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Let k be an infinite field and fix integers n, d ∈ N. We use the notations from sheets 9 and 10.
Moreover, for λ ∈ Λ(n, d) write Sk(n, λ) for the algebra eλSk(n, d)eλ.

In case n ≥ d denote by 1 the sequence (1, . . . , 1) ∈ Λ(n, d) of length d and for each σ ∈ Sd

write ωσ for the element ω ∈ Ω with (i1σ, i1) ∈ ω.
As usual, the canonical map kGL(n, k)→ Sk(n, d) is used for restriction of scalars.

1. The weight space of weight λ ∈ Λ(n, d) for a left Sk(n, d)-module M is by definition

Mλ =
{
m ∈M : xm = xλ11 · · ·xλnn m for all diag(x1, . . . , xn) ∈ GL(n, k)

}
.

Verify directly the weight-space decomposition M =
⊕

λ∈Λ(n,d) Mλ and prove Mλ = eλM .

2. The character of a finite-dimensional left Sk(n, d)-module M is the integer polynomial

χM =
∑

λ∈Λ(n,d)

dimkMλ ·Xλ1
1 · · ·Xλn

n .

Prove that characters are . . .
(a) symmetric in the sense that χM ∈ Z[X1, . . . , Xn]Sn ,

(b) additive in the sense that χM⊕N = χM + χN ,

(c) multiplicative in the sense that χM⊗kN = χM · χN .

One can show that χM(x1, . . . , xn) = trk(M
g·−→ M) for all g ∈ GL(n, k) where x1, . . . , xn ∈ k

are the eigenvalues of g listed with multiplicity (see Green’s Polynomial Representations of GLn).

3. Assuming n ≥ d show the following:
(a) σ 7→ eωσ defines an isomorphism kSd → Sk(n,1) of k-algebras.

(b) 1 7→ ei1 defines an isomorphism kSd → V 1 of right kSd-modules.

(c) f 7→ f(ei1) defines an isomorphism Sk(n, d)e1 → V ⊗d of left Sk(n, d)-modules.

Deduce that there is an induced isomorphism EndSk(n,d)(V
⊗d) ∼= kSd of k-algebras.

4. Let n ≥ d and regard e1Sk(n, d) as a left kSd-module via 3. (a). Prove that the Schur functor

F = HomSk(n,d)

(
V ⊗d,−

)
: Sk(n, d) Mod −−→ kSd Mod

is isomorphic to e1Sk(n, d)⊗Sk(n,d) −.

Verify that F maps each projective left module Pλ = Sk(n, d)eλ to the dual of the corresponding
permutation module V λ and, restricted to the subcategories spanned by these modules, induces an
equivalence, i.e. the map HomSk(n,d)(Pλ, Pµ)→ HomkSd((V

λ)∨, (V µ)∨) induced by F is bijective.
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