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ABSTRACT. We study exterior powers of classes of symmetric bilinear forms in the Witt-
Grothendieck ring of a field of characteristic not equal to 2, and derive their basic prop-
erties. The exterior powers are used to obtain annihilating polynomials for quadratic
forms in the Witt ring.
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1. INTRODUCTION

Throughout this paper, K will be a field of characteristic different from 2.

It is well-known that given a finite-dimensional K-vector space V and a non-negative
integer k we may define A*V/, the k-fold exterior power of V. Then the ring of isomorphism
classes of finite-dimensional K-vector spaces under direct sum and tensor product is a A-
ring, with the exterior powers acting as the A-operations. The exterior powers and the
related symmetric powers are in fact functors on the category of K-vector spaces and
K-linear maps, special cases of the Schur functors (see, for example, [3] or [4]).

The concept of exterior power of a symmetric bilinear form is defined in Bourbaki (see
2, Ch. 9 eqn. (37)]). In [10], Serre remarks that the Grothendieck group of the category
of finite rank Z-symmetric bilinear modules is a A-ring using exterior powers, but the
subject does not appear to have been treated in detail in the literature. In this paper we
establish the basic facts about the exterior powers of a symmetric bilinear form, including
formulas for their classical invariants, and apply these to deriving annihilating polynomials
in the Witt ring. We work interchangeably with K-quadratic spaces and K-symmetric
bilinear spaces to achieve as much simplicity as possible; all results carry across, by the
correspondence in characteristic not equal to 2.

2. NOTATION

For the definitions of such terms as bilinear and quadratic forms, isometry, the Witt-
Grothendieck ring, Witt ring, etc., see, for example, [9].

We will denote by /W(K )™ the commutative cancellation semi-ring of isometry classes of
symmetric bilinear forms under orthogonal sum and tensor product, and let the Witt-
Grothendieck ring W(K ) be the Grothendieck completion of W(K )*. Then the Witt
ring W(K) is the quotient of W(K ) by the ideal generated by hyperbolic spaces.
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Throughout, juxtaposition will denote—according to context—a (tensor) product of forms
V) = p®1Y = ¢ -1, or a scalar multiple of a form: if ¢ = (ay,...,a,), then \p =
(Aay, ..., Aa,). We will use a cross to denote an integer times a form, i.e. n X ¢ means
the orthogonal sum of ¢ with itself n times.

For the definitions of k-fold exterior power and symmetric power of a finite-dimensional
vector space V' see, for example, [4] or [3].

3. EXTERIOR AND SYMMETRIC POWERS OF SYMMETRIC BILINEAR FORMS

Let V be a vector space of dimension n over K. Recall that if £k is a non-negative integer,

then the k-fold exterior power of V', A¥V | has dimension (Z), where we take (Z) to be 0

for all k > n. In particular, if {vy,...,v,} is a basis for V, then a basis for A¥V is given
by the set of k-fold wedge products {v;, A---Av;, 11 <iy <--- <ip <n} and there are
(Z) such expressions.

Definition 3.1. Let ¢ : V x V — K be a bilinear form and let k be a positive integer
not greater than n. We define the k-fold exterior power of ¢,

Ao APV x APV — K,
by
N A Az yr A=+ Aye) = det (@24, 95) ) 1<i <k

We define A% := (1), the identity form of dimension 1. For k > n we define A*y to be
the zero form, since A¥V =0 for all k£ > n.

It is easily seen that A*y is a bilinear form, and is symmetric if ¢ is symmetric. Also
Aty = .

If ¢ is the quadratic form associated to ¢, we write A¥q for the quadratic form associated
to Ak,

Remark 3.2. Similarly, given any positive integer k£, we may define another bilinear form,
the k-fold symmetric power of ¢, on the k-fold symmetric power of V,

S*p: SPV x PV — K,
by
SEp(xy -+ p, Y1 - yk) = per((@i, y))1<ij<ks

where - is the multiplication in the symmetric algebra of V' and per is the permanent of
the matrix (p(z;,y;)).

In fact, given any partition 7 of k, we may define an associated “Schur power” of ¢ in a
similar fashion. Results on these other powers will appear in a future paper.

Remark 3.3. Let ¢ : V xV — K be a symmetric bilinear form on V' and let G be a
group acting on V. Then G acts on A*V also, via

glog A== ANog) = (gur) A=+ A (gug).

Thus if V is a representation module for G, so is A*V.
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Suppose that ¢ is a G-form, that is, for all v,w € V and all g € G, p(gv) = p(v) (e. g. for
G a subgroup of the orthogonal group O(¢p)). Then an easy computation shows Ay is a
G-form also.

4. DIAGONALISATION OF AN EXTERIOR POWER

Proposition 4.1. Let V be a vector space of dimension n over F and let o = (aq,...,ay)
be a diagonalisation of a symmetric bilinear form on V. Let k < n. Then Afp is a
symmetric bilinear form of dimension (Z) and has a diagonalisation of the form

No= | la - a).
1<iy <-<ix<n
In particular,
Arf(n x (1)) = (1) x (1).
Proof. Let {vy,...,v,} be an orthogonal basis for V| with ¢(v;,v;) = a; fori=1,...,n
and ¢(v;,v;) =0 for i,5 € {1,...,n}, i # j.

Let k < n. Since {v;, A -+ Aw;, : 1 <y < -+ < i < n}is a basis for A¥V| we have
immediately that the form A*y has dimension (Z)

Let v;, A -+ Awv;, and v, A--- Awvj, be two basis elements of A*V| and consider
Afp(viy Ao Avi, v A Awg,) = det(p(vi, v7,) 1<t ms

Firstly suppose the {v;, }i=1,.._x and {v;,, }m=1,.x are the same set of k vectors. Then linear

independence of the basis gives i; = j;, l = 1,..., k and using orthogonality of {vy,...,v,}
we get
Aoy A-s ANvg o A Awy) = det((vi, Vi) 1<msk
(P(Uil ) vi1) e Qp(vim Uik)
= Qi " aik.

Next suppose the {v;, } and {v;,,} are not the same set of vectors. Choose a v;, which is
not in {v;, };=1,_x. Then by orthogonality of the basis {v1, ..., v,} of V| the j,,"™ column of
the matrix (o(vy,, vj,,))1<t.m<k Will be a zero column. Thus Afp(v; A~ -Av;, v, A+ Avj, ),
the determinant of this matrix, will be 0. This completes the proof. O

Remark 4.2. Note that if ¢ is a hyperbolic form then A¥p need not be hyperbolic. This
is easily seen from the above expression for dimension, since a hyperbolic form must have
even dimension.

For example, consider the hyperbolic forms ¢ = 2x (1, —1) of dimension 4, ¢ = 3x (1, —1)
of dimension 6. Then A3y = 10 x (—1, 1) is hyperbolic, while A%y has dimension (g) =15
and so cannot be hyperbolic. Also A% = (—1,1,—1,—1,1,—1) has anisotropic part
(A%p),, = (—1,—1), of even dimension.

Thus, though ¢ and 1 are Witt equivalent (in fact ¢ ~ ¥ ~ 0), A¥o and A¥%) are not in
general Witt equivalent, so A* is not well-defined on elements of the Witt ring. However,

Corollary 6.8 later shows that A* is well-defined on elements of the Witt-Grothendieck
ring. For this reason we restrict ourselves to elements of the Witt-Grothendieck ring
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/W(K ) when considering exterior powers, though some results in /W(K ) may be carried
over to W(K).

Remark 4.3. Note that if ¢ is an isotropic form of dimension n > 2, then A¥¢ will also
be isotropic for 0 < k < n. For, ¢ will contain a hyperbolic plane and so ¢ ~ ¢’ L
(1, —1) for some symmetric bilinear form ¢’ = (ay,...,a, o). Then for any a,...,a;_1 €
{ay,...,a, o}, the subform {(a;---ax_1,—a;---ax_1) of A¥¢ will be hyperbolic (see [9,
Corollary 1.4.6(iii)]) and so A*¢ will be isotropic. In fact, there will be a hyperbolic
plane for all such choices of ay,...,a,_; and so the Witt index of A*y will be at least

(i)

Remark 4.4. If ¢ is an anisotropic form then A*y need not be anisotropic. To see this, let
K be a field of u-invariant u = 4 (recall that the u-invariant of a field K is the maximal
dimension of an anisotropic form over K). For example, we may take K to be a local
field (of characteristic not equal to 2), or a non-real algebraic number field, or a p-adic
field. Let ¢ be of dimension 4 over K and anisotropic. Then A% has dimension (3) =6
and so must be isometric since u < 6. The same argument works for any field with finite
u-invariant v > 2 and any anisotropic form ¢ of dimension wu, since (Z) > u for all positive
integers u > 3.

Remark 4.5. Note that non-isometric forms may have isometric k-fold exterior powers.

For example, let ¢ = (1,2,3), » = (1,6, 3) over a field K in which 3 is not a square (such
as Q). Then ¢ and 1 are not isometric, since their determinants in K/K? are 6 and 2,
respectively, and these differ by a factor of 3.

However, A%¢ = (2,3,6) ~ (6,3,2) = A%.
Corollary 4.6. Let ¢ be a symmetric bilinear form of dimension n over K. Then
(a) A"p = (dety) and
(b) AFp = (det ) A" F, 0<k<n.
Remark 4.7. Corollary 4.6 gives us a “duality principle” for exterior powers of a symmetric

bilinear form.

5. DETERMINANT OF AN EXTERIOR POWER

Proposition 4.1 also allows us to easily compute the determinant of A*y in terms of the
determinant of .

Proposition 5.1. Let ¢ be a symmetric bilinear form of dimension n. Then
n—1
det(AFp) = (det @) (kfl).
In particular, for k =2,
det(A%p) = (det )" 1.
Proof. Write ¢ = (aq,...,a,) in diagonal form. Then by Proposition 4.1,

det(AFp) = H Ay * v Qg

1<ip << <n
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There are (Z) terms in the product, each term being itself a product of k of the a; and an
easy computation shows

n—1
det(A*¢) = (aiay--- an)(’f—l)
(i1)
= (detp)\k-1
which completes the proof. O

Corollary 5.2. Letk > 1 and let ¢ be a symmetric bilinear form. Then ¢ is non-singular
if and only if A¥¢ is non-singular.

Proof. ¢ is non-singular if and only if det ¢ # 0. By Proposition 5.1 this is equivalent to

n—1

det(A*p) = (det p) (1) #0 <= A*p is non-singular. O

6. FUNCTORIAL PROPERTIES OF A*

Let V denote the category whose objects are finite-dimensional K-vector spaces and whose
morphisms are K-linear maps. It is well-known that the Schur functors (see [3, Appendix
A2], [4, Lecture 6]), of which A* and S* are examples, are functors on V. In this section
we show that A* is in fact a functor on the category of finite-dimensional K-symmetric
bilinear spaces (equivalently finite-dimensional K-quadratic spaces). We first define some
terms.

Definition 6.1. Let B, the category of K-symmetric bilinear spaces, be the cat-
egory whose objects are finite-dimensional K-symmetric bilinear spaces and whose mor-
phisms are isometries.

Remark 6.2. Tt is easy to see that this category is well-defined: if f € Homp((V, @), (W, %))

and g € Homg((W, 1), (U, ) then ¢ — o f and ) = yog, 50 ¢ = x0go f and
go f € Homg((V,p), (U, x)); further, the composition of bijective maps is bijective.

Remark 6.3. Except in cases where confusion is possible, we drop the o notation for
composition of morphisms henceforth.

We state some facts which we require (see e. g. [3, A2.2(a), A2.3(e)]).

Proposition 6.4. If f : V — W is a linear map, then A¥f : A¥V — A*W is a linear
map and A¥f(vy A - Avg) = fog A+ A fo.

Moreover, if f has matriz A with respect to bases {vy,...,v,} and {wy,...,wy} of V
and W respectively, then A*f has matriz whose entry corresponding to the basis elements
vy Ao A, and wi A+ - - Awj, is the determinant of the submatriz of A involving columns
U1y. .., 0 and TOWS J1, ..., Jk.

Proposition 6.5. If f is an injective K-linear map, then A*f is also an injective K-
linear map.

Proof. Suppose that V and W are K-vector spaces of dimensions n and m respectively,
and that f: V — W is an injective K-linear map, so that n < m and rank f = n. Then
any matrix for f will have dim V' = n linearly independent columns.
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Choose a basis {v1,...,v,} for V, and complete (if necessary) {fvy,..., fv,} to a basis

{fvy,..., fo,, Was1, ..., wy} for W.

Then the matrix for f with respect to these bases is

L,
Omfn,n

where the upper block is the n x n identity matrix I,, and the lower block is the (m—n) xn
zero matrix O,,_,, (possibly not present i.e. if m = n).

We first look at the case where k < n.

Consider A*V with basis {v1 A+ A vk, ..., Vp_gs1 A -+ Av,} of order (2) (all choices of

k out of the n vectors v;) and extend the set {fv; A+ A fug, ..., fo,_p A A fu,} to
a basis for AW,

We observe that the determinant of the submatrix of I, involving columns 44, ..., %, and
rOwWS Ji,...,J% 18 1 if {i1,..., i} = {J1,...,Jx} and 0 otherwise. Then by 6.4 we have
that the matrix of A f with respect to the above bases for A¥V and A¥W is the (’ZL) X (”)

k
matrix
I
O

where the upper block is the (Z) X (Z) identity matrix and the lower block is the

( (’:) — (Z)) X (Z) zero matrix (not present if m = n).

This matrix clearly has rank (Z), so A¥f is injective as required, when &k < n.

If k > n, then A¥V = {0}, so A*f : AFV — A*W is trivially injective, and we are
done. 0

Corollary 6.6. If f is a bijective K -linear map, then A*f is also a bijective K -linear
map.

Proof. The statement follows by taking m = n in the proof of Proposition 6.5. OJ

Theorem 6.7. A*: B — B is a (covariant) functor.

Proof. From the definition of A, if (V, ) € ObB then (A*V, Akp) € Ob B,
Next, if f: (V, ) — (W,) is a morphism in B then A¥f : (A*V, Ak@) — (AFW, Aka))
is a morphism in B.
For, if o = o f with f bijective, then for all vy, ..., vk, wy, ..., wx €V,
Ao(op Ao Avgywy A Awy) = det(o(vi, w)))1<ij<k
det((¢ o f)(vi, w;))1<i <k
det(¢(fv;, fw;))i<i i<k
AR (foy Ao A fo, fwg A A fwy)
Akzb(:/\kf(vl ARERWA vk),{\k’f(wl A Awy))
enrw e
= Ao ARFlog Ao Avg,wp A Awy),

o
~
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giving A*p = A¥p o AFf, and A¥f is bijective by Corollary 6.6.

Further, if f € Homg((V, ¢), (W,%)) and g € Homp((W, ), (U, x)) are morphisms in B,
50 gf S HOH]B((V, Qp)v <U7 X))a then

AFf - (ARV, AFp) — (AW, ARy),
and A*(gf) : (A*V, AFp) — (A*U, A*y)
are all morphisms in B. By [3, page 591], the Schur functors, in particular A*  act in
afunctorial way on linear maps, so the composition property A*(gf) = A*gA* f holds.

Finally, if (V,¢) € ObB, let id(y,, be the identity map, whose matrix with respect to
any basis of V' is I, where n = dim V. Then id sy ak,) := identity map on ARV (with
matrix / () with respect to any basis of A*V) is clearly A¥(id(v,,)), by Proposition 6.4.
This completes the proof. l

Corollary 6.8. If (V,¢) and (W,v) are isometric symmetric bilinear spaces, then
(ARV, A*p) and (A*W, A¥)) are also isometric symmetric bilinear spaces.

Remark 6.9. One can also define two other categories, with more morphisms than B.

Let B, be the category whose objects are those of B and whose morphisms are K-linear

maps f : (V,¢) — (W, ¥) such that ¢ = ¢ o f.

Let B; be the category whose objects are those of B and whose morphisms are injective
morphisms of B,,.

Clearly B; and B are subcategories of B, but not full subcategories. The above results
also hold for B, and B;, and each A* is a functor on both B, and B;.

7. ALGEBRAIC PROPERTIES OF EXTERIOR POWERS

We derive some basic properties of A*: how it behaves with respect to scalar multiplica-
tion, orthogonal sum and tensor product of forms.

Proposition 7.1. Let ¢ be a symmetric bilinear form over K, let « € K and let k be a
positive integer. Then

k ik | aNfo if ks odd,
Aap) = a’A S0_{ Ao if k is even.

Proof. Let ¢, a and k be as in the statement. Suppose that ¢ acts on a vector space V'
and let x1,..., 25, v1,...,yx € V. Then

A(ag) (e A ANagyn A= Agr) = det(oo(i, y5))1<i <k
= o det(o(zi, y5))1<ij<n
= oFARp(@i A ATy A A ),
completing the proof. N

Remark 7.2. Proposition 7.1 says that A¥ is k-homogeneous with respect to scalar mul-
tiplication.
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Proposition 7.3. Let o and ) be symmetric bilinear forms over K and let k be a positive
integer. Then

AN Ly)y= | Ne Ny

i+j=k
Proof. This follows from Proposition 9.3 below. OJ
Corollary 7.4. Let py,..., o, be symmetric bilinear forms over K and let k be a positive

integer. Then

Aoy L L) = J_ Ay Aimp,

i1 tim=k
Proof. Use Proposition 7.3 and induction on m. O

Lemma 7.5. Let (V,p) be a symmetric bilinear space over K of dimension n. Then
?=nx (1) L2 x A%p.

Proof. Let ¢ = (ay,...,a,). Then
2 _ _
% - <a17"'7an>®<a17"'7a’n>_ J_ <a’iaj>

1<i,j<n
= (J_ <aiai)> L ( J_ <aiaj>> L < J_ (ajai>)
1<i<n 1<i<j<n 1<i<j<n
= nx (1) L2x A%
which completes the proof. Il

Proposition 7.6. Let (V,¢) and (W,1) be symmetric bilinear spaces over K of dimen-
stons nand m respectively. Then

A () = m x A%p+n x A% + 2 x A2pA*y)

Proof. Let ¢ = (ay,...,a,) be a diagonalisation of ¢. Then

N(py) = A((a)y L -+ L {an)t)
= A*(ap L -+ Lay)

= J_ A (agdp) - A (an)) by Corollary 7.4
= A*(ay) L -+ L A%*(an) L J_ aagt)
1<i1<iz<n
= aiN* L LaiA*) L o? J_ a1as by Proposition 7.1
1<ii<iz<n

= nx A% L y?A%p
and substituting ¢? = m x (1) L 2 x A%y using the last Lemma gives the result. O

Remark 7.7. Similar formulas may be proven for higher exterior powers A*(¢1)) and for
exterior powers of exterior powers using the polynomials in Definition 9.6 and the results
of Corollary 9.11 and Example 9.12 in the next section.
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8. PFISTER FORMS AND EXTERIOR POWERS

Recall that for aq,...,a, € K*, we can define the n-fold Pfister form

n

"l}: <<a17"'van>> = ®<1vai> = J_ <ai1"'aik>

i=1 ~ all subsets
{Zla"wzk}g{lr”vn}

Thus
v={eh= | at

where ¢ = (ay,...,a,). If ¢ is a form on V' then {(¢)) is naturally a form on A(V'), the
exterior algebra of V', viewed as a vector space.

Remark 8.1. Corollary 6.8 and the last fact give a quick way of seeing that if ¢, is
isometric to g, then ((p1)) is isometric to ((p2)).

Noting that the Clifford algebra of ¢, C(¢) = | ;_, A*V as vector spaces, it is reasonable
to look for a connection between C'(¢) and ().

Recall that the standard involution on C(y) is the involution ¢ which is the identity on
V, with o(xy) = o(y)o(x) for all z,y € V. An easy induction shows that for all positive
integers m, o(xy -+ Tp) = o(Tm) -+ - o(21).

Then the involution trace form on C(y) associated to o is the map
Tew : Cle) x Cl) — K : (2,y) — To) (2, y) = Tracec(y)/x 0()y.
Proposition 8.2. With the notation above,

e g, 15

Proof. Pick an orthogonal basis {v,...,v,} for V such that p(v;,v;) = a; for i €
{1,...,n}. Then a basis for C(¢) is given by the set of 2" products

B={v, v, :1<ig<---<ix <n,0<k<n}={f' v :6=011i=1,...,n}

n

We have that for all distinct =,y € B, with x = v{' -+ - v5"

n

o(x)r = o(vi'--- vt un
— 2 €1,,€1 €
— Un”...vl Ul .../Unn
_ 1> €2 €1,,62 3
= e, )

= p(v1,v1)"p(v2,v2)%2 - - (U, V)"

— €1 €2 En
= a;ay-a,

which is a scalar, and conversely, by linear independence, o(x)y is not a scalar. Thus, left
multiplication by o(z)y will move any element z of B to a scalar multiple of a different
element of B. It follows that the matrix for left multiplication by o(x)y will have all zeros
on the main diagonal and so be of trace zero; while the matrix for left multiplication by

o(x)z will be the scalar matrix aj'a3? - - - a" Ion which has trace 2"af'a3? - - - ar.

Hence, as a form, T¢ () has diagonalisation | ;_, 2" Ak with respect to the basis B,
completing the proof. O
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9. PROPERTIES OF W\(K) AS A A-RING

Definition 9.1. A pre-)A-ring R is a commutative ring with identity, and with unary
operations A" : R — R, for n =0,1,2,... such that for all x,y € R:

(@) N(z)=
(i) N(z)=
(iii)  N'(z+y) = ZAZ A"
An equivalent definition is: for z € R, con81der the formal power series in the variable ¢
defined by
() = X0(z) + A ()t + N2 (2)t? + - -
Then the conditions are that:
@) Az)=1;
(i) M) =
(1) M(w +y) = (@) Me(y).
Definition 9.2. Let R be a pre-A-ring. An element = € R is of finite degree n if \;(x)

is a polynomial of degree n, i.e. A'(x) = 0 for all i > n but \"(x) # 0. R is finitary if
each element of R is a difference of elements of finite degree.

Proposition 9.3. The Witt-Grothendieck ring W(K) under the operations of orthogonal
sum and tensor product forms a pre-\-ring with the exterior powers A* acting as the
A-operations.

Proof. We show that (i), (i) and (4i)’ of Definition 9.1 above hold. First, Corollary 4.6(a)
and the definition of A% to be the identity form imply (i) and (ii).

From the definition of a Pfister form we have, for by, ..., b, elements of a field L, that
(D1, by bty - b)) = (b1, -, 00) @ (bt -y by ) ().

We work over the field K(t) of rational functions in ¢. Given forms ¢ = (ai,...,a,),

W = (Apy1,y ..., Qnym) over K consider the forms (tai, ..., ta,), (tani1,. .., tay1m) Over

K(t). Then

(tay, ... ta,) =1 +to+t*A2o+ -+ "N = \(p).
Similarly, we have that (ta, 1, ..., tanim) = 1+ t) + 2A%) + -+ - + ™A™ = N\ (1) and

(tar, ... tanim) = 1+t +¥) + - +t"A"(p + ) = (e + ©). Then applying (x)
above shows that A(¢ + 1) = A(©)Ae(¢0), which is just ()" of Definition 9.1.

The equivalence of this to (4ii) proves Proposition 7.3. O
Remark 9.4. Each element of W(K )T is of finite degree, the degree being its dimension,

since Alp = 0 for all i > dim ¢ but AY™¥p = (det ). Thus W (K), whose elements are
formal differences of elements of W (K)™, is a finitary pre-A-ring.

Remark 9.5. Recall that the £ elementary symmetric function of symbols 1, ..., z,

IS ap = El§i1<-~-<ik§n Liy *+* Ly,
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Definition 9.6. Let &;,...,&, and n,...,n, be indeterminates. Define b,, and c¢,,, where
n,m € {1,2,3,...}, by

q

L byt + bot® + -+ = [J(1+ &),
=1
and
L+ et +cpt” + - = [ (1 + njt).
j=1

Then the b,, are the elementary symmetric functions of the &; and the ¢, are the elementary
symmetric functions of the n;. We define polynomials in the b,, and ¢,, as follows. Let

Pyu(by, ... by;ci,. .., cp) := coefficient of t* in H(l + &in;t)
2%
and

Qri(by, ..., by) = coefficient of t* in H (14 &, -+ &, t).

1<ip<---<;<q

Then P;, and @), are integer polynomials independent of ¢ and r provided both ¢, > k
in the case of P, and ¢ > kl in the case of ();;. Being integer polynomials, they are
well-defined over any ring with 1, in particular the Witt and Witt-Grothendieck rings.

Definition 9.7. A A-ring is a pre-A\-ring R in which (see [6, page 13])
(1) N(1) =141
(1)  N(wy) = Po\'a, .., Nea My, .o \Fy),  forallz,y € R, k>0
(ii7) N\ (@) = Qe Nz, ..., \2), forallz € R, k,1>0.
Proposition 9.8 ([6], page 17). Let R be a pre-A-ring in which
) A1) =1+t
(i)  each x € R is a finite sum v = Z +x;, where each x; has degree one;
(141) the product of two elements of degree one is again of degree one.
Then R is a A-ring.

Comment 9.9. For a general result on when a pre-A-ring is a A-ring, see [1, page 392].
For further details on A-rings and related topics, see Lectures V and VI of [1].

Corollary 9.10. The Witt-Grothendieck ring W(K) is a A\-ring, where the k™ \-operation
is defined to be the k™ exterior power A*.

Proof. We verify that the hypotheses of Proposition 9.8 hold. For (i), we have that

ML) = AL + A1)+ A1)+
= A°((1)) + A1)t  since A*((1)) =0 for all k& > 2
= (1) + (1)t by Definition 3.1

as required.
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(i1) follows from the Diagonalisation Theorem (see [9, Theorem 1.3.5] — every symmetric
bilinear space is an orthogonal sum of one-dimensional symmetric bilinear spaces), and

the construction of W(K ) as formal differences of elements of W(K )T
(i) is clear because (a)(b) = (ab) for all a,b € K. O
Corollary 9.11. Let P4 (m/d\Qk,l be the integer polynomials in Definition 9.6. Then, in
the Witt-Grothendieck ring W (K),
(1) AM(p®) = PN, .. Ao A, .. ARY),  for all .00 € W(K), k> 0;
(i) AN () = QMg ..., AMp),  for all p € W(K), k,1 > 0.

Example 9.12. The following formulas hold in any A-ring and in particular, in the Witt-
Grothendieck ring.

(1) MN(zy) = 2 Ny +y* Mo — 20 %2\

(2) N(zy) = 2° Ny +y* XMoo+ 302 Ny + 2y\ie Ny — 3207z NPy — 3yA\iy Vo

(3) N\ (z) = Nziz -\

(4) X(N(2) = Nz —NzXr4+ Mo\

Definition 9.13. Given A-rings R and S, a A-ring homomorphism is a ring homo-
morphism f: R — S such that

A'(f(x)) = fF(A\"(2)) for all z € R and all n > 0.
A A-ring endomorphism is a A-ring homomorphism f: R — R.

Remark 9.14. As in [6, pages 9-10], given a A-ring R and x € R written as a sum of n
elements of degree 1, x = x + - - - + z,, we may regard the k& M\-operation \* as the k"
elementary symmetric function a, = Zl§i1<---<ik§n x;, - - x;, of the ;. Recall that the
(symmetric) power sums s; are defined in terms of the a; via Newton’s formulas

s; = Sj_1a1 — Sj_aty + -+ (1) 2s1a;1 4+ j(—1)7a;

and solving for a; by Cramer’s rule as in [6, page 36| gives

S1 1
S9o S1 2 0
S3 So S1 3
k! x a = det : e ().
Sk—1 Sk—2 . S9 S1 k—1
Sk Sk—1 ... S3 S9 S1

Definition 9.15. Let R be a A-ring, let z € R and let k be a positive integer. We define
the k*" Adams operation, ¥* by

U (x) i= sp ().
Remark 9.16. Alternatively, (see [5, Definition 12.2.1]) we may define

Wy(z) =) W)tk

k>1
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by the relation
U, (r) = —ﬁ%&(x).
This definition leads to Newton’s formulas (see [5, Theorem 12.2.5]):
TH() = N (@) P (@) + -+ (D) 2N (@) (@) + k(=1 ().
Remark 9.17. Thus equation (%) in Remark 9.14 becomes, for z € R,
Ul(x) 1
U2(z)  Ul(x) 2 0

k! x A¥(x) = det @3@ \Il%(x) \Ij,l(x)

Url(z) Wr2(x) : CUl(z) k-1
Uk(z)  WFY(2) U 2(z) ... U2(x) Ul(a)

Proposition 9.18 ([6], page 48). Let R be a A-ring. Then each Adams operation is a
A\-ring endomorphism of R. In particular, ' = \' = the identity function on R.

Lemma 9.19. Let k be a positive integer, let (a) be a 1-dimensional symmetric bilinear

form and consider the A-ring W (K), equipped with Adams operations derived from the
M-operations A*. Then

k | (1), fork even;
P ({a)) = { (a), for k odd.
Proof. First note that W!({a)) = (a) since W' is the identity function by Proposition 9.18.
Next, by Remark 9.16, for any k£ > 1 we have
T ({a) = () P* 7 ((a)) + A*({a)) T2 ({a)) + -+ (1) A (@) (a) + k(=1)*A"({a)).

Now every term except the first involves a A7((a)) for some j > 2, and so is zero, since
A ({a)) = 0 for all j > 2. Thus we get

U*((a)) = (a)¥* 1 ({a)) for all k& > 1
and an easy induction starting from the first note above gives
U ((a)) = (a)".
Since (a)(a) = (1) € /W(K), the result follows. O

Proposition 9.20. Let n and k be positive integers and let ¢ be an n-dimensional sym-
metric bilinear form. Then, in the the A\-ring W (K),

ke | nx (1), fork even;
Vi) = { ©, for k odd.

Proof. Let ¢ = (ay, ..., a,). Since, by Proposition 9.18, ¥* is a A\-ring endomorphism of
W (K) for all positive integers k, we may write

v(o) =t | @) - T ((ar)

=1
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and the result follows from Lemma 9.19. O

Remark 9.21. For convenience, we will usually write n for the element n x (1) of the
Witt-Grothendieck ring W(K'). Then Proposition 9.20 says that

k | n, fork even;
V() = { p, for k odd.

Remark 9.22. Clearly the dimension of a form (see Remark 9.4) extends to a homomor-
phism deg : W(K) — Z. Using this, and the fact that ¥* is a A-ring endomorphism, we
can extend Proposition 9.20 as follows.

For any element x = ¢ — 9 € /W(K) where @, € W\(K)Jr, and any positive integer k:

ki ok & | degyp —degy = degx, for k even;
\Il(x)_\ll(gp)—\ll(qp)_{gp_w = for k£ odd.

10. EXTERIOR POWERS AND ANNIHILATING POLYNOMIALS

Definition 10.1. We define two (n + 1) x (n + 1) matrices M, (t) and N,(t) as follows:

t 1 t 1
n t 2 O n t 2 0]
wo=| 01T = nolot 1
n— " —
n t n @) 2 t
* t n t 1 t

We also define

D, (t) = det M,,(t)
and

T, (t) = det N, ().

Remark 10.2. Applying Proposition 9.20 to the determinant in Remark 9.17 we have that,
for a A-ring R and = € R,

z 1
n r 2 @]
(n+1)! x X" (z) =det [ © " T = D, ().
: : : oon—1
n Xz n
* xr n Xz

Lemma 10.3. The determinants D, (t) and T, (t) are equal.

Proof. We may use elementary row operations row; — row; —row; o, fori =3,... ,;n+1
to convert M, () to N,(t). Since adding a multiple of one row to another does not change
the determinant, we have that det M, (t) = det N, (t) as required. O

Lemma 10.4. The determinant D, (t) is equal to (t* —n?)D,_o(t).
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Proof. We use elementary column operations col; — col; —col; o, fori =1,... ;n—1to
convert M, (t) to
t 1 0 O
n—2 2 O 0 0
n—3 t :
n—3 :
@) 2 t n—2 0 O
1 t n—1 0
O ......................... 0 t n
O cvvere e 0 n t
which we see is just
0 O
Nn_ t .
0 |
n—1 0
0 --- 0 t n
0 --- 0 n t
Thus det M, (t) = det N,,_»(¢)(t* — n?) which is det M,,_5(t)(t* — n?) by Lemma 10.3 and
the proof is complete. O

Definition 10.5. Let n be a positive integer. Define the polynomial p,, € Z[t] by
pa(t)=(t—n)t—n+2)---(t+n).
So, for n even,
pa(t) = t(t* = 2%) -+ (¢* — n?),
and, for n odd,
pult) = (2 = 12)(#2 = 32) - (2 — n?).
We note that for n even, p,, is an odd polynomial, and for n odd, p, is an even polynomial.
Lemma 10.6. The polynomials p, satisfy the following recurrence relation:

pu(t) = (t + n)pn_1(t — 1) for all positive integers n.

Proof. An easy exercise. []

Proposition 10.7. The polynomial p,(t) is equal to the determinant D, (t) of the matrix
M, (t).

Proof. We verify the result by induction on n in steps of 2. The result is clear for n =1
and n = 2. For n > 2, Lemma 10.4 gives us that
D,(t) = (t* —n*)D,_»(t)
= (= n*)pu_s(t) (by the induction hypothesis)
= pa(t),
which completes the proof. Il
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Theorem 10.8. Let (V,p) be a symmetric bilinear space of dimension n. Then

(n+ 1)1 x A" o = p,(p) in W(K).

Proof. We know by Corollary 9.10 that W(K) is a A-ring. By Remark 10.2,
(n+1)! x A" = D,(p)

and by Proposition 10.7, since D,,(t) = p,(t) this becomes

(n+1)! x A"y = Du(p) = palw),
completing the proof. O
Remark 10.9. In fact for any element x € W(K ) of positive degree n we have

(n+ 1)l x A"z = p,(z) in W(K).
Corollary 10.10. Let (V,p) be a symmetric bilinear space of dimension n. Then

Pn(p) =0

i. e. the polynomial p, annihilates @ in W(K}

Proof. By Definition 3.1, we have that the (n + 1)th exterior power of an n-dimensional
symmetric bilinear form ¢ is zero. Then Theorem 10.8 gives

Palp) = (n+ 1! x A" o =(n+1)! x0=0
which completes the proof. O
Corollary 10.11. Let (V,p) be a symmetric bilinear space of dimension n. Then the
polynomial p,, annihilates the Witt class of ¢ in W(K).
Proof. This follows since the projection map 7 : W(K ) — W(K) is a ring homomor-

phism and OW(K) — Ow (k). O

Remark 10.12. Corollary 10.11 was first proven in [7]. Other proofs have since appeared,
see, e.g. [8], also a quick proof due to Leung is given in [7].

Definition 10.13. We define a more general determinant, DX(t), as follows:

t 1
n t 2 @]
t nt 3
DE(t) := det : :
t k-1
* n t k
t n t

Lemma 10.14. We have the following recurrence relation:
DE(t) = tDEF () — k(n — k + 1)DF2(t)

Proof. An easy computation of the determinant DF(¢) along the rightmost column. [
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Remark 10.15. When k = n we get p,(t) = D, (t) = D"(t). Note that D¥(t) # pi(t) when
Example 10.16. We easily work out that

Dy(t) = t

Di(t) = t*—n

and we can then work out all of the D¥(¢) and thus all of the D* (i) using the recurrence
relation Lemma 10.14.

Proposition 10.17. For a symmetric bilinear form ¢ of dimension n, we have
(k+1)! x Ao = Dy(p) = 9Dy Hp) — k(n — k + 1) Dy ()
and
Pa(®) = Du() = D;i(p) = D~ () — DR~ ().
Proof. This follows from Remark 9.17 and Lemma 10.14. O

Corollary 10.18. Let ¢ be a symmetric bilinear form of dimension n and let k > n.
Then

k
Dy () = 0.
11. SIGNATURE OF AN EXTERIOR POWER

Throughout this section, K will be an ordered field, and P will be an ordering of K.
The notation p,(t) and Df(t) will continue to denote the polynomials defined in 10.5 and
10.13 respectively. The notation signp(p) or sign(y) will denote the signature of ¢ with
respect to P.

Proposition 11.1. Let (V, ¢) be a symmetric bilinear space of dimension n and signature
sign(yp) = r, and let k be a positive integer. Then
Dy~ ()
k!
and, in particular, k! divides D*=1(r) for any positive integer k.

sign(Afp) =

Proof. This follows from Remark 10.2 and the facts that /W(K ) is a A-ring and that
sign : W(K) — Z is a ring homomorphism. We are justified in dividing D¥~1(r) by k!
since the signature of any form must be an integer. O

Example 11.2. Let ¢ be a symmetric bilinear form of dimension n = 8 and let £ = 5.
Then A*¢ has dimension () = 56. In this case DF71(t) = ¢(t* — 60t> 4 584), an odd
polynomial.

Now the possible signatures of any form are all congruent to its dimension modulo 2. Let
r = signp ¢, so possible values of r are —8, —6, —4, —2,0,2,4, 6, 8. These give the possible
values of signp(A¥g), using Proposition 11.1.

r =0 gives éDg(O) = % =0.

r =2 gives £ D§(2) = 20 = 6.
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r =4 gives $D§(4) = =20 = —4.

r =6 gives £ D5(6) = =230 = —14.

r =8 gives £ D§(8) = 8229 = 56.

Since DF~1(t) is odd, the other possible signatures are —6,4,14 and —56. Only forms
with these nine signatures can possibly be exterior powers over ordered fields.

Corollary 11.3. If (V, ) is a symmetric bilinear space of dimension n and signature r,
then r is a root of the polynomial D¥(t) for all positive integers k > n.

Proof. This follows from Proposition 11.1 and Corollary 10.18. O

Proposition 11.4. Let n, k be positive integers. Then the polynomial DF(t) is monic.
Further,

oy even if k is odd,
Dn(t) is { odd if k is even.
Proof. First note deg D¥(t) = k + 1 which is of opposite parity to k.

We proceed by complete induction on k. Fix n. By Example 10.16 D%(¢t) = t and
DL(t) = t* — n so the result is true for k =0 and k = 1.

Suppose the result is true for 1, 2,...,k — 1. The recurrence relation in Lemma 10.14 is
(5) DE(t) = tDF 1 (t) — k(n — k + 1)DF2(1).
Comparing degrees in (5) shows that
leading term of D*(t) = t(leading term of D*7'(t))
so D¥(t) is monic by the induction hypothesis.

Moreover, DE~1(t) has opposite parity to DF2(t) by the induction hypothesis, so the
parity of tDF71(¢) is equal to the parity of Df~2(¢). Thus the parity of the right hand
side of (5) is that of D¥2(t), and this is the parity of D¥(t), completing the proof. [

Corollary 11.5. Suppose k is an odd positive integer, and ¢ is a symmetric bilinear form
with signp @ = 0. Then signp(AFp) = 0.
Proof. Since k is odd, DF~1(¢) is an odd polynomial by Proposition 11.4. Thus
DETY0) = DF'(—0) = —D*1(0) which implies D*7*(0) = 0.
Then by Proposition 11.1, signp(A*¢) = D¥=1(0)/k! = 0 as required. O

Proposition 11.6. Suppose that k is an even positive integer, and ¢ is a symmetric
bilinear form with signp ¢ = 0 (so n := dim ¢ is even). Then
0 ifn < k;

signp(AFp) = (—1)h/2 (Zg) ifn >k
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Proof. The result for n < k follows since dim A*p = 0. Also, by Proposition 11.1,
. I e,
signp(Ap) = D (signp )
which in this case is

1 1
HDQ”(O) = E(constant term of DF™1(¢)).

For simplicity of notation, let m = n/2 and [ = k/2. We use the recurrence relation in
Lemma 10.14 for k — 1,

Dy (t) = tDy2(t) — (k = 1)(n — k +2) D7 (t),
with ¢ = 0 to get
Dy7H0) = —(k=1)(n—k+2)Dy7%(0) = -
= —(k=Dn—k+2)(=(k=3)n—k+4)(--)(=3(n—2))(-1(n)

— () T+ D - 2))

§=0
Now by Proposition 11.1, when n > k we have

k—1(g;
sign(Akgp) — Dn (Zl'gn(gp» _ %Dﬁ—l((n

-1
= ~1)' T4+ 1)(@m - 2j)

7=0
and writing k! = (21)! = [[,(2j + 1)(2j + 2) gives
-1
. (27 + 1)(2m — 2j)
Ak — l
sign(ATe) JH (2] + 1 )(2j + 2)
-1 m—j
= (-0 |-
<o j+1

which completes the proof. O

Corollary 11.7. Let ¢ be a hyperbolic form. Then A is hyperbolic if and only if k is
an odd number.

Proof. Each entry in the diagonalisation of Ay is a product of +1’s and —1’s and so
is either +1 or —1. Hence AFy is hyperbolic precisely when the number of —1’s is the
same as the number of +1’s, that is, precisely when signp(A¥¢) = 0 (with respect to any
ordering P).

Now signp ¢ = 0 since ¢ is hyperbolic, so the result follows from Corollary 11.5 and
Proposition 11.6. Il
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Proposition 11.8. Let ¢ be a hyperbolic form of dimension n = 2m, so o =mx (1,—1)
and let k = 2l be an even positive integer, with k < n. Then

sienp(8) = (-1 (]

That is, A*¢ has a Witt decomposition

o= (1) 3 (()-(3) o

Proof. Let ¢ be a hyperbolic form of dimension n = 2m and let £ = 2 be an even positive
integer, with £ < n; thus [ < m. As in Corollary 11.7, each entry in the diagonalisation
of AFy is either +1 or —1. Each pair (1, —1) gives a hyperbolic plane, and the unpaired
entries left over give the other part: there are |signp(A*)| unpaired entries.

From the proof of Proposition 11.6, since n and k are both even,
signp(Afp) = (1) (7)

so the other part of Ay is () x ((—1)") and the result follows. O

Remark 11.9. In fact, over any field K of characteristic different from 2, the k-fold exterior
power of ¢ = m x (1, —1) will have diagonalisation

- ()i <) (1) 0

but the (7}') x ((—1)") summand need not always be anisotropic.

12. HASSE INVARIANT OF AN EXTERIOR POWER

We denote by («, 3) or («, 3)k the quaternion algebra defined by e and 3 € K. Let B(K)
be the subgroup of exponent 2 of the Brauer group Br(K') of Brauer-equivalence classes of
central simple K —algebras (see [9, Corollary 2.13.2]). Recall that (-,-) : K x K — B(K)
is a (Steinberg) symbol: it is bimultiplicative and (o, 1 —a) =1 for alla« € K, a # 0, 1.

Definition 12.1. Let (V,¢) be a K-quadratic space with ¢ = (as,...,a,). Forn > 1
the Hasse invariant s(¢) of ¢ is defined by the formula

s(p) = H (a;,a;) € B(K)

and for n = 1 we define s(p) = 1. It can be shown (see [9, Remark 2.12.5]) that s(¢p) is
independent of the diagonalisation of .

Theorem 12.2. Let (V,p) be a quadratic space of dimension n and determinant d, and
let k be a positive integer. Then the Hasse invariant of A¥¢ is

s(Ahp) = s(p)?(d, —1)°

() ()

where
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Proof. Let ¢ = {(ay,...,a,) be of dimension n, and let d := det ¢ = a; - --a,. Then the
k*h exterior power of ¢ is the form

(6) Moo= | (4 -ay),
1<ip<-<ig<n

which has dimension (’;) The Hasse invariant of a quadratic form ¢ = (by,...,by,,) is

(7) s@W)= [ (.0

1<i<j<m
which is a product of (’;) terms.
To find the Hasse invariant for 1 = A¥¢ we need a well-ordering on terms of the form
a;, - --a;,. We define a lexicographic well-ordering on such terms as follows. Given multi-
indices i = (i1,...,i) and j = (j1, ..., Jk), We say
l:J ifil:jl, fOI‘l:L...,k‘;
i<j if 4, < j;, and the {*" position is the first position where i and j differ;
i>]j otherwise.

We write a; for a;, - - - a;, using this multi-index shorthand. Then the Hasse invariant of

AFyp is
(8) s(A*e) = [ (@i a5) = 11 (@i, -+~ iy, ajy - - ag,).

i<j (815-8) <(J15e-0k)

k

n

From Equation 6 and Equation 7, this has <(;)) terms in the product. Since (-,-) is
bimultiplicative, each term (a;, - - - a;,, aj, - - - aj,) can be written as

(aiu aj1>(ai17 aj2) T (aik7 ajk)

which is a product of k? terms of the form (ay,a,). Thus s(A¥¢) is a product of

N = kQ((g))

terms of the form (a,,a,). Let the number of occurences of (a1, a;) be e.

Since ¢ ~ (asa1),---,0om)), for any permutation o on n letters, Corollary 6.8 and [9,
Corollary 2.11.11] show that for each i € {1,...,n}, there will be e terms of the form
(ai,a;) in s(AFp). Thus there will be N — ne terms of the form (a;, a;) for fixed distinct

elements ¢ and j of {1,...,n}. Since there are (g) ways of choosing distinct 7 and j from
{1,...,n}, we see that for given ¢ and j with i # j, there are
N —ne
()

terms of the form (a;,a;) in s(A*p).

It remains to determine e. To do this, we establish how many entries in the diagonalisation
of A¥y contain a; in the product a;, - - a;,. Let a;, ---a;, be an entry containing a;. Then

a, appears as the first term, that is, 3 = 1 and a;, ---a;, = a1a;,---a;,. Now a; can

k k*
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appear at most once in an entry in A*p, so the other k — 1 of the a; in the product are
chosen from the remaining n — 1 elements of {2,...,n}. This choice can be made in

(o)

ways. Given a term aja,, ---a;,, Equation 8 and the lexicographic well-ordering show
that it will contribute one term (a;,a;) to the Hasse invariant for each entry aja;, - - - aj,
coming after it in the diagonalisation. The first entry ajas - - - a; in A¥e will have M — 1
entries after it containing a;, the second will have M — 2 entries after it containing aq,
and so on. Then the number of terms (ay,a;) in s(AFyp) is

(M—1)+(M—2)+~~+2+1:ii:%:<]\24>.

Thus

and ne = n(]\; )
A straightforward computation with binomial coefficients shows
N (WY (MY =),
2 2 2

It follows from another easy computation that

- )6

Since there are f copies of (a;,a;) for each i,j € {1,...,n} with i # j, Equation 7 gives

s(A) = s(p) (H(%m))

= s@ (@ am 1) = s(9)(d,~1)

Because symbols (a,b) have order 2 in the Brauer group, we are only interested in the
parity of f, which is the same as that of

o= (1)

s(Ap) = s(9)?(d, ~1)°
and the proof is complete. O

since g = f (mod 2). Then

Corollary 12.3. Let (V, ) be a quadratic space of dimension n and determinant d. Then
the Hasse invariant of A%p is

s(A%p) = s(p)"(d, — 1)~ D=2/
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which gives the following table:
ln (mod4)| 0 [ 1 | 2 | 3
‘ S(AQQD) ’ (da _1> ’ S(@) ‘ 1Br(K) ‘ S(QD)(d? _1) ‘

Proof. This follows immediately from Theorem 12.2 on noting that when k = 2, M =

(”Il) =n—1,s0e= (]2\/[) =(n—-1)(n-2)/2; and g = (nIQ) =n—2=n (mod 2).

To construct the table, we note that e is even if 4 dividesn — 1 orn —2,i.e.if n=1,2
(mod 4); otherwise e is odd. O
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