r (ΓT )) ∼= Z⊕ ZDetA−1 ⊕ coker(1−A),

K1 (C∗r (ΓT )) ∼= Z⊕ coker(1− cof(A)).

The unit of C∗r (ΓT ) corresponds to 1 ∈ ZDetA−1 ⊆ K0 (C∗r (ΓT )).

B) When DetA ∈ {−1, 1}, T is not strongly transitive and C∗r (ΓT ) is not
simple.

C) When DetA ≤ −2 the C∗-algebra C∗r (ΓT ) is isomorphic to C∗r (ΓφA), it
is purely infinite and simple with K-theory groups

K0 (C∗r (ΓT )) ∼= Z|DetA|−1 ⊕ coker(1 +A),

K1 (C∗r (ΓT )) ∼= Z2 ⊕ coker(1 + cof(A))

The unit of C∗r (ΓT ) corresponds to 1 ∈ Z|DetA|−1 ⊆ K0 (C∗r (ΓT )).

It follows from Theorem 4.3 that T is not strongly transitive when one of the
numbers −1, DetA and −DetA is an eigenvalue of A, but 1 is not, and when
both 1 and −1 are eigenvalues of A. It remains therefore only to consider the
case when 1 is an eigenvalue, but −1 is not.

Assume that 1 is an eigenvalue of A and that −1 is not.

D) When DetA ≥ 2 the set of λ’s for which T is strongly transitive is the
dense proper subset of T3 which consists of λ ∈ T3 with the property that
the closed group generated by λ and the set

{
x−1φA(x) : x ∈ T3

}
is all

of T3. The corresponding C∗-algebras C∗r (ΓT ) are all the same simple
and purely infinite C∗-algebra with K-theory groups

K0 (C∗r (ΓT )) ∼= Z⊕ ker(1− cof(A))⊕ ZDetA−1 ⊕ coker(1−A),

K1 (C∗r (ΓT )) ∼= Z⊕ ker(1−A)⊕ coker(1− cof(A)).

The unit of C∗r (ΓT ) corresponds to 1 ∈ ZDetA−1 ⊆ K0 (C∗r (ΓT )).

E) When DetA = 1, T is not strongly transitive unless 1 is the only eigen-
value of A in which case the set of λ’s for which T is strongly tran-
sitive is the dense proper subset of T3 which consists of the λ’s in T3

with the property that the closed group generated by λ and the set{
x−1φA(x) : x ∈ T3

}
is all of T3. With λ in this set, the C∗-algebra

C∗r (ΓT ) is a unital simple AH-algebra with no dimension growth, a unique
trace state and real rank zero. The ordered K-theory of C∗r (ΓT ) depends
on λ and is calculated in Subsection 6.4 below.

F) When DetA = −1, T is not strongly transitive and C∗r (ΓT ) is not simple.
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G) When DetA ≤ −2 the set of λ’s for which T is strongly transitive is the
dense proper subset of T3 which consists of λ ∈ T3 with the property that
the closed group generated by λ and the set

{
x−1φA(x) : x ∈ T3

}
is all

of T3. The corresponding C∗-algebras C∗r (ΓT ) are all the same simple
and purely infinite C∗-algebra with K-theory groups

K0 (C∗r (ΓT )) ∼= ker(1 + cof(A))⊕ Z|DetA|−1 ⊕ coker(1 +A),

K1 (C∗r (ΓT )) ∼= Z2 ⊕ coker(1 + cof(A))

The unit of C∗r (ΓT ) corresponds to 1 ∈ Z|DetA|−1 ⊆ K0 (C∗r (ΓT )).

6.4 Minimal affine homeomorphisms of the three-dimensional
torus and their C∗-algebras

In this section we justify the statements made under E) in the preceding section
concerning the C∗-algebras of a minimal affine homeomorphism of T3. As we
shall show the conclusion concerning the structure of the algebras will follow
from results of Lin and Phillips from [LP] once we have calculated the K-
groups and the action of the traces on K0. To do this we use the method of
Phillips from Example 4.9 of [Ph2]. First of all we note that a minimal affine
homeomorphism of a torus is uniquely ergodic with the Haar measure as the
unique invariant Borel probability measure. This follows from Theorem 4 of
[Pa] and it means that there is only a single trace state to consider.

Let A ∈ M3(Z) be a matrix for which 1 is the only eigenvalue and let λ =
(λ1, λ2, λ3) ∈ T3 be an element such that Tx = λφA(x) is minimal. Since 1
is the only eigenvalue of A minimality of T is equivalent to the condition that
the closed group generated by λ and the set

{
x−1φA(x) : x ∈ T3

}
is all of T3.

This follows from Theorem 4.3, but in the present case this is actually a result
of Hoare and Parry, cf. Theorem 4 in [HP].

It follows from Theorem III.12 on page 50 of [N] that there an element W ∈
Gl3(Z) and integers a, b, c ∈ Z such that

WAW−1 =
(

1 a b
0 1 c
0 0 1

)
.

We will therefore assume that A is equal to the matrix on the right-hand side.

Let αT : C(T3)→ C(T3) be the automorphism αT (f) = f ◦ T so that C∗r (ΓT )
is isomorphic to the crossed product C(T3)×αT Z, cf. Proposition 1.8 of [Ph3].
Let τ be the trace state of C(T3) ×αT Z induced by the Haar-measure of T3.
Thanks to the unique ergodicity of T this is the only trace state of C(T3)×αT Z.
We aim to calculate the map

τ∗ : K0

(
C(T3)×αT Z

)
→ R.

¿From the six-terms exact sequence of Pimsner and Voiculescu, [PV], we con-
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sider the piece

K0(C(T3))
id−(αT )∗

−1

K0(C(T3))
i∗

K0(C
∗
r (ΓT ))

∂

K1

(
C(T3)

)
K1

(
C(T3)

)
id−(αT )∗

−1

(6.3)

which gives an isomorphism

K0(C∗r (ΓT )) ∼= coker
(

id−(αT )∗
−1
)
⊕ ker

(
id−(αT )∗

−1
)
. (6.4)

¿From the calculations in Section 5.3 we deduce that coker
(

id−(αT )∗
−1
)
∼=

Z⊕ coker(1 −A) and

ker
(

id−(αT )∗
−1
)
∼= Z⊕ ker(1− (At)−1). (6.5)

On K0(C(T3)) all traces induce the map which takes a projection to its rank
and it follows therefore that τ∗ : Z⊕ coker(1−A)→ R is the map which picks
up the first coordinate from Z and annihilates coker(1−A).

The first direct summand Z in ker
(

id−(αT )∗
−1
)

is generated, as a subgroup of

K1

(
C(T3)

)
by the image u of [z]⊗[z]⊗[z] ∈ K1 (C(T))⊗K1 (C(T))⊗K1 (C(T))

under the composed map

K1 (C(T))⊗K1 (C(T))⊗K1 (C(T))→ K1 (C(T))⊗K0

(
C(T2)

)
→ K1

(
C(T3)

)

coming from two applications of the Künneth theorem. (Here z denotes the
identity function on T, considered as a unitary in C(T).) It follows from Theo-
rem V. 12 and Theorem VI. 11 in [Ex] that τ∗ takes this generator u, considered
as an element of K0(C

∗
r (ΓT )), to an integer k ∈ Z. By exchanging u − k[1]

for u we can therefore assume that τ∗ annihilates the first Z-summand from

ker
(

id−(αT )∗
−1
)

.

To get a picture of how τ∗ acts on ker(1− (At)−1) observe that

ker(1− (At)−1) =
{

(x1, x2, x3) ∈ Z3 : ax1 = cx2 + (b − ac)x1 = 0
}
.

The identification of ker(1−(At)−1) with a subgroup of K1(C(T3)) coming from
(6.5) will be suppressed in the following; it is given by the map (x1, x2, x3) 7→∑3

i=1 xi[ui] where ui ∈ C(T3) is the unitary ui(z1, z2, z3) = zi. Fix a group
embedding Φ0 : ker(1 − (At)−1) → K0(C∗r (ΓT )) such that ∂ ◦ Φ0 = id. Write
λj = e2πiαj for some αj ∈ R, j = 1, 2, 3. It follows then from Theorem IX. 11 of
[Ex] that for any element ξ = (x1, x2, x3) of ker(1− (At)−1) there is an integer
kξ such that

τ∗ ◦ Φ0(ξ) = x1α1 + x2α2 + x3α3 + kξ.
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We can therefore change Φ0 on group generators to obtain another embedding
Φ : ker(1 − (At)−1) → K0(C∗r (ΓT )) such that Φ0(ξ) − Φ(ξ) ∈ Z[1] for all
ξ ∈ ker(1− (At)−1) and

τ∗ ◦ Φ(x1, x2, x3) =
3∑

j=1

xjαj

for all x1, x2, x3 ∈ ker(1− (At)−1). It follows that there is an isomorphism

Ψ : Z2 ⊕ ker(1 − (At)−1)⊕ coker(1−A)→ K0(C∗r (ΓT ))

such that τ∗ ◦Ψ(x, y, u, v) = x+η(u), where x, y ∈ Z, u ∈ ker(1− (At)−1), v ∈
coker(1−A), and η : ker(1− (At)−1)→ R is given by

η(x1, x2, x3) = x1α1 + x2α2 + x3α3.

In all cases α3 ∈ τ∗ (K0(C∗r (ΓT ))). Since λ and
{
x−1φA(x) : x ∈ T3

}
must

generate T3 in order for T to be minimal we see that α3 must be irrational.
It follows therefore from Corollary 5.3 of [LP] that C∗r (ΓT ) is a unital simple
AH-algebra with no dimension growth, a unique trace state and real rank zero,
as claimed in E) of Section 6.3. Furthermore, it follows from Theorem 4.5 in
[Ph2] that the positive semi-group of K0(C∗r (ΓT )) under the isomorphism Ψ
becomes the set

{0} ∪
{

(x, y, u, v) ∈ Z2 ⊕ ker(1 − (At)−1)⊕ coker(1−A) : x+ η(u) > 0
}
.

In this way we have obtained a complete description of K0(C
∗
r (ΓT )) as a par-

tially ordered group. In this picture the order unit coming from the unit in
C∗r (ΓT ) is (1, 0, 0, 0).

Remark 6.2. When only one of the λi’s are different from 1 the preceding
description of the order on K0 can be obtained from Theorem 7.2 of [Rei]. On
the other hand it follows from the calculation above that in our setting the
range of the trace on K0 can have rank 3 and 4 which is not possible when the
C∗-algebra comes from a Furstenberg transformation.

The difficulties in extending our approach to tori of higher dimensions come
not only from the increasing complexity of the K-theory calculations, but arises
also from the algebraic conditions for strong transitivity described in Theorem
4.3. Already in dimension 4 they become quite complicated, cf. Corollary 3 in
[Kr], and can no longer be described in a simple way in terms of the eigenvalues
for the matrix of the linear part.
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Introduction

Let E be an elliptic curve defined over a number field K. Assume that p is an
odd prime such that E has good ordinary reduction at the primes of K lying
over p. Let K∞ be a (not necessarily commutative) p-adic Lie extension of K
containing the cyclotomic Zp-extension Kcyc of K with the additional property
that the Galois group Gal(K∞/K) is pro-p with no elements of order p. The
dual Selmer group X(E/K∞) of the elliptic curve over K∞ of the associated
Galois representation has been extensively studied (see [OV], [OV1], [HV]). In
recent works, Greenberg proved broad generalizations on the structure of the
dual Selmer group for deformations, when the extension K∞/K is commutative
(see [Gr3] and [Gr4]). The aim of this paper is to establish analogues of these
results when K∞/K is a non-commutative p-adic Lie extension. More precisely,
we consider R-adic deformations of the Galois representation associated to the
elliptic curve; here R is a complete, local Noetherian domain which is finite flat
over the Iwasawa algebra Zp[[X ]]. Such deformations give rise to a big Galois
representation

ρ : GK → GL2(R).
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In this context, there are associated Iwasawa modules that are finitely gen-
erated over the Iwasawa algebra R[[G]] where G := Gal(K∞/K). We study
the ranks of these Iwasawa modules and also analyse the dual Selmer group
of the deformation, proving in particular that it has no non-zero pseudo-null
R[[G]]-submodule. Our investigation was inspired by the article of Greenberg
[Gr3] but the methods used are different as Greenberg’s methods crucially rely
on the Iwasawa algebra R[[G]] being a commutative Noetherian local ring. To
prove the corresponding results in this non-commutative setting, we need to
use subtle methods from the theory of non-commutative Iwasawa algebras. We
then adapt the techniques of Ochi and Venjakob [OV] and Jannsen [J] to our
context along with specialisation arguments. We stress that our main result on
the non-existence of non-zero pseudo-null submodules is for the strict Selmer
group, and in section 6 we compare the strict Selmer group with the Greenberg
Selmer group. As an application of our methods, we study the variation of
the Iwasawa invariants of the Selmer groups in the Hida family. Analogous re-
sults for the cyclotomic Zp-extension were proved by Emerton-Pollack-Weston
[EPW], while Chandrakant [Sh] and Jha [Jh] study non-commutative p-adic
Lie extensions, and our results strengthen those of [Sh] and [Jh]. Specifically,
it is assumed in [Sh] that the cyclotomic µ-invariant of the dual Selmer group
at a specialisation vanishes, whereas we do not make this strong assumption.

The paper consists of eight sections. Section 1 is preliminary in nature while
in sections 2 and 3 we formalize the tools and techniques needed to adapt the
methods of Ochi and Venjakob [OV] and Jannsen [J]. In sections 4 and 5, we
prove the reflexivity of some local Iwasawa modules and establish results on the
R[[G]]-ranks of certain cohomology modules. In section 6, we prove the main
result on the dual Selmer group and in section 7, we discuss the surjectivity
of the global to local map defining the Selmer group. In section 8, we apply
the main result to study the invariance of various Iwasawa invariants at the
specialisations.

Acknowledgements: The authors gratefully acknowledge the hospitality of
the Tata Institute of Fundamental Research Centre for Applied Mathematics
(TIFRCAM), Bangalore, while part of this paper was being written. The
second author was supported by an NSERC grant. We thank K. Ardakov for
helpful discussions, and we would also like to thank the referee for a careful
reading and commenting extensively, which helped improve the exposition in
the paper.

1. Notation and preliminaries

Let Q̄ be a fixed algebraic closure of Q and for every prime integer l let Q̄l be
a fixed algebraic closure of Ql. Fix an embedding Q →֒ Q̄l for every prime l.
Throughout, p will denote an odd prime number. Let GQ denote the absolute
Galois group of Q and Gl denote the decomposition subgroup above a prime of
l given by this embedding. Suppose that E is an elliptic curve defined over Q
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such that E has ordinary reduction at p. We denote by TpE the Tate module
of the elliptic curve E. Let

ρ0 : GQ −→ AutZp(TpE)

be the associated Galois representation giving the action of GQ on TpE. Since E
has ordinary reduction at p, there exists a Gp-submodule F+TpE of TpE of Zp-
rank one such that the action of Gp on F−TpE := TpE/F

+TpE is unramified.

In fact, F−TpE is canonically identified with the Tate module TpẼ of Ẽ where

Ẽ denotes the reduction of E modulo p.
Let Λ be a commutative Noetherian local domain isomorphic to the power series
ring Zp[[X ]]. Our aim is to study the structure of Iwasawa modules arising from
the Galois cohomology of certain Λ-adic deformations of ρ0. Specifically, we
consider an R-adic representation

ρ : GQ −→ GL2(R)(1)

for a complete Noetherian local domain R which is a finite flat extension of Λ,
such that ρ satisfies the following hypotheses:

Hypothesis 1.

(a) There exists a continuous Zp-algebra homomorphism λ : R −→ Zp such
that λ ◦ ρ = ρ0.

(b) ρ is unramified outside the primes p, the infinite prime and the primes
dividing the conductor N of E.

(c) Let T denote the free R-module of rank two on which GQ acts by ρ.
Then there exists an R-submodule F+T which is invariant under the
action of Gp and such that both F+T and T /F+T are free R-modules
of rank one. The decomposition group Gp acts on T /F+T via an un-
ramified character ηp.

An important example we have in mind is the Hida deformation. We recall
this here briefly. For more details see [Gr1], [Wi], [Hi]. Let χ : GQ −→ Z∗p =
µp−1 × (1 + pZp) be the p-th cyclotomic character, where µp−1 denotes the
group of (p − 1)-th roots of unity. Let κ denote the composition of χ with
the projection onto 1 + pZp. Then κ induces an isomorphism Gal(Qcyc/Q) =

Γ
∼−→ 1 + pZp, where Qcyc denotes the cyclotomic Zp-extension of Q. Let

Λ = Zp[[Γ]] := lim←−Zp[Γ/piΓ] be the Iwasawa algebra of Γ. Then the ring
Λ is a commutative Noetherian local domain isomorphic to the power series
ring Zp[[X ]] in one variable. If E is defined over Q and the residual Galois
representation associated to ρ0 is absolutely irreducible, then by Hida theory,
there exists a complete Noetherian local domain R which is finite flat over Λ,
and an R-adic form F that gives rise to a representation ρ̃ : GQ −→ GL2(R)
which satisfies all the properties stated in Hypothesis 1. Further, it also satisfies
the following two properties:

(i) Let ǫ : 1 + pZp −→ Q̄∗p be the inclusion. Then for every k ∈ Zp the ho-

momorphism ǫk : 1 + pZp −→ Q̄∗p induces a Zp-algebra homomorphism

ǫk : Λ −→ Q̄p. Let k ≥ 2 and let φ ∈ Hom(R, Q̄p) be a Zp-algebra
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homomorphism such that φ|Λ = ǫk. Then, φ ◦ ρ̃ : GQ −→ GL2(Q̄p)
is equivalent (over Q̄p) to the Q̄p-representation corresponding to a
weight k cusp form for Γ(Np).

(ii) Let pk denote the prime ideal of Λ defined by the kernel of the ho-
momorphism ǫk. If k ∈ Z and k ≥ 2, then pk remains unramified in
R.

For property (ii) we refer the reader to [EPW, Theorem 2.1.3(3)] (or [GS,
Theorem 2.6(a)]). For more details and examples, see the last part of §6. In
general R is not equal to Λ. One needs to impose extra conditions to get
R = Λ. In fact, R = Λ holds whenever E is a CM elliptic curve whose residual
representation is absolutely irreducible. When E is not a CM elliptic curve,
then there exists a set of primes of Q of density one for which this condition is
satisfied (for instance see [NP, section 4]).
Throughout this article, R will denote a commutative, complete local Noether-
ian domain with maximal ideal m and residue field F, which is a finite field
extension of Z/pZ. In Sections 4 and 8, we shall assume that R is a regular
local ring to prove our results. Our main results in Section 6 and Section 7 are
however valid for more general rings, namely Noetherian local domains of Krull
dimension two. For a profinite group G and a commutative, Noetherian ring S,
we denote by S[[G]] the completed group algebra lim←−U S[G/U ] where U varies

over open normal subgroups of G, and the inverse limit is taken with respect
to the natural maps. All modules considered over the ring S[[G]] will be as left

modules. For a compact (resp. discrete) S[[G]]-module M, we denote by M̂
the Pontryagin dual Hom(M,Qp/Zp) of M which is a discrete (resp. compact)
S[[G]]-module. Let D be a discrete R-module with a continuous action of G

such that the dual D̂ is a free R-module of rank r. For a finitely generated
R[[G]]-module M , we define

M [D] := ̂HomR(M,D) = M ⊗R D̂,
where G acts diagonally on the tensor product.

2. Fox Lyndon and The Big Diagram

Let K be a number field. Fix an R-adic representation

σ : Gal(K̄/K) −→ GLr(R),

and let T be the free R-module of rank r corresponding to this representation.

We denote by D be the discrete R[[Gal(K̄/K)]]-module defined by T ⊗ R̂.
Throughout, we assume that the action of Gal(K̄/K) onD is unramified outside
a finite set of primes of K. We denote by S(K) a finite set of primes of
K containing each prime above p, every archimedean prime and every prime
whose inertia group acts non-trivially on D. Let Sf (K) denote the set of all
finite primes in S(K) and put Sp(K) = {v ∈ Sf(K) : v|p}. By KS, we shall
mean the maximal S(K)-ramified extension of K. Let K(D) be the extension
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of K defined by the kernel of σ and let K1 be the extension of K defined by
the kernel of the residual representation of σ.

Lemma 2.1. The extension K(D) is contained in KS and K(D)/K1 is pro-p.

Proof. The first assertion is clear. Let Kn be the extension defined by the
kernel of the representation σn : Gal(K̄/K) −→ GLr(R/m

n)) and let Gn =
Gal(K(D)/Kn). We have Gal(K(D)/K1) = lim←−n≥1G1/Gn. Let GLnr be the

subgroup of GLr consisting of matrices (ai,j) such that ai,j ∈ mn if i 6= j and
ai,j ∈ 1 +mn if i = j. Then

Gn
Gn+1

→֒ GLnr
GLn+1

r

∼= Mr

[
mn

mn+1

]
,

where Mr[
mn

mn+1 ] is the corresponding additive subgroup of the matrix

ring Mr[
R

mn+1 ]. This shows that each Gn/Gn+1 is a p-group. Therefore
Gal(K(D)/K1) is pro-p. �

Let Ω be the maximal S-ramified p-extension of K(D) (resp. K1). The ex-
tension Ω/K is Galois. Let K∞ be a p-adic Lie extension of K such that (i)
K∞ ⊂ Ω, (ii) the Galois group Gal(K∞/K) is a pro-p, p-adic Lie group with
no elements of order p and (iii) K∞ contains the cyclotomic Zp-extension Kcyc

of K; here Gal(K∞/K) is not assumed to commutative. Such an extension is
called an admissible extension of K. Put

Gal(Ω/K) = G, Gal(KS/K) = GS , Gal(Ω/K∞) = H,
Gal(KS/K∞) = HS and Gal(K∞/K) = G.

As D is fixed now, for a compact R[[G]]-module M, we will denote M [D] by
M#. Then the profinite group G is a pro-C-group which is topologically finitely
generated such that cdp(G) ≤ 2 (see [OV]); here C is a class of finite groups
closed under taking subgroups, homomorphic images and group extensions.
Let G be generated by d elements. Then there is the following commutative
diagram with exact rows and columns

(2) 1 1

1 // H

OO

// G

OO

// G // 1

1 // R

OO

// Fd

OO

// G // 1

N

OO

N

OO

1

OO

1

OO
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where Fd is a free pro-C-group of rank d. We fix the following notation.

X = XH,D := ̂H1(H,D)

Y = YH,D := (I#G )H
J = JH,D := ker(R[[G]]#H −→ (D̂)H).

Note that there is an isomorphism ̂H1(HS ,D) ≃ ̂H1(H,D).

Lemma 2.2. We have a commutative diagram with exact rows and columns as
below

0 0

J

OO

J

OO

0 // ̂H2(HS,D) // H1(N , R)#H
// R[[G]]dr

OO

// Y //

OO

0

0 // ̂H2(HS,D)

OO

// H1(N , D̂)H

OO

// H1(R, D̂)

OO

// ̂H1(HS ,D)

OO

// 0

0

OO

0.

OO

Also H1(N , R)# is a projective R[[G]]-module and H1(N , R)#H is a projective
R[[G]]-module.

�

There is a similar lemma when the number field K is replaced by a finite
extension of Ql, l a prime number. In this case, in place of KS, we take an
algebraic closure K̄ of K. We also have the following two lemmas.

Lemma 2.3. The R[[G]]-module R[[G]][D] is free of rank r and therefore if M
is a projective R[[G]]-module, then M [D] is also a projective R[[G]]-module.

Lemma 2.4. There is a canonical exact sequence

0 −→ H1(N , R) −→ R[[G]]d −→ R[[G]] −→ R −→ 0.

The proof of the above statements are entirely analogous to the proof of [OV,
Lemma 4.5, Lemma 4.2] and [NSW, Theorem 5.6.6] respectively.

3. A spectral sequence

Let S be a not necessarily commutative ring. For a finitely generated S-module
M , we will denote by EiS(M) the (right) S-module ExtiS(M,S) for any integer
i ≥ 0 and set EiS(M) = 0 for i < 0. However, we shall always consider the case
when S is a completed group ring and hence EiS(M) is endowed with a natural
left module structure (see [J, Section 1, page 175]). The subscript S from the
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notation will be dropped whenever there is no ambiguity. We also write M+

for E0(M).

Definition 1. If M 6= 0 is an S-module, then j(M) := min{i|Ei(M) 6= 0} is
called the grade of M .

Next, we recall the definition of the “transpose functor”. For a finitely pre-
sented S-module M , take any projective resolution P1 → P0 → M → 0 of M
by finitely generated projective modules P0 and P1. Then DM is defined as
the cokernel of the induced map (P0)+ → (P1)+. This is well defined up to
homotopy. We will also need the following exact sequence (see [J]).

0→ E1(DM)→M
φM−−→M++ → E2(DM)→ 0.

A finitely generated S-module M is said to be reflexive if φM is an isomor-
phism and M is said to be torsion free (resp. torsion) if φM is injective (resp.
φM is zero). If S is a Noetherian domain then the torsion elements of M form
a submodule which coincides with E1(DM). We say that a finitely generated
S-module M is pseudo-null if grade j(M) ≥ 2.
In this section, we prove various results which are generalizations of analogous
results proved in [NSW, (Section 5.4, 5.6)] and [J]. Again, the proofs are
not substantially different but we include them for the sake of completeness,
checking that the appropriate modifications are valid in this general setting.
Let G be any profinite group and M be a finitely generated R[[G]]-module.
Then

M+ = HomR[[G]](M,R[[G]])

∼= lim←−
U⊳openG

HomR[G/U ](M,R[G/U ])

∼= lim←−
U

HomR[G/U ](MU , R[G/U ])

∼= lim←−
U

HomR(MU , R) (limit being taken via the norm map)

∼= lim←−
i

lim←−
U

HomR(MU , R/m
i)

The third isomorphism is given by

HomR(MU , R) −→ HomR[G/U ](MU , R[G/U ])

f 7→ (x 7→
∑

σ∈G/U
f(σ−1x)σ).

The above calculation shows that

M̂+ ∼= lim−→
i

lim−→
U

HomR(MU , R/m
i)′

where N ′ denotes HomZp(N,Qp/Zp) for an abelian group N . Note that

HomR(MU , R/m
i) is a discrete (in fact finite) abelian group. Therefore we
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have Hom(MU , R/m
i)′ ∼= ̂Hom(MU , R/mi) (see also [J, section 2]). For an

open normal subgroup U ⊂ G
HomR(MU , R/m

i)′

∼= HomR(R ⊗R[[U ]] M,R/mi)′

∼= HomR[[U ]](R,HomR(M,R/mi))′

∼= (HomR(M,R/mi)U )′.

Here, HomR(M,R/mi) is a discrete G-module because R/mi is a discrete G-

module. The proof of this fact follows from [Br, Lemma 3.4]. Therefore M̂+

can be written as a composition of the following two covariant functors:

M
LCp−−−→ ( ̂HomR(M,R/mi)) = (M ⊗R R̂/mi)

and

(Mi)
lim−→D0(−̂)
−−−−−−→ lim−→

i,U

((M̂i)
U )′,

where D0(−̂) := lim−→U
H0(U, −̂)′ is the functor defined by Tate [S, Appendix

1] whose rth derived functor is Dr(−̂) := lim−→U
Hr(U, −̂)′. Let P be a finitely

generated projective R[[G]]-module. Since HomR(P,R/mi) is a direct sum-
mand of a coinduced R[[G]]-module, it is cohomologically trivial. Therefore

̂HomR(P,R/mi) is a D0(−̂) -acyclic module for every i ≥ 1. This shows that
the first functor takes projective objects to acyclic objects of the second func-
tor. Therefore if R[[G]] is a Noetherian ring, then we have the convergence of
the following spectral sequence of homological type.

Theorem 3.1. Let G be any profinite group such that R[[G]] is a Noetherian
ring and let M be a finitely generated R[[G]]-module. Then,

lim−→
i

Dr( ̂LsCp(M))⇒ ̂Er+s(M)

where LsCp(M) = TorsR(M, R̂/mi) ∼= ̂ExtsR(M,R/mi).

Corollary 3.2. Let D be a discrete R[[G]]-module such that D̂ is a finitely
generated free R-module. Then, as U varies over the open normal subgroups of
G, for every r ≥ 0 we have

lim−→
i

lim−→
U

Hr(U,HomR(D̂, R/mi))′ ∼= Êr(D̂).

Proof. Since D̂ is free R-module ExtsR(D̂, R/mi) = 0 for all s ≥ 1. Therefore
the spectral sequence degenerates and the result follows. �

Remark 3.3. In the proof of Theorem 3.1 we have assumed that the ring
R[[G]] is Noetherian. Without this assumption, the category of finitely gen-
erated R[[G]]-modules need not be an abelian category and therefore we can
not use the spectral sequence arguments to prove the theorem. Nevertheless,
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Corollary 3.2 can be proved without the assumption that the ring R[[G]] is Noe-

therian. Indeed, since D̂ is a finitely generated free R-module, it follows from

Lemma 2.3 that D̂ has a resolution by finitely generated projective (in fact free)
R[[G]]−modules. For any finitely generated projective module P , the module
HomR(P,R/mi) is cohomologically trivial as explained in the proof of Theo-

rem 3.1. Therefore if P• −→ D̂ −→ 0 is a resolution of D̂ by finitely generated

projective R[[G]]-modules, then 0 −→ Hom(D̂, R/mi) −→ Hom(P•, R/mi) is a

resolution of the discrete G-module Hom(D̂, R/mi) by cohomologically trivial
G-modules. Thus we have,

Êr(D̂) = Hr(P̂+
• )

= Hr(lim−→
i

lim−→
U

(HomR(P•, R/m
i)U )′)

= lim−→
i

lim−→
U

Hr(HomR(P•, R/m
i)U )′

= lim−→
i

lim−→
U

Hr(U,HomR(D̂, R/mi))′

Let K be a finite field extension of Q or a finite field extension of Ql, l a prime
integer. We follow the notation of the previous section.

Lemma 3.4. The R[[G]]-module H1(N , R) is finitely generated.

Proof. Let U be an open normal pro-p subgroup of G. Then it suffices to show
that H1(N , R) is a finitely generated R[[U ]]-module. Since R is a complete
Noetherian local domain with finite residue field of characteristic p, there exists
an integer n ≥ 0 such that R is a finitely generated module over the power series
ring Zp[[T1, · · · , Tn]]. Thus we may assume that R = Zp[[T1, · · · , Tn]]. Using
induction on the number of variables n, and Nakayama’s lemma, it is enough
to prove the lemma when R = Zp. Now the assertion of the lemma follows
from [J, Theorem 5.1(c)]. �

Proposition 3.5. Let ZD = ZD,K∞ denote the Pontryagin dual of
(lim−→D2(HomR(D, R/mi)))H Then,

(i) ZD = DY = E2
R[[G]](D̂)H.

(ii) Z+
D = ̂H2(HS ,D).

Proof. From Lemma 3.4 and the proof of [NSW, Proposition 5.6.8] we have,

DY = E2
R[[G]](D̂)H. From Corollary 3.2 we have, ZD = E2

R[[G]](D̂)H. This

proves the first assertion. From Lemma 2.2 we have the following exact se-
quence

0 −→ ̂H2(HS ,D) −→ H1(N , R)#H −→ R[[G]]dr −→ Y −→ 0,

where the two terms in the middle are projective R[[G]]-modules. The second
assertion follows from the proof of [J, Lemma 4.6] and the above exact sequence.

�
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4. Grade and Reflexivity

For a compact (resp. discrete) R[[G]]-module M, let M∗ denote the discrete
(resp. compact) R[[G]]-module HomZp(M,µp∞) where µp∞ is the group of all
p-power roots of unity. Throughout this section, we assume that R is a regular
local domain with residue field Fp. Then R[[G]] is an Auslander regular ring
(see [V, Theorem 3.30] and [E, Theorem 4.3]). In fact, using [Wa, Lemma 2.6]
it can be shown that if R is of mixed characteristic, then R[[G]] is a complete
Auslander regular local domain with residue field Fp. More generally, if G is a
uniform pro-p group and R is a complete regular local domain of characteristic
p, then R[[G]] is a complete Auslander regular local domain with finite residue
field (see for instance [V] for the definition of uniform group).

Lemma 4.1. Suppose that K is a finite extension of Ql, where l is a prime

number. Then, ZD is isomorphic to the Pontryagin dual of HomR(D̂, R)∗
H

and in particular, is a finitely generated R-module.

Proof. We have,

ẐD = (lim−→
i

D2(Hom(D̂, R/mi)))H = (lim−→
i

lim−→
U

H2(U,Hom(D̂, R/mi))′)H

= (lim−→
i

lim−→
U

(Hom(D̂, R/mi)∗)U )H ( by local duality)

= (lim−→
i

HomR(D̂, R/mi)∗)H ∼= (HomR(D̂, R)∗)H.

�

For an R[[G]]-module M and an ideal I of R, put M [I] = {x ∈ M : rx =
0 ∀r ∈ I}. We prove the following algebraic lemma which will be needed later
in this section .

Lemma 4.2. LetM be a finitely generated R[[G]]-module and assume that λ ∈ R
such that the following holds:

(i) The grade of M/λM as an (R/λ)[[G]]-module is > k.
(ii) The grade of M [λ] as an (R/λ)[[G]]-module is > k − 1.

Then the grade of M as an R[[G]]-module is > k.

Proof. For any ring S and λ ∈ S a central element, we have the following
spectral sequence

ExtpS/λ(M/λ,Extqs(S/λ, S))⇒ Extp+qS (M/λ, S)

[W, Exercise 5.6.3]. If λ is a non-zero divisor of S then we have an exact
sequence

0→ S
λ−→ S → S/λ→ 0.

Thus we have,

Exti(S/λ, S) ∼= S/λ for i = 1

= 0 for i 6= 1
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Therefore the spectral sequence collapses to give Extp−1S/λ(M/λ, S/λ)
∼= ExtpS(M/λ, S). Now, we take S = R[[G]]. Then by assumption we have
ExtpR[[G]](M/λ,R[[G]]) = 0 for all p ≤ k + 1. From the short exact sequence

0→M/M [λ]
λ−→M →M/λM → 0,

for all i ≤ k we have an isomorphism

ExtiR[[G]](M,R[[G]])
λ

−̃→ ExtiR[[G]](M/M [λ], R[[G]]).

We also have,

Exti+1
R[[G]](M [λ], R[[G]]) = Exti+1

R[[G]](M [λ]/λ,R[[G]])

= ExtiR/λ[[G]](M [λ]/λ,R/λ[[G]])

= ExtiR/λ[[G]](M [λ], R/λ[[G]]) = 0 for all i ≤ k − 1.

Therefore the short exact sequence

0 −→M [λ] −→M −→M/M [λ] −→ 0,

gives an isomorphism

ExtiR[[G]](M/M [λ], R[[G]])
∼−→ ExtiR[[G]](M,R[[G]]) for all i ≤ k.

Thus, we have shown that for all i ≤ k, we have isomorphisms

ExtiR[[G]](M,R[[G]])
λ

→̃ ExtiR[[G]](M/M [λ], R[[G]])
∼→ ExtiR[[G]](M,R[[G]]).

Therefore ExtiR[[G]](M,R[[G]]) = λExtiR[[G]](M,R[[G]]) for all i ≤ k. Now the
lemma follows using Nakayama lemma. �

Proposition 4.3. Let K be a finite extension of Ql and suppose that K∞/K
is a p-adic Lie extension of K with cdp(G) = k, where G = Gal(K∞/K). Then
the grade of DY as an R[[G]]-module is greater than or equal to k .

Proof. Since ZD is a finitely generated R-module, ExtsR(ZD, R/mi) is finite
for all s ≥ 0. Being a pro-p, p-adic Lie group, G = Gal(K∞/K) is a
Poincaré p-group [La]. Therefore Dr(ExtsR(ZD, R/mi)) = 0 for all r 6= k
(see [S, Appendix 1, Theorem 3]). From Theorem 3.1, we conclude that

Ên(ZD) ∼= lim−→i
Dk(Extn−kR (ZD, R/mi)) for all n ≥ k and is zero for all n < k.

Therefore the grade of DY = ZD is ≥ k. �

Corollary 4.4. If cdpG ≥ 2 then both Y and X are torsion free, and if
cdpG ≥ 3 then both Y and X are reflexive.

Proof. The assertion for Y follows from Proposition 4.3. Since X is a sub-
module of Y, it follows that X is also torsion free. Consider the right most
vertical sequence in Lemma 2.2. It follows by an application of snake lemma
that E2(DY ) is isomorphic to a submodule of J (see [OV, Lemma 5.4]). Since
J is torsion free and E2(DY ) is pseudo-null, E2(DY ) must be zero. Hence X
is a reflexive R[[G]]-module. �
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Proposition 4.5. Let K be a finite extension of Ql and K∞ be a p-adic Lie
extension of K such that cdpGal(K∞/K) ≥ 2. Suppose that there exists a
prime ideal P of R such that R/P is normal, and a finite extension of Zp
with the property that ZD/PZD is finite. Then the grade of ZD ≥ 3 as an
R[[G]]-module.

Proof. Since R/P is normal and finite over Zp, the ring R/P is regular local.
Therefore P is generated by a regular sequence. We shall prove the proposition
by induction on the number of generators of P . We shall repeatedly use the
fact (see Lemma 4.1) that ZD is finitely generated as an R-module. First,
suppose that P is generated by one element λ. Since ZD/λ is finite, the grade
of ZD/λ as an R/λ[[G]]-module is ≥ 3 [J, Corollary 2.6]. Further, as ZD[λ] is
a finitely generated R/λ-module, it follows from [loc.cit.], that grade of ZD[λ]
is ≥ 2. It then follows from Lemma 4.2 that grade ZD ≥ 3. It is easily seen
using Lemma 4.1 that for an element λ ∈ R, we have ZD/λ ∼= ZD[λ]. Now
choose λ to be an element which is part of a regular sequence of P . Then by
induction hypothesis, the grade of ZD[λ] as an R/λ[[G]]-module is ≥ 3. Since

ZD[λ] is a finitely generated R-module, ExtsR(ZD[λ], R/mi) is finite for each i
and s. Thus by an argument similar to Proposition 4.3, and using the fact the
dimension of G is ≥ 2, it can be seen that En(ZD[λ]) = 0 for all n ≤ 1. Thus
grade ZD[λ] ≥ 2. Now the proposition follows using Lemma 4.2. �

Corollary 4.6. Under the assumptions of Proposition 4.5, both Y and X are
reflexive. �

5. Coranks of Galois cohomology modules

In this section, we compute the ranks of certain Galois cohomology mod-
ules. We assume that R = Λ, where Λ is isomorphic to the power series
ring Zp[[X1, · · · , Xn]] in n variables with n ≥ 1. More generally, if R is a finite
flat extension of Λ, and in addition, is a regular local domain, then the rank
of a finitely generated R[[G]]-module M can be computed in terms of the rank
of M over Λ[[G]] and the rank of R over Λ. Note that if G is a pro-p, p-adic
Lie group such that G has no p-torsion, then by the remark of the previous
section, R[[G]] is a complete local Noetherian domain which satisfies the Aus-
lander regular condition. The non-zero elements of this ring form an Ore set
and we denote the skew field of fractions of R[[G]] by Q. The rank of any
module over Q is well defined. If M is a finitely generated compact R[[G]]-
module, then we define the rank of M , denoted by rank(M), to be the rank of
Q⊗R[[G]] M over Q. We prove the following theorem which generalizes [OV1,
Theorem 3.2] to Λ-adic representations.

Theorem 5.1. Let K be a number field such that K(D)/K is pro-p and let
K∞ be a pro-p, p-adic Lie extension of K. Assume that G = Gal(K∞/K)

has no p-torsion. Then rank( ̂H1(HS ,D)) = r(K).r + rank( ̂H2(HS ,D)), where
r denotes the corank of D as an R-module and r(K) denotes the number of
complex places of K.
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Proof. From the right vertical exact sequence in Lemma 2.2 we have,

rank( ̂H1(KS/K∞,D)) = rank(Y )− rank(J)(3)

rank(J) = rank(R[[G]]#)H(4)

rank(Y ) = rank(R[[G]]dr)− rank(H1(N , R)#)H + rank(H2(H, D̂)).(5)

Let P be prime ideal of R such that R/P ∼= Zp. Then, since R and Zp are
regular local, P is generated by a regular sequence. Let λ ∈ P be a generator
of a height one prime ideal (λ) of R. From the exact sequence

0 −→ R
λ−→ R −→ R/λ −→ 0,

we get

0 −→ H1(N , R)
λ−→ H1(N , R) −→ H1(N , R/λ) −→ 0.

The above sequence is exact because N has cohomological dimension ≤ 1 and
N acts on R trivially. This in turn gives the following exact sequence.

H1(N , R)#H
λ−→ H1(N , R)#H −→ H1(N , R/λ)#H −→ 0.

Therefore

H1(N , R)#H
λH1(N , R)#H

∼= H1(N , R/λ)#H

Since H1(N , R)#H is R[[G]]-projective, and R[[G]] is local, the module

H1(N , R)#H is in fact free. Therefore the rank of H1(N , R)#H as an R[[G]]-

module is the same as the rank of H1(N , R/λ)#H as an (R/λ)[[G]]-module.
Choosing a height one prime ideal P , and applying this argument succes-

sively, we get that the rank of H1(N , R/P )#H as an R/P [[G]]-module is the

same as the rank of H1(N , R)#H as an R[[G]]-module. Now it follows from

[OV1, Theorem 3.2] that the rank of H1(N , R)#H as an R[[G]]-module is
r(d − r(K) − 1). Recall that d denotes the rank of the free pro-C-group
Fd defined in (2). Therefore from equation (5), we see that the rank of
Y is r(r(K) + 1). From equation (4) and Lemma 2.3 the rank of J is
r. Substituting the rank of Y and the rank of J in equation (3), we get

rank(H1(KS/K∞, D̂)) = r(K)r + rank(H2(KS/K∞, D̂)). �

Theorem 5.2. Let K be a finite extension of Ql, l a prime number. Sup-
pose that K∞ is a pro-p, p-adic Lie extension such that Gal(K∞/K) has no p

torsion. Then rank( ̂H1(K∞,D)) = r[K : Qp] if l = p and is 0 if l 6= p.

Proof. The proof of this theorem is analogous to the global case. Notice that
H2(K∞,D) = 0 because cdpGal(K̄/K∞) ≤ 1. �

We have the following more general theorem, for which we need not assume
that K(D)/K is pro-p.

Documenta Mathematica 17 (2012) 573–606



586 Sudhanshu Shekhar and R. Sujatha

Theorem 5.3. Let K be number field and let K∞ be a p-adic Lie extension of
K. Then

rkR[[G]]( ̂H1(K∞,D))− rankR[[G]]( ̂H2(K∞,D))

= (r1(K) + r2(K))r −
∑

v real

dimFp(D[m])+,

where (−)+ denotes the invariant part with respect to the complex conjugation
and D[m] = {x ∈ D|ax = 0 ∀ a ∈ m}.
Proof. We shall prove the theorem for R = Zp[[X ]]. A proof for higher di-
mensional power series rings can be given using a similar method. Using the
Hochschild-Serre spectral sequence and following the proof of [HV, 7.4] we
obtain ∑

i≥0
(−1)i+1corankR[[G]]H

i(KS/K∞,D)

=
∑

i,j≥
(−1)i+j+1corankRH

j(G,Hi(KS/K∞,D))

=
∑

n≥0
(−1)n+1corankRH

n(KS/K,D)

By [Gr3, 2.1, 3.5], we can choose a height one prime ideal λ such that R/λ ∼=
Zp and corankR(Hn(KS/K,D)) = corankZp(Hn(KS/K,D[λ])). Therefore we
have,

∑

i≥0
(−1)i+1corankR[[G]]H

i(KS/K∞,D)

=
∑

n≥0
(−1)n+1corankZpH

n(KS/K,D[λ])

=
∑

n≥0
(−1)n+1dimFH

n(KS/K,D[m])

= (r1(K) + r2(K))r −
∑

v real

dimFp(D[m])+

For the last equality see for example [NSW, 8.6.4] or [HV, 7.4]. The R[[G]]-rank
of H0(KS/K∞,D) is zero and Hi(KS/K∞,D) = 0 for all i ≥ 3. Hence the
theorem follows. �

6. Selmer groups

In this section, we study the Selmer groups of R-adic representations over p-adic
Lie extensions of a number field. We will mainly consider two particular types
of admissible extensions, namely the False Tate extensions [HV] and certain
higher dimensional p-adic Lie extensions of K. We continue with the notation
of sections 1 and 2. From now on Λ will denote the power series ring Zp[[X ]]
in one variable. Fix an R-adic representation

ρ : GQ −→ GL2(R)
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as in section 1 and let T be the underlying R[[GQ]]-module. We assume that
ρ satisfies Hypothesis 1. In this section, we shall assume that R is a complete
Noetherian local domain which is a finite flat extension of Λ. Let K be a
number field and suppose that K∞ is a pro-p, p-adic Lie extension of K such
that G = Gal(K∞/K) does not have any p-torsion. As before, let S(K) be the
set of primes of K containing the primes over p, the primes where ρ is ramified
and the infinite primes. Let Sf denote the set of finite primes of S(K) and Sp
denote the primes in S(K) lying over p. Consider the discrete R[[GQ]]-module
defined by

A = T ⊗R R̂
where R̂ = Hom(R,Qp/Zp) is the Pontryagin dual of R with trivial action of

GQ. Let F+A denote the submodule F+T ⊗R R̂ and F−A denote the quotient

A/F+A ∼= T /F+T ⊗R R̂ of A. Put A = TpE⊗Qp/Zp. By Hypothesis 1, there
exists a prime ideal P with P = kerλ such that T /P corresponds to TpE.
Then A ∼= A[P ] [Gr3, section 1]. Recall that the Selmer group of A over K∞
is defined by

Sel(A/K∞) = Ker(H1(KS/K∞,A)
γ∞−→

⊕

v∈S(K)

Jv(A,K∞))

where

Jv(A,K∞) =





∏

w|v
H1(K∞,w,A/F+A) if v|p

∏

w|v
H1(K∞,w,A) if v ∤ p

We remark that dimension theory for Auslander regular rings (see for example
[V]) enables one to prove results on the existence of non-trivial pseudo-null
submodules for a finitely generated module over an Auslander regular domain.
But when R is not regular local, the ring R[[G]] is not necessarily Auslander
regular. The following algebraic lemma is therefore useful in the study of
pseudo-null submodules. This may be well known to experts, but we give a
proof of this as it is important for establishing results in a more general context.

Lemma 6.1. Let M be a finitely generated R[[G]]-module. Then M is a pseudo-
null R[[G]]-module if and only if M is a pseudo-null Λ[[G]]-module.

Proof. We shall show that for a finitely generated R[[G]]-module M ,
jR[[G]](M) = jΛ[[G]](M). Let r denote the rank of R over Λ. We have

R⊗Λ ExtiΛ[[G]](M,Λ[[G]]) ∼= ExtiR[[G]](R ⊗Λ M,R[[G]])

∼= ExtiR[[G]](M
r, R[[G]])

∼= ExtiR[[G]](M,R[[G]])r .

Note that R ⊗Λ ExtiΛ[[G]](M,Λ[[G]]) = 0 if and only ExtiΛ[[G]](M,Λ[[G]]) = 0.

Therefore ExtiΛ[[G]](M,Λ[[G]]) = 0 if and only if ExtiR[[G]](M,R[[G]]) = 0. This
proves the assertion. �
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Our next result is a generalization of the results proved by Greenberg and
Hachimori-Venjakob. Greenberg has considered the case when G is commuta-
tive andA is a cofinitely generated module overR [Gr3, Theorem 1]. Hachimori
and Venjakob consider the case of an elliptic curve with G not necessarily com-
mutative [OV, Theorem 4.7].

Theorem 6.2. If H2(KS/K∞,A) = 0, then ̂H1(KS/K∞,A) has no non-zero
pseudo-null R[[G]]-submodule.

Proof. From Lemma 2.2 and the proof of [OV, Theorem 4.6], we have
̂H1(KS/K∞,A) does not have any non-trivial pseudo-null Λ[[G]]-submodule.

Note that here we have used that Λ[[G]] is an Auslander regular domain. Now
the theorem follows from Lemma 6.1. �

Lemma 6.3. If a finitely generated Λ-module M is torsion, then there exist
infinitely many height one prime ideals p of Λ such that M/p is finite.

Proof. By the structure theorem for finitely generated torsion modules over Λ,
any prime ideal p of height one that does not divide the characteristic ideal of
M has the desired property.

�

Let us denote A/F+A by B. For a prime v of K and w be a prime of K∞ lying
over v, putHw = Gal(K̄v/K∞,w). Let Gw (resp. Tw) denote the decomposition
group (resp. the inertia group) of w in G. To prove the non-existence of pseudo-
null submodules of the dual Selmer group, we need to prove the following result
related to the module ZB,K∞,w which we considered in Section 3. Recall that

the decomposition group Gp at p acts on T /F+T via an unramified character
η. Let Frp denote the Frobenius at p.

Lemma 6.4. Suppose that dim Gw = dim Tw for all primes w of K∞ lying
above primes v ∈ Sp(K). If η(Frp) is not of finite order, then ZB,K∞,w is a
finitely generated torsion Λ-module.

Proof. From Lemma 4.1, we have ̂ZB,K∞,w
∼= (HomR(B̂, R)∗)Hw , where Hw

denotes the absolute Galois group of K∞,w. Since K∞ contains Kcyc, Hw acts

trivially on µp∞ , thus we have an isomorphism of Hw-modules HomR(B̂, R)∗ ∼=
̂

HomR(B̂, R). Since Gw and Tw have the same dimension, there exists a finite
extension Fv of Kv in K∞,w such that K∞,w is totally ramified over Fv. Since
B is unramified at p, we have that

̂
HomR(B̂, R)

Hw

=
̂

HomR(B̂, R)
GFv

,

where GFv denotes the absolute Galois group of Fv. Now taking the Pontryagin
dual, we get that

ZB,K∞,w
∼= HomR(B̂, R)GFv

∼= HomR(B̂, R)

(Frv − 1)HomR(B̂, R)
,
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where Frv denotes the Frobenius at v in GFv . By assumption, η(Frp) is not of

finite order. Therefore η(Frv) is not the identity element. Since HomR(B̂, R)
is a free R-module of rank one and R is domain, it follows that ZB,K∞,w is a
torsion R-module, and hence a torsion Λ-module. �

Lemma 6.5. Suppose that the assumptions of Lemma 6.4 hold. Then for every
prime w of K∞ lying above a prime v ∈ Sp(K) such that dim Gw = 2, we have
that Jv(A,K∞) is a coreflexive Λ[[G]]-module.

Proof. Choose a prime w of K∞ such that w|v for some v ∈ Sp(K).
Then we know that the Λ[[G]]-module Jv(A,K∞) can also be written as

CoindGw

G (H1(K∞,w,B)). Therefore ̂Jv(A,K∞) = IndGw

G (H1(K∞,w, B̂)). Since
Λ[[G]] is flat over Λ[[Gw]], it follows that

E0
Λ[[G]]E

0
Λ[[G]](IndGw

G (H1(K∞,w, B̂)) ∼= IndGw

G E0
Λ[[Gw]]E

0
Λ[[Gw]](H1(K∞,w, B̂).

From Lemma 6.4 and 6.3 we conclude that there exists a height one prime ideal
p of Λ such that Λ/p is a finite extension of Zp and ZB,K∞,w/p is finite. Now

it follows from Corollary 6.7 that H1(K∞,w, B̂) is a reflexive Λ[[Gw]]-module.
Therefore

E0
Λ[[Gw]]E

0
Λ[[Gw]](H1(K∞,w, B̂) ∼= H1(K∞,w, B̂).

This shows that

E0
Λ[[G]]E

0
Λ[[G]](IndGw

G (H1(K∞,w, B̂)) ∼= IndGw

G (H1(K∞,w, B̂)),

thereby proving the assertion of the proposition. �

Remark 6.6. If η(Frp) is of finite order, then there exists a finite extension F ′

of Q and a prime v of F ′ lying above p such that η factors through F ′v. Thus
if we take F ′ = K, then the image of Frobenius in GF acts by multiplication
by one. In this case we see that ZB,K∞,w is free of rank one. Thus the above
proposition does not hold and the local Galois cohomology groups fail to be
coreflexive.

We mention that if P is a prime ideal of R such that TP := T /P is a lattice of
the Galois representation associated to a Hecke eigenform fP of weight k ≥ 3
with ordinary reduction at p, then it is known that the action of Frobenius in
Gp on the unramified quotient of TP is given by multiplication by an element
whose complex norm is not one. If TP is the Tate module TpE of E and E
has good ordinary reduction at p, then the same assertion holds. From this,
it follows that if T is the Hida deformation of E as discussed in Section 1,
then η(Frp) is not of finite order, and hence the assumptions of Lemma 6.5 are
satisfied.

Proposition 6.7. Suppose that for every prime w of K∞ lying over a prime
v|p of K, dim Gw ≥ 3. Then Jv(A,K∞) is a coreflexive Λ[[G]]-module.

Proof. From our assumption and Corollary 4.4, it follows that for every prime

w of K∞ lying above a prime v|p in K, the Λ[[Gw]]-module H1(K̄w/K∞,w, Â)
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is reflexive. It now follows from the proof of Proposition 6.5 that Jv(A,K∞) is
a coreflexive Λ[[G]]-module for all v|p. �

Proposition 6.8. Let v be a prime of K such that v ∤ p and w be a prime of
K∞ such that w|v. If dim Gw ≥ 2 then we have H1(K∞,w,A) = 0.

Proof. From Corollary 4.4 and the assumption of the proposition, it follows that
H1(K∞,w,A) is cotorsion free as a Λ[[G]]-module. But Theorem 5.2 implies
that H1(K∞,w,A) is a cotorsion module. This forces H1(K∞,w,A) = 0. �

Lemma 6.9. Consider the following exact sequence of Λ[[G]]-modules:

0 −→ U −→ V −→W −→ 0.

Suppose V does not have any non-trivial pseudo-null Λ[[G]]-submodule and U is
a reflexive Λ[[G]]-submodule. Then W does not contain any non-trivial pseudo-
null submodule.

Proof. See [HO, Lemma 3.5]. �

We finally state the following important theorem for R-adic representations
which generalises a similar theorem proved in [HV, Theorem 2.6(ii)] for p-adic
representations.

Theorem 6.10. Suppose that the following assumptions hold:

(i) For every prime w of K∞ lying above a prime v ∈ Sp(K), dim Gw =
dim Tw = 2 and η(Frp) is not of finite order.

(ii) For every prime w of K∞ lying above a prime v ∈ S(K) \ Sp(K),
dim Gw ≥ 2.

(iii) H2(KS/K∞,A) = 0.

If the global to local map γ∞ in the exact sequence defining the Selmer group is

surjective, then ̂Sel(A/K∞) has no non-trivial R[[G]] pseudo-null submodule.

Proof. From Proposition 6.8 and the assumption in the theorem, we have

0 −→ Sel(A/K∞) −→ H1(KS/K∞,A)
γ∞−→

⊕

v|p
Jv(A,K∞) −→ 0

Taking Pontryagin duals, we get the exact sequence

0 −→
⊕

v|p

̂Jv(A,K∞) −→ ̂H1(KS/K∞,A) −→ ̂Sel(A/K∞) −→ 0.

By Proposition 6.5 the first term in the above sequence is a reflexive Λ[[G]]-
module and the middle term has no non-trivial pseudo-null submodule (Propo-
sition 6.2). From Lemma 6.9 we have Sel(A/K∞) does not contain any non-
trivial pseudo-null Λ[[G]]-submodule. Thus, the theorem follows on applying
Lemma 6.1. �

We mention that the assumptions (i) and (ii) of the theorem hold when K =
K(µp) and K∞ is a False Tate extension K(µp∞ ,m

1/p∞) of K where m is an
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integer prime to p such that m is divisible by the conductor N of E, and is also
p-power free.

We now study an other type of Selmer group defined by Greenberg in [Gr] for
cyclotomic extensions. Let v ∈ Sp(K) and w be a prime of K∞ such that w|v.

We write I∞,w for the inertia subgroup of the Galois group G(Kw,∞/Kw,∞).

The Selmer group SelGr(A/K∞) of A over K∞ is defined as

SelGr(A/K∞) = Ker(H1(KS/K∞,A) −→
⊕

v∈S(K)

JGrv (A,K∞))

where

JGrv (A,K∞) =

{ ∏
w|vH

1(I∞,w,A/F+A) if v|p∏
w|vH

1(K∞,w,A) if v ∤ p

We shall show that if Hypothesis 1 and assumption (i) of Theorem 6.10 hold,

then Sel(A/K∞) = SelGr(A/K∞). This will show that the ̂SelGr(A/K∞) has
no non-trivial pseudo-null submodule. Let v|p be a prime of K, and w|v be a
prime of K∞. Then from the Hochschild-Serre spectral sequence, we have

0 −→ H1(Hw, (A/F+A)I∞,w ) −→ H1(Hw,A/F+A) −→ H1(I∞,w,A/F+A)Hw

where, Hw = Gal(Kw,∞/Kw,∞)/I∞,w →֒ Gal(Kw/Kw)/Iw ∼= Ẑ, and is hence
topologically cyclic. We shall show that the first term in the above exact
sequence vanishes. It follows from Hypothesis 1(c) that I∞,w acts trivially
on A/F+A. Thus we need to show that H1(Hw,A/F+A) = 0. We claim
that Hw acts non-trivially on A/F+A. Suppose this is not true. This im-
plies that Hw = Gal(Kw,∞/Kw,∞) acts trivially on A/F+A, and hence on

(HomR(B̂, R)∗, where B = A/F+A. Now by an argument similar to Lemma
6.4, it follows that there exists a finite extension Fv of Kv inside K∞,w such that
the absolute Galois group GFv of Fv acts trivially on B. But this contradicts
assumption (i) of Theorem 6.10. Therefore Hw act non-trivially on B. Now
using the fact that Hw is procyclic we conclude that H1(Hw,B) ∼= B/(s− 1)B
where, s is the generator of Hw. Since s does not act trivially and B is cofree,
we see that (s− 1)B = B. Therefore H1(Hw,B) = H1(Hw, (A/F+A)I∞,w ) = 0.
We consider the following commutative diagram:

0 // Sel(A/K∞)

��

// H1(KS/K∞,A)

��

//
⊕

v∈S(K) Jv(A,K∞))

f

��
0 // SelGr(A/K∞) // H1(KS/K∞,A) //

⊕
v∈S(K) J

Gr
v (A,K∞).

The kernel of the last vertical map is product of H1(Hw, (A/F+A)I∞,w ), where
w varies over set of primes of K∞ lying above p. But we have already shown
that H1(Hw, (A/F+A)I∞,w ) = 0. Now it follows from the snake lemma that

SelGr(A/K∞) ∼= Sel(A/K∞). Thus we have have the following Corollary to
Theorem 6.10.
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Corollary 6.11. Suppose that the assumptions of Theorem 6.10 hold. Then
̂SelGr(A/K∞) does not have any non-trivial pseudo-null R[[G]]-submodule.

�

Suppose that E has split multiplicative reduction at p and consider the Selmer
group Sel(A/K∞) associated to the Galois representation of E. Then the
module H1(Hw, A/F

+A) is a cofinitely generated non-trivial Zp-module. This
is true because on the unramified quotient A/F+A, the Frobenius acts trivially.
Let M denote the product of H1(Hw, A/F

+A), where w varies over primes
of K∞ lying above p. If dim G = dim Gw = 2 for every prime v|p, then
there are finitely many primes of K∞ above each prime v of K as the index
of decomposition groups are finite. Therefore M is cofinitely generated as a
Zp-module. Now using snake lemma we see that there exists an exact sequence

0 −→ Sel(A/K∞) −→ SelGr(A/K∞) −→M −→ 0.

Therefore the Pontryagin dual of SelGr(A/K∞)-contains a non-trivial Zp[[G]]-
submodule which is also a finitely generated Zp-module and therefore a pseudo-
null Zp[[G]]-module. However, we remark that this does not rule out the exis-

tence of non-trivial pseudo-null Zp[[G]]-submodules for ̂Sel(A/K∞) as the local
Galois cohomology groups above p fail to be reflexive (cf. Lemma 6.5).

In the previous section, we considered the Selmer group of A over p-adic Lie ex-
tensions satisfying condition (i) of Theorem 6.10. Now we consider the Selmer
group over certain higher dimensional p-adic Lie extensions for which this con-
dition is not needed.

Theorem 6.12. Suppose that for every prime w of K∞ lying above a primes
v ∈ Sp(K), dim Gw ≥ 3. Suppose further that assumptions (ii) and (iii) of
Theorem 6.10 hold. If the global to local map γ∞ defining the Selmer group

Sel(A/K∞) is surjective, then ̂Sel(A/K∞) has no non-trivial R[[G]] pseudo-
null submodule.

Proof. We notice from Proposition 6.7 that for every prime v of K lying above a
prime p, the Λ[[G]]-module Jv(A,K∞) is coreflexive. The rest of the argument
is analogous to Theorem 6.10 and the result follows. �

Let K be a number field such that K = K(Ep) and K∞ be a p-adic Lie
pro-p extension of K that contains K(Ep∞). Put G = Gal(K∞/K). If E
has no complex multiplication, then it is well known that, the Galois group
of K∞/K is a pro-p, p-adic Lie group without p-torsion and is of dimension
at least 4. Further, if E has good reduction at the primes of K dividing
p, then for every prime v|p, the dimension of Gv is greater than equal to 3
([S1, IV-43], see also [CH, Lemma 5.1]). If v ∤ p and E does not have good
reduction at v, then E has potentially multiplicative reduction at v by a result
of Serre-Tate [ST, 2,Corollary 2] and thus the dimension of Gv is ≥ 2. Let
S(K) = {v|p}∪ {v|v ∤ p and E has bad reduction at v} ∪ {v|∞}. Suppose that
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K∞ ⊂ KS. Then all the assumptions of Theorem 6.12 on the dimension of the
p-adic Lie group G are satisfied.
We remark that if E has split multiplicative reduction at a prime v|p then the
dimension of Gw may not be equal to 3 for a prime w|v. But if we consider
the Hida deformation of E as discussed in Section 1, then for every k ≡ 2
mod p − 1 the modular form corresponding to the specialisation of weight k
will be the ordinary p-stabilization of a modular form of level prime to p and
trivial nebentype. If we take K∞ to be a pro-p, p-adic Lie extension whose
Galois group has no p-torsion and contains the trivializing extension for the
Galois representation of any such modular form, then one always expect that
dim Gw ≥ 3 for every prime w of K∞ lying above p. Nevertheless, under
certain assumptions it is proved in [EV] that for all but finitely many such
specialisations of Hida deformation this is indeed true. Thus for all those p-
adic Lie extensions, the same result holds.

So far we have considered the case when R is a local domain. Now suppose
that R is a complete semi-local reduced Noetherian ring and there exists a
representation ρ satisfying Hypothesis 1(b) and 1(c). Let T denote the asso-
ciated GK-module. Then in this case, we can once again define the discrete

R[[GK ]]-module A := T ⊗R R̂. One may wonder about the existence of non-
trivial pseudo-null R[[G]]-submodules for the corresponding dual Selmer group.
We discuss this question now. In this case, R splits into a direct product of
local rings Rm, where m varies over the set of maximal ideals of R. Then
T splits as a direct sum of T m. Consider the discrete R[[G]]-module Am de-

fined by T m ⊗R R̂ ∼= T m ⊗Rm Rm ⊗R R̂. Then A splits into a direct sum of

Am. Note that Rm ⊗R R̂ ∼= ̂HomR(Rm, R) ∼= ̂HomRm(Rm, Rm). Therefore

Am ∼= T m ⊗Rm R̂m.

Proposition 6.13. Suppose that for every maximal ideal m of R, ̂Sel(Am/K∞)
does not have any non-trivial, pseudo-null Rm[[G]]-submodule. Then

̂Sel(A/K∞) does not have any non-trivial, pseudo-null R[[G]]-submodule.

Proof. Since A splits into a direct sum of Am as Galois modules, ̂Sel(A/K∞)

splits into a direct sum of ̂Sel(Am/K∞) as a module over R[[G]], where each
component is an Rm[[G]]-module and the action is component wise. Now

by assumption, each component ̂Sel(Am/K∞) has no non-trivial, pseudo-null

Rm[[G]]-submodule and therefore for every maximal idealm of R, ̂Sel(Am/K∞)
does not have any non-trivial, pseudo-null Λ[[G]]-submodule. This shows

that ̂Sel(A/K∞) does not have any non-trivial, pseudo-null Λ[[G]]-submodule.

Therefore ̂Sel(A/K∞) does not have any non-trivial, pseudo-null R[[G]]-
submodule. �

We mention that a local factor Rm of R in the above proposition may not
be a domain. But our result on the non-existence of non-trivial, pseudo-null
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submodules of the dual Selmer group associated to a Galois representation over
the local ring R assumes that it is a domain. In fact, we have used that R is a
domain only in the proof of Lemma 6.4. Now we generalize the above result to a
more general context. Suppose that R is a reduced, complete local Noetherian
ring and let T be the rank 2 R-module associated to the Galois representation
satisfying Hypothesis 1.

Lemma 6.14. Suppose that condition one of 6.10(i) is satisfied for the Galois
module T/a for every minimal prime ideal a of R. Then ZB,K∞,w is a finitely
generated torsion Λ-module.

Proof. First recall that B denotes the Galois module F−T ⊗ R̂ unramified at p,
where F−T ∼= T /F+T . Since R is a reduced ring, the natural map from R to∏
aR/a is an injection. Let X denote the cokernel of this map. Then Xa = 0

for every minimal prime ideal a of R, where Xa denote the localisation of X
at a. This implies that the height of a prime ideal of R in the support of X is
at least 1. Therefore the zero ideal of Λ is not in the support of X , and hence
X is a torsion Λ-module. Now consider the following exact sequence

0 −→ HomR(B̂, R) −→ ⊕a HomR(B̂, R)/a −→ X ⊗HomR(B̂, R) −→ 0.

Since B is a cofree R-module we have HomR(B̂, R)/a ∼= HomR/a(B̂/a, R/a) for
every minimal prime ideal a of R. The last term in the above exact sequence

is a torsion Λ-module. We conclude that HomR(B̂, R)GFv
is torsion Λ-module

if and only if HomR/a(B̂/a, R/a)GFv
is a torsion Λ-module for every minimal

ideal a of R. Here Fv is the finite extension of Qp considered in the proof of
Lemma 6.4. Under the hypothesis of the lemma, it follows from the proof of

Lemma 6.4 that HomR/a(B̂/a, R/a)GFv
is a torsion Λ-module for every minimal

prime ideal a of R. This shows that ZB,K∞,w
∼= HomR(B̂, R)GFv

is a torsion
Λ-module. �

In the remaining part of this section, we shall discuss the vanishing of the second
cohomology group H2(KS/K∞,A). This is the analogue of the classical Weak
Leopoldt conjecture. Recall that this vanishing was a necessary assumption for
Theorems 6.10 and 6.12. The proof of this vanishing will depend on certain
ramification behaviour of prime ideals of Λ in R. We start by fixing some
notation. Let S denote a set of height one prime ideals of Λ which remain
unramified in R and such that for every p ∈ S, Λ/p is a finite extension of Zp.

Lemma 6.15. Let p ∈ S be a height one prime ideal of Λ. Then the kernel and
cokernel of the map

R/p −→ ⊕P |pR/P
are finite.

Proof. If p is unramified in R, then for every minimal prime ideal P of R/p we
have that RP /pP

∼= RP /PP . This shows that the kernel and cokernel of the
above map has support consisting of only maximal ideals m of R. Therefore it
must be finite. �
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Proposition 6.16. Let p ∈ S be a height one prime ideal of Λ. Suppose
that for every height one prime ideal P of R lying above p we have that
H2(KS/K∞,A[P ]) = 0. Then H2(KS/K∞,A) = 0.

Proof. Let p be a height one prime ideal of Λ such that it remains unramified
in R. Now from Lemma 6.15, the kernel and cokernel of the map from

Â/p −→ ⊕P |pÂ ⊗R/P
are finite. Therefore the kernel and cokernel of the map

⊕P |pA[P ] −→ A[p].

are finite. This shows that the kernel and cokernel of the map

⊕P |pH2(KS/K∞,A[P ]) −→ H2(KS/K∞,A[p])

are Zp-torsion. Since we have assumed that H2(KS/K∞,A[P ]) = 0, we get
that H2(KS/K∞,A[p]) is torsion as a Zp[[G]]-module. But Proposition 3.5
says that H2(KS/K∞,A[p]) is a coreflexive Zp[[G]]-module. Therefore it must
be zero. Since p is a principal ideal and R is flat over Λ and hence torsion
free, we have a surjective map from H2(KS/K∞,A[p]) to H2(KS/K∞,A)[p].
Therefore H2(KS/K∞,A)[p] = 0, and by Nakayama’s lemma it follows that
H2(KS/K∞,A) = 0. This proves the proposition. �

Corollary 6.17. Suppose that K is an abelian extension of Q and
Gal(K∞/Kcyc) is a p-adic Lie extension of dimension ≤ 1. Let p ∈ S be
a prime ideal of Λ. If for every height one prime ideal P of R lying above p,
the Galois module T /PT is a lattice corresponding to the Galois representation
of a Hecke eigenform of tame level N , then H2(KS/K∞,A) = 0.

Proof. Let P be a height one prime ideal of R lying above p. If K is an
abelian extension of Q, then it is a deep result of Kato that the group
H2(KS/Kcyc,A[P ]) = 0. It then follows from an argument entirely analo-
gous to [HV, Remark 2.2] that H2(KS/K∞,A[P ]) = 0. Now the Corollary
follows from Proposition 6.16. �

We mention that if K∞ is a False Tate extension of K, then Gal(K∞/Kcyc) ≃
Zp and hence has p-cohomological dimension 1. Thus the assumption of the
above corollary holds. The next result proves a similar assertion for a p-adic
Lie extension of larger dimension. For every height one prime ideal P of R, let
K(A[P ]) denote the trivialising extension of A[P ].

Corollary 6.18. Let p ∈ S and K = K(E[p]). Assume that for every
height one prime ideal P of R lying above p, the Galois module T /PT is a
lattice corresponding to the Galois representation of a Hecke eigenform of tame
level N . Further assume that K∞ is a Galois extension of K such that the
group Gal(K∞/K) is a pro-p, p-adic Lie extension and without p-torsion. If
K(A[P ]) ⊂ K∞ for every prime P lying above p, then H2(KS/K∞,A) = 0.
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Proof. Let P be a prime of R such that P lies above p. Since R/P is a finite
Zp-algebra, T /P is isomorphic to a finitely generated free Zp-module with the
trivial action of Gal(KS/K∞). Thus A[P ] is a finite direct sum of Qp/Zp as
a module over Gal(KS/K∞). Now it follows from the proof of [OV, Corollary
4.8] that H2(KS/K∞,A[P ]) = 0, and the assertion follows from Proposition
6.16. �

We remark that if we consider the extension K∞ = K(A[P ]) for one particular
prime P of R lying above p in the previous corollary, then we cannot conclude
using Proposition 6.16 that H2(KS/K∞,A) = 0, as we do not know at present
that, H2(KS/K∞,A[Q]) = 0 for a prime Q 6= P of R lying above p. But if we
assume that P is principal prime ideal, then H2(KS/K∞,A[P ]) surjects onto
H2(KS/K∞,A)[P ]. In that case, using Nakayama’s lemma, we may conclude
that H2(KS/K∞,A) = 0.

We end this section by recalling various rings considered in [EPW] over which
there exists a Galois representation satisfying Hypothesis 1. Let TN denote
the universal ordinary Hecke algebra of tame level N and Tnew

N denote the new
quotient of TN . Then it is known that Tnew

N is a finite, reduced, torsion free
Λ-algebra. The algebra Tnew

N splits as a product of local rings (Tnew
N )m where

m varies over the maximal ideals of Tnew
N and the subscript m denotes the

localization at m. Then it is known that each such local factor is a finite flat
extension of Λ([Hi, Section 9]).
If the residual representation associated to E at p is irreducible, then there
exists a maximal ideal m of Tnew

N and a rank two free module T m over
(Tnew

N )m satisfying Hypothesis 1(see [EPW, Proposition 2.2.7]). We mention
that the ring (Tnew

N )m need not be domain. But one can replace this ring by
(Tnew

N )m/a ∼= Tnew
N /a for a minimal prime ideal a ⊂ m of (Tnew

N )m depending
on E. For every integer k ≥ 2 we had considered a height one prime ideal
pk of Λ in section 1. Then it is known that the rings (Tnew

N )m and Tnew
N /a

are unramified over every such prime ideal pk. This follows from the fact that
((Tnew

N )m)pk

∼= (Tnew
N /a)pk

∼= (Tnew
N )pk

and pk is unramified in Tnew
N for each

k ≥ 2 ([EPW, Theorem 2.1.3]). Here the subscript pk denotes the localization
of the corresponding ring at pk.
The Galois module T m/a satisfies all the properties of Hypothesis 1, except
that if Tnew

N /a is not integrally closed, then it is not known whether this local
ring is a flat extension of Λ (we thank the referee for kindly pointing this out to
us). To remedy this problem, one can again replace this ring by various larger

rings in its field of fractions. Let T̂ denote the integral closure of (Tnew
N )m/a

in its field of fractions. This new ring is a finite flat extension of Λ (see [EPW,
Proposition 2.2.4]).

For every integer k ≥ 2, let T̂pk
denote the localization of T̂ at pk. Then

the natural map from (Tnew
N /a)pk

to T̂pk
is an isomorphism and pk remains

unramified in T̂ (see the proof of [EPW, Proposition 2.2.4]). Now we have a

rank two free module T̂ over T̂ defined as T m/a ⊗ T̂. This Galois module
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satisfies all the assumptions of Hypothesis 1(see also [EPW, Remark 2.2.3] and
[Gr2, Section 3.4]). In fact condition (b) and (c) of Hypothesis 1 are satisfied by

construction. Since the natural map from (Tnew
N /a)pk

to T̂pk
is an isomorphism

for every height one prime ideal Pk of Tnew
N /a lying above pk, we have T m/a⊗

T̂Pk
∼= (T m)Pk

. Thus T̂ Pk
/Pk is equivalent to the Galois representation of a

Hecke eigenform of weight k of tame level N . In particular T̂ P2/P2
∼= TpE⊗Qp

for a height one prime ideal P2 lying over p2. Therefore TpE is a Zp-lattice of

the Galois representation T̂ P2/P2. Now using the assumption that the residual

representation associated to E at p is irreducible, it can be shown that T̂ /P2

is equivalent to TpE. Thus all the conditions of Hypothesis 1 are satisfied.
We mention that there is yet another ring, namely the reflexive hull of (Tnew

N /a)
in its field of fractions over which there exists a Galois representation satisfying
Hypothesis 1. If T̃ denotes the reflexive hull of Tnew

N /a, then we have T̃pk

∼=
T̂pk

for every k ≥ 2 ([Hi, Corollary 1.4]). Therefore T̃ is unramified at pk.

7. Surjectivity of global to local map

In this section, we discuss the surjectivity of the global to local map defining the
Selmer group. We continue to assume that K∞ is a pro-p, p-adic Lie extension
of a number field K such that Gal(K∞/K) has no p-torsion.
Let F be a finite extension of K such that K ⊂ F ⊂ K∞ and let S(F ) denote
the set of primes of F that lie above the set of primes in S(K). Then for every

i ≥ 0, the module X
i(F,A) [Gr3] is defined by

X
i(F,A) = Ker(Hi(FS/F,A) −→

⊕

v∈S(F )

Hi(Fv,A)).

The compact version of the above cohomology groups with continuous cocycles
taking values in T ∗ =: HomZp(A, µp∞) are defined by

X
i(F, T ∗) = Ker(Hi(FS/F, T ∗) −→

⊕

v∈S(F )

Hi(Fv, T ∗)).

Let w be a prime of F such that w|v for some v ∈ Sp(K). Then put

Lw,F = Image(H1(Fw, F
+A) −→ H1(Fw,A))

Qw,F = H1(Fw,A)/Lw,F

If w is a prime of F such that w ∤ p then we take Lw,F = 0 and
Qw,F = H1(Fw,A). Let L∗w,F denote the orthogonal complement of Lw,F
in H1(Fw , T ∗) under local duality. The compact version of the Selmer group
Sel(T ∗/F ) with respect to these local conditions is defined as

Sel(T ∗/F ) = Ker(H1(FS/F, T ∗) −→
⊕

v∈S(K)

Jv(T ∗, F ))

where Jv(T ∗, F ) =
∏
w|vH

1(Fw , T ∗)/L∗w,F .
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Notice that L∗w,F and H1(Fw, T ∗)/L∗w,F are compact R-modules isomorphic to

the Pontryagin dual of Qw,F and Lw,F respectively. The map H1(F, T ∗) −→
Q̂w,F is induced by the restriction map GFw −→ G(FS/F ) (see [Gr2, section
2]). The compact R[[G]]-module R(T ∗,K∞) is defined as lim←−F Sel(T ∗/F ),

where F varies over finite Galois extensions of K contained in K∞.

Lemma 7.1. Suppose that H2(KS/K∞,A) = 0 and that assumption (ii) of
Theorem 6.10 hold. Then the compact Λ[[G]]-module R(T ∗,K∞) is torsion
free.

Proof. From the global duality theorem, for every finite extension F of K,

we have X̂
2(F,A) ∼= X

i(F, T ∗) [NSW, 8.6.8]. Therefore X
2(K∞,A) ∼=

lim←−F X
1(F, T ∗), where X

2(K∞,A) = lim−→F
X

2(F,A). Since X
2(K∞,A) ⊂

H2(KS/K∞,A) and H2(KS/K∞,A) = 0 by assumption of the lemma, we get
lim−→F

X
2(F,A) = 0. This shows that

lim←−
F

H1(FS/F, T ∗) −→ lim←−
F

⊕

v∈S(F )

H1(Fv, T ∗)

is an injective map. On the other hand, from local duality and Corollary
4.4, it follows that lim←−F

⊕
v∈S(F )H

1(Fv, T ∗) is a torsion free R[[G]]-module.

Therefore lim←−F H
1(FS/F, T ∗) is a torsion free R[[G]]-module. As R(T ∗,K∞)

injects into lim←−F H
1(FS/F, T ∗), the assertion is true. �

Theorem 7.2. Suppose that Hypothesis 1 and assumption (ii) of Theorem 6.10
hold. If H2(KS/K∞,A) = 0 then the sequence

0 −→ Sel(A/K∞) −→ H1(KS/K∞,A) −→
⊕

v∈S(K)

Jv(A,K∞) −→ 0

is exact if and only if ̂Sel(A/K∞) is a torsion R[[G]]-module.

Proof. The Poitou-Tate exact sequence gives an exact sequence

0 −→ Sel(A/K∞) −→ H1(KS/K∞,A) −→
⊕

v∈S(K)

Jv(A,K∞)

−→ ̂R(T ∗,K∞) −→ lim−→
F

̂
X

1(F, T ∗) −→ 0.

As shown in the proof of Lemma 7.1, the last term in the above exact sequence
is zero. Let s denote the rank of R as a Λ-module. We denote by mΛ and mR

the maximal ideal of Λ and R respectively. From Theorem 5.3 we have

corankΛ[[G]](H
1(KS/K∞,A)) = 2s(r1(K) + r2(K)) +⊕vdimΛ/mΛ

(D[mΛ])+

where r1(K) (resp. r2(K)) denotes the number of real (resp. complex) em-
beddings of K, v varies over the set of all real primes of K and superscript
(−)+ denotes the invariant part with respect to complex conjugation. Note
that Hypothesis 1(a) implies that R/mR

∼= Λ/mΛ. From this we conclude that
dimΛ/mΛ

(D[mΛ])+ = s× dimR/mR
(D[mR])+. Again by Hypothesis 1, we have
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D[mR] ∼= E[p]. Now it is well known that the action of complex conjugation on
E[p] has two eigenvalues namely +1 and−1. Therefore dimR/mR

(D[mR])+ = 1.
Thus we have

corankΛ[[G]](H
1(KS/K∞,A)) = 2s(r1(K) + r2(K)) + sr1(K) = s[K : Q].

Since the module A/F+A is a cofree rank one R-module, it follows from Theo-
rem 5.2 that the Λ-corank of the third term in the above exact sequence is equal
to s[K : Q]. Thus the R[[G]]-coranks of the middle term and the last term are

equal. This shows that ̂Sel(A/K∞) is torsion if and only if R(T ∗,K∞) is tor-
sion. But the previous lemma asserts that R(T ∗,K∞) is torsion free. Hence

̂Sel(A/K∞) is torsion if and only if R(T ∗,K∞) is zero. This completes the
proof of the theorem. �

We remark that the dual Selmer group of the p-adic representation associated
to an ordinary modular form is conjectured to be torsion as Zp[[G]]-module,
and it is hence not unreasonable to expect that the same holds in this gen-

eral situation. Thus it is natural to ask whether ̂Sel(A/K∞) is R[[G]]-torsion

whenever a specialisation ̂Sel(A[P ]/K∞) is torsion as an R/P [[G]]-module. We
show that this is indeed true in the following special case.

Proposition 7.3. Suppose that R is a finite flat extension of Zp[[X ]] and let p
be a height one prime ideal of Λ such that R/p is finite extension of Zp. If the

ideal p remains unramified in R and ̂Sel(A[P ]/K∞) is a torsion Zp[[G]]-module

for every height one prime ideal P of R lying above p, then ̂Sel(A/K∞) is a
torsion Λ[[G]]-module.

Proof. Using an argument similar to Proposition 6.16 we see that the kernel
and cokernel of the map

⊕P |pH1(KS/K∞,A[P ]) −→ H2(KS/K∞,A[p])

are Zp-cotorsion. A similar assertion holds for local Galois cohomology mod-
ules. Now using the snake lemma, we conclude that the kernel and cokernel of
the map

⊕P |pSel(A[P ]/K∞) −→ Sel(A[p]/K∞)

are Zp-cotorsion modules. Therefore Sel(A[P ]/K∞) is a Zp[[G]]-cotorsion mod-
ule for every P if and only if Sel(A[p]/K∞) is Zp[[G]]-cotorsion. Thus by as-
sumption we get that Sel(A[p]/K∞) is Zp[[G]]-cotorsion. Consider the following
commutative diagram:

0 // Sel(A[p]/K∞)

α

��

// H1(KS/K∞,A[p])

β

��

f //
⊕

v∈S(K) Jv(A[p], K∞))

γ

��
0 // Sel(A/K∞)[p] // H1(KS/K∞,A)[p] g //

⊕
v∈S(K) Jv(A,K∞)[p].

Using an argument similar to [CS, Theorem 4.2], it can be shown that the ker-
nel of γ is a cofinitely generated Zp[[H ]]-module, where H := Gal(K∞/Kcyc),
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and hence Zp[[G]]-torsion. Therefore from the snake lemma we have that
kernel and cokernel of α are also cofinitely generated Zp[[G]]-module. This
shows that kernel and cokernel of α are cotorsion Zp[[G]]-modules. Therefore
Sel(A/K∞)[p] must be a cotorsion Zp[[G]]-module. This implies that the grade

of ̂Sel(A/K∞)[p] as a Zp[[G]]-module is greater than equal to 1. Now R/p[[G]]

is a free Zp[[G]]-module. Therefore the grade of ̂Sel(A/K∞)[p] is also greater
than or equal to 1 (see Lemma 6.1). Now from Lemma 4.2 it follows that the

grade of ̂Sel(A/K∞) is also greater then equal to 1. Therefore ̂Sel(A/K∞)
must be a torsion Λ[[G]]-module.

�

We state another result which can be useful in proving the surjectivity of the
global to local map defining the Selmer group for certain p-adic Lie extensions
of dimension 2.

Theorem 7.4. Suppose that K∞/Kcyc is a pro-p, p-adic Lie extension of di-
mension 1. Assume further that H2(KS/K∞,A) = 0. If the sequence

0 −→ Sel(A/Kcyc) −→ H1(KS/Kcyc,A)
γcyc−→

⊕

v∈S(K)

Jv(A,Kcyc) −→ 0

is exact, then

0 −→ Sel(A/K∞) −→ H1(KS/K∞,A)
γ∞−→

⊕

v∈S(K)

Jv(A,K∞) −→ 0

is also exact.

Proof. The argument is as in [CSS]. Let H = Gal(K∞/Kcyc). One first uses
the Hochschild-Serre spectral sequence and the vanishing of H2(KS/K∞,A) to
conclude that H1(H,H1(KS/K∞,A)) = 0 (see [CSS, Lemma 2.4]). Simlarly,
arguing as in [CSS, Lemma 2.5], it is easily seen that H1(H, Sel(A/K∞)) = 0.
We then obtain the exact sequence (see [CSS, Lemma 2.3])

0 −→ Sel(A/K∞)H −→ H1(KS/K∞,A)H
γ∞−→

⊕

v∈S(K)

Jv(A,K∞)H −→ 0,

which implies that coker(γ∞)H = 0. Thus from Nakayama’s Lemma
coker(γ∞) = 0, and hence γ∞ is surjective. �

8. Iwasawa Invariants

In this section, we discuss the vanishing of the R-torsion submodule of the

dual Selmer group ̂Sel(A/K∞). We also discuss the variation of the Iwasawa
µ-invariant attached to the dual Selmer groups of the specialisations of the
Hida deformations considered in section 1. For the definition of the µ-invariant
of a finitely generated module M over an Iwasawa algebra, the reader is re-
ferred to [H, section 1]. Thus R is a Noetherian local domain which is finite,
flat over Λ ≃ Zp[[X ]]. Recall that in the case of a Hida deformation, for every
integer k ≥ 2, we have the specialisation maps which we denote by ǫk, and the
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prime ideal pk of Λ corresponding to the kernel of the specialisation ǫk. Let
Pk be a height one prime ideal of R lying above pk and πk denote a generator
of the maximal ideal of R/Pk. (We mention that there can be more then one
such prime ideal but for ease of notation, we ignore the ambiguity, and denote
any such prime ideal by the same notation Pk, and choose one of them). Let
Tk be the finitely generated R/Pk-module T /Pk and Ak denote the cofinitely
generated discrete R/Pk-module Tk ⊗ Qp/Zp for every k ≥ 2. The definition
of the Selmer groups Sel(Ak/K∞) for Ak, attached to the specialisations ǫk is
analogous to the definition of the Selmer group Sel(A/K∞) (see [CS] for de-
tails). For simplicity, we let X(T /K∞) (resp. X(Tk/K∞)) denote the module

̂Sel(A/K∞) (resp. ̂Sel(Ak/K∞)). We denote by µk the µ-invariant attached
to X(Tk/K∞). Let X(T /K∞)(R) (resp. X(Tk/K∞)(p)) denote the R-torsion
submodule of X(T /K∞), (resp. the p-primary part of X(T /K∞)) consid-
ered as an R[[G]]-submodule. Put Y (T /K∞) = X(T /K∞)/X(T /K∞)(p),
Y (Tk/K∞) = X(Tk/K∞)/X(Tk/K∞)(p), and H = Gal(K∞/Kcyc). First we
prove the following lemma which we shall need in this section.

Lemma 8.1. Suppose that M is a finitely generated R[[G]]-module such that
it does not contain any non-trivial pseudo-null submodule. Then, for all but
finitely many height one prime ideals P of R, we have M [P ] = 0.

Proof. Since M does not contain any non-trivial pseudo-null R[[G]]-submodule,
from Lemma 6.1, it follows that M does not contain any non-trivial pseudo-null
Λ[[G]]-submodule. Now from the structure theory for finitely generated Λ[[G]]-
modules M , it follows that M injects into a finitely generated Λ[[G]]-module
N such that for all but finitely many height one prime ideals p of Λ, we have
N [p] = 0 (see [H1, Theorem 2.5]). Now, if we take a height one prime ideal P
of R such that its restriction to Λ does not annihilate any element of M , then
M [P ] = 0. �

Proposition 8.2. Assume that there exists an integer k ≥ 2 such that (i)
X(T /K∞) has no Pk torsion, (ii) µk = 0. If the assumptions of Theorem 6.10
( resp. 6.12) hold, then X(T /K∞)(R) = 0.

Proof. The assertion follows from Theorem 6.10 (resp. 6.12) and [CS, Theorem
6.3]. �

In the following proposition, we prove a result on the variation of the µ-invariant
with the specialisations. Results of this kind have been proven for K∞ = Qcyc
in [EPW]. We prove this for more general p-adic Lie extensions of K. For
this proposition, we only need to assume Hypothesis 1 and that G is a uniform
pro-p, p-adic Lie group without p-torsion. In the next proposition, we need the
Selmer group associated to the residual representation ρ̄ defined by the action
of Galois group of the R/m-module T /m. This is defined as follows:

Sel(A[m]/K∞) = Ker(H1(KS/K∞,A[m]) −→
⊕

v∈S(K)

Jv(A[m],K∞)).
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The filtration on T induces a filtration on T /m. The local terms Jv(A[m],K∞))
are defined using this induced filtration on T /m. Note that the set of primes
at which A[m] is ramified can be smaller than the set S(K) that we are con-
sidering. But we shall use this larger set to define this Selmer group as it is
more suitable for comparing the µ-invariant of specialisations. First we state
the following well known result (cf. [V, Remark 3.33]).

Lemma 8.3. Let O be the ring of integers of a finite field extension of Qp. Let
M be a finitely generated torsion O[[G]]-module. Then the µ-invariant of M
vanishes if and only if the F[[G]]-rank of M/π is zero. Here π is a generator
of the maximal ideal of O and F denotes the residue field of O. �

Theorem 8.4. Assume that X(Tk/K∞) is a torsion R/Pk[[G]]-module for all
k ≥ 2. If there exists a k ≥ 2 such that µk = 0, then µk′ = 0 for every k′ ≥ 2.

Proof. For every k ≥ 2, we have a homomorphism

X(Tk/K∞)/πk
fk−→ X((Tk/πk)/K∞)

where X((Tk/πk)/K∞) is the Pontryagin dual of the Selmer group defined for
the the residual representation Tk/πk. Now, it can be shown using a method
similar to ([CS, Theorem 4.2]) that the kernel and cokernel of fk is a finitely
generated F[[H ]]-module. Therefore the kernel and cokernel of fk is a torsion
F[[G]]-module and the F[[G]]-rank of X(Tk/K∞)/πk and X((Tk/πk)/K∞) are
the same. Let k ≥ 2 be an integer such that µk = 0. Then from Lemma 8.3,
it follows that the F[[G]]-rank of X((Tk/πk)/K∞) is zero. Let k′ ≥ 2 be any
integer. Since X((Tk/πk)/K∞) ∼= X((Tk/πk′)/K∞) we see that the F[[G]]-rank
of X(Tk′/K∞)/πk′ is also zero. Again using Lemma 8.3 we conclude that µk′

vanishes. �

From now on we shall assume in this section that R is a regular local ring.

Corollary 8.5. Suppose that the hypotheses of Theorem 6.10 (resp. 6.12)
hold. If µk = 0 for some k ≥ 2, then X(T /K∞)(R) = 0. In particular
X(T /K∞)(p) = 0.

Proof. Since X(T /K∞) does not contain any non-trivial pseudo-null R[[G]]-
submodule, we have X(T /K∞)[Pk] = 0 for all but finitely many height one
prime ideals Pk, by Lemma 8.1. From Theorem 8.4, we have µk′ = 0 for all
k′ ≥ 2. Therefore we can choose a height one prime ideal Pk′ such that µk′ = 0
and X(T /K∞)[Pk′ ] = 0. Now the corollary follows from Proposition 8.2. �

LetO be the ring of integers of a finite field extension of Qp and π be a generator
of the maximal ideal of O. Then a torsion O[[G]]-module M is said to be in
the category MH(G) if M/M(π) is a finitely generated O[[H ]]-module.

Proposition 8.6. Assume that Y (T /K∞) is a finitely generated R[[H ]]-
module. Then X(Tk/K∞) is in MH(G) for all k ≥ 2. Conversely, if there
exists a k ≥ 2 such that µk vanishes and X(Tk/K∞) does not have any non-
trivial pseudo-null R/Pk[[G]]-submodule, then X(Tk/K∞) belongs to MH(G)
if and only if X(T /K∞) is a finitely generated R[[H ]]-module.
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Proof. Consider the following exact sequence,

X(T /K∞)/Pk

��

// Y (T /K∞)/Pk

��

// 0

X(Tk/K∞) // Y (Tk/K∞) // 0.

Since Y (T /K∞) is a finitely generated R[[H ]]-module, it follows from the above
diagram that Y (Tk/K∞) is a finitely generated R/Pk[[H ]]-module if and only
if the cokernel of the second vertical map is a finitely generated R/Pk[[H ]]-
module. But the cokernel of the first vertical map is a finitely generated R/Pk
-module [CS, Theorem 4.2]. Therefore the cokernel of the second vertical map is
finitely generated as a R/Pk-module, and hence as an R/Pk[[H ]]-module. This
proves the first assertion. For the proof of the converse assertion, we notice
that the hypothesis implies that X(Tk/K∞) is a finitely generated R/Pk[[H ]]-
module. Now the assertion follows from [CS, Proposition 5.4]. �

We remark that in the above proposition, the assumption that the dual Selmer
group associated to some specialisation does not contain any non-trivial pseudo-
null submodule holds for the specialisation satisfying Hypothesis 1. It is also
expected in general that the Pontryagin dual of the corresponding dual Selmer
group is in MH(G). Thus it seems probable that Y (T /K∞) is a finitely gen-
erated R[[H ]]-module. Now consider the following commutative diagram.

0 // Sel(Ak/K∞) //

αk

��

H1(KS/K∞, Ak) //

βk

��

⊕
v∈S(K) Jv(Ak, K∞)

⊕vγk,v

��
0 // Sel(A/K∞)[Pk] //// H1(KS/K∞,A)[Pk] //

⊕
v∈S(K) Jv(A, K∞)[Pk].

In [CS] it is shown that the cokernel of αk is a cofinitely generated R/Pk[[H ]]-
module. But in the following lemma we shall show that under the hypothesis
of Theorem 6.10 (resp. 6.12), it is infact R/Pk[[H ]]-cotorsion.

Lemma 8.7. If the assumptions of Theorem 6.10( resp. 6.12) hold, then the
cokernel of αk is a cotorsion R/Pk[[H ]]-module.

Proof. By the snake lemma, it is enough to show that the kernel of γk,v is a co-
torsion R/Pk[[H ]]-module for each v. If the hypothesis of Theorem 6.10 (resp.
6.12) holds, then for each prime v of K∞, the dimension of the decomposition
group Gv is ≥ 2. Fix a finite prime v of K∞. Let Hv denote the decompo-
sition subgroup of H corresponding to v. Since the dimension of Gv/Hv is
equal to one for each v, the dimension of Hv must be greater than or equal to
one for each v. Let A(Kv,∞) denote the group H0(Kv,∞,A). We shall first

show that CoindHv

H (A(Kv,∞)/Pk) is a cotorsion R/Pk[[H ]]-module. The Pon-

tryagin dual of CoindHv

H (A(Kv,∞)/Pk) is isomorphic to IndHv

H ( ̂A(Kv,∞)[Pk]).

Since ̂A(Kv,∞)[Pk] is a finitely generated R/Pk-module and dimension of Hv is
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greater than or equal to 1, ̂A(Kv,∞)/Pk must be a torsion R/Pk[[Hv]]-module.
Now it follows from [V, Proposition 2.7(i)] that induced module of a torsion

module is torsion. Therefore CoindHv

H (A(Kv,∞)/Pk) is a cotorsion R/Pk[[H ]]-

module. Note that the kernel of γk,v is equal to
⊕

w CoindHw

H (A(Kw,∞)/Pk),
where w varies over the finite primes of Kcyc such that w|v. Since each

CoindHw

H (A(Kw,∞)) is a cotorsion R/Pk[[H ]]-module and there are finitely
many primes of Kcyc over each prime v of K, the kernel of γk,v is a cotor-
sion R/Pk[[H ]]-module for each v. �

Theorem 8.8. Suppose that Y (T /K∞) is a finitely generated R[[H ]]-module.
If the assumptions of Theorem 6.10 (resp. 6.12) hold, then the R/Pk[[H ]]-rank
of Y (Tk/K∞) is same as the R[[H ]]-rank of Y (T /K∞) for all k ≥ 2.

Proof. Since X(T /K∞)(p) is a finitely generated R[[G]]-module, there exists a
positive integer n such that pnX(T /K∞)(p) = 0. Thus we can view Y (T /K∞)
as the submodule pnX(T /K∞) of X(T /K∞) for such a large n. Therefore
Y (T /K∞) does not contain any non-trivial pseudo-null R[[G]]-submodule. We
shall show that Y (T /K∞) is R[[H ]]-torsion free. Indeed, since R is assumed to
be regular local, the ring R[[G]] is Auslander regular, and standard dimension
theory in this context yields that a finitely generated R[[H ]]-module is pseudo-
null as an R[[G]]-module, if and only if it is R[[H ]]-torsion. Therefore by our
assumption, Y (T /K∞) is R[[H ]]-torsion free. From this, we conclude that the
R[[H ]]-rank of Y (T /K∞) is same as the R/Pk-rank of Y (T /K∞)/Pk for all
k ≥ 2 (cf [Jh, Lemma 5]). Now consider the following commutative diagram.

X(T /K∞)(p)/Pk
//

��

X(T /K∞)/Pk

��

// Y (T /K∞)/Pk

��

// 0

0 // X(Tk/K∞)(p) // X(Tk/K∞) // Y (Tk/K∞) // 0.

The cokernel of the middle vertical map in the above diagram is a finitely
generated R/Pk-module [CS, Proposition 5.4] and therefore it is R/Pk[[H ]]-
torsion . Since X(Tk/K∞)(p) is Zp-torsion and by Lemma 8.7, the kernel of
the middle map is R/Pk[[H ]]-torsion, it follows from the snake lemma that the
kernel of the last vertical map is R/Pk[[H ]]-torsion. Therefore, the R/Pk[[H ]]-
rank of Y (Tk/K∞) and Y (T /K∞)/Pk are the same. Thus it follows that the
R/Pk[[H ]]-rank of Y (Tk/K∞) is same as the R[[H ]]-rank of Y (T /K∞). �
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Abstract. We study moduli spaces of flat connections on sur-
faces with boundary, with boundary conditions given by Lagrangian
Lie subalgebras. The resulting symplectic manifolds are closely re-
lated with Poisson-Lie groups and their algebraic structure (such as
symplectic groupoid structure) gets a geometrical explanation via 3-
dimensional cobordisms. We give a formula for the symplectic form
in terms of holonomies, based on a central extension of the gauge
group by closed 2-forms. This construction is finally used for a cer-
tain extension of the Morita equivalence of quantum tori to the world
of Poisson-Lie groups.
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1 Introduction

Let g be a Lie algebra with an invariant inner product 〈·, ·〉 (of any signature).
It gives rise to two interesting types of symplectic manifolds. The first type
are moduli spaces of flat g-connections on oriented surfaces. The second type
are symplectic manifolds connected with Poisson-Lie groups such as the Lu-
Weinstein double symplectic groupoid [9] (the symplectic groupoid integrating
a Poisson-Lie group) corresponding to a Manin triple

h1, h2 ⊂ g.

We shall notice that these ”Poisson-Lie type” symplectic manifolds are, in fact,
themselves moduli spaces of flat connections, if we allow surfaces with bound-
ary and impose boundary conditions on the flat connections. To get the Lu-
Weinstein double groupoid, the surface is a square, with boundary conditions
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as on the picture:

h1

h1

h2 h2

We shall provide formulas for symplectic forms using holonomies of the flat
connections, in the spirit of Alekseev-Malkin-Meinrenken [1]. The basic idea is
that the symplectic form can be interpreted as the integral over the surface of
the curvature of a certain connection. The integral is then readily computed in
terms of parallel transport. Moreover we shall describe how 3dim bodies give
rise to Lagrangian submanifolds; for example, this picture gives one of the two
products in Lu-Weinstein double groupoid:

This is a symplectic version of Chern-Simons TQFT in the sense of D. Freed
[5], with appropriate boundary conditions.

The motivation for this work was to give a symplectic description of Morita
equivalence of quantum tori, and moreover, to extend this Morita equivalence
from Abelian T-duality to Poisson-Lie T-duality [7] (though just on the sym-
plectic level, without performing geometrical quantization). This is done in the
final section.
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Szenes for useful discussion and suggestions. I am also grateful to Albert
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2 Colored surfaces and moduli spaces

Let G be a connected Lie group and 〈, 〉 an Ad-invariant inner product (of any
signature) on its Lie algebra g.

We shall consider compact oriented surfaces Σ with corners (i.e. locally looking
like (R≥0)2). We shall assume that none of the components of Σ is closed and
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that on each component of ∂Σ there is at least one corner.1 The boundary of
Σ is thus split by the corners into a finite number of arcs.
For each arc a we choose a Lie subalgebra ha ⊂ g which is Lagrangian w.r.t. 〈, 〉
(i.e. h⊥a = ha). Let Ha ⊂ G be the corresponding connected Lie subgroup. We
demand for every corner x of Σ that if a and b are the arcs meeting at x then
ha ∩ hb = 0. We shall call such a Σ (together with the choice of subalgebras) a
colored surface.

For every colored surface Σ we define a symplectic manifold MΣ. Let us give
three equivalent definitions of the manifoldMΣ; its symplectic form is defined
in Section 3.

2.1 MΣ via cuts of Σ

Let us first describeMΣ in a way which depends on a choice of certain cuts of
Σ.
We keep cutting Σ along paths connecting corners until we get a polygon. For
every side s of the polygon we choose an element gs ∈ G such that:

1. if s is an arc of the boundary of Σ then gs ∈ Hs

2. if s and s′ are the two sides which are the result of a cut then gs′ = g−1s

3. the product of all gs’s along the boundary of the polygon (in their natural
cyclic order) is equal to 1.

An assignment s 7→ gs satisfying these properties is, by definition, a point in
MΣ.

r1

r2

b1

b2
v

g g−1

b1 g b2 v r2 g
−1r1 = 1

1We impose these assumptions only for simplicity reasons, as they imply that the moduli
spaces defined below are non-singular.
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MΣ can thus be described as the preimage of 1 under a map

∏

a

Ha ×G#cuts → G. (1)

The map is a submersion and thus MΣ is a manifold.

2.2 MΣ as a space of groupoid morphisms

Let us now describe MΣ without using cuts. Let X ⊂ Σ be the set of corners
of Σ and let Π1(Σ, X) be the fundamental groupoid of Σ (the set of objects of
Π1(Σ, X) is X and morphisms are homotopy classes of paths between corners).
Every arc of the boundary can be seen as a morphism in Π1(Σ, X). Then

MΣ = {F : Π1(Σ, X)→ G; F (a) ∈ Ha for every arc a}.

2.3 MΣ as a moduli space of flat connections

Finally, let us describeMΣ as a moduli space of flat connections. Let π : P → Σ
be a principal G-bundle. For every arc a we choose a reduction of P |a to
Ha ⊂ G, i.e. a submanifold Pa ⊂ π−1(a) which is a principal Ha-bundle over
a. For every corner x ∈ Σ we choose a point px ∈ Pa ∩ Pb where a and b are
the arcs meeting at x. Let us call π : P → Σ with its additional structure a
colored G-bundle over Σ.
Let us consider connections on P which restrict to connections (i.e. to ha-valued
1-forms) on every Pa; we shall call such a connection a colored connection. MΣ

can then be described the moduli space of colored flat connections on colored
G-bundles over Σ.
The groupoid morphism Π1(Σ, X)→ G corresponding to a colored flat connec-
tion is given by parallel transport (the fiber of P over any corner x is trivialized
by the choice of the point px). In the opposite direction, if F : Π1(Σ, X)→ G
satisfies F (a) ∈ Ha for every arc a then the corresponding flat coloredG-bundle
is construced as follows. Let p : Σ̂→ Σ be a universal cover of Σ with a chosen
corner y0 ∈ Σ̂ and let x0 = p(y0). Let P̃ = Σ̂×G→ Σ̂ be the trivial G-bundle,
with the trivial flat connection. By restriction of F we have a homomorphism
π1(Σ, x0) → G and we define the flat G-bundle P → Σ as P = P̃ /G. The
reduction of P̃ over a corner y ∈ Σ̂ is (y, F ([p ◦ γy0y])), where γy0y is a path
(unique up to homotopy) from y0 to y. These reductions then extend uniquely
to a coloring of P̃ , and the coloring descends to a coloring of P . It is clear that
every flat colored G-bundle P → Σ arises in this way, as the flat connection on
p∗P can be used to trivialize it.
Notice that MΣ is the disjoint union over the isomorphism classes of colored
G-bundles of the moduli spaces with fixed colored G-bundle class.
If P is the trivial G-bundle P = Σ × G and its coloring is also trivial (i.e.
Pa = a ×Ha, px = (x, 1)) then a colored connection can be described as a 1-
form A ∈ Ω1(Σ)⊗g such that the restriction of A to any arc a is in Ω1(a)⊗ha.
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The space of these flat connections modulo the gauge transformations (by maps
g : Σ → G such that g(x) = 1 for every corner x and g(a) ⊂ Ha for every arc
a) is a connected component of MΣ.

3 Symplectic form in terms of holonomies

3.1 Symplectic form on moduli spaces of flat connections

Let P → Σ be a colored G-bundle. Colored connections on P form an affine
space Acol(P ) modeled on Ω1

col(Σ,AdP ), where Ωcol(Σ,AdP ) ⊂ Ω(Σ,AdP ) is
the space of forms that restrict to Ω(a,AdPa) on every arc a ⊂ ∂Σ.
If A is a flat colored connection on P then the covariant differential dA makes
Ωcol(Σ,AdP ) to a complex and we have a natural isomorphism

T[P,A]MΣ
∼= H1(Ωcol(Σ,AdP ), dA),

where [P,A] ∈MΣ denotes the isomorphism class of (P,A). The antisymmetric
pairing

ω([α], [β]) =

∫

Σ

〈α ∧ β〉

on T[P,A]MΣ (α, β ∈ Ω1
col(Σ,AdP )) is non-degenerate by Poincaré–Verdier du-

ality.
The moduli spaceMΣ becomes in this way a symplectic manifold. To see that
ω is smooth and closed (we already checked that it is non-degenerate), let us
choose an open subset U ⊂MΣ which admits a smooth family of colored flat
connections φ : U → Acol(P ), φ : x 7→ Ax, such that [P,Ax] = x. Then

ω = φ∗ωA (2)

where ωA ∈ Ω2(Acol(P )) is the constant (hence closed) 2-form

ωA(α, β) =

∫

Σ

〈α ∧ β〉

on the affine space Acol(P ); ω is therefore closed. The symplectic form ω is
a straightforward generalization of the symplectic form of Atiyah-Bott [2] and
Goldman [6] who considered closed surfaces.

Remark 3.1. The symplectic manifold (MΣ, ω) is best described as the sym-
plectic reduction of (Acol(P ), ωA) by the group of the automorphisms of P
preserving the coloring. Making this statement precise is, however, rather
technical. Here I present the formal part of the story, ignoring the problems
with infinite-dimensional manifolds:
To simplify notations, let us discuss the case when the coloredG-bundle P → Σ
is trivial. Let us recall how symplectic forms appear on moduli spaces of flat
connections.
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The group of smooth maps Σ→ G acts affinely on Ω1(Σ) ⊗ g by gauge trans-
formations (g : Σ→ G, α ∈ Ω1(Σ)⊗ g)

g · α = g−1dg + g−1αg

and this action preserves ωA.
The infinitesimal action of a t : Σ→ g is generated by the Hamiltonian

Ht(α) =

∫

Σ

〈t, F 〉+

∫

∂Σ

〈t, α〉 (3)

where F = dα+α2 is the curvature of the g-connection α; the Poisson bracket
of two such Hamiltonians is

{Ht1 , Ht2} = H[t1,t2] + c(t1, t2)

where

c(t1, t2) =

∫

∂Σ

〈t1, dt2〉. (4)

Notice that the cocycle (4) vanishes on the Lie algebra

{t : Σ→ g; t(a) ⊂ ha for every arc a}

of infinitesimal gauge transformations preserving the coloring. The moment
map (3) is 0 at α ∈ Ω1(Σ)⊗ g iff

α is flat and α|a ∈ Ω1(a)⊗ ha for every arc a.

The symplectic reduction is thus the part of the moduli spaceMΣ coming from
the trivial colored G-bundle.

3.2 Central extension by closed 2-forms

Let M be a manifold and let Ω2
cl(M) denote the space of closed 2-forms on M .

Let us recall that the Lie algebra g(M) of smooth maps M → g has a central
extension g̃(M) by Ω2

cl(M): as a vector space,

g̃(M) = g(M)⊕ Ω2
cl(M),

and the bracket is

[(t1, ω1), (t2, ω2)] = ([t1, t2], 〈dt1 ∧ dt2〉). (5)

The corresponding group G̃(M), a central extension of G(M) (the group of
smooth maps M → G) by Ω2

cl(M), can be described as follows: its elements
are pairs

(g, ω), g : M → G, ω ∈ Ω2(M), dω =
1

2
g∗η (6)
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where the invariant 3-form η on G is given by

η(u, v, w) = 〈[u, v], w〉.

The product in the group is

(g1, ω1)(g2, ω2) = (g1g2, ω1 + ω2 +
1

2
〈g−11 dg1 ∧ dg2 g−12 〉) (7)

and the inverse

(g, ω)−1 = (g−1,−ω). (8)

Finally, let us also introduce an auxiliary group G̃big(M) ⊃ G̃(M):

G̃big(M) = G(M)× Ω2(M), (9)

with the product and inverse given by the same formulas (7), (8). The map

G̃big(M)→ Ω3
cl(M), (g, ω) 7→ dω − 1

2
g∗η

is a group morphism and G̃(M) is its kernel.

3.3 Symplectic form in terms of holonomies

Let us cut Σ until we get a polygon (as in Section 2). For each side s of the
polygon we have a map γs :MΣ → G (the holonomy along the side).

Theorem 3.1. The symplectic form ω onMΣ is given by

(1, ω) =
∏

s

(γs, 0)

where the product is taken in the group G̃big(MΣ) (see Equation (7)) and the
sides of the polygon are taken in their natural (cyclic) order.

The idea of the proof is that ω is the integral of the curvature of a g̃(MΣ)-valued
connection on Σ, and hence can be expressed in terms of the holonomies gs’s.
The proof is in Section 3.6. The formula for ω is a generalization of a similar
formula of Alekseev-Malkin-Meinrenken [1] for the case of closed surfaces.

3.4 Integral of curvature

Let

C → K̃ → K

be a central extension of Lie groups. Let P̃ → D be a principal K̃-bundle over
a disk D and let P → D be the corresponding K-bundle, P = P̃ /C. Suppose
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that A is a flat connection on P and Ã is a (non-flat) connection on P̃ lifting
A. The curvature F̃ of Ã is a c-valued 2-form on D and its integral is

C ∋ exp

∫

D

F̃ = hol∂D Ã. (10)

The proof of this simple claim is obvious: trivialize P̃ → D (and hence P → D)
in such a way that the connection A on P = D × K becomes trivial. Such
a trivialization can be achieved e.g. by by the parallel transport of Ã along
straight lines starting at the center of the disc D. Formula (10) then becomes
Stokes theorem.
We shall use (10) for the central extension

Ω2
cl(M)→ G̃(M)→ G(M).

The disk will be the result of cutting Σ and M will run over certain open
subsets of MΣ.

3.5 Symplectic form as integral of curvature

Let Σ be a colored surface. Let U ⊂MΣ be an open subset, P → Σ a colored
G-bundle and Ax a smooth family of colored flat connections on P parametrized
by x ∈ U , such that the class of (P,Ax) is x. MΣ can be covered by such open
subsets U .
Using the inclusion G→ G̃(U), g 7→ (g, 0), we lift P to a principal G̃(U)-bundle
P̃U → Σ. Similarly, the inclusion G→ G(U) lifts P to a principal G(U)-bundle
PU → Σ and PU = P̃U/Ω

2
closed(U).

The family Ax can be seen as a flat connection A on PU , and Ã = (A, 0) as
a (non-flat) connection on P̃U . The curvature F̃ of Ã is a Ω2

cl(U)-valued 2-

form on Σ, and the integral of F̃ is (using (2) and (5)) the symplectic form on
U ⊂MΣ:

ω =

∫

Σ

F̃ . (11)

Remark 3.2. To speak properly about principal G(U)- and G̃(U) bundles, we
should understand in what sense G(U) and G̃(U) are Lie groups. However, we
don’t need to do it. A principal G(U)-bundle ober Σ is given by an open cover
{Vα} of Σ and by a cocycle Vα ∩ Vβ → G(U), i.e. by a cocycle of smooth maps
(Vα ∩ Vβ) × U → G. In our case the maps are constant on U . A connection
on such a bundle is given by 1-forms Aα ∈ Ω1(Vα, g(U)), compatible on the
overlaps Vα ∩ Vβ . A 1-form Aα ∈ Ω1(Vα, g(U)) is by definition a family of
1-forms in Ω1(Vα, g), smoothly parametrized by U . That is how the family Ax
is seen as a flat connection A on PU . Notice also that since P can be trivialized
when we cut Σ to a dics, P (U) and P̃ (U) are also trivialized.
Let us also remark that we are not constructing G(MΣ)- and G̃(MΣ)-bundles
over Σ. Formula (11) gives the symplectic form only on our open subsets
U ⊂MΣ, but these open subsets cover MΣ.
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3.6 Symplectic form in terms of holonomies (proof)

Proof of Theorem 3.1. It follows immediately from (11) and (10). We cut Σ
to a polygon. If s ⊂ ∂Σ then (γs, 0) is the holonomy of Ã along s (since hs is
isotropic and thus the cocycle in (5) vanishes). If s comes from a cut then the
holonomy of Ã along s is (γs, β) for some 2-form β. However, the holonomy
along the other side coming from the same cut is its inverse; we can thus replace
β with 0 and the product of holonomies will not change. This proves Theorem
3.1 for open U ⊂ MΣ satisfying the condition of Section 3.5, and since they
cover MΣ, it proves it for entire MΣ

3.7 Examples

Example 3.1. Let Σ be a square colored by a Manin triple r, b ⊂ g:

r

r

b b

Let us denote the holonomies as on the picture, i.e.

MΣ = {(r1, r2, b1, b2) ∈ R ×R×B ×B; r1b1 = b2r2} :

r1

r2

b2 b1

In G̃(MΣ) we have (r1, 0)(b1, 0) = (r1b1, 〈r−11 dr1 ∧ db1b
−1
1 〉/2) and

(b2, 0)(r2, 0) = (b2r2, 〈b−12 db2 ∧ dr2r−12 〉/2). The symplectic form on MΣ

is thus

ω =
1

2
〈r−11 dr1 ∧ db1b−11 〉 −

1

2
〈b−12 db2 ∧ dr2r−12 〉.

This symplectic manifold (MΣ, ω) is the Lu-Weinstein double symplectic
groupoid [9] corresponding to the triple R,B ⊂ G. This fact was already
noticed by the author in [12]. A similar interpretation of the Lu-Weinstein
double groupoid was found by P. Boalch in [3] using irregular connections.

In one of the groupoid structures, the space of objects is B and a point in
MΣ is an arrow from b2 to b1; in the other groupoid structure, the roles of R
and B are exchanged. The groupoid products are given by concatenation of
squares (either horizontal or vertical); they will be explained more properly in
the following section.
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Example 3.2. Let now Σ be a square colored as follows:

r

v

b b

r

v

b2 b1

The symplectic form is

ω =
1

2
〈r−1dr ∧ db1b−11 〉 −

1

2
〈b−12 db2 ∧ dv v−1〉.

The symplectic manifold (MΣ, ω) is again a well-known object: it is the
symplectic groupoid integrating the homogeneous Poisson space given by
R,B, V ⊂ G via Drinfeld’s classification [4]. This symplectic groupoid was
discovered by Jiang-Hua Lu [8].

Example 3.3. Now let Σ be a triangle.

r

vb

r

vb

In this case
MΣ = {(r, b, v) ∈ R×B × V ; rbv = 1}.

The symplectic form is

ω =
1

2
〈v−1dv ∧ db b−1〉.

This symplectic manifold is, up to covering, the big symplectic leaf in the
homogeneous Poisson space given by R,B, V ⊂ G. It will play a role when we
discuss Morita equivalence.

Example 3.4. Finally, let us discuss the simplest Σ that requires a cut.

rb rb r1b1 r2b2

g

MΣ = {(r1, r2, b1, b2, g) ∈ R2 ×B2 ×G; r1b1g = g r2b2}
(1, ω) = (r1, 0)(b1, 0)(g, 0) ((g, 0)(r2, 0)(b2, 0))

−1

The symplectic manifold (MΣ, ω) is the double symplectic groupoid integrating
the Drinfeld double given by the tripleR,B ⊂ G, i.e. the Lu-Weinstein groupoid
of the triple R×B,Gdiag ⊂ G×G.
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4 Painted bodies and Lagrangian submanifolds

In this section we shall discuss how cobordisms of painted surfaces give rise to
Lagrangian submanifolds in the moduli spaces. These Lagrangian submanifolds
will turn the moduli spaces into interesting algebraic objects, such as (double)
groupoids, modules, etc. The Lagrangian submanifold will consist of those flat
connection on the surface that can be extended to flat connections on the 3dim
manifold (cobordism). This construction is a straightforward generalization
of the symplectic Chern-Simons theory of D. Freed [5], who considered closed
surfaces.

4.1 Painted bodies

Let us consider a compact oriented 3dim manifold with corners (i.e. locally
looking as (R≥0)3). Its boundary is divided to vertices (corners), edges and
faces. For some of the faces we choose a Lagrangian Lie subalgebra of g (we
shall call such a face painted). We shall require the following. Whenever two
faces meet along an edge then at least one of them is painted, and if both
are painted, then the two subalgebras are transverse. At each vertex should
meet two painted and one unpainted face. Finally, the unpainted part of the
boundary should be a colored surface, i.e. each of its components should have
boundary and on each of the boundary circles there should be a corner. We
shall call such a manifold a painted body. The unpainted part of the boundary
of a body X will be denoted ΣX .

4.2 Flat connections on a painted body

Let X be a painted body. We shall consider principal G-bundles P → X with
a reduction to Ha over every painted face a and with a section over every edge
between painted faces. We then consider flat connections compatible with the
reductions. Let LX ⊂MΣX denote the set of equivalence classes of flat colored
connections on ΣX that are extensible to X . We shall call LX smooth if it is
a submanifold and moreover it can be locally lifted to a smooth family of flat
connections on X .

Theorem 4.1. If LX ⊂MΣX is smooth, it is a Lagrangian submanifold.

Proof. We shall prove that the formal tangent spaces to LX are Lagrangian in
the tangent spaces ofMΣX . If LX is smooth then these formal tangent spaces
are the actual tangent spaces.
Let P be a painted G-bundle over X , AdP → X the vector bundle associated
to the adjoint representation of G on g, and let

Ωcol(X,AdP ) ⊂ Ω(X,AdP )

be the space of AdP -valued differential forms that take values in the corre-
sponding subalgebra of g when restricted to a painted face of X . Let A be a
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flat colored connection; then dA makes Ωcol(X,AdP ) into a complex. Let us
denote this complex ΩA(X) and its cohomology HA(X).
Let P ′ = P |ΣX and A′ = A|ΣX . Let us consider the short exact sequence

0→ ΩA,0(X)→ ΩA(X)→ ΩA′(ΣX)→ 0

(where ΩA,0(X) are the forms vanishing at ΣX) and the following piece of the
resulting long exact sequence:

H1
A(X)→ H1

A′(ΣX)→ H2
A,0(X). (12)

We have
H1
A′(ΣX) = T[P ′,A′]MΣX ,

and the image of the first arrow is the formal T[P ′,A′]LX .
By Poincaré duality the dual of (12) is obtained just by reversing the arrows:

H2
A,0(X)← H1

A′(ΣX)← H1
A(X)

(in particular, the identification of H1
A′(ΣX) with its dual is via the symplectic

form). As a consequence, the image of the first arrow in (12) is a Lagrangian
subspace.

In all the examples that we consider below, LX is easily seen to be smooth.

4.3 Examples

As we noticed above, Lu-Weinstein’s double symplectic groupoid corresponding
to a Manin triple B,R ⊂ G is the moduli space for the surface

r

r

b b

The graph of one of the products in this double groupoid is LX where X is

In other words, the product is given by gluing squares along the adjacent sides
on the picture

r

r

b b

r

r

b
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The other product is obtained when we exchange the colors.
The moduli space of

r

bb

v

is a symplectic groupoid via the gluing

r

v

b b

r

v

b

It is a symplectic groupoid integrating the Poisson B-homogeneous space cor-
responding to the quadruple R,B, V ⊂ G. It is also a module of

r

r

b b

via the gluing

r

v

b b

r

b b

Similar pictures can be drawn for the double symplectic groupoid integrating
the Drinfeld double and also for its R-matrix in the sense of Weinstein and Xu;
see [12] for details.

5 Morita equivalence of quantum tori and beyond

This last section is a bit speculative. On the other hand, it describes the
motivation for the constructions described above, so it is included anyway.

5.1 Morita equivalence of quantum tori

Recall that two algebras A and B are said to be Morita equivalent if their
categories of modules are linearly equivalent. Equivalently, there exist a A ⊗
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Bop-module M and a B⊗Aop module N such that M⊗BN ∼= A and N⊗AM ∼=
B.

Let θij = −θji, 1 ≤ i, j ≤ n, be a skew-symmetric matrix with real elements.
We suppose that the graph of the corresponding linear map Rn → Rn intersects
Z2n ⊂ R2n only in 0 ∈ Z2n. To the matrix θ we associate the algebra Tnθ (a
quantum torus) generated by elements ui (1 ≤ i ≤ n) and their inverses,
modulo relations uiuj = exp(2π

√
−1θij)ujui. A famous result of Rieffel and

Schwarz [10] says that the algebra Tnθ is Morita equivalent to Tnθ−1 .2

The quantum torus Tnθ can be seen as a quantization of the n-dimensional
torus Tn with the constant Poisson structure given by θ. The following natural
questions are due to A. Schwarz and A. Weinstein (motivated by an extension
of T -duality [11] to Poisson-Lie T -duality [7]).

1. Is there a generalization of Morita equivalence when Tn is replaced by a
quantum group H and Tnθ by a torsor of H?

2. Is there a symplectic/Poisson version of Morita equivalence for tori with
constant Poisson structure? Can it be extended to Poisson-Lie groups,
giving a symplectic/Poisson analog of Question 1?

We shall give an answer to Question 2. It will provide a conjectural answer to
Question 1.

5.2 H-Morita equivalence

Let H be a Hopf algebra. Let A be an associative algebra in the (monoidal)
category H-mod of left H-modules. In other words, A is an H-module and the
product A⊗A→ A is a morphism of H-modules.

Let A-modH be the category of A-modules in H-mod, i.e. the category of
vector spaces V which are modules of both A and H , such that A ⊗ V → V
is a morphism of H-modules. Let A-mod be the category of A-modules in
the category of vector spaces. We have the forgetful functor res : A-modH →
A-mod and its left adjoint ind : A-mod→ A-modH .

Let now B be an algebra in the (monoidal) category H-comod of right H-
comodules. We have the category B-modH of B-modules in H-comod and the
category B-mod. Now we have the forgetful functor cores : B-modH → B-mod
and its right adjoint coind : B-mod→ B-modH .

Definition 5.1. We shall say that A and B are H-Morita equivalent if there
are equivalences of linear categories A-mod→ B-modH and A-modH → B-mod

2it implies a Morita equivalence of Tn
θ with Tn

A·θ for any A ∈ SO(n, n;Z), where
SO(n, n;Z) acts on the graph of θ in R2n, provided the transformed graph is again a graph
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such that the diagram

A-mod B-modH

A-modH B-mod

ind cores

commutes up to a natural isomorphism, or equivalently, such that

A-mod B-modH

A-modH B-mod

res coind

commutes up to a natural isomorphism.

The simplest example is when A = k is trivial (k is the base field) and B = H .
The category H-modH is called the category of Hopf modules of H . A linear
equivalence F : k-mod→ H-modH making the diagram

k-mod H-modH

H-mod H-mod

F

ind

=

cores

commutative (up to a natural isomorphism) is due to Sweedler [14]; F is given
simply by F (V ) = H ⊗ V .

Proposition 5.1. An H-Morita equivalence is equivalent to a vector space
M which is a right A-module and left B-module, satisfying the compatibility
relation b · (m · a) = (b(1) ·m) · (b(2) · a) for all a⊗m⊗ b ∈ A⊗M ⊗B, where
b 7→ b(1) ⊗ b(2) ∈ B ⊗H is the H-comodule structure of B.

Proof. If M is given then M⊗H is a B-A-bimodule via b ·(m⊗h) = (b(1) ·m)⊗
(b(2) ·h), (m⊗h) ·a = (m · (h(2) ·a))⊗h(1). It induces an H-Morita equivalence

as follows. The functor A-mod→ B-modH is given by V 7→ V ⊗A(M⊗H), and

A-modH → B-mod by W 7→
(
W ⊗A (M ⊗H)

)H
, where XH (for a H-module

X) is {x ∈ X ; (∀h ∈ H)h · x = ǫ(h)x}.
If an H-Morita equivalence is given then M = F (A)H , where F is the functor
A-mod→ B-modH .
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5.3 Conjectural answer to Question 1

Suppose again that G is a connected Lie group and its Lie algebra g has an
invariant inner product 〈, 〉. Let r, b ⊂ g be a Manin triple and let R and
B be the corresponding Poisson-Lie groups. Suppose also that v is another
Lagrangian subalgebra with the property that v ∩ r is the Lie algebra of a
closed connected subgroup Rv ⊂ R and similarly, v ∩ b is the Lie algebra of
a closed connected subgroup Bv ⊂ B. By Drinfeld’s classification of Poisson
homogeneous spaces [4] the homogeneous space R/Rv has a Poisson structure
such that the map R× (R/Rv)→ R/Rv is Poisson, and similarly for B/Bv.
Below we shall prove a symplectic version of the following loosely stated con-
jecture: If Hopf algebra H is a (suitable) quantization of the Lie bialgebra
corresponding to the Manin triple r, b ⊂ g and algebras A and B are (suitable)
quantizations of the Poisson manifolds Rv and Bv respectively, then A and B
are H-Morita equivalent.
In particular, if v = r we get A = k and B = H , i.e. Sweedler’s example of
H-Morita equivalence.
Let us notice that we prove the symplectic version of the conjecture only under
the additional assumption that v is transverse to both r and b. The general
case would require colored surfaces where we allow adjacent subalgebras to
have non-trivial intersection. The corresponding colored G-bundles would have
a reduction over the corresponding corner to the group exponentiating the
intersection. We shall treat this generalization elsewhere.

5.4 Symplectic H-Morita equivalence

In this final section we provide a symplectic analogue of our conjectural answer
to Question 1. Vector spaces are replaced by symplectic manifolds of the form
MΣ as follows:

r

v

b bA 

b

v

r rB  

b

b

r rH  

r

v

b
M  

In other words, A is replaced by the symplectic groupoid integrating the Poisson
homogeneous space Rv, B by the symplectic groupoid integrating Bv, H by the
double symplectic groupoid integrating both R and B, and M by the moduli
space of the displayed triangle.
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Let us recall the definition of Morita equivalence of symplectic groupoids [15].
Let I denote the groupoid with two objects 0 and 1 and with a unique morphism
0 → 1. Let Γ be a Lie groupoid with a groupoid morphism Γ → I. Γ splits
naturally to 4 components: Γij (i, j ∈ {0, 1}) is the space of arrows lying over
the unique morphism i→ j. Let Xi denote the space of objects of Γ lying over
i ∈ {0, 1}.

Definition 5.2. If the maps Γ01 → X1 and Γ10 → X0 are surjective then the
groupoids Γ00 ⇒ X0 and Γ11 ⇒ X1 are said to be Morita equivalent via the
bimodules Γ01 and Γ10. If the groupoid Γ is symplectic then we have a Morita
equivalence of symplectic groupoids.

Let r, b, v ⊂ g be as above and let R,B, V ⊂ G be the corresponding groups.
Let X0 = R×B and let the arrows (r1, b1)→ (r2, b2) in Γ00 be (v, r) ∈ V ×R
such that r1b1v = b r2b2; composition of arrows is by (v, r)(v′, r′) = (vv′, rr′).
The groupoid Γ00 can be seen as MΣ for the surface

b

v

r r

b b

Γ00 ∼

which makes it to a symplectic groupoid. The groupoid composition is by
(horizontal) gluing of rectangles.

The symplectic groupoid Γ00 integrates the following Poisson structure on R×
B. We have the Poisson action B ×Bv → Bv. The forgetful functor

Poisson manifolds with a moment map to R→ Poisson b-manifolds

has a right adjoint F (see [13]), and F (Bv) = R×B is our Poisson manifold. It is
a semi-classical analog of the crossed product A⋊H , where A is a quantization
of Bv (an associative algebra) and H a quantization of the Lie bialgebra b (a
Hopf algebra). Notice that A⋊H-mod is equivalent to A-modH .

Let us suppose for simplicity that the map R×B → G, (r, b) 7→ rb, is a diffeo-
morphism. The symplectic groupoid Γ00 is Morita equivalent to the symplectic
groupoid Γ11 integrating the Poisson manifold Rv, i.e. MΣ for the surface

b

v

r rΓ11 ∼
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The bimodule Γ01 is MΣ for the surface

b

v

r

r

b

Γ01 ∼

with the bimodule structure given by gluing along the vertical sides.
This Morita equivalence of symplectic groupoids is analogous to a Morita equiv-
alence A-modH → B-mod. If we exchange r and b then we get a similar Morita
equivalence, analogous to A-mod → B-modH , and these two Morita equiva-
lences of symplectic groupoids are easily seen to form a commutative square
analogous to H-Morita equivalence of A and B. Finally, the moduli space for
the triangle

r

v

b

is analogous to the vector space M ; the A- and B-module structure of M is
given by gluing squares to the triangle along the edge of the corresponding
color.
In the case when R,B = Tn, G = R×B, all these symplectic manifolds are of
the form R2m/Zk, with constant symplectic structure. They can be therefore
easily geometrically quantized (provided the symplectic form is integral on Zk)
and these quantizations are compatible with the groupoid/module structures,
so we get anH-Morita equivalence. If we choose the Planck constant so that the
geometrical quantization H of the double symplectic groupoid R×B is trivial,
we get the standard proof of Morita equivalence of quantum tori [10]: In the
simplest case of 2-dimensional tori, A is given by the relation uv = e2πiθvu,
B by u′v′ = e2πi/θv′u′, and the bimodule is M = L2(R) given by (u · f)(x) =
f(x+1), (v ·f)(x) = e2πiθxf(x), (u′ ·f)(x) = f(x+1/θ), (v′ ·f)(x) = e2πixf(x).
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Abstract. In this short note we prove the unirationality of Hur-
witz spaces of 6-gonal curves of genus g with 5 ≤ g ≤ 28 or
g = 30, 31, 35, 36, 40, 45. Key ingredient is a liaison construction in
P1 × P2. By semicontinuity, the proof of the dominance of this con-
struction is reduced to a computation of a single curve over a finite
field.
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1 Introduction

The study of the birational geometry of moduli spaces of curves with additional
structures such as marked points or line bundles is a central topic in algebraic
geometry, see for example the books [HM98] and [ACG11]. The Hurwitz space
H (d, w) parametrizes d-sheeted branched simple covers of the projective line
by smooth curves of genus g with branch divisor of degree w = 2g + 2d− 2 up
to isomorphism,

H (d, 2g+ 2d− 2) = {C d:1−−→ P1 simply branched | C smooth of genus g}/ ∼ .

It is a classical result by Arbarello and Cornalba [AC81] based on a work of
Segre [Seg28] that theses spaces are unirational for all d ≤ 5 and all g ≥ d− 1
and in few cases for higher gonality, namely for d = 6 and 5 ≤ g ≤ 10 or g = 12
and for d = 7 and g = 7.
In this paper we present the following extension of this result to significantly
higher genus for 6-gonal curves.
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Theorem 1.1. Over an algebraically closed field of characteristic zero, the
Hurwitz spaces H (6, 2g + 10) of 6-gonal curves of genus g are unirational for

5 ≤ g ≤ 28 or g = 30, 31, 33, 35, 36, 40, 45. (1)

Our proof is based on the observation that a general 6-gonal curve in P1 × P2

can be linked in two steps to the union of a rational curve and a collection of
lines. It turns out that for small genera this process can be reversed by starting
with a general rational curve and general lines.
To show that the described construction yields a parametrization of the Hurwitz
space, we only need to run the construction for a single curve over a finite field.
Semicontinuity then ensures that all assumptions we made actually hold for an
open dense subset of H (6, 2g+10) in characteristic zero. Since the construction
works a priori only for finitely many genera we settle for a computer-aided
verification using the computer algebra system Macaulay2 [GS].
An immediate consequence of our approach is that in the considered cases the
general 6-gonal curve has a plane model as expected from Brill-Noether theory.

Corollary 1.2. For g among (1) and d =
⌈
2
3g + 2

⌉
the Brill-Noether locus

W 2
d (C) of a general curve C ∈H (6, 10 + 2g) has a smooth generically reduced

component of expected dimension ρ(g, 2, d).
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2 Preliminaries

Throughout this paper, we fix the following notation: Let P = P1 × P2 be
the product of the projective line and the projective plane over a field K with
projections π1 : P→ P1 and π2 : P→ P2. For a, b ∈ Z we write

OP(a, b) = OP1(a)⊠ OP2(b) = π∗1OP1(a)⊗ π∗2OP2(b)

and denote with R =
⊕

i,j H
0(P,OP(i, j)) ∼= K[x0, x1, y0, y1, y2] the bihomoge-

neous coordinate ring of P. By a curve C in P, we mean an equidimensional
subscheme of codimension 2 which is locally a complete intersection. We say
that C is (geometrically) linked to a curve C′ ⊂ P by a complete intersection
X ⊂ P if C and C′ have no common components and C ∪ C′ = X . The Chow
ring of P is generated by classes α and β which are the pullback of a point in
P1 and the pullback of a hyperplane in P2, respectively. The bidegree (d1, d2)
of a curve C is given by d1 = [C].α and d2 = [C].β.

As in the classical setting of liaison of subschemes in Pn, we have the following
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Proposition 2.1 (Exact sequence of liaison). Let C be a curve of bidegree
(d1, d2) that is linked to C′ via a complete intersection X defined by forms of
bidegree (a1, b1) and (a2, b2). We set a = a1 + a2 and b = b1 + b2.

(a) There is an exact sequence

0→ ωC → ωX → OC′(a− 2, b− 3)→ 0.

(b) The curve C′ has bidegree (d′1, d
′
2) = (b1b2 − d1, a1b2 + a2b1 − d2) and

arithmetic genus pa(C′) = pa(X)−(d1(a− 2) + d2(b− 3) + (1− pa(C))).

Proof. To prove the first part, consider the standard exact sequence

0→ IC/X → OX → OC → 0

and apply HomOP
(−, ωP). From the long exact sequence, we get

0→ ωC → ωX → Ext2(IC/X , ωP)→ 0

but Ext2(IC/X , ωP) = OC′(a − 2, b − 3) since C and C′ are linked by X . The
formula for the genus follows immediately. To compute the bidegree, note that
[C] + [C′] = [X ] = (b1b2)β2 + (a1b2 + a2b1)αβ in the Chow ring of P.

Recall the following well-known fact about minimal resolutions of points in the
plane.

Proposition 2.2. Let ∆ be a collection of δ general points in P2 and let k
be maximal under the condition ε = δ −

(
k+1
2

)
≥ 0. Then the minimal free

resolution of O∆ is of the form

0→ G → F → OP2 → O∆ → 0

with F = O(−k)k+1−ε and G = O(−k − 1)k−2ε ⊕ O(−k − 2)ε if 2ε ≤ k and
F = O(−k)k+1−ε ⊕ O(−k − 1)2ε−k and G = O(−k − 2)ε else.

Proof. [Gae51]

We also note the following simple but useful criterion for the irreducibility of
plane curves. Recall that a variety over a field K is called absolutely irreducible
if it is irreducible as a variety over the algebraic closure K.

Proposition 2.3. Let C be a plane curve of degree d with δ ≤ d(d−3)
2 ordinary

double points and no other singularities. If the singular locus ∆ of C has a
resolution as in 2.2 then C is absolutely irreducible.

Proof. Assume that C decomposes into two curves C1 and C2 of degree d1 and
d2 defined by homogeneous polynomials f1 and f2. By assumption, C1 and C2

intersect transversely in d1 · d2 distinct points. First, we reduce to the case
d1, d2 ≤ k where k =

⌈
(
√

9 + 8δ − 3)/2
⌉

is the minimal degree of generators of
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I∆. Clearly, the case that one of the generators has degree strictly larger than
k+ 1 is not possible since I∆ ⊂ (f1, f2) is generated in degree k and (possibly)
k+1. The cases d1 = k+1, say, and d2 ≤ k+1 can be excluded by considering
the number of minimal generators of I∆ in degrees k and k + 1.
We are left with the case d1, d2 ≤ k. Trivially, we can assume that δ−d1d2 ≥ 0.
A polynomial of the form sf1 + tf2 of degree k lies in I∆ if it vanishes at the
remaining δ − d1d2 points. Hence,

h0(I∆(k)) ≥
(
k − d1 + 2

2

)
+

(
k − d2 + 2

2

)
− δ + d1d2

= 2

(
k + 2

2

)
+

(
d− 1

2

)
− (dk + 1)− δ

But this is strictly larger than
(
k+2
2

)
− δ since d ≥ k + 3.

Recall from [ACGH85] the following facts from Brill-Noether theory: For a
fixed smooth curve C of genus g, the Brill-Noether locus

W r
d (C) = {L ∈ Picd(C) | h0(L) ≥ r + 1} (2)

is of dimension at least equal to the Brill-Noether number

ρ(g, r, d) = g − (r + 1)(g − d+ r). (3)

The tangent space at a linear series L ∈ W r
d (C) rW r+1

d (C) is the dual of the
cokernel of the Petri-map

µL : H0(C,L)⊗H0(C, ωC ⊗ L−1)→ H0(C, ωC) (4)

Hence, W r
d (C) is smooth of dimension ρ at L if and only if µL is injective.

Proposition 2.4. Let C be a smooth curve of genus g ≥ 3 with |D| a base
point free g2d, d =

⌈
2g
3 + 2

⌉
, such that the image of C under the associated

map is a plane curve with δ =
(
d−1
2

)
− g ordinary double points and no other

singularities. If the singular locus ∆ has a resolution as in 2.2 then |D| is a
smooth point in W 2

d (C).

Proof. By adjunction, the Petri map for O(D) can be identified with

H0(P2,O(1))⊗H0(P2,I∆(d− 4))→ H0(P2,I∆(d− 3)).

Under the given assumptions the minimal degree of generators of I∆ is precisely
k = d − 4. As 2ε ≤ k we see from the minimal free resolution of I∆ that the
Petri map is injective since there are no linear relations among the generators
of degree k and k + 1.
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3 Liaison construcion

For g ≥ 5, let f : C → P1 be an element of H (6, 10 + 2g) and let O(D1) =
f∗OP1(1) be the 6-gonal bundle. We assume that C has a line bundle O(D2)
such that |D2| is a complete base point free g2d with d = d(g) =

⌈
2g
3 + 2

⌉

minimal under the condition that the Brill-Noether number ρ(g, 2, d) ≥ 0.
Suppose further that the map

ϕ : C
|D1|,|D2|−−−−−−→ PH0(O(D1))× PH0(O(D2)) = P (5)

is an embedding. In particular, this is the case when we assume that the plane
model has only ordinary double points and no other singularities and for any
node p the points in the preimage of p under C → P2 are not identified under
the map to P1.
Hence, we can identify C with its image under ϕ. Furthermore, we assume
that the map H0(OP(a, 3))→ H0(OC(a, 3)) is of maximal rank for all a ≥ 1.
To simplify matters, assume g ≡ 0 (12) for the moment. By the maximal rank
assumption, we have

aCubic := min{a | H0(IC(a, 3)) 6= 0} =
g

4
(6)

and h0(IC(aCubic, 3)) = 3. Let X = V (f1, f2) be the complete intersection
defined by two general sections fi ∈ H0(IC(ai, bi)) of bidegrees (a1, b1) =
(a2, b2) = (aCubic, 3). The curve C′, obtained by liaison of C by X , is smooth
of bidegree (3, 56g − 2) and genus g′ = g

2 − 3 with h0(IC′(aCubic, 3)) ≥ 2.
The geometric situation is understood best when thinking of C as a family of
collections of plane points over P1. We expect the general fiber of C to be a
collection of 6 points in P2 which are cut out by 4 cubics. We expect a finite
number ℓ of distinguished fibers where the points lie on a conic as this is a
codimension 1 condition on the points. Since the residual three points under
liaison are collinear exactly in the distinguished fibers we can compute ℓ by
examining the geometry of C′. The projection of C′ to P2 yields a divisor D′2
of degree d′ > g′ + 2. Our claim is that ℓ = d′ − (g′ + 2). Indeed, the image of
C′ under the associated map

ψ : C′ → P1 × PH0(C′,O(D′2)) = P1 × Pd
′−g′ (7)

lies on the graph of the projection S → P1 where S is a 3-dimensional scroll of
degree d′ − g′ − 2 swept out by the 3-gonal series |D′1|, i.e.

ψ(C′) ⊂ P1 × S =
⋃

D∈|D′
1|
{D} ×D. (8)

See [Sch86] for a proof of this fact. C′ is obtained from ψ(C′) by projection
from a linear subspace P1×V ⊂ P1×Pd

′−g′ of codimension 3. A general space
V intersects S in precisely d′ − g′ − 2 points lying in distinct fibers over P1.
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Clearly, under the projection the points of D ∈ |D′1| are mapped to 3 collinear
points if and only if V meets the corresponding fiber of S.
To keep things neat, we consider again the case g ≡ 0 (12) which implies
ℓ = 1

3g − 1. Suppose further that ℓ ≡ 1 (3). If we assume that the map
H0(OP(a, 2))→ H0(OC′(a, 2)) is of maximal rank for all a ≥ 1 then

aConic = min{a | H0(IC′(a, 2)) 6= 0} =
g′ + 2ℓ+ 1

3
(9)

and h0(IC′(aConic, 2)) = 2. Let X ′ = V (f ′1, f
′
2) be defined by two general

forms f ′i ∈ H0(I (a′i, b
′
i)) of bidegrees (a′1, b

′
1) = (a′2, b

′
2) = (aConic, 2) and let

C′′ denote the curve that is linked to C′ via X ′. The general fiber of C′′

consists of a single point. In a distinguished fiber the conics of the complete
intersection are reducible and have the line spanned by the points of the fiber
of C′ as a common factor. Hence, C′′ is a rational curve together with ℓ lines.
The rational curve has degree

d′′ =
g′ + 2ℓ− 2

3
=

7

18
g − 7

3
. (10)

Turning things around we see that the difficulty lies in reversing the first linkage
step. Indeed, a simple counting argument shows that for any g, the union C′′ of
ℓ general lines in P and the graph of a general rational normal curve of degree
d′′ we have

min{a ∈ Z| H0(IC′′(a, 2)) 6= 0} =

⌈
2d′′ + 3ℓ

5

⌉
− 1 ≤ aConics.

Hence, we always obtain a trigonal curve C′ as desired. However, for
general choices of C′′ and X ′ we expect that the map H0(OP(a, 3)) →
H0(OC′(aCubic, 3)) is of maximal rank. In the case g ≡ 0(12), this restriction
yields h0(IC′(aCubic, 3)) = − g4 + 12, hence g < 48. Checking all congruency
classes of g, we expect that C′ can be linked to a general curve C exactly in
the cases

5 ≤ g ≤ 28 or g = 30, 31, 33, 35, 36, 40, 45. (11)

Table 1 lists the appearing numbers for all values of g in (11).
Summarizing, we obtain for g among (11) the following unirational construction
for curves in H (6, 10 + 2g):

1. We start with a general rational curve of degree d′′ in P together with a
collection of ℓ general lines. Call the union C′′.

2. We choose two general forms f ′i ∈ H0(IC′′(a′i, b
′
i)), i = 1, 2, that define

a complete intersection X ′ and obtain a trigonal curve C′ = X ′ r C′′ of
degree d′ and genus g′.

3. We choose two general forms fi ∈ H0(IC′(ai, bi)), i = 1, 2, that define a
complete intersection X and obtain a 6-gonal curve C = X r C′.

It remains to show that the construction actually yields a parametrization of
the Hurwitz spaces.
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g d (a1, b1), (a2, b2) g′ d′ (a′1, b
′
1), (a′2, b

′
2) ℓ d′′

5 6 (2, 3), (2, 3) 2 6 (3, 2), (2, 2) 2 2
6 6 (2, 3), (1, 3) 0 3 (1, 2), (1, 2) 1 0
7 7 (2, 3), (2, 3) 1 5 (2, 2), (2, 2) 2 1
8 8 (3, 3), (2, 3) 2 7 (3, 2), (3, 2) 3 2
9 8 (2, 3), (2, 3) 0 4 (2, 2), (2, 2) 2 2

10 9 (3, 3), (3, 3) 4 9 (4, 2), (4, 2) 3 4
11 10 (3, 3), (3, 3) 2 8 (4, 2), (4, 2) 4 4
12 10 (3, 3), (3, 3) 3 8 (4, 2), (3, 2) 3 3
13 11 (4, 3), (3, 3) 4 10 (5, 2), (4, 2) 4 4
14 12 (4, 3), (4, 3) 5 12 (6, 2), (5, 2) 5 5
15 12 (4, 3), (4, 3) 6 12 (5, 2), (5, 2) 4 4
16 13 (4, 3), (4, 3) 4 11 (5, 2), (5, 2) 5 4
17 14 (5, 3), (5, 3) 8 16 (7, 2), (7, 2) 6 6
18 14 (5, 3), (4, 3) 6 13 (6, 2), (6, 2) 5 6
19 15 (5, 3), (5, 3) 7 15 (7, 2), (7, 2) 6 7
20 16 (6, 3), (5, 3) 8 17 (8, 2), (8, 2) 7 8
21 16 (5, 3), (5, 3) 6 14 (7, 2), (6, 2) 6 6
22 17 (6, 3), (6, 3) 10 19 (9, 2), (8, 2) 7 8
23 18 (6, 3), (6, 3) 8 18 (9, 2), (8, 2) 8 8
24 18 (6, 3), (6, 3) 9 18 (8, 2), (8, 2) 7 7
25 19 (7, 3), (6, 3) 10 20 (9, 2), (9, 2) 8 8
26 20 (7, 3), (7, 3) 11 22 (10, 2), (10, 2) 9 9
27 20 (7, 3), (7, 3) 12 22 (10, 2), (10, 2) 8 10
28 21 (7, 3), (7, 3) 10 21 (10, 2), (10, 2) 9 10
30 22 (8, 3), (7, 3) 12 23 (11, 2), (10, 2) 9 10
31 23 (8, 3), (8, 3) 13 25 (12, 2), (11, 2) 10 11
33 24 (8, 3), (8, 3) 12 24 (11, 2), (11, 2) 10 10
35 26 (9, 3), (9, 3) 14 28 (13, 2), (13, 2) 12 12
36 26 (9, 3), (9, 3) 15 28 (13, 2), (13, 2) 11 13
40 29 (10, 3), (10, 3) 16 31 (15, 2), (14, 2) 13 14
45 32 (11, 3), (11, 3) 18 34 (16, 2), (16, 2) 14 16

Table 1: Numerical data for all cases of the construction
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4 Proof of the dominance

Theorem 4.1. For all (g, d) as in Table 1, there is a unirational component Hg

of the Hilbert scheme Hilb(6,d),g(P) of curves in P of bidegree (6, d) and genus
g. The generic point of Hg corresponds to a smooth absolutely irreducible curve
C such that the map H0(OP(a, 3))→ H0(OC(a, 3)) is of maximal for all a > 1.

Proof. The crucial part is to prove the existence of a curve with the desired
properties. Code 5.1 implements the construction above for any given value of
g in (11) and establishes the existence of a smooth and absolutely irreducible
curve Cp of given genus and bidegree defined over a prime field Fp. This com-
putation can be regarded as the reduction of a computation over Q which yields
some curve C0. This curve is already defined over the rationals, since all con-
struction steps invoke only Groebner basis computations. By semicontinuity,
C0 is also smooth, absolutely irreducible and of maximal rank.
Again, by semicontinuity, there is a Zariski open neighborhood U ⊂
Hilb(6,d),g(P) of points corresponding to smooth absolutely irreducible curves
that fulfill the maximal rank condition. Let AN be the parameter-space for
all the choices made in the construction, i.e. the space of coefficients of the
polynomials defining C′′ and the complete intersections X and X ′. The con-
struction then translates to a rational map AN 99K U defined over Q and we
set Hg to be the closure of the image of this map.

Remark 4.2. We want to point out two issues concerning the computational
verification:

1. The restriction to finite fields in the Macaulay2 computation in the ap-
pendix is only due to limitations in computational power. For very small
values of g, i.e. g ≤ 15, it is still possible to compute examples over the
rationals if all coefficients are chosen among integers of small absolute
value.

2. The reduction of C0 modulo p gives a curve Cp with desired properties for
p in an open part of Spec(Z). Hence, the main theorem is also true in
almost all characteristics p. One way to extend it to all prime numbers
would be to keep trace of all denominators in a computation over the
rationals and check case by case the primes where a bad reduction happens.
This is computationally also out of reach at the moment.

It remains to show that there exists a dominant rational map from Hg to the
Hurwitz-scheme.

Theorem 4.3. For g among (11) and Hg as in Theorem 4.1 there is a dominant
rational map

Hd 99KH (6, 10 + 2g).

Proof. Using Code 5.1 again, we check for any given value of g in (11) the
existence of a point in Hg corresponding to a smooth absolutely irreducible
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curve C ⊂ P such that the projection onto P1 is simply branched and the
bundle L2 = ϕ∗OP(0, 1) is a smooth point in the corresponding W 2

d (C). By
semicontinuity, the loci of curves with this property is open and dense in Hg.
Hence, we have a rational map Hg 99K H (6, 10 + 2g). The locus of curves in
H (6, 10+2g) having a smooth component of the Brill-Noether loci of expected
dimension is also open and contains the image of [C] under this map. Since
H (6, 10 + 2g) is irreducible this locus is dense. This proves the theorem.

We want to emphasize the last statement in the proof:

Corollary 4.4. For g among (11) and d =
⌈
2
3g + 2

⌉
the Brill-Noether locus

W 2
d (C) of a general curve C ∈H (6, 10 + 2g) has a smooth generically reduced

component of expected dimension ρ.

5 Computational Verification

The following Code for Macaulay2 [GS] realizes the unirational construction of
a 6-gonal curve of genus g as in (11) over a finite field K = Fp with random
choices for all parameters.
In order to explain the single steps in the computation, we also print the most
relevant parts of the output for the example case g = 24.

Code 5.1. We start with the following initialization:

i1 : Fp=ZZ/32009; -- a finite field

S=Fp[x_0,x1,y_0..y_2,Degrees=>{2:{1,0},3:{0,1}}];

-- Cox-ring of P^1 x P^2

m=ideal basis({1,1},S);

-- irrelevant ideal

setRandomSeed("HurwitzSpaces");

-- initialization of the random number generator

The following functions handle the numerics of the construction:

i2 : expHilbFuncIdealSheaf=(g,d,a)->

max(0,(a_0+1)*(a_1+2)*(a_1+1)/2-(a_0*d_0+a_1*d_1+1-g))

-- expected number of sections of the ideal sheaf

linkedGenus=(g,d,F,G)->(

pX:=binomial(F_0+G_0-1,1)*binomial(F_1+G_1-1,2)-

(F_0-1)*binomial(F_1-1,2)-(G_0-1)*binomial(G_1-1,2);

-- genus of the complete intersection

pX-d_0*(F_0+G_0-2)-d_1*(F_1+F_1-3)-1+g)

-- genus of the linked curve

linkedDegree=(g,d,F,G)->{F_1*G_1-d_0,F_0*G_1+G_0*F_1-d_1}

-- bidegree of the linked curve

The first step is to determine the degree d′′ of the rational curve and the number
of lines ℓ. We start by computing the bidegrees of the forms that define the
complete intersection for the linkage to the trigonal curve:
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i3 : g=24;

d={6,ceiling(-g/3+g+2)};

-- choose the second degree Brill-Noether general

a=for i from 0 do

if expHilbFuncIdealSheaf(g,d,{i,3})!=0 then break i;

-- find the minimal value a s.t. H^0(IC(a,3)) nonzero

if expHilbFuncIdealSheaf(g,d,{a,3})==1 then

fX={{a+1,3},{a,3}} else fX={{a,3},{a,3}};

-- choose bidegrees of forms for the complete intersection

(d,fX)

o3 = ({6, 18}, {{6, 3}, {6, 3}})

The genus and degree of the trigonal curve and the number of lines:

i4 : g’=linkedGenus(g,d,fX_0,fX_1);

d’=linkedDegree(g,d,fX_0,fX_1);

l=d’_1-g’-2;

(g’,d’,l)

o4 = (9,{3,18},7)

We compute the bidegrees for the complete intersection for the linkage to the
rational curve

i5 : b=for i from 0 do

if expHilbFuncIdealSheaf(g’,d’,{i,2})!=0 then break i;

if expHilbFuncIdealSheaf(g’,d’,{b,2})==1 then

fX’={{b+1,2},{b,2}} else fX’={{b,2},{b,2}};

d’’=linkedDegree(g’+2*l,d’+{0,l},fX’_0,fX’_1);

dRat={{ceiling(d’’_1/2),1},{floor(d’’_1/2),1}};

(fX’,d’’)

o5 = ({{8, 2}, {8, 2}}, {1, 7})

The second step is the actual construction: First, we choose a rational curve
and random lines and compute the saturated vanishing ideal IC′′ of their union:

i6 : ICrat=saturate(ideal random(S^1,S^(-dRat)),m);

ILines=apply(l,i->ideal random(S^1,S^{{-1,0},{0,-1}}));

time IC’’=saturate(intersect(ILines|{ICrat}),ideal(x_0*y_0));

-- used 1.29537 seconds

Next, we choose random forms in IC′′ of degree b (resp. of b + 1) that define
the complete intersection X ′ and compute the saturated vanishing ideal IC′ of
the trigonal curve C′.

i7 : IX’=ideal(gens IC’’ * random(source gens IC’’,S^(-fX’)));

IC’=IX’:ICrat;

time scan(l,i->IC’=IC’:ILines_i);

time IC’sat=saturate(IC’,ideal(x_0*y_0));

-- used 2.06236 seconds

-- used 23.7319 seconds
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In the final step, we compute the vanishing ideal of the 6-gonal curve C by
linking C′ with a complete intersection X given by random forms in IC′ of
degree a (resp. a+ 1).

i8 : IX=ideal(gens IC’sat * random(source gens IC’sat,S^(-fX)));

time IC=IX:IC’;

time ICsat=saturate(IC,ideal(x_0*y_0));

-- used 15.7815 seconds

-- used 3.84807 seconds

We check that C is of maximal rank in the degrees (a, 3) by looking at the
minimal generators of the saturated vanishing ideal:

i9 : tally degrees ideal mingens gb ICsat

o9 = Tally{{0, 18} => 1}

{1, 14} => 5

{1, 15} => 4

{2, 8} => 2

{2, 9} => 8

{3, 6} => 9

{4, 4} => 2

{4, 5} => 8

{5, 4} => 7

{6, 3} => 3

{7, 3} => 1

In order to check irreducibility, we compute the plane model Γ of C:

i10 : Sel=Fp[x_0,x_1,y_0..y_2,MonomialOrder=>Eliminate 2];

-- eliminination order

R=Fp[y_0..y_2]; -- coordinate ring of P^2

IGammaC=sub(ideal selectInSubring(1,gens gb sub(ICsat,Sel)),R);

-- ideal of the plane model

We check that Γ is a curve of desired degree and genus and its singular locus
∆ consists only of ordinary double points:

i11 : distinctPoints=(J)->(

singJ:=minors(2,jacobian J)+J;

codim singJ==3)

i12 : IDelta=ideal jacobian IGammaC + IGammaC; -- singular locus

distinctPoints(IDelta)

o12 = true

i13 : delta=degree IDelta;

dGamma=degree IGammaC;
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gGamma=binomial(dGamma-1,2)-delta;

(dGamma,gGamma)==(d_1,g)

o13 = true

We compute the free resolution of I∆:

i14 : time IDelta=saturate IDelta;

betti res IDelta

-- used 55.063 seconds

0 1 2

o14 = total: 1 8 7

0: 1 . .

1: . . .

2: . . .

3: . . .

4: . . .

5: . . .

6: . . .

7: . . .

8: . . .

9: . . .

10: . . .

11: . . .

12: . . .

13: . 8 .

14: . . 7

This is the resolution as expected. Hence, C is absolutely irreducible by Propo-
sition 2.2 and O(D2) is a smooth point of the Brill-Noether loci by Proposition
2.4.
It remains to verify that C is actually smooth and simply branched. We com-
pute the vanishing ideal IB ⊂ K[x0, x1] of the locus B in P1 of points with
non-reduced fiber.

i15 : gensICsat=flatten entries mingens ICsat;

Icubics=ideal select(gensICsat,f->(degree f)_1==3);

-- select the cubic forms

Jacobian=diff(matrix{{y_0}..{y_2}},gens Icubics);

-- compute the jacobian w.r.t. to vars of P^2

IGraphB=minors(2,Jacobian)+Icubics;

time IGraphBsat=saturate(IGraphB,ideal(x_0*y_0));

-- used 60.2963 seconds

We check that the fibers over B are disjoint from the preimages of the double
points of the plane model. This shows that C is smooth:
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i16 : time ISing=saturate(sub(IDelta,S)+IGraphBsat,ideal(S_0*S_2));

degree ISing==0

o16 = true

Finally, we verify that B is reduced of expected degree 2g + 10 and hence that
C is simply branched.

i17 : time IGraphBsat=saturate(IGraphB,ideal(x_0*y_0));

gensIGraphBsat=flatten entries mingens IGraphBsat;

IB=ideal select(gensIGraphBsat,f->(degree f)_1==0);

degree radical IB==2*g+10

o17 = true

This code is available in form of a Macaulay2 -file from [G11] for download. It
takes approximately 5 hours CPU-time on a 2.4 GHz processor to check all
cases.
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1. Introduction

Let X be a quasi-projective real variety. In [Teh10] the reduced Lawson homol-
ogy groups RLqHn(X) are introduced as homotopy groups of certain spaces of
“reduced” algebraic cycles. For q = 0 we have RL0Hn(X) = Hn(X(R);Z/2),
where Hn(X(R);Z/2) is the Borel-Moore homology. At the other extreme we
have that RLnHn(X) is a quotient of the Chow group CHn(X). There are
generalized cycle maps

cycq,n : RLqHn(X)→ Hn(X(R);Z/2)

and the images of these cycle maps form a filtration of the homology

Im(cycn,n) ⊆ Im(cycn−1,n) ⊆ · · · ⊆ Im(cyc0,n) = Hn(X(R);Z/2).

The first step of this filtration is the image of the Borel-Haeflinger cycle map
Im(cycn,n) = Hn(X(R);Z/2)alg (see Theorem 6.3).
The construction of the reduced Lawson homology is based on Friedlander’s
construction of Lawson homology groups for complex varieties. Friedlander-
Mazur [FM94] have conjectured a relationship between the filtration on singular
homology of the space of complex points given by images of the generalized
cycle map and the niveau filtration. Teh makes an analogous conjecture for
the reduced Lawson groups.

Conjecture 1.1 ([Teh10, Conjecture 7.9]). Let X be a smooth projective real
variety. Then Im(cycq,n) = N2n−qHn(X(R);Z/2) for any 0 ≤ q ≤ n.
Here NpHn(X(R);Z/2) is the niveau filtration which is the sum over all images

Im (Hn(V (R);Z/2)→ Hn(X(R);Z/2))

such that dim V ≤ p.
In the complex case, Friedlander-Mazur’s conjecture is a very difficult and
interesting question. It is known to be true with arbitrary finite coefficients as a
corollary of the Beilinson-Lichtenbaum conjecture. With integer coefficients, it
is known that Suslin’s conjecture for a smooth complex quasi-projective variety
X implies Friedlander-Mazur’s conjecture for X . Moreover, Beilinson showed
that Grothendieck’s conjecture B for a smooth complex quasi-projective variety
X is equivalent to the rational Friedlander-Mazur conjecture for X [Bei10] (see
also [Fri95]).
Surprisingly, the real case is totally different.

Theorem 1.2. Conjecture 1.1 is false.

To see the failure of this conjecture we first observe that the niveau filtration on
reduced Lawson homology is uninteresting (the case of Borel-Moore homology
is q = 0). Specifically we have that

NjRLqHn(X) =

{
RLqHn(X) j ≥ n
0 else.
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This is a consequence of Corollary 4.4 which asserts that the coniveau spec-
tral sequence for the reduced morphic cohomology collapses. Conjecture 1.1
is therefore equivalent to the surjectivity of the generalized cycle maps. It is
known that in general Hn(X(R);Z/2) 6= Hn(X(R);Z/2)alg although it is diffi-
cult to find explicit examples. In Example 5.2 and Proposition 5.3 we give an
explicit class of such examples. Our examples are based on a decomposition
given in Theorem 3.1 of the reduced cycle spaces of a blow-up with smooth
center. This decomposition is a generalization to reduced cycle spaces of the
main result of [Sch85].
As another application of this decomposition we give in Corollary 5.5 examples
of smooth rational varieties X such that

cyc1,1 : RL1H1(X)→ H1(X(R),Z/2)

is not injective. This is in contrast to the complex case where the group of
divisors modulo algebraic equivalence of an irreducible complex variety always
injects into the corresponding homology group. This also gives examples of thin
divisors which represent non-trivial classes in the reduced Lawson homology
group (see Remark 5.6).
The collapse of the coniveau spectral sequence for reduced morphic cohomology
is a consequence of local vanishing of motivic cohomology in degrees larger
than the weight together with the vanishing theorem proved in [HV12b]. For
the purposes of seeing that Conjecture 1.1 is false one does not need the full
strength of the collapsing, it suffices to use only the local vanishing of motivic
cohomology. However, an interesting consequence of the collapse of this spectral
sequence is that we can compute reduced morphic cohomology as the sheaf
cohomology

Hn
Zar(X ;RLqH0) = RLqHn(X).

As a consequence, we identify a family of birational invariants given by

RLqH0(X) = H0
Zar(X ;RLqH0),

for any q ≥ 0. In case q = dim(X) we obtain that the number s of connected
components of X(R) is a birational invariant (i.e. RLdim(X)H0(X) = (Z/2)s).
The purely algebraic nature of s forms part of the main result of [CTP90], where
they use étale cohomology. The relation between reduced morphic cohomology
and étale cohomology is discussed in the final section. As an application of
these birational invariants we compute reduced Lawson homology of a real
rational surface in Corollary 3.10.
In Section 6 we discuss cycle maps. We show that there is basically one cycle
map from the mod-2 motivic cohomology to mod-2 singular cohomology of the
space of real points. As a consequence we see in Theorem 6.9 that the Borel-
Haeflinger cycle map factors through the cycle map from reduced morphic
cohomology to singular cohomology.
We thank the anonymous referee for some helpful comments.
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2. Preliminaries

Let Y be a projective complex variety and Cq(Y ) the Chow variety of effective
q-cycles on Y . Write Zq(Y ) = (Cq(Y )(C))+ for the group completion of this
monoid. The group completion is done algebraically and Zq(Y ) is given the
quotient topology. It turns out that this naive group completion is actually a
homotopy group completion [FG93], [LF92]. When U is quasi-projective with
projectivization U ⊆ U then define Zq(U) = Zq(U)/Zq(U∞) where U∞ = U\U
(and the quotient is a group quotient). This definition is independent of choice
of projectivization [LF92], [FG93].
If X is a real variety then G = Z/2 acts on Zq(XC) via complex conjugation.
The space of real cycles on X is defined to be the subgroup Zq(XC)G of cycles
invariant under conjugation. Write Zq(XC)av for the subgroup generated by
cycles of the form α+α. The space of reduced cycles on X is defined to be the
quotient group

Rq(X) =
Zq(XC)G

Zq(XC)av
.

Definition 2.1 ([Teh10]). Let X be a quasi-projective real variety. The re-
duced Lawson homology of X is defined by

RLqHq+i(X) = πiRq(X).

When q = 0 we have that R0(X) = Z0(X(R))/2 so by the Dold-Thom the-
orem RL0Hi(X) = Hi(X(R);Z/2) is the Borel-Moore homology of X(R). In
general RLqHq+i(X) are all Z/2-vector spaces. It is not known whether these
are finitely-generated vector spaces or not however we do have the following
vanishing theorem.

Theorem 2.2 ([HV12b]). Let X be a quasi-projective real variety. Then

RLqHn(X) = 0

if n > dim(X).

There is also a space Rq(X) = Zq(XC)G/Zq(XC)av of reduced algebraic cocy-
cles on X when X is normal and projective. We refer to [Teh10] for the details
of its construction. It is convenient to extend this definition to quasi-projective
normal varieties, which is done in [HV12b] although not introduced formally
as such an extension. We avoid difficulties with point-set topology by giving
the extension as a simplicial abelian group. Define the simplicial abelian group
of reduced cocyles on a quasi-projective normal real variety

R̃q(X) =
Sing• Z

q/2(XC)G

Sing• Zq/2(XC)av
.

If X is a projective, normal real variety then R̃q(X)
≃−→ Sing•Rq(X) is a

homotopy equivalence [HV12b, Lemma 6.7].
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Definition 2.3 ([Teh10]). Let X be a normal quasi-projective real variety.
Define the reduced morphic cohomology of X by

RLqHq−i(X) = πiR̃q(X).

The reduced Lawson homology and reduced morphic cohomology are related
by a Poincare duality. This is proved in [Teh10, Theorem 6.2] for smooth
projective varieties. We give a quick proof below which applies to both the
projective and quasi-projective case. If T is a topological abelian group we

write T̃ = Sing• T for the associated simplicial abelian group. If M is a G-
module and σ is the nontrivial element of G we write N = 1 + σ and define
Mav = Im(N). If in addition M is 2-torsion then we have the two fundamental

short exact sequences of abelian groups 0 → MG → M
N−→ Mav → 0 and

0→Mav →MG →MG/Mav → 0.

Theorem 2.4. Let X be a smooth quasi-projective real variety of dimension d.
The inclusion

R̃q(X)→ R̃d(X × Aq)

is a homotopy equivalence of simplicial abelian groups. Consequently there is a
natural isomorphism RLqHn(X) ∼= RLd−qHd−n(X).

Proof. This follows from consideration of the following comparison diagrams
of homotopy fiber sequences of simplicial abelian groups where the right-hand
horizontal maps are all surjective,

Z̃q/2(XC)G //

≃
��

Z̃q/2(XC)

≃
��

N // Z̃q/2(XC)av

��
Z̃d/2(XC ×C AqC))G // Z̃d/2(XC ×C AqC))

N // Z̃d/2((XC ×C AqC)av

and

Z̃q/2(XC)av //

��

Z̃q/2(XC)G //

≃
��

R̃q(X)

��
Z̃d/2(XC ×C AqC)av // Z̃d/2(XC ×C AqC)G // R̃d(X × AqR).

The displayed homotopy equivalences follow from [Fri98, Theorem 5.2] and
[HV12b, Corollary 4.20]

�

The inclusion of algebraic cocycles into topological cocycles defines a general-
ized cycle map

cycq,n : RLqHn(X)→ Hn(X(R);Z/2).

If X is smooth and q ≥ dimX then the cycle map cycq,n is an isomorphism. For
X projective this follows from [Teh10, Corollary 6.5, Theorem 8.1] (the results
there are stated under the assumption that X(R) is nonempty and connected
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but this is unnecessary). The isomorphism for projective varieties implies the
isomorphism for quasi-projective varieties (for example by using cohomology
with supports and an argument as in [HV12a, Corollary 4.2]).
There are operations called the s-map in both reduced Lawson homology
and reduced morphic cohomology s : RLqHn(X) → RLq−1Hn(X) and s :
RLqHn(X) → RLq+1Hn(X). Iterated compositions of s-maps give rise to
generalized cycle maps in reduced Lawson homology

cycq,n : RLqHn(X)
s−→ RLq−1Hn(X)

s−→ · · · s−→ RL0Hn(X) = Hn(X(R);Z/2).

The s-map in morphic cohomology is compatible with the cycle map in the
sense that cycq,n agrees with the composition

cycq,n : RLqHn(X)
s−→ RLq+1Hn(X)

cycq+1,n−−−−−→ Hn(X(R);Z/2).

Let X be a normal quasi-projective real variety and Z ⊆ X a closed subvariety.
The reduced morphic cohomology with supports is defined in the usual way with

RLqHq−i(X)Z = πiR̃q(X)Z where R̃q(X)Z = hofib(R̃q(X)→ R̃q(X − Z)).

Theorem 2.5 (Cohomological purity for reduced morphic cohomology). Let
X be a smooth, quasi-projective real variety of dimension d and Z ⊂ X a
closed smooth subvariety of codimension p. There are homotopy equivalences

R̃q(X)Z ≃ R̃q−p(Z), which induce natural isomorphisms

RLqHn(X)Z = RLq−pHn−p(Z).

Proof. This follows from the localization sequence for reduced Lawson homol-
ogy [Teh10, Corollary 3.14] together with Poincare duality, Theorem 2.4, be-
tween reduced Lawson homology and reduced morphic cohomology. �

Recall that a presheaf F (−) of cochain complexes satisfies Nisnevich descent
provided that for any smooth X , any étale map f : Y → X , and open embed-
ding i : U ⊆ X such that f : Y − f−1(U)→ X−U is an isomorphism, we have
a Mayer-Vietoris exact triangle (in the derived category of abelian groups):

F (X)→ F (Y )⊕ F (U)→ F (f−1(V ))→ F (X)[1].

Corollary 2.6. The presheaf R̃q(−) is homotopy invariant theory and satis-
fies Nisnevich descent.

Proof. It is homotopy invariant by [Teh10, Theorem 5.13]. Nisnevich descent
follows immediately from Theorem 2.5. �

3. Birational invariants and examples

We use the following decomposition theorem for spaces of reduced cycles of
blow-ups with smooth center in order to obtain a decomposition of the cok-
ernels of the cycle map from reduced Lawson homology. Later we use this
decomposition to exhibit spaces whose cycle map has nontrivial cokernel. Re-
call that R−q(X) = R0(X × Aq) for q ≥ 0.
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Theorem 3.1. Let X be a smooth projective real variety and Z ⊂ X a smooth
closed irreducible subvariety of codimension d > 1. Let π : BlZ(X)→ X be the
blow up of X with smooth center Z. Then, for any 0 ≤ q ≤ dim(X) we have a
homotopy equivalence of topological abelian groups

(3.2) Rq(BlZ(X))
h.e.≃ Rq(X)⊕Rq−d+1(Z)⊕Rq−d+2(Z)⊕ · · · ⊕ Rq−1(Z).

Moreover this decomposition is compatible with s-maps.

Proof. We follow the ideas used to prove [Voi, Theorem 2.5] and the main
theorem of [Sch85]. We work in H−1AbTop, the category of topological abelian
groups with a CW-structure with inverted homotopy equivalences.
Recall that π−1(Z)→ Z is the projective bundle p : P(NZX)→ Z of dimension
d− 1. The decomposition in the statement of the theorem is given as follows.
The first component of the map is π∗ (notice that π∗ ◦ π∗ = id). The other
maps are given via compositions

φl : Rq−d+1+l(Z)
p∗−→ Rq+l(BlZ(X))

−∩c1(O(1))l−−−−−−−−→ Rq(BlZ(X)),

where p∗ : Rq(Z)→Rq+d−1(P(NZX))
i∗→Rq+d−1(BlZ(X)).

Using the Mayer-Vietoris sequence (see Corollary 2.6), we have the homotopy
equivalence

Rk(BlZ(X))
h.e.→ Rk(X)⊕Ker(p∗),

where p∗ : Rk(NZ(X))→Rk(Z). In H−1AbTop

(3.3) Ker(p∗)
h.e.≃ Rq−d+1(Z)⊕Rq−d+2(Z)⊕ · · · ⊕ Rq−1(Z).

The Segre classes sl(NZX) ∩ − : Rk(Z) → Rk+d−1−l(Z) satisfy sl(NZ(X)) ∩
− = 0 if l < 0 and s0(NZ(X))∩− = id. Using this one can prove the projective
bundle formula for the reduced cycle groups in the usual way, see [Teh10]. The
projective bundle formula is valid as well for negative indexes. We thus obtain

Rk(NZ(X)) = ⊕0≤l≤d−1Rk−d+1+l(Z).

Now one can conclude the homotopy equivalence (3.3).
By [Teh10] the s-maps are compatible with all of the maps involved in the
decomposition (3.2) therefore this decomposition is preserved by the s-maps.

�

The generalized cycle maps cycq,n : RLqHn(X)→ Hn(X(R),Z/2), are defined
as a composite of s-maps together with the Dold-Thom isomorphism. Write

Tq,n(X) = coker(cycq,n : RLqHn(X)→ Hn(X(R),Z/2))

and

Kq,n(X) = ker(cycq,n : RLqHn(X)→ Hn(X(R),Z/2)).

Notice that Tq,n(X) = 0 = Kq,n(X), for q ≤ 0 and any X .
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Corollary 3.4. Let π : BlZ(X)→ X and Z be as in the above theorem. Then

Tq,n(BlZ(X)) = Tq,n(X)⊕ Tq−1,n−1(Z)⊕ ...⊕ Tq−d+1,n−d+1(Z),

and

(3.5) Kq,n(BlZ(X)) = Kq,n(X)⊕Kq−1,n−1(Z)⊕ ...⊕Kq−d+1,n−d+1(Z).

Proof. In the case k = 0 the decomposition (3.2) gives

R0(BlZ(X)(R))
h.e.≃ R0(X(R))⊕R−d+1(Z(R))⊕R−d+2(Z(R))⊕ · · · ⊕ R−1(Z(R)),

therefore producing the decomposition of Borel-Moore homology

Hk(BlZ(X)(R),Z/2) =

Hk(X(R),Z/2)⊕Hk−d−1(Z(R),Z/2)⊕ · · · ⊕Hk−1(Z(R),Z/2).

The s-maps respect the decomposition (3.2) and comparing the decomposition
for q = 0 and for q > 0 yields the result. �

Corollary 3.6. If Z(R) = ∅, then Tq,n(BlZ(X)) = Tq,n(X) for any 0 ≤ q ≤
n ≤ dim(X).

Remark 3.7. An analog of Corollary 3.4 for the cokernel of the Borel-
Haeflinger cycle map was originally proven by Schülting in [Sch85]. There
separate arguments are needed to give a decomposition algebraically and a de-
composition topologically. An advantage that our uniform proof has is that
is entirely algebraic, the homology of real points being expressed in terms of
homotopy of the group of algebraic cycles R0(X).

Remark 3.8. Using similar techniques one can prove a decomposition analo-
gous to (3.2) for the spaces of real cycles defining dos Santos equivariant Lawson
homology groups.

Corollary 3.9. The groups T1,n(X) and K1,n(X) are birational invariants
for smooth projective real varieties.

Proof. By [AKMW02, Theorem 0.3.1] every birational map between smooth
projective varieties factors as a composition of blow-ups and blow-downs with
smooth centers. The result then follows from Corollary 3.4. �

We close the section with the following computation.

Corollary 3.10. Let X be a rational smooth projective surface i.e. X
birational≃

P2
R. Then the cycle map

cycq,n : RLqHn(X)→ Hn(X(R),Z/2)

is an isomorphism for q ≤ n.
Proof. We have R0(X) = R0(X(R)). By Corollary 3.9 we have that T1,n(X)
and K1,n(X) are birational invariants and we know that T1,n(P2

R) = 0 =
K1,n(P2

R). By Theorem 4.4 the group π0R2(X) is a birational invariant. �
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Remark 3.11. For X as in the previous corollary we have that RLqHn(X) = 0
for n < q and n > 2 and RL0H0(X) = RL0H2(X) = RL1H2(X) =
RL2H2(X) = Z/2.

4. Coniveau spectral sequences

In this section we show that the coniveau spectral sequence for reduced morphic
cohomology collapses. We make use of [CTHK97] for the Bloch-Ogus theorem
identifying the E2-term of this spectral sequence. Let X be a smooth, quasi-
projective real variety and write X(p) for the set of points x ∈ X whose closure
has codimension p. Let h∗ be a cohomology theory with supports. Define
hix(X) = colimU⊆X hix∩U (U) and hi(k(x)) = colimU⊆x hi(U) (where in both
colimits, U ranges over nonempty opens). One may form the Gersten complex

0→
⊕

x∈X(0)

hnx(X)→
⊕

x∈X(1)

hn+1
x (X)→ · · · →

⊕

x∈X(p)

hn+px (X)→ · · · .

This complex gives rise to the coniveau spectral sequence

Ep,q1 =
⊕

x∈X(p)

hp+qx (X) =⇒ hp+q(X)

The associated filtration is Nphn(X) = ∪ZIm(hnZ(X) → h(X)), where the
union is over closed subvarieties Z ⊆ X of codimension p.

Proposition 4.1. [CTHK97, Corollary 5.1.11, Theorem 8.5.1] Let h∗ be a
cohomology theory with supports on Sm/R which satisfies Nisnevich excision
and is homotopy invariant. Let Hq be the Zariski sheafification of the presheaf
U 7→ hq(U). Then the Gersten complex E•,q1 is a flasque resolution of Hq and
the coniveau spectral sequence has the form

Ep,q2 = Hp
Zar(X ;Hq) =⇒ Hp+q(X).

For every q, the group H0(X,Hq) is a birational invariant for smooth proper
varieties.

Corollary 4.2. Let X be a smooth quasi-projective real variety. For each k
we have spectral sequences

Ep,q1 (k) =
⊕

x∈X(p)

RLk−pHq(k(x)) =⇒ RLkHp+q(X).

The E2-terms are Ep,q2 (k) = Hp
Zar(X ;RLkHq) and each H0

Zar(X ;RLkHq) is a
birational invariant for smooth projective real varieties. Moreover, the s-maps
induce maps of spectral sequences {Ep,qr (k)} → {Ep,qr (k + 1)}.
Proof. By Corollary 2.6 reduced morphic cohomology is homotopy invariant
and satisfies Nisnevich excision. For x ∈ X(p) we have that x ∩ U is smooth
for small enough open U ⊆ X . Therfore, for small enough open U ⊆ X we can
apply Theorem 2.5 to x∩U ⊆ U and we conclude that we have an isomorphism
RLkHp+q(X)x = RLk−pHq(k(x)). Thus the E1-page of the coniveau spectral
sequence can be rewritten in the displayed form. The s-maps are natural

Documenta Mathematica 17 (2012) 641–661



650 Jeremiah Heller and Mircea Voineagu

transformations and so induce maps of the exact couples defining the coniveau
spectral sequence. �

The following result gives us the collapsing of the coniveau spectral sequence.
It is a consequence of the main vanishing theorem of [HV12b] and the local
vanishing of equivariant morphic cohomology and morphic cohomology.

Theorem 4.3. Let R = OT,t1,··· ,tn be the semi-local ring of a smooth, real
variety T at a finite set of points t1, . . . , tn ∈ T . Then

RLkHq(SpecR) = 0

if q 6= 0 and any k ≥ 0.

Proof. For convenience write Y = SpecR. By definition

RLkHq(Y ) = colimRLkHq(U),

where the colimit is over all open U ⊆ T such that all ti ∈ U . Recall also that
filtered colimits commute with homotopy groups and preserve exact sequences.
We need to see that RLkHk−s(Y ) = πsRk(Y ) = 0 for s 6= k. The main
vanishing result in [HV12b, Theorem 6.10] implies that πsRk(Y ) = 0 for s > k.
Consider the homotopy fiber sequences of simplicial abelian groups

Z̃k/2(YC)G // Z̃k/2(YC)
N // Z̃k/2(YC)av

and

Z̃k/2(YC)av // Z̃k/2(YC)G // R̃k(Y ).

Because πsZ̃k/2(YC)G = 0 = πsZ̃k/2(YC) if s ≤ k − 1 ([FHW04, Theorem

7.3] and [HV12a, Lemma 3.22]) we see that πsZ̃k/2(YC)av = 0 if s ≤ k − 1.

Using the second homotopy fiber sequence we conclude that πsR̃k(Y ) = 0 if
s ≤ k − 1. �

Corollary 4.4. Let X be a smooth quasi-projective real variety. For any k,
the coniveau spectral sequence for reduced morphic cohomology satisfies

Ep,q1 (k) = 0

for q 6= 0. Consequently Ep,02 (k) = Ep,0∞ (k) and so we have natural isomor-
phisms

Hp
Zar(X ;RLkH0) = RLkHp(X).

In particular H0(X,RLqH0) = RLqH0(X) = πq(Rq(X)) is a birational in-
variant for smooth projective real varieties.

Proof. We have Ep,q1 (k) = ⊕x∈X(p)RLk−pHq(k(x)). For x ∈ X(p) we have that
k(x) = OU,η, where U is the open set of nonsingular points of x and η is the
generic point. In particular the previous result implies that RLk−pHq(k(x))
for q 6= 0. The other statements follow from Proposition 4.1 �

Documenta Mathematica 17 (2012) 641–661



Remarks on Filtrations of the Homology of Real Varieties 651

Remark 4.5. The case k = dimX tells us that HiR = 0 for any i > 0 where
HiR is the Zariski sheafification of the presheaf U 7→ Hi(U(R);Z/2). This also
follows from [Sch94, Theorem 19.2].

Remark 4.6. Corollary 4.4 gives us birational invariants RLqH0(X) for 0 ≤
q ≤ d = dim(X). If q = d then we have

RLdH0(X) = H0(X(R);Z/2) = (Z/2)⊕s

and therefore s = s(X) = #(connected components of X(R)) is a birational
invariant of an algebraic nature. This also follows from the main result of
[CTP90] where they show that H0(X,Hnet) = H0(X(R),Z/2) for any n ≥
dim(X)+1. Here Het is the sheaf associated to the presheaf U → Hn

et(U, µ
⊗n
2 ).

At the other extreme if one takes q = 0,

RL0H0(X) = (Z/2)⊕r

where r = r(X) = #(geometrically irreducible components of X) and so r is
also a birational invariant.

Remark 4.7. By Corollary 4.4 and Corollary 4.2 the s-maps

RLqHn(X)
s→ RLq+1Hn(X)

are obtained as the map induced on Zariski sheaf cohomology by the sheafified
s-maps s : RLqH0 →RLq+1H0. In particular we see that the generalized cycle
map

cycq,n : RLqHn(X)→ Hn(X(R);Z/2)

is obtained from the sheafified cycle map RLqH0 → H0
R. In the last section

we show that this cycle map is naturally related to the Borel-Haeflinger cycle
map [BH61].

We finish by observing that Poincare duality gives the collapsing of the niveau
spectral sequence for reduced Lawson homology (of possibly singular varieties).

Proposition 4.8. Let X be a quasi-projective real variety. Write X(p) for
the set of points x ∈ X whose closure has dimension p. The niveau spectral
sequence

E1
p,q(k) = ⊕x∈X(p)

RLkHp+q(k(x)) =⇒ RLkHp+q(X)

satisfies E1
p,q(k) = 0 for any q 6= 0 and therefore E2

p,q(k) = E∞p,q(k).

Proof. The niveau spectral sequence is constructed as in [BO74]. Consider an
x ∈ X(p). For any open U ⊆ x which is smooth, by Theorem 2.4 we have

RLkHn(U) = RLp−kHp−n(U). In particular, we see that RLkHn(k(x)) =
RLp−kHp−n(k(x)). Therefore by Corollary 4.4 we have RLkHp+q(k(x)) =
RLp−kH−q(k(x)) = 0 for any q 6= 0. �
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5. Filtrations in homology

Let X be a quasi-projective real variety of dimension d. The generalized cycle
map φq,n : RLqHn(X)→ Hn(X(R),Z/2) is the composition of q iterations of
the s-map together with the Dold-Thom isomorphism. Write

RTqHn(X) = Im(φq,n : RLqHn(X)→ Hn(X(R);Z/2).

This gives us a decreasing filtration of the homology of the space of real points
and is called the topological filtration.
Associated to the niveau spectral sequence is the niveau filtration

NpRLkHn(X) =
∑

dimV≤p
Im (RLkHn(V )→ RLkHn(X)) .

Notice that in the complex case, if Y is a complex variety of dimension d then
Weak Lefschetz theorem says that

NnHn(Y (C);Z) = Nn+1Hn(Y (C);Z) = · · · = NdHn(Y (C);Z)).

In particular, in the complex case there are only n + 1 steps in the filtration,
and another d − n are equal to the homology. In the real case, we don’t have
this theorem and so apriori all one has is a filtration.

N0Hn(X(R);Z/2) ⊆ · · · ⊆ NdHn(X(R);Z/2) = Hn(X(R);Z/2).

Teh has formulated the following conjecture which is made in analogy with a
conjecture of Friedlander-Mazur [FM94, Conjecture p.71] for complex varieties.

Conjecture 5.1 ([Teh10, Conjecture 7.9]). Let X be a smooth projective real
variety. Then RTqHn(X) ⊆ N2n−qHn(X(R);Z/2) and moreover this contain-
ment is an equality RTqHn(X) = N2n−qHn(X(R);Z/2) for any 0 ≤ q ≤ n.
¿From Proposition 4.8 we have the following equality:

E∞n−q,q(k) = Nn−qRLkHn(X)/Nn−q−1RLkHn(X) = 0

for any q 6= 0. This means that for any k we have

RLkHn(X) = NdRLkHn(X) = · · · = Nn+1RLkHn(X) = NnRLkHn(X),

and

0 = N−1RLkHn(X) = N0RLkHn(X) = · · · = Nn−1RLkHn(X).

The first row of equalities contains the groups that appear in Conjecture 5.1.
Consequently the first part of the conjecture is obviously true because by the
above we have that NjHn(X(R);Z/2) = Hn(X(R);Z/2) for all j ≥ n.
The second part of the conjecture is false because the s-maps are not always
surjective. Using the material from Section 3 we give an explicit example of
this failure. Recall that we write Tq,n(X) = coker(cycq,n : RLqHn(X) →
Hn(X(R);Z/2)).
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Example 5.2. Let Z ⊆ P3
R be the smooth irreducible elliptic curve given by

the equation t2x + ty2 − x3 = 0, z = 0. Then Z(R) is well known to consist
of 2 connected components (see for example [BCR98, Example 3.1.2]). Let
X = BlZ P3 be the blow-up of P3 along Z. Then T2,2(X) = T2,2(P3

R)⊕ T1,1(Z)
by Corollary 3.4. Because RL1H1(Z) = π0R1(Z) = Z/2 and Z(R) has two
components we conclude that T2,2(X) = Z/2.

More generally we have the following.

Proposition 5.3. For each N ≥ 3, there is a smooth projective real variety
X of dimension N (which is topologically connected) such that Tq,q(X) 6= 0 for
all 2 ≤ q ≤ N − 1.

Proof. Let Z ⊆ PN be a smooth irreducible real curve such that Z(R) has at
least 2 connected components. Let s denote the number of connected compo-
nents of Z(R). Since Z is irreducible we have that R1(Z) = Z/2. Therefore
T1,1(Z) = (Z/2)s−1. Since Z is a curve Ti,n(Z) = 0 for all other values of i
and n. We take X → PN to be the blow up of PN along Z. Then Tq,q(X) =
T1,1(Z) = Z/2s−1 by Corollary 3.4 because 2 ≤ q ≤ N − 1 = codim(Z). �

We also have a similar result for the kernel.

Proposition 5.4. For each N ≥ 3, there is a smooth projective real variety
X, birational to PN , such that Kq,q(X) 6= 0 for all 2 ≤ q ≤ N − 1.

Proof. Let Z ⊆ PN be a smooth irreducible real curve such that Z(R) = ∅.
Then K1,1(Z) = Z/2 and Ki,n(Z) = 0 for all other values of i and n. Take
X → PN to be the blow up of PN along Z. We have Kq,q(X) = K1,1(Z) = Z/2
by Corollary 3.4. �

As an interesting particular case we have the following which is different than
the complex analog.

Corollary 5.5. There exists a smooth real variety X
birational∼ PNR such that

the cycle map on divisors RL1H1(X)→ H1(X(R),Z/2) is not injective.

Remark 5.6. A k-cycle is said to be thin if it is a sum of closed subvarieties Z ⊆
X with dimZ(R) < k. The kernel of the Borel-Haeflinger cycle map consists
entirely of thin cycles by [IS88] and the composite CHq(X) → RLqHq(X) →
Hq(X(R);Z/2) agrees with the Borel-Haeflinger cycle map by Theorem 6.9.
This means that the proposition above gives examples of nonzero classes which
are represented by thin cycles in RLqHq(X).

6. Cycle Maps

Let X be a smooth quasi-projective real variety. We discuss two natural cycle
maps from motivic cohomology to the singular cohomology of X(R). Based on
this, we show that Borel-Haeflinger map [BH61] factors through the reduced
Lawson homology cycle map. We end the section with a discussion of the maps
involved in the Suslin conjecture from the view of the methods in this section.
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Recall that G = Z/2. If M is a G-space we write Hi
G(M ;Z/2) for the Borel co-

homology with Z/2-coefficients. The reduced morphic cohomology of X comes
equipped with a natural generalized cycle map to the singular cohomology of
real points. Composing this with the canonical map from real morphic coho-
mology and its isomorphism with motivic cohomology (with Z/2-coefficients)
gives us the cycle map

(6.1) Hp
M(X ;Z/2(q))→ RLqHp−q(X)

cyc−−→ Hp−q(X(R);Z/2).

On the other hand the real morphic cohomology maps naturally to the
Borel cohomology of the space of complex points. In turn there is a map
Hn
G(X(C);Z/2) → ⊕Hn−i(X(R);Z/2) obtained by restricting to real points

together with the decomposition

Hn
G(X(R),Z/2) = Hn(X(R)× RP∞;Z/2) =

⊕

0≤i≤n
Hi(X(R),Z/2).

Composing with the appropriate projection gives us

(6.2) Hp
M(X ;Z/2(q))→ Hp

G(X(C);Z/2) −→ Hp−q(X(R);Z/2).

We show that the cycle maps (6.1) and (6.2) agree with each other. Basically
these agree because they can be seen as induced by maps of presheaves of
cochain complexes and so Theorem 6.6 applies.
Write (Top)an for the category of topological spaces homeomorphic to a fi-
nite dimensional CW-complex given the usual topology and φ : (Top)an →
(Sm/R)Zar for the map of sites induced by X 7→ X(R).

Theorem 6.3. Let X be a smooth quasi-projective real variety. The cycle maps
given by (6.1) and (6.2) agree. Moreover the intermediate maps in (6.2) can
be chosen so that the following diagram commutes

Hp
M(X,Z/2(q)) //

��

Hp
et(X,µ

⊗q
2 )

∼= //

��

Hp
G(X(C),Z/2)

��
RLpHp−q(X)

cyc // Hp−q(X(R),Z/2) Hp
G(X(R),Z/2).oo

for any p, q ≥ 0.

Proof. Consider the following complexes of Zariski sheaves on Sm/R:

Z/2(q)(X) = (zequi(P
q/q−1
R , 0)(X ×R ∆•R)⊗ Z/2)[−2q]

Z/2(q)sst(X) = Sing•(Zq/2(XC)G)[−2q]

Z/2(q)top(X) = Homcts(X(C)×∆•top,Z/20(AqC))G[−2q]

Z/2(q)Bor(X) = Homcts(X(C)× EG×∆•top,Z/20(AqC))G[−2q]

Z/2(q)BorR (X) = Homcts(X(R)× EG×∆•top,Z/20(AqC))G[−2q],

R(q)(X) = (Sing•Zq/2(XC)G/ Sing•Zq/2(XC)av)[−2q]
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These complexes all satisfy Nisnevich descent for standard reasons. See e.g.
[HV12b, Section 5] for the first three. Similarly for the complex Z/2(q)BorR (X)
because taking real points of a distinguished Nisnevich square of real varieties
gives a homotopy pushout square of spaces. The last complex satisfies Nisnevich
descent by Proposition 2.6. As a consequence we have

HiZar(Z;Z/2(q)) = Hi
M(X ;Z/2(q))

HiZar(X ;Z/2(q)sst) = LqHRi−q,q(X ;Z/2)

HiZar(X ;Z/2(q)top) = Hi−q,q(X(C);Z/2)

HiZar(X ;Z/2(q)Bor) = Hi
G(X(C);Z/2)

HiZar(X ;Z/2(q)BorR ) = Hi
G(X(R);Z/2)

HiZar(X ;R(q)) = RLqHi−q(X),

where LqHRi−q,q(X ;Z/2) denotes Friedlander-Walker’s real morphic cohomol-
ogy [FW02] and Hi−q,q(X(C);Z/2) is Bredon cohomology.

The map (6.1) is induced by the map of complexes

(6.4) Z/2(q)
1)−→ R(q)

2)−→ φ∗Z/2[−q].
The map 1) is given by the “usual” cycle map from motivic cohomology
to reduced morphic cohomology. It is defined as the composite Z/2(q) →
Z/2(q)sst →R(q). The map 2) is obtained by adjunction from the composite

φ∗(R(q))
≃−→Mapcts((−)(R)×∆∗top,R0(AqR))[−2q]

≃−→ Z/2[−q]
which arises because R0(AqR) ≃ K(Z/2, q) and any CW complex has an open
cover given by contractibles.
We show that the map (6.2) is induced by a composite of maps:

(6.5) Z/2(q) −→ tr≤2qRǫ∗Z/2
3)−→ Z/2(q)Bor

4)−→ Z/2(q)BorR

5)−→ φ∗Z/2[−q].
of Zariski complexes of sheaves in D−(ShvZar(Sm/R)) which we now explain.
Write ǫ : Xet → XZar for the usual map of sites. The first unlabeled map
is the cycle map from motivic cohomology to etale cohomology. The map 3)
is obtained in Proposition 6.7 using Cox’s theorem [Cox79]. The map 4) is
obtained by restriction to real points. The map 5) will be obtained from the
adjoint of a map φ∗(Z/2(q)BorR ) → Z/2[−q] as follows. Every CW-complex is
locally contractible and so

φ∗(Z/2(q)BorR ) ≃ Homcts(EG×∆•top,Z/20(AqC))G[−2q]

is a quasi-isomorphism of complexes of Zariski sheaves where the right-hand
side is the constant sheaf. In D−

Z/2(Ab), any complex is quasi-isomorphic

with the complex given by its cohomology. We have that Hp,q(EG;Z/2) =

Hp+q(BG;Z/2) and therefore

HkHomcts(EG×∆•top,Z/20(AqC))G[−2q] = Hq−k,q(EG;Z/2) = Z/2
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for 0 ≤ k ≤ 2q and is 0 otherwise. This gives us the map

φ∗(Z/2(q)BorR ) ≃ ⊕0≤i≤2qZ/2[−i]→ Z/2[−i],
which induces the ith projection on cohomology

Hn
G(X(R),Z/2) = ⊕0≤i≤nH

n−i(X(R),Z/2)→ Hn−i(X(R),Z/2).

In particular the adjoint of this map for i = q gives us the map 5)

Z/2(q)BorR → φ∗Z/2[−q].
Because both map 6.5 and map 6.4 induce non-trivial maps in cohomology they
have to coincide by Theorem 6.6.

�

In the proof of the previous theorem we made use of the following result.

Theorem 6.6. Let k = R or C and write φ : (Top)an → (Sm/k)Zar the map of
sites that send X 7→ X(k) where (Top) is the category of spaces homeomorphic
to finite dimensional CW complexes equipped with the usual topology. Then we
have

(1) HomD−((Sm/R)Zar)(Z/2(q), φ∗Z/2[−q]) = Z/2,
(2) HomD−((Sm/R)Zar)(R(q), φ∗Z/2[−q]) = Z/2,
(3) HomD−((Sm/C)Zar)(Z(q)sst , Rφ∗Z/n) = Z/n, for any n ≥ 1.

Proof. We have a quasi-isomorphism Z/2(q) ≃ Z/2(q)sst and that

Hom(Z/2(q)sst, φ∗Z/2[−q]) = Hom(φ∗(Z/2(q)sst), Z/2[−q]).
Because every CW complex is locally contractible in D−(Top) we have

φ∗(Z/2(q)sst)[2q] ≃ Homcts(−×∆•top, Z/20(AqC)G) ≃ Sing•Z/20(AqC)G.

¿From [dS03, (3.6)] it follows that Z/20(AqC)G ≃ ∏2q
i=qK(Z/2, i). This yields

the result because we then have

HomD−(Top)(φ
∗(Z/2(q)), Z/2[−q]) =

2q⊕

i=q

Hq(K(Z/2, i);Z/2) = Z/2.

In the proof of Theorem 6.3 we observed that φ∗R(q) ≃ Z/2[−q] and so

HomD−((Sm/R)Zar)(R(q), φ∗Z/2[−q])
= HomD−((Sm/R)Zar)(φ

∗R(q),Z/2[−q])
= HomD−((Sm/R)Zar)(Z/2[−q],Z/2[−q]) = Z/2.

The last item follows from the equivalence φ∗Z(q)sst ≃ Z. We have

HomD−((Sm/C)Zar)(Z
sst(q),Rφ∗Z/n) = HomD−((Sm/R)Zar)(Z,Z/n) = Z/n,

for any n ≥ 1.
�
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In the proof of Theorem 6 we also used the following proposition which relies
on Cox’s theorem identifying the etale cohomology of a real variety with Borel
cohomology.

Proposition 6.7. There is a quasi-isomorphism ρ : tr≤2qRǫ∗Z/2→ Z/2(q)Bor

of complexes of Zariski sheaves.

Proof. We show that the canonical map Z/2(q)Bor → Rǫ∗Z/2, constructed
in [HV12b, Proposition 5.5] induces a quasi-isomorphism Z/2(q)Bor →
tr≤2qRǫ∗Z/2. The map ρ is its inverse in the derived category. Its hyper-
cohomology gives the cycle map Hn

G(X,Z/2)→ Hn
et(X,Z/2), for every n ≥ 0.

There is a quasi-isomorphism Rǫ∗µ
⊗q
2

≃−→ Rǫ∗µ
⊗q+i
2 and a commutative dia-

gram

(6.8) Z/2(q)Bor //

≃
��

tr≤2qRǫ∗µ
⊗q
2

≃
��

tr≤2qZ/2(q + i)Bor // tr≤2qRǫ∗µ
⊗q+i
2 .

Take i = q. The result follows by showing the bottom map is a quasi-
isomorphism. In [HV12b, Section 5] it is shown that the composite

Z/2(2q)→ tr≤2qZ/2(2q)Bor → tr≤2qRǫ∗µ
⊗2q
2

is the usual cycle map Z/2(2q) → tr≤2qRǫ∗µ
⊗2q
2 . By Voevodsky’s resolu-

tion of the Milnor conjecture [Voe03] this cycle map is a quasi-isomorphism.
This implies that that Hn

G(X,Z/2) → Hn
et(X,Z/2) is a surjective map be-

tween finite-dimensional spaces for n ≤ 2q. By [Cox79] both vector spaces
have the same dimension and so the map is an isomorphism. Therefore
Z/2(q)Bor ≃ tr≤2qRǫ∗Z/2.

�

Let aZar denote Zariski sheafification and define the following sheaves

HnM(q) =aZar(U 7→ Hn
M(U(C)),Z/2(q)))

HnC(G) =aZar(U 7→ Hn
G(U(C)),Z/2))

HnR(G) =aZar(U 7→ Hn
G(U(R),Z/2)),

Hnet(q) =aZar(U 7→ Hn
et(U, µ

⊗q
2 )),

HnR =aZar(U 7→ Hn(U(R),Z/2)).

Sheafifying the diagram in Theorem 6.3 for p = q gives the commutative dia-
gram

HqM(q)
∼= //

��

Hqet(q)
∼= //

��

HqC(G)

��
RLqH0

cycq,0 // H0
R

HqR(G).oo
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By Corollary 4.4 and Corollary 4.2 the sheafified cycle map cycq,0 induces the
usual cycle map between reduced morphic cohomology and singular cohomology

RLqHn(X) = Hn
Zar(X ;RLqH0)→ Hn

Zar(X ;H0
R) = Hn(X(R);Z/2).

The map HqM(q)→ Hqet(q) induces the Bloch-Ogus isomorphism

CHq(X) = Hq
Zar(X ;HqM(q)) ∼= Hq

Zar(X ;Hqet(q)).
The composite Hqet(q)→ HqC(G)→ HqR(G)→ H0

R induces a map

CHq(X) = HqZar(X ;Hqet(q))→ HqZar(X ;H0
R) = Hq(X(R);Z/2)

which by [CTS96, Remark 2.3.5] is just the Borel-Haeflinger cycle map sending
a closed irreducible Z ⊆ X to the Poincare dual of the fundamental class of Z
if dimZ(R) = dimZ and zero otherwise. The above commutative diagram tells
us that this agrees with the composite Hq(q)et ∼= HqM(q)→ LRqH0 → H0

R and
so we immediately obtain the following.

Theorem 6.9. Let X be a smooth quasi-projective real variety. For any q ≥ 0,
the Borel-Haeflinger cycle map factors as the composite

CHq(X)/2→ RLqHq(X)
cycq,n−−−−→ Hq(X(R),Z/2),

where the first map is the natural quotient.

Next we compare the s-map in reduced morphic cohomology with the opera-
tion (−1) in étale cohomology. Recall that the operation (−1) : Hi

et(X ;µ⊗q2 )→
Hi+1
et (X ;µ⊗q+1

2 ) is defined to be multiplication with the class (−1) which
is the image of −1 under the boundary map H0

et(X ;Gm) → H1
et(X ;µ2)

in the Kummer sequence. By naturality this is equal to the pullback of
(−1) ∈ H1

et(Spec(R);µ2) under the structure map X → Spec(R). Sheafify-

ing gives the operation on Zariski sheaves (−1) : Hqet(q)→ Hq+1
et (q + 1).

Proposition 6.10. Let X be a smooth quasi-projective real variety of dimen-
sion d. The following square commutes for any q ≥ 0

Hi
Zar(X ;Hqet(q)) −−−−→ RLqHi(X)

y∪(−1)
y∪s

Hi
Zar(X ;Hq+1

et (q + 1)) −−−−→ RLq+1Hi(X).

For any q ≥ d+ 1 all maps are isomorphisms.

Proof. The s-operation is induced by multiplication with s ∈ RL1H0(Spec(R)),
where s is the generator. Sheafifying the s-map gives a map of Zariski sheaves
and the composite RLqH0 −→ RLq+1H0 → H0

R induces the usual s-map on
sheaf cohomology.
The class (−1) ∈ H1

et(Spec(R);µ2) and (−1) maps to s under the isomorphism
H1
et(Spec(R);µ2) ∼= RL1H0(Spec(R)) because they both map to the generator

of H0(pt;Z/2). Therefore the above square commutes. When q ≥ d then the
vertical maps are isomorphisms, both Hi

Zar(X ;Hqet(q)) → Hi(X(R);Z/2) and
RLqHi(X)→ Hi(X(R);Z/2) are isomorphisms. �
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Corollary 6.11. Let X be a smooth quasi-projective real variety. We have
the isomorphism of rings

H∗et(X,µ
⊗∗
2 )[s−1] ∼= RL∗H∗(X)[s−1] ∼= H∗(X(R),Z/2),

where s = (−1) under the left-hand isomorphism.

Remark 6.12. The map Hqet(q)→RLqH0 is not in general an isomorphism of
sheaves as we can see for the case of a smooth projective variety of dimension
dim(X) = q. In this case the first group surjects with non-trivial kernel in
codimension 0, 1, 2 (under some mild conditions on X) onto the cohomology of
real points by [CTS96]. On the other hand the latter group is the cohomology
of real points by [Teh10].
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Introduction

An important class of singularities over fields of characteristic zero are the
rational singularities. For example, quotient singularities and log terminal sin-
gularities are rational singularities (see e.g. [KM98]). Over fields with positive
characteristic the situation is more subtle. The definition of rational singulari-
ties requires resolution of singularities which is not yet available in all dimen-
sions. Moreover, quotient singularities are only rational singularities under a
further tameness condition, but in general fail to be rational singularities.
The purpose of this paper is to define a broader class of singularities in positive
characteristic, which we call Witt-rational singularities. The main idea is that
we replace the structure sheaf OX and the canonical sheaf ωX by the Witt
sheaves WOX,Q and WωX,Q. One important difference is that multiplication
with p is invertible in WOX,Q and WωX,Q. Instead of resolution of singularities
we can use alterations.
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Witt-rational singularities have been first introduced by Blickle and Esnault
[BE08]. In this paper we use a slightly different and more restrictive definition,
which seems to be more accessible. Conjecturally, our definition agrees with the
one of Blickle-Esnault by using a Grauert-Riemenschneider vanishing theorem
for the Witt canonical sheaf WωX,Q. We hope to say more about this in the
future.

0.1. Let k be a perfect field of positive characteristic. We denote by W =
W (k) the ring of Witt vectors and by K0 = Frac(W ) the field of fractions. For
a smooth proper k-scheme the crystalline cohomology H∗crys(X/W ) has, by the
work of Bloch and Deligne-Illusie, a natural interpretation as hypercohomology
of the de Rham-Witt complex WΩ•X ,

H∗crys(X/W ) ∼= H∗(X,WΩ•X).

After inverting p, the slope spectral sequence degenerates which yields a de-
composition

Hn(X/K0) =
⊕

i+j=n

Hj(X,WΩiX)⊗W K0.

The de Rham-Witt complex is the limit of a pro-complex (WnΩ•X)n, and for
us WnOX and WnωX = WnΩdimX

X will be most important. The sheaf WnOX
is the sheaf of Witt vectors of length n, and defines a scheme structure WnX
on the topological space X . The structure map π : X −→ Spec (k) induces a
morphism Wn(π) : WnX → SpecWn(k), but Wn(π) is almost never flat. By
the work of Ekedahl (see [Eke84]) WnωX equals Wn(π)!Wn[− dimX ], hence
WnωX is a dualizing sheaf for WnX .
The main technical problem in order to define Witt-rational singularities is to
prove the independence of the chosen alteration. Our approach is to use the
action of algebraic cycles in a similar way as in [CR09]. For this, we have to
extend the work of Gros [Gro85] on the de Rham-Witt complex in Theorem 1
below.
For a k-scheme S we denote by CS the category whose objects are S-schemes
which are smooth and quasi-projective over k. For two objects f : X → S
and g : Y → S in CS , the morphisms HomS(f : X → S, g : Y → S) are
defined by lim−→Z

CH(Z), where the limit is taken over all proper correspondences

over S between X and Y , i.e. closed subschemes Z ⊂ X ×S Y such that the
projection to Y is proper (CH(Z) = ⊕dimZ

i=0 CHi(Z) denotes the Chow group).
The composition of two morphisms is defined using Fulton’s refined intersection
product. The following theorem on the action of proper correspondences on
relative Hodge-Witt cohomology is the main technical tool of the article.

Theorem 1 (cf. Proposition 3.5.4). There is a functor

Ĥ(?/S) : CS → (WOS −modules),

Ĥ(f : X → S/S) =
⊕

i,j

Rif∗WΩjX ,

with the following properties.
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If h : X → Y is an S-morphism between two smooth k-schemes and Γth ⊂
Y ×S X denotes the transpose of its graph, then Ĥ([Γth]/S) is the natural pull-

back. If in addition h is projective then Ĥ([Γh]/S) is the pushforward defined
by Gros in [Gro85] using Ekedahl’s duality theory [Eke84].

For a morphism α ∈ HomCS (X/S, Y/S) in CS, the map Ĥ(α/S) is compatible
with Frobenius, Verschiebung and the differential.

0.2. We say that an integral normal k-scheme X is a finite quotient if there
exists a finite and surjective morphism from a smooth k-scheme Y → X (e.g.
X = Y/G for some finite group G acting on Y .) We say that a normal integral
scheme X is a topological finite quotient if there exists a finite, surjective and
purely inseparable morphism u : X → X ′, where X ′ is a finite quotient. The
morphism u is in fact a universal homeomorphism. Finally we say that a
morphism f : X → Y between two integral k-schemes is a quasi-resolution
of Y if X is a topologically finite quotient and the morphism f is surjective,
projective, generically finite and purely inseparable. (In characteristic zero
these conditions imply that X is a finite quotient and f is projective and
birational.) By a result of de Jong (see [dJ96], [dJ97]) quasi-resolutions always
exist. When working with Q-coefficients the notion of quasi-resolutions suffices
to define an analog of rational singularities. This follows from the following
theorem.

Theorem 2 (Theorem 4.3.3). Let Y be a topological finite quotient and f :
X → Y a quasi-resolution. Then

Rf∗WOX,Q ∼= WOY,Q.

If X and Y are smooth and f is birational, this is a direct consequence of
Theorem 1 and the vanishing Lemmas 3.6.1 and 3.6.2. Indeed, in CH(X×Y X)
the diagonal ∆X ⊂ X ×Y X can be written as [Γtf ] ◦ [Γf ] + E, where E is a
cycle whose projections to X have at least codimension ≥ 1. Thus E acts as
zero on the WO part and hence [Γtf ]◦ [Γf ] acts as the identity on Rif∗WOX,Q,
but it factors over 0 for i > 0; this will prove the theorem in case X and Y is
smooth. Because the Frobenius is invertible when working with Q-coefficients
we can neglect all purely inseparable phenomena. Therefore the main point in
the general case is to realize the higher direct images of Rif∗WOX,Q (and also
for Y ) as certain direct factors in the relative cohomology of smooth schemes,
which is possible since X and Y are topological finite quotients.

0.3. Before explaining our definition of Witt-rational singularities we need to
introduce some notations. If X is a k-scheme of pure dimension d and with
structure map π : X → Spec k, then we define the Witt canonical sheaf of
length n by

WnωX := H−d(Wn(π)!Wn).

It follows from the duality theory developed by Ekedahl in [Eke84], that these
sheaves form a projective system W•ωX with Frobenius, Verschiebung and
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Cartier morphisms. Further properties are (the first two are due to Ekedahl,
see [Eke84] and Proposition 4.1.4)

(1) If X is smooth, then W•ωX ∼= W•ΩdX .
(2) If X is Cohen-Macaulay, then WnωX [d] ∼= Wn(π)!Wn, in particular

WnωX is dualizing.
(3) If f : X → Y is a proper morphism between k-schemes of the same

pure dimension, then there is a W•OY -linear morphism

f∗ : f∗W•ωX →W•ωY ,

which is compatible with composition and localization.

We define WωX := lim←−W•ωX .

We say that an integral k-scheme S has Witt-rational singularities (Defini-
tion 4.4.4) if for any quasi-resolution f : X → S the following conditions are
satisfied:

(1) f∗ : WOS,Q ≃−→ f∗WOX,Q is an isomorphism,
(2) Rif∗WOX,Q = 0, for all i ≥ 1,
(3) Rif∗WωX,Q = 0, for all i ≥ 1.

In case only the first two properties are satisfied we say that S has WO-rational
singularities. Condition (1) is satisfied provided that S is normal.
Our main example for varieties with Witt-rational singularities are topologi-
cally finite quotients, because the vanishing property in Theorem 2 also holds
for Wω.

Theorem 3 (Corollary 4.4.7). Topological finite quotient have Witt-rational
singularities.

A particular case are normalizations of smooth schemes X in a purely in-
separable finite field extension of the function field of X . More generally, if
u : Y −→ X is a universal homeomorphism between normal schemes then Y
has Witt-rational singularities if and only if X has Witt-rational singularities
(Proposition 4.4.9).
Every scheme with rational singularities has Witt-rational singularities, but
varieties with Witt-rational singularities form a broader class. For example,
finite quotients may fail to be Cohen-Macaulay and thus are in general not
rational singularities.
A different definition of Witt-rational singularities has been introduced by
Blickle and Esnault as follows. Let S be an integral k-scheme and f : X −→ S
a generically étale alteration with X a smooth k-scheme. We say that S has
BE-Witt-rational singularities if the natural morphism

WOS,Q −→ Rf∗WOX,Q
admits a splitting in the derived category of sheaves of abelian groups on X .
A scheme with Witt-rational singularities in our sense has BE-Witt-rational
singularities (Proposition 4.4.17). We conjecture that the converse is also true.
The existence of quasi-resolutions implies the following corollary.
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Corollary 1 (Corollary 4.4.11). Let S be a k-scheme and X and Y two
integral S-schemes. Suppose that there exists a commutative diagram

Z
πX

~~||
||

πY

  A
AA

A

X

f   @
@@

@ Y

g��~~
~~

S,

with πX and πY quasi-resolutions. Suppose that X,Y have Witt-rational sin-
gularities. Then we get induced isomorphisms in Db(WOS)

(1) Rf∗WOX,Q ∼= Rg∗WOY,Q, Rf∗WωX,Q ∼= Rg∗WωY,Q.

The isomorphisms are compatible with the action of the Frobenius and the Ver-
schiebung.

If f : X −→ S and g : Y −→ S are quasi-resolutions then the isomorphisms in
(1) are independent of the choice of Z (Corollary 4.5.1). In this way we obtain
natural complexes

WS0,S := Rf∗WOX,Q, WSdim(S),S := Rf∗WωS,Q,

(Definition 4.5.2).

0.4. By using the work of Berthelot-Bloch-Esnault Corollary 1 yields congru-
ences for the number of rational points over finite fields.

Corollary 2 (Corollary 4.4.16). Let S = Spec k be a finite field. Let X and
Y be as in Corollary 1, and suppose that X,Y are proper. Then for any finite
field extension k′ of k we have

|X(k′)| ≡ |Y (k′)| mod |k′|.
If X,Y are smooth this is a theorem due to Ekedahl [Eke83].
For a normal integral scheme S with an isolated singularity s ∈ S we can give a
criterion for the WO-rationality of S, provided that a resolution of singularities
f : X −→ S exists such that f : f−1(S\{s}) −→ S\{s} is an isomorphism; we
denote by E := f−1(s) the fibre over s. Then S has WO-rational singularities
if and only if

(2) Hi(E,WOE,Q) = 0 for all i > 0,

(Corollary 4.6.4). This implies that a normal surface has WO-rational singu-
larities if and only if the exceptional divisor is a tree of smooth rational curves.
For cones C of smooth projective schemesX , we obtain that C hasWO-rational
singularities if and only if Hi(X,WOX,Q) = 0 for i > 0. We can show that
C has Witt-rational singularities provided that Kodaira vanishing holds for X
(Section 4.7). We expect that this assumption can be dropped; in general, a
Grauert-Riemenschneider type vanishing theorem for Wω should imply that
WO-rationality is equivalent to Witt-rationality.
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Over a finite field k we use a weight argument to refine the criterion (2) if E
is a strict normal crossing divisor. Let Ei be the irreducible components of E,
via the restriction maps we obtain for all t ≥ 0 a complex Ct(E):

⊕

ı0

Ht(Eı0 ,WOEı0 ,Q
)

︸ ︷︷ ︸
deg=0

−→
⊕

ı0<ı1

Ht(Eı0 ∩ Eı1 ,WOEı0∩Eı1 ,Q
) −→ . . .

Theorem 4 (Theorem 4.6.7). Let k be a finite field. In the above situation, S
has WO-rational singularities if and only if

Hi(Ct(E)) = 0 for all (i, t) 6= (0, 0).

Theorem 4 is inspired by the results of Kerz-Saito [Sai10, Theorem 8.2] on the
weight homology of the exceptional divisor.
For morphisms with generically smooth fibre with trivial Chow group of zero
cycles we can show the following vanishing theorem.

Theorem 5 (Theorem 4.8.1). Let X be an integral scheme with Witt-rational
singularities. Let f : X −→ Y be a projective morphism to an integral, normal
and quasi-projective scheme Y . We denote by η the generic point of Y , and
Xη denotes the generic fibre of f . Suppose that Xη is smooth and for every
field extension L ⊃ k(η) the degree map

CH0(Xη ×k(η) L)⊗Z Q −→ Q

is an isomorphism. Then, for all i > 0,

Rif∗WOX,Q ∼= Hi(WS0,Y ), Rif∗WωX,Q ∼= Hi(WSdim(Y ),Y ).

In particular, if Y has Witt-rational singularities then

Rif∗WOX,Q = 0, Rif∗WωX,Q = 0, for all i > 0.

0.5. For smooth schemes we can show the following result which takes the
torsion into account.

Theorem 6 (Theorem 5.1.10). Let S be a k-scheme. Let f : X → S and
g : Y → S be two S-schemes which are integral and smooth over k and have
dimension N . Assume X and Y are properly birational over S, i.e. there exists
a closed integral subscheme Z ⊂ X×S Y , such that the projections Z → X and
Z → Y are proper and birational. There are isomorphisms in Db(S,W (k)):

Rf∗WOX ∼= Rg∗WOY , Rf∗WΩNX
∼= Rg∗WΩNY .

Taking cohomology we obtain isomorphisms of WOS-modules which are com-
patible with Frobenius and Verschiebung:

Rif∗WOX ∼= Rig∗WOY , Rif∗WΩNX
∼= Rig∗WΩNY , for all i ≥ 0.

If X and Y are tame finite quotients and there exists a proper and birational
morphism h : X −→ Y then a similar statement holds (see Theorem 5.1.13).
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If X and Y are two smooth and proper k-schemes, which are birational and of
pure dimension N . Then we obtain isomorphisms of W (k)[F, V ]-modules

Hi(X,WOX) ∼= Hi(Y,WOY ), Hi(X,WΩNX) ∼= Hi(Y,WΩNY ), for all i ≥ 0.

Modulo torsion the statement for WO is a theorem due to Ekedahl (see
[Eke83]).

0.6. We give a brief overview of the content of each section. In Section 1
we introduce the category dRWX of de Rham-Witt systems on a k-scheme X .
In the language of Ekedahl [Eke84] an object in dRWX is both, a direct and
an inverse de Rham-Witt system at the same time. Furthermore, we intro-
duce the derived pushforward, derived cohomology with supports and R lim←− on

Db(dRWX). We recall the definition of Witt-dualizing systems from [Eke84]
in 1.6, and some facts about residual complexes in 1.7. In particular, we ob-
serve that if f : X → Y is a morphism between k-schemes, which is proper
along a family of supports Φ on X , then for any residual complex K on Y the
trace morphism f∗f∆K → K, which always exists as a map of graded sheaves,
induces a morphism of complexes f∗ΓΦf

∆K → K. In 1.8 we show that for
any π : X → Spec k the residual complexes Wnπ

∆Wn(k) form a projective
system KX , which is term-wise a Witt-dualizing system. In 1.9 we define the
functor DX = Hom(−,KX) on D(dRWX,qc)

o. (It is only defined on complexes
of quasi-coherent de Rham-Witt systems.) In 1.10 we recall the results of
Ekedahl in the smooth case relating KX to W•ΩdimX

X , and in 1.11 we calculate
the trace morphism for a regular closed immersion. A similar description is
given in [Gro85], but it refers to work in progress by Ekedahl, which we could
not find in the literature, therefore we give another argument.
In Section 2 we introduce relative Hodge-Witt cohomology with supports on
smooth and quasi-projective k-schemes, which are defined over some base
scheme S. We define a pullback for arbitrary morphisms and using the trace
map from Section 1 also a pushforward for morphisms which are proper along
a family of supports. Then in 2.4 we give an explicit description of the push-
forward in the case of a regular closed immersion and also for the projection
PnX → X , where X is a smooth scheme X . From this description we deduce
the expected compatibility between pushforward and pullback with respect to
maps in a certain cartesian diagram.
In Section 3 we collect and prove the remaining facts, which we need to show
that (X,Φ) 7→ ⊕i,jHi

Φ(X,WΩjX) is a weak cohomology theory with supports
in the sense of [CR09]. In particular, we need the cycle class constructed by
Gros in [Gro85]. ¿From this we deduce Theorem 1 above. In 3.6 we prove the
two vanishing Lemmas, which give a criterion for certain correspondences to
act as zero on certain parts of the Hodge-Witt cohomology. In 3.7 we introduce
the notation dRWX,Q, which is the Q-linearization of dRWX . In general, for
M ∈ dRWX the notation MQ means the image of M in dRWX,Q (which is not
the same as M ⊗Z Q).
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In Section 4 we introduce the Witt canonical system W•ωX for a pure-
dimensional k-scheme X and prove some of its properties. Moreover we show
in 4.2 that the cohomology of WO and Wω for a topological finite quotient is
a direct summand of the Hodge-Witt cohomology of a certain smooth scheme.
Then we prove Theorem 2 and define Witt rational singularities. It follows
some elaboration on this notion, in particular the Theorems 3, 4, 5.
Finally in Section 5 we prove some results on torsion, as in Theorem 6. In order
to do this, we show that a correspondence actually gives rise to a morphism in
the derived category of modules over the Cartier-Dieudonné-Raynaud ring and
then use Ekedahl’s Nakayama Lemma to deduce the statement from [CR09].
We advise the reader who is mostly interested in the geometric application
to start for a first time reading with Section 1.1 and 1.2 to get some basic
notations and then jump directly to Section 4.

0.7. Notation and general conventions. We are working over a perfect
ground field k of characteristic p > 0. We denote by Wn = Wn(k) the ring of
Witt vectors of length n over k and by W = W (k) the ring of infinite Witt
vectors. By a k-scheme we always mean a scheme X , which is separated and
of finite type over k. If X and Y are k-schemes, then a morphism X → Y is
always assumed to be a k-morphism.

1. De Rham-Witt systems after Ekedahl

1.1. Witt schemes. For the following facts see e.g. [Ill79, 0.1.5], [LZ04, Ap-
pendix A]. Let X be a k-scheme. For n ≥ 1, we denote

WnX = (|X |,WnOX) = SpecWnOX ,
where WnOX is the sheaf of rings of Witt vectors of length n. This construction
yields a functor from the category of k-schemes to the category of separated,
finite type Wn-schemes. If f : X → Y is a separated (resp. finite type, proper
or étale) morphism of k-schemes, then Wnf : WnX → WnY is a separated
(resp. finite type, proper or étale) morphism of Wn-schemes. If f is an open
(resp. closed) immersion, so is Wnf . We denote by in : Wn−1X →֒ WnX
(or sometimes by in,X) the nilimmersion induced by the restriction WnOX →
Wn−1OX . We will write π : WnOX → in∗Wn−1OX instead of i∗n. The absolute
Frobenius on X is denoted by FX : X → X . The morphism Wn(FX) : WnX →
WnX is finite for all n. With this notation the Frobenius and Verschiebung
morphisms on the Witt vectors become morphisms of WnOX -modules

F = Wn(FX)∗ ◦ π : WnOX → (Wn(FX)in)∗Wn−1OX ,
V : (Wn(FX)in)∗Wn−1OX →WnOX .

Further “lift and multiply by p ” induces a morphism of WnOX -modules

p : in∗Wn−1OX →WnOX .
If f : X → Y is a morphism of k-schemes, then we have Wn(f)in,X =
in,YWn−1(f) and Wn(f)Wn(FX) = Wn(FY )Wn(f). If f : X → Y is étale,
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then the following diagrams are cartesian:

(1.1.1) Wn−1X
� � in //

Wn−1f

��

WnX

Wnf

��
Wn−1Y

� � in // WnY,

WnX
Wn(FX )//

Wnf

��

WnX

Wnf

��
WnY

Wn(FY )// WnY.

1.2. De Rham-Witt systems.

Definition 1.2.1. For an integer n ≥ 1 we denote by Cn the category of Z-
graded WnOX -modules on X . We define

CN :=
∏

n∈Z,n≥1
Cn.

For an object M ∈ CN and n ≥ 1 we denote by Mn the n-th component. An
object M in CN is (quasi-)coherent, if all Mn are (quasi-)coherent Wn(OX)-
modules. We denote by CN,qc (resp. CN,c) the full subcategory of (quasi-
)coherent objects of CN. There are two natural endo-functors:

i∗ : CN −→ CN

(i∗M)n :=

{
in∗Mn−1 if n > 1,

0 if n = 1,

σ : CN −→ CN
(σ∗M)n := Wn(FX)∗Mn

The two functors commute

(1.2.1) σ∗i∗ = i∗σ∗,

since Wn(FX)∗in∗ = in∗Wn−1(FX)∗.
We will also need the following functor:

Σ∗ : CN −→ CN
(Σ∗M)n := Wn(FX)n∗Mn.

We have the equalities

(1.2.2) σ∗i∗Σ∗ = Σ∗i∗, σ∗Σ∗ = Σ∗σ∗.

Furthermore, since the components of M ∈ CN are Z-graded we can define for
all i ∈ Z the shift functor

(1.2.3) M(i)n := Mn(i).

The shift functor commutes in an obvious way with i∗, σ∗,Σ∗.

Definition 1.2.2. A graded Witt system (M,F, V, π, p) on X is an object M
in CN equipped with morphisms in CN:

F : M −→ σ∗i∗M, V : σ∗i∗M −→M, π : M −→ i∗M, p : i∗M −→M,

such that

(a) V ◦ F is multiplication with p,
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(b) F ◦ V is multiplication with p,
(c) σ∗i∗(π) ◦ F = i∗(F ) ◦ π,
(d) π ◦ V = i∗(V ◦ σ∗(π)),
(e) i∗(σ∗(p) ◦ F ) = F ◦ p,
(f) V ◦ σ∗i∗(p) = p ◦ i∗(V ),

(g) i∗(p ◦ π) = π ◦ p.
Graded Witt systems form in the obvious way a category which we denote by
WX . It is straightforward to check that WX is abelian.

We have an obvious forgetful functor WX −→ CN. We say that (M,F, V, π, p) is
(quasi-)coherent if Mn is (quasi-)coherent for every n.

Remark 1.2.3. One should memorise (c) as “π ◦ F = F ◦ π”, (d) as “π ◦ V =
V ◦π”, (e) as “p ◦F = F ◦ p”, (f) as “V ◦ p = p ◦V ”, and (g) as “p ◦π = π ◦ p”.

Definition 1.2.4. A de Rham-Witt system (M,d) is a graded Witt system M
together with a morphism in WX :

d : Σ∗M −→ Σ∗M(1),

such that the following conditions are satisfied:

(a) Σ∗F (1) ◦ d ◦ Σ∗V = σ2
∗i∗d (we used 1.2.2),

(b) Σ∗π(1) ◦ d = σ∗i∗d ◦ Σ∗(π) (we used 1.2.2),
(c) d ◦ Σ∗(p) = Σ(p) ◦ σ∗i∗d (again, we used 1.2.2).

(d) d(1) ◦ d = 0.

De Rham Witt systems form in the obvious way a category which we de-
note by dRWX . We say that a de Rham-Witt system is (quasi-)coherent
if the underlying graded Witt system is. We denote the category of (quasi-
)coherent de Rham-Witt systems by dRWX,qc (resp. dRWX,c). It is straight-
forward to check that dRWX , dRWX,qc and dRWX,c are abelian. We denote
by D+(dRWX), D+(dRWX,qc) and D+(dRWX,c) the corresponding derived
categories of bounded below complexes.

Remark 1.2.5. One should memorise (a) as “F ◦d◦V = d”, (b) as “π◦d = d◦π”,
and (c) as “d ◦ p = p ◦ d”.

Definition 1.2.6. A de Rham-Witt module (M,F, V, d) is a graded WOX -
module M together with morphisms of WOX -modules

F : M −→W (FX)∗M, V : W (FX)∗M −→M

and a morphism of W (k)-modules

d : M →M(1)

such that

(a) F ◦ V is multiplication with p,
(b) V ◦ F is multiplication with p,
(c) F ◦ d ◦ V = d,
(d) d(1) ◦ d = 0.
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De Rham-Witt modules form in the obvious way a category which we denote

by d̂RWX . It is straightforward to check that d̂RWX is abelian. We denote

by D+(d̂RWX) the derived category of bounded below complexes of de Rham-
Witt modules.

Example 1.2.7. Let X be a k-scheme

(1) The sheaves of Witt vectors of finite length on X define a coherent
graded Witt system

W•OX = ({WnOX}n≥1, π, F, V, p),

which is concentrated in degree 0. If X = Spec k, we simply write W•
instead of W•k.

(2) The de Rham Witt complex of Bloch-Deligne-Illusie W•ΩX is a coher-
ent de Rham-Witt system (see [Ill79]) and WΩX = lim←−nWnΩX is a de

Rham-Witt module.
(3) Let M be a de Rham-Witt system on X and i ∈ Z. Then we define

M(i) := ({Mn(i)}n≥1, πM , FM , VM , (−1)idM , pM ) ∈ dRWX .

1.3. Direct image, inverse image and inverse limit.

1.3.1. Let f : X → Y be a morphism between k-schemes. We get an induced
functor

f∗ : CN,X −→ CN,Y , (Mn) 7→ (Wn(f)∗Mn)

which commutes in the obvious way with i∗, σ,Σ∗. We thus obtain a functor

f∗ : dRWX −→ dRWY .

1.3.2. Let f : X → Y be an étale morphism between k-schemes. We get an
induced functor

f∗ : CN,Y −→ CN,X , (Mn) 7→ (Wn(f)∗Mn)

which by (1.1.1) commutes with i∗, σ,Σ∗. We thus obtain a functor

f∗ : dRWY −→ dRWX .

1.3.3. Let (M,F, V, π, p, d) be a de Rham Witt system. Then (M,π) forms
naturally a projective system of WOX -modules, F and V induce morphisms
of projective systems of WOX -modules F : (M,π)→ (W (FX)∗M,W (FX)∗π),
V : (W (FX)∗M,W (FX)∗π) → (M,π) and induces a morphism of projective
systems of W (k)-modules d : (M,π)→ (M(1), π(1)). We thus obtain a functor

lim←− : dRWX → d̂RWX .
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1.4. Global sections with support.

Definition 1.4.1. A family of supports Φ on X is a non-empty set of closed
subsets of X such that the following holds:

(i) The union of two elements in Φ is contained in Φ.
(ii) Every closed subset of an element in Φ is contained in Φ.

Let A be any set of closed subsets of X . The smallest family of supports ΦA
which contains A is given by

(1.4.1) ΦA := {
n⋃

i=1

Z ′i ; Z ′i ⊂
closed

Zi ∈ A}.

For a closed subset Z ⊂ X we write ΦZ for Φ{Z}.

Notation 1.4.2. Let f : X −→ Y be a morphism of schemes and Φ resp. Ψ a
family of supports of X resp. Y .

(1) We denote by f−1(Ψ) the smallest family of supports on X which
contains {f−1(Z);Z ∈ Ψ}.

(2) We say that f | Φ is proper if f | Z is proper for every Z ∈ Φ. If f | Φ
is proper then f(Φ) is a family of supports on Y .

(3) If Φ1,Φ2 are two families of supports then Φ1 ∩ Φ2 is a family of sup-
ports.

(4) If Φ resp. Ψ is a family of supports of X resp. Y then we denote
by Φ × Ψ the smallest family of supports on X ×k Y which contains
{Z1 × Z2;Z1 ∈ Φ, Z2 ∈ Ψ}.

1.4.3. Let Φ be a family of supports on X . We consider the sections-with-
support-in-Φ functor (see e.g. [Har66, IV, §1])

ΓΦ : CN,X −→ CN,X , (Mn) 7→ (ΓΦ(Mn)).

Since ΓΦ commutes in the obvious way with i∗, σ,Σ∗ we obtain

ΓΦ : dRWX −→ dRWX .

For a closed subset Z ⊂ X we also write ΓZ instead of ΓΦZ
.

If f : X → Y is a morphism and Ψ a family of supports on Y , then

(1.4.2) ΓΨf∗ = f∗Γf−1(Ψ).

If f : X → Y is a morphism and Φ is a family of supports on X , then we define

fΦ := f∗ ◦ ΓΦ : dRWX → dRWY ,(1.4.3)

f̂Φ := lim←−◦fΦ : dRWX → d̂RWY .(1.4.4)

Notice that if Φ = ΦZ , with Z a closed subset of X , then

(1.4.5) f̂ΦZ = f∗ ◦ ΓΦZ ◦ lim←− .
This relation does not hold for arbitrary families of support on X .
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1.5. Derived functors.

Lemma 1.5.1. Let (X,OX) be a ringed space and E = (En) a projective system
of OX-modules (indexed by integers n ≥ 1). Let B be a basis of the topology of
X. We consider the following two conditions:

a) For all U ∈ B, Hi(U,En) = 0 for all i, n ≥ 1.
b) For all U ∈ B, the projective system (H0(U,En))n≥1 satisfies the

Mittag-Leffler condition.

Then

(1) If E satisfies condition a), then Ri lim←−nEn = 0, for all i ≥ 2.

(2) If E satisfies the conditions a) and b), then Ri lim←−nEn = 0, for all

i ≥ 1, i.e. E is lim←−-acyclic.

Proof. It is a basic fact that there are sufficiently many injective OX -modules.
Notice that a projective system of OX -modules I = (In) is injective if and only
if each In is an injective OX -module and the transition maps In+1 → In are
split surjective. (The “if” direction is easy, as well as I injective implies each In
is injective. If I is injective, let J be the projective system with Jn = I1⊕. . .⊕In
and projections as transition maps. We have an obvious inclusion of projective
systems I →֒ J , hence a surjection Hom(J, I) → Hom(I, I). Now a lift of the
identity on I together with the split surjectivity of the transition maps of J
gives the splitting of the transition maps of I.)
Now let E → I• be an injective resolution (which always exist). The transition
maps of the projective system (of abelian groups) (Γ(U, Iqn))n are surjective
(since split) for all q ≥ 0 and all open subsets U ⊂ X . Hence they satisfy the
Mittag-Leffler condition and are lim←−-acyclic.
On the other hand, lim←−n I

q
n is an injective OX -module for every q. Indeed,

since the transition maps Iqn+1 −→ Iqn are surjective and split, we may write
Iqn
∼= ⊕ni=1I

′
i for I ′i = ker(Iqi −→ Iqi−1). The OX -modules I ′n are injective for all

n, and the transition maps

⊕n+1
i=1 I

′
i
∼= Iqn+1 −→ Iqn

∼= ⊕ni=1I
′
i

are the obvious projections. Thus lim←−n I
q
n =

∏
i≥1 I

′
n is injective.

By using lim←−◦ΓU = ΓU ◦ lim←− we obtain a spectral sequence

Ri lim←−H
j(U,En) =⇒ Hi+j(U,R lim←−En),

where R lim←−En = lim←−n I
•
n. If U ∈ B, condition a) implies Ri lim←−H

0(U,En) =

Hi(U,R lim←−En) = Hi(lim←− I
•(U)). We know that Ri lim←−H

0(U,En) is zero for

all i ≥ 2 (see e.g. [Wei, Cor. 3.5.4]) and - in case condition b) is satisfied - also
for all i ≥ 1. Now the assertion follows from

lim←−
U∈B,U∋x

Hi(U,R lim←−En) = lim←−
U∈B,U∋x

Hi(lim←− I
•(U)) = (Ri lim←−En)x,

for all x ∈ X . �
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Lemma 1.5.2. Let A be a sheaf of abelian groups on a noetherian topological
space X. If A is flasque, so is ΓΦ(A) for all families of supports Φ on X.

Proof. Let Y and Z be two closed subsets of X . Since ΓZ(I) is injective if I is

([SGA2, Exp. I, Cor. 1.4]), there exists a spectral sequence Hi
Y (X,HjZ(A)) =⇒

Hi+j
Y ∩Z(X,A). Now assume A is flasque, thenHjZ(A) = 0 for j 6= 0. In particular

H1
Y (X,ΓZ(A)) = H1

Y ∩Z(X,A) = 0. Thus ΓZ(A) is flasque. The space X is
noetherian and therefore ΓΦ(A) = lim−→Z∈Φ ΓZ(A) is also flasque. �

Definition 1.5.3. We say that a de Rham-Witt system M on a k-scheme X
is flasque, if for all n

0→ Kn →Mn
π−→Mn−1 → 0

is an exact sequence of flasque abelian sheaves on X , where Kn = Ker(π :
Mn →Mn−1).

Lemma 1.5.4. Let X be a k-scheme.

(1) Let 0 → M ′ → M → M ′′ → 0 be a short exact sequence of de Rham-
Witt systems on X and assume that M ′ is flasque. Then M is flasque
iff M ′′ is.

(2) Let Φ be a family of supports on X. Then ΓΦ restricts to an exact
endo-functor on the full subcategory of flasque de Rham-Witt systems.

(3) Let f : X → Y be a morphism. Then f∗ restricts to an exact functor
between the full subcategories of flasque de Rham-Witt systems on X
and Y .

(4) The functor lim←− : dRWX → d̂RWX restricts to an exact functor from
the full subcategory of flasque de Rham-Witt systems to the full subcat-
egory of flasque de Rham-Witt modules (i.e. de Rham-Witt modules,
which are flasque as abelian sheaves on X).

Proof. The proof of (1) is straightforward. (2) follows from Lemma 1.5.2. (3)
is clear. Finally (4). It follows directly from the definition, that the transition
maps on the sections over any open U ⊂ X of a flasque de Rham-Witt systems
are surjective. The exactness of lim←− on the category of flasque de Rham-Witt

systems, thus follows from Lemma 1.5.1, (2). Now let M be a flasque de
Rham-Witt system. It remains to show that lim←−M is flasque again. For this

let U ⊂ X be open and define Ln = Ker(Γ(X,Mn) → Γ(U,Mn)). Thus we
have an exact sequence

(1.5.1) lim←−Γ(X,M)→ lim←−Γ(U,M)→ R1 lim←−
n

Ln.
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Consider the following diagram:

0

��

0

��
Γ(X,Kn)

��

// Γ(U,Kn)

��

// 0

0 // Ln
a
��

// Γ(X,Mn)

��

// Γ(U,Mn)

��

// 0

0 // Ln−1 // Γ(X,Mn−1)

��

// Γ(U,Mn−1)

��

// 0

0 0.

All rows and columns are exact, since M is flasque. Now it follows from an
easy diagram chase that a is surjective. Therefore R1 lim←−n Ln = 0 and the

flasqueness of lim←−M follows from (1.5.1). �

Lemma 1.5.5. The categories dRWX and d̂RWX have enough flasque objects,

i.e. any M in dRWX (or in d̂RWX) admits an injection into a flasque object.

Proof. For the de Rham-Witt modules this is just the usual Godement con-
struction. For the de Rham-Witt systems this has to be refined as follows: Let
M be a de Rham-Witt system. Denote by G(Mn) the WnOX -module given by

G(Mn)(U) =
∏

x∈U
Mn,x, U ⊂ X open,

with the restriction maps given by projection. These sheaves fit together to
form a de Rham-Witt system G(M) = {G(Mn)}n≥1, such that the natural
map M → G(M) is a morphism of de Rham-Witt systems.
For m < n we denote by im,n : WmX →֒ WnX the closed immersion induced
by the restriction WnOX →WmOX , in particular in−1,n = in. We set

G̃n(M) := i1,n∗G(M1)⊕ . . .⊕ in−1,n∗G(Mn−1)⊕G(Mn).

Then G̃n(M) is a graded WnOX -module. We define WnOX -linear maps π, F ,
d, V , p, as follows

π : G̃n → in∗G̃n−1, (m1, . . . ,mn) 7→ (m1, . . . ,mn−1),

F : G̃n → (Wn(FX)in)∗G̃n−1, (m1, . . . ,mn) 7→ (Fm2, . . . , Fmn),

d : Wn(F
n
X)∗G̃n →Wn(F

n
X)∗G̃n(1), (m1, . . . ,mn) 7→ (dm1, . . . , dmn),

V : (Wn(FX)in)∗G̃n−1 → G̃n, (m1, . . . ,mn−1) 7→ (0, V m1, . . . , V mn−1),

p : in∗G̃n−1 → G̃n, (m1, . . . ,mn−1) 7→ (0, pm1, . . . , pmn−1).

It is straightforward to check that G̃(M) = ({G̃n(M)}n≥1, π, F, d, V, p) be-
comes a de Rham-Witt system and it is flasque by its definition. Also, the
inclusion M →֒ G(M) induces an inclusion

Mn →֒ G̃n(M), m 7→ (πn−1(m), . . . , π(m),m).
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By definition this yields an inclusion of de Rham-Witt systems M →֒ G̃(M)
and we are done. �

Proposition 1.5.6. Let f : X → Y be a morphism between k-schemes and Φ
a family of supports on X. Then the right derived functors

RΓΦ : D+(dRWX)→ D+(dRWX),

Rf∗ : D+(dRWX)→ D+(dRWY ),

R lim←− : D+(dRWX)→ D+(d̂RWX)

RfΦ : D+(dRWX)→ D+(dRWY ),

Rf̂Φ : D+(dRWX)→ D+(d̂RWY ),

exist. Furthermore there are the following natural isomorphisms:

(1) Let f : X → Y and g : Y → Z morphisms, then Rg∗Rf∗ = R(g ◦ f)∗.
(2) Let Φ and Ψ be two families of supports on X, then RΓΦRΓΨ =

RΓΦ∩Ψ.
(3) Let f : X → Y be a morphism and Ψ a family of supports on Y , then

RΓΨRf∗ = Rf∗RΓf−1(Ψ).

(4) Let f : X → Y be a morphism, then R lim←−Rf∗ = Rf∗R lim←−.
(5) Let f : X → Y be a morphism and Φ a family of supports on X. Then

RfΦ = Rf∗RΓΦ and Rf̂Φ = R lim←−RfΦ. If Z is a closed subset of X

and Φ = ΦZ , then also Rf̂ΦZ = Rf∗RΓZR lim←−.
Proof. The existence follows from [Har66, I, Cor. 5.3, β] (take P there to be the
flasque objects) together with the Lemmas 1.5.5 and 1.5.4. The compatibility
isomorphisms follow from [Har66, I, Cor 5.5] and Lemma 1.5.4, (2)-(4). �

Remark 1.5.7. Let f : X → Y be an étale morphism between k-schemes. Then
Wn(f) is étale and thus Wn(f)∗ is exact on the category of Wn(OY )-modules.
Therefore f∗ : dRWY → dRWX is exact and thus extends to

f∗ : D+(dRWY )→ D+(dRWX).

In case j : U →֒ X is an open immersion we write M|U instead of j∗M for

M ∈ D+(dRWX).

1.5.8. Cousin-complex for de Rham-Witt systems. Let X be a k-scheme and
Z• the codimension filtration of X , i.e. Zq is the family of supports on X
consisting of all closed subsets of X whose codimension is at least q. Let M
be a de Rham-Witt system on X . Take a complex of flasque de Rham-Witt
systems G on X , which is a resolution of M , i.e. there is a quasi-isomorphism
M [0]→ G. The filtration of complexes of de Rham-Witt systems

G ⊃ ΓZ1(G) ⊃ . . . ⊃ ΓZq (G) ⊃ . . .
defines a spectral sequence of de Rham-Witt systems

Ei,j1 = Hi+jZi/Zi+1 (M) =⇒ Hi+j(M),
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where we put Hi+jZi/Zi+1(M) = Hi+j(ΓZi(G)/ΓZi+1(G)). We define the Cousin

complex of M (with respect to the codimension filtration) E(M) to be the

complex E•,01 coming from this spectral sequence, i.e. it is the complex of de
Rham-Witt systems

E(M) : H0
Z0/Z1(M)

d0,01−−→ H1
Z1/Z0(M)

d1,01−−→ . . . −→ HiZi/Zi+1(M)
di,01−−→ . . . .

It satisfies the following properties:

(1) (E(M))n = E(Mn) is the usual Cousin complex associated to Mn (see
e.g. [Har66, IV, §2] or [Con00, p. 107-109]).

(2)

Ei(M) = HiZi/Zi+1(M) =
⊕

x∈X(i)

ix∗H
i
x(M),

where Hi
x(M) = (lim−→U∋xH

i
{x}∩U (U,Mn))n, which is a de Rham-Witt

system on SpecOX,x supported in the closed point x, ix : SpecOX,x →
X is the natural map and X(i) is the set of points x of codimension i
in X (i.e. dimOX,x = i).

(3) The natural augmentation M → E(M) is a resolution of M if and only
if Hi

x(Mn) = 0 for all x ∈ X(j) with j 6= i and for all n ≥ 1.

((1) holds since each Gn is a flasque resolution of Mn; (2) follows from (1) and
[Har66, IV, §1, Var. 8, Motif F]; (3) follows from (1) and [Har66, IV, Prop.
2.6, (iii)⇐⇒(iv)] and [Har66, IV, §1, Var. 8, Motif F].)

Lemma 1.5.9. Let X be a smooth k-scheme. Then E(W•ΩX) is a flasque
resolution of quasi-coherent de Rham-Witt systems of the coherent de Rham-
Witt system W•ΩX .

Proof. By [Ill79, I, Cor. 3.9] the graded pieces of the standard filtration on
WnΩqX are extensions of locally free OX -modules. Thus

(1.5.2) Hi
x(WnΩqX) = 0 for all x ∈ X(j), with j 6= i, and all q, n ≥ 1.

Thus E(W•ΩX) is a quasi-coherent resolution of W•ΩX . Next we claim, that
the transition morphisms

(1.5.3) Hi
x(WnΩqX)→ Hi

x(Wn−1ΩqX)

are surjective for all x ∈ X(i) and n ≥ 2. Indeed, for x ∈ X(i) we can always
find an open affine neighborhood U = SpecA of x and sections t1, . . . , ti such
that {x}∩U = V (t1, . . . , ti). This also implies for all n ≥ 1, Wn({x})∩WnU =
V ([t1], . . . , [ti]) ⊂WnU , where [t] ∈WnA is the Teichmüller lift of t ∈ A. Then
by [SGA2, Exp. II, Prop. 5]

Hi
{x}∩U (U,WnΩX) = lim−→

r

Γ(U,WnΩX)

([t1]r, . . . , [ti]r)Γ(U,WnΩX)
.

In particular the transition maps (1.5.3) are surjective. If we denote the kernel
of the restriction morphism WnΩX → Wn−1ΩX by Kn, then this and (1.5.2)
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implies, that the sequence

0→ Ei(Kn)→ Ei(WnΩX)→ Ei(Wn−1ΩX)→ 0

is an exact sequence of flasque abelian sheaves on X and this proves the lemma.
�

1.6. Witt-dualizing systems.

1.6.1. Let f : X → Y be a finite morphism between two finite dimensional
noetherian schemes. Using the notation from [Har66, III, §6] we denote by
f ♭ : D+(OY )→ D+(OX), the functor which sends a complex C to

f ♭(C) = f−1RHomOY (f∗OX , C)⊗f−1f∗OX
OX .

Evaluation by 1 induces the finite trace morphism on D+
qc(OY ) (see [Har66, III,

Prop. 6.5])

(1.6.1) Trf : f∗f
♭ → idD+

qc(OY )

and composition with the natural map

(1.6.2) ǫf : f∗RHomX(−,−)→ RHomY (f∗(−), f∗(−))

induces an isomorphism for any A ∈ D−qc(OX), B ∈ D+
qc(OY )

(1.6.3) θf = Trff ◦ ǫf : f∗RHomX(A, f ♭B)
≃−→ RHomY (f∗A,B).

In particular, we see that for any morphism ϕ : f∗A→ B in Dqc(OY ) , with A

bounded above and B bounded below there exists a morphism aϕ : A → f ♭B
in Dqc(OX), such that ϕ equals the composition

f∗A
f∗(

aϕ)−−−−→ f∗f
♭B

Trff−−−→ B.

We call aϕ the adjoint of ϕ.

1.6.2. Let X be a k-scheme and denote by D(CN,X) =
∏
n≥1D(Cn,X) the

derived category of CN. Since the morphisms in and Wn(FX) are finite for all
n, the functors i∗, σ∗, Σ∗ are exact and extend to functors on D(CN), which
still satisfy the identities (1.2.1), (1.2.2). On D+

qc(CN) we define i♭, σ♭, Σ♭ as
follows:

(i♭M)n := i♭n+1Mn+1, (σ♭M)n := Wn(FX)♭Mn, (Σ♭M)n = Wn(FnX)♭Mn.

There is an obvious way to define Trfi, Trfσ, TrfΣ, ǫi, ǫσ, ǫΣ such that the
compositions

i∗RHom(M, i♭N)
ǫi−→ RHom(i∗M, i∗i

♭N)
Trfi−−→ RHom(i∗M,N),

σ∗RHom(M,σ♭N)
ǫσ−→ RHom(σ∗M,σ∗σ

♭N)
Trfσ−−−→ RHom(σ∗M,N),

Σ∗RHom(M,Σ♭N)
ǫΣ−→ RHom(Σ∗M,Σ∗Σ

♭N)
TrfΣ−−−→ RHom(Σ∗M,N)

are isomorphisms for M ∈ D−qc(CN) and N ∈ D+
qc(CN).
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Definition 1.6.3 ([Eke84, III, Def. 2.2]). A Witt quasi-dualizing system on X
is a collection (Q, p, C, V ) where Q is an object in CN,qc and

p : i∗Q −→ Q, C : Σ∗Q −→ Q, V : σ∗i∗Q −→ Q

are morphisms in CN such that the following holds:

(a) V ◦ σ∗i∗C = C ◦ Σ∗p,
(b) p ◦ i∗V = V ◦ σ∗i∗p.

A Witt dualizing system is a Witt quasi-dualizing system, which has the addi-
tional property, that the adjoints

(1.6.4) ap : Q
≃−→ i♭Q, aC : Q

≃−→ Σ♭Q, aV : Q
≃−→ i♭σ♭Q

are quasi-isomorphisms.
A morphism ϕ between Witt (quasi-) dualizing systems is a morphism in CN
commuting with p, V, and C.

A Witt (quasi-) dualizing system (Q, p, C, V ) on X is called coherent if Qn is
coherent for all n ≥ 1.

Example 1.6.4. (1) The system

W•ω := ({Wn}n≥1, p, C := {Wn(FSpeck)−n}, V := {Wn(FSpec k)−1p})
is a Witt dualizing system on Spec k, where p is the usual map “lift and
multiply by p”, which is concentrated degree 0. For this, first notice
that Wn is an injective Wn-module for all n ≥ 1. Then one easily
checks that the following maps are isomorphisms and adjoint to p, C
and V respectively:

W•
≃−→ i♭W• = HomW•(i∗W•,W•), a 7→ (b 7→ pab),

W•
≃−→ Σ♭W• = HomW•((Σ∗W•),W•), a 7→ (b 7→ Cab),

W•
≃−→ i♭σ♭W• = HomW•(σ∗i∗W•,W•), a 7→ (b 7→ V ab).

(2) Let X be a smooth k-scheme of pure dimension N . Then

W•ωX := ({WnΩNX}n≥1, p, C, V )

is a Witt dualizing system which by definition is concentrated in degree
N . Here p is “lift and multiply by p” and V is the Verschiebung. On
the n-th level C is defined as the composition:

Cn : (Σ∗W•Ω
N
X)n → (Σ∗W•Ω

N
X/d(W•Ω

N−1
X ))n

(C−n)−1

−−−−−−→WnΩNX ,

where C−n : WnΩNX
≃−→ Wn(FnX)∗WnΩNX/d(WnΩN−1X ) is the inverse

Cartier isomorphism from [IR83, III, Prop. (1.4).]. One easily checks
that p, Cn and V satisfy the relations (a), (b) in Definition (1.6.3). The
condition on the adjoints (1.6.4) is harder and follows from Ekedahl’s
result WnΩNX = Wn(f)!Wn, with f : X → Spec k the structure map,
see [Eke84, I and II, Ex. 2.2.1.]. Notice that W•ωSpeck = W•ω.

Documenta Mathematica 17 (2012) 663–781



Hodge-Witt Cohomology . . . 683

1.6.5. Let (Q, p, C, V ) be a Witt dualizing system on X . We may express the
equalities in (1.6.4) as

H0(aϕ) : Q
≃−→ H0(f ♭Q) and H0(f ♭Q)[0] ∼= f ♭Q,

where (f, ϕ) ∈ {(i, p), (σ, V ), (Σ, C)}. Therefore by the definition of the ad-
joints, p, C and V factor as follows:

p : i∗Q
≃, H0(ap)
−−−−−−→ i∗H

0(i♭Q)
H0(Trfi)−−−−−−→ Q,

C : Σ∗Q
≃, H0(aC)−−−−−−−→ Σ∗H

0(Σ♭Q)
H0(TrΣ)−−−−−→ Q,

V : σ∗i∗Q
≃, H0(aV )−−−−−−−→ σ∗i∗H

0(i♭σ♭Q)
H0(Trσi)−−−−−−→ Q.

Furthermore it follows from 1.6.2, that the natural transformations

p ◦ ǫi : i∗HomCN((−), Q) −→ HomCN(i∗(−), Q),

C ◦ ǫΣ : Σ∗HomCN((−), Q) −→ HomCN(Σ∗(−), Q),

V ◦ ǫσi : σ∗i∗HomCN((−), Q) −→ HomCN(σ∗i∗(−), Q)

are isomorphisms when restricted to the category CN,qc.

1.6.6. Let M be a quasi-coherent de Rham-Witt system and Q a Witt du-
alizing system on X . Then we may define maps π, F , V , d and p on
HomCN(M,Q) ∈ CN as follows:

π : Hom(M,Q)
◦p
−→ Hom(i∗M,Q)

(p◦ǫi)−1

−−−−−→ i∗Hom(M,Q),

F : Hom(M,Q)
◦V−−→ Hom(σ∗i∗M,Q)

(V ◦ǫσi)
−1

−−−−−−→ σ∗i∗Hom(M,Q),

V : σ∗i∗Hom(M,Q)
(V ◦ǫσi)−−−−−→ Hom(σ∗i∗M,Q)

◦F−−→ Hom(M,Q),

p : i∗Hom(M,Q)
p◦ǫi−−→ Hom(i∗M,Q)

◦π−→ Hom(M,Q),

d : Σ∗Hom(M,Q)
(C◦ǫΣ)−−−−→ Hom(Σ∗M,Q)

◦d−→ Hom(Σ∗M(−1), Q)

≃, α−−−→ Hom(Σ∗M,Q)(1)
(C◦ǫΣ)−1

−−−−−−→ Σ∗Hom(M,Q)(1),

where the isomorphism α : Hom(Σ∗M(−1), Q)
≃−→ Hom(Σ∗M,Q)(1) is given

by multiplication with (−1)q+1 in degree q.

Proposition 1.6.7 ([Eke84, III, 2.]). The above construction yields a functor

Hom(−, Q) : (dRWX,qc)
o −→ dRWX ,

which has the following properties

(1) A morphism of Witt dualizing systems Q→ Q′ induces a natural trans-
formation of functors Hom(−, Q)→ Hom(−, Q′).

(2) The functor Hom(−, Q) restricts to a functor (dRWX,c)
o → dRWX,qc

and if Q is coherent, then also to (dRWX,c)
o → dRWX,c.
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(3) For all M ∈ dRWX,qc and all m ∈ Z there is a natural isomorphism

Hom(M(m), Q) ≃ Hom(M,Q)(−m),

given by multiplication with (−1)qm+m(m−1)
2 in degree q and a natural

isomorphism

Hom(M,Q(m)) ≃ Hom(M,Q)(m)

given by the identity in each degree. (There is some freedom in defining
these isomorphisms; our choice is compatible with the sign convention
for complexes in [Con00].)

Proof. It is straightforward to check the relations in Definition 1.2.4. �

1.7. Residual complexes and traces. In this section A will always be a
regular local ring, all schemes are of finite type over A and all morphisms will
be A-morphisms. The results of this section will be applied in the next sections
in the case A = W and schemes of finite type over Wn, some n.

1.7.1. Review of residual complexes. The general references for residual com-
plexes are [Har66, VI], [Con00, 3.2]. Let X be an A-scheme. A residual complex
on X is a bounded complex K of quasi-coherent and injective OX -modules,
which has coherent cohomology and such that there exists an isomorphism of
OX -modules

⊕
q∈ZK

q ∼=
⊕

x∈X ix∗J(x), where ix : SpecOX,x →֒ X is the

inclusion and J(x) is an injective hull of k(x) in OX,x (i.e. it is an injective
OX,x-module which contains k(x) and such that, for any 0 6= a ∈ J(x) ex-
ists a b ∈ OX,x with 0 6= ba ∈ k(x)). It follows that ix∗J(x) is supported in

{x}. The codimension function on X associated to K is the unique function
dK : |X | → Z such that Kq =

⊕
dK•(x)=q ix∗J(x) for all q. If x0 is an imme-

diate specialization of x ∈ X (i.e. x0 is a point of codimension 1 in {x}), then

dK(x0) = dK(x) + 1. The filtration . . . ⊂ ZqK ⊂ Zq−1K ⊂ . . . ⊂ X associated to
K is defined by ZqK := {x ∈ X | dK(x) ≥ q}. On each irreducible component
of X this filtration equals the shifted codimension filtration.
If R ∈ Db

c(X) is a dualizing complex with associated codimension filtration
Z• (see [Con00, 3.1] for these notions), then the Cousin complex EZ•(R) of
R with respect to Z• is a residual complex with associated filtration also Z•.
In Db

c(X) we have R ∼= EZ•(R) (since a dualizing complex is Gorenstein).
Particular examples of dualizing complexes are Wn on X = SpecWn, OX [0] in
case X is regular, ωX [N ] = ΩNX/A[N ] in case X is smooth of pure dimension N

and more general f !R ∈ Db
c(X

′), where f : X ′ → X is a finite type morphism
and R is a dualizing complex on X .
On the other hand any residual complex on X is a dualizing complex when
viewed as a complex in Db

c(X). Furthermore, if K is a residual complex on Y
with filtration Z•, then we have an equality of complexes EZ•(K) = K.
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1.7.2. (−)! for residual complexes. Let f : X → Y be a finite type morphism
between A-schemes and K a residual complex on Y with associated filtration
Z•K =: Z• (which exists by the above). Then there is a functor f∆ from
the category of residual complexes with filtration Z• on Y to the category of
residual complexes on X with a fixed filtration denoted by f∆Z•, having the
following properties:

(1) For two finite type morphisms f : X → Y and g : Y → Z of A-schemes,

there is an isomorphism cf,g : (gf)∆
≃−→ f∆g∆, which is compatible

with triple compositions and such that cid,f = id = cf,id.
(2) If f : X → Y is smooth and separated of relative dimension r, then

there is an isomorphism

ϕf : f∆K
≃−→ Ef−1Z•[r](Ω

r
X/Y [r]⊗ f∗K).

Here Ef−1Z•[r](Ω
r
X/Y [r] ⊗ f∗K) is the Cousin complex associated to

the complex ΩrX/Y [r] ⊗ f∗K and the filtration f−1Z•[r]. If we have

two smooth separated maps of some fixed relative dimension f and g
as in (1), then cf,g is compatible with the natural map on the right.

(3) If f : X → Y is finite, then there is an isomorphism

ψf : f∆K
≃−→ Ef−1Z•(f̄∗RHomOY (f∗OX ,K)) = f̄∗HomOY (f∗OX ,K),

where we set f̄∗(−) := f−1(−)⊗f−1f∗OX
OX (which is an exact func-

tor). If we have two finite maps f and g as in (1), then cf,g is compatible
with the natural map on the right of the above isomorphism.

(4) Let

XU
u′

//

f ′

��

h

!!B
BB

BB
BB

B X

f

��
U

u // Y

be a cartesian diagram of A-schemes with u étale. Then there is an
isomorphism

du,f : f ′
∆
u∗
≃−→ u′

∗
f∆,

which is compatible with compositions in u and f and with the iso-
morphisms in (2) and (3). Furthermore, by (2) we have u∗ ∼= u∆ and

u′∗ ∼= u′∆ and the following diagram commutes

f ′∆u∗
du,f //

≃
��

u′∗f∆

≃
��

f ′∆u∆ h∆
cf′,uoo

cu′,f // u′∆f∆.

(To prove this commutativity one may assume that f factors as X
i−→

P
π−→ Y , with i a closed immersion and π smooth and then use (2)
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and (3), cf. [Con00, (3.3.34)].) Finally if f and g are étale, then cf,g :
(gf)∆ ∼= f∆g∆ corresponds to the natural isomorphism (gf)∗ ∼= f∗g∗.

In fact f∆ is defined by locally factoring f : X → Y into a closed immersion
followed by a smooth morphism and then use (2) and (3) and glue (and then
show that what you obtain is independent of all the choices). In Db

c(X) we
have f∆K ∼= f !K. For details, as well as more compatibilities, see [Har66, VI]
and [Con00, 3.2].

1.7.3. The Trace for residual complexes. The reference for this section is
[Har66, VI, 4,5, VII, 2] and [Con00, 3.4]. Let f : X → Y be a finite type
morphism between A-schemes. Let K be a residual complex on Y . Then there
exists a morphism of graded sheaves (in general not of complexes, which we
indicate by the dotted arrow)

Trf : f∗f∆K // K,

which satisfies the following properties (and is also uniquely determined by the
first three of them):

(1) Trf is functorial with respect to maps between residual complexes with
same associated filtration and Trid = id.

(2) If g : Y → Z is another morphism of finite type between A-schemes,
then

Trgf = Trg ◦ g∗(Trf ) ◦ (gf)∗cf,g.

(3) If f is finite, then Trf is a morphism of complexes and equals the
composition

Trf : f∗f
∆K

≃, ψf−−−→ HomOY (f∗OX ,K)
ev. at 1−−−−−→ K.

(4) Trf is compatible with étale base change (using the maps du,f from
1.7.2, (4)).

(5) If f : X → Y is proper, then Trf : f∗f∆K → K is a morphism of
complexes.

(6) If f : PnX → X is the projection, then Trf is the composition (in Db
c(X))

Trf : f∗f
∆K

≃, ϕf−−−→ Rf∗(Ω
n
Pn
X/X

[n])⊗K ≃ K,
where for the first isomorphism we used 1.7.2, (2) and the projection
formula, the second isomorphism is induced by base change from the
isomorphism

Z ≃−→ Hn(PnZ,Ω
n
Pn
Z
/Z) = Ȟn(U,ΩnPn

Z
/Z), 1 7→ (−1)

n(n+1)
2

dt1 ∧ . . . ∧ dtn
t1 · · · tn

,

where U = {U0, . . . , Un} is the standard covering of PnZ and the ti’s are
the coordinate functions on U0.

(7) (Grothendieck-Serre duality, special case) If f : X → Y is proper, then
for any C ∈ D−qc(X) the composition

Rf∗RHomX(C, f∆K)
ǫf−→ RHomY (Rf∗C, f∗f

∆K)
Trf−−→ RHomY (Rf∗C,K)
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is an isomorphism. It is compatible with étale base change.

Definition 1.7.4. We denote by SchA,∗ the category with objects given by
pairs (X,Φ), where X is a scheme of finite type over A and Φ is a family of
supports on X , and the morphisms f : (X,Φ)→ (Y,Ψ) are given by separated
A-morphisms f : X → Y , whose restriction to Φ is proper and which satisfy
f(Φ) ⊂ Ψ.

Remark 1.7.5. Let (X,Φ) be an object in SchA,∗ and K a residual complex on
X . Then ΓΦK is a direct summand of K and is a complex of quasi-coherent
and injective OX -modules. Indeed the isomorphism

⊕
q∈ZK

q ∼=
⊕

x∈X ix∗J(x)

(see 1.7.1) implies
⊕

q∈Z ΓΦK
q ∼=

⊕
{x}∈Φ ix∗J(x).

Corollary 1.7.6. Let f : (X,Φ)→ (Y,Ψ) be a morphism in SchA,∗ and K a
residual complex on Y , then there exists a morphism of complexes

Trf : fΦf
∆K → ΓΨ(K),

where we set fΦ := f∗ ◦ ΓΦ, which satisfies the following properties:

(1) Trf is functorial with respect to maps between residual complexes with
same associated filtration and Trid = id.

(2) The following diagram commutes

fΦf
∆K

��

Trf // ΓΨ(K)

��
f∗f∆K

Trf // K,

where the vertical maps are the natural ones and the lower horizontal
map is the trace from 1.7.3, which is only a map of graded sheaves (vi-
sualized by the dotted arrow). By abuse of notation we write f for both,
the morphism (X,Φ)→ (Y,Ψ) in SchA,∗ and the underlying morphism
of schemes X → Y .

(3) If g : (Y,Ψ)→ (Z,Ξ) is another morphism in SchA,∗, then

Trgf = Trg ◦ g∗(Trf ) ◦ (gf)∗cf,g :

(gf)Φ(gf)∆K
cf,g−−→ gΨfΦf

∆g∆K
Trf−−→ gΨg

∆K
Trg−−→ ΓΞ(K).

(4) Trf is compatible with étale base change in the following sense: Let

XU
u′

//

f ′

��

X

f

��
U

u // Y

be a cartesian square of finite type A-schemes with u étale; let Φ, Ψ,
Φ′ and Ψ′ be families of supports on X, Y , XU and U , such that
f : (X,Φ) → (Y,Ψ) and f ′ : (XU ,Φ

′) → (U,Ψ′) are in SchA,∗ and
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additionally u−1(Ψ) ⊂ Ψ′, u′−1(Φ) ⊂ Φ′. Then u∗K ≃ u∆K is a
residual complex and the following diagram commutes:

u∗fΦf∆K
u∗(Trf ) //

��

u∗ΓΨK

��
f ′Φ′f ′

∆
u∗K

Trf′
// ΓΨ′u∗K.

Here the vertical maps are given as follows: First, the composition
ΓΨ → ΓΨu∗u

∗ ≃ u∗Γu−1(Ψ)u
∗ → u∗ΓΨ′u∗ gives by adjunction a map

u∗ΓΨ → ΓΨ′u∗, yielding the vertical map on the right in the diagram;
similar we have a map u′∗ΓΦ → ΓΦ′u′

∗
inducing a map u∗fΦ → f ′Φ′u′

∗
;

the vertical map on the left in the diagram is then given by the compo-

sition u∗fΦf∆ → f ′Φ′u′
∗
f∆

d−1
u,f−−−→ f ′Φ′f ′

∆
u∗, where du,f is the map from

1.7.2, (4).
(5) Let j : U → X be an open immersion such that Φ is contained in U .

Then j : (U,Φ) →֒ (X,Φ) is a morphism in SchA,∗ and Trj : jΦj
∆K →

ΓΦK is the excision isomorphism, more precisely: Trj is given by the
composition

(1.7.1) Trj : jΦj
∆K = Γ(X,Φ)j∗j

∆K ≃ Γ(X,Φ)j∗j
∗K

exc.
= Γ(X,Φ)K.

Proof. We define Trf : fΦf
∆K → ΓΨK to be the following composition

(1.7.2) fΦf
∆K → f∗Γf−1(Ψ)f

∆K ≃ ΓΨf∗f
∆K

1.7.3 // ΓΨK .

A priori this is only a map of graded sheaves. But we already observe, that the
properties 1)- 4) follow immediately from the definition and the corresponding
properties in 1.7.3. If j : (U,Φ) →֒ (X,Φ) is an open immersion as in (5),
we may apply the excision identity Γ(X,Φ) = Γ(X,Φ)j∗j

∗ to the map of graded

sheaves Trj : j∗j∆(−) // (−) to obtain a commutative diagram

jΦj
∆K = Γ(X,Φ)j∗j

∆K
Trj // Γ(X,Φ)K

Γ(X,Φ)j∗j
∗(j∗j∆K)

j∗j
∗(Trj)// Γ(X,Φ)j∗j

∗K.

Now using the compatibility with base change as in (4) (in the situation j =
u = f) implies that going around the diagram from the top left corner to the
top right corner counterclockwise is the isomorphism (of complexes) (1.7.1).
This gives (5) and in particular Trj is a morphism of complexes.
It remains to show that Trf as defined in (1.7.2) is in fact a morphism of
complexes. For this we factor f : X → Y into an open immersion j : X →֒ X̄
followed by a proper A-morphism f̄ : X̄ → Y (Nagata compactification). Since
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the restriction of f to Φ is proper, it follows that Φ also defines a family of
supports on X̄. We consider the following diagram

fΦf
∆K

≃
��

// ΓΨf∗f
∆K

Trf //

Trj◦cf̄,j

��

ΓΨ(K)

f̄Φf̄
∆K // ΓΨf̄∗f̄

∆K,

Trf̄

99rrrrrrrrrr

where the vertical isomorphism on the left is a morphism of complexes, which
is given by

f∗Γ(X,Φ)f
∆K = f̄∗Γ(X̄,Φ)j∗f

∆K
cf̄,j−−→ f̄∗Γ(X̄,Φ)j∗j

∆f̄∆K
Trj , (5)−−−−−→ f̄∗Γ(X̄,Φ)f̄

∆K.

Further Trf̄ is a morphism of complexes by (1.7.3, (5)). The diagram is
commutative by 1.7.3, 2) and hence Trf as defined in (1.7.2) is a morphism of
complexes. �

1.7.7. Let X be a finite type A-scheme and ∅ = Zr ⊂ . . . ⊂ Zq+1 ⊂ Zq ⊂
. . . ⊂ Zs = X be a filtration with r > s ∈ Z and such that Zq is stable
under specialization and any y ∈ Zq \ Zq+1 is not a specialization of any
other point in Zq. Recall that a Cousin complex on X with respect to Z• is
a complex C• of quasi-coherent OX -modules, such that for all q the terms Cq

are supported in the Zq/Zq+1-skeleton, i.e. Cq ∼=
⊕

x∈Zq\Zq+1 ix∗Mx, where

ix : SpecOX,x →֒ X is the inclusion and Mx is a quasi-coherent sheaf on
SpecOX,x supported only in the closed point x. Notice that ix∗Mx is the

extension by zero of the constant sheaf Mx on {x}. Any residual complex with
associated filtration Z• is in particular a Cousin complex with respect to Z•.
If G is any complex of quasi-coherent OX -modules, then EZ•(G) is a Cousin
complex with respect to Z•.

Lemma 1.7.8. If f : X → Y is finite and D is a Cousin complex on X with
respect to f−1Z• (Z• as above), then f∗D is a Cousin complex on Y with
respect to Z•.

Proof. Write Dq ∼=
⊕

x∈f−1Zq\f−1Zq+1 ix∗Nx as above, in particular Nx is sup-

ported in x. Then

f∗D
q ∼=

⊕

y∈Zq\Zq+1

iy∗My, with My := f|X(y)∗
⊕

x∈f−1(y)

ix,f−1(y)∗Nx,

where ix,f−1(y) : SpecOX,x →֒ X(y) = X ×Y SpecOY,y is the inclusion. My is
supported in y and this gives the claim. �

Corollary 1.7.9. Let f : X → Y be a finite morphism between finite-type
A-schemes and K a residual complex on Y with filtration Z• and C a Cousin
complex on X with respect to f−1Z•. Then the isomorphism of 1.7.3, (7)
induces an isomorphism

HomX(C, f∆K) ∼= HomY (f∗C,K).
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This isomorphism is compatible with étale base change and is concretely in-
duced by sending a morphism of complexes ϕ : C → f∆K to the composition

f∗C
f∗(ϕ)−−−→ f∗f∆K

Trf−−→ K.

Proof. Since K and f∆K are complexes of injectives and f is finite, 1.7.3, (7)
immediately gives (for all C)

HomX(C, f∆K)/homotopy ∼= HomY (f∗C,K)/homotopy.

By Lemma 1.7.8 above f∗Cq is supported in the Zq/Zq+1-skeleton, which by
definition also holds for Kq, for all q. Thus there is only the trivial homotopy
between f∗C• and K. Similar with f∆K and C. �

Lemma 1.7.10. Let f : X → Y be a finite morphism between finite type A-
schemes and K a residual complex on Y with associated filtration Z•. Then
for all q ∈ Z the following equality holds in Db

qc(X)

(f∆K)q ∼= f̄∗HomY (f∗OX ,Kq) ∼= f ♭(Kq) ∼=
⊕

x∈f−1(Zq)\f−1(Zq+1)

ix∗J(x),

where f̄∗(−) := f−1(−) ⊗f−1f∗OX
OX , ix : SpecOX,x →֒ X is the inclusion

and J(y′) is an injective hull of k(y′) in OY ′,y′ .

Proof. The first isomorphism follows from 1.7.2, (3), the second holds since Kq

is injective and the third is [Har66, VI, Lem. 4.1]. �

1.8. Witt residual complexes. Let X be a k-scheme.

1.8.1. Let C(CN) be the category of complexes of CN. Recall that it is equipped
with endo-functors i∗, σ∗,Σ∗.

Notation 1.8.2. We say that a complex K in C(CN) is a residual complex if
Kn is a residual complex on Wn(X) for all n and the associated filtrations on
|X | = |Wn(X)| are all the same.
We say that a complex C in C(CN) is a Cousin complex if Cn is a Cousin
complex for all n with respect to the same filtration.

For a residual complex K ∈ C(CN) we define

(i∆K)n := i∆n+1Kn+1

(σ∆K)n := Wn(FX)∆Kn

(Σ∆K)n := Wn(FnX)∆Kn.

This yields endo-functors on the full subcategory of residual complexes with
some fixed filtration of C(CN).
In view of Corollary 1.7.9 we get

HomC(CN)(i∗C,K) = HomC(CN)(C, i
∆K)

HomC(CN)(σ∗C,K) = HomC(CN)(C, σ
∆K)

HomC(CN)(Σ∗C,K) = HomC(CN)(C,Σ
∆K)

(1.8.1)

if C is a Cousin complex with respect to the filtration of K.
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Definition 1.8.3. Let X be a k-scheme. A Witt residual complex on X is a
collection (K, p, C, V ) where K ∈ C(CN) is a complex and

p : i∗K → K, C : Σ∗K → K, V : σ∗i∗K → K,

are morphisms of complexes such that:

(a) K a residual complex,
(b) the morphisms p, C, V , satisfy the relations

V ◦ σ∗i∗C = C ◦ Σ∗p, p ◦ i∗V = V ◦ σ∗i∗p,
and the adjoints of p, C and V under (1.8.1)

ap : K
≃−→ i∆K, aC : K

≃−→ Σ∆K, aV : K
≃−→ i∆σ∆K

are isomorphisms of complexes.

A morphism between Witt residual complexes is a morphism in C(CN) which
is compatible with p, C, V in the obvious sense.

Remark 1.8.4. One should memorise the relations in (b) above as V C = Cp
and V p = pV .

Remark 1.8.5. It follows from Lemma 1.7.10, that if (K, p, C, V ) is a Witt

residual complex on X , then for all q ∈ Z the systems ({Kq
n}n≥1, pq, Cq, V q)

are Witt dualizing systems. Furthermore, if Z• is the filtration of K1, then

Kq
n =

⊕

x∈Zq\Zq+1

iWn(x)∗Jn(x),

where iWn(x) : SpecWnOX,x →֒WnX is the inclusion and Jn(x) is an injective
hull of k(x) in WnOX,x.

1.8.6. By extending the notions from 1.7.2 and Corollary 1.7.6 term by term
to C(CN) we obtain: For any finite-type morphism f : X → Y between k-
schemes a functor f∆ of residual complexes in C(CN,Y ) with associated filtra-
tion Z• to residual complexes in C(CN,X) with filtration f∆Z•. For g : Y → Z
another morphism a canonical isomorphism cf,g : (g ◦ f)∆ ∼= f∆g∆ of nat-
ural transformations on the category of residual complexes on C(CN,Z). For
f : (X,Φ) → (Y,Ψ) a morphism in Schk,∗ (see Definition 1.7.4) a natural
transformation Trf : fΦf

∆ → ΓΨ on the category of residual complexes with
fixed filtration in C(CN,Y ). And these data satisfies the compatibilities from
1.7.2 and Corollary 1.7.6.

1.8.7. Let f : X → Y be a finite-type morphism between k-schemes. Let K
be a Witt residual complex. We use (1.8.1) to define morphisms of complexes

p : i∗f
∆K → f∆K, C : Σ∗f

∆K → f∆K, V : σ∗i∗f
∆K → f∆K,

as adjoints of the compositions

f∆K
f∆(ap

K
),≃

−−−−−−−→ f∆i∆K ∼= i∆f∆K

f∆K
f∆(aCK),≃−−−−−−−−→ f∆Σ∆K ∼= Σ∆f∆K,
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f∆K
f∆(aVK),≃−−−−−−−−→ f∆i∆σ∆K ∼= i∆σ∆f∆K.

Here p
K

, CK and VK denote the corresponding morphisms for K and the
isomorphisms on the right are induced by the isomorphisms cWnf,in,Y etc. from
1.7.2, (1).

Proposition 1.8.8. Let f : X → Y be a finite-type morphism between k-
schemes and K a Witt residual complex on Y . Then the system

(f∆K, p, C, V )

defined above is a Witt residual complex on X. Furthermore, if g : Y → Z
is another finite-type morphism of k-schemes, then the isomorphism cf,g :
(g ◦ f)∆K ∼= f∆g∆K from 1.8.6 defines an isomorphism of Witt residual com-
plexes, which is compatible with triple compositions.
If f : X → Y is étale, then f∗K is isomorphic to f∆K. If f : X → Y and
g : Y → Z are étale, then the isomorphism (gf)∆ ∼= f∆g∆ is induced by the
isomorphisms (gf)∗ ∼= f∗g∗.

Proof. First notice that if K and L are two residual complexes, then their
associated filtrations are the same iff their associated codimension functions
(see 1.7.1) are the same. Since the codimension functions of the Kn’s are the
same by assumption we obtain (using the formula of [Con00, (3.2.4)]) for any
x ∈ |X | = |WnX |

d(Wnf)∆Kn
(x) = dKn(Wnf(x))− trdeg(k(x)/k(Wnf(x)))

= dK1(f(x))− trdeg(k(x)/k(f(x)))

= df∆K1
(x).

Thus the (Wnf)∆Kn are residual complexes and all have the same associated
filtration. The condition on the adjoints of p, C and V holds by definition. It
remains to check the relations V C = Cp and V p = pV , which are equivalent
to aV aC = aC ap and aV ap = ap aV . To prove the first equality consider the
following diagram

f∆K

ap
K //

aCK

��

f∆i∆K
≃ //

aCK

��

i∆f∆K

aCK

��
f∆Σ∆K

aVK //

≃
��

f∆i∆Σ∆K
≃ //

≃
��

i∆f∆(Σ)∆K

≃
��

Σ∆f∆K
aVK // Σ∆f∆i∆σ∆K

≃ // i∆Σ∆f∆K.

Here all arrows labeled by ≃ are induced by compositions of the isomorphisms
cf,g and their inverses with f, g appropriate and also in the two arrows labeled
by aVK there is such an isomorphism involved. (We also need the relation
(1.2.2).) The square in the upper left commutes since K is a Witt residual
complex, all other squares commute because of the functoriality of the cf,g’s
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and their compatibility with compositions. Thus going around the diagram
from the top left corner to the lower right corner clockwise is the same as going
around counter clockwise, which yields aC ap = aV aC. The other relation is

proved by drawing a similar diagram. Thus f∆K is a Witt residual complex.
The second statement amounts to prove that cg,f is compatible with p, Cn

and V . This follows again from the functoriality of the c(−,−)’s and their
compatibility with compositions by drawing diagrams as above, which we omit.
Finally, the statement about étale morphisms follows from 1.7.2, (4). �

Lemma 1.8.9. Let (X,Φ) → (Y,Ψ) be a morphism in Schk,∗ and K a Witt
residual complex on Y . Then the complex fΦf

∆K, with fΦ := f∗ ◦ ΓΦ, is a
complex of Witt quasi-dualizing systems (see Definition 1.6.3) and each term
(fΦf

∆K)n is a bounded complex of quasi-coherent, flasque sheaves. Further-
more

Trf : fΦf
∆K −→ ΓΨK,

is a morphism of complexes of Witt quasi-dualizing systems, which is compatible
with composition and étale base change, as in Corollary 1.7.6, (3) and (4),
and it is functorial with respect to maps between Witt residual complexes with
the same associated filtration (e.g. isomorphisms). Finally, if f is an open
immersion and Ψ = Φ, then Trf is the excision isomorphism as in Corollary
1.7.6, (5).

Proof. We define the maps p, C and V on fΦf
∆K to be the following compo-

sitions

p : i∗fΦf
∆K ∼= fΦi∗f

∆K
p
f∆K−−−−→ fΦf

∆K,

C : Σ∗fΦf
∆K ∼= fΦΣ∗f

∆K
Cf∆K−−−−→ fΦf

∆K,

V : σ∗i∗fΦf
∆K ∼= fΦσ∗i∗f

∆K
V
f∆−−−→ fΦf

∆K.

These maps obviously make fΦf
∆K into a complex of Witt quasi-dualizing

systems. Also the (f∆K)n are bounded complexes of quasi-coherent injec-
tive WnOX -modules (since the (f∆K)n are residual complexes), thus all the
(fΦf

∆K)n are complexes of quasi-coherent and flasque sheaves. It remains to
check, that the trace morphism commutes with p, Cn and V . We will prove

(1.8.2) Trf ◦ p = p ◦ i∗(Trf ).
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For this, we consider the following diagram:

i∗fΦf∆K
≃ //

ap

��

Trf

xxqqqqqqqqqq
fΦi∗f∆K

ap

��
i∗ΓΨK

ap &&MMMMMMMMMM
i∗fΦf∆i∆K

Trf

��

≃ // fΦi∗f∆i∆K

≃
��

i∗ΓΨi
∆K

Tri

��

fΦi∗i∆f∆K

Tri

��
ΓΨK fΦf

∆K.
Trfoo

The triangle in the upper left (which should be a square) commutes by the func-
toriality of Trf (Corollary 1.7.6, (1)), the upper square in the middle commutes
by the functoriality of the isomorphism i∗fΦ ∼= fΦi∗ and the big square in the
middle commutes by Corollary 1.7.6, (3). Thus going around the diagram from
the upper left to the lower left corner clockwise, which is Trf ◦p, is the same as

going around counterclockwise, which is p◦ i∗(Trf ). This gives (1.8.2). Similar
diagrams prove the relations Trf ◦C ∼= C◦Σ∗(Trf ) and V ◦σ∗i∗(Trf ) ∼= Trf ◦V .
The compatibility of Trf with composition and étale base change follows di-
rectly from Corollary 1.7.6, (3) and (4). The functoriality statement follows
from the corresponding statement in 1.7.6, (1). If f is an open immersion, then
so is Wnf for all n and hence the last statement follows from 1.7.6, (5). �

1.9. The dualizing functor.

1.9.1. Let X be a k-scheme and K a Witt residual complex on X . If M is
a complex of quasi-coherent de Rham-Witt systems on X , then by Proposi-
tion 1.6.7 and Remark 1.8.5, we have de Rham-Witt systems Hom(M i,Kj) ∈
dRWX for all i, j. Thus we obtain a complex of de Rham-Witt systems on X ,
Hom(M,K) ∈ C(dRWX) which is defined by

Homq(M,K) :=
∏

i∈Z
Hom(M i,Ki+q),

dqHom((f i)) := (di+qK ◦ f i + (−1)q+1f i+1 ◦ diM ).

In this way we clearly obtain a functor

DK : C(dRWX,qc)
o → C(dRWX), M 7→ Hom(M,K),

It restricts to a functor DK : C(dRWX,c)
o → C(dRWX,qc). Since Kn is a

bounded complex of injective WnOX -modules for each n ≥ 1, Hom(M,K) is
acyclic, whenever M is ([Har66, II, Lem. 3.1]). Thus DK preserves quasi-
isomorphisms and therefore induces functors

DK : D(dRWX,qc)
o → D(dRWX), DK : D(dRWX,c)

o → D(dRWX,qc).
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A morphism K → L of Witt residual complexes clearly induces a natural
transformation of functors

(1.9.1) DK → DL.

Notation 1.9.2. Let X be a k-scheme with structure map ρX : X → Spec k.
Then we denote by KX the Witt residual complex ρ∆XW•ω and write

DX = DKX = Hom(−,KX).

Notice that KX is concentrated in degree 0, since W•ω is.

Remark 1.9.3. Let X be a scheme, Φ a family of supports on X and K a Witt
residual complex. Then we have the following equalities on C(CN,qc)

ΓΦDK(−) = ΓΦHom(−,K) = Hom(−,ΓΦK).

Therefore, if M is a complex of quasi-coherent de Rham-Witt systems on X ,
then Hom(M,ΓΦK) inherits the structure of a complex of de Rham-Witt sys-
tems from ΓΦDK(M). Furthermore ΓΦ(K)n is a complex of injectives (by
Remark1.7.5),

Hom(−,ΓΦK) : D(dRWX,qc)
o → D(dRWX).

Proposition 1.9.4. Let f : (X,Φ) → (Y,Ψ) be a morphism in Schk,∗, K a
Witt residual complex on Y and M a bounded above complex of quasi-coherent
de Rham-Witt systems on X. Let

ϑf : fΦDf∆K(M)→ ΓΨDK(f∗M)

be the composition

fΦHom(M, f∆K)
nat.−−→ Hom(f∗M, fΦf

∆K)
Trf−−→ Hom(f∗M,ΓΨK).

Then ϑf is a morphism of complexes of de Rham-Witt systems on Y and it has
the following properties:

(1) It defines a natural transformation between the bifunctors
fΦHom(−, f∆−) and Hom(f∗−,ΓΨ(−)) defined on the product of
the category C−(dRWX,qc) with the category of Witt residual com-
plexes with the same associated filtration.

(2) It is compatible with composition, i.e. if g : (Y,Ψ)→ (Z,Ξ) is another
morphism in Schk,∗, then ϑgf ∼= ϑg ◦ g∗(ϑf ) ◦ cf,g.

(3) It is compatible with étale base change as in Corollary 1.7.6, (4).
(4) Let j : U →֒ X be an open immersion, such that Φ is contained in

U , then ϑj : jΦHom(−, j∆K)
≃−→ Hom(j∗(−),ΓΦK) is the excision

isomorphism (cf. Corollary 1.7.6, (5)).

Proof. We have to show, that ϑf commutes with π, F, d, V, p. Recall from 1.6.6,

how the de Rham-Witt system structure on Hom(M,Q) is defined, where M
is a de Rham-Witt - and Q a Witt dualizing system. For example the map
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π is uniquely determined by the property that it makes the following diagram
commutative:

Hom(M,Q)
◦p

M //

π

��

Hom(i∗M,Q)

i∗Hom(M,Q)
ǫi // Hom(i∗M, i∗Q).

p
Q

OO

The maps F, d, V, p are defined uniquely by making similar diagrams commu-
tative. Using these diagrams, the second part of 1.6.5 and Lemma 1.8.9 it is
straightforward to check the compatibility of ϑf with the de Rham-Witt system
structure. (Notice, that ϑf factors over Hom(f∗M, fΦf

∆K), which in general
will not be a de Rham-Witt system, since fΦf

∆K will not be a complex of
Witt dualizing systems. But it is a complex of Witt quasi-dualizing systems,
which is sufficient to conclude.) Thus ϑf gives a morphism of complexes of de
Rham-Witt systems. The functoriality of ϑf in M is clear and in K follows
from the functoriality of Trf : fΦf

∆ → id (see Lemma 1.8.9). The properties
(2)-(4) follow from the corresponding properties of Trf , see Lemma 1.8.9.

�

1.10. Ekedahl’s results.

Theorem 1.10.1 ([Eke84, II, Thm 2.2 and III, Prop. 2.4]). Let X be a smooth
k-scheme of pure dimension N . Then the morphism induced by multiplication

W•ΩX
≃−→ Hom(W•ΩX ,W•ωX), α 7→ (β 7→ αβ).

is an isomorphism of de Rham-Witt systems. Furthermore

ExtiWnOX
(WnΩX ,WnωX) = 0, for all i, n ≥ 1.

Proof. This is all due to Ekedahl. Let us just point out thatW•ωX sits in degree
N , hence the multiplication map is a graded morphism; and that Cnd = 0 gives
the equality

Cn(xdy) = (−1)q+1Cn(d(x)y), for all x ∈WnΩqX , y ∈ WnΩN−qX

and this together with the sign α introduced in the definition of d in 1.6.6
(which is missing in [Eke84]) gives the compatibility with d. �

Lemma 1.10.2 ([BER10, Prop. 8.4, (ii)]). Let X ′ be a smooth Wn-scheme and

denote by X its reduction modulo p. Let ϕ : WnΩX
≃−→ σn∗H•DR(X ′/Wn), with

σ = Wn(FSpeck), be the canonical isomorphism of graded Wn-algebras from
[IR83, III, (1.5)]. Then ϕ is the unique morphism, which makes the following
diagram commutative

Wn+1ΩX′/Wn

��

Fn
// ZΩX′/Wn

��
WnΩX

ϕ // H•DR(X ′/Wn).
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Here Wn+1ΩX′/Wn
is the relative de Rham-Witt complex defined in [LZ04] and

the vertical maps are the natural surjections. In particular we have

(1.10.1) ϕ(
n−1∑

i=0

V i([ai])) =
n−1∑

i=0

FnV i([ãi]) = ãp
n

0 + pãp
n−1

1 + . . .+ pn−1ãpn−1

and
(1.10.2)

ϕ(

n−1∑

i=0

dV i([ai])) =

n−1∑

i=0

FndV i([ãi]) = ãp
n−1

0 dã0+ãp
n−1−1

1 dã1+. . .+ãp−1n−1dãn−1,

where the ãi are any liftings of ai ∈ OX to OX′ .

Theorem 1.10.3 (Ekedahl). Let X be a smooth k-scheme of pure dimension
N with structure map ρX : X → Spec k. Then (WnρX)!Wn ∈ Db

c(WnX) is
concentrated in degree −N , for all n ≥ 1 and there is a quasi-isomorphism of
complexes of Witt dualizing systems (see Example 1.6.4, (1) and (2))

τ : W•ωX(N)[N ]
qis−−→ KX = ρ∆XW•ω,

such that

(1) The map τ1 : ΩNX [N ]
qis−−→ ρ∆Xk is the classical (ungraded) quasi-

isomorphism, i.e. it is the composition of the natural quasi-
isomorphism ΩNX [N ] → EZ•[N ](Ω

N
X [N ]) with the inverse of 1.7.2, (2).

Here Z•[N ] is the shifted codimension filtration of X and EZ•[N ] the
Cousin functor.

(2) τ is compatible with étale pullback, i.e. if f : U → X is étale, then the
following diagram commutes

f∗W•ωX(N)[N ]

≃
��

τX // f∗KX = f∗ρ∆XW•ω

≃
��

W•ωU (N)[N ]
τU // KU = ρ∆UW•ω,

where ρU : U → Spec k is the structure morphism of U , the vertical
isomorphism on the right is induced by f∗ρ∆X

∼= f∆ρ∆X
∼= ρ∆U and the

isomorphism on the left is induced by (Wnf)∗WnΩNX = WnΩNU , n ≥ 1
(see [Ill79, I, Prop. 1.14]).

Proof. We do not write the shift (N) in the following (the statement about
the grading being obvious). In [Eke84, I,Thm. 4.1] it is proven that one has

an isomorphism τn : WnΩNX
≃−→ (WnρX)!Wn[−N ] in Db

c(WnX). (We give
a sketch of the construction in case X admits a smooth lift over Wn in the
remark below.) Let Z• be the filtration by codimension on WnX . For C any
complex let EZ•(C) be the associated Cousin complex. Then EZ• induces
an equivalence from the category of dualizing complexes with filtration Z• in
Db
c(WnX) and the category of residual complexes with associated filtration Z•
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on WnX with quasi inverse the natural localization functor (see [Con00, Lem.
3.2.1]). Thus we obtain an isomorphism of residual complexes

EZ•(WnΩNX)
≃−→ EZ•((WnρX)!Wn[−N ]) ∼= (WnρX)∆Wn[−N ].

By Lemma 1.5.9 the natural map WnΩNX → EZ•(WnΩNX) is a resolution, for all
n ≥ 1 (by [Har66, IV, Prop. 2.6.]). Therefore we obtain a quasi-isomorphism
(by abuse of notation again denoted by τn)

τn : WnΩNX [N ]
qis−−→ (Wnρ)∆Wn.

It follows from [Eke84, I, Lem 3.3 and II, Lem. 2.1], that the τn, n ≥ 1, are
compatible with p, Cn, V and hence induce a morphism of complexes of Witt

dualizing systems as in the statement. The property (1) is proved at the end of
the proof of [Eke84, I, Thm. 4.1, p. 198 ] and (2) follows from the construction
of τn in [Eke84, I, 2.] (see in particular the second paragraph on page 194). �

Remark 1.10.4. Let us sketch for later purposes how the isomorphism τn :
WnωX → (WnρX)!Wn[−N ] is constructed in case X admits a smooth lifting
ρX′ : X ′ → SpecWn. For details see [Eke84, I, 2.]. Let

(1.10.3) ϕ : WnΩX
≃−→ σn∗H•DR(X ′/Wn)

be the canonical isomorphism of graded Wn-algebras of [IR83, III, (1.5)] (see

Lemma 1.10.2). The composition WnOX ϕ0

−→ σn∗H0
DR(X ′/Wn) → OX′ defines

a finite morphism ǫ : X ′ →WnX , which fits into a commutative diagram

X ′
ǫ //

ρX′

��

WnX

WnρX

��
SpecWn

σn
// SpecWn.

It follows that ϕ becomes an isomorphism WnΩX
≃−→ ǫ∗H•DR(X ′/Wn). (Here

we abuse the notation ǫ∗ to indicate where the WnOX -module structure
on the Wn-module H•DR(X ′/Wn) is coming from, which is of course not
an OX′ -module.) Since ρX′ is smooth we have a canonical isomorphism

τX′ : ωX′/Wn

≃−→ ρ!X′Wn[−N ]. Now Ekedahl shows, that the composition

ǫ∗ωX′/Wn

τX′−−→ ǫ∗ρ
!
X′Wn[−N ] ≃ ǫ∗ρ!X′σn

!Wn[−N ]

≃ ǫ∗ǫ!(WnρX)!Wn[−N ]
Trǫ−−→ (WnρX)!Wn[−N ]

factors over ǫ∗HNDR(X ′/Wn). Then τn is defined as the composition

WnωX
ϕ,≃−−−→ ǫ∗HNDR(X ′/Wn)→ (WnρX)!Wn[−N ].

Corollary 1.10.5. Let X be a smooth k-scheme of pure dimension N . De-
note by E(W•ωX) the Cousin complex associated to W•ωX with respect to the
codimension filtration on X (cf. 1.5.8). Then the maps p, Cn , V on W•ωX
induce morphisms of complexes on the system {E(WnωX)(N)[N ]}n; this de-
fines a Witt residual complex E(W•ωX)(N)[N ], which is isomorphic as Witt
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residual complex to KX (see Notation 1.9.2). This isomorphism is compatible
with étale base change.

Corollary 1.10.6. Let the notations be as above. Then there is an isomor-
phism in Cb(dRWX,qc)

µ : E(W•ΩX)
≃−→ DX(W•ΩX)(−N)[−N ],

given by the composition

E(W•ΩX)
E(1.10.1),≃−−−−−−−−−→ E(Hom(W•ΩX ,W•ωX))

≃−→

Hom(W•ΩX , E(W•ωX))
Cor. 1.10.5,≃−−−−−−−−−→ Hom(W•ΩX ,KX)(−N)[−N ].

The map µ is compatible with étale base change.

1.11. The trace morphism for a regular closed immersion.

1.11.1. Local Cohomology. Let X = SpecA be an affine Cohen-Macaulay
scheme and Z ⊂ X a closed subscheme of pure codimension c, defined by the
ideal I ⊂ A. Let t = t1, . . . , tc ∈ I be an A-regular sequence with

√
(t) =

√
I,

here (t) denotes the ideal (t1, . . . , tc) ⊂ A. (After shrinking X such a sequence
always exists.) We denote by K•(t) the Koszul complex of the sequence t, i.e.
K−q(t) = Kq(t) =

∧q
Ac, q = 0, . . . , c, and if {e1, . . . , ec} is the standard basis

of Ac and ei1,...,iq := ei1 ∧ . . . ∧ eiq , then the differential is given by

d−qK•(ei1,...,iq ) = dK•
q (ei1,...,iq ) =

q∑

j=1

(−1)j+1tijei1,...,îj ,...iq .

We define the complex

K•(t,M) := HomA(K−•(t),M),

and denote its n-th cohomology by Hn(t,M). The map

HomA(

c∧
Ac,M)→M/(t)M, ϕ 7→ ϕ(e1,...,c)

induces a canonical isomorphism Hc(t,M) ≃M/(t)M .
If t and t′ are two sequences as above with (t′) ⊂ (t), then there exists a c× c-
matrix T with coefficients in A such that t′ = T t and T induces a morphism of
complexes K•(t′) → K•(t), which is the unique (up to homotopy) morphism
lifting the natural map A/(t′)→ A/(t). Furthermore we observe that, for any
pair of sequences t, t′ as above there exists an N ≥ 0 such that (tN ) ⊂ (t′),
where tN denotes the sequence tN1 , . . . , t

N
c . Thus the sequences t form a directed

set and Hc(t,M) → Hc(t′,M), (t′) ⊂ (t), becomes a direct system. It follows
from [SGA2, Exp. II, Prop. 5], that we have an isomorphism

(1.11.1) lim−→
t

M/(t)M = lim−→
t

Hc(t,M) ∼= Hc
Z(X, M̃),

where the limit is over all A-regular sequences t = t1, . . . , tc with V ((t)) = Z

and M̃ is the sheaf associated to M . In fact it is enough to take the limit
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over the powers tn = tn1 , . . . , t
n
c , n ≥ 1, of just one regular sequence t with

V ((t)) = Z. We denote by [
m

t

]

the image of m ∈M under the composition

M →M/(t)M → Hc(t,M)→ Hc
Z(X, M̃).

It is a consequence of the above explanations that we have the following prop-
erties:

(1) Let t and t′ be two sequences as above with (t′) ⊂ (t). Let T be a
c× c-matrix with t′ = T t, then

[
det(T )m

t′

]
=

[
m

t

]
.

(2) [
m+m′

t

]
=

[
m

t

]
+

[
m′

t

]
,

[
tim

t

]
= 0 all i.

(3) If M is any A-module, then

Hc
Z(X,OX)⊗AM ≃−→ Hc

Z(X, M̃),

[
a

t

]
⊗m 7→

[
am

t

]

is an isomorphism.

Remark 1.11.2. Since for an A-regular sequence t as above K•(t)→ A/(t) is a
free resolution, we have an isomorphism

Extn(A/(t),M) ≃ Hom•A(K•(t),M).

Notice that we also have an isomorphism

Hom•A(K•(t),M) ≃ K•(t,M),

which is multiplication with (−1)n(n+1)/2 in degree n (see [Con00, (1.3.28)]).
We obtain an isomorphism

ψt,M : Extc(A/(t),M)
≃−→ Hc(t,M) = M/(t)M,

which has the sign (−1)c(c+1)/2 in it. In particular under the composition

Extc(A/(t),M)
ψt,M−−−→M/(t)M → Hc

Z(X, M̃)

the class of a map ϕ ∈ HomA(
∧c

Ac,M) is sent to

(−1)c(c+1)/2

[
ϕ(e1,...,c)

t

]
.

Remark 1.11.3. If X = SpecA is a k-scheme and t = t1, . . . , tc is a regular
sequence of sections of OX , then for any n the sequence [t] = [t1], . . . , [tc] of
sections of WnOX is a regular sequence. Here [ti] denotes the Teichmüller lift
of ti. Indeed the sequence [t] is regular iff its Koszul complex is a resolution
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of WnA/([t]) and thus the statement follows by induction from the short exact
sequence

0→ K•([t]
p,Wn−1A)

V−→ K•([t],WnA)→ K•(t, A)→ 0.

Proposition 1.11.4. Let i : Z →֒ X be a closed immersion between smooth
k-schemes of pure dimension NZ , NX and structure maps ρZ , ρX and let c be
the codimension of Z in X, i.e. c = NX − NZ . Then we have the following
isomorphism in Db

qc(WnOX),

(1.11.2) RΓZ(WnωX) ∼= HcZ(WnωX)[−c]
Assume furthermore, that the ideal sheaf of Z is generated by a regular sequence
t = t1, . . . , tc of global sections of OX and define a morphism ıZ,n by

ıZ,n : (Wni)∗WnωZ −→ HcZ(WnωX), α 7→ (−1)c
[
d[t]α̃

[t]

]
,

with α̃ ∈ WnΩNZ

X any lift of α, and d[t] = d[t1] · . . . · d[tc]. Then the following
diagram in Db

qc(WnOX) is commutative

(Wni)∗(WnρZ)
∆Wn

cWni,WnρX// (Wni)∗(Wni)
∆(WnρX)∆Wn

TrWni // RΓZ(WnρX)∆Wn

(Wni)∗WnωZ [NZ ]

τZ,n ≃

OO

ıZ,n // Hc
Z(WnωX)[NZ ]

≃ // RΓZ(WnωX)[NX ]

τX,n≃

OO

where TrWni is the n-th level of the trace morphism from Lemma 1.8.9.

Proof. We write in = Wni, ρX,n = WnρX and WnρZ = ρZ,n. By (1.5.2) we
have HiZ(WnωX) = 0 for i < c. Furthermore HiZ(WnωX) = 0 for i > c,

by Čech considerations. (Locally the ideal of Z is generated by a regular se-
quence of length c and thus U \ Z may locally be covered by c affine open
subschemes.) This gives the isomorphism (1.11.2). To prove the commutativ-
ity of the diagram in the statement of the proposition we have to show that
two elements in HomWnOX (in∗WnωZ ,HcZ(WnωX)) are equal. This is a local
question. We may thus assume, that the closed immersion i lifts to a closed
immersion i′ : Z ′ →֒ X ′ between smooth Wn-schemes and that there exists
a regular sequence t′ = t′1, . . . , t

′
c in OX′ which generates the ideal of Z ′ and

reduces modulo p to t. As in Remark 1.10.4 we obtain a commutative diagram

Z ′
ǫZ //

� _

i′

��
ρZ′

��

WnZ� _

in

��
ρZ,n

��

X ′
ǫX //

ρX′

��

WnX

ρX,n

��
SpecWn

σn
// SpecWn,

where we write σn instead of Wn(FnSpeck).
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Consider the following diagram, in which we set Λ := Wn[−NZ ] and write (−)!

instead of (−)∆:

(1.11.3)

in∗ǫZ∗ωZ′/Wn

��

≃ // in∗ǫZ∗ρ!Z′Λ

��

≃ // ǫX∗i′∗i
′!ρ!

X′Λ

��

Tr
i′ // ǫX∗RΓZρ!

X′Λ

��

ǫX∗RΓZωX′/Wn
[c]

��

≃oo

in∗ǫZ∗H
NZ
DR

(Z′)
∃ // in∗ρ!Z,nΛ

≃ // in∗i!nρ!X,nΛ
Trin // RΓZρ!X,nΛ ǫX∗RΓZHNX

DR
(X′)[c]

∃oo

in∗WnωZ

≃
OO

τZ,n

55llllllll
RΓZ(WnωX)[c]

≃
OO

τX,n

jjTTTTTTTT

Hc
Z(WnωX ).

≃
OO

We give some explanations: We have Λ = σn!Λ (see Example 1.6.4, (1)) and
the three vertical maps in the middle are the compositions

in∗ǫZ∗ρ
!
Z′Λ ∼= in∗ǫZ∗ρ

!
Z′σn

!Λ ∼= in∗ǫZ∗ǫ
!
Zρ

!
Z,nΛ

TrǫZ−−−→ in∗ρ
!
Z,nΛ,

ǫX∗i
′
∗i
′!ρ!X′Λ ∼= in∗ǫZ∗i

′!ρ!X′σn
!Λ ∼= in∗ǫZ∗i

′!ǫ!Xρ
!
X,nΛ

≃−→ in∗ǫZ∗ǫ
!
Zin

!ρ!X,nΛ
TrǫZ−−−→ in∗i

!
nρ

!
X,nΛ,

ǫX∗RΓZρ
!
X′Λ ∼= RΓZǫX∗ρ

!
X′σn

!Λ ∼= RΓZǫX∗ǫ
!
Xρ

!
X,nΛ

TrǫX−−−→ RΓZρ
!
X,nΛ.

Now one easily checks that the two squares in the middle commute. In fact,
to see that the first of the two middle squares commute, one only needs, that

c(f,g) : (gf)!
≃−→ f !g! is a natural transformation, which is compatible with

triple compositions (see [Con00, p.139, (VAR1)]) and that TrǫZ : ǫZ∗ǫ!Z → id is
a natural transformation. For the commutativity of the second middle square

we need the naturality of Tri′ : i′∗i
′! → id and the formula (see [Con00, Lem

3.4.3, (TRA1)])

Trin ◦ in∗(TrǫZ ) ◦ (inǫZ)∗(cǫZ ,in) = TrinǫZ

= TrǫXi′ = TrǫX ◦ ǫX∗(Tri′) ◦ (ǫX i
′)∗(ci′,ǫX ).

That there exist two unique dotted arrows, which make the two outer diagrams
commutative was proved by Ekedahl, see Remark 1.10.4. The two vertical maps
in the two lower triangles are the isomorphisms from Lemma 1.10.2. Thus the
two triangles commute by definition of τZ,n and τX,n, see Remark 1.10.4. It
follows that the whole diagram commutes.
Let σZ and σX be the following compositions

σZ : ǫZ∗ωZ′/Wn
→ ǫZ∗HNZ

DR(Z ′/WN )
≃−→WnωZ ,

σX : ǫX∗HcZ(ωX′/Wn
)→ ǫX∗HcZ(HNX

DR (X ′/Wn))
≃−→ HcZ(WnωX).
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We obtain maps
(1.11.4)

Hom(ǫX∗in∗ωZ′/Wn
, ǫX∗HcZ(ωX′/Wn

))

σX

��
Hom(in∗WnωZ ,HcZ(WnωX)) � � D(σZ ) // Hom(ǫX∗in∗ωZ′/Wn

,HcZ(WnωX)),

with the horizontal map being injective (since σZ is surjective). We denote by
a the following composition

a := H0(τX,n)−1 ◦H0(Trin ◦ cin,ρX,n ◦ τZ,n) ∈ Hom(in∗WnωZ ,HcZ(WnωX)).

The commutativity of the diagram in the statement of the proposition means,
that a equals ıZ,n. Thus it is enough to show

(1.11.5) D(σZ)(a) = D(σZ)(ıZ,n) in Hom(ǫX∗in∗ωZ′/Wn
,HcZ(WnωX)).

We define a′ ∈ Hom(i′∗ωZ′/Wn
,HcZ(ωX/Wn

)) to be the following composition

a′ : H0

(
i′∗ωZ′/Wn ≃ i′∗ρ

!
Z′Λ ≃ i′∗i

′!ρ!X′Λ
Tri′−−→ RΓZ(ρ

!
X′Λ) ≃ RΓZ(ωX′/Wn)[c]

)
.

Then diagram (1.11.3) says

(1.11.6) D(σZ )(a) = σX(ǫX∗(a
′)).

We define ıZ′ by

ıZ′ : iZ′∗ωZ′/Wn
→ HcZ(ωX′/Wn

), β 7→ (−1)c
[
dt′β̃

t′

]
,

with β̃ ∈ ΩNZ

X′/Wn
a lift of β. We have

(1.11.7) D(σZ)(ıZ,n) = σX(ǫX∗(ıZ′)).

Indeed, this follows from the concrete description of σX and σZ given by Lemma
1.10.2 and from the fact that by 1.11.1, 1) the following equality holds for all

γ ∈Wn+1ΩNZ

X′/Wn

[
dt′Fn(γ)

t′

]
=

[
t′p

n−1
dt′Fn(γ)

t′p
n

]
= Fn

([
d[t′]γ

[t′]

])
,

where we set t′p
n−1 := t′1

pn−1 · · · t′cp
n−1. By (1.11.6) and (1.11.7) we are thus

reduced to show

ıZ′ = a′ in Hom(i′∗ωZ′/Wn
,HcZ(ωX′/Wn

)),

which is well-known (see e.g. [CR09, Lemma A.2.2]). �

2. Pushforward and pullback for Hodge-Witt cohomology with
supports

In this section all schemes are assumed to be quasi-projective over k. We fix a
k-scheme S.
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2.1. Relative Hodge-Witt cohomology with supports.

Definition 2.1.1. We denote by (Sm∗/S) and (Sm∗/S) the following two
categories: Both have as objects pairs (X,Φ) with X an S-scheme, which is
smooth and quasi-projective over k (for short we will say X is a smooth k-
scheme over S) and Φ a family of supports on X and the morphisms are given
by

HomSm∗((X,Φ), (Y,Ψ)) = {f ∈ HomS(X,Y ) | f|Φ is proper and f(Φ) ⊂ Ψ}
and

HomSm∗((X,Φ), (Y,Ψ)) = {f ∈ HomS(X,Y ) | f−1(Ψ) ⊂ Φ}.

If X is a smooth k-scheme over S and Z ⊂ X a closed subset, we write (X,Z) =
(X,ΦZ) and X = (X,X) = (X,ΦX) ∈ Obj(Sm∗) = Obj(Sm∗) (see Definition
1.4.1 for the notation).
We will say that a morphism f : (X,Φ) → (Y,Ψ) in (Sm∗/S) or (Sm∗/S) is
étale, flat, smooth, etc. if the corresponding property holds for the underlying
morphism of schemes X → Y . We will say that a diagram

(X ′,Φ′) //

��

(Y ′,Ψ′)

��
(X,Φ) // (Y,Ψ)

is cartesian, if the underlying diagram of schemes is cartesian.

2.1.2. For (X,Φ) ∈ obj(Sm∗/S) = obj(Sm∗/S), with structure map a : X →
S we denote by H((X,Φ)/S) the de Rham-Witt system

H((X,Φ)/S) :=
⊕

i≥0
RiaΦW•ΩX ∈ dRWS

and its level n part by Hn((X,Φ)/S). We denote by Ĥ((X,Φ)/S) the de
Rham-Witt module

Ĥ((X,Φ)/S) :=
⊕

i≥0
RiâΦW•ΩX ∈ d̂RWS .

We write

Hi,q((X,Φ)/S) := RiaΦW•Ω
q
X , Ĥi,q((X,Φ)/S) := RiâΦW•Ω

q
X .

By definition we have:

(1) If Z ⊂ X is closed then, Ĥ((X,Z)/S) =
⊕
RiaZWΩX . In particular

Ĥ((X,Z)/X) =
⊕HiZ(WΩX), in particular Ĥ(X/X) = WΩX .

(2) Let U ⊂ S be open and set XU := X ×S U and ΦU = Φ ∩XU . Then

H((X,Φ)/S)|U = H((XU ,ΦU )/U), Ĥ((X,Φ)/S)|U = Ĥ((XU ,ΦU )/U).
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2.2. Pullback.

Definition 2.2.1. Let f : (X,Φ) → (Y,Ψ) be a morphism in (Sm∗/S).
Then applying RΓΨ to the functoriality morphism W•ΩY → Rf∗W•ΩX
in D+(dRWY ) and composing it with the natural map RΓΨRf∗ =
Rf∗RΓf−1(Ψ) → Rf∗RΓΦ yields a morphism in D+(dRWY )

(2.2.1)
RΓΨ(W•ΩY )→ RΓΨRf∗W•ΩX = Rf∗RΓf−1(Ψ)W•ΩX → Rf∗RΓΦW•ΩX .

Let a : Y → S be the structure morphism. Then we define

f∗ :=
⊕

i

Hi(Ra∗(2.2.1)) : H((Y,Ψ)/S)→ H((X,Φ)/S) in dRWS

and

f∗ :=
⊕

i

Hi(R lim←−Ra∗(2.2.1)) : Ĥ((Y,Ψ)/S)→ Ĥ((X,Φ)/S) in d̂RWS .

We call these morphisms the pullback morphisms. Notice that by definition f∗

always factors as

f∗ : H((Y,Ψ)/S)→ H((X, f−1(Ψ)/S))
nat.−−→ H((X,Φ)/S),

same with Ĥ.

Proposition 2.2.2. The assignments

H : (Sm∗/S)o → dRWS , (X,Φ) 7→ H((X,Φ)/S)

and
Ĥ : (Sm∗/S)o → d̂RWS , (X,Φ) 7→ Ĥ((X,Φ)/S)

define functors, where we set H(f) = f∗ and Ĥ(f) = f∗, for a morphism
f : (X,Φ)→ (Y,Ψ) in (Sm∗/S).
Furthermore, if U ⊂ S is open and fU : (XU ,ΦU ) → (YU ,ΨU ) is the pull-
back of f : (X,Φ) → (Y,Ψ) over U , then f∗U = (f∗)|U on H((YU ,ΨU )/U) =

H((Y,Ψ)/S)|U (resp. on Ĥ).
Proof. This is all straightforward. �

2.3. Pushforward. Let X be a smooth k-scheme of pure dimension N with
structure map ρ : X → Spec k. Recall that we set KX = ρ∆XW•ω and that this
is isomorphic to E(W•ωX)(N)[N ], where E denotes the Cousin complex with
respect to the codimension filtration (see Corollary 1.10.5). Furthermore we
have the dualizing functor

DX(−) = Hom(−,KX)

(see 1.6.6), which we may view as a functor from C(dRWX,qc)
o to C(dRWX)

or from D(dRWX,qc)
o to D(dRWX).

For any morphism f : (X,Φ) → (Y,Ψ) in (Sm∗/S) the composition of the
isomorphism KX ≃ f∆KY (see Proposition 1.8.8) with ϑf from Proposition
1.9.4, defines a natural transformation of functors on C(dRWX,qc)

o

(2.3.1) θf : fΦDX(−)→ ΓΨDY (f∗(−)).
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The map θf is compatible with compositions and étale base change. Fur-

thermore, recall that the multiplication pairing W•ΩiX ⊗W W•Ω
j
X → W•Ω

i+j
X

induces an isomorphism in Cb(dRWX,qc) (see Corollary 1.10.6)

(2.3.2) µX : E(W•ΩX)
≃−→ DX(W•ΩX)(−N)[−N ].

The map µX is compatible with étale base change.

Definition 2.3.1. Let f : (X,Φ) → (Y,Ψ) be a morphism in (Sm∗/S). We
assume thatX and Y are of pure dimensionNX andNY . Consider the following
composition of morphisms of complexes of de Rham-Witt systems on Y

(2.3.3) fΦE(W•ΩX)(NX)[NX ]
µX−−→ fΦDX(W•ΩX)

θf−→ ΓΨDY (f∗W•ΩX)

D(f∗)−−−−→ ΓΨDY (W•ΩY )
µ−1
Y−−→ ΓΨE(W•ΩY )(NY )[NY ].

By Lemma 1.5.9 this induces a morphism in Db(dRWY )

(2.3.4) RfΦW•ΩX → RΓΨW•ΩY (−r)[−r],
where r = NX −NY is the relative dimension.
Let a : Y → S be the structure morphism. Then we define

f∗ :=
⊕

i

Hi(Ra∗(2.3.4)) : H((X,Φ)/S)→ H((Y,Ψ)/S)(−r) in dRWS

and

f∗ :=
⊕

i

Hi(R lim←−Ra∗(2.3.4)) : Ĥ((X,Φ)/S)→ Ĥ((Y,Ψ)/S)(−r) in d̂RWS .

We extend these definitions additively to all morphisms f : (X,Φ)→ (Y,Ψ) in
(Sm∗/S) (where X and Y don’t need to be pure dimensional). We call these
morphisms the push-forward morphisms. Notice, that since f|Φ is proper, f(Φ)
is a family of supports on Y and f∗ always factors as

f∗ : H((X,Φ)/S)→ H((Y, f(Φ))/S)(−r) nat.−−→ H((Y,Ψ)/S)(−r),
same with Ĥ.

Remark 2.3.2. Without supports and for a proper morphism between smooth
k-schemes a similar push-forward was already defined in [Gro85, II, Def. 1.2.1].
(Although the verification, that it is compatible with F , V , d and π was omit-
ted.)

Proposition 2.3.3. The assignments

H : (Sm∗/S)→ dRWS , (X,Φ) 7→ H((X,Φ)/S)

and

Ĥ : (Sm∗/S)→ d̂RWS , (X,Φ) 7→ Ĥ((X,Φ)/S)

define functors, where we set H(f) = f∗ and Ĥ(f) = f∗, for f : (X,Φ)→ (Y,Ψ)
a morphism in (Sm∗/S).
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Furthermore: (1) If U ⊂ S is open and fU : (XU ,ΦU ) → (YU ,ΨU ) is the
pullback of f : (X,Φ)→ (Y,Ψ) over U , then fU∗ = (f∗)|U on H((YU ,ΨU )/U) =

H((Y,Ψ)/S)|U (resp. on Ĥ). (2) If j : (U,Φ) →֒ (X,Φ) is an open immersion
in (Sm∗/S), then j∗ is the excision isomorphism.

Proof. This follows from the corresponding properties of (2.3.3), which follow
from Proposition 1.9.4 and Corollary 1.10.6. �

For later use we record:

Proposition 2.3.4 ([Gro85, II, Prop. 4.2.9]). Let f : X → Y be a finite
morphism between two connected smooth k-schemes. We may view f as a
morphism in (Sm∗/Y ) or as a morphism in (Sm∗/Y ). Then the composition

f∗ ◦ f∗ : W•ΩY →W•ΩY

equals multiplication with the degree of f .

2.4. Compatibility of pushforward and pullback.

Proposition 2.4.1 (Gros). Let i : Z →֒ (X,Z) be a closed immersion of pure
codimension c in (Sm∗/S). Then

RΓZW•ΩX [c] ∼= HcZ(W•ΩX) in D+(dRWX).

Suppose further the ideal sheaf of Z in OX is generated by a regular sequence
t = t1, . . . , tc of global sections of X, then the projection of i∗ : H(Z/X) →
H((X,Z)/X) to the n-th level is given by

(2.4.1) Wn(i)∗WnΩZ → HcZ(WnΩX)(c), α 7→ (−1)c
[
d[t]α̃

[t]

]
,

where we set [t] := [t1], . . . , [tc] and d[t] := d[t1] · · · d[tc] ∈ WnΩcX , with [ti] ∈
WnOX the Teichmüller lift of ti, and α̃ is any lift of α ∈ Wn(i)∗WnΩZ to
WnΩX .

The above proposition is proved in [Gro85, II, 3.4], but since the proof uses a
result by Ekedahl, which is referred to as work in progress and which we could
not find in the literature we reprove the above proposition (using Proposition
1.11.4, instead of a comparison of Ekedahl’s trace with Berthelot’s trace in
crystalline cohomology as Gros does).

Proof. The first statement is proven as in (1.11.2). It remains to prove the
explicit description (2.4.1). Let ρZ,n : WnZ → SpecWn and ρX,n : WnX →
SpecWn be the structure maps, in := Wn(i) : WnZ →֒WnX the closed immer-
sion (for this proof we don’t use the in defined in 1.1) and write dimX = NX ,
dimZ = NZ . By Definition 2.3.1 the projection to the n-th level of i∗ is given
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by the following composition in Db
qc(CX,n)

in∗WnΩZ(NZ)[NZ ]
µZ,n,≃−−−−−→ in∗RHom(WnΩZ ,KZ,n)

θin−−→ RΓZRHom(in∗WnΩZ ,KX,n)

D(i∗n)−−−−→ RHom(WnΩX ,ΓZKX,n)

µ−1
X,n,≃−−−−−→ RΓZ(WnΩX)(NX)[NX ].

Here µZ,n, µX,n and θin are images in the derived category of the projections
to the n-th level of the corresponding maps from 2.3. We denote by ıZ,n the
following morphism

ıZ,n : (Wni)∗WnωZ −→ HcZ(WnωX)(c), α 7→ (−1)c
[
d[t]α̃

[t]

]
,

with α̃ ∈ WnΩNZ

X any lift of α. Then it follows from Proposition 1.11.4, that
in the derived category (i∗)n equals

in∗WnΩZ(NZ)[NZ ]
multipl.−−−−−→ Hom(in∗WnΩZ , in∗WnωZ(NZ)[NZ ])
ıZ,n−−→ Hom(in∗WnΩZ ,HcZ(WnωX)(NX)[NZ ])

D(i∗n)−−−−→ Hom(WnΩX ,HcZ(WnωX)(NX)[NZ ])

≃, (∗)−−−−→ HcZ(WnΩX)(NX)[−c][NX ]
≃−→ RΓZ(WnΩX)(NX)[NX ].

Here the isomorphism (∗) is the inverse of

HcZ(WnΩX)(NX)
≃−→ Hom(WnΩX ,HcZ(WnωX)),

[
α

tn

]
7→
(
β 7→

[
αβ

tn

])
.

It is straightforward to check, that taking H−NZ (−) of this composition gives
(2.4.1) and hence the claim. �

Corollary 2.4.2. Let i : Y →֒ X be a closed immersion between smooth
affine k-schemes and assume that the ideal of Y in X is generated by a reg-
ular sequence t1, . . . , tc. Let Z ⊂ Y be a closed subset which is equal to the
vanishing set V (f1, . . . fi) of global sections f1, . . . , fi ∈ Γ(Y,OY ). Denote by
iZ : (Y, Z) →֒ (X,Z) the morphism in (Sm∗/Spec k) induced by i. Then the
projection to the n-th level of iZ∗ is given by

iZ∗,n : Hi
Z(Y,WnΩY )→ Hi+c

Z (X,WnΩX)(c),

[
α

[f ]

]
7→ (−1)c

[
d[t]α̃

[t], [f ]

]
,

where α ∈ Γ(Y,WnΩY ), α̃ ∈ Γ(X,WnΩX) is some lift, [f ] = [f1], . . . , [fi] and
[t], d[t] as in in Lemma 2.4.1.

Proof. Choose f̃1, . . . , f̃i ∈ Γ(X,OX) lifts of f1, . . . , fi and define the set Z̃ ⊂ X
as the vanishing locus of these f̃i’s. Denote by iY/X the closed immersion
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Y →֒ (X,Y ) viewed as a morphism in (Sm∗/X). Then it follows from the first
part of Proposition 2.4.1 that iZ∗,n equals

Hi
Z̃

(X, iY/X∗,n) : Hi
Z(Y,WnΩY ) ∼= Hi

Z̃
(X, i∗WnΩY )

−→ Hi
Z̃

(X,HcY (WnΩX)) ∼= Hi+c
Z (X,WnΩX)[c].

Now denote by [t] = [t1], . . . , [tc] and [f̃ ] = [f̃1], . . . , [f̃i] the Teichmüller lifts

of the sequences t and f to Γ(X,WnOX) and by K([t]) and K([f̃ ]) the corre-
sponding sheafified Koszul complexes. We define a morphism of complexes

ϕ : WnΩX [0]→ Hom(K−•([t]),WnΩX(c))[c], α 7→ (e1∧. . .∧ec 7→ (−1)cd[t]α)

where e1, . . . , ec is the standard basis of (WnOX)c. Then the second part of
Proposition 2.4.1 maybe rephrased by saying that the diagram

WnΩX

i∗

��

ϕ // Hom(K−•([t]),WnΩX(c))[c]

(1.11.1)

��
i∗WnΩY

iY/X∗ // HcY (WnΩX)(c)

commutes. This yields the following commutative diagram of complexes (in
which the lower square is concentrated in degree 0):

Hom(K−•([f̃ ]),WnΩX)[i]
ϕ //

(1.11.1)

��

Hom(K−•([f̃ ]),Hom(K−•([t]),WnΩX (c))[c])[i]

(1.11.1)

��
Hi

Z̃
(X,WnΩX)

i∗

��

ϕ // Hi
Z̃
(X,Hom(K−•([t]),WnΩX(c))[c])

(1.11.1)

��
Hi

Z̃
(X, i∗WnΩY )

iY/X∗ // Hi
Z̃
(X,Hc

Y (WnΩX)(c)).

Now the claim follows from K([t])⊗WnOX K([f̃ ]) = K([t], [f̃ ]) and the commutativity
of the following diagram, in which we denote WnΩX (c) simply by Λ

Hom(K−•([f̃ ]),Hom(K−•([t]),Λ)[c])[i]

��

≃ // Hom(K−•([t], [f̃ ]),Λ)[c+ i]

��
Hi

Z̃
(X,Hc

Y (Λ))
≃ // Hi+c

Z (X,Λ).

�

Lemma 2.4.3. Let Y be a smooth k-scheme, f : X = PrY → Y the projection
and Ψ a family of supports on Y . We denote by fΨ/S : (X, f−1(Ψ)) → (Y,Ψ)
the morphism in (Sm∗/S) induced by f and by

fΨ/S∗ : H((X, f−1(Ψ))/S)→ H((Y,Ψ)/S)(−r)
the corresponding push-forward (same for Ĥ). Let a : Y → S be the structure
morphism. Then:
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(1) The higher direct images Rif∗W•ΩX vanish for i ≥ r + 1. Therefore
there is a natural morphism in D+(dRWY )

e : Rf∗W•ΩX → Rrf∗W•ΩX [−r]
and the push-forward fΨ/S∗ factors as

⊕

i

Hi(RaΨRf∗W•ΩX)
e−→
⊕

i

Ri−raΨ(R
rf∗W•ΩX )

fY/Y ∗−−−−→
⊕

i

Rai−r
Ψ W•ΩY (−r).

Similar for Ĥ (replace aΨ by âΨ in the above formula).
(2) The push-forward fY/Y ∗ : H(X/Y ) → H(Y/Y )(−r) induces an iso-

morphism

fY/Y ∗ : Rrf∗W•ΩX
≃−→W•ΩY (−r),

with inverse induced by the push-forward i∗ : H•(Y/Y )(−r) →
H•(X/Y ), where i : Y → X is any section of f .

Proof. First of all observe that it suffices to prove the statements on each finite
level n separately.
(1) By [Gro85, I, Cor 4.1.12] we have an isomorphism in D(WnΩY −dga) (with
WnΩY − dga the category of differential graded WnΩY -modules)

(2.4.2) Rf∗WnΩX ≃
r⊕

i=0

WnΩY (−i)[−i].

This gives the first statement of (1) and in particular an isomorphism in
D(WnΩY − dga)

(2.4.3) Rf∗WnΩX ≃
r⊕

i=0

Rif∗WnΩX [−i]

and the morphism e from (1) is the projection to the r-th summand. On the
other hand (fY/Y ∗)n is induced by a derived category morphism (2.3.4)

(2.4.4) Rf∗WnΩX →WnΩY (−r)[−r].
Since the composition

Rif∗WnΩX [−i] via (2.4.3)−−−−−−→ Rf∗WnΩX
(2.4.4)−−−−→WnΩY (−r)[−r]

is an element in Exti−r(Rif∗WnΩX ,WnΩY (−r)), this composition is zero for
all i < r. Thus the morphism (2.4.4) factors over e. This implies the second
statement of (1).
(2) It suffices to check that fY/Y ∗ induces an isomorphism; i∗ will then auto-
matically be the inverse for any section i of f . (Notice that by (2.4.2) we know
Rrf∗W•ΩX ≃W•ΩY (−r) but we don’t know that this isomorphism is induced
by fY/Y ∗.) To this end, let R be the Cartier-Dieudonné-Raynaud ring of k, see
[IR83, I]. (R is a graded (non-commutative) W -algebra generated by symbols
F and V in degree 0 and d in degree 1, satisfying the obvious relations). Set
Rn := R/V nR+ dV nR. We denote by Db(Y,R) the bounded derived category
of R-modules. Any de Rham-Witt module is in particular an R-module. Thus
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we may view Rif̂∗W•ΩX = Rif∗WΩX , i ≥ 1, as an object in Db(Y,R). In
Db(Y,R) we have the following isomorphisms

Rn ⊗LR Rif∗WΩX ≃ Rn ⊗LRWΩY (−i) ≃WnΩY (−i) ≃ Rif∗WnΩX ,

where the first and the last isomorphism follow from [Gro85, I, Thm. 4.1.11,
Cor. 4.1.12] and the second isomorphism is [IR83, II, Thm (1.2)]. Since fY/Y ∗
is clearly a morphism of R-modules it follows that the projection of fY/Y ∗ to
the n-th level, identifies with

Rn ⊗LR fY/Y ∗ : Rn ⊗LR Rrf∗WΩX → Rn ⊗LRWΩY (−r).

We thus have to show that this is an isomorphism for all n. Now Ekedahl’s
version of Nakayama’s Lemma [Eke85, I, Prop. 1.1, Cor. 1.1.3] (also [Ill83,
Prop. 2.3.7]) implies that it is in fact enough to prove that the projection of
fY/Y ∗ to level 1 - in the following simply denoted by f∗ - is an isomorphism,
i.e. we have to show (for all q ≥ 0)

f∗ : Rrf∗Ω
q
X
≃−→ Ωq−rY .

In fact, f∗ is given by Hr of the following morphism in Db
c(OY )

Rf∗Ω
q
X ≃ Rf∗RHom(ΩNX−q

X , ωX) ≃ RHom(Rf∗Ω
NX−q
X , ωY )[−r]

D(f∗)[−r]−−−−−−→ RHom(ΩNX−q
Y , ωY )[−r] ≃ Ωq−rY [−r],

with NX = dimX . Thus it is enough to show that Hr(D(f∗)[−r]) =
H0(D(f∗)) is an isomorphism. This follows from the well-known formula

Rf∗Ω
NX−q
X ≃

r⊕

i=0

ΩNX−q−i
Y [−i],

which might be proved using the Künneth decomposition ΩqX =

⊕i+j=qf∗ΩiY ⊗OX ΩjX/Y and [SGA7(2), Exp. XI, Thm 1.1, (ii)]. �

Proposition 2.4.4. Let

(X ′,Φ′)
f ′

//

gX

��

(Y ′,Ψ′)

gY

��
(X,Φ)

f // (Y,Ψ)

be a cartesian diagram, with f, f ′ morphisms in (Sm∗/S) and gX , gY mor-
phisms in (Sm∗/S). Assume that one of the following conditions is satisfied

(1) gY is flat, or
(2) gY is a closed immersion and f is transversal to gY (i.e. f ′∗NY ′/Y =
NX′/X).
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Then the following diagram commutes

(2.4.5) H((X ′,Φ′)/S)
f ′
∗ // H((Y ′,Ψ′)/S)

H((X,Φ)/S)

g∗X

OO

f∗ // H((Y,Ψ)/S)

g∗Y

OO

and also with H replaced by Ĥ.
In [Gro85, II, Prop. 2.3.2 and p.49 ] a version of this Proposition (in the derived
category) is proved in the case without supports with f a closed immersion and
gY transversal to f . (This case is also covered here by factoring gY as a closed
immersion followed by a smooth projection.)

Proof. We distinguish two cases.
1. case: f is a closed immersion and gY is either flat or transversal to f .
Since Φ and Φ′ are also families of supports on Y and Y ′ the push-forward
f∗ factors over H((Y,Φ)/S) and f ′∗ factors over H((Y ′,Φ′)/S). Hence we may
assume Ψ = Φ and Ψ′ = Φ′. Furthermore by Definition 2.2.1, the pull-back g∗X
factors over H((X ′, g−1X (Φ))/S) and g∗Y factors over H((Y ′, g−1Y (Φ))/S). Hence

we may assume that in the diagram (2.4.5) we have Ψ = Φ, Φ′ = g−1X (Φ),

Ψ′ = g−1Y (Φ). We may further assume, that X,X ′, Y, Y ′ are equidimensional
and set c := dimY − dimX = dim Y ′ − dimX ′ and h := f ◦ gX = gY ◦ f ′.
We consider the following diagram in D+(dRWY )

(2.4.6) Rh∗W•ΩX′
RgY ∗(f

′
∗)// RgY ∗RΓX′W•ΩY ′(c)[c]

Rf∗W•ΩX

Rf∗(g
∗
X )

OO

f∗ // RΓXW•ΩY (c)[c],

RΓX (g∗Y )

OO

where the horizontal (resp. vertical) morphisms are induced by (2.3.4) (resp.
(2.2.1)). By our assumption on the supports we obtain diagram (2.4.5) if we
apply ⊕Hi(RaΦ(−)) (resp. ⊕Hi(R lim←−RaΦ(−))) to diagram (2.4.6), where

a : Y → S is the structure morphism. Thus it suffices to show that (2.4.6)
commutes. By Proposition 2.4.1 the diagram (2.4.6) is isomorphic to the outer
square of the following diagram

(2.4.7) Rh∗W•ΩX′
RgY ∗(f

′
∗)// RgY ∗HcX′(W•ΩY ′)(c)

h∗W•ΩX′
gY ∗(f

′
∗) //

nat.

OO

gY ∗HcX′(W•ΩY ′)(c)

nat.

OO

f∗W•ΩX

g∗X

OO

f∗ // HcX(W•ΩY )(c).

g∗Y

OO
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The upper square obviously commutes. Thus it suffices to check that the lower
square of sheaves of de Rham-Witt systems commutes. This may be checked
locally and we may hence assume that the ideal sheaf of X in OY is generated
by a regular sequence t = t1, . . . , tc. By our assumptions on gY , the sequence
g∗Y t = g∗Y t1, . . . , g

∗
Y tc is again a regular sequence generating the ideal sheaf of

X ′ in OY ′ . Now the statement follows from the explicit formula (2.4.1).
2. case: X = PrY and f : X → Y is the projection map. In this situation we
also have X ′ = PrY ′ and f ′ : X ′ → Y ′ is the projection map. The morphisms f

and f ′ factor over (X, f−1(Ψ))→ (Y,Ψ) and (X ′, f ′−1(Ψ′))→ (Y ′,Ψ′), which
are morphisms in (Sm∗/S). Similar to the first case we conclude that it is

enough to consider the case Φ = f−1(Ψ), Ψ′ = g−1Y (Ψ) and Φ′ = f ′−1(Ψ′) .
Now Lemma 2.4.3, (1) reduces us to show the commutativity of the following
diagram (with h = f ◦ gX = gY ◦ f ′)

(2.4.8) Rrh∗W•ΩX′
H0(RgY ∗(f

′
∗)) // gY ∗W•ΩY ′(−r)

Rrf∗W•ΩX

g∗X

OO

H0(f∗) // W•ΩY (−r).

g∗Y

OO

But now let i : Y → X be a section and i′ : Y ′ → X ′ its pull-back, viewed as
morphisms over Y . We obtain push-forwards

i∗ : W•ΩY (−r)→ Rrf∗W•ΩX , i′∗ : gY ∗W•ΩY ′(−r)→ Rrh∗W•ΩX′ .

And since gX is transversal to i we may apply case 1. to obtain

(g∗Y f∗ − f ′∗g∗X) ◦ i∗ = g∗Y f∗i∗ − f ′∗i′∗g∗Y = 0.

Thus the commutativity of (2.4.8) follows from Lemma 2.4.3, (2), which tells
us that i∗ is an isomorphism (with inverse f∗).
Proof in the general case. Since f : (X,Φ)→ (Y,Ψ) is quasi-projective we may
factor it as follows

(X,Φ)
i−→ (U,Φ)

j−→ (P,Φ)
π−→ (Y,Ψ),

where P = PrY , i : (X,Φ) → (U,Φ) is a closed immersion, j : (U,Φ) → (P,Φ)
is an open immersion and π : (P,Φ) → (Y,Ψ) is the projection. Notice that
we use the properness of f|Φ to conclude that Φ is also a family of supports on
U and on P and that all the maps above are in (Sm∗/S). By base change we
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obtain a diagram

(X ′,Φ′)

f ′

))
i′ //

gX

��

(UY ′ ,Φ′)

gU

��

j′ // (PY ′ ,Φ′)
π′

//

gP

��

(Y ′,Ψ′)

gY

��
(X,Φ)

f

55
i // (UY ,Φ)

j // (P,Φ)
π // (Y,Ψ),

with the horizontal maps in (Sm∗/S) and the vertical maps in (Sm∗/S). Notice
that if gY satisfies condition (1) or (2) from the statement of the Proposition,
then so does gU . By the functoriality of the push-forward the commutativity
of the square (2.4.5) follows from the first two cases and the fact that j∗ and j′∗
are just the excision isomorphisms by Proposition 2.3.3, (2). This proves the
proposition.

�

3. Correspondences and Hodge-Witt cohomology

In this section all schemes are assumed to be quasi-projective over k. We fix a
k-scheme S.

3.1. Exterior product.

3.1.1. Let X and Y be two k-schemes and M and N two complexes of de
Rham-Witt systems on X and Y respectively. Then for all n ≥ 1 we set

Mn ⊠Nn := p−11 Mn ⊗Z p
−1
2 Nn as a complex of abelian sheaves on X × Y,

where p1 : X×Y → X and p2 : X×Y → Y are the two projection morphisms.
It is obvious, that the maps πM ⊗ πN make the family {Mn ⊠Nn}n≥1 into a
pro-complex of abelian sheaves on X × Y , which we denote by

(3.1.1) M ⊠N.

3.1.2. Godement resolution. LetX be a k-scheme. For a sheaf of abelian groups
A on X we denote by G(A) its Godement resolution. Then there is a natural
way to equip the family {G(WnΩX)}n≥1 with the structure of a complex of
de Rham-Witt systems on X , which we denote by G(W•ΩX). It follows from
the exactness of G(−) and the surjectivity of the transition maps Wn+1ΩX →
WnΩX , that each term Gq(W•ΩX) is a flasque de Rham-Witt system (in the
sense of 1.5.3). Thus the natural augmentation map W•ΩX → G(W•ΩX),
makes G(W•ΩX) a flasque resolution of de Rham-Witt systems of X .
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3.1.3. Exterior product for Godement resolutions. Let X and Y be two k-
schemes with families of supports. It follows from the general construction
in [God73, II, §6. 1], that there is a morphism of pro-complexes of abelian
sheaves on X × Y

G(W•ΩX)⊠G(W•ΩY ) −→ G(W•ΩX ⊠W•ΩY ).

Therefore, multiplication induces a morphism of complexes

(3.1.2) G(W•ΩX)⊠G(W•ΩY ) −→ G(W•ΩX×Y ).

Definition 3.1.4. Let (X,Φ) and (Y,Ψ) be in (Sm∗/S) and denote the struc-
ture maps by a : X → S and b : Y → S. Then we define the exterior products

× : Hi((X,Φ)/S)⊠Hj((Y,Ψ)/S)→ Hi+j((X × Y,Φ×Ψ)/S × S),

× : Ĥi((X,Φ)/S)⊠ Ĥj((Y,Ψ)/S)→ Ĥi+j((X × Y,Φ×Ψ)/S × S)

as the composition of Hi+j((a× b)Φ×Ψ(3.1.2)) (resp. Hi+j((̂a× b)Φ×Ψ(3.1.2))
) with the natural map

Hi((X,Φ)/S)⊠Hj((Y,Ψ)/S)→ Hi+j((a×b)Φ×Ψ(G(W•ΩX)⊠G(W•ΩY )))

(resp. with ( ˆ ) ), where we use Hi((X,Φ)/S) = Hi(aΦG(W•ΩX)), etc.

Lemma 3.1.5. Let X = SpecA and Y = SpecB be two smooth affine k-schemes
and ZX ⊂ X, ZY ⊂ Y closed subsets. Assume there are sections s1, . . . , si ∈ A
and t1, . . . , tj ∈ B whose vanishing set equals ZX and ZY respectively. Then
for all n ≥ 1 and q, r ≥ 0 the morphism

× : Hi
ZX

(X,WnΩqX)⊗Z H
j
ZY

(Y,WnΩrY )→ Hi+j
ZX×ZY

(X × Y,WnΩq+rX×Y )

induced by Definition 3.1.4 is given by
[

α

[s1], . . . , [si]

]
×
[

β

[t1], . . . , [tj ]

]
=

[
p∗1α · p∗2β

p∗1[s1], . . . , p∗1[si], p∗2[t1], . . . , p∗2[tj ]

]
,

where we use the notation of 1.11.1, α ∈WnΩqA, β ∈WnΩrB and p1 : X×Y →
X and p2 : X × Y → Y are the two projection maps.

Proof. We denote by C the tensor product A ⊗k B and by KA, KB and KC

the respective Koszul complexes (see 1.11.1) K•([t],WnΩqA), K•([s],WnΩrB)

and K•(p∗1[t], p∗2[s],WnΩq+rC ). For any ordered tuple L = (l1 < . . . < lξ) of
natural numbers lν ∈ [1, i+j] we denote σ(L) := max{ν ∈ [0, ξ] | lν ≤ i}, where
we set l0 := 0. Notice that σ(L) = 0 iff l1 > i or L = ∅. We define

L≤i =

{
(l1 < . . . < lσ(L)), if σ(L) ∈ [1, ξ],

∅, if σ(L) = 0,

L>i =

{
((lσ(L)+1 − i) < . . . < (lξ − i)), if σ(L) < ξ,

∅, if σ(L) = ξ or L = ∅.
Thus the natural numbers appearing in the tuple L≤i are contained in [1, i],
whereas those appearing in L≥i are contained in [1, j].
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Let {e1, . . . ei}, {f1, . . . , fj} and {h1, . . . , hi+j} be the standard bases of
Wn(A)i, Wn(B)j and Wn(C)i+j , respectively. If L = (l1 < . . . < lξ) is an

ordered tuple with lν ∈ [1, i], then we write eL = el1 ∧ . . . ∧ elξ ∈
∧ξ

Wn(A)i.
In case L is the emptyset we define eL to be 1 ∈ Wn(A). Similarly we define
the notations fL and hL.
With this notation we can define the morphism

ǫ :
⊕

µ+ν=ξ

(
HomWn(A)(

µ∧
Wn(A)i,WnΩ

q
A)× HomWn(B)(

ν∧
Wn(B)j ,WnΩ

r
B)

)

−→ HomWn(C)(

ξ∧
Wn(C)i+j ,WnΩ

q+r
C ),

by sending a tuple of pairs of morphisms ⊕µ+ν=ξ(ϕµ, ψν) to the morphism,
which is uniquely determined by

hL 7→ p∗1ϕ
σ(L)(eL≤i) · p∗2ψξ−σ(L)(fL>i).

It is straightforward to check, that ǫ induces a morphism of complexes KA ⊗Z

KB → KC , which in degree zero equals

ǫ0 : WnΩqA ⊗Z WnΩrB →WnΩq+rC , α⊗ β 7→ p∗1α · p∗2β
and in degree i+ j is given by

ǫi+j : Ki
A ⊗Z K

j
B → Ki+j

C , ǫi+j(ϕ⊗ ψ)(h[1,i+j]) = p∗1ϕ(e[1,i]) · p∗2ψ(f[1,j]).

By the very definition of the symbols
[

α
[s1],...,[si]

]
, etc. in 1.11.1 it remains to

show, that the following diagram commutes:

(3.1.3) Hi(KA)⊗Hj(KB)
nat. //

(1.11.1)

��

Hi+j(KA ⊗KB)
ǫ // Hi+j(KC)

(1.11.1)

��
Hi
ZX
⊗Hj

ZY

× // Hi+j
ZX×ZY

,

where we abbreviate Hi
ZX

= Hi
ZX

(X,WnΩqX), etc. This is a straightforward
calculation. �

3.1.6. Exterior product for Cousin complexes. Let X and Y be smooth k-
schemes and denote by Z•X and Z•Y their respective filtrations by codimension.
Then we obtain from 3.1.2 a natural morphism

ΓZa
X
G(W•ΩX)⊠ ΓZb

Y
G(W•ΩY )

ΓZa+1
X
⊠ ΓZb

Y
+ ΓZa

X
⊠ ΓZb+1

Y

→
ΓZa+b

X×Y
G(W•ΩX×Y )

ΓZa+b+1
X×Y

G(W•ΩX×Y )
,

where we abbreviate the denominator on the left in the obvious way. With the
notation from 1.5.8, there is an obvious morphism from

Hi
Za

X/Z
a+1
X

(W•ΩX)⊠Hj
Zb

X/Z
b+1
Y

(W•ΩY )
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to the (i+ j)-th cohomology of the left hand side. In composition we obtain a
morphism

Hi
Za

X/Z
a+1
X

(W•ΩX)⊠Hj
Zb

Y /Z
b+1
Y

(W•ΩY )→ Hi+j
Za+b

X×Y /Z
a+b+1
X×Y

(W•ΩX×Y ),

which is compatible with Frobenius. It is straightforward to check that this
pairing induces a morphism of pro-complexes of sheaves of W -modules on X×Y

(3.1.4) E(W•ΩX)⊠ E(W•ΩY )→ E(W•ΩX×Y ),

where E(−) denotes the Cousin complex with respect to the codimension fil-
tration (see 1.5.8).

Proposition 3.1.7. The exterior products defined above satisfy the following
properties:

(1) The exterior products (for H and Ĥ) can also be calculated by using the
morphism (3.1.4) in Definition 3.1.4 instead of the morphism (3.1.2).

(2) The exterior products are associative.
(3) Let f : (X,Φ)→ (Y,Ψ) and f ′ : (X ′,Φ′)→ (Y ′,Ψ′) be two morphisms

in (Sm∗/S) and α ∈ H((Y,Ψ)/S), α′ ∈ H((Y ′,Ψ′)/S), then

(f∗α) × (f ′
∗
α′) = (f × f ′)∗(α× α′) in H((X ×X ′,Φ× Φ′)/S × S).

Similar with Ĥ.
(4) Let f : (X,Φ) → (Y,Ψ) be a morphism in (Sm∗/S) and α ∈
H((X,Φ)/S), α′ ∈ H((X ′,Φ′)/S), then

(f∗α)× α′ = (f × idX′)∗(α× α′) in H((Y ×X ′,Ψ× Φ′)/S × S).

Similar with Ĥ.
(5) Let (X,Φ) and (Y,Ψ) be smooth k-schemes over S with families of

supports and α ∈ Hi,q((X,Φ)/S), β ∈ Hj,r((Y,Ψ)/S). Then (similar

properties hold for Ĥ):
(a) The switching isomorphism

H((X × Y,Φ×Ψ)/S × S) ∼= H((Y ×X,Ψ× Φ)/S × S)

sends α× β to (−1)qr+ijβ × α.
(b)

F (α) × F (β) = F (α× β), π(α) × π(β) = π(α × β),

d(α × β) = (dα) × β + (−1)qα× d(β),

for α, β ∈ Hn.
(c)

V (α) × β = V (α× F (β)), p(α)× β = p(α× π(β))

for α ∈ Hn, β ∈ Hn+1.
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Proof. (1) follows from [God73, II, Thm. 6.2.1]. (2), (3) and (5) easily follow
from the properties [God73, II, 6.5, (b), (d), (e)] and the corresponding prop-
erties of the multiplication map W•ΩX ⊠W•ΩY → W•ΩX×Y . It remains to
check (4). Since f is quasi-projective we may factor it as the composition of
a regular closed immersion followed by an open embedding into a projective
space over Y followed by the projection to Y . Using similar arguments as in the
proof of Proposition 2.4.4 (together with Lemma 2.4.3), we can reduce to the
case that Φ = Ψ and that f : (X,Φ) →֒ (Y,Φ) is a regular closed immersion of
pure codimension c. By (1) it thus suffices to show, that the following diagram
commutes

f∗(E(W•ΩX))⊠ E(W•ΩX′)

f∗⊠id

��

(3.1.4) // E(W•ΩX×X′)

(f×idX′ )∗
��

(ΓX(E(W•ΩY ))(c)[c]) ⊠ E(W•ΩX′)
(3.1.4) // ΓX×X′E(W•ΩY×X′)(c)[c],

where we denote by f∗ and (f × idX′)∗ the morphism defined in (2.3.3). The
question is local and we may therefore assume X = SpecA, X ′ = SpecA′

and Y = SpecB are affine and that the ideal of Y in X is generated by a
regular sequence τ1, . . . , τc. Furthermore we may check the commutativity in
each degree separately and thus by the description of the terms of the Cousin
complex in 1.5.8, (2), we are reduced to show the commutativity of the following
diagram:

Hi
ZX

(X,WnΩ
q
X )⊗Hi

ZX′ (X
′,WnΩ

q
X′)

f∗⊗id

��

× // Hi+j
ZX×ZX′ (X ×X ′,WnΩ

q+r
X×X′)

(f×id)∗
��

Hi+c
ZX

(Y,WnΩ
q+c
Y ×X′)⊗Hi

ZX′ (X
′,WnΩ

q
X′)

× // Hi+j+c
ZX×ZX′ (Y ×X ′,WnΩ

q+r+c
Y ×X′ ),

where ZX ⊂ X and ZX′ ⊂ X ′ are integral closed subschemes of codimension
i and j respectively. But this follows from the explicit formulas in Corollary
2.4.2 and Lemma 3.1.5. �

Remark 3.1.8. Notice that in the situation of (4) above the two elements α′ ×
(f∗α) and (idX′ × f)∗(α′ × α) are in general only equal up to a sign. This is
the reason for the sign in (3.3.6).

3.2. The cycle class of Gros. We review some results of [Gro85].

3.2.1. Witt log forms. Let X be a smooth k scheme. We denote by

WnΩqX,log

the abelian sheaf on the small étale site Xét of X defined in [Ill79, I, 5.7]; it is
the abelian subsheaf of WnΩqXét

which is locally generated by sections of the
form

d[x1]

[x1]
· · · d[xq ]

[xq]
, with x1, . . . , xd ∈ O×Xét

.

By definition WnΩ0
X,log = Z/pnZ.
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3.2.2. The cycle class. Let X be a smooth k-scheme and Z ⊂ X a closed
integral subscheme of codimension c. Then by [Gro85, II, (4.1.6)] the restriction
map

(3.2.1) Hc
Z(Xét,WnΩcX,log)

≃−→ Hc
Z\Zsing

((X \ Zsing)ét,WnΩcX,log)

is an isomorphism (where Zsing denotes the singular locus of Z). Therefore
following Gros we can define the log-cycle class of Z of level n

cllog,n(Z) ∈ Hc
Z(Xét,WnΩcX,log)

as the image of 1 under the Gysin isomorphism ([Gro85, II, Thm 3.5.8 and
(3.5.19)])

(3.2.2) H0((Z \ Zsing)ét,Z/pnZ)
≃−→ Hc

Z\Zsing
((X \ Zsing)ét,WnΩcX,log)

composed with the inverse of (3.2.1) (see [Gro85, II, Def. 4.1.7.]). We define
the cycle class of Z of level n

cln(Z) ∈ Hc
Z(X,WnΩX)

to be the image of cllog,n(Z) under the natural morphismHc
Z(Xét,WnΩcX,log)→

Hc
Z(X,WnΩcX). We have

π(cllog,n(Z)) = cllog,n−1(Z), π(cln(Z)) = cln−1(Z).

Therefore (cllog,n(Z))n (resp. (cln(Z))n) give rise to an element in the projec-
tive system Hc

Z(Xét,W•ΩcX,log) (resp. Hc
Z(X,W•ΩcX)), which we simply denote

by cllog(Z) (resp. cl(Z)).
Notice that we have an isomorphism

(3.2.3) Hc
Z(X,WΩcX) ∼= lim←−H

c
Z(X,WnΩcX).

(Indeed by Proposition 1.5.6, (5) we have a spectral sequence

Ri lim←−H
j
Z(X,WnΩcX) =⇒ Hi+j

Z (X,WΩcX),

which by Lemma 1.5.1, (1) gives a short exact sequence

0→ R1 lim←−H
c−1
Z (X,WnΩcX)→ Hc

Z(X,WΩcX)→ lim←−H
c
Z(X,WnΩcX)→ 0.

But by Lemma 1.5.9 Hc−1
Z (X,WnΩcX) equals 0 for all n. Hence (3.2.3).) We

define

ĉl(Z) ∈ Hc
Z(X,WΩcX)

as the image of lim←−n cln(Z) via (3.2.3).

3.2.3. Properties of the cycle classes. The above cycle classes have the following
properties (we only list them for cl there are analogous properties for cllog and
ĉl):

(1) Let Z ⊂ X be a closed integral subscheme of codimension c and U ⊂ X
be open such that Z ∩U is smooth. Denote by i : Z ∩U →֒ (U,Z ∩U)
the morphism in (Sm∗/Spec k) which is induced by the inclusion of Z

Documenta Mathematica 17 (2012) 663–781



720 Andre Chatzistamatiou and Kay Rülling

in X and by j : (U,Z ∩ U) →֒ (X,Z) in (Sm∗/Spec k) the morphism
induced by the open immersion U ⊂ X . Then

j∗cl(Z) = cl(Z ∩ U) = i∗(1) in Hc
Z(X,W•Ω

c
X),

where 1 is the multiplicative unit in the pro-ring H0(Z ∩U,W•OZ∩U ).
(2) Let Z and Z ′ be two closed integral subschemes of X of codimension

c and c′ respectively intersecting each other properly (i.e. each irre-
ducible component of Z ∩ Z ′ has codimension c+ c′ in X). Then

cl(Z.Z ′) = ∆∗(cl(Z)× cl(Z ′)) in Hc+c′

Z∩Z′(X,W•Ω
c+c′).

Here Z.Z ′ is the intersection cycle
∑

T nT [T ], where the sum is over
the irreducible components of Z ∩Z ′ and nT are the intersection mul-
tiplicities (computed via Serres tor-formula), cl(Z.Z ′) is defined to be∑

T nicl(T ) and ∆ : (X,Z ∩ Z ′) → (X ×X,Z × Z ′) in (Sm∗/Spec k)
is induced by the diagonal morphism.

(3) For a line bundle L on X we denote by c1(L)log ∈ H1(Xét,W•Ω1
X,log)

the sequence of elements (dlogn([L]))n, where [L] denotes the class of
L in H1(X,O×X) = H1(Xét,Gm) and dlogn is induced by taking H1 of
the map Gm →WnΩ1

X,log, a→ dlog[a]. We denote by c1(L) the image

of c1(L)log in H1(X,W•ΩcX).
Let D ⊂ X be an integral subscheme of codimension 1, then

cl(D) = c1(O(D)) in H1(X,W•Ω
1
X).

(4) Let Z be as in (1), then:

F (cl(Z)) = π(cl(Z)), V (cl(Z)) = p(cl(Z)), d(cl(Z)) = 0.

(1) follows from the fact, that the Gysin morphism (3.2.2) is induced by the
pushforward i0∗, where i0 : Z \ Zsing → (X \ Zsing, Z \ Zsing) in (Sm∗/Spec k)
is induced by the inclusion. This follows from [Gro85, II, 3.4.] (or alternatively
from the description of the Gysin morphism in [Gro85, II, Prop. 3.5.6] together
with Proposition 2.4.1.) (2) is [Gro85, II, Prop. 4.2.12.] and (3) is [Gro85, II,
Prop. 4.2.1]. The first and the last equality in (4) follow from the definition,
the second equality is implied by the first and π(cln(Z)) = cln−1(Z).

3.3. Hodge-Witt cohomology as weak cohomology theory with
supports.

3.3.1. Weak cohomology theories with supports. Weak cohomology theories
with supports have been introduced in [CR09]. For the convenience of the
reader we recall the definitions.
First, recall the definition of the categories Sm∗ = (Sm∗/k) and Sm∗ =
(Sm∗/k) in Definition 2.1.1. For both categories Sm∗ and Sm∗ finite coprod-
ucts exist:

(X,Φ)
∐

(Y,Ψ) = (X
∐

Y,Φ ∪Ψ).
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For (X,Φ) let X =
∐
iXi be the decomposition into connected components,

then
(X,Φ) =

∐

i

(Xi,Φ ∩ ΦXi).

In general products don’t exist, and we define

(X,Φ)⊗ (Y,Ψ) := (X × Y,Φ×Ψ)

which together with the unit object 1 = Spec(k) and the obvious isomorphism
(X,Φ)⊗(Y,Ψ) −→ (Y,Ψ)⊗(X,Φ) makes Sm∗ and Sm∗ to a symmetric monoidal
category (see [ML98, VII.1]).

3.3.2. A weak cohomology theory with supports consists of the following data
(F∗, F ∗, T, e):

(1) Two functors F∗ : Sm∗ −→ GrAb and F ∗ : (Sm∗)op −→ GrAb such that
F∗(X) = F ∗(X) as abelian groups for every object X ∈ ob(Sm∗) =
ob(Sm∗). We will simply write F (X) := F∗(X) = F ∗(X). We use
lower indexes for the grading on F∗(X), i.e. F∗(X) = ⊕iFi(X), and
upper indexes for F ∗(X).

(2) For every two objects X,Y ∈ ob(Sm∗) = ob(Sm∗) a morphism of
graded abelian groups (for both gradings):

TX,Y : F (X)⊗Z F (Y ) −→ F (X ⊗ Y ).

(3) A morphism of abelian groups e : Z −→ F (Spec (k)). For all smooth
schemes π : X −→ Spec (k) we denote by 1X the image of 1 ∈ Z via the

map Z e−→ F ∗(Spec (k))
F∗(π)−−−−→ F ∗(X).

3.3.3. These data are required to satisfy the following conditions:

(1) The functor F∗ preserves coproducts and F ∗ maps coproducts to prod-
ucts. Moreover, for (X,Φ1), (X,Φ2) ∈ ob(Sm∗) with Φ1∩Φ2 = {∅} we
require that the map

F ∗(1) + F ∗(2) : F ∗(X,Φ1)⊕ F ∗(X,Φ2) −→ F ∗(X,Φ1 ∪Φ2),

with 1 : (X,Φ1 ∪ Φ2) −→ (X,Φ1) and 2 : (X,Φ1 ∪ Φ2) −→ (X,Φ2) in
Sm∗, is an isomorphism.

(2) The data (F∗, T, e) and (F ∗, T, e) respectively define a (right-lax) sym-
metric monoidal functor.

(3) (Grading) For (X,Φ) such that X is connected the equality

Fi(X,Φ) = F 2 dimX−i(X,Φ)

holds for all i.
(4) For all cartesian diagrams (cf. 2.1.1)

(X ′,Φ′)
f ′

//

gX

��

(Y ′,Ψ′)

gY

��
(X,Φ)

f // (Y,Ψ)
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with gX , gY ∈ Sm∗ and f, f ′ ∈ Sm∗ such that either gY is smooth
or gY is a closed immersion and f is transversal to gY the following
equality holds:

F ∗(gY ) ◦ F∗(f) = F∗(f
′) ◦ F ∗(gX).

Recall that f is transversal to gY if (f ′)∗NY ′/Y = NX′/X where N denotes the
normal bundle. The case X ′ = ∅ is also admissible; in this case the equality
3.3.3(4) reads:

F ∗(gY ) ◦ F∗(f) = 0.

In [CR09, p. 700] it is spelled out what it means for (F∗, T, e) (and (F ∗, T, e))
to be a right-lax symmetric monoidal functor.

Definition 3.3.4. If the data (F∗, F ∗, T, e) as in 3.3.2 satisfy the conditions
3.3.3 then we call (F∗, F ∗, T, e) a weak cohomology theory with supports.

Definition 3.3.5. Let (F∗, F ∗, T, e), (G∗, G∗, U, ǫ) be two weak cohomology
theories with support. By a morphism

(3.3.1) (F∗, F
∗, T, e) −→ (G∗, G

∗, U, ǫ)

we understand a morphism of graded abelian groups (for both gradings)

φ : F (X) −→ G(X) for every X ∈ ob(V∗) = ob(V ∗),

such that φ induces a natural transformation of (right-lax) symmetric monoidal
functors

φ : (F∗, T, e) −→ (G∗, U, ǫ) and φ : (F ∗, T, e) −→ (G∗, U, ǫ),

i.e. φ induces natural transformations F∗ −→ G∗, F ∗ −→ G∗, and

(3.3.2) φ ◦ T = U ◦ (φ ⊗ φ), φ ◦ e = ǫ.

3.3.6. Chow theory as a weak cohomology theory with supports. An example of a
weak cohomology theory with supports are the Chow groups (CH∗,CH∗,×, e)
[CR09, 1.1]. We will briefly recall the definitions for the convenience of the
reader.

Definition 3.3.7 (Chow groups with support). Let Φ be a family of supports
on X . We define:

CH(X,Φ) = lim−→W∈ΦCH(W ).

The group CH(X,Φ) is graded by dimension. We set

CH∗(X,Φ) =
⊕

d≥0
CHd(X,Φ)[2d],

where the bracket [2d] means that CHd(X,Φ) is considered to be in degree 2d.
There is also a grading by codimension. Let X =

∐
iXi be the decomposition

into connected components then CH∗(X,Φ) =
⊕

i CH∗(Xi,Φ ∩ ΦXi) and

CH∗(Xi,Φ ∩ ΦXi) =
⊕

d≥0
CHd(Xi,Φ ∩ ΦXi)[2d]
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where CHd(Xi,Φ ∩ ΦXi) is generated by cycles [Z] with Z ∈ Φ ∩ ΦXi , Z
irreducible, and codimXi(Z) = d.
Let f : (X,Φ) −→ (Y,Ψ) be a morphism in Sm∗. There is a push-forward

(3.3.3) CH∗(f) : CH(X,Φ) −→ CH(Y,Ψ),

defined by the usual push-forward of cycles (f|W )∗ : CH(W ) −→ CH(f(W )) −→
CH(Y,Ψ) (for this we need that f|W is proper and f(Φ) ⊂ Ψ). We obtain a
functor

(3.3.4) CH∗ : Sm∗ −→ GrAb, CH∗(X,Φ) := CH(X,Φ), f 7→ CH∗(f).

In order to define a functor

CH∗ : (Sm∗)op −→ GrAb

we use Fulton’s work on refined Gysin morphisms [Ful98, §6.6].
Let f : X −→ Y be a morphism between smooth schemes and let V ⊂ Y be a
closed subscheme, thus f : (X, f−1(V )) −→ (Y, V ) is a morphism in Sm∗. We
define

CH∗(f) := f ! : CH(Y, V ) = CH(V ) −→ CH(f−1(V )) = CH(X, f−1(V )).

For the general case let f : (X,Φ) −→ (Y,Ψ) be any morphism in Sm∗. For
every V ∈ Ψ the map f induces (X, f−1(V )) −→ (Y, V ) in Sm∗. We may define

CH∗(f) : CH(Y,Ψ) = lim−→V ∈ΨCH(Y, V ) −→ lim−→W∈ΦCH(X,W ) = CH(X,Φ).

The assignment

CH∗ : (Sm∗)op −→ GrAb, CH∗(X,Φ) = CH(X,Φ), f 7→ CH∗(f)

defines a functor. Together with the exterior product × (see [Ful98, §1.10]) and
the obvious unit 1 : Z −→ CH(Spec (k)), we obtain a weak cohomology theory
with supports (CH∗,CH∗,×, 1).

3.3.8. ¿From Proposition 2.3.3 and Proposition 2.2.2 we obtain two functors

Ĥ∗ : Sm∗ −→ GrAb,

Ĥ∗ : (Sm∗)op −→ GrAb,

where for an object (X,Φ) ∈ ob(Sm∗) = ob(Sm∗) with structure morphism
a : X −→ Spec (k) we have

Ĥ(X,Φ) := Ĥ∗(X,Φ) := Ĥ∗(X,Φ) := Ĥ((X,Φ)/Spec k) =
⊕

p,q≥0
RqâΦW•Ω

p
X

as abelian groups (see (1.4.4) for the definition of âΦ). In view of Proposition
1.5.6 we get an equality

RqâΦ = Hq ◦R lim←−◦Ra∗ ◦RΓΦ.

In particular, if Φ = ΦX is the set of all closed subsets of X then

Ĥ(X) := Ĥ(X,ΦX) =
⊕

p,q≥0
Hq(R lim←−RΓ(W•Ω

p
X)).
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Note that R lim←−◦RΓ = RΓ ◦ R lim←− and R lim←−(W•Ω
p
X) = lim←−(W•Ω

p
X) = WΩpX

by Lemma 1.5.1. Thus we obtain

Ĥ(X) =
⊕

p,q≥0
Hq(X,WΩpX).

In the following we will write Ĥ(X) for Ĥ(X,ΦX).

The grading for Ĥ∗ is defined by

Ĥi(X,Φ) =
⊕

p+q=i

Rq âΦW•Ω
p
X .

For Ĥ∗(X,Φ) the grading is defined such that 3.3.3(4) holds.
For two objects (X,Φ), (Y,Ψ) with structure maps a : X −→ Spec (k), b : Y −→
Spec (k), we define

(3.3.5) T : Ĥ(X,Φ)⊗Z Ĥ(Y,Ψ) −→ Ĥ(X × Y,Φ×Ψ)

by the formula

(3.3.6) T (αi,p ⊗ βj,q) = (−1)(i+p)·j(αi,p × βj,q),

where αi,p ∈ RiâΦW•ΩpX , βj,q ∈ Rj b̂ΨW•Ω
q
Y , and × is the map in 3.1.4.

We define

e : Z −→ Ĥ(Spec (k)) = W (k)

by e(n) = n for all n ∈ Z.

Proposition 3.3.9. The triples (Ĥ∗, T, e) and (Ĥ∗, T, e) define right-lax sym-
metric monoidal functors.

Proof. The morphism T respects the grading Ĥ∗ and the grading Ĥ∗. In the
following we will work with the upper grading Ĥ∗. All arguments will also

work for the lower grading Ĥ∗ because the difference between lower and upper
grading is an even integer.
The axioms which involve e do obviously hold. By using the associativity of ×
(Proposition 3.1.7(2)) it is straightforward to prove the associativity of T . Let
us prove the commutativity of T , i.e. that the diagram

(3.3.7) H(X,Φ)⊗H(Y,Ψ)
T //

��

H(X × Y,Φ×Ψ)

ǫ

��
H(Y,Ψ)⊗H(X,Φ)

T // H(Y ×X,Ψ× Φ)

is commutative. The left vertical map is defined by α⊗β 7→ (−1)deg(α) deg(β)β⊗
α. By using Proposition 3.1.7(5)(a) we obtain

ǫ(T (αi,p ⊗ βj,q)) = ǫ((−1)(i+p)jαi,p × βj,q) = (−1)(i+p)j(−1)pq+ijβj,q × αi,p
= (−1)pq+pjβj,q × αi,p.
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On the other hand,

T ((−1)(i+p)(j+q)βj,q ⊗ αi,p) = (−1)(i+p)(j+q)(−1)(j+q)iβj,q × αi,p
= (−1)pq+pjβj,q × αi,p.

This proves the commutativity of diagram (3.3.7).

The functoriality of T with respect to Ĥ∗ follows immediately from Proposition
3.1.7(3). The functoriality of T with respect to Ĥ∗ follows from Proposition
3.1.7)(4). �

Theorem 3.3.10. The datum (Ĥ∗, Ĥ∗, T, e) is a weak cohomology theory with
supports (cf. Definition 3.3.4).

Proof. We have to verify the properties in section 3.3.3. Property 3.3.3(1) is
obvious. Proposition 3.3.9 implies 3.3.3(2). The compatibility of the gradings
(3.3.3(3)) is satisfied by definition. Proposition 2.4.4 yields 3.3.3(4). �

3.3.11. In the same way as in section 3.3.8 we define

PĤ∗ : Sm∗ −→ GrAb,

P Ĥ∗ : (Sm∗)op −→ GrAb,

where for an object (X,Φ) ∈ ob(Sm∗) = ob(Sm∗) with structure morphism
a : X −→ Spec (k) we have

PĤ(X,Φ) = PĤ∗(X,Φ) = PĤ∗(X,Φ) =
⊕

p≥0
RpâΦW•Ω

p
X

as abelian groups. The grading is defined in the obvious way:

PĤ2p(X,Φ) = RpâΦW•Ω
p
X ,

and zero for all odd degrees. Of course, for PĤ∗(X,Φ) the grading is defined
such that 3.3.3(4) holds.
For two objects (X,Φ), (Y,Ψ), we get an induced map

T : PĤ(X,Φ)⊗Z PĤ(Y,Ψ) −→ PĤ(X × Y,Φ×Ψ)

from (3.3.5).
Theorem 3.3.10 implies the following statement.

Corollary 3.3.12. The datum (PĤ∗, P Ĥ∗, T, e) is a weak cohomology theory

with supports (cf. Definition 3.3.4). Induced by the inclusion PĤ(X,Φ) ⊂
Ĥ(X,Φ), we get a morphism of weak cohomology theories with supports
(cf. Definition 3.3.5)

(PĤ∗, P Ĥ
∗, T, e) −→ (Ĥ∗, Ĥ

∗, T, e).
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3.4. Cycle classes. One of the main goals of [CR09] was to give a criterion
when a weak cohomology theory (F∗, F ∗, T, e) admits a morphism

(CH∗,CH∗,×, 1) −→ (F∗, F
∗, T, e).

In order to apply [CR09, Theorem 1.2.3] in our situation, i.e. for

(PĤ∗, P Ĥ∗, T, e), we first need to prove semi-purity.

Recall that (PĤ∗, P Ĥ∗, T, e) satisfies the semi-purity condition (cf. [CR09,
Definition 1.2.1]) if the following holds:

• For all smooth schemes X and irreducible closed subsets W ⊂ X the
groups PĤi(X,W ) vanish if i > 2 dimW .
• For all smooth schemes X , closed subsets W ⊂ X , and open sets U ⊂ X

such that U contains the generic point of every irreducible component
of W , we require the map

PĤ∗() : PĤ2 dimW (X,W ) −→ PĤ2 dimW (U,W ∩ U),

induced by  : (U,W ∩ U) −→ (X,W ) in Sm∗, to be injective.

Proposition 3.4.1. The weak cohomology theory with supports
(PĤ∗, P Ĥ∗, T, e) satisfies the semi-purity condition.

Proof. To verify the two conditions we may assume that X is connected of
dimension d. Since

PĤ2i(X,W ) = Hd−i
W (X,WΩd−iX ),

we need to show that Hd−i
W (X,WΩd−iX ) vanishes if 2i > 2 dimW (or equiva-

lently, d− i < codimXW ). Indeed, we have

Hd−i
W (X,WΩd−iX ) = Rd−ia∗RΓWR lim←−(WnΩd−iX )

with a : X −→ Spec (k) the structure map. Since RΓWR lim←− = R lim←−RΓW , we
need to show that

(3.4.1) RjΓWWnΩd−iX = 0,

for j < codimXW . This follows from Lemma 1.5.9 (which follows from the fact

that the graded pieces of the standard filtration on WnΩd−iX are extensions of
locally free OX -modules [Ill79, I, Cor. 3.9]).
For the second condition, let W ⊂ X be a closed subset and U ⊂ X open, such
that U contains the generic point of every irreducible component of W . We
need to prove that the restriction map

Hd−dimW
W (X,WΩd−dimW

X ) −→ Hd−dimW
U∩W (U,WΩd−dimW

U )

is injective. But the kernel is a quotient of Hd−dimW
W\U (X,WΩd−dimW

X ), which

vanishes because d− dimW < codimX(W\U). �
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3.4.2. In view of [CR09, Theorem 1.2.3] there is at most one morphism of
weak cohomology theories with support

(CH∗,CH∗,×, 1) −→ (PĤ∗, P Ĥ
∗, T, e).

Theorem 3.4.3. There is exactly one morphism (in the sense of Definition
3.3.5)

(CH∗,CH∗,×, 1) −→ (PĤ∗, P Ĥ
∗, T, e).

Proof. We need to verify the criteria given in [CR09, Theorem 1.2.3].
The condition [CR09, Theorem 1.2.3](1) is satisfied by Proposition 2.3.4.
For the second condition [CR09, Theorem 1.2.3](2) we need to show that for the
0-point ı0 : Spec (k) −→ P1 and the ∞-point ı∞ : Spec (k) −→ P1 the following
equality holds:

PĤ∗(ı0) ◦ e = PĤ∗(ı∞) ◦ e.
By 3.2.3(1) the left hand side is ĉl({0}) and the right hand side equals ĉl({∞}).
In view of 3.2.3(3) we obtain

ĉl({0}) = c1(OP1(1)) = ĉl({∞}).
For W ⊂ X an irreducible closed subset, we set cl(X,W ) := ĉl(W ). Then
3.2.3(1) implies that condition [CR09, Theorem 1.2.3](4) holds.
Finally, we prove [CR09, Theorem 1.2.3](3). Let ı : X −→ Y be a closed
immersion between smooth schemes, and let D ⊂ Y be an effective smooth
divisor such that

• D meets X properly, thus D ∩X := D ×Y X is a divisor on X,
• D′ := (D ∩X)red is smooth and connected, and thus D ∩X = n ·D′

as divisors (for some n ∈ Z, n ≥ 1).

We denote by ıX : X −→ (Y,X), ıD′ : D′ −→ (D,D′) the morphisms in Sm∗
induced by ı, and we define g : (D,D′) −→ (Y,X) in Sm∗ by the inclusion
D ⊂ Y . Then the following equality is required to hold:

(3.4.2) PĤ∗(g)(PĤ∗(ıX)(1X)) = n · PĤ∗(ıD′)(1D′).

Obviously, we may assume that X and Y are connected; we set c := codimYX .
A priori, we need to prove the equality (3.4.2) in Hc

D′(D,WΩcD). Since Ĥ∗(g),

Ĥ∗(ıX) and Ĥ∗(ıD′) are morphisms in d̂RWk, they commute with Frobenius.
Thus both sides of (3.4.2) are already contained in the part which is invariant
under the Frobenius Hc

D′(D,WΩcD)F . Denote by f : (D,D′) −→ (Y,D′) the
morphism in Sm∗ which is induced by the inclusion D ⊂ Y .
We claim that

PĤ∗(f) : Hc
D′(D,WΩcD)→ Hc+1

D′ (Y,WΩc+1
Y )

is injective on Hc
D′(D,WΩcD)F .

Indeed, by [Ill79, I, Thm. 5.7.2] there is an exact sequence of pro-sheaves on
Dét

0→W•Ω
c
D,log →W•Ω

c
D

1−F−−−→W•Ω
c
D → 0.
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This yields an exact sequence of pro-groups

Hc−1
D′ (D,W•Ω

c
D)→ Hc

D′(Dét,W•Ω
c
D,log)→ Hc

D′(D,W•Ω
c
D)F → 0.

(Notice that Hi
D′(D,W•Ω

q
D) = Hi

D′(Dét,W•Ω
q
D), since the WnΩqD are quasi-

coherent on WnD and Dét = (WnD)ét.) But Hc−1
D′ (D,W•ΩcD) = 0 (see e.g.

(3.4.1)) and thus

lim←−
n

Hc
D′(Dét,W•Ω

c
D,log) = lim←−

n

Hc
D′(D,W•Ω

c
D)F

(3.2.3)
= Hc

D′(D,WΩcD)F .

Combining this with Gros’ Gysin isomorphism (3.2.2) we obtain an isomor-
phism

Zp
≃−→ Hc

D′(D,WΩcD)F , 1 7→ ĉl(D′)
3.2.3, (1)

= PĤ∗(ıD′)(1D′).

In the same way we also obtain an isomorphism

Zp
≃−→ Hc+1

D′ (Y,WΩc+1
Y )F , 1 7→ ĉl(D′)

3.2.3, (1)
= PĤ∗(f) ◦ PĤ∗(ıD′)(1D′).

This yields the claim.
Thus it suffices to prove the following equality

PĤ∗(f)PĤ∗(g)(PĤ∗(ıX)(1X)) = n · PĤ∗(f)PĤ∗(ıD′)(1D′).

For this denote by g′ : D −→ (Y,D) in Sm∗ and ∆Y : (Y,D′) −→ (Y ×Y,D×X)
in Sm∗ the morphisms induced by the inclusion and the diagonal respectively.
Then

PĤ∗(f)PĤ∗(g)(PĤ∗(ıX)(1X)) = PĤ∗(g
′)(1D) ∪ PĤ∗(ıX)(1X)

= PĤ∗(∆Y )(ĉl(D)× ĉl(X)) 3.2.3, (1)

= ĉl(D.X) 3.2.3, (2)

= n · ĉl(D′)
= n · PĤ∗(f ◦ ıD′)(1D′) 3.2.3, (1),

= n · PĤ∗(f)PĤ∗(ıD′)(1D′)

where a ∪ b := PĤ∗(∆Y )(T (a ⊗ b)) and hence the first equality holds by the
projection formula, see [CR09, Proposition 1.1.11]. This finishes the proof. �

Definition 3.4.4. We denote by

ĉl : (CH∗,CH∗,×, 1) −→ (Ĥ∗, Ĥ
∗, T, e)

the composition of the morphism in Theorem 3.4.3 and Corollary 3.3.12. Note
that there is no conflict with the notation in section 3.2.

Documenta Mathematica 17 (2012) 663–781



Hodge-Witt Cohomology . . . 729

3.4.5. To a weak cohomology theory F = (F∗, F ∗, T, e) we can attach a
graded additive category CorF ([CR09, Definition 1.3.5]). By definition we
have ob(CorF ) = ob(Sm∗) = ob(Sm∗), and

HomCorF ((X,Φ), (Y,Ψ)) = F (X × Y, P (Φ,Ψ)),

where

P (Φ,Ψ) := {Z ⊂ X × Y ;Z is closed, pr2 | Z is proper,

Z ∩ pr−11 (W ) ∈ pr−12 (Ψ) for every W ∈ Φ}.
The composition for correspondences is as usual:

b ◦ a = F∗(p13)(F ∗(p12)(a) ∪ F ∗(p23)(b)),

with pij : X1 ×X2 ×X3 −→ Xi ×Xj the projection; the product ∪ is defined
by a ∪ b := F ∗(∆)(T (a⊗ b)) (see [CR09, 1.3] for the details).
Moreover, there is a functor

ρF : CorF −→ (Ab)

to abelian groups defined by

ρF (X,Φ) = F (X,Φ)

ρF (γ) = (a 7→ F∗(pr2)(F ∗(pr1)(a) ∪ γ)), for γ ∈ F (X × Y, P (Φ,Ψ)),

(see [CR09, 1.3.9]).
The morphism

ĉl : CH = (CH∗,CH∗,×, 1) −→ Ĥ = (Ĥ∗, Ĥ
∗, T, e)

(Definition 3.4.4) induces a functor (see [CR09, 1.3.6])

Cor(ĉl) : CorCH −→ CorĤ .

For (X,Φ) ∈ CorĤ , the group ρĤ(X,Φ) = Ĥ(X,Φ) is a de Rham-Witt module

over k (i.e. an object in d̂RWk). The next theorem states that the Chow
correspondences act as morphism of de Rham-Witt modules.

Theorem 3.4.6. The composition

CorCH −→ CorĤ
ρĤ−−→ (Ab)

induces a functor

(3.4.3) Corĉl : CorCH −→ d̂RWk.

Proof. Let (X,Φ), (Y,Ψ) ∈ Sm. Note that CorCH((X,Φ), (Y,Ψ)) is graded
and is only non-trivial in even degrees. By definition

Cor2iCH ((X,Φ), (Y,Ψ)) = CHdimX+i(X × Y, P (Φ,Ψ)),

(we may assume that X is equidimensional), where CHdimX+i(X×Y, P (Φ,Ψ))
is generated by cycles Z with codimX×Y Z = dimX + i, as in 3.3.6.
We will show that a cycle Z ∈ Cor2iCH ((X,Φ), (Y,Ψ)) defines a morphism

ρĤ(ĉl(Z)) : Ĥ(X,Φ)(−i) −→ Ĥ(Y,Ψ)
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in d̂RWk (the shift by −i concerns only the grading and the differential, which
is multiplied with (−1)i).
Because pullback is a morphism of de Rham-Witt modules (Definition 2.2.1)
and pushforward is a morphism of de Rham-Witt modules up to the shift with
the relative dimension (Definition 2.3.1), we can easily reduce the statement to
the following claim. For all (X,Φ) and all irreducible closed subsets Z ⊂ X of
codimension c the map

Ĥ(X,Φ) −→ Ĥ(X ×X,Φ× ΦZ)(c)

a 7→ T (a⊗ ĉl(Z))

is a morphism in d̂RWk. The compatibility with F and V follows immediately
from Proposition 3.1.7(5) and the invariance F (ĉl(Z)) = ĉl(Z) (results of Gros
3.2.3(4)). The compatibility with d also follows from Proposition 3.1.7(5) and
d(ĉl(Z)) = 0 (3.2.3(4)):

T (da⊗ ĉl(Z))
dfn
= (−1)deg(da)·cda× ĉl(Z) (3.3.6),

= (−1)(deg(a)+1)·cd(a× ĉl(Z)) 3.1.7(5), 3.2.3(4),

= (−1)cdT (a⊗ ĉl(Z)) (3.3.6).

�

Proposition 3.4.7. (i) For every f : (X,Φ) −→ (Y,Ψ) in Sm∗ the
transpose of the graph Γ(f)t ⊂ Y × X defines an element in
Cor0CH((Y,Ψ), (X,Φ)) (i.e. has degree 0). The morphism

Corĉl(Γ(f)t) : Ĥ(Y,Ψ) −→ Ĥ(X,Φ)

is the same as f∗ in Definition 2.2.1.
(ii) For every f : (X,Φ) −→ (Y,Ψ) in Sm∗ the graph Γ(f) ⊂ X × Y

defines an element in Cor−2rCH ((X,Φ), (Y,Ψ)) (i.e. has degree −2r =
2(dim(Y )− dim(X))). The morphism

Corĉl(Γ(f)) : Ĥ(X,Φ)(r) −→ Ĥ(Y,Ψ)

is the same as f∗ in Definition 2.3.1.

Proof. For (i). Let i2 : (X, f−1Ψ) −→ (Y ×X, pr−1Y Ψ) be the morphism in Sm∗

induced by the morphism of schemes (f, idX). Let i1 : X −→ (Y × X,Γ(f)t)
and i3 : (X, f−1Ψ) −→ (Y × X,Γ(f)t ∩ pr−1Y Ψ) be the morphism in Sm∗ in-

duced by (f, idX). For all a ∈ Ĥ(Y,Ψ) we use the projection formula [CR09,
Proposition 1.1.11] to obtain:

Corĉl(Γ(f)
t)(a) = Ĥ∗(prX)(Ĥ∗(prY )(a) ∪ ĉl(Γ(f)t)) by definition,

= Ĥ∗(prX)(Ĥ∗(prY )(a) ∪ Ĥ∗(i1)(1)) functoriality of ĉl (cf. 3.4.4)

= Ĥ∗(prX)(Ĥ∗(i3)(Ĥ
∗(i2)Ĥ

∗(prY )(a)) projection formula,

= Ĥ∗(prX)(Ĥ∗(i3)(Ĥ
∗(f)(a))

= Ĥ∗(f)(a).
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The proof of (ii) is similar. �

3.5. Correspondence action on relative Hodge-Witt cohomology.
For a scheme S over k we need a relative version of the functor (3.4.3) with

values in de Rham-Witt modules d̂RWS over S.
Let f : X −→ S and g : Y −→ S be two schemes over S. Suppose that X,Y are
smooth over k. Since X ×S Y ⊂ X × Y defines a closed subset we can define
the family of supports on X × Y

(3.5.1) P (X ×S Y ) := P (ΦX ,ΦY ) ∩X ×S Y,

this is the family of supports consisting of all closed subsets of X ×S Y , which
are proper over Y . (Recall that ΦX denotes the family of all closed subsets of
X .) If h : Z → S is another S-schemes which is smooth over k, then

{
p13 | p−112 (P (X ×S Y )) ∩ p−123 (P (Y ×S Z)) is proper,

p13(p−112 (P (X ×S Y )) ∩ p−123 (P (Y ×S Z)) ⊂ P (X ×S Z).

By using the fact that CH defines a weak cohomology theory with supports we
obtain a composition (see [CR09, 1.3] for details)
(3.5.2)

CH(X × Y, P (X ×S Y ))×CH(Y ×Z, P (Y ×S Z))
◦−→ CH(X ×Z, P (X ×S Z)),

(a, b) 7→ b ◦ a := CH∗(p13)(CH∗(p12)(a) ∪ CH∗(p23)(b)),

with morphisms pij induced by the projections:

p12 : (X × Y × Z, P (X ×S Y )× Z) −→ (X × Y, P (X ×S Y )) ∈ Sm∗,
p23 : (X × Y × Z,X × P (Y ×S Z)) −→ (Y × Z, P (Y ×S Z)) ∈ Sm∗,

p13 : (X × Y × Z, P (X ×S Y ) ∩ P (Y ×S Z)) −→ (X × Z, P (X ×S Z)) ∈ Sm∗.

Definition 3.5.1. We define CS to be the (graded) additive category whose
objects are given by k-morphisms f : X −→ S, where X is a smooth scheme
over k. Sometimes we will by abuse of notation write X instead of f : X → S.
The morphisms are defined by

HomCS (X,Y ) := CH(X × Y, P (X ×S Y )),

and the composition is as in (3.5.2). For f : X −→ S the identity element in
HomCS (X,X) is the diagonal ∆X .

The verification that the composition defines a category is a straightforward
calculation. Notice that if X → S and Y → S are proper, then HomCS (X,Y ) =
CH(X ×S Y ). The full subcategory of CS whose objects are proper S-schemes,
which are smooth over k, has been defined and studied in [CH00, Definition 2.8].
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3.5.2. Let a ∈ HomCS (f : X −→ S, g : Y −→ S) = CH(X ×Y, P (X×S Y )), with

X and Y integral. Suppose that a is of degree i, i.e. is contained in CHdimX+i.
For every open subset U ⊂ S we get by restriction an induced cycle

aU ∈ CH(f−1(U)× g−1(U), P (f−1(U)×U g−1(U))).

By using the functor Corĉl (3.4.3) we obtain a morphism in d̂RWk:

Corĉl(aU ) : Ĥ(f−1(U))(−i) −→ Ĥ(g−1(U)).

Recall that Ĥ(f−1(U)) =
⊕

p,q≥0H
q(f−1(U),WΩpf−1(U)); we denote by

U 7→ F(U) = Ĥ(f−1(U))(−i), U 7→ G(U) := Ĥ(g−1(U)),

the obvious presheaves on S.

Lemma 3.5.3. Let a ∈ HomCS (f : X −→ S, g : Y −→ S) = CH(X × Y, P (X ×S
Y )). The collection (Corĉl(aU ))U⊂S defines a morphism of presheaves

(Corĉl(aU ))U⊂S : F −→ G.
By sheafification we obtain a morphism of sheaves

(3.5.3) (Corĉl(aU ))U⊂S :
⊕

p,q≥0
Rqf∗WΩpX(−i) −→

⊕

p,q≥0
Rqg∗WΩpY .

Proof. Let U, V be two open subsets of S such that V ⊂ U . We denote by
Γ(f−1(V ) −→ f−1(U))t ⊂ f−1(U) × f−1(V ) the transpose of the graph of the
inclusion f−1(V ) −→ f−1(U), and similarly for Γ(g−1(V ) −→ g−1(U))t.
Since the restrictions F(U) −→ F(V ) and G(U) −→ G(V ) are induced by the cor-
respondences Corĉl(Γ(f−1(V ) −→ f−1(U))t) and Corĉl(Γ(g−1(V ) −→ g−1(U))t),
respectively, we only need to prove that

Γ(g−1(V ) −→ g−1(U))t ◦ aU = aV ◦ Γ(f−1(V ) −→ f−1(U))t

as morphisms in CorCH , i.e. as cycles in

CH(f−1(U)× g−1(V ), P (f−1(U)×S g−1(V ))).

Via the identification f−1(U)×S g−1(V ) = f−1(V )×S g−1(V ) both sides equal
aV .
Since the sheafification of F is

⊕
p,q≥0 R

qf∗WΩpX(−i), and similarly for G, we

obtain (3.5.3). �

Proposition 3.5.4. The assignment

Ĥ(?/S) : CS −→ d̂RWS ,

Ĥ(X/S) :=
⊕

p,q≥0
Rqf∗WΩpX ,

Ĥ(a/S) := (Corĉl(aU ))U⊂S ,

(cf. Lemma 3.5.3) defines a functor to de Rham-Witt modules over S.

For the proof of the Proposition we will need the following lemma.
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Lemma 3.5.5. Let S = Spec (R). Let X,Y be S-schemes which are smooth over
k. We denote by f∗ : W (R) −→ H0(X,WOX) and g∗ : W (R) −→ H0(Y,WOY )
the maps induced by f : X −→ S and g : Y −→ S, respectively. We denote by
pr1 : X × Y −→ X and pr2 : X × Y −→ Y the projections.
Let Z ⊂ X ×S Y be an irreducible closed subset which is proper over Y ; we set
c = codimX×Y Z. Then

Ĥ∗(pr2)(g∗(r)) ∪ ĉl([Z]) = Ĥ∗(pr1)(f∗(r)) ∪ ĉl([Z])

in Hc
Z(X × Y,WΩcX×Y ).

Proof. Choose an open set U ⊂ X × Y such that Z ∩ U is nonempty and
smooth. Since the natural map

Hc
Z(X × Y,WΩcX×Y )→ Hc

Z∩U (U,WΩcU )

is injective (Proposition 3.4.1), it suffices to check the equality on
Hc
Z∩U (U,WΩcU ). We write ı1 : Z ∩U −→ (U,Z ∩U) in Sm∗ and ı2 : Z ∩U −→ U

in Sm∗ for the obvious morphisms. By using the projection formula and

ĉl([Z ∩ U ]) = Ĥ∗(ı1)(1) (3.2.3(1)) we reduce to the statement

Ĥ∗(ı2)Ĥ∗(pr2)(g∗(r)) = Ĥ∗(ı2)Ĥ∗(pr1)(f∗(r)).

This follows from g ◦ pr2 ◦ ı2 = f ◦ pr1 ◦ ı2. �

Proof of Proposition 3.5.4. For two composable morphisms a, b in CS , we
clearly have

(b ◦ a)U = bU ◦ aU
for every open U ⊂ S. This implies Ĥ(b ◦ a/S) = Ĥ(b/S) ◦ Ĥ(a/S).

Moreover, Corĉl(aU ) is a morphism in d̂RWk for all U , thus Ĥ(a/S) commutes

with F, V, d. Finally, we need to show that Ĥ(a/S) induces a morphism of
W (OS)-modules. For this, we may assume that S = Spec (R) is affine, and it
suffices to show that

Corĉl(a) : Ĥ(X)(−i) −→ Ĥ(Y )

is W (R)-linear. We proceed as in the proof of [CR09, Proposition 3.2.4].
The ring homomorphism f∗ : W (R) −→ H0(X,WOX) and g∗ : W (R) −→
H0(Y,WOY ) induce the W (R)-module structures on Ĥ(X) and Ĥ(Y ) via the
∪-product:

r · a = f∗(r) ∪ a,
for all r ∈ W (R) and a ∈ Ĥ(X); similarly for Ĥ(Y ). We have to prove the

following equality for all r ∈ R, a ∈ Ĥ(X), and irreducible closed subsets
Z ⊂ X ×S Y :

g∗(r)∪ Ĥ∗(pr2)(Ĥ∗(pr1)(a)∪ ĉl([Z])) = Ĥ∗(pr2)(Ĥ∗(pr1)(f∗(r) ∪ a)∪ ĉl([Z])).

For this, it is enough to show that

Ĥ∗(pr2)(g∗(r)) ∪ ĉl([Z]) = Ĥ∗(pr1)(f∗(r)) ∪ ĉl([Z])
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in Hc
Z(X × Y,WΩcX×Y ), with c the codimension of Z. Lemma 3.5.5 implies

the claim. �

Proposition 3.5.6. Let X and Y be two S-schemes which are smooth over k.

(i) If Z is the transpose of the graph of a morphism h : X −→ Y over S

then Ĥ([Z]/S) is the pullback morphism defined in 2.2.1.
(ii) If Z is the graph of a proper morphism h : X −→ Y over S then

Ĥ([Z]/S) is the pushforward morphism defined in 2.3.1.

Proof. The statement follows from Proposition 3.4.7. �

3.5.7. Local cup product. Let X be a smooth equidimensional k-scheme and
Z ⊂ X an integral closed subscheme of codimension c. We have (see e.g.
(3.4.1))

HiZ(X,WΩX) = 0, for all i < c.

Hence there is a natural morphism in the derived category of de Rham-Witt
modules on X

(3.5.4) HcZ(WΩX)→ RΓZWΩX [c]

inducing an isomorphism

(3.5.5) Hc
Z(X,WΩX) ∼= H0(X,HcZ(WΩX)).

We may thus define a local version of the cup product with the cycle class of
Z, ĉl(Z) ∈ H0(X,HcZ(WΩX))
(3.5.6)

WΩX → HcZ(WΩX)(c), α 7→ α ∪ ĉl([Z]) := ∆∗((−1)c·degα(α× ĉl([Z]))),

as the composition

WΩX
nat.−−→ pr1∗pr−11 WΩX

(−1)c·deg α(−×ĉl([Z]))−−−−−−−−−−−−−−→ pr1∗HcX×Z(WΩX×X)(c)

∆∗
−−→ pr1∗∆∗HcZ(WΩX)(c) = HcZ(WΩX)(c)

where ∆ : (X,Z) → (X × X,X × Z) in (Sm∗/X × X) is induced by the
diagonal, ∆∗ is the pullback constructed in 2.2.1 and × is the exterior product
from 3.1.4. Notice that by Lemma 3.1.5 α ∪ ĉl(Z) equals (−1)c·degαα · ĉl([Z]).

Lemma 3.5.8. In the above situation the cup product with ĉl([Z]),

Hi(X,WΩX)→ Hi+c
Z (X,WΩX)(c), a 7→ a ∪ ĉl([Z]),

factors via the local cup product, i.e. equals the composition

Hi(X,WΩX)
(3.5.6)−−−−→ Hi(X,HcZ(WΩX)(c))

(3.5.4)−−−−→ Hi+c
Z (X,WΩX)(c).

Proof. Recall that for a ∈ Hi(X,WΩqX) the cup product a ∪ ĉl([Z]) equals

H∗(∆)((−1)(i+q)c(a× ĉl([Z]))),
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where ∆ : (X,Z)→ (X×X,X×Z) in (Sm∗/Spec k) is the diagonal. Therefore
it suffices to show that the exterior product

(3.5.7) × ĉl([Z]) : Hi(X,WΩqX)→ Hi+c
X×Z(X ×X,WΩq+cX×X)

factors via Hi(X,−) applied to

pr−11 WΩqX → HcX×Z(WΩX×X), α 7→ (−1)ic(α× ĉl([Z])),

composed with the natural map HcX×Z(WΩX×X) → RΓX×ZWΩX×X [c]. Let
E(W•ΩX) be the Cousin complex of W•ΩX (see 1.5.8, Lemma 1.5.9), then the
complex ΓZE(W•ΩX) equals zero in all degrees < c, hence there is a morphism
of complexes

(3.5.8) HcZ(W•ΩX)→ ΓZE(W•Ω
c
X)[c],

which, after applying lim←− to it, represents (3.5.4). We obtain the following
commutative diagram

pr−11 E(W•Ω
q
X)

⊠ ĉl([Z])// E(W•Ω
q
X)⊠HcZ(W•ΩcX) // ΓX×ZE(W•Ω

q+c
X×X)[c]

pr−11 W•Ω
q
X

OO

⊠ ĉl([Z]) // W•Ω
q
X ⊠HcZ(W•ΩcX)

× //

OO

HcX×Z(W•Ω
q+c
X×X),

(3.5.8)

OO

where the top right arrow is the composition

E(W•Ω
q
X)⊠HcZ(W•Ω

c
X)

id⊠(3.5.8)−−−−−−→ E(W•Ω
q
X)⊠ ΓZE(W•Ω

c
X)[c]

≃−→ (E(W•Ω
q
X)⊠ ΓZE(W•Ω

c
X))[c]

(3.1.4)−−−−→ ΓX×ZE(W•Ω
q+c
X×X)[c].

Notice that the isomorphism

(3.5.9) (E ⊠ ΓZE[c]) ∼= (E ⊠ ΓZE)[c]

is given by multiplication with (−1)ic on Ei ⊠ ΓZE
j , for all i, j (see the sign

convention in [Con00, (1.3.6)]). Now we apply Hi(X,−) ◦ lim←− to the above

diagram, use Proposition 3.1.7, (1), take care about the sign from (3.5.9) and
use (3.2.3) and we see that (3.5.7) factors as desired. �

3.5.9. Let h : S → T be a morphism of k-schemes. Then any two objects
X,Y ∈ CS naturally define objects in CT (via h) and X ×S Y ⊂ X ×T Y
is a closed subscheme. This gives a natural map CH(X × Y, P (X ×S Y )) →
CH(X × Y, P (X ×T Y )). In this way h induces a functor

CS → CT .
If h is fixed, we denote the image of a ∈ HomCS (X,Y ) in HomCT (X,Y ) via
this functor again by a. But notice that this functor is in general not faithful.

Proposition 3.5.10. Let h : S → T be a morphism of k-schemes. Let f : X →
S and g : Y → S be two objects in CS and assume that X and Y are integral
and f and g are affine. Let Z ⊂ X ×S Y be a closed integral subscheme which
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is finite and surjective over Y , therefore giving rise to a morphism in d̂RWS

(by Proposition 3.5.4)

Ĥ([Z]/S) : f∗WΩX → g∗WΩY .

Then we have the following equality of morphisms in d̂RWT

Ĥ([Z]/T ) =
⊕

i

Rih∗Ĥ([Z]/S) :
⊕

i

Ri(hf)∗WΩX →
⊕

i

Ri(hg)∗WΩY .

Proof. We consider the following composition in the derived category of abelian
sheaves on S:

f∗WΩX
pr∗1−−→ R(fpr1)∗WΩX×Y(3.5.10)

(3.5.6)−−−−→ R(fpr1)∗HcZ(WΩX×Y )(c)

≃, Z⊂X×SY−−−−−−−−→ R(gpr2)∗HcZ(WΩX×Y )(c)

(3.5.4)−−−−→ g∗Rpr2∗RΓZ(WΩX×Y )[c](c)

(2.3.4)−−−−→ g∗WΩY .

Notice that the third arrow only exists in the category of abelian sheaves, it
is not respecting the WOS-module structure. We claim that the composition
(3.5.10) equals Ĥ([Z]/S) and that ⊕iRih∗(3.5.10) equals Ĥ([Z]/T ). This will
prove the statement. Clearly it suffices to prove the last claimed equality, the
first then follows with h = id.
To this end, let U ⊂ T be an open subset. We denote by XU , YU and ZU
the pullbacks of X , Y and Z over U . Then Corĉl([ZU ]) : Hi(XU ,WΩXU ) →
Hi(YU ,WΩYU )(c) is given by the following composition

Hi(XU ,WΩXU )
pr∗1−−→ Hi(XU , Rpr1∗WΩXU×YU )

≃−→ Hi(YU , Rpr2∗WΩXU×YU )

∪ ĉl([ZU ])−−−−−−→ Hi(YU , Rpr2∗RΓZU
WΩXU×YU [c](c))

(2.3.4)−−−−→ Hi(YU ,WΩYU ).

Since f and g are affine this composition equals by Lemma 3.5.8 the com-
position Hi(h−1(U), (3.5.10)). By definition Ĥ([Z]/T ) is the sheafification
of U 7→ Corĉl([ZU ]) and the sheafification of U 7→ Hi(h−1(U), (3.5.10)) is
Rih∗((3.5.10)). This proves the claim.

�

3.6. Vanishing results. Recall from Proposition 3.5.4 that we have a functor

Ĥ(?/S) : CS −→ d̂RWS ,

Ĥ(X/S) :=
⊕

p,q≥0
Rqf∗WΩpX
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(cf. Definition 3.5.1 for CS). Let f : X −→ S, g : Y −→ S be objects in CS , i.e.
S-schemes which are smooth over k. For simplicity let us assume that X and
Y are connected. For an equidimensional closed subset Z ⊂ X ×S Y which is
proper over Y and has codimension dimX + i in X × Y we obtain a morphism

in d̂RWS :

Ĥ([Z]/S) :


⊕

p,q≥0
Rqf∗WΩpX


 (−i) −→

⊕

p,q≥0
Rqg∗WΩpY .

Lemma 3.6.1. Let Z ⊂ X ×S Y be closed subset which is proper over Y . Let
r ≥ 0 be an integer. Suppose that for every point z ∈ Z the image pr2(z) is a
point of codimension ≥ r in Y . Then there is a natural number N ≥ 1 such
that

N · image(Ĥ([Z]/S)) ⊂
⊕

p≥r,q≥r
Rqg∗WΩpY .

In other words, the projection of image(Ĥ([Z]/S)) to
⊕

p<r or q<r

Rqg∗WΩpY

is killed by N .

Proof. We may assume that Z is irreducible and X,Y are connected. We set
i = dim Y − dimZ = codimX×Y Z − dimX .
By using an alteration we can find a smooth equidimensional scheme D of
dimension dimY − r together with a proper morphism π : D −→ Y such that
π(D) ⊃ pr2(Z). In particular, Z is contained in the image of the map idX×Sπ :
X ×S D −→ X ×S Y .
Let ZD ⊂ X×SD be an irreducible closed subset with dim(ZD) = dim(Z) and
(idX × π)(ZD) = Z. (ZD is automatically proper over D.) We define N to be
the degree of the field extension k(Z) ⊂ k(ZD).
We obtain three maps:

Ĥ(Z/S) : Ĥ(X/S)(−i) −→ Ĥ(Y/S),

Ĥ(ZD/S) : Ĥ(X/S)(−i) −→ Ĥ(D/S)(−r),
Ĥ(Γ(π)/S) : Ĥ(D/S)(−r) −→ Ĥ(Y/S),

(Γ(π) denotes the graph of π). We claim that

N · Ĥ(Z/S) = Ĥ(Γ(π)/S) ◦ Ĥ(ZD/S).

Indeed, by functoriality it is sufficient to prove

N · [Z] = [Γ(π)] ◦ [ZD]

where ◦ is the composition in CS (see (3.5.2)). This is an easy computation in
intersection theory.
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Thus it is sufficient to show that

image(Ĥ([Γ(π)]/S)) ⊂
⊕

p≥r,q≥r
Rqg∗WΩpY .

Proposition 3.5.6 implies that Ĥ([Γ(π)]/S) is the push-forward π∗ defined in
2.3.1. Thus

Ĥ([Γ(π)]/S)(Rq(g ◦ π)∗WΩpD) ⊂ Rq+rg∗WΩp+rY ,

for all (p, q), which completes the proof. �

Lemma 3.6.2. Let Z ⊂ X ×S Y be closed subset, which is proper over Y .
Suppose that X is equidimensional of dimension d. Let r ≥ 0 be an integer.
Suppose that for every point z ∈ Z the image pr1(z) is a point of codimension
≥ r in X. Then there is a natural number N ≥ 1 such that

N ·


 ⊕

p>d−r or q>d−r
Rqf∗WΩpX


 ⊂ ker(Ĥ([Z]/S)).

Proof. The proof is analogous to the proof of Lemma 3.6.1.
We may assume that Z is irreducible and Y connected. We set i = dim Y −
dimZ = codimX×Y Z − dimX .
By using an alteration we can find a smooth equidimensional scheme D of
dimension d − r together with a proper morphism π : D −→ X such that
π(D) ⊃ pr1(Z). In particular, Z is contained in the image of the map π×S idY :
D ×S Y −→ X ×S Y .
Let ZD ⊂ D×S Y be an irreducible closed subset with dim(ZD) = dim(Z) and
(π × idY )(ZD) = Z. (ZD is automatically proper over Y .) We define N to be
the degree of the field extension k(Z) ⊂ k(ZD).
We obtain three maps:

Ĥ(Z/S) : Ĥ(X/S)(−i) −→ Ĥ(Y/S),

Ĥ(ZD/S) : Ĥ(D/S)(−i) −→ Ĥ(Y/S),

Ĥ(Γ(π)t/S) : Ĥ(X/S) −→ Ĥ(D/S),

(Γ(π)t denotes the transpose of the graph of π). We claim that

N · Ĥ(Z/S) = Ĥ(ZD/S) ◦ Ĥ(Γ(π)t/S).

Indeed, by functoriality it is sufficient to prove

N · [Z] = [ZD] ◦ [Γ(π)t]

where ◦ is the composition in CS (see (3.5.2)). This is a straightforward calcu-
lation in intersection theory.
Because dimD = d− r, the map Ĥ(Γ(π)t/S) vanishes on

⊕

p>d−r or q>d−r
Rqf∗WΩpX ,

which proves the statement. �
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Remark 3.6.3. Resolution of singularities implies that Lemma 3.6.1 and 3.6.2
hold for N = 1.

3.7. De Rham-Witt systems and modules modulo torsion.

3.7.1. Let A be an abelian category (only A = dRWX and A = d̂RWX will
be important for us). There are two natural Serre subcategories attached to
torsion objects of A. We define

Ab−tor := {X ∈ ob(A) | ∃n ∈ Z\{0} : n · idX = 0}
as full subcategory of A. We define

Ator := {X ∈ ob(A) | ∃(Xi)i∈I ∈ AIb−tor∃φ :
⊕

i∈I
Xi −→ X epimorphism}

as full subcategory of A. Note that the index set I is not finite in general.
Obviously,

Ab−tor ⊂ Ator.

3.7.2. If A is well-powered, i.e. the family of subobjects of any object is a

set (e.g. A = d̂RWX), then the quotient categories A/Ab−tor and A/Ator
exist and are abelian categories. We refer to [Gab62, Chapitre III] for quotient
categories. The functors

q : A −→ A/Ab−tor, q′ : A −→ A/Ator,
are exact. Moreover, q(X) = 0 if and only if X ∈ Ab−tor; the same statement
holds for q′ and Ator. There is an obvious factorization

A −→ A/Ab−tor −→ A/Ator.
If A is the category of (left) modules over a ring R then

A/Ator ∼= (R ⊗Z Q-modules).

We define

AQ := A/Ab−tor.
For future reference, we record the following special case.

Definition 3.7.3. Let X be a scheme over k. We define

d̂RWX,Q := d̂RWX/d̂RWX,b−tor

as quotient category. We denote by q the projection functor

q : d̂RWX −→ d̂RWX,Q.

We use the same definitions for dRWX .

The main reason for working with the quotient A/Ab−tor instead of A/Ator is
that the Homs are well-behaved.
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Proposition 3.7.4. Let A be a well-powered abelian category. Let X,Y ∈
ob(A). Then

HomAQ
(q(X), q(Y ))

is naturally a Q-module and the map

HomA(X,Y )⊗Z Q −→ HomAQ
(q(X), q(Y ))

is an isomorphism.

Proof. For any n ∈ Z\{0} the morphism q(Y )
·n−→ q(Y ) in AQ is invertible;

therefore
Q ⊂ HomAQ

(q(Y ), q(Y )).

Via the composition

Hom(q(X), q(Y ))×Hom(q(Y ), q(Y )) −→ Hom(q(X), q(Y ))

we see that Hom(q(X), q(Y )) is a Q-module. The Q-module structure induced
by Q ⊂ Hom(q(X), q(X)) and

Hom(q(X), q(X))×Hom(q(X), q(Y )) −→ Hom(q(X), q(Y ))

is the same, because

f ◦ (q(X)
·n−→ q(X)) = (q(Y )

·n−→ q(Y )) ◦ f = nf.

We need to show that the canonical map

HomA(X,Y )⊗Z Q −→ HomAQ
(q(X), q(Y ))

is an isomorphism.
For the injectivity it is sufficient to prove that for all f ∈ HomA(X,Y ) with
q(f) = 0 it follows that n · f = 0 for some n ∈ Z\{0}. Indeed, q(f) = 0 implies
image(f) ∈ Ab−tor; thus there is an integer n 6= 0 with n · idimage(f) = 0. It
follows that nf = 0.
For the surjectivity, let f : X −→ Y be a morphism in A such that
ker(f), coker(f) ∈ Ab−tor; equivalently q(f) is an isomorphism. We need to
show that the inverse map q(f)−1 is contained in the image of HomA(Y,X)⊗Z

Q. Choose an integer n1 6= 0 such that n1 · idker(f) = 0. Then there exists
g1 : im(f) −→ X such that g1 ◦ f = n1 · idX . Let n2 6= 0 be an integer such

that n2 · idcoker(f) = 0. Then Y
·n2−−→ Y factors through im(f) and we obtain

g2 : Y
·n2−−→ im(f)

g1−→ X . Thus the image of g2 ⊗ (n1 · n2)−1 is the inverse of
q(f). �

Corollary 3.7.5. Let F : A −→ B be a functor between well-powered abelian
categories. There is a natural functor FQ : AQ −→ BQ defined by

FQ(q(X)) = F (X)

for every object X in A, and
FQ : HomAQ

(q(X), q(Y )) −→ HomBQ
(FQq(X), FQq(Y ))

FQ := F ⊗Z idQ

via the isomorphism of Proposition 3.7.4.
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Remark 3.7.6. The statement of Corollary 3.7.5 also follows from

F (Ab−tor) ⊂ Bb−tor
by using the universal property of the quotient category.

Proposition 3.7.7. Let F : A −→ B be a left-exact functor between well-powered
abelian categories. Suppose that the left derived functor

RF : D+(A) −→ D+(B)

exists. Suppose that there exist sufficiently many F -acyclic objects in A. Then

FQ : AQ −→ BQ
is left-exact and the left derived functor

RFQ : D+(AQ) −→ D+(BQ)

exists. Moreover, the diagram

D+(A)
RF //

D+(q)

��

D+(B)

D+(q)

��
D+(AQ)

RFQ // D+(BQ)

is commutative.

Proof. Let

(3.7.1) 0 −→ X ′
f ′
−→ Y ′

g′−→ Z ′ −→ 0

be an exact sequence in AQ. By [Gab62, Chapitre III,§1, Corollaire 1] we can
find an exact sequence

(3.7.2) 0 −→ X
f−→ Y

g−→ Z −→ 0

in A and isomorphisms X ′
∼=−→ q(X), Y ′

∼=−→ q(Y ), Z ′
∼=−→ q(Z), such that the

diagram

0 // X ′
f ′

//

∼=
��

Y ′
g′ //

∼=
��

Z ′ //

∼=
��

0

0 // q(X)
f // q(Y )

g // q(Z) // 0

is commutative. Since q is exact and qF = FQq, it follows that FQ is left exact.
We define

PQ := {X ′ ∈ ob(AQ) | ∃X ∈ ob(A) : q(X) ∼= X ′, RiF (X) ∈ Bb−tor for all i > 0}

as a full subcategory of AQ. If X ∈ ob(A) is an F -acyclic object then q(X) ∈
PQ. Therefore every object Y ∈ ob(AQ) admits a monomorphism ı : Y −→ X
with X ∈ ob(PQ).
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Suppose that in the exact sequence (3.7.1) we know that X ′ ∈ ob(PQ). We
claim that the following holds

Y ′ ∈ ob(PQ)⇔ Z ′ ∈ ob(PQ).

As above, we may prove the claim for (3.7.2) instead of (3.7.1). It is easy to
see that RiF (X) ∈ Bb−tor for all i > 0, and we conclude that

qRiF (Y )
∼=−→ qRiF (Z) for all i > 0.

This implies the claim.
In the same way we can see that if (3.7.1) is an exact sequence with objects in
PQ then

0 −→ FQ(X ′) −→ FQ(Y ′) −→ FQ(Z ′) −→ 0

is exact. From [Har66, I, Cor. 5.3, β] it follows that the left derived functor

RFQ : D+(AQ) −→ D+(BQ)

exists. Moreover, if X is F -acyclic then q(X) is FQ acyclic. Therefore the
diagram

D+(A)
RF //

D+(q)

��

D+(B)

D+(q)

��
D+(AQ)

RFQ // D+(BQ)

is commutative.
�

Remark 3.7.8. Let f : X → Y be a morphism between k-schemes and Φ a
family of supports on X . The assumptions of the Proposition are satisfied for
the functors

ΓΦ : dRWX → dRWX ,

f∗ : dRWX → dRWY ,

lim←− : dRWX → d̂RWX ,

fΦ : dRWX → dRWY ,

f̂Φ : dRWX → d̂RWY ,

of Proposition 1.5.6.

Notation 3.7.9. In general, we will denote by a subscript Q the image of

an object of d̂RWX (resp. of D+(d̂RWX)) under the localization functor q

(resp. D+(q)). If F : d̂RWX → d̂RWY is a functor we will by abuse of notation
denote FQ again by F and RFQ again by RF . Thus q(Rf∗WΩX) will be
denoted by Rf∗WΩX,Q, etc. (Warning: WΩX,Q is not the same as WΩX⊗ZQ.)

4. Witt-rational singularities

All schemes in this section are quasi-projective over k.
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4.1. The Witt canonical system.

4.1.1. Recall from Definition 1.8.3 the notion of a Witt residual complex. Let
X be a k-scheme with structure map ρX : X → Spec k, then there is a canonical
Witt residual complex KX = ρ∆XW•ω (see Notation 1.9.2). This complex has
the following properties:

(1) If X is smooth of pure dimension d, then there is a quasi-isomorphism
of graded complexes τX : W•ωX → KX(−d)[−d], which is compatible
with localization. (Ekedahl, see Theorem 1.10.3.)

(2) If j : U →֒ X is an open subscheme, then j∗KX
∼= KU (see Proposition

1.8.8).
(3) If f : X → Y is a morphism of k-schemes, then there is a canonical

isomorphism f∆KY
∼= KX induced by cf,ρY , where ρY is the structure

map of Y . This isomorphism is compatible with composition and local-
ization and in case f is an open embedding also with the isomorphism
in (2) (via f∗ ∼= f∆). (See Proposition 1.8.8.)

(4) For a proper k-morphism f : X → Y , there is a trace map Trf :
f∗KX → KY , which is a morphism of complexes of Witt quasi-dualizing
systems (see Definition 1.6.3); it is compatible with composition and
localization (see Lemma 1.8.9).

(5) We have a functor

DX := Hom(−,KX) : C(dRWX,qc)
o → C(dRWX).

It preserves quasi-isomorphisms and hence also induces a functor from
D(dRWX,qc)

o to D(dRWX) (see 1.9.1).
(6) Let f : X → Y be a finite morphism. We denote by

ϑf : f∗DX(−)→ DY (f∗(−))

the composition

f∗Hom(−,KX)
nat.−−→ Hom(f∗(−), f∗KX)

Trf−−→ Hom(−,KY ).

Then ϑf is an isomorphism of functors on C−(dRWX,qc); it is com-
patible with composition and localization. (It is an isomorphism on
each level by duality theory, see 1.7.3, (7); for the other assertions see
Proposition 1.9.4.)

Definition 4.1.2. Let X be a k-scheme of pure dimension d. The Witt canon-
ical system on X is defined to be the (−d)-th cohomology of KX sitting in
degree d and is denoted by W•ωX , i.e.

W•ωX := H−d(KX)(−d).

Since W•OX is a Witt system (i.e. a de Rham-Witt system with zero dif-
ferential), W•ωX inherits the structure of a Witt system from the canonical
isomorphism KX

∼= Hom(W•OX ,KX) and 4.1.1, (5). We denote the limit
with respect to π by

WωX := lim←−
π

W•ωX .
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Remark 4.1.3. Notice that in case X is smooth the above definition of W•ωX
coincides (up to canonical isomorphism) with our earlier definition of W•ωX =
W•ΩdX , by 4.1.1, (1). But observe, in Example 1.6.4, (2) we viewed it as a
Witt dualizing system, whereas now as a Witt system. This will not cause any
confusion.

Proposition 4.1.4. Let X be a k-scheme of pure dimension d. Then W•ωX
has the following properties:

(1) The sheaf W1ωX equals the usual canonical sheaf on X if X is normal.
(2) The complex KX is concentrated in degree [−d, 0], hence there is a

natural morphism of complexes

W•ωX → KX(−d)[−d].

This morphism is a quasi-isomorphism if X is Cohen-Macaulay (CM).
(3) For each n the sheaf WnωX is a coherent sheaf on WnX, which satisfies

Serre’s condition S2.
(4) Let j : U →֒ X be an open subscheme which contains all 1-

codimensional points of X. Then we have an isomorphism of Witt
systems

W•ωX
≃,nat.−−−−→ j∗j

∗W•ωX = j∗W•ωU .

If X is normal, U can be chosen to be smooth, in which case we have
an isomorphism

j∗W•ωU ≃ j∗W•ΩdU ,
which is induced by 4.1.1, (1) and (2). In particular the transition
maps WnωX →Wn−1ωX are surjective if X is normal.

(5) Assume X is normal. Then there is a natural isomorphism for all n

Hom(WnωX ,WnωX) ∼= H−d(DX,n(WnωX)(−d)),

where DX,n(−) = Hom(−,KX,n). Therefore Hom(W•ωX ,W•ωX) is
naturally equipped with the structure of a Witt system and multiplica-
tion induces an isomorphism of Witt systems

W•OX ≃−→ Hom(W•ωX ,W•ωX).

(6) Let f : X → Y be a proper morphism between k-schemes, which are both
of pure dimension d. Then we define the pushforward f∗ : f∗W•ωX →
W•ωY as the composition in dRWY

f∗ : f∗W•ωX = f∗H
−d(KX)(−d) = H−d(f∗KX)(−d) Trf−−→ H−d(KY )(−d) = W•ωY

This morphism is compatible with composition and localization and in
case X and Y are smooth coincides with the pushforward defined in
Definition 2.3.1 (for S = Y .)

(7) The sequence of WnOX-modules

0→ in∗Wn−1ωX
p
−→ WnωX

Fn−1

−−−→ i∗F
n−1
X∗ ωX

is exact for any n ≥ 1. Furthermore, if X is CM, then the map on the
right is also surjective. (Here we write ωX := W1ωX .)
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Proof. (1) is clear by construction. (In the derived category of coherent sheaves
KX,1 is isomorphic to ρ!Xk, where ρX : X → Spec k is the structure map.) It
suffices to prove the other statements on a fixed finite level n.
(2). The codimension function associated to KX,n (see 1.7.1) is given by

dKX,n(x) = −trdeg(k(x)/k) = dimOX,x − d
(see [Con00, (3.2.4)]). This already gives the first statement of (2). For the
second statement the same argument as in [Eke84, I, 2.] works (there for
smooth schemes). For the convenience of the reader we recall the argument.
Let X be CM. We have to show that Hi(KX,n) = 0 for all i 6= −d. For n = 1
this follows from (1). We have an exact sequence of coherent WnOX -modules

0→ i∗F
n−1
X∗ OX

V n−1

−−−→WnOX π−→ in∗Wn−1OX ,
where FX denotes the absolute Frobenius on X and i, in denote the closed
embeddings X →֒ WnX , Wn−1X →֒ WnX . Applying RHomWnOX (−,KX,n)

to it and using duality for the finite morphisms iFn−1X and in (cf. 4.1.1, (6))
we obtain a triangle in D(WnOX)

(4.1.1) in∗KX,n−1 → KX,n → (iFn−1X )∗KX,1 → in∗KX,n−1[1].

Therefore the statement follows by induction.
(3). Since KX,n is a residual complex, it has coherent cohomology by definition.
To prove the S2 property of WnωX it suffices to show

(4.1.2)

{
Ext0WnOX,x

(k(x),WnωX,x) = 0, for all x ∈ X(1)

ExtiWnOX,x
(k(x),WnωX,x) = 0, for i = 0, 1 and all x ∈ X(2),

where X(c) denotes the points of codimension c. By the formula for the codi-
mension function associated to KX,n above and [Har66, V, §7], we have

(4.1.3) ExtiWnOX,x
(k(x),KX,n) =

{
0, if x 6∈ X(i+d),

k(x), if x ∈ X(i+d).

Thus the vanishing (4.1.2) can easily be deduced from the spectral sequence

Ei,j2 = Exti(k(x), Hj(KX,n))⇒ Exti+j(k(x),KX,n)

and the vanishing Ei,j2 = 0 if i < 0 or j 6∈ [−d, 0] (by (2)).
(4). The first morphism is bijective by (3) and [SGA2, Exp. III, Cor. 3.5].
(5). The first isomorphism is obtained by considering the spectral sequence

Exti(WnωX , H
j(KX,n))⇒ Exti+j(WnωX ,KX,n) = Hi+j(DX,n(WnωX))

and using that Hj(KX,n) 6= 0 only for j ∈ [−d, 0], by (2). The second isomor-

phism can easily be deduced from (4), the isomorphism WnOX ≃−→ j∗WnOU
(WnOX is S2) and the corresponding statement for smooth schemes, see 1.10.1.
(6) The equality f∗H−d(KX) = H−d(f∗KX) follows from the spectral sequence
Rif∗Hj(KX) ⇒ Ri+jf∗KX , (2) above and from Rf∗KX = f∗KX . The other
statements follow from 4.1.1, (4).
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(7) Recall that F and p on W•ωX are defined by the isomorphism KX
∼=

Hom(W•OX ,KX) and the formulas in 1.6.6. Thus the exact sequence in (7) is
the result of applying H−d to the triangle (4.1.1) above and using the isomor-
phisms p ◦ ǫi and V ◦ ǫσi from 1.6.5. �

Definition 4.1.5. Let f : X → Y be a finite and surjective k-morphism
between integral normal schemes both of dimension d.

(1) We define a pullback morphism in dRWY

f∗ : W•ωY → f∗W•ωX

as follows: Choose open and smooth subschemes jX : U →֒ X and
jY : V →֒ Y , which contain all 1-codimensional points of X and Y
respectively and such that f restricts to a morphism f ′ : U → V . We
define f∗ as the composition

W•ωY
≃,4.1.4,(5)−−−−−−−−→ jY ∗W•Ω

d
V

f ′∗
−−→ jY ∗f

′
∗W•Ω

d
U
≃,4.1.3−−−−−→ f∗jX∗W•ωU

≃,4.1.4,(5)−−−−−−−−→ f∗W•ωX .

It is straightforward to check, that this morphism is independent of the
choice of U . We also write f∗ for the sum of the natural pullback on
W•O with the just defined pullback, i.e.

f∗ : W•OY ⊕W•ωY → f∗(W•OX ⊕W•ωX).

Taking the limit we obtain a pullback in d̂RWY

f∗ : WOY ⊕WωY → f∗(WOX ⊕WωX).

(2) We define a pushforward in dRWY

f∗ : f∗W•OX →W•OY
as the composition

f∗W•OX
≃,4.1.4,(5)−−−−−−−−→ f∗Hom(W•ωX ,W•ωX)

≃,4.1.4,(5)−−−−−−−−→ H−d(f∗DX(W•ωX)(−d))

≃, ϑf−−−→ H−d(DY (f∗W•ωX)(−d))

DY (f∗), (1)−−−−−−−→ H−d(DY (W•ωY )(−d))

≃,4.1.4,(5)−−−−−−−→ Hom(W•ωY ,W•ωY )

≃,4.1.4,(5)−−−−−−−−→ W•OY .
We also write f∗ for the sum of the pushforward on f∗W•ωX defined
in Proposition 4.1.4, (6) with the just defined pushforward. Taking the

limit we obtain a pushforward in d̂RWY

f∗ : f∗(WOX ⊕WωX)→WOY ⊕WωY .
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Lemma 4.1.6. Let f : X → Y be a finite and surjective k-morphism between
normal integral schemes of dimension d.

(1) Let jY : V →֒ Y be an open smooth subscheme, which contains all 1-
codimensional points of Y and such that U := f−1(V ) ⊂ X is smooth
and contains all 1-codimensional points of X (e.g. V = Y \ f(Xsing)).
Denote by jX : U →֒ X and f ′ : U = f−1(V )→ V the pullbacks. Then

j∗X ◦ f∗ = f ′
∗ ◦ j∗Y , j∗Y ◦ f∗ = f ′∗ ◦ j∗X ,

where f ′∗ is the pullback defined in Definition 2.2.1 and f ′∗ is the push-
forward defined in Definition 2.3.1 (with S = V ).

(2) The composition f∗ ◦ f∗ equals the multiplication with the degree of f .

Proof. The first part of (1) follows from the fact that all the maps in the
definitions of f∗ and f∗ are compatible with localization; the second part follows
immediately from the definitions. For (2) we have to check that f∗◦f∗−deg f =
0 in Hom(W•OY ,W•OY ) = W•OY and in Hom(W•ωY ,W•ωY ) = W•OY . It
suffices to check this on some open V ⊂ Y and hence the assertion follows from
(1) and Proposition 2.3.4 (Gros). �

4.2. Topological finite quotients.

4.2.1. Universal homeomorphisms. Recall that a morphism of k-schemes u :
X → Y is a universal homeomorphism if for any Y ′ → Y the base change
morphism u′ : X ×Y Y ′ → Y ′ is a homeomorphism. By [EGAIV(4), Cor.
(18.12.11)] this is equivalent to say that u is finite, surjective and radical. In
caseX and Y are integral and Y is normal it follows from [EGAI, Prop. (3.5.8)],
that u is a universal homeomorphism if and only if u is finite, surjective and
purely inseparable (i.e. k(Y ) ⊂ k(X) is purely inseparable).

4.2.2. Relative Frobenius. We denote by σ : Spec k → Spec k the Frobenius
(we will not use the notation from section 1.2 any longer); for a k-scheme X
we denote by X(n) the pullback of X along σn : Spec k → Spec k and by σnX :

X(n) → X the projection. Notice that since k is perfect, σnX is an isomorphism
of Fp-schemes. The n-th relative Frobenius of X over k is by definition the

unique k-morphism FnX/k : X → X(n) which satisfies σnX ◦ FnX/k = FnX , where

FX : X → X is the absolute Frobenius morphism of X . Clearly FnX/k is a

universal homeomorphism.

Lemma 4.2.3. Let u : X → Y be a morphism between integral k-schemes, which
is a universal homeomorphism and assume that Y is normal. Then deg u = pn

for some natural number n and there exits a universal homeomorphism v : Y →
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X(n) such that the following diagram commutes

X
Fn

X/k //

u

��

X(n),

u×idSpec k

��
Y

v
=={{{{{{{{

Fn
Y/k

// Y (n).

Proof. We may assume X = SpecB and Y = SpecA. Then by 4.2.1 u∗ : A →֒
B is an inclusion of k-algebras which makes k(A) ⊂ k(B) a purely inseparable
field extension of degree pn. Fn∗X/k is given by B ⊗k,σn k → B, b ⊗ λ 7→ bp

n

λ.

But bp
n ∈ k(A) ∩ B = A by the normality of Y . Therefore Fn∗X/k factors via

u∗ : A →֒ B. We obtain a homomorphism of k-algebras B ⊗k,σn k → A, which

gives rise to a k-morphism v : Y → X(n). It follows that v is a universal
homeomorphism, which makes the diagram in the statement commutative. �

Lemma 4.2.4. Let u : X → Y be a universal homeomorphism between two
integral and normal schemes. Let u∗ and u∗ be the pushforward and the pullback
from Definition 4.1.5. Then

u∗u
∗ = deg u · id(WOY⊕WωY ), u∗u∗ = deg u · idu∗(WOX⊕WωX ).

Proof. The equality on the left is a particular case of Lemma 4.1.6, (2). To
prove the equality on the right we may assume that X and Y are smooth (by
Proposition 4.1.4 and the corresponding statement for WO). Then by Lemma

4.1.6, (1) and Proposition 3.5.6, we have u∗ = Ĥ([Γ]/Y ) and u∗ = Ĥ([Γt]/Y ),
where Γ ⊂ X × Y is the graph of u and Γt its transpose. Therefore we are
reduced to show

(4.2.1) [Γt] ◦ [Γ] = deg u · [∆X ] in CH(X ×X,P (X ×Y X)),

where ∆X ⊂ X×X is the diagonal. But since u is flat (being a finite and surjec-
tive morphism between integral and smooth schemes) and a homeomorphism,
we have

[Γt] ◦ [Γ] = [X ×Y X ] = dimk(X)(k(X)⊗k(Y ) k(X)) · [∆X ] = deg u · [∆X ].

�

Definition 4.2.5. Let X be a normal and equidimensional scheme. We say
that X is a finite quotient if there exists a finite and surjective morphism from
a smooth scheme Y → X . We say that X is a tame finite quotient if this
morphism can be chosen to have its degree (as a locally constant function on
Y ) not divisible by p. We say that X is a topological finite quotient if there
exists a universal homeomorphism u : X → X ′ to a finite quotient X ′.

Remark 4.2.6. If X ′ is a finite quotient, so is X ′(n). It follows from Lemma
4.2.3 that if X is normal and equidimensional and if there exists a universal
homeomorphism u : X ′ → X with a source a finite quotient X ′, then X is a
topological finite quotient.
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Topological finite quotients are good to handle because of the following Propo-
sition.

Proposition 4.2.7. Consider morphisms

Z

u

��
X

f // Y,

where X is smooth and integral, Y , Z are normal and integral, f is finite and
surjective and u is a universal homeomorphism. Let a : Y → S be a morphism
to some k-scheme S. Set

β := pr1,3∗[X ×Y Z ×Y X ] in Hom0
CS (X,X) = CHdimX(X ×X,P (X ×S X)),

where pr1,3 : X ×Z ×X → X ×X is the projection (see 3.5 for the notation).
Then for all i the composition

f∗ ◦ u∗ : Ri(au)∗(WOZ ⊕WωZ)Q → Ri(af)∗(WOX ⊕WωX)Q

induces an isomorphism in d̂RWS

Ri(au)∗(WOZ ⊕WωZ)Q ∼= Ĥ(β/S)(Ri(af)∗(WOX ⊕WωX)Q),

where Ĥ(β/S) is the morphism from Proposition 3.5.4 (see Notation 3.7.9 for
the meaning of the subscript Q).

Proof. First of all notice that both f and u are finite and universally equidimen-
sional. It follows that β defines an element in CHdimX(X ×X,P (X ×Y X)), a

fortiori in CHdimX(X×X,P (X×SX)). In particular, Proposition 3.5.4 yields
a morphism

Ĥ(β/Y ) : f∗(WOX ⊕WωX)→ f∗(WOX ⊕WωX).

We claim

(4.2.2) Ĥ(β/Y ) = f∗u∗u
∗f∗,

with f∗, u∗, u∗, f∗ as in Definition 4.1.5. By Proposition 4.1.4, (4) and Lemma

4.1.6, (1) and since Ĥ(β/Y ) is compatible with localization in Y (just by con-
struction), we may assume, that X , Y and Z are smooth. Then

β = [Γtf ] ◦ [Γu] ◦ [Γtu] ◦ [Γf ],

where we denote by Γtf ⊂ Y ×X the transpose of the graph of f , etc. Therefore

claim (4.2.2) follows from Proposition 3.5.6. Thus Proposition 3.5.10 implies
that

Ĥ(β/S)(Ri(af)∗(WOX ⊕WωX)

= Image(f∗u∗u
∗f∗ : Ri(af)∗(WOX ⊕WωX)→ Ri(af)∗(WOX ⊕WωX)).

Thus the assertion follows from (u∗f∗)(f∗u∗) = deg f deg u · id (by Lemma
4.1.6, (a) and Lemma 4.2.4). �
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4.3. Quasi-resolutions and relative Hodge-Witt cohomology.

Definition 4.3.1. We say that a morphism between two integral k-schemes
f : X → Y is a quasi-resolution if the following conditions are satisfied:

(1) X is a topological finite quotient,
(2) f is projective, surjective, and generically finite,
(3) the extension of the function fields k(Y ) ⊂ k(X) is purely inseparable.

Condition (2) and (3) are for example satisfied if f is projective and birational.
Let X,Y be integral and normal. In general, every projective, surjective and
generically finite morphism f : X −→ Y can be factored through the normaliza-
tion Y ′ of Y in the function field k(X) of X :

f : X
f ′
−→ Y ′

u−→ Y.

The morphism f ′ is birational and u is finite. If k(Y ) ⊂ k(X) is purely insep-
arable then u is a universal homeomorphism.

Remark 4.3.2. Let X be an integral k-scheme. It follows from the proof of
[dJ97, Cor. 5.15] (cf. also [dJ96, Cor. 7.4]), that there exists a finite and
surjective morphism from a normal integral scheme u : X ′ → X , such that
k(X) ⊂ k(X ′) is purely inseparable and a smooth, integral and quasi-projective
scheme X ′′, with a finite groupG acting on it such that there is a projective and
birational morphism f : X ′′/G→ X ′. In particular X has a quasi-resolution

X ′′/G
f−→ X ′

u−→ X.

Theorem 4.3.3. Let Y be a topological finite quotient and f : X → Y a quasi-
resolution. Then the pullback f∗ and the pushforward (see Proposition 4.1.4,

(6)) induce isomorphisms in Db(d̂RWY,Q)

f∗ : WOY,Q ≃−→ Rf∗WOX,Q, Rf∗WωX,Q ∼= f∗WωX,Q[0]
f∗,≃−−−→WωY,Q.

Proof. We can assume that X and Y are integral schemes of dimension d and
(by Lemma 4.2.4) also that they are finite quotients. Thus there exist smooth
integral schemes X ′ and Y ′ together with finite and surjective morphisms a :
X ′ → X and b : Y ′ → Y . Let

X
π−→ X1

u−→ Y,

be a factorization of f , with π projective and birational, X1 normal and u a
universal homeomorphism. We can find a non-empty smooth open subscheme
U0 ⊂ Y , such that U1 := u−1(U0), U2 := π−1(U1), U ′0 := b−1(U0) and U ′2 :=
a−1(U2) are smooth and π|U2 is an isomorphism. Notice that a|U ′2, b|U ′0 and
u|U1 are then automatically flat. Set Z ′0 := Y ′ \ U ′0 and Z ′2 := X ′ \ U ′2. We
define

α := [X ′ ×X X ′] ∈ CHd(X ′ ×X ′, P (X ′ ×X X ′)),

β := [Y ′ ×Y Y ′] ∈ CHd(Y ′ × Y ′, P (Y ′ ×Y Y ′)),
γ := [X ′ ×Y Y ′] ∈ CHd(X ′ × Y ′, P (X ′ ×Y Y ′)).
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(See 3.5 for the notation.) These cycles are well-defined since a : X ′ → X and
b : Y ′ → Y are universally equidimensional. We claim

(4.3.1) deg b · (γ ◦ α)− deg a · (β ◦ γ) ∈ image(CH(Z ′2 ×Y Z ′0)),

(4.3.2) deg a · (γt ◦ β)− deg b · (α ◦ γt) ∈ image(CH(Z ′0 ×Y Z ′2)),

(4.3.3) (γt ◦ γ ◦ α)− (deg a deg b deg u) · α ∈ image(CH(Z ′2 ×Y Z ′2)),

(4.3.4) (γ ◦ γt ◦ β)− (deg a deg b deg u) · β ∈ image(CH(Z ′0 ×Y Z ′0)).

Observe that (U ′2 ×Y Y ′) ∪ (X ′ ×Y U ′0) = U ′2 ×U0 U
′
0 etc. Thus using the

localization sequence we see that it suffices to prove

deg b · (γ|U ′
2×U ′

0
◦ α|U ′

2×U ′
2
) = deg a · (β|U ′

0×U ′
0
◦ γ|U ′

2×U ′
0
) ∈ CH(U ′2 ×U0 U

′
0),

deg a · (γt|U ′
0×U ′

2
◦ β|U ′

0×U ′
0
) = deg b · (α|U ′

2×U ′
2
◦ γt|U ′

0×U ′
2
) ∈ CH(U ′0 ×U0 U

′
2),

(γt|U ′
0×U ′

2
◦ γ|U ′

2×U ′
0
◦ α|U ′

2×U ′
2
) = (deg a deg b deg u) · α|U ′

2×U ′
2
∈ CH(U ′2 ×U0 U

′
2),

(γ|U ′
2×U ′

0
◦ γt|U ′

0×U ′
2
◦ β|U ′

0×U ′
0
) = (deg a deg b deg u) · β|U ′

0×U ′
0
∈ CH(U ′0 ×U0 U

′
0).

Obviously

α|U ′
2×U ′

2
= [Γta|U ′

2
] ◦ [Γa|U ′

2
],

β|U ′
0×U ′

0
= [Γtb|U ′

0
] ◦ [Γb|U ′

0
],

γ|U ′
2×U ′

0
= [Γtb|U ′

0
] ◦ [Γu|U1

] ◦ [Γπ|U2
] ◦ [Γa|U ′

2
].

Thus the claim follows from

[Γu|U1
] ◦ [Γtu|U1

] = deg u · [∆U0 ], [Γtu|U1
] ◦ [Γu|U1

] = deg u · [∆U1 ];

see (4.2.1) for the equality on the right.
In view of the vanishing Lemmas 3.6.1 and 3.6.2, we see that (4.3.1) implies,

that Ĥ(γ/Y ) induces a morphism

Ĥ(α/Y )

(⊕

i

Ri(fa)∗(WOX′ ⊕WωX′)Q

)
→ Ĥ(β/Y ) (b∗(WOY ′ ⊕WωY ′)Q)

and (4.3.2) implies that Ĥ(γt/Y ) induces a morphism

Ĥ(β/Y ) (b∗(WOY ′ ⊕WωY ′)Q)→ Ĥ(α/Y )

(
⊕

i

Ri(fa)∗(WOX′ ⊕WωX′)Q

)

.

By (4.3.3) and (4.3.4) these morphisms are inverse to each other, up to mul-
tiplication with (deg a deg b deg u). By Proposition 4.2.7 a∗ induces for all i an

isomorphismRif∗(WOX⊕WωX)Q → Ĥ(α/Y )(Ri(fa)∗(WOX′⊕WωX′)Q) and

b∗ induces an isomorphism (WOY ⊕WωY )Q → Ĥ(β/Y )(b∗(WOY ′⊕WωY ′)Q).
This gives Rif∗WOX,Q = 0 = Rif∗WωX,Q, for all i ≥ 1. It also gives iso-
morphisms in cohomological degree 0, but it is not immediately clear that
these coincide with pullback and pushforward. But since X1 is normal and
π : X → X1 is birational, the pullback π∗ : WOX1 → π∗WOX clearly is an
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isomorphism and hence so is f∗ : WOY,Q → f∗WOX,Q, by Lemma 4.2.4. Now
the statement follows from the next lemma. �

Lemma 4.3.4. Let f : X → Y be a proper morphism between k-schemes of the

same pure dimension d and assume that the pullback morphism f∗ : WOY,Q ≃−→
Rf∗WOX,Q is an isomorphism in D(d̂RWY,Q). Then the pushforward (see
Proposition 4.1.4, (6))

f∗ : f∗WωX,Q
≃−→WωY,Q

is an isomorphism. More precisely, there exists a natural number N ≥ 1 such
that kernel and cokernel of f∗WnωX →WnωY are N -torsion for all n ≥ 1.

Proof. By assumption we find a natural number N ≥ 1 such that Rif∗WOX ,
i ≥ 1, as well as kernel and cokernel of f∗ : WOY → f∗WOX are all N -torsion.
It follows from the short exact sequence

0→WO V n

−−→ WO →WnO → 0

that there exists a natural number M ≥ 1 (e.g. M = N2) such thatRif∗W•OX ,
i ≥ 1, as well as kernel and cokernel of f∗ : W•OY → f∗W•OX are M -torison.
Let Cn be the cone of f∗ : WnOY → Rf∗WnOX in Db

qc(WnOY ). (Here we
write f∗ instead of Wn(f)∗ etc.) Then the above can be rephrased by saying,
that Hi(Cn) is M -torsion for all i ∈ Z and all n ≥ 1. Now applying the
dualizing functor DWnY to the triangle in Db

qc(WnOY )

WnOY → Rf∗WnOX → Cn →WnOY [1]

and using the duality isomorphism DWnYRf∗ ∼= Rf∗DWnX yields a triangle in
Db

qc(WnOY )

DWnY (Cn)→ Rf∗KX,n → KY,n → DWnY (Cn[−1]).

Taking H−d, we obtain an exact sequence

Ext−d(Cn,KY,n)→ R−df∗KX,n →WnωY → Ext−d(Cn[−1],KY,n).

As in Proposition 4.1.4, (6) the morphism in the middle is just the pushforward
f∗ : f∗WnωX → WnωY . Consider the spectral sequence

Ei,j2 = Exti(H−j(Cn),KY,n)⇒ Exti+j(Cn,KY,n).

The filtration on Exti+j(Cn,KY,n) induced by this spectral sequence is finite

and the E2-terms are M -torsion. Thus the groups Ext−d(Cn[−1],KY,n) and

Ext−d(Cn,KY,n) are M r-torsion, for some r >> 0. In fact r only depends
on the length of the filtration of the above spectral sequence and since this
length is bounded for all n ≥ 1, we may choose r to work for all n. It follows
that kernel and cokernel of f∗ : f∗WnωX → WnωY are M r-torsion; hence
kernel and cokernel of the limit f∗ : f∗WωX → WωY as well. This yields the
statement. �
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4.4. Rational and Witt-rational singularities. A special class of singu-
larities which appear naturally in higher dimensional geometry are the rational
singularities. Essentially, rational singularities do not affect the cohomological
properties of the structure sheaf.

Definition 4.4.1 ([KKMS73, p. 50]). Let S be a normal variety and f : X −→ S
a resolution of singularities (i.e. f is projective and birational andX is smooth).
We say that f is a rational resolution if

(1) Rif∗OX = 0, for i > 0,
(2) Rif∗ωX = 0 for i > 0 (this always holds by Grauert-Riemenschneider if

the characteristic of the ground field is zero (see e.g. [KM98, Cor.2.68]),
but is needed in positive characteristic).

We say that Y has rational singularities if a rational resolution exists.

An immediate problem with the definition of rational singularities in positive
characteristic is that the existence of a resolution of singularities is assumed.
For example, tame quotient singularities are rational singularities provided that
a resolution of singularities exists [CR09, Theorem 2].
If an integral normal scheme Y over a field has one rational resolution, then all
resolutions are rational, i.e. rational singularities are an intrinsic property of
Y . (In characteristic zero, this was proved by Hironaka, see [CR09, Theorem
1] for the characteristic p case.)
In characteristic zero, Kovács [Kov00] observed that one can replace condition
(1) in Definition 4.4.1 by the following condition: there is an alteration f :
X −→ S such that the natural morphism

OS −→ Rf∗OX
admits a splitting in the derived category of coherent sheaf on S. The main tool
in the proof is Grauert-Riemenschneider vanishing, and this characterization
does not hold in positive characteristic.
In order to study congruence formulas for the number of points of a variety over
a finite field, Blickle and Esnault [BE08] introduced the notion of Witt-rational
singularities.

Definition 4.4.2 ([BE08, Def. 2.3]). Let S be an integral k-scheme and f :
X −→ S a generically étale alteration with X a smooth k-scheme. We say that
S has BE-Witt-rational singularities if the natural morphism

WOS ⊗Z Q −→ Rf∗WOX ⊗Z Q

admits a splitting in the derived category of sheaves of abelian groups on X .

We call the singularities defined in [BE08] BE-Witt-rational singularities, rather
than Witt-rational singularities, because we will redefine Witt-rational singu-
larities in 4.4.4. We remark:

Proposition 4.4.3. The notion of BE-Witt-rational singularities is indepen-
dent of the chosen generically étale alteration. More precisely, if an in-
tegral scheme S has BE-Witt-rational singularities, then for any alteration
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(not necessarily generically étale) g : Y → S, with Y smooth, the pullback
g∗ : WOS ⊗Z Q→ Rg∗WOY ⊗Z Q admits a splitting in the derived category of
sheaves of abelian groups on X.

Proof. Obviously it suffices to prove that if f : X → Y is an alteration between
smooth schemes, then the composition

WOY f∗
−→ Rf∗WOX f∗−→WOY

is multiplication with [k(X) : k(Y )], where f∗ is the pushforward from Defini-
tion 2.3.1. It suffices to check this on some non-empty open subscheme U of
Y such that f |f−1(U) is finite. Thus the statement follows from Proposition
2.3.4 (Gros). �

Definition 4.4.4. We say that an integral k-scheme S has Witt-rational singu-
larities if for any quasi-resolution (see Definition 4.3.1) f : X → S the following
conditions are satisfied:

(1) f∗ : WOS,Q ≃−→ f∗WOX,Q is an isomorphism.
(2) Rif∗WOX,Q = 0, for all i ≥ 1.
(3) Rif∗WωX,Q = 0, for all i ≥ 1.

In case only the first two properties are satisfied we say S has WO-rational
singularities. (See Notation 3.7.9 for the meaning of the subscript Q.)

Remark 4.4.5. Notice that if S is normal, then condition (1) above is automat-
ically satisfied. Indeed, each quasi-resolution f : X → S can be factored as

X
π−→ X1

u−→ S with X1 normal, π projective and birational and u an universal
homeomorphism; thus condition (1) is satisfied by Lemma 4.2.4.

Proposition 4.4.6. Let S be an integral k-scheme. Then the following state-
ments are equivalent:

(1) S has Witt-rational singularities.
(2) There exists a quasi-resolution f : X → S satisfying (1), (2), (3) of

Definition 4.4.4.
(3) There exists a quasi-resolution f : X → S, such that there are isomor-

phisms in Db(d̂RWS,Q)
(4.4.1)

f∗ : WOS,Q ≃−→ Rf∗WOX,Q, Rf∗WωX,Q ∼= f∗WωX,Q[0]
f∗,≃−−−→WωS,Q.

(4) For all quasi-resolutions f : X → S the morphisms (4.4.1) are isomor-
phisms.

Proof. Clearly (1) ⇒ (2) and (4) ⇒ (1). (2) ⇒ (3) follows from Lemma
4.3.4. For (3) ⇒ (4) notice that by de Jong (see Remark 4.3.2) any two quasi-
resolutions of S can be dominated by a third one. Thus the statement follows
from Theorem 4.3.3. �

There is an obvious analog of this proposition for WO-rational singularities.
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Corollary 4.4.7. Topological finite quotients over k have Witt-rational sin-
gularities.

Remark 4.4.8. In characteristic 0 finite quotients always have rational singu-
larities (see e.g. [KM98, Prop. 5.13]). In characteristic p > 0 this is not the
case. Indeed let G = Z/pnZ act linearly on a finite dimensional k-vector space,
where k is assumed to be algebraically closed. Then it is shown in [ES80],
that A(V )/G is not CM, provided that dimk V > dimk V

G + 2. In particu-
lar A(V )/G cannot have rational singularities in the sense of Definition 4.4.1,
which are always CM. This also shows that Witt-rational singularities do no
need to be CM.

Proposition 4.4.9. Let u : Y −→ Y ′ be a universal homeomorphism between
normal schemes. Then Y has Witt-rational singularities if and only if Y ′ has
Witt-rational singularities.

Proof. If f : X −→ Y is a quasi-resolution then u ◦ f is a quasi-resolution. For
all i > 0 we get

Ri(u ◦ f)∗WOX,Q = u∗R
if∗WOX,Q, Ri(u ◦ f)∗WωX,Q = u∗R

if∗WωX,Q,

and thus

Ri(u ◦ f)∗WOX,Q = 0⇔ Rif∗WOX,Q = 0,

Ri(u ◦ f)∗WωX,Q = 0⇔ Rif∗WωX,Q = 0.

�

Definition 4.4.10. Let S be a k-scheme and X and Y two integral S-schemes.
We say that X and Y are quasi-birational over S if there exists a commutative
diagram

Z
πX

~~||
||

πY

  A
AA

A

X

  @
@@

@ Y

��~~
~~

S,

with πX and πY quasi-resolutions (see Definition 4.3.1). We say that the triple
(Z, πX , πY ) (or just Z if we do not need to specify πX and πY ) is a quasi-
birational correspondence between X and Y .

Since quasi-resolutions always exist (see Remark 4.3.2), two integral projective
S-schemes X and Y are quasi-birational over S if and only if the generic points
of X and Y map to the same point η in S and there exists a field L with a
homomorphism OS,η → L and inclusions of OS,η-algebras k(X) →֒ L, k(Y ) →֒
L, which make L a finite and purely inseparable field extension of k(X) and
k(Y ). In particular this is the case if k(X) and k(Y ) are isomorphic as OS,η-
algebras.
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Corollary 4.4.11. Let S be a k-scheme and f : X → S and g : Y → S
two S-schemes, which are integral, have Witt-rational singularities and are
quasi-birational over S to each other. Then the choice of a quasi-birational

correspondence between X and Y induces isomorphisms in Db(d̂RWS)

(4.4.2) Rf∗WOX,Q ∼= Rg∗WOY,Q, Rf∗WωX,Q ∼= Rg∗WωY,Q.

Moreover, two quasi-birational correspondences Z and Z ′ induce the same iso-
morphisms if there exists a field L with a homomorphism OS,η → L (η ∈ S
being the common image of the generic points of X and Y ) and inclusions of
OS,η-algebras k(Z) →֒ L, k(Z ′) →֒ L, which make L a finite and purely in-
separable field extension of k(Z) and k(Z ′), such that the composite inclusions
k(X), k(Y ) →֒ k(Z) →֒ L and k(X), k(Y ) →֒ k(Z ′) →֒ L are equal.

Proof. A quasi-birational correspondence (Z, πX , πY ) between X and Y in-
duces an isomorphism

Rf∗WOX,Q
π∗
X ,≃−−−−→ Rf∗RπX∗WOZ,Q ∼= Rg∗RπY ∗WOZ,Q

≃, π∗
Y←−−−− Rg∗WOY,Q,

and similar for Wω. For the second statement first notice that if (Z, πX , πY )
and (Z ′, π′X , π

′
Y ) are two quasi-birational correspondences between X and Y

and if there is a quasi-resolution a : Z ′ → Z such that π′X = πX ◦ a and
π′Y = πY ◦ a, then they induce the same isomorphisms (4.4.2). If we are given
two arbitrary quasi-birational correspondences Z and Z ′ between X and Y and
a field L as is the statement of the corollary, then we can take a quasi-resolution
of the closure of the image of SpecL → Z ×S Z ′ to obtain a quasi-birational
correspondence Z ′′ between X and Y mapping via a quasi-resolution to Z and
Z ′ and is compatible with πX , π′X , πY , π′Y in the obvious sense. This proves
the statement. �

Corollary 4.4.12. In the situation of Corollary 4.4.11 assume that S is inte-
gral and f and g are generically finite and purely inseparable. Then any quasi-
birational correspondence between X and Y induces the same isomorphism in

Db(d̂RWS)

Rf∗WOX,Q ∼= Rg∗WOY,Q, Rf∗WωX,Q ∼= Rg∗WωY,Q.

Corollary 4.4.13. Let S be a k-scheme and f : X → S be an integral and
projective S-scheme, which has Witt-rational singularities. Let k(X)perf be the
perfect closure of k(X) and η ∈ S the image of the generic point of X. Then
EndOS,η−alg(k(X)perf) is acting on Rf∗WOX,Q and Rf∗WωX,Q as objects in

Db(d̂RWS).

Proof. An element σ in EndOS,η−alg(k(X)perf) will when composed with

k(X) →֒ k(X)perf factor over a finite and purely inseparable extension L of
k(X). By the remark after Definition 4.4.10 it hence gives rise to a quasi-
birational correspondence of X with itself and thus yields the promised well-
defined action by Corollary 4.4.11. �
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Remark 4.4.14. The above corollaries have obvious analogs for WO-rational
singularities.

Corollary 4.4.15. Let X and Y be two integral k-schemes, which have WO-
rational singularities and are quasi-birational over k. Then in d̂RWk,Q

Hi(X,WOX,Q) ∼= Hi(Y,WOY,Q), for all i ≥ 0.

In particular, if X and Y are projective then [BBE07, Thm 1.1] yields a Frobe-
nius equivariant isomorphism

Hi
rig(X/K)<1 ∼= Hi

rig(Y/K)<1 for all i ≥ 0,

where K = Frac(W (k)) and Hi
rig(X/K)<1 denotes the part of rigid cohomology

on which the Frobenius acts with slope < 1.

Proof. Apply Corollary 4.4.11 in the case S = k. �

We will also give some results on the torsion, see Theorem 5.1.10 and Theorem
5.1.13.

Corollary 4.4.16. Let k be a finite field. Let X and Y be two quasi-birational
integral and projective k-schemes, which have WO-rational singularities. Then
for any finite field extension k′ of k we have

|X(k′)| ≡ |Y (k′)| mod |k′|.
Proof. This follows from Corollary 4.4.15 and [BBE07, Cor. 1.3]. �

In the case where X and Y are smooth, integral and proper, the above corollary
was proved in [Eke83, Cor. 3, (i)]. In case there is a morphism f : X → Y ,
which is birational andX is smooth and projective and Y = Z/G is the quotient
under a finite group G of a smooth projective scheme Z, this was proved in
[Cha09, Thm 4.5.].
We investigate the properties of Witt-rational singularities a little bit further.

Proposition 4.4.17. Consider the following properties on an integral k-scheme
S:

(1) S has rational singularities.
(2) S has Witt-rational singularities.
(3) S has WO-rational singularities.
(4) S has BE-Witt-rational singularities.

Then
(1)⇒ (2)⇒ (3)⇒ (4).

Furthermore the first implication is strict, by Remark 4.4.8 above.

Proof. (1) ⇒ (2): By assumption there exists a resolution f : X → S. The
exact sequences

0→Wn−1OX V−→WnOX → OX → 0

and (see Proposition 4.1.4, (7))

0→Wn−1ωX
p
−→WnωX

Fn−1

−−−→ ωX → 0

Documenta Mathematica 17 (2012) 663–781



758 Andre Chatzistamatiou and Kay Rülling

give us Rif∗WnOX = 0 = Rif∗WnωX for all n, i ≥ 1 and also WnOS ∼=
f∗WnOX . Since S is CM, the isomorphism WnOS ∼= Rf∗WnOX also gives the
isomorphism f∗WnωX ∼= WnωS via duality (see Proposition 4.1.4, (2)). Now
the statement follows from the exact sequence (see Lemma 1.5.1)

0→ R1 lim←−
n

Ri−1f∗En → Rif∗(lim←−
n

En)→ lim←−
n

Rif∗En → 0,

where En ∈ {WnOX ,WnωX}. (For the vanishing of R1f∗WωX use that
f∗WnωX ∼= WnωS and hence the projection maps f∗WnωX → f∗Wn−1ωX
are surjective, by Proposition 4.1.4, (4).)
(2) ⇒ (3): trivial.
(3)⇒ (4): By Remark 4.3.2 we find a quasi-resolution of S of the form f : X →
S with X a finite quotient. We thus find a smooth scheme X ′ with a finite and
surjective morphism g : X ′ → X . Then h := fg : X ′ → S is an alteration and
h∗ : WOS,Q → Rg∗WOX′,Q splits by Proposition 4.4.6, (1)⇒ (2), and Lemma
4.1.6, (2); a fortiori h∗ : WOS ⊗Q→ Rg∗WOX′ ⊗Q splits. �

4.5. Complexes and sheaves attached to singularities of schemes.

Corollary 4.5.1. Let S be an integral scheme and f : X → S and g : Y → S
be quasi-resolutions. Then X and Y are quasi-birational over X and any quasi-
birational correspondence between X and Y induces the same isomorphism in

the derived category Db(d̂RWS)

Rf∗WOX,Q ∼= Rg∗WOY,Q, Rf∗WωX,Q ∼= Rg∗WωY,Q.

Furthermore, if Z is another integral scheme and h : Z → S a quasi-resolution,
then the isomorphisms

Rf∗WOX,Q ∼= Rh∗WOZ,Q, Rf∗WωX,Q ∼= Rh∗WωZ,Q

induced by any quasi-birational correspondence between X and Z equals the iso-
morphism obtained by composing the isomorphisms induced by quasi-birational
correspondences between X and Y and between Y and Z.

Proof. First we show that X and Y are quasi-birational over S. For this notice
that k(X) ⊗k(S) k(Y ) is a local Artin algebra. Denote by L its residue field.
Then we can take a quasi-resolution of the closure of the image of SpecL in
X ×S Y to obtain a quasi-birational correspondence between X and Y . Let V
and V ′ be two quasi-birational correspondences between X and Y . Denote by
L′′ the residue field of the local Artin algebra k(V )⊗k(S)k(V ′). This is a purely
inseparable field extension of k(S). Hence there is only one embedding over
k(S) of k(X) and k(Y ) into L′′. Thus by Corollary 4.4.11 the two isomorphisms
induced by V and V ′ are equal. Finally if we have the three quasi-resolutions
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f, g, h, we find a diagram of S-morphisms

V ′′ //

��

V ′

��

// Z

V

��

// Y

X,

in which V is a quasi-birational correspondence between X and Y , V ′ is a
quasi-birational correspondence between Y and Z and V ′′ is a quasi-birational
correspondence between V and V ′ (and also between X and Z). The last
statement of the Corollary follows. �

Definition 4.5.2. Let S be an integral k-scheme of dimension d. We define in

Db(d̂RWS,Q)

WS0,S := Rf∗WOX,Q, WSd,S := Rf∗WωX,Q,

where f : X → S is any quasi-resolution. This definition is independent (up to
a canonical isomorphism) of the choice of the quasi-resolution f by Corollary
4.5.1.

It follows, that S has WO-rational singularities if and only if WS0,S ∼= WOS
and it has Witt-rational singularities if and only if in addition we have
Hi(WSd,S) = 0 for all i ≥ 1 (which is equivalent to WSd,S ∼= WωS,Q).
Next we want to give a characterization of Witt-rational singularities using
alterations.

Proposition 4.5.3. Let S be an integral k-scheme of dimension d and f :
X → S an alteration with X smooth. Set

ǫf :=
1

deg f
[X ×S X ]0 ∈ CHd(X ×X,P (X ×S X))Q,

where [X ×S X ]0 is the cycle associated to the closure of Xη ×η Xη in X ×S X
with η the generic point of S. Further set

Ĥ∗,0(X/S) :=
⊕

i

Rif∗WOX , Ĥ∗,d(X/S) :=
⊕

i

Rif∗WΩdX ,

Ĥ∗,(0,d)(X/S) := Ĥ∗,0(X/S)⊕ Ĥ∗,d(X/S).

Then:

(1) The restriction of Ĥ(ǫf/S) to Ĥ∗,(0,d)(X/S)Q is a projector, which we
denote by ef . (See Proposition 3.5.4 for the notation.)

(2) The pullback f∗ induces a natural morphism of Witt modules over S

f∗ : WOS,Q → ef Ĥ∗,(0,d)(X/S)Q.
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(3) If g : Y → S is another alteration with Y smooth. Then set

γf,g :=
1

deg f
[X ×S Y ]0 ∈ CHd(X × Y, P (X ×S Y )),

where [X ×S Y ]0 is the cycle associated to the closure of Xη ×η Yη in

X ×S Y . Then Ĥ(γf,g/S) : Ĥ(X/S) → Ĥ(Y/S) induces an isomor-
phism

(4.5.1) Ĥ(γf,g/S) : ef (Ĥ∗,(0,d)(X/S))Q
≃−→ eg(Ĥ∗,(0,d)(Y/S))Q,

which is compatible with the pullback morphism from (2).

Proof. Take a non-empty open and smooth subset U of S such that the pullback
of f - and in case (3) also of g - over U is finite and surjective and hence also
flat; the pullbacks are denoted by fU : XU → U and gU : XU → U . Notice
that the restriction of [X ×SX ]0 and [X ×S Y ]0 over U equal [XU ×U XU ] and
[XU ×U YU ].

(1) We have to show ef ◦ef−ef = 0 on Ĥ∗,(0,d)(X/S)Q. By the same argument
as in the proof of Theorem 4.3.3 (using the vanishing Lemmas 3.6.1 and 3.6.2)
it suffices to prove

[XU ×U XU ] ◦ [XU ×U XU ]− deg f · [XU ×U XU ] = 0.

This follows immediately from [XU ×U XU ] = [ΓtfU ] ◦ [ΓfU ].

(2) The morphism ef , in particular gives a projector ef : f∗WOX,Q →
f∗WOX,Q. Thus we need to show, that ef ◦ f∗ = f∗ on WOS,Q. It suffices to
prove this over U ; thus the statement follows from deg f · efU = f∗U ◦ fU∗.
(3) To prove that γf,g is an isomorphism on ef (Ĥ∗,(0,d)(X/S)Q) with inverse

1
deg g Ĥ([Y ×S X ]0/S) it suffices to show that the following cycles in CHd(X ×
Y, P (X ×S Y )), etc.,

deg g · [X ×S Y ]0 ◦ [X ×S X ]0 − deg f · [Y ×S Y ]0 ◦ [X ×S Y ]0

deg f · [Y ×S X ]0 ◦ [Y ×S Y ]0 − deg g · [X ×S X ]0 ◦ [Y ×S X ]0

[Y ×S X ]0 ◦ [X ×S Y ]0 ◦ [X ×S X ]0 − (deg f deg g) · [X ×S X ]0

[X ×S Y ]0 ◦ [Y ×S X ]0 ◦ [Y ×S Y ]0 − (deg f deg g) · [Y ×S Y ]0

act as zero on Ĥ∗,(0,d)(X/S)Q and Ĥ∗,(0,d)(Y/S)Q respectively. By the same
argument as in the proof of Theorem 4.3.3 (using the vanishing Lemmas 3.6.1
and 3.6.2) it suffices to prove that the pullback along U of the above cycles
vanish. This follows easily from [XU ×U XU ] = [ΓtfU ] ◦ [ΓfU ], [XU ×U YU ] =

[ΓtgU ] ◦ [ΓfU ] and [ΓfU ] ◦ [ΓtfU ] = deg f · [∆U ], etc. This yields the isomorphism

(4.5.1). It is compatible with the pullback from (2), since on WOS,Q we have

Ĥ(γf,g/S)f∗ = g∗. Indeed over U we have Ĥ(γfU ,gU /U) = 1
deg f ·g∗U ◦fU∗; thus

it holds on U and hence on all of S. �

Definition 4.5.4. Let S be an integral k-scheme of dimension d and f : X → S
an alteration with X smooth. Then using the notations from Proposition 4.5.3
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we define

A0(X/S) := coker(WOS,Q
f∗
−−→ ef Ĥ∗,0(X/S)Q) =

f∗WOX,Q

WOS,Q

⊕

i≥1

efR
if∗WOX,Q

and
Ad(X/S) := ef Ĥ>0,d(X/S) =

⊕

i≥1
efR

if∗WΩdX,Q.

Then by Proposition 4.5.3 A0(X/S) and Ad(X/S) are independent of f : X →
S up to a canonical isomorphism and are therefore denoted

A0(S) := A0(X/S), Ad(S) := Ad(X/S), A(S) := A0(S)⊕Ad(S).

Remark 4.5.5. If S is normal, then A(S) is a direct summand ofH∗,(0,d)(X/S)Q
for any alteration f : X → S with X smooth.

Theorem 4.5.6. Let S be an integral k-scheme. Then there are isomorphisms

in d̂RWS,Q

A0(S) ∼= H0(WS0,S)

WOS,Q
⊕

i≥1
Hi(WS0,S), Ad(S) ∼=

⊕

i≥1
Hi(WSd,S).

In particular:

(1) S has WO-rational singularities ⇐⇒ A0(S) = 0.
(2) S has Witt-rational singularities ⇐⇒ A(S) = 0.

Proof. By de Jong (see Remark 4.3.2) there exists an alteration f : X → S
which factors as

f : X
h−→ Y

g−→ S,

where X is smooth, Y = X/G, for G a finite group, h is the quotient map and
g is a quasi-resolution. Thus the following equalities hold by definition for all i

Hi(WS0,S) = Rig∗WOY,Q, Hi(WSd,S) = Rig∗WωY,Q.

Since Y is normal and h is finite and surjective it is also universally equidi-
mensional. Thus [X ×Y X ] ∈ CHd(X × X,P (X ×Y X)), where d = dimS.
We denote by [X ×S X ]0 the cycle associated to the closure of Xη ×η Xη in
X ×S X , where η is the generic point of S. We claim

(4.5.2) [X ×S X ]0 = deg g · [X ×Y X ] in CHd(X ×X,P (X ×S X)).

Indeed it suffices to check this over a smooth and dense open subscheme U of
S, over which g is a universal homeomorphism and Y is smooth. But then

[XU ×U XU ]0 = [XU ×U XU ]

= [ΓtfU ] ◦ [ΓfU ]

= [ΓthU
] ◦ [ΓtgU ] ◦ [ΓgU ] ◦ [ΓhU ]

= deg g · [ΓthU
] ◦ [ΓhU ] by (4.2.1)

= deg g · [XU ×YU XU ].
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Hence the claim. Now Ĥ([X×Y X ]/Y ) induces an endomorphism of h∗(WOX⊕
WΩdX) which actually equals h∗ ◦ h∗, for h∗ and h∗ as in Definition 4.1.5
(see (4.2.2).) It thus follows from Proposition 3.5.10 and (4.5.2) that ef =

1
deg f Ĥ([X ×S X ]0/S) factors for each i ≥ 0 as

Rif∗(WOX ⊕WΩd
X)Q

ef //

1
deg h

·h∗ **TTTTTTTTTTTTTTTT
Rif∗(WOX ⊕WΩd

X)Q

Rig∗(WOY ⊕WωY )Q.

h∗

44jjjjjjjjjjjjjjjj

Taking into account that h∗ ◦ h∗ is multiplication with the degree of h, this
yields the statement of the theorem. �

4.6. Isolated singularities. In this section we will relate the sheaf A0(S)
(Definition 4.5.4) for a normal variety S with an isolated singularity to the
Witt vector cohomology of the exceptional set in a suitably good resolution
of singularities S̃. For this, we need to compute the higher direct images of
W (OS̃)Q.

Proposition 4.6.1. Let f : X̃ −→ Ỹ be a proper morphism of schemes. Let
Y0 ⊂ Ỹ be a closed subset, we denote by Y = Ỹ \Y0 the complement. We
consider the cartesian diagrams

X //

��
�

X̃

��

X0
oo

��
�

Y // Ỹ Y0.oo

Let I ⊂ OX̃ be a sheaf of ideals for X0. Suppose that Rif∗OX = 0 for all i > 0.
Then

Rif∗W (I)Q = 0 for all i > 0.

In order to prove Proposition 4.6.1 we need several Lemmas.

Lemma 4.6.2. Let X be a scheme and I ⊂ OX a sheaf of ideals. For all integers
a ≥ 1 the natural map

W (Ia)Q −→W (I)Q

is an isomorphism.

Proof. The proof is the same as in [BBE07, Proposition 2.1(ii)]. �

Lemma 4.6.3. With the assumptions of Proposition 4.6.1. There are N, a ≥ 0
such that for all r ≥ N and all n ≥ 1 the morphism

Rif∗Wn(Ir+a) −→ Rif∗Wn(Ir),
induced by Ir+a ⊂ Ir, vanishes for all integers i > 0.

Proof. [BBE07, Lemma 2.7(i)]. �
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Proof of Proposition 4.6.1. Choose N as in Lemma 4.6.3. By using Lemma
4.6.2 we may replace I by IN . Thus we may assume that N = 1. The image
of the Frobenius acting on Wn(I) is contained in Wn(Ip):

Wn(I)
F //

∃!

%%J
JJJJJJJJ

Wn(I)

Wn(Ip)
,
�

99ttttttttt

and therefore F a (with a as in Lemma 4.6.3) is zero on Rif∗Wn(I) for all i > 0.
We continue as in the proof of [BBE07, Theorem 2.4]. Since F a acts as zero on
lim←−n R

if∗Wn(I) and R1 lim←−nR
if∗Wn(I) for all i ≥ 1, we obtain via the exact

sequence

0→ R1 lim←−
n

Ri−1f∗Wn(I)→ Rif∗(W (I))→ lim←−
n

Rif∗Wn(I)→ 0

that F 2a acts as zero on Rif∗W (I) for all i > 0 (we use that R1 lim←−n f∗Wn(I) =

0). Thus the relation FV = p implies that p2a kills Rif∗W (I) for all i > 0. �

Corollary 4.6.4. Let S be an integral scheme with an isolated singularity at
the closed point s ∈ S. Let f : X −→ S be projective and birational. Suppose
that f is an isomorphism over S\{s}; we denote by E the closed set f−1(s)
equipped with some scheme structure. Then

Rif∗WOX,Q = Hi(E,WOE,Q) for all i > 0,

where Hi(E,WOE,Q) is considered as skyscraper sheaf supported in s. More-
over, the morphism is compatible with the Frobenius and Verschiebung action.

Proof. Let I be the sheaf of ideals for E. We obtain an exact sequence

0 −→WIQ −→WOX,Q −→WOE,Q −→ 0.

Proposition 4.6.1 implies that the higher direct images of WIQ vanish, which
proves the statement. �

Lemma 4.6.5. Let E be a scheme. Write E = ∪ri=1Ei with Ei irreducible for
all i. There is a spectral sequence

Es,t1 =
⊕

1≤ı0<ı1<···<ıs≤r
Ht(∩sj=0Eıj ,WO∩s

j=0Eıj
,Q)⇒ Hs+t(E,WOE,Q).

The spectral sequence is compatible with the Frobenius and Verschiebung oper-
ation.

Proof. By [BBE07, Proposition 2.1(i)] the sheaf WO∩s
j=0Eıj

,Q doesn’t depend

on the choice of the scheme structure for ∩sj=0Eıj .
¿From [BBE07, Corollary 2.3] we get an exact sequence

WOE,Q −→
⊕

ı0

WOEı0 ,Q
−→
⊕

ı0<ı1

WOEı0∩Eı1 ,Q
−→ . . . ,
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where the maps are sums of restriction maps and thus compatible with F and
V .
For every affine open set U ⊂ E we have

Ht(U ∩sj=0 Eıj ,WO) = 0, for all t > 0,

because U ∩sj=0 Eıj is affine. Therefore we obtain the spectral sequence in the
statement. �

Proposition 4.6.6. Let E be a projective scheme over a finite field k = Fpa .
Write E = ∪ri=1Ei with Ei irreducible for all i. Suppose that for all s ≥ 1 and
all 1 ≤ ı0 < · · · < ıs ≤ r the set theoretic intersection ∩sj=0Eıj , equipped with
the reduced scheme structure, is smooth.
For all n ≥ 2 the differential of Es,tn , induced by the spectral sequence of Lemma

4.6.5, vanishes. In other words, Es,t2 ⇒ Hs+t(E,WOE,Q) is degenerated and

Es,t∞ = Es,t2 for all s, t.

Proof. By definition Es,tn is a subquotient of Es,t1 . By assumption, ∩sj=0Eıj is
smooth and projective. We know that

Ht(∩sj=0Eıj ,WO∩s
j=0Eıj

,Q) ∼= Ht
crys(∩sj=0Eıj/K)[0,1[,

where the right hand side is the slope < 1-part of crystalline cohomol-
ogy (K = W (k)). This isomorphism is compatible with the F -operation.
It follows from [KM74] that the characteristic polynomial of F a acting on
Ht

crys(∩sj=0Eıj/K) is the characteristic polynomial of the geometric Frobenius

acting on Ht
ét((∩sj=0Eıj ) ×k k̄,Qℓ) for any prime ℓ 6= p. Thus F a acting on

Ht
crys(∩sj=0Eıj/K)[0,1[ has algebraic eigenvalues with absolute value p

ta
2 with

respect to any embedding of K into C. In particular, this holds for the eigen-
values of Es,tn for n ≥ 1 and all s. Thus the differential

Es−n,t+n−1n −→ Es,tn −→ Es+n,t−n+1
n

vanishes if n ≥ 2. �

Theorem 4.6.7. Let k be a finite field. Let S be a normal integral scheme with
an isolated singularity at the closed point s ∈ S. Let f : X −→ S be projective
and birational. Suppose that f is an isomorphism over S\{s}; we denote by E
the closed set f−1(s). Write E = ∪ri=1Ei with Ei irreducible for all i. Suppose
that for all s ≥ 1 and all 1 ≤ ı0 < · · · < ıs ≤ r the set theoretic intersection
∩sj=0Eıj , equipped with the reduced scheme structure, is smooth.
Then S has WO-rational singularities (Definition 4.4.4) if and only if the spec-
tral sequence of Lemma 4.6.5 satisfies

Es,t2 = 0 for all (s, t) 6= (0, 0).

Proof. It follows from Corollary 4.6.4 that S has WO-rational singularities if
and only if

Hi(E,WOE,Q) = 0 for all i > 0.

The assertion follows from Proposition 4.6.6. �
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The case t = 0 is a combinatorial condition on the exceptional set E. For any
smooth and proper scheme X over k we have

H0(X,WOX)⊗W (k) W (k̄) ∼= H0
ét(X ×k k̄,Qp)⊗Qp W (k̄).

Therefore the condition Es,02 = 0, for all s ≥ 1, is equivalent to the vanishing
of the cohomology of the complex

⊕

ı0

H0(Eı0 ×k k̄,Qp) −→
⊕

ı0<ı1

H0((Eı0 ∩ Eı1)×k k̄,Qp) −→
⊕

ı0<ı1<ı2

H0((Eı0 ∩ Eı1 ∩ Eı2)×k k̄,Qp) −→ . . .

in degree≥ 1. Of course, the cohomology in degree = 0 equalsH0(E×k k̄,Qp) =
Qp, because S is normal.
For a surface S the conditions for t ≥ 1 are equivalent to Ei,red ×k k̄ ∼=

∐
j P

1

for all i. Indeed, for a smooth curve Ei we have

dimH1(Ei,WOEi,Q) ≥ dimH1(Ei,OEi),

and H1(Ei,OEi) = 0 if and only if Ei ×k k̄ is a disjoint union of P1s.
Therefore S has WO-rational singularities if and only if the exceptional divisor
of a minimal resolution over k̄ is a tree of P1s.

4.7. Cones and Witt-rational singularities. In [BE08, Ex. 2.3] Blickle
and Esnault give an example of an Fp-scheme which has BE-rational singulari-
ties but not rational singularities. Their proof in fact shows, that their example
also has WO-rational singularities. In this section we slightly generalize their
example and show that it also has Witt-rational singularities.

4.7.1. Let X be a proper k-scheme, L an invertible sheaf on X and V (L) =
Spec (⊕n≥0L⊗n). We denote by s0 : X →֒ V (L) the zero-section. By Grauert’s
criterion (see [EGAII, Cor. (8.9.2)]) L is ample on X if and only if there exists
a k-scheme C together with a k-rational point v ∈ C and a proper morphism

q : V (L) → C, such that q induces an isomorphism V (L) \ s0(X)
≃−→ C \ {v}

and q−1(v)red = s0(X)red. If L is ample, we call any triple (C, q, v) as above
a contractor of the zero-section of V (L). One can choose C for example to be
the cone SpecS, where S is the graded ring k ⊕n≥1 H0(X,L⊗n) and v is the
vertex, i.e. the point corresponding to the ideal S+.
The following proposition is well-known; we prove it for lack of reference.

Proposition 4.7.2. Let X be a proper and smooth k-scheme and L an ample
sheaf on X. Then the following statements are equivalent:

(1) For any n ≥ 1 and all contractors (C, q, v) of the zero-section of
V (L⊗n) we have Riq∗ωV (L⊗n) = 0 for all i ≥ 1.

(2) Hi(X,ωX ⊗ L⊗n) = 0 for all i, n ≥ 1.
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Proof. Let (C, q, v) be a contractor of the zero-section of V (L). Denote by I
the ideal sheaf of the zero section of X in V (L). We have

s∗0I = L, s0∗L⊗n = In/In+1.

We set Yn := Spec (OV (L)/In); in particular Y1 = s0(X). The sheaves

Riq∗ωV (L) have support in {v} and since
√
mvOV (L) = I, where mv ⊂ OX,v is

the ideal of v, the theorem on formal functions yields

Riq∗ωV (L) = 0⇐⇒ lim←−
n

Hi(Yn, ωV (L)|Yn
) = 0.

Further ωV (L)|Y1
∼= ωX⊗L, hence tensoring the exact sequence 0→ In/In+1 →

OYn+1 → OYn → 0 with ωV (L)|Yn+1
yields the exact sequence

(4.7.1) 0→ ωX ⊗ L⊗n+1 → ωV (L)|Yn+1
→ ωV (L)|Yn

→ 0.

(2)⇒ (1): We have Hi(Y1, ωV (L)|Y1
) = Hi(X,ωX ⊗ L) = 0 for all i ≥ 1, by

assumption. Now the statement for (C, q, v) follows from (4.7.1) and induction.
Since L is any ample sheaf, we can replace L by L⊗n in the above argument
and obtain the statement also for a contractor of the zero-section of V (L⊗n).
(1)⇒ (2): Let d be the dimension of X . Then the maps
Hd(Yn+1, ωV (L)|Yn+1

) → Hd(Yn, ωV (L)|Yn
) are surjective for all n ≥ 1.

Since lim←−nH
d(Yn, ωV (L)|Yn

) = 0 by assumption, we get in particular

Hd(Y1, ωV (L)|Y1
) = Hd(X,ωX ⊗ L) = 0.

Replacing L by L⊗n in the above argument thus gives us

Hd(X,ω ⊗ L⊗n) = 0, for all n ≥ 1.

Assume we proved Hi+1(X,ω ⊗ L⊗n) = 0, for all n ≥ 1. Then (4.7.1) yields
that Hi(Yn+1, ωV (L)|Yn+1

) → Hi(Yn, ωV (L)|Yn
) is surjective and as above we

conclude that in particular Hi(Y1, ωV (L)|Y1
) = Hi(X,ωX ⊗ L) equals zero (if

i ≥ 1). Again we can do the argument with L replaced by L⊗n and obtain
Hi(X,ωX ⊗ L⊗n) = 0 for all n ≥ 1. This finishes the proof. �

Remark 4.7.3. Notice that in characteristic zero condition (1) is always satisfied
because of the Grauert-Riemenschneider vanishing theorem; condition (2) is
always satisfied because of the Kodaira vanishing theorem.

Theorem 4.7.4. Let X0 be a smooth, projective and geometrically connected
k-scheme and L an ample sheaf on X0. Assume (X0,L) satisfies the following
condition:

(4.7.2) Hi(X0, ωX0 ⊗ L⊗n) = 0, for all n, i ≥ 1.

Let X be the projective cone of (X0,L), i.e. X = Proj(S[z]), where S denotes
the graded k-algebra k ⊕n≥1 H0(X0,L⊗n).
Then X is integral and normal; it has Witt-rational singularities if and only if

(4.7.3) Hi(X0,WOX0)Q = 0, for all i ≥ 1.
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Furthermore if L is very ample, then X is CM if and only if the following
condition is satisfied:

(4.7.4) Hi(X0,L⊗n) = 0, for all n ∈ Z and all 1 ≤ i ≤ dimX0 − 1.

Proof. Let v be the k-rational point of X , corresponding to the homogenous
ideal in S[z] generated by S+. Then the pointed projective cone X \ {v} is
an A1-bundle over X0 = ProjS. Thus X has an isolated singularity at v
and it suffices to consider the affine cone C = SpecS of (X0,L). Since X0

is integral, projective and geometrically connected and k is perfect we have
H0(X0,OX0) = k, by Zariski’s connectedness theorem. Thus C is integral and
normal by [EGAII, Prop. (8.8.6), (ii)]. Set V := V (L) = Spec (⊕n≥0L⊗n);
it is an A1-bundle over X0, hence is smooth. By [EGAII, Cor. (8.8.4)] there
exists a projective morphism q : V → C, such that the triple (C, q, v) becomes
a contractor of the zero-section of V . In particular, q : V → C is a projective
resolution of singularities of C. (In case L is very ample, q : V → C is the
blow-up of C in the closed point v, see [EGAII, Rem. (8.8.3)].) By Proposition
4.4.6 and Remark 4.4.5 it suffices to prove

Riq∗WOV,Q = 0, Riq∗WωV,Q = 0, for all i ≥ 1.

By Corollary 4.6.4 the vanishing Riq∗WOV,Q = 0 is equivalent to the vanishing
Hi(X0,WOX0)Q = 0. Thus it suffices to prove the vanishing Riq∗WωV,Q = 0
under the assumptions (4.7.2) and Rq∗WOV,Q ∼= WOC,Q. Proposition 4.7.2
yields Riq∗ωV = 0 for all i ≥ 1. Hence also Riq∗WnωV = 0 for all i, n ≥ 1,
by the exact sequence in Proposition 4.1.4, (7) and induction. Therefore the
exact sequence

0→ R1 lim←−
n

Ri−1q∗WnωV → Riq∗WωV → lim←−
n

Riq∗WnωV → 0

immediately yields

(4.7.5) Riq∗WωV,Q = 0, for all i ≥ 2.

To conclude also the vanishing of R1q∗WωV,Q we have to prove the vanishing
(R1 lim←−n q∗WnωV )Q = 0. To this end denote by I•, K• and C• the image,

the kernel and the cokernel of q∗W•ωV → W•ωC , respectively. Notice that
Kn and Cn are coherent WnOC -modules, whose support is concentrated in the
closed point v; hence these modules have finite length. Therefore K• and C•
satisfy the Mittag-Leffler condition, in particular R1 lim←−Cn = 0 = R1 lim←−Kn.

Furthermore, R2 lim←−Kn = 0 by Lemma 1.5.1, (1). Thus the exact sequence
0→ K• → q∗W•ωV → I• → 0 gives

R1 lim←− q∗WnωV ∼= R1 lim←− In.
We also have the vanishing R1 lim←−WnωC = 0, since the transition maps are

surjective (by Proposition 4.1.4, (4)) and therefore the exact sequence 0 →
I• →W•ωC → C• → 0 gives a surjection

lim←−Cn → R1 lim←− In → 0.
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By Lemma 4.3.4 (lim←−Cn)Q = 0, hence also (R1 lim←− q∗WnωV )Q = 0.

For the last statement notice that X is CM if and only if Hi
v(C,OC) = 0 for

all i ≤ d − 1 = dimX0. Since C is affine the long exact localization sequence
gives us an exact sequence

0→ H0
v (C,OC)→ H0(C,OC)→ H0(C \ {v, },OC)→ H1

v (C,OC)→ 0

and isomorphisms

Hi−1(C \ {v},OC) ∼= Hi
v(C,OC), for all i ≥ 2.

Let π : C \ {v} → X0 be the pointed affine cone over X0 = ProjS. Since L is
very ample the graded ring S is generated by S1 and we obtain

π∗OC\{v} =
⊕

n∈Z
L⊗n.

Therefore H0(C \ {v},OC) =
⊕

n≥0H
0(X0,L⊗n) = S = H0(C,OC). Thus

H0
v (C,OC) and H1

v (C,OC) always vanish and Hi
v(C,OC) vanishes for 2 ≤ i ≤

dimX0 if and only if
⊕

n∈ZH
i−1(X0,L⊗n) vanishes, which is exactly condition

(4.7.4). This proves the Theorem. �

Remark 4.7.5. (1) Condition (4.7.2) in the above theorem holds in charac-
teristic zero by Kodaira vanishing, which in general is wrong in positive
characteristic; for a counter example see [Ray78]. By [DI87, Cor. 2.8.]
this condition holds if X0 lifts to a smooth W2(k)-scheme and has di-
mension ≤ p. Notice also that condition (4.7.2) and (4.7.4) are always
satisfied if X0 is a smooth hypersurface in some Pnk and L = OPn

k
(1)|X0

.
(2) The vanishing (4.7.3) is satisfied if the degree map induces an isomor-

phism CH0(X0 ×k k(X0))Q ∼= Q, which is for example the case if X0,k̄

is rationally chain connected, where k̄ is an algebraic closure of k. See
[BE08, Ex. 2.3], alternatively one can also use Bloch’s decomposition
of the diagonal and the vanishing Lemmas 3.6.1 and 3.6.2. Another
case where (4.7.3) holds is when X0 has a smooth projective model
X0 over a complete discrete valuation ring R of mixed characteris-
tic and with residue field k, such that the generic fiber X0,η satisfies
Hi(X0,η,OX0,η ) = 0 for all i ≥ 1. This follows from p-adic Hodge the-

ory (“ the Newton polygon of Hi
crys(X0/W ) ⊗ Frac(R) ∼= Hi

dR(X0,η)
lies above the Hodge polygon”).

(3) The example in [BE08] alluded to at the beginning of this section is the
following: By [Shi74, Prop. 3] the Fermat hypersurfaces X0 ⊂ P2r+1

k

given by xn0 +. . .+xn2r+1, where n is such that pν ≡ −1 mod n, for some

ν ≥ 1, are unirational over k̄. Hence X0 satisfies the conditions (4.7.2),
(4.7.3) and (4.7.4) of the theorem and we obtain that the projective
cone X of X0 is normal, CM and has Witt-rational singularities. (In
[BE08, Ex. 2.3.] it was shown that X is WO-rational.) Choosing X0

of degree larger than 2r + 2 we see, that HdimX0(X0,OX0) 6= 0 and it
follows that X cannot have rational singularities.
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(4) Let X be as in the theorem and let π : Y → X be any resolution of
singularities. Then Riπ∗WωY,Q = 0 for all i ≥ 1. As it follows from
the proof and [CR09, Thm. 1], we even have the stronger vanishing
Riπ∗ωY = 0 for all i ≥ 1, which is implied by condition (4.7.2) solely.
It is an obvious question whether the vanishing Riπ∗WωY,Q = 0 also
holds without condition (4.7.2), i.e. does some version of Grauert-
Riemenschneider vanishing hold. In view of Proposition 4.7.2, this
question should be linked to some kind of Kodaira vanishing, of which
at the moment even the formulation is not clear. (But see [BBE07,
Cor. 1.2] for a first result in this direction.)

4.8. Morphisms with rationally connected generic fibre. The goal
of this section is to prove the following theorem.

Theorem 4.8.1. Let X be an integral scheme with Witt-rational singularities.
Let f : X −→ Y be a projective morphism to an integral and normal scheme Y .
We denote by η the generic point of Y , and Xη denotes the generic fibre of f .
Suppose that Xη is smooth and for every field extension L ⊃ k(η) the degree
map

CH0(Xη ×k(η) L)⊗Z Q −→ Q
is an isomorphism. Then
⊕

i>0

Rif∗WOX,Q ∼=
⊕

i>0

Hi(WS0,Y ),
⊕

i>0

Rif∗WωX,Q ∼=
⊕

i>0

Hi(WSdimY,Y ),

where WS is defined in Definition 4.5.2.

4.8.2. Let f : X −→ Y be as in the assumptions of Theorem 4.8.1. We can
choose a factorization (cf. Remark 4.3.2)

X ′
π−→ X ′/G

h−→ X ′′
u−→ X,

such that

• X ′ is smooth, integral and quasi-projective, G is a finite group acting
on X ′,
• h is birational and projective,
• X ′′ is normal and u is a universal homeomorphism.

We obtain a commutative diagram

(4.8.1) X ′

π

��
X ′/G

h

��
X ′′

u

��

// Y ′′

u′

��
X

f // Y
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where Y ′′ is the Stein factorization of X ′′ −→ Y . Therefore u′ is a universal
homeomorphism. Note that Y ′′ is also the Stein factorization of X ′/G −→ Y .

Lemma 4.8.3. With the assumptions of Theorem 4.8.1. Set f ′ = f ◦ u ◦ h ◦ π
with the notation as in diagram (4.8.1). We consider X ′ via f ′ as a scheme
over Y . Let P =

∑
g∈G[Γ(g)] ∈ CH(X ′×Y X ′), with Γ(g) the graph of g. Then

there is a natural isomorphism

Ĥ(P/Y )

(⊕

i>0

Rif ′∗(WOX′,Q ⊕WωX′,Q)

)
−→
⊕

i>0

Rif∗(WOX,Q ⊕WωX,Q)

Proof. The cycle P =
∑

g∈G[Γ(g)] is already defined in CH(X ′ ×X′/G X ′).
Theorem 4.5.6 and Corollary 4.4.7 imply

(4.8.2) Ĥ(P/(X ′/G)) (π∗WOX′,Q ⊕ π∗WωX′,Q) ∼= WOX′/G,Q ⊕WωX′/G,Q.

It follows from Proposition 3.5.10 that

Ĥ(P/Y ) =
⊕

i

Ri(f ◦ u ◦ h)∗Ĥ(P/(X ′/G)).

Since P 2 = #G · P , we obtain from (4.8.2) that

Ĥ(P/Y )

(⊕

i>0

Rif ′∗(WOX′,Q ⊕WωX′,Q)

)
=

⊕

i>0

Ri(f ◦ u ◦ h)∗(WOX′/G,Q ⊕WωX′/G,Q).

Because X has Witt-rational singularities and X ′/G
u◦h−−→ X is a quasi-

resolution we get

Rj(u ◦ h)∗(WOX′/G,Q ⊕WωX′/G,Q) =

{
0 for all j > 0

WOX,Q ⊕WωX,Q for j = 0,

which implies the statement. �

Proposition 4.8.4. Let f ′ : X ′ −→ Y be a projective and surjective morphism.
Suppose that Y is normal, and X ′ is smooth and connected. We denote by η
the generic point of Y . Let Y ′ ⊂ X ′ be a closed irreducible subset such that
Y ′ −→ Y is generically finite. We denote by A1 and A2 the closure of Y ′η ×η X ′η
and X ′η ×η Y ′η in X ′×Y X ′, respectively. Then there are natural isomorphisms

Ĥ([A1]/Y )

(⊕

i>0

Rif ′∗WOX′,Q

)
∼= A0(Y )(4.8.3)

Ĥ([A2]/Y )

(⊕

i>0

Rif ′∗WωX′,Q

)
∼= AdimY (Y ).(4.8.4)

(See Definition 4.5.4 for A.)
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Proof. We will prove (4.8.4), the identity (4.8.3) can be proved in the same
way.
Let Ỹ −→ Y ′ be an alteration of Y ′, such that Ỹ is smooth. We denote by
ı : Ỹ −→ X ′ the composition. The graph of ı defines a morphism

Ĥ(Γ(ı)/Y ) : Ĥ(Ỹ /Y )(−r) −→ Ĥ(X ′/Y ),

with r := dimX ′ − dimY . The closure Z of X ′η ×η Ỹη in X ′ ×Y Ỹ defines a
morphism

Ĥ(Z/Y ) : Ĥ(X ′/Y ) −→ Ĥ(Ỹ /Y )(−r).
We have (idX′ × ı)∗([Z]) = d · [A2] for some d 6= 0. Finally, we define Q to be

the closure of Ỹη ×η Ỹη in Ỹ ×Y Ỹ . We have the following relations

[Γ(ı)] ◦ [Z]− d[A2] ∈ ker(CH(X ′ ×Y X ′) −→ CH(X ′η ×η X ′η)),

[Z] ◦ [Γ(ı)]− [Q] ∈ ker(CH(Ỹ ×Y Ỹ ) −→ CH(Ỹη ×η Ỹη)),

[A2] ◦ [A2]− e[A2] ∈ ker(CH(X ′ ×Y X ′) −→ CH(X ′η ×η X ′η)),

[Q] ◦ [Q]− g[Q] ∈ ker(CH(Ỹ ×Y Ỹ ) −→ CH(Ỹη ×η Ỹη)),

for some e, g 6= 0. Because of Lemma 3.6.2 we conclude that

Ĥ([A2]/Y )

(⊕

i>0

Rif ′∗WωX′,Q

)
∼= Ĥ([Q]/Y )

(⊕

i>0

Ri(f ′ ◦ ı)∗WωỸ ,Q

)
.

By Definition 4.5.4 the right hand side is AdimY (Y ). �

Proof of Theorem 4.8.1. We use diagram 4.8.1 and the constructions of 4.8.2.
The first step is to prove

(4.8.5) CH0(X ′η ×k(η) L)G ⊗Q ∼= Q

for every field extension L ⊃ k(η). We have a push-forward map

α : CH0(X ′η ×k(η) L)⊗Q −→ CH0(Xη ×k(η) L)⊗Q,

and because Xη is smooth over k(η) we have a pull-back map

β : CH0(Xη ×k(η) L)⊗Q −→ CH0(X ′η ×k(η) L)⊗Q.

We have the following formula for the composition

β ◦ α = deg(u)
∑

g∈G
g∗,

provided that G acts faithfully on X ′ (we may assume this). Thus (4.8.5)
follows from the assumptions.
Let

P =
∑

g∈G
[Γ(g)] ∈ CH(X ′ ×Y X ′),

with Γ(g) the graph of g. We denote by Pη the image of P in CH(X ′η ×η X ′η).
The cycle Pη is invariant under the action of G on the left and the right factor
of X ′η ×η X ′η.
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By the same arguments as in [BS83, Proposition 1] we see that there are non-
zero integers N1, N2,M1,M2, effective divisors D1, D2 on X ′η, and a closed
point α of X ′η, such that

N1Pη +N2[α×η X ′η] ∈ image(CH(X ′η ×η D2)),(4.8.6)

M1Pη +M2[X ′η ×η α] ∈ image(CH(D1 ×η X ′η)).(4.8.7)

Let D̄1, D̄2, and Yα be the closures of D1, D2, and α in X ′. The map Yα −→ Y
is generically finite and Yα,η = α. Let A1 and A2 be the closures of α ×η X ′η
and X ′η ×η α in X ′ ×Y X ′. Because of the formulas (4.8.6), (4.8.7) over the
generic point η, there is a Weil divisor S ⊂ Y such that

N1P +N2[A1] ∈ image(CH(X ′ ×Y D̄2)) + image(CH(X ′S ×S X ′S)),

M1P +M2[A2] ∈ image(CH(D̄1 ×Y X ′)) + image(CH(X ′S ×S X ′S)).

Lemma 3.6.1 implies that Ĥ(P/Y ) acts as Ĥ([A1]/Y ) on
⊕

i>0

Rif ′∗WOX′,Q.

¿From Lemma 3.6.2 we conclude that Ĥ(P/Y ) acts as Ĥ([A2]/Y ) on
⊕

i>0

Rif ′∗WωX′,Q.

In view of Proposition 4.8.4, Theorem 4.5.6, and Lemma 4.8.3 this implies the
statement of the theorem. �

5. Further applications

5.1. Results on torsion.

5.1.1. The Cartier-Dieudonné-Raynaud algebra. Recall from [IR83, I, (1.1)]
that the Cartier-Dieudonné-Raynaud algebra is the graded (non-commutative)
W -algebra, generated by formal symbols F and V in degree 0 and by d in
degree 1 which satisfy the following relations

F · a = F (a) · F, a · V = V · F (a), (a ∈ W ), F · V = p = V · F
a · d = d · a (a ∈W ), F · d · V = d, d · d = 0.

(Here F is a formal symbol, whereas F (a) denotes the Frobenius on the Witt
vectors of k applied to the Witt vector a.) Thus R is concentrated in degree
0 and 1. Notice that any de-Rham-Witt module and any Witt-module on
a scheme X naturally becomes an R-module (the latter with d acting as 0).
Therefore we have an exact functor

d̂RWX → Sh(X,R) := (sheaves-of R-modules on X)

which trivially derives to a functor

(5.1.1) φ : Db(d̂RWX)→ Db(Sh(X,R)) := Db(X,R).

We set
Rn := R/(V n · R+ d · V n · R).
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Notice that this is a left R-module. We obtain a functor

Rn⊗R : Sh(X,R)→ Sh(X,Wn[d]) := (sheaves of Wn[d]-modules on X),

where Wn[d] is the graded Wn-algebra Wn ⊕Wn · d, with d2 = 0. By [IR83,
Prop. (3.2)] the following sequence is an exact sequence of right R-modules

(5.1.2) 0→ R(−1)
(Fn,−Fnd)−−−−−−−→ R(−1)⊕R dV n+V n

−−−−−−→ R→ Rn → 0.

This allows us to calculate the left-derived functor

Rn ⊗LR − : D−(Sh(X,R))→ D−(Sh(X,Wn[d])) := D−(X,Wn[d]).

One obtains the following.

(1) Assume X is smooth. Then Rn ⊗LRWΩX ∼= WnΩX .
(2) Let f : X → Y be a morphism of k-schemes, then

Rn ⊗LR Rf∗(−) ∼= Rf∗(Rn ⊗LR (−)) : Db(X,R)→ Db(Y,Wn[d]).

(3) Let X be a scheme and Z ⊂ X be a closed subscheme, then

Rn ⊗LR RΓZ(−) ∼= RΓZ(Rn ⊗LR (−)) : Db(X,R)→ Db(X,Wn[d]).

The first statement is [IR83, II, Thm (1.2)], the last two statements follow
directly from (5.1.2).

Proposition 5.1.2 ([Eke85, I, Prop. 1.1.]). Let S be a k-scheme and M ∈
Db(S,R) a complex of R-modules, which is bounded in both directions, i.e.
there exists a natural number m, such that Hi(M)j is non-zero only for (i, j) ∈
[−m,m]× [−m,m].

(1) Assume there exist integers r, s ∈ Z, such that Hi(R1 ⊗LRM)j = 0 for
all pairs (i, j) satisfying one of the following conditions

(5.1.3) (i+j = r, i ≥ s) or (i+j = r−1, i ≥ s+1) or (i+j = r+1, i ≥ s+1).

Then

Hi(Rn ⊗LRM)j = 0, for all n and all (i, j) with i+ j = r, i ≥ s.
(2) Assume there exist integers r, s ∈ Z, such that Hi(R1 ⊗LRM)j = 0 for

all pairs (i, j) satisfying one of the following conditions

(5.1.4) (i+ j = r, i ≤ s) or (i+ j = r+ 1, i ≤ s) or (i+ j = r− 1, i ≤ s− 1).

Then

Hi(Rn ⊗LRM)j = 0 for all n and all (i, j) with i+ j = r, i ≤ s.

This proposition is called Ekedahl’s Nakayama Lemma because applying it to
the cone of a morphism f : M → N in Db(X,R) between two complexes, which
are bounded in both directions, we obtain that Rn⊗R f is an isomorphism for
all n, if R1 ⊗LR f is.
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Corollary 5.1.3. Let S be a k-scheme and f : X → S, g : Y → S two
S-schemes which are smooth over k. Let ϕ : Rf∗WΩX → Rg∗WΩY be a
morphism in Db(S,R). Then R1 ⊗R ϕ is a morphism

ϕ1 := R1 ⊗LR ϕ : Rf∗ΩX → Rg∗ΩY in Db(S, k[d])

and furthermore:

(1) If there exists an natural number a ≥ 0 such that ϕ1 : ⊕j≤aRf∗ΩjX
≃−→

⊕j≤aRg∗ΩjY is an isomorphism, then

ϕ̂ := R lim←−
n

(Rn ⊗R ϕ) :
⊕

j≤a
Rf∗WΩjX

≃−→
⊕

j≤a
Rg∗WΩjY

is an isomorphism.

(2) If there exists a natural number a ≥ 0 such that ϕ1 : ⊕j≥aRf∗ΩjX
≃−→

⊕j≥aRg∗ΩjY is an isomorphism, then

ϕ̂ = R lim←−
n

(Rn ⊗R ϕ) :
⊕

j≥a
Rf∗WΩjX

≃−→
⊕

j≥a
Rg∗WΩjY

is an isomorphism.

Proof. First of all notice, that by 5.1.1, (1) and (2) Rn ⊗LR ϕ indeed is
a morphism Rf∗WnΩX → Rg∗WnΩY and that R lim←−(Rn ⊗LR ϕ) is a mor-
phism Rf∗WΩX → Rg∗WΩY , since R lim←−Rf∗WnΩX = Rf∗R lim←−nWnΩX =

Rf∗WΩX .
Denote by C the cone of ϕ in Db(S,R). It is clearly bounded in both directions
(in the sense of Proposition 5.1.2). Assume we are in the situation of (1). Then
Hi(R1 ⊗LR C)j = 0 for all i ∈ Z and j ≤ a. Choose i0 ∈ Z and j0 ≤ a and set
s := i0 and r := j0 + i0. Then Hi(R1 ⊗LR C)j = 0 for all (i, j) as in (5.1.3).
Thus Hi0(Rn ⊗LR C)j0 = 0 for all n. Therefore Rn ⊗LR ϕ is an isomorphism for
all n in degree ≤ a, which gives (1). Now assume we are in the situation of (2).
Then Hi(R1 ⊗LR C)j = 0 for all i ∈ Z and j ≥ a. Choose i0 ∈ Z and j0 ≥ a
and set s := i0 and r := i0 + j0. Then Hi(R1⊗LRC)j = 0 for (i, j) as in (5.1.4).
Thus Hi0(Rn ⊗LR C)j0 = 0, which implies (2) as above. �

Lemma 5.1.4. Let X be a smooth scheme and E(W•ΩX) the Cousin complex
of W•Ω with respect to the codimension filtration on X (see 1.5.8). Then there
is a natural commutative diagram of isomorphisms in Db(X,Wn[d])

Rn ⊗LRWΩX
≃ //

≃
��

Rn ⊗LR lim←−E(W•ΩX)

≃
��

WnΩX
≃ // E(WnΩX).

Proof. There is an obvious map

Rn ⊗R lim←−E(W•ΩX) = lim←−E(W•ΩX)/(V n + dV (lim←−E(W•ΩX)))→ E(WnΩ),
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yielding a morphism Rn⊗LR lim←−E(W•ΩX)→ E(WnΩ), which clearly fits into a

diagram as in the statement. By Lemma 1.5.9, E(W•ΩX) is a flasque resolution
of W•ΩX and thus, by Lemma 1.5.4, (4), lim←−E(W•ΩX) is a resolution of WΩX .
Hence the two horizontal arrows in the diagram are isomorphisms, and by
5.1.1(1) the vertical arrow on the left is an isomorphism. This proves the
claim. �

5.1.5. Let f : X → Y be a morphism between k-schemes. Then we have the
pullback in Db(dRWY ) (see Definition 2.2.1)

f∗ : W•ΩY → Rf∗W•ΩX .

Using (5.1.2) and 5.1.1, (1), (2) one checks

f∗n = Rn ⊗LR (φ(R lim←− f
∗)) in Db(Y,Wn[d]),

where φ is the forgetful functor from (5.1.1), f∗n denotes the image of f∗ under
the projection from Db(dRWY ) to Db(Y,Wn[d]) and R lim←− : Db(dRWY ) →
Db(d̂RWY ) (see Proposition 1.5.6.)

5.1.6. Let f : X → Y be a morphism of pure relative dimension r between
smooth schemes and let Z ⊂ X be a closed subscheme, such that f|Z is proper.

Then we have the pushforward in Db(dRWY ) (see (2.3.4))

f∗ : Rf∗RΓZW•ΩX →W•ΩY (−r)[−r].
Using (2.3.3) and Lemma 5.1.4 one checks

f∗,n = Rn ⊗LR (φ(R lim←− f∗)) in Db(Y,Wn[d]).

5.1.7. Let X be smooth equidimensional scheme and Z ⊂ X an integral closed
subscheme of codimension c. Then we have the cup-product with cl([Z]) (see
3.2.2) in Db(dRWX)

(−) ∪ cl([Z]) : W•ΩX
(3.5.6)−−−−→ HcZ(W•Ω)(c)

(3.5.4)−−−−→ RΓZ(W•Ω)(c)[c].

Notice that in 3.5.7 we defined this maps only in the limit, but they can clearly
be constructed on each level and the limit of the above gives 3.5.7. Also notice
that the first map is given by α 7→ (−1)c·degαα · cl([Z]), which is a morphism
of de Rham-Witt systems (since F (cl([Z])) = π(cl([Z])) and d(cl([Z])) = 0.)
Using (5.1.2) and 5.1.1, (1), (3) one checks

(− ∪ cln([Z])) = Rn ⊗LR φ(R lim←−((−) ∪ cl([Z]))) in Db(X,Wn[d]).

5.1.8. Let S be a k-scheme, f : X → S and g : Y → S be two S-schemes
which are smooth over k and of the same pure dimension N . Let Z ⊂ X ×S Y
be a closed integral subscheme of dimension N , which is proper over Y . Then
we define the morphism

R([Z]/S) : Rf∗WΩX → Rg∗WΩY in Db(S,R)
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as the composition

Rf∗WΩX
pr∗1−−→ Rf∗Rpr1∗WΩX×Y
∪cl([Z])−−−−−→ Rf∗Rpr1∗RΓZWΩX×Y (N)[N ]

≃, Z⊂X×SY−−−−−−−−→ Rg∗Rpr2∗RΓZWΩX×Y (N)[N ]
pr2∗−−−→ Rg∗WΩY .

Here we simply write pr∗1 instead of φ(R lim←−(pr∗1)) etc. Notice that the third

arrow does not exist in Db(d̂RWS), since it is not compatible with the WOS-
action. By 5.1.1 and 5.1.5, 5.1.6, 5.1.7, Rn ⊗LR R([Z]/S) equals the following
composition in Db(S,Wn[d]), for all n ≥ 1

Rf∗WnΩX
pr∗1,n−−−→ Rf∗Rpr1∗WnΩX×Y(5.1.5)

∪cln([Z])−−−−−−→ Rf∗Rpr1∗RΓZWnΩX×Y (N)[N ]

≃, Z⊂X×SY−−−−−−−−→ Rg∗Rpr2∗RΓZWnΩX×Y (N)[N ]
pr2,n∗−−−−→ Rg∗WnΩY .

This also shows that

(5.1.6) R([Z]/S) = R lim←−(Rn ⊗LR R([Z]/S)).

Lemma 5.1.9. In the situation of 5.1.8 we have

⊕iHi(R([Z]/S)) = Ĥ([Z]/S) : Ĥ(X/S)→ Ĥ(Y/S),

in particular Hi(R([Z]/S)) is WOS-linear. (See Proposition 3.5.4 for the no-
tation.) Further,

⊕iHi(R1 ⊗LR R([Z]/S)) : ⊕iRif∗ΩX → ⊕iRig∗ΩY
equals the the morphism ρH(Z/S) from [CR09, Prop. 3.2.4]; in particular it is
OS-linear.
Proof. By Lemma 3.5.8 (and its proof for the level n = 1 case) the global cup

product (−) ∪ ĉl([Z]) : Hi(X × Y,WΩX×Y ) → Hi+N
Z (X × Y,WΩX×Y (N))

(resp. (−) ∪ cl1([Z]) : Hi(X × Y,ΩX×Y )→ Hi+N
Z (X × Y,ΩX×Y (N))) is given

by applying Hi(X × Y,R lim←−(−)) to the cup product of 5.1.7 (resp. applying

Hi(X × Y,R1 ⊗LR (−)) to 5.1.7 ). Now the lemma follows from going through
the definitions (cf. also the proof of Proposition 3.5.10 and of [CR09, Lem.
4.1.3].) �

Theorem 5.1.10. Let S be a k-scheme and f : X → S and g : Y → S be two S-
schemes which are integral and smooth over k and have dimension N . Assume
X and Y are properly birational over S, i.e. there exists a closed integral
subscheme Z ⊂ X ×S Y , such that the projections Z → X and Z → Y are
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proper and birational. Then Rn⊗LRR([Z]/S) (see 5.1.8) induces isomorphisms
in Db(S,Wn), for all n ≥ 1

Rf∗WnOX ∼= Rg∗WnOY , Rf∗WnΩNX
∼= Rg∗WnΩNY .

Therefore R([Z]/S) = R lim←−(Rn ⊗LR R([Z]/S)) induces isomorphisms in

Db(S,R)

Rf∗WOX ∼= Rg∗WOY , Rf∗WΩNX
∼= Rg∗WΩNY .

Taking cohomology we obtain isomorphisms of WOS-modules which are com-
patible with Frobenius and Verschiebung

Rif∗WOX ∼= Rig∗WOY , Rif∗WΩNX
∼= Rig∗WΩNY , for all i ≥ 0.

Proof. By Ekedahl’s Nakayama Lemma (Corollary 5.1.3) it suffices, to show
that

Hi(R1 ⊗LR R([Z]/S)) : Rif∗ΩX → Rig∗ΩY

is an isomorphism for all i ≥ 0. This follows from Lemma 5.1.9 and [CR09,
Thm. 3.2.6]. The second statement follows again from Lemma 5.1.9. �

Remark 5.1.11. Notice that we do not need to assume here that any of the
schemes X , Y or S are quasi-projective. We had to assume it in section 2 and
3 since, we can only prove the compatibility of H(−/S) with composition of
correspondences, in the quasi-projective case. But in the argument above we
only need that the maps exist in Db(S,R) and can then reduce to the result of
[CR09], where no quasi-projectiveness assumption is needed.

Modulo torsion the WO-part of the following corollary was proved by Ekedahl
in [Eke83].

Corollary 5.1.12. Let X and Y be two smooth and proper k-schemes, which
are birational and of pure dimension N . Then there are isomorphisms of
W [F, V ]-modules

Hi(X,WOX) ∼= Hi(Y,WOY ), Hi(X,WΩNX) ∼= Hi(Y,WΩNY ), for all i ≥ 0

and also for all n, isomorphisms of Wn-modules

Hi(X,WnOX) ∼= Hi(Y,WnOY ), Hi(X,WnΩ
N
X ) ∼= Hi(Y,WnΩ

N
Y ), for all i ≥ 0.

In the case where X and Y are tame finite quotients (see Definition 4.2.5) we
have no map like R([Z]/S). This is why we have to assume that there exists a
morphism in this case:

Theorem 5.1.13. Let f : X → Y be a proper and birational k-morphism
between two tame finite quotients. Then we have isomorphisms

f∗ : WOY ≃−→ Rf∗WOX , Rf∗WωX ∼= f∗WωX [0]
≃, f∗−−−→WωY ,

where Wω is defined in Definition 4.1.2 and f∗ is the pushforward from Propo-
sition 4.1.4, (6). There are also corresponding isomorphisms on each finite
level.
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Proof. By [CR09, Cor. 4.3.3] we have isomorphisms

f∗ : OY ≃−→ Rf∗OX , Rf∗ωX ∼= f∗ωX [0]
≃, f∗−−−→ ωY .

By [KM98, Prop. 5.7] tame finite quotients are CM. Now the statement follows
by induction from the two exact sequences (where X is any pure dimensional
CM scheme)

0→Wn−1OX V−→WnOX → OX → 0

and (see Proposition 4.1.4, (7))

0→Wn−1ωX
p
−→ WnωX

Fn−1

−−−→ ωX → 0.

�

Notice that the WO-part of the theorem is a direct consequence of [CR09, Cor.
4.3.3] and does not need any of the techniques developed in this paper.

Corollary 5.1.14. In the situation of Theorem 5.1.13 we have isomorphisms
of W [V, F ]-modules

Hi(X,WOX) ∼= Hi(Y,WOY ), Hi(X,WωX) ∼= Hi(Y,WωY ), for all i ≥ 0.

There are also corresponding isomorphisms on each finite level.
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décomposition du complexe de de Rham. Inventiones Mathematicae,
89(2):247–270, 1987.

[Eke83] Torsten Ekedahl. Sur le groupe fondamental d’une variété unira-
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Série I. Mathématique, 297(12):627–629, 1983.

[Eke84] Torsten Ekedahl. On the multiplicative properties of the de Rham-
Witt complex. I. Arkiv för Matematik, 22(2):185–239, 1984.

[Eke85] Torsten Ekedahl. On the multiplicative properties of the de Rham-
Witt complex. II. Arkiv för Matematik, 23(1):53–102, 1985.

[ES80] Geir Ellingsrud and Tor Skjelbred. Profondeur d’anneaux
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gage des schémas. Institut des Hautes Études Scientifiques. Publica-
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Documenta Mathematica 17 (2012) 663–781



780 Andre Chatzistamatiou and Kay Rülling
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Kay Rülling
Fachbereich Mathematik
Universität Duisburg-Essen
45117 Essen
Germany
kay.ruelling@uni-due.de

Documenta Mathematica 17 (2012) 663–781



782

Documenta Mathematica 17 (2012)



Documenta Math. 783

A Root Space Decomposition

for Finite Vertex Algebras

In memoriam Marialuisa J. de Resmini

Alessandro D’Andrea1 Giuseppe Marchei

Received: February 2, 2012

Communicated by Edward Frenkel

Abstract. Let L be a Lie pseudoalgebra, a ∈ L. We show that, if
a generates a (finite) solvable subalgebra S = 〈a〉 ⊂ L, then one may
find a lifting ā ∈ S of [a] ∈ S/S′ such that 〈ā〉 is nilpotent.
We then apply this result towards vertex algebras: we show that
every finite vertex algebra V admits a decomposition into a semi-direct
product V = U⋉N , where U is a subalgebra of V whose underlying
Lie conformal algebra ULie is a nilpotent self-normalizing subalgebra
of V Lie, and N = V [∞] is a canonically determined ideal contained in
the nilradical NilV .

2010 Mathematics Subject Classification: 17B69
Keywords and Phrases: Pseudoalgebra, vertex algebra

Contents

1 Introduction 784

2 Preliminaries on Lie pseudoalgebras 785
2.1 Hopf algebras and Lie pseudoalgebras . . . . . . . . . . . . . . 785
2.2 Hopf algebra notations . . . . . . . . . . . . . . . . . . . . . . . 786
2.3 The general linear pseudoalgebra . . . . . . . . . . . . . . . . . 789
2.4 Action of coefficients . . . . . . . . . . . . . . . . . . . . . . . . 790

1The first author was supported by AST fundings from “La Sapienza” University.

Documenta Mathematica 17 (2012) 783–805



784 A. D’Andrea and G. Marchei

3 Representations of solvable and nilpotent Lie pseudoalge-
bras 790
3.1 Weight vectors . . . . . . . . . . . . . . . . . . . . . . . . . . . 790
3.2 Generalized weight submodules . . . . . . . . . . . . . . . . . . 791
3.3 Nilpotent pseudoalgebras . . . . . . . . . . . . . . . . . . . . . 792

4 Approximate nilpotence of solvable subalgebras of gcM 794
4.1 The length 2 case . . . . . . . . . . . . . . . . . . . . . . . . . . 794
4.2 Proof of the general statement . . . . . . . . . . . . . . . . . . 797

5 Structure of finite vertex algebras 799
5.1 Preliminaries on vertex algebras . . . . . . . . . . . . . . . . . . 799
5.2 The nilradical . . . . . . . . . . . . . . . . . . . . . . . . . . . . 800
5.3 Root space decomposition of finite vertex algebras . . . . . . . 801
5.4 A counterexample to nilpotence of finite vertex algebras . . . . 802

1 Introduction

Let H be a Hopf algebra. One may make [3] the class of left H-modules into
a pseudotensor category M∗(H) in a non-standard way; an algebra object in
M∗(H) is then a pseudoalgebra over H .
In [1], the notion of Lie pseudoalgebra over a cocommutative Hopf algebra was
introduced and studied. Not surprisingly, the study of finite Lie pseudoalgebras
amounts to investigating commutator properties of families of pseudolinear en-
domorphisms. When M is a finite (i.e., finitely generated) left H-module, the
space of all pseudolinear endomorphisms of M can be given a natural Lie pseu-
doalgebra structure, denoted by gcM . Homomorphisms of a Lie pseudoalgebra
into gcM are referred to as pseudoalgebra representations and have also been
investigated, cf. [2].
One of the Lie theoretic features of the pseudo-version of linear algebra is
that an analogue of the Lie Theorem holds. However, a pseudolinear endo-
morphism may fail to self-commute; as a consequence, not all pseudolinear
endomorphisms can be made to “stabilize a flag.” This can be made precise: if
f ∈ gcM , where M is a finite H-module, then f can be put in upper triangular
form if and only if f generates a solvable subalgebra 〈f〉 of the Lie pseudoalge-
bra gcM ; moreover, its action decomposes M into a direct sum of generalized
eigenspaces if and only if 〈f〉 is nilpotent. There are examples of f such that 〈f〉
is not solvable. One may also choose f so that 〈f〉 is solvable but not nilpotent.

The first part of this paper is devoted to showing that when S = 〈f〉 ⊂ gcM
is solvable, f is not too far from generating a nilpotent subalgebra of gcM .
More precisely, one may always find f̄ ≡ f mod S′ such that 〈f̄〉 is nilpotent.
Therefore, even though f may fail to decompose M into a direct sum of gener-
alized eigenspaces, a (non-unique) suitable modification of f certainly does. We
expect this fact to be useful towards the study of some class of subalgebras of
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the Lie pseudoalgebra gcM , where M is a finite H-module, e.g., subalgebras
of gcM , all of whose nonzero subalgebras contain a nonzero self-commuting
element.
In the second half of the paper, we employ this fact towards characterizing
finite vertex algebras by studying the adjoint representation of the underlying
Lie conformal algebra. Vertex algebras that are of interest in physics are very
large objects, and are typically graded vector spaces of superpolynomial growth.
It is well known that finite-dimensional vertex algebras collapse to differential
commutative algebra structures; however, infinite-dimensional examples of low
growth are less well understood. One of the authors showed in [5] that all
finite vertex algebras V possess a solvable underlying Lie conformal algebra
V Lie, and that all generalized weight space (of nonzero weight) with respect to
the adjoint action of any subalgebra of V Lie are nil-ideals of the vertex algebra
structure.
A more precise description can be obtained by mimicking the root space de-
composition technique in this new setting: if V is a finite vertex algebra, choose
a generic element in V Lie, and modify it so that it generates a nilpotent sub-
algebra of V Lie. Then, decompose V into direct sum of generalized weight
spaces. All nonzero weights result in abelian vertex ideals, whereas the gener-
alized 0-weight space is a vertex subalgebra U of V with the property that ULie

is nilpotent and self-normalizing in V Lie, i.e., it is a Cartan subalgebra of V .
Then V decomposes into a semidirect product of U with a canonically deter-
mined abelian ideal N ; namely, N is the ideal of V on which the central series
of V Lie stabilizes. Finally, we show by an explicit example that N may fail to
vanish. This shows that there exist finite vertex algebras whose underlying Lie
conformal algebra is not nilpotent.
The general philosophy is that vertex algebras naturally tend to be very large
objects. Because of this, the algebraic requirement that finitely many quantum
fields close, up to C[∂]-linear combination, under normally ordered product
and λ-bracket, forces some form of nilpotence on the structure; we describe the
exact form of this nilpotence in Theorem 5.1.

2 Preliminaries on Lie pseudoalgebras

In this paper we will work over an algebraically closed field k of zero charac-
teristic. Unless otherwise specified, all vector spaces, linear maps and tensor
product will be considered over k.

2.1 Hopf algebras and Lie pseudoalgebras

Let H be a cocommutative Hopf algebra [10] with coproduct ∆(h) = h(1)⊗h(2),
counit ǫ and antipode S.
The tensor product H⊗H can be made into a right H-module by α.h = α∆(h),
where α ∈ H ⊗ H,h ∈ H . If L is a left H-module, it makes then sense to
consider (H ⊗H)⊗HL, along with its natural left H ⊗H-module structure.
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A Lie pseudoalgebra over H is a (left) H-module L together with a pseudo-
bracket, i.e., an H ⊗H-linear map

[ ∗ ] : L⊗ L −→ (H ⊗H)⊗HL
a⊗ b 7−→ [a ∗ b]

satisfying skew-commutativity

[b ∗ a] = −(σ⊗H idL)[a ∗ b],

and the Jacobi identity

[[a ∗ b] ∗ c] = [a ∗ [b ∗ c]]− ((σ ⊗ id)⊗H id)[b ∗ [a ∗ c]], (1)

for all choices of a, b, c ∈ L. Here, σ : H⊗H → H⊗H denotes the permutation
of factors, σ(h⊗ k) = k⊗ h, and (1) takes place in (H ⊗H ⊗H)⊗HL, once we
extend the pseudobracket so that

[((h⊗ k)⊗Hr) ∗ s] =
∑

i

(h⊗ k ⊗ 1)(∆⊗ id)(f i ⊗ gi)⊗Hti,

[r ∗ ((h⊗ k)⊗Hs)] =
∑

i

(1 ⊗ h⊗ k)(id⊗∆)(f i ⊗ gi)⊗Hti,

if [r ∗ s] =
∑
i

(f i ⊗ gi)⊗Hti, where f i, gi, h, k ∈ H , r, s, ti ∈ L.

If L,M are Lie pseudoalgebras over H , then an H-linear map f : L → M is
a Lie pseudoalgebra homomorphism if [f(a) ∗ f(b)] = ((id⊗ id)⊗Hf)[a ∗ b], for
all a, b ∈ L. A Lie pseudoalgebra L is finite if it is finitely generated as an
H-module.

Example 2.1. If H = k then H ⊗ H ≃ H and ∆ = id. In this case the
notion of Lie pseudoalgebra over k is equivalent to the ordinary notion of a Lie
algebra.

Example 2.2. Let d = k∂ be a one-dimensional abelian Lie algebra. Then
H = U(d) = k[∂] has a standard cocommutative Hopf algebra structure. In
this case the axioms of Lie pseudoalgebra over H are equivalent to the axioms
of Lie conformal algebra [8, 9]. The equivalence between pseudobracket and
λ-bracket is given by

[a ∗ b] =
∑

i

Pi(∂ ⊗ 1, 1⊗ ∂)⊗Hci ⇐⇒ [aλb] =
∑

i

Pi(−λ, ∂ + λ)ci.

2.2 Hopf algebra notations

Throughout the rest of the paper d will denote a finite-dimensional Lie algebra,
and H = U(d) its universal enveloping algebra.
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H is a Noetherian domain and possesses a standard Hopf algebra structure
satisfying

∆(∂) = ∂ ⊗ 1 + 1⊗ ∂, S(∂) = −∂, ∂ ∈ d.

If dim d = N and {∂i}Ni=1 is a basis of d then

∂(I) =
∂1
i1 . . . ∂N

iN

i1! . . . iN !
, I = (i1, . . . , iN ) ∈ NN ,

is a k-basis of H , by the Poincaré-Birkoff-Witt Theorem. The coproduct sat-
isfies

∆(∂(I)) =
∑

J+K=I

∂(J) ⊗ ∂(K). (2)

Recall that H has a canonical increasing filtration given by

FnH = spank{∂(I) | |I| ≤ n}, n = 0, 1, 2, . . .

where |I| = i1+· · ·+iN if I = (i1, . . . , iN ). This filtration satisfies F−1H = {0},
F 0H = k, F 1H = k⊕d. We will say that elements in F iH \F i−1H have degree
i. Due to (2), ∆(h)− 1⊗ h ∈ H ⊗ F i−1H if h has degree i.

Remark 2.1. It is easy to check that

h⊗ k = (hS(k(1))⊗ 1) ·∆(k(2)),

for all h, k ∈ H , hence every element of H ⊗H can be expressed in the form∑
i(hi ⊗ 1)∆(li), where hi, li ∈ H .

Similarly, whenever M is an H-module, elements from (H ⊗H)⊗HM can be
straightened to the form

∑
i(hi⊗ 1)⊗Hmi. Notice that both the hi and the mi

can be chosen to be linearly independent.

Lemma 2.1. The linear map τM : (H ⊗H)⊗HM → H ⊗M defined by

τM ((h⊗ k)⊗Hm) = hS(k(1))⊗ k(2)m

is an isomorphism of vector spaces.

Proof. It is clearly well defined, and h⊗m 7→ (h⊗ 1)⊗Hm is its inverse.

Remark 2.2. When M = H , the above lemma shows invertibility of the map
h ⊗ k 7→ hS(k(1)) ⊗ k(2). Its inverse F : h ⊗ k 7→ hk(1) ⊗ k(2) is a linear
endomorphism of H ⊗H , called Fourier transform in [1].

Corollary 2.1. Let M be an H-module, and

α =
∑

i

(f i ⊗ gi)⊗Hmi ∈ (H ⊗H)⊗HM,

where γ ∈ Homk(H,H). Then the element αγ =
∑
i γ(f iS(gi(1)))g

i
(2)mi ∈ M

is well defined.
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Proof. The map τM from the previous lemma maps α ∈ (H ⊗ H)⊗HM to∑
i f

iS(gi(1)))⊗ gi(2)mi ∈ H⊗M . The element αγ is then obtained by applying

µ ◦ (γ ⊗ idM ), where µ : H ⊗M →M is the H-module structure map.

Elements of the form αγ are called coefficients of α.

Remark 2.3. It is worth noticing that if α =
∑
i(h

i ⊗ 1)⊗Hci, and the hi are
linearly independent over k, then all elements ci can be realized as coefficients
of α; namely ci = αγi , where γi(h

j) = δji . In particular, α lies in (H⊗H)⊗HS,
where S is an H-submodule of L, if and only if ci ∈ S for all i.

Let L be a Lie pseudoalgebra over H . For any choice of A,B ⊂ L, set [A,B]
to be the smallest H-submodule S ⊂ L such that [a ∗ b] ∈ (H ⊗ H)⊗HS for
all a ∈ A, b ∈ B. Due to Remark 2.3, [A,B] is the H-submodule generated by
coefficients of all [a ∗ b], a ∈ A, b ∈ B. A subspace S ⊂ L is a subalgebra of L if
[S, S] ⊂ S. If X is a subset of the Lie pseudoalgebra L, then 〈X〉 denotes the
subalgebra generated by X , i.e., the smallest subalgebra of L containing X .

Define the derived series of L as L(0) = L, L(n+1) = [L(n), L(n)] for n ≥ 0. The
central series of L is similarly defined by L[0] = L, L[n+1] = [L,L[n]]. A Lie
pseudoalgebra L is solvable (resp. nilpotent) if L(n) (resp. L[n]) equals (0) for
some n; L is abelian if the derived subalgebra L′ = [L,L] equals (0).

An ideal of a Lie pseudoalgebra L is a subspace I such that [L, I] ⊆ I. The
centre Z(L) of L is the space of all elements z ∈ L such that [z, L] = (0).
Every H-submodule of Z(L) is an ideal. If N is a central ideal of L, then L is
nilpotent if and only if L/N is nilpotent.

Lemma 2.2. Let H be a cocommutative Hopf algebra, M an H-module. Assume
α ∈ H ⊗H and m ∈M is not a torsion element. Then α⊗Hm = 0 if and only
if α = 0.

Proof. Let Hm be the cyclic module generated by m. Assuming that m is not
torsion is equivalent to requiring that the map φ : H → Hm, φ(h) = hm is an
isomorphism of vector spaces. Let

α =
∑

i

hi ⊗ ki ∈ H ⊗H.

By Lemma 2.1 we have

τM ((α⊗Hm)) =
∑

i

hiS(ki(1))⊗ ki(2)m ∈ H ⊗Hm ⊂ H ⊗M.

Applying the invertible map F◦(idH ⊗φ−1) : H⊗Hm→ H⊗H to this element
gives back α.

Documenta Mathematica 17 (2012) 783–805



A Root Space Decomposition for Finite Vertex Algebras 789

2.3 The general linear pseudoalgebra

Let L be a Lie pseudoalgebra over H . A representation of L, or L-module, is
an H-module V endowed with an H ⊗H-linear action

L⊗ V ∋ a⊗ v 7→ a ∗ v ∈ (H ⊗H)⊗HV,

such that, for every a, b ∈ L, v ∈ V ,

[a ∗ b] ∗ v = a ∗ (b ∗ v)− ((σ ⊗ id)⊗H id)(b ∗ (a ∗ v)),

which is understood as in (1). An L-module V is finite if it is finitely generated
as an H-module.

Let V be a representation of the Lie pseudoalgebra L. If A ⊂ L,X ⊂ V , then
set A·X to be the smallest H-submodule N of V such that a∗v ∈ (H⊗H)⊗HN
for all a ∈ A, v ∈ X . By Remark 2.3, A ·X is the H-submodule of V generated
by all coefficients of a ∗ v, a ∈ A, v ∈ X .

An H-submodule W ⊂ V is stable under the action of a ∈ L if a ·W ⊂ W .
It is an L-submodule of V if L ·W ⊂ W . An L-module V is irreducible if it
does not contain any nontrivial L-submodule. If U and V are two L-modules,
then a map φ : U −→ V is a homomorphism of L-modules if it is H-linear and
satisfies

a ∗ φ(u) = ((id⊗ id)⊗Hφ)(a ∗ u),

for all a ∈ L, u ∈ U.
Let V,W be two H-modules. A map f : V −→ (H⊗H)⊗HW is a pseudolinear
map from V to W if it is k-linear and satisfies

f(hv) = (1⊗ h) · f(v), h ∈ H, v ∈ V.

One can impose a left H-module structure on the space Chom(V,W ) of all
pseudolinear maps from V to W by setting

(hf)(v) = (h⊗ 1) · f(v).

If V = W we set CendV = Chom(V, V ). If V is a finite H-module then there
exists a unique Lie pseudoalgebra structure on CendV making V a represen-
tation of CendV via the action f ∗ v = f(v). This Lie pseudoalgebra is usually
denoted by gcV , and making a finite H-module V into a representation of a
Lie pseudoalgebra L is equivalent to giving a Lie pseudoalgebra homomorphism
from L to gcV .

Example 2.3. Any Lie pseudoalgebra L over H is a module over itself via
a ∗ b := [a ∗ b], a, b ∈ L. When L is finite, the adjoint action defines a Lie
pseudoalgebra homomorphism ad : L→ gcL whose kernel equals Z(L). Notice
that L is nilpotent if and only if L/Z(L) is nilpotent.
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Remark 2.4. If f ∈ Chom(V,W ), then f ∗ v = 0 as soon as v lies in
Tor V . The adjoint action of any given a ∈ L induces an element ada lying
in Chom(L[n]/L[n+1], L[n+1]/L[n+2]). Assume L is a finite Lie pseudoalgebra,
and L[n], L[n+1] have the same rank. Then the quotient L[n]/L[n+1] is torsion,
whence ada = 0 for all a ∈ L. This forces L[n+1] = L[n+2], and we conclude
that the central series of any finite Lie pseudoalgebra stabilizes to an ideal,
that we denote by L[∞].

2.4 Action of coefficients

If a, b are elements of a Lie pseudoalgebra L over H , it may be useful to know
the action of coefficients [a ∗ b]γ , as defined in Corollary 2.1, on an L-module
M .

Lemma 2.3. Let L be a Lie pseudoalgebra over H, M an L-module. Choose
a, b ∈ L, and set α = [a ∗ b]. Assume that

[a ∗ b] ∗ v =
∑

i

(ki ⊗ li ⊗mi)⊗Hvi,

where ki, li,mi,∈ H and vi ∈M . If γ ∈ Homk(H,H), then

αγ ∗ v =
∑

i

(γ(kiS(li(1)))l
i
(2) ⊗mi)⊗Hvi. (3)

Proof. The assignment k ⊗ l ⊗ m 7→ (γ(kS(l(1)))l(2) ⊗ m)⊗Hu extends to a
well-defined linear map φγ : (H ⊗H ⊗H)⊗HM → (H ⊗H)⊗HM . Moreover,
if [a ∗ b] =

∑
i(h

i ⊗ 1) ⊗H ci, where the hi are linearly independent, and
ci ∗ v =

∑
j(k

ij ⊗ lij)⊗Hvij , then

[a ∗ b] ∗ v =
∑

i,j

(hiS(kij(1))⊗ k
ij
(2) ⊗ lij)⊗Hvij . (4)

If we choose γi(h
j) = δji , which is possible by linear independence of elements

hj , then φγi recovers from (4) the expression (3) for the action of ci = cγi on
v. The general statement follows by H ⊗H-linearity of the pseudobracket.

3 Representations of solvable and nilpotent Lie pseudoalgebras

In the following two sections we recall some results from [1] about representation
theory of solvable and nilpotent Lie pseudoalgebras.

3.1 Weight vectors

Let L be a Lie pseudoalgebra over the cocommutative Hopf algebra H and M
be an L-module. If φ ∈ HomH(L,H), the weight space Mφ is defined as

Mφ = {v ∈M | a ∗ v = (φ(a) ⊗ 1)⊗Hv, for all a ∈ L}.
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If Mφ 6= 0, then φ is a weight for the action of L on M . Every nonzero element
of Mφ is a weight vector of weight φ.

Remark 3.1. The weight space M0 is always an H-submodule of M , whereas
Mφ, φ 6= 0 is just a vector subspace. However, in this case, the H-submodule
HMφ ⊂M is free over Mφ.

We have the following pseudoalgebraic analogues of Lie’s Theorem:

Theorem 3.1. Let L be a solvable Lie pseudoalgebra over H. Then every finite
non-trivial L-module has a weight vector.

Corollary 3.1. If L is a solvable Lie pseudoalgebra over H and M is a finite
L-module then M has a finite filtration by L-submodules

(0) = M0 ⊂M1 ⊂ · · · ⊂Mn = M

such that each quotient Mi+1/Mi is generated over H by a weight vector for
the action of L.

The length of an L-module M is the minimal length of a filtration as above.

3.2 Generalized weight submodules

Let L be a Lie pseudoalgebra over H , φ ∈ HomH(L,H) = L∗.

Lemma 3.1. Let M be a finite L-module. If N ⊂Mφ is a vector subspace, then
HN is an L-submodule of M .

Proof. Let n ∈ N . Then,

a ∗ hn = (1⊗ h)(a ∗ n) = (φ(a) ⊗ h)⊗Hn ∈ (H ⊗H)⊗HHN,

for every h ∈ H .

We set Mφ
−1 = (0) and inductively

Mφ
i+1 = spanH{m ∈M | a ∗m− (φ(a)⊗ 1)⊗Hm ∈ (H ⊗H)⊗HMφ

i , ∀ a ∈ L}.

Then Mφ
0 = HMφ and Mφ

i+1/M
φ
i = H(M/Mφ

i )φ. The Mφ
i form an increasing

sequence of H-submodules of M . By Noetherianity of M this sequence sta-
bilizes to an H-submodule Mφ =

⋃
i

Mφ
i of M , which is called the generalized

weight submodule relative to the weight φ.
We will occasionally stress the dependence of Mφ on the choice of the Lie
pseudoalgebra acting on M by writing Mφ

L , or simply Mφ
a when L = 〈a〉 is the

subalgebra of gcM generated by a single element a.

Proposition 3.1. Let N ⊂M be finite L-modules, φ, ψ ∈ L∗. Then
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• Mφ is an L-submodule of M , and is a free H-module whenever φ 6= 0.

• The sum of generalized weight submodules of M is always direct. In
particular Mφ ∩Mψ = (0) if φ 6= ψ.

• N ⊂Mφ if and only if Nφ = N .

• (M/Mφ)φ = (0).

• If N ⊂Mφ, then N = Mφ if and only if (M/N)φ = (0).

Proof. Mφ is an L-submodule by construction. It can be shown to be a free
H-module by induction, using Remark 3.1. All other statements follow easily
from their Lie theoretic analogues by reinterpreting M as a representation of
the annihilation Lie algebra L = H∗⊗HL, see [1].

Notice that the direct sum
∑
φ∈L∗

Mφ may fail to equal M . Equality, however,

always holds when L is nilpotent.

Theorem 3.2. Let L be a nilpotent Lie pseudoalgebra over H and M be a
(faithful) finite L-module. ThenM decomposes as a direct sum of its generalized
weight submodules, M =

⊕
φ∈L∗

Mφ.

3.3 Nilpotent pseudoalgebras

We aim to show that the converse to Theorem 3.2 also holds, at least when L is
finite. We will first prove the result whenM coincides with one of its generalized
weight spaces with respect to the action of L. The general statement will then
follow easily.

Proposition 3.2. Let M be a finite H-module and L ⊂ gcM be a Lie pseu-
doalgebra, φ ∈ L∗, and assume that M coincides with its φ-generalized weight
space with respect to the action of L. Then L is a nilpotent Lie pseudoalgebra.

Proof. Let L[0] = L, L[i] = [L,L[i−1]], i ≥ 1, be the the central series of L and
{Mk} be an increasing family of L-submodules of M as in Corollary 3.1.
As a warm up, let us treat the case φ ≡ 0 first. An easy induction shows that
L[i] ·Mk ⊂Mk−i−1. Indeed, as M = M0, we have L ·Mk ⊂Mk−1 by our choice
of Mk. Since L[0] = L, this takes care of the basis of induction i = 0.
Assume now that L[i] ·Mk ⊂Mk−i−1. Then

L[i+1] ·Mk = [L,L[i]] ·Mk = L · (L[i] ·Mk) + L[i] · (L ·Mk)

⊂ L ·Mk−i−1 + L[i] ·Mk−1 ⊂Mk−i−2.

In order to conclude the proof it is enough to observe that if M = Mn then,
for i = n, we have L[n−1] ·Mn ⊂ M0 = (0). This implies L[n−1] = 0, i.e., L is
a nilpotent Lie pseudoalgebra.
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If φ 6≡ 0, the situation is slightly more delicate. For 1 ≤ r ≤ m, let mr denote
the cyclic generators of the quotients Mr/Mr−1. Set

N j
k = {b ∈ L | b ∗mr ∈ (H ⊗ F jH)⊗Hmr−k +Mr−k−1, r = 1, . . . , N},

andNk =
⋃
j∈N

N j
k , so thatN j

k ⊂ Nk+1 if j < 0. Notice thatN0 = L,Nn+1 = (0).

We aim to prove, by induction on p, that [L[p], N j
k ] ⊂ N j−p−1

k . Let us start with

the basis of our induction: [L[0], N j
k ] = [L,N j

k ] ⊂ N j−1
k . Let a ∈ L, b ∈ N j

k .
We know that

a ∗mr = (φ⊗ 1)⊗Hmr mod Mr−1,

for r = 1, . . . , n. Assume that b ∗ mr =
∑
i

(hi ⊗ ki)⊗Hmr−k mod Mr−k−1,

where ki ∈ F jH for all i. Let us compute

[a∗b] ∗mr = a ∗ (b ∗mr)− ((σ ⊗ id)⊗H id)(b ∗ (a ∗mr))
= a ∗ (

∑
i

(hi ⊗ ki)⊗Hmr−k)− ((σ ⊗ id)⊗H id)(b ∗ ((φ ⊗ 1)⊗Hmr))

=
∑
i

(φ⊗ hi ⊗ ki − φki(1) ⊗ hi ⊗ ki(2))⊗Hmr−k

up to terms in a ·Mr−k−1 + b ·Mr−1 ⊂Mr−k−1. Now recall that, as ki ∈ F jH ,
then ∆(ki) − 1 ⊗ ki ∈ H ⊗ F j−1H . We conclude that all coefficients of [a ∗ b]
lie in N j−1

k .

As for the inductive step, assume now that [L[p], N j
k ] ⊂ N j−p−1

k . Then we have

[L[p+1], N j
k ] = [[L,L[p]], N j

k ] ⊂ [L, [L[p], N j
k ] + [L[p], [L,N j

k ]]

⊂ [L,N j−p−1
k ] + [L[p], N j−1

k ] ⊂ N j−p−2
k .

Since L is a finite Lie pseudoalgebra, there exists d such that Nk = Nd
k for all k.

We obtain [L[d], Nk] ⊂ N−1k ⊂ Nk+1, hence L[(n+1)d+1] = [L[(n+1)d], N0] = (0),
which proves that L is a nilpotent Lie pseudoalgebra.

Theorem 3.3. Let M be a finite faithful module over a finite Lie pseudoalgebra
L, and assume that M =

⊕
φ∈L∗

Mφ. Then L is a nilpotent Lie pseudoalgebra.

Proof. Observe that whenever M =
⊕
φ∈L∗

Mφ, we have L ⊂ ⊕
φ∈L∗

gc(Mφ). By

Proposition 3.2, the image Lφ of L in gc(Mφ) is nilpotent for all φ ∈ L∗.
As a consequence,

⊕
φ∈L∗

Lφ is nilpotent as it is a finite sum of nilpotent Lie

pseudoalgebras. Finally, L is a nilpotent Lie pseudoalgebra as it embeds in⊕
φ∈L∗

Lφ.

Example 3.1. The finiteness assumption on L in the statement of Theorem
3.3 cannot be removed.

Documenta Mathematica 17 (2012) 783–805



794 A. D’Andrea and G. Marchei

Indeed, let M = Hm1 + Hm2 be a free H-module of rank 2, and choose
L ⊂ gcM to be the Lie pseudoalgebra of all pseudolinear maps A ∈ gcM such
that A∗m1 = (φ(A)⊗1)⊗Hm1, A∗m2 = (φ(A)⊗1)⊗Hm2 mod (H⊗H)⊗Hm1,
for some φ(A) ∈ H . Then the central series of L stabilizes to L′, which contains
all A such that φ(A) = 0.

Later on, we will deal with finite vertex algebras, and the following pseudoal-
gebraic analogue of Engel’s theorem will turn out to be useful.

Theorem 3.4. Let L be a finite Lie pseudoalgebra over H. Assume that, for
every a ∈ L, the generalized weight submodule L0

a for the adjoint action of 〈a〉
equals L. Then L is a nilpotent Lie pseudoalgebra.

4 Approximate nilpotence of solvable subalgebras of gcM

In this section we present the following result for 1-generated solvable subalge-
bras of gcM :

Theorem 4.1. Let M be a finitely generated H-module. If a ∈ gcM generates
a solvable subalgebra S = 〈a〉, then there exists ā ∈ S, ā ≡ a mod S′, such
that the subalgebra 〈ā〉 is nilpotent.

We will later specialize this result to give a characterization of finite vertex
algebras.

4.1 The length 2 case

Let M be a finite H-module and a ∈ gcM an element generating a solvable
Lie pseudoalgebra 〈a〉 = S.
A modification of a ∈ S is an element ā ∈ S such that a ≡ ā mod S′. It
follows by definition that the subalgebra generated by ā is a subalgebra of
S. The same inclusion holds for the corresponding derived subalgebras. As a
consequence, a modification of a modification of a is still a modification of a.

Remark 4.1. Let φ ∈ S∗ be a weight for the action of S = 〈a〉 on M . Then
S = Ha + S′, and the restriction of φ to S′ vanishes. This means that φ is
uniquely determined by φ(a). As a consequence, φ(a) = φ(ā) whenever ā is a
modification of a.

Remark 4.2. Let M be a finite H-module, S be a solvable Lie pseudoalgebra
generated by a ∈ gcM and N ⊂ M an S-submodule. Then N is stable under
the action of any modification ā of a, as ā belongs to S.

Proposition 4.1. Let M be a finite H-module and a ∈ gcM such that S = 〈a〉
is a solvable subalgebra. Assume that M = Hu + Hv, where u ∈ M is a
φ−weight vector and [v] ∈M/Hu is a ψ−weight vector for the action of S, for
some φ 6= ψ ∈ S∗. Then there exists a lifting v̄ ∈ M of [v] such that Hv̄ is a
complement of Hu in M and is stable under the action of some modification ā
of a.
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Lemma 4.1. Under the same hypotheses as above, let b ∈ gcM be such that
b ∗ u = 0, b ∗ v = (β ⊗ k) ⊗H u, where β, k ∈ H, and the degree of k is K.
Then some coefficient s of [a ∗ b] satisfies s ∗ u = 0, s ∗ v = (1 ⊗ k) ⊗H u
mod (H ⊗ FK−1H)⊗Hu.
Proof. A direct computation gives

[a ∗ b] ∗ v = (φ(a)⊗ β ⊗ k − ψ(a)k(1) ⊗ β ⊗ k(2))⊗Hu
= (α⊗ β ⊗ k)⊗Hu,

up to terms in (H ⊗ FK−1H)⊗Hu. By Lemma 2.3, we have

[a ∗ b]γ ∗ v = γ(αS(β(1)))β(2) ⊗ k)⊗Hu mod (H ⊗ FK−1H)⊗Hu.

It now suffices to choose γ ∈ Homk(H,H) so that γ(αS(β)) equals 1, and
requiring that it vanish on all terms of lower degree.

Proof of Proposition 4.1. We know that

a ∗ u = (φ(a)⊗ 1)⊗Hu
a ∗ v = (ψ(a)⊗ 1)⊗Hv mod (H ⊗H)⊗Hu.

We may then find K ∈ N, and linearly independent elements ki ∈ H of degree
K, such that

a ∗ v =
∑

i

(hi ⊗ ki)⊗Hu+ (ψ(a) ⊗ 1)⊗Hv mod (H ⊗ FK−1H)⊗H u.

We may assume that the hi are linearly independent as well.
By a direct computation we obtain, modulo terms in (H ⊗H ⊗ FK−1H)⊗Hu,

a ∗ (a ∗ u) = (φ(a) ⊗ φ(a)⊗ 1)⊗Hu,

a ∗ (a ∗ v) =
∑
i

(φ(a)⊗ hi ⊗ ki)⊗Hu+
∑
i

(hi ⊗ ψ(a)ki(1) ⊗ ki(2))⊗Hu
+(ψ(a)⊗ ψ(a)⊗ 1)⊗Hv

=
∑
i

(φ(a)⊗ hi ⊗ ki)⊗Hu+
∑
i

(hi ⊗ ψ(a)⊗ ki)⊗Hu
+(ψ(a)⊗ ψ(a)⊗ 1)⊗Hv,

so that [a ∗ a] ∗ u = 0 and

[a ∗ a] ∗ v =
∑

i

(α⊗ hi ⊗ ki − hi ⊗α⊗ ki)⊗Hu mod (H ⊗H ⊗FK−1H)⊗Hu,

where α = φ(a) − ψ(a) ∈ H is a nonzero element of degree N . Let D be the
maximal degree of the hi.
We now proceed by induction onK, onD and on the rank of

∑
i hi⊗ki ∈ H⊗H .

We distinguish three cases:

Documenta Mathematica 17 (2012) 783–805



796 A. D’Andrea and G. Marchei

1. D > N . Then we may choose γ ∈ Homk(H,H) such that γ(α) = 1 and
obtain

[a ∗ a]γ ∗ v =
∑
i(γ(αS(hi(1)))h

i
(2) ⊗ ki − γ(hiS(α(1))α(2) ⊗ ki)⊗H u,

=
∑
i(h

i ⊗ ki)⊗Hu

modulo terms in (FN−1H⊗FKH+H⊗FK−1H)⊗H u. The modification
a − [a ∗ a]γ then leads to a coefficient

∑
i h

i ⊗ ki of lower degree in the
first tensor factor.

2. N ≥ D and α /∈ spank〈hi〉. Choose γi such that γi(h
i) = −δji , γ(α) = 0.

Then

[a ∗ a]γi ∗ v =
∑

i(γ(αS(hi(1)))h
i
(2) ⊗ ki − γ(hiS(α(1)))α(2) ⊗ ki)⊗H u,

= (α⊗ ki)⊗H u,

modulo terms in (FNH ⊗ ki + H ⊗ FK−1)⊗Hu. This shows that some
coefficient b of [a ∗ a] acts on v so that

b ∗ v = (β ⊗ ki)⊗H u mod (H ⊗ FK−1H)⊗Hu,

for some nonzero β ∈ H . By Lemma 4.1 we may then find, for each i,
some element si ∈ S′ such that

si ∗ v = (1⊗ ki)⊗Hu mod (H ⊗ FK−1H)⊗Hu.

The element a −∑i h
isi is then a modification of a leading to a lower

value of K.

3. N ≥ D and α ∈ spank〈hi〉. In this case we can find ci ∈ k such that
α =

∑
i cih

i. Choose j so that cj 6= 0, and set v′ = v − c−1j kju. Then

a ∗ v′ = −(φ(a) ⊗ c−1j kj)⊗Hu+
∑
i

(hi ⊗ ki)⊗Hu+ (ψ(a) ⊗ 1)⊗Hv

= (−φ(a) ⊗ c−1j kj +
∑
i

hi ⊗ ki)⊗Hu+ (ψ(a)⊗ 1)⊗H(c−1j kju)

+(ψ(a)⊗ 1)⊗Hv′

= (−c−1j φ(a) ⊗ kj+∑
i

hi ⊗ ki)⊗Hu+(c−1j ψ(a)kj(1) ⊗ k
j
(2))⊗Hu

+(ψ(a)⊗ 1)⊗Hv′

= ((hj − c−1j α)⊗ kj +
∑
i6=j

(hi ⊗ ki))⊗Hu+ (ψ(a)⊗ 1)⊗Hv′,

modulo terms in (H ⊗ FK−1H)⊗Hu. The element hj − c−1j α is a linear

combination of the hi, i 6= j, and so the rank of the H ⊗ H-coefficient
multiplying u is lower than that of

∑
i h

i ⊗ ki.
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We may now apply induction.

Remark 4.3. Notice that, in the above proof, the coefficient
∑
i h

i ⊗ ki is not
uniquely determined, in case u is a torsion element of M . However, the proof
works equally well for any given choice of such a coefficient.

4.2 Proof of the general statement

Proposition 4.2. Let M be a finite H-module and a ∈ gcM such that S = 〈a〉
is a solvable subalgebra. Assume that φ 6= ψ ∈ S∗ satisfy M/Mφ = (M/Mφ)

ψ
.

Then there exists an H-submodule M ⊂M which is a complement to Mφ and
is stable under some modification of a.

Proof. We start by considering the case when the length of the S-module
M/Mφ is 1, and proceed by induction on the length n of Mφ. The basis of
induction n = 1 is provided by Proposition 4.1, so we assume that the length
of Mφ equals n > 1.
Choose u ∈Mφ such that Mφ/Hu has length n− 1. We use induction on the
S-module M/Hu to find a complement N/Hu to Mφ/Hu = (M/Hu)φ

which is stable under the action of some modification ã of a. No-
tice that Nφ = N ∩ Mφ = Hu and that N/Hu is isomorphic to
(M/Hu)/(Mφ/Hu) ≃ M/Mφ, hence we may apply Proposition 4.1 to N
and find a complement M ′ ⊂ N to Hu which is stable under some modifica-
tion ā of ã. Now, Mφ + M ′ = Mφ + Hu + M ′ = Mφ + N = M ; moreover
Mφ ∩M ′ ⊂ Mφ ∩N = Hu so that Mφ ∩M ′ ⊂ M ′ ∩Hu = (0). We conclude
that M ′ is a complement of Mφ in M that is stable under the action of ā,
which is a modification of a.

We proceed now with proving the statement when the length m of M/Mφ is
greater than 1. Choose N = N/Mφ ⊂M/Mφ of length m−1 so that M/N has

length 1; as M/Mφ = (M/Mφ)ψ , then N = N
ψ

. Since Nφ = N ∩Mφ = Mφ,
we may use induction to find an H-submodule N ′ ⊂ N which is a complement
to Mφ and is stable under some modification a′ of a.
Consider now the quotient M ′ = M/N ′. Then (M ′)φ certainly contains the
image (Mφ + N ′)/N ′ of Mφ under the canonical projection π : M → M/N ′.
Moreover, (M/N ′)/((Mφ + N ′)/N ′) is isomorphic to M/(Mφ + N ′) and is
therefore a quotient of M/Mφ, which equals its ψ-generalized weight space.
As ψ 6= φ, we conclude that (M ′)φ = (Mφ + N ′)/N ′, so that the quotient
M ′/(M ′)φ ≃ M/(Mφ + N ′) = M/N has length one. We may then find a
complement M/N ′ of (M ′)φ in M ′ which is stable under some modification ā
of a′. We claim that M is a complement of Mφ in M .
Indeed, M/N ′ + (M ′)φ = M ′, hence M + (Mφ + N ′) = M ; as N ′ ⊂ M , we
conclude that M = M + Mφ. On the other hand, M ∩ Mφ = N ′, hence
M ∩Mφ ⊂ N ′ ∩Mφ = (0).

We are now ready to prove our central result.
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Proposition 4.3. Let M be a finite H-module and S be a solvable Lie pseu-
doalgebra generated by a ∈ gcM . Then there exists a modification ā of a such
that M decomposes as a direct sum of generalized weight modules with respect
to S = 〈ā〉.

Proof. By induction on the length of M . If the length equals 1, then M = Mφ

for some φ and there is nothing to prove.
Let us assume that the length of M is n > 1. We may find a weight vector
u ∈ Mφ such that N = M/Hu has length n− 1. By inductive assumption, N
decomposes as a direct sum Nφ1⊕· · ·⊕Nφr of (non trivial) generalized weight

modules with respect to the subalgebra S̃ ⊂ S generated by some modification
ã of a. Let N i be the preimage of Nφi under the projection π : M → M/Hu,
and reorder indices so that φi 6= φ for all i 6= r.
As long as φk 6= φ, we may repeatedly apply Proposition 4.2 to obtain comple-
ments M i to (N i)φ = Hu in N i so that the sum M1 + · · ·+Mk is direct and
all summands are invariant with respect to some iterated modification of a. If
φr 6= φ holds as well, we end up with M = M1 ⊕ · · · ⊕M r−1 ⊕M r ⊕Hu; if
instead φr = φ, then M = M1⊕· · ·⊕M r−1⊕N r. In both cases, all summands
are generalized weight spaces by construction, and are stable with respect to
some modification ā of a.

In the light of Theorem 3.3, we see that Theorem 4.1 is just a restatement of
Proposition 4.3.

Let ā be a modification of a generating a nilpotent subalgebra of gcM . A
natural question to ask is whether the decomposition M =

⊕
Mφ
ā depends on

ā or is instead canonical. This amounts to asking if all such modifications of
a are contained in a single nilpotent subalgebra of 〈a〉. We will answer this in
the negative at the very end of the paper.

Corollary 4.1. Let L be a Lie pseudoalgebra over H. If a ∈ L generates
a finite solvable subalgebra, then some modification of a generates a nilpotent
subalgebra.

Proof. Let S = 〈a〉. The adjoint action of S gives rise to a homomorphism
ad : S → gcS of pseudoalgebras whose kernel equals the centre Z(S) of S.
Moreover, adS is a solvable subalgebra of gcS generated by ada. By Theorem
4.1 we may find in adS a modification of ad a generating a nilpotent subalgebra
N of gcS. Such a modification is of the form ad ā, where ā is a modification
of a. Then N is isomorphic to the quotient of S = 〈ā〉 by a central — as it is
contained in Z(S) — ideal. We conclude that S is nilpotent.

Theorem 4.1 has some interesting consequences.

Proposition 4.4. Let M be a finite H-module, S be a solvable Lie pseudoal-
gebra acting on M . If φ ∈ S∗ is nonzero and U ⊂Mφ is an S-submodule, then
there exists an H-linear section s : M/U →M . In particular:
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• If M is torsion-free, then M/U is torsion-free;

• If M/U is free, then M is free.

Proof. Choose a ∈ S such that φ(a) 6= 0 and 〈a〉 is nilpotent. We may then
replace S with 〈a〉, and assume M = Mφ ⊕Mφ1 ⊕ · · · ⊕Mφr . Then Mφ/U is
free as an H-module, and we can find a section s : Mφ/U →Mφ. This extends
to a section s : M/U →M thanks to the direct sum decomposition.

Corollary 4.2. LetM be a finite H-module, S be a solvable Lie pseudoalgebra
acting on M . If M is not free, then some quotient of M has a 0-weight vector
for the action of S.

5 Structure of finite vertex algebras

5.1 Preliminaries on vertex algebras

Henceforth, k = C. Let V be a vector space. A (quantum) field on V is a formal
power series φ(z) ∈ (EndV )[[z, z−1]] such that φ(z)v ∈ V ((z)) = V [[z]][z−1].
In other words,

φ(z) =
∑

n∈Z
φ(n)z

−n−1

is a quantum field if and only if, for every choice of v ∈ V , φ(n)v = 0 for
(depending on v) sufficiently high values of n.
A vertex algebra is a vector space V , endowed with a vacuum vector 1 ∈ V ,
an infinitesimal translation operator T ∈ EndV , and a linear state-field corre-
spondence Y : V → (EndV )[[z, z−1]] mapping each element a ∈ V to some field
Y (a, z) on V , satisfying, for all choices of a, b ∈ V ,

• Y (1, z)a = a, Y (a, z)1 = a mod zV [[z]]; (vacuum axiom)

• Y (Ta, z) = [T, Y (a, z)] = dY (a, z)/dz; (translation invariance)

• (z − w)N [Y (a, z), Y (b, w)] = 0, for some N = N(a, b). (locality)

It is well known that commutators [Y (a, z), Y (b, w)] may be expanded into a
linear combination of the Dirac delta distribution

δ(z − w) =
∑

n∈Z
wnz−n−1,

and of its derivatives. More precisely, if

Y (a, z) =
∑

n∈Z
a(n)z

−n−1,

then

[Y (a, z), Y (b, w)] =

N(a,b)−1∑

j=0

Y (a(j)b, w)

j!

dj

dwj
δ(z − w).
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It is also possible to define the Wick, or normally ordered, product of quantum
fields

: Y (a, z)Y (b, z) = Y (a, z)+Y (b, z) + Y (b, z)Y (a, z)−,

where

Y (a, z)− =
∑

n∈N
a(n)z

−n−1, Y (a, z)+ = Y (a, z)− Y (a, z)−.

Then one has

Y (a(−n−1)b, z) =
1

n!
: Y (T na, z)Y (b, z) :,

for all n ≥ 0. One of the consequences of the vertex algebra axioms is the
following:

• Y (a, z)b = ezTY (b,−z)a (skew-commutativity)

for all choices of a, b.
Every vertex algebra has a natural C[T ]-module structure. A vertex algebra
V is finite if V is a finitely generated C[T ]-module. A C[T ]-submodule U ⊂ V
is a subalgebra of the vertex algebra V if 1 ∈ U and a(n)b ∈ U for every
a, b ∈ U, n ∈ Z. Similarly, a C[T ]-submodule I ⊂ V is an ideal if a(n)i ∈ I for
all a ∈ V, i ∈ I, n ∈ Z.
A subalgebra U ⊂ V is abelian if Y (a, z)b = 0, or equivalently a(n)b = 0, for
all a, b ∈ U, n ∈ Z. It is commutative if [Y (a, z), Y (b, w)] = 0, or equivalently
a(n)b = 0, for all a, b ∈ U, n ∈ N.
Let U be a subalgebra, and I an ideal of a vertex algebra V ; we say that V is
the semidirect sum of U and I (denoted V = U⋉I) if V = U⊕I is a direct sum
of C[T ]-submodules. Every vertex algebra becomes a Lie conformal algebra,
see [8], after setting ∂ = T and

[aλb] =
∑

n∈N

λn

n!
a(n)b.

We have seen in Example 2.2 that the notion of Lie conformal algebra is equiv-
alent to that of Lie pseudoalgebra over H = C[∂]. In this setting, the pseudo-
bracket is given by

[a ∗ b] =
∑

n∈N

(
(−∂)n

n!
⊗ 1

)
⊗H a(n)b.

If V is a vertex algebra, we will denote by V Lie the underlying Lie conformal
algebra structure.

5.2 The nilradical

In this section, we recall some properties of nilpotent elements in a vertex
algebra. Proofs can be found in [6, 7].
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An element a in a vertex algebra V is nilpotent if

Y (a, z1)Y (a, z2) . . . Y (a, zn)a = 0

for sufficiently large values of n. An ideal I ⊂ V is a nil-ideal if all of its
elements are nilpotent; clearly, every abelian ideal of V is a nil-ideal.

Proposition 5.1. Let V be a vertex algebra. Then

• Every nilpotent element of V generates a nil-ideal.

• The set NilV of all nilpotent elements of V is an ideal of V .

• The vertex algebra V/NilV contains no nonzero nilpotent elements.

• If V is finite, then NilV is a nil-ideal of V .

If V is a finite vertex algebra, then V Lie is always a solvable Lie conformal
algebra [5]. Recall that the central series of V Lie stabilizes, by Remark 2.4, to
a vertex ideal V [∞] of V . The following facts were proved in [5].

Proposition 5.2. Let V be a finite vertex algebra, S ⊂ V Lie a subalgebra.
Then V 0

S is a subalgebra and V 6=0
S =

∑
φ∈S∗\{0}

V φS is an abelian ideal of V .

As a consequence, V 6=0
S ⊂ Nil V . If V is finite and NilV = (0), then V Lie is

nilpotent; if moreover V is simple, then it is necessarily commutative.

5.3 Root space decomposition of finite vertex algebras

Let V be a finite vertex algebra, a ∈ V . The subalgebra S = 〈a〉 ⊂ V Lie

is always solvable. The adjoint action of S makes V into a finite S-module,
and we can find submodules (0) = V0 ⊂ V1 ⊂ · · · ⊂ Vn = V as in Corollary
3.1. The singularity2 of a is then the number of non-torsion quotients Vi/Vi−1
with a trivial action of S. Notice that the singularity does not change under
modifications of a. When S is nilpotent, then the singularity of a equals the
rank of V 0

a as an H-module.

Theorem 5.1. Let V be a finite vertex algebra and N = V [∞]. Then N is
an abelian ideal of V , and there exists a subalgebra U ⊂ V such that ULie is
nilpotent and V = U ⋉N .

Proof. Choose an element a ∈ V of minimal singularity k. Up to replacing a by
a suitable modification, we may assume that S = 〈a〉 be a nilpotent subalgebra
of V Lie. Then, V decomposes as a direct sum of generalized weight submodules,

V =
⊕

φ∈S∗

V φā = V 0
a ⊕ V 6=0

a .

2The singularity of an element is, in other words, the multiplicity of the zero eigenvalue
of its adjoint action.
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Then U = V 0
a is a vertex subalgebra of V and N = V 6=0

a is an abelian ideal of
V . We want to show that ULie is nilpotent and N = V [∞].
Say b ∈ U . As U ⊂ V is a subalgebra, then U is stable under the action of b.
If the U0

b 6= U , then some (generic) linear combination of a and b would have
lower singularity than a, a contradiction. Thus, all elements in ULie have a
nilpotent adjoint action, hence ULie is nilpotent by Theorem 3.4.
It remains to prove that N = V [∞]: since N is an ideal such that V Lie/N
is nilpotent then V [∞] ⊂ N . We prove the other inclusion by showing that
N ⊂ V [k] by induction on k ∈ N, the basis of the induction being clear, as
N ⊂ V 0 = V . By construction, [a, V φa ] = V φa if φ 6= 0, hence [a,N ] = N . Then
N ⊂ V k implies N = [a,N ] ⊂ [V, V [k]] = V [k+1]. We conclude that N ⊂ V [n]

for all n, hence that N ⊂ V [∞].

Remark 5.1. In the above statement, U is a vertex subalgebra of V with
the property that ULie is a nilpotent and self-normalizing subalgebra of V Lie.
As a consequence, the adjoint action of ULie on V gives a generalized weight
submodule decomposition in which the 0-weight component is U itself. It makes
sense to call every such U a Cartan subalgebra of V , and the corresponding
decomposition a root space decomposition.
Notice that N is the smallest nil-ideal of V having a complementary subalgebra
U such that ULie is nilpotent; as N = V [∞], it is canonically determined. If U
is a Cartan subalgebra of V , then U = V/V [∞], so all Cartan subalgebras of V
possess isomorphic vertex algebra structures.
We can be more precise. The identification of any two Cartan subalgebras U,U ′

with V/N gives an isomorphism φ : U → U ′ which projects to the identity
on V/N . If we extend φ to all of V by setting it to be the identity on N ,
then we obtain an automorphism of V conjugating U to U ′. Thus, all Cartan
subalgebras of V are conjugated under AutV .

5.4 A counterexample to nilpotence of finite vertex algebras

The statement of Theorem 5.1 suggests how to construct a finite vertex algebra
V such that the corresponding Lie conformal algebra V Lie is not nilpotent.
What we need is a vertex algebra U with a nilpotent underlying Lie conformal
algebra ULie, and a suitable action on an C[∂]-module N . The simplest case
is when U is a commutative vertex algebra, i.e., ULie is abelian, and N is a
free C[∂]-module of rank 1.

Let U = {a(t) ∈ C[[t]][t−1]}. U is a differential commutative associative algebra
with 1, with derivation ∂ = d/dt. Hence U has a commutative vertex algebra
structure given by

Y (a(t), z)b(t) = (ez∂a(t))b(t) = i|z|<|t|a(t+ z)b(t), (5)

where a(t), b(t) ∈ U and i|z|<|t| (see [9]) indicates that one should expand
a(t+ z) in the domain |z| < |t|, i.e., using positive powers of z/t.
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Let N = C[∂]n be a free C[∂]-module of rank 1. We set:

Y (n, z)n = 0, (6)

and define an action of U on N by setting

Y (a(t), z)n = a(z)n, (7)

where a(t) ∈ U .

Theorem 5.2. The C[∂]-module V = U ⊕ N admits a unique vertex algebra
structure satisfying (5), (6), (7). Moreover, the central series of V Lie stabilizes
to N .

Proof. The unit element 1 ∈ U satisfies the vacuum axiom, and Y (v, z), v ∈ V
are fields by definition. Locality and translation invariance require some more
effort. The skew-commutativity axiom suggests that we set

Y (n, z)a(t) = ez∂Y (a(t),−z)n = a(−z)ez∂n.

If further

Y (a(t), z)∂Kn =

K∑

i=1

(
K

i

)
(−1)

i
a(i)(z)∂K−in,

then translation invariance is easily checked.
Let us move on to proving locality. First of all, notice that Y (n, z)Y (n,w)
maps every element of V to 0, hence [Y (n, z), Y (n,w)] = 0. Taking derivative
with respect to z and w, and using linearity, we obtain [Y (u, z), Y (u′, w)] = 0
for all u, u′ ∈ N .
Next, let us consider [Y (a(t), z), Y (b(t), w)]. An easy computation gives

Y (a(t), z)(Y (b(t), w) n = Y (a(t), z)b(w)n = b(w)Y (a(t), z)n = a(z)b(w)n,

hence [Y (a(t), z), Y (b(t), w)]n = 0, for all a(t), b(t) ∈ U . As

∂([Y (a(t), z), Y (b(t), w)]u) = [Y (a′(t), z), Y (b(t), w)]u
+ [Y (a(t), z), Y (b′(t), w)]u
+ [Y (a(t), z), Y (b(t), w)] ∂u,

we conclude that [Y (a(t), z), Y (b(t), w)] vanishes on all elements from N .
However, it also vanishes on U , because of its vertex algebra structure.

We are left with showing that [Y (a(t), z), Y (n,w)] is killed by a sufficiently
large power of z − w. Let us compute

Y (a(t), z)(Y (n,w)b(t)) = Y (a(t), z)b(−w)ew∂n = b(−w)Y (a(t), z)ew∂n
= b(−w)ew∂(e−w∂Y (a(t), z)ew∂)n
= ew∂b(−w)Y (a(t), z − w)n
= i|w|<|z|a(z − w)b(−w)ew∂n,

Y (n,w)(Y (a(t), z)b(t)) = Y (n,w)i|z|<|t|a(t+ z)b(t)
= i|z|<|t|Y (n,w)a(t+ z)b(t)
= i|z|<|w|a(z − w)b(−w)ew∂n.
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Therefore,

(z − w)N [Y (a(t), z), Y (n,w)]b(t)

= (i|w|<|z| − i|z|<|w|)((z − w)Na(z − w)b(−w)ew∂n)

is zero as soon as tNa(t) has no negative powers of t. As [Y (a(t), z), Y (n,w)]
maps every element of N to zero, locality is then proved.

As for V [∞] = N , let a = a(t) =
∑
i∈Z

ait
−i−1 ∈ U such that a(t) contains

some negative power of t. Then there exists i ≥ 0 such that ai 6= 0, hence
a(t)(i)n = ai · n 6= 0. Therefore [a,N ] = N , hence N ⊂ V [k] for all k. However,

(V/N)Lie is nilpotent, hence V [∞] ⊂ N .

Let us choose a finite subalgebra of U whose conformal adjoint action on N
has nonzero weights, i.e., containing some element a(t) 6∈ C[[t]].

Example 5.1. M = C[t−1] ⋉ N ⊂ U ⋉ N is a finite vertex algebra, as it is
generated over C[∂] by t−1, 1 and n. However, MLie is not nilpotent.

We conclude by observing that even though the nil-ideal N in the decomposi-
tion stated in Theorem 5.1 is canonically determined, the subalgebra U need
not be. Indeed there may be several possible choices of U as the following
construction shows.
Let M be as in Example 5.1, and choose u ∈ N . We know that u(0) is a
derivation of M , and as N is an abelian ideal of M , we immediately obtain
u2(0) = 0. Recall that the exponential of such a nilpotent derivation of a vertex
algebra M gives an inner automorphism of M .
If we choose u = kn, k ∈ C, then exp(kn(0))(t

−1) = t−1 − kn. Thus, if we
set ψ = exp(kn(0)), we obtain ψ(N) = N , ψ(U) = C[∂](t−1 − kn) ⊕ C1, and
ψ(U) ∩N = ψ(U ∩N) = 0. We conclude that ψ(U) is another subalgebra of
M which complements N . Notice that in this example all Cartan subalgebras
can be showed to be conjugated by an inner automorphism of V . It is not clear
whether this holds in general.
One final comment is in order: it is easy to show that the Lie conformal sub-
algebra of MLie generated by the element a = t−1 + ∂n is solvable and equals
C[∂]a+ C[∂]n. As [aλa] = (∂ + 2λ)n, we see that all elements t−1 − kn, k ∈ C
are modifications of a, and they generate nilpotent subalgebras of MLie. How-
ever, they C[∂]-linearly span all of 〈a〉, whose Lie conformal algebra structure is
solvable but not nilpotent. As the adjoint homomorphism ad : MLie → gcM
is injective on 〈a〉, we conclude that there is no single nilpotent subalgebra of
gcM containing all of the above modifications of a.

References

[1] B. Bakalov, A. D’Andrea, V. G. Kac, Theory of finite pseudoalgebras,
Adv. Math. 162 (2001), 1-140.

Documenta Mathematica 17 (2012) 783–805



A Root Space Decomposition for Finite Vertex Algebras 805

[2] B. Bakalov, A. D’Andrea, V. G. Kac, Irreducible modules over finite
simple Lie pseudoalgebras I. Primitive pseudoalgebras of type W and S,
Adv. Math. 204 (2006), 278-346.

[3] A. Beilinson, V. Drinfeld, Chiral algebras, AMS Colloquium Publica-
tions, vol. 51, AMS, Providence, RI, 2004.

[4] R. E. Borcherds, Vertex algebras, Kac-Moody algebras and the monster,
Proc. Nat. Acad. Sci. U.S.A. 83 (1986), 3068-3071.

[5] A. D’Andrea, Finite vertex algebras and nilpotence, J. of Pure and Ap-
plied Algebra 212, no. 4 (2008), 669-688.

[6] A. D’Andrea, A remark on simplicity of vertex algebras and Lie con-
formal algebras , J. Algebra 319, no. 5 (2008), 2106-2112.

[7] A. D’Andrea, Commutativity and associativity of vertex algebras , in Lie
Theory and its Applications in Physics VII, eds. H.-D. Doebner and V.
K. Dobrev, Heron Press, Sofia. Bulg. J. Phys. 35-s1 (2008), 43-50.

[8] A. D’Andrea, V. G. Kac, Structure theory of finite conformal algebras,
Selecta Math. (N.S.) 4 (1998), 377-418.

[9] V. G. Kac, Vertex Algebras for Beginners, Mathematical Lecture Series,
AMS, Vol.10, 1996 (2nd ed. AMS, 1998).

[10] M. Sweedler, Hopf algebras, University Lecture Note Series, W. A. Ben-
jamin, Inc. New York, 1969.

Alessandro D’Andrea
Dip.to di Matematica
Università di Roma
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1. Introduction

1.1. General overview. Let p be an odd prime number fixed throughout
the paper. In the spirit of Iwasawa theory, our interest is in constructing and
studying p-adic analytic L-functions which interpolate special values of Hecke
L-functions of various automorphic forms (or Hasse-Weil L-functions of various
motives). According to the philosophy of Iwasawa Main Conjecture, the p-
adic analytic L-function is expected to coincide with its algebraic counterpart
encoding the behaviour of generalized class groups or Selmer groups.
In the classical situation, we fix an automorphic form f for a certain algebraic
group G on a number field F and we study the p-adic analytic L-function Lp(f)
interpolating special values of the Hecke L-function L(f, φ, s) twisted by Hecke
characters φ on F of p-power order and p-power conductor. Note that, by
the class field theory, Hecke characters as above are identified with characters
of the Galois group Gal(F{p}/F ) where F{p} is the maximal abelian pro-p
extension of F unramified outside primes above p. The most fundamental case
is the case of a totally real number field F , in which case Leopoldt conjecture
predicts that F{p} is almost equal to the cyclotomic Zp-extension F∞ of F .
Thus, Lp(f) is an element of the cyclotomic Iwasawa algebra O[[Gal(F∞/F )]]
over the ring of integers O of a finite extension of Qp, which is non-canonically
isomorphic to a power series in one variable O[[T ]]. When F = Q and G = Gm,
the p-adic L-function Lp(f) ∈ O[[Gal(Q∞/Q)]] of an automorphic form on G
(that is a Hecke character of F ) is constructed by Kubota-Leopoldt, Iwasawa
and Coleman. When F = Q and G = GL2, Lp(f) ∈ O[[Gal(Q∞ /Q)]] is
constructed by Mazur-Tate-Teitelbaum [MTT]. There are some known work
of p-adic L-functions over the cyclotomic Iwasawa algebra O[[Gal(F∞/F )]] for
other algebraic groups G of higher rank. We do not try to give a list of previous
work on such constructions.
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We are interested in a vast generalization of Iwasawa theory from the the-
ory over the cyclotomic Iwasawa algebra to the theory over the whole algebra
Rn.o
ρ of nearly ordinary Galois deformations (with suitable local conditions)

of a given mod p representation ρ (see [G] and [Oc2] for the project of an
Iwasawa theory over deformation algebras). We are particularly interested in
constructing p-adic analytic L-functions Lp(ρ) ∈ Rn.o

ρ . Let ρf,p be a modular
p-adic representation lifting ρ. By the universal property, Rn.o

ρ parameterizes
in particular twists of ρf,p by Hecke characters on F of p-power order and p-
power conductor. Hence, there is a surjection Rn.o

ρ ։ O[[Gal(F∞/F )]] and we

expect that the specialization of Lp(ρ) ∈ Rn.o
ρ to be the classical cyclotomic

p-adic L-function Lp(f) ∈ O[[Gal(F∞/F )]]. In this way, our project is really a
generalization which contains previous work.
When a given mod p representation ρ of Gal(F/F ) has rank one, Rn.o

ρ is

isomorphic to O[[Gal(F∞/F )]]. Hence, in this case, the theory is the same
as the classical cyclotomic theory. The first important new case arises when
rank(ρ) = 2. In this case, the Krull dimension of Rn.o

ρ is greater than that of

O[[Gal(F∞/F )]]. We have a natural surjection from Rn.o
ρ to the (ρ-component

of) Hida’s nearly ordinary Hecke algebra Tn.o
ρ and this surjection is conjectured

to be an isomorphism.
Up to now, we took the viewpoint of Galois deformation rings since we believe
that this is the appropriate framework for construction of more general p-adic
L-functions. However, from now on, we will try to define the p-adic analytic
L-function Lp(ρ) in Tn.o

ρ rather than in Rn.o
ρ since Tn.o

ρ is more closely related
to the L-values.
For the rest of the introduction, we fix a rank-two mod p representation ρ of
Gal(F/F ) which is modular and nearly ordinary. When F = Q, there is a
canonical isomorphism:

Tn.o
ρ
∼= Tord

ρ ⊗̂OO[[Gal(Q∞ /Q)]] = Tord
ρ [[Gal(Q∞ /Q)]]

where Tord
ρ is (the ρ-component of) nearly ordinary Hecke algebra, which is

finite and flat over O[[1 + pZp]]. The algebras Tord
ρ and Tn.o

ρ depend on a
certain tame conductor N . However, if there is no confusion, we will omit
N in the notations. By Hida’s theory, for every p-stabilized elliptic (nearly)
ordinary eigen cuspform f of weight k ≥ 2 and conductor Np∗ (∗ ∈ N) such
that the residual representation ρf associated to ρf is isomorphic to ρ, there

exists a unique κ = κf : Tord
ρ −→ Qp such that the q-expansion of f equals∑

n

κf (Tn)qn, where Tn is the n-th Hecke operator in Tord
ρ . Hence, for every

pair (f, φ) of ordinary p-stabilized eigen cuspform f as above and a character
φ of Gal(Q∞ /Q), there is an unique κ = κf,φ : Tn.o

ρ −→ Qp such that the

q-expansion of f ⊗ φ equals
∑

n

κf,φ(Tn)qn. The algebra Tord
ρ is a local algebra

which might contain zero divisors in general. A quotientR = Tord
ρ /A by a prime

ideal A of height zero is called a branch of Tord
ρ . A branch of Tn.o

ρ is defined
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exactly in the same way. For a branch R of Tord
ρ , R⊗̂OO[[Gal(Q∞ /Q)]] is

a branch of Tn.o
ρ and this correspondence gives a bijection between the set of

branches of Tord
ρ and the set of branches of Tn.o

ρ .

The p-adic L-function Lp(f) ∈ O[[Gal(Q∞ /Q)]] of an elliptic modular form
f has been constructed in the 70’s and extensively studied by the method
of modular symbols. Kitagawa refined Mazur’s method of Λ-adic modular
symbols which is a family of modular symbols associated to Hida family. We
recall the following theorem of [Ki].

Theorem 1.1 (Kitagawa-Mazur). Let Rord be a branch of Tord
ρ . Assume that

Rord is a Gorenstein ring. Then, there exists Lp(Rord) ∈ Rord[[Gal(Q∞ /Q)]]
which is characterized by the interpolation property:

κf,χj−1φ(Lp(Rord))

Cf,p
= (j − 1)!G(φ, j)Ap(f)

L(f, φω1−j, j)

(−2π
√
−1)j−1Cf,∞

for every pair (f, χj−1φ) as follows:

• The form f is a p-stabilized ordinary eigen cuspform f ∈ Sk(Γ1(Np∗))
satisfying ρf

∼= ρ such that κf : Tord
ρ −→ Qp factors through R.

• The character χj−1φ consists of a finite character φ of Gal(Q∞ /Q)
and an integer j such that 1 ≤ j ≤ k − 1.

Here, the notation in the above equation is as follows.

The element Cp,f ∈ Z
×
p /Z

×
(p) is a p-adic period for f and Cf,∞ ∈ C×/Z

×
(p) is a

complex period for f where Zp (resp. Z) is the ring of integers of Qp (resp. Q)

and Z(p) is the localization of Z at the valuation induced by a fixed embedding

Q →֒ Qp.
The symbol G(φ, j) is the Gauss sum for the Dirichlet character (φωa+1−j)−1

where a is an integer such that ρ⊗ ω−a is ordinary.
The term Ap(f) is given by

Ap(f) =





(
1− pj−1

ap(f ⊗ ω−a)

)
if φωa+1−j is trivial,

(
pj−1

ap(f ⊗ ω−a)

)c(φ,j)
if φωa+1−j has conductor pc(φ,j).

By abuse of notation, ap(f⊗ω−a) is the Hecke eigenvalue at p of the p-stabilized
newform associated to f ⊗ ω−a.

Remark 1.2. Kitagawa [Ki] constructs the p-adic L-functions on each branch
Tord
ρ /A assuming that Tord

ρ /A is Gorenstein. As explained above, we believe

that the construction on the whole Tord
ρ is more universal. It seems to us

that such a universal construction will be possible if we assume that Tord
ρ is

Gorenstein as well as some conditions.

For other results related to Theorem 1.1, we give the following remark:
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Remark 1.3. (1) Results similar to that of Theorem 1.1 are obtained us-
ing a similar method of Λ-adic modular symbol by Greenberg-Stevens
([GS]) and by Ohta (unpublished). Later was found another construc-
tion based on the method of Rankin-Selberg and it has been gener-
alized to obtain results similar to Kitagawa’s result by Fukaya[Fu],
Ochiai[Oc1] and Panchishkin[P2]. (Panchishkin’s construction is done
for a p-adic family of positive slope, but the same construction works
for a Hida family)

(2) The p-adic L-functions obtained at [GS], [Fu], [Oc1] and [P2] are weaker
than the one by Kitagawa since they are sometimes defined only at a
localization of a branch R but not on the whole of R. In [Fu], [Oc1]
and [P2], the complex periods Cf,∞ cannot be optimally normalized

and are defined at C×/Q
×

. In [GS], the analogue of Cf,p is not a p-
adic unit as in the Kitagawa’s one and we only know that Cf,p are non
zero except finitely many f ’s.

We fix a totally real number field F with d := [F : Q] > 1 throughout the
paper. We would like to introduce the nearly ordinary Hecke algebra Tn.o

ρ

over a general totally real field F of degree d > 1 and construct a p-adic L-
function which generalizes Theorem 1.1 (Everything which will be discussed in
this paper works for d = 1 except that we omit the condition of holomorphy at
infinity in Definition 2.1 which is always valid for d > 1 thanks to the Kocher
princicple).

Remark 1.4. In order to work in the setting of Hilbert modular forms, it is
more efficient to switch to the terminology of nearly ordinary modular forms
rather than ordinary modular forms twisted by characters. Let IF be the set of
embeddings of F into R. It will also be more efficient to cinsider modular forms
with double-digit weight w = (w1, w2) ∈ Z[IF ] × Z[IF ] as explained in [H6].
When F = Q, a cusp form of weight k in the usual sense is of weight (0, k− 1).
For an ordinary elliptic cusp form of weight (0, k − 1), the twist by a Hecke
character of weight j is a nearly ordinary cuspform of weight (−j, k − 1 − j).
Conversely, every elliptic cuspform of weight (−j, k − 1 − j) which is nearly
ordinary at p is obtained as a twist of an ordinary cuspform of weight (0, k−1).
For general totally real fields F , the situation is a bit more complicated. Since
all global Hecke character on totally real fields coincide with an integral power
of the Norm character multiplied by a finite order global Hecke character, a
cuspform of weight (w1, w2) and a cuspform of weight (w′1, w

′
2) nearly ordinary

at p are a twist of the other only when there exists an integer j such that
w1 − w′1 = w2 − w′2 = jt.
From now on, we will switch to the notation of nearly ordinary forms with
double-digit weight.

We denote by F̃∞ the composition of all Zp-extensions of F . Note that

Leopoldt’s conjecture predicts that F̃∞ = F∞. We fix a residual modular
Galois representation ρ and an integral ideal n of F which is prime to p. We
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note that, over a general totally real field F of degree d > 1, there are two
different approaches to introduce the (ρ-component of) nearly ordinary Hecke
algebra Tn.o of tame conductor n.
The original approach due to Hida ([H1], [H2], [H3]) uses a quarternion al-
gebra B over F which is unramified at all finite primes of F . He chooses a
quarternion algebra B such that Shimura varieties Y BK1(n)∩K11(pn)

associated to

K1(n) ∩K11(pn) (see Section 2.1 for the definition of K1(n) and K11(pn)) are
of dimension e = 1 (resp. e = 0) when [F : Q] is odd (resp. even). The nearly
ordinary part HBn.o(w1, w2) of the limit lim←−nH

e(Y BK1(n)∩K11(pn)
;L(w1, w2;O))

for a certain local system L(w1, w2;O) is a finitely generated free module
over a certain Iwasawa algebra Λn.o (see Definition 4.2). The nearly ordi-
nary Hecke algebra in this context Tn.o

B is defined to be a Λn.o-subalgebra in
EndΛn.o(HBn.o(w1, w2)) generated by Hecke operators. Let ρ be a mod p rep-
resentation of F . In general, for a local domain R whose residue field R/MR

is a finite field of characteristic p and an R-module M with R-linear action of
Hecke correspondence, the ρ-part Mρ is defined by

(1) Mρ = {x ∈M | Tλx ≡ Tr(ρ(Frobλ))x mod MRM for every λ ∤ n p},
where Tλ is the Hecke correspondence at the prime λ and ρ(Frobλ) means the
action on the inertia fixed part when λ divides n. Then, ρ-component (Tn.o

B )ρ is
defined to be a Λn.o-subalgebra in EndΛn.o(HBn.o(w1, w2)ρ) generated by Hecke
operators. The algebra (Tn.o

B )ρ is one of the local components of the semi-local
Λn.o-algebra Tn.o

B .
The second approach to introduce the (ρ-component of) nearly ordinary
Hecke algebra, which is essential to our work, is the one which uses Hilbert
modular varieties. Taking the matrix algebra M2(F ) over F in place of

B, the Shimura varieties Y
M2(F )
K1(n)∩K11(pn)

are so called Hilbert modular vari-

eties, which are of dimension d. The nearly ordinary part HM2(F )
n.o (w1, w2) of

the limit lim←−nH
d(Y

M2(F )
K1(n)∩K11(pn)

;L(w1, w2;O)) for the standard local system

L(w1, w2;O) (cf. §2.4) is not known to be a finitely generated free module
over Λn.o (see Definition 4.2). However, we will prove later in this article, that

HM2(F )
n.o (w1, w2)ρ for a suitable mod p representation ρ is a finitely generated

free module over Λn.o. Hence, (Tn.o
M2(F ))ρ is also defined to be a Λn.o-subalgebra

in EndΛn.o (HM2(F )
n.o (w1, w2)ρ) generated by Hecke operators. See Section 4 for

the precise result.

Remark 1.5. In this way, for a mod p representation ρ satisfying suitable
conditions, there are two different definitions of nearly ordinary Hecke algebras
(Tn.o
B )ρ and (Tn.o

M2(F ))ρ which are both local rings finite and torsion free over

Λn.o. There should be a comparison between these two different definitions, but
it seems unknown at the moment. However, in order to discuss modular symbol

method, it is necessary to work on Hilbert modular varieties Y
M2(F )
K1(n)∩K11(pn)

which are non-compact and have cusps at infinity. Thus, we only take the
second approach in this paper.
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From now on through the introduction, we assume that our nearly oridinary
modular mod p representation ρ satisfies a certain condition so that (Tord

B )ρ
and (Tn.o

M2(F ))ρ are defined and (the ρ-component of) the nearly ordinary (resp.

ordinary) Hecke algebra Tn.o
ρ (resp. Tord

ρ ) means always the one obtained by
the second approach.
As is shown in Theorem 4.15 later, for every p-stabilized Hilbert nearly ordinary
eigen cuspform ϕ of cohomological weight (w1, w2), level n p∗ satisfying ρϕ

∼= ρ,

there exists a unique algebra homomorphism κ = κϕ : Tn.o
ρ −→ Qp such that

the q-expansion of ϕ equals to
∑

a

κϕ(Ta)qa where Ta is the a-th Hecke operator

in Tn.o
ρ for each integral ideal a of F . The algebra Tn.o

ρ is finite and torsion free

over O[[(1 + pZp)d+1+δF,p ]], where δF,p is the Leopoldt defect (conjectured to
be zero by Leopoldt conjecture). For each prime ideal A of height zero on Tn.o

ρ ,

R = Tn.o
ρ /A is called a branch of Tn.o

ρ as is the previous page. Every arithmetic

specialization κ : Tn.o
ρ −→ Qp factors through a unique branch R in which case

we say that the arithmetic specialization κ is on the branch R of Tn.o
ρ .

A double-digit weight (w1, w2) is called critical if we have the inequality w1,τ <
0 ≤ w2,τ for every τ ∈ IF , where wi,τ ∈ Z is the coefficient given by wi =∑

τ∈IF
wi,τ τ . Put t =

∑
τ∈IF τ ∈ Z[IF ] where IF = {τ : F →֒ R} is the set of

embeddings. A double-digit weight (w1, w2) is called a cohomological double-
digit weight if w2 − w1 ≥ t and w1 + w2 ∈ Zt. As a dictionary in this paper,
we recall that k = w2 − w1 + t plays a role of the weight of modular form in
the classical sense.
We propose the following conjecture:

Conjecture A . Let R be a branch of Tn.o
ρ . There exists an element Lp(R) ∈

R which satisfies the interpolation property:

κϕ(Lp(R))

Cϕ,p
=
∏

p |(p)
Ap(ϕ)

L(ϕ, 0)

Cϕ,∞
,

for every p-stabilized nearly ordinary eigen cuspform ϕ ∈ Sw1,w2(K1(np∗)) of
critical cohomological double-digit weight w = (w1, w2) on R, where the term
Ap(ϕ) is defined as follows:

(2) Ap(ϕ) =





(
1− 1

NF/Q(p)ap(ϕ)

)
if ap(ϕ) 6= 0,

(
1

NF (p)ap(ϕ0)

)ordp Cond(φ0)

if ap(ϕ) = 0,

where ϕ0 is the nearly ordinary form of weight (w1, w2) which is of minimal
conductor among twists of ϕ by finite order Hecke characters of F with p-

primary conductor and φ0 is the unique finite order character of Gal(F̃∞/F )
such that ϕ = ϕ0 ⊗ φ0. The number NF (p) is the absolute norm of the prime

ideal p. Further, Cϕ,p ∈ Z
×
p /Z

×
(p) and Cϕ,∞ ∈ C×/Z

×
(p) are a p-adic period
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and a complex period for ϕ (cf. Remark 1.6 (1)). For any ordinary eigen
cuspform ϕ of critical double-digit weight (w1, w2) and for any nearly ordinary
eigen cuspform ϕ′ of critical double-digit weight (w1 − r, w2 − r) respectively
satisfying ϕ′ = ϕ ⊗N r

Fφ with the norm character NF of F and a finite Hecke
character φ, we have

Cϕ,p,v = Cϕ′,p,v′(3)

Cϕ,∞,v = Cϕ′,∞,v′
G(φ−1)

(−2π
√
−1)dr

∏

τ∈IF

Γ(−w′1,τ )

Γ(−w1,τ )
(4)

where G(φ) is the Gauss sum for φ defined in Definition 3.6 and Γ(s) is the
Gamma function.

Remark 1.6. (1) The complex period Cϕ,∞ is a usual motivic complex
period defined via the comparison isomorphism between the de Rham
realization and Betti realization. On the other hand, the p-adic period
Cϕ,p which appears here is not expected to be a motivic p-adic period
obtained via the comparison theorem. Though it is not motivic, we call
Cϕ,p a p-adic period following Greenberg. Since motivic p-adic periods
will probably transcendental over Qp there should be some modifica-
tions if we state Conjecture A using motivic p-adic periods. The author
has some speculations on these possible different formulations of Con-
jectures depending the choices of p-adic periods, but it will be discussed
elsewhere.

(2) Though we do not have a canonical lift of Cϕ,p (resp. Cϕ,∞) to Z
×
p

(resp. C×), the ratio “Cϕ,p/Cϕ,∞” should be well-defined. (cf. Defini-
tion 4.16, Remark 4.17 )

(3) When F = Q and when R is a Gorenstein ring, Conjecture A is equiv-
alent to Theorem 1.1.

(4) We expect that a more general conjecture by replacing R by the whole
local component of the Hecke algebra Tn.o

ρ should be true.

The ordinary Hecke algebra Tord
ρ is finite and torsion-free over O[[(1 +

pZp)1+δF,p ]]. Since d + 1 + δF,p > 2 + δF,p, the natural surjection Tn.o
ρ ։

Tord
ρ [[Cl+F (p∞)p]] cannot be an isomorphism by looking at the Krull dimensions.

As is also shown in Theorem 4.15 later, for every p-stabilized Hilbert ordinary
eigen cuspform ϕ of parallel weight k ≥ 2 and of level Np∗ satisfying ρϕ

∼= ρ,

there exists an unique algebra homomorphism κ = κϕ : Tord
ρ −→ Qp such that

the q-expansion of ϕ equals
∑

a

κϕ(Ta)qa. We propose another conjecture:

Conjecture B . Let Rord be a branch of Tord
ρ . There exists Lp(Rord) ∈

Rord[[Cl+F (p∞)p]] which has the interpolation property:

κϕ(Lp(Rord))

Cϕ,p
=
∏

p |(p)
Ap(ϕ)

L(ϕ, 0)

Cϕ,∞
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for every p-stabilized ordinary eigen cuspform of critical parallel weight k ≥ 2

and of level np∗ on Rord. Here, Cϕ,p ∈ Z
×
p /Z

×
(p) and Cϕ,∞ ∈ C×/Z

×
(p) are a

p-adic period and a complex period for ϕ satisfying the same relation as (2)
and (3) of Conjecture A.

Since, for every Rord, Rord[[Gal(F∞/F )]] is a quotient of some branch R of
Tn.o
ρ , it is clear that Conjecture B is an immediate corollary of Conjecture A.

We remark that Mok [Mo] constructs a two-variable p-adic L-function related
to Conjecture B by the method of Rankin-Selberg and he obtains an application
to the problem of trivial zeros of the one-variable p-adic L-functions of Hilbert
modular forms. However, his construction is slightly weaker than the p-adic
L-function of Conjecture B since his complex periods Cϕ,∞ are Rankin-Selberg
type which are different from p-optimal modular symbol type periods required
in Conjecture B. In fact, with Rankin-Selberg type period, the p-valuation of
the special values which appear in the interpolation formula might not match
with the value expected by generalized Birch and Swinneton-Dyer conjecture.
It seems difficult to improve this point of the method of Rankin-Selberg (see
Remark 1.3. 3. for a similar problem). Also, it is not clear if Mok’s method
works for Conjecture A.

1.2. Main results and technical difficulty on the work. In 1976,
Manin [M2] generalized the method of modular symbol on modular curves in
the setting of Hilbert modular varieties and constructed the cyclotomic p-adic
L-function Lp(ϕ) ∈ O[[Gal(F∞/F )]] of a Hilbert modular form ϕ. In this
paper, we prove a weaker version of Conjecture A by generalizing the method
of Λ-adic modular symbols on Hilbert modular varieties (see Theorem 5.1 for
the precise statement of Theorem A below). In order to state the result, we
introduce the following conditions (Vanρ) and (Irρ) for our fixed ρ and N.

(Vanρ) The module Hi(YK1(n)∩K11(pn),L(w1, w2,O))ρ vanishes for any i 6= d,
any n ∈ N and any cohomological double-digit weight (w1, w2), where
YK1(n)∩K11(pn) is a Hilbert modular variety of level K1(n) ∩K11(pn).

The groups K1(n) and K11(pn) above are defined at §2.1. See (1) for the
definition of ρ-part Hi(YK1(n)∩K11(pn),L(w1, w2,O))ρ.

(Irρ) The [F : Q]-th power mod p Galois representation ρ⊗[F :Q] of Gal(F/F )
is irreducible.

The main result of this article is as follows:

Theorem A . Assume that the conditions (Vanρ) and (Irρ) are satisfied for
our fixed ρ and n. Let R be a branch of Tn.o

ρ . Assume that R is a Gorenstein
algebra.
Then, there exists a p-adic L-function Leven

p (R) ∈ R (resp. Lodd
p (R) ∈ R)

which satisfies the interpolation property

κϕ(L∗p(R))

Cϕ,p
=
∏

p |(p)
Ap(ϕ)

L(ϕ, 0)

Cϕ,∞
(∗ = even (resp. odd)),
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for every p-stabilized nearly ordinary eigen cuspform ϕ ∈ Sw1,w2(K1(n p∗)) of
critical cohomological weight w = (w1, w2) on R such that w1 + w2 = rt are

multiples of t =
∑

τ∈IF
τ by even (resp. odd) integers r. Here, all terms in the

above interpolation are the same as explained in Conjecture A.

Remark 1.7. (1) Since w1 + w2 is a multiple of t for every critical coho-
mological weight w = (w1, w2), each of Leven

p (R) and Lodd
p (R) satisfy

the half of the desired interpolation property. Hence, Conjecture A is
true if Leven

p (R) is equal to Lodd
p (R) as an element of R. Though we

prove only the half of Conjecture A, a phenomenon of such a partial
interpolation and such a theorem were quite new as far as we know.
We believe that our work shed a new light on this area.

(2) The assumption that R is Gorenstein might not be satisfied in general.
When F = Q, there are some known explicit Eisenstein local compo-
nents which are not Gorenstein. If R is not Gorenstein, we have some
technical difficulties to construct the p-adic L-function in R. Proba-
bly, we can construct Lp(R) only as an element in a localization of R
and we have a similar interpolation only by means p-adic periods Cϕ,p
which are not necessarily p-adic units.

Theorem A immediately implies a corollary which gives two p-adic L-functions
for the interpolation predicted by Conjecture B depending on the parity of
weight. However, we will prove in [DO] the following full interpolation result
which is stronger than the corollary of Theorem A.

Theorem B . Assume that the conditions (Vanρ) and (Irρ) are satisfied for our
fixed ρ and n. Let Rord be a branch of Tord

ρ . Assume that Rord is a Gorenstein

algebra. Then, there exists a p-adic L-function Lp(Rord) ∈ Rord[[Cl+F (p∞)p]]
which satisfies the same interpolation property as stated in Conjecture B.

Remark 1.8. We remark that the p-adic L-function in Theorem B interpolates
not only the half of the desired specializations depending on the parity but all
desired specializations. This is because we can simply use the space of ordinary
modular symbols for the proof of Theorem B and we do not have to use the
space of modular symbols for the level structure ZK11 which is necessary for
the proof of Theorem A. As is remarked in the previous section, Mok [Mo]
proves a result which is quite similar as Theorem B.

From the look of the statement of our main theorem (Theorem A), this work
might seem to be done by a routine translation of the method of Mazur-
Kitagawa form the method of modular symbols over modular curves into the
method of modular symbols over Hilbert modular varieties. However, if one
tries to establish this kind of result, one immediately finds a lot of difficulties
including the ones coming from complicated natures of the generalization of
Hida theory to Hilbert modular forms. This is why there has not been a result
analogous to Theorem A long time after [Ki] and [M2] and why it took a long
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time for us to fill the detail of the work. So, it is important for us to explain
difficulties of the work and ingredients of the paper.

(1) On the process of Mellin transform and the theory of modular symbols
on Hilbert modular varieties, we often have the problem of the action
of units of the totally real field F which did not exist in the classi-
cal situation of modular curves and where we considered the field of
rationals Q.

(2) We have to control the torsion of the étale cohomology of Hilbert mod-
ular varieties so that our p-adic L-function interpolates special values
of Hecke L-function (cf. the condition (Vanρ) stated before Main The-
orem A). Such problem as well as the freeness of the Hecke algebra was
studied by Dimitrov[Di1] and by Lan-Suh[LS].

(3) By Shimura’s work, the special value L(ϕ, 0) of the Hecke L-function
of a Hilbert modular form ϕ of critical weight is equal to a complex

period Ωϕ,∞ modulo multiplication by elements in Q
×

. The periods

Ωϕ,∞ are invariant modulo multiplication by elements in Q
×

under
twists by Hecke characters. Our p-adic L-function should satisfy an
interpolation property which matches well with Shimura’s results (and
Deligne’s conjecture). Hence, in our nearly ordinary Hida deformations
(consisting of d+1 variables), we have to separate d variables related to
the weights of modular forms from the variable related to the twist by
Hecke characters. Though the separation of the variables is not difficult
for F = Q in Kitagawa’s work, the direct analogue of this construction
for a general totally real field gives us only a result for Conjecture B.
To have a positive result for Conjecture A, we need a delicate choice of
the level (Zp⊗o)×K11(pn) which is between the usual level structures
K0(pn) and K11(pn). The use of (Zp⊗o)×K11(pn) already appears
in a work of Hida [H5] but, to our best knowledge, its relation to the
construction of a p-adic L-function has not been pointed out anywhere.
Roughly speaking, when F = Q, the level structure (Zp⊗o)×K11(pn)

yields a one-variable Hida family characterized by j = k
2 in the two-

variable Hida family obtained by K11(pn) in which the weight k of
modular forms and Tate twist j vary freely.

At the end of this introduction, we recall that the algebraic counterpart of the
p-adic L-functions on branches R of Tn.o

ρ is given by the Selmer group SelT of
the universal Galois deformation T over R. The group SelT is defined to be a
subgroup of the Galois cohomology H1(F, T ⊗R R∨) and its Pontrjagin dual
(SelT )∨ is conjectured to be a finitely generated torsion module over R. This
conjecture is proposed in [Oc3] and is partially proved in [FO]. We finish our
paper by stating the d + 1-variable Iwasawa Main Conjecture with our p-adic
L-functions constructed in this paper.

d + 1-variable Iwasawa Main Conjecture (cf. [Oc3])
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Under certain conditions (see the above articles for the exact statements),
we conjecture that the principal ideals of a d + 1 + δF,p-variable nearly or-
dinary Hecke algebra R generated by Leven

p (R) and Lodd
p (R) constructed in

Theorem A are equal and they coincide with the characteristic ideal of (SelT )∨.

Note that we also have 2-variable and 1-variable Iwasawa Main Conjec-
tures corresponding respectively to Theorem B and Theorem C as special
cases of the above Iwasawa Main Conjecture which are formulated in the same
way.

1.3. List of notations. At the last page, we will list the symbols which
appear in the article. Here, we list some of the most basic notations in the
article.
• Let o be the ring of integers of our fixed totally real field F and let o×+ be the
group of totally positive units of o.
• We denote by AF the ring of adèles of F and by Afin

F the subring of finite

adèles F ⊗ Ẑ. We put ô = o⊗ZẐ, where Ẑ is the profinite completion of Z.
• p ≥ 5 is a fixed odd prime number unramified in F .
• H is the upper half-plane {z ∈ C|Imz > 0} and H± = C− R.
• Let O be a discrete valuation ring finite flat over Zp which contains all
conjugates of o. We denote by K the field of fractions of O.
• For any n ∈ Z[IF ], we put nmax = max{nτ |τ ∈ IF }, nmin = min{nτ |τ ∈ IF }.
•We denote by T the p-Sylow subgroup of the maximal torus in GL2(o⊗ZZp).
We refer to 4.1 for various tori Tn.o, TZ, Tord, T arith, T arith

n.o , T arith
Z related to T .

• For a (pro-)abelian group A, we denote by Ap the p-Sylow subgroup of A.
• For a locally compact abelian group A, we denote by APD the Pontrjagin
dual of A.
• Suppose that the ideal (p) ⊂ Z decomposes into the product p1 · · · ps in o. In
this paper, if there is no possibility of confusion, we often take the multi-index
notation pα which means pα1

1 · · · pαs
s .

Acknowledgments.
This project was started at the beginning of 2006. The author expresses his
sincere gratitude to the University Paris 13 for their hospitality where he
stayed from February 2006 to February 2008 and where some preparatory
steps of this work were done. He is also grateful to Jacques Tilouine who
was the host during his stay at the University Paris 13. The author also
thanks Mladen Dimitrov with whom he made a collaboration on the subject of
modular symbols and Hida theory of Hilbert modular forms for some periods
since the middle of 2007. This article, the article [Di2] by Dimitrov and a joint
article [DO] in preparation all grew up after our collaboration.

Documenta Mathematica 17 (2012) 807–849



Several Variables p-Adic L-Functions . . . 819

2. Mellin transform of Hilbert modular forms and Hecke
L-functions.

2.1. Automorphic forms on GL2. We define the C-vector space of Hilbert
automorphic forms as in [H1], except that our normalization is cohomological.

Definition 2.1. Let K be an open compact subgroup of GL2(AF ). Let us
take a cohomological double-digit weight w = (w1, w2) ∈ Z[IF ] × Z[IF ] (as
defined in §1.3). The space Mw1,w2(K;C) of adelic Hilbert modular forms of
weight (w1, w2), level K is the C-vector space of functions ϕ : GL2(AF )→ C
satisfying the followings three conditions:
(i) ϕ(γgy) = ϕ(g) for all γ ∈ GL2(F ), y ∈ K and g ∈ GL2(AF ).
(ii) ϕ(gu) = det(u)w1−t exp(−

√
−1
∑

τ∈IF kτθτ )ϕ(g), for all u ∈ GL2(F ⊗Q R)

and g ∈ GL2(AF ), where θτ ∈ R is such that uτ ∈ R× ·
(

cos(θτ ) − sin(θτ )
sin(θτ) cos(θτ )

)
and

k ∈ Z[IF ] is defined to be k = w2 − w1 + t.

(iii) For all δ ∈ GL2(Afin
F ),

ϕδ : z = (zτ ) ∈ HIF 7→ ϕ
(
δ ( 1 Re z

0 1 )
(√

Im z 0

0
√
Im z

−1

))

is holomorphic at zτ ∈ H for every τ ∈ IF .
The space Sw1,w2(K) of adelic Hilbert automorphic cuspforms is the subspace of
Mw1,w2(K) consisting of functions satisfying the following additional condition:
(iv)

∫
AF /F

ϕ (( 1 x
0 1 ) g) dx = 0 for all g ∈ GL2(AF ), where dx denotes an additive

Haar measure.

For an ideal l of o, we consider the following open compact subgroups of
GL2(Afin

F ) :

K0(l) =

{(
a b
c d

)
∈ GL2(ô)

∣∣∣∣ c ∈ l ô

}
,

K1(l) =

{(
a b
c d

)
∈ K0(l)

∣∣∣∣ d− 1 ∈ l ô

}
,

K11(l) =

{(
a b
c d

)
∈ K1(l)

∣∣∣∣ a− 1 ∈ l ô

}
.

Let Z be the p-Sylow subgroup of (o⊗Zp)× viewed as a subgroup of the center

of GL2(Afin
F ). Then, ZK11(l) is another important example of an open compact

subgroups of GL2(Afin
F ). We have the following inclusions for every prime l of

F :

ZK11(l) ⊂ K0(l)
∪ ∪

K11(l) ⊂ K1(l),

For z = (zτ ) ∈ HIF and γ =

(
aτ bτ
cτ dτ

)
∈ G(F⊗QR) we put j(γ, z) = cτzτ+dτ .

Documenta Mathematica 17 (2012) 807–849



820 Tadashi Ochiai

2.2. Hecke operators. For an open compact subgroup K of GL2(Afin
F ) and

an element δ ∈ GL2(Afin
F ), the Hecke operator [KδK] acts on the left on ϕ ∈

Sk(K) as follows:

ϕ|[KδK](x) =
∑

i

ϕ(xδi) , where [KδK] =
∐

i

δiK.

Assume that K is factorizable as
∏
λKλ whereKλ is an open compact subgroup

of GL2(Kλ) (λ running over the set of all finite places of F ) and Kλ is an open
compact subgroup of GL2(oλ) for almost all λ with oλ the completion o of at

λ. Let ̟λ be a uniformizer of oλ. Then, the Hecke operator

[
K

(
̟λ 0
0 1

)
K

]

is denoted by Tλ, if Kλ = GL2(oλ), and by Uλ, otherwise. Here, we regard(
̟λ 0
0 1

)
∈ GL2(Kλ) as an element in GL2(Afin

F ) which is 1 in GL2(Kλ′) at all

other finite primes λ′. It is important to observe that Uλ might depend on the
choice of ̟λ (for example when K ⊂ K11(λ)). In order to show the dependence

on the choice of a uniformizer, we sometimes denote

[
K

(
̟λ 0
0 1

)
K

]
by U̟λ

.

The group {±1}IF acts on the space of Hilbert modular forms by the action of

the element ι = (ιτ )τ∈IF ∈ GL2(F ⊗ R) with ιτ =

(
1 0
0 −1

)
at every infinite

place τ . This action naturally commutes with the Hecke action.

2.3. Nearly ordinary modular forms. For an element m =
∑

τ∈IF
mττ ∈

Z[IF ], we denote by Q(m) the smallest subfield of F which contains xm for
every x ∈ F . Let A ⊂ C be an algebra satisfying the following properties:

(1) The algebra A contains the ring of integers of Q(m).
(2) For every element δ ∈ (Afin

F )×, the fractional ideal δmA is a principal
ideal.

In fact, for every non-archimedean prime λ of F , we fix a generator {̟m
λ } ∈ A,

which determines a generator {δm} ∈ A for any δ ∈ (Afin
F )×. We refer to

[H1, Sect.3] for the proof of the existence of such algebra A. Let us define
modified Hecke operators T0,λ and U0,λ for non-archimedean prime λ of F
when the weight k is not parallel acting on the space Sw1,w2(K;A). On the
space Sw1,w2(K;A), we define:

T0,λ = {̟w1

λ }Tλ, U0,λ = {̟w1

λ }Uλ,
T0(p) =

∏

p |p
T0,p, U0(p) =

∏

p |p
U0,p.

By using these modified Hecke operators, we define nearly ordinary modular
forms as follows:

Definition 2.2. A Hilbert modular eigenform ϕ ∈ Mw1,w2(K;Q) is nearly
ordinary at p if the eigenvalue of ϕ with respect to T0,p (or U0,p) is a p-adic
unit for all primes p of F dividing p.
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2.4. Hilbert modular varieties and standard local systems. For an
open compact subgroup K of GL2(Afin

F ), we denote by YK the Hilbert modular
variety of level K with complex points

YK(C) = GL2(F )\GL2(AF )/KK+
∞

where K+
∞ is the group (SO2(R)R×+)d. We will consider the Hilbert modular

varieties as analytic varieties. By the strong approximation theorem for GL2,
YK has hK := |F×\A×F /det(K)(F ⊗R)×+| connected components, each isomor-

phic to a quotient of HIF by a congruence subgroup of GL2(F ) of the form

GL2(F ) ∩
(
c 0
0 1

)−1
K GL2(F ⊗Q R)+

(
c 0
0 1

)
for each c which represents a class of

F×\A×F /det(K)(F ⊗R)×+. Let us fix a set of representative {ci ∈ A×F }1≤i≤hF of

the narrow class group Cl+F := F×\A×F /ô
×

(F ⊗ R)×+ of F where hF = ♯Cl+F is
the narrow class number of F . Throughout the paper, we assume the condition:

(5) ci,p = 1 for every i,

where ci,p is the p-component of ci. Note that the number of connected com-
ponents of YK1(m) equals to hF and

YK1(m)
∼=

∐

1≤i≤hF

ΓK1(m)(ci)\HIF ,

where ΓK1(m)(ci) = GL2(F ) ∩
(
ci 0
0 1

)−1
K1(m) GL2(F ⊗Q R)+

(
ci 0
0 1

)
for each

representative ci ∈ A×F of the narrow class group of F . For each ci, we have
the following description of the group ΓK1(m)(ci):

ΓK1(m)(ci) =

=
{(

a b
c d

)
∈ GL2(F )∩

(
o c−1i d−1

cidm o

) ∣∣∣ ad−bc ∈ o×+, a ≡ 1 (mod m)
}

where d is the different of o.
We fixed an integral ideal n ⊂ o prime to p. We denote by Y11(npα) (resp.
YZ(npα), Y1(npα)) the Hilbert modular variety YK for K = K1(n) ∩K11(pα)
(resp. ZK1(n) ∩ K11(pα), K1(npα)). Similar analytic descriptions as above
holds for these varieties, but we omit them since these are more or less parallel
to the above description.

Definition 2.3. Let A be a Z-algebra and let (w1, w2) be an element of Z[IF ]×
Z[IF ].

(1) For each τ ∈ IF , we define a module L(w1,τ , w2,τ ;A) to be

L(w1,τ , w2,τ ;A) =
⊕

0≤i,j≤w2,τ−w1,τ−1
i+j=w2,τ−w1,τ−1

AX i
τY

j
τ .

Put

(
Xτ

Yτ

)w2,τ−w1,τ−1
=

= t
(
X
w2,τ−w1,τ−1
τ , X

w2,τ−w1,τ−2
τ Yτ , . . . , Y

w2,τ−w1,τ−1
τ

)
.
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On the module L(w1,τ , w2,τ ;A),

(
a b
c d

)
∈ GL2(A) acts

from the left on the way which sends

(
Xτ

Yτ

)w2,τ−w1,τ−1
to

(ad− bc)w1,τ

(
aXτ + bYτ
cXτ + dYτ

)w2,τ−w1,τ−1
.

(2) We define a module L(w1, w2;A) to be ⊗
τ∈IF

L(w1,τ , w2,τ ;A) where the

tensor product is taken over A.

Let K be an open compact subgroup of GL2(Afin
F ). Similarly as the case of

K = K1(m), YK is presented as follows:

YK = GL2(F )\GL2(AF )/KK+
∞

= GL2(F )\
(
GL2(Afin

F )×GL2(F ⊗Q R)
)
/KK+

∞

= GL2(F )\
(
GL2(Afin

F )/K ×GL2(F ⊗Q R)/K+
∞
)

= GL2(F )\
(
GL2(Afin

F )/K × (H±)IF
)

∼=
∏

1≤i≤hF

ΓK(ci)\HIF

where the discrete group ΓK(ci) is defined to be:

ΓK(ci) = GL2(F ) ∩
(
ci 0
0 1

)−1
K GL2(F ⊗Q R)+

(
ci 0
0 1

)

for each representative ci ∈ A×F of the ray class group F×\A×F /det(K)(F⊗R)×+.

Each component ΓK(ci)\(H+)IF is an affine algebraic variety of dimension d.

Definition 2.4. Let A be a subring of C or Qp which contains the Galois clo-

sure of o[d−1c−1i ] for each 1 ≤ i ≤ hK . We define the local system L(w1, w2;A)
on YK to be:

(6) GL2(F )\GL2(AF )× L(w1, w2;A)/KK+
∞.

Here, the group KK+
∞ acts on L(w1, w2;A) trivially and (6) is presented as

hK∏

i=1

ΓK(ci)\
(
HIF × L(w1, w2;A)

)
,

where ΓK(ci) acts on (H+)IF ×L(w1, w2;A) diagonally for each conjugate cor-
responding to τ ∈ IF .

Note that for K ′ ⊂ K, there is a natural projection pr : YK′ → YK . For
δ ∈ GL2(Afin

F ), we define the Hecke correspondence [KδK] on YK to be (pr1)∗ ◦
(·δ)∗ ◦ (pr2)∗ from the diagram below:

YK∩δ−1Kδ
pr1

wwooooooo

·δ // YδKδ−1∩K
pr2

''PPPPPPP

YK YK ,
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where ( )∗ means the pull-back and ( )∗ means the trace map.

We define the standard Hecke cohomological operators Tλ =

[
K

(
̟λ 0
0 1

)
K

]
,

Sλ =

[
K

(
̟λ 0
0 ̟λ

)
K

]
, for λ 6∈ ΣK , and Uλ =

[
K

(
̟λ 0
0 1

)
K

]
, for

λ ∈ ΣK , where ̟λ is a uniformizer of Fλ. The Betti cohomology groups
H•(YK ,L(w1, w2;A)) admit a natural action of all Hecke correspondences.

The action of the group {±1}IF on (YK ,L(w1, w2;A)) is induced by the ac-

tion of

(
1 0
0 −1

)
on the τ -component. Note that, for each τ ∈ IF , the

action of {±1}IF on YK is the one induced by sending zτ to −zτ on the
upper-half plane HIF corresponding to the τ -component of Yτ . The action
of {±1}IF on (YK ,L(w1, w2;A)) induces the action of {±1}IF on the coho-
mology H•(YK ,L(w1, w2;A)). This action commutes with the Hecke action.
For a character ǫ : {±1}IF → {±1} we denote by H•(YK ,L(w1, w2;A))[ǫ] the
ǫ-isotypic part for this action.

2.5. Standard q-expansion and L-function. In this paragraph we con-
sider forms of level K1(m). We recall the relation between the adelic definition
of the modular form and modular forms over Hilbert upper half planes defined
as follows:

Definition 2.5. For each i with 1 ≤ i ≤ hK , the space Mw1,w2(ΓK1(m)(ci);C)
of Hilbert modular forms of cohomological weight (w1, w2), level ΓK1(m)(ci)

is the C-vector space of the functions fi : HIF → C which are holomor-
phic at zτ for every τ ∈ IF and such that, for every γ ∈ Γ, we have
fi(γ(z)) = det(γ)w1j(γ, z)kfi(z) where k ∈ Z[IF ] is w2 − w1 + t. The
space Sw1,w2(ΓK1(m)(ci);C) of Hilbert modular cuspforms is the subspace of
Mw1,w2(ΓK1(m)(ci);C), consisting of functions vanishing at all cusps.

Lemma 2.6. We have an isomorphism:

(7) Sw1,w2(K1(m);C) ∼=
⊕

1≤i≤hF

Sw1,w2(ΓK1(m)(ci);C), ϕ 7→ (fi(z))1≤i≤hF ,

whose definition is explained in the proof below.

Proof. In order to explain the correspondence of the map (7), we recall the
notion of Hilbert automorphic functions on GL2(F ⊗Q R) of weight (w1, w2),
level ΓK1(m)(ci) which are defined to be functions ϕR satisfying the following
conditions:
(i) ϕR(γg) = ϕR(g) for all γ ∈ ΓK1(m)(ci) and g ∈ GL2(F ⊗Q R).

(ii) ϕR(gu) = det(u)w1 exp(−
√
−1
∑

τ∈IF kτθτ )ϕR(g), for all u ∈ GL2(F ⊗Q R)

and g ∈ GL2(F ⊗Q R), where θτ ∈ R is given by uτ ∈ R× ·
(

cos(θτ ) − sin(θτ)
sin(θτ ) cos(θτ)

)

and kτ = w2,τ − w1,τ + 1.

(iii) z 7→ ϕR

(
( 1 Re z
0 1 )

(√
Im z 0

0
√
Im z

−1

))
is holomorphic at zτ ∈ H for every

τ ∈ IF .
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Note that, since HIF is isomorphic to SL2(F ⊗Q R)/SO2(R)d, for modular
forms fi(z) of weight (w1, w2) and level ΓK1(m)(ci) in the sense of Definition

2.5, (cz+d)kfi(z) corresponds naturally to a Hilbert automorphic function ϕR,i

on GL2(F ⊗QR) of weight (w1, w2), level ΓK1(m)(ci) in the above sense. In fact,
this correspondence gives a bijection between two spaces.
On the other hand, let us consider an element ϕ of Mw1,w2(K1(m)) as intro-
duced in Definition 2.1 and Definition 2.2. For each 1 ≤ i ≤ hF , we denote by
ϕR,i the function ϕ(

(
ti 0
0 1

)
g) restricted to GL2(F ⊗Q R) ⊂ GL2(Afin

F ) where we

choose ti ∈ Afin
F such that ci d = (ti). ϕR,i is naturally a Hilbert automorphic

function ϕR,i on GL2(F ⊗Q R) of weight k, level ΓK1(m)(ci) in the above sense.
In fact, this correspondence gives a bijection between Mw1,w2(K1(m)) and the
direct sum for 1 ≤ i ≤ hF of the spaces of Hilbert automorphic functions on
GL2(F ⊗Q R) of weight k, level ΓK1(m)(ci).
Now, the desired isomorphism is obtained by taking the composition of two
correspondences explained above. �

Since fi is invariant with respect to the action of the matrix

(
1 x
0 1

)
with

x ∈ (ci d)−1, fi has a q-expansion of the form
∑

ξ∈(ci)+ a(fi, ξ)q
ξ, where qξ =

exp(2π
√
−1 TrF/Q(ξz)). Note the important relation:

(8) a(fi, ǫξ) = ǫw1a(fi, ξ) , for all ǫ ∈ o×+ .

We will describe the relation between Fourier coefficients and Hecke eigenvalues.

Lemma 2.7. For each ci and for an element ξ ∈ (ci)+, the quantity

a(fi, ξ)ξ
−w1

depends only on the ideal (ξ) ci ⊂ o.

Definition 2.8. For an integral ideal a of o, there is a unique i such that a
belongs to the same narrow ideal class as c−1i , that is a = ξ c−1i with ξ ∈ (ci)+.
We put then:

C(ϕ, a) := a(fi, ξ)ξ
−w1 .

Lemma 2.9. ([H1, Prop.4.1,Thm.5.2]) Let ϕ ∈ Sw1,w2(K1(m)) be an eigen cusp-
form. Then, for every integral ideal a of o, the eigenvalue of Ta on ϕ is C(ϕ, a).

Definition 2.10. We define the standard L-function of ϕ ∈ Sw1,w2(K1(m)) to
be:

L(ϕ, s) :=
∑

a⊂o

C(ϕ, a)

NF/Q(a)s
.

Similarly, for any Hecke character φ of finite order, we define the standard
L-function of ϕ ∈ Sw1,w2(K1(m)) twisted by φ to be:

L(ϕ⊗ φ, s) :=
∑

a⊂o

C(ϕ, a)φ(a)

NF/Q(a)s
.
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2.6. Eichler-Shimura map. Let ϕ ∈ Sw1,w2(K1(m),C) be an eigen cusp-
form. Recall that, by (7), ϕ corresponds to

∑
1≤i≤hF

fi(z) where fi(z) ∈

Sw1,w2(ΓK1(m)(ci);C) for each i. Then, the integration of the vector-valued
d-form

∑

1≤i≤hF

fi(zτ )
∏
τ∈IF (Xτ + zτYτ )w2,τ−w1,τ−1 ∧

τ∈IF
dzτ

on hF -copies of HIF defines an element of

Hd(Y1(m);L(w1, w2;C)) ∼=
⊕

1≤i≤hF

Hd(ΓK1(m)(ci)\HIF ;L(w1, w2;C)).

We call this the Eichler-Shimura class of ϕ and we denote it by
[ϕ] ∈ Hd(Y1(m);L(w1, w2;C)). Let Hd(Y1(m);L(w1, w2;C))[λϕ] (resp.
Hd
c (Y1(m);L(w1, w2;C))[λϕ]) be the component on which the Hecke alge-

bra for Mw1,w2(K1(m);C) acts by the Hecke eigenvalues of ϕ. The class [ϕ] ∈
Hd(Y1(m);L(w1, w2;C)) naturally falls in Hd(Y1(m);L(w1, w2;C))[λϕ]. By
the isomorphism Hd(Y1(m);L(w1, w2;C))[λϕ] ∼= Hd

c (Y1(m);L(w1, w2;C))[λϕ],
we also have the Eichler-Shimura class in Hd

c (Y1(m);L(w1, w2;C))[λϕ].

2.7. Mellin transform. In this section, we compute L(ϕ, s) for an eigen
cuspform ϕ ∈ Sw1,w2(K1(m)) by using a Mellin transform.

∑

1≤i≤hF

NF/Q(ci)
s

∫

√
−1(F⊗R)×+/ o

×
+

fi(z)z
s−t−w1 ∧

τ∈IF
dzτ

=
∑

1≤i≤hF

NF/Q(ci)
s

∫

√
−1(F⊗R)×+/ o

×
+

∑

ξ∈(ci)+

a(fi, ξ) exp(2π
√
−1TrF/Q(ξz))z

s−t−w1 ∧
τ∈IF

dzτ

=
∑

1≤i≤hF

NF/Q(ci)
s×

×
∫

√
−1(F⊗R)×+/ o

×
+

∑

ξ∈(ci)+

a
a(fi, ξ)ξ

w1

NF/Q(ξ)s
exp(2π

√
−1TrF/Q(ξz))(ξz)

s−t−w1 ∧
τ∈IF

d(ξzτ )
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By using the invariance of the integrant with respect to the action of units, the
last term is equal to:

∑

1≤i≤hF

NF/Q(ci)
s
∑

ξ∈(ci)+/ o×
+

a(fi, ξ)ξ
w1

NF/Q(ξ)s

∫

√
−1(F⊗R)×+

exp(2π
√
−1 TrF/Q(z))zs−t−w1 ∧

τ∈IF
dzτ

=
∑

1≤i≤hF

∑

ξ∈(ci)+/ o×
+

a(fi, ξ)ξ
w1

NF/Q(ξ c−1i )s

∫

√
−1(F⊗R)×+

exp(2π
√
−1 TrF/Q(z))zs−t−w1 ∧

τ∈IF
dzτ

=

(∑

a⊂o

C(ϕ, a)

NF/Q(a)s

)
×
∏

τ∈IF

√
−1∞∫

0

exp(2π
√
−1yτ )ys−1−w1,τ

τ dyτ

=

(∑

a⊂o

C(ϕ, a)

NF/Q(a)s

)
×
∏

τ∈IF

∞∫

0

exp(−2πyτ )(
√
−1yτ )s−1−w1,τ d(

√
−1yτ )

=

(∑

a⊂o

C(ϕ, a)

NF/Q(a)s

)
×
∏

τ∈IF

(
√
−1)s−w1,τ

(2π)s−w1,τ

∞∫

0

exp(−2πyτ )(2πyτ )s−1−w1,τ d(2πyτ )

= L(ϕ, s)
∏

τ∈IF

Γ(s− w1,τ )

(−2π
√
−1)s−w1,τ

.

3. Modular symbol cycle

The image of (F ⊗ R)×+/ o
×
+ in the Hilbert modular variety YK of level K is

a closed d-cycle, which is a generalization to the Hilbert modular case, of the
classical modular symbol linking the cusps 0 and∞ on a modular curve. Recall
that the number of components of YK is hK = |F×\A×F /det(K)(F ⊗ R)×+|.
Thus YK is a quotient of HIF

∐ · · ·∐HIF (hK copies). For each i satisfying
1 ≤ i ≤ hK , we fix an element ui ∈ F of the cusp P1(F ) of i-th component
HIF . We define Hui ⊂ HIF to be

Hui = {ui +
√
−1y | y ∈ (F ⊗ R)×+}.

For each u = {ui ∈ F}1≤i≤hK , we denote by Hu ⊂ HIF
∐ · · ·∐HIF (hK

copies) the disjoint union
∐hK

i=1Hui . Let m be an integral ideal of F such
that mui is contained in o for every i. Let E be a finite index subgroup of
o×+ consisting of totally positive units e congruent to 1 modulo m. For such a

sufficiently small subgroup E ⊂ o×+, we have:

GK,E,u : Hu/E −→ YK .

Note that each component of Hu/E is a finite cover of (F ⊗Q R)×+/ o
×
+ and it

is homeomorphic to R×(S1)d−1. In Section 2.4, we introduced a local system
L(w1, w2;A) on YK for any subring A of C or Qp which contains the Galois

closure of o[d−1c−1i ] for each 1 ≤ i ≤ hK . By definition, the pull-back of the
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local system L(w1, w2;A) to Hu/E is the etale space

(Hu × L(w1, w2;A))/E

where e ∈ E acts on Hu by multiplication and acts on L(w1, w2;A) via the

matrix

(
e 0
0 1

)
.

Definition 3.1. A cohomological double-digit weight (w1, w2) ∈ Z[IF ]×Z[IF ]
is said to be critical if w1,τ < 0 ≤ w2,τ holds for every τ ∈ IF .

For each critical (w1, w2), we consider the map:

L(w1, w2;A) −→ A(9)

∑
awX

w2−w1−t−wY w 7→ the coefficient of

(
w2 − w1 − t
−w1 − t

)
Xw2Y −w1−t ,

(10)

where all the indeterminates are of multi-index and w runs through elements
in Z[IF ] satisfying 0 ≤ w ≤ w2−w1− t. Note that, by definition, aw is divisible

by

(
w2 − w1 − t
−w1 − t

)
. Hence, (9) induces a map of sheaves

(11) L(w1, w2;A) −→ A

on Hu/E.

Definition 3.2. Let A be a subring of C or Qp which contains the Galois

closure of o[d−1c−1i ] for each 1 ≤ i ≤ hK and let (w1, w2) be a critical cohomo-
logical double-digit weight. For each u = {ui ∈ F}1≤i≤hK , we have the Gysin
map

(12) Hd
c (YK ;L(w1, w2;A)) −→ Hd

c (Hu/E;L(w1, w2;A))

for the map GK,E,u. We define the evaluation map

(13) ev
(w1,w2)
K,u : Hd

c (YK ;L(w1, w2;A)) −→ A⊗Z Q

to be the composition of (12) and the map (14) defined as follows:
(14)

Hd
c (Hu/E;L(w1, w2;A)) −→ Hd

c (Hu/E;A) ∼= A⊕hK −→ A

× 1

[o
×
+

:E]

−−−−−→ A⊗Z Q.

(the first arrow of (14) is induced by (11) and the second one is the trace map.)

Remark 3.3. Later, in §5, we use the evaluation maps to define a certain
measure on lim←−β Cl+F (pβ). Since K varies in K1(n) ∩ K11(pα) where pα ⊂ o

becomes arbitrary small, it might seem that the denominator 1
[o×

+ :E]
is out of

control. However, by distribution property with respect to α proved at Lemma
5.3 and Corollary 5.7, it will follow that the measure we obtain is integral.
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We recall some basic facts and fix notations related to cusps and evaluation

maps. For a multi-index notation pβ = pβ1

1 · · · pβs
s , we have the extension as

follows:

(15) 1 −→ (o /pβ)×/ o×+ −→ Cl+F (pβ) −→ Cl+F −→ 1.

When K = K1(np
α) for fixed tame conductor n, the number of components of

YK is hF = |Cl+F |. We fix a splitting of the sequence (15) in a manner which

is compatible with respect to β. Every element of u ∈ Cl+F (pβ) is identified
with {ui ∈ (o /pβ)×/ o×+}1≤i≤hF . Here, we note that p−β/ o ⊂ F and we fix

representatives of (o /pβ)×/ o×+ in p−β/ o in a manner which is compatible with

respect to β = (β1, · · · , βs). Under this situation, we denote ev
(w1,w2)
K,u with

K = K1(npα) and u ∈ Cl+F (pβ) by ev
(w1,w2)
u,α,β .

In §5, we need a similar construction for the level KZ(pα) = ZK1(n)∩K11(pα)
for fixed tame conductor n where Z is the p-Sylow subgroup of (o⊗Zp)× viewed

as a subgroup of the center of GL2(Afin
F ) as introduced at the end of the in-

troduction. The number of components hKZ(pα) = |F×\A×F /det(KZ(pα))(F ⊗
R)×+| of YKZ(pα) is 2thF independently of α, where t satisfies 1 ≤ t ≤ s. Since
p is not equal to 2, we have
(16)

1 −→ ((o /pβ)×/ o×+)p −→ Cl+F (p
β)p −→ (F×\A×

F /det(KZ(p
α))(F ⊗ R)×+)p −→ 1.

As in the previous case, we fix a splitting of the sequence (16) in a man-
ner which is compatible with respect to β = (β1, · · · , βs). If we con-
sider the situation where the coefficient ring is p-adic and the cohomology
Hd
c (YKZ(pα);L(w1, w2;A)) is localized at a maximal ideal of the p-adic Hecke

algebra acting on the cohomology (we denote the maximal ideal by ρ), we
have the cusp associated to u = {ui ∈ ((o /pβ)×/ o×+)p} ∈ Cl+F (pβ)p and an
evaluation map:

(17) ev
(w1,w2)
KZ(pα),u : Hd

c (YKZ(pα);L(w1, w2;A))ρ −→ A⊗Z Q.

We also denote ev
(w1,w2)
KZ(pα),u for u ∈ Cl+F (pβ)p by ev

(w1,w2)
u,α,β

3.1. Cohomological interpretation of special values. Now we con-
sider the paring between the modular symbol cycle and the cohomology class
of ϕ under Eichler-Shimura map and relate it to the special value with help of
the subsection 2.7.
By the definition of Eichler-Shimura class, we have the following proposition:

Theorem 3.4. Let ϕ be an eigen cuspform of critical double-digit weight
(w1, w2) and level K1(npα). We denote by [ϕ] ∈ Hd

c (Y1(npα);L(w1, w2;C))[λϕ]
the Eichler-Shimura class of a cuspform ϕ. Let β = (β1, · · · , βs) be a multi-
index as above. Then, for each u = {ui ∈ (o /pβ)×/ o×+} ∈ Cl+F (pβ), we have

ev
(w1,w2)
u,α,β ([ϕ]) =

1

[o×+ : E]

∑

1≤i≤hF

∫
√
−1(F⊗R)×+/E

fi(z + ui)z
−t−w1 ∧

τ∈IF
dzτ
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via the correspondence from ϕ to {fi(z)} obtained in Lemma 2.6 where E is a
sufficiently small subgroup of o×+ with finite index introduced at the beginning
of Section 3.

Let oϕ be the ring of integers of the Hecke field which is obtained by adjoining
the eigenvalues of Hecke operators to Q and let oϕ,(p) be the localization of oϕ
at the prime ideal above p which is specified from the fixed embedding Q →֒ Qp.

Definition 3.5. Let ϕ be an eigen cuspform of critical double-digit weight
(w1, w2) and level K1(np

α). Let v be an oϕ,(p)-basis of the free oϕ,(p)-module

of rank one obtained by Hd
c (Y1(npα);L(w1, w2; oϕ,(p)))[λϕ, ǫ] modulo oϕ,(p)-

torsion part. By abuse of notation, we denote the image of the above v via the
map

Hd
c (Y1(npα);L(w1, w2; oϕ,(p)))[λϕ, ǫ]/(oϕ,(p)-torsion) →֒

→֒ Hd
c (Y1(npα);L(w1, w2;C))[λϕ, ǫ]

by the same letter v. We define the complex period Cǫϕ,∞,v ∈ C× to be the
complex number satisfying v = Cǫϕ,∞,v · [ϕ].

Definition 3.6. Let φ be a finite order character of Cl+F (pβ). As in (15),

(o /pβ)×/ o×+ is canonically identified with a subgroup of Cl+F (pβ). Thus we
have a homomorphism:

(p−β/ o)×
∼→ (o /pβ)× ։ (o /pβ)×/ o×+ →֒ Cl+F (pβ)

where the first term (p−β/ o)× is defined to be a subset of p−β/ o consisting of
elements whose annihirater is pβ . Then, the Gauss sum G(φ) for φ is defined
as follows:

G(φ) =
∑

x∈(p−β/ o)×

φ(x)exp(2π
√
−1TrF/Q(x)).

By a similar calculation as §2.7, we have

1

[o×+ : E]

∑

1≤i≤hF

NF/Q(ci)
s

∑

uj∈((p−β/ o)×/ o×
+)i

φ−1i (uj)

∫

√−1(F⊗R)×+/E

fi(z+uj)z
s−t−w1 ∧

τ∈IF
dzτ

= L(ϕ⊗ φ, s)G(φ−1)
∏

τ∈IF

Γ(s− w1,τ )

(−2π
√
−1)s−w1,τ

,

for any finite order character φ of Cl+F (pβ), where ((p−β/ o)×/ o×+)i is the inverse

image of each ci ∈ Cl+F in (15) which is isomorphic to (p−β/ o)×/ o×+ and φi is

a map on each component ((p−β/ o)×/ o×+)i induced by φ. In the integral of

the above equation, we choose a lift ui ∈ (p−β/ o)× of ui ∈ (p−β/ o)×/ o×+ (we
use the same symbol by abuse of notation). It is not difficult to see that the
integral does not depend on the choice of such a lift. Using this, we have the
following corollary:
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Corollary 3.7. Let ϕ ∈ Sw1,w2(K1(n pα)) be a normalized eigen cusp
form of weight (w1, w2) and of level K1(n pα). Let v be an oϕ,(p)-basis of

Hd
c (Y1(npα);L(w1, w2; oϕ,(p)))[λϕ, ǫ] modulo oϕ,(p)-torsion part. Then we have

∑

u∈Cl+F (pβ)

φ−1(u)ev
(w1,w2)
u,α,β (v) = G(φ−1)

L(ϕ⊗ φ, 0)

Cǫϕ,∞,v
.

for any Herke character of finite order, where ǫ is the equal to φ restricted to
(F ⊗ R)× identifying (F ⊗ R)×/(F ⊗ R)×+ with {±1}IF .
The following proposition is very important for the property of “invariance” of
periods with respect to character twists:

Proposition 3.8. Let ϕ ∈ Sw1,w2(K1(M)) be an eigen cuspform which is
critical in the sense of Definition 3.1. Assume that ϕ is not a twist of another
eigen cuspform by a Hecke character of a finite order. We take a twist ϕ′ =
ϕ⊗N r

Fφ with the Norm character NF and a Hecke character of finite order φ,
which is of weight (w1 − rt, w2− rt). We assume that (w1− rt, w2 − rt) is also
critical. Let v be an oϕ,(p)-basis of

Hd
c (Y1(npα);L(w1, w2; oϕ,(p)))[λϕ, ǫ]/(oϕ,(p)-torsion)

and let v′ be the twist v[r]⊗ φ which is an oϕ,(p)-basis of

Hd
c (Y1(npα);L(w1 − rt, w2 − rt; oϕ′,(p)[φ]))[λϕ′ , ǫ]/(oϕ′,(p)-torsion)

where v[r] is a shift of weight of v by r.
Then we have:

Cǫϕ,∞,v = Cǫϕ′,∞,v′
G(φ−1)

(−2π
√
−1)dr

∏

τ∈IF

Γ(−w1,τ + r)

Γ(−w1,τ )
.

If there are not so much confusion, we sometimes omit the dependence on v
of the period and denote it by Cϕ,∞. (see Remark 4.17 (2) for our idea for
eliminating the dependence on the choice of v)

4. Hida families of Hilbert modular forms.

In the first half of this section we review Hida’s theory of nearly ordinary Hilbert
modular forms as developed in [H1] and [H2]. In particular, we recall Hida’s
control theorem for nearly ordinary p-adic Hecke algebras. Hida’s proof relies,
via the Jacquet-Langlands correspondence, on control theorems for cohomology
groups coming from quaternion algebras over F which are totally definite, or
indefinite but yield Shimura curves. The introduction of [H1] ends up with
the hope that those results would be extended to general quaternion algebras
yielding varieties of higher dimension. In the second half of this section we
extend Hida’s theory to the case of M2(F ), corresponding to the d-dimensional
Hilbert modular variety. Using the results of [Di1], we prove a control theorem
4.9 as well as a freeness result over the universal nearly ordinary p-adic Hecke
algebra (see theorem 4.15).
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The universal nearly ordinary p-adic Hecke algebra introduced by Hida is nat-
urally an algebra over the Iwasawa algebra in d+ 1 + δF,p variables (δF,p being
the Leopoldt defect), and it is very important in our application in the follow-
ing sections to separate the first d variables corresponding to the weight, from
the other 1 + δF,p variables corresponding to twists by Hecke characters. We
do that by a careful choice of level structure at primes dividing p.

Since we assumed that p is unramified in F , we denote by p1,...,ps the ideals
of F above p. We fix an ideal n of F prime to p.

4.1. Various level structures. In Section 2.4, we introduced for α ≥ 0 the
Hilbert modular varieties Y11(npα), YZ(pα) and Y1(pα) of level K1(n)∩K11(pα),
KZ(pα) = ZK1(n)∩K11(pα) and K1(n p

α), as well as the sheaves L(w1, w2;A)

on them. Here Z is a group of elements

(
a 0
0 a

)
with a ∈ (o⊗Zp)×. Using the

multi-index notation of 1.3, we have:

(18) K0(p
α)/K11(p

α) ∼= (o /pα)× × (o /pα)×,

where the first factor is represented by the group of elements{(
a 0
0 1

)∣∣∣∣ a ∈ (o /
∏

pαi

i )×
}

and the second factor is represented by the

group of elements

{(
1 0
0 d

)∣∣∣∣ d ∈ (o /
∏

pαi

i )×
}

. Hence, we have

(19) K0(pα)/K11(pα) o× ∼=
(
(o /pα)× × (o /pα)×

)
/ o×

where we divide by the group generated by the elements

{(
d 0
0 d

)}
where d

runs through the image of o× in (o /pα)× which is also denoted by o× by abuse
of notation.
We introduce several tori as follows:

Definition 4.1. Let us define T (resp. Tn.o, TZ , Tord) to be the
p-Sylow subgroup of lim←−

α

K0(pα)/K11(pα) (resp. lim←−
α

K0(pα)/K11(pα) o×,

lim←−
α

K0(pα)/ZK11(p
α), lim←−

α

K0(pα)/K1(pα) o×).

By definition, we have the following relation:

(20)

T

։

Tord և Tn.o ։ TZ .

Definition 4.2. We define an Iwasawa algebra Λ (resp. Λn.o, ΛZ , Λord) to be
O[[T ]] (resp. O[[Tn.o]], O[[TZ ]], O[[Tord]]).

The algebra Λ (resp. ΛZ) is isomorphic to O[[(1 + pZp)2d]] (resp. O[[(1 +
pZp)d]]). The algebra Λn.o (resp. Λord) is isomorphic to O[[(1+pZp)d+1+δF,p ]]
(resp. O[[(1 + pZp)1+δF,p ]]), where δF,p is the Leopoldt defect for F and p
which is expected to be zero by the Leopoldt conjecture.
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We have the following relation:

(21)

Λ

։

Λord և Λn.o ։ ΛZ

where two vertical arrows are surjective. We remark that a Λn.o-module (resp.
ΛZ-module, Λord-module) M is naturally regarded as a Λ-module.
Let the module H•n.o(Y11(npα),L(w1, w2;K/O)) be the largest O-direct sum-
mand of the module H•(Y11(pα),L(w1, w2;K/O)) on which the Hecke operator
T0(p) in Definition 2.2 is invertible. The Pontryagin dual H•n.o(w1, w2) of the
limit lim−→

α

H•n.o(Y11(npα),L(w1, w2;K/O)) has a natural action of Tn.o and it is

a module over the algebra Λn.o.
Let the module H•n.o(YZ(npα),L(w1, w2;K/O)) be the largest O-direct sum-
mand of the module H•(YZ(npα),L(w1, w2;K/O)) on which the Hecke oper-
ator T0(p) of Definition 2.2 is invertible. The Pontryagin dual H•Z(w1, w2) of
the limit lim−→

α

H•n.o(YZ(npα),L(w1, w2;K/O)) has a natural action of TZ and it

is a module over the algebra ΛZ .
Let the module H•ord(Y1(npα),L(w1, w2;K/O)) be the largest O-direct sum-
mand of the module H•(Y1(npα),L(w1, w2;K/O)) on which the Hecke operator
T0(p) of Definition 2.2 is invertible.
The Pontryagin dual H•ord(w1, w2) of the limit

lim−→
α

H•ord(Y1(npα),L(w1, w2;K/O))

has a natural action of Tord and it is a module over O[[Tord]] ∼= O[[(1 +
pZp)1+δF,p ]].

Remark 4.3. Let ρ be a nearly ordinary residual Galois representation of GF
which is modular of level K1(n) ∩K11(pα) and nearly ordinary at p. For any
cohomological weight w = (w1, w2), we have

H•n.o(Y11(npα),L(w1, w2;K/O))ρ 6= 0,

H•n.o(YZ(npα),L(w1, w2;K/O))ρ 6= 0,

where ( )ρ means the ρ-part as explained at the equation (1). On
the other hand, H•n.o(Y1(npα),L(w1, w2;K/O))ρ can be zero for certain
(w1, w2). However, there exists a double-digit weight (w1, w2) such that
H•n.o(Y1(npα),L(w1, w2;K/O))ρ 6= 0.

We say that a residual representation ρ is realized in

H•n.o(Y1(npα),L(w1, w2;K/O))

when we have H•n.o(Y1(npα),L(w1, w2;K/O))ρ 6= 0. We recall the following
lemma, which is straightforward from the construction of Hida family.

Lemma 4.4. Suppose that ρ : GF −→ Fp is a nearly ordinary residual Ga-
lois representation of level K1(np) and double-digit weight (a1, a2). Then ρ
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is realized in the cohomology H•n.o(Y1(npα),L(w1, w2;K/O)) if and only if the
maps (o /p)× −→ (o /p)×, u 7→ uw1−a1 and (o /p)× −→ (o /p)×, u 7→ uw2−a2

annihilate the image of o×+ in (o /p)×.

When ρ is not realized in

H•n.o(Y1(npα),L(w1, w2;K/O)),

H•n.o(Y1(npα),L(w1, w2;K/O))ρ is defined to be zero. We denote by
H•n.o(w1, w2)ρ the ρ-part of H•n.o(w1, w2), which is defined to be the Pontr-
jagin dual of lim−→

α

H•n.o(Y11(npα),L(w1, w2;K/O))ρ.

Let (r1, r2) ∈ Z[IF ]×Z[IF ]. For a Λ-module M , we denote by tw(r1,r2)(M) the
module M whose Λ-module structure is twisted by

(22) Λ→ Λ , [a, d] 7→ ar1dr2 [a, d],

where we identify (o⊗Zp)× × (o⊗Zp)× with T by

(a, d) 7→
(
a 0
0 d

)
.

By Hida, H•n.o(w1, w2)ρ is independent of (w1, w2) in the following sense:

Theorem 4.5. [H2, (3.3)] The Λ-modules H•n.o(w1, w2)ρ and

tw(w1−w′
1,w2−w′

2)(H•n.o(w′1, w′2)ρ) are isomorphic to each other for
(w1, w2), (w′1, w

′
2) ∈ Z[IF ] × Z[IF ] cohomological double-digit weights (cf.

§2.4).

Corollary 4.6. Let (w1, w2), (w′1, w
′
2) ∈ Z[IF ] × Z[IF ] be cohomological

weights (cf. §2.4).

(i) The Λn.o-module H•n.o(w1, w2)ρ is always isomorphic to
H•n.o(w′1, w′2)ρ with Λn.o-structure is twisted by the above twists.

(ii) The Λord-module H•ord(w1, w2)ρ is isomorphic to

tw(w1−w′
1,w2−w′

2)(H•ord(w′1, w
′
2)ρ)

with Λord-structure twisted by (22) if and only if we have w1 = w′1 and
w2 − w′2 ∈ Z t.

(iii) The ΛZ-module H•Z(w1, w2)ρ is isomorphic to H•Z(w′1, w
′
2)ρ with

ΛZ-structure is twisted by (22) if and only if w1 + w2 = w′1 + w′2.

Definition 4.7. Let (w1, w2) be a cohomological double-digit weight. We de-
note by Tn.o

ρ (w1, w2) (resp. TZρ (w1, w2), Tord
ρ (w1, w2)) the Hecke algebra which

is defined to be the subalgebra in the Λn.o-linear (resp. ΛZ -linear, Λord-linear)

endomorphism ring of Hdn.o(w1, w2)ρ (resp. HdZ(w1, w2)ρ, Hdord(w1, w2)ρ) gen-
erated by all Hecke operators.

Suppose that ρ is realized in H•n.o(Y1(npα),L(w1, w2;K/O)) and it is also re-
alized in H•n.o(Y1(npα),L(w′1, w

′
2;K/O)). By Corollary 4.6, Tn.o

ρ (w1, w2) (resp.

TZρ (w1, w2), Tord
ρ (w1, w2)) is isomorphic to Tn.o

ρ (w′1, w
′
2) (resp. TZρ (w′1, w

′
2),

Tord
ρ (w′1, w

′
2)) without any condition (resp. if w1 + w2 = w′1 + w′2, if w1 = w′1

and w2 − w′2 ∈ Z[t]).
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4.2. Control theorem for nearly ordinary cohomology. As ex-
plained in the introduction, the condition (Vanρ) is essential for the construc-
tion of our p-adic L-function. Before starting the construction, we will list some
of known sufficient conditions which ensure the condition (Vanρ) stated at the
beginning of §1.2.

Remark 4.8. Let ρ be a residual Galois representation of GF which is nearly
ordinary at p and of level K1(n) ∩K11(p).

(1) The paper [Di1] by Dimitrov shows that (Vanρ) holds if the conditions
(⋆) and (⋆⋆) below are true:

(⋆) ρ is realized in Hd
n.o(YK1(n),L(a1, a2,K/O)) of double-digit

weight a = (a1, a2) ∈ Z[IF ]× Z[IF ] satisfying

∑

τ∈IF
(a2,τ − a1,τ ) < p− 1.

(⋆⋆) The representation ⊗
τ∈IF

ρ(τ−1 · τ) of the absolute Galois group

GF̃ is irreducible of order divisible by p, where F̃ /Q denotes the Galois

closure of F/Q in Q.
We also remark that, if F is Galois over Q and if ϕ is a (parabolic)

newform which is not a theta series, nor a twist of a base change, then
for almost all ordinary primes p, ρ = ρϕ mod p satisfies (⋆) and (⋆⋆).

(2) The paper [LS] by Lan and Suh shows that the condition (Vanρ) is true
if the weight of ρ is regular.

The general formalism of control theorems established in [H1, §10] and [H4]
and the condition (Vanρ) immediately implies the following theorem.

Theorem 4.9. Let ρ be a residual Galois representation of GF which is nearly
ordinary at p and of level K1(n)∩K11(p) satisfying the condition (Vanρ) stated
at the beginning of §1.2. Then we have,

(i) (Hqn.o)ρ is a free Λn.o-module of finite rank and vanishes if q 6= d.
(ii) For any cohomological double-digit weight (w1, w2), we have the fol-
lowing isomorphism:

tw(w1,w2)((Hdn.o)ρ) ⊗
Λn.o

O
[
(K0(pα)/K11(pα) o×)p

]

∼= (Hdn.o(w1, w2))ρ ⊗
Λn.o

O
[
(K0(pα)/K11(p

α) o×)p
]

∼= Hd
n.o(Y11(npα),L(w1, w2;K/O))PD

ρ .

Corollary 4.10. Let ρ be a residual Galois representation of GF which is
nearly ordinary at p and of level K1(n)∩K11(p) satisfying the condition (Vanρ).

(i) Hqord(w1, w2)ρ (resp. HqZ(w1, w2)ρ) is a free Λord-module (resp. ΛZ-
module) of finite rank and vanishes if q 6= d.
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(ii) We have the following isomorphisms:

Hd
ord(w1, w2)ρ⊗Λord

O
[
(K0(p

α)/K1(p
α) o×)p

] ∼= Hd
n.o(Y1(np

α),L(w1, w2;K/O))PD
ρ

Hd
Z(w1, w2)ρ⊗ΛZ

O [(K0(p
α)/ZK11(p

α))p] ∼= Hd
n.o(YZ(np

α),L(w1, w2;K/O))PD
ρ

Theorem 4.9 (ii) and Corollary 4.10 (ii) ensure the existence of Hida families
in our setting (cf. Remark 1.5 for the relation between our construction and
Hida’s construction [H1], [H2], [H3]).
Now, we recall that we have another group of global units:

(23)

{(
d 0
0 d−1

)∣∣∣∣ d ∈ o×
}
.

We have the following definition by using the above group.

Definition 4.11. (1) Let w = (w1, w2) be a cohomological pair and let
α = (α1, · · · , αs) be an element of Zs. We define an ideal P n.o

w;α ∈ Λn.o

(resp. PZw;α ∈ ΛZ ) to be the ideal such that

tw−w1,−w2(P n.o
w;α) = Ker

[
Λn.o −→ O

[
(K0(pα)/K11(pα) o×)p

]]

tw−w1,−w2(PZw;α) = Ker [ΛZ −→ O [(K0(pα)/ZK11(p
α))p]]

(2) LetO [(K0(pα)/K11(pα) o×)p]
arith

(resp. O [(K0(pα)/ZK11(pα))p]
arith

)
the quotient ring of

O
[
(K0(pα)/K11(pα) o×)p

]
(resp. O [(K0(pα)/ZK11(pα))p])

by the global units action of (23). We define an ideal P n.o,arith
w;α ∈ Λn.o

(resp. PZ,arithw;α ∈ ΛZ ) to be the ideal such that

tw−w1,−w2(P n.o,arith
w;α ) = Ker

[
Λn.o −→ O

[
(K0(pα)/K11(p

α) o×)p
]arith]

tw−w1,−w2(PZ,arithw;α ) = Ker
[
ΛZ −→ O [(K0(pα)/ZK11(pα))p]

arith
]

Note that, P n.o
w;α and P n.o,arith

w;α are defined for any w = (w1, w2), while PZw;α and

PZ,arithw;α are defined only for w = (w1, w2) such that w1 +w2 = 0. By definition,

we have P n.o,arith
w;α ⊃ P n.o

w;α (resp. PZ,arithw;α ⊃ PZw;α).

4.3. Freeness result for nearly ordinary cohomology. Let us recall
the following results:

Theorem 4.12. Let ρ be a residual Galois representation of GF which is nearly
ordinary at p and of level K1(n) ∩K11(p) satisfying the condition (Vanρ). Let
us fix a cohomological double-digit weight a = (a1, a2) ∈ Z[IF ] × Z[IF ]. Then,

the Hecke algebra Tn.o
ρ (a1, a2) (resp. TZρ (a1, a2)) is free over Λn.o (resp. ΛZ)

when it is realized in H•n.o(Y1(npα),L(a1, a2;K/O)) in the sense given before
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Lemma 4.4. For any cohomological double-digit weight w = (w1, w2), we have
exact control:

Tn.o
ρ (a1, a2)⊗Λn.o Λn.o/P

n.o,arith
w−a,α ∼= (hn.ow;α)ρ,

TZ
ρ(a1, a2)⊗ΛZ (ΛZ/P

Z,arith
w−a;α ) ∼= (hZw,α)ρ

where hn.ow,α (resp. hZw,α) is the Hecke algebra acting on

Hd
n.o(Y11(pα),L(w1, w2;K/O))PD

ρ (resp. Hd
n.o(YZ(npα),L(w1, w2;K/O))PD

ρ ).

Proof. By Theorem 4.9 (ii) and by the assumption (Vanρ), we have

Hdn.o(a1, a2)ρ ⊗ Λn.o/P
n.o,arith
w−a;α ∼= (Hd(YK1(n)∩K11(pα),L(w1, w2;K/O))ρ)PD

at each cohomological double-digit weight w = (w1, w2), By specializing at

P n.o,arith
w−a;α , we identify

Tn.o
ρ (a1, a2)⊗ Λn.o/P

n.o,arith
w−a;α ⊂ EndO

(
Hdn.o(a1, a2)ρ ⊗ Λn.o/P

n.o,arith
w−a;α

)

with hn.ow;α. The statement for hZw;α is done in the same way. Hence, we omit

the proof for hZw;α. �

Definition 4.13. Let w = (w1, w2) be a cohomological weight and let α be an
element of Ns. A ring homomorphism κ : Λn.o −→ Qp is called an arithmetic

specialization of weight w and level pα if the kernel of κ contains P n.o,arith
w;α .

For any finite Λn.o-algebra R, a ring homomorphism κ : R −→ Qp is called

an arithmetic specialization of weight w and level pα if Λn.o −→ R
κ−→ Qp is

an arithmetic specialization of weight w and level pα in the above sense. The
arithmetic specialization of ΛZ or a finite ΛZ-algebra is defined similarly.

Remark 4.14. By Theorem 4.12, we have a one-to-one correspondence under
the condition (Vanρ):




normalized Hilbert modular eigen cuspforms ϕ
of double-digit weight (w1, w2), level K1(n pα)

which are nearly ordinary at p
and whose residual Galois representations

are isomorphic to ρ





∼−→





arithmetic specializations

κ : Tρ−→Qp
which have weight (w1, w2) and level pα





We denote by κϕ : Tρ−→Qp the arithmetic specialization associated to an eigen
cuspform ϕ via the above correspondence.

As is explained after Definition 4.7, TZρ (w1, w2) depends only on w1 + w2.

Hence, we denote TZρ (w1, w2) by TZ,w1+w2

ρ . Note that, once we fix a branch R
of Tn.o

ρ (w1, w2), a branch RZ,w1+w2 := R⊗Tn.o
ρ (w1,w2) T

Z,w1+w2

ρ of TZ,w1+w2

ρ is

induced for each cohomological double-digit weight (w1, w2). We will present
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the following refinement of Theorem 4.9 which takes into counts the action of
the whole Hecke algebra.

Theorem 4.15. Let ρ be a residual Galois representation of GF which is nearly
ordinary at p and of level K1(n) ∩K11(p) satisfying the condition (Vanρ). Let
w = (w1, w2) be a cohomological double-digit weight and let R be a branch of
Tn.o
ρ (w1, w2). Then,

(1) The R-module M(w1, w2)R := Hdn.o(w1, w2)ρ ⊗Tn.o
ρ
R is free of rank

one over R. Similarly, The RZ,w1+w2-moduleMZ(w1, w2)RZ,w1+w2 :=
M(w1, w2)R ⊗R RZ,w1+w2 is free of rank 2d over RZ,w1+w2 .

(2) For any character ǫ of the {±1}IF , M(w1, w2)R[ǫ] (resp.
MZ(w1, w2)RZ,w1+w2 [ǫ]) is free of rank one over R (resp. RZ,w1+w2).

Proof. We will write the proof only for M(w1, w2)R and M(w1, w2)R[ǫ].
We can apply exactly the same proof for MZ(w1, w2)RZ,w1+w2 and
MZ(w1, w2)RZ,w1+w2 [ǫ].
Since p is not equal to 2 and the group {±1}IF is of 2-power order, we have a
direct sum decomposition as Tn.o

ρ (w1, w2)-module with respect to the action of

the group {±1}IF on the Betti cohomology as follows:

Hdn.o(w1, w2)ρ =
⊕

ǫ

Hdn.o(w1, w2)ρ[ǫ].

This induces the direct sum decomposition as R-module

M(w1, w2)R =
⊕

ǫ

M(w1, w2)R[ǫ].

Hence, the statement (2) implies the statement (1). We will prove the statement
(2) in the rest of the proof. By Theorem 4.9 (ii) and by the condition (Vanρ),
we have

M(w1, w2)R[ǫ]⊗R R/M ∼= Hdn.o(w1, w2)ρ[ǫ]⊗Tn.o
ρ
R/M

∼= (Hd(YK1(n)∩K0(p),L(w1, w2;R/M)[ǫ])PD

∼= (Hd(YK1(n),L(w1, w2;R/M))[ǫ])PD

where the second isomorphism holds thanks to the ordinarity. Note that the
condition (Vanρ) easily implies that Hd(YK1(n),L(w1, w2;R/M))[ǫ]) is of rank
one over R/M. By Nakayama’s lemma, M(w1, w2)R[ǫ] is a cyclic R-module.
Thus, M(w1, w2)R[ǫ] is isomorphic to R/I for some ideal I of R. Since R is
an integral domain which is integral over Λn.o, we have I 6= 0 if and only if
I ∩ Λn.o 6= 0. Since M(w1, w2)R[ǫ] is a torsion-free Λn.o-module by Theorem
4.12, this implies I = 0. Thus M(w1, w2)R[ǫ] is a free R-module of rank
one. �

4.4. p-adic periods. Let us consider the homomorphism

(24) T n.o ։ ((o⊗ZZp)×/o×)p.
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induced from the map T = ((o⊗ZZp)×/o×)p × ((o⊗ZZp)×/o×)p ։

((o⊗ZZp)×/o×)p, (a, d) 7→ ad−1. Note that the kernel of (24) is equal
to Z.
By identifying ((o⊗ZZp)×/o×)p canonically with Gal(F{p}/F ) where F{p} is
the maximal abelian pro-p extension of F unramified outside primes above p,
we have the isomorphism

(25) Λ ∼= ΛZ⊗̂ZpZp[[Gal(F{p}/F )]].

The isomorphism (25) induces the following isomorphism for any cohomological
double-digit weight (w1, w2) ∈ Z[IF ]× Z[IF ]:

(26) Hdn.o(w1, w2)ρ ∼= HdZ(w1, w2)ρ⊗̂ZpZp[[Gal(F{p}/F )]].

Let w = (w1, w2) ∈ Z[IF ]×Z[IF ] be a cohomological double-digit weight. Since
w1 + w2 ∈ tZ, there exists an integer r = r(w) such that w1 + w2 = rt, we
denote by wZ = (wZ1 , w

Z
2 ) ∈ Z[IF ]× Z[IF ] by

wZi =

{
wi − ( r2 + 1)t if r is even,

wi − (r+1)
2 t if r is odd,

for i = 1, 2.
We also have the identification:

(27) Hdn.o(w1, w2)ρ ∼= Hdn.o(wZ1 , wZ2 )ρ.

induced by the twist by χ
r(w)

2 +1
cyc (resp. χ

r(w)+1
2

cyc ) when r(w) is even (reps. odd).
The isomorphisms (26) and (27) induce the following isomorphism:

(28) Hdn.o(w1, w2)ρ ∼= HdZ(wZ1 , w
Z
2 )ρ⊗̂ZpZp[[Gal(F{p}/F )]].

Note that wZ1 +wZ2 is equal to −2t (resp. −t) when r(w) is even (resp. odd). For

a branch R of Tn.o
ρ ⊂ EndΛn.o(Hdn.o(w1, w2)ρ), the identification (28) induces

the following isomorphism:

(29) R ∼=
{
RZ,−2t⊗̂ZpZp[[Gal(F{p}/F )]] when r(w) is even,

RZ,−t⊗̂ZpZp[[Gal(F{p}/F )]] when r(w) is odd,

where RZ,−2t (resp. RZ,−t) is a branch of TZ,−2tρ (resp. TZ,−tρ ) when r(w) is

even (resp. odd).
Thus, we have the following one-to-one map:

(30)

{
arithmetic specializations κ of weight w = (w1, w2)

and level K1(np
α) on R

}

−→





a pair (κZ , ηκ) which consists of
arithmetic specializations κZ on RZ,−2t (resp. RZ,−t)

of weight wZ = (wZ1 , w
Z
2 )

ηκ : Gal(F{p}/F ) −→ Q
×
p such that ηκ/χ

r(w)
2 +1

cyc

(resp. ηκ/χ
r(w)+1

2
cyc ) is of finite order





,

when r(w) is even (resp. odd).
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Let us fix an RZ,−2t-basis element (resp. RZ,−t-basis element) beven,ǫ ∈
MZ(−2t, 0)RZ,−2t [ǫ] (resp. bodd,ǫ ∈MZ(−t, 0)RZ,−t [ǫ]).
For any arithmetic specialization κ on R of cohomological double-digit weight
w = (w1, w2) with w1 + w2, we have

(31) κZ(M(wZ1 , w
Z
2 )RZ,wZ

1
+wZ

2
[ǫ])

∼=
(
Hd

n.o(YZ(npα),L(wZ1 , w
Z
2 ;K/O))PD

ρ [ǫ]
)
⊗(hZ

wZ ;α
)ρ κ(R)

∼=
(
Hd

n.o(Y1(npα),L(wZ1 , w
Z
2 ;K/O))PD

ρ [ǫ]
)
⊗(hn.o

wZ ;α
)ρ κ(R)

Hence, if we denote by beven,ǫ
κZ (resp. bodd,ǫ

κZ ) the image of beven,ǫ (resp. bodd,ǫ)

via the specialization κZ , we have the canonical isomorphism

(32)
(
Hd

n.o(Y1(npα),L(w1, w2;K/O))PD
ρ [ǫ]

)
⊗(hn.o

w;α)ρ κ(R) ∼= bǫκZ · κ(R)

Definition 4.16. Assume the condition (Vanρ) for ρ associated to the fixed
branch R. Let κ = κϕ be an arithmetic specialization on R which corresponds
to a nearly ordinary eigenform ϕ of level K1(npα) and of weight w = (w1, w2).
Denote by oϕ the ring of integers of the Hecke field for ϕ and let be the local-

ization at the prime over p induced from the fixed embedding oϕ →֒ Zp.

Hd
n.o(Y1(npα),L(w1, w2; oϕ,(p)))ρ[ǫ]

−→
(
Hd

n.o(Y1(npα),L(w1, w2;O))ρ[ǫ]
)
⊗(hn.o

wZ ;α
)ρ κ(R)

−→
(
Hd

n.o(Y1(npα),L(wZ1 , w
Z
2 ;O))ρ[ǫ]

)
⊗(hn.o

wZ ;α
)ρ κ(R)

where oϕ,(p) is the discrete valuation ring defined before Definition 3.5
and O contains the completion of oϕ,(p). The image of the module

Hd
n.o(Y1(npα),L(w1, w2; oϕ,(p)))ρ[ǫ] gives an oϕ,(p)-rational structure on the im-

age Hd
n.o(Y1(npα),L(wZ1 , w

Z
2 ;O))ρ[ǫ]⊗(hn.o

wZ ;α
)ρκ(R) which is a free κ(R)-module

of rank one. Since oϕ,(p) is principal, the image of the above composite map is
free of rank one over oϕ,(p). Let v be an oϕ,(p)-basis of the image. On the other
hand, we have the isomorphism

(
Hd

n.o(Y1(npα),L(wZ1 , w
Z
2 ;O))ρ[ǫ]

)
⊗(hn.o

wZ ;α
)ρ κ(R)

∼=
(
Hd

n.o(Y1(npα),L(wZ1 , w
Z
2 ;K/O))∨ρ [ǫ]

)
⊗(hn.o

wZ ;α
)ρ κ(R) ∼= bǫκZ · κ(R)

via the Poincare duality theorem. We define the p-adic period Cǫϕ,p = Cǫϕ,p,v
in κ(R)× by bǫκZ = Cǫϕ,p,v · v

Remark 4.17. (1) A p-adic period does not depend on the twist by a finite
character. That is, if an arithmetic specialization κ on R corresponds
to a modular form ϕ and if an arithmetic specialization κ′ on R cor-
responds to a modular form ϕ′ = ϕ ⊗ φ with a finite character φ of
Gal(F∞/F ), we have Cǫϕ,p,v = Cǫϕ′,p,v.
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(2) Note that the p-adic period Cǫϕ,p,v as well as the complex period Cǫϕ,∞,v
depend on the choice of v and they are well-defined only up to mul-
tiplication of an element in (oϕ,(p))

×. Nevertheless, for two different
choices of v, the p-adic and complex periods are incremented by the
same amount. Hence, the pair (Cǫϕ,p, C

ǫ
ϕ,∞) (or the ratio “Cǫϕ,p/C

ǫ
ϕ,∞”)

is independent of the choice of v. By this reason, later in the interpo-
lation of the p-adic L-function, we will denote the periods by Cǫϕ,p and
Cǫϕ,∞ without specifying the choice of v.

5. p-adic L-function

5.1. Statement of the main theorem (Theorem A). Under the one-to-
one correspondence between arithmetic specializations ofR and modular forms
ϕ on the Hida family over R, we sometimes denote an arithmetic specialization
κ of R by κϕ to specify the corresponding modular form ϕ (cf. Remark 4.14).
As is explained after Definition 4.7, Tn.o

ρ (w1, w2) is independent of the choice of
a cohomological weight (w1, w2). Hence, we denote Tn.o

ρ (w1, w2) by Tn.o
ρ . We

sometimes denote the complex and p-adic periods Cǫϕ,∞,v and Cǫϕ,p,v by Cϕ,∞,v
and Cϕ,p,v when ǫ is the trivial character 1. We also denote beven,ǫ (resp. bodd,ǫ)
by beven (resp. bodd) when ǫ is the trivial character 1.
The theorem below is the main theorem of our paper which we denoted by
Theorem A in the introduction.

Theorem 5.1. Let ρ be a residual Galois representation of GF which is nearly
ordinary at p and of level K1(n) ∩ K11(p) satisfying the conditions (Vanρ)
and (Irρ) stated at the beginning of §1.2. Let R be a branch of Tn.o

ρ and

let us fix an RZ,−2t-basis (resp. RZ,−t-basis) element beven (resp. bodd) of
MZ(−2t, 0)RZ,−2t [1] (resp. MZ(−t, 0)RZ,−t [1]) (see Theorem 4.15). Assume
that RZ,−2t (resp. RZ,−2t) is a Gorenstein algebra.
Then, there exists a p-adic L-function Lp(R; beven) ∈ R (resp. Lp(R; bodd) ∈
R) which satisfies the interpolation property

κϕ(Lp(R; beven))

Cϕ,p
=
∏

p |(p)
Ap(ϕ)

L(ϕ, 0)

Cϕ,∞

(resp. the same interpolation for Lp(R; bodd)),

for every p-stabilized nearly ordinary eigen cuspform ϕ ∈ Sw1,w2(K1(np∗)) of
critical cohomological weight w = (w1, w2) on R such that w1 +w2 = rt for an
even (resp. odd) integer r where Cǫϕ,p is a p-adic period (cf. Definition 4.16)
and Ap(ϕ) is defined as follows:

Ap(ϕ) =





(
1− 1

NF (p)ap(ϕ)

)
if p ∤ Cond(φ0ω

−j),

(
1

NF (p)ap(ϕ0)

)ordp Cond(φ0ω
−j)

if p |Cond(φ0ω
−j).
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where ϕ0 (resp. φ0) is a unique ordinary form of weight (w1, w2) (resp. a

unique finite order character of Gal(F̃∞/F )) which is not a twist of another
nearly ordinary form of weight (k − 2, j − 1) by a finite order Hecke character
of F with p-primary conductor such that ϕ = ϕ0 ⊗ φ0ω−j. The number NF (p)
is the absolute norm of the prime ideal p.

5.2. Construction of Lp(R; beven) and Lp(R; bodd). The p-adic L-function
Lp(R; beven) (resp. Lp(R; bodd)) will be constructed as an element of R ∼=
RZ,−2t[[Gal(F{p}/F )]] (resp. R ∼= RZ,−t[[Gal(F{p}/F )]]) interpolating special
values of L-function of Hilbert modular forms twisted by Hecke characters.
Since the construction of Lp(R; bodd) is parallel to that of Lp(R; beven), we
will explain mainly the construction of Lp(R; beven). Note that, for a fixed
cohomological weight wZ = (wZ1 , w

Z
2 ) ∈ Z[IF ] × Z[IF ] with wZ1 + wZ2 = −2t,

we have:
RZ,−2t[[Gal(F{p}/F )]] = lim←−

α,β

RZwZ ;α[Cl+F (pβ)p],

whereRZwZ ,α is a local component of the full Hecke algebra h
Z,(wZ

1 ,w
Z
2 )

α acting on

the cohomology Hd(YZ(npα),L(wZ1 , w
Z
2 ;K/O)) generated by Tλ with λ prime

to p n, Uλ with λ| n, and U̟i for ̟i running over all uniformizers of pi. Recall
that, it is an immediate consequence of Corollary 4.6 that lim←−αR

Z
wZ ;α depends

only on wZ1 + wZ2 . Hence the notation RZ,−2t is justified (cf. notations given
after Remark 4.14).
Therefore, in order to construct Lp(R; beven), it is enough to construct an in-
verse system

{
xα,β = x

(wZ
1 ,w

Z
2 )

α,β (beven) ∈ RZwZ ,α[Cl+F (pβ)p]
}
α,β

with respect to multi-indexes α and β for each wZ = (wZ1 , w
Z
2 ) with wZ1 +

wZ2 = −2t in Z[IF ]. For wZ = (wZ1 , w
Z
2 ) with wZ1 + wZ2 = −2t, we will define

L
(wZ

1 ,w
Z
2 )

p (R; beven) ∈ RZ,−2t[[Gal(F{p}/F )]] to be lim←−
α,β

x
(wZ

1 ,w
Z
2 )

α,β (beven) and we

denote L
(−2t,0)
p (R; beven) by Lp(R; beven). Finally, by help of the canonical

identification R = RZ,−2t[[Gal(F{p}/F )]], we regard Lp(R; beven) as an element
of R.

The construction of x
(wZ

1 ,w
Z
2 )

α,β (beven) will occupy the next paragraph 5.3 and the
desired interpolation property will be proved in the paragraph 5.4.

5.3. Proof of the distribution property of Theorem A. Recall that,
for every u ∈ Cl+F (pβ)p, we constructed:

ev
(wZ

1 ,w
Z
2 )

u,α,β ∈ HomO
(
Hd(YZ(npα);L(wZ1 , w

Z
2 ;O))ρ[1],K

)

after the equation (17) of Section 3. Note that we can omit the compact
support, since the localization at ρ kills the boundary cohomology.

TheRZ,−2t-basis tw(wZ
1 ,w

Z
2 )(beven) ∈ MZ(wZ1 , w

Z
2 )RZ,−2t [1] from Paragraph 4.4

specializes to an RZwZ ,α-basis bevenα of Hd
c (YZ(npα);L(wZ1 , w

Z
2 ;O))ρ[1]. Now, let
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us consider the composite map:
(33)

HomO(Hd(YZ(np
α);L(wZ

1 , w
Z
2 ;O))ρ[1],K)։ HomO(RZ

wZ ,α,K)
∼→RZ

wZ ,α ⊗O K,

where the first morphism of (33) is induced by RZwZ ,α-basis bevenα .

Definition 5.2. We denote by ev
(wZ

1 ,w
Z
2 )

u,α,β (bevenα ) ∈ RZwZ ,α ⊗O K the image of

ev
(wZ

1 ,w
Z
2 )

u,α,β by the map (33). Then, for each α = (α1, · · · , αs), β = (β1, · · · , βs) ∈
Ns with α ≤ β and with βj > 0 for all j, we define x

(wZ
1 ,w

Z
2 )

α,β (beven) ∈ (RZwZ ,α⊗O
K)
[
Cl+F (pβ)p

]
to be:

x
(wZ

1 ,w
Z
2 )

α,β (beven) = U0(p)−β ·


 ∑

u∈Cl+F (pβ)p

ev
(wZ

1 ,w
Z
2 )

u,α,β (bevenα ) · [u]


 .

Here, U0(p)β is the modified Hecke operator
∏

1≤i≤s
(U0,pi)

βi associated to fixed

uniformizers ̟pi of pi (see 2.3 for the definition).

By the definition of ordinary forms in 2.3, the operator U0(p) defined as in
Definition 5.2 is a unit in the nearly ordinary Hecke algebra RZ,−2t and its
quotients RZwZ ,α.

We will show that the set
{
x
(wZ

1 ,w
Z
2 )

α,β (beven) ∈ (RZwZ ,α ⊗O K)
[
Cl+F (pβ)p

]}
α,β

forms a projective system, by checking the compatibility with respect to α

and β. Thus, our construction via the inverse limit of x
(wZ

1 ,w
Z
2 )

α,β (beven) for the

p-adic L-function Lp(R; beven) is an analogue of Iwasawa’s construction via
Stickelberger elements for Kubota-Leopoldt p-adic L-function.
The compatibility with respect to α is not so hard.

Lemma 5.3. For each β and for each pair α, α′ satisfying α ≤ α′,

x
(wZ

1 ,w
Z
2 )

α′,β (beven) is mapped to x
(wZ

1 ,w
Z
2 )

α,β (beven) via the natural map (RZwZ ,α′ ⊗O
K)[Cl+F (pβ)p]։ (RZwZ ,α ⊗O K)[Cl+F (pβ)p].

Proof. Note that {bevenα }α≥0 is a compatible system by definition. Hence, it

follows that x
(wZ

1 ,w
Z
2 )

α,β (beven) is the image of x
(wZ

1 ,w
Z
2 )

α′,β (beven) by the natural ho-
momorphism

(RZwZ ,α′ ⊗O K)
[
Cl+F (pβ)p

]
։ (RZwZ ,α ⊗O K)

[
Cl+F (pβ)p

]
.

Note also that the image of U0(p)β in RZwZ ,α ⊗O K is compatible with respect

to α once β is fixed. Thus, we have the compatibility of x
(wZ

1 ,w
Z
2 )

α,β (beven) and

x
(wZ

1 ,w
Z
2 )

α′,β (beven). �

The compatibility with respect to β which is more delicate than that of α is
proved below.
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Lemma 5.4. For each α and for each pair β, β′ satisfying β ≤ β′,

x
(wZ

1 ,w
Z
2 )

α,β′ (beven) is mapped to x
(wZ

1 ,w
Z
2 )

α,β (beven) via the natural map (RZwZ ,α ⊗O
K)[Cl+F (pβ

′
)p]։ (RZwZ ,α ⊗O K)[Cl+F (pβ)p].

Proof. It suffices to show the equality:

(34) U0(p)β
′−βev

(wZ
1 ,w

Z
2 )

u,α,β =
∑

u′

ev
(wZ

1 ,w
Z
2 )

u′,α,β′ ,

for any u ∈ Cl+F (pβ)p in the space HomO(Hd(YZ(npα);L(wZ1 , w
Z
2 ;O))ρ[1],O),

where u′ runs through elements in Cl+F (pβ
′
)p which are mapped to u.

By an inductive argument, the proof of (34) is reduced to the case of β ≤ β′

where there exists j such that β′ = (β1, · · · , βj−1, βj + 1, βj+1, · · · , βs). Then,
the equation (34) is reduced to

(35) U0,̟jev
(wZ

1 ,w
Z
2 )

u,α,β =
∑

u′

ev
(wZ

1 ,w
Z
2 )

u′,α,β′ ,

where the sum runs through archimedean embeddings of F with which ̟j-adic
topology is compatible with the induced p-adic embedding. For any α ≥ 0, we

have the coset decomposition of the double coset KZ(pα)

(
̟pj 0

0 1

)
KZ(pα)

which induces the operator Upj as follows:

(36) KZ(pα)

(
̟pj 0

0 1

)
KZ(pα) =

∐

a

(
̟pj a

0 1

)
KZ(pα).

where a in the right-hand side runs through a set of representatives of o×+-orbits
in o /(̟pj ) = o /pj. By the sequence (16), u is identified with a set of certain

numbers of elements {ui} where each ui is an (o×+)p-orbits in o /pβ = p−β/ o.

Since we have p−β̟−1pj
= p−β

′
,
a+ ui
̟pj

runs through the set of representatives of

a fixed ui ∈ p−β/ o in p−β
′
/ o when a varies the representatives of the elements

which appeared in (36). Here, when we talk about these representatives, we

consider p−β
′
/ o։ p−β/ o induced from o /pβ

′
։ o /pβ by fixed identifications

p−β/ o = o /pβ and p−β
′
/ o = o /pβ

′
. This completes the proof. �

If there is an index j with βj = 0, the element x
(wZ

1 ,w
Z
2 )

α,β )(bevenκZ ) is not defined
at Definition 5.2. We extend the definition to general β as follows.

Definition 5.5. Let S be the subset of {1, . . . , s} such that βj = 0 for j ∈
S and βj > 0 for j 6∈ S. Then, we define x

(wZ
1 ,w

Z
2 )

α,β (beven) ∈ (RZwZ ,α ⊗O
K)
[
Cl+F (pβ)p

]
to be:

x
(wZ

1 ,w
Z
2 )

α,β (beven) =

=
∏

j∈S

(
1− 1

NF (pj)U0,pj

)
· U0(p)−β ·


 ∑

u∈Cl+F (pβ)p

ev
(wZ

1 ,w
Z
2 )

u,α,β (bevenα ) · [u]


 .
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With this extended definition, we have the following proposition:

Proposition 5.6. For each pair α, α′ satisfying α ≤ α′ and for each pair β, β′

satisfying β ≤ β′, x(w
Z
1 ,w

Z
2 )

α′,β′ (beven) is mapped to x
(wZ

1 ,w
Z
2 )

α,β (beven) via the natural

map (RZwZ ,α′ ⊗O K)[Cl+F (pβ
′
)p]։ (RZwZ ,α ⊗O K)[Cl+F (pβ)p].

Proof. Thanks to Lemma 5.3 and Lemma 5.4, the desired compatibility holds
unless there is an index j with βj = 0. Hence, we fix α and we assume that
there is j such that βj = 0. Let β′ = (β′1, · · · , β′s) be the multi-index such

that β′j = 1 and β′k = βk for k 6= j. It suffices to prove that x
(wZ

1 ,w
Z
2 )

α,β′ (beven)

is mapped to x
(wZ

1 ,w
Z
2 )

α,β (beven) via the natural map (RZwZ ,α⊗O K)[Cl+F (pβ
′
)p]։

(RZwZ ,α ⊗O K)[Cl+F (pβ)p]. Let us calculate the ratio:

(37)
∑

ũ

′
ev

(wZ
1 ,w

Z
2 )

ũ,α,β′ (bevenα )

/∑

ũ

ev
(wZ

1 ,w
Z
2 )

ũ,α,β′ (bevenα )

where ũ runs through the element of o×+-orbits of
∏
k 6=j(o /p

βk

k )×× o /pj which

are lifts of u in the summation of the denominator, and ũ runs through the

element of o×+-orbits of
∏
k 6=j(o /p

βk

k )× × (o /pj)
× which are lifts of u in the

summation of the numerator. The ratio is equal to the value of 1− 1

NF (pj)U0,pj

acting on ev
(wZ

1 ,w
Z
2 )

ũ,α,β′ (bevenα ). By modifying the definition counting this factor,

we have the desired compatibility, which completes the proof. �

Finally, We have the following corollary.

Corollary 5.7. Assume the condition (Irρ). For each α = (α1, · · · , αs), β =

(β1, · · · , βs) ∈ Ns with α ≤ β, the element x
(wZ

1 ,w
Z
2 )

α,β (beven) ∈
(RZwZ ,α ⊗O K)

[
Cl+F (pβ)p

]
introduced at Definition 5.5 lies in the subalge-

bra RZwZ ,α

[
Cl+F (pβ)p

]
.

Proof. Let us consider the case of α = 0. In this case, since we consider the

set of all u in Cl+F (pβ)p, (
∐

u
Hu)/ o×+ is well-defined. (Note that

(
e 0
0 1

)
is

contained in K1(n) ⊂ K11(p0) = K1(n) for any unit e ∈ o×+.)
We recall that the Betti cohomology with compact support
Hd
c (YK1(n);L(w1, w2;K)) is isomorphic to the étale cohomology with com-

pact support Hd
ét,c((YK1(n))Q;L(w1, w2;K)) where (YK1(n))Q is a model of

YK1(n) over Q. By the fact that YK1(n) has a model over Q, the étale cohomol-

ogy Hd
ét,c((YK1(n))Q;L(w1, w2;K)) has a natural Galois action of GQ. By [BL],

for each eigen cusp form ϕ in ρ-component, it is known that we have

Hd
ét,c((YK1(n))Q;L(w1, w2;K))[λϕ] ∼= (ρϕ)⊗[F :Q]

as a representation of GF where ρϕ is a Galois representation of ϕ
on K which lifts our ρ. We denote by A the Pontrjagin dual of
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the image of the integral cohomology Hd
ét,c((YK1(n))Q;L(w1, w2;O))[λϕ], in

Hd
ét,c((YK1(n))Q;L(w1, w2;K))[λϕ]. The representation A is an O-module iso-

morphic to (K/O)⊕2
d

with continuous GQ-action and A[̟] is isomorphic to

the dual of ρ⊗[F :Q] as a representation of GF for a uniformizer ̟ of O.
Thus, the element

x
(wZ

1 ,w
Z
2 )

0,β (beven) =
∏

1≤j≤s

(
1− 1

NF (pj)U0,pj

)
· ev

(wZ
1 ,w

Z
2 )

u,0,β (beven0 ) · [u] .

lies in RZwZ ,0

[
Cl+F (pβ)p

]
since we can choose a finite-index subgroup E of o×+

whose index [o×+ : E] causes the denominator to be E = o×+ (cf. Definition

3.2) and since the assumption that ev
(wZ

1 ,w
Z
2 )

u,0,β (beven0 ) is not integral would in-

duce a GF -stable line in A[̟], which contradicts to the result of [BL] and our
condotion (Irρ).
By Lemma 5.3 and by the fact thatRZwZ ,α is the preimage ofRZwZ ,0 ⊂ RZwZ ,0⊗O
K under the natural projection map RZwZ ,α ⊗O K −→ RZwZ ,0 ⊗O K, we obtain

the desired integrality for any α. �

TheRZ,−2t-basis tw(wZ
1 ,w

Z
2 )(beven) ∈ MZ(wZ1 , w

Z
2 )RZ,−2t [1] from Paragraph 4.4

specializes to an RZwZ ,α-basis bevenα of Hd
c (YZ(npα);L(wZ1 , w

Z
2 ;O))ρ[1]. More-

over, there exists an O-algebra isomorphism HomO(RZwZ ,α,O) ∼= RZwZ ,α since

RZwZ ,α is Gorenstein by assumption. Now, let us consider the composite map:

(38)

HomO(Hd(YZ(npα);L(wZ1 , w
Z
2 ;O))ρ[1],O)։ HomO(RZwZ ,α,O)

∼→RZwZ ,α,

where the first isomorphism of (38) is induced by RZwZ ,α-basis bevenα and the

second isomorphism of (38) is the one induced by the Gorenstein property.

5.4. Proof of the interpolation property of Theorem A. We will
evaluate Lp(R; beven) at an arithmetic specialization κ = κϕ ofR corresponding
to a cuspform ϕ ∈ Sw1,w2(K1(npα)). Let r and η be as introduced in 4.4.
We have the following commutative diagram with a unique arithmetic special-
ization κZϕ on R:

R κϕ−−−−−−−−−−→ Qpy
∥∥∥

RZ,−2t[[Gal(F{p}/F )]] −−−−→
ηκ◦κZ

Qp.

Let ϕZ be the eigen cuspform corresponding to the arithmetic specialization
κZϕ and let (w0

1 , w
0
2) be the critical pair which is the largest among the shifts

(wZ1 + nt, wZ2 + nt) by integer multiples nt of t which are critical. We denote
by ϕ0 the unique twist of ϕZ of weight (w0

1 , w
0
2) which is not a twist of another

nearly ordinary form of smaller level by a finite order Hecke character of F .
(Since it will be a long and tedious description, we do not repeat what the twist
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by a finite order character of a modular form or the corresponding arithmetic
specialization means.) Note that there exists a unique integer r0 (resp. rZ) and
a unique finite order character φZ (resp. φ0) of Cl+F (p∞) such that the form

the newform associated with ϕ ⊗N−r0F φ−10 (resp. ϕZ ⊗N−rZF φ−1Z ) is equal to
ϕ0. By definition, we have:

κϕ(Lp(R; beven)) = (ηκ ◦ κZϕ)(L(−2t,0)
p (R; beven)).

The element κZϕ(L
(−2t,0)
p (R; beven)) is an element in κ(R)[[Gal(F{p}/F )]] ⊂

κ(R)[[Gal(F{p}/F )]]. Recall that ηκ is equal to χrZ+1
cyc φZ for some finite Hecke

character φZ .

By construction, κZϕ (L
(−2t,0)
p (R; beven))⊗ φ−1Z is equal to

(
lim←−
β

κZϕ(x
(wZ

1 ,w
Z
2 )

α,β )(bevenκZ )

)
⊗φ−1Z = lim←−

β

(κZϕ⊗φ−1Z )(x
(wZ

1 ,w
Z
2 )

α,β ⊗φ−1Z )(bevenκZ ⊗φ−1Z ).

Let v0 be a basis of a free oϕ0,(p)-module Hd
c (Y1(n pα);L(w0

1 , w
0
2 ; oϕ0,(p)))[λϕ, ǫ]

of rank one. Then, by Definition 5.2, we have:

lim←−
β

(κZ
ϕ ⊗ φ−1

Z )(x
(wZ

1 ,wZ
2 )

α,β ⊗ φ−1
Z )(bevenκZ ⊗ φ−1

Z )

= lim←−
β




∑

u∈Cl+
F
(pβ)p

U0(p)
−βev

(wZ
1 ,wZ

2 )

u,α,β (bevenκZ ⊗ φ−1
Z )[u]





= Cϕ,p,v0 · lim←−
β




∑

u∈Cl+
F
(pβ)p

U0(p)
−βev

(wZ
1 ,wZ

2 )

u,α,β (v0[rZ ])[u]



 .

The evaluation of lim←−β
∑

u∈Cl+F (pβ)p

U0(p)−βev
(wZ

1 ,w
Z
2 )

u,α,β (v0[rZ ])[u] at χr0−rZcyc φ0 is

equal to the evaluation of lim←−β
∑

u∈Cl+F (pβ)p

U0(p)
−βev

(w1,w2)
u,α,β (v0[r0])[u] at φ0 by

the standard argument between Tate twists of critical values. Let
s∏

j=1

p
βj

j be

the conductor of φ0. If we have βj > 0 for all j, we simply evaluate U0(p)−β ·(∑
u∈Cl+F (pβ)p

ev
(wZ

1 ,w
Z
2 )

u,α,β (v0[r0]) [u]
)
. via the character φ0, whose value is equal
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to:

s∏

j=1

(
1

NF (p)ap(ϕ0)

)βj


 ∑

u∈Cl+F (pβ)p

φ−10 (u)ev
(w1,w2)
u,α,β (v0[r0])




=

s∏

j=1

(
1

NF (p)ap(ϕ0)

)βj

G(φ−10 )
L(ϕ0 ⊗N r0

F , 0)

Cϕ,∞,v0[r0]

=

s∏

j=1

(
1

NF (p)ap(ϕ0)

)βj L(ϕ0, 0)

Cϕ,∞,v
,

where the first equality follows from Corollary 3.7 and the second equality
follows from Proposition 3.8. This completes the proof of the interpolation
property for Lp(R; beven) for κϕ with apj (ϕ) = 0 for all j.
If there are j with apj (ϕ) 6= 0 or equivalently βj = 0 for some component

of the conductor
∏s
j=1 p

βj

j of φ0, the interpolation is clear from the extendes

definition of the element x
(wZ

1 ,w
Z
2 )

α,β )(bǫκZ ) at Definition 5.5 (see also Proposition

5.6) which complete the proof for Lp(R; beven).
The proof for Lp(R; bodd) is done in the same way except that we replace the
role of MZ(−2t, 0)[1] by that of MZ(−t, 0)[1].
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phic forms, representations and L-functions, Proc. Sympos. Pure Math.,
XXXIII Part 2, Amer. Math. Soc., Providence, R.I., pp. 247–289, 1979.

[Di1] M. Dimitrov, Galois representations modulo p and cohomology of

Hilbert modular varieties, Ann. Sci. École Norm. Sup. (4), 38, pp. 505–
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Abstract. A symplectic involution on a K3 surface is an involution
which preserves the holomorphic 2-form. We prove that such a sym-
plectic involution acts as the identity on the CH0 group of the K3
surface, as predicted by Bloch’s conjecture.
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1 Introduction

For a smooth complex projective variety X , Mumford has shown in [9] that the
triviality of the Chow group CH0(X), i.e. CH0(X)hom = 0, implies the vanish-
ing of holomorphic forms of positive degree on X . An immediate generalization
is the fact that a 0-correspondence Γ ∈ CHd(Y ×X), with d = dimX , which
induces the 0-map Γ∗ : CH0(Y )hom → CH0(X)hom has the property that the
maps Γ∗ : Hi,0(X)→ Hi,0(Y ) vanish for i > 0.
Bloch’s conjecture is a sort of converse to the above statement, but it needs
the introduction of a certain filtration on CH0 groups of smooth projective
varieties. The beginning of this conjectural filtration is

F 0CH0(X) = CH0(X), F 1CH0(X) = CH0(X)hom, (1)

F 2CH0(X) = CH0(X)alb := Ker (albX : CH0(X)hom → Alb(X)).

As the filtration is supposed to satisfy F kCH0(X) = 0 for k > dimX , we find
that for surfaces, the filtration is fully determined by (1).
Bloch’s conjecture for correspondences with values in surfaces is then the fol-
lowing:
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Conjecture 1.1 Let S be a smooth projective surface, and let X be a smooth
projective variety, Γ ∈ CH2(X × S) be a correspondence such that the maps
Γ∗ : Hi,0(S)→ Hi,0(X) vanish for i > 0. Then

Γ∗ : CH0(X)alb → CH0(S)alb

vanishes.

This question can be addressed in particular in the case of self-correspondences
associated to finite group actions on surfaces. A particular case of the conjec-
ture above is the following:

Conjecture 1.2 Let G be a finite group acting on a smooth projective complex
surface S with q = 0. Let χ : G → {1,−1} be a character. Assume that
H2,0(S)χ = 0. Then CH0(S)χhom = 0.

Here
H2,0(S)χ := {ω ∈ H2,0(S), g∗ω = χ(g)ω, ∀g ∈ G},

CH0(S)χhom := {z ∈ CH0(S)hom, g
∗z = χ(g)z, ∀g ∈ G}.

This is indeed the particular case of the conjecture 1.1 applied to the 0-
correspondence

πχ :=
∑

g∈G
χ(g)Γg ∈ CH2(S × S),

where Γg ⊂ S × S is the graph of g.
Conjecture 1.2 is proved in [13] in the situation where S is the zero set of a
transverse section of a G-invariant vector bundle on any variety X with trivial
Chow groups (that is CH∗(X)hom⊗Q = 0), under the assumption that E has
many G-invariant sections. This generalizes our previous work in [12], where
the case of the Godeaux action of Z/5Z on the CH0 group of invariant quintic
surfaces was solved. This also covers the case (already considered in [12]) of
the action of the involution i on P3 acting with two −1 eigenvectors and two
+1 eigenvectors on homogeneous coordinates, if we take for S a quartic surface
defined by an i-invariant equation and we look at the antiinvariant part of
CH0(S).
In the paper [5], Huybrechts proved that a derived autoequivalence of a K3
surface S acting as the identity on H∗(S,Z) acts as the identity on CH0(S).
The next situation to consider is that of a symplectic finite order automorphism
g of a K3 surface S. Thus g is by definition an automorphism of S such that
g∗ω = ω, where ω is the holomorphic 2-form on S. Such a g acts trivially
on H2,0(S) so it has trivial action on the transcendental lattice of S, so the
difference

g∗ − Id ∈ AutH∗(S,Z)

is, at least over Q, induced by the cohomology class of a cycle of the form∑
i αiCi⊗C′i. where Ci, C

′
i are curves on S and αi are rational coefficients. It

seems that if one could take the αi to be integers, the above mentioned result
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of Huybrechts would apply to show that g∗ is the identity on CH0(S). Still the
problem remains open for these symplectic automorphisms and was explicitly
raised by Huybrechts in [7]. In this note, the case of a symplectic involution i
acting on a K3 surface S is considered. The fact that such symplectic involu-
tions act trivially on CH0(S) has been proved on one hand in a finite number
of cases in [4], [12], [13], and on the other hand (and more significantly), it has
been established in [6] for any K3 surface with symplectic involution in one of
the three series introduced by van Geemen and Sarti [3] (each series contains
itself an infinite number of families indexed by an integer d, and the three series
differ first of all by the parity of this integer d, and secondly, when d is even, by
the structure of the Néron-Severi lattice of the general such surface admitting
an invariant line bundle of self-intersection 2d).
The present paper solves the problem in general :

Theorem 1.3 Let S be an algebraic K3 surface, and let i : S → S be a
symplectic involution. Then i∗ acts as the identity on CH0(S).

The proof is elementary : It uses the fact that Prym varieties of étale double
covers of curves of genus g are of dimension g − 1. This departure point is
the obvious generalization of the starting point of Huybrechts and Kemeny’s
work [6], who work with elliptic curves and their étale double covers. This
observation is applied to the étale double covers of generic smooth ample curves
C ⊂ S/i and allows us to prove in section 3 that the group of i-antiinvariant 0-
cycles on S is finite dimensional in the Roitman sense (the definition is recalled
in section 2). One then uses a mild generalization (Theorem 2.3 established
in section 2) of a fundamental result due to Roitman (cf. [10]) in order to
conclude that the group of i-antiinvariant 0-cycles on S is in fact trivial.

2 Finite dimensionality in the sense of Roitman

Let X be a smooth (connected for simplicity) projective variety over C, and
let P ⊂ CH0(X) be a subgroup.

Definition 2.1 We will say that P is finite dimensional in the Roitman sense
if there exist a (nonnecessarily connected) smooth projective variety W , and a
correspondence Γ ⊂W×X such that P is contained in the set {Γ∗(w), w ∈W}.

Remark 2.2 As P is a subgroup and the cycles Γ∗(w) have finitely many
possible degrees (depending on the connected component of W to which w
belongs), we conclude that if P is finite dimensional in the Roitman sense, all
elements of P have degree 0 (so P ⊂ CH0(X)hom as X is connected).

The following result is essentially due to Roitman. (It is in fact due to Roitman
in the case where M = X and ImZ∗ = CH0(X)hom, see also [14], lecture 5).
The proof we give below is slightly different, as it makes use of Proposition
2.4, while Roitman uses only elementary arguments. The proof given here
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also has the advantage that it does not need the torsion freeness of the group
Ker (albM : CH0(M)hom → AlbM)).
Let M and X be smooth connected projective varieties with X of dimension
d. Let Z ∈ CHd(M ×X) be a correspondence.

Theorem 2.3 Assume that Im (Z∗ : CH0(M) → CH0(X)) is finite dimen-
sional in the Roitman sense. Then the map Z∗ : CH0(M)hom → CH0(X)
factors through the Albanese morphism albM : CH0(M)hom → AlbM of M .

Proof. By definition, there exist a smooth projective variety W and a corre-
spondence Γ ⊂W×X such that ImZ∗ is contained in the set {Γ∗(w), w ∈W}.
Let C ⊂ M be a curve which is a very general complete intersection of suf-
ficiently ample hypersurfaces Hi ⊂ M . Then by the Lefschetz theorem on
hyperplane sections, the Jacobian J(C) maps surjectively to Alb(M) and the
kernel K(C) is connected, hence an abelian variety. We will prove for com-
pleteness the following result:

Proposition 2.4 When the Hi’s are sufficiciently ample and very general,
K(C) is a simple abelian variety.

We fix now C as above, satisfying the conclusion of Proposition 2.4 and let
j : C → M be the inclusion, which induces the morphism j∗ : J(C) =
CH0(C)hom → CH0(M). We note that by taking the Hi sufficiently am-
ple, the dimension of K(C) can be made arbitrarily large, so we may assume
dimK > dimW .
Let R ⊂ K(C)×W be the following set:

R = {(k, w) ∈ K(C)×W, Z∗(j∗(k)) = Γ∗(w) in CH0(X)}.

It is known (cf. [15, 10.1.1]) that R is a countable union of closed irreducible
algebraic subsets Ri of K(C)×W . As ImZ∗ is contained in the set {Γ∗(w), w ∈
W}, the union of the images of the first projections p|Ri

: Ri → K(C) is equal
to K(C). A countability argument then shows that there exists an i such that

pr1|Ri
: Ri → K(C)

is dominating. It follows in particular that dimRi ≥ dimK(C) > dimW . The
fibers of the second projection

pr2|Ri
: Ri →W

are thus positive dimensional. Let w ∈ W , and Fw ⊂ K(C) be the fiber
over w. Then Fw ⊂ K(C) is positive dimensional, hence it generates K(C)
as a group because K(C) is simple. On the other hand, by definition of R,
for any f ∈ Fw, we have Z∗(j∗(f)) = Γ∗(w) in CH0(X), hence the cycle
Z∗(j∗(f)) is independent of f ∈ FW . Thus for any 0-cycle z of Fw , we have
Z∗(j∗(z)) = deg z Γ∗(w) and it follows then from the fact that Fw generates
K(C) as a group that Z∗ ◦ j∗ vanishes identically on K(C).
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In order to conclude that Z∗ : CH0(M)hom → CH0(X) factors through AlbM ,
we now observe the following: For any degree 0 cycle of M , which we write
in the form zm = z+m − z−m with z+m =

∑
l≤kml, z

−
m =

∑
k+1≤l≤2kml, with

m = (m1, . . . ,m2k) ∈M2k, we can blow up M at the points mi, i = 1, . . . , 2k,
which gives us τ : M ′ → M , with exceptional divisors Ei over the points mi.
We can choose H ∈ PicM so that L = τ∗H −∑i Ei is ample on M ′ and then
apply Proposition 2.4 to an adequate multiple of L. We conclude that there
is a complete intersection curve j : C →֒ M ′ which satisfies the conclusion of
Proposition 2.4, that is the kernel of the map

j∗ : J(C)→ AlbM ′ = AlbM

is a simple abelian variety of high dimension. Note that τ(C) contains all the
points mi. Assuming now that the 0-cycle zm = z+m − z−m is annihilated by
albM , any of its lifts z′ to M ′ belongs to Ker albM ′ , hence choosing a lift z′

supported in C, we conclude that as a 0-cycle of C, z′ belongs to j∗(K(C)).
Applying the previous reasoning to the correspondence Z ′ := Z ◦ τ between
M ′ and X , we conclude that Z∗(zm) = Z ′∗(z

′) = 0 in CH0(X).

Proof of Proposition 2.4. First of all, we reduce the problem to the
case where M is a surface, by replacing M by a smooth complete intersection
T = H1 ∩ . . . ∩ Hm−2 of ample hypersurfaces and recalling that due to the
Lefschetz theorem on hyperplane sections [15, 2.3.2], AlbM = Alb T . Now we
take on T a Lefschetz pencil of very ample curves Tt, t ∈ P1. Picard-Lefschetz
theory has for consequence (see [15, 3.2.3]) the irreducibility of the monodromy
action ρ : π1(P1

reg, t0)→ AutH1(Tt0 ,Q)van, where

H1(Tt0 ,Q)van := Ker (H1(Tt0 ,Q)→ H3(T,Q)).

The same proof shows as well the irreducibility of the action of any finite index
subgroup Γ ⊂ π1(P1

reg, t0).
Assume by contradiction that for the general curve Tt, the abelian variety
K(Ct) is not simple. Then there is a finite cover r : D → P1, and a proper
sub-abelian fibration

A ⊂ KD,
where KD → Dreg is the pull-back to Dreg := r−1(P1

reg) of the family of abelian
varieties K(Ct), t ∈ P1

reg. This sub-abelian fibration (taken up to isogenies)
corresponds to a sub-local system L of the pull-back to Dreg of the local system
on P1

reg with fiber H1(Ct,Q)van.
The monodromy action on P1

reg being irreducible on any finite index subgroup
of π1(P1

reg, t0), it is irreducible on the image r∗(π1(Dreg, s0)), r(s0) = t0. This
contradicts the existence of L.

In the next section, we will prove the following:

Documenta Mathematica 17 (2012) 851–860



856 Claire Voisin

Proposition 2.5 Let S be an algebraic K3 surface, and let i : S → S be a
symplectic involution. Then the antiinvariant part

CH0(S)− = {z ∈ CH0(S), i∗(z) = −z}

is finite dimensional in the Roitman sense.

Proof of Theorem 1.3 We apply Theorem 2.3 to the case where X = S,
M = S and Z is the cycle ∆S −Graph(i). Here ∆S is the diagonal of S and
Graph(i) is the graph of i. Proposition 2.5 says that ImZ∗ is finite dimensional
in the Roitman sense and Theorem 2.3 tells us then that Z∗ : CH0(S)hom →
CH0(S)hom factors through AlbS = 0. Hence Z∗ vanishes on CH0(S)hom. On
the other hand, Z∗ is multiplication by 2 on CH0(S)− ⊂ CH0(S)hom and we
thus proved that CH0(S)− is a 2-torsion group; as CH0(S) has no torsion by
[11], we conclude that CH0(S)− = 0. Thus Z∗ = Id on CH0(S).

3 Proof of Proposition 2.5

We start with the following lemma: Let M, X be smooth projective varieties
with dimX = d. Let Γ ∈ CHd(M × X) be a correspondence. Each point
(m1, . . . ,mk) ∈Mk determines an element

∑
imi ∈ CH0(M). Hence we get a

map
Γ∗ : Mk → CH0(X).

Lemma 3.1 Assume there is a point m ∈M such that Γ∗(m) = 0 in CH0(X)
and for some integer g > 0, one has Γ∗(Mg−1) = Γ∗(Mg) as subsets of
CH0(X). Then Im Γ∗ is finite dimensional in the Roitman sense.

Proof. Since Γ∗(Mg−1) = Γ∗(Mg), it is obvious by induction that
Γ∗(Mg−1) = Γ∗Mk for any k ≥ g − 1. Any cycle z ∈ CH0(M) can be written
as z+ − z−, where z+ and z− are effective cycles, of degree k+, k−. Up to
adding the adequate multiples of m to z+ and z−, which does not change Γ∗z,
we may assume that k+ = k− ≥ g. Thus Γ∗(z) = Γ∗(z+) − Γ∗(z−), where
Γ∗(z+) and Γ∗(z−) belong to Γ∗(Mk) = Γ∗(Mg−1). Hence we proved that the
correspondence Γ′ ∈ CHd(M2g−2 ×X), defined as

Γ′ =
∑

i≤g−1
(pri, pX)∗Γ−

∑

g≤i≤2g−2
(pri, pX)∗Γ

satisfies
Im Γ∗ = Γ′∗(M

2g−2).

According to Definition 2.1, Im Γ∗ is finite dimensional in the Roitman sense.
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Proof of Proposition 2.5. Let S be a K3 surface endowed with a sym-
plectic involution i. The quotient surface Σ = S/i is a singular K3 surface.
(By blowing-up its singular points, which correspond to the fixed points of i, it
becomes a honest K3 surface.) The canonical bundle of Σ (or rather Σreg) is
trivial. Let L ∈ Pic Σ be very ample, and let 2g− 2 = deg c1(L)2. By triviality
of KΣreg , g is the genus of the smooth curves in |L|. Furthermore, we have
dim |L| = g, due to the exact sequence

0→ C→ H0(Σ, L)→ H0(C,L|C) = H0(C,KC)→ 0,

which comes from the similar exact sequence on the desingularization Σ̃ of Σ,
which has H1(Σ̃,OΣ̃) = 0.

Note also that for a smooth ample curve C ⊂ Σ, the inverse image C̃ ⊂ S is
smooth, connected, and is an étale double cover of C. (Only the connectedness
is to be proved, and this follows from the fact that otherwise each component
C1, C2 of C̃ ⊂ S has positive self-intersection and C1 ·C2 = 0 since C̃ is smooth.
This contradicts the Hodge index theorem.)

Let Γ ∈ CH2(S×S) be the correspondence ∆S −Graph(i). We prove now the
following, where cS is the effective 0-cycle of degree 1 introduced in [1]:

Claim 3.2 We have Γ∗(cS) = 0 and Γ∗(Sg) = Γ∗(Sg−1).

According to Lemma 3.1, this proves Proposition 2.5, since CH0(S)− = Im Γ∗.
(The last fact follows from the fact that Γ∗ acts as −2 Id on CH0(S)−, which
is a divisible group.)

Proof of the claim. The cycle cS is obviously i-invariant since it is the
class of any point of S belonging to a rational curve D ⊂ S, and if x ∈ D then
i(x) ∈ i(D) also belongs to a rational curve in S.

Let s = (s1, . . . , sg) be a general point of Sg. Then if we denote by σi the
image of si in Σ = S/i, the g-uple (σ1, . . . , σg) is generic in Σg and there exists
a unique curve Cs ∈ |L| containing all the σi’s. The curve Cs being general

in |L|, it is smooth and thus we have the étale double cover C̃s → Cs, with

C̃s ⊂ S containing the points si. Consider the 0-cycle

zs =
∑

l

sl − i(
∑

l

sl) = Γ∗(
∑

l

sl) ∈ CH0(S).

This cycle clearly depends only on the Abel image

alb
C̃s

(
∑

l

sl − i(
∑

l

sl)),

which is an antiinvariant element of J(C̃s) or, up to 2-torsion, an element of

the Prym variety P (C̃s/Cs) which is a g − 1-dimensional abelian variety.
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In other words, we find that, on a Zariski open set U of Sg, the map

Sg → CH0(S)−, (s1, . . . , sg) 7→ zs,

factors through the morphism

f : U → P(C̃/C), (s1, . . . , sg) 7→ alb
C̃s

(s1 + . . .+ sg − i(s1)− . . .− i(sg)),

where C → |L|0 is the universal smooth curve over the Zariski open set |L|0 of

|L| parameterizing smooth curves, C̃ → |L|0 is the universal family of double

covers, and P(C̃/C)→ |L|0 is the corresponding Prym fibration.

The total space of the Prym fibration P(C̃/C) has dimension 2g−1, while U has
dimension 2g, so the morphism f has positive dimensional fibers. It follows that
for s ∈ U , there is a curve Fs ⊂ Sg such that the 0-cycle zt =

∑
l tl − i(

∑
l tl)

is rationally equivalent to zs in S for any (t1, . . . , tg) ∈ Fs. Choose an ample
curve D ⊂ S whose irreducible components are rational (the existence of such
a curve is well-known and due to Mori-Mukai, cf. [8]). The curve Fs meets the
ample divisor

∑
l pr
−1
l (D), where prl : Sg → S is the l-th projection. Hence the

0-cycle zs is rationally equivalent to a 0-cycle of the form zt =
∑
l tl− i(

∑
l tl),

where we have tl0 ∈ D for some l0. We have seen already that the 0-cycle
tl0 − i(tl0) vanishes in CH0(S) and it follows that zs is rationally equivalent to
the cycle

∑
l 6=l0 tl − i(

∑
l tl 6=l0). Thus zs ∈ Γ∗(Sg−1) for s = (s1, . . . , sg) ∈ U .

To conclude the proof, we have to show that the above result is true for any
(s1, . . . , sg) ∈ Sg. This follows from the following statement :

Fact 3.3 Let Y be a connected complex projective variety. Let U ⊂ Y be the
complement of a countable union of proper closed algebraic subsets. Then any
0-cycle z of Y is rationally equivalent in Y to a 0-cycle supported on U .

A proof of Fact 3.3 is as follows: there exists a curve C ⊂ Y which is irreducible,
contains Sup z and intersects U non-trivially. Then C \ C ∩ U is countable. It
suffices to prove that there exists a 0-cycle z′ of C supported on C ∩ U which
is rationally equivalent to z on C. We may assume that C is smooth by taking
normalization if necessary. Then we write z = z1 − z2 in PicC, where z1 and
z2 are very ample divisors on C. Since [z1| and |z2| are base-point free, there
exist members z′1 ∈ |z1|, z′2 ∈ |z2| which avoid the countably many points in
C \C∩U , hence are supported on C∩U . Then z = z′1−z′2 in PicC = CH0(C).

We apply this statement to Y = Sg to conclude that the cycles zs for s =
(s1, . . . , sg) ∈ U fill-in the image Γ∗(Sg). We thus conclude that zs ∈ Γ∗(Sg−1)
for any s = (s1, . . . , sg) ∈ Sg since we already know the result for s ∈ U .
Proposition 2.5 is thus proved.
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Abstract. We study the continuous (co-)homology of towers of
spectra, with emphasis on a tower with homotopy inverse limit the
Tate construction XtG on a G-spectrum X . When G = Cp is cyclic of
prime order and X = B∧p is the p-th smash power of a bounded below
spectrum B with H∗(B;Fp) of finite type, we prove that (B∧p)tCp is
a topological model for the Singer construction R+(H∗(B;Fp)) on
H∗(B;Fp). There is a stable map ǫB : B → (B∧p)tCp inducing the
ExtA -equivalence ǫ : R+(H∗(B;Fp))→ H∗(B;Fp). Hence ǫB and the
canonical map Γ: (B∧p)Cp → (B∧p)hCp are p-adic equivalences.

2010 Mathematics Subject Classification: 55P42, 55P91, 55S10,
55T15
Keywords and Phrases: Singer construction, Tate construction, limit
of Adams spectral sequences, Ext-equivalence.

1. Introduction

Let p be a fixed prime. We study homology and cohomology groups with
Fp-coefficients associated to towers of spectra

(1.1) Y = holim
n→−∞

Yn −→ · · · −→ Yn−1 −→ Yn −→ · · · ,

where each Yn is bounded below and of finite type over Fp, and Y is equal to
the homotopy inverse limit of the tower. By a result of Caruso, May and Priddy
[11], there exists an inverse limit of Adams spectral sequences that calculates
the homotopy groups of the p-completion Yp̂ = F (S−1/p∞, Y ) of Y , where

F (−,−) denotes the function spectrum and S−1/p∞ is the Moore spectrum
with homology Z/p∞ in degree −1. The E2-term for this spectral sequence is
given by the Ext-groups of the direct limit of cohomology groups

(1.2) H∗c (Y ;Fp) = colim
n→−∞

H∗(Yn;Fp) ,

arising from the tower (1.1), considered as a module over the mod p Steenrod
algebra A . We shall refer to this colimit as the continuous cohomology groups
of Y .
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1.1. The algebraic Singer construction. A natural question is: how
well do we understand the structure of (1.2) as an A -module? There is an
interesting example of a tower of spectra where this question has the answer:
very well. In fact, this question appeared in the study of Segal’s Burnside ring
conjecture for cyclic groups of prime order. At the heart of W. H. Lin’s proof
of the case p = 2, published in [20], lies a careful study of the A -module

P = H∗c (RP∞−∞;F2) = colim
m→∞

H∗(RP∞−m;F2) ,

and its associated Ext-groups Ext∗,∗
A

(P,F2). It turns out that P = P (x, x−1) =
F2[x, x−1] is isomorphic to the so-called Singer construction R+(M) on the
trivial A -module M = F2, up to a degree shift. The Singer construction has
an explicit description as a module over A . More importantly, it has the
property that there is a natural A -module homomorphism ǫ : R+(M) → M
that induces an isomorphism

ǫ∗ : Ext∗,∗
A

(M,F2)
∼=−→ Ext∗,∗

A
(R+(M),F2) .

1.2. The topological Singer construction. Our objective is to present
a topological realization and a useful generalization of these results. For any
bounded below spectrum B of finite type over Fp, we construct a tower of
spectra

(B∧p)tCp = holim
n→−∞

(B∧p)tCp [n]→ · · · → (B∧p)tCp [n−1]→ (B∧p)tCp [n]→ · · ·

as in (1.1). Here Cp is the cyclic group of order p, and B∧p is a Cp-equivariant
model of the p-th smash power of B, specified in Definition 5.3. The Tate
construction (B∧p)tCp is recalled in Definition 4.1, and the spectra (B∧p)tCp [n]
in the Tate tower are introduced in Definition 4.3.

Remark 1.1. Note that the naively equivariant homotopy type of the p-fold
smash power B∧p, as a spectrum with Cp-action, is the same in all models
for the stable homotopy category, but that its genuinely equivariant homotopy
type, as a Cp-spectrum, depends on the choice of model for the smash prod-
uct. In particular, the meaning of the fixed point spectrum (B∧p)Cp and the
geometric fixed point spectrum ΦCp(B∧p) is model-dependent. On the other
hand, the homotopy orbit spectrum (B∧p)hCp , the homotopy fixed point spec-

trum (B∧p)hCp and the Tate construction (B∧p)tCp only depend on the naively
equivariant homotopy type of B∧p. For definiteness, we work with Lewis–May
equivariant spectra, as in [18].

In Definition 5.8 we introduce the notation

R+(B) = (B∧p)tCp

for the topological Singer construction on B, and in Theorem 5.9 we prove that
there is a natural isomorphism

R+(H∗(B;Fp)) ∼= H∗c (R+(B);Fp) = colim
n→−∞

H∗((B∧p)tCp [n];Fp)

of A -modules, relating the algebraic and topological Singer constructions.
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Theorem 5.9. Let B be a symmetric spectrum that is bounded below and of
finite type over Fp. There are natural isomorphisms

ω : H∗c (R+(B))
∼=−→ R+(H∗(B))

and

ω∗ : R+(H∗(B))
∼=−→ Hc

∗(R+(B))

of A -modules and complete A∗-comodules, respectively.

We define a natural stable map ǫB : B → (B∧p)tCp in Definition 5.10, and
prove in Proposition 5.12 that it realizes the algebraically defined A -module
homomorphism ǫ : R+(H∗(B;Fp)) → H∗(B;Fp) in continuous cohomology. It
is in the definition of ǫB that the choice of genuinely equivariant model for B∧p

begins to play a role.

Proposition 5.12. Let B be a bounded below spectrum of finite type over Fp.
Then the homomorphism

(ǫB)∗ : H∗c (R+(B)) −→ H∗(B)

induced on continuous cohomology by the spectrum map ǫB : B → R+(B) is
equal to Singer’s homomorphism

ǫH∗(B) : R+(H∗(B)) −→ H∗(B)

associated to the A -module H∗(B), via the identification ω : H∗c (R+(B)) ∼=
R+(H∗(B)) of Theorem 5.9.

The Segal conjecture for Cp follows as a special case of this, when B = S is the
sphere spectrum, since S∧p is a model for the genuinely Cp-equivariant sphere
spectrum. More generally, we prove in Theorem 5.13 that for any bounded
below spectrum B with H∗(B;Fp) of finite type the canonical map

Γ: (B∧p)Cp −→ (B∧p)hCp ,

relating the Cp-fixed points and Cp-homotopy fixed points for B∧p, becomes a
homotopy equivalence after p-completion.

Theorem 5.13. Let B be a bounded below spectrum of finite type over Fp.
Then the natural maps

ǫB : B −→ R+(B) = (B∧p)tCp

and

Γ: (B∧p)Cp −→ (B∧p)hCp

are p-adic equivalences of spectra.

In [7, 1.7], with M. Bökstedt and R. R. Bruner, we deduce from this result that
there are p-adic equivalences Γn : (B∧p

n

)Cpn −→ (B∧p
n

)hCpn for all n ≥ 1.
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1.3. Outline of the paper. In §2, we discuss towers of spectra as above,
and the associated limit systems obtained by applying homology or cohomology
with Fp-coefficients. When dealing with towers of ring spectra it is convenient
to work in homology, while for the formation of the Ext-groups mentioned above
it is convenient to work in cohomology. In order to be able to switch back and
forth between cohomology and homology we discuss linear topologies arising
from filtrations, and continuous dualization. Then we see how an A -module
structure in cohomology dualizes to an A∗-comodule structure in a suitably
completed sense.
In §3 we recall the algebraic Singer construction on an A -module M , in its
cohomological form, and study a dual homological version, defined for A∗-
comodules M∗ that are bounded below and of finite type. We give the details
for the form of the Singer construction that is related to the group Cp, since
most references only consider the smaller version related to the symmetric
group Σp.
Then, in §4, we define a specific tower of spectra {XtG[n]}n with homotopy

inverse limit equivalent to the Tate construction XtG = [ẼG∧F (EG+, X)]G on
a G-spectrum X . We consider the associated (co-)homological Tate spectral
sequences, and compare our approach of working with homology groups to
earlier papers that focused directly on homotopy groups.
In §5, we specialize to the case whenX = B∧p. This is also where we discuss the
genuinely Cp-equivariant model of the spectrum B∧p, given by the p-fold smash
product of (symmetric) spectra introduced by Bökstedt [6] in his definition of
topological Hochschild homology. It is for this particular Cp-equivariant model
that we can define the natural stable map ǫB : B → R+(B) realizing Singer’s
homomorphism ǫ.

1.4. Notation. Spectra will usually be named B, X or Y . Here B will be a
bounded below spectrum or S-algebra of finite type over Fp. Spectra denoted by
X will be equipped with an equivariant structure. The main examples we have
in mind are the p-fold smash productX = B∧p treated here, and the topological
Hochschild homology spectrum X = THH(B) treated in the sequel [22]. When
dealing with generic towers of spectra, we will use Y . The example of main
interest is the Tate construction Y = XtG on some G-equivariant spectrum X .
We write A for the mod p Steenrod algebra and A∗ for its Fp-linear dual. We
will work with left modules over A and left comodules under A∗. In the body
of the paper we write H∗(B) = H∗(B;Fp) and H∗(B) = H∗(B;Fp), for brevity.
Unlabeled Hom means HomFp , and ⊗ means ⊗Fp .

1.5. History and notation of the Singer construction. The Singer
construction appeared originally for p = 2 in [25] and [26], and for p odd in
[19]. The work presented here concentrates on its relation to the calculations
by Lin and Gunawardena and their work on the Segal conjecture for groups of
prime order. A published account for the case of the group of order 2 is found
in [20]. A further study appears in [1], where a more conceptual definition of
the Singer construction is given.
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In W. Singer’s paper [25], the following problem is posed: Let M be an unstable
A -module and let ∆ = F2{Sqr | r ∈ Z} be the graded F2-vector space with a
formal generator Sqr in each degree. There is a map of graded F2-vector spaces

d : ∆⊗M −→M

taking Sqr⊗m to Sqr(m) for r ≥ 0, and to 0 for r < 0. Does there exist
a natural A -module structure on the source of d rendering this map an A -
linear homomorphism? Singer answers this question affirmatively, by using an
idea of Wilkerson [27] to construct the A -module that he denotes R+(M), an
A -module map d : R+(M) → M of degree 1, and an isomorphism R+(M) ∼=
∆⊗M , also of degree 1, that makes the two maps called d correspond. In the
end, the construction does not depend on M being unstable.
In Li and Singer’s paper [19], the odd-primary version of this problem is solved,
with ∆ = Fp{βi Pr | i ∈ {0, 1}, r ∈ Z}. Starting with that paper there is a
degree shift in the notation: R+(M) now denotes the suspension of R+(M)
from Singer’s original paper, so that the A -module map d : R+(M)→M is of
degree 0.
In connection with the Segal conjecture, Adams, Gunawardena and Miller [1]
published an algebraic account of the Singer construction, for all primes p.
They write T ′(M) for the A -module denoted R+(M) in [25] and [26], and let
T ′′(M) = ΣT ′(M) be its suspension, denoted R+(M) in [19]. For the trivial

A -module Fp, T ′′(Fp) is isomorphic to the Tate homology Ĥ−∗(Σp;Fp), which

can be obtained by localization from ΣH∗(Σp;Fp). Hence T ′(Fp) = Ĥ∗(Σp;Fp)
is a localized form of H∗(Σp;Fp). Adams, Gunawardena and Miller are not only
concerned with the Segal conjecture for the groups of prime order, but also for
the elementary abelian groups (Cp)

n, so the cross product in cohomology is
important for them. They therefore prefer T ′ over T ′′. In fact, they really
work with an extended functor T (M) = T (Fp) ⊗T ′(Fp) T

′(M), where T (Fp) =

Ĥ∗(Cp;Fp).
In our context, for the cohomological study of towers of ring spectra it will
be the coproduct in Tate homology that is most important, which is why we
prefer T ′′ over T ′. Again, our emphasis is on Cp instead of Σp, so that the
Singer-type functor we shall work with is the extension

Ĥ−∗(Cp;Fp)⊗T ′′(Fp) T
′′(M)

of T ′′(M), which is a direct sum of (p − 1) shifted copies of the T ′′(M) =
R+(M) of Li and Singer. This is the functor we shall denote R+(M), so that

R+(Fp) = Ĥ−∗(Cp;Fp), and R+(M) = ΣT (M) in the notation of [1].
The connection between the Singer construction and the continuous cohomo-
logy of a tower of spectra, displayed below as (5.1) for G = Σp, was found by
Haynes Miller, and explained in [9, II.5.1]. There the functor denoted R+ is
the same as in [19] for odd p, shifted up one degree from [26] for p = 2.
In the following we will make use of the fact that the Singer construction
on an A -module M comes equipped with the homomorphism of A -modules
ǫ : R+(M) → M . In Singer’s work [26], this map has degree +1 (and was
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named d), whereas in [19] and [9] it has degree 0. We choose to follow the latter
conventions, because this is the functor that with no shift of degrees describes
our continuous (co-)homology groups. Furthermore, the homomorphism ǫ will
be realized by a map of spectra, and will therefore be of degree zero.
We choose to write R+(M) instead of T (M) or any of its variants, because the
letter T is heavily overloaded by the presence of THH, the Tate construction
and the circle group T. To add to the confusion, the letter T is also used in
Singer’s [26] work, but with a different meaning than the T appearing in [1].

1.6. Acknowledgments. This work started out as a part of the first author’s
PhD thesis [21] at the University of Oslo, supervised by the second author. The
first author wishes to express the deepest gratitude to Prof. Rognes for offering
ideas, help and support during the work of his thesis. Thanks are also due to
R. Bruner, G. Carlsson, I. C. Borge, S. Galatius, T. Kro, M. Bökstedt, M. Brun
and B. I. Dundas for interest, comments and discussions, and to the referee for
his careful reading of the manuscript.

2. Limits of spectra

We introduce our conventions regarding towers of spectra and their associated
(co-)homology groups. Our motivation is the result of Caruso, May and Priddy,
saying that there is an inverse limit of Adams spectral sequences arising from
such towers. The input for this inverse limit of Adams spectral sequences will
give us the definition of continuous (co-)homology groups.

2.1. Inverse limits of Adams spectral sequences.

Definition 2.1. Let R be a (Noetherian) ring. A graded R-module M∗ is
bounded below if there is an integer ℓ such that M∗ = 0 for all ∗ < ℓ. It is of
finite type if it is finitely generated over R in each degree.
A spectrum B is bounded below if its homotopy π∗(B) is bounded below as a
graded abelian group. It is of finite type over Fp if its mod p homologyH∗(B) =
H∗(B;Fp) is of finite type as a graded Fp-vector space. The spectrum B is of

finite type over Ẑp if its homotopy π∗(B) is of finite type as a graded Ẑp-module.

Let {Yn}n∈Z be a sequence of spectra, with maps fn : Yn−1 → Yn for all inte-
gers n. Assume that each Yn is bounded below and of finite type over Fp, and
let Y be the homotopy inverse limit of this system:

(2.1) Y −→ · · · −→ Yn−1
fn−→ Yn −→ · · ·

In general, Y will neither be bounded below nor of finite type over Fp.
For each n there is an Adams spectral sequence {E∗,∗r (Yn)}r with E2-term

Es,t2 (Yn) = Exts,t
A

(H∗(Yn),Fp) =⇒ πt−s((Yn)p̂) ,

converging strongly to the homotopy groups of the p-completion of Yn.
Each map in the tower (2.1) induces a map of Adams spectral sequences
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fn : {E∗,∗r (Yn−1)}r → {E∗,∗r (Yn)}r. For every r let

E∗,∗r (Y ) = lim
n→−∞

E∗,∗r (Yn) ,

and similarly for the dr-differentials. We now state and prove a slightly sharper
version of [11, 7.1].

Proposition 2.2. Let {Yn}n be a tower of spectra such that each Yn is bounded
below and of finite type over Fp, and let Y = holimn Yn. Then the bigraded
groups {E∗,∗r (Y )}r are the terms of a spectral sequence, with E2-term

Es,t2 (Y ) ∼= Exts,t
A

( colim
n→−∞

H∗(Yn),Fp) =⇒ πt−s(Yp̂ ) ,

converging strongly to the homotopy groups of the p-completion of Y .

The difference between this statement and the statement in [11] lies in the hy-
pothesis on the Yn: we do not assume that Yn is p-complete, and weaken

the condition that Yn should be of finite type over Ẑp to the condition
that H∗(Yn;Fp) should be of finite type. We refer to the spectral sequence
{E∗,∗r (Y )}r as the inverse limit of Adams spectral sequences associated to the
tower {Yn}n.

Proof. For any bounded below spectrum B of finite type over Fp, the Adams
spectral sequence converges strongly to π∗(Bp̂). Since the E2- and E∞-terms of
this spectral sequence are of finite type, the abelian groups π∗(Bp̂) are compact
and Hausdorff in the topology given by the Adams filtration.
The category of compact Hausdorff abelian groups is an abelian category, as is
the category of discrete abelian groups. The Pontryagin duality functor assigns
to each abelian group G its character group Hom(G,T), where T = S1 is the
circle group. It induces a contravariant equivalence between the category of
compact Hausdorff abelian groups and the category of discrete abelian groups.
The functor taking a filtered diagram of discrete abelian groups to its colimit is
well-known to be exact. It follows that the functor taking a filtered diagram of
compact Hausdorff abelian groups to its inverse limit is also an exact functor.
In particular, passing to filtered inverse limits commutes with the formation of
kernels, images, cokernels and homology, in the abelian category of compact
Hausdorff abelian groups.
We now adapt the proof of [11, 7.1], using this version of the exactness of
the inverse limit functor. First, we construct a double tower diagram (2.2)
of spectra, where the n-th row is an Adams resolution of Yn, such that each
Zn,s is a bounded below spectrum of finite type over Fp. The n-th row can be
obtained in a functorial way by smashing Yn with a fixed Adams resolution for
the sphere spectrum S. The top row consists of the homotopy inverse limits
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Zs = holimn Zn,s for all s ≥ 0.

(2.2) . . . // Zs //

��

. . . // Z0 = Y

��

...

��

...

��
. . . // Zn−1,s //

��

. . . // Zn−1,0 = Yn−1

fn

��
. . . // Zn,s // . . . // Zn,0 = Yn

By assumption, the homotopy cofiber Kn,s of the map Zn,s+1 → Zn,s is a wedge
sum of suspended copies of the Eilenberg–Mac Lane spectrum H = HFp, also
bounded below and of finite type over Fp. The exact couple

π∗(Zn,s+1)
i // π∗(Zn,s)

j

��

π∗(Kn,s)

k

ffM
M

M
M

M

generates the Adams spectral sequence {E∗,∗r (Yn)}r, with Es,t1 (Yn) =
πt−s(Kn,s). The dashed arrow has degree −1.
Now consider the p-completion of diagram (2.2). The n-th row becomes

(2.3) . . . −→ (Zn,s)p̂ −→ . . . −→ (Zn,0)p̂ = (Yn)p̂

and the homotopy cofiber of (Zn,s+1)p̂ → (Zn,s)p̂ is the p-completion of Kn,s,
which is just Kn,s again. There is therefore a second exact couple

(2.4) π∗((Zn,s+1)p̂)
i // π∗((Zn,s)p̂)

j

��

π∗(Kn,s)

k

ggO
O

O
O

O
O

for each n, which generates the same spectral sequence as the first one. Fur-
thermore, in the second exact couple all the (abelian) homotopy groups are
compact Hausdorff, since the spectra Zn,s and Kn,s are all bounded below and
of finite type over Fp.
The p-completion of the top row in (2.2) is the homotopy inverse limit over n
of the p-completed rows (2.3). The exactness of filtered limits in the category
of compact Hausdorff abelian groups now implies that there are isomorphisms
π∗((Zs)p̂) ∼= limn π∗((Zn,s)p̂) for all s. Furthermore, the inverse limit over n
of the exact couples (2.4) defines a third exact couple (of compact Hausdorff
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abelian groups)

(2.5) π∗((Zs+1)p̂)
i // π∗((Zs)p̂)

j

��

lim
n
π∗(Kn,s) ,

k

ggN
N

N
N

N
N

which generates the spectral sequence {E∗,∗r (Y )}r that we are after. Here

Es,t1 (Y ) ∼= limnE
s,t
1 (Yn), and by induction on r the same isomorphism holds

for each Er-term, since E∗,∗r+1 is the homology of E∗,∗r with respect to the dr-
differentials, and we have seen that the formation of these limits commutes with
homology. In particular, each abelian group Es,tr (Y ) is compact Hausdorff.
The identification of the E2-term for s = 0 amounts to the isomorphism

lim
n

HomA (H∗(Yn), N) ∼= HomA (colim
n

H∗(Yn), N)

for N = ΣtFp. The general case follows, since we can compute ExtsA by means
of an injective resolution of Fp.
We must now check the convergence of this spectral sequence, which we (and
[11]) do following Boardman [3]. The Adams resolution for each Yn is con-
structed so that

lim
s
π∗((Zn,s)p̂) = Rlim

s
π∗((Zn,s)p̂) = 0 .

These two conditions ensure that the Adams spectral sequence for Yn converges
conditionally [3, 5.10]. The standard interchange of limits isomorphism gives

lim
s
π∗((Zs)p̂) ∼= lim

n
lim
s
π∗((Zn,s)p̂) = 0 .

Moreover, the exactness of the inverse limit functor in this case implies that
the derived limit

Rlim
s

π∗((Zs)p̂) = 0

vanishes, too. Hence the inverse limit Adams spectral sequence generated
by (2.5) is conditionally convergent to π∗(Yp̂ ). This is a half-plane spectral se-
quence with entering differentials, in the sense of Boardman. For such spectral
sequences, strong convergence follows from conditional convergence together
with the vanishing of the groups

REs,t∞ = Rlim
r

Es,tr (Y ) ,

see [3, 5.1, 7.1]. Again, the vanishing of this Rlim is ensured by the exactness
of lim for the compact Hausdorff abelian groups Es,tr (Y ). �

2.2. Continuous (co-)homology. The spectral sequence in Proposition 2.2
is central to the proof of the Segal conjecture for groups of prime order and
will be the foundation for the present work. Our work will, in analogy with
Lin’s proof of the Segal conjecture, focus on the properties of the E2-term of
the above spectral sequence.
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Definition 2.3. Let {Yn}n be a tower of spectra such that each Yn is bounded
below and of finite type over Fp, and let Y = holimn Yn. Define the continuous
cohomology of Y as the colimit

H∗c (Y ) = colim
n→−∞

H∗(Yn) .

Dually, define the continuous homology of Y as the inverse limit

Hc
∗(Y ) = lim

n→−∞
H∗(Yn) .

Note that we choose to suppress from the notation the tower of which Y is a
homotopy inverse limit, even if the continuous cohomology groups do depend
on the choice of inverse system. For example, let p = 2 and let Y = S2̂ be the
2-completed sphere spectrum. Since Y is bounded below and of finite type over
F2, we may express Y by the constant tower of spectra. But by W. H. Lin’s
theorem, S2̂ ≃ holimn ΣRP∞n , where each ΣRP∞n is also bounded below and of
finite type over F2. Now colimnH

∗(ΣRP∞n ) = ΣP (x, x−1) = R+(F2) is much
larger than H∗(S2̂) = F2.
By the universal coefficient theorem and our finite type assumptions, the Fp-
linear dual of H∗c (Y ) is naturally isomorphic to Hc

∗(Y ). The continuous homo-
logy of Y will often not be of finite type, so its dual is in general not iso-
morphic to the continuous cohomology. However, if we take into account the
linear topology on the inverse limit, given by the kernel filtration induced from
the tower, we do get that the continuous dual of the continuous homology is
isomorphic to the continuous cohomology. We discuss this in §2.4.
Note that the continuous cohomology is a direct limit of bounded below A -
modules. The direct limit might of course not be bounded below, but we do
get a natural A -module structure on H∗c (Y ) in the category of all A -modules.
Dually, the continuous homology is an inverse limit of bounded below A∗-
comodules, but the inverse limit might be neither bounded below nor an A∗-
comodule in the usual, algebraic, sense. Instead we get a completed coaction
of A∗

Hc
∗(Y ) −→ A∗ ⊗̂Hc

∗(Y ) ,

where ⊗̂ is the tensor product completed with respect to the above-mentioned
linear topology on the continuous homology. We discuss this in §2.5.

2.3. Filtrations. For every n ∈ Z, let An be a graded Fp-vector space and
assume that these vector spaces fit into a sequence

(2.6) 0 −→ · · · −→ An −→ An−1 −→ · · · −→ A−∞

with trivial inverse limit, and colimit denoted by A−∞. We assume further
that each An is of finite type. Let An = Hom(An,Fp) be the dual of An. The
diagram above dualizes to a sequence

(2.7) A−∞ −→ · · · −→ An−1 −→ An −→ · · · −→ 0

with inverse limit

A−∞ = lim
n
An = lim

n
Hom(An,Fp) ∼= Hom(colim

n
An,Fp) = Hom(A−∞,Fp)
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isomorphic to the dual of A−∞, and trivial colimit. The last fact follows from
the assumption that An is finite dimensional in each degree. Indeed,

lim
n
An ∼= lim

n
Hom(An,Fp) ∼= Hom(colim

n
An,Fp)

and thus limnA
n = 0 implies that colimnAn is trivial, since the latter injects

into its double dual. Furthermore, the derived inverse limits RlimnA
n and

RlimnAn are zero, again because An and An are degreewise finite.
Adapting Boardman’s notation [3, 5.4], we define filtrations of the colimit
of (2.6) and the inverse limit of (2.7) using the corresponding sequential limit
systems.

Definition 2.4. For each n ∈ Z, let

FnA−∞ = im(An → A−∞)

and

FnA−∞ = ker(A−∞ → An) .

Then

(2.8) · · · ⊂ FnA−∞ ⊂ Fn−1A−∞ ⊂ · · · ⊂ A−∞

and

(2.9) · · · ⊂ Fn−1A−∞ ⊂ FnA−∞ ⊂ · · · ⊂ A−∞

define a decreasing (resp. increasing) sequence of subspaces of A−∞

(resp. A−∞).

The filtration (2.8) clearly exhausts A−∞, in the terminology of Boardman
[3, 2.1]. Since each An and ker(An → A−∞) is of finite type, the right derived
limits RlimnA

n and Rlimn ker(An → A−∞) are both zero. By assumption
limn A

n = 0, hence both limn F
nA−∞ and Rlimn F

nA−∞ vanish. This means
that the filtration (2.8) is Hausdorff and complete, also in the sense of Board-
man [3, 2.1], and that the canonical map A−∞ → limn(A−∞/FnA−∞) is an
isomorphism. Completeness is equivalent to saying that Cauchy sequences
converge in the linear topology given by the filtration. That the filtration is
Hausdorff is saying that Cauchy sequences have unique limits.
For the filtration (2.9), the proof of [3, 5.4(b)]) shows, without any hypotheses,
that the filtration is Hausdorff and complete. It also shows that the filtration
is exhaustive, since the colimit of (2.7) is trivial. We collect these facts in the
following lemma.

Lemma 2.5. Assume that the inverse limit limnA
n in (2.6) is trivial and that

each An is of finite type. Then both filtrations given in Definition 2.4 (of
colimnA

n = A−∞ resp. its dual A−∞) are exhaustive, Hausdorff and complete.
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2.4. Dualization. The dual of the inverse limit A−∞ of (2.7) is the double
dual of the colimit A−∞ of (2.6). It contains this colimit in a canonical way, but
is often strictly bigger, since A−∞ need not be of finite type. To remedy this,
we take into account the linear topology on the limit induced by the inverse
system, and dualize by considering the continuous Fp-linear dual.
In this topology on A−∞, an open neighborhood basis of the origin is given by
the collection of subspaces {FnA−∞}n. A continuous homomorphism A−∞ →
Fp is thus an Fp-linear function whose kernel contains FnA−∞ for some n.
The set of these forms an Fp-vector space Homc(A−∞,Fp), which we call the
continuous dual of A−∞.

Lemma 2.6. There is a natural isomorphism

Hom(A−∞,Fp) ∼= A−∞ .

Give A−∞ the linear topology induced by the system of neighborhoods
{FnA−∞}n. Then there is a natural isomorphism

Homc(A−∞,Fp) ∼= A−∞ .

Proof. The first isomorphism has already been explained. For the second, we
wish to compute

Homc(A−∞,Fp) ∼= colim
n

Hom(A−∞/FnA−∞,Fp) .

The dual of the image FnA−∞ = im(An → A−∞) is the image

(2.10) Hom(FnA−∞,Fp) ∼= im(A−∞ → An) ∼= A−∞/FnA−∞ ,

and FnA−∞ is of finite type, so the canonical homomorphism

FnA−∞
∼=−→ Hom(A−∞/FnA−∞,Fp)

into its double dual is an isomorphism. Passing to the colimit as n→ −∞ we
get the desired isomorphism, since colimn F

nA−∞ ∼= A−∞. �

2.5. Limits of A∗-comodules. Until now, the objects of our discussion have
been graded vector spaces over Fp. We will now add more structure, and
assume that (2.6) is a diagram of modules over the Steenrod algebra A . It
follows that the finite terms An in the dual tower (2.7) are comodules under
the dual Steenrod algebra A∗. We need to discuss in what sense these comodule
structures carry over to the inverse limit A−∞.
Let M∗ be a graded vector space, with a linear topology given by a system
{Uα}α of open neighborhoods, with each Uα a graded subspace of M∗. We
say that M∗ is complete Hausdorff if the canonical homomorphism M∗ →
limα(M∗/Uα) is an isomorphism. Let V∗ be a graded vector space, bounded
below and given the discrete topology. By the completed tensor product V∗ ⊗̂
M∗ we mean the limit limα(V∗ ⊗ (M∗/Uα)), with the linear topology given
by the kernels of the surjections V∗ ⊗̂M∗ → V∗ ⊗ (M∗/Uα). The completed
tensor product is complete Hausdorff by construction. Given a second graded
vector space W∗, discrete and bounded below, there is a canonical isomorphism
(V∗ ⊗W∗) ⊗̂M∗ ∼= V∗ ⊗̂ (W∗ ⊗̂M∗).
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Definition 2.7. Let M∗ be a complete Hausdorff graded Fp-vector space.
We say that M∗ is a complete A∗-comodule if there is a continuous graded
homomorphism ν : M∗ → A∗ ⊗̂M∗ such that the diagrams

M∗
ν //

∼=
##HH

HHH
HHH

H A∗ ⊗̂M∗
ǫ⊗̂1

��

Fp ⊗̂M∗
and

(2.11) M∗
ν //

ν

��

A∗ ⊗̂M∗
ψ⊗̂1

))RRRRRRRRRRRRR

A∗ ⊗̂M∗
1⊗̂ν

// A∗ ⊗̂ (A∗ ⊗̂M∗)
∼= // (A∗ ⊗A∗) ⊗̂M∗

commute. Here ǫ : A∗ → Fp and ψ : A∗ → A∗ ⊗A∗ denote the counit and co-
product in the dual Steenrod algebra, respectively. Let N∗ be another complete
A∗-comodule and let f : N∗ → M∗ be a continuous graded homomorphism.
Then f ∈ Homc

A∗(N∗,M∗) if the diagram

N∗
ν //

f

��

A∗ ⊗̂N∗
1⊗̂f

��

M∗
ν // A∗ ⊗̂M∗

commutes. Hence there is an equalizer diagram
(2.12)

Homc
A∗(N∗,M∗) // Homc(N∗,M∗)

f 7→(1⊗̂f)◦ν
//

f 7→ν◦f
// Homc(N∗,A∗ ⊗̂M∗) .

Lemma 2.8. Suppose given a sequence of graded Fp-vector spaces, as in (2.6),
with each An bounded below and of finite type. Suppose also that An is an
A -module and that An → An−1 is A -linear, for each finite n. Then, with
notation as above, A−∞ is an A -module, and the topological Fp-vector space
A−∞ is a complete A∗-comodule.

Proof. The category of A -modules is closed under direct limits, so the first
claim of the lemma is immediate. For each n we get a commutative diagram

A ⊗An // //

λn

��

A ⊗ FnA−∞ // //

��

A ⊗A−∞

λ

��

An // // FnA−∞ // // A−∞ ,

where the vertical arrows are the A -module action maps. For every finite n, the
dual of the A -module action map λn : A ⊗An → An defines an A∗-comodule
coaction map νn : An = Hom(An,Fp) → Hom(A ⊗ An,Fp) ∼= Hom(A ,Fp) ⊗
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Hom(An,Fp) = A∗ ⊗An, where the middle isomorphism uses that A and An

are bounded below and of finite type over Fp. Similarly, the dual of the diagram
above gives a commutative diagram

A∗ ⊗An A∗ ⊗A−∞/FnA−∞oooo Hom(A ⊗A−∞,Fp)oooo

An

νn

OO

A−∞/FnA−∞oooo

OO

A−∞ ,oooo

OO

where we use the identification from (2.10). Passing to limits over n, we get
the diagram

lim
n

(A∗ ⊗An) A∗ ⊗̂A−∞
∼=oo Hom(A ⊗A−∞,Fp)

∼=oo

lim
n
An

limn νn

OO

A−∞
∼=oo

ν

OO

A−∞ .
=oo

Hom(λ,Fp)

OO

The middle vertical coaction map ν is continuous, as it is realized as the in-
verse limit of a homomorphism of towers. It is clear that the upper left hand
horizontal map is injective, but we claim that it is also surjective.
To see this, let Zn be the cokernel of A−∞/FnA−∞ →֒ An. We know from
Lemma 2.5 that limn(A−∞/FnA−∞) ∼= limnAn and Rlimn(A−∞/FnA−∞) =
0, so limn Zn = 0. This implies that limn(A∗ ⊗ Zn) = 0, since there are
natural injective maps A∗ ⊗ Zn →֒ Hom(A , Zn), and limn(A∗ ⊗ Zn) →֒
limn Hom(A , Zn) ∼= Hom(A , limn Zn) = 0. Now A∗ ⊗ Zn is the cokernel of
A∗⊗A−∞/FnA−∞ →֒ A∗⊗An, hence in the limit A∗ ⊗̂A−∞ → limn(A∗⊗An)
is surjective.
The commutativity of the diagrams in Definition 2.7 is immediate since they
are obtained as the inverse limits of the corresponding diagrams involving An
and νn. Thus A−∞ is a complete A∗-comodule. �

Corollary 2.9. Let {Yn}n be a tower of spectra as in (2.1), each bounded
below and of finite type over Fp, with homotopy inverse limit Y . Then the con-
tinuous cohomology H∗c (Y ) = colimnH

∗(Yn) is an A -module, the continuous
homology Hc

∗(Y ) = limnH∗(Yn) is a complete A∗-comodule, and there are nat-
ural isomorphisms Hom(H∗c (Y ),Fp) ∼= Hc

∗(Y ) and Homc(Hc
∗(Y ),Fp) ∼= H∗c (Y ),

in the respective categories. �

3. The algebraic Singer constructions

Classically, the algebraic Singer construction is an endofunctor on the category
of modules over the Steenrod algebra. In §3.1 we recall its definition, and a
key property proved by Adams, Gunawardena and Miller. We then dualize the
construction in §3.2.
Later, we will see how the algebraic Singer construction arises in its cohomolog-
ical (resp. homological) form as the continuous cohomology (resp. continuous
homology) of a certain tower of truncated Tate spectra. This tower of spectra
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induces a natural filtration on the Singer construction. We introduce this fil-
tration in purely algebraic terms in the present section, and will show in §5.4
that the algebraic and topological definitions agree.

3.1. The cohomological Singer construction.

Definition 3.1. Let M be an A -module. The Singer construction R+(M)
on M is a graded A -module given additively by the formulas

Σ−1R+(M) = P (x, x−1)⊗M
for p = 2, and

Σ−1R+(M) = E(x)⊗ P (y, y−1)⊗M
for p odd. Here deg(x) = 1, deg(y) = 2, and Σ−1 denotes desuspension by one
degree. The action of the Steenrod algebra is given, for r ∈ Z and a ∈ M , by
the formula

(3.1) Sqs(xr ⊗ a) =
∑

j

(
r − j
s− 2j

)
xr+s−j ⊗ Sqj(a)

for p = 2, and the formulas

Ps(yr ⊗ a) =
∑

j

(
r − (p− 1)j

s− pj

)
yr+(p−1)(s−j) ⊗ Pj(a)

+
∑

j

(
r − (p− 1)j − 1

s− pj − 1

)
xyr+(p−1)(s−j)−1 ⊗ β Pj(a)

Ps(xyr−1 ⊗ a) =
∑

j

(
r − (p− 1)j − 1

s− pj

)
xyr+(p−1)(s−j)−1 ⊗ Pj(a)

and

β(yr ⊗ a) = 0

β(xyr−1 ⊗ a) = yr ⊗ a
for p odd.

This is the form of the Singer construction that is related to the cyclic
group Cp. The cohomology of the classifying space of this group is H∗(BCp) ∼=
E(x) ⊗ P (y) for p odd, with deg(x) = 1, deg(y) = 2 and β(x) = y, as
above. The natural A -module structure on H∗(BCp) extends to the local-
ization H∗(BCp)[y−1] = E(x) ⊗ P (y, y−1), and letting M = Fp we get that
Σ−1R+(Fp) is isomorphic to H∗(BCp)[y−1] as an A -module. The case p = 2
is similar.
When p odd there is a second form of the Singer construction, related to the
symmetric group Σp. Following [19, p. 272] we identify H∗(BΣp) with the
subalgebra E(u)⊗P (v) of H∗(BCp) generated by u = −xyp−2 and v = −yp−1,
with deg(u) = 2p − 3 and deg(v) = 2p − 2. The smaller form of the Singer
construction then corresponds to the direct summand E(u)⊗P (v, v−1)⊗M of
index (p− 1) in E(x)⊗ P (y, y−1)⊗M . Explicit formulas for the action of the
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Steenrod operations on the smaller form of the Singer construction are given
in [26, (3.2)], [19, §2] and [9, p. 47].
In our work, we are only concerned with the version of the Singer construction
related to the group Cp. The exact form of the formulas in Definition 3.1 is
justified by Theorem 5.2 below.

3.1.1. The cohomological ǫ-map. An important property of R+(M) is that
there exists a natural homomorphism ǫ : R+(M) → M of A -modules. In
Singer’s original definition for p = 2, the map is given by the formula

(3.2) ǫ(Σxr−1 ⊗ a) =

{
Sqr(a) for r ≥ 0,

0 for r < 0.

For p odd, the A -submodule spanned by elements of the form Σy(p−1)r ⊗ a
or Σxy(p−1)r−1 ⊗ a is a direct summand in R+(M). The homomorphism ǫ is
given by first projecting onto this direct summand and then composing with
the map

Σy(p−1)r ⊗ a 7−→ −(−1)rβ Pr(a)

Σxy(p−1)r−1 ⊗ a 7−→ (−1)r Pr(a)
(3.3)

for r ≥ 0, still mapping to 0 for r < 0. See [9, p. 50]. It is clear that ǫ is
surjective.
We recall the key property of ǫ. Adams, Gunawardena and Miller [1] make the
following definition.

Definition 3.2. An A -module homomorphism L → M is a Tor-equivalence
if the induced map

(3.4) TorA

∗,∗(Fp, L) −→ TorA

∗,∗(Fp,M)

is an isomorphism.

The relevance of this condition is:

Proposition 3.3 ([1, 1.2]). If L → M is a Tor-equivalence, then for any
A -module N that is bounded below and of finite type the induced map

(3.5) Ext∗,∗
A

(M,N) −→ Ext∗,∗
A

(L,N)

is an isomorphism.

Here is their key result, proved in [1, 1.3].

Theorem 3.4 (Gunawardena, Miller). The Singer homomorphism

ǫ : R+(M)→M

is a Tor-equivalence.

We will later encounter instances of A -module homomorphisms R+(M)→ N
induced by maps of spectra. It is often possible to determine those homomor-
phisms by the following corollary.
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Corollary 3.5. Let M , N be A -modules such that N is bounded below and
of finite type. Then

ǫ∗ : HomA (M,N) −→ HomA (R+(M), N)

is an isomorphism, so any A -linear homomorphism f : R+(M) → N factors
as g ◦ ǫ for a unique A -linear homomorphism g : M → N :

R+(M)
ǫ //

f
##GG

GG
GG

GG
G

M

g
~~~~

~~
~~

~~

N

Proof. This is clear from Theorem 3.4 and Proposition 3.3. �

Remark 3.6. A special case of this occurs when M = N is a non-trivial cyclic
A -module. Then

Fp ∼= HomA (M,M) ∼= HomA (R+(M),M) ,

so any A -linear homomorphism R+(M)→M is equal to a scalar multiple of ǫ.

3.2. The homological Singer construction. Before we define the homo-
logical version of the Singer construction on an A∗-comodule M∗, we need to
discuss a natural filtration on the cohomological Singer construction. For a
bounded below A -module M of finite type over Fp, let FnR+(M) be equal to

F2{Σxr ⊗ a | r ∈ Z, deg(a) = q, 1 + r − q ≥ n}
for p = 2, and

Fp{Σxiyr ⊗ a | i ∈ {0, 1}, r ∈ Z, deg(a) = q, 1 + i+ 2r − (p− 1)q ≥ n}
for p odd. In each case a runs through an Fp-basis for M . Then

(3.6) · · · ⊂ FnR+(M) ⊂ Fn−1R+(M) ⊂ · · · ⊂ R+(M)

is an exhaustive filtration of R+(M), which is clearly Hausdorff. Because M
is bounded below and of finite type, each FnR+(M) is bounded below and of
finite type, so Rlimn F

nR+(M) is trivial. Hence the filtration is complete.
For reasons made clear in Corollary 5.16, we will refer to this filtration as
the Tate filtration. When M is the cohomology of a bounded below spectrum
of finite type over Fp, we will see how (3.6) is induced from topology. In
this case, it will be immediate that the filtration is one of A -modules. For a
general A -module M , this can be checked directly using the explicit formulas
in Definition 3.1.
We are now in the situation discussed in the previous section, with An =
FnR+(M) and A−∞ = R+(M). Letting FnR+(M)∗ = Hom(FnR+(M),Fp) =
An we get an inverse system

(3.7) · · · −→ Fn−1R+(M)∗ −→ FnR+(M)∗ −→ · · ·
as in (2.7), dual to the direct system (3.6). We are interested in the inverse limit
A−∞ = limnAn, with the linear topology given by this tower of surjections.
Recall Definition 2.7 of a complete A∗-comodule.
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Definition 3.7. Let M∗ be a bounded below A∗-comodule of finite type. Its
dual M = Hom(M∗,Fp) is a bounded below A -module of finite type, and
M∗ ∼= Hom(M,Fp). We define the homological Singer construction on M∗ to
be the complete A∗-comodule given by

R+(M∗) = Hom(R+(M),Fp) .

It is isomorphic to the inverse limit limn F
nR+(M)∗.

A more explicit description can be given. For p = 2 the F2-linear dual of

Ĥ−∗(C2;F2) ∼= ΣH∗(C2;F2)[x−1] = ΣP (x, x−1)

is isomorphic to the ring of Laurent polynomials Ĥ−∗(C2;F2) = P (u, u−1),
where deg(u) = −1 and u−r is dual to Σxr−1. For p odd, the Fp-linear dual of

Ĥ−∗(Cp;Fp) ∼= ΣH∗(Cp;Fp)[y−1] = ΣE(x) ⊗ P (y, y−1)

is isomorphic to Ĥ−∗(Cp;Fp) = E(u)⊗P (t, t−1), where deg(u) = −1, deg(t) =
−2 and u1−it−r is dual to Σxiyr−1. These notations are compatible with those
from [5]. We get an identification of FnR+(M)∗ with

F2{ur ⊗ α | r ∈ Z, deg(α) = q, r + q ≤ −n}
for p = 2, and with

Fp{uitr ⊗ α | i ∈ {0, 1}, r ∈ Z, deg(α) = q, i+ 2r + (p− 1)q ≤ −n}
for p odd. In each case α ranges over an Fp-basis for M∗. The maps of (3.7) are
given by the obvious projections. Thus, R+(M∗) is isomorphic to the graded
vector space of formal series

∞∑

r=−∞
ur ⊗ αr

for p = 2, and
∞∑

r=−∞
tr ⊗ α0,r +

∞∑

r=−∞
utr ⊗ α1,r

for p odd. In each of these sums r is bounded below, but not above, since M∗
is bounded below.
Using the linear topology on R+(M∗) given by the kernel filtration coming
from (3.7), we may reformulate this as follows: Let

Λ = Ĥ−∗(Cp;Fp) =

{
P (u, u−1) for p = 2,

E(u)⊗ P (t, t−1) for p odd.

Consider Λ⊗M∗ ⊂ R+(M∗). For every n the composition Λ⊗M∗ ⊂ R+(M∗)→
FnR+(M)∗ is surjective, so the completed tensor product Λ⊗̂M∗ (for the linear
topology on Λ derived from the grading) is canonically isomorphic to R+(M∗).
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3.2.1. The homological ǫ∗-map. Let

ǫ∗ : M∗ −→ R+(M∗)

be the dual of ǫ : R+(M) → M . Then ǫ∗ is a continuous homomorphism of
complete A∗-comodules. Continuity is trivially satisfied since the source of ǫ∗
has the discrete topology.
Dualizing (3.2) and (3.3), we see that ǫ∗ is given by the formulas

(3.8) ǫ∗(α) =

∞∑

r=0

u−r ⊗ Sqr∗(α)

for p = 2, and

(3.9) ǫ∗(α) =

∞∑

r=0

(−1)rt−(p−1)r ⊗ Pr∗(α)−
∞∑

r=0

(−1)rut−(p−1)r−1 ⊗ (β Pr)∗(α)

for p odd. This expression may be compared with [1, (3.6)]. It is clear that ǫ∗
is injective.

Lemma 3.8. Let M and N be bounded below A -modules of finite type, and let
M∗ and N∗ be the dual A∗-comodules. Then

ǫ∗ : HomA∗(N∗,M∗) −→ Homc
A∗(N∗, R+(M∗))

is an isomorphism, so any continuous A∗-comodule homomorphism f∗ : N∗ →
R+(M∗) factors as f∗ = ǫ∗ ◦ g∗ for a unique A∗-comodule homomorphism
g∗ : N∗ →M∗.

Proof. Notice that HomA∗(N∗,M∗) = Homc
A∗(N∗,M∗) and A∗⊗N∗ = A∗⊗̂N∗,

since M∗ and N∗ are discrete. Applying Hom(−,Fp) to a commutative square

A ⊗R+(M)
λ //

1⊗f
��

R+(M)

f

��

A ⊗N λ // N

we get a commutative square

A∗ ⊗̂R+(M∗) R+(M∗)
νoo

A∗ ⊗N∗

1⊗̂f∗

OO

N∗
νoo

f∗

OO

of continuous homomorphisms, where R+(M∗) and A∗⊗̂R+(M∗) have the limit
topologies, while N∗ and A∗ ⊗ N∗ are discrete. Applying Homc(−,Fp) to the
latter square we recover the first, by Lemma 2.6. Hence the right hand vertical
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map in the commutative square

HomA (M,N)
ǫ∗

∼=
//

∼=
��

HomA (R+(M), N)

∼=
��

HomA∗(N∗,M∗)
ǫ∗ // Homc

A∗(N∗, R+(M∗))

is an isomorphism. It is easy to see that the left hand vertical map is an
isomorphism, and the upper horizontal map is an isomorphism by Corollary 3.5.

�

3.2.2. Various remarks on the homological Singer construction. The following
remarks are not necessary for our immediate applications, but we include them
to shed some light on the coaction ν : R+(M∗) → A∗ ⊗̂ R+(M∗) and the dual
Singer map ǫ∗ : M∗ → R+(M∗), and their relations to the completions intro-
duced so far.
Dualizing (3.1), we get that the dual Steenrod operations on classes ur ⊗ α in
Λ⊗M∗ ⊂ R+(M∗) are given by

(3.10) Sqs∗(u
r ⊗ α) =

∑

j

(−r − s− 1

s− 2j

)
ur+s−j ⊗ Sqj∗(α)

for p = 2, and similarly for p odd. This sum is finite, since M∗ is assumed to
be bounded below, so we have the following commutative diagram:

(3.11) R+(M∗)
ν // A∗ ⊗̂R+(M∗)

Λ⊗M∗
OO

OO

// A∗ ⊗̂ (Λ⊗M∗)
OO

OO

Two remarks are in order. First, Λ ⊗M∗ is not complete with respect to the
subspace topology from R+(M∗). Hence Λ⊗M∗ is not a complete A∗-comodule
in the sense explained above. Second, there are elements ur⊗α in Λ⊗M∗ with
the property that Sqs∗(u

r ⊗ α) is nonzero for infinitely many s, and similarly
for p odd. For example, Sqs∗(u

−1 ⊗ α) contains the term
(−s
s

)
us−1 ⊗ α =

(
2s− 1

s

)
us−1 ⊗ α

for j = 0, according to (3.10). This equals us−1 ⊗ α whenever s = 2e is a
power of 2, so ν(u−1⊗α) is an infinite sum. Hence Λ⊗M∗ is not an algebraic
A∗-comodule, either.
We will now identify the image of the homological version of the Singer map

ǫ∗ : M∗ −→ R+(M∗)

with the maximal algebraic A∗-comodule contained in R+(M∗).
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Definition 3.9. Given a complete A∗-comodule N∗, let Nalg
∗ ⊆ N∗ be given

by the pullback

Nalg
∗

ν|Nalg
∗ //

��

��

A∗ ⊗N∗
��

��

N∗
ν // A∗ ⊗̂N∗

in graded Fp-vector spaces. In other words, Nalg
∗ consists of the α ∈ N∗ whose

coaction ν(α) =
∑

I SqI∗⊗αI (in the notation for p = 2) is a finite sum, rather
than a formal infinite sum. Here I runs over the admissible sequences, so that
{SqI∗}I is a basis for A∗, and αI = SqI∗(α).

Lemma 3.10. The restricted coaction map ν|Nalg
∗ factors (uniquely) through

the inclusion A∗ ⊗Nalg
∗ ⊆ A∗ ⊗N∗, hence defines a map

νalg : Nalg
∗ −→ A∗ ⊗Nalg

∗

that makes Nalg
∗ an A∗-comodule in the algebraic sense.

Proof. The composite

Nalg
∗

ν|Nalg
∗ // A∗ ⊗N∗

1⊗ν
// A∗ ⊗ (A∗ ⊗̂N∗)

factors as

Nalg
∗

ν|Nalg
∗ // A∗ ⊗N∗

ψ⊗1
// A∗ ⊗A∗ ⊗N∗ ⊆ A∗ ⊗ (A∗ ⊗̂N∗)

by coassociativity (2.11) of the complete coaction. Hence ν|Nalg
∗ factors

through the pullback A∗ ⊗Nalg
∗ in

A∗ ⊗Nalg
∗

1⊗ν|Nalg
∗ //

��

��

A∗ ⊗A∗ ⊗N∗
��

��

A∗ ⊗N∗
1⊗ν

// A∗ ⊗ (A∗ ⊗̂N∗) .

Algebraic counitality and coassociativity of the lifted map νalg follow from the
corresponding properties of ν displayed in Definition 2.7. �

The following identification stems from a conversation with M. Bökstedt.

Proposition 3.11. The image of the injective homomorphism ǫ∗ : M∗ →
R+(M∗) equals the maximal algebraic sub A∗-comodule R+(M∗)alg ⊂ R+(M∗).

Proof. Let L∗ be any algebraic A∗-comodule. Given any α ∈ L∗, with coaction
ν(α) =

∑
I SqI∗⊗αI , let 〈α〉 ⊆ L∗ be the graded vector subspace spanned

by the αI = SqI∗(α). Here we are using the notation appropriate for p =
2; the case p odd is completely similar. Since ν(α) is a finite sum, 〈α〉 is
a finite dimensional subspace. Furthermore, it is a sub A∗-comodule, since
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ν(αI) =
∑

J SqJ∗ ⊗ SqJ∗ (αI) and SqJ∗ (αI) = (SqI SqJ )∗(α) is a finite sum of

terms SqK∗ (α) = αK .
Now consider the case L∗ = R+(M∗)alg. It is clear that ǫ∗(M∗) ⊆ R+(M∗)alg,
since M∗ is an algebraic A∗-comodule and ǫ∗ respects the coaction. Let α ∈
R+(M∗)alg be any element, and consider the linear span

N∗ = ǫ∗(M∗) + 〈α〉 ⊆ R+(M∗)
alg .

It is bounded below and of finite type, so by Lemma 3.8 there is a unique lift g∗

M∗
ǫ∗ // R+(M∗)

N∗

g∗

aaBBBBBBBB ;;
f∗

;;vvvvvvvv

of the inclusion f∗ : N∗ → R+(M∗). Hence N∗ ⊆ ǫ∗(M∗), so in fact α ∈
ǫ∗(M∗). �

4. The Tate construction

We recall the Tate construction of Greenlees [12], and its relation with ho-
motopy orbit and homotopy fixed point spectra. We then show how it can be
expressed as the homotopy inverse limit of bounded below spectra, in two equiv-
alent ways. This lets us make sense of the continuous (co-)homology groups of
the Tate construction.
We then describe the homological Tate spectral sequences. There are two
types, one converging to the continuous homology of the Tate construction
and one converging to the continuous cohomology. The terms of these spectral
sequences will be linearly dual to each other, but, as already noted in §2.2, their
target groups will only be dual in a topologized sense. The main properties of
these spectral sequences are summarized in Propositions 4.14, 4.15 and 4.17.

4.1. Equivariant spectra and various fixed point constructions.
We review some notions from stable equivariant homotopy theory, in the frame-
work of Lewis–May spectra [18]. Let G be a compact Lie group, quite possibly
finite, and let U be a complete G-universe. We fix an identification U G = R∞,
and write i : R∞ → U for the inclusion.
Let GS U be the category of genuine G-spectra, and let GSR∞ be the
category of naive G-spectra. Similarly, let SR∞ be the category of (non-
equivariant) spectra. The restriction of universe functor i∗ : GS U → GSR∞

has a left adjoint, the extension of universe functor i∗ : GSR∞ → GS U , see
[18, §II.1].
The functor SR∞ → GSR∞, giving a spectrum the trivial G-action, has a
left adjoint taking a naive G-spectrum Y to the orbit spectrum Y/G, as well
as a right adjoint taking Y to the fixed point spectrum Y G. For a genuine
G-spectrum X , the orbit spectrum X/G = (i∗X)/G and fixed point spectrum
XG = (i∗X)G are defined by first restricting to the underlying naive G-spectra.
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Let EG be a free, contractible G-CW complex. Let c : EG+ → S0 be the

collapse map that sends EG to the non-base point of S0, and let ẼG be its
mapping cone, so that we have a (homotopy) cofiber sequence

(4.1) EG+
c−→ S0 −→ ẼG

of based G-CW complexes. The n-skeleton ẼG(n) of ẼG is then the mapping

cone of the restricted collapse map EG
(n−1)
+ → S0, for each n ≥ 0. We may

and will assume that each skeleton EG(n−1) is a finite G-CW complex.

Definition 4.1. For each naive G-spectrum Y let YhG = (EG+∧Y )/G be the
homotopy orbit spectrum, and let Y hG = F (EG+, Y )G be the homotopy fixed
point spectrum. For each genuine G-spectrum X let

XhG = (EG+ ∧ i∗X)/G = (i∗X)hG

and

XhG = F (EG+, X)G = (i∗X)hG

be defined by first restricting to the G-trivial universe. Furthermore, let

XtG = [ẼG ∧ F (EG+, X)]G

be the Tate construction on X . This is the spectrum denoted Ĥ(G,X) by
Bökstedt and Madsen [5] and tG(X)G by Greenlees and May [14].

The Segal conjecture is concerned with the map Γ: XG → XhG induced by
F (c, 1): X ∼= F (S0, X)→ F (EG+, X) by passing to fixed points. By smashing
the cofiber sequence (4.1) with F (c, 1) and passing to G-fixed points, we can
embed this map in the following diagram, consisting of two horizontal cofiber
sequences:

[EG+ ∧X ]G //

≃
��

XG //

Γ

��

[ẼG ∧X ]G

Γ̂
��

[EG+ ∧ F (EG+, X)]G // F (EG+, X)G // [ẼG ∧ F (EG+, X)]G

The adjunction counit ǫ : i∗i∗X → X and the map F (c, 1) are both G-maps
and non-equivariant equivalences. By the G-Whitehead theorem, both maps

1 ∧ ǫ : i∗(EG+ ∧ i∗X) = EG+ ∧ i∗i∗X −→ EG+ ∧X
and

1 ∧ F (c, 1): EG+ ∧X −→ EG+ ∧ F (EG+, X)

are genuine G-equivalences. Hence we have the equivalence indicated on the
left. Furthermore, there is an Adams transfer equivalence

(4.2) τ̃ : (ΣadGEG+ ∧ i∗X)/G
≃−→ [i∗(EG+ ∧ i∗X)]G ,

where adG denotes the adjoint representation of G. See [18, §II.2] and [14,
Part I] for further details.
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In the cases of interest to us, when G is discrete or abelian, the adjoint repre-
sentation is trivial so that ΣadG = ΣdimG. Hence we may rewrite the diagram
above as the following norm–restriction diagram

(4.3) ΣdimGXhG
N //

=

��

XG
R //

Γ

��

[ẼG ∧X ]G

Γ̂

��

ΣdimGXhG
Nh

// XhG
Rh

// XtG

for any genuine G-spectrum X . We note that the adjunction counit ǫ : i∗i∗X →
X induces equivalences (i∗i∗X)hG ≃ XhG and (i∗i∗X)hG ≃ XhG, hence
(i∗i∗X)tG ≃ XtG, so the Tate construction on X only depends on the naive
G-spectrum underlying X .
The spectra in the lower row have been studied by means of spectral sequences
converging to their homotopy groups, e.g. in [5], [15], [23], [2] and [16]. These
spectral sequences arise in the case of the homotopy orbit and fixed point

spectra by choosing a filtration of EG, and by a filtration of ẼG introduced
by Greenlees [12] in the case of the Tate spectrum XtG. We shall instead be
concerned with the spectral sequences that arise by applying homology in place
of homotopy.

4.2. Tate cohomology and the Greenlees filtration of ẼG. We re-
call the definition of the Tate cohomology groups from [10, §XII.3], and the
associated Tate homology groups. Let G be a finite group, let FpG = Fp[G]
be its group algebra, and let (P∗, d∗) be a complete resolution of the trivial
FpG-module Fp by free FpG-modules. This is a commutative diagram

· · · // P1
d1 // P0

d0 //

����

P−1
d−1

// P−2 // · · ·

Fp
==

==|||||||

of FpG-modules, where the Pn’s are free and the horizontal sequence is exact.
The image of d0 is identified with Fp, as indicated.

Definition 4.2. Given an FpG-module M the Tate cohomology and Tate ho-
mology groups are defined by

Ĥn(G;M) = Hn(HomFpG(P∗,M))

and
Ĥn(G;M) = Hn(P∗ ⊗FpGM) ,

respectively, where (P∗, d∗) is a complete FpG-resolution. (To form the bal-
anced tensor product, we turn P∗ into a complex of right FpG-modules by
means of the group inverse.) These groups are independent of the chosen com-
plete FpG-resolution, and there are isomorphisms

Ĥn(G;M) ∼= Ĥ−n−1(G;M)
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and
Hom(Ĥn(G;M),Fp) ∼= Ĥn(G; Hom(M,Fp))

for all integers n. Note that we do not follow the shifted grading convention
for Tate homology given in [14, 11.2].

The topological analogue of a complete resolution is a bi-infinite filtration of

ẼG, in the category of G-spectra, which was introduced by Greenlees [12]. We
recall the details of the construction. For brevity we shall not distinguish nota-
tionally between a based G-CW complex and its suspension G-CW spectrum.

For integers n ≥ 0 we let Ẽn = ẼG(n) be (the suspension spectrum of) the

n-skeleton of ẼG, while Ẽ−n = D(Ẽn) = F (ẼG(n), S) is its functional dual.

These definitions agree for n = 0, as Ẽ0 = S is the sphere spectrum. Spli-

cing the skeleton filtration of ẼG with its functional dual, we get the following
diagram

(4.4) D(ẼG) −→ . . . −→ Ẽ−1 −→ Ẽ0 = S −→ Ẽ1 −→ Ẽ2 −→ . . . −→ ẼG ,

which we call the Greenlees filtration. Both ẼG ≃ hocolimn Ẽn and D(ẼG) ≃
holimn Ẽn are non-equivariantly contractible.

Applying homology to the non-limiting terms of this filtration (i.e., the Ẽn for

n ∈ Z) gives a spectral sequence with E1
s,t = Hs+t(Ẽs/Ẽs−1) that converges to

H∗(ẼG,D(ẼG)) = 0. It is concentrated on the horizontal axis, since Ẽn/Ẽn−1
is a finite wedge sum of G-free n-sphere spectra G+ ∧ Sn for each integer n.
Hence the spectral sequence collapses at the E2-term, and we get a long exact
sequence

(4.5) . . . // H2(Ẽ2/Ẽ1)
d12,0

// H1(Ẽ1/Ẽ0)
d11,0

//

����

H0(Ẽ0/Ẽ−1) // . . .

H0(S)
77

77ooooooooooo

of finitely generated free FpG-modules. Letting

Pn = Hn+1(Ẽn+1/Ẽn)

and dn = d1n+1,0 for all integers n yields a complete resolution (P∗, d∗) of
Fp = H0(S).

4.3. Continuous homology of the Tate construction. LetG be a finite
group and let X be a genuineG-spectrum. By means of the Greenlees filtration,
we may filter the Tate construction XtG by a tower of spectra.

Definition 4.3. For each integer n let ẼG/Ẽn−1 be the homotopy cofiber of

the map Ẽn−1 → ẼG, and define

XtG[−∞, n−1] = [Ẽn−1 ∧ F (EG+, X)]G

XtG[n] = XtG[n,∞] = [ẼG/Ẽn−1 ∧ F (EG+, X)]G .
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Smashing the cofiber sequence Ẽn−1 → ẼG → ẼG/Ẽn−1 with F (EG+, X)
and taking G-fixed points, we get a cofiber sequence

XtG[−∞, n−1] −→ XtG −→ XtG[n,∞]

for each integer n. The maps Ẽn−1 → Ẽn in the Greenlees filtration (4.4) induce
maps between these cofiber sequences, which combine to the non-limiting terms
of the following horizontal tower of vertical cofiber sequences:
(4.6)

∗ //

��

. . . // XtG[−∞, n−1] //

��

XtG[−∞, n] //

��

. . . // XtG

=

��

XtG
= //

=

��

. . . = // XtG
= //

��

XtG
= //

��

. . . = // XtG

��

XtG // . . . // XtG[n,∞] // XtG[n+1,∞] // . . . // ∗

Lemma 4.4. Let X be a G-spectrum. Then

holim
n→−∞

XtG[−∞, n] ≃ ∗ and hocolim
n→∞

XtG[n,∞] ≃ ∗
so

holim
n→−∞

XtG[n,∞] ≃ XtG and hocolim
n→∞

XtG[−∞, n] ≃ XtG .

Proof. For negative n, Ẽn = D(Ẽm) for m = −n, and there is a G-equivariant

equivalence ν : D(Ẽm)∧Z ≃−→ F (Ẽm, Z) for any G-spectrum Z, since the finite

G-CW spectrum Ẽm is dualizable [18, III.2.8]. Hence

holim
n→−∞

XtG[−∞, n] = holim
n→−∞

[Ẽn ∧ F (EG+, X)]G

= holim
m→∞

[D(Ẽm) ∧ F (EG+, X)]G ≃ holim
m→∞

F (Ẽm ∧ EG+, X)G

∼= F (hocolim
m→∞

Ẽm ∧ EG+, X)G ≃ F (ẼG ∧ EG+, X)G ,

which is contractible because ẼG ∧ EG+ is G-equivariantly contractible.

For the second claim we use that ẼG/Ẽn is a free G-CW spectrum. Indeed,

for n ≥ 0, ẼG/Ẽn ≃ Σ(EG/EG(n−1)). Thus, by the G-Whitehead theorem
and the Adams transfer equivalence (4.2) we have

hocolim
n→∞

XtG[n+1,∞] = hocolim
n→∞

[ẼG/Ẽn ∧ F (EG+, X)]G

≃ hocolim
n→∞

[ẼG/Ẽn ∧X ]G ≃ hocolim
n→∞

[ẼG/Ẽn ∧ i∗i∗X ]G

≃ hocolim
n→∞

(ẼG/Ẽn ∧ i∗X)/G ∼= (hocolim
n→∞

ẼG/Ẽn ∧ i∗X)/G ,

which is contractible since hocolimn→∞ (ẼG/Ẽn) is G-equivariantly con-
tractible. The remaining claims follow, since the homotopy limit of a fiber
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sequence is a fiber sequence, and the homotopy colimit of a cofiber sequence is
a cofiber sequence. �

Hereafter we abbreviate XtG[n,∞] to XtG[n]. Then the lower horizontal tower
{XtG[n]}n in (4.6) becomes

(4.7) XtG −→ . . . −→ XtG[n] −→ XtG[n+1] −→ . . . −→ ∗ ,
which we will refer to as the Tate tower.
The following two lemmas should be compared with the sequences (2.6)
and (2.7).

Lemma 4.5. Let X be a G-spectrum. Then

lim
n→∞

H∗(XtG[n]) = Rlim
n→∞

H∗(XtG[n]) = colim
n→∞

H∗(X
tG[n]) = 0 .

Proof. In cohomology, we have a Milnor lim-Rlim short exact sequence

0 −→ Rlim
n

H∗−1(XtG[n]) −→ H∗(hocolim
n

XtG[n]) −→ lim
n
H∗(XtG[n]) −→ 0 .

By Lemma 4.4 the middle term is zero, hence so are the other two terms. In
homology, we have the isomorphism

colim
n→∞

H∗(X
tG[n]) ∼= H∗(hocolim

n→∞
XtG[n]) .

By the same lemma the right hand side is zero. �

Lemma 4.6. Suppose that X is bounded below and of finite type over Fp. Then
each spectrum XtG[n] is bounded below and of finite type over Fp. Hence

Rlim
n→−∞

H∗(X
tG[n]) = 0 .

Proof. Let XtG[n,m] = [Ẽm/Ẽn−1 ∧ F (EG+, X)]G. For m ≥ n there is a
cofiber sequence

XtG[n,m−1] −→ XtG[n,m] −→
∨

ΣmX ,

with one copy of ΣmX in the wedge sum for each of the finitely many G-free

m-cells in ẼG. Since the connectivity of ΣmX grows to infinity with m, the
first claim of the lemma follows by induction on m. The derived limit of any
tower of finite groups is zero, which gives the second conclusion. �

We use the Tate tower (4.7) to define the continuous (co-)homology of XtG, as
in Definition 2.3 and Corollary 2.9.

Definition 4.7. Let G be a finite group and X a G-spectrum whose underlying
non-equivariant spectrum is bounded below and of finite type over Fp. By the
continuous cohomology of XtG we mean the A -module

H∗c (XtG) = colim
n→−∞

H∗(XtG[n]) .

By the continuous homology of XtG we mean the complete A∗-comodule

Hc
∗(X

tG) = lim
n→−∞

H∗(X
tG[n]) .
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There is a natural isomorphism Hom(H∗c (XtG),Fp) ∼= Hc
∗(X

tG) of com-
plete A∗-comodules, as well as a natural isomorphism Homc(Hc

∗(X
tG),Fp) ∼=

H∗c (XtG) of A -modules.

Remark 4.8. Different G-CW structures on EG will give rise to different Green-
lees filtrations and Tate towers, but by cellular approximation any two choices
give pro-isomorphic towers in homology. The continuous homology, as a com-
plete A∗-comodule, is therefore independent of the choice. Likewise for contin-
uous cohomology.

We end this subsection by giving a reformulation of the Tate construction,
known as Warwick duality [13, §4], which will be used in §5.2 when making a
topological model for the Singer construction.

Proposition 4.9 ([14, 2.6]). There is a natural chain of equivalences

ΣF (ẼG,EG+ ∧X)G ≃ [ẼG ∧ F (EG+, X)]G = XtG .

Proof. We have a commutative diagram of G-spectra

(4.8) EG+ ∧X
F (c,1∧1)

// F (EG+, EG+ ∧X)

EG+ ∧EG+ ∧X

c∧1∧1 ≃

OO

//

1∧F (c,c∧1) ≃
��

F (EG+, EG+ ∧X)

=

OO

F (1,c∧1)≃
��

EG+ ∧ F (EG+, X)
c∧1 // F (EG+, X) .

The maps labeled ≃ are G-equivalences. The proposition follows by taking
horizontal homotopy cofibers and fixed points. �

We now strengthen this to a statement about towers.

Lemma 4.10. For each integer m there is a natural chain of equivalences

ΣF (Ẽm, EG+ ∧X)G ≃ [ẼG/Ẽ−m ∧ F (EG+, X)]G = XtG[1−m]

connecting the tower

ΣF (ẼG,EG+ ∧X)G → . . . −→ ΣF (Ẽm+1, EG+ ∧X)G

−→ ΣF (Ẽm, EG+ ∧X)G −→ . . .

to the Tate tower

XtG −→ . . . −→ XtG[−m] −→ XtG[1−m] −→ . . . .
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Proof. First observe that there is a natural chain of G-homotopy equivalences

ΣF (Ẽm, EG+ ∧X)

ΣD(Ẽm) ∧ EG+ ∧X

ν≃

OO

≃ 1∧1∧F (c,1)

��

ΣD(Ẽm) ∧ EG+ ∧ F (EG+, X)

ΣẼ−m ∧ EG+ ∧ F (EG+, X) .

≃

OO

The upper map ν is an equivalence because Ẽm is dualizable. The middle
map is an equivalence because EG+ is G-free and F (c, 1) is a non-equivariant
equivalence. The lower map is the identity when m ≥ 0 and the map induced

by the natural equivalence Ẽ−m → D(D(Ẽ−m)) = D(Ẽm) when m ≤ 0. The

latter two maps agree for m = 0, since Ẽ0 = S.
We proceed to prove that there is a chain of G-equivalences

ΣẼ−m ∧ EG+ ≃ ẼG/Ẽ−m ,

natural for varying m ∈ Z. This will prove the lemma after passage to G-fixed
points.

For m ≥ 0, let cm : EG
(m−1)
+ → S0 be the restricted collapse map. Consider

the following commutative diagram of G-spectra:

∗

��

// D(Ẽm)
= //

��

Ẽ−m

��

EG+
c //

=

��

S //

Dcm
��

ẼG

��

EG+
Dcm◦c // D(EG

(m−1)
+ ) // ẼG/Ẽ−m

EG+
Dcm∧1 //

=

OO

D(EG
(m−1)
+ ) ∧ EG+

//

1∧c≃

OO

ΣẼ−m ∧ EG+

≃

OO

All four rows are cofiber sequences. If we disregard the lower row, then all
three remaining columns are also cofiber sequences. Hence, the homotopy

cofiber of Dcm ◦ c is equivalent to ẼG/Ẽ−m, and we have a G-equivalence

ΣẼ−m ∧ EG+
≃−→ ẼG/Ẽ−m, natural for varying m ≥ 0.
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For m ≤ 0 let n = −m ≥ 0, let in : EG
(n−1)
+ → EG+ be the inclusion, let

δn : EG
(n−1)
+ → EG

(n−1)
+ ∧ EG+ be the diagonal, and let cn : EG

(n−1)
+ → S0

be as above. Consider the following commutative diagram of G-spectra:

S

��

= // S //

��

∗

��

Ẽn
//

��

ẼG //

��

ẼG/Ẽn

≃
��

ΣEG
(n−1)
+

Σin //

≃ Σδn

��

ΣEG+
//

=

��

Σ(EG/EG(n−1))

≃
��

ΣEG
(n−1)
+ ∧ EG+

Σcn∧1 // ΣEG+
// ΣẼn ∧EG+

Again, all four rows are cofiber sequences. If we disregard the lower row, then
all three remaining columns are also cofiber sequences. Hence, the middle
vertical map on the right is a G-equivalence, and we have a G-equivalence

ẼG/Ẽ−m
≃−→ ΣẼ−m ∧ EG+, natural for varying m ≤ 0.

The direction of the G-equivalence changes when we pass from m ≥ 0 to m ≤ 0,
but for m = 0 the two equivalences are mutually inverse identifications of

ΣEG+ and ẼG/S. Hence we can connect ΣẼ−m∧EG+ to ẼG/Ẽ−m by a chain

of two G-equivalences, where the first uses the maps ΣẼ−m∧EG+ → ẼG/Ẽ−m
for m ≥ 0 and identity maps for m < 0, and the second uses identity maps for

m ≥ 0 and the maps ẼG/Ẽ−m → ΣẼ−m ∧ EG+ for m < 0. These are then
compatible for all m ∈ Z. �

Corollary 4.11. The continuous (co-)homology of XtG may be computed
from the tower

XtG −→ . . . −→ ΣF (Ẽm+1, EG+ ∧X)G −→ ΣF (Ẽm, EG+ ∧X)G −→ . . .

as

H∗c (XtG) ∼= colim
m→∞

ΣH∗(F (Ẽm, EG+ ∧X)G)

and

Hc
∗(X

tG) ∼= lim
m→∞

ΣH∗(F (Ẽm, EG+ ∧X)G) .

4.4. The (co-)homological Tate spectral sequences. Let G be a finite

group and X a G-spectrum. The cofiber sequence Ẽs/Ẽs−1 → ẼG/Ẽs−1 →
ẼG/Ẽs induces a cofiber sequence

[Ẽs/Ẽs−1 ∧ F (EG+, X)]G −→ XtG[s]
i−→ XtG[s+1]

for every integer s. The left hand term is equivalent to

[Ẽs/Ẽs−1 ∧X ]G ≃ (Ẽs/Ẽs−1 ∧ i∗X)/G
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since Ẽs/Ẽs−1 is G-free.
Applying cohomology, we get an exact couple of A -modules

(4.9) As+1,∗ i // As,∗

��

Ês,∗1

ccG
G

G
G

with

As,t = Hs+t(XtG[s]) and Ês,t1 = Hs+t((Ẽs/Ẽs−1 ∧ i∗X)/G) .

By Lemma 4.5, limsA
s = RlimsA

s = 0, so this spectral sequence converges
conditionally to the colimit H∗c (XtG), in the first sense of [3, 5.10]. Applying
homology instead, we get an exact couple of algebraic A∗-comodules

(4.10) As,∗
i // As+1,∗

||x
x

x
x

Ê1
s,∗

OO

with

As,t = Hs+t(X
tG[s]) and Ê1

s,t = Hs+t((Ẽs/Ẽs−1 ∧ i∗X)/G) .

By Lemma 4.5, colimsAs = 0, so this spectral sequence converges conditionally
to the limit Hc

∗(X
tG), in the second sense of [3, 5.10].

We can rewrite the Ê1-term as

Ê1
s,t
∼= Hs(Ẽs/Ẽs−1)⊗FpG Ht(X) = Ps−1 ⊗FpG Ht(X) ,

and the d1-differential is induced by the differential in the complete resolution
(P∗, d∗), so

Ê2
s,t
∼= Ĥs−1(G;Ht(X)) ∼= Ĥ−s(G;Ht(X)) .

Dually, the Ê1-term is

Ês,t1
∼= Hom(Ps−1 ⊗FpG Ht(X),Fp) ∼= HomFpG(Ps−1, H

t(X))

and
Ês,t2

∼= Ĥs−1(G;Ht(X)) ∼= Ĥ−s(G;Ht(X)) .

Definition 4.12. Let G be a finite group and X a G-spectrum. The coho-
mological Tate spectral sequence of X is the conditionally convergent spectral
sequence

Ês,t2 = Ĥ−s(G;Ht(X)) =⇒ Hs+t
c (X)

associated with the exact couple of A -modules (4.9). Dually, the homological
Tate spectral sequence of X is the conditionally convergent spectral sequence

Ê2
s,t = Ĥ−s(G;Ht(X)) =⇒ Hc

s+t(X)

associated with the exact couple of A∗-comodules (4.10).
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Remark 4.13. There is a natural isomorphism Ês,tr
∼= Hom(Êrs,t,Fp) for all

finite r, s and t, so that the dr-differential ds,tr : Ês,tr → Ês+r,t−r+1
r is the linear

dual of the dr-differential drs+r,t−r+1 : Êrs+r,t−r+1 → Êrs,t. In this sense the
cohomological Tate spectral sequence is dual to the homological Tate spectral
sequence.

To get strong convergence, we needX to be bounded below in the cohomological
case, and that X is bounded below and of finite type over Fp in the homological
case.

Proposition 4.14. Let G be a finite group and X a G-spectrum. Assume
that X is bounded below. Then XtG is the homotopy inverse limit of a tower
{XtG[s]}s of bounded below spectra, and the cohomological Tate spectral se-
quence

Ês,t2 (X) = Ĥ−s(G;Ht(X)) =⇒ Hs+t
c (XtG)

converges strongly to the continuous cohomology of XtG as an A -module.

Proof. When H∗(X) is bounded below, the cohomological Tate spectral se-
quence has exiting differentials in the sense of Boardman, so the spectral se-
quence is automatically strongly convergent by [3, 6.1]. In other words, the
filtration of Hs+t

c (XtG) by the sub A -modules

F sH∗c (XtG) = im(H∗(XtG[s])→ H∗c (XtG))

is exhaustive, complete and Hausdorff, and there are A -module isomorphisms

F sH∗c (XtG)/F s+1H∗c (XtG) ∼= Ês,∗∞ .

�

Proposition 4.15. Let G be a finite group and X a G-spectrum. Assume that
X is bounded below and of finite type over Fp. Then XtG is the homotopy in-
verse limit of a tower {XtG[s]}s of bounded below spectra of finite type over Fp,
and the homological Tate spectral sequence

Ê2
s,t(X) = Ĥ−s(G;Ht(X)) =⇒ Hc

s+t(X
tG)

converges strongly to the continuous homology of XtG as a complete A∗-
comodule.

Proof. When H∗(X) is bounded below, the homological Tate spectral sequence

has entering differentials in the sense of Boardman. The derived limit RÊ∞∗,∗ =

Rlimr Ê
r
∗,∗ vanishes since H∗(X), and thus Ê2

∗,∗, is finite in each (bi-)degree.
Hence the spectral sequence is strongly convergent by [3, 7.4]. In other words,
the filtration of Hc

s+t(X
tG) by the complete sub A∗-comodules

FsH
c
∗(X

tG) = ker(Hc
∗(X

tG)→ Hc
∗(X

tG[s]))

is exhaustive, complete and Hausdorff, and there are algebraic A∗-comodule
isomorphisms

Fs+1H
c
∗(X

tG)/FsH
c
∗(X

tG) ∼= Ê∞s,∗ .

�
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4.4.1. Homotopy vs. Homology. We used the Tate tower (4.7) to define our
homological Tate spectral sequence, by applying homology with Fp-coefficients.
When studying the homotopy groups of the Tate construction, it has been
customary to apply π∗(−) to the upper tower in (4.6):
(4.11)

∗ // . . . // XtG[−∞, n−1] // XtG[−∞, n] // . . . // XtG

Applying a homological functor to these two towers of spectra gives two dif-
ferent exact couples with isomorphic spectral sequences. If we are working
with homotopy, we get two spectral sequences converging to the same groups.
Using (4.11) yields a spectral sequence converging to the colimit

colim
n

π∗(X
tG[−∞, n]) ∼= π∗(X

tG) ,

while using (4.7) yields an isomorphic spectral sequence converging to the in-
verse limit

(4.12) lim
n
π∗(X

tG[n]) ∼= π∗(X
tG) .

The latter isomorphism assumes that X is bounded below and of suitably finite
type, so that the right derived limit Rlimn π∗(XtG[n]) = 0. For example, it

suffices if π∗(X) is of finite type over Z or Ẑp.
When working with homology with Fp-coefficients, instead of homotopy groups,
the failure of the isomorphism we made use of in (4.12) makes the situation
more interesting. Applying H∗(−) to the tower (4.11) will produce a sequence
of homology groups whose inverse limit is not trivial in general. This means
that the associated spectral sequence will not be conditionally convergent to
the direct limit

colim
n

H∗(X
tG[−∞, n]) ∼= H∗(X

tG) .

In fact, we have seen that the (isomorphic) homological Tate spectral sequence,
arising from (4.7), converges strongly to

lim
n
H∗(X

tG[n]) = Hc
∗(X

tG) ,

which is only rarely isomorphic to H∗(XtG), since inverse limits and homology
do not commute in general.
We end this discussion by noticing that the continuous homology groups of
the Tate construction on X can be thought of as the homotopy groups of
the Tate construction on H ∧ X , where H = HFp is the Eilenberg–MacLane
spectrum of Fp. In other words, continuous homology of XtG is a special case
of homotopy.

Proposition 4.16. For any bounded below G-spectrum X of finite type over Fp
there is a natural isomorphism

π∗(H ∧X)tG ∼= Hc
∗(X

tG) ,

where H has the trivial G-action.
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Proof. For all integers m we have

(H ∧X)tG[1−m] ≃ ΣF (Ẽm, EG+ ∧H ∧X)G

≃ H ∧ ΣF (Ẽm, EG+ ∧X)G ≃ H ∧XtG[1−m] .

The first and last equivalences follow from Lemma 4.10, while the middle equiv-

alence follows from the fact that Ẽm is G-equivariantly dualizable. Thus, we
have that π∗(H ∧ X)tG[n] ∼= H∗(XtG[n]) for all integers n. For a general
G-spectrum X , we then have the following surjective maps:

π∗(H ∧X)tG −→ lim
n→−∞

π∗(H ∧X)tG[n](4.13)

∼= lim
n→−∞

H∗(X
tG[n]) = Hc

∗(X
tG) .

Since X was assumed to be bounded below and of finite type over Fp, the
groups in the first inverse limit system are all of finite type over Fp, so their
Rlim vanishes and the map in (4.13) is an isomorphism. �

The previous proposition and discussion tells us that the continuous homology
of XtG can be considered both as the direct limit colimn π∗(H ∧X)tG[−∞, n]
or as the inverse limit limn π∗(H ∧X)tG[n,∞]. In both cases, the filtration of
the two groups given by their defining towers are the same.

4.5. Multiplicative structure. We now discuss how the treatment in
[16, §4.3] of multiplicative structure in the homotopical Tate spectral sequence
carries over to the homological Tate spectral sequence.
Let X be a bounded below G-equivariant ring spectrum of finite type over Fp.
We assume that the unit map η : S → X and the multiplication map µ : X ∧
X → X are equivariant with respect to the trivial G-action on S and the
diagonal G-action on X ∧X . By [14, 3.5], the homotopy cartesian square

(4.14) XG R //

Γ

��

[ẼG ∧X ]G

Γ̂

��

XhG
Rh

// XtG

in (4.3) is a diagram of ring spectra and ring spectrum maps. Up to homotopy

there is a unique G-equivalence f : ẼG ∧ ẼG ≃→ ẼG, compatible with the

inclusion S0 → ẼG and the homeomorphism S0 ∧ S0 ∼= S0. Using f , the

Documenta Mathematica 17 (2012) 861–909



The Topological Singer Construction 895

multiplication map on XtG is given by the composition

[ẼG ∧ F (EG+, X)]G ∧ [ẼG ∧ F (EG+, X)]G

��

[ẼG ∧ ẼG ∧ F (EG+ ∧ EG+, X ∧X)]G

f∧F (∆,µ)

��

[ẼG ∧ F (EG+, X)]G .

The other multiplication maps arise by replacing ẼG, EG+ or both by S0.
The unit map to XG is adjoint to the G-map S → X , since S has the trivial
G-action. The other unit maps arise by composition with the maps in (4.14).
The non-equivariant ring spectrum structure on the Eilenberg–MacLane spec-
trum H makes H ∧ X a naively G-equivariant ring spectrum, so (H ∧ X)tG

is a ring spectrum. The induced graded ring structure on π∗(H ∧ X)tG then
gives a graded ring structure on the continuous homology Hc

∗(X
tG), by the

isomorphism of Proposition 4.16.

Proposition 4.17. Let G be a finite group and X a G-equivariant ring spec-
trum. Assume that X is bounded below and of finite type over Fp. Then the
homological Tate spectral sequence

Ê2
s,t = Ĥ−s(G;Ht(X)) =⇒ Hc

s+t(X
tG)

is a strongly convergent A∗-comodule algebra spectral sequence, whose product

at the Ê2-term is given by the cup product in Tate cohomology and the Pon-
tryagin product on H∗(X).

Proof. Using the Greenlees filtration, we may filter (H ∧ X)tG by the

tower (4.11). This produces a homotopical Tate spectral sequence with Ê2-
term

Ê2
s,t = Ĥ−s(G;πt(H ∧X)) = Ĥ−s(G;Ht(X)) ,

converging strongly to the homotopy πs+t(H ∧ X)tG ∼= Hc
s+t(X

tG). By the
proof of Proposition 4.16 it is additively isomorphic to the homological Tate
spectral sequence of Proposition 4.15. By [16, 4.3.5], it is also an algebra
spectral sequence, with differentials being derivations with respect to the prod-

uct. The Ê∞-term is the associated graded of the multiplicative filtration of
πs+t(H ∧X)tG given by the images

im(π∗(H ∧X)tG[−∞, s]→ π∗(H ∧X)tG) .

�

5. The topological Singer construction

5.1. Realizing the Singer construction as continuous cohomology.
As observed by Miller, and presented by Bruner, May, McClure and Steinberger

Documenta Mathematica 17 (2012) 861–909



896 Sverre Lunøe–Nielsen and John Rognes

in [9, §II.5], there is a particular inverse system of spectra whose continuous
cohomology realizes the Singer construction in the version related to the sym-
metric group Σp. We go through the adjustments needed to realize the version
of the Singer construction related to the subgroup Cp generated by the cyclic
permutation (1 2 · · · p).
Let B be a non-equivariant spectrum that is bounded below and of finite type
over Fp. For each subgroup G ⊆ Σp there is an extended power construction
[9, §I.2]

DG(B) = EG⋉G B(p) ,

well defined in the stable homotopy category. Here B(p) denotes the external p-
th smash power ofB, and G permutes the p copies ofB. It follows from [9, I.2.4]
that DG(B) is bounded below and of finite type over Fp. More precisely, we
have the following calculation.

Lemma 5.1 ([9, I.2.3]). There is a natural isomorphism

H∗(DG(B)) ∼= H∗(G;H∗(B)⊗p) ,

where G permutes the p copies of H∗(B).

The p-fold diagonal map S1 → S1∧· · ·∧S1 ∼= Sp induces maps ∆ : ΣDG(B)→
DG(ΣB) as in [9, §II.3]. Applied to desuspensions of B, these assemble to an
inverse system

(5.1) . . . −→ Σn+1DG(Σ−n−1B)
Σn∆−→ ΣnDG(Σ−nB) −→ . . .

∆−→ DG(B)

in the stable homotopy category. This is a tower of bounded below spectra of
finite type over Fp, so it makes sense to talk about its associated continuous
cohomology.
We now follow [9, §II.5], but focus on the case G = Cp instead of G = Σp.
There is an additive isomorphism

H∗(DCp(B)) ∼= Fp{e0 ⊗ α1 ⊗ · · · ⊗ αp} ⊕ Fp{ej ⊗ α⊗p | j ≥ 0}
where the αi and α range over a basis for H∗(B), the αi are not all equal, and
only one representative is taken from each Cp-orbit of the tensors α1⊗· · ·⊗αp.
The grading is determined by deg(ej) = j. Dually, there is an isomorphism

H∗(DCp(B)) ∼= Fp{w0 ⊗ a1 ⊗ · · · ⊗ ap} ⊕ Fp{wj ⊗ a⊗p | j ≥ 0}
where the ai and a range over the dual basis for H∗(B), and wj ⊗ a⊗p is dual
to ej ⊗ α⊗p when a is dual to α. It follows that

(5.2) H∗(ΣnDCp(Σ−nB)) ∼= Fp{Σnw0 ⊗ Σ−na1 ⊗ · · · ⊗ Σ−nap}
⊕ Fp{Σnwj ⊗ (Σ−na)⊗p | j ≥ 0} .

By [9, II.5.6], the map ∆ in (5.1) is given in cohomology as

∆∗(wj ⊗ a⊗p) = (−1)j+1α(q) · Σwj+p−1 ⊗ (Σ−1a)⊗p
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where deg(a) = q, m = (p − 1)/2 and α(q) = −(−1)mqm!. For p = 2 the
numerical coefficient should be read as 1. The other classes w0 ⊗ a1 ⊗ · · · ⊗ ap
map to zero. It follows that

(5.3) (Σn∆)∗(Σnwj ⊗ (Σ−na)⊗p)

= (−1)j+1α(q−n) · Σn+1wj+p−1 ⊗ (Σ−n−1a)⊗p .

The action of the Steenrod algebra A on H∗(DCp(B)) is given by the Nishida
relations. Together with the explicit formula above for the maps (Σn∆)∗, this
determines the direct limit of cohomology groups as an A -module.
Miller observed that this direct limit can be described in closed form by the
Singer construction on the A -module H∗(B), up to a single degree shift. We
now give the Cp-equivariant extension of the Σp-equivariant case discussed in
[9, II.5.1].

Theorem 5.2. For each spectrum B that is bounded below and of finite type
over Fp, there is a natural isomorphism of A -modules

ω : colim
n→∞

H∗(ΣnDCp(Σ−nB))
∼=−→ Σ−1R+(H∗(B)) .

Proof. For p = 2 the isomorphism is given by

ω(Σnwr+n ⊗ (Σ−na)⊗2) = xr+q ⊗ a
where deg(a) = q. For p odd, the isomorphism is given by

ω(Σnw2(r+mn) ⊗ (Σ−na)⊗p) =
(−1)q−n

ν(q−n)
· yr+mq ⊗ a

and

ω(Σnw2(r+mn)−1 ⊗ (Σ−na)⊗p) =
(−1)q

ν(q−n)
· xyr+mq−1 ⊗ a ,

where deg(a) = q, m = (p− 1)/2 and ν(2j + ǫ) = (−1)j(m!)ǫ for ǫ ∈ {0, 1}.
It follows from (5.3) and the relation α(q)ν(q − 1)−1 = ν(q)−1 that these
homomorphisms are compatible under (Σn∆)∗. It is then clear from (5.2)
that ω is an additive isomorphism.
This isomorphism commutes with the Bockstein and Steenrod operations on
the extended powers, described in [18, VIII.3.2] and [9, II.5.5], and the explicitly
defined Bockstein and Steenrod operations on the Singer construction, given
in Definition 3.1. Here are the details: For p = 2, the Steenrod reduced square
Sqs takes ω(Σnwr+n ⊗ (Σ−na)⊗2) = xr+q ⊗ a to

∑

j

(
r + q − j
s− 2j

)
xr+q+s−j ⊗ Sqj(a) ,

by Definition 3.1, while ω takes

Sqs(Σnwr+n ⊗ (Σ−na)⊗2)

=
∑

j

(
r + n+ q − n− j

s− 2j

)
Σnwr+n+s−2j ⊗ (Σ−n Sqj(a))⊗2
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(given by [9, II.5.5(i)]) to

∑

j

(
r + q − j
s− 2j

)
xr+s−2j+q+j ⊗ Sqj(a) ,

and these expressions are equal.
For p odd, the Bockstein operation β takes ω(Σnw2(r+mn) ⊗ (Σ−na)⊗p) =

(−1)q−nν(q − n)−1 · yr+mq ⊗ a to 0 by Definition 3.1. This equals the image
under ω of β(Σnw2(r+mn) ⊗ (Σ−na)⊗p) = 0.

The Steenrod reduced power Ps takes ω(Σnw2(r+mn) ⊗ (Σ−na)⊗p) to

(−1)q−nν(q − n)−1 times the sum

∑

j

(
r +mq − (p− 1)j

s− pj

)
yr+mq+(p−1)(s−j) ⊗ Pj(a)

+
∑

j

(
r +mq − (p− 1)j − 1

s− pj − 1

)
xyr+mq+(p−1)(s−j)−1 ⊗ β Pj(a) ,

according to Definition 3.1. The homomorphism ω takes Ps(Σnw2(r+mn) ⊗
(Σ−na)⊗p), which equals the sum

∑

j

(
r +mq − (p− 1)j

s− pj

)
ΣnwI ⊗ (Σ−n Pj(a))⊗p

+ α(q − n)
∑

j

(
r +mq − (p− 1)j − 1

s− pj − 1

)
ΣnwI−p ⊗ (−1)n(Σ−nβ Pj(a))⊗p

where I = 2(r+mn)+2(s−pj)(p−1) (given by [9, II.5.5(ii)] and the fact that
β anti-commutes with suspension), to

∑

j

(
r +mq − (p− 1)j

s− pj

)
(−1)q−n

ν(q − n)
· yJ ⊗ Pj(a)

+ α(q − n)
∑

j

(
r +mq − (p− 1)j − 1

s− pj − 1

)
(−1)q+1−n

ν(q + 1− n)
· xyJ−1 ⊗ β Pj(a)

where J = r+ (s− j)(p− 1) +mq. These expressions are equal because of the
relation α(q − n)ν(q − n − 1)−1 = ν(q − n)−1 mentioned above, and the fact
that ν(q − n− 1) = −ν(q + 1− n).
Also for p odd, β takes ω(Σnw2(r+mn)−1 ⊗ (Σ−na)⊗p) = (−1)qν(q − n)−1 ·
xyr+mq−1 ⊗ a to (−1)qν(q − n)−1 · yr+mq ⊗ a by Definition 3.1. This equals
the image under ω of β(Σnw2(r+mn)−1 ⊗ (Σ−na)⊗p) = (−1)nΣnw2(r+mn) ⊗
(Σ−na)⊗p (given in [18, VIII.3.2(iii)]).
Finally, Ps takes ω(Σnw2(r+mn)−1 ⊗ (Σ−na)⊗p) to (−1)qν(q − n)−1 times the
sum

∑

j

(
r +mq − (p− 1)j − 1

s− pj

)
xyr+mq+(p−1)(s−j)−1 ⊗ Pj(a) ,
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according to Definition 3.1, while ω takes Ps(Σnw2(r+mn)−1⊗(Σ−na)⊗p), which
equals the sum

∑

j

(
r +mq − 1− (p− 1)j

s− pj

)
Σnw2(r+mn)−1+2(s−pj)(p−1) ⊗ (Σ−n Pj(a))⊗p

(given by [9, II.5.5(ii)]), to

∑

j

(
r +mq − 1− (p− 1)j

s− pj

)
(−1)q

ν(q − n)
· xyr+(s−j)(p−1)+mq−1 ⊗ Pj(a) .

These expressions are obviously equal. �

5.2. The relationship between the Tate and Singer constructions.
We now show that the inverse system (5.1) for G = Cp and B a bounded below
spectrum can be realized, up to a single suspension, as the Tate tower (4.7) for
a Cp-spectrum X = B∧p.
As a naive Cp-spectrum, B∧p is equivalent to the p-fold smash product
B ∧ · · · ∧ B, with the Cp-action given by cyclic permutation of the fac-
tors. The genuinely equivariant definition of B∧p is obtained by specializa-
tion from Bökstedt’s definition in [6], [4] of the topological Hochschild homo-
logy THH(B) of a symmetric ring spectrum B, in the sense of [17]. Namely,
B∧p = sdp THH(B)0 = THH(B)p−1 equals the 0-simplices of the p-fold edge-
wise subdivision of THH(B), which in turn equals the (p − 1)-simplices of
THH(B).
The ring structure on B is only relevant for the simplicial structure on THH(B),
and is not needed for the formation of its (p − 1)-simplices. However, it is
necessary to assume that the spectrum B is realized as a symmetric spectrum.
We now make a review of definitions, in order to compare the Bökstedt-style
smash powers of symmetric spectra with the external powers of Lewis–May
spectra.
From now on, let U be the complete Cp-universe

U = R∞ ⊕ · · · ⊕ R∞ = (R∞)p

with Cp-action given by cyclic permutation of summands. The inclusion
i : R∞ → U is the diagonal embedding ∆: R∞ → (R∞)p. Let A = {Rn |
n ≥ 0} be the sequential indexing set in R∞, and let Ap = {Rn ⊕ · · · ⊕ Rn =
(Rn)p | n ≥ 0} be the associated diagonal indexing set [18, §VI.5] in U . Recall
that an equivariant prespectrum D is Σ-cofibrant in the sense of [18, I.8.7],
hence good in the sense of Hesselholt and Madsen [15, Def. A.1], if each struc-
ture map ΣW−VD(V ) → D(W ) is an equivariant cofibration for V ⊆ W in
the indexing set. There is a functorial thickening Dτ of equivariant prespec-
tra, which produces Σ-cofibrant, hence good, prespectra, and there is a natural
spacewise equivariant equivalence Dτ → D, see [15, Lem. A.1].
Let B be a symmetric spectrum of topological spaces, with n-th space Bn for
each n ≥ 0. Recall that B is S-cofibrant in the sense of [17, 5.3.6] if the natural
map νn : LnB → B is a cofibration for each n, where the latching space LnB is
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the n-th space in the spectrum B ∧ S̄. Here S̄ is the symmetric spectrum with
0-th space ∗ and n-th space Sn, for n > 0. We prefer to follow the terminology
in [24, III.1.2] and refer to the S-cofibrant symmetric spectra as being flat.
Every symmetric spectrum is level equivalent, hence stably equivalent, to a flat
symmetric spectrum, so any spectrum may be modeled by a flat symmetric
spectrum. Each symmetric spectrum B has an underlying sequential prespec-
trum indexed on A, with B(Rn) = Bn equal to the n-th space of B. The struc-

ture map σ : B(Rn−1) ∧ S1 → B(Rn) factors as Bn−1 ∧ S1 ιn−→ LnB
νn−→ Bn,

where ιn is always a cofibration. Hence the underlying prespectrum of a flat
symmetric spectrum is Σ-cofibrant.

Definition 5.3. Let B be a symmetric spectrum, with n-th space Bn for each
n ≥ 0, and let I be Bökstedt’s category of finite sets n = {1, 2, . . . , n} for n ≥ 0
and injective functions. Let B∧ppre be the Cp-equivariant prespectrum with V -th
space

B∧ppre(V ) = hocolim
(n1,...,np)∈Ip

Map(Sn1 ∧ · · · ∧ Snp , Bn1 ∧ · · · ∧Bnp ∧ SV )

for each finite dimensional V ⊂ U . Here Cp acts by cyclically permuting the
ni, the Sni and the Bni , as well as acting on SV . Let

B∧p = L((B∧ppre)
τ )

be the genuine Cp-spectrum in CpS U obtained by spectrification from the
functorial good thickening (B∧ppre)

τ of this prespectrum. The natural maps

B∧ppre(V )
≃←− (B∧ppre)

τ (V )
≃−→ B∧p(V )

are Cp-equivariant equivalences by the proof of [15, Prop. 2.4].

Definition 5.4. Let B be a prespectrum indexed on A. The p-fold exter-
nal smash product B(p) is the spectrification in CpS U of the Cp-equivariant
prespectrum

B(p)
pre((R

n)p) = B(Rn) ∧ · · · ∧B(Rn) = B(Rn)∧p

indexed on Ap. When B is Σ-cofibrant, so is B
(p)
pre, hence the V -th space of the

spectrification is given by the colimit

B(p)(V ) = colim
V⊆(Rn)p

Map(S(Rn)p−V , B(Rn)∧p) .

Here the colimit runs over the n ∈ N0 such that V ⊆ (Rn)p, and (Rn)p − V
denotes the orthogonal complement of V in (Rn)p. Suspension by V induces
an isomorphism

B(p)(V ) ∼= colim
n∈N0

Map((Sn)∧p, B(Rn)∧p ∧ SV ) ,

with inverse given by suspension by (Rm)p − V , followed by p instances of the
stabilization B(Rn) ∧ Sm → B(Rn+m), for m sufficiently large.
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We say that a symmetric spectrum B is convergent if there are integers λ(n)
that grow to infinity with n, such that Bn is ((n/2) +λ(n))-connected and the
structure map ΣBn → Bn+1 is (n+λ(n))-connected, for all sufficiently large n.
These hypotheses suffice for the use of Bökstedt’s approximation lemma in the
following proof. Every symmetric spectrum is stably equivalent to a convergent
one.

Lemma 5.5. Let B be a flat, convergent symmetric spectrum. There is a natural
chain of weak equivalences of naive Cp-spectra

i∗B(p) ≃ i∗B∧p .
Proof. For every finite dimensional V ⊂ R∞ we have a natural chain of Cp-
equivariant maps

colim
n∈N0

Map((Sn)∧p, B(Rn)∧p ∧ SV )

hocolim
n∈N0

Map((Sn)∧p, B(Rn)∧p ∧ SV )

≃

OO

≃
��

hocolim
(n1,...,np)∈Np

0

Map(Sn1 ∧ · · · ∧ Snp , Bn1 ∧ · · · ∧Bnp ∧ SV )

≃
��

hocolim
(n1,...,np)∈Ip

Map(Sn1 ∧ · · · ∧ Snp , Bn1 ∧ · · · ∧Bnp ∧ SV )

connecting B(p)(V ) to B∧ppre(V ). The upper map is a weak equivalence because
B is flat, hence Σ-cofibrant. The middle map is a weak homotopy equiva-
lence because the diagonal N0 → Np0 is (co-)final. The lower map is a weak
equivalence by convergence, the fact that Np0 is filtering, and Bökstedt’s ap-
proximation lemma [6, 1.5], see [8, 2.5.1] for a published proof. Applying the
thickening construction and spectrifying, we get the desired chain of naively
Cp-equivariant weak equivalences. �

Definition 5.6. For p = 2, let R(1) be the sign representation ofC2. For p odd,
let C(1) be the standard rank 1 representation of Cp ⊂ S1, and let C(i) be its i-
th tensor power. For all primes p, let W ⊂ Rp be the orthogonal complement of
the diagonal copy of R. Then W ∼= R(1) for p = 2, and W ∼= C(1)⊕· · ·⊕C(m)

for p odd, where m = (p− 1)/2. Let ECp = S(∞W ), ẼCp = S∞W , and give
ECp a Cp-CW structure so that

ẼC
((p−1)n)
p = SnW

for all n ≥ 0. Then Ẽ(p−1)n = SnW for all integers n.
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Proposition 5.7. Let B be a flat and convergent symmetric spectrum, and
give ECp a free Cp-CW structure as in the definition above. There is a natural
weak equivalence

(B∧p)hCp = (ECp+ ∧ i∗B∧p)/Cp ≃ ECp ⋉Cp B
(p) = DCp(B) .

More generally, there are weak equivalences

(B∧p)tCp [1−(p−1)n] ≃ Σ1+nDCp(Σ−nB)

for all n ≥ 0, which are compatible with the (p− 1)-fold composites of maps in
the Tate tower (4.7) for X = B∧p

. . . −→ (B∧p)tCp [1−(p−1)(n+1)] −→ (B∧p)tCp [1−(p−1)n] −→ . . . ,

and the suspension of the inverse system (5.1) for G = Cp

. . . −→ Σ1+n+1DCp(Σ−n−1B) −→ Σ1+nDCp(Σ−nB) −→ . . . .

Proof. By the untwisting theorem [18, VI.1.17] and Lemma 5.5 there are Cp-
equivariant equivalences

ECp ⋉B(p) ≃ ECp+ ∧ i∗B(p) ≃ ECp+ ∧ i∗B∧p ,
since ECp is Cp-free. The first claim follows by passage to Cp-orbit spectra.
More generally, there are Cp-equivariant equivalences

Σ1+nECp ⋉ (Σ−nB)(p) ≃ ΣF (SnW , ECp ⋉B(p)) ≃ ΣF (SnW , ECp+ ∧ i∗B∧p)
by [18, VI.1.5], since Sn ∧ SnW ∼= (Sn)∧p. Passing to Cp-orbits, and using the
Adams transfer equivalence (4.2), we get the equivalences

Σ1+nDCp(Σ−nB) ≃ ΣF (SnW , ECp+ ∧B∧p)Cp .

The right hand side is a model for (B∧p)tCp [1−(p−1)n], by Lemma 4.10, since

Ẽ(p−1)n = SnW . The stabilization of the left hand side given by ∆: S1 → Sp

is compatible under all of these equivalences with the stabilization of the right
hand side given by the inclusion S0 → SW , again by [18, VI.1.5]. �

Definition 5.8. For each symmetric spectrum B let the topological Singer
construction on B be the spectrum

R+(B) = (B∧p)tCp .

The topological Singer construction realizes the algebraic Singer constructions,
in the following sense.

Theorem 5.9. Let B be a symmetric spectrum that is bounded below and of
finite type over Fp. There are natural isomorphisms

ω : H∗c (R+(B))
∼=−→ R+(H∗(B))

and

ω∗ : R+(H∗(B))
∼=−→ Hc

∗(R+(B))

of A -modules and complete A∗-comodules, respectively.
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Proof. We may replace B by a stably equivalent flat and convergent symmet-
ric spectrum, without changing the (co-)homology of B∧p and R+(B). By
Proposition 5.7 there are A -module isomorphisms

H∗((B∧p)tCp [1−(p−1)n]) ∼= Σ1+nH∗(DCp(Σ−nB))

for each n, which by Theorem 5.2 induce A -module isomorphisms

H∗c ((B∧p)tCp) ∼= R+(H∗(B))

after passage to colimits. The dual A∗-comodule isomorphisms then induce
complete A∗-comodule isomorphisms

Hc
∗((B

∧p)tCp) ∼= Hom(R+(H∗(B)),Fp) = R+(H∗(B))

after passage to limits. �

5.3. The topological Singer ǫ-map. We now turn to the construction of
a stable map ǫB : B → R+(B) that realizes the Singer homomorphism ǫ on
passage to cohomology. Having done so will enable us to prove Theorem 5.13.
Let B be a symmetric spectrum that is bounded below and of finite type
over Fp. The Cp-spectrum X = B∧p introduced in Definition 5.3 is then also
bounded below and of finite type over Fp. We shall make use of parts of the
Hesselholt–Madsen proof that THH(B) is a cyclotomic spectrum. By the first
half of the proof of [15, Prop. 2.1] there is a natural equivalence

s̄Cp : [ẼCp ∧B∧p]Cp
≃−→ ΦCp(B∧p) ,

where ΦCp(X) denotes the geometric fixed point spectrum of X . Furthermore,
by the simplicial degree k = p− 1 part of the proof of [15, Prop. 2.5] there is a
natural equivalence

r′Cp
: ΦCp(B∧p)

≃−→ B .

If B is a ring spectrum, both of these equivalences are ring spectrum maps.
We abuse notation and write R also for the composite map

(B∧p)Cp
R−→ [ẼCp ∧B∧p]Cp

≃−→ ΦCp(B∧p)
≃−→ B ,

which corresponds (at the level of 0-simplices) to the restriction map
R : sdp THH(B)Cp → THH(B) of [4] and [15].

Definition 5.10. Let ǫB : B → R+(B) be the natural stable map given by the
composite

B
≃←− ΦCp(B∧p)

≃←− [ẼCp ∧B∧p]Cp
Γ̂−→ (B∧p)tCp = R+(B) .

If B is a ring spectrum then ǫB is a ring spectrum map.
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With this notation we can rewrite the homotopy cartesian square in (4.3) for
X = B∧p as follows:

(5.4) (B∧p)Cp
R //

Γ

��

B

ǫB

��

(B∧p)hCp
Rh

// R+(B)

We thank M. Bökstedt for a helpful discussion on the following two results.

Lemma 5.11. The stable map ǫB : B → R+(B) commutes with suspension, in
the sense that ǫΣB = ∆ΣǫB.

Proof. Consider the commutative diagram:

ΣB

=

��

Σ[ẼCp ∧B∧p]Cp
≃oo ΣΓ̂ //

∆

��

ΣR+(B)

∆

��

ΣB [ẼCp ∧ (ΣB)∧p]Cp
≃oo Γ̂ // R+(ΣB)

The vertical maps labeled ∆ are induced by the diagonal inclusion S1 → Sp,
which on the right hand side is the same map as was used in the interpretation
(Proposition 5.7) of R+(B) as the inverse system of suspended extended power
constructions. Hence these maps are weak equivalences. �

Proposition 5.12. Let B be a bounded below spectrum of finite type over Fp.
Then the homomorphism

(ǫB)∗ : H∗c (R+(B)) −→ H∗(B)

induced on continuous cohomology by the spectrum map ǫB : B → R+(B) is
equal to Singer’s homomorphism

ǫH∗(B) : R+(H∗(B)) −→ H∗(B)

associated to the A -module H∗(B), via the identification ω : H∗c (R+(B)) ∼=
R+(H∗(B)) of Theorem 5.9.

Proof. By Corollary 3.5 there is a unique A -module homomorphism
gB : H∗(B)→ H∗(B) that makes the square

R+(H∗(B))

ǫH∗(B)

��

H∗c (R+(B))

(ǫB)∗

��

ω
∼=

oo

H∗(B)
gB // H∗(B)

commute. We must show that gB equals the identity.
First consider the case B = H . The homological Tate spectral sequence

Ê2
∗,∗(H) = Ĥ−∗(Cp;H∗(H)⊗p) =⇒ Hc

∗(R+(H))
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is an algebra spectral sequence (Proposition 4.17), and ǫH : H → R+(H) is
a ring spectrum map, so the image of the unit 1 ∈ H0(H) under (ǫH)∗ is

represented by the unit 1 ⊗ 1⊗p in Ĥ0(Cp;H0(H)⊗p). Hence (ǫH)∗ maps the

dual class represented by 1 ⊗ 1⊗p in Ĥ0(Cp;H
0(H)⊗p) to 1 ∈ H0(H). Now

ω(1⊗ 1⊗p) = Σxy−1⊗ 1 ∈ R+(A ) and ǫA (Σxy−1⊗ 1) = 1 ∈ A , so gH(1) = 1.
(We replace xy−1 by x−1 for p = 2.) Since gH is an A -module homomorphism,
it must be equal to the identity morphism of A = H∗(H).
The case B = ΣnH then follows by Lemma 5.11.
In the general case any element in Hn(B) is represented by a map f : B →
ΣnH , which induces an A -module homomorphism f∗ : ΣnA → H∗(B). By
naturality of the isomorphism ω, the Singer homomorphism ǫ, and the spectrum
map ǫ, we get a diagram

R+(ΣnA )

ǫΣnA

��

R+(f∗)
''OOOOOOOOOOO

H∗c (R+(ΣnH))

(ǫΣnH )∗

��

ω
∼=

oo

R+(f)∗
vvmmmmmmmmmmmm

R+(H∗(B))

ǫH∗(B)

��

H∗c (R+(B))

(ǫB)∗

��

ω
∼=

oo

H∗(B) gB
// H∗(B)

ΣnA
= //

f∗
77oooooooooooo

H∗(ΣnH)

f∗
hhQQQQQQQQQQQQ

where the left hand, upper and right hand trapezoids all commute. The inner
square commutes by construction, and the outer square commutes by the case
B = ΣnH . Since ǫΣnA is surjective, it follows that the lower trapezoid also
commutes. Hence gB equals the identity on the class f∗(Σn1) ∈ Hn(B). Since
n and f were arbitrary, this proves that gB equals the identity on all of H∗(B).

�

The following theorem generalizes the Segal conjecture for Cp.

Theorem 5.13. Let B be a bounded below spectrum of finite type over Fp.
Then the natural maps

ǫB : B −→ R+(B) = (B∧p)tCp

and

Γ: (B∧p)Cp −→ (B∧p)hCp

are p-adic equivalences of spectra.

Proof. The map ǫB induces a map of spectral sequences

E∗,∗2 (B) = Ext∗,∗
A

(H∗(B),Fp) −→ Ext∗,∗
A

(H∗c (R+(B)),Fp) = E∗,∗2 (R+(B))

where the first is the Adams spectral sequence of B, and the second is
the inverse limit of Adams spectral sequences associated to the Tate tower
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{(B∧p)tCp [n]}n, as in Proposition 2.2. The map converges strongly to the ho-
momorphism

π∗(ǫB)p̂ : π∗(Bp̂) −→ π∗(R+(B)p̂) .

By Propositions 5.12 and 3.3 and Theorem 3.4, the map of E2-terms is an
isomorphism, hence so is the map of E∞-terms and of the abutments. In other
words, ǫB is a p-adic equivalence. The corresponding assertion for Γ follows
immediately, since diagram (5.4) is homotopy cartesian. �

5.4. The Tate spectral sequence for the topological Singer con-
struction. We conclude by relating the homological Tate spectral sequence
for B∧p to the Tate filtration on the homological Singer construction for H∗(B),
and likewise in cohomology.

Proposition 5.14. Let B be a bounded below spectrum of finite type over Fp.
The homological Tate spectral sequence

Ê2
∗,∗ = Ĥ−∗(Cp;H∗(B)⊗p) =⇒ Hc

∗((B
∧p)tCp)

converging to Hc
∗(R+(B)) ∼= R+(H∗(B)) collapses at the Ê2-term. Hence the

Ê2 = Ê∞-term is given by

Ê∞∗,∗ = P (u, u−1)⊗ F2{α⊗2}
for p = 2, and by

Ê∞∗,∗ = E(u)⊗ P (t, t−1)⊗ Fp{α⊗p}
for p odd. In each case α runs through an Fp-basis for H∗(B).
For p = 2 and any r ∈ Z, α ∈ Hq(B), the element ur ⊗ α ∈ R+(H∗(B)) is
represented in the Tate spectral sequence by

ur+q ⊗ α⊗2 ∈ Ê∞−r−q,2q .
For p odd and any i ∈ {0, 1}, r ∈ Z and α ∈ Hq(B), the element uitr ⊗ α ∈
R+(H∗(B)) is represented in the Tate spectral sequence by

(−1)q

ν(q)
· uitr+mq ⊗ α⊗p ∈ Ê∞−i−2r−(p−1)q,pq ,

where m = (p− 1)/2 and ν(2j + ǫ) = (−1)j(m!)ǫ for ǫ ∈ {0, 1}.
Proof. Consider first the case B = Sq. Then the result is trivial for dimensional

reasons. The Ê2-term is concentrated in bidegrees (∗, pq), so there is no room
for differentials, and there are no extension problems to be solved. The formula
for the homological Tate spectral sequence representative for uitr⊗α will follow
by dualization from the cohomological case, given below.
Let H be a model for the mod p Eilenberg–Mac Lane spectrum as a commu-
tative symmetric ring spectrum, and form the spectrum H∧p in CpS U as in
Definition 5.3. The iterated multiplication on H then induces a naively Cp-
equivariant map H∧p → H . Let f : Sq → H ∧B represent a class α ∈ Hq(B),
and consider the naively Cp-equivariant composite map

fp : H∧Spq −→ H∧(H∧B)∧p ≃ H∧H∧p∧B∧p −→ H∧H∧B∧p −→ H∧B∧p .
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On homotopy groups it induces the homomorphismH∗(Sq)⊗p → H∗(B)⊗p that
takes ι⊗pq to α⊗p, where ιq = Σq1 is the fundamental class in Hq(S

q).
By applying the Tate construction to this map, we get a map of spectra

(fp)tCp : (H ∧ Spq)tCp −→ (H ∧B∧p)tCp

and an associated map of homotopical Tate spectral sequences, converging
strongly to a homomorphism π∗(H ∧ Spq)tCp → π∗(H ∧ B∧p)tCp . We can
rewrite the latter as an Fp-linear map

(5.5) Hc
∗(R+(Sq)) −→ Hc

∗(R+(B))

by Proposition 4.16. For p odd, this map is given at the level of Ê2-terms as
sending uitr ⊗ ι⊗pq to uitr⊗α⊗p, and similarly for p = 2. The statement of the
proposition then follows by naturality. �

Note that the Fp-linear map (5.5) is not a homomorphism of A∗-comodules in
general, because fp is not of the form 1H ∧ (−).

Proposition 5.15. Let B be a bounded below spectrum of finite type over Fp.
The cohomological Tate spectral sequence

Ê∗,∗2 = Ĥ−∗(Cp;H
∗(B)⊗p) =⇒ H∗c ((B∧p)tCp)

converging to H∗c (R+(B)) ∼= R+(H∗(B)) collapses at the Ê2-term, so that

Ê∗,∗∞ = ΣP (x, x−1)⊗ F2{a⊗2}
for p = 2, and

Ê∗,∗∞ = ΣE(x)⊗ P (y, y−1)⊗ Fp{a⊗p}
for p odd. In each case a runs through an Fp-basis for H∗(B).
For p = 2 and any r ∈ Z, a ∈ Hq(B), the element Σxr ⊗ α ∈ R+(H∗(B)) is
represented in the Tate spectral sequence by

Σxr−q ⊗ a⊗2 ∈ Ê1+r−q,2q
∞ .

For p odd and any i ∈ {0, 1}, r ∈ Z and a ∈ Hq(B), the element Σxiyr ⊗ a ∈
R+(H∗(B)) is represented in the Tate spectral sequence by

(−1)qν(q) · Σxiyr−mq ⊗ a⊗p ∈ Ê1+i+2r−(p−1)q,pq
∞ .

Proof. This follows by dualization from the homological case. In the special

case B = Sq, Σxiyr ⊗ a⊗p ∈ H∗c (R+(B)) ∼= Ĥ−∗(Cp;H∗(Sq)⊗p) is represented
by (−1)qν(q)−1 · Σxiyr+mq ⊗ a ∈ R+(H∗(Sq)), by the explicit isomorphism
given in the proof of Theorem 5.2. The formula for the cohomological Tate
spectral sequence representative follows. �

Corollary 5.16. The Tate filtration

{FnR+(H∗(B))}n
of the Singer construction R+(H∗(B)) corresponds, under the isomorphism
R+(H∗(B)) ∼= H∗c (R+(B)), to the Boardman filtration

{FnH∗c (R+(B))}n
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of H∗c (R+(B)).

Proof. For each integer n, the Boardman filtration FnH∗c (R+(B)) equals the
image of H∗((B∧p)tCp [n]) in H∗((B∧p)tCp), which is the part of H∗((B∧p)tCp)

represented in filtrations ≥ n at the Ê∞-term. This corresponds to the part of
the Singer construction H∗(R+(B)) spanned by the monomials Σxr ⊗ a with
1+r−q ≥ n for p = 2, and by the monomials Σxiyr⊗a with 1+i+2r−(p−1)q ≥
n for p odd, which precisely equals the n-th term FnR+(H∗(B)) of the Tate
filtration, as defined in §3.2. �
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C Simple Lie groups as symmetric spaces and their involutions 949

1 Introduction

Bott’s original proof of his periodicity theorem [Bo-59] is differential geomet-
ric in its nature. It relies on the observation that in a compact Riemannian
symmetric space P one can choose two points p and q in “special position”
such that the connected components of the space of shortest geodesics in P
joining p and q are again compact symmetric spaces. Set P0 = P and let P1 be
one of the resulting connected components. This construction can be repeated
inductively: given points pj, qj in “special position” in Pj , then Pj+1 is one
of the connected components of the space of shortest geodesic segments in Pj
between pj and qj . If we start this iterative process with the classical groups

P0 := SO16n, P̃0 := U16n, P̄0 := Sp16n

and make at each step appropriate choices of the two points and of the con-
nected component, one obtains

P8 = SOn, P̃2 = U8n, P̄8 = Spn.

Each of the three processes can be continued, provided that n is divisible by
a sufficiently high power of 2. We obtain (periodically) copies of a special
orthogonal, unitary, and symplectic group after every eighth, second, respec-
tively eighth iteration. These purely geometric periodicity phenomena are the
key ingredients of Bott’s proof of his periodicity theorems [Bo-59] for the stable
homotopy groups πi(O), πi(U), and πi(Sp) (see also the remark at the end of
this section).
In his book [Mi-69], Milnor constructed totally geodesic embeddings

Pk+1 ⊂ Pk, P̃k+1 ⊂ P̃k, P̄k+1 ⊂ P̄k,

for all k = 0, 1, . . . , 7. In each case, the inclusion is given by the map which
assigns to a geodesic its midpoint (cf. [Qu-10] and [Ma-Qu-10], see also Section
2 below).
The goal of this paper is to establish connections between the following three
chains of symmetric spaces:

P0 ⊃ P1 ⊃ P2 ⊃ . . . ⊃ P8,

P̃0 ⊃ P̃1 ⊃ P̃2 ⊃ . . . ⊃ P̃8,

P̄0 ⊃ P̄1 ⊃ P̄2 ⊃ . . . ⊃ P̄8.

We will refer to them as the SO-, U-, respectively Sp-Bott chains. Starting
with the natural inclusions

P0 = SO16n ⊂ U16n = P̃0 and P̃0 = U16n ⊂ Sp16n = P̄0
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Bott Periodicity for Inclusions 913

we show that the iterative process above provides inclusions

Pj ⊂ P̃j and P̃j ⊂ P̄j

for all j = 0, 1, . . . , 8. These are canonical reflective inclusions of symmetric
spaces, i. e. they can be realized as fixed point sets of isometric involutions (see
Appendix A, especially Tables 5 and 6 and Subsections A.1 - A.16) and make
the following diagrams commutative:

P0

∩
��

P1

∩
��

⊃
oo P2

⊃
oo

∩
��

· · ·⊃
oo P8

⊃
oo

∩
��

P̃0 P̃1

⊃
oo P̃2

⊃
oo · · ·⊃

oo P̃8

⊃
oo

P̃0

∩
��

P̃1

∩
��

⊃
oo P̃2

⊃
oo

∩
��

· · ·⊃
oo P̃8

⊃
oo

∩
��

P̄0 P̄1
⊃

oo P̄2
⊃

oo · · ·⊃
oo P̄8

⊃
oo

Moreover, the vertical inclusions are periodic, with period equal to 8. Con-
cretely, we show that up to isometries, the inclusions

P8 ⊂ P̃8 and P̃8 ⊂ P̄8

are again the natural inclusions

SOn ⊂ Un and Un ⊂ Spn

(see Theorems 4.1, 4.3 and Remark 4.5 below). We mention that all inclusions
in the two diagrams above are actually reflective. For example, notice that
P4 = Sp2n, P̃4 = U4n, and P̄4 = SO8n; the inclusions

P4 ⊂ P̃4 and P̃4 ⊂ P̄4

are essentially the usual subgroup inclusions

Sp2n ⊂ U4n and U4n ⊂ SO8n

(see Remark 4.4).

Remark. We recall that the celebrated periodicity theorem of Bott [Bo-59]
concerns the stable homotopy groups πi(O), πi(U), and πi(Sp) of the orthogo-
nal, unitary, respectively symplectic groups. Concretely, one has the following
group isomorphisms:

πi(O) ≃ πi+8(O), πi(U) ≃ πi+2(U), πi(Sp) ≃ πi+8(Sp),
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for all i ≥ 0. If we now consider the standard inclusions

On ⊂ Un and Un ⊂ Spn (1.1)

then the maps induced between homotopy groups, that is πi(On) → πi(Un)
and πi(Un) → πi(Spn) are stable relative to n within the “stability range”.
One can see that the resulting maps

fi : πi(O)→ πi(U) and gi : πi(U)→ πi(Sp),

are periodic in the following sense:

fi+8 = fi and gi+8 = gi. (1.2)

These facts are basic in homotopy theory and can be proved using techniques
described e.g. in [May-77, Ch. 1]. We provide an alternative, more elementary
proof of Equation (1.2) and determine the maps fi and gi explicitly, by using
only the long exact homotopy sequence of the principal bundles On → Un →
Un/On and Un → Spn → Spn/Un, combined with the explicit knowledge of the
stable homotopy groups of O, U, Sp, U/O, and Sp/U (the details can be found
in Section 5, see especially Theorems 5.3 and 5.6, Remarks 5.4 and 5.7, and
Tables 1 and 3). The present paper shows that the results stated by Equation
(1.2) are just direct consequences of the aforementioned differential geometric
periodicity phenomenon, in the spirit of Bott’s original proof of his periodicity
theorems. Besides the inclusions given by Equation (1.1) we will also consider
the following ones, which are described in detail in Appendix A, Subsections
A.1 - A.16:

O2n/Un ⊂ Gn(C2n), U2n/Spn ⊂ U2n, Gn(H2n) ⊂ G2n(C4n),

Spn ⊂ U2n, Spn/Un ⊂ Gn(C2n), Un/On ⊂ Un,

Gn(R2n) ⊂ Gn(C2n), Gn(C2n) ⊂ Sp2n/Un, Un ⊂ U2n/O2n,

Gn(C2n) ⊂ G2n(R4n), Un ⊂ O2n, Gn(C2n) ⊂ O4n/U2n,

Un ⊂ U2n/Spn, Gn(C2n) ⊂ Gn(H2n).

For each of them we will prove a periodicity result similar to those described
by Equation (1.1). The precise statements are Corollaries 5.5 and 5.8.

Acknowledgements. We would like to thank Jost-Hinrich Eschenburg for
discussions about the topics of the paper. We are also grateful to the Math-
ematical Institute at the University of Freiburg, especially Professor Victor
Bangert, for hospitality while part of this work was being done. The second
named author wishes to thank the University of Regina for hosting him during
a research visit in March 2010.

2 Bott periodicity from a geometric viewpoint

In this section we review the original (geometric) proof of Bott’s periodicity
theorem. We adapt the original treatment in [Bo-59] to our needs and therefore
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change it slightly. More precisely, we will use ideas of Milnor [Mi-69], as well
as the concept of centriole, which was defined by Chen and Nagano [Ch-Na-88]
(see also [Na-88], [Na-Ta-91], and [Bu-92]).

2.1 The geometry of centrioles.

Let P be a compact connected symmetric space and o a point in P . We say that
(P, o) is a pointed symmetric space. As already mentioned in the introduction,
a key role is played by the space of all shortest geodesic segments in P from o
to a point in P which belongs to a certain “special” class. It turns out that this
class consists of the poles of (P, o), (cf. [Qu-10] and [Ma-Qu-10]). The notion
of pole is described by the following definition. First, for any p ∈ P we denote
by sp : P → P the corresponding geodesic symmetry.

Definition 2.1 A pole of the pointed symmetric space (P, o) is a point p ∈ P
with the property that sp = so and p 6= o.

Let G be the identity component of the isometry group of P . This group
acts transitively on P . We denote by K the G-stabilizer of o and by Ke its
identity component. The following result is related to [Lo-69, Vol. II, Ch. VI,
Proposition 2.1 (b)].

Lemma 2.2 If p is a pole of (P, o), then k.p = p for all k ∈ Ke.

Proof. The map σ : G → G, σ(g) = sogso is an involutive group automor-
phism of G whose fixed point set Gσ has the same identity component Ke as
K. Since p is a pole, we have σ(g) = spgsp and the fixed point set Gσ has
the same identity component as the stabilizer Gp of p in G. Consequently,
Ke ⊂ Gp. �

Example 2.3 Any compact connected Lie group G can be equipped with a
bi-invariant metric and becomes in this way a Riemannian symmetric space
(cf. e.g. [Mi-69, Section 21]). The geodesic symmetry at g ∈ G is the map
sg : G→ G, sg(x) = gx−1g, x ∈ G. An immediate consequence is a description
of the poles of (G, e), where e is the identity of G: they are exactly those g
which lie in the center of G and whose square is equal to e. We also note that
the identity component of the isometry group of G is G ×G/∆(Z(G)), where
∆(Z(G)) := {(z, z) : z ∈ Z(G)}. Here G×G acts on G via

(g1, g2).h := g1hg
−1
2 g1, g2, h ∈ G (2.1)

and the kernel of this action is equal to ∆(Z(G)). Finally, the stabilizer of the
identity element e of G is ∆(G)/∆(Z(G)).

Remark 2.4 Not any pointed compact symmetric space admits a pole. For
example, consider the Grassmannian Gk(K2m), where 0 ≤ k ≤ 2m and K =
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R,C, or H. It has a canonical structure of a Riemannian symmetric space. One
can show that Gk(K2m) has a pole if and only if k = m. Indeed, let us first
consider an element V of Gm(K2m). Then a pole of the pointed symmetric
space (Gm(K2m), V ) is V ⊥, the orthogonal complement of V in K2m.
From now on, we will assume that k 6= m. We take into account the general
fact that if a compact symmetric space P has a pole, then there is a non-trivial
Riemannian double covering P → P ′ (see e.g. [Ch-Na-88, Proposition 2.9] or
[Qu-10, Lemma 2.15]). Now, none of the spaces Gk(K2m) is a covering of
another space, in other words, all Gk(K2m) are adjoint symmetric spaces. To
prove this, we need to consider the following two situations. If K = R, we note
that the symmetric space Gk(R2m) has the Dynkin diagram of type b, hence it
has exactly one simple root with coefficient equal to 1 in the expansion of the
highest root (see [He-01], Table V, p. 518, Table IV, p. 532 and the table on
p. 477). On the other hand, Gk(R2m) is covered by the Grassmannian of all
oriented k-subspaces in R2m. By using the theorem of Takeuchi [Ta-64], the
latter space is simply connected, and Gk(R2m) is its adjoint symmetric space.
If K = C or K = H, we note that the symmetric space Gk(K2m) has Dynkin
diagram of type bc; by using again [Ta-64], we deduce that Gk(K2m) is at the
same time simply connected and an adjoint symmetric space.

Recall that spaces of shortest geodesic segments with prescribed endpoints in
a symmetric space are an important tool in Bott’s proof of his periodicity
theorem [Bo-59]. We can identify such spaces with submanifolds by mapping
a shortest geodesic segment to its midpoint. We therefore have a closer look
at these spaces. The objects described in the following definition are slightly
more general, in the sense that the geodesic segments are not required to be
shortest (we will return to this assumption at the end of this subsection).

Definition 2.5 Let p be a pole of (P, o). The set Cp(P, o) of all midpoints of
geodesics in P from o to p is called a centrosome. The connected components
of a centrosome are called centrioles.

For more on these notions we refer to [Ch-Na-88] and [Na-88]. The follow-
ing result is a consequence of [Na-88, Proposition 2.12 (ii)] (see also [Qu-10,
Proposition 2.16] or [Qu-11, Proposition 2]).

Lemma 2.6 Any centriole in a compact symmetric space is a reflective, hence
totally geodesic submanifold.

We recall that a submanifold of a Riemannian manifold is called reflective if
it is a connected component of the fixed point set of an isometric involution.
Reflective submanifolds of irreducible simply connected Riemannian symmetric
spaces have been classified by Leung in [Le-74] and [Le-79]. This classification
in the special case when the symmetric space is a compact simple Lie group
will be an important tool for us (see Appendix C).
Although the following result appears to be known (see [Ch-Na-88] and
[Na-88]), we decided to include a proof of it, for the sake of completeness.
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Lemma 2.7 Let p be a pole of (P, o). The centrioles of (P, o) relative to p are
orbits of the canonical Ke-action on P .

Proof. Let C be a connected component of Cp(P, o) and take x ∈ C. There
exists a geodesic γ : R → P such that γ(0) = o, γ(1) = x, and γ(2) = p. For
any k ∈ Ke, the restriction of the map k.γ : R → P to the interval [0, 2] is a
geodesic segment between o and p (see Lemma 2.2). Thus the point k.γ(1) is
in Cp(p, o). Since Ke is connected, we deduce that Ke.x ⊂ C.
Let us now prove the converse inclusion. Take y ∈ C and consider a geodesic
µ : R → C such that µ(0) = x and µ(1) = y. By Lemma 2.6, µ is a geodesic
in P as well. We consider the one-parameter subgroup of transvections along
µ which is given by τµ : R→ G, τµ(t) := sµ(t/2) ◦ sµ(0) (see e.g. [Sa-96, Lemma
6.2]).
Claim. τµ(t) ∈ Ke, for all t ∈ R.
Indeed, since µ(0) and µ(t/2) are both midpoints of geodesic segments between
o and p, we have sµ(0).o = p and sµ(t/2).p = o. Hence, τµ(t).o = o. We deduce
that τµ(t) ∈ K. Since τµ(0) is the identity transformation of P , we actually
have τµ(t) ∈ Ke.
The claim along with the fact that µ(0) = x implies that τµ(1).x =
sµ(1/2) ◦ sµ(0).x = sµ(1/2).x = y. Thus y ∈ Ke.x. �

From Lemmata 2.2 and 2.7, we see that whenever a centriole in Cp(P, o) con-
tains a midpoint of a shortest geodesic segment between o and p, then this
centriole consists of midpoints of such shortest geodesic segments only. Such
centrioles are called s-centrioles. (For further properties of s-centrioles we refer
to [Qu-11].)

2.2 The SO-Bott chain

We outline Milnor’s description [Mi-69, Section 24] of this chain. The chain
starts with P0 = SO16n. We then consider the space of all orthogonal complex
structures in SO16n, that is,

Ω1 := {J ∈ SO16n : J2 = −I}.

This space has two connected components, which are both diffeomorphic to
SO16n/U8n. We pick any of these two components and denote it by P1. For
2 ≤ k ≤ 7 we construct the spaces Pk ⊂ SO16n inductively, as follows: Assume
that Pk has been constructed and pick a base-point Jk ∈ Pk. We define Pk+1

as the top-dimensional connected component of the space

Ωk+1 := {J ∈ Pk : JJk = −JkJ}.

In this way we construct P2, . . . , P7. Finally, we pick J7 ∈ P7 and define P8 as
any of the two connected components of the space

Ω8 := {J ∈ P7 : JJ7 = −J7J}.
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(Note the latter space is diffeomorphic to the orthogonal group On, thus it
has two components that are diffeomorphic). It turns out that P1, . . . , P8 are
submanifolds of SO16n, whose diffeomorphism types can be described as fol-
lows: P0 = SO16n, P1 = SO16n/U8n, P2 = U8n/Sp4n, P3 = G2n(H4n) =
Sp4n/(Sp2n × Sp2n), P4 = Sp2n, P5 = Sp2n/U2n, P6 = U2n/O2n, P7 =
Gn(R2n) = SO2n/S(On × On), and P8 = SOn. The details can be found
in [Mi-69, Section 24].
For our future goals it is useful to have an alternative description of the SO-Bott
chain. This is presented by the following two lemmata.

Lemma 2.8 For any 0 ≤ k ≤ 7, the subspace Pk of SO16n is invariant under
the automorphism of SO16n given by X 7→ −X.

Proof. First, Ωk is obviously invariant under X 7→ −X , X ∈ SO16n. The
decisive argument is the information provided by the last paragraph on p. 137
in [Mi-69]: for any X ∈ Ωk, there exists a path in Ωk from X to −X . �

Let us now equip SO16n with the bi-invariant metric induced by

〈X,Y 〉 = −tr(XY ), (2.2)

for all X,Y in the Lie algebra o16n of SO16n. Then P1, . . . , P8 are totally
geodesic submanifolds of SO16n (see [Mi-69, Lemma 24.4]). Fix k ∈ {0, 1, . . . , 7}
and set J0 := I. From Example 2.3 we deduce that −Jk is a pole of (SO16n, Jk).
By the previous lemma, −Jk lies in Pk and, since the latter space is totally
geodesic in SO16n, −Jk is a pole of (Pk, Jk). The following lemma follows from
the Remark on p. 138 in [Mi-69].

Lemma 2.9 For any k ∈ {0, 1, . . . , 7}, the space Pk+1 is an s-centriole of
(Pk, Jk) relative to the pole −Jk.

Remark 2.10 As we will show in Proposition B.1 (b), P8 is isometric to SOn,
the latter being equipped with the standard bi-invariant metric multiplied by
a certain scalar. Assume that n is an even integer and pick J8 ∈ P8. With
the method used in the proof of Lemma 2.8 one can show that −J8 is in P8

as well (indeed by the footnote on p. 142 in [Mi-69], there exists an orthogonal
complex structure J ∈ SO16n which anti-commutes with J1, . . . , J7). As in
Lemma 2.9, −J8 is a pole of (P8, J8) and, by using Example 2.3 for G = SOn,
it is the only one. We conclude that the SO-Bott chain can be extended and is
periodic, in the sense that if n is divisible by a “large” power of 16, then every
eighth element of the chain is isometric to a certain special orthogonal group
equipped with a bi-invariant metric.

2.3 The Sp-Bott chain

This is obtained from the SO-chain by taking P4 as the initial element.
More precisely, we replace n by 8n and, in this way, P4 is diffeomorphic to
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Sp16n. This is the first term of the Sp-chain, call it P̄0. Here is the list of
all terms of the chain, described up to diffeomorphism: P̄0 = Sp16n, P̄1 =
Sp16n/U16n, P̄2 = U16n/O16n, P̄3 = G8n(R16n) = SO16n/S(O8n × O8n), P̄4 =
SO8n, P̄5 = SO8n/U4n, P̄6 = U4n/Sp2n, P̄7 = Gn(H2n) = Sp2n/Spn × Spn,
and P̄8 = Spn. As explained in the previous subsection, these are Riemannian
manifolds obtained by successive applications of the centriole construction. The
starting point is P0 = Sp16n with the Riemannian metric which is described at
the beginning of Section 3: by Proposition B.1 (a), this metric is the same as
the submanifold metric on P4, up to a scalar multiple.

2.4 Poles and centrioles in U2q

Let q be an integer, q ≥ 1. We equip the unitary group U2q with the bi-invariant
metric induced by the inner product

〈X,Y 〉 = −tr(XY ), (2.3)

for all X,Y in the Lie algebra u2q of U2q. The center of U2q is

Z(U2q) = {zI : z ∈ C, |z| = 1}.

From Example 2.3, the pointed symmetric space (U2q, I) has exactly one pole,
namely the matrix −I. By Lemma 2.7, the centrioles of (U2q, I) are certain
orbits of the conjugation action of U2q on itself, since they coincide with the
orbits of the action of U2q/Z(U2q).
Let us describe explicitly the s-centrioles. We first describe the shortest
geodesic segments in U2q between I and −I, that is, γ : [0, 1] → U2q such
that γ(0) = I and γ(1) = −I. Any such γ is U2q-conjugate to the 1-parameter
subgroup

γk : t 7→ exp

[
t

(
πiIk 0

0 −πiI2q−k

)]
, t ∈ R (2.4)

restricted to the interval [0, 1], for some 0 ≤ k ≤ 2q (see [Mi-69, Section
23]). Consequently, any s-centriole is of the form U2q.γk

(
1
2

)
, that is, the U2q-

conjugacy class of

exp

[
1

2

(
πiIk 0

0 −πiI2q−k

)]
=

(
iIk 0
0 −iI2q−k

)
.

The U2q-stabilizer of this matrix is Uk × U2q−k, hence one can identify the
orbit with U2q/Uk × U2q−k, which is just the Grassmannian Gk(C2q). If we
equip the orbit with the submanifold Riemannian metric, then the (transitive)
conjugation action of U2q on it is isometric, in other words, the metric is U2q-
invariant. Note that up to a scalar there is a unique such metric on Gk(C2q)
and it makes this space into a symmetric space.
We will be especially interested in the centriole corresponding to k = q, which
we call the top-dimensional s-centriole. Concretely, this is the U2q-conjugacy
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class of the matrix

Aq :=

(
iIq 0
0 −iIq

)
(2.5)

and it is isometric to the Grassmannian Gq(C2q) equipped with a canonical
symmetric space metric.
Finally, note that if instead of I the base point is an arbitrary element A of U2q,
then the only pole of (U2q , A) is the matrix −A. The corresponding centrioles
are A(U2q .γk

(
1
2

)
), that is, A-left translates in U2q of the conjugacy classes

described above. As before, they are all s-centrioles.

Remark 2.11 The top-dimensional s-centriole of (U2q , A) relative to −A is
invariant under the automorphism of U2q given by X 7→ −X . The reason is
that the matrix −Aq is U2q-conjugate to Aq.

2.5 Poles and centrioles in Gq(C2q)

We regard the Grassmannian Gq(C2q) as the top-dimensional s-centriole of
(U2q, I) relative to −I, that is, the conjugacy class in U2q of the matrix Aq
described by Equation (2.5). Note that, by Remark 2.11, if A is in Gq(C2q),
then −A is in Gq(C2q), too.

Lemma 2.12 If A ∈ Gq(C2q), then the pointed symmetric space (Gq(C2q), A)
has only one pole, which is −A.

Proof. First, observe that the geodesic symmetries sA and s−A of U2q are
identically equal (see Example 2.3). By Lemma 2.6, Gq(C2q) is a totally
geodesic submanifold of U2q. Hence, −A is a pole of (Gq(C2q), A). We claim
that the pointed symmetric space (Gq(C2q), A) has at most one pole. Indeed,
let π be the Cartan map of Gq(C2q), i.e. the map that assigns to each point
its geodesic symmetry. It is known that this is a Riemannian covering onto
its image, the latter being a compact symmetric space. Observe that the
fundamental group of the adjoint space of Gq(C2q) is Z2. We prove this by
using the same kind of argument as in the second half of Remark 2.4: the
Dynkin diagram of the symmetric space Gq(C2q) is of type c, hence there is
exactly one simple root with coefficient equal to 1 in the expansion of the
highest root (see [He-01], Table V, p. 518, Table IV, p. 532 and the table on
p. 477); we use again the theorem of Takeuchi [Ta-64]. Since Gq(C2q) is simply
connected and we have π(A) = π(−A) we deduce that π is a double covering.
Finally, we take into account that any pole of (Gq(C2q), A) is in the pre-image
π−1(π(A)). �

We note that this lemma is related to [Na-92, Proposition 2.23 (i)].

Remark 2.13 Recall that, by definition, Gq(C2q) is the space of all q-
dimensional complex vector subspaces of C2q. The lemma above implies readily
that if V is such a vector space, then the pointed symmetric space (Gq(C2q), V )
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has only one pole, which is V ⊥, the orthogonal complement of V in C2q relative
to the usual Hermitian inner product.

As a next step, we look at s-centrioles in Gq(C2q). Since Gq(C2q) is an irre-
ducible and simply connected symmetric space, there is a unique s-centriole
of (Gq(C2q), Aq) relative to the pole −Aq (see Theorem 1.2 and the sub-
sequent remark in [Ma-Qu-10]). To describe it, we first find a shortest
geodesic segment from Aq to −Aq in Gq(C2q). Let us consider the curve
γ : [0, 1]→ Gq(C2q) ⊂ U2q,

γ(t) = exp

[
t

(
0 πi

2 Iq
πi
2 Iq 0

)]
.Aq =

(
cos(πt2 )Iq i sin(πt2 )Iq
i sin(πt2 )Iq cos(πt2 )Iq

)
.Aq,

where the dot indicates the conjugation action. Observe that γ(0) = Aq and
γ(1) = −Aq. We claim that γ is a shortest geodesic segment between Aq and
−Aq in Gq(C2q). Indeed, for any t ∈ [0, 1] the matrix γ′(t) is U2q-conjugate
with the Lie bracket of the matrices

(
0 πi

2 Iq
πi
2 Iq 0

)

and Aq, which is equal to (
0 πiIq

πiIq 0

)
.

Thus the length of γ relative to the bi-invariant metric on U2q given by Equation
(2.3) is equal to π

√
2q, which means that γ is a shortest path in U2q between

Aq and −Aq (see [Mi-69, p. 127] or Lemma 3.1 below). Since the length of the
vector γ′(t) is independent of t, γ is a geodesic segment. Its midpoint is

γ

(
1

2

)
=

(
0 Iq
−Iq 0

)
. (2.6)

In view of Lemma 2.7, the centriole we are interested in is the orbit of γ(12 )
under the Ke-action. Since Ke = (Uq × Uq)/Z(U2q), this is the same as the
orbit of γ(12 ) under conjugation by Uq × Uq ⊂ U2q. One can easily see that
this orbit consists of all matrices of the form

(
0 −C−1
C 0

)

where C is in Uq. Multiplication from the left by the matrix given by Equation
(2.6) induces an isometry between the latter orbit and the subspace of U2q

formed by all matrices (
C 0
0 C−1

)
,

with C ∈ Uq.
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We deduce that if we equip the s-centriole of (Gq(C2q), Aq) relative to −Aq
with the submanifold metric, then it becomes isometric to Uq, where the latter
is endowed with the bi-invariant metric induced by

〈X,Y 〉 = −2tr(XY ), (2.7)

X,Y ∈ uq. Moreover, if instead of Aq the base point is an arbitrary element
A of Gq(C2q), then the only pole of (Gq(C2q), A) is the matrix −A. The
corresponding centriole is obtained from the previous one by conjugation with
B, where B ∈ U2q satisfies A = BAqB

−1. Thus this centriole has the same
isometry type as the previous one.

Remark 2.14 We saw that there is a natural isometric identification between
the centriole of (Gq(C2q), A) relative to −A and Uq. One can also see from
the previous considerations that this centriole is invariant under the isometry
X 7→ −X , X ∈ U2q, and the isometry induced on Uq is X ′ 7→ −X ′, X ′ ∈ Uq.

2.6 The U-Bott chain

The following chain of inclusions results from the previous two subsections.
We start with P̃0 := U2q, equipped with the bi-invariant Riemannian metric

defined by Equation (2.3). The top-dimensional s-centriole of (P̃0, I) relative
to −I is denoted by P̃1. Pick J1 ∈ P̃1. (The reason why the elements of P̃1

are denoted by J is explained in Appendix A, particularly Definition A.1 and
Equation (A.1).) By Remark 2.11, −J1 is in P̃1, too. We denote by P̃2 the
s-centriole of (P̃1, J1) relative to the pole −J1. We have

P̃0 ⊃ P̃1 ⊃ P̃2.

The elements of the chain are described by the following isometries:

P̃0 ≃ U2q, P̃1 ≃ Gq(C2q), P̃2 ≃ Uq,

where Gq(C2q) carries the (symmetric space) metric induced via its embedding
in U2q and Uq is endowed with the metric described by Equation (2.7).
We now take q = 8n and repeat the construction above three more times. By
always choosing the top-dimensional centriole, we ensure that all our spaces
are invariant under the map U16n → U16n, X 7→ −X (see Remarks 2.11 and
2.14 above). We proceed as follows:
First we pick J2 ∈ P̃2 as a base point. Then −J2 is a pole of (P̃2, J2). Indeed,
we know that the geodesic symmetries sJ2 and s−J2 of U16n are equal (see
Example 2.3) and P̃2 is a totally geodesic submanifold of U16n.
After that, we consider the top-dimensional s-centriole of (P̃2, J2) relative to
−J2 and denote it by P̃3. As before, we have the identification

P̃3 ≃ G4n(C8n).
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In the same way, we construct P̃4, . . . , P̃8, by picking Jk−1 in P̃k−1 and defining
P̃k as the top-dimensional centriole of (P̃k−1, Jk−1) relative to −Jk−1, for all
k = 4, . . . , 8. We have the identifications:

P̃5 ≃ G2n(C4n), P̃6 ≃ U2n, P̃7 ≃ Gn(C2n), P̃8 ≃ Un,

where each P̃k carries the submanifold metric. Similarly to Equation (2.7),
one can see that the Riemannian metric induced on Un via the diffeomorphism
P̃8 ≃ Un coincides with the bi-invariant metric on Un induced by

〈X,Y 〉 = −16tr(XY ), (2.8)

X,Y ∈ un.
In this way we have constructed the U-Bott chain, which is P̃0 ⊃ P̃1 ⊃ . . . ⊃ P̃8.

2.7 Bott’s periodicity theorems

Bott’s original proof (see [Bo-59]) uses the space of paths between two points
in a Riemannian manifold.

Definition 2.15 If M is a Riemannian manifold and p, q are two points in
M , we denote by Ω(M ; p, q) the space of piecewise smooth paths γ : [0, 1]→M
with γ(0) = p and γ(1) = q.

The space Ω(M ; p, q) has a topology which is induced by a certain canonical
metric (the details can be found for instance in [Mi-69, Section 17]).
Let (P, o) be again a pointed compact symmetric space, p a pole of it, and Q ⊂
P one of the corresponding s-centrioles. Recall that Q consists of midpoints of
geodesics in P from o to p. We have a continuous injection

j : Q→ Ω(P ; o, p) (2.9)

that assigns to q ∈ Q the unique shortest geodesic segment [0, 1]→ M from o
to p whose midpoint is q. This induces a map

j∗ : πi(Q)→ πi(Ω(P ; o, p)) = πi+1(P )

between homotopy groups. Bott’s proof [Bo-59] relies on the fact that this map
is an isomorphism for all i > 0 that are smaller than a certain number which
can be calculated explicitly in concrete situations, including all the situations
we have described in Subsections 2.2, 2.3, and 2.6. The main tool is Morse
theory, see also Milnor’s book [Mi-69] (for a different approach we address to
[Mit-88]).
We now apply the result above for the elements of the SO-chain, see Subsection
2.2. For all i = 1, 2, . . . sufficiently smaller than n, we obtain

πi(SOn) = πi(P8) ≃ πi+1(P7) ≃ . . . ≃ πi+7(P1) ≃ πi+8(P0) = πi+8(SO16n).
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This yields the following isomorphism between stable homotopy groups:

πk(O) ≃ πk+8(O),

for all k = 0, 1, 2, . . .. This is Bott’s periodicity theorem for the orthogonal
group. Similarly, for the unitary and symplectic groups, one has

πk(U) ≃ πk+2(U) and πk(Sp) ≃ πk+8(Sp)

for all k = 0, 1, 2, . . ..

3 Inclusions between Bott chains

In this section we link the three Bott chains constructed above. The following
lemmata are key ingredients that make this process possible. We recall that for
any q ≥ 1 the Lie group U2q carries the bi-invariant Riemann metric described
by Equation (2.3). We regard SO2q as a Lie subgroup of U2q and endow it with
the submanifold metric (note that for q = 8n this is the same as the metric
described by Equation (2.2)). For r ≥ 1 we also consider the symplectic group
Spr, which is defined as the space of all H-linear automorphisms of Hn that
preserve the norm of a vector. As explained in Subsection A.5, this group has
a canonical embedding into U2r. More precisely, Spr can be identified with the
subgroup of U2r that consists of all matrices of the form

(
A −B
B A

)

which are in U2r, where A and B are r × r matrices with complex entries (see
[Br-tD-85, Ch. I, Section 1.11]). Yet another canonical embedding, which we
also need here, is the one of Ur into Spr, see Subsection A.9. Concretely, Ur

can be considered as the subgroup of Spr consisting of all matrices which are
of the above form with B = 0 and A ∈ Ur .
For future use we also mention that Spr lies in U2r and Ur lies in Spr as fixed
point sets of certain involutive group automorphisms. More precisely, let us
consider the element

Kr :=

(
0 Ir
−Ir 0

)

of U2r and the group automorphism of U2r given by X 7→ KrXK
−1
r , where X

is the complex conjugate of X : the automorphism is involutive and its fixed
point set is just Spr. In the same vein, let us consider the element

Ar :=

(
iIr 0
0 −iIr

)

of Spr and the corresponding (inner) automorphism of Spr, τ̄(X) := ArXA
−1
r :

this automorphism is involutive as well and its fixed point set is equal to Ur

Documenta Mathematica 17 (2012) 911–952



Bott Periodicity for Inclusions 925

(note that Ar has also been used in Subsections 2.4 and 2.5 and is also relevant
in Subsection A.15).
Let us now consider the inner product on u2r given by

〈X,Y 〉 = −1

2
tr(XY ), X, Y ∈ u2r.

Note that the bi-invariant Riemannian metric induced on U2r is different from
the one defined by Equation (2.3). However, we are exclusively interested in
the subspace metrics on Spr and Ur. On the last space, the induced metric is
bi-invariant and satisfies

〈X,Y 〉 = −tr(XY ),

for all X,Y ∈ ur, i.e. this metric is the one given by Equation (2.3).

Lemma 3.1 Relative to the metrics defined above, we have:

distSO2q
(I,−I) = distU2q (I,−I) = π

√
2q,

distUr (I,−I) = distSpr
(I,−I) = π

√
r.

Proof. The length of a shortest geodesic segment in U2q between I and −I
has been calculated in [Mi-69, Section 23]. It is equal to π

√
2q. By [Mi-69,

Section 24], a shortest geodesic segment in SO2q from I to −I is

[0, 1]→ SO2q, t 7→ exp



tπ




0 1 . . . 0 0
−1 0 . . . 0 0

. . .

0 0 . . . 0 1
0 0 . . . −1 0






.

Its length is also equal to π
√

2q.
To justify the second equation in the lemma, we just note that

[0, 1]→ U2r, t 7→ exp

[
t

(
πiIr 0

0 −πiIr

)]

is a shortest geodesic segment in U2r from I to −I. The image of this
geodesic lies entirely in Ur ⊂ Spr and is consequently shortest in both Ur

and Spr. Its length can be calculated as before, by using [Mi-69, Section 23]. �

The next lemma concerns the SO-Bott chain, which has been constructed in
Subsection 2.2. The result can be found in [Mi-69, p. 137]. Since it plays an
important role in our development, we state it separately.

Lemma 3.2 If we equip each Pk, k = 1, 2, . . . , 7 with the submanifold metric,
then we have

distSO16n
(I,−I) = distP1(J1,−J1) = . . . = distP7(J7,−J7).

This result can also be deduced from [Qu-Ta-11]. Relevant to this context is
[Na-Ta-91, Remark 3.2 b)], too.
We are now ready to construct the inclusions between the three Bott chains.
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3.1 Including Pk into P̃k

We start by recalling that P1 is one of the two s-centrioles of (SO16n, I) relative
to the pole −I (see Subsection 2.2). Also recall that P̃1 is the top-dimensional
s-centriole of (U16n, I) relative to the pole −I (see Subsection 2.6). By Lemma
3.1, P1 is contained in one of the s-centrioles of (U16n, I) relative to −I, call it
P̃ ′1.

Claim. P̃ ′1 = P̃1, i.e. P1 ⊂ P̃1.

Both J1 and −J1 are in P1, thus also in P̃ ′1. The geodesic symmetries sJ1 and
s−J1 of U16n are equal. Since P̃ ′1 is a totally geodesic submanifold of U16n, the
restrictions of the two geodesic symmetries to P̃ ′1 are equal, too. Therefore,
−J1 is a pole of the pointed symmetric space (P̃ ′1, J1). On the other hand,
P̃ ′1 is isometric to one of the symmetric spaces Gk(C16n), where 0 ≤ k ≤ 16n
(see Subsection 2.4). It is known that amongst these Grassmannians there is
just one which admits a pole relative to a given base point, namely the one
corresponding to k = 8n (see Remark 2.4). This finishes the proof of the claim.

Note that the following diagram is commutative:

P1

∩
��

1 // Ω(P0; I,−I)

∩
��

P̃1

̃1 // Ω(P̃0; I,−I)

where the vertical arrows are inclusion maps and the horizontal arrows are
given by Equation (2.9).

Recall that P2 is an s-centriole of (P1, J1) relative to −J1. By Lemmata 3.1
and 3.2, any shortest geodesic segment in P1 which joins J1 and −J1 is also
shortest in P̃1. Since P̃2 is the unique s-centriole of (P̃1, J1) relative to −J1
(see Subsection 2.5), we have

P2 ⊂ P̃2. (3.1)

Again, we have a commutative diagram, which is:

P2

∩
��

2 // Ω(P1; J1,−J1)

∩
��

P̃2

̃2
// Ω(P̃1; J1,−J1)

In the same way we prove that we have the inclusions

Pk ⊂ P̃k (3.2)

for all k = 3, . . . , 8.
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3.2 The inclusion Pk ⊂ P̃k as fixed points of the complex conju-
gation

We will use the following notations.

Notations. Let A be a topological space. If a is an element of A, then Aa
denotes the connected component of A which contains a. If σ is a map from A
to A then Aσ := {x ∈ A : σ(x) = x}.

The main tool we will use in this subsection is the following lemma.

Lemma 3.3 Let (P̃ , o) be a compact connected pointed symmetric space, p a
pole of (P̃ , o) and γ0 : [0, 1]→ P̃ a geodesic segment which is shortest between
γ0(0) = o and γ0(1) = p. Set j0 := γ0

(
1
2

)
and denote by Q̃ the centriole of

(P̃ , o) relative to p which contains j0 (see Definition 2.5). Let also σ be an
isometry of P̃ . Assume that σ(o) = o, σ(p) = p, and set P := (P̃ σ)o. Also
assume that the trace of γ0 is contained in P . Then:
(a) p is a pole of (P, o),
(b) Q̃ is σ-invariant,
(c) (Q̃σ)j0 = (Cp(P, o))j0 .

Proof. (a) Since p is a pole of (P̃ , o), the geodesic reflections sP̃o and sP̃p
are equal. But P is a totally geodesic submanifold of P̃ , hence the geodesic

reflections sPo = sP̃o |P and sPp = sP̃p |P are equal as well.

(b) Take x ∈ Cp(P̃ , o). Then there exists a geodesic segment γ : [0, 1] → P̃

with γ(0) = o, γ(1) = p, and γ
(
1
2

)
= x. The path σ ◦ γ : [0, 1] → P̃ is also a

geodesic segment. It joins σ ◦ γ(0) = o with σ ◦ γ(1) = p. Thus, its midpoint
σ(x) lies in Cp(P̃ , o) as well. We have shown that σ leaves Cp(P̃ , o) invariant

and induces a homeomorphism of it. Consequently, σ maps P = Cp(P̃ , o)j0
onto a connected component of Cp(P̃ , o). This must be Cp(P̃ , o)j0 , because
σ(j0) = j0.
(c) Since P is a totally geodesic submanifold of P̃ , we deduce that Cp(P, o) ⊂
Cp(P̃ , o) ∩ P̃ σ, hence Cp(P, o)j0 ⊂ Cp(P̃ , o)j0 ∩ P̃ σ = Q̃σ. We have shown that

Cp(P, o)j0 ⊂ (Q̃σ)j0 .

Let us now prove the opposite inclusion. Take j an arbitrary element of Q̃σ.
There exists γ : [0, 1] → P̃ a geodesic segment with γ(0) = o, γ(1) = p, and
γ
(
1
2

)
= j. Since Q̃ is an s-centriole, we can assume that γ is shortest between

o and p. This implies that the restriction of γ to the interval
[
0, 12

]
is a shortest

geodesic segment between o and j; moreover, it is the unique shortest geodesic
segment

[
0, 12
]
→ P̃ between o and j (cf. e.g. [Ga-Hu-La-04, Corollary 2.111]).

On the other hand, the curve σ ◦ γ :
[
0, 12

]
→ P̃ is a shortest geodesic segment

with the properties

σ ◦ γ(0) = σ(o) = o and σ ◦ γ
(

1

2

)
= σ(j) = j.
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Consequently, we have σ ◦ γ = γ, and therefore the trace of γ is contained in
P . This implies that j ∈ Cp(P, o). We have shown that Q̃σ ⊂ Cp(P, o). This
implies readily the desired conclusion. �

Let us denote by τ the (isometric) group automorphism of U16n given by com-
plex conjugation. That is, τ : U16n → U16n,

τ(X) := X, X ∈ U16n.

Note that the fixed point set of τ is O16n.
By collecting results we have proved in this subsection and the previous one,
we can now state the following theorem.

Theorem 3.4 For any k ∈ {0, 1, . . . , 8}, the space P̃k is τ-invariant and we
have

Pk = (P̃ τk )Jk
. (3.3)

The following diagram is commutative:

P0

∩
��

P1

∩
��

⊃
oo P2

⊃
oo

∩
��

· · ·⊃
oo P8

⊃
oo

∩
��

P̃0 P̃1

⊃
oo P̃2

⊃
oo · · ·⊃

oo P̃8

⊃
oo

(3.4)

where the two horizontal components are the SO- and the U-Bott chains, and
the vertical arrows are the inclusions Pk ⊂ P̃k, k ∈ {0, 1, . . . , 8}, induced by
Equation (3.3). The following diagram is also commutative

Pℓ+1

∩
��

ℓ+1
// Ω(Pℓ; Jℓ,−Jℓ)

∩
��

P̃ℓ+1

̃ℓ+1
// Ω(P̃ℓ; Jℓ,−Jℓ)

(3.5)

where the maps ℓ+1 and ̃ℓ+1 are the canonical inclusions given by Equation
(2.9), for all ℓ ∈ {0, 1, . . . , 7}.

3.3 The inclusions P̃k ⊂ P̄k
We start with the standard inclusion P̃0 = U16n ⊂ Sp16n = P̄0. The Sp-
Bott chain defined in Subsection 2.2 can be described in terms of the complex
structures J1, . . . , J8 ∈ SO16n above as follows: P̄k+1 is an s-centriole of (P̄k, Jk)
relative to −Jk, for all k = 0, 1, . . . , 7 (as already mentioned in Subsection
2.2, the main reference for this construction is [Mi-69, Section 24]; see also
[Es-08], Section 19, especially pp. 43–44). With the methods of Subsection 3.1
one can show that we have the totally geodesic embeddings P̃k ⊂ P̄k, for all
k = 0, 1, . . . , 8.
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As mentioned at the beginning of this section, U16n lies in Sp16n as the fixed
point set of the (involutive, inner) group automorphism τ̄ : Sp16n → Sp16n,
τ̄ (X) := A8nXA

−1
8n . In the same way as in Subsection 3.2, we can prove the

following analogue of Theorem 3.4:

Theorem 3.5 For any k ∈ {0, 1, . . . , 8}, the space P̄k is τ̄-invariant and we
have

P̃k = (P̄ τ̄k )Jk
. (3.6)

The following diagram is commutative:

P̃0

∩
��

P̃1

∩
��

⊃
oo P̃2

⊃
oo

∩
��

· · ·⊃
oo P̃8

⊃
oo

∩
��

P̄0 P̄1
⊃

oo P̄2
⊃

oo · · ·⊃
oo P̄8

⊃
oo

(3.7)

where the two horizontal components are the U- and the Sp-Bott chains, and
the vertical arrows are the inclusions P̃k ⊂ P̄k, k ∈ {0, 1, . . . , 8}, induced by
Equation (3.6). The following diagram is also commutative

P̃ℓ+1

∩
��

̃ℓ+1
// Ω(P̃ℓ; Jℓ,−Jℓ)

∩
��

P̄ℓ+1

̄ℓ+1
// Ω(P̄ℓ; Jℓ,−Jℓ)

where the maps ̃ℓ+1 and ̄ℓ+1 are the canonical inclusions given by Equation
(2.9), for all ℓ ∈ {0, 1, . . . , 7}.

Remark 3.6 We note in passing that all maps in the commutative diagrams
described by Equations (3.4) and (3.7) are inclusions of reflective submanifolds.

4 Periodicity of inclusions between Bott chains

4.1 The inclusion P8 ⊂ P̃8

We have the isometries:

P8 ≃ SOn and P̃8 ≃ Un.

The first is discussed in Proposition B.1 (b) and the second in Subsection 2.6.
Note that P̃1 is actually contained in SU16n (see Subsection 2.5). Thus, from
Theorem 3.4 we obtain the following commutative diagram:

SO16n

∩
��

P8
⊃

oo

∩
��

SU16n P̃8

⊃
oo
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where all arrows are inclusion maps, as follows: P8 ⊂ P0 = SO16n; P̃8 ⊂ P̃1 ⊂
SU16n; SO16n is contained in SU16n as the identity component of the fixed
point set of τ , the latter being the complex conjugation; finally, by Theorem
3.4, the space P̃8 is τ -invariant and P8 is a connected component of the fixed
point set P̃ τ8 . We will prove the following result.

Theorem 4.1 There exists an isometry ψ : P̃8 → Un which maps P8 to SOn

and makes the following diagram commutative:

P8

∩
��

ψ|P8 // SOn

∩
��

P̃8

ψ
// Un

Here the inclusions P8 ⊂ P̃8 and SOn ⊂ Un are the one mentioned in the
diagram (3.4), respectively the standard one (see e.g. Subsection A.1).

The rest of this subsection is devoted to the proof of this theorem. First pick
J ∈ P8 and denote

p = TJ P̃8.

Let R : p× p × p→ p be the curvature tensor of P̃8 at the point J . It is a Lie
triple in the sense of Loos [Lo-69, Vol. I]. Let c be the center of this Lie triple,
that is,

c = {η ∈ p : R(η, x)y = 0 for all x, y ∈ p}.
We also denote by p̌ the orthogonal complement of c in p relative to the Riemann
metric 〈 , 〉J of P̃8 at the point J . Both elements of the splitting

p = c⊕ p̌

are Lie subtriples of p. Recall from Subsection 2.6 that there exists an isometry

ϕ : P̃8 → Un,

where Un is equipped with the bi-invariant Riemannian metric described by
Equation (2.8). Thus, the center c is a 1-dimensional vector subspace of p. Let
τ∗ : p→ p be the differential of τ |P̃8

at J . It is a Lie triple automorphism of p
that preserves the inner product 〈 , 〉J . Thus it leaves both the center c and its
orthogonal complement p̌ invariant. The fixed point set of τ∗, call it Fix(τ∗),
is a Lie sub-triple of p.
We claim that

Fix(τ∗) ∩ c = {0}. (4.1)

This is clearly true for n = 1. Let us now consider the case n = 2 and assume
(4.1) were not true. Both Fix(τ∗) and c are one-dimensional, hence they are
equal. The restriction of τ to P̃8 would induce an isometric involution of U2
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whose fixed point set contains the center Z(U2) as a connected component.
But one can easily see that there exists exactly one such an involution of U2

and moreover, its fixed point set is equal to Z(U2). On the other hand, P̃ τ8 has
at least two connected components: indeed, by Lemma 3.3 for P̃ := P̃7 and
P = P7, each of the two s-centrioles of (P7, J7) relative to −J7 is a connected
component of P̃ τ8 . Finally, if n ≥ 3, we only need to take into account that
Fix(τ∗) = TJP8 is isomorphic to the Lie triple of SO(n) and the latter is a
semi-simple symmetric space.
Both τ and τ∗ are involutive, thus Equation (4.1) implies

τ∗(x) = −x, for all x ∈ c. (4.2)

Consequently,
Fix(τ∗) = Fix(τ∗|p̌).

We denote by P̌8 the complete connected totally geodesic subspace of P̃8 cor-
responding to the Lie sub-triple p̌. It is mapped by ϕ isometrically onto SUn,
the latter being equipped with the restriction of the bi-invariant metric given
by Equation (2.8). The space P̌8 is τ -invariant and we have

(P̌ τ8 )J = (P̃ τ8 )J = P8. (4.3)

We need the following lemma.

Lemma 4.2 There exists an isometry ϕ : P̃8 → Un such that ϕ(J) = In and
ϕ(P8) = SOn. Moreover, there exists A ∈ SUn which satisfies A = AT such
that

ϕ(τ(p)) = Aϕ(p)A−1, (4.4)

for all p ∈ P̌8.

Proof. Let ϕ : P̃8 → Un be the isometry above. The condition ϕ(J) = In is
achieved after modifying ϕ suitably, that is, multiplying it pointwise by ϕ(J)−1.
This proves the first claim in the lemma.
We now prove the second claim. To this end, we first recall that ϕ|P̌8

: P̌8 →
SUn is an isometry, where SUn is equipped with the restriction of the bi-
invariant metric given by Equation (2.8). Thus, the map τ ′ := ϕ ◦ τ ◦ ϕ−1|SUn

is an involutive isometry of SUn. Moreover, the identity element In is in the

fixed point set SUτ ′

n . From Proposition C.1 we deduce that there exists an
involutive group automorphism µ of SUn such that either

τ ′(X) = µ(X), for all X ∈ SUn (4.5)

or
τ ′(X) = µ(X)−1, for all X ∈ SUn. (4.6)

Moreover, in the second case the space (SUτ ′

n )In is isometric to SUn/SUµ
n,

where the last space has the canonical symmetric space metric. Assume that
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we are in the second case. From Equation (4.3), SOn would be isometric
to SUn/SUµ

n. The involutive group automorphisms of SUn are classified, see
e.g. [Wo-84, p. 281 and p. 290]. It turns out that the group SUµ

n is isomorphic
to S(Uk × Un−k), for some 0 ≤ k ≤ n, or to SOn, or to Spn/2, if n is divisible
by 2. None of the corresponding quotients is a symmetric space isometric to
SOn.

We deduce that Equation (4.5) holds. Once again from the classification of the
involutive group automorphisms of SUn mentioned above ([Wo-84, p. 290]),
we deduce readily the presentation of τ described by Equation (4.4). �

We are now ready to prove the main result of this subsection.

Proof of Theorem 4.1. Let ϕ : P̃8 → Un be the isometry mentioned in Lemma
4.2.

Claim. Equation (4.4) holds actually for all p ∈ P̃8.

Indeed, both ϕ ◦ τ and AϕA−1 are isometries P̃8 → Un, which map J to In. It
remains to show that their differentials at J are identically equal. By Equation
(4.4) they are equal on the last component of the splitting TJ P̃8 = c ⊕ p̌. In
fact, they are also equal on c, in the sense that for any x ∈ c we have

(dϕ)J ◦ τ∗(x) = A(dϕ)J (x)A−1.

This can be justified as follows. First, by Equation (4.2), the left-hand side
is equal to −(dϕ)J (x). Second, since ϕ : P̃8 → Un is an isometry, (dϕ)J is a
Lie triple isomorphism between TJ P̌8 and TInUn, thus it maps x to the center
of TInUn, which is the space of all purely imaginary multiples of the identity;
hence we have (dϕ)J (x) = −(dϕ)J (x) and this matrix commutes with A.

Let us now consider the map c : Un → Un, c(X) = AXA−1, and observe that
the following diagram is commutative:

P̃8

τ

��

ϕ
// Un

c

��

P̃8

ϕ
// Un

Since ϕ(J) = In, we deduce that ϕ maps (P̃ τ8 )J to (Un)cIn . The latter set, that
is, the fixed point set of c, has been determined explicitly in [Wo-84, p. 290]:
it is of the form BOnB

−1, for some B ∈ Un. The connected component of
In in this space is BSOnB

−1. On the other hand, by Equation (4.3), we have
(P̃ τ8 )J = P8. Thus ϕ maps P8 isometrically onto BSOnB

−1. In conclusion, the
map ψ : P̃8 → Un, ψ(X) = B−1ϕ(X)B, has all the desired properties. �

4.2 The inclusion P̃8 ⊂ P̄8

The following result is analogous to Theorem 4.1:
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Theorem 4.3 There exists an isometry χ : P̄8 → Spn which maps P̃8 to Un

and makes the following diagram commutative:

P̃8

∩
��

χ|P̃8 // Un

∩
��

P̄8

χ
// Spn

Here the inclusions P̃8 ⊂ P̄8 and Un ⊂ Spn are the one mentioned in the dia-
gram (3.7), respectively the standard one (see e.g. Section A.9 and the beginning
of Section 3).

This can be proved by using the same method as in Subsection 4.1. In fact,
the proof is even simpler in this case, since, unlike Un, the symmetric space
Spn is semi-simple, i.e. the corresponding Lie triple has no center.

Remark 4.4 In the same spirit and with the same methods as in Theorems
4.1 and 4.3, one can show that for the embeddings P4 ⊂ P̃4 and P̃4 ⊂ P̄4 one
obtains commutative diagrams

P4

∩
��

≃ // Sp2n

∩
��

P̃4
≃ // U4n

P̃4

∩
��

≃ // U4n

∩
��

P̄4
≃ // SO8n

where the horizontal arrows indicate isometries. More precisely, the spaces
P4, P̃4, and P̄4 have the submanifold metrics arising from the three Bott chains
and the spaces Sp4n, U8n, and SO8n have the metrics described earlier in this
paper (see the beginning of Section 3) up to appropriate rescalings. The inclu-
sions P4 ⊂ P̃4, P̃4 ⊂ P̄4 are those mentioned in the diagrams (3.4) respectively
(3.7) and the inclusions Sp2n ⊂ U4n and U4n ⊂ SO8n are standard, i.e. those
described in Subsections A.5, respectively A.13.

Remark 4.5 Assume that in the above context n is divisible by 16. As we
have already pointed out (see Remark 2.10 and Sections 2.3 and 2.6), each of
the three Bott chains can be extended using the centriole construction. One
obtains:

P0 ⊃ P1 ⊃ P2 ⊃ . . . ⊃ P16,

P̃0 ⊃ P̃1 ⊃ P̃2 ⊃ . . . ⊃ P̃16,

P̄0 ⊃ P̄1 ⊃ P̄2 ⊃ . . . ⊃ P̄16,

where we have isometries

P16 ≃ SOn/16, P̃16 ≃ Un/16, P̄16 ≃ Spn/16.
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Theorems 4.1 and 4.3 imply that the centriole constructions can be performed
in such a way that we have

Pk ⊂ P̃k, P̃k ⊂ P̄k, 8 ≤ k ≤ 16,

and these inclusions are again those described by Tables 5 and 6, up to some
obvious changes of the subscripts. This observation is one of the main achieve-
ments of our paper. We can express it in a more informal manner, by saying
that the inclusions Pk+8 ⊂ P̃k+8, P̃k+8 ⊂ P̄k+8 are the same as Pk ⊂ P̃k,
respectively P̃k ⊂ P̄k.

5 Application: periodicity of maps between homotopy groups

In this section we apply the main results of this paper, which are differential
geometric, to the topology of classical Riemannian symmetric spaces. The
results we prove here, i.e. Theorems 5.3 and 5.6, followed by Corollaries 5.5
and 5.8, are in fact just common knowledge in homotopy theory (one can
prove them using techniques described e.g. in [May-77, Ch. 1]). The goal of
our approach is to provide more insight concerning these results, by indicating
that there is a differential geometric periodicity phenomenon that stays behind
them, similar to the periodicity phenomenon that stays behind Bott’s classical
periodicity theorems [Bo-59].

We start by recalling that a simple application of the long exact homotopy se-
quence of the principal bundle Um → Um+1 → S2m+1 shows that the homotopy
groups πi(Um) are m-stable. More precisely, they remain unchanged up to an
isomorphism for anym which is larger than i

2 . We denote by πi(U) the resulting
group, or rather, isomorphism class of groups. The Bott periodicity theorem
[Bo-59] for the unitary group says that πi(U) = πi+2(U), for i = 0, 1, 2, . . ..
There is also a version of this result for the orthogonal and symplectic group.
First of all, we have πi(Om) ≃ πi(Om+1) =: πi(O) for all m and i such that
m ≥ i + 1. The periodicity theorem in this case says that πi(O) = πi+8(O),
for i = 0, 1, 2, . . .. Similarly, πi(Sp) = πi+8(Sp), for i = 0, 1, 2, . . . (see [Mi-69,
Section 24]).

5.1 The maps induced by Om →֒ Um

Let us consider the canonical embedding map ım : Om →֒ Um. Let fmi :=
(ım)∗ : πi(Om) → πi(Um) be the map between homotopy groups induced by
ım. The following notion will be used in this section.

Definition 5.1 Let A,A′,B, and B′ be groups and f : A → B, f ′ : A′ → B′
group homomorphisms. We say that f is equivalent to f ′ and denote f ∼ f ′

if there exist group isomorphisms g : A → A′ and h : B → B′ that make the
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following diagram commutative:

A
f

//

g

��

B
h

��

A′
f ′

// B′

We will need the following result.

Lemma 5.2 The equivalence class modulo ∼ of the map fmi : πi(Om) →
πi(Um) is stable. That is, modulo the equivalence relation ∼, the map fmi
is independent of m for all m ≥ i+ 1.

Proof. Let us consider the commutative diagram

Om
ım //

��

Um

��

Om+1
ım+1

// Um+1

The vertical arrows indicate the canonical inclusion maps, given by

A 7→
(

1 0
0 A

)

for any m×m orthogonal matrix A. By functoriality we obtain the following
commutative diagram.

πi(Om)
fm
i //

��

πi(Um)

��

πi(Om+1)
fm+1
i // πi(Um+1)

We only need to recall that for any m ≥ i + 1 both vertical arrows are
isomorphisms (to show that the map πi(Om) → πi(Om+1) is an isomorphism
for m ≥ i + 1, one uses the long exact sequence of the principal bundle
Om → Om+1 → Sm). �

Let us denote by fi the equivalence class of the map fmi , for m ≥ i+ 1. Before
stating the main result of this subsection, let us note that both the domain
and the codomain of the map fmi : πi(Om) → πi(Um) are periodic relative to
i, with period equal to 8. The following theorem says that the map fmi itself
is periodic (modulo ∼).

Theorem 5.3 We have fi = fi+8, for all i ≥ 0.
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Proof. Let us first assume that i > 0. We use the notations which have been
established in the previous sections. The commutative diagram (3.5) induces
by functoriality

πi(Pk+1)

��

(k+1)∗
// πi(Ω(Pk))

��

≃ // πi+1(Pk)

��

πi(P̃k+1)
(̃k+1)∗

// πi(Ω(P̃k))
≃ // πi+1(P̃k)

(5.1)

for all k ∈ {0, 1, . . . , 7}. Recall that P0 = SO16n, P̃0 = U16n, and both (k+1)∗
and (̃k+1)∗ are isomorphisms for any i which is sufficiently small compared
to n (see Subsection 2.7 and the references therein). Since πi+8(SO16n) =
πi+8(O16n), we obtain the diagram:

πi+8(O16n)

fi+8
16n

��

≃ // πi(P8)

��

πi+8(U16n)
≃ // πi(P̃8)

Finally, from Theorem 4.1 we deduce that we have a commutative diagram of
the form

πi(P8)

��

≃ // πi(SOn)

fn
i

��

πi(P̃8)
≃ // πi(Un)

We only need to use the fact that πi(SOn) = πi(On).
We now analyze the case i = 0. We have π0(U) = π8(U) = {0}, thus the maps
f0 and f8 are clearly equal. This finishes the proof of the theorem. �

i mod 8 0 1 2 3 4 5 6 7
πi(O) Z2 Z2 0 Z 0 0 0 Z
πi(U) 0 Z 0 Z 0 Z 0 Z
fi 0 0 0 k 7→ 2k 0 0 0 id

Table 1: The stable maps between homotopy groups induced by Om →֒ Um.

To calculate the maps fi explicitly, we can use the long exact homotopy se-
quence of the principal bundle Om → Um → Um/Om. This information is
described in Table 1 (where we have used the table from [Mi-69, p. 142]).
Justifications are needed only for the maps f3 and f7. Let us calculate the map
f3 : π3(O) → π3(U). Since π4(U/O) = 0 and π3(U/O) = Z2 (cf. e.g. [Bo-59,

Documenta Mathematica 17 (2012) 911–952



Bott Periodicity for Inclusions 937

Section 1]), we obtain the following exact sequence:

0→ Z
f3→ Z→ Z2 → 0.

This implies the desired description of f3. As about f7, the relevant exact
sequence is

0→ Z
f7→ Z→ 0.

Remark 5.4 Note that the two exact sequences above can be used to show
that for any j = 0, 1, 2, . . ., the map f8j+3 : Z→ Z is given by k 7→ 2k, k ∈ Z,
and f8j+7 : Z → Z is the identity map. Therefore this simple argument gives
an alternative proof to Theorem 5.3.

We can combine Theorem 5.3 above with the commutative diagram given by
(5.1) and the results concerning the exact expressions of the embeddings Pk ⊂
P̃k, k = 1, 2, . . . , 8 obtained in Appendix A (see Table 5 and Subsections A.2 -
A.8). We deduce:

Corollary 5.5 Let Am →֒ Bm be given by any of the inclusions

O2m/Um ⊂ Gm(C2m), U2m/Spm ⊂ U2m, Gm(H2m) ⊂ G2m(C4m),
Spm/Um ⊂ Gm(C2m), Um/Om ⊂ Um, Gm(R2m) ⊂ Gm(C2m),
Spm ⊂ U2m.

Then the maps πi(Am)→ πi(Bm) induced between the stable homotopy groups
are stable relative to m and periodic relative to i, with period equal to 8.

The exact expression of the stable maps πi(Am) → πi(Bm) can be deduced
from the table above by finding n and k such that Pk and P̃k are equal to Am
respectively Bm for a certain m which depends on n (see Table 5 for 1 ≤ k ≤ 7).
The only embedding for which this is not possible is O2m/Um ⊂ Gm(C2m).
In this case, we note that P1 = SO2m/Um, where m = 8n (see Subsection
2.2 or Table 5). Consequently, πi(O2m/Um) = πi(P1) for any i 6= 0 and
therefore in this case the map πi(O2m/Um) → πi(Gm(C2m)) is equivalent to
πi(P1) → πi(P̃1) in the sense of Definition 5.1. For i ≡ 0 mod 8, we note
that πi(Gm(C2m)) = {0}, hence the map πi(O2m/Um) → πi(Gm(C2m)) is
identically zero. To deal with any of the remaining six inclusions we just take
k ∈ {2, 3, . . . , 7} and use inductively the commutative diagram (5.1) to deduce
that the map πi(Pk) → πi(P̃k) is equivalent to πi+k(Om) → πi+k(Um) (here
m = 16n is in the stability range). For instance the stable maps between
homotopy groups induced by the inclusion Spm ⊂ U2m are described in Table
2 (see also Remark 4.4).

5.2 The maps induced by Um →֒ Spm

In the same way as in the previous subsection, we consider the inclusion map
Um → Spm and the maps gmi : πi(Um)→ πi(Spm) induced between homotopy
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i mod 8 0 1 2 3 4 5 6 7
πi(Sp) 0 0 0 Z Z2 Z2 0 Z
πi(U) 0 Z 0 Z 0 Z 0 Z

πi(Sp)→ πi(U) 0 0 0 id 0 0 0 k 7→ 2k

Table 2: The stable maps between homotopy groups induced by Spm →֒ U2m.

groups. As in Lemma 5.2, if we fix i and take any m which is sufficiently
larger than i, all of these group homomorphisms are equivalent in the sense of
Definition 5.1. Denote by gi the equivalence class of these maps. The following
result can be proved with the same methods as Theorem 5.3.

Theorem 5.6 We have gi+8 = gi.

Table 3 describes the maps gi explicitly.

i mod 8 0 1 2 3 4 5 6 7
πi(U) 0 Z 0 Z 0 Z 0 Z
πi(Sp) 0 0 0 Z Z2 Z2 0 Z
gi 0 0 0 k 7→ 2k 0 k 7→ k mod 2 0 id

Table 3: The stable maps between homotopy groups induced by Um →֒ Spm.

Remark 5.7 The results in Table 3 have been obtained as direct consequences
of the long exact homotopy sequence of the principal bundle Um → Spm →
Spm/Um and the knowledge of πi(Sp/U), i = 0, 1, 2, . . .. In fact, this long exact
sequence can also be used to give an alternative proof of the periodicity of the
maps πi(U)→ πi(Sp).

In the same way as Corollary 5.5, we can prove the following result (this time
using Table 6 in Appendix A and Subsections A.10 - A.16).

Corollary 5.8 Let Am →֒ Bm be given by any of the inclusions

Gm(C2m) ⊂ Sp2m/U2m, Um ⊂ U2m/Om, Gm(C2m) ⊂ G2m(R4m),
Gm(C2m) ⊂ O4m/U2m, Um ⊂ U2m/Spm, Gm(C2m) ⊂ Gm(H2m),
Um ⊂ O2m.

Then the maps πi(Am)→ πi(Bm) induced between the stable homotopy groups
are stable relative to m and periodic relative to i, with period equal to 8.

These maps πi(Am)→ πi(Bm) mentioned above can be described explicitly, by
using Table 3 and the fact that πi(P̃k)→ πi(P̄k) is equivalent to πi+k(Um)→
πi+k(Spm). For example, the stable maps πi(Um)→ πi(O2m) are described in
Table 4.
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i mod 8 0 1 2 3 4 5 6 7
πi(U) 0 Z 0 Z 0 Z 0 Z
πi(O) Z2 Z2 0 Z 0 0 0 Z

πi(U)→ πi(O) 0 k 7→ k mod 2 0 id 0 0 0 k 7→ 2k

Table 4: The stable maps between homotopy groups induced by Um →֒ O2m.

A Standard inclusions of symmetric spaces

Explicit descriptions of the spaces in the SO-Bott chain have been obtained
by Milnor in [Mi-69, Section 24] using orthogonal complex structures of R16n,
i.e. elements J of O16n with the property that J2 = −I. A similar construction
works for any matrix Lie group, as it has been pointed out in [Qu-10]. For our
needs, we describe the U-Bott chain in these terms. We start with the following
definition.

Definition A.1 An element J ∈ U16n is a complex structure if J2 = −I.

Like in the case of the orthogonal group (see [Mi-69, Lemma 24.1]) we can iden-
tify complex structures in U16n with midpoints of shortest geodesic segments
in U16n from I to −I. More specifically, recall from Subsection 2.4 that −I is a
pole of (U16n, I) and the space of shortest geodesic segments in U16n from I to
−I is the union of all conjugacy orbits U16n.γk|[0,1], 0 ≤ k ≤ 16n (see Equation
(2.4)).

Lemma A.2 The set of all midpoints of the geodesic segments in the union⋃
0≤k≤16n U16n.γk|[0,1] coincides with the set of all complex structures in U2q.

Proof. Let γ|[0,1] : [0, 1] → U16n be a geodesic segment in the union above:
it satisfies γ(0) = I and γ(1) = −I. Then γ : R → U16n is a one-parameter
subgroup. Thus we have

γ

(
1

2

)2

= γ(1) = −I.

This means that γ
(
1
2

)
is a complex structure. To prove the converse inclusion,

take J ∈ U16n such that J2 = −I. Then the eigenvalues of J are ±i, hence J
is U16n-conjugate to a matrix of the form

(
iIk 0
0 −iI16n−k

)

for some k ∈ {0, 1, . . . , 16n}. The converse inclusion is proved. �
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Recall from Subsection 2.6 that P̃1 is the top-dimensional s-centriole of (U16n, I)
and J1 is an element of P̃1. The previous lemma says that the union of all s-
centrioles in U16n from I to −I is the same as the set of all complex structures
in U16n. We deduce that

P̃1 = {J ∈ U16n : J2 = −I}J1, (A.1)

where we have used the notation established at the beginning of Subsection
3.2.
We saw afterwards that we have the isometry P̃1 ≃ G8n(C16n), where P̃1 is
equipped with the metric induced by its embedding in U16n and G8n(C16n) with
the usual symmetric space metric. We defined P̃2 as the (unique) s-centriole of
(P̃1, J1) relative to −J1 and then we fixed an element J2 of P̃2.

Lemma A.3 The centrosome C−J1(P̃1, J1) can be expressed as:

C−J1(P̃1, J1) = {J ∈ P̃1 : JJ1 = −J1J}. (A.2)

Consequently, P̃2 = {J ∈ P̃1 : JJ1 = −J1J}J2 .

Proof. We first take J = γ(12 ), where γ : R→ P̃1 is a geodesic such that

γ(0) = J1 and γ(1) = −J1.

But P̃1 is a totally geodesic submanifold of U16n, thus γ is a geodesic in U16n.
We deduce that there exists x in u16n such that

γ(t) = J1 exp(2tx), t ∈ R.

The condition γ
(
1
2

)
= J implies that J1 exp(x) = J. Multiplying from the left

by J1 and taking into account that J2
1 = −I gives exp(x) = −J1J. Conse-

quently, we have

−J1 = γ(1) = J1 exp(x) exp(x) = J(−J1J) = −JJ1J.

This implies that JJ1 = −J1J .
We now prove the converse inclusion. Take J ∈ P̃1 such that JJ1 = −J1J . Let
γ : R→ P̃1 be a geodesic with the property that

γ(0) = J1 and γ

(
1

2

)
= J.

Claim. γ(1) = −J1.
Indeed, the curve J−11 γ is a geodesic in U16n, thus a one-parameter group. In
other words, we have

J−11 γ(t) = exp(2tx), t ∈ R,
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where x ∈ u16n. This implies that J = γ(12 ) = J1 exp(x), hence exp(x) =

J−11 J = −J1J = JJ1, and consequently

γ(1) = J1 exp(2x) = J1 exp(x) exp(x) = J(JJ1) = −J1.

�

Note that the previous two results are special cases of [Qu-10, Lemmata 3.1
and 3.2].

We have the isometry P̃2 ≃ U8n, where P̃2 has the submanifold metric and
U8n the bi-invariant metric described by Equation (2.7) with q = 4n (see
Subsection 2.5). The pair (P̃2, J2) has exactly one pole, which is −J2. We
defined P̃3 as the top-dimensional s-centriole of (P̃2, J2) relative to −J2 and we
fixed J3 ∈ P̃3. Since P̃2 is a totally geodesic submanifold of U16n, we can use
the same reasoning as in the proof of Lemma A.3 to show that

P̃3 = {J ∈ P̃2 : JJ2 = −J2J}J3 .

In the same way, for any k ∈ {2, . . . , 8} we have

P̃k = {J ∈ P̃k−1 : JJk−1 = −Jk−1J}Jk
.

These new presentations of the spaces P̃1, . . . , P̃8, along with those obtained
by Milnor in [Mi-69, Section 24] for the spaces P1, . . . , P8 lead us to descrip-
tions of the embeddings between Bott chains which are discussed in Section 3.
Concretely, they are given by Tables 5 and 6 together with the list A.1 - A.16.

k Pk P̃k Pk ⊂ P̃k
0 SO16n U16n A.1 composed with SO16n ⊂ O16n

1 SO16n/U8n G8n(C16n) A.2 composed with SO16n/U8n ⊂ O16n/U8n

2 U8n/Sp4n U8n A.3
3 G2n(H4n) G4n(C8n) A.4
4 Sp2n U4n A.5
5 Sp2n/U2n G2n(C4n) A.6
6 U2n/O2n U2n A.7
7 Gn(R2n) Gn(C2n) A.8
8 SOn Un A.1 composed with SOn ⊂ On

Table 5: Inclusions between the SO-Bott chain and the U-Bott chain.

In what follows we will be frequently using, without pointing it out each time,
presentations of certain classical symmetric spaces as given in [Mi-69, Section
24] (see also [Es-08, Section 19]).
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k P̃k P̄k P̃k ⊂ P̄k
0 U16n Sp16n A.9
1 G8n(C16n) Sp16n/U16n A.10
2 U8n U16n/O16n A.11
3 G4n(C8n) G8n(R16n) A.12
4 U4n SO8n A.13
5 G2n(C4n) SO8n/U4n A.14
6 U2n U4n/Sp2n A.15
7 Gn(C2n) Gn(H2n) A.16
8 Un Spn A.9

Table 6: Inclusions between the U-Bott chain and the Sp-Bott chain.

A.1 The inclusion Or ⊂ Ur

To any orthogonal isomorphism A : Rr → Rr one attaches its complex-linear
extension Ac : Cr → Cr, which is defined by Ac(u + iv) := A(u) + iA(v), for
all u, v ∈ Rr. One can see that Ac preserves the norm of a vector in Cr with
respect to the canonical Hermitian product. Thus, Ac lies in Ur.

A.2 The inclusion O2r/Ur ⊂ Gr(C2r)

The quotient O2r/Ur is identified with the space of all orthogonal complex
structures of R2r, that is, of all J ∈ O2r with the property that J2 = −I. The
inclusion O2r/Ur ⊂ Gr(C2r) assigns to any such J the eigenspace Ei(J

c) =
{v ∈ C2r : Jc(v) = iv}.

A.3 The inclusion U2r/Spr ⊂ U2r

Fix J0 ∈ O4r an orthogonal complex structure of R4r. Let Jc0 : C4r → C4r be its
complex linear extension. The eigenspaces V + := Ei(J

c
0) and V − := E−i(Jc0 )

are complex vector subspaces of C4r of dimension equal to 2r, since the complex
conjugation is an (R-linear) isomorphism between V + and V −. The quotient
U2r/Spr can be identified with the space of all orthogonal complex structures
J of R4r that anticommute with J0. The complex linear extension Jc of such
a J maps V + to V −, being obviously a unitary isomorphism. The inclusion
U2r/Spr →֒ U2r assigns to J the map Jc|V + : V + → V −, where both V + and
V − are identified with C2r.

A.4 The inclusion Gr(H2r) ⊂ G2r(C4r)

We first identify C with the subspace of H consisting of all quaternions a +
bi + cj + dk with c = d = 0. This allows us to equip H2r with the structure
of complex vector space induced by multiplication with complex numbers from
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the right. It also allows us to embed C2r into H2r. In this way we obtain the
following identification of complex vector spaces: H2r = C2r⊕jC2r = C4r. The
Grassmannian Gr(H2r) consists of all right H-submodules of H2r of dimension
equal to r. The map Gr(H2r) →֒ G2r(C4r) attaches to any such submodule
V ⊂ H2r the space V itself, regarded as a 2r-dimensional complex subspace of
C4r.

A.5 The inclusion Spr ⊂ U2r

As explained before, we can regard Hr = Cr ⊕ jCr = C2r as a complex vector
spaces. The map Spr →֒ U2r assigns to any symplectic (H-linear on the right)
isomorphism A : Hr → Hr the map A itself, regarded as a unitary (C-linear)
isomorphism C2r → C2r. A description of this embedding in matrix form can
be found for instance [Br-tD-85, Ch. I, Section 1.11] (see also the beginning of
Section 3).

A.6 The inclusion Spr/Ur ⊂ Gr(C2r)

The quotient Spr/Ur can be identified with the space of all complex forms
of the quaternionic space Hr, that is, all V ⊂ Hr which is a complex vector
subspace relative to the identification Hr = Cr + jCr = C2r mentioned above
and satisfies Hr = V ⊕ jV . The inclusion map Spr/Ur →֒ Gr(C2r) assigns to
any such V the space V itself.

A.7 The inclusion Ur/Or ⊂ Ur

The quotient Ur/Or can be identified with the space of all real forms of Cr,
that is, all real vector subspaces V ⊂ Cr such that Cr = V ⊕ iV . This can
be further identified with the space of all orthogonal (R-linear) automorphisms
of Cr = R2r that are anti-complex linear and square to I: the identification
is given by attaching to such an automorphism its 1-eigenspace. If we fix an
anti-complex linear orthogonal automorphism B0 of R2n, then

Ur/Or = {B0A : A ∈ Ur, (B0A)2 = I}.

The inclusion map Ur/Or → Ur maps B0A to A.

A.8 The inclusion Gr(R2r) ⊂ Gr(C2r)

This map assigns to any r-dimensional real vector subspace of R2r the space
V ⊗ C, which is an r-dimensional complex vector subspace of C2r.

A.9 The inclusion Ur ⊂ Spr

Let Ri and Rj be the maps Hr → Hr given by multiplication from the right by
the quaternionic units i and j. Then Spr can be characterized as the space of
all R-linear endomorphisms of Hr which commute with Ri and Rj and preserve
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the norm of any vector in Hr relative to the canonical inner product of Hr. Let
us consider the splitting Hr = Cr ⊕ jCr. The group Ur consists of all R-linear
endomorphisms of Cr which commute with Ri and preserve the norm of any
vector in Cr relative to the canonical Hermitian product of Cr. The desired
embedding Ur →֒ Spr is given by

Ur ∋ A 7→ Ah ∈ Spr,

where Ah : Hr → Hr is determined by:

Ah(v + jw) := Av + j(Āw), v, w ∈ Cr.

(One can easily verify that Ah lies in Spr.)

A.10 The inclusion Gr(C2r) ⊂ Sp2r/U2r

The quotient Sp2r/U2r can be identified with the space of all complex forms
of H2r, that is, of all real vector subspace X ⊂ H2r with the property that
RiX = X , i.e. X is a complex vector subspace of H2r, and H2r = X ⊕ RjX
(orthogonal direct sum). The inclusion Gr(C2r) →֒ Sp2r/U2r assigns to the
r-dimensional complex vector subspace V ⊂ C2r the space V ⊕ RjV ⊥, where
V ⊥ is the orthogonal complement of V in C2r.

A.11 The inclusion Ur ⊂ U2r/O2r

Recall that U2r/O2r is the space of all real forms of C2r (see Subsection A.7).
Also recall that Hr is a complex vector space relative to multiplication by
complex numbers from the right, the dimension being equal to 2r. Let us now
consider the splitting Hr = Cr ⊕ RjCr. The inclusion Ur →֒ U2r/O2r can be
described as follows:

Ur ∋ A 7→ V := {v +RjAv : v ∈ Cr}.
Note that V described by this equation is a real form of Hr, where the latter
is a complex vector space in the way mentioned above. Indeed, this follows
readily from the fact that V i = {v −RjAv : v ∈ Cr}.

A.12 The inclusion Gr(C2r) ⊂ G2r(R4r)

This map assigns to a complex n-dimensional vector subspace V ⊂ C2r the
space V itself, viewed as a real vector subspace of C2r = R4r.

A.13 The inclusion Ur ⊂ SO2r.

We identify Cr = Rr ⊕ iRr with R2r and make the following elementary obser-
vations: a C-linear transformation of Cr is also R-linear; the norm of a vector in
Cr relative to the standard Hermitian inner product is equal to its norm in R2r

relative to the standard Euclidean inner product. We are lead to the subgroup
embedding Ur →֒ O2r. Since Ur is connected, we actually get Ur →֒ SO2r.
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A.14 The inclusion Gr(C2r) ⊂ SO4r/U2r

We start with the embedding U2r ⊂ SO4r described in Subsection A.13. It
induces the inclusion {J ∈ U2r : J2 = −I} ⊂ {J ∈ SO4r : J2 = −I}.
The first space can be identified with the Grassmannian of all complex vector
subspaces in C2r (see Lemma A.2 and Subsection 2.4). Among its connected
components we can find Gr(C2r). This is contained in one of the two connected
components of {J ∈ SO4r : J2 = −I}. They are both diffeomorphic to
SO4r/U2r. The desired embedding is now clear.

A.15 The inclusion Ur ⊂ U2r/Spr

We first consider

Ar :=

(
iI 0
0 −iI

)
∈ U2r,

which is an orthogonal complex structure of R4r via the embedding described at
A.13. Denote by U(R4r , Ar) the set of all elements of O4r which commute with
Ar. This is a subgroup of O4r which is isomorphic to U2r. It acts transitively,
via group conjugation, on the set of all J ∈ O4r with J2 = −I and ArJ =
−JAr. Moreover, the stabilizer of any J is isomorphic to Spr. In this way we
obtain the identification

{J ∈ O4r : J2 = −I, JAr = −ArJ} = U2r/Spr.

The embedding Ur →֒ U2r/Spr assigns to an arbitrary X ∈ Ur the matrix

A :=

(
0 −X−1
X 0

)
∈ U2r,

which is regarded as an element of O4r in the same way as before, i.e. by using
the embedding A.13. (One can easily verify that A2 = −I and ArA = −AAr.)

A.16 The inclusion Gr(C2r) ⊂ Gr(H2r)

We consider again the embedding C2r ⊂ H2r defined in Subsection A.4. The
embedding Gr(C2r) →֒ Gr(H2r) assigns to a complex r-dimensional vector
subspace V ⊂ C2r the space V ⊗C H = {v + wj : v, w ∈ V }, which is an
H-linear subspace of H2r of dimension r.

B The isometry types of P4 and P8

For any r ≥ 1, we consider the standard bi-invariant Riemannian metrics on
each of the groups SOr, Ur, and Spr. By definition, they are given by 〈X,Y 〉 =
−tr(XY ), for any X,Y in the Lie algebra of SOr, respectively Ur; as for Spr,
the metric is induced by its canonical embedding in U2r, where the latter group
is equipped with the standard metric divided by two (see also the beginning of
Section 3).
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The SO-Bott chain P0, P1, . . . , P8 has been defined in Subsection 2.2. Recall
that P1, . . . , P8 are totally geodesic submanifolds of P0 = SO16n, the latter
space being equipped with the standard metric. The main goal of this section
is to prove the following result.

Proposition B.1 (a) If we equip P4 with the submanifold metric, then P4

is isometric to Sp2n, where the metric on the latter space is eight times the
standard one.
(b) If we equip P8 with the submanifold metric, then P8 is isometric to SOn,
where the metric on the latter space is sixteen times the standard one.

Proof. The proof will be divided into two steps. In the first step, we show that
the results stated by the proposition hold true for a particular choice of com-
plex structures J1, . . . , J7. (Afterwards we will address the general situation.)
Concretely, we write

H4n = R4n ⊕ R4ni⊕ R4nj ⊕ R4nk,

and identify in this way H4n = R16n. Take J1 := Ri and J2 := Rj , that is,
multiplication on H4n from the right by the quaternionic units i, respectively
j. We take J3 in such a way, that J1J2J3 is given by

J1J2J3(q1, . . . , q4n) := (q1, . . . , q2n,−q2n+1, . . . ,−q4n),

for all (q1, . . . , q4n) ∈ H4n.
We now perform Milnor’s construction of the space P4 (cf. [Mi-69, p. 139],
see also Subsection 2.2 above). First, note that the eigenspace decomposition
of J1J2J3 : H4n → H4n is H4n = H2n ⊕ (H2n)⊥, where H2n stands here for
the space of all vectors in H4n with the last 2n entries equal to 0 and (H2n)⊥

is the space of all vectors in H4n with the first 2n entries equal to 0. The
space P4 consists of all J ∈ P3 which anticommute with J3. If J is such a
transformation, then J3J maps H2n to (H2n)⊥ as a H-linear map (relative to
scalar multiplication from the right) that preserves the norm of any vector.
Let us now consider the subgroup of SO16n which consists of all R-linear endo-
morphisms of R16n that are H-linear, i.e. commute with J1 and J2, and preserve
the norm of a vector. This group is just Sp4n. We prefer to see its elements
as 4n× 4n matrices, say A, with entries in H, such that AA∗ = I4n. From the
above observation, J3P4 := {J3J : J ∈ P4} is the same as the space of all
elements of Sp4n of the form

(
0 −C−1
C 0

)
.

Consider

B2n :=

(
0 I2n
−I2n 0

)
,

Documenta Mathematica 17 (2012) 911–952



Bott Periodicity for Inclusions 947

which is an element of Sp4n. By translating our set J3P4 from the left by B2n,
we obtain

B2n(J3P4) =

{(
C 0
0 C−1

)
: C ∈ Sp2n

}
.

It is clear that P4, as a submanifold of SO16n, is isometric to B2n(J3P4), and
the latter is a subspace of Sp4n. More precisely, it is the image of the embedding
Sp2n → Sp4n,

C 7→
(
C 0
0 C−1

)
. (B.1)

The metric on Sp4n induced by its embedding in SO16n is equal to the stan-
dard metric multiplied by 4. (Indeed, Sp4n is contained in the subspace of all
elements of SO16n which commute with J1, which is U8n, and the resulting
embedding Sp4n ⊂ U8n is just the one described at the beginning of Section 3;
moreover, the Riemannian metric on U8n induced by its embedding in SO16n

is twice its standard metric.) Thus, the submanifold metric induced on Sp2n

via the embedding (B.1) is the standard one multiplied by 8. Finally note that,
from the previous considerations, Sp2n equipped with this metric is isometric
to the subspace P4 of SO16n.

We will now prove point (b) of Proposition B.1 for a particular choice of J5, J6,
and J7. As it has been pointed out by Eschenburg in [Es-08, Section 19], we
may assume that P4 = Sp2n and P5, P6, P7, P8 are subspaces of Sp2n defined
as follows: first, P5 := {J ′ ∈ Sp2n : (J ′)2 = −I}; then, for ℓ = 5, 6, or 7, pick
J ′ℓ ∈ Pℓ and define Pℓ+1 as one of the top-dimensional components of the space
{J ′ ∈ Pℓ : J ′J ′ℓ + J ′ℓJ

′ = 0}. In what follows Sp2n is regarded as the space
of all R-linear endomorphisms of H2n which preserve the norm of a vector and
commute with R′i and R′j , the operators given by multiplication from the right
by i, respectively j.

We first consider J ′5 : H2n → H2n given by multiplication from the left by the
negative of the quaternionic unit i, that is

J ′5(q1, . . . , q2n) := −i(q1, . . . , q2n),

for all (q1, . . . , q2n) ∈ H2n. One can see that J ′5 is an element of Sp2n and satis-
fies (J ′5)2 = −I. Note that the 1-eigenspace of R′iJ

′
5 is C2n, which is canonically

embedded in H2n. Next, we take J ′6 : H2n → H2n given by multiplication from
the left by −j:

J ′6(q1, . . . , q2n) := −j(q1, . . . , q2n),

for all (q1, . . . , q2n) ∈ H2n. As before, J ′6 is in Sp2n and (J ′6)2 = I. We also
have J ′5J

′
6 = −J ′6J ′5. The composed map R′jJ

′
6 leaves C2n invariant and the

1-eigenspace of R′jJ
′
6|C2n is R2n, which is canonically embedded in C2n. Finally,

we choose J ′7 to be the map H2n → H2n,

J ′7(q1, . . . , q2n) := −k(q1, . . . , qn,−qn+1, . . . ,−q2n),
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for all (q1, . . . , q2n) ∈ H2n. This new map is in Sp2n, it squares to −I, and
it anticommutes with both J ′5 and J ′6. The composed map R′kJ

′
7 leaves R2n

invariant and we have

R′kJ
′
7(x1, . . . , x2n) = (x1, . . . , xn,−xn+1, . . . ,−x2n)

for all (x1, . . . , x2n) ∈ R2n. Consequently, the 1-eigenspace of R′kJ
′
7|R2n is Rn,

that is, the subspace of R2n consisting of all vectors with the last n compo-
nents equal to 0. The (−1)-eigenspace of R′kJ

′
7|R2n is (Rn)⊥, the orthogonal

complement of Rn in R2n.
We are especially interested in the embedding of P8 in Sp2n. By [Mi-69, p. 141]
(see also [Es-08, Section 19, item 8’]), one can identify P8 with one of the two
connected components of the space of all orthogonal transformations from Rn

to (Rn)⊥; the identification is given by J ′ 7→ J ′7J
′|Rn . We deduce that J ′7P8 is

one of the two connected components of the subspace of Sp2n consisting of all
matrices of the form (

0 −D−1
D 0

)

where D ∈ On. We may assume that J ′7P8 is the space of all matrices of the
form above with D ∈ SOn. Let us now consider the matrix

Bn :=

(
0 In
−In 0

)

and observe that

Bn(J ′7P8) =

{(
D 0
0 D−1

)
: D ∈ SOn

}
.

The subspaces P8 and Bn(J ′7P8) of Sp2n are isometric. We only need to charac-
terize the submanifold metric on SOn induced by the embedding SOn → Sp2n,

D 7→
(
D 0
0 D−1

)
,

where Sp2n is equipped with the standard metric multiplied by eight (by point
(a)). To this end we first look at the subspaces U2n and SO2n of Sp2n: the
metric induced on U2n is eight times its canonical metric (see the beginning
of Section 3), thus also the metric on SO2n is eight times its canonical metric.
Consequently, the metric on SOn we are interested in is equal to the standard
one multiplied by 16.
If J1, . . . , J7 are now arbitrary, then the results stated by Proposition B.1
remain true. Indeed, one can easily see that in this general set-up, the spaces
P0 and P1 are the same as above, whereas each of P2, . . . , P8 differ from the
ones described above by group conjugation inside SO16n. �
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C Simple Lie groups as symmetric spaces and their involutions

Let G be a compact, connected, and simply connected simple Lie group.
Equipped with a bi-invariant metric, G becomes a Riemannian symmetric
space, as explained in Example 2.3. The following result has been proved in
[Le-74] (see the proof of Theorem 3.3 in that paper). Since it plays an essential
role in our Subsection 4, we decided to state it separately and give the details
of the proof.

Proposition C.1 Let τ : G→ G be an isometric involution with the property
that τ(e) = e, where e is the identity element of G. Then there exists an
involutive group automorphism µ : G→ G such that either

τ(g) = µ(g) for all g ∈ G

or

τ(g) = µ(g)−1 for all g ∈ G.
Moreover, in the second case, the space (Gτ )e (the connected component through
e of the fixed point set Gτ ) is a totally geodesic submanifold of G which is
isometric to G/Gµ. Here G/Gµ is equipped with the symmetric space structure
induced by some bi-invariant metric on G.

Proof. Let Ĝ be the identity component of the isometry group of G. Then
τ induces the involutive group automorphism τ̂ : Ĝ → Ĝ, f 7→ τ ◦ f ◦ τ .
Let ĝ be the Lie algebra of Ĝ and denote by τ̂∗ : ĝ → ĝ the differential map
of τ̂ at the point ê, which is the identity element of Ĝ. We know that Ĝ =
(G ×G)/∆(Z(G)), where Z(G) is the center of G. Thus, if we denote the Lie
algebra of G by g, then we have ĝ = g×g. Consider the map σ : G×G→ G×G,
σ(g1, g2) = (g2, g1), for all g1, g2 ∈ G along with its differential map at the
identity element, that is σ∗ := (dσ)e : ĝ → ĝ, σ∗(x1, x2) = (x2, x1), for all
x1, x2 ∈ g.
Claim 1. τ̂∗ ◦ σ∗ = σ∗ ◦ τ̂∗.
Indeed, σ∗ can also be described as the differential at e of the map Ĝ → Ĝ,
f 7→ se ◦ f ◦ se, where se is the geodesic symmetry of G at e (see [He-01,
Ch. IV, Theorem 3.3]). We only need to notice that the automorphism Ĝ→ Ĝ
described above commutes with τ̂ . In turn, this follows from the fact that
τ ◦ se = se ◦ τ (both sides of the equation are isometries of G whose value at e
is e and whose differential map at e is equal to −(dτ)e).
Let us now observe that τ̂∗(g × {0}) is an ideal of g× g. It can only be equal
to g× {0} or to {0} × g, since g is a simple Lie algebra.
Case 1. τ̂∗(g×{0}) = g×{0}. There exists µ : g→ g an involutive Lie algebra
automorphism such that τ̂∗(x, 0) = (µ(x), 0), for all x ∈ g. From Claim 1 we
deduce that τ̂∗(0, x) = (0, µ(x)), for all x ∈ g, thus

τ̂∗(x1, x2) = (µ(x1), µ(x2)),
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for all x1, x2 ∈ g. We consider the group automorphism of G whose differential
at e is µ and denote it also by µ. We have

τ̂ ([g1, g2]) = [µ(g1), µ(g2)],

for all g1, g2 ∈ G, where the brackets [ , ] indicate the coset modulo ∆(Z(G)).
Using the identification Ĝ = (G × G)/∆(Z(G)) and the explicit form of its
action on G given by Equation (2.1), this implies

τ(g1τ(h)g−12 ) = µ(g1)hµ(g2)−1,

for all g1, g2, h ∈ G. Thus, τ(g) = µ(g) for all g ∈ G.
Case 2. τ̂∗(g× {0}) = {0} × g. This time, there exists µ : g→ g an involutive
Lie algebra automorphism such that τ̂∗(x, 0) = (0, µ(x)), for all x ∈ g. From
Claim 1 we deduce that τ̂∗(0, x) = (µ(x), 0), for all x ∈ g, thus

τ̂∗(x1, x2) = (µ(x2), µ(x1)),

for all x1, x2 ∈ g. Again, we consider the group automorphism µ : G → G
whose differential at e is µ. This time we have

τ̂ ([g1, g2]) = [µ(g2), µ(g1)],

which implies
τ(g1τ(h)g−12 ) = µ(g2)hµ(g1)−1,

for all g1, g2, h ∈ G. This implies τ(g) = µ(g)−1, for all g ∈ G.
We now prove the last assertion in the proposition. We are in Case 2. Consider
the action of G on Gτ given by G × Gτ → Gτ , g.x := gxτ(g), for all g ∈ G
and x ∈ Gτ . Since G is connected, it leaves (Gτ )e invariant. The correspond-
ing action is isometric, where (Gτ )e is equipped with the submanifold metric
induced by its embedding in G.
Claim 2. The action G× (Gτ )e → (Gτ )e is transitive.
To justify this, we take x ∈ (Gτ )e and show that there exists g ∈ G with
x = g.e = gτ(g). Indeed, let γ : R → (Gτ )e be a geodesic in (Gτ )e with
γ(0) = e and γ(1) = x. Since (Gτ )e is a totally geodesic subspace of G, γ is
a geodesic in G, hence we have γ(t) = exp(tX), for all t ∈ R, where X is an
element of g. From τ(γ(t)) = γ(t) for all t ∈ R we deduce that (dτ)e(X) = X .
Then g := exp(12X) is in (Gτ )e and we have gτ(g) = g2 = exp(X) = x.
It only remains to observe that the stabilizer of e under the action mentioned
in the claim is Gµ. �
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Abstract. We prove that the Consani-Scholten quintic, a Calabi-
Yau threefold over Q, is Hilbert modular. For this, we refine sev-
eral techniques known from the context of modular forms. Most no-
tably, we extend the Faltings-Serre-Livné method to induced four-
dimensional Galois representations over Q. We also need a Sturm
bound for Hilbert modular forms; this is developed in an appendix by
José Burgos Gil and the second author.
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1 Introduction

The modularity conjecture for Calabi-Yau threefolds defined over Q is a
particular instance of the Langlands correspondence. Given a Calabi-Yau
threefold X over Q we consider the compatible family of Galois representations
ρℓ of dimension, say, n, giving the action of GQ = Gal(Q̄/Q) on H3(XQ̄,Qℓ):
the conjecture says that there should exist an automorphic form π of GLn
such that ℓ-adic Galois representations attached to π are isomorphic to the
representations ρℓ. This implies that the L-functions of π and ρℓ agree, at
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least up to finitely many local factors. Observe that (according to Langlands
functoriality) π should be cuspidal if and only if the representations ρℓ are
absolutely irreducible.
The only case where the conjecture is known in general (among Calabi-Yau
threefolds) is the rigid case, i.e., the case with n = 2. In this case modularity
was established by the first author and Manoharmayum (cf. [DM03]) under
some mild local conditions. These local assumptions are no longer required
since it is known that modularity of all rigid Calabi-Yau threefolds defined
over Q follows from Serre’s conjecture and the later has recently been proved
(cf. [KW09b], [KW09a]).
It was observed by Hulek and Verrill in [HV06] that the modularity result
in [DM03] can be extended to show modularity of those Calabi-Yau three-
folds such that the representations ρℓ are (for every ℓ) reducible and have
2-dimensional irreducible components. In fact, using Serre’s conjecture, one
can show that this is true even if reducibility occurs only after extending
scalars, assuming that reducibility is a uniform property, i.e., independent of ℓ
(this uniformity follows for instance from Tate’s conjecture).

In this paper, we will prove modularity for a non-rigid Calabi-Yau threefold
over Q such that the representations ρℓ are absolutely irreducible. To our
knowledge such an example has not been known before. We sketch the basic
set-up:
In [CS01], Consani and Scholten consider a quintic threefold X̃ which we will
review in section 3. It has good reduction outside the set {2, 3, 5} and Hodge
numbers:

h3,0 = 1 = h2,1, h2,0 = 0 = h1,0 and h1,1 = 141.

In particular the third étale cohomology is four dimensional. If we fix a prime
ℓ, the action of the Galois group Gal(Q̄/Q) on the third étale cohomology gives
a 4-dimensional representation

ρℓ : Gal(Q̄/Q)→ GL(H3(X̃Q̄,Qℓ)) ≃ GL4(Qℓ).

Let F = Q[
√

5] and OF its ring of integers. In [CS01] it is shown that the
restriction

ρℓ|Gal(Q̄/F ) : Gal(Q̄/F )→ Aut
(

H3(X̃Q̄,Qℓ)⊗Qℓ
)
,

is the direct sum of two 2-dimensional representations (see Theorem 3.2 of
[CS01]). More precisely, if λ is a prime of OF over ℓ, then there exists a
2-dimensional representation

σλ : Gal(Q̄/F )→ GL2(Oλ),

such that ρℓ|Gal(Q̄/F ) is a direct sum of σλ and σ′λ (the external conjugate of

σλ) and ρℓ = IndQ
F σλ.
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In the same work, an holomorphic Hilbert newform f on F of weight (2, 4) and
level cf = (30) is constructed, whose L-series is conjectured to agree with that
of σ. The aim of this work is to prove this modularity result.
Let λ be a prime of F over a rational prime ℓ. Let Oλ denote the completion at
λ of OF . Since f has F -rational eigenvalues, by the work of Taylor (see [Tay89]),
there exists a two-dimensional continuous λ-adic Galois representation

σf,λ : Gal(Q̄/F )→ GL2(Oλ),

with the following properties: σf,λ is unramified outside ℓc, and if p is a prime
of F not dividing ℓc, then

Trσf,λ(Frob p) = θ(Tp),

detσf,λ(Frob p) = θ(Sp)N p.

Here Tp denotes the p-th Hecke operator, Sp denotes the diamond operator

(given by the action of the matrix ( α 0
0 α ), for α =

∏
p π

vq(p)
q and πq a local

uniformizer) and θ(T ) is the eigenvalue of the Hecke operator T on f. Let
τ(f) be the Hilbert modular form which is the external Galois conjugate of f,
where τ is the order two element in Gal(F/Q). Observe that the λ-adic Galois
representations attached to τ(f) are obtained by applying τ to the traces of the
images of Frobenius in the ones attached to f. Our result can be stated as:

Theorem 1.1. The representations σλ and σν(f),λ are isomorphic, where ν is
either the identity or τ .

In particular the theorem implies that the L-series of σλ and σν(f),λ agree. This
solves the conjecture from [CS01].

Remark 1.2. By known cases of automorphic base change (theta lift) and func-
toriality, Theorem 1.1 is known to imply that ρℓ corresponds to a Siegel modular
form of genus 2 and to a cuspidal automorphic form of GL4.

Remark 1.3. Dimitrov has proved a Modularity Lifting Theorem that applies to
Hilbert modular forms of non-parallel weight (cf. [Dim09]), and he and the first
author checked that for ℓ = 7 the representation σ satisfies all the technical
conditions of this theorem (cf. [DD06]). Thus it would be enough to prove
residual modularity modulo 7 to deduce the modularity of σ from this result.
We will follow, however, a different path.

We give an outline of the proof of Theorem 1.1. Since both Galois repre-
sentations come in compatible families, it is enough to prove that they are
isomorphic for a specific choice of primes λ over ℓ. We choose ℓ = 2 so as to
apply a Faltings-Serre method of proving that two given 2-adic Galois repre-
sentations are isomorphic (cf. [Liv87]). Actually, in [CS01] it is proven that
σλ exists, but its trace at a prime is only determined up to conjugation by
τ . Hence in Theorem 4.3 we give a version of the Faltings-Serre method that
applies to reducible 4-dimensional representations of Gal(Q̄/F ).
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Theorem 4.3 implies that the 2-dimensional Galois representations σλ, σν(f),λ
have isomorphic semisimplifications. Since f is a cuspidal Hilbert eigenform, its
λ-adic Galois representations is irreducible for all primes λ and Livné’s Theorem
asserts in particular that the same is true for the representations attached to
X̃. Thus we deduce Theorem 1.1.

In the present situation, the problem is non-trivial notably because 2 is inert in
OF . Hence the residual representations lie a priori in GL2(F4). Actually, they
lie in SL2(F4). This is clear for both representations: the representation σf,λ has
trivial nebentypus so the determinant image lies in F×2 while the representation
σλ at a prime ideal p has real determinant of absolute value N p3.
The group SL2(F4) is not a solvable group (it is in fact isomorphic to A5, the
alternating group in 5 elements). We will overcome this subtlety by showing
that the images of the residual representations are 2-groups. For σf,2, this
will be achieved in section 2 by combining three techniques: the theory of
congruences between Hilbert cuspforms, the explicit approach from [DGP10]
and a Sturm bound for Hilbert modular forms that is developed by Burgos and
the second author in the Appendix B. For σ2, we will use the Lefschetz trace
formula and automorphisms on the Calabi-Yau threefold X̃ (section 3). We
collect the necessary data for a proof of Theorem 1.1 in section 4.

Acknowledgements: We would like to thank Lassina Démbelé for many
suggestions concerning computing with Hilbert modular forms. Also we would
like to thank José Burgos Gil for his contribution to the appendix with the proof
of a Sturm bound. The computations of the ap where done using the Pari/GP
system [PAR08]. We would like to thank Bill Allombert for implementing a
routine in PARI that was not included in the original software for dealing with
elements of small norm under a positive definite quadratic form. Special thanks
are due to the referee for his comments and suggestions.

2 Computing the residual image of the Galois representation σf,2

This section deals with the holomorphic Hilbert newform f on F = Q(
√

5) of
weight (2, 4) and conductor cf = (30) constructed in [CS01]. The aim of this
section is to prove that the image of the residual 2-adic Galois representation
σ̄f,2 attached to f has image a 2-group. This will enable us to apply methods
for even trace Galois representations to σf,2.

2.1 Properties of the Hilbert modular form f.

Let us recall some definitions of Hilbert modular forms. For c ⊂ OF , let Γ0(c) be
the subgroup of SL2(OF ) whose second row and first column entry is divisible

by c. Let H denote the Poincare upper half plane. Then given ~k = (k1, k2), with

k1 ≡ k2 (mod 2), a weight ~k Hilbert modular form of level c is an holomorphic
function f : H2 7→ C such that for γ =

(
a b
c d

)
∈ Γ0(c),

f(γ · z1, τ(γ) · z2) = f(z1, z2)(cz1 + d)k1 (τ(c)z2 + τ(d))k2 ,
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with the usual holomorphicity condition at the cusps. We denote such space
M~k(c), and S~k(c) the subspace of cuspidal forms.
We start studying some properties of the form f. In sections 6 and 7 of [CS01]
such form was constructed using Eichler’s method on definite quaternion al-
gebras and in Theorem 8.3 of loc. cit. it is proved that its coefficient field is
exactly Q(

√
5).

Since the primes 2 and 3 divide the level of the form f to the first power, the
automorphic representation attached to f is Steinberg at both primes. To know
its behaviour at the prime

√
5, we consider its twist by a suitable character.

Lemma 2.1. There exists a unique non-trivial quadratic Hecke character χ√5 of

OF (of infinity type (sign, sign)), whose conductor is
√

5. The quadratic twist
of f by χ√5 corresponds to a Hilbert newform of level 6

√
5 and weight (2, 4)

which we denote by f⊗ χ√5.

Proof. For any prime ideal p of OF , whose residue field has prime order p, we
can consider the quotient map

OF ։ OF /p ≃ Z/pZ,

to get a Dirichlet character χp in OF . To get the Hecke character we just
need the infinity characters, but note that the infinite type (signǫ1 , signǫ2) is
uniquely defined by the conditions

χp(−1) = (−1)ǫ1+ǫ2 ,

χp

(
1 +
√

5

2

)
= (−1)ǫ2 .

The uniqueness comes from the fact that the fundamental unit is not totally
positive (which is equivalent to say that the class number and the narrow class

number are the same). In our case, χ√5

(
1+
√
5

2

)
= −1, and χ√5(−1) = 1 so

the first assertion follows.
For the second statement of the Lemma, it is clear (as in the classical case) that
the twist will have trivial character and level at most 30 (see for example [Shi78,
Proposition 4.4]), so the proof goes by elimination. The data used was supplied
by Lassina Démbelé, but is now available in the new versions of MAGMA for
example. Here is a resume:

• The space S(2,4)(30) is of dimension 74.

• Its subspace of newforms is of dimension 22.

• There are 16 eigenforms in the new subspace whose coefficient field is F
and 2 eigenforms whose coefficient field has degree 3 over it.

• The space S(2,4)(6
√

5) is of dimension 14.
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• Its subspace of newforms is of dimension 4.

• There are 4 eigenforms in the new subspace whose coefficient field is F .

By computing the Hecke eigenvalue at the primes above 11 in the newspace of
level 30, we find a unique form matching the eigenvalue of f (in version 2.16 of
Magma, the form is the first one to appear), so the form f⊗χ√5 does not lie in

the newspace of level 30. Since the primes of norm 11 are generated by 7+
√
5

2

and 7−
√
5

2 , and χ√5

(
7+
√
5

2

)
= 1, we search for a form with the same eigenvalue

in level 6
√

5 and find a unique one (the third one), but none in level 6, hence
f⊗ χ√5 has level 6

√
5.

This implies the following.

Corollary 2.2. The form f is also Steinberg at the prime
√

5.

Since the form f and f ⊗
√

5 are congruent modulo 2, we can work with the
latter form which has smaller level.

2.2 Properties of the residual image of σf,2

For reasons that will become clear later, we consider not the form f but a form
congruent to it modulo 2 and of parallel weight 2.

Lemma 2.3. If the residual image of σf,2 is irreducible, then there exists a
Hilbert newform g of level 12

√
5 and parallel weight 2 which is congruent to f

modulo 2.

Proof. This follows from results on the determination of Serre’s weights, for
example from [BDJ10], Corollary 2.12. In fact, item (2) of this corollary gives
the sought for congruence, except for the fact that the value of the maximal
power of 2 in the level of the Hilbert modular form of parallel weight 2, which is
4, follows from a close inspection of the proof of this corollary but is not given
in the statement of item (2) (compare also with [BDJ10], Prop. 4.13 (a)).
Since the value of the power of 2 is not specified in item (2), let us prove that
this value is correct using item (3) of Corollary 2.12. The reader is warned that
in doing this we are following a rather indirect path, because we are twisting
by a character and then twisting back by its inverse, so from the conceptual
point of view this is very unnatural: we just follow this path in order to show
that the result we want follows immediately from a case covered by Corollary
2.12 as it is, but a direct and natural proof could be obtained by a detailed
explanation of how this power of 2 in the level can be determined DIRECTLY
using the techniques in [BDJ10].
This being said, we apply Corollary 2.12 (3) in loc. cit. and obtain a Hilbert
modular form g′ of parallel weight 2 congruent modulo 2 to a twist by some
character µ of f⊗χ√5 such that the level at 2 of g′ is 2. The level at 3 and at

√
5

of this form are the same as those of f⊗χ√5, but it can have some extra primes
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in the level, due to the fact that the global character µ whose local behaviour
at 2 is prescribed in such a way that it changes the weight as desired, is only
known to exist after allowing ramification at some auxiliary primes. From this
congruence, we simply twist both sides by the inverse of µ and obtain what we
wanted, the sought for form of parallel weight 2 is g = g′⊗µ−1, which is easily
seen to satisfy all the required properties: Notably it is congruent modulo 2 to
f⊗χ√5, and its level only contains the primes 2, 3 and

√
5 because the auxiliary

primes introduced to the level while twisting by µ are removed after twisting
by its inverse. In order to bound the level at 2 of g recall that the level of g′ at 2
is 2 and apply the well-known formula for the behaviour of levels under twists.
As final ingredient observe that the conductor at 2 of µ is just 2 because the
order of this character is odd (it takes values on the multiplicative group of a
finite field of characteristic 2) and 2 is inert in the quadratic field Q(

√
5) (thus

a character of conductor 2 has order 3 while a character whose conductor at 2
is at least 4 has even order).

For proving that the image of the residual 2-adic Galois representation attached
to g has image a 2-group, eventually we will pursue a similar approach as in
[DGP10]. We start by computing all subgroups of A5.

Lemma 2.4. Any proper subgroup of A5 is isomorphic to one of the following:

{{1}, C2, C3, C2 × C2, C5, S3, D5, A4}.

There is an easy classification of the orders of the elements in SL2(F4) in terms
of the traces.

Lemma 2.5. If M ∈ SL2(F4), then

ord(M) =





1 if M = id,

2 if Tr(M) = 0 and M 6= id,

3 if Tr(M) = 1,

5 if Tr(M) 6∈ F2.

Recall how to derive a Fourier expansion at∞ for a Hilbert modular form over
F . Let τ denote the generator of Gal(F/Q). An element ν ∈ F is called totally
positive if both ν > 0 and τ(ν) > 0. We denote this by ν ≫ 0. Since F has
strict class number one, any Hilbert modular form G over F has a q-expansion

G(z1, z2) =
∑

ξ∈OF√
5

ξ≫0

exp(ξz1 + τ(ξ)z2), (1)

where exp(z) = e2πiz.
Recall that Aut(C) acts on the space of Hilbert modular forms, just by acting
on Fourier expansions. The following result is due to Shimura (see Proposition
1.2 of [Shi78]).
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Proposition 2.6. Let σ ∈ Aut(C), then σ(M~k) = M~l, where
~l = ~kσ.

In particular, for parallel weight ~k, we have σ(M~k) = M~k for all σ ∈ Aut(C).
This applies to the Hilbert modular form g and thus indirectly to f:

Proposition 2.7. The residual image of σf,2 is not D5 nor A5.

Proof. Suppose the residual image of σf,2 is D5 or A5. In particular it is
absolutely irreducible and Lemma 2.3 implies the existence of a parallel weight
2 form g whose residual image (at 2) equals that of f. Let L be denote the
coefficient field of g and M its Galois closure. Due to the assumption on the
coefficients of f and the definition of g, we know that the residue field of (the
ring of integers of) L modulo some prime ideal 2̂ dividing 2 equals F4.
The groups D5 and A5 both have order 5 elements, so by Lemma 2.5 there
exists a prime p0 such that the p0-th Hecke eigenvalue ap0 of g lies in F4, but
not in F2. Consider the form g + µ(g), where µ is an element of Gal(M/Q)
lying in the decomposition group of a prime above 2̂ and such that it lifts a
generator of Gal(F4/F2). It is a parallel weight 2 Hilbert modular form (by
Proposition 2.6), whose p0-th Fourier coefficient is non-zero modulo 2.
We computed all Hecke eigenvalues with ideals generated by an element of trace
smaller than 395 of f and checked that they all lie in 2OF (a table for such
eigenvalues can be found at [DPS]). In particular, all the Fourier coefficients
of the Hilbert modular form g + µ(g) with trace smaller than 395 are zero
modulo the ideal 2̂, so the Sturm bound (Theorem B.21) implies that all Fourier
coefficients of g + µ(g) are zero modulo 2̂, which contradicts the fact that its
p0-th coefficient is not.

It remains to prove that the residual image at 2 cannot be any of the groups
{C3, C5, S3, A4}. We recall some well known results from Class Field Theory:

Theorem 2.8. If L/F be an abelian Galois extension unramified outside the

set of places {pi}ni=1 then there exists a modulus m =
∏n
i=1 p

e(pi)
i such that

Gal(L/F ) corresponds to a subgroup of the ray class group Cl(OF ,m).

A bound for e(p) is given by the following result.

Proposition 2.9. Let L/F be an abelian Galois extension of prime degree

p. Consider a modulus m =
∏n
i=1 p

e(pi)
i associated to the extension L/F by

Theorem 2.8. If p ramifies in L/F , then

{
e(p) = 1 if p ∤ p

2 ≤ e(p) ≤
⌊
pe(p|p)
p−1

⌋
+ 1 if p | p,

where p is a prime above the rational prime p and e(p|p) is the ramification
index of p in F/Q.

Proof. See [Coh00] Proposition 3.3.21 and Proposition 3.3.22.
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Using these two results, we can compute for each possible Galois group all
Galois extensions of F unramified outside {2, 3, 5}. In each extension, we find
a prime p where the Frobenius has non-zero trace (in F4). If ap ≡ 0 (mod 2),
for all such primes we are done:

Proposition 2.10. The residual representation σ̄f,2 has image a 2-group.

Proof. Consider the different cases:

• The group A4 has C2 × C2 as a normal subgroup (with generators (12)(34)
and (13)(24)). The quotient by this subgroup is a cyclic group of order 3, so
the extension contains a cubic Galois subfield. Since there are no elements of
order 6 in A4, a non trivial element in this Galois group will have odd trace.
Thus the case A4 and C3 can be discarded at the same time.
In order to do so, we can take m = 2 · 32 ·

√
5 as the maximal modulus by

Proposition 2.10. The ray class group Cl(OF ,m) is isomorphic to C12 × C6

so there are 4 cubic extensions ramified at these primes. We consider the
characters as additive characters (by taking logarithms), and denote by ψ1 and
ψ2 two characters that generate the group of characters of order 3 (we take the
fourth and the second power of the characters in the previous basis). Instead
of computing a prime ideal where each character is non-zero, we compute two
prime ideals p1 and p2 such that

〈(ψ1(p1), ψ2(p1)), (ψ1(p2), ψ2(p2))〉 = Z/3Z× Z/3Z.

Then Proposition 5.4 of [DGP10] implies that any cubic character is non-trivial
in one of these two ideals. The two ideals above the prime 11 have values (1, 0)
and (1, 2), which is a basis for F3×F3. Since the modular form has even traces
(in F2) at both primes (see Table of [CS01]), we conclude that the residual
representation cannot have image isomorphic to C3 nor A4.

• To discard the C5 case, we take m = 2 ·3 · (
√

5)3. The ray class group for this
module is cyclic of order 10. The generator at primes above 11 has value 9, in
particular the order 5 characters do not vanish at this primes. But the trace
of Frobenius lies in F2 at these primes (as mentioned in the previous case), so
the image cannot be cyclic of order 5.

• To discard the S3 case, we start by computing all the quadratic extensions
of F ramified outside the set of primes {2, 3, 5}. The modulus in this case is
m = 23 · 3 ·

√
5. The ray class group is isomorphic to C4 × C4 × C2 × C2 × C2

so there are 31 such extensions. In Table 2.1 we put all the information of
these extensions; the first column has an equation for each such extension,
the second column its discriminant over Q, the third column the modulus
considered (where by p2 (respectively p5) we denote the unique prime ideal in
the extension above the rational prime 2 (respectively 5)), the fourth column
the ray class group and the last column the rational primes whose prime divisors
in F generate the F3 vector space of cubic characters.
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Equation over F Disc. over Q Modulus Ray Class Group Rational Primes

x2 − 6
√

5 −26 · 32 · 53 9 · p2 · p5 C72 × C6 × C3 × C3 {7, 11, 13}
x2 + 6

√
5 −26 · 32 · 53 9 · p2 · p5 C72 × C6 × C3 × C3 {7, 11, 13}

x2 +
√

5 + 1 −26 · 52 9 · p2 ·
√

5 C12 × C6 × C3 {7, 11, 13, 19}
x2 −

√
5− 1 −26 · 52 9 · p2 ·

√
5 C12 × C6 × C3 {7, 11, 13, 19}

x2 − 3
√

5− 3 −26 · 32 · 52 9 · p2 ·
√

5 C36 × C6 × C3 × C3 {7, 11, 13, 17}
x2 + 3

√
5 + 3 −26 · 32 · 52 9 · p2 ·

√
5 C36 × C6 × C3 × C3 {7, 11, 13, 17}

x2 + 2
√

5 −26 · 53 9 · p2 · p5 C24 × C6 × C3 {7, 11, 13}
x2 − 2

√
5 −26 · 53 9 · p2 · p5 C24 × C6 × C3 {7, 11, 13}

x2 + 3
2

√
5 + 3

2 −24 · 32 · 52 9 · p2 ·
√

5 C36 × C6 × C3 {7, 11, 13}
x2 − 3

2

√
5− 3

2 −24 · 32 · 52 9 · p2 ·
√

5 C36 × C6 × C3 {7, 11, 13}
x2 −

√
5 −24 · 53 9 · p2 · p5 C24 × C6 × C3 {7, 11, 13}

x2 +
√

5 −24 · 53 9 · p2 · p5 C24 × C6 × C3 {7, 11, 13}
x2 + 3

√
5 −24 · 32 · 53 9 · p2 · p5 C24 × C6 × C3 × C3 {7, 11, 13}

x2 − 3
√

5 −24 · 32 · 53 9 · p2 · p5 C24 × C6 × C3 × C3 {7, 11, 13}
x2 − 1

2

√
5− 1

2 −24 · 52 9 · p2 ·
√

5 C12 × C6 × C3 × C3 {7, 11, 13, 17}
x2 + 1

2

√
5 + 1

2 −24 · 52 9 · p2 ·
√

5 C12 × C6 × C3 × C3 {7, 11, 13, 17}
x2 +

√
5 + 5 26 · 53 9 · p2 · p5 C60 × C6 × C3 × C3 {7, 11, 13, 23}
x2 − 6 26 · 32 · 52 9 · p2 ·

√
5 C12 × C6 × C6 {7, 11, 13, 23}

x2 + 2 26 · 52 9 · p2 ·
√

5 C24 × C12 × C3 × C3 × C3 {7, 11, 13, 23}
x2 − 3

√
5− 15 26 · 32 · 53 9 · p2 · p5 C12 × C6 {7, 11, 13}
x2 + 6 26 · 32 · 52 9 · p2 ·

√
5 C72 × C12 × C3 × C3 × C3 {7, 11, 13, 17}

x2 −
√

5− 5 26 · 53 9 · p2 · p5 C36 × C18 × C3 × C3 {7, 11, 13}
x2 + 3

√
5 + 15 26 · 32 · 53 9 · p2 · p5 C12 × C6 × C6 {7, 11, 13, 61}
x2 − 2 26 · 52 9 · p2 ·

√
5 C36 × C18 × C3 × C3 {7, 11, 13}

x2 + 3
2

√
5 + 15

2 24 · 32 · 53 9 · p2 · p5 C36 × C18 × C3 × C3 {7, 11, 13}
x2 + 3 32 · 52 18 ·

√
5 C36 × C3 × C3 × C3 × C3 × C3 {7, 11, 13, 17, 19, 23}

x2 + 1 24 · 52 9 · p2 ·
√

5 C24 × C12 × C3 × C3 {7, 11, 13, 17}
x2 + 1

2

√
5 + 5

2 53 18 · p5 C60 × C3 × C3 × C3 {7, 11, 13}
x2 − 1

2

√
5− 5

2 24 · 53 9 · p2 · p5 C12 × C6 {7, 11, 13}
x2 − 3 24 · 32 · 52 9 · p2 ·

√
5 C12 × C6 × C6 × C3 {7, 11, 13}

x2 − 3
2

√
5− 15

2 32 · 53 18 · p5 C6 × C6 {7, 11, 13}

Table 2.1: Quadratic extensions of F unramified outside {2, 3, 5}
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Note that the first 16 extensions are not Galois over Q and are listed so that
they are isomorphic in pairs. The last 15 are indeed Galois over Q. This implies
that we could consider one element of each pair for the first fields. Note that
the primes at conjugate fields are the same, since the Frobenius at a prime in
F of a field is the same as the Frobenius at the conjugate of the prime in the
conjugate extension.
The traces of Frobenius are even in all such primes (see Table of [CS01]), so we
conclude that the image of the residual representation σ̄f,2 cannot be isomorphic
to S3 either.

3 Computing the residual image of the Galois representation σ2

In this section we consider the Consani-Scholten quintic X̃ from [CS01]. Our
goal is to prove that the ℓ-adic Galois representations ρ of H3(X̃Q̄,Qℓ) have 4-
divisible trace. This will be used in 3.5 to deduce that modulo 2 the restricted
2-adic two-dimensional Galois representations have image in SL2(F2), and in
fact even trace, so that we can apply an adaptation of the Faltings-Serre-Livné
method in order to prove Theorem 1.1.

3.1 Setup

Consider the Chebyshev polynomial

P (y, z) = (y5 + z5)− 5yz(y2 + z2) + 5yz(y + z) + 5(y2 + z2)− 5(y + z).

Then we define an affine variety X in A4 by

X : P (x1, x2) = P (x4, x5).

Let X̄ ⊂ P4 denote the projective closure of X . Then X̄ has 120 ordinary
double points. Let X̃ denote a desingularisation obtained by blowing up X̄ at
the singularities.

Remark 3.1. We might also consider a small resolution X̂ , as many of the nodes
lie on products of lines. Then we would have to check that X̂ is projective and
can be defined over Q. This desingularisation would have the advantage of
producing an honest Calabi-Yau threefold, but it does not affect the question
of Hilbert modularity.

Consani and Scholten compute the Hodge diamond of X̃ as follows:

1
0 0

0 141 0
1 1 1 1

0 141 0
0 0

1

Documenta Mathematica 17 (2012) 953–987



964 Luis Dieulefait, Ariel Pacetti, and Matthias Schütt

Hence the étale cohomology groups H3(X̃Q̄,Qℓ) (ℓ prime) give rise to a com-

patible system of four-dimensional Galois representations {ρℓ}. Since X̃ has
good reduction outside {2, 3, 5}, ρℓ is unramified outside {2, 3, 5, ℓ}.
Let F = Q(

√
5) and fix some prime ℓ ∈ N and a prime λ of F above ℓ. Then

Consani and Scholten prove for the ℓ- resp. λ-adic representations:

Theorem 3.2 (Consani-Scholten [CS01]). The restriction ρ|Gal(Q̄/F ) is re-
ducible as a representation into GL4(Fλ): There is a Galois representation

σ : Gal(Q̄/F )→ GL2(Fλ)

such that ρ = IndQ
F σ.

The theorem implies in particular that internal and external conjugation have
the same effect on σ. Here we want to prove the following property:

Proposition 3.3. The Galois representation ρ has 4-divisible trace, and so
has any restriction to a finite extension of Q. That is, ρ(Frobq) ≡ 0 mod 4
for any odd prime power q.

In fact, for q ≡ 2, 3 mod 5, Consani-Scholten proved that ρ(Frobq) has zero
trace. Hence we would only have to consider the case q ≡ 1, 4 mod 5, although
we will treat the problem in full generality.
As a corollary, we will deduce that σ is even in 3.5 as required for the proof of
Theorem 1.1.

3.2 Lefschetz fixed point formula

Choose a prime p 6= ℓ of good reduction for X̃ and let q = pr. Consider
the geometric Frobenius endomorphism Frobq on X̃/Fp, raising coordinates to
their q-th powers. Then the Lefschetz fixed point formula tells us that

#X̃(Fq) =
6∑

i=0

(−1)i trace Frob∗q(H
i(X̃Q̄,Qℓ)).

In our situation, this simplifies as follows: h1 = h5 = 0; H2(X̃) and H4(X̃) are
algebraic by virtue of the exponential sequence and Poincaré duality. Moreover
Frob∗q factors through a permutation on H2(X̃), i.e. all eigenvalues have the
shape ζq where ζ is some root of unity. Denote the sum of these roots of unity
by hq (which is an integer in Z by the Weil conjectures). Finally geometric and
algebraic Frobenius are compatible through ρ. Hence

tq = trace ρ(Frobq) = 1 + hq q(1 + q) + q3 −#X̃(Fq). (2)

Prop. 3.3 claims that the left hand side is divisible by 4. If q ≡ −1 mod 4,
this is a consequence of the following

Lemma 3.4. For any good prime p and q = pr, #X̃(Fq) ≡ 0 mod 4.

If q ≡ 1 mod 4, then we furthermore need the following

Lemma 3.5. For any good prime p and q = pr, hq is odd.
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3.3 Proof of Lemma 3.4

To prove Lemma 3.4, we use the action of the dihedral group D4 on X̃ and the
knowledge about the exceptional divisors from Consani-Scholten.
Let ζn denote a primitive n-th root of unity. Then all the nodes are defined over
Q(ζ15). A detailed list can be found in [CS01]. Over the field of definition of
the node, the exceptional divisor E is isomorphic to P1×P1. Hence #E(Fq) =
(q + 1)2 if the node is defined over Fq.

Lemma 3.6. For any good prime p and q = pr, #X̃(Fq) ≡ #X̄(Fq) mod 32.

Proof: By [CS01], we have

#{nodes over Fq} =





0, q ≡ 2, 7, 8, 13 mod 15,

8, q ≡ 14 mod 15,

24, q ≡ 4 mod 15,

104, q ≡ 11 mod 15,

120, q ≡ 1 mod 15.

Since the number of points on the exceptional divisor is the same for all nodes
defined over Fq, the claim follows.

Lemma 3.7. For any good prime p and q = pr, #X̄(Fq) ≡ #X(Fq)−q mod 4.

Proof: The affine variety X is compactified by adding a smooth surface at ∞.
In fact, this is the Fermat surface of degree five:

S = {x50 + x51 − x53 − x54 = 0} ⊂ P3.

Hence #X̄(Fq)−#X(Fq) = #S(Fq). Thus Lemma 3.7 amounts to the following

Lemma 3.8. For p 6= 5 and q = pr, #S(Fq) ≡ 1 + q + q2 mod 4.

The proof of this lemma will be postponed to the end of this subsection. Lemma
3.7 follows.

To prove the corresponding statement about the affine variety X , we use the
action of the dihedral group D4 generated by the involutions

(x1, x2, x3, x4) 7→ (x2, x1, x3, x4), (x1, x2, x3, x4) 7→ (x1, x2, x4, x3)

and by the cyclic permutation

γ : (x1, x2, x3, x4) 7→ (x3, x4, x2, x1). (3)

It follows that

#X(Fq) ≡ #{x ∈ X(Fq); #{y ∈ (D4 − orbit of x)} < 4} mod 4.
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Here {x ∈ X(Fq); #{y ∈ (D4 − orbit of x)} < 4} = {(x1, x1, x3, x3) ∈ X(Fq)}.
We are led to consider the affine curve C in A2 defined by

C : P (y, y) = P (z, z).

Then the above subset of X(Fq) is in bijection with C(Fq), and we obtain

#X(Fq) ≡ C(Fq) mod 4. (4)

Lemma 3.9. For any good prime p and q = pr, #C(Fq) ≡ q mod 4.

Proof of Lemma 3.9: C is reducible. The change of variables

u =
y + z

2
, v =

y − z
2

allows us to write

P (y, y)− P (z, z) =

= v(v4 + 5(2u2 − 4u+ 1) v2 + 5(u2 − 3u+ 1)(u2 − u− 1)) = v G(u, v).

Hence

#C(Fq) = q + #(B(Fq) ∩ {v 6= 0}) (5)

where B is the affine curve in A2 given by G(u, v) = 0. Here B is endowed
with involutions

(u, v) 7→ (u,−v), (u, v) 7→ (2− u, v).

For the number of points, this implies

#(B(Fq) ∩ {v 6= 0}) ≡ #(B(Fq) ∩ {u = 1, v 6= 0}) mod 4

= #{v ∈ Fq; v4 − 5v2 + 5 = 0}.

The last polynomial factors as

4(v4 − 5v2 + 5) = (2v2 − 5−
√

5) (2v2 − 5 +
√

5).

Since 5+
√
5

2 · 5−
√
5

2 = 4, a square, we deduce that the last equation has either
zero or four solutions in Fq. In particular, (5) reduces to #C(Fq) ≡ q mod 4,
i.e. to the claim of Lemma 3.9.

Proof of Lemma 3.8: We shall again use the cyclic permutation γ from (3), but
this time it operates on the homogeneous coordinates of P3. Hence

#S(Fq) ≡ #(S ∩ Fix(σ2))(Fq) mod 4. (6)

Here
Fix(σ2) = {[λ, µ,±λ,±µ]; [λ, µ] ∈ P1}.
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One of these lines is contained in S, and it is easy to see that there are exactly
(5, q − 1) further points of intersection unless p = 2. I.e.

#(S ∩ Fix(σ2))(Fq) = 1 + q +

{
0, p = 2

(5, q − 1), p 6= 2
≡ 1 + q + q2 mod 4.

Lemma 3.8 follows from this congruence and (6).

Proof of Lemma 3.4: Lemma 3.9 and (4) imply that #X(Fq) ≡ q mod 4. By

Lemma 3.7 this gives #X̄(Fq) ≡ 0 mod 4. The according statement for X̃ is
obtained from Lemma 3.6.

3.4 Proof of Lemma 3.5

Lemma 3.5 states that the trace hq of Frobq on H2(X̃Q̄,Qℓ(1)) is always odd.
We shall first prove the following auxiliary result:

Lemma 3.10. The Galois group Gal(Q̄/Q(ζ15)) acts trivially on H2(X̃Q̄,Qℓ(1)).

Proof: Denote the exceptional locus of the blow-up by E. Then E is defined
over Q. The Leray spectral sequence for the desingularisation gives an exact
sequence

0→ H2(X̄Q̄,Qℓ(1))→ H2(X̃Q̄,Qℓ(1))→ H2(EQ̄,Qℓ(1)). (7)

By construction, (7) is compatible with the Galois action. Here H2(X̄Q̄,Qℓ(1))
is the same as for a general quintic hypersurface in P4. Hence it has dimen-
sion one and is generated by the class of a hyperplane section. In particular,
Gal(Q̄/Q) acts trivially on H2(X̄Q̄,Qℓ(1)). Recall that every component of
E as well as both rulings on every component are defined over Q(ζ15). Hence
Gal(Q̄/Q(ζ15)) acts trivially on H2(EQ̄,Qℓ(1)). By the Galois-equivariant exact

sequence (7), the same holds for H2(X̃Q̄,Qℓ(1)).

It follows from Lemma 3.10, that hq = 141 if q ≡ 1 mod 15. The prove the
parity for the other residue classes, we need two easy statements about sums of
primitive roots of unity. They involve the Möbius function µ : N→ {−1, 0, 1}:

µ(n) =

{
0, n not squarefree,

(−1)m, n squarefree with m prime divisors.

Lemma 3.11. Let n ∈ N and ζn a primitive n-th root of unity. Then ζn has
trace µ(n).

The lemma follows immediately from the factorisation of the cyclotomic poly-
nomial xn − 1 and the definition of µ(n).
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Lemma 3.12. Let n ∈ N and ζn a primitive n-th root of unity. Let m = 2s · k
with (k, n) = 1. Then

µ(n) = trace ζn =
∑

j∈(Z/nZ)∗
ζjn ≡

∑

j∈(Z/nZ)∗
ζmjn mod 2.

Proof: If (m,n) = 1, then taking m-th powers permutes the primitive n-th
roots of unity and both sums coincide. Hence it suffices to consider the case
where m = 2s(s > 0) and 2|n.
If 4 ∤ n, then {ζmjn ; j ∈ (Z/nZ)∗} is the set of n

2 -th primitive roots of unity.
Hence ∑

j∈(Z/nZ)∗
ζmjn = µ

(n
2

)
= −µ(n)

and the claim follows mod 2. If 4|n, then µ(n) = 0 and every element in
{ζmjn ; j ∈ (Z/nZ)∗} appears with multiplicity (m,n). Hence

2 | (m,n) |
∑

j∈(Z/nZ)∗
ζmjn ,

and we obtain the claimed congruence.

Proof of Lemma 3.5: Let Ξ be the set of eigenvalues of Frobq on H2(X̃Q̄,Qℓ(1))
with multiplicities. Then

hq =
∑

ζ∈Ξ
ζ.

Recall that the Galois group Gal(Q̄/Q(ζ15)) acts trivially on H2(X̃Q̄,Qℓ(1)).
Since Q(ζ15)/Q is Galois of degree eight, we deduce that ζ8 = 1 for each ζ ∈ Ξ.
In particular

∑

ζ∈Ξ
ζ8 = 141. (8)

In the present situation, hq ∈ Z, i.e. hq is a sum of traces of elements in Ξ.
Hence we can apply Lemma 3.12 to deduce that hq has the same parity as the
sum in (8). That is, hq is odd.

3.5 Evenness of σ

In this subsection we conclude our preparations for the proof of Theorem 1.1
by proving the following corollary of Proposition 3.3:

Corollary 3.13. The Galois representation σ is even.

Recall that σ induces the 4-dimensional Galois representation ρ over Q. The
proof commences by spelling out the characteristic polynomial of ρ(Frobq) for
some odd prime power q:

µq(T ) = T 4 − tqT 3 + uT 2 − q3tqT + q6
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with u = (t2q−tq2)/2 using the notation of (2). By Proposition 3.3, tq ≡ tq2 ≡ 0
mod 4, so u ≡ 0 mod 2.
Now we turn to σ, the 2-dimensional Galois representation with values in F =
Q(
√

5) inducing ρ. Let q denote some power of a prime ideal in F with odd
norm q ∈ Z. We write

sq = Tr σ(Frobq)

and consider the case sq 6∈ Z. Then sq = a+ bω where ω solves v2 − v − 1 = 0
and a, b ∈ Z, b 6= 0. By Theorem 3.2 we have

tq = 2a+ b.

Since tq is even by Proposition 3.3, so is b, and we can write somewhat more
intuitively sq = c + d

√
5 with c, d ∈ Z, d 6= 0. This already implies that the

mod 2-reduction of σ has traces in F2, so it will have image in SL(2,F2).
In the new notation, we obtain

tq = 2c,

so by Proposition 3.3 the input c is even. But then, factoring µq(T ) into
quadratic factors over F corresponding to σ and its external conjugate, the
coefficient of T 2 reads

u = (c2 − 5d2) + 2q3.

Since we have already seen that u and c are even, we find that d is even, too.
That is, σ has even trace at Frobq. The case sq ∈ Z is essentially the same
argument, but even simpler.

4 Proof of the Main Theorem

There is version of the Faltings-Serre method in [Liv87] that allows to compare
two-dimensional 2-adic Galois representations with even traces. Here we have
to modify this approach slightly since the two-dimensional Galois representa-
tion σ2 is only determined up to conjugation of its coefficients in the quadratic
field F . While the original result involved the notion of non-cubic test sets, in
order to prove Theorem 1.1, we replace this notion by non-quartic sets:

Definition. A subset T of a finite dimensional vector space V is non-quartic if
every homogeneous polynomial of degree 4 on V which vanishes on T , vanishes
in the whole V .

The following lemma is useful to lower the cardinality of the test set T .

Lemma 4.1. Let V be a finite-dimensional vector space. Let T be a subset of
V which contains 4 distinct hyperplanes through the origin and a point outside
them. Then T \ {0} is non-quartic.
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Proof. Let L1, . . . , L4 denote linear homogeneous polynomials giving equations
of the four hyperplanes. Let P (x1, . . . , xn) be a homogeneous quartic polyno-
mial vanishing on all points of T . Division with remainder gives a representa-
tion

P (x1, . . . , xn) = L1Q(x1, x2, . . . , xn) + P2(x1, . . . , xn)

with L1 ∤ P2. The crucial property here is the following: Since T contains
the hyperplane {L1 = 0} and P vanishes on this hyperplane, P2 vanishes on
all of V . (To see this, apply a linear transformation so that L1 = x1; then
P2 = P2(x2, . . . , xn), and P2 vanishes on the hyperplane {x1 = 0} if and only
if it vanishes on V ). Since the hyperplanes are linearly independent, we can
apply the same argument to the other three hyperplanes (starting with L1Q
instead of P ). We obtain

P (x1, . . . , xn) = A · L1L2L3L4 + P̃ (x1, . . . , xn),

where A is a field constant and P̃ vanishes identically on V . Since T contains
a point outside the union of the four hyperplanes, A must be zero.
But then P = P̃ vanishes on all of V . Since this argument applies to any
homogeneous quartic polynomial P , the test set T \ {0} is non-quartic.

Remark 4.2. Note that Lemma 4.1 does explicitly not require the hyperplanes
to be linearly independent. It is immediate from the proof of Lemma 4.1 that
the same argument works for test sets for homogeneous polynomials of degree
n if we find n distinct hyperplanes through the origin and a point outside them.

We want to compare the two Galois representations, σ2 and σf,2. It is crucial
that in the present situation we know that the external Galois conjugate rep-
resentation exists: this follows in the geometric example by construction, and
in the modular example we can consider the 2-adic representation attached
to the conjugate Hilbert modular forms τ(f), where τ is a generator of the
group Gal(F/Q). For any given ℓ-adic Galois representation ρ with field of
coefficients F (i.e, the field generated by the traces of Frobenius elements is
F ) we will denote by ρ′ the external conjugate representation (if we know that
such a representation exists). Since for the Calabi-Yau threefold X̃, we can
only compute the traces of the 4-dimensional Galois representation σ2 ⊕ σ′2 of
Gal(Q̄/F ) (or actually of Gal(Q̄/Q)), we will need the following generalization
of Theorem 4.3 in [Liv87] about Galois representations whose residual images
are 2-groups:

Theorem 4.3. Let K be a global field, S a finite set of primes of K and E
the unramified quadratic extension of Q2. Denote by KS the compositum of
all quadratic extensions of K unramified outside S and by P2 the maximal
prime ideal of O := OE. Suppose ρ1, ρ2 : Gal(Q/K)→ GL2(E) are continuous
representations, unramified outside S, and with field of coefficients F , and
assume also that their external Galois conjugates exist. We suppose that the
following conditions are satisfied:
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1. Tr(ρ1) ≡ Tr(ρ2) ≡ 0 (mod P2) and det(ρ1) ≡ det(ρ2) ≡ 1 (mod P2).

2. There exists a set T of primes of K, disjoint from S, for which

(i) The image of the set {Frobt}t∈T in Gal(KS/K)\{0} is non-quartic.

(ii) Tr(ρ1(Frobt)) + Tr(ρ′1(Frobt)) = Tr(ρ2(Frobt)) + Tr(ρ′2(Frobt)) and
det(ρ1(Frobt)) = det(ρ2(Frobt)) for all t ∈ T .

Then ρ1 ⊕ ρ′1 and ρ2 ⊕ ρ′2 have isomorphic semi-simplifications.

Proof. This is just a slight generalization of Proposition 4.7 and Theorem 4.3
in [Liv87], we reproduce most of the arguments for the reader convenience,
adapted to our situation.
Observe that due to assumption (1), and the fact that similar conditions hold
also for ρ′1 and ρ′2, the image of any of the representations ρ1, ρ′1, ρ2 and ρ′2 is
a pro-2-group. Let G be the image of the product of the four representations.
Then, G is a topologically finitely generated pro-2-group and the four repre-
sentations can be thought of (and we will do so for the rest of this proof) as
representations of G, each being obtained from a suitable projection.
Set M2 to be the algebra of 2 by 2 matrices with coefficients in O. For g ∈ G,
let ρ : G→M2 ×M2 be the map:

ρ(g) = (ρ1(g), ρ2(g))

Keeping the notation in [Liv87], we call Σ the subset of G corresponding to T
(the projection of the elements in {Frobt}t∈T to G).
Let M be the Z2-linear span of ρ(G). Since O has rank 2 over Z2, M is a sub-
algebra with unity of M2 ×M2 which is free of rank at most 16 as a module
over Z2.
We consider R = M/2M , which is an F2-vector space of dimension at most 16.
Denote the image of g ∈ G in R by ḡ. Set Γ = {ḡ | g ∈ G}. Then Γ ⊆ R×. R
is spanned as F2-vector space by Γ and dimF2 R ≤ 16.
We will show the following:

Assertion: R is spanned over F2 by {σ̄ | σ ∈ Σ ∪ {1}}.
In order to do so, following [Liv87], we have first to prove that

σ ∈ Σ⇒ σ̄2 = 1̄ in Γ. (9)

Let σ ∈ Σ. Set d = det ρ1(σ) = det ρ2(σ) (the last equality is due to assumption
(2)(ii)) and t1 = Tr ρ1(σ), t2 = Tr ρ2(σ).
By the Cayley-Hamilton theorem (for 2 by 2 matrices) we have:

ρ(σ)2 = (t1ρ1(g), t2ρ2(g))− d(I, I)

in M2 ×M2, where I is the 2 by 2 identity matrix.
Reducing modulo P2 this equality, since assumption (1) gives t1 ≡ t2 ≡ 0
(mod P2) and d ≡ 1 (mod P2) we obtain σ̄2 = 1̄ in Γ, and this is formula (9).
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If we call G∗ the Frattini subgroup of G, and Γ∗ the one of Γ, since G/G∗ →
Γ/Γ∗ is surjective, the image of Σ in Γ/Γ∗ is non-quadratic (we use assumption
(2)(i) and the fact that non-quartic easily implies non-quadratic). Then, by
Lemma 4.5 in [Liv87] we see that formula (9) implies that Γ∗ = 1 and hence
Γ ∼= (Z/2Z)r, for some r.
In particular, Γ is commutative, and since Γ spans R, R is a commutative ring.
Let r ∈ R be any element and write r =

∑
γ∈Γ kγγ, with kγ ∈ F2.

Then r2 = (
∑
k2γ) · 1̄. Hence r2 = 0 or else r is invertible.

It follows that R is a local artinian algebra over F2 with maximal ideal

P = {r ∈ R | r2 = 0}

and R/P = F2. Let us now show that P 5 = 0. The proof of this fact goes as
the one given in [Liv87], except that we consider now products of 5 elements
x1, ..., x5 in P (instead of 4 elements): assuming that their product is non-zero
we derive a contradiction, as in [Liv87], by considering the F2-algebra

R0 = F2[T1, ..., T5]/(T
2
1 , ..., T

2
5 )

and the injective map of F2-algebras from R0 to R that sends Ti to xi. The
contradiction follows from the inequalities: dimF2 R0 = 32 > 16 ≥ dimF2 R.
Using the fact that P 5 = 0, the rest of the proof of the assertion follows as
in [Liv87], changing “cubic polynomial” by “quartic polynomial”, and “non-
cubic” by “non-quartic”.
The assertion being proved, we conclude as in [Liv87] from Nakayama’s lemma
that the Z2-span of {ρ(σ) | σ ∈ Σ∪{1}} is all of M (recall that M is the linear
Z2-span of ρ(G)).
Here comes the only place where equality of the traces over Σ is used in Livné’s
proof (cf. [Liv87]): he considers the map: α : M → O defined by α(a, b) =
Tr a−Tr b. Since this map is O-linear and α(I, I) = 0, assuming that α(ρ(σ)) =
0 for every σ ∈ Σ Livné concludes that α = 0, i.e., equality of the traces of ρ1
and ρ2. We can argue in the same way but using the map: β : M → Z2 given
by

β(a, b) = Tr a+ (Tr a)φ − Tr b− (Tr b)φ

where φ is the order two element in Gal(E/Q2). Observe that when applied
to numbers in F , φ agrees with the order two element τ in Gal(F/Q).

Observe that if a = ρ1(g), then (Tr a)φ = (Tr ρ1(g))φ = Tr(ρ′1(g)), and
similarly for b = ρ2(g). This map is Z2-linear and satisfies β(I, I) = 0. Then,
assumption (2) (ii) in the theorem implies that for elements of G in Σ (recall
that these elements correspond to Frobenius elements for primes in T ) the
map β vanishes, thus we conclude (as Livné does for α) that β = 0, which
is the equality of the traces of two 4-dimensional 2-adic Galois representa-
tions. Applying Brauer-Nesbitt we conclude that these 4-dimensional Galois
representations have isomorphic semi-simplifications.
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4.1 Proof of Theorem 1.1

We want to apply Theorem 4.3 to the 2-adic Galois representations σ2, σf,2 over
F = K. In Proposition 3.3 we proved that σ2 has even traces by geometric
considerations, and in Section 2 we proved that the same is true for the repre-
sentation σf,2. Recall from the introduction that both residual representations
σ̄2, σ̄f,2 have image in SL(F4). In particular their determinants are congruent
modulo 2. Thus the first hypothesis of Theorem 4.3 is satisfied. The field KS

of Theorem 4.3 is the compositum of the thirty one field extensions computed
in the proof of Proposition 2.10. The set of primes in K in the set

T = {〈61, 26−
√

5〉, 〈59,
√

5+8〉, 〈149,
√

5−68〉, 〈211,
√

5+65〉, 〈101,
√

5−45〉,
〈19,
√

5 + 9〉, 〈229,
√

5− 66〉, 〈11,
√

5− 4〉, 〈11,
√

5 + 4〉, 〈109,
√

5− 21〉,
〈19,
√

5− 9〉, 〈701,
√

5− 53〉, 〈211,
√

5− 65〉, 〈29,
√

5− 11〉, 〈59,
√

5− 8〉,
〈181,

√
5− 27〉, 〈239,

√
5 + 31〉, 〈31,

√
5 + 6〉, 〈79,

√
5− 20〉, 〈71,

√
5− 17〉, 13,

〈401,
√

5− 178〉, 〈449,
√

5− 118〉, 〈241,
√

5− 103〉, 〈89,
√

5− 19〉, 7,
〈79,
√

5 + 20〉, 〈239,
√

5− 31〉, 〈41,
√

5− 13〉, 〈31,
√

5− 6〉, 〈71,
√

5 + 17〉},

saturate the set Gal(KS/K)\{0}. They are ordered in such a way that the
primes (under class field theory) correspond to the extensions listed in Table
2.1 in the same order.
Thus T saturates the set Gal(KS/K)\{0}, but we can still eliminate some
prime ideals of big norm by replacing T by a non-quartic test set by Lemma
4.1. To do so, we fix a standard basis of F5

2 corresponding to the following
quadratic extensions of F :

x2 − 3

√
5− 5

2
, x2 − 3, x2 +

√
5 + 5

2
, x22− 3

√
5, x2 − 2.

In this basis, the elements corresponding to the primes above 701, 449 and 401
correspond to the elements (1, 1, 0, 0, 1), (0, 1, 1, 1, 0) and (1, 1, 0, 1, 0) respec-
tively in F5

2.
We claim that the set T ′ obtained from T by removing these three elements
is a non-quartic set in F5

2. To see this, we use Lemma 4.1 with the fact that
T ′ ∪ {0} contains the four hyperplanes





x2 = 0

x4 + x5 = 0

x1 + x3 = 0

x1 + x2 + x3 + x4 + x5 = 0

and the extra point (0, 1, 1, 0, 1) (which corresponds to one of the primes above
59).
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It was checked in [CS01] that the characteristic polynomials of the 4-
dimensional Galois representations σ2⊕σ′2 and σf,2⊕στ(f),2 agree at the primes
of K above rational primes smaller than 100. For the remaining set of primes
above the set of rational primes

{101, 109, 149, 181, 211, 229, 239, 241},

the same was checked by us, see Appendix A and the table at [DPS]. By The-
orem 4.3 we conclude that the two 4-dimensional Galois representations have
indeed isomorphic semi-simplifications. In particular, any irreducible compo-
nent of one of them must be isomorphic to some irreducible component of the
other, thus since we know that σf,2 and στ(f),2 are irreducible, one of them must
be isomorphic to σ2 (and the other to σ′2). This proves Theorem 1.1.

A Appendix: Counting points

In this appendix we indicate how to count the number of points on the Consani-
Scholten quintic X̃ over finite fields. In particular, we give the traces of the
Galois representations σλ, σ

′
λ at the primes p > 100 needed to prove Theorem

1.1. For most part, we follow the approach from [CS01].
Recall that X̃ is given affinely by the symmetric equation in the Chebyshev
polynomial P5(y, z):

X = {P5(x1, x2) = P5(x4, x5)} ⊂ A4.

Thus we can count the number of points of X̃ over some finite field Fq as
follows:

1. Compute the affine number of points #X(Fq).

2. For the projective closure X̄ ⊂ P4, let S ⊂ P3 be X̄ − X . Compute
#S(Fq).

3. Compute the contribution from the exceptional divisors in the resolution
X̃ → X̄.

For (1), we can proceed by counting how often each value in Fq is attained by
the Chebyshev polynomial P5(y, z) over A2. Due to the symmetry, #X(Fq) is
the sum of the squares of these numbers.
For (2), note that S is the Fermat quintic surface given by the model

S = {x51 + x52 = x54 + x55} ⊂ P3.

In [CS01] it was pointed out that for q 6≡ 1 mod 5 one has #S(Fq) = 1+q+q2.
Meanwhile for q ≡ 1 mod 5, we could either use the zeta function of S and
its description in terms of Jacobi symbols due to A. Weil or proceed along the
same lines as above, i.e. count points over A4 using symmetry and then take
into account that we are actually working over P3 (substract 1 and divide by
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q − 1). However either approach would a priori impose the same complexity
as for computing #X(Fq). Luckily counting {(y, z) ∈ A2

Fq
; y5 + z5 = a} can

be improved by noting that scalar multiplication acts as multiplication by fifth
powers on the values. Hence #{(y, z) ∈ A2

Fq
; y5 + z5 = 0} = (q− 1) ·#{[y, z] ∈

P1
Fq

; y5 + z5 = 0} + 1 and for any a 6= 0 with O(a) = a · (F∗q)5 denoting the
a-orbit under multiplication by fifth powers in F∗q :

#{(y, z) ∈ A2
Fq

; y5 + z5 = a} = 5
∑

o∈O(a)

#{[y, z] ∈ P1
Fq

; y5 + z5 = o}.

(Strictly speaking the sets on the right are ambiguous, but scalar multiples end
up in the same orbit, so the contribution does not depend on the chosen rep-
resentative [y, z] ∈ P1.) Essentially this simplification reduces the algorithm’s
running time from q2 to q compared with computing #X(Fq).
Finally for (3) we recall from 3.3 that the 120 nodes are always defined over
the extension of Fq containing the 15th roots of unity, and that their rulings
are always defined over the same field. So if a node is defined over Fq, then its

exceptional divisor contributes q2+2q additional points. Thus we find #X̃(Fq).
This allows us to compute the trace

tq = trace Frob∗q(H
3(X̃Q̄,Qℓ))

through the Lefschetz fixed point formula (2). Here we do not need to know hq
in advance since it is determined (for q > 20 and b3(X̃) = 4) by the inequality

| tq |≤ 4q3/2.

We obtain the characteristic polynomial of Frob∗q on H3(X̃Q̄,Qℓ):

µq(T ) = T 4 − tqT 3 +
1

2
(t2q − tq2)T 2 − tqq3T + q6.

In the present situation, we know that Lq(T ) will always split over Q(
√

5):

µq(T ) = (T 2 − αqT + q3)(T 2 − ασq T + q3), αq ∈ Q(
√

5).

The traces αp, α
σ
p appear as eigenvalues of the Hilbert modular form. In the

following table, we collect one of the traces together with the numbers of points
of X and S over Fp and Fp2 for all primes p > 100 needed to prove Theorem
1.1.

B Appendix: Sturm Bound (by José Burgos Gil and Ariel Pacetti)

The aim of this appendix is to show how a Sturm bound can be obtained for
the modular form of level 6

√
5 and parallel weight 2. We expect to extend

the result to any real quadratic fields in a future work. Following the previous
notation, F will denote the real quadratic field Q(

√
5).
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p #X(Fp) #X(Fp2) #S(Fp) #S(Fp2) αp

101 1222681 1063601210405 14655 104338955 −598− 476
√
5

109 1338593 1679922873825 11991 141787855 890 + 468
√
5

149 3395857 10952392903505 22351 494061055 150 − 344
√
5

181 6562145 35183310464645 39455 1074841355 −898− 288
√
5

211 10261235 88285583898085 49205 1984280555 −1228− 1616
√
5

229 12214593 144270849112465 52671 2752837855 −210 + 940
√
5

239 13872967 186440164574105 57361 3265836055 3240 + 944
√
5

241 15137985 195998061709305 65255 3375066455 −4938 + 172
√
5

B.1 Desingularization and a Hecke bound over C

Let H(3) be the Hilbert modular surface obtained as the quotient of the prod-
uct of two copies of the Poincare upper half plane modulo the action of the
congruence group

Γ(3) :=

{(
α β
γ δ

)
∈ SL2(OF ) : α ≡ δ ≡ 1 (mod 3), β, γ ∈ 3OF

}
.

The group Γ(3) has no fixed elliptic points for this action (see [vdG88] page
109); it has 10 non-equivalent cusps. Let H(3) be the minimal compactification
of H(3) obtained by adding one point for each cusp. The surface H(3) is

singular at all such points. Denoting by H̃(3) the minimal desingularization of
H(3), we get that the diagram of the desingularization of H(3) at any cusp is
the following (see [vdG88], page 193):

−3 −3

−3

−3

Denote by ci, 1 ≤ i ≤ 10 the different cusps (where c1 is the cusp at infinity)
and denote by Si, 1 ≤ i ≤ 10 the exceptional divisor at the i-th cusp. The
surface H̃(3) is of general type (by Theorem 3.4 of [vdG88]).
We want a criterion to show that a Hilbert modular form whose Fourier ex-
pansion starts with many zeroes is actually the zero modular form. This is a
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generalization of the Sturm bound to Hilbert modular forms. To this end we
need a nef (numerically eventually free) divisor. Let F1 be the curve defined
in [vdG88] page 88. It has 30 disjoint connected components made of curves
with self-intersection number −2 and it meets each connected component of
the desingularization at the cusps in three points (see [vdG88], page 193).

Lemma B.1. The intersection numbers between the curves Si and F1 are:

• Si · Sj =

{
0 if i 6= j,

−4 if i = j.

• F1 · F1 = −60.

• Si · F1 = 12.

Consider the divisor

D′ :=
1

5

(
10∑

i=1

Si + 2F1

)
.

Lemma B.2. The divisor D′ is nef and it agrees with the canonical divisor. Its
self-intersection number is given by

D′ ·D′ = 8.

Proof. In example 7.5 of [vdG88] (page 179) it is proved that D′ equals the
canonical divisor and its self-intersection number is computed. The fact that it
is nef follows from the fact that H̃(3) is a minimal surface of general type.

Remark B.3. Since H̃(3) is a complex smooth projective surface, there is a
unique canonical divisor (which equals the dualizing sheaf).

Let M2k(Γ(3)) denote the vector space of modular forms of parallel weight 2k
for Γ(3). It is the space of global sections of the line bundle O(k(D′ + S)) =
O(D′ + S)⊗k:

M2k(Γ(3)) = Γ(O(k(D′ + S))),

where S =
∑10

i=1 Si. Similarly, the space of cusp forms S2k(Γ(3)) is given by
the divisor k(D′ + S)− S.
We want to add some vanishing conditions to M2k(Γ(3)) such that the space
of forms with these vanishing conditions is empty. Let a be a positive integer,
and G be a Hilbert modular form. We say that G vanishes with order a at the
cusp ci if G is a section of O(k(D′ + S)− aSi) ⊂ O(k(D′ + S)).
Let G be a form which vanishes with order a at all the cusps and with order
a+ b at the infinity cusp, i.e. it belongs to the space given by the divisor

E = k(D′ + S)− aS − bS1.

It follows from Lemma B.1 and Lemma B.2 that D′ · Si = 4 for all 1 ≤ i ≤ 10,
so

E ·D′ = k(D′ ·D′ + S ·D′)− aS ·D′ − bS1 ·D′ = 48k − 40a− 4b.
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If b+ 10a > 12k, this intersection number is negative and, since D′ is nef, the
space of global sections of O(E) is the zero space. This implies

Theorem B.4. If G is a Hilbert modular form of parallel weight 2k for Γ(3)
which vanishes with order a at all cusps and with order a + b at the infinity
cusp and b+ 10a > 12k, then G is the zero form.

Corollary B.5. If G is a Hilbert modular form of weight (k1, k2), with k1 ≡ k2
(mod 2), for Γ(3) which vanishes with order a at all cusps and with order a+ b
at the infinity cusp and b + 10a > 3(k1 + k2), then G is the zero form.

Proof. Just apply the previous Theorem to the form G(z1, z2) ·G(z2, z1).

To relate the order of vanishing of a modular form at a cusp with the q-
expansion we need to compute explicitly the first step of the desingularization
of the cusp. In the case of the infinity cusp, this implies computing the local
ring of the cusp, which is done in [vdG88] Chapter II, Section 2. The stabilizer
of the infinity cusp for Γ(3) is given by

{(
ǫ α
0 ǫ−1

)
: α ∈ 3OF and ǫ ≡ 1 (mod 3)

}
,

i.e. it is of type (M,V ) = (3OF , U
8
F ), where U8

F = 〈472 + 3
2

√
5〉. The dual of

M is given by M∨ =
O

∨
F

3 = OF

3
√
5
, so any Hilbert modular form for Γ(3) has a

q-expansion at the infinity cusp of the form

∑

ξ≫0

ξ∈ OF
3
√

5

aξ exp(ξz1 + τ(ξ)z2).

Let M+ denote the elements of M which are totally positive, and consider the
embedding of M+ in (R+)2, given by

µ 7→ (µ, τµ).

Denote by Ak = (A1
k, A

2
k), k ∈ Z the vertices of the boundary of the convex

hull of the image of M+, ordered with the condition A1
k+1 < A1

k for all k. Any
pair (Ak−1, Ak) is a basis for M as Z-module (see [vdG88] Lemma 2.1). This
determines an isomorphism

M\C2 → C× × C×,

which maps z = (z1, z2) to (uk−1, uk), where

exp(zj) = u
Aj

k−1

k−1 u
Aj

k

k , for j = 1, 2. (10)

Let σk denote the cone spanned by Ak−1 and Ak, i.e.

σk = {sAk−1 + tAk : s, t ∈ R+}.
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The desingularization of the infinity cusp is obtained by taking a copy of C2

for each element σk and gluing them together in terms of the change of basis
matrix (see [vdG88] page 31).

Let ξ ∈ M∨ be a totally positive element. Then in the copy corresponding to
σk,

exp(Tr(ξz)) = exp(ξz1 + τ(ξ)z2) = u
ξA1

k−1+τ(ξ)A
2
k−1

k−1 · uξA
1
k+τ(ξ)A

2
k

k =

= u
Tr(ξAk−1)
k−1 · uTr(ξAk)

k .

Now, we denote by Lk, the component of the exceptional divisor S1, over the
infinity cusp, that corresponds to the ray through Ak. Observe that Lk+4 = Lk.
We have:

Proposition B.6. Let G be a Hilbert modular form with q-expansion at infinity

G(z1, z2) =
∑

ξ≫0

ξ∈ OF
3
√

5

aξ exp(ξz1 + τ(ξ)z2).

Let Lk be as above. Then ordLk
(G) > K if and only if aξ = 0 for all ξ ∈M∨,

ξ ≫ 0 with Tr(ξAk) ≤ K.

Name Point
A0 3(1, 1)
A1 3(1 + ω, 1 + τ(ω))
A2 3(2 + 3ω, 2 + 3τ(ω))
A3 3(5 + 8ω, 5 + 8τ(ω))

Table B.1: First boundary points

In Table B.1 it is shown a set of nonequivalent boundary points of the convex

hull of M+, where ω denotes the element 1+
√
5

2 . It is clear that they differ

by powers of ω2, and since the matrix
(
ω2 0
0 ω−2

)
∈ Γ0(3), a Hilbert modular

form for Γ0(3) will vanish with the same order in the four components Lk,
k = 0, . . . , 3, of S1. The vanishing condition corresponding to L0, reads

ordL0(exp(ξz)) = 3 Tr(ξ).

In particular, a modular form vanishes at the cusp if and only if a0 = 0.

The above discussion implies the following theorem for Γ0(3).

Theorem B.7. Let G be a Hilbert modular form of parallel weight 2k for Γ0(3)
which vanishes with order a at all cusps and whose Fourier expansion at the
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infinity cusp is given by

G =
∑

ξ≫0

ξ∈ OF
3
√

5

aξ exp(ξz1 + τ(ξ)z2).

If aξ = 0 for all ξ with Tr(ξ) ≤ 4k − 3a then G is the zero form.

Proof. If aξ = 0 for all ξ with Tr(ξ) ≤ 4k− 3a, by Proposition B.6, G vanishes
with order greater than 12k − 9a at the infinity cusp. Thus the result follows
from Theorem B.4.

Corollary B.8. Let G be a Hilbert modular form of weight (k1, k2), with
k1 ≡ k2 (mod 2), for Γ0(3) which vanishes with order a at all cusps and whose
Fourier expansion at the infinity cusp is given by

G =
∑

ξ≫0

ξ∈ OF
3
√

5

aξ exp(ξz1 + τ(ξ)z2).

If aξ = 0 for all ξ with Tr(ξ) ≤ (k1 + k2)− 3a then G is the zero form.

B.2 Moduli interpretation and integral models

In order to make the computation of the previous section work over finite fields,
we need to use the integral structure of the modular Hilbert surface and of the
modular curve X(3). It comes from their moduli interpretation. Let us follow
the notation of [BBGK07].
We fix ζ3 a third-root of unity and we denote by δ = (

√
5)−1 the different of

F .
An abelian scheme A→ S of relative dimension 2, together with a ring homo-
morphism

ι : OF → End(A)

is called an abelian surface with multiplication by OF , and is denoted by the
pair (A, ι). This gives an OF -multiplication in the dual abelian surface A∨. An
element µ ∈ Hom(A,A∨) is called OF -linear if µι(α) = ι(α)∨µ for all α ∈ OF .
Denote by P(A) the sheaf for the étale topology on Sch /S defined by

P(A)T = {λ : AT → A∨T : λ is symmetric and OF -linear},

for all T → S. The subsheaf P(A)+ is the subsheaf of polarizations in P(A).
The pair (A, ι) is said to satisfy the Deligne-Pappas condition, denoted by
(DP), if the canonical morphism of sheaves

A⊗OF P(A) 7→ A∨

is an isomorphism. In this case, P(A) is a locally constant sheaf of projective
OF -modules of rank 1.
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Since the class number of OF is one, we can restrict to consider only OF -
polarizations. An OF -polarization on a pair (A, ι) is a morphism of OF -modules
ψ : OF →P(A)S taking O

+
F to P(A)+ such that the natural homomorphism

A⊗OF OF → A∨, a⊗ α 7→ ψ(α)(a)

is an isomorphism.
Suppose S is a scheme over SpecZ[1/3]. A level 3-structure on an abelian
surface A over S with real multiplication by OF is an OF -linear isomorphism

ϕ : (OF /3)2S → A[3]

between the constant group scheme defined by (OF /3)2 and the 3-torsion of A.

Theorem B.9. The moduli problem “Abelian surfaces over S with real multipli-
cation by OF satisfying (DP) condition, OF -polarization and level 3-structure”
is represented by a regular algebraic scheme H (3) which is flat and of rel-
ative dimension two over SpecZ[1/3, ξ3]. Furthermore, it is smooth over
SpecZ[1/15, ξ3].

Proof. See [Gor02] Theorem 2.17, p. 57;Lemma 5.5, p. 99.

Remark B.10. The scheme H (3) is not geometrically irreducible, it has
#(OF /3)× = 8 connected components over Q̄. In fact, the 8 components
are defined over SpecZ[1/15, ξ3]. This definition is not the same as the one
given in [Rap78] (which is connected), it is a topological cover of degree 4 of it.
Let S be a scheme over Z[1/3], then the abelian scheme A has a Weil pairing
e3 : A[3] × A∨[3] → µ3, which satisfies e3(αa, b) = e3(a, αb). There exists an
OF -bilinear form eOF : A[3]×A∨[3]→ (δ−1/3δ−1)(1) such that e3 = Tr(eOF ).
Any element in λ ∈P(A)T defines a homomorphism between A and A∨ which
is trivial on A[3] if and only if λ ∈ 3P(A)T for any morphism T → S. Since
eOF is non-degenerate, P(A)⊗OF Λ2

OF
A[3] = δ−1/3δ−1(1).

Any element φ ∈ Isom(µ3,Z/3) gives an isomorphism between δ−1/3δ−1(1)
and δ−1/3δ−1. In [Rap78] the only level 3-structures considered are the ϕ such
that in the following diagram

P(A)⊗OF Λ2
OF
A[3]

∼eOF
⊗ψ

��

δ−1/3δ−1(1)

��
δ−1 ⊗OF Λ2

OF
(OF /3) δ−1/3δ−1

the vertical dotted arrow is given by an element φ ∈ Isom(µ3,Z/3). Since
all such maps differ by (multiplication by) an element in (OF /3)×, the two
assertions follow.

Remark B.11. The group GL2(OF /3) acts on H (3), where an
element M send a level 3-structure ϕ to the level 3-structure
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ϕ ◦ M . The subgroup SL2(OF /3) acts on each connected compo-
nent of H (3) ⊗ Q̄, while the subgroup HF = {( α 0

0 1 ) such that
α ∈ (OF /3)×} acts transitively on the set of connected components.

Theorem B.12. There is a toroidal compactification h3 : H̃ (3) → Z[ζ3, 1/3]

of H (3) that is smooth at infinity. The complement H̃ (3)\H (3) is a relative
divisor with normal crossings.

Proof. See [Cha90] Theorem 3.6, Theorem 4.3 and [Rap78] Theorem 5.1 and
Theorem 6.7.

The set of complex points of H (3) is equal to 8 copies of the surface H(3)

considered in the previous section, while the set of complex points of H̃ (3) is

equal to 8 copies of H̃(3).
If we study the moduli problem for 1-dimensional abelian varieties (i.e. elliptic
curves), we have the advantage that they are already principally polarized. As
in the two-dimensional case, if S is a scheme over Z[1/3], a level 3-structure on
an elliptic curve E over S is a Z-linear isomorphism

ϕ : (Z/3)2S → E[3]

between the constant group scheme defined by (Z/3)2 and the 3-torsion of E.

Theorem B.13. The moduli problem “elliptic curves over S with level 3-
structure” is represented by a smooth affine curve Y (3) over Z[1/3]. Further-
more, the category M3[1/3] of “generalized elliptic curves over S, that have
smooth generic fibres, singular fibres whose Neron polygons have 3-sides and
with a level 3-structure” is a projective smooth scheme X (3) over Z[1/3].

Proof. See [DR73], Corollary 2.9.

Remark B.14. The group GL2(Z/3) acts on X (3), in the same way as in the
two dimensional case, i.e. an element M ∈ GL2(Z/3) sends the level 3-structure
ϕ to the level 3-structure ϕ ◦M . The subgroup SL2(Z/3) acts on each con-
nected component of X (3)⊗Q̄ while the subgroup HQ = {( α 0

0 1 ) such that α ∈
(Z/3)×} acts transitively in the set of connected components.

We want to study the inclusions of Y (3) into H (3). If E is an elliptic curve
over S, the abelian variety AE = E⊗ZOF has a canonical OF -action ιE : OF →
End(AE). Furthermore,

AE ≃ E ×S E,
where the isomorphism depends on chosing a basis for OF as Z-module. The
dual abelian variety A∨E is isomorphic to E ⊗Z δ

−1. Furthermore, P(AE) ≃
δ−1 ≃ OF (i.e. AE has a canonical principal polarization ψE), where the
isomorphism preserves positivity and the Deligne-Pappas condition holds (see
[BBGK07] Lemma 5.10). Let (E,ϕ) be an elliptic curve with level 3-structure.
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Consider the natural inclusion SL2(Z/3) →֒ SL2(OF /3), and let N = {Ni}30i=1

be a set of representatives for the quotient set SL2(OF /3)/SL2(Z/3). Each ele-
ment N of N gives rise to an embedding of Y (3) into H (3), which associates
to the pair (E,ϕ) the element (AE , ιE , ψE , ϕ ◦ N). For shortness we abuse
notation by writing ϕ ◦N . The map ϕ extends by OF -linearity to a map

ϕ̃ : (Z/3)2 ⊗Z OF = (OF /3)2 → AE [3],

and the element N acts in (OF /3)2. By choosing a connected component of
Y (3)⊗ Q̄ and of H ⊗ Q̄, the 30 embeddings obtained from the set N (up to
composition with an element of HF if necessary) give us open dense subsets of
the 30 connected components of the curve F1 from the previous section.

Theorem B.15. The closed inmersion Y (3) →֒ H (3) of schemes over

Z[ζ3, 1/15] extends to a closed inmersion X (3) →֒ H̃ (3).

Proof. Following the referee’s advice, we omit the proof of this Theorem.

Theorem B.15 has the following direct consequences. Let H̃ be one of the irre-

ducible components of H̃ (3) over SpecZ[1/15, ξ3]. The set of complex points

of H̃ agrees with the surface H̃(3) of section B.1. Let Z be any irreducible

component of the divisor D′ of H̃(3) introduced in the same section. Then Z

is defined over Q(ζ3). Let Z = Z be the Zariski closure of Z in H̃ .

Corollary B.16. For every prime p of Z[1/15, ζ3], the vertical cycle Zp is
irreducible.

Proof. If Z is a component of S this follows directly from Theorem B.12. If Z
is a component of F1 this follows from Theorem B.15 and Theorem B.13.

Let D ′ be the horizontal divisor of H̃ determined by D′.

Corollary B.17. For every prime p of Z[1/15, ζ3], the divisor D ′p of the

surface H̃p over SpecZ[1/15, ζ3]/p is nef.

Proof. Since the divisor D ′p is effective, we only have to show that the intersec-
tion of D ′p with any of its irreducible components is greater or equal to zero.
By Corollary B.16, every irreducible component of D ′p is the specialization of
a irreducible component of D′. Thus the result follows from the fact that D′

is nef and that the intersection product is preserved by specialization.

Corollary B.18. Let G be a Hilbert modular form of weight (k1, k2), with
k1 ≡ k2 (mod 2), for Γ0(3) whose coefficients generate a finite field extension
L of Q. Let p be a prime ideal of OL.F [ξ3] not dividing 15. If G vanishes with
order a at all cusps of H̄p and if the Fourier coefficients of its q-expansion at
the infinity cusp are algebraic integers satisfying aξ ≡ 0 (mod p) for all ξ with
Tr(ξ) ≤ (k1 + k2)− 3a then all aξ are divisible by p.
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Proof. From the last Corollary, we have that the divisor D ′p of the surface H̃p

over SpecZ[1/15, ζ3]/p is nef, so we can apply the same argument as in the
proof of Theorems B.4 and B.7. The result follows from the fact that D ′p is
the specialization of the divisor D consider in such theorems and the fact that
intersection numbers are preserved by specialization.

Remark B.19. In practice, if one starts with a form whose coefficients vanish
at all cusps of the complex Hilbert surface with order at least a (for example
if it is a product of cusp forms, as will be the case in the next section) then it
also vanishes at all the cusps of H̄p with order at least a.

B.3 The case of the form g + µ(g) of level Γ0(12
√

5)

We want to apply the results of the last two sections to the Hilbert cusp form
g + µ(g) of Section 2, which has weight (2, 2) and level Γ0(12

√
5). Assuming

that its q-expansion at the infinity cusp is zero for all elements of trace smaller
than b̃ + 1 (hence the order of vanishing at the four lines Li, i = 1, . . . , 3 is
3b̃ + 3), we want to determine which value of b̃ forces the form to be the zero
form. We start with some general results.

Lemma B.20. Let p, q be two distinct prime ideals of F relatively prime to 3.
Then the index of Γ0(3prqs) in Γ0(3) is

[Γ0(3) : Γ0(3prqs)] = N pr−1(N p + 1)N qs−1(N q + 1).

In particular,
[Γ0(3) : Γ0(12

√
5)] = 120. (11)

Let h be a modular form of weight (2, 2) for Γ0(12
√

5), which vanishes with
order 1 at all cusps, and with order b̃+ 1 at the infinity cusp. We consider its
norm to Γ0(3),

G :=
∏

γ∈ Γ0(12
√
5)\Γ0(3)

h|2[γ].

It is a parallel weight 2 · 120 Hilbert modular form for Γ0(3). Since h is a cusp
form, looking at its q-expansion at the different cusps it is easy to see that G
vanishes with order at least 16 at all cusps and with order at least 3b̃+96 at the
infinity cusp. Then Theorem B.4 and Corollary B.18 (with a = 16, b = 3b̃+ 96
and k = 120) imply that if b̃ ≥ 395 then G is the zero form. So we get

Theorem B.21. Let h be a Hilbert modular form of parallel weight (2, 2) for
Γ0(12

√
5). If its Fourier expansion is given by

h =
∑

ξ≫0
ξ∈O∨

F

aξ exp(ξz1 + τ(ξ)z2).

with aξ ≡ 0 (mod 2) for all ξ with Tr(ξ) ≤ 395, then aξ ≡ 0 (mod 2) for all ξ.
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1 Introduction

Let X be a (possibly singular) curve over a finite field and F be a Z-
constructible sheaf on X . In [3], Deninger defined a dualizing complex G, and
in [2] he proves a duality between the groups Hi

c(Xet,F) and Ext3−iet (F ,G).
The cohomology groups are finitely generated for i = 0, 1, of cofinite type for
i = 2, 3, and conversely for the extension groups). If X is smooth, Lichtenbaum
[9] proved a duality of finitely generated groups between Weil-etale cohomology
groups with compact support Hi

c(XW ,Z) and Weil-etale cohomology groups
Hi(XW ,Gm).
In this paper, we generalize and unify these results. We define, for any curve X
over a finite field and any Z-constructible sheaf F , Weil-etale Borel-Moore ho-
mology groups Hc

i (Xar,F), and construct a pairing of finitely generated abelian
groups between Weil-etale cohomology with compact supports Hi

c(XW ,F) and
Hc
i (Xar,F). More precisely, for 0 ≤ i ≤ 2, there are pairings of finitely gener-

ated free groups

Hc
i (Xar,F)/tor×Hi

c(XW ,F)/tor→ Z;

1Supported by JSPS Grant-in-aid (B) #30571963
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and for 0 ≤ i ≤ 3 there are pairings of finite groups

Hc
i−1(Xar,F)tor ×Hi

c(XW ,F)tor → Q/Z.

All other cohomology and homology groups vanish.
If X is smooth, then the groups Hc

i (Xar,Z) are isomorphic to Weil-etale co-
homology with Gm-coefficients, and we recover Lichtenbaum’s result. In fact,
the author’s original motivation was to understand the asymmetry between the
coefficients Z = Z(0) and Gm = Z(1)[1] in Lichtenbaum’s result: the groups
Hi(XW ,Gm) are finitely generated, but in general Hi(XW ,Z) is not. For this
reason, one also cannot expect duality results for positive weights. The rela-
tionship to Deninger’s result is given by long exact sequences relating etale and
Weil-etale cohomology and extension groups [4], see below.
The strategy of proof of our duality result is to first show finite generation of
the groups involved, and then reduce to the case of torsion coefficients, which
was treated in [6] for arbitrary schemes over finite fields.
We note that for higher dimensional schemes, Weil-etale cohomology groups are
not well-behaved. Instead one has to use the eh-topology, see the discussion
and example in [5]. But in this case, the standard methods to construct the
pairing fail. Moreover, a duality result as the above would for F = Z imply
that CH0(X, i)Q = 0 for i > 0 and X smooth and projective. This is a special
case of Parshin’s conjecture that Ki(X)Q = 0 for i > 0 and X smooth and
projective over a finite field (Parshin’s conjecture is known if X is a curve).
We thank the referee for his careful reading and helpful comments.

2 Arithmetic homology and cohomology

2.1 The dualizing complex

We recall some properties of Bloch’s higher Chow complex [1]. For a scheme X
essentially of finite type over a fixed field k, z0(X, i) is defined as the free abelian
group generated by closed integral subschemes of dimension i on X×k∆i which
meet all faces properly. If z0(X, ∗) is the (homological) complex of abelian
groups obtained by taking the alternating sum of intersection with face maps
as differentials, then varying X we obtain a complex of sheaves z0(−, ∗) for the
etale topology. By definition, the higher Chow group CH0(X, i) is the homology
in degree i of z0(X, ∗). We define ZcX = z0(−, ∗) to be the (cohomological)
complex which is the etale sheaf z0(−, i) in degree −i, and omit X if there
is no ambiguity. For a quasi-finite, flat map f : X → Y , there is a pull-
back f∗ZcY → ZcX , and for a proper map f : X → Y there is a push-forward
f∗ZcX → ZcY . For a closed embedding i : Z → X over k, the isomorphism
ZcZ ∼= Ri!ZcX on the Zariski-site is called purity or localization property. It
implies an isomorphism [1] between cohomology and hypercohomology

CH0(X, i) ∼= Hc
i (XZar,Zc) := H−i(XZar,Zc). (1)

The following result is proved in [6]:
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Theorem 2.1 a) Over an algebraically closed base field, the complex ZcX has
etale hypercohomological descent, i.e. if Zc → I · is an injective resolution of
etale sheaves, then Zc(U) → I ·(U) is a quasi-isomorphism for every U → X
etale.
b) If f : X → Y is a proper map over a perfect field k, then there is a functorial
push-forward f∗ : Rf∗ZcX → ZcY in the derived category of etale sheaves.
c) If i : Z → X is a closed embedding over a perfect field k, then we have a
quasi-isomorphism ZcZ

∼−→ Ri!ZcX of etale sheaves on Z.

If f : X → k is proper over a perfect field, then the trace map agrees on the
stalk Spec k̄ with the map sending a complex to its highest cohomology group,
composed with the degree map,

tr : Rf∗ZcX(k̄)
∼← ZcX(Xk̄)→ CH0(Xk̄)

degk̄−→ Z.

By a result of Nart [11], ZcX it is quasi-isomorphic to a shift of Deninger’s
complex G, but we prefer to work with Bloch’s complex, as it yields the correct
dualizing complex in higher dimensions.

2.2 Arithmetic Borel-Moore homology and cohomology

We fix a finite field Fq with Galois group Ĝ = Gal(F̄q/Fq) and let G ⊂ Ĝ be
its Weil group, the free abelian subgroup of rank 1 generated by the Frobenius
endomorphism ϕ. Given a separated scheme of finite type X over Fq, let
X̄ = X ×Fq F̄q.
For a sheaf F on the small etale site Et∼X of X , we define arithmetic Borel-
Moore homology groups as the cohomology groups of the complex

RHomar(F ,ZcX) := RΓGRHomet(F|X̄ ,ZcX̄)[1]

so that Hc
i (Xar,F) := Ext−iar (F ,Zc). This generalizes the groups Hc

i (Xar,Z)
considered in [7]. The Leray spectral sequence degenerates to

0→ Ext−iet (F|X̄ ,ZcX̄)G → Hc
i (Xar,F)→ Ext1−iet (F|X̄ ,ZcX̄)G → 0. (2)

Let f : X → Y be a map, F ∈ Et∼Y and G ∈ Et∼X . If f is proper, then the map
Rf∗ZcX → ZcY induces by adjunction covariant functoriality Hc

i (Xar, f
∗F) →

Hc
i (Yar,F). If f is a closed embedding, then the quasi-isomorphism Rf !ZcY ∼=

ZcX induces by adjunction an isomorphism Hc
i (Xar,G)

∼−→ Hc
i (Yar, f∗G). If

f is flat and quasi-finite, then the map f∗ZcY → ZcX induces contravariant
functoriality Hc

i (Yar,F)→ Hc
i (Xar, f

∗F). If f is etale, then since f∗ZcY ∼= ZcX
we obtain an isomorphism

Hc
i (Xar,G) = Ext−iar (G,ZcX) ∼= Ext−iar (f!G,ZcY ) = Hc

i (Yar, f!G). (3)

For a closed subscheme i : Z → X with open complement j : U → X and
F ∈ Et∼X , the short exact sequence 0 → j!j

∗F → F → i∗i∗F → 0 induces a
localization sequence

→ Hc
i+1(Uar,F|U )→ Hc

i (Zar,F|Z)→ Hc
i (Xar,F)→ Hc

i (Uar,F|U )→ . (4)
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Theorem 2.2 For every etale sheaf F ∈ Et∼X , there is a long exact sequence

→ Ext1−iet (F ,ZcX)→ Hc
i (Xar,F)→ Ext−iet (F ,ZcX)Q

δ−→ Ext2−iet (F ,ZcX)→,

and the map δ has torsion image. In particular, for any torsion sheaf F ,

Ext1−iet (F ,ZcX) ∼= Hc
i (Xar,F).

If F is a sheaf of Q-vector spaces, then the long exact sequence is split by (2),
and we obtain

Hc
i (Xar,F)Q ∼= Ext1−iet (F ,ZcX)Q ⊕ Ext−iet (F ,ZcX)Q.

Proof. By [4], any complex of Ĝ-modules gives rise to a distinguished
triangle RΓĜC

· → RΓGC
· → RΓĜC

· ⊗ Q[−1]. We apply this to the

complex of Ĝ-modules RHomet(F|X̄ ,ZcX̄), and it suffices to show that
RΓĜRHomet(F|X̄ ,ZcX̄) ∼= RHomet(F ,Zc). But if Zc → I · is an injec-

tive resolution, then HomX̄(F , Ij) is acyclic for (−)Ĝ [10, III Cor. 2.13c)],

hence the claim follows from HomX̄(F ,G)Ĝ ∼= HomX(F ,G) for etale sheaves. ✷

If j : U → X is a compactification of the curve U and F in Et∼U , then Weil-etale
cohomology is defined as Hi(UW ,F) := HiRΓGRΓ(Ūet,F), and Weil-etale
cohomology with compact support as

Hi
c(UW ,F) := HiRΓGRΓc(X̄et, j!F). (5)

Lemma 2.3 Consider a cartesian diagram

Z ′ −−−−→ X ′
y f

y

Z
i−−−−→ X.

with i a closed embedding, f finite, and such that f induces an isomorphism of
dense open subsets X ′−Z ′ → X −Z. Then for any etale sheaf F on X, there
is an exact triangle

RΓ(Xet,F)→ RΓ(Zet,F|Z)⊕RΓ(X ′et,F|X′)→ RΓ(Z ′et,F|Z′).

Proof. This follows because for finite maps f , the functor f∗ is exact. Con-
cretely, if d is the map Z ′ → X , then Rsf∗F|X′ = Rsd∗F|Z′ for s > 0.
Hence the triangle is induced by the short exact sequence of sheaves on X ,
0→ F → i∗F|Z ⊕ f∗F|X′ → d∗F|Z′ → 0, which is easily checked on stalks. ✷

Proposition 2.4 The complex RΓc(X̄et, j!F), hence definition (5), is inde-
pendent of the choice of the compactification j : U → X.
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Proof. Given two compactifications : U → X and j′ : U ′ → X ′, we consider the
closure C of U in X ×X ′ and by comparing the compactifications p1 : C → X
and p2 : C → X ′, we can assume that there is a finite map f : X ′ → X with
fj′ = j. Then by the Lemma

RΓ(X̄etj!F) = coneRΓ(X̄et, j∗F)→ RΓ(Z̄et, j∗F|Z)

= coneRΓ(X̄et, f∗j
′
∗F)→ RΓ(Z̄et, f

′
∗(j
′
∗F|Z′))

= coneRΓ(X̄ ′et, j
′
∗F)→ RΓ(Z̄ ′et, (j

′
∗F)|Z′) = RΓ(X̄ ′et, j

′
!F)

✷

For a closed subscheme Z of the curve X with open complement U , we obtain
a localization sequence

→ Hi−1
c (ZW ,F|Z)→ Hi

c(UW ,F|U )→ Hi
c(XW ,F)→ Hi

c(ZW ,F|Z)→, (6)

and the Leray spectral sequence degenerates to

0→ Hi−1
c (X̄et,F)G → Hi

c(XW ,F)→ Hi
c(X̄et,F)G → 0. (7)

The analog of Theorem 2.2 holds, in particular, there is a long exact sequence

→ Hi
c(Xet,F)→ Hi

c(XW ,F)→ Hi−1
c (Xet,F)Q

δ−→ Hi+1
c (Xet,F)→, (8)

and we have

Hi
c(XW ,F)Q ∼= Hi

c(Xet,F)Q ⊕Hi−1
c (Xet,F)Q. (9)

Remark. The definition (5) given here agrees with the definition in [5] only
for curves. For schemes of higher dimension Proposition 2.4 does not hold, see
[5]. Thus the etale topology has to be replaced by the eh-topology in order to
obtain good properties.

2.3 Finite generation

Lemma 2.5 Let F be a Z-constructible etale sheaf on a zero-dimensional
scheme P .
a) The groups Hc

i (Par,F) are finite for i = −1, finitely generated for i = 0,
finitely generated free for i = 1, and trivial otherwise.
b) The groups Hi

c(PW ,F) are finitely generated for i = 0, 1, and trivial other-
wise.

Proof. We may assume that P = SpecFqr .
a) Since ZcP ∼= Z, the group Ext0et(F ,ZcP̄ ) = HomAb(FP̄ /tor,Z) is free, the

group Ext1et(F ,ZcP̄ ) = (torFP̄ )∗ is finite, and the other extension groups vanish.
The Lemma follows with (2).
b) This follows from (7) because Hi

c(P̄et,F) is finitely generated for i = 0, and
trivial for i 6= 0. ✷
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Proposition 2.6 Let F be a Z-constructible etale sheaf on a curve X. Then
the groups Hi

c(XW ,F) and Hc
i (Xar,F) are finitely generated.

Proof. Using (6) and (4) we can (by shrinking X) assume that F is locally
constant. Shrinking X further, we can assume that there is a finite etale
Galois covering f : Y → X with Galois group A such that F|Y is constant.
Since RΓX ∼= RΓARΓY and since group cohomology of finite groups with
finitely generated coefficients is finitely generated, we can assume that F is
constant. Increasing X again we can assume that X is smooth and proper.
The groups Hi(XW ,Z) are finitely generated by [4, Prop.7.4], and the groups
Hc
i (Xar,Z) are finitely generated by [7]. This implies finite generation for

finitely generated constant coefficients. ✷

Lemma 2.7 Let X̄ be a curve over an algebraically closed field and F a sheaf
on X̄. Then the groups Hi(X̄et,F) and Hi

c(X̄et,F) are torsion for i > 1 and
vanish for i > 3..
In particular, for X a curve over a finite field, Hi

c(XW ,F) is torsion for i > 2
and vanishes for i > 4.

Proof. Clearly the result for cohomology implies the result for cohomology
with compact support. Writing F as a colimit of Z-constructible sheaves we
can assume that F is Z-constructible. For a closed embedding i : Z → X
with open complement j : U → X , we have a short exact sequence of sheaves
0 → j!j

∗F → F → i∗i∗F → 0. Since a zero-dimensional scheme over an alge-
braically closed field has cohomological dimension 0, we can assume that X is
normal and connected, and F = M is locally constant and finitely generated.
Let g : η → X be the embedding of the generic point. Then j∗Mη

∼= M , and
k(η) has cohomological dimension 1. We consider the case M torsion and M
torsion free separately. If M is torsion, then R1g∗Mη is torsion, the higher
derived images vanish, and Hi(k(η)et,Mη) = 0 for i > 0. If M is torsion free,
then R1g∗Mη = 0, R2g∗Mη is torsion, the higher derived image are zero, and
Hi(k(η)et,Mη) = 0 for i > 2. Now the claim follows by analyzing the spectral
sequence Hs(X̄et, R

tg∗Mη)⇒ Hs+t(k(η)et,Mη). ✷

Lemma 2.8 If X̄ is a curve over an algebraically closed field, then the groups
Extiet(F|X̄ ,ZcX̄) vanish unless −1 ≤ i ≤ 4. In particular, the groups Hc

i (X̄ar,F)
vanish unless −4 ≤ i ≤ 2.

Proof. The lower bound is obtained by observing that ZX̄ is quasi-isomorphic to
a complex concentrated in degrees −1, 0. By the analog of (4) and Lemma 2.5
for etale extension groups, we can assume that F is locally constant. Consider
the spectral sequence

Hs(X̄, Extt(F|X̄ ,ZcX̄))⇒ Exts+tet (F|X̄ ,ZcX̄).
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Since F locally constant, the Extt-sheaf can be calculated at stalks [10, III
1.31], and since Zc

X̄
is concentrated in non-positive degrees, the stalks vanish

for t > 1. On the other hand, we just saw that Hs(X̄et,F) = 0 for s > 3. The
final statement follows from (2). ✷

3 The pairing over an algebraically closed field

Let X be a proper curve over an algebraically closed field k, and F · a bounded
complex of etale sheaves. Choose injective resolutions ZcX → I ·X , and F →
J ·. We can assume that J · is bounded, because X has strict cohomological
dimension 3. If I =

(
Q → Q/Z

)
is the injective resolution of Z as an abelian

group, we obtain by Theorem 2.1 a map

I ·X(X)
∼← ZcX(X)→ Z ∼= I

in the derived category of bounded above complexes of abelian groups. Hence
we obtain a natural transformation of derived functors Db(Et∼X)→ D−(Ab),

τX(F ·) : RHomet(F ·,ZcX) ∼= Homet(J
·, I ·X)

Γ−→ HomAb(J ·(X), I ·X(X))

tr−→ HomAb(Γ(Xet, J
·), I)

∼−→ RHomAb(RΓ(Xet,F ·),Z).

For an arbitrary separated curve X over k, we choose a compactification j :
X → X ′ of X , and define

τX(F) : RHomet(j!F ·,ZcX′)
τX′(j!F)−−−−−→

RHomAb(RΓ(X ′et, j!F ·),Z) ∼= RHomAb(RΓc(Xet,F ·),Z). (10)

By compatibility of the trace map with proper push-forward, the usual argu-
ment comparing compactifications shows that this is independent of the com-
pactification.
Let RTm = RHomZ(Z/m,−) be the right derived functor of the m-torsion
functor. Then for every bounded complex F ·, there is a distinguished triangle

RTmF · → F · ×m−−→ F · → RTmF ·[1]. (11)

Proposition 3.1 Let F · be a bounded complex of Z-constructible sheaves on
a curve X over an algebraically closed field k. Then the map induced by (10),

fi : Ext−iet (F ·,ZcX)→ RHom−iAb(RΓc(Xet,F ·),Z)

has divisible kernel, torsion free cokernel, and coker fi/m ∼= m ker fi−1.

Proof. If G· is a bounded below complex of constructible sheaves, then τX(G·)
is a quasi-isomorphism by the main theorem of [6]. In particular, τX(RTmF ·) is
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a quasi-isomorphism for every m and F ·. We apply the map τX to the triangle
(11) and obtain a map of long exact sequences

Ext−i−1X (RTmF ·,ZcX)
∼−−−−→ RHom−i−1Ab (RΓc(Xet, RTmF ·),Z)

y
y

Ext−iX (F ·,ZcX)
fi−−−−→ RHom−iAb(RΓc(Xet,F ·),Z)

×m
y ×m

y

Ext−iX (F ·,ZcX)
fi−−−−→ RHom−iAb(RΓc(Xet,F ·),Z)

y
y

Ext−iX (RTmF ·,ZcX)
∼−−−−→ RHom−iAb(RΓc(Xet, RT

·
m),Z)

By the previous discussion, the upper and lower map are isomorphisms. If Ki

and Ci are the kernel and cokernel of fi, respectively, then a diagram chase
shows that we get, for every integer m, an exact sequence

0→ Ci
×m−−→ Ci → Ki−1

×m−−→ Ki−1 → 0.

This implies that Ci is torsion free, Ki−1 is divisible, and mKi−1 = Ci/m. ✷

4 The main Theorem

We are going to descend the pairing τX(F) to a pairing of arithmetic cohomol-
ogy groups.

Lemma 4.1 If M · is complex of Z[G]-modules and N · a complex of abelian
groups (viewed as a complex of trivial Z[G]-modules), then there is a quasi-
isomorphism

RΓGRHomAb(M ·, N ·) = RHomG(M ·, N ·) ∼= RHomAb(RΓGM
·, N ·)[−1].

Proof. For any Z[G]-module M and abelian group N we have
HomAb(MG, N) ∼= HomG(M,N). Since the total left derived functor
L(−)G of the coinvariant functor agrees with the shift of the total right
derived functor R(−)G[−1] of the invariant functor, we get the adjunction
RHomAb(RΓGM,N) ∼= RHomG(M,N [1]). The lemma follows. ✷

Restricting the action of the Galois group Ĝ on the source and target of τX(F)
to the Weil group G, and applying RΓG, we get by Lemma 4.1 the duality
homomorphism

δX(F) : RHomar(F ,Zc) = RΓGRHomet(F ,Zc|X̄)[1]
RΓGτX(F)−−−−−−−→

RΓGRHomAb(RΓc(X̄et,F),Z)[1] ∼=
RHomAb(RΓGRΓc(X̄et,F),Z) = RHomAb(RΓc(XW ,F),Z). (12)
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Theorem 4.2 Let F · be a bounded complex of Z-constructible sheaves on the
curve X over Fq. Then the pairing (12) induces a quasi-ismorphism

RHomar(F ,Zc) ∼−→ RHomAb(RΓc(XW ,F),Z).

Proof. We apply δ to the triangle (11) note that the map δX(RTmF) ∼=
RΓGτX(RTmF) is a quasi-isomorphism for every m by the main theo-
rem of [6]. If Ki and Ci are the kernel and cokernel of Hc

i (Xar,F) →
RHom−iAb(RΓc(Xar,F),Z), respectively, then the argument of Proposition 3.1
gives, for every integer m, an exact sequence

0→ Ci+1
×m−−→ Ci+1 → Ki

×m−−→ Ki → 0.

Since Ki is divisible, finite generation implies that Ki is trivial, and then Ci+1

is divisible hence trivial. ✷

Corollary 4.3 We have perfect pairings of finitely generated groups

Hc
i (Xar,F)/tor×Hi

c(XW ,F)/tor→ Z; (13)

torH
c
i−1(Xar,F)× torH

i
c(XW ,F)→ Q/Z. (14)

The torsion free groups vanish unless 0 ≤ i ≤ 2, and the torsion groups vanish
unless 0 ≤ i ≤ 3.

Proof. Taking the map induced on −ith cohomology groups by δX(F), we get
an isomorphism

Hc
i (Xar,F) ∼= H−iRHomAb(RΓc(XW ,F),Z).

The Leray spectral sequence degenerates into

0→ Ext1Ab(Hi+1
c (XW ,F),Z)→ H−iRHomAb(RΓc(XW ,F),Z)

→ HomAb(Hi
c(XW ,F),Z)→ 0.

For a finitely generated abelian group M , the surjection HomAb(M,Q/Z) →
Ext1Ab(M,Z) induces an isomorphism HomAb(torM,Q/Z) ∼= Ext1Ab(M,Z).
Since this is torsion and HomAb(−,Z) is torsion free, we have

H−iRHomAb(RΓc(XW ,F))/tor = HomAb(Hi
c(XW ,F),Z)

and

torH
−iRHomAb(RΓc(XW ,F)) = Ext1Ab(Hi+1

c (XW ,F),Z)

= HomAb(torH
i+1
c (XW ,F),Q/Z).

The vanishing follows by Lemma’s 2.7 and 2.8. ✷

Documenta Mathematica 17 (2012) 989–1002



998 Thomas Geisser

Corollary 4.4 The pairing

δX(F) : RHomar(F ,Zc)→ RHomAb(RΓc(XW ,F),Z)

is a quasi-isomorphism for every sheaf F ∈ Et∼X .

Proof. Given F on Et∼X , we can write F as the filtered colimit of Z-constructible
sheaves, F = colimFi. Since the etale site is noetherian, RΓ(Xet,−) commutes
with colimits, the duality pairing can be identified with

RHomar(F ,ZcX) RHomar(colimFi,ZcX)
y

y

RHomAb(RΓc(XW ,F),Z) RHomAb(colimRΓc(XW ,Fi),Z)

The right hand map induces a map between the spectral sequences of [12,
Theorem 1]

Es,t2 = lims Exttar(Fi,ZcX) ⇒ Exts+tar (colimFi,Zc)y
y

Es,t2 = lims ExttAb(RΓc(XW ,Fi),Z) ⇒ Exts+tAb (colimRΓc(XW ,Fi),Z).

The map on E2-terms is an isomorphism, and the spectral sequences converge,
by Lemma’s 2.7 and 2.8. Hence we get an isomorphism on the abutment. ✷

5 Constant coefficients

In this section we connect our results to the result of Lichtenbaum [9]. Recall
that if X is smooth, then ZcX ∼= Gm[1], hence Hc

i (Xar,Z) ∼= H2−i(XW ,Gm).
For an abelian group A, let A∗ = Hom(A,Q/Z).

Proposition 5.1 (Lichtenbaum [9, Thm.6.1c,d]) Let U be the complement of
s > 0 points of a connected smooth and proper curve X. Then

Hi
c(UW ,Z) =





0 i = 0;

Zs/Z i = 1;

Hom(Γ(U,OU )×,Z)⊕ Pic(U)∗ i = 2;

Γ(X,O×X)∗ i = 3.

Hc
i (Uar,Z) =





0 i = 0;

Pic(U)⊕ ker(Zs → Z) i = 1;

Γ(U,O×U ) i = 2.
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Proof. For cohomology, this follows from the long exact sequence (6) com-
paring the cohomology and homology of U to its compactification X . For
homology we have H2(Xar,Z) = H0(XW ,Gm) = H0(Xet,Gm) by (7),
and the long exact sequence (4) gives the other two groups. Note that
Γ(U,O×U ) ∼= Γ(X,O×X)⊕ ker(Z⊕s → Z). ✷

The dual graph of a proper curve X is defined as follows. Let X ′ be the normal-
ization of X , S be the set of singular points of X and S′ = S×X X ′. Then the
dual graph is a bipartite graph with vertices the points of S′ and the connected
components of X ′, and an edge for each point in S′ connecting its image in S
with the component it is contained it. If X is connected, then Γ is connected,
hence H0(Γ,Z) = Z and H1(Γ,Z) is free of rank |π0(S)| − |π0(S′)|+ |π0(X ′)|.
The following proposition generalizes Lichtenbaum [9, Thm.6.1a,b], since for
smooth and proper curves, CH0(X) ∼= Pic(X), CH0(X, 1) = Γ(X,O×X) and
H1(Γ,Z) = 0.

Proposition 5.2 Let X be a connected proper curve with normalization X ′ =∐
iXi and dual graph Γ. Then the non-vanishing cohomology and homology

groups are

Hi
c(XW ,Z) =





H0(Γ,Z) i = 0;

H0(Γ,Z)⊕H1(Γ,Z) i = 1;

H1(Γ,Z)⊕∐Pic0(Xi)
∗ i = 2;∐

Γ(Xi,O×Xi
)∗ i = 3.

Hc
i (Xar,Z) =





H0(Γ,Z) i = 0;

CH0(X)⊕H1(Γ,Z) i = 1;

CH0(X, 1) i = 2.

Proof. In the smooth, proper case, the result for cohomology follows from (7)
and Hi(XW ,Z) ∼= Hi−1(Xet,Q/Z) for i ≥ 2. The calculation for homology can
also be found in [7]. In the general case, one uses the long exact sequences (4)
and (6) arising from the cartesian square

S′ −−−−→ ∐
Xiy
y

S −−−−→ X.

✷

6 Comparison to Deninger’s results

By Nart [11], Deninger’s [3] dualizing complex G is quasi-isomorphic to the
shift ZcX [−1]. According to Deninger [2], if X is smooth and proper, then the
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groups Hi(Xet,F) and Extiet(F ,G) = Exti−1et (F ,ZcX) are finitely generated for
i = 0, 1 and of cofinite type for i = 2, 3. We are going to recover and improve
Deninger’s result in this section. Let

r = rankH0
c (XW ,F)

s = rankH2
c (XW ,F).

Lemma 6.1 Let X be a separated curve over a finite field.
a) The groups Hi

c(Xet,F) and Exti−1et (F ,Zc) are torsion for i 6= 0, 1.
b) We have

rankH1
c (XW ,F) = r + s

rankH0
c (Xet,F) = r

rankH1
c (Xet,F) = s.

Proof. a) The first statement is Lemma 2.7. By Theorem 2.2, we have
Exti−1et (F ,Zc)Q ⊆ Hc

2−i(Xar,F)Q as well as Exti−1et (F ,Zc)Q ⊆ Hc
1−i(Xar,F)Q

and we can conclude with Corollary 4.3
b) This follows from a) and (9). ✷

Now consider the long exact sequence (8)

0→ H1
c (Xet,F)→ H1

c (XW ,F)
α−→ H0

c (Xet,F)Q
δ0→ H2

c (Xet,F)→
H2
c (XW ,F)→ H1

c (Xet,F)Q
δ1→ H3

c (Xet,F)→ H3
c (XW ,F)→ 0.

Some easy considerations together with the fact that Weil-etale cohomology is
finitely generated, and that H2

c (Xet,F) and H3
c (Xet,F) are torsion, gives

Theorem 6.2 Let X be a separated curve over a finite field.
a) The groups H0

c (Xet,F), H1
c (Xet,F) are finitely generated, the groups

H2
c (Xet,F), H3

c (Xet,F) are cofinitely generated of corank r and s, respectively,
and all other groups vanish.
b) We have a decomposition into finite and cofree groups

torH
1
c (Xet,F) ∼= torH

1
c (XW ,F);

H2
c (Xet,F) ∼= torH

2
c (XW ,F)⊕

(
H1
c (XW ,F)/H1

c (Xet,F)
)
⊗ Q/Z;

H3
c (Xet,F) ∼= H3

c (XW ,F)⊕H2
c (XW ,F)⊗Q/Z.

For example, the image of δ0 is H0
c (Xet,F) ⊗ Q/Z because it is torsion and

H1
c (XW ,F)/tor is a finitely generated abelian group. By the Lemma, Theorem

2.6 and (8), Hi
c(Xet,F) ∼= Hi

c(XW ,F) = 0 for i > 3.
By Lemma 6.1a), the exact sequence from Theorem 2.2 becomes

0→ Ext0et(F ,ZcX)→ Hc
1(Xar,F)

β−→ Ext−1et (F ,ZcX)Q → Ext1et(F ,ZcX)→
Hc

0(Xar,F)→ Ext0et(F ,ZcX)Q → Ext2et(F ,ZcX)→ Hc
−1(Xar,F)→ 0
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together with an isomorphism Ext−1et (F ,Zc) = Hc
2(Xar,F). A similar argument

as above gives

Theorem 6.3 Let X be a separated curve over a finite field.
a) Then the groups Ext−1et (F ,ZcX) and Ext0et(F ,ZcX) are finitely generated of
rank s and r, respectively, the groups Ext1et(F ,ZcX) and Ext2et(F ,ZcX) are
cofinitely generated of corank s and r, respectively, and all other groups vanish.
b) We have a decomposition into finite and cofree groups

tor Ext0et(F ,ZcX) ∼= torH1(Xar,F),

Ext1et(F ,ZcX) ∼= torH
c
0(Xar,F)⊕

(
Hc

1(Xar,F)/Ext0et(F ,ZcX)
)
⊗Q/Z,

Ext2et(F ,ZcX) ∼= Hc
−1(Xar,F)⊕H0(Xar,F)⊗Q/Z.

Corollary 6.4 (Deninger) There are isomorphisms of discrete torsion groups
of cofinite type:

Ext−1et (F ,ZcX)∗ ∼=H3
c (Xet,F);

H0
c (Xet,F)∗ ∼= Ext2et(F ,ZcX)

tor Ext0et(F ,Zc)∗ ∼=cotorH
2
c (Xet,F)

torH
1
c (Xet,F)∗ ∼=cotor Ext1et(F ,Zc)

Proof. This follows by splicing together the torsion and cotorsion part of Corol-
lary 4.3. For example,

Ext−1et (F ,Zc)∗ ∼= (torH2(Xar,F))∗ ⊕ (H2(Xar,F)/tor)∗.

The first term is H3
c (XW ,F), and the second term is

Hom(Hom(H2
c (XW ,F)/tor,Z),Q/Z) ∼= H2

c (XW ,F)⊗Q/Z

because H2
c (XW ,F) is a finitely generated abelian group. The last two isomor-

phisms are

tor Ext0et(F ,Zc)∗ = torH
c
1(Xar,F)∗ = torH

2
c (XW ,F) = cotorH

2
c (Xet,F),

and

torH
1
c (Xet,F)∗ = torH

1
c (XW ,F)∗ = torH

c
0(Xar,F) = cotor Ext1et(F ,Zc).

✷

We leave it as an open problem to derive the remaining isomorphisms

(Ext0et(F ,Zc)/tor)∗ ∼=H2
c (Xet,F)/cotor

(H1
c (Xet,F)/tor)∗ ∼= Ext1et(F ,Zc)/cotor

from our results.
In higher dimension, the etale cohomology and extension groups will be mixed
in the sense that they contain both a finitely generated free subgroup as well
as a cofinitely generated torsion divisible subgroup.
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Abstract. Given a general ternary form f = f(x1, x2, x3) of degree
4 over an algebraically closed field of characteristic zero, we use the
geometry of K3 surfaces and van den Bergh’s correspondence between
representations of the generalized Clifford algebra Cf associated to f
and Ulrich bundles on the surface Xf := {w4 = f(x1, x2, x3)} ⊆ P3 to
construct a positive-dimensional family of 8-dimensional irreducible
representations of Cf .

The main part of our construction, which is of independent interest,
uses recent work of Aprodu-Farkas on Green’s Conjecture together
with a result of Basili on complete intersection curves in P3 to produce
simple Ulrich bundles of rank 2 on a smooth quartic surface X ⊆
P3 with determinant OX(3). This implies that every smooth quartic
surface in P3 is the zerolocus of a linear Pfaffian, strengthening a result
of Beauville-Schreyer on general quartic surfaces.

2010 Mathematics Subject Classification: 14J60 (13C14, 16G30)
Keywords and Phrases: Ulrich bundles, algebraic surfaces, represen-
tations of Clifford algebras

1. Introduction

This article lies at the intersection of four topics: representations of generalized
Clifford algebras, stable vector bundles on surfaces, linear Pfaffian representa-
tions of hypersurfaces, and the Brill-Noether theory of complete intersection
curves.
Let f = f(x1, · · · , xn) be a nondegenerate homogeneous form of degree d ≥ 2 in
n ≥ 2 variables over a field k (which we assume throughout to be algebraically
closed of characteristic zero). The generalized Clifford algebra of f, which we
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denote by Cf , is the quotient of the free associative k−algebra k{u1, . . . , un}
by the two-sided ideal generated by the relations

(∑

i

αiui

)d
= f(α1, · · · , αn) for all α1, · · · , αn ∈ k.

M. Van den Bergh showed in [vdB] that dr−dimensional matrix represen-
tations of Cf are in one-to-one correspondence with vector bundles on the
degree-d hypersurface Xf := {wd = f(x1, · · · , xn)} in Pn whose direct image
under the natural linear projection π : Xf → Pn−1 (defined by forgetting the
w−coordinate) is a trivial vector bundle of rank dr on Pn−1. Since the dimen-
sion of any matrix representation of Cf is divisible by d, this accounts for all
finite-dimensional representations of Cf (Proposition 2.4).
A vector bundle E satisfies this condition if and only if it is arithmetically
Cohen-Macaulay (ACM) with Hilbert polynomial equal to dr

(
t+n−1
n−1

)
(Propo-

sition 2.7). Such vector bundles occur naturally in other algebraic and algebro-
geometric contexts (e.g. [ESW, CH, CKM, MP]), and in the literature they
are known as Ulrich bundles. Since Ulrich bundles are semistable (e.g. Propo-
sition 2.14), it follows that representations of Cf can be parametrized (up to a
suitable notion of equivalence) by a union of quasi-projective schemes.
In this paper we are concerned with the case where f = f(x1, x2, x3) is a general
nondegenerate ternary quartic form, i.e. where Xf is a smooth quartic surface
in P3. The Ulrich bundles on Xf corresponding to irreducible representations
of Cf are precisely those Ulrich bundles that are stable with respect to OXf

(1)
(Proposition 2.16), so the natural first step in our study is to construct stable
Ulrich bundles on Xf . Since one cannot expect Xf to admit an Ulrich line
bundle (this essentially follows from Proposition 4.4) we look to Ulrich bundles
of rank 2, namely those whose first Chern class is a multiple of the hyperplane
class.
If E is such an Ulrich bundle, its Hilbert polynomial is 8

(
t+2
2

)
, so we have

c1(E) = 3H and c2(E) = 14. The main ingredient in our construction of stable
Ulrich bundles on Xf is the following general result. Recall that a vector bundle
is simple if its only endomorphisms are scalar multiples of the identity.

Theorem 1.1. Every smooth quartic surface in P3 admits a 14-dimensional
family of simple Ulrich bundles of rank 2 with c1 = 3H and c2 = 14.

Before turning to its role in constructing stable Ulrich bundles on Xf , we dis-
cuss the relevance of this theorem to linear Pfaffian representations of quartic
surfaces. It is known that the existence of a rank-2 Ulrich bundle on a hyper-
surface Y ⊆ Pn of degree d ≥ 2 with first Chern class (d − 1)H is equivalent
to the existence of an 2d× 2d skew-symmetric matrix M of linear forms whose
Pfaffian cuts out Y ; this follows from Theorem B in [Bea] or Theorem 0.3 in
[ESW]. We then have the following consequence of Theorem 1.1:

Corollary 1.2. Every smooth quartic surface in P3 admits a linear Pfaffian
representation.
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The existence of linear Pfaffian representations for a general surface of degree
d = 4, · · · , 15 in P3 was shown by Beauville-Schreyer (Proposition 7.6(b) of
[Bea]) with the help of a Macaulay 2 computation, and a similar method was
used by Iliev-Markushevich [IM] to prove the existence for the case of a general
quartic threefold in P4. However, the proofs do not yield explicit Zariski-open
subsets of the respective spaces of hypersurfaces. A non-computer-assisted
proof of the result on general quartic threefolds in loc. cit. was recently found
by Brambilla-Faenzi, who showed that a smooth quartic threefold is linear
Pfaffian if its Fano variety of lines has a generically reduced component ((ii) of
Theorem 5.5 in [BF]).
By the Noether-Lefschetz theorem, the Picard group of a general quartic surface
in P3 is generated by the class of a hyperplane. Together with Corollary 6.6
of [Bea], this implies that the general quartic surface in P3 does not admit any
Ulrich line bundles. Any strictly semistable Ulrich bundle is destabilized by a
subbundle which is Ulrich (Lemma 2.15), so we may conclude that the rank-2
Ulrich bundles constructed in Proposition 7.6(b) of loc. cit. are stable. For a
general ternary quartic form f, the Picard number of Xf is 8, so a different
approach is required to produce stable Ulrich bundles on Xf .
We combine Theorem 1.1 with an analysis of the effective cone of Xf to prove
the following:

Theorem 1.3. If f = f(x1, x2, x3) is a general ternary quartic form, then
Xf admits a 14-dimensional family of stable Ulrich bundles of rank 2 with
c1 = 3H and c2 = 14. In particular, there exists a 14-dimensional family of
8-dimensional irreducible representations of the generalized Clifford algebra Cf .

This result is a consequence of the fact that the general simple Ulrich bundle on
Xf granted by Theorem 1.1 is stable (Proposition 4.2). We offer two proofs of
this, both of which depend on the rational polyhedral structure of the effective
cone of Xf . The first proof proceeds via Proposition 3.22, which is based on
results of Qin concerning the stability of rank-2 simple bundles on surfaces
(Theorem 2 in [Qin1] and Theorem A in [Qin2]). The second proof starts from
the semistability of Ulrich bundles and rules out the existence of destabilizing
line subbundles by direct calculation (Proposition 4.5).
The rest of this introduction is devoted to an outline of the proof of Theorem
1.1, which occupies the bulk of Section 3. For reasons that will soon become
clear, we believe the general technique is applicable to the construction of ACM
bundles on K3 surfaces that are not smooth quartics, as well as other ACM
bundles on (special) smooth quartics.
We begin by sketching the link between vector bundles on a surface X and the
Brill-Noether theory of curves on X. If E is a globally generated vector bundle
of rank 2 on X, then a general choice of two global sections of E gives rise to
an injective morphism E∨ → O2

X whose degeneracy locus is a smooth curve
C ∈ | det E| and which fits into an exact sequence

(1.1) 0→ E∨ → O2
X → L→ 0
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where L is a line bundle on C. Since L is globally generated with degree c2(E),
its isomorphism class is contained in the Brill-Noether locus W 1

c2(E)(C). Con-

versely, one can take a basepoint-free pencil associated to a line bundle L on C
and extend its evaluation morphism O2

C → L by zero to a morphism O2
X → L

whose kernel is a rank-2 vector bundle on X.
This construction has been used extensively to study the interplay between
curves and vector bundles on K3 surfaces, starting with [Laz]. It plays a major
role in Voisin’s proof of the Green conjecture for generic curves ([Voi1],[Voi2]),
and in the recent proof of the Green conjecture for curves on arbitrary K3
surfaces by Aprodu-Farkas [AF].
One might hope to prove Theorem 1.1 via the following strategy: produce a
basepoint-free line bundle L of degree 14 on a smooth curve C ∈ |OX(3)| and
construct an exact sequence of the form (1.1) where E is a simple Ulrich bundle.
To implement this strategy or anything like it, we must resolve two issues. The
first is that while there are plenty of line bundles of degree 14 on C with two
global sections, the standard results on Brill-Noether loci do not imply that any
of them are basepoint-free. The second is that even if the desired degree-14 line
bundle exists on C and the associated rank-2 vector bundle E on X is simple,
it is not necessarily true that E is Ulrich; see Section 4.3 for an example.
Our path to resolving the first issue leads through a result of Aprodu-Farkas
(Theorem 3.12 in [AF]) yielding an upper bound of the dimension of certain
Brill-Noether loci that allows us to conclude the general element of W 1

14(C)
is basepoint-free. In order to apply this result to C, we must know that the
Clifford index of C (see Definition 3.2) is computed by a pencil of minimal
degree, and that this minimal degree is sufficiently small relative to the genus
of C.
Since a smooth member of |OX(3)| is a complete intersection of X with a cubic
surface, both of these properties are verified by results of Basili (Théorème
4.2 and 4.3 in [Bas]). Smooth curves on K3 surfaces whose Clifford index is
not computed by a pencil of minimal degree are relatively rare and have been
completely classified in [Knu]; this supports the assertion that our method is
likely to lead to more examples of ACM bundles on K3 surfaces.
With a bit more work, we can show that W 1

14(C) admits a component W
which is generically smooth of the expected dimension, so that the rank-2
vector bundle E on X associated to a general L ∈ W is simple; see Proposition
3.10 for details.
The resolution of the second issue is somewhat more involved. While a simple
vector bundle E produced from a general line bundle L ∈ W need not be
Ulrich, Proposition 3.9 implies that it is weakly Ulrich. Such bundles were
introduced in [ESW], and while they are not necessarily ACM, they are a
useful generalization of Ulrich bundles; see Definition 2.10 and the subsequent
discussion, as well as Remark 4.14.
To clarify the obstruction to our weakly Ulrich bundles being Ulrich, we pass
from the Brill-Noether locus W 1

14(C) to the Hilbert scheme X [14] of length-14
subschemes of X. While our bundles might not be globally generated, we may
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use the sequence (1.1) to show that each of them may be expressed as a Serre
extension

(1.2) 0→ OX → E → IZ|X(3)→ 0

for some l.c.i. Z ∈ X [14] (Proposition 3.14). We then show that E is Ulrich
precisely when Z does not lie on a quadric (Proposition 3.15).
Roughly speaking, as E varies in our family, the subschemes Z which appear
in (1.2) sweep out a 21-dimensional locus in X [14]. Due to the fact that E is
locally free, any such Z is Cayley-Bacharach with respect to OX(3). To show
that the general Z in our 21-dimensional locus does not lie on a quadric, we
prove that locus of length-14 subschemes of X which lie on a quadric and are
also Cayley-Bacharach with respect to OX(3) is of dimension at most 20. All
this is explained in more detail in the proofs of Propositions 3.20 and 3.21.
Since Theorem 1.3 is a nontrivial statement about Clifford algebras, we have
tried to make the article accessible to interested experts in noncommutative
algebra and other neighboring fields. To this end, some material well-known
to algebraic geometers (e.g. elementary Brill-Noether theory) is discussed in
detail.

Acknowledgments: The second author was partially supported by the NSF
grants DMS-0603684 and DMS-1004306. The third author was supported by
the NSF grant RTG DMS-0502170. We are grateful to M. Deland, I. Dolgachev,
and D. Faenzi for useful discussions related to this work, and to R. Hartshorne
for pointing us towards a substantial error in a previous version of this man-
uscript. We would also like to thank R. Lazarsfeld for his important role in
forming our collaboration and for useful discussions, as well as the anonymous
referee for some helpful suggestions.

2. Preliminaries

2.1. Representations of Clifford Algebras. We give a summary of van
den Bergh’s correspondence. Proofs will be omitted; we refer to van den Bergh’s
original article [vdB] for more details.
For the rest of this section we fix a homogeneous form f = f(x1, · · · , xn)
of degree d ≥ 2 which is nondegenerate, i.e. satisfies the property that
∂f
∂xi

(y1, · · · , yn) = 0 for all i if and only if yj = 0 for all j.

Definition 2.1. The Clifford algebra Cf of the form f is the associative k-
algebra k{x1, · · · , xn}/I, where k{x1, · · · , xn} is the free associative k−algebra
on x1, · · · , xn and I ⊆ k{x1, · · · , xn} is the two-sided ideal generated by ele-
ments of the form (α1x1 + · · ·+ αnxn)d − f(α1, · · · , αn) for α1, · · · , αn ∈ k.

Definition 2.2. Let Cf be the Clifford algebra associated to f.

(i) A representation of Cf is a k−algebra homomorphism φ : Cf →
Matm(k). The positive integer m is the dimension of φ.

(ii) Two m−dimensional representations φ1, φ2 of Cf are equivalent if there
exists an invertible θ ∈Matm(k) such that φ1 = θφ2θ

−1.
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Observe that the data of an m−dimensional representation φ of Cf consists of
a collection A1, · · · , An of m×m matrices for which the identity

(2.1) (x1A1 + · · ·+ xnAn)d = f(x1, · · · , xn)Im

holds in Matm(k[x1, · · · , xn]).
Any study of representations begins with the study of irreducible representa-
tions, for which we now give an appropriate definition.

Definition 2.3. A representation φ : Cf → Matm(k) is irreducible if its image
φ(Cf ) generates Matm(k). Otherwise we say that φ is reducible.

Representations of Clifford algebras have been studied in [BHS], where they are
referred to as Clifford modules. It is observed in loc. cit. that Cf is naturally a
Z/dZ-graded k−algebra; in light of this, the following statement, which is an
immediate consequence of Corollary 2 in [vdB] or Proposition 1.1 in [HT], is
very natural.

Proposition 2.4. The dimension of any representation of Cf is equal to rd
for some positive integer r. �

We now describe how to associate to each rd−dimensional representation φ
of Cf a vector bundle of rank r on the hypersurface Xf ⊆ Pn defined by
wd = f(x1, . . . , xn). Define a k−algebra homomorphism

(2.2) Φ : k[w, x1, · · · , xn]→ Matrd(k[x1, · · · , xn])

by setting Φ(xi) = xi ·Ird for i = 1, · · · , n and Φ(w) =
∑n
i=1 xi ·Ai. By (2.1) this

descends to a homomorphism Φ : SXf
→ Matrd(k[x1, · · · , xn]). where SXf

is
the homogeneous coordinate ring of Xf . This yields an SXf

−module structure

on k[x1, · · · , xn]rd.
Since composing Φ with the natural inclusion k[x1, · · · , xn] →֒ SXf

yields the

natural k[x1, · · · , xn]−module structure on k[x1, · · · , xn]rd, the geometric con-
tent of our discussion may be summarized as follows: the homomorphism Φ
yields an OXf

−module E for which π∗E ∼= OrdPn−1, where π : Xf → Pn−1 is the
projection which forgets the variable w. It can be shown that the nondegen-
eracy hypothesis on f implies that E is locally free. The main result of [vdB]
(Proposition 1 in loc. cit.) implies that this construction yields an essentially
bijective correspondence.

Proposition 2.5. There is a one-to-one correspondence between equivalence
classes of dr−dimensional representations of Cf and isomorphism classes of
vector bundles E of rank r on the hypersurface Xf such that π∗E ∼= OdrPn−1. �

2.2. Ulrich Bundles. Throughout the rest of this section, X denotes a
smooth hypersurface in Pn unless otherwise stated. As mentioned in the intro-
duction, the vector bundles that occur on the geometric side of van den Bergh’s
correspondence are ubiquitous enough to justify the following definition.

Definition 2.6. A vector bundle E of rank r on X is Ulrich if for some (resp.
all) linear projections π : X → Pn−1, we have that π∗E ∼= OdrPn−1 .
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The following characterization of Ulrich bundles plays an important role in the
sequel. It is a slightly modified version of Proposition 2.1 in [ESW] which we
state without proof.

Proposition 2.7. Let E be a vector bundle E of rank r ≥ 1 on X. Then the
following are equivalent:

(i) E is Ulrich.

(ii) E is ACM and and χ(E(m)) = dr
(
m+n−1
n−1

)
for all m ∈ Z.

(iii) The OPn−module E admits a minimal graded free resolution of the form

(2.3) 0 −→ OPn(−1)dr −→ OdrPn −→ E −→ 0.

�

In particular, X is linear determinantal if and only if X admits an Ulrich line
bundle. Note that when E ∼= E∨(n)⊗ωX , the Ulrich condition on E is equivalent
to 0-regularity in the sense of Castelnuovo-Mumford; this holds for the case we
are interested in, namely when E is of rank 2 and X is a quartic surface in P3.
As an immediate consequence of (iii), we obtain

Corollary 2.8. Any Ulrich bundle of rank r on X is globally generated and
has dr global sections. �

Since most hypersurfaces do not admit linear determinantal representations,
one can ask for the “next best thing,” namely a linear Pfaffian representation.
The following result, which allows us to deduce Corollary 1.2 from Theorem
1.1, is a rephrasing of Corollary 2.4 in [Bea] which is suitable for our purposes.

Proposition 2.9. The following conditions are equivalent:

(i) X is the zerolocus of the Pfaffian of a (2d)×(2d) skew-symmetric matrix
of linear forms.

(ii) There exists a rank-2 Ulrich bundle on X with determinant OX(d−1).
�

Note that condition (i) is satisfied if X is linear determinantal. Indeed, if M is
a d× d matrix of linear forms, we have the equation

detM = Pf

[
0 M
−MT 0

]

2.3. Weakly Ulrich Bundles. In general, it is difficult to produce Ulrich
bundles directly. As a first approximation one can try to produce bundles that
are “almost” Ulrich in the following sense.

Definition 2.10. A vector bundle E on X is called weakly Ulrich if
Hj(E(−m)) = 0 for 1 ≤ j ≤ n− 1,m ≤ j − 1 and 0 ≤ j ≤ n− 2,m ≥ j + 2.

The importance of this notion stems from the fact that the Beilinson monad
of E (viewed as a coherent sheaf on Pn) reduces to a two-term complex if and
only if E is weakly Ulrich (see Section 2 of [ESW]). Moreover, the sole nonzero
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morphism in this two-term complex is a matrix of linear forms if and only if E
is Ulrich.
The next proposition is an immediate consequence of the fact that the vanishing
of cohomology groups is an open condition on families of coherent sheaves.

Proposition 2.11. LetM be a family of isomorphism classes of vector bundles
on X. Then the locus in M parametrizing Ulrich (resp. weakly Ulrich) bundles
is a Zariski-open subset of M (possibly empty). �

2.4. Semistability, Simplicity, and Moduli. We begin by recalling some
basic definitions.

Definition 2.12. If G is a torsion-free sheaf on X of rank r, the reduced Hilbert
polynomial of G is p(G) := 1

rk(G) ·HG(t), where HG(t) is the Hilbert polynomial

of G.
Definition 2.13. A torsion-free sheaf E of rank r on X is semistable (resp.
stable) if for every subsheaf F of E for which 0 < rank(F) < r we have that
(w.r.t. lexicographical order)

(2.4) p(F) ≤ p(E) (resp. p(F) < p(E)).

The proofs of the following results may be found in [CKM2].

Proposition 2.14. Let E be an Ulrich bundle of rank r ≥ 1 on X. Then E is
semistable. �

Lemma 2.15. Let E be an Ulrich bundle on X of rank r which is strictly
semistable. Then there exists a subbundle F of E having rank s < r which
is Ulrich. �

Proposition 2.16. Let f be a nondegenerate homogeneous form of degree d ≥ 2
in n variables, and let Xf ⊆ Pn be the smooth hypersurface defined by the
equation wd = f. If E is an Ulrich bundle on Xf , then the representation of
the Clifford algebra Cf associated to E is irreducible if and only if E is stable.
�

The final result in the subsection, which is implied by part (1) of Theorem 0.1
in [Muk], is important for the proof of Theorem 1.1.

Theorem 2.17. Let X be a K3 surface, and denote by Spl(r, c1, c2) the moduli
space of simple vector bundles on X of rank r with first and second Chern
classes c1 and c2, respectively. If Spl(r, c1, c2) is nonempty, then it is smooth,
and its dimension at each point [E ] is equal to 1− χ(E ⊗ E∨). �

3. Ulrich Bundles on Quartic Surfaces

3.1. Some results on the geometry of curves. Before starting the proof
of Theorem 1.1 in earnest, we gather the results on curves which play a major
role in the sequel. Throughout this subsection, C is a smooth projective curve
of genus g ≥ 1.
We begin by defining two important invariants of a curve.
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Definition 3.1. The gonality of C, which we denote by gon(C), is the mini-
mum degree of a finite morphism from C to P1.

Observe that any finite morphism f : C → P1 which computes gon(C) is
induced by a complete basepoint-free linear series on C. The following invariant
is similar to gon(C) in the sense that it detects linear series of low degree, but
differs qualitatively because these linear series may have dimension 2 or greater.

Definition 3.2. The Clifford index of C, which we denote by Cliff(C), is
(3.1)

min{d−2r : there exists L ∈ Picd(C) such that h0(L) = r+1 ≥ 2, h1(L) ≥ 2}

By Clifford’s Theorem, Cliff(C) ≥ 0 for every curve C, and Cliff(C) = 0
precisely when C is hyperelliptic. Moreover, it is a straightforward consequence
of the definitions that for all g ≥ 1, we have

(3.2) Cliff(C) ≤ gon(C)− 2.

The following theorem of Basili yields an essentially complete description of
these invariants for complete intersection curves in P3.

Theorem 3.3. [Bas] Let C be a smooth, nondegenerate complete intersection
curve in P3 and let ℓ be the maximum number of collinear points on C. Then:

(i) [Théorème 4.2, loc. cit.] gon(C) = degC − ℓ, and an effective divisor
Γ ⊂ C computes this gonality if and only if Γ is residual, in a plane
section of C, to a set of ℓ collinear points of C.

(ii) [Théorème 4.3, loc. cit.] If degC 6= 9, then the Cliff(C) = gon(C)− 2.
�

We now turn to varieties parametrizing special linear series on C. Our treatment
will be brief; we refer to Chapters III,IV, and V of [ACGH] for details. For
integers r, d ≥ 2, the Brill-Noether locus

W r
d (C) = {L ∈ Picd(C)|h0(C,L) ≥ r + 1}.

naturally admits the structure of a determinantal subscheme of the Picard
variety Picd(C). We have the following formula for the expected dimension of
these varieties:

Theorem 3.4. [Theorem 1.1 in Chapter V of loc. cit.] Let ρ = ρ(g, r, d) be
the Brill-Noether number ρ := g − (r + 1)(g + r − d). If g + r − d ≥ 0, then
W r
d (C) is nonempty. Furthermore, each irreducible component of W r

d (C) has
dimension at least ρ.

Note that W r+1
d (C) ⊆ W r

d (C) for all r ≥ 0 and all d. We will need to know
that this inclusion is strict in the cases of interest to us.

Lemma 3.5. [Lemma 3.5 in Chapter IV of loc. cit.] Suppose g − d + r ≥ 0.
Then no component of W r

d (C) is entirely contained in W r+1
d (C). �
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In order to ensure that the vector bundles E we construct using (1.1) are simple,
we will need the following result, which is based on the calculation of the
tangent space to W r

d (C) at a point L ∈ W r+1
d (C). It is a straightforward

corollary of Proposition 4.2 (i) in Chapter IV of loc. cit.

Proposition 3.6. If L is a globally generated line bundle of degree d satisfying
h0(L) = 2, then W 1

d (C) is smooth of the expected dimension ρ at L if and only
if H0(ωC ⊗ L−2) = 0. �

The most recent result in this subsection, which is due to Aprodu-Farkas, im-
plies that Green’s Conjecture on syzygies of canonical curves holds for any
smooth curve C on a K3 surface which achieves equality in (3.2); see [AF] for
details.

Theorem 3.7. [Theorem 3.2, loc. cit.] Let C be a smooth curve on a K3
surface with gon(C) = k,Cliff(C) = k − 2, and ρ(g, 1, k) ≤ 0 such that the
linear system |C| is basepoint-free. If d ≤ g − k + 2, then every irreducible
component of W 1

d (C) has dimension at most d− k. �

In Section 4.3, it will be useful for us to have the following upper bound on the
dimension of W r

d (C).

Theorem 3.8. [Theorems 5.1 and 5.2 in Chapter IV of [ACGH]] Let d, r be
integers satisfying 2 ≤ d ≤ g − 2, d ≥ 2r > 0. If C is neither hyperelliptic,
trigonal, bielliptic nor a smooth plane quintic, then every component of W r

d (C)
has dimension at most d− 2r − 2. �

3.2. Constructing weakly Ulrich bundles from line bundles on
curves. For the rest of this section, X denotes a smooth quartic surface in P3.
Our first result gives a list of sufficient conditions on a degree-14 line bundle L
for the rank-2 vector bundle E in (1.1) to be simple, weakly Ulrich and globally
generated in codimension 1.

Proposition 3.9. Let C ∈ |OX(3)| be a smooth curve, and let L be a line
bundle of degree 14 on C satisfying the following conditions:

(i) L is basepoint-free.
(ii) h0(L) = 2.

(iii) W 1
14(C) is smooth of the expected dimension ρ(19, 1, 14) = 7 at L.

Then the rank-2 vector bundle E constructed from the sequence

(3.3) 0→ E∨ → H0(L)⊗OX → L→ 0

satisfies the following properties:

(a) c1(E) = 3H and c2(E) = 14.
(b) E is weakly Ulrich.
(c) E is globally generated in codimension 1.
(d) E is simple.

Proof. A Chern class computation applied to (3.3) shows that c1(E) = 3H and
c2(E) = 14, i.e. that property (a) is satisfied. To show that property (b) is
satisfied, we need to check the following vanishings:

Documenta Mathematica 17 (2012) 1003–1028



Pfaffian Quartic Surfaces and . . . 1013

(0) H0(E(m)) = 0 for m ≤ −2
(1) H1(E(m)) = 0 for m ≤ −3 and m ≥ 0
(2) H2(E(m)) = 0 for m ≥ −1.

Since E is of rank 2 with determinant OX(3), we have for each m ∈ Z that
E(m) ∼= E∨(m+ 3), so Serre duality implies that

(3.4) Hi(E(m)) ∼= Hi(E∨(m+ 3)) ∼= H2−i(E(−m− 3))∗

In particular, (0) and (2) are equivalent, and the vanishing of H1(E(m)) for all
m ≤ −3 is equivalent to its vanishing for all m ≥ 0. Therefore we only need to
verify (0) and the vanishing of H1(E(m)) for m ≥ 0.
Dualizing (3.3) gives the sequence

(3.5) 0→ H0(L)∗ ⊗OX → E → L−1(3)→ 0

To show that (0) holds, it suffices to check that H0(E(−2)) = 0. Twisting
(3.5) by -2 and taking cohomology, we have that H0(E(−2)) is contained
in H0(L−1(1)). Since L−1(1) is of degree -2, we have H0(L−1(1)) = 0, so
H0(E(−2)) = 0 as claimed.
To show that H1(E(m)) = 0 for m ≥ 0, it is more convenient to work with
(3.3). Another application of Serre duality, together with taking cohomology
of the (−m)-th twist of (3.3), shows that
(3.6)
H1(E(m))∗ ∼= H1(E∨(−m)) ∼= coker(H0(L) ⊗H0(OX(−m))→ H0(L(−m)))

The multiplication map on the right-hand side is an isomorphism when m = 0.
If H0(L(−1)) 6= 0, then by (ii) we have 2 = h0(L) ≥ h0(OC(1)) = 4, which is
absurd; therefore H0(L(−1)) = 0. When m ≥ 2, the line bundle L(−m) has
negative degree, so H0(L(−m)) = 0. It follows that the map is surjective, i.e.
that h1(E(m)) = 0 for all m ≥ 0. This concludes the proof that E satisfies
property (b).
The sequence (3.5) implies that E is globally generated away from the base
locus of L−1(3), e.g. that it is globally generated in codimension 1, so property
(c) is satisfied. It remains to show that E is simple.
The fact that E is weakly Ulrich implies that h0(E∨) = h2(E) = 0 and
h1(E∨) = h1(E) = 0. Twisting (3.5) by E∨ and taking cohomology, we ob-
tain the isomorphism

(3.7) H0(E ⊗ E∨) ∼= H0(E∨|C ⊗ L−1(3))

Restricting (3.3) to C yields the long exact sequence

(3.8) 0→ L(−3)→ E∨|C → H0(L)⊗OC → L → 0

Twisting the short exact sequence coming from the first nonzero map by
L−1(3), we have

(3.9) 0→ OC → E∨|C ⊗ L−1(3)→ L−2(3)→ 0

By (iii) and Proposition 3.6, we have H0(L−2(3)) = 0; it follows at once that
h0(E∨ ⊗ L−1(3)) = 1. By (3.7), E is simple. �
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The next result shows that the hypotheses of Proposition 3.9 are not vacuous.

Proposition 3.10. If C ∈ |OX(3)| is a general smooth curve, then there ex-
ists an irreducible component W of W 1

14(C) whose general member satisfies
conditions (i),(ii), and (iii) in the statement of Proposition 3.9.

Proof. Let C ∈ |OX(3)| be a general smooth curve. We will first show that ev-
ery irreducible component of W 1

14(C) contains a nonempty Zariski-open subset
whose members satisfy conditions (i) and (ii). Afterwards, we will produce a
member L0 of W 1

14(C) for which h0(L−2(3)) = 0. It then follows from semicon-
tinuity and Proposition 3.6 that if W is an irreducible component of W 1

14(C)
containing L0, the general member of W satisfies (iii) in addition to (i) and
(ii).
By Theorem 3.4, each irreducible component of W 1

14(C) has dimension at least
7. Since 19−14+1> 0, Lemma 3.5 implies that each such component contains
a nonempty Zariski-open subset whose members satisfy condition (ii).
The members of W 1

14(C) which possess a base point are parametrized by the
image of the addition map σ : C ×W 1

13(C)→W 1
14(C) which assigns each pair

(p,L′) to L′(p). We will now show that the image of σ has dimension at most
6, which implies that the general member of W 1

14(C) satisfies condition (i).
The restriction map H0(OP3(3))→ H0(OX(3)) is an isomorphism, so we may
assume that C is the intersection of X with a smooth cubic surface Y ⊆ P3.
Since Y contains a line, there exist 4 collinear points on C. If there were 5 or
more collinear points on C, then by Bézout’s theorem the intersection X ∩ Y
would contain a line; this contradicts the fact that X ∩ Y = C is smooth
and irreducible. Given that the degree of C is 12, Theorem 3.3 implies that
gon(C) = 8 and Cliff(C) = 6. Furthermore, ρ(19, 1, 8) < 0, so C satisfies the
hypotheses of Theorem 3.7; consequently the dimension of W 1

13(C) is at most
5. This implies in turn that the image of σ has dimension at most 6, e.g. that
the general member of W 1

14(C) satisfies condition (i).
Let p, q ∈ C be sufficiently general so that the tangent lines to C ⊆ P3 at p and q
are not coplanar (i.e. do not intersect). Then the line bundle L0 := OC(1)(p+q)
is a member of W 1

14(C), since its degree is 14 and h0(L0) ≥ h0(OC(1)) > 2.
Our hypotheses on p and q imply that h0(L−20 (3)) = h0(OC(1)(−2p−2q)) = 0.
This concludes the proof. �

Remark 3.11. Proposition 3.6 does not apply to the line bundle L0 constructed
in the previous proof, since L0 is a member of W 2

14(C).

Corollary 3.12. There exists a simple weakly Ulrich bundle E rank 2 on X
with c1(E) = 3H and c2(E)=14 which is globally generated in codimension 1.
�

Proposition 3.13. There exists a smooth irreducible component
Spl◦X(2, 3H, 14) of the moduli space SplX(2, 3H, 14) of simple rank-2 vec-
tor bundles on X with c1 = 3H, c2 = 14 and a nonempty Zariski-open subset
U ⊆ Spl◦X(2, 3H, 14) parametrizing weakly Ulrich bundles on X. Moreover, we

Documenta Mathematica 17 (2012) 1003–1028



Pfaffian Quartic Surfaces and . . . 1015

have a diagram

(3.10) GU
h //___

p

��

|OX(3)|

U
where p : GU → U is the Grassmann bundle whose fiber over E ∈ U is
G(2, H0(E)) and h : GU 99K |OX(3)| is a dominant rational map defined by
taking a general flag V ⊆ H0(E) to the degeneracy locus of the induced mor-
phism E∨ → V ∨ ⊗OX .

Proof. By Corollary 3.12, we have that SplX(2, 3H, 14) is nonempty, and Theo-
rem 2.17 implies that each of its irreducible components is smooth of dimension
14. We fix an irreducible component Spl◦X(2, 3H, 14) containing the isomor-
phism class of one of the bundles constructed in Proposition 3.12. Since being
weakly Ulrich is an open condition by Proposition 2.11, the set

(3.11) U := {E ∈ Spl◦X(2, 3H, 14) : E is weakly Ulrich }
is nonempty and Zariski-open. Moreover, the fact that weakly Ulrich bundles
have no higher cohomology implies (via Riemann-Roch) that h0(E) = 8 for all
E ∈ U . Consequently there exists a Grassmann bundle p : GU → U whose fiber
over E ∈ U is G(2, H0(E)) ∼= G(2, 8). Since G(2, 8) is 12-dimensional, the total
space GU is 26-dimensional.
The dimension of the locus on which a vector bundle fails to be globally gen-
erated is upper-semicontinuous in smooth families, so Proposition 3.12 implies
that the general vector bundle E ∈ U is globally generated in codimension
1. It follows that we have a well-defined rational map h : GU 99K |OX(3)|
which takes the general flag V ⊆ H0(E) to the degeneracy locus of the induced
morphism E∨ → V ∨ ⊗OX .
We now show that h is dominant. For general C in the image of h, the fiber
h−1(C) is the set of all flags V ⊆ H0(E) for which the degeneracy locus of
E∨ → V ∨ ⊗ OX is the curve C; the irreducibility of GU implies that h−1(C)
is irreducible as well. It can be seen from (3.3) that the elements of h−1(C)
are in bijective correspondence with a Zariski-open subset of an irreducible
component WC of W 1

14(C) parametrizing basepoint-free degree-14 line bundles
with 2 global sections. Indeed, a general L ∈ WC gives rise to a sequence
of the form (3.3), and for each flag V ⊆ H0(E) in h−1(C), the cokernel of
E∨ → V ∨⊗OX is an element ofWC . Since |OX(3)| is 19-dimensional, we have
that h−1(C) is of dimension at least 7. By Proposition 3.10, we have that h
has a 7-dimensional fiber, so the general fiber of h is 7-dimensional; therefore
h is dominant. �

3.3. Proof of Theorem 1.1. Before stating the next result, it is worth re-
minding the reader that E ∈ U need not be globally generated.
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Proposition 3.14. Let E be a general element of U . Then there exists an exact
sequence of the form

(3.12) 0→ OX → E → IZ|X(3)→ 0

where Z is a length-14 l.c.i. subscheme of X.

Proof. It follows from Proposition 3.13 that the general element E of U fits into
an exact sequence of the form (3.5) for some smooth curve C ∈ |OX(3)| and
some basepoint-free line bundle L on C of degree 14. Let Z be an element of
the linear system |L| on C. Since Z is a subscheme of a smooth curve in X, it
is l.c.i., and we have an exact sequence

(3.13) 0→ OX(−3)→ IZ|X → L−1 → 0

Let σ : H0(OC) → H0(OC(Z)) ∼= H0(L) be a global section of L which cuts
out Z in C, and define

(3.14) K := ker (σ∨ : H0(L)∨ → H0(OC)∨)

We then have the following commutative diagram with exact rows and columns

0

��
0

��

H0(OC )∨ ⊗ OX

��
0 // K ⊗ OX

∼= OX
//

��

E // IZ|X (3) //

��

0

0 // H0(L)∨ ⊗ OX
//

��

E // L−1(3) //

��

0

H0(OC )∨ ⊗ OX

��

0

0

whose top row is the desired exact sequence. �

Proposition 3.15. Let E ∈ U be obtained by an extension

(3.15) 0→ OX → E → IZ|X(3)→ 0

where Z ∈ X [14]. If H0(IZ|X(2)) = 0 (i.e. Z does not lie on a quadric in P3)
then E is Ulrich.

Documenta Mathematica 17 (2012) 1003–1028



Pfaffian Quartic Surfaces and . . . 1017

Proof. Since E has the Chern classes expected of a rank-2 Ulrich bundle with
c1 = 3H, Riemann-Roch together with (ii) of Proposition 2.7 implies that

(3.16) χ(E(m)) = 8

(
m+ 2

2

)

for all m ∈ Z. Therefore it is enough to check that E is ACM. Given that E is
weakly Ulrich, this amounts to showing that h1(E(−1)) = h1(E(−2)) = 0. The
isomorphisms (3.4) imply that we need only verify the vanishing of H1(E(−1)).
Setting m = −1 in (3.16) yields χ(E(−1)) = 0. Twisting (3.15) by -1 and taking
cohomology, it follows from our hypothesis that h0(E(−1)) = h0(IZ|X(2)) = 0,

and applying (3.4) to this yields h2(E(−1)) = 0, so we have h1(E(−1)) = 0 as
desired. �

It is now clear that Theorem 1.1 will be proved once we show the existence of
a weakly Ulrich bundle E ∈ U and a length-14 subscheme Z of X satisfying the
hypotheses of Proposition 3.15; this is the goal of the remaining results in this
section. First, we need a definition.

Definition 3.16. Let Y be a smooth projective surface and let Z be a zero-
dimensional l.c.i. subscheme of Y having length ℓ ≥ 1. If G is a coherent
sheaf on Y, then Z is Cayley-Bacharach w.r.t. G if for any subscheme Z ′ of Z
having length ℓ − 1, the natural inclusion H0(IZ|Y ⊗ G) →֒ H0(IZ′|Y ⊗ G) is
an isomorphism.

The present importance of the Cayley-Bacharach property stems from the fol-
lowing fundamental result, which is a special case of Theorem 5.1.1 in [HL].

Theorem 3.17. Let Y be a smooth projective surface, let Z be a zero-
dimensional l.c.i. subscheme of Y, and let M be a line bundle on Y. Then
there exists an extension of the form

(3.17) 0→ OY → F → IZ|Y ⊗M→ 0

with F locally free if and only if Z is Cayley-Bacharach w.r.t. ωY ⊗M. �

It follows immediately from this theorem that any Z ∈ X [14] appearing in
(3.15) must be Cayley-Bacharach w.r.t. OX(3). Our plan for showing that
the hypotheses of Proposition 3.15 are satisfied is to first prove that the locus
in X [14] parametrizing subschemes of X which lie on a quadric and are also
Cayley-Bacharach w.r.t OX(3) has dimension at most 20 (Proposition 3.20),
and then prove that the locus parametrizing the subschemes Z appearing in
(3.15) is 21-dimensional (Proposition 3.21).
We begin with a study of the length-14 subschemes of X which are contained
in smooth members of the linear system |OX(2)|.
Proposition 3.18. Let X ⊆ P3 be a smooth quartic surface, and let C ∈
|OX(2)| be a smooth curve. Then

(3.18) CB(C) := {Z ∈ C(14) : Z is Cayley-Bacharach w.r.t. OC(3)}
is at most 11-dimensional.
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Proof. By Definition 3.16, we have that
(3.19)

CB(C) = {Z ∈ C(14) : ∀p ∈ supp(Z) p is a base point of |OC(3H − Z + p)|}
Let σ : C × C(13) → C(14) be the addition morphism defined by σ(p, Z ′) →
p+ Z ′. Then the locus CB(C) is contained in the image under σ of the locus

(3.20) C̃B(C) := {(p, Z ′) ∈ C × C(13) : p is a base point of OC(3H − Z ′)}

Given that σ is a finite morphism, it suffices to show that C̃B(C) is at most

11-dimensional. Observe that the image C̃B(C) under the projection map
pr2 : C × C(13) → C(13) is the locus

(3.21) Bpt(C) := {Z ′ ∈ C(13) : OC(3H − Z ′) has a base point }
Any linear series on a curve has finitely many base points, so the restriction

of pr2 to C̃B(C) is a finite map onto Bpt(C). Consequently we are reduced to
showing that Bpt(C) is at most 11-dimensional.
Since (2H)2 = 16, it follows from the adjunction formula that C is a curve
of genus 9. Furthermore, the line bundle OC(3H − Z ′) is of degree 11 for
all Z ′ ∈ C(13), so Riemann-Roch tells us that dim |OC(3H − Z ′)| ≥ 2 for all
Z ′ ∈ C(13). Consider the commutative diagram

C(13)
a //

a′ $$I
IIIIIIII
Pic13(C)

∼= γ

��
Pic11(C)

where a is defined by Z ′ 7→ OC(Z ′) and γ is defined by M 7→ M−1(3);
it is straightforward to verify that a′(C(13)) ⊆ W 2

11(C) and that Bpt(C) =
(a′)−1(V), where V is the subvariety of W 2

11(C) parametrizing line bundles
with a base point.
We claim that 6 ≤ dimV ≤ 7. Note that V is the image of the morphism
ρ : C × W 2

10(C) → W 2
11(C) defined by (p,M′) 7→ M′(p). By Serre duality

and Riemann-Roch, we have that W 2
10(C) ∼= W6(C), so C × W 2

10(C) is 7-
dimensional; this implies that dim(V) ≤ 7. To see that dimV ≥ 6, observe that
for each N ∈ V , any pair (p,M′) ∈ ρ−1(N ) must satisfy M′ ∼= N (−p), e.g.
ρ−1(N ) is contained in the 1-dimensional locus {(p,N (−p)) ∈ C × Pic10(C) :
p ∈ C}. This proves the claim.
Thanks to the fact that dimV ≤ 7, we need only check that for general N ∈ V ,
the fiber (a′)−1(N ) is 4-dimensional. Since γ is an isomorphism, this amounts
to checking that a−1(γ−1(N )) is 4-dimensional. Riemann-Roch implies that
dim |M| ≥ 4 for all M ∈ Pic13(C). Another application of Serre duality
combined with Riemann-Roch shows that W 5

13(C) ∼= W3(C), so we can have
dim |M| ≥ 5 only on a 3-dimensional subvariety of Pic13(C). We have just
seen that dimV ≥ 6, so for a general element M ∈ γ−1(V), we have that
a−1(γ−1(M)) is of dimension 4. This concludes the proof. �
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Lemma 3.19. Assume the hypotheses of Proposition 3.18. Then Z is Cayley-
Bacharach w.r.t. OC(3) if and only if it is Cayley-Bacharach w.r.t. OX(3).

Proof. Let Z be a length-14 subscheme of C, and let Z ′ be a length-13 sub-
scheme of Z. We then have the following commutative diagram with exact rows
and columns:

0

��

0

��
0 // OX(−2) // IZ|X //

��

OC(−Z) //

��

0

0 // OX(−2) // IZ′|X // OC(−Z ′) // 0

Twisting by 3 and taking cohomology yields the diagram

0

��

0

��
0 // H0(OX(1)) // H0(IZ|X(3)) //

��

H0(OC(3H − Z)) //

��

0

0 // H0(OX(1)) // H0(IZ′|X(3)) // H0(OC(3H − Z ′)) // 0

It follows that H0(IZ|X(3)) ∼= H0(IZ′|X(3)) if and only if H0(OC(3H −Z)) ∼=
H0(OC(3H − Z ′)), which is what we wanted to show. �

Proposition 3.20. Let X be a smooth quartic surface in P3, and define

QCB := {Z ∈ X [14] : H0(IZ|X(2)) 6= 0 and Z is Cayley-Bacharach w.r.t. OX(3)}
Then the dimension of QCB is at most 20.

Proof. Let U ⊆ |OX(2)| be the Zariski-open subset parametrizing smooth
curves, and consider the incidence variety

(3.22) C(14)U := {(Z,C) ∈ X [14] × U : Z is a subscheme of C}
Since U is 9-dimensional, we have from Proposition 3.18 and Lemma 3.19 that
the locus

(3.23) CBU := {(Z,C) ∈ C(14)U : Z satisfies Cayley-Bacharach w.r.t. OX(3)}
is at most 20-dimensional. The restriction of the projection map pr1 : C(14)U →
X [14] to CBU dominates QCB, so the latter is at most 20-dimensional as well.

�

We now return to the Grassmann bundle GU introduced in Proposition 3.13.
Recall from the proof of the latter that the general element of GU may be
described as a pair (C,L) where L is an element of W 1

14(C) satisfying properties
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(i) through (iv) in the statement of Proposition 3.9. The next result concludes
the proof of Theorem 1.1.

Proposition 3.21. Define the incidence scheme

ĜU := {(Z, (C,L)) ∈ X [14] ×GU : Z is a subscheme of C and OC(Z) ∼= L}
Consider the natural maps p1 : ĜU → X [14] and p2 : ĜU → GU . We have the
following:

(i) The locus in X [14] parametrizing the length-14 subschemes Z which
appear in (3.15) is birational to Im(p1).

(ii) Im(p1) is 21-dimensional.

Proof. (i) follows from Proposition 3.14 and the surjective morphism p ◦ p2 :

ĜU → U . Turning to (ii), we observe that for general Z ∈ Im(p1), we have that
p−11 (Z) = |IZ|X(3)| and for general (C,L) ∈ Im(p2), we have p−12 ((C,L)) =

|L| ∼= P1. We have already seen in the proof of Proposition 3.13 that GU is
irreducible and 26-dimensional. Since p2 is dominant and its general fiber is

1-dimensional, we have that ĜU is irreducible and 27-dimensional.
Given that (i) holds, taking cohomology in (3.15) and using the fact that any
E ∈ U has 8 global sections shows that |IZ|X(3)| is 6-dimensional for general
Z ∈ Im(p1), i.e. that the general fiber of p1 is 6-dimensional. This proves
(ii). �

3.4. Stability Of Simple Ulrich Bundles. As stated in the introduction,
we would like to know when the simple Ulrich bundles we have constructed
on our smooth quartic surface are stable. In the case where Pic(X) ∼= ZH we
have an affirmative answer; the next result gives a partial answer for the case
of higher Picard number.

Proposition 3.22. Let X ⊆ P3 be a smooth quartic surface whose Picard
number is at least 3 and which contains finitely many smooth rational curves,
and let E be a general simple rank-2 vector bundle on X with c1(E) = 3H and
c2(E) = 14. Then E is stable.

Proof. By Theorem 2 in [Qin1] and Theorem A in [Qin2], it suffices to show
that for any divisor class F ∈ Pic(X), the following statements hold:

(i) 2F is not numerically equivalent to 3H.
(ii) If 2F − 3H has positive intersection with every ample divisor on X,

then 2F − 3H is the class of an effective divisor on X.

If 2F is numerically equivalent to 3H, then F 2 = 9, which contradicts the fact
that the self-intersection of any divisor on a K3 surface is even; therefore (i)
is true. If 2F − 3H has positive intersection with every ample divisor on Xf ,
then 2F − 3H is in the closure of the effective cone of X (e.g. Section 1.4C of
[Laz1]). Our hypothesis on X implies that the effective cone of X is polyhedral
(e.g. Theorem 1 of [Kov]) and therefore closed; this concludes the proof of
(ii). �
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Remark 3.23. The theorems of Qin that we have just used refer to slope-
stability, rather than stability. However, slope-stability implies stability, and
by Theorem 2.9(c) of [CH] the two notions coincide for Ulrich bundles on any
smooth projective variety.

4. Constructing Irreducible Representations of The Clifford
Algebra

4.1. The geometry of Clifford quartic surfaces. For the rest of the
paper, Xf will denote the smooth quartic surface defined by the equation w4 =
f for a general nondegenerate ternary quartic form f = f(x1, x2, x3); we refer
to Xf as a Clifford quartic.
The starting point for our study of the geometry of Xf is the observation that
π factors as a composition of two double covers. More precisely, we have that
π = π1 ◦ π2, where π1 : S → P2 is the double cover of P2 branched over Q, and
π2 : Xf → S is the double cover of S branched over B := π−12 (Q).
Since the canonical bundle ωS of S is isomorphic to π∗1(ωP2(2)) ∼= π∗1OP2(−1),
it follows that S is a del Pezzo surface of degree 2. As is well-known, S can also
be described as the blow-up φ : S → P2 of the projective plane at seven points
in general position. Consequently, its Picard group Pic(S) is the free abelian
group of rank 8 generated by the classes e0, e1, . . . , e7, where e0 is the class of
φ∗OP2(1) and e1, · · · , e7 are the classes of the exceptional divisors associated
to φ. The matrix of the intersection form on Pic(S) with respect to the ordered
basis {e0, · · · , e7} is diag(1,−1, · · · ,−1). The following result says that the
pullbacks of these classes via π2 generate all of Pic(Xf ); see Proposition 1.4 of
[Art] for the proof (and for a slightly more general statement).

Proposition 4.1. For i = 0, · · · , 7, define ẽi := π∗2ei. Then the classes
ẽ0, · · · , ẽ7 form a basis for the Picard lattice Pic(Xf ), whose intersection form
is given by diag(2,−2, . . . ,−2). In particular, the intersection form on Pic(X)
is 2Z−valued. �

There are 56 curves on S with self-intersection -1, and their classes are given
by ei for i = 1, . . . , 7; e0 − ei − ej for 1 ≤ i, j ≤ 7 (i 6= j); 2e0 − ei1 − · · · − ei5
(where {i1, · · · , i5} ⊆ {1, · · · , 7}) and 3e0 −

∑
i6=j ei − 2ej. The set consisting

of these 56 curve classes admits a free Z/2−action via the deck involution of
π1, and the 28 orbits of this action are in bijective correspondence with the 28
bitangent lines of the quartic plane curve Q.

4.2. Existence of stable Ulrich bundles on Xf . Propositions 3.22 and
4.1, together with the fact that there are exactly 56 smooth rational curves on
Xf , imply the following result, which in turn implies Theorem 1.3.

Proposition 4.2. There is a Zariski-open subset U ′ of the set U defined in
(3.11) whose members are stable Ulrich bundles of rank 2 on Xf . �
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This subsection contains an alternate proof of Proposition 4.2 that yields
slightly sharper information, namely that all the Ulrich bundles on Xf guar-
anteed by Theorem 1.1 are stable. We begin with a well-known lemma, whose
proof is included for completeness.

Lemma 4.3. Let D be a divisor class on a K3 surface X such that D2 > 0 and
D has positive intersection with some ample divisor H on X. Then D is the
class of an effective divisor on X.

Proof. By the Riemann-Roch theorem and Serre Duality, we have that

(4.1) h0(OX(D)) + h0(OX(−D)) ≥ 2 +
D2

2

Since D2 > 0 by hypothesis, it follows that exactly one of D and −D is an
effective divisor class. Since −D is assumed to have negative intersection with
an ample divisor on X, it cannot be effective; this concludes the proof. �

Proposition 4.4. There does not exist an effective divisor D on X satisfying
D ·H = 6 and D2 = 4.

Proof. First we will show that any effective divisor class D with D ·H = 6 and
D2 = 4 must have nonnegative intersection with any of the 56 conics on X,
and afterwards we will show that this yields a contradiction.
We assume that D is linearly equivalent to a reducible curve of the form ẽ+D′

for a conic ẽ on X and a curve D′ on X, since the statement of the lemma
is immediate otherwise. First, note that D′ is irreducible. Indeed, we have
that D′ ·H = 4, and if D′ is reducible then it must be the sum of two conics
ẽ′ and ẽ′′ since X does not contain any lines. Simplifying the equation D2 =
(ẽ + ẽ′ + ẽ′′)2 = 4 yields

(4.2) ẽ · ẽ′ + ẽ · ẽ′′ + ẽ′ · ẽ′′ = 5

which is impossible since the intersection form on X is even. Given that D′ and
ẽ are distinct irreducible curves (their intersections with H differ), it follows
that D′ · ẽ ≥ 0. Moreover, if ẽ′′′ is any of the 55 conics on X which is not equal
to ẽ, then D · ẽ′′′ = (ẽ+D′) · ẽ′′′ ≥ 0.
It remains to check that D · ẽ ≥ 0, or equivalently that D′ · ẽ ≥ 2. All that is
required is to rule out the possibility that D′ · ẽ = 0.
Note that D′ is not linearly equivalent to H ; this is because the arithmetic
genus of ẽ + D′ is 3, whereas the arithmetic genus of ẽ + H is 4. The Hodge
Index Theorem then implies that (D′−H)2 < 0, so that (D′)2 ≤ 2. If D′ · ẽ = 0,
then D2 = (D′)2 + ẽ2 ≤ 0, which is absurd.
Write D = aẽ0 −

∑
biẽi. By hypothesis, we have

D.H = 6a−
∑

2bi = 6

D2 = 2a2 − 2
∑

b2i = 4.
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We have just shown that D has nonnegative intersection with any conic on X,
so we also have the following inequalities

D.(ẽi) = 2bi ≥ 0

D.(ẽ0 − ẽi − ẽj) = 2a− 2bi − 2bj ≥ 0

D.(2ẽ0 − ei1 − · · · − ei5) = 4a− 2

5∑

t=1

bit ≥ 0

D.(3ẽ0 −
∑

i6=j
ẽi − 2ẽj) = 6a− 2

∑

i6=j
bi − 4bj ≥ 0

The first formula gives bi ≥ 0. Combining the last formula with 3a−∑ bi = 3
gives bi ≤ 3. Hence it is possible to check solutions using a computer program.1

Doing this shows that our system of inequalities is inconsistent, e.g. that D
cannot exist. �

Proposition 4.5. Any semistable bundle of rank 2 on Xf with c1 = 3H and
c2 = 14 is stable. In particular, any Ulrich bundle of rank 2 on Xf with
c1 = 3H and c2 = 14 is stable.

Proof. Let E be a bundle satisfying the hypotheses. A Hilbert polynomial
calculation shows that any line bundle M on Xf which destabilizes E must
satisfy c1(M) ·H = 6 and c1(M)2 = 4. However, Lemma 4.3 and Proposition
4.4 imply that such a line bundle cannot exist on Xf . �

Corollary 4.6. Each irreducible component of the moduli space of rank-2
stable bundles on Xf is a smooth projective variety of dimension 14. �

4.3. A simple weakly Ulrich bundle on Xf which is not Ulrich. In
this final subsection, we construct a family of weakly Ulrich bundles on Xf

with c1 = 3H and c2 = 14 whose members are simple and globally generated,
but not Ulrich.
Let E be a smooth cubic curve in P2 which intersects the branch divisor of
π1 in 12 distinct points. Then D := π−11 (E) is a smooth irreducible member
of the linear system |OS(3)|. Since π1|D is a double cover of an elliptic curve
which is ramified at 12 points, it follows easily from Riemann-Hurwitz that D
is of genus 7. In what follows, C will always denote π2

−1(D). Note that C is
the member of |OX(3)| obtained by intersecting X with the cone over E ⊆ P2.

Lemma 4.7. (π2|C)∗OC ∼= OD ⊕OD(−1).

Proof. Since the trace map tr : (π2|C)∗OC → OD induces the splitting
(π2|C)∗OC ∼= OD ⊕ N , where N := det((π2|C)∗OC), it suffices to show that
N ∼= OD(−1).
The branch divisor B of π2|C is equal to the ramification divisor of π1|D : D →
E, which is in turn a member of the canonical linear system |ωD| = |OD(2)|.

1Available from the first author upon request.
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We then have that

(4.3) N⊗2 ∼= OD(−B) ∼= OD(−2)

Given that the degree of B is 12, the degree of N is -6, so that N (1) has degree
0. We have from the projection formula that

(4.4) H0(OC(1)) ∼= H0(OD(1)⊗ (π2)∗OC) ∼= H0(OD(1))⊕H0(N (1)).

Taking cohomology of both the exact sequence

(4.5) 0→ OX(t− 3)→ OX(t)→ OC(t)→ 0

and its analogue for D ⊆ S when t = 1, we see that h0(OC(1)) = 4 and
h0(OD(1)) = 3, so h0(N (1)) = 1. In particular, N (1) is trivial. �

Lemma 4.8. There exists a line bundle L′ on D of degree 7 which satisfies the
following properties:

(i) L′ and L′−1(3) are globally generated.
(ii) h0(L′) = 2.

(iii) h1(L′⊗2(−1)) = 0.

Proof. We will show that the general member of the Brill-Noether locus W 1
7 (D)

satisfies conditions (i) through (iii). Since W 1
7 (D) ∼= W5(D) by Riemann-Roch

and Serre duality, we have that W 1
7 (D) is 5-dimensional, so it suffices to check

that the locus of elements of W 1
7 (D) which violate one of these conditions is at

most 4-dimensional.
Since D is bielliptic, the Castelnuovo-Severi inequality (e.g. Exercise C-1 in
Section VIII of [ACGH]) implies that D cannot be hyperelliptic. Consequently
Martens’ Theorem implies that the dimension of W 1

6 (D) is at most 3. In
particular, the image of the addition map σ : D ×W 1

6 (D) → W 1
7 (D) defined

by σ(p,L′) = L′(p), which parametrizes the elements of W 1
7 (D) that fail to be

globally generated, has dimension most 4.
Turning to L′−1(3), we see that since the latter has degree 11 and that its
Serre dual ωD ⊗ L′(−3) ∼= L′(−1) has degree 1, so that H1(L′−1(3)) 6= 0 only
for L′ in a 1-dimensional locus. Consequently L′−1(3) is nonspecial for general
L′ ∈W 1

7 (D); in particular, h0(L′−1(3)) = 5 for all such L′. The locus in W 1
7 (D)

for which L′−1(3) fails to be globally generated is isomorphic to the image of
the map σ′ : D ×W 4

10(D) → W 4
11(D). Given that D is nonhyperelliptic, the

dimension of W 4
10(D) is equal to 2, so the image of σ′ has dimension at most 3.

We may conclude that L′−1(3) is globally generated for general L′ ∈W 1
7 (D).

The Brill-Noether locus W 2
7 (D) parametrizes the elements of W 1

7 (D) which vio-
late (ii). Another application of Martens’ Theorem shows that it has dimension
at most 2.
Finally, we come to (iii). Since L′⊗2(−1) has degree 8, its Serre dual ωD ⊗
L′⊗−2(1) is of degree 4, so by Serre duality the nonvanishing of H1(L′⊗2(−1))
is equivalent to the degree-4 line bundle ωD⊗L′⊗−2(1) having a nonzero global
section. Since W4(D) is 4-dimensional, we have that the general member of
W 1

7 (D) satisifies (iii). �
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Lemma 4.9. For all m ∈ Z, the pullback morphism π∗2 : Picm(D)→ Pic2m(C)
is injective.

Proof. It is enough to show that if M is a line bundle on D for which π∗2M∼=
OC , then M ∼= OD. Given that 2 · c1(M) = c1(π2

∗M) = 0, we need only
check that h0(M) = 1. By Lemma 4.7, we have that H0(OC) ∼= H0(M) ⊕
H0(M(−1)) ∼= H0(M); this concludes the proof. �

Proposition 4.10. (π∗2)(W 1
7 (D)) is contained inW 1

14(C), and there is a unique
irreducible component W of W 1

14(C) which contains (π2)∗W 1
7 (D) and is gener-

ically smooth of dimension 7.

Proof. Let L′ ∈ W 1
7 (D) be general enough to satisfy conditions (i) through

(iii) in the statement of Lemma 4.8. If H0(L′(−1)) 6= 0, then 2 = h0(L′) ≥
h0(OD(1)) = 3, which is absurd; therefore H0(L′(−1)) = 0. Lemma 4.7 then
implies that h0(π∗2L′) = h0(L′)+h0(L′(−1)) = 2. Since L′ varies over a Zariski-
open subset of W 1

7 (D), we may conclude that (π∗2)(W 1
7 (D)) is contained in

W 1
14(C), but not in W 2

14(C).
Let W be an irreducible component of W 1

14(C) which contains (π∗2)(W 1
7 (D)).

According to Proposition 3.6, W is smooth of (expected) dimension 7 at π∗2L if
and only H0(π∗2L′−2(3)) = 0. By Serre duality, H0(π∗2L′−2(3)) ∼= H1(π∗2L′2)∨,
and another application of Lemma 4.7 shows that

(4.6) H1(π∗2L′2) ∼= H1(L′2)⊕H1(L′⊗2(−1)) ∼= 0

It follows that the general point of (π∗2)(W 1
7 (D)) is a smooth point of W 1

14(C).
This implies that W is generically smooth and also that W is the unique irre-
ducible component of W 1

14(C) which contains (π∗2)(W 1
7 (D)). �

Proposition 4.11. The general member L of W satisfies the following:

(i) L and L−1(3) ∼= ωC ⊗ L−1 are globally generated.
(ii) h0(L) = 2.

Proof. Let P be the restriction of a degree-14 Poincaré bundle on C×Pic14(C)
to C × W , and let p : C × W → W be projection. For each L ∈ W , the
restriction of the natural evaluation morphism ev : p∗p∗P → P to each fiber
p−1(L) ∼= C is the evaluation map evL : H0(L) ⊗OC → L, whose surjectivity
is equivalent to L being globally generated, so (i) is a Zariski-open condition on
W . Furthermore, we have that h0(L) ≥ 2 for all L ∈ W , so (ii) is a Zariski-open
condition on W by semicontinuity.
Lemma 4.8 and Proposition 4.10 imply that the general member of
(π∗2)(W 1

7 (D)) is a smooth point of W which satisfies conditions (i) and
(ii); this concludes the proof. �

Proposition 4.12. Let E be a rank-2 vector bundle constructed from the gen-
eral member L of W . Then E is weakly Ulrich, globally generated, and simple.
In particular, the isomorphism class of E lies in Mg

H(2, 3H, 14).

Documenta Mathematica 17 (2012) 1003–1028



1026 Emre Coskun, Rajesh S. Kulkarni, and Yusuf Mustopa

Proof. Proposition 3.9 implies that E is simple and weakly Ulrich. The exact
sequence (3.5) implies that E is globally generated away from the base locus
of L−1(3). Since the latter is a globally generated line bundle on C by (i) of
Proposition 4.11, E is globally generated. �

Proposition 4.13. Let E be a rank-2 vector bundle constructed from the gen-
eral member L of W . Then E is not Ulrich.

Proof. It is enough to check that H1(E(−1)) 6= 0. By (3.6), it suffices in turn to
check that the multiplication map H0(OX(1))2 → H0(L(1)) is not surjective.
Since L is a general member of W , we have that L ∼= π∗2L′ for general L′ ∈
W 1

7 (D). Lemma 4.7 then implies that

(4.7) H0(L(1)) ∼= H0(L′(1))⊕H0(L′)
Since h0(L′(1)) = 7 and h0(L′) = 2, we have that h0(L(1)) = 9, so it follows
that the multiplication map cannot be surjective for dimension reasons. �

Remark 4.14. In [CF], Chiantini and Faenzi show that a general quintic surface
in P3 admits a linear Pfaffian representation by constructing a weakly Ulrich
bundle on a specific quintic surface and deforming it to an Ulrich bundle on a
nearby quintic surface (Section 6.3 in loc. cit.). One can recover the Beauville-
Schreyer result on general quartic surfaces by applying their deformation to
the weakly Ulrich bundle we have just constructed.
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