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ABSTRACT. In this paper we study solutions of nonlinear systems
ALov(z) + (Sz, V(@) + f(v(z) =0, z € RY, d > 2.

The linear operator is of Ornstein-Uhlenbeck type with an unbounded drift
term defined by a skew-symmetric matrix S € R%?. Equations of this form
determine the shape and angular speed of rotating waves in time-dependent
reaction diffusion systems. We prove under certain conditions that every clas-
sical solution which falls below a certain threshold at infinity, must decay
exponentially in space. For the proof we utilize the heat kernel matrix of a
generalized Ornstein-Uhlenbeck operator, determine its maximal domain and
analyze constant and variable coefficient perturbations.
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1. INTRODUCTION AND MAIN RESULT

1.1. Assumptions and main result. Consider a steady state problem of the
form

(1.1) AAv(z) + (Sz, Vo(z)) + f(v(z)) =0, 2 € RY, d > 2,

with diffusion matrix A € KNV and a function f : KV — K» for K € {R,C}, where
ANv(z) + (Sz, Vu(zx)) is usually called the complex Ornstein-Uhlenbeck operator.
The drift term is defined by a matrix 0 # S € R%9 as

d d
(1.2) (Sz, Vu(z)) := > > Siz;Div(x),

i=1 j=1

where D; = %. Our interest is in skew-symmetric matrices S = —S7, in which
case (1.2) is a rotational term containing angular derivatives

d—1 d
(1.3) <S$, V’U($)> = Z Sij (iji — acz-Dj) ’U(m)

i=1 j=i+1

We look for different types of solutions, which satisfy at least v € LP(RY, K¥) for
some 1 <p<ooand N € N.

Under appropriate conditions our main result states that a solution v, of (1.1) and
its first order derivatives decay exponentially in space as the radius |z| goes to
infinity.

Investigating steady state problems of this type is motivated by the stability theory
of rotating patterns in several spatial dimensions, [17]. There one considers reaction
diffusion equations

ug(z,t) =AAu(z,t) + f(u(z,t),t >0,z € RY d > 2,

1.4
(14 u(z,0) =ug(x) ,t=0,zcRY,
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where A € KV:V is a diffusion matrix, f : K¥ — K" a nonlinearity and u a solution
that maps R? x [0, oo into K.
Assume a rotating wave solution uy : R? x [0, 0o[— KV of (1.4)

uy (2, 1) = v, ()
with profile (or pattern) v, : R — K& and 0 # S € R%? skew-symmetric. In
case d = 2,3, S can be considered as the angular velocity tensor associated to the
angular velocity vector w € R*5 containing Sy;,i=1,...,d—1,j=1i+1,...,d.
A transformation into a rotating frame shows that u(z,t) solves (1.4) if and only if
v(z,t) = u(etdz,t) solves
ve(x,t) =AAv(2,t) + (Sz, Vo(z, t)) + f(v(z, 1), t >0,z € RY d > 2,
v(x,0) =ug(z) ,t=0, z € RY,

(1.5)

where the drift term is given by (1.3).

Note that v, is a stationary solution of (1.5), meaning that v, solves the nonlinear
problem (1.1). In Section 2.2 we illustrate such rotating patterns by a series of
examples.

In order to investigate exponential decay of the profile v,, we list a series of as-
sumptions that will be important in the sequel. Throughout, let K € {R,C}:

Assumption 1.1. Let A € KNV be such that

(A1) A is diagonalizable (over C)  (system condition),
(A2) o(A) cCr:={AeC|ReX >0} (ellipticity condition),

(A3)  o(A)C ¥, = {A eC||mAlp—2 <2/p— lRe/\}

2yp—1
{AE(C||arg/\|<arctan<|2772|>},1<p<oo,
p—

(LP-dissipativity condition,).

Assumption (A2) guarantees that the diffusion part AA is an elliptic operator and
requires that all eigenvalues of A are contained in the right half-plane. Condition
(A3) is more restrictive and postulates that all eigenvalues of A are even contained
in a p-dependent sector in the right half-plane, see Figure 1.1. The opening angle
|| is close to 0 for small and large p, i.e. p close to 1 or oo, and it is & for
p = 2. Assuming (A2), the condition (A3) is automatically satisfied for p = 2. If
all eigenvalues of A are real and positive then assumption (A3) is satisfied for every
1 < p < oo. Condition (Al) ensures that all results for scalar equations can be
extended to system cases.

Assumption 1.2. Let S € R% be such that
(A4) S is skew-symmetric, i.e. S=—ST, S €so(d,R) (rotational condition,).

Assumption (A4) guarantees that the drift term (1.2) contains only angular deriva-
tives, see (1.3). Our main result will be formulated for the real-valued case.

Assumption 1.3. Let f : RY — RN be such that

(A5) f e C*RY,RY) (smoothness condition,).

Later on we apply our results also to complex-valued nonlinearities of the form
N ST, fu) =g (jul?) .

where g : R — is a sufficiently smooth function. Such nonlinearities arise
for example in Ginzburg-Landau equations, Schrodinger equations, A — w systems
and many other equations from physical sciences, see Section 2.2. Note, that in

(CN’N
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FIGURE 1.1. Sector for ellipticity assumption (A2) (left) and for
dissipativity assumption (A3) (right)

this case, the function f is not holomorphic in C, but its real-valued version in R?
satisfies (A5). For differentiable functions f : RN — RN Df denotes the Jacobian
matrix in the real sense, see the following conditions (A7) and (AS).

Assumption 1.4. Let vy, € RN be such that

(A6) f(voo) =0 (constant asymptotic state),
(A7) A, Df(veo) € RMN are simultaneously diagonalizable (over C)

(system condition),
(A8) 0(Df(veo)) CCo:={A € C|ReA <0} (spectral condition,).

Definition 1.5. A function v, : R? — K is called a classical solution of (1.1) if
(1.6) v, € C*(RY,KY) N Cy (R, KY)
and v, solves (1.1) pointwise.

For a matrix C € KM we denote by o(C) the spectrum of C, by p(C) :=
maxye,(c) |A| the spectral radius of C' and by s(C) := maxyc,(c) Re A the spectral
abscissa (or spectral bound) of C. Using this notation, we define the constants

Gmin 1= (p (A_l))_l , ag:=—s(—A),

Gmax =p(A), by := —s(D f(vs0))-

Our main tool for investigating exponential decay in space are exponentially weighted
function spaces, which we introduce in Section 3 in detail. An essential ingredient
for these function spaces is the choice of the weight function, which follows [60, Def.
3.1]:

(1.7)

Definition 1.6. (1) A function 6§ € C(R R) is called a weight function of expo-
nential growth rate n > 0 provided that

(W1) 0(z) >0z e R,
(W2) 3Cp >0: Oz +y) < Cob(x)e? Va,y € R

(2) A weight function 6 € C(R%,R) of exponential growth rate n > 0 is called radial
provided that

(W3) ¢ :[0,00[=R: (z) = ¢ (|z]) Vo e R
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(3) A radial weight function 6 € C(R%,R) of exponential growth rate n > 0 is called
non-decreasing (or monotonically increasing) provided that

(W4) 0(z) < 0(y) Yo,y € R with |z < |yl.
Note, that radial weight functions satisfy 0(z) = 6(y) for every z,y € R? with
|z| = |y|. Standard examples are

01(x) = exp (—plzl) and O(z) = cosh (slal)

as well as their smooth analogs

05(z) = exp (u\/|:c|2 + 1) and  04(z) = cosh (u\/ |z)* + 1> ,

for p € R and z € R?. Obviously, all these functions are radial weight functions of
exponential growth rate n = |u| with Cp = 1 and they are non-decreasing if p < 0.
Note, that for g = 0 the examples include the weight function 6(x) = 1.

For weight functions of exponential growth we define the exponentially weighted
Lebesgue and Sobolev spaces

LyRY,KY) :={u € Lj,o(RE,KY) | [|ull,, < o0},
WP (RY KN :={u € LE(RY,KN) | DPu e LE(RY,KN) V |8 < K},
for every 1 < p < oo and k € Ny. Our main result is the following:

Theorem 1.7 (Exponential decay of v, ). Let the assumptions (A1)—(A8) be sat-
isfied for 1 < p < oo and K =R. Then for every 0 < 9 < 1 and for every radially
nondecreasing weight function 6 € C(R?* R) of exponential growth rate n > 0 with

2 aobo

2
0SSy 3 axP?

With amax, ao, b from (1.7), there exists a constant K1 = K1(A, f,v00,d,p,0,9) >0
with the following property:

Every classical solution v, of

(1.8) ANv(z) + (Sz, Vo(z)) + f(v(z)) =0, € RY,

such that v, — v € LP(RY,RY) and

(1.9) sup |vx(x) — veo| < Ky for some Ry >0
lz[>Ro

satisfies

vy — Voo € WP (RYRM).

Remark. Roughly speaking, Theorem 1.7 states that every classical solution v,
which satisfies v, — v, € LP(R? RY) and which is sufficiently close to the steady
state vy, at infinity, see (1.9), must already decay exponentially in space. The
exponential decay is expressed by the fact, that v, — v, belongs to an exponentially
weighted Sobolev space. Moreover, the theorem gives an explicit bound for the
exponential growth rate, that depends only on p, the spectral radius of A and the
spectral abscissas of —A and Df(vs). Note, that by (A2) assumption (A3) is
automatically satisfied for p = 2. The same holds for assumptions (A1) and (A7)
if N =1.

Remark. Later on we apply Theorem 1.7 to complex systems with nonlinearities
of the form

feVN =V, fw) =g (ul?) u,



6 SPATIAL DECAY OF ROTATING WAVES IN PARABOLIC SYSTEMS

where g : R — CV'V is a sufficiently smooth function. For this purpose, we trans-
form the N-dimensional complex-valued system into a 2N-dimensional real-valued
system.

Remark. Theorem 1.7 replaces the theory of exponential dichotomies which is
commonly used to show exponential decay of patterns in R! and can also be con-
sidered as a type of generalization on R?. In the theory of exponential dichotomies,
one considers ODEs of the form

(1.10) u'(t) = f(u(t), t =0,

where f € C1(RY,RY) and u maps [0, co[ into RY. Assuming that u., € RY is a
hyperbolic fixed point, i.e. f(uso) = 0and o(D f(us))NiR = ), one finds a constant
K = K(f,uoo) > 0 such that every solution u of (1.10) with u(t) € Bg(ux) for
every t > to satisfies u(t) — uo exponentially fast as ¢ — oo, cf. [53, Theorem
II1.7 (2)] for a time-discrete version.

To explicate the analogy, let us consider the Ornstein-Uhlenbeck operator instead
of the time derivative in (1.10) and x instead of ¢t. The smoothness assumption
for f now corresponds to assumption (A5). If we consider vo, instead of un,, we
see that f(us) = 0 is expressed by assumption (A6). But the spectral condition
0(Df(ves)) C C_ from (A8) is more restrictive than the hyperbolicity condition
o(Df(us)) C C_UCy.

Remark. Currently, we extend the theory to spaces of bounded continuous func-
tions like Chup (Rd, K¥), which we introduce in Section 2.3. We believe the condition
Vs — Voo € LP(Rd, RY), contained in Theorem 1.7, can be omitted.

1.2. Outline of proof. In the following we explain the main steps of our approach
that lead to the proof of Theorem 1.7.
Far-Field-Linearization: Consider the nonlinear problem

AN, () + (Sx, Ve () + f(ve(z)) =0, 2 € R d > 2.

Let voo € RY be the constant asymptotic state satisfying (A6). Assume that
f € CHRYN RY), compare (A5), then Taylor’s theorem yields

f(v*(ac)) = f(Uoo) +/ Df(voo + t(v*(x) - 'Uoo))dt(v*(x) - 'Uoo); HASS Rd;
—= )

=:a(x)

where a € L>®°(R% RNN) since v, € L®°(RY RY) and v, is a classical solution.
Since vo € RY is constant, it holds

ADvgo + (82, Vo) =0, 2 € RY, d > 2.
Hence, the difference w(z) := v, () — v satisfies the linearized equation
ANw(z) + (Sx, Vw(z)) + a(z)w(z) =0,z € RY, d > 2.

In order to study the behavior of solutions as || — oo we decompose the variable
coefficient.
Decomposition of a: Let a(z) = Df(vs) + Q(x) with @ defined by

Qlz) = /O Df (v + tw()) — Df (vao) dt, z € RY.

This yields Q € L>=(R? RY-N) and we obtain
ANw(z) + (Sz, Vw(x)) + (Df (veo) + Q(z)) w(z) =0, z € RY, d > 2.
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Decomposition of Q: Now, let Q(2) = Q.(2)+Q.(x), where Q., Q. € L= (R4, RN:N),
Q- is small w.r.t. |||, and Q. is compactly supported on R?, see Figure 1.2, then
we arrive at

(1.11)  AAw(z) + (Sz, Vw(z)) + (Df(vs) + Q= (x) + Qe(z)) w(z) = 0, 2 € R™

If we omit the term Q. 4+ Q. we obtain the far-field-linearization.

A
1Q(x)]

Qe ()]

Ky |
|Qe ()|

Ry

FIGURE 1.2. Decomposition of @ with data Ry and K7 from The-
orem 1.7

Perturbations of Ornstein-Uhlenbeck operator: In order to show exponential
decay for the solution v, of the nonlinear steady state problem (1.1), it is sufficient
to analyze the solutions of the linear system (1.11). Abbreviating B := —D f(veo ),
we will study the following linear differential operators:

[Lov] (z) = ADAv(z) + (Sz, Vu(z)) — Bu(z) + Q=(z)v(z) + Qc(z)v(z),

[Lo.v] (z) = ADv(x) + (Sz, Vu(z)) — Bu(z) + Q< (x)v(z),

[Loov] () = AAv(x) + (Sz, Vu(x)) — Bo(z),

[Lov] () = ADv(x) + (Sz, Vu(z)) .

The operator Ly, called the Ornstein-Uhlenbeck operator, is the sum of the diffusion
term [L£§Tv] (z) :== AAv(z) and the drift term [L£§"] (2) := (Sz, Vu(x)). The
drift term has unbounded (in fact linearly increasing) coefficients. Afterwards, we

will allow complex coefficients for the operators Lo, Lo, Lg. and Lg. Therefore,
we rewrite the assumptions (A7) and (A8) as follows:

Assumption 1.8. Let B € KNV be such that
(A7p) A, B € KNN are simultaneously diagonalizable (over C), i.e.
Y € CMN invertible: Y 'AY = Ay and Y'BY = Ap

where Ay = diag (A\{',...,\y) , Ap = diag (\P,...,A§) e CVN

(system condition),
(A8p) o(B) c{Ae C|ReA >0} (spectral condition,).
In this context by is defined by by := —s(—B), cf. (1.7). Note that in case of B =0
assumption (A7p) coincides with (Al). We now give a short overview how this
paper is organized.
In Section 2 we recall the derivation of the real scalar Ornstein-Uhlenbeck operator
from an underlying stochastic ordinary differential equation (SODE). After that

we motivate the complex Ornstein-Uhlenbeck operator in scalar and system cases.
In the second part of Section 2 we give a series of examples from physical and



8 SPATIAL DECAY OF ROTATING WAVES IN PARABOLIC SYSTEMS

biological sciences, where the Ornstein-Uhlenbeck operator appears in the theory
of rotating patterns.

In Section 3 we introduce in detail the exponentially weighted Lebesgue and Sobolev
spaces as well as some general notation that will be used throughout this paper.
In Section 4 we extend, under the assumptions (Al), (A2), (A4) and (A7p), the
approach from [15], [4] and [20] to determine a heat kernel of the complex-valued
operator L, for the case, where A and B are complex simultaneously diagonalizable
matrices. This leads to the following heat kernel matrix

H(x, & t) = (47rtA)7% exp (th — (4tA)~! |et5z - §|2)

of L., which we will denote later by H,. The choice B = 0 provides us with a heat
kernel, denoted by Hj, for the complex Ornstein-Uhlenbeck operator £y. Further,
we show that H satisfies a Chapman-Kolmogorov formula, that is useful for the
semigroup theory. In the remaining section we prove some integral properties for
the modified kernel K (v,t) = H(x, e x — ), t), which will be needed in the sequel
for the exponential decay.

Assuming (A1), (A2) and (A4) we will study in Section 5 the Ornstein-Uhlenbeck
semigroup (7o (t)),, defined by the heat kernel of Lo as

[To(t)v] (x) == y Hy(x, & t)vg(£)dE, t >0, x € R,

Here we show that the semigroup (7o(?)),, (also known as the transition semi-
group) is strongly continuous in LP(R? CV) for every 1 < p < co. Hence, we can
define the infinitesimal generator Ay, of (T5(t)),,. Using abstract semigroup theory,
[28], we are able to derive solvability and uniqueness results for the resolvent equa-
tion and resolvent estimates. Moreover, we show that the Schwartz space § is dense
in the domain of A, with respect to the graph norm of A, for every 1 < p < 0.
This shows that A, and Ly coincide on §. To prove afterwards that A, is indeed
the maximal realization (extension) of Ly in LP(R?, CY) for 1 < p < oo, we must
restrict p to 1 < p < oo and require in addition the LP-dissipativity assumption
(A3) for Lo, cf. [22]. Then, we derive some resolvent estimates for Ly in

DP(Lo) = {v e W2P(RY, CVY N LP(RY, CN) | Lov € LP(Rd,CN)}

for 1 < p < oo, [43]. This enables us to conclude that the maximal domain
DP .. of A, is equal to DP(Ly) and that A, and Ly coincide on DP(Ly) for every
1 < p < oo. Using exponentially weighted Sobolev spaces with radial weight
functions of exponentially growth, we then obtain exponential decay of the solutions
for the resolvent equation and its derivatives up to order 1, even if (A3) is not
satisfied. In order to show that the maximal domain of the Ornstein-Uhlenbeck
operator Lo = L3 + L& coincides with the intersection of the domains of its

diffusion and drift term, i.e.
D (Eglff + ﬁgrift) —-D (ﬁglﬂ) D (Egrift) ,

we analyze the homogeneous and inhomogeneous Cauchy problem for Lo, [43], and
show for 1 < p < oo that the domain DP(Ly) coincides with

DP = {v e W?P(R*,CN) | (S, Vv) € LP(RY,CN)}.

In Section 6 we perturb the Ornstein-Uhlenbeck operator £y by adding the term
Bu(x) with constant coefficients, that leads us to the operator L. To find a
realization of Lo, we assume (Al), (A2), (A4) and perturb the generator A, by
adding the operator Eyv := Bv. Then the bounded perturbation B, := A, + E,,
equipped with the same domain as A,, generates a C%-semigroup (Too(t))t>0 on
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LP(RY,CN) for 1 < p < oo. If we require in addition assumption (A3), then the
infinitesimal generator B, is indeed the maximal realization of L, in LP(R?, CV)
for 1 < p < oo and the domain equals DP(Lj). Note, that in general we do not
have an explicit formula for the semigroup (T (%)), any more. But if A and B
satisfy in addition to (A1), (A2), (A4) the assumption (A7p), we are able to derive
an explicit representation for the new semigroup (7 (t))t>0, given by

[Too(t)v] () = | Hoo(z,& t)vo(€)dE, t >0, x € R
Rd
Here, the function H., coincide with the heat kernel for £, computed in Section
4. Again, under the assumptions (A1), (A2), (A4) and (A7) we are able to derive
solvability und uniqueness results for the resolvent equation and resolvent estimates.
In particular, assuming (A85), we can derive an explicit representation of Green’s
function for B, as the time-integral over the heat kernel,

G(ZE,&) = 7/0 HOO('rvé.a S)dS.

If in addition (A3) is satisfied, this turns out to be also a Green’s function for £.
Again, we can prove exponential decay of solutions of the resolvent equation for B,
and its derivatives up to order 1, provided (A1), (A2), (A4) and (A7p) are satisfied.
Perturbing the operator L, by adding the term Q(z)v(x) with variable coefficients
Q € LR, CN:N), leads us in Section 7 to the operator Lg. In order to find
a realization of Lo, we assume (Al), (A2), (A4), (A7p) and perturb this time
the generator B, by adding the bounded operator F,v := Quv. Then the operator
Cp := B, + F,, equipped with the domain of B, generates again a C°-semigroup
(Tq(t));5( on LP(RY,CN) for 1 < p < co. Again, if we require in addition assump-
tion (A3), then the infinitesimal generator C), is the maximal realization of Lg in
LP(RY,CN) for 1 < p < oo and the domain equals DP(Ly). We know again that
the semigroup (T(t)),s is uniquely determined but without further assumptions
on () we cannot derive an explicit representation in this case. However, under the
assumptions (A1), (A2), (A4), (A7p) and arbitrary Q € L>®(R%,CN-V), we are able
to derive solvability und uniqueness results for the resolvent equation and resolvent
estimates. Finally, assuming in addition (A3) and

sup |Q(z)| — 0 as R — oo,

lz|>R
and following [17], we compute the essential spectrum of the operator Lg in
LP(RY,CN) for every 1 < p < oo. This shows that neither Lg nor C, is sec-
torial in LP(RY, CV) and (Tg(t)) +>0 does not generate an analytic semigroup in
LP(RY CN) for every 1 < p < co. This result can also be applied in case Q = 0 and
B = @ = 0, which provides us the same statements for Lo and (To(?)),5, as well as
Lo and (Too (t))t>0. In the rest of this section we apply this theory to perturbations
Q = Q-, where Q. is assumed to be small with respect to [|-||, -, and to relatively
compact perturbations @ = Q. + @, where ). is compactly supported.
In Section 8 we analyze the steady state problem (1.1) and prove the main result
from Theorem 1.7, stating that v, — v, and its derivatives up to order 1 decay
exponentially in space at a certain rate, whenever v, is a classical solution of (1.1).
In the proof we use the above mentioned main steps of our approach. Afterwards
we extend Theorem 1.7 to complex systems. Generalizing [17] from d = 2 to d > 2,
we investigate the linearization of the nonlinear problem (1.1) of the Ornstein-
Uhlenbeck operator on R?. We determine the eigenvalues on the imaginary axis
and show that the associated eigenfunctions and their first order derivatives decay
exponentially in space.
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2. DERIVATION AND APPLICATIONS OF THE ORNSTEIN-UHLENBECK OPERATOR

2.1. The Ornstein-Uhlenbeck operator arising from stochastic ODEs. In
this section we recall the origin of the Ornstein-Uhlenbeck operator from stochastic
differential equations. For this purpose we consider a stochastic ordinary differential
equation and derive the Kolmogorov operator. The Ornstein-Uhlenbeck operator,
which is an elliptic operator with unbounded linearly growing coefficients, is a
special type of a Kolmogorov operator. Different types of Kolmogorov operators
were treated in [34], [21], [3]. Applications of Kolmogorov operators in physics and
finance can be found in [50]. For a motivation of the Ornstein-Uhlenbeck operator
from SODE’s we refer to [38, Chapter 9].

2.1.1. From ODE to first-order PDE. Let d € N and let y € C®(R% R9) be a
function, which is at most linearly growing, i.e.

3C>0: |pux)|<C1+z)) VoeR
Then there exists a family
®(;x) : [0,00[— RY 2 € RY
of unique smooth functions, satisfying

(ODE) %@(t;@ = p(®(t; @), t € [0,00[, x € R,
O(0;2) =2

®(-;x) is known as the solution flow of (ODE). These functions are smooth with
respect to z for every fixed t € [0, 00, i.e.

®(t;-) : R 5 RY 2+ ®(t;2) is smooth Vit € [0, 00|,
The family T(¢) : Cp(R%,R) — Cy(R%, R), t € [0, 00], of linear operators defined by
[T(t)uo] (x) := uo (B(t; ), x € R, t € [0, 00], up € Cp(R%, R),
is called the transition semigroup of the (ODE). (T'(t)),, satisfies the properties
T(O) =1 and T(t)T(ts) = Tty +t2) Vi1, ts € [0,00]
and
T(t)CFRY,R) C CFRY,R) Vit € [0,00[ VE € NgU {0} .
Let us fix ug € C} (R4, R) and consider u : R? x [0, 0o[— R given by
ul, ) = [T(t)uo) () = o (B(t:2)), £ € [0, 00], = € RY,
then u is the classical solution of the first-order linear PDE

d
(PDE,.) %u(z,t) = Zuz(z)%u(z,t) =: (u(z), Vu(z, 1)), x € R% t e [0, o0,

u(z,0) = up(x).

As we will see in Section 2.1.2, (PDE; ;) is a special case of a Kolmogorov equation.
In particular, the solution preserves the smoothness of the initial data, i.e. for every
ke NU {oo}

u(,0) = up(-) € CFRLR) = u(-,t) € CFHRL,R) VE € [0,00]
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Example 2.1 (Drift term of the Ornstein-Uhlenbeck operator). Let d € N and
p: R — RY with p(x) = Sz for some 0 # S € R%4, then ®(-; ) : [0, 0o[— R? with
O(t;z) = ¥z, v € R, ¢ € [0, 00], is the unique smooth function satisfying
0
&(I)(t;m) = S®(t;x), t € [0,00[, z € RY,
®(0;z) =
The corresponding transition semigroup is given by T'(¢) : Cp(R?, R) — Cp(R%, R),
t € [0, 00|, with
[T(t)uo] (x) := ug (etsz) ;€ Rt €000, up € Cp(RY, R).
If we fix up € Cf (R4, R), then u : R? x [0, 00[— R given by
u(z,t) = [T(t)uo] (z) = uo (e'z) , t € [0, 00, z € RY,

is a classical solution of the first-order linear PDE
0 d 0
o) = ; (Sx), B, w(x,t) =: (Sz,Vu(z,t)), z € R, t € [0,00],
u(z,0) = up(x).

2.1.2. From SODE to second-order PDE. Let d,m € N and consider two functions
€ C®(R% RY) and ¢ € C(R4 R%™), which are at most linearly growing, i.e.

3C>0: |ux)|<C(1+]z]) VoeRY
3C>0: |oj(@)| <OC(1+z]) YreR'VYji=1,....m

Furthermore, let (2, F,P) denote a probability space with a standard Brownian
motion

W [0, 00[x — R™
Then there exists a family
() : [0,00[xQ — Rz € RY,
of solution processes of
. _ . . d
(SODE) ds((;ii; ; Z(q)(t, x))dt + o (P(t;x)) dW(t), t € [0,00], x € RY,

It is well known, that the solution processes are unique up to indistinguishability.
More precisely, one has ®(t; 2) = ®(t,w; x), but we suppress the argument w in the
following. Note, that the (SODE) can describe the random motion of a particle in a
fluid, [58]. The family 7'(t) : Cy(R%, R) — Cp(R% R), t € [0, 00|, of linear operators
defined by

[T(t)uo] (x) == T [ug (®(t;2))], x € RY, ¢ € [0, 00], up € Cp(RY, R),
is called the transition semigroup of the (SODE). (T'(t)),, satisfies the properties
T0)=1 and T(t1)T(t2) = T(t1 + t2) Vi1, € [0, 00|
and
T(t)Cy(R%, R) C Cp°(RY,R) V't € [0, 00].

Such smoothing properties were established by Héormander in 1967 under the Hérmander
condition, [33]. This condition is for example satisfied, if

span {oy(z),...,om(z)} =R Vz € R%
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Let us fix ug € C} (R4, R) and consider u : R? x [0, oo[— R given by
u(z,t) == [T(t)uo] (z) = IE[ug (B(t;2))], t € [0,00[, z € R™

If w(-,t) is smooth for all ¢ €]0, 00, then w is the classical solution of the second-
order linear PDE

(PDEM)

d
2t Zuz 20 +3 33

:1]

M&
\_/
~
<
QD

8

Q

&

<

=
~
~

1

<.

=: (u(z), Vu(z,t)) + %Tr (o7 (2)o(z)D*u(z,1))
u(z,0) = up(x),

for z € R? and t €]0,00[. (PDEg, ) is called the Kolmogorov equation. The
second-order differential operator

[Lxou] (z,t) := %Tr (o7 (2)o(z)D*u(z,t)) + (u(z), Vu(z,t)) , = € RY, t €]0, oo

is called the Kolmogorov operator with diffusion term 3Tr (o7 (2)o(z)D?u(z,t))
and drift term (u(z), Vu(z,t)), x € R% ¢t €]0,00[. Note that the Kolmogorov
operator Lk, can be considered as the infinitesimal generator of the transition
semigroup of the (SODE).

Example 2.2 (Ornstein-Uhlenbeck operator). Let m = d € N, p: R? — R? with
p(x) = Sz for some 0 # S € R4 and o : R? — R%? such that o7 (z)o(x) = Q for
every x € R? for some constant matrix Q € R%%. If we assume that @ is symmetric
and positive definite, then there exists a unique symmetric and positive definite
square root /@ of Q, i.e. o(z) = /Q for every x € R%. Furthermore, let (2, F,P)
be a probability space with a standard Brownian motion W : [0,00[x — R%.
Then the family ®(-;z) : [0, 00[xQ — R? given by

t
O(t;z) = ez Jr/ eSAW (1), t € [0, 00[, z € RY,
0

are the 'up to indistinguishability’ unique solution processes of

d®(t; x) = SO(t; z)dt + /QAW (1), t € [0, 00[, = € RY,

O(0;2) =2
The solution process ®(-, x) is called the Ornstein-Uhlenbeck process on R? and the
corresponing SODE is also known as the Langevin equation. A prototype of this
equation, us = u + TUy + Uy,, was considered by Ornstein and Uhlenbeck in 1930,

[58]. The corresponding transition semigroup, or sometimes called the Ornstein-
Uhlenbeck semigroup, is given by T'(t) : Cy(R4, R) — Cp(R%, R), ¢ € [0, 00|, with

[T(t)uo] (x) :=IE [ug (@(t' x))]
:{( )¢ (det Q) e iter W) vo(etSz — )iyt >0,

’LLO( ) ,t:(),
f]Rd (z,&, v (&)dE ¢t >0,
’LLO( ) ,t:(),

for x € R%, t € [0, 00[ and ug € Cy(R?, R) where

H(x,&,t) = (4m) 7% (det Q)% e 1(@ (emen(eme)),
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for z,& € R?, ¢ €]0, 00 and

t
Q= / o) (eTS)T dr,
0

for t €]0, 00[. The explicit representation of (7'(t)), is due to Kolmogorov, [34].
The function H : R? x R4x]0,00[— R denotes the heat kernel of the Ornstein-
Uhlenbeck operator and is called the Kolmogorov kernel, or sometimes the Ornstein-
Uhlenbeck kernel. Since Q € R%? is symmetric and positive definite, it holds the
following relation between the heat kernel and the d-dimensional Gaussian measure
Ny, see [38, Chapter 9.1] and [14, Satz 30.4],

Na (e"52,2Qy) (d€) = H(x,&,t)d€, w € R, £ >0,

i.e. H(z,-t) is the density function of the normal distribution Ny (etsz, 2Qt) with
respect to the Lebesgue measure. 2Q; denotes the covariance matrix and e**z the
mean value vector. Let us fix ug € Cf(R?,R) and let us define u : R? x [0, 00[— R
by

u(z,t) = [T(t)uo] (z) = IE [ug (®(t; )], t € [0,00], z € R,

then, if u(-, t) is smooth for all t €]0, o], u is the classical solution of the Kolmogorov
equation

B ¢ 0 R 02

i=1 i
1
= (S, Vu(z,t)) + §Tr (QD*u(z,t)), z € RY, t €]0, 00,
u(xz,0) = up(x).
The second-order differential operator

[Lovu] (z,t) = %Tr (QDu(z,t)) + (Sz, Vu(z,t))

is called the Ornstein-Uhlenbeck operator with diffusion term %Tr (QDQ’LL(SC,t))
and drift term (S, Vu(z,t)). This operator can be considered as the infinitesimal
generator of the Ornstein-Uhlenbeck semigroup (7'(t)),,- In addition, if @ is only
assumed to be symmetric and positive semidefinit, Loy is called the degenerate
Ornstein-Uhlenbeck operator. Several interpretations in physics and finance of this
operator or its evolutionary counterpart - the Kolmogorov-Fokker-Planck operator
Lou — O - are explained in the survey by Pascucci [50]. Finally, we observe that if
Q@ = 21, then we have %Tr (QDQ’LL(SC, t)) = Au(z,t), where A denotes the Laplacian
on R%,

2.2. Rotating waves in reaction diffusion systems. In Section 1.1 we have al-
ready motivated the nonlinear steady state problem (1.1) for the complex Ornstein-
Uhlenbeck operator by the existence of rotating wave solutions. Such rotating waves
arise in many applications from physical, chemical and biological sciences. In the
following, we list a set of examples, where such rotating wave solutions exist. All
the computations where done with the help of the package [1].

Example 2.3 (Ginzburg-Landau equation). Consider the cubic-quintic complex
Ginzburg-Landau equation (QCGL), [37],

(2.1) ug :ozAu+u(u+ﬂ|u|2+'y|u|4)
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with u : R? x [0,00[— C, d € {2,3} and a, 3,7, € C. The real-valued version of
this equation reads as

<u1) (al —a2> : <u1> f<u1>
uz/, Qo o Ug U2
with

f <U1) _ (ugpn — ugpz) + (u1f1 — u2f2) (U% + u%) + (u1y1 — u2vy2) (u% + u%)Q
U2 (urpz + ugpr) + (w1 Bz + uzBr) (uf 4 u3) + (urve + uom) (uf + U%)Q 7

U = up + iug, « = a1 +iag, f = [+ i, ¥ = 71 + iv2 and uy, o4, 5,7 € R
for ¢ = 1,2. This equation describes different aspects of signal propagation in
heart tissue, superconductivity, superfluidity, nonlinear optical systems, see [47],
photonics, plasmas, physics of lasers, Bose-Einstein condensation, liquid crystals,
fluid dynamics, chemical waves, quantum field theory, granular media and is used
in the study of hydrodynamic instabilities, see [45]. It shows a variety of coherent
structures like stable and unstable pulses, fronts, sources and sinks in 1D, see [59],
[55], [6] and [57], vortex solitons, see [23], spinning solitons, see [24], rotating spiral
waves, propagating clusters, see [52], and exploding dissipative solitons, see [54] in
2D as well as scroll waves and spinning solitons in 3D, see [46].

Let us discuss the assumptions (A1)-(A8): Assumption (Al) is satisfied for every
a € C, assumption (A2) if Rea = a; > 0 and (A3) for some 1 < p < oo if

W),

larg o < arctan (
p—2|

The condition (A4) is satisfied with

0 St 0 Sz Si3
(22) S = _g 0 and S = —512 0 523
12 —S13 —S23 0

for d = 2 and d = 3, respectively. In the examples below we determine Si2, S13 and
So3 from a simulation. First we simulate the original system for some time then we
switch to the freezing method, see [16], [19], [18], and [56], which then yields values
for the velocities. The specific values of these variables we discuss in the examples
below. Note that in case d = 2 we have a clockwise rotation, if S12 > 0, and a
counter clockwise rotation, if S1a2 < 0. Assumption (A5) is obviously satisfied.
Using, for instance, vo, = (0,0)7 then assumption (A6) is satisfied. Then, we have

Drto) = (1)

M2 H1
and assumption (A7) is also satisfied. Assumption (A8) is only satisfied if Re u < 0.
The bound for the rate of the exponential decay from Theorem 1.7 equals

2Rea (—Rep)
0< P <Y9s——— 72,
1T e

for some 0 < ¥ < 1. Let us now consider some specific examples:
(1): For the parameters
1 1. 5 1. 1

(2.3) a—2+22, ﬁ—2+z, 7——1—102, p=—7
this equation exhibits so called spinning soliton solutions for space dimensions d = 2
and d = 3, see Figure 2.1.

Figure 2.1(a)-2.1(c) shows the spinning soliton in R? as the solution of (2.1) on a
circle of radius R = 20 centered in the origin at time ¢ = 150. For the computation
we used continuous piecewise linear finite elements with stepsize Az = 0.25, the
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—-0.1

(d) Reu(z,y,2) (¢) Imu(z,y,z) () lu(z,y, 2)|

FIGURE 2.1. Spinning soliton of QCGL for d = 2 (above) and
d =3 (bottom)

BDF method of order 2 with stepsize At = 0.1, homogeneous Neumann boundary
conditions and initial data

1 .
ugP (z,y) = = (@ +iy) exp <

22 4 32
49 > '

Figure 2.1(d)-2.1(f) shows the spinning soliton in R? as the solution of (2.1) on
a cube with edge length L = 20 centered in the origin at time ¢ = 100. For
the computation we used continuous piecewise linear finite elements with stepsize
Az = 0.8, the BDF method of order 2 with stepsize At = 0.1, homogeneous
Neumann boundary conditions and initial data
QD(

USD(ZE,%Z) :uO :rvy)

for |z| < 9 and otherwise 0.

The parameter values (2.3) satisfy our assumptions (A1)—(A8) for every p €]4 —
2v/2,442v/2[, i.e. p=2,3,4,5,6. At time ¢t = 400 we have the rotational velocities
S12 = 1.027 in case d = 2 and (S12, S13, S23) = (0.6862, —0.01024, 0.005671) at time
t =900 in case d = 3. The solitons are localized in the sense of Theorem 1.7 with
the bound

1 1
(2): For the parameters
1 1 13 1 1
2.4 =-42i, B=—4i, y=-1l——i, p=-—=x

this equation exhibits so called rotating spiral soliton solutions, see Figure 2.2.
Figure 2.2(a)-2.2(c) shows the spiral soliton in R? as the solution of (2.1) on a
circle of radius R = 20 centered in the origin at time ¢ = 150. For the computation
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15
1)
0.5
0
-0.5
4
-1.5

(a) Reu(z,y) (b) Imu(ﬂf y) <) u(z, y)]

FIGURE 2.2. Rotating spiral soliton of QCGL for d = 2

we used continuous piecewise linear finite elements with stepsize Az = 0.25, the
BDF method of order 2 with stepsize At = 0.1, homogeneous Neumann boundary
conditions and initial data u2P from above.

The only different in the choice of parameters in (2.4) to the previous example,
compare (2.3), is the real part of 3, which is now a little bit larger. The parameter
values satisfy our assumptions (A1)—(A8) also for p €]4 — 2v/2,4 + 2v/2[. At time
t = 300 we have the rotational velocity S12 = 1.323. The solitons are also localized
in the sense of Theorem 1.7 with the same bound as before. We observe that
enlarging S from 5 to 13 generates a pattern with a larger support and a higher
rotational Veloc1ty

(8): For the parameters

(2.5) a=1, B=—(1+i), v=0, p=1

this equation exhibits so called twisted and untwisted scroll wave solutions, see
Figure 2.4.

Figure 2.4(a)-2.4(c) shows the untwisted scroll wave in R? as the solution of (2.1)
and (2.6), respectively, on a cube with edge length L = 40 centered in the origin
at time t = 150. For the computation we used continuous piecewise linear finite
elements with stepsize Az = 1.6, the BDF method of order 2 with stepsize At =
0.5, homogeneous Neumann boundary conditions on the side surfaces, periodic
boundary conditions on the faces for z = F10 and initial data

1 —20)? —20)? —20
WP (0,0.2) = 7 (0 = 20) 4 ily — 20) exp (T OZIE 2220,
The parameter values (2.5) satisfy only the assumptions (A1)—(A7) for every 1 <
p < oo but not condition (A8), since the real part of u is not negative. In this case
the pattern is not localized in the sense of Theorem 1.7. The rotational velocities
at time ¢ = 300 are (S12, S13, S23) = (—0.1756, —0.00001, 0.002146).
Example 2.4 (\-w system). Consider the A-w system, [36], [48],
(2.6) u = alu+u (A (|u?) +iw (Jul?))
with u : R? x [0,00[— C, d € {2,3}, a € C, A\ : [0,00[— R and w : [0, 00[— R. The
real-valued version of this equation reads as

(), = ()2 () oo ()
Ug ti ay Qg U U2

f <u1) _ <u1)\ (uf + u3) — uow (uf + u%))

Us ULW (u% + u%) + ug A (u% + u%)

with
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u = up + tug, @« = a1 + ias and u;, o € R for 4 = 1,2. This equation describes
chemical reaction processes, see [36] and [35], physiological processes in the study
of cardiac arrhythmias, time evolution of biological systems, see [48], and is often
used to analyze the mechanism of pattern formation as well as to study the oneset
of turbulent behavior. An example of an emerging technological application based
on pattern forming systems is given by memory devices using magnetic domain
patterns. This model exhibits rotating spirals as well as scroll wave and scroll ring
solutions, see [27] and [29)].

Let us again discuss the assumptions (A1)—(A8): Assumption (Al) is satisfied for
every a € C, assumption (A2) if Reaw = a3 > 0 and (A3) for some 1 < p < oo if

2y/p — 1>
P20 /)

The condition (A4) is satisfied with S from (2.2). Assumption (A5) is satisfied if
A\, w € C%(]0,00[,R). Since the assumptions (A6)—(A8) depends on the choice of A

and w, we explain this conditions in the following example.
(1): For the parameters

(2.7) a=1, X\ (|u|2) =1- |u|2, w (|u|2) = f|u|2

this equation exhibits so called rigidly rotating spiral wave solutions, see Figure
2.3, as well as twisted and untwisted scroll wave solutions, see Figure 2.4 for an
untwisted scroll wave.

Figure 2.3(a)-2.3(c) shows the spiral wave in R? as the solution of (2.6) on a

4
0.8
0.6
0.4

0.2
0

-02
0.4
0.6
0.8
Bl

(a) Reu(z,y) (b) Imu(z,y) (©) lu(z,y)|

larg a < arctan (

FI1GURE 2.3. Rigidly rotating spiral wave of A-w system for d = 2

N —.05

(a) Reu(z,y,z) (b) Imu(z,y, 2) (©) lu(z,y,2)|

FIGURE 2.4. Untwisted scroll wave of CGL and of the A\-w system
ford=3
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circle of radius R = 50 centered in the origin at time ¢ = 150. For the computation
we used continuous piecewise linear finite elements with stepsize Az = 0.5, the
BDF method of order 2 with stepsize At = 0.1, homogeneous Neumann boundary
conditions and initial data

1 T

UO(xvy) - 2_0 (x,y)

For Figure 2.4(a)-2.4(c) see Example 2.3(3). The parameter values (2.7) satisfy
only the assumptions (A1)—(A7) for every 1 < p < co and with vs, = (0,0)7 but
not condition (AR), since D f(0,0) has the eigenvalue 1 with algebraic multiplicity 2.
In this case the pattern is not localized in the sense of Theorem 1.7. The rotational
velocities of the rotating spiral is S12 = —0.9091 at time ¢ = 300. Since the A-w
system (2.6) equipped with the parameter-values (2.7) is indeed a special case of the
cubic-quintic complex Ginzburg-Landau equation (2.1), namely one has to choose
B=—(1+1i),y=0and u =1, compare (2.5), we refer for a discussion about the
assumptions also to Example 2.3(3).

Example 2.5 (Barkley model). Consider the Barkley model, [12], [13], [11]

(28) (ul) :(1 O)A(ul)_i_(%ul(lul)(ulu2a+b))
uz ), 0 D U2 g(u1) —uz

with v = (u1,u2)T, u: R x [0,00[— R%, d € {2,3}, 0 < D << 1,0<¢e << 1,
0<a,beR,g:R— R. This equation describes excitable media, oscillatory media,
see[12], catalytic surface reactions, see [10], the interaction of a fast activator u and
a slow inhibitor v (in this case g(u) describes a delayed production of the inhibitor)
and is often used as a qualitative model in pattern forming systems (e.g. Belousov-
Zhabotinsky reaction). This model exhibits rotating spiral wave and scroll wave
solutions, see [13], [16] and [56].

Let us discuss the assumptions (A1)—(A8): Assumption (A1) is satisfied for every
D € R, assumption (A2) if D > 0 and (A3) for every 1 < p < oo if D > 0. The
condition (A4) is satisfied with S € R*? from (2.2). The specific values for Si we
discuss in the example below. Assumption (A5) is satisfied if ¢ € C?*(R,R). The
zeros of the nonlinearity are (0, ¢(0)), (1,¢(1)) and one more. Using, for instance,
Voo = (0,9(0))T then assumption (A6) is satisfied, (A7) is satisfied only for D = 1
and (A8) only if LU < 0 ie. g(0) < —b, since the eigenvalues of Df(ve)

a

are L9F% and —1. Analogously, using ve, = (1,9(1))T then assumption (A6)

a

is satisfied, (A7) is satisfied only for D = 1 and (A8) only if W < 0, ie.

g(1) < a — b, since the eigenvalues of D f(ve,) are % and —1. Let us now
consider some specific examples:
(1): For the parameters
1 3 1
(29) D:()a ‘5:%3 a:Za bzl_OO) g(U1):U1

this equation exhibits so called rigidly rotating spiral wave solutions, see Figure 2.5.
Figure 2.5(a)-2.5(c) shows the rotating spiral wave in R? as the solution of (2.8) on
a circle of radius R = 40 centered in the origin at time ¢ = 50. For the computation
we used continuous piecewise linear finite elements with stepsize Az = 0.7, the
BDF method of order 2 with stepsize At = 0.2, homogeneous Neumann boundary
conditions and initial data

1 1 ,.’L'>0 9 a ,y>0
ué><z,y>{0 e ué><x,y>{g .
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(b) u2(z,y) (©) lu(z,y)|

Ficure 2.5. Rigidly rotating spiral wave of Barkley model for d = 2

The parameter values (2.9) satisfy the assumptions (A1), (A5) since g is twice
T
continuously differentiable, (A6) for v, = (0,0)T, (1,1)T and ( b b ) . At

a—1’a—1
time ¢t = 150 we found the rotational velocity Sis = 2.108 for the matrix S from
(A4). All other assumptions are not satisfied. D = 0 violates assumption (A2),
(A3) and (A7). For ve = (0,0)7 condition (A8) needs a—bz < 0, which is not

satisfied, and for vo = (1,1)7 assumption (A8) needs &= < 0, which is not true

a—1’ a—1

T
in this case. Assumption (A8) is also not satsfied for vo, = (L L) with the

parameters above.

2.3. A review of the real-valued Ornstein-Uhlenbeck operator. Before we
start to investigate nonlinear Ornstein-Uhlenbeck problems in complex systems, let
us present some well-known results about the scalar Ornstein-Uhlenbeck operator

[Lovu] (x) := %Tr (QD*u()) + (Sz, Vu(x))

considered in real-valued function spaces, where @ € R%¢ with Q = QT, Q > 0
and 0 # S € R%?. Note, that the properties of the matrix S play a fundamental
role in the study of this operator.

The space LP(R? R). The Ornstein-Uhlenbeck semigroup (7'(¢));>0 on LP(R4, R)
related to the Lebesgue measure is indeed a semigroup for every 1 < p < oo. A
general problem is to show that (7(t));>0 is strongly continuous. On LP(R% R) one
can verify that (T'(t)):>0 is a C%-semigroup for every 1 < p < co. A further problem
that occurs, caused by the unbounded coefficients in the drift term, is to give an
explicit representation for the domain of the infinitesimal generator A,, which can
be considered as the maximal realization of Loy in LP(RY R) for 1 < p < co. In
this context it was proved that the maximal domain is given by

DP(Lou) = {v e WHP(R,R) | (Sz, Vo(z)) € LP(RY,R)}

for every 1 < p < oo, which can be shown directly, [43], or with the aid of the
Dore-Venni theorem, [51]. In case of p = 1 no such representation is available,
but it was proved that D'(Loy) is the closure of C2°(R% R) with respect to the
graph norm [z = |ll12 + [[£ou-l 1, ie. DN (Lou) = T %0u. Moreover,
it was established that the semigroup (7'(t));>0 is not analytic on LP(R? R) for
every 1 < p < o0, if § # 0, which can be verified by analyzing the LP-spectrum of
Lou, [42]. It was shown that the spectrum of the infinitesimal generator A, of the
Ornstein-Uhlenbeck semigroup (T'(t))¢>o considered on LP(R? R) is given by
Tr(S)

o(Ap) = {z €C|Rez < T}
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for every 1 < p < oq, if o(S) C C4, o(S) € C_ or S symmetric and Q and S
commute, [42]. Thus, since (T(¢))¢>0 is not analytic for every 1 < p < oo, the
parabolic equation v; = Loyv does not satisfy the standard parabolic regularity
properties on LP(R?, R).

The space LP(R? R, ;). Under the additional assumption that o(S) C C_, which
is very interesting from the point of view of diffusion processes, the Ornstein-
Uhlenbeck semigroup (7'(t))¢>0 considered on LP(R? R, ;) with uniquely deter-
mined invariant probability measure

p(z) = (4m) % (det Quo) "% e H(Ox'77)

is a semigroup of positive contractions on LP(R% R, u1) for every 1 < p < oo and a
C-semigroup for every 1 < p < oo. The maximal domain is given by

Di (Lov) =W>P(R% R, 1)
:{’U € Lp(RdvRa:u’) | Div;DjDiv € Lp(Rd,R,‘U,), Zv.] = 17 . 5d}

for every 1 < p < oo, [44], [40]. In case of p = 1 no such representation is available.
A major difference to the usual LP-cases is that (T'(¢));>0 is compact and analytic
on LP(R% R, i) for every 1 < p < oo, [31]. In [41], it was shown for 1 < p < oo that
the spectrum of the infinitesimal generator A, of the Ornstein-Uhlenbeck semigroup
(T'(t))i>0 considered on LP(R% R, ) is a discrete set, independent of p and given
by

T
o(Ap) = {/\Zni)‘i | n; € Ng, i = 1,...,7’},
i=1
where Aq1,..., A, denote the distinct eigenvalues of S. This is in strong contrast
to the LP-case. The eigenvalues are semisimple if and only if S is diagonalizable
over C. Moreover, the eigenfunctions of A, are polynomials of degree at most
I;”(?) In case p = 1 the situation changes drastically and the spectrum is given by
O’(Al) =C_ UR.

The space C,(R?, R). The Ornstein-Uhlenbeck semigroup (T'(t))¢0 is a semigroup
on Cy(R%, R). To guarantee the strong continuity of (7'(¢));>0 one usually consid-
ers the semigroup on the closed subspace Cy,(R%, R) if the operator has constant
or smooth bounded coefficients. But in case of the Ornstein-Uhlenbeck operator
this space is not the right choice because the term (Sz, Vu(z)) has smooth but
unbounded coefficients. One can show that T'(t)vy tends to vg in Cp(R%, R) as ¢
tends to 07, if and only if vy € Cyp(R?, R) and vg(e?-) tends to v uniformly in R?
as t tends to 07. Hence, (T'(t)):>0 is a C%-semigroup on the much smaller subspace

Crun(RER) := {f € Cup(R,R) | f(e') — f(-) as t — 0 uniformly in R?}

[25], [26, see 1.6]. The domain is completely characterized by
D(Lovu) = {v € Crup(RL,R) NWEP(RER) Vp = 1| Loy € Crup(RER)},

[25]. Therein, it was also observed that (7'(t));>0 in not analytic on Ci.,;(R%,R)
and hence not analytic on C,(R%, R) and C,,;,(R%, R).

In table 1, we summarize these facts. For a detailed treatment of the Ornstein-
Uhlenbeck operator we refer the reader e.g. to [38, Chapter 9].

3. EXPONENTIALLY WEIGHTED FUNCTION SPACES

In this section we introduce the exponentially weighted Sobolev spaces, which we
will use for all estimates in the sequal. For the weight functions of exponential
growth rate and the exponentially weighted Sobolev spaces we follow [60, sec. 3].
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TABLE 1. Properties of the Ornstein-Uhlenbeck operator

T(t) semigroup | CY-semigroup analytic semigroup
LP(RY,R) 1<p< 1<p< no
LP(RYE,R,p) | 1<p< oo 1<p< oo l<p<oo ifo(S)cC_
Cy(R4,R) yes no no

Cup(R4 R) yes no no
Crup(R4R) yes yes no
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The Euclidean Group SE(d). Let d € N with d > 2 and let
SE(d) = R? x SO(d)
denote the special Euclidean group consisting of all pairs
v = (7, R) € SE(d), T € R¢, R € SO(d)

with the group operation

Y2 0y1 = (72, R2) o (11, R1) = (72 + Ram1, R2Ry),
the unit element (0, I;) and inverse element (7, R)~! = (—R~'7, R™1). Here

SO(d) = {R € R%? | RT = R™! and det(R) = 1}
denotes the special orthogonal group. SE(d) is a Lie group of dimension @. Its

dimension is the sum of dim(RY) = d and dim(SO(d)) = @. The associated
Lie algebra

se(d) = R x so(d)
is the product of R? and the space
so(d) = {S € R* | T = -5}

of skew-symmetric matrices, which generate the rotations. Note, that the exponen-

tial mapping exp : so(d) — SO(d) is onto and has the following properties
(3.1) (es)_1 = (eS)T — 5" = ™5, det(e) =1, Se¥ = SVt >0,
- eSTST = 1, and |eS:c‘ = |z| Vo € R?

where |-| = [|-||, denotes the Euclidean norm.
Sobolev Spaces. Let K€ {R,C}, N € N, p € R with 1 < p < co. We define the
exponentially weighted LP—spaces and their associated norms by

Ly(RYKY) := {u € Lie(R*,K™) | [|ufl p < o0},

1
lullp == 07 (z) [u(z)["dz ), 1<p < oo,
6 Rd
[ull o := esssup O(z) [u(z)|, p = oo
zeR4
By definition (L (R?, KN), ||||L§) is a Banach space.

Let £ € Ny and 1 < p < oo then we define the exponentially weighted Sobolev
spaces of order k with exponent p and their associated norms by

WEPRY KN .= {u e LERYKY) | DPu e LH(RY,KN) V(8] < K},

1
el = ( 3 D8l ) " 1<p<oo

IBI<E
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0o 1= D
lullyg o = max | D%ul| o, p = co.

Let ki,ks € Ng, 1 < p < 00, T > 0 and Qr = R%x]0, 7| then we define the
exponentially weighted anisotropic Sobolev spaces of order (ki, ko) with exponent
p and their associated norms by, see [60, sec. 3]

W FRP(Qp KN = {u € LL (Qr, KY) | DPu € LB (Qr, KN) V(8] < ki
Diu e Ly(Qr,KN) V|| < ka},

p
||u||W9(k‘1«k2)wp(QT,KN) = <||u||zl),le)(QT7]KN) + Z HDmﬂuHLZZ(QTﬁKN)
|B1=1

ko 1
+ Z IIDZUIl’ing,Kw)) , 1 <p<oo.
[v|=1
Let @ = R or Q = Qr and 1 < p < oo then we define the (anisotropic) local
LP—spaces by
LY (9,KN) = {u € Lip (L KY) | [ull poga,gny < 00 VA CQ compact}.

The (anisotropic) local Sobolev spaces I/V1 CP(RY,KN) and I/Vl(k1 oka).p P(Qp,KN) can

be defined in the same way.
Spaces of continuous functions. Let K € {R,C}, N € N and k € Ny.

Co(RLKY) 1= {u € CRLKY) | ull gy g vy < 00}

Cy(REKN) - 0o T )
lull e, ) = llully = sup [u(z)]
rcRd

CFRY, KN = {u € Cp(RL,KN) | DPu e Cy(RY,KN) V |8] < kY,
lullop s oy = el o = 231Dl g, g vy

Cup(RY,KY) := {u € Cp(RY, KN) | u is uniformly continuous on R4},
Ch(RY KN = {u € Cup (R, KY) | DPu e Cup(RE,KN) V8] < K},
Crup(REKY) := {u € Cup(RY, KY) | hm H“ ) = u( ch RAKN) =0},
CFp(REKN) = {u € Cpryp(RE,KY) | Dﬂu € Crup(RELKN) V(8] < K},
Cro(RE,KY) = {u € Cy(RKY) | |lullg, , (e gny < o0},

Hu”beg(]Rd,KN) = ||U||oo,0 = HGUHCb(Rd,KN)’

CEoRYKN) := {u e CF(RY,KN) | 0D%u € C,(RY,KV) V || < K},

||U||ck (REKN) = = [lu ||k000 = l%ﬁax H@D “ch (RE,KN)

Schwartz space. Let K € {R,C} and N € N. A function ¢ : R — KV is
said to be rapidly decreasing if it is infinitely many times differentiable, i.e. ¢ €
C> (R4, KN) and

(3.2) lim z*DPp(z) =0 € KN Va,p € N

|z|—o00
The space
SRYLKY) :={¢ € C* (R, K") | ¢ is rapidly decreasing}
is called the Schwartz space, [28, VI.5.1 Definition]. When endowed with the family

of seminorms

|6]o 5 := sup [2*DP¢()|
zER?
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the space S(R?, KY) becomes a Frechet space containing C>°(R? KY) as a dense
subspace.

4. THE HEAT KERNEL FOR OPERATORS OF ORNSTEIN-UHLENBECK TYPE IN
COMPLEX SYSTEMS

In this section we derive a heat kernel for the complex-valued Ornstein-Uhlenbeck
operator

(4.1) [Loov] () := ADNv(x) + (Sz, Vu(x)) — Bu(z), 2 € R, d > 2.

4.1. Complex-valued Ornstein-Uhlenbeck kernel. The aim of this subsection
is to extend the appoach from [15], [4], [20, Chapter 13] to compute the heat kernel
of the complex-valued operator L., in the scalar case, in case of diagonal matrices
and in case of simultaneously diagonalizable matrices. This will enable us in the
next section to define the correspondig semigroup by an explicit respresentation.
Therefore, we recall the definition of a heat kernel of L, [20, Section 1.2]:

Definition 4.1. A heat kernel (or a fundamental solution) of Lo given by (4.1)
is a function

H:R*xRYx Ry — CVN ) (2,6,¢) = H(x,&,t)
with RY :=]0, 00[ such that

(H1) H e C**1(R? x R x RY, CMY),
) DH@en=coH@en VEERT t >0,
(H3) 13%1 H(x,&,t) = 0,(6)In Ve e R

where the convergence in (H3) is meant in the sense of distributions and é¢(x) =
d(x — &) denotes the Dirac delta function.

The following theorem provides an explicit representation for the heat kernel of
L in the scalar case, i. e. with N = 1. In addition, the proof contains a formal
derivation of this heat kernel, which could be of interest for the computation of heat
kernels for more general complex-valued heat operators. For the scalar real-valued
but more general case a formal derivation of this kernel can be found in [15], [4]
and [20, Section 13.2].

Theorem 4.2 (Scalar case). Let the assumptions (A2) and (A4) be satisfied for
K =C and N = 1, then the function H : R* x R? x R% — C defined by

(4.2) H(z,&,t) = (471'041?)_g exp (—5t — (4at) ™! ’etsac - 5’2)
is a heat kernel of Lo, given by
(4.3) [Loov] (2) := alv(z) + (Sz, Vu(x)) — dv(z).

Remark. In the scalar case N = 1 we write o and ¢ instead of A and B, respec-
tively.

Proof. Before we verify that the heat kernel from (4.2) satisfies the properties (H1)—
(H3) we discuss a formal derivation of this kernel. To compute the heat kernel (4.2)
of (4.3) we generalize the approach from [15], [4] to the complex case and use the
complexified ansatz

a daen=s0-e (-3 (0 (). (7))
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where
p:RL = C, t— ¢(t),
M R — C*%24 ¢ M(t)

have to be determined and (-, )24 denotes the Euclidean inner product on C?, ie.
(T,Y)c2a = Z'y. Note at this point that it is sufficient to determine the symmetric
part of the complex-valued matrix M which we denote by NV, i.e.

e o - (8 30).

A,B,C,D Ry — C™? ¢ A(t), B(t),C(t), D(t).

o (0)-(6))e)
gp(t)~exp< <1(M()+MT(t))<€) <§>>C)
se-en (300 (£)-(§))..)

Note that N is a symmetric but in general not a Hermitian matrix. In particular
A and D are symmetric and BT = C. Since the heat kernel must satisfy (H2) we
obtain from the general Leibniz rule, the chain rule and the symmetry of NV

s =i 20 (). )),)

et = e iz [ (v0 (1).(F)).)
= H(z,&,1) [% <<NT(t) ( z > ’ei>cm + <N(t) < Z ) ,ei>¢:2d>]
~aen (N0 (§)e)

2

%H(m,&,t) =H(z,&,t) <N(t) ( Z ),ei>;d - <N(t)€i,€i><c2d]

Since z,¢ € R? we have

H(w,6,t) = o(t) - exp (

|>—~ N)I»—l
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’ al'd

= —H(z,6,1) <N(t)( Q«EC ) ,61>C2d,...,<N(t) ( iﬁ ),ed>cm) Sz
¢

(S, VH(z,€,1)) = (%H(m,f,t),... iH(x,g,t)) S

:
ol
= —H(z,6,1) <§ ("N + Nw3) ( ; ) | ( ¢ )><c

where i = 1,...,d. Introducing the extended matrices
=~ (1g O & (S 0 2d,2d
P‘(o 0)’5_(0 O)ER

0=H(x,¢&, 1) [ﬁ((tt)) +atr (A(t)) +96

+<<%Nt(t) _aNWPN() + %S*TN(t) + %N(t)5*> ( : >< : )>C] .

Thus the kernel satisfies (H2) if the following differential equations hold
(4.5) ei(t) = — (atr (A(t)) +6) o(t) ,t>0,
(4.6) Ni(t) = —2aN(t)PN(t) + STN(t) + N(t)S > 0.

Since (4.5) depends on the solution of (4.6), we will first solve the matrix-Riccati
equation (4.6), see [5, sec. 3.1]. Tt is obvious that the solutions of (4.5) and (4.6)
are not unique but one can select appropriate initial values, see [15] and [4].

Let us first eliminate linear terms in (4.6) by the following transformation

N(t) = exp (—157) N(t) exp (-5
_ ( exp(gtST) I(L ) ( g% gg ) ( exp (O—tS) I(L )

we end up with

(4.7) <exp(tST)A(t)exp(tS) exp(—tST)B(t)
C(t) exp(—tS) D(t)
:<<i<t> f?(t))_
C(t) D)

Differentiating N with respect to ¢ and using (A4), N = N7 and (4.6) we obtain
Ni(t) = — ST exp (ftS*T) N(t)exp (ftg)
+ exp (ftS*T) N (t) exp (ftg)
— exp (—tS’T) N(t)S exp (—tS’)

=— QEN(t) exp (tg) Pexp (th) N(t)
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and hence

(4.8) Ni(t) = —2aN (t) exp (tS’) Pexp (tS’T) N(t) ,t>0.

Writing this equation blockwise

Ni(t) = —2aN (t) exp (tg) Pexp (t ( ) (t)
~ o om (A(t)exp( (S+57)) A() {1 exp (t (S +87)) B(1) )
C(t)exp (t (S +ST)) A(t) C(t)exp (t(S+ST)) B(t)
< —2mA2(t) —mﬁm@>>:<@w @w>
—2aC(t)A(t) —2aC(t)B(t) +(t)  Dy(t)

we arrive at the matrix ODE systems

(4.9) Ay (t) = —2aA?(t) >0,

(4.10) (t) = —2aA(t)B(t) >0,

(4.11) Ci(t) = —2aC(t) A(t) ,t>0,

(4.12) Dy(t) = —2aC(t)B(t) ,t>0.

Note that A = AT, D = DT and BT = C due to the corresponding properties
of A,B,C and D. Therefore, solving (4.10) gives us automatically a solution of
(4.11). Now we will successively solve the equations (4.9)—(4.12):

1

(4.9): Using the transformation A(t) = (/i(t)) " we obtain
_ d /. \-1 Nl -1
A =2 (An)  =-(4m) A ()
oN—l . N2 -1
— 2% (A(t)) (A(t)) (A(t)) — 2al,.
Componentwise integration of both sides from 0 to ¢ w.r.t. ¢ yields

¢ ¢

A(t) — Ag = A(t) — A(0) = / A, (s)ds = / 2alyds = 2atl,.
0 0

Using the transformation once more yields the solution of (4.9)

At) = 2atly + Ag) ™", t > 0.

Note that the initial data Ag € C»?% must fullfill the relation Ay = AT due to the
symmetry of A(t) for t > 0.

(4.10): Obviously, the general solution of (4.10) is of the form B = ABy for some
constant matrix By € C*¢ and hence

B(t) = (2atly + Ag)~ " By, t > 0.
(4.11): Thanks to the confiition that BT = C we easily obtain the general solution
of (4.11) by transposing B and using the symmetry of Ag

C(t) = BT (2atl, + Ag) ™", ¢t > 0.
(4.12): Finally, the general solution of equation (4.12) has the form BT ABy 4+ Dy

for some constant matrix Dy € C%¢ with Dy = DI due to the symmetry of D.
This can be easily seen by rewriting the system as follows

Dy(t) = —2aC(t)B(t) = —2aBl A%(t)B,
Hence, we obtain

D(t) = BY (2atl; + Ag) " By + Do, t > 0.
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Now we choose Ay =0, By = —I4 and Dy = 0. A resoning why the constants must
have exactly these values can be found in [15] and [4]. Putting the solutions into
(4.7) and this into (4.8) we have

. 1 (I, —1I
Ni(t) = —
i) = 55 ( —Is I )
Transforming N to N (see (4.7)) we obtain by (A4)
N(t) = exp (th) N(t) exp (tg)

_ [ exp(tSTYA(t) exp(tS)  exp(tST)B()
- = (s b )
_ 1 ( I, —exp(tST) )
T oat \ —exp(tS) 1 ‘
Thus, tr (A(t)) = 5% and (4.5) can be written as
oi(t) = — (atr (A()) +0) p(t) = — (% + 6) o(t)

Hence, the general solution of (4.5) is given by

(4.14) p(t) = Cexp (—/ (% + 5) dt) = Cexp (—g In(t) — 6t) — Ot e 0t

where C' € C. Below we choose C' € C such that the normalization condition
(4.15) lim [ H(z,&t)déE=1 VaeR?

tl0 Rd
holds. First note that from

1 14 —exp(tST) x x _ L s 2
(1 (s "0 ) () (€))eumml o

we obtain
H(w,&,t) =Ct=3 =0tz "ae["

Now, integrating over R? w.r.t. £, we obtain from the transformation theorem and
assumption (A2)

/H(xvfat)dfictfgef‘”/ e~ 1ot
R4 iy

:Ct*%e*“/ e~ aar | T=¥ g
]Rd

d 00
2
:Ct_%e_‘stH/ e‘ﬁmmida:j
j=17700

et
2

|etS

sz|2d§

=Ct 2¢O (4wat)

[Y

=C (4#@)% et o (4rar) 1.

Hence, we choose C' = (47ro¢)_% such that (4.15) is satisfied. Here =% denotes
the principal root (main branch) of a~%. Finally we obtain the heat kernel (4.2)
from (4.13) and (4.14). The properties (H1) and (H2) follow directly from the
construction of the heat kernel. It remains to verify property (H3). Therefore, we
need the integrate formula

(4.16) / prlem gy = 2~ ,
0
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which holds for n € R with n > 0 and z € C with Rez > 0, [2]. Using the
transformation theorem (with transformations for d-dimensional polar coordinates
and ®(¢) = 27143 (e"z —¢)) and formula (4.16) (with n = d and z = a™!) we
obtain, similarly to the proof of [20, Prop. 3.4.1], for every ¢ € C°(R%,C)

lm (2, ,1)(¢)

=lim [ H(x,&t)¢(&)dE

tl0 Rd

zltif})l y (47ro¢t)7g exp (f& — (4at)™" |etS:E — §|2) P(&)dE

= ltii%l (47rozt)7% (4t)% /]Rd exp (—515 —a ! |1/)|2) ez — 2t%1/}>d1/}
_ -4 a2 d
(ra) % [ exp (! of?) v
2

_ *% ﬂ% > d—1_—a 172
= (ma) (@) /0 r“ e dro(x)
_a 275 af
~m T r @
—6(a) = [ do(w— (€)de = [ 5.()0(€)dE = 5.(6)(9).
Rd Rd
Note that Rez = Re (ofl) = F‘{o‘fl? = Ifo?l? > 0 is true by assumption (A2). O

The next statement is a direct consequence of Theorem 4.2.

Theorem 4.3 (Case of diagonal matrices). Let Ax,Ag € CV'V be two diagonal
matrices and let the assumptions (A2) and (A4) be satisfied for K = C, then the
function H : R? x RY x R} — CNN defined by

(4.17) H(z,€,t) = (AntA )~ % exp (fABt — (4tA L) ez — §|2)

is a heat kernel of Lo, given by

(4.18) [Loov] (2) := Aplv(z) + (Sx, Vo(z)) — Apv(z).

Remark. In case of diagonal matrices we write A4 and Ap instead of A and B,
respectively.

Proof. Using the notation v = (vy,...,vn), As = diag ()\’14,...,)%) and Ap =
diag ()\{3, cee )\ﬁ) the operator L, from (4.18) is already decoupled
[Loot], (2) = Mo Avg(2) + (S, Vo (x)) — Mok(x), k=1,...,N.
Since (A2) and (A4) hold we infer from Theorem 4.2 that
Hy(x,&,t) := (47rt/\j€4)7g exp (f)\kBt — (4tAH ! ’etsz - 5’2)

is a heat kernel for the k-th component of L.,. Indeed, an easy computation shows
that H(x,&,t) := diag (Hyi(x,&,t),...,Hy(z,&,t)) is a heat kernel of Lo, from
(4.18) that coincides with H from (4.17). The properties (H1)—(H3) for the heat
kernel H of L follow direcly from those of Hy for k=1,...,N. O

Theorem 4.4 (Case of simultaneously diagonalizable matrices). Let the assump-
tions (Al), (A2), (A4) and (ATp) be satisfied for K = C, then the function
H:RY xR x Ry — CNN defined by

(4.19) H(z,€,t) = (4mtA)~% exp (—Bt — (4tA) ! [etSz — 512)
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is a heat kernel of Lo, given by
(4.20) [Loov] (z) := ADv(z) + (Sx, Vu(z)) — Bou(x).

Proof. Let us define the diagonalized operator Loo = Y7ILLY with Y from
(A75). Multiplying (4.20) from left by Y~! and using the transformations A =
YAAY ™! and B = YApY ! the substitution u(z) := Y ~tv(z), the property
Y~ (Sz, Vu(z)) = (Sz, VY "tv(z)) we obtain
[Eoou} (2) = [Y'LooYu] (z) = Y [Loov] (z)

=Y ' (AAv(x) + (Sz, Vu(z)) — Bu(z))

=AY ' Aw(z) + Y1 (Sz, Vo(z)) — AgY u(x)

= Aslu(x) + (Sz, Vu(z)) — Apu(x)
In this way we have decoupled the operator L., from (4.20). Since Aa, A € CNV

are diagonal matrices, 0(As) = o(A) C{A € C|ReX > 0} by (A1) and (A2) hold,
we deduce from Theorem 4.3 that

H(z,&,t) = (47rtAA)7% exp (—ABt — (4thq)? ‘etsz - §|2)

is a heat kernel of L. Again, an easy computation shows that H(x,&,t) :=
YH(z,6t)Y 1 is a heat kernel of Lo, from (4.20) that coincides with H from
(4.19):

H(z,&,t) =Y H(z,&,t)Y
—Y (47tA4)"FY 1Y exp (fABt — (4tA L) etz — §|2) y-1
=(4rt) EVALFY exp (<Y (At — (atA0) 7 [ — ) v )
—(4rt) 4 Y ALF Y L exp (-Y ARyl — (@) YALY et — )
:(47r1fA)7g exp (—Bt — (4tA)~t ’eth - 5’2) .
The properties (H1)-(H3) for the heat kernel H of Lo follow again directly from
those of H. 0

Remark. Note that the condition (A7p) in Theorem 4.4 is crucial. For arbitrary
matrices A, B € CN'V satisfying only (A1) and (A2) the heat kernel of (4.20) is in
general not given by (4.19), as we will see in Theorem 6.1 and Theorem 6.2. To
generalize Theorem 4.4 to this more general case, one could try to use the Hadamard
Lemma or the Baker-Campbell-Hausdorff formula.

Remark. For the computation of heat kernels of more general heat operators,
Beals used in [15, (2)] - instead of (4.4) - the more general ansatz

H(z,6,t) = o(t) exp (—Qu(2,£)) , t > 0, z,& € R

where @Q; is a quadratic form of 2d variables. This formula is motivated by the
Trotter product formula and the Feynman-Kac formula. Such a general ansatz was
also used in [20, (13.2.14)] for the construction of heat kernels for degenerate elliptic
operators.

Remark. Consider the more general N-dimensional complex-valued Ornstein-Uhlenbeck
Operator on R?

[Louv] (z) =ATr (QD?v(z)) + (Sz, Vu(z)) — Bu(z)
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d d
=433 QiDiDju(x +ZZSU% iv(x) — Bu(x)

i=1 j=1 i=1 j=1

with A, B € CV:V satisfying (A1), (A2) and (A75), Q € R4? Q >0, Q = QT and
0# S € R“?. We believe that

H(x,&,t) = (47 A) % (det Qo) exp (— Bt — (44) ™ (Q7 (¢S — v), (¢"5z — 1)) )
with

¢
Q; = / exp (75) Q exp (TST) dr
0

is a heat kernel of Loy even if (A4) is not satisfied, but this has not yet been
proved.

4.2. Some properties of the Ornstein-Uhlenbeck kernel. The heat kernel
satisfies the following Chapman-Kolmogorov formula, which plays a central role
for the generation of semigroups, [38, Proposition C.3.2]. This formula can be
understood as the semigroup property (5.6) on the basis of heat kernels.

Lemma 4.5 (Chapman-Kolmogorov formula). Let the assumptions (A1), (A2),
(A4) and (ATp) be satisfied for K = C. Then

/ H(‘Tagatl)H(éagatQ)dé:H(‘Tagatl +t2) vxageRdthlatQ > 0.
Rd
Remark. For the proof we need the following integral

[ ew(-ata—r -a@-o)a

— 00
1
T 2 c1Co 9
= exp | — a—2b
(Cl+02) p( Cl+02( ))

for a,b,c1,co € C with Recy > 0, Recy > 0.

(4.21)

Proof. First let us prove the assertion for the diagonalized kernel
H(z,&,t) = (47#/\,4)7g exp (fABt — (4tAhq)? ‘etssc — 5‘2) .

Because of (A4) we have |e’“z| = || and hence

H(zagvtl)g(éagth)dg

Rd
(4.22) = (47rt1AA)7% (47rt2AA)7% exp (—Ap(t1 +t2))
2 . 2
/ exp ( (4t1AA)71 e Sy — 5’ - (4t2AA)71 ‘f - e_tZS§’ ) d
R4
From (A2) we deduce that Re /\3-4 > 0 and hence Re ()\3-4)7 = Re JAZ > 0 for

x|

every j = 1,...,N. Using formula (4.21) componentwise with ¢; = (4t1)\34) ,
j ) ) Z/J 517 a = ( tlsx)i, b= (eft2S§)i, i=1,...,d we obtain

= (4t
/OO exp ( (4t1Aa)" ((etlsz)i - 51)2 — (4t2A4)7" (gz - (€t2S§)i)2> d;
= (At A )% (Amtaha)? (47 (1 + ta) Aa) "2
- exp (f (4(t1 + t2) AA)*1 ((etlsz)i — (e_tZSf)i)2)
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Using this integral and again ‘ets :c‘ = |z| we are able to compute the latter integral
n (4.22)

/. exp< (4t144)""
-[ ] exp( |t ()
~(aadn) ! (6 - 50) | )ty
- e (=m0 (@oni-e)
() (6= (€50) " e

ﬁ/‘” exp ( (4t1A4) " ((etlsx)i - 51)2 — (4taA0) " (gz - (€_t2S§>z‘)2) dé;

d
2

“Szfs\ — (4127 4) l\éefzssf) dé

ol
wm

= (47t A 4)? (AmtaAa)? (47 (b1 +ta) Aa)~

d
- exp < (4(t1 +t2)Aa) - Z tls - _tzsg)if)

i=1
2
szl )

ol
ol
vl

= (47t A 4)? (AmtaAa)? (47 (t1 +t2) Aa)~

- exp < (4(ty +t2)Aa)~"

Using this in (4.22) we obtain

H(z, & t1)H(E, &, t2)dE

Rd

= (4 (t1 + t2) AAY% exp (—Ap(t1 +t2)) exp ( (4 (1 +t2) Aa) ™

zfr)

Let us now consider the general case: Since H(z,¢,t) = YH(z,&,t)Y ! with ¥
from (A7p) we obtain

H(Z',g, tl)H(gagth)dg

Rd
=Y H((E,é,tl)g(é,f,tQ)déY_l
Rd
=Y H(z,&,t1 +t2)Y L = H(z, &ty +12) Va,& € RY Viy, ty > 0.

=H(x, &ty +ty) Va,& e RY Vi, > 0.

The first two partial derivatives of H with respect to x are given by
DiH(x,&,t) = — (2tA) ™" ("x — €, e"e;) H(x, €, 1),
D;D;H(x,€,t) = (— (2tA) " 6,5 4 (2tA) 73 (e"x — & eM¥e;) (ex — €, etsej>)
H(z,&,t).
fori,j =1,...,d where we used (A75) once more. Let us define the kernels

(423)  K(,t) = (drtha) " F exp (~Apt - (4tA0) " 0 P),
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(4.24) K@, t) :=H(z,e"x —,t) = YK (¢, t)Y !
— (47t A)" % exp (th —(4tA) ! W) ,

(425)  K'(pt) == (2tAa) " (¥,e'ei) K(9,1),
(4.26)  K'(4,0) = [DiH (2,6, t)]¢_eis,y = YK (), )Y
—(2tA)” <w,e el> (1, 1),
(4.27) K7 (1) = ((2000) 7 (v efSes) (e Se;) = (20Aa) 05 ) K (0,0),

(4.28) KT (0,t) = [DjDH (2,6,1)]_pus, = YK (0, )Y !

:((gm) (¢, e9e;) (v, eFe;) — (2tA) " ) K(i,t).

In order to prove boundedness and exponentially decay of the associated semi-
group, that we will perform in the next section, we need some upper bounds of the
exponentially weighted integrals over the auxiliary kernels K, K* and K7°.

Lemma 4.6. Let the assumptions (Al), (A2), (A4) and (A7) be satisfied for
= C, p,n € R and let K, K, K" be given by (4.24),(4.26),(4.28) for every
i,7=1,....d, then

(1) / eIV K (1, 1)]y dp < C(t) >0,
Rd

(2) / eI K (4, 1)], dip < Ca(t) >0,
Rd

(3) / eI KTt (4, 1)], dip < Cs(t) >0,
Rd

where |-, denotes the spectral norm and the constants are given by

g 1 I (4 1 1
Cl(t) :Mgeibot |:1F (d Ht) + 2 ( 2 ) (Ht)2 1 Fy (di'§;/€t>:|,

2’y (g 2 2
it _1 [T(5) d+1 1
CQ(t) =M bot (tamm) 2 |: F(é) lFI( 2 757"<‘-‘t)
(42) 1 d+2 3
g e ()|
) [ (42 d+2 1
Cs(t) — M ebot (tamin) ! [ I‘((é))lFl ( 5 a§7lit)
Lol () d+3,
r(g)

2 2, 2 —
“wasTV" > (). Note that Cyp((t) ~ t*= e~ (b0t

Amind0 ao

with M ;= max_ >1 and K
ast — oo and Cyg(t) ~t~ = ast — 0 for every |3| =0,1,2.
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Remark. The function 1 Fi(a;b; z) denotes the Kummer confluent hypergeometric
function M(a,b, z) and satisfies the formula

> 2 1 n—+1 n+1 1 B?
nferBsd T F, Lo
ey () (555 )

B n n 3 B?
—r(— 1) JN I P
+2 2+ 1 1<2+ 3 4>

for B € R with B > 0 and n € C with Ren > —1, see [2], that we need to prove
Lemma 4.6. Moreover, in Lemma 4.8 we will need the connection formula

(4.30) 1Py (a; ;) = €1 Fy (b — a; b; —x)
for a,b,x € C with b # 0,—1,—2,... (see [49] 13.2.39) and the integal

(4.29)

o 1
(4.31) / t* L= By (a;b; —t) dt = ¢ T (a) o F} <a, a; b; —>
0 C

for a,b,c,a € C with b # 0,—1,—2,..., Rea > 0 and Rec > 0 (see [49] 16.5.3)
where o F (a1, a9;b1; 2) denotes the generalized hypergeometric function. To verify
the asymptotic behavior of the function 1 F; (a, b, z) at infinity we need the limiting
form
I'(b

(4.32) 1F1 (a,b,2) ~ %zabez, as z — 00, |argz| < g
for z € C and a,b € C\{0,—1,—2,...} (see [49] 13.2.4 and 13.2.23). Observe
that 1 Fy (a;0;0) =1 and o Fy (a1, a2;b1;0) = 1 which induce a simplification of the
constants in Lemma 4.6 in case of n = 0.

Proof. First note that by (A7p), (4.24),(4.26),(4.28) it hold

(433)  |KP @], = [YEP@, v | = |RP @] = max |K](w.0)

yeeny

for every multi-index 8 € N¢ with |3] < 2. Note that KP(1p,t) € CNN is diagonal.
(1): Using (4.23) a simple computation shows that it holds for every ¢ € R% and
t>0

d  —bot——20_|4|2
-5 bot 4tu’%ﬂax |w‘

(434) k—nilaXN ‘Kkk(wat)‘ < (47Ttamin) Ze

From (4.33) with | 5] = 0, (4.34), the transformation theorem (with transformations

1

for d-dimensional polar coordinates and ®(r) = ( T )2 r) and formula (4.29)
(since (A2) hold) we obtain

/ el |K (1), t)|2 di
Rd

g/ e (Artamin)”
Rd

d —pot——20 2
g ot

dip

Cd b 2T [T e
= (4dntamin) 2 e ° —) rd=le atad dr
0

d
(5
2 g ) 0 2 <4a2 n2p2t>%
A _ g TS ) s
:( max ) e ot —— / s te 0 ds = Cy(t).
AminQ0 I (%) Jo

(2): Using (4.25) for every i = 1,...,d, ¢ € R? and t > 0 it holds

i -1 ts X
. < min ) % ) :
(4.35) pnax ’Kkk(w,t)’ (2tamin) " [(¥,e"e;)| max K (¢ t)‘

.....
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From (4.33) with |8] = 1, (4.35) with (4.34), Cauchy-Schwarz inequality with as-
sumption (A4) (|(v,e"e;)| < [9||e"es| = |1h]), the transformation theorem (with
transformations from (1)) and formula (4.29) (since (A2) hold) we obtain

/ el |Ki(1/),t)|2 dip
]Rd

.....

< / PN (2t amin) ™1 1] (ATtamin) " Ze T ohax
Rd

a

ot [ e e

:(2tamin)71(47Ttamin)7%efb°tL2/ rle” TaZa " T gy

0

r(s)
d+1
:( a?nax ) 2 e—bot 2
Gmin@Q F(%)

1
Ly [ o (thagte )
(tamin) é/ Sde ’ o st:CQ(t)
0

(3): Using (4.27), the triangle inequality and Cauchy-Schwarz inequality with as-
sumption (A4) (see (2)) yield for every i,j =1,...,d, ¥ € R? and t > 0
(4.36)
i < N2,,2 -1 ) ‘~ ‘
k:I???.).{,N ‘Kkk(wat)‘ X ((Qtamm) |1/J| + (2tarmn) 61] k:Hll,aX,N Kkk(wat) .

From (4.33) with || = 2, (4.36) with (4.34), the transformation theorem (with
transformations from (1)) and formula (4.29) (since (A2) hold) we obtain

/ el ’Kji(w’t)’2 di
R4

17§§N‘Kkk(1/),t)‘ dip

g/ e”P|w| ((Qtamin)_Q |’l/)|2 + (2tamin)_1 5”)
Rd

bt 0
g/ eIl ((Qtamin)_2 |1/)|2 + (2tamin)_1 5ij) (47rtamin)_% PR LT de
Rd

oS o0 _ _ __ag .2
:(47rtamin)7%efb“t il / ((Qtamin) 2p2 (2tamin) ! 5ij) pd=le " aad " T g
0

d

2 R [e%} 2 4afnaxn2p t
_ Omax —bot -1 d+1 ~°% +( ag ) sd
= — e = (tamin) s“e s
Amin@0 r (5) 0

N

=

—

[V]IsW

) ~—

1
2 ( 40 n?p?t

d 1
2 2 1 B o0 24 25
+ 51']' a’max_ efbot—d (tamin) 1 / Sd71€ @0 ) ds = 03 (t)
Gmin @0 I (5) 0

In order to show that the Ornstein-Uhlenbeck operator £ coincide with the in-
finitesimal generator of the Ornstein-Uhlenbeck semigroup we need the following
Lemma.

Lemma 4.7. Let the assumptions (Al), (A2) and (ATp) be satisfied for K = C
and let K be given by (4.24), then for every i,j =1,...,d and t > 0 we have

1) [ K@,t)dy=e"",
Rd

O

@) [ K.wde =0,

(3) /R K (0 thi = { Ote : z?éj _
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Remark. Throughout this proof we will use d-dimensional polar coordinates: Let
r € RY Q:=]0, 00[x[0,27[x [0, 7]? and (7, ¢, 01, ...,04—2) € Q, then we define
d—2
x1 =P1(r,0,601,...,04—2) :=rcosd H sin 0y,
k=1
d—2
(4.37) xo =Po(r,¢,01,...,04—2) :=rsing H sin 0y,
k=1
d—2
x; =P;(r,$,01,...,04_2) :=1cosb;_o H sinf, 3 < <d.
k=i—1

The transformation ® : Q — R? is a C'*°-diffeomorphism, [8, X.8.8 Lemma), satis-
fying ®(Q2) = R? and
d—2
detDP(r, ¢, 01, ..., 0a—2) = (=1)r* "' [ (sin )"
k=1
Proof. First note that (A2), (A75) and componentwise integration yields for every
n>—1
/OO Tne—(4tA)71T2dr — /OO rne—Y(4tAA)7lY71T2dr
0 0

)

2

(4.38) :Y/ e~ (A gy —1 Y (4t )" Y !
0
T

n+l )
(22 )(4tA)%.

(1): From (4.24), (4.38) (with n = d — 1), the transformation theorem (with d-
dimensional polar coordinates) and (A75) we directly obtain for ¢t > 0

e~ Bt / ef(4tA)*1\¢\2d1/}
Rd

ol

K (), t)dip = (4t A)~

Rd

4 0o
R A
5) Jo

_d ons I (4
— (4ntA) 5e*BtF7(T;) (22)(41514)%:6*3%
2

(2): Now we must use d-dimensional polar coordinates. From the transformation
theorem we obtain

/ e~ @A Wl g,
Rd

TCOS¢HZ;§ sin 0, ,i=1
:/ e~ (W) Tsin¢HZ;f sin 0, ,i=2
@ rcosf;_o Hz;f_l sinf, ,3<i<d—2
- |detD®(r, ¢, 01, ...,04—2)|drdeddby - - - dOq—o

rcos¢]_[z;f sin 0, ,i=1
—-1,2 — . .
:/ e (AtA) Tsin(bnz:f sin 0, ,i=2
@ rcosf;_o Hz;f_l sinf, ,3<i<d-—2

d—2
U Isin 0k ]” drdgdfy - - dfg—o
k=1
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00 2m ™ ™
_ (/ pdg—(ata) dr) / / /
0 0 0 0

cos ¢ Hz;f sin O, HZ;? |sin 0 |* yi=1
sin [10_7sin 0y [T [sinfy,|*  ,i=2 dodby - - - dfg_s
costi o [1027 | sinby [T127 |sinfy* ,3<i<d—2

In case of i = 1 and 7 = 2 the ¢-integrals vanishes and in case of 3 <7 < d — 2 the
0;_o-integral vanishes, since using for example

(sina)n%;< Z >cos<(n2k) (afg)),neN,

we obtain

(439) / COSs 91',2 |Sin 9i72|i72 d9i,2 = / COS 91 2 SlIl 91 2) -2 d@i,Q =0.
0 0

Hence, we have for every i =1,...,dand t > 0

/ K(lﬁ, t)"/]zd’lp = (47Tt14)_% eiBt/ —(4tA) " |y|? Widip = 0.
R iy

(3): Finally, let us use d-dimensional polar coordinates once more. Similar to (2)
from the transformation theorem we obtain

/ e (4tA) ! |w|2wi¢jdw
Rd

o] 2m ™ ™
_ (/ A+ —(424) "y dr)/ / /
0 0
1

cos ¢ Hz;f sin 0, L 1=

d—2
sin(bnz;f sin 0, ,i=2 H |sin 0|
cosB;_o Hz;f_l sinf, ,3<i<d—2 | k=1
cos ¢ Hz;f sin 0, ,j=1
sin ¢ [T4Z7 sin 0, =2 dedby - -+ dbq_»

cos Hj,g HZ;§—1 sinf, ,3<j<d—2
d
_ = (4tA) Li=7
0  iFE ]
Accept the last equality, we first deduce from (4.38) with n =d + 1

> 1,2 I(42
(440) / rd+1€7(4tA) ™ dr = (22 ) (4tA)%+1
0

Moreover, for Rel > —1, a,b € Ny with a < b it holds

(4.41) H/ (sind) d9— ﬂ_%l"(l

I (

+
=

ba+1r(
=71 2
L' (

off
—

Let is first consider the cases i = j = 1 and ¢ = j = 2. Here we must use
27 2w
/ (cos ) d = , / (sing)’de =7
0 0
and (4.41) with a =3 and b=d

d—2 .x d=2 .x d  ox
H / (sin 6),)? |sin 04 |" d6), = H / (sin0)"*? dp = H/ (sin6)" do
k=170 k=170 =370

t\’J|

-
Lo|+
N
o
L\.’)‘—‘r
N
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r
d. Here we can deduce from (4.41) (with

Now, let us consider the case 3 <i=j <
=b=daswellasa=1i+1and b=d)

a=landb=i—-3,a=b=i—2,a

2m
/ 1d¢ = 2,
0

ﬁ/w Isin 0| do ﬁ/ﬂ (sing)F g = r7 LD _ T
k k= = i = i—1)
o i Jo r(5) (%)

k=
/ (COS 91'_2)2 |sin 91'_2|i_2 dei_g = / (1 — (sin 91'_2)2) (sin ei_g)i_2 d@i_g
0 0
™ ) Tf ) (T (=L T (&t
:/ (sin)" > d@—/ (sinf)"df = 7= ( = ) _ (142-2) ,
0 0 r(z) T

d—2 . d—2 .
H / (sin Gk)2 |sin 9k|k dby, = H / (sin 9)k+2 do
0 0

—~
~—

k=i—1 k=i—1
d n . 42
= H / (sin )" df = 7 o (d42—2) .
1=i+170 r (T)

Multiplying these four terms with (4.40) and using I'(x + 1) = zI'(z) we obtain

4 d
% (4tA)2+1. Next, we consider the cases 3 < i< j<dand 3 <j<i<d Let
w.l.o.g. ¢ < j, then the term from (4.39) vanishes. For all the other cases exactly
one term vanishes, namely

2m
/ sin ¢ cos ¢pd¢p = 0, if(i=1,j=2)or (i=2,j=1),

0

2
/cosqbdqbzo, if(i=1,3<j<d)or(3<i<d,j=1),
0

2
/sinqﬁd(b:O, if(i=2,3<j<d)or(3<i<d,j=2).
0

4.3. Some useful integrals. Under the assumption (A2) and with the notation
from Section 1.1 we define
1
1 d+1 3 »
(Kt)2 111 (T’ 5;’115)} ;

d 1 I (4L
Cy(t) =Cy M2 b0t {1F1< ; nt> +2 ( 2 )
2
d+1
_1 el d+1 1
Cs(t) =CoM 5" e (tamin) : [ (5 )1F1 <—;L ;§;Ht)
d

2’2 r (%)

ey 2 2
I (42 d+2 1
Co(t) =CoM = e (tamin) F((é))lFl 5 ,5,nt>
(%) 1 d+3 3 Sij o1 (4
+2 1—‘(%) (:‘it) 1F1 (T,§,Kzt)+7M 1F1 (57_7"<‘-‘t)
d
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with M := aj‘:;o 1, k= M >0,1<p<ooandn>0. In case of p= 0
the constants are given by C’4+|ﬂ‘( ) Wlth p= 1 for every || = 0,1, 2. Moreover, in
case of p = 1 it holds Cyy g (t) = CoC14 g (t). In order to show that the solutions of
the steady state problems for the Ornstein-Uhlenbeck operator decay exponentially,
see Theorem 5.14, we need the following Lemma. The upper bound for 1% can be

considered as the maximal decay rate.

Lemma 4.8. Let the assumption (A2) be satisfied for 1 < p < oo and K = C.
Moreover, let 0 < 9 <1, 0 eER, w:=w —by, A€ C wzthRe)\>w and 0 < n? <

19'1"(R87>‘pw) then we have
o 07
1 —Re A\t t dt < -
()/0 e TG S g
@)/ KM“%mﬁg——jé—?
0 (ReX —w)?

T \1-v 2 1—0
e D) (1 T (T (5 d11 9
o=t (1_0) <r(g) 2 (575@@)
I (4£2) 9 \* d—1_3 9 \\7
+2F(%)F()(1ﬂ) 2F1(_ 5 hy 119))

Proof. (1): From ¢y := Re A\ — w, Holder’s inequality (with % + % =land1<p<

2 2,2
), the transformation theorem (with transformation D(t) = a—ma’fo—m), formula

(4.30) (witha =24, b=2% 2 =sand a = &L, b= 2, 2 = 5) and formula (4.31)
2 2 2 2,2

; max — —1 — 1 — —Qmax
(Wlth o = 1, Cc = aocggn:‘nzpz L , @ = *d2 5 b =3 and o = % Cc = aocggn:;n2pz L )
a=—92 b =2 - note that because of (A2), ¢y > 0 and 7? < %% we have

Rec > 0) we obtain

/ e RNy (t)dt
0
d
00 2 b d
:/ 00 ( Amax > e—cot |:1F <_
0 Gmin@0 2
(4L +1 2 2.2\ 75
4 2 ( i ) < maxn p ) ( § Umax'l"P ) :| dt
I (5) 2 aq
d
2 2 o0 5
<C€ ( Umax ) (/ cotdt) (
Gmin@Q 0
et o0 3 1 9 1
+2 ( 3 ) / (amaxn p t) €_COt1F1 (d+ 7§, Amax "] p t) dt)
r (9 Jo ao 2’2 a

2

1 —1
1\ ¢ 2 2,2 0 __ageg d 1
_oonrt (L Binaxc1P” / ¢ By (L2205 ds
Co ap 0 2°2
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-1 1
[ (21) /g2 p2p? © L, _oaey_ d+1 3 z
+2 ( 2 ) (b’ / se a1 ——3Z;s ) ds
F(g) an 0 2 2

2 .22\ "1 poo ([ _age _
( <amax77 p ) / e (aanaxWZPZ 1)51F1 <u7 17 5> dS
apCo 0 2 2

oot () (00 N\ (LA L e
co) \aoco — a2, n*p? 2 7727 agco — a PP
d+1 1 1
) ( oD )22F1 (_d—2 33 anaap’ ))
r (%) apCo — arznaxn2p2 2 2°2 apCo — arznaxn2p2

Finally, to obtain C; we must use that o F is strictly monotone decreasing in | —oo, 0]
as well as the inequalities

1 a2 n2p? 9
apco — aZ, . n?p>  1—49 apco — a2, n?p>  1—19

(2): From ¢g := Re A — w, Holder’s inequality (w1th + 2=1land 1 <p< ),

the transformation theorem (with transformatlon D(t) = %), formula (4.30)

(witha=4L b=1 z=sanda= %2 b=3 2 =5) and formula (4.31) (with

_ 1 ._ aoc aﬁmxn P __dp_1 _ _ aoco—aj m’p®  _  d—1

a—i,C—W,a——g,b—ganda—l C—W,a——T,

b = 2 — note that because of (A2), ¢g > 0 and 7? < 1“0z we have Rec > 0) we
obtain

/ e ReM Oy (1) dt
0

d+1
:/OO c O\ e~ (ta % % d+1 1 a3 0Pt
0 ? Amin@0 mm r % 2 2 ao
T (42) (a2 Pt ? d+2 3 ah.n’rt\ )",
+2 4 1 Fy — t
I (2) ag 2 9 ag

&
o

£

-

T (4L 00 d+1 1 a2 2024
( ( ,21 )/ t%GCUt1F1< + ___amaxnp >dt
0

2 2 ag

I (42 2 2,2\ 3 oo dL2 3 a2 n2p’t 5
+ 2 ( 2 ) Amax"l™ P / 6760t1F1 + 2 Umax"P dt
r(4 ao 0 2 72 ao




40 SPATIAL DECAY OF ROTATING WAVES IN PARABOLIC SYSTEMS

e 1)%F(%)
=Cy 2 _

CO a’é’un
d+1 2 2.9\ 3 foo T A
( F( 2 ) (amaxn p ) ’ / 3_%6 <agna?c"%172 1) 1F1 (—C—l; l; _S) ds
CHTH\ ww ) U 2'2
d+2 2 2.2\ % poo _( _ageq s _ b
+ ) Fl( 2 )d Amax!]™ P > / e (a?na?m%pz 1) 1F1 <u, §’ S) dS)
T(3)T(5) \ aoco 0 22

1

_om (L %F(%)( aoCo )%

apCo — arznax772p2

(T g (d 11 ek
T (3) 272727 aoco — afax’p?
1 1
Lo L(52) o ?’P®  \? p(Ld=1 3 aha z
T (3)T(5) \aoco — afu?p® 2 7727 aoco — afa PP
Finally, to obtain Cs we use the same tools as in (1). O

5. THE COMPLEX ORNSTEIN-UHLENBECK OPERATOR IN LP(R? CV)
In this section we apply semigroup theory to the Ornstein-Uhlenbeck operator
[Lov] () := AAv(x) + (Sz, Vo(z)), z € RY, d > 2,
and characterize its maximal domain in LP(R9, CV).

5.1. Application of semigroup theory. Let us consider the Ornstein-Uhlenbeck
kernel of £y from Theorem 4.4 (with B = 0)

Hy(z,&,t) = (47rtA)7% exp (— (at4)~" ‘etsx - «5‘2)
and the family of mappings (7v(t)),, given by

Jga Ho(z, &, t)0(§)dé >0

€ R?
v(x) ,t=20

(5.1) [To(t)v] (z) == { ;
on the (complex-valued) Banach space (LP(RY,CV),|[|;,), 1 < p < oo. In
the scalar real-valued case, formula (5.1) is due to Kolmogorov, [34]. The next
three theorems show that the semigroup defined in (5.1) is strongly continuous on
LP(RY,CN), 1 < p < co. In order to show exponential decay of the solutions of the
resolvent equation via a-priori estimates, we have to prove the boundedness of Tj
and its derivatives up to order 2 in exponentially weighted norms.

Theorem 5.1 (Boundedness on LJ(RY, CN)). Let the assumptions (Al), (A2),
(A4) be satisfied for 1 < p < oo and K = C. Then for every radial weight function
6 € C(RY,R) of exponential growth rate n > 0 and for every v € LL(R?,CN)

(5.2) 10000y g ey < Cald) ol o oy < 10,
(653) DTl e cny < GO ol ppgacry 1> 0,i=1,....d,
(5.4) ||DjDiT0(t)UHL5(Rd1CN) < Cs(t) ||””L§(]Rd,(cN) ,t>0,4,5=1,...,d,

where the constants Cyyp)(t) = Cayip(t;bo = 0) are from Section 4.3 for every

18] = 0,1,2, i.e.
I (dxl d+1 ,
(55) 111 <L;§§’it)] )
2 2

)

N

d 1
Ca(t; b0 =0) =CyM? {1F1 <§, §;nt> +2 (kt)
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Cs(t; by = 0) =Co M T (tamm)”? [Fr(g) o (d; 1;%;%)
+2FF(Z%;) (kt)? 1 Fy %,g,m)};,

Co(t;bo = 0) =CoM = (tamin) " [FF(E) 1Py (d ;r 2, %;m)
+2FF(§) (Kt)? I %;g,mﬁ %M—l I3 (d,—,nt>
+6UM1FF(§) (kt)2 1 Fy (d; 1; ;,m ) r

2
In case p = oo they are given by Cyy )(t;bo = 0) withp = 1, where M := =2 > ]

Amin@0
|Bl+dt181-1 &
and K = % > 0. Note that Cyyp(t) ~ t T et as t — 0o and
Cyqip|(t) ~ =% ast—0 for every |8] =0,1,2.

Proof. Let v € LS(Rd,(CN ). In the following 8 € N@ denotes a d-dimensional
multi-index with |3] < 2 and we will use the notation

v a|ﬂ|:0 Hy 7|ﬂ|:0 K a|ﬂ|:0
Dfv ={ Dw 18l =1, DPHy = { D;H, 18l=1,Ks={ K" |g|=1
D;Djv |8l =2 D;DiHo ,|B] =2 K7t |p] =2

where i,7 = 1,...,d. Note that Hy(x,&,t) = H(x,&,t) since we have B = 0.
Moreover, in this proof K, K; and Kj; are given by (4.24), (4.26) and (4.28) with
B = 0. Toshow (5.2), (5.3) and (5.4) for 1 < p < oo we use (5.1), the transformation
theorem (with transformation ®(¢) = ez — ¢ in € and ®(z) = ez — ¢ in z),
(4.24), (4.26), (4.28), the triangle inequality, Holder’s inequality (with ¢ such that
5+ =1), Fubini’s theorem, (3.1), (W1)-(W2), Lemma 4.6 (1),(2),(3)

1
[0 Tateyl g = ( [ @) 10° aterd @ )
R4

/Rd 07 (z) /Rd [DP Ho(z,&,1)] v(€) ’ d:c)%

of )’
)

K8, tyv(et®x —
R

(

</]Rd </Rd ) [P, )], [o(e®a — v)| dy d:c)

< </}Rd (/}Rd |Kﬁ(¢,t)}2 dw>§ /Rd }Kﬁ(w,t)|2 (6(x) }v(etsz w)})pdﬂidz) »
(
g}
<

/Rd\Kﬁ bt |2d1/)) ( |Kﬁ (0, t |/ (e! zw)\)”d:cdw)p

/\Kﬂwtrzdw) ( !Kﬂwt!/ 0" (y + ) oy >|)”dydw)p

/\Kﬁ Ut |2d1/)) ( Cge"P|¢||Kﬂ \/ dedu;)
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<Cy (/RJKW”’W) p (/Rdewwyw }de) o]l

SCuyip)(t;00 = 0) v 1z

fort > 0,if |3| = 0 and for ¢t > 0, if || = 1 or |B| = 2. Similarly, to show (5.2), (5.3)
and (5. 4) for p = oo we use (5.1), the transformation theorem (with transformation
O(¢) = etz — ¢ in € and ®(x) = etz — 1 in x), (4.24), (4.26), (4.28), the triangle
inequality, (3.1), (W1)-(W2), Lemma 4.6 (1),(2),(3) and obtain

HDﬂTO —esssup9 ’DB To(t)v] (x )’

xT€

ofl e

=esssup 0(x) /Rd [DﬂHo(x ] df’

reR4

=esssup 0(x) K2, tyv(ex — 7/1)d1/1‘
reR4 R

<esssup 0(z) ’Kﬁ(w,t)’2 ’U(etSZE - w)‘ dy
zeRd JR4

g/ esssup f(x ’K wt’2’?}€ r—1 )‘dQ/J
R?  z€Rd

:/ (K2, 1)], esssup (e ™ (y + 1) |o(y)| dy
R4 yeRd

<Co ([ e 1P @.0]300 ) Plly < Covia(tbo =0) ol
O

Theorem 5.2 (Semigroup on LP(R? CV)). Let the assumptions (A1), (A2), (A4)
be satisfied for 1 < p < oo and K = C. Then the operators (To(t))t20 given by

(5.1) generate a semigroup on LP(R? CN), i.e. Ty(t) : LP(R?, CN) — LP(R? CN)
is linear and bounded for every t > 0 and satisfies the semigroup properties

(5.5) To(0) =1,

(56) To(t)To(S) = To(t + S), Vs, t >0

Proof. The boundedness of Tp(t) in LP(R?, CV) for every t > 0 can be deduced
from (5.2) (with @ =1, n = 0, Cp = 1). The linearity of Ty(¢) and property (5.5)
follow from the definition of Ty(¢) in (5.1). Property (5.6) can easily be verified
by using (5.1), Lemma 4.5 (with B = 0, i.e. with Hy instead of H) and Fubini’s
theorem

[To(t) (To(s)0)] (@) = | Ho(a, &) [To(s)v] (€)dE

Rd

= Ho(xvgv t) Ho(g,é,s)’v(g)dgdg

Rd Rd
= [ [t &0 Ha(E g e
Rd JRd
:/ Ho(x,&,t + s)v(€)dE = [To(t + s)v] (z), x € R4
R
(|

The next theorem states that the semigroup (7o(t)),s is strongly continuous on
LP(R?, CN) for every 1 < p < oo, which justifies to define its infinitesimal generator.
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Theorem 5.3 (Strong continuity on LP(R?, CV)). Let the assumptions (A1), (A2),
(Ad) be satisfied for 1 < p < oo and K = C. Then (To(t)),5, is a CP-semigroup

(or strongly continuous semigroup) on LP(RY,CN), i.e.

(5.7) 1%1 I To(t)o — vl| Lo (ga vy = 0 Vv € LP(RY,CY).

Proof. 1. Let us define the (d-dimensional) diffusion semigroup (Gaussian semi-
group, heat semigroup)

_ /R Ho(e "5y, € u(e)d
(5.8)

= /Rd (47TtA)7g exp (f (4tA)71 ly — §|2) v(§)d§

then we have [Ty (t)v] (z) = [G(t)v] (e*°x). Let 1 < p < co. Motivated by [25], w
consider the decomposition
+ H’U(etS

’ HLP - vt ||LP

=:oi(, )HLp + Hvz(ut)lle

Here and in the sequel of the proof we abbreviate ||-[| 1, ga cvy by [|]| 1o-
2. First we compute the vi-term. Therefore, we use the transformation theorem
with ®(x) = e*“r and consider the decomposition

ITo(6)0 = vl < [[[GE)] (e15-) — (e

o1l = [IGOR] (€5 o), = 1GERI ) o0
<| [ s oo -] | ([ e o) oo
= Ios (Dl + IoaC Dl

3. Let us consider the v4-term. Using the transformation theorem (with transfor-
mation (&) =y — §) and Lemma 4.7 (1) (with B = 0), we obtain

[[0a 5 )l Lo

(LI
(LI
(

TN
dy)

[ty e (= ()~ - ) s - IN) o(y)

» ¥
dy)

Ho(e~"Sy, €., t)de — IN) o(y)

=

p
dy>

K, t)d — IN) o(y)

Ky, t)dip —
]Rd

= Iy — Inly 0], =0 for t>0.

[0ll £
2

4. The vs-term is much more delicate: First we need the following integral for
bo = 0 and some constant g > 0, compare proof of Lemma 4.6,

[ K,

[¥|>80

< / (47Ttamin)__
[4[ =80

4
d 2
4 ot 2

(4t e
= (47tamin e / ré—le 4tad dr
F(%) b0

—bot— |1/J|2

4ta

dyp
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2 ¢ o
= (e ot 2 / L sl ds = O(t,6
() T )t ¢ BT

2
tamax

where we used the transformation theorem (with transformations for d-dimensional
1

polar coordinates and ®(r) = (ﬁ)a r). Note, that C(t,00) — 0 as ¢t — 0

for every fixed 09 > 0. Using the transformation theorem (with transformations
D(&) =y — & and P(y) = y — 1), the triangle inequality, Holder’s inequality (with
q such that 1 + % = 1), Fubini’s theorem, the LP-continuity from [7, Satz 2.14(1)],
(4.24) and Lemma 4.6(1) (with n = 0 and by = 0) we obtain

N
dy>

l[oa (5 D)l Lo

_ ( /R d /R Ho(e™%y,6,6) (o(6) — v()

( [ amt) exp (@A) y = %) (09) ~ v(w)

( pdy)%

(L. (/ K@)y oy — ) - v<y>|dw)pdy);

( L ([ 1w ww)% [ 1o, |v<y—w>—v<y>|”dwdy>
-

-

-

P ¥
dy)

K(lﬂ, t) (v(y — ) —v(y))

=

/Rd e >q </Rd e /Rd [u(y — ) —v(y)” dydw);
oo |2d¢>q (/R K@, 0) (- =) = o0l dw)g
/ o Wp) </w<ao K1)l [Jo(- =) = v() [ do

) /m, K1)l [lo(- =) = v() dw)%

% b
SURLCEEONE: [ s Ol

w270 [ ROl (o~ Dl + ol7) W)
[t =60

<( [ wnnae)” (e [ 1o o2 [ 0ol )

<CY (1) (5C1 () + 27 C(t, 60) vll70)

Hence, limy—q [lvs (-, )| » < £0C1(0) = coM?%. Now, choose g9 > 0 arbitrary small.
5. Finally, let us consider the va-term. Let ¢ > 0. Since C°(R?, C¥) is dense
in LP(RY,CN) wart. |||, for every 1 < p < oo, see [7, Satz 2.14(3)], we can
choose ¢, € C(RY, CV) such that [|v — ¢.[|;, < £. Since p. € C(RY, CN), o,
is uniformly continuous on supp(¢e), i.e.

S =

Vep > 03y = do(ep) > 0V, xo € supp(pe)
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with |2 — 0| < do 1 [pe(z) — @=(20)| < €0

52 we have

Choosing zg := ¢!
Jto =to(do) > 0VO <t <to: [ez— x| < do

Thus, choosing ¢ := ¢ (3 |supp(<p5)|%) and combining this facts yields

p

H‘Pe(ets') - 908(')HLp = (/ "Pe(etsx) - ‘Ps(x)’p> <e VOLKtEL tO(E)'
supp(¢<)
This implies

o2, )l o = Ju(e™™) = v()][,

<o) = g€ Ly + lee() = 0Ol 1o + llpe() = 0Ol o
e € €
<o+t = vVO<t<t .
3 + 3 + 3 £ 0(5)
Hence, lim;_¢ ||v2(-,t)||;» < €. Now, choose € > 0 arbitrary small. O

Now, the infinitesimal generator A, : D(4,) C LP(RY,CN) — LP(RY,CYN) of
(To(t)) ;0 in LP(RY,CN) for 1 < p < oo, short (A4,, D(A,)), can be defined by,
[28, T1.1.2 Definition],

T _
Apv :=lim M

, 1<p<oo
10 t P

for every v € D(A,), where the domain of A, is given by

D(A,) = {u € LP(R'.CY) |lim To®v—v

={ve LP(RY,CN) | Apv € LP(R%,CN)} .

exists in LP(R, (CN)}

Note that D(A,) is a linear subspace of LP(R? CV). Moreover, from [28, II.1.3
Lemma, I1.1.4 Theorem], we obtain the following result:

Lemma 5.4. Let the assumptions (A1), (A2), (A4) be satisfied for 1 < p < oo and
K=C.
(1) A, : D(A,) C LP(RL,CN) — LP(RY,CN) is a linear, closed and densely defined
operator that determines the semigroup (To(t))t20 uniquely.
(2) For every v € D(A,) and t > 0 we have

To(t)?} S D(Ap)

d
£T0(t)v = To(t>Ap’U = ApTo(t)’U

(3) For every v € LP(RY,CYN) and every t > 0 we have

/Ot To(s)vds € D(A,)

(4) For every t > 0 we have

t
To(t)v — v :Ap/ To(s)vds , forve LP(RY,CN)
0

t
:/ To(s)Apvds , for v e D(Ap)
0
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Since (Ap, D(A,)) is a closed operator on the Banach space LP(R?, CV) for 1 < p <
o0, we can define

o0(A4,) :={X € C| X — A, is not bijective} spectrum of A,
p(Ap) :=C\o(4,) resolvent set of Ay,
RN\ Ap) =M — Ap)*1 , for A € p(4,) resolvent of A,.

The next identities follow from [28, I1.1.9 Lemmal].

Lemma 5.5. Let the assumptions (A1), (A2), (A4) be satisfied for 1 < p < oo and
K = C. Then for every A € C andt > 0,

t
e MTo(t)w —v = (A, — \) / e MTy(s)vds , forv e LP(RY, CN),
0
t
:/ e MTy(s) (Ap — M) vds , for v e D(A).
0

By (5.2) from Theorem 5.1 (with 6 = 1, 7 = 0 and Cy = 1) we have
(5.9) Jwo €R A IMo>1: | To()]l popo oy < Moe™® Vit >0,

Amin@0

d
where My := ( D ) * and wo := 0. For the next statement we refer to [28, I1.1.10

Theorem).

Theorem 5.6. Let the assumptions (Al), (A2), (A4) be satisfied for 1 < p < oo
and K = C.
(1) For every A € C such that R(\)v := [~ e *Ty(s)vds exists for every v €
LP(RY,CN) we have

A€ p(Ap) and R(\Ap) = R(N).
(2) For every A € C with Re A > wg we have

A€ p(4y), R\ A,) =R

and

My
IR Ap)ll oy < Rod—wy’
A direct consequence of Theorem 5.6 is the following:

Corollary 5.7 (Solvability and uniqueness in LP(R? CN)). Let the assumptions
(A1), (A2), (A4) be satisfied for 1 < p < oo and K = C. Moreover, let A € C with
Re\ > wo. Then for every g € LP(R?, CN) the resolvent equation

M—-A)v=yg

admits a unique solution v, € D(A,), which is given by the integral expression
o0
vy = R(\)g :/ e M Ty(s)gds
0

_ / e / Ho (€, 8)g(€)déds.
0 Rd

Moreover, the following resolvent estimate holds

My

el Lore,cmy < goy—or

— o ||9HLp(1Rd,<cN) :

For the next statement we refer to [28, II.1.11 Corollary].
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Corollary 5.8. Let the assumptions (A1), (A2), (A4) be satisfied for 1 < p < o0
and K = C. Moreover, let A € C with Re A > wg. Then, for every n € N and every
v e LP(RY CN) it hold
(_1)n dn—l
(n—1)"! dx»—1
1

:m /0 " Le AT (s)vds

R\, Ap) v = R\, Ap)v

and the estimate
My
(Re A — wp)™’
Let us now define the spectral bound s(4,) of A4,, [28, II1.1.12 Definition]:

—o00 < 5(4p) = sup ReA<wy=0<+00
A€o (Ap)

||R(>‘a Ap)”HL(LP7LP) g

5.2. A core for the infinitesimal generator. Let 1 < p < co. A subspace D C
D(A,) of the domain D(A,) of the linear operator A4, : D(A,) C LP(R? CY) —
LP(R,CN) is called a core for (A,, D(A,)) if D is dense in D(A,) with respect to
the graph norm

[0l 4, = 1 Ap0ll o e cny + 10l Logaeny s v € D(Ap),
see [28, 11.1.6 Definition]. The next theorem states that the formally defined
Ornstein-Uhlenbeck operator L£j, which was defined only for smooth functions,

and the infinitesimal generator A, of the Ornstein-Uhlenbeck semigroup coincide
on the Schwartz space S. Moreover, the Schwartz space is a core for (A,, D(Ap)).

Theorem 5.9 (Core for the infinitesimal generator). Let the assumptions (Al),
(A2) and (A4) be satisfied for 1 < p < oo and K = C. Then:

(1) S ¢ LP(R4,CN) is dense for the LP-norm Il Lo g,y -

(2) S is a subspace of D(Ay), i.e. S C D(A,) and App = Lo for every ¢ € S.
(8) S is invariant under the semigroup (To(t)),sq, i-e.

To(t)S C S for every t > 0.
(4) S € D(A,) is a core for (A,, D(Ap)), i.c.
D(A,) =54 = pr

max*®

This is an extension of the real-valued scalar result in [42, Proposition 2.2 and
3.2] to complex valued systems. The details have still to be filled in and will be
discussed in the appendix.

5.3. Characterization of the maximal domain (Part 1). In this subsection
we characterize the maximal domain D(A,) = DF, . of the infinitesimal generator
A, : D(A,) C LP(RY,CN) — LP(RY,CN) of the semigroup (To(t)) ;>0 and the
infinitesimal generator A, itself. Assuming in addition 1 < p < oo and the LP-

dissipativity condition (A3) for Ly, we show that the domain DF, . coincides with

DP(Lo) = {v e W2P(RE,CN) N LP(RY, CN) | Adw + (S-, Vo) € LP(RY, CN)}

loc

- {v e W2P(RY,CN) 0 LP(RE, CN) | Lov € LP(Rd,(CN)} :

loc

where Lov is meant in the distributional sense, i.e. Lov € LP(RY, CV) if and only
if there exists u € LP(R?, C¥) such that

| EAT@ vwyde = | B u(whds i € C2(RYRY)
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L§ denotes the formal adjoint operator of £y and is given by

[Liv] (z) = AY Av(z) — (Sz, Vo(z)) — Tr(S)v(z),

with A¥ = A", We then conclude that the infinitesimal generator A, and the
Ornstein-Uhlenbeck operator £y coincide on DP(Ly). For this purpose, it will be
sufficient to verify the closedness of Lo : DP(Lo) — LP(RY,CY) and the unique-
ness of the resolvent equation for Ly in DP(Ly). The following Lemma shows the
closedness of Ly. A proof for the real-valued case can be found in [42].

Lemma 5.10. Let the assumptions (A1), (A2) and (A4) be satisfied for 1 < p < oo
and K = C, then the operator Lo : DP(Ly) — LP(RY,CN) is closed in LP(R?, CN).

Proof. Let (vn),ey € DP(Lo) be such that v, converges to v € LP(RY, CN) w.r.t.
|-l ;» and Lov,, converges to u € LP(RY,CN) w.r.t. ||-]|,,, then we obtain
e — _ T
/ [Lie] (2) v(x)dr = lim (il (2) vy (x)da
Rd n—r oo Rd
= lim <p(:c)T

n—roo R4

[Lovn] (a)da = /R d (@) u(z)dr ¥y e C®RERN),

Hence Lov € LP(R? CN) and Lov = u. v € W2P(R?,CN) follows by local elliptic

loc

regularity, see [30]. We conclude v € DP(Ly), thus Ly is closed. O

In order to prove uniqueness of the resolvent equation for £y we need the following
Lemma. This is the scalar complex-valued version of [43, Lemma 2.1].

Lemma 5.11. Let Q C R? be a bounded domain with a C?-boundary or Q = R?
and v € W22(Q,C) N W, *(,C). Moreover, let n € C}(Q,R) be nonnegative and
a € C with Rea > 0. Then for 1 < p < oo it holds

d
—Re / no |v|]g*2 alv =Re / |1)|]Df2 Z D;navD;v
Q Q

i=1

d
+Re(p—1a [ 0l 3 Dol xgum

i=1
d

—Re(p— 2)ai/ n v~ Z Im (vD;0) TD;vX {v£0} -
Q i=1

Proof. We only provide the proof for Q C R? bounded and 2 < co. In case Q = R?
integration by parts yields no boundary terms due to decay at infinity and the case
1 < p < > can be treated in an analogous way.

Let Q ¢ R? be bounded and 2 < co. First note that we obtain from z +Z = 2Re 2

for every v € C and p > 2
21
()" i (1)

Di (o) =i ( (1)) = &
(5.10) :]‘2) 0[P [(D0) v+ 7 (Dw)] = g v]P 2 [W‘FE(DW)}

=p|v|’"? Re (TD;v)

Note that this formula holds also for every v # 0 and p > 0. Using Rez = ReZ and
Re z = z — ilm z this implies for every v # 0 and p > 2

D (we"™) = (D) [~ + 7D, (o)

= (D) [v["~* + (p — 2)T|v[""* Re (TD;v)
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= (D) [P + (p — 2)T [v["* Re (vDyv)

) [0]P 72 + (p — 2)7 ||~ [vDjv — ilm (vD;v)]

) [ 72+ (p=2) [o["* Dyv — (p — 2)iw[0["~" Tm (vDyv)
=(p—1)[o["*(D®) = (p — 2) [o["~ " iWIm (vD;v)

Multiplying aAv from left by nv |v|” ~2 integrating over (), taking real parts and
using integration by parts formula we obtain

d
—Re / 7o |v[P 7 alv = —Re / nﬁ|v|p72aZD?v
Q Q i=1
d d
=—Re Za/ 7o [u|P~? D?v = Re Za/ Di(n |v|P~*) Dy
i=1 /O - e
4 2 < 2
_ 5 1o [P = 1P
Re ; a/Q(Dm)v [v]""" D;v+ Re ; a/QnDz(v [v|""")D;v
d d
=Re ) O‘/(Dmﬁ |0["~* Div+Re (p — 1) ZO‘/ n[o"~* DivDivx (ur0}
=1 7O i=1 /O

d
—Re(p—2) Z ozz'/ no |v|]g*4 Im (vD—w) Divx {v20
i=1 Q

d

d
:Re/Q|“|p722(Dm)a?Div+Re(p*l)a/invl’O72Z|Di“|2X{v¢0}

i=1 i=1

d
—Re(p— 2)ai/ n |v|’974 Zlm (vD;v) DD X {vot0}
Q

i=1

O

We are now able to prove the uniqueness of the resolvent equation for the Ornstein-
Uhlenbeck operator Ly in DP(Ly). The main idea of the following proof comes from
[43, Theorem 2.2] for the scalar real-valued case. For the the maximal domain of
the scalar real-valued Ornstein-Uhlenbeck operator we refer to [43] and [51] for the
LP-spaces and to [44] for the LP-spaces with invariant measures.

Theorem 5.12 (Uniqueness in DP(Ly) — Resolvent Estimates). Let the assump-
tions (A1), (A2), (A3) and (A4) be satisfied for 1 < p < oo and K = C. Moreover,
let A € C with Re A > wq and let v, € DP(Ly) denote a solution of

(M —Lo)v=g

in LP(RY,CN) for some g € LP(R?, CN). Then v, is the unique solution in DP(Ly)
and satisfies the resolvent estimate

1
HU*HLP(Rd,CN) g Re)\ — wo ||gHLP(]R'i7(CN) .

Remark. (1): The LP-dissipativity condition from (A3) for the complex Ornstein-
Uhlenbeck operator £y comes originally for the scalar case with N = 1 from [22].
There it was shown, that the diffusion part LI of L is dissipative in LP(R?, C) if
and only if (A3) with N =1 is satisfied.

(2): In the scalar real-valued case, i.e. a, A € R with a > 0 and A > wy, the solution
vy is real valued and hence the dissipativity condition (A3) can be dropped, since
Im (v, D;Uy) = 0, see 4th term in step 3 of the proof.
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(8): For p = 2 the LP-dissipativity condition is automatically satisfied for both the
real-valued and complex-valued case.

Proof. 1t is sufficient to consider only the scalar case with N = 1. Assume v, €
DP (L) satisfies

(5.11) M —Ly)ve =g
in LP(R4,C) for some g € LP(R4,C) with 1 < p < co. Let us define

1 zl <1
X
m(@) =0 (%), neCP®LR), n) = €0,1], smooth 1<z <2.
0 , ) =2

1. Multiply (5.11) from left by n27; [v,|"~* and integrate over R%, 1 < p < 0o

d
/ 0 o P2 g :A/ 0 [ol — 0‘/ n? <Z Df”*) e
Rd Rd Rd -

=1

d
- ; S iDi* Uy *p_Q-
/}Rdnn<2< ) v>v|v|

=1

2. Taking real parts yields

d
Re/ n? v P Trg Re/\/ n2 |v.|” — Re a/ n? ZD?’U* o L
R Rd —

=1

d
—Re </]Rd n <Z(Sz)iDiv*> E|v*|p2> .

=1

3. Note that S € R®? —S§ = ST the integration by parts formula and (5.10) imply

1 2 d P _ 1 23 p
o= [ (Z S) o = 5 [ v (S0) o

1 2 d p _ p
];/Rdnn( D ((Sa); >|v*| Z/ BD: (52)) v
—— 2> [ i) (s0) |v*|pf—2/ R (S0):D: ()

2 , , B s
= — 5 ; /]Rd nn(Dznn)(SZ')z |’U*| - ; /]Rd nn(SSC)ZRe (U*Div*) |’U*|

2 d , , d o
- 5/ n (Z(Sx)z(Dmn)> [v.]” = Re /Rd U <§ (Sz)ti*> T [ue” 7

=1 i=1

Applying Lemma 5.11 (with Q = R? and = n2) we obtain

Re / N
Rd

d
>Re)\/ n? [ve|? + Re / a <Z D; (n2) Div*> N L
Rd Rd

i=1

d
+Re(p— 1)a/ n? <Z |DiU*|2> |U*|p—2
Rd i—1
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d
—Re(p— 2)ia/ n2 (Z Im (v, D;vy) Div*> ol N L
Rd

i=1

d
— R . Sa); Div, | T [v. P2
e/Rdnn(E ) v>v|v|

i=1

d
:Re)\/ n? |U*|p+Re/ 2amy, <Z(Dmn)(Div*)> Tr [0, P2
Rd Rd

i=1

d
+ (Rea)(p—1) /Rd n? <Z |Div*|2> |v*|1’—2

d
—Re(p— 2)ia/ n? (Z Im (vsD;vy) Div*> Uy |’U*|p_4
Rd

i=1

2 d P
22 (;wxwmn)) ]

4. Putting the 2nd, 4th and 5th term on the left hand side yields

d
ReA/ ni|v*|p+(Rea)(p—1)/ 0 <Z|Div*|2> Jv|P 2
R4 Rd =1
d
<Re / 77721 |'U*|p72 7xg — Re / 2amy, <Z(Dz77n)(Dzv*)> E|U*|p72
R4 R4

i=1

d
+Re(p— 2)ia/ 77,21 (Z Im (v, D;Ty) Div*> Ty |v,k|pf4
Rd

9 d
_ ];/]Rd M (Z(S.T)z(Dznn)) |U*|p

For the Ist term we use Rez < |z| and Holder’s inequality (with ¢ such that
11

241 = 1)

Py

fte / o Joul" g = / s [P Re (29)
R Rd

D

5 4 2(p—1) 1 —1 P% 2 p %
< [ bl < /(n o ]? ) (/ (nfz |g|))
Rd Rd Rd
p—1 1
P P
< / n,%mv)) < / ni|g|P>
R4 R4

For the 2st term we use Rez < |z|, Holder’s inequality (with p = ¢ = 2) and
Cauchy’s inequality (with & > 0)

d
— Re / 2amy, <Z(Dmn)(DiU*)> vy [, [P
Rd i—1

d
<l [ . (Zlen| |Div*|> i
R i=1

2| d
o lirlh, oo Z/ i [ Dy o P!
n i=1 Rd
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1 1
2 2
( / nilDw*IQIU*Ip_2) (/ |v*|P)
Rd Rd

Zoll dlod ]
e Z/ e T
Zolb dlod ]
e Z/ D e AL

Here we used that for every x € R and i =1,...,d

D)l =D (1 (2))] = o (D) ()] < - max max | Din(y)| = =22

n i=1,...,d yeRd n

For the 3st term we use Re (icz) = —ImaRez — Realmz, Imz = —Imz for
z =Ty D;iv, and x < |z

d
—Re(p— 2)ia/ n? <Z Im (veD;Uy) Div*> Uy |’U*|p_4
Rd

i=1

d
=—(p— 2)/ n? v, P Z Im (vsD;v5) Re (10U, D;vy)
R i=1
d

~(Rea)p=2) [ oo Y (m (0,07

i=1

d
+ (Ima)(p - 2) / i [os"~* DT (0. D7) Re (T:Diws)
Rd

i=1

d
<Rea)p=2) [ ol Y (0. D7)

i=1

Flimallp=2| [ gl S o (D00 [Re (D)

i=1

For the 4st term we use that n,(x) = 0 for |z| > 2n and n,(x) = 1 for |z| < n
Hence D;ny(z) = 0 for |z| < n and we obtain

d

2
-2 [ (Z(Szwmn)w Z / o |(S2).] (D 0,17
=1

9 d

== Z/ 1 |(S2)i] | Dina| [04]” < 2d[S| ||77H1,oo/ CH
pe n<|z|<2n n<|z|<2n

=1
The last inequality is justified by 7, (z) < 1 and
1 T 1 x
(52l 1D ()] = — [(S2)il [(Dem) ()] < = 15l [(Dan) ()]

1
<—< sup |5w|> max maXIDm(y)Ku( sup IfcI) 17711100

N\ ng|z|<2n i=1,...,d yeR? n n<|z|<2n
=2[S]Inll; o -
Altogether, we obtain

d
Re)\/ 02 |ve]? + (Rea)(p — 1)/ n? <Z|Dw*|2> |U*|p—2
R ke i=1
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1
p 5 ol nll, e & )
<( / niw) ( / ni|g|P) e e N B
Rd Rd n 1 Rd

2dla L
+ S [ s (Rea)p-2) [ a2 Pt [ (0. D7)
R4 Rd

i=1

4dne

d
+ Ima|p -2 / 72 [07 S lm (T Diwy)| [Re (@7 Divs,)|
]Rd

i=1
c2lS il [ el
n<|z[<2n

5. Let n — oo, using Re A = Re A —wy > 0 and Rea > 0, use that if 0 < f,, < g
then lim, . f, < lim,_ o g, and that the last integral from step 4 tends to 0
(since v, € LP(R?,C)) we obtain

d
(Re X —wp) /]R'i [oi]” + (Rea)(p — 1) /]R'i <Z|Dw*|2> |U*|p—2

<(Lomk) T (Lr) + Gearo—2) [ o S im (oo

i=1
d

+mallp-2] [ oY i @D, [Re (52D
Rd

i=1
6. Putting the last two terms on the left hand side and using (A3) yields

(Re = ) [0 gy = (ReA—w0) [ JunP
Rd

d
<Rer-w) [ o+ [ oY [(Rea)o - ) mDi?
R¢ R4 i—1

~ (Rea)(p - 2) [Im (v.Dw)|* — [Ima| |p — 2| |Re (2D, )| [Im (2. D;v,)|

d
:(Re)\—wo)/Rd [ve|? + (Rea)(p — 1)/Rd <Z|DW*|2> v, P2

=1

d
~(Rea)p—2) [ [0S i (0. D)l

i=1

d
~ ol [p=2] [ o™ Y flm (@Diwn) [Re (7:Div.)|
Rd

i=1

p—1 1
P P
—1
< (/Rd |v*|p) (/Rd |9|p) = Il Zo e ) 191 Lo ga )

To accept the first inequality, let us abbreviate z = 7, D;v,. Using (A3) we can
show for every z € C

(Rea)(p —1) |2)* — Rea)(p — 2) Im z|> — |[Im o |p — 2| |Re 2| [Im z| > 0.

(Rea)(p—1))

N

Therefore, let us define the positive constants a : and b :=

(Re a)%, then we have for every z € C
(Rea)(p —1) |=* = (Rea)(p — 2) [Im 2| — [Ima| |p — 2| [Re 2| [Im 2|
=Rea)(p—1)[Rez” + (Rea) [(p = 1) = (p — 2)] [Im 2|” — Im | [p — 2| [Re 2| [Tm |
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=Rea)(p —1)|[Rez|> + (Rea) [Im z|* — [Ima| |p — 2| |Re 2| |Im 2|
= (a|Rez| — bIm z|)* + (2ab — [Im | |p — 2|) [Re z| [Im 2|

The first term is nonnegative without any restrictions. In the second term the co-
efficient (2ab — |Im «a |p — 2|) coincides exactly with the LP-dissipativity condition
for Ly from (A3). Hence, also this term cannot be negative.

7. Using Re A — wg > 0 once more and dividing both hand sides by Re A — wg and
by ””*”Z;(lle,C) we end up with

1
HU*HLP(]R”Z,(C) < Re N — wn @o ”gHLP(]R'i,(C) :

8. To show uniqueness in DP(Ly), let both uy, v, € DP(Ly) be a solution of
(M —Lo)uy=9g and (M —Lyv.=g

in LP(R4,C). Then w, := vy — uy € DP,,.(Lo) is a solution of (A — Lo)w, = 0
in LP(R9, C). From the resolvent estimate we obtain ||w,||,, < 0, hence u, and v,
coincide in LP(R4, C). Since uy, v4 € DP(Ly) and DP(Ly) C LP(RY,CN) we deduce
that v, = u, in DP(Ly). O

The next theorem gives us a complete characterization of the infinitesimal generator
A, and its maximal domain D(A,) in LP(R4, CV) for 1 < p < oc. It shows that A,
is the maximal realization (or maximal extension) of the complex-valued Ornstein-
Uhlenbeck operator Lo in LP(R?, CV) for every 1 < p < co. The main idea for the
first part of the proof comes from [42, Proposition 2.2 and 3.2].

Theorem 5.13 (Maximal domain, Part 1). Let the assumptions (A1), (A2), (A3)
and (A4) be satisfied for 1 < p < oo and K = C, then it holds D(A,) = DP(Ly),
where DP(Ly) is given by

DP(Ly) = {u e W2P(RY,CN) (1 LP(RY, CN) | ALw + (S-, V) € LP(Rd,CN)} .

loc

Proof. C: Let v € D(A4,). Since S is dense in D(A,) with respect to the graph
norm |||, by Theorem 5.9(4), we have

3 (Vn)pen CS 1 llvn — vy, = 0asn— occ.
This yields
lvn — ||, = 0as n — oco.
and using Theorem 5.9(2)
|Lovn — Apv|l 1, = [[Apvn — Apvl|,, — 0 as n — oo,

where A,v € LP(R?,C) because v € D(4,). Since obviously S C DP(Ly), we have
(Un)pen C DP(Lo) and we deduce by the closedness of Lo : DP(Lo) — LP(R?,CN)
from Lemma 5.10 that v € D(Ly) and Lov = A,v.

D: Let v € DP(Ly). Choose A € C with Re A > wy and define g :== (A — Lo)u €
LP(R4,CN). Then Corollary 5.7 yields a unique solution v, € D(4,) of (\[ — A,) v, =
g. Since D(A,) C DP(Ly) we conclude v, € DP(Ly) and since Apu = Lou for every
u € DP(Ly) we have

(M —Lo)vy=¢g and (M —Ly)v=yg.

From the uniqueness of the resolvent equation for £y from Theorem 5.12 we deduce
v = v,, thus v € D(A4,) and Lov = A,v. O
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5.4. Exponential decay.

Theorem 5.14 (A-priori estimates in LY(R? CV)). Let the assumptions (Al),
(A2) and (A4) be satisfied for 1 < p < oo and K = C. Moreover, let 0 < 9 < 1
and X € C with Re X\ > wg. Then for every radially nondecreasmg weight function

0 € C(RLR) of exponential growth rate n = 0 with 0 < ﬁm’(;eik;;%) and for
every g € LH(R?,CN) we have v, € W, PR, CN) with
Cr
(5.12) [oxll L2 (R ey <m 91l Lz @a,cvy »
5.13 D; <L =1 d
( . ) H ZU*HLIQ?(Rd,(I:N) X (Re)\ ~ wo)é ||g||Lg(]Rd7CN) yt=1,...,4,

where v, € DP,.. denotes the unique solution of (\ — A,)v = g in LP(RY,CN)
and the A-independent constants C7, Cys are given by Lemma 4.8 (with by = 0 and
w=uwp).

Proof. By Corollary 5.7 we have the representation

(5.14) wlo) = [T [ oo g na(eracar.

where Hy(x,&,t) = H(x,§,t) since we have B = 0. In the following we make use of
the notation from Theorem 5.1 once more. To show (5.12) and (5.13) for 1 < p < 00
we use (5.14), the transformation theorem (with transformation ®(¢) = ez — ¢ in
¢and ®(z) = e"®x—1) in z), (4.24) and (4.26) (with B = 0), the triangle inequality,
Holder’s inequality (with ¢ such that % + i = 1), Fubini’s theorem, (3.1), (W1)-
(W2), Lemma 4.8 (with by = 0 and w = wp) and obtain for every 8 € N¢ with
6] €{0,1}

D%, = ( L o@Dt ao)
=(/w

e ™ | [DPHy(z,&,t)] g(¢)dédt

d:c)é

( e 9 K2, t)g(e"a — o)dypdt dx);
oo 50

/OOO —Re At (/Rd (/Rd 0(x) | K2 (v, 1)), ‘g(etsxl/fﬂdw)pdx)%dt
/OOO —Re At (/ Z%(t) /Rd ‘Kﬁ(w’t)b (6() ‘g(etsx—lﬁ)’)pdwdx)pdt
/0°° TN 7 (/ |KP(v,1)], / x) |g(e! CE?/))Dpdxdw)%dt

/000 ez ( !Kﬁ (¢t \/ (e y+¢))|g(y)|)pdydw);dt

/oo Ry ( Cgenp\w\|KB(¢,t)‘2/ ep(y)|g(y)|pdyd1/))5dt
0 .

/0 ReAtCG</ ‘Kﬁ(q/,’t)bdq/)) (/Rdenpw‘m |2d1/)) dtliglpy

Rd

/N

KP (g, t)g(ex — o)

Rd

/N

-

N

/N
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oo C7+|ﬁ\
g/ e Cy (1500 = 0)dt|lgl 1y < ———"—7 llgllz -
0 (Re)\ — wo) 2

where we used the abbreviation

Z(t) == /Rd |KP (1, 1)], dip.

Remark. Theorem 5.14 states for § = 1 (with n = 0 and Cy = 1) that
P

max

c WhP(R,CV), for every 1 < p < oo.

Remark. In the proof of Theorem 5.14 it is in general not possible to specify also
an estimate for ||DjDiv,k||Lp(]RfZ cwy since Cyyip|(t) ~ =2 ast — 0, see Theorem
I} )

5.1, and consequently we have the singularity t=* at t = 0 for |3| = 2.

5.5. Cauchy problems and exponential decay. In this subsection we study
abstract (i.e. Banach-space-valued) linear initial value problems of the form

vi(t) =Apo(t) + f(1), t > 0,
v(0) =vy,

in LP(RY,CN) for 1 < p < oo, where v : Ry — LP(R? CV) with Ry = [0, 0],
A, 1 DP.. C LP(RY,CN) — LP(RY CY) denotes the infinitesimal generator of
the strongly continuous semigroup (7o(t));5o, vo € LP(RY,CN) the initial data
and f : Ry — LP(RY,C") the inhomogenity. During this subsection we require
that the assumptions (A1), (A2), (A4) and 1 < p < oo are satisfied. In the first
part of this subsection we investigate the homogeneous, and in the second part the
inhomogeneous abstract Cauchy problem in LP(R? C¥). For the homogeneous and
inhomogeneous abstract Cauchy problem we refer the reader to [28, Chapter I1.6]
and [28, Chapter VI.7], respectively, where this theory was done in a more general
framework.

5.5.1. Homogeneous Cauchy problems. In the following we consider the (homoge-
neous) abstract linear initial value problem, [28, Chapter I1.6],

v (t) =Apv(t), t € 0,77,

(5.15) 0(0) =vo,

in LP(R?, CN) for 1 < p < co. (5.15) is called the abstract Cauchy problem in [0, 7]
associated to (A,, DP,...) and the initial value vy € LP(R?,CV).

max

Definition 5.15. Let T > 0 and let the assumptions (Al), (A2) and (A4) be
satisfied for 1 < p < oo and K € {R,C}. A function v : [0,T] — LP(R? KV) is
called a (classical) solution of (5.15) in [0,T] if

ve Y0, T], LP(RL,KYN)), w(t) € DP

max

Vte[0,T] and (5.15) holds.

A function v : [0,00[— LP(R% KY) is called a (classical) solution of (5.15) in
[0, 00, if v [[o, 5 a classical solution of (5.15) in [0,T] for every T > 0.

We already know from the privious subsections that A, is the generator of the
strongly continuous Ornstein-Uhlenbeck semigroup (7y(t)), in L? (R4, CN). Hence,
we can deduce from Lemma 5.4(2) that the semigroup (To(t)),5, provides us solu-
tions of the associated abstract Cauchy problem (5.15), [28, Proposition I1.6.2].
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Proposition 5.16 (Existence and uniqueness of classical solution in LP(R%, CV)).
Let T > 0 and let the assumptions (A1), (A2) and (A4) be satisfied for 1 < p < oo
and K = C. Then for every vy € DP, _ the function

v :[0,00[— LP(RY,CN),  w(t) := To(t)vo
is the unique classical solution of (5.15) in [0, oo

Definition 5.17. Let T > 0 and let the assumptions (Al), (A2) and (A4) be
satisfied for 1 < p < oo and K € {R,C}. A function v : [0,T] — LP(RY, KYN) is
called a mild solution of (5.15) in [0,T] if

t t
/ v(s)ds € DE. NVt e€[0,T] and v(t)= Ap/ v(s)ds + vo.
0 0

A function v : [0,00[— LP(R? KY) is called a mild solution of (5.15) in [0, 00| if
v [jo,7) s @ mild solution of (5.15) in [0,T] for every T > 0.

Proposition 5.18 (Existence and uniqueness of mild solution in LP(R?, CY)). Let
the assumptions (A1), (A2) and (A4) be satisfied for 1 < p < oo and K = C. Then
for every vg € LP(R?, CV) the function

v :[0,00[— LP(RY,CN),  w(t) := To(t)vo
is the unique mild solution of (5.15) in [0, cof.

In the following we investigate the regularity of the mild solution of (5.15). The
result and its proof is motivated by [43, Theorem 3.3].

Theorem 5.19 (Regularity for mild solution). Let the assumptions (Al), (A2),
(A3) and (A4) be satisfied for 1 < p < oo and K = C. Moreover, let T > 0,
vy € LP(RY,CN) and let v(t) = Ty(t)vo denote the unique mild solution of (5.15)
in [0,T]. Then

veC([0,7), L*®RY,CN)) n e (Jo, 7], wrP(RY, V) nct (Jo,T], L} .(RY, CN)) .
Proof. Let u(z,t) be a solution of
us(x,t) = AAu(x,t),
u(x,0) = vo(x),
then v(x,t) = u(e’®x,t) solves
ve(x,t) = ADv(x, t) + (Sx, Vo(x)) ,
v(x,0) = vo(x).
Applying [39, Corollary 6.1.6(i)] with X = LP(R? CN), A(t) = AA, D(A(t)) =
W2P(RE CN), f(t) =0, x = vy, s = 0 with arbitrary # we obtain
ue C([0,7], LP(RY,CN)) nC (j0, 7], W*P(R?,CN)) nC* (J0, 7], LP(RY,CN)) .
Note that, in order to apply [39, Corollary 6.1.6(i)], the diffusion operator AA :
W2p(Re,CN) o LP(RY,CN) — LP(RY,CV) is sectorial in LP(RY, CV) for 1 <
p < oo by assumption (A2). Now, using v(z,t) = u(e*z,t) we deduce from the
regularity for u that

veC([0,7), L*®RY,CN)) ne (Jo, 7], WP (RY, V) nct (Jo,T], L} .(RY, CN)) .
0

The proof of the following regularity result for the mild solution is a direct conse-
quence of Proposition 5.18 and Theorem 5.1.
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Theorem 5.20 (A-priori estimates in LJ(R? CV)). Let the assumptions (Al),
(A2) and (A4) be satisfied for 1 < p < oo and K = C. Then for every radially
nondecreasing weight function 6 € C(R? R) of exponential growth rate n > 0 and
for every initial data vy € LE(R?, CN) we have v(t) € W7 P(RE, CN) for everyt >0
with

(5.16) lo(®)ll iy < Ca®) ool pgacny -0,
(5.17) 1D @1z < C5(2) [[voll e o) t>0,i=1,....d,
(518) DDy < Colt) [wollppmacny 1> 0, ij=1,....d,

where v : [0, 00[— LP(RY, CN) denotes the unique mild solution of (5.15) in LP(R%,CN)
and the constants Cyy5/(t) are given by Theorem 5.1 for every |3 = 0,1,2.

5.5.2. Inhomogeneous Cauchy problems. In the following we consider the (inhomo-
geneous) abstract linear initial value problem, [28, Chapter VL.7],

vi(t) =Apo(t) + f(t), t € [0, 7],
v(0) =vo,

in LP(RY,CV) for 1 < p < 0o. (5.19) is called the inhomogeneous abstract Cauchy
problem associated to (A,,D?,,.), the initial value vy € LP(RY, CV) and the inho-

max

mogenity f :[0,T] — LP(RZ,CY).

Definition 5.21. Let the assumptions (A1), (A2) and (A4) be satisfied for 1 <
p < oo and K € {R,C}. Moreover, let T > 0, vg € LP(RYKYN) and f €
LP([0,T), LP(R4, KN)). Then the function v : [0,T] — LP(RY KYN) given by

(5.19)

(5.20) o(t) = To(t)vo—i—/o To(t — s)f(s)ds, ¢ € [0, T,

is called the mild solution of (5.19) in [0,T]. A function v : [0, c0[— LP(R? KN) is
called the mild solution of (5.19) in [0, 00 if v (7] is the mild solution of (5.19)
in [0,T] for every T > 0.

Note, that by definition the mild solution is unique. In the following we investigate
the regularity of the mild solution of (5.19). This result and its proof is again
motivated by [43, Theorem 3.4]. Note, that one can identify LP([0, 7], LP(R4, CN))
with LP(R? x [0,7],C"). The details for the proof will be filled in later.

Theorem 5.22 (Regularity for mild solution). Let the assumptions (Al), (A2),
(A3) and (A4) be satisfied for 1 < p < oo and K = C. Moreover, let T > 0, vy = 0,
f € Lr([0,T], LP(R?, CN)) and let v given by (5.20) denote the unique mild solution
of (5.19) in [0,T]. Then

v e WEDP(RIx]0, T[,CN)
and satisfies

v,v; — (S-, Vo), Div, D;Djv € LP(R? x [0, T],CM).

The proof of the following regularity result for the mild solution (5.20) is a direct
consequence of Theorem 5.1.

Theorem 5.23 (A-priori estimates in LY(RY,CN)). Let the assumptions (Al),
(A2) and (A4) be satisfied for 1 < p < oo and K = C. Then for every radially
nondecreasing weight function 0 € C(R? R) of exponential growth rate n > 0, for
every vy € LE(RY, CN) and f € LH(RY, CN) we have v(t) € Wy P (RY, CN) for every
t > 0 with

0@l Ly < Ca(®) l[voll Lo (ra vy + Co®) 1 fll e cny 20,
o o ) o )
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1D ()l < Cs(0) o]l yp e vy + Cro() Ifllpppacny 8> 0.i=1,....d,

where v : Ry — LP(RY CYN) given by (5.20) denotes the unique mild solution
of (5.19) in LP(R*,CN) and the constants Cyip(t) and Coyp(t) are given by
Theorem 5.1 and

t
Coyip(t) = /0 Cayip|(s)ds,
respectively, for every |B| =0,1.

Definition 5.24. Let the assumptions (A1), (A2) and (A4) be satisfied for 1 < p <
o and K € {R,C}. Moreover, letT >0, vg € DP,,, and f € LP([0,T], LP(R?, KN)).
A function v : [0,T] — LP(R% K™N) is called a (classical) solution of (5.19) in [0,T]
if

ve Y0, T], LP(RL,KY)), w(t) € DP

P VEE[0,T] and (5.19) holds.

A function v : [0, 00[— LP(R?, KN) is called a (classical) solution of (5.19) in [0, oo|
if v |jo,1) is a classical solution of (5.19) in [0,T] for every T > 0.

5.6. Characterization of the maximal domain (Part 2). The next theorem
states that the domain of the Ornstein-Uhlenbeck operator coincides with the in-
tersection of the domains of its diffusion and drift part, i.e.

D (EO) —D (Egiff + Kgrift) —D (ﬁglﬂ‘) NnD (Egrift) )

This result was proved in [43, Theorem 1] for the scalar real case, where Metafune,
Pallara and Vespri used V(PV:) as the diffusion part of the Ornstein-Uhlenbeck
operator.

Theorem 5.25 (Maximal domain, Part 2). Let the assumptions (A1), (A2), (A3)
and (A4) be satisfied for 1 < p < oo and K = C. Then it holds DP(Ly) = DP,
where DP is given by

DP = {v e W*P(RY,CN) | (S-, Vv) € LP(R,CN)} .

Proof. « DP C DP(Ly): Let v € DP, then we have v € W.P(R%, CN) and v €
LP(RY,CN) since v € W2P(R4, CN). Moreover, v € W2P(R4, CV) implies AAv €
LP(RY CN). Thus, using (S-, Vo) € LP(R?,CV) we conclude Lov € LP(R?, CV).
e DP D DP(Ly): Let v € DP(Ly), then g := Lov € LP(RY,CV), ie. 0= Lov — g.
Then w(t) = v is a stationary solution of

’LU(t) = [’Ow(t) —g,te [OvT]

w(0) = v.

Since v € LP(RY,CN) and g € LP([0,T], LP(R,CN)) for every fixed T > 0, the
unique mild solution is given by

v=uw(t) =To(t)v — /0 To(t — s)gds =: wy () +wa(t), t € [0,T].

w1 is the mild solution of (5.15) in [0,7] with initial data vy = v. Theorem 5.19
states now that w(t) € W2P(R? CY) for every t €]0,T]. wy is the mild solution
of (5.19) in [0,T] with initial data v9 = 0 and inhomogenity f = —g. Theorem
5.22 states now that wy € LP([0,T], W2P(R?, CN)), i.e. wy(t) € W2P(RY CN) for
almost every ¢ € [0,7T]. If we consider such a ¢ €]0,T], we can deduce that

v=w(t) =To(t)v +/O To(t — s) fds = wy (f) + wa(f) € WP(RY, CV)
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and thus we have AAv € LP(R4,CV). Consequently, using Lov € LP(RY,CV), we
conclude

(S, Vv) = Lov — AAv € LP(RY, CV),
that means v € DP. O

5.7. The essential spectrum. The study of the essential spectrum shows that
the semigroup (7o(t)),, is not analytic. For a detailed study see Theorem 7.8
and Corollary 7.9. Here we just make a general remark about the structure of the
essential spectrum. Consider the operator AAv(x) + (Sz, Vo(x)) on LP(RY,CV)
for 1 < p < oo with A satisfying (A1), (A2), (A3) and S satisfying (A4). It is well-
known that the operators AA and (S-, V) commute, see e.g. proof of Theorem 8.3.
Since AA generates a holomorphic semigroup, we can apply [9, Theorem 7.3] to
deduce that the spectrum of AA+(S-, V) is contained in the algebraic sum o(AA)+
o((S-,V)). Moreover, we can deduce from [42, Theorem 2.6] that o((S-,V)) = G,
where G is a discrete subgroup of iR (independent of p). Altogether, we have

og(AN 4+ (S, V)) Co(AAN) +0((S-,V)) =c(AN) + G.

Note that this fact means that the spectrum of the Ornstein-Uhlenbeck operator
is contained in the algebraic sum of the spectra of its diffusion and drift terms. In
case of A = Iy we have o(A) =] — 00,0] and hence, o(A + (S-,V)) is contained
in a countable union of half-lines. For the case d = p = 2 the essential spectrum
of AAv(z) + (Sx, Vu(z)) — Bu(x) in L2(R?,RY) was computed explicitly in [17,
Theorem 8.1] for matrices A, B € RV with A > 0 and also in case of variable
coefficients by using polar coordinates and a Fourier ansatz.

6. CONSTANT COEFFICIENT PERTURBATIONS OF THE COMPLEX
ORNSTEIN-UHLENBECK OPERATOR IN LP(R?, CV)

Consider the operator
[Locd] (x) := [Log] () — Bo(z), p €S

6.1. Application of semigroup theory. During this section we claim that the
assumptions (Al), (A2) and (A4) are satisfied. In the following (A4,,D?,,,) de-

max
notes the infinitesimal generator of the Ornstein-Uhlenbeck semigroup (To(t))t>0

on LP(RY,CN) for 1 < p < oo, that is given by (5.1). We already know that
(To(t)) ;s is a strongly continuous semigroup in L? (R4, CN) for every 1 < p < o0
satisfying

ITo@lzerr,0y < Moe“ot Vit >0,

d
, d
where My = (aam_a;o)2 > 1 and wy := 0 € R, compare (5.9). Moreover, under
the additional assumptions (A3), we know that A, is the maximal realization of
the complex Ornstein-Uhlenbeck operator Lo in LP(R?, CV) for every 1 < p < oo
and we have a complete characterization of its maximal domain. In this section we
investigate constant coefficient perturbations of A4, in LP(R?,C"). Therefore, let

E, € L(LP, L?) be a perturbation defined by
E,: LP(RY,CN) — LP(RY,CY), [E,v](z) := —Bu(x)

where B € CN:N. If we define [Lpqa¢] () := —B(z) then it is obvious, that E, is
the maximal realization of Lpqq in LP(R?, C). Applying [28, I11.1.3 Bounded Per-
turbation Theorem, II1.1.7 Corollary and III.1.10 Theorem] we obtain the following
theorem.
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Theorem 6.1 (Bounded Perturbation Theorem). Let the assumptions (A1), (A2),

(A4) and B € KNV be satisfied for 1 < p < oo and K = C. Then the operator
B, :=A,+ E, with D(B,):=7D!

max

generates a strongly continuous semigroup (Too(t))t>0 on LP(RY CN) satisfying

(6.1) | Too ()l (1o, 10) < < Myelwot Mol Ballcn )ty >
Moreover, for every v € LP(R? CN) and t > 0 the semigroup (Teo (1)) satisfies

the integral equation (variation of parameters formula)

Too(t)v = To(t)v + /0 To(t — 8)EpTao(s)vds,

s unique and can be obtained by

oo

(6.2) Too(t) = Y T(t)
n=0

where

t
(6.3) TO(#) := To(t), TIHI(E) = / To(t — s)E,T{™ (s)ds.

0
Theorem 6.1 states that (By, Dh,,,) is the infinitesimal generator of (T (1)) in
LP(RY,CN), 1 < p < co. Assuming in addition (A3), (B,,D?,,.) is the maximal
realization of Eoo in LP(R?, CN) for 1 < p < oo and its maximal domain DE, is

given by DP from Theorem 5.25. Under the assumption that the matrices A, B €
CNN are simultaneously diagonalizable (over C), see (A75), we are able to derive
an explicit representation for the semigroup (7o (t));~,. We require this additonal
assumption for the rest of this section.

Theorem 6.2 (Semigroup representation). Let the assumptions (Al), (A2), (A4)
and (A7pg) be satisfied for 1 < p < oo and K = C. Then the semigroup (Too(t))t20
in LP(RY,CN) is given by

€ R?

) )

oa Hoo(z, €, 8)0(€)dE >0
(6.4) [Too(t)0] (2) == {UH(Z) =0

where Hoo(x,€,t) = H(x,&,t) is the heat kernel from Theorem /./4.
Remark. As we have already mentioned before (see remarks after Theorem 4.4),
the situation changes dramatically if the assumption (A7p) is not satisfied. In this

case one could use for example the Hadamard Lemma, since the kernel Hy and B
in general do not commute.

Proof. From Theorem 6.1 we know that the semigroup (T (%)), is given by (6.2)
where (6.3) is satisfied. By induction over n € Ny we show that

—tB)"
(6.5) T (1) :To(t)( |) ,n €Ny, t>0.
mn.

The case n = 0 is satisfied by (6.3). Let us consider the case n — n + 1:

t
T = [ Tt - BT (5)ds

0
_ _/O To(t — s)BTO(s)(_ff)nds
t n+1
:/0 To(t — s)To(s)s”ds%
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=To(t) / EAGE) )'nH
0 n!
(7tB)n+1
(n+ 1)~
This proves (6.5). Thus, using (6.2) it yields
Too(t) = To(t) Y (=tB) _ To(t)e Bt

n=0

=Tp(1)

n!
O

Remark. The representation from Theorem 6.2 is true if and only if the opera-
tors Tp(t) and E, commute. Since for both operators we have explicit expressions,
we can interchange them, whenever the matrix B commutes with the Ornstein-
Uhlenbeck kernel Hy. If A and B are simultaneously diagonalizable, it is obvious
that BHy = HyB hold. In order to investigate the nonlinear problem for the
Ornstein-Uhlenbeck operator, it is obligatory to have a representation for the semi-
group of the bounded perturbation, since the estimate (6.1) has no good behavior
as i — oo.

Theorem 6.3 (Boundedness on L)(RY, CN)). Let the assumptions (A1), (A2),
(A4) and (A7p) be satisfied for 1 < p < oo and K = C. Then for every radial

weight function 0 € C(R?,R) of exponential growth rate n > 0 and for every v €
Lj(R4,CN)

(6.6) IToe (0l g ey < Cold) ol pgacry 530,

67) DTl pgecm < GO ol gmacs, >0, =104

(68) 1D, DT(t)0l e cvy < Co0) [0l gquacny 8> 0,05 = 1,004
6( ) 0 )

where the constants Cyy g (t) are from Section 4.3 for every |B| =0,1,2, i.e.

. d 1 r(4) d+1 3 v
1) =CoMze Pt By (= =ikt ) +2—2 D2 R ——=: Skt
Ca(t) =Cy e {1 1(2,2,H>+ F(%) (kt)2 4 1( B 72a’i):|

3

Cs(t) =Co M “F e~ (tayin) 2 [ F(E) Py (%; %;m)
+2 F(E) (k)% Iy (%;;;nt)}%,

Cs(£) =Co M 5> e (tamin) Fr(??;)lm <d;2,%,m>
+2 F(lg) (kt)2 1 Fy (@,;;/ﬁt) + %M—llFl (C—l,l,mt)
+5ijM1FF(E) (kt)? | F) (%; gn”

2
and in case of p = oo they are given by Cyyp|(t) with p = 1, where M := Zmax_ > ]

Amin@0
2 2,2 —plBl+d+|B|—1 A
and k = "=l > 0. Note that Cyyp)(t) ~ — e 0=t a5t — 0o and
Cyqip|(t) ~ =% ast—0 for every |8] =0,1,2.
Proof. Using the semigroup representation from Theorem 6.2, the proof can be

adopted from Theorem 5.1, where we have to replace Ty and Hy by T, and Hy, =
H, respectively. O
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By (6.6) from Theorem 6.3 (with 6 = 1, 7 = 0 and Cy = 1) we have
(6.9) Jweo ER A IMoe 2 12 | Toc)l 10,10y < Mooe®=" V>0,

vl

2
where Mo, := My = (M) > 1 and w., := —bg, which gives a better estimate

Amin@0

as in (6.1). For the next statement we refer to [28, II.1.3 Lemma, II1.1.4 Theorem]:

Lemma 6.4. Let the assumptions (Al), (A2), (A4) and (ATg) be satisfied for
1<p< oo and K=C.

(1) By : DP,.. € LP(RY, CN) — LP(RY,CV) is a linear, closed and densely defined
operator.

(2) For every v € D, and t > 0 we have

max

Too(t)v € DP

max

%Tm(t)v = Too(t)Bpv = BpToo(t)v

(3) For every v € LP(RY,CN) and every t > 0 we have

t
/ Too(s)vds € DY, ...
0

(4) For everyt > 0 we have

¢
Too(t)v — v :Bp/ Too(s)vds , forv e LP(RY, CN),
0
t
:/ Too(s)Bpuds , forveDP .
0
Since (B, DE,,..) is a closed operator on the Banach space LP(RY,CY) for 1 < p <
o0, we can define
o(Bp) :={X € C| A\ — B, is not bijective} spectrum of B,
p(Bp) :=C\o(Bp) resolvent set of B,
R(\, By) == (M — Bp)f1 , for A € p(By) resolvent of B,,.

The next identities follow from [28, I1.1.9 Lemmal].

Lemma 6.5. Let the assumptions (Al), (A2), (A4) and (ATg) be satisfied for
1<p<ooand K=C. Then for every A € C and t > 0,

t
e M (v —v = (B, — )\I)/ e MTo (s)vds , forv e LP(RY, CN),
0
t
:/ e M T (s) (B — M) vds , forveDP .
0

Theorem 6.6. Let the assumptions (A1), (A2), (A4), (A7p) and 1 < p < oo be
satisfied for K = C.
(1) For every A € C such that R(A\)v := [° e T (s)vds emists for every v €
LP(R?,CN) we have

A€ p(Bp) and R(XA Bp) = R(\).
(2) For every A € C with Re A > ws we have

A € p(Bp)v R(Av Bp) = R(/\)

and
Mo

||R(A7 BP)HL(LP7LP) < Re )\ — Woo '
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A direct consequence of Theorem 6.6 is the following:

Corollary 6.7 (Solvability and uniqueness in LP(R? CV)). Let the assumptions
(A1), (A2), (A4) and (ATp) be satisfied for 1 < p < oo and K = C. Moreover, let
A € C with Re X\ > woo. Then for every g € LP(R?, CN) the resolvent equation

(MM —=Bpv=yg

admits a unique solution v, € DP

max’

which is given by the integral expression

v, = R(N\)g = /OOO e MT(s)gds

(6.10) .

- / e [ Hoo (1€ 5)g(€)deds,
0 R4

Moreover, it holds the resolvent estimate

llvsll cNy S llgll; C
v g .
FILPRECY) S Re X — wa ?(R4,CN)

Remark. Let the assumptions (A1), (A2), (A4), (A7) and (A8p) be satisfied
for 1 < p < oo and K = C. By Corollary 6.7 (with A = 0) we obtain for every
g € LP(R?, CY) a unique solution v, € DP,  of the resolvent equation

Byv=g

which is given by (6.10). We believe one can apply Fubini’s theorem in equation
(6.10) to obtain

() = = (RO @) = [ G ©a(6)de,
where
G(xz,€) = /OOO H(x,&, s)ds

denotes the Green’s function of B,. In particular, by Corollary 6.7 the following
resolvent estimate holds:

Mo
< =

||U*HLP(]Rd,(CN) S e ||9HLp(]Rd7CN)-

For the next statement we refer to [28, I1.1.11 Corollary].

Corollary 6.8. Let the assumptions (Al), (A2), (A4) and (A7) be satisfied for
1 <p<ooand K= C. Moreover, let A\ € C with Re\ > ws. Then, for every
n € N and every v € LP(R?, CY) it hold

n (_1)n !
R()\,Bp) v :(n — 1>| . WR()\’BP)’U
1 % o1 s
- s" e éToo(S)Uds'
(n—1)! /0
and the estimate
n Moo
B Bo)leur.ir) S TRex = o)™

Let us now define the spectral bound s(B,) of By, [28, I1.1.12 Definition]:

—00 < 8(Bp) := sup Rel Swo = —bp < +00.
A€o (Byp)
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6.2. Exponential decay.

Theorem 6.9 (A-priori estimates in L) (R, CV)). Let the assumptions (A1), (A2),
(A4) and (ATp) be satisfied for 1 < p < oo and K = C. Moreover, let 0 < 9 < 1
and A € C with Re A > ws. Then for every radially nondecreasing weight function
0 € C(R?, R) of exponential growth rate n > 0 with 0 < n? < 19%(5267/\;‘;“ and for

every g € LH(RY,CN) we have v, € W, (R4, CN) with

Cr
(6.11) |\U*HL§(R¢CN) <m ||g||Lg(1Rd1ch) ;
6.12 D & i=1,....d
(6.12) | zU*HLg(Rd,ch) \(Re/\ 7%0)% HgHLS(]Rd,(CN) 1 E=des Gy

where v, € DP, .. denotes the unique solution of (A\I — Bp)v = g in LP(R?,C"V) and

the A-independent constants Cr, Cs are given by Lemma 4.8 (with w = wx ).
Proof. By Corollary 6.7 we have the representation

(6.13) wlo)= [ [ s s

where Hoo(x,&,t) = H(x,&,t). Using this representation, the proof can be adopted
from Theorem 5.14. In the last inequality, we must apply Lemma 4.8 with w =
Woo- O

Remark. Theorem 6.9 states for § = 1 (with n = 0 and Cy = 1) that
DP C WHP(RY,CN), for every 1 < p < .

max

Remark. In the proof of Theorem 6.9 it is in general not possible to specify also
an estimate for [[D;D;v.|;p(ga cnvy since Cuyg(t) ~ =% ast — 0, see Theorem
I’} )

6.3, and consequently we have the singularity t=1 at t = 0 for |3] = 2.

7. VARIABLE COEFFICIENT PERTURBATIONS OF THE COMPLEX
ORNSTEIN-UHLENBECK OPERATOR IN LP(R? CV)

Consider the operator
[£qd] (x) := [Lood] (x) + Qz)d(2), d €S

7.1. Application of semigroup theory. During this section we claim that the
assumptions (Al), (A2), (A4) and (A7p) are satisfied. In the following (B, D, ,..)
denotes the infinitesimal generator of the semigroup (T (t)),, on L? (R4, CN) for
1 < p < oo, that is given by (5.1). We already know that (T« (t)),s is a strongly

continuous semigroup in LP(R4, CV) for every 1 < p < oo satisfying
||T00(t)||[,(LP7L;D) g Mooewaot Vt 2 07

4
2

where M, := (@) > 1 and weo := —by € R, compare (6.9). Moreover, under

Amin @0
the additional assumptions (A3), we know that B, is the maximal realization of
the perturbed complex Ornstein-Uhlenbeck operator L., in LP(R?, CY) for every
1 < p < oo and we have a complete characterization of its maximal domain. In
this section we investigate variable coefficient perturbations of B, in LP(R4, CN).
for this purpose, let F}, € L(LP, L?) be a perturbation defined by

F,: LP(Rd,(CN) — LP(Rd, cMy, [Fpv] (z) := Q(z)v(x)

where Q € L®(R?, CNN). If we define [L,4,¢] (z) := Q(z)¢(x) then it is obvious,
that F), is the maximal realization of L,q, in LP(R? C"). Applying [28, II1.1.3
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Bounded Perturbation Theorem, III.1.7 Corollary and I11.1.10 Theorem] we obtain
the following result.

Theorem 7.1 (Bounded Perturbation Theorem). Let the assumptions (Al), (A2),
(A4), (A7p) and Q € L= (R4, KN-N) be satisfied for 1 <p < oo and K = C. Then

the operator
Cypi=By+F, with D(Cy):=D",,
generates a strongly continuous semigroup (To(t)),s, on LP(RE,CN) satisfying
Ta(t) 0 gy < Mowel M1l i)t 15 0,

Moreover, for every v € LP(RY,CN) and t > 0 the semigroup satisfies the integral
equation (variation of parameters formula)

To(t)v = T (t)v + /t Too(t — 8)F T (s)vds,
is unique and can be obtained by i
To(t) =Y 75" (1)
where o
T (1) = Tw(t), TS5 V(1) = /0 t Too(t — 5)F, T (5)ds.

Theorem 7.1 states that (Cp, Dh,,,.) is the infinitesimal generator of (T (1)), in

LP(RY,CN), 1 < p < oo. Assuming in addition (A3), (Cp,D?,,.) is the maximal
realization of Lg in LP(RY,CV) for 1 < p < oo and its maximal domain D, is

given by DP from Theorem 5.25. Contrary to the case of constant coefficients, we
cannot assume here, that Q(z) commutes with both A and B for every € R%,
since this is in general not satisfied in order to investigate the nonlinear problem of
the Ornstein-Uhlenbeck operator. Thus, we are not able to derive a closed form for
the representation of the semigroup (T (t)) +>0- In particular, it is not possible in
this case to optimize the boundedness property of ||Tg (t)||£(Lp7Lp) from Theorem

7.1. For the next statement we refer to [28, I1.1.3 Lemma, 11.1.4 Theorem):

Lemma 7.2. Let the assumptions (A1), (A2), (A4), (ATg) and Q € L= (R4, KN-N)
be satisfied for 1 < p < oo and K =C.

(1) Cp : DP,. € LP(RY,CN) — LP(RY,CN) is a linear, closed and densely defined
operator.

(2) For every v € DP and t > 0 we have

To(t)v € Do
d
ETQ(t)U = To(t)Cpv = CpTg(t)v
(3) For every v € LP(RY,CN) and every t > 0 we have
t
/ To(s)vds € DY,
0

(4) For everyt > 0 we have

t
To(t)v —v :Cp/ To(s)vds , forv e LP(RY, CN),
0

t
:/ To(s)Cpuds , forveDP .
0
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Since (Cp, DP, ) is a closed operator on the Banach space LP(RY, CV) for 1 < p <
00, we can define

o(Cp) :={A € C| A\I — C}, is not bijective} spectrum of C,
p(Cp) :=C\o(Cyp) resolvent set of Cp,
R\, Cp) :== (M — Cp)_l , for A € p(Cy) resolvent of Cp.

The next identities follow from [28, I1.1.9 Lemmal].
Lemma 7.3. Let the assumptions (A1), (A2), (A4), (ATp), Q € L=(R?, CN-N)
and 1 < p < o be satisfied for K = C. Then for every A € C and t > 0 it hold

t
e MTo(tw —v=(Cp — )\I)/ e M To(s)vds , for v e LP(RY, CN),
0

t
:/ e MTo(s) (Cp — M) vds , forveDb
0

The following statement comes from [28, I11.1.10 Theorem].

Theorem 7.4. Let the assumptions (A1), (A2), (Ad), (ATp) and Q € L>=°(RI, KN-N)
be satisfied for 1 < p < oo and K = (C
(1) For every A € C such that R(A)v := fo ’/\STQ Yuds exists and for every
v € LP(RY,CN) it holds

A€ p(Cp) and RN Cp) = R(N).
(2) For every A € C with Re A > woo + Moo [|Q]| 1 it holds

>‘ € p(Cp)v R(Av Cp) = R(/\)
and
Mo

Re A — (woo + Moo 1@l ,)

||R(>‘a CP)”L(Lp’LP) g

Corollary 7.5 (Solvability and uniqueness in LP(R? CN)). Let the assumptions
(A1), (A2), (A4), (ATp) and Q € L®(RY, KNN) be satisfied for 1 < p < oo and
K = C. Moreover, let A € C with ReA > woo + Moo [|Q|l ;- Then for every
g € LP(R,CN) the resolvent equation

MN—-Cyv=g

admits a unique solution v, € DE, .~ which satisfies the integral expression
o]
v, = R(\)g */ ATo(s)gds

/ /Rd e M Huo (&, 8) (9(€) + Q(E)va(€)) déds.

Moreover, it holds the resolvent estimate
[Vl oy S gl c
v .
*ILP(R,CN) Re A — (weo +MOOHQ||[°°) P(RLCT)

The following statement comes from [28, 11.1.11 Corollary].

Corollary 7.6. Let the assumptions (A1), (A2), (A4), (A7g) and Q@ € L= (R, KN:V)
be satisfied for 1 < p < oo and K = C. Moreover, let A € C with Re\ >
Woo + Moo ||Q|l ;- Then, for every n € N and every v € LP(RY, CN) it hold

(_1)n dn—l

RO Co)" 0 =0 =51 oo

R\, Cp)v
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1 > n—1_—\s
m/0 s"le M T (s)vds.
and the estimate
n MOO
|R(A, Cp) ||1;(Lp1Lp) <

(Re A — (woo + Moo [|Ql )"
Let us now define the spectral bound s(C),) of Cp, [28, I1.1.12 Definition]:

—00 < 8(Cp) = sup Red Sweo + Mo [|Q 100 < 400
Aea(C)p)

7.2. The essential spectrum. In this section we extend the approach from [17,
Theorem 8.1] to compute the essential spectrum of Lg in LP(RY,CN) and 1 < p <
00. The paper [17] analyzes the case p = d = 2. For the spectrum of the Ornstein-
Uhlenbeck operator in LP(R%,R), 1 < p < oo, without perturbation terms, we refer
to [42]. First, let us introduce the definition of the essential spectrum, [32]:

Definition 7.7. Let X be a (complez-valued) Banach space and let
A : DA) € X — X be a closed, densely defined, linear operator. Moreover,
let A e C.
(1) X € p(A) if and only if the following properties hold

e (\[—A):D(A) = X is 1 —1 (injective) and onto (surjective),

o (M — A)~" is bounded on X.
(2) No € p(A) is called isolated if and only if

Je>0VAeC with0 < |A—Xo| <e: )€ p(A).

(3) The multiplicity of Ao € o(A) is defined as the dimension of the algebraic
elgenspace

{’UEX | (/\OI—A)k:OforsomekEN}.
(4) X € C is called a normal point of A if and only if one of the following properties

hold
° A€ p(A),
o )\ € opoint(A) :={ A €a(A)| A is isolated with finite multiplicity}.
(5) The set
Oess(A) = {A € C| X is not a normal point of A}

s called the essential spectrum of A.

By definition it holds
C = p(A) Uo(A) = p(A) U (UESS(A) U apoim(A)) .

We first give a short motivation, how we can determine the essential spectrum of
Lg, see [17, Section 8.2] for the casee d = p = 2 and see [42, Theorem 2.6] for the
essential spectrum of the drift term in LP(R? R), 1 < p < oo:
1. (Orthogonal transformation). Let us consider the operator

[Lou] (z) = ALv(z) + (Sz, Vo(z)) — Bu(z) + Q(x)v(x), » € R

Note that for space dimensions d > 3 the axis of rotation is in general not orthogonal
to some plane (x;,2), 1 < I,k < d. Furthermore, in space dimensions d > 4 the
pattern can also rotate rigidly around several axes of rotation simultaneously. In
order to investigate the essential spectrum of Ly the main idea of the first step
is to seperate the axes of rotation such that they are orthogonal to (completely)
different planes. For this purpose we perform an orthogonal transformation: Since
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S € R%? with ST = —S we have o(S) C iR. Let +ioy, ..., +ioy denote the nonzero
eigenvalues of S, 1 < k < [2], then

3P € R*? orthogonal matrix : S = PAkS)IOCkPT,

where
AS 0
s A7 dd s 0 oy 2,2
Ablock: 0 ER” Aj: —0; 0 ER,,
0 0
for every j = 1,...,k. The orthogonal transformation of coordinates

Ty(x) = Pz, T, '(x)=PTx
yields the transformed operator Lo 1,v = Lg (v o Tfl) o Ty given by
[‘CQ,Tlv] (‘T) = AAU(‘T) + <A§10ckxa VU($)> - B’U(‘T) + Q(Px)v(x)a S Rda

with
k

<A§10Ck:c, Vv(:c)> = ZO’[ (291 D2j—1 — woj—1 Do) v(x).
=1

2. (Transformation into several planar polar coordinates). Since now we have k
angular derivatives in k different planes it is helpful to use the following transfor-
mations into planar polar coordinates

<x2l_1) =T(r, ¢n) == (” COS¢Z> s l=1,....k, ¢ €] —mm, r >0.

T 77 Sin ¢
All further coordinates, i.e. xagy1,.-..,Tq, remain fixed. Denoting the total trans-
formation by T5(71, @1, .-, Tk, Pky T2kt1, - - -, Lq) We obtain the transformed opera-

tor Lo v =Ly (voTs ") oT, given by
k

d
1 1
> (a,?l + r_la" + ?a‘il) + Y a;] v(€)

=1 1=2k+1

(Lm0 (x) =A

k
=" @104,0() = Bu(&) + Q(€)v(©),
=1

where & := (71, d1,. -« Ty Py T2kt1, - - -, 2q) and Q(T1(T2(E))) is abbreviated by
Q).

3. (Simplified operator and finite-dimensional eigenvalue problem). Neglecting the
terms of order O (%) we obtain the simplified operator

k d k
Sy a] o) = 3 Dortl€) - Bule).
=1 =1

1=2k+1

(Lo, v] (@) = A

If we choose

k
v(€) = exp <i52n> exp <22n1¢l> oomEeZ keER, veCN, 0| =1

=1 =1
¢ €l —mm,m>0,1=1,... k,
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then

k
[\ = £5%,) v] (6) = (AIN +rPA+Y moly + B) v(8).

=1

Therefore, [(A — Es‘m ) v] (§) = 0 for every ¢ if and only if A € C satisfies

k
(m2A+B)ﬁ =— <A+i2mal> D
=1

Theorem 7.8. Let the assumptions (Al), (A2), (A3), (A4), (AT7p)
and Q € L= (R, KNN) with
ng = esssup |Q(z)], = 0 as R — o0
|z|>R
be satisfied for 1 < p < oo and K = C. Moreover, let \j(k) denote the eigenvalues
of K2A+ B for j=1,...,N. Then every number \ € C with

k
)\:—)\j(fs)—ianal,meZ, keER, j=1,...,N,
I=1

belongs to the essential spectrum of L in LP(RY,CN), ie. N € 0ess(Lg)-

Remark. (1): Theorem 7.8 shows that gess(Lg) C {A € C|ReA < by}, where
bo = —s(—B). If there exists 0y, o, such that o,,0,,! ¢ Q then oess(Lg) is dense in
{AeC|ReA < b}, ie. 0ess(Lg) = {A € C|ReA < bg}. Otherwise ooss(Lg) is a
discrete subgroup of {A € C | Re A < by} (independently of p). The reason for this
conclusion is given by Metafune in [42, Theorem 2.6]: It is proved that the essential
spectrum of the drift term is dense in iR, i.e. gess({Sz, Vu(x))) = iR, if and only if
there exists oy, 0y, such that 0,0, ¢ Q. Otherwise, oess((Sz, Vu(x))) is a discrete
subgroup of iR (independently of p).

(2): If we require in addition assumption (A8p) then Re);(k) > 0 and thus
Oess(Lg) C C_, where C_ := {\ € C | Re X < 0}. If in addition there exists o, o,
such that ,0,,' ¢ Q then 0ess(Lg) is dense in C_, i.e. gess(Lg) = C—. Otherwise
Oess (L) 1s a discrete subgroup of C_ (independently of p).

(3): Note that in Theorem 7.8 we can choose Q = 0 and B = @ = 0, which yields
information about the essential spectrum of L, and Ly, respectively.

Remark. The condition

k

det ()\IN +Kx°A+ B +izmallN> =0 (& X€rus(Lq))
1=1

is called the dispersion relation for Lg in LP(R?,CN), 1 < p < co. This condition

is necessary for the localization (and the existence) of the essential spectrum. Note,

that the essential spectrum provides information about the stability of the solution.

Proof. 1. Let R > 2 be large and let xr : [0,00[— [0,1] be a cut-off function such
that xr € C?([0,00], [0, 1]) with bounded derivatives independently of R and

0 €0,R-1],

e 0,1] [R ~ 1R,
xr(r)=<1 € [R,2R],

€0,1] ,re[2R.2R+1],

0 € 2R+ 1,00].
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2. Define

(HXR Ty >XR 1Z[)v ()
k k
(H XR(T1 ) Xr(|T]) exp <1H2T1> exp <iznl¢l> 0,
=1

=1

where T := (xop41,...,Td), £ := (T1,¢1,...,7’k,¢k,i), n €7Z, k €R, v € CN with
[o| =1, ¢y €] —m, 7], m >0and I =1,...,k. By definition of yr we have

(7.1) (M - £3) (€)=,

whenever |Z| € [0,R — 1]JU[2R+ 1,00[ or r; € [0,R — 1] U [2R + 1, 00| for some
1 <1 < k. Moreover, by the choice of A and by definition of xz we have

(7.2) (A — £3%,) v(&) =0,

if |Z|,r € [R,2R] for every I =1,... k.
3. By the choice of A,

92 (xr(ro)e™™) = Xp(r)e™ + 2ikxR(r)e™™ + xr(r)07 e, 1=1,...,k,
2 ~ |j|2 - ZEZQ 2
the triangle inequality, |xr(r)| < 1, XR(T) < ||XR||cga Xh(r) < HXRHlea lv(€)| =1

and ‘%‘ < ﬁ < 1, since R > 2, we have

(M = £5%,) vr(€)]

k
(r-afzos 3 o

=1 1=2k+1
‘(Hxﬂrﬂ) xr(Z|) <)\I A

=1

|z[?

+ZUZG¢I+B> (HXR 7 )XR |Z])v (€ ‘
Z F 3 l+Zma¢L+B> v(€)

1=2k+1 =1

=0 (by the choice of X)

k k
— A (g(r) + 2ikxR(r) ( 1T XR(Tj)> Xr(|Z[)v(§)

=1 Jj=1

Al%('x'2| Gl + i )f[xR |

k
<141, S (WA -+ 208] (o) (Hm ) >|XR<|x| 016
=1 =
\d — 2k — 1]
1l (=2 et + e Hmm o(6)

<[Af (B(1+28]) + |d — 2k = 1]+ 1) [[xrl 2 =: C,

for every |Z|,r € [R—1,R]U[R,2R|U[2R,2R+ 1] and 1 < I < k.
4. Furthermore, we have by the definition of x g, |v(£)|P = 1 and by the transfor-
mation theorem

||’UR||§‘])(R(£7(CN) - /]Rd |’UR(.’L')|p dx
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LT () e st

=1

/QRH /_7; /QRH /_7; /R—1<i<2R+1 (H”) lur(&)|” d¢

=1

e (T (T ) i

=1

2R+1 ™
z/ (z)) de/ / rix () dgudry
R71<|5c\<2R+1 —

( / Glahdis [ (aart [ ol31) di
R—1<|z|< RN>—~— R<|Z|<2R N>~ 2RL|Z|<2R+1 ~—~—
>0 =1 >0

R 2R 2R+1
/ X (1) dry + / X () dry + / T X (17) drl)
——

N—

1—1 R-1 =~ R ~—— 2R
>0 =1 >0
k 2R _k
> / 1di - [ 2n / ridr; = CRY [ 3 R* = (37) FCR2H = CRY,
RL|#|<2R =1 R -1

where d¢ := dxdordry - - - dprdry and d := d — 2k denotes the dimension of the
Z-integral. Moreover, we used the following formula with ¢ = R and b = 2R

1 ,d=0,
(73) / =07 (o) =1
NN IrE_ 2 d > )

5. Furthermore, we have by (7.1)

H()\I - ‘C%I}}z) URH};P(]RUZ,(CN) = /Rd ‘()\I - E%I,%E) UR(x)’pd‘T

N /OOO /—:rr - /OOO /—:rr /]Rd*% (f[ Tl) A= ﬁ%%z) UR(£)|p didpydry - - - dprdry

=1

ST I O N |1 ) (AR

=1

Defining ‘Z := d — 2k we distinguish between the following cases:
Case 1: (d =0). From step 3, (7.2), the multinomial theorem,

R 1 2R 1 2R+1 1
(7.4) / ridrp = =(2R—1), / ridr; = —3R2, / ridrp = —(4R+ 1),
R—1 2 R 2 2R 2

k= % and
(2R _ 1)j1 (3R2)j2 (4R—|— 1)j3 < C R T2i2+5s — CRk-i-jz < CRk-i-k—l _ CRd—l

we further obtain

/ QRH/: / ZRH/W(_ ) |(AL = £3%,) vr(§)|” dEdoydry - - drdry
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k

(uotos) (/ R1>ﬁ ( /1223>j2 ( / :) cr (H) .

J1,J2,73 R
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< >

j1+i2+iz=k
Jjo#k

1 ) .
= Y < K .>CP(27r)k—k(2R1)J1(3R2)J2(4R+1)J3 < CR*
J1:J25 73
Jj1+iz2+iz=k
Jj2#k
Case 2: (d > 1). Again from step 3, (7.2), the multinomial theorem, (7.3), (2R —
)1 < CRM, (3R?)72 < CR?2 and (4R—|— 1)7 < CR?* we further obtain
Z ( ) < R )Jl </2R>J2 </2R+1>
Jitjatis=k J1, 92,33 R-1 R 2R
/ Hm dxdrl -dry
R—1§|:E|§R
1 R \7' [ j2R\72 [/ ,2R41\7?
J1tiatis=k J1,72,73 R—1 R 2R
jo#k
/ CP Hrl (27r)kdjd7"1~~~drk
R<|#|<2R =1
g 2R P2/ aR41 I8
2 G ) ) (L)
]1+J2+Jd k ]1,]27]3 R 2R
k
/ i Yrdzdry - - - dry,
R<|z|<2R+1 —1
1
= > ( ) 2R — 1)1 (3R?)72 (4R + 1)73
ol
Jitj2+is=k 31’32’33 2
1 ,d=1
952 (RI—(R-1 ~ P(or)k
o 5 2 ( <~ )7 Q2 CP(27)
< > (2R — 1)1 (3R?)72 (4R + 1)7
J1+J2+]3 " 315.72).73
R ,d=1
a2 ((2R)?—R? ~ P(or)k
Qﬂﬂz_% ,d>2 C(Qﬂ)
r(4)
+ ) k) — (2R — 1)* (3R?®)7™ (4R + 1)%
= Ji,dasds) 2F
Jitj2tis=k
1 ,d=1
oR)I_Rd ~ D k
F 5 d
( )CRj1+2j2+j3+J—1+ Z ( k _)CRj1+2j2+j3+d‘
]1+J2+]3 & J1:J2, 73 ’”Z;?ﬁzk J1,72573

+ Z ( k ) ) CRj1+2j2+j3+li—1 < CRd—l_
J15J2,73

Jit+jetiz=k



74 SPATIAL DECAY OF ROTATING WAVES IN PARABOLIC SYSTEMS

6. Now, let us consider the operator Lg 7, instead of L',S‘m By definition of xpr
we have

(M = Lq.1,) vr] (§) =0,

whenever |Z| € [0,R — 1]JU[2R+ 1,00[ or r; € [0,R — 1] U [2R + 1, 00| for some
1 < I < k. Moreover, we have by the choice of A, by definition of yr and since
R>1

(Al = Lo1,) vr(§)]
. 1 1
= (A= L3, ) vr(§) — A <T—l<9m + T—28¢l) vR(§) — Q(&)UR(§)|

l

R@\

1
<Al 3 (18] + mf?) — + s

j=1

B =

2
1
< <|A|2Z (Il + [mal?) P +77R) ; 1<p<oo
=1

if |Z|,7 € [R,2R)] for every [ =1,. ..,k:
7. From the choice of X, step 3, = < 75 < 1 (since R > 2), & < 1, [xr(y)| < 1,
1

,Tl

IXzr(W)| < lIxrllc2 and |[v(£)| =1 we obtain
b
(M — Lo.1,) vR(E)]

k

= (M — L&H,) v Z( Or, + a@) R(E) — Q(&)vR(§)|
k k

=| (A = LZ%,) vr(€) — AZ H r(ry) | xr(12])v(€)
=1 i=1

k k k
1. 1 H
—A E T—lm | | xr(r;) | xr(|Z))v AE :_2 v Xr(r;) | xa(|Z))v(€)
= =1 !

(HXR r; ) N(EDIIE ‘

=1 =
< (AT — £, vr(©)] + Al z Xl (Hm ") >|XR<|:E|>||v<§>|

J#L

k k

+ |4, Z% || (H IXR(Tj)|> IXr(1Z])] [v(£)]
=1 j=1

+ |A|2Z | (H IXR(r; ) IXr(Z])] [v(&)]

=1
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k
QN | TT xr(r)l | Ixr(Z)I [0(©)]

j=1

k
<C + 4], (k‘ Ixrllos + ksl + > Il + |Q|L°°> =C,

=1

for every |Z|,r € [R—1,RJU[R,2R|U[2R,2R+ 1] and 1 < I < k.
8. Hence, we obtain from the transformation theorem and step 6

[(M — EQ) vR”I[)‘TJ(]Rd7(CN)
= [ 10T = £o)un(e) do = [ 1M = Lom) unla)? do

L
S A A A 1

) (M = Lom,) vr(§)["dg

1

n) |(M = Lg.1,) vr(€)[" d¢

Using the abbreviation d = d—2k we distinguish again between the following cases:
Case 1: (d =0). From step 6, step 7 and (7.4) we deduce

2 w 2 x [k
:/RR/_W,,./RR/_WQI:{m)‘l_ | |
G (O () e ) o

/2R /QRQW (H >|A|2 (1] + mi[?)

j#

<H m) nrdry -+ -dry + CR1
k 2R 2Rk
Z (AL (1%] + [ / / Ty dr
=1 j=1

32

2R 2R [k
+ (277)’“7753/ . / (H rl> dry ---dry + CRY!

k 2R 2R
2277' |Al, ( |m|+|nl| <H/ mdq)/ dry
1=1

J#£L

k
A K| + |ng)?
ZW*"R dgidry, - drdr

[
=

R

k 2R
+@mfne ] / rjdr; + CR*!
1J/R

k k—1 k
- (Z(W Al (el + 1) (3) R) +enfue (3) %+ oR

=1
<CRY¥! + CR¥p.
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Here we refer to case 1 from step 5 for an estimate of the sum.

Case 2: (d >1). From the procedure used in case 2 from step 5 and in case 1 and
(7.3) we obtain

2R ™ 2R ™ k
S Y A B 1
R —T R —m J RK|Z|<2R =1

+ CR*!

k A 2
S leleind)
=1

< (CR*' 4+ CR*™nR) / di + CR*!
R<|#|<2R

SORM=1+d 4 ORI 4 ORIy, = ORI 4 CRpp.

The constant CR?~! in the first inequality comes from an estimate of three sums,
compare case 2 from step 5. For the second inequality compare case 1.
9. Define

WR = S S— LP(RY,CN),
HURHLP(RUZ,CN)

which belongs to LP(R?,CV) by step 4, then we obtain from step 4 and step 8

IAT = £0) vall e o,

(M — L) wg]?, -
Q Lr(R4,CN) 10RII7»(ra oy

_CR"' 4+ CRIpp _ C

CRi :EJr?]R%OaSR%oo.

10. Hence, we must have
A€ a(Lg)or (M —Lg)™" is unbounded on LP(RY, CV).

IfFA=—-X(k)— iZfZl nop € 0(Lg), i.e. A is an eigenvalue of Lg, then varying
x € R shows that A cannot be isolated, i.e. A is not a normal point of Lg. Therefore,
all such numbers A belongs to the essential spectrum of Lg, i.e. A € 0055(Lg). O

For the next Corollary recall the definition of an analytic semigroup, [28, I1.4.5],
and a sectorial operator, [28, I1.4.1].

Corollary 7.9. Let the assumptions (Al), (A2), (A3), (A4), (A7p),
and Q € L (R KNN) with

nr = esssup |Q(z)], = 0 as R — o0
lz|>R

be satisfied for 1 < p < oo and K = C. Then the operator Lg is not sectorial
in LP(R*,CN) and, consequently, the corresponding semigroup (Tq(t)),s, is not
analytic on LP(R4,CN).

Remark. Note that in Theorem 7.8 and in Corollary 7.9 it is allowed to choose
Q = 0. Thus, the operator L, is not sectorial in L?(R% CV) and, consequently,
the corresponding semigroup (7o (t)), is not analytic on LP(RY,CN), 1 <p < 0.
Analogously, if we choose B = (Q = 0, we can deduce that the operator Ly is not
sectorial in LP(R?, C") and, consequently, the corresponding semigroup (7o (t)) >0

is not analytic on LP(R%,CV), 1 < p < cc.
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7.3. Exponential decay for small perturbations. Let us consider the operator
[£q.¢] (2) := [Locd] () + Qe(2)0(z), 9 €S

for some small perturbation Q. € L°>(RY,CM:N). 1In this subsection we want
to apply the theory from subsection 7.1 with Q = (.. Thus, in this subsection
C, = C}, denotes the maximal realization of Lq..

Theorem 7.10 (A-priori estimates in L(R? CV)). Let the assumptions (Al),
(A2), (A3), (A4), (A7) and (A8p) be satisfied for 1 < p < oo and K = C.
Then for every 0 < ¥ < 1 and for every radially nondecreasing weight function
0 € C(R%R) of exponential growth rate n > 0 with 0 < n* < ﬂ%agobo for every

haxP? 7
Q. € LR CNN) with ||Qcl, < %"min{c%,MLm}, for every X € C with

ReA > fb—?? and for every g € Lb(RY,CN) we have v, € Wel’p(Rd, CN) with

Cr
(7.5) o4l 27 ra o) SReaiZm e 191l 2 ma vy »
\/508 .
(7.6) ||Div*||L’6)(]R'i7(CN) S 7 ||9HL5(1R¢7(;N) si=1,....d,

(ReA+ %0)2
where v, € DB, ,, denotes the unique solution of (A —C5)v = g in LP(R?,CN) and
the A-independent constants Cr7, Cs are given by Lemma 4.8 (with w = wx ).

Proof. 1. First, let us show that there exists a unique solution v, of (A\l —Cj)v =g
in LP(R?, CN) with v, € DP Therefore, note that since 6 is nondecreasing we

have LH(RY,CN) c LP(R?, CV) and hence g € LP(R4,C"). Using
b 2 b 2
Re )\ > 730 = *gbo + go Z *gbo + Moo HQE”LDO > Woo + Moo HQEHLDO
the statement follows directly from Corollary 7.5 (with @ = Q. and Co, = C<).
Moreover, v, satisfies the integral expression

(1) o= [T e 51 a1 + Qule)en () e

2. In order to ’apply’ Theorem 6.9 (with ¢ = g — Q-v,) we have to check that the

assumptions are satisfied. Indeed, since wo, = —by < 0 by (A8p) we have
bO Woo
ReA> — 2 = 2 5
§] 3 3 > w

and from Re \ > —2 it follows

3
2 agb aopb a b
2 obo  , aopbo 0 0
0<n <§§a2 D2 719a2 p2+19a2 D2 (g)
<19a0(Re)\—|—b0) _19a0(Re)\—woo)
= a?naXPQ B a?naxp2 -

is the unique solution of

Moreover, by step 1, v, € DP .

x

(M — L) ve =M — Bp) v, = g — Qevs

in LP(R?,C"). Note that for the moment we don’t know if g — Q.v, € L)(R4, CV)
and consequently, we cannot apply Theorem 6.9 directly. Nevertheless, the in-
equalities (6.11) and (6.12) hold with g — Q.v, instead of g. To accept this, one
can replicate the proof of the inequalities using the representation (7.7) instead of
(6.13). Thus (6.11) implies

Cy
ooy Sgex—oz 19— Qevulin
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Cr
<m (HQHLg + 1| Qell poo HU*HLg)
c: 3
= lglle + == lvellze
SRea+ 0y Re A+ bo ;

Subtracting the second term from both hand sides

ReA+E N 1ole < —S7 gl
Reh+bo ) "HIEE S Rent b 1905

and dividing by the coefficient of ||v*||L§ yields (7.5). Furthermore, (7.6) can be
deduced from the inequalities (6.12) and (7.5) for every i = 1,...,d

Cy
1D l5g < =g g = Qevely
Cs
<——— (llgllo + 1Qcl = llvell )
(Re A+ bg)?

~ 1 g b ) g
(Re )\ b“)_ Lg 30 R, )\ + b() L

1

- Redtbo )"y
(ReA + 20y \ReA+ 23 Illey

V2Cs
S lglly-
(ReX 4 2o)?

For the last inequality we used Re A < f%" and

Re\+b bo
JeATh 48 <
ReA + =¢ ReA + =¢
This shows that v, € W,"*(R?,CN). 0

7.4. Exponential decay for relatively compact perturbations. Let us con-
sider the operator

[Lqd] (x) :=[Lq. 0] () + Qc(z)¢(x)
=[Ld] (z) + Q(x)d(2), €S

with Q@ € L>®(R? CNV) such that Q@ = Q. + Q. with a small perturbation
Q- € L>®(RY,CMY) and a compact perturbation Q. € L>®(R4, CN:N). Lg can
be understood as a compact perturbation of Ly, or - with Q@ = Q. + Q. - as a
relatively compact perturbation of L. In this subsection we want to apply the
theory from subsection 7.1 with Q = Q. + Q.. Thus, in this subsection C), denotes
the maximal realization of Lg.

Theorem 7.11 (A-priori estimates in LJ(R? CV)). Let the assumptions (Al),
(A2), (A3), (A4), (A7) and (A8p) be satisfied for 1 < p < oo and K = C.
Moreover, let 0 <9 < 1, Q € L= (R4, CV:V) satisfy

11
7.8 ess su T —min{ —, —
(78) sssup Qo) < (&)

for some Ry > 0, A € C with Re\ > fb—o and let v, € D . denote a solution

of A\l — Lg)v = 0 in LP(RY,CV). Then we have v, € Wlp(Rd,CN) for every
radially nondecr@asmg weight function 0 € C(R? R) of exponential growth rate
n =0 with 0 < n? < 93 gobo

A axP
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Proof. 1. For positive real R choose a C* cut-off function g : [0, co[— [0, 1] with
0 ,mT< R
Xgr(r) =< smooth , R<r<2R.
1 , 7= 2R
We decompose @ as follows

Q) = Xr, (I2)Q(x) + (1 = Xxro (|2])) Q(2) =: Qe () + Qe(2),

where Ry > 0 comes from (7.8).
2. Since @ € L= (R4, CN:N) and xr (]-]) € Cp(R%, [0, 1]) we conclude that Q., Q. €
L> (R, CN-N). Moreover, Q. is compactly supported because Q.(z) = 0 for every
|z| > 2Ry and Q. is bounded by

1Qel oo re,cn vy = XRo (IFNQ() | oo (et cv 3y
= [IxRo (IFNDQC) oo (a\ By o)
N

< xR ( )”Cb(]R'i\BRO,[O,l]) ||Q(')||Loo(Rd\BRO,(cN,N)

<b—0 min {i L} .
3 07, M
3. Let A € C with Re A > —% and let v, € DE,, denote a solution of (A — L) v =
0 in LP(R4,CN), i.e.
(7.9) (M = C)ve = (M = Lg,) v = Qcvs, in LP(RT,CN).

Now, let # € C(RY,R) be a radially nondecreasing weight function of exponential
growth rate n > 0 with 0 < n? < 19% a“b‘;Q and let us consider the problem

2
amax

(7.10) (A = C5) uy = Qcvs, in LE(RY, CN).

Our aim is to show by Corollary 7.5 that u, = v, (in LP(R? CV)) is the unique
solution of (7.10) in LP(R?, CN) and by Theorem 7.10 that u, € W, ”(R%, CN).

4. First we consider the case § = 1 (with n = 0). Defining w, := u, — v, we obtain
by substracting (7.9) from (7.10)

(7.11) (AT — C5) we =0, in LP(RY, CY).
Since Q. € L>® (R4, CYN-N) and X € C satisfies
b 2 b 2
Red > =28 = =2y + 2 > = 2bo + Moo [ Qe oo > woo + Moo [ Qe v -

where we used the bound from step 2, we can apply Corollary 7.5 (with Q@ = Q.
and g = 0) that yields a unique solution w, € DP of (7.11), which satisfies

max

lwell;p =0, ie. uy = v, in LP(RY,CN). Since vy, w, € DP,,, and since DF, . is a

closed subspace of LP(R?, C"), we deduce u, = w, + v, € DE, ... Moreover, since
wy 1s the unique solution of (7.11), we conclude that u, = v, is the unique solution

of (7.10).
5. Finally, we consider equation (7.10) in LL(R?,CV). In order to apply Theorem
7.10, we have to check that the assumptions are satisfied. Indeed, we have 0 <

7t < 93l Q. € LXRYLCVY) with Qullp acvwy < Ymin { &, 7}

2 2
3 afaxP

(compare stap 2) and Re A > —%. Furthermore, since v, € D2, C LP(R?, CN)

3 max

and Q. is compactly supported in Bag,(0) it holds

HQCU*”Lg(Rd,(cN) = HQQCU*”LP(Rd,cN) = ||9Q0U*HLP(BZR0@N)
<110y (3o 2 1Qell o (3 vy 108l oy )

L2110l ¢, By &) 19N Lo (e, cvomy 104l Lo ma oy
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=C,Q,Ro ”v*”LP(]R'i,(CN)

P o 15 the unique solution of (7.10), we can
apply Theorem 7.10 that implies u, € Wel’p(Rd, CM). Since u, = v, in LP(RY,CV)
(|lwsllz» = 0 by step 3) and u, € LLH(RY,CN) c LP(RY,CY), we conclude that
v, € Wel’p(Rd, CN) as well. O

ie. Quuy € LS(Rd,(CN). Since u, € DP

Remark. From (7.5), (7.6) and the estimate from step 4 we can deduce

C7Ch.Q.r
H’U*HLS(R(L@N) <Re/\ + 23L2 ||U*||LP(Rd7((jN) ’
V2CsCo0.R .
1D e oy S o[ ga oy s =1,

(ReA+ %e)?

where the constants Cr, Cg are from Lemma 4.8 (with w = wso).

8. THE NONLINEAR PROBLEM AND COMPLEX ORNSTEIN-UHLENBECK
OPERATORS

8.1. Proof of main theorem. In this section we investigate the nonlinear problem
[Lov] (z) + f(v(z)) := ADv(z) + (Sz, Vu(z)) + flv(x) =0, z € RY, d > 2.

We are now able to prove our main result from Theorem 1.7:

Proof. Let 0 < ¥ < 1 be fixed, 1 < p < oo and § € C(R? R) be a radially

nondecreasing weight function of exponential growth rate n > 0 with 0 < n? <

19% ag?bgz, where amax, ap and by are from (1.7).
1. Let v, denote a classical solution of (1.9) satisfying v, — va, € LP(R?,RY) and

(1.8). From Taylor’s theorem, (A5) and (A6) we obtain
fi(@)) = f(0o0) + D f (vso) (04(2) = ve0)
—_—  ——

=0 =:—B

+/ (Df (Voo + H(04(2) = vo0)) = Df (o)) dt (v4(2) = voo)
0

=:Q(x)
== B (0:(2) = vo0) + Q) (v4(7) = ve0) -
2. Defining w, = v4 — Vs then w, € C2(R4, RY) N Cy(RE, RY) N LP(RE, RY) since
v, is a classical solution of (1.1) and v, — v € LP(RYRY), and we obtain
0 =AAv,(x) + (Sz, V. (z)) + f(ve(2))
=AN (04(2) — Vo) + (Sz, V (04 () — vo0))
— B (04(2) = vs0) + Q(2) (vi(2) — ve0)

AL, (z) + (Sz, Vu (@) — Bu(z) + Qe)wn(2) = [£qw.) (2).
3. In order to apply Theorem 7.11 (with A\ = 0) we have to check, that the
assumptions are satisfied. The assumptions (A1), (A2), (A3) and (A4) are directly

satisfied, (A7p) follows from (A7) and (A8p) follows from (AS), by definition of B.
To verify (7.8), let us choose K1 = K; (A4, f, Voo, d, p,0,9) > 0 such that

by . { 1 1 }
K su D?f(z < —min —, —
' <Z€BK112'U00) | f( >|2> 3 C? Moo
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is satisfied, where C7 = C7(A4,d, p,0,9) is from Lemma 4.8, M., = M (A, d) from
(6.9), by = bo(f, veo) from (1.7) and

|D2f(z)‘2 = || D*f(z) sup ‘DQf(z)v‘Q.
vER

Jv]=1

||£(RN,RN,N) =

Using the fundamental theorem of calculus, (A5), (1.9) and the choice of K; we
obtain for every |z| > Ro

1Q(z)],
= /O D f(veo + twy(x)) — D f(vao)dt

2

- /O /O D? f (Voo 4 (Voo 4 1w, () — Voo ) )d8 (Voo + tw, () — Voo )dt

_ /Ol/olDQf(voo+stw*(x))ds-tw*(ac)dt

2

1 1
</0 /0 sup |D2f(“°°+5t(”*($)_”oo))‘gds't|v*(w)—voo|dt

|z|>Ro

bo 1 1
<K sup D?f(z g—min{—,—}.
! (ZEBKI('UQO)’ ( )‘2> 3 C7" My

Taking the suprema over |z| > Ry yields
bo . (1 1
sup |Q(x g—mln{—,—}.

4. To verify Q € L>(R¢,CNN), note that w, € Cp(R? RY). Hence, we have for
every z € R and 0 <t < 1

Voo + tws ()] < voo] + E|wi ()] < [voo| + [l oo =2 B1 = Ra(voo, v4)-

This implies by (A5) for every x € R?

1
Q@) < / 1D f (wse + tw ()] + | D (v00)
< sup DSy + IDF (0ol
2€BR, (0)

which is of course finite by the continuity of Df on compact sets. Taking the
suprema over x € R? we obtain Q € Cy(R?, RN, thus Q belongs to L (R?, CN:V)
5. Next we verify that w, € D, .. By assumption we know that w, = v, — v €
LP(RY, RN) and w, € W2P(RY, RYN) since w, € C*(RY,RY). It remains to prove

loc

that Low, € LP(R? RN): Since v, € Cp(RY, RY) there exists a constant Ry > 0
such that |v,(7) — veo| < Ry for every z € R From (A5) we deduce that f is
locally Lipschitz continuous, i.e. there exists L = L(R;) > 0 such that

|f(0x(2)) = f(voo)| < L |va(2) = voo| Y € R?
Now, we obtain from (A6) and (1.1)

| Low, |2, = / [Cow,] ()P dz = / [Covs] ()P de

= [ (et do - / (@) = fo) P o <17 [ o) = v d

=L” [[ox = voo|lZs
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Thus Low, € LP(RY,CN) since w, = v, — v € LP(RY,RY) and hence w, € DE, ...
Moreover, we have the equality Low, = 01in LP(R? RY): Since w, € DP,,, we have
Low, € LP(RY,RY) and since w, € C*(RY, RY) satisfies [Low,] (z) = 0 for every
r € R? we obtain Low, = 0 in LP(RY,RY). Now, we can deduce from Theorem

7.11 that v, — ve = w, € WP (R%,RN). O
8.2. Application to complex-valued systems. Next we apply Theorem 1.7 to
complex systems
Alv(z) + (Sz, Vo(z)) + f(u(z)) = 0,
whose nonlinearities are of the form
FiON SN, fu) =g (juP)u,

where g : R — CN+V is a sufficiently smooth function with some additional proper-
ties. More precisely, we prove the following:

Corollary 8.1. Let the assumptions (A1)—(A4) be satisfied for 1 < p < oo and
K = C. Moreover, let g € C?(R,CN:N) such that, g(0) is diagonalizable (over C),
g(0)A = Ag(0), o(g(0)) C C_ and define

FC¥ oY, fw) =g (luP)u.
Then for every 0 < ¥ < 1 and for every radially nondecreasing weight function
0 € C(R% R) of exponential growth rate n > 0 with

2 aobo

0<n? <O
P

With amax, ag from (1.7), bg = —s(g(0)), there exists a constant K1 = K1(A, g,d,p,0,9) >
0 with the following property:

Every classical solution v, of

(8.1) ANv(z) + (Sz,Vu(z)) + f(v(z)) =0, 2 € RY,

such that v, € LP(R?, CN) and

(8.2) sup |vi(x)| < Ky for some Ry > 0
lz[>Ro

satisfies

v, € WP (R, CN).

Proof. 1. We transform the N-dimensional complex-valued system (8.1) into the
coupled 2/N-dimensional real-valued system

(8.3) A Avg(z) + (Sz, Vor(2)) + fr(ve(z)) =0, z € RY,

where A = Ay +iAy with A, Ay € RYN v = vy + ivy with vy, vy : R — RV,
f1, fo : R2N 5 RN with fy(ug,us) = Re f(u1 +ius) and fo(uy, us) = Im f(ug +iuz),
g = g1 +igs with g1,92 : R - R,

A —As U1 S g1v1 — gav2
Ag = = d = = .
® <A2 Ay ) R <U2 and  fr f2 g1v2 + gav1
2. In order to apply Theorem 1.7 to the 2N-dimensional problem (8.3), we have to

check, that the assumptions (A1)—(AS8) are satisfied for K = R: First note, that
(8.4) ANeo(Ad) < MAc€o(4gr)

— — \ -1
I iy Y iy Y (Aa O
(85) Y TAY =A, — (Y W) Ag (Y W) = ( 0 i
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Since A satisfies (A1) we deduce that Ar satisfies (A1) by (8.5). Analogously, since
A satisfies (A2) and (A3) we deduce that Ag satisfies (A2) and (A3) by (8.4) and
by the symmetry of the sector o, with respect to the real-axis. The condition (A4)
is directly satisfied. Since g € C*(R,C) the assumption (A5) is clearly satisfied.
Choosing v, = 0 € R?V | condition (A6) is satisfied, i.e. fr(vso) = 0, by definition

of fr. Since
_ (91(0)  —g2(0)
Dfw(0) = <§2<o> gf<o>>

and since ¢(0) is diagonalizable (over C) we conclude (8.5) that D fr(0) is diago-
nalizable (over C). Since A and g(0) commute, we deduce that also Ag and D fr(0)
commute. Thus, Ag and D fr(0) are simultaneously diagonalizable (over C) and
assumption (A7) is satisfied. Finally, since o(g(0)) C C_ we deduce by (8.4) that
o(Dfr(0)) C C_, i.e. assumption (A8) is also satisfied.

3. Let 0 < ¥ < 1 be fixed, 1 < p < 0o and # € C(R?, R) be a radially nondecreasing
weight function of exponential growth rate n > 0 with 0 < n? < 19% ag“b‘;)2, where
Amax, ao and by are from (1.7) with Ar and D fr(0) instead of A and Df(veo).
Moreover, let v, be a classical solution of (8.1) satisfying v, € LP(R? CY) and

(8.2). Then the function
__ (Reuw,
URx =\ Iy Vs

is a classical solution of (8.3), which also satisfies vz, € LP(RY R?V) and (8.2)
since v, ()| = |vg«(z)|. Applying Theorem 1.7 we obtain vg, € W,"*(R? R?N)
and thus v, € Wel’p(Rd, cM). 0

8.3. Eigenfunctions of the linearized problem. In this section we consider the
linearized operator

(8.6) [Lv] (z) :== ADv(z) 4+ (Sz, Vu(x)) + Df(ve(z))v(z)

under the conditions of Theorem 1.7 and we will analyze the corresponding eigen-
value problem

(8.7) (L] (z) = Mv(z), © € RY,

with A € C.

Definition 8.2. A function v: R? — CV is called a classical solution of (8.7) if
(8.8) ve C?(RY,CM)

and v solves (8.7) pointwise.

Theorem 8.3 (Eigenfunctions of £ with eigenvalues on the imaginary axis). Let
the assumptions (Al), (A2), (A3), (A4) and (Ab5) be satisfied for 1 < p < oo and
K = R. Moreover, let v, € C*(RY,CN) be a classical solution of (1.8). Then the
following assertions hold:

(1) The function

v(z) = (Sz, Vo, (z))

solves Lv = 0 in the classical sense, i.e. v is an eigenfunction of L with eigenvalue
A=0.
(2) Let (w, ) € R24 xR denote a solution of the 2d-dimensional eigenvalue problem

(8.9) (g‘f>w:uw
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The functions

d d
(8.10) v(x) = Z w;Djv(x) + i Z wjtaDjv,(x)
j=1 j=1
solve Lv = ipv in the classical sense, i.e. v is an eigenfunction of L with eigenvalue
A =1pu.
Proof. (1): Using (A4) and v, € C3(R?, R™) we deduce that the operators AAv, ()
and (Sz, Vu(x)) commute, i.e.

A ((Sx, Vo (x)))

d d d
=AY Di | YD SijzDiv.()
k=1 i=1 j=1
d d d

=A Z Z Z Di (Sijijiv*(ac))

i=1 j=1 k=1

d d d
:A Z Z Z Dk (Sz] (Dkl']> Di’U* (ZL') + SijSCjDkDi’U* (1‘))
=1 j=1 k=1

d d d
=A ( i D ;) Divy(x) + 28 (Dy;) Dy Dyvy () 4+ Sija;DiDsv (x))
ZZ}; i (Dizj) J j * 3 Vi Divx

i=1 j=1

=0 =0k
d d d d d
fAZZSﬂD D, (x ZZ SjiDiDive(z) + AY Y " Sija; DiDjv, (x)
j=11:=1 Jj=11i=1 1=1 j=1 k=1
—AZZ SU +sﬂ ) D; Dy, (2 +ZZSU% (AZDkU* )
i=1 j= 1 i=1 j=1

=(Sz,V (AA’U*( ))) -

This fact was already mentioned in [42, Remark 5.2] for the scalar real-valued case

and in [17, Proof of Lemma 2.3] for the complex-valued case in 2 space dimensions

with polar coordinates. In particular, we conclude from (A5) and v, € C*(R4,RY)
d d

DD SiaiDi (f(va(x)))

i=1 j:l

d

(52, V (f(vi(2))))

_ ZS”xJDf vx(2)) Doy ()

=Df(vi(x)) (S, Vuu(z)) -

To verify that v(z) = (Sx, Vu.(x)) is a eigenfunction of £ with eigenvalue A = 0
we multiply (1.1) from left by S;;z;D; and sum this equation for both ¢ and j from
ltod

0= (Sz,V (AAv,(x) + (Sx, Vo (x)) + f(ve(2))))
= (52, V (AL, (2))) + (52, V ({Sz, Vv (2)))) + (Sz, V (f (v.(2))))
= AA ({Sz, Vu,(2))) + (Sz, V ({(Sx, Vo (2)))) + D f(ve(2)) (S, Vo, (x))
= LSz, Vu.(x)
(2): Applying Dy, to (
0 =Dy (ALv.(z) + (Sz, Vo, (7)) + f(vi(2)))

)
1.1) for every k = 1,...,d yields
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— AN (Dyu, (z +iz_j [

ij Dkxj D ’U*( )+Sij$jDkaU*(.T):|
i=1 j=1 —
(Sjk
+ D f(ve(x)) Dyvs(z)
d
=ANA (Dyvy(x)) + (Sx, VDo (z)) + Df(vi(x)) Doy (z) + Z Site Divy ()
i=1
d
=LDv,(z) + Z Site Divg ().
i=1
To find the eigenfunctions v of the eigenvalue problem (8.7) with corresponding
eigenvalues A = i on the imaginary axis, i.e. u € R, we put the ansatz (8.10) into
(8.7)

d d
Z pw;Djv,(x) + i Z pwiraDjv,(x)
j=1 j=1
=ipv(z) = Lo(z)
d d
= Z w; LD v, (x) + i Z Wjtd LD v, ()
; =
d d d d
= Z w; ( Z SijDi’U* (SC)) + ) Z Wi4-d ( Z SijDi’U* (1‘))
j=1 i=1 j= i=1
d d d
Z Z wg-l—dSzJ D; 'U* + 1 Z w] ij z'U*
i=1 j=1 i=1 \j=1
d d d d
Z <—Zwk+d8’jk> Djv,(x —i—zz (Z wijk> Djv.(x)
j=1 k=1 j=1 \k=1
that leads us to the equations
d
Mw]:_zwk-‘rd‘s’]k ajzla"'7d7
k=1
d
ij+d:2wksjk 5j:15"'7d7
k=1

which can be formulated as the 2d-dimensional eigenvalue problem (8.9). Finding
real eigenvalues ;1 and eigenvectors w € R?? of this finite dimensional eigenvalue
problem will give us directly the eigenvalues A = ¢u on the imaginary axis and the

corresponding eigenfunctions v from (8.10) for the eigenvalue problem (8.7). O
. . 0 ST .
Remark. (1) By assumption (A4) the matrix S 0 is real and symmet-

ric. Hence the correspondig eigenvalues p for the eigenvalue problem (8.9) are real.
Moreover, every eigenvalue p of (8.9) has algebraic and geometric multiplicity 2.
Since every eigenvalue p has geometric multiplicity 2, they admit exactly two lin-
early independent eigenvectors wy,ws € R??. This two eigenvectors generate two
linearly dependent eigenfunctions vy, ve of (8.7). For odd space dimensions d the
eigenvalue problem (8.9) admits the eigenvalue p = 0 and the resulting eigenfunc-
tion v of (8.7) differs from the eigenfunction from (1) in Theorem 8.3, since the
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eigenfunction from (1) has unbounded coefficients. For even space dimensions the
eigenvalue p = 0 does never appears for the eigenvalue problem (8.9). Thus, asser-
tion (2) in Theorem 8.3 provides us d pairwise different eigenvalues A = iy € iR
(see Figure 8.3) and their associated eigenfunctions v.

AR

FIGURE 8.1. Eigenvalues A = ip € iR of £ on the imaginary axis
given by Theorem 8.3 (2) for d = 2 (left) to d = 6 (right)

(2) Consider the coupled eigenvalue problem (8.9) with w = (wy, Wa)T € R?? and
weR, ie.

STwy = [y
Swy = pws

To decouple (8.9) we must distinguish between the case p = 0 (which appears if
the space dimension d is odd) and p # 0.
Case 1: (¢ =0). In this case we have

—Swy = STwy = Swy = Sz:= S(w; +w2) =0

and hence, we can choose wy,ws such that z = w; 4+ we, where z € R? solves
Sz=0.
Case 2: (u # 0). In this case we have

1 1
pwy = STws = ST (—Swl) = =STSu,
1 1

Let (12, w1) be a solution of ST Sw; = p?w; and let wy 1= %Swl, then (u, wy, ws)
solves (8.9). Since STS € R%? is a real and symmetric, the corresponding eigen-
values u? are real.

Example 8.4. In the two dimensional case, i.e. d = 2, the eigenvalue problem
(8.9) admits the solutions

1 = +S19, 61:(*1 0 0 1)T,(0 1 1 O)T
po=—S1, ea=(1 0 0 1) (0 =1 1 0)".
By (8.10) this yields the following eigenfunctions and eigenvalues of the operator £

A1 = +iS12, vi(x) = —Dyve(z) + iDavy(2),
A1 = +iS12, va(x) = Dave(x) + iDyvs(z),
Ao = —iS12, wv3(x) = Dyve(x) + iDavs (),
Xo = —iS12, v4(x) = —Daov, () + iDyvs(x)

Note that v1(z) = ive(x) and vs(x) = tvg(x). Hence, v1,v2 and vs, v are linearly
dependent, respectively. Thus we have (see [17, Lemma 2.3] for the case d = 2)

A=0, wv(x) =512 (x2D1vs(x) — 21 Dvs()),
A= 1iS12, v(z) =Div,(z) FiDovy(x).
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Example 8.5. In the three dimensional case, i.e. d = 3, the eigenvalue problem
(8.9) admits the solutions

pr=0, es=(0 0 0 Sy —Siz3 Si )T,
Sas —S13 S12 0 0 0)F

— 4B, es=( —S135m —(5%+5%) —Si2S13 —ESia 0 ESxy ),
(=123 S12813 S%+S83 ESiz ESs 0),

ps = —E, e3=/( S1353 Si+ 53 S12513 —ES12 0 ESos )Ta

( S125823 —S12513 —(S73+533) ESi3 ESas O)T-

where F := v/—STS = \/S?, + S?; + S3; denotes the length of the angular velocity
vector. By (8.10) this yields the following eigenfunctions and eigenvalues of the
operator L
A1 =0, wvi(x) =i(SazDive(x) — S13D2v4(x) + S12D3vy (),
A1 =0, wva(x) =S23D10,(x) — S13D2vs () + S12D3va (),
Ao = +iE, ws(x) =— S13523D10,(x) — (Sf2 + Sgg)ng*(x) — 512513 D30, (2)
+ i (—=ES12D1vs(z) + ESazD3v,(x))
Ao = +iE, wvi(x) = — 512823 D10, () + S12513D2vs () +
+ i (ES13D1v4(x) + ESa3 Davy (),
Ao = —iE, wvs(z) =513923 D10, () 4 (Siy + Sa3) Dovy () + S12513 D3v, (2)
+ i (—ES12D1v,(z) + ESa3Dsvy (),
Ao = —iE, wg(x) =S12523 D10, () — S12513 Dovy () — (8’13 + 523 Dsv,(x)
+ i (ES13D1v.(x) + ESa3Davy (1)) .

+ (573 + S33) D3vs ()

Note that v, vs as well as v, v4 and v, vg are linearly dependent. Thus we have

A=0, wv(x)=S12 (v2D1vs(z) — 21 D20, (7))
+ S13 (w3 D1vi () — 1 D3v, ()
+ So3 (23 D20, (z) — x2D3v, (),
A=0, v(x)=So3Divs(x) — S13D20, () + S12D3v4 (),
A =B, v(z) =% (—S1283D1v.(2) + S12S13D2v,(2) + (St5 + S33) D3v ()
+ i (ES13D1v.(2) + ESa3Davy(2)) .
Theorem 8.6 (Exponential decay of eigenfunctions). Let the assumptions
(A1)—(A8) be satisfied for 1 < p < oo and K = R. Then for every 0 < 9 < 1

and for every radially nondecreasing weight function 0 € C(R%,R) of exponential
growth rate n > 0 with

2 agb
2 ov0
0<n <19§a2 p2

max.

With amax, ao, b from (1.7), there exists a constant K1 = K1(A, f,v00,d,p,0,9) >0
with the following property:

Given a classical solution v, of (1.8) such that vy — v € LP(RY,RY) and (1.9)
hold. Then every classical solution v € LP(R? CN) of the eigenvalue problem

(8.11) ANv(z) + (Sz, Vo(z)) + Df (v (z))v(z) = M(z), € RY,
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with A\ € C and Re \ > %0 satisfies
v e W, P(RY,CN).

Proof. Let 0 < ¥ < 1 be fixed, 1 < p < oo and § € C(R? R) be a radially
nondecreasing weight function of exponential growth rate > 0 with 0 < 7% <

19% a;")b‘;Z, where amax, ag and by are from (1.7).

1. Let v be a classical solution of (8.7) with v € LP(RY,RY), then we can write

(8.7) as

0= Mv(z) — [Lv] (z)

= M(z) — (AAv(x
= M(z) — (AAv(x
— (M- £q) o()

where B := —D f(vs) and Q(z) := D f(vs(x)) — Df(voo)-

2. In order to apply Theorem 7.11 we have to check, that the assumptions are

satisfied. Assumptions (A1), (A2), (A3) and (A4) are directly satisfied, (A7p)

follows from (A7) and (A8p) follows from (AR), by definition of B. To verify (7.8),
let us choose K1 = K1(A, f,v00,d,p,0,9) > 0 (as in Theorem 1.7) such that

bo 11
K sup D?f(z g—min{—,—}
' <Z€BK1(’UOO)| ( >|2> 3 C7" My
is satisfied, where C7 = C7(A4,d, p,0,9) is from Lemma 4.8, M., = M (A, d) from
(6.9), by = bo(f, veo) from (1.7) and

D2 F )y 1= D2 F G| ggn vy = 0D [D2f(2)0],
veRN

[v]=1

+ (52, V(@) + D f(veo)v(x) + (D f (vi(2)) = Df (vec)) v())

)
) + (Sz, Vou(z)) — Bo(z) + Q(z)v(x))

Using the fundamental theorem of calculus, (A5), (1.9) and the choice of K; we
obtain for every |z| > Ro

Q()l,
=[Df(vi(2)) = Df (ve0)l,

/0 D2 f (00 + 5(04 (2) — v00))d5(04 () — vs0)

2

< [ 1D 0+ (01 @) = vy s o) = v

</0 ( sup |D? f(veo + 5(vi(2) —’UOO))‘2> ds( sup |v.(x) —’UOO|>

|z[>Ro |z|>Ro

bo 1 1
<Ki sup D2fz g—min{—,—}.
(ZEBKI(’UOO)’ ( )}2 3 07 Moo
Taking the suprema over |z| > Ry yields

11
sup |Q(z)]y < —minq —,— 5.
|z|;1)%o| @l 3 {07 Moo}

3. To verify Q € L>®(R4,CNN), note that v, — ve € Cp(R%,RY) since v, is a
classical solution of (1.8). Thus

JR1 >0: |vi(z) —veo| < Ry Vz e RrRY.
This implies by (A5) for every x € R?
|Q()[, =[Df(vi(x)) = Df(veo)l



SPATIAL DECAY OF ROTATING WAVES IN PARABOLIC SYSTEMS 89

< sup [Df(vi(@))]y + [Df (voo)ly
zER

< sup  [Df(2)]y +[Df(veo)ly,
2€Br, (0)

which is of course finite by the continuity of Df on compact sets. Taking the
suprema over x € R? we obtain Q € Cy(R% RN-V), thus Q belongs also to Q €
L>® (R4, CNN),

4. Next we verify that v € DP, . By assumption we know that v € LP(RY,CV)
and v € W2P(RY,CN) since v € C2(RY,CN). Tt remains to prove that Lov €

LP(R?, CN): From (A5) we deduce that Df is locally Lipschitz continuous, i.e.
there exists L = L(R;) > 0 such that

|Df(vi(x)) = Df(voo)| < L|vi(2) — voo| VX € R,
Now, we obtain from (8.11) and Holder’s inequality

[1£ovl[e < A[0llLo + [Df (voo ) 0]l Lo + 1D f (v4(2)) = Df (voo )l pos [10]] Lo
S A+ DS (voo)| + LE1) [0l 1o -

Thus Lov € LP(R? CN) since v € LP(R? CV) and hence v € DP, . Moreover,
we have the equality \v — Lov = 0 in LP(RY, CV): Since v € D2, we have that
Lgv and thus v — Lgv belongs to LP(R?, CV) and since [Lgv] (z) = Av(x) for
every € R? we obtain Lv = \v in LP(R4,C"). Finally, applying Theorem 7.11

we conclude that v € W, "P(R?,CV). O
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