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Abstract

For non-autonomous difference equations of the form
Tnt1 = f(wna )\n)a n ez

we consider homoclinic trajectories. These are pairs of trajectories that con-
verge in both time directions towards each other. We derive a numerical
method to approximate such homoclinic trajectories in two steps. In the first
step one of the infinite trajectories is approximated by a finite segment and
precise error estimates are given. In a subsequent step, a second trajectory
that is homoclinic to the first one is computed as follows. We transform
the original system into a topologically equivalent form, having zero as an
n-independent fixed point. Then, the techniques, developed in Hiils (2006)
apply and we gain an approximation of a non-autonomous homoclinic orbit,
converging towards the origin. Transforming back to the original coordinates
leads to the desired homoclinic trajectories. The approximation method and
the validity of the error estimates are illustrated by an example.

Keywords: Non-autonomous discrete time dynamical systems, Homoclinic trajec-
tories, Numerical approximation, Error analysis.

1 Introduction

For autonomous systems it is well known that the dynamics in a neighborhood of
a homoclinic orbit is chaotic, see Smale (1967). Therefore, homoclinic orbits were
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analyzed in various studies, cf. Palis & Takens (1993) for an historical overview.
Approximation results are of particular importance, see for example Beyn (1990)
for continuous time systems as well as the current version of the bifurcation toolbox
MATCONT Dhooge et al. (2003) for an implementation. For discrete time systems,
we refer to Beyn & Hiils (2004), Beyn et al. (2004), Beyn & Kleinkauf (1997), Hiils
(2005).

In several realistic applications from physics or mathematical biology, the limita-
tion to autonomous systems is too restrictive. These models require the development
of non-autonomous tools. In the preliminary article Hiils (2006) the non-autonomous
difference equation

Tn+1 = fn(xn)v nez (1)

is considered. It is assumed that f, € C®(R* R¥) is a diffeomorphism for all
n € 7, having zero as an n-independent fixed point, i.e. f,(0) = 0 for all n € Z.
With respect to this fixed point, a homoclinic orbit is computed numerically in Hiils
(2006). Note that the points of a homoclinic orbit lie in the intersection of the
corresponding stable and unstable fiber bundles of the fixed point 0. These fiber
bundles are the non-autonomous equivalent of the invariant manifolds in autonomous
systems, cf. Hirsch et al. (1977), P6tzsche & Siegmund (2004).

More precisely, a homoclinic orbit Tz = (Z,)nez is a solution of (1), fulfilling
lim, .4+ %, = 0. The proposed method for computing a finite approximation on
some interval J = [n_,n,| NZ, requires to solve the boundary value problem

0z = Ty(ys) := ((ynJrl - fn<yn))n:n_7m7n+,1v b(Yn_, yn+)> ) (2)

with an appropriately chosen boundary operator b € C*(R?**,R¥), restricting the
end points y,, , for example, to the unstable and stable subspace of the fixed matrix
D fo(0), respectively, cf. Hiils (2006). Under reasonable assumptions, the boundary
value problem (2) possesses a unique solution in a sufficiently small neighborhood
of the exact solution.

In this paper, we push these ideas one step further by skipping the assumption
that an n-independent fixed point exists. Then, the only candidate for the role of
the fixed point £ = 0 from the previous setup, is a bounded trajectory &z of (1), cf.
Langa et al. (2002). Thus a homoclinic orbit z7 is a trajectory, converging in both
time directions towards &, i.e.

iz, — &) =0, (3)
On the other hand &, is also a homoclinic orbit w.r.t. Z. Due to this symmetry,
we call two trajectories homoclinic if they satisfy (3).

Systems of the form (1) are typically generated by parameter dependent maps,

where the parameter varies in time. Therefore, we consider parameter-dependent

systems of the form
Tpy1 = f(xna An)a ne Za (4)
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where Ay denotes some sequence of parameter values. In this paper, we analyze the
following problems:

(1) Determine a bounded solution &7 of (4), given the sequence \g.
(2) Determine an orbit Zz, homoclinic to &z.

Note that both trajectories are generally not known explicitly.

In Section 2, we first introduce our basic assumptions and prove dichotomy
results for the variational equation. Then we derive an algorithm for the numerical
approximation of the bounded trajectory &;. For the computations, we solve the
boundary value problem I';(£;) = 0 on some interval J = [n_,n,], using periodic
boundary conditions. Doing so, the error at the outer points &,, is quite large,
since the boundary condition is not accurate and in addition each point &, of the
exact orbit depends on all parameter values Az, cf. Figure 1. Fortunately, this
influence decreases exponentially fast toward the middle of the interval, see Theorem
4. By taking only the inner points, cf. Theorem 5, we gain an approximation that is
accurate up to any given accuracy. We state the corresponding algorithm in Section
2.3.

In Section 3, an algorithm for the approximation of a second trajectory T that is
homoclinic to &z, is introduced. The idea is to consider the topologically equivalent
system

Ynt+1 = f(yn ‘|“€n) — §n+1, n ez

and apply the techniques from Hiils (2006) in order to approximate a homoclinic
orbit w.r.t. the fixed point 0. Transforming back to the original coordinates, we
finally obtain an approximation of the homoclinic trajectory zy.

For an illustration, we consider Hénon’s map in Section 4. One of its parameters
is chosen at random and we get a non-autonomous system of the form (4). We espe-
cially indicate that the approach gives us high accuracy approximations of bounded
trajectories. Furthermore, homoclinic trajectories are computed numerically.

2 Approximation of bounded trajectories

Consider the non-autonomous difference equation

Tpy1 = fn(xn>7 n € 7. <5>

In Hiils (2006) the existence of a fixed point of f,, is assumed that does not depend
on n and approximation results for homoclinic orbits w.r.t. this fixed point are
introduced.

In this paper, we consider a more general setup in which an n-independent fixed
point does not exist. The only replacement for a fixed point is a complete trajectory,
which is a solution &z of (5), cf. Langa et al. (2002). Thus, the non-autonomous



analog of a homoclinic orbit Z7, converging in both time directions towards a fixed
point &, is a trajectory Zy that converges towards another trajectory &;. These
trajectories are called homoclinic. Note that if a trajectory Zz is homoclinic to &z
ie.

lim [, — &l = 0. (©)

n—+too

then & is also homoclinic to Zy.

Definition 1 Let & and Zz be two solutions of (5). These trajectories are homo-
clinic to each other, if (6) holds.

Non-autonomous difference equations of the form (5) occur in several applica-
tions in form of parameter dependent maps, in which the parameter varies in time.
Therefore, we restrict ourselves to the non-autonomous difference equation

xn+1 == f('rn7 )\n)u n e Z? (7)

where Ay = (A,)nez is a bounded sequence. Throughout this paper, we address
questions of the following type. Assume Ay and therefore the non-autonomous
family f, = f(-,\n), n € Z is given. Can one approximate bounded or homoclinic
trajectories of (7) with high accuracy?

First, we impose the following assumptions on f.

Al f e C®(R* x R,R¥) and f(-,\) is a diffeomorphism for all A € R.

A2 There exists a sequence Az € RZ such that (7) possesses the bounded solution

&z
A3 The variational equation
Upyr = Dgcf(gn, j\n)un, nez
possesses an exponential dichotomy on 7, cf. Definition 9.

Let J = [n_,ny| N Z be a discrete interval, where the cases n_ = —oo and n, = oo
are included. We define the space of bounded sequences on J w.r.t. || - || by

%= s = s € (B sp ] < o0
ne

and denote by 0; the zero element in X ;.
For a given sequence Az, an orbit z7 € Xy, i.e. a solution of (7), is a zero of the
operator I : X, x R? — X, defined as

F(£Z7 )‘Z) = (§n+1 - f(gm A”))nez' <8>

~ Let Az be the sequence from assumption A2. In general, the bounded solution
&7 is not known explicitly. Even worse, the sequence &7 is not convergent. The
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main task, we consider in this section, is to compute an approximation of this
bounded trajectory. First, we prove that a bounded trajectory also exists in some
neighborhood of &7, if the parameter sequence Ay varies slightly around .

Lemma 2 Assume A1-A8. Then there exist two neighborhoods U(\y) and V (&),
such that

['(€z, Az) = 0z (9)
has for all Az € U(A\z) a unique solution &5 € V(7).

Proof: Sinceil“(gz, S\Z) = 0z, the assertion follows from the implicit function theo-
rem, if D,I'(§7, A7) is invertible. -
Note that uy is a solution of D, I'(¢7, Az)uz = 0 if and only if

Uni1 = Dof (€, M)y, for all n € Z. (10)

By assumption A3, equation (10) possesses an exponential dichotomy on Z. There-
fore, uz = 0z is the only bounded solution of (10).
|
Let Az € U(A\z) and denote by &7 the unique bounded solution of (7) in V/(&z).
The next lemma shows that the variational equation

Up+1 = Dmf(&na )\n>un7 n e (11>
possesses an exponential dichotomy on 7Z.

Lemma 3 Assume A1-A3. Then a neighborhood V of &y exists, such that the
difference equation
Up41 = Dxf(gna )‘n)una WASY/

possesses for oz, €V, Ay € U(A\z) an exponential dichotomy on Z. The dichotomy
constants do not depend on the specific sequence 0y.

Proof: Due to assumption A3, the difference equation (10) has an exponential
dichotomy on Z. An application of the Roughness-Theorem 10 guarantees the exis-
tence of an exponential dichotomy of the perturbed equation

if

holds, where [ is specified in Theorem 10. But the inequality (12) is satisfied if V/
is chosen sufficiently small.
|
For sufficiently small ||Az — Az||, it holds that ¢z € V, and consequently, (11)
possesses an exponential dichotomy.



_In the following, we denote by V' the sufficiently small convex neighborhood of
&z from Lemma 3. Let Az € U(A\z) and denote by £7(A\z) the unique solution of (9),
cf. Lemma 2. We choose U such that £z(Az) € V holds for all Az € U.

For the numerical approximation of the bounded trajectory &; we introduce an
algorithm and derive error estimates in the three steps. First, we prove in Section
2.1 that the difference between two solutions of (7) for different sequences Az, uz
that coincide on some interval J, decreases exponentially fast towards the middle.
Then, an approximation result for bounded trajectories is introduced in Section
2.2, assuming that the parameter sequences is convergent, i.e. lim, .4, A, = A.
Combining these results, we gain an approximation for arbitrary trajectories in
Section 2.3.

2.1 Bounded trajectories with varying tails

Assume that the sequence )y is given, cf. assumption A2. For computing a finite
approximation z; of the bounded trajectory &7, we introduce the boundary value
problem, cf. Hiils (2006)

Ty(z2s, Ay) = ((zn+1 — F(znAn), j,b(zn_,zn+)> — 0y, (13)

where J = [n_,n,] and J = [n_,n, — 1] are finite intervals. Obviously, the finite
middle part of the sequence &z, denoted by &;, depends on A; but also on the
parameters \,, n ¢ J. On the other hand, the finite approximations, i.e. the
solutions of the boundary value problem (13), coincide for all sequences fiz; and
Mz fulfilling fi, = A, for n € J. Thus, no matter what boundary operator we
choose, we will have a relatively large approximation error at the boundary. For
numerical calculations we choose periodic boundary conditions

bper (2, y) = (¢ — ). (14)

Fortunately, the influence of the outer points decreases exponentially fast towards
the middle of the interval J as one can see from the following theorem.

Theorem 4 Assume A1-A3. Let J be a finite interval and U, V are given as
stated above. Choose Ay, uz € U such that N\, = p, for n € J. Denote by &z,
(z € V the bounded solutions w.r.t. Ay and uyz, respectively, cf. Lemma 2. Then
there exist two constants C, o > 0 that do not depend on Ay and pz, such that

60 = Gull < € (e7"7m) o7l (15)
holds for allmn € J.

Proof: Due to our assumptions it holds that
§n+1 = f(fm )‘n) and Cn—f—l = f(Cna Mn)a n € 7.
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Let dy = (z— &z and hy = gz — Az. Then dy is a solution of the following difference
equation

dn+1 = f(gn + dna An + hn) - f(fnu )‘n)
1
= (6t o M) / Daf (6 + dos b 7h )T T — F(En )
0

1
= ) + / Dy (6w + 7du, \)dr d,
0
1
+ / Daf (6 + oy A+ 7ho)AT B — F(Es M)
0

1 1
= / D, f(&, + 7dy, A\p)dT d,, + / Dyf(&n + dny Ay + Thy, )T hy.
0 0

The homogeneous difference equation
Uni1 = Dof (& M), n€EZ

possesses by assumption A3 an exponential dichotomy on Z. Let 5 > 0 as demanded
in the Roughness-Theorem 10. From the construction of U and V and (12), we get

gsup/lﬁdrzﬁ.
0

neZz

1
/ Dy f(&n + 7dn, An) — D:Bf(énu S‘H)dT
0

sup
neZz

Applying the Roughness-Theorem 10, we get an exponential dichotomy on Z of the
difference equation

1
Upy1 = Aptin, A, = / D,f(&, + 7d,, A\p)dT, n € Z. (16)
0

Let (K,a, P, P") be the corresponding dichotomy data and denote the solution
operator of (16) by @, i.e. u,, = ®(n, m)u,, for all n, m € Z.
Now, consider the inhomogeneous difference equation

1
Upy1 = Aty + 10, 1 = / Dy f(&, + dpy Ny + Thy)dT hy, n€Z. (17)
0

The unique bounded solution of (17) on Z is

Up = Z G(n,m+ 1)rpy,,

meZ

cf. Palmer (1988), where GG is Green’s function, defined as

d(n,m)P2, n>m,

G(n,m) = { —®(n,m)P¥,  n<m. (18)
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Since (16) possesses an exponential dichotomy the following estimates hold

|G(n,m)|| = ||®(n,m)Ps| < Ke ™™ forn>m, (19)
|G(n,m)|| = ||®(n,m)P%|| < Ke ™™ forn < m. (20)

Note that due to our assumptions |[|r,|| is bounded from above by some constant R
foralln € Z and r,, = 0 for n € J = [n_,n,], since \,, = p,, for n € J.
For n € J we derive an estimate of ||u,||

luall < Y IG 0 m A+ Dyl

meZ
n_—1 00
= D G m A Vel + D G, m+ 1)yl
m=—o0 m=n4+1
n_—1 o]
= Y @mm+ )Pl + D ®m A Dl (21)
m=—o0 m=n4-+1
n_—1 00
S Z RKefa(nfmfl) + Z RKefa(erlfn)
m=—o0 m=n4—+1
( 0 o
— RK Z e—a(n—m—n,) + Z e—a(m+n++2—n)>
m=—00 m=0
_ RK (efa(nfn_) 4 e,a(n+,n+2)) ]
1—e @

By construction, dy is the bounded solution of (17), thus the estimate
||dn|| < C (e_a("_”f) + e—a(n+_n))

holds for all n € J with the constant C' = &£

l—e—a"

2.2 Approximation of bounded trajectories with constant
tails

From the previous section, we know that for two given sequences Az, Jiz that coincide
on the interval .J, the corresponding solutions &z, (z of (7) are exponentially close
in the middle of J. On the other hand, the solution of the boundary value problem
(13) does not depend on \, for n ¢ J.

In this section, we prove an approximation theorem for bounded trajectories
(z in case the parameter sequences Jiz is convergent. We impose the following
assumptions.



A4 A sequence jiz € U with corresponding solution (z € V of (7) and i € R, €
R* exist, such that

ngrfoo fp = nEmoo fn, =: 1 and nkrfoo Co = ngmoo Cn =: C. (22)

Note that if Az and &z, introduced in assumption A2, do not vary to much as

n — =00, sequences fiz € U, (z € V exist that satisfy (22). On the other hand,

the condition A4 is naturally fulfilled in several applications. Let ¢ be a hyperbolic

fixed point of f(-, ). For the constant sequence fiz defined as fi,, = fi, the constant

trajectory (z ((, = ) obviously is a solution of (7). By Lemma 2 a generally non-

constant bounded trajectory & exist for Az € U(fiz), fulfilling A2, see the example

in Section 4.

We assume that iz is given as in assumption A4 and approximate the bounded

trajectory (z by a finite orbit segment.

Theorem 5 Assume A1-A4. Then constants 6, N, C > 0 exist, such that the
approximating system T ;(z;,ny) = 0, cf. (13), with periodic boundary conditions
(14), possesses a unique solution

zy € Bs((y) for J=[n_,ny], —n_, ny > N.
The approximation error can be estimated as

167 = 231l < CllGa = G Il (23)

Proof: First, we show that DiI';((;,jis) has for sufficiently large intervals J a
uniformly bounded inverse.

Let (y7,7) € X; x R*¥. Then the inhomogeneous equation DI ;((s, jfij)u; =
(yj,r) is equivalent to

Unp+1 — Dxf(&na ﬂn)un = Yn, NE J7 (24)
Up_ — Up, = T. (25)

+

Let ® be the solution operator of the homogeneous equation

Up+1 = Dxf(&naﬂn)una n € 7.

This difference equation possesses according to Lemma 3 an exponential dichotomy
on Z. Therefore, any solution of (24) is of the form

up, = ®(n,0)v + Z G(n,m+ 1)ym, n€J,
meJ

with some v € RF. Here, G denotes Green’s function, introduced in (18). We
introduce the following decomposition of v

v==o0,n_ )V, tv_+ (IJ(O,n+)W;+1v+, v_ € R(P?), vy € R(PY),
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where P, P" denote the constant dichotomy projectors of u, 1 = D, f((, fi)un,
n € Z and

V, = I+P°—P :R(P)— R(P,
W,. = I+P"—P" :R(P")— R(P").

Since P;" — P*" as n — oo, V,,_ and W,,, have a uniformly bounded inverse for
sufficiently large —n_,ny. In this notation, (25) reads

Vni_lvf + (I)(n*7 nJr)Wn:_lUﬂL - (I)<n+7 n*)vnilv* - Wr::er = R7 (26>

where R = Y :G(ng,m + V)ym — > ,.c;G(n_,m + 1)y, + r. Employing the
dichotomy estimates, the second and third term in (26) converge exponentially fast
to 0 as ny — 400 and it follows that (26) has a unique solution for sufficiently large
—n_, ny. From (19) and (20), we get with some generic constant C' > 0 the uniform
estimate || R|| < C (|lyj|| + ||7||) and therefore [|vL| < C (|ly;|| + ||7]|). Furthermore,
using the dichotomy estimates we get

[2(n, 0)0l < [[@(n,n) Py [V, -]l + | @(n, ) By HIW, o |
< Cllo-ll+llvel) -

Thus, a J-independent constant o exists, such that

sl < o= (ly sl + D7l

and consequently || DT ;(Cy, fiy) 74| < ot
The remaining part of the proof is an application of Lemma 11 with the setting

Y:<XJ7 H||)7 Z:(ijRk7HH+HH)7 F:FJ('7/]J)7 yOIEJ-

We show that assumption (41) of Lemma 11 is fulfilled. By assumption A1 there
exists a d > 0 such that

_ _— - _— o
I D1L (2, 1) — Dily(Cy, i) || < sup | Do f (20, fin) — Do f (Go, fin)|| < 5
neJ
for z; € Bg(é])
Assumption (42) can also be verified with kK =

g
2

I (o, il = || Gt = F(Gas 1)) ]|+ 1 Gu ) = NG = Gl < 29

holds due to assumption A4 for sufficiently large —n_, n,. )
By Lemma 11 a unique solution z; of I'j(zy, ;) = 0 exists in Bs((;) for J
sufficiently large, and an estimate of the approximation error follows from (44):

_ 1 o B 9 _ _
167 = 2sll € —— 5oy g) = La(zgs )|l = =[[Gas = Car ll-
g — K g
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2.3 Approximation of bounded trajectories with varying
tails

Let Az be the given sequence from assumption A2. Denote by J = [n_,n,] a finite
interval. Combining the previous results, we show that one obtains an approximation
of the trajectory &, € V on the finite interval J that is accurate up to any given
accuracy A. The main idea is to compute an approximation of the orbit on a longer
interval. Since the approximation errors occur at the boundary of this interval, we
only take the accurate middle part. Formally, we carry out these computations in
two steps. .
In the first step, we define for an interval .J the sequence iz by

5 A, forn€n_,n.,
Hn = g, forné[n_,n.,

where i is defined as in A4. Denote by (z = (z(.J) the unique bounded solution of

o1 = f(Gun i), METZ

in V (Lemma 2). For sufficiently large intervals .J, a non-empty interval J C .J can
be chosen due to Theorem 4, such that

A
160 — Gall < > holds for all n € J. (27)

In the second step, we compute a finite approximation of (z by solving (13). Due to
Theorem 5, an interval J D J exists, such that the following error estimate holds,
cf. (23):
- A
165 = 2l = 5 (28)
Combining the results (27) and (28), we get for n € J

_ o _ A A
Jn = 2nll < W = Call + G0 — 2l < 5 + 5 = A
Thus, the middle part z; is a finite approximation of &; on the interval J with
accuracy A.
This algorithm is illustrated in Section 4.1 by an example.

3 Homoclinic trajectories

Applying the approach introduce in the previous section, we gain for a given pa-
rameter sequence \z a finite approximation of the bounded trajectory &z of (7). In
the following, we derive an algorithm for computing a second trajectory Zy that is
homoclinic to the first one, see Definition 1. First, we assume existence as well as
transversality.
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A5 Let Az as in A2. For this parameter sequence a solution Z of
Tpp1 = f(Tn, \n), NEZ
exists, that is homoclinic to &5 and non-trivial, i.e. Z #* &x.
A6 The trajectory xy is transversal, i.e.

Upi1 = Dof (T, \p)Un, n € Z for ug € Xg <= ugz=0.

First, we prove that the exponential dichotomy of the variational equation
Uni1 = Dof (& M), n€EZ (29)
implies exponential dichotomies on Z~ and on Z* of the difference equation
Uni1 = Do f (T, A, n € 7Z. (30)

Lemma 6 Assume A1-A5. Then the difference equation (30) possesses exponen-
tial dichotomies on Z~ and on 7.

Proof: Since (29) possesses an exponential dichotomy on 7 and ||z, — &,|| — 0 as
n — +o00, there exists an N > 0, such that

| Do f (2, An) = Do f (&ny An)|| < B, for all [n| > N,

where 3 is the bound for the additive perturbation in Theorem 10. Thus, (30) pos-
sesses exponential dichotomies on (—oo, —N] and on [N, co) which can be extended
to Z~ and Z™, respectively.
|

After these preparations, we introduce techniques for the numerical approxima-
tion of the second trajectory Tz which is homoclinic to the first one. The main
idea is to transform the system (7) into a topologically equivalent form, having
zero as an n-independent fixed point. Then we apply an approach for approximat-
ing homoclinic orbits w.r.t. a constant fixed point to the transformed system. The
corresponding algorithm is introduced in Hiils (2006).

First, a topologically equivalent system is introduced, having a constant fixed
point. We refer to Aulbach & Wanner (2003), where the notion of topological
equivalence for non-autonomous systems is introduced.

Lemma 7 Assume A1-A5. Let T,(y) :=y + &, and
gn(y) = Tn_+11 © f(v S‘n) © Tn(y)

Then the two difference equations (7) and

Ynt+1 = gn(yn)> nez (31)

are topologically equivalent and Oz is a solution of (31).

12



Proof: For proving topological equivalence, we show that orbits of (31) transform
into orbits of (7) and vice versa.
Let yz be an orbit of (31). Then

Ty =Ty(yn), n€EZ
is a solution of (7), since

Tpn+1 = Tn+17<yn+1) =Thy10 T} n+1 © f( ) © Tn<yn>
[ ) 0 To(yn) = f(n, )‘n)'

Furthermore,

g"(o) = Tn+1 o f( ) n) OTn(O)
n+1 S f(g A n) = T,;jl(énﬂ) =0, forallneZ.

|
As a consequence, the task of computing a second trajectory of (7) that is homo-
clinic to &z is equivalent to the computation of a homoclinic orbit gz of (31) w.r.t.
the fixed point 0.
In the second case, we obtain a finite approximation of the homoclinic orbit ¥y
on the interval J by solving

FJ(yJ) = ((ynﬂ - gn(i%))néiv b(yn_,yn+)) =0y, (32>

where the boundary operator b € C*(R?*, R¥) is chosen such that the end points ¥,
are restricted to the unstable and stable subspace of the constant matrix Dgg(0), cf.
Hiils (2006). Formally, we define the projection boundary operator as

YTz
e = (v ). o e A (33)

where the columns of Y, and Y, form an orthogonal basis of the stable and unstable
subspace of Dgy(0)T. Note that the stable and unstable subspace of Dgy(0)7 is
orthogonal to the unstable and stable subspace of Dgq(0), respectively. We do not
construct a boundary operator, restricting the end points to the linearizations of the
corresponding unstable and stable fiber bundles. These fiber bundles are generally
not known explicitly, cf. Hirsch et al. (1977) for the case of normally hyperbolic
manifolds. Furthermore, the effort to approximate these fiber bundles numerically is
not justified by a slightly better rate of convergence of the above described algorithm,
see Hiils (2006).
By assumption A5, Z7 and &, are homoclinic trajectories, and 7 defined as
Yo =T N2,) =Tp — &, nEZ

n
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is a homoclinic orbit of (31) w.r.t. the fixed point 0. Furthermore, the variational
equations (30) and
Unt1 = Dgn(Gn)tn, n€Z (34)

coincide. Consequently, (34) possesses an exponential dichotomy with the same data
as (30), and the transversality assumption A6 holds for the transformed system,
too. Geometrically, the transversality assumption A6 states that the corresponding
stable and unstable fiber bundles of the fixed point 0 intersect transversally for the
transformed system (31), cf. (Hiils 2006, Lemma 3.7). The following theorem, cf.
(Hiils 2006, Theorem 4.2), applies and guarantees (local) existence of a solution of
(32) and therefore (local) well-posedness of our approach.

Theorem 8 Assume A1-A6. There exist constants 6, N, C' > 0, such that the
approzimating system I j(y;) = 0 possesses a unique solution

ys € Bs(yy) for all J = [n_,ny],
where —n_, ny > N. The approzximation error can be estimated as
1710 =yl < CNb(@n_, Gn I (35)
Transforming y; back to the original coordinates, we get a finite approximation
Ty i=To(yn) =yn+ &, neJ

of Tz, fulfilling the same error estimate (35).

4 Example

For an illustration of our approach, we approximate homoclinic trajectories for the
well known Hénon-map

(36)

2
x+— h(x,\,b) = <1+x2 )\xl),

bxl

cf. Mira (1987), Devaney (1989), Hale & Kocak (1991). Fix the parameters b = 0.3
and let A = 1.5. Hénon’s map possesses for A > —% the fixed point

cOb) = (z(k’ b>) where (A, ) = L1V (;A_ P g

bz(\, b)

The matrix

A= Doh(e, 5 8) = <—b+1— (b= 1+ 43 1)
0
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has the eigenvalues o, =~ 0.15 and 0, ~ —1.998 and consequently this matrix is
hyperbolic. For fixed parameters A = 1.5, b = 0.3, a transversal homoclinic orbit z,
w.r.t. the fixed point £(X,b) exists, cf. Beyn et al. (2004). In the language of this
paper, zz and &z, where &, = & (5\, b) for all n € Z, are two homoclinic trajectories.
When )z varies in a sufficiently small neighborhood U()z), we obtain two, generally
non-constant, homoclinic trajectories &4,(\z) and zz(\z). Let Ay € U(\z) and
denote by &5 and Z, the corresponding homoclinic trajectories, then our assumptions
A2-A6 are satisfied. For the forthcoming numerical computations, we choose the
interval I = [1,2] and take a sequence Az € I” at random.

4.1 Approximation of the bounded trajectory

First, we approximate the bounded trajectory &z on the finite interval J = [n_,n,].
To this end, we compute a longer orbit segment £; on J = [fi_,n,] and take only
the accurate middle part &; as suggested in Section 2.3.

For a first illustration, we take two randomly chosen sequences on the inter-
val [—40,40] that coincide in the middle interval [—20,20]. The solutions of the
boundary value problem (13), (14) are shown in Figure 1.
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Figure 1: For two randomly chosen parameter sequences with the same
middle part (lower diagram), the upper picture shows the corresponding
solutions of (13), (14).

The choice of n.. is guided by Theorem 4. We choose n. such that the difference
between two solutions with different tails is of the order A, i.e.

emo-(n——n-) 4 g—op(iy—ni) _ O(A).

Here a4 denote the dichotomy constants w.r.t. the stable and unstable direction
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and A = 1071 is the precision of the machine. Let

B L log A
n_ —

(38)

n_ = J and ny = [mr—
o

As a guess of ay, we take into account the weakest rates in the stable and unstable

directions and define a_ = log|o,| and ay = log |o,|, cf. (21).

For testing the validity of this ansatz, let .J = [—100,100], J = [~150, 150] and
choose a sequence A7 € I at random. Then, a second sequence p 5 is defined, such
that ;7 = A5 holds.

With respect to the parameter sequences Aj, 7, we compute the associated
bounded trajectories £, (j, respectively, using Newton’s method for solving the
non-linear systems. As an initial guess x j, we take the fixed points z,, = {(\,,, b) for
n € J, cf. (37). For an illustration, ||&, — (|| is plotted over n in a logarithmic scale.
In Figure 2, these computations are performed for 10 sequences p 7, having different,
randomly chosen tails. Define J = [n_,n,], where ny are given in (38). We expect
that the influence of parameter values outside the interval J is of magnitude O(A).
For an illustration, two lines are drawn, connecting the points (ﬁ_, %) with (n_, A)
and (ﬁ+, %) with (ny,A). As one can see from Figure 2, these results are quite
accurate.

dn 10° F

-10|

10

1072k

10

16 L . . . L .
-150 -100 -50 0 50 100 150

n_ n_n_ ny ﬁ+ fl_‘_

10

Figure 2: Difference d,, = ||&, — (.|| between two solutions of (7). £ is
computed w.r.t. the reference parameter sequence Az, and 5 is a solution
w.r.t. the sequences yj, where \; and pj coincide on J = [n_,ny]. The
results for 10 different 5 are shown. The red lines indicate the predicted
differences.

For a randomly chosen sequence Az € I%, we illustrate the numerical approx-
imation of a homoclinic trajectory of length n_ = —20, n, = 20. To this end,
we compute g as n_ = —40, n, = 74 using (38), and solve the boundary value
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problem (7) on the interval J = [n_, 7] as described in Section 4.1, using periodic
boundary conditions. Figure 3 shows the solution (left) and the accurate middle
part (right).

X1 X1

0.45 0.45

20 -15 -10 -5 0 5 10 15 20

n— n— ny Ny n_ ny

Figure 3: Approximation of the bounded trajectory &z (left) and the ac-
curate middle part (right), projected onto the (n,x1)-plane.

4.2 Approximation of a second homoclinic trajectory
In the next step, a homoclinic orbit y; of the transformed system

Yn+1 = h(yn + gna )‘na b) - gn-i—la n e J (39)

is computed w.r.t. the fixed point 0, see Figure 4 (left). In the right picture, the
distance to the fixed point ||y,|| is given in a logarithmic scale, thus one can see the
exponentially fast convergence of the orbit towards the fixed point 0.

||1’1||

10

10710

-20
-20 -10 0 10 20

Figure 4: Homoclinic orbit of the transformed system (39) (left). The
right diagram illustrates the exponential rate of convergence of the orbit
towards the fixed point 0.
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Transforming the orbit y; back to the original coordinates we obtain an approx-
imation of a second trajectory x;, where x, = vy, + &, for n € J, that is homoclinic
to £;. The two homoclinic trajectories z; (in black) and &; (in red) are shown in
Figure 5.

Figure 5: Two homoclinic trajectories x; (in black) and &; (in red). In
the right figure, a projection onto the (n,z1) plane is given.

A Exponential dichotomy

In this appendix, we state some well known results for exponential dichotomies from
Palmer (1988).

Definition 9 A linear difference equation
Upi1 = Apty, n€Z

with invertible matrices A, € R*¥* and solution operator ® has an exponential di-
chotomy with data (K, «, PS, PY*) on J C 7, if there exist two families of projectors
P? and P! = I — P and constants K, a > 0, such that the following statements
hold:

P:®(n,m) = ®(n,m)P; Vn,m € J,

[®(n,m)Ps| < Keot=m
|D(m,n)PY|| < Ke—on—m)

VYn>m, n,me J.

We introduce an important perturbation result for exponential dichotomies, fre-
quently named as Roughness-Theorem, cf. (Palmer 1988, Proposition 2.10).

Theorem 10 Assume that the difference equation

Uni1 = Apty, A, € RPF invertible, ||AY| < M V¥neJ

18



with an interval J C 7, possesses an exponential dichotomy with data (K, o, P2, PY).
Suppose 0 < § < a and B,, € R** satisfies | B,|| < B8 for allm € J, where

o< MY
2K(1+e ™) (1—e ™)' < 1,
2Ke“ (e + 1) —1)7'3 < 1.

Then A, + B, is invertible and the perturbed difference equation
Up+1 = (An + Bn)un

possesses an exponential dichotomy on J with data (2K(1 4+ €°)(1 —e™®)"' a —
5, Q5,Q%), where rank(Q3) = rank(P3) and

—Q

sup || Bl for alln € J. (40)

e meJ

1
1P - @il < 282

B A Lipschitz inverse mapping theorem

We apply a quantitative version of the Lipschitz inverse mapping theorem, cf. Irwin
(2001), for proving our approximation theorem.

Lemma 11 Assume Y and Z are Banach spaces, F € CY (Y, Z) and F'(yo) is for
Yo € Y a homeomorphism. Let k, o, 6 > 0 be three constants, such that the following
estimates hold:

1F'(y) = F'(wo)|| < H<aswﬁé;q{vye&@m (41)
IFwo)| < (o r)s. (42)

Then F has a unique zero y € Bs(yo) and the following inequalities are satisfied

[P < == Vye Balw) (13)
=l < )~ F)| Yo € Bolwo). (44)
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