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Abstract

We consider birth-and-death stochastic particle systems in contin-
uum which are under a self-regulation mechanism controlling configu-
rations of particles via a pairwise interaction between them. The latter
is reflected in a potential perturbation of the free generator. We show
that the ground state renormalization scheme in the considered model
leads to an invariant measure, a renormalized generator and resulting
equilibrium birth-and-death stochastic dynamics for the system. The
proof is based on the Gibbs type representation for related path space
measure. This measure has OS-positivity property and is constructed
via the cluster expansion method.

1 Introduction

We consider an infinite system of particles in continuum under a stochastic
evolution corresponding to a heuristic generator

H = Ly—aU. (1)

Here Ly is the generator of a non-interacting birth-and-death process (a
Glauber type dynamics), and U is an operator of multiplication by a func-
tion (equals to a sum of pair interactions over the configuration of points of
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the system), 0 < o« < 1 is a coupling constant. The goal of the paper is to
construct and to study a process properly associated with operator (1). We
will use here an approach similar to used for the investigation of an infinite
system of quantum anharmonic oscillators [10] or the quantum Heisenberg
model [2]. Our approach is based on the Feynman-Kac formula:

Tt=Y2
ey, p) = / el Ve apD(a), (2)

To=Y1

where the integration in (2) is over the distribution P2 on a space of tra-
jectories © = {zs, s € R'} of a Glauber type free stochastic dynamics with
the generator Ly (so-called Surgailis process, see [21]). A rigorous meaning
this formula has only under some regularity assumptions on the potential U.
The expression in the right hand side of (2) up to a multiplicative constant
coincides with a Gibbs reconstruction of the measure P°. The latter gives us
a hope to apply well known methods from statistical physics to the construc-
tion and investigation of semigroup (2). Let us note that the Feynman-Kac
formula is in common use for the study of models in quantum statistical
physics and quantum field theory, when P? is a measure on trajectories of a
free process, usually defined by a Schrodinger operator, see [6, 19].

We briefly describe now our constructions and state main results of the
paper. Initially, we consider truncated (over the space) potential Uy, where
A C R? is a bounded domain of the space R%. It means that we consider a
system where particles interact only if they are inside of domain A. Then the
operator Hy = Lo — aU, is defined correctly and it is unitary equivalent
up to an additive constant to the generator of a stationary Markov process

Gr={vn, teR'}, y el

with values in a space I of locally finite configurations in R?. The path space
measure of the process Gy may be obtained as the limit when 7" — oo of the
Gibbs reconstructions by the energy function f_TT Ua(7s)ds of the reference
measure corresponding to the Surgailis process [21] with the generator Ly.
Then taking the thermodynamic limit as A R% we get the limit path space
measure and the stochastic process G,.. We prove that the limit process
meets the condition of OS-positivity (Osterwalder-Schrader positivity, see,
e.g., [18]). Using that fact we can construct in canonical way corresponding
Hilbert space ‘H and a semigroup of self-adjoint operators in H associated



with the process G and generated by an operator H. Thus through the
use of the operator H heuristic expression (1) gains rigorous meaning, and

H should be considered as a correct regularization of the operator (1). In
addition, we prove the existence of the spectral gap for the operator H us-
ing estimates on decay of correlations for the limit process G,,. The main
technique we use here is based on cluster expansion methods for point fields
developed in [12, 14, 9, 5].

Let us discuss possible interpretations of our results in individual based
models of spatial economics. In this case, a configuration should be con-
sidered as a set of economic units (points of the configuration) located in
the space. A pure birth Markov process corresponds to an economic growth
model in which the density of units is linearly growing in time. Assuming
additionally random life time of any unit (independent and exponentially
distributed for each existing one), we will arrive in the Surgailis process
mentioned above. The equilibrium measure of this process is Poisson one
and its Markov generator is a self-adjoint operator in corresponding Poisson
L2-space, see [21]. This generator admits a nice and easy spectral decompo-
sition that relates one to the Fock space number operator in quantum field
theory, see, e.g. [1]. Actually, the Surgailis process can also be considered
as a free Glauber type stochastic dynamics in continuum, see, e.g. [8]. In
a more realistic model, we should take into account a competition between
units. One way to include this notion is related with a modification of the
death rate in the generator s.t. the growing density of the configuration will
increase the intensity of death.

Another possibility is based on the consideration of a rate functional
which should play the role of a regulation mechanism in the economic society.
Namely, configurations of units with high rate must have less chances to
survive in the stochastic evolution of the system. This rate functional is
included as the potential U in the model considered in this paper. Main
question which appears here is the existence of an equilibrium state in such
economic models as well as the construction of related equilibrium stochastic
process of the economic development with described regulation based on
a local interaction between units. The results of the present paper give a
positive answer to this problem.



2 The model and main results

2.1 Free Glauber dynamics (Surgailis process)

The configuration space I' = I'(R%) of the model is the set of all locally finite
subsets of R%: v C RY. The space I is naturally endowed with a topology,
namely the weakest topology on I' with respect to which all maps I' 5 v —
(fi7) =200, f(@), f € Co(R), are continuous (here, Cy(IR?) is the space of
all continuous real-valued functions on R? with compact support). We denote
by B(T") the Borel o-algebra on I' generated by this topology, and let 7, be
the Poisson measure on (I, B(I")) with activity z, z > 0, see [7]. We define a
stationary Markov process on I' with the invariant measure m,. A generator
of the corresponding stochastic semigroup S{ acting in the functional space
Ly(T, dr,) has a form

(LoF)(v)IZ(F(V\QJ)—F(V)HZ/ (FyUz) = F(v))de. (3)

d
xrey R

The operator L is defined on local bounded functions F(7), and the ex-
pression (3) can be extended to a self-adjoint operator in Ly(I',dr,). The
corresponding process is a birth-and-death process on I', we also call it the
free Glauber dynamics or the Surgailis process, see [21]. The process can be
described as follows: each particle in the configuration can disappear after
an exponentially distributed life time and new particles can appear in the
configuration with intensity z uniformly over the space. We denote by P? a
distribution of the Surgailis process (on the trajectory space).

2.2  Glauber dynamics with interaction

The generator of the dynamics with interaction is given heuristically as fol-
lows:

(HE)(y) = (LoF)(y) — aU(7)F(y) (4)

where

UM) = Y olz—y). (5)

{zy}Cy

Here p(u) > 0, u € R? is an even real-valued function (a potential) with a
fast decreasing on the infinity (we give the precise conditions on ¢ below),



a > 0 is a small enough real constant.

Remark. We consider a non-negative potential ¢ only for simplification
of our reasoning below. Let us stress that all results and constructions of the
present paper are true for any general stable potential, see [17], with a fast
decreasing on the infinity.

We will introduce below a dynamics with the generator (4) as a limit of
dynamics given in bounded regions A C R? Namely, let us consider the
operator

(HaF)(v) = (LoF)(7) — aUx(7)F(7),  F € Ly(T', dr2) (6)

with

Us(v) = Y. elz—y) (7)

{z,y}CyNA

Theorem 1. Under assumptions (55) - (56) on the function ¢ and small
enough o we have for all bounded A C RY:

1. the operator Hy is selfadjoint and bounded from above;

2. a non-degenerate ground state of Hy exists, i.e. a unique normalized
eigenvector Wy of the operator Hy such that Wx(y) > 0 exists, and corre-
sponding eigenvalue N is the same as the upper boundary of the spectrum of
Hy.

Proof of the theorem see in Sect 6.

We apply below the general scheme of the ground state transformation
for potential perturbations of Markov generators, see e.g. [3]. Assign a new
measure on [' in the following way:

dv

=) = (Ba()) (5)

Define an unitary transformation
Wit Lo(D,02) = Lo(T,m2) © (WaF)(7) = Wa(M)F(7), F € Lo(T,v7) (9)
and the operator Hy in Lo(T, )

Hy = Wit (Hy — XS1)W, (10)
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which is unitary equivalent to Hy — A}/, where I is the identity operator
in Ly(T', 7). It follows from (3) and (6) that operator Hy has the following
form:

EF)) = 320N pongy — Ry +

p a(7)
Ua(yUy)
ZR[W (F(yUy) = F(v)) dy.
Clear that
Hyl = 0, (11)

where 1 € Ly(T, %) is the constant function equals to 1. We denote by
SA = exp{tHy} and S = exp{tH,} (12)

semigroups acting in the spaces Ly(I", 7,) and Lo(T', v2) correspondingly. We
have the following representation for the kernel of the semigroup e!’» using
the Feynman-Kac formula

t

S ) = R(mm) = / exp{ —a / Un(y(r))dr b dP°(7), (13)

¥(0)=71 0

Y(t)=72
where P? is the distribution of the Surgailis process. It follows from repre-
sentation (13) and the strict positivity of U, that semigroups (12) improve
positivity, see [16]. Moreover, relation (11) implies that

exp{tH,} 1 = 1. (14)

Consequently, gtA is the Markov semigroup and the associated process is a
Markov stationary process with the invariant measure v*. Thus, the follow-
ing theorem holds.

Theorem 2. Semigroup S» = exp{tH,} is the Markov semigroup. The
process
gA = {’}/t, t e Rl}, Yt € T (15)

associated with the semigroup 5’,{\ 18 the stationary reversible Markov process
on I with the invariant measure v

2.



We denote by P, . a distribution of the process G,. As any stationary
reversible Markov process, process (15) has property of OS-positivity. We
remind this notion and also some related facts, see [18]. Let x = {z;, t € R'}
be a stationary reversible process on the space X and P be a distribution on
trajectories of the process. Introduce the time reflection transform ¢ in the
space of trajectories Q = XF:

(W) =x_y, x€l (16)

Since the process is reversible, ¥ preserves the distribution P. The unitary
representation for ¢ in the space Lq(2, P) we denote 6:

0f)(z) = f(9x), f€ Ly(UP), z €.

Let Hy C Ly(92,P) be a subspace of functions on € depending on the process
"at present and in future”:

feHi: [fl@)=f({x}, t€[0,00)).

Then the reversible process x called OS-positive if for any f € H, the
quadratic form

(efaf)Lz(Q,P) = (fvf)H+ = (f?f)+ > 0. (17)

is non-negative. We notice that any Markov stationary reversible process is
always OS-positive since

(f, )+ = IP(Ho)fIP,  f € M,

where P(H,) is a projection to the space Hy of functions depending only on
values of the process x( at zero time.

For the stationary reversible OS-positive process x we can construct a
semigroup which is similar to the stochastic semigroup for a Markov process.
If Iy C H is the kernel of the quadratic form (17):

Ly={feH,: (f, f)x = 0},

then I is a closed subspace of H, and we can consider a factor-space G =
H. /1. The scalar product in G is defined by the following way

([fil, [f2De = (fis fo)+, (18)
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where [f] € G is the class of the element f € H.. The space G is usually
called the physical space of the process x. We denote by U; a unitary operator
of a time shift acting in Ly(€2, P) in the following way

(Uef)(z) = f(sx),
where s, are shifts in the space of trajectories
($:2)r = Ty_r
Clear, Us/Hy C H, for any t > 0. Then the permutation relation
oU, = U_,0

together with the unitarity of U, in Ly(€2, P) imply that the operators Uy, t >
0 are symmetrical with respect to the quadratic form (17):

(OULf1, fo)iaopy = (0f1,Uefo)rapy,  J1, fo € Hy. (19)
Proposition 1. For any f € Hy and t > 0 the following inequality holds
(UL, Uf) e < (F )+ (20)

Proof see in Attachment.

Inequality (20) implies that Uply C Iy for t > 0, consequently the semi-
group {U;, t > 0} in H, generates the semigroup Uy, t > 0 of operators in
G-

Ut[.ﬂ:[Utf]? t>07 fEH-i-'

It follows from (19)-(20) that U, is a selfadjoint contraction semigroup. In
addition, it is strongly-continuous by construction. This semigroup U, is
called a tansfer-matrix of the process z. The Stone theorem, see e.g. [16],
implies that the operators U, have the form:

ro__ th
Ut_e )

where h is a non-positive selfadjoint operator in GG. Note, that the element
e = [1] is a normalized ground state of the operator h with the eigenvalue 0.

Let F be a local function on the space of trajectories {v;, t € R} of the
process, that means there exist a finite interval I C R! and a bounded domain
Ay C R?such that the function F depends only on {y;NAg, t € I}, i.e. on the
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part of trajectories {v;, t € R} lying inside of a bounded domain Ay x I = M
in R™!. The domain M = Ay x I is called the localization domain for F.
Remind that the weak convergence of the processes Py , = Ps . means that
for any local bounded function F the following holds as A/ R?

(F)ps. = (F)pec . (21)

where (-)p

.. means the average over the distribution P, . and the same for
<.>Poo,2 °

Theorem 3. Under conditions of Theorem 1 distributions Py . of the pro-
cesses (15) converge weakly as A/ R® to the distribution Pu . of a station-
ary reversible OS-positive process

Goo = {7 t€R'} (22)

with values v, € T'. Moreover, the stationary distributions v

- converge weakly
to the marginal distribution v° of the process (22).

The weak convergence of measures on the space I' of locally-finite con-
figurations is defined by the same way as in (21) with local functions F
depending on the part of the configuration v € I' in a bounded domain
Ao C Rt F(y) = F(7la,)-

Theorem 3 is a corollary of Theorem 4 below, a construction and investi-
gations of process (22) will be done in the proof of Theorem 4.

Remark. Using as above OS-positivity of the process (22) with the dis-
tribution P, . we can introduce the generator of its transfer-matrix h = H
acting in the corresponding physical space G. The generator can be treated
as a correctly defined limit Hamiltonian (up to an additive constant) associ-
ated to the formal Hamiltonian (4). The operator H can be considered as a
regularized limit for the operators Hy.

Conjecture. Although we proved here only that the limit process has
the property of OS-positivity, we believe that the limit process should be
Markov.



3 Euclidean representation

3.1 Path space measure for free Glauber dynamics

We denote by T a space of configurations

n = (k) = {(zL)|rey}

of a marked point field in the space R? x R' = R™!. Here v C R is a
locally-finite configuration of points in R4+

r€y: x=(st) € R, secR tcR,

and [, € (0,00) is a value of the mark at the point x. The distribution
PY of the marked point field can be described by the following way: point
configurations  form the Poisson field in R*! with an intensity z > 0
(the corresponding distribution is denoted by II,, see [7]), and under a fixed
point configuration v the conditional distribution of marks is conditionally
independent and exponential:

Pr(l>u)=¢", u>0. (23)

A configuration n € T can be visually depicted as a configuration n of rods
€ € n lying in R and directed along the positive direction of the time axis
t. Here z = x(§) = (s,t) € R™! is the origin of the rod, and | = [(§) is
the length of the rod. Let K be a space of all rods in R%! lying along a
given (time) direction, then K is the same as R x R, and the described
above configuration space T of rods could be identified with a subset of all
locally finite configurations I'(R¥* x RY) of points in R™!' x R!. This
permits to introduce a topology and the Borel o-algebra on T generated by
this topology.

We shall say that a configuration of rods 7 is locally finite if any bounded
subset of R*! has an intersection only with a finite number of rods from this
configuration. Let us denote by Y C T a set of locally finite configurations
composed of pairwise disjoint rods.

Lemma 1. The set Y’ of locally finite configurations of pairwise disjoint rods
form a set of the full measure P°.

For the proof, see Attachment.
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For any configuration € Y/ and any 7 € R! we consider a section
nNY, C R¥? of rods from the configuration n by the hyperplane Y, = {z =
(s,t) : t = 71}. Then by Lemma 1 we have that the projection of the section
to the space R? is a locally finite set v, € I'(R%). Thus, any configuration
of rods n € Y’ generates a curve v = {v,, 7 € R} in the space I'(R%),
and different curves correspond to different configurations of rods. Let a set
of these curves will be X. Then the distribution P? can be regarded as a
distribution on X, in this case call it 752 Thus, using Lemma 1 we get the
following

Lemma 2. The above curves v = {7, 7 € R} € ¥ form the full measure set
of trajectories of the free Glauber dynamics from Sect. 2.1 with the generator
(3), and the distribution P° on ¥ is the same as the distribution of the
Glauber dynamics.

In the representation for the trajectory v = {7,, 7 € R} in the form
of a rod configuration 7 the origin x = (s,t) of the rod £ € n, £ = (x,1,)
marks the position s and the time t of the birth of a new particle in the point
configuration, and the length [, is the life time of the particle.

Remark. Reversibility of the free Glauber dynamics implies that the
above field of rods is also reversible in time. Indeed, ends of rods under
reflection in time come to origins of the reflected rods, but the point field
corresponding to the ends of all rods is also the Poisson field in R4*! with
the intensity z. This fact has been discussed earlier, see for instance [4].

3.2 Euclidean representation for dynamics of interact-
ing particles (ensemble of rods)

For any bounded A C R? and any 0 < T' < oo we consider a new probability
measure Py 7, on X using Feynmann-Kac representation:

dPa 1. () 1
Py

exp {—a/T UA(%)dT} ,v={w TER}  (24)

T _7

with the normalization factor

Inn = / exp {—a / ' UA('yT)dT} dPP. (25)

-T
P

11



T
Since Up(y) > 0 and [ Up(v,) dr < 0o on a set of the full measure, then
-7
0 < Zpr < oo and relation (24) is correctly defined.
We denote by Pa 7. a measure on the configuration space of rods which

is corresponding to Py ... Then the probability density (24) is rewritten as

dPar1.- 1
dPO (77) = 7 eXp § —& E (I)T (£j1 ) £j2) ) (26>
z A7T {£j17 ij}CT]A,T

where ny 1 C 7 is a subset of rods from configuration 1 which have intersec-
tion with A x [-T,T] C R4, and

7 (&1,&) = p(s1 — s2) AT (&1, 8), (27)
with éz = ( (Si,ti>, lz ), 1= 1,2, and
AT(&,&) = |(ti, i+ 1) N (ta,ta + o) N (=T, T)| (28)

is a length of the common part of the projections to the axis ¢ of the rods &;
and & which are inside of [T, T]. We introduce the following notation

Al&r, &) = lim. AT(&1, &) = [(tr,t 4 1) N (f2, 2 + 1) (29)

Thus the measure Py 1. on the space Y’ of rods is the Gibbs reconstruction
of the measure P? by means of the following pair interaction

Unr(n) = >, @"(&,&)

{&1, &}Cna,r

For any M C R we consider a set G¥¥ of all rods intersecting M and a set
Gloc C G of all rods with origins in M. We say that a set of rods G C K is
bounded if there exists a bounded set M C R*! such that G C G¥¥, and is
strictly bounded if G C GY¥. For any G C K let Y'(G) C Y’ be a set of all
locally finite configurations of pairwise disjoint rods from G. In the case of
bounded G the space T'(G) contains finite configurations n. For any G C K
we can represent configurations n € Y’ as

n= e nw), g € Y(G), ne € Y(G) with G'=K\G.

12



This representaion implies the following decomposition of Y’ to the Cartesian
product
T =7'(G) x T(G).

We say that a function F' = F(n) defined on Y’ is local if there exists a
bounded set M C R such that F depends only on ngine € n: F(n) =
F(ngin). If a function F' depends only on nge € n: F(n) = F(ngu:) we
denote the function F' strongly local. In any case, the set M C RI*! is
called the localization domain of the function F. Let us note, that each
local function on the space of trajectories ¥ with the localization domain
Ao x I = M regarded as a function on the configuration space of rods Y’
with the localization domain M.

Theorem 4. We assume that ¢ > 0 is a non-negative integrable function
and o 1s a small enough. Then

1. the distributions Py 1. converge weakly as T /" oo to the distribution
PA,oo,z = PA,Z
PA,oo,z =w — lim PA,T,Z? (30)
T—o0

and the corresponding distribution 75A7oo7z = 75/\7,3 on the space ¥ is a distri-
bution of a stationary reversible Markov process on I’

Gr={mn, teR'} (31)

with the invariant measure V) and associated stochastic semigroup gtA gen-
erated by Hy. Thus, process (31) is exactly the same as process (15) from
Theorem 2, that has been constructed by the different way.

2. There exists a weak limit

Pooy=w— lm Ppo,=w— lim Par,z (32)
A /Rd T—o00, A /R4

The corresponding distribution 7500,2 on the space of trajectories 3 is a dis-
tribution of a stationary reversible OS-positive process

Goo = {7, t€R'} (33)

with values v, € T' and the marginal distribution v;° = w—1limy spa v2. Thus,
the process (33) is the same as limit process (22) from theorem 3.

13



Here as above the weak convergence of distributions means the convergence

of averages over corresponding distributions for any bounded local function
F defined on Y.

Remark As we have already mentioned above, all statements of Theorem
4 remain valid in the case of a stable integrable potential ¢ (not necessarily,
nonnegative), although corresponding reasonings in the proof require some
evident modifications.

We formulate next results on decay of correlations for the distributions
Py and the limit distribution P., .. We assume that for all large enough |u|
the potential ¢ meets one of the folowing estimates:

c
1 u)| < ——m——, m>d, 2 w)| < ce k.
) le(u)| 5 [a)e ) le(u)|
with constants ¢ > 0, m > d, k > 0, and introduce the following metrics in
the space R? x R':

mIn(l + [s; — sa|) + 3|ty — tof, in the case 1),
o((s1,11), (s2,t2)) =
Els1 — so + 4]t1 — to], in the case 2)
(34)
with S1,82 € Rd, t1,to € R

Theorem 5. For any strongly local bounded functions Fy, Fy depending on
the process Goo (or Gp) with localization domains M; = N; x I;, i = 1,2
correspondingly the following estimate holds:

< CURIIREL (M| + D)) e AR,

(35)
and the analogous one is true for the processes Gy. Here C' > 0 is a constant,
|M;| are d+ 1-dimensional volumes of the domains M;, and d(My, Ms) is the
distance between the domains in the metric (34):

[(Fy - Bo)pe . — (F1)poy . (F2) P

d(Ml,Mg) = inf Q((Sljtl),(SQ,tg)).

(Si ,ti)GMi ,i:1,2

Corollary. The operator H has a spectral gap, i.e. there exists a gap be-
tween 0 and the spectrum of H in the orthogonal complement to the ground

14



state e € G. In particular, that implies the uniqueness of the ground state.

For computational convenience we modify the definition of the measure
Par,.. We call G(}\’T = Gf{i(_T,T) C K a set of rods which have an intersec-
tion with A x (=T, T) C R GiT C K a set of rods entirely belonging to
the region A x (7, +00) (in the case +) and correspondingly, entirely belong-
ing to the region A x (—oo, —T) (in the case —), Gy oo C K a set of rods
lying inside A’ x (—00,00) C R with A’ = R®\A. Obviously, these sets are
mutually disjoint and their union is the same as K. Then any configuration
n € Y’ is the sum of 4 mutually disjoint configurations

n = N6, Yiet, Yy, YNey o (36)
and the configuration space Y’ is the Cartesian product of the spaces
T = Y(GRp) X T(Gr) x Y (Gyr) X T(Grroo)- (37)

We denote by

z
,007

0 0 0 0
PG([)\,TZ, Pet o Po- .o Pa, (38)

distributions on the spaces of corresponding configurations, i.e. restrictions
of the distribution P? to the sets

T'(Gir), T(GRr), T(Grr), T(Gao)

respectively.

We consider next a general random field II(M, ¢, p). Here M C R4 is
a domain in R, ¢ = ((z), * € M is a positive function defined on M,
the function ((z) specifies an activity (non-homogeneous, in general) of the
Poisson field of the rods origins © € M, p = {p.(l) = Pr(l, > ), | >
0, z € M} is a family of distribution functions marked by points z € M
for the length of a rod with the origin at x € M. Under fixed origins of the
rods their lengths have conditionally-independent distributions with densities

pa(l)-

Lemma 3. 1. All components N6 o Nat o Moo MGy in decomposition
(86) are independent, i.e.

0 _ 0 0 0 0
P, = PG% e X PGXT’Z X P, X PGA’,ooa*Z' (39)

# AT
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2. Each distribution from (38) is a distribution of the form II(M,(,p),
namely,
a) in the case Pg, .

M =N x (—o0,+00), ((z) =2, p(I)=e', 1 >0, 2 € M, (40)

- 0
b) in the case PGXT7Z

M = A X (T,+0), ((x) =z, p(l) = el 1>0, zeM,; (41)

» 0
c) in the case PGOA .

M=t (oot o = { 2T ENTED

0 = el 1>0, x€Ax (~T,T)
Pell) =9 eret X(7,00) + x(0,7), z € A X (—o0,=T) ’

where T = =T —t > 0 is a distance from x = (s,t) € A x (—o0, =T) to the
hyperplane Y_p = {x : t = =T}, x(a,b) is the characteristic function of the
interval (a,b);
d) in the case P°_
AT?
M =Ax (—oco0,-T), ((z)=2(1—¢T), p(l)=e" x(0,7), 1 >0, z € M.
(43)

Proof of Lemma 3. We consider a decomposition of a configuration
n € Y’ to four configurations

n = Nao U+ Una- Una. (44)

Here 7,/ is a configuration of rods which are entirely outside of the cylin-
der A x (—o00,400), s - is a configuration from rods with origins in A x
(—oo0, —=T'), Nap is a configuration from rods with origins in A x (=77
and 7, 4+ is a configuration of rods which are entirely inside of the region
A x (T, +00).

Since any rod £ € n belongs to one of the sub-configurations

NA05 TIA+> TIA—> TIA7,
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and it is determined only by the origin of the rod &, all these configurations
are configurations of a marked Poisson field in the corresponding volumes
Ax (=T7,7), A x (T,00), A x (—00,—T), A" x (—00,00). That implies
independence of all configurations, and compareing (36) with (44) we have:

M = NGy s Tt = Nt o M0 Uia— = Neg . Ullgy -
The configuration 7, _ can be decomposed into two configurations
A~ = Ta,— Y0,

where 7, _ is a configuration of rods which are entirely inside of the region
A x (=00, =T, na is a configuration of rods with origins in A x (—oo, —T)
which have intersection with A x (=7, T'). Since the question about belonging
arod £ € 75— to one of the configurations 7, _, 74,0 depends on the length
of the rod, the configurations 7jy _ and 7ja ¢ are independent, and the activity
of the rods origins equals to the product of z on the probability to reach (in
the case 75 ) or not to reach (in the case 75 ) the level —7'. Distributions
for the length of the rods are also properly changed . Moreover,

A= = TNy o 163, = 140 U TIA0-

Thus, configurations 77, — form a field (M, ¢, p) defined by (43) and the union
of configurations 7, o U7ja ¢ form again the field (M, ¢, p) defined by (42). O

Formula (26) implies that only the distribution 738% _ of the component,
T

Ny . 1s subjected to a reconstruction:

Pame = Pag o X Phe P XY (45)
where Pgo e 18 assigned by a probability density analogous to (26):
%%w = ZiT exp{ —a > @&, &) o (46)
R | e Ga)Cnoy |
We denote by .
T =[J (47)
n=0

17



a space of finite configurations of rods in R**!. Here T? is a set of all n rods
configurations, and T§ = {@}. Then the Lebesgue-Poisson measure \:, wtih
intensity ¢ = ((x) and distribution function p = {p, (1)} for the length of rods
can be considered on the space T°. This measure on each Y%, n =0,1,2,...
is defined as follows

1 n n
e, = [ f&n ) [T =dpe ) T Cwi) davi, - (48)
n : =1 =1

where & = (x;,1;) are rods, f(n) is a bounded function on T? with a finite
support and f(£,...,&,) is a symmetrical extension of f(n) to the space K™
of ordered sequences of rods (£1,...,&,), &NE =0, i # 5. We will use the
notation A, = A, in the case when ¢ = z, p,(l) = e, | > 0,Vz. For any
G C K let T°(G) C Y be a set of all finite configurations of rods from G,
and A¢ be a restriction of the measure A, to the set T°(G). Then for any
two non-intersecting domains G, Gy C K we have

YU GIUG:) = TUGy) x Y)(Ga), AGT =281 x AZ2 (49)

Moreover, for any integrable functions F(n), ¢;(n), i = 1,...,m defined on
the space T the following equality holds, see for example [12],

L (FoX) | ortm) . ontm) ) axon = (60)

,,,,,

[ [ pauom) [Tam I dm.
NS i=1 i=1

m times
Here the sum in the left-hand side of (50) is taken over all ordered sets
(M, ..., mm) of m nonempty finite configurations n; € T° such that n; Nn; =

0, i#j,and Ul'n =n.
In what follows we will take G C GY ; and will write for simplicity A% =
where C(z), p = {p.()} are defined by formulas (42). The measure
) for any bounded domain G' C G} 1 is equal to

A%}’

M(YY(@)) = exp{/g —dp,(1 )dz}. (51)
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In the case G =G ¢ (= Gy, M = A x (-T,7))

/ C(x) (~dps(1)) dx = (2T + D|Alz, (52)

0
Gir

where |A] is a d-dimensional volume of the domain A C R
In the case G = Gl]\"f:AX(fT’T)

[ <@ (~ana) do = 211AL

loc
GJ\I

Lemma 4. The probability measure Po,  on Ty, defined by (42) is equal
AT AT

to

Pey .. =€ CTHINE 2GR, (53)

For the proof see Appendix.
Next we consider the probability density
dPG% 7

dAar oY

Parz(n) =
for Pgo . with respect to the measure AGAT (instead of the measure Pp, ).
I AT

Density (54) can be defined again by formula (46) where the new normalizing
factor Z, r is related with the normalizing factor from (46) by the following

way

Ing = g e@TTDIAL,

Let us note that for any bounded G C K the sets T, and YY(G) are
the same up to a set with zero A® measure, consequently the distributions
7789\ , and Pgg . could be considered as distributions on T%(G} 7).

, T ;I ’

4 Related cluster expansion
At the beginning of the section we formulate conditions on the potential ¢(u)

Positivity: ¢(u) > 0; (55)
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boundedness and fast decreasing on the infinity:

a) p(u) < W, m>d, or b)pu)<ce*H (56)

with an absolute constant ¢ > 0. The last inequality (56) can be rewritten
as

p(u) < Cexp{—20(0,u)}, (57)
where In( | )
R _J mIn(1+ |s; — s2]), 1n case a,
0(s1,52) = { Els1 — sof, in case b (58)

is a metrics in R, s1,s9 € RY (see (34)).
Further we will follow constructions from the book [12]. The density (54)
par=(n), n€E TO(G’?\vT) = T r has the following representation

X% n=>0
ﬁA,T,z(ﬁ) - — 7 m
AT 2?777)1 Nm } Hi:l KT(%)» n 7é @7

where the sum Zg];)l .} is taken over all partitions of the finite configura-
tion of rods 7, i.e. over all unordered sets of mutually-disjoint configurations
Myee D, i ©m, ¢ =1,...,m, m=1,2,..., such that Unp; = n. We will
use further the following designation: {ni,...,n,} for unordered sets and
(M1, - ..,nm) for ordered sets of configurations.

The cluster weight K7 (n) is equal to

W0 ={ f0 5 ()

where |n| is the number of rods in the configuration 7, the sum Zg”) is taken
over all connected graphs o with the set of nodes V(o) = {&,...,&} = n,

and
KL = H (e—Oé‘PT(&,fj) _ 1) : (61)
(&i.éj)€0
where the product is over all edges (&;, &;) of the graph o.

(59)

-----

Lemma 5. For any stable potential ¢ the cluster weight meets the following
bound as |n| > 2

o Z (
KT (n)| < BEN Z(n) H ( *al‘I’T(&,ﬁjN)? (62)

(&i:&5)ET
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where the sum is taken over all trees with the vertex set V(T ) = n, l(€) is
the length of the rod &, B is a constant.
Under ¢ > 0 (B =0) bound (62) can be rewritten as

KT () Z(" g[[ ‘(*oﬂb 515]')_1>‘_ (63)

where the sum is taken over all trees with the same vertex set V(T ) = n as
above.

For the proof see attachment.

We formulated Lemma 5 for the general case of a stable potential because
bound (62) is the crucial point in the proof of Theorem 4. Further line of
the proof is well adapted to the general case, and we return here again to
the case of a non-negative potential ¢ > 0 to make our reasoning more simple.

Then

.....

. (m) 0

Iap =1 KT (n,)d\%sr(n). 64

AT +/TO ) E ) || (1) (1) (64)
(GAyT)\(Z) i—

Using equality (50), we have

m=1 s
exps [ K7 (n) () b
TO(GR 7)\0

For any bounded set G C G} 1 the space T(G} ;) can be written as
T(Ghr) = T(G) x TG 1\ G). (66)
We denote a distribution on T%(G) generated by the distribution Pgq . (46)

as PﬁT’Z.
G

Lemma 6. The probability density p§ (1) = %, n € T°(G) is equal to

1 n=>0
G G ’ i
Par.(m) = f m
ks {) M { Z{m ny LLi21 i (m), n# 0,

77777

(67)
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where the sum is taken over partitions of the configuration n, and

rSaln) = / KT(qUn) dASr\5(p), (68)
TG 7\G)
fip=expd - / PG aln) () b = (69)
TO(G)\D
exp d — / (1) / KT(nU) dA%r\¢(q)
TO(G)\0 (G4 \G)

Proof of Lemma 6 follows the same line as in [12].

It follows from (67) that the average of any bounded function F on T°(G)
with a bounded set G C GY ; equals to

(Fyper. = (Fpg, = (70)

S0 | Py + / (F(n)z(") HrﬁT(m)) NS | =

{771 ----- 77m}
TO(G)\{0}

A LUED SE- T R F(Um>nriT<m>HdAG<m> -

TOGN\O}  TO(G)\{0} =1/l

Glroe> / F(Um) K™(mU7)

(TOGMOD™ (TG 7\G)) =t/

H X% (n;) H dAG%’T\G(ﬁi)] :
i=1 i=1
For any bounded set A C R? we introduce a ”tube”
Ghoo = A X {—00,00} X Ri CK

in the space of rods.
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Lemma 7. There exist the following limits as T — oo
1) for any bounded domain G C G -

A, — AL, (71)
where )\gp is the Lebesque-Poisson measure defined by (42), and \S is the

Lebesque-Poisson measure with parameters ((z) = z and py(1) = e7!, see

(41);

2) for any finite configuration n € Y°
K™ (n) — K(n), (72)

where K(n) is defined similarly to K*(n), see (60) - (61) with ®(&;,&) in-
stead of the function ®T(&,,&), see (27);
3) for any bounded domain G C G

G : G
fA,oo = lim fA,T =
T—o0

eoi— [ [ Koupatmae=Cmi (@)
TOUG)\{0} TO(GA,00\G)
where [ is defined in (69);
4)

T (F)pe = (Fyp, ... (74)

for any bounded domain G C Gp ~ and a bounded local function F. Here

OIS PURD SIS B | X

m=L (roe\fopm =

H dNGr=\C () F (U m) H K(n; U:)
(TO(Gy o \G))m =1 i=1 i=1

Proof. The statements of items 1) and 2) are clear.
3) The integral in (69) can be bounded from above by

_ GS \G,_
X (n) / KT(qun) axo )| <
TO(G)\{0} TO(G] £\G)
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/ S (n) / AXGN =\ (7 (ZXG‘ )!KTUUU)\Z

YOG\ {0} TO0(Gr 00\G) ten
/df / NG (s / AXGA\G(7) |KT(EUnUT)| =
TO(G GAOO\G)
: / ¢ / aXON= () | KT(€ Un)|. (75)

G YO(GA,OO)

Here xg(&), & = (x,1) is the characteristic function of G, d¢ = dx(—dp(l)) =
dz e~'dl and we used in (75) general formula (49) and equality (50).
Next using estimate

‘efach(&,&j) _ 1’ < |emornt) _

and estimate (63) we can continue

/d& [ &= rreun) -
0(GA,o0)

o0

n—1
G+ 2 [ A6y [ K (&0 by En)]dE . dE <
G/ Onz;(n_l)!KZI 0 1 1 1 1

(o) Zn . N
Z’GHZF > /dfo / didur [ Jeer" @9 1| <
n=2

TV(T &5 ET
{60:615vbn_1} O (€ids)

Oy L [ [ TL el
n=2 ’

TV(T)— i$VET
{€0:61--:6n—11} G (€ists)

z |G| + Z(n%nl)l Z Z (76)

KQyeofip—1: T:V(T)={€gEp_1}
kot trn_1=2(n=1)  r()=k;, i=0,...,n—1

i [ T T1 Jeoweo -

L gl =l (gg)eT
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Here the summation in > is over trees 7 with a set of points

T:V(T)={€0:--+én—1}
r(i)=k;j, 1=0,...,n—1

of the tree {&,...,&,-1} and vertex degrees r(i) = x; >0, i =0,...,n— 1.
We notice that any tree with n points has exactly n — 1 edges and the sum
of the vertex degrees equals to 2(n — 1).

The integration over variables &y, &1, . . ., &,_1 will operate recurrently. On
the first step we will integrate over all "end variables”, i.e. the variables &;
associated with the end points of the tree 7° = 7T exceptint the variable
€. Then we pass on to a new tree 7™ which is constructed as a result of
eliminating of all integrated on the first step points together with correspond-
ing edges. If we continue this procedure we will integrate over all variables
&1, . .., &1 step by step, and &, will be the last variable for integration.

Let us estimate a result of the first integration over the "end variables”
for the following integral (under given tree 7°):

/Q@Q/II%Z jemovE&) _ 1| (77)

_q =1 (€i.65) yeTO

We will show next that for a fixed rod £ € K the integral

J(§) =

(D _ 1‘ dE. (78)

meets the following estimate
J(E) < 4a RIE (79)

with a length {(§) of the rod &, and R = fRdgo u)du. We remind that
®(£,€) >0, a > 0, then putting £ = {(5,%),(} we have

J(€) < oz/Kgo(s—E) A€ &) dsdt et dl < aR/R A(E,€) dE 7! dl,

IxRY
(80)
since A(&, €) doesn’t depend on s and 5. We consider now 4 cases to get an
estimate on the integral in (80).

1. A projection of the rod & to the time axis ¢ is entirely covered by a
projection of the rod &, i.e. in the notation & = {(s,t),l} we have t < t <
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t+1 < t+1. In this case
B o I el
/ A€ &) dt e™! dl—/ leldl/ dt = (81)
RIxRL 0 0

l o co
/l(l—l)e‘ldl<l/ le7ldl = 1.
0 0

2. In the projection to the axis ¢ the rods  and € are overlapping in such
way that t <t <t+1<t+1. Then

- l 0o
/ A& &) dt e7 dl = / ue” “du / e "dm < . (82)
0 0
We used here new variables
l=u+m, u=A(E), t=1—u.

3. The similar case: the projections of rods & and £ are overlapping in
such way that £ < t < £+1 < t+1. Then we have the same estimate as (82).

4. A projection of the rod £ to the time axis t is entirely covered by a
projection of the rod €, i.e. t <t <t+1<t+1. In this case

/A(é,é) dt e”! di<le"/ e‘mldml/ e M2dmy < 1. (83)
0 0

Thus, (80) - (83) immediately imply (79). For any node i of the reminder
tree, i.e. for nodes of a new tree 7', we denote by K™ (i) the number of
bonds of the tree 7 incident to the node i and eliminated on the first step.
The above estimates imply the following bound on the integral I(7°)

I(T%) < / déo / [T e -1 (84)

G Fn1—1 (€6 eT®
[T @“Re)<® T de.
ieV(TM) iev(T(1)
i#£0

where n; is a number of nodes of the tree 7). We notice that for end nodes
i € V(TW) of the tree 7, i.e. nodes eliminated on the second step of our

procedure, we have
K(l)('l) = KR; — 1,
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where £; is the degree of the node 7 in the original tree 7. Thus, to continue
the estimation of integral I(7°) after the second step we have to find a bound
for the following integral

Jo(€) = / )e*a%@ —1’(4Rai)”*1d§ < (85)

(4Ra)" ' Ra / A It et dt dl.

Let us consider again 4 cases as above.
1. In the first case

2-3. Using the same change of variables as above
l=u+m, u=A(E), t=1—u,

we have

_ l 0o
/A(f,f) Pt et dt dl = / ue‘“/ (m+u)" e ™dmdu<  (87)
0 0

l / / (m+u)"te™™ " dm du =1 / ve " dv =1 k!
o Jo 0

4. Here

/A(faét) el dedl =1 / / (my +ma+ 1) tem™ ™2 dmy dmy <
o Jo

(88)
00 s—I 00
l / s"le™% ds / dmq <1 / s®e % ds =1 k!
0 0 0
where s = my +mq + 1.
Thus
Jo(§) < (ARa)" L k!, 1 =1(¢), (89)

and consequently,

1) < fa [T Jeres -] (90)

G na—1 (€,6)€T®
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[T @ra*™® ] (ARay~t [ dé
ieV(T®) Jevmn\w)) ieva®)
Here K (i) is a number of bonds incident to the node i € V(7®) and
eliminated on the second step, V(TM)\V (7)) is a set of nodes of the tree
T eliminated on the second step.
If we continue this procedure in the same way we get eventually the
following estimate with the last node &

(1) < / I dgo (4Ray™ [ (s (ARa)y™Y) < (1)

icv (T(0)
G < i(;é() )
(4Ra)"! / i5ds [ s
b iev(7(0))

i#£0
Here we used that } .y 7)) ki = 2n — 2.
Let us estimate now
/ ly d&p.

G

We denote by M C R a bounded closed subset of R such that all rods
from G have some intersection with M. And let Gy, G C Gy C K be a
set of all rods from K intersecting M. We suppose that set M has no ”time
holes”, i.e. each stright line parallel to the time axis intersects M at a point
or in a segment.

Let A C R? be a projection of M to the space R?. Then the following
bound holds

[t de < [t ae=+nrial + w i, (92)

G Gm

where |A] is a d-dimensional volume of A, and |M]| is a d + 1-dimensional
volume of M. Indeed, we can represent GG, as a union of two nonoverlapping
sets

Gy = G" UG,
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where G is a set of all rods with origins in M, and G is a set of rods with
origins outside of M (in the "past” of M). Then

/zg d¢y < /dm/l“ e’tdl = k! |M| (93)
M 0

GO

and

/lg d&y = |A] //(r+3)” e~ dr ds = (k4 1)!|A]. (94)
00

Gl
Thus, estimate (91) together with (92) and bound x + 1 < n implies
I(T% < [ = ARa)" ' (|M]+ n|Al). (95)
i€V (T ()

The number of all trees 7 with n vertecis and fixed vertex degrees {x;, i €
V(T)} is equal, see [12, 15, 20],

(n—2)! 2" (n — 2)!
I -1 = 1 sl

i€V (T) i€V (T)

The number of ordered set {k;} from n integer positive numbers such that
Ki+ ...+ K, =2n—2,

can be estimated from above by C. . < 22"73. Substituting these bounds
to (76) we get for small enough «

. / e / NG (n) |K(EUR)| < = |G| +

G TO(GA,00)

> SR aRay 2 (M alA) < ()4 IA) Cla2), (96

where C'(a, z) is a constant doesn’t depending on G. Finally, relations (72),
) and dominated convergence theorem imply (73).
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Let us consider now the last statement of the Lemma. The expressions
under the integral in the square brackets at two last lines in formula (70)
converge as T' — oo to the expressions

m

F(UZym:) H K(n; Un,).

i=1

Consequently, the integral in the square brackets in expression (70) is ma-
jorized by the following sum

msux|F('r])| Z% / / HK ;U ;) (97)

(COGNON™ (YOG NGH™

H X (1) Hd)\G%‘W\G(ﬁz‘) <
=1 i=1

maxyF ’Zm' / / K(EUn) d\9=(n)d¢ | <

G TO(GA,00)
max [F(n)| exp{(|M]+|A]) Cla; 2)}-

Thus Lemma 7 is proved completely.

Corollary. Formulae (67) - (69) imply that (F) is the average of the
function F' over a probability distribution P§ . on the set T°(G), where
the probability density with respect to the measure A is given by

G fA,OO’ 77:®7 98
Koo =4 g0 20 IS (m), 00, (%8)
with
o) = K(nu) dAS=(1)
(GA,OO\G)



Let Gy C K is a set of rods intersecting hyperplane Yy = {(s,t) € R*!:
t = 0}. We can introduce in Gy new coordinates £ = (s, [, ), where
s =&6NYy € A C RY s the point of intersection of the rod ¢ with the
hyperplane Yy, [_ = |t|, [ = [ — |t| are lengths of two parts of the rod &
lying to the left and to the right of the point s respectively. Then

d¢ = ds e '=di_ e dl,,

and the space T°(Gy) can be considered as a space of finite configurations
of pairs n = {(£-, &,):}: of rods with corresponding lengths [_, [,. These
pairs are situated on the different sides of the hyperplane Y, and have the
common end s € A lying on Yy. The measure A0 on T°(Gy) can be written
as

A () = dul(y) [JeVdi(s) [Te*Wdii(s), ne1(@), (99)

sey sey

where v = v(n) = {s;} is a configuration of points of intersection of the rods
¢ € n with the hyperplane Yy, du?(v) is d-dimensional Lebesgue-Poisson
measure with activity z on the set of finite configurations in A; I_(s), [, (s)
are lengths of the corresponding parts of the rod £ "attached” at point s € 7.

We denote by Hff’oo a probability distribution on the set T°(A) of finite

configurations inside A induced by the distribution Pf‘éo on T°(Gy). From
(99) it is seen that the density

dHff’oo

WA o0,2(7) = CZM—A

of this distribution with respect to d-dimensional Lebesgue-Poisson measure
p on TO(A) is equal to

Daco:(7) = /pff’oo(% {l-(s),s €7}, {l4(5), s € 7}) (100)

H e =Odi_(s) H e Odl (),

sey s€y
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where pf?oo('y, {I_(s),s € v},{ls(s),s € 7}) is the same density p§ (1)
as in formula (98) rewritten in the new variables. Formulas (98) and (100)

imply that

L, =0,
WA 00,:(7) = @A X 0 M ) (101)

where Zg)l o} 18 the same as above sum over all partitions of the config-

-----

uration -,

por = exp{ — / on(v) dpt(v) ¢,

ro(a)

and g4 () is defined as

or(7) = / K0 ()1 (90} [[e =0t (s) T[e W (5)

sy sey

(102)

5 Representation for ground state ¥,

We find now another representation for the probability distribution Hi“oo on

the set TO(A). Let us consider the trajectory space T (G A1), then the density

c?)foT of the distribution Hi“T on the space of configurations 4 = v C A

with respect to the Poisson measure 7, on I'°(A) can be written as

. . Zp—10) (V) Za0,m)(7)
Gy (4) = ZACT0) 0.1)

WAy ZA,(—T,T) ) (103)
where partition function Zy 71y = Za r is defined by (25), and
T

Zoon@ = [ <R G o), (o

i)
. o [ U )

Zoero®) = [ ¢ T AR e <ol), (10)

Th()
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Za(-Tm) = / Za—10) () Zayo,m)(F) dm. (7). (106)

Here Y7 (9) is the space of trajectories {y(t), ¢t > 0} of the free Glauber
dynamics considered in a ”semi-tube” of future A x (0, c0) with condition

At =0) =4 (107)

The space T, (¥) is defined by the analogous way. Conditional distributions
Pﬁf( | 4) are generated by the distribution PR _ on the space of trajectories
of the free Glauber dynamics under condition (107), and the conditional
distributions are given on the spaces Tf(ﬁ) respectively; 7, is the stationary
distribution on T'°(A) of the free Glauber dynamics considered in the domain
A x (—00,00), i.e. the Poisson measure on I'(A) with the intensity z.

As before we rewrite expressions (104) - (105) for partition functions
using the ensemble of rods. Any configuration from TX’T can be decomposed
into a pair of configurations of rods (75,7), where 75 = {{;, s € 4} is a
configuration of rods &, attached to a corresponding point s € 4 of the point
configuration 4 C A, and 7 is a configuration of ”free” rods with origins from
A x (0,T) € R*'. Similarly, the space of configurations T} ., = T} can
be represented as a space of pairs of rods (75, 7), where 7, = {&, s € 7}
is defined as above, and a "free” configuration 7 of rods with origins from
A x (0, 00) can be again decomposed into a pair of configurations with origins
in Ax(0,7) and in A x [T, 00) respectively. Thus, the distribution PJO\JZF( | 4)
on TKOO is represented as a product

PRICIA) = PREC19) % P19,

and
~ N G+ s ~ .
dpgl;((n‘yﬂ?) | 4) = dX\. A’T(n) He I( )dl(s) o~ IAIT 7

s€Yy

where GX}T is the set of rods with origins in A x (0,7"). Then we get

T —a ¥ oT(&g)
Znam@) = [TTe ) [ixre e st 20 i

El<et

(108)
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Using the same reasoning as above the exponent in (108) can be rewritten
as

-« Z fzvf] m

e {5i,§j}cﬁ;/u" Z anUn H KT(ﬁZ U 77@.) = (109)
1

{@1m1) 5 (Nmsmm ) } i

; ; anl, e} Z (11,12 Z?;i“,...,nﬁlb H KT(ﬁz U 771(1))
Z{n@), RORY H KT

Here the sum 7{7:71 iy 18 taken over all unordered partition of 75, the sum

7(7771 ) 18 the sum over ordered decomposition of 7 into two configurations
m U g, the sum Zm(l 77777 W) is taken over all ordered partitions of n; into r

()(

sub-configurations 7, (which can be empty), and the last sum E{ @ @

e }
is defined by the similar way.

Using decomposition (109) we have

ZA><[0T ZZ{% ﬂm} (/KT M5, Un) dA; AT Hefls dl>

SEV’L
(110)
G+
exp{ [ KT ) - i)
YO(A,T)

*) T
; 2 i) lj[l o) exp {/ro

where

+
KT () ATy — z|A|T},
(AT)

A~ ~ ~ G+T —
onr(q) = / KT Un) o) [ di, ()

N SEY
TO(A,T)xR)]! 7

with 75 = {(s,5), s € 4}. Then (106), (110) together with

dr.(3) = du2(y) e
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imply that

+
Zanird) — expl 2 / KT(p) AT () — 2A T2 — [A]2 S (112)

TO(A,T)
/<ZZ{% ..... 'Ym}H (%)> dﬂ?(’?)

Thus using (103) we get the following expression for the density d)f%o(’y)

A Y) Zax(— y
T—o0 ZAx(~T,T)

.....

m 2
/ (2 S0 11 @Aoom) Ad()
with
(i) = Jimone) = [ Kmun oSt a
TO(A,00)x R €Y
(114)
Thus, we get

dIIf(7) = 00 (3) dpd(7) e M.

On the other hand, as follows from the Feynman-Kac formula, we have
for semigroup exp{tH,}

T
Zpx(-TT) = / exp —oz/UA(v(t)) dt 3 dP%(c) = (€2THA171)#96—,3|A|7
TA,oo =T

(115)
where (-, ), is the scalar product in Ly(I'°(A), pi2). Similar to (115) we get

Zaxomy(A) = Zaxro(¥) = (e 1)(3). (116)

35



Thus (113) implies that

(e 1)(%) — lim Zax01)(7)

UA(y) = L
A(V) im |eTHA 1||L2(FO(A),MQ) oo (ZA>< )1

T—o0 |

(117)

exists and equals to

-----

Ua(y) = . 7 (118)
<Fof (Z Z{’h ,,,,, Am} zl;ll @A,oo(’%)) dﬂ?(&))

(A)

Consequently, (113) and (118) imply that djfooo(A) = W3 (9), and finally we

A

have Hff’oo = v}, where the measure v was defined by formula (8).

6 Proof of Theorem 1
Using decomposition Ly(T,dm.) = Lo(I'°(A),dr}) @ Lo(I°(A'),drd’) and
equality dr® = du® e #Al we can reduce the problem of self-adjointness

for the operator Hy on Lo(T", dr,) to the same problem for the operator H)
on Hp = Lo(TO(A), 4?) acting as follows

(Hy ®)ulst,- - on) = > Quoi(s1,-.,8i...80) — (119)
=1

(Ua(S1, ..., Sp)+n+z|A]) Pp(sy,. .. ,sn)—i—z/ ®i1(51,. 0,80, 8)ds, n>1,
A

(Hy ®)g = —2Pg + z/ dy(s) ds, n=0.
A
Here s; means that the variable s; is omitted,
d = (Bg, ®1(51),... Pu(s1,...,8n),...) € La(T°(A)), (120)

®,(s1,...,8,) is the value of ®(y) on the stratum T'Y(A) C T%A) of n-
points configurations v = (s1,...,8,), si # sj, and Up(sy,...,s,) > 0.
The operator H) is a symmetrical operator on the set Dy, C H, of finite
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vectors, i.e. vectors with ®, = 0 for all n > N = N(®). Thus, H) is a
closable operator. For the closure, we will use the same notation H}.

To complete the proof of the self-adjointness we should check that for
large enough & > 0 the range Ran (H) — {E) = Hy, or what is equivalent
that the equation

(Hy, — EB)F = G (121)

is solvable for large enough £ > 0 and all G € H,. We can rewrite H) as
H) = T + R separating the diagonal (over number of variables s;) part T’
of H). Then positivity of T" implies that (121) is equivalent to the equation

(T—EE)YE+(T—EE)'R)F = G. (122)

If
(T —¢R)"'R)| < 1, (123)

then the solution of equation (122) can be found as
F = (E+(T—¢E)'R) N (T-¢E) ! G.

Thus, we should prove inequality (123).
Denote by Ha,, C Ha a subspace of sequences (120) with &, =0, k # n,
then the norm in H, ,, is defined as

Zn
||(I)n||$i,\n = ﬁ/(bi(sl,...,sn)dsl...dsn.
A"l

For any n > 1 we have

Z?:l (I)n—1(81, cey Sui . sn)

< vV nZ|A| ||q)n_1||HA,n71'

(aw Up(S1, ..y 8n) + 0+ z|A| +§) Han n+ z|Al + ¢
Consequently,
Yo Poi(s1,. .., 8. Sn) 2 nz|Al

1Pz, , <

<
(@ Un(stre v sm) T+ 28]+ ) |l ~ (n+ 2A] +E)2

nz|A| 2
b, . 124
mgx (TL + Z|A| + 5)2 || 1”7—[/\”1_1 ( )
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Similarly, we get

z [ @pi1(S1,. .., S0, 8)ds
A

(n+ 1)Z|A| Hq) H2 <
(a Up(S1,.-+,8n) +n+ z|A| + &) (n+ z|A| + €)2 nA U H, g
HA,n

(n+1)z|A

e Al g Pl (125)
Finally (119), (124), (125) imply that

- + 1)z|A]
T —¢E)™! 2 (n 1
(7 e Rl < \/mgx ot

for all large enough £. The first statement of Theorem 1 is proved.

We will use the following proposition in the proof of the second statement
of the theorem.

Proposition [11]. Let H be a bounded from above self-adjoint operator
in a Hilbert space Lo(), 1), where (2, 1) is a space with a finite measure p,
the semigroup exp{tH} meets the condition of improving positivity (see [16]),

and the limit
TH 1
Iim ——— Y 126
S T (126)

exists, such that (¥,1) > 0. Then ¥ is a unique ground state of the operator
H and ¥ > 0.

In our case we see from (117) - (118) that (126) holds and

eXp{ I oase(3) dud(5) + Z’A\}

ro(A)

(UA(Y)s 1) romoqayudy =

consequently, the operator H, has a unique ground state W, (y) > 0. Thus,
the second state of Theorem 1 is proved.
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7 Proof of Theorem 4

7.1 First statement

As follows from representation (98) probability measures {P§ ., G C Gao0}
constructed in Lemma 7 form an consistent family of measures, i.e. for any
two bounded sets G; C Gy C G « We have:

Ga _ G1
PA,oo,z |T0(G1) - PA

,00,2°

That implies, see [13], that a probability measure 751\,00’2 exists on T (G ),
such that for any local function Fg with G C G7 C Ga. (with some
bounded set M C A x (—00,00)) :

lim <FG>77A,T,Z = <FG>7>G

T—o0

= <FG>75A,OO,Z :
If we consider a measure on the space T of the following form
7D/\,oo,z = 75/\,00,7; X P?V,oo,z (127)

where PR, . _ is the distribution of the free dynamics on A, we get (30).

We will show~ next that a ~distribu’cion 75/\,00,2 of the process associated with
the semigroup S* = exp{tH,} (i.e. the Markov process G, from Theorem
2) is the same as the distribution Py . (127).

Lemma 8. The following asymptotics hold as T — oo

Znr(y) = EATUN)(WA(), Ve, + 0) (128)
with H(SHLQ(FD(A),WZ) = 0(1),

Znxirm = 5T (Ba(), 12 + o(1), (129)

where N} is the eigenvalue corresponding to the ground state Wy, see Theorem
1.

Proof. Let Ht C Ly(T°(A),7.) be the orthogonal complement to the
vector Wy, and Hy be a restriction of the operator Hy to the space H-».
Then formula (115) implies

(€ 1)(7) = M7 VAR (Ta(), D + "8T1H(y),
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where 1+ is the projection of the vector 1 to the space H*. We estimate now
the norm of the second term:

X
Je AT = / oy () =
—00
)x(/)\—a >\9\
ePRT / AT dg  (N) + / 2O gy (M) | (130)
-0 )\%—a

Here 0. (A) is the spectral measure of the operator Hx on the vector 1+.
Then the first term in the bracket in (130) is less then e=2*T and the sec-
ond term is estimated from above by o1 (A} — a,A\}). Since the ground
state is unique, then the measure ;1 (\) is continuous at the point A = 3.

Consequently, taking a = —= we get that both terms in (130) tend to 0 as

VT
T — oo.
Using the same reasoning and formula (115) we obtain asymptotics (129).
Lemma is proved completely.

We remaind that 75A’OO,Z is a distribution on the space of trajectories of
the process

Gn = {7(t), te R}

associated with Markov semigroup exp{tH,}. For any finite time intervals
to < t; < ... < t, and any bounded functions fo, fi,..., f, on ['°(A) the
average over P, . can be written as

<H f@-<v<ti>>> = (131)

PA,oo,z

Fa(1) @ty (s Y1) - - F1 (1) Q1 (11, 70) fo (o) T [ @2 (39),
(ro(a)n =

where Q,(v,v) is the kernel of the operator exp{tH, } in the space Ly(I°(A), v2):

rTz

(expttin) £) ) = [ Quny I () (132)
)

(A
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On the other hand, the average over Ph ., see (127), is calculated as the

limit
<H fi<v<ti>>> = (133)

PA,oo,z

ST, fi(y(t) exp {—OZ_]T; UA('V(T))dT} dP?

lim
T—o0 ZAX[-T,T]

Using the Feynman-Kac representation (13) for the kernel of the semigroup
efa and asymptotics (128) - (129) we can rewrite (133) as follows

/ Fnin) Wa(yn) Riy iy (s Y1) €400t (134)
(ro(a)"

L e () Ry (1, 70) €M ET T, () fo(0) Hdﬂz(%)'
1=0

It follows from (10) and (8) that

1 0 1
Q ) = e_)\At R Y V2) 3 dl/é\ Y) = \112 dﬂz )
+(71,72) Va1 1 2)\IJA(72) (7) A(V)dm.(v)
and consequently, averages (131) and (134) are the same. Thus, all finite
dimensional distributions for the measures P « . and Pa . coincide, and
consequently, the measures are the same.
The first assertion of Theorem 4 is completely proved.

7.2 Second statement

Repeating arguments from the proof of Lemma 5 we get that for any bounded
subset G C K and bounded local function Fg the following limits exist and
can be written as

Ii F, = (Fn) = F 135

Alfrgd< @ Pr. = (Fa) = fo (Fa(0) + (135)
(o) 1 m m ) ) m i
S [ HOew [ [Teveem raom [T x6 U
m=L " yoapoym =1 (TO(K\G))m =1 i=1
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with

Jo = expd - / / K(nui) dAS(n) dS(@) b = (136)

TOG\D YTO(K\G)

— expd - / K(n) dh.(n)
neEYTO(K): nNG#D

By analogy with our reasoning in the proof of the first part of the theorem
using corollary of Lemma 7 we get that limits (135) define a system of com-
patible probability distributions {POGOZ} on the space Y’, and thereby a limit
distribution {P .} on T’ is defined. The limit distribution is invariant with
respect to the space translations in R? and w.r.t reflections in time. More-
over, this distribution meets the property of OS positivity. Really, for any
local bounded function F' dependent on the process as t > 0 we have

(OF - F)p.. = lim (OF,F)

> 0, (137)
A/ Rd

PA, 00z
since distributions Py . are the distributions of the Markov processes for
any bounded A C R4, Consequently, relation (137) is also valid for any
function F' € Ly(Y’, Pw.) which is also dependent on the process values as
t > 0. Thus we construct the limit measure P, , and establish properties of
this measure. Theorem 4 is completely proved.

8 Proof of Theorem 5

Let us consider strongly local functions £y, ¢ = 1,2 depending on the
process G (or G,) with bounded localization domain M; C R i = 1,2.
Denote by G; = Gl]\"fi C K a set of rods starting at M;. Then the functions
Fyy, can be considered as strongly local functions Fg, on the space T’ with
the same localization domains M;, ¢ = 1, 2 correspondingly. We will use here
the following formula for correlations (35), see [9]:

<FG1 : FG'2>7300,Z - <FG1>Poo,z <FG2>POO,Z = (138)
Jorfau (246 = 1) (F,(0) Fau(0) + Fo,(0) L+ Fo, (0) I+ Iy Iy) +

42



2GR [y 4 Fo (0) I+ Foy(0) Iy + 1) Iy + I Iy + 1 fg) .
Here fa,, fa, are defined by (136),

A(Gh,Gy) = / K(n) dX.(n), (139)
n:mNG1#£0, nNG2#£0
L - e
I = Z nl / H‘D‘G ) X7 (71,) Fo, (Ung, )HK(TIGjuncg)
"0 (ro@nex oG =

A 0o 1 ' n
h=%~ / Fe, (Ung,) [ K (nés, Unés,Untz,) HdAGI Gy) AN (nG,) dAP (ny,),

=1

where the integration is taken over all sets from n triplets

(&, Mey Mey), i=1,....n,

such that niGl # () for each ¢ = 1,...,n, and at least in one of the triplets:

N, 7 0. We can define I, in the analogous way.
Further,

= 1 i i
Lo = Zﬁ/ FG1(U7701) FG2<U7762)

n

[T &0, ung, un,) H AN (1, ) A2 (nly,) AN (nfy,).

i=1 i=1
Here the integration is over all sets from n triplets
(T]Z‘Gl7 77Z‘027 niG3)7 Z.:].,...,’n,,

such that at least in one of the triplets: g, # 0 and g, # 0.

Let us estimate A(Gy, Gy) in the case when ¢ meets condition a) in (56),
the case (56, b) can be studied in the same way. We can rewrite (63) as

follows )
2 1
ml = Z H ( 1+ |Sz — s |2m> I[ ¢ (140)

i€V(T)
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[T GQrlsi—s)® T et I feres -1,

(&,65)€T 1€V(T) (&,65)€T

with & = ((s4,t:),0;), i =1,...,n. Then we have for any tree 7 in (140)

11 (+\s@—s\2m) H“

(&i,85)€T eV (T

— Y mh(Hs-sD-2 Y L o
e (§:6)€T i€V (T) < e diam 777

where 77 = U & C R™! is a subset of R* which is a union of all rods from
configuration 7, and the diameter of 7 is calculated in the metrics (58, a).
Thus,

Kl < e 03 [T (0l =) er@9) 1) TT et

T <§1 E] GT ZEV )

Using bounds (55) - (56) on the potential ¢ we can apply here the above
reasoning and finally get the following estimate

/ K@) dau(y) < e~fstO0M) 1ot (G)0a(Ga)} Clan 2), (141)

n:nNG1#0,
nNGo#0

where

0.(G) = / 2 (—dpa(1))dz,

G

and a constant C (a, z) doesn’t depend on G and G5. Thus, we have

eA(Gl,GQ) . 1’ < é e—dist(Ml,Mg) maX{UZ(G1)7'UZ(G2)} eémax{’uz(Gl),’Uz(Gg)}‘

(142)
We estimate next I;:

=1
A= max(Fol Yoo | [ e (e 1K, Unoy)
n=0 YO(G1)\BXYO(Gs)
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[eS) 1 .
wax oy | Yo | [ K@) | < max|Fo| exp{Cu.(Gh)
n=0 7:nNG1 2D

with a constant C. In the same way we can obtain the upper bound on Is.
Let us estimate now I;:

. =1
Bl < maxlFal >o [ Ko UneUne)  (143)
=0 G, 70, NGy #0

n—1
D) N n0,) D) | [ K@) dai)
7:nNG1#£0D
The first integral in (143) can be estimated in the same manner as above,
and we get

|f1| < g dist(My,Mz) max{v,(G1),v,(Gs)} max |Fg,| eCv=(G1)

The analogous estimate is valid also for I, and T 12. Finally representation
(136) implies

fal < exp / K| dhu(n) b < exp{C v,(G)}.
n:mNGZD

Since v,(G) = z|M| in the case G = GYF, then after substitution all above
estimates to (138) we get the main estimate (35) of Theorem 4.

8.1 Proof of Corollary from Theorem 5

We study here the generator h of the time translations in the physical space
H and prove that the operator h has a spectral gap. Let p = supo (h|y1)
be the supremum of a spectrum of the restriction of the operator h to the
invariant subspace H* containing vectors from H orthogonal to vector e.
We denote by H C 'H a dense set in H such that classes of elements from H
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contain strongly local bounded functions on T. For any € > 0 there exists
an element ¢ € H such that

D0 =0 2 (pe)=1, 3ou—cm>z  (144)

where 0,(A) = (EL(A)p, ¢)3 is the spectral measure of the element ¢, and
Er(A) is the resolution of identity of the operator h. Condition 3) implies

that
o

1
(ep, )y = / M doy(N) > 56(“_€)t. (145)
Let & € H, is a strongly local bounded function (not a constant) such that
the class [®] of ® is the same as ¢. Then conditions (144) is rewritten as

1
D (®)p..=0, 2)(00>D)p_. =1, 3) (U, ®D)p__ > ie(M_E)t. (146)

Localization domain M; # ) of the function ® is in the right half-space
Ri“ = R% x RL and localization domain M5 of the function 8 U,® is in the
left half-space R™™ = R% x R'. Moreover the distance in the metrics (34)
between M; and M5 is not less then % Then using the result of Theorem 4
we have

(U@ D) = QU & - B)p, . < ;e 7, (147)

with a constant ¢; doesn’t depending on ¢. Comparing (145) with (147) it is
easy to see that

1
(/L—S)t < —§t + C (148)

with an absolute constant c¢,. Since inequality (148) holds for any € > 0 and
any t > 0, we get p < —%. That means that the operator h has a spectral
gap and the unique ground state.

9 Attachment

9.1 Proof of Lemma 1

Let M C R™! be a bounded set. Without loss of generality we can take
M = A x I, where A C R? is a bounded domain in R? and I = [T, T3] C R!
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is a segment. Then for a.e. configurations n of rods a number of rods with
origins inside of M is finite. For the proof, it remained to show that the
mean value of a number of rods from 7 with origins z = (s,t) at the ”past”
to M (i.e. with t < T}) intersecting M is also finite.

We denote Gg\z C K a set of rods beginning at M,, = A x I, where
I, = (T — (n+1),T; —n) with a lenght not less then n, and let G} C K be a

set of rods with origins in M,, intersecting M. It is clear that G%ﬂ C GE\T/BL and
T(GY) C T(GE\Z) On the other hand, the probability that a rod & € G%f,
belongs to a configuration 7, € T(GS\ZBL) equals to e, consequently the set

of origins of rods from T(GS\Z) forms a Poisson field in M, with intensity
ze~". We denote ) C 1, a sub-configuration of n,, such that )’ € T(G}] ).
Averaging over P? we get

(' po < {ml)pe = 2lAle™.

Thus the mean value of a number of rods intersecting M with beginnings at
the "past” of M can be bounded from above by

o0
z|Al Z e < oo.
n=0

That means that configurations with infinite number of rods intersecting
M form a set of zero measure. Since the space R%*! can be covered by a
countable family of bounded sets of the form M = A x I, then almost all
configurations of rods are locally finite.

Lemma is proved.

9.2 Proof of Proposition 1
Let us consider a quadratic form for any F' € H, and t > 0:
qr(t) = (F, Uy F)y.

Using Caugchi-Buniakovskyi-Schwarz inequality n times and equality (U, F, F), =
(F,UF), we get

1 1 1 1
wlt) < (FF): (UFEUF)?: = (FF) (FURF)T < (149)

N

(F,F)1"™ (FULF)Y <. < (FF)] 7 (FUpF)T
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For any ¢ > 0 and any n
(F,UpiF) = (0F, UpniF)ym) < [|IF|17,-

Since qr(t) doesn’t depend on n, we take a limit in (149) as n — oo and
obtain for any ¢

qgr(t) < (F,F)y.

Finally,
(UtF,UtF>+ - (F,UQtF)+ - QF(Qt) S (F,F)+

9.3 Proof of Lemma 4

Note, that by virtue of (51)-(52) the measure in the right hand side of (53)
is the probabilistic one. Under decomposition GY ; = G1 U G3 on two non-
itersecting sets this measure by (49) could be written as a product of two
probabilistic measures:

)\Gl 675(6‘1) > )\Gz 675(6‘2)

with S(G) = [&(x) p,(1) dl dz. For the probability that the number of rods
e

InG,| in the configuration ng, C Y(G;) equals k, we get:
1 _s(c,
Pr(ng, = K) = 1(S(G)e™@,

i.e. the probability has a Poisson form. That means that the measure in
(53) is the distribution of the Poisson field of the form II(M, ¢, {p.}), where
M, (, {p.} are the same as in formula (42).

9.4 Proof of Lemma 5

Let us start with the case when ¢ > 0. Inequality (63) is evident for a
set of nodes n = {£1,&,&}. We assume that (63) holds for all sets 7™ =
{&, ..., &n ) of nodes with 2 < m < n, and prove the statement of the Lemma
for a vertex set V(o) = n™*Y) = {&;, ..., &,} using the induction assumption.

We note first that x7 defined by (61) can be rewritten for any given
connected graph ¢ with a vertex set V(o) = n™*) as

KD = H Ko H (e’o‘q’T(fo’éf) — 1) . (150)

=1 ngmi
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Here oy, @ = 1 , k are connected subgraphs of the graph o with a vertex
set V(o) C n™ = {fl, ..., &}, such that oy, ..., 0y form a decomposition of
the rest of o after removing all edges incident to the node &, and m; C V(o)
is a subset of V(0;) governing a subset of incident to &, edges with ends from
V(O’Z)

Then using (150) we have

(n(n+1) ~

k
(n™)
Y. ke =20 11 i,
o {n1emi} ‘
=1 .

=1 oi: V(oi)=n;

ol

> I (e o)) <

m; Cn;,m; 7£® {7 €m;

D a7 (€0 ,60) a7 (€0 k)
ZZ{% wil{ 2 I e D1 Y -]
Ti: V(Ti)=ni (§aép)ET: &€

(151)
where in (151) the internal sum is taken over all trees 7; with vertex set ;.
In the last bound we applied the induction assumption, the identity

—a 37 27 (&0.€)

S 1 (efoﬂDT({o@_l) _ o i

mCn,m#) £€Em

and the following inequlity

e &€n G—C@T(ﬁo,ﬁ) 1 (152>

S

&€n

-« Z ¢’T(£07§) '
—1

which is valid for ®7 > 0.

Connecting all possible trees from 7;, i = 1, ...,k with all possible edges
(&0,&;), & € m; from the last sum in (151) we obtain all possible trees 7 with
V(T) = 1"V, consequently the sum in (151) is the same as

(77("+1))

P Gl

(& &j)eT
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If ¢ is a general stable potential, then the Ruelle condition for n-points
configuration -,

U= > plz—y) > —%Bn

{z,y}Cn

can be rewritten as a corresponding condition on rod configurations n €

TO(G(/)\,T):
1
!/
>, 2&E) = —5BY IO,
{&¢'Cn £en

where [(&) is the length of the rod £. This estimate implies existence of such
&o € n that

> ®(&.€) > —B (&) (153)

£en\&o

We take in the configuration n™*" such rod & € n"*") which was indi-
cated in inequality (153), and prove the modification of inequality (152). Let
us consider a decomposition of 7 into two sub-configurations: n = 1, Un_
with

Ny ={6€n:®7(&, &) >0}, n-={{en: ®7(&. ) <0}

Then using inequalities (153) and (152) (the last one holds for ®7 > 0) we
have

—a 3 @7 (£0.€) ‘
e fen -1 <
—a > oT(&9) —a 3 @7(&.8) —a 3 7(&.8)
e €y —e &y + le &€+ -1 <
—a Y 87T (£.€) a 3 2T (¢.€) —a 3 @7 (&.8)
e &e€n —e gen_ + le £eny -1 S

e BlE) 37 ‘1 _ eo@T(Eo,E)‘ + Y ’e—aéT@o,s) _ 1‘ <
¢ 3

en— €N+

(oBl(Eo) Z <1 - e—ayéT(ﬁo,s)\> . (154)

gen
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Repeating above reasoning under the induction assumption and revised esti-
mate (154) we obtain estimate (62) in the general case of a stable potential

@Y.

Lemma is proved.
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