
3rd European Congress of Mathematics
Poster sessions

Section 13: Real Analysis Poster number 288

On the relative fundamental solutions for a second order differential operator on the Heisenberg
group

Tomás Godoy, Facultad de Matemática, Astronoḿıa y F́ısica, Universidad Nacional de Córdoba (Argentina).
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ABSTRACT

Let Hn be the 2n+ 1 dimensional Heisenberg group, viewed as Cn ×R, let p, q be two non negative integers
satisfying p+ q = n. Let L =

∑p
j=1

(
X2
j + Y 2

j

)
−
∑n
j=p+1

(
X2
j + Y 2

j

)
, where {X1, Y1, ...Xn, Yn, T} denotes a

suitable standard basis of the Lie algebra of Hn adapted to the action of U (p, q) on Hn given by
g (z, t) = (gz, t) , g ∈ U (p, q) , (z, t) ∈ Cn ×R. A tempered distribution Φ ∈ S′ (Hn) is called a relative
fundamental solution for L if L (f ∗ Φ) = L (f) ∗ Φ = f − π (f) for all f ∈ S (Hn) where π is the orthogonal
projection on K = Ker (L) . In [M-R1] and in [M-R2] it is proved that there exist relative fundamental
solutions for a wide class of second order differential operators that includes L. There, it is given also an
explicit formula for L in the case p = q = 1. In this work we compute explicitly a such Φ for arbitrary p, q. The
main tool used are a spectral decomposition on L2 (Hn) associated to L and iT obtained in [G-S], and the
description of S′

(
R2n

)O(p,q) given in [T], adapted to describe S′ (Cn)U(p,q). In [T], is introduced the space h
of the functions ϕ (τ) = ϕ1 (τ) + τn−1H (τ)ϕ2 (τ) with ϕ1, ϕ2 ∈ S (R) , where H is the Heaviside function. h,
provided with a suitable topology is a Frechet space. A very specific operator N : S (Cn)→ h is introduced
there, whose adjoint N ′ : h′ → S′ (Cn)U(p,q) is an isomorphism.

For z = (z1, ..., zn) ∈ Cn, let B (z) =
∑p
j=1 z

2
j −

∑n
j=p+1 z

2
j . For f ∈ S (Hn) and τ, t ∈ R, let

Nf (τ, t) = N (f (., t)) (τ) . In this setting, we prove that a relative fundamental solution Φ for L is given by

〈Φ, f〉 = c
∫
R2

sg(τ)

(τ2+16t2)n/2

(
Nf (τ, t)−

∑n−2
j=0

∂j(Nf)
∂τj (0, t) τ j

)
dτdt+

∑n−2
j=0 cj 〈Tj , f〉

Here, c is the constant obtained by Folland for the case p = n, q = 0. The distributions Tj , supported on
{(z, t) ∈ Cn ×R : B (z) = 0, t = 0} , and the constants cj are explicitly computed.
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