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Abstract

The following version of the inverse spectral problem of Kac is dis-
cussed for a system of interacting Brownian loops in a bounded ad-
missible domain A of R?: Given a stable pair potential ¢ with nice
decay properties, the logarithm of the associated partition function in
the dilated region R- A, R > 1, is expanded as R — +o0o. The proof
is based on the method of cluster expansion.

Introduction

For the Ginibre gas obeying Maxwell-Boltzmann (MB) statistics, defined
below by a finite measure W..,,  on the set of Brownian loops in A and an
interaction potential ¢, the associated log-partition function

10 Z(An,2) = I [ cap(-U(0)W-p () )

will be expanded in the infinite volume limit R — +oc. Here Ap = R- A and
U? is the energy, defined by ¢, and z > 0 an activity or intensity parameter.
We shall show that

InZ(Ag,2) = R?-p(¢,2) - |A| — R-b(¢, 2) - |0A| + o(R) as R — 4o0. (2)

Here |A] is the volume and |0 A| the surface measure of |A|. The coefficents
(o, 2), and b(¢, z) are explicitly expressed as functional integrals by means
of ¢ and z. p(¢,z) can be interpreted as the pressure and b(¢,z) as the
surface tension. We consider the case v = 2 only for simplicity. The same
arguments give in the general case v > 2 a similar result:

In Z(Ag,2) = R -p(¢,2)-|A| — R -b(v, ¢, 2) - |0 A| +0o(R"™) as R — +o0.

Since the left hand side is determined by the potential (if A and z are given),
the expansion (2) implies that ¢ uniquely determines the volume, and the
surface measure of the domain in which the Ginibre gas is living. In this
sense this work is a contribution to the program of Mark Kac.

The model which we consider in this paper is actually a quantum gas
with (MB) statistics in the “loop” representation !. Hence (2) gives the
first two terms of the asymptotic expansion of the log-partition function



of a quantum gas in thermodynamic limit. For classical gases a complete
expansion of In Z(Ag, z) was obtained in °.

We make some comments on the methods used to obtain this result: The
starting point is the representation

InZ(Ag, 2) = W, (9), z small enough, (3)

by means of the Ursell function ¢. It is based on the method of cluster
expansion. See b for details.

In the second step the right hand side of (3) is written by means of the
Campbell measure C, of W,:

Wepa (9) = Co (Lxamyxman) - 9z) -
where

N ~ g .
The method of the Campbell measure is explained in appendix A. One

of its main elements is the following partial integration formula

C,(h) = /M(X) [ oo+ 8ol W), (1)

where h is non-negative and measurable.
Writing the integration with respect to p more explicitly we obtain the
representation

InZ(Ag,2) :/ du/ Po(dxo)lx(AR)(u+:U0)/ W,(dp) g (e + 62044)-
AR X0 M(AR)
(5)

The main strategy then will be, to make successively finer decompositions
with respect to the variables (u, 2%, i) of the integral on the right side of (5),
thereby isolating the relevant global and correction terms.

The analysis of the correction terms is based on the estimates for the
decay of correlations in our system which had been obtained by the authors
in ¢ . It is summarized in the socalled main lemma, which is stated in
appendix C.

We also mention that some technics developed in Macris et al. ® are used

throughout the paper.



The Ginibre gas. Formulation of the main
result

In this paper we consider domains A which are open convex bounded subsets
of R?) with n convex closed holes. We assume that the connected parts
of the boundary of A are one dimensional closed C?-manifolds. Such A we
will call admissible domain. Thus for each admissible A and v € A with
d(u,0A) < ¢, for § > 0 sufficiently small, there is a unique point r € 9 A
such that d(u,r) = d(u,0A). Here 0 A denotes the boundary of A, and d the
Euclidean distance in R2.

We consider classical stable pair interaction ¢ which is continuous even
function on R?\ 0. We assume also that [, [¢(u)|- (1 + |u|)'du < +oo where
[ > 0 will be chosen later. The class of such potentials we denote by P;.

We recall briefly the notion of a Ginibre gas obeying MB-statistics. Fix
B > 0 and consider the o-finite measure space (X', By, p), where

X = {z €C(0,8],R?) | 2(0) = 2(8)}

denotes the space of continuous loops provided with the topology of uniform
convergence. By denotes the Borel o-field in X', and

p:/ P" du (6)
R2

the locally finite measure on X defined by means of the Brownian bridge
measure P", being concentrated on the set X of loops which start and end
in u. (For a precise definition and construction of P* see '). P" is not
normalized and satisfies P*(X") = (73)~"/2.

Now let A be an admissible domain in R?, and consider the restriction of
p to the bounded Borel set

X(A)={zeX|x(t)€Aforeach 0 <t <}

This restriction is denoted by py. It is a finite measure with py(Xy) <
Al - (m3)~"2.
Given in addition a parameter z > 0, a measure W, is defined on M =

M(X) by

Werl) = 32 [ oo [ o0t ) plden) i),



where ¢ is any non-negative, measurable function on M. (Here M is the
set of all finite, simple point measures on R?. For details see 4.) We are
interested in the finite measure W,.,, on M(A) = M(X(A)), the set of finite
configurations of loops in A.

On the other hand, by means of a given potential ¢ € P, we introduce
the following energy functional U:

B
U =5 > [ olals) - yls)ds.n e M.
xT,YEM, 0
T7Y
On account of the stability assumption on ¢ the functional f := exp(—U),
the so called Boltzmann factor, is integrable with respect to W, .

The triple (M(A), W..,,, ¢) we call the Ginibre gas in A with intensity
z, potential ¢ and MB statistics.

Of central importance is its partition function Z(A, z) = W,.,, (exp(—U))
which is strictly positive and finite, because the stability of ¢ implies f(u) <
exp(u(X) - 8- B), i € M,

Given ¢, 3,z and some admissible A, we are interested in the asymp-
totic expansion of In Z(Ag, z) as R — +oco, where Ag = RA = {Ru | u €
A}, R > 1. As in 7 we shall use the representation of the log-partition func-
tion by means of the Ursell function ¢:

In Z(Ag, 2) = W, (9) if z is sufficiently small.

The following theorem will be obtained in this paper. Let W/(p) =
T e(u+mW,(dn), ¢ € L'(W,), p € M. Instead of W?* we shall write W?.

Theorem If ¢ € P, with [ > 16, and z is from the interval 0 < z < [(2"T1+
e)-e?B . |q|;]7*, where || - ||; is given in appendix B, then for any admissible
domain in R? the following asymptotic expansion of the log-partition function
holds true:

mzmmale/<wuﬁnm%@wM|

X0
+oo
—R‘/ U(dﬂ/dt/ PO(da®) Wyt (1 - 32)
oA " &0

+o(R) as R — +o0,



where n(r) is the inward drawn unit normal to A at the point » € 9 A and
IIF = {r € R? ’ (x,n(r)) > 0}.
If ¢ is also Euclidean invariant then

In Z(Ag, 2) =R - / PO () W2 (3) - A

“R. /dt/XoPO (d2®) W (1o, - G2) - 10

+o(R) as R — +o0.

0

Here n® is any fixed unit vector and IIJ = {z € R? | (z,n°) > 0}.

The proof of the theorem.

Let Z(R) = InZ(Ag,z). By (A.4) from appendix A we see that I(R) =
Wepnn (9) = Co(La(ap)xmiag) * 9z)- Let

S(AR) = {ZL‘ eX ‘ .I'(O) S AR}

Consider the set function C(A) := C,(14 - §.). Then Z(R) = C(X(Agr) X
M(AR)). C is well defined and real valued for all sets S(Agr) x M because

|C( (AR) % M)’ < C 15 (AR)xM * ’gz’)
/AR du /Xo P(d )/M W, (dpe) 13| (1 + Gugao)-

Here we used the partial integration formula (4). Now the integral W“+x0(| g:|)
does not depend on u, because W, as well as ¢ (and thereby g.) are trans-
lation invariant. Since the functlonal F(a2%) = W“” (]g=|) is bounded 7 this
implies the assertion.

We have that

Z(R) = C(S(ARr) x M(AR)) — C([S(Ar) — X(ARr)] x M(AR))

It is clear that the second term on the right hand side vanishes. Then we
decompose again

I(R) = C(S(Ar) x M(X)) = C(S(Ar) x M*(Ar)) (7)



This is our basic initial decomposition of 7.

We shall discuss the terms on the right hand side separately. The first
term is a contribution to the volume, whereas the second will contribute to
the boundary and the constant term.

By partial integration the first term of the decomposition (8) is given by

Cp (Ls(ap)xm(x) - Jz) =/ du/ PO(da”) Wﬁﬂo(ﬁz)
An Jao

As has been remarked already, the function W;“”‘O (g.) does not depend on
u. Thus

C(S(hn) x M) = RP-IA|- [ P(ds) W3 (3.

X0

The integral on the right hand side is called the pressure.
It remains to expand the integral

T(R) = C(S(A) x M) = [ plde) W7 (Larany - 32)-

S(Ar)

We decompose it by decomposing Ag into A% and its complement A%?,
where for some fixed constant € > 0 and § > 0 (to be chosen later)

A ={ueAg|d(u,dAg) <d- R}
We obtain the following decomposition
T(R) = C(S(AR) x M*(Ar)) + C(S(AR') x M(Ag))
By partial integration formula
T(R) = C(S(AR) X Me(A) = [ plde) W (Lneng - )
S(AR")
The main lemma (see Appendix B) implies that this is a correction term:

1

Tt < t-R* A —————.
| (R)l > cons R | | (1 + %é‘Rs)l



Let us choose from now on ¢ = § and [ > 16. Then T (R) = o(1) as

R — —+o0o. Therefore all relevant informations of 7 are contained in the
integral

TH(R) = / pdr) W (Lngearny - 32)
S(A%)

To analyze 7% we set up at each point r € 9 A local coordinates (&, 7),
where ¢ is along the tangent vector s = s(r) and 7 is along the inward drawn
unit normal n to A at r. Then 0 A is given locally by n = f,(€), |¢| < dR®
for 6 > 0 small enough (for example we can take § = %[s%% lk(r)]] 7Y, k(r) =

re

17(0)), where f, is a function of class C2.
Furthermore, we associate to r the cylinder I, sz- = {(&,n) | €] < 6-R}.
We now decompose 7% by decomposing M¢(Ag) as follows:

MC<AR) = MC(AR)M<HT,5Rs> + MC(AR)MC(HT,(;Re), re 8AR

By the main lemma
/ p(dx) Wy (1MC(AR)MC(Hr,5Re) -§z) =o0(1) as R — +o0
S(A%)

Thus the relevant term is

TU(R) = / p(d7) W (Lngeama@t, oo )
S(A%)

77 > fT7R(£)}7
where f. gr(§) = R- f, (}%) We now decompose 72? by decomposing D :=
ME(AR)M(IL,. 55-) as follows:

D = MUAR)M(F(se) + MUy 552 ) M (F e )

T T

To study this term we consider F,5p. = {(£,7) € 1L, sz

Again by the main lemma

dx) W? <1 . .~Z> — o1
o 200V (Larnni ) =01

because |, seavay do W (dp) realizes configurations of loops 1+ 0, with z(0) €
R

A% and with at least one loop touching the exterior of Ag in }": spe (which
can be a hole).



Therefore the term to be studied is
N xr L5
TR = [ o) Wi (L o )

We decompose Z, by decomposing D' = M(I1, s RE)MC(}";L spe) by means
of I 55 = {(§,n) € I, e

D' = ML )M (F ) + M(Iygpe ) MO e ). (8)

n > 0} and its complement and get

Remark. For shortness we consider only the case where r is a point of the
convex part of the boundary 0 Ag. The concave situation can be treated
similarly.

We first consider the integral

Z;\(R) = / pldz) Wy (Wc(njmewmr,ms) ‘§z>
S(A%) ’

To get rid of the restriction to the cylinder we decompose this integral by
representing Dy = MO(ILF 5. ) M(TL, 55-) by means of I = {(£,7) | n >0}
and obtain

Dy = M (L) = ML) M (I, 55

T

The standard argument, with the help of the main lemma, shows that
T:HR) = / p(dz) W7 <1M0(HT+) ~§Z> +o0(1) as R — +o0. 9)
S(A%)

Let r(r | R) = % - k(r) where £(r) is the curvature of 9 A in 7 € 9 A. We
shall use now the disintegration of the 2-dimensional Lebesgue measure in
the shell A%:

R = [ o) W (L 5:) (10)
S(A%

SR®
= / UR(dT)/ dt [1—t-k(r | R)] - HHn() <1M5(H;r))
O AR 0

where ‘H" is defined in appendix B.



~ Developing here the bracket, this is a difference of two integrals, say
Z5(R) — Z4(R). Furthermore, writing the integration fo " dt as the difference
fooo dt — |, 50135 dt, we obtain for these terms by the standard argument

+oo
Ty(R) = /8  oaldn /0 At O (L)) +o(1) (11)
R
=:T3(R) + o(1) as R — +o0;

+o0
Z4(R) :/ or(dr)-dtt-K(r | R)/ dt t-H 0 <1M6(H+)> +0(1)
dAR 0 ’
(12)
=:I4(R) + o(1) as R — +o0.
Here, by virtue of the main lemma, both integrals Zs(R) and Z,(R) are

convergent.
We remark that in case that ¢ is Euclidean invariant

HrFtnr) <1MC(H;")) — im0 (1/\46(1'13) .§Z> ,

where ng is any unit vector and IIj = {x € R? ‘ x,ng) > 0}. In this case
+oo
To(R) = R-|9A| - / dt Mt (1MC(H3)) :
0

I,(R) = /azx o(dr)k(r) /O+°° dt t - H!o <1M8(H§))

Evidently 73 is a boundary term and Z, is a constant term. Combining (9)
and (10) — (13), we find the following asymptotic expansion for Z3':

T3H(R) = I3(R) + o(R) as R — +oo0.

It remains to study the integral

I3(R) = / p(d2) W3 (Lugs,opnie(r) )
S(As’%d) '

which corresponds to the first term in (9).
To complete the proof of the theorem we will show that Z2(R) = o(R) as
R — +o0.

10



We have
22(R) = [ plde) [ A Lt (0 82) 320+ 8)
S(AL) M " "

The gas fS(A?g) dx W7 (dp) is now considered in the region D" := S(A%) x
ML 55 )ME(Ff55-). Thus its realizations p + 0, consist of loops with
z(0) € A%, all are living in the cylinder H:fa Re, but at least one leaves ]:: SR

Observe now that p + &, € M(IT} 55 ) M (Ff5-) with z € S(AY) iff

r

2(0) € A¥, v € X(IL 55 ) X(F spe), 1t € M(IL 55 ) ox
z(0) € A,z € X(f:ms)aﬂ € M(H:(SRe)MC(f:(SRe)'

This implies

TP < [ pld) Loyt ezt @ [ Woldn) 3210+ 6
’ ML pe)

; r,0 RE

+ / p(dz) Lg pmpirr (@) / e
N S(AYDX(F s pe) ML )ME(F ) ’

= J(R) + T (R) -

We consider the terms on the right hand side separately.
Consider the inner integral of J;(R). Separating a loop touching the
outside of Fyp. vields

//\A(HIERE)MC(]?*'

r,éRE)

W, (dp) 1.0+ 6,) < / pldy) TWo9v(|g.)

XL e )X (F s o)

This is estimated once more using the strong cluster property of the Ursell
function g. It is proven in ®, (see p. 577) that

0288

lul+2 .

where [|Q;||cc = sup, ,ex |Q-(7,y)| < +00. Thus

o208

S0y (17 1) < D := .
Wit(3.) < D =t 1@

11



and consequently
AR <D [ plda) pX ) X (F L)
R

More explicitly

TR < 226K [ om0 27 (F )

Here we used that Py(X°) = # and |1 —t-k(r | R)| < 2if 0 <t < §R°.
Thus it remains to study the term

Ji(r, R) = p(X (1155 ) X (Flsp)), 7 € O Ag.

T

This can be written as follows
SRE

T R) = /d&/dn/POdy e (€ +10).

—OR¢ 0

For each admissible domain A there exists a constant C' = C'(A, 0) such that
for all || < dR® we have |f,(£)| < C - [£]*. Thus

1frr(E)] < C 0% R if [¢] < OR°.
Therefore any loop y° € X° such that (§,7) +¢° € X° (I} 55) X (Flspe)

satisfies the bound sup||3°|| > dR® for all R large enough (R > (50)1%5
e.g.) if only n > 26RY®. Combining this with the well known fact that

P{z° € X° | sup|z°| > a} < C- e, we obtain for

OR® 20 R®
Ji(r,R) = d§ dny [ P°(dy°)1, XL e )X (F s ) (&5 m) +4)
Lefn]
+0o(1) = Ji(r,R) 4+ o(1) (14)

For 2° € X0 let 7° = 2° — (2%, n) - n be the projection of z° onto the tangent
plane at r. Let

Avsre(€) = {(n,4°) € [0,26R*] x X° | sup—(y°,n) <y <

sup(fr,r(§ +7°) — (v°, m)]}
Arsre = {(&,9°) € [R5, 0R] x X0 | |+ §°| < 6R}.

12



By Fubini’s theorem

oR® 20 R®

\.7(7' R / df/PO dy A e 5 y(]) / dnlAths(ﬁ)(nayo)
—0Re 0
OR®
B / df/PO dy AaRsfy(J)
—0Rse

: min{%RE, sup[fr.r(§ +3") — (v, m)] + inf (5", m) }
Let 7(n) and 7(£) be such that

{ inf(y°,n) = (4°(7(n)), n),
sup[fr (€ + %) — (1%, )] = frr(€ + 7(Tr(€))) — (B (7R(E)), )
Then f,,z(¢ +¢°(7(n))) < sup[frr(€+7°) — (v°, n)] Jg nf(y°,n) < f r(§ +

7°(7r(€))). Therefore, taking into account that |f, z(£)] < C - R™1£|?* for all
|€] < dR® we obtain

1
[sup[fr.r(€ +3°) = (v, m)] + inf(y”, m)| < O+ = - [¢] + sup "]

Consider now the subset Dp = {2 € X° | sup|2°] < R} and recall
that e = . Then for y° € Dp

[sup[fr.r(€ + %) — (y°, )] + inf(y°, )| < C- R (15)

We now can decompose J;(r, R) for R large enough as follows:

SR1/8
GinR) = [ de [P 600 o)
—SR1/8 X0
(suplf.r(€ +9°) = (4, m)] + inf(y°, n))
SRL/8
b [ e [P () oy (o)
_§R1/8 X0 ,

[min{20 R sup[f,z(¢ + §°) — (4°,n)]} + inf(y°, n) }]

= Ji'(r,R) + J2(r, R).

13



It is easy to estimate J2(r, B):

SR1/8
PRI < [ de [ P 0) - 28R 4 s ] = o).
_SR1/8 X0

Thus it remains to estimate J;*:

SR1/8
AR <G [ [ PO (600 10 6]+ sup )

_5R1/8 X0
SR1/8

C

<% [ ae [P+ s )
_SR1/8 X0

C 5R1/8

S B GG RGEN SRR
—0R1/8

where a, = [, dy”sup [|y°||" < oo,n = 1,2. This implies
|7 (r,R)| < C- R
Combining this with (15) gives
|J1(r,R)| < C - RT3,

It remains to study Jo(R) to terminate the proof of the theorem. We have

e / 8 L a1 / W, 0|30+ 6.) =

25R5)
/du/PO dCC S(AE X(H §RE)XC(.7:2,6RE)(xO +U)WP$ (|§Z|)

Since szo(|§z|) as a function of 2° € X is bounded (see 7, Lemma 1) we are
in conditions of Proposition 2 from 3, hence

|J2(R)| = o(R)
Combining this with (16) and (14) we find that JZ(R) = o(R) which com-
pletes the proof of the Theorem.

14



Appendix A. The general mathematical struc-
ture of gazes

To make the mathematical structure and properties of the underlying gases
more transparent we present them here in a general framework. For proofs
we refer to Matthes et al. %.

Let X be a polish space, B(&X') its Borel o-field, By(X) the collection of
bounded elements of B(X). If p is a locally finite measure on (X, B(X)),
i.e. p is finite on By(X'), we define the measure W, on the space M~ (X) of
finite sums of Dirac measures on X by

W) =S o [ [ ol bt B pldn) ol

where ¢ is non-negative and measurable with respect to the o-field F-(X),
generated by the counting variables (g : M~ (X) — Ny, (p(n) = n(B), B €
By (X).

If p is diffuse then W), is supported by M:(X) = {u € M~(X) | u({z}) €
{0,1} for any x € X}. Thus M- can be considered as the set of all finite
subsets (configurations) of X'). One can show that M (&X') € F~(X).

The situation considered in this paper is X = {z € C([0, 8], R") | z(0) =
z(3)} on which we consider the image p of the product measure \*® P° under
the mapping (u,2%) — u + 2°. Here \” is the Lebesgue measure on R” and
P° the non-normalized Brownian bridge measure on X° = {z € X | 2(0) =
z(B) = 0}. p is diffuse. Thus W, is supported by M- (X). Moreover, W, is
translation invariant in the sense that W, is invariant under shifts p — p—a
for any a € R”.

The Campbell measure. Partial integration

W, can be analysed by means of its Campbell measure (see * e.g.). This
is defined by

Co(h) = / / h(zx, 1) p(dz)W,(dp), h > 0 and measurable.
Me(x) Jx

It is well known that C, is given by

C,(h) = //w-(x) /X h(x, pu+d;) p(dz)W,(du), h > 0 and measurable. (A.2)

15



This partial integration formula remains true for each h € £'(C,). C, is
concentrated on the measurable subset

D= {(z.) € X x MA(X) | p({x}) > 1}.

The importance of the Campbell measure relies on the fact that it determines
W, uniquely outside the set {0} which consists only on the void configuration.
It is now evident that the following inversion formula is true

W,(¢) = C,(#), ¢ > 0, measurable with ¢(0) = 0.(see [4])

Here ¢(z, p) = %, (x,u) € T'. Hence for any z > 0 and B € By(X)

Wz-pB (SD) = Cp (1B></\/l“(B) ’ @z) 2RS £1(I/V?:~p}3) with SO(O) = 07 (AB)

where @, (z, 1) = 24 - ¢z, ). (Recall |pu] = p().)
Note that ¢ respectively ¢, do not depend on z.
Thus

Wepp () = / / P:(p1+0z) p(d)W,(du), ¢ € LY(W..,,,) with (0) = 0.
B JM-(B) a4)

Appendix B. The main lemma

For the convenience of the reader we recall the main lemma the proof of
which can be found in [6]: The underlying measure space (X, p) is the one
of the Ginibre gas.

Consider the functional

H () = / PU(dz"YW*" (¢ - §.), ¢ > 0 measurable.

Main Lemma. (o) If ® € Pyand 0 < z < 7[e*#BHpy(®)] 7! then H* defines
a finite signed measure on M with H"(1) being independent of w.

(B)If D € P, and 0 < 2z < w[4°T3e?Bp, (¢)] 7! then there exists a constant
¢ such that

|HY[(M(KR(u))) < m uniformly in u. (B.1)

16



Here Kg(u) is the closed v-ball centered in u with Radius R, and |H"| the
measure defined by (B.1) with g, replaced by |g.|.
The proof follows from the estimate

[H*[(M(Kg(u))) < const - P*(X(Kg(u)))+

+ / PO(d2°) / W, ()3 (1 + a0,
X0 Me(Kg(u))

Here P“(X¢(Kg(u))) < ¢-e ¢ and by corollary 5.1 of 6

" ].
[P [ Wl ) <
X0 Me(Kp(w) (1+2R)

uniformly in u. This implies the assertion.
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