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A perfect colouring of the vertices of a graph G = (V, E) with m
colours:

Colour V such that for all v € V' with colour i holds: v is adjacent

to aj1 vertices of colour 1, v is adjacent to aj» vertices of colour 2,
. v is adjacent to aj,, vertices of colour m.
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A perfect colouring of the vertices of a graph G = (V, E) with m
colours:

Colour V such that for all v € V' with colour i holds: v is adjacent
to aj1 vertices of colour 1, v is adjacent to aj» vertices of colour 2,
. v is adjacent to aj,, vertices of colour m.

l.e., all white vertices have the same number of white neighbours,
of black neighbours, ...

O colour 1
@® colour?2

@ colour3

not perfect perfect
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A perfect colouring of the vertices of a graph G = (V, E) with m
colours:

Colour V such that for all v € V' with colour i holds: v is adjacent
to aj1 vertices of colour 1, v is adjacent to aj» vertices of colour 2,
. v is adjacent to aj,, vertices of colour m.

l.e., all white vertices have the same number of white neighbours,
of black neighbours, ...

O colour 1
@® colour?2
@ colour3
not perfect perfect

(Note that adjacent vertices are allowed to have the same colour)
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All white vertices are adjacent to the same number a;; of white
vertices, ajp of black vertices...

O colour 1
® colour?2
@ colour3

So here: a11 =0, a;p =1, a13 = 2,
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All white vertices are adjacent to the same number a;; of white
vertices, ajp of black vertices...

O colour 1
® colour?2

@ colour3

So here: a1 =0, a1p =1, ai3 = 2, ... altogether:

a1l ar as
M= |ax ax»x ax3]| =
a3l a3 asz

= = O
= O R
= NN
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Questions:

» Find necessary and sufficient conditions on M to be the
matrix of a perfect colouring.

» Find all perfect colourings of a given (class of) graph(s).
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Questions:

» Find necessary and sufficient conditions on M to be the
matrix of a perfect colouring.

» Find all perfect colourings of a given (class of) graph(s).

Three simple necessary criteria:

Lemma (weak symmetry)
ajj = 0 ifFaJ-,- =0.

Clear: if each red vertex has a white neighbouer then each white
vertex has a red neighbour.

OK: <§g§> Not OK: <§(I)§>
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From now on let G be simple, connected, without loops.

Lemma (connected colour graph)
The corresponding colour graph

G'=({1,....m}, {{i,j} | a; #0})

is connected.
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From now on let G be simple, connected, without loops.

Lemma (connected colour graph)
The corresponding colour graph

G' = ({L,....m}. {{i,j} | aj #0})

is connected.

G G’

Clear: Since G is connected, there is a path from each colour to
any colour.
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Lemma (consistent counting)
For each cycle vi, va, ..., vk, vi (k > 2) holds:

Aviva “ Ava,vs T vy = Aviy vy T v
Simple: n; white vertices are adjacent to a;» black vertices, n»

black vertices are adjacent to ap; white vertices, hence:
niaip = n2aoi.
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Lemma (consistent counting)
For each cycle vi, va, ..., vk, vi (k > 2) holds:

Avi,ve " Avo,vs T Ay = Ay Ay v T v,y

Simple: n; white vertices are adjacent to a;» black vertices, n»
black vertices are adjacent to ap; white vertices, hence:

niaip = maoy.
Ditto npa»3 = n3zass and nyai;3 = n3asz; . Hence
N1a12a23a31 = N2a21323a31 = N3321332a31 = N1a21332313,

hence aiparzasz1 = aizaspasi and so on.
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Theorem
Lemmas 1-3 are necessary and sufficient. l.e., a matrix M € N™*™m
is the colouring matrix of a connected graph iff it has the properties
weak symmetry, connected colour graph and consistent counting.

> Necessary: see above.

» Sufficient: construct graphs for each instance.
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Theorem
Lemmas 1-3 are necessary and sufficient. le., a matrix M € N™*™m
is the colouring matrix of a connected graph iff it has the properties
weak symmetry, connected colour graph and consistent counting.

> Necessary: see above.

» Sufficient: construct graphs for each instance.

2
For instance, for M = | 1
0

= O N
w w o
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M =

O = N
= O N
w w o

The vertices of one color are aj-regular graph:
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I
O = N
= O N
w w o

aip = 2, ar1 = 1:
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I
O = N
= O N
w w o

aip = 2, ar1 = 1:

—@
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I
O = N
= O N
w w o

dp3 = 2, a3y = 1:

—@
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I
O = N
= O N
w w o

an3 = 2, a3y = 1:
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I
O = N
= O N
w w o

dp3 = 2, a3y = 1:

NA\4
AR,
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I
O = N
= O N
w w o

dp3 = 2, a3y = 1:

A A’) é—/—\.
B ZJAS o
.\ / )

0 &
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I
O = N
= O N
w w o

dp3 = 2, a3y = 1:

D 2 o
.\ /.

~ &

The consistent counting condition ensures that this works.
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Application: List all m-colouring matrices of k-regular graphs.
k-regular: row sum equals k.
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Application: List all m-colouring matrices of k-regular graphs.
k-regular: row sum equals k.

Numbers of colouring matrices among all possible matrices
(nonnegative integer entries, all row sums = k.)

m\ k| 3 4 5
2 6 of 16 10 of 25 15 of 36
3 18 of 1000 64 of 3375 153 of 9261

4 72 of 16 000 485 of 1 500 625 2042 of 9 834 496

Counting is up to permutation. (This is the computationally most
expensive part)

(Computations both in SageMath and scilab)
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Application: List all m-colouring matrices of k-regular graphs.
k-regular: row sum equals k.

Numbers of colouring matrices among all possible matrices
(nonnegative integer entries, all row sums = k.)

m\ k| 3 4 5
2 <lsec <1lsec < 1sec
3 <lsec 2sec 12 sec
4 3 min 55 min one night

Counting is up to permutation. (This is the computationally most
expensive part)

(Times for computations in SageMath)
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All matrices for perfect 2-colorings...

...of 3-regular graphs
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...of 4-regular graphs

(9

...of b-regular graphs
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All matrices for perfect 3-colorings...

..of 3-regular graphs

..of 4-regular graphs
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regular graphs

...of 5
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All matrices for perfect 4-colorings...

...of 3-regular graphs
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..and of 5-regular graphs:
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..and of 5-regular graphs:

[2042 matrices|




Perfect colourings seem to be not well-studied. But in
C. Godsil, G. Royle: Algebraic graph theory, Springer (2001)

one can find:

Theorem

Let M be the adjacency matrix of some graph G and let A be the
matrix of the colour graph of some perfect colouring of G. Then
each eigenvalue of A is an eigenvalue of M (w.r.t multiple
counting).
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Perfect colourings seem to be not well-studied. But in
C. Godsil, G. Royle: Algebraic graph theory, Springer (2001)

one can find:

Theorem

Let M be the adjacency matrix of some graph G and let A be the
matrix of the colour graph of some perfect colouring of G. Then
each eigenvalue of A is an eigenvalue of M (w.r.t multiple
counting).

Application of the application: find all 2-, 3-, 4-colourings of the
Platonic graphs

A A D A
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The eigenvalues of the adjacency matrices of the Platonic graphs:

G ‘ tetrahedron cube octahedron
| -133 —3,-13133 -220%4
G ‘ dodecahedron icosahedron

3 3 3 3
| V5, —240415,V5°,3 —\5",—15, V5,5
In order to find candidates for perfect colourings: browse the lists,
collect all matrices with the correct eigenvalues.
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Candidates for perfect 2-, 3- and 4-colourings of the tetrahedron:

1. 2 colours: (93),(32)
2. 3 colours: ( )

1

1

1

0

RORR FNN

1
0
1
1
0
1
1

HRRo PO

3. 4 colours: (

)
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Candidates for perfect 2-, 3- and 4-colourings of the tetrahedron:

1. 2 colours: (93),(32)
2. 3 colours: ( )

1

1

1

0

RORR FNN

1
0
1
1
0
1
1

HRRo PO

3. 4 colours: (

)

All are matrices for perfect colourings of the tetrahedron:

LVA LA,
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1. 2 colours: (3%),

2. 3 colours: (

3. 4 colours: (
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1. 2 colours: (3%),

2. 3 colours: (

0

3. 4 colours: ( ) <(1)
1

p

All but one are matrices for perfect colourings of the octahedron::

A A A A A A A
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Candidates for perfect 2-, 3- and 4-colourings of the cube:
. (03) (03) (12) (21
1. 2 colours: (23),(83).(3%).(13)-
012 102
2. 3 colours: (102 ),(012).
111 111
0003 0012 0111 0111 1011
3 4 col's: (0030 0021 1011 1011 0111
- ~loi02 1200 1101 1110 1110 )
1020 2100 1110 1101 1101
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Candidates for perfect 2-,
1. 2 colours: (93), (9

b
012 02
2. 3 colours: (102 12)
111 11
0003 0012 0111 0111 1011
3 4 col's: (0030 0021 1011 1011 0111
- ~lo102 1200 1101 1110 1110
1020 2100 1110 1101 1101
All are matrices for perfect colourings of the octahedron:

0O
O

0O
C‘: ’): t ’):
G O O

)
)
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Candidates for perfect 2-, 3- and 4-colourings of the dodecahedron:
1. 2 colours: (93),(23).

003
2. 3 colours: (003),
111

891
3. 4col's: | 5551
1110
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Candidates for perfect 2-, 3- and 4-colourings of the dodecahedron:
1. 2 colours: (93),

1

(3)

003 0

2. 3 colours: (003),(1
111 0

30 102
02),(012).
12 120
0003 0003 0012 0012 1002
3 4colls: (0021 0111 0012 0201 0102
- ~lo201 0111 1110 1020 0012
1110 1110 1101 2100 1110
All are matrices for perfect colourings of the dodecahedron:

AT
Ereee
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Candidates for perfect 2-, 3- and 4-colourings of the icosahedron:
. (05) (14) (23
1. 2 colours: (93),(3%).(33)
014 023 122
2. 3 colours: (104 ),(113),({212].
113 122 221
0050 (2013 (1033) (1232
3. 4 colours: { 5732 1103 1112 2021
1022 1112 1121 2210
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1. 2 colours: (93),

2. 3 colours: (

3. 4 colours: (

£\ 0| fo
FV-V.V..
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More in:

Joseph R.C. Damasco, Dirk Frettloh:
Perfect colourings of regular graphs, arXiv:1804.03552
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More in:

Joseph R.C. Damasco, Dirk Frettloh:
Perfect colourings of regular graphs, arXiv:1804.03552

...this paper used child labour:
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Thank you.

Perfect colourings of regular



