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© Rotating patterns in R?

Q Spatial decay of rotating waves

@ Eigenvalue problem for rotating waves and some basic definitions
@ Fredholm properties of linearization in LP

© Essential LP-spectrum and dispersion relation

@ Point LP-spectrum and shape of eigenfunctions

a Cubic-quintic complex Ginzburg-Landau equation

Denny Otten Spectral Properties of Localized Rotating Waves Bremen 2016



Outline

© Rotating patterns in R?
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Rotating Patterns in RY

Consider a reaction diffusion system

1) u(x, t) = AAu(x, t) + f(u(x, t)), t >0, x eRY, d > 2,
u(x,0) = up(x) ,t=0, xR

where v : RY x [0,00[— R™, A€ R™™ f:R™ — R™, up: RY — R™.
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Rotating Patterns in RY

Consider a reaction diffusion system

u(x, t) = AAu(x, t) + f(u(x, t)), t >0, x eRY, d > 2,
u(x,0) = up(x) ,t=0, xR

(1)

where v : RY x [0,00[— R™, A€ R™™ f:R™ — R™, up: RY — R™.
Assume a rotating wave solution u, : RY x [0, co[— R™ of (1)

u(x, 1) = v, (e ®x)

vy : RY — R™ profile (pattern), 0 # S € R99 skew-symmetric.
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Rotating Patterns in RY

Consider a reaction diffusion system

(1)

u(x, t) = AAu(x, t) + f(u(x, t)), t >0, x eRY, d > 2,
u(x,0) = up(x) ,t=0, xR J

where u: RY x [0,00[— R™, A€ R™™, f:R™ — R™, up: R — R™.
Assume a rotating wave solution u, : RY x [0, co[— R™ of (1)

ue(x, 1) = vi(e x)

vy : RY — R™ profile (pattern), 0 # S € R99 skew-symmetric.
Transformation (into a co-rotating frame): v(x,t) = u(e*x, t) solves

@) ve(x, t) = AAV(x, t) + (Sx, Vv(x, t)) + f(v(x,t)), t >0, x eR?, d > 2, J

v(x,0) = up(x) ,t=0,xeR

(5x, Vv(x)) = Dv(x)Sx —ZZSUXJDV —=f Z Z Sij (xiDj — xi Dj) v(x)

i=1 j=1 i=1 j=i+1
(drift term) (rotational term)
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Rotating Patterns in RY

Consider a reaction diffusion system

(1)

u(x, t) = AAu(x, t) + f(u(x, t)), t >0, x eRY, d > 2,
u(x,0) = up(x) ,t=0, xR J

where v : RY x [0,00[— R™, A€ R™™ f:R™ — R™, up: RY — R™.
Assume a rotating wave solution u, : RY x [0, co[— R™ of (1)

ue(x, 1) = vi(e x)

vy : RY — R™ profile (pattern), 0 # S € R99 skew-symmetric.
Transformation (into a co-rotating frame): v(x,t) = u(e*x, t) solves

@) ve(x, t) = AAV(x, t) + (Sx, Vv(x, t)) + f(v(x, t)), t >0, x €ER?, d > 2, J

v(x,0) = up(x) ,t=0,x R

Note: v, is a stationary solution of (2), i.e. v, solves the rotating wave equation
ANV, (x) 4 (Sx, Vv (x)) + F(vi(x)) =0, x e RY, d > 2.

AAv,(x) 4+ (Sx, Vvi(x)): Ornstein-Uhlenbeck operator.
Er—s



Rotating Patterns in RY

Consider a reaction diffusion system

) ur(x, t) = AAu(x, t) + f(u(x, t)), t >0, x eRY, d > 2, J

u(x,0) = uo(x) ,t=0, xR

where v : RY x [0,00[— R™, A€ R™™ f:R™ — R™, up: RY — R™.
Assume a rotating wave solution u, : RY x [0, co[— R™ of (1)

ue(x, 1) = vi(e x)

vy : RY — R™ profile (pattern), 0 # S € R99 skew-symmetric.
Transformation (into a co-rotating frame): v(x,t) = u(e*x, t) solves

()

ve(x, t) = AAV(x, t) + (Sx, Vv(x, t)) + f(v(x, t)), t >0, x €ER?, d > 2,
v(x,0) = up(x) ,t=0,x R J

Questions and Ingredients: |11: exp. decay of v,, 12: spectral properties

Q1: Nonlinear stability of rotating waves on R9? (Tools: 11+12)

Q2: Truncations of rotating waves to bounded domains? (Tools: 11+...)

Q3: Spatial approximation (e.g. with finite element method)? (open problem)

Q4: Temporal approximation (e.g. with Euler or BDF)? (open problem)
Bremen 2016



Examples for rotating waves
Cubic-quintic complex Ginzburg-Landau equation: (spinning solitons)

- S

ut:aAu+u((5+ﬁ|u|2+'y|u|4> J

S |

Barkley model: (spiral waves, also scroll waves)

_ 1 0 %ul(l—ul)(ul—%’)
o= o p)oer (MUNTH)

u(x,t) € R?, x ¢ R, t > 0,0 < D K1,
c,a,b>0 de {23

u(x,t) e C, xR t >0, a,3,7 € C, Reaw > 0,
0 eR, de{2,3}.

A-w system: (spiral waves, scroll waves)

3858

ur = alu+ (M|u?) + iw(|uf?)) u J

u(x,t) € C, x € RY, t > 0, \,w : [0,00[— R,
ae€C, Rea >0, d € {2,3}.

R
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© Spatial decay of rotating waves
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Spatial decay of rotating waves

Theorem 1: (Exponential decay of profile v,)

Let f € C?

(R™,R™), veo € R™, f(veo) = 0, Df(voo) < —Boclm < 0,

assume (A1)-(A3) for some 1 < p < 00, and let 0(x) = exp (u [x|? + 1) be a

weight function for p € R.

Then for every 0 < & < 1 there exists K1 = Ki(g) > 0 with the following property:

Every classical solution v, € C2

(RY,R™) of

(RWE) ANV (x) 4 (Sx, Vv (x)) 4 F(ve(x)) = 0, x € RY,
such that
(TC) sup |vi(x) — voo| < K1 for some Ry > 0
[x|>Ro
satisfies
Vi — Voo € Wel’p(Rd,R’")

for every exponential decay rate

1/ a b dmax
O<pu<e 0 O. < —ao
alllaxp _bO

Denny Otten Spectral Properties of Localized Rotating Waves

= p(A) : spectral radius of A
= s(—A) : spectral bound of —A
= s(Df(veo)) : spectral bound of Df(v)
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Spatial decay of rotating waves

Theorem 1: (Exponential decay of profile v,)

Let f € C2 (R™ R™), veo € R™, f(Voo) = 0, Df (Vao) < —Bsclm < 0,
assume (A1)-(A3) for some 1 < p < 00, and let 0(x) = exp (u Ix|? + 1) be a

weight function for p € R.
Then for every 0 < & < 1 there exists K1 = Ki(g) > 0 with the following property:

Every classical solution v, € C* (R R™) of

(RWE) ANV (x) 4 (Sx, Vi (x)) + F(vi(x)) = 0, x € RY,

such that

(TO) sup |vi(x) — voo| < K1 for some Ry > 0
[x|>Ro

satisfies

Vi — Voo € W;’p(Rd,Rm)
for every exponential decay rate

Vv ao bo < dmax

amaxp

0< n<eE s(—A) : spectral bound of —A

s(Df(veo)) : spectral bound of Df (v )

|

o

o
I

p(A) : spectral radius of A )

Shamen 200




Spatial decay of rotating waves
Theorem 1: (Exponential decay of profile v,: higher regularity)

Let f € C™>{2K=1HR™ R™), voo € R™, f(Voo) = 0, Df (Vo) < —Boolm < 0,
assume (A1)-(A3) for some 1 < p < 00, and let 0(x) = exp (u [x|? + 1) be a
weight function for u € R, k € N, p > ¢ (if k > 3).

Then for every 0 < & < 1 there exists K1 = Ki(g) > 0 with the following property:

Every classical solution v, € C*"}(R? R™) of

(RWE) ANV (x) 4 (Sx, Vv (x)) 4 F(ve(x)) = 0, x € RY,

such that

(TO) sup |vi(x) — voo| < K1 for some Ry > 0
[x|>Ro

satisfies

Vi — Voo € Wek’p(Rd,R'")
for every exponential decay rate

v aobo < Amax p(A) : spectral radius of A )

. —ap = s(—A) : spectral bound of —A
Amax P —by = s(Df(ves)) : spectral bound of Df(v)

Osup<e
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Spatial decay of rotating waves

Theorem 1: (Exponential decay of profile v,: pointwise estimates)

Let f € Cm>{2 k=11 R™ R™), v, € R™, f(Voo) = 0, Df (Vo) < —Boolm < O,
assume (A1)-(A3) for some 1 < p < 00, and let 0(x) = exp (u Ix|? + 1) be a

weight function for u € R, k €N, p > ¢ (if k > 3).
Then for every 0 < & < 1 there exists K1 = Ki(e) > 0 with the following property:

Every classical solution v, € CAT1(RY, R™) of

(RWE) ANV (x) 4 (Sx, Vi (x)) + F(vi(x)) =0, x € RY,

such that

(TO) sup |vi(x) — Voo| < K1 for some Ry > 0
[x|>Ro

satisfies

Vi — Voo € Wek’p(Rd,]Rm), DY (vi(X) — Vo )| < Cexp (—;L\/W) Vx e RY

for every exponential decay rate
Va0ko B

s

and for every multiindex o € N¢ satisfying d < (k — |a|)p.
Er—s

s(—A) : spectral bound of —A
s(Df(ves))  : spectral bound of Df(vs)

|

[

o
I

p(A) : spectral radius of A
O<upu<e




Spatial decay of eigenfunctions

Theorem 2: (Exponential decay of eigenfunctions v)

Let f € CM{2KHR™ R™), voo € R™, f(Voo) = 0, Df (Vo) < —Boolm < 0,
assume (A1)-(A3) for some 1 < p < oo, and let 0;(x) = exp (/,Lj\/|X|2 + 1) be a

weight function for y; € R, j =1,2, ke N, p > % (if k = 2).

Then for every 0 < € < 1 there exists K1 = Ki(¢) > 0 such that for every classical
solution v, € CK*1(RY,R™) of (RWE) satisfying (TC) the following property
holds: Every classical solution v € CK*1(R9,C™) of

(EVP) AAV(x) 4 (Sx, Vv(x)) 4+ Df (v, (x))v(x) = Av(x), x € R,

with A € C, ReA > —(1 — €)f, such that

P (1pd YaBoo
v e Lel(R ,C™) for some exp. growth rate — €2d\A\2 <ur <0
satisfies
v aogb
v E Wekz’p(Rd,(C’") for every exp. decay rate 0 < o < £ Va0
aHl?LXp

and
|D*v(x)| < Cexp (—/142\/ x| + 1) Vx € R?

for every multiindex a € N¢ satisfying d < (k — |al)p.




Exponentially weighted Sobolev spaces and assumptions
Exponentially weighted Sobolev spaces: For K € {R,C}, 1 < p < o0, k € Ny,
and weight function 6(x) = exp (u [x|> + 1) with € R we define

LHRYK™) :={v € Lige(R),K™) | [[0v]1, < 00},
W, P(RYK™) :={v € LH(RY, K™) | DPu € LY(RY, K™) V|B] < k} .
Assumptions:
(A1) (LP-dissipativity condition): For A€ R™™ 1 < p < 0o, there is y4 > 0 with
|z°Re (w, Aw) + (p — 2)Re (w, z) Re (z, Aw) > valz]*|w|* Vz,w € R™
(A2) (System condition): A, Df (vs) € R™™ simultaneously diagonalizable over C
(A3) (Rotational condition): 0 # S € R%9, —S = ST
Note: Assumption (Al) is equivalent with
(A1) (LP-antieigenvalue condition): A € R™™ is invertible and
.. Re(w,Aw) _ |p—2]
A) := inf
m(A) = it =T
w#0
Aw#0

for some 1 < p < o0

(p2(A) : first antieigenvalue of A)
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Exponentially weighted Sobolev spaces and assumptions
Exponentially weighted Sobolev spaces: For K € {R,C}, 1 < p < o0, k € Ny,
and weight function 6(x) = exp (u [x|> + 1) with € R we define

LHRYK™) :={v € Lige(R),K™) | [[0v]1, < 00},
W, P(RYK™) :={v € LH(RY, K™) | DPu € LY(RY, K™) V|B] < k} .
Assumptions:
(A1) (LP-dissipativity condition): For A€ R™™ 1 < p < 0o, there is y4 > 0 with
|z°Re (w, Aw) + (p — 2)Re (w, z) Re (z, Aw) > valz]*|w|* Vz,w € R™

(A2) (System condition): A, Df (vs) € R™™ simultaneously diagonalizable over C
(A3) (Rotational condition): 0 # S € R%9, —S = ST

Additionally:

(A4) (L9-dissipativity condition): For A € R™™, g = ﬁ, there is 94 > 0 with

|z|*Re (w, A"w) + (g — 2)Re (w, z) Re (z, A"w) > 6a|z]P|w|* Vz,w € R™
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Outline of proof: Theorem 1 (Exponential decay of v,)

Exponential Decay: To show exponential decay for the solution v, of

ANV (x) 4 (Sx, Vv (x)) 4 F(ve(x)) = 0, x € RY,

investigate the linear system (wy(x) := vy (x) — Vo)

AL, (x) + (Sx, Vwi(x)) + (DF (voo) + Qs(x) + Qc(x)) wa(x) = 0, x € RY.

E
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Outline of proof: Theorem 1 (Exponential decay of v,)

Exponential Decay: To show exponential decay for the solution v, of

ANV (x) 4 (Sx, Vv (x)) 4 F(ve(x)) = 0, x € RY,

investigate the linear system (wy(x) := vy (x) — Vo)
ADW, (x) + (Sx, Ve (x)) + (DF (Vo) + Qu(x) + Qu(x)) wi(x) = 0, x € R,
Operators: Study the following operators
Lev :=AAV + (5,VV) + Df (Voo )V + Qsv + Qcv,
Lsv :=AAvV + (5, VV) 4+ Df (veo )V + Qsv,
Loov :=AAV + (5-,Vv) 4+ Df(veo)v, (far-field operator)
Lov :=AAv + (5-,Vv). (Ornstein-Uhlenbeck operator)

exp. decay)
exp. decay)
exp. decay)

—_~ o~~~

max. domain)

Ia D. Otten.

Exponentially weighted resolvent estimates for complex Ornstein-Uhlenbeck systems, 2015.
The identification problem for complex-valued Ornstein-Uhlenbeck operators in LP(R?, C"), 2016.
A new LP-antieigenvalue condition for Ornstein-Uhlenbeck operators, 2016.

D W.-J. Beyn, D. Otten.
Spatial Decay of Rotating Waves in Reaction Diffusion Systems, 2016.
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Outline of proof: Theorem 1 (Exponential decay of v,)

Exponential Decay: To show exponential decay for the solution v, of

ANV (x) 4 (Sx, Vv (x)) 4 F(ve(x)) = 0, x € RY, J

investigate the linear system (wy(x) := vy (x) — Vo)

AAW, (x) + (Sx, Vw, (x)) + (Df (Vo) + Qu(x) + Qu(x)) wa(x) = 0, x € RE.
Operators: Study the following operators

Lev :=AAV + (5,VV) + Df (Voo )V + Qsv + Qcv, (exp. decay)
Lsv :=AAvV + (5, VV) 4+ Df (veo )V + Qsv, (exp. decay)
Loov :=AAV + (5-,Vv) 4+ Df(veo)v, (far-field operator) (exp. decay)
Lov :=AAv + (5, Vv). (Ornstein-Uhlenbeck operator) (max. domain)

Maximal domain of Ly given by

DP (Lo) = {v e WZP(RY,C™) N LP(RY,C™) : Lov € LP(RI,C™)}, 1< p< oo J

satisfies D (Lo) € WhP(RY,C™).
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The operator L

Ornstein-Uhlenbeck operator
[Lov] (x) = AAV(x) + (Sx,Vv(x)), x e RY, d > 2.

1

, Heat kernel )
Ho(x,&,t) = (47tA) "2 exp (— (4tA) 7! [e®x — g‘ )  x,EERY £>0.

!
Semigroup in LP(RY,C™), 1 < p < o0
[To(0)] () = [ Hox. & (), 0.
R

strong | continuity

Infinitesimal generator
(AnD(Ap)). 1< p < ox.

semigroup theory N\ identification problem
unique solv. of A-priori exponential max. domain and
resolvent equ. for A, — decay, max. realization,
1<p<oo, ReA >0 estimates 1< p<oo l<p<oo
M —A) v =ge Ll ve € WP, A, = Lo on D(Ay) = DP_(Lo).
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Identification problem of L,

DP (Lo) = { € W2P(RY,C™) N LP(RY,C™) | Lov € L”(Rd,(C"’)}, 1< p< oo

loc

Infinitesimal generator Ornstein-Uhlenbeck operator
(Ap, D(Ap)), 1 < p < o0. [Lov] (x) = AAV(X) + (Sx,Vv(x)), x e RY d > 2.
1 1
S is a core Lo :DP (Lo) — LP(R?,C™)
for (Ap, D(Ap)) is a cIosed operator, 1 < p < oo
' '
LP-resolvent estimates

Identification of Lo

. . . and
maximal domain and maximal .
.. — unique solv. of resolvent equ.
realization for 1 < p < oco: for Lo in DP_(Lo)
AP = ‘CO on D(AP) = loc(‘CO) 1O< p <10;O o

LP-dissipativity condition: Iy4 > 0

|z|°Re (w, Aw) + (p — 2)Re (w, z) Re (z, Aw) > yalz|*|w|* V z,w € K"

LP-first antieigenvalue condition
Re (w, Aw) _ [p—2|

ui(A) := inf , 1<p<oo
wek™ - w||Aw] P
w#0
Aw=#0
Bremen 2016
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Outline

© Eigenvalue problem for rotating waves and some basic definitions
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Eigenvalue problem for linearization at rotating waves

Motivation: Stability is determined by spectral properties of linearization L.

Eigenvalue problem:

(M —L)v(x)=0,xcR?, d>2, \eC.

Lv(x) = AAV(x) + (Sx, Vv(x)) + Df (v, (x))v(x), x e RY, d > 2.
Definition 3: (Strongly spectrally stable)

A rotating wave u,(x, t) = v, (") is called strongly spectrally stable iff
@ Reo(L) < 0 (spectrally stable) and
Q VA eca(L)NiR: X € ogpe(L), Ais caused by the SE(d)-group action and

d(d+1
Z alg(\) = % = dimSE(d), alg(\) := algebraic mult. of A.
A€o (L)NIR
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Recall from spectral theory

Linearized operator is closed and densely defined
Lv(x) = AAV(x) + (Sx, Vv(x)) + Df (v, (x))v(x), x e RY, d > 2,

Di(Lo) = {v e WRPNLP | Lov € L7}, |Vig, = [Ivlipo + [ LoVl

loc
Definition 4: (Spectrum of £)

@ Resolvent set
p(L) :={\eC| (M —L)":LP— D (Lo) exists and is bounded}.
@ Spectrum o(L) := C\p(L). 0 # v € D} (Lo) is an eigenfunction of L
with eigenvalue \ € o(L) if (A/ — £L)v = 0. An eigenvalue X € o(£)
is isolated if 3 > 0V g € C with 0 < |A— Xo| <e: Ao € p(L).
has finite (algebraic) multiplicity if dim(N (A — £)) < co and 3ny € N
Vy € D (L) s.t. y(Xo) = D7_o(Ao — AYy; with yo # 0:
(M = L)y (\)=0forv=0,...,n—1and [(M — £)y]""()) # 0.
@ Point spectrum
opt(L) :={A € C| X is an isolated eigenvalue of finite alg. multiplicity}.
A € p(L) U opi(L) is called a normal point of L.
@ Essential spectrum

Oess(L) := {\ € C | X is not a normal point of L}.

Note: C = p=£= Ua=£=, (L) = 0ess(L) U point(L).
Denny Otten Bremen 2016



Recall from spectral theory

Linearized operator is closed and densely defined
Lv(x) = AAV(x) + (Sx, Vv(x)) + Df (vi(x))v(x), x e RY, d > 2,

2
Die(Lo) ={ve W2 NLP [ Lov e L7}, Vi, == VI + LoVl -

loc

Definition 5: (Fredholm operator)
The linear operator Al — L : D}, (Lo) — LP is called Fredholm iff

Q )\ — L is closed,

Q@ dim(N (A — L)) < oo and

Q codim(R(A — L)) < cc.
The index « of the Fredholm operator Al — L is defined by

k= dim(N (A — £)) — codim(R(N — L))

with codim(R(A — £)) := dim(DY, .(Lo)/R(M — L)).

loc

Adjoint operator: Let g = ﬁ forl < p<oo
Lv(x) = APAV(x) + (STx, Vv(x)) + Df (v (x))"v(x), x e RY, d > 2,
DIL(L5) = {v e Wgd nLT | Lyv e LY, vl = IVIlo + 15Vl -

loc loc
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Outline

@ Fredholm properties of linearization in LP
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Properties of linearization at localized rotating waves
Theorem 6: (Fredholm properties of L)

Assume (A1)-(A3) for some 1 < p < o0, Voo € R™, f(vso) =0, f € C3(R™,R™)
and A € C, ReX > —bp + v for some v > 0 and —by = s(Df (v))-

Then, for any 0 < € < 1 there is K1 = Ki(g) > 0 such that for any classical
solution v, € C%(R?,R™) of (RWE) satisfying (TC) the following properties hold:

@ (Fredholm properties).
Al =L (Df (Lo, Il z,) — (LP(R?,CN), ||-||») is Fredholm of index 0.
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Properties of linearization at localized rotating waves
Theorem 6: (Fredholm properties of L)

Assume (A1)-(A3) for some 1 < p < o0, Voo € R™, f(vso) =0, f € C3(R™,R™)
and A € C, ReX > —bp + v for some v > 0 and —by = s(Df (v))-

Then, for any 0 < € < 1 there is K1 = Ki(g) > 0 such that for any classical
solution v, € C%(R?,R™) of (RWE) satisfying (TC) the following properties hold:

Q (Fredholm alternative). Let in addition to @, (A4) hold for g = &5
and A € op (L) with geom. mult. 1 < n=dimN (A — £) < .
Then, there are exactly n linearly indep. eigenfunctions v; € Df (Lo) and
adjoint eigenfunctions ¢, € D (Lf) with

loc

(M —=L)vj=0 and (M —L)Y;j=0 for j=1,...,n
Moreover,
(IP) (M—-L)v=g, geclP(R?CN)
has at least one (not necessarily unique) solution v € Df, (Lo) iff
g€ WNW L)), ie (,8)qp=0,j=1,...,n
In this case, one can select a solution v € D (Lg) of (IP) with

% Clls e T 2 E T
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Properties of linearization at localized rotating waves
Theorem 6: (Fredholm properties of L)

Assume (A1)-(A3) for some 1 < p < o0, Voo € R™, f(vso) =0, f € C3(R™,R™)
and A € C, ReX > —bp + v for some v > 0 and —by = s(Df (v))-

Then, for any 0 < € < 1 there is K1 = Ki(g) > 0 such that for any classical
solution v, € C%(R?,R™) of (RWE) satisfying (TC) the following properties hold:

© (Exponential decay). Let in addition to @:
0;(x) = exp (uj\/m), x€ERY, i eR, j=1,...,4
Then, every classical solution v € C2(R4,C™) and v € C?(R?,C™) of
(M—L)v=0 and (M —L)%=0
such that v € Lj (R?,C™) and ¢ € L (RY, C™) for some exp. growth rate
e Wt <y <0 and  —/e22Uamttn) < i3 <0

satisfies v € Welz’p(Rd,(Cm) and ¢ € W;A’q(Rd, C™) for every exp. decay rate

b

0< pp <22 and 0 < pug < e

amaxp amaxq "
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Properties of linearization at localized rotating waves
Theorem 6: (Fredholm properties of L)

Assume (A1)-(A3) for some 1 < p < o0, Voo € R™, f(vso) =0, f € C3(R™,R™)
and A € C, ReX > —bp + v for some v > 0 and —by = s(Df (v))-

Then, for any 0 < € < 1 there is K1 = Ki(g) > 0 such that for any classical
solution v, € C%(R?,R™) of (RWE) satisfying (TC) the following properties hold:

@ (Pointwise estimates for v). Let in addition to @:
p>42, feCKR™RM), v, € CKYRYR™), v € CK(R?,C™), 2< ke N.
Then, v € W, P(RY,C™) and

IDv(x)| < Cexp (_N2«/|x|2 n 1) , x €R?

for any up € R, O<u2<5@ and a € N¢, d < (k — |a|)p.

dmax P
© (Pointwise estimates for 1)). Let in addition to @:
min{p,q} > ¢, ¢ € C}(RY,C™).
Then, ¢ € W,09(RY,C™) and
|DYY(x)| < Cexp (—;1,4\/ |x]2 4+ 1) , x €R?
forany s € R, 0 < g < Y2 and a € Ng, d < (k —|al)q.

dmaxq
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Outline of proof: Theorem 6 (Fredholm properties of L)

Lv = AAv + (5x,Vv) + Df (v, (x))v. J
1. Splitting off the stable part: Q(x) = Df(vy(x))—Df (vs) implies
Lv =AAv + (5x,Vv) + (Df (veo) + Q(x)) v J
Vi(X) 2 Voo @s [x] 200 = sup |Q(x)] > 0as R — o0
2. Decomposition of Q: =R
Lv =AAv + (5x,Vv) + (Df (Voo) + Qs(x) + Qe(x)) v J

Q(x) = Qs(x) + Qe(x), Qs, Qe € L, Qs small w.r.t. [|-||;cc, Qo comp. supported
3. Decomposition of X\: A € C, Re\ > —by + y for some v > 0, then
A=A+ X with X\ := —bo—l—’y, A=A — Ao
4. Decomposition of A/ — L:
M—L=(—-Q() N —Ls)™) (Ml — L) |

Lo=Ls—Nal, Lov=AAv+ (Sx, V) + (Df (vao) + Qs(x)) v




Outline of proof: Theorem 6 (Fredholm properties of L)

Decomposition of \/ — L:
M=L=(-Q() M —Ls) ™) (Ml - Ly)

Lo=Li—Xal, Lov=AAv+ (Sx, V) + (Df (vao) + Qs(x)) v

5. Fredholm properties:
@ \i/ — L. is Fredholm of index 0:

» unique solvability of resolvent equation for £
o | — Q.(-)(\/! — Ls)~! Fredholm of index 0:
Qo(-)(M\! — Ls)™t is compact
» compact perturbation of identity
» unique solvability of resolvent equation for £
D (Lo) € WHP(RY,C™)

loc

@ A\ — L Fredholm of index 0:

» Theorem on products of Fredholm operators

\{

\{
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© Essential LP-spectrum and dispersion relation
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Essential Spectrum: Derivation of dispersion set o4isp(£)

Eigenvalue problem:
(M —L)v=0,xcR?

Lv = AAv + (5x,Vv) + Df (vi(x))v

1. Splitting off the stable part: Q(x) = Df(v,(x))—Df(voo) implies

(M — Lg)v =0, x € RY

Lov =AAvV + (5x,Vv) + (Df (voo) + Q(x))v = Lv

Vi(x) 2 Voo as x| =00 = sup |Q(x)] > 0as R — o0
IXI=R
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Essential Spectrum: Derivation of dispersion set o4is,(£)

Splitting off the stable part:
(M — Lg)v =0, x € R?

Lov =AAvV + (Sx,Vv) + (Df (vso) + Q(x))v

Q(x) = Df (va(x))—Df (veo), ‘Xs|u>pR|Q(x)| —0as R— o0

2. Orthogonal transformation: S € R%9 S = —ST implies S = PAJPT with

PeR¥ orth, Af=diag(A7,...,A;,0), A= ( ‘27 ‘g) +io; € o(S).
-4y

Then, V(y) = v(T1(y)) with x = T1(y) = Py yields

(M — L)V =0,y e R?

L1V = ANV + (Ny, V) + (Df (vao) + Q(T1(¥)))¥

k
(Y, V7)) =01 (yady,_, — y21-10y,,) ¥

=1
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Denny Otten Spectral Properties of Localized Rotating Waves

Essential Spectrum: Derivation of dispersion set o4is,(£)

Orthogonal transformation:
(M —L1)7 =0, y € RY

L17 = ANV + (Ny, V) + (Df (vso) + Q(T1(y)))¥

k
}/7 VV Z g Y2/5y2/—1 - }/21718}’2/) v
=1

3. Several planar polar coordinates: For ¢ € (—m,7]*, r € (0,00)* define

Va—-1\ _ . [ncosg _
( y2/ ) =T(rn,¢1) = <r/sin¢,>’ I=1,... k,

To(&) = (T(r, 1) o5 T(re, %), 7), €= (b1, -+ oy 1, 6k, 7), 7 = (Yokt1,s - - -, Yd)-
Then, U(£) = 7(T2(€)) with y = T2(£) and Q(€) = Q(T1(T2(£)))) yields

(M — L3)0=0,£€Q

Cz\?:A{i(@fﬁ— 1o, + a¢,>+ Z }—ia,%,?—i—(Df(voo)—l—Q(f))\?.

I=1 1=2k+1 I=1

Bremen 2016



Essential Spectrum: Derivation of dispersion set ggisp(£)

Several planar polar coordinates: Q = ((0, 00) x (—m,7])% x RI~2
(M = L2)0=0,£€Q

k

d k
1 1
LoV = A{Z (af, =) r—/ﬁi,) + > aﬁ,} 0= 0104, 0 + (DFf (veo) + Q(€)).
I=1

]
I=1 1=2k+1

Q(§) = Q(T1(T2(£))))

4. Limit operator (far-field operator, simplified operator):
Let formally |x] — oo (i.e. r — o0) and use |Q(x)| — 0 as |x| =

(M — L5 =0,6€Q

d k
a2+ > 8;] 0= 0105,V + D (veo) ¥

I1=1 1=2k+1 I=1

L3y = A
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Essential Spectrum: Derivation of dispersion set ggisp(£)

Limit operator: Q = ((0,00) x (—m,7])k x R9=2k
(M —L5m™Mp=0,6€Q

k d k
SNaz+ Y 85,] V= 01040 + D (vo)¥
=1

|=2k+1 I=1

£imy — A

5. Angular Fourier transform:
Forn€ ZK, w e Rk, p,y e RI=2k v € C™, |v| =1, ¢ € (—m,7]%, r € (0,00)k.

Inserting J
) — e ( zw,n) - ( > q>) - (,- 3 p,y,> .
I=2k+1

=exp(i{w,r) +i(n, ) +I<p,y>)z
yields the m-dimensional eigenvalue problem

k
(Ao o + 15214 +1°5 ol DF(v) ) = 0.

=1
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Essential Spectrum: Derivation of dispersion set ggisp(£)

Angular Fourier transform: w € R*, p e R92k ne 7k ve C™, |v|=1

k
(/\Im + (|w|2 e |p|2)A A IZ nioyly, — Df(Voo)>Z =0.
=1

6. Dispersion relation: Every A € C satisfying
K
(DR) det (AI,,, + (WP + [pP)A+ 1 oy — Df(voo)> =0
I=1

for some w € RK, p € R972k, n € Zk belongs to gess(L).
Dispersion set:

oaisp(£) = {\ € C | X satisfies (DR) for some w € R¥, p € RI72¢ n € Zk}.
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lllustration: Dispersion set o4isp(L)

k
(DR) det (A/m + (JwlP+ 1A+ miol, — Df(voo)> =0
1=1

odisp(£) = {\ € C | X satisfies (DR) for some w € R¥, p € Rk, n € Z¥} J

SeR¥Y S=_ST ioy,...,+io, nonzero eigenvalues of S, 01,...,0x € R.

S5
SO

o
)
AR

i
b
4

----------------

d=2or3 d =4 (not dense)
Parameters for illustration: A= 2 + 1/, Df (voo) = —1,

o1 = 1.027 or=1,0,=15 or=1, 0, = 6xp2(1)
Taisp(L) € {X € C | ReX < s(Df (vo))} dense <= Fo, 0 0not ¢ Q.
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Essential LP-spectrum of L

k
(DR) det <)\Im + (WP + pP)A+ 0D oyl — Df(voo)> -0
=1

odisp(£) = {\ € C | X satisfies (DR) for some w € R¥, p € RI72K n € 7k} |

SeR¥Y S=_ST +ioy,...,+iox nonzero eigenvalues of S, o1,...,0x € R.
Theorem 7: (Essential LP-spectrum of L)

Let that assumptions of Theorem 1 (pointwise estimates) be satisfied.
Then for every 0 < & < 1 there exists K1 = Ki(e) > 0 with the following property:
For every classical solution v, € Ck*1(R9 R™) of (RWE) satisfying (TC) it holds

O—disp(ﬁ) - O—ess(ﬁ) in Lp(Rd,(CN).

9 essential spectrum is determined by the far-field linearization

@ Thm. 7 holds only for exponentially localized rotating waves,
but not for nonlocalized rotating waves (e.g. spiral waves, scroll waves)

@ essential spectrum for spiral waves much more involved (— Floquet theory)
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Outline

@ Point LP-spectrum and shape of eigenfunctions
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Point spectrum: Derivation of symmetry set oy (L)

Rotating wave equation:
(RWE) 0 = AAV,(x) + (Sx, Vvi(x)) + f(vi(X)), x € RY

SE(d)-group action:
[a(R, T)V] (x) = v(R"Y(x — 7)), x€R? (R, 7)€ SE(d).

1. Generators of SE(d)-group action: Applying the generators
D=9, and DUY) =xD; —xD;
o (RWE) leads to ﬂ = d + %91 equations

0 =Dy (AAV,(x) 4 (Sx, Vv, (x)) + f(vi(x)))
0 =D (AL, (x) + (Sx, Vvi(x)) + (v (x)))

for/=1,....d,i=1,...,d—1,j=i+1,....d.

Denny Otten Spectral Properties of Localized Rotating Waves Bremen 2016



Point spectrum: Derivation of symmetry set oy, (L)

Generators of SE(d)-group action:
D=9, and DUY) =xD; —xD;

0 =D; (AA v, (x) 4 (Sx, Vvi(x)) + f(vi(X)))
0 =D (AAv,(x) + (Sx, Vvi(x)) + (v (x)))

for/=1,....d,i=1,...,d—1,j=i+1,....d.

2. Commutator relations of generators:
DDy = Dy Dy,

D/D(i’j) = D(i’j)Dl + 5/J'D,' — 5/,'Dj,
D(ivj) D(r)s) — D(r)s) D(’)J) + 6 D(rv./) _ §irD(S)j) — 6jsD(r7i) + (Ser(s)")’

DIV* ZSInD Vi,

0=L(Dy, Zs DUy, —Zs D)
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Point spectrum: Derivation of symmetry set ogm(L)

Commutator relations of generators: I=1,...,d,i=1,...,d-1,j=i+1,...,

0= D/V* ZSInD Vi,

d
0= LDV ) = 30 5,0y — 35,000,
n=1 n=1

d

3. Finite-dimensional eigenvalue problem: Linear combination of generators

d-1 d d
X) = Z Z Cij-OtD(i’j)V*(X) + Z C,traD/V*(X) _ <CrotX + Ctra, VV*(X)>
i=1 j=i+1 I=1
reduces Lv = Av to the following @—dimensional eigenvalue problem
Actra — _Sctra

)\Crot ST Crot + Crots

@ Unknowns: ) € C, C™* € C%9 skew-symmetric, C'™ ¢ C¢
@ EVP appears in block diagonal form = solve EVPs separately
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Point spectrum: Derivation of symmetry set oy (L)

Finite-dimensional eigenvalue problem: S ¢ R%9 S = ST
(1) Actra — _Sctra’
(2) )\C!‘Ot _ ST Crot + CrOtS.

Unknowns: A € C, C* € C%9 skew-symmetric, C** ¢ C¢.

4. Solution of (1)-(2): S is unitary diagonalizable, i.e.
As = U"SU, U e %9 unitary, As=diag()\],...,A3), o(S)={)\],....\3}

A transformation of (1)-(2) implies

= Crot =0, C"* = Ug, (d solutions),

~1
A== +2X), C*=U(l;—)UT, C*™ =0, (% solution5>

Symmetry set:
Teym(L) = o(S)U{N + X [1<i<j<d}

Denny Otten Spectral Properties of Localized Rotating Waves Bremen 2016



lllustration: Symmetry set ogym (L)

Teym(L) = o(S)U {7’ + X | 1 < i< j < d}&algebraic multiplicities |

Number of elements (d+1) =d+ d(d Y equals dim SE(d).
Im A\ Im A\ Im A\ Im A\
1 X i(o1 +02) 1 X i(o1+02)
1 Qi 2 Qo
1 i(o1 — 02) 1 i(o1 — 02)
1 Qio: 2 Rioy 1 Qio» 2
‘ ReA Egi Re) ‘ Re) Re)
1 ()—ial 2 §§—i0'1 1 C)—ioz
1 X —i(o1 —02) —i(o1 — 02)
1 ()—ial
1 X —i(o1+02) —i(o1+ 02)
d=2 d=3 d=4 d=>5
dim SE(2) =3 dim SE(3) =6 dim SE(4) = 10 dim SE(5) = 15
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Point LP-spectrum of L

Theorem 8: (Point LP-spectrum of L)

Let that assumptions of Theorem 6 @ be satisfied.
Then for every 0 < & < 1 there exists K1 = Ki(e) > 0 with the following property:
For every classical solution v, € C2(RY,R™) of (RWE) satisfying (TC) it holds

Osym (L) C ope(L) in Lp(Rd,(CN).

In particular, Theorem 6 @- @ implies exponential decay of eigenfunctions and
adjoint eigenfunctions.

@ point spectrum is determined by the group action
@ Thm. 8 even holds for nonlocalized rotating waves (spiral waves, scroll waves)
@ v(x) = (5x, Vv, (x)) eigenfunction of A = 0 for every d > 2
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ﬂ Cubic-quintic complex Ginzburg-Landau equation
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Example
Consider the quintic complex Ginzburg-Landau equation (QCGL):

ut:aAu+u(u+B|u|2+7|u|4), u=u(x,t) eC

with v : R? x [0, 00[— C, d € {2,3}. For the parameters

1 n 1. 3 5 n 1 1. 1
o = — —1 = — | = — —_— — —_ ——
2 Tl p 10" 772
this equation exhibits so called spinning soliton solutions.

1 2 ‘ 8
0 0| 1
-1 i N
-2 -2 SN
2 0 = 2
2 0 ‘2>_4,_4 -2 0
Re vi(x) = £0.5 Im v,(x) = £0.5 [vi(x)] = 0.5

Freezing method implies numerical results for profile v, and velocities S.

Denny Otten
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Spatial decay of a spinning soliton in QCGL for d = 3: Assume

Rea >0, Red <0, pmin=

2ol _ 2 _
|| + Rea P |oz|—Reozipmax

Decay rate of spinning soliton:

0< p < ———— = uP(p) <

v —ReaRed vV—ReaRed = .,

|a|p |O[| max{pmim %} max

0

Parameters:
1 1 5
—_ — — = — [ fr —1 [—)

1 0
uf—i, Voo = <O)’ a0 = Req,

1
3max = |af, by = foo = —Red = —=,

'
!
1
1
!
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1

5

10 15
Numerical vs. theoretical decay rate: (p = 2)

2
o _ V2 0471

max /

NDR ~ 0.5387, TDR = pu
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Spectrum of QCGL for a spinning soliton with d = 3: (numerical vs. analytical)

257

P adisp(L)
15 Tsym (ﬁ)
1L
(o]
05 r
~
I 0
_05 L
(o]
s
-15 -
_2 L
-2.5 L
-1.5 0

Re A\ Re A

Point spectrum on /R and essential spectrum by dispersion relation:
Oaisp(L) = {\ = —w?ay 4+ 61 + i(Fw?an £ 07 — noy) : w ER, n€ Z},
Tsym(L) = {0, +io1}, o1 =0.6888

1, 1: p_ 5+ o _ 1.0 1
for parameters a = 5 +5i, B=3+1i,v=—1— 15/, p = —5.
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Eigenfunctions of QCGL for a spinning soliton with d = 3: Rev(x) = £0.8

8.999E-15 -5.6162E-4

0.0024819+0.68739i 0.0010954+0.68827i -0.066218+1.0112i

2 2
0 0
2 -2
5 5
4 4
0 02 0 02
YExT oo 5.5 5-472 -5-472
0.077471+1.5274i -0.22334+1.1593i -0.26467+0.11933i -0.30232+1.9457i -0.43957+2.3248i
4
2 2 2 2 2
0 0 0 0 0
2 -2 -2 -2 -2
5 5 5
5 5 3 5 5
0 0 0
0 0 0 55
<5 542° 55 i
-0.44063+1.5128i -0.47366+1.3552i -0.48294+0.91629i -0.49015+0.2535i -0.55519+1.1222i
4 5 4
2 2
0 0 0
2 2
4 5 4
2 5,4 5
072 0
£ - 55 4472
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Spatial decay of eigenfunctions of QCGL at a spinning soliton for d = 3: Note

Red 2 —(1—€)Boc = —(1—¢€)(-Red) & €<

Rel — Red
< —_

R e(N).

Decay rate of eigenfunctions:

0<p<

Denny Otten

g(A\)v —ReaRed

lolp

10

; g(A\)v—ReaRed ;
= u8(p,\) < ———— =1 g ().
p% (P A) ol maxipmn & P (N

eigenvalue NDR TDR
8.999-10-° | 0.5387 | 0.4714
—5.6162-10"% | 0.5478 | 0.4714
0.00110 4 0.68827/ | 0.5507 | 0.4714
0.00248 + 0.6874i | 0.5398 | 0.4714
—0.06622 + 1.0112/ | 0.4899 | 0.4090
—0.07747 + 1.5274/ | 0.5355 | 0.3984
—0.22334 4+ 1.1593/ | 0.4756 | 0.2608
—0.26467 + 0.1193/ | 0.4785 | 0.2219
—0.30232 4+ 1.9457/ | 0.4649 | 0.1864
—0.43957 + 2.3248/ | 0.3595 | 0.0570
—0.44063 + 1.5128/ | 0.3310 | 0.0560
—0.47366 + 1.3552/ | 0.4781 | 0.0248
—0.48294 + 0.9163/ | 0.4145 | 0.0161
—0.48506 + 0.0991/ | 0.2126 | 0.0141
15 —0.49015 + 0.2535/ | 0.3307 | 0.0093
—0.55519 + 1.1222/ | 0.3581 —
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Eigenfunctions vs. adjoint eigenfunctions of QCGL for a spinning soliton with

d=3:
1.1427E-15 -5.6162E-4 0.0011+0.6883i 0.0025+0.6874i
2 2 2 2
0 0 0 0
-2 -2 -2 -2
5 5
5 5 ° 3 5
74 0 0
X ss .55 542° 55
-1.6222E-8 -5.6161E-4 0.0010+0.6883i 0.0025+0.6874i
2 2 2
0 0 0
-2 -2 -2
5 5 4 L4 5 4 5
50 X 0
4-4- :

-4-5

Eigenfunctions (above) and adjoint eigenfunctions (buttom) for A € ogym (L)
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Eigenfunction (Sx, Vv, (x)) of QCGL for a spinning soliton with d = 3:
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Conclusion:
Theoretical results:
@ spatial decay of rotating waves
@ spectral properties of linearization at localized rotating waves

» Fredholm properties in L?
» symmetry set, point LP-spectrum, shape of eigenfunctions and
spatial decay of eigenfunctions and adjoint eigenfunctions
» dispersion set, essential LP-spectrum
Numerical results:

@ approximation of rotating waves, spectra, eigenfunctions and adjoint
eigenfunctions of QCGL (computation: COMSOL, postprocessing: MATLAB)

Udisp(ﬁ)

approx

USyn;(E)

o

adn
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Open problems and work in progress

CJ

Fredholm properties and LP-spectra of localized rotating waves
(joint work with: W.-J. Beyn)

Fourier-Bessel method on RY and on circular domains
(joint work with: W.-J. Beyn, C. Déding)

Nonlinear stability of relative equilibria in evolution equations
(joint work with: W.-J. Beyn, C. Déding)

Freezing traveling waves in incompressible Navier-Stokes equations
(joint work with: W.-J. Beyn, C. Déding)

Nonlinear stability of rotating waves for d > 3
(joint work with: W.-J. Beyn)

Approximation theorem for rotating waves

N

Shamen 200



Outline

© Outline of proof: Theorem 1
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Outline of proof: Theorem 1 (Exponential decay of v,)

Consider the nonlinear problem

ANV (x) + (Sx, Vv, (X)) + F(vi(x) =0, x €RY, d > 2.

1. Far-Field Linearization: f € C!, Taylor's theorem, f(voo) =0
1
a(x) :== / Df (Voo + twi(x))dt,  wi(x) := vie(X) — Voo
0

AAW,(x) 4+ (Sx, Vwy (X)) + a(x)wi(x) =0, x € R,
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Outline of proof: Theorem 1 (Exponential decay of v,)

Consider the nonlinear problem

ANV (x) + (Sx, Vv, (X)) + F(vi(x) =0, x €RY, d > 2.

2. Decomposition of a: Let a(x) = Df(voo) + Q(x) with
1
Q(x) := / Df (Voo + twi(x)) — Df (Voo )dt,  wi(x) := vi(X) — Voo
0

AAW,(x) 4+ (Sx, Ve (x)) + (Df(veo) + Q(x)) wi(x) =0, x € R,

|Q(x)]

K1

Ix| =R
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Outline of proof: Theorem 1 (Exponential decay of v,)

Consider the nonlinear problem

ANV (x) + (Sx, Vv, (X)) + F(vi(x) =0, x €RY, d > 2. J

2. Decomposition of a: Let a(x) = Df(voo) + Q(x) with
1
Q(x) := / Df (Voo + twi(x)) — Df (Voo )dt,  wi(x) := vi(X) — Voo
0

AAW,(X) 4+ (Sx, Vi (X)) + (Df (veo) + Qs(x) + Qo(x)) wi(x) =0, x € R, J

1Q(x)] 3. Decomposition of Q:

Q(x) = Qs(x) + Qc(x),
Q. Qs, Q € L®(RI,R™™),

Qs small, i.e. || Qsl; < Ki,
Q. compactly supported.

K1

x| =R
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Outline of proof: Theorem 1 (Exponential decay of v,)

Consider the nonlinear problem

ANV (x) + (Sx, Vv, (X)) + F(vi(x) =0, x €RY, d > 2. J

2. Decomposition of a: Let a(x) = Df(voo) + Q(x) with
1
Q(x) := / Df (Voo + twi(x)) — Df (Voo )dt,  wi(x) := vi(X) — Voo
0

AAW,(X) 4+ (Sx, Vi (X)) + (Df (veo) + Qs(x) + Qo(x)) wi(x) =0, x € R, J

1Q(x)] 3. Decomposition of Q:

Q(x) = Qs(x) + Qe(x),

Q. Qs, Q. € L(RY,R™™),
Qs small, i.e. || Qsl; < Ki,
Q. compactly supported.

XSk

x| =R
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Outline of proof: Theorem 1 (Exponential decay of v,)

Consider the nonlinear problem

ANV (x) + (Sx, Vv, (X)) + F(vi(x) =0, x €RY, d > 2. J

2. Decomposition of a: Let a(x) = Df(voo) + Q(x) with
1
Q(x) := / Df (Voo + twi(x)) — Df (Voo )dt,  wi(x) := vi(X) — Voo
0

AAW,(X) 4+ (Sx, Vi (X)) + (Df (veo) + Qs(x) + Qo(x)) wi(x) =0, x € R, J

1Q(x)] 3. Decomposition of Q:

Qe ()| Q(x) = Qu(x) + Qe(x),

Q7 QS’ QC 6 LOO(Rd’RmJn)a
Qs small, i.e. || Qsl; < Ki,
Q. compactly supported.

XSk

x| =R
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Outline

© Outline of proof: Theorem 2
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Outline of proof: Theorem 2 (Decay of eigenfunctions)

Consider

AAV(x) 4 (Sx, Vv(x)) 4+ Df (v, (x))v(x) = Av(x), x € RE.

1. Splitting off the stable part:
Df (vi(x)) = Df (vio) + (DF (vi(x))—DF (vao)) =: Df (viso) + Q(x), x € R,
leads to
[Lov] (x) + (Df (veo) + Q(x)) v(x) = Av(x), x € R?.

2. Decomposition of (the variable coefficient) Q:

Q) = Q:() + Qulx). Q- € Co(BE.BM™) small wrt. |,

Q. € G,(RY,R""N) compactly supported on R,
leads to
[Cov] (x) + (Df(vec) + Q=(x) + Qe(x)) v(x) = Av(x), x € R.

(— inhomogeneous Cauchy problem for L)
Er—s



Outline

@ Outline of proof: Theorem 7
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Outline of proof: Theorem 7 (Essential LP-spectrum of L)
Choose R > 2 large and cut-off function xg € Cg (bounded indep. on R)

0 ,rehUls,
XR - [0700)_> [07 1]7 XR(r): € [071] , r e I2U/47
1 , rekh,

Lh=[0,R-1], h=[R—-1,R], 5 =[R,2R], Is = [2R,2R+ 1], s = 2R+ 1, ).
Introducing

k
~ N A \
or(©) = [ TDxa)|xaWote). e = 25—
= Iveller
we want show that wg € D} (Lo) and
M = L)vgllP,  CRI-T 4 CRY c
(A = L)wr])?, = I T TR _ S 4 e = 0as R — oo

[ vell7s CRd R

Then, A ¢ p(L£) (by continuity of resolvent), i.e. A € o(L). But A ¢ op(L)
(since varying w or p shows that A is not isolated), hence A € gess(L).
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Outline of proof: Theorem 7 (Essential LP-spectrum of L)

0 ,rehUls,

k
()= elol L renu ve() = | T et | xa(Do(e). we =25

1 reb, =1 [ vell Lo
h=[0,R-1], h=[R—1,R], =[R,2R], ls = 2R,2R + 1], Is = [2R + 1, 0).

||(/\/ — ﬁ)VRHIZ,, < CRd1 + CRan

IvelIZs CR4

and wg € D} (Lo)

loc

Show:
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Outline of proof: Theorem 7 (Essential LP-spectrum of L)

0 ,rehUls,

k
()= elol L renu ve() = | T et | xa(Do(e). we =25

1 reb, =1 [ vell Lo
h=[0,R-1], h=[R—1,R], =[R,2R], ls = 2R,2R + 1], Is = [2R + 1, 0).

||(/\/ — ﬁ)VRHIZ,, < CRd1 + CRan

IvelIZs CR4

and wg € D} (Lo)

loc

Show:
Q |wllf, = CR?
Q ||()\/ — ,C)VRH,Z,, < CRI-1 4 CRan
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Outline of proof: Theorem 7 (Essential LP-spectrum of L)

0 ,re€huls, k v
R R
XR(r) = [07 1] rehUlb, VR(&) = |:HXR(r[):| XR(|y|)V(§)7 WRr (= W
1 , r €k, =1 p

h=[0,R—1], h=[R—1,R], k=[R,2R], Is = 2R, 2R + 1], ks = 2R + 1, %0).

. (A = L)vglf,  CRII 4 CRIng
Aim: < d e Dy (L
vl CRY and v € Dioc{ o)

Show:
Q [Iwrllf, > CR?
Q |[(M = L)wvgllf, < CRIT 4+ CRInR

Q |()\I L)vr(€)|=0,if [y € hUl orrn € h Ul forsomel </ <k,
[(A = L2)vgr(€)] < CV |y, r/GIQUI3UI4forsome1</<k
|()\I—£2)VR( )| S El 1 rl —|—T]R) V|y|,r/ S /3 for all 1 \/\ k,

Q (M — L) vg?, < CRI-?
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Outline of proof: Theorem 7 (Essential LP-spectrum of L)

0 ,re€huls, v
R R
XR(r) = [07 1] rehUlb, VR(E) = |:HXR(r[):| XR(|y|)V(§)7 WRr (= W
1 , r €k, =1 p

h=[0,R—1], h=[R—1,R], k=[R,2R], Is = 2R, 2R + 1], ks = 2R + 1, %0).

||(/\/ — ﬁ)VRHIZ,, < CRd1 + CRan

IvelIZs CR4

and wg € 'Dloc(ﬁo)

Show:
Q |vrllf, = CRY
Q (M — L)wellf, < CRI7L 4 CR¥ng

Q |()\I L)vr(€)|=0,if [y € hUl orrn € h Ul forsomel </ <k,
|( ﬁz)VR( )|< CV|}7| F/GIQUI3UI4 for some 1 </ <k,

|()\I £2)VR( )| S (E/ 1 rl —|—T]R) V|j/|,r/ S /3 for all 1 § / § k,
Q [|(M — L) v}, < CRI
Q (M — LY ve(§) =0
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