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Rotating Patterns in RY

Consider a reaction diffusion system

1) u(x, t) = AAu(x, t) + f(u(x, t)), t >0, x eRY, d > 2,
u(x,0) = up(x) ,t=0, xR

where u: RY x [0,00[— RN, Ac RVN £ e C2(RV,RN).
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Rotating Patterns in RY
Consider a reaction diffusion system

u(x, t) = AAu(x, t) + f(u(x, t)), t >0, x eRY, d > 2,
u(x,0) = up(x) ,t=0, xR

(1)

where u: RY x [0,00[— RN, Ac RVN £ e C2(RV,RN).
Assume a rotating wave solution u, : RY x [0, co[— RN of (1)

u(x, 1) = v, (e ®x)

vy : R — RN profile (pattern), 0 # S € R%9 skew-symmetric.
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Rotating Patterns in RY

Consider a reaction diffusion system

(1)

u(x, t) = AAu(x, t) + f(u(x, t)), t >0, x eRY, d > 2,
u(x,0) = up(x) ,t=0,x€cR% J

where u: RY x [0,00[— RN, Ac RVN £ e C2(RV,RN).
Assume a rotating wave solution u, : RY x [0, 00[— RN of (1)

u(x, 1) = vi(e”x)

vy : R — RN profile (pattern), 0 # S € R%9 skew-symmetric.
Transformation (into a rotating frame): v(x,t) = u(e®x, t) solves

()

ve(x, t) = AAV(x, t) + (Sx, Vv(x, t)) + f(v(x,t)), t >0, x € R?, d > 2,
v(x,0) = up(x) ,t=0,xeR9. J

d d
(Sx,Vv(x ZZ SiixiDjv(x) (drift term).
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Rotating Patterns in RY

Consider a reaction diffusion system

(1)

u(x, t) = AAu(x, t) + f(u(x, t)), t >0, x eRY, d > 2,
u(x,0) = up(x) ,t=0,x€cR% J

where u: RY x [0,00[— RN, Ac RVN £ e C2(RV,RN).
Assume a rotating wave solution u, : RY x [0, 00[— RN of (1)

u(x, 1) = vi(e”x)

vy : R — RN profile (pattern), 0 # S € R%9 skew-symmetric.
Transformation (into a rotating frame): v(x,t) = u(e®x, t) solves

@) ve(x, t) = AAV(x, t) + (Sx, Vv(x, t)) + f(v(x,t)), t >0, x € R?, d > 2,
v(,0) = to(x) =0, x €RY. J
(5x, Vv(x Z Z Sij (xiDi — x;Dj) v(x) (rotational term).
i=1 j=i+1
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Rotating Patterns in RY

Consider a reaction diffusion system

) u(x, t) = AAu(x, t) + f(u(x, t)), t >0, x eRY, d > 2, J

u(x,0) = up(x) ,t=0,x€cR%

where u: RY x [0,00[— RN, Ac RVN £ e C2(RV,RN).
Assume a rotating wave solution u, : RY x [0, 00[— RN of (1)

u(x, 1) = vi(e”x)

vy : R — RN profile (pattern), 0 # S € R%9 skew-symmetric.
Transformation (into a rotating frame): v(x,t) = u(e®x, t) solves

()

ve(x, t) = AAV(x, t) + (Sx, Vv(x, t)) + f(v(x, t)), t >0, x ER?, d > 2,
v(x,0) = up(x) ,t=0,xeR9. J

v, is a stationary solution of (2).

Question: How to show exponential decay of v, at |x| = 00?
Consequence: Exponentially small error by restriction to bounded domain.
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Rotating Patterns in RY

Consider a reaction diffusion system

(1)

u(x, t) = AAu(x, t) + f(u(x, t)), t >0, x eRY, d > 2,
u(x,0) = up(x) ,t=0,x€cR% J

where u: RY x [0,00[— RN, Ac RVN £ e C2(RV,RN).
Assume a rotating wave solution u, : RY x [0, 00[— RN of (1)

u(x, 1) = vi(e”x)

vy : R — RN profile (pattern), 0 # S € R%9 skew-symmetric.
Transformation (into a rotating frame): v(x,t) = u(e®x, t) solves

()

ve(x, t) = AAV(x, t) + (Sx, Vv(x, t)) + f(v(x,t)), t >0, x €R?, d > 2,
v(x,0) = up(x) ,t=0,xeR9. J

v, is a stationary solution of (2).
d = 2: Spectral stability implies nonlinear stability.

[ [BL] W.-J. Beyn, J. Lorenz. 2008.
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Example
Consider the quintic complex Ginzburg-Landau equation (QCGL):

utzaAu+u(u+ﬁ|u|2+'y|u|4), u=u(x,t) €eC J
with v : R? x [0,00[— C, d € {2,3}. For the parameters
1 1. 5 . 1. 1
Q*E""El?ﬁ*E"—Iv’y*_l_l_olvuf_i

this equation exhibits so called spinning soliton solutions.

rotating solion 1= 0.0
20

10
0|
10|

20
20 o 20

Appllcatlons superconductmty superfluidity, nonlinear optical systems.
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Example
Consider the quintic complex Ginzburg-Landau equation (QCGL):

ut:aAu+u(u+ﬁ|u|2+'y|u|4>, u=u(x,t) eC

with v : R? x [0, 00[— C, d € {2,3}. For the parameters

1 1 5 1, 1

= — — = — [ :—1—— =

this equation exhibits so called spinning soliton solutions.

rotating soliton, t= 0.0

rotating solion 1= 0.0
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[M [CMM] L.-C. Crasovan, B.A. Malomed, D. Mihalache. 2001
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Example
Consider the quintic complex Ginzburg-Landau equation (QCGL):

ut:aAu+u(u+ﬁ|u|2+'y|u|4>, u=u(x,t) eC

with v : R? x [0, 00[— C, d € {2,3}. For the parameters
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Main result: Exponential decay of v,

Theorem: (Exponential Decay of v,)

Let f(voo) = 0 and Re o (Df (Vo)) < 0. Under further assumptions holds:
For every 1 < p < 00, 0 <9 < 1 and for every radially nondecreasing weight
function @ € C(R? R) of exponential growth rate 1 > 0 with

2 aobo

3 &2,0cP?

0< > <Y

there exists K1 = Ki(A, f, voo, d, p, 8,79) > 0 with the following property:
Every classical solution v, of

AAV(x) + (Sx, Vv(x)) + f(v(x)) = 0, x € RY,

such that v, — ve, € LP(RY,R") and

sup |vi(x) — voo| < K7 for some Ry > 0
[x|>Ro

satisfies
Vi — Voo € Wel’p(Rd,RN) (weighted Sobolev space).
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Main result: The assumptions

@ ReA>0 and [Im)A||p—2|<2y/p—1ReX Ve o(A)
Im A

A, Df (Vo) € RNV:N simultaneously diagonalizable over C

@ 39 < Red, [N <amax VA€o(A)
Rep < —by<0 Vu€o(Df(veo))
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Main result: The assumptions

@ A positive function § € C(R9, R) is called a weight function of exponential
growth rate 1 > 0 provided that

3G >0: O(x+y) < GOx)e"™ Vx,y e R
@ [ZM]S. Zelik, A. Mielke. 2009.
Examples: € R, x € RY
1(x) = exp (—ulx)),  bs(x) = exp( w1,
0,(x) = cosh (u|x|), Ba(x) = cosh (u X+ )
@ Exponentially weighted Sobolev spaces: 1 < p < o0, k € Ny

LoRY,RY) := {v € L, (R, RY) | |0v]|, < oo},
Wy P(RY,RY) .= {v € LH(R?,RV) | DPu € LH(RY,RY) V6| < k}.
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Outline of proof: Exponential Decay of v,

Consider the nonlinear problem

AAV(x) 4+ (Sx, Vvi(x)) + F(v(x)) =0, x € RY, d > 2. J

1. Far-Field Linearization: f € C!, Taylor's theorem, f(vs) = 0
1
a(x) = / Df (vao + t(va(x) — vao))dt,  wi(x) = v (x) — vao
0

AAw(X) + (Sx, Vw(x)) + a(x)w(x) = 0, x € R9. J
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Outline of proof: Exponential Decay of v,

Consider the nonlinear problem

AAV(x) 4+ (Sx, Vvi(x)) + F(v(x)) =0, x € RY, d > 2.

2. Decomposition of a:
1
Df(voo) + Q(x) = / Df (Voo + t(ve(x) — Voo ))dt,  w(x) := vi(X) — Voo
0

AAw(X) + (Sx, Vw(x)) + (Df (veo) + Q(x)) w(x) = 0, x € RY.

QM)
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Outline of proof: Exponential Decay of v,
Consider the nonlinear problem

AAV(x) 4+ (Sx, Vvie(x)) + F(v(x)) =0, x € RY, d > 2. J

2. Decomposition of a:
1
Df (voo) + Q(x) :/ Df (Voo + t(vi(x) — Voo ))dt,  w(x) := vi(X) — Voo
0

AAW(x) + (Sx, Vw(x)) + (Df (veo) + Q:(x) + Qe(x)) w(x) =0, x € RY. J

|Q(x)] 3. Decomposition of Q:

Q(x) = Qe(x) + Qe(x),

Q,Q:, Q € L=(RI,RMN),
X = R Q- small, ie. || Q|00 < Ki,
Ro Q. compactly supported.

K1
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Outline of proof: Exponential Decay of v,
Consider the nonlinear problem

AAV(x) 4+ (Sx, Vvie(x)) + F(v(x)) =0, x € RY, d > 2. J

2. Decomposition of a:
1
Df (voo) + Q(x) :/ Df (Voo + t(vi(x) — Voo ))dt,  w(x) := vi(X) — Voo
0

AAW(x) + (Sx, Vw(x)) + (Df (veo) + Q:(x) + Qe(x)) w(x) =0, x € RY. J

|Q(x)] 3. Decomposition of Q:

Q(x) = Qe(x) + Qe(x),

K]) ) Q? QE? QC € Loo(Rdv]RN)N)?
Q=1 Q. small, ie. || Q. < Ki,
Q. compactly supported.

x| =R
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Outline of proof: Exponential Decay of v,
Consider the nonlinear problem

AAV(x) 4+ (Sx, Vvie(x)) + F(v(x)) =0, x € RY, d > 2. J

2. Decomposition of a:
1
Df (voo) + Q(x) :/ Df (Voo + t(vi(x) — Voo ))dt,  w(x) := vi(X) — Voo
0

AAW(x) + (Sx, Vw(x)) + (Df (veo) + Q:(x) + Qe(x)) w(x) =0, x € RY. J

|Q(x)] 3. Decomposition of Q:

1Q(x)| Q(x) = Q-(x) + Qc(x),

Q’ QE’ QC E LOO(RdvRN,N)’
Q- small, ie. || Q|00 < Ki,
Q. compactly supported.

X&)

x| =R
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Exponential Decay: To show exponential decay for the solution v, of

AAV(X) + (Sx,Vv(x)) + f(v(x)) =0, x e R d > 2 J

investigate the far-field linearization (w.l.o.g. vo, = 0)

AAV(x) + (Sx, Vv (x)) + (Df (vao) + Q-(x) + Qc(x)) v(x) =0, x e RY, d > 2.
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Exponential Decay: To show exponential decay for the solution v, of

AAV(X) + (Sx,Vv(x)) + f(v(x)) =0, x e R d > 2 J

investigate the far-field linearization (w.l.0.g. voo = 0)
AAV(X) + (Sx, Vv(x)) + (Df (Vo) + Q-(x) + Qc(x)) v(x) =0, x e R, d > 2.

Operators: Study the following operators

Lov :=AAV + (5,Vv) 4+ Df (Voo )V + Qev + Qcv,
Lo.v:=AAVv 4+ (5, VV) + Df (veo)v + Qcv,
Loov :=AAV + (5, Vv) + Df (Vo) v,
Lov :=AAv + (5-,Vv) (Ornstein-Uhlenbeck operator). (max. domain)
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Exponential Decay: To show exponential decay for the solution v, of

AAV(X) + (Sx,Vv(x)) + f(v(x)) =0, x e R d > 2 J

investigate the far-field linearization (w.l.0.g. voo = 0)
AAV(X) + (Sx, Vv(x)) + (Df (Vo) + Q-(x) + Qc(x)) v(x) =0, x e R, d > 2.

Operators: Study the following operators

Lov :=AAV + (5,Vv) 4+ Df (Voo )V + Qev + Qcv,

Lo.v:=AAVv 4+ (5, VV) + Df (veo)v + Qcv,

Loov :=AAV + (5, Vv) + Df (Vo) v, (exp. decay)
Lov :=AAv + (5-,Vv) (Ornstein-Uhlenbeck operator). (max. domain)
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Exponential Decay: To show exponential decay for the solution v, of

AAV(X) + (Sx,Vv(x)) + f(v(x)) =0, x e R d > 2 J
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AAV(X) + (Sx, Vv(x)) + (Df (Vo) + Q-(x) + Qc(x)) v(x) =0, x e R, d > 2.

Operators: Study the following operators

Lov :=AAV + (5,Vv) 4+ Df (Voo )V + Qev + Qcv,

Lo v :=AAV +(S5-,VV) + Df (Voo )V + Q:v, (exp. decay)

Loov :=AAV + (5, Vv) + Df (Vo) v, (exp. decay)
Lov :=AAv + (5-,Vv) (Ornstein-Uhlenbeck operator). (max. domain)
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Exponential Decay: To show exponential decay for the solution v, of

AAV(X) + (Sx,Vv(x)) + f(v(x)) =0, x e R d > 2 J

investigate the far-field linearization (w.l.0.g. voo = 0)
AAV(X) + (Sx, Vv(x)) + (Df (Vo) + Q-(x) + Qc(x)) v(x) =0, x e R, d > 2.

Operators: Study the following operators

Lqv :=AAV + (5, VV) + Df (Voo )v + Q=v + Qcv, (exp. decay)

Lo v :=AAV +(S5-,VV) + Df (Voo )V + Q:v, (exp. decay)

Loov :=AAV + (5, Vv) + Df (Vo) v, (exp. decay)
Lov :=AAv + (5-,Vv) (Ornstein-Uhlenbeck operator). (max. domain)
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Exponential Decay: To show exponential decay for the solution v, of

AAV(X) + (Sx,Vv(x)) + f(v(x)) =0, x e R d > 2 J

investigate the far-field linearization (w.l.0.g. voo = 0)
AAV(x) + (Sx, Vv (x)) + (Df (vao) + Q-(x) + Qc(x)) v(x) =0, x e RY, d > 2.
Operators: Study the following operators
Lov :=AAv +
Lo.v =AAv +

Loov :=AAvV +
Lov :=AAv +

S,Vv
S5,Vv
S, Vv
S5, Vv

+ Df (Vo )V + Qev + Qev,

+ Df (Voo )V + Qev,

+ Df (vso)v,
(Ornstein-Uhlenbeck operator).

exp. decay)
exp. decay)
exp. decay)

(
(
(
(

o~ o~~~
—_ — ~— ~—

max. domain)

Ornstein-Uhlenbeck Operator
Let P,Bc R%9, P=pPT, P>0and B #0.

VTPVv(x) + (Bx, Vv(x ZZD (PiDjv(x))+ Y > Div(x)Bjx;, x € RY

i=1 j=1 i=1 j=1

Here: P =1, and B = S.
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Exponential Decay: To show exponential decay for the solution v, of

AAV(X) + (Sx,Vv(x)) + f(v(x)) =0, x e R d > 2 J

investigate the far-field linearization (w.l.0.g. voo = 0)
AAV(X) 4 (Sx, V(X)) + (DFf (vao) + Q-(x) + Qc(x)) v(x) =0, x € RY, d > 2.
Operators: Study the following operators
Lov :=AAV + (5,Vv) 4+ Df (Voo )V + Qev + Qcv, (
Lo.v:=AAVv 4+ (5, VV) + Df (veo)v + Qcv, (exp. decay)
Loov :=AAV + (5, Vv) + Df (Vo) v, (exp. decay)
Lov :=AAv + (S-,Vv) (Ornstein-Uhlenbeck operator). (
@ [MPV] G. Metafune, D. Pallara, V. Vespri. 2005.

@ [MPRS] G. Metafune. 2001.

exp. decay)

max. domain)
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The operator L

Ornstein-Uhlenbeck operator
[Lov] (x) = AAV(x) + (Sx,Vv(x)), x e RY, d > 2.

1

, Heat kernel )
Ho(x,&,t) = (47tA) "2 exp (— (4tA) 7! [e®x — g‘ )  x,EERY £>0.

!
Semigroup in LP(Rd,]RN), 1<p<oo
[To(0)v] () = [ Hox. & (), > 0.
R

strong | continuity

Infinitesimal generator
(AnD(Ap)). 1< p < ox.

semigroup theory A-priori | estimates N\ Lo: LP-resolvent est.

unique solv. of exponential max. domain and
resolvent equ., decay, max. realization,
1<p< 1<p< l<p<oo
(M = A v, =g € L°. v, € WEP. A, = Lo on D(A,) = DP(Lo).
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Spectrum of localized rotating waves

Linearization about the profile of the rotating wave
[Lv] (x) = AAV(x) + (Sx, Vv(x)) + Df (vi(x))v(x), x €RY, d > 2.

Eigenvalue problem

[Lv] (x) = Av(x), x €eRY, d >2 A eC.

A rotating wave solution u,(x,t) = v, (e *x) is spectrally stable if
a(L) C{reC|Re)<0}.
Decompose the spectrum o (L) into
U(ﬁ) = JeSS(E) U th(ﬁ)v

with essential spectrum oess(£) and point spectrum opi(L).
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Illustration: Point spectrum of L

A€ (@(S)U{N+p| A pea(S). N7 u}) C ops(L) with algebraic multiplicity J

Im A Im A
1 Qin 2 @ioy
t X o Re ) 2 {EE{ Re )
1 ()—io‘l 2 §§—i01
d=2 d=3
dimSE(2) =3  dimSE(3) =6

Denny Otten (Bielefeld University)

Im A Im A
1 i(o1+ 02) 1 i(o1+ 02)
1 Qiox 2 @ioy
1 i(o1 — 02) i(o1 — 02)
1 Qioz

H%69ﬁ>)\ Re A

1 Qo2
1 X —i(o1—o02) —i(o1 — o2
1 Q—io
1 —i(o1 + 02) —i(o1 4 02
d=4 d=5

dim SE(4) = 10

Spatial decay of rotating waves in parabolic systems

dim SE(5) = 15

Bielefeld 2013
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Point spectrum of £

Theorem: (Point spectrum of L)

Let A € RN satisfy the main assumptions, f € C?>(RV,RY), 1 < p < co and let
v, be a classical solution of [Lov] (x) 4+ f(v(x)) = 0. Then

v(x) = (C™'x + 14C" Vv, (x)), x € RY, C™ € so(d), C"™ € R?

solves Lv = Av, whenever (X, (C™*, C')) solves

/\Cvot — _Scrot + (Scrot) T’
)\Crra — _Sctra'
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Point spectrum of £

Theorem: (Point spectrum of L)

Let A € RN satisfy the main assumptions, f € C?>(RV,RY), 1 < p < co and let
v, be a classical solution of [Lov] (x) 4+ f(v(x)) = 0. Then

v(x) = (C™'x + 14C" Vv, (x)), x € RY, C™ € so(d), C"™ € R?
solves Lv = Av, whenever (X, (C™*, C')) solves

/\Cvot — _Scrot + (SCrot)T7
)\Crra — _Sctra'

In particular:
o o(S)U{A+u|\pea(S), N#u}t Cop(L),
9 v(x) = (5x, Vv,(x)) eigenfunction of A = 0 for every d > 2,
@ group action = opt(L),

@ Theorem also valid for spiral waves, scroll waves, scroll rings.

Denny Otten (Bielefeld University) Spatial decay of rotating waves in parabolic systems Bielefeld 2013 13 /22



Exponential decay of v

Theorem: (Exponential decay of v)

Let the assumptions of the main result be satisfied.
The every classical solution v € LP(RY,CN) of

AAV(x) + (Sx, Vv(x)) + Df (vi(x))v(x) = Av(x), x € R?,
with A € C and Re X > —& 3 satisfies

v e W, P(R?,CV)

@ v, exp. localized = v exp. localized (with same rate)
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Outline of proof: Point spectrum of £

(3) 0 = AAV, (x) + (Sx, Vv (x)) + F(vi(x)), x e RY, d > 2. J

1. Group action: Apply a(R, ) to (3)
0=a(R,7) (AL vi(x) + (Sx, Vi (x)) + f(vi(x)))
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Outline of proof: Point spectrum of £

(3) 0 = AAV,(x) + (Sx, Vv, (x)) + F(ve(x)), x eRY, d > 2.

1. Group action: Apply a(R,7) to (3)
0=a(R,7) (AL vi(x) + (Sx, Vv (x)) + f(v(x)))

2. Derivative ﬁ at (R, 7) = (/4,0) leads to % equations

0 = (x;Dj — x;Dj) (AAv,(x) + (Sx, Vvi(x)) + (vi(x)))
0 =D; (AA v, (x) 4+ (Sx, Vvi(x)) + f(vi(x)))
fori=1,...,d-1,j=i4+1,...,d,1=1,...,d.
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Outline of proof: Point spectrum of £

(3) 0= AAv, (x) + (Sx, Vv (x)) + f(vi(x)), x e RY, d > 2.

1. Group action: Apply a(R,7) to (3)
0 =a(R,7) (AL v (x) + (5x, Vvi(x)) + f(vi(x)))
2. Derivative d(RL,T) at (R, 7) = (/4,0) leads to (dH) equations

0 = (x;Dj — x;Dj) (AAv,(x) + (Sx, Vvi(x)) + (vi(x)))
0 =D; (AA v, (x) 4+ (Sx, Vvi(x)) + f(vi(x)))

fori=1,....,d—1j=i+1,....d [=1,....d.

3. Commutator relations for differential operators yield, DV := x;D; — x;D;

0 =2 (DDv(x )+Zs,,,D<J Vel Zs,,no el

n;é - n;él
0= D/ V* E S/n D V*
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Outline of proof: Point spectrum of £

3. Commutator relations for differential operators yield, D'V := x;D; — x;D;

d d
0=L (D(’j) v*(x)> + Z S;,DU" vie(x) — Z ,'SjnD(i”) Vi (X)
n=1

= n=1
n#j n#i

0= D/ V* Z S/n D V*
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Outline of proof: Point spectrum of £
3. Commutator relations for differential operators yield, D'V := x;D; — x;D;

d d
0=L (D(U) v*(x)) + Z S;,DU" vie(x) — Z SJ-,,D("”) Vi (X)
n=1 =

= n=1
n#j n#i
0= D/ V* g SInD V*

4. Finite-dimensional eigenvalue problem: The ansatz

d

Z Z Crot Dj)v*(x) +Z C,traD/V*( ) Curot7 Ctra eC

i=1 j=i+1 =1
reduces Lv = Av to a
)\Cmt — _Scrot + (Scrot)T
Actra _ _Sctra'

Note: S is unitary diagonalizable.
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lllustration: Essential spectrum of L

k
{—)\(w) + iz moy | AMw) eigenvalue of w?A — Df(voo)} C 0ess(L) J
I=1

10

d=2or3 d = 4 (not dense) d = 4 (dense)
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Essential spectrum of £

Theorem: (Essential spectrum of v)

Let the assumptions of the main result be satisfied. Moreover, let +ioy,..., iok

denote the nonzero eigenvalues of S and let A\(w) denote an eigenvalue of
w?A — Df(vs) for some w € R. Then

K
{/\ = —-Aw) — iZn,a/ eClmezZ we R} C 0ess(L)

I=1

in LP(RY,CN).

o Far-field linearization = 0¢ss(L)

Dispersion relation: \ € o.s(L) if

K
det </\IN + wlA+ iz njoly — Df(voo)> = 0 for some Kk € R.
I=1
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Outline of proof: Essential spectrum of £
Linearization at the profile v,:

[Lv] (x) = AAv(x) + (Sx, V(X)) + Df (Voo )v(x) + Q(x)v(x)

Q(x) := Df (vu(x))—Df (veo), ‘s|u>pR|Q(X)|2 —0as R— o0

1. Orthogonal transformation: S € R%9, ST = -5 S=PAS,  PT
T1(x) = Px yields

[£1v] (x) = AAV(x) + (Migeex, V(X)) + DFf (veo)v(x) + Q(T1(x))v(x)

with
<AblockX Vv(x ZU/ (x21D21—1 — x21-1D21) v(x).

I=1
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Outline of proof: Essential spectrum of £
Orthogonal transformation:

[£1v] (x) = AAV(x) + (MioeiX; V(X)) + DFf (veo)v(x) + Q(T1(x))v(x) J

k

(MioaXs VV(x)) = > 01 (x21D21-1 — x21-1D2) v(x)
=1

2. Several planar polar coordinates: Transformation

(XQ’—1> = T(n, 1) = (" Cf’sd”) L I=1,....k ¢ €| —m ], rn>0.

X2/ rysin ¢

yields for £ = (r, ¢1, ..., fk, Gk, X2k+1, - - - , Xa) With total transformation T,(¢),

Q(&) = Q(T1(T2(€)))
1=2k+1

k 1 1 d
[Lov] (x) =A LE_; (aﬁ, + 7Ia,, + r—/ﬁj,,) + > aﬁ,] v(€)
k

— Z (T/(%,,V(f) = Df(Voo)V(é.) + Q(f)V(f),
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Outline of proof: Essential spectrum of £
Several planar polar coordinates:

k

> (82+ —8, + a¢,) + zd: aﬁ,] v(€)

=1 1=2k+1

[£2v](§) =A

— ZJ/8¢,V(§) + Df(veo )v(§) + Q(§)v(§),

é.: (r17¢17" .,rk,¢k,X2k+1,. .. 7Xd)7 Q(é) = Q(Tl(T2(§)))

3. Simplified operator (far-field linearization): Neglecting O (1)-terms yields

[Esnn

d k
Za > aﬁ,] V(&) = ) 0104, v(€) + DF (voo)v(£). J

1=2k+1 =1
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Outline of proof: Essential spectrum of £
Simplified operator (far-field linearization):

|=2k+1 =1

k d k
(23] (g):AlZang > 85,] v(€) = D 010, v(€) + DF (voo)V(€) J

4. Angular Fourier decomposition:

k k
v(§) = exp (iwzr/> exp (iZn,¢>,> VomeZ weR, veCV |0 =1

=1 =1
g€l —mm),n>0,1=1...k,

yields

I=1

(M= L£5™) v] (&) = <,\/,\, +WA+iY moly — Df(voo)> v(€). J
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Outline of proof: Essential spectrum of £
Angular Fourier decomposition:

[(M = £5™)v] (¢) = (AIN +RPA+IY  moyly — Df(voo)> v(§). J

=1

n€Z, k€eR, =io nonzero eigenvalues of S € R%?

5. Finite-dimensional eigenvalue problem: [(A/ — £5™) v] (£) = 0 for every ¢
if A € C satisfies

K
(w2A — Df(vs)) ¥ = — ()\ + iZ n,a,) , for some w € R.

I=1
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Example

Consider the quintic complex Ginzburg-Landau equation (QCGL):

ut:aAu+u(u+6|u|2+'y|u|4>, =u(x,t) eC

with v : R? x [0, 00[— C, d € {2,3}. For the parameters

1 1, 1 1
a=g+50h 8= . o H=5
this equation exhibits so called spinning soliton solutions.
e U:Sspmx Tess(L)
5
o(S) u{o}
0 .
[
3
5
° 0
5 -5 -1 -05 )
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1.0097e-14 -0.0044271 -0.0025103+0.68467i -0.0025103-0.68467i

0
10 10 ° 10 -10
-0.007943440.681861 -0.0079434-0.681861 -0.06710541.0071i  -0.08499541.5267i

FCARE

~J -10
"1 10
-10 -10 10 10 °
-0.22822+1.151i  -0.2678+0.13983i

0
-10 -10
-0.44638+1.4987i -0.47296+1.3375i  -0.47714+0.92233i  -0.49296+0.10782i

Figure: Eigenfunctions of QCGL for a spinning soliton with d =3
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Work in progress

J

¢ & ¢ ¢

exponential decay in space of continuous functions
rotating waves in bounded domains

approximation theorem for rotating waves
asymptotic boundary conditions

numerical computations (interaction of multisolitons)
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Work in progress

@ exponential decay in space of continuous functions
rotating waves in bounded domains

approximation theorem for rotating waves
asymptotic boundary conditions

numerical computations (interaction of multisolitons)

¢ & ¢ ¢

N

Denny Otten (Bielefeld University) Spatial decay of rotating waves in parabolic systems Bielefeld 2013 22 /22



	Introduction: Rotating pattern in Rd
	Main result: Exponential decay of vstar
	Outline of proof: Exponential decay of vstar
	Spectrum of rotating waves

