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Preface

About ten years ago the Mathematics Department at which I am employed was forced to
get involved in teaching a first year course in Computer Science. One half of the course
was based on the book Introduction to Functional Programming® by Richard Bird and
Philip Wadler and used David Turner’s Miranda? as programming language. I taught
this course several times, the first time at least with an appalling lack of knowledge of
what Computer Science is all about. The present study has grown out of what I have
learnt from this undertaking. Its intention is to give a mathematical account of how I
believe students could be taught to think about functional programming languages and
to explain how such languages work.

For those who understand something of the terminology used to describe the semantics
of programming languages, this intention can be stated more precisely as follows: I
present a certain denotational semantics for a rudimentary functional programming
language and show that this is equivalent to the operational semantics defined in terms
of an explicit algorithm.

This account is certainly not meant as a text for the kind of course from which it arose,
and in fact it has nothing to say about the art of functional programming. It endeavours
rather to provide a mathematical basis for such a course, and is aimed at those who
would regard such a basis as being important, i.e, at an audience of mathematicians.

The kind of functional programming languages to be dealt with are those like Miranda,
Haskell and ML, in which objects, usually functions, are defined by equations. The
meaning of such equations will be given directly without resorting to the lambda calculus
(and so the book is not really suitable for dealing with a language such as Lisp). In fact,
this avoidance of the lambda calculus should not pass without comment. It seems that
almost all the accounts offering a mathematical explanation of functional programming
are written either by computer scientists or logicians. They are therefore written in a
language foreign to the very large majority of ‘ordinary’ mathematicians. I hope that
the present study is at least written in a language with which this group of people is
familiar.

The mathematical framework which will be employed is to some extent determined by
the languages the study seeks to explain. For example, data types in Miranda, Haskell
and ML are defined by specifying a signature, and the equations in these languages
are built up out of terms taken from corresponding term algebras. This means that
some elementary concepts from universal algebra can hardly be avoided. Moreover, one
is then more-or-less forced to use the fact that term algebras are initial as a basis for
giving equations a meaning. This can be seen as an instance of the ‘initial algebra
semantics’ philosophy propagated by the ADJ group?3.

Prentice Hall, Hemel Hempstead (1988)

Miranda is a trademark of Research Software Limited.

consisting of J.A. Goguen, J.W. Thatcher, E.G. Wagner and J.B. Wright, for example
in Initial algebra semantics and continuous algebras, Journal ACM, 24, 68-95, 1977

vii



PREFACE viii

The aim is to interpret equations over sets without an order structure, although each
such set will contain a ‘completely undefined’ element and can also contain ‘partially
defined’ elements. In general there need not be a unique least solution, and in fact,
there need not be a solution at all. However, this approach makes sense provided it is
known the equations have a solution and only those terms are considered whose values
are independent of which solution is used. One reason for taking such an approach is
to avoid explanations involving pulling ‘magic’ partial orders out of a hat, which are
based on mathematics way beyond the comprehension of a typical student in a first
year Computer Science course. Not surprisingly, in order to prove results about these
solutions it is necessary to introduce the usual machinery of complete partially ordered
sets, continuous functions and least fixed-points, but these objects do not always have
to occur in the foreground.

There are two topics which are not treated here, and whose omission should at least be
commented upon. The first concerns local definitions. These have not been considered
in order to keep the presentation as simple as possible, but in principle their inclusion
would not cause any difficulty and requires no additional mathematical concepts. The
second topic is that of polymorphism. It could be claimed that this has also been
omitted to simplify the presentation. However, its inclusion would require a new, and
much less elementary, mathematical framework.

As already indicated, the main result presented here is a statement about the equivalence
of operational and denotational semantics. The proof of the hard part of this result (the
completeness of the operational semantics) has been strongly influenced by the proofs
of similar statements in Glynn Winskel’s book The Formal Semantics of Programming
Languages®*. 1 highly recommend Winskel’s book.

I have tried to keep the account self-contained, and have thus included all the standard
results from universal algebra and domain theory (together with their proofs) which
are needed. However, although the formal mathematical prerequisites are minimal and
regardless of what my original intention was, it is probably realistic to suppose that the
presentation has ended up at the graduate level. It is not assumed that the reader knows
anything about functional programming, but some experience of this topic would, of
course, not be amiss.

The usual thanks to secretaries and the suchlike for typing the manuscript are in the
present case redundant: I typed it all myself. This means that all errors occurring in
this study, regardless of what kind, are entirely due to me.

Chris Preston
Bielefeld
March 2000

4 The MIT Press, Cambridge, Massachusetts (1993)



Chapter 1 Introduction

1.1 Computing with equations: An example

This study is concerned with explaining how and why functional programming languages
work and in particular with what it means for functions to be defined by equations. The
analysis of the following simple example should help give a rough idea of what this is
all about.

The sequence {f,},>o of Fibonacci numbers 0, 1, 1, 2, 3, 5, 8, 13, ... is generated by
putting f; = 0, f; = 1 and for each n > 2 letting f, = f,_1 + f,_o. A possible
method of obtaining this sequence is via the function pfb: Nx N2 — N? defined as the
unique function satisfying the equation

pfb (n,p) = {pfb (n—1,it(p)) otherwise,

where it : N2 — N? is given by it (m,n) = (n,m +n) for all m, n € N. (Both the
existence and uniqueness of pfb can easily be verified using induction on n.) Note that
here N is the set {0,1,2,...}, i.e., 0 is considered to be a natural number. The fact
that pfb satisfies this equation is by itself sufficient to conclude, again using induction
on n, that pfb(n, (frn,fm+1)) = (fatm,fatme1) for all m, n € N. In particular,

pfb (na (05 1)) = (fna fn-l-l)

for all n € N. Thus if fst : N — N is given by fst (m,n) = m for each (m,n) € N?
and a function fib: N — N is defined by

fib(n) = fst(pfb(n,(0,1)))
then fib(n) =f, for each n € N.
The functions it : N> — N? | fst : N> - N, pfb: Nx N2> - N? and fib: N - N
occurring above can be considered to be defined by the equations
it(m,n) = (n,m+n),
fst(m,n) = m,

pfb (n,p) = {pfb (n—1,it(p)) otherwise,

fib(n) = fst(pfb(n,(0,1))),
in as much as they are their unique solution, i.e., they are the unique set of functions

satisfying these equations. (Saying that the functions satisfy the equations of course
means that they satisfy them for all m, n € N and all p € N? .)

But there is another, more practical, sense in which it, fst, pfb and fib are defined
by the equations: The equations can be seen as replacement (or substitution) rules for

1



1.1 COMPUTING WITH EQUATIONS: AN EXAMPLE 2

actually computing the values of the functions: For example, to compute fib(4) first
deduce that pfb(4,(0,1)) = (3,5) via the steps
pfb (4,(0,1)) = pfb (3,it (0,1)) = pfb(2,it (it (0,1)))
= pfb (1,it (it (it (0,1)))) = pfb (0, it (it (it (it (0,1))))) = it (it (it (it (0,1))))
=it (it (it (1,1))) = it(it(1,2)) = it(2,3) = (3,5)
and then obtain fib(4) = fst (pfb(4, (0,1))) = fst(3,5) = 3 . In fact, it is easy to see
that the value of fib(n) can be computed in this way for any n € N.

In most modern functional programming languages the equations for the functions it,
fst, pfb and fib can be written more-or-less exactly as they appear above. For example,
in the programming language Haskell they can be written as

it (m,n) = (n,m+n)
fst (m,n) = m
pfb n p
| n == = p
| otherwise = pfb (n-1) (it p)

fibn = f£fst (pfb n (0,1))

(the Haskell form of the equation for pfb being just a syntactic variation of the form

P > ifn=20
pfb (n-1) (it p) , otherwise

pfb n p

which is how this equation would be written in Miranda).

The evaluation mechanism in Haskell (or in Miranda) would use these equations as
replacement rules in essentially the same way as above to compute values. For example,
it would reduce the term fib 4 to the constant term 3 via the same steps which
were used to deduce that fib(4) =3.

Now it is important to realize that the Haskell equations for it, fst, pfb and fib
encode only a part of the information contained in the original equations. To be more
specific, if only the Haskell equations are given then it is not possible, without additional
information, to reconstruct the set-up started with above. For example, they could just
as well be describing functions it : Z2 — Z2, fst : Z2 — 7Z, pfb : Z x Z? — Z? and
fib : Z — 7Z satisfying the equations

it(m,n) = (n,m+n),
fst(m,n) = m,

pfb (n,p) = {pfb (n—1,it(p)) otherwise,

fib(n) = fst(pfb(m, (0,1)))

for all m,n € Z, p € Z?. If this is the case then there is a problem, since the new



1.1 COMPUTING WITH EQUATIONS: AN EXAMPLE 3

equations no longer have a unique solution, and so it does not make sense to speak
of the functions defined by the equations. In fact, for each h : Z? — Z2 there is a
(unique) function pfb, : Z x Z? — 7?2 satisfying the equation for pfb and such that
pfb,(—1,p) = h(p) for each p € Z?. There is then also the corresponding function
fiby, : Z — 7Z satisfying the equation for fib given by fibs(n) = fst(pfb,(n,(0,1)))
for each n € Z. However, the values of interest are uniquely determined by the new
equations: That fact that pfb, satisfies the equation for pfb still suffices to conclude

pfbh(”a (07 1)) = (fnafn+1)

for all » € N, and thus fibs(n) =f, for all n € N, independent of h. Moreover, the
new equations, considered as replacement rules, behave exactly like the original ones in
the way they would be used to compute the value of fib(n) for any n € N.

A Dbit more generally, the following holds: Let n € Z and p € Z2; then pfb,(n,p) does
not depend on A if and only if n € N. Thus for n € N it makes sense to speak of
the value of pfb(n,p). Furthermore, it is easy to see that this value can be computed
using the equations as replacement rules. A corresponding statement then holds for
fib, namely that fibs(n) does not depend on h if and only if n € N, and if n € N
then, as already claimed above, the value of fib(n) can be computed exactly as in the
original formulation.

Now it is a fact that in all functional programming languages values are computed
by using the equations as replacement rules. The reason that such languages actually
work is thus that some form of what could be called the completeness requirement is
satisfied: This requirement is that whenever the value of a function is independent of
which solution is being used then this value can be computed using the equations as
replacement rules.

The completeness requirement is satisfied by both of the interpretations of the Haskell
equations looked at above. However, this must have something to do with the form of
these equations: Consider the Haskell equation

hn = 2x(h n)

Following the first interpretation of the original Haskell equations, this then describes
a function h: N — N satisfying the equation h(n) = 2 x h(n) for all n € N. In this
case the unique solution is with h(n) = 0 for all n € N. But there is clearly no way
here of using the equation as a replacement rule in order to compute that the value of
h(n) is 0 for any n € N. Moreover, the situation is not changed if the the second
interpretation is followed based on Z instead of N.

The aim of this study is to develop a framework within which all equations satisfy the
completeness requirement and then to use the framework to ‘explain’ a simple functional
programming language. Of course, the example in the previous paragraph implies that
such a framework will have to involve something more than that occurring in the two
interpretations of the Haskell equations for it, fst, pfb and fib considered above.

The second of these interpretations of the Haskell equations (using Z instead of N) is
perhaps closer to the ‘correct’ interpretation, since in Haskell the built-in data objects
for whole numbers, as in most programming languages, correspond to Z and not N.
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However, there is still an important ingredient which is missing: The fact that, for
example, fiby(—1) depends on h can be regarded as saying that fib(—1) is ‘undefined’,
and this suggests that the set-up should be extended to also include ‘undefined’ data
objects.

To make this more precise, let Lz be some element not in Z (to be thought of as
an ‘undefined’ element of Z) and put Z* = Z U {1z}. Moreover, put P = Z2,
let Lp be some element not in P (to be thought of as an ‘undefined’ element of P )
and let PX = PU{Llp}. Then a third interpretation of the Haskell equations is that
they describe functions it : P+ — P+, fst : PL — Z1 pfb : Z1 x P+ — PL and
fib: Z+ — Z' satisfying the equations

. _ J(m,+m) ifp=(m)eP,
tp) = {Lp if p=_lp,

_Jt iftp=0U,m)eP,
fst(p) = {J_Z i p= lp,

P if n=0,
pfb (n,p) = {pfb(n—l,it(p)) if neZ\{0},
J_]p ifn:Lz,

fib(n) = fst(pfb(n,(0,1)))

for all n € Z*, p € P+ . The situation here is analogous to that encountered in the
second interpretation: For each mapping h : PX — PL there is a (unique) function
pfb, : Z1 x P+ — PL satisfying the equation for pfb and such that pfb,(—1,p) = h(p)
for each p € PL. There is then also the corresponding function fiby, : Z+ — Z*
satisfying the equation for fib given by fiby(n) = fst (pfb,,(n, (0,1))) foreach n € Z*.
It is again the case that pfb,(n,p) and fiby(n) do not depend on h ifand onlyif n € N,
and thus the completeness requirement is still met in this new set-up, since if n € N
then the equations can be used as replacement rules just as before in order to compute
the values of pfb(n,p) and fib(n).

Consider the mapping | : PY — Pt with L(p) = Lp for each p € PL. Then the
‘least-defined’ solution of the equations is obtained by taking h = L : More precisely,
pfb, (n,p) = Lp and fiby(n) = Lz whenever n ¢ N. Thus pfb, (n,p) = Lp (resp.
fib, (n) = Lz ) whenever pfb,(n,p) (resp. fiby(n)) depends on h.

Now in this third interpretation it is not immediately clear what the meaning of an
expression such as fst (1, fib, (—1)) should be, since fst is a function from P+ to Z*
with P+ = Z2U{Lp}, and it is possible that fib, (—1)) = 1z ¢ Z. It is thus necessary
to extend the identity mapping from Z xZ to P to a mapping (-, ) :ZtxZt — P+,
and the only reasonable way to do this is to define

_J{,m) ifl,meZ,
(tm) = {J_]p otherwise .

Note that fst(1,fiby,(—1)) then depends on h, (since fst(1,fiby(—1)) =1 if h # L
but fst(1,fib; (—1)) = Lz); in this sense the value of the expression fst (1,fib(—1)) is
not defined.
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The third interpretation of the Haskell equations can be considered as an extension of
the second obtained by adding ‘undefined’ data objects. This is essentially equivalent
to extending the second interpretation to allow not only total but also partial functions
as solutions of the equations: If X and Y are sets then a function ¢g: X' — Y with
X' C X is called a partial function from X to Y ; the set X' is then called the domain
of g and is denoted by Dom(g). Of course, an ‘ordinary’ function ¢g: X — Y is also
a partial function with Dom(g) = X , and the adjective total will be used when it is
deemed necessary to emphasise the fact that such a function is involved.

For each set X let L x be some element not belonging to X and put X+ = XU{Lx}.
As above, L x should be thought of as representing an ‘undefined’ value from X . Let
X1, ..., X, and Y be sets; then for each partial function ¢ from X; x --- x X,, to
Y a total function gt : Xi- x --- x X;- = Y1 can be defined by letting

g (@, 3 = {g(ml,...,xn) if (z1,...,z,) € Dom(g),

1y otherwise.
A function f: Xix---x X1 — Y+ issaid to be strict if f(z1,...,7,) = Ly whenever
zj = lx,; forsome j=1,..., n. Note that the functions occurring as solutions of the

equations in the third interpretation are all strict.

Proposition 1.1.1 The mapping g+ g~ maps the set of all partial functions from
X; x---x X, to Y bijectively onto the set of all strict functions from Xi- x ---x X,;-
to Y.

Proof It is clear that g is a strict function. Moreover,
Dom(g) = {(21,..-,2n) € X1 X+ x X, 1 g1 (21,...,2,) # Ly }

and g(z1,...,2,) = g-(21,...,2,) for all (z1,...,2,) € Dom(g), and therefore the
mapping g — g+ is injective. Finally, if h: Xi- x -+ x X;- — Y1 is a strict function
then h = gt , where g is the partial function from X; x --- x X,, to Y with

DOIIl(g) = {(:L‘la"')mn)eXl X"'XXn : h(xla"'axn)#lY}
and g(z1,...,2,) = h(z1,...,2,) forall (z1,...,2,) € Dom(g). O

Using the bijection given in Proposition 1.1.1 the solutions of the equations in the third
interpretation can be regarded as being made up of partial functions. Now there are
several good reasons for allowing not just total but also partial functions. The main
practical reason is that it increases the chances of having a solution. Related to this
is the well-known fact that it is in general impossible to decide whether a given set of
equations has a solution composed of total functions. Moreover, even if a particular set of
equations has such a solution, it is often the case that the ‘most natural’ solution involves
partial functions. For instance, in the third interpretation the ‘least-defined’ solution
can be considered as the ‘most natural’ one: The strict function pfb; corresponds to
a partial function with domain N x P and fib, corresponds to a partial function with
domain N.

However, rather than work with partial functions directly it has been decided to work
with the alternative formulation involving ‘undefined’ data objects (and then to make
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an implicit appeal to Proposition 1.1.1). In fact there is a small but important point
in which these two approaches are not completely equivalent, and this can be seen by
looking at the definition of a constant function: Consider the Haskell equation

hn=1

As in the third interpretation of the original Haskell equations, this can be regarded as
describing a function h: Z1 — Z< satisfying the equation h(n) =1 for all n € Z*,
which trivially has a unique solution. But this solution is not a strict function, and so
it does not correspond via Proposition 1.1.1 to a partial function from Z to Z. Of
course, it could simply be stipulated that the solution of the equation has to be the
strict function h’:Z% — Z* given by

L. (1 ifnez,
h(")_{LZ if n=_1g,

which corresponds to the constant function from Z to Z with value 1. However, it
will be seen that h and not h' is usually the more appropriate solution.

It turns out that a framework within which the completeness requirement is met for all
equations is more likely to found in the direction of the third rather than that of the
second interpretation. For example, again consider the Haskell equation

hn = 2%(h n)

If the first or second interpretation of the original Haskell equations are followed then
there is a unique solution with h(n) = 0 for all n, but there is no way of using the
equation as a replacement rule in order to compute that the value of h(n) is 0 for any
n. In other words, the completeness requirement is not satisfied here. This problem
does not occur if the third interpretation is followed: The equation then describes a
function h:Zt — Z' satisfying the equation h(n) = 2 x h(n) for all n € Z*, and
the only sensible definition for 2 x 1z is that it should be 1z . Therefore in this case
there is a ‘least-defined’ solution with h(n) = Lz for all n € Z+ (which corresponds to
the trivial partial function with empty domain) as well as the solution with h(Llz) = 1y
and h(n) =0 for all n € Z. Thus the completeness requirement is satisfied trivially,
since here there are no values of the function h which need to be computed.

Here is another example which gives a further reason why the third interpretation is to
be preferred to the second: Consider the following Haskell equations

gn
| n == =0

| otherwise 1+gn

hn = goO

Following the second interpretation of the original Haskell equations, these describe
functions g:Z — Z and h:Z — Z satisfying the equations
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_Jo if n=0,
gn) = 1 + g(n) otherwise,

h(n) = g(0)

for all n € Z, and here there is the problem that, although these equations have no
solution, they can still be used as replacement rules to compute that the value of h(0)
is 0 for each n € Z. Once again, this problem does not occur if the third interpretation
is followed: The equations then describe functions g : Z+ — Z* and h: Z+ — Z*
satisfying the equations

0 if n=0,
g(n) = {1+g(n) if neZ\{0},
J—Z ifn:Lz,

h(n) = g(0)

for all n € Z*. The only sensible definition of 14 L7 is that it should be L, and
hence the equations now have a unique solution which is given by

m = [0 ifn=0,
& " | Lz otherwise,

(so g corresponds to a partial function with domain {0} ) and h(n) =0 forall n € Z*.
In particular, since h(n) = 0 for all n € Z, it is no longer paradoxical that the equations
can be used as replacement rules to compute that the value of h(n) is 0 foreach n € Z.

Now, although the third interpretation is, in itself, completely satisfactory, it is not
quite the interpretation to be found in Haskell. The difference lies in the choice of
P+ as the ‘correct’ extension of the set P. Suppose that Lp ¢ Z+ x Z+ and put
P° = Z+ x Z+ U {L1p}. Then a fourth interpretation of the Haskell equations is that
they describe functions it : P° — P°, fst : P° — Z*, pfb : Zt x P° — P° and
fib : Z+ — Z' satisfying the equations

it (p) = (m,+m) if p=(l,m)e€Z+xZ",
P = J‘]P 1fp=J—IP’7

e L L
fst (p) = {é iftp=0U,m)eZ-xZ,

J—Z 1fp:J—lP’;

P ifn=0,
pfb (n,p) = {pfb(n—l,it(p)) if neZ\{0},
J_]p ifnsz,

fib(n) = fst(pfb(n,(0,1)))

for all n € Z*, p € P°. Of course, here it is necessary to extend the usual addition on
Z to a binary operation on Z* which is done by defining ¢ +m to be 1z whenever
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(¢,m) ¢ P. This interpretation adds not only the ‘undefined’ object Lp to the set P
but also the elements in the set

]P)O\I[DL = {(Lz,lz)}u {(m,lz) : ’I’)’LEZ}U {(Lz,’n) : nGZ}

which can be considered as ‘partially defined’ objects. It is reasonable to regard these
‘partially defined’ objects as being not completely ‘undefined’. For instance, it makes
sense to consider the first component of (m, L) for each m € Z.

It is the fourth interpretation which is actually employed by Haskell. The situation here
is more-or-less the same as that in the third interpretation: Note that if the function
pfb : Z1 x P® — P° satisfies the equation for pfb then pfb(—1,p) = pfb(—1,(Lz, 12))
for all p € P°\ P+ (since

pfb (—=1,p) = pfb(=3,it(it(p))) = pfb(=3,(1lz, L2z)) = pfb(-1,(lz, 12))

whenever p € P°\ P1). Conversely, if h: P° — P° is such that h(p) = h((Lz, L7))
for all p € P°\P* then there exists a (unique) function pfb,, : Z1 x P> — P° satisfying
the equation for pfb and such that pfb,(—1,p) = h(p) for each p € P°. There is then
also the corresponding function fib, : Z+ — Z' satisfying the equation for fib given by
fib(n) = fst (pfb,(n, (0,1))) for each n € ZL. It is not the details of these solutions
which are important, but the fact that pfb,(n,p) and fiby(n) are independent of h if
and only if » € N. Thus the completeness requirement is once again met here, since
if n € N then the values of pfb(n,p) and fib(n) can be computed as before using the
equations as replacement rules.

There is again a ‘least-defined’ solution of the equations, which is obtained by taking
h = 1, where L : P° — P° is the mapping given by L(p) = Lp for each p € P°.
Then pfb, (n,p) = Lp and fib; (n) = Lz whenever n ¢ N. Thus pfb, (n,p) = Lp
(resp. fib (n) = Lz ) whenever pfb,(n,p) (resp. fiby(n)) depends on h.

The identity mapping from Z x Z to P was extended in the third interpretation to
a mapping (-,-): Z+ x Z+ — P . In the fourth interpretation the corresponding
extension is just the inclusion mapping of Z+ x Z* into P°. Note that the expression
fst (1,fib (—1)) now has the value 1, since fst (1, fib,(—1)) =1 for all h.

Whether the fourth interpretation is to be preferred to the third is, to some extent, just
a matter of taste. However, it is a fact that, whereas the ‘older’ functional programming
languages (such as the original ‘eager’ version of ML) use the third interpretation, the
‘newer’ languages tend to use the fourth (or a slight modification of it in which the
‘undefined’ element Lp is identified with the element (lz, 1z) of Z1 x Z1). The
framework to be presented in this study includes all of these interpretations.

Of course, (as has been seen above with fst(1,fib(—1))) the value of an expression
can depend on which interpretation is being used. This fact must be borne in mind
when the equations are used as replacement rules. For instance, the replacement of
fst (1,fib(—1)) by 1, which would seem to be justified by the definition of fst, is valid
in the fourth interpretation but not in the third.



1.2 A procedure for interpreting equations

In this section a procedure will be outlined which, in particular, can be used to obtain
the third and fourth interpretations of the Haskell equations for it, fst, pfb and fib
introduced in the previous section. In its general form the procedure will then constitute
the basis of the study.

First, however, it is convenient to rewrite the Haskell equations using a uniform prefix
notation. More precisely, the infix operator names +, - and == will be replaced by
corresponding prefix operator names add, sub and eq, and the built-in constructor
name (-,-) for pair-building by a prefix constructor name Pair. Moreover, otherwise
will be replaced by True (for which it is really just a synonym), and this results in the
equations taking on the following guise:

it (Pair m n) = Pair n (add m n)
fst (Pair mn) = m
pfb n p

| eqn O = p

| True = pfb (sub n 1) (it p)
fibn = f£fst (pfb n (Pair 0 1))

Note the two usages of brackets in the original Haskell equations: The first, in the
form (-, -) to denote the pair-building operation, has now been replaced with the
prefix operator name Pair. The second (for example in pfb (sub n 1) (it p) and
fst (pfb n (Pair 0 1)) ) is as a method of determining how a term is constructed
out of its subterms. As can be seen, brackets will still be employed for this purpose.

The above equations are essentially built up out of names, which can be classified into
the following four groups:

— The names it, fst, fpb and fib, which are those of the functions which the
equations are supposed to define.

— The names p, m and n, which play the role of ‘local variables’.
— The names add, sub and eq, which are those of ‘primitive’ operators.
— The names Pair, True, O and 1, which are those of ‘data constructors’.

In order to understand how these names are allowed to fit together each name must be
first assigned to a type. There are three basic data types involved here which will be
denoted by int (for integer), ipr (for integer pair), and bool (for boolean). Each
name which refers to a data object is assigned the corresponding type: The names m, n,
0 are 1 are assigned the type int, p is asssigned the type ipr and True is asssigned
the type bool. The remaining names are names of functions, and each of these is
assigned a functional type of the form 3, --- 8, — B, where (1, ..., B,, B are basic
data types, i.e., elements of the set {int,ipr,bool}. For example, pfb is assigned
the type int ipr — ipr, since it is the name of a function having two arguments, the
first argument taking values of type int, the second values of type ipr, nand which

9
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produces values of type ipr. Similarly, the name it is assigned the type ipr — ipr,
fst the type ipr — int, fib the type int — int, add and sub are assigned the
type int int — int, eq the type int int — bool and, finally, Pair is assigned the
type int int — ipr.

With these assignments it is easily checked that each of the individual components of
an equation is a ‘syntactically correct’ term: The ‘syntactically correct’ terms of type
int occurring in the equations are the four terms

fst (Pairmn), m, fibn, £fst (pfb n (Pair 0 1)),
those of type ipr are the five terms
it (Pair m n) , Pairn (add mn), pfbnp, p, pfb (subn 1) (it p)
and those of type bool are eq n 0 and True .

Note that in each of the equations for it, fst and fib the left- and right-hand sides
are terms of the same type. Similarly, pbf n p (which can be seen as the left-hand
side of the equation for pbf ) is a term of type ipr, as are the two possible right-hand
sides p and pfb (sub n 1) (it p) (each of which is ‘guarded’ by a term of type
bool).

Associated with the set B = {int, ipr,bool} of basic data types needed in the Haskell
equations is a corresponding set

K = {Pair,True,False} U Int

of ‘data constructor’ names, where here Int is the set containing for each integer n € Z
its standard representation n as a string of characters. (Of course, the names Pair,
True, 0 and 1 from K already occurred in the equations.) Moreover, each element
of K is assigned a type: True and False are of type bool, n is of type int for
each n € Z and Pair is of type int int — ipr.

The pair A = (B, K), together with the assignment of the appropriate type to each
element of K , is a particular instance of what is known as a signature.

The general procedure as it would be applied to interpreting the Haskell equations for
it, fst, pfb and fib will now be described. It involves taking the following steps:

1. The first step is to choose what is called a A-algebra. This is any pair (Xp,px)
consisting of a family of sets Xp = { X3 : f € B}, elements prrue , Pralise Of Xbool,
for each n € Z an element p, of Xiny and a mapping ppair : Xint X Xint — Xipr -

In both the third and fourth interpretations of the Haskell equations the ‘natural’ choice
of the A-algebra (Xp,px) was made. This is with:

— Xint =7, Xipr =P=7Zx7Z and Xpool :]B:{T,F},
— the mapping ppair : Xint X Xint = Xipr given by ppair(m,n) = (m,n),
— PTrue = T and PFalse = F,

— pn=n foreach n € Z.
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In fact, this particular A-algebra (Xpg,pk) has a certain universal property, that of
being initial, which essentially characterises it in the class of all A-algebras.

2. The next step is to fix for each 5 € B an element lg not in the set Xz (to
be thought of as an ‘undefined’ object of type () and then to extend the A-algebra
(XB,pK) to anew A-algebra (Dp, fx) with Lg € Dg for each 8 € B. By ‘extend’
is meant that Xg C Dg for each § € B, f. =p. for each k € K\ {Pair} and that
PPair is the restriction of fpair to Xint X Xint -

The third interpretation of the Haskell equations took Dipy = Z=+, Dipy = PL and
Dyoor = B+ = {T,F, Lyoo1} (With Ling = Lz and Lipr = lp) and defined the
mapping fpair : Dint X Dint — Dipr to be given by

_ f(m,n) ifm,nez,
feaizr(m,n) = {J_ipr otherwise .
In the fourth interpretation Djp¢ = Z71, Djpr = P° and Dpoo1 = Bt = {T, F, Lyoo1}
(again with Ling = Lz and Llijpr = Lp) and fpair : Dint X Dint — Dipr was taken
to be the inclusion mapping of Dint X Ding = Z+ X Z+ into Dipr = Z+x Z+U{Lipr} .

3. The third step is to decide which kinds of functions will be allowed to occur as the

solutions of equations. This is done by for each functional type ¢ = 1 -+ B, — 0
choosing an appropriate subset D, of the set Dgﬁl X XDPon ot all functions from

Dg, x ---x Dg, to Dg. The only functions of type o which will be allowed as
solutions are then those lying in the set D, . In this way the family of sets Dp is
extended to a family Dg = {D, : 0 € §}, where § = BUF and where F is the set
of functional types.

The third and fourth interpretations of the Haskell equations made no restrictions on

the functions. In other words, the choice was to take D, = Dgﬁ 1% Pen g1 each

functional type ¢ = 81 --- B, — B. However, more typical is the situation to be
considered later in which the functions are restricted to being, in a certain sense, either
‘monotone’ or ‘continuous’.

4. The next step is to interpret the names add, sub and eq of the ‘primitive’ operators
occurring in the equations. This means that mappings add and sub must be chosen
from Dipy X Dint t0 Dipt as well as a mapping eq : Dipy X Dint — Dpoo1 - But in
practice there is really no choice here: As in the third and fourth interpretations of the
Haskell equations it will always be the case that Xipt = Z and Xpoo1 = B and then
add, sub and eq more-or-less have to be chosen to be the ‘obvious’ strict extensions of
the operators +, — and =. (Of course, in general the rest of the usual arithmetical
and relational operators are allowed to occur, and then these must also be interpreted
in the same way.)

Suppose appropriate choices for the A-algebras (Xp,px) and (Dp, fx) and for the
family Dg have been made. In particular, it is assumed that X, = Z with p, =n
for each n € Z, Xpoo1 = B with prrue = T, Pralse = F, and that Dipy = Z U Ling
and Dpoo1 = B U Llpoor- Then the interpretation of the Haskell equations is that
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they now describe elements it € Dipripr, fst € Diprint, Pfb € Dint ipr—ipr
and fib € Dint—int (and so in particular they describe functions it : Dipr = Dipr,
fst : Dipr — Dint , pfb: Dipt X Dipr — Dipr and fib: Ding — Dint ) satisfying

fraiz(l;add(k, 0) if p# Lipr and p = frair(k, ?)
it (p) = with (k,€) € Dint X Ding,

Lipr if p= Lipr,
k if p 7& J—ipr and p = fPair(kag)

fst (p) = with (k,£) € Dint X Ding,
Line if p= Lipr,

p if eq(n,0) = F,
pfb (n,p) = pfb (sub(n,1),it (p)) if eq(n,0) =T,
J—ipr if eq(n, 0) = Lboo1,

fib(n) = fst(pfb(n, frair(0,1)))

for all n € Diny, p € Dipr. Note that this formulation requires the A-algebra
(Dpg, fk) to satisfy certain conditions: The equations for it and fst really only make
sense if for each p € Dipr with p # Ljpr there exists unique elements k, £ € Dint
such that p = fpair(k,£). This requirement will later lead to the concept of what will
be called a regular extension of the A-algebra (Xp,pk) -

The reader is left to check that the third and fourth interpretations of the Haskell
equations introduced in the previous section can both be obtained as special cases of
the more general procedure outlined above.

The preceding discussion indicates a part of what is involved in defining functions by
equations, and it corresponds to what will be dealt with in the first part of this study.
The choice has been made to work with a language which is essentially based on the
‘case’ construction as it occurs in Haskell. Using this instead of the ‘pattern matching’
occurring in the original equations, the equations for the functions it, fst, pfb and fib
can be written in Haskell as follows:

it p = case p of

Pair mn -> itamn
itamn = Pair n (add m n)
fst p = case p of

Pair mn -> fstamn
fstamn = m
pfb n p = case eqn 0 of

True -> p

False -> pfb (sub n 1) (it p)
fibn = fst (pfb n (Pair 0 1))
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Here ita and fsta are auxiliary functions which, although they are superfluous in
the Haskell set-up, are needed in the following, which are the equations for it, fst, pfb
and fib as they will appear in the language to be introduced in this study:

it p = case p of {Pair -> ita}
itamn = Pair n (add m n)

fst p = case p of {Pair -> fsta}
fstamn = m

pfb n p = case (eqn 0) of {True -> p,

False -> pfb (sub n 1) (it p)}
fibn = fst (pfb n (Pair 0 1))

These auxiliary functions are needed because, unlike in Haskell, in the framework to
be employed here anonymous functions cannot be defined using abstraction (which is
essentially what Pair m n -> Pair n (add m n) and Pair m n -> m denote).

The interpretation of these equations corresponding to that of the Haskell equations
given above is that they should describe elements it € Dipr—sipr , ita € Dint int—ipr ,
fst € Dipr—)int , fsta € Dint int—int , Pfb € Dint ipr—ipr and fib € Dint—int (and
so in particular they describe functions it : Dipr — Dipr, ita : Dint X Ding — Dipr,
fst : Dipr — Dint, fsta : Dint X Dint — Dint, pfb : Ding X Dipr — Dipr and
fib : Dint — Ding ) satisfying the equations

ita(k,€) if p# Lipr and p = fpair(k,£)
it(p) = with (k,£) € Dint X Dint,

J—ipr if P = J—ipr ;
ita (m, n) = fPair(n; add(ma n)) ’

fsta (k,é) if p 7é J—ipr and p = fpair(k‘,ﬁ)

fst (p) = with (k,f) € Dint X Djpg,
J—ipr if p= J—ipra
fsta(m,n) = m,
p if eq(n,0)="T,
pfb(n,p) = 4 pfb(sub(n,1),it(p)) if eq(n,0)=F,
J—ipr if eq(na 0) = Lpoo1 ;

flb(n) = fst (be(n;fPair(Oa 1)))

for all m, n € Dint, p € Dipr. It is clear that for any reasonable choice of the
extension (Dp, fx) and the family Dg the solutions of these new equations will be,
ignoring the functions ita and fsta, the same as the solutions of the original Haskell
equations.
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In general equations will be defined, as in the particular example above, by starting with
a suitable signature A = (B, K), which provides the data types that can occur in the
equations and also the names and the types of the corresponding ‘data constructors’.
An equation then consists of a left- and a right-hand side, each of which has to be a
‘syntactically correct’ term of the same type. The terms which occur as left-hand sides
have to have a particularly simple form and there are various other conditions which
have to be satisfied, for example that the only ‘local variables’ which can occur on the
right-hand side of an equation are those occurring on the left-hand side.

The procedure for interpreting the equations is in principle the same as that described
above: First choose an initial A-algebra (Xpg,pk ), the elements in the set Xg being the
basic data objects of type [ for each § € B, then choose a suitable regular extension
(DB, fr) of (XB,pK) totake account of ‘undefined’ and possibly also ‘partially defined’
data objects, and finally choose a family Dg to determine which kinds of functions can
occur as solutions. The interpretation of a system of equations is then that they describe
functions, each of which is a member of the appropriate set in the family Dg , and which
satisfy the equations obtained in the same way as in the particular example above. (Note
that in general it will be possible for a system of equations not to have a solution.)

The fact that (Xp,px) is taken to be an initial A-algebra implies it is essentially
uniquely determined by the signature A. The only real choice in the interpretation
thus lies in that of the extension (Dp, fx) and that of the family Dg .

Equations and their solutions will be treated in Chapter 6. In the preceding chapters
the necessary mathematical machinery will be developed: Chapter 2 deals with some
standard topics from universal algebra, Chapter 3 looks at a framework for specifying
data objects, Chapter 4 with a selection of elementary results from domain theory and
Chapter 5 with the construction of function hierarchies.



1.3 Equations as replacement rules

This section begins by looking at a couple of examples (again based on the Haskell
equations for it, fst, pfb and fib) in order to recapitulate, and make a bit more
precise, what is meant by the value of a term. It then discusses how the value of a term
can be computed by using the equations as replacement rules.

Consider first the term fib 4 ; this denotes the expression fib(4) (assuming that the
‘data constructor’ 4 actually denotes the number 4) and in both the third and fourth
interpretation of the Haskell equations fib(4) has the value 3, regardless of which
solution of the equations is being used. In both these interpretations it will thus be said
that the term fib 4 has the value 3.

Consider next the term fst (Pair 1 (fib -1)) ; assuming the ‘data constructors’
again denote what is expected, this term denotes the expression fst (1, fib(—1)). In the
fourth interpretation of the Haskell equations fst (1,fib(—1)) has the value 1 for any
solution of the equations, and so here the term fst (Pair 1 (fib -1)) is said to
have the value 1. But in the third interpretation the value of fst(1,fib(—1)) depends
on which solution of the equations is being used, and here it is considered that the term
fst (Pair 1 (fib -1)) does not have a value.

More generally, given a system of equations, a term is regarded as having a value if the
value of the expression it denotes is completely defined (i.e., is neither ‘undefined’ nor
‘partially defined’) and is independent of which solution of the equations is being used.
Of course, this notion only really makes sense if the equations actually have a solution.

Starting in the second half of Chapter 6, equations will be considered as replacement
rules and a basic algorithm will be presented for computing the value of a term. The
algorithm takes a term and tries to reduce it to a so-called ground term (i.e., a term
containing only names of ‘data constructors’). For example, consider the final form of
the equations for it, fst, pfb and fib in Section 1.2, and assume that the interpretation
corresponding to the third interpretation of the Haskell equations is being used. Then
the term pfb 2 (Pair 0 1) would be reduced to the ground term Pair 1 2 via the
intermediate steps listed in Example 1.3.1 on the following page.

Each of the terms in the list in Example 1.3.1 is replaced by the term following it, and
this replacement process does not change values: A term in the list has a value if and
only if the term following also has the same value. Thus if this replacement process ever
arrives at a ground term then, since a ground term always has a value, the original term
must also have a value which is equal to the value of the ground term. In particular, the
term pfb 2 (Pair 0 1) has the value (1,2), because this is the value of the ground
term Pair 1 2.

The algorithm depends, of course, on the equations started with. Moreover, it must
also depend on the interpretation which is being used. For example, with the same
equations as before and the interpretation corresponding to the fourth interpretation
of the Haskell equations the term fib (Pair 1 (fib -1)) is reduced immediately
to the ground term 1, which confirms the fact that with this interpretation the term
fst (Pair 1 (fib -1)) does have the value 1.
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Example 1.8.1 Assume the interpretation is being used which corresponds to
the third interpretation of the Haskell equations. Then pfb 2 (Pair 0 1)
would be reduced to the ground term Pair 1 2 via the following steps:

pfb 2 (Pair 0 1)

case (eq 2 0) of {True -> Pair 0 1,
False -> pfb (sub 2 1) (it (Pair 0 1))}
case False of {True -> Pair 0 1,
False -> pfb (sub 2 1) (it (Pair 0 1))}
pfb (sub 2 1) (it (Pair 0 1))
case (eq (sub 2 1) 0) of {True -> it (Pair 0 1),
False -> pfb (sub (sub 2 1) 1) (it (it (Pair 0 1)))}
case (eq 1 0) of {True -> it (Pair 0 1),
False -> pfb (sub (sub 2 1) 1) (it (it (Pair 0 1)))}
case False of {True -> it (Pair 0 1),
False -> pfb (sub (sub 2 1) 1) (it (it (Pair 0 1)))}
pfb (sub (sub 2 1) 1) (it (it (Pair 0 1)))
case (eq (sub (sub 2 1) 1) 0) of {
True -> it (it (Pair 0 1)),
False -> pfb (sub (sub (sub 2 1) 1) 1)
(it (it (it (Pair 0 1))))}
case (eq (sub 1 1) 0) of {True -> it (it (Pair 0 1)),
False -> pfb (sub (sub (sub 2 1) 1) 1)
(it (it (it (Pair 0 1))))}
case (eq 0 0) of {True -> it (it (Pair 0 1)),
False -> pfb (sub (sub (sub 2 1) 1) 1)
(it (it (it (Pair 0 1))))}
case True of {True -> it (it (Pair 0 1)),
False -> pfb (sub (sub (sub 2 1) 1) 1)
(it (it (it (Pair 0 1))))}

it (it (Pair 0 1))

(Example 1.3.1 is continued on the next page.)
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Ezample 1.8.1 (continued)

case (it (Pair 0 1)) of {Pair -> ita}

case (case (Pair 0 1) of {Pair -> ita}) of {Pair -> ita}
case (ita 0 1) of {Pair -> ital}

case (Pair 1 (add 0 1)) of {Pair -> ita}

case (Pair 1 1) of {Pair -> ital}

ita 11

Pair 1 (add 1 1)

Pair 1 2

On the other hand, if the interpretation corresponding to the third interpretation of the
Haskell equations is used instead then the algorithm can never reach a ground term:
If it did then this would imply that the term fst (Pair 1 (fib -1)) had a value,
which is here not the case. In fact the algorithm produces a non-terminating list of
replacements.

If the algorithm terminates with a ground term then this implies that the original term
has a value and it also computes what this value is. However, the question still remains
concerning the completeness of the algorithm: Does the algorithm terminate with a
ground term whenever it is applied to a term which has a value? Of course, if this
were the case then in particular the completeness requirement formulated in Section 1.1
would be satisfied.

In Chapter 7 the constructions introduced in Chapter 4 will be applied to present a
framework within which the algorithm is complete for each system of equations. A
somewhat imprecise description will now be given of how the framework is obtained.
This involves first saying something about partially ordered sets and then something
about complete partially ordered sets.

A partially ordered set (or poset) is a pair (Y,C) consisting of a non-empty set ¥ and
a partial order C on Y ,i.e., C is a binary relation C on Y satisfying:

(i) yCy forall yeY.
(ii) If y1 Cyo and yo Cy; then y; =yo.
(iii) If y1 Cy» and yo2 Cys then y; Cy3.

(In other words, the relation C is reflexive, anti-symmetric and transitive.) It is usual,
however, to just write Y instead of (Y,C) and to assume C can be determined from
the context. If Y7, ..., Y, are posets then there is a natural product partial order C
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on the cartesian product Y7 x --- x Y, in which (y1,...,yn) C (v1,-..,y,) if and only
if y; C; y; foreach j=1,...,n (where of course C; is the partial order on Y; for
each j). If Y and Y’ are posets then a mapping h:Y — Y’ is said to be monotone
if f(y1) C' f(y2) whenever 31, yo € Y with y1 Cys.

Posets come into the set-up which is been considered here because (as will be shown in
Section 4.1) if (Dp, fk) is a regular extension of (Xpg,pk) then for each § € B there
exists a partial order Cg on the set Dg such that z Cg 2’ can be sensibly interpreted
as meaning that z is ‘less-defined’ than 2’.

In the third and fourth interpretations of the Haskell equations the partial orders Cipt
and Cpoo1 are both ‘flat’, which means that if § € {int,bool} and z, 2’ € Dg with
z # 2/ then z Cg 2’ if and only if z = Lg. In the third interpretation Cjipr is
also ‘flat’; in the fourth interpretation (where Dipr = Z+ x Z1 U {Lipr}) the partial
order Cjpr is given as follows: Ljpr Cipr 2z for all z € Djpr and if m, m’, n, n’
are elements of Z' = Dipy then (m,n) Cipr (m',n’) if and only if m Cine m' and
n Cing 1.

Note that in both these cases the mapping fpair : Dint X Dint — Dijpr is then
monotone, i.e., fpair(21,%2) Cipr fPair(2],23) whenever z; Cing 27 and 2z Cing
zh . This fact will play an important role, but for a general regular extension it does
not always hold. An additional assumption is thus required on (Dp, fx), that of
being monotone. (Monotone extensions are introduced in Section 3.4.) In general a
minimality condition on (Dp, fx) will also be imposed in order to ensure that the
family of partial orders Cp is unique. (This condition is already satisfied in the third
and fourth interpretations of the Haskell equations.)

Given the family of partial orders Cp, a corresponding choice for the family Dg can
then be made: For each functional type o = 1 --- 8, — B the set D, of functions
of type o can be taken to be the set of all monotone functions from Dg, X --- x Dg,_
(with the product partial order) to Dg.

If the above choice for Dg is made then it turns out that the algorithm is complete for
any system of equations involving only the data types int, bool and ipr. However,
this is only true because these data types have a rather trivial structure. In general
a further construction has to be made and, as will now be explained, it is here that
complete posets enter the picture.

A poset Y is complete if the least upper bound of A exists for each directed subset A
of Y. Asubset A of YV issaid to be directed if it is non-empty and for each 4, y2 € A
there exists y € A such that y; C y and yo C y. Moreover, if A is a non-empty
subset of Y then an element y € Y is called an upper bound of A if y' C y for
all ¥’ € A; y is called the least upper bound of A if y is an upper bound of A and
y C ¢ for each upper bound 3" of A. (It is clear that there can be at most one element
y € Y having these properties.) If the least upper bound of A exists then it will be
denoted by | |A. It is not difficult to see that if Y7, ..., Y, are complete posets then
sois Y7 x --- x Y, with the product order. If Y7 and Y> are complete posets then a
mapping h:Y; — Y; is said to be continuous if h is monotone and h(| |A) = | |h(A)
for each directed subset A of Y;.
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The posets Dint , Dpool and Djpr coming from the third and fourth interpretations
of the Haskell equations are all complete. This follows from the fact that each directed
subset is finite and thus contains a maximum element which is then the least upper
bound. For the same reason the mapping fpair : Dint X Dint — Dipr is continuous.
Moreover, if ¢ = 1 --- 8, — [ is a functional type then each function in D, (i.e.,
each monotone function from Dg, x --- x Dg, to Dg) is also continuous.

However, if data types more complex than int, bool and ipr are involved then the
posets Dg, B € B, are typically not complete. Thus in general it is necessary to extend

Dg to a complete poset ﬁﬂ , and in fact Dg will be taken to be the so-called initial (or
ideal) completion of Dg. (Such completions will be dealt with in Section 4.3.) For each

Kk € K there is then a unique continuous extension fu,i of the mapping f, , and in this
way a new regular monotone extension (Dp, fx) of (Xp,pxk) is obtained. Finally, for
each functional type o = 51 --- 5, — B the set of functions D, of type o is now
taken to be the set of all continuous functions from Dﬁl X -e- X ﬁgn to lu?g .

If (lu)B, fK) is used as the extension of (Xp,pk) and Dg as the supply of functions
then it turns out that each system of equations always has a solution and that the
algorithm is complete. (These facts will be proved in Chapter 7.) In particular, this
means that there is a framework within which the completeness requirement formulated
in Section 1.1 is satisfied.

The problem with this approach is that it not easy to explain to a typical student
in a first year Computer Science course. However, the algorithm can still be used to
computes values without directly referring to the framework introduced above. Suppose
some extension (Dp, fx) of (Xp,pk) and some supply of functions Dg are provided

(though not necessarily the extension (Dp, fK) and the supply of functions Dg ).
The question is then whether the algorithm will compute the value of a given term.
But for this to make sense the term must actually have a value, i.e., the value of the
expression it denotes must be completely defined and be independent of which solution
of the equations is being used. Now in all reasonable cases a proof that the term has
a particular value will not depend on the extension and the supply of functions. This
means it will show that the term has a value in the special framework described above,
and so the algorithm will compute this value, and hence also compute it for the set-up
specified by (Dp, fx) and Dg .

With this modified approach the student does not have to know anything about complete
posets and the like. As replacement, though, he or she must learn what it means to
prove that a term has a value. This topic is dealt with in Section 7.4.



1.4 Notes

The reader with no previous experience of functional programming is recommended to
look at Bird and Wadler (1988) before proceeding any further. Other books offering
good introductions to functional programming from various viewpoints are Field and
Harrison (1988), Glaser, Henkin and Till (1984), Henderson (1980), Holyer (1993),
MacLennan (1990), Paulson (1991), Reade (1989) and Wikstrém (1987).

An important remark for the knowledgeable: The exposition in the Introduction has
been over-simplified in several places. In particular, contrary to the impression given
there, higher-order types will be allowed.

The approach described in this chapter has similarities with that taken in Rosen (1973).
What was called the completeness requirement corresponds to Rosen’s Validity Theorem
(Theorem 8.4), a result which was conjectured in Morris (1968). Moreover, Rosen points
out the connections with Kleene’s first recursion theorem (Kleene (1952), §66), which
can be seen as the fore-runner of the material to be presented in Chapter 7.
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Chapter 2 Some universal algebra

In this chapter those basic facts from universal algebra are presented which will be
needed in the subsequent chapters. The emphasis here is on initial algebras in their
various forms.

In order to give a foretaste of the kind of universal algebra which will occur, it is perhaps
instructive to start with a very familiar situation and serve it up in a somewhat unusual
guise. (What follows is, however, certainly not new: It appears in essentially this form
in Dedekind’s book Was sind und was sollen die Zahlen? first published in 1888.)

Consider the set N={0,1,2,...} of natural numbers together with its first element 0
and the successor function s : N — N (defined by s(n) =n+1 for each n € N). It
can then be asked what is special about the triple (N,0,s). To make things a bit more
precise, define a triple (X, e,p) consisting of a non-empty set X , an element e € X
and a mapping p: X — X to be a natural number triple, and then ask how (N,0,s)
can be characterised in the class of all such triples.

To answer this question the appropriate structure-preserving mappings must first be
introduced: If (X,e,p) and (X’,€',p') are natural number triples then a mapping
m: X — X' is called a homomorphism from (X,e,p) to (X', €',p') if n(e) =€’ and
p'rm=mp (ie., p'(r(z)) = n(p(x)) for all z € X ). If 7 is such a homomorphism
and the mapping 7 is a bijection then it is easy to see that the inverse mapping
77! : X' -+ X is a homomorphism from (X’,¢',p') to (X,e,p). In this case 7 is
called an isomorphism, and (X, e,p) are (X',¢e/,p’') said to be isomorphic.

The identity mapping is a homomorphism and the composition of two homomorphisms
is again a homomorphism; being isomorphic thus defines an equivalence relation on the
class of all natural number triples. Now if the equivalence class containing (N, 0,s) can
be identified in some reasonable way then the question asked above can be considered
to have been answered satisfactorily. Two simple characterisations of this equivalence
class are given below.

A natural number triple (X, e,p) is said to be initial if for each such triple (X’ €', p’)
there is a unique homomorphism from (X, e,p) to (X’,€’,p'). Then (N,0,s) is initial,
since given (X', e,p’), a homomorphism from (N,0,s) to (X’,e’,p’) can be defined
by induction, and its uniqueness also follows by induction. It follows that a triple is
isomorphic to (N,0,s) if and only if it is initial. In other words, the equivalence class
containing (N, 0,s) consists of exactly all the initial natural number triples. This was
the first characterisation.

Here is the second characterisation: A natural number triple (X,e,p) will be called a
Peano triple if the following three conditions are satisfied:

(i) The mapping p is injective.
(ii) p(x)#e forall z € X.

(iii) The only subset X' of X containing e with p(z) € X' for all x € X' is the
set X itself.
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Then (N,0,s) is a Peano triple. (This can be seen as one of the possible formulations
of the Peano axioms. In particular, the statement that (N,0,s) satisfies (iii) is nothing
but the principle of mathematical induction.) The reader is left to show that a triple
is isomorphic to (N, 0,s) if and only if it is itself a Peano triple. In other words, the
equivalence class containing (N, 0,s) also consists of exactly all the Peano triples.

Of course, a corollary of these two characterisations is that a natural number triple is
initial if and only if it is a Peano triple. This is a special case of an important result
presented in Section 2.3 which states that an algebra is initial if and only if (in the
terminology employed there) it is unambiguous and minimal. For a general algebra
unambiguity corresponds to conditions (i) and (ii) in the definition of a Peano triple,
while minimality corresponds to condition (iii). This characterisation is sometimes
expressed by saying that initial algebras are exactly those for which there is no confusion
(unambiguity) and no junk (minimality).

Section 2.1, as well as fixing some general notation, introduces the simple notion of a
typed set. This takes into account the situation met with in most modern programming
languages in which each name occurring in a program is assigned, either explicitly or
implicitly, a type. The kind of object a name can refer to is then determined by its

type.

In Section 2.2 signatures, algebras and homomorphisms are introduced, and invariant
families (i.e., subalgebras) are also looked at. Section 2.3 then deals with initial and free
algebras, and in Section 2.4 term algebras are introduced in order to give simple explicit
examples of initial algebras. Finally, in Section 2.5 something is said about extensions
of signatures and algebras, and Section 2.6 presents a somewhat idiosyncratic approach
to tree algebras.

Except for Section 2.6 (which can be omitted) the choice of material in this chapter
is determined entirely by what will be needed later. The reader interested in a more
balanced account of modern universal algebra should consult the books referenced at
the end of the chapter.



2.1 Typed sets

Before beginning in the next section with universal algebra proper the simple notion of
a typed set will be introduced. This takes into account the situation met with in most
modern programming languages in which each name occurring in a program is assigned,
either explicitly or implicitly, a type. The kind of object a name can refer to is then
determined by its type.

The first task, however, is to fix some notation. The empty set will be denoted by @
and the set {@} by I; thus I is the ‘standard’ set containing exactly one element.
However, to avoid confusion the single element in I will be denoted by & (rather than
by @).

The words function and mapping are considered to be synonyms. Nevertheless, in this
chapter almost exclusive use of the word mapping will be made. (Functions are what
the equations are supposed to define.) If X and Y are sets then Y will be used to
denote the set of all mappings from X to Y . In particular, Y2 =1 for each set Y .

Let f: X — Y be a mapping; then X is called the domain of f and will be denoted
by Dom(f) and Y is called the codomain. For each A C X put

f(A) = {yeY : y=f(z) for some z € A}

and for each BCY put f~'(B) ={z € X : f(z) € B}. The subset f(X) of the
codomain Y is called the image of f and will be denoted by Im(f).

If X and Y are sets then a partial mapping from X to Y is a mapping f: X' -V
with X’ a subset of X , and as above X’ is called the domain of f and is denoted by
Dom(f). As already stated in the Introduction, an ‘ordinary’ mapping g: X —» Y is
also a partial mapping with Dom(g) = X , and the adjective total will be used when it
is deemed necessary to emphasise the fact that such a mapping is involved. However,
the word mapping used without qualification always refers to a total mapping.

Let S be a set and suppose for each o € S some object «, is given (which will usually
be a set or a mapping). Then by the family {a, : 0 € S} is meant the mapping from
S to the set consisting of the objects a,, ¢ € 5, which assigns the object «, to each
o € S. Unless something to the contrary is explicitly stated this family will be denoted
by ag. If Xg and Ys are families of sets then Yg C Xg will mean that Y, C X,
for each ¢ € §. This will also be indicated by saying that Xg contains Yg or that
Ys is contained in Xg .

The topic announced in the title of this section will now be considered. A pair (I, (-))
consisting of a set I and a mapping () : I — S is called an S-typed set with typing
(-). The set S should here be thought of as a set of ‘types’, I as a set of ‘names’ and
(-) as specifying the type of objects to which the ‘names’ can be assigned. If n € I
with (n) = o then 7 is said to be of type o .

The S-typed set (I,(-)) will usually just be denoted by I, it being assumed that the
typing (-) can be inferred from the context. In fact, except where there is some danger
of confusion, (-) will always be used to denote the typing on a typed set. The empty
set @ will be regarded as an S-typed set (with the corresponding unique typing).

23



2.1 TYPED SETS 24

Note that an ordinary set can (and will) be considered as an I-typed set, since for any
set I there is a unique typing (-):I —1I.

If ag={a,:0€ S} isafamily of objects and I is an S-typed set then, in order to
increase the legibility, it is convenient to omit the brackets and just use «, to denote
the object «ay,, foreach nel.

For each family of sets Xg ={ X, : 0 € S} put |Xs| =,cg Xo. If I isan S-typed
set then X! will denote the set of all typed mappings from I to |Xg|, i.e., the set of
mappings ¢ : I — |Xg| such that c(n) € X, for each n € I. The elements of X!
are called assignments. An assignment ¢ € X! thus assigns to each ‘name’ n € I an
element c(n) € X,, of the appropriate type. Note that X2 =T ; moreover, if Yg C Xg
then Y can clearly be regarded as a subset of X!.

The symbol o in the expression X! is a reminder that the X occurring here only has
a meaning within the context of the family Xg . It also helps to distinguish X! from
the notation X! used for the set of all mappings from the set I to the set X . (Note
that if J and Y are sets, and J is considered as an I-typed set then in fact Y/ = YOJ ,
provided Y is identified with the family Y7 given by Y. =Y .)

When dealing with explicit examples, in which case the set I is always finite, an
assignment ¢ € X! will be specified by choosing an enumeration 71, ..., 7, of the
elements of I and then writing it as {m — c¢(m), 12 = c(N2), -+ s M = (M)} -

Recall that N is the set {0,1,2,...},i.e,, 0 is a natural number. For each n € N let
[n] = {1,2,...,n}; in particular [0] = @. Let n € N and for each j =1,...,n let
X, be a set; then the cartesian product X; x --- x X,, is defined to be the set of all
mappings ¢ from [n] to U;"Zl X; such that o(j) € X; for each j. In particular, if
n =0 then X; x---x X, =1. For each j let z; € X;; then as usual (z1,...,zy)
denotes the the element p of X; x --- x X, such that o(j) = x; for each j; clearly
each element of X; x --- x X,, has a unique representation of this form.

Of course, the cartesian product is just a special case of a set of assignments: Here the
family of sets is X, = {X; : j € [n]} and then X; x ---x X,, = X["| | where [n] is
considered as an [n]-typed set with the identity typing.

The simplest case of a cartesian product is when the sets X7, ..., X, are all the same:
Let X be a set; then for each n € N the n-fold cartesian product of X with itself will
be denoted by X™, thus X™ is the set of all mappings from [n] to X . In particular,
X° = I; moreover, it is convenient to identify X' with X in the obvious way. Note
that each element of X" can be regarded as a finite X-typed set: More precisely,
(x1,...,2,) € X™ is the typed set consisting of the set [n] with the typing which
assigns to each j the type z; .

For each set X the set |J,~, X™ will be denoted by X*, which should be thought of

as the set of all finite lists of elements from X . Note that since X' is being identified
with X, it follows that X is a subset of X*. (In other words, each element z of
X is identified with the list whose single component is equal to z.) If m > 1 then
the element (z1,...,Z;,) of X™ C X* will always be denoted simply by z1 -+ Ty, .
Following the remark in the previous paragraph each list of elements from X is a finite
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X-typed set: The list z; --- z, is the X-typed set consisting of the set [n] with the
typing which assigns to each j the type z;.

Let Xg be a family of sets and v =01 --- 0, € S*; then, considering v as an S-typed
set, X] =Y; x---xY, with Y; = X, foreach j =1,..., n, which leads to the
usual notation X,, x--- x X, for the set X7 .

In order to avoid any foundational difficulties it is convenient to fix once and for all
some large set M of names, and then only to consider S-typed sets whose underlying
sets are subsets of M. This means that there is the set (and not just the class) of all
S-typed sets. It is assumed that N C M and (in order to give explicit examples) that
A* \ {e} C M for some suitable alphabet A containing the usual ASCII-symbols.

The set of all finite S-typed sets will be denoted by Fg. Since N C M it follows in
particular that S™ C Fg for each n € N and also S* C Fg. (Beware though that the
list ¢ with no components is then the S-typed set @ .)

Now let Xg and Yg be families of sets and ¢g : Xg — Ys be a family of mappings,
ie., vy : X, = Y, for each 0 € §. Then for each S-typed set I there is a mapping
ol XI' 5 V! defined for each c€ X!, neI by

() () = ¢ylcn)
(recalling that ¢, = ¢, ). Note that if v = oy --- 0, € §* then ¢} is just the
mapping from X) =X, X ---x X, to Y=Y, Xx---xY, defined by
l(E1, .- 2n) = (@0, (71),-- -, ¥o, (Tn))

for each (z1,...,z,) € X] .

Lemma 2.1.1 (1) Let Xg be a family of sets and idgs : Xg — Xg be the family of
identity mappings (i.e., with id, : X, — X, the identity mapping for each o € S ).
Then id! : X! — X! is also the identity mapping for each S-typed set I .

(2) Let Xg, Ys and Zg be families of sets and let pg: Xg — Ys and vg:Ys — Zg
be families of mappings. Then for each S-typed set I

¥e)s = ¥Jo;
where (Yp)s : Xg — Zg is the family given by (Y¢), = %, ¢, for each o € S .

(3) Let Xs and Yg be families of sets and ¢g : Xg — Yg be a family of mappings.
If the mapping ¢, : X, — Y, is injective (resp. surjective) for each o € S then for
each S-typed set I the mapping ¢! : X! — Y! is also injective (resp. surjective).
In particular, if ¢, : X, — Y, is a bijection for each o € S then the mapping
ol XI' - V! is a bijection, and in this case

()™ = (7"
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Proof (1) This is clear.
(2) Let c€ X! and 7 € I'; then

(We)s(e) () = (nen) (cn)) = Yn(pn(c(m))
= Pn(es(0) () = ¥ (ps(e)) () = (¥Jes)(c) ()

and thus (v)! = ¢lpl.

(3) If ¢, is injective for each o then there exists a family of mappings s : Ys = Xg
such that 9, ¢, is the identity mapping on X, for each o € S. Then by (1) (¢p)!
is the identity mapping on X! and by (2) ¥ ! = (4¢)!. Hence ¢! is injective. The
other case is almost identical: If ¢, is surjective for each ¢ then there exists a family
of mappings g : Ys — Xg such that ¢, ¥, is the identity mapping on Y, for each
o € S, and as in the first part it then follows that (! is the identity mapping on
Y!. Finally, if ¢, is a bijection for each o € S then (¢;!){¢! is the identity mapping
on X! and ¢!(¢;1)! is the identity mapping on Y/, and thus (¢f)~! = (p;1)!. O

Some of the mappings which will occur involve the braces [ and ], usually ornamented
with subscripts and often also superscripts. In this case the value of the mapping is
denoted by placing the argument between the braces. Consider, for instance, a family
of mappings [-]s, with [[-], a mapping from X, to Y, for each o € §; then the
element of Y, which is obtained by applying [- ], to = € X, is denoted here by
[z]s - Now if I is an S-typed set then the corresponding mapping from X! to Y/
will be denoted as above by [ -]/, and its argument will again be placed between the
braces. Thus if ¢ € X! then [c]! is the element of Y! given by [c]l(n) = [e(n)]y
for each n e I.

A partial order C on a set Y is a binary relation C on Y satisfying:

(i) yCy forall yeY.
(ii) If y1 Cy2 and yo C gy then y; =ys .
(iif) If y1 Cyo and yo Eyz then y1 Cyz.
In other words, the relation C is reflexive, anti-symmetric and transitive.

Let Xg be a family of sets and let Cg be a corresponding family of partial orders, i.e.,
C, is a partial order on X, for each o € §. Then for each S-typed set I there is a
natural partial order C! on the set X! defined by stipulating that ¢ C! ¢’ if and only
if ¢(n) C, ¢/(n) foreach nel.

Let n > 2 and for each j = 1,...,n let (Y;,C;) be a poset. Then the above
construction produces the usual product partial order T on Y; X --- x Y, in which
(Y1,---,Yn) E (¥1,---,9,) if and only if y; C; v for each j.

The final topic in this section is a simple observation which will be applied throughout
the study. Suppose that a number of objects from a given family of sets Xg are to
be ‘defined’. Then this can be organised by first choosing an appropriate S-typed



2.1 TYPED SETS 27

I consisting of the ‘names’ of these objects, and then ‘constructing’ an assignment
c € X! which gives a meaning to each ‘name’ (and thus ‘defines’ the objects c¢(n),
n € I). In particular, this device will be employed to formulate the equations which
appear in Chapter 6 so that their solutions are assignments rather than sets of functions.
A reformulation in this spirit of the equations considered in Chapter 1 is given in
Example 2.1.1 below.

Ezample 2.1.1 Let (Dp, fx) and the family Dg be as in Section 1.2 (for the
case of the equations for it, ita, fst, ftsa, pfb and fib). Let

I = {it, ita, fst, fsta, pfb, fib}
be the S-typed set with
it of type ipr — ipr, ita of type int int — ipr,
fst of type ipr — int, fsta of type int int — int,
pfb of type int ipr — ipr and fib of type int — int.
If ¢ € DI and n € I then, since it increases the legibility, c(n) will usually
be written as ¢, ; this means that cit € Dipr—ipr, Cita € Dint int—ipr,

cfst € Dipr—>int , Cfsta € Dint int—int , Cpib € Dint ipr—ipr and that
¢fib € Dint—int -

The equations for it, ita, fst, fsta, pfb and fib can now be considered as
the following equations for an assignment ¢ € DI :

cita (k,0) if p# Lipr and p = frair(k,{)
Cit (P) = with (kag) € Dint X Djnt ,

J—ipr if P = J-ipr )
Cita (M,n) = fpair(n,add(m,n)),

ctsta (k,£) if p# Lipr and p = frair(k,?)

Cfst (p) = with (k,f) € Dint X Ding )
J—lpr if p = J—lpr 5
Cfsta (m,n) =m,
P if eq(n,0) =T,
Cpfb (n7p) = Cbe (SUb(na 1)7 Cit (p)) if eq(na 0) = F;
J—ipr if eq(na 0) = Lboo1,

Cfib (n) = Cfst (Cpfb (n, fPair(Oa 1)))

for all m, n € Ding , p € Dipr -




2.2 Algebras and homomorphisms

The structure which plays a fundamental role in all of what follows is that of an algebra
associated with a signature. A signature is a quadruple ¥ = (S, N, A, d), where S and
N are non-empty sets and A: N — Fg and d: N — S are mappings (recalling that
Fs is the set of all finite S-typed sets). The set S should here be thought of as a set
of types; N can be regarded as a set of operator names.

For each 0 € S put N, ={v € N : §(v) =0 }. Moreover, if v € N with d(v) =0
and A(v) =L then v is said to be of type L — o . This terminology will be used to
help avoid mentioning A and § explicitly.

If ¥=(S,N,A,d) is a signature then a X-algebra is any pair (Xg,pn) consisting of
a family of sets Xg ={ X, : 0 € S} and a family of mappings py = {p, : vE N}
such that if v € N is of type L — o then p, is a mapping from X! to X,. For
each o € S the set X, should be thought of as a set of elements of type o and for
each v € N the mapping p, can be thought of as the operator corresponding to the
operator name v .

A signature ¥ = (S,N,A,d) is said to be enumerated if A(v) € S* for each v € N
(recalling that S* C Fg). If ¥ is an enumerated signature then (Xg,pn) being a
Y-algebra means that if v € N is of type o1 --- 0, — ¢ then p, is a mapping from
Xo, X x X, to X,.

A simple enumerated signature A = (B, K,0,9) and a ‘natural’ A-algebra (Xp,px)
are given in Example 2.2.1 on the following page. The usual way of representing such a
signature is then illustrated in Example 2.2.2.

A general signature can always be replaced by an ‘equivalent’ enumerated signature.
(This really just amounts to fixing an enumeration of the elements in the set A(v) for
each v € N.) In fact, what is here called an enumerated signature corresponds to the
usual notion of a signature. The reason for working with the more general definition
introduced above is that in the long run it turns out to be more natural.

For the remainder of the section let ¥ denote a fixed signature with ¥ = (S, N, A)§).
Note that the sets N,, o € S, form a partition of the set N . (For instance, in
the signature A in Example 2.2.1 Kpoo1 = {True,False}, Knat = {Zero,Succ},
Kiny = Int, Kipr = {Pair} and Kjjst = {Nil,Cons}.)

The next task, of course, is to explain what are the structure-preserving mappings
between algebras. Let (Xg,pn) and (Ys,qn) be X-algebras and let 7g : Xg — Yy
be a family of mappings, i.e., 7, : X, — Y, for each o € S. Then the family 7g is
called a X-homomorphism from (Xg,pn) to (Ys,qn) if

L _
Qv T, = ToPv

whenever v € N is of type L — o. This fact will also be expressed by saying that
s : (Xs,pn) = (Ys,qn) is a X-homomorphism.
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Ezample 2.2.1 Int always denotes the subset of {0,1,2,3,4,5,6,7,8,9,-}*
containing for each integer n its standard representation n as a string of
characters. The mapping n +— n thus maps Z bijectively onto Int.

Define an enumerated signature A = (B, K,©,4) by letting
B = {bool,nat,int,ipr, ilst}
(ipr resp. ilst is an abbreviation of integer pair resp. integer list),
= {True,False, Zero, Succ,Pair,Nil, Cons} U Int,
and with © : K — B* and ¥ : K — B given by
O(True) = @(False) = ¢, v¥(True) = Y(False) = bool,
O(Zero) = O(Succ) = nat, (Zero) = ¥(Succ) = nat,

©

(
(Pair) = int int, ¢(Pair) = ipr,

(Nil) = O(Cons) = int ilst, ¥(Nil) = ¥(Cons) = ilst,
(n) = ¢ and Y(n) = int for each n € Z.

@

©

Thus True and False are of type € — bool, Zero isof type € — nat, Succ
of type nat — nat, Pair of type int int — ipr, Nil of type £ — ilst,
Cons of type int ilst — ilst and n is of type € — int for each n € Z.

Now define a A-algebra (Xp,px) with a family of sets Xp and a family of
mappings px by letting

Xboor = B = {T,F}, Xpat = N, Xinx = Z,

Xipr = Z*, Xijist = L*,

PTrue : [ = Xpoo1r With prrue(e) = T,

PFalse : | = Xboo1 With praise(€) = F,

Pzero : I = Xnat With pzero(e) = 0,

PSucc : Xnat — Xnat With psucc(n) = n+1,

Pn i I = Xing with pp(e) = n for each n € Z,

PPair : Xint X Xint = Xipr With ppair(m,n) = (m,n),

pri1: I — Xiise with puii(e) = €,

Pcons * Xint X Xi1st — Xi1st With peons(m,s) = m < s,

where m < s is here the element of Z* obtained by adding m to the beginning
of the list s, i.e

mmy -+ my if s=my --- my, with n>1,

m<13={ .
m if s=¢.
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Ezample 2.2.2 An enumerated signature ¥ = (S,N,A,d) with S and N
finite can (and in most functional programming languages will) be represented
in a form similar to the following, where o1, ..., 0, is some enumeration of
the elements in the set S, Vg1, ..., Vgm, an enumeration of the elements of
N,, for each k and where 7i; = A(vy;) :

op i=vin v | | Vi Yimg
o2 ::=va1 Y21 | -+ | Voamy Yome
On 1:=Vp1 Yn1 | - | Vpm., Ynm.

The enumerated signature A = (B, K,©0,9) introduced in Example 2.2.1 can
thus be represented in the form

bool ::= True | False

nat ::= Zero | Succ nat

int ::= -2l -1]101]1]2
ipr ::= Pair int int

ilst ::= Nil | Cons int ilst

Of course, there is a problem here with the type int, since Kjpt is infinite,
but in all real programming languages this type is ‘built-in’ and so it does not
need to be included in the specification of the signature.

If ¥ is enumerated then g : (Xg,pn) = (Ys,qn) being a E-homomorphism means
that if v € N is of type o7 --- 0, = o then

G (7o (Z1)y .o o, (X)) = To(Du(T1,...,20))

must hold for all (z1,...,2,) € X,, X --- x X, , this condition being interpreted as
qu(€) = w5 (p,(€)) when v is of type € — o.

If (Xg,pn) is a ¥-algebra then by Lemma 2.1.1 (1) the family of identity mappings
ids : Xg¢ — Xg defines a ¥-homomorphism from (Xg,py) to itself. Furthermore, the
composition of two Y-homomorphisms is again a Y-homomorphism:

Proposition 2.2.1 Suppose (Xs,pn), (Ys,qn) and (Zg,rn) are X-algebras and
let g : (Xg,pn) = (Ys,qn) and ps : (Ys,qn) = (Zs,rn) be Y-homomorphisms.
Then (¢m)s ={ 0,7y : 0 € S} is a ¥-homomorphism from (Xg,pn) to (Zg,rn) .
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Proof Let v € N be of type L — o ; then by Lemma 2.1.1 (2)

r (om) = ryolnl = g, qunl = 0, 7opy = (0m)6pu

and hence (gm)g is a ¥-homomorphism from (Xg,pn) to (Zg,rn). O

Proposition 2.2.2 Let 7g: (Xg,pn) = (Ys,qn) be a X-homomorphism. Suppose
for each o € S that 7, : X, — Y, is a bijection and let 7, : Y, — X, be the inverse
mapping. Then 71'51 : (Ys,qn) = (Xs,pn) is also a ¥-homomorphism.

Proof Let v € N be of type L — o. Then g, 7l = m,p,, and therefore by
Lemma 2.1.1 (3) it follows that p, (7;1)f = p, (zL)~! = n;1¢q,, which implies that
7T§1 is a ¥-homomorphism. [

A Y-homomorphism 7g: (Xg,pn) = (Ys,qn) is a said to be a X-isomorphism if the
mapping 7, : X, = Y, is a bijection for each ¢ € S. (Proposition 2.2.2 implies that
this definition is ‘correct’.) If it is clear which signature is involved then the name of
the signature can be omitted, i.e., homomorphism (resp. isomorphism) will be written
instead of ¥-homomorphism (resp. ¥-isomorphism) when ¥ can be deduced from the
context.

The X-algebras (Xg,pn) and (Yg,qn) are said to be isomorphic if there exists an
isomorphism from (Xg,pn) to (Ys,gn); it is easily checked that the property of being
isomorphic defines an equivalence relation on the class of all ¥-algebras.

In what follows consider the Y-algebra (Xg,pn) as being fixed. Let Xg C Xg (i.e.,
Xa C X, for each 0 € S). Then the family of sets Xg is said to be invariant in
(Xs,pN) , or just invariant, if pl,(Xf) C X, whenever v € N is of type L — o. In

particular, the family Xg is itself trivially invariant. The family Xg being invariant
means exactly that the following two conditions have to be satisfied:

(i) pu(e) € X, for each v € N of type @ = 0.

(ii) If v € N isof type L — o with L # @ and ¢ € X is such that c(n) € Xn
for each 7 € L then p,(c) € X, .

If ¥ is an enumerated signature then these two conditions become the following;:

(i) pu(e) € X, for each v € N of type ¢ = 0.

(ii) If v € N isof type 01 -+ 0, =+ 0 with n>1 and z; € X(,j for each j then
Pu(T1,. ., 2n) € Xy

A related notion is that of a subalgebra: A X-algebra (Ys,qn) issaid to be a subalgebra
of (Xg,pn) if Yo C Xg and g, is the restriction of p, to Dom(g,) for each v € N .

In this case the family Yy is clearly invariant. Conversely, let Xg be any invariant
family and for each v € N of type L — o let p, denote the restriction of p, to X1,
so P, is a mapping from X to X,. Then (Xg,pn) is a subalgebra of (Xg,pn).
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This means that there is a one-to-one correspondence between invariant families and
subalgebras of (Xg,pn). (The former tend to dominate, however, in this study.) If

Xg is an invariant family then the corresponding subalgebra (Xg,pn) is called the
subalgebra associated with X S -

Lemma 2.2.1 Let mg be a homomorphism from (Xg,py) to a X-algebra (Ys,qn) .

(1) If the family Xg is invariant in (Xg,py) and Y, = n,(X,) for each o € § then
Ys is invariant in (Yg,qy) -

(2) If the family Yy is invariant in (Y, qy) and X, = w;1(Y,) for each o € § then
Xg is invariant in (Xg,py) .

Proof (1) It must be shown that if v € N is of type L — o then g¢,(c) € Y, for
each ¢ € Y. But if ¢ € V! then there exists ¢ € XI with wl(¢) = ¢ (since
Lemma 2.1.1 (3) implies that 7Z(XZ) = VX' ) and hence

w(e) = a@l(e) = 1o(pu(¢) € 1o(X,) = Y. .

(2) This time it must be shown that if » € N is of type L — o and ¢ € X% then
po(c) € X, , ie., that m,(p,(c)) € Y,. But if ¢ € Xf then it is easy to check that
7L(c) € Y and therefore m,(p,(c)) = q.(7l(c)) € ¥, . O

Lemma 2.2.1 says that both the image and the pre-image of a subalgebra under a
homomorphism are again subalgebras.

Lemma 2.2.2 Let Ag C Xg. Then the family Xg defined by

Xa = AU U U Im(pu)
VEN,

for each ¢ € S is invariant in (Xg,pn) -

Proof If v € N is of type L — o then p,(c) € p,(XL) = Im(p,) c X, for all
cE XoL , and so in particular for all ¢ € XOL . O

Lemma 2.2.3 Let Ag C Xg. Then there exists a minimal invariant family containing
Ag (i.e., an invariant family Xg with Ag C Xg such that if Yg is any invariant family
containing Ag then Xg CYg ).

Proof As already noted, the family Xg is itself invariant, and it contains of course
Ag . Moreover, it is easy to see that an arbitrary intersection of invariant families is
again invariant. (More precisely, if X} is invariant for each ¢ € T and X, = MNeer XL
for each o € S then Xg is also invariant.) The intersection of all the invariant families
containing Ag is thus the required minimal family. In fact, this minimal family Xg
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can be given somewhat more explicitly: For each n € N define a family Xg C Xg by
putting X9 = Ag and for each n € N, o € S letting
Xptt = X7 U U (),
VvEN,
where if v is of type L — o then p” is the restriction of p, to (X7)X. Then it is
straightforward to check that X, = Unen X;‘ for each o € S. This shows that each

element of X, can be ‘constructed’ in a finite number of steps out of elements from
the family Ag and elements which have already been ‘constructed’. [

The main interest here is in the minimal invariant family (i.e., the family given by
Lemma 2.2.3 with A, = @& for each o € §). The subalgebra associated with this
family will be referred to as the minimal subalgebra of (Ys,qn)

It is often the case that a Y-algebra (Xg,py) is given and then Zg is defined to be
the minimal invariant family. This will then be accompanied by the statement that Zg
is defined by the following three rules:

(i) If v € N is of type @ — ¢ then p,(e) is an element of Z, .

(ii) If v € N is of type L — 0 with L # @ and ¢ € X! is such that c(n) € Z,
for each n € L then p,(c) is an element of Z, .

(iii) The only elements in Z, are those which can be obtained using (i) and (ii).

Rules (i) and (ii) say that Zg is invariant. Rule (iii) should be regarded as a somewhat
imprecise reformulation of the final statement in the proof of Lemma 2.2.3. Of course,
such a statement is really redundant, but it usually helps to clarify how the mappings in
the family py operate in the particular case under consideration. (It is often convenient
to divide up rules (i) and (ii) into various sub-cases, ending up with not three but four
or more rules.)

If ¥ is enumerated then the above rules take on the following form:

(i) If v € N isof type € — o then p,(e) is an element of Z, .

(i) If v € N is of type o1 --- 0, = o for some n > 1 and x; € Z,, for
j=1,...,n then p,(z1,...,2,) is an element of Z, .

(iii) The only elements in Z, are those which can be obtained using (i) and (ii).
The X-algebra (Xg,pn) is now said to be minimal if Xg is the only invariant family.
Such algebras play an important role, and so some of their elementary properties will
now be presented. Note that the minimal subalgebra of (Xg,py) is always a minimal
3-algebra.

Proposition 2.2.3 Let (Xg,pn) and (Ys,qn) be X-algebras.

(1) If (Xs,pn) is minimal then there exists at most one homomorphism from (Xg,pn)
to (YSJ QN) .

(2) If (Yg,qn) is minimal then any homomorphism 7g : (Xg,pn) — (Ys,qn) is
surjective (i.e., the mapping 7, : X, — Y, is surjective for each o € S ).
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Proof (1) Let mg and pg be homomorphisms from (Xg,pn) to (Ys,qn) and for
each 0 € S let X, = {z € X, : m,(z) = 0,(z)}. Consider v € N of type L — o
and let c € XOL ; then ¢(n) € Xn for each n € L and hence

T () (m) = my(e(m) = onlc(n) = e (c)(n)
which implies that 7% (c) = oZ(c). Therefore
To(Pu(€)) = a(77(c) = a(ei(c)) = eo(pu(c),

ie., pu(c) € XU . 'This shows that the family XS is invariant and thus XS = Xg,
since (Xg,pn) is minimal. In other words, 7g = gg .

(2) This follows immediately from Lemma 2.2.1 (1). O

Proposition 2.2.4 If (Xg,pn) is minimal then |J Im(p,) = X, foreach c € S.
VEN,

Proof This follows immediately from Lemma 2.2.2. [

The converse of Proposition 2.2.4 does not hold in general. However, the condition
occurring there can be combined with a second condition to give a useful sufficient
criterion for minimality:

Proposition 2.2.5 Suppose there exists a family of mappings #g with #, : X, - N
for each o such that if v € N is of type L — o then

#nlc(n) < #o(pu(c)

holds for all c € XF, n € L. Foreach o € S let A, be a subset of X, such that
A, U U, en, Im(p,) = X, . Then Xg is the only invariant family containing Ag . In

particular, if |J Im(p,) = X, for each o € S then (Xg,py) is minimal.
vEN,

Proof Let Xg be the minimal invariant family containing Ag and suppose Xg # X .
There thus exists ¢ € S and =z € X, \ X, such that #,(z) < #,(2') whenever

e X, \ X, for some 7 € S. Then z € Im(p,) for some v € N, , since A, C X, .
Let v be of type L — o, so there exists ¢ € XOL with = = p,(c). But it then follows

that #,(c(n)) < #-(z) and hence that ¢(n) € Xn for each n € L (by the minimality

of #,(x)). However, this implies z € X, , since the family Xg is invariant, which is
a contradiction. [

If ¥ is enumerated then the condition involving the family #g¢ in Proposition 2.2.5 is

that whenever v € N is of type o1 -+ 0, — o then
#O'j(wj) < #O'(I)V(wl;"')mn))
must hold for each j =1, ..., n foreach (z1,...,2,) € X,;, x---x X, _ . It is easy to

check that the A-algebra (Xp,pr) defined in Example 2.2.1 is minimal.
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A subset S’ C S is said to be closed in ¥ or simply closed if o € S’ whenever there
exists ¥ € N of type L — ¢ for some L and (n) € S’ for each n € L. (This means
in particular that o € S’ if there exists an element v € N of type @ — o.) The
signature ¥ will be called pervasive if the only closed subset of S is S itself.

It is easily checked that the signature A in Example 2.2.1 is pervasive. (Note that if
Y is enumerated then S’ being closed means exactly that o € S’ must hold whenever
there exists v € N of type o1 -+ 0, >0 and 0; € S’ foreach j=1,...,n.)

Proposition 2.2.6 If ¥ is pervasive then X, # @ for all 0 € S for any Y-algebra
(Xs,pn) . Conversely, if (Xg,pn) minimal and X, # @ for all 0 € S then ¥ is
pervasive.

Proof Theset S, ={0c€S8:X,# @} is clearly closed. Thus if ¥ is pervasive then
So =58 ,1e, X, # @ for each o € §. Conversely, if S’ is closed and the family X§
is defined by X! = X, for 0 € §' and X! =@ for 0 € §\ S’ then X§ is invariant.
Therefore if (Xg,py) is minimal and X, # & for each 0 € S then §'=5. O

Note that the set S’ = {oc € S : N, # @} is always closed, and hence a necessary
condition for pervasiveness is that N, # @ for each o € §.

To end the section the special case of a single-sorted signature will be looked at, i.e.,
a signature of the form (I,N,A,d§). In this case there is no choice for d (since there
is only one mapping possible from N to I) and so a single-sorted signature can be
regarded as being a pair (IV,A) consisting of a set N and a mapping A : N — Fy
(recalling that Fy is just considered to be the set of all finite subsets of the basic set of
names M ).

Let ¥ = (N,A) be a single-sorted signature; then (identifying a family Zy with the
single object Z. it contains) a X-algebra is here a pair (X,pn) consisting of a set X
and a family of mappings py with p, : X2®) — X for each v € N.

Consider the very special case of an enumerated single-sorted signature ¥ = (N,A).
Then, since I* can clearly be identified with the set of natural numbers N, A can
here be regarded as a mapping from N to N. If (X,py) is a ¥-algebra then p, is
a mapping from the cartesian product X2*) to X, so A(v) is just the number of
arguments taken by the operator p, .

If ¥ =(S,N,A,J) is an arbitrary signature then a single-sorted signature 3° = (N, A°)
can be defined by letting A°(v) be the underlying set involved in the S-typed set A(v).
This means that ¥° is obtained from ¥ by no longer distinguishing between the various
types. Now let (X,pn) be a X°-algebra and for each o € S put X, = X . Then, since
|Xs| =X and any mapping from A(v) to |Xg| is automatically typed, it follows that
XA = xA°") for each v € N, which means that (Xs,pn) is a X-algebra. This
almost trivial method of obtaining Y-algebras turns out to be surprisingly useful.



2.3 Initial and free algebras

For the whole of the section let ¥ = (S, N, A,d) be a signature. A X-algebra (Xg,pn)
is said to be initial if for each Y-algebra (Ys,qn) there exists a unique homomorphism
from (Xg,pn) to (Ys,qn). (The terminology ‘initial’ is the standard one used in
category theory to describe such a situation.)

In Proposition 2.3.2 initial algebras are characterised as those that are minimal and
possess a further property, here called unambiguity. In Proposition 2.3.3 it is shown
there is a unique isomorphism class of initial ¥-algebras. This essentially amounts to
showing that an initial -algebra exists, which follows from Proposition 2.3.2 and the
existence of a minimal unambiguous X-algebra.

A Y-algebra (Xg,pn) is said to be unambiguous if the following hold:

(i) The mapping p, is injective for each v € N .
(ii) For each o € S the sets Im(p,), v € N, , are disjoint subsets of X, .

In particular, the A-algebra (Xp,pk) in Example 2.2.1 is clearly unambiguous. Related
to unambiguity is the following property: A X-algebra (Xg,pn) is said to be regular if
for each z € X, there exists a unique v € N, and a unique element ¢ € Dom(p,) such
that p,(c) = . Thus (Xg,pn) is regular if and only if the mapping p, is injective
for each v € N and for each o € S the sets Im(p,), v € N, , form a partition of X, .

Lemma 2.3.1 A minimal Y-algebra is regular if and only if it is unambiguous.
Proof This follows immediately from Proposition 2.2.4. O

Before going any further consider again the natural number triples introduced at the
beginning of the chapter. These are really the algebras corresponding to the enumerated
signature consisting of a single type nat and two operator names Zero and Succ
with Zero of type ¢ — nat and Succ of type nat — nat; however, it was more
convenient to represent an algebra ({Xnat}, {Pzero,PSucc}) using the natural number
triple (Xnat,Pzero(€), Psuce) - The equivalence of initial and Peano triples is easily seen
to be just a special case of Proposition 2.3.2.

In order to get started an unambiguous X-algebra is needed, and for this the following
trivial observation is useful: Let ¥° = (NN, A°) be the single-sorted signature defined
at the end of the previous section (so A°(v) is just the underlying set involved in the
S-typed set A(v)). Let (X,pn) be a ¥°-algebra and (Xg,py) be the X-algebra with
X, =X foreach 0 € S.

Lemma 2.3.2 If the ¥°-algebra (X,py) is unambiguous then so is the Y-algebra
(XSJPN) .

Proof This is clear. O
Lemma 2.3.3 There exists an unambiguous Y-algebra.

36
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Proof By Lemma 2.3.2 it is enough to show that if ¥’ = (IV,A) is a single-sorted
signature then there exists a unambiguous Y'-algebra. The construction given below is
just one of many possibilities of defining such an algebra.

Let M = M,UN , where M, is the set of all pairs of the form (v,n) with » € N and
n € A(v), and let X be the set of all non-empty finite subsets of M*. Now if v € N
with A(v) = @ then define p, : I - X by letting p,(¢) = {v} (where here v is the
list consisting of the single component v ), and if v € N with A(v) = L # @ then
define a mapping p, : X¥ — X by letting

pu(¢) = {v} U LEJL{ (v,m)<s :s€cn)}

for each ¢ € XT | where <« : M x M* — M* is the (infix) operation of adding an
element to the beginning of a list. This gives a ¥'-algebra (X,py). But it is easily
checked that Im(p,,) and Im(p,,) are disjoint subsets of X whenever v; # vo, and
also that p, is injective for each v € N. Hence (X,pn) is unambiguous. O

Proposition 2.3.1 There exists a minimal unambiguous Y-algebra.

Proof By Lemma 2.3.3 there exists an unambiguous ¥-algebra (Xg,py). But then
any subalgebra of (Xg,pn) is also unambiguous. In particular, the minimal subalgebra
is minimal and unambiguous. [

Proposition 2.3.2 The following statements are equivalent for a X-algebra (Xg,pn) :
(i) (Xs,pn) is initial.
(ii) (Xg,pn) is minimal and unambiguous.

(iii) (Xg,pn) Is minimal and regular.

Proof The equivalence of (ii) and (iii) is just Lemma 2.3.1. To show their equivalence
to (i) a couple of simple facts will be needed:

Lemma 2.3.4 Let (Xg,pn) be a minimal regular ¥-algebra. Then there exists a
unique family #g with #, : X, = N for each o € S such that #,(p,(¢)) =0 if
v € N is of type @ — o and such that

#o(pv(c)) = 1+ max{#,(c(n)) : ne€L}
for all c € XL whenever v € N is of type L — o with L # & .

Proof For each m € N a family of mappings #4¢ will be defined with #7* : X, -+ N
for each o € S, and then #g will be obtained as the limit of the sequence {#% }m>0 -
The definition is by induction on m : First define #% = 0 for each o € S. Next suppose
that the family #% has already been defined for some m € N. Then since (Xg,pn)
is regular there is a unique family of mappings #%' such that #71(p,(¢)) =0 if
v € N is of type @ — ¢ and such that

#0 (pu(c)) = 1+ max{#(c(n) :ne L}

for all ¢ € XL whenever v € N is of type L — o with L # @.
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Then #7 < #%7! foreach m € N (Le., #7(z) < #7+(2) forall z€ X,, 0 € S):
This follows by induction on m , since #% < #% holds by definition and if #% < #gl‘H
for some m € N and v € N is of type L — o with L # @& then

#e T pu(e)) = 1+ max{#7(c(n)) : n€ L}
< 1+ max{#7*(c(n) :neL} = #77(p.(0))
for all ¢ € XL, which implies that #g""l < #?4'2 .

The sequence {#7(z)}m>o is bounded for each z € X, , 0 € S: Let X, denote the
set of those elements x € X, for which this is the case. Then it is easily checked that

the family X is invariant, and hence Xg = Xg, since (Xg,pn) is minimal.

Let = € X, ; then by the above {#7'(z)}m>0 is a bounded increasing sequence from
N, and so there exists an element #,(z) € N such that #™(z) = #,(z) for all but
finitely many m. This defines a mapping #, : X, — N for each ¢ € 5, and it
immediately follows that the family #s has the required property.

It remains to show the uniqueness, so suppose # is another family of mappings with
this property. For each 0 € S let X] ={xz € X, : #.(z) = #,(x) } ; then the family
X is clearly invariant and hence X§ = Xg, since (Xg,pn) is minimal. O

Lemma 2.3.5 Let (Xg,pn) be a ¥-algebra isomorphic to a minimal unambiguous
Y-algebra. Then (Xg,pn) is also minimal and unambiguous.

Proof Let mg : (Xs,pn) = (Ys,qn) be an isomorphism, with (Yg,qn) a minimal
unambiguous ¥-algebra. If X§ isan invariant family in (Xg,pn) then Lemma 2.2.1 (1)
implies that =,(X.) = Y, for each o € S, since Yg is the only invariant family
in (Ys,qn). Thus X! = 7' (m,(X.)) = =, (Y,) = X, foreach 0 € S, ie,
X4 = Xg, and this shows that (Xg,py) is minimal. Now if v € N, and z € Im(p,)
then by the definition of a homomorphism 7, (x) € Im(g,) . It immediately follows that
if 1, v» € N, with v4 # vy then Im(p,,) N Im(p,,) = @. Finally, if v € N is of
type L — o then g, 7rf = T, py ; moreover, ¢, is injective, 7, is a bijection and by
Lemma 2.1.1 (3) 7l is also a bijection. Thus p, is injective. O

Lemma 2.3.6 Any two initial ¥-algebras are isomorphic.

Proof Let (Xg,pn) and (Ys,qn) be initial ¥-algebras. There then exists a unique
homomorphism 7g from (Xg,pn) to (Ys,qn) and a unique homomorphism 7 from
(Ys,qn) to (Xs,pn). However, by Proposition 2.2.1 {n. 7, : 0 € S} is then a
homomorphism from (Xg,pn) to itself, and by assumption there is only one such
homomorphism. Hence 7/ (7,(x)) =z for each z € X, (since the identity mappings
also define a homomorphism from (Xg,pn) to itself). In the same way 7, (7. (y)) =y
for each y € Y, , and therefore mg is an isomorphism. (This proof is quite general: It
is just the proof that in any category possessing initial objects these objects are, up to
isomorphism, unique.) O
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The proof of Proposition 2.3.2 can now be commenced. Suppose first that (Xg,pn) is
minimal and regular and let (Yg,qn) be any Y-algebra. It is enough to construct a
homomorphism 7g from (Xg,pn) to (Ys,qn), since Proposition 2.2.3 (1) then implies
that this homomorphism is unique.

Let #s be the family of mappings given by Lemma 2.3.4 (with #, : X, — N for each
o€ S)andforeach 0 € S, meN let X' ={ze€ X, : #,(z) =m}. Define g by
defining m, on X™ for each ¢ € S using induction on m. Let z € X2 ; then, since
(Xg,pn) is regular, there exists a unique v € N, and a unique element ¢ € Dom(p, )
such that p,(c¢) = x, and here v must be of type @ — ¢ and z = p,(¢). Thus put
7, (x) = q,(¢) , which defines 7, on X2 for each o € S. Now let m > 0 and suppose
7, has already been defined on X* for all kK < m and all 7 € S. Let z € X™;
again using the regularity of (Xg,pn) there exists a unique v € N, and a unique
c € Dom(p,) such that z = p,(c). Let v be of type L — o, so here L # @ and
c € XL Then by the defining property of #g it follows that #,(c(n)) < m for each
n € L, which means m,(c(n)) is already defined for each 7 € L and hence that 7Z(c)
is already defined (i.e., 7”(c) is the element ¢ of Y given by ¢/(n) = m,(c(n)) for
each n € L). Thus here put m,(z) = ¢, (7% (c)). In this way 7, is defined on X for
each o0 € § and each m € N, and the family mg is a homomorphism more-or-less by
construction.

This shows that any minimal regular (and thus any minimal unambiguous) ¥-algebra
is initial. The converse is a special case of a more general situation: Suppose a property
P of Y-algebras is given satisfying the following three conditions:

(i) There exists a Y-algebra having property P .
(ii) Every X-algebra having property P is initial.
(iii) A X-algebra isomorphic to a X-algebra having property P also has property P .

Then every initial X-algebra has property P, and so having property P is equivalent to
being initial. (Let (Xg,pn) be initial; by (i) there exists a X-algebra (Yg,gn) having
property P, and by (ii) and Lemma 2.3.6 (Xg,pn) and (Ys,qn) are isomorphic;
thus by (iii) (Xgs,pn) has property P.) Now by Proposition 2.3.1 there exists a
minimal unambiguous ¥-algebra, and the first part of the proof shows that each minimal
unambiguous X-algebra is initial. Finally, by Lemma 2.3.5 a X¥-algebra isomorphic to
a minimal unambiguous }-algebra is minimal and unambiguous, and therefore each
initial X-algebra is minimal and unambiguous. O

Proposition 2.3.2 implies that the A-algebra (Xp,pr) in Example 2.2.1 is initial.

Proposition 2.3.3 There is exactly one isomorphism class of initial ¥.-algebras. (This
means, more precisely, that an initial Y-algebra (Xg,py) exists and that a ¥-algebra
(Ys,qn) is initial if and only if it is isomorphic to (Xg,pn).)

Proof Propositions 2.3.1 and 2.3.2 imply that an initial Y-algebra exists, and by
Lemma 2.3.6 any two initial X-algebras are isomorphic. Finally, it is also clear that
a Y-algebra isomorphic to an initial X-algebra is itself initial. [
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A type o € S will be said to be primitive if v is of type @ — o for each v € N, . (In
the signature A in Example 2.2.1 the primitive types are therefore bool and int.)
Note that if (Xg,pn) is an initial ¥-algebra and o € S is a primitive type then the
mapping v — p,(e) maps N, bijectively onto X, . (For the A-algebra (Xp,pk) in
Example 2.2.1 this gives the obvious bijections between Kpoo1 = {True,False} and
Xboo1r =B ={T, F} and between Kint = Int and Xint =7Z.)

Proposition 2.3.4 The minimal subalgebra of an unambiguous X-algebra is initial.

Proof This follows from Proposition 2.3.2, since, as already noted, any subalgebra of
an unambiguous algebra is unambiguous. O

The concept of being initial can be generalised and this leads to what is called a free
algebra. For the rest of the section let I be an S-typed set and define a family Is by
putting I, = {ne€l:(n)=0} foreach c €5,

A Y-algebra (Xg,pn) is said to contain I if I¢ C Xg (which is of course equivalent
to having n € X,, for each n € I'). A X-algebra (Xg,pn) is then called I-free if it
contains I and for each Y-algebra (Yg,qn) and each ¢ € Y! there exists a unique
¥-homomorphism 7§ : (Xs,pn) = (Ys,qn) such that 75 (n) =c(n) forall neI. In
Proposition 2.3.6 it will be shown that an I-free ¥-algebra exists and that it is, in an
appropriate sense, unique.

Note that a X-algebra (Xg,pn) is initial if and only if it is @-free. Moreover, it will
turn out that a Y-algebra (Xg,pn) containing I is I-free if and only if a related
algebra (Xg,pn,) is initial with respect to an extended signature Xj.

For each n € I let ¢, be some element not in N and such that o, # o,, whenever
m # ne. Put Ny = NU{o, : n € I} and define a signature ¥; = (S, Ny, Ay, dr)
with mappings A;: Ny = Fs and d; : Ny — S given by

_ JA() ifveN,
AI(V)_{@ ify:onforsomenef,

B (5(1/) if veN,
or(v) = {(77) if v =19, forsome nel.

Thus in ¥; each v € N has the same type as it had in ¥ and o, is of type @ — (1)
for each ne I.

Let (Xg,pn) be a X-algebra containing I and for each n € I define a mapping
Do, : I = X, by letting p,, (¢) =n. This results in a ¥j-algebra (Xg,pn,) which will
be called the X;-algebra associated with (Xg,pn) -

Lemma 2.3.7 Let (Ys,qn,) be any Xj-algebra and ng : Xs — Ys be a family of
mappings. Then 7g: (Xg,pn,) = (Ys,qn,) is a ¥;-homomorphism if and only if g
is a ¥-homomorphism from (Xg,pn) to (Ys,qn) with m,(n) = ¢o,(¢) foreach n € I .

Proof This follows directly from the definition of (Xg,pn,). O



2.3 INITIAL AND FREE ALGEBRAS 41

Proposition 2.3.5 (Xg,pn) is an I-free Y-algebra if and only if (Xg,pn,) iS an
initial ¥ j-algebra.

Proof Suppose first that (Xg,py) is I-free and let (Ys,qn,) be any X;-algebra.
Then, putting ¢(n) = o, (¢) for each n € I defines an assignment ¢ € Y, and thus
there exists a unique ¥-homomorphism g : (Xs,pn) = (Ys,qn) with m,(n) = ¢, (€)
for all n € I. Therefore by Lemma 2.3.7 mg is a ¥;-homomorphism from (Xg,pn,)
to (Ys,qn,). Consider any X;-homomorphism 7#g : (Xg,pn,;) = (Ys,qn,). Then,
again using Lemma 2.3.7, g is a Y-homomorphism from (Xg,pn) to (Ys,qn) with
(1) = go,(¢) for all y € I', and hence #g = mg. This shows that (Xg,pn,) is an
initial ¥;-algebra.

Suppose conversely (Xg,pn,) is an initial ¥7-algebra; let (Ys,gn) be a X-algebra and
ceY]. Foreach n €I define g, : 1 — Y, by g, (¢) = c(n); then (Ys,qn,) is a
Y ;-algebra and hence there is a unique ¥;-homomorphism 7§ : (Xg,pn,) = (Ys,qn,) -
But by Lemma 2.3.7 7% is then a ¥-homomorphism from (Xg,pn) to (Ys,qn) with
m5(n) = go,(€) = c(n) for all n € I. Finally, consider any Y-homomorphism 7% from
(Xs,pn) to (Ys,qn) with #7(n) = c¢(n) forall n € I. Then Lemma 2.3.7 implies that
7% is also a ¥ -homomorphism from (Xg,pn,) to (Ys,qn,) and thus 7§ = 7¢ . This
shows that (Xg,pn) is I-free. O

Proposition 2.3.6 There exists an I-free ¥-algebra (Xg,pn). Moreover, if (Xg,p'y)
is any I-free Y-algebra then there exists a unique X-isomorphism wg from (Xg,pn)
to (Xg,ply) such that m,(n) =n foreach neI.

Proof By Proposition 2.3.3 there exists an initial X;-algebra (Xg,pn,), and clearly
there then exists such an algebra in which the sets in the family Xg are disjoint. This
implies in particular that p..(c) # po,(€) whenever £ and 7 are different elements of
I. Theset {p,,(g):m €1} can thus be identified with the set I and so Is C X5. In
this way (Xg,pn) can be regarded as a X-algebra containing I. Moreover, (Xg,pn;)
is then the ¥ -algebra associated with (Xg,pn), and hence Proposition 2.3.5 implies
that (Xg,pn) is I-free. There therefore exists an I-free X-algebra, and the final
statement follows directly from the definition of being I-free. [

Let (Xg,pn) be a Y-algebra containing I. Then (Xg,pn) is said to be I-minimal
if Xg is the only invariant family in (Xg,py) containing Is. Moreover, (Xg,pn) is
said to be I-unambiguous if the mapping p, is injective for each ¥ € N and for each
o € S the sets Im(p,), v € N, , are disjoint subsets of X, \ I, . Finally, (Xg,pn) is
called I-regular if the mapping p, is injective for each v € N and for each ¢ € S the
sets Im(p,), v € N, , form a partition of X, \ I, .

Proposition 2.3.7 The following statements are equivalent:
(i) (Xs,pn) is I-free.
(ii) (Xg,pn) is I-minimal and I-unambiguous.

(iii) (Xs,pn) is I-minimal and I-regular.
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Proof This follows from Propositions 2.3.2 and 2.3.5. O

It is useful to express the equivalence between statements (i) and (iii) in Proposition 2.3.7
somewhat more explicitly:

Proposition 2.3.8 A X-algebra (Xg,pn) containing I is I-free if and only if the
following three conditions hold:

(i) p, Is injective for each v € N .
(ii) The sets Im(p,), v € N, , form a partition of X, \ I, for each o € S.
(iii) Xg is the only invariant family containing Ig .
Proof Conditions (i) and (ii) are those occurring in the definition of being I-regular,

and condition (iii) is that occurring in the definition of being I-minimal. Thus by
Proposition 2.3.7 (Xg,pn) is I-free if and only if (i), (ii) and (iii) hold. O



2.4 Term algebras

This section introduces what are called term algebras. These provide the simplest
explicit examples of initial algebras, and they can be used as the basic components of a
‘real” programming language. Until further notice assume that ¥ = (S, N, A,J) is an
enumerated signature. (The general case is dealt with at the end of the section.)

Let Z be a set; then the concatenation of two lists ¢, ¢ € Z* will be denoted by £ ¢' .
Thus fe =l =0 andif =21 -+ 2y, ' =21 --- 2z, with m, n > 1 then

!
n *

0V =21 - 2 2 o 2
Concatenation is clearly associative, and hence if p > 1 and ¢, ..., ¢, € Z* then
the concatenation of /¢y, ..., ¢, can be denoted simply by ¢; --- ¢,. This notation
is clearly compatible with the notation being employed for the elements of Z* (in the
sense that £ = z; --- z, € Z* can be considered as the concatenation of the n one
element lists 21, ..., 2z, ). If 2 € Z and ¢ € Z* then in particular there is the list z £
obtained by adding z to the beginning of the list £ (a list which is also being denoted
by z<£).

Let A beasetand I': N - A be a mapping. A Y-algebra (Yg,qn) can then be
obtained as follows: For each 0 € S put Y, = A*;if v€ N isof type o1 -+ 0, > 0
(with n > 0) thenlet ¢, : Y,, X --- XY, — Y, be the mapping defined by

g, ...,an) = TW) oy -+ ap
for each (ai,...,04) € Y,, X --- XY, ,ie., g ai,...,a,) is the list obtained by
concatenating the element I'(v) and the lists a1, ..., a, . In particular, if v € N is of

type € — o then g, (g) is just the list consisting of the single component I'(v). (This
is really just an instance of the construction described at the end of Section 2.2.)

Now let (Eg,0n) be the minimal subalgebra of (Ys,qn), i.e., Eg is the minimal
invariant family and O, is the corresponding restriction of ¢, for each v € N. This
minimal Y-algebra (Eg,Oy) is called the term X-algebra specified by T', and T is
then referred to as a term algebra specifier. Thus E, C A* for each o € S and the
family Fs can be thought of as being defined by the following rules:

(i) If v € N is of type € — o then the list consisting of the single component I'(v)
is an element of F,, .

(i) If v € N is of type o1 -+ 0, = 0 with n > 1 and e; € E,, for each
j=1,...,n then I'(v) e; --- e, is an element of E, .

(iii) The only elements in E, are those which can be obtained using (i) and (ii).
By Proposition 2.2.4 it is clear that each element of E, contains at least one component,
ie., e¢ E, foreach 0 € S.

The simplest example of this construction is with A = N and with I' : N — N the
identity mapping: The term X-algebra specified by this mapping is called the standard
term X-algebra.

43
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In the special case when (FEg,Oy) is the standard term Y-algebra then E, C N* for
each o € S and the family Eg is defined by the following rules:

(i) If v € N is of type € — o then the list consisting of the single component v is
an element of FE, .

(i) If v € N is of type 01 --- 0, = 0 with n > 1 and e; € E,; for each
j=1,...,n then ve; --- e, isan elementof F, .

(iii) The only elements in E, are those which can be obtained using (i) and (ii).

Ezample 2.4.1 Consider the standard term A-algebra (Ep, k) arising from
the enumerated signature A in Example 2.2.1. Then:

Fpoo1 consists of the two elements True and False of K*.
FEnat consists of exactly the following elements of K™ :

Zero, Succ Zero, Succ Succ Zero, Succ Succ Succ Zero, ... .

FEint consists of all elements of K* having the form n with n € Z.

E;ipy consists of all elements of K* of the form Pairmn with m,n € Z.
(Each element of Ejpr thus has exactly three components.)

Fi1st consists of the element Nil plus all elements of K* having the form
Cons n e with n € Z and e € Fjj5¢ - For instance,

Cons 42 Cons -128 Cons 0 Cons -21 Nil

is an element of Fjist -

It turns out that the standard term X-algebra is initial. This is a special case of
Proposition 2.4.1 below.

Let T' : N — A be a term algebra specifier and (Fg,On) be the term X-algebra
specified by I'. For each v € N let x, : Dom(d,) x A* — A* be defined by

xv(v,0) = O,(W) a.

Lemma 2.4.1 Suppose Im(x,,) and Im(y,,) are disjoint subsets of A* whenever

o €S and vy, vy € N, with v; #vy. Then (Eg,0Op) is initial.

Proof By Proposition 2.3.2 it is enough to show that (Fg,Ox) is unambiguous. But
Im(g,) = x,(Dom(g,) x {e}) C Im(x,)

for each v € N; thus if v, v» € N, with vy # vo then Dom(o,,) and Dom(m,,)
are clearly disjoint. It therefore remains to show that 0O, is injective for each v € NV,
and for this the following lemma is required:
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Lemma 2.4.2 Suppose the assumption in the statement of Lemma 2.4.1 is satisfied
and let x, : E, x A* — A* be defined by x,(e,a) = e a. Then for each o € S the
mapping X, is injective.

Proof For each o € S define a subset G, of A* by

G, = {e€E, : ea € E, for some a € A* with a#¢}

and put G = |J,.gGo. Then, since x, is injective if and only if G, = @, it follows
that G # @ if and only if x, is not injective for some o € §S'.

Suppose that G # @ and let m = min{ |a| : a € G}, where |a| denotes the number
of components in the list o € A*. There thus exists 0 € S, e € E, and a € A*\ {¢}
such that |e] =m and e’ = e a € E, . Now by Proposition 2.2.4 there exist v, v’ € N,
and v € Dom(O,), v € Dom(O,.) such that e = O,(v) and e’ = O,/ (v'), and this

implies that x,(v,a) = ea = ¢ = € ¢ = xu(v',€), which by assumption is only
possible if v/ = v. Let v be of type o1 -+ 0, — ¢ and put I'(v) = . Thus if
v=/(e1,...,e,) and v' =(€},...,e,) then e = &’ e; --- e, and ea = '€} --- €, .

There must therefore exist 1 < j <n with e; # €} (and so in particular n > 0). Let
i be the least index with e; # e, and let é be the shorter of the lists e; and e} . But
then é € G,, and |é| < |e|, which by the minimality of |e| is not possible.

This shows that G = @ and hence that x, is injective for each ¢ € 5. O

The proof of Lemma, 2.4.1 can now be completed. Let v € N be of type o1 --- 0, > 0
and let v, v' € Dom(d,) with O,(v) = O,(v'). This means that if v = (eq,...,e,)
and v' = (ef,...,e),) then I'(v) ey --- e, = T'(¥) e} --- e, . Consider 1 < j<n
and assume e; = e} for each i < j. Then

Xo;(€j, €j41 = en) = €j€ejp1 = - €y
J

! [ 1ol o.oel
= €€y "y = X(Tj(ej7 €it+1 €n)

and so by Lemma 2.4.2 e; = e} . Therefore by n applications of Lemma 2.4.2 it follows
that e; =ej foreach j=1,...,n;ie, v=1v". This shows that O, is injective. O

Proposition 2.4.1 Suppose that the restriction of I' to N, is injective for each
o € S. Then the term X¥-algebra (Eg,0y) specified by T' is initial.

Proof This follows immediately from the fact that I'(v) is the first component of each
element of Im(x, ), and hence the hypothesis of Lemma 2.4.1 is satisfied. O

Proposition 2.4.2 The standard term -algebra is initial.

Proof This follows from Proposition 2.4.1, since the identity mapping used to specify
the standard term X-algebra is trivially injective. O
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It will now no longer be assumed that ¥ is enumerated. In order to apply the above
results to ¥ the problem of replacing the general signature ¥ = (S, N, A,§) with an
‘equivalent’ enumerated signature X' = (S, N, A’,§) must be considered. In order to
carry this out fix for each ¥ € N an enumeration of the elements in the set A(v):
More precisely, choose a bijective mapping i, from [n,] to the underlying set A(v),
where n, is the cardinality of A(v). There is then a mapping A’ : N — §* given by

Al(v) = (i(1)) -+ (iw(ny))
for each v € N . This defines an enumerated signature X' = (S, N, A’,§), which will
be called the signature obtained from ¥ and the family of enumerations iy .
Lemma 2.4.3 Let Xg be a family of sets and let v € N with A'(v) =01 --- 0oy, .
Then the mapping i% : X2®) — X, x --- x X,,, given by
ir(e) = (c(iv(1)),. .., cliv(ny)))

for each ¢ € X2 is a bijection.
Proof This is clear. [

Proposition 2.4.3 Let (Xg,p/y) bea X'-algebra and for each v € N put p, =pl i} .
Then (Xg,pn) is a ¥-algebra. Conversely, if (Xg,pn) is any ¥-algebra then there
exists a unique ¥'-algebra (Xg,py) such that p, = pl, i} for each v € N .

Proof This follows immediately from Lemma 2.4.3. [
If (Xg,ply) is a X'-algebra and p, = p!, i} for each v € N then (Xg,pn) is called

the X-algebra associated with (Xg,ply) and iy .

Proposition 2.4.3 says that there is a one-to-one correspondence between -algebras
and Y'-algebras. Moreover, Proposition 2.4.4 implies that a Y’-algebra has a property
(such as being minimal or initial) if and only if the corresponding X-algebra also has this
property. In this sense the signatures ¥’ and ¥ can be regarded as being equivalent.

Proposition 2.4.4 Let (Xg,p"y) be a ¥'-algebra and let (Xg,pn) be the X-algebra
associated with (Xg,p’y) and iy . Then:

(1) (Xs,pn) is minimal if and only if (Xg,p)y) is a minimal ¥'-algebra.

(2) (Xs,pn) is initial if and only if (Xg,p'y) is an initial ¥'-algebra.

Proof (1) This follows from the easily verified fact that a family Xg is invariant in
(Xs,ply) if and only if it is invariant in (Xg,pn) .

(2) This follows from (1), Lemma 2.3.3 and Proposition 2.3.2. O
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Now let I' : N — A be a mapping, which will still be referred to as a term algebra
specifier. Then T' is also a term algebra specifier for the signature ', solet (Eg,30'y)
be the term X'-algebra specified by I'. For each v € N put O, = O i (with i}
given by Lemma 2.4.3). This means that F, C A* foreach ¢ € S and if v € N is of
type L — o then O, : EX — E, is the mapping given by

Ou(c) = T'(v) c(@i(1)) - civ(m))
for each ¢ € EL | where m = |L| (the cardinality of L ). Moreover, the family Eg can
be regarded as being defined by the following rules:
(i) If v € N isof type @ — o then the list consisting of the single component I'(v)

is an element of E, .

(ii) If v € N isof type L —+ o with L # @ and e; € E,; for j =1,..., m, where
o; = (i,(j)) and m = |L|, then T'(v) e; --- ey is an element of E, .

(iii) The only elements in E, are those which can be obtained using (i) and (ii).
The algebra (Fg,Oy) is called the term X-algebra specified by T and the family of

enumerations iy , or simply the standard term X-algebra defined by the family iy in
the special case when I' : N — N is the identity mapping.

Lemma 2.4.4 The ¥-algebra (Eg,Oy) is initial if and only if (Eg,3’y) is an initial
¥'-algebra.

Proof This follows from Proposition 2.4.4 (2), since by definition (Eg,Oy) is the
Y-algebra associated with (Eg, ') and iy . O

Proposition 2.4.5 If the restriction of I' to N, is injective for each o € S then
(Es,On) is an initial ¥-algebra. In particular, the standard term Y-algebra defined
by any family of enumerations is initial.

Proof This follows immediately from Proposition 2.4.1 and Lemma 2.4.4. [

Suppose that the term Y-algebra (Eg,Oy) specified by T': N — A and the family
of enumeration iy is initial. Then for each Y-algebra (Xg,pn) there exists a unique
homomorphism from (Eg,Oy) to (Xg,pn) . This homomorphism [[-]g is the unique
family of mappings satisfying the following conditions:

(i) If ve N isof type @ — o then [I'(v)], = pu(e) .

(ii) If v € N isof type L — o with L # @ and e; € E,, for j =1, ..., m, where
o; = (i,(j)) and m = |L|, then

[TW)er - em]o = pu([ell) ,

where ¢ € EL is the assignment with c(i,(j)) =e; foreach j=1,..., m.
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Of course, if the signature ¥ is enumerated and the above constructions are applied
with the family of identity enumerations i then the end-result is that nothing happens,
since in this case ¥’ =% .

Ezample 2.4.2 There exists a unique homomorphism [-] g from the standard
term A-algebra (Fp,0Ok) to the A-algebra (Xp,px) which was introduced
in Example 2.2.1. Thus [ -] is the unique family of mappings such that:

[Truellboor =T, [False]poor = F,

[Zero]nat =0, [Succ e]nat = [€]nat +1 for each e € Fpat

[n]int =n for each n € Z,

[Pair m n]ipr = (m,n) foreach (m,n) € Zx7Z,

[Nilliist =€,

[Cons n e]lizst = n < [e]iist forall n € Z, e € Ejist -

Note that [- s is in fact an isomorphism, since (Xpg,px) is also initial.

Term algebras also provide, via Proposition 2.3.6, simple examples of free ¥-algebras:
Let I be an S-typed set which is assumed to be disjoint from the alphabet A and
let ¥; = (S,Ny,Ar,d7) be the signature introduced in Section 2.3. Extend I' to a
mapping I'; : Ny =+ AU I by letting T';(¢,) =n for each 1 € I, and let iy, be the
only extension possible of ix to a family of enumerations (i.e., with i, the unique
mapping from @ to @ for each n € I). Let (Eé,l:ljlvl) be the term X;-algebra
specified by T'; and iy, ; the algebra (EL, k) obtained by omitting the mappings
{mgn :n € I} will then be called the term X-algebra specified by T, ixy and I. In
particular, (E%, 0%) contains I, since I C (AUI)*.

Proposition 2.4.6 If the restriction of I' to N, is injective for each o € S then
(EL, o) is an I-free S-algebra.

Proof This follows immediately from Propositions 2.3.6 and 2.4.5, since the restriction
of Ty to (Np), is injective for each o € §. O



2.5 Extensions of signatures and algebras

Let ¥ = (S,N,A,d) be a signature. A signature X' = (§', N', A’,§") is said to be an
extension of ¥ if S C §’, N C N’ and A (resp. §) is the restriction of A’ (resp.
d'")to N. Thus if v € N is of type L — o in the signature ¥ then it is still of type
L — o in the extension ¥'. In particular, ¥ is trivially an extension of itself.

In what follows let ¥ = (S,N,A,d) and X' = (S, N',A’,d") be signatures with X’
an extension of X .

A Y'-algebra (Y, qn+) is now called an ezxtension of a Y-algebra (Xg,pn) if X, C Y,
for each 0 € § and p, is the restriction of ¢, to Dom(p,) for each v € N. (The
case ¥’ =X is certainly not excluded here, and in fact it will occur frequently in what
follows.)

Note that if (Yg:,qn) is a Y'-algebra then (Yg,qn), obtained by omitting the sets
{Y; : 0 € §'\S} from the family Yy and the mappings {¢, : v € N'\N} from the
family gy, is a Y-algebra. Moreover, if mg is a ¥'-homomorphism from (Ys:,qn+) to
(Zgr,rn+) then the family mg, obtained by omitting the mappings {7, : 0 € §'\ S}
from the family g, is a ¥-homomorphism from (Yg,qn) to (Zg,rn) .

The following is a variation on Proposition 2.3.3:

Proposition 2.5.1 Let (Xg,pn) be an initial Y-algebra. Then there exists an initial
Y'-algebra which is an extension of (Xg,pn) .

Proof By Proposition 2.3.3 there exists an initial ¥'-algebra (Ys/,qn+) and (Yg,qn)
(obtained by omitting the sets {Y, : 0 € §’\S } and the mappings {¢, : 0 € N'\N })
is then a Y-algebra; let (Vg,dn) be the minimal subalgebra of (Yg,gn). Now (Yg, qn)
is unambiguous, since by Proposition 2.3.2 (Yg/, gn+) is unambiguous. Hence (Y, dn)
is an initial S-algebra, and by construction (Y, qn-) is an extension of (Vg,§y). The

unique isomorphism from (Xg,pn) to (Vg,{n) can therefore be used to construct an
initial ¥'-algebra which is an extension of (Xg,pyn). O

Proposition 2.5.2 Let (Xg,,py.) be an initial ¥'-algebra which is an extension
of an initial ¥-algebra (Xg,pn). Moreover, let (Y4, qy:) be any X'-algebra which
is an extension of some Y-algebra (Yg,qn). Then the unique ¥'-homomorphism v,
from (X%, ply) to (Y4, qy/) is an extension of the unique ¥-homomorphism mg from
(Xs,pn) to (Ys,qn), Le., m(z) =m,(x) forall z€ X,, 0 €S.

Proof Foreach o € S let nl : X, — Y, be the restriction of 7, to X, , and consider
T, as a mapping from X, to Y. Then 7% and mg are both ¥-homomorphisms from
the initial ¥-algebra (Xg,pn) to the X-algebra (Y3, ¢y ), and hence 7% = 7g, i.e.,
mi(z) =7m,(x) forall z€e X,, o€ 5. O

Now let I be an S-typed set and againlet I, = {p€I:(n) =0} foreach c € S.
A X-algebra (Zg,ry) is said to be disjoint from I if n ¢ Z, for each n € I, which is

of course equivalent to having I, N Z, = @ for each o € S.
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Lemma 2.5.1 Let (Xg,pn) be an I-free YX-algebra which is an extension of an initial
Y-algebra (Zg,rn). Then (Zg,rn) is disjoint from I .

Proof By Proposition 2.3.7 (Xg,pn) is I-ambiguous and hence Im(p,) C X, \I, for
all ve N, , 0 € S. But Im(r,) C Im(p,) for each » € N, and so by Proposition 2.3.2
Z, CX,;\1I, forall o€ S,ie., I,NZ, = foreach c € S. O

In the following two results let I be an S-typed set and (Zg,7n) be an initial ¥-algebra
disjoint from I . The following is a variation on Proposition 2.5.2:

Proposition 2.5.3 There exists an I-free Y-algebra (Xg,pn) which is an extension
of (Zg,rn) . Moreover, if (Xg,ply) is any such I-free X-algebra and mg is the unique
Y-isomorphism from (Xg,pn) to (Xg,ply) such that m,(n) =n for each n € I then
mo(z) =% forall z€e Z,, 0 €S.

Proof By Proposition 2.3.6 there exists an I-free ¥-algebra (Xg,pn). Let (Zs,7n) be
the minimal subalgebra of (Xg,pn); then by (i) and (ii) in Proposition 2.3.8 (Zs,7n)
is also unambiguous and therefore Proposition 2.3.2 implies that (Zg,7y) is an initial
Y-algebra. Moreover, by Lemma 2.5.1 (Zg,7y) is disjoint from I and by construction
(Xs,pn) is an extension of (Zg,7n). Now unique isomorphism from (Zg,rn) to
(Zs,7n) can be used to construct an I-free Y-algebra (Xg,py) which is an extension
of (Zs,rn) (and note that here the assumption is needed that (Zg,ry) is disjoint
from I'). Finally, consider any ¥-algebra (Xg,p)y) which is an extension of (Zg,rn)
and let 75 be any ¥-homomorphism from (Xg,pn) to (Xg,ply). Then 7,(2) = 2
forall z € Z,, o € S, since the family Zg defined by Z, ={z¢€ Z, : n,(2) = 2}
for each o € S is clearly invariant in (Zg,ry). O

Now consider a Y-algebra (Ys,qn) and an assignment ¢ € Y. Then there is both the
unique Y-homomorphism 7§ from (Xs,pn) to (Ys,qn) with 75(n) = c(n) for each
n € I and also the unique ¥-homomorphism 7g from (Zs,rn) to (Ys,qn).

Proposition 2.5.4 7¢(z) =mn,(z) forall z€ Z,, 0 € S.

Proof For each o € S let w/ denote the restriction of 7¢ to Z,. Then 7% is a
Y-homomorphism from (Zg,rn) to (Ys,qn) and thus 7y =ng. O

The final topic of this section is the construction of term algebras. Suppose in what
follows that I : N’ — A’ is a term algebra specifier which is an extension of a term
algebra specifier I' : N — A in the sense that A C A’ and I'(v) = I"(v) for each
veN.

Lemma 2.5.2 Assume the signatures ¥ and ¥’ are both enumerated. Then the term
Y'-algebra specified by T is an extension of the term Y-algebra (Egs,Oy) specified
by T'.

Proof This follows from Lemma 2.5.3 below, because the ¥'-algebra corresponding to
the Y-algebra (Yg,qn) in the definition of (Fg,On) is an extension of (Yg,qn). O
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Lemma 2.5.3 Let (Yg/,qn/) be a ¥'-algebra which is an extension of a Y.-algebra
(Xs,pN), and let Xg be the minimal invariant family in (Xs,pn) and Vs the
minimal invariant family in (Ys:,qn+). Then Xs - f’g .

Proof Let Vs be any invariant family in (Yg/,qn+) and put Z, = Y, N X, for each
o € S. Then the family Zg is invariant in (Xg,pn), since

»(ZE) c @ (YHNX, c V,NnX, = Z,

for each v € N of type L — o. Thus Xg¢ C Zs and hence Xg C Yg. In particular,
XS C )}S . g

Lemma 2.5.2 can now be extended to the case where it not assumed that ¥ and X’ are
enumerated. Let ¢y, be an enumeration for ¥’ which is an eztension of an enumeration
iy for ¥ in that i/, =4, for each v € N.

Proposition 2.5.5 The term X'-algebra specified by I' and i'y, is an extension of
the term Y.-algebra specified by T' and iy .

Proof This follows from Lemma 2.5.2 since the enumerated signature obtained from
¥' and the family of enumerations iy, is an extension of that obtained from ¥ and
the family i . O

In particular Proposition 2.5.5 implies that the standard term Y.’-algebra defined by the
family of enumerations i'y, is an extension of the standard term X-algebra defined by
the family in .



2.6 Tree algebras

It has been seen that an initial 3-algebra can be obtained explicitly as an appropriate
term algebra. In the present section a further explicit method of constructing initial
Y-algebras is given, this time involving labelled trees. The material presented here will
not be needed in the following chapters and so this section can be omitted.

For the whole of the section let ¥ = (S, N, A, d) be a signature. Let J = |J,cy A(v)
(meaning the union of the underlying sets, ignoring the associated typings), and note
that if the signature ¥ is enumerated then J is either [n] for some n € N or the set
of positive integers Ny . In the construction given below an important role is played
by certain subsets of the set of lists J* and the section thus starts by looking at some
simple facts about the subsets of X* for an arbitrary set X .

Let «: X x X* - X* and >: X* x X = X* be the mappings defined by

TAQL] Ty = T T - Ty
Ty Ty DT = X1+ Ty T
forall z, 1, ..., &, € X (and note that < and > are written as infix operations). The

facts which are needed about these operations are exactly those listed in the following
lemma:

Lemma 2.6.1 (1) z<e =¢cpz forall x€ X .

(2) rz<(spa’) = (z<as)pa’ forall z,2' € X, s€ X*.

(3) The mappings < and > are both injective.

(4) Im(<) = Im(>) = X*\ {e} .

(5) Let Z be a subset of X* with € € Z and such that either x <« s € Z for all
reX,se€Z,orspbxe”Z forall seZ, xe€X. Then Z =X*.

(6) There exists a unique mapping |-|: X* — N with |¢| = 0 such that |z<s| = 1+]s|
forall te X, s€ X*.

Proof Straightforward. Of course in (6) |s| is just the number of components in the
list s. O

Lemma 2.6.2 FEach finite subset A of X* containing € has a unique representation
A= {eju U z<4,
z€EB

with B a finite subset of X and with A, a non-empty finite subset of X* for each
x € B . Moreover, the sets ©< A, , v € B, and {e} are all disjoint.

Proof If s € X*\ {e} then by Lemma 2.6.1 (3) and (4) there exists a unique z € X
and a unique element s’ € X* such that s = x <s’. The unique representation is
therefore with B={z € X : (z<X*)NA# @} and with A, = {s€ X* : zas€ A}
foreach x € B. O
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A subset A of X* is said to be >-preinvariant if s € A whenever s> x € A for some
zeX.

Lemma 2.6.3 FEach non-empty >-preinvariant subset of X* contains € .

Proof Let A be a p-preinvariant subset of X* and put B = X*\ A; thus spx € B
forall se B, x € X. But if ¢ € B then Lemma 2.6.1 (5) implies that B = X*, and
hence € € A whenever A #@. [

The set of all non-empty finite >-preinvariant subsets of X* will be denoted by S. By
Lemma 2.6.3 each subset in & contains the element .

Proposition 2.6.1 (1) {¢} € S and S is closed under finite unions.
(2) Let B be a finite subset of X and for each z € B let A, € S. Then
{e} U U z<A4,

z€B
is an element of S .

(3) Let A€ S andlet {¢}UJ,.px <A, be the unique representation of A given in
Lemma 2.6.2. Then A, € § for each x € B.

Proof (1) This is clear.

(2) By (1) it is enough to consider the case when B = {z},solet A€ S, z € X and
put A’ ={e} U (z <« A). Suppose that s>z’ € A’ for some s € X*, 2’ € X. Then,
since by Lemma 2.6.1 (4) s>z’ # ¢, it follows that s>z’ =z < s’ for some s’ € A.
The first possibility here is that s’ = ¢; but then by Lemma 2.6.1 (1)

sbx’ = xde = epx,

which by Lemma 2.6.1 (3) implies that '’ = x and s = ¢, and in particular s € A’.
Assume next that s’ # ¢; then by Lemma 2.6.1 (4) s’ = §p & for some § € X*,
Z € X , and here by Lemma 2.6.1 (2)

spx’ = z<(8px) = (z<8)p 2,

which by Lemma 2.6.1 (3) implies that 2’ =% and s=x<3. But § € A (because A
is b-preinvariant and s’ = §> 4% € A), and hence s € A’. This shows that A’ € S.

(3) Let z € B and suppose s>z’ € A, for some s € X*, ' € X. Then z<s€ A,
since by Lemma 2.6.1 (2) (z<s)px’ =x<(s>x’) € A and A is p-preinvariant, which
by Lemma 2.6.1 (3) and (4) is only possible if s € A, . Hence A, € S. O

With these preparations made, the construction of an initial X-algebra can now begin.
As at the beginning of the section put J = J,cn A(¥) . In what follows the set X in
the above discussion will be taken to be J. In particular, this means that S is now
the set of all non-empty finite >-preinvariant subsets of J*.



2.6 TREE ALGEBRAS 54

Denote by L the set of all those partial mappings from J* to N whose domains are
elements of S. Foreach 0 € S put L, =L and if v € N is of type L — o then
define a mapping 11, : L — £, by letting IT,(c) = X\ , where

Dom(\) = {e}U LEJLn < Dom(e(n))

with A(e) = v and A(n<s) = c¢(n)(s) for all s € Dom(c¢(n)), n € L (and note that
by Lemma 2.6.1 (3) and (4) and Proposition 2.6.1 (2) this definition makes sense). In
particular, if v is of type @ — ¢ then II, : I — L, is the mapping with II,(g) = A,
where Dom(\) = {¢} and A(e) =v. Thus (Lg,Ily) is a S-algebra.

Proposition 2.6.2 The Y-algebra (Lg,1y) is unambiguous.

Proof If v€ N and A € Im(Il,) then € € Dom()\) and A(e) = v, and from this it
immediately follows that Im(II,,) N Im(Il,,) = @ whenever v; # vo. It remains to
show that II, is injective for each v € N, so assume v of type L — ¢ and consider
¢, ¢ € LL with T1,(c) =11,(c') . Then

{eru LEJLH < Dom(¢(n)) = Dom(A) = {e}U LEJLU < Dom(c/(n)) ,

where A = II,(c), and hence by Lemma 2.6.2 Dom(c(n)) = Dom(c'(n)) for each
ne€ L. Let n € L and s € Dom(c(n)); then c(n)(s) = AMn<s) = '(n)(s), and
therefore c(n) = ¢'(n). Thus ¢ =¢', and this shows that II, is injective. O

Now denote the minimal subalgebra of (Ls,IIx) by (Ts,Vn); thus 7, C L, = L for
each 0 € S, Tg is the minimal invariant family and for each v € N of type L — o
the mapping V, is the restriction of I, to 7. The family 7g can be thought of as
being defined by the following rules:

(i) If v € N is of type @ — o then the mapping A with Dom()\) = {¢} and
A(e) = v is an element of 7, .

(ii) If v € N isof type L = o with L # @ and c € T is such that ¢(n) € T, for
each 1 € L then the mapping A with

Dom(A\) = {e} U LEJL77 < Dom(c(n)) ,

Ae) =v and A(n<s) =c¢(n)(s) for all s € Dom(ce(n)), n € L, is an element
of T, .

(iii) The only elements in 7, are those which can be obtained using (i) and (ii).
Proposition 2.6.3 (7s, V) is an initial ¥-algebra.
Proof This follows immediately from Propositions 2.3.4 and 2.6.2. [

Because of the explicit description of 7g given in Proposition 2.6.3 below (7g,Vy) is
called the tree Y-algebra. An element A\ € L is said to be a labelled tree if whenever
s € Dom(A) with A(s) € N of type L — ¢ then s>n € Dom(\) if and only if n € L
and, moreover, A(n>s) € N, for each € L. A labelled tree A is then said to be of

type o if A(e) € N, , and the set of all labelled trees of type o will be denoted by 7o .
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Proposition 2.6.3 Tg =Ts.
Proof The crucial step in the proof is the following fact:

Lemma 2.6.4 For v € N of type L — o let 11, denote the restriction of I, to

T (as a mapping from T* to T, ). Then |J Im(Il,) = 7, foreach o€ S.
VvEN,

Proof It will be shown first that if v € N, is of type L — ¢ and ¢ € ’tL then

IL,(c) € T, , and for this it is enough to show that A = II,(c) is a labelled tree, since

A(e) = v € N, . Hence consider an element s € Dom(A) = {¢} U |J 1 < Dom(c(n)) .
neL

The first possibility is that s = e; in this case A(s) = v is of type L — o and

s>n=mn<e € Dom(\) if and only if 7 € L, and if n € L then (since ¢(n) € 7)
Asen) = Mnae) = c(n)(e) € Ny .

The other possibility is that s =n<s’ with n € L and s’ € Dom(c(n)), and suppose
here A(s) =c(n)(s') is of type L' — o. Then by Lemma 2.6.1 (2)

sp§ = (nas)vé = na(s'vf)

and s'>& € Dom(c(n)) if and only if £ € L' | since ¢(n) is a labelled tree, which implies
that s> & € Dom()) if and only if £ € L' . Moreover, if £ € L' then

Asp &) = Ama(s'>8)) = cn)(s'>§)

and c(n) (s'>€) is an element of N¢, again because c¢(n) is a labelled tree. This shows
that A is a labelled tree.

N

Next consider ¢ € § and A € T, with A(e) = v € N of type L — o; it will be

shown that there exists ¢ € 7% such that A = II,(¢). By Proposition 2.6.1 (3) and
Lemma 2.6.2 Dom(\) has a unique representation of the form

Dom(\) = {e} U U n <4,
neB

with B a finite subset of J and A, € S for each n € B. But (since X is a labelled
tree) e>n = n<e € Dom(\) if and only if € L, and by Lemma 2.6.3 € € A, for
each n € B it therefore follows that B = L. For each n € L define A\, : A, = N
by A,(s) = A(n<s),so A\, € L and Dom(),) = A, . In fact A, is a labelled tree: If
s € Dom(\,) then n<s € Dom(A) and A,(s) = A(n <s); moreover, s> & € Dom(\,)
if and only if na(s> &) =(n<s)>& € Dom(A), and A, (s> &) = A((nas)p>§). Hence
Ay € Tp, since Ay(e) = A(n<e) = Mebn) € N, . An assignment ¢ € T can thus be
defined by letting c(n) = A, for each n € L, and by construction A =1I,(c) .

Putting these two parts of the proof together now shows that |J,cn. Im(I:I,,) =T,
for each 0 € §. O
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Lemma 2.6.4 implies in particular that the family 7% is invariant in (Ts,Vn), so
consider the subalgebra (7};,VN) associated with Tg. Now clearly Tg = Tg will
hold if and only if (7};, VN) is minimal, and to establish this Proposition 2.2.5 can be

used. The first requirement in Proposition 2.2.5, namely that ¢y, m(V,) = 7,
for each o € §, is just a restatement of Lemma 2.6.4, and so it remains to satisfy the
second requirement, which means a suitable family of mappings #s must be found.
Let #: L — N be given by

#(A\) = max{|s| : s € Dom(A)},

where |-|:J* — N is the mapping given in Lemma 2.6.1 (6), and for each o € S put
#, = # . Then the requirement in Proposition 2.2.5 is satisfied, since if v € N is of
type L — o then for all ¢ € LL

#o(lu(c)) = 1+ max{#y(c(n) : n€ L} > max{#,(c(n)) : nel}.

Therefore (75, V) is minimal. O



2.7 Notes

The material presented in this chapter is all part of standard universal algebra. The
classical field of universal algebra deals with the case of signatures having a single
type, and so the only information required about each operator name is the number of
arguments it takes. In this form the main problems were stated in Whitehead (1898)
and solved in Birkhoff (1935); standard texts are Cohn (1965) and Gratzer (1968). (The
term ‘universal algebra’ was coined by that great mathematical name-giver Sylvester.)
The generalisation of the theory to multi-sorted algebras (i.e., to the algebras as they
occur here) was made by Higgins (1963) and Birkhoff and Lipson (1970). Birkhoff and
Lipson (who speak of heterogeneous algebras) showed that essentially the whole of the
classical theory carries over to the more general case.

Some of the first uses of multi-sorted algebras in computer science can be found in
Maibaum (1972) and Morris (1973). Their systematic use has been propagated by the
ADJ group consisting of J.A. Goguen, J.W. Thatcher, E.G. Wagner and J.B. Wright,
for example in the papers Goguen, Thatcher, Wagner and Wright (1977) and Goguen,
Thatcher and Wagner (1978).

Minimal algebras are sometimes called reachable (Wirsing (1990)) or term generated
(Bauer, Berghammer et al (1985)). This terminology comes from the fact that an
algebra is minimal if and only if the unique homomorphism to this algebra from an initial
algebra (and so in particular from the standard term algebra) is surjective. Pervasive
signatures are called sensible in Huet and Oppen (1980).

The characterisation of initial algebras in Proposition 2.3.2 is sometimes referred to as
stating that initial algebras are exactly those for which there is no junk and no confusion
(i.e., those which are minimal and unambiguous). Proposition 2.4.2 is just a version of
the classical result of Lukasiewicz (Lukasiewicz (1925)) concerning prefix or (left Polish)
notation.

Bourbaki (1970) thinks that the word algebra is over-used and suggests the alternative
magma for an algebra in the above sense. This suggestion has been followed by some
French computer scientists, but it has of course no chance of being accepted in the
English-speaking world. (What have algebras to do with volcanic lava?)
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Chapter 3 Data objects

With the preparations made in Chapter 2 a start can now be made to building a frame-
work for specifying data objects. This involves what will be called a bottomed extension
of an initial algebra. The initial algebra is used to describe the basic data objects, and
the bottomed extension then specifies which ‘undefined’ and ‘partially defined’ data
objects are to be allowed. Bottom extensions are defined in Section 3.2. In Sections
3.3 and 3.4 two conditions, called regularity and monotonicity, are introduced which
the extensions have to satisfy. Finally, in Section 3.5 cored extensions are introduced.
These provide simple explicit examples of monotone regular extensions.

3.1 The basic data objects and the ground term algebra

The starting point is to choose a signature A = (B, K,0,d) and an initial A-algebra
(XB,pk) . The basic data objects are then the elements in the family of sets Xp .
Here A is called the ground signature, B the set of ground types and K the set of
constructor names. In real applications the set B of ground types will be finite.

In all modern functional programming languages the signature A is not fixed and can
be chosen by the user to fit the application at hand. Usually there are a few built-in
types such as the types int and bool in Example 2.2.1 together with a primitive
type char having 256 or more constructor names. (Recall that a type f is said to
be primitive if k is of type @ — 3 for each k € Kg.) Once the signature A has been
chosen the initial A-algebra (Xpg,pk) is uniquely determined up to isomorphism. The
explicit choice of (Xp,pr) can be seen as taking place in the user’s mind.

Bearing in mind practical applications it will be assumed that B contains the two
primitive types int and bool as in Example 2.2.1. Thus Kipty = Int (with Int
the subset of {0,1,2,3,4,5,6,7,8,9,-}* containing for each integer n its standard
representation n as a string of characters), Kpoo1 = {True,False} and each of these
constructor names is of type @ — ([ with [ either int or bool. Moreover, Xint
will always taken to be Z with p,(e) =n for each n € Z and Xpoo1 to be B with
pTrue(E) =T and pFalse(E) =F.

To avoid some trivial complications later it is also convenient to suppose that A is
pervasive. (Recall this means B is the only closed subset of itself, where a subset B’
of B is closed if § € B’ whenever there exists kK € K of type L — 8 for some L
and (n) € B’ for each n € L.) By Proposition 2.2.4 this is equivalent to requiring that
Xp # @ for each € B. It is not assumed that the sets Kz, 8 € B, are finite (since
in fact Kjn¢ is infinite), although it will almost always be the case that Kp is finite
whenever [ is not a primitive type.

In all that follows the signature A and the initial A-algebra (Xp,pk) are considered
to be fixed.

As well as the initial A-algebra (Xpg,pk) it will also be assumed that a second initial
A-algebra is given. This X-algebra (Fp,®k) is called the ground term algebra and
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is needed in order to be able to refer to the basic data objects: Since (Xpg,pk) and
(FB,®K) are both initial A-algebras there exists a unique isomorphism from (Fp, ©x)
to (Xp,pk) which will be denoted by [ - ]|s . This means that each basic data object
can be denoted by a unique element in the ground term algebra, i.e., the data object
z € Xg can be denoted by the unique element s € Fg with [s]g=z.

Of course, (Fg,®k) could just be taken to be (Xp,pk) but, as its name suggests, it
should be thought of rather as some kind of term algebra (as defined in Section 2.4). In
fact, such a term algebra will now be introduced which will later be used as the basis
for a programming language. This is done by choosing a family of enumerations ix for
the signature A, i.e., by choosing for each k¥ € K of type L — 3 a bijective mapping
ix from [m] to the set L, where m = |L| is the cardinality of L. In the special case
when L = 4 --- B,, € B* (and so [m] is the underlying set of the B-typed set L)
then i, : [m] — [m] will always chosen to be the identity mapping. Let (Ep,Ok)
be the standard term A-algebra defined by the family ix . Then by Proposition 2.4.5
(Ep,Ok) is an initial A-algebra. Recall that Egz C K* for each x € B and if k € K
is of type L — 3 then O, : EL — Ej is the mapping given by

Ok(c) = £ c(ix(1)) -+ cix(m))

for each ¢ € EL | where m = |L|. Moreover, the family Eg can be regarded as being
defined by the following rules:

(i) If k € K is of type @ — [ then the list consisting of the single component
is an element of Fg.

(ii) If k € K isof type L — 8 with L # @ and e; € Eg, for j =1, ..., m, where
B = (ix(j)) and m = |L|, then ke --- e, isan element of Eg.

(iii) The only elements in Egz are those which can be obtained using (i) and (ii).
In this special case the isomorphism [-]|p from (Fp,Ok) to (XB,pk) is the unique
family of mappings satisfying:

(i) If k€ K isof type @ — ( then [k]g = pk(e) .

(ii) If k € K isof type L —+ 3 with L # @ and e; € Eg, for j =1, ..., m, where
0j = (ix(j)) and m = |L|, then

[ker - emle = pu(lcll)

where ¢ € EL is the assignment with c(i.(j)) =e; foreach j=1,..., m.



3.2 Bottomed algebras and bottomed extensions

The basic data objects were described in the previous section with the help of the
initial A-algebra (Xp,pr). The next step is to introduce for each § € B a new element
1s ¢ Xp to play the role of an ‘undefined’ or ‘unknown’ object of type 3. (The symbol
1 is called bottom.) Thus for each € B there is now an ‘extended’ set XgU{lz} of
data objects of type S made up of the ‘real’ objects (i.e., the elements of the set Xz )
together with the ‘undefined’ object Lg of type B. There are, however, good reasons
to go at least one stage further and to also allow ‘partially defined’ data objects. For
instance, considering the A-algebra introduced in Example 2.2.1, if n € Z = Xint
then the pair (n, Lint) could be regarded as a data object of type ipr which is not
completely ‘undefined’ and so which should perhaps be different from Ljpr. (After all,
it makes sense to consider the first component of (n, Lin¢).) Similarly, it is often useful
to allow ‘partially defined’ data objects of type ilst. (For example, the data object
described as a list containing at least one component, with the first component having
some specific value.)

In order to facilitate the systematic treatment of ‘partially defined’ data objects the
following definition will be made: A A-algebra (Dpg, fx) is called a bottomed exrtension
of (Xp,pk) if (Dp, fk) is an extension of (Xpg,pk) (i.e., Xp C D and p, is the
restriction of f, to Dom(p,) for each x € K ) such that 1z € Dy for each f € B.

The elements in the set Dg\ (XgU{Lg}) should be thought of for the moment as being
the ‘partially defined’ data objects of type (. Later the possibility of having not only
‘partially defined’ but also ‘infinite’ data objects will be considered. This more general
situation can still be described with the help of a bottomed extension. The elements in
the set Dg\ (XgU {Lg}) should then, however, be thought of as containing both the
‘partially defined’ and ‘infinite’ data objects of type 3.

The simplest example of a bottomed extension is obtained by putting Dg = XgU{Llg}
for each 3 € B and for each k € K of type L — 3 letting f. : DX — Dg be given by

S pele) if ce XL,
Jule) = { 1z otherwise.
Then (Dpg, fk) is a bottomed extension called the flat extension of (Xp,pk). (The
flat extension of the A-algebra defined in Example 2.2.1 is given in Example 3.2.1 on
the next page.)

The above definition of a bottomed extension will be reformulated somewhat, and for
this it is useful to introduce the following simple notion: A bottomed set is a pair (D, L)
consisting of a set D and a distinguished bottom element 1 € D . The bottom element
L should be thought of as representing an ‘undefined’ or ‘unknown’ value which, if it
were to be ‘defined’ or ‘become known’, would take on the value of one of the remaining
elements of D .

If (D,1) and (D', 1') are bottomed sets then a mapping f: D — D’ is said to be
bottomed (or strict) if f(L)= L1".

If (D,1) is a bottomed set then it is usual to write just D instead of (D, L) and to
assume that the bottom element | can be inferred from the context.
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Ezample 3.2.1 The flat extension of the A-algebra (Xpg,pk) first introduced
in Example 2.2.1 is the A-algebra (X3,px) defined as follows:

Xd;)ol = ]BJ_ = {T7 F; J—bool} 3 XI{_at =NU {J—nat} s
Xi =20 (L), X =720 {Lipe}s X =20 {Liras).

p%rue :IT— XbLool with p%rue (6) =T,
pé_alse L= X]i_ool with pl'J-‘_alse(E) =F,
p%_ero I— Xx%at with pé_ero (E) =0,

1 . 1 1
Psucc - X - Xn

nat at with

L o(n) = n+1 if néeN,
Psuce lnat if »= Lpat )

py 1= Xi, with py(e) =n for each n€Z,

int
L vl L L i
PPair  Xint X Xing = Xipr with
N B (m,n) if m,n€Z,
Ppair(m,n) = { Lipr  otherwise,

piin - [ = Xiig¢ with pgy(e) =€,

1 . 1 L
Ptons Xint X Xilst

pé_ons(nas) = {

— X5 With

nds if n€Z and L€ Z*,
1li1st otherwise.

Let Dp be a family of bottomed sets with 1z the bottom element of Ds for each
B € B, and let I be a B-typed set. Then D! will be considered as a bottomed set
by stipulating that its bottom element L be the assignment given by L(n) = L, for
each n € I. A special case is that of a cartesian product: Let n > 2 and for each
j=1,...,n let D; be a bottomed set with bottom element L;; then the product
D; x --- x D, is considered as a bottomed set with bottom element (Ll,...,L,).

A A-algebra (Dp, fx) is said to be bottomed if Dg is a bottomed set for each § € B.
If (Dp, fx) is a bottomed A-algebra then the bottom element of Dy will always be
denoted by Lg. This means that if (D, i) is a further bottomed A-algebra then the
bottom element of D;i. will also be denoted by g, although it is not to be assumed

that the bottom elements of Dg and Dj are the same.

The definition of a bottomed extension of (Xp,px) can now be expressed as follows:
A bottomed extension of (Xp,pk) is a bottomed A-algebra (Dp, fx) which is an
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extension of (Xpg,pk) such that Lz ¢ Xz for each S € B.

If (Dp, fx) and (D, fi) are bottomed A-algebras then a homomorphism g from
(DB, fx) to (Dp, fx) is said to be bottomed if mg is a bottomed mapping (i.e., if
mg(Lg) = Lg) foreach B € B.

If (Dp,fx) and (D', fi) are bottomed extensions of (Xp,pk) then a bottomed
homomorphism 7 : (Dg, fx) = (D', fx) is said to be an extension homomorphism
if mg(z) =« for all z € Xz, f € B. In fact, the following simple result implies that
a bottomed homomorphism is automatically an extension homomorphism:

Lemma 3.2.1 Let (Zp,rk) and (Zg,r%) be extensions of a minimal A-algebra
(Ys,qk) and 7g: (Zp,rx) = (Zp, %) be a homomorphism. Then mg(y) =y for all
Yy € Yg , BEB.

Proof The restriction of 7w to Yp and the family of identity mappings idg both
define homomorphisms from (Yg,qx) to (Zy,7%), and so by Proposition 2.2.3 (1)
they must be equal, i.e., mg(y) =y forall ye Yz, feB. O

If (Dp, fk) is a bottomed A-algebra then the family of identity mappings idp defines
a bottomed homomorphism from (Dpg, fx) to itself. Also by Proposition 2.2.1 the
composition of two bottomed homomorphisms is again a bottomed homomorphism.
Moreover, if mg : (Dp, fxk) = (D', fx) is a bottomed homomorphism such that 4
is a bijection for each 3 € B then by Proposition 2.2.2 75" : (D, fi) = (Dp, fx) is
again a bottomed homomorphism.

A bottomed homomorphism 7p : (Dg, fx) — (D', fi) is a bottomed isomorphism if
the mapping 75 : Dg — Dj is a bijection for each § € B; (Dp, fx) and (Dj, fi) are
then isomorphic if there exists a bottomed isomorphism from (Dp, fx) to (DY, fk),
and the property of being isomorphic defines an equivalence relation on the class of all
bottomed A-algebras.

Bottomed extensions (Dpg, fx) and (D', fi) of (XB,pk) are said to be conjugate
if there exists an extension homomorphism from (Dg, fx) to (D%, fr) which is a
bottomed isomorphism. Of course, Lemma 3.2.1 implies that (Dg, fx) and (DY, fx)
are conjugate if and only if they are isomorphic as bottomed A-algebras.

Some elementary results about bottomed A-algebras will now be collected together and
then applied to the case of a bottomed extension of (Xpg,pk). In what follows let
(Dp, fx) be a bottomed A-algebra. A family Dp with Dg C Dp is said to be

bottomed if 1g € Dﬂ for each 8 € B. There is clearly a one-to-one correspondence
between bottomed invariant families and bottomed subalgebras of (Dp, fx) (i.e., those
subalgebras which are also bottomed A-algebras).

Lemma 3.2.2 The bottomed family Dp defined by Dg = {lg}U Urex, Im(fx)
for each € B is invariant.

Proof This is a special case of Lemma 2.3.2. [
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Lemma 3.2.3 There exists a minimal bottomed invariant family.
Proof This is a special case of Lemma 2.2.3. [

The subalgebra associated with the minimal bottomed invariant family will be referred
to as the minimal bottomed subalgebra of (Dp, fK) .

If Dp is the only bottomed invariant family then the bottomed A-algebra (Dp, fk)
is said to be minimal. Note that if (Dp, fi) is a minimal A-algebra (as defined in
Section 2.2) then it is also a minimal bottomed A-algebra, but of course in general the
converse does not hold. In fact the minimal bottomed A-algebras occurring here will
never be minimal A-algebras. The statement that a bottomed A-algebra is minimal will
thus mean that it is a minimal bottomed A-algebra; minimality as defined in Section 2.2
will be referred to by stating explicitly that the algebra is a minimal A-algebra.

It is easy to see that the flat extension of (Xp,pxk) is a minimal bottomed A-algebra
(since (Xp,pk) is a minimal A-algebra).
Proposition 3.2.1 Let (D, fi) be a bottomed A-algebra.

(1) There exists at most one bottomed homomorphism from (Dg, fx) to (D', fx)
when (Dg, fx) is minimal.

(2) Any bottomed homomorphism from (Dp, fk) to (D', f)) is surjective when
(D%, fx) is minimal.

Proof This is the same as the proof of Proposition 2.2.4. [

Proposition 3.2.2 If (Dp, fk) is minimal then Dg = {lg}UU,ck, Im(fs) for
each € B.

Proof This follows immediately from Lemma 3.2.2. [

Proposition 3.2.3 Suppose that Dg = {J—B}UUneKﬁ Im(f,) for each f € B and
there exists a family of mappings #p with #3 : Dg — N for each B such that if
k € K isof type L — [ then for all cEDoL, nekrL

#alc(n) < #5(fx(c)) -

Then (Dp, fx) is a minimal bottomed A-algebra.
Proof This is just a special case of Proposition 2.2.5. [

As expected, (Dpg, fk) is said to be an initial bottomed A-algebra if for each bottomed
A-algebra (D', ff) there exists a unique bottomed homomorphism from (Dp, fx)
to (D', f)). The adjective ‘initial’ will be used in the same way as ‘minimal’: The
statement that a bottomed A-algebra is initial thus means that it is an initial bottomed
A-algebra, and initiality as defined in Section 2.3 will be referred to by stating explicitly
that the algebra is an initial A-algebra.
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Lemma 3.2.4 Suppose the bottom elements 1z, 8 € B, are all distinct, and let J
be the B-typed set consisting of these elements with 1 of type 3 for each B € B.
Then (Dp, fx) is an initial bottomed A-algebra if and only if it is J-free.

Proof This is more-or-less clear. (Note that if (Yp,qx) is any A-algebra and c € Y/
then (Yp,qk) can be considered as a bottomed A-algebra by declaring ¢(1g) to be
the bottom element of Yz for each g€ B.) O

Proposition 3.2.4 There exists an initial bottomed A-algebra, and any two initial
bottomed A-algebras are isomorphic.

Proof The existence follows from Lemma 3.2.4 and Proposition 2.3.6. The rest then
follows directly from the definition of being initial. [J

Consider the construction given in the proof of Proposition 2.3.6, tailored somewhat to
the special situation occurring here. For each § € B let bg be some element not in K

and such that bg, # b, whenever 8 # B2. Put K* = KU {bs : 3 € B} and define
mappings O : K* — Fg and ¢": K> - B by

0% (k) = {@(n) if ke K,

1%} if Kk =bg for some € B,

k) if keK
b _ ?
79(”)—{ﬁ if kK =bg for some 3 € B.

Then A’ = (B,K”,0°,1°) is a signature which is clearly an extension of A and in
which bg is of type @ — § for each € B.

Now by Proposition 2.3.3 there exists an initial A’-algebra (bB, f ). The A-algebra
(DB, fK) (obtained by omitting the mappings f;, 5 B € B) can then be considered as

a bottomed A-algebra by declaring fbﬁ () to be the bottom element of Iu)/g for each
BEB.

Proposition 3.2.5 (lu)B, fK) is an initial bottomed A-algebra.
Proof This follows directly from Proposition 2.3.5 and Lemma 3.2.4. [

The bottomed A-algebra (Dpg, fi) is said to be unambiguous if the following hold:

(i) The mapping f, is injective for each x € K .
(ii) For each B € B the sets Im(f.), x € Kg, are disjoint subsets of Dg\ {Lg}.

The following analogue of Proposition 2.3.2 then holds:

Proposition 3.2.6 A bottomed A-algebra is initial if and only if it is minimal and
unambiguous.
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Proof The general case can clearly be reduced to that in which the bottom elements
are all distinct. The statement thus follows from Lemma 3.2.4 and Proposition 2.3.7. [

Propositions 2.3.2 and 3.2.6 imply that an initial bottomed A-algebra is never an initial
A-algebra and that, conversely, a bottomed A-algebra which is an initial A-algebra is
never an initial bottomed A-algebra. Moreover, Proposition 3.2.6 implies that the flat
extension of (Xpg,pk) is unlikely to be an initial bottomed A-algebra. (In fact this will
hold only in the trivial case in which each type in A is primitive.)

Having said something about bottomed A-algebras, the next task is to look at the
special case of bottomed extensions of the initial A-algebra (Xp,pK) -

A bottomed extension (Dp, fx) of (Xp,pr) is said to be minimal if (Dp, fx) is a
minimal bottomed A-algebra. In particular, as was already mentioned, the flat extension
of (Xp,pr) is minimal.

Note that for any bottomed extension of (Dpg, fx) of (Xp,pk) the minimal bottomed

subalgebra (Dg, fx) of (Dp, fx) is still an extension, and thus a minimal bottomed
extension of (Xg,pk).

In the same way as above a bottomed extension (Dpg, fx) of (Xpg,pk) will be called
initial if (Dp, fk) is an initial bottomed A-algebra. By Proposition 3.2.6 an initial
extension is also minimal.

Proposition 3.2.7 There exists an initial extension of (Xp,pk), and any two initial
extensions of (Xp,pK) are conjugate.

Proof The existence follows from Proposition 2.5.3 and Lemma 3.2.4, and the second
statement then follows from Proposition 3.2.4 and Lemma 3.2.1. O

Example 3.2.2 on the following page gives an initial extension of the A-algebra (Xp,px)
introduced in Example 2.2.1.

A bottomed extension was defined to be initial if it is an initial bottomed A-algebra,
and it could be objected that this definition is not really correct. However, the next
result shows that it is, even if not correct, equivalent to the correct definition.

Proposition 3.2.8 Let (Dp, fx) be a bottomed extension of (Xp,px). Then
(DB, fk) Is initial if and only if for each bottomed extension (DY, fi) of (XB,pk)
there exists a unique extension homomorphism from (Dpg, fx) to (DY, fk) -

Proof Suppose that for each bottomed extension (D, f);) of (Xp,pk) there exists
a unique extension homomorphism from (Dg, fx) to (DY, fi). Then this holds in
particular with (D', ff) an initial extension of (Xp,pr) (and Proposition 3.2.7 states
that such an extension exists). Thus (Dpg, fx) and (D', ff) are isomorphic (since
there also exists a unique bottomed homomorphism from (D, ff) to (Dp, fx)) and
hence (Dp, fk) is initial. The converse is clear. O
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Ezample 3.2.2 The following notation will be employed here (and also later):
If Z isaset then bot(Z) denotes a disjoint copy of Z ; the element in bot (Z)
corresponding to z € Z will be denoted by z1 (so bot(Z) = {2zt :2z€ Z}).
For each 8 € B choose an element 1g notin Xz and consider the A-algebra
(X%,pk) defined by

X‘r—)l;ol =B = {T7 F; J—bool} y

X+ = NUbot (N) with 0+ = Lyas,

Xipe =ZU{Lins},  Xgp = (X6)? U{Lipr},
X{ge = (XT0)" Ubot (X1,)*) with e = Lirae.

p’}'—rue :T— Xl;l;ol with p’}'—rue (6) =T,
T . T ; T —
Praise - I— Xbool with pFalse(E) - F7

Plero : 1= Xpay With prero(e) =0,
p;—ucc c X Ly — Xy with

T (2) = n+1 if £ =n for some n € N,
Psuce'™) = ' (n+ 1)L if 2 =n' for some n € N,

py I — X with p)(e)=n foreach n€Z,
T

T . xT T with T _
Ppair - Xint x Xlnt - Xipr with pPair(x17x2) - ($17$2) ’

pl-\ll—il = Xj-.l;I.st with pl}—il(‘g) =&,

T . xT T T :
Pcons - Xint X Xilst - Xilst with
- r4s if z=s for some s € (X;|,)*,
pCons(x7z) = 1 - n T s
(x<as)> if z=s" for some s € (X; ;).

It is left to the reader to check that (X},pk) is an initial extension of the
A-algebra (Xp,pk) introduced in Example 2.2.1.

Note that an element of X, . has either the form z; --- z, or the form
(x1 +++ m,)t, where n >0 and z; € ZU {Lint} for j =1,...,n. The
element x; --- x, describes a ‘real’ list with n components (although some
or all of these components may be ‘undefined’). The element (z; --- z,)*,
on the other hand, should be thought of as a ‘partial’ list containing at least n

components, of which the first n components are ‘known’ to be z1, ..., z, .




3.3 Regular extensions and the trace

As already indicated, ‘undefined’ and ‘partially defined’ data objects will be described
with the help of a bottomed extension of the basic initial A-algebra (Xp,pk). However,
as it stands, this notion is much too general, and two conditions will be imposed on
the bottomed extensions to be actually used. In the present section the first of these
conditions is introduced, which goes under the name of regularity.

A bottomed A-algebra (Dp, fx) is said to be regular if for each § € B and each
u € Dg \ {Lp} there exists a unique x € Kz and a unique element ¢ € Dom(f)
such that f.(c) = w. (This is a possible generalisation of the definition of a regular
A-algebra given in Section 2.3. However, it is not the generalisation which would make
the analogue of Proposition 2.3.2 hold.)

A bottomed extension (Dp, fx) of (Xp,pk) is now said to be regular if (Dp, fx) is
a regular bottomed A-algebra. In particular, the flat extension of (Xpg,px) is regular
(since (Xp,pk) is aregular A-algebra). Moreover, by Propositions 3.2.2 and 3.2.6 each
initial extension of (Xpg,pk) is regular. Note that if (Dp, fi) is a regular bottomed
extension of (Xp,pk) then Dg = X3U{Lg} must hold for each primitive type 8 € B,
and so in particular Dipy =Z U {Lint} and Dpoor = BU {Lpoo1}-

If (Dp, fk) is a bottomed A-algebra then the family Ck given by

Cy = {c€Dom(fy) : fu(c) # Ls}

for each x € Kg will be called the core of (Dp, fx). In particular, if (Dp, fx) is
initial then C, = Dom(f,) for each k¥ € K, and the core of the flat extension of
(XB,pK) is the family Cx with C, = Dom(p,) for each k € K. Regularity can be
expressed in terms of the core as follows:

Lemma 3.3.1 Let Ck be the core of the bottomed A-algebra (Dp, fx). Then
(DB, fKk) is regular if and only if the following three conditions hold:

(i) The restriction of f, to C, is injective for each k € K .

(ii) For each 8 € B the sets f.(Cy), k € Kz, are disjoint subsets of Dg .
(iii) |J fe(Ck) = Dg\{Lp} foreach g€ K.

KEKg

Proof Assume first that (i), (ii) and (iii) hold. Let § € B and u € Dg\ {13}; by
(iii) there then exists xk € K3 and ¢ € C, such that f.(c) = u. Suppose also that
u = fu(c) with ¥’ € Kg and ¢’ € Dom(f./); then ¢’ € Cy./ (since u # Lg), hence
u € fx(Cy) N for(Cy) and by (ii) this is only possible if &' = k. Moreover, by (i) it
now follows that ¢ = ¢, and therefore (Dp, fi) is regular.

Assume conversely that (Dp, fx) is regular. Let 3 € B, k1, ko € Kg and ¢; € Cy, ,
co € Cy, with fi,(c1) = fr,(c2). Then fi,(c1) # L and therefore k1 = k2 and
¢1 = ¢z . This shows that (i) and (ii) hold. Moreover, Dg\{Llg} C U,ex, Im(fs) for

each € B and hence by the definition of Ck (iii) holds. O

67
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Note by Proposition 3.2.2 condition (iii) holds automatically for a minimal bottomed
A-algebra, which leads to the following observation: Let (DY, f) be an extension of a
bottomed A-algebra (Dp, fx), considered as a bottomed A-algebra in the obvious way,
and suppose (D', ff) is regular. Then in general this does not imply that (Dp, fk)
is regular. However, (Dp, fx) will be regular if it is minimal (since conditions (i) and
(ii) in Lemma 3.3.1 are inherited by (Dg, fk) ).

A regular bottomed A-algebra (Dg, fx) will be called fully reqular if Lg ¢ Im(f,) for
each kK € Kg, € B. Thus a regular bottomed A-algebra (Dpg, fk) is fully regular if
and only if its core Ck is maximal, i.e., if and only if C,, = Dom(f,) for each x € K .

Proposition 3.3.1 An initial bottomed A-algebra is fully regular. Conversely, a fully
regular bottomed A-algebra is initial if and only if it is minimal.

Proof This follows from Propositions 3.2.2 and 3.2.6. [

Recall that in Section 3.1 the ground term algebra was introduced. This was a further
initial A-algebra (Fp,®k), and the unique isomorphism [ - g from (Fp,®k) to
(XB,pK) is used to denote the basic data objects (i.e., the data object z € Xg can be
denoted by the unique element s € Fz with [s]s =2).

By Proposition 3.2.7 there exists an initial bottomed extension of (Fp,®g) (and,
moreover, any two such initial extensions are conjugate). In what follows it can thus be

supposed that an initial bottomed extension (F%,®%) of (Fp,®k) has been chosen,
which will be called the bottomed ground term algebra. The bottom element of F 5" will
be denoted by bg rather than Lz (and to be thought of as a name with which to refer
to the ‘undefined’ element Lg).

Let (Dg, fx) be a bottomed A-algebra, which is considered to be fixed for the rest
of the section. Then, since (F,®%) is an initial bottomed A-algebra, there exists a
unique bottomed homomorphism [-]3 : (F, ®%) = (Dg, fx),i.e., [-]15 is the unique
homomorphism from (F%,®%) to (Dg, fx) with [[bg]]é- = 1g foreach € B. In
particular, if (Dp, fi) is a bottomed extension of (Xp,pr) then by Proposition 2.5.2
[-1% is an extension of [- 5, ie., [[s]]bL = [s]p forall s€ Fg, B€B.

Proposition 3.3.2 (1) The family [-]3 is surjective (i.e., [[]]2; : FBI’ — Dg is
surjective for each § € B ) if and only if (Dp, fx) is minimal.

(2) If (Dp, fx) is fully regular then the family [ -]% is injective, i.e., the mapping
[[]]é : FBI7 — Dy is injective for each € B.

(3) The family [-7]% is an isomorphism if and only if (Dg, fx) is initial.
Proof (1) For each 8 € B let D), = [[Fg]]é, then Lz € Dj for each S € B and,

as in Lemma 2.2.1 (1), DY is invariant in (Dp, fx). Moreover, D' is the minimal
such family: Let D% be any family invariant in (Dp, fx) and with 1g € Dj for

each 8 € B, and for each 8 € B let Fg:{sEFﬁl’:[[s]]/é € Dj}. Then bg € FY
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and, as in Lemma 2.2.1 (2), F§ is invariant in (Fj, ®%); thus F = F} (since by
Proposition 3.2.6 (F%,®%) is a minimal extension of (Fg,®k)). Hence D3 C D% .
From this it follows that [-]3 is surjective if and only if (Dp, fx) is minimal.

(3) This is clear.

(2) Let (Dp, fx) be the minimal bottomed subalgebra of (Dg, fx). Then (Dp, fx)
is a minimal fully regular and thus an initial bottomed A-algebra. Therefore by (3)
[- 14 must also be an isomorphism from (F%,®%) to (153, fK) . In particular, the
mapping [[]]é‘ : Fﬁl’ — Dg is injective for each S € B. O

Proposition 3.3.3 Suppose (Dp, fx) Is a regular extension of (Xg,pk). Then
{seF}: [slfeXpg} = Fp
for each § € B.

Proof Tt has already been noted that [-]5 is an extension of [-]p, which implies
that [[s]]é € Xg for each s € Fg (and this holds even if (Dp, fx) is not regular). For

the converse consider the family F% with F% C F% given by
Fjy = Fgu{seFj\Fs: [s]l5 €Ds\Xp}

for each f € B. If Kk € K is of type @ — 8 then 0’ (c) = ®(c) € Fz C FBb
Now let k € K be of type L — 8 with L # @ and let a € (F?)!, ie., a(n) € F,
for each n € L. Suppose [[@Z(a)]]é‘ = f.(([a]f)Y) € X5. Then, since (Dp, fx) is
regular, it follows that ([a]})F € XL, ie., [a(n)], € X, for each n € L. But then
by assumption a(n) € F, for each € L and thus @’(a) = ®(a) € Fj. This shows
that @° (a) € F?, and hence that the family F% is invariant in (F%,®%). But clearly
bg € F}_} for each § € B and so by Proposition 3.2.6 F% = F% . From this it follows

that ﬂ:s:l]é‘GD/g\Xg for all sEFZ\Fﬂ. O

Lemma 3.3.2 If (D, fx) Is the flat extension of (Xp,pk) then

. _ [[slp ifseFg,
[sJs = \ 15 itseF\Fp.

Proof This follows immediately from Proposition 3.3.3 and the fact that [-]% is an
extension of [-]p. O

Now define a family Rp C F%, called the trace of (Dp, fx), by putting
Ry = {seF;:[slg#Ls},

thus in fact Rg C Fg \ {bg} for each § € B and, moreover, Fg C R whenever
(DB, fk) is a bottomed extension of (Xp,pK) .
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If (Dg, fk) is the flat extension of (Xp,pk) then by Lemma 3.3.2 Rp = Fp, and if
(D, fk) is fully regular then Proposition 3.3.2 (2) implies that Rg = Fg \ {bg} for
each § € B. The trace is thus minimal for the flat extension and maximal for a fully
regular extension.

The next result shows that the trace is essentially a complete invariant for minimal
regular bottomed A-algebras.

Proposition 3.3.4 Minimal regular bottomed A-algebras are isomorphic if and only
if they have the same trace. In particular, minimal regular extensions of (Xp,px) are
conjugate if and only if they have the same trace.

Proof 1t is clear that isomorphic bottomed A-algebras have the same trace. To prepare
for the converse a couple of lemmas are needed. In the following let (Dpg, fx) be a
minimal regular bottomed A-algebra with core Ci .

Lemma 3.3.3 There exists a unique family of mappings #p with #3: Dg —+ N for
each € B such that #p(lg) =0 foreach f € B, #5(f.(¢)) =0 whenever k € K
is of type @ — B and such that

#p(fe(c) = 1+ max{#y(c(n) : n€L}
for all ¢ € DI whenever k € K is of type L — 3 with L # @.

Proof This is, with the obvious modifications, essentially the same as the proof of
Lemma 2.3.5. [

Lemma 3.3.4 There exists a unique family of mappings op with pg: Dg — Fg for
each € B such that gg(Lg) =bg and if k € K isof type L — (3 then

08(fx(0)) = ©(eF(0))

for all ¢ € C,. Moreover, [[gg(u)]]é =u forall ue Dg, B E€B.

Proof Let #p be the family of mappings given by Lemma 3.3.3 and for each § € B,
m € N let Df' = {u € Dg: #g(u) =m}. Define g5 on D' for each € B using
induction on m. If u € Dg then either u = Lg, in which case put pg(u) = bg, or
there exists a unique k¥ € K of type @ — [ with u = f.(¢), and in this case put
05(u) = @ (¢). Now let m > 0 and suppose gy is already defined on DJ for each
0 € B and for all k <m. Let u € D (so in particular u # Lg); then there exists
a unique k € K of type L — [ for some L # @ and a unique element ¢ € C such
that u = f.(c). Moreover, c¢(n) € Dy for some m, with m, < m, which means
that g,(c(n)) is already defined for each n € L. It thus makes sense to put

0s(u) = ©p(ef(c))

(where of course pl(c) is the element ¢ € (F’)L with ¢/(n) = o,(c(n)) for each
n € L). In this way pp is defined on Dy for each m € N and the family ¢p has the
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required property by construction. The uniqueness of the family ¢p also follows using
induction on m .
Finally, for each € B let D ={u € Dg: [[gﬂ(u)]]é =u};then lgé€ Dj for each

B € B and the family D’y is invariant. (Let x € K be of type L — 3 and let ¢ € DL
with c(n) € D; for each n € L; put u = fu(c). If u = Lg then u € Dj holds

trivially. On the other hand, if u # Lg then c¢ € Cy; in this case os(u) = @ (0% (c))
and hence, since [ o,(c(n)) ;7 = c(n) for each n € L and so by Lemma 2.1.1 (2)
([ok(e)THE = ¢, it follows that

Los(w)lf = [OL(eE(e)]5 = Fl(Lel(9INF) = fule) = .
Therefore in both cases u € Dj.) But (Dg, fx) is minimal and thus D = Dp, i.e.,
[[Qg(u)]]é‘ =u forall ue Dg, f€B. O

Now consider a minimal regular bottomed A-algebra (D', ff) having the same trace
as (Dp, fx) and denote by mp the unique bottomed homomorphism from (F%,®"%)

to (D, fk)-

Lemma 3.3.5 Let op : Dg — F% be the family defined in Lemma 3.3.4. Then
wp = mp 0B Is a bottomed homomorphism from (Dp, fx) to (D%, ff) -

Proof Clearly wg(lg) = 1g for each § € B. Let x € K be of type L —  and
c € DE . Then by Lemma 2.1.1 (2)

frwi(e) = fr(ml(ek(e) = mp(@%(eX(c))) -
Now if ¢ € C, then wg(fu(c)) = ms(05(fu(c))) = m5(@% (0L (c))) , and hence in this
case wg(fu(c)) = fL.(wE(c)). On the other hand, if ¢ ¢ C,; then [[gn(c(n))]]# =¢(n)
for each 7 € L and so by Lemma 2.1.1 (2) ([of(c)]1)" = ¢, thus

[ok(es ()]s = Ful(lef(@1)") = fule) = Ls,

which means that @’ (0% (c)) € Rs, where Rp is the common trace of (Dg, fx) and
(D%, fx) - Therefore it again follows that

Flwi(0) = m5(@%(es () = Lg = wp(lp) = ws(fule)) -

This shows that wpg is a bottomed homomorphism. [

Let (Dg, fx) and (D', fx) be minimal regular bottomed A-algebras having the same
trace. By Lemma 3.3.5 there then exists a bottomed homomorphism wp from (Dp, fk)
to (D, fy) and also a bottomed homomorphism w from (DY, f) to (Dp, fk) -
By Proposition 2.2.1 wpwp is then a bottomed homomorphism from (Dpg, fx) to
itself and the only such homomorphism is idp, i.e., wpwy = idp. In the same way
Wy wp = id)y , and hence wp is a bottomed isomorphism, i.e., (Dg, fx) and (D', fi)
are isomorphic. This completes the proof of Proposition 3.3.4. [



3.4 Monotone extensions

In this section the second of the two conditions is introduced which will be imposed
on the bottomed extensions. This is called monotonicity and, although its definition is
somewhat technical, it is a simple matter to show (as will be done in Proposition 3.4.3)
that the flat extension and any fully regular extension of (Xp,pr) is monotone.

Let (Dp, fk) be a bottomed A-algebra. If J is a B-typed set, (Zp,rx) a J-free
A-algebra and b € D’ then 7% will denote the unique homomorphism from (Zg,rk)
to (Dp, fx) such that W,’;(n) =b(n) for all n € J. (Dp, fk) is said to be monotone
if whenever J is a B-typed set and (Zp,rk) is a J-free A-algebra and wﬁJ(z) # 1g
for some z € Zg then 7'('%(2) # lg forall b€ D7 . Here 1 is the bottom element of
D7 given by 17(n) =L, foreach ne€ J.

A bottomed extension (Dp, fx) of (Xp,pk) is now said to be monotone if (Dp, fKi)
is a monotone bottomed A-algebra.

Monotonicity as defined above is not particularly easy to work with, and so an equivalent
condition (to be called strong monotonicity) is now presented which turns out to be more
tractable.

Let (Dp, fx) be a bottomed A-algebra, (Yp,qx) be any A-algebra and let 7p be a
homomorphism from (Y, qx) to (Dp, fx). The family Ug C Y with

Usp = {ye¥s:mp(y) =Lg}
for each 8 € B is called the kernel of mg and wpg is said to be fat bottomed if Yg is
the only invariant family containing Up .

Now (Dp, fk) is said to be strongly monotone if whenever (Yp,qx) is a A-algebra

and 7 : (YB,qx) = (DB, fx) a fat bottomed homomorphism then the kernel Ug of
7#p is maximal in the sense that if 7p : (Yp,qx) — (Dg, fx) is any homomorphism

with kernel Ug then Upg C [v]B .
Proposition 3.4.1 A strongly monotone bottomed A-algebra (Dp, fx) is monotone.

Proof Let J be a B-typed set and (Zp,rk) a J-free A-algebra; denote the kernel of
the homomorphism 7rf§J : (Zp,rx) — (Dp, fk) by Ug . Then 7rf§J is fat bottomed,
since Jg={neJ:(n)=p}C Ug for each 8 € B, and by Proposition 2.3.7 (Zg,rk)
is J-minimal. Thus if b € D/ and Up is the kernel of 7% then Up C Ug . But this

just means that 74’ (z) = Lg whenever 7%(z) = Lg, which shows that (Dg, fx) is
B B B B
monotone. [

Later it will be seen that the converse of Proposition 3.4.1 holds, i.e., that a monotone
bottomed A-algebra is also strongly monotone.

It is also useful to consider a further notion which is somewhat stronger than that of
being monotone: A bottomed A-algebra (Dpg, fx) is said to be structurally monotone if
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whenever (Yp,qk) is a A-algebraand mp and 7 are homomorphisms from (Yp, ¢x)
to (Dg, fx) then the family Y} given by

Yy = {ye€Ys: ms(y) = Lg whenever mg(y) = Lg }

for each B € B is invariant in (Yp,qk) -

Proposition 3.4.2 If (Dp, fk) is structurally monotone then it is strongly monotone
(and thus also monotone).

Proof Let (Yp,qkx) be a A-algebra, let % be a fat bottomed and 7p an arbitrary
homomorphism from (Y, qx) to (Dp, fx). Put

Yy = {ye€Ys: 7mp(y) = Lg whenever mg(y) = Lg }

for each § € B. Then Y} is invariant, since (Dpg, fi) is structurally monotone. But
if Ug is the kernel of #p then clearly Ug C Y}, and hence Y} = Y, since #p is

fat bottomed. Therefore if Ug is the kernel of mp then Ug C Ug. This shows that
(DB, fk) is strongly monotone. O

Proposition 3.4.3 Any fully regular bottomed A-algebra is structurally monotone.
Moreover, the flat extension of (Xpg,pr) Is structurally monotone. In particular, these
bottomed A-algebras are then monotone.

Proof Let (YB,qrx) be a A-algebra and let 7p and 7z be homomorphisms from
(YB,qk) to (Dp, fk). For each g € B put

Yﬁ, = {ye¥s: Wg(y) = 13 whenever mg(y) =13 }.

If k€ K is of type @ — 3 then mg(qu(e)) = fe(e) # Ls, and so g¢.(e) is trivially
an element of Y. Thus consider x € K of type L — 8 with L # @ and let c € V&
with c(n) € Y, for each n € L. Now 7s(qx(c)) = fx(mE(c)) , and so in particular
qx(c) € Y5 if (Dp, fx) is fully regular, since in this case f.(c') # Lg forall ¢ € DL.
On the other hand, if (Dp, fx) is the flat extension of (Xp,pr) and 7g(g.(c)) = La
then m,(c(n)) = L, for some n € L, thus m;(c(n)) = L, , and hence

mh(as(0)) = ful(T)(0) = Lg,

which again implies that ¢.(c) € Yé . The family Y}, is thus invariant if (Dg, fx) is
either the flat extension of (Xpg,pk) or a fully regular bottomed A-algebra. O

The proof of the converse of Proposition 3.4.1 requires the general construction involving
free algebras given below which will also be needed several times later.

In what follows let (Dp, fx) be a bottomed A-algebra and (Yp,qx) be an arbitrary
A-algebra. For each 3 € B let <z be a relation on the set Dg x Y3 ,i.e., <3 is just a
subset of Dg xYp . As usual, however, infix notation will be employed here and v <z y
written to mean that (u,y) belongs to the relation <g. The family of relations <p is
said to be compatible if whenever x € K isof type L — 8 and a € YL, u € Dg\{Lg}
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are such that u <z g, (a) then there exists ¢ € DI with u = f.(c) such that ¢ <L a,
i.e., such that ¢(n) <, a(n) for each n € L.

Let f € B; then y € Y is said to be a base element if the set {v € Dg : v <g y}
contains at most the bottom element 1, and the set of base elements of Yz will be
denoted by Us. A compatible family <p is now said to be full if Yp is the only
invariant family containing Up .

If J is a B-typed set and (Zp,rk) a J-free A-algebra then for each b€ Y/ let oY%
denote the unique homomorphism from (Zp,rx) to (Ys,qx) such that o%(n) = b(n)
for each n € L. Moreover, wj, will denote the unique homomorphism from (Zg,7x)
to (Dp, fx) such that w;(n) = L, for each n € L. (Thus, with the notation employed
above, wg = Wﬁj )

Proposition 3.4.4 Suppose <p is a full compatible family. Then for each y € Y3
and each u € Dg with u <g y there exists a finite B-typed set J , a J-free A-algebra
(Zp,rK), and elements z € Zg and b€ Y, such that g%(z) =y and wé(z) =u.

Proof For each f € B let Yg be the set of those elements y € Yz for which the
above statement holds (i.e., those y € Y3 such that if uw € Dg with u <z y then there
exists a finite B-typed set J, a J-free A-algebra (Zp,rk), and elements z € Zg and

be Y/ such that ,Q%(Z) =y and wg(z) = u. The aim is thus to show that Yz =Yg .

A basic remark: For each y € Y3 there always exists a finite B-typed set J, a J-free
A-algebra (Zp,rk) and elements z € Zz and b € Y/ such that g%(z) = y and
wg(z) = 1. In fact, just let J = {n} with 7 of type B, let (Zp,rk) be any J-free
A-algebra, let b €Y.’ be the assignment given by b(n) =y and take z =17.

From the basic remark it immediately follows that Up C Y and thus, since the family
<p is full, it is enough to show that the family Y is invariant in (Y5, ¢gk) .

It will be shown first that if x € K is of type @ — (8 then gy () € Y. Thus consider
u € Dg with u <g gx(¢); then either u = fi(¢) or u = Ly (since the family <p is
compatible) and the latter is dealt with by the basic remark. But if u = f(¢) then take
any finite B-typed set J, any J-free A-algebra (Zp,7k), any assignment b € Y,/ and
put z=r.(e); then Qg(z) = Q%(T‘R(E)) = q.(e) and wé(z) = wg(rn(e)) = fule) =u .
Now let k € K be of type L —  with L # @ and let a € (Y/)*. The task on hand
is to show that g¢(a) € Yﬁ’ and so, again making use of the basic remark, it is only
necessary to consider u € Dg\{Llg} with u <3 gx(a). In this case (since the family <p
is compatible) there exists ¢ € DL with u = f,(c) such that ¢ <L a. Then a(n) € Y,
and c(n) <, a(n) for each n € L, and hence there exists a finite B-typed set J,, a
Jy-free A-algebra (Z},r}) and elements z, € Z7 and b, € Y7 with gl,’,”(zn) = a(n)
and w,{” (2y) = ¢(n) . Moreover, the sets J,, n € L, can be arranged to be disjoint
(by introducing duplicate variables if necessary). Put J = Une 1 Jn , considered as a
B-typed set in the obvious way and choose any J-free A-algebra (Zp,rx);let be Y/
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be the sum of the assignments b,, n € L, i.e., b is given by b(§) = b,(£) for each
£ € Jy, n€ L. At this point the following somewhat technical fact is needed:

Lemma 3.4.1 There exists an assignment d € ZX such that g%(d(n)) = g%"(zn)
and w;{(d(n)) = w,{" (zy) foreach ne L.

Proof For each n € L let N} : (Z},r}) = (Z,7k) be the unique homomorphism
such that Ag(ﬁ) = ¢ for each ¢ € J, (i.e., the homomorphism corresponding to the

assignment i, € ZJn given by i,(£) = ¢ for each £ € J,)). Define d € ZI' by putting
d(n) = A}(zy) for each n € L. Then it is easily checked (using the uniqueness in the
definition of %7 ) that 0% = 0% A% , and hence that b (d(n) = 07 (z,) for each
n € L. In the same way wiy = w} A% , thus w; (d(n)) = wi (2,) foreach ne L. O

Let d € Z! be the assignment in Lemma 3.4.1. Then gf(d(n)) = g?," (zg) = a(n)
and w#(d(n)) = w;,]” (2y) = c(n) for each n € L; in other words, (¢°)f(d) =a and
(wHE(d) = ¢ . Now put z =r.(d); then

0p(2) = f(r(d) = qu(()*(d) = gx(a)

and in the same way wj(z) = fx(c) =u , i.e., gs(a) € Y}. This shows that the family
Y}, is invariant in (Y, gk ), which completes the proof of Proposition 3.4.4. O

The following corollary of Proposition 3.4.4 will be needed in Section 4.1:

Proposition 3.4.5 Suppose <p is a full compatible family. Let k € K be of type
L — B andlet c € DE | a € YL with ¢ <L a. Then there exists a finite B-typed set J
a J-free A-algebra (Zp,rx), and elements z € Zg, b € D] such that f.(c) = wj(2)

and g.(a) = 4(2)

Proof The case L = @ was already dealt with in the proof of Proposition 3.4.4, and
so it can be assumed that L # @. Then ¢(n) <, a(n) for each n € L and hence by
Proposition 3.4.4 there exists a finite B-typed set J,, a Jy-free A-algebra (Z},r%),
and elements z, € Z and b, € D)7 with w;(z,) = ¢(n) and g?{’ (25) = a(n) . The
proof is now exactly the same as in the proof of Proposition 3.4.4: Again it can be

supposed that the sets J,, , n € L, are disjoint, put J = UneL Jy,let (Zp,rK) be any

J-free A-algebra and b € D! be the sum of the assignments b,, n € L. Moreover,
take the same assignment d € Z given by Lemma 3.4.1 and put z = r.(d), and as
before it follows that f.(c) = wé(z) and g¢x(a) = g%(z) . O

The next result is a special case of Proposition 3.4.4 and is the key to proving the
converse of Proposition 3.4.1.
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Lemma 3.4.2 Let g and wp be homomorphisms from (Yp,qk) to (Dp, fx) with
7p fat bottomed. Then for each y € Y3 there exists a finite B-typed set J, a J-free

A-algebra (Zp,rK), and elements z € Zz and b € D! such that m5(y) = Wg(z) and
. J
#aly) = £ ().

Proof For each € B define a relation <g on Dg x Yz by stipulating that u <3 y
if and only if u = #3(y). Consider K € K of type L — 3 and let a € Y.V, u € Dg
be such that u <p g(a). Then u = #5(gs(a)) = fu(c) with ¢ = #L(a), and so
¢(n) = #y(a(n)) for each n € L, ie., ¢ <L a, which means the family of relations <p
is compatible. Moreover, y € Y3 is a base element if and only if 73(y) = Lz, and hence
the set of base elements of Yj is just lj'g , Where Up is the kernel of #p . This implies
that <p is full, since 7p is fat bottomed. Let y € Y3 ; then by Proposition 3.4.4 there
exists a finite B-typed set J, a J-free A-algebra (Zp,7k), and elements z € Zz and
b €Y/ such that % (z) =y and 74 (2) = w)(z) = #4(y) . Now let b € D! be the
assignment given by b(n) = m,(b'(n)) for each n € L. Then clearly 7% = 7p Qbé , and
therefore Wg(z) = Wg(gbﬂ' (2)) =mg(y). O

Proposition 3.4.6 A monotone bottomed A-algebra (Dp, fi) is strongly monotone.
Proof This follows immediately from Lemma 3.4.2. [

The proof of Proposition 3.4.6 shows that in the definition of being monotone it would
not change anything if the B-typed sets were restricted to being finite.

Proposition 3.4.7 A bottomed A-algebra possessing a monotone extension is itself
monotone.

Proof This follows from the equivalence of monotonicity and strong monotonicity, and
the fact that if (D', ff) is an extension of (Dp, fx) and 7p : (Ys,qx) = (Ds, fk)
is a homomorphism, and if 7g, considered as a homomorphism from (Yz,qx) to
(D', fx) ,is denoted by 7y then 7, and 7p have the same kernel (and so in particular
7'y is fat bottomed if and only if 7p is). O

On the following page two simple examples are presented which show that regularity
and monotonicity are independent concepts, i.e., they give a regular extension which is
not monotone and a monotone extension which is not regular.
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Ezample 3.4.1 Let (X3,p%) be the flat extension of the A-algebra (Xg,px)
from Example 2.2.1 and define A-algebras (Y, qx) and (Yp,qk) by letting

Ynat = NuU {J—nata J-Iolat} Wlth Llolat ¢ NuU {Lnat} ,
Y5 = Xé for all € B\ {nat},

(Zero, q’Zero : I — Yhat with QZero(E) = qIZero (5) =0,
GSucc : Ynat — Ynat With

n+1 ifneN,
GSucc (n) = Llpat if n= 124
12 if n = lyag,

nat
q,Succ : Ynat — Ynat with

. (n)_ n+1 ianN,
Qsucc - 12+ if ne {J—nata J—ﬁat} )

and with ¢, = ¢, = p& forall kK € K\ {Zero, Succ}.

Then (Yp,qk) is clearly a minimal regular extension of (Xp,px). However,
(YB, qk) is not monotone. To see this consider a B-typed set J = {n} with
n of type nat and let (Zp,7k) be any J-free A-algebra. Moreover, let z be
the element 7gucc(n) of Znay and b€ YOJ be such that b(n) = 19, . Then
That (2) = succ(b(n)) = gsuce(Lfat) = Lnat but

7"-IJfaJt(Z) = QSucc(J—J(n)) = QSucc(J—nat) = Lpat # Lnat -

On the other hand, (Y3, %) is a minimal extension of (Xpg,px) which is not
regular, since ¢gucc(lnat) = Ggucc(dLfat) = dL9atr # Lnat - However, the
reader is left to show that (Y3, ¢)) is monotone. (This will later follow more
easily from Proposition 4.1.6.)




3.5 Cored extensions

In this section some simple classes of bottomed extensions are introduced which can be
seen as generalising the flat and fully regular extensions. They provide fairly explicit
examples of monotone regular extensions.

For each 3 € B let fz be an element different from bg and put Hg = {bs,bs}; Hps is
considered as a bottomed set with bottom element bg. If L is a B-typed set then f~
will denote the element of HL defined by #%(n) =1, for each n € L. Let (Hp,ok)
be a A-algebra; then (Hp, o) is called a core type if o,(§Y) = i whenever k € K
is of type L — (3. In particular, ¢o.(¢) = fjg whenever k is of type @ — 3 for some
B € B. A core type is thus essentially a finite object, provided the set of constructor
names in K which do not have a type of the form @& — £ is finite. Now let (Dg, fk)
be a bottomed A-algebra and for each 5 € B define a mapping ez : Dg — Hg by

_ fbs ifu# Lg,
eslu) = {bg if u=_1g.

Let (Hp,ok) be a core type; then (Dp, fx) is said to be (Hpg, ¢k )-cored if the family
ep is actually a homomorphism (and thus a bottomed homomorphism) from (Dp, fx)
to (Hp,ok). In other words, if for each x € K of type L — (8

ep(fa(c)) = on(eg(c))

for all ¢ € Df . This means that if k € K is of type L — § then whether or not
fx(c) # L holds is completely determined by ¢, and the set {n€ L : ¢(n) # L, }.

A bottomed extension (Dp, fx) of (Xp,pk) is now said to be (Hpg,og)-cored if
(DB, fk) is an (Hp,ok)-cored bottomed A-algebra. Note that such an extension can
be (Hp, ok )-cored for at most one core type (Hp,ok): This follows since the signature
A is assumed to be pervasive and hence Xz # @ for each S € B.

The class of those bottomed A-algebras which are (Hp, ok )-cored for some core type
(Hp,ok) includes each fully regular bottomed A-algebra and the flat extension of
(XB,pK): For each k € K of type L — (3 let o] : HX' — Hj be the mapping with
ol (c)=tp forall c€ HL  and let o} : HL — Hp be given by

ot = {8 Lot

bg otherwise.

Then (Hp,o)) and (Hp,o%) are both core types. Moreover, the flat extension is
(Hp,o%)-cored and each fully regular bottomed A-algebra is (Hpg, ¢ )-cored.

Proposition 3.5.1 Let (Hp,ox) be a core type; then there is a unique isomorphism
class of minimal regular (Hp,<k)-cored bottomed A-algebras. Moreover, there is a
unique conjugacy class of minimal regular (Hpg, ¢k )-cored extensions of (Xpg,pk) .

Proof This is given at the end of the section. O
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It will be shown next that if (Hp,¢k) is a core type and the mappings in the family
ok are monotone (in a sense to be defined below) then any (Hp, ¢k )-cored bottomed
A-algebra is monotone.

For each § € B let <g be the partial order defined on the set Hg = {vs,f3} by
requiring that b5 <g fig. Let k € K be of type L — 3; then o, : HF — Hg
is monotone if o,(b) <g ©.(b') whenever b, b € HL are such that b <L &', where
b <L'v if and only if b(n) <, b'(n) for each n € L. The core type (Hp,ox) is then
said to be monotone if ¢, is monotone for each x € K .

In particular the core types (Hp,ox%) and (Hp,o)) are monotone. The following is
thus a generalisation of Proposition 3.4.3:

Proposition 3.5.2 Suppose that (Dpg, fx) is (Hp,ok)-cored for some monotone
core type (Hp,or). Then (Dp, fx) is structurally monotone (and thus monotone).

Proof Let (YB,qr) be a A-algebra, let 7p and 73 be homomorphisms from (Y5, ¢x)
to (Dpg, fk), and define a family Y} with Y} C Y by letting
Yy = {y€Ys: mp(y) = Lg whenever mg(y) = Lg }
for each € B. Note that if w € Dg then w = L1g if and only if eg(u) =bg, thus
Yy = {yeYs: ep(mp(y)) <pep(ms(y)) }-

If k€ K isof type @ — [ then mg(qx(e)) = fu(e) # Lg, and so g.(e) is trivially
an element of Yﬁ' . Thus consider x € K of type L — 3 with L # @ and let c € YX

with ¢(n) € Y, for each n € L. Thus e,(m,(c(n))) <y en(my(c(n))) for each n € L,
which implies that

ep(mp(ax(c)) = ep(fu((m)()) = onles((m)"(c))
<p onles (m7(c)) = ea(fu(n(c)) = ep(malan(c)))

and therefore g, (c) € Yy . This shows the family Yy is invariant in (Y5, ¢x) and thus
that (Dpg, fi) is structurally monotone. O

The next topic considered is the trace of an (Hpg, ok )-cored bottomed A-algebra. This
turns out to only depend on (Hp, o) and it can be computed more-or-less explicitly.
In what follows let the core type (Hpg,ok) be fixed. Since the bottomed ground term
algebra is initial there exists a unique bottomed homomorphism 4% from (F%,®%)
to (Hp,oK), i-e., 65 : (F%,0%) — (Hp,ok) is the unique homomorphism such that
52(%) =bp foreach f € B.

Proposition 3.5.3 Suppose that (Dp, fx) is (Hp,oK)-cored. Then

(5bB = €B I]:]]ﬁ )
ie., 5%(3) = aﬂ([[s]]é‘) for all s € Fg, B € B. In particular, if Rp is the trace of
(DB, fx) then Rg = {s¢€ Fg : (52(3) =t} foreach € B.
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Proof By Proposition 2.2.1 e [-]3 is a homomorphism from (F%,®%) to (Hp, oK)
and by definition Eg([[bg]]é‘) = bg for each B € B. But &% is the unique such

homomorphism and therefore 6% =ep[-J5. O

Proposition 3.5.3 implies that if (Dp, fx) is (Hp, ok )-cored then the trace of (Dp, fx)
is determined by (Hp,ox). In fact, more explicitly, the following holds:

Proposition 3.5.4 There is a unique family Rg C F% satisfying the following:
(i) b3 ¢ Rg for each f € B.
(ii) If k € K is of type @ — (8 for some 3 € B then ©’(c) € Rg.

(iii) If k € K is of type L — 3 with L # @ and c € (F?)F then ®(c) € Ry if
and only if ¢.(b) =tz, where b € HE is given by

_ Jhg, ifc(n) €R,,
b(n) = {bn otherwise.

Moreover, Rpg is the trace of each (Hp,<k)-cored bottomed A-algebra.

Proof For each € B let Rg = {s € Fﬁl’ : (5%(3) = f3 } ; then the definition of the
family 0% implies that Rp satisfies (i), (ii) and (iii). Moreover, by Proposition 3.5.3
Rp is the trace of each (Hp,ok)-cored bottomed A-algebra. It thus remains to show
that Rp is the unique family satisfying these conditions and this easily follows from
the uniqueness of the homomorphism 533 . O

Besides (Hp,oj) and (Hp,o%) thereis a further core type which should be mentioned.
If k€K isof type L — 8 with L # & then let ¢¢ : HX — Hg be given by

o (b) = b if b(n) =t, for at least one n € L,
®VJT | bg  otherwise,

and note that of is monotone. A type 8 € B is called a product type if Kg consists of
exactly one constructor name s and k is of type L — § with L containing at least
two elements and (n) # S for each n € L. (In the signature A in Example 2.2.1, for
instance, ipr is a product type.) Now define a core type (Hp, o) by letting

of = u

{ o¢ if k is the single constructor for some product type,
K

o otherwise.

Then (Hp,o%) is a monotone core type which is sometimes used instead of (Hp,ox),
and the reason for perhaps preferring (Hp,o%) to (Hp,o)) will now be explained.
Let 3 € B be a product type with Kg = {sk} and with x of type L — . Then by
Proposition 2.3.2 the mapping p : Xf — Xp is a bijection, and in most cases Xg will
just taken to be X[ (and hence the name product type). For simplicity suppose that
this has been done. Consider any regular extension (Dp, fx) of (Xp,pk) with core
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Ck , and note that Xg = XL C C,,. Then by Lemma 3.3.1 f, maps C, bijectively
onto Dg\ {Llg} and thus, assuming lg ¢ C,, Dg can be identified with C,, U{Lg}.
Now if (Dpg, fx) is (Hp,of)-cored then C, = Dom(f,) = DL which means that
Dg = DL U {13} . On the other hand, if (D, fx) is (Hg, o)-cored then

Co = DI\ {17}

and hence Dg = Df , provided 1 is identified with 1lg. A reason for preferring
(Hp,o%) to (Hp,o%) is thus to obtain a more ‘natural’ bottomed product in this case.

Proof of Proposition 3.5.1 1t is easily checked that a bottomed A-algebra which is
isomorphic to a (Hp, ok )-cored bottomed A-algebra is itself (Hpg, ox)-cored. Thus by
Propositions 3.3.4 and 3.5.3 it is enough to show that there exists a minimal regular
(Hp, ok )-cored extension of (Xp,pk) .

To establish this start with any initial bottomed extension (Dp,fx) of (Xp,pKk)

(whose existence is guaranteed by Proposition 3.2.7) and let 05 : (Dp, fx) — (Hp, o)
be the unique homomorphism with dg(Lg) = bg foreach g € B. Foreach § € B put

Dy = {u€ Dy : d5(u) =ep(u) } ;

thus D = {u € Dg : 05(u) = 15} U {Lg}, and in particular X C Dj; . For each
k € K of type L — 3 define a mapping f}. : ﬁf — Iu)g by

v — [ Fee) if fu(c) € Dy,

7x(©) { lg  otherwise.

If ce {(OL then f.(c) = pe(c) € X5 C Dj; and therefore f/(c) = fio(c) = pe(c), and
thus (D, f)) is a A-algebra which is a bottomed extension of (Xp,pr). Moreover,
eg(fr(c) = 55(fn(c)) forall c € lvl)L whenever k € K isof type L — 8: If f.(c) € Dj
then f.(c) = fr(c) and so eg(filc)) = sg(fn(c)) = (55(]?5(0)); on the other hand, if
fu(c) ¢ Dy then d5(fs(c)) = bg and hence d5(fx(c)) = es(Lp) = es(f3(v)) -

Let Cx be the core of (Dp, fk) ; then the restriction of f. to Cy is injective for each

k€ K and f, (Cy,) and f; (Cx,) are disjoint subsets of Dg whenever k1, ky € Kz
with k; # ko (since by Lemma 3.3.1 the corresponding statements hold for the family

fK if C, 1is replaced by Dom( f:) for each ¥ € K ). In other words, conditions
(i) and (ii) in Lemma 3.3.1 hold for (Dp,f}). Now let (Dp, fx) be the minimal
bottomed subalgebra of (Dg, fi), so (Dg, fx) is a minimal bottomed extension of
(XB,pk). Butif Ck is the core of (bB,fK) then C, C C,. for each Kk € K and
hence conditions (i) and (ii) in Lemma 3.3.1 also hold for (Dg, fx). Therefore by
Lemma 3.3.1 and Proposition 3.2.2 (Dp, fK) is regular.

Note that Dp C D'y, since D'y is invariant (in (Dg, fi)) and lg € Dj; for each
f € B, and hence dg(u) = eg(u) for all u € 155, B € B. Let kK € K be of type
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L — (3 and ¢ € DL. Then
on(ek(e) = ou(0k(c)) = dp(fule)) = es(fi(0)) = ep(fulc))

and this implies that (Dsp, fK) is (Hp,ok)-cored, i.e., (Dp, fK) is a minimal regular
(Hp, <ok )-cored extension of (Xp,pk). O

3.6 Notes

The form of the basic data objects (i.e., given by the family of sets in an initial algebra)
corresponds to that occurring in the functional programming languages this study is
trying to explain. It could be objected that what is also required are data types obtained
through equivalence relations defined on initial algebras. For example, this is necessary
in order to implement the rational numbers. However, the implementation of such data
types has been left to the user, who must make do with data types without equivalence
relations and then check that all the functions he or she defines actually respect the
equivalence relation specifying the intended data type.

The concept of a bottomed extension has been introduced to give a framework which
covers both ‘lazy’ and ‘eager’ programming languages (and also everything between
these two extremes). The condition of regularity is exactly what is needed for the ‘case’
operators to make sense.

David Turner’s language Miranda (see Turner (1985)) uses the monotone core type
(Hp, o) introduced in Section 3.5, whereas Haskell and most other ‘lazy’ languages
use (Hp,o)). The expression fat bottomed occurring in the definition of monotonicity
is taken of course from Queen (1978).



Chapter 4 Completion of bottomed extensions

In Chapter 3 a framework was introduced for specifying data objects. This involved
starting with a ground signature A (whose choice depends on the application at hand)
and then fixing an initial A-algebra (Xp,px) to describe the basic data objects. A
bottomed extension (Dpg, fk) of (Xp, fx) was then chosen in order to specify which
‘undefined’ and ‘partially defined’ data objects are to be allowed. For now on it will
always be assumed that (Dp, fx) is monotone and regular (for reasons which should
become more apparent in the present and the following chapter).

Now it is often convenient, and even necessary, to also consider ‘infinite’ data objects.
Such an object can be thought of as representing the limit of some infinite process (for
example, a process which produces a new data element at each step), and so they will
be typically involved in the description of calculations which continue to produce new
data without ever terminating. Moreover, there are also purely mathematical reasons
for including a ‘correct’ set of limiting objects, since this results in a set-up which is
easier to deal with (in the same way that real analysis, i.e., analysis done over the real
numbers R, is usually much simpler than rational analysis, i.e., analysis done over the
rational numbers Q).

The ‘infinite’ data objects which will occur in this study are described with the help of
complete posets (i.e., complete partially ordered sets); these are studied in Section 4.2.
The complete posets which will be used arise as initial (or ideal) completions, and so in
Section 4.3 it is shown how to construct the initial completion of a arbitrary poset.

Recall that a partial order C on a set Y is a binary relation C on Y satisfying:

(i) yCy forall yeY.
(ii) If yy Cyz and y2 oy then 4 =y,
(iii) If y1 Cy» and yo2 Cys then y; Cyz.

How posets come into the picture at all is explained in Section 4.1. There it is shown
that if (Dp, fk) is a regular bottomed A-algebra then for each B € B there exists
a partial order Cg on the set Dg such that w Cg u' can be sensibly interpreted as
meaning that u is ‘less-defined’ than u’. More precisely, a family of partial orders Cpg
is said to be an ordering associated with (Dpg, fx) if the following two conditions hold:

(i) Dg is a bottomed poset with bottom element Llg, ie., Lg Cg u for each
u € Dg .

(ii) If K, k" € Kg and c€ Cy, ¢’ € Cr then f.(c) Cg fuor(c') if and only if kK = &'
and cC, .

Here Ck is the core of (Dp, fx) and T is the appropriate ‘product’ partial order on
Dom(f,). (More precisely, if x is of type L — 3 then T, is just the partial order CL
on DE.) In Proposition 4.1.2 it is shown that there exists an ordering associated with
(Dpg, fk) - Moreover, if (Dp, fk) is also minimal then it turns out that this associated
ordering is unique.
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An associated ordering Cpg is said to be monotone if the mappings f., k¥ € K, are
monotone with respect to Cp, i.e., if kK € K is of type L — 8 and ¢, ¢ € DI with
cC, d then f.(c) Cp fu(c'). Now, although it might be expected that an associated
ordering is automatically monotone, this is not the case. However, Proposition 4.1.5
states that if (Dp, fx) is a minimal monotone regular bottomed A-algebra then the
(unique) associated ordering Cpg is monotone.

The results of Sections 4.2 and 4.3 are applied in Section 4.4, where the initial completion
of a A-algebra is defined. More precisely, if (Yz,qx) is a monotone regular extension
of (XB,pk) and Cp is an associated ordering which is monotone then Yp is regarded
as a poset with the partial order Cg for each f € B. The initial completion of
(YB,gK) is then a A-algebra (Dp, fx) in which Dg is an initial completion of the
poset Y3 for each B € B and such that f. is the unique continuous extension of g
for each k € K. Proposition 4.3.2 states that an initial completion (Dp, fx) exists,
and Proposition 4.4.1 implies it is, in the appropriate sense, unique. Moreover, by
Proposition 4.4.2 (Dp, fx) is then a monotone regular extension of (Xg,pr), and
the partial orders occurring in the completion constitute an ordering associated with
(DB, fx) which is monotone.

The results of this chapter can be applied to give the following ‘canonical’ procedure
for obtaining a complete bottomed extension (Dp, fk) of (Xp,pk):

1. Start by choosing a minimal monotone regular extension (Yp,qx) of (Xp,px):
Proposition 3.3.4 implies that such an extension is essentially uniquely determined
by its trace.

2. By Proposition 4.1.2 there is then a unique ordering Cp associated with (Y, qx),
which by Proposition 4.1.5 is monotone.

3. Next let (Dp, fx) be an initial completion of (Yp,qk): The existence of such a
completion is guaranteed by Proposition 4.3.2, and Proposition 4.4.1 implies that is
is essentially unique.

4. By Proposition 4.4.2 (Dpg, fk) is then a monotone regular extension of (Xg,pk) .
Moreover, it follows that (Dp, fx) has the same trace as (Yp,qx), which implies
that (Dp, fk) is essentially uniquely determined by this trace.



4.1 Associated orderings for regular extensions

In this section it is shown that if (Dp, fi) is a regular bottomed A-algebra then for
each 3 € B there exists a partial order Cg on the set Dg such that v Cg u' can be
sensibly interpreted as meaning that u is ‘less-defined’ than u'. Moreover, if (Dp, fk)
is also minimal then it turns out that this family Cp of partial orders is unique.

First some notation and conventions concerning partial orders must be fixed. If C is a
partial order on a non-empty set Y then the pair (Y,C) is called a partially ordered
set or, for short, a poset. However, instead of (Y,C) it is usual just to write Y, and
to assume that C can be determined from the context. Something like ‘Y is a poset
with partial order C’ or ‘C is the partial order on Y’ can be employed when it is
necessary to refer to the partial order explicitly. It is useful to consider the set I as a
poset (naturally with respect to the unique partial order on T).

Let {(Dg,Cp) : B € B} be a family of posets and let I be a B-typed set. Then D!
is considered as a poset with the partial order Ef defined by stipulating that ¢ Ef c
if and only if ¢(n) C, ¢/(n) foreach n € I. If k € K is of type L — [ then it is
convenient to allow C, as an alternative notation for the partial order CX on DZF.

Let Y be a poset with partial order C ; then there can be at most one element 1y € Y
with Ly Cy for all y € Y. If such an element 1y exists then Y is said to be a
bottomed poset with bottom element 1y .

Let (Dp, fx) be a bottomed A-algebra with core Ck (so

Cr = {c€Dom(fy) : fulc)# Lpg}

for each x € Kg). For each 3 € B let Cg be a partial order on the set Dg. Then
the family of partial orders Cp will be called an ordering associated with (Dpg, fi)
(or just an associated ordering) if the following two conditions hold:

(i) Ds is a bottomed poset with bottom element lg, ie., Lg Cg u for each
u € Dﬁ .

(ii) If k, k' € Kg and c€ Cy, ¢ € Cp then fi.(c) Cp fur(c') if and only if kK = &'
and cC, ¢ .

The definition of an ordering associated with (Dp, fx) is chosen to be compatible with
the interpretation mentioned above: If u, v’ € Dg then u Cg u’ should be thought of
as meaning that u is ‘less-defined’ than u'.

Proposition 4.1.2 states that there exists a unique ordering associated with each minimal
regular bottomed A-algebra. In the simple case where (Dp, fx) is the flat extension
of (XB,pK) it can be seen directly that the unique associated ordering is obtained
by letting u Cg ' if and only if u € {Lg,u'}. For the initial extension (X2,pj)
introduced in in Example 3.2.2 the unique associated ordering is given in Example 4.1.1
below.

Before coming to Proposition 4.1.2 it will be shown that the converse is essentially true.
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Ezample 4.1.1 Tt is straightforward to check that the following defines an (and
thus the) ordering Cp associated with the initial extension (XJ,pj) of the
A-algebra (Xp,pk) introduced in Example 3.2.2.

If b,V € XJ o1 With b# b then b Cpoor V' if and only if b= Lpoo -

o

Let n€ N and z € XILt . Then x Cpa¢ n if and only if either 2 =n or
z = m* for some m < n. Moreover,  Cpat nt if and only if z = m=*
for some m <n.

If n,n' € X[, with n#n' then n Cint n’ if and only if n = Lint .

If p,p' € X{ . with p' # Lipr then p’ Cipr p if and only if p’ = (2/,y')

ipr

and p = (z,y) with 2’ Cing  and %' Cinc y-

Let £ =z -+ z, € (X{,;)* and 2’ € X _,. Then 2z’ Ciist £ if
and only if either 2’ =27 --- 2}, with 2’ Cipg 2; for j=1,...,n or
i )J_

m

n
2= () - x with m < n and x; Cing z; for j =1,...,m.

1

Moreover, z' Ciist £+ if and only if 2/ = (2 --- xh )~ with m <n and

! y
z; Eing zj for j=1,...,m.

(Recall here that
Xl;l;ol = BJ_ = {T7 F; Lbool} y
X+ = NUbot (N) with 0+ = Lyaz,
Xine =ZU{Line}, X = (X{he)?U{Llipr},

Xszt = (XT )* U bot ((X]-_l;lt)*) with et = Liist )

int

Proposition 4.1.1 Let (Dp, fx) be a bottomed A-algebra with core Cx for which
there exists an associated ordering Cp . Then:

(i) The restriction of f, to C, is injective for each k € K .

(ii) If B € B and k1, ko € Kg with K1 # ko then f. (Cy,) and f.,(Cy,) are
disjoint subsets of Dg .

In particular, any minimal bottomed A-algebra possessing an associated ordering is
regular.

Proof Let k € Kg and ¢, ¢ € C,, with f.(c) = fu(c¢'). Then f.(c) Cg fi(c¢') and
hence ¢ C, ¢ ; in the same way ¢’ C, ¢. Thus ¢ = ¢, which shows the restriction of f,
to Cy is injective. Next consider ki, k2 € Kg and let u € f., (Ck,)N fr,(Cs,) ; choose
¢t € Cy,, 2 € Oy, with f (c1) = u = fr,(c2). Then f. (c1) Cg fuy(c2), which
is only possible if k1 = ko . Therefore if k1 # ko then f,(Ck,) and f.,(Ck,) are
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disjoint subsets of Dg . The final statement now follows directly from Proposition 3.2.2
and Lemma 3.3.1. O

Proposition 4.1.2 Let (Dpg, fx) be a regular bottomed A-algebra. Then there exists
an ordering associated with (Dp, fi) . Moreover, if in addition (Dp, fx) is minimal
then this associated ordering is unique.

Proof In order to show the existence of an associated ordering it is useful to first
introduce a somewhat weaker concept. If Cz is a partial order on the set Dg for each
B € B then the family Cp will be called a weak ordering if the following hold:

(i) LgCpu foreach u e Dg.

(ii) If Kk, k" € Kg and c € Cy, ¢ € Co with fi(c) Cp fur(c') then k = &' and
cC, .

For each 3 € B let Cg be a partial order on Dg. Then (making use of Lemma 3.3.1)
a binary relation T} can be defined on Dg for each 8 € B as follows:

(i) LpCpu foreach u € Dg.
(ii) uCj Lg holds (if and) only if u = Lg.

(iii) If k, k' € Kg and c € Oy, ¢ € C then fi(c) Cj fur(c') if and only if £ = &'
and cC, ¢ .

Lemma 4.1.1 The relation Cj is a partial order for each 3 € B.

Proof 1t is clear that Cj is reflexive. To show that T is anti-symmetric consider
!

uy, uz € Dg with u; T up and up ;b uy. If Lg € {u1,us} then w; = uy (= Lp)
by (ii). Thus suppose that ui, uz € Dg\ {Lg}. Then by (iii) and Lemma 3.3.1 there
exists k € Kg and c¢1, c2 € C; such that u; = fe(c1), u2 = fe(c2), c1 Tk c2 and
co Cx ¢1. Hence ¢; = ¢y and so u; = fi(c1) = fu(cs) = us. A similar argument
shows that Eb is transitive. O

Lemma 4.1.2 Suppose Cp is a weak ordering. Then C'y is also a weak ordering
and u; EIB up whenever u; Cg us .

Proof It will be shown first that if uy, up € Dg with u; Cg us then wu; E’ﬂ Us .

!

Now since Lg T us holds trivially it can be assumed here that u; # Llg. Then
u1, ug € Dg \ {1}, and hence by Lemma 3.3.1 and the definition of a weak ordering
there exists kK € Kg and ¢, ¢ € C, such that u; = f.(c1), u2 = fe(cz2) and
¢1 Ex 2. But then w; = fi(c1) E’ﬂ fr(c2) =wu2 holds by the definition of EIB .

It remains to show that C'; is a weak ordering. Thus consider «, k' € Kz and c € C,,
¢ € Cp with fi(c) Cf fwr(c'). Then (by the definition of Cj) k=" and cC, ¢,
and by the first part of the proof ¢ C! ¢ . This implies that C5 is a weak ordering
(since by definition g Cf u holds for each u € Dg ). O
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If Cp is a weak ordering then C’; will be called the first refinement of Cp . Let E%
be the ‘trivial’ partial order on Dg defined so that u; E% uo if and only if uy is either
L or up. Then CY is clearly a weak ordering, and thus by Lemma 4.1.2 a sequence

of weak orderings C'Z, m > 0, can be defined by letting Eg“"l be the first refinement
of C% for each m > 0. Now define a partial order Cg on Dg for each § € B by
stipulating that u; Cpg us if and only if uy CF us for some (and thus for all sufficiently

large) m > 0. It is easy to see that Cpg is a weak ordering.

In fact Cp is an associated ordering: Let k € K be of type L — 8 and let ¢, ¢' € Cj,
with ¢ C, ¢’. Then ¢(n) C, /() for each n € L, and so for each 7 there exists
my > 0 such that ¢(n) E," ¢/(n). Put m = max{m, : n € L}; then ¢(n) E" ¢'(n)
for each 7, and this means that ¢ C ¢'. Hence f.(c) ;ZLH fx(c') by the definition

of EZ"H , and therefore f.(c) Cg f.(c').

The uniqueness in the case when (Dp, fi) is minimal still has to be considered. Thus
let Cp and C’; be two orderings associated with (Dp, fk) and for each u € Dy
define Lg(u) = {u' € Dg : v’ Cg u} and Ly(u) = {v' € Dg : v’ Cj u}; put
Dy = {u € Dg : Li(u) = Lg(u)}. Then Llg € Dj for each f € B and it is
straightforward to check that the family D'y is invariant. Hence if (Dp, fx) is minimal
then D", = DB , i.e., EIB = EB . g

Proposition 4.1.3 Let (Dp, fx) be a regular bottomed extension of (Xpg,pk) and
Cp be an ordering associated with (Dp, fx); let B € B.

(1) Each element of Xg is a maximal element of the poset Dg, i.e., if x € Xz and
u € Dy with t Cgu then u==x.

(2) For each x € X3 theset {u€ Dg : uCgx} is finite.

Proof (1) Foreach 3 € B let X denote the set of elementsin Xz which are maximal.
Then the family X is clearly invariant in (Xp,pk), and thus X = Xp, i.e., each
element of X3 is a maximal element of Dg .

(2) For each € B let X; denote the set of those elements = € X for which the set
{u€ Dg : wCgx} is finite. Then it is easily checked that the family X} is invariant
in (XB,pk), and thus X = Xp, ie, theset {u € Dg : w gz} is finite for each
T € Xﬂ . g

If (Dg, fx) is a minimal regular extension of (Xg,px) then by Proposition 4.1.2 there
exists a unique ordering Cp associated with (Dpg, fx) ; thus in this case it makes sense
to speak of the associated ordering. Recall the assumption made in Section 3.1 that the
signature A is pervasive, from which it follows that Xg # @ for each 8 € B.

Proposition 4.1.4 Let (Dp, fx) be a minimal regular extension of (Xp,pk) and
Cp be the associated ordering; let § € B .

(1) For each u € Dg there exists x € X3 with uw Cg x (and note here the fact that
X3 # @ is needed).
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(2) For each u € Dg the set {u' € Dg : v’ Cgu} is finite.

In particular, (1) and Proposition 4.1.3 (1) imply that Xz is exactly the set of maximal
elements of the poset Dg .

Proof (1) For each 8 € B let Dy = {u € Dg : uCg = for some z € Xp}. Then
it easily checked that the family Dj is invariant in (Dg, fx) and Lg € Dj for each
B € B. (Note that Lg € Dj is equivalent to having Xz # &.) Hence D = Dp..

(2) This also follows by considering an appropriate invariant family. O

If Y7 and Y5 are posets then a mapping h : Y; — Y5 is said to be monotone if
h(y) Ty h(y’) for all y,y € Y7 with y C; y' (where C; is the partial order on
Y; for j = 1,2 ). Let (Dp,fk) be a regular bottomed A-algebra and Cp be an
associated ordering. Then Cpg is said to be monotone if the mappings f., k € K,
are monotone with respect to Cp, i.e., if K € Kg and ¢, ¢ € Dom(f,) with ¢ C, ¢

then f.(c) Cg fu(c).

Now it might be expected that an associated ordering Cp is automatically monotone.
But, as Example 4.1.2 below shows, this is not true in general, even if (Dpg, fk) is a
minimal regular bottomed A-algebra and Cp is the (unique) associated ordering.

Ezample 4.1.2 Let A and (Xp,pk) be as in Example 2.2.1 and let (Y3, k)
be the A-algebra defined (as in Example 3.4.1) by

Vaat = NU{Lnat, 1%} with 1%, ¢ NU{Lnat},
Ys = Xé— for all g € B\ {nat},

QZero : I — Yaat with qZero (5) =0,
GSucc : Ynat — Ynat With

n+1 if neN,
qSucc (TL) = lpat ifn= J-ﬁat ,
J-Iolat if n = Lnat ,

and with g, =p} for all k € K \ {Zero, Succ},

where (X#,p5) is the flat extension of the A-algebra (Xp,pg). Then
(Y, qk) is clearly a minimal regular extension of (Xp,pk), and so let Cp
be the ordering associated with (Yp,qx). However, gsucc is not monotone,
since Lnat Cnat 1o but QSucc(J—nat) = 1o and QSucc(J—lolat) = lnat -
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However, it will now be shown that if (Dpg, fx) is a minimal monotone regular bottomed
A-algebra then the associated ordering Cp is monotone.

Proposition 4.1.5 Let (Dp, fx) be a minimal monotone regular bottomed A-algebra
with (unique) associated ordering Cp . Then Cpg is monotone.

Proof The family of relations Cpg is compatible (as defined in Section 3.4): Let k € K
be of type L — 3 and consider a € DL, uw € Dg\ {Lg} with u Cg f.(a). Then u
has a unique representation of the form f./(c) (since u # Lz and (Dp, fx) is regular)
and hence ¥’ =k and ¢ Ef a (since Cp is an associated ordering). Moreover, Cp is
full: This follows from the fact that Lz is a base element of Dy for each € B and
because (Dpg, fk) is minimal.

Let x € K be of type L — 3 and let ¢, a € DF with ¢ CL a, and since the task at
hand is to show that f.(c) Cg fc(a) it can clearly be assumed that f.(c) # Lg. Now
by Proposition 3.4.5 there exists a finite B-typed set J, a J-free A-algebra (Zp,7k),

and elements z € Zg, b € D such that f(c) = Wé‘J () and f.(a) = Wg(z). But
(Dp, fk) is monotone and Wé‘J (2) = fu(c) # Ls; hence f.(a) = Wg(z) # 1z, and so
by the definition of an associated ordering it follows that f.(c) Cg fe(a). O

The following result can be considered as a converse to Proposition 4.1.5.

Proposition 4.1.6 Let (Dp, fx) be a bottomed A-algebra and for each 3 € B let
Cg be a partial order on the set Dg such that 1g Cg u for all w € Dg. Suppose
that the mappings f., kK € K , are monotone with respect to the family Cpg, Ie., if
k € Kg and ¢, ¢ € Dom(f,;) with ¢ C, ¢ then f.(c) Cg fo(¢'). Then (Dg, fx) is
monotone.

Proof By Proposition 3.4.1 it is enough to show that (Dp, fx) is strongly monotone.
Let (YB,qx) be a A-algebra, let 7p be a fat bottomed and and 7 be an arbitrary
homomorphism from (Yp,qx) to (Dp, fx). For each § € B put

Yy = {ye¥s:7ms(y) Comp(y) }-

If k€ K isof type @ — [ then g¢.(¢) € Y}, because 73(qx(c)) = fu(e) = m5(qx(€)) -

Next consider k¥ € K of type L — 8 with L # @ and let ¢ € Y,*' be such that
c(n) €Yy for each n€ L. Then 7% (c) E, 72(c) and thus

5(ax(0) = fu(®(0) Ep fulmi(c)) = ms(ax(0))
ie., gs(c) € Yg. This shows the family Yz is invariant in (Y3, k) -

Let Up (resp. Up) be the kernel of #p (resp. the kernel of 7). If y € (u]g then
#5(y) = L Cp ms(y), and hence Up C Yj. Thus Y, = Vg, since #p is fat
bottomed. In particular, if y € Ug then it follows that 73(y) Cg m3(y) = Lg, i.e,
Yy € (V]g . Therefore Ug C Ug ,i.e., (D, fr) is strongly monotone. [



4.2 Complete partially ordered sets

Let Y7 and Y5 be posets and h : Y7 — Y5 a mapping; as before h is monotone if
h(y) Ca h(y') forall y, y' € Y7 with y C; 3 (where C; is the partial order on Y; for
j=1,2 ). The mapping h is said to be an embedding if h(y) Ca h(y’) holds if and
only if ¥y C; ¥’ . An embedding is, in particular, monotone and it is also automatically
injective.

A bijective mapping h : Y7 — Y5 is called an order isomorphism if h and the inverse
mapping h~! : Y, — Y] are both monotone. Thus a mapping is an order isomorphism
if and only if it is a surjective embedding. (Note that if A : Y} — Y2 is a monotone
mapping which is a bijection then the inverse mapping h~! : Y5 — Y] is not necessarily
monotone.) The posets Y7 and Y> are said to be isomorphic if there exists an order
isomorphism h:Y; — V5.

Let Y be a poset with partial order C and let A be a non-empty subset of Y. An
element y € YV is called an upper bound of A if ' C y for all 3y’ € A; y is called
the least upper bound of A if y is an upper bound of A and y C y' for each upper
bound y" of A. (It is clear that there can be at most one element y € Y having these
properties.) If the least upper bound of A exists then it will be denoted by | | A.

A subset A ofaposet Y issaid to be directed if it is non-empty and for each g, y2 € A
there exists y € A such that y; C y and y2 C y. The set of directed subsets of Y
will be denoted by d(Y). If h:Y; — Y is monotone then clearly h(A) € d(Ys) for
each Aed(Y7).

A poset D is said to be complete if the least upper bound | |A of A exists for each
A ed(D). If Dy and Dy are complete posets then a mapping h : D1 — Do is said
to be continuous if h is monotone and h(| |A) = | |h(A) for each A € d(D;). Note
that if h : D; — Dy is monotone then | |h(A) Cy h(|JA) always holds (with Co
the partial order on D). Thus a monotone mapping h is continuous if and only if
h(L|A) Co | |h(A) for each A€ d(Dy). If D;, Dy and D3 are complete posets and
h: Dy — Dy and K : Dy — D3 are continuous then the mapping h'h: D; — D3 is
clearly also continuous. In this section some of the basic properties of complete posets
and continuous mappings will be looked aft.

Proposition 4.2.1 Let D be a complete poset and Y a poset isomorphic to D ;
then Y is also complete. Moreover, if h : Y — D is any order isomorphism then h
and the inverse mapping h™! : D —'Y are both automatically continuous.

Proof Let A€ d(Y);then B =h(A) € d(D), thuslet w=|]|B and put y = h~(u).
Now u' is an upper bound of B if and only if h~!(u') is an upper bound of A,
and hence y = | |A. This shows that Y is complete and that h is continuous (since
h(L]A) = h(y) = v = | |B = | |h(A). The continuity of h~! follows by reversing the
rolesof D and Y. O

Proposition 4.2.2 Let Dg be a family of complete posets and let J be an S-typed
set. Then the poset D! is also complete.
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Proof This follows immediately from Lemma 4.2.1. O

Lemma 4.2.1 Let Dg and J be as in Proposition 4.2.2. Let A € d(D) and for
each n€ J put Ay, ={c(n):c€ A}. Then A, € d(D,), and the least upper bound
of A is the assignment ¢ € DJ defined by c(n) = | | A, for each n € J .

Proof Straightforward. [

Proposition 4.2.3 Let Dg and D be two families of complete posets and let
s : Dg — DY be a family of continuous mappings. Then for each S-typed set J the
mapping ¢ : DI — (D!)” is also continuous.

Proof If ¢, ¢’ € D! with ¢CJ ¢ then for each n e J
pl(c)(m) = wulcm) Eq eo(c'(m) = @I(c) (M),

since ¢, is monotone, and hence ¢? is monotone. Now let A € d(D/); then, with
two applications of Lemma 4.2.1 and since ¢, is continuous, it follows that

el (UA) () = @(UA () = en(U{cn) : ce A})
= U{en(cm) : c€e A} = U{pl(c)(n) : c€ A} = (Uel(A)) (n)

for each 1 € J, and therefore /(| |A) =[]/ (A). Thus ¢/ is continuous. OJ

Note the following special case of Proposition 4.2.3: Let n > 2 and for j=1,..., n
let D; and D;- be complete posets and h; : D; — D;- be a continuous mapping. Then
the mapping h: Dy x ---x D, = D} x --- x D] defined by

h(ur, ... un) = (hi(ur),..., hn(uy))
for each (uq,...,u,) € Dy X --- X D,, is continuous.

Let Ys be afamily of posets and L be an S-typed set. Then for each n € L there is the
projection mapping pﬁ :YE =Y, defined by p,%(c) = ¢(n) for each c€ Y1, and pﬁ
is clearly monotone (since if ¢, ¢/ € Y! with ¢ CL ¢ then by definition ¢(n) C, c'(n)
for each n € L).

Lemma 4.2.2 A mapping h:Y — Y from a poset Y to the poset Y1 is monotone
if and only if for each n € L the mapping p% h from Y to Y, is monotone.

Proof Straightforward. O

Now let Dg be a family of complete posets and L be an S-typed set. Then by
Lemma 4.2.1 the projection mapping pﬁ : Df — D,, is continuous for each n € L.

Proposition 4.2.4 A mapping h: D — DL from a complete poset D to the complete
poset DL is continuous if and only if for each n € L the mapping p,L, h from D to
D,, is continuous.
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Proof If h is continuous then p,l; h is also continuous for each n € L (since it is the
composition of two continuous mappings). Conversely, suppose p# h is continuous for

each n € L; in particular, h is then monotone (as in Lemma 4.2.2). Let A € d(D);
then by Lemma 4.2.1 it follows that for each n € L

(UA(A)) (m) = U{cm) : ceh(A)}
= Upj(h(4) = (pyh) (LA) = h(LUA4) ()

and so | |h(A) = h(||A). This shows h is continuous. [

If Y7 and Y5 are posets then the set of all monotone mappings from Y; to Y5 will be
denoted by (Y; — Y3). Note that the set (Y; — Y3) is non-empty, since the constant
mappings are clearly monotone.

A partial order C on the set (Y7 — Y52) can be defined by stipulating that A C A’ if
and only if h(y) Co h'(y) for all y € Y7 (where Co is the partial order on Y5 ), and
if (Y1 — Y3) is considered as a poset then it will always be with respect to this partial
order. Note that if Y5 is a bottomed poset with bottom element Lo then (¥; — Y3) is
also a bottomed poset: The bottom element L of (Y3 — Y3) is the constant mapping
with L(y)= 1o forall y €Y;.

Let Y be a poset; a poset Y’ is called a subposet of Y if Y/ C Y and the partial
order on Y’ is obtained by restricting the partial order on Y. If Y is a bottomed
poset then a subposet Y/ of YV is said to be proper bottomed if Y’ contains the bottom
element | of Y. Then L is also the bottom element of ¥’ and so Y’ is a bottomed
poset. (The reason for making this definition is that it is possible for a subposet of a
bottomed poset Y to be bottomed but to have a different bottom element from that
in V)

If D; and D, are complete posets then the set of all continuous mappings from D; to
D, will be denoted by [D; — Ds]. Then [D; — D] is a subset of (D; — D), and so
[D1 — D] can be considered as a poset with the partial order induced by the partial
order on (D7 — D). (This means that [D; — Ds] is a subposet of (Dy — D>).)

Note that if in addition D, is bottomed with bottom element 1o then the bottom
element of (D; — D3) (i.e., the constant mapping 1 with L(u)= 1o forall u € D)
is an element of [D; — Ds]. In other words, in this case [D; — Ds] is a proper
bottomed subposet of (D; — Ds).

Proposition 4.2.5 If Dy, D, are complete posets then the poset D = [D; — D»] is
also complete. Moreover, if A € d(D) with h =||A then h(u) =|]{f(u) : fe A}
for each w € D, .

Proof Let A € d(D), and for each w € D; put A, = {f(u) : f € A}. Then
A, € d(D3) and so define a mapping h: D; — Dy by putting h(u) = || A, for each
u € Dy . It will be shown that h is continuous, and, since h is clearly monotone, for
this it is enough to show that if B € d(D;) with «' = | |B then h(u') Cs | |h(B).
Let f € A; then
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f) = fB) = U(U f(w)

ueB

C (U UA) = U(U hw) = LIK(B) .
ueB u€EB
Hence h(u') = | |Aw C2 [ JR(B). Now (as in Lemma 4.2.1) it is straightforward to
check that h is the least upper bound of A in [D; — D,]. O

In what follows let Dy, D and D be complete posets.

Lemma 4.2.3 A monotone mapping h: Dy x Dy — D is continuous if and only if

h(LJ A1, A2) = [|h(A1 x A2)
for all A; € d(D1), Az € d(D>).

Proof If A € d(D; x D2) then it is easy to see that there exist A; € d(D;) and
As € d(D2) such that A’ = A; x Ao is an element of d(D; x Ds) which is equivalent
to A in the sense that for each v € A there exists v/ € A’ with v C »' and for
each v’ € A’ there exists v € A with v C v. Then | |A = | |4 = (41, ]A42)
and | |h(A") = | |h(A), and this shows that if A(||A41,||A2) = [Jh(A1 x As) for
all A; € d(D;), Ay € d(D;) then h is continuous. The converse is clear, since
A1 X A € d(Dy x Dy) whenever A; € d(D;) and As € d(Dy). O

Lemma 4.2.4 A mapping h : D1 x Dy — D is continuous if and only if it is separately
continuous in each argument, i.e., if and only if us — h(uy,us) is a continuous mapping
from Dy to D for each uy € Dy and wu; — h(uy,us) is a continuous mapping from
D; to D for each ug € Do .

Proof Clearly h is monotone if and only if it is separately monotone in each argument.
Moreover, if h is continuous then it is separately continuous, since if A € d(D3) then
{u1} x A€d(D; x D3) and | |({u1} x A) = (u1,[]A) , with of course an analogous
statement holding when the roles of the two components are reversed. Suppose then
that h is separately continuous in each argument. Lemma 4.2.3 will be used to show
that h is continuous; thus let A; € d(D;) and Ay € d(D2) and put u; =[] A; and
uz = || Az . Then A; x {uz} € d(D; x D) and

h(ui,ug) = L{h(v,u2) : ve A} = [|h(Ar x {u2}) ,

since h is continuous in its first argument. Moreover, since h is continuous in its
second argument, it follows that

LIR(Ar x {uz}) = [U{h(v1,|]A2) : v1 € A1 }
= U{U{h(UhUQ) v €A} v € A}
= J{R(v1,v2) : v1 € A, v2 € Ay} = [h(A1 x A3) .

Therefore h(ui,us) = | |h(A1 x {u2}) = [ |h(A; X A2) and thus by Lemma 4.2.3 h
is continuous. [
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Proposition 4.2.6 The application operator a:[Dy — Ds2] x Dy — Dy given by
a(h,u) = h(u)
for all h € [D; — D3], u € D, , is continuous.

Proof This follows immediately from Lemma 4.2.4, since a is clearly continuous in its
second argument, and by Proposition 4.2.5 it is also continuous in its first argument. [

Now consider a continuous mapping h : D; x Dy — D; then by Lemma 4.2.4 the
mapping wus +— h(ui,us) from D, to D is continuous for each u; € D;, which
means a mapping c(h) : D1 — [D2 — D] can be defined by letting

c(h) (u1) (u2) = h(ui,us2)
for each u; € Dy, us € Dy .

Lemma 4.2.5 c(h) : Dy — [Dy — D] is continuous for each continuous mapping
h:Dy xDy— D.

Proof 1t is clear that c(h) is monotone. Let A € d(D;) and put h =||c(h)(A4) (so
h € [D2 — D]). Then by Proposition 4.2.5 it follows for each us € Dy that

h(uz) = |{c(h)(u1) (u2) : v1 € A} = [[{h(u1,u2) : w1 € A},
and by Lemma 4.2.4 that
L{Aur,u2) - wn € A} = h(A,u2) = c(h)(UA) (uz) -
Hence | |c(h)(A) =c(h)(L]A), and thus c(h) is continuous. O
Lemma 4.2.5 allows the so-called currying operator to be defined; this is the mapping
c:[Dy x Dy = D] — [Dy = [Dy — D]] given by
c(h,ur) (u2) = h(ui,us)
for all h € [D1 x D2 — D], u1 € D1, uz € Dy
Proposition 4.2.7 The currying operator c is an order is morphism whose inverse
is the uncurrying operator u:[Dy; — [Dy — D]] — [D1 x Dy — D] which defined by

u(g) (ur,u2) = g(ua) (uz)

for all g € [Dy — [D2 — D]], (u1,us) € D1 X Dy . (Proposition 4.2.1 then implies that
the mappings ¢ and u are both continuous.)

Proof The inverse mapping to ¢ will be constructed. For each ¢ € [D; — [Ds — D]
define u(g) : D1 x Do — D by u(g) (u1,us) = g(u1) (uz) . Thus u(g) is monotone, and
if Al S d(Dl), Az c d(Dg) then
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u(g) U A1, A2) = g(UA) (UA2) = L{g(uw) (UA2) : w1 € Ar}
= U{U{g(u1) (u2) :uz € A2} : uy € Ay }
= H{g(u1) (u2) : w1 € Ay, up € A }
= {u(g) (u1,u2) : w1 € A1, us € Ao} = |Ju(g)(4r x 4s) ;
hence by Lemma 4.2.3 u(g) is continuous. This gives a mapping
u:[Dy = [Dy = D]] = [Dy x Dy — D]

and it is clear that u is monotone. Moreover, it is also clear that c(u(g)) = g for each
g € [D1 — [D2 — D]] and u(c(