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Abstract

We introduce a characterization of exponential dichotomies for linear dif-
ference equations that can be tested numerically and enables the approxima-
tion of dichotomy rates and projectors with high accuracy. The test is based
on computing the bounded solutions of a specific inhomogeneous difference
equation. For this task a boundary value and a least squares approach is
applied. The results are illustrated using Hénon’s map. We compute approx-
imations of dichotomy rates and projectors of the variational equation, along
a homoclinic orbit and an orbit on the attractor as well as for an almost pe-
riodic example. For the boundary value and the least squares approach, we
analyze in detail errors that occur, when restricting the infinite dimensional
problem to a finite interval.

Keywords: Exponential dichotomy, Dichotomy projectors, Boundary value prob-
lem, Least squares solution.
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1 Introduction
Hyperbolicity of the linear difference equation

Upi1 = Apu,, n€Z, A, cRFF A, invertible, (1)
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can be expressed in terms of an exponential dichotomy, see [8, 12, 16]. At each time

n, an exponential dichotomy defines a splitting into two subspaces, in which the

solution decays exponentially fast in forward- and backward-time, respectively.
Denote by ® the solution operator of (1), defined as

A,_1... A, for n > m,
O(n,m) := I for n = m,
ATV AT forn < m.

Definition 1 The linear difference equation (1) possesses an exponential di-
chotomy with data (K, as, o, P3,PY) on J C Z, if there exist two families of
projectors P; and P* = I — PJ and constants K, «s, o, > 0, such that the follow-
ing statements hold:

P:®(n,m) = ®(n,m)P;, Vn,m € J, (2)
|| (I)(TL, m)PTiL || S Ke%s (n—m)

VYn>m, n,me J.

A typical example, where exponential dichotomies have a geometric interpreta-
tion, is a diffeomorphism f : R¥ — R* having a fixed point ¢ and a homoclinic
orbit Ty = (Z,,)nez With respect to this fixed point, i.e. lim, 4. , = £. This orbit
is called transversal, if stable and unstable manifolds of ¢ intersect transversally.
Equivalence of this transversality assumption to an exponential dichotomy on Z of
the variational equation

Ups1 = Df(Z)u,, n€Z (3)

is well known, see [16]. In a non-autonomous setup, in which f,, depends on n,
the same connection between transversality of fiber bundles and an exponential
dichotomy of the variational equation holds true, when considering homoclinic tra-
jectories, cf. [18, 13].

Therefore, the approximation of dichotomy rates and dichotomy projectors is
an important task, which we face in this paper from a numerical point of view.
First we note, that it is not our attention to find a computer assisted proof of
an exponential dichotomy, like, for example, the rigorous computational shadowing
results, introduced in [7]. For an arbitrary sequence of matrices Ay, = (A, )nez, a
computer assisted proof of an exponential dichotomy on 7Z is impossible without
having further structural information. Numerically, one can only compute on finite
intervals J = [n_, ny]NZ. Butif (1) possesses an exponential dichotomy on J, it does
not necessarily has one on Z. A counterexample is A,, = I for n ¢ J. On the other
hand, an exponential dichotomy on Z follows for almost periodic systems from an
exponential dichotomy on a sufficiently large interval, see for example [1, 17]. Further
note that for linear upper triangular ODEs, techniques for computing Sacker-Sell



spectral intervals are introduced in [9], that are based on the relationships between
different spectra.

In Section 2, we first prove that the dichotomy rates are related to the exponential
rates of decay of the solution of the inhomogeneous equation

Unpt1 = Anun + 5n,Nr7 re Rka n e Z7 (4)

where 9,, ,, is the Kronecker symbol. This result is applied in Section 3, to develop
an algorithm for approximating dichotomy rates and the corresponding dichotomy
projectors. Here it is crucial to solve system (4) on finite intervals with high accuracy.
For this task, two different approaches are introduced. The first one is based on
solving linear boundary value problems while the second one computes least squares
solutions, see also [5] where similar techniques apply for a global error analysis of
initial value ODEs.

As a toy model, Hénon’s map is used. We approximate dichotomy rates of the
variational equation (3), where Tz is a transversal or tangential homoclinic orbit, a
sequence on the Hénon attractor or an almost periodic bounded trajectory.

Approximation errors of the solution of (4) on finite intervals are discussed in
Section 4. For the boundary value approach, we analyze the influence of the chosen
boundary operator. Furthermore, we show that effects, caused by matrices outside
the finite interval J, decay exponentially fast. For the least squares approach, we
prove an exponential estimate for the approximation error.

2 Computing dichotomy rates
In [12, Theorem 7.6.5], Henry proved that (1) possesses an exponential dichotomy
on 7, if and only if the inhomogeneous equation

Ups1 = Aptly + 7, nEZ

has for each bounded sequence r7 := (7,)nez a unique bounded solution, see also
[6].

In this section, we give a modified result that allows the numerical computation
of the corresponding dichotomy rates.

Theorem 2 Assume that A, is invertible for all n € 7. Then the following asser-
tions are equivalent.

(i) The inhomogeneous equation
Uns1 = Apty, + 0N, nEZ (5)
possesses for all N € 7. and r € RF a unique bounded solution, fulfilling
Ke=os=N=Ulip|| forn>N+1,
lun]l < { (6)

KeouNF1=n) ||| forn < N.



(i) The difference equation (1) possesses an exponential dichotomy on Z with di-
chotomy constants K, ay, .

Proof: Assume (i) and denote by ® the solution operator of (1). Since (5) has for
each » € R¥ and N € Z a unique bounded solution, the homogeneous equation has
no non-trivial bounded solution. We define the subspaces

St = {SL’ ssup ||P(n,0)z|| < oo} ,

n>0
ST = {:p ssup ||P(n, 0)z|| < oo}
n<0

and it follows that ST NS~ = {0} and ST & S~ = R*. Let P be the projector
with R(P5) = ST and N(F§) = S~. The complementary projector is given as
Py :=1— F; and

P = ®(n,0)Py"®(0,n), n€Z.

A solution of (5) can be constructed, using Green’s function, see [16]

u, = G(n,N+1)r, ne, (7)
where G is defined as
B O(n,m)Ps, n>m,
Gn,m) = { —d(n,m)Pr,  n<m. (8)

By construction
{ R(P?), forn>N +1,
Unp,

R(PY), forn<N-+1

and as a consequence, uy is the unique bounded solution that converges by assump-
tion (6) exponentially fast to 0.
It holds forn > N +1

[un| = | ®(n, N + 1) Py pyr|l < Ke " U|r|l, reRF,
and therefore
[®(n, N + 1) Py, | < Keoo0=N-D, (9)

This proves the first dichotomy estimate, since (9) holds for all N € Z.
The second dichotomy estimate follows from

[, = |®(n, N + 1) Py 7| < Ke @™+ )ip|| for n < N +1 and all N € Z.

Thus, (1) possesses an exponential dichotomy on 7 with data (K, ag, o, PS5, PY).
Using the explicit solution (7), it immediately follows, that the converse also
holds true.
|



Note that due to linearity, it suffices to consider statement (i) for vectors r from
a basis of R¥. However, for the numerical tests in Section 3 we only take one generic
vector r, which we choose at random.

Approximations of dichotomy projectors can be computed, by solving inhomo-
geneous linear systems.

Corollary 3 Let condition (i) from Theorem 2 be fulfilled. Fix N € 7 and let ul,
be the solution of (5) forr =e;, i =1,...,k, where e; is the i-th unit vector.
Then (1) possesses an exponential dichotomy on Z with stable projector

Py = (uhgr iy - uln)
Proof: For each i = 1,...,k, the solution u}, of
Unt1 = Ayt + 0y Nei, N EZL
has the explicit form, see (7)

ul = G(n,N +1)e;, n€Z,

and using (8), we get
U§V+1 = Py 6
|
Finally, we analyze, whether two half-sided dichotomies on Z* and Z~ with
projectors of equal rank, lead to an exponential dichotomy on Z. Note that the

variational equation (3) along a tangential homoclinic orbit possesses half sided
dichotomies on Z* and Z~, but no exponential dichotomy on Z.

Proposition 4 Assume that the homogeneous difference equation (1) possesses an
exponential dichotomy on 7" and 7~ with projectors of equal rank. Then (1) has
an exponential dichotomy on 7. if and only if the inhomogeneous equation (5) has a
bounded solution for N =0 and all r € R”.

Proof: Let uy be a bounded solution of (5) on Z. To obtain a contradiction,
suppose that the homogeneous equation (1) has non-trivial bounded solutions on 7
which is equivalent to, see [16, Proposition 2.3]

dim (R(Py*) NR(Fy ™)) > 1,

where P =" and P, *" denote the stable and unstable dichotomy projectors of (1)
on Z* and Z~, respectively.
Due to boundedness and the cocycle property (2) of dichotomy projectors we get

Agug + 1 =u; = PPuy = P (Agug + 1) and Py “ug = uy,



and therefore

Pl—FS(AQUQ -+ 7") = AQPO_UUQ +r
& Pyffug+ B A;'r = Pytug + Ag'r
& (P — Py"ug = —PF +7 € N(Py®), where 7 = Aj'r. (10)

Since

R(P) + R(F™) ¢ N(1™)

it follows that in general, an wy, fulfilling (10), does not exist, and as a consequence,
the inhomogeneous equation has not for all 7 € R* a bounded solution.

Thus, R(B,*) N R(P; ™) = {0} and we obtain an exponential dichotomy on Z.
The converse is a direct consequence of Theorem 2.

|

The dichotomy test in Section 3 is based on Theorem 2. In order to prove an
exponential dichotomy, we first have to check, if condition (6) holds true. This
is realized in Section 3, by solving (5) on a finite interval. The logarithmic slope
of the solution then gives approximations of the dichotomy constants «, and a.
For an approximation of dichotomy projectors with high accuracy, we use the idea,
introduced in Corollary 3.

3 Numerical computations

Given a sequence of matrices A; = (A, )nes, An € R¥*, we compute approximations
of dichotomy constants and projectors of (1) as follows:

(i) Solve (5) on a sufficiently large interval J.
(ii) Determine the exponential slope of the solution.
For the main task (i), we introduce two different approaches. We compute finite

approximations applying a boundary value and a least squares ansatz, respectively.

3.1 A boundary value approach

The boundary value approach requires to solve the following linear equations on the
finite interval J = [n_,ny]:

Upp1 = Apup+c-0pnr, n=n_,...,np —1, (11)

b(“n_aun+) = 07 (12>
N4

doull = 1 (13)

i=n_



In (11), an extra variable ¢ is introduced, to determine whether the homogeneous
equation possesses a non-trivial bounded solution, see Proposition 4. The normal-
izing condition (13) is needed to get a square system. Finally, b : R* — RF is
an appropriately chosen boundary operator. The concrete choice of boundary con-
ditions and corresponding approximation results are discussed in Section 4. If the
boundary operator is linear, system (11)-(13) may equivalently be written as

—-A,_ 1 0 Uy 0
—r
. : = (14)
_An+—1 I 0 .
le ng 0 un+ 0
11 1 0 c 1

For the infinite dimensional problem (5), the dichotomy rates can be computed, by
Theorem 2, from the logarithmic slope of the solution of (14). We use this idea
also for our finite dimensional approximations and present its formal justification in
Section 4.

3.2 A least squares approach

Assume that the homogeneous equation possesses an exponential dichotomy on Z.
As an alternative to the boundary value approach, we compute the least squares
solution of

Unt1 = Aptp +dpnr, neJ=[n_,ny, Ne€EJ, (15)

and approximate dichotomy rates in a second step. System (5) can equivalently be
written as Bu = R, where

e - 0, i€l i#N
(S 7
B = T . = . .= ’ i ! !
. . y  Ug : , R { r, i=N,
_An+—1 I un+
and we seek for the solution, that is minimal w.r.t. || - ||. The least squares solution

uy of (15) is uy; = BT R, and since B has full rank, the Moore-Penrose inverse B

can be computed as

B+ — BT(BBT)fl’
see [19]. Note that BB is a sparse matrix with a block-tridiagonal structure, which
one can invert efficiently.

Errors between the unique bounded solution on 7Z and the finite least squares
approximation, are discussed in Section 4.2.



3.3 Dichotomy rates along a homoclinic orbit

For numerical computations, we consider the well known Hénon map [11]

1+ 29 — az?
b.ﬁlfl

flz) = ( ) with parameters a=14, b=0.3, (16)

and compute a homoclinic orbit z,.1 = f(Z,), n € 7Z with respect to the fixed point

b—14++/(b—1)2+4
fz(z) where 2z = Al i a’
bz 2a

e lim, 4o T, =&, cf. [3]. Then our method applies to the variational equation
Uns1 = Df(Zn)Up, n€Z. (17)

Note that the matrix D f(£) has one stable and one unstable eigenvalue Ay and A,
respectively. Therefore, the difference equation

Un+1 = Df(g)una n €7
possesses an exponential dichotomy on 7 with dichotomy rates
05 = _10g|)‘s|7 au:10g|)‘u| (18)

Furthermore, D f(Z,) converges exponentially fast towards D f(§) as n — +o0, see
Figure 2. An £; roughness-theorem applies, see [8, 2] and we obtain exponential
dichotomies on Z~ and Z* of (17) with the same exponential rates as, @,. Since
stable and unstable manifolds of £ intersect transversally, [16, Proposition 2.6] proves
an exponential dichotomy of (17) on 7 with rates as, @,,.

We compare these exact values with numerical approximations. On the interval
J = [—100,100] a homoclinic orbit is computed, using the techniques introduced
in [4], see Figure 1 (left). In a second step, we solve (14) for N = 0 and plot its
solution w; in Figure 1 (right) in a logarithmic scale.

Due to Theorem 2, the dichotomy rates o, and «, are the slopes the solution
uy. To obtain an approximation of «,, we take points (n,log(||u,||)) such that
n > 3 and |lu,|| > 107, By a least squares approach, we fit these points and
get ay as the slope of the resulting line. For «,, the same approach is applied for
n < 2. The resulting rates are ay; = 1.85803258 and «, = 0.65401 when computing
uy via the boundary value approach, while oy = 1.85803259 and «,, = 0.65402 in
case of minimizing. On the other hand, the exact dichotomy rates from (18) are
a, = 1.858243418746994 and &, = 0.6542706144210578, thus the difference between
theoretical and numerical results is of order 1074

The constant ¢ from (11) indicates transversality, and its value is ¢ = —0.971.

Now we vary N and discuss the dependence of errors for a,,, a,. For N = —20
the solution of (14) looks similar to Figure 1 (right), where the peak is shifted to
n = —20.



-100 -50 0 50 100

Figure 1: A homoclinic orbit x; of (16) (left) and the solution u; of (14),
plotted over n in a logarithmic scale, where N =0, A, = Df(z,), n € J

(right).

: ‘ i10_15
n=-20 n=0 n=20

IDf(E) = Df(zn)]]

Figure 2: Exponentially fast convergence of D f(z,) to Df(§).

Since ||Df(§) — Df(z,)|| converges exponentially fast to 0, see Figure 2, the
equation
Up+1 = Df(jn)un + 5n,—20r

is for n < —20 nearly a constant coefficient problem. Thus the computation of a,
yields better results for N = —20 than for N = 0. On the other hand, the influence
of the non-constant matrices D f(Z,), |n| small, results in a worse approximation of
as. Numerically, we obtain

|, — a| = 1077, |a, — a,| = 1072

A computation for N = 20 gives an opposite result.
Note that one should not solve (14) for N close to n., since extra points on both
sides of N are needed for an approximation of the dichotomy rates.



3.4 Approximation of dichotomy projectors

For the example from Section 3.3, the corresponding dichotomy projectors F; are
approximated numerically. Following the approach, introduced in Corollary 3, we fix
N = —1 and solve (11)-(13) for r = e; and r = ey on the interval J = [-100, 100].
Denote by (u},c!) and (u?,c*) the corresponding solutions. We compensate the
scaling factors ¢!, ¢ and define
Pyi=(&-uy H-u}).

Note that if one neglects the test for transversality, one can directly solve the in-
homogeneous system (11), (12) with fixed ¢ = 1, and right hand sides r = e; and
r = ey, respectively.

Alternatively, the least squares solution of (15) can be computed for r = e; and
T = €9.

Numerically, we get in all cases

(19)

ps _ —0.132377157578668 1.014597654357702
0 7\ —0.147744151372172  1.132377157578668 ) °

For testing whether Py is a precise approximation of the stable dichotomy projector,
we first note that ||P5 - P5 — Pg|lo = 2.8 - 107!7. Secondly, take a random vector v,

define uy = Fjv, and compute the iterates u,+1 = D f(Z,)u, for n =0,...,19, see
Table 1.

n| Nunllz | log([lunll/lunll) | [ 7 | [lunllz | log(flunll/l[un-ll)

0 | 6.59e-01 10 | 7.43e-09 -1.85824334

1] 1.27e-01 -1.47308036 11 | 1.16e-09 -1.85824420

2 | 2.10e-02 -1.80148137 12 | 1.81e-10 -1.85823370

3| 3.31e-03 -1.84948746 13 | 2.82¢-11 -1.85836329

4 | 5.16e-04 -1.85688031 14 | 4.40e-12 -1.85675690

5 | 8.05e-05 -1.85803090 15 | 6.75e-13 -1.87534346

6 | 1.26e-05 -1.85821028 16 | 1.45e-13 -1.53695258

7 | 1.96e-06 -1.85823825 17 | 1.30e-13 -0.110845343

8 | 3.05e-07 -1.85824261 18 | 2.59e-13 0.690491431

9 | 4.76e-08 -1.85824330 19 | 4.96e-13 0.650758902

Table 1: Norm of the iterates u,, n =0,...,19 and logarithmic rates of
decay.

In a hyperbolic system, the iteration of points from the stable subspace is highly
sensitive to rounding errors. Thus the results in Table 1 suggest, that the approxi-
mation of the dichotomy projector is exact up to machine accuracy. This result is
formalized in Section 4.1.3.

10



3.5 Hyperbolic almost periodic bounded sequences
Consider the non-autonomous difference equation

1+ 2y — ax?
b]ﬁ

T = [(Tn,an), flx,a)= ( ) , b=03, nezZ, (20)

where a,, = 1.4 + %sin(%n) is an almost periodic sequence of parameters.

We compute on the interval J = [—500, 500] a finite solution Z ; of (20), see Figure
3 (left), using the algorithm that is introduced in [14]. Consequently, the variational
equation along this orbit is almost periodic. The solution of the inhomogeneous
problem

Uny1 = D f(Zp, an)ty + Opnr, neJ (21)

is shown for N = 0 in the right diagram of Figure 3, and the corresponding di-
chotomy rates are oy = 2.465768, o, = 1.265891. To analyze the dependence of

0.22 10° ¢

0.2+

T2 0.19 HunH _

018 SRR RERE R R

:
3 g
SRR REARTRERRRE'

0&g> t18383% SERRER 107

06 "o 2500 0 500 -400 -200 0 200 400

Figure 3: Bounded solution of (20) (left) and the solution of (21) (right)
plotted in a logarithmic scale.

these rates on the chosen N, cf. Theorem 2, we compute ag, «,, for N € [—400, 400],
see Figure 4.

2.5k as
2
1.5r
Qy,
| | | | | | | ]
—2}00 -300 -200 -100 0 100 200 300 400
N

Figure 4: Approzimation of as and «, for N € [—400,400], using the
boundary value approach.

11



Note that an exponential dichotomy on a sufficiently large interval J guarantees
for almost periodic systems the existence of an exponential dichotomy on 7Z, see
1, 17].

3.6 Hyperbolic sequences on the Hénon attractor

We analyze, if a sequence on the Hénon attractor for the classical parameters a = 1.4,
b = 0.3 is hyperbolic, i.e. the variational equation along this sequence possesses an
exponential dichotomy. In the first step, a sequence on the attractor is constructed
by iteration. We iterate 100 steps for an appropriate initial vector, to reach the
attractor, and save the next 1001 steps in Z,, n = —500,...500.

Figure 5: An orbit of length 1001 on the Hénon attractor, plotted over
its index n (left), and in phase space (right).

With A,, = Df(z,), we then solve (5) for N = 0, see Figure 6, and the resulting

dichotomy rates are oy = 1.66 and «a,, = 0.39.

10°

[ ]| 207}

-20
-500

ol

500

Figure 6: Solution uy of (14), plotted over n in a logarithmic scale.

The dependence of oy, a, on the chosen N is shown in Figure 7. Here, boundary
value and least squares approach lead to nearly identical results.

Since 7 is chosen at random, and therefore has a generic position, our computa-
tions suggest that the variational equation possesses an exponential dichotomy on
the finite interval [—400,400].

12
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OEM’W
(6

1 1 1 1 1 1 |
—Z?OO -300 -200 -100 0 100 200 300 400

Figure 7: Approzimation of as and o, for N = —400,...,400, using the
boundary value approach.

Note that we cannot conclude from this result that Hénon’s attractor is hyper-
bolic. Although the chosen trajectory lies dense on the attractor as J — 7Z, it does
not contain, all bounded trajectories, as periodic orbits, for example.

3.7 A tangential homoclinic orbit

Consider parameters for which tangential homoclinic orbits of Hénon’s map exist.
In this case, the variational equation (17) possesses exponential dichotomies on Z~
and Z* but no dichotomy on 7, since (17) has non-trivial bounded solutions, cf.
[15, 3]. In this case, the value of the constant ¢ in (11) should be 0, cf. Proposition
4.

For the parameters a = 1.4 and b = 0.1014563589 in Hénon’s map, we are close
to a homoclinic tangency. When solving (14) on the interval J = [—200, 200] with
N = 0, we obtain a transversality constant ¢ of magnitude 10~#, and an error in the
dichotomy rates |a,, — @ .| of order 1073,

4 Justification of the numerical process

In Sections 3.1, 3.2 two approaches are introduced for getting finite approximations
of the solution of (5). In both cases, we will present a detailed error analysis under
the assumption that the homogeneous difference equation possesses an exponential
dichotomy on Z.

A1 The linear difference equation
Upi1 = Aplly,, N EZ (22)
with uniformly bounded invertible matrices A,,, possesses an exponential di-

chotomy on 7 with data (K, as, oy, P2, PY).

13



4.1 The boundary value approach

By assuming an exponential dichotomy on 7, the free variable ¢ in (11) that tests for
transversality, is not needed and thus, the normalizing condition (13) also vanishes.
When choosing a linear boundary operator, (14) reduces to

A, 1 Un_ 0
" =|r (23)

An+_1 I : .

Db Db ) \u, 0

We analyze errors that occur, when solving this finite dimensional problem (23)
instead of the infinite dimensional system (22).

4.1.1 Effects of matrices with large |n|

Let J be a finite interval. Note that the system (23) does not depend on the matrices
A,,, for which n lies outside the interval J. Thus no matter how A,, is defined for
n ¢ J, we always obtain the same finite approximation. Fortunately, the influence
from the outer matrices decays exponentially fast towards the middle of the interval
J. This is proven for non-autonomous systems, generated by a parameter dependent
non-linear map, in [14, Theorem 4]|. Here, we state the corresponding linear result.

Proposition 5 Assume A1. Let J be a finite interval and let By, be a family of
matriz sequences, fulfilling B? = A,,, forn € J. Assume that the difference equation

Upi1 = B;{vn, n € 7

possesses for each J an exponential dichotomy on Z with J-independent constants

L, Bs, Bu-

For N € J and r € R* denote by uy and vy the unique bounded solutions of

Upt1r = Anan + 5n,NT7 n e Z7
@n—l—l = B;L]T)n + 5n,NT7 n € 7.

Then there exists a J-independent positive constant C', such that the following esti-
mate holds forn € J = [n_,n4|

|t — || < C (e—as(n—m)e—ﬁu(l\f—m) + e—au(m—n)e—ﬁs(m—N)) )
Proof: For n € Z define d,, := u,, — v,,. Then

dn+1 - an+1 - Il_]n+1 = Anan - B;L]'En = An<ﬂn - @n> + (An - BJ>II_]”

- Andn + Gn,

14



Whereq:{o’_ _ ned
" Apty — Upy1, n & J.
Since (22) possesses an exponential dichotomy on Z, the unique bounded solution
of

Tpi1 = Apxy + ¢y (24)
is

Ty = Z G(n,m + 1)gm,
meEZ

where Green’s function G is defined in (8).

By Theorem 2 and since A, is uniformly bounded, there exists a constant C' > 0,
such that ~
Ce Bstn=N=-1) " p > n,,
lgn]l < Ce PuNt1=n) =y
0 n.<n<ng.

Using the dichotomy estimates, we get for n € J

lzall < D IG(n,m+ 1)gmll

meZ
n_—1 o]
= DG m+ Vgl + D G (n,m+ 1)gnll
m=—00 m=ny+1
n_—1 o]
< DY @mmA+ D gl + D 1@ m 4 1P, g
m=—o0 m=n4-+1
n_—1 o]
< Z é«Ke—as(n—m—l)e—ﬁu(N—i—l—m)+ Z C«Ke—au(m—i—l—n)e—ﬁs(m—N—l)
m=—o0 m=n4-+1

0
_ é«K( Z efas(nfmfn_)efﬁu(N+2fn_7m)

+ Z e~ u(m+ni+2-n) ,—fs (m+n+—N)>

m=0

~ 1
= CK(7——s
]_ — e_as_ﬁu
1
—au(ny—n+2) o —Bs(ng—N)
+1 —eoupa ¢ )

e s (n—nf)e—ﬁu(N—n,—i—Q)

By construction, dy is the unique bounded solution of (24) and therefore

|d.| < C (efas(nfn—)efﬁu(an—) + efau(nrn)efﬁs(an)) . ned

with constant C = CK max{ o—2Bu o—20u }

l—e—s—Bu?) ]—e—u—0PBs

15



4.1.2 Approximation results

We show that errors of the boundary value approach essentially depend on the
chosen boundary operator. Assume A1, and define the operator I" on a finite interval
J=[n_,n.]:

_An+71 [
le ng

Projection boundary conditions require the following assumptions:

A2 There exist two complementary projectors (° and Q" having the same rank
as the stable and unstable dichotomy projectors P’ and P!, and an angle
0<o<3 such that

L(R(P;),R(Q*)) >0, L(R(F;, ), R(Q)) >0,
for sufficiently large —n_, n,.

The angle between two subspaces A and B is defined as (see [10])

L(A,B)=0¢ [O, E] ., where cosfl = max max ulv.
2 u€A,|ul|=1veB,|v||=1

As boundary operator, we either take periodic or projection boundary conditions,
defined as

bper (T,y) = x—, (25)
V7o

bste) = (V). (26)

where the columns of Y, and Y, form a basis of R(Q*)* and R(Q*)*.
We impose the following regularity assumption, cf. [13, Lemma 4.3]:

A3 Let b € CY(R?** RF), b(0,0) = 0 and the operator

R,, = (le(O,O)UQ(P,SLJ D2b(0=O)IR(P;f+)>

is invertible for sufficiently large —n_, n,, and has a uniformly bounded in-
verse, i.e. there exist a C' > 0 and an L € N such that

IR, [| <C forall —n_, ny > L.

Note that for projection boundary conditions (26), assumption A3 directly fol-
lows from A2, see Appendix A, Lemma 11.

In case of periodic boundary conditions (25), A3 is satisfied, if
L(R(P;_),R(Fy,)) > ¢ for some 0 < ¢ < 7 and all sufficiently large —n_, n,.
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Proposition 6 Assume A1-A3, take a finite interval J and fir N € J. Choose an
r € R* and define ry == (0,...,0,7,0,...,0)7, where r is placed at N-th position.
Denote by uz the unique bounded solution of the infinite dimensional problem (5)
and let 1y be its restriction to the finite interval J.
Then
FJUJ =Ty

possesses for sufficiently large intervals J a unique solution w; and the error can be
estimated as
12y = wgll < Cl[b(Un_, @, )| (27)

Proof: By [13, Lemma 4.3] it follows that the operator I'; has for sufficiently large
—n_,ny a uniformly bounded inverse and consequently

Iy —usll < 05 T () = Tr(un)ll = 115 T (@) =l
= T 1B, @, )]l

In case of periodic boundary conditions, (27) reads,
[ty — usl| < Clltin_ =t ||

The disadvantage of these boundary conditions obviously lies in the coupling of the
end-points, which is not the case for projection boundary conditions. In numerical
computations, this effect can clearly be observed, cf. Figure 8.
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n n

Figure 8: Solution of (23) for the example from Section 3.3 on the fi-
nite interval J = [—30,30], with periodic (left) and projection boundary
conditions (right).

Combining Propositions 5 and 6, we prove for projection boundary conditions

that approximation errors (27) decrease exponentially fast towards the middle of
the interval J.
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Proposition 7 Assume A1 and A2. Let uy be the solution of I ju; = r; with pro-
jection boundary conditions (26), where J = [n_,ny], r; == (0,...,0,7,0,...,0)T,
and r € R¥ is placed at N-th position, n_ < N < n, — 1. Then, a J-independent
positive constant C' exists, such that the following inequality for the error is satisfied:

|ty — unl| < C (e_as("_"*)e_o‘“(N_"*) + e_o‘“("*_")e_as("*_m) , neJ  (28)

Proof: Applying Proposition 6 and the definition of the projection boundary oper-
ator (26), it follows that
Y
<YuTa"+) H . <29>

Note that we get the same finite approximation for all sequences By that coincide
with Az on the finite interval J. On the other hand, the numerical approximation
and the exact solution coincide on J, if the exact solution is a zero of the right hand
side of (29), which means that the boundary operator is exact. Thus, the idea is,
to construct a sequence By, fulfilling B; = Aj, J= [n_ 4+ 1,n, — 2], such that the
exact solution vy of v,11 = Byv, + 0, N7, n € Z satisfies

HE\J - UJH <

Y o, =0, Y[ v, =0.
Furthermore, we construct By, such that the homogeneous equation
Upr1 = Bpn, neZ

possesses an exponential dichotomy with J-independent rates ag and «,. The error
is the difference between uj and uy for which, due to Proposition 5, the estimate

A

”an . ﬁnH < C (efas(nfn_71)efau(an_71) + efau(n+72fn)efas(n+72fN)) ., ne J

holds and by adjusting the constant C', we obtain (28).

In the remaining part of the proof, we construct the sequence By. Let J be
a finite interval and let P$, P" be the dichotomy projectors of (22) on J. Let
A be a matrix with stable subspace R(Q®) and unstable subspace R(Q"), having
in absolute value the largest stable and smallest unstable eigenvalues A\, = e~ %,
Ay = €™ respectively. Assuming that these eigenvalues are simple, u,.1 = A,u,
possesses an exponential dichotomy on 7 with rates a, and «,.

We define the sequence By:

A n<n_-—1,

My, n=n_,

B, =< A,, n_.+1<n<n;—2,
My, n=n,—1,
A, n>ny,
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where M;, M5 have to be constructed. First note that
Upy1 = Bpp, neZ (30)

has exponential dichotomies on (—oo,n_ — 1] and on [n,,00) with constant pro-
jectors Q**, respectively. Thus this difference equation possesses an exponential
dichotomy on Z, with projectors P;* on J, if the matrices M connect the pro-
jectors from outside to the inside of J. By our assumptions, P; and ()° are pro-
jectors of equal rank, and therefore these projectors are similar. Finally, choose
My, My as described in Appendix A, Lemma 9, such that M,Q*M; "' = P: ., and
M2P7f+_1]\42_1 = @°. Due to Lemma 10, the angle between the ranges of the di-
chotomy projectors P;, P is bounded from below, and therefore, a J-independent
constant C' > 0 exists by Lemma 9, such that ||My,|, [[M;,]| < C. These matrices
connect the exponential dichotomy of the original equation (22) to the dichotomy
of u,y1 = Au, and consequently, the resulting equation (30) possesses dichotomy
constants that do not depend on the chosen interval J. The B-sequence possesses

the following dichotomy projectors:

positionn|... n_.—1 n. n_+1 ... ny—2 ny—1 ny

B, e A My A, ... Ao M,y A

projectors ... Q¥ Q> P, ... Py', Pr, Q"
Note that

Y, =0&0, €eR(QY) and Y, v, =0<& 0, €R(Q°)

which holds due to our construction. [ ]

4.1.3 Approximation of dichotomy projectors

Using the above results, we introduce an algorithm that allows high accuracy ap-
proximations of dichotomy projectors.
Let A > 0 be a given accuracy. For an N € N we compute Py, as follows:

e Solve fori=1,...,k
uiLH = Anuil + 5n,N,lei, neJ,

where sufficiently large intervals J? around N are chosen, using Proposition 7,
such that the difference of exact and approximate solution is given as

lay — uly| <A

e Define
1 k

Py o= (uN,...,uN) ,
see Corollary 3.

Obviously, P§ approximates the exact dichotomy projector with accuracy A.
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4.1.4 Approximation with exact boundary conditions

By computing the exact boundary operator first, we obtain an algorithm that gives
high accuracy approximations of the solution of (5) on a given finite interval J =

[7l4*7 7LAF]:
e Approximate the dichotomy projectors P; and P, with accuracy A.

e Compute bases Y, Y, of the orthogonal complement of R(F} ) and R(F;,),
respectively, and define the boundary operator b,y as in (26).

e Solve (23) with boundary operator bep.

Note that it requires solving 2k inhomogeneous equations on intervals around
n_ and n,, to get the two dichotomy projectors.
Denote by u; the solution of (23) with boundary operator b.p.. By Proposition
6, the error can be estimated as
Y,

o = wl < €| (3 ) | < el +

n

These results are illustrated in Figure 9 for the example from Section 3.6. As
reference orbit uy, we take a long orbit segment of length —n_, n, = 10000 which
we compare with short segments u; of length n_ = —30, n, = 10. In the left
picture we take projection boundary conditions w.r.t. a fixed subspace. As one can
see, the error decreases exponentially fast towards the middle, see Proposition 7. In
the right of Figure 9, the error is plotted, when solving w.r.t. the exact boundary
operator byy. In this case, errors are of magnitude 10722,

5 -22
10 3X 10
2
-10
dn 10 dn
1
-15
0 30 20 -10 0 10 S 20 -10 0 10
n n
Figure 9: Error d,, = ||u,, —u or projection boundary conditions w.r.t.
n n n proj Y

fized subspaces, and for the boundary operator b, that uses accurate
approzimations of dichotomy projectors (right).
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4.2 The least squares approach

Consider the inhomogeneous difference equation
Up+1 = Anun + 5n,OT (31)

and assume that the homogeneous equation possesses an exponential dichotomy on
Z, see A1l. The unique bounded solution of (31) on Z is given as

—®(n, )Py, n <1,

U, = G(n,1)r,  where G(n,1) = { o(n, )P, n>1.

We prove that the difference between uz and the least squares solution of (31) on
the finite interval J = [n_,ny], decreases exponentially fast to 0 as —n_, n, — oo.

Theorem 8 Assume A1. Denote by uy the least squares solution of (31) on J.
Then a J independent constant C' > 0 exists, such that

Jus —apll < C - (ns —n_) (€ + 7o), (32)

where o = min{ v, v, }-

Proof: Let B;, B! be orthonormal bases of R(P}), R(FPY), and denote by ks, k,
the dimensions of these subspaces. The general solution of (31) on J is

u, = G(n, V)r +®(n,n_)B, n+®(n,ny)B, (, n=n_,....,ny, n€ R*:, ¢ € R*.
We find the minimal solution of (31) on J by computing the least squares solution
of
n n
F =A + b,
() =2 ()

where

®(n_,n_)B;, ®(n_,ny)By, G(n_,1)

A= : : , b= : T.
(I)(n-l-vn—)sz_ (I)(n+7n+)quf+ G(?’L+, ]-)

Note that A has rank k, therefore F' is minimal for

<Z) = —Ath=—(ATA) ATy,

see [19], and the least squares solution of (31) on J, is given as

Up_
= —A(ATA) AT 4 b,

Up
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We derive an estimate for the difference between uy and least squares solution wu:
Uy — Uy = A(ATA)ilATb.

First it is shown that AT A has for all sufficiently large —n_, n, a uniformly
bounded inverse.

ATA — <ZieJ Brszfi(b(zv TL_)T(I)(’i, n—)BrsL, ZieJ szfiq)(la n—)T(I)(Z.v n+)B:LL+)
ZiEJ B111L+ (I)(Za n+)T(I)(i7 n—)BrSL_ ZieJ B111L+ (I)(Zv TL+)T(I>(’i, n+)B;LL+

_. (D; N,
= W o)
The non-diagonal blocks tend exponentially fast to 0 as J — Z since
+ . .
max{[[N]l|z, [ N7[} < ) KZem0mmdemetned

ny
- K2 Z efa(n_,_fn_) _ K2(n+ —n_+ 1)efa(n+fn_).

The matrices D} and D? are uniformly bounded from above:

n4 ny—n—

0 (i —oani 1
||D 2 < K2 Z 205 (i—n-) _ f2 Z e 2ast < Kzl o
=n_ =0
and similarly || D3]]y < K?—5. Furthermore D’ are symmetric, positive definite

matrices and BS;‘ are orthonormal bases, thus it follows that

1 T

K>—— T2
1 — e 20

> 2'Dhr = Z "B To(i,n )T®(>i,n_)B: x

> 2B Td(n_,n_)'®(n_,n_)BS x=a"x,

1 T

K*——x
1 — e 20

> 2'Dir = Z xTB“ To(i n+)T(I>(i,n+)B“+:E > 27,

n
1=—00

As a consequence AT A is invertible for sufficiently large intervals J and has a uni-
formly bounded inverse.
Using the dichotomy estimates, one sees that

[Allee < Sup(llq)(n n-)B,_ll2 +[1®(n, ny) By |2)

neJ

S Sup (Ke Q’s(n nj) + Ke_au(n+—n))
neJ

< Ke™ +Ke ™ <C,
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where C' does not depend on the interval J.
Denote by A, the n-th block component of A. We derive an estimate for the
n-th block component of A(ATA)~1ATb:

n4
1A (AT A) ATy < [|Anll2ll (A" A) 7 HI2 ATBll2 < CIATBl2 < C ) el
l=n_

where

_ (B )Te(l,n )" _ (BT )TN [ =®(0,1)Pyr, £<0,
e ((B;‘_)TQD(& n+)T) G r= ((B“ )Td(¢, n+)T> { (0, 1)Psr, > 1.

In case ¢ < 0 we get

_ K2 (efa(lfn_) + efa(n+f22+1)) HTHZ < K2 (ea(n_fl) +efa(n++1)) ||T||27

el < (@0 4 7o m0) a0

and similarly, it holds for ¢ > 1
Iellz < K2 (2D 4 =20 D) o,
As a consequence,
g — || = |An(ATA)TTATH| < C - (ny — n) (7 7™,

with some constant C' > 0 that does not depend on n_ and n.
|
Finally, we show numerically that the derived estimate for the error is quite
sharp. We take the example from Section 3.3 for which the dichotomy rates are
given in (18), choose symmetric intervals of the form J = [-N, N] and compute a
reference solution, by setting N = 10000. The differences of this solution to short
least squares solutions for N € {2,...,50} are shown in Figure 10 (black line).

Neglecting constant terms, the approximation error (32) has the form Ne ® see
the grey line in Figure 10.
In Figure 11 the error d, := |@, — uy|| between reference and least squares

solution is plotted over n for N € {5,50,200}.
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Figure 10: FError of the least squares approach. Numerical results in
black, theoretical estimates in grey.

N=5 N =50 N =200

10 | 10 | 10°
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Figure 11: Error d, = ||u, — 4y,| for N € {5,50,200}, in different
logarithmic scales.

4.3 Conclusion

The approximation of dichotomy rates and projectors is based on computing bounded
solutions of a specific inhomogeneous linear equation. For this task, we apply a
boundary value and a least squares approach.

On the one hand, numerical experiments indicate that the least squares approach
is twice as expensive as the boundary value ansatz.

On the other hand, well posedness of the boundary operator requires the extra
assumption A2, which limits its applicability.

In both cases, estimates for the approximation error are introduced. The error
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of the least squares solution is analyzed in Theorem 8§:
Juy — al < Cny —no) (e +e ).

For the boundary value approach, we get from Proposition 7 in case N = 0, a =
min{ o, v, }

= ] < € (=020 4 g0Cos=m) | e
and as a consequence
lug =l <C (e“”* + e_o‘"+) )

Thus, similar exponential estimates hold for both approaches.

A Appendix
Some technical results, needed in Section 4.1.2 are presented in this appendix.

Lemma 9 Fiz o € (0,3]. Let A, B be two projectors in R* with range A,, By and
nullspace A,, B, respectively, where dim(Ay) = dim(By), such that £(As, A,) > o,
£(Bs,B,) > 0.

Then there exist a constant C' > 0 that depends on o but not on the specific
choice of A, B, and an invertible matriz T € R¥*, such that

T'AT =B, |T|<C, |T|<C.

Proof: Let ay, oy, 0,5, B, be orthonormal bases of range and nullspace of A and B.
We determine 7" uniquely as

T(as) =0s,  T(aw) = Pu.

Then each x € RF can be written in the form = = a\s + aydy, \s € RIMA),
Ay € RI™Aw) and thus, we get

[T | Tashs + T Aul|2 1BsAs + Budall2
7= sup 101 bt Toduly _ g, 102+ ol
zeRF [|][2 AERF s As + auAul2 AeRF s As + auAul2
Note that
1B:As + Budalls = [IAll3 + 207 87 Bud + Xl

H)‘SH% + ||)‘U||§ + 2 cos(£(BsAs, Budu)) || BsAs |2l Budull2
< [IAHE IS 4 2[ A2l Aull2 cos(£(Bs, Ba)),

A\
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and with o = cos(o) < 1, it follows that

2
1Tz = sup e B = 2ol ol lle
b
ARF T T el — %€
_ Sup|x|+m+29_ y+20 1+p _.C

sel 2]+ oy =20 yz2y—20 1-o

This finishes the proof, since the same estimate holds for 7~!.
|

Lemma 10 Let P be a projector. Assume £(R(P),N(P)) — 0 then ||P|| — oco.

Proof: Let «, 3 be orthonormal bases of R(P), N(P), respectively. It holds
[Pxfla [Padi + PBAs||

cert 2l aemrr oA+ BAoll

sup [ A1]]2
AeRF |1 + BAq|

P[]

Note that
llahs + Ballz > [IMl2 + [IAell2 — 2 cos(£ (e, B) [ Adll2llAell2,
and with o = cos(£(a, 3)), it follows that

Il ot
|Pl5 < sup 2 = sup 22
N ¥ P s Y Y W PR A gy
T 1
= sup — o0 as o — 1.

xe]RerJF_—QQ 1_02
|

Lemma 11 Assume A2 and let the columns of Ys form an orthonormal basis of
R(Q")L. Then there exists for sufficiently large n, an n-independent constant C' > 0
such that

I 2l = Cll|  for all z € R(P).

Proof: Let y be a column of Y;, and let x € R(P?). It holds that

y'z = lyllzllall cos(£(y, x))
> a2 cos(£(R(Q") ", R(P;))) = |||z cos o,

since £ (R(Q")*, R(P?)) < o, see A2.
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