NUMERICAL APPROXIMATION OF RELATIVE EQUILIBRIA FOR
EQUIVARIANT PDES

V. THUMMLER*

Abstract. We prove convergence results for the numerical approximation of relative equilibria
of parabolic systems in one space dimension. These systems are are special examples of equivariant
evolution equations. We use finite differences on a large interval with appropriately choosen boundary
conditions. Moreover, we consider the approximation of isolated eigenvalues of finite multiplicity of
the linear operator which arises from linearization at the equilibrium as well as the approximation
of the corresponding invariant subspace. The results in this paper which are a generalization of
the results in [23] are illustrated by numerical computations for the cubic quintic Ginzburg Landau
equation.

1. Introduction and basic setting. Relative equilibria, i.e. solutions of partial

differential equations which are equilibria in an appropriately comoving frame, fre-
quently occur in systems with underlying symmetry [7],[16]. A basic class is formed
by traveling waves which are stationary in a frame which moves with the velocity
of the wave. The purpose of this paper is to analyze numerical methods for the ap-
proximation of relative equilibria of parabolic systems in one space dimension which
are equivariant w.r.t. the action of a finite dimensional Lie group. The numerical
computation of the relative equilibrium amounts to solving a boundary value prob-
lem on the real line and to compute extra parameters (from the Lie algebra). These
determine the motion of the comoving frame in the original coordinates. We analyze
the combined effect of discretization with finite differences and the truncation of the
infinite boundary value problem to a finite but large interval. We prove the rate of
convergence to the exact solution as well as error estimates for invariant subspaces
corresponding to isolated eigenvalues of finite multiplicity of the linearization at the
relative equilibrium.
A similar task has been accomplished for Galerkin approximations for traveling waves
on cylindrical domains in [14]. In [17] a different approach for approximating homo-
clinic and heteroclinic orbits using Laguerre approximations has been proposed. In
this paper we deal with the simplest numerical method - finite differences - and with a
rather general set of problems - relative equilibria on the real line. The key difficulty
is the simultaneous truncation of the real line to a finite interval together with the
approximation of differential operators by finite differences. This is different to well
known results for boundary value problems on finite intervals as presented e.g. in [1].
In this section we review the basic setting of the freezing approach which realizes
the comoving frame and which has been developed in [5]. We fix the notations and
provide an example. Moreover, we state the main spectral conditions on the lin-
earization of continuous system at the relative equilibrium. In Section 2 we introduce
the discretization and boundary conditions and state the main approximation results
Theorem 2.5 (approximation of relative equilibria) and Theorem 2.6 (approximation
of isolated eigenvalues and invariant subspaces of the linearization). In Section 3 we
show the main linear result Theorem 3.9 which will be used in Section 4 to prove the
main results. In Section 5 we illustrate the results of Theorem 2.5 and Theorem 2.6
by numerical computations for rotating pulses of the cubic quintic Ginzburg Landau
equation.
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1.1. Equivariant evolution equations. We begin with a rather abstract set-
ting for equivariant equations on Banach manifolds that covers the approaches in
[5, 7, 21, 23] (see also [6]). It will be applied later in the examples 1.3 and 1.4 with
affine Banach spaces.

Let M be a manifold modelled over some Banach space X and let N be a submanifold
modelled over some dense subspace Y C X. Consider an evolutionary equation

ug = Fu), u(0)=u’, (1.1)

with a vector field FF' : N — T'M where T M denotes the tangent bundle of M. In
our applications (see Section 1.2) we will either have Banach spaces X = M, Y = N
or affine spaces M = v+ X, N = v+ Y such that the tangent spaces always satisfy
T.M=X, T,N =Y forallue M,v e N.
Further we assume that the system is equivariant w.r.t. a finite dimensional (possibly
noncompact) Lie group G acting on M via

a:GxM—M, (v,u) — a(y)u,
where
a(y1 oy2)v = a(y1)[a(y2)v], a(l)v =v, 1 = unitelement in G,

which has a tangent action T'a in T'M, i.e Ta(y) : TyM — T4y, M. By equivariance
we mean that the following relation holds

a(y)(N)C N Vyeg@,
F(a(y)u) = Ta(v)F(u), Yue€ N,veQqG.

We assume that for any v € M the map a(-)v: G — M, ~ — a(y)v is continuous
and is continuously differentiable for any v € N with derivative denoted by

da(y)v: TG — Ty M, A [da(y)v]A

Finally, we denote the left translation by L, : G — G, g — v o g and its derivative
at g by dL,(g) : TyG — Ty0,G.

In the following we give a constructive definition of relative equilibria which is appro-
priate from a numerical point of view [5].

DEFINITION 1.1. A solution @ of (1.1) is called a relative equilibrium, if it has the
form a(t) = a(F(t))v where 7 : [0,00) — G is a smooth curve satisfying 7(0) = 1 and
v € N does not depend on time.

In general one calls the whole group orbit O(v) = {a(v)v, v € G} a relative equi-
librium if it is invariant under the semi-flow [7],[16]. For our purpose it is more
convenient to select a special time orbit within this group orbit since O(7) can always
be generated by applying the group action a to the selected time orbit.

Using the ansatz u(t) = a(y(t))v(t) equation (1.1) can be transformed into a system
for the unknowns v(t) € M, v(t) € G, u(t) € T1G as follows (cf. [5],[20],[23])

vy = F(v) — [da(1)v]u, v(0) = u’ (1.2a)
Ve = dL,(1)p, 7(0) = 1. (1.2b)

If a relative equilibrium @(t) = a(5(¢))v is given such that da(1)vpu € Ty M for all
w € ThG and da(1)v : TyG — Ty M has full rank, then it can be shown that there
exists i € TG such that (v, 1) is a stationary solution of (1.2), i.e.

0= F(0) — [da(1)7) (1.3)
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and 74 = dL. (1) = exp(tp). Conversely if (1.3) holds for (v, z) then a(%(t))v is a
relative equilibrium where 5 solves v, = dL. (1)1 = exp(tfi).

1.2. Parabolic equations. In the following we are concerned with the special
case of a parabolic PDE

up = Augy + f(u,uy), = €R,t>0,u(z,t)eR™, (1.4)
where A € R™™ is positive definite and f € C1(R™ x R™,R™) is of the form
f(u,v) =f1(u)v—|—f2(u), fl ecl(lRmalRm’m)an ecl(lRma[Rm)v (15)

and f1, fo, fi, f4 are globally Lipschitz.

REMARK 1.2. The above conditions on f are also satisfied for “conservation laws”
with special flux functions (e.g. Burgers equation). They imply that f1, f5 are globally
bounded and with

D1 f(u,w) = fi(u)(w,") + f3(u), Daf(u,w) = fi(u),
we obtain for w,w, dy, 0, € R™

[1D1f (u+ 6u, w + 6w) — D1 f (u, w)|| < const([|0u | + [|0w ),

D2+ B0 +8,) = D, w)] < const [, . o
In this case F'in (1.1) reads
F(u) = Au" + f(u,u'),
where f(u,u')(x) = f(u(x),v (z)). Let a function ¢ : R — R™ be given with
F(v) = Av" + f(0,7") € L. (1.7)

Then we define M = @+ Lo, N = 9 +H? and with the properties of f we obtain that
the condition F : ¥ + H? — L, is satisfied.

We choose a basis {e!,...,eP} in the Lie algebra Ty G, where p is the dimension of G,
write g = > b, p;e’ and define S*(v) = — da(1)ve’. Then the stationary equation
reads

0=Av"+SW)u+ f(v,v'), z€R, v(xr) € R™ uecRP, (1.8)
where we use the short notation S(v)u = >0 S*(v)u.

Throughout the paper we need two additional assumptions:
1. The operators S* are linear differential operators of order < 1 which can be
written as

S'(v)(x) = Spo(x) + Siv'(x), S, € R™™ (1.9)

and for which S*(v) € Ly for i = 1,...,p. The last condition is necessary for
the existence of a solution € ¥ + H? of (1.8).
2. There exist v+ € R™ such that

lim o(z) =04 (1.10)

r—+o0
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In order to compensate for the additional p degrees of freedom which are obtained by
introducing the parameter u, we add a phase condition of the form

0=(S"(0),v—10), i=1...,p, (1.11)

where 9 # 0 is a given template function which satisfies & — o € H'. The use of this
phase condition is also called the method of slices [20]. In practice one can use the
initial approximation of ¥ as a template function.

In the following we present two characteristic examples:

EXAMPLE 1.3. Consider (1.4) and let © be a function with ||9(z) — v+| < conste®e®
where f(vy,0) = 0. Consider the shift action of G = R, i.e. [a(y)u](z) = u(x —7) on
M =%+ Ly DN =70+ H2 Then we have [da(l)v]e! = —v, i.e. S} =1,5} =0 and
(1.2a), (1.11) reads

vy = Avgy + v + f(vavm)v
0= (i',v— ),

The relative equilibria are traveling waves u(z,t) = v(x — \t) with stationary points
limy 400 0(x) = vy

EXAMPLE 1.4. Consider (1.4) for © =0, i.e. for M = Lo and N = H?. Let the Lie
group be G = St x R with (p,7) =~ € G and (p,7) o (p,7) = (p+ p,7 + 7). Let the
action a : G x Lo — Ly be given for u: R — R? by

alte) = Ropute =), By = (50020

Then we have [da(1)vle! = —v,,[da(1)v]e?* = —Rzv, i.e. St =1, S§ = Rz,S§ =
S? =0 and (1.2a), (1.11) read with p. = 74, p, = p

v = Avge + firVe + ppRzv + f(v,0z),
0= (0 ,v—1),, 0=(Rzv,v— f}>£2.
The relative equilibria are rotating and traveling waves
u(z,t) = R_p,10(v — [irt). (1.12)

If v is a front, i.e. v_ # v, then v and Rz ¥ are not in Ly. In this case, considering a
rotating front, the condition S?(v) = Rz € L, is not satisfied and the approximation
theorems of this paper are not applicable. However, in this case any small phase shift
w.r.t. the rotation will lead to a difference between the shifted and the original solution
which is not in Lo anymore, in contrast to the case when v is a pulse.

1.3. Spectral properties of the continuous system. The linearization of
(1.8) w.r.t. v at (v, ) is given by

Av = Av" + Bv' + Cw, (1.13)

where

B(x) = Daf (v(x), +Zuzsl, = Dif(v(x +Zuzso
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Assumption (1.10) implies with the invertibility of A that lim,_, 4. ¥'(x) = 0. Thus
A converges for x — 00 to constant coefficient operators

Arv = Av" + Biv' + Cyv, By = lim B(z), Cy = lim C(x). (1.14)
The main spectral assumption on A is the following:
HyPOTHESIS 1.5.
1. eigenvalue condition: The functions S'(v) € Lo, i = 1,...,p are linearly
independent and span the null space of A : H?> — Lo, i.e.

N(A) = span{S*(v),...,SP(v)}.

Moreover, the algebraic and the geometric multiplicity of zero both equal p.
2. spectral condition:

The eigenvalue 0 lies in the connected component of C \ {¥4 U X_} that

contains a right half plane, where

Yy = {s€C :det(~x*A+ikBy + Cy — sI) =0, for some k € R}.

Note that spectral properties of A determine asymptotic stability with asymptotic
phase of relative equilibria [10]. However, the spectral conditions given above are
weaker than the standard stability conditions and allow to discuss the approximation
of unstable equilibria as well.

EXAMPLE 1.6. For Example 1.4 the operator A reads

Av = A" 4 (pr I + Do f(0,7"))v" + (u, Rz + D1 f(0,7"))v

and its null space is spanned by v and Rzv.

The condition that zero is semi-simple cannot be concluded from properties of the Lie
group G. For the cubic Ginzburg-Landau equation which has the symmetry properties
of Example 1.4 and is a special case of the system considered in Section 5 a principal
vector exists for a special parameter combination [3], i.e. the algebraic multiplicity is
3 and the geometric multiplicity is 2.

2. Discretization. In order to compute numerical approximations of (7, i) we
define a discrete interval

J=n_,ny]={neZ: n_ <n<ny, where ny € ZU{+oo} }
and a corresponding equidistant grid with grid size h > 0
Jp={xn: v, =nh, n€ J}.

We write J, — R if h — 0 and simultaneously h - min{—n_,ny} — oo, i.e. £ny
grows faster than h decreases, so that [hAn_,hn;] — R.

We denote the Banach space of sequences in R” which are indexed by J provided with
the supremum norm ||z|| = sup,,c ||2n|| by £ (R™) and write £oo (R™) for €4 (R™).
If no confusion is possible we drop the argument R™ and write just £7, and /...

Let the standard finite difference operators on the extended grid

jh:{a:n: T, = nh, nej:[n_—l,n++1]}
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be given by
7 1
50 ggo - £g07 (501))77, = %(vn+1 - (Unfl);
1
b et gl (8)n = £ (v — v,
o_ g-—tmal gt o (5_w), = & (Un = Vn1).
For sequences u,v € ¢, J = [n_,n;] we define the inner product and discrete

Sobolev norms by

ny
<uvv>Jh = Z hugvm ”uH[:Q‘h = <u7u>Jh7
n=mn_—_
[l = llullg, , + l0+ullg,,, ullyz = llully + [1646-ullg, -

One has to keep in mind that the summation is done on different sets for the different
difference operators. If necessary, we embed each u € ¢Z, in £, by setting u,, = 0 for
n € Z\ J without further notice. For matrices U = [U',...,UP], V = [V, .. VP] €
(¢, (R™))P we use the notation (U, V), = [(U", VJ>J’ 112 11 ’]f € RPP. This notatlon
is also adopted for the Lo inner product (-, ) £, Inan analogous fashion.

We discretize (1.8),(1.11) and add linear boundary conditions

Bv = P v, + Q7(5ov)n, + P+’Un+ + Q+(6O'U)n+a Piy Qi € RZ”L’m~ (21)

This leads to the discrete boundary value problem

A(6,.6_0)p + Su()p 4 f(n, (6v)n) =0, n €, (2.2a)
Bv =, (2.2b)
<S*i(@|Jh),vf@|Jh>Jh =0, i=1,...,p, (2.2¢)

where Si (v) = Siv, + Si(0ov), € R™ and S, (v)u = Y27, 152 (v).
Linearizing the Lh.s. of (2.2a) at a solution (7, /1) € £ x RP of (2.2) leads to the
following discrete approximation of A

(1~\v)n = A(6+0-v)n + Bn(éov)n +Chvp, meEJ (2.3)

where
B —D2f(vn7 50U +ZM1 —le(’l)n, 60” +ZM150

It is well known that a multiple eigenvalue will split into several eigenvalues under
perturbations [11]. Therefore we approximate the whole invariant subspace which
corresponds to zero instead of dealing with each eigenfunction separately. The spatial
discretization of the invariant subspace equation together with boundary conditions
and a normalizing condition leads for the unknowns (V,X) to the system

(AV) —Vp,2 =0, nelJ, (2.4a)
BV =0, (2.4D)
(Xp,,.V), =1 (2.4c)
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Here X = [Xl, e Xp] :R — R™P is a given normalizing function for which
<X,S(@))£2 = I. The columns of V € (£)P span the invariant subspace which
corresponds to the eigenvalues of ¥ € RP'P. Thus for V to be a good approximation
of the null space of A, the norm of ¥ has to be small.

2.1. Main results. Before we can state the main approximation results we have
to collect the necessary hypotheses on the boundary conditions and the phase condi-
tion. The template function v and the normalizing function X are assumed to be in
the following class of functions:

DEFINITION 2.1. We define a function g : I — R™P, I C R to be in E,(I,R™P) if
there exists K > 0 such that Vo € 1:

lg(z)|| < Ke= 9l and ||g'(z)|| < Ke9ll.

Similar to [26] we have the following Lemma.
LEMMA 2.2. Let g € Eo(RT,R™P) and § € ({oo)? be given with

g(xy) — gn|| < const he™ ¢*m, n € N.
gnll < t he™ 9% \4 N

Then the following estimate holds

n+71

||/ g(x)de —h Z Jnll < const(h +e " +). (2.5)
0

n=0

A well known determinant condition [4], which ensures the existence of the resolvent
on finite intervals in the continuous case, uses the following determinant.
DEFINITION 2.3. Define

D:det((P_ Q) (Y%) (Pr Q1) (Ygi)) (2.6)

where (3°,Y7), (3%,Y}) € R™™ x R"™™ solve the quadratic eigenvalue problems
AYY? + BLYY +CLY =0 (2.7)

with Re 0(X%) <0 and Re o(X%) > 0.
Then we can formulate the determinant condition and a consistency assumption for
the boundary conditions as well as a regularity assumption for the phase condition.
HYPOTHESIS 2.4.
1. boundary conditions: The boundary condition (2.2b) is satisfied at the
stationary points vy, i.e.

77:P_1_)_+P+’l_)+

and the determinant D defined in (2.6) is nonzero.
2. phase condition: The phase condition is satisfied by v, i.e.

(S(0),0 — )., =0, (2.8)
v—10€H, S() € E(R,R™P) and the p x p matriz
(5(0),50)), = /R[S(ﬁ)](x)T[S(@)](x) da (2.9)

is nonsingular.
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The determinant condition on the boundary conditions may seem hard to check, but is
satisfied for Dirichlet, Neumann and periodic boundary conditions (see the discussion
in [4]). Condition (2.8) is a technical assumption, that prevents that the approximate
solution converges to a shifted version of ¥, which can be dropped. Then one has to
deal with an additional phase shift, which can be estimated in terms of v and v, but
we do not pursue this here.

Now we can formulate the main approximation results of the paper.

THEOREM 2.5 (Approximation of the relative equilibrium). Assume Hypotheses 1.5
and 2.4. Then there exist o > 0, T > 0, hg > 0 such that for h < hy and £hny >
T the boundary value problem (2.2) has a unique solution (v,[i) in a neighborhood
B,(v, 1) = {(v, ) € €L, x RP : 19, — v””i + || — ul| < o}. This solution obeys the

following estimate for some a > 0

[51,, =l + I = il < const(h? + ek min{=n-ne) (2.10)

The second result is an approximation theorem for the zero eigenvalue of A and the

corresponding invariant subspace.

THEOREM 2.6 (Approximation of the zero eigenvalue). Assume Hypothesis 1.5 and

X e E3(R,R™P) for some 3 > 0. Then there exist o >0, T > 0, hg > 0, such that for

h < hg and £hny > T the eigenvalue problem (2.4) has a unique solution (X,X) in a

neighborhood B,(S(v), ,0) = {(X,¥) € ((¢L)PxRPP : HS(T))ML - X||H2+||Z|| < p}.
h

This solution obeys the following estimate for some o > 0

|Jh7

1S@),,, = XIl, + 15l < const(h? 4 e~amin{=n—ni}) (2.11)
h

¥

REMARK 2.7.
o The above result can be easily generalized to invariant subspaces which are
related to other isolated eigenvalues of finite multiplicity.
o The stated results hold for ||| as well and estimates similar to (2.10) and
(2.11) can be shown [23].
o Estimate (2.11) implies with standard perturbation results for eigenvalues [11]
the convergence of the eigenvalues as Jp, — R.

3. The linear equation. Before we can state the main linear result in this
section, we have to collect some results from the theory of exponential dichotomies
[18],[19], which are needed in the sequel.

3.1. Exponential dichotomies and auxiliary results. Consider the linear
differential operator

Lz=2 —M()z, 2€JCR, M(:):J— RM (3.1)

with solution operator S(z, ).

DEFINITION 3.1 (Exponential dichotomy, continuous case).

The operator L defined in (3.1) has an exponential dichotomy in the interval J =
[x_,zy], x4 € RU {£oo} with data (K,«, ), if there exist a bound K > 0, a rate
a > 0 and a function 7 : J > x — w(x), w(x) a projector, such that the following
holds:

S(z,&)m(§) = m(x)S(x,§) (3.2)
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and the Green’s function

o [S@eme, >
gl8) {—S@,@u—w(m Y.

satisfies the exponential estimate
IG(z, &) < Kemol*=¢l, z ¢ e . (3.3)

In the following remarks we recall some well known facts about exponential di-
chotomies (see [18], [2]).

REMARK 3.2. If L has an exponential dichotomy on R~ = (—o00,0] and R* = [0, 00)
with data (K_,a_,m_) and (K1, oy, my) respectively, then the kernel of L is given

by
N(L) ={S(-,0)20 : 20 € N(7—(0)) NR(7+(0))}.

REMARK 3.3. We transform A via z = (v,v') into a first order operator

o _ 0 1
Lz=2—M()z, M(z) = (—AlC(x) “A-B(@)) (3.4)
Hypothesis 1.5 ensures together with the positive definiteness of A that L possesses
exponential dichotomies on R with data (K*,a™,7%). Moreover, the null space of
L is given by

N(L) =span{¢',....¢"}, o' = (S'(0),8'(v")". (3.5)

Y?® Y
s _ — u + s s
Note that the columns of X* = (YfEi) and XY{ = (Y;@i) , where (Y*,%%) and

(Y{*3%) are the solutions of the characteristic equation (2.7) in Definition 2.3, span
the stable invariant subspace of M_ = lim,_, ., M(z) and the unstable invariant
subspace of M = lim,_, ;. M(x) respectively.

REMARK 3.4. The fact that L defined in (3.4) has exponential dichotomies on R™,R™
implies that (0',0") is actually exponentially decaying for x — +o0, i.e.

|5(x) — va|| < consteTe® as well as ||o™ ()| < conste @l k=12

for some ¢ > 0. Thus we have v € E,(R,R™) and lim,_,[S*(?')](x) = 0 for i =
1,...,p. Moreover, from the eigenvalue condition we obtain S*(v) € H? and thus
lim, oo [SP(0)](x) =0, i =1, ..., p.

Exponential dichotomies can be defined for a linear difference operator

(ﬁz)n = Zni1 — Myz,, ne€.J, M, eRFF (3.6)

in the following way. If the matrices M,, are invertible for all n € J then the map
S:J x J— RFF given by

Mn_1~-~--]\>[m, forn >m
S(n,m) =<1, for n=m

M-t Mt for n <m

n m—1>
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is a solution operator for (3.6), which has the cocycle property
S(n,)S(l,m) = S(n,m) Yl,mmne.J

DEFINITION 3.5 (Exponential dichotomy, discrete case).

The linear difference operator I:, defined in (3.6) has an exponential dichotomy with
data (K,c, P) on J C Z if M, is invertible for all n € J and there exist a bound
K >0, a rate o > 0 and projectors P, such that the following holds

S(n,m)Py, = P,S(n, m) (3.7
and the Green’s function
s S’(n, m) Py, forn >m,
= R 3.8
G(n,m) {S(n,m)(IPm), forn <m (3:8)

satisfies the exponential estimate

1G(n,m)|| < Ke=®I"=m™l n m e J. (3.9)

A connection between an exponential dichotomy for an ODE and the corresponding
difference equation is given via the time h-map of the flow [26].
LEMMA 3.6. Let the linear differential operator L given by

Lz=2 —Mz, xze€J=R* M:J—RMF

have an exponential dichotomy with data (K,«, ) on J = R* and define

Sn,m) = S(xn, ).
Then the difference operator
Lz= (Znt1 — S’(n + l,n)zn)nej

has an exponential dichotomy on J = Z*F with data (K, ah, P), where P, = w(xy,).

3.2. The linear difference equation. The main result in this section deals
with the existence of solutions (Z,T) € (eéﬁ—’"””(n?‘lm))q x RP9, 1 < g < p of the
following linear inhomogeneous boundary value problem

Zns1 — MnZy — Vo, X =R, neJ=[n_,ng], (3.10a)
(P-Q_)Z, + (P+Q+)Z,, = R™ € R>™1, (3.10D)
(V,Z), =RF €RPY, (3.10¢)
where
M, = 8(2pyi1,n) € RZ™2™ (3.11)

and S denotes the solution operator corresponding to L defined in (3.4), and S
¢ (R*™P) and V,, € RP satisfy the following hypothesis.
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HypOTHESIS 3.7.
1. phase condition: There exists a continuous template function
U € &,(R,R*™P) such that ||V — v, ||£ —0as J, — R and
2,h

(U, ®),,, € RPP is nonsingular, where

O = (¢ ..., 9", (3.12)

and ¢, i = 1,...,p are the functions which span the null space of L, which
have been defined in (3.5). A
2. nondegeneracy condition: The matrices V,, have the form

V,, = hV (2,) + O(h?) € R*™P, (3.13)

where V € Lo(R,R*™P), ||Vl < oo, rank(V) = p and R(L)NR(V) = {0}.

REMARK 3.8. Define Z = [&1,...,&p], where &, i =1,...,p span the null space of the
adjoint operator

L*:zvs —2 — M7 ()2

Then the eigenvalue condition in Hypothesis 1.5 implies that the Melnikov integral

(Z,V) = /R[fl,...7§p](w)TV(cc) dx € RPP

s nonsingular.

It can be shown that Hypothesis 3.7 implies the invertibility of the operator (\% 70‘/)
by the Bordering Lemma [12].

Now we can formulate the main linear existence result from which we obtain the
existence of solutions of (3.10) as well as corresponding estimates.

THEOREM 3.9. Consider (3.10) and let Hypothesis 3.7 be satisfied.

Then there exist ho > 0, T > 0 such that for h < hg and £hny > T equation (3.10)
has a unique solution (Z,T) € ((L="+T(R2m))e x RP4 for any Rie € (¢ (R2™))q,
Rb¢ € R?™4, RP¢ € R, Furthermore, the following estimate holds

~ Y 1 e c c
[Z1 + 7] < Const(glle Iz, + IR+ [[RP[). (3.14)

Note that in the traveling wave case we have p = 1 and ¢ = 1, whereas for the approx-
imation of general equilibria we have p = dim G and ¢ = 1 and for the approximation
of the null space we have p = ¢ = dimG.

The existence of exponential dichotomies ensures that certain boundary value prob-
lems can be solved that arise later in the construction of solutions of (3.10). We use
a slightly adapted version of Lemma 1.1.6 in [13] or Lemma 2.7 in [19] in which the
dependency on h is addressed.

LeEMMA 3.10. Let the linear difference operator

# -, 1 J Y
L: é([:é g +1] — gooy Z = (Zn+1 - ann)nEJ

have an exponential dichotomy with data (K, 3, P) on J = [n_,ny] C Z, where ny =
+o00 is allowed.
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,n++1

For each r € U, there exists a unique solution % € ELZ’ ) of the inhomogeneous

equation

(ﬁz)n =Ty, NELJ,
P, oz, :Qng(Pn_)v ifn,éz,
(I—Pn+)2n+:Q+€R(I—Pn+), z'fn+€Z.
It is given by

Zn=b,(0-) + by (04) +5n(r), n€J,

Anp+1 = Mn+zn+ + Ty,

where § is defined with the Green’s function G from (3.8) as follows:

n+71

Sn(r) = Z Gnym+1) ry, nelJ (3.15)

m=n_

and

bE (o) = S(n,ni)g, in case £ ni < oo,
" B 0, otherwise.

Furthermore, the following estimate holds forn € J

14+e 7

5, (1| <K C . where Og= ——
I8Pl < K Calrll, where Gy = 1

(3.16)

In addition, if r € Lo p(J) then

. Cy .
5l < K\ 2 el Vned and S0, < KC e, (37)
In case +ny < oo we obtain for the boundary terms the estimates

b7 (o) || < Ke™ == ljou||, ne S and  [[b*(04)lz,, < K/hACaoslloxll.

Note that Cjg does not depend on the interval J but only on the dichotomy data
and that Cp, is of order O(%) for small h. Thus we can estimate the solutions z for
0 = ah as follows:

COROLLARY 3.11. If 8 = «h then the partial solutions z defined in Lemma 3.10 obey
the estimate

. 1
e, , < constlr Il , + llo-I| +llo+ ). (3.18)

In the following we transfer the proof in [13] to the discrete case along the lines of
the method used in [26] and [27].

Proof of Theorem 3.9

From the properties of L (see Remark 3.3) one obtains that L has exponential di-
chotomies on R* with data (K, a4, 7). Then Lemma 3.6 implies that the operator
Lty — (. defined by

EZ = (Zn—i-l - ann)nez
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possesses exponential dichotomies on Z+ with data (K4, a+h, PT) and

NL) = spanfd ..., 87}, where 8 =, = (G0 i1

We use Lemma 3.10 to define solutions of the boundary value problems

(f’Z)n = Rdnea n e [n,, _1]
By Zn_=p- € (R(P, )%,

n_—

(I = Fy)Zo =2y € N(Fy))*
and
(LZ), = R%¥, nel0,n]
Py Zo = 2y € (R(F)",
(I =Pl )Zn, = p+ € N(P))),

13

(3.19)

where we use the notation (LZ), = [(LZ),, ..., (LZ9),] € R™4. These are for each

R ¢ (¢2.)7 defined by
Z7 =47(R*+ V) +8(n,00Z; +S(n,n_)p_, neln_,0],

qu = é:(Rde + VT) + ‘SA'(na O)Z(;r + S(n7n+)p+v ne [Oa TL+],
> ) 7 de 2m,
ZF, o = Mo, 25, + RI® € R¥™1,

n n4

where VX = V,,T € R4,
Then Z € (ZLZ””*H])Q defined by

_ zZ7, forne J :=[n_,—1]
Ip =14 _
zZr, forneJt:=[0,ny +1]

is a solution of (3.10) if it solves the following system
Zy =7 e R*™1,
(P-Q_-)Zn_ + (P+Q4)Z,, = R* € R*™1,
(U,Z), =R eRPO

(3.20)

(3.21a)
(3.21b)
(3.21¢)

Note that the dependency on T € RP*? is hidden in the definition of fo and is yet to

be determined.

We decompose R>™ as follows: Let Wi = R(Py") N N(P; ). From (3.19) we obtain
dim(W,) = p, thus we can complement W, by subspaces W5 and W5 such that

R(PS)=Wi@Wy, N(By) =W, & Ws.

Since dim(W; @ We @ W3) = 2m — p there exists a subspace Wy with dim W, = p

such that Wi @ Wa @ Ws @ W, = R?™ is a complete decomposition of R?™.
We can change the projectors POjE in such a way that (see [19], Prop. 2.3)

NP =Ws@Wy, R(Py) =W ® Wi,
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X5 3z, Ws@Wi =N(Fy) | R(B) =Wa W, 2z €XY
T x— w w X+ T
R(P,_) 3p- C+n=2° 79 =¢ 4 p+ EN(PF)

Pt

Fic. 3.1. Overview over dichotomy estimates

increasing the dichotomy constants K+ to 2K (1 + K4 ) and without changing
N(Py),R(P;") or the dichotomy exponents a. From the choice of Z;, Z; follows

(I-Py)Zy =2y, € N(Fy))=W5e Wi,
PrZ5 =2z € (R(PH)T=wWiaoWwl.

We use the ansatz Z, = (_ +n_, Zf = (4 +n, where (_ € WY, ¢4 € WY, ne e Wy
and from (3.21a) we obtain n; = n_ =: 7. Equation (3.21a) now reads

(= +8(0,n)p —8(0,n1)ps + (85 (V) = 85 (V)T = &7 (R™) — &5 (R™).

We transform the boundary values p_, p4 to coordinates (z, z,,) which are indepen-
dent of J as follows: Denote by E/° the projector onto X* along X" and by EY the
projector onto X along X7, where X3 are the stable subspaces and XY are the
unstable subspaces of My (cf. Definition (2.3)).

We define the transformations

Xo R(P) = X2, 0m sz xa s N(PE) — XY, 04 24

ni
by
x-=I1+E° —P,, xy+=1-E;+P/f.

Now we apply x+ columnwise. From the roughness theorem for exponential di-
chotomies [18] we have hrf 7t () = EL. With P¥ = 7%(x,) the invertibility
T—IT OO

of x_ and x4 follows for J;, — R together with the estimates
1

Izl € — 57— <2 (3.22)
1— || P — B
This implies for all (2, z,) € X° x X
1P — B2l 1Py, = B3zl
I - Byl <~ ) < "L (3.23)
1= [P — EZ]] o 1—||Pi, — B3|

Define & € £ (R¥™P) by &,, = ®(hn), where ® has been defined in (3.12). Since the
columns ¢}, i = 1,...,p of &5 = ®(0) span a basis of N'(P; ) N R(P;) (see Remark
3.2) we can write n € W{ as n = dok for some k € RP,
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Equation (3.21) can now be written as

ot de a— de
(C_,¢y, ) 80 (R%) — 50 (R )
TG ) = | B (P@os (R - (s (k) | o
" Re (5 (R, (8 (R)

where T : (W] x W§ xRP9) x (X*2)7x (X})IxRPT — (WQ@W3®W4)‘1 x R4 x RP+4
has the following structure:

X o 0
T = A y 4 )
e I Z
where
(€0 G ) = ¢ = G+ (55 (V) = 55 (V)T

)
(25, 24) = S(0,n_ )X 2k, o x 22 = S(0,n) [XG 2, o x G2,
T) = (P-Q- )(S(H—,O)C—H; (V1) + (PrQ1)(S(n4,0)C4 + 81, (V)T),
V(zs2a) = (P-Q )= 28, X228 + (PrQy) NG 20 - x5 28,
o(k) = (P-Q-)S(n-,0) + (P+Q1)S(n, 0))bor,
O(¢—, ¢, 1) = (T}, . S(,0)¢- + 3~ (V)T), + (¥, 8, 0)¢4 +37(V)T), |

H(ZSv ZU) = <\i/|J_,S(~,TL_)XZ1[ZSI, s 7Zg]>Jh + <qj\]+a‘§(‘,n+)X-T-1[Ziv LR ZZDJ )

h

We have to show the invertibility of 7" as well as an estimate of the inverse of T
The terms o0, o can be estimated using (3.22), the exponential dichotomy of L and
R(®o) = R(P{) NN (B ) by

—ahmin(—n_,n4)

loll; llell < conste —0 asJ, >R

The boundedness of the operators A, II, © follows from the dichotomy estimates (3.9)
and the properties of V. The properties of ¥ in Hypothesis 3.7 ensure that the map
(Lo n(R2™))T — RPY, Z s (T, Z);, is uniformly bounded.

Hypothesis 2.4 and (3.23) imply that )’ has a uniformly bounded inverse. Lemma
2.2 and the properties of 1% imply that the other operators on the diagonal X and Z
converge for J, — R to asymptotic operators X and Z. These are defined as follows:
Let S be the solution operator corresponding to L and 7% the stable and unstable
dichotomy projectors. We define

X(C, ¢, T) = ¢ = G+ (s7(V)(0) = sT(V)(0)T,

0
5 (V)(@) = / Sz, ) (V(E) dé — / S(,&)(I — 7 (€)V(€) e, for z <0,
s = | " S(a, OrHOV(E) de / T S@. O —H(E)V(E) de. for x>0
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and

Z(k) = (¥, ®)k.

The invertibility of Z is ensured by Hypothesis 3.7. Similarly the invertibility of X fol-
lows from the nondegeneracy condition in Hypothesis 3.7 similar to [2], by multiplying
the equation

0=( = ¢+ (s (V)(0) = sT(V)(0))T

from the left by Z(0)7 and using Remark 3.8.

Then we obtain that X and Z are invertible for A small enough and Fhny large
enough with a uniform bound for the inverse.

Summing up the estimates for the right hand side in (3.24) and using estimate (3.16)
for 4% in Lemma 3.10 as well as the properties of U one obtains for .J, — R

C=1+ NG+ I+ [zs [l + lzall + sl < COﬂSt(%HRdeng_ﬁ + 1R + | B
This implies with Corollary 3.11 and (3.22) for Z~ € (¢Z, )9 and Z+ € (¢ )
1Z* g, < ConSt(%HRdeHg“ + IR+ [[RF])).
A similar estimate for the contribution of Z, ++1 at ng + 1 leads to
120y, + ITI < const( IR, , + IR + 18],

This can be improved for h small enough to the H||H]11 estimate (3.14) using the

difference equation (3.10a) and the following properties of V and M:

Vi = hV(2,) + O(h?), M, =1+ O(h),
which follow from (3.13) and (3.11). O

4. Proof of the main results. In the following section we use Theorem 3.9 as
well as the following fixed point theorem (see [24], or [2, Lemma 3.1]) to prove the
main approximation results.

THEOREM 4.1. Let F : Y D B,(y) — Z be a C* mapping between two Banach spaces
Y and Z and let (DF(y))™' € L[Z,))] exist. Assume the following estimates for
K,o >0

v
IDF(y)~ 2y
IE@)lz < (0 = K)o (4.2)

Then F has a unique zero yo in By(y) = {y : [ly —ylly, < o} and the following
estimates hold

IDF(y) = DF@)lly_z <k <o < Yy € B,(9), (4.1)

lvo — gy < ﬁnF(y)nz, (4.3)

[T ﬁnnyl) —F(p)lz Yy € Bu(). (4.4)
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4.1. Approximation of relative equilibria.

Proof of Theorem 2.5 -
Set w =v — v, A = u — fi. Then a solution of (2.2) is given by (@ + 9, A + i), where
(w, \) is a zero of the operator F': £Z x RP — ¢ x R®™ x RP, given by

((/_\w)n + 8 (0], DA + gn(w, X) + (R )n)neJ
F(w’ )‘) = . Bw + Rf}i s
<S(@|Jh)’w>Jh + R%}i

where

(Aw),, = A(646_w)y, + Bn(ow), + Crwy, B, = B(xy,), Cp = C(zy),
gn(w7 >\) = f(@n + wn>50({) + w)n) - f(5n760’6n>
- le(@n»"j;)wn - D2f(77n77741>50wn + Sn(w)Ay neJ

and

RY = A5, 6_v+S@)E+ f(0.600),  RY =Biy, — (P__+ Pyos),

R = (8(31,,). (5= 9),), -

We will apply Theorem 4.1 to F with YV = (6‘;0) x RP, Z = (¢1) x R®™ x RP, at the
approximative zero y = 0 with norms

1w, m)lly = vl + llall, (R, B RP)| 2 = R, , + IIR"] + [ RP]|.
We have with the properties of ¥ (see Remark 3.4)
IR N, < IANIS6—5 — ", , + [17(5.608) — F@.5),.,
+18@,) - S@1,, Il
< const h2.

Similarly, we obtain with the assumptions on the phase condition in Hypothesis 2.4
and Lemma 2.2

< IS@),, @ =0),,) I +I8@,) = S@), . @=0),) ) |

IR B

< const(h? + e~ 2" min{"—’”+}).
Using the consistency of the boundary conditions in Hypothesis 2.4 we have

IRT | < IP=[1[on_ = o]l + 1Q1 (I10n_ = 0" (n_)Il + 0" (zn_)])
1P HTn, = 04l + 11Q4 1 (100Pn, — 0 (n Il + 17" (20 )])

< COI’lSt(h2 + e—ozhrnin{n_,n_'_}).
These estimates together with g(0,0) = 0 imply the consistency estimate

[£(0,0)[| , < ||Rde||£2rh + ||R*|| + ||RP¢|| < const(h? 4 e~ hmin{=n—n+ly
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With

(Aw),, + Sn(ﬁth, )X+ Dg (0, \) (w, \)
DF(”LD,/N\)(U),)\): . Bw )
(01, ) w),

Dg(0,0) = 0, the properties of f (see Remark 1.2) and the discrete Sobolev embedding
[lv]| o, < const ||v||H’1I we arrive at

h

I(DE (@, X) — DF(0,0))(w, A)]| 5 = | Dg(, ) (w, Ml ,

< const([[ @]l + 1M (U llez + IN).

It remains to estimate the inverse of DF(0,0). With the definitions

zZn = (Up,Wy), wy, = (d_v),, and I%Ze = (h]gff) , (4.5)
the equation
DF(0,0)(w, \) = (R%, R*, Rre)T (4.6)
is transformed into
T(z,\) = (R%, R", RF)", (4.7)
where T : KLZ”MH](W’”) x RP — £ (R*™) x R?™ x RP is given by

~ (ann-i-l - f(nzn - ﬁn/\)nEJ
T(z,A) = Pv, +Q_(w,_ + %(Lrwni) + Py, + Q4 (wp, + %(Lrwm) , (4.8)
(0, z)(]h’

with

- I —hI - I 0 - 0
N, = <o A+ ZB”> , Ky, = (—hCn A— an> , Up=— <h3(”llrh)n>

3 (5(770%)) .

In order to use the properties of the continuous operator L we consider the following
approximation of T’

and

(NZTLJ,_l - NMnZn - UnA)TLEJ
T(z,A) = | (P- Q-)zn_ + (P Q1)zn, |,
<\II|J;L ’ Z>Jh

where
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From the definition of M,, we get
M = 8(xpy1,2n) = I+ hM(z,) + O(h?)
as well as the estimates
|N,, — N|| < const h,
HNMn - K,+N, — N|| < const h?,
T — U||£2’h < const hZ.

These estimates imply that 7" is a perturbation of T of order h w.r.t. the norms
(R, RYe, RP)[, = FIR®| ., , + R + [Rr<|l and (2, M]3 = [zl + 1Al as

follows. We have

~ ~ ~ 2
||((Nn - N)Zn+1 - (Kn - NMn)zn + (Un - Un))‘)neJ”L‘Q’h
N4
~ 2 N - ~ 2
<const Y h (h2||Nn NP8 znl? + NNy — K+ Ny — N |20

~ 2 9
A A Y
2 2 - 2 2
< const W8, 2]2, , +hlzl2, , + 10 — Ul IAI® < const B4 (2]l + A2
and with Lemma 2.2

. G (5 _ N 2 —ahmin{—n_,n
191, = ¥, <1S(@,,) = S@),, 1|, < const(h® +e 4.

J

Thus we obtain

~ * 1 = % Y J
1@ = T)(, Ml = 5 1V = N)znga = (Ko = NNz + (T = Un)A) ey |
h Loy

Q- (b )+ Qi (odswa )l + 0y, —0.2) |
< const ([l + INI)

Q8w+ 1Qu 16w, )+ comst 2] .,
< const(h + e_o‘hmin{_nf’n”)(“zﬂﬁi + [IAlD-

Define

Ve = (La o) )

and set V,, = N~1U,, = hV (x,). Then the equation
T(z,\) = (R, R, RPO)T (4.11)
can be equivalently written as
Znt+1 — Mz — VoA = Nﬁlf%ff,

(P- Q) + (P Qu)zm, = R, (112
<\I’\Jh7Z>Jh = R™.
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In order to apply the linear Theorem 3.9 to (4.12) we show that Hypothesis 3.7 is
satisfied. The nondegeneracy condition in Hypothesis 3.7 follows from the fact that
the null space of A is spanned by S*(v), i = 1,...,p and (4.10).

The assumptions on the phase condition in Hypothesis 3.7 follow with the definition
of ¥ in (4.9) directly from the corresponding assumptions in Hypothesis 2.4.

By applying Theorem 3.9 to (4.12) and multiplying with the bounded matrix N we
obtain the invertibility of T as well as an uniform bound for the inverse

— e c cy |1 * 1, A e c c
| T~ (R%, Rb°, RP )“Hh < const(EHRd ng,h + | R + ||RP¢|).

By perturbation arguments the invertibility of T follows with the same bound for a
possibly different constant. These estimates can be transformed back into (2.10) by
using the structure of the matrices N,,, K,,, U, (see (4.9)) as well as the structure of
the right hand side R% (see (4.5)) together with the estimate ||z||H}1 < const Hv||H%

4.2. Approximation of the spectrum.
The proof of Theorem 2.6 follows the same lines as the proof of Theorem 2.5.

Proof of Theorem 2.6

As in the previous proof we insert X =V —S(9), into (2.4) and obtain F(X,%) =0

[y,
where
((AX)0 ~ [S@)(a)® ~ Xa3 + (RY))
F(X,%) = BX + RY
<X|Jh’X> . +R§i

neJ

J
with Rée = AS(0) R = BS(v) RY = (X, , S@),,), —1

We will apply Theorem 4.1 to F' with Y = (E;Zo)?” x RPP, Z = (£1)P x R2™P x RPP,
at the approximative zero y = 0 with norms

‘Jh’ |Jh,

IX D)y = XNy +1SIL B R R 5 = (IR, , + IR + | R
In the same way as in the proof of Theorem 2.5 we have
IR, || + | R || < const(h? + e~ ohmintmn—n})
and

I, < IASE), — ASE), 1, +IASE), 1,
< const(h? + e~ ohmin{=n_ni}y

The properties of S(7) (see Remark 3.4) imply P_S(v_) + P1S(74) = 0 as well as
lim, o [S(7')](2) = 0. These estimates lead to

IF©.0), < IAS@),, I, +IBS@), I+ (X, .S@),), 1

< const(h2 e min{fnf,m}).



Numerical approximation of relative equilibria for equivariant PDEs 21

With
o (AX)0 — [S@)(@0)E ~ KnT — XuSnes
DF(X,%)(X,X%) = ) BX
<X|Jh ) X>Jh
we obtain

|(DF(X,5) ~ DF©,0)(X,5)] 7 = |(XaZ + XuDnesl, ,
< const([|Xllpz + IS (1X g + 1.

It remains to estimate the inverse of DF(0,0). In the same way as before we transform
(4.6) into (4.7), where T : (EEZ"MH](IRQ’”))” x RPP — (01 (R2™))P x RZ™P x RPP is
given by (4.8) with

) 8- 4% 0 )

Again we solve (4.11) in order to solve (4.7) where U, = U, and ¥ = ¥. With the
properties of f (see (1.6)) and (2.10) we obtain

p
1By = B(aa)l| < [|D2f (B, (508)n) — Daf (0n, 0) | + D |t — fusl | S5

i=1
< CODSt(h2 + e—ah,min{n,,nJr})’

and similarly
|C — C(z)|| < const(h? + e~ ahmin{=n—ni})

This implies that 7' is a perturbation of T of order h. As in the previous proof, the
assumptions on the phase condition in Hypothesis 3.7 follow with the definition of ¥
directly from the assumptions on X. The rest of the arguments is the same as in the
proof of Theorem 2.5. (]

5. Numerical results. We illustrate the approximation results on the cubic
quintic Ginzburg-Landau equation, a reaction-diffusion equation for which exact so-
lutions are known. We compare the order of approximation for different grid sizes h
and intervals J with the expected behavior from Theorems 2.5 and 2.6.

The cubic quintic Ginzburg Landau equation [22], [25], [8] reads

Uy = Qg + 0u+ g(u), g(u) = Blul®u + v|u[*u, 6§ €R, a,3,7€C. (5.1)

It shows a variety of coherent structures, like stable pulse solutions, fronts, sources,
sinks, etc..

For numerical computations we write (5.1) in real variables; then equation (5.1) has
the equivariance properties given in Example 1.4. For certain parameter values this
equation possesses stable and unstable rotating pulses [22] as well as rotating and
traveling fronts. All these solutions can be written in the form (1.12) where for the
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(a) stable pulse (b) unstable pulse (c) front

Fi1G. 5.1. stable/unstable pulse and stable front

rotating pulses we have i, = 0. Depending on the choice of initial conditions a
different type of solution is selected.

Using Painlevé methods, some exact solutions have been constructed explicitly in [15].
The explicit expression for the unstable pulse reads (in complex notation)

u(z,t) = e el 5(x — firt), (5.2)

where

E sinh(p)
cosh (k&) + cosh(p) -

0(€) = uge ™ (cosh(kE) — Cosh(p))i‘“’\/

The parameters g, ao, %o, p, fip, fir, k can be computed explicitly from a,d, 3 and v
by the formulae given in [15]. These solutions are relative equilibria in the sense
of Definition 1.1 (cf. Example 1.4). For the parameter set a = 1, § = —0.1, 8 =
3414, v = —2.75 + i, which has been used in [22], we have computed numerically a
stable pulse as well as a rotating front on the interval [—40, 40] with mesh size h = 0.1
using Dirichlet and Neumann boundary conditions, respectively, using the method
described in [5],[23],[6]. An approximation of an unstable pulse on the same grid with
Dirichlet boundary conditions has been computed by starting a Newton iteration with
the explicit solution defined in (5.2). All these solutions are depicted in Figure 5.1.

5.1. Approximation of the unstable pulse. We compare the approximation
error of the solution of the boundary value problem (2.2) with the estimates in Theo-
rem 2.5. For the unstable pulse the exact solution is explicitly given by (5.2). Figure
5.2 shows the approximation error of the pulse for Dirichlet boundary conditions.
The grid size h is varied exponentially in [10~%,1071] and the size T" of the symmetric
interval J linearly in [20,80]. As shown in Figure 5.2 the parameters i, (1, converge
much faster than the wave form v to the exact values.

The rate of convergence of p, to fi, is of order 4 in h and the exponential rate in
T is a = 0.5. In contrast, u, reaches quickly the range of machine precision where
rounding errors dominate and the bad conditioning of the equations in the Newton
iteration becomes prominent. The wave v itself converges as predicted with quadratic
order in h and with o & 0.16 in 7. This can be observed in ||||H}2 as well as in |||

(see Figures 5.2(c), 5.2(d)). In all cases the overall behavior matches the predictions
made in Theorem 2.5.
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F1G. 5.2. Approzimation error for the unstable pulse

5.2. Approximation of discrete eigenvalues. In order to solve the eigenvalue
problem (2.4) we use a Newton iteration, starting from X = [z_)l’J} Rz, | Alter-
natively one can use an Arnoldi iteration to compute the two eigeﬁvalues of smallest
magnitude of the corresponding generalized eigenvalue problem. This leads to sim-
ilar results. The angle between the approximating subspace X and X (see [9]) and
the absolute values of the two eigenvalues near zero are shown in Figure 5.3 for the
unstable pulse. Here o, denotes the eigenvalue which belongs to the approximation
of the translational eigenfunction ¥' and o, is the eigenvalue which belongs to the
approximation of the eigenfunction Rzv. It can be seen that the eigenvalue o, is in
the range of machine precision, thus the errors increase for decreasing h, since the
condition of the eigenvalue problem gets worse. The error in the rotational eigenvalue
0, is nearly constant for different h, but decreases for increasing 7', as expected. For
very small h and large T the increase in error due to the conditioning becomes visible
as well. The angle between the invariant subspace which belongs to o, and o, and
the span of the exact eigenfunctions v’ and Rz of A restricted to the grid shows the
expected behavior. It decreases quadratically in A and exponentially in 7" with a rate
of a &~ —0.32 until the range of machine precision is reached.

Note that Theorems 2.5 and 2.6 are not applicable to the rotating front. In this case
Rz is not in Ly (cf. Example 1.4).
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F1c. 5.3. Approzimation error for the double zero eigenvalue
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