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a two-sided error estimate. This is characterized by Dahlquist’s strong root condition and is used to
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1. Introduction. In this paper we present a unifying theory to analyse the
strong error of convergence for numerical methods applied to stochastic ordinary
differential equations (SODEs). Motivated by the theory of discrete approximation
(see [7, 8,9, 10], [25], [26, 27, 28, 29]) we develop a notion of consistency, stability and
convergence which allows to derive sharper versions of well-known results concerning
the convergence of onestep schemes [16, 19, 20] and multistep methods [4].

The improvements are concerned with three aspects of the theory: A special
choice of norms allows us to prove bistability in the sense of [29]. Our first result
is a characterization of bistability in terms of a strong version of Dahlquist’s root
condition. Secondly, we derive a two-sided estimate of the strong error of convergence.
This can be achieved by a suitable stochastic version of the deterministic Spijker
norm (see [23, 24], [25, Ch.2.2], [11, Ch.IIL.8]). Finally, we use these two-sided error
estimates to prove the maximum order of convergence and extend a known result [6]
for Euler-Maruyama type methods to higher order schemes.

Our analysis applies to a wide range of stochastic onestep and multistep methods.
In this paper we are only concerned with the stochastic theta method, higher order
It6-Taylor schemes and the BDF2-Maruyama method. But our results immediately
carry over to all stochastic linear multistep methods mentioned in [4].

For the stochastic theta method a slightly weaker version of the two-sided error
estimate was shown in [3]. The present article uses the same conceptual idea, but fol-
lows a different path in the proof of bistability. We also note that further numerical
stability concepts have been developed for multistep methods [4], for stochastic differ-
ential algebraic equations [31] and stochastic delay equations [2, 5]. In the following
we give a more technical outline of the paper.

We are interested in the numerical approximation of R%valued stochastic pro-
cesses X, which satisfy an ordinary It6 stochastic differential equation [1, 18, 21] of
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the form
dX (t) = bO(t, X (t))dt + i b(t, X (t))dW"(t), te0,T], an
X(0) = Xo .
The drift and diffusion coefficient functions b" : [0,7] x R* — R%, = 0,...,m, are
assumed to be measurable. The processes W™, r = 1,...,m, are real and independent

standard Brownian motions on a given complete probability space (2, F, P), adapted
to the filtration (F)iepo,r7 which fulfills the usual conditions (i.e. the filtration is
right-continuous and each F; contains all P-null sets).
In addition, we assume that the following usual assumptions [1, 18, 21] hold:
(A1) The initial value Xy is an Fp-measurable and R%-valued random variable sat-
isfying

E(|Xo[?) < oo.
(A2) There exists a constant K > 0 such that
07 (t, )] < K(1 + [a]) and [b"(t, ) = b"(t,y)] < K|z —y|

for all z,y € R, t € [0,T] and r =0,...,m.
Here we denote by E the expectation with respect to P and by |- | the Euclidean
norm in R?. Assumptions (A1) and (A2) are sufficient to assure the existence and
uniqueness of a strong It6 solution to (1.1) (see [1, 18, 21]), i.e. there exists a unique,
P-a.s. continuous and (F;).e[o,rj-adapted process X which satisfies

X(t):XO—F/O bo(s,X(s))ds—i—Z/O b (s, X (s))dW™ (s) (1.2)

for all t € [0,T] and

E (/OT |X(s)|2ds> < 0.

Next, we introduce a general form of a stochastic k-step method which we use
for the characterization of bistability. For simplicity we consider equidistant step size
h = % for N € N and the time grid

m={ti=ih|i=0,...,N}.

Note that our analysis for onestep methods is not restricted to equidistant time grids
(c.f. [3] for the stochastic theta method).
We are concerned with stochastic k-step methods written as

Y; =X, fori=0,....k—1,
k i , (1.3)
Zaj}/i-‘rj—k = (I')h(tiaifi—kv s 7}/i7 (Iﬂé )KIEA,j:lw-,k)’ for 1 = k7 s 7N7
=0

where a; € R, a;, # 0 and the initial values X;, ¢ =0,...,k — 1, are F¢,-measurable,
square integrable random variables. In order to compute the approximation Y; of the
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solution X (¢;) the increment function ®;, depends on the time ¢; € 73, a family of
stochastic increments (I;H—j_k)aeA,j:l,...,k’ the k predecessors of Y; and, in the case
of an implicit multistep method, it also depends on Y; itself. In the next section we
give more details on ®y,.

A special case of a k-step method is the Euler-Maruyama scheme: k =1,

Yb :X07
— 10 S T t; S
}/i*)/i—l =hb (ti—laifi—l)+zb (ti—h)/i—l)l(r)a fOI'Z—l,...,N,

r=1
with the stochastic increments I(t;') =W"(t;) — W"(t;—1). In [16] it is shown that the

Euler-Maruyama scheme converges at least with order v = % in the strong sense, i.e.
there exists a constant C' > 0 such that

(E ( max | X(t;) — y;-|2>> < ChY,
0<i<N

where X is the unique solution to (1.1). In [6] J.M.C. Clark and R.J. Cameron have
shown that, in general, v = % is also the maximum rate of convergence for the Euler-
Maruyama scheme (and for any method which only uses the Brownian motion at grid
points).

In order to derive similar results for k-step methods we write (1.3) as an operator
equation Ay X, = 0, where the operator Ay, acts on the set of adapted grid functions.
This is done for the general form (1.3) and for the stochastic theta method, the Ito-
Taylor schemes and BDF2-Maruyama in Section 2. Now, the strong convergence is
written in terms of the norm

Villon = (E (maxosien Vi (t:)[2))* (1.4)

On the other side, the local truncation error is measured by the following stochastic
version of Spijker’s norm

1
. 2 2
Wil = S5 Wit oy + (B (masecsen [S5 w0 ) ) )

In the analysis of deterministic multistep methods it is well-known that Spijker’s norm
leads to optimal stability properties [10]. In this paper we will show, that under some
conditions the following bistability inequality

CillAnYn — AnZil =10 < |[Yh — Zillon < Col|ARYn — AnZy| -1 (1.6)

is equivalent to Dahlquist’s strong root condition. We refer to Section 3 for a precise
formulation of our results and to Section 4 for the proof of the bistability inequality.

If we apply the bistability inequality to the restriction 7 X of the unique solution
X to the time grid 75, and the grid function X}, which is generated by the k-step
method (1.3), i.e. A, X, = 0, we obtain the two-sided error estimate

Crl|Apry X —1n < 1P X = Xnllop < CollAnrf X —1.n-

In Section 5 we derive upper bounds for the local truncation error ||AnrfX||—1p
of the stochastic theta method, the higher order It6-Taylor schemes and the BDF2-
Maruyama scheme in terms of the step size h. In Section 6 we use the left-hand side
of the two-sided error estimate to discuss the maximum order of convergence for these
k-step methods.
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2. Numerical schemes. In this section we rewrite the general k-step method
(1.3) as an operator equation A X}, = 0 and introduce the corresponding spaces and
norms. The operator formulation is motivated by the discrete approximation theory
[29]. Our notion of consistency, stability and convergence will be formulated in terms
of the operator A;. At the end of this section we present some well-known numerical
schemes, which will be analysed in more detail in the sequel of this paper.

Given a time grid 75, we define the set G, := G(7,, L*(Q, F,R%)) to be the space of
all adapted and L2(Q) := L%(Q, F, P; R%)-valued grid functions. That is, for Y}, € Gy,
the random variables Y3 (¢;) are square-integrable and Fy,-measurable for all ¢; € 7.
Next, we endow Gj, with the norms (1.4) and (1.5) and we denote the Banach spaces
Gy |l - llo.n) and (Gp, || - l|=1,n) by Ej and Fj,, respectively.

Now the operator Ay, : Ej, — F}, representing the k-step method (1.3) is given by

[ApYn](t:i) = Yi(t:) — X; (2.1)

for 0 <i<k—1and by

k
[ALY3)(t) = ; a;Yn(tij—k) (2.2)

— B (ti, Yi(tivk)s - Yit), (167 e Ay d)

for k <i < N and Y}, € Ej,. Please note, that the initial values X; € L2(Q, Fy,, P; Rd)
of the k-step method are incorporated into the definition of Aj. Clearly, if a grid
function X}, is generated by the k-step method (1.3) then A, X}, = 0.

Next, we turn to the increment function ®; and to the stochastic increments
(Iij+1_’“)ae¢4’j:1’...’k. Let A be a nonempty, finite set of multi-indices a = (j1, - . - , je),
where j; € {0,...,m} fori = 1,...,£. By £ = ¢(a) € N we denote the length of a.
For a = (j1,...,j¢) € A the stochastic increment I is given by the (-fold iterated
stochastic It6-integral

ti s1 Se—1 . .
I:;’i :/ / / del(Se)"'dW“(Sl),
ti—1 Jti—1 ti—1

t

with dW9(s) = ds. For example, we have I(('J) =t;, —ti_1 = h and If;') =W"(t;) —
Wr(ti_l) € .7:,51. for r > 0.
For Ay, to be well-defined the increment function ®; needs to satisfy

® (t, Y (tiok)s 5 Vi), (I ) ye A jor ) € L2, Fup, PiRY) (2.3)

for all Yy, € Ej, and t; € 7. In the following we will introduce three different numerical
schemes and show that (2.3) is fulfilled in each case.

Ezample (Stochastic theta method). Let 6 € [0, 1]. For a time grid 73, the stochas-
tic theta method (STM) is given by the recursion

%:X07

lids 24
Vi —Yio1 =h((1—0)6"(tim1, Yic1) + 00°(t:,Y5)) + Zbr(tiq,yiq)ff;), (24)

r=1

for 1 <7< N.
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Obviously, the STM is a onestep method (kK = 1) and one can choose A :=
{(r)|r=0,...,m}. For a given grid function Y} € E}, the corresponding increment
function ®77M is defined by

ORI (3, Y (tio1), Ya(t), (I5) yet)
m
=D (1= )0 (tim1, Ya(tio1)) + 007 (ts, Yi () + D 0" (tio1, Vi (1)) IG5 -
r=1
By assumption (A2) the random variable ®57 (¢;, Y}, (1), Yn (), (IL )ac A) I8 square-
integrable and F,-measurable.

For the choice § = 0 one gets the classic Euler-Maruyama scheme. Unlike the
deterministic case, the STM converges in general for every choice of 6 with the order
v = % (see the next section). An important application of the STM is the approxi-
mation of stiff stochastic differential equations (see [12]). O

Ezample (BDF2-Maruyama). As a prototype for drift-linear k-step methods we
consider the BDF2-Maruyama scheme [4] which is given by

Yy = Xo, Y = X1,
4 1 2 i

Y; = 2Yio+ gYia = hat'(1,Y5) + 2_; b (i1, Vi) Iy )
1 G r ti—1 .
7§Zb (ti—27}/;—2)f(r) , QSZSN
r=1
As before, one can choose A := {(r)|r = 0,...,m}. The increment function ®BPF
of the 2-step method takes the form
PP (L5, Yi(tiza), Ya(tiz1), Ya(ts), (Iti*j’2>aeA,j—1 5)
=h 200 ks, Vit +Zb i1, Ya(tion) ZbT tiva, Ya(ti2)) ("

for grid functions Y}, € E}, and all t; € 7,. Again, by the linear growth condition (A2),
the random variable ®2PF (¢, Yy, (ti—2), Ya(ti—1), Ya (), (Ifxi+'j_2)aeA7j:172) is square-
integrable and F;,-measurable. Hence, the associated operator AED F . E, — F) is
well-defined.

It turns out that the BDF2-Maruyama scheme also converges with the strong
order v = % In the deterministic case, linear multistep methods usually are of higher
order than the Euler method. Therefore, one expects a better approximation of the
dominating drift term in systems with small noise and the approximation error is
significantly smaller than the error of the Euler-Maruyama scheme. We refer to [4]
for a detailed discussion. O

Now we turn to the higher order It6-Taylor schemes which are based on an iterated
application of It&’s formula to the integrands of (1.2), provided that all appearing
integrals and derivatives exist. We refer to the books [16, 19, 20] for a rigorous
derivation.

Ezample (It6-Taylor scheme). As in [16], for v € {§ |n € N}, we consider the
finite set of multi-indices

,AW:{a:(jl,...,jgﬂlSf(a)—l—n(a)§270r€(a):n(a):7+;},
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where we write n(a) € N for the number of components of o which are equal to 0.
The Ito-Taylor scheme of order « is given by

YO:XO7

2.6
Vi—Yii =3 e, faltio,Yic)Ig, 1<i<N. (2.6)

Here, for « = (41, ..., je), the coefficient functions f, : [0,T] x R? — R? are defined
by

falt,x) = (L7 --- L7 f)(t, ),

where f : [0,T] x R? — RY is the projection with respect to the second coordinate,
ie. f(t,x) =x. The L" are differential operators of the form

_|_Z 01 + Zzbri rjaxaxj

i,j=1r=1
N
ro__ UR _
L be 0z, r=1,...,m,
=1

where b denotes the i-th component of the coefficient function " for i = 1,...,d
and r=20,...,m.

If we choose v =z then the set .,41 consists of all multi-indices of length 1, i.e.

A = {(0),(1),...,(m )} and the coefficient functions fo simplify to the drift and
diffusion Coeﬁiment functions of the SODE (1.1). Thus the It6-Taylor scheme of order
% is the well-known Euler-Maruyama scheme. One also easily checks that the choice
~v =1 leads to the Milstein method.

The associated increment function <I>{LTS is given by

775 (b5, Ya(tio1), Ya(ta), I aeA,) = Sac A, faltion, Yaltio1)) I

where Y} € Ej. Under the following additional assumption the increment function is

well-defined:

(A3) The assumptions of Theorem 5.5.1 in [16], (i.e. the coefficient functions b” of
the SODE (1.1) are sufficiently smooth such that the functions f, and the
It6-Taylor expansion exists up to the order v) are satisfied and for all « € A,
there exists a constant L, > 0 such that

[fa(t,2) = fa(t,y)| < Lale —y[ and [fo(t, )| < La(1 + [x])

for all 2,y € R? and ¢ € [0, 7.
In practice it can be costly to simulate the iterated stochastic increments I’i. This
may outweight the advantage of the higher order of convergence. However, in many
important applications the diffusion coefficients have some special properties which
allow to simplify the Ito-Taylor schemes in a way that the use of iterated stochastic

integrals can be avoided. We refer to the corresponding discussions in [16] and [22, 30].
]



Two-sided error estimates for stochastic onestep and multistep methods 7

3. Definitions and main results. In this section we introduce our notions of
consistency and (numerical) bistability of a multistep method which are motivated by
the work of Stummel [29]. For a comparison to related notions in the literature and
for a more detailed embedding into the abstract theory of discrete approximations we
refer to [3] and [17], respectively. In the second part of this section we give a precise
formulation of our assumptions, the characterization of the bistability of a multistep
method and the two-sided error estimates. We start with the definition of a consistent
multistep method.

DEFINITION 3.1. The multistep method (Ap)ns>o is called consistent of order
v > 0, if there exist a constant C > 0 and an upper step size bound h > 0, such that
the estimate

|Apr Xl 1,0 < CRY (3.1)

holds for all grids 1, with h < h, where TEX denotes the restriction of the analytic
solution X of (1.1) to the time grid Tp,.

The left-hand side of (3.1) is called local truncation error or consistency error
and uses our stochastic version of Spijker’s norm (1.5). The standard procedure of
eliminating convergence errors by successive triangle inequalities from local errors (see
”Lady Windemere’s fan” diagram in [11]) is not sharp enough to produce two-sided
error estimates. Next, we come to the definition of bistability.

DEFINITION 3.2. The multistep method (Ap)n>o s called bistable with respect to
the norms || - lo,n, || - [|=1,n, if there exist constants C1,Cs > 0 and an upper step size
bound h > 0, such that the operators Ay, : Ej, — FJ, are bijective and the estimate

CillAnYn — AnZin|l=1.0 < [|1Yn — Znllon < Cal|AnYn — AnZpll -1 (3.2)

holds for all Yy}, Z), € Ej, and all grids T, with h < h.

If only the right-hand side inequality in (3.2) is true we say that the multistep
method is stable. As we will see below, consistency and stability are sufficient for the
convergence of the multistep method (A)n>o-

DEFINITION 3.3. The multistep method (Ap)r>o is called convergent of order
v > 0, if there exist a constant C > 0 and an upper step size bound h > 0, such that
the operators Ay, : En, — F), are bijective and the estimate

| X =3 Xllon < ChY

holds for all time grids 1, with h < h. Here X} and TEX denote the solution to
Ap X = 0 and the restriction of the analytic solution X to the time grid Ty, respec-
tively.

A Dbistable multistep method can be characterized by Dahlquist’s strong root
condition. The characteristic polynomial p of the k-step method (1.3) is given by

k

p(z) = Zajzj, zeC.

Jj=0

The strong root condition reads as follows:
Strong root condition If z € C with p(z) = 0, then either |z|] < 1 or z =11is a
simple root of p.
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In [4] the authors showed for a different pair of norms that the usual root condition
(all roots of p lie within the unit circle and all roots with modulus 1 are of multiplicity
1) is necessary and sufficient for the stability of a stochastic multistep method. But,
as we will see in the next section, the usual root condition is not sharp enough to
characterize bistability.
For our stability theorem we also need the following Lipschitz-type assumptions
on the increment function ®y,.
(S1) There exists L > Osuch that forall j = k,..., N, Y, € G, and Z € L*(Q, F,, P;R?)

tivio
@0t Yaltios), - Va2, Vi) U85 ™) e i, i)
=Pt Yi(tj—k)s -, Ya(ti—1), Ya(t;) + Z, (Iij”_k)aeA,i:L,,,,k)‘

< Lh||Z| 20

L2(9)

(S2) There exists L > 0 such that for all j =k,...,N, Y,, Zy € G

i byl
E <max PO [@h(tn,yh(tn,k), Yt (L) A )

k<i<j

2
—®u(ty, Zn(tn—k), - Zn(ty), (Iinﬂ_k)aeAle,...,k)] ‘ )
J
N N2
<1Lh ;0 E (012%7 Ya(t:) — Zu(t)] ) |

Now we are in the position to formulate our first main result.
THEOREM 3.4 (Characterization of bistability). Assume that the multistep method
(Ap)r>o satisfies p(1) =0, ax, # 0 and the Lipschitz assumptions (S1), (S2). Then

(An)nso is bistable
if and only if
(Ap)n>o satisfies the strong root condition.

The proof of theorem 3.4 is deferred to Section 4. The next theorem makes use of
the bistability inequality (3.2).
THEOREM 3.5. Assume that the multistep method (Ap)n>o is bistable. Then for
>0

(Ap)n>o is consistent of order
if and only if
(Ap)n>o is convergent of order 7.

Moreover, there exist constants Cy,Cy > 0 and an upper step size bound h > 0 such
that the two-sided error estimate

CLl|Apry X | —1n < 1 Xn — i Xllon < CollAnrf X —1.n (3.3)

holds for all h < h, where X, € Ej, solves A, X), =0 and er denotes the restriction
of the analytic solution X to the time grid Tp,.



Two-sided error estimates for stochastic onestep and multistep methods 9

Proof. Since (Ap)nso is bistable there exist an upper step size bound h > 0
such that the operators A : Ej, — F} are bijective for all h < h. Thus, there
exists a unique grid function X € Ej such that A, X; = 0. Applying the bistability
inequality (3.2) to X} and the restriction er yields the two-sided error estimate
(3.3). The first statement of the theorem is now evident. O

The rest of this section is devoted to the three approximation schemes which were
introduced in Section 2. The first theorem is concerned with the bistability of these
methods and will also be proved in the next section.

THEOREM 3.6.

(i) Under the assumptions (A1) and (A2) the stochastic theta method and the
BDF2-Maruyama scheme are bistable.

(ii) Under the assumptions (A1), (A2) and (A3) the Ité-Taylor schemes are
bistable.

The next theorem deals with the consistency of the approximation schemes and
is based on the following additional assumptions. Here we use the notation of the
remainder set B(A,) of the It6-Taylor expansion (c.f. [16]) which is given by

B(A’Y) = {Oé: (j17j27"'aj€)|j1 :Oa"'am7 agA’Y’ (jQw"aj@) EA"/}

(C1) The initial values are consistent of order v, i.e. there exist a constant C' > 0
and h > 0 such that for all h < h

N — X < Ch".
0ditho1 | X(t:) — Xillz2(o) < Ch

(C2) There exists a constant K > 0 such that

07 (t, ) = 0" (s, )| < K (14 [])\/[t — s

for all z € RY, t,5 € [0, T].
(C3) For all a € B(A,) we have

T
/0 E (|fa(s, X ()% ds < oc.

The assumption (C2) is already used in [16] to prove convergence of the Euler-
Maruyama scheme. The assumption (C3) is fulfilled if all coefficient functions fo,
a € B(A,), satisfy a linear growth condition. Now we formulate the consistency
theorem.

THEOREM 3.7.

(i) Under the assumptions (A1), (A2), (C1) and (C2) the stochastic theta
method and BDF2-Maruyama are consistent of order v = %

(ii) Under the assumptions (A1), (A2), (A3), (C1) and (C3) the Ité-Taylor
scheme of order vy is consistent of order .

The proof is deferred to Section 5. From theorems 3.5, 3.6 and 3.7 one immediately
obtains the following result:

COROLLARY 3.8.

(i) Under the assumptions (A1), (A2), (C1) and (C2) the stochastic theta
method and BDF2-Maruyama are convergent of order v = %
(ii) Under the assumptions (A1), (A2), (A3), (C1) and (C3) the Ito-Taylor

scheme of order v is convergent of order .
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Moreover, in both cases, the two-sided error estimate (3.3) is valid.
We close this section with the following remarks.

1. We remark that by our choice of the norm (1.4) the convergence in definition
3.3 and corollary 3.8 is understood in the L2-sense. In particular, the numerical
solution X, of the equation Ay X;, = 0 converges uniformly at each grid point to the
restriction of the analytic solution X. The L?-convergence implies a good pathwise
approximation for each sample path w € Q. In addition to this notion of strong
convergence we mention the concepts of (numerical) weak convergence (see [16, 19, 20])
and of pathwise convergence (see [13, 14, 15]) which. however, are not considered in
this paper.

2. One can use a slightly different pair of norms where the maximum occurs
outside the expectation, i.e. ||[V4|||o,n := maxy, e, || Xn(t:) — X ()| £2(q), and obtains
similar results. For the stochastic theta method a proof is given in [3].

3. In our approach we work with grid functions only. According to [16, Ch.10.6]
one can interpolate the numerical approximation to an adapted, right-continuous
stochastic procress Xp, : [0,T] — R? with existing left limits (cadlag) such that X, (t)
converges uniformly in ¢ to the analytic solution X (¢) with the same order that holds
at the grids points. O

4. Characterization of bistability. In this section we prove the Theorems
3.4 and 3.6. The proofs are done in several steps, each in an own subsection. First
we show that the numerical schemes form Section 2 fulfill the strong root condition
and the stability assumptions (S1), (S2). Hence Theorem 3.6 directly follows from
Theorem 3.4.

Next we show that the operator Ay, of the general k-step method (1.3) is invertible
under assumption (S1). In the third subsection we write the k-step method as a sum
of a linear operator and the increment function. We show that the k-step method is
bistable if and only if the linear operator is bistable. Finally, in the last subsection,
we show that the linear operator is bistable if and only if Dahlquist’s strong root
condition is satisfied.

In the last two subsections we apply techniques used by R.D. Grigorieff [10] for a
similar analysis of deterministic multistep methods.

4.1. Proof of Theorem 3.6. In this subsection we show that under the given
assumptions the stochastic theta method, the BDF2-Maruyama scheme and the It6-
Taylor scheme of order v satisfy the stability assumptions (S1), (S2) and the strong
root condition. Thus Theorem 3.6 follows from Theorem 3.4.

By the definitions of the operators AyTM  ABPEF and AITS the conditions p(1) =
0, ar # 0 and the strong root condition are satisfied in each case (the roots of the
characteristic polynomial of the BDF2-Maruyama scheme are z; = 1, 25 = %) Thus
it remains to prove the stability assumptions (S1),(S2).

First we do this for the stochastic theta method (2.4). Let Y, € G}, j=1,...,N
and Z € L*(Q, F,,, P;R%), then by the Lipschitz-assumption (A2)

H(I)ETM(tﬁ Yh(tjfl)u Yh(tj)ﬂ (Ig))r:O,u.,m)

~OETM (t, Yaltj1), Yalts) + 2, (1) Dr=o..m)

L2(Q)
= [|n6 (B°(t;, Yi(t;)) — O(t;, Ya(t;) + 2))
< Lh||Z|| L2,

20
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where L = §K. This proves (S1) for the stochastic theta method. By the inequality
(a4 b+ c)? < 3(a® + b + ¢) we obtain for (S2)
E ( max
1<i<j

> (@FTM (b, Yalty 1), Ya(ty), (I r=o...m)

n=1

— 07T M (b, Zn(ty—1), Zn(ty), (1)) r=o, ’m))r)

2
< 3E [max Zh 1—0) (b°(ty—1, Ya(ty—1)) — 0(ty—1, Zn(ty-1)))
2
+3E | max Zha (ty, Yi(tn)) — O (tn, Zn(ty)))
2
+ 3E max ZZ b (ty—1, Ya(ty—1)) = b"(ty—1, Zn(ty- 1)))1()

n=1r=1

=Ty + T +T;.

We estimate the three summands separately. For 77 Jensen’s inequality and the
Lipschitz-assumption (A2) yield

T, < 3E <max ih?(1 — 0)? Z | (ty—1, Ya(ty—1)) — b°(ty—1, Zh(tnl))\2>

1<:i<y
n=1

<3(1- 9)2T§J: RE ([0t -1, Ya(ty-1)) = (g1, Za(ty-1))|)

n=1

<3(1— 9)2TK2hz]:E (|Yh(tn_1) - Zh(t,,_l)\z)

J
< 1038 (s, 900~ 2060 )
n=0 o

where the constant L > 0 only depends on 0, T and K. The term T is estimated
analogously. By the martingale property of the stochastic It6-integrals we are allowed

2
to apply Doob’s martingale inequality to term T5. Then we use E (‘ I(t:) > = h and
finish the estimate by

i m
T3 < 12E ZZ (ty—1, Ya(ty— 1))_bT(tnfl,Zh(tnfﬁ))I(t:)
n=1r=1
<12ZZhK2E (1Ya(tg-1) = Zn(ty-1) )
n=1r=1

< LhZIEJ <max Vi (t;) — Zh(ti)|2>.

0<i<n



12 R. Kruse

Here the constant L > 0 depends on m and K. Altogether we have shown that the
stochastic theta method satisfies assumption (S2).

Since the BDF2-Maruyama scheme can be written as a sum of two stochastic
theta methods with different parameter values 6 the proof of (S1), (S2) is basically
the same as above and therefore skipped.

The Ito-Taylor schemes are explicit onestep methods and (S1) is clearly satisfied.
It remains to prove (S2) for the Ité-Taylor scheme of order 7. For Yj, Z;, € Gj, and
j=1,..., N we compute

>~ (@875 (b, Yilta1), Yaltn), (1) e )

E [ max
1<i<y

2
_‘I)}ILTS(tm Zy (tn—l)a Zp (tn)7 (I‘tln)aeAv)>

2

=B | max |3 7 [alty1, Yalty1) = falty—1, Zulty 1) I

1<i<j
n=1 aeA-y

i 2

S alty12Yiltg-1)) = falta—1. Zu(ty-1)] 12

< |A,] Z E | max

1<i<;

Since |A,| < oo it is sufficient to estimate each summand separately. For all multi-
indices @ € A, of the form a = (0,...,0), i.e. £(o) = n(a), we have Il = Z(i)!

In this case we apply Jensen’s inequality and the Lipschitz-assumption (A3) and
estimate the summand by

@ 2
E( max | [falty-1,Yalty-1) = falty-1, Zulty1)1 18
T PR
< @ 17;E(|fa(tnbyh(tnl)) ~ falty-1, Zn(ty-1))
T PR ,
< e S (it~ )
< el 121@(0@%7'% 6= zue)l).

For multi-indices o € A, with {(a) # n(«) we have E(1Y |Ft,_,) = 0 with probability
1 (c.f. Lemma 5.7.1 in [16]) and there exists a constant C' such that E(|I5|?) <
Cht@)+n(@) (¢ f. Lemma 5.7.2 in [16] or Lemma 5.3 below). Hence, under the given
assumptions, the stochastic process (.S;);=o,... v With

S == Z (faltn—1,Ya(ty—1)) = faltn—1, Zn(ty—1))) I

n=1
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is a discrete, square-integrable martingale. Once again we apply Doob’s martingale
inequality and obtain

2 2
E (gggj |53l ) <4E (ISjI )

= 4ZE (Hfa(tnflvyh(tnfl)) — falty—1, Zn(ty—1))] L%

’)
<40L, ij A (|Yh(tn_1) - Zh<tn_1>|2)
n=1

J
< () +n(a) N (2
< A4CL.h EO]E &?&'Yh(tl) Zn(t:))” ) -
—

Since f(a) + n(a) > 1 we have shown (S2) for the It6-Taylor scheme of order ~.

4.2. Invertibility of A;. In this subsection we begin the proof of Theorem 3.4
by discussing the invertibility of the operator A, : Ej — Fp of the general k-step
method (1.3). The following lemma summarizes our result.

LEMMA 4.1. Under the assumptions (S1) and ay # O there exists an upper step
size bound h > 0 such that the operators Ay, : E), — F, are bijective for all h < h.

Proof. Let Y, € Fj. The equation ApX;, = Y}, is written in terms of grid
functions, hence we have to solve a system of equations of the form

[AnXn](t:) = Ya(t:) (4.1)

for all ¢; € 7,. We show that this equation is uniquely solvable for ¢; € 7, if the
solution is already uniquely determined for all ¢; € 7, with j < i.

For 0 < i <k —1 we have [4,Xp](t;) = Xn(t;) — X;, where X; denotes the i-th
initial value of the multistep method. Hence X, (t;) := X;+ Yy (t;) € L2(, Fy,, P;R?)
is the unique solution of (4.1) for 0 < <k — 1.

Next assume that for j > k a unique and adapted grid function (X (¢;))o<i<j—1 is
known such that equation (4.1) holds for all 0 < i < j. Now the equation [A, Xp|(t;) =
Yh(t;) is equivalently written in fixed point form as

Xn(t;) = Fn(ty, Xu(ty)),

where Fy,(t;,-) : L*(Q, Fy,, P;R?) — L2(Q, Fy,, P;R?) is given by

k—1
1
Fn(ty, Z) = w (Yh(fj) = aiXn(tjpir)
1=0

for Z € LQ(Q,]:tj,P;Rd). By assumption (S1) we get

HFh(tj,Z) —Fh(tj,Z)’ @)

<Int HZ - Z’
L2(9) ax
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Hence, for h small enough, Fj(t;,-) is a contraction in LQ(Q,ftj,P;Rd) and there
exists a unique fixed point, which we denote by Xj,(¢;).

By induction we obtain a unique and adapted grid function Xj; on the whole
time grid 75, which solves A, X, = Y}. Therefore the operator Aj is invertible under
assumption (S1). O

4.3. Reduction to the linear part. An important step for the characterization
of a bistable multistep method is to realize that the bistability only depends on the
linear part of the operator A, as long as the remainder part satisfies a Lipschitz
condition. By the linear part we mean the operator Ly : E; — Fj which is given by

Y (ts), for 0<i<k-1,

[Lth](tz) - { Z?:O ajéh(ii_;'_j_k), fOI' k S Z S N (42)
The residual operator is denoted by T} := A — Lj,. The goal of this subsection is
to prove the following lemma which is a generalization of a corresponding result for
deterministic multistep methods [10].

LEMMA 4.2. Under the assumptions (S1), (S2) and ay, # 0 the multistep method
(Ap)n>o is bistable if and only if the sequence of operators (Lp)n>o is bistable.

For the proof we need the following discrete Gronwall-lemma.

LeEMMA 4.3. Consider constants v1,72 > 0 and o real sequence (x;)j=o0,... N,
N € N, with

i—1
i <2 2Ty

forallj=0,...,N. Then z; <v1e/7 for all j=0,...,N.

Proof of Lemma 4.2. Note that by assumption a; # 0 and Lemma 4.1 it is clear
that there exists an upper step size bound h > 0 such that the operators Ay and Ly,
are both bijective for all h < h. Hence we only have to show that (3.2) holds for one
operator if and only if it holds for the other one.

First we assume that the bistability inequality (3.2) holds for the operator L.
As a start we prove that the estimate

3 k—1
(2 (gum o0 = 200 ) ) < €2 | IR0 = 2200l
1=0

0<i<j
+ ( E| max
k<i<j

is valid for all h < h, Yy, Z, € Ey and all 0 < j < N. For the proof we fix a step size
h < h, a grid function Y, € Ej, and 0 < j < N arbitrary. For every Z;, € Ej there
exists a unique solution X, € Ej to the difference equation

(4.3)

vk (LnYi(ty) = LuZn(ty)) ‘2)> j

N [ [LaZp)(ti), for0<i<j,
[LnXn](ti) = { [LnYa)(t:), forj+1<i<N,

since Ly, is bijective for all A < h. As in Subsection 4.2 one shows that X}, (t;) = Z,(t;)
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for all i < j. By (3.2) we obtain

(= (g i - th)f));

1
3
pr— , —_ L 2
= <]E (Orillaéij |Yh(tz) Xh(tz)| ))
< |Yn — XhHO,h
< Co||LpYp — LaXnl _y 4,

=

|

kz_: i) = Zaeles + (& (g [y (EaYie) - Lazite)] ) )

k<i<j

which proves the estimate (4.3). By inserting Ly, = A, — T}, into (4.3) we get

<]E (012% Yalts) - Zh(ti)f));

k—1
D IYalts) = Zn(ts) | 2
=0

<0y

1
2

+ (E (krgfmé(j ’Z;:k (ApYn(ty) — ThYn(ty) — AnZn(t,) + ThZh(tn))F))

N=

< Cqy

|ARYs — AnZp||-10 + (E <max ‘z;:k (ThYn(t,) — Thzh(tn))f)) ] .

k<i<j

For the second summand assumption (S2) yields

’ (kng?é(j ’Z;:k (Th¥(ty) = ThZh(tn))‘Q)

%

otk
=k Reis Z;C <(I)h(t”’ Yiltn—k), - Ya(ty), (1" ") pe Aumr 1)
= (4.4)

2
_(I)h(tn, Zh(tn_k), R Zh(tn)a (I;"Hik)aEA7l=1,_“7k)) ‘ )
g 2
< ;) — ; .
< Lh;E (012?;; Vi (ti) = Zn(t:)] )
Thus
2
(1 —2C2Lh)E (Orgggj Yn(ti) — Zn(t:)] )

<20y

j—1
|ARYs — AnZn||” 1), + LhY_E <max Vi (ts) — Zh(ti)|2>] .
n

0<i<
=0 =21



16 R. Kruse

From Lemma 4.3 and for all A < min(h, ﬁ) we derive the estimate

E (max [Vi(t) = Zu(t) ) € —2 || AWYi — AnZa|%y p e o500t
0ziy | PV T AREIL ) = o0, oy R T SRkl
<40 | AnYs — AhZhHQ,Lh oL,

Since Y, € Ejp and 0 < j < N were chosen arbitrary the operator Ay is stable for all
h < min(h, ﬁ), i.e. there exists a constant Cy independent of h such that

1Yn = Znllon < Coll AnYn — AnZn -1,
holds for all Y}, Z;, € Ej. Further we compute

|AnYn — AnZp| _y ),

Nl=

. 2
<|NLaYyn = LuZn|| ) + (E < max ’Z?:k [T Yn(t:) — ThZh(ti)]‘ ))

k<j<N

1
< <C’ +L(T+ 1)) 1Y — Znllo,n,
1

where we used A;, = Ly, + T}, the left-hand side of the bistablity inequality (3.2) for
L, and the estimate (4.4). Altogether we have shown the bistability of the operators
(An)n>o-

By interchanging the role of the operators (Ap)pso and (Lp)p>o appropriately
one proves the bistability of (Lp,),>0 analogously. O

4.4. Bistability of the linear part. In this subsection we deal with the missing
link between Lemma 4.2 and Theorem 3.4. Thus we have to show the following result:

LEMMA 4.4. Under the assumptions p(1) = 0, ar # 0 the sequence of operators
(Lp)n>o 18 bistable if and only if Dahlquist’s strong root condition is satisfied.

By the assumption p(1) = 0 we can write

p(z) = p*(2)(z = 1),

where p*(2) = Zf;é a; 2/ is a polynomial of degree k— 1 with aj_; # 0. We introduce
the operator L; : E}, — F}, defined by

Y5 (t:), for0<i<k-2,

EiYal(t:) = { E;:& G;Yh(ti+j*k+1)» fork—1<i<N. (4

Note that p* is the characteristic polynomial of the multistep method (L ),<o. More-
over, we have

LpYy(ti) = Ly Yn(t:) — Ly Yn(ti—1) (4.6)

for all t = k, ..., N. The following result will be useful for the proof of Lemma 4.4:

LEMMA 4.5. Under the assumptions p(1) = 0, ax # 0 the sequence of linear
operators (Lp)p>o is bistable if and only if there exist constants A1, A2 > 0 such that
the inequalities

(NI

k—1
* 2
Ml¥illon < e +2 (B (s 1300 )) < lilon 07
j:
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hold for all h > 0 and Y, € Ej.

Proof. By the linearity of the operators (Lp)n~o the bistability inequality (3.2) is
written as

CilYallo,n < 1 LaYall—1,0 < Cal|Yallo,n

for Yy, € Ej,. The relationship (4.6) gives

N|=

k—1 2

LAY n|[-1,n = Z 1Yn(tj)lle + | E

ZLth
7=0
k—
S ||Lz+( ( max |LiYi(t,) - L;;Yhuk_m?))
7=0

k—1

it se +2 (B (e 13300 ))

2

Conversely, we have

LpYu(t; Z LypYn(ti) + L Ya(tk—1),

which we use to obtain

k—1 1
NYh ()2 +2 (E <k max |Lth( 3 >)
7=0
k—1 ] 9 1
=S ateplee +2 (5 (e[S L) + Livien)] ) )
j=0 T

IN

2 (E( max |20, LYalt:

k<j<N

1 k-1
)) £300 4 2a ) a2
7=0

<2 (14 255 1451) ILaYal-1he D

In the next step we collect results on difference equations written in terms of
L?-valued grid functions. For Z, € G, the unique solution Y}, € G to the equation
L}Y)y = Zy, is given by

k—2 N
(t:) = > V1 Zn(ty) + > wiZy(ty (4.8)
n=0 n=k—1
where for n = 0,...,k — 2 the real sequence (v?)izoy___yN solves the homogeneous
difference equations
*,.1 _ -
Zajvi_k+1+j—0, i=k—1,...,N, (4.9)

’U?:(Si,n, Z'ZO,...,]C72,
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for n = 0,...,k — 2 and the real sequence (w;’)izo,m’N solves the inhomogeneous
difference equations

k—1
aiw! =08;,, i=k—1,...,N,
;;% Tkl T (4.10)

wl! =0, i=0,....k—2,

forn=k—-1,...,N with §; ; = 0 for ¢ # j and 6;; = 1. It is well-known how the
solutions to the linear difference equations (4.9), (4.10) can be expressed by the roots
of the characteristic polynomial p*(z) = Zf;é ajzl:

Let (; € C, i =1,...,s, be the pairwise distinct roots of p* with multiplicity
ki>1(ki+---+ks=k—1). A fundamental system of solutions to the homogeneous
difference equation (4.9) is given by

J
K J—K s _ S
u;" = || v| ¢, i=1,...,5, k=1,...,k;, 7=0,...,N,
v=j—kr+1

where [ = 1. All solutions (v});=o,..,~ to (4.9) can be written as

S

kq
n_ no, K
v = Z Z Cily
i=1 k=1

where the coefficients cZH € C are uniquely determined by the initial values (in par-
ticular, they are independent of N).

Now consider the real-valued solution (z;);=o,.. .~ to the homogeneous difference
equation

k—1

Zajxi_kHH:O, iZk‘—l,...,N,

§j=0

1
z; =0, xp_o=—F—, 1=0,...,k—3
A1
For i < 0 we define z; := 0. Then we have
’U.)? = £L'7;,77+k,2 (411)

for the solution to (4.10), since

k—1 k—1

* 1 — oo — 4.
D@l = D0 Tikion-1 = Siy
j=0 7=0

Note that (x;)i=0,... n solves a homogeneous difference equation. Hence it also has a

representation as a linear combination of the fundamental solutions (u;”) j=1,...,N-
Remark. Under the usual root condition one can prove that the fundamental

solutions to the homogeneous difference equation (4.9) are uniformly bounded for all

N € N. This is sufficient to show that the solution Y}, € G), to LY} = Z), satisfies

1Yllo,n < CllZnllo,n
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for a constant C' > 0 which is independent of A. From this result one derives the
stability of the operators (Lp)ns>o but for a different pair of norms (c.f. [10] for
deterministic multistep methods). O

Proof of Lemma 4.4. By Lemma 4.5 it remains to show that the inequalities (4.7)
hold if and only if the strong version of Dahlquist’s root condition holds.

We first prove that the strong root condition is sufficient for the inequalities
(4.7) to be true. Let Y, € E} denote the solution to L}Y; = Z; € Fj,. Using the
representation (4.8) gives

k-2 3 NN\ 7
n 2 N n
iln <3 (5 (s i) )+ (& (gmas, (S0 i)
z

k-2 N 2\ \ 2
< 3 s W20+ (B (mas, [ ot ) )
2

0<i<N

k—2
<
- (o<rl?<a/§ 2021za<}§v|v ) — 12 ()]

<.

1

N " S\ 2
+ 021%’% (En:k—l |w; |) (IE (k rln<ax < [ Zn(ty)] ))

<on (Sl 2 (5 (, s )|

Jj=0

where the constant Cy is given by

1
Cy:= max max |v]|+ - max |w]].
0<n<k—20<i<N 2 0<i<N
n=k—1

The first part of the inequalities (4.7) is proved if we can show

sup Cy < oo. (4.12)

NeN
But under the strong root condition all roots of p* satisfy [(;]| <rg < lfori=1,...,s
Hence there exists a constant C' > 0 such that

i< Crl, j=0,...,N, (4.13)

foralli = 1,...,s and k = 1,...,k;. Since (v]);

0,...~ and (z;);=o,.. N are finite

linear combinations of the fundamental system (u;’”)] 0,...N the estimate (4.13) is
also valid for these sequences. By the relation (4.11) we compute
N N itk—1
Z |w7l| — Z ‘xi—fl+k—2| = Z |$Z n+k— 1| < CZT'O < C —TO < 00,
n=k—1 n=k—1 n=k—1

where we used z; = 0 for ¢ < 0. Altogether this proves (4.12).
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The right hand side of (4.7) follows directly from

ZnYh e +2 (B (, max 122330 ) )

< (k= D)|[Yallos + 2 (E ( max {Zf;é |a] |Yh(tn_k+1+j)|]2>> 3

k—1<n<N

k—1 *
< (k —1+42Y0 Iajl) 1Ynllop -

=

Consequently, the strong root condition is sufficient for the inequalities (4.7) and for
the bistability of the operators Ly,.

Conversely, assume that the inequalities (4.7) hold for all h > 0 and Y, € Ej
and that p does not satisfy the strong root condition, i.e. there exists ( € C with
p7(C) = 0 and |¢] > 1.

First, we focus on the case |¢| = 1. Define z; = j(¢’ +Zj) € R and let Y, (t;) ==
z;Y for Y € L*(Q, Fy,, P; R?%). Then Y}, € Ej, and if we apply L} to Y}, we get

k—1 E—1
LiYa(t; Z“ Yi(tytj—kt1) Zaf](n+jfk+ )(Cn+j k1 ETHIS k+1)
n=0 =0
- * = d - ikt = k2 d o~
=TT OO (),

Since p* is a real polynomial we also have p*({) = 0 and thus

d
* N o< | N
kirlngng\Lth(tjﬂ = ‘dzp (C)’ + ‘Zp (C)‘ < 0o0.

Combining this with (4.7) gives us

1
2

k—
A[[Yallon < Z::onyh Dz +2 (E (k Jmax LG Ya(t)] )) < o0

for Ay > 0. On the other hand we have
lim ||Y4|lo,n = o0
h—0

which contradicts (4.7). _
The case [¢| > 1 also contradicts (4.7) by using z; = ¢/ +¢ eRforjeNy. O

5. Consistency. The aim of this section is to prove Theorem 3.7. We deal with
each numerical scheme in a separate subsection.

5.1. Consistency of the stochastic theta method. Before we start with the
estimate of the local truncation error we quote the following useful result from [1, 18]:

THEOREM 5.1. Under the assumptions (A1) and (A2) the solution X to (1.1)
satisfies

E(|X(0F) < (1 +E(IXo[*) e



Two-sided error estimates for stochastic onestep and multistep methods 21

and
E (|X(t) — Xo|?) < C (1 +E(|Xo[*)) te”"

for all0 <t <T and some constants C, D > 0 depending only on K and T.
In particular, using the semigroup property of X, one can prove the estimate

E (X (1) ~ X(s)P) < Ot — 5|

for all t,s € [0,T] and some constant C > 0 depending only on K, T and E(|Xo|?).
By the definition of our stochastic version of Spijker’s norm the local truncation
error of the stochastic theta method can be written as

2 2
i

STM E \ STM E
AT X = 1XO) = Kolluzey + | B | o |5 AT X))
J:

The assumption (C1) assures the consistency of the initial value Xy with the order
v = 1. Thus it remains to estimate the second summand

( (maxscoen | S5 (AT X](0)))
= (E (maX1§7;§N ‘Z;Zl {X(tj) — X (tj_1) —h(1 - e)bo(tj—laX(tj_l))

1
2

—hovO (t;, X (t;)) — 32,2, br(tj—l’X(tj_l))I(t’{)} ’2>)é .

From the representation (1.2) and the triangle inequality we obtain the estimate

2\ \ 2
<=0 B[ max Z / )= 80t 1, X (15 1))ds (5.1
. 2\ \ 2
+0|E| max Z/t 0(s, X(s)) — BO(t;, X (t;))ds (5.2)
2\ \ 2
+ | B max, lel/ )) = 0" (tj—1, X (tj_1))dW" (s) . (5.3)

We estimate the terms separately. Jensen’s inequality yields for the square of the first
term (5.1)

2
A

1 K 0 0
Tk | e 3 | 0 X () =0, X 10
]: J—

%

<E| max ihZ/j ‘bo(s,X(s))—bo(tj_hX(tj—l))’zds

1<V |~y
=

N
_ TZ:/t E ([8(s. X () — 1ty X (1,-1))|*) ds.
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Using the assumptions (A2) and (C2) we find for r =0,...,m

b7 (s, X (5)) = b" (tj—1, X (t;—1))|?
< ([ (5, X () = b7 (5, X (tj—1))| + [b" (5, X (tj—1)) — b" (tj—1, X (t;-1))])

< (K|X<s> — X(t1) + K(1+ X(mﬂbm)z

< 2K?|X(s) = X(t;-1)2 + 2K (14 X (-0 s — .

Applying Theorem 5.1 leads to the estimate

E (10" (5, X(s)) = V" (-1, X (1))
< 2KE (|X(s) = X (t;1)[%) + 4K (1+E (|X(t;1)[%)) |s — t;_1] (5.4)
S C|S — tjfll,

where the constant C' only depends on K, T' and E (|X0|2). Hence we complete our
estimate of the term T3 as follows

ti 1
T, < TZ Cls —tj_1|ds = 5OT%. (5.5)

tj—1

Replacing t;_1 by t; in (5.4) leads to the analogous result for the term in (5.2), i.e

2

1
= E 0 < =CT?
T, :=E lrgnizgv / b (t;, X (t;))ds < 2C’T h. (5.6)

Thus, it remains to estimate the third term (5.3)

2

T3 :=E | max ZZ/J (s, X () = b"(tj—1, X (t;—1))dW"(s)

1<i<N t
j=1lr=1""%-1

By the martingale property of the stochastic Ito-integral (c.f. Theorem 1.5.12 in
[18]) we are able to apply Doob’s martingale inequality. Then we use the martingale
property and the independence of the Wiener processes to interchange the sums and
the expectation (c.f. Theorem 1.5.21 and Lemma 1.5.22 in [18]). This yields

T; < 4E ZZ/ ) = b (tj_1, X (tj_1))dW"(s)
—4ZZE " (5, X(8) = (1 X (£) AW (s)

m

iy / (I 5, X(5)) bty X (1)) ds.

j=1r=1
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where we used the Ité-isometry in the last step. Again we apply (5.4) and obtain

N m t;
T3<4) Z/ Cls —tj_1|ds = 2CTmh. (5.7)
ti—1

j=1r=1"1

Combining (C1) and the estimates (5.5), (5.6) and (5.7) we arrive at the final estimate

, 1 1 i
AR X[ =10 < Ch? + (1 — 9)\/2CT2h + 9\/2CT2h +V2CTmh = Ch?,

where the constant C' > 0 only depends on K, T, E (|X0|2) and m. Thus, the
stochastic theta method is consistent of order v = %

5.2. Consistency of the BDF2-Maruyama method. In this subsection we
prove the consistency of the BDF2-Maruyama method under the assumptions (A1),
(A2), (C1) and (C2). The idea is to write BDF2-Maruyama as a sum of two stochastic
theta methods and then to use the result from the previous subsection. The local
truncation error is given by

1
2 2
1 i
BDF E o BDF E
ARy Xl =10 = Z [X(;) = Xjlle2 + | E 22“%’?\[ Z[Ah i X1(t;)
7=0 =2
Again, by assumption (C1), the initial values are assumed to be consistent of order
v = % Thus we only have to estimate the second term. But this one can be written
by the definition (2.5) of APP¥ and the triangle inequality as follows
1
. 2 2
K3
E | max |> [AFPTrPX](t))

2<i<N |4
Jj=2

1 1 2
= | E| max, 222 X(tj) = gX(tj-1) + 3 X (tj-2) — hb°(t5, X (25))
iz
1
m 1 m 2 2
_ Zbr(tj_l,X(tj_l))Ifi) + g Z br(tj_Q,X(tj_Q))]zi)l‘|
r=1 r=1
: 2 0 1 0
< | E | max | 2 X(t5) = X(tj—1) = hb"(85, X (85)) = ghb" (81, X (tj-1))
]:
2\ \ 2
m
T tj
Byl (tj_l,X(tj_l))I(r)]
r=1
HE| max g X(tj—1) = X(tj—2) = hb*(tj-1, X (t;-1))

Jj=2

1
2 2

r=1

=D bt X(th))I(tj)”]
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Now the two summands can be estimated as in the previous subsection. Thus the

BDF2-Maruyama scheme is also consistent of order v = %

5.3. Consistency of higher order It6-Taylor schemes. In this subsection
we prove the consistency of the It6-Taylor schemes. Choose v € {% |n € N} such that
assumptions (A1), (A2), (A3), (C1) and (C3) are satisfied. For the estimate we need
the following result on It6-Taylor expansions from [16].

THEOREM 5.2. Under the assumptions (A1), (A2), (A3) the Itd- Taylor expansion

X(t:) = X(ti-1) + Z Jaltict, X (i) 15 + Z L[fa( XD,
acA, acB(A,)

holds for alli=1,..., N, where for a = (j1,...,j¢) € B(Ay)

Lalfals XOE, = / / / False X (s))dTW (s0) -~ AW (s,).

For the proof we refer to Theorem 5.5.1 in [16]. Now the local truncation error of
the Ito-Taylor scheme of order v takes the form

1
2 2

[R5 X o = 1X(0) = Kol 2 + | B | max Z [AITSIE X (1)

Again, by assumption (C1), the initial value X, is assumed to be sufficiently consis-
tent. Thus we are only concerned with the second summand

i
ITS E
B max, 'El[Ah i X](15)]
J:

sl EEDNLOED DRI ff]

<
Il
—_

aEAA,

<.

= |E| max Z Lo[fa(, X -))]]1

1<i<N
LacB(A,)

<.
I
—

1
2 2

E max E I,
1<i<N ol XCD- ’

acB(A,)

IN

where we applied Theorem 5.2 and the triangle inequality. Since the remainder set
B(A,) is finite (c.f. [16]) it is enough to estimate each summand separately. First we
consider all multi-indices o € B(A,) with ¢ = ¢(a) = n(«), i.e. « =(0,...,0). For
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these multi-indices one computes

t]
-E 12%2// / (e Xlse)dse - dsa

%

1 ti
=K r_nax jz::l m - fa(st(S))(tj - S)éilds

1 2 . 7 tj ~
=< ((6—1)‘> E| max ZhZ/ | fa(s, X () P[t; — s*“ Vs
: == j=17ti-1

where we used Jensen’s inequality in the last step. We complete the estimate by

<(£—1) Z/Jl (Ifals, X (5))?) ds h**~2

B (w—lw')T /OTE (a5, X ()?) ds 1.

By assumption (C3) the integral is finite and by the definitions of A, and B (A,) we
have a € B(A,) with £(e) = n(a) only if £ = ¢(a) = y+1 or £ = {(a) = v+ 2. Hence
h?*~=2 = O(h"), which is also the order of the complete term.

Thus it remains to estimate the summands with all indices o € B(.A,) such that

n(a) < €(a). In this case note that E (Ia [fa('vX('))]Z,l |.7-'tv) =0 foralli<yj
(cf. Lemma 5.7.1 in [16]). Therefore (5;)i=1,.. .~ with S; = Z I [fa(, X ()]

1
is a discrete martingale. Furthermore, by Lemma 5.3 below, we have the following

estimate of the second moment:
t;
B (|1 o X O

for all 7 =1,..., N. Thus we are allowed to apply Doob’s martingale inequality and
obtain

2) She(a>+n<a)—1/tj E (| fa(u, X (u))[?) du

tj—1

2 2

E | max ZI(x [fa(aX())]ij,l <4E ZI [fa( X sz 1
j=1

1<i<N

XN,

D3 (A )

T
= 4/ E (|fa(U7X(u))\2) du he(o‘)jL”(a)fl
0

where we used the martingale property of the stochastic integrals and Lemma 5.3.
Also in this case we have {(a) + n(a) — 1 > 2v by the definitions of A, and B(A,).
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Hence under the given assumptions the It6-Taylor scheme of order «y is consistent of
order 7.

LEMMA 5.3. Assume that the stochastic process f : [0,T] — R® is stochastically
integrable with respect to the iterated Ito-integral I,. If

/ E(\f(u)|2) du < 0o

for all 0 < s <t <T then

E ( ) < / E (£ @) du (¢ = s)tterent-t

for all0 < s <t <T and all multi-indices a.

Proof. The proof is similar to the proofs of Lemmas 2.1 and 2.2 in [19] and done
by an inductive argument. If /(o) = 1 and hence o = (j1), then the estimate holds
with equality in the case j; # 0 by the Ito-isometry. If j; = 0, then the estimate is
just Jensen’s inequality.

Let f() > 1 with &« = (j1,...,J¢). First consider the case jo = 0. Then by

Jensen’s inequality
2)
| >

E ( Lo [fC)]
/ t [ [ iawn s aw s
[ [ s sy aw s

L fO)

:E<
g(t—s)/:E<

= (=) [ B(1 O s,

2
) dSl

where @ = (j1,...,je—1) with £(@) = £(a) — 1 and n(&) = n(a) — 1. By the induction
hypothesis we get

B (o) < / B (1)) du (31— )@@

< /t E (\f(u)|2) du (t — s)e(a)+”(“)_3.

Therefore

2) <(t-s) / t / tIE(lf(u)F) du (1 — 5)f@rn(@) =34,

= / E (|f(u)|2) du (t — s)H@+n(@-1

S

If jo # 0 the Ito-isometry gives

: ( ) = / " (Vo 71 ) o

After applying the induction hypothesis one uses n(@) = n(a) to obtain the same
order. O

Lo [f O
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6. Maximum order of convergence. In this section we extend a well-known
result from J.M.C. Clark and R.J. Cameron [6]: They constructed an example to
show that, in general, a numerical scheme has the maximum order of convergence %
if it only uses the increments W7 (¢;) — W"(¢;,_1) of the driving Wiener processes. We
show that this result follows in a natural way for the BDF2-Maruyama method from
the two-sided error estimate (3.3). Moreover, we present a generalization of Clark
and Cameron’s example to treat the higher order Itd-Taylor schemes. We refer to [3]
for a discussion of the stochastic theta method.

THEOREM 6.1. In general, the mazimum order Of convergence

(i) of the BDF2-Maruyama method is equal to % 3
(ii) of the Ité-Taylor scheme of order 7y is equal to .
Proof. For the BDF2-Maruyama method we consider the SODE

AX (1) = <(1) Xlo(t)) d (%;8) . X(0) = <8> , 6.1)

with the analytic solution

1
X(t) = (fo W1W (dI)/V2( )), for t € [0, 7). (6.2)

Note that (6.1) satisfies the assumptions (Al), (A2) and (C2). As initial values
of the BDF2-Maruyama method we choose the corresponding analytic solution, i.e.
X, = X(t;), i = 0,1. By the two-sided error estimate (3.3) it is enough to estimate
the local truncation error from below. It follows

2
AP XL,

1 1 I
:E X ti) — *X ti_ 7X ti_ - (1) i
QTSH%%V Z [ (t5) 3 (tj—1)+ 3 (tj—2) <X1(tj_1)fg)>

tj—1 2
LY )
3 \ Xty o)1lz

) (221% \22;2 { S W)W (s) = & [0 W (s)dw? (s)

: 2
= [ W) dW2(s) + § [, WY fz)dW2<s>H )

> max E ( [ W) = W Eo)dW () = 3 [ W (5) = W (t0)aW? ()
)
As in the previous sections we use the martingale property of the stochastic It6-
integrals and the Ito-isometry. This yields

33000 [ W) = W(t;1)dW2(s)

_ t; 1t
= 221%)5\[ U;i_l s—ti—1ds+ 3 ftol —tods+ 2 Zj 9 t st ds}

1 4 2
=14+ -+ (N - h* > ZTh,
[+9+9( )]2 -9
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which proves the assertion for the BDF2-Maruyama method.
Next, we turn to the It6-Taylor scheme of order v = 4. We consider the (n 4 1)-

dimensional SODE
dX1(t) = dW(t),dXo(t) = X1 (t)dW2(1),...,dXps1(t) = X, (£)dW" (1), 63)
X(0)=0ecRrR"! '

which has the solution

Xy (t) = WHt) = Iy [1]5, Xao(t) = In 9)[15s -, Xng1(t) = I, sy (LG, (6.4)

where we used the notation from Theorem 5.2. First, as for the BDF2-Maruyama

method, one checks that the first n components are exactly approximated by the It6-

Taylor scheme of order 5. In order to keep the notation simple we only do this for

the Milstein scheme (n = 2) which is written as
X,(0) =0 € R?,
t;
I(1
Xp(ti) = Xn(ti-1) + X (ti-1)I(z) + 1 o)
Xh,2( i— 1)1(3) +Xh,1( i— I)I(é,3)
For the first component we have
J
Xi(t;) = Ioy[1]g = Wh(t;) =D W (t:) =W (tia) ZI = Xn(t))-
i=1

For the second component we have
XZ(tj) = I(l,z)[ }0 - I(l 2)[ / Wl )sz( )

= Tap[d ™ + WHt-)Ig + [ W) = W (o) dW(s)

ti—1
ti— t; tj
= I(LQ) [1]0 oy Xh71<tj,1)l(2) + 1(1’2).

Now, an inductive arguments yields Xo(t;) = X 2(t;) for all j =0,...,N. For the
last component we compute

t; tj tj
X3(tj) = X3(tj*1) + X2(tj*1)l('3) + Xl(tjfl)l(gg) + 1(17273)

which shows that the local truncation error of the Milstein method takes the form

2
||A£TS7’EX||2—1,h* (max ‘Z; 1 (123) )

1<i<N

For the general It6-Taylor scheme of order v = 7, one can prove analogously

) 2
S tj
||A{LT TI?XH%I,h =E (121%%\! ’Z;‘:l I(i,...,n+1)‘ ) :

By using the martingale property and the It6-isometry we arrive at the lower bound

1
JAITS P> (— ) o,
T\ (n+ 1)
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7. Conclusions. In this paper we presented a unifying theory for the conver-
gence analysis of stochastic onestep and multistep methods. We derived a two-sided
error estimate which we used to discuss the maximum order of convergence for the
stochastic theta method, BDF2-Maruyama and the higher order It6-Taylor schemes.

One important root of this theory is our notion of consistency and bistability
which stems from the abstract framework of discrete approximations as it is for-
mulated by F. Stummel. Then, the proof of bistability relied on our choice of the
function spaces and norms, in particular on the stochastic version of Spijker’s norm.
The usefulness of this norm originates from the fact that we are allowed to inter-
change summation and expectation in the L?-norm by the martingale property of the
stochastic integrals. That is why we do not need an additional consistency condition
on the mean of the numerical methods, in contrast to a different approach in the
literature by G.N. Milstein [19]. Note that, in a sense, the Spijker norm is of W1
Sobolev type.

The characterization of the bistability uses well-known techniques for determin-
istic multistep methods. After the reduction to the linear operator L; the same
arguments hold for every multistep method with values in an abstract Banach space.

Therefore, we hope to carry over some elements of our theory to infinite dimen-
sional problems. In particular, we are optimistic to prove similar results for stochastic
delay equations. But in Subsection 4.1 it was shown that the constant L > 0 in as-
sumption (S1) may grow with the number m of Wiener processes. It is not yet clear
how to solve this problem if our notion is applied to a numerical scheme for stochastic
partial differential equations, e.g. the stochastic heat equation on the real line with
white noise.
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