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Let k£ be a commutative ring and let n, d € N. We begin with some notations:
e For compositions A in A = A(n, d) denote by A, the corresponding partition.
e The symmetric group &, acts from the right on the set I = n where m = {1,...,m}.
e Let Q) = (I x I)/&, be the set of orbits under the induced diagonal action.
e Forw € Q let s(w), t(w) be the elements in A with j* = s(w) and i* = ¢(w) for (i, 7) € w.
e For A\ € Aletw, € Q2 be the orbit {(i,i) € [ x I :i* = \}.
e Lete € V™ be the standard basis of the free k-module V' = k™.
e Let (¢;)icr with e; := ¢;, ® - - - ® e;, be the induced k-basis of V&4,
o Let (e;) (i j)erxs be the induced k-basis of End; (V®?) determined by e;;(e,) = dyze;.
e For \ € A let V* be the k& 4-submodule of V¢ with k-basis (e;)icr, =
e Forw € Qsete, := Z(i’j)@) e;j and for A € A setey 1= e,,.

1. Verify the following facts:
(@) (ew)weq is a k-basis of the Schur algebra Si(n, d).
(b) (ex)aea is a complete set of orthogonal idempotents of Sy (n, d).
(€) V¥ =@, , V* and V* = k @ps, kS, as kS -modules.
(d) e, (V@) C VI and e, (V?*) = 0 for X # s(w).
(e) V@ 225 Vi@ is invertible iff s(w), = t(w)..
() VA VHIff N, = p,.

The power sums p; and elementary symmetric polynomials s; € k[xy, ..., z4] are defined by
d d d
pi = Zx; and H(T + ;) = Zsl-Td’l.
j=1 j=1 =0
2. Let &, act on the polynomial ring k{1, . .., 4] by k-algebra automorphisms via oz; = ;).

(a) Prove the fundamental theorem of symmetric polynomials, i.e. verify that the morphism
klyi, ... ya — klz1, ..., 24
of k-algebras induced by y; — s; is an isomorphism.
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(b) Verify Newton’s identity
d

d-sq = Y (1) "sap; -

j=1

Hint for (a): Use induction on the lexicographic order on the set of monomials.

From now on let k be a field of characteristic p such that p is not a prime less than or equal to d.

3. Show that the symmetric power S%V is generated by elements of the form v®¢ withv € V.

Hint: Use the identity

dl-s; = Z(—l)d_l‘” (Z xj) :

JCd jed

4. Verify the following version of Schur-Weyl duality: The image of the k-linear map
Endk(V) _— Endk(V®d)
f [EEE—N af@d

which is defined on pure tensors as
d
i=1

generates the Schur algebra Sy, (n, d) = Endyg, (V®?) as a k-algebra.

If k is infinite, deduce the surjectivity of the canonical k-algebra homomorphism
k GL(n, k) —2 Si(n.d).

Hint: T End, (V) is spanned over k by elements of the form f©¢ with f € Endg(V).



