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1 Introduction

Resolvent estimates and spectral properties of linear boundary value prob-
lems are essential for establishing the well-posedness and asymptotic stabil-
ity of solutions to time dependent nonlinear evolution equations. For exam-
ple, the stability of traveling waves in one space dimension is determined by

the spectral properties of second order differential operators
Pu = Aug, + Bu, + Cu, A CH, B,C e C(R,CH), (1.1)

see e.g. the monographs [8, 23] and the papers [10, 16]. Depending on the

properties of the matrix A the time dependent system
u=Pu, ze€R, t>0 (1.2)

is of hyperbolic, parabolic or coupled hyperbolic-parabolic type. The spec-
trum of the operator P from (1.1) will depend on this type and on the
function spaces used. In general, it may contain continuous spectrum as
well as isolated eigenvalues. In order to determine isolated eigenvalues it
is essential to analyze the solvability and derive solution estimates for the
resolvent equation

(sI —P)u=f inR, (1.3)
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where the range of s-values should at least contain the positive half-plane.
There are several alternatives for solving this problem in real applications.
One alternative is to reduce the eigenvalue problem to finding the zeros
of the Evans function [16, 14, 4] and to approximate the Evans function
numerically (see [9] and the citations therein). Another alternative is to
truncate equation (1.3) to a large but compact finite interval J = [x_,z4]

and to impose appropriate boundary conditions

f (sI—P)u inJ=[z_,zy], (1.4a)
0 = Ru=Rlu(x_)+ RYu,(x_)+ RLu(zy) + RYuz(2). (1.4b)

The purpose of this paper is to analyze, within a general framework, the
error introduced by this truncation and by the choice of the finite boundary
conditions. We will not consider the subsequent discretization of the bound-
ary value problem (1.4) by standard methods such as finite differences or
finite element methods.

Our general approach is as follows. We view the truncation to a finite in-
terval J as a projection from a space of functions on R, e.g. the Sobolev
space H?(R), to a space of functions on J. The truncated differential op-
erator will be connected with a two point boundary operator R as above
and the projection will be chosen such that homogeneous boundary condi-
tions are imposed. In this way the convergence of the truncated operators
to the original operator as J — R can be interpreted as the error obtained
by commuting a differential operator with the projection to a finite interval
(precise definitions and details are given in Section 2).

Viewing approximation problems in this way is also the underlying idea in
the theory of discrete approximations developed in the 1970s by F. Stummel
[17, 18, 19], R. D. Grigorieff [5, 6, 7], and G. Vainikko [21]. This theory has
found numerous applications to the analysis of finite element or finite dif-
ference approximations as well as perturbations of coefficients and bounded
domains in differential equations (Stummel [20]).

In our approach we first transform equation (1.2) to a first order system
Lz =z, — M(z,s)z=h inR. (1.5)

Our main result (Theorem 1 in Section 2) gives sufficient conditions on the



boundary operators and on the asymptotic behavior of the matrices M (x, s)
such that regular convergence holds in the sense of discrete approximations
(see Vainikko [21]) and within the framework described above. We note
that regular convergence has important implications for the convergence of
linear and nonlinear eigenvalue problems (see for example [22]) as well as
existence, uniqueness and convergence of solutions to nonlinear problems.

As a particular instance we show in Section 3 the regular convergence of

a truncated version of a linear coupled hyperbolic-parabolic system of the

(-0, 0 e )r) oo

Under appropriate assumptions on the boundary operator that takes into

form

account the mixed nature of the problem we prove resolvent estimates that
are uniform in s-values in a compact set as well as in the size of the large
interval J.

More general applications, in particular convergence theorems for isolated
eigenvalues can be found in the Master’s Thesis [15]. We also note that the
approach in [15] is more general in the sense that all results hold for =
and —x_ sufficiently large, while in this paper, for the ease of readability,
we restrict to a nested sequence of growing intervals J,, = [2",z"}]. Due to
its abstract nature, our result also applies to purely hyperbolic and purely
parabolic problems (see [15]). For example, the convergence results and
resolvent estimates from [2, sec. 3, 4] can be deduced from the regular
convergence result in this paper.

Finally, we show that the stability problem for pulses in the FitzHugh-
Nagumo equations of nerve signalling leads to a system of the form (1.6)

that can be included into our theory.

2 Boundary value problems and discrete approxi-

mations

In this section we consider the connection of the boundary value problem

on the whole real line and of its finite interval approximations in the setting



of discrete approximations. We mainly follow the monograph [21] and first
recall some basic definitions. Since we are particularly interested in the
application to boundary value problems we will give the definitions in a
simplified form.

If (x)nen is some sequence in a topological space we write z,, — x (n € N)
iff lim,, oo ©, = x. Furthermore by N C N, N” C N, etc. we always de-
note unbounded subsets of N. Therefore (z,,),en denotes the corresponding
subsequence of (2, )nen and z,, — = (n € N’) means the convergence of the
subsequence to x.

Let E and F denote separable Banach-spaces and let (E;);eny and (F;)ien
denote sequences of separable Banach-spaces. Let (p;);en denote a sequence

of linear bounded operators p; € L[E, E;] with the property
Ipiellg, — llellg (i € N) Ve € E. (2.7)

Similarly let (g;)ien be a sequence of linear bounded operators ¢; € L[F, F;]
which also satisfies the property (2.7).
We say that a sequence (e;);eny with e; € F;

e P-converges to e € E iff [[pie — el g, — 0 (i € N), written as e; Z,
e (i € N),
e is P-compact iff for every N’ C N there is N’ ¢ N and e € F with
e Do e (1 e N").
Similarly we define Q-convergence and O-compactness.
Now let (4;)ien with A; € L[E;, F;] be a sequence of bounded linear opera-
tors and let A € L[E, F]. We say that
e A; PQ-converges to A (written A; P2, 4 (1 € N)) iff ¢; e (1 € N)
implies A;e; 2, Ae (1 € N),

e A; PQ-converges stably to A iff

1. A 72 (1 € N) and
2. there is i9g € N and C' > 0 such that for all ¢ > iy the inverse

A7 € L[F;, F;] exists and satisfies

A7 < C, Vi > ip,

F,—E;



e A; PQ-converges regularly to A iff

1. A; P2, A and
2. if (&;)ien, € € Ej;, is a bounded sequence such that the sequence

(Aje;)ien is Q-compact then (e;);cn is P-compact.

Now we consider the special case of approximating boundary value problems
on the whole real line. Let (J;)ien, J; = [2%, mi], be a sequence of compact
intervals with z? < —1, xﬁr > 1 and lim;_, mit = t+oo. For i € N consider

the separable complex Banach spaces
E=H'R,C'), B = H'(J;,C"),

and
F = Ly(R,CY), F; = Ly(J;,CH x C!,

with the usual Ly and H'-norms for E, F, and E; i € N. On F; we use
the norm [|(k,n)|| g, = Al 1,(s,) + [n]. Furthermore consider the families of

linear and continuous mappings P = (p;)ieny and Q = (¢;)ien defined by

EF — E; F — F;
i and g¢; : .
z = Z‘J‘ h — (h‘JwO)

Assume the matrix-valued function M € C(R,CH) is asymptotically con-

stant with lim, 4. M (xz) = My and define the differential operator
L:E—F, z— Lz:=2z, — M(-)z.

Similarly, on finite intervals consider the sequence of linear bounded opera-

tors

Li:E; — F;, 2+ Lz :=
Rz

2y — M()z)

where R : E; — C' is a two point boundary operator given by
R:=R_z(z") + Riz(z")

with constant matrices R.



Theorem 1. Consider a linear differential operator L as above and assume
that the matrices M and M_ are hyperbolic, i.e. there are no purely imag-
inary eigenvalues of M. Let VI € CHP be a basis of the stable subspace of
M_ and let Vf € Ch be a basis of the unstable subspace of M, and assume

p+q=1. Finally assume that the matrices R_ and R4 satisfy
det (R_V!T R,VI) £0. (2.8)

Then

L; ey reqularly as i — oo.

Proof. For z; € E; holds

ILizill g, = ll2ie = M(zill, ) + [R-2i(20) + Ryzi(a?)]

< conmst [z 5 (2.9)

by Sobolev’s inequality and the boundedness of M in L.,. Furthermore for

every z € E holds

| Lipiz — qiLz||
= [1(zl5)e = M()zla, = (20 = MC)2)| sl ) + |R-2(aL) + Ryz(al)]

(3

——0 (2.10)

i—00
since the first summand is zero and z(z'), z(z%, ) — 0 (i € N) by Sobolev’s
embedding theorem.
It is well known that (2.9) and (2.10) imply L; NS (1 € N) [21, Satz
52(3)].
It remains to prove the regularity of the convergence. Let (z;):en, 2 € Ej,
be a bounded sequence such that (L;z;);en is Q-compact. Let N’ C N be a

subsequence. There is N ¢ N’ and h € F with

o — M(+)z h; .
Lizi:<zv ()Z):;< )—%h(zeN”)
RZZ' S

by the O-compactness, i.e.

\hi = k|7l g2 + [si| — 0as i — oo. (2.11)



The hyperbolicity assumption for M, and M_ implies that the differential
operator z — z; — M (-)z has exponential dichotomies on R} and on R_. See
the Appendix for the definition and some general properties of exponential
dichotomies. We denote the data of the dichotomies on Ry and R_ by
(K4,B4,my) and (K_,[B_,m_) respectively. Note that [12, Lemma 3.4]
shows that the projections are asymptotically constant, i.e.

lim 74 (z) = 7g with R(I — 74) = R(VL) and R(7_) = R(VI). (2.12)

r—+o0

Because of the exponential dichotomy it follows from Theorem 10 in the
Appendix that the element z; € E; can be written as
oy [ 0m @20) + 82U = m @) ), w20
o S(z,0)(I —7-(0))2;(0) + S(z, 2 )7_ (2% )z (2L) + p'(z), <0
(2.13)
where S(-,-) is the solution operator for z — z, — M(-)z and p, p’ are

given by

| xa |
pia) = [ Gy, @l > 2 >0

. 0 .
pl(x) = / G_(z,y)hi(y)dy, z* <z <0.

Here G4 and G_ denote the Green’s functions

S(x,y)7r+(y), 0<y<z
G+($,y) =
S(.Z‘,y)(?T+(y)—[), 0<z<y
and
G_(l‘,y) _ S(‘T7y)ﬂ-—(y)7 y<z<0

S(z,y)(r—(y) —I), z<y<O0.

By Sobolev’s inequality the sequence (z;(0));en is bounded and there is a

subsequence N ¢ N” and n € C! with
2(0) — n (i € N").

Let

o(@) = S(z, 0)my(0)n + p4(2), x>0 (2.14)

S(x,0)(I —7_(0))n+ p—(z), =<0



where .
p+ () 22/0 Gi(z,y)h(y)dy, x>0

and
0
p—(x) ::/_ G_(z,y)h(y)dy, = <O0.

Using the exponential dichotomy we obtain

0 2 K2 2 . 111
/i |S(@,0)(I —7—(0))(2(0) — n)|"dx < 5 [#i(0) =nl" = 0 (i e NT)

(2.15a)

as well as
/0 " |S(z,0)74(0)(2(0) — n)\Qd:p — 0 (i e N"). (2.15b)

Furthermore using the exponential dichotomy and the definitions of p’ ()

and p_(x) it follows with the Cauchy-Schwarz-inequality
0o )
[ 1o @) = p-@f o
) 0 [0 0 )
§2/A / K36_5‘|x_y|dy/ 6_6‘|x_y|‘hi(y)—h(y)‘ dy dx

0
+2/
zt

Using Fubini the first term can be bounded from above by

2

/K_e_ﬂx_y|h(y)|dy dx.

8K?2

0
= [, )= n)ay

zt

which converges to zero by (2.11). The second summand converges to zero as
one sees by using the Cauchy-Schwarz-inequality and Fubini together with
h € Ly(R,C"). Therefore one finds

0
/' |p"(z) — p- (a;)‘2dm — 0 (i e N") (2.15¢)
and by analogous arguments

/O T (@) — pa(@)[Pde — 0 (i € N7, (2.15d)



Our next aim is to show

/:) ‘S(:r,xi_)w_(a:i_)zi(a:i_)‘Qd:r — 0 (i e N") (2.15¢)
and
/Oxi |S (2, 2’ ) (I =y (2,))zi(2",)| Pz — 0 (i € N™). (2.15f)
Because of
1S(z, 2% ) (2 )z (2" ) < K2e 20 1o=7 (27 )z (2%) 2
and

(@, (I — mi (@)= (@) < K28 (o)) ()2
it suffices to prove
|- (21)zi(21)] — 0 (i € N”) and [(I — 7y (2}))2i(2y )| — 0(i € N”).
These will be shown by using the boundary conditions. By (2.13) we obtain

Rz =R_7_ (2" )z(aL) + Ry (I — my(2%,))2i (7))

+ RSl 0 =7 (0)2(0) + ReS@, 0me (002:0) 1

0o d
+R- [ Gy + R [ Gl
From the boundedness of (2;(0));en easily follows the convergence
R_S(x",0)(I — 7(0))z(0) + R+ S(2,0)71(0)2;(0) — 0(i € N”).
Next we prove
0 .
R / G (2, y)hily)dy — 0(i € N

and

R [ Gulelhilo)dy — 0 € N").
0



To see these choose h € C5°(R, C!) with Hh - EH < 5. Then there is ig € N

with ‘ hi — Il Ji( < ¢ for all i € N with i > ig. It follows

La(J;)
2 0 . 2
< |R_|? ( / | K_e—ﬂwi—y'\hi<y>\dy>
0 B A 2
<2|R_|? (/ K_e P-lr==vl|p(y) — hz-(y)ldy>

2
0 . .
+2|R_|? (/ K_e A-le==yl Ih(y)ldy> .

The second term converges to zero as i — oo since h € Cy° and for the first

0
R_ / G- (', y)hi(y)dy

term one finds

0 ) 2
( [ e gy - hi<y>|dy>

K2 [0 . 2 K? L
< 28 " |h(y) — hi(y)|"dy < Q’TE Vi > ig,i € N

where we used the Cauchy-Schwarz-inequality. Since € > 0 was arbitrary

equations (2.16) and (2.11) imply
Rom_(z")zi(z") + Ry (I — mi(2'))zi(2") — 0 (i € N™).

From the convergence of the projectors (2.12) combined with the determi-

nant condition (2.8) we obtain
m_(2")z(zL) — 0 (i € N”)

and
(I = my(2}))zi(2h) — 0 (i € N”)

hence (2.15¢) and (2.15f) hold.
Summarizing (2.15a)—(2.15f) shows

s = 2l agy = 0 G € N"). (2.17)

To finish the proof we still have to show z € H! and 2z > z (i e N”).
For this define w := M(-)z + h € Ly(R,C') and let ¢ € C(R,C!) be

10



arbitrary. Then there is i9 € N with J; D supp(¢) Vi > ig. Using the
definition of w and the equality z;, = M(-)z; + h; one can estimate for all

12> 1

‘(w7¢)L2( R) (Z ¢ )LQ(R)‘
< ‘ ’UJ|J ) Lg(]i) - (Zi,waqb) (z|-]z - zi)qbl)Lz(Ji)

SconstllqbllHl(llzlJ sl + 1AL = hall Ly )-

Since we know |[|h[s, — hill 1, ;) — 0 (i € N”) from equation (2.11) and
furthermore |12|7, — zi 1,y — 0 (i € N”) by (2.17) it follows that 2z, = w
holds in the distributional sense and thus z € H!(R).

Finally
2 2 2
1210 = 2illzn = 2l = 2ill7, + 122l — ziall7,
<zl = zll7, + 1Mz + Ry, — (Mz + hi)l|7, — 0 (i € N”)
where we used the definition of w = z, again. O

3 Application to coupled hyperbolic-parabolic sys-

tems

Consider the coupled hyperbolic-parabolic system

(-G ) )6 ) 0)-C)
(Y ¢ 0 O [ - Bgl BQQ (Y . 021 022 [ [
(3.18)

with u(t,z) € C", v(t,x) € C™, and assume that the coefficients A, B;;, and

C;j satisfy the following assumptions.
(PA) AeCm A4+ A*>al >0,

(CA) B;;,Cjj; are continuous and asymptotically constant matrix-valued

functions

lim Bjj(z) = 1i111 Bij(z) = Bij oo,

T——+00
xgr-lr-loo CZ]( ) - zll)l_n OZ]( ) = Cz'j,ooa

11



(HA) Bgs =diag(by,...,by), |bi(z)] >~ >0Vi,z € R.

A0 Biio Bi2,0 Cl1eo Cl2oo
(SA) se€o | —w? +iw [T 1200} [ C11, 12,
0 0 Bat,o  Ba2,00 Co100 Cor.00
implies Res < —d < 0.

Remark. One can show that the convergence results below generalize to
the case where the limits v — —oo and © — +o00 in condition (CA) are
different. However, this requires a considerably longer proof and we refer to
[15] for the details.

The operator P is defined by the right hand side of (3.18)
P: HY(R,C") x HY(R,C™) — Ly(R,C") x Ly(R,C™).

In the following we restrict the infinite interval to a compact interval J =

[_,z4] and impose certain boundary conditions. We consider the operator
P|;: H*(J,C") x HY(J,C™) — Lo(J,C") x Ly(J,C™)
which is defined in the same way as P, together with a boundary operator
R: H?*(J,C") x H'(J,C™) — C*tm
defined as follows

y u(z—) u(zs)
R <v) = (RI_ R RI_H) ug(x_) | + (Rfr RI! Rfrﬂ> ug(z4)
v(z-) v(z4)

The resolvent equation for P reads

(sI — P) (“) - (f ) in Lo (R, C™Hm) (3.19)
v g

with f € Ly(R,C"), g € Ly(R,C™), u € H2(R,C"), and v € H(R,C™).

The finite interval analog on J = [z_,z] is given by

)1

in Ly(J,C"T™) x C2ntm, (3.20)

S Q@

12



where v € H?(J,C"), v € H'(J,C™), f € Ly(J,C"), g € Ly(J,C™) and
n € C2ntm,
Both systems (3.19) and (3.20) will be transformed by using the variables

(u,v)T ~ 2z := (u, Aug,v)T. (3.21)

For the all line problem (3.19) this transformation leads to the first equation
L(-,s8)z =2y — M(-,5)z = h, (3.22)

which holds in the space H'(R,C") x Ly(R,C") x La(R,C"). For the finite

interval problem (3.20) we obtain

[ L]s(ys) L zg —M(y8)2\  [h
e (PN = (Y ()

as an equality in H'(J,C") x Ly(J,C") x Ly(J,C™) x C¥n+tm,
The matrix-valued function M (-, s) in (3.22) and in (3.23) is given by

M(,s) =
0 Al 0
Bi9Byy Co1+ sI—C1y —B11 A7 4+ B1aByy Byy A™t —Clia— BBy (sI — Cap)
—By'Cy —By' By A7 Boy (sI — C)

and the function h reads

0
h=|—f+BaByg| € H(R,C") x Ly(R,C") x Ly(R,C™)
for the all line problem (3.22). The same definition for the finite interval
problem (3.23) leads to h € H'(J,C") x Lo(J,C") x Lo(J,C™).
Finally the boundary operator R; is given by

Riz= (R RUA™" RU)z(@-)+ (RL RYA™ RIT):(ay).

By assumption (CA) the limits My (s) := lim, 1o M(x,s) exist. The

following lemma is easily verified.

Lemma 2. For every s,k € C the following conditions are equivalent

13



1. seo|K? Tt 12 T 2 and
0 0 B1.0oc B22.0o 1,00 C22,00
2. det (kI — My (s)) = 0.

An important consequence of this result is the next corollary.

Corollary 3. For every s € {Res > —d} the matrices My (s) are hyperbolic

and the operators
L(-,s): H*(R,C")x HY(R, C")xH (R, C™) — H' (R, C")xLo(R, C")xLo (R, C™)
are Fredholm of index zero.

Proof. The first part immediately follows from Lemma 2 together with the

spectral assumption (SA).

The second part follows from Lemma 11 and its Corollary 12 in the appendix.
O

An important connection between the original operator and the first order
operator is that their Fredholm properties coincide. We formulate this in

the next lemma, again with the proof given in the appendix.

Lemma 4. The operator
sI —P: H*(R,C") x HY(R,C™) — Ly(R,C") x Ly(R,C™)
1s Fredholm if and only if the operator
L(-,s) : HY(R,C")xH*(R,C")x H (R,C™) — HY(R,C")x Ly(R, C")x Ly(R,C™)
s Fredholm. Furthermore the Fredholm-indices coincide.

Let V_(s) € C?"*™P denote a basis of the stable subspace of M. (s) and let
V. (s) € C?"™4 denote a basis of the unstable subspace of M (s). Because

of the assumption (CA) it is p+¢ = 2n+m. Define the determinant function

D(s)=det | (R RA™" RIT)V_(s), (R RUA RIT)Vi(s)|.
(3.24)
The condition D(s) # 0 will give a sufficient criterion for appropriate arti-

ficial boundary conditions when we truncate to finite intervals.

14



3.1 Regular convergence for hyperbolic-parabolic problems

Let E, E;, F', and F; be as in Section 2 with [ = 2n 4+ m. Furthermore

consider the spaces

E = H*(R,C") x H(R,C™),

E; = H?(J;,C") x HY(J;,C™), i € N,

F = Ly(R,C") x Ly(R,C™),

E; = Ly(J;,C") x Lo(J;,C™) x C2F™ i € N,

and the mappings
]51' : E — Ez'7 (uyv)T = (u|Ji7U|Ji)T

= F, (£,9)" = (fl5,905,0)7, i €N,

L ieN,

q; -

et

The families of mappings P = (Pi)ien and 0= (Gi)ien are continuous and
bounded and satisfy (2.7).

Finally we consider the bounded linear operators

Ay(s) = (3[ —RP\Jz) B — F (3.25)

and

A(s):=(sI —P): E— F. (3.26)
Our main result is the following theorem.

Theorem 5. Let s € {Res > —d} and assume D(s) # 0 with D(s) defined
in (3.24). Then the sequence of bounded linear operators (A;(s))ien PQO-
converges reqularly to the operator A(s) := (sl — P): E — F.

Proof. First we show the PQ-convergence. Let i € N and (u,v)T € E; be

arbitrary. Then because of Sobolev’s inequality and the boundedness of R

holds
= ()] 0l ==|C)

< + < Cy

o)

with a constant Cj independent of ¢ € N.

Fi L2 HQ(JZ‘)XHI(JZ‘)

15



Now let (u,v)’ € E be arbitrary. From the Sobolev-embedding-Theorem

GiA(s) (“) — Ai(s)pi (“) R (“:Ji)‘ —~0(ieN)
v v U\ J;

so that by [21, §2 Satz(8)] the P O-convergence follows.

Using the transformation (3.21) we rewrite the second order equation

(sI — P) <u> = <f) in F
v g

as the first order system

we obtain

<

F;

U 0
L(-,s) | Aug | = | =f + Bi2Boyg | in F
v —B2_21g

and its finite interval approximation

<31_p\Ji> () LA
=|g | inFE
R V;

i
as
0
U; —f + B B_l )
LJi('7 8) Aui,:c i i21 29 9i n F.
—Bys i
(%3
i
Define the mappings
LE : E— E, (U7U)T = (’LL, Auyg, U)Ta
vg, : By — Ej, (ui, vi)T v (ui, Auyg, vi)T,
LF F - F7 (f? g)T = (07 _f+ B12B2_21g7 _32_219)T7
e, Fy — Fy o (fiy 91 m)" — (0, —fi + B1aB3y' gi, —Bay' gis mi)" -

The whole setting of spaces and mappings is shown schematically in Figure
1.

16



E F
L )
Jopasy
ﬁz Di q; [i’b
Ei Ly, (s) Ei
LF,
LE,
EN'i Ai(s) FZ

Figure 1: The setting of spaces and mappings. Note that the diagram is usually

not commutative.

Let (ui,vi)zTeN be a bounded sequence with (u;,v;)? € E; such that the

U ~
sequence <Ai(3) < Z)) is O-compact. Then also the sequence
€N

(%

Ly(s) | Auis | | = <<F 0 Ai(s)) (“))
'/ / ieN

Vs
¢ ieN

. . 29
is Q-compact, since tp;, — (p.

Let N’ C N be arbitrary. By Theorem 1 we know
Lj,(-s) e, L(-, s) regularly

so that there is a subsequence N” C N’ and (u,w,v) € E with

U; u
Aug | B |w | Gen). (3.27)
V; [

Vi

. ws
Furthermore by the Q-compactness of (.Ai(s) < Z)) there is N/ ¢ N
1€EN

and (f,¢)T € F with



By construction we thus obtain

U U; 0
L) |w| 2 Lits) | Auiw | = | —f + BuBglg | (1eN")
v Vi —32_219

which by uniqueness of the Q-limit (see [21]) implies

U 0
L(s) |w| = | —f+ Bi2By'g
v —B2_219

Using the differential equation we find w = Au, € H'(R,C") and therefore
u € H?(R,C"), v € H'(R,C™), and the equality

()

holds. Now the definition of the P-convergence in (3.27) yields

s =l ll s, e + Ntie = wlsllgs g com + 03 = 01l 0, 0m)

Uu; ul g,
SK ||| Auip | — | Augly, — 0 (i e N")
v; v|J,

L;

and this finally shows

Y

s &

N————
I

() e

Since N’ was arbitrary the compactness of the sequence (u;,v;);en follows

which proves the regularity of the convergence. U

Theorem 5 above is a far reaching result. We only show one consequence of
the theorem, further applications can be found in [15]. For example, using
an abstract result from [22] it is shown that eigenvalues and eigenvectors are
well approximated in finite intervals and that exponential estimates hold.

For the linear operator P we denote by p(P) the resolvent-set of the operator.
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Theorem 6. Let 2 C {Res > —d} N p(P) be a compact set and assume
D(s) #0Vs € Q.

Let (J;)ien be a sequence of compact intervals as before. Then there is an
index ig € N and a constant Ky > 0 such that for all s € Q and all i > iy
equation (3.20) has a unique solution (u,v)’ € H?(J;,C") x H'(J;,C™) for
all f € Ly(J;,C"), g € Lo(J;,C™), n € C2ntm,

Moreover the solution can be estimated by

Nl 2,y + vl ey + lule + Juelr + vl
< Ko(Ilf ey + 19l Loy + D), (3.28)

where |ulr is the norm of u on the boundary of the interval defined by |u|% =
u(z-)]? + [u(z4) .

Proof. Let sg € § be arbitrary. Then the operator A(sp) is invertible and
therefore N'(A(sg)) = {0}. The Fredholm-alternative for boundary value
problems implies that for all ¢ € N the operators A;(sg) are Fredholm of

index 0.

By Theorem 5 we have
PO .
Ai(sp) — A(sg) regularly (i € N)

so that [21, §2 Satz 60] is applicable and shows that the sequence of operators
(A;i(s0))ien converges regularly and stably to A(sg).
Hence there is ig = ip(sg) € N and Ky = Ky(sg) > 0 such that for all ¢ > g
the inverses A;(sg) ! € L[F;, E;] exist and are bounded by
-1

[[Ai(s0) HL[FZ-,EZ-} < Ko.
Let g9 = e9(s0) := ﬁ, then for all s € K. (so) = {s € C:|s—so| < ep}
and all ¢ > ig holds

1
[Ai(s) = Ai(s0) L, ) < |5 — 50 < €0 = Ky (3.29)

By Lemma 8 the inverses A;(s)™! € L[F}, E;] exist for all i > i and all
s € K, (so) and satisfy

“Ai(s)_l||L[Fi,Ei} < 2Ko.
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Since sy € 2 was arbitrary one finds for every s € 2 an open neighborhood
of s in which similar estimates hold. Choosing a finite subcovering of this

covering shows our assertion. ]

4 The FitzHugh-Nagumo System

In this section we show that the abstract theory applies to the FitzHugh-
Nagumo System. The FitzHugh-Nagumo System arises in the modelling of

electric pulses in nerve cells. It reads

u _ Uge + U — %u?’ —v
(”>t a ( (u+a—bv) > (4.30)

with positive parameters a, b, and .

We consider the parameter-values a = 0.7, b = 0.8, ® = 0.08 which are
a quite common choice in the literature (e.g. [11]). It is known that
for these parameter-values the system has a stable and an unstable trav-
eling wave solution, see for example Bates and Jones [1]. The traveling
wave solutions are homoclinic connecting orbits of the stationary point

(too, Voo) T ~ (—1.1994, —0.6243)T and have a nonzero speed. The lineariza-

tion about a traveling wave solution ¥ = (% (z — ct)) with speed ¢ # 0
reads
U - 10 U c 0 U 1—-a® -1 U
=P = + + .
v/, v 0 0/ \v - 0 ¢/ \v ; ) —®b) \v
(4.31)

It is easy to check that the assumptions (PA), (CA), and (HA) are sat-
isfied. To see that also (SA) is satisfied is more involved and we give a
sufficient condition which is much easier to check.

Consider a general operator P of the form (3.18) which satisfies the assump-
tions (PA), (CA), and (HA). Define

. ( Bi1,0 B12,00 [ Ci1,00 C12,00
Beo = <B21,oo B22,oo> and Coo = <Cz1,oo sz,oo)
and consider the following condition.

(SC) There is a Hermitian positive definite matrix H € C*T™"*™ of the
form H = (%1 f? ) such that
2
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H{A+ A*H, > 0,

Hs is a diagonal matrix,
HB., = BX H,
o HC + C3 H < —20H for some ¢ > 0.

Lemma 7. The condition (SC) implies the spectral assumption (SA).
Proof. Let p,v € C*™™. By (SC) it holds

" H{A+A*Hy 0
—p
0 0

) w—p*(HBs — Bi H)v +v*(HCx + Ci H)v

< —20v*Hv. (4.32)

Now let w € R and assume that the symbol P(zw) has the eigenvector v

with eigenvalue s € C, i.e.

~

P(iw)v = sv and let p = iwv.

Then we have
2Re(s)v*Hv = sv*Hv + (sv*Hv)*

= V' HP(iQ)v + (v HP(iQ)v)*

= —wV*H (49) v +iwv*HBov + v*HCsov

+ (v H (49) v)" + (iwv* HBoov)* + (v* HCsov)*

= —p* (MAAH0) ) — ) (HBo — Bi H)v + v (HCo + C H)v

< —20v*Hv
and thus Re(s) < —d. Hence the spectral assumption (SA) is proven. O
With the help of the sufficient condition (SC) it is now easy to show that

the FitzHugh-Nagumo system satisfies the assumptions from Section 3.
Let H = (é g) € C%2. With this matrix we verify (SC)

e 1A+ A*1=2>0,

o HB, — (C ) — B H,

0
2—-2u% 0
o HC +CLH = 0 ol < —26H for some § > 0.

Slo O
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5 Appendix

In this appendix we state some basic results used throughout the text. We

begin with a well known perturbation result.

Lemma 8. Let (X, | - ||x) and (Y,|| - |ly) be Banach spaces. Assume that
A: X —Y is a linear homeomorphism.

Then for every bounded linear operator B : X — Y with

1
IBllx—y < =
YAy
the operator A+ B : X — Y is a linear homeomorphism and
1

A=y _x IIBllx_y

ICA+ By o < 1AMy x 7=

Exponential Dichotomies

Throughout this section we consider an ordinary differential operator of the
form

Lz =z, — M(x)z, x € J, (5.33)

where M € C(J,CH) is a continuous matrix-valued function on the closed
interval J = [z_,z4], 2_ < 24+ € RU{—o00,4+00}. We denote by S(-,-)
the solution-operator for L. First we give the definition of an exponential

dichotomy (see for example [3, 12, 2, 16]).

Definition 9. The operator L has an exponential dichotomy on the interval
J if there are positive constants K, 3, and for every x € J there is a

projection 7(x) : C' — C! such that
S(x,y)m(y)

1S(z,y)m(y)] <
1S (2, y) (I —m(y))] <

m(z)S(z,y) Y,y € J,
Ke Pl—v) Ve >y € J,
Ke Plu—2) Ve <yeJ

We call (K, 3, 7) the data of the dichotomy.

The data of the dichotomy are not unique in general. The benefit of ex-
ponential dichotomies lies in semi-infinite or infinite interval problems. If

J contains an interval of the form [z(,c0), the ranges of the projectors are
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unique and if it contains an interval of the form (—oo, 2], the kernels of the
projectors are unique. In particular, if the operator L has an exponential
dichotomy on the whole real line, the projectors are uniquely determined.
For results in this direction see Coppel [3] and Palmer [12].

Next we recall a result about the solvability and solution estimates for

boundary value problems in the presence of an exponential dichotomy.

Theorem 10 ([2, Theorem A.1]). Assume the operator L has an expo-
nential dichotomy on J with data (K, 3,7).
Define the Green’s function G with respect to m for all x,y € J by

G(%, y) _ S(l?, y)ﬂ-(y)v y < x, (534)

Sz, y)(n(y) = 1), =<uy.
Then for every h € Lo(J,CY), v— € R(n(x_)), v+ € R(I — n(xy)) there is

a unique solution z € H'(J,C') of the boundary value problem

Lz =h, in La(J),
(I —m(z4))z(24) = 7+,
m(x_)z(z_) =~_.

In the case x_ = —oo the boundary condition for z(xz_) is hidden in the
space and there is no explicit boundary condition. The same is true for the
case x4 = +00. The solution can be written in the form z = z4, + zp,, where

zsp and zp, are given by

Zgp() :/]G(x,y)h(y)dy, and zp(x) = S(x,z_)y- + S(x,x4+)y+. (5.35)

We also need a result about the Fredholm properties of ordinary differential
operators on the whole real line. On bounded intervals Fredholm properties
are easy to verify by integration, but on unbounded domains it is more
involved. A general result about the connection of exponential dichotomies
and Fredholm properties of differential operators was proven by K. J. Palmer
in [12] and [13]. We will make explicit use of the result [12, Lemma 4.2] which
is presented for bounded and continuously differentiable functions there. But
the proof given in [12] directly carries over to the spaces Ly and H! and we

only state the result in the following lemma.
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Lemma 11. Let M € C(R,C") be a bounded matriz-valued function so that

the differential operator

L(.);Hl(%a@) : ZLz_(Iiﬁl))z

has an exponential dichotomy on Ry and on R_ with projectors w4 (-). Then
L is Fredholm and f € R(L) if and only if

/ T f ()t =0

for all solutions u € H'(R,C!) of the adjoint equation
L%y = up + M(-)*u = 0.
Furthermore the Fredholm index of L is dim R (74 (0))+dim R(I—7n_(0))—I.

We always denoted by "*’ the transposed conjugated matrix or vector.

0 A
Corollary 12. Let M = (B C’) be an [ X I matriz-valued function with

the same properties as in Lemma 11 and assume that A € C™~" is constant.

Then the ordinary differential operator
L:H*R,C") x HY(R,C"") — HYR,C") x Ly(R,C"™™), 2+ 2z, — M(-)z,
1s a Fredholm operator of the same Fredholm index as

L:H'\R,CY — Ly(R,CY), 2+ 2z, — M(-)z.

Proof. Let (u,v)T € N(L) ¢ HY(R,C!). By the structure of M we obtain
(u,v)T € N(L) and so N(L) = N(L). By Lemma 11 (f,g) € R(L) if and

only if
/oo (¥, (f)mx =0 Vo eN(L"),
— 0 g

where L : HY(R,C!) — Ly(R,C!) is the same operator as in Lemma 11.
Obviously R(L) € R(L). Let (f,g) € H'(R,C") x Ly(R,C"") with

/OO (¥, <f)>dac =0 Ve N(LY).

—00 g
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Thus there is (21, 20)” € H' (R, C!) with

z— A
f = 21, =2 n LQ(R,CZ),
g 290 — Bz1 — Czo

but this equality implies 21, € H'(R,C") and so z; € H?(R,C"). Therefore

(f,9)" € R(f)) and it follows that (
g

f) € HY(R,C") x Ly(R,C") is an
element of R(L)

if and only if

—00 g

/OO (1, (f) Vdo = 0 Yo € N(L).

From this equivalence we find
dim(H*(R,C") x Ly(R,C""))/R(L) = dim N (L) = dim Ly (R, C")/R(L).

O

Proof of Lemma 4

First we show dim N (sI — P) = dim N (L(-, s)).
Let (u,v)T € N(sI — P), then (u, Aug,v)" € N(L(-,s)) and it follows

dim N (sI — P) < dimN(L(, s)).

Now let (21, 22, 23)T € N(L(-, 5)). By the definition of L(-,s) it holds 21 , =
A1z and therefore zp = Az ;. One easily finds (21,23)T € N(sI — P).
Let (24,25, 28)T, i =1,...,1, be linearly independent elements in N'(L(-, s)).
Let a = (a1, ...,0) € C! with

(4)
20 () "

Then by linearity Y, o(2, Az} ,, 25)" = 0, but since the differential equa-
tion shows Aziw = z}, we conclude o = 0 from the linear independence.

Hence we find
dim N (sl — P) > dimN'(L(-, s)).
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Second we show codim R(s] — P) = codim R(L(-, s)).
Since (0, —f + B1aByy' g, — By 9)" € R(L(-, 5)) implies (f,g)" € R(sI — P)
we obtain

codimR (sl — P) < codim R(L(-, s)).

Now let (f%, g%, h?), i =1,...,l, be a cobasis of R(L(-,s)). Then the elements

<—Af§; —g' — Bi1f' — Bah?

| | ) € Ly(R,C") x Ly(R,C™)
Boy f* — Bagh!

are linearly independent elements of [La(R,C™) x Lo(R,C™)]/R(sI — P):

Let a = (a1, ...,0) € C' and assume there is (u) € H*(R,C")x HY(R,C™)

v
with

u —Afi —g" — Bi1f' — Bioh'
I-P = i , , . 5.36
(¢ ) <U> Z ¢ ( By f* — Baah! ) (539)

u
Consider | Au, — A> " a;f* | which is an element of the product space

(Y
H?(R,C") x H'(R,C") x H'(R,C™). Then

U
L(S) Aug — Azaz]m
v
Uy U
= | Auge — AY i fi | = M(-,s) | Auy — A o, f?
Vg v

Saif
= | Augy + Briug — Bi1 Y aif' — A o, fL + Criu+ Crov — slu
vy + Boy (Coru+ Bo(ug — > i f?) + (Coz — sI)v)
0
+ | =B12B3y (Coru + Bai(uy — Y- i f?) + (Cag — sI)v)
0
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Zaifi
= | Auyy + Biiuy + Biavy + Criu + Ciov — slu
Zaihi

0
+ | -BuY aift =AY a;fi — Bia Y, a;h’
0
fi
=Y ai| g | € R(L(9)),
hi

where we used the differential equation (5.36). Since the elements form a
cobasis of R(L(-,s)) it follows a = 0. This shows

codimR(sl — P) > codim R(L(, s)).
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