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Abstract

Among the involutions of a Clifford algebra, those induced by the in-
volutions of the orthogonal group are the most natural ones. In this work,
several basic properties of these involutions, such as the relations between
their invariants, their occurrences and their decompositions are investi-
gated.
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1 Introduction

The main object of this work is to study the involutions of a Clifford algebra
induced by the involutions of the orthogonal group in characteristic two. For
the case of characteristic # 2, these involutions were studied in [8] in connection
with the periodicity of real Clifford algebras with involution. Also they were
considered in [15] in connection with the Pfister Factor Conjecture, which was
finally settled in [1]. In characteristic # 2, some properties of these involutions
were also investigated in [9].

Our starting point is a general analysis of involutions of orthogonal group
in characteristic 2. For the case of characteristic different from 2, the situa-
tion is much more straightforward as it is known that if 7 is an involution in
the orthogonal group O(V,q) then there exists a decomposition V = U L U+
with 7|y = id and 7|yr = —id. For the case where the characteristic of the
base field is 2, the situation is quite more subtle. Wiitala in [17, Thm. 2] pro-
vides a characterization of involutions of orthogonal groups in characteristic 2.
For every involution 7 in O(V,q), he proves that there exists a decomposition
V=WL1V, LV, -, where the restriction of 7 to W is trivial and exactly
one of the following is true: (1) each V; is a two-dimensional subspace of V
and the restriction of 7 to V; is a reflection; (2) each V; is a four-dimensional
subspace of V invariant under 7 such that the fixed space of 7|y, is a totally
isotropic space of dimension 2. In §3, several geometric interpretations of Wi-
itala’s result are obtained and his characterization is complemented.

An initial observation for the study of the involutions is that every involution
of a Clifford algebra C(V') which leaves V invariant, is induced by an involution



in the orthogonal group O(V,q). Let 7 € O(V,q) be an involution and let J,
be the involution induced by 7 on C(V). In §4, elementary investigations about
these involutions such as the calculation of their type (that is if J is of orthog-
onal or symplectic type) are done. Also some relations between invariants of
J: (e.g., the type and the discriminant (in the sense of [7])) and invariants of 7
(e.g., the Dickson invariant and the spinor norm) are obtained. Finally, in the
case of the nontriviality of the Arf invariant, these questions for the restriction
of J: to the even Clifford algebra Cy(V') are investigated.

In §5, involutorial versions of some relations between the Clifford algebra
and the even Clifford algebra (needed in the sequel) obtained by Mammone,
Tignol and Wadsworth in [10] are presented. These relations link an orthogonal
sum of a quadratic plane (i.e., a two-dimensional quadratic space) over F' and
an n-dimensional quadratic space over F' to the Clifford algebra of an (n + 2)-
dimensional quadratic space.

In §6, analogous to [9], a geometric characterization of an involution of a
quaternion algebra is obtained. It turns out that if (@, o) is a quaternion algebra
with involution then there exists a quadratic plane (E,¢) and an involution
7 € O(E,¢) such that (Q,0) ~ (C(E),J;). Also o is of symplectic (resp.
orthogonal) type if and only if 7 = id (resp. 7 is a reflection), see (6.1). In
view of this result, it is deduced that as an algebra with involution, (@, o) is
characterized by the spinor norm of 7. Then we show that a multiquaternion
algebra with involution (A4,0) := (Q1,01) ® -+ ® (Qn,0,) is isomorphic to
the Clifford algebra with involution (C'(V), J;) where 7 € O(V, q) is a suitable
involution of a certain quadratic space (V,¢q). Also a more precise description
of 7, depending on the type of o, is given. In particular it is shown that if o is
of symplectic type then the involution 7 € O(V, ¢) can be chosen to be identity
and if ¢ is of orthogonal type then 7 can be chosen to be an orthogonal sum of
reflections (see (6.3)).

Let (Q,0) be a quaternion algebra with an involution of the second kind.
In contrary to what happens in characteristic different from 2 (see [9, (6.10)]),
(Q,0) is not isomorphic to a Clifford algebra with involution (C(V),J;) for
any (V,q) and 7 (6.9). Instead of that it is shown that (Q,o) is isomor-
phic to an even Clifford algebra with involution (Co(V'),J;) where (V,q) is
a quadratic space of dimension 4 over the fixed field of ¢ restricted to the center
of . More generally if K/F is a separable quadratic extension with nontriv-
ial automorphism p, it is shown that the multiquaternion algebra (4,0) :=
(K,p)®(Q1,01)®---®(Qn,0x) is isomorphic to the even Clifford algebra with
involution (Cy(V), J;) for a suitable quadratic space (V, ¢) over F and an invo-
lution 7 in O(V, ¢). Furthermore it is shown that if n =0 mod 2 then 7 can be
chosen to be identity and if n =1 mod 2 then 7 can be chosen to be a reflection
(see (6.7)). In should be mentioned that in low dimensions (e.g., n < 2), these
results, for arbitrary characteristic, are already included in [5].

The main object of §7 is to investigate the behavior of the involution J, on
Co(V) in the case where (V,q) has trivial Arf invariant. Note that as in this
case Cy(V) is not central simple, one may wonder how does J, act on simple
components of Cy(V). Also one may want to see what is the relation between
the spinor norm of 7 and the discriminant of the restriction of J. to simple



components of Cy(V). In this section these questions and some other related
questions similar to those investigated in the previous sections, are studied.

It is relevant to mention that in characteristic # 2, the behavior of J, on
simple components of Cy(V'), even for the simplest case 7 = id, has been of
importance in many applications of Clifford algebras in the literature (see, e.g.,
3], [16], [11], [13)).

In characteristic 2, when 7 is arbitrary we are able to give a precise descrip-
tion of the action of J, on simple components of Cy(V). It turns out that,
depending on 7, the involution J, can also be a switch involution. See (7.8) and
(7.11).

In a final appendix, a universal mapping property for the even Clifford alge-
bra, analogous to [9, (3.3)], which is used to shorten some proofs in the paper
is presented.

2 Preliminaries and terminology

Let F' be a field of characteristic 2 and let V' be a finite dimensional vector
space over F. A quadratic form over F is a map ¢ : V — F such that q(Au +
wo) = A2q(u) + p?q(v) + AuB(u,v) for every \,u € F and u,v € V, where
B :V xV — F is a bilinear form over V. We have B(u,v) = q(u) + ¢(v) +
g(u + v) and so the bilinear form B is uniquely determined by ¢. In particular
B(v,v) = 0 for every v € V, ie., B is an alternating form. Two vectors
u,v € V are called orthogonal if B(u,v) = 0. The radical of V is defined as
radV ={z € V| B(x,y) =0 for every y € V}. We say that ¢ is nondefective if
ker(g|raav) = 0. If the bilinear form B is nondegenerate, (V, ) is called regular.
We call (V,q) or (V,q, B) a quadratic space if q is regular. Any quadratic space
(V,q) is necessarily even dimensional and has a basis B = {uy,v1,- -+ ,un,vn}
such that B(u;,v;) = 1 for each ¢ and all other distinct pairs of B are orthogonal
(see [14, p. 339]). Such a basis is called a symplectic basis of V. We denote by
[a, b] the two dimensional quadratic space (V, q) where V = Fu+ Fu, q(u) = a,
g(v) = b and B(u,v) = 1. Also we call {u,v} a standard symplectic basis of
(V,q).

We say that q represents a € F, if there is a nonzero vector v € V such that
q(v) = a. The set of values in F* = F'\ {0} represented by ¢ is denoted by
Dr(q). The quadratic space (V, q) is called universal if Dp(q) = F>*. If (V,q, B)
is a quadratic space and a € F*, the scaled quadratic space (V,a - q,a - B) is
defined by a - g(v) = ag(v) for every v € V.

An isometry between two quadratic spaces such as (Vi,q1) ~ (Va,¢2) is
an isomorphism of vector spaces 7 : Vi — Va5 such that go(7(v)) = ¢1(v)
for every v € Vj. Similarly, an isometry between two bilinear spaces such
as (Vi,B1) ~ (Va,Bg) is an isomorphism of vector spaces 7 : V4 — V4 such
that Ba(7(u), 7(v)) = B1(u,v) for every u,v € V4. Note that (V1,q1) ~ (Va, g2)
implies that (V1, By) ~ (V2, B2) but the converse is not always true. The group
of isometries of (V, q) is denoted by O(V, q) and is called the orthogonal group
of (V. q).

Let (V4,q1) and (Va,q2) be two quadratic spaces over F and define the
quadratic form g; L go over Vi @ Vs via (¢1 L g2)(v1 +v2) = ¢1(v1) + g2(v2). We
denote this quadratic space by (Vi L Va,¢1 L ¢2) and we call it the orthogonal



sum of (V1,q1) and (Va,q2). If (V1,q1) and (V2, g2) are quadratic spaces over F
and 71 and 7o are isometries of (V1, 1) and (Va, ¢2), respectively, the orthogonal
sum of 71 and 79 which is denoted by 71 L 75 is an isometry of (V1 L Va,q1 L ¢2)
defined by (71 L ) (vi 4+ v2) = 71 (v1) + T2(v2).

All F-algebras considered in this work are implicitly supposed to be asso-
ciative. The center of an F-algebra A is denoted by Z(A) and the group of
invertible elements of A is denoted by A*. If u € A is an invertible element, we
use the notation Int(u) for the inner automorphism of A induced by u:

Int(u): A— A, Int(u)(z) = uzu™'.

Let (V,q) be a quadratic space over a field F' of characteristic 2 and let
A be an F-algebra. A linear map f : V — A is called compatible with ¢ if
for every x € V, we have f(x)? = q(x) - 1. In particular if {vy,---,v,} is a
basis of V, then the linear map f is compatible with ¢ if and only if for every
1 < i < n, we have f(v;)? = q(v;) - 1 and for every 1 < i,5 < n, we have
fi) f(v;) + f(v;) f(vi) = B(vs,v5) - 1.

The Clifford algebra of a quadratic space (V,q) is denoted by C(V,q), or
C(V) if no confusion arises, and we consider V' as a subspace of C(V). We have
uv = vu + B(u,v) - 1 for every u,v € V. The even Clifford algebra of (V,q) is
denoted by Cy(V, q) or Co(V).

If 7 is an isometry of (V,q), then 7 induces an algebra automorphism I of
Co(V). The Dickson invariant

D:0(V,q) = Z/2Z

is defined by D(7) = 0 € Z/2Z, if I;|zcovy) = id and D(1) = 1 € Z/27Z
otherwise.

Consider the additive subgroup p(F) = {z + 2|z € F} of (F,+). Let
B = {uy,v1, - ,un, vy} be a symplectic basis of (V,q). It can be shown that
the class of 3" | q(u;)q(v;) in the quotient group F/p(F), which is called the
Arf invariant of (V,q) and is denoted by A(V, q) or A(q), is independent of the
choice of B (see [14, Ch. 9, (4.2)]). In particular the Arf invariant of the form
[a,b] is ab + p(F).

If (V,q) is a quadratic space, a nonzero vector v € V is called isotropic if
g(v) = 0 and anisotropic otherwise. A subspace W of V is called isotropic if
there is an isotropic vector in W, otherwise W is called anisotropic. Every
isotropic quadratic space is universal, see [12, Ch. I, (4.5)]. The subspace W is
totally isotropic if g(w) = 0 for allw € W. If W and W' are two maximal totally
isotropic subspaces of V, then one has dim W = dim W’ (see [4, (12.11)]). The
dimension of a maximal totally isotropic subspace of V is called the Witt index
of (V,q). By a quadratic plane we mean a 2-dimensional quadratic space (E, ¢).
Every quadratic plane has a basis {u,v} such that B(u,v) = 1. For such a
basis we have (uv)? = uv + q(u)q(v) - 1, where this equality is considered in
the Clifford algebra of (E,¢). Two quadratic planes (Eq1,¢1) and (Eg, ¢2) are
isometric as bilinear spaces but not necessarily isometric as quadratic spaces. It
is known that every quadratic space is an orthogonal sum of quadratic planes
(see [12, Ch. I, (4.3)]). Up to isometry, there is a unique isotropic quadratic
plane (E, ), which is called a hyperbolic plane. For every hyperbolic plane
(E, ) we have ¢ ~ [1,0]. We denote a hyperbolic plane by H. A quadratic



space (V,q) is called hyperbolic if it is an orthogonal sum of hyperbolic planes.
Every hyperbolic space has trivial Arf invariant.

An isometry 7 of (V,q) is called an involution in O(V,q), if 72 = id. Let
u € V be an anisotropic vector and define a linear transformation 7, : V— V
via T, (v) = v+ %u. It is easy to see that 7, is an involution in O(V,q).
Note that if B(u,v) = 0 then 7,(v) = v, also 7, (u) = u. We call 7, the
(orthogonal) reflection along u. In the literature, these isometries are also called
orthogonal transvections. It is easy to see that if u € V is an anisotropic vector,
then the restriction of the inner automorphism Int(u) of C(V') to V is just the
reflection 7,. If (V, q) is a quadratic space, then by a theorem due to Dieudonné,
every isometry o of (V,q) is a product of reflections except for the case that
dimV = 4, |F| = 2 and the Witt index of (V,q) is 2 (see [4, (14.16)]). If
0= Tu, - Tu, €O0(V,q), then it can be shown that the class of TI¥_,q(u;) in
the quotient group F'* /F*2 which is called the spinor norm of o and is denoted
by (o), is independent of the choice of the reflections 7,,’s, see [4, (14.17)]. In
particular if ¢ = 7, is a reflection, then the spinor norm of 7, is the class of
q(u) in the quotient group F*/F*2,

For an F-central simple algebra A the integer v/dimp A is called the degree
of A. An involution on A is an anti-automorphism o of A such that o2 = id.
Let (A, o) be an F-central simple algebra with involution. Consider the subfield
K of F consisting of the elements a of F such that o(a) = a. It is known that
either F' = K, or F/K is a separable field extension of degree 2. In the first
case we say o is of the first kind and in the second case we say o is of the second
kind (or of unitary type).

Let V be a finite dimensional vector space over a field F' and let B be a non-
degenerate bilinear form over V. The unique involution o on Endp(V'), char-
acterized by B(z, f(y)) = B(op(f)(x),y) for every z,y € V and f € Endp(V),
is called the adjoint involution of Endp (V') with respect to B.

Let (A4, 0) be an F-central simple algebra of degree n with involution of the
first kind. If L is a splitting field of A and V is an n-dimensional vector space
over L, then there is a nondegenerate symmetric or antisymmetric bilinear form
B over V such that (Ap,op) ~ (Endg(V),0p) (see [6, (2.1)]). An involution
o of the first kind is said to be of symplectic type if for any splitting field L
of A and any isomorphism (Ar,o0r) ~ (Endg(V),op), the bilinear form B is
alternating. Otherwise we say that o is of orthogonal type. For short, we say
that the central simple algebra with involution (A, o) is of orthogonal (resp.
symplectic) type if o is of orthogonal (resp. symplectic) type.

A quaternion algebra over a field F' of characteristic 2, is a 4-dimensional
F-algebra @ with a basis {1,i,j, k} subject to the relations i> +i = a € F,
j2 =8 € FX, ij = k and ij + js = j. Note that these relations imply that
k? = (ij)? = af. This algebra is denoted by [, 8) and we call {1,4,j,k} a
standard basis of Q. The map v : Q — Q defined by v(a + bi + ¢j + dk) =
a+b(i+ 1)+ ¢j + dk is an involution of the first kind on @ which is called the
canonical involution of (). The canonical involution + is the unique involution
on @ such that y(z)x € F for every x € Q, see [14, Ch.8, (11.2)].

If (A, o) is an F-central simple algebra with involution, the set of alternating
elements in A is defined as follows:

Alt(A,0) = {a —o(a)la € A}.



If Ais of even degree n = 2m over F' and o is of orthogonal type, the determinant
of o is the square class of the reduced norm of any alternating unit:

deto = Nrds(a)F*? € F*/F*? for a € Alt(A,0) N A*,
and the discriminant of o is the signed determinant:
disco = (—1)™deto € F*/F*2.

Note that by [7, Lem. 2.1] or [6, (7.1)], the determinant and the discriminant are
well-defined. Also if char F' = 2 the discriminant and the determinant coincide.

3 Wiitala’s characterization of involutions of or-
thogonal groups in characteristic 2

Definition 3.1. Let (V, ¢, B) be a quadratic space over a field F' of characteristic
2 and let 7 be an involution in O(V,q). We call the subspace Fix(V,7) = {v €
V | Tv = v}, the fized subspace of T.

We state here the following definition from [17].

Definition 3.2. Let (A, q) be a quadratic space of dimension 4 over a field F'
of characteristic 2. An involution 7 € O(4A, q) is called an interchange isometry
if the fixed subspace Fix(A, 7) is a two dimensional totally isotropic space.

Remark 3.3. In [17], such maps are called “basic null involutions”. In this
work have preferred to use the term interchange isometry. Also in view of (3.6)
below, this naming is not unreasonable.

Lemma 3.4. Let (A, q, B) be a quadratic space of dimension 4 over a field F' of
characteristic 2. If T is an isometry of (A, q), then T is an interchange isometry
if and only if there is a basis {w,x,y,z} of A such that {x,w} is a basis of
Fix(A, 1), q(w) = q(x) =0, 7(y) =x +y, 7(2) =w+ z, B(x,z) = B(w,y) =1
and all other pairs of vectors from this basis are orthogonal. In particular if T
is an interchange isometry of (A, q), then (A, q) is necessarily hyperbolic.

Proof. See [17, Lem. 2. O

Remark 3.5. If (A, ¢, B) is a 4-dimensional quadratic space over a field F of
characteristic 2 and 7 is an interchange isometry of (4, q), the basis {w, z,y, z}
of A with the properties stated in (3.4), can be chosen with the additional
property that ¢(y) = ¢(z) = 0; in fact set o« = q(y), 8 = q(2), ¥ = y + aw
and z’ = z + Bx. Tt is easy to see that the basis {w,z,y’, 2’} has the desired
property.

Proposition 3.6. Let (A, q, B) be a quadratic space of dimension 4 over a field
F of characteristic 2 and let T be an isometry of (A, q). The following statements
are equivalent: (1) T is an interchange isometry. (2) There exist hyperbolic
planes H; and Hy in A such that A = H; L Hy, 7(H;) = Hs and 7(Hs) = Hj.
(3) There exist quadratic planes By and Eg in A such that A = E; L Eo,
T(El) = EQ and T(Eg) = El.



Proof. (1) = (2): Let {w,z,y, 2} be the basis of A with the properties stated
in (3.5) and set u3 =y, us = x+y =7(u1), v1 = w+ z and vo = z = 7(v1).
Then

B(uy, uz) B(y,x +y) =0,

B(ui,v1) = B(y,w+2)=B(y,w)+ B(y,z) =1+0=1
B(ui,v2) = B(y,z) =0,

B(vi,us) = B(1(v2),7(u1)) = B(ve,u1) =0,

B(v1,v2) B(w+ z,z) =0,

B(usg, va) B(7(u1),7(v1)) = B(uy,v1) = 1.

As q(u1) = q(y) = 0 and q(v2) = ¢(z) = 0, the subspaces Fu; + Fv; and
Fus + Fvs of A are hyperbolic. Let Hy = Fuy + Fuv; and Hy = 7(H;) =
Fug + Fvy. Then Hy = Hy . Finally as 72 = id, we obtain 7(Hy) = Hj.

(2) = (3) is immediate.

(3) = (1): Set ug = 7(u1) and vo = 7(v1). Then Ey = Fuy + Fuvy. Let
v = auy + bug + cv1 + dve € Fix(A,7), where a,b,c,d € F. Then aus +
bui + cvy + dvi = auy + bug + cvy + dvs. Hence a = b and ¢ = d, ie., v =
a(uy +usg) + c(vy +v2). On the other hand the subspace F(uj +us) + F(v1 4 v2)
of A is fixed by 7. So Fix(A,7) = F(u1 + uz) + F(v1 + v2). Finally we have
q(u1+uz) = q(v1+v2) = B(ug +ug,v1+v2) = 0, i.e., Fix(A, 7) is a 2-dimensional
totally isotropic space. So 7 is an interchange isometry. |

Theorem 3.7. Let (V,q, B) be a quadratic space over a field F' of characteristic

2 and let T be an isometry of (V,q). Then T is an involution in O(V,q) if and

only if there is a decomposition of V into reqular subspaces V.= W 1L E; L
-1 E, LA L--- LA, such that:

(a) r and s are nonnegative integers and for every i, dimE; = 2 and dim A; =
4.

b) T maps each subspace W, E; and A; into itself.

(b)

(c) Tlw =

(d) 7|, is a reflection.

(e) T|a, s an interchange isometry.

Proof. See [17, Thm. 1]. O

Definition 3.8. Let (V, ¢, B) be a quadratic space over a field F of characteristic
2 and let 7 be an involution in O(V,¢q). We call the decomposition V. =W L
E, L.- LE LA L1 Agin (3.7), a Wiitala decomposition of (V, 1)
and we call the subspace W, a maximal fized orthogonal summand of (V,1); in
view of (3.9) below, this naming is justified. For every Wiitala decomposition
V=WL1E L---LE. LA L --- LA of (V,7), we have a decomposition
T=idw L7 L--- L7 L7 L -+ L7l whichis called a Wiitala decomposition
of 7 where 7; is areflection of E; for i = 1, - ,r and 7/ is an interchange isometry
of A; for i = 1,---,s (i.e., the integers r and s are the respective number of
reflections and interchange isometries in the above Wiitala decomposition of 7).



Proposition 3.9. Let (V,q, B) be a quadratic space over a field F of charac-
teristic 2 and let T be an involution in O(V,q). Let U C V be an orthogonal
summand of V' such that 7|y = id. Then there exists a mazimal fized ortho-
gonal summand W of (V, 1) such that U C W. In particular dim W is uniquely
determined by T.

Proof. Let U’ be an orthogonal complement of U, i.e., V. =U L U’. Then 7|y
is an involution in O(U’, qly+). Let U/ =W7 LE; L --- LE, L Ay L --- L A
be a Wiitala decomposition of (U’, 7|y/) and set W =U L Wy. Then V =W L
Ey L---LE. LA L--- 1A, isa Wiitala decomposition of (V,7). So W is a
maximal fixed orthogonal summand of (V,7) and U C W. O

Remark 3.10. Let (V, ¢, B) be a quadratic space over a field F' of characteristic
2 and let 7 be an involution in O(V, q). Let W be a maximal fixed orthogonal
summand of (V,;7). Then W is not necessarily unique up to isometry. For
example let (E;, ;) ~ [, 8], i = 1,2, be an anisotropic quadratic plane over
F with standard symplectic basis {u;, v;}. Set (V,q) = (E1,¢1) L (Eg,¢2) and
7 =1idg, L 7,, where 7, is the reflection of E5 along uy. Then 7 is an involution
in O(V, q) and W7 = E, is a maximal fixed orthogonal summand of (V, 7). Now
set W = F(u; +u2) + Fv; and E = Fug + F(v; + v3). Then V=W L E and
7lw = id. Also 7|g is the reflection along wus, because 7(u2) = us = 7y, (u2)
and 7(v1 4+ v2) = vy + (v2 + @m) = (v1 +v2) + WW = Ty, (v2). So
V =W L E is a Wiitala decomposition of (V,7) and W is a maximal fixed
orthogonal summand of (V, 7). Now we have q(u; + u2) = a+a =0, so W is
isotropic and Wy %2 W.

Definition 3.11. Let (V, ¢, B) be a quadratic space over a field F' of charac-
teristic 2 and let 7 be an involution in O(V,q). Let V=W LE; L--- LE, L
Ay L - L A, be a Wiitala decomposition of (V, 7). We call a symplectic basis

/ / / / " 4 1 1
{ulavla"' y Uty Uty Uy, Uy m Uy Uy Uy, Uy 00y Ugg,y Vg

of V' a 7-symplectic basis of (V, 1) if it satisfies the following conditions:

(a) The set {uy, vy, -+ ,us v} is a symplectic basis of the subspace W (so
t=1dimW).

(b) For 1 < i <, {u,v]} is a symplectic basis of the subspace E; such that
() # 0, 7(ul) = ] and 7(v!) = v} + el (e T, = 7o)

; " " " " 4 3
(c) Forl <i< s, {ul;_q,vh;_1,ub;, vy} is a basis of the subspace A; such that
" 1 3 3 " "
the subspace F'luy; _;+Fv5;_; is perpendicular to the subspace Fuy;+Fuvsy;,
" _ " " _ " " _ 1 " _ 1 4
T(ug; 1) = u;, T(uy;) = uy; o, T(v3; 1) = vy and T(vy;) = vy, (ie,
7|a, is an interchange isometry).

For simplicity, we denote the above 7-symplectic basis of V by {u1,v1, -+, tn, v}
where n =t+r+2s and for t+1 < i <t +r, we have u; = u,_, and v; = v}_,

and for t+r+1<i<t+r+2s=mn,wehaveu; =u , , andv;, =0, .

Remark 3.12. Let (E, ) be a quadratic plane over a field F' of characteristic
2 and let 7 # id be an involution in O(E, ). Then 7 is a reflection (see [17,
Lem. 1]). In particular for every quadratic plane (E, ) and every involution
7 € O(E, ), there exists an anisotropic vector u € E such that 7(u) = u.



Lemma 3.13. Let (E, p) be a quadratic plane over a field F' of characteristic
2 and let T be an involution in O(E,¢). Let t = dimFix(E,7) — 2 dimE and let
u € E be an anisotropic vector such that 7(u) = u. Then for every x € E, we
have 7(x) = x + (t + 1) B(z,u)u~!.

Proof. If 7 =id, then t = 1 and 7(z) = 2 = x + (¢t + 1)B(z,u)u~'. Otherwise
by (3.12), we have 7 = 7,, t = 0 and 7(z) = x + B(x,u)u™' = = + (t +
1)B(x,u)u~*. O

Lemma 3.14. Let (V,q, B) be a quadratic space over a field F' of characteristic
2 and let T be an involution in O(V,q).

(a) If dim V' = 2 then we have 7 = id if and only if for every v € V we have
B(v,7(v)) = 0.

(b) If dimV =4 and 7 # id, then T is an interchange isometry if and only if
for every v € V., we have B(v,7(v)) = 0.

(¢) We have B(v,7(v)) = 0 for every v € V if and only if there is no reflection
in any Wiitala decomposition of 7.

Proof. (a) If 7 = id, the conclusion is evident. Conversely suppose that 7 # id.
By (3.12) there exists an anisotropic vector u € V such that 7 is the reflection
along u, i.e., 7 = 7,. Let v € V with B(u,v) = 1. Then B(v,7(v)) = B(v,v +
ﬁu) = ﬁ # 0.

(b) Let 7 be an interchange isometry. Choose a basis {w,z,y, 2z} of V with
the properties stated in (3.4). Let v € V and write v = aw + bx + cy + dz where
a,b,c,d € F. We have

B(v,7(v)) = Bl(aw+bx+ cy+dz,aw+bx+ c(y+ ) +d(z +w))
= B(aw+bx+cy+dz,(a+dw+ (b+ c)x + cy + dz)
= act+bd+cla+d)+db+c)=0,

and we are done. Conversely suppose that B(v,7(v)) = 0 for every v € V. As
T # id, if 7 is not an interchange isometry then by (3.7) there is necessarily a
quadratic plane E C V such that 7|g is a reflection. But (a) implies that there
exists v € E such that B(v,7(v)) # 0, this contradicts the hypothesis.

(¢) If there is a reflection in a Wiitala decomposition of 7, then there exists
v € V such that B(v,7(v)) # 0. Conversely suppose that there is no reflection
in any Wiitala decomposition of 7. By (3.7), we can write V=W L Ay 1 --- L
As, where 7| = id and 7|4, is an interchange isometry. For every v € V' we
can write v = vy + vy + -+ + vs where vg € W and v; € A;, i =1,...,s. Then
using (b) we obtain

B(v,7(v)) = B(vo,7(v0)) + B(v1,7(v1)) + -+ B(vs, 7(vs))
= 0+0+---+0=0.

O

Proposition 3.15. Let (V,q,B) be a quadratic space of dimension 6 over a
field F of characteristic 2 and let T be an involution in O(V,q). Suppose that
V' has a decomposition of the form V = E 1L A where E is a quadratic plane



in'V, 7|g is a reflection and 7|s is an interchange isometry. Then there is a
decomposition of V of the form V =E; L Ey 1 E3 such that E1, Eo and E3 are

quadratic planes in' V' and for every i =1,2,3, 7|g, is a reflection.

Proof. See [17, Thm. 2]. O

Theorem 3.16. Let (V,q, B) be a quadratic space over a field F of character-
istic 2 and let T be an involution in O(V,q). Then there is a decomposition of
(V,7) in ezxactly one of the following forms:

(o) V=W LE; L.-- LE, where 7|w =id, E; is a quadratic subplane of V
and 7|k, is a reflection for every 1 <i < r.

O V=WLA L - L A, where 7|ww = id, dimA; = 4 and 7|s, is an
interchange isometry for every 1 < i < s.

Furthermore the type of decomposition occurring and the numbers r and s are
uniquely determined by T.

Proof. See [17, Thm. 2]. O

Definition 3.17. Let (V,q, B) be a quadratic space over a field F' of charac-
teristic 2 and let 7 be an involution in O(V,q). We say that 7 is of reflectional
(resp. interchanging) kind if V has a decomposition of the form (a) (resp. (b))
in (3.16).

The following result is a restatement of (3.14 (c)):

Corollary 3.18. Let (V,q, B) be a quadratic space over a field F' of character-
istic 2 and let T be an involution in O(V,q). Then T is of interchanging kind if
and only if B(v,7(v)) =0 for every v € V.

Proposition 3.19. Let (V,q) be a quadratic space over a field F of charac-
teristic 2 and let T be an involution in O(V,q). Let r be the number of reflec-
tions in any Wiitala decomposition of (V,7). Then r = dimFix(V,7) mod 2
and dim Fix(V, 1) = %dimW + %dimV where W is a mazimal fized orthogo-
nal summand of (V,7). In particular dimFix(V,7) > 2dimV. Also we have
dimFix(V, 1) = %dimV if and only if W = 0.

Proof. Let V=W 1LE; L .--- L E. LAy L--- 1 Ag be a Wiitala decomposi-
tion of (V,7). Then for 1 < ¢ < r, 7|g, is a reflection, so the fixed subspace of
7|, is one dimensional. Similarly for 1 < ¢ < s, 7|, is an interchange isometry,
so the fixed subspace of 7|4, is two dimensional. So the fixed subspace of the
restrictionof rtoEqy L --- L E, L A; L --- 1L A, has dimension r + 2s and we
obtain dimFix(V,7) = r + 2s + dimW = (r + 25 + 1 dim W) + 1 dimW =
% dimV + 4 dim W. Finally since W is a regular subspace of v, dim W is even,

2
so r =dimFix(V,7) mod 2. O

Remark 3.20. Let (V, ¢, B) be a quadratic space over a field F' of characteristic
2 and let 7 be an involution in O(V, ¢). If dimFix(V,7) = 1 dimV and 7 is of
interchanging kind, then by (3.19), (V,7) has trivial maximal fixed orthogonal
summand. So by (3.16), V. = A; L --- L A,. By (3.6), V is a hyperbolic
space. In particular the Arf invariant of ¢ is trivial. If 7 is of reflectional kind,
depending on (V, q), A(g) can be trivial or nontrivial. For example if V' = H and
7 is a reflection of V', then A(q) is trivial, while if V' = E is the quadratic plane
[1,6] with 0 € F\p(F) and 7 is a reflection of V, then A(q) = d+p(F) € F/p(F)

is nontrivial.
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4 Generalities on some natural involutions of a
Clifford algebra

Remark 4.1. Let (V, ¢) be a quadratic space over a field F' of characteristic 2
and let C'(V) be the Clifford algebra of (V,q). If 7 : V — V is an involution
in O(V, q), then 7 induces an involution J? on C(V) such that J(v) = 7(v)
for every v € V. Also if ¢ is an involution on C(V') such that o(V) = V, then
T = o|y is involution in O(V,q). We call J? the involution induced by 7 on
C(V) and we usually abbreviate Jg by J;.

Remark 4.2. Let (E, ¢) be a quadratic plane over a field F' of characteristic
2 and let 7 = 7, be a reflection along some anisotropic vector v € E. Extend
{u} to a symplectic basis {u, v} of E. Consider the involution J, on C(E). We
have J,(u) = u, J;(v) = v+ ﬁu and J;(uv) = 7(v)7(u) = (v + ﬁu)u =
vu+1=wuv. Soif x = a+bu+cv+duv € C(E) where a,b,c,d € F, then we get
x—J(z) = Ty U ie, Alt(C(E), J;) = Fu. In particular we have x — J,(z) € F
if and only if z = J, ().

Proposition 4.3. Let (E, ¢, B) be a quadratic plane over a field F of charac-
teristic 2 and let T be an involution in O(E, ). The involution J, on C(E) is
of symplectic type if and only if T = id if and only if D(7) =0 € Z/2Z. In other
words J; is of orthogonal type if and only if T is a reflection.

Proof. Suppose that 7 = id and {z,y} is a basis of E such that B(z,y) = 1.
Then J,(zy) = 7(y)7(x) = yz = a2y + 1, so 1 € Alt(C(E), J,) and by [6, (2.6)],
Jr is of symplectic type.

Conversely suppose that 7 # id. Then by (3.12), 7 is a reflection along some
anisotropic vector v € E, ie., 7 = 7,. By (4.2), Alt(C(E), J;) = Fu, hence
1 ¢ Alt(C(E), J;). So by [6, (2.6)], J- is of orthogonal type.

This proves the first part of the proposition. For the second part, if 7 # id is
an involution in O(E, ¢), then 7 is a reflection and for any reflection 7 we have
D(r) =1 € Z/2Z (see [14, Ch. 9, (4.11)]). O

Lemma 4.4. Let (Vi,q1) and (Va, g2) be quadratic spaces over a field F of char-
acteristic 2. If 1 and 2 are involutions in O(Vi,q1) and O(Va, q2), respectively,
then (C(V1), J7,) ® (C(V2), Jr,) = (C(Vi L Va), Jr 1)

Proof. Tt is easy to see that the linear map ¢ : Vi L Vo — C(V1)®C(Va) defined
by ¢(v1 + v2) = v1 ® 1 + 1 ® ve where v1 € V] and vy € V5 can be extended
to an isomorphism ¢ : C(V; L V) ~ C(V1) ® C(Va) (cf. [4, p. 120]). So it
remains to show that ¢ o J 1., = (Jr, ® Jr,) 0 . It is enough to check that
@0 Jrir(w) = (Jry ® Jr) 0 p(w) for every w € Vi L Vo. Write w = vy + vy
where v1 € V1 and vy € V5, then

(po‘]ﬁiﬁ(w) = (JDOJTliTQ(Ul +U2) :(10(7-1(’01)—’_7-2(1)2))
= 1) R1+1Q@7Ww) =, @J,) (11 @1+ 1Qv9)
= (JTI ® ‘]7'2) o 50(1)1 +’U2) = (‘]7'1 ® ‘]T2> © @(w)
O

Lemma 4.5. Let (V,q) be a quadratic space over a field F of characteristic
2 and let 7 be an involution in O(V,q). Then for every a € F* we have
(Co(V,q),J) = (Co(V,a-q), J1?).
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Proof. Define a bilinear map v : V x V. — Co(V,a - q) via ¢(z,y) = a~ ! -2y
for every x,y € V. For every x,y,2 € V we have ¥(x,y)¥(y,2) = (a=!-
ay)(a~t - yz) = a ?aqly) - a2 = a”lq(y) - 2z = q(y) - Y(x,2) and P(z,2) =
a~t-2? =ata-q(x) = q(x) - 1. So ¢ is an even Clifford map and by (A.5),
there exists an F-algebra homomorphism ¥ : Cy(V, q) — Co(V,a-q) induced by
U(xy) =a!-xy for every x,y € V. The map v is clearly an isomorphism.

Let {u1,v1, -+, Un, v, } be a symplectic basis of (V, q). For every 1 <i,5 < n
we have

U o J2(uiug) =W (7 (uy)7(ui)) = a7 (uy)7(ui) = 7 (@™ ugy) = T 0 W(uguy).
Similarly we have the following relations

Vo JH(vivy) = J7 0 W (viv),
Yo Jg(’uﬂ)ﬂ) = J;_l'q o \I/(’U,z’U])

So UoJi(x) = J¥90W(x) for every x € Cy(V,q). This completes the proof. O

Proposition 4.6. Let (A, q) be a quadratic space of dimension 4 over a field
F of characteristic 2 and let T be an interchange isometry of (A,q). Then the
involution J. on C(A) is of orthogonal type.

Proof. Let (E, ¢) be a quadratic plane over F' and let p be a reflection of (E, ¢).
Set V.=FE L A. Then 7 L p is an involution in O(V, ¢ L ¢q). By (3.15), there is
a decomposition V' =E; L Ey L E3 such that 7; := (7 L p)|g, is a reflection for
every i = 1,2, 3. Hence by (4.3), J,, is an involution of orthogonal type on C(E;).
Using (4.4) we obtain (C(V), J; 1,) =~ (C(Eq), J7,) @ (C(Ez), Jr,) @ (C(E3), Jr,),
and by [6, (2.23)], J-1, is of orthogonal type.

On the other hand we have (C(V), J-1,) ~ (C(A), J;) ® (C(E), J,). Since
(C(V), J-1,) is of orthogonal type, again by [6, (2.23)], J; is of orthogonal type
on C(A) and we are done. O

Theorem 4.7. Let (V,q) be a quadratic space over a field F' of characteristic 2
and let T be an involution in O(V,q). Then the involution J. on C(V') is of or-
thogonal type if and only if (V,T) has trivial maximal fized orthogonal summand
if and only if dimFix(V,7) = 1 dim V.

Proof. Let V=W 1L E; L --- L E. L Ay L --- 1 As; be a Wiitala decom-
position of (V, 7). We have (C(V), J;) ~ (C(W), Jia) ® (C(W'), J;,,,) where
W =E L---1LE, LA L--- 1A, The conclusion follows from (4.3), (4.4),
(4.6) and [6, (2.23)]. The equivalence of the last two statements follows from
(3.19). O

Corollary 4.8. Let (V,q) be a quadratic space over a field F' of characteristic
2.

(a) The involution Jig on C(V) is of symplectic type.
(b) Let T be a reflection of V. If dimV = 2, then the involution J; on C(V)
is of orthogonal type. If Aim'V > 4, then J; is of symplectic type.

Proof. (a) We have dimFix(V,id) = dimV > 1dimV. So by (4.7), Jiq is of
symplectic type.

(b) If dim V' = 2, then by (4.3), J is of orthogonal type. If dimV > 4, then
dimFix(V,7) =dimV -1 > % dim V and by (4.7), J; is of symplectic type. O
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Proposition 4.9. Let (V, q) be a quadratic space over a field F' of characteristic
2 and let T be an involution in O(V,q). Then D(T) is equal to the class of
dim Fix(V, ) in Z/2Z.

Proof. Let V=W L E; L.--- LE. 1L Ay L---1L A, be a Wiitala decompo-
sition of (V,7) and let {uy, vy, ,us, v, uf, 01, yul, vl o) o ul,, v}
be a T-symplectic basis with respect to this decomposition and set z = ujvy +
st wpvp + uju + o+ ulol + a4+ -+ ol Let I be the automor-
phism of Cy(V) induced by 7. Then I |y = id. Also for 1 < i < r, we
have I (uiv}) = w}(v} + q(i;)uli) = wv, + 1. Finally for 1 < i < s, we have
L (ul, vl +ubl) = ulol, +ul, vl ;. Hence I.(2) = z+r -1, where r
is the number of reflections in the above Wiitala decomposition of 7. Note that
by (3.19) the number of reflections modulo two is independent of the decompo-
sition of 7. Since Z(Cy(V')) is generated by 1 and z over F (see [4, (13.12)]), the
Dickson invariant D(7) is equal to the class of r in Z/2Z. On the other hand
by (3.19), r = dim Fix(V,7) mod 2 and therefore, D(7) is equal to the class of

dim Fix(V, 1) in Z/27Z. O

Lemma 4.10. Let F be a field of characteristic 2 and let A a be central simple
algebra over F. If [A : F| = n? is even and x € A is an element such that
2> =a € F, then Nrd(z) = o .

Proof. We have Nrd(z)? = Nrd(a) = o”. Since n is even and char F = 2, we
get Nrd(z) = a2. O

Proposition 4.11. Let F be a field of characteristic 2 and let (V,q) be a
quadratic space over F. Let T be an involution in O(V,q) such that J. is of
orthogonal type (in other words dimFix(V,7) = £ dimV ) on C(V).

(a) If dimV = 2, then disc J, = 0(7).
(b) If dimV >4, then disc J, =1 € F*/F*2.

Proof. (a) Since J; is of orthogonal type, by (4.3), we have 7 = 7, where u € V'
is an anisotropic vector. By (4.2), we have u € Alt(C(V), J;,). On the other
hand since u? = q(u) # 0, the vector u is invertible in C(V') and by (4.10),
Nrd(u) = q(u). So disc J,, = Nrd(u)F*? = q(u)F*? = 0(1,,).

(b) By (4.7), (V, 7) has trivial maximal fixed orthogonal summand, so (V, 7)
has a Wiitala decomposition V =FE; L --- L E, L A; L --- L A,. IfdimV =4,
then either 7 = 7 L 7 where 7;, i« = 1,2, is a reflection of E; or 7 is an
interchange isometry of V. In the first case we have (C'(V), J;) ~ (C(E4), J,,)®
(C(Eg), Jr,). Using [6, (7.3)], we have discJ, = disc(J,, ® J,) = 1. Now
consider the case where 7 is an interchange isometry. Let {w,z,y, 2z} be the
basis of V stated in (3.4). Then J.(zz) = 7(2)7(x) = (w + 2)z = wr + za =
wr+zz+1, ie, wr+1¢€ Alt(C(V),J;). Since B(z,w) = 0 we have wz = zw.
We therefore obtain (wz + 1)? = wrwr + 1 = w?2? + 1 = q(w)q(z) + 1 = 1. So
wr+1 € C(V)* and by (4.10), Nrd(wz+1) = 1. So disc J, = Nrd(wx+1)F*? =
1€ FX/F*2

If dim V' > 4, then using the Wiitala decomposition of (V, 7), there exist two
nonzero subspaces Vi and V5 of V such that V = V; L V5 and V; and V5 are
stable under 7. So (C(V),J;) ~ (C(V1),Jr) ® (C(V2),Jr,), where 7; = 7|y;,
i =1,2, and by [6, (7.3)], disc J, = disc(J, ® Jr,) = 1. O
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Lemma 4.12. Let (V,q) be a quadratic space over a field F' of characteristic

2 and let T be an involution in O(V,q). Let {uy,v1,- - ,ue, vp,ulf, 07, ul, v,
uf of oo ul v} be a T-symplectic basis of V. Set z = ujvy + -+ + ugvr +

whvl + - Fulvl +ufvl + -+ uf vl € Co(V) and 6 = q(ur)g(vr) + -+ - +
q(u)q(vs) +q(ut)g(vr) + - - + q(ur)q(v)) +q(uy)g(vy) + - -+ g(ugy)q(vs,) € F.
Then 22 = 2+ 8§ -1 and J;(2) = z+t-1. (Note that according to (3.19),
t =dimFix(V,7) — 3 dim V).

Proof. By [4, p. 123],wehave 22 = 24+0-1. Let V=W LE; L --- L E. L Ay |

-+ L A4 be a Wiitala decomposition of (V1) such that {uy,vq,- -, us, ve, uf, v}
g sunoly w o) ul vl is a T-symplectic basis with respect to this
decomposition and ¢t = dim Fix(V,7) — %dim V. For 1 < i < t, we have
Jr(uv;) = 7(v;)7(ui) = viu; = wv; + 1. Similarly for 1 < ¢ < r, we have
Jr(uvl) = 7(v))T(uh) = (vl + ﬁu;)u;)u; = viu,+1 = ujv]. Finally for 1 <i < s,
we have Jr(ug; 1051 + uy;vh;) = vyub; + g Uy = Us_ 1V + UsUY;.
We therefore obtain J;(z) = z + ¢ - 1 and the result is proved. O

Theorem 4.13. Let (V,q) be a quadratic space over a field F of characteristic 2
and let T be an involution in O(V,q). Lett = dimFix(V,7) — 3 dim V. Suppose
that A(q) is nontrivial. Consider the involution J. on Co(V):

(a) Ift =0 mod 2 then J; is of the first kind. Furthermore if t = 0 then J:
is of orthogonal type and if t # 0 then J; is of symplectic type.

(b) Ift=1 mod 2 then J. is of the second kind.

Proof. Let {uy,v1, -+ ,un,vn} be a T-symplectic basis of V' and let W be a
maximal fixed orthogonal summand of (V7). Set z = uyv; + - - + upvy,. Then
by (4.12), we have J,(z) = t-14z where t = 2+ dim W = dimFix(V,7)— 3 dim V.
By [4, (13.12)], Z(Cy(V)) is generated as an F-algebra by 1 and z over F. If
t =0 mod 2 then J-(z) = z, ie., Jr|zcy(v)) = id. Hence J; is of the first
kind. Now if ¢ = 0, then W = 0 and by (4.7), J is of orthogonal type on C(V),
so by [6, (2.6)] 1 ¢ Alt(C(V),J;). So 1 ¢ Alt(Cy(V), J;) and by [6, (2.6)], J; is
of orthogonal type on Co(V). Similarly if ¢ # 0, then ¢ > 2, so u;,v; € W and
Jr(uivy) = viug = uvy + 1. Hence 1 € Alt(Co(V), J;) and again by [6, (2.6)],
Jr is of symplectic type.

Ift=1 mod 2 then J;(z) = z + 1, so J; is of the second kind. O

Remark 4.14. Let (V,q) be a quadratic space over a field F of characteristic
2 and let 7 be an involution in O(V,q). If A(g) is nontrivial, then Co(V)
is a central simple algebra over Z = Z(Cy(V)) and Z/F is a quadratic field
extension. More precisely if {u1,v1, - ,un,v,} is a symplectic basis of V' and
zZ = uvy + - + uptp, then Z = F(2). o =a+ fz € Z for o, € F and
2% € F, then by (4.12) we have a® + 8%(z + ) € F where § = > 7| q(u;)q(v;).
So =0 and « € F. This shows that Z*2N F* = F*2. Therefore, there exists
a natural injection F*/F*? — Z*/7Z*? and we may consider F*/F*? as a
subgroup of Z*/Z*2.

Proposition 4.15. Let (V,q) be a quadratic space over a field F' of characteris-
tic 2 and let T be an involution in O(V,q). Suppose that A(q) is nontrivial and
J- is an involution of orthogonal type (in other words dimFix(V,7) = 1 dimV)
on Co(V). Leti: F*/F*? — Z*/Z*? be the natural injection discussed in
(4.14).
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(a) If dimV =4, then disc J, = i(0(7)).
(b) If dimV > 6, then disc J, is trivial.

Proof. Since A(q) is nontrivial, by [4, (13.12)], Co(V) is a central simple algebra.
Let {u1,v1, - ,un, vy} be a T-symplectic basis of V. By (3.19), (V, 7) has trivial
maximal fixed orthogonal summand, so (V, 7) has a Wiitala decomposition V' =
E, L---1E, LA L--- LA, If 7 is of interchanging kind, then by (3.20),
A(q) is trivial which contradicts the assumption. So 7 is of reflectional kind and
we may assume that 7 is an orthogonal sum of reflections 7, = 7, of E;. We
have J;(u1v2) = 12(ve)m1(u1) = (v2 + @m)ul = voup + @wul = uivg +
@ulu% i.e., uyus € Alt(Co(V), J;). We also have (ujus)? = q(u1)q(uz) # 0,
SO U1Ug € Co(V)*

(a) By (4.10), Nrd(ujuz2) = q(u1)q(uz). Therefore, disc J, = Nrd(ujug)Z*? =
q(u1)q(uz)Z*2. Finally note that we have T = 7,7, where we consider 7,, as
a reflection of V and therefore, disc J, = i(0(7)) = q(u1)q(uz)Z*2.

(b) As dimV > 6, we obtain deg(Cp(V)) = 0 mod 4. Since (ujuz)? =
q(u1)q(uz), by (4.10), we have Nrd(ujus) = 1, so discJ, = Nrd(ujuz)Z*? is
trivial. O

Remark 4.16. The assumption that A(g) is nontrivial in (4.15) is necessary,
because by [4, (13.12)], if A(q) is trivial, then Cy(V') is not central simple algebra
and the reduced norm is not defined. Also we have assumed that dimV > 4,
because if dim V' = 2 then J is identity and disc J; is not defined.

5 On a result of Mammone, Tignol and Wads-
worth

In [10] it has been shown that if (E, ¢) is the quadratic plane [a, b] where a # 0,
then for any quadratic space (V,q) we have C(E L V,p 1 q) ~ C(E,¢) ®
C(V,a-q) and Co(E L V,p L q) ~ Co(E",¢") ® C(V,a - q), where (E',¢’)
and (E”, ") are quadratic planes [a,b + a~161] and [1,d; + o], respectively,
here §; € F is a representative of the class A(q) € F/p(F) and d2 € F is a
representative of the class A(p) € F/p(F), i.e., A(q) = §1 + p(F) € F/p(F)
and A(p) = 62 + p(F) € F/p(F). We complement these results by showing
that:

Proposition 5.1. Let F' be a field of characteristic 2 and let (E,¢) and (V,q)
be two quadratic spaces over F such that dimE = 2.

(@) If ¢ ~ [a,b] for a,b € F and a # 0, then C(E L V,p L q) ~ C(E,¢") ®
C(V,a-q) ~C(E LV,¢ L a-q) where (E',¢") is the quadratic plane [a,b+a~14]
and 0 € F is a representative of the class A(q) € F/p(F). ([10, Prop. 5])

(i1) Let o and T be involutions in O(E, @) and O(V, q), respectively. Then there
exist a,b € F with a # 0 such that ¢ ~ [a,b] and (C(E L V,¢ L q), J;fff) ~
(CE LV,¢ La-q), J(f,/i‘f'q) where (E', ') is the quadratic plane [a,b+a~14],
d € F is a representative of the class A(q) € F/p(F) and o’ is a suitable invo-
lution in O(E', ¢"). More precisely suppose that {x,y} is a standard symplectic
basis of [a,b + a='8] and t = dmFix(E L V,o L 7) — 2dim(E L V). If
t=0 mod?2 then ¢’ =71, and if t =1 mod 2 then o/ = idg/. In other words
o(x)=x and o' (y) =y + (t+ 1)z~ .
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Proof. (i) This part has been proved in [10, Prop. 5], but as in the proof of
part (i) we need an explicit form of this isomorphism, we recall its construction
here. Let {u,v} be a standard symplectic basis of (E, ¢ = [a, b]), i.e., p(u) = a
p(v) = b and By(u,v) = 1. Let {ui,vi, - ,un,v,} be a symplectic basis of
(V,q) and set 6 = Y ", q(ui)q(v;) € F. Let {z,y} be a standard symplectic
basis of (E', ¢’ = [a,b+ a~16]). Define the linear map f : (E L V,¢o L q) —
OB LV, La-q)via f(u) = o, f(v) = y+ a2~ (urvs + - + tmv),
f(u;) = 7 u; and f(v;) = 27 'v;, 1 <@ < n. Let B = By, be the bilinear
form associated to the quadratic form ¢ | q. We have the following relations:

fw? = a*= 90'(96) =a= @(U),

flu)* = ( “*u

fl)? = (90—1%')2 ="

Since {u1,v1, -+, Up,v,} is a symplectic basis of (V,q), the set {ui,a vy,
,Un,a”1vy, } is also a symplectic basis of (V,a-q). We have a-q(u;) = aq(u;)

and a-q(a='v;) = a~1q(v;). So by (4.12) we have (the calculations are performed
in C(V,a-q)):

(a_lulvl 4+ .+ a_lunvn)2 = (a_lulvl + 4 a tu,wy)
+ ag(uy)a”" q(v1) + - - + ag(un)a™" q(vn)
= a Yuvy + - F upvyn) + 6,

So (urv1 + -+ -+ upvy)? = a(urvy +- - -+ upvy) +a28 in C(V, a-q) and we obtain:

f)? = (y+a a7 (uw + -+ upvn))?

= ¢ (y) +a 2z (alurvy + - + upvy) + a9)
+a M@y +yr ) (v + o+ unn)

= (b+a ') +a3(alurvr + -+ upvy) + a?d)
+ a (zy + y) (urvr + - + upvy)

= b+a '+ aP(urvr 4+ upvn) + a6
+ a2 (ugvr + -+ ugvy) = b= (o).

Now clearly for every 1 < i < n, we have f(u)f(u;) + f(u;)f(u) = 0= B(u,u;)

and f(u)f(v))+ f(vi)f(u) =0 (u v;). Similarly for every 1 <14 # j < n, we
i) f (ui)

have f(ui)f(u;) + f(u;)f(ui) = 0 = B(ui, uy), f(”i)f(vj)+f(vj)f( i) =0=
f(vi,vj) and f(u;)f(vy) + f(v; ( ;) = 0= B(u;,v;). For every 1 <i < n, we

Fu)f) + f)fw) = o ue oy 4+ o oy = 272 (wgv; + viwg)
= a Ya- By(ui,v:)) = Blug, ;).

We also have

F@)f)+ f)f(u) = a(y+a e (wvr + -+ upvy))
+ (y+a e wvr + -+ unvy))w
= azy+yx=1= B(u,v).
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For every 1 < i < n, we have

fw) f)+ f)f(u) = a7 ui(y+a o (uavr + -+ + upvn))
+ (y+ a_lx_l(ulvl 4+ unvn))z_lui
= zfluiy + yxilui
+ o7 (o e ugy) + (a7 e )ty
= (o 'w)uy +yla ' 2)u,
+ a2 2w (uv;) + a7 e T2 (wi;)ug
a tui(zy + yr) + a2 (wiuv; + ui(uv; + a))

= a tu;+a tu; = 0= Blu;,v).
Similarly for every 1 < ¢ < n, we have

(i) f(v) + f(v) f(vi) = B(vi,v).

So the map f is compatible with ¢ | ¢ and it can be extended to an isomorphism
fCELV,olq -CE LV,¢ La-q).

(77) By (3.12), there is an anisotropic vector u € E such that o(u) = w.
(So if o # idg, then ¢ = 7,). Extend {u} to a symplectic basis {u,v} of E.
Set a = p(u) and b = p(v). Then ¢ ~ [a,b]. By (i), we have C(E L V¢ L
q) ~ C(E L V,¢ 1 a-q) where (E',¢') is the quadratic plane [a,b + a~14]
and 0 € F is a representative of the class A(q) € F/p(F). We claim that
(C(E LV, Lq), o) ~ (CE LV,¢ La-q),J% ). We must show that

'YolT 'Yol LT
for every w € C(E L V) we have (f o J*1-9)(w) = (J£ %0 f)(w). It is enough
to check this for w = u, v, u;,v;, 2 = 1,--- ,n. Note that in both cases ¢/ = idg/
and o’ = 7, we have o'(z) = . We have

(fodfiN(w) = flu)=a=0d'(z) =TT ()

olr
= (JELT0 f)(u).

Since for every 1 < i < n, 7(u;) € V, we get f(r(u;)) = 7 17(u;) and

similarly f(7(v;)) = 27 17(v;). So for every 1 < i < n we have

(fodZiD(w) = fr(w)) =z r(u;) = o’ (@™ )r(us)

laqq, — 'La-
= J5 0N ) = (510 0 f)(w).
Similarly for every 1 < ¢ < n we have

(fodfiD(w) = f(r(v))=a""r(v;) =o' (™ )r(vi)

= JEECU ) = (J5 10 f)(w).

Set t; = dimFix(E,0) — £ dimE and t, = dimFix(V,7) — 3 dim V. Then
t = t1+t2. Note that 7 is also an involution in O(V, a-q, a-By). Since {u, vy, -,
Un, U} is a T-symplectic basis of (V,q), the set {u1,a tv1, -, up,a tv,} is
also a T-symplectic basis of (V,a - ¢q). By (4.12), we have J*9(uja" vy + -+ +
upa~tv,) = ta-14ui(a o)+ - -+un(a tv,) in C(V,a-q). So 7(vy)7(ug)+- -+
7(vn)T(up) = ta-a+uivi+- - -+unvy, in C(V,a-q). We have o’(y) = y+(t+1)x L.
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So using (3.13) we obtain

(JE L@ f)v) = JELETU g+ a e (woy + < - + Unvn)
= o'(y)+a H(T(v)T(ur) + -+ T(va)T(un))o’ (27
= y+(t+Dz " +a  ty-a+uv —l—---—i—unvn)x_
= y+({t+ta+ 1):071 + ail(ulvl 4+ unvn)zfl
= y+a (uor + - +upv)z + (t1 + 1)z~
= St (h+Du) = fo@w) = (f 0 T (),

which completes the proof. O

1

Corollary 5.2. Let (V,q) be a 2n-dimensional quadratic space over a field F' of
characteristic 2 and let 7 be a reflection of V. If n > 2, then there exists a 2n-
dimensional quadratic space (V',q") over F such that (C(V), J;) ~ (C(V’), Jid)-

Proof. Let u; € V be an anisotropic vector such that 7 = 7,,. Extend {u;} to a
symplectic basis {u1,v1, -+, Un, vy} of V. Set E; = Fuy + Fvy and Vi = Fug+
Fvo+ -+ Fuy, + Fu,. Then V. =E; L Vi, 7|g, is a reflection and 7|y, = id.
Set t :=dimFix(V,7) — 1dimV =(2n—1)—n=n—1. If n =0 mod 2, then
by (5.1 (ii)), we have (C(V), J;) ~ (C(E1 L V1), J7); 15a) = (C(V'), Jia) where
(V',¢') is a 2n-dimensional quadratic space. If n = 1 mod 2, we have n > 3,
so dimVy > 4. As (V4,q) is regular we can write V3 = Eo L V5 where Ey is
a quadratic plane. We have dimFix(E; L Va,7|g, L id) — 1 dim(E; L V3) =
2n—3)—(n—1)=n—2=1 mod 2. By (4.4) and (5.1 (ii)), we have

(C(V),Jr) = (C(Er),Jr,,) © (C(N), Jid)
=~ ((C(E1), Jrpe,) @ (C(V2 ) ) © (C(E2), Jia)
~ (C(Va), Jia) @ (C(E2), Jia) = (C(V'), Jia)-

Here V3 is a (2n — 2)-dimensional quadratic space which is determined by (5.1
(ii)) and V' = V5 L E;. O

Corollary 5.3. Let F be a field of characteristic 2 and let (E, @) and (V,q) be
quadratic spaces over F such that imE = 2. Let (B, ¢") be the quadratic plane
[1,0+0'] where & € F is a representative of the class A(p) € F/p(F) andd' € F
is a representative of the class A(q) € F/p(F). Let o and T be involutions in
O(E, p) and O(V,q), respectively.
(1) We have Co(E L V,p L q) =~ Co(E,¢') @ C(V,a - q). ([10, Prop. 5])
(i1) We have (Co(E),Jy) @ (C(V),J;) =~ (Co(E L V), Jyr1.) where o’ is a
sugtable involution in O(E', ¢').
(tit) There exists an element a € Dp(p) such that (Co(E L V), Jp1.) =~
(Co(E), Jor) @ (C(V,a-q), J&T) where o' is a suitable involution in O(E', ¢').
More precisely if {x,y} is a standard symplectic basis of [1,d + 6'] and t =
dimFix(E L V,o L 7) — 1 dim(E L V), the involution o' € O(E',¢') in (ii)
and (ii1) can be described as follows: if t =0 mod 2 then o' =7, and if t =1
mod 2 then ¢’ = idg .

Proof. By (3.12), there is an anisotropic vector u € E such that o(u) = u (so if
o # idg, then o0 = 7,). Extend {u} to a symplectic basis {u,v} of E. Set a =
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o(u) and b = p(v). Then ¢ ~ [a,b]. Let {uy,v1, -, un, vy} be a T7-symplectic
basis of V. Let 6 = p(u)p(v) =ab e F and &' = >, q(u;)q(v;) € F.

(ii) By (4.5), (Co(E, @), Js) ~ (Co(E, a-p), J5), so we may assume that a = 1,
b= 0 and ¢ = [1,4]. By (5.1 (ii)), there exists an isomorphism (C(E L V,¢ L
Q) Joir) = (C(E LV, ¢ L q),Js 1), such that if ¢t =0 mod 2 then ¢/ = 7,
and if ¢t =1 mod 2 then ¢’ = idg/. So ¢'(z) = z and if 0’ # id, then o’ = 7,.
Using this isomorphism and (4.4), the map ¢ : (C(E, ¢), J») ® (C(V,q), J;) ~
(C(E L Vo L q),Jpir) =~ (CE L V), Jpi,) induced by ¢¥(u® 1) = =z,
Plo®1) = y+ 2 wvr + -+ upvy), PO w) = 27wy and (1 @ v;) =
x~1v; is an isomorphism. The restriction of ¢ to (Co(E), J,) @ (C(V), J;) maps
(Co(E), J,) @ (C(V), ) to (Co(E" L V), J,1,) and the result is proved.

(iii) By (4.5), we have

(Co(E L V), JEH0) ~ (Co(E L V), JEEHT), (1)
where (E,a - ¢) =~ [1,8]. Note that {a~'u,v} is a standard symplectic basis of
(E,a- ). Let (E”,¢") be the quadratic plane [1,0 + ¢ + '] ~ [1,0] =~ (E, a - ¢)
with a standard symplectic basis {2/, 3'}. Set t; = dim Fix(E, o) — % dimE, t; =
dimFix(V,7)— £ dim V and ] = dim Fix(E’, 0’) — § dim E’. We have t = t; +t,.
By replacing E with E’ and o with ¢’ in (i7), we obtain an isomorphism

(Co(E), Jor) @ (C(V), J&T) = (Co(E" L V), JE, 29, 2)

where ¢ is an involution in O(E”, ¢). Furthermore if ] + 2 =0 mod 2 then
0" =1, and if t) +t3 =1 mod 2 then o” = idgr.

Now the linear map f : E — E” defined by f(a='u) = 2’ and f(v) = ¥/
induces an isomorphism C(E, a - ¢) ~ C(E"”,¢"”). Under this isomorphism, 7,
corresponds to 7, and idg corresponds to idg~, i.e., o corresponds to ¢”. So we
can rewrite (2) as follows:

(Co(E), Jor) @ (C(V), JE) = (Co(E L V), Jg £, (3)

yYolT

Furthermore if ¢} + t2 =0 mod 2 then 0 = 7, (ie., t; =0) and if t) +t2 =1
mod 2 then o = idg (i.e., 1 = 1). So we have t] +t2 = ¢; mod 2 which implies
that ¢t = t1 +t2 =t mod 2.

Using (1) and (3) we obtain the desired isomorphism:

(Co(E L V), JE1) = (Co(E), Jor) @ (C(V), &),

Finally ast =t} mod 2,if ¢t =0 mod 2 then t; =0 (i.e., 0/’ =7,) and if t =1
mod 2 then t} =1 (i.e., o/ = idg/). O

6 Multiquaternion algebras with involution

Let (Q,0) be a quaternion algebra with involution of the first kind. In [9] it
has been shown that if char F' # 2, then there exists a 2-dimensional quadratic
space (V,¢) and an involution 7 in O(V, ¢) such that (Q,0) ~ (C(V), J;) (see
[9, (6.2)]). Here we state this result for a field F' of characteristic 2.

Theorem 6.1. Let (Q,0) be a quaternion algebra with an involution of the
first kind over a field F of characteristic 2. Then there exists a quadratic plane
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(E, p) over F with an involution T € O(E, ) such that (Q,0) ~ (C(E), J.).
Furthermore if o is of symplectic type, then T is necessarily equal to id and if o
is of orthogonal type, then T # id is necessarily a reflection.

Proof. Let Q = [o, B) for @ € F, 8 € F* and consider a standard basis {1,14, 7, k}
of Q. Let v be the canonical involution of Q. Then by [14, Ch. 8, (7.4)],
there exists some z € Q* with y(z) = x such that o = Int(z) oy. So if we
write x = a + bi + ¢j + dk for some a,b,c,d € F, then b = 0 and we obtain
r=a+cj+dk. If c=d =0, then 0 = 7. Let E be the quadratic plane
[3,aB71] over F. By [14, Ch. 9, (4.6)], we have Q ~ C(E). Using (4.3), the
involution Jiq on C(E) is of symplectic type. Since 7 is the unique involution
of symplectic type on @, we have (Q,v) ~ (C(E), Jiq).

Now suppose that ¢ or d is nonzero, then there exists s,t € F such that
cs +dt = a. Let (E, ) be a quadratic plane over F with a basis {u,v} and
the relations p(u) = t2 + aff , ¢(v) = s> + 8 and B(u,v) = 8 # 0. Define
the linear map f : E — @ by f(u) = t + k and f(v) = s+ j. We have
fu)? = (t+k)? =1 +aB=p(u) and f(v)* = (s +j)> = s> + f = p(v). We
also have

fu)f) + f)f(u) = (t+E)(s+7)+(s+i)(t+Fk) =Fkj+jk
= ijj+jij = (ij + ji)j = j> = B = B(u,v).

So the map f is compatible with ¢ and it can be extended to an isomorphism
:CE) ~ Q. Let I =1 Ltovyo . Then I is an involution on C(E) and
(Q,v) ~ (C(E), I). We have the following relations:

Iu)=v¢  oyorp(u) =y oy(t+k) =~ (t+ k) =u,

Iw)=v¢  oyop(v) =9 ory(s+j) =v (s +j) =v.

So I = Jig,. Now let T =1 ~"too o . Then T is an involution on C(E) and
(Q,0) ~ (C(E),T). We have ¢(du+cv) =d(t+k)+c(s+j)=a+cj+dk =z,
so ™ Hx) = du + cv € E. Since o = Int(z) oy, we obtain T = ¢ Logor) =
gL oTnt(e) oy o = (¥ o Tut(z) o %) o (Y1 0y 01) = Inb($~(z) o .
By (4.1), in order to show that T' = J; for some involution in O(E, ¢), it is
enough to show that T'(E) = E or equivalently T'(w) = Int(¢~1(x)) o Jig, (w) =
Int(¢p~1(z))(w) € E for every w € E. But since z € Q*, we get 22 # 0, so
o= z)) = =1 (x)? £ 0, i.e., P ~1(z) is anisotropic. On the other hand we
have ¢ ~1(z) € E, so Int(¢)"1(2))|g is a reflection and T(E) = E. So o = J, for
some isometry 7 of (E, ¢).
This proves the first part of the result. The second part follows from (4.3).
O

Corollary 6.2. Let (E,p,B) and (E',¢', B’) be two quadratic planes over a
field F of characteristic 2. If T and 7' are reflections of (E,¢) and (B, ¢’),
respectively, then the following statements are equivalent: (1) (C(E),J;) =~
(C(E),Jr). (2) C(E) ~C(E) and (1) = 0(").

Proof. According to (4.11), we have disc J. = 6(7) and disc J» = 0(7'). The
implication (1) = (2) is immediate and (2) = (1) follows from [6, (7.4)]. O

The next result is analogous to [9, (6.3)].
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Theorem 6.3. Let F be a field of characteristic 2 and let (Q1,01),-++ , (Qn,0on)
be quaternion algebras over F with involutions of the first kind. Let (A o) ~
(Q1,01) ® - ® (Qn,0n). Then there is a quadratic space (V,q) of dimension
2n over F and an involution 7 in O(V,q) such that (A,o0) ~ (C(V),J;). Fur-
thermore if o is of orthogonal type then dimFix(V, 1) = %dimV and T can be
chosen to be an orthogonal sum of reflections and if o is of symplectic type then
T can be chosen to be identity.

Proof. By (6.1), for each 1 < i < n there is a quadratic plane (E;, p;) with
an involution 7; € O(E;, ¢;) such that (Q;,0;) ~ (C(E;),J;,) and by (4.4),
(A,0) ~ (C(V),J;) where (V,q) = (E1,1) L -+ L (Ep,on) and 7 = 71 L
-+« L 7,. If o is of orthogonal type then by [6, (2.23)], each o; is of orthogonal
type and by (6.1), 7; is a reflection for each ¢, so 7 is an orthogonal sum of
n reflections and dim Fix(V, 1) = %dim V. If o is of symplectic type then by
[6, (2.23)], at least one of the o;’s is of symplectic type, say o1. Then by
(6.1), (Q1,01) = (C(Ey), Jia). Now if o3 is of symplectic type then (Q1,01) ®
(Q2,02) ~ (C(Eq), Jia)®(C(E2), Jia) =~ (C(E; L Es), Jia). If o9 is of orthogonal
type, one can write (Q2,02) ~ (C(Ez), J-,) where 75 is a reflection of Es. So
(Q1,01) ® (Q2,02) ~ (C(E1), Jia) ® (C(E2), Jr,) ~ (C(E1 L Ez), Jiarr,). By
(5.2) this is isomorphic to (C'(V'),Jia) for a suitable 4-dimensional quadratic
space (V,q) over F. Now induction on n completes the proof. O

Lemma 6.4. Let K/F be a separable quadratic extension of fields of characteris-
tic 2 with the nontrivial automorphism p. Then there is a quadratic plane (E, @)
over F such that (K,p) ~ (Co(E), Jia). Furthermore if (E,¢) is a quadratic
plane over F and 7 is an involution in O(E, ¢) such that (K, p) ~ (Co(E), J;),
then T is necessarily identity.

Proof. Since K /F is separable we may assume K = F(x) where 2?+z = 6 € F*.
Let (E, ¢) be the quadratic space [1, ] with a standard symplectic basis {u, v}.
Define f : K — Co(E) via f(A + px) = A+ puv for every A\, u € F. We have
f(@)? = (w)? = ww +6 = f(z +6) = f(x?). So for every A1, u1, Ao, p2 € F
we have f((A1 + p1x)( A2 + p2z)) = f(A + pruv)(Ae + pouv)). Hence f is an
F-algebra homomorphism and in fact an isomorphism, because it is obviously
surjective. We have

Jias © J() = Ja(uv) = ou = wv + 1= f(z + 1) = f o p(a).

So (K, p) =~ (Co(E), Jid)'

Now suppose that (K, p) ~ (Cy(E), J,) for a quadratic plane (E,¢) and an
involution 7 € O(E, ). As p(z) = x + 1, there is y € Cy(E) C C(E) such that
J-(y) =y+1,ie, 1€ Alt(C(E), J;), so by [6, (2.6)], (C(E), J;) is of symplectic
type and hence by (4.3), 7 = id. O

Remark 6.5. In contrast with the case where char F' # 2, if (V,q) is a 2n-
dimensional quadratic space over a field F' of characteristic 2, then there is no
quadratic form ¢’ : V' — F with dim V' = 2n — 1 such that Co(V) = C(V").
In fact suppose that there is an F-algebra isomorphism f : C(V') ~ Cy(V).
Since dim V"’ is odd, (V’,¢’) is not regular and there is an element u € V’
such that B(u,v) = 0 for all v € V'’ and hence u € Z(C(V’)). So we must
have f(u) € Z(Cy(V)). Therefore, we can write f(u) = A + p(urvy + -+ +
Unvy) where {uq,v1, -, un,v,} is a symplectic basis of (V,q). Since f is an
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F-isomorphism, g # 0. On the other hand we have u? = ¢'(u) € F, but
f(u)? =X+ 12 (q(ur)g(vr) + - + q(un)q(va) + urv + - + upv,) ¢ F which
is a contradiction.

Remark 6.6. Let K/F be a separable quadratic extension of fields with the
nontrivial automorphism p. If char ' # 2, then there is a 1-dimensional quadratic
space over F' such that K ~ C(V). But if char F = 2, then (6.4) and (6.5)
show that there is no 1-dimensional quadratic space (V,q) over F such that
K ~C(V).

Theorem 6.7. Let F be a field of characteristic 2 and let (Q1,01),-++ , (Qn,0on)
be quaternion algebras over F with involutions of the first kind. Let K/F be a
separable quadratic extension with the nontrivial automorphism p. If (A, o) ~
(Q1,01)® - ®(Qn,0n)R(K, p), then there is a quadratic space (V,q) of dimen-
sion 2n+2 over F' and an involution T in O(V, q) such that (A,0) ~ (Co(V), J;).
Furthermore if n =0 mod 2, then 7 can be chosen to be identity and if n = 1
mod 2, then T can be chosen to be a reflection.

Proof. By (6.3), there is a quadratic space (V’, ¢’) of dimension 2n over F and an
involution 7/ € O(V’, ¢') such that (Q1,01)®- - ®(Qn,0n) = (C(V'), J-). Also
by (6.4), there is a quadratic plane (E, ) over F such that (K, p) ~ (Co(E), Jia)-
By (6.3), we can choose (V',7’) such that either 7/ =idy  or 7/ =7 L --- L 7],
where 7/, 4 =1,--- ,n, is a reflection of some quadratic subplane E; of V’. Set
t=dimFix(V' LE, 7" Lid) — dim(V’ L E).

First suppose that 7/ = idy,. We have t = n+ 1. If n = 0 mod 2, then
by (5.3 (ii)), there exists a quadratic plane (E’, ') over F such that (A,o) ~
(C(V/), Jid) ® (Co(E), Jid) ~ (C()(V/ 1 EI), Jidlid)- So (A,O‘) ~ (C()(V), Jid)
for V=V LE. If n =1 mod 2, then by (5.3 (i7)), there exists a quadratic
space (E',¢') over F with a reflection 7" such that (A4,0) ~ (C(V'), Jia) ®
(Co(E), Jid) >~ (Co(v/ 1 E/), JidJ_T//). So (A, O’) ~ (Co(V), Jq—) for V=V LE
and the reflection 7 = idy+ L 7.

Now suppose that 7/ = 7 L --- L 7/. We have t = 1, so by (5.3 (ii)),
there exists a quadratic space (E', ¢’) over F such that (A,0) ~ (C(V'), J;/) ®
(Co(E), Jid) >~ (Co(v/ L E/), J-,—/J_idE,). If dim V/ = 2, then (A, O’) ~ (Co(V), JT)
where V. =V’ L E and 7 = 7/ L idg is a reflection of V. So suppose that
dim V' > 4. We have

(A,U) =~ (CO(V/ 1 E/), J-,—/J_idE,) =~ (Co(E/l L W), ‘]"'{J—P)’

where W = E, L .- L E, L Eandp =17 L --- L 7, L idg. We
have dimFix(E} L W,r{ L p) — 1dim(E] L W) = 1, so by (5.3 (iii)),
(ColBy L W), Jy1p) ~ (CoE"), Jia) @ (C(Wya - 41), J,) where (B, ") is a
suitable quadratic space over F, ¢ is the restriction of ¢ L ¢’ to W and
a € Dp(qlg;). Since dimFix(W,p) = n+1 > n = $dimW, by (4.7), the
involution J, on C(W) is of symplectic type. So by (6.3), there exists a
quadratic space (V”,¢"”) over F such that (C(W,a - q1),J,) ~ (C(V"), Jia).
So we have (A,0) ~ (Co(E"), Jia) ® (C(V"), Jia). Now by an argument simi-
lar to the case 7 = idy-, we have (A,0) ~ (Co(V), Jig) if n = 0 mod 2, and
(A,0) ~ (Co(V), J) for some reflection 7 if n = 1 mod 2 and the result is
proved. O
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Corollary 6.8. Let (Q,0) be a quaternion algebra with involution of the second
kind over a field K of characteristic 2. Let F C K be the fized subfield of
o|k. Then there exists a 4-dimensional quadratic space (A,q) over F such that

(Q,0) ~ (Cu(A), J;) where T is a suitable reflection of (A, q). ([5])-
Proof. The result follows from [14, Ch. 8, (11.2)] and (6.7). O

Remark 6.9. With the notation of (6.7), if n =1 mod 2 then the involution
7 € O(V,q) can not be chosen to be identity; because in this case dimV =
2n4+2 =0 mod 4 and Jiq is an involution on C(V') of the first kind, i.e., the
involution o is of the first kind which contradicts the assumption. In particular
the involution 7 of (6.8) can not be chosen to be identity. Also there is no
(2n — 1)-dimensional quadratic space (V,q) over F such that A ~ C(V'). This
fact is an easy consequence of (6.5) and (6.7).

Proposition 6.10. Let (A, q) be a 4-dimensional quadratic space over a field
F of characteristic 2 and let T be an interchange isometry of (A,q). Then
(C(A), J;) =~ (C(Hy), Jr,, ) @ (C(Ha), Jr,,) where (Hi,p1) and (Ha, o) are
isometric to the hyperbolic plane [1,0] over F with respective standard sym-
plectic bases {u1,v1} and {ua,va} and 1,,, © = 1,2, is the reflection along the
anisotropic vector u; € H;. In particular 0(ty,) = 0(1y,) =1 € F*/F*2. Pur-
thermore if {w,x,y,z} is a basis of A with the properties stated in (3.5), then
(C(Hy), Jr,,) (resp. (C(Hz), Jr,,)) is isomorphic, as an F-algebra with involu-
tion, to the F-quaternion algebra generated by {1+ x4+ w + zw,y + 2z + xzw}
(resp. {14+ x4+ azw,y + xz + xzw + z + zw} ), which are invariant under J.

Proof. Let {w,x,y,z} be a basis of A with the properties stated in (3.5), i.e.,
q(w) = q(x) = q(y) = q(z) = 0, 7(w) = w, 7(x) = x, 7(y) = v +y, 7(z) =
w + z, B(w,y) = B(z,z) = 1 and all other pairs of vectors from this basis
are orthogonal. Set (A’,¢,B’) = (Hi,¢1) L (Ha,¢2). Then the set B =
{u1,v1,u2,v2} is a symplectic basis of A’. Define the linear map f : A’ — C(A)
by f(u1) =14+ 2+ w+ 2w, f(v1) = y+ zz + 22w, f(uz) =1+ 2+ zw and
f(ve) =y+zz+axzw+z+ zw = f(v1) + 2+ zw. Using the above relations and
straightforward calculations in Clifford algebra we obtain that for every z,y € B,
we have f(z)? = ¢'(z) and f() /() + [(1)f(x) = B'(,5). So the map f is
compatible with ¢’ and it can be extended to an isomorphism ¢ : C(A") ~ C(A).
We claim that for every v € C(A'), Jro¢(v) = Yo(Jy, L J-, )(v). It is enough
to check this for v = w1, v = v1, v = us and v = vo. We have the following
relations:

Jrop(ur) = J;(1+z+w+aw)=1+z+w+ wx
= (ur) =1o (JTul 1 J'ruz)(ul)5

Jro(ug) = Jr(1+x+aw) =1+z+wr =P(uz) =o(Jr,, LJ )(u2),

Jrop(v) = Jr(y+az+zzw) = (x+y)+ (w+ 2)z+wlw+ 2)z
= (& +y)+ (wr + z2) + (g(w)z + wzz)
= x4y +(@w+tzz+1)+ 0+ zzw + w)
= (y+zztzzw)+ (1 4+ 2+ w+zw) = (v + u1)

1
= (v + mul) =1o(Jyr,, LJr, )(01),
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Jrow(ve) = Jo(y +xz 4+ zzw+ 2 + zw)
(x+y)+(w+2)z+ww+z)z+ (w+2) +wlw + 2)

= (& +y) + (wr + 22) + (g(w)r + wzz) + (w + 2) + (¢(w) + w2)
= (

= (

r+y)+ (zw+zz+ 1)+ (04 22w+ w) + (w+ 2) + (0 + zw)
y+tazztzzw+ z+zw) + (1 4+ 2+ zw) = P(va + ug)

1
= P(va + MUQ) =vo (Jml 1 J'ru2)( 2).

Finally note that 0(7,,) = q(u1)F*? =1 € F*/F*? and 0(7,,) = q(uz)F*? =
1 € F*/F*? and the result is proved. O

Remark 6.11. Using (6.10), one can give a shorter proof for (4.6) and (4.11
(b))

7 Involutions of an even Clifford algebra with
trivial Arf invariant

Remark 7.1. Let F be a field and let (4, 0) and (B, 7) be two F-algebras with
involutions. Let A x B be the direct product of A and B. The involution on
A x B defined by (a,b) — (o(a),7(b)) is denoted by o x 7.

The proof of the next result follows from the standard properties of tensor
and direct product and we left it to the reader.

Lemma 7.2. Let F be a field and let (A,0), (B,7) and (C,p) be F-algebras
with involution. Then there exists an isomorphism of F-algebras with involution
(AxB)@prC,(cx1)®p)~(A®r C) x (Bar(C),(0c ®p) x (T® p)).

Remark 7.3. Let (V,q) be a quadratic space with trivial Arf invariant and
let 7 be an involution in O(V,q). We claim that there is a 7-symplectic ba-
sis {u1, 1, ,up,vp} of V such that Y q(u;)q(v;) = 0. If 7 is an or-
thogonal sum of interchange isometries, then by (3.6), V. =H; L ------ Hos.
Choose a standard symplectic basis {u;,v;} of H; ~ [1,0], 4 = 1,--- ,2s. Then
{u1,v1, - ,un,v,} is the desired basis. Otherwise there exists either an iden-
tity map or a reflection in the Wiitala decomposition of 7. So there is a
T-symplectic basis {u1,v1, - ,upn,v,} of V such that g(u1) # 0. We have
S q(ui)g(v;) = a* + a € p(F), where a € F. If a # 0, by replacing vy with
v] =1 +ag(ur) tug, we have >0 | q(u;)q(v;) = 0.

Lemma 7.4. Forn > 2, let (A1,q1), -, (An,qn) be 4-dimensional hyperbolic
spaces over a field F' of characteristic 2. Then we have Co(A; L --- L A,) ~
Co(A)@C(Ay L--- LA,).

Proof. For every 1 < i < n, there exist hyperbolic planes Hy; 1 and Hs; such
that A; = Ha;—1 L Ha;. Let {u;, v}, 4 = 1,---,2n, be a standard symplectic
basis of Hz ~ [1,0] Set (Wl,ql) = Hl 1 Hg - L H2n71 and (WQ,(]Q) =
Hy L Hy L --- 1L Hy,.

Define the linear map f1 : Wi — C(Wh) via f1(u1) = w1, fi(v1) = v +
u1(ugvs + - - + Uzn—1V2n—1), fi(ugi—1) = rug;—1 and fi(ve—1) = wive;—1 for
i=2--.n
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Similarly define the linear map fo : Wo — C(Wa) via fa(u2) = ug, fo(ve) =
Vo +u2(UgVs+ - - FU2nV2p ), f2(ugi) = ugug; and fo(ve;) = ugvy; fori =2,--- ,n.

By the proof of (5.1), the maps f; and f are compatible with ¢; and g¢o,
respectively; for example for the map f;, considering the notation of the proof
Of(5.1) WehaveIE’:E:Hl, V:HgL---LHgn_l,u:x:ul,v:yzvl,
a=q(u) =1 27" =u and § = q(us)g(vs) + - + q(u2n—1)q(van-1) = 0.
Now define the linear map f] : W7 — C(W;) the same as f; except that
filv1) = v1 +uy(uzvs + - - + ugp—1v2n—1 + (n — 1) - 1) = fi(v1) + (n — 1) - uy.
We claim that f] is also compatible with ¢;. It is enough to show that for every
2,y € {ur,v1, -, uzp—1,v2p—1}, we have fi(z)* = qi(z) and fi(2)fi(y) +
i) fi(z) = By, (x,y). Tt is clear that (n — 1) - u1 = f{(v1) — fi(v1) commutes
with fl (ul), fl (’U,Qi,l) and fl(’UQZ',l) for i = 2, e, n. Since fl is compatible
with g1, in order to see that f{ is compatible with ¢, it is enough to show that
f1(v1)? = q1(v1). We have

filw)? = (filvr) +(n—1) ur)?
= filvr)’ +(n—1)q(w) -1
+ (n—1) - uy (v +ur(uzvs + -+ + Ugp_1V2n-1))
+ (n—=1) (v1 +ur(ugvs + - -+ + U2p—1V2n—1))U1
= q)-1+n—-1214+(n—1) (u1v1 +viu1)
= qv)-1+m—-1)-14+n-1)-1=q(v1)- 1.

So the claim is proved. Since the image of f{ commutes with that of f3, the
map f = f{ @ fo on Wy L W5 is compatible with ¢ = ¢1 L g2 and it can be
extended to an isomorphism f : C(L) = C(W; L Wa) ~ C(L) = C(A; L L')
where L=A; L --- L Apand L' = Ay L --- L A,,. By (4.4), there exists an
isomorphism ¢ : C(A; L L") ~ C(A;) ® C(L'). So there exists an isomorphism
Y =gof:C(L)~C(A)®C(L"). The restriction of 1 to Co(L) maps Co(L) to
Co(A1) ® C(L'). So we have an isomorphism ¢ : Co(L) ~ Co(A1) @ C(L'). O

Proposition 7.5. Forn > 2, let (A1, q1), -, (An,gn) be 4-dimensional quad-
ratic spaces over a field F of characteristic 2. For ¢ = 1,---,n, let 1; be
an interchange isometry of A;. We have (Co(Ar L -+ L Ap),Jr1.ar,) =
(Co(A1>, J‘rl) X (C(AQ L An), J,,-2J_...J_,,-n).

Proof. By (3.6), for every 1 < i < n, there exist quadratic planes Hy;_; and
Hgi such that Az = HQZ',l 1 HQi, Ti(H2i71> = Hgi and Ti(H2i> = Hgifl. Let
{ui,v;},4=1,---,2n, be a standard symplectic basis of H; ~ [1, 0] such that for
1 <i<n, T(ugi—1) = w2, 7(u2i) = ugi—1, T(v2i—1) = vo; and 7(va;) = vai—1.
Set L =Ay L --- LA, L' =Ay 1L --1LA, 7=7 L --- 1L 7, and
T =7 Lo L1y Let ¢p: Co(L) =~ Co(A1) ® C(L') be the isomorphism
discussed in (7.4). We want to show that (J,, ® Jr) ot =1 o J.. We have

(Jn ® Jr1) o "/’(“1) = (Jﬁ ® JT’)(ul 1) =u®1= "/’(“2) =o Jr(ul)a

similarly

(Jr, @ Jrr) 0 (uz) = ¥ o Jr(uz).
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We also have

(Jry @ Jr) o p(v1) = (Jry, @ S )((n = 1) ur @1+ 01 @1
+ u1 ® (ugvz + -+ + Uzp—1v2n-1))
=(n—1)- u2®@1+v2®1+4 uz ® (vaug + - - - + vonu2y)
—n—1) u®@l+v,®1
+ Uz ® (ugvg + - + UznV2, + (N — 1) - 1)
=0y @1+ Uy @ (Ugvs + - + Usnan) = (V) =1 0 J,(v1),

similarly

(Jry @ J7r) 0 p(v2) = ¢ o Jr(v2).
For every 2 < ¢ < n, we have

(Jr, @ Jrr) o p(ugic1) = (Jr @ Jr)(ur @ ugi—1) = U2 ® ug;
= ¢(u2i) =1o J‘r(“?ifl)y

similarly
(Jry, ® J7r) 0 h(v2i—1) = Y 0 Jr(vai—1).
Finally for every 2 < i < n, we have
(Jry @ Jrr) 0th(ug;) = (Jr, @ Jrr)(ug ® ugi) = up @ ugi—1
= Y(ugi-1) = ¥ o Jr(uz),
and similarly
(Jry ® J7r) 0 p(v2;) = ¥ o Jr(v2i).
O

Remark 7.6. Let (V. q) be a quadratic space over a field F' of characteristic 2
and let C(V) be the Clifford algebra of (V,q). If 7 is an involution in O(Vq),
then 7 induces an involution J/? on C (V') x C(V') such that J/9(v,0) = (0, 7(v)

and J/(0,v) = (7(v),0) for every v € V. We usually denote J/? by J_.

We need the following straightforward result.

Lemma 7.7. Let (V,q) and (V',q") be two quadratic spaces over a field F
of characteristic 2 and let 7 and 7 be involutions in O(V,q) and O(V' q'),
respectively. If (C(V'), J.) ~ (C(V"), J;/), then (C(V) x C(V), J.) = (C(V') x
C(V"), ).

Proposition 7.8. Forn > 2, let (V,q) be a 2n-dimensional quadratic space
over a field F' of characteristic 2 and let T be an involution in O(V,q). Suppose
that A(q) is trivial and V. =FE L V' where E is a quadratic subplane of V' such
that 7(E) = E and 7(V') =V'. Let t = dimFix(V,7) — 3dimV, 7/ = 7|y+ and
uy € E be an anisotropic vector such that T(u1) = u1. Set a = q(uy).

(a) Ift =0 mod 2, then (Co(V,q), J;) =~ (C(V',a-q)xC(V',a-q), J&*x J%9).

y St
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(b) Ift=1 mod 2, then (Co(V,q),J.) =~ (C(V';a-q) x C(V',a-q), J5).

Also C(V',a - q) is Brauer equivalent to C(V,q). By abuse of notation, we have
denoted the form a - qly: by a- q.

Proof. Let {ug,va,- - ,un,v,} be a symplectic basis of V’. By (7.3), we can
extend {u1} to a symplectic basis {u1,v1} of E such that q(ui)g(vy) + -+ +
q(un)q(vy) = 0. Let 2 = wgvy + -+ + unv,. Then by [4, pp. 122-124], the
map ¢ : C(V';a-q) x C(V',a-q) = Co(V,q) induced by ¥(u;,0) = uju;z,
P, 0) = urv;z, Y(0,u;) = wu(z+1) and ¥(0,v;) = wyvi(z+1),i=1,--- ,n,
is an F-algebra isomorphism. Set o = 9% ~! o J. 0. Then ¢ is an involution on
CV'ia-q) x C(V' a-q).

(a) We must show that J, o9 = 1o (J59 x J49) or equivalently o =
J5% % J%9. For this it suffices to verify that for every w,w’ € C(V') we have
o(w,w") = (7'(w), 7 (w")). It is enough to check this for (w,w’) = (x,0) and
(w,w") = (0,z) where x € V'. By (4.12), we have 7(z) = z. As z € Z(Co(V)),
we have zw = wz for every w € Cy(V). Also uiz = zuy for every z € V'. By
the hypothesis, for every x € V'’ we have 7(z) € V’ and

o(x,0) = Yo ot(z,0) =9 o J (urzz) = (27(2)uy)
= ¢ Y (wr(2)z) = (r(2),0) = (7'(x),0).

Similarly

o(0,z2) = Y rodo(0,2) =y o (ux(z+1)) =0 (2 + D7(x)ur)
= ¢ wur(2)(z +1)) = (0,7(x)) = (0,7'(x)).

So (Co(V,q), J7) ~ (C(V'a-q) x C(V',a-q), J5* x J59).

(b) Like in the previous case, it suffices to verify that for every w,w’ € C(V")
we have o(w,w') = (7/(w’), 7/(w)). It is enough to check this for (w,w’) = (z,0)
and (w,w’) = (0,z) where z € V'. By (4.12), we have 7(z) = z + 1. Again by
the hypothesis, for every x € V' we have 7(z) € V' and

o(x,0) = Yo oy(z,0)=v o (urzz) = ((z + D)7(x)u)
N urr(2)(z + 1)) = (0,7(x)) = (0,7 (z)).

Similarly

0(0,2) = YTl oJrop(0,2) =y o Jr(wma(z + 1)) =97 (27(2)u)

= ¢ (w7 (2)2) = (7(2),0) = (7'(2), 0).
So (Co(V3q), J7) = (C(V',a-q) x C(V ’,a q), J57).
The last statement follows from (5.1 (i)) and the triviality of the Arf invari-
ant. |

Proposition 7.9. Let (V,q) be a 2n-dimensional quadratic space over a field
F of characteristic 2 and let T be an involution in O(V,q). Then there exists a

quadratic space (V',q") such that (C(V) x C(V),J.) =~ (C(V') x C(V"), J}y).

Proof. If J; is of symplectic type, then by (6.3), there exists a quadratic space
(V',q') over F such that (C(V), J;) ~ (C(V’), Jia), so by (7.7), we have (C(V) x

27



C(V),J.) ~ (C(V") x C(V'),Jy). So consider the case where J; is of ortho-
gonal type, thus by (4.7), 7 is either an orthogonal sum of reflections or an
orthogonal sum of interchange isometries. By (6.10), the Clifford algebra of
a 4-dimensional quadratic space with an involution induced by an interchange
isometry is isomorphic to the Clifford algebra of a 4-dimensional quadratic space
with an involution induced by an orthogonal sum of two reflections, so in order
to prove the result we may consider the case where 7 =7 L --- L 7, is an ortho-
gonal sum of reflections. Let V =E; L --- L E,, be a Wiitala decomposition
of (V,7) such that 7, = 7|g,. Let {u1,v1, -+ ,un, vy} be a T-symplectic basis of
V and 6 = q(u1)q(v1) + -+ + q(un)q(vy) € F. Let (E,q1,9) be the quadratic
plane [1,6] over F with a standard symplectic basis {un41,vn+1} and set z =
U101+ A Uny1Vp41 € C(V L E,41). Consider the involution p = 7 L idg, ., €
OV L Ent1,q9 L ¢). We have dim Fix(V L Eny1,p) — 3dim(V L Epyq) =
(n+2) = (n+1)=1and q(u1)q(vi) + -+ q(un+1)g(va+1) = 0, so by (7.8 (b)),
we have (Co(V L E,41),J,) ~ (C(V) x C(V), J)); note that a = @(upy1) = 1.
On the otherhand V L E,,;; =E; L Vi where V; =E5 L --- 1 E,11. Again by
(7.8 (b)), we have (Co(V L Epy1),J,) (Co(El 1 Vl) JTIJ_pl) ~(C(Vi,a-q L
a-¢)x C(Vi,a-q L a-y),J, ) where py = m» L .-+ L 7, L idg,,, and
a = q(u1) # 0. By (4.7), the involution J,, on C(V1,a-q L a-¢) is of symplectic
type, so by (6.3), we may write (C(Vi,a-q L a-p),J, )~ (C(V',¢), Jia) for a
suitable quadratic space (V’,¢’). So by (7.7), (C(Vi,a-q L a-¢)x C(Vi,a-q L
a-p),J,) = (C(V') x C(V'), Jjy). Therefore, (C(V) x C(V),J;) = (C(V') x
C(V"), J!;) and the result is proved. O

Lemma 7.10. Let (A, q) be a 4-dimensional quadratic space over a field F of
characteristic 2 and let T be an interchange isometry of (A, q). Then (Co(A), J;)
~ (C(H), J;,) x (C(H), Jiq) where H is a hyperbolic subplane of A and u is a
suitable anisotropic element of H.

Proof. By (3.6), there exist a decomposition A = Hy L Hy of A into hyperbolic
planes H; and Hy over F' and standard symplectic bases {u;,v;} of H; ~ [1,0],
i = 1,2, such that 7(u1) = ug, 7(u2) = w1, 7(v1) = ve and 7(v2) = v;. We
have g(u1)g(v1) + q(u2)q(v2) = 0. Set z = uyvy + ugve € Co(A). By (4.12), we
have 22 = z and 7(z) = 2. Also by (7.8), the map v : C(Hz) x C(Hz) — Co(A)
induced by 9(uz2,0) = ujusz, ¥(vs,0) = uyvaz, ¥(0,u2) = ujuz(z + 1) and
¥(0,v2) = ujve(z + 1) is an isomorphism. Set o = ¢~! o J, o1. Then o is
an involution on C'(Hsz) x C(Hz). We claim that o(z,y) = (Jr,, (), Jia(y)) for
every x,y € C(Hs). It is enough to check this equality for (x,y) = (uz,0),
(v2,0), (0,usz) and (0,vs). We have

o(u,0) = o ot(uz,0) =v¢ 1o J(ugusz) = ¥ (zuus)
= P N(wugz) = (uz,0) = (Jr,, (u2),0),

Note that we have u1z = uq(uiv1 + ugv2) = v1 + Uru2V2, SO V1 = U12 + UTULV2
and we obtain

o(v2,0) P o Jr 0 p(v2,0) = " o Jr(urvaz) = ¢ (z01ug)
1/)71(u2vlz) l(u (ulz + ujugue)z) = wil(ullmz + u1v22)
= (uz+v2,0) = (v2 + Mw,o) = (Jr,, (v2),0).

q(us)
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Similarly we have

o(0,up) = o o(0,up) =t o J (ugua(z + 1))
= ¥ ((z + Dugug) = ¢~ (wrua(z + 1)) = (0,uz) = (0, Jia(uz)),
Finally
o(0,v3) = Yo, otp(0,v9) =~ o J(ugve(z + 1)) = (2 + Dviug)

-
P (ugui (2 + 1)) =
-

)
_1(U2(U1Z + urugv2)(z + 1))
YO+ uyva(z+1)) = (

0,v3) = (0, Jig(vz)).
O

Theorem 7.11. Let (V,q) be a 2n-dimensional quadratic space over a field F
of characteristic 2 and let T be an involution in O(V,q). Suppose that A(q) is
trivial and let t = dimFix(V,7) — 1 dim V.

(a) Ift =0 and T is of reflectional kind, then there exists a (2n—2)-dimensional
quadratic space (V',q') over F such that (Co(V), J;) ~ (C(V)xC(V"), Jp x
Jr) where ' is an involution in O(V',q") which is an orthogonal sum of
n — 1 reflections. More precisely (V',q') is similar to a subform of (V,q)
which can be explicitly described by (7.8).

(b) Ift = 0 and 7 is of interchanging kind, then there exist (2n—2)-dimensional
quadratic spaces (V',q") and (V",q") over F such that (Co(V),J;) =~
(C(VYxC(V"), Jr x Jiq) where ' is an involution in O(V', q') which is an
orthogonal sum of n—1 reflections. Furthermore we have C(V') ~ C(V")
and C(V') is isomorphic to the Clifford algebra of a hyperbolic space over
F.

(¢) If 0 £t =0 mod 2, then there exists a (2n — 2)-dimensional quadratic
space (V',q") over F such that (Co(V),J;) =~ (C(V"), Jia) x (C(V'), Jia)-

(d) If t =1 mod 2, then there exists a (2n — 2)-dimensional quadratic space
(V',q") over F such that (Co(V),J,) =~ (C(V') x C(V'), J}y).

Proof. Let V=W 1LE; L .--- L E. L Ay L--- 1 Ag be a Wiitala decomposi-
tion of (V,7) where W is a maximal fixed orthogonal summand of (V,7). Let
{u1,v1,* ,un,v,} be a T-symplectic basis of V' with respect to this decompo-
sition. By (3.19), we have t = 2 dim W. Set z = ujv1 + - -+ u,v, € Co(V). By
(4.12), J;(z) =z+t- 1.

(a) We have W = 0 and J(z) = z. As 7 is of reflectional kind, we may
assume that s = 0 and r = n, so one can write 7 =7,, L --- L 7, where 7,
is the reflection along the anisotropic vector u; € E;. Let V! =Ey 1L --- L E,
and a = q(u1). By (7.8 (a)), (Co(V),J:) =~ (C(V',a-q) x C(V' a-q), Jrr X Jr)
where 7/ =7, L+ L 7y, .

(b) We have W = 0 and J(z) = z. As 7 is of interchanging kind, we may
assume that r =0, n =2sand 7 =7 L --- L 74 where 7; is an interchange
isometry of A;, i =1,---,s. If n =2, by (7.10), we have (Co(V), J;) ~ (C(H) x
C(H), J-» x Jiq) where H is a hyperbolic subplane of V' and 7’ is a reflection of
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H. If n > 3, by (7.5), we have (Co(V), Jr1-.1r,) =~ (Co(A1),Jr) ® (C(Ay L
o L Ag)yJryl1r.)- Using (7.5), (7.10) and (7.2) we obtain

(Co(V), Jri1ir) = (Co(Ar), Jr) @ (C(Ay Lo LAS), Jryi1r,)
~ ((C(Hy),J )X(C(Hl)ajid))

® (C( L A), JTZL”'LTS)
~ ((C(Hy), J ) (C(Ag Lo LA, Jriir))
X ((C(Hy), Jia) ® (C(Az2 L -+ LAG), Jrp1ir),

where Hj is a hyperbolic subplane of A; and 71 is a reflection of H;. By (6.10),
we have (C(Ag L --- L Ay),Jr1..0r) ~ (C(L),J,), where L = Hy L --- L
Hss—4 is an orthogonal sum of 2s — 2 = n — 2 hyperbolic planes H; over F' and
p=15 L+ L7, _,is an orthogonal sum of 2s — 2 reflections 7] of H;. So we
obtain

(Co(V), Iy 1nr,) = ((C(HY), J7y) @ (C(L), Jp)) x ((C(H), Jia) @ (C(L), J,))
~(C(Hy L ) Jrr1p) ¥ (C(Hy L L), Jiaip). (4)

By (4.7), (C(H; L L), Jia1,) is of symplectic type, so by (6.3), there exists a
quadratic space (V”,¢") over F such that (C(E] L L), Jia1,) ~ (C(V"), Jia),
o (4) leads to (Co(V), J;) ~ (C(V') x C(V"),Jr x Jiq), where V' =H; L L
and 7 =7 Lp=7 L --- L 7, ;. Finally note that as L is a hyperbolic
space, V' is also a hyperbolic space, so C(V') ~ C(V") is isomorphic to the
Clifford algebra of a hyperbolic space over F'.

(¢) We have dim W > 4 and J(z) = z. So we may assume that for the vector
space W1 = Fuy + Fuy + Fus + Fuy we have 7|y, = idw, where a = q(u1) # 0.
Let E = Fuy + Fuvi, Vi = Fus + Fua + -+ + Fu, + Fu, and 7/ = 7|y,. B
(7.8 (a), (Co(V),J;) ~ (C(V1,a-q) x C(Vi,a-q), - x Jr). On the other
hand as dim Fix(Vi,7|y,) — %dimVl =t—12>1, by (4.7), the involution J,/
is of symplectic type, so by (6.3), we have (C(V1), /) ~ (C(V'), Jiq) for some
quadratic space (V',¢") over F, so (Co(V), J;) =~ (C(V') x C(V'), Jia X Jia)-

(d) If t = 1, then dim W = 2 and we have V.= W 1 W’ where W' = W=.
Let w € W be an anisotropic vector and a = ¢(u). By (7.8 (b)) we have
(CO(V’ q)"]‘r) = (CO(W 1 W/)’JidwiT') = (C(Wlaa’ - q) X C(W/aa’ q) J )
where 7/ = 7|y and by (6.3) and (7.7), (C(W',a-q) x C(W',a-q),J.) ~
(cwvhH xcw ’),Jl’d ,) for some quadratic space (V',q"). So (Co(V,q),J;) ~
@) x V'), Jiq,, )- O

Lemma 7.12. Fori = 1,2, let (A;,0;) and (B;, ;) be central simple algebras
with involution over a field F. If (A1 X Ag,01 X 03) = (By X Ba, 71 X T2), then
either (A1,01) ~ (B1,71) and (As,02) ~ (Ba,72) or (A1,01) ~ (Ba,72) and
(AQ,O’Q) ~ (Bl,Tl).

Proof. Let ¢ : (A1 X As,01 X 02) ~ (B1 X B2, 71 X T2) be an isomorphism. The
set By x {0} is a two sided ideal of By x Ba, so ¥~(B; x {0}) is a two sided ideal
of Ay x As. As A; and As are simple rings and 1 is an isomorphism, we have
either ¢ =1(By x {0}) = A1 x {0} or ¥»~1(B; x {0}) = {0} x A. Suppose that
the first case occurs. Define a map f : A1 — B as follows: for every a1 € A,
there exists an element by € By such that ¢ (a;,0) = (b1,0). Set f(a1) = by, i.e.,
for every a; € Ay we have 9(a1,0) = (f(a1),0). As ¢ : Ay x {0} — By x {0} is

30



an isomorphism, the map f is an isomorphism of F-algebras. For every a; € A
we have (11 X 13) o ¥(a1,0) = ¥ o (61 X 02)(a1,0), so (11 X 12)(f(a1),0) =
¥(o1(a1),0). From this we obtain (71(f(a1)),0) = (f(o1(a1)),0) which means
that 7 o f = f ooy. So we have proved that (A1,01) ~ (By,71). Similarly
(A2,02) =~ (B2,72).

If the second case occurs, a similar argument shows that (A1, 01) ~ (Ba, 72)
and (Agz,02) ~ (B1,71) which completes the proof. O

Corollary 7.13. Fori = 1,--- ,n, let (A;,0;) and (B;, ;) be central simple
algebras with involution over a field F. If (A1 X -+- X Ap,01 X +++ X 0p) =~
(By X -+ X Bp,T1 X -+« X Tp,), then there exists a permutation m € Sy, such that
for every 1 <i < n, (Ai,0:) ~ (Brgy, Tr(i))-

Remark 7.14. The isomorphisms of (7.11 (a)) and (7.11 (b)) are the best pos-
sible, in the sense that the involution 7/ € O(V’,¢’) in (7.11 (a)) and (7.11 (b))
can not be chosen to be identity; because by (4.7), (C(V"), J;/) is of orthogonal
type and (C(V"), Jiq) is an algebra with involution of symplectic type. Now by
(7.12), the involution J,+ must be of orthogonal type, so 7/ can not be chosen
to be identity.

In (7.11), we have shown that if 7 € O(V, q) is an involution and A(q) = 0,
then (Co(V),J;) can be decomposed as a direct product of two isomorphic
Clifford algebras with involution. Conversely in (7.15) we will express a di-
rect product of two isomorphic Clifford algebras with involution in the form of
(Co(V), J;) for a suitable quadratic space (V,¢) with trivial Arf invariant and
an involution 7 € O(V, ¢). The proof is very similar to that of (7.11).

Remark 7.15. For i = 1,2, let (V;,¢;) be a 2n-dimensional quadratic space
over a field F' of characteristic 2. For ¢ = 1,2, let 7; be an involution in O(V;, ¢;)
and set t; = dim Fix(V;, ;) — % dim V;. Then there exists a (2n 4 2)-dimensional
quadratic space (V,q) over F' with trivial Arf invariant such that (C'(V1) x
C(Va), I, X Jry) = (Co(V), J;) if and only if one of the following conditions is
satisfied:

(a) t1 =tz =0 and (C(V4),Jr,) ~ (C(V2),Jr,). In this case 7 is necessarily
an orthogonal sum of reflections. In particular dim Fix(V,7) = %dim Vv,
so by (4.7), J. is necessarily of orthogonal type.

(b) t1 =0and 0 #t3 =0 mod 2 (resp. ta =0and 0 #¢; =0 mod 2),n =1
mod 2, C(V;) ~ C(Va) and for every u € Fix(Vy,71), we have q(u) € F2.
In this case 7 is necessarily an orthogonal sum of interchange isometries.
In particular dimFix(V,7) = %dim V, so by (4.7), J; is necessarily of
orthogonal type.

() 0# 1t =0 mod?2, i =12, and (C(V1),Jr,) =~ (C(V2),Jr,). In this
case T has necessarily nontrivial maximal fixed orthogonal summand, i.e.,
dimFix(V,7) > 1 dim V, so by (4.7), J; is necessarily of symplectic type.

Lemma 7.16. Let (E1,1) and (Eq,¢2) be two quadratic planes over a field
F of characteristic 2. Let 7; be a reflection of E; and let 7] be an involution
in O(E;, ;) where either (11,74) = (11,72) or (r1,75) = (id,id). If (C(E1) x
C(E1>,J‘rl X J,,—{) ~ (C(EQ) X C(E2)7J7—2 X JTé)) then 9(7’1) = 9(7’2).
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Proof. By the hypothesis we have (C(E;) x C(E1),Jr, X Jr) =~ (C(Eg2) X
C(EQ),JTZ X J‘rz) or (C(El) X C(E1)7Jn X J1d) ~ (C(Ez) X C(EQ),JTZ X Jid)-
In the first case by (7.12), we have (C(E,), Jr,) ~ (C(Ez), J-,) which implies
that 6(m1) = 6(r2). So consider the second case. By (4.8 (b)), (C(Ey), J-,)
is of orthogonal type and by (4.8 (a)), (C(Ez), Jia) is of symplectic type, so
(C(Er), Jr,) # (C(Ez), Jia). Again by (7.12), we have (C(Er), Jp,) = (C(Ea), J,,),
in particular 6(m) = 9(72) O

Proposition 7.17. For n > 2, let (V,q) be a 2n-dimensional quadratic space
over a field F' of characteristic 2 and let T be an involution in O(V,q). Suppose
that A(q) is trivial and dimFix(V,7) = 1 dim V.

(t) If T is of reflectional kind and (Co(V),J;) = (C(V') x C(V'), Jrr X Jp1) is
the isomorphism in (7.11 (a)), where (V',q’) is a (2n—2)-dimensional quadratic
space over F and 7' is an involution in O(V',q") which is an orthogonal sum of
reflections (in particular by (4.7), (C(V'), J.+) is of orthogonal type), then

(a) If n =2 then disc J» = 6(7).
(b) Ifn >3 then disc J,» = 1 € F*/F*2.

(i4) If T is of interchanging kind and (Co(V),J;) ~ (C(V') x C(V"), J.

Jid) is the isomorphism of (7.11 (b)), where (V',q') and (V",q") are (2n — 2)
dimensional quadratic space over F and 7' is an involution in O(V',q") which
is an orthogonal sum of reflections (in particular by (4.7), (C(V'), Jw ) is of
orthogonal type), then disc J.» =1 € F*/F*2,

Proof. (i) (a) Note that by (4.11 (a)), disc J,» = 0(7') and by (7.16), 6(7') is
independent of the choice of V'. As dimFix(V,7) = £ dimV, (V,7) has trivial
maximal fixed orthogonal summand. Since 7 is of reﬂectlonal kind, (V,7) has
a Wiitala decomposition V. = E; L Es where 7; = 7|g, is a reflection along
some anisotropic vector u; € E;, i = 1,2. By (7.8), we can write (Co(V), J;) ~
(C(Eg,a-q) x C(Ez,a-q),Jr, X Jr,) where a = q(u1). By (4.11 (a)), disc J,, =
0(72) = aq(uz) F** = q(u1)q(us) F** = 6(7).
(b) We have dim V' > 4, so by (4.11 (b)), disc J, is trivial.

(#4) If n = 2, by (7.10), we can choose (V',¢') = (V",¢") = (H, ¢) where (H, ¢)
is a hyperbolic plane over F and 7" = 7, where ¢(u) = 1. Also by (7.16), 6(7') is
independent of the choice of E. So by (4.11), disc J,» = p(u)F*? =1 € F/F*2.
If n > 3, we have dim V' > 4, so by (4.11 (b)), disc J, is trivial. O

A  Appendix

Definition A.1. Let (V,q) be a quadratic space over a field F' of characteristic
2 and let A be an F-algebra. A bilinear map 1 : V x V — A is called an even
Clifford map if for every z,y,z € V we have:

(a) Y(x,y)Y(y, 2) = q(y) - ¥ (=, 2).

(0) ¢(z,z) = gq(z) - 1a.

Remark A.2. Let (V, g, B) be a quadratic space over a field F of characteristic
2 and let A be an F-algebra. Let ¢ : V x V — A be an even Clifford map and
u,v € V. Then by computing (u + v, u + v), we have ¥(u,v) + ¥(v,u) =
B(u,v) - 14.
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Lemma A.3. Let (V,q, B) be a quadratic space over a field F' of characteristic
2 and let A be an F-algebra. Let ¢ : V x V. — A be an even Clifford map and
w,v,w,x € V. Then ¢ (u, v)(w, z) = (u, w)(v, ) + B(v, w) - P(u, z).

Proof. Using (a) in (A.1) and the bilinearity of ¢, we have
q(vt+w)-P(u, r) = (¢(v+w)+B(v, w)) p(u, ) +¢(u, V)i (w, 2)+ P (u, W)Y (v, ).

So "/)(uv v)1/)(w, :C) = 1/}(’“’ w)w(va :L') + B(’U, w) ’ 1/}(’“’ :L') u

Corollary A.4. Let (V,q, B) be a quadratic space over a field F of characteristic
2 and let A be an F-algebra. Let ¢ : V x V. — A be an even Clifford map and
u,v € V. Then w(ua /U)’L/J(ua U) = Q(U)Q(U) 1a+ B(U, U) ’ w(ua U)‘

Theorem A.5. Let (V,q) be a quadratic space over a field F' of characteristic
2. There exists an even Clifford map j from V xV to Co(V') which satisfies the
following conditions:

(a) As an F-algebra Co(V') is generated by 1o, vy and {j(z,y)|z,y € V}.

(b) For every even Clifford map v : V. X V. — A, there exists a unique F-
algebra homomorphism ¥ : Co(V) — A such that ¢»p = U o j, i.e., the
following diagram commutes:

VXV i A (5)

S A

Co(V)

Proof. Define j : V x V — Cy(V) via j(u,v) = uv. Then j is clearly an even
Clifford map. Let ¢ : V x V — A be an even Clifford map. Let u; € V be
an anisotropic vector and set a = ¢g(u1). Extend {u;} to a symplectic basis
{ui,v1, - ,up,vp} of V and set z = wjvy + - uypv,. By (4.12), we have
22 = 2z+40-1 where § = Y1 | q(u;)q(v;) € F is a representative of the class
A(q) € F/p(F). By [4, (13.12)], the map g : Co(V) = C(W,a - q) ® (F + F=z)
induced by g(uiw) = w® 1 and ¢g(z) = 1 ® z is an isomorphism, where W
is the subspace of V generated by us,ve,- - ,uy,v,. Define the linear map
fi: W = Avia fi(w) = ¢¥(u;,w). By (A4), for every w € W we have
fi(w)? = Yur, w)p(ur, w) = q(ur)g(w) - 1a + Blur,w) - ¢(ur, w) = a - q(w).
So the map f; is compatible with a - ¢ and it can be extended to an F-algebra
homomorphism f; : C(W,a-q) — A. Now define the map fy : F + Fz — A via
f2(04+ﬂ2> = OéJrﬂ(?/)(Ulle) +ooet T/J(Unvvn)) By (A4)a we have "/)(ula vi)Q =
q(ui)q(vs) - 1a + ¥(ui, v;). Also for every i # j, by (A.2) and (A.3), we have

Y(ug, vi) (g, v5) = Y(ug, uj)(vi,v5) = Ylug, ui) (v, vi) = Ylug, vi)(ug, vi)
So

f2(z)2 = (w(ula Ul) +eee ¢(Um Un))2 = w(ulavl)Q +ee w(unavn)2
q(u1)q(v1) - 1a +(ur,v1) + -+ q(un)q(vn) - 1a + Y (un, vn)
= §-1a+P(u,01) + -+ P(un,vn) = fa(6 + 2) = f2(27).
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Therefore, fo((a1 + f12)(a2 + B22)) = fa(ar + f12)fa(as + B2z) for every
a1, B1, a2, B2 € F and fs is an F-algebra homomorphism.

We claim that the image of f; commutes with that of fo. We must show
that for every w € W:

"/)(ula w)(w(ulvvl>+' ! '+¢(unvvn)):("/}(ulvvl) +oeeet w(unvvn))"/}(ula w)' (6)

It is enough to check this for w = u; and w =v;, i = 1,--- ,n. If i =1, (6) is
clearly true. So fix an index ¢ with 2 < i < n. If j # 1 and j # i, by (A.2)
and (A.3), we have ¥ (u1, u;)¥(uj,v;) = ¥(uj, v;)P(ur,u;). If j=1orj =1, we
have

Y(ur, ui)(ur, v1) + (ur, wi)(ui, vi)
=(ur, u1)Y(ui, v1) + Blug, ur) - (ur, v1) + q(us) - Y(u, v;)
= q(u1) - Y(ui,v1) + q(ui) - P(ur, vi).

Similarly
Yur, v)P(ur, ui) + (ui, vi) Y (ur, ui) = q(ur) - (ui, v1) + qlui) - P(ur, v;).
So 1/1(U1a Ui)d’(“la Ul)‘H/’(Ula ui)w(uia Ui) = 1/’(U1a Ul)w(ula Uz)‘H/J(Uu Ui) 1/’(“1, ui)

and the equality (6) is achieved for w = u;. Similarly (6) is true for w = v;
and the claim is proved. By [2, Ch. 5, Thm. 2] one can consider the F-algebra
homomorphism f = f; ® fo: O(W,a-q) ® (F + Fz) — A.

Set ¥ = fog. We claim that ¢» = Vo j. For every v € V we can write
v = auy + Bv1 + w, where a, 8 € F and w € W. Since j(v,v") = v’ for every
v,v" € V, it is enough to show that 1 (u1,u1) = ¥(uruy), ¥ (v, v1) = ¥(v1v1),
Y(ur,v1) = ¥(uvr), Y(ur, w) = Y(ww), Y(vi,w) = ¥(v1w) and P(w, we) =
U(wiws) for every w,wy,ws € W. The first two relations follow from the F-
linearity of ¥ and the property (b) of (A.1). For every w € W we have

V(uw) = fogluw) = fi(w) =¥ (u1, w),
Similarly

U(wiws) = a - \I_j(ulwl_ulw2) =a " (fog)(wmw)(f o g)(urws)
= a”t filwi)fi(ws) = a”h - (ur, wi)y(ur, we)
= a e p(wr, u)Y(ur, wa) = a” q(un) - Plwr, we) = Pw, wy).

The relations U (ujv1) = ¥ (u1,v1) and ¥(wvy) = ¢(w,v1) are obtained with the
same arguments. For the last one, we use wv; = viw = a‘l(wulz + wuqugv2 +
C 4 WU UR V).

Finally, the uniqueness of ¥ follows from the facts that as an F-algebra,
Co(V) is generated by 1¢,(v) and the set {j(u,v)lu,v € V}, and the relation
U(uv) = Vo j(u,v) = (u,v). O
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