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Abstract

Let X be a connected space and let K = H*(X;F,) where p is an
odd prime. We construct functors w and ¢ which approximate the co-
homology of the free loop space AX as follows: There are morphisms
w(K) — H*(AX;Fp) and £(K) — H: (AX;Fp). These are isomorphisms
when X is a product of Eilenberg-MacLane spaces of type K(Fp,n) for
n > 1.

MSC: 55N91; 55P35; 55R12

1 Introduction

The string cohomology of a topological space X with coefficients in a ring R is
defined as follows:

HY(X;R):= Hi; (AX;R) = H*(ES* x51 AX; R)

where AX denotes the free loop space of X. These cohomology groups together
with the cohomology of the free loop space itself H*(AX; R) plays a central role
in geometry and topology. It is however not know how to compute these in
general.

When R = Fy = Z/2, M. Bokstedt and I found computable functors of
H*(X;TF3) which approximate these cohomology groups [2]. The purpose of
this paper is to generalize these functors to the case R = F, = Z/p where p
is any of the odd primes. Certain algebra generators in string cohomology are
more difficult to construct in the odd primary case. Hence method and strategy
differs from [2] at various places.

2 Notation

Fix an odd prime p. We use F,-coefficients everywhere unless otherwise is
specified. A denotes the mod p Steenrod algebra, U the category of unstable
A-modules and K the category of unstable 4-algebras. We write Ky for the full
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subcategory of L with the connected unstable A4-algebras as its objects. The
category of differential graded algebras is denoted DG A.
For K € K we define A : K — K as follows

L] =1
\p — Pz 2z |x|odd
0 , || even

Note that [Az| = p(Jz| — 1) + 1. Note also that X is a derivation over Frobenius
by the Cartan formula

Alry) = A(x)y” + 2" A(y)-
In any graded Fp-algebra K we define 0 : K — Fp, by o(z) = 1 for |z| odd
and o(z) = 0 for |z| even. We also define 6 : K — F,, by 6(z) =1 — o(x).
3 The approximation functor w

Let Y be a connected S'-space with action map 7 : S' x Y — Y. We have
n o~ =id where v(y) = (1,y). Recall that H*(S*) = A(v) where |v] = 1.

Definition 3.1. Define the map d: H*(Y) — H*"1(Y) by
”*(y) =1y +vdy.

Proposition 3.2. The map d satisfies the following:

dod=0, (1)
d(x 4+ y) = dz + dy, (2)
d(xy) = d(w)y + (—1) " zd(y), (3)
P'(dz) = d(P'z) fori >0, (4)
B(dx) = —d(Bx), (5)
d(Azx) = (dx)P, (6)
d(BAx) = 0. (7)
Proof. Similar to the p = 2 case proved in [2] Proposition 3.2. O

Definition 3.3. For K € Ky we define w(K) as the symmetric product of K
with the free graded commutative algebra on generators dx of degree || — 1 for
x € K divided by the ideal generated by the elements

d(z +y) — dz — dy, (8)
d(zy) — d(z)y — (1) *zd(y), 9)
d(Az) — (dz)P, (10)
d(BAz). (11)

There is a degree -1 differential d on w(K') defined by d(z) = dz for z € K as a
derivation over K. Hence (w(K),d) € DGA.

Proposition 3.4. For K € K we can define an A-action on w(K) by 0(x) = 0z
and 0(dx) = (—1)"°ld(0z) forz € K and @ € A. In this way w becomes a functor
w: Ko — K. Note that the differential d on w(K) is graded A-linear.



Proof. See the appendix. O

Definition 3.5. For a connected space X we define the map
e:w(H*X) — H*(AX)
by z — ev§(z) and dz +— dev(z) where evy : AX — X; f+— f(1).

Remark 3.6. The map e is a morphism in K as well as a morphism in DGA. Tt
is also natural in X. We view w(H*X) as an approximation to H*(AX) via the
morphism e.

Proposition 3.7. Let K, L€ Ky andleti: K -  K® L andj: L — K® L be
the inclusions given by i(z) = ® 1 and j(y) =1 y. The composite

w(H)®w(j)
—

k:w(K)®w(L) WwK®L)QwK ®L) —*— w(K® L),

where u denotes the product, is an isomorphism in both DGA and K. For
connected spaces X and Y with homology of finite type the following diagram

commutes. .
wH*X)QwHY) —— w(H*X  H*Y)

e®eJ{ el
H*(AX)® H*(AY) ——— H*(A(X xY))

Proof. The map k is a morphism in both DGA and K since it is a composite
of maps which are morphisms in both categories. For ¢ € K and b € L we have
that kK(a®b) = a®b and k(dg(a®b)) = d(a®b). We verify that there is a well
defined Fp-algebra map ~ in the opposite direction of x with y(a ® b) = a ® b
and y(d(a ® b)) = dg(a ® b) such that & is an isomorphism.

Elements of the form (8) are mapped to zero by definition. By direct com-
putation one sees that the elements of the form (9) are also mapped to zero.
Assuming that o(a) =1 and o(b) = 0 we find

d(Ma® b)) — (d(a® b))’ =d(Aa) ®b’) —d(a)? @ —
d(Aa) @ bP — d(a)? @ bP = 0,
d(B(Aa®0))) =d(BA(a) © bP) —
d(fA(a)) @ WP =0

and if o(a) = o(b) the elements are already zero in w(K ® L). The above
description of k on generators shows that the diagram commutes. [l

4 The w approximation for certain Eilenberg-
MacLane spaces

For an Abelian group A and positive integer n we let B A denote the Eilenberg-
MacLane space K (A,n). In this section we prove the following result:

Theorem 4.1. The map e : w(H*B"F,) — H*(AB"F,) is an isomorphism in
K and DGA for each n > 1.



We first consider the case n > 2. The Whitehead theorem together with
the long exact sequence of homotopy groups and the five lemma proves the
following;:

Proposition 4.2. Let G be a connected topological group. Then there is a
commutative diagram as follows

06 —2— ax e e G
o W
QG —— AG - @
where m(f,x) = (z — f(z)-x). The map m is a weak homotopy equivalence.

Proposition 4.3. For n > 2 there is an isomorphism
m* : H*(AB"F,) — H*(B"F,) ® H*(B"'F,)

with the property m* o e(ty) = tp, ® 1 and m* o e(diy) = ¢yl ® ty—1 for some
nonzero constant c, € I,.

Proof. The space B"F, is a topological Abelian group since [F}, is an Abelian
group. Proposition 4.2 with G = B"IF,, gives that m* is an isomorphism and
that m*oevd(t,) = 1®1, as stated. We have m*(dev§t,) = ¢,1®ty,—1 for some
cn, € IFp since 1 ® ¢y, is the only class in degree n — 1 of the right hand side.
Let h denote the composite

h:S!' x B"F, x B"'F, —~— S! x AB"F, —— AB"F, —~°- B"F,
where 7 is the action map. Then h* (1) = 1® 1, @1+ R 1 Q1. If ¢, =0
then evg o 7 is homotopic to the composite

k:S'x AB"F, 22— AB"F, —°- B"F,

since B"F,, classifies mod p cohomology in degree n. But we have evgon(z, f) =
f(z) so its adjoint is the identity on AB"F,. The adjoint of k is the map
AB"F,, — AB"F, which sends a loop f to the constant loop with value f(1).
The maps k and evg o iy cannot be homotopic since their adjoints are not. O

Proposition 4.4. The map e : w(H*B"F,) — H*(AB"F)) is an isomorphism
for each n > 2.

Proof. Since the cohomology of the spaces B™[F,, are free objects in K we can
define a morphism in K as follows:

f:H*(B"F,) ® H*(B" 'F,) —» w(H*B"F,) , tn®1 1,
R N |—>c;1dLn.

We have m* oeo f = id and f o m* o e = id since these equalities hold on
generators. O

The case n = 1 is interesting since here ABF), splits in p components. We
will use the following result to see that w(H*BIF,) split accordingly.



Lemma 4.5. There is an isomorphism of rings as follows
a:Fylz]/(2P —z) = (F,)? 5 2+—(0,1,2,....p—1)

where Fp[x] is the polynomial ring in one variable x of degree zero and (Fp)P is
the p-fold Cartesian product of Fy, by itself.

Proof. Use the factorization z¥ —x = Hner (x —n) and the Chinese remainder
theorem. g

Remark 4.6. Let e, = a=1(0,...,0,1,0,...,0) with the 1 on the nth place for

n € Fp,. Clearly ene,, = 0 for n # m, e? =e, and S en = 1. Also ze, = ney,.

n =

Finding eigenvectors for a f(z) = nf(x) and normalizing one gets

eo=1—aP"1
p—1 -
_ Y
Em = Z(m) ’ m 7é 0
i=1
Definition 4.7. For n € I}, define the following action map

fo i ZxFp—TFy 5 (r]s]) — [nr+s].

We let BF,(n) denote BF, equipped with S'-action Bf, and write d,, for the
corresponding action differential on H*BF,(n).

Proposition 4.8. We have H*BF,(n) = A(vy,) @ Fp[Bvy,]| where |v,| = 1. The
differential d,, on this algebra is given by dy,v, = n and d,Bv, = 0 for each
ne€T,.

Proof. We must show that (Bf,)*(vy) = 1 ® vy, +nv ® 1. This follows from
Hi(Bfn) = m(Bfn) = fn by taking duals. Since \v, = 1, the class (v, is
mapped to zero. O

Proposition 4.9. The map e : w(H*BF,) — H*(ABF),) is an isomorphism.

Proof. From [1] Lemma 7.11 we have ABF, ~ U,cr, BF,. Define maps jy, :
BF,(n) — ABF, by © — (z — Bfy(z,2)) for n € F,. These are S'-maps.
Let (ABF,)(n) denote the component of ABF, containing the image of j,.
Then the restriction j,| : BF,(n) — (ABF,)(n) is an S'-map and a homotopy
equivalence. Especially the induced in cohomology (j,|)* is an isomorphism
of differential graded algebras. By Proposition 4.8 we see that (ABTF,)(n) #
(ABF,)(m) for n # m such that Uj, : UBF,(n) — ABF, is an S*-map and a
homotopy equivalence. Especially (Ujn)* = (jg,-- -,y 1) is an isomorphism.
So it suffices to show that g = (j,...,j;_1) © € is an isomorphism. We have

(s 0 €) () = 35 0 evy () = (evg 0 ju)* () =, (12)
(5 0 )(de) = 5 (devy (@) = du 0 5 0 evf(z) = dn (13)

for x € H* B, which describes the map g on generators. By definition we have
w(H*BF,) = A1) @ Fp[Bu1] ® (Fpldea]/((deq)? — duy)).

From Lemma 4.5 and (13) we see that g is an isomorphism in degree zero. By
(12) we conclude that it is an isomorphism in all degrees. O



5 Steenrod diagonal elements

In this and the following four sections we describe algebra related to certain
classes in string cohomology. The motivation comes later in Theorem 11.3. In
the following K denotes an unstable A-algebra. The polynomial algebra F[u]
where |u| = 2 is an object in K by the isomorphism F,[u] =2 H*(BS!).

Definition 5.1. For z € K and € = 0,1 we define St.(z) € Fp[u] ® K by

Ste(z) = (@) Z(_upfl)[lm\/mfi % FPiz.

i>0

Note that the terms where the total exponent of u is negative has 3¢P'z = 0.
Let R(K) C Fplu] ® K be the sub-F,-algebra generated by u® 1 and St.(x) for
all z € K and e =0, 1.

Theorem 5.2. For each 6 € A one has OR(K) C R(K). Thus R is a functor

R: K — K. The explicit formulas are as follows where n = [|x|/2] and e =0, 1:
i _ (p—1)(n—1)+eo(z) (p—1)(i—pt) t
PiSte(z) =) ( i — pt uP=DG=P) Gt (pty)

t

oz —1)(n—-t)—1+o(z Y (i—pt)—14(2— ) o (a

EEENS <(p )(i—pt)—l ( ))u@ (-9~ 1+(2-2)o(@) 1 (3Pta),
t

BSt.(x) =(1 — )u’ ™ St (x).

Proof. The formula for the Bockstein operation follows directly by the definition
of Ste(z). We use results from [3] to prove the other formula. By [8] we have
that Fp[u,u™!] is an A-algebra with 3 = 0 and

Piuj—(j:) =) ez 5 ix>0.
7

Here the following extended definition of binomial coefficients is used where

reRand k € Z.
r(r=1)...(r—k+1) ,k >0

Nod k=0
k) T
0

k<0
Let A = A(a) @ Fplb,b~1] with |a| = 2p — 3, |b] = 2p — 2 be the A-algebra
introduced in [3] (2.6). That is Ba = b and
P = (77 ),
i

Pi(abi 1) = (~1)' ((p ~ i 1)abi+ﬂ'1.

7

Note that we have changed the names of the generators. In [3] they were named
u and v instead of a and b. We define an additive transfer map as follows:

TiA = Fylu,u™] 5 ¥V 0 5 el e (—uP Y u

Note that |7| = —1. A direct verification shows that 7 is A-linear.



A functor Ry from the category of graded .A-modules to itself is constructed
in [3]. In the case of an unstable A-algebra K it comes with an A-linear map
f:R{K — YA ® K defined by [3] (3.1), (3.2). The composite

Y11
—_—

R.K —1— oA K SFp[u,u Y ® K

is given by
sk @z +— —s z:(fup_l)k_ju_1 ® P,
J
sab* 1@z s Z(fupfl)kfju*l ® Pig.
J
Especially sb” ® x — —su@®) St;(z) and sab” ! @ z > su~1Stg(z) where n =

[|z|/2]. The formulas [3] (3.4), (3.5) for the A-action on Ry M gives the following
formulas for the A-action on u(®) St (x) and u~ 'Sty (x):

P'i (ua(z)Stl (.Z')) — Z ((p _Zl_)(;lt_ t)) u(pfl)(ifpt)fa(a:) Stl (Ptx)
t

D n—t) -1 ,
_ Z(_l)a(ac) ((p . )(Zt B 1) >u(p1)(2pta(w))1St0(ﬂptl,),
t

Pi(u1Sto(x)) = Z((p - lz(ilptt) - 1) uPDEP) =164 (pty).

This proves the result directly for o(x) = 0 and ¢ = 1. By the Cartan
formula applied to uu~!'St.(x) we have that P'St.(z) = uP'(u 1St (x)) +
uP P (utSt(x)). By combining this with the formulas above we get the
result in the other cases. O

6 The functor /

In this section we describe the functor which approximates string cohomology.
We also define maps which relate this functor to the functors R and w.

Definition 6.1. For K € Ky we define {(K) as the graded commutative [F-
algebra generated by the classes

¢(x) of degree plz| — o(z)(p — 1),

0(z) of degree |x| — 1,

q(z) of degree plz| — 1 —o(x)(p — 3)

for all homogeneous x € K and a class u of degree 2; modulo the ideal generated
by

o(x +y) — o(x) — ¢(y) + o(x) i(—1)"5@)15(2/)”’2”5(332/), (14)
6(z +y) —d(x) —d(y), (15)
p—1 1

a(z +y) —alz) = aly) +6(2) Y_(=1)'=5(a"y" ), (16)

?
i=1



(=1)7@76(a)é(be) + (=1)7 P W6(b)5(ca) + (=1)7 D7 O5(e)s(ab),  (17)
¢(ab) — (—uP~1)7@7O g(a)g(b), (18)
q(ab) — ( u?~ )7 D70 (w7 g(a)p(b) + (—u)” D p(a)q(b)), (19)
q(2)? —uP~lq(hx) — d(BAx), (20)
5(a)p(b) — 6(abP) — §(arb) + 5(ab)d(b)P 1, (21)
5(a)q(b) — 6(ab? 1) (b) — 6(apAb), (22)
o(z)u, (23)
a(BAz), (24)
d(BAz) (25)

where a,b,c,x,y € K and |z| = |y|. It is understood that §(1) = ¢(1) = 0.

Remark 6.2. We have some immediate consequences of these relations:

y (14)-(16) we have ¢(0) = ¢(0) = 6(0) =
e By (18), (19) and (21) the algebra £(K) is unital with unit ¢(1).
e By (18) and (19) we have ¢(a™) = n¢(a)"~*q(a) such that q(a?) = 0.
e By (22) we have §(b”) = 0 and also the important relation 6(Ab) = 5(b)P.
Lemma 6.3. For any K € Ky the following relations hold in w(K):
p—1
Z(*l)i“ld(xiypfi) = (z+y)Pd(x +y) — 2P e —yP Ny, (26)

2

~.

S (1) (e (dy P T d(ay) =

(d(z+ )P~z +y) — (dz)P~ 'z — (dy)P . (27)

Here |z| = |y| is assumed to be even in (26) and odd in (27).

Proof. We verify (26) and omit the proof of (27) which is similar. Since d is a
derivation we have

p—1 p—1
11+1 —1 _ -1 i+1 i—1, p—1 _ iy p—i—1 .
S ) = ) ety

By splitting the sum in two at the minus sign and substituting j =4 — 1 in the
first of the resulting sums we see that the above equals the following:

p—2

(— )acjpjldx—l—z Dialy?dy =
7=0
p—1

(=)t y? (o + dy) — 2P rdr — yP tdy.
t=0



For 0 <t < p—1 we have that ¢! is invertible in IF,, and also

("7 )t == D=2 0= 0 = (-1t moa

Thus we have (pzl) = (—1)*. Substituting this in the above and using the

binomial formula the result follows. O

Proposition 6.4. For any K € Kq there is a natural homomorphism of IFp-
algebras which we call the de Rham map

DR:((K) — w(K); ¢(x)— 2P + Az — x(dx)P L,
q(z) — 2P rdx + Bz,
6(z) — dz, wuw— 0.

and we have Im(DR) C ker(d : w(K) — w(K)). There is also a natural homo-
morphism of F,-algebras which we call the Steenrod map

St lU(K) —TFpyul @ K;  ¢(z) — Sto(z), q(z) — Sti(z),
5(z)—0, ur—ul.

The image of this map is Im(St) = R(K). There is a commutative diagram of

Fp-algebras as follows.

UK) —2 Flu® K

DRl le/

w(K) 22— K
where the algebra maps p1 and py are giwen by p1(u) = 0 and pa(dz) = 0,
p2(x) = x for each z € K.

Proof. We check that the formulas for DR maps the relations (14)-(25) to zero.
Formula (27) and the additivity of 2 — aP shows that (14) is mapped to zero.
It is trivial that (15) is mapped to zero. By (26) and the additivity of x — Bz
it follows that (16) is mapped to zero.

Taking the derivative of products and permuting factors we find the following
equations:

d(a)d(bc) = d(a)d(b)c + (—=1)"®d(a)bd(c)
d(b)d(ca) = (=1)7@DEO+e@)gq(b)d(c) + (—1)7@D+o@EO+() g(a)d(b)c,
d(c)d(ab) = (=1)7©@E@+o®) g(a)bd(c) + (—1)7@F((@+®) g (c)d(b).

After some reductions (17) follows from these.

One easily checks that (18) and (19) are mapped to zero in each of the cases
o(a) =0(b) =0, o(a) =0o(b) =1 and o(a) = 6(b) = 1. Tt also follows by small
direct computations that (20)-(25) are mapped to zero.

We check that (14)-(25) are mapped to zero by the formulas defining St.
Since d(x) is mapped to zero this is trivial for all elements except (18), (19),
(20) and (24).



By the Cartan formula and [@} = [%] + [@] + o(a)o(b) one verifies that
Sto(ab) = (—uP~1)7@®) Sto(a)Sto(b),
Sty(ab) = (—uP~H)7(@o®) (47®) 51, () Sty (b) + (—u)” @ Sto(a)Sty (b))

such that (18) and (19) are mapped to zero. Lemma 13.1 implies that (20) and
(24) are mapped to zero. The diagram commutes by direct verification. O

7 The de Rham map and cohomology of w(K)

In this section K denotes a connected unstable A-algebra. The de Rham map
gives a map from £(K)/(u) to the cycles in w(K). We give an important criterion
which ensures that this map is an isomorphism. The material corresponds to
section 8 in [2].

Definition 7.1. Let I5 C ¢(K) denote the ideal I5 = (§(x)|z € K).
Proposition 7.2. There is an Fp-linear map as follows

U:w(K)—UK) ; aopday...da,— §(ap)d(ar)...0(ay)
where ag, . ..,a, € K. Its image is the ideal Im(¥) = I;.

Proof. We must show that ¥ is well defined. The relations arising from (8), (9)
and (11) are respected since we have the same relations in {(K) with d replaced
by 6. We must verify that the following relation is respected:

apday ...da;—1d(a;ai41)daiye ... da, =
(—1)(k+&(ai))”(“i+1)aoaiﬂdal . .dagdagys ... day,
+(=1) k@) yoaiday . . . da;_ydag i . .. day,
where k = |day ...da;_1|. This follows if the relation
zd(yz) = (=1)°W7Pzzd(y) + (-1)7Wzyd(2)

is respected. By relation (17) one sees that it is after some work with the
signs. ([l

Definition 7.3. Define the F,-algebra &(K) as the quotient of {(K) by the
ideal I5 + (u). Since DR(I5) C dw(K) we may define an Fp-algebra map ® by
the following diagram where P denotes the canonical projection:

w(K) —— w(K)/dw(K)
Since d o DR = 0 we have in fact defined a morphism ® : &(K) — H*(w(K)).
Remark 7.4. We have a filtration of ¢(K) by ideals as follows:
UK)2 ()2 (@) 22 () 2...
and (u')/(u!) = w'@(K) for i > 1.

10



Proposition 7.5. The composite ¥ od : w(K) — L(K) is trivial, so we can
define U as a map on w(K)/dw(K). This allows us to consider the composite
Vod:w(K)— ¢(K). This composite is zero.

Proof. By definition of ¥ we have Wod = 0. The following rules hold for b € K
and z = agday .. .da, € O(K):

V(@(6(0)2) = (=11*Plg0)T(z) , W(R(q(h))2) = (=1)1*Olq(b) T ().

In fact the first rule follows from (21) and the second from (22) as one sees
by direct verification. By these rules and the observation ¥(1) = 0 the result
follows. O

Remark 7.6. We can collect the information we have gathered so far in a com-
mutative diagram:

H(K) —2— w(K)/dw(K) —— (K)/(u) —2—  &(K)

I x| °
wkK)  —t WEK) —— w(K)/dw(K)
where the composite ¥ o ® vanishes and ker(P) = Im(¥).

Theorem 7.7. Assume that the map ® : O(K) — H*(w(K)) is an isomor-
phism. Then so is

DR : {(K)/(u) — ker(d: w(K) — w(K)).

Proof. The diagram is formally the same as the one above Theorem 8.5 of [2]. So
the same diagram chase as in the proof of Theorem 8.5 in [2] gives the result. O

Proposition 7.8. For any pair K,L € Ky the following composite is an iso-
morphism

Rro(K) @ a(L) 22529, ok 9 L)@ o(K @ L) —— &(K L)

where i : K - K®L;i(a) =a®1and j: L — KQL; j(b) =1® b are the
canonical inclusions and p denotes the product homomorphism. The following
diagram commutes.

ProL

(KoL) —— H*(w(K ® L))
O(K) ®o(L) 2X220, g (w(K)) @ H*(w(L))

Proof. We verify that & is an isomorphism. For a € K and b € L we have that
a®b=(a®1)(1®0b) giving the following relations in w(K ® L):

P(a®b) = (1—o(a)o(b))d(a®1)e(1&b),
g(a®b) =05(b)g(a®1)p(1 ®b)+ 6(a)p(a® 1)q(1® b).

11



Since ¢(a) ® 1 — ¢la ® 1), q(a) ® 1 — gla® 1), 1® ¢(b) = ¢(1 ® b) and
1® q(b) — ¢q(1 ®b) we see that & is surjective. One checks that the following
gives a well defined map ¥ in the opposite direction of &:

¢pla®b) = (1 - a(a)a(b))d(a) © H(b),
q(a @ b) — &(b)g(a) ® ¢(b) + 6(a)d(a) ® q(b).

By checking on generators we see that ¥ o & = id so k is injective as well and
hence an isomorphism.

The isomorphisms x and & have corresponding factorizations. The diagram
splits in two commuting squares accordingly. O

8 Frobenius algebras

Definition 8.1. A Frobenius algebra is a graded commutative Fp-algebra K
equipped with two [Fp-linear maps 3, A : K — K satisfying the following condi-
tions:

e K is connected (K9 =0 for ¢ < 0 and K° =) and finite dimensional in
each degree.

e |5|=1,B08=0and B(zy) = B(x)y + (—l)mmﬁ(y) for all z,y € K.

o [Az| =p(Jz|] — 1) + 1, Az = 0 when |z| is even, Az = z when |z] = 1 and
AMzy) = Ma)y? + 2P A(y) for all z,y € K.

A morphism of Frobenius algebras f : (K, 3,\) — (K’,,\) is an Fp-algebra
map f: K — K’ of degree zero such that fol=Xo fand fo8 =/ of. The
category of Frobenius algebras is denoted F.

Remark 8.2. There is a forgetful functor g — F.

Definition 8.3. Let vF, denote the category of positively graded IFp-vector
spaces which are finite dimensional in each degree. Let I : F — v, denote
the functor which takes a Frobenius algebra to its augmentation ideal (that is
I(K) = K*>°). Define the functor Sr : vF, — F as the left adjoint of I. For
V e oF, we call Sx(V) the free Frobenius algebra on V.

Remark 8.4. We have Sr(V @& W) = Sz(V) ® Sx(W). Furthermore there is an
explicit description as follows

S]-"(V) =Sca (V @ LBV @ @ 61’)\i (6Veven @ VOdd’*>1))
i>1,v€{0,1}

where Sc 4 denotes the free graded commutative algebra functor.

Recall that a sequence of integers I = (€1, s1,€2,82,..., €k, Sk, €x+1) With
s; > 0 and ¢; € {0,1} is called admissible if s; > ps; 11 + €;41 and s, > 1 or if
k =0 when I = (¢). The degree of I is defined as |I| = Y ¢; +>_ 2s;(p — 1)
and the excess is defined recursively by e((e, s), J) = 2s + € — |.J|. We use the
following notation P! = 31 P51 32 P52, 3% Pk 3ek+1,
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Lemma 8.5. Ifn > 2 then H*B"IF, is the free Frobenius algebra on the vector
space generated by the following set:

{PL1,|T is admissible ,e(I) <n —2,e; = 0},

Furthermore H* B, is the free Frobenius algebra on the vector space generated
by the class 1.

Proof. The case n = 1 is trivial. Assume that n > 2 and define the set
A(n) = {I|I is admisseble ,e(I) <n—1,|I| +nis odd }.

Remark that if I € A(n) then (0, (|I| +n —1)/2,I) € A(n). To see this write
I € An) as I = (e,8,I'). Then e(I) = 2s+ € — |I'| < n—1 or equivalently
2sp+ 2e — |I| < n—1 such that the sequence (0, (|I| +n—1)/2,I) is admissible.
Its excess is n — 1 and its degree plus n is odd since p — 1 is even.

By Cartan’s computation (a special case of [5], Theorem 10.3) we have that
H*B"F, is the free graded commutative algebra on the set

B = {P71,|J is admissible ,e(J) < n or (e(J) =n and €; = 1)}.

Assume that PZ¢, belongs to the set in the statement of the lemma. Then
P1i, and P11, belongs to B. By the remark we see that if |I| + n is even then
BN BPLL, € B and if |I| + n is odd then 3\ P, € B for e = 0,1 and i > 1.

Conversely, assume that P7., € B. If e(J) <n —2or e(J) =n — 1 and
€1 = 1 it is clearly one of the generators described in the lemma. It suffices to
handle the case e(J) = n—1,e; = 0 since the case e(.JJ) = n,e; = 1 then follows.
Write J as J = (0, s, J’) where e(J) =2s—|J|' =n—1. Then 2s =n+|J'| -1
such that P7.,, = AP7"1,, and e(J) < e(J’). We can continue this process until
the next € equals one or the excess drops below n — 1. O

Theorem 8.6. The map ®: w(K) — H*(w(K)) is an isomorphism when K is
a free Frobenius algebra.

Proof. It suffices to show this when K is a free Frobenius algebra on a one
dimensional vector space. Let v be the generator of this vector space. We first
check the case |v| = 1 where K = A(v) ®F,[Bv]. The idempotents from Remark
4.6 (with z = dv) gives the following splitting:

w(K) = @ eiw(K).

i€F,

For each ¢ we have de; = 0 and (dv)e; = ie;. Also Av = v such that dfv = 0.
From this we see that d(v¢(Bv)"e;) = €i(Bv)"e;. It follows that H*(e;w(K)) =0
for i # 0 and H*(eqw(K)) = K. So H*(w(K)) = K and since ®(¢(v)) = veg
and ®(q(v)) = v we see that @ is surjective. The relations ¢(Bv) = ¢(v)? and
q(Bv) = 0 shows that ¢(v) and g(v) generate ©(K) so ® is also injective.

Assume that |v] is even. In the following we write [—] for the functor which
takes a set to the vector space it generates. We have

K = Scalv, Bu, X Bu, BN Buli > 1]
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and we find that w(K) = K ® Sca[dv,dBv]. We change basis such that the
differential becomes easier to describe:

w(K) =Scalv,dv] ® Scalfv,dfv] ®
Sca[Npv — (dNTEu)P N By, BAEBuli > 1.

By the Kiinneth formula we find that H*(w(K)) equals
Scalv?, vP 7 dv] @ Sca [N Bv — (AN Bu)P N Bu, BA Buli > 1].

The algebra @ (K) is generated by the classes ¢(v), ¢(\'(v), ¢(v) and g(\*Bv)
where ¢ > 0. We see that ® maps these generators to the free generators for the
cohomology of w(K). Hence ® is an isomorphism. The case where |v] is odd is
similar. O

9 A pullback description of the functor /¢

Proposition 9.1. Let (n;) be a sequence of positive integers such that the set
{iln; = N} is finite for each N. In particular (n;) may be a finite sequence. If
we let K = H*([[ B"F},) then ker(St) = Is.

Proof. We must show that St : £(K)/Is — Fplu] ® K is injective. The algebra
{(K)/Is has generators ¢(z), ¢(x) for z € K together with u and the relations
are that ¢ and ¢ are additive and that (18), (19), (20) and (24) equals zero.

For a free Frobenius algebra K = Sz(V) we have listed a set of algebra
generators for {(K)/Is below and we have written how they are mapped by St
modulo elements in the ideal (uP~1). Here z € V1, v € V°dd:*>1 and w € Veven
runs through a basis for V' and ¢ > 0:

#2)—1®2, q(z) — 1® fz,
B(Bv) = 1@ (Bo)?, q(Bv) — —uP~2 @ gPUI=D/2g,,
$(Av) = 1@ X, g(\'o) — L BAH o,
o(w) — 1R wP, q(w) — —uP~2 @ gPIvI/21y,
AN Bw) — 1@ X Bw, g(\iBw) — 1 © AN Bu,
u = u.

We claim that these generators are mapped to algebraically independent
elements in Fylu] ® K when K is the cohomology of a product of Eilenberg-
MacLane spaces as stated. It suffices to show this in the case of one single
Eilenberg-MacLane space.

The claim is trivial for K = H*BF,. Let K = H*B"F, where n > 2. We
can then cancel the first line in the list above. By Lemma 8.5 we have that K
is the free Frobenius algebra on the vector space V with basis P’i,, where I is
admissible, e(I) <n — 2 and ¢; = 0.

If |I| + n is odd we must look closer at gPUII+n=1/23PI, — Write I
as I = (0,s,I'). We have e(I) = 2s — |I'| < n — 2 which implies that
O,(I| + n —1)/2,1,s,I') is admissible. Its excess equals n — 2 and we see
that PUII+7=1/23PI, is a basis element in Veve",
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If | 7| +n is even we must look at PU11+7=2)/2pI,  As in the odd case we
see that PULHtn=2)/2pl, i 4 basis element in V. However there is no
between the first two P-operations from the left.

By the above list of the lowest terms and the description of K as a free
Frobenius algebra we now see that the generators are mapped to algebraically
independent elements. Especially they are free generators. O

Lemma 9.2. Let ai,...,a, € K be elements of odd degree and define the fol-
lowing element in I5:

—

P
Aagy...,ap) = Z d(ara;)o(az) ... 8(a;)...0(ap).
i=2
where the hat means that the factor is left out. Then for any permutation T € 3,
one has Alay,...,ap) = Alar(1y, ..., ar@p)). Further the element is mapped as
follows by the de Rham map:

p
DR(A(a1,...,ap)) = Zaidal ..da; .. . dap.
i=1

Proof. We first show the invariance under permutation. Since the degree of
d(a;) is even it suffices to show that A(ag,as,...,a,) = A(ag,...,ap,a1). We
prove the following more general statement for n > 3:

n
—_—

25(a1ai)5(az) c0(ag) .. 0(ay) =
Z5(azaj)5(a1)5(a3) ... @ . 8(an) — (n = 1)8(aza1)6(as) - .. 6(ay).

The proof is by induction on n. For n = 3 we have
5(0,10,2)5(@3) + 6((11(13)5(@2) = 5(@1@2)6(@3) — 5((13@1)6(0,2)
= 25(0,1(1,2)5((],3) + 5(0,20,3)5(0,1)
= —25(&2&1)5(&3) + 5(0@&3)5(&1)
where we used (17) at the second equality sign. Assume that the formula holds

for n — 1. Then we have

n

25@&1&1‘)5((12) c0(ag) .. 0(an) =

(> 6(arai)d(az) .. 6(as) .. 8(an-1))8(an) + d(aran)d(az) ... 5(an 1) =

(Y 6(asa)d(ar)d(as) ... 8(az) ... 6(an—1))5(an)

— (n—2)6(az2a1)d(as) - .. 6(an—1)0(an) + d(aran)d(az) . ..d(an—1)-

We have that §(aja,)d(az) + 6(azar)d(a,) = d(aza,)d(ayr) by relation (17) such
that the sum of the last two terms above equals

—(n —1)d(aza1)d(as)...d(an) + d(azan)dé(ar)...o(an—1)
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so we recover the formula for n.
We use that d(aja;) = a;da; — ajda; to compute the image under the de
Rham map:

P
DR(A(a1,...,ap)) = Z d(ara;)das .. .da; . .. da,

P
:Zaidal...dai...dap—(p—l)aldag...dap

which modulo p gives the stated result. O

Definition 9.3. For any non negative integer n we let B(n) denote the follow-
ing set:

B(n):{(ﬁlaaﬂp) €ZP|VZ61 205ﬂ1++ﬁp:naazajﬂl7éﬁj}

The cyclic group on p elements C,, act on B(n) by cyclic permutation of coor-
dinates. For z € K we define the following elements in Ij:

Dl (x (2) > AP (2), PP (x),..., PP (x)),
Z S(PP (x)P™ () ... PPr(x))
where both sums are taken over 3 € B(n)/Cp. Note that Do(x) is well defined
by Lemma 9.2
Lemma 9.4. For any x € K the following formulas hold in w(K):
P'o DR(¢(x)) = DR(¢(P""x) + Dj()), (28)
P o DR(¢(x)) = DR(¢(P"/7z) + Dj(x) (29)

where by convention P = 0 when t is a rational number which is not a non
negative integer.

Proof. We first prove (28). Recall that DR(¢(x)) = 2P + Az — z(dz)P~1. We
have P'Az = A\P"/Px by Lemma 13.1 and also P’(2P) = (P"/Px)P so it suffices
to prove the following for |z| odd:

Pi(x(dz)P~Y) = (P/Pz)(dPYPz)P~ — DR(D}(x)).
By the Cartan formula we have
2(de)P ) =Y PP (x)dP?(z)...dP% (x)

where we sum over the tuples (31,...,/3,) with >_ 8; = i. The cyclic group C,
acts on the set of such tuples and an orbit has length 1 or p. Arranging the
terms according to this the result follows by the definition of D{(z) and Lemma
9.2.

For the proof of (29) recall that DR(q(z)) = 2P 'dz + BAz. We have
Pi(BAx) = BA(P/Pz) 4 (BPUD/Pz)P by Lemma 13.1 so when |z| is odd we
are done. For |z| even we must show that

Pi(zP~tdx) = (PYPz)P~1dP"Px + DR(Di(z)).

This follows by the Cartan formula and a similar argument on orbits as the
above. |
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Theorem 9.5. For any K € Ky there is an A-module structure on ¢(K) such
that £ becomes a functor £ : Ky — K. The explicit formulas for the action are
as follows where x € K, n = [|z|/2] and i > 0. Firstly, the action on ¢(x) is
given by:

P'o(a Z( z,pt t))u@l)“p%(Ptx),
Bo(x) =u®@ (q(z) — 6(x)P~26(xfx)).

Secondly, the action on q(x) is given by:

Piq(x) :Dzl(x) + Z ((p - 1)(” - t) + U<x))u(P1)(ipt)q(Ptm)

1 —pt

(1)@ Z ((p - 1)(21 —t) -1+ U(J;)>u(p1)(ipt)1+(2p)a(m)¢(ﬂptz),

- —pt—1
Ba(x) = — 6(2"~" Bz).
Thirdly, the actions on §(x) and u are as follows:
P'§(z) = 6(P'z), BS(x) =—6(Bx), Pu=uP, pu=0.

The maps DR and St becomes A-linear such that we have a commutative dia-

gram in KC:

UK) —2 R(K)

DRl le/
ker(d) —2— K

If K = H*([[ B™TF,) where (n;) is a (possible finite) sequence of positive inte-
gers satisfying that the set {iln;, = N} is finite for each N, then the diagram is
a pullback square.

Proof. We first prove that we have a pullback when K is a product of Eilenberg-
MacLane spaces as stated. By Proposition 7.8 and Theorem 8.6 the map & is an
isomorphism. So by Theorem 7.7 the kernel of DR is the ideal (u) C ¢(K). The
kernel of p; is the ideal (u®1) C R(K) and it suffices to show that the restriction
of the Steenrod map to these kernels St| : (u) — (u ® 1) is an isomorphism. It
is surjective since St is surjective and St(u) = v ® 1. By Proposition 9.1 we
have ker(St) = I such that ker(St|) = (u) N Is which is trivial because of the
relation 6(z)u = 0 in ¢(K). Hence St| is also injective.

In the Eilenberg-MacLane case the pullback defines an .4-module structure
on {(K). By Theorem 5.2 and Lemma 9.4 we see that the stated formulas
describe this action. A standard argument using the fact that B"F, classifies
degree n cohomology together with naturality takes care of the statements for
general K € K. |

10 Homotopy orbits of S'-spaces

In this section we list some results on homotopy orbits of S'-spaces. They
are all similar to results for p = 2 considered in [2] and we often refer to the
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proofs given there. In the entire section Y denotes an S!-space. We write C),
for the cyclic group of order n. We let u of degree |u| = 2 and v of degree
|u| = 1 denote algebra generators as follows: H*S' = A(v), H*BS* = F,[u]
and H*BCpn = A(v) @ Fp[ul.

Proposition 10.1. The fibration Y — ES' xg1 Y — BS! has the following
Leray-Serre spectral sequence:

Ey*=H*(BS")Y® H*(Y) = Hu (Y).
The differential in the Ex-term is given by
dy: H*(Y) - uwH*(Y) ; da(y) =ud(y)
where d is the action differential.
Proof. Similar to the proof of [2] Proposition 3.3. O
Definition 10.2. Define the spaces E, Y forn =0,1,2,...,00 by
E,)Y = ES'xc,Y |, n<oo
E.Y = ES'xaY.
For nonnegative integers n and m with m > n define the maps
qr, H'E,Y — H'E,)Y , 1':H'E,Y - H'E,)Y

by letting ¢, be the map induced by the quotient map and 7,/* be the transfer
map. Also define ¢2 : H*EY — H*E,Y as the map induced by the quotient.

The following theorem is inspired by a result of Tom Goodwillie which can be
found in [4] p. 279. We use it to give a convenient definition of the S'-transfer.

Theorem 10.3. There is a commutative diagram as follows for any m > 1.

E,Y —2 . B.Y
ml pnl (30)

BC’p'm i’ BSl

Here Q) denotes the quotient map and j : Cpm < S* the inclusion. The diagram
gives rise to an isomorphism.

©: H*(BCym) @p-ps1)y H(ExY) = H (E,Y) 5 z®yw— pri(z)gs(y)

The transfer map Tﬁ“‘l : H*E,,Y — H*E,,.1Y is zero on elements of the

form O(1 ® y) and the identity on elements of the form O(v ® y). We get an
isomorphism
colimH*E,,Y = vH*EoY = H*(S(ExY)4).

Proof. Similar to the proof of [2] Theorem 4.2. O
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Definition 10.4. For any non negative integer n the S!-transfer
0 H'E)YY — H'EY
is defined as the composite

—1
H*E,Y —— colimH*E,,Y ——— H*E.Y
where the direct limit is over the transfer maps 7/"*. Note that |75°| = —1.

Definition 10.5. Let §y denote the S'-equivariant map
Op: St x Yy — ES*xY ; (z,9) ¢ (ze 2y)

and let 6, for n = 1,2,..., 00 be the maps one obtains by passing to the quo-
tients

0 : S /Cpn xY — EY | m<oo
O : xxY — E Y.

Proposition 10.6. For non negative integers m and n with n < m the follow-
ing squares commutes.

H*E,Y " H*S'xY) H'E,Y " H*(S'xY)

sl el ow| el
H*E,Y O, H*(S1 xY) H*E,Y —"— H*(S'xY)
There are also commutative squares

H*E,Y — " H*(S'xY) H'E,Y — " H*(S'xY)

A R
H*ELY —2=. vy H*ELY —=. vy

where 0%, = q2, is the map induced by the inclusion of the fiber, and the transfer
on the right hand side is given by 1 @y +— 0 and v @ y — y.

Proof. Similar to the proof of [2] Proposition 4.6. O
Proposition 10.7. Frobenius reciprocity holds for any n > 0:
T (¢5% (2)y) = (~1)Fler®(y).

Furthermore the following composition formulas hold.

°0¢% =0 , ¢ o5 =d.
Proof. Similar to the proof of [2] Proposition 4.7, Proposition 4.8. |

Proposition 10.8. There is always an inclusion Im(q%) C ker(d). If we have
equality Tm(q%,) = ker(d) then the Leray-Serre spectral sequence of the fibration
Y = ES' xg1 Y — BS! collapses at the Es-term.
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Proof. By Proposition 10.7 we have d o ¢, = ¢% o 75° 0 ¢%, = 0. The collapse
statement follows by Proposition 10.1. [l

Definition 10.9. Put (, = exp(2wi/p) and define the map

fyr:8txy — EStxy?
(z,y) = (ze,29,6p2y, G2y, B 2y).
We let C,, act on the space to the left by ¢, - (z,y) = ({,2,y) and on the space

to the right by {, - (e,y1,...,Yp) = ((p€,Y2,...,Yp,y1). Then the above map is
Cp-equivariant. Passing to the quotients we get a map

fyr:8'/Cpy xY — ES" x¢, YP.
Note that this map is natural in ¥ with respect to Cp-equivariant maps.

Recall the followings facts on the order p cyclic construction [6], [5] and [7].
For any space X with homology of finite type there is a natural isomorphism

H*(ES' x¢, X?) = H*(Cp; H*(X)®?)

where C), acts on H* (X )%P by cyclic permutation with the usual sign convention.
For a homogeneous element y € H*X the C, invariant y®? defines an element
1 ® y®P in the zeroth cohomology group of C,. Let N =1+ (, + (5 4+ 4
Cg*l be the norm element in the group ring F,[Cp]. If z1....,2, € H*X are
homogeneous elements, which are not all equal, then the invariant Nz, ®- - -®,
also defines an element 1 ® Nz ® --- ® x,, in the zeroth cohomology group of
Cp.

Theorem 10.10. The following formula holds where 0; ; denotes the Kronecker
delta:

fFloy*P) =10 y" +v Ry 'dy + 6p30 @ BAy.

Proof. We write Yy for the space Y with trivial S'-action. We first prove the
theorem in the special case Y = Y. Here the differential is zero. There is a
factorization

fro 1 SY/Cy x Yy~ ESY/C, x Yy 255 ESY x¢, VP

By this and the formula for the Steenrod diagonal, [7] p. 119 & Errata, the
result follows.
Next we prove the following formula for a general S'-space:

AN ® - Qap) =vRd(z1...2p). (31)
There is a commutative diagram as follows:

H*(SY/C, x V) 2 H*(ES! x¢, Y7)

1'01®1T T‘%T

H*(S'xY) I H*(ES' xyP)
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The lower horizontal map is given by

p
Ylene--ex)=[[0®+oedsy)
=1

as seen by the factorization

prixAy
S =

fLiSxY —225 (Sl xY)? ST x (S x Y)P

IX1xCpx-x (BTt
e e

L pSl x YP ES! x YP,

The norm class is hit by the transfer and by finding the coefficient to v in the
above formula (31) follows.

Finally we prove the Theorem in the general case. Because of the degrees
f5(1 ® v®P) = 0. The two projection maps prq : S* x Yy — S* and prs :
S! x Yy — Yy are S'-equivariant. Thus we can use naturality together with the
case Y = Yy and the above equation to find the equations below

foy, 10 (10y)*P) =10 1R yP + 6p30 @ 1® By,
fory, (1@ (0@ 1)) = f&i 5, (1® (v dy)®P) = 0.

The action map 1 : S' x ¥y — Y is also an S'-equivariant map, hence by
naturality we have a commutative diagram

fsleO

St/Cp x (ST x Yp) ES* x¢, (S* x Yo)P

1><77l lanJ/
SYC,xY I BSlxg VP

We compute the pull back of the class 1 ® y®P to the cohomology of the upper
left corner. First we find

AxP)(10y*) =181y +vedy)*’ =
p—1

1910y +10@wedy)* +Y 10 N(1y)*  (vedy)®r .
i=1

By (31) we can compute fgleo applied to the norm element terms. Only the
i = p — 1 term contributes.

Foy 1@ N1 y)*P D (0@ dy)) = v ® dsixy, (v @y dy)
=v® (dg1 (v) ® yPdy + v ® dy, (7 dy))
=v®1y? tdy

Altogether we have

(10" ) o fy(1QY*P) = fa oy, o (L X nP) (1@ y*P)
= fory,1®(1®y)*") +v0 1 y? 'dy.

We now apply 1 ®~* on both sides (for the map -, see the beginning of §3) and
the result follows. |
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11 Construction of classes in string cohomology
from classes in ordinary cohomology

In this section X denotes a connected space.

Definition 11.1. Put (, = exp(27i/p) and define evaluation maps as follows:

evg : AX =X 5 yey(1)
evi : BS xo, AX — ES' xc, XP 5 [eq] = [e,v(1), () v(ET )
Definition 11.2. The classes u, f(x), g(z),d(x) € HS (AX) for v € H*X are
defined by
f(x) = 7° o evi (v @ 2P), g(z) = 15° o evi (1 ® z®P),
d(z) = 75° o evg (), u =7 0 evi(vu ® 1%P).
Theorem 11.3. Let ig : X — AX denote the constant loop inclusion and let

ise be the corresponding map of S'-homotopy orbits. There is a commutative
diagram as follows

H*(ES! xg: AX) —=— H*(BS!x X)

& | | (32)

S

H*(AX) — ., HYX)

and an inclusion Im(q%) C ker(d : H*(AX) — H*(AX)). The constructed
classes are mapped as follows under i%g.

ir (f(z)) = 6(x)Sto(z) + o(x)(—=1)"m!u™Sto(x),
] o + o(2)(=1)"mu™ 1Sty (z),
5(z)) =0 and i (u)=u®l.

/2. Under ¢°. the images of the classes are as follows.

= s(2)ela”),
0 (9(2)) = 5(@)e(a? " de) + o()5ze(BA),
. (0()) = e(dz) and ¢ (u) =0.

Here §p 3 =1 for p =23 and zero otherwise.

Proof. A commutative diagram of spaces gives the diagram (32) and Proposition
10.7 gives the stated inclusion.

We check the formulas involving ¢%,. There is a commutative diagram as
follows where A : X — XP? is the diagonal and 4, is the map of C,-homotopy
orbits induced by .
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*
evy

H*(X) H*(AX)
A*T id
HY(X?)  ——  H*(AX)
TréJ/ T&

*
evy

H*(ES' x¢, XP) —Ls H*(ES' x¢, AX) —0—s H*(BC, x X)

T T1°°®1J/
H*(ES" xg1 AX) —=— H*(BS" x X)

The horizontal map with no label is the induced in cohomology of the map
v o (’y(l),’y(@),...,fy(Cgfl)). A homotopy commutative square of spaces
shows that the upper square commutes and it is obvious that the other two
are commutative. We see that i*_(u) = u ® 1 as stated.

The composite evy o7 is the diagonal A;. Its induced in cohomology is the
Steenrod diagonal A% given by the following ([7] p. 119 & Errata):

v(@AT1 @) =Y (=)™ @ Plo 4+ (=1 'ou™ 1" 0 P
i i
where ¢ = |z| and v(q) = (m!)?(—=1)™(@*+9)/2 From this formula and the lower
part of the diagram we see that
v(@)is(f(x)) = Y _(~1)'w™ ) @ Pla = (- 1)/ @M St (z),
i
V(@)% (g(x)) = Y (=1)'u™ 77 @ Py = (1)@ 5y (),
i
By [7] Lemma 6.3 one has (m!)? = (—1)™*! mod p and from this one sees that
v(q)~ Y (—1)19/2 =1 for g even and v(q) ' (—1)[4/2 = (—1)™m! for ¢ odd. Hence

we have verified the formulas for i (f(z)) and % (g(z)).
By the left part of the diagram we see that

S(z)y =1 oev; o Trj(z®1®---®1).

The composite A} o T'r{ is zero by [7] Lemma 4.1 so i%_(§(z)) = 0.

Finally we check the formulas for ¢,. It follows directly from Proposition
10.7 that &(x) is mapped as stated and clearly u is mapped to zero. For the
classes f(z) and g(x) we use Proposition 10.6:

g o o evi = T 0 05 o evi = T{° o (evy 0 Oy)*.
Note that ev; o 7 equals the composite

1xevh

SUC, x AX —% BSUxo (AX)P 2% ES!xo, XP
where fjx is the map from Definition 10.9. Thus we have
G 0 T 0 evy = 7° 0 fiy o (1 x evp)”.

From this and Theorem 10.10 we get the stated results. |
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Proposition 11.4. The following diagram is a pullback square.

*

H*(ES" xg1 ABF,) —= F,[u] ® H*BF,

| |

S

ker(d) — . H*BF,

Proof. In the proof of Proposition 4.9 we saw that Uj, : UBF,(n) — ABF,
was both an S'-map and a homotopy equivalence. So the induced map of
S1-homotopy orbits (LUj,)e is a weak homotopy equivalence. The maps in
the diagram have nice descriptions in terms of this equivalence since there are
commutative diagrams as follows where @@ denotes quotient maps.

UES! x g1 BF,(n) "=, BS! x ¢ ABF,

] dl
LES! x BF,(n) —2"» ES!x ABF,

LES® x g1 BFy(n) 22>, BS1 x o ABF,

ES' x BF,(0) ——— BS'x BF,

Hence it suffices to show that the following diagram is a pullback where d(y,)
denotes the differential on H* BF,(n).

OH*(ES' xg1 BF,(n)) —°— H*(BS' x BF,)

sq" | |

D ker(d(n)) Em— H* (BFP)

We have H*(ES" x g1 BFy(n)) = ker(d(,)) for n # 0 since here the Leray-Serre
spectral sequence has Ey* = 0 for ¢ > 1. The result follows. [l

As indicated by Theorem 11.3 above it turns out that when |z| is odd then
both f(z) and g(z) can be written as a product of some power of u with another
class. This was not the case for p = 2 as described in [2]. We construct new
classes to get around this difficulty.

Theorem 11.5. Let x € H*X be a cohomology class of odd degree. Then there
ezists classes ¢(z),q(z) € H*(ES' xg1 AX) with |¢p(z)| = p(lz| — 1) + 1 and
lg(z)| = p(|z] — 1) + 2 such that

i%((x)) = Sto(z), 43 (d(x)) = Az — w(dw)’,

is(a(x)) = Sti(x),  aoe(a(@)) = BAz.
Proof. It suffices to prove the theorem when X = B"F, for odd n > 1. The

general case then follows by defining ¢(z) = (1 xg1 Ah)*¢(t,) and ¢(x) =
(1 xg1 Ah)*q(ty,) where |z| = n and h : X — B"F, has h*(1,) = .

24



For n =1 we have Stg(t1) =1 ® ¢; and St1(11) = 1 ® Sy so here the result
follows from Proposition 11.4.

Assume that n = 2r4+1 where r > 1. By Proposition 10.1, Theorem 4.1 and
Theorem 8.6 the Es-term of the Leray-Serre spectral sequence for the fibration
AB"F, — ES' xg1 AB"F, — BS" has the following form:

E3; =1Im(d) @ (Fplu] ® 0(K))

where K = H*B"F,. Here u has bidegree (2,0) and an element y in Im(d)
or @(K) has bidegree (0,|y|). Define s : BS* — ES! xg1 AB"F, such that
pri os = id by choosing a constant loop. By s* we see that the vertical line
(*,0) survives to E.

Up to dimension 2rp 4+ 2p — 1 the only nonzero vertical lines are (x,0),
(%,2rp + 1), (x,2rp + 2) and (x,2rp + 2p — 1) corresponding to the classes u,
d(tn), q(tn) and q(Biy) respectively. Hence we can define ¢(i,) and g(tn) by

4 (B(en)) = A — tn(din)P 7,
45°(q(tn)) = Bty and 5*(q(en)) = 0.

Since |f(tn)] = 2rp+p and |g(ty,)] = 2rp+p — 1 we see that f(t,) = Cru™ @ (i)
and g(u,) = Cou™ 1q(1,) where C1,Cy € Fp, and m = (p — 1)/2 as before. By
Theorem 11.3 we conclude that

Cru™ % (d(en)) = (=1)"mlu"™Sto(ty,),
C’gumfli:o(q(Ln)) = (—l)mm!umflStl(Ln)
and the result follows. O

Definition 11.6. For x € H*X of even degree we define ¢(z) = f(x) and
q(z) = g(x)-

12 String cohomology and the functor /¢

In this section we prove the main result of this paper.

Theorem 12.1. Let X be a connected space which has finite dimensional mod
p homology in each degree. Then there is a morphism of unstable A-algebras

¢ 0(H*X) — H*(ES' x g1 AX)

which sends ¢(x), q(x), 0(z) for x € H*X and u to the constructed classes with
the same names. The morphism is natural in X. If both of the maps

e:wH*X) — H*(AX) , ®:@(H*X)— H*(w(H*X))

are isormorphisms then so is ¥. In particular, when (n;) is a sequence (possibly
finite) of positive integers such that the set {iln; = N} is finite for each N and
X =[] B™F,, then ¢ is an isomorphism.

Proof. Assume that both e and ® are isomorphisms and put K = H*X. By
Theorem 7.7 we have that DR surjects ker(d) and from the results in Section
11 we see that Im(DR) C Im(g% ). Hence Im(qY,) = ker(d). It then follows
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from Proposition 10.8 that the Leray-Serre spectral sequence associated to the
fibration AX — ES! x¢1 AX — BS! collapses at the Es-term:

Eo = B3 2 ker(d) @ uo(K) @ w*o(K) @ . .. (33)

By Remark 7.4 there is a filtration of ¢(K) which associated graded object
is also (33). If we fix a dimension the filtration is finite and we conclude that
{(K) and H*(ES! x g1 AX) have the same dimension in each degree. Hence it
suffices to show that the map 1 in the statement is a well defined morphism
which is surjective.

The constructed classes are algebra generators for H*(ES* x g1 AX) by the
collapse, and the formulas for their images under % given in Section 11 shows
that Im(é%,) = R(K). Hence we have a commutative diagram as follows:

H*(ES! xg1 AX) —=— R(K)

& | n|

ker(d) 2,

The kernel of p; is the ideal (u ® 1) and i’ (u) = u ® 1. Since u € ker(g%,)
and i, is surjective we conclude that the restriction 4% | : ker(¢%, ) — ker(p1) is
surjective. Hence we have a surjection into the pullback.

We now restrict to the case where X is a product of Eilenberg-MacLane
spaces as in the last part of the statement. Here e is an isomorphism by Propo-
sition 3.7 and Theorem 4.1 and ® is an isomorphism by Proposition 7.8 and
Theorem 8.6.

The above surjection into the pullback together with Theorem 9.5 gives
us a surjective morphism ¢’ : H*(ES! xg1 AX) — ¢(K) which is then an
isomorphism. By definition it has inverse 2.

By the fact that B"F, classifies degree n cohomology and naturality of the
constructed classes, we can now conclude that the defining relations for ¢(K)
are universal for the constructed classes. Hence 1 is a well defined morphism in
general.

In the case where e and ® are isomorphisms, the collapse ensures that ¢ is
surjective and hence an isomorphism. [l

Corollary 12.2. Let X be a connected space and assume that H*X s a poly-
nomial algebra on a set of even dimensional generators. Assume also that H; X
is finite for each i. Then v is an isomorphism.

Proof. It K is zero in odd degrees then w(K) is the ordinary de Rham complex
Q(K|F,). Furthermore, ©(K) is the de Rham complex Q(K|F,) where K is the
algebra defined by K™ = K™ and K™ = 0 for m # 0 mod p. The map ® is the
Cartier map.

The Eilenberg-Moore spectral sequence for H*(AX) has Hochschild homol-
ogy of H*X as its Es-term and it collapses since the algebra generators sit in
Ey* and E; . By the Hochschild-Konstant-Rosenberger theorem Hochschild
homology is isomorphic to the de Rham complex and one concludes that e is an
isomorphism. The Cartier map @ is also an isomorphism. [l
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Remark 12.3. Theorem 12.1 respects products in the following sense. Assume
that X and Y are connected spaces with mod p homology of finite type and that
ex, ®x, ey, Py are isomorphisms. Then ex«y and ®x .y are isomorphisms
and Y x xy is an isomorphism.

13 Appendix: Unstable A-algebras

In this appendix we prove Proposition 3.4. We shall need the following result.

Lemma 13.1. For any unstable A-algebra K and x € K the following equations
hold.

. P —
pirg = J PP i=0modp (34)
0 , otherwise
6)\(P%x) , =0 modp
Pz = (,BP%I‘)I) , i=1modp (35)
0 , otherwise

Proof. We just prove (34) since the proof of (35) is similar. When |z| is even
both sides in the equation are zero. Assume that |x| is odd. By the instability
condition Pi\x = 0 when 2i > p(Jz| — 1) + 1. When i is divisible by p this
inequality implies 2i > p(|z| — 1) + p or % > |z| and since |z| is odd % > |zl
So PPz = (0 and the equation holds in this case. If 2i = p(|]z| — 1) then
Piz = A2z = \(P"/Px).

Finally assume that 2¢ < p(Jz| — 1). Then we can apply the Adem relation:

: o)1
PiP\zwz—lx _ (_1)i+t ((p - 1)( 3 t— t) — 1) Pi+‘z‘2*1*tPt:E.
t—=p
t=0

LSS

[z|—1

The instability condition shows that Pt “tPty = 0 unless i < pt. But the
binomial coefficient is zero when ¢ < pt. So we get zero when i # 0 mod p and
the term corresponding to ¢t = i/p when i = 0 mod p. |

We now prove Proposition 3.4.

Proof. Let dK denote the graded Fp-vector space given by (dK)" = K n+1 and
(dK)~1 = 0. We write dx for the element in dK corresponding to  in K hence
d(z +y) = dz + dy. We define an A-algebra structure on dK by P'drx = dP'z
and fBdr = —dfz. Let F(dK) denote the free graded commutative algebra
on the F,-vector space dK. By the Cartan formula F(dK) is an A-algebra
and the graded symmetric product K ® F(dK) is an A-algebra. By definition
w(K) =K ® F(dK)/I where I is the ideal generated by

1o d(azy) —d(z) oy — (—-1)"z o dy), (36)
16 (d\x) — (dz)P), (37)
1® d(BAz). (38)
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We verify that A - T C I such that w(K) is an A4-algebra. We have

PM(1od(xy) —de oy — (=D)llz o dy) =

> (LedP(x)P(y) — dP'z @ Ply — (~1)" Plz @ dP7y)
i+j=n

which is in I by (36) since the degree of P’ is even. Further

Bl o day) —deoy— (-D)lz o dy) =
— (1 @d(B(z)y) —dBr ©y — (-1)1%*18z © dy)
— (D)l @ d(zpy) — dr © By — (—1)7lz © dBy)

which is also in I by (36).

In any A-algebra one has P*(a?) = (P?a)? when i = 0 mod p and zero
otherwise, since this fact is a consequence of the Cartan formula alone. So by
Lemma 13.1 we have the following relation in F(dK) when ¢ = 0 mod p:

Pi(d(\z) — (dz)?) = d(P'A\z) — (P¥dz)P = d(AP¥z) — (dP¥ ).

For i # 0 mod p we get zero. So P! applied to an element of the form (37) lies
in I. If we apply [ to such an element we also land in I by (38). Finally Lemma
13.1 shows that P¥(1 ® d(BAz)) € I and trivially 8(1 ® d(B3)z)) € I.

We verify that w(K) € Y. We must show that Pidz = 0 if 2i > |z| — 1. This
holds if 2i > |z| since K € U. If 2i = |x| we have Pidz = dP'x = d(aP) = 0. We
must also show that SPidx = 0 when 2i + 1 > |x| — 1. This holds if 2i + 1 > ||
since K € U and if 2i + 1 = |z| we have 3P'dx = —dBP'x = —dfB\z = 0.
Since the action on products are by the Cartan formula we have shown that

w(K) el.

Finally we check that w(K) € K. The Cartan formula holds by definition.
For |z| odd we have P (dz) = d\x = (dz)P and the result follows. O
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