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Gaussian measures in Hilbert spaces

> (Q,F, P) probablility space
» U separable Hilbert space
» B(U) the Borel o-algebra of U
DEFINITION. A random real random variable is measurable function

X :(U,B(U)) — (R, B(R)), where B(R) is the real Borel o-algebra. The law of X
is the probability measure o X~

For v € U let v/ € U* denote the functional given by v/(u) = (v, u)y, v e U.

DEFINITION. A probability measure p on (U, B(U)) is Gaussian if for all v € U,
v/ has a Gaussian law as a real-valued random variable on the probability space
(U,B(U), ). That is, for all v € U there are m, € R and 0, € Ry, such that, if
o, >0,

(1o (V) 2) (A) = i ({u € U v/(u) € A}) = W/

for all A € B(R). If o, = 0, then we require that y o (v')~! = 4, , the Dirac
measure concentrated at m,.
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Nuclear operators and trace

Let £1(U) denote the set of nuclear operators from U to U; thatis, T € L£1(V) if

. V)
T € L(U) (bounded, linear on U) and there are sequences {a;}, {b;} C U with
> 21 l1ajllllb;]l < oo and such that

oo

Tx =) (x,b)aj VxeU.

Jj=1

It is a Banach space under the norm

1Tl = inf {7 I3l = Tx = Y 6x. b3 .
j=1 j=1

For T € L£1(U) the trace of T, Tr(T), is well defined and is given by

Te(T) = (Tex, ex)
k=1

with {ex}22; an ONB of U.
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Characterization of Gaussian measures
THEOREM. A finite measure p on (U, B(U)) is Gaussian if and only if

f(u) = / ei(uv)u dp(v) = ei{m,u>U—%<Qu7u>U7
U

where m € U and Q € L(U), Q >0, with Tr(Q) < co. In this case we write
w= N(m,Q), and m and @ are called the mean and the covariance operator of p.
The measure p is uniquely determined by m and Q.

COROLLARY. Let u be a Gaussian measure on U with mean m and covariance
operator Q. Then, for all u,v € U,

/U<x, uyydp(x) = {m, u)y,
/ (x —m,u)yy{x — m,v)ydu(x) = (Qu, v)y,

U
) Ix = ml| dp(x) = Tr(Q).
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Gaussian random variables and the existence of Gaussian
measures

DEFINITION. A U-valued random variable X on a probability space (2, F, P),
that is, a measurable mapping X : (Q,F, P) — (U, B(U)), is Gaussian if the law
p = Po X1 of X is a Gaussian measure on (U, B(U)), that is,

PoX™1 = N(m,Q) for some mec U and @ € L(U). We call m the mean and Q
the covariance operator of X.

PROPOSITION. If X is a U-valued Gaussian random variable with mean m and
covariance operator @, then for all u,v € U,

E((X,u)u) = (m,u)y,

E(X — m,uyy(X —m,v)y) = (Qu,v)y,

E(IX — m[[}) = Tr(Q).
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PROPOSITION. If Q € L(U), Q >0, and Tr(Q) < oo, then there is an
orthonormal basis {ex}xen of U such that Qex = Axex,
AMZ>X> 2 A > A1 > - >0, Ay = 0 as kK — oo, and 0 is the only
accumulation point of {Ag}xen. Moreover,

Qx = Z)\k<x, exyuek, x € U, and Tr(Q) = Z)‘k'
k=1

k=1

THEOREM. Let m € U and Q € L(U), Q >0, with Tr(Q) < co. A U-valued
random variable X on (Q,F, P) is Gaussian with Po X~1 = N(m, Q) if and only if

X=m+ Z VA Brex,
k=1

where (Ak, ex) are the eigenpairs of Q and 3k are independent real random
variables with P o ﬂk_l = N(0,1) if Ay > 0 and 8 = 0 otherwise. The series
converges in Lp(Q, F, P; U).

COROLLARY.(Existence of Gaussian measures.) For each m € U and
Q€ L(U), @ >0, with Tr(Q) < oo, there exists u = N(m, Q).
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Nuclear Q-Wiener processes

DEFINITION. A U-valued stochastic process {W(t)}+>0 is called a (nuclear)
Q-Wiener process if
1. W(0) =0;
2. {W(t)}+>0 has continuous paths almost surely, that is, the mapping
t — W(t,w) is continuous for almost every w € Q;

3. {W(t)}+>0 has independent increments, that is, for any finite partition
0=t <t < -+ <ty_1 <ty < oo the random variables

W(t), W(ta) — W(t1), -, W(tm) — W(tm—-1), are independent;
4. the increments have Gaussian laws, more precisely,

Po(W(t)—W(s)) ™t =N(0,(t-s)Q), 0<s<t.
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Existence and representation of nuclear Q-Wiener
processes

THEOREM. Let Q € L(U), @ > 0, with Tr(Q) < oo. A U-valued process
{W(t)}¢>0 is a U-valued Q-Wiener process if and only if

W(t) = Z VA Br(t) e,

where (A, ex) are the eigenpairs of @ and {fB«(t)}+>0 are independent real-valued
standard Brownian motions on (Q, F, P). For each T > 0, the series converges in
L>(Q, F, P; C([0, T], U)). In particular, for every Q € L(U) with Q@ > 0 and
Tr(Q) < oo, there exists a Q-Wiener process.
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Cylindrical processes

In practice one may would like to consider a Wiener process with more general
covariance operator @, such as @ = /. If Tr(Q = 00), then the sum

=3 VABi(t)ex
k=1

does not even converge in L,(£2, U), since

EHZAW@ eJH ZAE@ ftZ)\ftTr (Q) =

In this case we call the formal sum a cylindrical Q-Wiener process. The important
point is that we can still define an integral w.r.t. cylindrical processes.

REMARK.

» The sum converges in a suitable larger Hilbert space where one obtains a
nuclear Wiener process. However, this is not unique.

> The real processes W, (t) = > =, vV AkBk(t)(ex, x)u are well-defined real
valued Brownian motions with covariance E(W,(t)?) = t||@*/%x|2.
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The Wiener(-Itd) integral

For stochastic equations with additive noise the complete theory of the Itd
integral is not needed since the integrand is deterministic.

Let U, H be separable Hilbert spaces and let F : [0,00) — L(U, H) (L(U, H) is the
space of bounded linear operators from U to H) be strongly continuous; that is,

t — F(t)x is continuous for each x € U. Let
= V\Bu(t)en; Qex = Acex,
k=1
where the sum is formal if Tr(Q) = co. Define, first formally,

/Ot Z\/>/ s)ex dBk(s).

Each term in the expansion is defined in terms of real-valued It6 integrals as

/0 F(s)exdBi(s Z/ (s)ex, ¢j) dBk(s) ¢;,

where {¢;}2°, is an orthonormal basis for H.
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The latter series converges in Ly(2, H), because, by the isometry of the
real-valued It integral; that is,

(| [ 0@ = [ iroras

and Parseval’s identity, we have for fixed t > 0,

(| Fomenol) -5(53| [t apenc
—Z/| S)e, &) ds

:/ ||F(s)ek||2ds < 00,
0

since F is strongly continuous.
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The It6 isometry

THEOREM. Let F : [0,00) — L(U, H) be strongly continuous and let {W(t)}:+>0
be a Q-Wiener process given by (1). Assume that the operator Qr(t) € L(H),
which is defined by

Qr(t)x = /Ot F(s)QF*(s)xds, x¢€H,

has finite trace for all t > 0. Then the series in (2) converges in Lo(Q, H) and
defines an H-valued Gaussian random variable fo s)dW(s) with zero mean and
covariance operator Q£(t). Moreover, we have the isometry

(] [ Fomiof) =m0 = [ 1F0@ hass

Hilbert-Schmidt operator B : U — H:

I1Bllfs = > 1By < oo, {¢;} arbitrary ON basis in U.
I=1
Note: ||Bl[}s = Tr(B*B) = Tr(BB*) = ||B*|[}s
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PROOF. Since F is strongly continuous it follows that Qg(t) is well defined as a
Bochner integral. Its trace is

Z/ ¢J,¢Sj>ds—/OtTr(F(s)QF*(s))ds

= [[TE©@ @ s = [ IF6)Q s ds,

where {¢;}2°, is an orthonormal basis of H. This is the last equality in (4).

Next we show that the series in (2) converges in Ly(2, H).
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= E(i \ikf /t<F(s)ek,¢j> dﬁk(s)r)
j=1 k=1 0
=Y (S [ F@eapancs)])
j=1 k=1 0
= gki:o;l )\;%)\J-%E</Ot</:(s)ek,¢j> dgBk(s) /()t<F(s)e,,¢5j>dﬁ,(5))

{Independence of [k, and real It isometry}

= [ HF@e)Pas =30 [ FE)Q e g ds

j=1 k=1 j=1 k=1
t 00 o0 t O t

— [ 1FEQ e aas = [ ST IR al?ds = [ [F(9)Q! isds:
0 k=1j=1 0 k=1 0
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Thus the series in (2) converges in L,(£2, H) to a random variable, which is
Gaussian, because it is the limit of Gaussian random variables. Finally, a similar
calculation shows that

t

E(</Of F(s)dW(s),x></0 F(s)dW(s).y)) = (Qe(t)y). xy € H,

so that the covariance operator of fot F(s)dW(s) is indeed Qf(t). O

REMARK. The Fourier expansion (1) of W(t) might not converge in Ly(£, U)
(Tr(Q) = o0) but the expansion (2) of the stochastic integral does converge in
L»(Q2, H) and gives an H-valued random variable provided that Tr(Qf(t)) < oo.
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Stochastic convolution

An important special case, as we will see, is the stochastic convolution; that is,
when
F(s)=e (t=94B,

COROLLARY. Let —A generate a Cp-semigroup e~ on H, let B € L(U, H), and
let W(t) be a Q-Wiener process in U. Assume that the operator Qa(t), which is
defined by

t
Qa(t)x = / e ABQB*e " x ds, (5)
0

has finite trace for all t > 0. Then the stochastic convolution
t o0 t
WA(t) — / e—(t—s)ABdw(S) = Z \ /)\k/ e—(t—s)ABek dﬁk(s)
0 — 0

is a well-defined Gaussian random variable with zero mean and covariance
operator Qa(t). Moreover, we have the isometry

E(IWa()IP) = TH(@a(0) = [ ]e"BQ 2 fisds.
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Semigroup approach to SPDEs: the linear case

Linear SPDEs with additive noise:

dX(t) + AX(t)dt = BdW/(t), t >0
X(0) = Xo

» H, U Hilbert spaces
> W(t) =72 VAkBk(t)ex, Q-Wiener process on U, Qex = Aiex
» Filtration F, := (0,.. F°, where

r>sv r

N ={CeF:P(C)=0}, Fo= o(Bk(r): r <s,k €N), ]?‘f = o(NMUFy)

» Be L(U,H)
» {X(t)}+>0, H-valued stochastic process
» Xp is Fp-measurable
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» —A:D(A) C H— H is linear operator, generating a strongly continuous
semigroup (Co-semigroup) of bounded linear operators {S(t)}¢>0 C L(H);
that is,

» S(0)=1;

» S(t+s)=5(t)S(s) forall s, t > 0;

» {5(t)}+>0 is strongly continuous on [0, c0), that is, t — S(t)x is continuous
on [0, 00) for all x € H;

> limy_gr 2SO — Ay for all x € D(A);

In this case u(t) = S(t)x is the unique (mild) solution of the deterministic
equation
t
u(t)+A/ u(s)ds = x, x € H, t >0,
0

and if x € D(A), then u is the unique (strong) solution of

u(t) + Au(t) =0, t > 0; u(0) = x.

Sometimes the semigroup S(t) generated by A is also written as S(t) = e~ in

analogy with matrix exponentials. In several cases this can be made rigorous using
a functional calculus.
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Weak solution
DEFINITION. (Weak Solution.) An H-valued process {X(t)}tc[o,7] is a weak

solution of the linear SPDE if X(t) is F;-measurable (t € [0, T]), {X(t)}tcpo, 1]
has Bochner integrable trajectories P-almost surely and
t
X(e) -+ [ (X(6) A ds = (6.1) + Wae 1)
P-ass., Vn € D(A), te [0, T].
Recall that

We-y(t) = Z VABi(t) ek, B*n)y = Z VB (t)(Bex, )
k=1

Note, that Wg-,(t) = [; I,BdW(s), where
L H—R, h(h):=(hn), heH.

The obvious candidate for the solution is given by the variation of constants
formula

X(t) = S(t)e + /OtS(t — )BAW(s).

Mihély Kovécs (University of Otago) FEM for stochastic PDEs Bielefeld IGK, November 2009 20 /76



THEOREM. (Existence and uniqueness of the weak solution.) If

)
| 1508042 s dr < o,
0

then
X(t) = S(t)¢ +/O S(t—s)BdW(s)

is a weak solution of the linear SPDE and it is unique up to modification. That is,
if Y(t) is another weak solution then X(t) = Y(t), P-as.

REMARK. The concept of weak solution is necessary for two reasons.
> The relation X(t) € D(A) is seldom true

> For the integral [; BdW(t) to exist one needs || BQY/?|?s < cc.
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Semigroup approach to SPDEs: the semilinear case
Here we consider equations written formally as

dX(t) + AX(t)dt = f(X(t))dt+ BdW(t), 0<t<T,

X(0) = €. ©)

» H, U separable Hilbert spaces
> W(t) =10 VAkBk(t)ex, Q-Wiener process on U, Qex = Axe
» Filtration F, :=(),.. F°, where

r>s
N :={CecF:P(C)=0}, Fs:=o(B(r): r <s,keN), F2:=a(NUF,)

—A generates a Co-semigroup {S(t)}+>o0
B € L(U, H)

f:H—-H

{X(t)}+>0, H-valued stochastic process
> Xp is Fo-measurable

vV VvYyy

The main difference when dealing with this kind of equations compared to the one
before is that, in general, there is no explicit representation of the solution of (6).
Another solution concept is more convenient in this case.
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Mild solution

An H-valued process {X(t)}c[o, 7] is a mild solution of (6) if X(t) is
Fi-measurable (t € [0, T]),

X € C([0, T]; Lo(, F, P; H))

and, for all t € [0, T],

X(t) = t)§+/5(t—s X(s)) ds+/5t—s)BdW(s) P-as.

THEOREM. (Existence and uniqueness of the mild solution.) If
g € L2(Qvf0,P; H),

-
| 156182 i ds < o
0
and f : H — H satisfies the global Lipschitz condition
[F(x) = fW)lln < Klix = yllu, VX, y € H,

for some K > 0, then there is a unique mild solution of (6).
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PROOF. (Sketch.) The proof is a fixed point argument.

First, it is not difficult to show that

Zap] = {X € C([a, b]; L2(Q, F, P; H)) : X(t) is Fy-measurable (t € [a, b])}

with norm || Y|

Then, define

Zow = sup,_‘e[a)b](EHY(t)||i,)1/2 is a Banach space.

F(Y)(t) = S(t)§+/0 S(tfs)f(Y(s))der/o S(t —s)BdW(s)

and show that F : Zjg ;) — Zo,-] for some 7 > 0 and that it is a contraction; that
is,

[F(Y1) = F(Y2)llz,., < LIY1 = Y2l z,,,, L <1

This yields a unique fixed point of F and hence a unique mild solution on [0, 7].
Finally, repeat the argument on [r,27], [27,37] and so on, to get a unique
solution on [0, T].
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Examples: heat equation

The stochastic heat equation is formally

%—AU(X7 t): W(Xa t)7 XED’ t>0
u(x,t) =0, x€0D, t>0
u(x,0) = ug(x), xeD

where D C R? is a bounded domain and A = 39_ §/0¢2 denotes the Laplace
operator. In order to put the equation into the semigroup framework define
H = U = Ly(D) and recall the Sobolev spaces

H* = HX(D) = {v € Ly(D): D% € Ly(D), |a| < k},
HE = H3(D) = {v € H'(D) : vlop = 0}.

We consider A= —A as an unbounded linear operator on H with domain of
definition D(A) = H> N H}.
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It is well known that A is self-adjoint positive definite and that the eigenvalue
problem

Ad; = pjd;

provides an orthonormal basis {d)J} ©, for H and an increasing sequence of
eigenvalues

O<m<pmp< - <p<-, w9 00asj— 0. )

The operator —A is the infinitesimal generator of the semigroup
S(t) = e *A € L(H) defined by

S(t)v=e" v—Ze (v, p;) b

The semigroup is analytic and, in particular, by a simple calculation using
Parseval's identity we have

T T
_ ot 1
| 1are e = [ et gtar < 1P @)
J
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The stochastic heat equation can now be written

dX + AXdt =dW, t>0,
X(0) =0,

where, for simplicity, we have set Xy = 0. It is of the form of a linear SPDE with
B =1, and its unique weak solution is given by the stochastic convolution

X(t) = Wa(t) = /OtS(t— s)dW(s)

provided that

)
/0 1S(6) Q23 dt < oo. )

Taking an orthonormal basis {f} of H we compute, using (8),
T T T
| Is0@ 2 s de = [ e 4 s de = [ 3 e AQ 2 a R ar
K

T
1 1
_ Z/O HAI/Ze—tAA—1/2Ql/2fkHth < 5 Z ||A—1/2Q1/2ka2 — 5||A—1/2Q1/2||2HS
k k
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Thus, (9) holds if
IA72QY2|}s < oo
> If Tr(Q) < oo, then
IAT2Q2 s < IIAT2 (17 1) | Q2 [Ifis = A2 1y TH(Q) < 00

and hence there is a weak solution in any spatial dimension.
> If Q =1, then, using (7),

|AT2QY2 s = A 2(lfs = D it ~ Dk
k k

This is finite if and only if d = 1. Thus white noise is too irregular in higher
spatial dimensions.
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Examples: wave equation

We consider the stochastic wave equation

dir — Audt = dW in D x R.,
u=0 on 0D x Ry,
u(-,0) = ug, u(-,0)=wy inD.

Let H1 = (H§(D))*. We let A = —A with D(A) = Hg and we regard A as an
operator H} ¢ H™! — H= ! by

(Au)(v) = (Vu, Vv) 1, (D).

Let U = L,(D) and W be a Q-Wiener process on U as before. We put

X = m , = [ﬂ , H=L1y(D)x HL.
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Now we can write

[du [ idt
ax = _du] - _AudterW}
[ x 0
= _—/\xl] dt + M dw
o 1
=|-n ofXdt+ {

—AX dt + BdW,
0 -/ 0
A=[x o] e=

dX + AXdt = BdW, t>0,
X(0) =¢,

0
/

| aw

where

So we have
(10)

where

—Xo

D(A):{XGH:Ax: L\Xl

] € H = Ly(D) x H—l} = HY(D) x Ly(D).
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Hence, in this case, U # H and B # I. In order to see what S(t) = e~ * is, we
note that y(t) = S(t)x is the solution of

y+Ay =0; y(0)=x,

that is,
1+MA1=0; y1(0) =x1, y1(0) = x.

We solve it using an eigenfunction expansion:

yi(e) = 3 cos(y/it) (1, 65) 6 + jﬁ sin(y/757t) (x2, 6,)6;

j=1
= cos(tAY?)x; + A2 sin(tAY?)x,

and
vo = y1(t) = —=AY2sin(tAY?)x; 4 cos(tAY/?)xs.
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Now we can write the semigroup as

S(t)=e = [ cos(tA1/2)  A=M/2sin(tAM/2)

—AY/2 sin(tA/2) cos(tA/?)

With £ = 0 the evolution problem (10) has the unique weak solution

X(t) /O S(t — s)BdW(s)

/t A2 sin((t — s)AY2) dW(s)
= o .

cos((t — s)AY2)dW(s)
0

For the existence and uniqueness of mild solutions one needs

)
| 1508 2 fsdt < .
0
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We have,
T L T .
| Is@BQ s de = [ 3 s()8QH Al ot
0 0 P
! -1 1 1 2 1 1 2
:/0 Z(H/\ 2S|n(t/\2)Q2fk||L2(D)+HcoS(t/\z)szk”H_l)dt
k

.,
:/ (I~ sin(en}) Q% s + 1A~ cos(en!) Q¥ s ) d.
0

This must be finite.
> If Tr(Q) < oo

_1 . 1 1 _1 . 1
IA=2sin(EA2) Q7 [[3s < [IA 2||%(L2(D))Hsm(t/\z)H%(Lg(D)) Tr(Q) < oo,

and similarly for cosine, so the condition holds in any spatial dimension.
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» For Q@ =/ we have
A~ sin(eA)QH s = A~ sin(eA)

1 . 1 _1
< A2 RslIsin(EAD)[[F iy ipy) < A2 Ifss-

Similarly for the cosine operator. Here |[A~z |45 < oo if and only if d =1 as
we saw for the heat equation.

Note: this is where one needs the choice H = L(D) x H~1. Otherwise, if one
takes H = H}(D) x Ly(D), then in case @ = / one would need, for example,

-
/ ||cos(t/\%)||ﬁsdt < oo
0

which does not hold in any spatial dimension.
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Spatial approximation
Consider

dXn(t) + ApXp(t)dt = B, dW(t), t > 0,
{Xh(o) = Xo,h

» V), C H finite dimensional

> By: U — V,, "approximation of B”

» —Aj generates a Co-semigroup Ej(t) = e~ on V,

> Xo,n approximates Xp in V,

The weak solution is given by
t
Xh(t) = Eh(t)XoJ, + / E/.,(t — S)Bde(S)
0

REMARK 1. In the rest of the lecture the semigroups e~ ™ and e~ are denoted
by E(t) and Ex(t) instead of S(t) and Sp(t), respectively, to avoid confusion with
the finite element spaces 5.

REMARK 2. In what follows (as before) we do not assume that A and Q
commute unless it is explicitly stated.
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Strong and weak error

» Strong error:

IXh(t) = X ()l o(0,m) = (ENXn(2) = X(2)])1/?

» Weak error:
G(Xn(T)) — EG(X(T))
for G: H— R.
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Strong error of the FEM for the stochastic heat equation

Recall, that the stochastic heat equation with additive noise can be written as

dX(t) + AX(t)dt = BdW(t), t > 0,
X(0) = Xo

» U=H = Ly(D), DCR?

» A= —A, D(A) = H¥(D) N H}(D)

» W(t) =72, VAkBr(t)ex, Q-Wiener process on U, Qex = Acex
Analytic semigroup:

e v =" e (v, ¢))¢;
j=1

can be extended as a holomorphic function of t.
Smoothing property:
A%~ Av| < Ce v, B=0
t
[ 14vze A2 ds < v
0
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Regularity of the solution

In order to describe regularity of functions on a fine scale we define norms

1/2
vle= (X milvio) ) = 1472v], seRr
J

For s > 0 we define the corresponding spaces:
HS:{VEH:|V\S<OO},
H~* is the closure of H with respect to the H*-norm.

The negative order space H~* can be identified with the dual space (HS) Then
we have H5 ¢ H = H° c H=S. It is known that H! = HO, H? = H2n Ho D(A).

Finally, set

VIE oy = EQVE) = [ [ 14720 deepo). peR
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Regularity of the solution

THEOREM [Yan'04]. If [|A=1/2QY/2||ys < oo for some 8 > 0, then
IX(O)laga ey < € (IXollaga ey + IAPD2QY2 s )

Two cases:
> I QY2IRs = 2075 IIQI/erH2 =271 A = Tr(Q) < oo, then 3 = 1.

»IfQ=1d=1 A=~ 352’ then |AB—1/2||ys < 0o for 3 < 1/2.

JAC=D2|2g = 50 i O & 30 T2 < oo iff d =1, f < 1/2
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Proof with Xp =0

t 2
X g = E(H/o AP~ 5)aw(s)||)
t
- /0 |AY2E(s) QY2 3 ds
t
- / |AY2E(5)AG-D/2 Q12 2 ds

0 t
=> / |AY2E(s)AB-D12 Q12 |2 ds
k=170

<C Z |AB-D2Q2p, I

t
— CAP-D2Qu2 2 /0 |AY2E(s)v]2 ds < C|lv|]
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The finite element method

du

Deterministic heat equation, with u; = a:

u—Au=f, xeD, t>0
u=0, x€edD, t>0

(u, v)z/Duvd§

(U, v) —(Au,v) = (f,v), ve HY(D)=H
N——
=(Vu,Vv)

weak form:

{u(t) € H(D), u(0) = up
(ug, v) +(Vu,Vv) = (f,v), Vv e H}D)
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The finite element method

u(t) € H3(D), u(0) = o

k form:
weak form {(ut, v) +(Vu,Vv) = (f,v), VveHYD)

» triangulations {7, }o<n<1, mesh size h
» function spaces {Sp}o<hn<1, continuous piecewise linear functions
> S, C H}(D) = H"
un(t) € Sp,  (up(0),v) = (uo,v), Vv ES
(upe, v) + (Vup, Vv) = (f, v), Yv € Sy
(upe, vy + (Vup, Vv)y = (f,v), VYveS,
—_—— ——
=<Ahuh,v) =(th,v)

{uh7t+Ahuh—th, t>0

the same abstract framework
Uh(O) = PhUO
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The finite element method

> triangulations {75 }o<n<1, mesh size h
> finite element spaces {Sh}o<n<1
» Sy C HY(D) = A
» S, continuous piecewise linear functions
> Ap: Sp— Sp, discrete Laplacian, (Ap), x) = (Vb, V), Vx € S
> P, : Ly — Sp, orthogonal projection, (Pnf,x) = (f,x), Vx € Sk
Xu(t) € Sp, Xn(0) = PrXo
{dXh+Ahtht = Pp,dW

Weak solution, with E,(t) = e~ %%, is the stochastic convolution

Xh(t) = Eh(t)PhXO + /t Eh(t — S)Pde(S)
0

Mihély Kovécs (University of Otago) FEM for stochastic PDEs Bielefeld IGK, November 2009 43 / 76



Error estimates for the deterministic problem

ug+Au=0, t>0 upt+Apup =0, t>0
u(0) =v up(0) = Ppv
u(t) = E(t)v un(t) = En(t)Ppv

Our basic assumption on the finite element method is that the Ritz projection
Ry : H' — S, defined as

(VRuv,Vx) =(Vv,Vx), v € H', x € S,
satisfies the error bound
[Rav — v|| < ChPlv]g, ve AP, 1< B <2

Example: D is a convex polygonal domain, with a regular family of triangulations
of D with maximum mesh-size h.
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Error estimates for the deterministic problem

Denote

Fh(f)v = Eh(t)PhV — E(l’)v7 |V|ﬁ — ||AB/2V||

We have, for 0 < 8 < 2 ([Th'06], see also, [Yan'04]),
> [IFa(t)v] < ChP|v]s, t>0

t 1/2
. (/ IF(s)vIPds) " < Chlvlsr, €20
0

For piecewise polynomials of order r — 1: 0 < g <'r.
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Strong convergence

THEOREM [Yan'04]. If ||AB—1/2QY/2||4s < oo for some 3 € [0,2], then
1Xn(8) = X(Olacaiy < CH° (IXll Ly, as) + 1ACD2 Q2 s )

For piecewise polynomials of order r — 1: 5 € [0, r].

Recall:  1X4(£) — X(8) s = (ECIX4(0) — X(O))) "

Two cases:

> If ||Ql/2||aS = Tr(Q) < oo, then the convergence rate is O(h).
» If Q =1, d =1, then the rate is almost O(h'/?).
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Strong convergence: proof

X(t) = E(t)X + /t E(t — 5)dW(s)
Xn(t) = En(t)PhXo + /Ot En(t — 5) PadW(s)
Fh(t) = Eh(t)Ph — E(t)

Xh(t) - X(t) = Fh(t)Xo + /Ot Fh(t — S)dW(S) = el(t) + eg(t')

|Fa(t)Xol| < Ch®|Xo|s  (deterministic error estimate)

= [les(®)lla@.my < CH [ Xoll 00,1109
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Strong convergence: proof

EH/OtB(S)dW(S)HZI/Ot 1B(s) QY2 |3 ds (isometry)

t 1/2
(/ ||Fh(s)v||2ds) < ChP|v|s_1, with v = QY2 (deterministic)
0

.
O =E] [ Fate =) aws)[ = (1A - 0"l
= Z/ IFn(t = 5)Q2¢y|* ds < CthﬁlO”zw 51
I=1
_ Chzﬁz ”A(ﬁ /2Q1/2§0 H2 Ch2ﬁHA(ﬁ 1) /2Q1/2||2
I=1

If Tr(Q) < oo, we may choose 3 = 1, otherwise 3 < 1.
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Note on the simulation

The process {P,W(t)}¢>0 is a P,QPy-Wiener process. There are two ways of
simulating it.
> Take a basis {(bh} for Sp. Calculate the matrix (Qn);j = (QaF, ¢J") Take
the Cholesky decomp05|t|on of Qn = LL*. Take independent Brownian
motions in a vector 3(t) = (S1(t), ..., Bn,(t)). Then LB(t) is the required
process with respect to the basis {zj)Jh j:hl
» Solve the eigenvalue problem Qu = Au on S, with the standard finite element
method. This yields the eigenpairs (A p, ejyh)J’-V:hl. Take independent Brownian
motions (5;(t )) . Then

Z )\1/2 t)ej h

is the required process. This can be very expensive. However if the noise is
smooth, then it might be enough to take less then N} terms and still preserve
the order of the FEM. For example, for the Gauss kernel, it is enough to take
~ (In Np)9 terms, see [KLL'09a]! So strong spatial correlation helps.
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Strong error of the FEM for the stochastic wave equation

Recall that the stochastic wave equation with additive noise (with 0 initial
conditions for simplicity) in the abstract form:

{dX(t) + AX(t)dt = BdW(t), t>0
X(0)

» X(t), H= H° x H -valued stochastic process
> W( )= 1 VA Bri(t)ex, @-Wiener process on U = H°, Qe, = e
» A=-A: A1 A7 D(A) = HY(D) = A

-1 [ o
x= o] ae- S o] o= ]

H=Hx H™', D(A)=H'x H°, U=H°’=LyD)

_ cos(tA!/? A=Y/2sin(tAY/? .
» E(t)=e "= |:/\1/2(Sin(i‘/\)1/2) cos(t/\(l/z) )] , Co-semigroup

v

v
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Regularity

THEOREM [KLS'09]. If |[AP=1/2Q1/2||4s < oo for some 3 > 0, then there exists
a unique weak solution

‘ ~1/2 1/2
@l ) //\ sin ((t — 5)AY2) dW(s)
x0=[50)] = [ Ete-mawe = | [[cos (e ) awee

0
and

IX(O o v a1y < CAOIAPTD2QU2 .

Two cases:
> If | QY225 = Tr(Q) < oo, then [ = 1.
> If Q =1, then [[AB-D/2|ys < coiffd =1, 3 < 1/2.
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The finite element method

Spatial discretization
> triangulations {7, }o<h<1, mesh size h
> finite element spaces {Sh}to<h<1
» S, C H' = H}(D) continuous piecewise linear functions
> Ap: Sp— Sp, discrete Laplacian,  (Ap, x) = (V), V), Vx € S
» P,: H° — S, orthogonal projection, (Paf,x) = {f,x), Vx € Sp

0o I 0
w= o o= e

dXu(t) + ApXp(t)dt = B, dW(t), t>0
" X:(0) =0

v

cos(t/\}]/z) /\h_l/2 sin(t/\i/z)

> Ey(t) = e ™ =
(1) l—/\i/2 sin(t/\}/z) cos(t/\},/Z)
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The finite element method (continued)

The weak solution is:

%0 = [0

t
/ A, sin ((t = s)AY?) P dW(s)
0

— [ Bt — 9By dW(s) = :
/0 ’ ’ / cos ((t — S)/\:,l,/z) PydW(s)
0

where

cos(tAy/?)v = Zcos (t/1n ;) (Vs Onj)Dhj

j=1

Hh,js d)h,j are the eigenpairs of /\h
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Error estimates for the deterministic problem
{ vee(t) + Av(t) =0, t >0

v(0) =0, »(0)=f = v(t) = A"Y2sin (t/\1/2)f

{ Vh,tt( ) th( ) = Vh(t) = Ah 1/2 sin (t/\},/z)th

Vh(O) = O, Vh,t(O) = th

As for the heat equation, our basic assumption on the finite element method is
that the Ritz projection satisfies the error bound

[Rav — v|| < Ch®|v|s, ve HP, 1< p <2
Then, we have [KLS'09], for Kx(t) = /\;1/2 sin (t/\;p)Ph — A"Y/2sin (tAY/?)
|Kn(t)f|| < C(t)h*|f]a  "initial regularity of order 3"
|Kn(t)f]l < 2|f| -1 "initial regularity of order 0" (stability)
IKn(0)fll < C()h*71Fl50, 0<B<3
B — 1 can not be replaced by 3 — 1 — € for ¢ > 0 (J. Rauch 1985)
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Strong convergence
THEOREM [KLS'09]. If |[A(B—1/2Q1/2||ys < oo for some 3 € [0, 3], then

2 _
1Xn1(£) = X (t)l yqmy < C(8) B3P [|AETD2QH2]|

Higher order FEM:  O(h7=1?), g€ [0,r+1].
PROOF. {f} an arbitrary ON basis in H°

1Xh,1(£) = X0 ()7, g 1oy = E(IXna(t) = X0 ()]?)

2
—E H/ Kn(t — s)dW(s H)
t

{Isometry}—/ || Kn(s Ql/z||HSds /Z‘ Ql/sz| ds
0

k=1

Clom” S|, = Comr i Qe
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Strong convergence: special cases and comparison with the
heat equation

Two cases:

> If ||Ql/2||ﬁs =Tr(Q) < oo, then 3 = 1.
1Xn,1(8) = X1(0) | Ly 0y < C(E)H°

> If Q =1, then [ACPV/2||ys < 0 iffd =1,0< 3 < 1/2.
[ Xn,1(£) = X1 ()| .10y < C(2)H°, s <1/3

Comparison with the heat equation: regularity is the same for both the heat and
wave equations:

IXu () a0y < CIAPTD2 QM2 s

Strong convergence:

1Xn 1 (£) = X1 ()] Ly iy < C P37 [APD2QH2 |y (wave equation)
IXa(t) = X ()| 1y 0,0 < € h7 IACD2 Q2| (heat equation)
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Weak error representation: preliminaries

Consider a general linear SPDE with additive noise

dX(t) + AX(t)dt = BdW(t), t > 0,
X(0) =Xo

and its spatial approximation

dXn(t) + ApXp(t)dt = B, dW(t), t > 0,
Xn(0) = Xo,h-

V,, C H finite dimensional
By : U — V4, "approximation of B”

—Ayp, generates a Cy-semigroup E,(t) = e~ % on V,

vV v .vY

Xo,n approximates Xp in Vj,
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Weak error representation: preliminaries
Now consider the simple SPDE

dY(t) = E(T —t)BdW(t), t € (0, T]; Y(0) = E(T)Xo,
with weak (in this simple case also strong) solution
t
Y(t) = E(T)Xo +/ E(T —s)BdW(s).
0
Similarly, consider
th(t) = Eh(T — t)BdW(t), te (0, T], Yh(O) = Eh(T)XoJ,,
with weak solution
t
Yh(t) = Eh(T)XO,h +/ Eh(T — S)Bde(S)
0

Notice that X(T) = Y(T), Xu(T) = Yu(T) and there is NO DRIFT term for Y
and Y.
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Weak error representation: preliminaries

In general, consider the auxiliary problem

dZ(t) = E(T —t)BdW(t), t e (1, T]; Z(r) =&,
where £ is a F,-measurable random variable. Then the unique weak solution is

given by

Z(t,1,6) = f—l—/tE(T— s)BdW(s).
Define u: H x [0, T] — R by
u(x,t) =E(G(Z(T,t,x))).

If G € C3(H,R), then it is well known that u is a solution to Kolmogorov's
equation

ur(x, t) + %Tr(uxx(x, HE(T —t)BQIE(T — t)B]*) =0,
u(x, T)=G(x), tel0,T), xe H.
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Weak error representation: preliminaries

C2(H,R) is the set of all real-valued, twice Fréchet differentiable functions G
whose first and second derivatives are continuous and bounded. By the Riesz
representation theorem, we may identify the first derivative DG(x) at x € H with
an element G’(x) € H such that

DG(x)y = (G'(x),y), y€H,

and the second derivative D?G(x) with a symmetric linear operator
G"(x) € B(H) such that

D?G(x)(y,2) = (6"(x)y,2), y,z€H.

We say that G € C?(H,R) if G, G, and G” are continuous, that is,
G e C(H,R), G' e C(H, H), and G” € C(H,B(H)). We define

Go(H) == {G € C*(H,R) : |G| () < o0},
with the seminorm

1G Il cz(ny := sup [IG" () l1 + sup [|G”(x) | 5(m)-
xeH xeH
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Weak error representation
THEOREM [KLL'09]. If

Tr (/0 E(t)BQ[E(t)B]*dt) < oo

and G € C2(H,R), then the weak error e,(T) has the representation

en(T) = E(u(¥x(0),0) — u(Y(0),0))

+ ;E/OTTr (sl Yi(2). )

X [Ep(T — t)Bp + E(T — t)B]Q[EL(T — t)By — E(T — t)B]*) d

= E(u(Y5(0),0) — u(¥(0),0))

+ ;E/OTTr (Uxx(Yh(t)7 t)

X [En(T — t)Bp — E(T — t)B]Q[EX(T — t)Bp+ E(T — t)B]*) d
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Weak error representation: proof
If £ is F: measurable, then u(¢,t) = E (G(Z( T,t,€))
of double expectation,

E(u(e. 1) = E(E(6(2(T, £,9))

}"t) . Therefore, by the law

]—"t)) - E(G(Z(T, t,g))).
Thus,

E(U(Y(O),O)) - E(G(Z(T,O, Y(O))) - E(G(Y( T))) - E(G(X(T)))

and with § = Y}(T)

Hence,

en(T) = E(G(Xa(T)) — G(X(T))) = E(u(Ya(T), T) - u(¥(0),0))
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Weak error representation: proof

Using 1t6's formula for u(Yy(t), t) and Kolmogorov's equation
E(u(Yh(T), T) — u(Yr(0), 0))
T
—E / ue(Yi(2). 1)
45 T (ualYa(2), OIENT — )BAQIE(T — 1)BA]") d
_ %E/o Tr (ual Yi(2). )
X [En(T — t)BA]QIEA(T — t)By]* — [E(T — t)B]Q[E(T — t)B]*) dt.

The proof can be finished by algebraic manipulation and playing around with
traces.
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Applications: heat equation

The stochastic heat equation and its finite element approximation in abstract form
are

{dX(t) +AX(t)dt = BdW(t), t >0,

X(0) = Xo
and
dXp(t) + ApXn(t)dt = BpdW/(t), t >0,
{Xh(o) = Xo,h-

> A:= —A with D(A) = H2(D) N HL(D).
> U= H := Ly(D) with norm || - || and inner product (-, -)
> V), = Sy (continuous piecewise polynomials of order r — 1)
>» A=A, A, = A,
» B:=1, B,= P,
> Xo,n = PnXo
> W(t) = 2:0:1 VAkBk(t)ex, Q-Wiener process on U, Qex = Axex
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Applications: heat equation

THEOREM [DP'09], [GKL'09], [KLL'09]. Let g € C3(H,R) and assume that

||A% Q2 ||us < oo for some 3 € (0,1]. Then, there are C > 0, hy > 0, depending
on g, Xp, Q, B8, and T but not on h, such that for h < hy,

[E(g(Xa(T)) — g(X(T)))| < CH*°|Inh|.

If, in addition Xp € L1(, H25), then C is independent of T as well.

The proof uses the error representation theorem, the basic deterministic finite
element estimate

s—y

[(En(t)Pn — E())v[| < Ch°t™ 2 |v[y, 0<y<s<r,
and that

sup  [Jue(x, t) By < sup [l8” ()] B(H)-
(x,t)eHx[0,T] xeH
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Applications: heat equation
REMARK.This is twice the rate of the strong convergence under the condition
|AT Q% ||us < oo.
Special cases:
» Q=1=d=1,2<1
> TrQ <oo=203=2.

Under a slightly stronger condition on A and Q the result can be extended to the
case § > 1.

THEOREM [KLL'09]. Let g € C3(H,R) and assume that ||A°~1Q||1, < oo for
some 3 € [1, 5]. Then there are C > 0, hg > 0, depending on g, Xp, Q, 3, and T
but not on h, such that for h < hg,

[E(g(Xa(T)) — g(X(T)))| < CH?|Inh|.

If, in addition Xp € L1(€, I'-I2B), then C is independent of T as well.

REMARK. We have that || 4“7 Q¥ |2¢ < [|AP~1Q||r..
If Aand Q "commute”, then ||A” Q:[|2s = |A° Q]|

Mihély Kovécs (University of Otago) FEM for stochastic PDEs Bielefeld IGK, November 2009 66 / 76



Applications: wave equation

Recall again the stochastic wave equation with additive noise in the abstract form:

dX(t) + AX(t)dt = BdW(t), t>0
X(0) = X(0)

v

X(t), H= H° x H~'-valued stochastic process
W(t)=>,- 1 VAkBr(t)ek, @-Wiener process on U = H°, Qex = Arex
» A=—-A: H ' H' D) =H(D)=H

o = [ o] s e [ o
=[a A== 1% ) =]

H=H"x H™', D(A)=H'x H°, U= H°=1,(D)
e tA cos(tA/?) A=1/2 sin(tAY/?)
N | =AYZsin(tAY?) cos(tA/?)

v

v

v

> E(t) ], Co-semigroup
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Applications: wave equation

Approximation

dXh(t) + AnXn(t) dt = By dW(t), t>0
X»(0) = Xo.

> Let 5, C H! finite dimensional subspaces and set V}, := 5, x Sp

» A" discrete Laplacian” defined by

<Ah¢7 X> = <V¢, VX>7 wa X € Sh
0o -/
Ah = |:/\h 0 :|

=

where Pp, is the orthogonal projection H° — S,

Set

> Let
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Applications: wave equation

1/2 —1/2 . 1/2
> Ep(t) = e ™ = cos(th;'?) A2 sin(EAE?)
7/\}1/2 Sln(t/\:/l/z) COS(tA},/z) ’

Co-semigroup on V},

Xon 1= [P0

(Note: Py, can be extended to H™1)
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Applications: Wave equation

THEOREM [KLL'09]. Let g € C3(H°,R) and assume that |[|[A°~2 QA2 |7, < oo
and that Xg € L1(8, H??) for some 3 € (0, Z52]. Then, there are C >0, hg > 0,
depending on g, Xp, @, B, and T but not on h, such that for h < hg,

[E(e(X0a(T)) ~ g(4(T)))| < Ch77.
The proof uses the weak error representation theorem with G(X) := g(P1X),

where P is the canonical projection H — HC. The relevant deterministic error
estimates are

IKn()] == [IA; 2 sin(tAY2)Pyv — N2 sin(EAY2)v|| < C(T)h71%|v|_1,
te[0,T], se[0,r+1].

and

1Gh(t)]| == || cos(tAy/*) Py — cos(tNY2)v|| < C(T)h7%|v],
tel0,T], se0,r+1].
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Wave equation: sketch of proof

Set G(X) := g(P1X), where Py is the canonical projection H — H°. Then,

(u(Y (), 1), ®) = E((g'(P1Z(Y (1), t, T)), P1®)| F2)
and
(U (Y (1), t)®, W) = E((g"(P1Z(Y(t),t, T))P1d, PLV)|F).

Recall, the abstract weak error representation:
en(T) = E(u(Y4(0),0) — u(Y(0),0))
1 T
n fE/ Tr (uXX(Yh(t), )
2 Jo

X [En(T — t)Br — E(T — t)B]Q[EX(T — t)By + E(T — t)B]*) dt.
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Wave equation: sketch of proof

The estimate for the first term is more or less straightforward from the
deterministic error estimate and gives

|E (u(Y4(0),0) = u(Y(0),0))| < C sup [lg'(x)]| Ch717E[|[ Xo|ll2s-

x€HO

For the second term, one can show, due to the special choice of G,

E(Tr(uxe(Ya(t), t)(En(T — t)Bs + E(T — t)B)Q(En(T — t)By — E(T — t)B)*))
— ET(Kn(T — t)Q(A, ZSh(T — t)Py + AES(T — £))g"(PLZ(Y(¢), t. T)))
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Wave equation: sketch of proof
Therefore,

e [ T (0.0

(En(T — 1)By + E(T — )B)QENT — t)By — E(T — )B)") dt|
_ ‘E/OTTr(mT— 0Q

(s S(T = O)Pa+ A~ AS(T = 1)g"(PLZ(Y (1), £, T))) dt]
- ’E/OTTr(Kh(T DAV QA

N 2Sh(T = O)Pa+ A"2S(T = £)g" (PLZ(Y(8), £, T)) dt‘
< CT sup [lg” ()l IV~ QA H [l Kn(T = )Nl
x€

< CTh## sup lg” ()l iy IV~ QA s
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Wave equation: remark

REMARK: The the strong rate O(717) is obtained under the assumption
||/\ﬁT_1 Q2 ||ns < co. It can be shown that

B=1 1 11
IN7 Q2 lfis < IN72 QA2 |n

with equality when A and @ have a common basis of eigenfunctions (" commute”),
in particular, when Q = /. If @ =/, then d = 1 and the weak rate is O(hrfl).
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