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Abstract

We propose a numerical method for computing all eigenvalues (and
the corresponding eigenvectors) of a nonlinear holomorphic eigenvalue
problem that lie within a given contour in the complex plane. The
method uses complex integrals of the resolvent operator, applied to
at least k£ column vectors, where k is the number of eigenvalues inside
the contour. The theorem of Keldysh is employed to show that the
original nonlinear eigenvalue problem reduces to a linear eigenvalue
problem of dimension k. No initial approximations of eigenvalues and
eigenvectors are needed. The method is particularly suitable for mod-
erately large eigenvalue problems where k is much smaller than the
matrix dimension. We also give an extension of the method to the
case where k is larger than the matrix dimension. The quadrature
errors caused by the trapezoid sum are discussed for the case of an-
alytic closed contours. Using well known techniques it is shown that
the error decays exponentially with an exponent given by the product
of the number of quadrature points and the minimal distance of the
eigenvalues to the contour.
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1 Introduction

We consider nonlinear eigenvalue problems of the form
T(z)v=0, veC™v+#0,2z¢€Q, (1)

where T : 0 — C™™ is assumed to be holomorphic in some domain 2 C C.
The computation of all eigenvalues and eigenvectors inside 2 usually requires
the solution of two problems (see [23],[4] for recent reviews) :

1. Approximate localization and separation of eigenvalues in suitable do-
mains resp. intervals,

2. accurate computation of eigenvalues and associated eigenvectors by an
iterative method.

The global problem of localization can be substantially simplified if minimum-
maximum characterizations similar to the linear symmetric case hold [35],[32].
Voss and co-workers have combined these principles with locally convergent
methods of Arnoldi or Jacobi-Davidson type (see [33],[6],[34]), and in this
way provided an effective means for computing all eigenvalues.

Another case where both problems can be solved, is for polynomials

P
T(z) = ZTJ(Z —z)), T;eC™™.
=0

This eigenvalue problem can be reduced to a linear eigenvalue problem of
dimension pm, and this is the path taken by the MATLAB routine polyeig.
Quite a few papers in the literature pursue and analyze this linearization
approach, see for a survey . Another approach is to generalize methods
for linear eigenvalue problems directly to polynomial problems by using its
internal structure. An example of this type is the SOAR (Second Order
ARnoldi) for quadratic eigenvalue problems [3],[22].

In the general holomorphic case we just have a power series near each
2o € Q

o
T(z) = ZT](z —2), |z — z|small, T;€C™™.

=0
One may then use polynomial truncation and a polynomial eigenvalue solver
for getting good initial estimates of the eigenvalues (see e.g. [19]). However,
the success of this method strongly depends on the radius of convergence
and on the decay of the coefficient matrices. Also, it may be necessary to
compute power series at many different points in €.



Finally, we refer to the recent approach of Kressner [20], who uses the
fact that any holomorphic matrix function can be written as

T(:) =Y ()T, Tecm

with holomorphic functions f; : Q +— C (such a representation always exists
for some p < m?). Then a Newton-type iteration is devised in [20] that
allows one to compute a group of eigenvalues and an associated subspace.
By construction the method has local convergence properties.

In this paper we tackle the global problem by using contour integrals,
which seem to be the only available tool in the general holomorphic case. The
idea is to use the theorem of Keldysh [17],[18], which provides an expansion
of T(2)~! in a neighborhood U C Q of an eigenvalue A € Q as follows:

T(z)"! = f: Si(z— A7, zeU\{\}, S;eC™m S #£0. (2)

j=—r

More specifically, Keldysh’ theorem gives a representation of the singular part
in (2) in terms of generalized eigenvectors of T'(z) and its adjoint T# (z). A
good reference for the underlying theory is [25] which we briefly review in
Section 2.

Numerical methods based on contour integrals seem not to have attracted
much attention in the past. Notable exceptions are exponential integrators
and, more recently, approaches for computing analytic functions of matrices
via suitably transformed contour integrals ([15],[16, 13.3.2]). An application
of computing spectral projectors via contour integrals appears in [27].

Our goal is to compute all eigenvalues and the associated eigenvectors that
lie within a given closed contour I' in 2. The main algorithm is described
in Section 3. Suppose that k < m eigenvalues of (1) lie inside I". Then our
method reduces the nonlinear eigenvalue problem to a linear one of dimension
k by evaluating the contour integrals

A, = QLﬂ'Z A PT(2)'Vdz, p=0,1. (3)
Here V € C™F is generally taken as a random matrix. The contour integrals
in (3) are calculated approximately by the trapezoid sum. If N quadra-
ture points are used, this requires one to compute N LU-decompositions
and to solve Nk linear systems, which is the main numerical effort. As a
consequence, our method is limited to moderately large nonlinear eigenvalue
problems for which a fast (sparse) direct solver is available.
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In Section 4 we apply the algorithm to several examples, showing that a
moderate number of quadrature nodes (N & 25) is usually sufficient to get
good estimates of eigenvalues and eigenvectors. Based on [9], we prove in
Section 4 that the quadrature error decays exponentially with an exponent
that depends on the product of the number of quadrature nodes and the
smallest distance of the eigenvalues to the contour.

In the final Section 5 we deal with two problems that are typical for non-
linear eigenvalue problems and that do not occur in the linear case: First,
there can be many more eigenvalues than the matrix dimension (e.g. char-
acteristic functions for delay equations) and, second, eigenvectors belonging
to different eigenvalues can be linearly dependent, even if the number of
eigenvalues is less than the matrix dimension. In Section 5 we extend our
integral method such that it applies to the case k£ > m and that it can also
handle rank defects of eigenspaces. For the extended integral method it is
necessary to evaluate A, from (3) for indices 0 < p < 2(%} — 1. Numerical
examples show that this extension is suitable for solving both aforementioned
problems.

Note added in proof: One of the referees called my attention to the inte-
gral method of Asakura, Sakurai, Tadano, Ikegami and Kimura [2],[1] that
extended earlier work of Sakurai and Sugiura [28] on the generalized eigen-
value problem. The block method in [2] differs only slightly from ours in
premultiplying the matrices A, in (3) by another random matrix U* € Ck™
before taking singular values.

The theoretical approach of [1],[2], however, is quite different since it uses
the Smith normal form rather than Keldysh’ Theorem. So far, the results in
[1],[2] assume the eigenvalues inside the contour to be simple and nondegen-
erate (note that linear independence of eigenvectors for different eigenvalues
is not automatic in the nonlinear case). Also the effect of quadrature errors
on the eigenvalue computations is not considered in [1],[2].
Acknowledgements: The author thanks Ingwar Petersen for the support
with the numerical experiments. He is also grateful to the referees for several
constructive criticisms and further references that improved the first version
of the paper.

2 Nonlinear eigenvalues and Keldysh’ Theo-
rem

The material in this section is largely based on the monograph [25]. It
contains a general study of meromorphic operator functions that have values



in spaces of Fredholm operators of index 0. For our purposes it is sufficient
to consider matrix valued mappings

T:QcC—Cm™m,

that are holomorphic in some open domain Q2. We write thisas 7' € H (2, C™™).
For a matrix A we denote by R(A) and N(A) its range and nullspace, re-
spectively.

Definition 2.1. A number A € Q is called an eigenvalue of T'(-) if T'(A\)v =0
for some v € C™ v # 0. The vector v is then called a (right) eigenvector. By
o(T) we denote the set of all eigenvalues and by p(T') = Q\ o(T') we denote
the resolvent set.

The eigenvalue X is called simple if

N(T(N) =span{v},v #0 T'(AN)v & R(T(N)).

Throughout the paper we assume that the resolvent set is nonempty, i.e.
det(7T'(z)) does not vanish identically.

Theorem 2.2. Every eigenvalue A € o(T) of T € H(,C™™) is isolated,
ie. U\ {\} C p(T) for some neighorhood U of \.

Moreover, T'(z)~! is meromorphic at A, i.e. there exist k € N and S; € C™™
for j > —k such that S_, # 0 and

T(z)' = Si(z= A, zeU\{AL (4)

j=—r

Remark 2.3. The number x is uniquely determined and called the order of
the pole at A.
The Theorem of Keldysh (see Theorem 2.6 below) gives a representation of

the singular part
-1
> Sz =AY

j=—nr

in terms of (generalized) eigenvectors of T' and T. Tt goes back to Keldysh
[17] with a proof given in [18]. Generalizations of Keldysh’ theorem were de-
rived by Trofimov [31], who introduced the concept of root polynomials, and
by Markus and Sigal [21] and Gohberg and Sigal [12] who used factorizations
of operator functions. A simple direct proof was found by Mennicken and
Moller [24] who later gave a concise approach to the whole theory in [25].



For the motivation of the algorithm in the next section it is instructive
to first state Keldysh’ theorem for simple eigenvalues. In this case Definition
2.1 implies for the adjoint T ()

N(TH()\)) = span{w} for some w € C™, w # 0,
wT' (N # 0.
Without loss of generality we can normalize v and w such that
w?T' (N = 1. (5)
Then we are still free to further normalize either |w| =1 or |v| = 1.

Theorem 2.4. Assume )\ € () is a simple eigenvalue of T' € H (), C™™)
with eigenvectors normalized as in (5). Then there is a neighborhood U C 2
of A and a holomorphic function R € H (U, C™"™) such that

1
T(z) ! = )\va + R(z), zeU\{\}. (6)
Z p—
Moreover, let C C §2 be a compact subset that contains only simple eigenval-
ues \,,n = 1,...,k with eigenvectors v, w, satisfying
TA)ve =0, wHT(\,) =0, wlT'(\)v, = 1. (7)

Then there is a neighborhood ¢ of C in ) and a holomorphic function R €
H(U,C™™) such that

T(:)" = Zz—l)\

n=1

vpw? + R(2), zeU\{\,.... \e}. (8)

n

Proof. The first part is a special case of Theorem 2.6 below. For the second
part, note that eigenvalues are isolated and hence we can choose a neighbor-

hood C Cc U C Q such that o(T) NU = {\1,..., \x}. Then the function

1

H
VW
zZ— A "

R(z) =T(2)"" =)

n=1

is holomorphic in U N p(T) and by the first part it is also holomorphic in
suitable neighborhoods of \,,n=1,... k. O

Definition 2.5. Let "€ H(2,C™™) and X € Q.



(i) A function v € H(Q2,C™) is called a root function of T at A if
v(A)#0, T(Nv(A) =0.

The order of the zero z = X of T'(z)v(z) is called the multiplicity of v
at A and denoted by s(v).

(i) A tuple (vo,...,v,1) € (C™)",n > 1 is called a chain of generalized
eigenvectors (CGE) of T at Nif v(z) = Z?;&(Z—A)jvj is a root function
of T" at A of multiplicity s(v) > n.

(iii) For a given vy € N(T'(\)),vp # 0 the number
r(vo) = max{s(v) : v is a root function of 7" at A with v(\) = vy}
is finite and called the rank of vy.

(iv) A system of vectors in C™
V=(,0<j<m—11<(<L)

is called a canonical system of generalized eigenvectors (CSGE) of T at
A if the following conditions hold:

(a) The vectors v}, ..., v} form a basis of N(T'())),
(b) The tuple (v§,...,v5, )isaCGEof T at A for £ =1,...,L,

) Ymy—1
(¢) mg = max{r(vg) : vo € N(T'(N\)) \ span{uvg : 0 < v < (}}
for/=1,...,L.

One can show that a CSGE always exists and that the numbers m, are
ordered according to

mlzmQZ...ZmL. (9)

They are called the partial multiplicities of T at A\. As an example take
v(z) = vg + 2zv1 + %2’22}2 and note that this is a root function of order 3 at
A = 0 if the equalities

T(O)’UO = T/(O)’UO + T(O)Ul = T”(O)’UO + 2T/(O)’U1 + T(O)UQ = 0
and the inequality 7" (0)vo + 37" (0)vy 4+ 37"(0)vy # 0 hold.

With the notions from the above definition we can state the following
general theorem, see [25, Theorem 1.6.5].



Theorem 2.6 (Keldysh). Let T' € H(, C"™™) be given with p(T") # ). For
A€ o(T) let
V=(,0<j<m—11<¢<L)

be a CSGE of T at A\. Then there exists a CSGE
W= (w,0<j<my—11<¢<1L)

of TH at A, a neighborhood U of X and a function R € H(U,C™™) such that

T(z)' =) Z(z —N7 Y vl o+ R(z), zeUu\{A} (10)

The system W, for which (10) holds, is the unique CSGE of T at X that
satisfies the following conditions

r(w) =my

ZZU}JULIQTCH_@ ’U;fﬂyfﬁ = 51,(50]‘,0 S j S my — 1, 1 S Ea v S L, (11)
a=0 =1
where ]
Ty = D), j=>o0. (12)

Remark 2.7. Rather than using generalized eigenvectors one can also write
T(z)~! in terms of left and right root functions, see [25, Th.1.5.4].

The representation (10) and the ordering (9) of multiplicities shows that
the order k of the pole in (4) is given by

k=m;=max{my:{=1,... L}

Further, the number L = dim(N(7'()\))) is the geometric multiplicity while
Elemg is the algebraic multiplicity of A. In the semi-simple case m, =
1,l=1,...,L, equations (10) and (11) simplify to

T(2)™ = (z =AY g + R(2),

wiIT' Ny = 0,0, 1<lv <L,
which in case L = 1 further simplify to (6) and (5).

Consider now all eigenvalues inside a compact set C C §2. In the same way
as (8) followed from (6), we obtain from Theorem 2.6 the following corollary.
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Corollary 2.8. Let C C Q be compact and 7" € H(Q2,C™™). Then C
contains at most finitely many eigenvalues \,,n = 1,...,n(C) with corre-

sponding CSGEs

V, = (vf’",Ogj <my, —1,1 §€§Ln>, n=1,...,n(C).
Let

W, = (wﬁ’",ogj <y — 1,1 gegLn), n=1,...,n(C)

be the corresponding CSGEs of T such that
r(wg™) = men
and with Tj,, = 5TV(\,)

Jj Mun

SN Wi vl = 6,005, 0 < j <y —1,1< L < Ly,
a=0 g=1

Then there exists a neighborhood C C Y C 2 and a function R € H(U,C™™)
such that for all z € U\ {\1,..., Ay}

n(C Ly Men mZn J

D9 HEEPIED RTINS S

n=1 (=1 j=1

Consider now a contour I' C €2, i.e. a simple closed curve that has its
interior int(I") in Q. An easy consequence of the residue theorem is the
following result.

Theorem 2.9. Let T' € H(,C™™) have no eigenvalues on the contour
I' € Q and denote by A\,,n = 1,...,n(") the eigenvalues in the interior
int(I') € Q. Then with the CSGEs from Corollary 2.8 we have for any
fe H(,C)

n(T) L, Men me.n—Jj

(,
ol WICIICRIED By B) L SRV

n=1 (=1 j=1 v=0

If all eigenvalues are simple the formula reads

271 r

n(T)
[ 5T = Y fOw vt (14)

where v,,, w, are left and right eigenvectors corresponding to A, and normal-
ized according to

wIT' M\)v, =1, n=1,...,n(). (15)



Proof. Corollary 2.8 applies to C = int(T")UT', where the function f(2)T'(z)~*
has residues at \; given by the right-hand side of (13). The special case
L,=1mg,=1,n=1,...,n(") yields equation (14). O

3 The algorithm for a few eigenvalues

In the following we set up an algorithm for computing all eigenvalues of
T € H(2,C™™) inside a given contour I' in 2. We assume that the sum of
all algebraic multiplicities

n(l) Ly

k= szé,n (16>

n=1 (=1

is not larger than the system dimension m. For the opposite case we refer to
Section 5. In large-scale problems we actually expect to have k < m.

3.1 Simple eigenvalues inside the contour

As in the second part of Theorem 2.9, let us assume that all eigenvalues
A1, -, Ay in int(T7) are simple so that & = n(I"). We introduce the matrices

V= (vl...vk) W = (wl...wk) e C™*F,
We assume that we have chosen a matrix
Vel k<l<m,
such that
WHV e C*  has rank k. (17)

Note that this requires rank(W) = k. In applications we choose V at random
(see Section 4), so that (17) can be expected to hold in a generic sense if
rank(WW) = k. We note that (in contrast to linear eigenvalue problems) it is
easy to construct nonlinear eigenvalue problems for which W is rank deficient.
However, this seems to be a nongeneric situation for typical applications. In
addition to (17) we assume

rank(V) = k, (18)
which again is expected to hold in generic cases.
Next we compute the two integrals

1
C 2w

Ao T(z2)"'Vdz e C™ (19)

10



1
A=

21t Jr

2T(2)"Wdz € C™, (20)

The evaluation of these integrals by quadrature rules is by far the most
expensive part of the algorithm and will be discussed below. Note also, that
in the linear case T'(z) = zI — A the matrix A is obtained by applying to 1%
the Riesz projector onto the invariant subspace associated with all eigenvalues
inside T'.

By (14) we obtain

k
Ay = Zvnwff/ = Vwhvy. (21)

n=1

Similarly,

k
A= AwwiV =VAWV, A =diag\p,n=1,....k). (22

n=1

In the next step we compute the singular value decomposition (SVD) of
Ay € C™! in reduced form

VWAV = 4y = VS W (23)
where Vy € C™F ¥4 = diag(oy, ..., 0%), Wo € CYF VIVL = Iy, WHW, = I
Note that the rank conditions (17),(18) show that rank(Ay) = k, hence Ay
has singular values
012 ...20,>0=0341=...=0.
By the rank condition (18) we have
R(Ao) = R(V) = R(Vo).

Since both, V4 and V' are m x k matrices and Vj has orthonormal columns,
we obtain

V=S, S=VIV eC"" nonsingular. (24)
With (21), (24) we find VoSWHV = VX Wi and thus

WY = s~is,wi.
This relation is used to eliminate WHV from A; = VoSAWHV . We obtain
VH A, = SAWHV = SAS™Is, Wi,
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which upon multiplication by Wy¥;! from the right finally gives
SAS™!' = VAWt (25)

Note that the matrix on the right-hand side can be computed from the inte-
grals Ay, A; without a priori information about eigenvalues and eigenvectors.
The matrix is diagonalizable and has as eigenvalues exactly the eigenvalues
of T inside the contour. We summarize the result in a theorem.

Theorem 3.1. Suppose that 7" € H (2, C™™) has only simple eigenvalues
A1, ..., A\ inside the contour I' in 2 with left and right eigenvectors normal-
ized as in (15). Moreover, let a matrix V' € C™! be given such that k < < m
and the rank conditions (17),(18) are satisfied. Then the matrix

B = VI AWS;! € CHF, (26)

given by (19),(20) and the SVD (23), is diagonalizable with eigenvalues
Ai, ..., \p. From the eigenvectors si, ..., s, € C¥ of B one obtains the eigen-
vectors of T" through

v, = VoSn, m=1,... k.

Remarks 3.2. (a) The method proposed here is very close to the method
of [2]. In their block method the authors of [2] premultiply Ay and A; by
another test matrix Uf € C*™ and then perform an SVD and solve an
eigenvalue problem. The derivation of the algorithm is quite different and
uses the Smith normal form [11],[10].

(b) For reasons of numerical stability we may replace A; by

. 1

Al (Z - Zo)T(Z)_1VdZ = Al - Z()AQ.

-2 Jp
For example, in case of a circle I', one can take zy as its center. Then
(22) holds with A — z, instead of A and the matrix B = V¥ A, W,X;' has
eigenvalues \,, — zo. Therefore, the eigenvalues of T" are found by adding z
to the eigenvalues of B. This is also proposed in [1],[2].

(c) If the rank of either V' or W or both is not maximal then we have a
degenerate situation that does not occur for linear eigenvalue problems. In
principle such a case can be detected from a rank drop of ¥y provided we
know the number k from (16) beforehand. However, this information is
usually not available. Instead, we propose to include a test of residuals in
order to detect this situation (see the algorithm in Section 3.3 for more details
and, in particular, Example 4.12 in Section 4.2). A general cure for this rank
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deficient case is provided by the generalized algorithm in Section 5 which
uses the higher order moments from (3). Finally, a rank drop of W V due
to the random choice of V hardly ever occurs in practice.

(d) An alternative to solving the eigenvalue problem for B is not to invert
Yo but rather solve the generalized eigenvalue problem for the matrix pencil
(Vi AWy, %) Generally this will improve the conditioning of the eigenvalue
computations if ¥y contains small singular values. However, it does not help
with the rank deficient case discussed in (c¢) above, see also Section 3.3. One
could go even further and try to avoid SVD’s completely. Note that by the
representations (21) and (22) the eigenvalue problem det(A — Al;) = 0 is
equivalent to the rectangular eigenvalue problem rank(A; —AAg) < k (see [7]
for the numerical treatment). However, reliable algorithms for such problems
seem not to be available.

3.2 Multiple eigenvalues inside the contour

Let us consider the general case where T' € H(§2, C™™) has no eigenvalues on
the contour I' but may have multiple eigenvalues inside. We apply Corollary
2.8 to the compact set C = I'Uint(I") and assume that the matrix composed
of all CSGEs that belong to eigenvalues inside T,

V:(vf’”,()gjgmg,n—l,lgﬂgLn,lgngn(F)), (27)
has rank k, cf. (16). Then, using Theorem 2.9 with f(z) = 1 shows that Ay,
as defined in (19), satisfies

n(F) Ln ™, n—1

S 3) D PRI

n=1 /=1 v=0

Further, we assume that the matrix

WHY e Ck (28)
has maximum rank k, where
W= (wf;;;nflfy,o <v<mgn,—1,1<(<L,1<n< n(F)) e Cmk,
(29)

is normalized as in Theorem 2.6. With Theorem 2.9 we then find

V =VAWHV,

ZZ}\ ZvnfnrzHily_'_ZannH

n(l) Ly [ men—1 my p—2
n=1 /=1
13




where A has Jordan normal form
Ji I Ao 1

A: ’Jn: ’Jn7€: .

Jn(F) Jn,Ln )\n
(30)

As in Section 3.1 the next steps are the SVD (23) for Ay and the computation

of B = VOHA1WOZ]61 € CF*. Then B has eigenvalues A, ..., An(ry and its

Jordan normal form has the same partial multiplicities as T'(2).

Theorem 3.3. Suppose that T € H(2,C"™™) has no eigenvalues on the
contour I" in ) and pairwise distinct eigenvalues \,,n = 1,...,n(I') inside
I' with partial multiplicities my, > ... > myg, n,n = 1,...,n(I"). Moreover,
assume that the matrix of generalized eigenvectors from (27) and the matrix
WHYV from (28) have rank k with k given by (16). Then the matrix B € CF-*
from (26) has Jordan normal form (30) with the same eigenvalues A, and
partial multiplicities my, (¢ =1,...,L,,n =1,...,n(')). Suitable CSGEs
for T' can be obtained from corresponding CSGEs sf’" for B via

=Vost", 0<j<my,—1,1<¢<L,1<n<n). (31)

Remark 3.4. Essentially, the theorem reduces the nonlinear problem for
eigenvalues inside a contour to a linear eigenvalue problem for a k X k-matrix.
The linear eigenvalue problem inherits the multiplicity structure of the non-
linear problem. Note that Krylov subspace bases of the type (31) also appear
in the second order Arnold method [3],[22].

3.3 Quadrature and numerical realization

The major step in the algorithm consists in evaluating the integrals (19) and
(20) by numerical quadrature and by solving the linear systems involved in
the evaluation of the integrand. We assume that I" has a 27-periodic smooth
parameterization

0 € CHR,C), (t+27)=pt) VteR.

Of particular interest is the real analytic case ¢ € C¥(R, C). Taking equidis-
tant nodes t; = 2” ,j =0,..., N and using the trapezoid sum, we find the
following approx1mat10ns

=5 [ Te0) V0
1 N (32)
Ao.n :W; )"V (1)),

14



where we used ¢(ty) = ¢(ty). Similarly,

Aym AN = iN Z T(‘P(tj))_l‘A/‘P(tj)‘Pl(tj)- (33)

In order to compute Ay x we need to solve NI linear systems with /N different
matrices T'(p(t;)), 7 =0,..., N —1 and with [ different right-hand sides each.
Note that we can use the solutions of these linear systems to compute A, y
at almost no extra cost. For the special case of a circle ¢(t) = u + Re' we
obtain the formulas

e 2mig
T(p(t;)) ™ Vexn(—7),

9 N—1

R 1 4miy
Ay N =pAo N + N jz; T(p(t;))”V exp(

N)'

The algorithm can be summarized as follows:

Integral algorithm 1

Step 1: Choose an index [ < m and a matrix V € C™! at random.

Step 2: Compute Ay y,A; n from (32),(33).

Step 3: Compute the SVD Ay y = VEW# | where

VeC™ WeCH VAV = WHW = I}, ¥ = diag(oy, 09, ..., 0).

Step 4: Perform a rank test for ¥, i.e. find 0 < k <[ such that

01> ...20 > t0hak >0~ ... 0 ~0.

If £ = then increase [ and go to Step 1.

Elselet Vo=V (1:m,1:k),Woy=W(1:1,1:k) and

Yo = diag(oq, 09, ..., 0%).

Step 5: Compute B = VA, \WX,! € CH*.

Step 6: Solve the eigenvalue problem for B. If all eigenvalues \;, 7 =1,...,k
are well-conditioned with corresponding eigenvectors s; then accept A; and
the eigenvector v; = Vys; provided A; € int(I') and ||T(A;)v;|| < tolyes.
Otherwise compute a Schur decomposition BQ) = QT with ) unitary and T’
upper triangular. Reorder eigenvalues such that eigenvalues inside I' occur
first and discard eigenvalues outside I and the corresponding columns of Q).
Block diagonalize T such that diagonal blocks belong to different eigenvalues.
Let \; be the diagonal entry of the j-th block and let s; € C* be the first
column vector from the corresponding block. Accept v; = Vjs; as eigenvector
and \; as eigenvalue if ||T'(\;)v;|| < tolies. For details we refer to MATLAB
routines eig,condeig, schur,ordschur and the remarks below.
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Remarks 3.5. (a) If we find k = [ positive singular values in Step 4 then we
take this as an indication that there may be more than [ eigenvalues (includ-
ing multiplicities) inside I'. We then increase [ until a rank drop is detected
in Step 4.
(b) Note that A; x is computed from the same columns as Ag y, just new
coefficients appear. Therefore, it is generally not necessary to store factor-
izations of T'(¢(t;)) if a direct solver is used. However, when [ is increased
in Step 4, new columns of V appear and one can take advantage of previous
factorizations for computing the new columns of Ay n, Ay n. If storage space
is crucial or iterative solvers are used or if [ is increased many times it can be
advantageous to shift the computation of A; y to Step 5 (when k has been
determined) and solve the linear systems with multiple right-hand sides in a
second pass.
(¢) According to Theorem 3.3 the matrix B retains the complete multiplicity
structure of eigenvalues inside the contour. Therefore, a Schur decomposi-
tion followed by reordering and block diagonalization is used for the case of
multiple eigenvalues in Step 6 (cf. [13, Ch.7.6]) . However, currently only the
first column vector belonging to any diagonal block is taken when testing the
residual. No attempt is made to recover non-constant root functions from
the remaining columns. This is an interesting topic for further investigations.
(d) As mentioned in Remark 3.2 (d) the conditioning of the eigenvalue
problem improves if ¥y is not inverted but a generalized eigenvalue problem
is solved instead. In the examples below this did not make a noticeable
difference, probably due to a conservative choice of the rank tolerance in
Step 4.

4 Error analysis and numerical examples

4.1 Error analysis

Standard results on the trapezoid sum for holomorphic periodic integrands
imply exponential convergence at a rate that depends on the number of nodes
times the width of the horizontal strip of holomorphy, see [8],]9, 4.6.5]. Ap-
plications of these results to the computation of matrix functions via contour
integrals appear in [15].

Theorem 4.1. Let f € H(S(d_,d,),C) be 2w-periodic on the strip

S(d_,dy)={2€C:—d_<Imz<d}, dy>0.
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Then the error of the trapezoid sum

= 271']
EN 27‘(‘/ f dl’ NZ

=0
satisfies for all 0 <r_ <d_,0 <ry <dy

[Ex(PI < max [f(2)] O™+ max [f(z)] G

where G(r) = %=, v # 1.

Remark 4.2. Note that Theorem 4.1 is a slight variation of [9, 4.6.5] since
f is not assumed to be real on [0, 27] and the strip S(d_,d, ) can be unsym-
metric, in general.

In the proof of [9, 4.6.5] the real line is transformed into a closed circle
via the exponential function and then a Laurent expansion is used. Since
we need such a result for closed contours in the sequel, we give an explicit
formulation and, for better readability, include the rather short proof.

Theorem 4.3. Let f € H(A(a—,a),C) be holomorphic on the annulus

1
A(a,a+):{z€C:a—<%<a+}, ay > 1,

for some R > 0. Then the error of the trapezoid sum

N-1 :
B = 5, [ PN = 5 SRt o = (). 30
satisfies forall 1 < p_ <a_,1 < p; < ay
[Ev(f)l < max |£(2) G(py™)) + Jmax |£(2)] G(p="). (35)
Proof. We use the Laurent expansion of f (see e.g. [14])
= i fid® fu= L f(2)z7F ez, (36)
21 J)1=r

k=—o0

which converges uniformly on compact subdomains of the annulus. By a
simple computation,

—R¥Y k+1=/(N,0cZ)\{0}
kN ) ) )
En(2") = { 0 otherwise.

17



Applying Ey to (36) leads to

Ex(f) ==Y (fonR™ + foonR™™). (37)
(=1

From Cauchy’s Theorem and a standard estimate we obtain

|fon RN | =

(N — —
- 2mps Rmasi—p r | f(2)] (04 R) o
maxj—p, 1 | f(2)] p3

I IA

In a similar way,
|foenR™H] < H‘{ZafR\f(Z)\ p=.

P
Using these estimates in (37) completes the proof. O

The proof shows that the p_-term can be discarded in (35) if the principal
term in the Laurent expansion vanishes (i.e. f, = 0 for k < —1). Likewise,
the p,-term disappears when f; = 0 for £ > 0. For the function

fe)=(E-N", j=1, (38)

the principal term vanishes for |A| > R while the secondary term vanishes
for |[\| < R. Example (38) is crucial for the application to the meromorphic
functions from Section 3. Therefore, we note the following explicit formula.

Lemma 4.4. The error of the trapezoid sum (34) for the function (38) in
case N > j is given as follows,

Ly BN [ @G ) g A < R,
Ex((z = n)7) = S AT )t ; 39
N((z )) G- dij_l<x]—1G<xN))‘x:§’ Al > R. (39)
In particular,
o () 7). <R,
Ex((z—=\)77) = i (40)
O (1A (&) . A > R.

18



Remark 4.5. If f € H(A(a_,ay),C) is meromorphic on an open neigh-
borhood of the closed annulus A(a_,a )¢ then the estimate (35) can be
sharpened as follows

En(f) = O(az" +aZ?).

In order to see this, first consider the singular part that belongs to poles on
the boundary of A(a_,a, ), and use Lemma 4.4. Then apply Theorem 4.3 to
the remaining part on a slightly larger annulus.

Consider a general contour I in {2 with 27-periodic parametrization ¢(t),t €
[0, 27]. Moreover, assume that ¢ has a 2m-periodic holomorphic extension to
a strip

¥ € H<S<d*7d+)7Q)7 ()0<2+27r) = @(z) (41>
For definiteness, we also assume that

cint(l), 0<Im(z) <dy,
‘P(z){ ¢ int(I'), —d_ < Im(z) < 0. (42)

Common examples are circles p(z) = zy + Re** with 2 € C and ellipses

¢(z) = acos(z) + ibsin(z) with | Im(z)| < artanh(min(%, 2)).

Let g € H(£2, C), then the error of the trapezoid sum for f(z) = g(p(2))¢'(2),
z€S(d_,d,)is
N-

Bnto) = o [ S o)

271
=0

From Theorem 4.1 we obtain an estimate
|En(g)] < @(r)G(e V™) + &(r_)G(e V), (44)

where 0 < r_ < d_,0 < ry < dy and ®(r) = maxpm)=r [¢'(2)||g9(e(2))].
The following lemma gives a rough estimate of the right-hand sides for the
pole function g(z) = (z — A\) 7, A € Q.

Lemma 4.6. Let 2 be bounded and let ¢ satisfy conditions (41), (42).
Then there exist constants C7, Cy, C3 > 0 (depending on ¢, j but not on N
or A € Q) such that for dist(\, ') < Cj,

|Ex((- = \)77)| < Cidist(\, T) ™ exp (—Cy Ndist (A, T)) . (45)
Proof. For a fixed 0 < ¢ < 1 there are bounds |¢'(z)| < M, for 0 < Im(z) <
gdy and |¢'(2)| < M_ for 0 < —Im(2) < qd_. Let C5 = max(M d,, M_d_)
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and define 7, = AL Then there exists some 2z, = sy +ir,, 0 < s, < 27

M
such that

piin A=)l = A= ela)] 2 A= (sl = le(se) = o)l
> dist(A, ') — Myry = (1 — q)dist(A, T).
The first term in (44) can be estimated as follows
[(r)|G(e™) < M maxim .., [(p(2) = A) 7 |G(e™""+)
< O(1— q) M dist(\, )7 exp (—Ndist()\, F)ML+) .

The second term is treated analogously. O

As a consequence of Lemmas 4.4 and 4.6 we obtain an exponential esti-
mate for the errors in (32) and (33).

Theorem 4.7. Let T' € H(2,C) have maximum order x of poles for the
inverse in €2, cf. Theorem 2.2. Further, let I' be a simple closed contour in
Q with o(T) N T = () and such that the parametrization ¢ satisfies (41) and
(42). Then there exist constants Cy,Cy > 0 (depending on T and V' but not
on N) such that the matrices from (32),(33) satisfy

||AP - AP,NH < Cld(T)_He_CQNd(T)a p= 07 ]-7

where d(T') = minye, () dist(A,T') and d(T) = 1 if o(T) = 0. If ' is a circle
with parametrization ¢(t) = 2o + Re”, then the following estimate holds

|4, = ANl < C [p]jinﬂ + pJJ\:JrRil] , p=0,1,

where

|)\ - Zo| R
_ = max Py = max _—
Aeo(T),|A—z0|<R R Aea(T),|A—z0|>R | A — 20

Combining these estimates with the well-known perturbation theory for
singular value decompositions [30] we find that the integral algorithm detects
the correct rank k of Ay y if N is sufficiently large. Further, the perturbation
theory for simple eigenvalues [30] leads to the following corollary.

Corollary 4.8. Let the assumptions of Theorem 3.1 and of Theorem 4.7 be
satisfied. Let A, ..., Ay be the eigenvalues of T"inside I' and let Ay n, ..., \p.n
be the eigenvalues from step 6 of the integral algorithm. With the notation
from Theorem 4.7 we then have the error estimates

max |>\] — )\j,N| S Cld(T)_He_CQNd(T),
j=1,...,n(T")
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in case of a general curve satisfying (41),(42), and

_max |\ = Ajn] < C [pN T 4
]:17...,71(1—‘)

in case of a circle with radius R and center zj.

4.2 Numerical examples

Example 4.9. For the first test we choose a real quadratic polynomial
T(2) =Ty + 2Ty + 2*Ty, T; € RO j=0,1,2, (46)

where Ty, T1, T, are taken at random (rand from MATLAB). In this case we
can compare with the spectrum opo1yeig resulting from MATLAB’s polyeig.

Figure 1(left) shows the result from polyeig (open circles) and the eigen-
values from Integral algorithm 1 (filled boxes) for the data

o(t) = Re™, t €[0,27] , R =0.33, tolyan = 107, tol,es = 1071, (47)

The eight eigenvalues inside the circle are detected and well approximated
by the integral algorithm. Figure 1 (right) shows the errors

e(A;) = min{|A; — | : 1 € Tpolyeig }

for two characteristic eigenvalues inside the circle. Both show exponential
decay with respect to N at approximately the same rate.

While Figure 1 (left) results from the integral algorithm with an adaptive
number [ of columns (which yields [ = 8 at N = 150), the computations in
Figure 1(right) are done with a fixed number of [ = 11 columns. For this
case we show the behavior of the 11 largest singular values of Ay y in Figure
2 (left). Sufficient separation of singular values already occurs at values
N =~ 25, much smaller than 150. Figure 2 (right) shows how the adaptive
algorithm reduces the number of singular values from [ = 23 at N = 20 to
[ =8 for N > 95.

Example 4.10. For the next experiment we take random complex entries
in (46), a fixed number [ = 10 of columns, and the same circle as in (47).
Again, the 6 eigenvalues inside the circle from polyeig are well approximated
by the integral algorithm, see Figure 3 (left).

But this time the singular values do not separate as well as in Figure 2
(left). Two of them decay rather slowly, while two others, due to eigenval-
ues very close but outside the contour, remain of order one. However, this
behavior does not result in spurious eigenvalues. On the contrary, if we keep
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Figure 1: Example 4.9.Eigenvalues of a quadratic eigenvalue problem from
polyeig (open circles) and Integral algorithm 1 (filled squares) with N = 150
(left). Difference e()\;) of eigenvalues A\; ~ 0.30578 (filled circles) and Ay =~
0.0961 — 0.1315¢ (open circles) between polyeig and the integral algorithm
versus the number of nodes N (right).

[ = 10 for the eigenvalue computation, then this yields the 6 eigenvalues
inside and in addition the four eigenvalues lying closest to the contour, but
outside. Such a behavior is also suggested by our error analyis in Section
4.1 according to which the principle error term depends on the distance of
eigenvalues to the contour, both for eigenvalues inside and outside. Compu-
tational experience shows that only very small singular values (=~ 10719) lead
to spurious eigenvalues and these can be easily avoided by the residual test
in Step 6. Another

Example 4.11. This example, taken from [29] and [20], is a finite element
discretization of a nonlinear boundary eigenvalue problem

A
—u"(z) = Mu(z),0 <z < 1,u(0)=0=1u'(1) + ;) 1u(l).
The matrix function is T'(z) = T + T eper, — 215, where
2 -1 4 1
-1 . 1
Tl =m ! ) T3 =~ !

2 -1 Gm 41
-1 1 1 2
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Figure 2: Example 4.9. Singular values versus N for a fixed number of [ = 11
columns in the integral algorithm (left), reduction of the number of singular
values by the rank test of the adaptive algorithm versus N (right).

We use m = 400 and compute five eigenvalues in the interval [2,298].
Again Figure 4 (left) shows the real eigenvalues in the circle which agree with
those from [20]. Note that we avoided the singularity of 7" at z = 1. The
residuals of the computed eigenvectors and eigenvalues decay exponentially
as expected, see Figure 4, but not as smooth as in the previous examples.

Example 4.12. Consider the quadratic polynomial
T(z)=To+(z—a)b—2)T1, a<beR, Ty T €R>® (48)

where T has zeroes in the first column. All other entries of Ty, 77 are chosen
at random. Then T'(z) has different eigenvalues ¢ and b with the same
eigenvector ¢! € R™. This is a critical case since the rank condition (18) is
violated. In Figure 5 (left) we show the results of polyeig and of the integral
algorithm (with [ = 5 and the data from (47)). There are three eigenvalues
inside the circle. Both eigenvalues a = —0.2 and b = 0.1 are missed by the
integral method, while the third one is found, though at lower accuracy than
in the previous examples. Figure 5 shows that only one singular value stays
of order one when N is increased. Solving the generalized eigenvalue problem
in this case (see Remark 3.2 (d)) produces extra eigenvalues of size &~ 107°
which are then discarded since they lie outside the circle. This example will
be reconsidered in Section 5.
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Figure 3: Example 4.10. Eigenvalues from polyeig (open circles) and eigen-
values from the integral algorithm for a random quadratic complex matrix
polynomial (left), singular values of integral algorithm with [ = 10 columns
versus the number N of quadrature nodes for the same example (right).

5 The algorithm for many eigenvalues

In this section we show how the method from Section 3 can be extended to
nonlinear eigenvalue problems with more eigenvalues than the dimension of
the system, i.e. m < k, and to the rank deficient cases, see Remark 3.2 and
Example 4.12. Similar to Section 3 the approach in [1],[2] differs from ours
by multiplying the block Hankel matrices below with suitable test matrices
from the left and then taking singular values.

5.1 Construction of algorithm

In case m < k condition (18) is always violated and there is no matrix
V satisfying (17). Therefore, we compute more integrals of type (19),(20),
namely

1 -1y, m,l
Here we assume that V e C™! with [ < m. In fact, in case k > m we set

V = I, instead of making a random choice.
From Theorem 2.9 we obtain

A, =VAWHYV | peN, (49)
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Figure 4: Example 4.11. Eigenvalues from the integral algorithm for the finite
element discretization of a nonlinear boundary eigenvalue problem (left),
decay of residuals res();) = ||T'(A;)(v;)|| for A\; &~ 24 (open circles), Ay ~ 123
(filled circles) versus the number N of quadrature nodes for the same example

(right).

where V,W € C™* are given by (27) and (29) and A has the normal form
(30).
Now we choose K € N, K > 1 and form the K'm x Kl matrices

Ay - A Ay - Ag
By = : : ., Bi=| : : : (50)
AK—l tte AZK—Q AK Tt AZK—l

From (49) we find the representations

\%
Bo—=| | (wHV ... AR-pEy), (51)
VAR
and
v
B, = L AWHY o ARSITWHEY) (52)
VAK—l

We assume that K has been chosen such that the following rank condition
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Figure 5: Example 4.12. Eigenvalues from polyeig (open circles) and eigen-
values from the integral algorithm for a quadratic matrix polynomial with
rank defect (left), singular values of integral algorithm with [ = 5 columns
versus the number N of quadrature nodes for the same example (right).

holds
v

rank : = k. (53)
VAKAL

The smallest index having this property is called the minimality index in
[20]. In case k > m this can be expected to hold if we choose

(K—1)m <k < Km.

In case k < m with rank(V') < k (see Remark 3.2(b)) the following lemma
shows that (53) holds for K larger than the sum of the maximal ranks at all
eigenvalues.

Lemma 5.1. Let the assumptions of Corollary 2.8 be satisfied. Then the
rank conditon (53) holds with % as defined in (16) for

3

(©)
K > max 1y . (54)
£ 1<<Ln
Proof. By the ordering (9) we have m; ,, = maxj<y<r,, My, for all n. Assume
that VAiz = 0,5 =0,..., K — 1 for K satisfying (54) and for some x € C*.
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For any n € {1,...,n(C)} and 0 < 8 < m;, — 1 define the polynomial

n(C)
Pog(z) = (z=A)" [ z=a)m.
r=1,r#n

By our assumption these polynomials have at most degree K — 1 and, there-
fore, satisfy 0 = V P, g(A)x. We partition V into columns and x into blocks
compatible with the Jordan structure (30)

n 4n
V= (Vi - Vi) Vo= Vaa - Var,),Vae= (vo Umg,n—l)
‘n
Tr = y Lp = : y Logm =
‘n
xn(C) anyn xmg’n—l

Using this in 0 = V P, 3(A)x leads to

n(C) n(C)
0=> Vi(J; = M) ] (J; =A™y
j=1 r=1,r#n
Since (J, — A.)"™ = 0 we obtain
n(C)
0=Vo(Ju = X)" J] (Ju—=A)"72,
r=1,r#n

Expanding into columns again and using (.J;, ¢ — )P = 0 for indices men, < 3
gives

Ln n(C)
0= Z Vmg H(ng — )\r)ml’T(ng — )\n)ﬁl‘g,n. (55)
=1 r#n
ﬁgml,n71

We use this equation to prove for any given n and by induction on g =
min — 1,...,0 the following

2™t =0, forindices 3<v <my,—1, £€{l,...,L,}. (56)

For = m;, — 1, equation (55) reads

4n
Ly n(C) 0o --- 1 Ty
In ln mi,r
0= E (Uo o 'Umm—l) H(Jn,é - A)™ : : :
=1 r=1 . 4n
my p=min r#n 0 0 xme,n—l
n(C) Ly,
. mi, In _£n
= H()\n D E V" Ty, —1-
r=1 =1
r#n me,n=m"1,n
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Thus Condition (56) follows for 8 = my, from the linear independence of
the vectors v5"™ (cf. Definition 2.5 (iv)). For the induction step we use (55)
with # — 1 instead of 3. Taking the hypothesis (56) into account we find in
a similar way

@)
—_
@)
8
o~
3

~
3
Q

o

MY n="1n T#n
n(C) Ly,

S | CYRT R
r#n =1
my >0

Therefore, condition (56) holds for § — 1. In summary, we have shown x = 0
and this finishes the proof. O

The computational procedure is now a straightforward generalization of
Section 3.1. First compute By, B; € CE™E! from (50). In addition to (53),
assume

rank (WHV ... AKIWHY) =k, (57)
Let us abbreviate
Vv
V[K} = : S (CKm’k, W[K} (WHV AK*1WH{A/) c ChKL
VAK-L

Compute the SVD
Vi Wig = Bo = VoXo Wy,

where V, € CE™F VHV, = I, ¥y = diag(oy, .. .,03) € C* and W, € CKLF)
WHW, = I;. From the rank conditions (53),(57),

012 ...0y>0=0p41=... =0k
The rank condition (53) also implies
R(Bo) = R(Vik)) = R(Vo).
Thus the matrix S = Vi Vig € C** is nonsingular and satisfies

Vik) = VoS. (58)
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With (51), (58) we find
Wi = S50 Wy,
and then from (52)
By = ViAW) = VoSAS 'Sy
Finally, this leads to
D =V BiWyS,t = SAS™. (59)
Therefore, the analog of Theorem 3.3 is

Theorem 5.2. Suppose that T € H(£2,C"™™) has no eigenvalues on the
contour I' in € and pairwise distinct eigenvalues A,,n = 1,...,n(l") inside
I' with partial multiplicities my, > ... > mg, n,n = 1,...,n(I"). Assume
that the rank conditions (53),(57) are satisfied with & given by (16). Then
the matrix D € C** from (59) has Jordan normal form (30) with the same
eigenvalues \,, and partial multiplicities my,, (¢ =1,...,L,,n =1,...,n(I)).
Suitable CSGEs for T can be obtained from corresponding CSGEs sf’" for D
via

Vit =Vlstt 0 <mp —1,1 <0< Ly, 1 <n < (D),

where Vom is the upper m x k block in

!
Vo= ¢ |- (60)

VO[K]
Remark 5.3. In a sense this generalization is similar to linearizing a poly-
nomial eigenvalue problem by increasing the dimension. Note, however, that
this only becomes necessary if there are too many eigenvalues inside the

contour, or if rank defects occur that are not present in linear eigenvalue
problems.

The generalization of the algorithm from Section 3.3 is the following.

Integral algorithm 2

Step 1: Choose numbers [ < m, K > 1 and a matrix Ve Cﬁ”vl at random.
If more than m eigenvalues are expected inside I', let [ =m,V = [,,,.

Step 2: Compute

i

1
tN 4
7=0

AP,N =



and form By n,B; n as in (50).
Step 3: Compute the SVD By y = VEW# | where
Ve CEmEL W e CRVEL VY = WHIV = I, & = diag(oy, 09, . .., 0k1).
Step 4: Perform a rank test for 3, i.e. find 0 < k < K1 such that
012 ...20k> 01~ ... 0K ~ 0.
If k = K1 then increase [ or K and go to Step 1.
Else let Vo =V (1: Km,1:k),Wo=W(1: Kl,1:k) and
Yo = diag(oq, 09, ..., 0%).
Step 5: Compute D = VB, yW,3, ' € ChF.
Step 6: Solve the eigenvalue problem for D. If all eigenvalues A;, 7 =1,...,k
are well-conditioned with corresponding eigenvectors s; € C* then accept )\,
and the eigenvector v; = Vo[l]sj provided A; € int(I") and ||T'(\;)v;]| < tolyes.
Otherwise compute a Schur decomposition DQ = QT with () unitary and
T upper triangular. Reorder eigenvalues such that eigenvalues inside I' oc-
cur first and discard eigenvalues outside I' and corresponding columns of Q).
Block diagonalize T such that diagonal blocks belong to different eigenvalues.
Let A; be the diagonal entry of the j-th block and let s; € C* be the first col-
umn vector from the corresponding block. Accept v; = VO[I]SJ» as eigenvector
and \; as eigenvalue if ||T'(\;)v;|| < tolyes.

Similar remarks as in Remark 3.5 apply. In particular, it would be ad-
vantageous to have an approximation of higher order root functions that
generalize the invariant pairs for matrix polynomials in [5].

5.2 Numerical Examples

Example 5.4. We apply the integral algorithm 2 to the rank deficient ex-
ample (48), where K = 2,1 = 3 and the contour is the circle from (47). Now
the eigenvalues a« = —0.2 and b = 1 are reproduced correctly (see Figure
6(left)), and three singular values survive as expected (Figure 6 (right)).

Example 5.5. Consider the characteristic equation of a delay system & =
Tox(t) + Thz(t — 7) from [26, Sec.2.4.2],[20], given by

. -5 1 —2 1
T(Z) =zl _TO - T16 5 TQ = ( 9 —6) 5 T1 = ( 4 _1) . (61)

In case 7 = 1 there are more than two eigenvalues inside the circle p(t) =
20+ Ret, zp=—1,R=6. Weset [ =2, V= I, and K = 3 for the integral
algorithm 2 and obtain with N = 150 five eigenvalues inside the circle, (see
Figure 7(left)), which coincide with the computed ones in [20]. Much smaller
values than N = 150 give sufficient accuracy, since there is a good separation
of singular values and a fast decay of residuals, see Figure 7(right).
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Figure 6: Example 5.4. Eigenvalues from polyeig (open circles) and eigen-
values from the integral algorithm 2 (K = 2, filled boxes) for a quadratic
matrix polynomial with rank defect (left), singular values of integral algo-
rithm 2 with [ = 3 columns versus the number N of quadrature nodes for
the same example (right).
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