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1 Rotating patterns in R?

Reaction-diffusion system:
up(z,t) = ADu(z, t) + flu(z, b)), z € RY, ¢>0, d>2, (1)

u:RY % [0,00[— R™, A e R™™ f:R™— R™.
Rotating wave: Special solution uy : R% x [0, oco[— R™ of (1) with

ue(z, 1) = vile %z — 2,)), z € RY, ¢ >0,

vy 1 R — R™ pattern (profile), Sy € R&E ST — G, angular velocity
matrix, ry € R? center of rotation.
Rotating patterns in various examples:
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Co-rotating frame: v(z,t) = u(ets*x + Ty, t), T € R ¢ > 0. solves

(2)

ve(x,t) = ADv(x,t) + (Sex, Vo(z, b)) + f(v(x,t)).

Steady state equation: v, stationary solution of (2), i.e.

AN(z) + (Syz, Voe(z)) + flog(z)) =0, z € RY. (3)

Ornstein-Uhlenbeck operator?:

Lov] (2) = ADvg(z) 4+ (Sya, V() , 2 € RY,
DY (Lg) = {v e W2P(RE,R™) N LP(RER™) | Lov € LP(Rd,Rm)} |

loc

with diffusion term and drift term

s )
ANv(x) = A Z @v(x), (Ssx, V() = Z(S*x)i a—xv(x)
i=1 "1 ] !

Drift term is rotational by skew-symmetry of S

d—1 d
(Sez, Vo(z)) =Y Y (Se)i (xja% - xia%]) ().

i=1 j=i+1

Ornstein-Uhlenbeck semigroup:

T ()] (z) = RdH(x,g,m(g)dg, zeRY t>0.

with Kolmogorov kernel?

_ —d B —1|.tS,. . 2 d
H(x,&t) = (AntA) 2exp | — (4tA) e =& |,z, £ € RY t > 0.

Rotating waves in parabolic systems

Spatial decay and spectral properties!

Denny Otten

3 Outline of proof (Theorem 1)

1. Far-field linearization: In (3) expand f(v«(x)) into

1
f(voo) +( D f(voo) +/O D f(voo + twy(x))—D f(vso )dt ) Wi ().

NG J/

=( stable part ~-
=Q(z), QECy(RY,R™™)

The difference wy(x) = vi(x) — v satisfies

Lowy] (z) + (Df(veo) + Q(z)) wi(z) =0, z € R

2. Decomposition of variable coefficient (): Decompose

Q(z) = Qe(x) + Qelx), weRT )]
|Qc()|
with Qg¢, Q¢ € C’b(Rd, R such that . \
Q.
Qe small wr.t. |||, ;i -

(). compactly supported on RY.

Result:

(Lowy] () + (D f(veo) + Qe(z) + Qelz)) wi(z) = 0, z € RY.

Perturbed Ornstein-Uhlenbeck operators:

[,CQU} (x) =[Lov] (x) + Df(veo)v(x) + Qe(x)v(x) + Qc(x)v(2)
[Eng} () =[Lov] () + D f(veo)v(z) + Qc(z)v(X)
Loov| (x) =[Lov] (x) + D f(voo)v(z)

Exponential estimates in space

e Characterization of domain for £

e Fixplicit heat kernel estimates for Lo
e Small perturbation argument for L¢)_

® (Jcv treated as exponentially decaying right hand side of L¢)_

5 Numerical computations of rotating
waves, their spectra and eigenfunctions

Quintic-cubic Ginzburg-Landau equation:

w = alu+ 6u+ Blul*u+ ~ul*u, = e R’ u(z,t) e C,

with o, 8, v € C, Rea >0, 0 < 0.

3D Spinning solitons: For parameters7
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solitons are exponentially localized by Theorem 1 with bound
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Profile v,, numerical and analytical spectrum:
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Eigenfunctions: (isosurfaces)
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4 Spectral properties of rotating waves

Linearized operator:
Lo] (z) = [Lov] () + Df(ve(z))o(z), z € RY, d > 2.
Eigenvalue problem:
Lo] (z) = M(z), x € RY (4)
Spectrum of L: 0(L) = 0ess(L) U opt (L) with

opt(L£) ={A € (L) | A isolated with finite multiplicity}
Oess(L) =0 (L)\opit(L),

opt(£) point spectrum, oegs(L) essential spectrum.

2 Spatial decay of rotating waves

Theorem 1 (Exponential decay of vy). For every 0 <9 <1 and
every positive, radial, nondecreasing weight function 6 € C(Rd, R)
of exponential growth rate n = 0 with

2 s(=A) s(Df(voo)) s(A) spectral bound,
3 (p(A)? p2 p(A) spectral radius,

there exists K1 > 0 such that:
Every classical solution vy of (3) with v — Voo € LP(RT,R™) and

O<772§19

sup |vx(x) — voo| < K7 for some Ry > 0
>Ry

satisfies

Vx — Vo € Weljp(Rd, Rm)

Weight function of exponential growth rate* n > 0:
) € C(R? R) with
3Cy > 0: 0z +y) < Cyf(x)e va,y e RY
Exponentially weighted Sobolev spaces: 1 < p < o0, k € Ny,
LyRER™) = {v € L}, (RLR™) | [160] 10 < o0},
Wy P®%R™) = {v € LHR:R™) | Do € LYRER™) V(8] < k}.
General assumptions:

o A cR"™M with A>0form=1andform >1

A) = f >
mA) = I olAe] ~ p
Aw=#0

for some 1 < p < o0

(p1(A) first antieigenvalue of A)
o [ € C*(R™,R™)
® Uso € R f(voo) =0, Rea(Df(vso)) < 0

e A and D f(vx) simultaneously diagonalizable (over C)
e0+#£S, eRbd 5T — _g,

Theorem 2 (Exponential decay of eigenfunctions v). Classical
solutions v € LP(RY, C™) of (4) for ReA > —s(Df(vso)) + € satisfy

L,
v e Wy P(RY,C™).

Theorem 3 (Point spectrum in P on iR). apart(ﬁ) C opt(L),

pt —
art
ore (L) = a(Se) U{AL+ A2 | A, Ao € a(Sk), A1 # Ao}
ImA ImA ImA
1 i(01+02) 1 i(01-|—02)
1O 7;O'1 2 ’1:0'1
1 i(O’l — 0'2) 1 i(O’l — 02)
1 O 109 1 O o9 2@ 109
— 1K 0—Re\ 20— Re\ ReA
1 O —109 1 O —109 —109
1 —i(O’l — 0'2) —i(O‘l — 0'2)
1O —'L.O'l —’1:0'1
1 —i<0'1 +02) —i((ﬂ —I—O'Q)
d=2 d=3 d=14 d=2>5
Eigenfunctions: v(x) = (Sx 4+ 7, Vux(x)) with S € cdd g = g

7 e C% A total of d(d; L eigenvalues and eigenfunctions.

Theorem 4 (Essential spectrum?® in LP). aep;“(ﬁ) C gess(L),

k 2
t . AMw) € g (w*A—Df(v :
agfgr (ﬁ) = { —)\(w)—l—ZanO'l nl(E>Z w(ER f( OO)) }
=1 ’

¢ ReA ReA ReA

0 0 —
ImA\ ImA\ ImA\

d=23 d> 4 d>4

o 0 0

Density: 0 # tio; € 0(S4), I =1,...,k < %, then

dense

Dispersion relation®: \ € Tess(L) if for some w € R, n; € Z

k
det ()\]N +w?A +i anal]N — Df(voo)) = 0.
[=1

aepgag”(ﬁ) C {AeC|ReX < s(Df(ve))y < o, om : oot ¢ Q.

6 Interaction of rotating waves

Weak interaction: solitons repel each other
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Strong interaction (without pahseshift): solitons collide
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Strong interaction (with phaseshift):
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Aims

e Nonlinear stability of rotating waves® for d > 3

e Approximation theorem for rotating waves (on bounded domains)
e Discard assumption v, — voo € LP(R?, R™) in Theorem 1

e Fixponential decay in space of bounded continuous functions

e Stability of freezing method® and decompose and freeze method®
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