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Abstract

We propose an adequate notion of a heteroclinic trajectory in non-
autonomous systems that generalizes the notion of a heteroclinic orbit of
an autonomous systems. A heteroclinic trajectory connects two families
of semi-bounded trajectories that are bounded in backward and forward
time. We apply boundary value techniques for computing one representa-
tive of each family. These approximations allow the construction of pro-
jection boundary conditions that enable the calculation of a heteroclinic
trajectory with high accuracy. The resulting algorithm is applied to a
non-autonomous version of Hénon’s map.

Keywords: Non-autonomous discrete time dynamical systems, heteroclinic con-
nection, numerical approximation, boundary value problems, error analysis.
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1 Introduction

Homoclinic and heteroclinic orbits are important structures in dynamical sys-
tems. For example, the famous theorem of Smale, cf. [23], states that in au-
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tonomous systems, the dynamics in a neighborhood of a homoclinic orbit is
chaotic. In autonomous systems, heteroclinic orbits describe possible transitions
between two equilibria; consequently they lie in the intersection of the unstable
manifold of the first equilibrium with the stable manifold of the second one.

To avoid the expensive computation of invariant manifolds [19], various ap-
proximation results for directly computing these orbits have been developed in
the literature. For this task boundary value approaches turn out to be very effi-
cient. In continuous time, cf. [1], the resulting algorithms are implemented, for
example, in the current version of the bifurcation toolbox MATCONT [7, 10]. For
discrete time systems, we refer to [2, 3, 5, 14].

Real-life systems, like population models in a fluctuating environment [8, 9, 4],
are typically non-autonomous. This fact motivates the consideration of non-
autonomous difference equations of the form

Tn41 = fn(xn)a ne Z7 (1)

where f, € C*(RF,R¥) are assumed to be diffeomorphisms for all n € Z. In
this setup, homoclinic and heteroclinic orbits lie in the intersection of stable and
unstable fiber bundles which are non-autonomous analogs of invariant manifolds,
see [13, 24, 22].

Consequently, a homoclinic orbit w.r.t. a fixed point from the autonomous
world has to be replaced by a pair of trajectories &z 1= {&, }nez and zz == {2, }nex
of (1), converging towards each other, i.e. lim, 1o || — Z4|| = 0. Pairs of
homoclinic trajectories are analyzed in [15, 18].

In this paper we extend these ideas to the non-autonomous analog of a hetero-
clinic connection between two fixed points, which we call a heteroclinic trajectory.
This is an orbit of (1), connecting two trajectories &, and &} that are bounded
in backward and forward time, respectively. First, one needs approximations of
the reference trajectories 5; These reference trajectories are not unique due
to our weak assumption of semi-boundedness and consequently, two families of
semi-bounded trajectories exit. We assume that the corresponding variational
equations

Upp1 = Dfo(E, )un, neZ,
Vpp1 = Dfu(ENv,, neZt

have half-sided exponential dichotomies, cf. Appendix A. This hyperbolicity as-
sumption justifies numerical computations. It turns out that all trajectories of
the semi-bounded family on Z* converge towards each other exponentially fast
in forward time, and the same holds true in negative time for the second fam-
ily. We impose an initial condition to select one representative of each family
and state a theorem that guarantees an accurate numerical approximation. Es-
sentially, we make use of the fact that under hyperbolicity assumptions, errors



from the boundary, decay exponentially fast toward the midpoint of the finite
computational interval.

In a second step, these orbits are used to set up the boundary operator for
computing a heteroclinic trajectory. For this purpose, we take linear approxima-
tions of stable and unstable fiber bundles that we obtain by computing dichotomy
projectors, using techniques that have been developed in [16, 17].

We illustrate the approximation results for the first step by computing several
semi-bounded trajectories of a non-autonomous version of Hénon’s map. In a
second step, we solve the corresponding boundary value problem and get the
desired heteroclinic connection between these non-autonomous families of semi-
bounded trajectories.

2 Heteroclinic trajectories

We start this section be introducing the concept of heteroclinic trajectories. Then
an algorithm for computing these objects is proposed.
Denote by X ; the space of bounded sequences on J:

neJ

Xy = {UJ = (un)nEJ € (]Rk)J - Sup ||un|| < OO}

equipped with the ¢,,-norm, and denote by 0; the zero element in X .
Consider a non-autonomous difference equations that is generated by a para-
meter-dependent map
Tt = f(xn, A\n), n€Z. (2)

We impose the following assumptions on f.
Al f e C®(RF x R,R¥) and f(-, \) is a diffeomorphism for all A € R.

A2 For the parameter sequence Az, equation (2) has two semi-bounded solu-
tions & = {& ez and &, = {&, }nez which are bounded for n > 0 and
n < 0, respectively.

A3 The variational equations

Unt1 = Dof(€, A\)un, neZ, (3)
Up+1 = D$f(§+7 j\n)una n e Z+ (4)

possess exponential dichotomies on Z~ and Z%, respectively, with data
(K%, o, o, P, P7t), cf. Appendix A, Definition 9.

Denote by kF and kf the dimensions of the subspaces R(PZ*) and R(P“),
respectively.



Definition 1 Fiz Ay and let & and zy be three different solutions of the non-
autonomous difference equation (2). The trajectory zyz is heteroclinic with re-
spect to &5 and &, if

lim ||z, — &5 =0 and  lim ||z, — &, || = 0.
n—-+0oo n——oo

A4 For the parameter sequence Az, equation (2) possesses a heteroclinic tra-
jectory zz with respect to & and &,.

Note that it follows from the Roughness-Theorem 10 that the variational
equation )
Unpt1 = D:vf<2n7 )\n)un7 nez <5>

has exponential dichotomies on Z~ and on Z*. Denote be QF** the corresponding
projectors. If k, 4+ kf = k, then half sided dichotomies can be combined to a
dichotomy on Z, if R(Qy") & R(Q3*) = RF, cf. [21].

2.1 An alternative viewpoint

For achieving a deeper understanding and to see that the above assumptions are
in certain respects minimal, we look at heteroclinic orbits from an alternative
viewpoint. Consider a trajectory Zz, having an exponential dichotomy on Z
with at least one stable and one unstable direction. Denote by W the solution
operator of (2) with parameter sequence Az. The stable and unstable fibers of
z7 are defined as

Si(2z) = {rx € R": lim |¥(n,0)z — 2,|| = 0},
n—oo

S¥(z2z) = {r€RF: lim ||¥(n,0)z —2,|| =0}
n——oo

Any trajectory £ which starts on the stable fiber bundle at time n = 0 converges
in forward time exponentially fast towards zz. Similarly, any starting point on
the unstable fiber bundle results in a trajectory &, that converges in backwards
time towards Zzz.

From the Roughness-Theorem 10, it follows that the variational equations
along &, and &, have exponential dichotomies on Z~ and Z', respectively, cf.
A4. Furthermore, &, is generically not bounded in forward time and &, is not
bounded in backward time. This is assumed in A2. From this viewpoint it
is also clear, that these orbits are not unique, since each starting point in the
corresponding fiber Sy™"(Zz) leads to a semi-bounded trajectory.

Uniqueness of the semi-bounded trajectories &5 can only be achieved by in-
troducing an extra condition, for example, by taking initial points from the in-
tersection of the fiber S;(Zz) with a hyperplane 5", cf. Figure 1.



Figure 1: Illustration of families of bounded trajectories on Z* that start
on the stable and unstable fiber Sy (zz), respectively. The intersection
of Sy (Zz) with the hyperplane 35" gives locally unique orbits.

2.2 Initial conditions for bounded trajectories

Consider solutions that are bounded in forward time on the interval [ng, 00) N Z.
We impose the following assumption on the hyperplane ¥ :

A5 Let 37 be a kf-dimensional subspace, such that X3 @© R(P;*) = REF.

Note that a generic subspace of dimension k" satisfies this assumption.
The initial condition z,, € ¥} can equivalently be written as

(Y+)Tx7m =0, (6)

where the columns of Y} form a basis of the orthogonal complement of X, .

Define the discrete intervals .J, = [ng,n4]N7Z and J, = [ng, ny —1]N7Z, where
0 < ng < n, and the case n, = +oo is included.

Let A;, be a fixed sequence. We combine the two conditions (2) and (6) for
computing an orbit that starts in X7 by introducing the operator 1"}::

P X5, xR — Xj xRM :
- (:EJ+> >‘J+) = ((xn+1 - f(xnv )‘n))nej+v (YnJg) $NO)'

In case J, = Z™, the next lemma shows that, by assuming A5, a zero of T%
is regular, which implies local uniqueness of the solution of equation (2) with
initial condition (6) on Z™.



Lemma 2 Assume A1-A3 and A5 with ng = 0. Then %ﬂ 1s a reqular solution

of B
F£+ (.’L‘ZJr, )\Z4r> = Oz+. (7)

Proof: Regularity means that the linear operator
D:BZ+F<E%+7 ;\Z‘F) : XZ+ — XZ+ X Rki (8)
is a homeomorphism, i.e.
D$Z+P(€%—+, 5\2+)Uz+ = (Tz+, U) (9)

has for any rz+ € Xz+ and v € R* a unique solution. Note that system (9) is
equivalent to

Up+1 — D:Bf<_:7 ;\n>un = Tn, N > 07 (10)

(Yo)Tug = v

By [21, Lemma 2.7], we obtain a unique bounded solution uz+ € Xz+ of equation
(10) by fixing P *ug. Note that the linear equation

(Yo B ug = v

is uniquely solvable due to the regularity of the matrix (Yb*)Tm( Py See Assump-
tion A5. As a consequence, the operator (8) is one to one and onto.
[ |
By choosing a subspace ¥, that satisfies A5, we set up the boundary condi-
tion (6), and uniquely obtain a bounded trajectory, starting on the stable fiber
S¢(zz). Typically, this is not the trajectory f_%ﬁr from Assumption A2. All start-
ing points zo € S§(2z) define trajectories xz that converge towards zz as n — oo.
Furthermore, one immediately sees by using the Roughness-Theorem 10 that the
variational equation

Unp41 = D:Bf<xn7 )\n)un (11)
has an exponential dichotomy on J = [N, 00), since

for sufficiently large N, where 3 denotes the bound for the perturbation in The-
orem 10. The resulting dichotomy of (11) can be extended to Z* by adjusting
the constant K.

Note that the difference between these solutions d, = x, — & converges
exponentially fast to 0 as n — oo, since the difference equation

1
dny1 = f(gr—i_ + dp, S\n) - f(g:v S‘n) = /0 Dmf(g: + 7d,, S‘n)dT “dy, (12)
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has by the Roughness-Theorem 10 an exponential dichotomy on Z7" with slightly
changed data (K, &, a), Pf7, P™). Denote by @ the solution operator of (12),
then it follows that

T T D+s - —ain
[dull = |2 (n, 0)do|| = [|®(n, 0) By *do|l < Ke™*"||do]-

By reversing the time, we get a similar exponential estimate for the second tra-
jectory &, _.

From this viewpoint, the orbit z; is heteroclinic with respect to two families of
trajectories; one that converges in forward time and another one that converges
in backward time towards z; with exponential rates.

3 Numerical approximation of semi-bounded
trajectories

We now return to the original viewpoint and introduce an algorithm which gives
accurate approximations of the two semi-bounded trajectories é; In a second
step we then compute in Section 4 a heteroclinic connection zz of these trajecto-
ries.

We assume without loss of generality that ) from Assumption A2 addi-
tionally satisfies the initial condition (6). Note that the trajectory &} is “only”
a representative of the family of hyperbolic trajectories with same asymptotic
behavior, in forward time.

We derive an approximation result for &}. The case of semi-bounded trajec-
tories in negative time can be treated similarly. Assume that the subspace 3§ is
fixed such that A5 holds.

By Lemma 2, £/ is a regular zero of '), at the parameter Az+. The implicit
function theorem guarantees the existence of convex neighborhoods U = U(\z+)
and V = V({z+) such that for each pz+ € U it follows that I}, (-, uz+) has a
unique zero in V.

3.1 Extension of semi-bounded trajectories to bounded
trajectories on 7Z

For proving error estimates for numerically computed semi-bounded trajectories,
we use an approximation theorem for bounded trajectories on 7Z which was de-
veloped in [18], see Appendix B, Theorem 11. To make this result applicable, we
first change the system (2) to

Tpni1 = 9(Tp, A\n), nEZ (13)

such that the following condition is satisfied.

7



C1 Let 7 be a bounded solution of (13) on Z. Then &, := x,,, n € Z" defines
a bounded solution of (2) on Z™ that satisfies the initial condition (6).

Consequently, an accurate approximation of zz of (13) immediately gives an
accurate approximation of f% on Z*.

Assume A1-A5 and let the columns of X* and X* form bases of R(P;™*) and
of ¥§, respectively. Then, the matrix S = [X*®, X*] is by Assumption A5 regular.
Define

flz,\) for n > 0,
gz, \n) = IS (e it aO ) S=lz forn < 0. (14)
0 e “[ki

Note that g depends on the dichotomy rates and the projectors from A3, which
are a-priori not known. Introducing this system merely has technical reasons. In-
deed, this extended system makes approximation results for bounded trajectories
on 7 from [18], cf. Appendix B, applicable to semi-bounded trajectories.

Lemma 3 With the above assumptions, condition C1 holds true for g, defined
in (14).

Proof: Let z7 be a bounded solution of (13). Obviously, &7+ = xz+ is a
bounded solution of (2) on Z*. It remains to prove that the boundary condition
(6) holds true. Due to the boundedness of x7 as n — —oo it follows that xg
has no component in X?; otherwise this solution increases exponentially fast in
backward time. Thus zy = X"y with some v € R* and consequently zy € X3,
which is equivalent to (Y;") Tz = 0.
[ |
Consequently, regular solutions of (7) give regular bounded trajectories of
(14). Denote by Zz the g(-, A)-orbit that satisfies Zz+ = &;,. We use the same
notation U and V for neighborhoods of z7 and Ay on 7Z such that for A\, € U

there exists a unique bounded trajectory =z € V of (14).

3.2 Errors on finite intervals; an algorithm for computing
accurate approximations of semi-bounded trajectories

We already have seen that semi-bounded solutions on Z* of the original sys-
tem (7) correspond to bounded trajectories of the extended system (14). In this
section, a boundary value approach is applied to the latter system (14) for obtain-
ing approximations numerically. Projection boundary conditions are particularly
useful, since the left boundary condition is known exactly and given by our initial
condition (6). At the right boundary, we only can guess an appropriate condition.

First, errors are analyzed that occur when we alter the system at the right
boundary.



Theorem 4 Assume A1-A3 and A5. Let iz € U be a sequence of parameters
such that p, = X\, for all n < ny. Denote by xz, yz € V the corresponding

solutions of Tpy1 = g(Tn, A\n) and Yypi1 = g(Yn, ftn), respectively. Then
|Yn — Znlloo < Cleo (n—n) formn <n,.

The proof immediately follows from [18, Theorem 5].

Consequently, errors that occur due to an inaccurate right boundary condition
decay exponentially fast towards the left side. We construct a boundary operator
by picking a subspace ¥ of dimension kI at random. Let the columns of Y,;:
form a basis of (3%, )", then

RF x R — Rk
. +\T
e (<YO> ) (15)

(Ynt)Txn+

We assume that for sufficiently large n, we can alter the sequence of parameters
Az such that the solution with respect to this new parameter sequence satisfies
the right boundary condition.

A6 Let X7 be a subspace of dimension k such that

4(2&,7%(3&)) > 0. (16)
Denote by Y, a basis of (3 )*. Let uz € U be a sequence with p,, = An
for n < n,, such that the unique bounded solution 7 € V' of

Tpt1 = g(Tp, pon), nEZ
satisfies (Y, )72, = 0.

Note that A6 is a strong assumption that is not automatically satisfied for
randomly chosen %, . In particular, it is not clear whether this subspace has an
intersection with the neighborhood V. However, if a good approximation & of
Tp, 1s known a-priori, one can shift the boundary condition by replacing x,, by
(2, — &) in the right side of (15) and get rid of the latter problem. Moreover,
the angle condition (16) is typically satisfied for randomly chosen subspaces, and
Ty exists for our nonlinear examples.

The following approximation result on the finite interval J = [0,n] is a
consequence of Appendix B, Theorem 11.

Theorem 5 Assume A1-A3 and A5. Fix o > 0 and a sufficiently large ny and
choose a subspace 35, and a sequence pyz with corresponding solution Tz, such

that A6 is satisfied.



Then, there exists a 6 > 0 such that the boundary value problem
Tpir = f(Tn, An), n€[0,ny —1]

with boundary operator (15) has a unique solution y; in the §-neighborhood
Bs(Zy). Furthermore, these solutions coincide on the finite interval J, i.e. y; =
Zy.
Proof: A careful inspection of the proof of [18, Theorem 4] reveals that the
choice of n, only depends on the dichotomy rates and on the angle between the
subspace ¥ and R(P} ). Note that we have uniform estimates of dichotomy
rates, for parameter sequences and g-orbits in our neighborhoods U and V.
Since the solution 77 satisfies the boundary condition (15), we get no approx-
imation error inside the interval J.
[ |
A combination of the previous results allows the approximation of the original
trajectory x; up to any given accuracy.

Theorem 6 Assume A1-A3 and A5, A6. For any tolerance A > 0 there exist
constants ny < N € N and a > 0 such that the boundary value problem

Ynt+1 = f(ynv )‘n>7 n e [07 N — 1] (17)
with boundary condition (15) has a unique solution yp n) € Bs(Tp,n)) that satisfies
|Zn —ynl| <A forall0 <n<n,.

Proof: By Theorem 5, the boundary value problem (17) has for sufficiently large
N a unique solution yy € Bg(.f’[Q N}) that coincides with the trajectory Z|y y) from
Assumption A6.

Using Theorem 4 we obtain for 0 <n < N

_ _ » b

Thus, for N sufficient large we find an n, < N such that Ce—o(N=n) < A for all
0<n<ny.
[ |
Summarizing these results, we obtain the following algorithm for computing
an accurate approximation of the semi-bounded trajectory ). First, choose the
initial condition (6) and an appropriate boundary condition on the right side.
Then, solve the boundary value problem (17), (15) on a buffer interval [0, N].
Finally, the left part of the solution from 0 to n gives an accurate approximation
of the semi-bounded trajectory &z+.

10



3.3 Numerical experiments: Computation of semi-bound-
ed trajectories

For numerical experiments, we choose a non-autonomous version of the well
known Hénon map, see [12, 20, 6, 11], which is defined as

14 29 — A2
ren = ()

For constant parameter sequences A\, = A\, n € Z, the system
Tpy1 = f(xna )\n)a n €7
is autonomous and has for A > —% two fixed points

ne(A) = (123&)) ,  where v(\) = % (1 + \/1+725)\) )

Passing over to the non-autonomous case A\, = A + er,, with a randomly chosen
sequence 17 € [—1,1]% we obtain for sufficiently small ¢ two bounded trajec-
tories & (A7) on Z, and consequently, there exist two families of semi-bounded
trajectories.

We demonstrate the numerical approximation of £ ()\z) on the finite interval
J = [0,100] for the parameters A\, = 0.4 4+ er, with ¢ = 0.5. We numerically
solve the boundary value problem (17), (15) using Newton’s method. As initial
guess of the solution, we take the fixed point 7, (0.4). The boundary operator
Ynt is chosen according the unstable subspace of 1, (0.4). For emphasizing the
influence of the initial condition on the solution, we solve the boundary value
problem for various initial planes »j and plot the solutions in Figures 2 and 3
in case Newton’s method converges. In these figures, one can clearly observe
the convergence of the solutions towards each other. Assuming A5, each initial
plane Y3 contains at least one point of the stable fiber S3(£4()\z)). A plot of the
solutions for various initial planes automatically gives an approximation of this
fiber bundle.

100

Figure 2: Semi-bounded trajectories, computed on the interval [0, 100] for
various nitial conditions.
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X2

Figure 3: Semi-bounded trajectories, computed on the interval [0, 100] for
vartous initial conditions, where only the first 7 points of each orbit are
displayed. The orbits that start on the green subspaces ¥y, i € {1,2,3}
are connected with dotted lines.

Approximations of the second trajectory &, (\) on Z~ are given in Figure
4, together with the trajectories from Figure 2. Observe that the stable and
unstable fibers S5(¢5(\z)) and S¥(&;(Az)) intersect transversally. Therefore,
a heteroclinic connection of these trajectories exists for which we propose an
approximation routine in the forthcoming section.

4 Approximation of heteroclinic trajectories

With the results from the previous sections, we get accurate approximations of
the semi-bounded trajectories g%i. These approximations are needed for the
definition of accurate boundary conditions that are essential for the computation
of the heteroclinic trajectory z.

First we ensure that the variational equation along the heteroclinic trajectory
(5) possesses an exponential dichotomy by assuming the following transversality
condition.

AT k, + kf =k and the trajectory z is transversal, i.e.

Up4+1 = Dggf(zn, )\n)un, net, uy € Xy, <= uy =0y

Lemma 7 Assume A1-A4 and A7. Then the difference equation (5) has an
exponential dichotomy on 7.

12



Figure 4: Semi-bounded trajectories, computed on the interval [—100, 0]
(in red) and on [0,100] (in black) for various initial conditions, where
only the first 7 points of each orbit are displayed. P denotes an intersec-
tion of the stable and unstable fibers S§(E4(Nz)) and SE(E,(Mz)).

Proof: From the convergence lim,, o || — 2,]| = 0, lim,, o« ||€, — Zu]| = 0
and the dichotomy assumption A3 it follows from the Roughness-Theorem 10
that zz has half-sided dichotomies on 7Z~ and on Z*. By the transversality
assumption A7 and [21, Proposition 2.6] we can combine these dichotomies and
get an exponential dichotomy on Z.

4.1 Construction of accurate boundary conditions

Let Q% and Q¥, n € 7Z be the dichotomy projectors of (5). A sketch of heteroclinic
trajectories and the stable and unstable subspaces of the exponential dichotomy
at time n_ and n, is given in Figure 5.

For the numerical approximation of Zz on the finite interval J = [n_,n.|, we
demand the end points to lie in the green subspaces that are shifted to &, and
€n . in Figure 5. Formally, we require

2. — & €R(QY ) and ZM—ZZGR( )

which is equivalent to

b (oo o) ((Ynl_)T(zn_ —5;_)) _0 (18)

(Y7L2+)T(zn+ - ;7’:+)
where Y,! and Y;? are bases of R(Qu )" and R(Q;, )", respectively. Note that
ns Proaswell as @ , P, converge exponentially fast towards each other.

13



ny)

Figure 5: Illustration of heteroclinic trajectories together with the corre-
sponding stable and unstable subspaces at n_ and n. .

Numerically, we compute dichotomy projectors P and Pﬁf of the variational
equations (3) and (4) at n_ and ny using the algorithm that is proposed in [16]
and [17], see Section 4.1.1. This task first requires the approximation of &, and &}
on buffer intervals [n!,n%] and [n!,n?] around n_ and n., using the techniques
from Section 3, see Figure 6. If the buffer intervals are sufficiently large, we
obtain in this way also good approximations of ¢; and @, .

. n_ o _ n
Aim: | approximation of Zz |+
| |
Needed: | approximation of &, I | approximation of & I
| | | |
1 2 1 2
n. n° ny ni

Figure 6: Construction of buffer intervals for computing accurate bound-
ary conditions.

4.1.1 Computing dichotomy projectors

We illustrate the computation of the dichotomy projector P,jf , if an approximate
trajectory & for n € [n},n%] is given. For this task the following least squares
approach from [17] applies.

14



Let P = BT R with Moore-Penrose inverse BT = BT (BBT)~!, where
AL T
+

—An2_1 _[
and the i-th block Ry, of the matrix R € RFE-70)F i given as
P 0 fori=nl,....n% =1, i#ny—1,
=Y 1 fori=ny—1.

Then the rows from k(ny —nl)+1 to k(ny —nl +1) of P form an approximation
P+s of dichotomy projector P+s Similarly, we compute P Y=1— P 5.

Note that instead of computlng the inverse of BBT one solves the linear
system BBTw = R and gets P = BTw. Further note that the error of the
projector approximation shrinks exponentially fast in ny —nl and n2 —n., see
[17, Theorem 4].

4.2 Approximation theorem for heteroclinic trajectories

Combining the previous results, we get the following approximation theorem for
heteroclinic trajectories.

Theorem 8 Assume A1-A7. Then there exist positive constants 9, N such that
the boundary value problem (2), (18) has a unique solution

zy € Bs(zy), for —n_,ny > N.
With a J-independent constant C' > 0, the error can be estimated as
127 = 2]l < Cllbny (Zn_, 20, )]l (19)

Proof: From Theorem 6, we obtain for sufficiently large buffer intervals accurate

approximations of the semi-bounded trajectories &, and &} on [n!,n2] and on

[n},n%], respectively. Furthermore, accurate approximations of the correspond-

ing dichotomy projectors of the variational equations (3), (4) at n_ and n, can
be computed, using the above algorithm. The boundary operator

o (Y, )z = & ))
bn Rn_yRny) = =
o = (e 6
converges to 0 as ny — 400, where Y,! and Yn2+ are bases of the numerically
computed subspaces R(P;*)* and R(P+S) , and the matrix

(D1 bni (Zn_s Zny )R(Qs ) Dobny (Zn_, Zn+)|7z(cgg+))

15



has a uniformly bounded inverse. Consequently, Appendix B, Theorem 11 applies
and guarantees uniqueness of the boundary value solution in Bs(Z;) as well as
the error estimate (19).

[ |

4.3 Numerical experiments: Computation of heteroclinic
trajectories

We revisit the example from Section 3.3 and compute a heteroclinic trajectory
with respect to the two families of semi-bounded trajectories that are given in
Figure 4. For this task, we first choose two semi-bounded trajectories £ (\z) on
the interval [—100,0] and [0, 100], respectively. Then, we approximate accurate
projection boundary conditions at n_ = —50 and ny = 50, using the least
squares approach from Section 4.1.1. Finally, we solve the obtained boundary
value problem (2), (18) on the interval [—50,50]. The resulting orbit, and two
families of semi-bounded trajectories are shown in Figure 7.

100

-100 n

Figure 7: Two families of semi-bounded trajectories (in red and black)
and a heteroclinic connection of these families (in green).

For solving our boundary value problem (2), (18) we use Newton’s method.
As initial guess, we choose the corresponding points of the semi-bounded trajec-
tories on [—50, —1] and [1, 50], respectively, as well as an appropriate midpoint
at 0. Obviously, the choice of this initial guess and particularly of the midpoint
influences whether the heteroclinic orbit lies in the primary intersection of the
stable and unstable fiber bundle at 0 (denoted by P in Figure 4) or in secondary
intersections that are not shown in our diagrams. For two different midpoints,

16



the resulting orbits are given in Figure 8. One observes that the green orbit in
Figure 8 lies in the primary intersection P of the stable and unstable fiber, while
the blue orbit must lie in a secondary intersection.

Figure 8: Two heteroclinic trajectories (in green and blue) that are com-
puted for two different initial values of Newton’s method. Additionally,
two families of semi-bounded trajectories are shown (in red and black) .

A Exponential dichotomy

In this appendix, we collect some well known results on exponential dichotomies
from [21].
Denote by ® the solution operator of the linear difference equation

Upp1 = Apti,, A, € RPF invertible , n € 7Z, (20)

which is defined as

A,_1... A, for n > m,
b(n,m) = I for n =m,
AL AT for n < m.

Definition 9 The linear difference equation (20) has an exponential dichoto-
my with data (K, o, iy, P2, PY) on J C 7, if there exist two families of projectors
P? and P =1 — P} and constants K, o > 0, such that the following statements
hold:

P:®(n,m) = ®(n,m)P;, Vn,m € J,
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[(n,m)Pyll < Kemestmm)
[o(m,n) Y| < Keawtr=m

VYn>m, n,me J

We introduce an important perturbation result for exponential dichotomies,
frequently named as Roughness-Theorem, cf. [5].

Theorem 10 Assume that the difference equation
Uni1 = Aptln, A, € RFF invertible, ||AY| < M VneJ

with J C 7Z, has an exponential dichotomy with data (K, g, o, PS, PY). There
exits a constant 3 > 0 such that for 0 < § < min (as, o) and B,, € R** satisfying
|Bull < B for all n € J, the matriz A, + B, is invertible and the perturbed
difference equation

Ups1 = (A + Bp)uy,

has an exponential dichotomy on J with data (R',as — 0,00, — 0, QF, QZ), where
rank(Q)?) = rank(P?) and

—Q

sup [|Bn||  for allmn € J.

e meJ

1
1P - @l < 2K

B Approximation theorem for bounded trajec-
tories

We state a fundamental approximation result [18, Theorem 4] for bounded tra-
jectories in this appendix.

Theorem 11 Assume A1 and let iz be a sequence of parameters such that
Tont1 = f(xp, fin), n € 7 has a bounded solution (z. Further assume that the
variational equation

Up+1 = Dmf(gnaﬂn)una neu

has an exponential dichotomy on Z with projectors P>".

Let b,, € C*(R*,RF) be a boundary condition such that Db, (z, ,xn, ) is
uniformly bounded and uniformly Lipschitz for all xz € U and all n_, ny with
sufficiently large ny —n_. Here U is some fized neighborhood of (z. Assume that

bni@mfm) — 0 asny — Foo,
and that the matriz

(Dl bni <§n_ ) §n+)\R(P;§7) D2bni <§n_ ) §n+)\R(P,’L‘+))

has a uniformly bounded inverse.

18



Then constants §, N ezist, such that the boundary value problem

Tpt1 = f(xnaﬂn)a n=mn_,...,ng — 1,
by (Tn_ xp,) = 0

has a unique solution

vy € Bs((y) for J=[n_,n.], —n_, ny > N.

With a J-independent constant C > 0, the error can be estimated as

167 = 251l < Cllbns (Coss Ga)l-
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