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1. Let A be a highest weight category with standard modules (A;);c; ordered by a finite poset /.
Recall that this means that A is a length category admitting exact sequences

0—=U —-PFP —-A,—=0

such that the object €, ; P, is a projective generator of \A, the rings End 4(A;) are division rings,
each U; belongs to the subcategory Filt({A; : j > i}) and Hom4(A;, Aj) = 0 forall ¢ £ j.

Verify the following claims, where / denotes the height of the poset /:

(a) The projective dimension of each object in Filt({A; : i € I'}) is at most b — 1.

(b) The objects S; = P;/rad P, = A;/rad A, form a complete set of representatives of simple
objects in A and each of the objects rad A; belongs to the subcategory Filt({S; : j < i}).

(c) The global dimension of A is at most 2(h — 1).

2. Let A be a semiprimary ring. Define $)(A) to be the simply-laced quiver whose vertices are the
idempotent ideals of A with an arrow [ — J iff I C J and J/I is an heredity ideal in A/I.

Convince yourself of the following facts:

(a) The vertices of $)(A) correspond to the Serre subcategories of mod A. There are 2"(A),

(b) The paths from 0 to A in $(A) correspond to the heredity chains of A. Therefore the global
dimension of A is at most 2(¢ — 1) where ¢ is the minimal length of such a path.

(c) There is an arrow I — .J between two vertices [, J in $(A) iff [ C J and the embedding
mod A/J — mod A/I of Serre subcategories is homological with semisimple quotient.

Choose any of the algebras A = CQ/R below for which you compute the quiver $(A) and then
compare the value of the global dimension of A with the bounds implied by 1. (b) and 2. (b):

O Q=1 —>2 (i) Q=1—"52—"53
R=0 or R=(ab)

R = (a?)
c 1 .

(ii) 1 b > o y 3 . B #2
i) Q@=1— — i) Q= ’d\?)%
R = (ab — cd,dc)

R = (ab, db)
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3. Prove that every semiprimary ring A of global dimension at most two is quasi-hereditary.

Hint: Consider a local idempotent e in A minimizing the Loewy length of the module eA.

4. Consider the regular module X = A, over the algebra A = CQ/(ba, ab — cd, dc) defined by

Q:].< >2/ >3.

a d

Determine its Iyama complement X' = @, t*X and compute gldim End, (X & X).



