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Invariants of Hyperelliptic Curves of Genus 2 over Finite Fields
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ABSTRACT

Let F be a finite field. As it is well-known ([3]), every hyperelliptic curve H of genus 2 defined over F can be
given by an equation of the form H : v2 + h(u)v = f(u), where h(u) is a polynomial of degree 2, and f(u) is a
monic polynomial of degree 5, i.e.,

H : v2 +
(
a1u

2 + a3u+ a5

)
v = u5 + a2u

4 + a4u
3 + a6u

2 + a8u+ a10, ∀ai ∈ F. (1)

This equation is unique up to a change of coordinates of the form ([1, Proposition 1.2]):

(u, v) 7→
(
α2u+ γ, α5v + α4εu2 + α2βu+ δ

)
, α ∈ F∗, β, γ, δ, ε ∈ F. (2)

In order to classify non-singular hyperelliptic curves of genus 2 in a similar way as elliptic curves are classified
([4, III.§1], [2, 2.3]), we define some quantities, which only depend on the original coefficients of the curve,
called the j–invariants. In this poster these quantities are proved to be invariants and they are computed
explicitly in char(F) 6= 2, 5. Setting in 2:

α = 1/10, β = −a3/2 + a1a2/5 + a3
1/20, γ = −a2/5− a2

1/20,
δ = −a5/2 + a3a2/10 + a3a

2
1/40− a1a

2
2/50− a2a

3
1/100− a5

1/800, ε = −a1/2,

we obtain the reduced equation for H:

v2 = u5 + 2 · 53c4u
3 + 22 · 54c6u

2 + 53c8u+ 22 · 55c10.

Let ∆ be the discriminant of the non-hyperelliptic curve, H ([1]), then its j-invariants are:

j1 = c10
4 /∆, j2 = c58/∆, j3 = c410/∆, j4 = c20

6 /∆
3.

Theorem The quantities ji, 1 ≤ i ≤ 4, are invariants under the change of coordinates of type 2.
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