
On the level of prinipal ideal domainsJ. K. Arason, R. Baeza∗1. IntrodutionLet A be a ommutative ring with 1. If −1 an be written as a sum of squaresin A then the level s(A) of A is de�ned as the minimal number of squaresneeded. Else one says that s(A) = ∞.If A is a �eld then a well known result due to P�ster says that s(A) is apower of 2 or ∞. On the other hand, in [DLP℄ (see also [DL℄) it is shownthat any natural number an be realized as the level of some ring A.If A is a Dedekind ring then, by [B1℄, s(K) ≤ s(A) ≤ s(K) + 1, where
K is the �eld of frations. If s(K) = 1 then also s(A) = 1 beause A isintegrally losed. But in [B1℄ the question remained open, whether s(A) anhave the value s(K) + 1 if s(K) > 1. In this note we answer this questiona�rmatively. In fat, we shall show that there are examples where A is aprinipal ideal domain.At the end we also make some remarks on the sublevel of prinipal idealdomains. (See [DL℄ or Setion 3 for the de�nition of the sublevel.)We shall assume throughout that 2 6= 0. We shall use standard notationsin the theory of symmetri bilinear forms as, for example, in [L℄.2. Levels.In this setion we shall show that any number of the form 2n + 1 is the levelof some prinipal ideal domain.We start with a general result of independent interest.(2.1) Lemma. Let F be a �eld and let ϕ be a P�ster form over F . Let cand d be non-zero elements in F suh that d is not represented by ϕ over Fand c is not represented by the pure subform ϕ′ of ϕ over F . Let q(x) ∈ F [x]be a polynomial of even positive degree with leading oe�ient c. Then d isnot represented by ϕ over the ring F [x][

√

−q(x)].
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Proof. Suppose that d is represented by ϕ over F [x][
√

−q(x)]. This meansthat there are elements ~u(x), ~v(x) ∈ F [x]2
n suh that

ϕ
(

~u(x) + ~v(x)
√

−q(x)
)

= di.e.,
ϕ(~u(x))− q(x)ϕ(~v(x)) = d (1)and

ϕb(~u(x), ~v(x)) = 0 (2)where ϕb is the symmetri bilinear form with ϕ(~w) = ϕb(~w, ~w)) for every ~w.Note that ~v(x) 6= 0 sine ϕ does not represent d over F . Let 2k > 0 bethe degree of q(x) and l the degree of ~v(x), i.e., the maximum of the degreesof its omponents. From equation (1) it then follows that deg ~u(x) = l + k.We denote by ~a the leading oe�ient of ~u(x) and by ~b that of ~v(x).Looking at the oe�ients by x2l+2k in equation (1), we get
ϕ(~a)− cϕ(~b) = 0and the oe�ients by x2l+k in (2) give

ϕb(~a,~b) = 0Let e = ϕ(~b). As ϕ does not represent every element in F , ϕ must beanisotropi over F . Sine ~b 6= 0 it follows that e 6= 0. Then also ϕ(~a) =

ce 6= 0. The last equation says that ~a and ~b are orthogonal with respet to ϕ.Therefore the form ϕ ontains over F the subform 〈ce, e〉 ∼= 〈e〉〈1, c〉. But e isrepresented by ϕ and ϕ is multipliative so 〈e〉ϕ ∼= ϕ. Hene ϕ also ontains
〈1, c〉 as a subform, i.e., 〈1〉 ⊥ ϕ′ ∼= 〈1, c〉 ⊥ . . .. Canelling 〈1〉 we onludethat c is represented by ϕ′, ontraditing a hypothesis.Remark. The lemma also holds for d = 0 if `represented by ϕ' is understoodas `non-trivially represented by ϕ'.With this lemma it is easy to onstrut Dedekind rings A with �eld offrations K suh that s(A) = s(K) + 1.(2.2) Proposition. Let n ≥ 1 be an integer and let F be a �eld of level
> 2n. Assume that there is an element c ∈ F whih is a sum of 2n squaresin F but not fewer.Choose a square free polynomial q(x) ∈ F [x] of positive degree and withleading oe�ient c suh that q(x) is a sum of less than 2n+1 squares in F [x].2



Let A = F [x][
√

−q(x)] and K = F (x)(
√

−q(x)). Then A is a Dedekindring with �eld of frations K suh that s(K) = 2n and s(A) = s(K) + 1.Proof. A is a Dedekind ring beause q(x) is square free. It is lear that K isthe �eld of frations of A. Sine q(x) is a sum of m < 2n+1 squares in F [x],we see that −1 is a sum of m squares in K and hene s(K) < 2n+1. But
s(K) is a power of 2, so it follows that s(K) ≤ 2n.Lemma (2.1) with ϕ = 2n ×〈1〉 and d = −1 implies that −1 is not a sumof 2n squares in A, hene s(A) > 2n. As s(K) ≤ s(A) ≤ s(K) + 1 by [B1℄, itfollows that s(K) = 2n and s(A) = 2n + 1 = s(K) + 1.Remark. If F is the rational funtion �eld R(t1, . . . , t2n) and c = t21+· · ·+t22nthen, by a well known theorem of Cassels, the hypotheses of the theorem aresatis�ed.For q(x) one an take cx2 + 1.By the way, this result gives rise to another algebrai proof of the fatthat the ring Z[x1, . . . , x2n+1]/(1+x2

1+ · · ·+x2
2n+1) has level 2n+1. (For the�rst algebrai proof see [B2℄.)In fat, we even get prinipal ideal domains A with �eld of frations Ksuh that s(A) = s(K) + 1.(2.3) Theorem. For any integer n ≥ 1 there are prinipal ideal domains Awith �eld of frations K suh that s(K) = 2n and s(A) = s(K) + 1.Proof. By [S, Theorem 5.1℄, the Dedekind ring A in the preeding proof isa prinipal ideal domain if the polynomial q(x) has degree 2 and if the a�neoni given by y2 = −q(x) has no F -rational points. This is the ase if, forexample, q(x) = cx2 + 1.3. SublevelsRelated to the level s(A) of a ring A, there is another invariant, alled thesublevel σ(A) of A (see [DL℄). It is the smallest natural number r suh thatthere is a unimodular vetor (a1, . . . , ar+1) ∈ Ar+1 with a21 + · · ·+ a2

r+1 = 0.(Reall that a vetor (a1, . . . , an) ∈ An is said to be unimodular if there are
c1, . . . , cn ∈ A with a1c1 + · · ·+ ancn = 1.)For any ring A we have σ(A) ≤ s(A) beause a21 + · · ·+ a2

s
= −1 implies

a21 + · · ·+ a2
s
+ 12 = 0.If A is a �eld or a loal ring then it is easily seen that σ(A) = s(A).With some work, it an be shown that this also holds for semi-loal rings A.But in general this does not hold. For example the prinipal ideal domain

A = Q[x, y], 1+x2+2y2 = 0, satis�es σ(A) = s(K) = 2 but s(A) = 3, where3



K is the �eld of frations of A (see [CLRR℄, [DL℄). We shall later generalizethis example.A natural question to ask is how large the di�erene s(A)− σ(A) an be.The following proposition gives a partial answer.(3.1) Proposition. In general s(A) ≤ σ(A) + 4. If 2 is invertible in A theneven s(A) ≤ σ(A) + 1.Furthermore, for any ring A we have:If σ(A) = 1 then s(A) = 1.If σ(A) = 2 then s(A) ≤ 3.If σ(A) = 3 then s(A) = 3.Proof. In any ring A the equations
x2

1 + · · ·+ x2

r+1 = 0 and x1y1 + · · ·+ xr+1yr+1 = 1imply the equation
r+1
∑

i=1

((1 + q)xi − 2yi)
2 = −4where q = y21 + · · ·+ y2

r+1. If 2 is invertible in A we an divide this equationby 22 to see that then s(A) ≤ r + 1. In general we an rewrite the equationas ∑r+1

i=1
((1 + q)xi − 2yi)

2 + 12 + 12 + 12 = −1 and get s(A) ≤ r + 4.If r = 1 then (x1y2 − x2y1)
2 = −1 and if r = 2 then (x2y3 − x3y2)

2 +
(x3y1 − x1y3)

2 + (x1y2 − x2y1)
2 = −1. If r = 3 we use Euler's four squareformula to write (x2

1 + x2
2 + x2

3 + x2
4)(y

2
1 + y22 + y23 + y24) = (x1y1 + x2y2 +

x3y3 + x4y4)
2 + w2

2 + w2
3 + w2

4 with elements w2, w3, w4 ∈ A. It follows that
w2

2 + w2
3 + w2

4 = −1.Remark. By a private ommuniation, Detlev Ho�mann also has a proofof the general inequality s(A) ≤ σ(A) + 4. Furthermore, David Leep hasannouned a stronger general inequality. In [DL℄ there is a di�erent proof ofthe inequality s(A) ≤ σ(A) + 1 in the ase that 2 is invertible in A.We know no ring A with s(A) > σ(A) + 1. By the next proposition thisis at least impossible for a Dedekind ring A.(3.2) Proposition. If A is a Dedekind ring then there is an integer n ≥ 0suh that 2n ≤ σ(A) ≤ s(A) ≤ 2n + 1.Proof. Let A be a Dedekind ring and let K be is �eld of frations. Writing
s(K) = 2n we then get the statement from the inequalities s(K) = σ(K) ≤
σ(A) ≤ s(A) ≤ s(K) + 1. 4



The next proposition says that there are examples of s(A) = σ(A) + 1,where A is even a prinipal ideal domain.(3.3) Proposition. For any integer n ≥ 1 there is a prinipal ideal domain
A suh that σ(A) = 2n and s(A) = 2n + 1.Proof. Choose a �eld F of level > 2n with an element c that is a sum of
2n squares but not fewer. Write c as the sum c21 + · · · + c22n of squares in
F . Let q(x) = cx2 + 2c1x + 1. Then, q(x) = (c1x + 1)2 + c22x

2 + · · ·+ c22nx
2is sum of 2n < 2n+1 squares in F [x]. Let A = F [x][

√

−q(x)] and K =

F (x)(
√

−q(x)). By Proposition (2.2), then A is a Dedekind ring with �eldof frations K suh that s(K) = 2n and s(A) = s(K) + 1. But σ(A) ≤ 2nbeause √

−q(x)
2

+ (c1x+ 1)2 + c22x
2 + · · ·+ c22nx

2 = 0 and a vetor over Ahaving c1x+1 and c2x among its omponents is unimodular. As in the proofof Theorem (2.3) we see that A is a prinipal ideal domain.One an show that the algebrai number ring Z[
√
−6] is a Dedekind ring

A with �eld of frations K suh that σ(A) = s(A) = s(K) + 1. Anotherexample, but more di�ult to verify, is the ring A = R(t)[x][
√

−q(x)], where
q(x) = (1 + t2)x4 + 2tx3 + x2 + 1.For a prinipal ideal domain A this annot happen. Indeed, in [DL℄ itis shown that if A is a prinipal ideal domain with �eld of frations K suhthat 2 is invertible in A then σ(A) = s(K). Their proof of this, however,does not use that 2 is invertible. Hene we have the following.(3.3) Proposition. Let A be a prinipal ideal domain with �eld of frations
K. Then σ(A) = s(K).In fat, the argument an be used to prove the following more generalproposition.(3.5) Proposition. Let A be a prinipal ideal domain with �eld of frations
K. Let (M,β) be a non singular symmetri bilinear form over A. If theextension of (M,β) to K is isotropi then M ontains a unimodular element
u suh that β(u, u) = 0.Proof. As A is a prinipal ideal domain,M is free. We therefore may assumethat M = Am for some natural number m. The hypothesis then says thatthere is a non-zero vetor u ∈ Km with β(e, e) = 0. Clearing denominators,we may assume that u ∈ Am. We write u = (u1, . . . , um). Dividing by thegreatest ommon fator of u1, . . . , um, we then may assume that u1, . . . , umare relatively prime. But then (u1, . . . , um) is unimodular.5
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