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Abstract

In a previous paper [6] we suggested a numerical method for com-
puting all Lyapunov exponents of a dynamical system by spatial inte-
gration with respect to an ergodic measure. The method extended an
earlier approach of Aston and Dellnitz [2] for the largest Lyapunov ex-
ponent by integrating the diagonal entries from the Q) R-decomposition
of the Jacobian for an iterated map. In this paper we provide an
asymptotic error analysis of the method for the case in which all Lya-
punov exponents are simple. We employ Oseledec multiplicative er-
godic theorem and impose certain hyperbolicity conditions on the in-
variant subspaces that belong to neighboring exponents. The resulting
error expansion shows that one step of extrapolation is enough to ob-

tain exponential decay of errors.
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1 Introduction

In this paper we analyze a numerical method for computing all Lyapunov
exponents of a discrete time dynamical system by spatial integration. This
method was proposed in [6] as an extension of earlier work by Aston and
Dellnitz [2],[3]. In particular, we will derive an error expansion that justifies

the extrapolation procedure applied in [6].
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We consider a dynamical system generated by the iterates of a Cl-
diffeomorphism

g: M — M, (1.1)

where M is a smooth and compact d-dimensional submanifold of some RF.
The Theorem of Oseledec [24],[28] associates with any invariant ergodic mea-

sure i on the Borel o-algebra of M a set of Lyapunov exponents
A2 A= 2N

and a decomposition of the tangent space T'M into subspaces invariant under
the linearization, for details see Appendix A.
The idea in [6] is to approximate \; as follows
A= | (R (D8 @))iu(o) (12)
Here ¢ = g o --- o g denotes the n-th iterate of g and Dg" its Jacobian.
The number Rj;(A), A € R¥4 is the (j, j)-entry of the unique upper tri-
angular matrix R that has positive diagonal entries and satisfies the Q)R-
decomposition A = QR, QTQ = I. In [6] this approach was called hybrid
since it combines a spatial integration method with the well known QR-
method for Lyapunov exponents along single trajectories (see |7],[10],[11],
[13],[16],[18] and [21],[5] for some general theory).
While one can establish convergence lim,, o a% = )\, under rather weak
conditions (see |6, Theorem 2|) we prove in this paper a more detailed error

expansion of the type

) . —Ain
aazAjJr@JrO(e ) (1.3)
mn n

Here C; is a constant that can be expressed as an appropriate p-integral
(see (2.14)) and A; measures the distance of \; to the remaining Lyapunov
spectrum (see (2.16)).

The expansion (1.3) immediately suggests to eliminate the slow principal

error term by extrapolation (cf. [3]),

b, = (n+1)al,,, —naj

n’

n=20,1,....

In Figure 1 we illustrate the error behavior for the time T-map (T' = 0.2)

of the Lorenz system. For the computations we used the package GAIO by



Figure 1: The Lorenz system : Errors |\;—a? | of approximate Lyapunov
exponents (left) and of extrapolated values |\;—b%| (right) : j = 1(x),j =
2(x),j = 3(+). Note the different scales on the vertical axis.
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Dellnitz and co-authors ( cf. [8], [9]) which allows to approximate invariant
measures by elementary measures supported on box collections. Parameter
values are as in [6, Example 3] with the exception that the number of rga-
steps was raised to 27. This avoids spoiling the convergence rates as n — oo
by errors in the approximate measure. For general purposes the latter errors
should be properly balanced with errors in (1.3), see [6] for some comments
on this problem.

Our assumptions and the precise results will be formulated in Section 2
with the proofs given in Section 3. One of our main assumptions will be
simplicity of the Oseledec invariant subspaces. Together with some integra-
bility conditions this will suffice to prove an intermediate result of the form
al = Aj+ % + o(%), see Theorem 1. Then much stronger hyperbolicity con-
ditions will be imposed for the proof of (1.3). The numerical experiments
in [6] and [3] suggest that these strong assumptions are actually satisfied for
standard examples such as the Henon map or the Lorenz system. But we
are not aware of rigorous results in this direction.

Exterior algebra is generally known to be helpful for handling all Lya-
punov exponents and has even been used numerically, cf. [1]. It will also
be the main tool for deriving (1.3). Therefore we summarize the essentials
needed for this paper in Appendix B. However, we emphasize that the hy-
brid method itself does not make explicit use of exterior products and hence

does not suffer from the curse of dimension entailed by spaces of exterior



products.

2 Assumptions and main results

We briefly recall the realizaton of the hybrid method from [6] and then discuss

the special situation of the Oseledec Theorem that will be considered.

2.1 The hybrid method

Let A = Q(A)R(A) be the unique QR-decomposition of a nonsingular matrix
A € R¥™4 such that Q(A) € R¥? is orthogonal and R(A) € R¥™? is upper
triangular with positive diagonal entries. The hybrid method approximates

the j—th Liapunov exponent A; by the sequence of integrals

= [ (B (D" @) duta), € N, (2.4)

n

We note that in case j = 1 we have Ry1(Dg"(z)) = ||Dg™(z)e1|| where
e1 = (1,0,...,0)T. Then the hybrid method coincides with taking v = e in
the vector method proposed in [4].

The measure p will be computed approximately by the package GAIO
(see [8],]9] in general and [6] for details in our case). The elements R;; (Dg"(z))
are computed as in the Q R—method for single trajectories (see [10],[11],[13],[18]).
Take any nonsingular matrix Zy € R¥*? (e.g. Zy = I;) and define the se-

quence {Z, }nen, via
Zn+1:=Dg(g"(2)) Q(Zn), n€No.
From the decomposition Dg"(z) = Q (Dg"(z)) R(Dg"(x)) one obtains by

induction (cf. [10], [18])

1
R(Dg"(x)) = HR(Zi) and Q(Dg"(2)) = Q(Z,), n € No.

The diagonal values of the upper triangular matrices are given by

Rj; (Dg"(x)) = [ | Ris(20)-
i=1



2.2 Oseledec spaces and Oseledec minors

In the following we will always assume that there exists some ergodic prob-
ability measure p on the Borel o-algebra of M. By the theorem of Oseledec
(see Appendix A and [20], [24]) there exists a Borel set M, C M of full

measure, invariant under g such that for all z € M,, and v € T, M the limit

1
AMz,v) = lim —In||Dg"(z)v||

n—oo N

exists and is independent of . Moreover, there is a measurable decomposi-
tion T, M = @F_, W(x) for some s < d and there are numbers A; > ... > A,
such that the following holds for j =1,...,s

S S
\j = A(z,v) forallz € M, andv € EBWZ(JU)\ GB We(z).

i=j i=j+1
Counting the S\j values according to their multiplicities we obtain the Lya-
punov exponents Ay > ... > A4.

Throughout the paper we will make the simplifying assumption
dimWi(z) =1 forie1,...,s forpuy—ae x€ M, (2.5)

which implies s = d in the decomposition T, M = @?:1 Wi(z). Moreover,
there exist vectors w;(x) of unit length that are measurable with respect to

x € M and span the spaces W¥(z), i.e.
Wi(z) = span{w;(z)}, |wi(x)|=1, i=1,...,d, x€ M,. (2.6)
By the invariance of W¥(x) under g the spanning vectors from (2.6) satisfy
Dg(x)wi(z) = o™ (z)wi(g(x)), (2.7)
for some scalar a(?)(z). For the mappings a : M , — R this implies
0O (@)| = | Dg@wia)| i=1,....d.

By the continuity of Dg(-) the mappings ‘a(i)(-)‘ are measurable.

Using induction on equation (2.7) leads to



It is convenient to define (cf. [2], [3])

0
AD@) =[] a¢"@) i=1,....d. (2.9)

v 1

For j € {1,...,d} let Ord(j,d) be the set of ordered multiindices * and define
Al (z) = A (). AP (@), i=(i1,...,i;) € Ord(j,d). (2.10)
For the special element 1; = (1,...,j) € Ord(j,d) we have
A (2) = AD (@)~ AP (a).

Let W (z) € R% denote the Oseledec matrix with columns wy (), ... ,wq(z)

and introduce its trailing principal minors

Wij(@) - Wja(z)
Pj(x) = det .]+1.]( ) J+1d( ) (211)
Waj() Waa(z)
One of our main assumptions is positivity of the minors
|Pj1(z)] > 0 and |Pj(z)| > 0 for p-a.e. z € M, (A1)
where Pj(r) = 1 in case j = d 4+ 1. Later on we impose the stronger
requirement that for some &; > 0,
Pra(@) > & and |Py(a)| > 5 peac. (A1)
We further require that there exists some ¢; > 0 such that
G; W(z)) >¢e; and Gj_1 (W(x)) >¢j, pae., (A2)

where

Gj(A) = \/det (A1:d,1: ))TA(1:d,1: 7))

denotes the Gramian volume of the parallelepiped generated by the first j
column vectors of a matrix A € R™? (cf. Appendix B or [17]). In case j = 1
we set Go(W(z)) =1 in (A2).

YOrd(j,d) = {6 € {1,...,d}{}7} : § strictly monotone} see also Appendix B.



Next introduce the inverse matrices (aj(x))% W~1(z) € R4 for

ij=1 —
x € M, (cf.[3]) which satisfy

d
e, = Zaw(m)wi(m) forv=1,...,d. (2.12)
1=1
For multiindices ¢ = (i1,...,7;) € Ord(j,d) we use minors a;(x) of the

c-matrix defined by

@iy1(2) iy ()
ai(r) = ayy .4, (7) = det(a(i, 1;)(z)) = det i21(2) g (@)

ai;1 (@) aij()
In case i = 1; = (1,...,7) we have the leading principal minor ay,(z).

2.3 Convergence Theorem

In section 3.1 below we show that the Gramian volume of the first j columns

of Dg"(z) may be written as

(G (Dg™(@)))* = Tjn(@) + pjn(®),
where
2 1; 2 n 2
Djnl@) = (a1,(2))* (4% (@) G5 (W (9" (2))) (2.13)
and pj () is a remainder (see (3.19)) for which we will derive good estimates

(see (3.27)).

Theorem 1. For a fized index j € {1,...,d} let the system (1.1) satisfy
(2.5) and assumptions (A1), (A2). Moreover, assume

1 1Pa(a)]
() e )

1s p-integrable.

(ii) The sequences of functions

(OB e (o220,

have a common p-integrable majorant.



Then the following expansion holds
1 C; 1
— [ InR;;(Dg"(x))dp =X+ —L +o | —
n/ nR;;(Dg"(x))dp = A - 0<n>,

where

_ [ B @)] G (W(2))
Cj = /1 PG (W(;c))d”' (2.14)

2.4 Hyperbolicity and spectral gaps

The standard definition of a hyperbolic set [25],[21] assumes that 0 is not a
Lyapunov exponent and the dynamics can be split into exponentially decay-
ing and growing components. In the following we consider such a splitting at
an arbitrary point in the Lyapunov spectrum, similar to the (A, u)-splitting

in [21] and in analogy to splittings of the Sacker-Sell spectrum in [27],[12].

Definition 2. For some j € {1,...,d—1} the system (1.1) is called hyperbolic
of type (Nj+1,A;) if there exists a set Mﬂ C M, with p (Mﬁ) = 1 and
constants C' > 1, ,ugﬂ,,ué» such that

() A1 < 45,y < ph < Ny

(ii) For all z € Mj,

d
(a) |Dg" ()] < Ce™ivtfo| ifve @ Wi(zx)andn >0,
i=j+1

1 oo
(b) [|Dg" (@)l > e"fv]| if v e @Wi(x) and n > 0.
=1

The constants C, ,ué» and Wjyq are called the (hyperbolicity) parameters.

Remark. For any fized x € M, it is clear that hyperbolicity parameters
depending on x exist, see Lemma 5. Our assumption here is that they can be

taken independently of x.

Obviously the set M| ,{ is hyperbolic in the classical sense when the system
is hyperbolic of type (Aj+1, ;) with parameters Wi <0< ,ué. The follow-
ing theorem shows that hyperbolicity of type (\j11,A;) leads to exponential

estimates of remainders.



Theorem 3. For some fized j € {1,...,d} let the system (1.1) satisfy (2.5)
and assumptions (A1°),(A2), and let it be hyperbolic of type (Xj+1,A;) and
of type (Aj, N\j—1) with parameters C, M§+17M§‘ and C, ,ug,,ué;l, respectively.
Then the following estimate holds

1 C; e~
— [ mRj;(Dg™(z))dp = X\j + - + O 2.15
L R0 =x+ a0 (1), @y
where C; is defined in (2.14) and A; is given by
Aj = min {u§- — W M —u?} : (2.16)

Remarks. 1. Note that the assumptions of Theorem 8 are stronger than
those of Theorem 1. Condition (A1’) implies both assumptions (A1) and
(i) of Theorem 1 and the hyperbolicity condition in Theorem 3 implies the
integrability condition (ii) of Theorem 1, see Section 3.2.

2.In case j = 1 the assumption reduces to hyperbolicity of type (Aa, A1) with
Ay given by Ay = pY — ub. Similarly, in case j = d we assume hyperbolicity
of type (Mg, Aa—1) and set Ay = :uil—l — .

3. The proof below suggests that the results of Theorems 1 and 3 remain valid
if instead of (2.5) one only assumes simplicity of the j-th Lyapunov exponent

Aj. However, we have not carried out the details of such a generalization.

The following corollary shows that error expansions hold if each Lya-
punov exponent allows a hyperbolic splitting and if all Oseledec minors be-

have properly.
Corollary 4. Let the system (1.1) satisfy (2.5) and the following conditions:

(i) There exists an € > 0 such that

|Pj(x)| >¢e forj=2,...,d and p ae xecM.

(11) The system is hyperbolic of type (Njy1,A;) forj=1,...,d—1.

Then the expansion

e*AJ‘n

1 C;
- /1nRjj(Dg"(w))du =X+ +0 (

> for j=1,...,d,
holds with C;, A; given by (2.14) and (2.16).

Note that there are no assumptions on the Gramians Gj. These follow

from the hyperbolicity conditions as we will show in Section 3.2.



3 Proof of main results

3.1 Convergence under integrability conditions (Theorem 1)

In the following we will frequently use the following elementary fact. If a real
sequence ¢, > 0 satisfies lim,, oo %ln ¢n = —A < 0 then ¢, = O(e(_A+5)")

for every 0 < e < A.

Lemma 5. Consider i > j and 0 < € < A\j — X\; = A. Then for p a.e.

x € M there is a constant Cy ., such that

(Aff)(w)( < Oy eel At

A,gﬂ(x)‘ .

In particular, lim,,_ s ‘ (J)( )’

Proof. From the Oseledec theorem and (2.8),(2.9) we obtain

L[] Ly, Do)
A w) D@y (@)]

= I Dg"(@)wi(@)] — + In | D" () ()]

— Ai—A; <0, asn— oo.
Therefore, for each x € M,, we find some C, . such that

‘Ag) (1‘) ‘ (—=A4e)n
. = x,e Y .
‘Aﬁf)(;,;)‘ < Cpee neN

O

Lemma 6. Let i,¢ € Ord(j,d) be arbitrary with i # 1; = (1,...,7) and

0 <e <A —Ajt1 =A. Then there exist constants Cy . for x € M, such

that ‘ ‘ p
[An@)] | [An@) 45 ()]

\A},@)\ (Aiij(x))z < CyeelAFm,

In particular,



Proof. As in the proof of Lemma 5 the definition (2.10) of AY (x) leads to

i J j
lim —IHM:Z)\ik—Z)\u:—Ai

ﬁ
nee ‘A 36)‘ k=1 =1

and

|A
hm —l >

Note that 0 < A < A; < A, follows from ¢ # 1;. Hence for some C, . > 1

Z)\Zk+2)\gk 2Z>\,,_— it

and p ae. x € M,

M < O, oAt and
(A};‘ (w)‘ - (Aﬁf (:c))

|An(2) A ()]

2 < Caaee(_Ai’[-i_E)n-

The proof of Theorem 1 proceeds in four steps.
Step 1 (Expansion of Gramian volumes)
We make extensive use of exterior products and their properties as summa-

rized in Appendix B. From the definition (2.12) we obtain

d
Dg"(x)er, = Dg”(x)Zaik(x)w x
i=1

d
- Zaik(ﬂf)DQ"(ﬂf)wi(ﬂf)

— Zalk JAD (2)w; (¢ (x)), k=1,....d. (3.17)

We abbreviate Dg"(x).;. = Dg"(x)er Then the properties of the exterior
product (see Appendix B, Lemma 16) and (3.17) yield

(Dg™(x)). A+ A (Dg™(x)).; =

=Y ale) (Mo AL @), (6" )

veOrd(j,d)
J
= > a@ [[ A @) (A, (0" (@))
veOrd(j,d) k=1



Theorem 11 and Corollary 12 lead to the following expression for the Gramian

(G} (Dg"(2)))* = H(Dg"(ac)).1 Ao A (Dg”(x))_jHZ -

- Yo HAW AL @) (Nt (6" (@) My, (6" (@)

v LeOrd(j, d)

> ay<x>ae<x>Az<x>Aﬁ<m><Ai:1wuk (9" () My, (9"())) - (3.18)

v,LeOrd(j,d)

D

=Tjn(@) + pjn(2),
where
i) = (01, ()" (47 @) Talg" @) A A w7 (@)

and p; n, is defined as the remainder term in (3.18), cf. (2.13) in Section 2.2.
Therefore,

pron() = (3.19)

= Y a@a@An @) AL @) (N, (")) Mg, (6" (@)

) D
v,£€0rd(j,d)
£#1
+ Y a@ay, @AL@)AT (@) (N, (9" @) A (67(@)) .
veOord(j,d)
u#llj

For the terms p;_1 () and I';_; ,(x) we have analogous expressions with
indices running in Ord(j — 1,d).

Step 2 (Integral expression of remainder)

We proceed along the lines of [15], [16], use (2.8) and the Oseledec theorem
(Appendix A, Theorem 9) to conclude

1 .
Ajo = lm —Inf|Dg" (z)w;(z)]

0
= dim i ] [ @) s (6" @)

v=n—1

n—1
S e

=1

12



By Birkhoft’s ergodic theorem (see [26]) we obtain

Aj = Jgn;o%éln ‘a(j)(g”(az))‘ = /ln ‘a(j)(x)‘ dp .
Using the definition (2.7) of al¥)(x) we arrive at
A= [ WD g(e) wy(e)ldn (3.20)
As in (2.4) we define for j =1,...,d
al = %/lnRjj(Dg"(x))d,u.

For the existence of these integrals compare [6, Theorem 2]. We show below
that the limit
lim n(al, — \;)

n—oo

exists and agrees with C; given by (2.14). Then this proves
. C; 1
agL:Aj+#+o<ﬁ>.
Let us first write
nal, = /ln Rjj(Dg"(x))du
/ R” )du + /ln (AU ( dp. (3.21)

By the definition (2.9) of Aslj )(x) and the invariance of the p-integral of

In ‘a(j )(m)‘ the second term satisfies

/ln‘A,(j)(x)‘du = /ln 19[ ‘a(j)(g”(m))‘du

v=n—1
n—1 ‘
= > [ nfab(g" @) du
v=0
= n)\j.
Therefore, equation (3.21) leads to
(Dg™
(ad — \)) / Ry;(Dg"( )d,u. (3.22)
‘A (4)

13



In the following we discuss the integral on the right-hand side.
Step 3 (Estimates of integrand)

Let us first show that C; from (2.14) can be written as follows

[ e @le@ A Aw@)]
Cj = /1 ‘a]lj_l(xﬂ wi(z) A--- Awj_y(z)

H dp. (3.23)

From [17, §1.4]) we have the following representation of the minors of an

inverse matrix for all multi-indices i,v € Ord(k,d) and k =1,...,d
Qg Vl(x) ailyk(x)
det Qi vy (x) T Qg Vk(x) _
iy vy (T) i 1 (2)
WVI 7 (x) D1 ig—k (x)
Wf/z 1 (:C) U2ig_k (x)

= (=) Kirdet W(z) ! det

Wﬁd—kgl(x) Wl}d—kgd—k(m)

where K;, = Zle (i; + v;) and the complementary tuples
(i1, igp), (01, ..., Dg_i) € Ord(d — k, k) are defined by

{%1,...,%d_k}U{il,...,ik}:{1,...,d}:{191,...,ﬁd_k}U{Vl,...,Vk}.

Writing this in terms of coordinates of exterior products (see Definition 14)

yields

AW (@)
(Afa@)) =<—1>Kw( detW(xR“. (3.24)

1,V

Special cases of this formula are the following (using the notation from (2.11))

Pr(o) e |
det (W (x)) det (W (z)) |

{omlj(m)‘: ' and ‘aﬂj_l(ag){:

Hence positivity of |ag, (x)| is characterized by positivity of |Py4q(x)| for
k= j—1,4, and the following equation holds

Pra@)] __los, (@)
Bi@)] ~ Jow, ()]

14



From (3.23) we conclude that for each n € N

o, @ e (g @) A A w(g” @)
© / " o @] (g @) A A w1 g @)]

In order to see this, we write the integrand in (3.23) as a sum of an « and
a w term and use the g invariance of the integral for the second summand.
By our assumptions (i) and (A2) both integrals in this decomposition exist.

It remains to consider

/m Ryj (Dg"(@)) _ fon, ()] llwn (9" (@) A - A wy(g" (@))] "
A9 (z) oz, ()] lwi(g" (@) A~ Awj—1(g"(@))]
_ /m Rjj (Dg™ (@) |, , (@)] lwn(g" (@) A+ Awja(g" @)
AP (@) |ag, (@)] w1 (g™ (@) A~ Aws(g™(@)]]

By the properties of the exterior product and its relation to the Q R-decomposition
(see Lemma 17 and (B.4) in Appendix B) we obtain

Ry; (Dg () — L=t (D9 () (NR@g@),

) HlillRii(Dg (@) (NT'R(Dg™(x)))1,1,
| WrR@g @),
(N7'R(Dg"(x)))1,

N R(Dg" ()
N'Dg"@)(er A+ ney)|

N7'Dg (@) e A Aeg)

[Dg"(x)-1 A--- A Dg" ()]
| Dg™(x)q A~ ANDg™(z).j-1]|

From (3.18) we infer
(Rj; (Dg"(x)))* =

15



((Dg" (@)1 A+ A (Dg" ()., (Dg" (@), A+ A (Dg"()).;)
((Dg" (@) A+ A (D" (@), 1, (Dg" (@) A+ A (Dg"(a)).-,

S aw(@)ar(e) A () A () (Mg, (67 (@) Ny e, (97(2)

v,£e0rd(j,d)

> aul@an@) Ay (@) AL @) (Mjwn, (0" (@) A e (9" (@)

D
vleO0rd(j—1,d)

D

D

Using pjn(x), I'jn(z) from (3.19),(2.13) we find from the last equation

(Rjj <Dg"<w>>>2 _ Djul@) + pinl@)
(F] ln(

A () @) 4 (@) (A9 @)
. 2
(a, <x>>2 [y (o <w>>H pm@)
O e AT
1+£;_::22§

Finally, we use

pale) (o @) [Tt H

Djan(@) (A9@)" (01, () | yn (7 <w>>H
Pin ()

(0, (2))* TH, (A2 @) Ay (07 a)|

2

and arrive at

Rj; (Dg"(x)) o,y ()] wi(g"(@)) A~ Awja(g"(2))]
AS{’(;U)‘ o, ()] llwr (g™ (2)) A+ A (g™ ()]

(e mB) ) e

Step 4 (Limits of integrals)

—~

We now prove

1
. Pj,n(x) 2
1 In(1 dp = 0. 3.26

16




For £ "(( )) we find the expression
] n

(@) (@) A4 (@) AL () ( Ny, (97 (@) s Ny, (67(@)) X

D

,,,zelo;lc;(j,d) (Ozjlj (m))Q (A]}Lj ($)>2 ‘ /\i=1wk (gn(ﬁﬂ))H2
(), (@) A (2) AT (@) (Mg, (9" (@) s Ay (9" (@) )
* "Egzzd;_f"@ (an, (2))? (Ail; (x)>2 HAgzlwk (g"(ﬂc))H2

J

We estimate the sequence Fiz((i)) for points z € M that satisfy assumptions

(A1) and (A2). By Lemma 13 we have for v € Ord(j,d)

J
[ v (6 @))|| < TT o (g™ @)1 =1
k=1
and thus by Cauchy’s inequality

(Mot (9" (@) ANy, (9"(@))) <1 for vh € Ord(j.d).

From our assumption (A2) we then find

Pin(T)

Lyn@)| = (327)

5 o (@) ag () A% (2) AL () (N 1 (9" (), Ai Jwe, (9" (2)))

u,ZG{C;rni(j,d) (ou, (x))Q (A%J' (x)) /\fC Jw (g H
S %(m)Az@)mﬁ;?w% (5" (@) Ny (9" (@)}
Veg;(jzljg d) oy, (z) Ay (2) H/\i:lwk (g"(m))‘
a () o (2) Ay () Ay (2)
< > ,
u,feegérni(j,d) ((X]lj (gc))2 <A}LJ' (m))Q (g"(x))HQ
.y 0 ()45 ()
”Ef;ﬁj’d) Q; (m)A ’( H/\k LW (g H
| 00, () () A% (2) AL (2) 00, () A% ()
s 2 + — 1
6? u,legé%(j,d) (0411]- (m)) 2 <A}LJ' (x)) 2 Ue?;iij’d) Qg (x)A, (x)
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The terms oy, (x),v € Ord(m,d) are independent of n so that Lemma 6

implies pointwise convergence
1
. 2
lim In {1+ Pinl2) =

for p a.e. © € M. By Lebesgue’s Theorem and assumption (ii) we obtain

(3.26) and in a similar way

. ijl,n(x) ) B
lim [In{l1+=2>—">—<% dp = 0.
s fn o)) ™

Using (3.22) the proof is finished by taking logarithms in (3.25) and inte-

N

grating.

3.2 Error expansion in the hyperbolic case (Theorem 3)

The following Lemma gives an estimate of angles between Oseledec spaces.

The proof follows an idea of [25] for the hyperbolic case.

Lemma 7. Let the system (1.1) be hyperbolic of type (Xji1, ;) with param-

eters C, pjq and ,ué-, Then there exists an 9 > 0 such that
Z @Wl(x), EB W' (z) | >eo
i=1 i=j+1
for all x € M,i
Proof. Recall that the angle of two subspaces V, W is given by
Sin(Z(V, W) = inf{lJv — wl| : v € V,w € W, Jlul] = 1 = [[w]l}.

Let v € @gzl Wi(z) and w € @‘ijzjﬂ W(z) be vectors of unit norm and
define for x € M ,i
Fo(2) = Dg"(&)(v — w).

By the compactness of M we have a constant 8 > 0 such that
|Dg(x)| <5 und [Dg~'(x)| <8
for all x € M. This implies

[ (2)[| < 8" [lv = w]. (3.28)

18



From the hyperbolicity of type (Aj;1,A;) and the triangle inequality we infer

v

K ()] [1Dg" (z)v]| = [[Dg" (x)w]

! r
> O™ — O™+,

Since pj g < ,ué» there exists 7 € N such that
E=Cle™s — 0 > 0.
Using (3.28) we arrive at
lv—wl = 87" [ Ka(z)]| = 267"

for all x € MfL
O

Next we improve the estimates of Lemma 6 under the hyperbolicity condi-

tion.

Lemma 8. Let the system (1.1) be hyperbolic of type (Xj1, ;) with param-
eters C, ,ué» and pi 1. Then for any two multiindices i,{ € Ord(j,d) with
i # 1j,
[An(@)| | [An(2) AL ()]
1 + 1; 2
@] (@)

L Jj+1

)

where A;:H = ,ué- — M-
Proof. By the definition of A?(x) and Agf'“)(x) we have

AL ()| _ 1Dg" @), (2)]] - || Dg™ @i, ()|
v @] IPP@n@I - D e @]

Let us repartition ¢,1; € Ord(j,d) as follows
s = #{u,..., 041,51},
s o= j-3
{p1,...,ps} = {a1,...,5;n{1,..., 4},
{ar, .- a5t = {in- i3 \{p1,- - pst
{ri,...,rs} = {1,...,7}\{p1,-- -, ps}

19



Then we can write

‘A%(lﬂ)‘ _ Hi=1 | Dg" () wp, (z)|| Hi:1 | Dg" (x)wg, ()]

|47 () 11Dy (@ywi(2)]
I, 105" (), ()]
[Tizi 1Dg™ (z)wy, (2)]
Note that 1 < § < j by assumption. Since wy, () € @?:J-H Wi(z) and
wy, () € @J_; Wi(z) for k =1,...,§ hyperbolicity leads to
i) _ (0
‘Afg(gg)‘ B <C—1 enu§>§
In a similar manner one proves
| AL () A5 ()]
(a5 @)’

A VAR . aAdt+l . j+1
_ 02367”5AJ‘ < C2jefnsAj < C2je*nAj )

. j+1
< CY¥e B

Proof. (Theorem3) From (3.25) in the proof of Theorem 1 we have

n (% /hl R;;(Dg" (x))dp — /\j> -G =

1
—1\ 2
:/1 <1+Pjn(x)><1+PJ Ln(@ )) dy.
(x) Lj1n(x)
Note that the assumptions (A1),(i) of Theorem 1 follow from (A1’). Hence

it remains to show

o [l pe) (g Jose om

for all n > n.

First consider the term 13]”—((?) and recall the estimate (3.27)
J.n
pin(®) |
Ljn(z) |~
]y |eeems@as) (@) A (@)
6? vEOrd(j,d) (a (x))2 (Alj (z )2 veord(j,d) | O1; (DU)AilLJ ()
ZeOrd(j:d) 1 n V?é]lj’

o1



The formula (3.24) for the minors implies for v € Ord(j, d)
(Na@) (AW (@)

j ~ | (pd
(), || i)
where © € Ord(d — j,d) satisfies {1,...,04—;} U{v1,...,v;} = {1,...,d}.
Since </\d7jW(£U)) is the (j +1,...,d) coordinate of the vector

j+17"'7d7 14

(/\CHW(;U)) = (@) A Ay, (@),

ay,(x) _
o ()

V7]1j .7+177d7[)

G41,...d,j+1,...d

we obtain
Oéu(x) < Hwﬁl(x)/\"'/\wﬁd_j(x)u _ Hwﬁl(x)/\"'/\wf/d—j(m)u
ag(z)| ~ |Pj11(2)]

(Nwe)

G41,.d, j+1,....d

Using the generalized Hadamard inequality from Lemma 13 and assumption

(A1%) we find for p-a.e. z € M

ay(@) | _ it lws (@) 1
ag; ()|~ |PJ+1( z)| | Pj1(2)|
In a similar way we obtain the following estimate for v, 1 € Ord(j, d)
av(@oe)] _ 1

(o, (2))* ~ &

Summing up we have for py-a.e. x € M

1
< —.
€j

pin(@)| 1 3 A7 () A7 ()| S A7 ()|
. — 272 ) 2 ;
Ljn(z) €% | veoratia (A%J (;U)) veOord(j,d) A}f (x)‘
Ze(z;i(tj,d) V;é]lj
J

The last sum has (;l) — 1 summands and then Lemma 8 yields

< L ([T 21) ctie A Z et (3.30)
&5 & \\J

In order to prove (3.29) it is sufficient to show for k = j,j—1and n > n

/' (HII?];Z:;;)'@SC'- (3.31)

Pjn(z)
Ljn(z)




We consider k£ = j since k = j — 1 can be handled analogously.
Using (3.30) and estimating |In(1 + z)| by |2z| we find an 7 € N such
that for n > n

Pjn() )‘ Pjn()
In{(1+=2—2 <2 for py-a.e. x € M
( Ljn(z) Ljn(z)
and hence
nA; ,Oj,n($) ) ‘ nA; / pjm(x)
eI ln<1+7 dp <e"7i | 2|==—=|dpu.
/ Ljn(2) Ljn(x)

For n sufficiently large equation (3.30) implies

267 < 20eMAi=AT) < 96,

Pjn(z)
Ljn(z)

and then Lebesgue’s dominated convergence theorem gives the estimate

0§6"A1/ ln(l—i—M)‘duﬁ/Qéd,u,

Ljn(z)
which proves (3.31) for k = j.

3.3 Proof of Corollary 4

It remains to show that the assumptions (A2) of Theorem 3 are satisfied for

all j € {1,...,d} and that there exists some € > 0 such that
| P (2)] = |det(W(z))| > € for p-a.e. z € M. (3.32)

Setting i (z) = |sin(£(w;(x), span{w;41(z), ..., w(z)}))| the formula (B.2)
leads for j = 2,...,d to the expression

lwi (@) A~ Awj(@)ll = 7} (2) - AF (@) 7] (@), for p-ae. x € M.
Now Lemma 7 and the hyperbolicity condition (ii) imply

%?+17.,,7d($) >¢ fori=1,...,d—1.

Since %?Jrl,...,j(x) >, 4(z) holds for j € {1,...,d} and i < j+1 we have

another € > 0 such that for py-a.e. z

Jwi(@) A Awj(@)]| =€, jed{l,....d} (3.33)



By Corollary 12 the Gramian determinant coincides with the norm above
and hence assumption (A2) is satisfied for all j € {1,...,d}. Moreover, the
estimate (3.33) implies (3.32) since

[wi (@) A~ Awa(@)|| = |det(W(z))] .

A Oseledec’s theorem

We state a special version of the multiplicative ergodic theorem of Oseledec

(see [24]) which may be found e.g. in [26], [28].

Theorem 9 (Oseledec, 1968). Let g be a C'-diffeomorphism of a compact
and smooth Riemannian manifold M of dimension d and let u be an ergodic
measure of g on M. Then there erists a Borel set M, C M such that
g(My) =M, n(M,) =1, and the following properties hold:

(i) There exist natural numbers dy,...,ds with s < d and Z;:1 d; =d.

(ii) For every x € M, there exists a measurable decomposition of the tan-
gent spaces Ty M = @j_, Wi(z) such that dim W(z) = d; and
D g(z) (W(x)) = W(g(x)).

(iii) There are numbers Ay > Xy > ... > Ag such that
li ll Dg" =\
Tim L log [Dg" (@)l = ),

for allv € @i_; Wi(x) with v ¢ D1 Wi(z) and for all x € M,,.

Remarks. 1. The points in M, are called (Lyapunov-)reqular and the de-
composition Ty M = @;:1 W(x) into invariant subspaces is called the Os-
eledec decomposition of T M.

2. The number \; is called the j-th Lyapunov exponent (or characteristic
number) with respect to the ergodic measure pi. The number d; denotes the

multiplicity of \;.
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3. The largest Lyapunov exponent A1 can also be expressed in terms of matrix
norms as follows (see [26])

1
A = lim —In||Dg"(x)|| for p-a.e.x € M.
n

n—o0

B Exterior products

For the convenience of the reader we summarize in this appendix several
results from the theory of exterior products that are used in this paper.
Most of the results can be found in [1], [17], [19], but a few details have been

added that are important for our estimates.

B.1 Coordinate representation of exterior products

A mapping § : {1,...,5} = {1,...,d} with j < d is called strictly monotone
if 6(1) < 0(2) < ... < 4(y) holds. By Ord(j,d) we denote the set of all

strictly monotone mappings
Ord(j,d) = {6 € {1,...,d}{1+7} | § strictly monotone}.

Let D = #0rd(j,d) and note that D = (‘j) We will frequently identify
elements ¢ € Ord(j,d) with tuples i = (i1,...,4;) and simply write i =
i1,...,%5, where 1 <4y < ... <i; <d. In Ord(j,d) we use lexicographical

order written as o < ¢ and meaning that for some ¢ € {1,...,5} we have

o(k)=06(k) for k=1,...,4—1 and o(¥) < do(¥).

The smallest element is 6; = (1,...,7) = 1; and the largest element is
op :(d+j—1,...,d).
Given vectors x1,...,x; € R? with coordinates zy = (x1p,...,2q)7 we
denote by X = [z1,...,z;] the d X j-matrix with columns z1, ...,z , i.e.
Ty v Ty
x x
Y 21 2j
Za1 L gj
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By Xi17,,,7,~j we denote the minor of X that belongs to the rows with indices
’il, e ,ij, ie.
'Il'll P xilj
Tisl 0 Tiyi
Xiyqy =det | 7 =
Ligt 0 Tigy
The exterior product of vectors x1,...,2; € R? is defined as the vector

/\leg:xl/\---/\xj e RP.
with coordinates
(w1 A ANz = Xy (i1,-00,15) € Ord(j, d). (B.1)
From the Cartesian basis {eg,...,eq} in R? we obtain
{ei Ao Neip | (i1, ..., 45) € Ord(j,d)}

as a basis of RP.

The coordinate representation of exterior products has standard properties.
Lemma 10. For all x1,...,xj,v € RY and o, f € R the following holds:

(i) For any permutation ™ € S,

Tr)y A AN Tr(jy = sSign(m)er A= A

(ii) For{=1,...,7,
LTI A Axgqg AN (axg+ Pv) Nxppi Ao ANy =
a(@y A ANxg N ANxj) +B@i A A v A Axy)

1) the vectors xy,...,x; are linearly dependent if and only ifx1 A--- ANz =
J J
0.

Let (-,-); denote the standard scalar product in R* with norm ||z| =

V{z, z) for z € RE,
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Theorem 11. For two decomposable vectors
T=xI N ANxj, y=y1 N~ ANy; € RY  with zg,yp € RY, £=1,...,7,
the scalar product can be written as
(z,y)p ={(x1 A---ANzxjy1 A--- ANyj)p = det (Z),

where Z € RI%J is defined by

Zi,ﬁ = <xi’yf>d fOT’ ’L,f € {1, .. ,]}

Proof. We have Z = XTY for the matrices X = [z1,...,2;] und ¥ =

[Y1,...,y;], thus the multiplication theorem for determinants ([14]) shows

det (XTY) = Z Xi1,...,in;1,...,ij = (xl /\---/\xj,yl/\---/\yj>D.
icord(j,d)

An immediate consequence of this theorem is the following result.

Corollary 12. For any set of vectors x1,...,x; € R,
lzi A Azl = /det (XTX), X =[z1,...,2j],
in particular, ||z1 A -+ A xql| = |det (X)] in case j = d.

Recall that the Gramian determinant ||z A--- Axzj|| = /det (XTX)
equals the j-dimensional volume of the parallelepiped spanned by the vectors
x1,..., 25, |17, §9.5].

Angles between vectors and subspaces can also be described in terms

of exterior products. Consider, for example, linearly independent vectors

T1,...,Tj € R? and let = € R? be arbitrary. Decompose & = 2P + z° where
xP € span{zy,...,z;} and 2°Lspan{z,...,z;}. Then the volume of the
parallelepiped spanned by x1,...,2;, v is

[er Ao Ay Al = [l A Al |20

or equivalently
lex A= ANxyg Al

= [|l=°]]-
[l A A
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This quotient is the length of the z-component orthogonal to span{z1,...,z;}.

In case ||z|| = 1 we obtain the sine of the angle between x and the subspace
Hlex/l\ /\ /\ f\]x/]\HxH = |sin Z (z,span{z1,...,z;})|. (B.2)

We also note the obvious estimate
[r A A Al <l A= A ], (B3)

which has the following generalization.

Lemma 13 (Generalized Hadamard inequality).

For vectors x1,...,xz; € RY with j < d and k € {1,...,7},

() ller A Al < e A Azgllflzgen A Ayl

J
(ii) lzr A gl < TT Il
1=1

The proof of (i) may be found in [17, §9.5] while (ii) follows from (B.3)

by induction.

Definition 14. For a matrix A € R¥ define its j-th exterior power N’ A €

RP*D D = (zl) by its action on exterior products
/\jA(ﬂzl/\---/\xj) =Axy N---NAxz; formy,...,z; € R?.

As an immediate consequence of the definition we obtain that the column

of /\jA belonging to the index /1,...,¢; is given by
(na)

By the definition of the exterior product (B.1) we obtain that the element

=NAes, Ao Neg)) =Ay Ao ANAy,. (B.4)

: Zly-"yzj

i1,...,1; of column £1,...,¢; is
Ailfl e Ailfj
</\j A) et | Ame o Aet | (B.5)
7:17---7ij7£17---7£j ................
Aiso Aise

The exterior power has the following properties:
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Lemma 15. For A, B € R4 holds,
(i) N (AB) = N (AN (B).
(i) N (47) = (N 4)
(iii) N (A1) = </\jA) _1, if A is nonsingular.
Finally, we note the transformation rule for exterior products.
Lemma 16. If xq,...,24 and y1,...,y; are vectors in R that satisfy

d
WZZ&ijhLm@mmR

=1
then
YA Ay = Z </\jA)
(£1,...,45)€0Td(j,d)

Proof. With X = [z1,...,x4] we obtain

(Tey N Nayy).

L1, l5,15

A Ay =XAgAAXA;=NX(AqA-AA).
Using (B.1) and (B.4) we find
o j CONAL
YA ANy = Z(zl,...,zj)GOrd(j,d) (/\ X) ot (Aqg A A A-J)él,...,éj

= Z(zl,...,zj)eOrd(jvd) (/\jA)

This proves the assertion.

Xy Ao A X
gly"'yzjv]]-j !

B.2 Exterior product and QR-decomposition

As noted in [20] without proof the QQ R-decomposition is consistent with the

formation of exterior powers.

Lemma 17. Let A € R¥™4 be nonsingular and let A = QR be its unique
QR-decomposition (with positive diagonal entries for R). Then NA =
</\]Q> (/\jR> is the unique QR-decomposition of /\jA. In particular, the
diagonal elements of R </\jA> are given by

J
Risvipireeis (NA) = T] Risis (1,035 € Ord(jid). (B.6)
k=1
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Proof. In view of Lemma 15 is is sufficient to show that A’Q is orthogonal
and /\j R is upper triangular with positive diagonal entries.

Lemma 15 shows the orthogonality of /\j Q,
(NQ) Na=(NQ*)NQ =N (@"Q) = Nlu=In.

Next note that according to (B.5),

Rilfl e Rilfj

. Rie, -+ Rig,
(/\JR) —det | " 2 (B.7)

A S e

R; 0, R,

If (i1,...,45) > (41,...,¢;) then there exists an index k such that iy = £,
for k = 1,...,12: — 1 and i > ¢;. Hence Riiffc = 0. Since ¢ < ¢} for

kzl,...,l%—landin>2',%forn:l%—i—l,...,jwearriveat
in > Uy fork:zl,...,l;:—landn:l;:—l—l,...,j.
and therefore,
Ri. =0 forkzl,...,l%—landn:/%—i—l,...,j.
Thus the first & columns of the matrix in (B.7) are of the form
(Rivepr-- - Rii_0,0,...,007 fork=1,... k,

and hence linearly dependent. Moreover, the determinant in (B.7) vanishes
for (i1,...,15) > (¢1,...,¢;). Therefore, both equation (B.6) and the posi-
tivity of diagonal elements follow from (B.7).

O
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