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ADAM ANDERSSON, RAPHAEL KRUSE, AND STIG LARSSON

ABSTRACT. We introduce a new family of refined Sobolev-Malliavin spaces
that capture the integrability in time of the Malliavin derivative. We consider
duality in these spaces and derive a Burkholder type inequality in a dual norm.

The theory we develop allows us to prove weak convergence with essentially
optimal rate for numerical approximations in space and time of semilinear
parabolic stochastic evolution equations driven by Gaussian additive noise.
In particular, we combine a standard Galerkin finite element method with
backward Euler timestepping. The method of proof does not rely on the use
of the Kolmogorov equation or the Ito formula and is therefore non-Markovian
in nature. Test functions satisfying polynomial growth and mild smoothness
assumptions are allowed, meaning in particular that we prove convergence of
arbitrary moments with essentially optimal rate.

1. INTRODUCTION

The classical Sobolev-Malliavin spaces capture the integrability in the chance
parameter of a random variable and its Malliavin derivatives. In many situations,
where Malliavin calculus is used, in particular, for stochastic evolution equations,
the Malliavin derivative is a stochastic process. One purpose of this paper is to
introduce a refined family of Sobolev-Malliavin spaces that capture the integrability
properties of the Malliavin derivative with respect to its time parameter. It turns
out that the Malliavin derivative of the solution to a parabolic stochastic evolution
equation has, depending on the regularity of the noise, good integrability properties
in time and, in the case of trace class noise, it is even bounded. However, the main
purpose of the new feature is not to measure regularity in a refined way, but to
exploit that the corresponding dual norms are weaker with respect to integrability
in time.

Let (H,| -, {-,-)) be a separable Hilbert space and @ € L(H) be a selfadjoint
positive semidefinite linear operator on H. We define the space Hy = Q2 (H) and
let LY = Ly(Hy, H) be the space of Hilbert-Schmidt operators from Hy to H. We
consider a filtered probability space (2, F, (F¢)se(o,7), P) on which an L2([0, T'], Ho)-
isonormal process is defined. For a differentiable random variable X the Malliavin
derivative DX = (D;X)epo,7] with respect to the isonormal process, is an L9-
valued stochastic process. We introduce, for p,q > 2, the refined Sobolev-Malliavin
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spaces M*P4(H) of random variables X € L?(, H) such that

3 =

”XHMLP’Q(H) = (HXHZ[),p(Q,H) + ”DX”Zzp(Q,Lq([o,T],gg))) < 0.

The classical Sobolev-Malliavin spaces are obtained for ¢ = 2. We use the refined
spaces in a duality argument based on the Gelfand triple

MYP4(H) C L*(Q, H) ¢ MM4(H)*.

A key ingredient is the following inequality for the H-valued stochastic Ito-integral
fOT ® dW in the dual norm of M?4(H), where W is a cylindrical Q-Wiener process
and ® € LP(Q, L([0,T],LY)) is a predictable stochastic process. In Theorem 3.5
we show

(1.1) H /OT B(1) dW(t)H

where p’, ¢’ are the conjugate exponents to p,q > 2. We apply this inequality in
situations, where one usually relies on the Burkholder-Davis-Gundy inequality, see
Lemma 2.2. There the L?(Q, H)-norm of the stochastic integral is bounded in terms
of the LP(Q, L?([0,T], £9))-norm of ®, whereas here the dual norm of the integral is
bounded by the L (€, L7 ([0, T], £3))-norm of ®. Since ¢’ < 2, this allows stronger
singularities with respect to t.

In defining the spaces MP¢(H) some care needs to be taken. For ¢ > 2 we
define the Malliavin derivative on a non-standard core SY(H), see (3.2), (3.3), of
smooth and cylindrical random variables, more regular than in the classical theory
in which ¢ = 2. By proving that the operator D: S9(H) — LP(Q, L9([0,T], £Y)) is
well defined and closable, we show that M'?4(H) are Banach spaces. The proofs
are rather elementary and rely to a large extent on existing results for the case ¢ = 2.
The spaces are new to the best of our knowledge, although there are similarities
with the Hida and Kondratiev spaces, see, e.g., [4] or [23].

The motivation for introducing the spaces described above is found in our aim to
develop new methods for the analysis of the weak error of numerical approximations
of semilinear parabolic stochastic partial differential equations of the form

(1.2) dX(t)+ AX(t)dt = F(X(t))dt + dW (t), t € (0,T]; X (0) = X.

MUp.a(H)* < HCI)HLP/(Q,Lq’([o,T]yﬁg)),

Both space-time white noise and trace class noise are considered and the nonlinear-
ity I is allowed to be a Nemytskii operator. See Assumption 2.3 below for precise
conditions on A, F', W, Xy. We treat discretizations in space and time, allowing for
any spatial discretization scheme that satisfies the abstract Assumption 2.4 below.
We verify this assumption for piecewise linear finite element approximations of the
heat equation. Discretization in time is performed by the semi-implicit backward
FEuler method. Our main result, weak convergence of essentially optimal rate, is
stated in Theorem 4.4.

Weak convergence for linear stochastic evolution equations was studied in [14],
[16], [19], [28], [29], [31], [35] and the works [5], [6], [7], [21], [22], [27, Chapt. 5], [14],
[15], [16] treat semilinear equations with additive noise. Of these [27, Chapt. 5] is
unique in that it treats a nonglobal Lipschitz drift term. In [8], [9] the authors study
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weak convergence for stochastic ordinary delay differential equations. Most of these
works are based on Ito’s formula and Kolmogorov’s equation. It becomes apparent
while reading the literature that proving weak convergence of optimal order is a
challenging task. Semilinear equations with multiplicative noise was treated in [2],
[12], [15] but only [12] covers noise more general than linear. No results are known
for multiplicative noise in the form of a nonlinear Nemytskii operator. As in [5],
[7], [22], [27, Chapt. 5], [44], [45] we allow F' to be a nonlinear Nemytskii operator.

Let X,Y € L?(92, H) and ¢: H — R have two continuous Fréchet derivatives of
polynomial growth. Our technique relies on the following linearization of the weak
error

E[p(X) - o(¥)] =E[($,X ~ V)], where ¢= / (X + (1 - 0)Y)dp,

introduced in [10] and [31] independently. The paper [10] then proceeds by using an
adjoint problem. Our method is the following: If V C L?(2, H) C V* is a Gelfand
triple such that ¢ € V, then we obtain by duality

[Ble(X) —eM)]| < [l2]l X = Y]y

With a good choice of V', the error converges in the V*-norm with twice the rate of
convergence in the L?(£2, H)-norm, which is the expected rate of weak convergence.
For linear equations we prove that V = M'PP(H) is a good choice for some p > 2.
The main part of the error X —Y is then a stochastic convolution fOT E(T—t)dW (¢).
Bounding the error operator E(T —t) in the apropriate norm yields convergence at
the price of a singularity at ¢t = T. By using the inequality (1.1) on this integral
with sufficiently large p = ¢ > 2, we may integrate a stronger singularity and obtain
a higher rate of convergence. For semilinear equations the main difference is that
a term involving F(X) — F(Y) appears. We then use V = G'?(H) = M"P?(H)N
L??(Q, H). In Lemma 3.9 we show that F': V* — V* is locally Lipschitz with a
constant depending on || X |lnr2e.p (), Y [lmr2er(ar)- The choice of a stronger V-
norm is necessary in order to control the nonlinearity in this way. After bounding
these norms, we may use a standard Gronwall argument to bound || X — Y||y-.

As our method does not rely on the use of Kolmogorov’s equation or It6’s formula,
it extends to non-Markovian equations. In the work [1] our method is used to prove
weak convergence for semilinear stochastic Volterra equations driven by additive
noise. Such equations suffer from the lack of a Kolmogorov equation and therefore
the classical proof is not feasible. We hope that our method will enable weak error
analysis for other non-Markovian equations such as for instance random evolution
PDEs. In this context we mention the work [3] in which non-Markovian stochastic
ordinary delay equations with delay in the diffusion is treated with a completely
different method, relying on the tame Ito formula from the anticipating stochastic
calculus. For a discussion of the difficulties that arise in connection with a possible
extension to multiplicative noise, see Subsection 4.3 below.

An additional advantage of the present work is that we only require the test
function ¢ to have two continuous Fréchet derivatives of polynomial growth. This
means, in particular, that we prove convergence of arbitrary moments with the
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higher rate. Except in [31] for the case of linear equations, the test function in the
previous weak error analysis is assumed to have bounded derivatives and conver-
gence of moments is treated separately, for example, in [11]. In addition, our weak
error estimate in Theorem 4.4 is uniform with respect to the time partition unlike
earlier results in the literature.

The paper is organized as follows. In Section 2 we present preliminary material
and our basic assumptions on the stochastic partial differential equation and the
numerical scheme. The core of the paper is Section 3, which contains our extensions
of the Malliavin calculus. In 3.1 we introduce the refined Sobolev-Malliavin spaces
and prove that they are well defined. Duality of our new spaces is treated in 3.2,
with the inequality (1.1) and a local Lipschitz bound as the main results. In 3.3 and
3.4 regularity in terms of the new spaces is proved for the solution to the stochastic
evolution equation and its approximation, respectively. Section 4 contains the weak
convergence analysis. In 4.1 we restrict the discussion to approximations of the
stochastic convolution and in 4.2 we treat semilinear equations. Finally, in Section 5
we verify our assumption on the numerical method for a standard finite element
approximation of the heat equation.

2. SETTING AND PRELIMINARIES

2.1. Analytic preliminaries. Let (U, || - ||, (-, )v) and (V,|| - ||v, (-,-)v) be sep-
arable Hilbert spaces and let £(U,V') be the Banach space of all bounded linear
operators U — V. If U = V, then we write L(U) = L(U,U) and if U = H,
we abbreviate £ = L(H). We denote by L2(U,V) C L(U,V) the subspace of all
Hilbert-Schmidt operators endowed with the standard norm and inner product

1Tl e vy = (Z ||TUj||%/> LS Ty = Y (Suy, Tug)y,
JEN JEN

where both are independent of the particular choice of ON-basis (u;)jen C U.

For separable Hilbert spaces Uy, ..., U,,, m € N, we denote by L’[m](Ul X e X
U, V) the space of multi-linear operators b: Uy X -+ x U,, — V. We use the
notation b - (w1, ..., Uy) = b(u1,...,uy) for u; € U;, i = 1,...,m, to emphasize
that b is multi-linear. If U = U; = ... = U, we abbreviate LI"™/(U x --- x U, V) =
LU, V). The norm 61l £om1 (1, - x 1, vy 18 the smallest constant C' such that

21) b (g, um)llv < Cludllo, -+ lumllo,, Vui€Us, i=1,...,m.

By C™(U, V) we denote the space of all mappings ¢: U — V with continuous
Fréchet derivatives of order m, C["(U,V) is the subspace with m > 1 bounded
derivatives ¢/, ..., ("™ (note that ¢ needs not be bounded), and C'(U, V) denotes
the analogous space with derivatives of polynomial growth. On CJ*(U, V') we use
the natural seminorm |¢|c;m = sup,cq ||¢(m)(;v)||ﬁ[m](U,V). We define C2(U, V) to
be all bounded continuous mappings U — V', endowed with the uniform norm.
The first derivative of ¢ € C*(U,V) is an operator ¢'(z) € L(U,V) = £LMN(U, V)
for every x € U. When V = R we may identify ¢'(z) € L(U,R) = U* with its
gradient ¢/(z) € U via ¢'(x) - u = (¢'(z),u)y by the Riesz representation theorem.




DUALITY IN REFINED SOBOLEV-MALLIAVIN SPACES 5

Similarly, for ¢ € C?(U,R) we will sometimes identify ¢ (z) € £I2 (U, R) with an
operator ¢”(z) € L(U) via ¢ () - (ur,u2) = (¢’ (x)ur,uz)y. By the mean value
theorem we have, for ¢ € C*(U, V),

1
(22 ox)=dly) + / §+oe—1) (—y)dp, zyel.

We will use the following version of Gronwall’s Lemma, for a proof see [17,
Lemma 7.1].

Lemma 2.1. LetT >0, Ne N, k= %, and t, =nk for0 <n < N. If(goj);-\/:l
are nonnegative real numbers with

n—1

en < CLL+ 6 ) + ok Y10, 1<n <N,

Jj=0

for some constants C1,Cy > 0 and p,v > 0, then there exists a constant C' =
C(u,v,Co,T) such that

Oon <COL (14t 1), 1<n<N.

We sometimes write a < b to denote a < Cb for some constant C' > 0. Constants
arising from the estimates (2.3), (2.4), (2.10) and (2.12), as well as trivial numerical
constants, will be suppressed with this symbol.

2.2. Stochastic preliminaries. Let (H,| - ||,(-,-)) be a separable Hilbert space
and let Q € £ = L(H) be a selfadjoint, positive semidefinite operator on H and
Q% its unique positive square root. The space Hy = Q%(H) is a Hilbert space
with scalar product (u,v)g, = (Q 2u,Q 2v). We denote by £ = Ly(Ho, H)
the space of Hilbert-Schmidt operators Hy — H. We consider a filtered probabil-
ity space (2, F, (Ft):ef0,1), P) and the corresponding Bochner spaces LP(Q2,V) =
LP((Q,F,P),V), p € [1,00], V a Banach space. We abbreviate L?(Q) = L?({), R).
We assume that (W(t))cjo,r] is a cylindrical @Q-Wiener process, meaning that
W e C([0,T], L(Hy, L?(Q2))) is such that t — W (t)u is an F;-predictable real-valued
Brownian motion for every u € Hy and

E[W (s)u W (t)v] = min(s, t)(u,v)n,, u,v € Hy, s,t€[0,T].

For predictable ® € L2([0,T] x Q, L) the H-valued stochastic Ito-integral
T
/ O(t)dW (t) € L*(Q, H),
0

is a well defined random variable. For details on the construction of cylindrical
Wiener processes and the corresponding stochastic integral we refer to [13,39,42].
For technical reasons we assume that the o-field F is generated by (W (t))iepo,m
and the filtration (F;):cjo,7] is the natural filtration associated with (W (t)):eqo,1)-
We cite the following special case of Burkholder’s inequality [13, Lemma 7.2].



6 A. ANDERSSON, R. KRUSE, AND S. LARSSON

Lemma 2.2. Let (®(t))icpo,r) be a predictable and L3-valued process such that
2 r (0,2 ([0,17,29)) < 00 for some p > 2. Then there exists a constant Cyp, such
that

T
O(s)dW H < C,|D| L :
H/O (s) (s) Lo(@.H) = P2l L (Q,L2(0,T7,£9))

2.3. The stochastic equation. We study equation (1.2) under the following as-
sumption and recall that the solution X takes values in H.

Assumption 2.3. (i) Let (A, D(A)) be a linear operator on H such that A~ €
L(H) exists and —A is the generator of an analytic semigroup (S(t))i>0 of
bounded linear operators S(t) = e™* on H.

(ii) The initial value Xq is deterministic and satisfies Xo € H?P, for some § €
(0,1], where H* C H denotes the domain of A% .

(iii) The covariance operator Q satisfies HA%HLQ = ||A%Q%||L2 < 00, for the
same B as in (ii).

(iv) The drift F: H — H is assumed to be twice differentiable in the sense F €
CL(H,H)NCZ(H,H™"), where H™" is defined below.

Under Assumption 2.3 (i) the fractional powers A2 for r € R are well defined,
see [38, Section 2.6]. We define the norms ||v||, = |[AZv|| and let H" = D(A%) for
r > 0. For r < 0 we define H" as the closure of H under the norm |[v||,. The spaces
H™ Cc HC H™" form a Gelfand triple for r > 0.

The analytic semigroup (S(t)):>0 generated by —A satisfies, see [38, Section 2.6],

(2:3) [A2S@)]lc < Cpt™¢, >0, 020,
(2.4) 1(S(t) = DA™ < Cpt?, 120, 0<0<1.

Under Assumption 2.3, the stochastic equation (1.2) has a mild solution X €
C([0,T],LP(Q2, H)), for every p > 2, in the sense that it satisfies the integral equation

(2.5) X(t) = S(t)Xo + /0 tS(t—s)F(X(s))ds+ /0 tS(t—s)dW(s), te 0,7,

and

(2.6) sup || X ()| o (,m) < C(1+ || Xo).

te[0,T]
For every v € [0, 8) the solution satisfies X (t) € H”, P-a.s., for all t € [0,7T]. For
more details we refer to [13], [25], [32], and the references therein.

In [2] and [15] the authors assume F € CZ(H,H), which works well for the
analysis but has the following disadvantage: If D € R%, d = 1,2,3, H = L*(D)
and F': H — H is a Nemytskii operator, i.e., a mapping in the form g — F(g) =
f(g()), where f € C3(R,R), then F € C.(H,H) but in general F ¢ C2(H, H).
This disqualifies the most interesting examples of nonlinearities F'. On the other
hand by the Sobolev embedding theorem F' € Cg(H,H_%‘“) for € > 0 and hence
Assumption 2.3 admits Nemytskii operators for d = 1. See [14, Example 5.1] for a
verification. For d = 2,3 one needs to assume F € CZ(H, H*S) with s > 1, which
works for spectral Galerkin approximations but not for the finite element method
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due to the restriction on g in (2.11) below. In [1] this restriction is removed, allowing
for finite element discretization also for d = 2,3. Papers that include Nemytskii
operators are [5], [7], [22], [44], [45] and our Assumption 2.3 (iv) is a reformulation
of [44, Assumption 5.1].

2.4. Approximation of the solution. We approximate equation (1.2) in finite-
dimensional approximation spaces Vj, C H, h € (0,1]. The parameter h € (0, 1] is
a refinement parameter. We denote by P,: H — V}, the orthogonal projector onto
Vi and by (Ap)pe(o,1) a family of operators Ap,: Vi, — Vj, approximating A. The
assumptions on (Vi)ne(o,1], and (An)pe(o,1) are given in Assumption 2.4 below.
For the time discretization let k € (0,1) be the constant step size. We define the
discrete time points by ¢, = nk, n =0,..., N, where N = N (k) € N is determined
by ty <T < tn+ k. We define the operator Sy, x = (I +kAy) ™! P, and notice that
Sh,kQ% € Lo(H), since Sy i is a finite rank operator. Hence, it is a valid integrand
for the stochastic integral. Our completely discrete scheme is to find the recursive
sequence (X;;’k)szo C V}, given by the semi-implicit Euler-Maruyama method:

tnt1
X}?’J};l = Sh,ng,k + kS}hkF(X;?’k) + /t Sh,k dW(s), n=0,...,N —1;

(2.7) .
X} x = PuXo.
By iterating (2.7) we obtain the discrete analog of (2.5)
n—1 ] )
Xii = SituPaXo + kY SpIF(XG )
j=0

(2.8) .
J+1 )
+Z/ Syl dw(t), n=0,...,N.
j=0 "1

Further, we define the error operators E}; ., h, k € (0, 1], by
(2.9) E;LL,k = S(nk) — S;Zj’k.
We now state our assumption on the numerical discretization.

Assumption 2.4. The linear operators Ay : Vi, — Vi, and the orthogonal projectors
Pn: H— Vi, h e (0,1], satisfy

(2.10) [AZSE el <Ct¢, n=1,...,N, 0>0,
(2.11) |4, PA®c <C, 0<0< 3,
uniformly in h,k € (0,1], and, for 0 <0 <2, —0 < p < min(1,2 —0),

o _b+e
(2.12) |Ep A% e <C(R +k2)tn =, n=1,...,N.

We emphasize that the restriction p < % in (2.11) is dictated by our desire to
include standard finite element spaces, for which V}, C H L and no better. We
remark that the error estimate (2.12) is non-standard, due to the low regularity
regime we consider. In fact, when ¢ > 0, it corresponds to an error estimate for
the deterministic linear equation with rough initial data, i.c., S(t)Xo = S(t)A%z
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with = € H, so that X = A%z € H—2. We verify (2.12) in Section 5 for the finite
element method and the heat equation by means of interpolation techniques, using
already established results from [30,31]. By [30, Example 3.4], spectral Galerkin
approximations also fit under our Assumption 2.4.

Finally, for future reference, we formulate an important consequence of the
smoothing properties (2.3) and (2.10), (2.11), respectively, in conjunction with the

assumption on the covariance operator in Assumption 2.3 (iii).

Lemma 2.5. Let Assumptions 2.3 and 2.4 hold with 5 € [0,1]. Let q € [2, ﬁ)
with ¢ = oo allowed if 8 =1. Then

s-1
1Sl zacro,m,29) < CllA = |l g
and
= i e Y9 L
(£ 185402 ) < CIA ey
j=1
Proof. Let first ¢ < co. By (2.3) with o = % we get

T T
18 Bt
IS oy = | 150OIgde < [ 1A SOl arja= 12y

T
< C/ 152 g ||A%||qﬁ0 < C||A%||qﬁo.
0 2 ’

For the second inequality we use instead (2.10), (2.11) with o = % to get

1-8

. i-8 . =1
157 klleg < NALZ S5 kllcllAy® Palleg

i-5 . £-1 1-8 B—1
<AL S ellellAy® PaA™= (2l A= g
_1-8 B—1
<Ct; ® A= lgg

which can be summed as desired. The case when ¢ = oo, f = 1 is now obvious. [

3. MALLIAVIN CALCULUS

The papers [20] and [34] are the earliest works to treat Malliavin calculus for
stochastic evolution equations in the Hilbert space framework. Later it was used in
several papers related to optimal control of stochastic partial differential equations,
in particular, in connection with backward stochastic differential equations [18] and
backward stochastic Volterra integral equations in Hilbert spaces [3]. Malliavin dif-
ferentiability of solutions to stochastic evolution equations is proved in [18]. There
are also works using the Malliavin calculus for specific equations outside the setting
of the present paper and it is more extensively developed for equations studied in
the framework of [43], see the book [40]. We mention also the papers [2], [5], [0],
[8], [10], [15], [21], [22], [26], [27, Chapt. 5], [46], where the Malliavin calculus is
applied to the problem of proving weak convergence. Below we take a new direction
and introduce in Subsection 4.1 a family of refined Sobolev-Malliavin spaces. We
show in Subsection 4.2 that these spaces are particularly useful in connection with
duality.
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3.1. Refined Sobolev-Malliavin spaces. Let I: L%([0,T], Hy) — L?(Q2) be the
mapping given by

/¢ t)dw(t), ¢ L*([0,T], Hy),

where we identify L?([0, 7], Ho) = L?([0,T], L2(Ho, R)). This identification is im-
portant since an R-valued stochastic integral has an L2([0,T], £2(Ho, R))-valued
integrand. Fix an ON-basis (¢;);en C L%([0,T], Hp), let P, be the set of random
variables given by n:th order polynomials of the random variables (I(¢;))jen. The
set P = UpenPy is independent of the choice of basis, see [24], and

(3.1) P C LP(Q) is dense for 1 < p < oo.

Let 2 < ¢ < oo and let the mapping i: L9([0,T], Hy) — L?([0,T], Hy) denote
the canonical embedding. Let S? be the set of random variables F' of the form

F=f(I(i(¢1)),-..,1(i(én))),

(3.2) Lo . .
fECp(R ’R)v (¢j)j:1 cL ([O’T]aHO)v n € N.

The class S? is standard in Malliavin calculus and is usually denoted by S. Our
definition coincides with that in [31] but in the standard work [36] and many other
works C3°(R™, R) is used instead of C}(R",R). The classes S? for ¢ > 2 are new
to our knowledge.

Lemma 3.1. For1 <p< oo and2 < q<oo, S C LP(Q) is dense.

Proof. Without causing confusion we also let ¢ denote the canonical embedding
from L4([0,T],R) to L*([0,7],R). We notice the isomorphism L?([0, 7], Hy) =
L2([0,T],R) ® Ho.

Since there even exists a bounded ON-basis of the space L?([0,T], R) we clearly
find a sequence (fn)nen C L7([0,T],R) such that (i(f,))nen is an ON-basis for
L2([0,T],R). If (hp)nen is an ON-basis for Hp, then (i(fn) ® hn)mnen is an ON-
basis for L2([0, 7], R) ® Hy. In particular, we have that i(fm, @ hy) = i(fim) @ hn.

Since the result (3.1) is independent of the choice of the basis, we conclude our
assertion by using the sequence (I(i(fm ® hn)))m.neN- O

For 1 < p < oo and 2 < ¢ < oo we define the action of the Malliavin derivative
D: 87— LP(Q,L([0,T], Hy)) on a random variable F' of the form (3.2) by

DiF =23 0;f(I(i($1)),--, 1(i(dn)) ® ¢5(t), t€[0,T].

j=1
This is well defined because ¢1,...,¢, € L([0,T], Hp), the random variables
I(¢1),...,I(¢,) are Gaussian with all existing moments and since f has poly-

nomial growth. By a direct modification of [31, Proposition 4.2] it does not depend
on the specific representation of F.

We remark that for ¢ = 2 the linear operator D: 8% — LP(Q, L2([0,T], Hp)) is
the standard Malliavin derivative. Technically speaking, we have restricted the do-
main of the Malliavin derivative to S C 82 for 2 < ¢ < co. By this we have ensured
that D|s« maps into the smaller space LP($, L([0,T|, Hy)) C LP(Q, L*([0,T], Hy)).
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We define the Malliavin derivative for H-valued random variables as in [31,
Chapt. 4], [36, Chapt. 1]. For this we denote by SY(H) the collection of all H-
valued smooth random variables of the form

(3.3) X=> h®@F;, h,. .. hyeH F, . F,c8, neN

Since H is separable and by Lemma 3.1 it follows that S?(H) is dense in LP(£, H)
for all 1 < p < co. The Malliavin derivative D: S?(H) — LP(2, L4([0,T7], £9)) acts
in the following way:

DX =D;» hj@F;=>» h;@DiF;, te[0,T].
j=1 j=1

Here we did the identifications
H ® LP(Q, LY([0,T], Ho)) = LP(Q, H © L([0,T], Ho)) = LP(Q, L([0, T}, £3)).

We write Di*X = D;Xu € L?(Q, H) for the derivative in the direction u € Hy.

In the final step of its construction we extend the domain of the Malliavin de-
rivative to its closure with respect to the graph norm. For this we recall that an
unbounded operator A: U — V is closable if and only if for every (u,)nen C U
such that lim,, o u,, = 0 and lim,, o, Au,, = v, we have v = 0.

Lemma 3.2. The Malliavin derivative D: SI(H) — LP(, L(]0,T], £9)) is clos-
able for 1 < p < oo and 2 < q < co.

Proof. We will use the fact that D: S?(H) — LP(Q, L([0,T],L£Y)) is closable
for p > 1, [31, Proposition 4.4]. Let (X,)nen C S9(H) C S%(H) be a se-
quence satisfying lim,, oo X,, = 0 in LP(Q, H) such that lim, .., DX,, = Z in
LP(Q, L9([0,T], £Y)) and hence also in LP(Q7 L2([0,T7],L£Y)). By the closability we
have Z = 0 in LP(Q, L*([0,T], £3)) and hence also in LP(Q, L4([0,T], £Y)). |

For 1 < p < oo and 2 < ¢ < oo we can therefore consider the closure Ml’p’q(H)
of S(H) with respect to the norm

1

1X It = (X2 00y + IDX N 0 o001,

Clearly, the spaces M'P2(H), p > 1, coincide with the classical Sobolev-Malliavin
spaces of the Malliavin calculus, which are usually denoted by D"?(H). The stan-
dard Malliavin derivative is uniquely extended to an operator from MU'P2(H)
to LP(Q, L([0,T],£3)). In addition it holds M4 (H) C M9 (H) for all
o0 > q1 > ¢ > 2 and from Lemma 3.2 it follows that the restriction of the stan-
dard Malliavin derivative D|ngi.p.a(z) is a well-defined operator from M77(H) to
LP(Q, L9([0,T], £Y)). If p = q, we abbreviate M'P(H) = MYP?(H).

The space M'2(H) is a Hilbert space and it has a well developed theory of Malli-
avin calculus. The adjoint of the Malliavin derivative D: MY2(H) C L*(Q, H) —
L2([0,T] x Q,L9) is called the divergence operator or the Skorohod integral and
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denoted by d: L2([0,T] x Q, LY) — L?(Q, H) with domain D(§). The duality reads

(34)  (X,69) = (DX,®) X e MY*(H), ® € D(9).

L2(QL,H) L2([0,T]%x9,£9)°

We refer to this as the Malliavin integration by parts formula. It is well known
that for predictable ® € D(é) the action of ¢ coincides with that of the H-valued
Ito integral, i.e., & = fo t)dW (t), [31, Proposition 4.12].

In the remamder of this Subsectlon we state a modification of the chain rule from
[31, Lemma 4.7] and a product rule for the Malliavin derivative.

Lemma 3.3. Let U,V be two separable Hilbert spaces and let v € C*(U, V), be such
that there exist constants C' and r > 0 with

(@)l < CA+llullg™), IV @@y < O+ lullp),

forallu e U. Then, for1 <p<o0,2<qg<ooand X € M17(1+’")p’q(U), it follows

that 4(X) € MMP(V) with [y(X) vty S U+ XIS oo e) and
(3.5) Di(v(X)) =+'(X)- DX, te[0,T]

Proof. Let p > 1 be arbitrary. For ¢ = 2 the result follows directly from [31, Lemma
4.7]. Therefore, it suffices to show that [|y(X)||la1ra(vy < oo if X € MEA+MPa(1)
for ¢ > 2. Indeed, from the polynomial growth condition it follows that

||’7(X>HLP(Q7V) <C(1+ ||XH1LJ(F17:+r>p(Q,U)) <C(1+ ||X|‘11\/J[r:(1+r>p,q(U))'
Moreover, it holds

DY Lo (0. L (t0.77, 201101

1
[l (x) DXHL‘I ([0,T),L2(Ho,V ))]),,

= (E
< B[+ [1x])" IDX WL 10,10, 20 (Ho,0))) *
< (

S (

1

1+ ”X”L(H-T)P(Q U )||DX||L(1+T)ZJ(Q La([0,T],L2(Ho,U)))

1+ ||X||11\;[i_1ry(1+r)p,q(U))7

where we applied the polynomial growth condition on 7' and Holder’s inequality
with exponents (r + 1)/r and r + 1. This completes the proof. O

Lemma 3.4. Let U1,Us,V be separable Hilbert spaces and 1 < p < 0o, 2 < q < 0.
For o € CQ(Uy, L(Us, V) NCL(Ur, L(Us,V)) it holds o(X) - Y € M4V for all
X € MY24(Uy) and Y € MY2P49(Uy). In addition, we have

(3.6) Dy(0(X)-Y) =0 (X)- (DX,Y) +0(X)- DY, tel0,T).

Proof. The proof is done by an application of the chain rule. For this define the
mapping v: Uy x Uy — V given by v(z,y) = o(z) - y. Certainly, it holds v €
C'(Ur x Uz, V) and we have [|y(z,y)|lv = [lo(z) - yllv < |oleow,.cwsvyllyllo, for
all (x,y) € Uy x Usy. Further, it holds

V(x,y) - (21,22) = 0'(2) - (21,9) + 0 (2) - 22,
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for all (z,y), (21, 22) € Uy X Uy. Therefore,

||7’(a:,y) : (zl,zg)HV < |0'|c1§(U1,L(U2,V))||21HU1||?J||U2 + \0|cg(U1,L(U2,V))||Z2||U2
< max{|olcow, £ v)) 1oler @ cwa vy}
X (L+ Nlylles) (2 llen + N1z2lle)-

Hence, v satisfies the assumption of Lemma 3.3 with » = 1. Thus, the result follows
from an application of Lemma 3.3. (]

3.2. Duality. For any 2 < p < o0, 2 < ¢ < oo the inclusion M'79(H) C L?(, H)
is dense and continuous and hence the spaces

MUP49(H) c L*(Q, H) ¢ M4 (H)*,

define a Gelfand triple, where we identify L?(Q, H) = L?(Q, H)* by the Riesz Rep-
resentation Theorem. We denote the dual pairing of MYP4(H)* and M'?4(H) by
[Z,Y] for Z € MYP4(H)*, Y € MYP4(H). The inclusion L?(Q, H) C MYP4(H)*
is realized through the definition [Z,Y] = (Z,Y)2qm) for all Z € L*(Q, H),
Y € MYP4(H), with the norm

Y, Z
(37) ||Z||M1pq(H)* — sup Hﬂ

, ZeL*QH).
YeMr.a(H) ||Y||M1vp’q(H)

The Burkholder type inequality in Lemma 2.2 gives an estimate of the norm of
a stochastic integral that is L? in time. We will now prove a similar inequality with
respect to the M4 (H)*-norm, which is L7 in time, where ¢ is the conjugate
exponent to ¢ given by % + % =11if ¢ < o0 and ¢’ = 1 otherwise. Since ¢ € [2, 0],
and hence ¢’ € [1,2], this admits worse singularities than in Lemma 2.2.

Theorem 3.5. Letp € [2,00), q € [2,00] and p', ¢' denote the conjugate exponents.
If ® € L2([0,T] x Q, LY) is predictable, then

H /OTq)(t)dW(t)H

Proof. We use the fact that the stochastic integral of ® equals 6®. By (3.7), (3.4),
and Holder’s inequality, we get

ML.p.a(H)* < ||(I)HLP,(Q’Lq/([O7T]7£8)).

S S (DY, @) 2 orixcs)
||6@||M11p,q H)* - sup —_—— = sup
) yemrwacm 1Y Ivrracm Y eMpa(H) 1Y |lnarpa (a1
< aw IDY llo@. o011, 2l v 0,1 0.9
= YGMLP,‘I(H) ||Y||M1=qu(H)

<Nl e @0 (0,17,29))>
which finishes the proof. (I
Remark 3.6. Since the inequality in Lemma 2.2 is actually double-sided, one

may ask whether this is true also for Theorem 3.5. In fact we can prove the
reverse inequality for deterministic ® € L?([0,T], £Y). Since H{(H) := {6V : ¥ €



DUALITY IN REFINED SOBOLEV-MALLIAVIN SPACES 13

L9([0,T),£9)} € M'P4(H) we get an inequality in (3.7) by taking the supremum
over H{(H) instead of MP9(H):

<Y 5(I)>L2 ([0,7]xQ,L£9)

= sup
vemiramy Y lmreaca)

(DY, @)

10%l .0 -

L2([0,1]x2,£9)

%

sup
veniay  NYlmiracm)

<D5\I’7 (I)>L2([O,T]><Q,£g)

= sup
weLa([0,T] £0
SEHOTLED (10U 1 + DOV 0 i 715

We next use the fact that D§W = U+6DW = ¥ for deterministic ¥ € L4([0, T, £3).
By Burkholder’s inequality Lemma 2.2 and Hélder’s inequality we get

sup <\II’CI)>L2([O,T],/:2)

q 0
weLs([0,T],£9) (cpnxpn @o.m.c0) T I, OTm)

=

Y

6%l p.0 1y

=

S 1 sup <\I/ (I)> 2([0,77],£9)
C(CRTE 4 1)% vera((0,1),29) |1YllLago,11,29)
1

1 1Pl o,77,29)
(CpTa==2 +1)" e
The proof relies on the fact that DU = 0. For random ® one needs random
U e LP(Q,L4([0,T], £9)) and, since §D¥ # 0 in this case, this proof does not work.

Remark 3.7. One consequence of Theorem 3.5 is that the stochastic integral can
be extended in M'?4(H)* to integrands in L? (Q, L9 ([0,T],£3)). The elements
of MYP4(H)* are distributions defined by their action on random variables in
MUUP4(H). One can show that the solution of the linear stochastic heat equation
driven by space-time white noise in two space dimensions is a stochastic process
X € C([0,T], MLP4(H)*) for every p > 2 and q > 2. In three space dimensions the
same is valid for every p > 2 and ¢ > 4. In higher space dimensions than three the
solution is not M1?:4( H)*-valued since this would force ¢’ < 1. Hélder continuity
in time in the M'?4(H)*-norms can be shown for the solution in two and three
space dimensions for the p, ¢ for which the solution is defined. See Lemma 3.9 below
for the regular case. Solutions defined in a distributional sense with respect to Q2
is not a new concept. This is the heart of the white noise approach to SPDE, see,

e.g., [4], [23].

Theorem 3.5 is a key result in the present work. But to be able to perform error
estimates for semilinear equations we also need an intermediate space between

MUPP(H) and MY?PP(H). For 2 < p < oo we define

GUP(H) = M*"PP(H) N L**(Q, H).
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It is a Banach space equipped with the norm
1 gy = max (1Y g soganys 1Y 2o o, m))-
We have M12PP(H) C GYP(H) C MYPP(H) and we obtain a new Gelfand triple
GYP(H) C L*(, H) c GYP(H)*.

The next lemma is a slightly modified version of Lemma 3.4, which is necessary to
prove the local Lipschitz bound in Lemma 3.9.

Lemma 3.8. Let Uy, Us, V be separable Hilbert spaces. For o € CQ(Uy, L(Uz,V))N
CL(U1, L(U2, V), X e MY2PP(U;), Y € GYP(Us), 2 < p < o0, it holds 0(X)-Y €
GLYP(V). In addition, we have

|o(X) - Ylgrev)
< max (|7leg(w, e vy 17leywr cwavy) (1 1K Ine 2ron ) 1Y o ws)-

Proof. Tt particularly holds X € MYP?(U;), Y € MYPP(Usy), p > 2, and, hence,
we directly obtain from Lemma 3.4 that o(X)-Y € M"%?(V). In addition, we get

o(X) - YLz v) < loleow,,cwa,vpllY ller o) < loleow, cwnvpylY lgre@)-

Further, by (3.6) we have

||D(U(X) : Y)HLP(Q,LP([O,T],LQ(HO,V)))
= HJ/(X) -(DX,Y) + o(X) - DY||LP(Q,LP([O,T],LQ(HO,V)))
1

p

S (o[22 (p—— )

+loleow,,cwa, vyl DY e, Lo(0,1], 22 (#o,02)))
< lolex e v IPX | L2e (9,0 (0,71, 25 (F0,00) 1Y [ 20 (02,0)

+loleow,,cwa, v lIDY e, Lo(0,1], 22 (#o,02)))
< max (|olex (v, s lolles @, cwa,vy)) (1 + HX”ML?PvP(Ul)) 1YlGrr(@s)-
These bounds show that ¢/(X) Y € GP(V) as well as the desired bound. O
Our next key result is stated in Lemma 3.9 below. It establishes a local Lipschitz

bound in the GYP(H)*-norm. This allows us to perform a Gronwall argument in
this norm in Section 4.2.

Lemma 3.9. Let U,V be separable Hilbert spaces, n € CZ(U,V), and 2 < p < oo.
Then, for all X1, X2 € M2PP(U),

H’?(Xl) - 77(X2)HG1«P(V)*
2

< max (‘77|C&(U,V)v \77|cg(U,V)) (1 + Z ||Xi||M1,2p,p(U)) HX1 - X2||G1,p(U)*~
=1
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Proof. In view of (2.2) it suffices to show
[7'(X) - Yllgrow)-
SInaX(Pﬂcgava|ﬂkgaLVJ)(1-FH)(pranpan)Hi/Hclm(Uy7

for all X, Y € MY2PP(U). We have

I’ (X Y”le (Vys = < ' )Ha(clm(u)*,c;lm(

Since [|n'(X)|lz(grr @), crevys) = 17 (X)*||z(qrrvy,gre@)), it suffices to give a
bound of the latter term. For this we define o: U — L(V,U) by

o(z) :==n'(z)".

Then o € CY(U,L(V,U)) N Cy(U,L(V,V)) with |oleow,coviyy = Ilexw,vy and
olerw.cov.vy) = IMlezw,vy- Hence, the assertion follows directly from an application
of Lemma 3.8. O

3.3. Regularity of the solution. Here we prove regularity in terms of the Malli-
avin derivative, as well as Holder continuity in the M*?:4( H)*-norm, of the solution
X to (2.5) under Assumption 2.3. For suitably chosen p and ¢ the Holder exponent
turns out to be twice as high as in the L?(€2, H)-norm. By combining these results
with a duality argument we show Hoélder continuity of the Markov semigroup. The
Holder exponent is later, in Theorem 4.4, shown to coincide with the rate of weak
convergence, which is natural.

The Malliavin derivative D, X (t) of X (¢) at time r € [0, T] satisfies the equation,
see [18, Proposition 3.5 (ii)],

38) D,X(t) = St —r) /5 X(s)DyX(s)ds,  te (r,T],

€ [0,7].

The next result can be verified by using (3.11) of [18, Proposition 3.5 (ii)] and holds
for multiplicative noise, as well. For completeness we present a proof in the simpler
case of additive noise that we consider here.

Proposition 3.10. Let Assumption 2.3 hold and let X be the solution of (2.5). If
£ e (0,1), then

sup || X (¢ 1pg < 00,

] N

for2<p<ooand?2<q< i=5. If 3 =1, then the same holds for 2 < p < co and
2<qg< 0.

Proof. We remark that the case p = ¢ = 2 was already proved in [18]. The moment

estimate (2.6) implies that sup,cjo 7 | X ()| Lr(@.m) < 00 for 2 < p < co. Next
we take norms in (3.8) and use Minkowski’s inequality on the convolution term.
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We note that D, X(s) = 0 for s < r because X(s) is F,-measurable, so that the
convolution term can be written fot ... ds. We get

DXt - |px

Hm (Q,L9([0,17,£9)) HLP(Q La([0,£],£9))

< 115G =M o ouen) + H/O S(t = 5)F'(X(s)) DX (s) ds|

Lp(Q,L9((0,t],£3))
t
<18llisgoep * [ 150 = 9P XEDDXE] g g, e 0
t
= HSHLq([o,T],cg) + ||5||L°°([07T],£)|F|Cé/0 HDX(S)HLP(Q,Lq([o,T],Lg)) ds.

We conclude by using Lemma 2.5 and the standard Gronwall lemma. 0

We next consider Holder continutity in the M?:9(H)*-norm. For comparison
we recall that the Holder exponent in the L?(Q, H)-norm is v < /2 under As-
sumption 2.3. Here we have v < 3, if ¢ is sufficiently large.

Proposition 3.11. Let Assumption 2.3 hold with B € (0,1] and denote by X the
solution to (2.5). Let 2 < p < oo, v € [0,5), and set ¢ = 2
constant C' = C such that

. Then there exists a

| X (t2) — X(t1)||M1,p,q(H)* < C(l + {|X0]|H2ﬁ)|t2 —t|", ti,t2€[0,T).
Proof. Without loss of generality we assume t5 > ¢t; > 0. From (2.5) we then get
X(t2) — X(t1) = (S(t2 — t1) — I)S(t1)Xo
+ (S(t2 — 1) / S(t; — s)F(X(s))ds

T (S(ta— 1) - / Sty — 5) AW (s)

to

Jr/ZS(tgfs)F(X(s))dsqL/ S(ta — s)dW(s).

t1 ty

In the following we study the MYP:¢(H)*-norms of these five summands. For the
first, second, and fourth terms we use the fact that || Z||nrva(my- < [|1Z]| 120, m5)-

For the first summand, we use (2.4) with o = v and (2.3) with o = 0 as well as
Assumption 2.3 (ii). This yields

||(S(t2 —t1) — I)S(t1 XOHMl P4 (H)* < ||(S(t2 —t) - I)A_Ws(tl)AvX"HLZ(Q,H)
St = | IIAY Xol| < Jta — ta] [ Xoll gros-

The estimate of the second summand is done by applying Assumption 2.3 (iv)
and the same arguments as for the first term. More precisely, we use that F €
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Cl(H, H) implies linear growth, to get

H( 2—t1 / Stl—s dSHMlpq -
< (St =) = 1) A / 4050 = | E X a0y

t1
< Jta — t1|7/ (t1—s)"7ds (1 + SEIP [ X (s )HL%Q,H)) S 2=t
0 s€l0
where we also used (2.6) and that v < g < 1.
We now turn to the third term. We recall that ¢ = 2/(1 —~) and ¢ = 2/(1+7).
Since v < 3, we have

q,27+1—5_27+1—5_1_5—7

= = <1
2 1+~ T+

(3.9)

We apply Theorem 3.5 to the third summand. Then by (2.3), (2.4), Assumption 2.3
(iii), and (3.9), we obtain

t1

Hw@—m—no
< || (S(tz —t1) = I)S(ta

S(ty —s) dW(S)Hle(HV

- HLP’(Q La' ([0,t1],£9))

< (8= 1) = DA o[ 14025 5000 - 947y as)’
5 h 24 +1-8 B—1 &
< |t2 =t (/ (th—s)"0 2" ds||A™2 Hﬁo) < =t
0

Next we turn to the fourth term. By applying the same arguments as for the
second summand, we derive the bound

1
PU

to to
| [ st - srpceenas, L’w@‘@”X@Wmmm“

§|t2—t1|(1+ sup || X(s) )
o X
Finally, a further application of Theorem 3.5 and (2.3) with o = 152 yields for
the fifth summand

1
H ) ’

s(t2—8>dW<s>HML,,,q(H)*S(/ |tz =) *HLHA*HcodS)

to _ L 1-8
([ adf st
t1
By inserting ¢’ = 2/(1 + ) and 8 > ~, we see that the exponent is

1 1-8 1+ 1-8 ~v+8
7 2 2 2 2

A

This completes the proof. O
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As a consequence of Propositions 3.10 and 3.11 we now show Hoélder continuity of
the Markov semigroup (P(t)):c[o,1) related to X. This will not be used in the sequel
but it is a neat application of the duality argument. Define for (¢,z) € [0,T] x H,
(P(t)p)(z) = E[p(X(t,x))], where X (¢, x) denotes the solution to equation (2.5)
with initial value Xo = z € H?P.

Corollary 3.12. Let Assumption 2.3 hold with 5 € (0,1] and let ¢ € C2(H,R).
For every v € [0, B) there is a constant C' such that

(P(t2))(x) ~ (P)@)(@)] < O+ ol o) 12— 1
Proof. We fix z and suppress it from the notation. Applying (2.2) yields
(P(t2)9)(@) — (P(t2)o)(@)] = [BL(X (t2) ~ p(X(01))]
= ([ x4 0 - 0x () o X0 - X(0)
For arbitrary p € [2,00) we obtain by duality
(P(t2)9)(@) - (P)o) (@)

< H/Olw’(gX(tzH (1—0)X(t)) dQH

’Y, 15171526[0,11]7 (EEHQB.

L2(Q,H) )

e 1K) = Xy

Now take p = % The first factor is finite by Proposition 3.10 and the chain rule;
for details see the proof of Lemma 4.2 below. Proposition 3.11 applies to the second

factor and this completes the proof. ]

Remark 3.13. Proposition 3.11 can be proved without additional difficulties in
the case of multiplicative noise and so can Proposition 3.10, due to the comment
right before its statement. Therefore, Corollary 3.12 holds for multiplicative noise.

Remark 3.14. We end this section with a comment on implications to stochastic
ordinary differential equations. This corresponds to the case A = 0, § = 1, and
multiplicative noise with diffusion coefficient G € CZ(H, L9), i.e., we consider the
equation

(3.10) AX(t) = F(X(8)dt + G(X(#) dW (¢), t € (0,T]; X(0) = Xo.

In this case one can prove Proposition 3.11 with p > 2, ¢ = 0o, and v = 1, meaning
that the solution is Lipschitz continuous in time in the M?:°°( H)*-norm for every
p > 2. For f = 1 the covariance operator @) is of trace class and the cylindrical
Wiener process W is well defined as an H-valued Brownian motion. We see that
also W is Lipschitz continuous in M*?>°(H)* by Proposition 3.5. Indeed,

to
) = W e = [ [ WO,

= HX[tl,ta]HLP/(Q,Ll([o,T],gg)) =Tr(Q)|ta — t1], t1,ta €[0,T].

This suggests that dX () = X(t)dt and dW(t) = W (t)dt, where X and W are
M1P>°(H)*-valued functions on [0, T]. This further suggests that (3.10) might be
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written in the form
X(t) = F(X (1) + G(X ()W (¢).

If this formulation is useful or fully makes sense is an open question. There seems
to be a connection to the functional white noise approach of stochastic differential
equations, see [37], that remains to be understood. In this approach the time
derivative of Brownian motion is well defined in the space of Hida distributions and
the corresponding product of G and W is the Wick product.

3.4. Regularity of the numerical solution. Here we first show a bound on the
p:th-moment of the discrete solutions Xp, ; to (2.7), uniformly in h, k € (0, 1], and
then we prove a discrete analog of Proposition 3.10.

Proposition 3.15. Let Assumptions 2.3 and 2.4 hold with 5 € (0,1] and let 2 <
p < oco. Then

T

Proof. For n € {1,..., N} we recall the representation (2.8) of Xj',. Hence, it
follows that

n—1

1XE k| oy < ISR RPaXoll + 5D 1Sk FOG 0 o
j=0

T Zx e DS757) AW 1)
By (2.10) with o = 0 we have

(3.11) bup HSh k“z:

Lr(Q,H)

so that ||} PnXo|| < 1. Therefore, by applying also Lemma 2.2,

n—1 n—1
G PP DI L TRl FVIRS D IR e vl

By referring to Lemma 2.5 with ¢ = 2, we have

2
H ZX“’”“)SM ‘ L£2((0,7),£9) Z HSZkJHLO < kZ ||S{LkHLO ~

Further, since the drift F': H — H satisfies a linear growth bound under Assump-
tion 2.3 (iv), it follows that

n—1
HX;LL,]CHLP(QJ'—]) S 1+ kZ HXfJL,kHLP(Q,H)
j=0

and the proof is completed by an application of Gronwall’s Lemma 2.1. (]
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Proposition 3.16. Let Assumptions 2.3 and 2./ hold with 3 € (0,1]. If B € (0,1),
then

B 2 KR <o

for2§p<ooand2§q<ﬁ, If p =1, then the same holds for 2 < p < oo and
2<q<o0.

Proof. We mimic the proof of Proposition 3.10. The LP(Q, H)-norm of X, i is
treated in Proposition 3.15 and it remains to bound DX}, .
. . t; n—j n—j
By using the chain rule (3.5) and D, ft;“ Spl AW (s) = Xit,.t,,0) (1) Sh 4”5 we
apply the Malliavin derivative termwise to equation (2.8) and obtain

n—1 n—1
(3.12) DX =k Y SEIF(X) 0D:X] 4> Xty o) (DSH -
j=0 j=0

Here we note that DTXZ w = 0 for t; <r, since Xi i 18 Fr-measurable. Therefore,

n—1 n—1
DrXi?,k = Z X[tt,ti+1)(7n) (k Z SZ,EJF/(X}JL,k)DTX}JL,k + SZ,;Z)
=0 Jj=i+1

in full analogy with (3.8). However, as in the proof of Proposition 3.10, it is
more convenient to take norms in (3.12) and use Minkowski’s inequality on the
convolution term:

IDX = [DXR k¢

el oo, Loor,c0))

n—1
n—j
< H ZX[tj,tHl)Sh,k ‘
Jj=0

Q,La([0,tn],£3))

La([0,tn],£9)

n—1
+ |k Sh (XD X

Lr(Q,L2([0,tn],£5))

=0
N i g 1/q . nl .

< (kX2 USTAlty) "+ sup (1Sl oA Flesk Y2 10X il oo o.m1,00))
j=1 1<j<N j=0

We conclude by using Lemma 2.5, (3.11), and the discrete Gronwall Lemma 2.1. O

4. WEAK CONVERGENCE BY DUALITY

Let X be the solution to equation (2.5) and X, be the discretization given
by the semi-implicit scheme (2.7) and take ¢ € C'(H,R). Our approach to weak
convergence begins with an application of (2.2) to get

E[@(X(tn)) - W(X;zlk)] = < hoier X (tn) — X}?,k>L2(Q7H)7

where

1
(41) @, = / S (OF (2))do and OF (o) = 0X(tn) + (1 — )X,
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for n € {1,...,N}. This linearization was first proposed in [10] for nonlinear
stochastic ordinary differential equations. They proceed by a duality argument
based on an adjoint equation.

This linearization was independently used in [31] for linear stochastic partial
differential equations. Extending the idea of [31], we proceed as follows: choose a
Gelfand triple V C L*(Q, H) C V* such that ®} , € V. By duality we have

42 [Blex() — o] < (| sup 1080 = XKl

The proof of our weak convergence result in Theorem 4.4 then amounts to showing
that we can find a suitable space V' such that, for v € (0, 8),

max sup ||®} . <C
n€{l,...N} b ke(0,1] H h’kHV ’

(X0 = Xl < O +), hike 0.1]

(4.3)

In comparison, the strong error converges with half this rate, i.e., for v € (0,5)
there exists C' such that
max | X (tn) = Xj'p |l L2y < C(RY +K3%),  hk € (0,1].
ne{l,...,N} ’
In Corollary 4.7 we deduce this from (4.3) by an interpolation argument.

We explain our method by gradually choosing more sophisticated spaces V. We
begin in the next subsection with the simpler problem of the weak approximation of
the stochastic convolution. This problem is treated in [16], [19] [28], [29], [31], and to
some extent in [48]. We show that in this case V = L?(Q, H?) and V = M'P?(H)
with p = % suffice with different degrees of success. The proofs are simpler
than in the mentioned papers, except for [31] to which the present paper is an
extension. We continue with a subsection containing our main result Theorem 4.4,
which is concerned with semilinear equations with additive noise. Here we use the
space V = G'P(H), whose dual norm allows for a Gronwall argument based on
Lemma 3.9. Finally, we discuss multiplicative noise in Subsection 4.3 and illustrate
why our approach is not yet sufficient for this generality.

We assume that test functions are taken from C2(H, R) with a precise definition
in the following assumption. Recall the norm defined in (2.1).

Assumption 4.1. The test function ¢ € C2(H,R), i.e., o: H — R is twice
continuously Fréchet differentiable and there exists an integer m > 2 and a constant
C such that

oD (@)l gy < C(L+ ™), weH, j=1.2

4.1. The stochastic convolution. We consider the stochastic convolution W4
and its approximation WhA i

tn n—1 tit1 ]
WA(t,) = / S(tn —s)dW(s) and Wi =" / Sl dW (s)
0 =0 tj
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forn € {1,...,N}. For v € (0, /), we consider first the Gelfand triple
L*(Q,H7) c L*(Q,H) C L*(Q,H77).

In order to have @} ; € L%(Q, H") we need to impose an extra assumption on ¢,
namely that, for some m > 1 and every v € (0, 3), it holds

(4.4) ' @) 5 < 0(1 + \|x||7;;;1), ve H.

Then we first get by the Sobolev regularity of W4 and W,ﬁ i

||(I)Z,k||L2(Q,Hw) N HWA(t”)Hz:?"{*U(Q,HW) + ||Wff}lz7nHan2Trv1H>(Q,Hw) <1

uniformly in h, k € (0,1]. To prove convergence in L?(€2, H~7) we write the differ-
ence of the stochastic convolution and its numerical discretization in the form

tn
(4.5) WA(ty) — W™ = /0 Ep o (tn —t) dW (1),
where Ej, ;: (0,T) — L9 is given by
(4.6) Epg(t) == S(t)— S35, forte (tj,tj1), j=0,...,N— L
Provided that this error operator satisfies
(4.7) A 3B (AT ||, S (B + k)7, >0,

then we obtain by the Ito isometry and Assumption 2.3 (iii)
tn ~ 1
||WA(tn) - W£Z7n||L2(Q,H*‘Y) - (/0 ||A7%Ehvk(t" - t)HQLg dt) )
P 12612 | ,B=1 2 3
< ([ 143 Bt - A % g )

tn 1
< (W +k7)(/ (t, — 1)1+ dt>2 < WP k.
0

The error estimate (4.7) is verified for Galerkin finite element approximations in
Section 5 for v = 0, see Lemma 5.1 with § = v, p = 1 — 3, but the case v > 0 is not
to be found in the literature, so for this particular choice of Gelfand triple we do
not work in full rigor. An integrated version of (4.7) is found in [18], details in [17],
and we find no reason to doubt the validity of (4.7). In view of (4.2), by assuming
(4.4) and (4.7), we can prove weak convergence with the desired rate.

Actually, [48, Theorem 1.2] shows convergence of order O(h??+k%) in L?(Q, H~1)
(except for a logarithmic factor). However, the fact that L2(Q, H~')-convergence
implies weak convergence for other than linear test functions was not realized in
the early work [48]. Subsequent works except [31] rely on the use of Kolmogorov’s
equation. In the paper [19] this was done for test functions satisfying (4.4), while
[16] only assumed ¢ € CZ(H,R). We also remark that the only technical ingredi-
ent used in the present proof is the It6 isometry. Therefore this proof carries over
without additional difficulties to the case when the cylindrical @Q-Wiener process W
is replaced by a square integrable martingale M, by just introducing the suitable
notation. This gives a partial extension of the results in [35], in which impulsive



DUALITY IN REFINED SOBOLEV-MALLIAVIN SPACES 23

noise was considered. In that paper the additional assumption (4.4) was not used
but instead the test functions were assumed to be in C2(H,R).
Fix v € (0,3) and let p = % We next consider the Gelfand triple

MUPP(H) C L*(Q, H) € M"PP(H)*.

With these spaces we need no assumption on the test function other than Assump-
tion 4.1. We state the two parts of (4.3) as two separate lemmas. Notice that the
first lemma is not restricted to the stochastic convolution.

Lemma 4.2. Let Assumptions 2.3, 2.4, and 4.1 hold with 8 € (0,1]. For~ € (0,0),
set p = % Then it holds

B 0[Pl <

where @y . is defined in (4.1).

Proof. First note that ¢’ satisfies the condition of the chain rule in Lemma 3.3 with
r=m — 2 by Assumption 4.1. Thus, it holds

1
o, = / (O} 4(0)) do € M2 (H),

since O, (0) = 0X (tn) + (1 — )X}, € MEm=DPP(H) by Propositions 3.10 and
3.16. Further, from Lemma 3.3 we also get

||(I)h kHMlpp(H) (1+921[1p1 Heh k:HMl (m—1)p, p(H))
S (U X ) g vy + 1XR kom0 an))-
By Propositions 3.10 and 3.16, these are bounded independently of h, k € (0,1]. O

Lemma 4.3. Let Assumptions 2.3 and 2.4 hold with § € (0,1]. For v € (0,0), set
p= % It holds

max ||WA(tn) - W;;lz

n 2
B & ngrre iy < C(R*Y +EY), hyk € (0,1].

Proof. By (4.5), Theorem 3.5, and Assumption 2.3 (iii), we get

tn N
[WA,) - WAh,nHMlpp(H)* < (/O | En i (tn —t)HZg dt>p

< ([ 1Bt = 02 4 iy ar)

Recalling the error operator (2.9) we obtain for ¢t € (¢;,t;41), j=0,...,n —1,

| B i(tn DA,

< [[(S(tn =) = (b = t;) AT || + | Epi? A
(4.8) < H(I_ S(t_tj)) _VHLHS tn _t)AhJﬁ; ) ||L + ||Ei7lejA7HL
SE—t) by =) 2+ (W R ) (b — 1) 7

2v+1-8

S (W 4Rty — )T
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where we applied (2.3) with o = v and (2.4), (2.12) with § = 2v, o =1 — 5. By
recalling (3.9), we conclude

1
7

tn
29418 »
I 0) = W gy S (027 +87) /0 (t— )7 25 ai)
< B2 4k,
which is the desired result. O

4.2. Semilinear equation with additive noise. Above we demonstrated that
V = MYPP(H) with p large is suitable for the weak error analysis for the stochastic
convolution. In order to treat semilinear equations we need a smaller space. Here
we work with the Gelfand triple

GYP(H) c L*(Q, H) ¢ GYP(H)*.

The line of proof is the same as above only that the convergence in the dual norm
is more involved and relies on the local Lipschitz condition stated in Lemma 3.9,
the Burkholder type inequality Lemma 3.5 and a classical Gronwall argument.

Theorem 4.4. Let Assumptions 2.3 and 2.4 hold with B € (0,1]. Let X and
Xn be the solutions to equations (2.5) and (2.7), respectively. For every function
w: H — H that satisfies Assumption /.1 and every v € [0, 3), we have for h,k €
(0,1] the weak convergence

eI [E[o(X(tn) — o(Xi0)]| < C(R*T + k7).

Proof. This is a direct consequence of (4.3) and Lemmas 4.5 and 4.6 below. O

Lemma 4.5. Let the assumptions of Theorem 4.4 hold. For~ € (0,5), setp = %
It holds

e L L

Proof. By Lemma 4.2 we have ||®} ; [[nire )y < C uniformly in n and h, k. In
addition, by (2.6), Proposition 3.15, and Assumption 4.1, it holds ||®} ;|| 12 (0, m) <
C uniformly in n and h, k. O

Lemma 4.6. Let the assumptions of Theorem /.4 hold. For~ € (0,0), setp = %
Then there exists a constant C independent of h,k € (0,1] such that

et (X () = XE il guog. < OB +K7), bk € (0,1,

Proof. Let n € {1,..., N} be arbitrary. By (2.5) and (2.8), we can write
X(tn) - Xl?,k = (S(tn) - Si?,k)XO

n—1 tit1 A
#30 [ (8000 - 0 - sy EO )

j=0"ti

noloetin . ,
s [T S FCE0) - PO ) e WA L) - W

=01t
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By recalling the error operators Ej} ; from (2.9) and Ej x(t) from (4.6), we obtain

1) = X5 kll g - < |1 ER Xl

tn
+H/ By pltn — ) F(X (1))

GLr(H)*
(4.9) n—l ety ) .
X [ s e - pad,) @
=07t GlLp(H)*

+ ||WA( n) - WifZWHGLP(H)*'

By (2.12) with ¢ = —6 = —2v and Assumption 2.3 (ii) we get
IR o < IR A~ A7 Xo] 5 (87 + 87) 47 .

For the second term in (4.9) we first use that [|Z|gir()- < | Z]|22(0,m) for all
Z € L?(, H). Then by (4.8) with 8 = 1, the linear growth of F, and (2.6) we have

| [ Bt —orcxena,, .. < [ 1Bst =0 PO s

tn
g(iﬁ‘um)/ (tn =)t (14 sup | X0 o)) S B+
0 te[0,T)

For the third summand we first notice that PI“OpOblthIlb 3.10 and 3.16 justify the
use of Lemma 3.9 withn=F, U=H,V = H ', X; = X(t) and X, = ka1th
t € (tj,tj41]. We get

|FCxX() - F(X max |Fle: g -1

J
h,k)HleP(H_l)* = ie{1,2}
y (1 n HX(t)“MLQP,p(H) + HXZJCHMI’ZP’;’(H)) ||X(t) - Xf;,k”Gl,P(H)*

S X)) — X}J;,k”Gl’P(H)“

By (2.10), (2.11) with p = 3, we get for the third term

(4.10)
n=l et , ,
HZ/t . Si?’zfA%A;%PhA%A—%(F(X(t))—F(X{L’k))dtHGl’p(H)*
j=0"ti
n—l et 1 1 3y )
<> / 15037 A |1 A, = PaAZ 2| F(X (1) = F(Xh i)l gyt
j=0 7t
noloetin ,
=D DY (DRSSO M ECIEE M PR LY
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By Proposition 3.11, it holds || X () — X (¢;)|lg1.»(#) S k7 and therefore

n—1

I [ s e - posi.) o

=0t

n—1 n—-1
_1 -1 '
SEPY T8 kY 62X ()~ X g
=0 j=0

GLr(H)*

The fourth summand is estimated in Lemma 4.3. Altogether we conclude that

n—1
HX(tn) - X}?,k“gl,p(}{)* S (h27 + kv) +k Z t;—%jHX(tj) - lez,kHc;l,p(H)*'
j=0

By the discrete Gronwall Lemma 2.1 the assertion follows. O

Weak approximation concerns the approximation of the Markov semigroup. In
view of Theorem 4.4 and Corollary 3.12, we see that the rate of weak convergence in
time coincides with the Holder regularity in time for the Markov semigroup, which
is intuitively to be expected for an Euler approximation. A similar connection to
the discretization in space seems to be a more subtle issue.

The relationship between the strong and weak rate of convergence can also be
seen in the view of duality. The following corollary deduces a strong convergence
result from Lemma 4.6 and Propositions 3.10 and 3.16. It indicates why one often
encounters the rule of thumb that the order of weak convergence is twice the order
of strong convergence.

Corollary 4.7. Let the assumptions of Theorem 4.4 hold. Let X and X}, denote
the solutions to equations (2.5) and (2.7), respectively. Then for every v € (0, )
there exists a constant C' such that

X(t,) — X <C(h +k?), hke(01].
selmax (X () = X gllzao,m < CO7 + k) € (0.1]

Proof. For arbitrary n € {1,..., N} we have by the duality argument with p = %

1X (tn) = X7kl 2200y = (X (tn) — X7 g, X (tn) — Xﬁl,khz(gﬂ)
< (IXE)llrey + 1X7 1llcre ) 1 X (tn) — X5 llgre )=

The first factor is bounded independently of n € {1,..., N} by Propositions 3.10
and 3.16. For the second factor we apply Lemma 4.6 and since (h?Y + k"’)% <
(RY + k%) for all h,k € (0, 1] the result follows. O

4.3. Multiplicative noise. The choice V = G?(H) of Subsection 4.2 works only
for equations with additive noise. We demonstrate this here by considering the
following equation with linear multiplicative noise

AX(t) + AX(t)dt = BX(t)dW (1), t € (0,T); X(0) = Xo.
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Here B € L(H, Ly(Hy, H?~1)). In order to perform the Gronwall argument in the
G1P(H)*-norm for this equation, one would need a bound

n-1l itjn ) )
STTIB(X (1) — X9 ) dW (¢t H
| Jz—(:)/t i B = X) WO

(4.11)
n_l tjt+1 .
S [ IXO - Xl gy
j=0 "t

cf. (4.10). Attempting to prove this, we integrate by parts and move the supremum
inside the integral to get

noletia ) _
|3 [ siwpexn - xi)awo|
j=0"1ti

n—1

sup (z Z / s B(x() - X],) aw ()

ZeGLp(H) HZHGl 2 (H)

GLr(H)*

L2(Q,H)

tj+1 1 ; j

sup ———(B*S) ' DiZ, X(t) — Xj | dt.
/t ZeGLP(H) HZHGLP(H)< ok h’k>L2(Q’H)

If it would hold B*SZ,;th € L(GYP(H)), then the bound (4.11) would follow, but

this is not the case as only D;: GMP(H) — LP(2, £3) for a.e. t € [0,7]. We see no

other natural choice of the space V' but it might be that the estimate (4.2) is too

crude in order to treat multiplicative noise.

5. APPROXIMATION BY THE FINITE ELEMENT METHOD

In this section we describe an explicit example for the linear operator A and its
corresponding numerical discretization by the finite element method.

For this we consider the Hilbert space H = L?(D), where D C R?, d = 1,2, 3,
is a bounded, convex, and polygonal domain. The linear operator (A,D(A)) is
defined to be Au = —V - (aVu) + cu with Dirichlet boundary conditions, where
a,c: D — R are sufficiently smooth with ¢(§) > 0 and a(§) > a9 > 0 for £ € D.
Then A is an elliptic, selfadjoint, second order differential operator with compact
inverse, see for instance [33, Chap. 6.1]. In particular, A satisfies Assumption 2.3
(i). .

We measure spatial regularity in terms of the abstract spaces H?, § € R, which
now are related to the classical Sobolev spaces, for example H' = HJ(D) and
H? = H}(D)NH?(D). For more details we refer to [31, App. B.2] and the references
therein.

Let (Th)ne(o,1) be a regular family of triangulations of D with maximal mesh
size h € (0,1]. We define a family of subspaces (Vi)ne(0,1) of H', consisting of
continuous piecewise linear functions corresponding to (7}) he(o,1]- By equipping
the space H' with the inner product (-,-); := (A%o,A%), we define Ay : Vi, — Vj,
h € (0,1], to be the linear operators given by

(Apvn,up) = (Vp,un)1, Yon,up € Vi,
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Now, from [31, (3.15)] we get || A, ' Pyz|| < || -1 for all z € H~'. Hence, it holds
_1
14, PrA? o < 1.

An interpolation between this and ||P||z < 1 yields (2.11) for o € [0, 1].

As in Subsection 2.3 we denote by (S(t)):>0 the semigroup generated by —A
and Sy == (I + kAp)~1Py,. The standard literature on finite element methods, for
instance [11], provides error estimates for the approximation of the semigroup with
smooth and nonsmooth initial data. More precisely, it holds for the error operator
(4.6) that

| En ()]l < C(h? + k)t~ 2" |2] oy @ € HY, ¢ =0,2.

By interpolation this covers the smooth data case —0 < ¢ < 0 of (2.12). For the
purpose of the present work we need to extend this to less regular initial data. This
is done by the next lemma, which is a consequence of [31, Lemma 3.12].

Lemma 5.1. Under the above assumptions and for 0 < 0 < 2 and —0 < p <
min(1,2 — 0), the following estimate holds true

|Bni(t)z] < C(H + k3)t "5 ol w€ H, t>0, hok e (0,1].

Proof. As noted above it remains to treat the case when 0 < p < min(1,2 —6). By
[31, Lemma 3.12 (i)] the estimate

(5.1) | Epi(t)z]| < C(h? + k2)t 2|z, ¢>0,0<0<2,

holds for all h,k € (0,1]. By [31, Lemma 3.12 (iii)] the error operator Ej, ; also
satisfies, for 1 < 6 < 2,

(5.2) |En ()| < C(h° + k)t |2]| ey, ¢ > 0.
Interpolation of (5.1) and (5.2) with fixed 0 € [1, 2] gives that, for A € [0,1],
1B (B)zll < C(RY + k%)t V57 2] _yo—0)

= C(h +k3)t 5

A2

—6)
|zl —x2—g), t>0.

If we let o = A(2 — ), then we get the following estimate: for 1 < 6 < 2 and
0<po<2-0,

(5.3) |En e (t)z]| < C(R° + kE)t 5 ]|, t>0.

By [31, Lemma 3.12 (ii)] it holds

(54) 1En k(D] < Ct 3|zl —p, t>0,0<0<1,

and using (5.3) with 6 =1 and (5.4), both with the same 0 < p <1, yields

~ ~ ~ _ 1\A,_ Ato
(55) 1En i (D)l = | En i (OlM|En i (D))= < C(h+k2) 7 ]|,
: _ Ao

<O +k2)t7 7 2|y, t>0,0<A<1.

Combining (5.3) and (5.5) concludes the proof. O
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Writing the statement of the lemma in operator form yields
1Bni (A% |2 < C(R? +k2)t™ 5, £>0,0<0<2, —0<o<min(1,2—0).

This is (2.12) for the finite element method. To verify Assumption 2.4 it remains
to show (2.10). By [31, (3.42)]

n _1
1Sk el < Ct2 ||z 1.
Interpolating between this and [|Sy; ,z| < C||z|| yields (2.10).
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