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Abstract

Global actions were introduced by A. Bak to give a combi-
natorial approach to higher K -theory, in which control is kept
of the elementary operations through paths and paths of patls.
This paper is intended as an introduction to this circle of ideas,
including the homotopy theory of global actions, which one d-
tains naturally from the notion of path of elementary opera-
tions. Emphasis is placed on developing examples taken from
combinatorial group theory, as well asK -theory. The concept
of groupoid atlas plays a clarifying role.
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1. Introduction

The motivation for the introduction of global actions by A. B ak [2{4] was to provide
an algebraic setting in which to bring higher algebraicK -theory nearer to the intu-
itions of the original work of J.H.C. Whitehead on K 1(R). In this work, elementary
matrices, and sequences of their actions on the general linegroup, play a key role.

The geometric origin for K1 came from Whitehead's plan to seek a generalisation
to all dimensions of the Tietze equivalence theorem in cominatorial group the-
ory: this theorem states that two nite presentations of isomorphic groups may be
transformed from one to the other by a nite sequence of elemtary moves, called
Tietze transformations. These algebraic moves were tranated by Whitehead, [20],
into the geometric moves ofelementary collapses and expansiongf nite simplicial
complexes: this gave the notion ofsimple homotopy equivalenceThe astonishing
conclusion of his work was that there was an obstruction to a bmotopy equiva-
lencef : X ! Y of nite simplicial complexes being a simple homotopy equialence,
and that this lay in a quotient group of a group that he had de n ed, the latter being
K1(R) where R is the integral group ring of 1(X).

Since then, there was a search for higher order groupk(R), which were nally
de ned by Quillen as homotopy groups of a spacé- (R), the homotopy bre of the
canonical mapB GL(R) ! B GL(R)*. This was a great result, but the excursion
into topology has meant that the original combinatorial int uitions get somewhat
lost.

Bak, in [2{4], for instance, found that to deal with stable and unstable higherK -

groups it was useful to consider a family of subgroups of the lementary matrix

group, and that the theory in general could be organised as aaimily of group
actions, indexed by a set with a relation6 , often a partial order, and with certain

“patching conditions'. This became his “global action’, wlich he viewed as a kind
of “algebraic manifold’, analogous to the notion of topologcal manifold, but in an

algebraic setting. A global action was, by analogy with the rotion of atlas in the

theory of manifolds, an atlas of actions The individual group actions played a role
analogous to that of charts in the de nition of a manifold. Th us “local' meant at
one group action, and “global' meant understanding the inteaction of them all.

The elaboration of the de nition in Bak's work was intended t o cope with paths, to
de ne an analogue ofK 1, and paths of paths, to deal with higher order questions.
In an up-coming paper, Bak will use this algebraic approach ¢ give a presentation
of all stable and unstable higherK -theory groups.

In discussions at Bangor and Bielefeld, it was seen that: (a}here were interesting
applications of global actions to identities among relatims for groups with a spec-
i ed family of subgroups, and (b) there were advantages in ugg the well known
transition from group actions to groupoids de ned by the action groupoid of an ac-
tion, and to rephrase the de nition of global action so that it became part of a wider
concept, atlases of groupoidsor as we will nearly always saygroupoid atlases This
extension will be formulated in the current paper. The individual groupoids play a
role analogous tocharts in the de nition of a manifold. (We could have used the
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rubric global groupoidfor this concept, but chose instead to emphasise the atlasie

structure explicitly in the name. Similarly, emphasising the atlas-like structure in

global actions would yield the nameaction atlas.) The generalisation to groupoid
atlases allows a wider scope for the theory, since groupoidsan generalise not only
groups and group actions, but also equivalence relations.

The content and organization of the rest of the paper is as fdbws. Section 2 recalls
the de nition of global action and elucidates it with several remarks and examples.
Section 3 recalls the principal notions of morphism, namelythe strongest and the
weakest. The latter is necessary for constructing a good hootopy theory. Section 4
makes the transition from global actions to groupoid atlases. It gives the important
examples of the line action in the category global actions ad the line atlas in the
category of groupoid atlases. These objects are necessaoy fle ning the notions of
path, cylinder, and homotopy for global actions and groupod atlases, respectively.
Section 5 discusses curves, paths, and the functory. The functor ¢ is computed
for some interesting examples. It is shown that ( of the global action associated to
the general linear group of a ring is the K-theory functor K ; of the general linear
group. Section 6 constructs products of objects and introdaes the fundamental
groupoid of an object and the cylinder and loop space constretions of the funda-
mental group of an object. The remainder of the paper revolve around developing
the concept of fundamental group. Section 7 shows how to assi@ate an abstract
simplicial complex to an object and uses this association taevelop tools for inter-
preting and computing fundamental groups. Section 8 compugs the fundamental
groups of some uncomplicated single domain global action#\ single domain global
action has all groups acting on the same set. These are the kils of ations which
occur in constructing K -theory groups. Section 10 develops the notion of covering
for global actions and proves a Galois-Poincae correspotience between the isomor-
phism classes of connected coverings of a given connectediae and the conjugacy
classes of the fundamental group of the given action. Sectin11 constructs up to
isomorphism, all connected coverings of a given connectedngle domain action.
Section 12 shows that the single domain action associated tthe Steinberg group
is a connected, simply connected covering of the single doriraaction associated to
the elementary group de ned by the Steinberg group. From this it follows that the
K -theory functor K, of the general linear group is the fundamental group of the
global action de ned by that group.

The notes on which this paper is based were produced by Tim Paer, on the basis of
lectures by Tony Bak, followed by discussions in Bangor and Eelefeld. The material

in sections 10-12 is taken unadorned from the lectures. A vaion has been available
since then as a Bangor Preprint [5].2

1 Acknowledgements: The research discussions summarised here have been supported by the British
Council/ARC programme ("Global actions and homotopy theor y' Project Number 859) and sup-
plemented by an INTAS grant (Algebraic K -theory, groups and categories, INTAS 93-436). Brown
was also supported by a Leverhulme Emeritus Fellowship, 200 2-2004.
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2. Global actions

The motivating idea is of a family of interacting and overlapping local G-sets for
varying groups G. The prime example is the underlying set GL, (R) operated on by
the family of subgroups GL,(R) which are generated by elementary matrices of a
certain form . We will give the details of this example shortly, but rst we will set
up some basic terminology and notation concerning group aéns (G-sets), before
we give the de nition of a global action.

A (left) group action consists of a groupG and a setX on which G acts on the left;
we will write Gy X. This means that there is a function from the setG X to
X written as (g; x) goes tog:X, such that g;:(g2:x) = ( 9102):x and 1g:x = x for all
O, 2 Gandx 2 X.

It is often convenient to omit the dot so we may write gx instead of g:x.

A morphism of group actions, (; ): Gy X ! H vy Y, consists of a homo-
morphism of groups' : G! H and a function : X ! Y such that (g:x) =
"(9): (%)

The promised “global version' of this is:

De nition 2.1. A global action A consists of a setX 5 together with:

(i) an indexing set a, called the coordinate system ofA;
(ii) a re exive relation, written 6, on 4;

(i) afamily f(Ga) y (Xa) j 2 agof group actions on subset$X a) Xa;
the (Ga) are called the local groups of the global action;

(iv) for each pair 6 in A, a group morphism
(Ga) 6 1(Ga) ! (Ga) :
This data is required to satisfy:
(v) if 6 in a,then(Gp) g leaves(Xa) \ (Xa) invariant;
(vi) if 2 (Ga) andx 2 (Xa) \ (Xa) , then

X =((Ga) 6 (Nx L1
The diagram Ga : a ! Groupsis called the global groupof A. The set X4 is the

enveloping setor underlying setof A. The notation jX aj or jAj for X o is sometimes
used for emphasis or to avoid confusion since

Xa: alP (Xa)
is also a useful notation, whereP (X ) is the powerset of X .

Remarks 2.2.

a) For technical reasons it is not assumed that the collectin (X a) X a neces-
sarily covers X 5. This holds in all the basic examples we will examine but is o
a requirement.
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b) The relation 6 is not assumed to be transitive on A, so really G, is not a
functor. However, the di erence is minor as, if F( ) denotes the free category
on the graph of( a;6), then G extends to a functorGa : F( a) ! Groups
We will usually refer, as here, toGa as a diagram of groups. It will sometimes
be useful to consider groups as single object groupoids, irhigh case the above
yields a diagram of groupoids.

The simplest global actions come with just a single domain: aglobal action A is
said to be single domainif for each 2 A;(Xa) = jA].

Example 2.3. Let G be a group,H = fH; ji 2 g a family of subgroups ofG.
For the moment is just a set (thatis: 6 in ifandonlyif = ). Dene
A = A(G; H) to be the global action with

X = jXaj = jGj; the underlying set of G
A =
(Xa) Xaforal 2

Hi y X by left multiplication

(so the local orbits of theH;-action are the left cosets ofH;).

Later on in section 7.4, we will need to re ne this construction, taking A to be
the family-efnite non-empty subsets of ordered by opposite inclusion and with
(GA) = i2 Hi if 2 A- 1

We will later look in some detail at certain speci ¢ such singe domain global ac-
tions. The following prime motivating example is similar to these, but the indexing
set/coordinate system is slightly more complex.

Example 2.4. The General Linear Global Action GL,(R). Let R be an asso-
ciative ring with identity and n a positive integer.

Let = f(i;j)ji6j;16 i;j 6 ngbe the set of non-diagonal positions in am n
array. Call a subset closed if

(i;5j)2 and(j;k)2 implies (i;k) 2
Note that if (i;j) 2 and is closed then(j;i) 2

let = f j is closedy. We put a re exive relation 6 on by 6 if

Now suppose(i;j ) 2 and r 2 R. The elementary matrix " (r) is the matrix
obtained from the identity n  n matrix by putting the elementr in position (i;j ),

1
E=if k=1

i.e. "i (N = it (k;1)=(i;j)
%otherwise .

2By a groupoid we mean a small category in which every arrow is a n isomorphism.
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Let GL,(R) , for 2 , denote the subgroup of5L,(R) generated by
f i (r)j@j)2 ;r 2Ra
It is easy to see that(aw) 2 GL,(R) if and only if
L1
EH if k=1

| = itrary if (k;I) 2
% if (k;l)2 n:

For 6 , there is an inclusion of GL,(R) into GL,(R) . This will give the
homomorphism

GLh(R) 6 :GLn(R) ! GLn(R) :
Let GL,(R) act by left multiplication on GL,(R).

This completes the description of the single domain globalcion GL,(R). Later we
will see how to de ne the fundamental group and more generglthe higher homotopy
groups of a global action. The(i 1) -homotopy group ofGL, (R) is the algebraicK -
theory group K (n; R) and the usual algebraicK -group, K (R) is the direct limit of
Ki(n;R)s by the obvious maps induced from the inclusion&L,(R)! GLp+1 (R).
1

The way that a global action extends local information to beamme global information
can be observed from the simplest cases of th&(G; H).

If H has just a single groupH in it, then the global action is just the collection of
orbits, i.e. right cosets. There is no interaction between hem.

If H consists of distinct subgroupsf H1; Hzg, then any H-orbit intersects with some
H,-orbit, so now orbits do interact. How they interact can be very in uential on
the homotopy properties of the situation.

Example 2.5. As a simple example consider the symmetric groufs h a;bj a® =
k? = (ab)? = 1i, with a denoting the 3-cycle (1 2 3) andb the transposition (1 2).
Take H; = hai = f1;(1 2 3);(1 3 2)g yielding two orbits for its left action on
Ssz;H; and Hib. Similarly take H, = ha giving local orbits Ho; H,a; Hoa. Any
H1-orbit intersects with any H,-orbit, but of course they do not overlap themselves.
This gives an intersection diagram:

Hi nhh Hib
|”|l h
IILthhhhhhh
H, 2a H2a2

The graph, de ned by the intersection diagram, makes it cleathat, even in such
a simple case, it is possible to nd loops and circuits withinthe global action, by
moving an element at will through any local orbit and therfoe into an intersection,
crossing to the next orbit, etc. and eventually getting bacto the starting position.
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For example, the elementl 2 H, multiplied on the left by b 2 H, ends up in
H,\ Hib, multiplied on the left by a 2 H; yields ab2 H;b\ H,a? and so on as
below. The circuit

H2 MH.b IH,a2 Ihy H,

12 Iy " Jhap—2 Shpab=1

relates the structure of the single domain global action wit the combinatorial in-
formation encoded in the presentation. This will be examiné in more detail later.

3. Morphisms

Morphisms between global actions come in various strengthslepending on what
part of the data is preserved. Preservation of just the localorbit information cor-
responds to a \morphism", compatibility with the whole of th e data then yields a
\regular morphism".

First we introduce a subsidiary notion which will be important at several points in
the later development.

De nition 3.1.  Let A be a global action. Letx 2 (Xa) be some point in a local
set of A.

A local frame at x in  or -frame at x is a sequencex = Xg; ;Xp Of points
in the local orbit of the (Ga) -action on (Xa) determined byx. Thus for eachi,
16 16 p,there is someg 2 (Ga) with gx = X;. 1

Note that in extreme cases, such as a trivial action, all thex; may be equal, but
if the action is faithful, each -frame at x consists essentially ofx and a sequence

01; ;gp of elements of Ga) . For some of the homotopy theoretic side of the
development this may be of use asy;gg; *; yields a (p 1)-simplex in the
nerve of the group Ga) .

De nition 3.2. If A and B are global actions, a morphismf : A'! B of global
actions is a function f : jAj ! j Bj on their underlying sets, which preserves local
frames. More precisely:

if Xo; Xp is an  -frame at xo for some 2 4 then f (Xo); f(xp)isa -
frame at f (xo) for some 2 5. 1

Note that not all -frames may lead to the same , so this notion is not saying that
the whole of the local orbit of the (Ga) -action corresponding toxo must end up
within a single local orbit, merely that given Xo;  ;Xp, there is some such that
f (xo0); ;f(xp) form a -frame. This is of course only signi cant when there are
in nitely many co-ordinates, as larger frames may lead to dierent \larger" s.
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Intuitively a path in a global action A is a sequence of pointag; ;a, in jAj so
thateachai;aj+1;i=0; ;n 1lisa -frame for some (varying) 2 a. Thisidea
can be captured using a morphism from a global action model o& line, and this is
done in the initial papers on global actions, [2{4]. Here we pstpone this until the
third section as there is a certain technical advantage in cosidering the line with a
groupoid atlas structure and that will be introduced there.

De nition 3.3. A regular morphism : A ! B of global actions is a triple
( ; &; x) satisfying the following
N g iS a relation preserving function :
if 6 %then ()6 (9
G - Ga! (Ga) () is anatural transformation of group diagrams over

i.e. foreach 2 4,
c():(Ga) ! (Ge) ()
is a group homomorphism such thatif 6 Cin A, the diagram

Gn) —Ge)

/)(GB) (0

a(°

(Ga) o

where the vertical maps are the structure maps of the respéet diagrams;
- x :jAjl'j Bjis a function such that x ((Xa) ) (Xg) (, for all
2 A
- foreach 2 4, the pair

(e x):(Ga) y (Xa) ! (Ge) ()Y (XB) ()
is a morphism of group actions. 1

Remark 3.4. If is a regular morphism, it is clear that x preserves local frames
and so is a morphism in the weaker sense.

Composition of both types of morphism is de ned in the obvios way and so one
obtains categories of global actions and morphisms and ofaffal actions and regular
morphisms.

It is perhaps necessary to underline the meaning of a morphis of group actions:
If Gy X andH y Y are group actions of G on X and H on Y, respectively, a
morphism from Gy X toHy Yisawpar (" :G! H; :X ! Y)with' a
homomorphism and a function such that forg2 G;x 2 X,

Q) ()= (g):

We need to note that, if x and x° are in the same orbit of Gy X then (x) and
(x9 are in the same orbit ofH y Y. 1
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4. Actions as groupoids, and groupoid atlases.

4.1. Actions as groupoids
If Gy X is a group action then we can construct anaction groupoid from it.

Act(G; X) or Gn X will denote the category with X as its set of objects andG X
as its set of arrows. Given an arrow ¢; x), its source isx and its target g:x. We
write s(g;X) = x;t(g;X) = g:x and represent this diagrammatically by

X (g:x) s X -
The composite of @; x) and (g% x9 is de ned only if the target of ( g; x) is the source
of (g% x9 sox®= g:x, then
« (g:x) /b:x (gO;gX)'bogx

gives a composite §°g; x). The identity at x is (1;x). The inverse of (@; x) is (g *;gx)
soGn X isin fact a groupoid.

Example 4.1. Let X = f0; 1g; G = C, with the obvious action onX interchanging
0 and 1. If we write C, = f1;cg we haveOb(Gn X) = X = f0;1g,

Arr(Gn X)=f(1;0):0! 0;(1;1):1! 1; (c;0):0! 1;(c;1):1! Og

Thus diagrammatically the groupoid is just

(c;0)
T *%*
Gnx:= (o8 =1dd)
(c;1)
i.e. it is the groupoid often written as | , the unit interval groupoid. 1

Back to the general situation:

Suppose [ ): Gy X ! Hy Y isa morphism of group actions, then we can
de ne a morphism of groupoids by

n :GnX! HnNY
(nH)x= X on objects
(' n XNg;x)=("(9; (x)) onarrows:

We check:
s (9); (x)= (X)= (s(9;%);
tC (9); (x)="(@: )= (g%
= t(g;%)

so' n preserves source and target. It also preserves identitiesnd composition
as is easily checked.
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4.2. Groupoid atlases

The \language" of group actions thus translates well into the language of groupoids.
The notion of an orbit of a group action becomes a connected eoponent of a
groupoid, so what is the analogue of a global action? The traslation is not di cult,
but the obvious term \global groupoid" does not seem to give he right intuition
about the concept. We noted that a global action was similar b the notion of an
atlas in the theory of manifolds, so is anatlas of actions so instead we will use the
term “groupoid atlas' or, synonymously, “atlas of groupoi@'.

First a bit of notation: if G is a groupoid with object setX and X° X is a subset
of X then G o will denote the groupoid with object set X ® having
G xo(xy)= G(xy);

if x;y 2 X%and with the same composition and identities asG, when this makes
sense. This groupoidG o is the full sub-groupoid of G determined by the objects
in X %or more simply, the restriction of G to X ©.

De nition 4.2. A groupoid atlas A consists of a setX o together with:

() an indexing set a, called the coordinate system ofA,;
(ii) a re exive relation, written 6, on 4;
(i) a family Ga = f(Ga) j 2 ag of groupoids with object sets(X ) ; the
(Ga) are called the local groupoids of the groupoid atlas;
(iv) if 6 in A, agroupoid morphism

(Ga)  xmvixa) ' (GA)  (xa) \(Xw)

which is the identity map on objects. The notation we will usdor this mor-
phism will usually be' but the more detailed(Ga) ¢ may be used where
more precision is needed. As before we writ@Aj for X a, the underlying set of
A.

This data is required to satisfy:

(v) if 6 in a,then(Xa) \ (Xa) is a union of components of(Ga) ,
ie. if x 2 (Xa) \ (Xa) and g2 (Ga) is such thats(g) = x then t(g) 2
(Xa) \ (Xa) . L1

A morphism of groupoid atlases comes in several strengths agith the special case
of global actions.

A local frame in a groupoid atlas, A, is a sequencexp; ;Xp) of objcts in a single
connected component of some@) , i.e. there is some 2 A, Xo;  ;Xp 2 (Xa)
and arrows g : Xo ! Xxj;i =1; i p-

A function f : jAj!'j Bj supports a weak morphismstructure if it preserves local
frames. Similar comments apply to those made above about mghisms of global
actions.
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The stronger form of morphism of groupoid atlases will just ke called a (strong)
morphism.

A strong morphism : A! B of groupoid atlases is a triple (x; ; ¢) satisfying
the following

(i) x :Xa! Xpg is afunction between the underlying sets;
(i) : Al g isarelation preserving function;

(i) 6 :G ! (&) is a (generalised) natural transformation of diagrams of
groupoids over the function on the objects.

To illustrate the di erence between global actions and grouyoid atlases, we consider
some simple examples.

Example 4.3. Let X = f0;1;29;G = C3 = f1;a;a’g (and, of course, a® = 1), the
cyclic group of order 3, acting bya:0 =1;a:1 =2, on X. This gives usCzn X with
9 arrows. We setB = C3n X as groupoid orCzy X as Cz-set. We also have the
exampleA= C,n f0;1g= | considered earlier.

Both A and B will be considered initially as global actions having o and g a single
element.

Any function f : f0;1g ! f 0;1;2g supports the structure of a morphism of global
actions since the only non-trivial frame in A is based on the sef xg;X19, where

Xo =0, and x =1 and this must get mapped to a frame irB, since any non-empty
subset ofX is a frame in B. On the other hand, a regular morphism :A! B

must contain the information on a group homomorphism

GZCz! C3

which must, of course, be trivial. Hence the only regular mgshism must map all
of A to a single point in B. There are thus 9 morphisms fromA to B, but only 3
regular morphisms. The regular morphisms are very rigid. 1

Remark 4.4. 1t is not always the case that there are fewer regular morphias
than (general) morphisms. If A is a global action with one point and a group acting
on that point and B is similar with group H, there is only one general morphism
from A to B, but the set of regular morphisms is ‘the same as' the set of arp
homomorphisms fromG to H. 1

Example 4.5. Now we continue the previous example by considering and B as
groupoid atlases. The elemenft(c;0) : 0 ! 1 in the single groupoid determining
A, must be sent to some arrow inB. The inverse of (c;0) is (c;1), so as soon as
a morphism, ¢ is specied on (c;0), it is determined on (c;1) since g(c;1) =
( c(c;0)) 1. Thus if we pick an arrow in B, say,

(@%,0):0! 2
we can de ne a morphism
c.Al B
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by specifying ¢(c;0) = (a%;0), so ¢(0) =0, (1) =2 etc. In other words the
fact that A uses an action byC, and B by Cz does not inhibit the existence of
morphisms from A to B. Any morphism of global actions fromA to B in this case
will support the structure of a morphism of the correspondig groupoid atlases, yet
the extra structure of a \regularity condition” is supported in this latter setting. Of
course the relationship between morphisms of global actisrand morphisms of the
corresponding groupoid atlases can be expected to be moréb8e in general. 1

Problem/Question 4.6. If A and B are global actions andf : A! B is a mor-
phism, doesf support the structure of a morphism of the corresponding graipoid
atlases?

In general the answer is "'no' since ifA is a global action with A = fa;bja6 bg
with both X4 and X}, single points, andB is similar but with 5 discrete, then the
general morphism which corresponds to the identity does natupport the structure
of a (strong) morphism of the corresponding groupoid atlase because of the need for
a relation function : A'! s. Re ning the question, suppose we have a general
morphism of global actions together with a relation preseimg function between the
coordinate systems, which is compatible with the morphisimn that case the question
is related to the following question about groupoids:

if we have two groupoidsA and B and a function f from the objects of A to the
objects of B which sends connected components ok to connected components of
B, what obstructions are there for there to exist a functor F from A to B such that
F restricted to the objects is the givenf ?

Clearly any global action determines a corresponding groupid atlas as we have used
above. As there are morphisms of action groupoids that do notome from regular

morphisms of actions, the groupoid morphisms give a new notin of morphism of

global actions, whose usefulness for the motivating exampk will need investigating.

Are there \useful" groupoid atlases other than those comingfrom global actions?

The answer is most de nitely: yes.

4.3. Equiv(A)
Equivalence relations are examples of groupoids.

Example 4.7. Let X be a set. Any equivalence relationR on X determines a
groupoid with object setX . We will denote this groupoid byR as well. It is speci ed
by -
f(x;y)g if xRy
R(xy)= | TRV :
: if X is not related to y:

Now supposeR;; ;R, are a family of equivalence relations onX . Then de ne A
to have coordinate system

A= f1; ;ng  with discrete 6

and (Ga); = R;. This gives a groupoid atlas that does not in general arise &m a
global action. 1
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Example 4.8. Let G be a group,X a G-set and R an equivalence relation on
X.Let = f1;2g, with 6 still to be specied. Take G; = Gn X, G, = R and
X1 = X, = X. Assume we have a groupoid atlas structure with this as pagi
data. If 6 is discrete, there is no interaction between the two structtes and no
compatibility requirement. If 1 6 2, each G-orbit is contained in an equivalence
class with' 5(x;g) = ( x;9x), i.e. the G-orbit structure is ner than the partition
into equivalence classes. IR 6 1, the partition is ner than the orbit structure (the
connected components of the groupoi,) and if xRy then there is somegy, 2 G
such that gy x = y. 1

This last case is closely related to a useful construction oglobal actions.

Example 4.9. Let A=(Xa;Ga; a) be a global action. Let 2 A and (Ga) VY
(Xa) be the corresponding action. SeR to be the equivalence relation determined
by the (Ga) -action. Thus xR x0if and only if there is someg 2 (Ga) with gx =
x% Of course the partition of (X ») into R -equivalence classes is exactly that given
by the (Ga) -orbits (or the (Ga) -components where(Gy) is the corresponding
groupoid).

If 6 then the compatibility conditions are satis ed betweenR and R making
(Xa;Ra; a) with Ry =fR j 2 aginto a groupoid atlas which will be denoted
Equiv(A).

The functions (G,) ! R mapping the groupoid of the(Ga) -action to the corre-
sponding equivalence relation yield a natural transformabn of groupoid diagrams
and hence a strong morphism

Al Equiv(A)

with obvious universal properties. Of course the same consiction works if A is
an arbitrary groupoid atlas, that is, one not necessarily arsing from a global ac-
tion. The result gives a left adjoint to the inclusion of the fill subcategory of atlases
of equivalence relations into that of groupoid atlases. Thausefulness of this con-
struction is another reason for extending our view beyond gbal actions to include
groupoid atlases. The notion of morphism of global actionsf : A! B, translates
to the notion of strong morphism, f : Equiv(A) ! Equiv(B) of the corresponding
groupoid atlases, at least for examples with nite orbits. 1

4.4. The Line

We have seen that the simple action withG = C,, X = f0;1g gives the groupoidl
(also sometimes written [1] as it is the groupoid version of he 1-simplex). We want
an analogue of a line so as to describe paths and loops. The énL, is obtained
by placing in nitely many copies of | end to end. It is a global action, but, as
the morphisms that give paths in a global action A will need to be non-regular
morphisms in general, it is often expedient to think of it as agroupoid atlas.

The set, jLj, of points of L is Z, the set of integers; | = Z[f g, where s an
element satisfying < n for all n 2 Z, and otherwise the relation 6 is equality.
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(Thus 6 ,foralln2 Zz, <n andn 6 n, but that gives all related pairs.) If
N2 |, (Xn="Ffn;n+1g, whilst (X.) = jLj itself.

The groupoid (G ), is a copy ofl , whilst (G_) is discrete with trivial vertex groups.

The underlying structure of L rests rmly on the locally nite simplicial complex
structure of the ordinary real line. There the (abstract) simplicial complex structure
is given by:
Vertices = Z; the set of integers;
Set of 1-simplices =ff n;n+1gjn 2 Zg; the set of adjacent pairs inZ:

We will see shortly that there is a close link between simpli@l complexes and this
context of global actions/ groupoid atlases.

5. Curves, paths and connected components

SupposeA is a global action or more generally a groupoid atlas. A curvan A is
simply a (weak) morphism
f:L! A

where L is the line groupoid atlas introduced above.

This implies that f : jLj!j Ajis a function for which local frames are preserved.
In L the local frames are simply the adjacent pairsf n;n + 1 g and the singleton sets
fng. Thus the condition that f : L! A be a path is that the sequence of points

() f(n+1);

is such that for eachn, thereisa 2 sandg :f(n)! f(n+1)in (G) . (If
you prefer global action notationg 2 (Ga) andg f(n)= f(n+1).)

Note that f does not specify and g , merely requiring their existence. This ob-
servation leads to a notion of astrong curvein A which is a morphism of groupoid
atlases

f:L!I A

so for eachn one gets a = (nN)2 arand g : G ! (G) s a natural
transformation of groupoid diagrams. This condition only amounts to specifying

c(n;L)=g:f(n)! f(n+1), but this time the data is part of the speci cation
of the curve. We can thus write a strong curve as ( ;f(n);gn;f(n+1); ), that
is a sequence of points ofAj together with locally de ned arrows

O :f(n)! f(n+1)

in the chosen local groupoid Ga) . Changing the or the g, changes the morphism.
We will later see the r6le of strong curves, strong paths, &t.

A (free) path in A will be a curve that stabilises to a constant value on both itsleft
and right ends. More precisely it is a curvef : L! A such that there are integers
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N 6 N* with the property that
foraln6 N ; f(n)=f(N );

foralln>N*; f(n)=f(N"):

We will call (N ;N*) a stabilisation pair for f .

A \based path" can be dened if A has a distinguished base point. This occurs
naturally in such cases asA = GL,(R) or A= A(G;H) for H a family of subgroups

of a group G, but is also de ned abstractly by adding the speci cation of the chosen
base point explicitly to the data. This situation is well kno wn from topology where

a notation such as @; ap) would be used. We will adopt similar conventions.

If (A;ap) is based groupoid atlas, abased pathin (A; ap) is a free path that stabilises
to ag on the left, i.e., in the notation above, f (N ) = ag.

A loop in (A; ap) is a based path that stabilises toag on both the left and the right
sof (N )= f(N*)= ag.

The analogue in this setting of concepts such as \connectedoenponent” should now
be clear. We say that pointsp and q of A, a global action or groupoid atlas, arefree
path equivalentif there is a free path in A which stabilises to p on the left and to g
on the right.

Clearly free path equivalence is re exive. It is also symmetic since if g, : f (n) !

f (n+1)in alocal patch then g, :f(n+1) ! f(n). Once a free path frompto g
has reachedj (i.e. has stabilised atq) then it can be concatenated with a path from
g to r, say, hence free path equivalence is also transitive. The e@valence classes
for free path equivalence will be calledconnected componentswith  (A) denoting
the set of connected componentsf A. If A has just one connected component then
it is said to be connected

Examples 5.1.

1. The prime and motivating example is the set of connected ngponents (GL, (R)
of the general linear global action.
Supposex;y 2 GL,(R). Supposef :L! GL,(R) is a free path fromx to y, so
there areN 6 N* as above with

ifné6 N ;f(n)=f(N )=x;
ifn>N";f(n)=f(N*)=y:
For eachi 2 [N ;N*], there is some local arrow
g:f(n)! f(i+1)

and since GL,(R) is a global action, this means there is some; 2 and
"i 2 GLa(R) , such that"if (i) = f (i +1). (The speci cation of f gives the
existence of such art'; but does not actually specify which of possibly martys
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to take, so we choose one. In fact of coursd, (i), and f (i + 1) are invertible
matrices, so there is only one"; possible.) We thus have
e 1 N X =Y

If En(R) is the subgroup of elementary matrices oL, (R), this is the subgroup
generated by all theGL,(R) for 2 and so if x and y are free path
equivalent

y 2 Ea(R)X;

i.e., x andy are in the same right coset ofE, (R).
Conversely ify 2 E, (R)X, there is an element” 2 Ey (R) such thaty = "x, but
" can be written (in possibly many ways) as a product of elemeaty matrices

with "; =GL »(R) ,, say. Then de ning

f:L! GL/(R)
by

1

B4 neéo

f(n)= " "1x 16n6 N
% n>N

gives a free path fromx to y in GL,(R).

Thus ((GL,(R)) = GL ,(R)=En(R), the set of right cosets ofGL, (R) modulo
elementary matrices. This is, of course, the algebraiK -group K 1(n;R) if R
is a commutative ring.

We can naturally ask the question: "isK,(n;R) = 1(GL,(R))?' even if we
have not yet de ned the righthand side of this.

We note the use of the strong rather than the weak version of ffes would not
change the resulting o.

2. SupposeA = A(G;H). Can one calculate ¢(A)? A similar argument to that
in 1 above shows that ifx;y 2 jAj = jGj, then they are free path equivalent if
and only if there are indices ; 2 and elementsh ;, 2 H ., such that

h h x=y

n

for some n. Thus writing hHi = HH; ji 2 i for the subgroup ofG generated
by the familyH = fH; ji 2 g, we clearly have

o(A(G;H)) = G=hHi:

Again the question arises as to 1(A(G;H)): what is it and what does it tell
us?
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6. Fundamental groups and fundamental
groupoids.

Ideas for the construction of ;(A;ap) for a pointed global action or groupoid atlas,
A, seem clear enough. There are three possible approaches:

(i) take some notion of homotopy of paths and de ne 1(A;ag) to be the set
of homotopy classes of loops abg; hopefully this would be a group for the
natural notion of composition via concatenation of paths. Alternatively de ne
a fundamental groupoid 1A using a similar plan and then take 1(A;ap) to
be the vertex group of 1A at ap.

(i) de ne a global action or groupoid atlas structure on the set ( A;ap) of loops
at ap, then take 1(Aja0) = o ( Ajap)).

(iif) de ne covering morphisms of global actions or groupod atlases, then use a
universal or simply connected covering to nd a classifyinggroup for connected
coverings. This should be 1(A; ap).

We will look at the rst two of these in this section, handling the third one later.

6.1. Products

We start by checking that products exist in the various categories we are looking
at. In this section we will only need them in very special cass, but they will be
needed later on in full strength.

Let A and B be groupoid atlasesA = (Xa;Ga; a);B=(Xg;Gg; B), and consider
the structure that we will denote by A B and which is given by

IXa 8] = XAl ] X8j;
AB= A B
with(; )6 (% 9ifandonlyif 6 %and 6 ¢
(G B); )=(&) (&)

the product groupoid, for (; )2 a g with the obvious product homomorphisms
as coordinate changes. (We thus hav&, g is the product groupoid diagram

Ae= a5 22Yroupoids Groupoids—/Groupoids)

Lemma 6.1. A B with this structure is a groupoid atlas.
Proof. The proof is by routine checking so is omitted. O

There are obvious “projections’pp : A B! A/ ps:A B! B, atleast at the level
of underlying sets, so we need to check that they enrich nicglto give the various
strengths of morphism. We start with weak morphisms.
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Lemma 6.2. pa and pg support the structure of weak morphisms.

Proof. Alocal frame in A B will be a sequence (Xo; Yo);:::; (Xp; Yp)) Of objects in
a connected component of someGa g)(: ), SO there are arrows ;g9 : (Xo; Yo) !

(Xi;Vyi) in (Ga) (&) . Clearly this means that (xo;:::;Xp) is an -frame and
(Yo;::::Yp) isa -frame, sopa and pg are weak morphisms. O

This lemma is an immediate corollary of the next one, but has he advantage that
its very simple proof shows directly the structure of local fames inA B and how
they relate to those in A and B. This will aid our intuition when looking at the links
with simplicial complexes later on.

Lemma 6.3. a) pa and pg are strong morphisms of groupoid atlases.
b) If A and B are global actions, considered as groupoid atlases, then s0A B

Proof. ( b) will be left as an “exercise', as it is easy to check.)

a) We have already speci edpa at set level. On the coordinate systenpa. : a s!
A IS again just the projection and this is clearly order preseving. Finally pa.c :

(G 8)(; )! (G)pa (; ) isthe projection from (Ga) (&) toits rst factor.

This coincides with (pa) on objects and satis es all the naturality conditions. O

We next return to weak morphisms to see if & B; pa; ps) has the universal property
for products (in the relevant category of groupoid atlases ad weak morphisms).

Suppose thatf : C! A andg: C! B are weak morphisms, then we clearly
get a mapping (f;g) : C! A B given by (f;g)(c) = (f (c); g(c)). This preserves
local frames as is easily seen and is unique with the propertthat pa(f;g) = f and

pe(f;g) = g. We thus nearly have:

Proposition 6.4. The categories of groupoid atlases and of global actions, tho
with weak morphisms, have all nite products.

Proof. The only thing left to note is that these categories have a teminal object,
namely the singleton trivial global action. O

As we would expect we have a similar result for strong morphisis.

Proposition 6.5. The categories of groupoid atlases and of global actions, thi
strong morphisms, has all nite products.

Proof. The only thing left to prove is the universal property of the “product' A B
in ths strong case, so supposé : C! Aandg:C! B are now morphisms, then
we havef = (fx;f ;fg), etc. As the construction of A B uses products of sets,
re exive relations and groupoids, we get the correspondingexistence and uniqueness
of (f;9)=((fx;ox);(f ;9 );(fe;gs)) more or less for free. The terminal object is
as before the singleton trivial global action. O
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Remarks 6.6.
(i) It js-hqw pasy torgeneralise from nite products to arbitrary products ~ A =

( Xa; A G ). We leave the detailed check to the reader as we will
not need this result for the moment.

(i) If we are looking at products of global actions, the coresponding projection
morphisms are regular.

6.2. Homotopies of paths

We only need one example of a product for the moment, namely. L, which is a
groupoid atlas model ofR?. Just as a path has to start and end somewhere so does
a homotopy of paths.

Given a global action A, points a;b2 A and pathsfg;f; : L! A joining aandb
(and hence stabilising to these values to the left and right espectively), a ( xed
end point) homotopy betweenfy and f; is a morphism

h:L L! A

such that:
there existN ;N* 2Z, N 6 N* such that

- foralln6 N ,andallm 2jLj, h(m;n) = fo(m);
- forall n> N7*, and all m 2jLj, h(m;n) = fy(m);
- foralm6 N ,andalln2 Z, h(m;n) = a;
- foralm>N*,and alln2 Z, h(m;n) = b:

Remarks 6.7.

(i) The idea is that if we consider L L as being based on the integer lattice
of the plane, the morphismh must stabilise along all horizontal and vertical
lines outside the square with cornergN*;N*), (N ;N*), (N ;N ) and
(N*;N ). Although the pathsf;f; coming with given \lengths", i.e. a given
number of steps froma to b, we allow a homotopy to increase, or decrease,
the number of those steps an arbitrary ( nite) amount.

(i) Givenany f :L! A, a path from ato b, we can re-indexf to get
fo:L1 A
with fq(n) = aif n 6 0, and a newN*: so thatfq(n) = bif n> N*:, simply
by taking the old stabilisation pair(N ;N*) for f and de ning
fqM)=f(n N ); n2Z=ijl:
The resulting f © is homotopic to f . Although this is fairly clear intuitively,

it is useful as an exercise as it brings home the complexity dhe processes
involved, but also their inherent simplicity.
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Example 6.8. Let fo : L ! A be a path froma to b with (N, ;Ng) being a
stabilisation pair for f. Dene f;:L! A by

fi(n) = fo(n 1); n2jLj;

i.e., f1 is fo shifted one \notch" to the right on L. Then

(i) a suitable stabilisation pair for fq is (N, +1;Ng +1)

(i) f1is apath fromatob

and (iii) f, is homotopic tofg.

The only claim that is not obvious is (iii). To construct a suitable homotopy h,
we construct many intermediate steps. For simplicity we wil start de ning h on
the upper half-plane (we can always extend it to a suitable sare afterwards by a
vertically constant extension):

h(n;0) = fo(n);  n2jLj
and we make a choice of a local arrowg, : fo(n) ! fo(n+1), for eachn (of course,
forn6 N, or n> Ny, g, will be an identity of the local groupoid patch),
h(n;1)= fo(n) forn6 Ny 1
h(Ng ;1) =fo(Ny 1)
with the identity on fo(Ng 1) as corresponding local arrow fromh(Ng  1;1) to
h(Ng ; 1).
h(Ng +1;1)=fo(Ng) and stabilise horizontally.

Thus so far we have inserted an identity one place from the enand shifted the end
stage one to the right. We give next a local arrow fromh(n; 0) to h(n; 1) for each

n. For most this will be the identity arrow but for the local arrow from h(N; ;0)

to h(Ng ;1) we take gN}. The same idea is used forh(n; 2) but with the identity
0

inserted one step back to the left. At each successive stagetbe homotopy, the

\ripple" that is the identity moves an extra step to the left. (In the diagram we
write N for Ng .)

h( :2):  —Ho(N o) = o(N o ) = o(N o ) = o(Np—5

id o o id id
h( :1):  —Ho(N o) = o(N o) = o(N o ) = o(Np—5
id id o o ‘

h( ;0):  —Ho(N  2) =Ho(N 1) =——Ho(N) ——Ho(N) —I&
(the symbol S indicates the sequence stabilises to the last speci ed vall)

Thus within a homotopy class we can \ripple homotopy" a path to have specied
N (or for that matter N™*).

Now supposef : L! Ais a path fromato bandg:L! A onefrombto c
We can assume that the stabilisation pair forg is to the right of that for f, i.e.,
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if (N (f);N*(f)) and (N (g);N*(g)) are suitable stabilisation pairs, N* (f) 6
N (g). Then we can form a concatenated pathf g by rst going along f until it
stabilises atbthen along g. Of coursef g will depend on the choice of stabilisation
pairs, but using \ripple homotopies" we can change positiors of f and g at will and
these homotopies will be re ected by homotopies of the corrgpondingf g. We
may, for instance, start g immediately after f stabilises to b. This means that the
composition is well de ned on homotopy classes of paths.

Likewise using vertical composition, i.e., exchanging theroles of horizontal and
vertical on homotopies it is elementary to prove that (xed end point) homotopy
is an equivalence relation on paths. Re exivity of the homotopy relation is proved
by taking the inverses of all vertical local arrows in a homobpy. To reverse paths,
f [T, and to prove the \reverse" is an inverse modulo homotopy is &0 simple
using the move:

oegk—”o%kl—”oo

id

9k id
id id

followed by a ripple homotopy to move the identities to the erd. As concatenation
does not require reindexation (unlike paths in spaces wheré : [0;1] ! X uses a
unit length interval) proof of associativity is easy: one concatenategmmediately on
stabilisation to get a unique chosen composite and then assativity is assured.

This set of properties allows one to de ne thefundamental groupoid ;A of a global
action or groupoid atlas A in the obvious way. The objects of ;A are the points
of jAj whilst if a;b are points of jAj, 1A(a;b) will be the set of ( xed end point)
homotopy classes of paths froma to b within A. Composition is by concatenation
as above and \inversion is by reversion™: ifw = [f], w 1 =[f ()], wheref (") is the
\reverse" of f .

There is a strong variant of this construction. All the homot opies etc. used above
manipulate a strong path that represents the chosen path, ., we chose the local
arrowsg, : f(n)! f(n+1)and worked with them. There is a clear notion of ( xed
end point) strong homotopy of paths and strong homotopy clases of strong paths
compose in the same way giving atrong fundamental groupoid $A.

6.3. Objects of curves, paths and loops

We aim to de ne for at least a large class of groupoid atlasesifcluding most if not

all global actions of signi cance for K -theory), a \loop space" analogous to that
de ned for topological spaces. We expect to be able to concahate loops within
that structure giving some embryonic analogue of theH -space structure on a loop
space. More precisely given a nice enough groupoid atlas= ( X a; Ga; a), We want

a new groupoid atlas A and a concatenation operator

A Al A;



Journal of Homotopy and Related Structures, vol. 1(1), 2006 123

which will induce at least a monoid structure on o( A) and hopefully for a large
class of examples will give a group isomorphic to 1 (A).

Loops are best thought of via paths and thus via curves. We thg start by searching
for a suitable structure on the set of all curves Mor(; A) in A. (Remember a curve
is merely a (weak) morphism fromL to A.) If f : L! A'is a curve ofA;f will pass
through a sequence of local sets. The intuition is that a lochset containing f in
Mor(L; A) will consist of curves passing through the same local setsX(a) in the
same sequence.

To simplify notation we will write ( L;A) for the set of morphisms fromL to A.

De nition 6.9.  Given a curvef :L! Ain A, a function :jLj! a frames f
if is a function such that

(i) for m2jLj=Z;f(m)2 (Xa) (m);

(i) for m 2jLj, thereisabin A with b> (m), b> (m+1) and ag:f(m)!
f(m+1) in (G)p.

Thus  picks out the local sets Ka) (m) Which are to receivef (m). The condition
(i) ensures that these choices are compatible with the reqgiuement that f be a curve.
Note that there may be curves that have no framing, especiall if the pseudo-order
on A has few related pairs, e.g. is discrete. For instance in a sgle domain global
action of the form A(G; H) we have used a discrete order on . Hence the condition
b> (m), b> (m+1) mustimply that (m)= (m +1), yetin our examples
we have seen non-trivial paths going through several local rbits. Thus in such a
case the coordinate system we will de ne shortly does not car the set of paths in
A and for this reason we will consider in detail, later on, the gcond global action
structure on such A that was mentioned at the start of example 2.3.

Lemma 6.10. Letf :L! A beacurve and :jLj! A a framing for f.
1
Suppose :jLj!] (&) ()] is a function de ning a sequence( ) of arrows in

the local groupoids ofA such that 2 (Gy) (m) and, in fact, the source sequence
of is the underlying function of f, i.e.,

s( m)=f(m):
Then the sequencgf (m)), wheref Y{m) = t( ), supports a weak morphism struc-
ture, f%: L1 A and framesf?as well.

Proof. We haveb> (m)andb> (m+1)with g:f(m)! f(m+1)in (Ga)p.
We have n :f(m)! f9Ym) and hence its inverse is in Ga) (m), SO using the
structural morphism

™ (G m ' (G

we get' ™ ( ) f(m) ! fYm)in (Gu)p. Similarly ' ™ ( mar): f(m+1) !
fAm +1).

It is now clear that using the composite
fqm)! f(m)! f(m+1)! fq(m+1)
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of these three arrows in Ga)p shows that framesf % As the only frames in L have
size two, i.e., are adjacent pairsf m;m + 1g, this also shows thatf % is a curve in
A: 1

It should be clear what our next step will be.
Take (.o =f :jLj! aj frames some curve g:
The set of objects K (.a)) 0f (Gr.a)) Wwill be
Xway) =ff:LY Ajf 2 (LA), framesfg

then take (G.a)) to be the set of sequences ) with  an arrow in (Gy) (m),
with the property that ( s( m)) supports the structure of a curve in (X(..»)) , i.e.,
framed by . The lemma above ensures that in this caset( r)) is also in (X(L.a)) ,
and that (G.»)) is a groupoid.

We have yet to specify the relation on (), but a component-wise de nition is
the obvious one to try:

6 Cifandonlyif (m)6 9m)forall m2jLj:
As each (m) 6 9Ym) results in an induced morphism of groupoids

(&) 0 ' (&) oy

over the intersection (Xa) (m)\ (Xa) o), there is an induced morphism of groupoids

(Gua) ! (Gua) o
over (X(.a)) v (X)) o

If f 2 (L;A) is framed by both and © thenforany :f ! f%in (Gra) , we
have seen in the above lemma thaf %is framed by both and ° We thus have all
the elements of the veri cation of the following:

Proposition 6.11.  With the above notation, A~ = ((L;A);GLa); (La) IS @
groupoid atlas. If A is a global action, then so isA-. 1

The only part not covered by the previous discussion is that elating to global
actions, however taking G..5)) to be the product of the (Ga) (m), One gets an
action of this on (Xa) giving exactly the groupoid (G.a)) of the proposition.

We thus have a groupoid atlasA" of curves in A, and if A is a global action, A" is
one as well. Note however thatA- will not usually be a single domain global action
even whenA is one. This is the reason why Bak introduced the general notin of
global action, where each group is given its own, possibly dtinct, domain of action.

Our earlier comments also show that to assume that the X) cover X in our

original de nition would have been unduly retrictive here. Of course, our ability

to study properties of elements ofX o which lie outside the coordinate patches is
restricted.
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To obtain a path spaceP (A), we merely restrict to those curves that are paths with
an adjustment made to the local groupoids to allow for the fa¢ that a path can be
linked by an arrow to a general curve.

More explicitly we have

iP(A)j = the setof paths f :L! A
P (A) =f :jLj! aj stably frames some pathf g
(Xpa)) =T1f 2jP(A)jj stably framesfg
(Go(ay) = the groupoid of stable sequences () with , an arrow in

(Go(a)) (m) and such that (s( m)) supports the structure of
a path in (Xp(a)) ; i.e. is stably framed by :

The references to \stable" in this are the needed restriction to ensure \paths" not
\curves" are involved. Recallf : L! Aisapathifitisacurve and there are integers
N; 6 N with f(n)=f(N;)forn6 N; andf(n)= f(N;) for n> N/ . (The
pair (N; ;N;") was earlier called a stabilisation pair.) When :jLj! a frames a
path, f, it would clearly be possible to have varying beyond the end of the \active
interval’, N; 6 n6 N, , butis this necessary? We will use the term \stable frame"

of f if forsome (N ;N¥); (n)is constant for smaller and for largern. We do not
specify how the stabilisation pair for f is related to one for if at all. Similar
comments apply to stable sequences, ). There is a stable version of the above
lemma. The proof should be clear.

Lemma 6.12. |If f is a path, :L'! A a stable framing off and =( ) a
stable sequence of arrows witls( ) the underlying function of f then f°= t( )
supports the structure of a path and stably framesf © as well. 1

Finally we will want a based path space (A;ag) and a \loop space" A. We note
rstthatif f :L! Aisin P(A) then there are integersN; 6 N with f(n) =

f(N; )forn6 N, andf(n)= f(N;)for n> N/ . De ne two functions
el :P(A)! A

by €°(f) = f(N; );el(f) = f(N;"). These are clearly independent of the choice of
stabilisation pair for f used in their de nition. Clearly we expect these functions to
support (weak) morphisms on the corresponding groupoid atises or global actions.

Suppose we have a local frame in the groupoid atla® A. Then we have some
2 pa, and pathsfo;fq; ;fp in some connected component ofG (a)) I—_‘qus_—l
is a stable framing off o and we have that there exist ) :fo ! f;, =

By the two lemmas, is a stable framing of eachf; as well - with the same \b" for

all of them.

Eachf;, each () and itself have stabilisation pairs so we can ndN smaller
than all the left hand ends of these andN * larger than the right hand ends. Since

r(TP will be constant forn 6 N and also forn > N*, we have

fo(n);f1(n);  fp(n)
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is a frame in (n), i.e., (fo); ;€°(fp) is a frame in A and we have showne® is
a morphism. Of course a completely similar argument shows' is a morphism.

We now assume that a base poingg is given in A. We can take ( A;ap) to be the
global action or groupoid atlas de ned by g, 1(ap). As we have not yet described
how to do such a construction, we consider a more general siaion.

Supposef : A! B isaweak morphism of global actions or, more generally, grquoid
atlases and letb2 B, then the setf (b)) A supports the following structure

it 1(b)j f 2A:f(a)=bg
f 1(b) fa2 Aj(Xa) \f (b6 ;g
(Xt 1) =(Xa)a\ f (b
and the local action / local groupoid is the restriction of that in A. That this last
speci cation works needs a bit of care. We rst look at the global action case.

If f(a)= b,andg2 (Ga) one usually would not expectg:ato be still \over b'so
one has to take

(Gf 1)) =192 (Ga) :gif (= of ‘(bg;

then no problem arises. For the groupoid case the correspoim (G 1¢p)) is just
the full sub-groupoid of (Gy) determined by the objects X 1(y) . The induced
morphisms when 6 %in ¢ 1(, are now easy to handle.

We thus have a global action/groupoid atlas ( A;ap) of based paths in A; ag) and
a restricted \end point morphism"

e (Aja)! A

Of course, (A;ap), the object of loops atag, will be e; (ap) considered as a sub-
object of ( A;ap) or g, Y(ap) \ e (ap) when thought of as being within P (A).

The discussion of concatenation of paths in the lead up to thédundamental groupoid

indicates that there is a concatenation of loops, but that sich an operation depends
strongly on the choice of stabilisation pairs for the individual loops. There is thus
no single composition map

(Aag) (Aa)! (Aa)

that is \best possible" or \most natural”. Composition can b e de ned if stabilisation
pairs are chosen:

Given f;g 2 j ( A;ag)j with chosen stabilisation pairs (N¢ ;N{');(Ng ;Ng ) then
de ne
fog:L! (Aa)
—1
f(n) if n6 N/

b f =
Y (9 gn  N{ + Ng)if n> N

The obvious stabilisation pair is (N; ;N{ + Ng) and with this choice we get an
associative composition,_buton loops with chosen stabilisation pairs. Of course the
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composition is not really well de ned on the loops alone. As fefore it is well de ned
up to \ripple homotopies". This structure is analogous to the "Moore loop space'
construction in a topological setting.

Our next task is to calculate o ( A;ag) comparing it with ;(A;ap) as de ned as
the vertex group at ap of 1A, the fundamental groupoid of A.

Supposef and f 1 are loops atag. When are they free path equivalent as points of
( A;ap)? Supposeh : L!  ( A;ag) is a free path in ( A;ap) that stabilises to fq
on the left and to f1 on the right. The \obvious" way to proceed is to try to use h
to construct a homotopy betweenf, and f1 as paths in A. Picking a stabilisation
pair (N, ;N ) for h, we, of course, have

h(n) = fg forn6 N ;

h(n)= f; forn> N, :
De ne

H:jL j Lj! Aby
H(m;n)="h(n)(m);
and, noting that there are nitely many dierent h(n) involved, pick for each of
theseh(n) a suitable stabilisation pair (Nh(n)); (Nh+(n)) and set
1

N =min N, :n2[N, ;N IgN,
1

N =max Ny, :n2[N,;Nylg Ny

We claim that outside the square N ;N*] [N ;N*]; H(m;n) = ap, since, for
instance, fm<N andn>N *,thenn>N, soh(n)= f; andasm<N
h(n)(m) = f1(m) = ap, as required. The other cases are similar.

h(n)’

Now assume thatfy and f; are loops atag in A which yield the same element of
the fundamental group 1(A;ag). Then there is a xed end point homotopy
H :foI fl

between them and reversing the above process, we obtain a &@ath in ( A; ap). We
have only to note that the de nitions of the concatenation operations in 1(A;ag)
and o(( A;ap)) correspond exactly, to conclude that

1(Aja0) = o ( Ajan)):

7. Simplicial complexes from global actions.

If A is a global action, a pathf in A is a sequence of points ;E(n); SO
that pairs of successive points are in the orbit of some locadction. A path can thus
wander from one local \patch" to the next by going via a point i n their intersection.
It is only that each f (n) is in a local orbit with f (n 1) and in a local orbit with
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f (n + 1), not the group elements used that matter. This suggests hat f yields
a path in a combinatorially de ned simplicial complex constructed by considering
nite families of points within local orbits. This is the cas e. We will describe this
for a general groupoid atlas,A.

The simplicial complex V (A) of A hasjAj as its set of vertices. A subset
=fxo;  1Xpg

is a p-simplex of V(A) if there is some 2 A for which is an -frame, i.e.,
(Xa) and there areg : Xxo ! X; 2 (Ga) , so is contained in a single
connected component of Gy) .

Itis clear that 1V(A) = 1A andif agp 2 A is a base point then
1(V(A);faog) = 1(Ajao):

The one disadvantage ofV (A) is that it has as many vertices asA has elements
and this can obscure the essential combinatorial structuranvolved. This construc-
tion of V(A) is an analogue of the Vietoris construction used in Alexan@r-Cech
cohomology theory in algebraic topology. It is an instance ba general construction
that associates two simplicial complexes to a relation fromone set to another. This
construction was studied by C. H. Dowker, [12]. We outline hs results.

7.1. The two nerves of a relation: Dowker's construction

Let X;Y be sets andR a relation betweenX and Y, soRj X Y. We write xRy
for (x;y) 2 R.

For our case of interestX is the set of points ofA and Y is the set of local components
of the local groupoids if A is groupoid atlas and is thus the set of local orbits in the
global action case. The relation is XRy if and only if x 2 y'. Two other exemplary
cases should be mentioned.

Example 7.1. Let X be a setlﬁpally a topological space) any be a collection of
subsets ofX covering X, i.e. Y = X. The classical case is wherY is an index
set for an open cover ofX . The relation is the same as above i.exRy if and only
if x 2 y or more exactly x is in the subset indexed by. 1

Example 7.2. If K is a simplicial complex, its structure is speci ed by a colletion

of non-empty nite subsets of its set of vertices namely thas sets of vertices declared
to be simplices. This collection of simplices is supposed tioe downward closed, i.e.,
if isasimplexand j with 6 ;,then is a simplex. For our purposes here,
set X = VW to be the set of vertices oK and Y = Sk, the set of simplices ofK
with xRy if x is a vertex of the simplexy. 1
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Returning to the general situation we de ne two simplicial complexes associated to
R, as follows:

() K=Kgr:
- the set of vertices is the setX ;
- ap-simplex ofK is a setfxo; ;Xxpg X such that there is somey 2 Y
with xjRy fori =0;1,; ;P
(i) L=Lg:
- the set of vertices is the set)Y;
- p-simplex of K is a setfys; ;ypg Y such that there is somex 2 X
with xRy; forj =0;1; ;Pp.

Clearly the two constructions are in some sense dual to eachtteer. For our situation
of global actions/groupoid atlases,K r is V (A). The correspondingLr does not yet
seem to have been considered in exactly this context. We willlenote it N (A) so if

2 N(A
(A oo
- 0 )

p

with U , a local q%forli. y X , or a connected component ofG , with the
requirement that = u,6,;

i=0 .

In the case of X a space withY an open cover,Kg is the Vietoris complex of X
relative to Y whilst Ly is the nerve of the open cover (often called theCech complex
of X relative to the cover). We will consider the other example indetail later on.

7.2. Barycentric subdivisions

Combinatorially, if K is a simplicial complex with vertex setVx , then one associates
to K the partially ordered set of its simplices. Explicitly we write Sk for the set of
simplices ofK and (Sk ; ) for the partially ordered set with  being the obvious
inclusion. The barycentric subdivision, K ©, of K has Sk as its set of vertices and a
nite set of vertices of K ° (i.e. simplices ofK ) is a simplex of K if it can be totally
ordered by inclusion. (Thus K %is the simplicial complex given by taking the nerve
of the poset, Sk ; ). We may sometimes write SA(K ) instead of K ©)

Remark 7.3. It is important to note that there is in general no natural simplicial
map from K °to K . If however Vi is ordered in such a way that the vertices of any
simplex in K are totally ordered (for instance by picking a total order onVy ), then
one can easily specify a map

'K K

by:
if 0= fxo; ;xpgisavertex ofKO(so %2 Sy), let' ©be the least vertex of ©
in the given xed order.

This preserves simplices, but reverses order so if}  Jthen' ( 9)>"' ( 9.
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If one changes the order, then the resulting map isontiguous:

Let ' K 1 L be two simplicial maps between simplicial complexes. They i@
contiguous if for any simplex of K,"' ( )[ () forms a simplex inL.
Contiguity gives a constructive form of homotopy applicable to simplicial maps.

If :K ! L isasimplicial map, then it induces °:K°! LO%after subdivision. As
there is no way of knowing/picking compatible orders onVk and V_ in advance, we
get that on constructing

"k KO K
and
'L L
that ' | %and ' will be contiguous to each other but rarely equal.

Returning to Kg and Lg, we order the elements ofX and Y. Then supposey®is a
vertex of L%, soy®= fyo;  ;yp0, a simplex of Lz and there is an elementx 2 X
with xRy;;i =0;1; :p. Set y °= x for one suchx.

It =fyd, ;yqgisag-simplex ofLy, assumeyg is its least vertex (in the inclusion
ordering)

"L(y9)2yy y°for eachy; 2

hence y /R' | (y9) and the elements y §; ; y g form a simplex in Kr, so
LS ! Kg is a simplicial map. It, of course, depends on the ordering ted and on
the choice ofx, but any other choice x for y °gives a contiguous map.

Reversing the réles ofX and Y in the above we get a simplicial map
K8 Lg:

Applying barycentric subdivisions again gives
0.k LS

and composing with  : L% ! Kg gives a map
0: K% Kg:

Of course, there is also a map

v 10 . 00 .

Proposition 7.4.  (Dowker, [12] p.88). The two maps' ' 2 and  ©are contiguous.
1

Before proving this, note that contiguity implies homotopy and that " °is homo-
topic to the identity map on Kg after realisation, i.e., this shows that

Corollary 7.5.
JKRrj "} LRj:
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The homotopy depends on the ordering of the vertices and so isot natural.

Proof. of Proposition.

Let %%= fx89x9?  ;xJY be a simplex ofK 2’and as usual assumeg’is its least
vertex, then for all i > 0

x30  xP°
We have that ' Q is clearly order reversingsd 2 x?° ' 9 x3 Lety=" 2 xJ then
K . K i K 0 K 0
for eachx 2 ' 2 x30 xRy. Since' ' 2 x%02 ' 9 x% 0 x% we have' k' 2 xRy.
For each vertexx®ofx% x 92 %% hence as I x32 x x%y= " 9 xxJ2 %0

for eachx®? so for eachx®® %Ry, however we therefore have
0 0 00 L1 0 00
"k ok ( 9[ ( 9= 'kIK(XiS[ 3 X
forms a simplex inKgr, i.e.' ' § and  %are contiguous. O

Example 7.6. To illustrate both the Proposition and the remaining exampé of K
and Lg, consider the simplicial complex,K :

2 3}}}@
1 % 4
3
consisting of two 2-simplices joined along a common edge. M® precisely, take

X = Vg = f1;2;3;4g with this as given order andY to be the setSk of simplices
of K, so Sk consists of all non-empty subsets ofx that do not contain f 1; 4g.

There are 11 elements inY .
The relation R from X to Y in xRy if and only if x is a vertex of simplexy.

In Kr;fXo; ;Xpgis a simplex if there is ay 2 Y such that eachx; 2 y, so with
Kr we retrieve exactlyK itself.

Before looking atLr consider a simpler example.

If we consider [ n], the n-simplex, with vertices X = f0;1; ;ng and the non-
empty subsets oX as simplices thenK g will be [ n], but the vertices ofLg will be
the set of simplices of[ n], the 1-simplices ofLr will be pairs of simplices with non-
empty intersection. In particular for each vertex, i, of [ n], there will be a(2" 1)-
simplex in Lg namely that obtained by considering the power set of nfig (yielding
2" elements) and adding in the singletorfig to each of these sets. For instance for
n=2, X = f0;1;,2g and there is a 3-simplexff Og;f0; 1g;f0;29;f0;1;2ggin Lg.
Thus Lrg has much higher dimension than the originaK .

Among the simplices ofLr, however, we have all of those that are totally ordered
in the inclusion ordering and these give a sub-complex dfg that is isomorphic to
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K O the barycentric subdivision of K . This is true in general and in our example
of the two 2-simplices with a shared edge, the compléx; contains the barycentric
subdivision of K g, but also has some higher dimensional simplices such as

D& = ff 2g;f1;29;f2; 3g; f 2; 4g; f 1; 2; 3g; f 2; 3; 499:

Of course the inclusion mapK 3 ! Lg is part of that structure used in the lemma.
The map from LS to Kr is now relatively easy to describe. The above 5-simplex
Tax js a simplex because the element 2 is in all of the parts so 7' = 2. In

general of course there will be a choice of element, for instae,

f2:3g = ff 2,309,11;2,3g;f2; 3;49g;

and is a simplex ofLgr because its intersection is non-empty as it contains both 2
and 3, thus there are two di erent maps one using {373, = 2, the other using 3
as image point. Of course they are contiguous. The complekg seems to include
aspects of both the barycentric subdivision and the dual cgtex. The explosion in
dimension is, of course, typical here as, for instance, in tie case of an open cover of a
topological space the nerve of the cover yields a simpliciabmplex whose dimension
indicates the multiple overlaps in the cover and as the coves varied re ects the
covering dimension of the space but typically the Vietoris @amplex is of unbounded
dimension.

Returning to global actions and groupoid atlases, combiniig earlier results, we have

that:

Proposition 7.7. If Ais a global action or groupoid atlas, pointed atag, then
1(Aja) = 1(N(A);[ao])

where [ag] is a connected component of some local groupoiz,) with ag 2 (Xa) -
1

7.3. V and N on morphisms

We would clearly expect these constructionsy and N to extend to give us functors
from global actions /groupoid atlases to simplicial compleces. Life is not quite that
simple, but almost. We have to check what they do to the variows strengths of
morphism.

Weak morphisms

As weak morphisms are de ned in terms of local frames, and siplices in V (A) are
essentially just local frames, it is clear that

Lemma 7.8. If f : A! B is a weak morphism, thenf induces a simplicial map
V(): V(A ! V(B), by V(f)o;:::;Xni = I (Xo);::::f (Xn)i, followed by elimi-
nation of repeats.

be a simplex as it may involve repeated elements, but on elinmating these repeats
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we will get a simplex. This minor technicality can be avoidedusing simplicial sets
where degenerate simplices are part of the structure, but tkir use would entail other
complications so we merely note that “technicality' here. t causes no real problem.

The corresponding result forN is much more complicated. ForfU g in N (A), we
know there is somex 2 U and henceff (x)g is a local frame in some X3g) ,
so there is some 2 g with ff(x)g a -frame and so an orbit or connected
componentf U%g containing it. We could map fU gto f U°g, but there is no reason
to suppose thatf U°g will be the only such possibility, there may be many. Of cour,
fuljf(x) 2 U%, if nite, will de ne a simplex of N (B) and so we might, in that
case, attempt to de ne the corresponding mapping fromN (A) to NYB) = SdN(B),
that is the barycentric subdivision of N (B). This could work with care, but then the
functoriality gets complicated since if we have alsay: B! C as well, the composite
of our possibleN (f ) with N (g) is not possible as the former ends atN qB) whilst
the latter starts at N (B). We could apply subdivision to the second map and then
compose but then the composite ends up aN °{C) not at N YC), which we would
need for functoriality. This sort of situation is well under stood in homotopy theory
as it corresponds to the presence of homotopy coherence caasby the necessity of
chosing an image amongst the possible vertices of a simpleXhe di erent choices
are homotopic in a “coherent' way. It however makes the nerveonstruction much
more complicated to use than the Vietoris one if weak morphims are being used.

One way around the di culty is to take geometric realisation s asjN (B)j = jN {B)j,
but this defeats the purpose of working with global actions n the rst place, which

was to avoid topological arguments as they tended to obscur¢he algebraic and
combinatorial processes involved. Probably the safest ways to use V(A) when
developing theoretic arguments involving weak morphismsput using N (A) for cal-
culations “up to homotopy' as N (A) is often much smaller than V (A).

Strong morphisms

If we now turn to strong morphisms, as any strong morphism preerves local frames,
it is also a weak morphism and so we have no di culty in inducing a V (f) from
a given strong morphismf : A! B. We are thus left to see if the “strength' of f
allows us to avoid the di culties we had above in de ning a N (f).

Supposef U gis a vertex in N (A) as before, thenU is a (non-empty) local orbit in
G.Wehavef =( x; ; 6h(ac) :G; !'Gg (),and(g) (U )is contained
in a uniquely de ned connected component ofGs. (), which we will denote by
f (U).

Suppose now we have = fU _;:::;U g in N(A), so there is somex 2

tersection? On objects (jg) ; isjust x, so x x is an object off (U ;) for eachi
and sof () is a simplex ofN (B), with the usual proviso that repeats are removed.
The construction of f () from  has been made without choices and is well de-
ned, moreover if we de ne N (f )( ) to be this f ( ), N(f) is a simplicial mapping
and there is no problem with functoriality: N (gf) = N (g)n(f ). We thus have that
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whilst V behaves well with both types of morphsims,N behaves well only with
strong morphisms.

7.4. “Subdivision' of A(G;H)

Earlier we saw that in the setting of a group G and a family H = fH; ji 2 g

of subgroups, we could construct at least two global actionsin one of these con-
structions we took A = with the discrete order. Although for this A= A(G;H),

the description of N (A) was very simple (it is a generalisation of the intersection
diagram we used in section 2). We noted in the discussion of #nconstruction of A

that this type of global action su ers from the discretenessof its coordinate system
as there were few framings for curves. In fact the only curvesvith framings were
those within a single local orbit.

This de ciency serves to highlight the importance of the order in ( A;6) and its
in uence on the homotopy properties of A. If A does not have enough framings of
curves, paths or loops, then there will be a divergence betven the properties of A
and those of the loops onV (A) or N (A).

Given this di culty, how can we change the construction of A(G;H) to gain more
framings of curves? In fact, if is not a singleton, this can be done in a variety of
ways, of graded strength. We will look in detail at the strongest one.

The problem of framings was that, if f : L! A was a curve, a framing forf was
a mapping :jLj! A, So that f (m) 2 (Xa) (m) for eachm and there was abin

A bigger than both (m) and (m + 1), so that f (m) and f (m + 1) were linked
by someg in (Gy)p.

If A is discrete, thenb> (m) and b> (m + 1) implies equality of (m) and
(m +1). This is not the intuition intended, but it is not the faul t of ‘framings',
rather of the discreteness of . Intuitively we expect f (m) to be in two of the local
orbits, so as to link previous vertices to the new ones laterri the sequence. We thus
need these intersections there. We could do this by replacmH by fH;\ H; ji;j 2
0, but then higher dimensional homotopy might perhaps su er. It is easier to close
H up under nite intersections as follows:

Take G, H as before withH = fH; ji 2 g. De ne a (new) global action A(G; H)
by
X = jX a9

A0

jGj; the underlying set of G
the set of non-empty subsets of
ordered by ;ie. 6 if :
(Xpo) = Xpoforall 2 a0
1

(Gao)

H; operating by left multiplication

i2

with :
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if 6 ,(so ), then
—1 [ 1
(GAO) 6 - Hi ! Hj
i2 j2
being inclusion.

We can think of A= AYG;H) as a “subdivision' ofA(G; H), rather like the barycen-
tric subdivision above. The e ect of this “subdivision' on the simplicial complexes
V(A) and N (A) is interesting:

a) Vietoris: V@ = V(A), since anyfxo;:::;Xng 2 V(AY, is there because there is
some orbit ( ;, Hi)Xo containing it, but then fXo;:::;Xng Hixo foranyi 2
so there are no simplices in either of the two complexes, nonithe other.

b) Nerve: the relationship is more complex. We know from Dowler's theorem (above)
that jN (A)j'j N (A%9j and, denoting by N (A)°, the barycentric subdivision of N (A),
we can relateN (A) and N (A)°to N (A9. The old local orbits of A are still there in
A% so we have an inclusion

N(A)! N(AY

corresponding to a (strong) morphism fromA to A°.
Now assume we have 2 N(AY. The vertices of can be totally ordered by
inclusion:

=ffHixj ji 2 og;:ii;fHiXiji2 ngo
with o ::: nand fH;ji2 ,g86 ;. We therefore have an elementa in
this intersection and so can also be written

=ff Hijaji2 og;:::;fHijaji 2 L00

We can assign a verjex-gN (A9 to each of the vertices of , by sendingfH;aji 2 g
to its intersection ( Hj)a. This will give a simplicial map from N (A)° to N (A9,
but will often collapse simplices. (It is well behaved as a mp of simplicial sets® ,
but not that nice at the simplicial complex level.) For insta nce, ifH = fH1;H>; Hsg
with H;\ H; = flgifi 6 j, then the 2-simplex,

ff Hig;fH1; H20,fH1  Ho Hagg
gets mapped tof Hy; f 1gg, a 1-simplex, and there are a lot of other collapses as well.
The global action / groupoid atlas A° has the necessary property with regard to
framings:

Supposef : L ! A%is a curve, then form 2 Z, we have a 2 with a
g :f(m)! f(m+1)in(G) anda + 2 witha g+:f(m)! f(m+1);we
take (m)to bef ; +g, orany family containing this. Of course, when we look

31f we put a total order on the vertices of a simplicial complex , K it naturally gives us a simplicial
set, K SMP as we can control the notion of degenerate simplices, i.e. on es with repeated entries.
We will not be using this much in this paper but we note that it ¢  an be useful when handling
maps that collapse simplices as we have seen earlier. The corresponding simplicial set VSi"9 (A) is
related to the bar resolution in the case that A = A(G; H).
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at f (m + 1), we can take its to be the + of f(m), so + > b(m), (m+1)
and the framing can be constructed. (Of course, the elementfochoice here can be
avoided by replacing + by the family of all 2 such that a suitable g+ exists
in(G) )

If instead of L, we were mapping in higher dimensional objects, we would nee not
just pairwise families, but all, as we have done. E ectively in replacing A by A% we
have introduced an object that is more “complete' with respet to local frames than
the original A. This “completeness' allows much better exponentiation poperties:
we would be able to formAB for any B and the result will have the “right' sort of
behaviour. The “‘completeness' property required is calledhe “in mum condition’,
(cf. Bak, [2{4]).

A groupoid atlas A satis es the in mum condition if given any non-empty nite
subsetU | Aj, the set

f 2 a:Uisalocal framein g

is empty or has an initial element in the order induced from a.

Example 7.9. AYG;H) is in mum (i.e. satis es the in mum condition).

1
If is non-empty, then 2 a0 andXp;:::;Xn isin ( H)Xg. This is thus the
initial element required, or is empty. 1

Problem/Question 7.10. Given any groupoid atlas,A, nd a groupoid atlas A°,
which satis es the in mum condition, comes together with a grong morphism,

Al A

and, if possible, is universal with these properties.

Remarks on the problem.

It seems that AYG;H) will be the solution for A(G;H). Presumably other single
domain global actions will be ‘completed' in a similar way.

We plan to return to the in mum condition later in this sequen ce of papers.

The passage fromA(G;H) to AYG;H) really corresponds to an operation onH,
giving itself more structure and closing H up under intersections. If we extend the
notation A(G; H) to include families H with additional structure, then a convenient
notation is A(G;H) for what we have denotedAYG; H), thus emphasising that it is
the “closure' ofH, that is used. This construction of A(G; H), with two additional
conditions, is closely related to Volodin's de nition of K -groups of rings with extra
structure, [19]. We will assumeH is already “closed' in this way:
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Suppose as before thats is a group. LetH be a family of subgroups ofG indexed
by ( a;6), where

) H =H ifandonlyif = ;
@iy 6 ifandonlyif H H ;
(iii) there is some 2 5 with H = fig.

We assumeH is closed under arbitrary intersections, and that if H and H are
contained in someH o, °2 4, then the subgroup generated byH and H |,
denotedtH ;H i, isitselfsomeH for 2 a.(Thusthe order structure of ( a;6)
is almost a lattice, but a top element need not exist.) In this caseA(G; H) is called
a Volodin model.

8. Calculations of fundamental groups - some easy examples.

Our examples will all be single domain global actions, i.e. fte local actions are all
based on a single set,Xa) = Xa forall 2 a. They will all be of the form
A = A(G;H), where G is a group andH = fH; ji 2 gis a family of subgroups
(see section 1).

Example 8.1. (already considered in example 2.5)
G=S;=tbja®= b =(ab?=1i; soa=(1;2;3); b=(1;2);
Hi=hai = f1; (1;2;3); (1;3;2)g;
Ho = hbi = f1; (1;2)g;
H = le;Hgg

The intersection diagram given in our earlier look at this example is in fact the
nerve N (A) having 5 vertices and 6 edges. The other compleX (A) is almost as
simple. It has 6 vertices corresponding to the 6 elements &3, and each orbit yields
a simplex

H, = f1;a;a’g gives a 2-simplex (and 3 1 -simplices),

Hib= fb;ab;&bg also gives a 2-simplex;

H, = f1;bg yields a 1-simplex, as do its coset$i,a and H,a?.

We thus have V (A) has two 2-simplices joined by 1-simplices at the vertices(see
below).

As N (A) is a connected graph with 5 vertices and 6 edges, we know;N (A) is
free on 2 generators. (The number of generators is the numbesf edges outside a
maximal tree.) This same rank can be read of equally easily &bm V (A) as that
complex is homotopically equivalent to a bouquet of 2 circls, (i.e. a gure eight).
The generators can be identi ed with words in the free produ¢ H1 H» (one choice
being shown in example 2.5) and relate to the kernel of the natral homomorphism
fromH; Hj, to Ss.
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1 a

&b

ab

Figure 1: V(A(Ss; fhai; hoig))

The heavy line in the gure corresponds to a loop at 1 given by

1S thp 2 Jhy 2 Jh

and the word isabab2 C, Cs.

The reason that this happens in clear. Starting at 1, each patr of the loop corre-
sponds to a left multiplication either by an element of H; = C3 or of Hy = C,. We
thus getaword inH; Hy = C, Cj. As the loop also nishes at 1, we must have
that the corresponding word must evaluate to 1 when projectel down into Sz.

In more complex examples, the interpretation of 1(V (A);1) will be the same, but
sometimes whenG has more elementsN (A) may be easier to analyse thanVv (A).
The important idea to retain is that the two complexes give the same information,
so either can be used or both together.

Some of the limitations of the information encoded by ;(A) are illustrated by the
next two examples.

Example 8.2. G = Ky, the Klein 4 group, f1;a;b;g= C, Cp,soa’?= P =
=1 and ab= ¢
H = fH,; Hp;Heg whereH, = f1;ag, etc. SetAx 4 = A(Ky4; H).

The cosets areH,; Hab; Hp; Hpa; He; Hea each with two elements so
V (Ak 4) = the 1-skeleton of [3]
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N (Ak 4) is \prettier":

Labelling the cosets from 1 to 6 in the order given above, we V& 6 vertices, 12
1-simplices and 4 2-simplices. For instancef 1; 3; 59 has the identity in the inter-
section, f1;4;6g givesH, \ Hpa\ H:a, so containsa and so on. The picture is of
the shell of an octahedron with 4 of the faces removed.

2

Figure 2: N (A 4)

From either diagram it is clear that 1Ak 4 is free of rank 3.
Again explicit representations for elements are easy to ga.

Using V (A) and the maximal tree given by the edges l1a, 1b and 1c, a typiggn-
erating loop would be

1! a! b! 1;

i.e., (1;a;b;1) as the sequence of points. There is a strong representativerfthis,
namely

1—2Ja— Ik

and up to shifts, this is the only strong representative. 1

In general any based path at 1 in anA(G; H) will yield a word in tH , the free
product of the family H. Whether or not that representative is unique depends
on whether or not there are complicated intersections and \restings" between the
subgroups inH, since for instance, ifH; is a subgroup ofH;, thenif f (n) ! f(n+1)

using g 2 H;, it could equally well be taken to beg 2 H;. The characteristic of the
single domain global actions of formA(G; H) is that since X = G, there is only
one possible element linking each (n) to the next f (n+1) namely f (n+1)f (n) 1.

We thus have a strong link between

( A(G;H)) and '5 H;
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the "amalgamated product' of H over its intersections, and an analysis of homotopy
classes will prove (later) that

1(A(GH); 1) = Ker(tH! G);
since a based path@;;g,; ;gn) ends at 1 if and only if the product gz g, = 1.
These identi cations will be investigated more fully (and j usti ed) shortly.

Remark 8.3. Many aspects of theseéA(G; H) are considered in the paper by Abels
and Holz [1]. In particular the above identi cation of (N (A(G;H))) in terms of
the kernel of the evaluation morphism is Corollary 2.5 part b) (page 318). Their
proof uses covering space techniques. We will explore othaspects of their paper
later.

Example 8.4. The number of subgroups inH clearly determines the dimension of
N (A), when A = A(G;H). Here is another 3 subgroup example.

Takeqg8 = f1;i;j;k; 1; i; |, kgto be the quaternion group, sa* = j4=k*=1,
andij = k. SetH; = f1; 1;i; igetc,soH;\ H; = Hi\ Hc = H;\ H = f1, 1g
and letH = fH;;Hj;Hg,

and Ags = A(g8; H).

Then N (Age) is, as above in Example 8.2, a shell of an octahedron with 4 fag
missing. Note however thatV (Ag) has 8 vertices and, comparing withV (Ak 4),
each edge of that diagram has become enlarged to a 3-simpléxis still feasible to
work with V (Age) directly, but N (Age) gives a clearer indication that

1(Ags; 1) is free of rank 3.
Example 8.5. Consider next the symmetric group,Ss, given by the presentation
S = MKy X2 j X2 = x5 =1;(x1x2)% = 1i

Take H; = hxsi, H, = 21 so both are of index 3. Each coset intersects two cosets
in the other list giving a nerve of form (see below): so 1(A(S3; H)) is in nite cyclic.

NS

Figure 3: N (A(S3; H))

Example 8.6. The next symmetric group, S4, has presentation
Sy = X X2ix3 j X5 = x5 = x5 = 1; (xax2)® = (x2x3)® = 1; (x1x3)? = 1i:

Take Hi = hxq;x2i, Ho = hXo; X3i, Hz = IXy;X3i. Hy and H, are copies ofSgz, but
H3 is isomorphic to the Klein 4 group, K 4. Thus there are 4 + 4 + 6 cosets in all.
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There are 36 pairwise intersections and each edge is in two &mplices. Each vertex
is either at the centre of a hexagon or a square, depending orhether it corresponds
to a coset ofH1;H, or of Hz. There are 24 triangles, andN (A(S4; H)) is a surface.
Calculation of the Euler characteristic gives 2, so this is ariangulation of S?, the
two sphere. It is almost certainly the dual of the “permutahdron’.(Thanks to Chris

Wensley for help with the calculation using GAP.)

The fundamental group of A(S4;H) is thus trivial and using the result mentioned
above

Sa = THi;
the coproduct of the subgroups amalgamated over the intecs®n..

Problems/Questions 8.7.

1) Taking Sy = Ix1;  ;xp 1jx2=1;i=1; ;n 1 all (xixi+1)3=1, and
(xixj)2=11ifji jj>2i;H=fH;ji=1; ;n 1gwhereH; is generated
by all the x; exceptx;, investigate if N (A(Sy;H)) is an (n 2)- sphere. (It is
known to be of the homotopy type of a bouquet & 2s cf. proof in Abels and
Holz's paper [1] for Tits systems, S, being a Coxeter group.)

2) There may be a link betweerN (A(G; H)) and various lattices of subgroups, clas-
sifying spaces for families of subgroups (Luck et al, Dwyer...). This needs in-
vestigation.

3) Examine other classes of groups e.g. generalised Coxetgoups relative to parabol-
ics (cf. Abels and Holz, [1]), the triangle and von Dyck group, ( *;m;n) and
D(';m;n) and graph products of groups including graph groups.

9. Single domain global actions |

In this section we will continue the study of single domain gbbal actions including a
discussion of their path spaces and fundamental groups. Ctin facets of this study
must wait until we have a theory of covering spaces for globalctions/groupoid
atlases.

We have so far examined in detail only those single domain glml actions of the
form A = A(G;H) where G is a group andH is a family of subgroups ofG. There
are two obvious variants:

(i) Usually so far we have letH = fH; ji 2 g be a family of subgroups without
any order structure on . More generally one can take to have a re exive
relation on it mirroring the intersection and subgroup relations between sub-
groups in H. This seems to make little di erence to invariants such asN (A).
Of course, this is related to the discussion of “subdivisiorabove.
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(i) If K is a subgroup ofG then we can form a variant of A(G;H) mod K. We
will write this as A = A((G;K);H). It is speci ed by
jXaj = G=K; the set of right cosets ofK in G;
(Xa) Xa foral 2

(where may be as in (i) above)

Hi y Xa by left multiplication

so the local orbits are of the formH;xK .
We will see later that all connected single domain global actions have this
general form, up to isomorphism.

We now turn to the investigation of the fundamental groups of single domain global
actions (of this simple form). First we look at some results m paths under xed
end point homotopies.

9.1. The based paths on A(G;H)

SupposeA is a general global action with A as coordinate system, K) as local

sets, 2 a and (Ga) as local groups. We assum@ is connected and that a base
point ag 2 A has been chosen. In our earlier discussion we saw that a patim iA

based atag is given by a curve

f:L! A
and thus by a sequence of points (n) 2 X such that

(i) there is a stabilisation pair (N; ;N;"), i.e.,, forn 6 N, , f (n) = ao, and for
n> N, f(n)=f(N/);

(ii) there is a sequence of , 2 A with arrows g , : f(n) ! f(n+1)in the
groupoid (&) , (and asA is a global action, we assumey , 2 (Ga) ), and
g,f(n)="f(n+1).

(Furthermore the g , are assumed to stabilise to the identity arrows forn > n;, or
n5n;.)

As we are considering weak curves, the particulag used are not really in question.

If A= A(G;H), then this does not matter as there will be a uniqueg satisfying
g,f(n)=f(n+1), namely g = f(n+1)f(n) 1 In a relative case, theg will

be determined up to multiplication by elements of K, and in the case of interre-
lationships between theH;, the same element may be considered as an element of
dierent H;. In complete generality, we can thus say little about the elenents g .
Because of this, we will initially assumeA = A(G; H), and may therefore base it at
1. We also assum@éA is connected.

We can thus considerf to be represented by a word int H;. As f starts at 1, f
looks like

1—H Q) @ Mt (NG)
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(We have reindexed to setN; to 0.) The partial word (gn; ;01) determines
f(m) sincegn g1 = f(m). We can thus think of f as being this list of elements
(gm; ;01) and hence as an element of H;. We will need to examine the loops
(in which f (N;") = 1), but can examine homotopy of based paths independentlyof

what value is taken by f (N;").
A xed end point homotopy from

f$ (on: o)
to

98 (ke :0D)

is given by a map ofL L that stabilises in both directions. It can therefore be
thought of as a sequence of \moves" orf s each corresponding to an elementary
homotopy,

h:L L! A
h(m; 0) = fo(m) = f (M)

with

h(m; 1) = f1(m)
h(m;n)= h(m;0) n6 0

and
h(m;n)= h(m;1) n> 1.
We then can visualiseh as being given by a \ladder"

120 -2 2 I

H hy ‘ h, ‘ etc.

1—%1) —92) I
91 92

where h;if (i) = f (i) and the square
fi 1))
hi s hi
Fq 1) 5—*%)
\commutes", so for someH ; ;2 ,

a) g%gi;hi 1;hi2H
b) g’hi 1= hig:
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This of course means thath; 2 H |\ H

i+l
Remark 9.1. For convenience we assumetl(0) = 1, i.e., N; can be taken to be 0,
but the discussion of ripple homotopies earlier shows thathgting f to left or right

keeps within the xed end point homotopy class and, of courseloes not change the
representing word int Hj.

Returning to elementary homotopies, we can read o a new basé path from the
diagram above namely

1% @y Moy — %= oy %

and so a representing word ¢ o;  ;82;h1; 1) This process can be repeated to get

19 1) @) " dpo) %

so we can track the homotopy fromf to f ®within the representing words by moves
that transfer

( sohi 15g 1)
to

( sg%hi 1,6 1 )
and thus to

( sodhi1G o1 )
which of course equals

( sang thi 2 )
In other words homotopy between based paths corresponds egtly to passing be-

tween representing words int H; by the usual moves that give the amalgamation
over the (pairwise) intersections. We thus have proved

Proposition 9.2.  If A= A(G;H), then

(A= = tH;
the amalgamated coproduct of the groups i . 1
Remarks 9.3.

(i) As the usual construction of universal covering spacesn topology is the ana-
logue, there, of the left hand side of this isomorphism, it isnatural to expect
the right hand side, the amalgamated coproduct, to play thable here. We will
look at coverings separately, and in some detail, shortly shere it su ces to
note that the end point map

(A1)! A
induces a map
J(AD= ! G



Journal of Homotopy and Related Structures, vol. 1(1), 2006 145

which interprets as the natural evaluation of a word(gm;  ;@1) to the prod-
uct, gn 0, i.e., to the natural homomorphism

%H! G;

induced by the universal colimit-property of the amalgamadd coproduct and
the inclusions of the subgroup$d; into G.

(i) We note for future examination that ( A;1) has a global action/groupoid
atlas structure and it is natural to expect that the quotient by xed end point
homotopies will inherit a similar structure, but that we hawe not yet described
the construction of colimits, and in particular, quotients, in this setting. In
the particular case aboveA = A(G; H), it is easily seen that the amalgamated
coproduct carries a global action structure:

There are inclusions

i tH It \ H
and writing
G:EH; H=fi (H): 2 g
we can construct, A = A(G; H).
The map
Al A

is a regular morphism of global actions. (Left as an exercidg

Given the analogy between the above and the topological casé is no surprise that
restricting attention to the loops at 1 in A, the de ning equation

1A= o A= (A=
gives:

Corollary 9.4. If A= A(G;H),

1(A;1) = Kerq H! G):
1

This result in this context was found by A. Bak. Given the identi cation of ;(A; 1)
with  1(V(A); 1) and the Dowker theorem identifying this with  1(N (A); 1), it can
be seen to be a version of a result of Abels and Holz, [1]. Theyn turn, relate it

to earlier results of Behr, [6], and Souk, [17], and menti applications of a related
result given by Tits, [18]. The proof given above has the advatage of being very
elementary and \constructive"!

Problem/Question 9.5. Compare the use ofN (A) as a simplicial complex with
NP (A), as simplicial set. The action of G (which we will look at next) gives
N (A)=G is a simplex, but Abels and Holz identify ;(NS™P (A)=G) as being¥ H.
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The comparison of V (A) with the bar resolutions ofH; and G studied in Abels and
Holz, [1], also needs examining in detail (and greater genality).

9.2. Group actions on N (A)

Further information on N (A) and V (A) may be obtained by exploiting the natural
action of G on these simplicial complexes. This leads to a connection dfiese single
domain global actions not only with the work of Abels and Holz but with related
work on complexes of groups by Corson, Hae iger and others,7} 9{11, 13, 14].

Again G will be a group, H = fH; ji 2 g a family of subgroups andA = A(G;H)
the corresponding single domain global action. We will assme that A is connected
soG is generated by the union of theH;s. Recall that N (A) is the simplicial complex
given by the nerve of the covering,H, of G by left cosets of theH;, H; 2H.

The group G acts on N (A) by right translation. A typical n-simplex of N (A) is of
the form

=fH ,Xo; ;H ,Xng
where

1
=\, H x{6;:

If g2 G, we can consider:g = fH  xo9; ;H ,XnQg.
L1 L1
fy2\LoH X = ,theny:g2 :g so
‘g 2 N(A):
This is clearly a group action. It is \without inversion" (Ha e iger) or \regular"
(Abels and Holz,[1]) in as much as if:g = ,then H x;jg= H X, since thex;

used in a given are all distinct. This implies that the orbit space of N (A) is also
a complex.

Propositiﬁ.& If = fH ,Xo; ;H ,Xxngis an n-simplex of N (A) then for
any a2

a '=fH ,; ;H.g
Moreover any nite subsetJ of corresponds to a uniqueG-orbit of N (A) and vice
versa.

—1
Proof. Asa?2 , there are elementsh ; 2 H
Thus

with a= h x; fori =0;1; n.

H xia'=H,
and a '=fH ,; ;H g The orbit of is thus determined by the indices of

the subgroups,H; 2 H, used in it. The orbit of then corresponds to the nite
subsetd =1 g; ; ngof and conversely. O
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. 1
Corollary 9.7. For =fH ;x; :j =0; ;ngas above, anda 2 ,

S — 1
Stabg( )=a®* fH;:j2Jg «

Proof. Write o = fH; :j 2 J g2 N(A), then pa= sog2 Stabs if and
only if pag= oai.e.if Oalgi"ll = , which just saysaga * 2 Stabg . However
Stabg ¢ is clearly equal to  (, which completes the proof. O

Corollary 9.8.  The space of orbitsN (A)=G is a simplex of dimension card) 1.
1

Examples 9.9.

1) G=S3;H; =11;(123);,(132)g;H,=11;(1 2)g. The nerve N (A) in this case
is the graph given in example 2.5 with vertices

H2 Hza H2a2

(where, as there,a=(1 2 3), b= (1 2)). The action is given by:a xes H; and
H1b and permutes the cosets oH in the obvious way;b permutesH; and H1b
and Hoa and H,a?, but xes H, (of course). On 1-simplices

a2 H;\ Hya so Hj;a '\ Hyaa '=H;\ H,6;

and so on. It is thus easy to see thaN (A)=S3 = [1] .
Of more interest are the examples:

2) G= K4 =f1l;a;b;@, N(Ak 4) is the octahedral shell with 4 faces removed. Using
the same notation as beforea xes 1 and 2, permutes 3 and 4, and also 5 and
6, so in the diagram in example 8.2,a corresponds to a rotation through180
about the vertical axis. Similarly for b and c, but about the two horizontal axes.
The orbit space is [2] as this example has 3 subgroups.

3) G = 08, N(Agge) has the action ofg8 via the quotient homomorphism toK 4 and
the action outlined before in 2. Of course,N (Aq)=08 is again a 2-simplex.
Our nal two examples are

4) Sz with Hy = W1 2)i, H>, = h2 3)i, so N(A) is a hexagon (empty) and, of
course, the Sz-action collapses this down to a 1-simplex.

and

5) S, with three subgroups,
Hi = N(1;2);(2;3)i,
Hz = h(2;3);(3;4)i
and
Hs = h(1;2);(3;4)i.
The nerve was found earlier to be a triangulation ofS?. The action can be
speci ed, but will not be given here and, of course, the quat is [2] .
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This situation is a simple form of a general one considered bydae iger (cf. [7, 13,

14]) and Corson (cf. [9{11]). They consider a simplicial corplex (or more generally
a simplicial cell complex, cf. Hae iger, [13] or a scwol (sm# category without loops)

cf. Bridson and Hae iger, [7] ) on which a group G acts without inversion. Then

X=G is also a simplicial (cell) complex. Their work uses compleas of groups, a
notion generalising that of graphs of groups as in Bass-Segrtheory. We will give

de nitions shortly, but rst need to introduce some more det ailed notation and

terminology relating to barycentric subdivisions.

If K is a simplicial complex, we can encode the information inK in a simply
way by considering K as a partially ordered set. The elements of this partially
ordered set are the elements 08k , the set of simplices ofK ordered by inclusion.
The barycentric subdivision of K is then just the (categorical) nerve of the poset
(Sk; ) as noted earlier. We will follow Hae iger [13] in orienting the edges ofK °©
in the following way:

The vertices of K Y= Sd(K)) are the simplices ofK . An (unoriented) edge of K °
consists of a pair (; ) with either or . If a'is an edge ofK ° contained
in a simplex of K, then the initial point i(a) of a is the barycentre of (i.e. asa
vertex of K 9 and its terminal point, t(a), is the barycentre of some smaller simplex,

. We write i(a)= ,t(a)= andsohavea=(; ), with . (This is perhaps
the opposite order from that which seems natural, but it avoids considering dual
posets later.)

Example 9.10. For the 2-simplex, considered as the simplicial complex of an-

empty subsets of 1; 2; 3g, this gives

M

Although it is usual to consider partially ordered sets as dagories, because his
complexes_aremore general than mere simplicial complexes, Hae iger intoduces a
speci ¢ construction of a small category associated td< (cf. [13]).

De ne a category C(K) with set of objectsSk , the set of vertices of the barycentric
subdivision K © of K and with arrows Arr(C(K)) = Ext Sk, the set of edges of
K 0 together with Si . (Of course, the vertices are considered as identity arrowsat
themselves.) Two edges and b are considered composable if(a) = t(b) and the
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composite isc = basuch thata; b; cform the boundary of a 2-simplex inK ©,

This category C(K) is an example of asmall category without loopsas introduced
by Hae iger [7, 13]. We shall consider a small category, , to consist of a set,V( ),
of vertices or objects (denoted here by Greek letters,, , etc.) and a setE( ) of
edges (denoted by Latin letters,a, b, ...), together with maps

i:E()! V() theinitial vertex or source map,

t:E()! V(), theterminal vertex or target map
and a composition

E@()! E(),
whereE®@ ()= f(a;p 2 E( ) E( ):i(a)= t(b)g, together with associativity of
composition and the rulesi(ba) = i(b), t(ba = t(a) for ba the composite ofa and
b.

The small category is a small category without loops, or scwol, if for allain E( ),
i(a) 6 t(b).

Remark 9.11. Hae iger's de nition of a small category without loops in [7] (p.521)
is optimised for the statement of the no loops condition, bubmits to de ne compo-
sition of an arbitrary arrow with a vertex. This is handled correctly (p.573) in an
appendix. This does not in uence the later development.

For the moment we will move attention back to K and the de nition of a complex
of groups.

9.3. Complexes of groups
A complex of groupsG(K) on K is (K;Go; a;0Jab) given by
1) agroupG for each simplex of K;
2) an injective homomorphism
a:Gia! Gyua
for each edgea 2 Ex of the barycentric subdivision of K ;

3) for two composable edgesr and bin Ex , an elementgap 2 Gy, iS given such
that

ga;é ba( )0ab = a b
and such that the \cocycle condition"
Gaicb a(Obic) = GabcGab

holds.
(If the dimension of K is less than 3, this condition is void.)
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Almost generic example : developable complexes of groups.

Suppose we have a simplicial complexX™ with a right G action which is \without
inversion”, i.e., if :g = then xg = x for all vertices x of . Write X = X=G for
the quotient complex. We will specify a complex of groupsG(X) on X:

Setp: X! X to be the quotient mapping.

For a simplex of X, pick a ~2 X with p(~)= , we say ~is the chosen lift of ,
and set
G = G.; the stability subgroup of ~
=fg:g9=-g
For eacha 2 Ex with i(a) = , let a be the edge in ~whose projection isa, i.e.
p(a) = aandi(a) = ~. Then there is someh, 2 G with t(a:h,) = ~ where ~is the
chosen lift of = t(a). (If t(a) = ~ already, we agree to takeH, to be the identity
of G.)
De ne
a:Gi@ ! Gt
by

a(@) = hy'ghy  for g2 G-
Given two composable edges and b de ne

Gab = Npghoha:
Veri cation of conditions
(Although easy to do, this helps the intuition:)

(i) Supposeg 2 Gj(,), then &= (~h,%;~) or athy = (~; =h 4). As g = ~, and
4,1 -~ we have

Ha lg =~h, !
and h,'ghs 2 Gy, i.e.  a(Q) 2 Gy(a)-
(i) Suppose a;bare composablei(ba) = i(b), t(ba) = t(a), then
b:Gity ! Grwp = Gia)

b(9) = hy, *ghy:
Similarly a2 (g) = h, *h, *ghsha,
whilst
ba(9) = Nya Gha:
It is clear that ga.., as de ned above does the job.
(iii) cocycle condition:

Gaicb a(Obic) = hcblahcbha:halhcblhchbha
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Oa;ch-Jab = hcb‘lahchba:hbalhbha;

so it does check out correctly.

In the case of a single domain global actiorA = A(G;H) whereH = fH1; ;Hng
with H; <G, then N(A)=G= " ! Suppose 2S . - thenif =f ; ; g
we can always choose = fH ,; ;H ,g. If ais an edge ofSd( " 1) then for
i(d= andt(a)= ; ~ ~andhence
—1
G =G.-= fH;ji2-~g;
—1
G =G.= fH;ji2~g

so there is no need to haven, 6 1. Because of this, , is simply an inclusion of a
subgroup and g, can be chosen to be 1. Thus single domain global actions yield
simplices of groups of a particularly simple kind. This doesot imply that the more
general case is irrelevant to global actions, merely that sigle domain global action
are \untwisted".

Problem/Question 9.12. Are there “twisted' variants that also arise from global
actions?

Given a complex of groups, both Corson and Hae iger show howd construct a
universal covering complex and a fundamental group which yelds the given complex
of groups, provided certain fairly mild restrictions are satis ed.

9.4. Fundamental group(oid) of a complex of groups.

Let G(K)=(K;G ; a;0ab) as before.
Let E, be the set of edges oK °with an orientation

+

a’ = a, a = awith the opposite orientation
soi(a )=t(a") etc.
First de ne FG(K) to be the group generated by
1
fG : 2VWol[ Ex

subject to the relations

- the relations of eachG ;
-(a") '=a and(a) '=a",
- a(g)= a ga for g2 Gjq,

- (ba)* gap = b" a* for composablea; b

The image of G in FG(K) will be denoted G .

Haeiger de nes 1(G(K); o) in two equivalent ways:
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De nition 9.13.  Version 1. If o; 1 2 Vk, the vertices of K, a G(K)-path ¢
from (o to 1 is a sequence(go;€1;01; ;€n;0n), Where (e1; ;e€,) is an edge
path in K° from i(e;)) = o tot(e,) = e; and g 2 E(,i=1; :n and where
Ok 2 Gi(er) = Gi(ernn)-

Such aG(K)-path, c, representsgoer  engn 2 FG(K). Two such paths from ¢
to ; are said to be homotopic if they represent the same element 8fG(K). We
set 1(G(K); o; 1) equal to the subset of G(K) represented byG(K )-paths from
oto 1. When o= 1, we write

1(G(K); 0)= 1(G(K); o; 0):
This is a subgroup ofF (G) and is called the fundamental group of5(K).

Version 2. AssumeK is connected and pick a maximal treeT in the 1-skeleton of
Sd(K) = KO Let N(T) be the normal subgroup oF G(K) generated byfa® : a2
Tg, then

1(G(K); T) = FG(K)=N(T);
and hence has a presentation:

- generators tG t Eg

-relations : -1 02 = O1Q within any particular G
- @@= 'g 926G,
-( )9, = if ; 2 Ex are composable
- =1 if 2T.

Example 9.14. SupposeA = A(G;H), K = N(A), H = fHy; iHhg so K =
" 1 Pick the maximal tree with edges radiating out from the verx fH g, e.g. if
n =3, we get gure 4

Figure 4: Barycentric Subdivision of 2 with the chosen maximal tree shown.

There is an obvious collapse of " ! to T. We have already noted that all thega:
are trivial in these examples so we can prove (inductively &ithe collapsing order)
that if a is any edge inSd( " '), the fact that =1 for 2 T implies thata=1
in 1(G(K);1). Thus 31(G(K);1) has a presentation with

- generators t G
-relations : - g1 02= 010 Wwithin any particular G
- (@=9 for g2 Gj( )
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As G = I%Iijiz g, we have
1(G(K)i1) = tH;;
the coproduct of theH; amalgamated over the intersection.
It is noticeable that there is, as before, a homomorphism
1(G(K); D! G
with kernel 1N (A). 1

Thus for single domain global actions, the fundamental grop is the same as the
fundamental group of the corresponding complex of groups.

10. Coverings of global actions.

To complete the study of the various interpretations of 1(A; ag) we need to consider
covering maps of global actions and the analogues of the unévsal covering.

10.1. Covering maps

De nition 10.1. Let p: B! A be a morphism of global actions. We say thap
is a covering map if it satis es the unique local frame lifting property. Explicitly,

In the context of groupoids, the de nition of covering is based on the Stars of the
objects (cf. Brown [8]). In the global action case, we have niions of local and global
Stars:

Let C be an arbitrary global action. Let 2 ¢ and x 2 X , then Star (x) =
fxj 2G g Ifx2X,thensetStarc(x)=[f Star (X)] 2 candx2 X g.

Proposition 10.2. Letp: B! A be a covering of global actions. Then the following
two conditions are satis ed.
1) if x1;X2 2 Xpg are such thatp(x1) = p(x2), X1 6 X2, and there is some 2 g
with x1;X2 2 X then Star (x1)\ Star (x2) = ;;
2) if x2 Xg thenp suary(x)- Starg(x) ! Stara(p(x)) is a bijection.

(In fact 2) implies 1))

The proof is omitted.

Note that the converse of this result is false. Consider for xample the global action
B with 3 points, say fa;b;@ and 3 local setsf a; by; f a; cg; fb; @. The cyclic group
C, acts on each local set in the obvious way. LetA be a global action with the
same underlying set but with only one local set on whichCs acts. Then the identity
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map between the underlying sets induces a morphisnB ! A which satis es the
conditions of the last proposition but this map is not a covering map of global
actions.

We saypisregularif g = A andpis a regular morphism with p=(p ;pc;px)
suchthatp : g! A isthe identity map.

Proposition 10.3.  Any covering is weakly isomorphic to a regular covering.

The proof is omitted, as we will nor be using the result here.

The construction and theory of coverings is very similar to that in the classical
topological theory. We will assumeA is connected and when necessary that a base
point ag 2 X A has been chosen.

10.2. Path lifting and homotopy lifting

Supposep: B! A s a covering map of global actions, supposé : L! A is a path
and (N; ;N;") is a stabilisation pair for f . Setxo = f (N; ).

Lemma 10.4. Given any %, 2 p 1(xo), there is a unique pathf™: L! B with the
same stabilisation pair (N; ;N;") such thatpf~= f and f{N; ) = %o.

Proof. (For simplicity of notation we assumeN; =0, and write N;" = N.) Suppose
f =(f(0);f(1); ;f(N)). Thereisan 12 A with f(0);f(1) 2 (Xa) ,, and a
01 2 (Ga) , such that gif (0) = f(1). Thus x1 = f (1) 2 Stara(Xo). AS  starg(xo) IS
a bijection between Staig(%g) and Stara(Xp), there is a unique x; with p(x*1) = X3
and ag , with %1 = g ,x0. A simple use of induction completes the proof. O

Again supposefy;f; : L ! A are paths, but in addition supposeh : L L! A
is a (xed end point) homotopy from fq to f1. (This, of course, implies that fo;f;
stabilise to points xo and xy say.) Again let %, 2 p 1(xo) and then we have

Lemma 10.5. The two lifts f5; 7 of fo;f1 are homotopic by a homotopyh lifting
h. In particular f(N) = f1(N).

Proof. We can assumeh stabilises outside a square. We may assume this square is
actually a 1 by 1 square as the general case follows by induain. Initially we will
need

go
xo ——Ik@ 5

hy

e

Xo

g1
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but in general,

0 Jko
X600 k'téo

Xi —IKi+

Since h is a morphism of global actions, any such square must end up wiin a

single local patch of A and so can be lifted. \Uniqueness" ensures that it glues to
any lifts constructed earlier in the process in the obvious wy. The only statement

left unproved is the last.

We end up with x{ and xy lying over xy and the right hand side of the homotopy
giving us a path from xy to % which maps down (viap) to the identity path from

Xy to itself. \Uniqueness" of path lifting then shows this must be the identity path
at xy and soxy = % as required. O

Corollary 10.6. If p: B! A is a covering andA is connected then all the bres
p 1(x), x 2 A have the same cardinality.

Proof. If xo;x1 2 A, let f : L ! A be a path from xo to x;. Now pick xp 2
p 1(xo), and lift f to f~joining %, to some uniquely determinedxt 2 p *(x1). This
assignment is a bijection since the reverse path is also unigly determined. O

10.3. The 1(A;ap)-action

This gives a way of associating to each covering : B! A, a setFa, (= p (ap))
together with an action of ;(A;ap). Alternatively the covering may be thought of
as a collection of bres indexed by the elements oiX 5 and then we get an action
of 1A on B by \deck transformations" over A.

Theorem 10.7. Supposep: B! A is a covering map, andby 2 p %(ap) then the
induced maps
p; 1B! 1A
and
p 1 1(Bibo)!  1(Aja0)
are monomorphisms.

Proof. The induced maps take! 2 1B with w=[f]top (!)=[pf]l2 iA. The
result is just an immediate consequence of unique path liftig together with the
lifting of homotopies. (The proof is easy and follows that given in many elementary
homotopy texts.) O

Now supposeap 2 A is the chosen base point, thatB is connected and we have
bo;by 2 p *(ag). Choose a path class from by to by in 1B which thus gives an
isomorphism

u: 1(Bilw) ! 1(B;by)
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by conjugation u(! ) = 1 within  {B. As in the topological case we get an
inner automorphism of 1(A;ag); (!)=p () p (), and of coursep ( ) is a
loop sincep(ly) = p(by). We thus have

Proposition 10.8. The images of ;(B;ky) and 1(B;b;) are conjugate subgroups
of 1(Ajao). 1

Path lifting then shows that any conjugate subgroup of 1(B;hy) in 1(A;ag) can
arise in this way. Just lift any conjugating element to a path in B.

The theory of coverings of global actions follows the same geral development as
the classical topological one (cf. Massey [15]) or the grougd one (cf. Brown, [8]).
For instance one can easily prove the following results.

Proposition 10.9. Letp:C! Bandqg:B! A be morphisms of global actions.

1. If p and g are covering maps, so iqp.
2. If p and qp are covering maps andp is epi, then q is a covering.

Proposition 10.10. If p:B! Aandq:C! A are coverings andf :B! Cis a
morphism over A, then f is also a covering.

The proof of the following result is in fact easier than in the classical case. It uses
the unique path lifting property of coverings.

Proposition 10.11. Letp:B! A be a covering andag 2 X, by 2 Xg such that
p(by) = ag, let f : C! A be a morphism withf (cp) = ap and suppose thatC is
connected. Thenf lifts to a morphism f~: C! B, with f{c) = hy, if and only if
f (1(Cco)) p( 1(Bib)). 1

Remark 10.12. Given the similarity of the development to the classical androupoid
cases, it should be clear that all of the above goes across ke tcontext of groupoid
atlases. There are also strong lifting properties for strogy coverings.

We x a base point ag in A and denote for simplicity 1A= 1(A; ap).

The action of 1A onp (ay) extends to a functor from the category of coverings
over A to that of ;A-sets, i.e., sets with ;A-actions. Explicitly if by 2 p *(ap) and
2 1(Aap); =[f]say;lift toa pathin B starting at by. Its other end will be

by 2 p *(a0).

If g: (B;p) ! (C;q) is a morphism in the category of coverings overA, then g
restricts to a map p (ag) ! g *(ag). Uniqueness of path lifting then shows that

9(ky) = 9(bo)
as hoped for.
Writing Cov =A for the category of coverings ofA, we will get

Cov=A 1A-Sets
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If (B;p) is a covering global action of A, we will write Aut A(B;p) for its automor-
phism group (group of covering or deck transformations) witin Cov=A.

The functor above gives a homomorphism

Auta(B;p) ! Aut ases(p *(a0))
as is easily checked.

If' :p (ag)! p *(ap)is an automorphism of ;A-sets then the isotropy subgroup
of any point by 2 p 1(ap) is the same as that of' (ky), i.e., from our earlier discus-
sion, it is easily seen to bep ( 1(B;kp)). Thus as a 1A-set,p (ap) is isomorphic
to the \coset space" ;A=p 1B. By 10.11 one has that the automorphism' can be
realised by a deck transformation and so Aui(B;p) and Aut ,a-ses(p 1(a9)) are
isomorphic.

Corollary 10.13. If 1B is trivial (i.e. the covering global action is simply con-
nected) thenAut o(B;p) = 1(A;ap), i.e. (B;p) is a universal covering. 1

10.4. The Galois-Poincae theorem for global actions

To complete the triple description of ;A, we need to show that a simply connected
covering exists. In fact we will show more, namely that givenany conjugacy class
of subgroups of 1A, we can nd a covering (B; p) corresponding to that conjugacy
class (i.e.fp 1(B;p): b2 p %(ag)g gives exactly the given conjugacy class). This
and generalities on jA-sets will then establish that

Cov=p ! 1A-Sets
is an equivalence of categories, which is the Galois-Poineecorrespondence theorem
in this context.
As before let A be connected and pick a base poingy 2 X 4. Let H be a subgroup
of 1(A;a0).
We have a set A of based paths and a projection
p: Al A

given by p(! ) = e'(!). De ne an equivalence relation y on A by f fOif
p(f)=p(fY and [f][fJ * 2 H, where the composition is viewed as taking place
within the fundamental groupoid ;A and H as a subgroup of the vertex group at

ap.
Let X, denote the set of equivalence classeH, i, of based paths under .

The function p: X a! Xa clearly induces onepy : Xa, ! Xagivenbypyhfi =
e'(f). We will give Ay a global action structure. Take

Ay — A

For 2 AH;(XAH) = f! 2XAijH(!)2(XA)gand(GAH) Z(GA) . The
action of (Ga,) on (Xa,) is as follows:
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Letf 2 A (andwe as usual assum&l; =0and N, = n, say), thenp(f) = f (n).
Supposef 2 (Xa,) ,sof(n)2 (Xa) andlet 2 (Ga) .Deneapath | by
L1

n

f(n) if m6 n;

f -
(M=) ifm>n+1
and set
f=f I
Thus - -
£ (m) = f(m) ifm6n

f(n) fm>n+1
It is easily checked that this gives an action on equivalencelasses by
cHi=hifi

since it just adds one extra \link" to the path. Clearly py : i = :pyhfi= :f (n),
Ay is a global action andpy a regular morphism of global actions.

We can now prove that (Ay ; py ) iS a covering of A.

unique local frame with this property. This proves that (Ay ; py ) is a covering.

We note that le(ao) is the set of y equivalence classes of loops aty. If we look
at the equivalence relation , it is clearly made up of two parts:

(i) if f f9(i.e. xed end point homotopic) then clearly [f][f9 =1, 2 1A,
and sof 4 f%whatever H is chosen;
(i) if f isaloopatagthenf y 1, if[f]2 H.

Together these imply that p '(ap) = G=H where we have written G for 1(A; ap).

Since Ay ;pn) is a covering of A, there is a G-action on p (ap) making this a
G-set isomorphism.

Any path ' at ag in A will lift to a path given a choice of initial point. Fix ~ag to

be the class of the constant path atag, soay 2 Ay and py (&) = ag. If ~ is the

lift of ' starting at -a9 then '~(n) is the element of Ay represented by the partial
path from ' (0)to ' (n). If n>N.* and' is a loop at ap representing an element
of H 6 1(A;ap) then the end point of '~ is the point of Ay represented by the
path from ' (0) to ' (n), i.e.,, i, but[']2 H soh i = hagi and"' lifts to a loop in

Ay . Conversely any loop inAy at ag is the lift of a loop at ag which represents an
element ofH.

A similar argument implies that if ' and' © are homotopic loops atay in Ay then
they are lifts of homotopic loops atap in A which then of course represent the same
element ofH. We thus have
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Proposition 10.14.  The induced homomorphism
P 1(AniEo) ! 1(Ajao)

is a monomorphism with image,H .

Proof. The proof is by direct calculation using the explicitly de n ed lifts of paths
and homotopies. O

Remark 10.15. Much of the above would work for strong paths, but the proof
that the strong version of (Ay ;py ) is a covering would seem to depend on a local
condition which is in some way analogous to \semi locally simply connected". This
would say that small strong loops were strongly null-homopic. Here by small we
mean

a_ % Iy 9 Iy
This is clearly satis ed for many examples.

Problem/Question 10.16. Adapt the above discussion to handle strong coverings
and /or groupoid atlases.

To summarise:

Theorem 10.17. Given (A;ap); A connected, andH 6 1(A;ap) then there is a
connected covering spac€Ay ; py ) with
PH ( 1(An;&0)) = H:

In particular corresponding to H = 1, the trivial subgroup of 1(A;ag), one has a
simply connected covering spacéA; p): 1

Of course by an earlier result Auta(A;p) = 1(A; ap).

Now set G = 1(A;ag). Any G-set X can be decomposed as a disjoint union of
\connected" G-sets. Here \connected" merely means single orbit or trangive G-
sets. These all have formG=H and we can note thatp,'(a) = G=H as G-sets.
Using disjoint unions of (Ay ;pu)s for various subgroupsH will yield a covering
space B;p) with p (ag) = X as G-sets. It is then more or less routine to check
that

Cov=A G-Sets
is an equivalence of categories.

Thus we have three descriptions of 1(A;ag) for a connected global actionA:

(i) equivalence (homotopy) classes of loops a#g,

(i) ol A),

(i) Aut A(A;p) and thus the group G in the above equivalence.
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11. Single domain global actions I1.

In this section we will examine general single domain globaéctions and their cov-
erings.

11.1. General single domain global actions and A(G;H)s

SupposeA = ( Xa; a;Ga) is a single domain global action. We thus have that A
is a set with a re exive relation 6 de ned on it, then
Ga: a! Groups

can be considered as a (generalised) functor and we can formsicolimit G =
colim Ga. Each G ; 2 A acts on G by left multiplication via its image in G.
(Note: G need not be isomorphic to a subgroup of5, but other than that one has
virtually the situation of A(G;H).)

De ne a global action G with |G = G

G= A
G
G;

(Go)
(Xe)
so G is a single domain global action.

If H is any subgroup ofG, we can form a quotient global actionG=H with jG=Hj =
jGj=H, the set of right cosets ¢4 = ¢, etc, so G=H is again a single domain
global action.

It is clear that
0(G) = o(G=H)=1:

Theorem 11.1. Any connected single domain global action is regularly isowrphic
to some G=H.

Proof. Let A be a connected single domain global action and lety 2 A be a chosen
basepoint. Let G5 be the global action constructed above from colim Ga @ A !
Groups.

The group G acts on A and also, of course, orjGaj. De ne a function
P:jGajl] Al
(using the base point) sending! 2 Ga to !:a g, i.e., read the word! o from the

right acting on ayp, inductively. The possible ambiguities in the word are due b cases
of 6 and the compatibility condition ensures this does not matter.

Sinceg ! getssentto @ !ag)= g (!:ap), this de nes a regular morphism of
global actions.

Let Ha = p Y(ap), which is the stabiliser of ay in Ga.
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Clearly
GA:HA = A

The only di erence therefore between single domain global etions of the form
A((G;K);H) as introduced in section 9 and the general case is that thél; may not
be subgroups and may have interrelations between them.

Examples 11.2.

1. As before takeS; = ha;bj a® = b? = (ab? = 1i, H; = hai, H, = hd to get
A(S;3; fhai; Hbig). Then the colimit group is C3 C, and, of course, the stabiliser
of 1in Ga is merelyKer (C3 C, ! S3), thatis 1(A(Ss;fhai;Hig). The quotient
map

pZC3 Cy! 53

is that with kernel the normal closure of(ab)? and writing K for that kernel (and
thus for 1), we have

A(S;3; fhai; Hog) = A((Cs Cy; K)fhai;hig):

A similar picture emerges with the other examples.

2. For Ak 4 = A(K 4;fhai;Hoi;hcig), the colimit group is C; C, Cp = CY¥ and the
stabiliser is the normal closure ofabc This normal subgroup has rank 3. Thus
Ak 4 has a second description a&\(( Cf) ;K);H), whereH = fhai; hi; Icig, these
subgroups being here subgroups ﬁ)‘f), not of K4. Of course, K = 1(Ak 4).

3. The only change forAgg is that the colimit group is (C4 Cs C4)=f1; 1g, the
free product with amalgamation.

4. Taking Sz again, but with presentation hx1;x, j X2 = x3 = 1;(x1x2)% = 1i;
Hi = hxqi, Hy = hx,i, gives colimit group C, C,. The stabiliser of 1 / funda-
mental group is free on(x1x,)%. We again get a second description as a “relative'
A((G;K);H).

5. For our nal example, S, with presentation hx1;Xz; X3 j X2;i =1;2;3; (x1x2)% =
1 = (x2x3)3; (x1x3)? = 1i is S, itself and the given description is the one we
have found earlier through the general process.

11.2. Coverings of single domain global actions

If A= Ga=Ha as above then forA, its universal or simply connected covering A is
also a single domain global action and as the diagranG, = Ga,

A= GAZHA:
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Clearly there is a diagram
Gp=Hy —x
Ga=Ha :—/i
SOH, Ha.
It remains to relate H, more closely toH .
If 2 L= a, thenset(G}) = image((Ga) ! G).
Let
Ha = fH 6 jGajj forall 2jGaj; H 1\ (G) = Ha 1\ (GY)
forall 2 g

L1
and letH, = fH 2Hg. Then H, 2 H A and is minimal. Of courseH, /H A and
Ha=H, = 1(A). Thus as a corollary of the main classi cation theorem for cverings
we get:

Proposition 11.3.  General connected coverings ofA correspond bijectively to in-
termediate groups betweerH , and Ha. 1

Remark 11.4. If ((A) is not trivial, i.e. A is not connected, then it is important
to remember that A only covers the connected component of the basepoint.

Again we turn to our examples to see what these results give tére.

In each case we have a description &% asA((Ga; Ka); H) and as our initial situation
had

Ka=Ker(p:G! Xa);

where G is the colimit group of the original system, we have

Ka= 1(A’1)
in each case. This implies tha is trivial. We could also deduce this from the
description of Ha with K, = Ha. (Ka is normalin Ga so K o 1\ (G) =

Ka\ (G2) . In each example this is trivial, soHa contains the trivial group and
hence has that group as its intersection.)

We can describe the simply connected covering oA in each case:
1. A = A(Ss;fhai;hdg), A = A(Cz Cy;fhai;hbig), where as beforehai is to be
interpreted in context as a subgroup of the corresponding group.
2. Ax 4 = A(K 4; fhai; Hoi; beig), ARs = A(CSY ; fhai; Hoi; beig).
3. Ags = A(08; thii; hi;Hkig), Ags = A(Ga;fhii;hi;Hkig), where Ga has presenta-
tion

bk jit=1;i2=j2=K3:
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4. A = A(Ss;H), with H = fH1;H,g with each H; generated by a transposition,
A= A(CY ;thxii; fhx,ig):

5. The caseA(S4;H) with H = fH4;H,; Hsg, as above (example 8.6), is already
simply connected, so is its own simply connected cover.

In the next section we examine a more complex example, namelthe elementary
matrix group, E,(R) of a ring R, which forms the connected component of the
identity in the global action GL,(R).

12. The Steinberg Group and Coverings of GL,(R)

A particularly important example of a single domain global action is the General

Linear Global Action GL,(R). We saw, example 2.4, that o(GL,(R)) was the set

of right cosets of the group GL,(R) modulo the subgroup E,(R) of elementary

matrices and hence was identi able as beingk 1(n; R). We asked \is K,(n;R) =
o(GL,(R))?" It is to this question we now turn.

12.1. The Steinberg group  St,(R)

The usual approach to K,(n;R) is via the Steinberg group St (R). We eatrlier,
example 2.4, introduced the notation"; (r) for the elementary matrix with

1
Egifk=1;

i (D = it (k1) =(ig);
%otherwise .

Here, of course, (j) 2 , the set of non-diagonal positions in an n n array.
Elementary matrices satisfy certain standard relations ard the Steinberg group is
obtained by considering the group having generatorsx; (r), abstracting the ele-
mentary matrices, and having as relations just these standad, almost universal,
relations. More precisely (and a standard reference is Milar's notes, [16]), St (R)
is given by generatorsx; (r), r 2 R, i;j =1;2;:::;n, i 6 j, which are subject to
the relations:

St xi; (@)xi; (B) = xij (a+ b);
1 ifié ;] 6k
Xi-(ab) 16 ;] =k

These are called theSteinberg relations

Stz [xij (8);xk; (B)] =

There is an epimorphism

"ISth(R) ! En(R)
given by mapping x;; (a) to '
then de ned to be Ker ' .

"ij (@). The second (unstable) K -group, K,(n; R) is
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12.2. A more detailed look at  GL,(R)

We will construct a global action analogous toSt, (R) but for this we need to under-
stand GL, (R) better. Early in this paper, x2.4, p.106, we introduced the elementary
matrix groups, GL,(R) . Recall that we let be the set of o -diagonal positions
inann n array and called a subset closedif it corresponded to a transitive
relation, i.e. if (i;j) 2 and (;k) 2 , then (i;k) 2 . The general linear global
action GL, (R) then had coordinate system , the set of closed subsets of ordered
by inclusion. The underlying set of GL,(R) was the general linear group Gl, (R)
and for 2 , GL ,(R) was the group of elementary matrices generated by the
" () with (i;]) 2

Clearly this single domain global action is of the formA(G; H). To form its connected
covering (which will cover the connected component of 1, thais, will cover the sub-
global action, E, (R), determined by the elementary matrices), we need to take tle
colimit of the GL ,(R) . Clearly to examine this colimit we need to see what the
maximal elements of are, and to examine the corresponding G.,(R) .

Lemma 12.1. If 2 is maximal, then it is a total order on f1;:::;ng.

Proof. Transitivity follows from closedness. If (i;j) 2 , then (j;i) 2 , since no
diagonal elements are in , but as is maximal, one or other of (;j ) and (j;i ) must
be in - otherwise we could add it in! O

Lemma 12.2. Let T,(R) be the group of upper triangularn n matrices over R.
If 2 is maximal, then

GLna(R) = Ta(R):

Proof. Pick an order isomorphism,f between andthetotalorderl< 2<:::<n.
Map the generator";; (r) to "¢ (iy;f ()(r). This extends to the required isomorphism
from GL,(R) to T,(R). O

12.3. The Steinberg global action Stp(R)

It is known (cf. Milnor's notes [16]) that T,(R) has a presentation given by the
Xk (r), with1 6 k<™ 6 n, and with the Steinberg relation (restricted to those in-
dices ;) with k <) between them. Let St,(R) be the group given by generators
Xk (r) with (i;j ) 2 and with the corresponding Steinberg relations, then

colim , St,(R) =St,(R);
so if we de ne a global action as below, it will be connected.
De nition 12.3.  Let Sty (R) be the global action havingSt, (R) as its underlying

set, , above, as its coordinate system and, for 2 , St,(R) as the corresponding
local group.
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The isomorphism GL,(R) = T,(R) for maximal together with the fact that
Ta(R) = Stn(R) , for o = f(i;j) : i < g gives that there is an isomorphism

" :Sty(R) ' GL,(R) formaximal compatible with the inclusions into Sty (R)
and GL, (R) and the homomorphism' introduced earlier.

Two maximal  can be linked with each other by a zig-zag where intermediate
maximal elements (total orders) di er by the transposition of two elements only.
The corresponding isomorphisms  agree on intersections of the corresponding
groups thus giving an isomorphism

Sta(R) = colim », St,(R) [ colim , GL,(R) = GL,(R):

The resulting map is then easily shown to be' . It remains to analyse this map a
little more.

The kernel,
Ha =Ker(Sth(R)" colim 2 GLy(R) ! En(R));
is central (again see Milnor's notes), hence
Ha Y\ ImGL,(R) = Ha\ GL,(R) =flg

as no element of Gly (R) vanishes when mapped into Gl (R) as the mapping is
an inclusion. Thus the family, whose minimal element we needcontains the trivial
subgroup! Hence that must be the minimal element. O

We have proved

Theorem 12.4. The simply connected universal covering ofsL, (R) is isomorphic
to Sty (R). The covering map is given on elements by the evaluation maipg

' 1Sth(R)! GLn(R):
1

Corollary 12.5. The secondK -group K(n;R) is isomorphic to ;(GL,(R)). [
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