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ABsTrACT. This paper is concerned with the numerical approximation of sto-
chastic ordinary differential equations, which satisfy a global monotonicity con-
dition. This condition includes several equations with super-linearly growing
drift and diffusion coefficient functions such as the stochastic Ginzburg-Landau
equation and the 3/2-volatility model from mathematical finance. Our analysis
of the mean-square error of convergence is based on a suitable generalization
of the notions of C-stability and B-consistency known from deterministic nu-
merical analysis for stiff ordinary differential equations. An important feature
of our stability concept is that it does not rely on the availability of higher
moment bounds of the numerical one-step scheme.

While the convergence theorem is derived in a somewhat more abstract
framework, this paper also contains two more concrete examples of stochas-
tically C-stable numerical one-step schemes: the split-step backward Euler
method from Higham et al. (2002) and a newly proposed explicit variant of
the Euler-Maruyama scheme, the so called projected Euler-Maruyama method.
For both methods the optimal rate of strong convergence is proven theoreti-
cally and verified in a series of numerical experiments.

1. INTRODUCTION

Initiated by the papers [4] and [5] the field of numerical analysis for stochas-
tic ordinary differential equations (SODEs) with super-linearly growing coefficient
functions has seen a considerable progress, especially over the last couple of years.
For instance, we refer to [6, 7, 8, 12, 17, 20] and the references therein.

The starting point of this article is the following observation: There exist strongly
convergent numerical schemes, whose one-step maps satisfy suitable Lipschitz-type
conditions, although the underlying stochastic differential equation has non-globally
Lipschitz continuous coefficient functions. For the numerical approximation of stiff
deterministic ODEs this observation has been formalized in the notion of C-stability,
see for example [I, Definition 2.1.3] and [18, Chap. 8.4]. A related result is also
found in [3, Prop. 15.2].

In this paper we present a generalization of this notion to the stochastic situ-
ation. Together with its counterpart, the notion of B-consistency, we will show
that the error analysis of stochastically C-stable numerical methods can be simpli-
fied significantly compared to existing approaches in the literature. In particular, it
turns out that it is not necessary to study higher moment estimates of the numerical
scheme nor to consider their continuous time extensions.
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We apply this more abstract framework to study the strong error of convergence
for the numerical discretization of SODEs under the global monotonicity condition
(see (3)). This assumption is imposed in many recent papers on this topic. For
instance, we refer to [12] for the strong error analysis of the backward Euler method,
and to [17, 20] for a corresponding result of the explicit tamed Euler method.
Further, in [7] strong convergence rates are derived for a stopped-tamed Euler-
Maruyama method applied to SODEs which lie beyond the global monotonicity
condition.

In this paper we work with the following notion of strong convergence: We say
that a numerical scheme converges strongly with order v to the exact solution
X:[0,T] x Q — R? if there exists a constant C' independent of the temporal step
size h such that

1 X (tn) = Xn(ta)l 2ame) < ClR[.
e penax X (tn) = Xn(tn)ll 2z < ClA

Here, Xp,: {to,t1,...,tn} x 2 — R? denotes the grid function generated by the nu-
merical scheme. Let us remark that several of the above mentioned papers consider
stronger notions of strong convergence, where, for example, the maximum occurs
inside the L?-norm or the norm in LP(Q;RY) with p > 2 is considered instead of the
L?-norm. Our choice of (1) is explained by the fact that our proof of the stability
lemma (see Lemma 3.5), which plays a central role in our approach, relies on the
orthogonality of the conditional expectation with respect to the norm in L2.

In order to demonstrate the usefulness of our abstract results we present two
more concrete examples of stochastically C-stable numerical schemes: First we are
concerned with the split-step backward Euler method (SSBE) from [4], which is
shown to be strongly convergent of order v = % in Theorem 5.8. Secondly, we pro-
pose a new explicit scheme, the projected Euler-Maruyama method (PEM), which
turns out to be, in general, computationally less expensive then the implicit SSBE
scheme but performs equally well in our numerical experiments. In Theorem 6.7
we verify that the PEM method is also strongly convergent of order %

We refer to [8] for a detailed comparison between implicit numerical methods
and a further purely explicit variant of the Euler-Maruyama method, the tamed
Euler method, which is considered in several of the above mentioned papers.

Let us briefly highlight two results in the literature, which are closely related to
our approach from a methodological point of view: In [21] the authors investigate
a family of one-leg theta methods for the discretization of SODEs under a one-
sided Lipschitz condition on the drift and a global Lipschitz bound on the diffusion
coefficient function. Hereby, they make use of the related notion of B-convergence.
The second paper [20] presents a fundamental mean square convergence theorem
for the discretization of SODEs under the global monotonicity condition. This
theorem imposes a similar concept of the local truncation error as our notion of
B-consistency. However, in the proof of the theorem the authors relate the global
error at time t; to the error at time ¢;_; by one time step of the exact solution. But
by doing so one cannot benefit from the global Lipschitz properties of the numerical
method.

The remainder of this paper is organized as follows: The following section con-
tains a detailed description of the stochastic ordinary differential equation, whose
solution we want to approximate. Further, we state our main assumptions and
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present the numerical schemes, which are analyzed in the subsequent sections. In
Section 3 we develop our notions of stochastic C-stability and B-consistency in a
somewhat more abstract framework. Then we prove the already mentioned stability
lemma, from which we easily deduce our strong convergence theorem for C-stable
numerical methods.

In Section 4 we briefly summarize some results on the solvability of nonlinear
equations, which are needed for the error analysis of the SSBE method. In Sec-
tions 5 and 6 we verify that the split-step backward Euler scheme and the projected
Euler-Maruyama method are stochastically C-stable and B-consistent, and, hence,
strongly convergent. In Section 7 we present some numerical experiments which
illustrate our theoretical results for the discretization of the stochastic Ginzburg-
Landau equation and for the financial 3/2-volatility model.

2. PROBLEM DESCRIPTION AND THE NUMERICAL METHODS

In this section we introduce the class of stochastic differential equations, which
we aim to discretize. Further, we state our main assumptions and the numerical
methods, which we study in the remainder of this paper.

Let d,m € N, T € (0,00), and (Q, F, (Ft)icjo, 1), P) be a filtered probability
space satisfying the usual conditions. We consider the solution X : [0,7] x  — R?
to the SODE

@) dX(t) = f(t, X (¢t))dt + igr(t, X(t)dwr(t), tel0,T],

Here f: [0, 7] x R? — RY stands for the drift coefficient function, while g": [0, 7] x
R? — RY 7 = 0,...,m, are the diffusion coefficient functions. By W": [0,T] x
Q—= R, r=1,...,m, we denote an independent family of real-valued standard
(Ft)tefo,r-Brownian motions on (2, F,P). For a sufficiently large p € [2,00) the
initial condition X{ is assumed to be an element of the space LP(Q, Fo, P;R?).

By (-,-) and |-| we denote the Euclidean inner product and the Euclidean norm on
R?, respectively. Throughout this paper we impose the following conditions on the
drift and the diffusion coefficient functions. Note that the range of the parameter
7 appearing in (3) needs to be narrowed down for the formulation of the strong
convergence result of the SSBE method in Theorem 5.8.

Assumption 2.1. The mappings f: [0,T] x RY — R? and ¢g": [0,T] x RY — R,
r=1,...,m, are continuous. Furthermore, there exist a positive constant L and a
parameter value n € (,00) with

(3) <f(t,$1) - f(tazQ)azl - :L'2> + 772 ’gr(tv'rl) - gr(tazQ)’2 < L|SC1 - T2 °

r=1
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for all t € [0,T] and x1,22 € R, In addition, there exists a constant q¢ € (1,00)
such that for every r=1,...,m it holds

(4) [ft, )|V g™t x)] < L(1+ [z]7),
(5)
[f(t, @) = f(t2, )| Vg™ (t1,7) — g (t2,2)| < L(1+ |x|?) [ty — ta]2,
(6)
[f(t,20) = f(t @) Vg (t21) — g7 (E22)| < L1+ |a|T7" + |22]97 ) a1 — 2,
for all t,ty,to € [0,T] and x, 21,79 € R?,

The assumption (3) is called global monotonicity condition. We exclude the case
g = 1, since this coincides with the well-known global Lipschitz case studied in [9,
13]. In Section 7 we present two more concrete SODEs, which fulfill Assumption 2.1.

Before we describe the numerical schemes we remark that Assumption 2.1 is also
sufficient to ensure the existence of a unique solution to (2), see [10], [L1, Chap. 2.3]
or [16, Chap. 3|. By this we understand an almost surely continuous and (F;)sec[o,7)-
adapted stochastic process X : [0,7] x Q — R? which satisfies P-almost surely the
integral equation

(7) X(t)=Xo+ /Otf(s,X(s))ds + i/ot g (s, X(s))dWT"(s)
r=1
for all t € [0,T]. In addition, if there exist C' € (0,00) and p € [2,00) such that
(8) (f(t,x) i ? < C(1+|zP)
for all € R, ¢ € [0,T], then the exact solution has finite p-th moments, that is

9) sup || X (¢
te[0,T]

HLP Qre) < OO
For a proof we refer, for instance, to [11, Chap. 2.4]. The condition (8) is called
global coercivity condition.

For the formulation of the numerical methods we introduce the following ter-
minology: For N € N we say that h = (hy,...,hn) € (0,T)V is a vector of
(deterministic) step sizes if sz\; h; = T. Every vector of step sizes h gives rise to
a set of temporal grid points 7, which is given by

Th = {tn ::ihi : n:O,...,N}.

i=1
For short we write
|h] ;== max hy
ie{l,...,N}

for the mazimal step size in h.
The aim of this paper is to show that the following two schemes are examples of
stochastically C-stable numerical methods.

Example 2.2. Our first example is the so called split-step backward Euler method
(SSBE), which is already studied in [4]. For its formulation let h = (hq,...,hyn) be
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a vector of step sizes. Then the SSBE method is given by setting X7SBE(0) = X,
and by the recursion

—SSBE —SSBE
Xy (t) = X2 (b)) + haf (6, X (1)),

XSSBE() = XPP (1) + zm: g (6, X0 () (W (t) = W (t5-0)),

for every ¢« = 1,..., N. It is shown in Section 5 that the SSBE scheme is a well-
defined stochastic one-step method under Assumption 2.1, which is strongly con-
vergent of order v = %

Let us remark that we evaluate the diffusion coefficient functions ¢" at time ¢; in
the ¢-th step in the definition of the SSBE method. This appears to be somewhat
out of the ordinary if compared to the definition of the backward Euler scheme in
[9, Chap. 12], where it is more common to evaluate ¢g" at ¢;_1 instead.

The reason for this slight modification lies in condition (3), which is applied to
fand g", r =1,...,m, simultaneously at the same point ¢ in time. Compare also
with the inequality (19) further below. It helps to avoid some technical issues if we
already take this relationship into consideration in the definition of the numerical
scheme.

Example 2.3. Our second example of a stochastically C-stable scheme is the
following explicit variant of the Euler-Maruyama method, which we term pro-
jected Euler-Maruyama method (PEM). Tt consists of the standard Euler-Maruyama
method and a projection onto a ball in R? whose radius is expanding with a negative
power of the step size.

To be more precise, let h € (0,1]Y be an arbitrary vector of step sizes. The

parameter value « € (0, 1] is chosen to be o = in dependence of the growth

1
2(q—1)
rate ¢ appearing in Assumption 2.1. Then, the PEM method is given by the
recursion

X M () = min (Lhy @[ XPEM (1) |7 XEEM (¢,

—PEM —PEM
XPEM(t) =X, () + hif (tim1, Xp, (&)

+Y g e, Xy () (W (k) — W (tio1)),  for 1< i< N,
r=1

where XPEM(0) := X,. The definition of the scheme is inspired by a truncation
procedure, which plays an important role in the proof of [11, Chap. 2, Theorem 3.4].
The strong error analysis of the PEM method is carried out in Section 6.

3. AN ABSTRACT CONVERGENCE THEOREM

This section contains a detailed introduction to our notions of stochastic C-
stability and B-consistency in a somewhat more abstract framework. Then we state
our strong convergence theorem, whose proof turns out to be a direct application
of the stability Lemma 3.5.

We begin by introducing some additional notation. By h € (0,T] we denote an
upper step size bound and we define the set T := T(h) C [0,T) x (0, k] to be

T:={(t,6) € [0,T) x (0,h] : t+6 <T}.
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Further, for a given vector of step sizes h € (0, h]N we denote by G?(T;) the space
of all adapted and square integrable grid functions, that is

GX(Th) ={Z: Th x Q=R : Z(t,) € L*(Q, F,,P;RY) for all n =0,1,...,N}.
Now, we give the definition of our abstract class of stochastic one-step methods,

which we consider in this paper.

Definition 3.1. Let h € (0, T be an upper step size bound and ¥: R4 x T x Q — R4
a mapping satisfying the following measurability and integrability condition: For
every (t,6) € T and Z € L*(Q, F;, P;R?) it holds

(10) U(Z,t,0) € L*(Q, Frys, P;RY).

Then, for every vector of step sizes h € (O,E]N we say that a grid function Xy €
G%(Tr) is generated by the stochastic one-step method (¥, h, €) with initial condition
€€ L%(Q, Fo,P;R?) and step sizes h = (hq,...,hy) if

Xn(ti) = W(Xp(tiz1),tio1,hi), 1<i<N,

X (to) = €.

We call ¥ the one-step map of the method.

(1)

Next, we present our definition of stability for stochastic one-step methods, which
we apply in this paper. It is a suitable generalization of the notion of C-stability
from [1, Definition 2.1.3] and has been used in the context of numerical approxi-
mation of stiff differential equations. We also refer to [3, Prop. 15.2] and to [18,
Chap. 8.4] for a more recent exposition.

Definition 3.2. A stochastic one-step method (\Il,ﬁ,f) 1s called stochastically C-
stable (with respect to the norm in L?(S;RY)) if there exist a constant Cyan, and

a parameter value n € (1,00) such that for all (t,8) € T and all random variables
Y,Z € L*(Q, F, P;RY) it holds

[E[W(Y,t,6) — U(Z,t,8)|F]

2
Iz2m)

(12) + 1| (idga — E[- | 7)) (9(Y, £,8) — W(Z,t,6)) H;(Q;Rd)

< (1 + Cstab(s) HY - ZHiZ(Q;Rd)'

The next definition is concerned with the local truncation error. The conditions
(13) and (14) are well-known to the literature and already found in slightly different
form in [13, Th. 1.1] and [14, Th. 1.1]. A related concept has been applied in [20],
but there the authors are in need of higher moment estimates of the local truncation
error.

Definition 3.3. We call a stochastic one-step method (¥, h, &) stochastically B-
consistent of order v > 0 to (2) if there exists a constant Ceons such that for every
(t,0) € T it holds

(13) HE[X(t+5) - \P(X(t)at75>|ft] S CVcons(yyJrl

209,

and
(14) [ (idge = E[|F]) (X (2 4+ 8) = (X (0),£,0)) || 2y < Coonsd?F2,
where X : [0,T] x Q — R? denotes the exact solution to (2).

Finally, it remains to give our definition of strong convergence.
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Definition 3.4. A stochastic one-step method (U, h,£) converges strongly with
order v > 0 to the exact solution of (2) if there exists a constant C' such that for
every vector of step sizes h € (0,h]N it holds
_ 8!
ne%nO,aX,N} HXh(tn) X(tn)HL2(Q;Rd) S C|h| :
Here X denotes the exact solution to (2) and X, € G*(Tp) is the grid function
generated by (W, h, &) with step sizes h € (0,h]N.

Before we turn to the main result of this section we first prove the following
useful stability lemma. It follows from the discrete Gronwall Lemma and gives a
motivation for the conditions (12) to (14). The underlying principle is similar as in
the proof of [13, Th. 1.1] and [14, Th. 1.1], but differs in one important point: In
[13, Th. 1.1] the error at time ¢; is related to the error at time ¢;,_1 by one discrete
time step of the exact solution (compare with [13, Lemma 1.1]). Here we follow the
same idea, but we propagate the error by one application of the one-step map. This
turns out to be important since a stochastically C-stable one-step method enjoys a
global Lipschitz property, which is not necessarily true for the exact solution under
Assumption 2.1.

Lemma 3.5. Let (\Il,ﬁ,f) be a stochastically C-stable one-step method with con-
stants Csar, and 1 € (1,00). Let h € (0,h]N be an arbitrary vector of step sizes.
For every grid function Z € G?(7Ty,) it then follows that

(12 () = Xi(t) [Fagaimn < eOFO 0TI (1 2(0) - € g0

N
+ 30 (b E[Z(E) = $(Z (1), b, ha) Fo e

i=1
N
. 2
+Cy Y |[(idge = E[ - |F2,]) (Z(t) = W(Z(ti-1), tim1, hi)) HL?(Q;Rd))’
i=1
where Cy =1+ (n—1)7! and X;, € G*(Ts) denotes the grid function generated by
(W, h, &) with step sizes h.
Proof. For every 1 <i < N we write the difference of the two grid functions as
eh(ti) = Z(tz) — Xh(tz)
By the orthogonality of the conditional expectation it holds
2 2
Heh(ti)HQL?(Q;Rd) = HE[eh(ti”‘Fti—l]HLZ(Q;Rd) + Heh(ti) - E[eh(ti”fti—l]HLQ(Q;Rd)'
The first term is estimated as follows: Since
en(ti) = Z(t:) = W(Z(tiz1), tiz1, hi) + U(Z(ti—1), tio1, hi) — Xn(ts)
we first have

||E[eh(ti)|fti71 < HE[Z(tZ) - \P(Z(tifl)vtiflv hi)|fti—l} ||L2(Q;]Rd)

+|[E[W(Z(ti-1)s tim1s hi) = Xn(t3)|Fr, ]

| P

Iz
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Then, after taking squares, it follows from the inequality (a+ b)? = a? + 2ab+ b* <
(1+h;Ha? + (14 h;)b? that

[Elen(to)| Fo ]l 2oz
< (14 WY ||E[Z(8) — W(Z ()t h) o e e
+ (14 ) ||[E[O(Z (ti-1)s tio1, hi) = Xn ()| Fe, ] HQL?(Q;Rd)'
The second term is estimated similarly by
len(ts) — Elen)lFr )22 ume,
< Gy (idga = E[-|Fo 1) (Z(t:) = O(Z(tim1), ti1, i )Hizm RY)
+ || (idge — B[ [Fe,_,]) (W(Z(tim1), tio1, hi) — Xt HL2 ARY)’
where C,, = 14 (n—1)~*. To sum up, we have shown that
12t = Xn(t3) |72 00
< (1+ A YE[Z(8) = U(Z (), tior, )P ]| e
+ (14 1) ||E[®(Z (tiz1), tic1, hi) — Xn(ts)| Fe,_,] HLZ(Q R4)
+ Cyl| (idpa — E[- |72, ]) (Z(t:) — U(Z(tiz1), tiz1, hs HLZ(Q R4)
| (i — B[ [P0 0) (R(Z(E1)stim1, he) = X (0)) | 2000
for all 1 <i < N. After inserting X, (t;) = WU(Xp(ti—1), tio1, hi) and (12) we get
HZ(t — Xn(ti HLZ(Q R9)
< (L +hD|E[Z(8) = U(Z (1), timr, hi) | Fe, ] H2L2(Q;1R'i)
+ Oyl (idga — E[-|F2, 1) (Z(t:) = W(Z(ti-1), tim1, b)) H;(QW)
+ (1 (14 Can 1+ T Z(0i-1) = Xi(t1) [ g0
where we also made use of the fact that by (12)
Ml [E[W(Z(ti-1), tim1, hs) = Xn ()1 Fes] [0 oma
< hi(1 4 Cstanh)|| Z (tiz1) — Xn(tiza HL2 Q:Rd)"

Next, we subtract HZ(ti_l) Xn(ti—a HLZ(Q R) from both sides of this inequality.
Together with a telescopic sum argument this yields

12(t0) = Xn(tn) |2y — 12(0) = Xn(0) |2 00
:Z(HZ — Xa(t HL2 (Q;R%) HZ(ti*1 = Xn(tiza HLZ(QRG’))
=1
< ((1+h;1)"E[Z(tZ) _\I](Z(tl—l) i—1,h |]:t1 1H|L2(Q iR4)
=1

+ Cy|(dge = B[ - |Fi 1)) (Z(t:) = (Z(Ein), tior, 7)) [ 2z

+(1+Cstab(1+ﬁ))hiHZ(ti*1 — Xn(ti-1 HLZ(QRd))
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After adding || Z(0) th(O)H%Q(Q;Rd) =1[|Z(0)— §HL2(Q ay the assertion follows from
an application of the discrete Gronwall Lemma. O

A simple consequence of the stability lemma is the following estimate of the
second moment of the grid function which is generated by the numerical method.

Corollary 3.6. Let (U, h,&) be stochastically C-stable. If there exists a constant
Cy such that for all (t,0) € T it holds

|E[®(0,t,6)|F] < Cyd,

220z
[ (idga —E[ - |7]) 00, £, 0)| 2 qupay < Cod?,

then it follows for a positive constant C and for all vectors of step sizes h € (0, h)™
that

SIS

oA | Xn ()| L2 (uraey < eCT(HfH%%Q;Rd) +C(1+h+ Cn)T) ;

where X, denotes the grid function generated by (U, h, &) with step sizes h.

Proof. The assertion follows directly from an application of Lemma 3.5 with Z =

0 € G*(Tn). O

As the next theorem shows consistency and stability imply the strong conver-
gence of a stochastic one-step method.

Theorem 3.7. Let the stochastic one-step method (\II,E, &) be stochastically C-
stable and stochastically B-consistent of order v > 0. If &€ = X, then there exists

a constant C' depending on Cstab, Ceons, 1, h, and 1 such that for every vector of
step sizes h € (0, h]N it holds

max HX(t — Xp(tn

ne{0,...,N} HL2 Q;R4) < C|h|’ya

where X denotes the exact solution to (2) and Xy, the grid function generated by
(U, h, &) with step sizes h. In particular, (U, h,€) is strongly convergent of order 7.

Proof. Let h € (0,h]" be an arbitrary vector of step sizes. Since X (0) = X, (0) =
X it directly follows from Lemma 3.5 that

IIX( n) = Xn(tn)|Z2(ma)

- N
< e(l"l‘cstab(l"l‘h))T(Z (1 + h;l)HE[X(tZ) o \I/(X(tzfl) i1 )|ft }

i=1

{ -

L2(QR4)

+C, Z|| idza —E[ - |7, ]) (X (ti)—\If(X(ti_l),ti_l,hi))||iz(Q;Rd)).

After inserting (13) and (14) we get

max | X (tn) — Xn(t HLz(Q RY)

ne{0,...,N}
N
< e(1+cmb(1+h))TCC20nS Z ((1 T h;l)hf(”“) 4 Cnhz%ﬂ)
1=1

< e(lJrCstab(lJFE))T(l + E + Cn)T020nS|h|2’Y'

This completes the proof. O



10 W.-J. BEYN, E. ISAAK, AND R. KRUSE

4. SOLVING NONLINEAR EQUATIONS UNDER A ONE-SIDED LIPSCHITZ CONDITION

This section collects some results on the solvability of nonlinear equations under
a one-sided Lipschitz condition, which are needed for the error analysis of the split-
step backward Euler scheme.

The following Uniform Monotonicity Theorem is a standard result in nonlinear
analysis (see for instance, [15, Chap.6.4], [19, Theorem C.2]). We take explicit
notice of the Lipschitz bound for the inverse which will be used later on.

Theorem 4.1. Let G: R? — R? be a continuous mapping such that there exists a
positive constant ¢ with

(15) (G(x1) — G(z2), 21 — T2) > c|ag — 22|?

for all 1,29 € R, Then G is a homeomorphism with Lipschitz continuous inverse,
m particular

_ _ 1
(16) |G (1) — G M (2)| < Elyl — 12|
for all y1,y2 € R?.

Proof. Tt is well known [15, Chap. 6.4], [19, Theorem C.2] that G(x) = y has a
unique solution for every y € R%. Setting #1 = G~'(y1), 72 = G~ '(y2), condition
(15) implies

clry — m2|* < (Y1 — ya, 71 — x2) < |y1 — ye||z1 — 2],

from which the Lipschitz estimate (16) follows. O

The following consequence of Theorem 4.1 contains the key estimates for the C-
stability of the split-step backward Euler scheme. For related estimates under global
Lipschitz conditions on the diffusion coefficient functions we refer to [4, Lemmas
3.4, 4.5].

Corollary 4.2. Let the functions f: [0,T] x R — R? and g": [0,T] x R* — RY,
r=1,...,m, satisfy Assumption 2.1 with Lipschitz constant L > 0 and parameter
value n € (1,00). Let h € (0,L™") be given and define for every 6 € (0,h] the
mapping Fs: [0,T] x R — RY by Fs(t,x) = x — 0f(t,x). Then, the mapping
R? > 2+ Fs(t,z) € R? is a homeomorphism for every t € [0,T).

In addition, the inverse Fgl(t, 9 R — R? satisfies

(17) |F5 (t, @) — tzQ] (1 — L&)y — 2o,
(18) }F z)| < (1= L&)~ (L + |]),

for every x,x1,29 € R? and t € [0,T]. Moreover, there exists a constant Cy only
depending on L and h such that

_ _ 2 i r _ r _ 2
) |Fy(tw) = Fy M(txa)|” 406 Y g7 (8 Fy Mt 21)) — g7 (8, Fy (¢, 22))|
r=1

< (1 + 015)|l‘1 — $2‘2

for every x1, x5 € R and t € [0, T].
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Proof. Fix arbitrary § € (0,h] and ¢ € [0,T]. First, note that by (3) the mapping
Fs(t,-): R — R? is continuous and satisfies

(Fs(t,x1) — F5(t,22), x1 — x2)
= |o1 — @2* = 6(f(t,21) — f(t,x2), 21 — x2) > (1 = L) |21 — 22

for all 21,z € RY. Note that 1 — L§ > 0 follows from h € (0, L7') and § € (0, h].
Hence, we directly obtain the first assertion and (17) from Theorem 4.1.

Next, we set xg := F5(t,0) = —df(¢,0) € R Then F; '(t,x9) = 0 and for
arbitrary = € R? by (17) and (4) we derive

|F5H(t )| = |Fy ' (ta) — Fy Mt wo)| < (1= Lo)™Ha —
= (1= L&) (x| + 6| £(t,0)]) < (1 — L&) (|z| + L9).

It remains to give a proof of (19). By also taking the diffusion coefficient functions
into account, it follows from (3) that

<F5(t,1‘1> - F5(t7x2)7$1 - 'r2>
= |21 — @2 = 6(f(t,x1) — f(t, x2), 21 — x2)
> (1 Lo)or — a2 +10 Y |g" (8, 21) — 9" (£, x2)|".
r=1

For some y1,y2 € R? we substitute z; = Fgl(t,yl) and xo = Fgl(t,yg) into the
inequality. Then, after rearranging we end up with

_ _ 2 O _ - _ 2
’FS 1(tay1) - F6 1(ta92)’ + 7762 ’g (taFS l(tayl)) -9 (taF(; 1(tay2))‘
r=1
_ 2
< {y1 —y2, Fy ' (t,yn) — Fy Mt y2)) + LO|Fy ' (t 1) — Fy Mt y0)| "
Now, an application of (17) together with the Cauchy-Schwarz inequality yields
_ _ 2 =, _ ” _ 2
|F5 (ty) — Fy ' (t,2))| +775Z 9" (6, F5 (1) — g7 (8, Fy (¢, 2))|
r=1
_ 2
<y — w2l |Fy M (tyr) — Fy Mt yo)| + Lo FyH (tyn) — Fy 't )|
S =LO) M1+ (1= Lo L)y — yol* = (1 = LO) " ?|y1 — vo/?
for all y1,y2 € R%. Finally, note that b(§) = (1 — L§)~? is a convex function, hence
for all 6 € [0, ),
b(h) —b - _
(1—L&) 2 <1+ Ch6, O = bh) —6(0) _ L(2— Lh)(1 — Lh)™2
and inequality (19) is verified. O

The following lemma contains some further estimates of Fj 1 which will be useful
for the analysis of the local truncation error.

Lemma 4.3. Consider the same situation as in Corollary /.2. Then there exist
constants Cy, C3 only depending on L, h and q such that for every § € (0,h] the
inverse Fi ' (t,-): R? — R? satisfies the estimates

(20) |F5 't a) — o] <60 (1+ |z]9),
(21) ‘Fgl(t,z)—zf(;f(t,z” <8*C3(1+ [z*71)
for every x € R? and t € [0,T].
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Proof. Let x € RY be arbitrary. For the proof of (20) we make use of the substitu-
tion z = Fs(t,y) and (4). Then we get

|Fy ' (t,z) — x| = |y — Fs(t,y)| =0l f(t,y)| < L6(1 +[yl).
Resubstitution of y and inserting (18) yields
) |F5y'(ta) — x| < Lo(1+ |Fy ' (t,2)|?) < Lo(1+ (1 — L&) 9(1 + |z])?)

(22 < L5(1+27'(1 = Lh)~ %) (1 + |z|9),

which is (20) with Cy = L(1 4 297(1 — Lh)™9).
Finally, by making use of the same substitution as well as (6) we obtain

|Fyt(ta) —x—5f(ta)| = |y — Fs(t,y) — 6 f(¢t, Fs(t,y))|
= 0| f(t,y) — f(t, F5(t,y))|
S LS(1+ |yl + [Fs(t,y)|*™") |y — F5(t,y)]
< L(S(l + |,7:|q—1 + |F571(t,x)|q_1)’Fgl(t,x) — x}

for every x € R%. We continue in the same way as in (22) and find by applying
(18) that

|Fyt(ta) — o —6f(t,z)| < CoLd®(1+|z|?) (1 + |zt + |Fy ' (¢, @) )
<82C3(1+ [z*77Y)

for a suitable constant C3 only depending on ¢, L, and h. (|

5. C-STABILITY AND B-CONSISTENCY OF THE SSBE METHOD

In Section 3 we derived a strong convergence result in a more abstract framework.
After the preparation of Section 4 we are now in the position to verify that the split-

step backward Euler scheme from Example 2.2 is stable and consistent with order
1

v ==
B121t before we come to this we first show that the SSBE method is indeed a
well-defined stochastic one-step method in the sense of Definition 3.1. In Section 4
we saw that the implicit step of the SSBE method admits a unique solution if f
satisfies Assumption 2.1 with one-sided Lipschitz constant L. To be more precise,
let 2 € (0, L) and consider an arbitrary vector of step sizes h € (0, h]". Then, we
obtain from Corollary 4.2 that for every 1 <1i < N there exists a homeomorphism
Fy, (ti,-): R? — R? such that YiSBE(ti) = Fh:l(ti, X3SBE(t;_1)) is the solution to
X ) = XEEPE () + hif (6, X ().
Hence, we define the one-step map ¥SSBE: R4 x T x Q@ — R? of the split-step
backward Euler method by

(23) USSP (. ¢,6) = Fy Mt +6,2) + Y g"(t+ 0, Fy ' (t+6,2) A W' (1)
r=1
for every x € R% and (¢,0) € T, where AsW"(t) :== W"(t + ) — W"(t). Next, we

verify that USSBE satisfies condition (10) and the assumptions of Corollary 3.6.

Proposition 5.1. Let the functions f and g", r = 1,...,m, satisfy Assumption 2.1
with L € (0,00) and q¢ € (1,00) and let h € (0,L™'). For every initial value
€ € L2(Q; Fo, P;RY) it holds that (USSBE 1 €) is a stochastic one-step method.
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In addition, there exists a constant Co, which depends on L, q, m, and h, such
that

(24) |E[W35PE(0, ¢, 6)|F] < Cyo,

| 22(may <
(25) | (idga — E[- | F]) U55PF(0,1,6)]| ..

for all (¢,6) € T.

(o) < Cod?

Proof. For the first assertion we only have to verify that USSBE satisfies (10). For
this we fix arbitrary (¢,6) € T and Z € L?(Q, F;, P;R?). Then, we obtain from
Corollary 4.2 that the mapping F’ 5*1(15 +0,-): R* - R? is a homeomorphism satis-
fying the linear growth bound (18). Hence, we have

FyNt+6,7) € LA(Q, Fi, P;RY).
Consequently, by the continuity of ¢g" the mapping
Q2w g"(t+6,F ' (t+6,Z(w))) € R

is F;/B(R%)-measurable for every r = 1,..., m. Therefore, USSBE(Z ¢ §): Q — R4
is a well-defined random variable, which is F;5/B(R?)-measurable. It remains to
show that USSBE(Z ¢ §) is square integrable.

For this we first consider the case that Z = 0 € L2(Q;R?). Then it is evident
that WSSBE(0,¢,6) € L2(Q, Fyys, P;R?). In particular, it follows from (18) that

[E[U%5PE(0,2,0)|Fe] || o ey = [F5 ' (4 6,0)| < (1~ L&)™'Lo < (1~ Lh)™'Lé.

Further, from an application of Ito’s isometry, (4) and (18) we get

|(idge — B[ 1E) W50, 1,0)|[ 72 g

- ;gT(t 8, F7 (4 8,0) (W (¢4 6) — W ()| ;(Q;Rd)

=8 |g"(t+0,Fy (t+4,0)]

r=1
< L*mé(1+|Fy (t+6,0)|")* < L2m(1 + (1 — LR)~9LIR")?s.

This verifies (24) and (25).
Next, for arbitrary Z € L?(€); F;, P; RY) we compute by similar arguments

[ WSSEE(Z,,6) — USSPE(0, £,6)|| 2 .
= ||F5 (t+0,2) = E M (4 6,0)||32 oz

+ 52 g (¢ + 6, F5 (£ + 6, 2)) = g7 (¢ + 6, Fy (¢ + 6,02 g

r=1

—E||[F;(t+6,2) - Fy ' (t+6,0)

+OD gt 6, Fy 4+ 0,2) — g (t+ 6,5 e+ 6,0) ).

r=1

Thus, an application of (19) yields
[WSSBE(Z, 8,6) = USPE(0,4,0)| 12 gy < (1 + C10)1 2113 2oy

This completes the proof. O
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Theorem 5.2. Let the functions f and g", r = 1,...,m, satisfy Assumption 2.1
with L € (0,00) and n € (1,00). Further, let h € (0,L™1). Then, for every
€ € L*(Q, Fo, P;R?) the SSBE scheme (USSBE h, €) is stochastically C-stable.

Proof. Let us consider arbitrary (t,6) € T and Y,Z € L?(Q, F;, P;R%). For the
proof of (12) we first note that

E[USSBE(Y, t,0) — USSPE(Z,4,0)|F] = Fy '(t+6,Y) — Fy '(t+6,2)
and

(idga — E[- |F]) (T55PE(Y, 8, 6) — USSBE(Z,1,4))

M-

(9" (t+6,F5 (t+8,Y)) —g"(t+6,F; ' (t+6,2))) AsW"(t).

Il
-

T

Then, from (19) we obtain

|5 (t+6,Y) = Fy ' (t+36, Z)Hizm;w)

s 2
T —1 T —1 T
+1 D48 B ) g+ 6.5 04 8, 2)) AW Ol jo—

— E[|F(;1(t+ 5,Y) — Fy Nt +06,2)|

F 0D g (0, F T (+ 8,Y)) = g (¢ + 6, Fy (¢ 40, 2)|]

r=1

2
<(1+ Cl(s)HY - ZHLz(Q;Rd)'
which is condition (12) for the SSBE method with Csgar, = C. O

The following fact is a consequence of Theorem 5.2 and Corollary 3.6 together
with (24) and (25).

Corollary 5.3. Let the functions f and g", r = 1,...,m, satisfy Assumption 2.1
with L € (0,00) and n € (1,00). Let h € (0, L™Y). Then, for every vector of step
sizes h € (0, h]N it holds for the grid function X} generated by (USSBE h €) that

N[

nnglE.l.).(N} HX,?SBE(tn)”L?(Q;]Rd) < eCT(”ﬂE?(Q;Rd) + Cg(l +h+ Cn)T) )

where the constant Cy is the same as in Proposition 5.1.

In preparation of the proof of consistency we state the following result on the
Hélder continuity of the exact solution to (2) with respect to the norm in LP(£2; R?).

Proposition 5.4. Let f and g", r = 1,...,m, satisfy Assumption 2.1 with L €
(0,00) and q € (1,00). For every p € [2,00) with supycpo 1) [| X ()| Lra(are) < 00
there exists a constant C' such that

X (1) = X (t2)|] 1 iy < C(1+ sup [ X @), a1 — t2?
(HR<) te(0,T] ( )

for all t1,t5 € [0,T], where X denotes the exact solution to (2).
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Proof. Let 0 <t < to <T. After inserting (7) we get
HX(tl) - X(tQ)HLP(Q;]Rd) = / Hf 7 X (7 HLP lof Rd)d

S [ xmare)

For the drift integral it follows from (4) that

Lr(Q:R4)

/ Hf T, X(7 HLp QR4) dr < L(l + T:EPT] HX(T)llipq(Q;Rd))'tl — 1.

In addition, the Burkholder-Davis-Gundy inequality yields

m to
H7¥1/t1 gT(T,X(T))dWT(T)‘ L de) Z/ 9" (r, X (r ||LP(QRd) )

for a constant C' = C'(p). Then, we deduce from (4) that

1

||g (r, X (7 L(1+ sup ||X

re[0,7] HiM(Q;Rd))'

||LP(Q iRd) —

Therefore, it holds

Lr (Q;R%)

A HMS

/ ) ()|
CL

%(IJF SUP HX I () i — ta] .

This completes the proof. O

The following two lemmas contain estimates, which play important roles in the
proofs of consistency for the SSBE scheme and the PEM method.

Lemma 5.5. Let Assumption 2.1 be satisfied by f and g", r = 1,...,m, with
L € (0,0) and q € (1,00). Further, let the exact solution X to (2) satisfy
supefo, 7 | X ()| p1a—2(qray < 0o. Then, there exists a constant C such that for
all ty,te,s € [0,T] with 0 <t1 < s <ty <T it holds

[ 15X 0D = 5. X0 07

ty

< C(l + Sup HX

S0 IOl ) 11— o]

Proof. Tt follows from (5) and (6) that
|f(r,21) = f (2, w2)| < |f(m,21) — (70, @) | + | f (11, 22) — (72, 22)|
< L(1+ |70 + 2|7 ) |21 — 2| + L(1 4 |a2|) |1 — 7ol

for all 7,7 € [0,7] and 21,22 € R% By an additional application of Holder’s

29=1 e therefore get for all s, 7 €

inequality with exponents p = 2 — % and p/ = 1
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[t1, t2]
£ (7, X (1)) = f(s, X (1)) HLZ(QRd)
S L+ X @)1+ 1X )X () = X E)] o)
- + L) (14 X @I 7 = 512 ]| 2

< L(l +2 sup HX( )Hsz la=1) (@ ]Rd))HX( ) X(tl)HLZP(Q;Rd)
te[0,T

1
+L(1 o X )17 20y [t — t2]2.

Observe that 2p'(q¢ — 1) = 4q — 2. Moreover, Proposition 5.4 with p = 2p yields
1) = Xz < O+ 51X O g7~ 11
€0,

< C(l + sup HX(t)Hqutq—z(Q;Rd))ltl - t2|§-
t€[0,T]

Altogether, this proves
_ 1
Hf(T,X(T)) f(s, X(t1) HLZ(Q RA) = C(l + tes[lépT] |‘X(t)|‘iiq}2(g;]gd))|tl — o2

for all s, 7 € [t1,t2]. After integrating over 7 € [t1, t2] the proof is completed. O

Lemma 5.6. Let Assumption 2.1 be satisfied by f and g, r = 1,...,m. Further,
let the ezact solution X to (2) satisfy sup.cpo 1) [ X (7)||p1a-2(q;ray < 00. Then,
there exists a constant C such that for all t1,t2,s € [0,T] with0 <t; < s <ty <T
it holds

H i/t (9" (7, X(7)) = g" (5, X (11))) dWT(T)’

L2(Q;R4)
2g—1
< Cm2(1+ SFp ||X HLZQ*Q(Q;]Rd))Hl 7t2|.
Proof. By the Ito isometry we get
m to
1> | @ xe) g xa)are)] o

m to N
= (3 [ X = X e 07)
r=1 1

Then, the integrands are estimated in the same way as in (26) by

||9T(T,X(T)) 9" (s, X(t1) HLZ(Q]Rd)

< L(l +2 sup HX( )Hsz la=1) (@ ]Rd))HX( ) X(tl)HLZP(Q;Rd)
te[0,T

1
+L(1+ i X 1720y 7 — 812

S C(l + sup HX( )Hitzlq 12 Q ]Rd))|t1 - t2|57
t€[0,7]

where we again made use of the %—H('jlder continuity of the exact solution. O

The next theorem finally investigates the B-consistency of the SSBE method.
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Theorem 5.7. Let the functions f and g", r = 1,...,m, satisfy Assumption 2.1
with L € (0,00) and ¢ € (1,00). Let h € (0,L~1Y). If the exact solution X to
(2) satisfies sup,cpo 1) || X (7)[|Laa—2(ray < 00, then the split-step backward Euler
method (WSSBE I X0) is stochastically B-consistent of order v = %

Proof. Let (t,0) € T be arbitrary. First we insert (7) and (23) and obtain

X(t+6) — USSBE(X (1), ¢, 6) = /t+6 (f(r. X (7)) — f(t+6,X(t))dr
+ X () +0f(t+6,X(1) — Fy5 '(t +6,X(t))
m o s
+2 /t (9" (7, X (7)) — g" (¢ + 6, X (1)) AW (7)

r=1
m

+Z Tt 6, X (1) — g"(t+ 8, Fy (46, X (1)) As W (t).

For the proof of (13) we therefore have to estimate

|E[X(t+6) — U59BE(X(8),t,0)|F] HL2(Q;Rd)

t+3
(27) < / B[ (r, X (7)) = £t + 6, XO)F] | o A7

|| X () + 6 f(t+6,X (1) — Fy H(t+6,X (1), (@RY)"
Together with the inequality [|E[Y | F]|| z2(ara) < [|Y[|r2(0;ra) for all Y € L2(Q;RY)
it follows from Lemma 5.5 that

t+4
/t HE[f(TvX(T)) - f(t+ 55X( ) |ft} HLQ Q: ]Rd)d < C’cons(SE

2q—1
L4a—2(;R4)"
order to complete the proof of (13) we need to show a similar estimate of the

second term in (27). In fact, it follows from (21) that

for a constant Ccons depending on L, g, m, and sup, ¢ 7 [|[ X (7)]| In

[ X (@) +6f(t+6X(t)— F; (t+0,X(¢ ||L2(9Rd)

_ 2q—1
< oL+ IXOF ™ ooy < Ca8* (14 sup IXOIE e

This completes the proof of (13) with v = % and we turn our attention to the proof
of (14). For this we need to estimate the following three terms

(28)

[ (idza — E[-|F4]) (X (¢ +0) = UPE(X(1),1,0)) || 12 00,

t+9
S/t [ (idge —E[-1F]) (f(r, X (7)) = f(t + 8, X(0)]] 1o yiper) AT

m o tts
N H Z/t (9"(r, X (7)) — g"(t + 4, X(1))) dwr(ﬂ‘

L2 (;R%)

+HZ "t 46, X ( ))fgT(tJrcS,Fé_l(tJr5,X(t))))A5W’“(t)‘

L2(RY)
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For the first term we get from Lemma 5.5 and since || (idge — E[ - |ft])Y||L2(Q;Rd) <
Y 22(rey for all Y € L*(Q; RY) that

t+36 .
/ || (idga — E[- |F]) (f (7, X (7)) — f(t+ 0, X (t )||L2(Q ey d7 < Cloonsd 2.
t
We apply Lemma 5.6 to the second term in (28). This yields

S CCOI]S5'
L2(QR)

mopttd
Hz/t (9"(m X(7) *gr(t+5,X(t)))dWr(T>’

r=1
Finally, for the last term in (28) it follows from (6), (18), and (20) that

lg"(t+6,X(t) — g"(t+ 0, F; "t +6,X(1))]
SLA+ X+ [Fy (46, X)) | X (X)) — Fy 't +6,X(1))]
<SCHL(1+ X ()7 + (1 — L&)~ DL + [X (1)) (1 + [ X ()]9)
<O+ X@0P)
for a suitable constant C' only depending on Cs, L, ¢, and h. Therefore,

2

HZ (0, X () — gt 6, F5 Mt + 8, X (1)) AW (1)

L2(QR)

< 52 g™ (t+ 0, X(t) — g"(t+ 6, F5 ' (t + 6, X (¢ ||L2(Q 2
r=1
2q—1
< C’m53(1 + s 1X (r >|\Laq,2m;w)).

Altogether, this completes the proof of (14). O

The strong convergence of the SSBE scheme follows now directly from Theo-
rems 5.2 and 5.7 as well as Theorem 3.7.

Theorem 5.8. Let the functions [ and g", r = 1,...,m, satisfy Assumption 2.1
with constants L € (0,00), n € (1,00), and q¢ € (1,00). Let h € (0,L~"). If the
eract solution X to (2) satisfies sup,cio ) | X (7)||Laa-2(q;ray < 00, then the split-
step backward Euler method (VSSBE h, X,) is strongly convergent of order v = %

Remark 5.9. Instead of the SSBE method many authors study the implicit Fuler-
Maruyama method or backward Euler-Maruyama method (BEM) from [9, Chap. 12].
For instance, in [4, 12] this scheme is considered for the approximation of stochastic
differential equations with super-linearly growing coefficient functions.

Let h = (h1,...,hy) be a suitable vector of step sizes. Then, the BEM method
is implicitly given by the recursion

XPEM (1) = XPEM(t,_0) + haf (8, XPEM(2,))

m
+ Zg (tim, XM (1)) (W (1) = W (tio1)), 1<i< N,
r=1
XPEM(0) = X,.
For the remainder of this remark, we assume that A is a vector of equidistant step
sizes, that is h; = h;, for all j,« = 1,..., N. Further, we consider the situation of
autonomous coefficient functions f(¢t,z) = f(x) and ¢" (¢, z) = ¢"(x), r = 1,...,m,

for all z € R? and ¢ € [0, T).
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Under these additional conditions we are able to mimic an idea of proof from [4,
Lemma 5.1]. The starting point is the observation that the defining recursion of
the BEM method can be rewritten artificially as a split-step method by

—BEM = ,

Xy () = XP™M(t 1) + > g" (XM (1) Ap, W (ti-1),

(29) r=1
—BEM

XpPM(t) = X, (6) + hi f (XM (1)
for every 1 < ¢ < N. Thus, the SSBE scheme and the BEM method only differ
in the order, in which the implicit step for the drift part and the explicit step for
the diffusion part are applied. Consequently, one easily verifies that Y]:EM is the
grid function generated by the SSBE scheme (USSBE h, ¢) with initial condition
¢ = Fp,(Xp). Then, one can interpret the BEM method as a perturbation of the
SSBE scheme in the following sense: By the homeomorphism Fj, () it holds
(30) XPEM () = (X (1),
Therefore, a strong error result for the BEM method can be derived by an appli-
cation of the stability Lemma 3.5, where XPEM takes over the role of the exact
solution. To be more precise, we decompose the strong error of the BEM method
into the following three parts

( 1) ||X(tn) - Xf}?EM(tn)HLZ(Q;]Rd) < ||X(tn) o XSSBE(tn)HLZ(Q;]Rd)

+ X5 (1) = X0t ey + 1K () = XEPM () |2,
for every n € {1,...,N}. Then the first term is the strong error of the SSBE
scheme while the second can be estimated by Lemma 3.5 and (4). Similarly, we
derive a suitable bound for the third term by inserting (29) and making again use
of (4). However, this line of arguments has the disadvantage that we are in need of
higher moment bounds for the grid function X,]?EM, uniformly with respect to the
step size h.

It remains an open question if the BEM method is a stochastically C-stable
numerical one-step scheme under Assumption 2.1.

6. C-STABILITY AND B-CONSISTENCY OF THE PEM METHOD

In this section we prove that the projected Euler-Maruyama method from Ex-
ample 2.3 is stochastically C-stable and B-consistent of order order v = %

We begin by showing that the PEM method is a stochastic one-step method
in the sense of Definition 3.1. Let Assumption 2.1 be satisfied with growth rate
q € (1,00). Then we set o = 2(q—1_1)
h € (0,1] we define the one-step map WPFM: R? x T x Q — R by

TPEM (g 8) == min(1,6~*|z| )z + 6 f (¢, min(1, 6 *|z|1)z)

and for an arbitrary upper step size bound

(32) + 3 g7 (¢, min(1, 6%z~ )a) AW (1)

r=1

for every x € R? and (t,8) € T. As before we write AsW"(t) = W' (t +3) — W"(t).

Proposition 6.1. Let the functions f and g", r = 1,...,m, satisfy Assump-

tion 2.1 with L € (0,00), q¢ € (1,00), and let h € (0,1]. For every initial value
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¢ € L*(Q; Fo,P;RY) it holds that (PPEM h, €) with o = ﬁ s a stochastic
one-step method.

In addition, there exists a constant Cy only depending on L and m such that

(33) HE [WPEM(Oa ta 6)|]:t} HLZ(Q;]Rd) < CO(Sa

(34) | (idza — B[+ |F3]) WP (0, 2,0)|| < Cyot

L2 (;R%)
for all (t,8) € T.

Proof. As in the proof of Proposition 5.1 we first verify that WFEM satisfies (10).
Let us fix arbitrary (¢,6) € T and Z € L*(Q, F;, P;R9).

By the continuity and boundedness of the mapping R? 3 2 + min (1,6~ %|z|~!)z
we obtain

min(1,6~%|Z|71Z € L=(Q, F, P;RY).
Consequently, by (4) it also holds true that
f(t,min(1,6=%|Z|712) € L=(Q, F;, P;RY)
as well as
g"(t,min(1,6~% 2|71 Z) € L>=(Q, F;, P;RY)

for every r = 1,...,m. Therefore, UPEM(Z ¢ §): Q — R? is an Fyy5/B(RY)-
measurable random variable, which satisfies condition (10).
It remains to show (33) and (34). From (4) it follows at once that

[E[WPEM0, 8, 8)[F] || o g0y = |0£(2,0)] < L6,
Similarly, from Ito’s isometry and (4) we get
| (idge — EL- | 7]) WPPM(0, £, 0)|[ 72 2
_ - r T _ T 2 _ - r 2 2
This verifies (33) and (34). O

For the formulation of the following lemmas we introduce the abbreviation
(35) 2° := min(1,0"%|z| )z
for every z € R? and every step size 6 € (0, 1].

Lemma 6.2. For every o € (0,00) and § € (0,1] the mapping R? > x — 2° € R?
is globally Lipschitz continuous with Lipschitz constant 1. In particular, it holds

(36) |x‘1° — x§| < ‘xl — xg‘
for all 1,z € R,
Proof. For a proof of the Lipschitz continuity we first compute
[of = a3]" = lan — wal® + [[ai]” — laa]* —2((@F, 08) — {21, 22)) + [o5]" ~ |zal]

for all 1,22 € RY. We show that the second term is always nonpositive.
This is clearly true for the case |z1] <~ and |z2| < 6%, since then z; = ¥,
1 € {1,2}. Therefore, for the rest of this proof we assume without loss of generality
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that |z1| > 0-®. After inserting this into the second term we obtain from an
application of the Cauchy-Schwarz inequality
2 2
25" = fa1|* = 2({af, 23) — (w1, 22)) + [23]” — |22]?
=072 — |1 [* + min(|zz,67%)? — |22
+2(1 = 6z | " min(1, 622 71)) (z1, z2)
<672 —|2q|? + min(|aa|, 67)? — |z2)?
+ 2(|@1||a2| — 6~ min(|az|,67%))
_ . —an 2 2
= (67 —min(|z2|,67%))" = (lz1] — |z2])” <0,

since we assumed |z1| > 6~%. This proves the asserted Lipschitz continuity. t

The following inequality (37) will play the same role for the stability analysis of
the PEM method as (19) does for the SSBE scheme.

Lemma 6.3. Let f and g", r = 1,...,m, satisfy Assumption 2.1 with L € (0, c0),
g € (1,00), and n € (%, o0). Consider the mapping R > x +— 2° € R? defined in
(35) with o = 2(q171)' Then, there exists a constant C' only depending on L with

|25 — a5+ 8(f(t,25) — f(t, )" + 200 Y |g"(t23) — g7 (¢,29))|”

r=1

(37)
< (1 + 05)|$1 — $2|2

for all x1, 25 € R?,
Proof. For the proof of (37) we obtain from (3)
[e] o [e] [e] 2
‘xl — x5 +6(f(t,27) — f(t,:cg))‘
[e] o 2 [e] (o] o o o (o] 2
= |$1 - zz} =+ 25<~’C1 — w3, f(t,27) — f(t,$2>> =+ 52|f(t,$1> - f(t,z2>>|

< (1+2L8)|25 — 3| — 200 Y |g"(t,23) — 9" (t,29))|°
r=1

+ 8| f(t,23) — f(t,23)|
for all 1,29 € R Next, applications of (6) and (36) yield
F(t25) — £t 28))] < L(1+ [a5]770 + [ag]o=) Jos — a3
< (142570 ) oy — ),
where we also made use of the fact that |z9],]z5] < 6% After inserting o =

(¢ —1)~! we conclude

|25 — a5+ 8(f(t,25) — f(t,2))|* + 200 Y |g"(t23) — g7 (¢,25))|”

r=1

< (1+C8) o1 — o

with C = 2L + 312, O

The next theorem verifies that the PEM method is stochastically C-stable.
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Theorem 6.4. Let the functions f and g", r = 1,...,m, satisfy Assumption 2.1
with L € (0,00), ¢ € (1,00), and n € (%,oo). Further, let h € (0,1]. Then, for
every & € L(Q, Fo, P; R?) the projected Euler-Maruyama method (\IIPEM,E, &) with

%1) is stochastically C-stable.

a -
2(q

Proof. Let (t,0) € T be arbitrary and consider Y, Z € L?(Q, F;, P; R?). By recalling
the notation (35) we get that

E[UPEM(Y,¢,6) — UPEM(Z 1, 60)| 7] = YO +6f(t,Y°) — (Z° + 6f(t, Z2°))
and
(idga — E[- |F]) (TPPM(Y,t,0) — UPEM(Z,¢,6))

= (971, Y°) = g"(t, Z°)) As W (1).

r=1

Then, from the Ito isometry and (37) it follows

Y2+ 676, Y%) = (Z° + 85t 2|2 0me

2

+277H; (", Y°) = g"(t, Z°)) AsW (t)’ -

— E[|Y° (L YC) — (20 +85(8,2°))F + 206 Y g7 (8, Y°) — g7 (¢, ZO)ﬂ

r=1

2
<140y - ZHLQ(Q;M.
which is condition (12) for the PEM method with Csta, = C. ]

It remains to show that the PEM method is stochastically B-consistent of order
v = % An important ingredient of our proof is contained in the following lemma,
which is based on an argument already found in the proof of [4, Theorem 2.2].

Lemma 6.5. Let L € (0,00) and k € [1,00). Consider a measurable mapping
o: R? — R which satisfies

(@) < L(1+ |2[7)

for all x € R For some p € (2,00) let Y € LP*(Q;R?). Then there erists a
constant C' only depending on L and p with

o) = oY)l 2 oupay < O+ 1Y [Foniney) 202°@D"

for all § € (0,1], where Y° = min (1,6 *|Y[7')Y with arbitrary a € (0,00).

Proof. We apply the same idea as in the proof of [4, Theorem 2.2]. Consider the
two measurable sets

As={weQ : [Y(w)| <6 “}eF
and A§ := Q\ As. Note that Y (w) = Y°(w) for all w € As. Thus,

e (V) = o (VO[3 2 ey = /Q [P (Y (@) = o(V°(@))| g (w) dP(w).
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For v, p,p’ € (0,00) with % + % = 1 we apply the Young inequality ab < 6—;(1’3 +

%5_”% b, If we set p = £ then we obtain

‘éwww»— ©))[*Lag () dP (@)

25" 2 )
< 7”@(}/) HLP(Q RT) ( - 5) 2P (A§).

Now, the polynomial growth condition on ¢ yields
le(Y) = oY)l Lr(irey < le(V)llzr@mey + 1o (YOl Lo ire
<2L(1+ IIYHEW(Q;W))-
Further, it holds
P(AS5) = []IAC] < 5apNE[HAc|Y|pK} < 5‘3‘?’“HY||LM(Q R

To sum up, if we choose v := «a(p — 2)k, then we obtain apk — 1% = v and,

consequently,

| Do

le(¥) = oY)} QRd (2L)p5”’ L+ NY o)
( )

+ ( )5ap 2)N||Y||LPN(Q Ra)-
This completes the proof. ]

Theorem 6.6. Let f and g", r = 1,...,m, satisfy Assumption 2.1 with L € (0, 00)
and q € (1,00). Let h € (0,1] be arbitrary. If the exact solution X to (2) satisfies
sup,¢jo,r) | X (7))l Lea-1(qray < 00, then the projected Euler method (TPEM 1 X))
with o = 2(%_1) is stochastically B-consistent of order v = %

Proof. Let (t,0) € T be arbitrary. First we insert (7) and (32) and obtain in the
same way as in the proof of Theorem 5.7

t+4
X(t+8) — UPEM(X (),t,6) = /t (f(r, X (1) — f(t, X (1)) dr
+X(6) +0f (8, X (1) = X°(t) = 0f (8, X°(1))

mot+s
+ Z/t (9" (1, X(7)) = g"(t, X (t))) AW (7)

+ (976X () = g7 (1, X°(1) AW (b),

where as before X°(¢) = min(1,0~*|X (¢)|~') X (¢). In order to show (13) we there-
fore have to estimate

IE[X (¢ +8) — ¥"*MX (@), . O)IF | 12 e

t+6
69 < [ B XE) ~ FX O] e O
FIX W) = X0 o gy + S| X(0) — £ X0

From Lemma 5.5 and the inequality [|E[Y|F¢]|z2qray < [|Y[|z2(qrae) for all Y €
L2(92;R?) we infer that

] (PR

t+45 )
/t [E[f(r, X (7)) = £ (&, XODIFe][| 2 ey 4 < Ceons6®
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for a constant Ceons depending on L, g, m, and sup.. ¢ 77 [| X (7) | p1a-2(q;ra).-

For the proof of (13) it therefore remains to verify that similar estimates hold
true for the second and third term in (38). For this we apply Lemma 6.5 with
¢ =idga, k = 1, and p = 6g — 4. Then we obtain

1X () = X0l 2 gz < COH X Dl o-s(2m0)™

since %a(p —-2) = % A further application of Lemma 6.5 with ¢ = f(¢,-), k = g,

and p=4— % yields

—2 .3
255,

W=

Hf(t,X(t)) ft, X°( ||L2(Q RY) < C(l + HX(t)HqL‘lqﬁ(Q;Rd))Q_E5 7

since in this case a(p — 2)g = 1. Altogether, this proves (13) with v = 1.
For the proof of (14) we have to estimate the following three terms

[ (idra — E[- |F]) (X (¢ +0) = WPEM(X (@), 8,6)) || 2 0,

t+46
< /t H(id]Rd - E[ |]:t]) (f(T’X(T)) f(t X )HLZ(Q Rd) dr

O S [T e rexoyaro),
S e xo) - g o)

First, we use the inequality [|(idge — E[- |F])Y[|12(ra) < [V 22(iray for all Y €
L?(£;RY) and then we obtain from Lemma 5.5 that

t+0 )
/t ||(idR'i _E[|‘Ft])(f(TﬂX(T)) f(t X )||L2(Q Rd)dT < Ceons2.

Next, we directly apply Lemma 5.6 to the second term in (39). This yields

< CCOHS(S'

L2(QRY)

mo s
H Z/t (9"(r, X (7)) — g"(t, X(t))) dWT(T)‘

r=1

Regarding the last term in (39) we obtain from the Ito isometry that

2

L2(RY)

H i (9"(t, X (1) — gr(t,XO(t)))A(;WT(t)‘

=03 [lg7 (6, X (1) = 97 (6 X°(0) |7 gy

Similarly as above the estimate is completed by a further application of Lemma 6.5
with ¢ = ¢"(t,-), Kk = ¢, and p =4 — =, which gives

r r 27% 1
Hg (t, X(t) —g"(t, X°(¢ HLZ(QRd) <C(1+HX( >HL4q QQIR'i)) 62,
Thus, as desired it holds
(X (0) — g7 (6 X (0) AW (1) Clonsd,
H;(g (6 X(0) = 9" (6 X)) AW O < Coons
for a constant Ceons depending on L, g, m, and sup,cpo 17 [| X (7)| p1a-2(qray. U

We conclude this section by stating the strong convergence result for the PEM
method, which follows directly from Theorems 6.4 and 6.6 as well as Theorem 3.7.
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Theorem 6.7. Let f and g", v = 1,...,m, satisfy Assumption 2.1 with L €
(0,00), n € (3,00), and q € (1,00). Let h € (0,1]. If the exact solution X to
(2) satisfies sup,.cpo, 11 [| X (7) || Loa-1(ure) < 00, then the projected Euler-Maruyama

method (WPEM 1. X)) with o = %1) is strongly convergent of order v = %

2(q

7. NUMERICAL EXPERIMENTS

In this section we perform a series of numerical experiments which aim to il-
lustrate the strong convergence results of the previous sections. In particular, we
compute estimates of the strong error of convergence for the numerical discretization
of the stochastic Ginzburg-Landau equation [9, Chap. 4.4] and the 3/2-stochastic
volatility model from [2] and [17, Sec. 1].

First, we consider the stochastic Ginzburg-Landau equation (GLE) which is given
by
dX(t) = ( — X3t + (n+ l02))((15)) dt + o X (t) AW (t),

(40) 2
X(0) = Xo.

where u, o, t > 0. This equation satisfies Assumption 2.1 and condition (8) with
q = 3 since the cubic term in the drift function has a negative sign. As already
noted in [9, Chap. 4.4] the exact solution to (40) is

B Xoexp(ut + oW (t))
\/1 +2X2 fot exp(2us + 20W(s)) ds

(41) X(t) t>0.

3

Having an explicit expression for the exact solution, explains why the GLE is often
used for numerical experiments in the literature. For instance, we refer to [21],
where similar experiments have been conducted for split-step one-leg theta methods.

10
—— SSBE
—i— BEM
—A— PEM
= = =QOrder line 1/2
107 1
S
5
1072 1
1073 -4 ‘—3 ‘—2 -1
10 10 10 10
h

FIGURE 1. Strong convergence errors for the approximation of the
stochastic Ginzburg-Landau equation (40)
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TABLE 1. Error of numerical approximations

SSBE BEM PEM
h error EOC error EOC error EOC
0.01562 0.046478 0.040973 0.045787
0.00781 0.030155  0.62 0.028202 0.54 0.029215 0.65

0.00391 0.020145  0.58 0.019532  0.53 0.019939  0.55
0.00195 0.013982  0.53 0.013637  0.52 0.013882  0.52
0.00098 0.009757  0.52 0.009572  0.51 0.009701  0.52
0.00049 0.006828  0.51 0.006759  0.50 0.006840  0.50

In our experiments the SODE (40) is discretized by the split-step backward
Euler method, the backward Euler-Maruyama scheme and the projected Euler-
Maruyama method, respectively. Table 1 and Figure 1 show the estimated strong

error of convergence for six different equidistant step sizes h = 28712, k. =1,...,6.
For simplicity we only estimate the error at the final time 7" = 1, that is
(42) error = (E(|Xa(T) — X(T)]*))%,

where X}, (T) denotes the numerical approximation of the exact solution X (7). For
the simulation of the exact solution it is necessary to approximate the deterministic
integral appearing in (41). This is done by a Riemann sum with step size At = 2712,
Further, the expected value is estimated by a Monte Carlo simulation based on 10°
sample paths. Our experiments indicate that the Monte Carlo error then drops well
below the strong error to be estimated. The parameter values are p = 0.5, 0 = 1,
and Xy = 2. Finally, we use Cardano’s method for directly solving the nonlinear
equations for the two implicit schemes SSBE and BEM. Since Assumption 2.1 is
2(%_1) = i is used for
the projected Euler-Maruyama method. In Figure 1 one clearly observes strong
order v = % for all three methods. Further, no numerical method has a significant
advantage over one of the others. Table 1 also contains the estimates of the errors

satisfied with growth rate ¢ = 3, the parameter value o =

and the corresponding experimental order of convergence defined by

log(error(h;)) — log(error(h;—1))

log(h;) — log(hi_1) ’

For each method we also computed an average of the experimental order of con-

vergence by determining the best fitting line in a least-squares sense for the loga-

rithmically scaled errors. The slopes of these lines are 0.55, 0.51, and 0.54 for the
SSBE, BEM, and PEM method, respectively.

Our next example is the following nonlinear SODE which incorporates a super-

EOC = 1=2

linearly growing diffusion coefficient function
dX (t) = AX () (u — | X (1)) dt + o] X ()| AW (2),

() X(0) = Xo,

where A, p, o, Xo > 0. This equation is used as a stochastic volatility model (SVM)
in mathematical finance [2] and is also considered in [17] for a tamed Euler method.

The mappings f, g: R — R defined by f(z) := \z(u — |#|) and g(z) := ol|z|?
are continuous for all z € R and satisfy the global monotonicity condition in As-

Aj;g > and L = M. Moreover, the coercivity condition (8) is

sumption 2.1 with n <
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fulfilled for every p < 2’\042"2 We refer to the Appendix in [17] for calculations of
the constants 7, p, and L.

For the numerical experiments the parameter values are A =1, u =1, 0 = 0.5,
and the initial value is Xy = 2. Hence, the global monotonicity condition (3) is sat-
isfied with 1 <7 < 5. Further, the exact solution fulfills sup,¢ o 7 [| X (¢) | Lr(ire) <
oo for every p < 9.

10 T T
—— SSBE
—— BEM
—A— PEM
= = =Order line 1/2
10_1 b
S
@
107} 1
10° -4 1—3 1—2 -1
10 10 10 10
h

FIGURE 2. Strong convergence errors for the approximation of the
3/2-volatility model (43).

TABLE 2. Error of numerical approximations

SSBE BEM PEM
h error EOC error EOC error EOC
0.01562 0.003922 0.003517 0.003727
0.00781 0.002599  0.59 0.002449 0.52 0.002584  0.53

0.00391 0.001767  0.56 0.001724  0.51 0.001732  0.58
0.00195 0.001199  0.56 0.001206  0.52 0.001209  0.52
0.00098 0.000858  0.48 0.000864  0.48 0.000845  0.52
0.00049 0.000600  0.52 0.000612  0.50 0.000601  0.49

Since there is no explicit expression available, we replace the exact solution in
(42) by a numerical approximation with a very fine step size At = 2716, The
implicit schemes are again implemented by solving the nonlinear equation in each
time step explicitly. This time we take the parameter value o = % for the PEM
method. As above our estimate of the errors are based on a Monte Carlo simulation
with 10° sample paths.

Figure 2 shows the strong convergence errors of the three methods with six
different step sizes h = 2FAt, k = 5,...,10. The results are well in line with



28 W.-J. BEYN, E. ISAAK, AND R. KRUSE

TABLE 3. Relative frequency of truncated paths in the PEM method

GLE 3/2-SVM
h Rel. frequency  Rel. frequency
0.01562 0.033764 0.000048
0.00781 0.002203 0.000004
0.00391 0.000040 0.000000
0.00195 0.000000 0.000000
0.00098 0.000000 0.000000
0.00049 0.000000 0.000000

the predicted strong order v = % for all schemes. Again, there is no significant
difference in the behaviour of the three schemes. This can also been seen from
Table 2, which contains the numerical values for the strong errors shown in Figure 2.
The values for the corresponding experimental order of convergence again verify the
theoretical results. As above we also determine an average experimental order of
convergence for the three methods as the slope of the best fitting line in the mean-
square sense. The results for the SSBE, BEM, and PEM method are 0.53, 0.51,
and 0.52, respectively.

The numerical experiment underlying Table 3 is concerned with the projection
in the first step of the PEM method. For the equidistant step sizes h = 2712k | =
1,...,6, we generate 10° independent sample paths with the PEM method for the
stochastic Ginzburg-Landau equation and for the stochastic volatility model with
the same parameter values and initial condition as above. Then, the table shows
the relative frequency to observe trajectories of X f; EM " which leave the sphere of
radius h~% at least once. More precisely, we counted those sample paths satisfying

{i=1,...,N « [X;PM(t;)]| > h™} #0.

As expected, the frequency to observe this event decays rapidly if 2 becomes small.
Note that if the trajectory never leaves the sphere of radius A=, then the PEM
method coincides with the standard Euler-Maruyama scheme.
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