A NUMERICAL INVARIANT
FOR LINEAR REPRESENTATIONS
OF FINITE GROUPS

NIKITA A. KARPENKO AND ZINOVY REICHSTEIN

ABSTRACT. We study the notion of essential dimension for a linear representation of
a finite group. In characteristic zero we relate it to the canonical dimension of certain
products of Weil transfers of generalized Severi-Brauer varieties. We then proceed to
compute the canonical dimension of a broad class of varieties of this type, extending
earlier results of the first author. As a consequence, we prove analogues of classical
theorems of R. Brauer and O. Schilling about the Schur index, where the Schur index
of a representation is replaced by its essential dimension. In the last section we show
that essential dimension of representations can behave in rather unexpected ways in the
modular setting.

1. INTRODUCTION

Let K/k be a field extension, G be a finite group of exponent e, and p: G — GL,(K)
be a non-modular representation of G whose character takes values in k. (Here “non-
modular” means that char(k) does not divide |G|.) A theorem of Brauer says that if &k
contains a primitive eth root of unity (. then p is defined over k, i.e., p is K-equivalent
to a representation p': G — GL,(k); see, e.g. [30, §12.3]. If (. & k, we would like to know
“how far” p is from being defined over k. In the case, where p is absolutely irreducible,
a classical answer to this question is given by the Schur index of p, which is the smallest
degree of a finite field extension [/k such that p is defined over [. Some background
material on the Schur index and further references can be found in Section 2.

In this paper we introduce and study another numerical invariant, the essential dimen-
sion ed(p), which measures “how far” p is from being defined over k in a different way.
Here p is not assumed to be irreducible; for the definition of ed(p), see Section 6. In
Section 8 we show that the maximal value of ed(p), as p ranges over representations with
a fixed character x: G — k, which we denote by ed(x), can be expressed as the canonical
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dimension of a certain product of Weil transfers of generalized Severi-Brauer varieties.
We use this to show that ed(p) < |G|?/4 for any n, k, and K/k in Section 9 and to
prove a variant of a classical theorem of Brauer in Section 10. In Section 11 we compute
the canonical dimension of a broad class of Weil transfers of generalized Severi-Brauer
varieties, extending earlier results of the first author from [18] and [20]. This leads to a
formula for the essential p-dimension of an irreducible character in terms of its decompo-
sition into absolutely irreducible components; see Corollary 12.3. As an application we
prove a variant of a classical theorem of Schilling in Section 13. In the last section we
show that ed(p) can be unexpectedly large in the non-modular setting.

2. NOTATION AND REPRESENTATION-THEORETIC PRELIMINARIES

Throughout this paper G will denote a finite group of exponent e, k a field, k an
algebraic closure of k, K and F' field extensions of k, (4 a primitive dth root of unity, p
a finite-dimensional representation of G, and x a character of GG. In this section we will
assume that char(k) does not divide G.

2a. Characters and character values. A function y: G — k is said to be a character
of G, if x is the character of some representation p: G — GL, (K) for some field extension
K/k.

If x: G — k is a character, and F/k is a field, we set

F(x):=F(x(9))|g € G) C F(C).

Since F'((.) is an abelian extension of F, so is F(x). Moreover, F(x) is stable under
automorphisms F'((.)/F, i.e., independent of the choice of the eth root of unity ¢, in F'.

Lemma 2.1. (a) Let x,x': G — k be characters and F/k be a field extension. Then
(a) every automorphism h € Gal(F(x)/F) leaves k(x) invariant.
(b) If x and x' are conjugate over F then they are conjugate over k.
(c) Suppose k is algebraically closed in F. Then the converse to part (b) also holds.
That is, if x, X' are conjugate over k then they are conjugate over F.

Proof. (a) It is enough to show that h(x(g)) C F(x) for every g € G. Since the sequence
of Galois groups

1= Gal(F(C)/F(x)) = Gal(F(C)/F) = Gal(F(x)/F) = 1

is exact, h can be lifted to an element of Gal(F({.)/F). By abuse of notation, we will
continue to denote it by h. The eigenvalues of p(g) are of the form ¢, ..., (' for some
integers iy, ...,%,. The automorphism h sends (. to another primitive eth root of unity
¢J for some integer j. Then

h(x(9)) = (¢ + -+ () =" + -+ 0 = x(¢") € F(x),
as desired.

(b) is an immediate consequence of (a).

(c) If k is algebraically closed in F', then the homomorphism
Gal(F(x1)/F) = Gal(k(x1)/k)
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given by o — 0 k() is surjective; see [25, Theorem VI.1.12]. O

2b. The envelope of a representation. If p: G — GL,(F') is a representation over
some field F'/k, we define the k-envelope Envi(p) as the k-linear span of p(G).

Lemma 2.2. Env(s - p) is k-isomorphic Envy(p) for any integer s > 1.

Proof. The diagonal embedding M,,(F) < M, (F) x --- x M, (F) (s times) induces an
isomorphism between Envy(p) and Envy(s - p). O

Lemma 2.3. Assume the character x of p: G — GL,(F) is k-valued. Then the natural
homomorphism Envg(p) @ F — Enve(p) is an isomorphism of F-algebras.

Proof. 1t suffices to show that if p(g1),...,p(g.) are linearly dependent over F' for some
elements g1, ..., g, € G, then they are linearly dependent over k. Indeed, suppose

arp(gr) + -+ arp(g) = 0
in M,,(F) for some ay,...,a, € F, such that a; # 0 for some 7. Then

tr((a1p(g1) + -+ -+ arp(gr)) - pg)) =0
for every g € GG, which simplifies to

arx(g19) + - -+ a;x(g-9) = 0.

The homogeneous linear system

r1x(g19) + -+ 2x(9,9) = 0

in variables x1, ..., z, has coefficients in k and a non-trivial solution in F'. Hence, it has
a non-trivial solution by, ..., b, in k, and we get that

tr((bip(g1) + -+ beplgr)) - plg)) =0

for every g € G.

Note that Envy(p) is, by definition, a homomorphic image of the group ring k[G]. Hence,
Envg(p) is semisimple and consequently, the trace form in Envy(p) is non-degenerate. It
follows that the elements p(g1), ..., p(g,) are linearly dependent over k, as desired. [

2c. The Schur index. Suppose K/k is a field extension, and p;: G — GL,(K) is an
absolutely irreducible representation with character y;: G — K. By taking F = K in
Lemma 2.3, one easily deduces that Envy,,)(p1) is a central simple algebra of degree n
over k(x1). The index of this algebra is called the Schur index of p;. We will denote it by

my(p1)-
In the sequel we will need the following properties of the Schur index.

Theorem 2.4. Let K be a field, G be a finite group such that char(K) does not divide
|G|, and p: G — GL,(K) be an irreducible representation. Denote the character of p by

X-
(a) Over the algebraic closure K, p decomposes as
(2.5) pr=m(p @ p,),

where py, ..., p, are pairwise non-isomorphic irreducible representations of G' defined over
K, and m is their common Schur index my(p1) = --- = mg(pr).
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(b) Let xi: G — K be the character of p; fori=1,...,r. Then K(x1) =+ = K(x,)
is an abelian extension of K of degree . Moreover, Gal(K(x1)/K) transitively permutes
X1y Xr-

(¢c) Conversely, every irreducible representation p;: G — GLi(K) occurs as an irre-
ducible component of a unique K -irreducible representation p: G — GL,(K), as in (2.5).

(d) The center Z of Envg(p) is K-isomorphic to K(x1) = K(x2) = -+ = K(x;).
Envig(p) is a central simple algebra over Z of index m.

(e) The multiplicity of p1 in any representation of G defined over K is a multiple of
mg(p1). Consequently, mg(p1) divides my(p1) for any field extension K /k.

(f) m divides dim(p,) = - -- = dim(p,.).

Proof. See [12, Theorem 74.5] for parts (a)-(d), and [11, Corollary 74.8] for parts (e) and
(f). O

As a consequence of Theorem 2.4, we obtain the following

Corollary 2.6. Let K/k be a field extension, p: G — GL,(K) be a representation, whose
character takes values in k, and

p:dlpl@"'@drpr

be the irreducible decomposition of p over the algebraic closure K. Then p can be realized
over k (i.e., p is K-equivalent to a representation p': G — GL,(k)) if and only if the
Schur index my(p;) divides d; for everyi=1,...,r. O

3. PRELIMINARIES ON ESSENTIAL AND CANONICAL DIMENSION

3a. Essential dimension. Let F : Fields, — Sets be a covariant functor, where
Fields; is the category of field extensions of k£ and Sets is the category of sets. We
think of the functor F as specifying the type of algebraic objects under consideration,
F(K) as the set of algebraic objects of this type defined over K, and the morphism
F(i): F(K) — F(L) associated to a field extension

(3.1) kC KL

as “base change”. For notational simplicity, we will write ay, € F(L) instead of F(i)(«),

Given a field extension L/K, as in (3.1), an object v € F(L) is said to descend to K
if it lies in the image of F(i). The essential dimension ed(«) is defined as the minimal
transcendence degree of K/k, where o descends to K. The essential dimension ed(F) of
the functor F is the supremum of ed(«) taken over all a € F(K) and all K.

Usually ed(a) < oo for every a € F(K) and every K/k; see [7, Remark 2.7]. On the
other hand, ed(F) = oo in many cases of interest; for example, see Proposition 14.1 below.

The essential dimension ed,(a) of « at a prime integer p is defined as the minimal value
of ed(ays), as L’ ranges over all finite field extensions L'/L such that p does not divide
the degree [L' : L]. The essential dimension ed,(F) is then defined as the supremum of
ed,(a) as K ranges over all field extensions of k£ and « ranges over F(K).

For generalities on essential dimension, see [2, 27, 28, 7].
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3b. Canonical dimension. An interesting example of a covariant functor Fields, —
Sets is the “detection functor” Dy associated to an algebraic k-variety X. For a field
extension K /k, we define

Dx<K) =

a one-element set, if X has a K-point, and

(0, otherwise.

If k € K <5 L then 0 < |Dx(K)| < |Dx(L)| < 1. Thus there is a unique morphism of
sets Dx(K) — Dx (L), which we define to be Dx (7).

The essential dimension (respectively, the essential p-dimension) of the functor Dy is
called the canonical dimension of X (respectively, the canonical p-dimension of X) and
is denoted by cd(X) (respectively, c¢d,(X)). If X is smooth and projective, then cd(X)
(respectively, cd,(X)) equals the minimal dimension of the image of a rational self-map
X --» X (respectively, of a correspondence X ~~ X of degree prime to p). In particular,

(3.2) 0 < edy(X) < cd(X) < dim(X)

for any prime p. If cd(X) = dim(X), we say that X is incompressible. If c¢d,(X) =
dim(X), we say that X is p-incompressible. For details on the notion of canonical dimen-
sion for algebraic varieties, we refer the reader to [27, §4].

We will say that smooth projective varieties X and Y defined over K are equivalent if
there exist rational maps X --» Y and Y --» X. Similarly, we will say that X and Y are
p-equivalent for a prime integer p, if there exist correspondences X ~» Y and Y ~» X of
degree prime to p.

Lemma 3.3. (a) If X and Y are equivalent, then cd(X) = cd(Y) and cd,(X) = c¢d,(Y)
for any p.
(b) If X and Y are p-equivalent for some p, then cd,(X) = cd,(Y).

Proof. (a) Let K/k be a field extension. By Nishimura’s lemma, X has a K-point if and
only if so does Y; see [29, Proposition A.6]. Thus the detection functors Dx and Dy are
isomorphic, and c¢d(X) = ed(Dx) = ed(Dy) = cd(Y'). Similarly, cd,(X) = cd,(Y).

For a proof of part (b) see [23, Lemma 3.6 and Remark 3.7]. O

4. BALANCED ALGEBRAS

Let Z/k be a Galois field extension, and A be a central simple algebra over Z. Given
a € Gal(Z/k), we will denote the “conjugate” Z-algebra A ® Z, where the tensor
product is taken via a: Z — Z, by “A. We will say that A is balanced over k if “A is
Brauer-equivalent to a tensor power of A for every o € Gal(Z/k).

Note that A is balanced, if the Brauer class of A descends to k: “A is then isomorphic
to A for any «. In this section we will consider another family of balanced algebras.

Let K/k be a field extension, p: G — GL,(K) be an irreducible representation whose
character y is k-valued. Recall from Theorem 2.4 that Env(p) is a central simple algebra
over Z ~ k(x1) =+ = k(xn)-

Proposition 4.1. Envy(p) is balanced over k.
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Proof. Recall from [33, p. 14] that a cyclotomic algebra B/Z is a central simple algebra

of the form
B = @ Z(C)U‘g 9
g9€Gal(Z(¢)/Z)

where ( is a root of unity, Z(() is a maximal subfield of B, and the basis elements u, are
subject to the relations

ugr = g(x)u, and uyup = (g, h)ug, for every z € Z(¢) and g, h € Gal(Z((¢)/Z).

Here 5: G x G — Z(()* is a 2-cocycle whose values are powers of (. Following the
notational conventions in [33], we will write B := (53, Z(()/Z).

By [33, Corollary 3.11], Env(p) is Brauer-equivalent to some cyclotomic algebra B/Z,
as above. Thus it suffices to show that every cyclotomic algebra is balanced over k, i.e.,
“B is Brauer-equivalent to a power of B over Z for every o € Gal(Z/k).

By Theorem 2.4(d), Z is k-isomorphic to k(x1), which is, by definition a subfield of
k((.), where e is the exponent of G. Thus there is a root of unity e such that

Z(¢) C k(¢ Ce) = k(e)
and both ¢ and (. are powers of €. Note that k(e)/k is an abelian extension, and the
sequence of Galois groups
1 — Gal(k(e)/Z) — Gal(k(e)/k) — Gal(Z/k) — 1

is exact. In particular, every a € Gal(Z/k) can be lifted to an element of Gal(k(e)/k),
which we will continue to denote by a. Then «a(€) = ¢ for some integer ¢. Since ( is a
power of €, and each 3(g,h) is a power of (, we have

(4.2) a(B(g,h)) = B(g, h)" for every g, h € Gal(Z(¢)/k).

We claim that ®B is Brauer-equivalent to B®* over Z. Indeed, since
B=(8,2(¢)/%),

we have °B = (a(p), Z(¢)/Z). By (4.2), °B = (a(p), 2(()/Z) = (8", 2(C)/Z), and
(8%, Z(¢)/Z) is Brauer-equivalent to B®*, as desired. O

5. GENERALIZED SEVERI-BRAUER VARIETIES AND WEIL TRANSFERS

Suppose Z/k is a finite Galois field extension and A is a central simple algebra over Z.
For 1 < m < deg(A), we will denote by SB(A, m) the generalized Severi-Brauer variety
(or equivalently, the twisted Grassmannian) of (m — 1)-dimensional subspaces in SB(A).
The Weil transfer Rz, (SB(A,m)) is a smooth projective absolutely irreducible k-variety
of dimension [Z : k]-m - (deg(A) —m). For generalities on the Weil transfer, see, e.g., [15].

Proposition 5.1. Let Z, k and A be as above, X := Ry/,(B(A, m)) for some 1 <m <
deg(A), and K/k be a field extension.

(a) Write Kz == K ® Z as a direct product Ky X --- x K, where K7/Z,..., K/Z
are field extensions. Then X has a K-point if and only if the index of the central simple
algebra Ak, == A ®z K; divides m for everyi=1,...,s.
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(b) Assume that m divides ind(A), A is balanced and K = k(X) is the function field
of X. Then Kz = K ®; Z is a field, and A @, K ~ A®z Kz is a central simple algebra
over Kz of index m.

Proof. First note that A @y K ~ A®yz K.

(a) By the definition of the Weil transfer, X = Rz/,(B(A, m)) has a K-point if and
only if SB(A, m) has a Kz-point or equivalently, if and only if SB(A, m) has a K;-point
for every i = 1,...,s. On the other hand, by [4, Proposition 3], SB(A, m) has a K;-point
if and only if the index of Ak, divides m.

(b) Since X is absolutely irreducible (see, e.g. [4, Lemma 3]), K is Z-isomorphic to
the function field of the Z-variety

X7z = X Xgpee() SpeC(Z) = H B(*A, m),
aeCal(Z/k)
see [5, §2.8]. Set F':= Z(B(A,m)). By [31, Corollary 1],
ind(A®z F)=m.
Since A is balanced, i.e., each algebra *A is a power of A, ind(“A ®, F') divides m for

every a € Gal(Z/k). By [4, Proposition 3], each SB(*A, m)r is rational over F'. Thus the
natural projection of Z-varieties

Xz= [ SB(*4,m)— B(A,m)
a€Gal(Z/k)
induces a purely transcendental extension of function fields F' — K . Consequently,
11’1d<A Xz Kz) = 11’1d<A Xz F) =m,

as claimed. ]

6. THE ESSENTIAL DIMENSION OF A REPRESENTATION

Let us now fix a finite group G and an arbitrary field k£, and consider the covariant
functor
Repg , : Fields;, — Sets

defined by Repg ;(K) := { K-isomorphism classes of representations G' — GL,(K)} for
every field K/k. Here n > 1 is allowed to vary.

The essential dimension ed(p) of a representation p: G — GL,(K) is defined by viewing
p as an object in Repg ;(K), as in Section 3. That is, ed(p) is the smallest transcendence
degree of an intermediate field £ C Ky C K such that p is K-equivalent to a representation
P G — GL,(Kj). Toillustrate this notion, we include an example, where ed(p) is positive
and two elementary lemmas.

Example 6.1. Let H = (—1,—1) be the algebra of Hamiltonian quaternions over k =
R, i.e., the 4-dimensional R-algebra given by two generators i, j, subject to relations,
i? = j2 = —1 and ij = —ji. The multiplicative subgroup G = {£1, +i, 47, +ij} of H is
the quaternion group of order 8. Let K = R(SB(H)), where SB(H) denotes the Severi-
Brauer variety of H. The representation p: G — H — H ®g K ~ My(K) is easily seen
to be absolutely irreducible. We claim that ed(p) = 1. Indeed, trdegg(F) = 1, for any
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intermediate extension R C F' C K, unless F' = R. On the other hand, p cannot descend
to R, because Envg(p) = H, and thus mg(p) = ind(H) = 2 by Theorem 2.4(d). O

Lemma 6.2. Let G be a finite group, K/k be a field, p;: G — GL,,(K) be representations
of G over K (fori=1,...,s) and p~ a1p1®---Dasps, where ay,...,as = 1 are integers.
Then ed(p) < ed(pr) + -+ ed(ps).

Proof. Suppose p; descends to an intermediate field & C K; C K, where trdeg,(K;) =
ed(p;). Let Ky be the subfield of K generated by K, ..., K. Then p descends to K, and
ed(p) < trdeg, (Ky) < trdeg,(Ky) + - - - + trdeg, (K,) = ed(p1) + - - - + ed(ps). O

Lemma 6.3. Let k C K be fields, G be a finite group, and p: G — GL,(K) be a
representation. Let k' := k(x) C K, where x is the character of p. Then the essential
dimension of p is the same, whether we consider it as an object on Repy; or Repy -

Proof. 1f p descends to an intermediate field £ C F' C K, then F' automatically contains
E'. Moreover, trdeg, (F') = trdeg;, (F'). The rest is immediate from the definition. O

Lemma 6.4. Assume that char(k) does not divide |G| and the Schur index mg(\) equals
1 for every absolutely irreducible representation A\: G — GL,(K), where K contains k.
(In fact, it suffices to only consider K = k.) Then ed(p) = 0 for any representation
p: G — GL,(L) over any field L/k. In other words, ed(Repg ) = 0.

Proof. Let x be the character of p and k&’ := k(x). By Theorem 2.4(e), my(\) = 1 for
every absolutely irreducible representation A\: G — GL,(K) of G. By Lemma 6.3 we may
replace k by k' = k(x) and thus assume that y is k-valued. Corollary 2.6 now tells us
that p descends to k. U

Remark 6.5. The condition of Lemma 6.4 is always satisfied if char(k) > 0; see [12,
Theorem 74.9]. This tells us that for non-modular representations the notion of essential
dimension is only of interest when char(k) = 0. The situation is drastically different in
the modular setting; see Section 14.

7. IRREDUCIBLE CHARACTERS

In view of Remark 6.5, we will now assume that char(k) = 0. In this setting there is a
tight connection between representations and characters.

Lemma 7.1. Suppose Fy/k, F5/k are field extensions, and
P1: G — GLn(Fl), P2 G — GLn(FQ)
are representations of a finite group G, with the same character x: G — k. Then the

k-algebras Envy(p1) and Envy(ps) are isomorphic.

Proof. Let F/k be a field containing both F} and F,. Then p; and p, are equivalent over
F, because they have the same character. Thus Envy(p;) and Envg(py) are conjugate
inside M, (F). O

Given a representation p: G — GL,(F), with a k-valued character x: G — k, Lemma 7.1
tells us that, up to isomorphism, the k-algebra Envy(p) depends only on x and not on
the specific choice of F' and p. Thus we may denote this algebra by Endg(x).
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If p is absolutely irreducible (and the character x is not necessarily k-valued), it is
common to write my(x) for the index of Endy,(x) instead of my(p).
Let x: G — k be a character of G. Write

(7.2) X =D mixi,
=1

where x1,...,xr: G — k are absolutely irreducible and m;,...,m, are non-negative
integers. Since x is k-valued, m; = m; whenever x; and x; are conjugate over k.

Lemma 7.3. Let x = Y., m;x;: G — k be a character of G, as in (7.2). Then the
following are equivalent.

(a) x is the character of a K-irreducible representation p: G — GL,(K) for some field
extension K/k.

(b) x1,--.,xr form a single Gal(k(x1)/k)-orbit and my = - -- = m, divides my(x1) =
e mi)

Proof. (a) = (b): By Theorem 2.4(a) and (b), x = m(x1 + --- + x»), where x1,...,x»
are absolutely irreducible characters transitively permuted by Gal(K(x;)/K), and m =
mg(x1) =+ =mg(x,). By Lemma 2.1(b), x1, ..., x, are also transitively permuted by
Gal(k(x1)/k). Moreover, by Theorem 2.4(e), m divides mg(x1) = - - - = mg(xr).

(b) = (a): Let K be the function field of the Weil transfer variety Rz, (SB(A, m)),
where A is the underlying division algebra and Z is the center of Envy (). Since the variety
Rzt (SB(A,m)) is absolutely irreducible, k is algebraically closed in K. Lemma 2.1(c) now
tells us that x1, ..., X, are conjugate over K. By Theorem 2.4(c) there exists an irreducible
K-representation p whose character is mg(x1)(x1 + -+ + Xx»). It remains to show that
mg(x1) = m. Indeed,

mg(x1) = ind(Envg(x)) = ind(Envg(x) @ K) =m.

Here the first equality follows from Theorem 2.4(d), the second from Lemma 2.3, and the
third from Proposition 5.1(b). O

We will say that a character x: G — k is irreducible over k if it satisfies the equivalent
conditions of Lemma 7.3.

8. THE ESSENTIAL DIMENSION OF A CHARACTER
In this section we will assume that char(k) = 0 and consider subfunctors
Rep, : Fields, — Sets
of Repg , given by
Rep, (K) =
{K-isomorphism classes of representations p: G — GL,(K) with character x}

for every field K/k. Here x: G — k is a fixed character and n = x(1¢). The assumption
that y takes values in k is natural in view of Lemma 6.3, and the assumption that
char(k) = 0 in view of Remark 6.5. Since any two K-representations with the same
character are equivalent, Rer(K ) is either empty or has exactly one element. We will
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say that x can be realized over K/k if Rep, (K) # (. In particular, Rep, and Rep,, are
isomorphic if and only if x and X’ can be realized over the same fields K/k.

Definition 8.1. Let x: G — k be a character of a finite group G and p be a prime
integer. We will refer to the essential dimension of Rep, as the essential dimension of x
and will denote this number by ed(y). Similarly for the essential p-dimension:

ed(x) := ed(Rep,) and ed,(x) := ed,(Rep,).

We will say that characters y and X of G, are disjoint if they have no common absolutely
irreducible components.

Lemma 8.2. (a) If the characters x, \: G — k are disjoint then Rep, ,, ~ Rep, xRep,.

(b) Suppose a character x =Y i mixi: G — k is as in (7.2). Set x' = > ._, mix;,
where mj is the greatest common divisor of m; and my(x;). Then Rep, ~ Rep,..

Proof. Let K be a field extension of k.

(a) By Corollary 2.6, x + A can be realized over K if and only if both y and A can be
realized over K.

(b) By Corollary 2.6
(i) x can be realized over K if and only if
(il) mg (x;) divides m;, for every i = 1,...,s.

By Theorem 2.4(e), mg(x;) divides my(x). Thus (ii) is equivalent to
(iil) mg(x1) = -+ = mi(xs) divides m/.

Applying Corollary 2.6 one more time, we see that (iii) is equivalent to
(iv) X’ can be realized over K.

In summary, y can be realized over K if and only if x’ can be realized over K, as desired.
O

As we observed above, Rep, (K) has at most one element for every field K/k. In
other words, Rep, is a detection functor in the sense of [21] or [27, Section 4a]. We
saw in Section 3b that to every algebraic variety X defined over k, we can associate the
detection functor Dy, where Dy (K) is either empty or has exactly one element, depending
on whether or not X has a K-point. Given a character x: G — k, it is thus natural to
ask if there exists a smooth projective k-variety X, such that the functors Rep, and Dx,
are isomorphic. The rest of this section will be devoted to showing that this is, indeed,
always the case. We begin by defining X, .

Definition 8.3. (a) Let G be a finite group and x := m(x1 + -+ x»): G — k be
an irreducible character of G, where xi,...,x, are Gal(k(x1)/k)-conjugate absolutely
irreducible characters, and m > 1 divides my(x1) = -+ = mg(x,). We define the k-
variety X, as the Weil transfer R/, (SB(Ay, m)), where Z is the center and A, is the
underlying division algebra of Env(y).

(b) More generally, suppose x := A1 + - -+ + A, where A\y,..., A\s: G — k are pairwise
disjoint and irreducible over k. Then we define X, := X, X --- X3 X),, where each X,
is a Weil transfer of a generalized Severi-Brauer variety, as in part (a).
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Theorem 8.4. Let G be a finite group and x := A + - - - + A be a character, where
)\1,...,)\52 G—>k

are patrwise disjoint and irreducible over k. Let X, be the k-variety, as in Definition 8.5.
Then the functors Rep, and Dx, are isomorphic. Consequently ed(x) = cd(X,) and
ed,(x) = cd,(X,) for any prime p.

Proof. In view of Lemma 8.2(a) we may assume that y is irreducible over k, i.e., s = 1
and x = A;. Write x := m(x1 + -+ + X»), where x1,...,x,: G — k are the absolutely
irreducible components of y. Let K/k be a field extension. By Corollary 2.6 the following
conditions are equivalent:

(i) Rep,(K) # 0, i.e., x can be realized over K,
(ii) mg(x;) divides m for j =1,...,r.

Note that while the characters x, ..., x, are conjugate over k, they may not be conjugate
over K. Denote the orbits of Gal(K/K)-action on xi,...,x» by Oi,...,0;, and set
i = ijeoi Xj, S0 that x = m(uy + - - + pr).

Denote the center of the central simple algebra Envy(x) by Z. Write Ky := K ®y Z
as a direct product Kj x --- x Ky, where K/Z,... K;/Z are field extensions, as in
Proposition 5.1. By Lemma 2.3,

(8.5)
EHVK<X) ~ End(X)®ZK ~ End(X)@ZKZ >~ (EHVK<X)®ZK1) X X (EnVK<X)®ZKs) s

where ~ denotes isomorphism of K-algebras. On the other hand, since puq,...,u; are
K-valued characters,

(8.6) Envg(x) >~ Envg(mpg) X -+ x Envg(mpy) .

Suppose x; € O;. Then by Lemma 2.2 Envy(mpu;) ~ Envg(p;) o~ Envi(mg(x;)m),
and by Theorem 2.4(d), Envg(mg(x;)u:) is a central simple algebra of index my (x;).
Comparing (8.5) and (8.6), we conclude that s = ¢, and after renumbering K7, ..., K,
we may assume that K is the center of Envg (mypy;). Thus (ii) is equivalent to

S

(iii) the index of Envg (mpu;) ~ Envg(x) ®z K; divides m for every i = 1,...,s.
By Proposition 5.1(a), (iii) is equivalent to
(iv) X, has a K-point, i.e., Dx (K) # 0.

The equivalence of (i) and (iv) shows that the functors Rep, and Dy, are isomorphic.

Now

£ Cd(Xx)

and similarly for the essential dimension at p. O

ed(y) © ed(Rep,) = ed(Dx, )

Remark 8.7. Theorem 8.4 can, in fact, be applied to an arbitrary k-valued character
X: G — k. Indeed, the character x' of Lemma 8.2(b) is a sum of pairwise disjoint
k-irreducible characters. Thus Rep, ~ Rep,, by Lemma 8.2, and Rep,, ~ DXX/ by
Theorem 8.4.
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9. UPPER BOUNDS

In this section we will, once again, assume that char(k) = 0. Combining Theorem 8.4
with the inequality (3.2), we obtain the following

Corollary 9.1. Let G be a finite group and x = m(x1+---+x»): G — k be an irreducible
character over k, as in Section 7. Then ed(x) < dim(X,) = rm(my(x1) —m). O

We are now in a position to prove upper bounds on the essential dimension of an
arbitrary representation of a finite group G.

Proposition 9.2. Let p: G — GL,(K) be a representation of a finite group G over a
field K/ k.

(a) If p is K -irreducible (but not necessarily absolutely irreducible), then ed(p) < n?/4.

(b) If p is arbitrary, then ed(p) < |G|*/4.

(c) ed(Repg,) < |GI*/4 for any base field k. Here Repg,, is the functor defined at
the beginning of Section 6.

Proof. (a) By Lemma 6.3 we may assume that the character x of p is k-valued. By
Lemma 7.3, x is irreducible over k. Write x = m(x1 + -+ - + X,), where m > 1 divides
mg(x1) = -+ = mg(x,). By Corollary 9.1

2
(9.3) ed(p) < rm(mgp(x1) —m) < 7’% :
Now recall that by Theorem 2.4(d), Envy(p) is a central simple algebra of index my(x1)
over a field Z such that [Z : k] = r. Thus

(9.4) rme(x1)? < rdimgz(Env(p)) = dimg(Envi(p)) = dimg (Envg(p)) < n?.

Here the equality dimy(Envg(p)) = dimg(Envg(p)) follows from Lemma 2.3, and the
inequality dimg (Envg(p)) < n? follows from the fact that Envg(p) is a K-subalgebra of
M,,(K). Combining (9.3) and (9.4), we obtain ed(p) < n?/4.

(b) Decompose p = ajp; @ -+ @ asps as a direct sum of distinct K-irreducibles. By
Lemma 6.2, ed(p) < ed(p1) + - - - +ed(ps). Thus in view of part (b) we only need to show
that

(9.5) > dim(p:)* < |G

i=1
Over K, p; ~ mi(pin @ -+ ® pir,), where the p;; are distinct K-irreducibles, and m;
is the common Schur index mg(pi1) = -+ = mg(pir,;), as in Theorem 2.4(a). The
representations p;i, ..., pi, are conjugate over K and thus have the same dimension. By
Theorem 2.4(c), the K-irreducible representations pij are pairwise non-isomorphic, and
by Theorem 2.4(f), m; < dim(p;;) = - -+ = dim(p;y,). Thus

and

s s s T

Zdim(m)z <Y orZdim(pn)* < (O ridim(pn)?)? = (O dim(py;)*)’ < |G

i=1 i=1 i=1 j=1
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Here the last inequality follows from the fact that the sum of the squares of the dimensions
of K-irreducible representations is |G|; see, e.g., [30, Corollary 2.4.2(a)].
(c) is just a restatement of (b); see Section 3. O

10. A VARIANT OF A THEOREM OF BRAUER

A theorem of R. Brauer [6] asserts for every integer [ > 1 there exists a number field
k, a finite group G and an absolutely irreducible character x; such that the Schur index
my(x1) = [. For alternative proofs of Brauer’s theorem, see [3] or [32].

In this section we will prove an analogous statement with the Schur index replaced
by the essential dimension. Note however, that the analogy is not perfect, because the
representation we construct will not be irreducible for any [ > 2.

Proposition 10.1. For every integer | > 0 there exists a number field k, a finite group
G, and a character x: G — k such that ed(x) = [.

Proof. The proposition is obvious for [ = 0. Indeed, the trivial representation p: G —
GL4 (k) has essential dimension 0 for any group G and any number field k. We may thus
assume that [ > 1.

The strategy of the proof is as follows. We will construct finite groups Gy, ..., G; and
2-dimensional absolutely irreducible characters y;: G; — k, for a suitable number field
k, such that the Brauer classes of the quaternion algebras A; := Envy(y;) are linearly
independent over Z/2Z in Br(k). (Proving linear independence for these Brauer classes
will be the most delicate part of the argument. We will defer it to Lemma 10.3.) We will
view each y; as a character of G = G X --- x (G; via the natural projection G — G; and
set x ' =x1+ -+ Xxr: G — k. By Theorem 8.4

ed(x) = cd(Xy),

where X, 1= X, X --xx X,,, and X,, is the 1-dimensional Severi-Brauer variety SB(A4;).
Since the Brauer classes of Ayj,..., A; are linearly independent over Z/27Z in Br(k), [22,
Theorem 2.1] tells us that cd(X,) =, as desired.

We now proceed with the construction of k, Gy, ..., Gy and xq, ..., x;- Choose [ distinct
prime integers pi,...,p; = 3 (mod 4) and let F' = Q((,,---,(p,), where as usual, (,
denotes a primitive pth root of unity. The extension F'/Q is Galois with

Gal(F/Q) =Ty x--- x Iy,

where I'; ~ Z/(p—1)Z. Since p; = 3 (mod 4), I'; has a unique subgroup of order 2, which
we will denote by T';[2]. The non-trivial element of I';[2] takes ¢, to (" and preserves (p,
for every j # i. The elementary 2-group I'1[2] x - -+ x I';[2] is the Sylow 2-subgroup of T
we will denote it by I'[2]. We now set

k= F' = Q¢ + I;Ia---vgpl +<I;ll)'

Let A; be the quaternion algebra ((¢y, —(,,")?, —1) over k. That is, A; is the 4-dimensional
k-algebra generated by two elements, x and y, subject to the relations

2 = ((, — 1) yP = —1 and 1y = —yz.

Pi
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Note that k(¢ — (') = k((p,) is a maximal subfield of A;, and
Gi =< (p, > X <y>~Z/pZ x LJAZ

is a multiplicative subgroup of A}. Since k((p,) splits A; and k((,,) C F, the inclusion
G; — A; gives rise to a 2-dimensional representation

By our construction A; = Envg(p;) and the character x; of p; is k-valued. Since p;
is faithful and G; is a non-abelian group, this representation is absolutely irreducible.

(Otherwise p; would embed G as a subgroup of the abelian group GL;(Q) x GL;(Q), a
contradiction.) Proposition 10.1 is now a consequence of Lemma 10.3 below. O

Remark 10.2. Proposition 10.1 implies that there exists a field extension K/k and a
linear representation p: G — GL,(K) such that ed(p) = [. Note however, that p is not
the same as p; x -+ X p;: G — GL,(F), even though they have the same character.
Indeed, since F'/k is a finite extension, ed(p; X --- X p;) = 0. Under the isomorphism of
functors Rep, =~ Dx, from Theorem 8.4, p; X -+ X p; corresponds to an F-point of X,
while p corresponds to the generic point.

Lemma 10.3. Let py,...,p; be distinct prime integers, each = 3 (mod 4), and A; be the
quaternion algebra ((Cp, — ;)% —1) over k = Q(G, +¢,.0 -+, G +C,, 1) Then the classes

p1

of Ai,..., Ay are linearly independent over Z /27 in Br(k).

Proof of Lemma 10.3. After renumbering pq, ..., p;, it suffices to show that A; ®;- - - @y Ay
is not split for any s = 1,...,1. Since [(a,c)] ® [(b,¢)] = [(ab, ¢)] in Br(k), we see that

[Ar @ - - @ A] = [(T, =1)].

Here [A] denote the Brauer class of a central simple algebra A/k, and

S

7= =6 k.

i=1

Now recall that the quaternion algebra (7', —1) splits over k if and only if 7" is a norm in
k(v/—1)/k; see, e.g., [24, Theorem 2.7]. Thus it suffices to show that 7" is not a norm in
k(v/—1)/k. Assume the contrary: T' = Ny =), (7) for some z € k(v/—1). Taking the

norm in k/Q on both sides, we see that

Nk/Q(T) = Nk/Q(Nk(\/—_l)/k(x)) = Nk(\/—_l)/Q(x) = NQ(\/—_l)/Q(Nk(\/—_l)/Q(\/—_l)(x))

is a norm in Q(v/—1)/Q. Thus it suffices to prove the following
Claim: Ny g(T) is not a norm in Q(v/—1)/Q, i.e., is not the sum of two rational squares.
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Our proof of this claim will be facilitated by the following diagram.

F = @<Cp17"'7Cpl)
2l

k: = Q(Cp1+ p17"'7§pl+§p_ll)

@<sz) odd
X
(G — G, 1)? € ki = QG + G,

izl odd

Q

We now proceed to compute Ny q(7):

Nk‘/@ HNk/Q (Cps — i HNk‘/Q (Cpi — C, ) )[kk]

and since (G, — (,;')* = —Noe,,)/k: (Gpr — G, '), for each i,
Niyo((Gr = 6.1)?) = Nijo(=Na, )k (G — 601)) =
(=)™ Ngg, /e (G = 6.1) = —pi

The last equality follows from the identities Hfgl Czjn =1 and Hf’;l(l — Czjn) = p;, Where
the latter is obtained by substituting ¢ = 1 into ?i:_ll(t —¢)=t""4+...+t+1 In

summary,
k)
Ni,jo(T H [

If s is odd then Ny, (1) < 0, and the Clalm is obvious. In the case where s is even,
recall that by a classical theorem of Fermat, a positive integer n can be written as a sum
of two rational squares if and only if it can be written as a sum of two integer squares
if and only if every prime p which is = 3 (mod 4) occurs to an even power in the prime
decomposition of n. Since each p; is = 3 (mod 4) and each [k; : k] is odd, we conclude
that N, /o(T) cannot be written as a sum of two rational squares for any s = 1,...,[.
This completes the proof of the claim and thus of Lemma 10.3 and Proposition 10.1. [

11. COMPUTATION OF CANONICAL p-DIMENSION

This section aims to determine canonical p-dimension of a broad class of Weil transfers
of generalized Severi-Brauer varieties. Here p is a fixed prime integer. The base field k is
allowed to be of arbitrary characteristic.

Let Z/k be a finite Galois field extension (not necessarily abelian). We will work with
Chow motives with coefficients in a finite field of p elements; see [13, §64]. For a motive
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M over Z, Ry, M is the motive over k given by the Weil transfer of M introduced in [15].
Although the coefficient ring is assumed to be Z in [15], and the results obtained there
over Z do not formally imply similar results for other coefficients, the proofs go through
for an arbitrary coefficient ring.

For any finite separable field extension K/k and a motive M over K, the corestriction
of M is a well-defined motive over k; see [17].

Lemma 11.1. Let Z/k be an arbitrary finite Galois field extension and let My, ..., M,
be m > 1 motives over Z. Then the motive Rz, (My @ - - ® M,,) decomposes in a direct
sum

Ry(My @ - ® My,) ~ Ry My @ - - © Rz My, ® N,

where N is a direct sum of corestrictions to k of motives over fields K with k C K C Z.

Proof. For m = 1 the statement is void. For m = 2 use the same argument as in [18,
Proof of Lemma 2.1]. For m > 3 argue by induction. U

Now recall from Section 3b that a k-variety X is called incompressible if cd(X) =
dim(X) and p-incompressible if c¢d,(X) = dim(X).

Theorem 11.2. Let p be a prime number, Z/k a finite Galois field extension of degree p”
for somer >0, D a balanced central division Z-algebra of degree p™ for some n > 0, and
X the generalized Severi-Brauer variety SB(D,p') of D for somei=0,1,...,n. Then the
k-variety Rz, X, given by the Weil transfer of X, is p-incompressible.

Note that in the case, where Z/k is a quadratic Galois extension, D is balanced if the
k-algebra given by the norm of D is Brauer-trivial; *D for o # 1 is then opposite to D.
In this special case Theorem 11.2 was proved in [18, Theorem 1.1].

Proof of Theorem 11.2. In the proof we will use Chow motives with coefficients in a finite
field of p elements. Therefore the Krull-Schmidt principle holds for direct summands of
motives of projective homogeneous varieties by [10] (see also [20]).

We will prove Theorem 11.2 by induction on r + n. The base case, where r +n = 0, is
trivial. Moreover, in the case where r = 0 (and n is arbitrary), we have Z = k and thus
Rz X = X is p-incompressible by [20, Theorem 4.3]. Thus we may assume that r > 1
from now on.

If © = n, then X = SpecZ, Rz, X = Speck, and the statement of Theorem 11.2 is
trivial. We will thus assume that ¢ < n — 1 and, in particular, that n > 1.

Let &' be the function field of the variety Rz, SB(D,p" !). Set Z' := k' ®; Z. By
Proposition 5.1(b), the index of the central simple Z'-algebra Dy = D®yz Z' = D @ k' is
p"~1. Thus there exists a central division Z’-algebra D’ such that the algebra of (p x p)-
matrices over D’ is isomorphic to Dyz. Let X’ = SB(D',p"). By [14, Theorem 10.9 and
Corollary 10.19] (see also [9]) and [20, Theorems 3.8 and 4.3], the motive of the variety
Xz decomposes in a direct sum

M(Xz) ~UX) s UX )P ) e UX) (2™ e - eUX)(p—1p™ ) e N,

where U(X') is the upper motive of X’ and N is a direct sum of shifts of upper motives
of the varieties SB(D’,p’) with j < i. Therefore, by Lemma 11.1 and [15, Theorem 5.4],
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the motive of the variety (RZ/kX )i >~ Ry K (Xz/) decomposes in a direct sum

(113) M<RZ/kX>k’ ~ RZ’/k’U<X/) D RZ,/kIU<X/><pr+i+n71)€B
RZ,/k/U(X’)(Qp””"—l) @ ® Ry UX)((p — Dp ) @ N @ N,

where now N is a direct sum of shifts of Ry U(SB(D',p?)) with j < i, and N’ is a
direct sum of corestrictions of motives over fields K with &’ C K C Z’. By the induction
hypothesis, the variety Ry /s X" is p-incompressible. By [16, Theorem 5.1], this means that
no positive shift of the motive U(Rz 1w X') is a direct summand of the motive of Rz X'
It follows by [17] that Rz iy U(X') is a direct sum of U(Ryz/ p X"), of U(Rz:  SB(D',p7))
with j < 4, and of corestrictions of motives over fields K with k' C K C Z'. Therefore we
may exchange Ry with U in (11.3) and get a decomposition of the form

(11.4) M(RzpX)w = U(RzwX') © U(Rz e X)(p™" @
U(RZI/k,/X/) (2pr+i+n71) P U<RZ’/k'X/)(<p . 1)pr+i+n71) D N D N/,

where N is now a direct sum of shifts of some U(Rz p» B(D',p’)) with j < ¢, and N is
a direct sum of corestrictions of motives over fields K with k' C K C Z'. Note that the
first p summands of decomposition (11.4) (that is, all but the last two) are shifts of an
indecomposable motive; moreover, no shift of this motive is isomorphic to a summand of
N or of N'. Since the variety Rz /v X' is p-incompressible, we have

dim U(RZ//kIXI) = dim RZ//k/XI = [Z/ : k/] : dlmX/ = pr : pi<pn71 - pz) .

(We refer the reader to [16, Theorem 5.1 for the definition of the dimension of the
upper motive, as well as its relationship to the dimension and p-incompressibility of the
corresponding variety). Note that the shifting number of the p-th summand in (11.4) plus
dim Rz, X' equals dim R/, X:

(p o 1)pr+z+n71 _'_prpz(pnfl _pz> — prpz(pn _pz>

We want to show that the variety Rz, X is p-incompressible. In other words, we want
to show that dim U(Rz/,X) = dim Rz, X. Let [ be the number of shifts of U(RzX")
contained in the complete decomposition of the motive U(Rz/;X ). Clearly, 1 <1 < p
and it suffices to show that [ = p because in this case the p-th summand of (11.4) is
contained in the complete decomposition of U(Rz/tX ).

The complete motivic decomposition of R/, X contains several shifts of U(Rz,X).
Let N be any of the remaining (indecomposable) summands. Then, by [17], N is either
a shift of the upper motive U(Rz, SB(D, p’)) with some j < ¢ or a corestriction to k of a
motive over a field K with k C K C Z. It follows that the complete decomposition of Ny
does not contain any shift of U(Rz /v X"). Therefore [ divides p, that is, [ = 1 or [ = p,
and we only need to show that [ # 1.

We claim that [ > 1 provided that dim U(Rz/xX) > dim U(Rz i X'). Indeed, by [19,
Proposition 2.4], the complete decomposition of U(Rz/,X ), contains as a summand the
motive U(Rz  X') shifted by the difference dim U(Rz/,X)—dim U(Ryz / X'). Therefore,
in order to show that [ # 1 it is enough to show that
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We already know the precise value of the dimension on the right, so we only need to
find a good enough lower bound on the dimension on the left. This will be given by
dimU((Rz/xX)j), where k/k is a degree p Galois field subextension of Z/k. We can
determine the latter dimension using the induction hypothesis.

Indeed, since Rz, X ~ Ry, R, ;; X, the variety (Rz,X)j, is isomorphic to

(RzpwX) = [ "Ry X = Ry 1 °X,
ael’ ael’
where I is the Galois group of Z/k, [ is the Galois group of k /k, and o € T" is a represen-
tative of & € I (see [5, §2.8]). Since D is balanced, the product [Lscr °X is equivalent to
X. Hence, by Lemma 3.3 these varieties have the same canonical p-dimension (i.e., the
dimensions of their upper motives coincide). The latter variety is p-incompressible by the
induction hypothesis. Consequently,

dim U(RzxX) 2 dimU((Rzx X);) = dim R, ; X = php(pt ).

V2

k
The lower bound p"~! - p*(p™ — p) on dim U(Rz/,X) thus obtained is good enough for our

purposes, because
prhp (@t =) > p - p' (0" = ') = dim U(Rzy X).
This completes the proof of Theorem 11.2. O

The following example, due to A. Merkurjev, shows that Theorem 11.2 fails if D is not
assumed to be balanced.

Example 11.5. Let L be a field containing a primitive 4-th root of unity. Let Z be the
field Z := L(z,y,2',y') of rational functions over L in four variables z,y, 2/, y’. Consider
the degree 4 cyclic central division Z-algebras C' := (z,y), and C" := (2/,y)4. Let k C Z
be the subfield Z¢ of the elements in Z fixed under the L-automorphism « of Z exchanging
x with 2’ and y with y’. The field extension Z/k is then Galois of degree 2, and the algebra
C' is conjugate to C.

The index of the tensor product of Z-algebras C®C'®* is 8. Let D/Z be the underlying
(unbalanced!) division algebra of degree 8. The subgroup of the Brauer group Br(Z)
generated by the classes of D and D = (" ® C®? coincides with the subgroup generated
by the classes of C' and °C' = C". Therefore the varieties X; := Rz, B(D) and X, :=
Rz B(C) are equivalent. Thus, by Lemma 3.3,

cd(X;) = cd(Xy) < dim(Xy) < dim(X7)

and consequently, X is compressible (and in particular, 2-compressible).

12. SOME CONSEQUENCES OF THEOREM 11.2

Theorem 11.2 makes it possible to determine the canonical p-dimension of the Weil
transfer in the situation, where the degrees of Z/k and of D are not necessarily p-powers.

Corollary 12.1. Let Z/k be a finite Galois field extension and D a balanced central
division Z-algebra. For any positive integer m dividing deg(D), one has

cdy Rz B(D,m) = dim Rz iy B(D',m') = [Z : k'] - m/(deg D' — m/),
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where m' is the p-primary part of m (i.e., the highest power of p dividing m), D’ is the p-
primary component of D, and k' = Z'», where T, is a Sylow p-subgroup of T := Gal(Z/k)
(so that [Z : k'] is the p-primary part of [Z : k).

Proof. Since the degree [k’ : k] is prime to p, we have
Cdp RZ/k SB(D, m) = Cdp(Rz/k SB(D, m))k/ ;

see [26, Proposition 1.5(2)]. The k’-variety Rz, SB(D,m)y is isomorphic to a product
of Rz B(D, m) with several varieties of the form Ry SB(D, m) where D ranges over
a set of conjugates of D. Since D is balanced, these algebras D are Brauer-equivalent
to powers of D. Thus the product is equivalent to the k’-variety Rz, SB(D,m). We
conclude by Lemma 3.3 that cd, Rz, SB(D,m) = cd, Rz B(D, m). In the sequel we
will replace k by k', so that the degree [Z : k| becomes a power of p.

We may now replace k by its p-special closure; see [13, Proposition 101.16]. This will
not change the value of c¢d,(X). In other words, we may assume that k is p-special. Under
this assumption the algebras D and D’ become Brauer-equivalent and consequently, the
k-varieties Rz, SB(D, m) and Rz, SB(D', m’) become equivalent. By Lemma 3.3,

cdy Rz B(D, m) = cd, Rz B(D',m').
Since the Z-algebra D’ is balanced over k, Theorem 11.2 tells us that Rz, SB(D',m’) is
p-incompressible. That is,
cdy Rz B(D',m') = dim(Rz, B(D',m)) = [Z : k] - m'(deg D' — m) ,
and the corollary follows. O

Remark 12.2. Corollary 12.1 can be used to compute the p-canonical dimension of
Rz B(D, j) for any j = 1,...,deg(D), even if j does not divide deg(D). Indeed, let
m is the greatest common divisor of j and deg(D). Proposition 5.1(a) tells us that for
any field extension K/k, Rz, SB(D,j) has a K-point if and only if Rz, SB(D,m) has a
K-point. In other words, the detection functors for these two varieties are isomorphic.
Consequently,

cd(Ryn SB(D, j)) = cd(Ry SB(D,m)) and edy(Rys SB(D, 7)) = cdy( Rz B(D, m),
and the value of c¢d,(Rz/x SB(D,m)) is given by Corollary 12.1.

We now return to the setting of Sections 7-9. In particular, G is a finite group, and
the base field k is of characteristic 0.

Corollary 12.3. Let x = m(x1+ -+ xr): G = k be an irreducible k-valued character,
where X1, ..., Xr are absolutely irreducible and conjugate over k, and m divides my(x1) =
- =mg(xr), as in Section 7.

(a) ed,(x) = r'm/(my(x1)" —m'). Here 2’ denotes the p-primary part of x (i.e., the
highest power of p dividing x) for any integer x > 1.

(b) If r and my,(x1) are powers of p, then ed,(x) = ed(x) = dim(X,) = rm(my(x1)—m).
Here X, is as in Definition 8.3.
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Proof. (a) Let D be the underlying division algebra and Z/k be the center of Envy(y).
By Theorem 8.4, ed,(x) = cd,(X,). By Proposition 4.1, D is balanced. The desired
conclusion now follows from Corollary 12.1.

(b) Here v’ = r, my(x1)" = mg(x) and thus m’ = m. By part (a),

dim(Xy) = rm(mi(x1) —m) = edy(x) < ed(x) .
On the other hand, by Corollary 9.1, ed(x) < rm(mg(x1) —m), and part (b) follows. [

Remark 12.4. While a priori ed,(x) depends on k, G, and x, Corollary 12.3(a) shows
that, in fact, ed, () depends only on the integers r, m, and my(x1). (Here we are assuming
that x is irreducible.) We do not know if the same is true of ed(x).

Remark 12.5. We do not know a formula for the canonical p-dimension of a product
of Weil transfers of generalized Severi-Brauer varieties similar to Corollary 12.1, except
for [22, Theorem 2.1], in the case, where Z = k and m = 1. (Note that this special case
played a key role in the proof of Proposition 10.1.) For this reason we do not know how
to generalize Corollary 12.3 to the case, where the character y is not k-irreducible.

13. A VARIANT OF A THEOREM OF SCHILLING

Let G be a p-group and x; be an absolutely irreducible character of G. It is well known
that for any field k& of characteristic 0, my(x;1) = 1 if p is odd, and my(x1) = 1 or 2 if
p = 2. Following C. Curtis and I. Reiner, we will attribute this theorem to O. Schilling;
see [12, Theorem 74.15]. For further bibliographical references, see [33, Corollary 9.8].

In this section we will use Corollary 12.3 to prove the following analogous statement,
with the Schur index replaced by the essential dimension.

Proposition 13.1. Let k be a field of characteristic 0, G be a p-group, and x: G — k be
an irreducible character over k.

(a) If p is odd then ed(x) = 0.
(b) If p=2 then edy(x) = ed(x) = 0 or 2! for some integer | > 0.

(c) Moreover, every l = 0 in part (b) can occur with k = Q, for suitable choices of G
and x.

Proof. Write x = m(x1 +- -+ X.), where x;: G — k are absolutely irreducible characters
and m divides my(x1). If m = my(x1) then ed(y) = 0 by Corollary 9.1.

(a) In particular, this will always be the case if p is odd. Indeed, by Schilling’s theorem,
my(x1) = 1 and thus m = 1. (Also cf. Lemma 6.4.)

(b) By Schilling’s theorem, my(x) = 1 or 2, and by the above argument, we may assume
that m < mg(x1). Thus the only case we need to consider is myg(y1) = 2 and m = 1.
By Theorem 2.4(b), r = [k(x1) : k|. Since k(x1) C k((.), where the exponent e of G is a
power of 2, we see that r divides [k((.) : k], which is, once again, a power of 2. Thus we
conclude that r is a power of 2. Corollary 12.3(b) now tells us that

(13.2) eda(x) =ed(x) =rm(mg(x) —m)=r-1-(2—-1)=r

is a power of 2, as claimed.
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(c) Let s = 2'*2 and o € Gal(Q((,)/Q) be complex conjugation, and

F=Q()" = Q) NR=Q(¢ +¢.7).
Consider the quaternion algebra A = ((¢,—¢;*

S
by elements x and y, subject to the relations

)2, —1) over F, i.e., the F-algebra generated

2= (G- ¢ yP = —1and ay = —yu.

1 = Q(¢) is a maximal

subfield of A, {, and y generate a a multiplicative subgroup of A of order 2s, which spans
A as an F-vector space, and the inclusion G < A gives rise to an absolutely irreducible
2-dimensional representation

Arguing as in the proof of Proposition 10.1, we see that F'({s—C

plG‘—>A'—)GL2(F)

Denote the character of p; by x1: G — F. Since F' is generated by x1((,) = ¢ + (! as
a field extension of Q, we have Q(x;) = F. Thus x; has exactly

r=[F:Q=[0) Q=2

conjugates over Q, and x = x1 + - - + X, is an irreducible character over Q.
Note that since s = 242 > 4, ((,—(;1)? < 0, A®zR is R-isomorphic to the Hamiltonian

s

quaternion algebra H = (—1,—1) and hence, is non-split. Thus ind(A) = 2. Since
A = Envg(p), Theorem 2.4(d) tells us that mg(x1) = 2. Applying Corollary 12.3(b), as
in (13.2), we conclude that eds(y) = ed() = r = 2!, as desired. O

14. ESSENTIAL DIMENSION OF MODULAR REPRESENTATIONS

Let G be a finite group and Repg be the functor of representations defined at the
beginning of Section 6. In the non-modular setting (where char(k) does not divide |G]),
we know that

0, if char(k) > 0, by Remark 6.5, and

d(R I
ed(Repg,) is {g |G|?/4, if char(k) = 0, by Proposition 9.2.

We shall now see that essential dimension of representations behaves very differently in
the modular case.

Proposition 14.1. Let k be a field of characteristic p. Suppose a finite group G contains
an elementary abelian subgroup E = (g1, g2) ~ (Z/pZ)* of rank 2. Then ed(Repg ;) = oo.

Proof. Let Subp: j: Fields; — Sets be a covariant functor, given by
Subp: 4 (K) := {closed subvarieties of P} }.

Here subvarieties of P} are required to be reduced but not necessarily irreducible. Closed
subvarieties X,Y C P} represent the same element in Subp: ;(K) if X(K) = Y(K) in
P!(K). We will now consider the morphism of functors

Vi Repgy — Subpi
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which associates to a representation p: G — GL,(K), the rank variety Vg(p), as defined
by J. Carlson [8]. Recall that in projective coordinates (z : z2) on P, the rank variety
Ve(p) is given by

(14.2) rank(A,, ) < L=

p
where A = z1(p(g1) — 1) + z2(p(g2) — 1) € M,,(K[x1,x9]), and I,, is the n x n identity
matrix. In other words, condition (14.2) is equivalent to the vanishing of certain minors of
Ay, 2,- These minors are homogeneous polynomials in K[z, zs], and Vg(p) is the reduced
subvariety of PL they cut out. Note that the generators g, g of E are assumed to be
fixed throughout. For details on this construction, see [8, Section 4] or [1, Section 5.8].

To make the rest of the proof more transparent, we will first consider the case, where
G = E. In this case it follows from the work of Carlson that the functor Vg, is surjective.
That is, for any given field K/k, every reduced subvariety X C P) can be realized as the
rank variety of a suitable representation p: F — GL,(K); see [1, Corollary 5.9.2]. Thus
ed(Repgy) = ed(Subp: ;); see [2, Lemma 1.9]. It now suffices to show that ed(Subp: ;) =
oo. Let L/k be a field, ay,...,a, € L, and X[n] be the union of the points

(14.3) Xi=01:a1),..., X, =(1:a,)

in P'. We view X|[n] as an element of Subp: ;,(L).

Claim: Suppose X[n| descends to a subfield K C L. Then q; is algebraic over K for
every 1 =1,...,n.

By the definition of the functor Subp: ;, X[n] descends to K if X[n] can be cut out

(set-theoretically) by homogeneous polynomials fi,..., fs € K[xy,z5]. In other words,
the points X3,..., X, in (14.3) are the only non-zero solutions, in the algebraic closure
L, of a system of homogeneous equations

filxy,w) = -+ = fo(x1,22) =0

with coefficients in K. Since every solution of such a system can be found over K, we
have aq,...,a, € K. This proves the claim.
Taking aq,...,a, to be independent variables and L := k(aq,...,a,), we see that
trdeg, (K') = trdeg, (L) = n and thus in this case ed(X[n]) = n. Therefore,
ed(Subp: ;) > suped(X[n]) = co.

n=1
This completes the proof of the proposition in the case where G = F.

We now proceed with the proof of Proposition 14.1 for a general group G. Denote
the centralizer and the normalizer of E in G by Cg(F) and Ng(F), respectively. Then
Wa(E) := Ng(FE)/Cq(E) acts on P}. By the Quillen Stratification Theorem [1, Theorem
5.6.3] and [1, Corollary 5.9.2], there exists a closed W (F)-invariant k-subvariety B C P}
with the following property. Every X € Subp: ;(L) satisfying conditions

(i) X is Wg(E)-invariant, and

(ii) no irreducible component of X is contained in By,
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lies in the image of Vg (L). (The subvariety B C P} comes from the cohomology of
elementary abelian subgroups of G strictly contained in E; see the bottom of [1, p. 178].)
Consequently, for any X € Subp ;(L) satisfying (i) and (ii), ed(Repg ) > ed(X).

In particular, let L := k(ay,...,a,), where a4, ..., a, are independent variables over k,
X1,...,X,, CP! be as in (14.3), and

Z[n| = U w(X;),

where the union is taken over alli = 1,...,n and all w € Wg(F). Note that every point of
the form w(X;) corresponds to a dominant k-morphism Spec(L) — Pi and hence, cannot
lie in By for any proper subvariety B C P.. Thus Z[n| satisfies conditions (i) and (ii).
We conclude that Z[n] lies in the image of Vg, and thus

(14.4) ed(Repg ) = ed(Z[n])

for every n > 1. On the other hand, the Claim above shows that if Z[n| descends to
an intermediate field & C K C L then every a; is algebraic over K. Hence, ed(Z[n|) =
trdeg, (L) = n, and (14.4) tells us that ed(Repg ;) = oo, as desired. O
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