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1.4. Itô-Integrals as (Local) Martingales . . . . . . . . . . . . . . . . . . . . . . . . . . 16

1.5. Levy’s Characterization of Brownian Motion . . . . . . . . . . . . . . . . . . . . 20

2. (Semi-)Martingales and Stochastic Integration 23
2.1. Review of Some Facts from Martingale Theory . . . . . . . . . . . . . . . . . . . 23

2.2. Quadratic Variation and Covariation for Continuous Local Martingales . . . . . . 25

2.3. Construction of stochastic integrals . . . . . . . . . . . . . . . . . . . . . . . . . . 32

2.4. Characterization of H·M in M2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . 40

2.4.1. Orthogonality in M2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 43
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1. Introduction to Pathwise Itô-Calculus

1.1. Preparation

Definition 1.1.1. X : [0,∞[→ R has bounded variation, if for all t ≥ 0

vartX := sup
τ

∑
ti∈τ
|X (ti+1 ∧ t)−X (ti ∧ t)| <∞, (1.1.1)

where τ is a partition 0 = t0 < t1 < . . . < tN <∞.

Notation: Since in Stochastics a process X also depends on ω, we write Xt and Xt(ω) instead
of X(t) and X(t)(ω) respectively.

As a reference see [dB03].

Definition 1.1.2. Suppose X to be right-continuous and of bounded variation.
Let f ∈ C(R) and (τn)n∈N be a sequence of partitions, whose mesh

|τn| := sup
1≤i≤Nn

(
t
(n)
i+1 − t

(n)
i

)
converges to zero as n→∞ and tNn

n→∞−→ ∞.
Then, since X is of bounded variation, there exists the Lebesgue-Stieltjes-Integral defined by∫ t

0
fs dXs := lim

n→∞

∑
t
(n)
i
∈τn

f
t
(n)
i

·
(
X
t
(n)
i+1∧t

−X
t
(n)
i ∧t

)
. (1.1.2)

Remark 1.1.3. Note that for continuous X this definition is independent of the choice of
(τn)n∈N (Exercise!).

1.1.1. Quadratic Variation of Brownian Motion

We know (cf. [Röc11]) that a typical path of Brownian motion X on R1 is of unbounded variation,
since for its quadratic variation we have 〈X〉t = t (see 1.1.4(i) below). Nonetheless, one wants
to define ∫ t

0
fs dXs

for a typical path of the Brownian motion X. More generally, we want to do this for every
continuous path with continuous quadratic variation t 7→ 〈X〉t.

(Xt)t≥0 is a (continuous) R-valued Brownian motion on (Ω,F , P ) if

(i) The increments Xt −Xs are independent and N(0, t− s) distributed (t > s).

(ii) t 7→ Xt(ω) is continuous for all ω ∈ Ω.

Theorem 1.1.4. Let (Xt)t≥0 be a (continuous) Brownian motion and (τn)n∈N a sequence of

subdivisions with |τn|
n→∞−→ 0, τn ⊂ τn+1, t

(n)
Nn

n→∞−→ ∞. Then, for all t ≥ 0

1



1. Introduction to Pathwise Itô-Calculus

(i) ∑
t
(n)
i
∈τn

t
(n)
i
≤t

(
X
t
(n)
i+1

−X
t
(n)
i

)2
n→∞−→ t P -a.s..

Here the zero set depends on the sequence (τn)n∈N ( and so far it could depend on t.)

(ii) Moreover,

P

( ∑
t
(n)
i
∈τn

t
(n)
i
≤t

(
X
t
(n)
i+1

−X
t
(n)
i

)2
n→∞−→ t, ∀t ≥ 0

)
= 1.

Proof. (i) See [Röc11, Satz 9.4.5].

(ii) Exercise (“sandwich argument”, notice that zero set in (i) a-priori depends on t).

1.2. Quadratic Variation and Itô’s Formula

Fix a continuous and real-valued function t 7→ Xt on [0,∞[ (in short (Xt)t≥0) with an existing

sequence of subdivisions (τn) with |τn|
n→∞−→ 0 and t

(n)
Nn

n→∞−→ ∞ such that the quadratic variation
(along (τn))

〈X〉t := lim
n→∞

∑
t
(n)
i
∈τn

t
(n)
i
≤t

(
X
t
(n)
i+1

−X
t
(n)
i

)2

= lim
n→∞

∑
t
(n)
i
∈τn

(X
t
(n)
i+1∧t

−X
t
(n)
i ∧t

)2, t ≥ 0, (1.2.3)

exists for all t ≥ 0 and such that t 7→ 〈X〉t is continuous on [0,∞). Note that 〈X〉t in (1.2.3)
could depend upon the choice of (τn)n≥1 in contrast to the limit in (1.1.2) (cf. [RY99, (2.3)-(2.5)
p. 27/28]). By definition it is obvious that t 7→ 〈X〉t is increasing.

Remark 1.2.5. (i) If (Xt)t≥0 is of bounded variation, then

∑
t
(n)
i
∈τn

(
X
t
(n)
i+1∧t

−X
t
(n)
i ∧t

)2

≤ max
t
(n)
i ∈τn

∣∣∣∣Xt(n)
i+1∧t

−X
t
(n)
i ∧t

∣∣∣∣︸ ︷︷ ︸
<ε uniformly for large n

∑
t
(n)
i
∈τn

∣∣∣∣Xt(n)
i+1∧t

−X
t
(n)
i ∧t

∣∣∣∣
︸ ︷︷ ︸

<∞

→ 0,

hence, 〈X〉 ≡ 0.

Therefore, 〈X〉 6≡ 0 implies that (Xt)t≥0 is not of bounded variation and the Lebesgue-
Stieltjes-Integral can not be defined in the usual way.

(ii) If t 7→ 〈X〉t is increasing, continuous and 〈X〉0 = 0, hence, t 7→ 〈X〉t is a distribution
function of a measure µ (i.e. dµ = d〈X〉t) on ([0,∞),B([0,∞))), then (1.2.3) is equivalent
to: The distribution function Fn of

µn :=
∑

t
(n)
i
∈τn

(
X
t
(n)
i+1

−X
t
(n)
i

)2

δ
t
(n)
i

2



1.2. Quadratic Variation and Itô’s Formula

converges pointwise to

F (t) := µ(]−∞, t]) =

∫
1]−∞,t] dµ.

But, since for continuous 〈X〉t

µ({t}) = lim
n→∞

µ (]−∞, t])− µ
(

]−∞, t− 1

n

)
= lim

n→∞

(
〈X〉t − 〈X〉t− 1

n

)
= 0,

we have that the pointwise convergence of Fn to F is equivalent to µn → µ weakly by
Portemanteau.

(iii) Note that if X is an increasing function, then X is always of bounded variation:

vartX = sup
τ

∑
ti∈τ
|Xti+1∧t −Xti∧t| = sup

τ

∑
ti∈τ

(Xti+1∧t −Xti∧t) = Xt −X0 <∞.

Therefore, we can define the integral with respect to 〈X〉 as a Lebesgue-Stieltjes-Integral.

Lemma 1.2.6 (Calculating integrals with respect to d〈X〉s). Let g ∈ C([0,∞)). Then∑
t
(n)
i
∈τn

t
(n)
i
≤t

g(ti)

(
X
t
(n)
i+1

−X
t
(n)
i

)2

→
∫ t

0
g(s) d〈X〉s.

Proof. The left hand side is equal to
∫
g1[0,t] dµn, whereas the right hand side equals

∫
g1[0,t] dµ.

But the integrand g1[0,t] is µ-a.e. continuous and bounded. Hence, convergence follows by the
Portemanteau theorem and Remark 1.2.5 (ii).

Theorem 1.2.7 (Pathwise Itô-formula): Let F ∈ C2(R). Then for all t ≥ 0 the Itô-Formula is
given by

F (Xt)− F (X0) =

∫ t

0
F ′(Xs) dXs +

1

2

∫ t

0
F ′′(Xs) d〈X〉s, (1.2.4)

where ∫ t

0
F ′(Xs) dXs := lim

n→∞

∑
t
(n)
i
∈τn

t
(n)
i
≤t

F ′
(
X
t
(n)
i

)(
X
t
(n)
i+1

−X
t
(n)
i

)
.

∫ t
0 F
′(Xs) dXs is called the (pathwise) Itô-Integral and depends on (τn)n∈N.

Proof. Consider (τn)n∈N such that 〈X〉t exists along (τn)n∈N. We apply the Taylor formula to

F . Hence, for all n ∈ N there exist θ
(n)
i ∈]0, 1[ such that∑

t
(n)
i
∈τn

t
(n)
i
≤t

F

(
X
t
(n)
i+1

)
− F

(
X
t
(n)
i

)(
n→∞−→ F (Xt)− F (X0)

)

=
∑

t
(n)
i
∈τn

t
(n)
i
≤t

F ′
(
X
t
(n)
i

)(
X
t
(n)
i+1

−X
t
(n)
i

)
+

∑
t
(n)
i
∈τn

t
(n)
i
≤t

1

2
F ′′
(
X
t
(n)
i

)(
X
t
(n)
i+1

−X
t
(n)
i

)2

︸ ︷︷ ︸
1.2.6→ 1

2

∫ t
0 F
′′(Xs) d〈X〉s

+
∑

t
(n)
i
∈τn

t
(n)
i
≤t

1

2

[
F ′′
(
X
t
(n)
i

+ θ
(n)
i

(
X
t
(n)
i+1

−X
t
(n)
i

))
− F ′′

(
X
t
(n)
i

)]
·
(
X
t
(n)
i+1

−X
t
(n)
i

)2

︸ ︷︷ ︸
=:S

3



1. Introduction to Pathwise Itô-Calculus

Since F ′′ is locally uniformly continuous and X is uniformly continuous,∣∣∣∣F ′′(Xt
(n)
i

+ θ
(n)
i

(
X
t
(n)
i+1

−X
t
(n)
i

))
− F ′′

(
X
t
(n)
i

)∣∣∣∣ < ε

holds uniformly in i for n big enough. Therefore,

S ≤ ε
∑

t
(n)
i
∈τn

t
(n)
i
≤t

(
X
t
(n)
i+1

−X
t
(n)
i

)2

︸ ︷︷ ︸
n→∞−→ 〈X〉t

ε→0−→ 0,

which finishes the proof.

Remark 1.2.8. If 〈X〉t ≡ 0 (e.g. (Xt)t≥0 is of bounded variation), then we are in the classical
case:

F (Xt)− F (X0) =

∫ t

0
F ′(Xs) dXs

is an ordinary Lebesgue-Stieltjes-Integral. (If Xt = t, this is the “Fundamental Theorem of
Calculus”). We introduce a short-hand notation for (1.2.4)

dF (X) = F ′(X) dX +
1

2
F ′′(X) d〈X〉, (1.2.5)

in contrast to the classical case (i.e. 〈X〉 ≡ 0), where

dF (X) = F ′(X) dX. (1.2.6)

Example 1.2.9. Consider the differential equation

dXn = nXn−1 dX for n ∈ N fixed.

If 〈X〉 = 0, then a solution is Xn.

If 〈X〉 6= 0, this is not a solution, since by Itô

dXn = nXn−1 dX +
1

2
n(n− 1)Xn−2 d〈X〉.

We would like to find a function hn : R→ R such that

dhn(X) = nhn−1(X) dX

in the general case 〈X〉 6≡ 0. Later (cf. Example 1.3.25(ii) below), we shall see that the n-th
Hermite polynomial hn will provide a solution to this problem.

Remark 1.2.10. We know that, if f ∈ C1(R), then the Itô-integral
∫ t

0 f(Xs) dXs, t ≥ 0, is
(well-)defined. (Simply take F as a primitive of f , i.e. F ′ = f , and apply Itô’s formula.)

Definition 1.2.11 (α-Integral). More generally we define for α ∈ [0, 1] and f ∈ C1(R)

α-

∫ t

0
f(Xs) dXs := lim

n→∞

∑
t
(n)
i
∈τn

t
(n)
i
≤t

f

(
X
t
(n)
i

+ α

(
X
t
(n)
i+1

−X
t
(n)
i

))
·
(
X
t
(n)
i+1

−X
t
(n)
i

)
. (1.2.7)

4



1.2. Quadratic Variation and Itô’s Formula

Claim: This limit exists and

α-

∫ t

0
f(Xs) dXs =

∫ t

0
f(Xs) dXs + α

∫ t

0
f ′(Xs) d〈X〉s. (1.2.8)

Proof. Exercise (Compare “α-sum” with “0-sum” (Itô-Integral) and use the mean-value-theorem
for f).

Special cases:

α = 0: “Itô-integral”

α = 1: “Backward Ito-integral”.

α = 1
2 : “Stratonovich-Fisk-Integral”

Notation:
∫
. . . ◦ dXs := 1

2 -
∫
. . . dXs. Hence

∫ t

0
f(Xs) ◦ dXs

(
=

1

2
−
∫ t

0
f(Xs) dXs

)
=

∫ t

0
f(Xs) dXs +

1

2

∫ t

0
f ′(Xs) d〈X〉s

and we have by Itô the Stratonovich-formula

F (Xt)− F (X0) =

∫ t

0
F ′(Xs) ◦ dXs. (1.2.9)

Remark 1.2.12. (i) An advantage of the Itô-integral is (see Section 1.4 below) that, if X is
a martingale, then, again,

∫
f(Xs) dXs is a martingale.

(ii) In the Stratonovich-fromula one only has to deal with derivatives of first order and, there-
fore, it can be used for manifold-valued X.

1.2.1. Supplement on the Quadratic Variation

Lemma 1.2.13. (i) Let F ∈ C1(R). Then t 7→ F (Xt) has (finite) quadratic variation (along
fixed (τn)n∈N)

〈F (X)〉t =

∫ t

0
(F ′(Xs))

2 d〈X〉s (automatically continuous in t).

(ii) If Mt := Xt + At, t ≥ 0, for some t 7→ At continuous and 〈A〉 ≡ 0 (again 〈A〉 calculated
along (τn)), then

〈M〉t = 〈X〉t.

(iii) The Itô-integral t 7→
∫ t

0 f(Xs) dXs =: Mt with f ∈ C1(R), has quadratic variation (along
(τn)) and

〈M〉t =

〈∫ t

0
f(Xs) dXs

〉
t

=

∫ t

0
f(Xs)

2 d〈X〉s.

5



1. Introduction to Pathwise Itô-Calculus

Proof. (i) We first apply Taylor up to order 1, then take the square on both sides and finally
apply the Binomial formula to get

∑
t
(n)
i
∈τn

t
(n)
i
≤t

(
F (X

t
(n)
i+1

)− F (X
t
(n)
i

)

)2

=
∑

t
(n)
i
∈τn

t
(n)
i
≤t

F ′(X
t
(n)
i

)2

(
X
t
(n)
i+1

−X
t
(n)
i

)2

︸ ︷︷ ︸
n→∞−→

∫ t
0 (F ′(X))2 d〈X〉s by Lemma 1.2.6

+
∑

t
(n)
i
∈τn

t
(n)
i
≤t

(
F ′
(
X
t
(n)
i

+ θ
(n)
i

(
X
t
(n)
i+1

−X
t
(n)
i

))
− F ′

(
X
t
(n)
i

))2

︸ ︷︷ ︸
< ε for large n, since F ′ is uniformly continuous

on the compact set {Xs|s ∈ [0, t + 1]}

·
(
X
t
(n)
i+1

−X
t
(n)
i

)2

+ 2
∑

t
(n)
i
∈τn

t
(n)
i
≤t

F ′(X
t
(n)
i

)

(
X
t
(n)
i+1

−X
t
(n)
i

)

·
(
F ′
(
X
t
(n)
i

+ θ
(n)
i

(
X
t
(n)
i+1

−X
t
(n)
i

))
− F ′(X

t
(n)
i

)

)(
X
t
(n)
i+1

−X
t
(n)
i

)
.

Since the second term goes to zero as n→∞, so, by Cauchy-Schwartz, does the third.

(ii)

∑
t
(n)
i
∈τn

t
(n)
i
≤t

(
M

(n)
ti+1
−M (n)

ti

)2
=

∑
t
(n)
i
∈τn

t
(n)
i
≤t

(
X
t
(n)
i+1

−X
t
(n)
i

)2

︸ ︷︷ ︸
n→∞−→ 〈X〉t

+
∑

t
(n)
i
∈τn

t
(n)
i
≤t

(
A

(n)
ti+1
−A(n)

ti

)2

︸ ︷︷ ︸
n→∞−→ 0 by assumption

+ 2
∑

t
(n)
i
∈τn

t
(n)
i
≤t

(
X
t
(n)
i+1

−X
t
(n)
i

)(
A

(n)
ti+1
−A(n)

ti

)
︸ ︷︷ ︸

n→∞−→ 0 by Cauchy-Schwartz

.

(iii) Let F ∈ C2(R) such that F ′ = f and apply Itô to get

Mt = F (Xt)−
(
F (X0) +

1

2

∫ t

0
F ′′(Xs) d〈X〉s

)
︸ ︷︷ ︸

=:At

.

But At can be written as a difference of increasing functions. Therefore, At is of bounded
variation, hence, 〈A〉 = 0. Thus, by (ii) and (i)

〈M〉 (ii)
= 〈F (X)〉t

(i)
=

∫ t

0
(F ′(Xs))

2 d〈X〉s.

6



1.3. d-Dimensional Itô-Formula and Covariation

1.3. d-Dimensional Itô-Formula and Covariation

Fix X,Y : [0,∞) → R continuous with bounded quadratic variation 〈X〉, 〈Y 〉 (along the same
(τn)n∈N) (cf. [RY99, (2.3)-(2.5) (p.27/28)]).

Definition 1.3.14. If

〈X,Y 〉t := lim
n→∞

∑
t
(n)
i
∈τn

t
(n)
i
≤t

(
X
t
(n)
i+1

−X
t
(n)
i

)(
Y
t
(n)
i+1

− Y
t
(n)
i

)
, t ≥ 0,

exists, then it is called the covariation of X and Y (along (τn)).

Lemma 1.3.15. The following assertions are equivalent:

(i) 〈X,Y 〉 exists and is continuous.

(ii) 〈X + Y 〉 exists and is continuous. In this case the Polarization identity holds:

〈X,Y 〉 =
1

2
(〈X + Y 〉 − 〈X〉 − 〈Y 〉) .

In particular, 〈X,Y 〉 is the distribution function of a signed measure on R+

d〈X,Y 〉 =
1

2
d〈X + Y 〉 − 1

2
d〈X〉 − 1

2
d〈Y 〉.

Furthermore, if 〈X,Y 〉 exists, we have

|〈X,Y 〉| ≤ 〈X〉
1
2 〈Y 〉

1
2 ,

i.e. a Cauchy-Schwartz inequality.

Proof. Exercise.

Remark 1.3.16. |〈X,Y 〉| ≤ 〈X〉
1
2 〈Y 〉

1
2 is a special case of the Kunita-Watanabe-inequality (cf.

2.2.16 below).

Example 1.3.17. (i) Let (Xt)t≥0, (Yt)t≥0 be independent Brownian motions on (Ω,F , P ).
Then there exists 〈X,Y 〉(ω) for P -a.e. ω ∈ Ω and

〈X,Y 〉(ω) = 0 P -a.e. ω ∈ Ω.

Proof. We know that

Zt :=
1√
2

(Xt + Yt), t ≥ 0,

is a Brownian motion. Hence, (cf. Propostition 1.1.4(i)) 〈Z〉t = t, so there exists 〈X+Y 〉t =
2〈Z〉t = 2t. Then it follows by Lemma 1.3.15 applied to P -a.e. ω ∈ Ω that

〈X,Y 〉 =
1

2
(〈X + Y 〉 − 〈X〉 − 〈Y 〉) = 0.

7



1. Introduction to Pathwise Itô-Calculus

(ii) Let f, g ∈ C(R) and

Yt :=

∫ t

0
f(Xs) d〈X〉s, Zt :=

∫ t

0
g(Xs) d〈X〉s.

Then (again with respect to our (τn)) there exists

〈Y,Z〉t =

∫ t

0
f(Xs)g(Xs) d〈X〉s.

Proof. By 1.2.13(iii) the quadratic variation of

Yt + Zt =

∫ t

0
(f + g)(Xs) dXs

along our (τn) exists. Hence, by the polarization identity and Lemma 1.2.13(iii) we get

2〈Y,Z〉 = 〈Y + Z〉 − 〈Y 〉 − 〈Z〉

= 2

∫
f(Xs)g(Xs) d〈X〉s +

∫
f(Xs)

2 d〈X〉s +

∫
g(Xs)

2 d〈X〉s − 〈Y 〉 − 〈Z〉

= 2

∫
f(Xs)g(Xs) d〈X〉s.

Proposition 1.3.18 (Itô’s product rule). Let X,Y be as above such that there exists 〈X,Y 〉
(with respect to (τn)) and is continuous in t ≥ 0. If there exists either

lim
n→∞

∑
t
(n)
i
∈τn

t
(n)
i
≤t

X
t
(n)
i

(
Y
t
(n)
i+1

− Y
t
(n)
i

)
=:

∫ t

0
Xs dYs

or

lim
n→∞

∑
t
(n)
i
∈τn

t
(n)
i
≤t

Y
t
(n)
i

(
X
t
(n)
i+1

−X
t
(n)
i

)
=:

∫ t

0
Ys dXs,

then both of these limits exist and

XtYt = X0Y0 +

∫ t

0
Xs dYs +

∫ t

0
Ys dXs + 〈X,Y 〉t.

Proof. We have

XtYt =
1

2

(
(Xt + Yt)

2 −X2
t − Y 2

t

)
.

Furthermore, by Lemma 1.3.15 〈X+Y 〉 exists and is continuous, since by Itô with F (X) = 1
2X

2

we know that

XtYt =
1

2

(
(X0 + Y0)2 −X2

0 − Y 2
0

)
︸ ︷︷ ︸

=X0Y0

+

∫ t

0
(X + Y )s d(X + Y )s

−
∫ t

0
Xs dXs −

∫ t

0
Ys dYs +

1

2
(〈X + Y 〉t − 〈X〉t − 〈Y 〉t)︸ ︷︷ ︸

=〈X,Y 〉t

.

8



1.3. d-Dimensional Itô-Formula and Covariation

By definition we have∫ t

0
(X + Y )s d(X + Y )s

= lim
n→∞

∑
t
(n)
i
∈τn

t
(n)
i
≤t

(
X
t
(n)
i

+ Y
t
(n)
i

)(
X
t
(n)
i+1

−X
t
(n)
i

+ Y
t
(n)
i+1

− Y
t
(n)
i

)
︸ ︷︷ ︸

=X
t
(n)
i

(
X
t
(n)
i+1

−X
t
(n)
i

)
+Y
t
(n)
i

(
Y
t
(n)
i+1

−Y
t
(n)
i

)

+X
t
(n)
i

(
Y
t
(n)
i+1

−Y
t
(n)
i

)
+Y
t
(n)
i

(
X
t
(n)
i+1

−X
t
(n)
i

)

Therefore, we get

XtYt = X0Y0 + lim
n→∞

∑
t
(n)
i
∈τn

t
(n)
i
≤t

(
X
t
(n)
i

(
Y
t
(n)
i+1

− Y
t
(n)
i

)
+ Y

t
(n)
i

(
X
t
(n)
i+1

− Y
t
(n)
i

))
+ 〈X,Y 〉t,

which implies the assertion.

Remark 1.3.19. If X or Y has bounded variation, e.g. X, then there already exists
∫
Ys dXs and

all assumptions in Proposition 1.3.18 are fulfilled. In this case 〈X,Y 〉 = 0 and, by substituting
dYs = Y ′sds, we are in the classical case of integration by parts:

XtYt −X0Y0 =

∫
XsY

′
s ds+

∫
YsX

′
s ds.

Example 1.3.20. Suppose t 7→ Yt is of bounded variation, hence, 〈Y 〉 ≡ 0 and 〈X,Y 〉 = 0 (by
Hölder). Then by Proposition 1.3.18∫ t

0
Ys dXs = −

∫ t

0
Xs dYs +XtYt −X0Y0.

Here, we can define the left hand side by the right hand side since
∫ t

0 Xs dYs is a usual Lebesgue-
Stieltjes ingegral. This approach was used by Paley-Wiener to define stochastic integrals, if X is
a Brownian motion:

Let X(ω) be a typical Brownian path (hence, X0(ω) = 0) and h(s)(= Ys) continuous, of bounded
variation and independent of ω with h(1) = 0. Define∫ 1

0
h(s) dXs(ω) := −

∫ 1

0
Xs(ω) dh(s).

One can show that

E

[(∫ 1

0
h(s) dXs

)2
]

=

∫ 1

0
h(s)2 ds,

hence,
L2([0, 1], ds) → L2(Ω,F , P )

∈ ∈

h 7→
∫
h(s) dXs(ω)

is an isometry. It is first defined for a dense subset of functions h in L2([0, 1], ds), and then
extended to the closure, i.e. for all h ∈ L2([0, 1], ds), by this isometry.
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1. Introduction to Pathwise Itô-Calculus

Fix now Xt =
(
X1
t , . . . , X

d
t

)
: [0,∞) → Rd continuous with continuous 〈Xi〉, 〈Xi, Xj〉, i, j ∈

{1, . . . , d}, i 6= j (along our (τn)).

Proposition 1.3.21 (d-dimensional Itô-formula). Let F ∈ C2(Rd). Then with (·, ·)t as Euklidean
inner product on R

F (Xt)− F (X0) =

∫ t

0
(∇F (Xs), dXs) +

1

2

∫ t

0

d∑
k,l=1

∂2F

∂xk∂xl
(Xs) d〈Xk, X l〉s, (1.3.10)

where ∫ t

0
(∇F (Xs), dXs) := lim

n→∞

∑
t
(n)
i
∈τn

t
(n)
i
≤t

(
∇F (X

t
(n)
i

), X
t
(n)
i+1

−X
t
(n)
i

)

is called multidimensional Itô-integral.

Proof. Obviously, we have

∑
t
(n)
i
∈τn

t
(n)
i
≤t

F

(
X
t
(n)
i+1

)
− F

(
X
t
(n)
i

)
n→∞−→ F (Xt)− F (X0).

Furthermore, by d-dimensional Taylor forumla we obtain

∑
t
(n)
i
∈τn

t
(n)
i
≤t

F

(
X
t
(n)
i+1

)
− F

(
X
t
(n)
i

)

=
∑

t
(n)
i
∈τn

t
(n)
i
≤t

(
∇F

(
X
t
(n)
i

)
, X

t
(n)
i+1

−X
t
(n)
i

)

+
1

2

∑
t
(n)
i
∈τn

t
(n)
i
≤t

(
A
(
X
t
(n)
i

)(
X
t
(n)
i+1

−X
t
(n)
i

)
,

(
X
t
(n)
i+1

−X
t
(n)
i

))
︸ ︷︷ ︸

=:S

+
1

2

∑
t
(n)
i
∈τn

t
(n)
i
≤t

((
A

(
X
t
(n)
i

+ θni

(
X
t
(n)
i+1

−X
t
(n)
i

))
−A

(
X
t
(n)
i

))

·
(
X
t
(n)
i+1

−X
t
(n)
i

)
,

(
X
t
(n)
i+1

−X
t
(n)
i

))
,

where

A(x) =

(
∂2

∂xi∂xj
F (x)

)
i,j

.

The third summand vanishes analogously to the 1-dimensional case. Moreover, since we can
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1.3. d-Dimensional Itô-Formula and Covariation

interchange the sums, we have by polarization

S =

d∑
j,k=1

∑
t
(n)
i
∈τn

t
(n)
i
≤t

∂2F

∂xj∂xk

(
X
t
(n)
i

)(
X

(j)

t
(n)
i+1

−X(j)

t
(n)
i

)(
X

(k)

t
(n)
i+1

−X(k)

t
(n)
i

)

=

d∑
j,k=1

∑
t
(n)
i
∈τn

t
(n)
i
≤t

∂2F

∂xj∂xk

(
X
t
(n)
i

)

· 1

2

(((
X

(j)

t
(n)
i+1

+X
(k)

t
(n)
i+1

)
−
(
X

(j)

t
(n)
i

+X
(k)

t
(n)
i

))2

−
(
X

(j)

t
(n)
i+1

−X(j)

t
(n)
i

)2

−
(
X

(k)

t
(n)
i+1

−X(k)

t
(n)
i

)2
)

n→∞−→ 1

2

d∑
j,k=1

(∫ t

0

∂2F

∂xj∂xk
(Xs) d〈X(j) +X(k)〉s −

∫ t

0

∂2F

∂xj∂xk
(Xs) d〈X(j)〉s

−
∫ t

0

∂2F

∂xj∂xk
(Xs) d〈X(k)〉s

)
=

∫ t

0

d∑
k,l=1

∂2F

∂xk∂xl
(Xs) d〈Xk, X l〉s, P -a.s..

Remark 1.3.22. (i) We have defined

∫ t

0
(∇F (Xs), dXs) := lim

n→∞

d∑
k=1

∑
t
(n)
i
∈τn

t
(n)
i
≤t

∂F

∂xk

(
X
t
(n)
i

)(
Xk

t
(n)
i+1

−Xk

t
(n)
i

)
,

but we cannot interchange
∑d

k=1 with the limit, since we do not know whether for every
k the limit exists.

(ii) For F ∈ C1(Rd) the function t 7→ F (Xt) has continuous quadratic variation and

〈F (X)〉t =
d∑

k,l=1

∫ t

0

∂F

∂xk
(Xs)

∂F

∂xl
(Xs) d〈Xk, X l〉s.
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1. Introduction to Pathwise Itô-Calculus

Proof. By Taylor

∑
t
(n)
i
∈τn

t
(n)
i
≤t

(
F

(
X
t
(n)
i+1

)
− F

(
X
t
(n)
i

))2

=
d∑

k,l=1

∑
t
(n)
i
∈τn

t
(n)
i
≤t

∂F

∂xk

(
X
t
(n)
i

) ∂F
∂xl

(
X
t
(n)
i

)(
Xk

t
(n)
i+1

−Xk

t
(n)
i

)(
X l

t
(n)
i+1

−X l

t
(n)
i

)
︸ ︷︷ ︸

1.2.6−→
∑d
k,l=1

∫ t
0
∂F
∂xk

(Xs)
∂F
∂xl

(Xs) d〈Xk,Xl〉s by polarization

+

d∑
k,l=1

∑
t
(n)
i
∈τn

t
(n)
i
≤t

(
∂F

∂xk

(
X
t
(n)
i

+ θni

(
X
t
(n)
i+1

−X
t
(n)
i

))
− ∂F

∂xk

(
X
t
(n)
i

))
︸ ︷︷ ︸

<ε uniformly in i for n big enough

·
(
∂F

∂xl

(
X
t
(n)
i

+ θni

(
X
t
(n)
i+1

−X
t
(n)
i

))
− ∂F

∂xl
(X

t
(n)
i

)

)
︸ ︷︷ ︸

<∞

(
Xk

t
(n)
i+1

−Xk

t
(n)
i

)(
X l

t
(n)
i+1

−X l

t
(n)
i

)

+ 2

d∑
k,l=1

∑
t
(n)
i
∈τn

t
(n)
i
≤t

(
∂F

∂xk

(
X
t
(n)
i

+ θni

(
X
t
(n)
i+1

−X
t
(n)
i

))
− ∂F

∂xk

(
X
t
(n)
i

))(
Xk

t
(n)
i+1

−Xk

t
(n)
i

)

·
∑

t
(n)
i
∈τn

t
(n)
i
≤t

∂F

∂xl

(
X
t
(n)
i

)(
X l

t
(n)
i+1

−X l

t
(n)
i

)
.

By Cauchy Schwartz the last two double sums converge to 0 as n goes to ∞.

(iii) Since

1

2

∫ t

0

d∑
k,l=1

∂2F

∂xk∂xl
(Xs) d〈Xk, X l〉s

is of bounded variation, its quadratic variation is 0. But then, by 5.2.7 and 1.2.13 (ii), we
can conclude that〈∫ ·

0
(∇F (Xs), dXs)

〉
t

= 〈F (X)−F (X0)〉t = 〈F (X)〉t
(ii)
=

d∑
k,l=1

∫ t

0

∂F

∂xk
(Xs)

∂F

∂xl
d〈Xk, X l〉s.

1.3.1. Important special cases

Brownian motion in Rd and Laplace-operator ∆

The components of a d-dimensional Brownian motion are independent, hence, (by 1.3.17(i))

〈Xk, X l〉t(ω) = δkl · t (“covariation reflects independence”),

which implies by Itô for F ∈ C2(R)

F (Xt)− F (X0) =

∫ t

0
(∇F (Xs), dXs) +

1

2

∫ t

0
∆F (Xs) ds.
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1.3. d-Dimensional Itô-Formula and Covariation

In particular, if F is harmonic (i.e. ∆F = 0), then

F (Xt) = F (0) +

∫ t

0
(∇F (Xs), dXs),

which is an Itô-integral of a Brownian motion. Hence, a harmonic function preserves the mar-
tingale property since the Itô-integral again is a martingale (see Section 1.4 below).

Itô-formula for time dependent functions

Proposition 1.3.23. Let F ∈ C2(R2) and X : [0,∞) → R be continuous with continuous 〈X〉
(along (τn)n∈N). Then

F (Xt, 〈X〉t) = F (X0, 0) +

∫ t

0

∂F

∂x
(Xs, 〈X〉s) dXs +

∫ t

0

(
1

2

∂2F

∂x2
+
∂F

∂y

)
(Xs, 〈X〉s) d〈X〉s.

Proof. Apply Itô for d = 2 with (Xt, 〈X〉t) to get

F (Xt, 〈X〉t)− F (X0, 0)

=

∫ t

0

∂F

∂x
(Xs, 〈X〉s) dXs +

∫ t

0

∂F

∂y
(Xs, 〈X〉s) d〈X〉s︸ ︷︷ ︸

=:S

+
1

2

∫ t

0

∂2F

∂x2
(Xs, 〈X〉s) d〈X〉s

+
1

2

∫ t

0

∂2F

∂y2
(Xs, 〈X〉s) d〈〈X〉s, 〈X〉s〉+

1

2

∫ t

0

∂2F

∂x∂y
(Xs, 〈X〉s) d〈Xs, 〈X〉s〉︸ ︷︷ ︸

=0 since 〈X〉s is of bounded variation and by 1.3.20

.

The second summand of S exists since 〈X〉t is of bounded variation (along (τn)n∈N). As the
whole sum S exists by Itô (d = 2), so does the first summand.

Remark 1.3.24. (i) If Xt is a Brownian motion, then 〈X〉t represents the time, i.e.

F (Xt, 〈X〉t) = F (Xt, t).

Therefore, 〈X〉t is also called inner clock of Xt.

(ii) If F is a solution to the backward heat equation, i.e.

1

2

∂2F

∂x2
+
∂F

∂t
= 0,

then we have by above (for X as above)

F (Xt, 〈X〉t) = F (X0, 0) +

∫ t

0

∂F

∂x
(Xs, 〈X〉s) dXs = F (X0, 0) + “Itô-integral”.

Later we shall see that the Itô-integral is a local martingale, if X is one. Therefore, every
solution to the backward heat equation provides a local martingale!

Example 1.3.25. (i) Let F (x, t) := exp
(
αx− 1

2α
2t
)
. Then F solves the backward heat equa-

tion. Thus, if X0 = 0, then

Gt := F (Xt, 〈X〉t) = exp

(
αXt −

1

2
α2〈X〉t

)

13



1. Introduction to Pathwise Itô-Calculus

solves the differential equation

G0 = 1,

dG = αG dX,

i.e.

Gt = 1 +

∫ t

0
αGs dXs.

Recall, if 〈X〉 ≡ 0, then Gt = exp(αXt). Hence, in the Itô-calculus Gt as above is the right
analogon to the exponential function exp(αt) in the usual case.

Application to Brownian motion:
For X with 〈X〉t = t

Gt(ω) := G0e
βt exp

(
αXt(ω)− 1

2
α2t

)
, t ≥ 0,

by Proposition 1.3.23 solves the linear SDE

dG = αG dX + βG dt.

Classical (α = 0):

dG = βG dt ⇒ Gt = G0e
βt.

Here, for β > 0 Gt tends to ∞ as t→∞.

Stochastic (α 6= 0):

Gt = G0 exp

(
αXt +

(
β − 1

2
α2

)
t

)
.

By law of iterated logarithm
Xt

t

t→∞−→ 0, a.s.,

hence, for large t ∣∣∣∣αXt

t

∣∣∣∣ < 1

2

(
1

2
α2 − β

)
.

Thus, for β < 1
2α

2

Gt ≤ G0e
−( 1

2
α−β) t2 t→∞−→ 0, (a.s. pathwise stable).

But Gt is not uniformly integrable, since by the Residue theorem

E[eαXt ] = e
1
2
α2t,

and therefore,

E[Gt] = G0e
βtE

[
eαXt

]
e−

1
2
α2t = G0e

βt →∞, if β > 0 (unstable in the mean).

(ii) “Hermite- polynomials” (cf. Example 1.2.9):
Define hn(x, t) by

eαx−
1
2
α2t =

∞∑
n=0

αn

n!
hn(x, t), (1.3.11)

14



1.3. d-Dimensional Itô-Formula and Covariation

where the left hand side is analytic in α, i.e.

hn(x, t) =
∂n

∂αn

(
eαx−

1
2
α2t
) ∣∣∣∣

α=0

(
= eαx

n∑
k=0

(
n

k

)
xk

∂n−k

∂αn−k

(
e−

1
2
α2t
) ∣∣∣∣

α=0

)
. (1.3.12)

Recall, that for all n ∈ N
Hn(·, t) :=

1√
n!tn

hn(·, t)

is an orthonormal basis of L2(R, N(0, t)).

Proof. Clearly, (by monotone classes) span{Hn, n ∈ N} is a dense subset of L2(R, N(0, t)).
Hence, it is sufficient to show that it is an ONS:∑

n,m

αn

n!
hn(x, t)

βm

m!
hm(x, t)

(1.3.11)
= e(α+β)x− 1

2
(α2+β2)t = exp((α+ β)x)e−

1
2

(α+β)2teαβt.

By integration with N(0, t) in x, since sums interchange with integration and∫
e(α+β)xN(0, t)( dx) = e

1
2

(α+β)2t,

we get by (1.3.12) that∑
n,m

αmβm
∫

1

n!
hn(x, t)

1

m!
hm(x, t)N(0, t)( dx) = eαβt =

∑
n

αnβn
tn

n!
, ∀α, β.

We have for n ≥ 0 by (1.3.12) and by interchanging order of differentiation

1

2

∂2

∂x2
hn +

∂

∂t
hn = 0.

Additionally, for n ≥ 1 we have

∂

∂x
hn(·, t) (1.3.11)

= n · hn−1(·, t).

Therefore, if X, 〈X〉 are continuous and X0 = 0, (since hn(0, 0) = 0), we get

hn(Xt, 〈X〉t) =

∫ t

0

∂

∂x
hn(Xt1 , 〈X〉t2) dXt1 = n

∫ t

0
hn−1(Xt1 , 〈X〉t1) dXt1

= . . . = n!

∫ t

0
dXt1

∫ t1

0
dXt2 . . .

∫ tn−1

0
dXtn .
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1. Introduction to Pathwise Itô-Calculus

1.4. Itô-Integrals as (Local) Martingales

Recall: If (Ft)t≥0 is not right-continuous, then define

Ft+ :=
⋂
s>t

Fs, t ≥ 0.

Then (Ft+)t≥0 is right-continuous.

Let (Ω,F , P ) be a probability space equipped with a right-continuous filtration (Ft)t≥0, i.e.

Ft =
⋂
s>t

Fs.

Let T : Ω → [0,∞] and let X : {(t, ω) ∈]0,∞[×Ω : t < T (ω)} ∪ {0} × Ω → R be a map
such that X is a continuous local martingale (up to T ) i.e. there exists a localizing sequence
T1 ≤ T2 ≤ . . . ≤ T and < T on {T > 0}, i.e. they are (Ft)-stopping times such that

(i) (Xt∧Tn)t≥0 is a continuous (Ft)-martingale for all n ∈ N,

(ii) supn∈N Tn = T P -a.s..

Assume in addition, that X has a continuous quadratic variation [0, T (ω)[3 t→ 〈X〉t(ω) along
a sequence of partitions (τn) as above for P -a.e. ω ∈ Ω.

Remark 1.4.26. Later we shall see that for any (τn) there exists (τnk) such that X as above
has continuous quadratic variation 〈X〉t along (τnk) for P -a.e. ω ∈ Ω.

Proposition 1.4.27. Let f ∈ C2(G × R+), G ⊂ R1 open (or f ∈ C1(G)). Assume there exists
a compact set K ⊂ G such that

X0(ω) ⊂ K for P -a.e.ω ∈ Ω.

Define M0(ω) = 0 for all ω ∈ Ω and

Mt(ω) :=

∫ t

0
f(Xs(ω), 〈X〉s(ω)) dXs(ω), 0 < t < T (ω) for ω ∈ {T > 0} . (Itô-integral!)

Then M is a continuous local martingale up to

S := inf{t > 0|Xt 6∈ G}︸ ︷︷ ︸
=:σGc

∧T.

Proof. Step 1: Assume that T = ∞, X is a bounded martingale, G = R1 and f is bounded.
Then Mt(ω) is defined for all t ≥ 0, since S = +∞.
Claim: (Mt)t≥0 is a continuous martingale.

To see this define for n ∈ N fixed

M
(n)
t :=

∑
t
(n)
i
∈τn

t
(n)
i
≤t

f
(
X
t
(n)
i

, 〈X〉
t
(n)
i

)(
X
t
(n)
i+1

−X
t
(n)
i

)
.

To see that (M
(n)
t )t≥0 is a martingale, (but not nessassarily continuous), let s < t and take

t
(n)
k , t

(n)
l ∈ τn such that t

(n)
k ≤ t < t

(n)
k+1, t

(n)
l ≤ s < t

(n)
l+1. Then, we have M

(n)
t = M

(n)
tk

and

16



1.4. Itô-Integrals as (Local) Martingales

M
(n)
s = M

(n)
tl

and therefore,

E[M
(n)
t −M (n)

s |Fs] = E[M
(n)
tk
−M (n)

tl
|Fs]

=
k∑

i=l+1

E

[
E

[
f
(
X
t
(n)
i

, 〈X〉
t
(n)
i

)
︸ ︷︷ ︸
F
t
(n)
i

−measurable

(
X
t
(n)
i+1

−X
t
(n)
i

) ∣∣F
t
(n)
i

]∣∣Fs]

=

k∑
i=l+1

E

[
f
(
X
t
(n)
i

, 〈X〉
t
(n)
i

)
E

[(
X
t
(n)
i+1

−X
t
(n)
i

) ∣∣F
t
(n)
i

]
︸ ︷︷ ︸

=0 since Xt is a martingale

∣∣Fs] = 0

Hence by Proposition 2.1.4 below it is sufficient to show that Mn
t →Mt in L1 for all t ≥ 0. We

know that by definition,

M
(n)
t →Mt, P -a.s.∀t ≥ 0.

Furthermore, for all t ≥ 0,

E

[(
M

(n)
t

)2
]

=
∑

t
(n)
i
∈τn

t
(n)
i
≤t

E

[
f2
(
X
t
(n)
i

, 〈X〉
t
(n)
i

)(
X
t
(n)
i+1

−X
t
(n)
i

)2
]
,

since all nondiagonal terms vanish by the martingale property of Xt. Furthermore,

E

[(
M

(n)
t

)2
]
≤ sup

R×R+

f2
∑

t
(n)
i
∈τn

t
(n)
i
≤t

E
[
E
[
X2

t
(n)
i+1

− 2X
t
(n)
i+1

X
t
(n)
i

+X2

t
(n)
i

∣∣∣F
t
(n)
i

]
︸ ︷︷ ︸

=E
[
X2

t
(n)
i+1

∣∣F
t
(n)
i

]
−X2

t
(n)
i

]

= sup
R×R+

f2
∑

t
(n)
i
∈τn

t
(n)
i
≤t

E

[
X2

t
(n)
i+1

−X2

t
(n)
i

]

= sup
R×R+

f2E
[
X2
tnNn
−X2

0

]
︸ ︷︷ ︸
≤supt,ω X

2
t (ω)

.

Hence, supnE

[(
M

(n)
t

)2
]
<∞ and thus

(
M

(n)
t

)
n∈N

is uniformly integrable. By the generalized

Lebesgue dominated convergence theorem the claim follows. Therefore (Mt)t≥0 is a martingale.
It still remains to show that Mt has P -a.s. continuous sample paths:
In order to see that consider

M̃
(n)
t :=

n∑
i=0

f
(
X
t
(n)
i

, 〈X〉
t
(n)
i

)(
X
t
(n)
i+1∧t

−X
t
(n)
i ∧t

)
.

Then as above one shows that M̃t(ω) is a martingale. Note that
(
M̃

(n)
t

)
t≥0

has P -a.s. continuous

sample paths and that

M
(n)
t − M̃ (n)

t
n→∞−→ 0 P -a.s.

and in Lq (by the same argument as above). Hence, M̃
(n)
t

n→∞−→ Mt in Lq for all q ∈ [1, 2). Then
by Doob’s maximal inequality one can show that (Mt)t≥0 has P -a.s. continuous sample paths

17



1. Introduction to Pathwise Itô-Calculus

(cf. below Proposition 2.1.4).
Step 2 (“Localization by stopping times”):
Let (Tn) be a localizing sequence for X. For n ∈ N define

T̃n := inf{t > 0|〈X〉t > n} ∧ T

and

Sn := Tn ∧ σGcn ∧ T̃n,

where Gn ↗ G, Gn relatively compact and open and Ḡn ⊂ Gn+1 for all n ∈ N. Without loss
of generality K ⊂ Gn ∀n ∈ N. Then supn σGcn = σGc and Sn are stopping times such that

Sn ≤ Tn ≤ T and Sn ≤ Tn < T on {T > 0}. Furthermore, T̃n ↗ T , hence, Sn ↗ T ∧ σGc . By
optional stopping (Xt∧Sn)t≥0 is a continuous martingale taking values in Gn, hence (Xt∧Sn)t≥0

is bounded in (t, ω). Furthermore, (exercise)

Mt∧Sn(ω)(ω)
!

=

∫ t

0
f
(
Xs∧Sn(ω)(ω), 〈X〉s∧Sn(ω)

)
dXs∧Sn(ω)(ω). (1.4.13)

Take χn ∈ C2
0(G× R+) such that

χn = 1 on Gn × [0, n].

Then we can replace f in (1.4.13) by χnf ∈ C2
b (G × R+). Therefore, the representation for

(Mt∧Sn)t≥0 in (1.4.13) and Step 1 imply that (Mt∧Sn)t≥0 is a continuous martingale.

Corollary 1.4.28. Let X be a continuous local martingale up to T with continuous quadratic
variation (later proved to always be the case). Then

(i) X2 − 〈X〉 is a continuous local martingale up to T .

(ii) If 〈X〉 = 0 (which is particularly true if X has bounded variation), then for P -a.s. ω ∈ Ω

Xt(ω) ≡ X0(ω) ∀t ∈ [0, T (ω)[. (1.4.14)

Proof. Without loss of generality assume that X0 ≡ 0. (Otherwise, consider Xt −X0, t ≤ T .)

(i) By Itô

X2
t = 2 ·

∫ t

0
Xs dXs + 〈X〉t on {t < T}.

But the first term on the right hand side is a continuous local martingale up to T by
Proposition 5.3.9.

(ii) By (i) it also follows that X2 is a continuous local martingale up to T if 〈X〉 = 0. Hence,
if Tn ↗ T is a localising sequence for X2, then

E
[
X2
t∧Tn

]
= E

[
X2

0

]
= 0 ∀t ≥ 0.

Therefore, 1{t<T}Xt = 0 P -a.s. ∀t ≥ 0, (with zero set depending on t). Hence,

P
[
1{t<T}Xt = 0 ∀t ∈ Q

]
= 1,

and by P -a.s. continuity in t it follows that Xt = 0 on {t < T} for all t ≥ 0 P -a.s..

18



1.4. Itô-Integrals as (Local) Martingales

Proposition 1.4.29 (d-dimensional version of Proposition 5.3.9). Let X = (X1, . . . , Xd) with
X1, . . . , Xd continuous local martingales up to T such that 〈Xi, Xj〉 exist for all 1 ≤ i, j ≤ d and
are continuous up to T . Let F ∈ C2(D), D ⊂ Rd, D open, with X0(ω) ⊂ K for P -a.e. ω ∈ Ω for
some compact K ⊂ D. Define M0 := 0 and

Mt :=

∫ t

0
(∇F (Xs), dXs)Rd on {t < T} (d-dimensional Itô-integral)

Then M is a continuous local martingale up to

S := T ∧ inf{t > 0|Xt 6∈ D}︸ ︷︷ ︸
=:σDc

.

Proof. Exercise (Proceed as for Proposition 5.3.9).

Remark 1.4.30. By Remark 1.3.22 (iii) for M as in Proposition 1.4.29 we have

〈M〉t =

d∑
k,l=1

∫ t

0

∂F

∂xk
(Xs)

∂F

∂xl
(Xs) d〈Xk, X l〉s on {t < S}.

Hence, if S ≡ ∞, then M is even a martingale provided ∂F
∂xk

, 1 ≤ k ≤ d, are all bounded and X
is a Brownian motion. This is a consequence of Corollary 1.4.32 below.

Proposition 1.4.31. Let M be a continuous local martingale up to T (with continuous 〈M〉 up
to T ) and let T0 ≤ T with T0 < T on {T > 0} be a stopping time such that

E[〈M〉T0 ] <∞.

Then (Mt∧T0)t≥0 is a continuous martingale such that sup
t≥0

E[M2
T0∧t] ≤ E[〈M〉T0 ]. Furthermore,

E[MT0 ] = E[M0].

Note that T0 doesn’t need to be bounded.

Proof. Without loss of generality assume M0 ≡ 0. (Otherwise, consider Mt −M0.) Let Tn ↗ T
be a localizing sequence for M . Then (MT0∧Tn∧t)t≥0 is a continuous martingale. Hence

lim
n→∞

MT0∧Tn∧t = MT0∧t P -a.s. ∀t ≥ 0

and
E
[
M2
T0∧Tn∧t

] Cor. 5.3.10
= E[〈M〉T0∧Tn∧t] ≤ E[〈M〉T0 ] <∞.

Hence, {MT0∧Tn∧t|n ∈ N} is uniformly integrable ∀ t ≥ 0. In particular, by Lebesgue

lim
n→∞

MT0∧Tn∧t = MT0∧t in L1 ∀t ≥ 0.

Therefore, (MT0∧t)t≥0 is a continuous martingale. In addition,

E
[
M2
T0∧t

]
≤ lim inf

n→∞
E
[
M2
T0∧Tn∧t

]
≤ E [〈M〉T0 ] <∞ ∀t ≥ 0.

So, by the L2-martingale convergence theorem

lim
t→∞

MT0∧t = MT0 in L2,

In particular,
E [MT0 ] = lim

t→∞
E [MT0∧t] = E [M0] = 0.
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1. Introduction to Pathwise Itô-Calculus

Corollary 1.4.32. Let M be a continuous local martingale up to T ≡ ∞ (with continuous 〈M〉)
such that

E[〈M〉t] <∞ ∀t ≥ 0.

Then M is a square integrable martingale.

Proposition 1.4.33. Let T be a stopping time and X,A continuous processes with continuous
〈X〉 and 〈A〉 = 0 up to T . Assume A0 = 0 and X0 = 0. Then the following are equivalent:

(i) X is a local martingale up to T with 〈X〉 = A.

(ii) For all α ≥ 0

Gαt :=

{
1 if t = 0

exp[αXt − 1
2α

2At] on {t < T}

is a local martingale up to T .

Proof. (i) ⇒ (ii): By Itô’s formula for time dependent functions (cf. Proposition 1.3.24)

Gαt = Gα0 +

∫ t

0
αGαs dXs + 0.

But the right hand side is a local martingale up to T by Proposition 5.3.9 for f(Xt, 〈X〉t) =
exp(αXt − 1

2α
2〈X〉t).

(ii) ⇒ (i): By Itô’s formula we get

Xt =
1

α

(
logGαt − logGα0︸ ︷︷ ︸

=0

)
+

1

2
αAt

Itô
=

1

α

(∫ t

0

1

Gαs
dGαs −

1

2

∫ t

0

1

(Gαs )2
d〈Gα〉s

)
+

1

2
αAt

1.3.22(ii)
=

1

α

(∫ t

0

1

Gαs
dGαs −

1

2

∫ t

0

1

(Gαs )2
(αGαs )2 d〈X〉s

)
+

1

2
αAt

=
1

α

∫ t

0

1

Gαs
dGαs +

α

2
(At − 〈X〉t) ∀α ∈ R\{0}. (1.4.15)

Here, 1
α

∫ t
0

1
Gαs

dGαs is a local martingale up to T by Proposition 5.3.9 with G =]0,∞[. Consider

α 6= α′ and take the difference of the two corresponding equalities to get

0 = M +
α− α′

2
(At − 〈X〉t),

where M is a local martingale up to T . By Corollary 5.3.10(ii) it follows that At − 〈X〉t =
A0 − 〈X〉0 = 0 on {t < T} P -a.s., and then (1.4.15) implies that X is a local martingale up to
T .

1.5. Levy’s Characterization of Brownian Motion

Let X = (Xt)t≥0 be a stochastic process on (Ω,F , P ) with continuous sample paths (and conti-
nuous quadratic variation 〈X〉).

Proposition 1.5.34 (Levy). Assume that X is a continuous local martingale up to ∞ with
respect to some filtration (Ft)t≥0 such that X is (Ft)-adapted. If 〈X〉t = t holds for all t ≥ 0,
then X is a Brownian motion.
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1.5. Levy’s Characterization of Brownian Motion

Remark 1.5.35. Every continuous martingale can be transformed by a time change into a
Brownian motion provided its quadratic variation is strictly increasing (see later). Therefore,
Brownian motion is the only local martingale, where the quadratic variation is the usual time.

Proof of 1.5.34. Corollary 1.4.32 implies that X is a martingale. For u ∈ R we apply the Itô-
formula to

F (x) = eiux = cos(ux) + i sin(ux), x ∈ R.
Then, for all s < t

eiuXt∧Tn − eiuXs∧Tn =

∫ t∧Tn

0
iueiuXr dXr −

∫ s∧Tn

0
iueiuXr dXr +

1

2

∫ t∧Tn

s∧Tn
(−u2)eiuXr d〈X〉r︸ ︷︷ ︸

= dr

,

where Tn ↗∞ are stopping times such that(∫ t∧Tn

0
iueiuXr dXr

)
t≥0

is a martingale for all n. Now take E[·|Fs] of the equality above:

E
[
eiuXt∧Tn − eiuXs∧Tn

∣∣Fs] =
1

2
E

[∫ t∧Tn

s∧Tn
(−u2)eiuXr dr

∣∣Fs] .
Hence, letting n→∞ we obtain

1

2
E

[∫ t

s
(−u2)eiuXr dr

∣∣Fs] = E[eiuXt − eiuXs |Fs].

Multiplication by e−iuXs yields

E[eiu(Xt−Xs)|Fs]− 1 =
1

2
E

[∫ t

s
(−u2)eiu(Xr−Xs) dr

∣∣Fs] .
Therefore, for all A ∈ Fs

E[eiu(Xt−Xs), A]︸ ︷︷ ︸
=:ϕ(t)

−P (A)
Fubini

= −1

2
u2

∫ t

s
E[eiu(Xr−Xs), A]︸ ︷︷ ︸

=ϕ(r)

dr.

Then, ϕ ∈ C1 (since the right hand side is C1) and by differentiation

ϕ̇(t) = −1

2
u2ϕ(t) ∀t ≥ s.

Solving this equation we get

ϕ(t) = C · e−
1
2
u2t, t ≥ s.

Substituting s for t yields
P (A) = ϕ(s),

which implies

C = P (A)e
1
2
u2s,

hence,

E[eiu(Xt−Xs);A] = e−
1
2
u2(t−s)P (A) ∀A ∈ Fs. (1.5.16)

Taking A := Ω implies that Xt −Xs is N(0, (t − s)) distributed by uniqueness of the Fourier-
transform. By a monotone class argument, (1.5.16) implies that Xt −Xs is independent of Fs
(Exercise!). In particular,

Xtn −Xtn−1 , . . . , Xt2 −Xt1

are independent for all 0 ≤ t1 < t2 < . . . < tn <∞.
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2. (Semi-)Martingales and Stochastic
Integration

In this chapter we want to define ∫
g(t, ·) dMt,

where g is defined “more general” and Mt is an arbitrary semimartingale. This is more general
than so far, since we could only define∫

f(t, µt) dMt, ∀f ∈ C1.

2.1. Review of Some Facts from Martingale Theory

Fix a probability space (Ω,F , P ) and let (Ft)t≥0 be a right-continuous filtration. (Sometimes
assume in addition that N ∈ F , P (N) = 0⇒ N ∈ F0.) These conditions are also called “usual
conditions”.

Proposition 2.1.1. Let (Mt)t≥0 be a martingale. Then there exists a version

(M̃)t≥0 (i.e. Mt = M̃t on N(t)c such that P (N(t)) = 0),

such that t 7→ M̃t(ω) is càdlàg (i.e. is right-continuous and has left limits) for all ω ∈ Ω.

Proof. Doob’s upcrossing lemma (cf. [vWW90]).

Proposition 2.1.2 (Optional stopping theorem). Let (Mt)t≥0 be a martingale and T be a
stopping time. Then (Mt∧T )t≥0 is a martingale.

Proof. See [Röc11, Proposition VIII.4.2, Corollary VIII.4.3].

Proposition 2.1.3 (Doob’s inequality). Let p > 1. Then∥∥∥∥sup
s≤t
|Ms|

∥∥∥∥
p

≤ p

p− 1
‖Mt‖p ,

where ‖·‖p = ‖·‖Lp. In particular, if

M∗ := sup
t≥0
|Mt|,

then
‖M∗‖p ≤

p

p− 1
sup
t≥0
‖Mt‖p .

Proposition 2.1.4. Let p ≥ 1 and let
(
M

(n)
t

)
t≥0

, n ∈ N, be a sequence of martingales such

that
M

(n)
t

n→∞−→ Mt in Lp, ∀t ≥ 0,

Then
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2. (Semi-)Martingales and Stochastic Integration

(i) (Mt)t≥0 is again a martingale in Lp.

(ii) If p > 1 and (F)t≥0 is such that all P -zero sets in Ft are in F0 and each
(
M

(n)
t

)
t≥0

has

P -a.s. (right-) continuous ((càdlàg)) sample paths, then (Mt)t≥0 has a (right-) continuous
((càdlàg)) (Ft) -adapted version again denoted by (Mt)t≥0 and

M
(n)
t

n→∞−→ Mt

in Lp(Ω,F , P ; C ([0, t];R)) and hence locally uniformly in t and in Lp and has a locally
uniformly in t P -a.s. convergent subsequence.

Proof. (i) Obvious.

(ii) Fix t > 0. Since Mn −Mm is a martingale, we have by Doob∥∥∥∥sup
s≤t
|M (n)

s −M (m)
s |

∥∥∥∥
p

≤ p

p− 1

∥∥∥M (n)
t −M (m)

t

∥∥∥
p
.

Since they are Lp-convergent, for some subsequence (nk)k∈N

∞∑
k=1

∥∥∥∥sup
s≤t

∣∣∣M (nk+1)
s −M (nk)

s

∣∣∣∥∥∥∥
p

≤ p

p− 1

∞∑
k=1

∥∥∥M (nk+1)
t −M (nk)

t

∥∥∥
p
<∞.

Therefore,

P

( ∞∑
k=1

sup
s≤t

∣∣∣M (nk+1)
s −M (nk)

s

∣∣∣ <∞) = 1.

Hence, M
(nk)
s

k→∞→ Ms uniformly on [0, t] P -a.s. (cf. Proof of Riesz-Fischer!). Then up to

a P -zero set Ms is Fs-measurable, since so is each M
(nk)
s . But Fs contains all P -zero sets

in F0. Therefore, Ms is Fs-measurable.

Remark 2.1.5 (Localization). Let (Mt)t≥0 be a continuous local martingale (up to ∞) such
that M0 = 0. Set

Rn(ω) := inf
{
t > 0

∣∣ |Mt(ω)| > n
}(n→∞−→ ∞) .

Claim: For all n ∈ N (Mt∧Rn)t≥0 is a continuous bounded martingale.

Proof. Let (Tk)k∈N be a localizing sequence for M , such that Tk ≤ k. (Otherwise consider Tk∧k.)
Then for s ≤ t and n fixed

E[Mt∧Rn∧Tk ;As] = E[Ms∧Rn∧Tk ;As] ∀As ∈ Fs.

By Lebesgue, for all As ∈ Fs,

E[Mt∧Rn∧Tk ;As]
k→∞−→ E[Mt∧Rn ;As]

and, since |Mt∧Rn∧Tk | ≤ n for fixed n,

E[Ms∧Rn∧Tk ;As]
k→∞−→ E[Ms∧Rn ;As].

So, we get E[Mt∧Rn ;As] = E[Ms∧Rn ;As].
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2.2. Quadratic Variation and Covariation for Continuous Local Martingales

2.2. Quadratic Variation and Covariation for Continuous Local
Martingales

Let (Mt)t≥0 be a càdlàg martingale.
Approach to stochastic integration:
Assume initiallyMt ∈ L2 for all t ≥ 0. (IfMt 6∈ L2, then localize.) By Jensen’s inequality (M2

t )t≥0

is a submartingale. Then one can show (by the Doob-Meyer decomposition) that there exists a
unique adapted process (〈M〉t)t≥0 with 〈M〉0 = 0, increasing, right-continuous, predictable (see
below) such that (

M2
t − 〈M〉t

)
t≥0

(?)

is a martingale. Then, 〈M〉 is the variance process of M , i.e.

E[(Mt −Ms −
=0︷ ︸︸ ︷

E[Mt −Ms])
2|Fs] (conditioned variance of Mt −Ms given Fs)

=E[M2
t −M2

s |Fs]
(?)
= E[〈M〉t − 〈M〉s|Fs].

In [Röc11] we proved the Doob-Meyer decomposition in discrete time. In continuous time for
càdlàg martingales this is much more difficult (cf. [Kry]).

We are going to prove the Doob-Meyer decomposition only for continuous martingales. In the
stochastic integration theory below, we shall, however, allow càdlàg martingales, simply assuming
Doob-Meyer without proof, and refering to [vWW90, Cor. 6.6.3] instead.
For a continuous martingaleM we shall construct the process 〈M〉 such that it pathwise coincides
P -a.s. with the quadratic variation of M along (τn)n∈N of the previous chapter. Let M be a
continuous local martingale (up to∞) and let (τn)n∈N be a sequence of partitions of [0,∞) such
that

|τn|
n→∞−→ 0

and

t
(n)
Nn

n→∞−→ ∞.

Definition 2.2.6. Let

V
(n)
t :=

∑
s∈τn

(Ms′∧t −Ms∧t)
2 , n ∈ N, t ≥ 0

be the quadratic variation of M along τn on [0, t]. Here, s′ denotes the successor of s in τn.

Note that t 7→ V
(n)
t is P -a.s. continuous for all n ∈ N.

Remark 2.2.7. Since (a− b)2 = a2 − 2b(a− b)− b2,

V
(n)
t = M2

t −M2
0 − 2

∑
u∈τn

Mu∧t (Mu′∧t −Mu∧t)

= M2
t −M2

0 − 2
∑

u∈τn, u≤t
Mu (Mu′∧t −Mu)︸ ︷︷ ︸

local martingale

.

Proposition 2.2.8. Assume that F0 contains all P -zero sets. Let M be a continuous (for all
ω ∈ Ω), local martingale (up to ∞). Fix (τn) as above and let (V (n))n∈N be as in Definition
2.2.6. Then there exists a continuous increasing (Ft)-adapted process 〈M〉 with 〈M〉0 = 0 such
that
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2. (Semi-)Martingales and Stochastic Integration

(i) 〈M〉t = lim
n→∞

V
(n)
t in P -measure locally uniformly in t ≥ 0.

(Convergence is even in L2(Ω,F , P ; C([0, t];R)) for all t ≥ 0, if M is a bounded martin-
gale.)

(ii) M2 − 〈M〉 is a continuous local martingale.

(iii) If Mt ∈ L2 for all t ≥ 0 and if Mt is a martingale, then M2
t − 〈M〉t is a martingale. In

particular,
E[M2

t ] = E[M2
0 ] + E[〈M〉t] ∀t ≥ 0.

(Warning: At this stage 〈M〉 = (〈M〉t)t≥0 depends on (τn)!)

Proof. (i) Case 1: M is bounded (i.e. supt≥0,ω∈Ω |Mt(ω)| <∞) and a martingale.

Claim: (V
(n)
t )n∈N is a Cauchy sequence in L2 for all t ≥ 0.

Take m,n ≥ N,N large so that t ≤ t(n)
Nn
, t ≤ t(m)

Nm
. Define

V
(m,n)
t := M2

t −M2
0 − 2

∑
s∈τn∪τm

Ms (Ms′∧t −Ms∧t)
(

= V
(n,m)
t

)
.

Here, s′ denotes the successor of s in τn ∪ τm. Then by Remark 2.2.7

V
(m,n)
t − V (n)

t = −2
∑
u∈τn

(( ∑
u≤s<u′

s∈τn∪τm

Ms (Ms′∧t −Ms∧t)

)
−Mu(Mu′∧t −Mu∧t)

)
,

where u′ is the successor in τn and s′ the one in τn ∪ τm. Using the fact that

Mu′∧t −Mu∧t =
∑

u≤s<u′

s∈τn∪τm

(Ms′∧t −Ms∧t)

we conclude that

V
(m,n)
t − V (n)

t = −2
∑
u∈τn

∑
u≤s<u′

s∈τn∪τm

(Ms −Mu)(Ms′∧t −Ms∧t).

Hence,

E

[(
V

(m,n)
t − V (n)

t

)2
]

= 4E

[ ∑
u∈τn

∑
u≤s<u′

s∈τn∪τm

(Ms −Mu)2(Ms′∧t −Ms∧t)
2

]

Note that all occurring mixed terms are zero by the martingale property (exercise!).
Furthermore,

E

[(
V

(m,n)
t − V (n)

t

)2
]
≤ 4E

[
∆N

∑
s∈τn∪τm

(Ms′∧t −Ms∧t)
2

]
,

where

∆N := sup
ñ≥N

sup
m̃

sup
{

(Ms −Mu)2
∣∣s ∈ τñ ∪ τm̃, u ∈ τñ, u ≤ s ≤ u′, s, u ≤ t} N→∞−→ 0 P−a.s.
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2.2. Quadratic Variation and Covariation for Continuous Local Martingales

is bounded in N and ω, since M is bounded. Then, by Cauchy-Schwarz (since n,m ≥ N)

E

[(
V

(m,n)
t − V (n)

t

)2
]
≤ 4

(
E
[
∆2
N

])1/2 ∥∥∥∥∥ ∑
s∈τn∪τm

(Ms′∧t −Ms∧t)
2

∥∥∥∥∥
2

.

By Lebesgue’s dominated convergence theorem,(
E
[
∆2
N

])1/2
= ‖∆N‖2

N→∞−→ 0,

since M(ω) is uniformly continuous on [0, t] for all t and (Mt)t≥0 is bounded in (ω, t). But
for c := supt,ω |Mt(ω)| and for all n,m ∈ N

E

[( ∑
s∈τn∪τm

(Ms′∧t −Ms∧t)
2

)2
]

=E

[ ∑
s∈τn∪τm

(Ms′∧t −Ms∧t)
4

]

+ 2E

[ ∑
s∈τn∪τm

∑
u∈τn∪τm

s<u

(Ms′∧t −Ms∧t)
2(Mu′∧t −Mu∧t)

2

]

≤ 4c2E

[ ∑
s∈τn∪τm

(Ms′∧t −Ms∧t)
2

]
︸ ︷︷ ︸

=:S1

+ 2
∑

s∈τn∪τm

∑
u∈τn∪τm

s<u

E
[
(Ms′∧t −Ms∧t)

2 · E[(Mu′∧t −Mu∧t)
2|Fu∧t]

]
︸ ︷︷ ︸

=:S2

and

S1 =
∑

s∈τn∪τm
E[M2

s′∧t − 2Ms′∧tMs∧t +M2
s∧t]

=
∑

s∈τn∪τm
E[M2

s′∧t +M2
s∧t − 2E[Ms′∧tMs∧t|Fs]]

=
∑

s∈τn∪τm
E[M2

s′∧t +M2
s∧t − 2Ms∧tE[Ms′∧t|Fs]︸ ︷︷ ︸

Ms∧t

]

=
∑

s∈τn∪τm
E[M2

s′∧t −M2
s∧t] = E[M2

t −M2
0 ]

In addition,

S2 =
∑

u∈τn∪τm
s<u

E
[
(Ms′∧t −Ms∧t)

2 · E[M2
u′∧t −M2

u∧t|Fu∧t]
]

=
∑

u∈τn∪τm
s<u

E
[
(Ms′∧t −Ms∧t)

2 · (M2
u′∧t −M2

u∧t)
]

= E[(Ms′∧t −Ms∧t)
2(M2

t −M2
s′∧t)]

≤ 2c2E[E[(Ms′∧t −Ms∧t)
2|Fs∧t]] = 2c2E[M2

s′∧t −M2
s∧t].
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2. (Semi-)Martingales and Stochastic Integration

Thus,

E

[( ∑
s∈τn∪τm

(Ms′∧t −Ms∧t)
2

)2
]

≤4c2E[M2
t −M2

0 ] + 4c2
∑

s∈τn∪τm
E[M2

s′∧t −M2
s∧t]

≤8c2E[M2
t −M2

0 ] ≤ 16c4.

Alltogether, we obtain for all n,m ≥ N

(
E
[
(V

(n)
t − V (m)

t )2
])
≤ 2E

[
(V

(n)
t − V (n,m)

t )2
]

+ 2E
[
(V

(m,n)
t − V (m)

t )2
]

≤ 8 ‖∆N‖2 4c2 + 8 ‖∆N‖2 4c2 N→∞−→ 0

and the claim is proved.

Let Vt := L2- lim
n→∞

V
(n)
t , t ≥ 0. Define

Y
(n)
t := 2

∑
s∈τn

Ms(Ms′∧t −Ms∧t).

Then each (Y
(n)
t )t≥0 is an (Ft)-martingale and by Remark 2.2.7 and the above

Y
(n)
t = M2

t −M2
0 − V

(n)
t

n→∞−→ M2
t −M2

0 − Vt =: Yt in L2. (∗∗)

Hence, by Proposition 2.1.4 Yt is a martinale and has a P -a.s. continuous version and,
therefore, Vt has a continuous version 〈M〉 and 〈M〉 is (Ft)-adapted since all P -zero sets in
F are in F0, hence in every Ft. Furthermore, by Proposition 2.1.4(ii), Y (n) → Y as n→∞
in L2(Ω,F , P ; C([0, t]; R)), hence V (n) → 〈M〉 as n→∞ in L2(Ω,F , P ; C([0, t]; R)), i.e.

E

[
sup
s≤t
|V (n)
s − 〈M〉s|2

]
n→∞−→ 0.

Case 2: M as in the assertion.
Without loss of generality M0 ≡ 0. (Otherwise consider (Mt −M0)t≥0.). Let Rk be as in
2.1.5, i.e.

Rk := inf{t > 0
∣∣ |Mt| > k}

and therefore, Rk is a stopping time. Define

Mk
t := Mt∧Rk , t ≥ 0.

By Remark 2.1.5 Mk
t is a bounded martingale. Hence, by Case 1 there exists V k

t :=
〈Mk〉t, t ≥ 0. Let (V k

t )(n), t > 0, be the corresponding approximations along (τn). Then
there exists a subsequence (nl)l∈N and Ω0 ∈ F0, P (Ω0) = 1 such that for all k ∈ N (cf.
Proposition 2.1.4(ii))

(V k
s )(nl)(ω)

l→∞−→ 〈Mk〉s(ω)

locally uniformly for s ∈ [0, t] and for P -a.e. ω ∈ Ω0. But

1{t≤Rk}V
(nl)
t = 1{t≤Rk}V

(nl)
t∧Rk = 1{t≤Rk}(V

k
t )(nl) l→∞−→ 1{t≤Rk}〈M

k〉t P − a.s.. (∗ ∗ ∗)
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2.2. Quadratic Variation and Covariation for Continuous Local Martingales

Hence, we can (well-)define

〈M〉t(ω) :=

{
〈Mk〉t(ω), with k ∈ N such that ω ∈ {t ≤ Rk} ∩ Ω0,
0, otherwise.

Recall that by the continuity, hence local boundedness of t→Mt(ω) we have that Rk(ω)↗
∞ ∀ω ∈ Ω, hence Ω0 =

⋃
k∈N
{t < Rk} ∩ Ω0, so 〈M〉t(ω) is defined ∀ω ∈ Ω by the above

and by (∗ ∗ ∗) this definition is independent of k. Then 〈M〉 is P -a.s. continuous and
(Ft)-adapted.

Furthermore, since Rk → ∞ as k → ∞, for δ > 0 we can fix k = k(δ) large enough, such
that

P [Rk < t] < δ.

Then

P

(
sup

0≤s≤t

∣∣∣V (n)
s − 〈M〉s

∣∣∣ ≥ ε)
=P

(
sup

0≤s≤t

∣∣∣V (n)
s − 〈M〉s

∣∣∣ ≥ ε, Rk < t

)
+ P

(
sup

0≤s≤t

∣∣∣V (n)
s − 〈M〉s

∣∣∣ ≥ ε, Rk ≥ t)
≤P (Rk < t) + P

(
sup

0≤s≤t

∣∣∣(V k
s )(n) − 〈Mk〉s

∣∣∣ ≥ ε, Rk ≥ t)
≤P (Rk < t) + P

(
sup

0≤s≤t

∣∣∣(V k
s )(n) − 〈Mk〉s

∣∣∣ ≥ ε) .
But by the first part of the proof and Chebychev’s inequality

P

(
sup

0≤s≤t

∣∣∣(V k
s )(n) − 〈Mk〉s

∣∣∣ ≥ ε) n→∞−→ 0.

Therefore,

lim sup
n→∞

P

(
sup

0≤s≤t

∣∣∣V (n)
s − 〈M〉s

∣∣∣ ≥ ε) ≤ P [Rk < t] < δ.

It remains to show that t 7→ 〈M〉t is increasing P -a.s.. But for fixed t ≥ 0 we have that

V
(n)
t =

∑
s∈τn,s≤t

(Ms′ −Ms)
2 +N

(n)
t

n→∞−→ 〈M〉t,

where the sum is increasing in t and

N
(n)
t := (Mt −Mδ

(n)
t

)2 n→∞−→ 0

and
δ

(n)
t := sup{s ∈ τn|s ≤ t}.

Hence, (i) is completely proved.

(ii) Continuity is clear. By (∗∗) on p. 28 we know, that P -a.s.

M2
t∧Rk − 〈M〉t∧Rk = (Mk

t )2 − 〈Mk〉t = Y k
t +M2

0

and the right hand side is a martingale. Hence, M2 − 〈M〉 is a local martingale for T up
to ∞.
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2. (Semi-)Martingales and Stochastic Integration

(iii) Without loss of generality M0 = 0. We have to show that M2
T − 〈M〉T ∈ L1(P ) and that

E[〈M〉T ] = E[M2
T ]

for all bounded stopping times T . By the monotone convergence theorem, we get that

E[〈M〉T ] = lim
n→∞

E[〈M〉T∧Rn ]

proof of

(ii)
= lim

n→∞
E[M2

T∧Rn ]
Fatou
≥ E[M2

T ].

On the other hand, by the submartingale property, lim
n→∞

E[M2
T∧Rn ] ≤ E[M2

T ], so

E[〈M〉T ] = E[M2
T ].

Finally, by assumption,

E[M2
T ] ≤

[
M2

supω∈Ω T (ω)

]
<∞,

so that
E[M2

T − 〈M〉T ] = 0.

Remark 2.2.9. (i) One can drop the assumption that “all P -zero sets in F are in F0”, but
one only gets that the particular version of 〈M〉 of V is only right-continuous and adapted.
But it is continuous only for ω ∈ N c, with a P -zero set N ∈ F .

(ii) Since convergence in probability implies P -a.s. convergence of a subsequence, it follows by
Proposition 2.2.8(i) that for some subsequence (nk)k∈N

P (V (nk)
s

k→∞−→ 〈M〉s locally uniformly on [0, t], ∀t ≥ 0) = 1.

(iii) Since 〈M〉 is exactly the pathwisely defined continuous quadratic variation process of M in
Chapter I, we can apply all results from Chapter I for P -a.e.ω ∈ Ω fixed, i.e.

〈M(ω)〉 = 〈M〉(ω).

Corollary 2.2.10. Assume M0 ≡ 0. Then

M2
t − 〈M〉t = 2

∫ t

0
Ms dMs.

Hence, the continuous local martingale M2 − 〈M〉 is an Itô-integral (cf. Corollary 5.3.10(i)).

Corollary 2.2.11. P -a.s. the paths of a continuous local martinale are either constant or of
unbounded variation.

Proof. Apply Corollary 5.3.10(ii).

Corollary 2.2.12. 〈M〉 is the unique increasing continuous adapted process such that 〈M〉0 = 0
and M2−〈M〉 is a continuous local martingale. In particular, 〈M〉 is (up to a P -zero set in F)
independent of the chosen sequence of partitions (τn) in 2.2.6.

Proof. Let A,B be two such processes. Then M2−A, M2−B are continuous local martingales.
Hence, B−A is a continuous local martingale (with respect to (Ft) since A,B are (Ft)-adapted)
of bounded variation. Therefore, by Corollary 2.2.11

B −A = c = B0 −A0 = 0 P -a.s..
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2.2. Quadratic Variation and Covariation for Continuous Local Martingales

Definition 2.2.13. (cf. 5.2.3, 1.3.15) Let M,N be continuous local martingales. Then define
the covariation process of M,N by

〈M,N〉t :=
1

2
(〈M +N〉t − 〈M〉t − 〈N〉t) .

Remark 2.2.14. Since M+N is a continuous local martingale, 〈M+N〉 exists as a continuous
process by Proposition 2.2.8 Therefore, since 1

2 [(a+b)2−a2−b2] = ab ∀ a, b ∈ R (
”

polarization
identity“)

〈M,N〉 = lim
n→∞

∑
s∈τn

(Ms′∧t −Ms∧t)(Ns′∧t −Ns∧t).

(Exercise!)

Proposition 2.2.15. Let M,N be continuous local martingales. 〈M,N〉 is uniquely determined
by the following:

(i) Its paths are (P -a.s.) continuous and of bounded variation and 〈M,N〉0 = 0.

(ii) M ·N − 〈M,N〉 is a continuous local martingale. In particular, 〈M,N〉 ≡ 0 if and only if
M ·N is a local martingale.

Proof. Analogous to the case M = N in Corollary 2.2.12 (or use polarization.).

Lemma 2.2.16. Let M,N be a continuous local martingale. Let G(= Gs(ω), s ≥ 0, ω ∈ Ω) and
H be B(R+)⊗F-measurable. Then∣∣∣∣∫ t

0
Hs(ω)Gs(ω) d〈M,N〉s(ω)

∣∣∣∣ ≤ (∫ t

0
H2
s d〈M〉s(ω)

) 1
2
(∫ t

0
G2
s d〈N〉s(ω)

) 1
2

.

In particular, we obtain (by Cauchy) the Kunita-Watanabe inequality

E

[∣∣∣∣∫ t

0
Hs(ω)Gs(ω) d〈M,N〉s

∣∣∣∣] ≤ E [∫ t

0
H2
s d〈M〉s

] 1
2

E

[∫ t

0
G2
s d〈N〉s(ω)

] 1
2

.

Proof. Exercise (cf. [RW87, Vol II, p.50]).
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2. (Semi-)Martingales and Stochastic Integration

2.3. Construction of stochastic integrals

Fix a probability space (Ω,F , P ) with right-continuous filtration (Ft) such that all P -zero sets
in F are in F0. We want to define

H·M :=

∫ ·
0
Hs dMs as a martingale

for càdlàg (Ft)-martingales and most general H, where càdlàg means right-continuous for all
ω ∈ Ω with left limits P -a.s.. (The latter is automatic by [vWW90, p.47, 3.25, 3.26].) Ms is
called integrator process and Hs integrand process.
“Admissible integrators” are given by

M2 :=M2(Ω,F , P ) :=

{
M
∣∣∣M is a càdlàg martingale, M0 = 0, ‖M‖2 := sup

t≥0
E[M2

t ] <∞
}
.

We define
M2
c := {M ∈M2 |M has P -a.s. continuous sample paths}

We know that for each M ∈M2 the Doob-Meyer decomposition holds, that is:
For allM ∈M2 there exists a process 〈M〉 such that it is the unique predictable, right continuous
increasing, adapted process and that M0 ≡ 0 and M2 − 〈M〉 is a martingale. We only proved
that this 〈M〉 exists and is unique if M ∈M2

c (see Proposition 2.2.8 and Corollary 2.2.12). For
the general case see [Kry] or [vWW90, p.130, Cor. 6.6.3]. However, if M ∈ M2\M2

c , then 〈M〉
is NOT equal to the quadratic variation of M .

Remark 2.3.17. (i) Define F∞ := σ
(⋃

t≥0Ft
)

. Clearly, Mt ∈ L2(Ω,F∞, P ) for all M ∈
M2 and by the L2-martingale convergence theorem we have for any càdlàg martingale
such that M0 = 0:

M ∈M2 ⇔ ∃M∞ := lim
t→∞

Mt ∈ L2(Ω,F∞, P ).

In this case
Mt = E[M∞|Ft], t ≥ 0.

So (Mt)t∈[0,∞] is a martingale.

(ii) Starting with the norm ‖·‖ define an inner product on M2 by polarization:

(M,N) :=
1

4
(‖M +N‖2 − ‖M −N‖2), ∀M,N ∈M.

It remains to check that it is really an inner product. This could be done by checking that
‖·‖ on M2 satisfies

‖M +N‖2 + ‖M −N‖2 = 2 ‖M‖2 + 2 ‖N‖2 (parallelogram identity)

and using J. von Neumann’s theorem. But (iii) implies this more easily.

(iii) Let M ∈M2. Since M2 is a submartingale and because of (i) we have

E[M2
∞]

(i)
= lim

t→∞
E[M2

t ] = sup
t≥0

E[M2
t ] = ‖M‖2 .

Hence, for N ∈M2, by polarization

E[M∞N∞] =
1

4

(
E[M∞ +N∞]2 − E[M∞ −N∞]2

)
=

1

4
(‖M +N‖2 − ‖M −N‖2) = (M,N).

Therefore, (·, ·) is really an inner product with corresponding norm ‖·‖.
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(iv) Note that ‖M‖2 = sup
t≥0

E[M2
t ] ≤ E[sup

t≥0
M2
t ]

Doob
≤ 4 sup

t≥0
E[M2

t ] ≤ 4 ‖M‖2. So, on M2 the

norms ‖·‖ and ‖·‖L2(Ω,F ,P ;Cb([0,∞);R)) are equivalent.

Proposition 2.3.18. (i) M2 is a Hilbert space and

(M,N) = E[M∞N∞] = E[〈M,N〉∞],

where

〈M,N〉∞ := lim
t→∞
〈M,N〉t.

(ii) M2
c is a closed subspace of M2.

Proof. (i) (M2, ‖·‖) is an inner product space (Pre-Hilbert space) by Remark 2.3.17. Further-
more, it is complete by Proposition 2.1.4(ii) and because

L2(Ω,F , P ;Cb([0,∞),R)),

is complete.
Finally,

‖M‖2 = E[M2
∞] = lim

t→∞
E[M2

t ] = lim
t→∞

E[〈M〉t]
B.Levi

= E[ lim
t→∞
〈M〉t︸ ︷︷ ︸

=:〈M〉∞

].

So, by polarization the last assertion follows.

(ii) Apply Proposition 2.1.4(ii).

Now we define stochastic integrals with M ∈M2 as integrators, but first for elementary functi-
ons:

Definition 2.3.19. Define E to be the set of all processes H on ]0,∞[×Ω which are of the
following form:
For t > 0, ω ∈ Ω

Ht(ω) :=
n−1∑
i=0

hti(ω)1]ti,ti+1](t), “elementary (predictable) adapted processes”

where n ∈ N, 0 = t0 < t1 < . . . < tn < ∞ and hti are Fti-measurable bounded. For M ∈ M2

and H as above define ∫ t

0
Hs dMs :=

n−1∑
i=0

hti(Mti+1∧t −Mti∧t), t ≥ 0.

An easy exercise shows that this is independent of the representation of H! Set

(H·M)t :=

∫ t

0
Hs dMs, t ≥ 0.

Then H·M is called the stochastic integral of H with respect to M .

Lemma 2.3.20. Let H ∈ E.
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2. (Semi-)Martingales and Stochastic Integration

(i) H·M ∈M2 and if M ∈M2
c , then H·M ∈M2

c .

(ii)

〈H·M〉t =

∫ t

0
H2
s d〈M〉s ∀t ≥ 0

=

n−1∑
i=0

h2
ti(〈M〉ti+1∧t − 〈M〉ti∧t).

In particular,

‖H·M‖2 = E

[∫ ∞
0

H2
s d〈M〉s

]
. “Isometry”

Note that here we always set ∫ t

0
H2
s d〈M〉s :=

∫
]0,t]

H2
s d〈M〉s.

Proof. (i) By definition we see that:

• if M is a cadlag (continuous) martingale, then H·M is càdlàg (continuous),

• H·M is adapted,

• (H·M)0 = 0.

Furthermore, since M is a martingale,

sup
t≥0

E[(H·M)2
t ] = sup

t≥0
E

[
n−1∑
i=0

h2
ti

(
Mti+1∧t −Mti∧t

)2]

= sup
t≥0

n−1∑
i=0

E
[
h2
ti

(
Mti+1∧t −Mti∧t

)2]
≤ sup

0≤i≤n

∥∥h2
ti

∥∥
∞ sup

t≥0

n−1∑
i=0

E
[(
M2
ti+1∧t −M

2
ti∧t

)]
≤ sup

0≤i≤n

∥∥h2
ti

∥∥
∞ sup

t≥0
E
[
M2
tn∧t

]
≤ sup

0≤i≤n

∥∥h2
ti

∥∥
∞ ‖M‖

2 <∞.

It remains to show the martingale property of H·M :
Let T be a bounded stopping time. Then

E[(H·M)T ] =

n−1∑
i=0

E

[
hti
(
Mti+1∧T −Mti∧T

) ]

=
n−1∑
i=0

E

[
hti E

[
Mti+1∧T −Mti∧T |Fti

]︸ ︷︷ ︸
=0, since (Mt∧T )t≥0 is an (Ft)-martingale

]

= 0.

Thus, H·M is a martingale.
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2.3. Construction of stochastic integrals

(ii) By uniqueness of the Doob-Meyer decomposition (see Corollary 2.2.12 for M ∈ M2
c) it is

enough to show that

(H·M)2
t −

∫ t

0
H2
s d〈M〉s, t ≥ 0,

is a martingale. (Then 〈H·M〉t =
∫ t

0 H
2
s d〈M〉s.) Let T be a bounded stopping time. Then,

by defining

∆iM := Mti+1∧T −Mti∧T

and since all mixed terms dissappear, we get that

E[(H·M)2
T ] =

∑
i,j

E
[
htihtj (∆iM)(∆jM)

]
=
∑
i

E
[
h2
tiE[(∆iM)2|Fti ]

]
=
∑
i

E
[
h2
tiE[M2

ti+1∧T −M
2
ti∧T |Fti ]

]
=
∑
i

E
[
h2
tiE[〈M〉ti+1∧T − 〈M〉ti∧T |Fti ]

]
= E

[∫ T

0
H2
s d〈M〉s

]
.

In particular,

‖H·M‖2 = sup
t≥0

E[(H·M)2
t ] = sup

t≥0
E

(∫ t

0
H2
s d〈M〉s

)
B.Levi

= E

(∫ ∞
0

H2
s d〈M〉s

)
.

We now want to consider the above “Isometry Property” more closely:
Let Ω̄ :=]0,∞[×Ω, ω̄ := (t, ω), F̄ = B(]0,∞[) ⊗ F . ω 7→ 〈M〉t(ω) is F-measurable for fixed t
and for all ω ∈ Ω t 7→ 〈M〉t(ω) is right-continuous, nonnegative, increasing, with 〈M〉0(ω) = 0.
Therefore, for fixed ω ∈ Ω there exists a unique, positive measure

〈M〉(ω, dt) := d〈M〉t(ω).

Thus, 〈M〉(ω, dt) defines a transition kernel from (Ω,F) to (]0,∞[, B(]0,∞[)) and it induces a
measure

PM (dω̄) := P (dω)⊗ 〈M〉(ω, dt)

on (Ω̄, F̄). Explicitly,

PM (A) = E

[∫ ∞
0

1A(·, t) d〈M〉t(·)
]
, A ∈ F̄ .

Note that this is not a probability measure, but it is finite since M ∈ M2
(c). In particular,

defining

EM [ · ] =

∫
· dPM ,

we have

EM [H2] = E

[∫ ∞
0

H2
s d〈M〉s

]
, (2.3.1)
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2. (Semi-)Martingales and Stochastic Integration

which is the L2(Ω̄, F̄ , PM )-norm of H ∈ E . (H : Ω̄→ R, H(ω, t) = Ht(ω).) Note that the map

E →M2,

H 7→ H·M

is obviously linear and by Lemmas 2.3.20(ii) and (2.3.1), an isometry from E ⊂ L2(Ω̄, F̄ , PM )
to (M2

(c), ‖·‖). Therefore, there exists a unique isometric extension to the closure of E in

L2(Ω̄, F̄ , PM ) denoted by
Ē := ĒM

(which depends on M).

Definition 2.3.21. For H ∈ ĒM , let H·M denote the uniquely determined element in M2
(c)

with
lim
n→∞

‖Hn
· M −H·M‖ = 0

for every sequence (Hn)n∈N ⊂ E which converges in L2(Ω̄, F̄ , PM ) to H.

Automatically, we have
‖H·M‖2 = EPM [H2].

But we also have the analogue of 2.3.20(ii), namely:

Proposition 2.3.22. Let H ∈ ĒM , M ∈M2
(c), and therefore, H·M ∈M2

(c). Then

〈H·M〉t =

∫ t

0
H2
s d〈M〉s, t ≥ 0,

and hence by polarization for G ∈ ĒM

〈H.M, G.M〉t =

∫ t

0
HsGs〈M〉s t > 0.

Proof. Let T be a bounded stopping time. Then

E[(H·M)2
T ] = lim

n→∞
E[(Hn

· M)2
T ],

since

E[((H·M)T − (Hn
· M)T )2] ≤ E

[
sup
t

(H·M −Hn
· M)2

t

]
Doob
≤ 4 ‖H·M −Hn

· M‖
2 n→∞−→ 0.

Hence,

E[(H·M)2
T ] = lim

n→∞
E[(Hn

· M)2
T ]

2.3.20(ii)
= lim

n→∞
E

[∫ T

0
(Hn)2

s d〈M〉s
]

= E

[∫ T

0
H2
s d〈M〉s

]
,

sinceHn n→∞−→ H in L2(PM ), so, 1]0,T ]H
n → 1]0,T ]H in L2(PM ). Therefore, (H·M)2

t−
∫ t

0 H
2
s d〈M〉s

is a martingale and the assertion follows by the uniqueness of the Doob-Meyer decomposition.
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2.3. Construction of stochastic integrals

In our next step we want to determine the size of ĒM . We want to characterize admissible
integrands in dependence of M .

Definition 2.3.23.

P := σ
(
H = (Ht)t>0|H is a (real-valued) left-continuous, adapted process

)
exercise

= σ
(
H = (Ht)t>0|H is a (real-valued) continuous, adapted process

)
is called σ-algebra (on ]0,∞[×Ω) of predictable sets. A process H = (Ht)t>0 is called predictable,
if it is P-measurable.
Let PM := the completion of P with respect to PM in F̄ .

Remark 2.3.24. Every predictable process (Ht)t>0 is progressively measurable, i.e. H�]0,t]×Ω is
B(]0, t]) ⊗ Ft-measurable for all t > 0, hence in particular (Ft)-adapted (cf. [vWW90, Lemma
6.1.6]).

Remark 2.3.25. Let τn be a partition of [0,∞) and

Pn := σ(]t, t′[×At
∣∣ t ∈ τn, t′ is the successor of t in τn and At is Ft-measurable)

Pn is called the σ-algebra of predictable rectangles (with respect to τn).

(i) If |τn|
n→∞−→ 0 and tNn

n→∞−→ ∞, then

P = σ

(⋃
n

Pn
)
.

(ii) H is Pn-measurable and bounded if and only if

Ht(ω) =
∑
ti∈τn

hti(ω)1]ti,ti+1](t), t > 0,

where hti is Fti-measurable and bounded.

Proof. (i) By definition we have Pn ⊂ P. Hence, σ (
⋃
n Pn) ⊂ P. To show that P ⊂ σ (

⋃
n Pn),

let (Ht)t>0 be a left-continuous adpated process. It suffices to show that H is σ (
⋃
n Pn)-

mearsurable. H is adapted and left-continuous. Therefore,

Ht(ω) = lim
n→∞

∑
s∈τn

Hs(ω)1]s,s′](t)︸ ︷︷ ︸
σ(Pn)-measurable

, t > 0,

Hence,

P = σ

(⋃
n

Pn
)
.

(ii) The assertion follows by a monotone class argument.

Proposition 2.3.26.
ĒM = L2(Ω̄,PM , PM ).

In particular, for all H ∈ L2(Ω̄,PM , PM ) there exists

H·M =

∫
H dM.

In particular,
M2

M := {H·M |H ∈ L2(Ω̄,PM , PM )}
is a closed subspace of M2.
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2. (Semi-)Martingales and Stochastic Integration

Proof. Clearly, ĒM ⊂ L2(Ω̄,PM , PM ). To prove the dual inclusion, let H ∈ L2(Ω̄,PM , PM ).
Without loss of generality H ≥ 0. (Otherwise consider H+ and H−.) Since

H(m) := (m ∧H)
m→∞−→ H

in L2(Ω̄,PM , PM ), we may assume H ≥ 0, bounded. Now let τn be a sequence of partitions as in
Remark 2.3.25(i). Then by the L1-martingale convergence theorem (see [Röc11, Korollar 8.5.4
(i)]; ok, since PM is a finite measure!)

Hn := EPM [H|Pn]
n→∞−→ EPM

[
H

∣∣∣∣σ
(⋃

n

Pn

)]
in L1(PM ).

Since H is bounded, this convergence also holds in L2(PM ). By Remark 2.3.25(i) this implies
that in L2(PM )

lim
n→∞

Hn = lim
n→∞

EPM [H|Pn] = EPM [H|P] = EPM [H|PM ] = H.

Since Hn is Pn-measurable, we have by Remark 2.3.25(ii), that

Hn ∈ E ,

and the assertion follows.

Proposition 2.3.27. (i) Let t 7→ 〈M〉t be continuous (which is e.g. the case if M ∈ M2
c).

Then (
L2(Ω̄,PM , PM )

2.3.26
=
)
ĒM = L2(Ω̄,OM , PM ),

where the optional σ-algebra O is defined by

O := σ({H|H is an adapted càdlàg process on ]0,∞[×Ω})

and OM its completion with respect to PM in F̄ .

(ii) If M ∈M2
c and d〈M〉 is absolutely continuous with respect to Lebesgue measure dt, then

ĒM = {H ∈ L2(Ω̄, F̄ , PM )|H has an adapted version}.

Proof. (i) We have that O ⊃ P. Hence, also OM ⊃ PM . It remains to prove OM ⊂ PM . So,
let H be càdlàg and adapted. Consider for ω ∈ Ω

Uω := {t > 0|s 7→ Hs(ω) is discontinuous in t}.

Then Uω is countable, since H is càdlàg (exercise). Define for ω ∈ Ω

H−t (ω) := lim
s↗t

Hs(ω) =: Ht−(ω) (∈ R).

Then H− is left-continuous. Hence, it is P-measurable and

Uω = {t > 0|Ht(ω) 6= H−t (ω)}.

Note that {(t, ω) ∈]0,∞[×Ω|Ht(ω) 6= H−t (ω)} ∈ O ⊂ F̄ . Since 〈M〉 is continuous, we have∫ ∞
0

1Uω(t) d〈M〉t = 0 for P -a.e. ω ∈ Ω.

But then

EPM [1{H 6=H−}] =

∫ ∫
]0,∞[

1Uω(t) d〈M〉t(ω)P (dω) = 0.

Hence, H is P -a.e. equal to a predictable process, therefore, H is PM -measurable and (i)
is proved.
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2.3. Construction of stochastic integrals

(ii) One has to prove that F̄ ⊂ PM (cf. [CW90, p.60] or [vWW90, p.124]).

Remark 2.3.28. By a modification of the proof of Proposition 2.3.27(i) one can even show
that every progressively measurable process (Ht)t>0 (see Remark 2.3.24 above) has a predictable
PM -version (of course still assuming that 〈M〉 is P -a.s. continuous).

Remark 2.3.29 (Extending stochastic integration via localization). Note that, if M is a Brow-
nian motion, then M 6∈ M2. Therefore, we have to stop. Define

M2
loc := {M |∃ a sequence Tn ↗∞ of stopping times such that MTn(:= MTn∧·) ∈M2∀n ∈ N}.

Then for all H ∈ L2
loc(Ω̄,PM , PM )

H·M =

∫
H dM

is defined via localization. We have to check that

• the definition is consistent on {Tn = Tn+1},

• H·M ∈M2
loc (We need Lemma 2.4.33 below).

Remark 2.3.30 (Semi-martingales as integrals). If A is predictable and of bounded variation
and M ∈M2

loc we can define for H ∈ L2
loc(Ω̄,PM , PM )∫

H d(M +A) :=

∫
H dM +

∫
H dA,

where M +A is a semi-martingale and
∫
H dA is a pathwise defined Lebesgue-Stieltjes-integral.

Axiomatic considerations show that, if
∫
H d(M + A) is required to have reasonable properties,

then this cannot be generalized. As a consequence, reasonable stochastic integrators are semi-
martingales (Dellacherie-Mokobodzki-Bichteler) (cf. [vWW90]).
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2. (Semi-)Martingales and Stochastic Integration

2.4. Characterization of H·M in M2

Fix M ∈M2, H ∈ L2(Ω̄,PM , PM ).

Proposition 2.4.31. H·M is the unique element L ∈M2 such that

(i)

d〈L,N〉 = H d〈M,N〉 P -a.s. ∀N ∈M2,

that is

〈L,N〉t =

∫ t

0
Hs d〈M,N〉s :=

∫
1]0,t](s)Hs d〈M,N〉s, ∀t ≥ 0, P -a.s. ∀ N ∈M2, ∀t > 0,

respectively, such that the following weaker property holds:

(ii)

E[L∞N∞] = E

[∫ ∞
0

Hs d〈M,N〉s
](

:=

∫
1]0,∞[(s)Hs d〈M,N〉s

)
for all N ∈M2.

Remark 2.4.32. (i) Because of E[L∞N∞] = E[〈L,N〉∞] (cf 2.3.18(i)), it follows that in
2.4.31, (i) implies (ii).

(ii) By 2.4.31(i) with N replaced by G.N for G ∈ L2(Ω̄,PM , PM ) we particularly have

d〈H·M,G.N〉 = H d〈M,G.N〉 = HG d〈M,N〉.

Proof of 2.4.31. (a) Uniqueness if (ii) holds:
Let L,L′ ∈M2 such that both satisfy 2.4.31(ii). Then

E[(L∞ − L′∞)N∞] = 0 ∀N∞ ∈ L2(Ω,F∞, P ).

Hence L∞ = L′∞ P -a.s.. Therefore,

Lt = E[L∞|Ft] = L′t P -a.s..

Now let us first prove (ii).

(b) L := H·M satisfies (ii):
Step 1: Assume for fixed s > 0 that

Ht(ω) := hs(ω)1]s,∞[(t),

where hs is bounded and Fs -measurable. Note that H ∈ L2(Ω̄,PM , PM ). Therefore, for
L := H·M we have

L∞ = (H·M)∞ =

∫ ∞
0

hs1]s,∞[(t) dMt

= lim
N→∞

∫ N

0
hs1]s,∞](t) dMt

= lim
N→∞

hs(MN −Ms) = hs(M∞ −Ms)
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2.4. Characterization of H·M in M2

Thus, for all N ∈M2

E[L∞N∞] =E[hs(M∞ −Ms)N∞]

(Nt)t∈[0,∞] mart.
= E[hs(M∞N∞ −MsNs)]

=E [hs(M∞N∞ − 〈M,N〉∞ − (MsNs − 〈M,N〉s))]
+E [hs(〈M,N〉∞ − 〈M,N〉s)]
=E [hs(〈M,N〉∞ − 〈M,N〉s)]

=E

[
hs

∫
]s,∞[

d〈M,Nt〉

]

=E

[∫ ∞
0

Ht d〈M,N〉t
]
.

Step 2: Let H ∈ E .
In this case (ii) is clear by Step 1 and linearity.
Step 3: (ii) holds for all H ∈ L2(Ω̄,PM , PM ) :
Let H(n) ∈ E , n ∈ N, H(n) → H in L2(Ω̄,PM , PM )(= Ē). Then

H
(n)
· M → H·M in (M2, ‖·‖).

Therefore, by 2.3.17(iii) for all N ∈M2

E[(H·M)∞N∞] = lim
n→∞

E[(H
(n)
· M)∞N∞]

Step 2
= lim

n→∞
E

[∫ ∞
0

H(n)
s d〈M,N〉s

]
= E

[∫ ∞
0

Hs d〈M,N〉s
]
,

because by Kunita-Watanabe-inequality (cf. 2.2.16) we have

E

[∣∣∣∣∫ ∞
0

(H(n) −H) · 1 d〈M,N〉
∣∣∣∣] ≤ (E [∫ ∞

0
(H(n) −H)2 d〈M〉

]) 1
2

· (E[〈N〉∞])
1
2
n→∞−→ 0.

This proves (ii).

(c) L := H·M satisfies (i):
By Proposition 2.2.15 we have to show that LtNt −

∫ t
0 Hs d〈M,N〉s, t ≥ 0, is a martingale.

Let T be a bounded stopping time. Then, since (Lt)t∈[0,∞] is a martingale, for NT
t :=

NT∧t, t ≥ 0, we have

E[LTNT ] =E[L∞NT ] = E[L∞N
T
∞]

(ii)
=E

[∫ ∞
0

Hs d〈M,NT 〉s
]

2.4.33 below
= E

[ ∫ ∞
0

Hs d〈M,N〉s∧T
]

=E

[ ∫ T

0
Hs d〈M,N〉s

]
(where we used that obviously NT ∈M2, since N ∈M2).

41



2. (Semi-)Martingales and Stochastic Integration

Lemma 2.4.33. Let M,N ∈M2 and T be a stopping time. Then

〈M,NT 〉t = 〈M,N〉T∧t ∀t ≥ 0.

Proof. Exercise. (!)

Corollary 2.4.34. Let M ∈M2, H1, H2 ∈ L2(Ω̄,PM , PM ) such that H1 ·H2 ∈ L2(Ω̄,PM , PM ).
Then

H1·(H2·M) = (H1 ·H2)·M,

i.e. ∫ ∞
0

H1(s) d(H2·M)s =

∫ ∞
0

H1(s) d

(∫ s

0
H2(r) dMr

)
=

∫ ∞
0

H1(r)H2(r) dMr.

Proof. Let L := H1·(H2·M). Then by 2.4.31 for all N ∈M2

d〈L,N〉 = H1 d〈H2·M,N〉 = H1H2 d〈M,N〉,

and

d〈(H1 ·H2).M, N〉 = (H1 ·H2) d〈M,N〉.

Hence (again by 2.4.31)

(H1 ·H2).M = H1 · (H2.M).

Corollary 2.4.35. Let M ∈M2 and let T be a stopping time.

(i) Then (H·M)T = H1]0,T ]·M, i.e.

(H·M)Tt =

∫ t

0
Hs1]0,T ](s) dMs, t ≥ 0.

In particular (H·M)T ∈M2
M , hence, M2

M is “stopping stable”, that is, N ∈M2
M implies

NT ∈M2
M for all stopping times T .

(ii)

(H·M
T )t = (H·M)Tt , t ≥ 0.

Proof. (i) Let N ∈M2. Then

E
[
(H·M)T∞N∞

] 2.3.18(i)
= E

[
〈(H·M)T , N〉∞

]
2.4.33

= E [〈H·M,N〉T ]

2.4.31(i)
= E

[∫ ∞
0

Hs1]0,T ](s) d〈M,N〉s
]
.

Hence, the assertion follows by 2.4.31(ii).

(ii) Since MT ∈M2, the proof of (ii) is by 2.4.31(i) analogous to (i)
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2.4.1. Orthogonality in M2

Definition 2.4.36. Let M,N ∈M2.

(i) M,N are called weakly orthogonal if E[M∞N∞](= (M,N)) = 0 (i.e. orthogonal in
(M2, ‖·‖)).

(ii) M,N are called strongly orthogonal, denoted by M ⊥ N , if 〈M,N〉 = 0, P -a.s..

Remark 2.4.37. (i) M ⊥ N 2.2.15(i)⇔ M ·N is a martingale ⇔ E[MTNT ] = 0 for all bounded

stopping times T . But Mt
t→∞−→ M∞ and NT

t→∞−→ N∞ in L2(P ). Hence if M ⊥ N , then

E[M∞N∞] = 0,

i.e. M,N are weakly orthogonal.

(ii) M ⊥ N 2.4.31(i)⇔ M2
M ⊥M2

N (since by 2.4.31 d〈H·M, H̃·N〉 = HH̃ d〈M,N〉).

(iii) Since (M2, ‖·‖) is a Hilbert space and M2
M is a closed linear subspace of M2 (see 2.3.26),

for all N ∈M2 there exists an H ∈ L2(Ω̄,PM , PM ) and L ∈M2 such that

N = H·M︸ ︷︷ ︸
∈M2

M

+ L︸︷︷︸
∈M2

and L is weakly orthogonal to M2
M .

But in (iii) we have more because of the following proposition.

Proposition 2.4.38. Let M,L ∈M2, L weakly orthogonal toM2
M . Then L ⊥M2

M (sinceM2
M

is stopping stable). Hence, L is weakly orthogonal to M2
M if and only if L ⊥M2

M (⇔ L ⊥M).

Proof. Because of 2.4.37(i), it remains to show that E[LTMT ] = 0 for all bounded stopping
times T . But by 2.4.35 (stopping stability) we have MT ∈M2

M . Hence,

0 = E[L∞M
T
∞] = E[L∞MT ]

L mart.
= E[LTMT ].

Corollary 2.4.39 (Kunita-Watanabe-decomposition). (i) Let M,N ∈M2. Then there exist
a unique L ∈M2 and a unique H ∈ L2(Ω̄,PM , PM ) such that L ⊥M2

M and N = H·M+L.

(ii) Suppose L2(Ω,F∞, P ) separable (e.g. true, if F∞ is countably generated). Then there exist
Mi ∈M2, i ∈ N, such that

Mi ⊥Mj , i 6= j,

and for all N ∈ M2 there exist H i ∈ L2(Ω̄,P, PM ), i ∈ N, (uniquely determined by Mi)
such that

N =
∞∑
i=1

H i
·Mi, (the series converges in ‖ · ‖M2!)

that is,

M2 =
∞⊕
i=1

M2
Mi

and
M2

Mi
⊥M2

Mj
, for i 6= j.
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2. (Semi-)Martingales and Stochastic Integration

Proof. (i) 2.4.37(iv) and 2.4.38.

(ii) By assumption and 2.4.37(iii) (M2, ‖·‖) is separable. So, we can apply (i) and the Gram-
Schmidt orthogonalization procedure (cf. [Wei87],[RS80]).

Corollary 2.4.40. Let F ∈ L2(Ω,F∞, P ), M ∈ M2. Then there exist uniquely determined
H ∈ L2(Ω̄,PM , PM ) and L ∈M2, L ⊥M , such that,

F = E[F |F0] +

∫ ∞
0

Hs dMs + L∞.

Proof. Let Ft := E[F |Ft] − E[F |F0]. Since Ft is a martingale, by 2.1.1 there exists a càdlàg
version (F̃t)t≥0 of (Ft)t≥0 (i.e. P [{Ft = F̃t}] = 1∀t ≥ 0). Then (F̃t) ∈ M2. Hence, by 2.4.39(i)
there exist unique L ∈M2, L ⊥M , and H ∈ L2(Ω̄,PM , PM ) such that P -a.s.

F̃t = (H·M)t + Lt, t ≥ 0.

In particular, (since F̃∞ = F − E[F |F0],) we have P -a.s.

F = E[F |F0] +

∫ ∞
0

Hs dMs + L∞.
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2.5. Itô’s Representation Theorem

2.5. Itô’s Representation Theorem

Let (Ω,F , P ) be a probability space with filtration (Ft) and let (Wt)t≥0 be a (real-valued)
Wiener process on (Ω,F , (Ft), P ), that is, (Wt) is a continuous (Ft)-adapted process such that,
for all s ≤ t, Wt −Ws is independent of Fs and N(0, t− s) distributed. Let for t ≥ 0

FWt := σ({Ws|0 ≤ s ≤ t})

and FWt+ , t ≥ 0, the corresponding right-continuous filtration.

Remark 2.5.41. Compared with our definition of Brownian motion for a Wiener process the
increment Wt −Ws is independent of the larger σ-algebra Fs(⊇ FWs ). In this space of (FWt )-
martingales belonging to L2(Ω,F , P ) the Kunita-Watanabe decomposition (cf. 4.9(i) with M =
W ) has a particularly simple form:

Theorem 2.5.42 (Itô’s representation theorem). Let M = (Mt)t≥0 ⊆ L2(Ω,F , P ) be a right-
continuous martingale with respect to (FWt+ ), hence with respect to

(FWt+)P := σ(FWt+ , σ({N ∈ F|P (N) = 0})), t ≥ 0.

Then

Mt = M0 +

∫ t

0
Hs dWs, t ≥ 0, P -a.s., (2.5.2)

where H is (Ft)-adapted and H · 1]0,T ] ∈ L2(Ω̄, F̄ , PW ) for all T > 0 (and through this it is
uniquely determined). In particular, M has P -a.s. continuous sample paths and M2 = M2

W

(where M2 is defined as in the previous section with respect to Ft = (FWt+ )P , t ≥ 0, which by the
backward martingale convergence theorem is again right-continuous) and

M2
W :=

{(∫ t

0
Hs dWs

)
t≥0

∣∣∣∣H · 1]0,t] ∈ L2(Ω̄, F̄ , PW ) ∀t ≥ 0, sup
t≥0

∥∥∥∥∫ t

0
Hs dWs

∥∥∥∥
L2(P )

<∞

}
.

Proof. Without loss of generality M0 = 0. Fix k ∈ N and set

FWk+ := (FWk+)P , M
(k)
t := Mt∧k, W

(k+1)
t := Wt∧(k+1), t ≥ 0.

Let (Mn)n∈N ⊆ L2(Ω,FWk+, P ), such that ‖Mn‖∞ <∞ and

lim
n→∞

Mn = Mk = M (k)
∞ in L2(Ω,FWk+, P ).

Let Mn
t := E[Mn|FWt+ ], t ≥ 0. Then by the backward martingale convergence theorem (see

[Röc11]) (Mn
t )t≥0 is right continuous. Then for each n ∈ N

sup
t,ω
|Mn

t (ω)| <∞.

In particular, Mn ∈M2 for all n. Hence, by the Kunita-Watanabe decomposition (cf. 2.4.39(i))
there exist adapted Hn ∈ L2(Ω̄, F̄ , PW ) and Nn ∈M2, Nn ⊥M2

W (k+1) , such that

Mn
t =

(
Hn
· W

(k+1)
)
t
+Nn

t , t ≥ 0, ∀n ∈ N.

We would like to prove that Nn = 0 for all n ∈ N.

Step 1: Claim: Let N ∈M2, N ⊥W (k+1). If N is bounded, then Nt = 0 for all t < k + 1.
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2. (Semi-)Martingales and Stochastic Integration

Proof of Claim. Let c := supt,ω |Nt(ω)| <∞. Define

D := 1 +
N∞
2c

.

Then D ≥ 1
2 and

E[D] = 1 +
1

2c
E[N∞] = 1 +

1

2c
E[N0] = 1.

Thus, P̃ := DP is a probability measure on (Ω,F) equivalent to P .
Claim’: (Wt)t≤k+1 is a Brownian motion under P̃ .
Suppose the claim is true. Then the finite dimensional distributions of (Wt)t≤k+1 under P and
P̃ are the same. Hence, by Radon-Nikodym,

P = P̃ on FWk+1.

Therefore, P = P̃ on FWt+ for all t < k + 1. Thus, E[D|FWt+ ] = 1 for all t < k + 1. Hence,

Nt = E[N∞|FWt+ ] = 0, ∀t < k + 1.

Proof of Claim’.

(i) (W
(k+1)
t ) is a martingale under P̃ , because for all bounded stopping times T we have

EP̃ [W
(k+1)
T ] = EP [W

(k+1)
T D] = EP [W

(k+1)
T ]︸ ︷︷ ︸

=0

+
1

2c
EP [W

(k+1)
T N∞]︸ ︷︷ ︸
=:A

.

But by 2.4.37 W k+1
T NT is a martingale, since W k+1 ⊥ N . Hence,

A = EP [W k+1
T NT ] = EP [W

(k+1)
0 N0] = 0,

and thus
EP̃ [W

(k+1)
T ] = 0.

(ii) For P -a.e. ω ∈ Ω we have
〈W 〉t(ω) = t ∀t ≥ 0.

Hence, for P̃ -a.e. ω ∈ Ω
〈W 〉t(ω) = t ∀t ≥ 0.

Thus, P̃ -a.s.

〈W (k+1)
t 〉 = t ∧ (k + 1) ∀t ≥ 0.

Therefore, by (i), (ii) and Levy’s characterization (cf. Proposition 1.5.34) (Wt)t≤k+1 is a Brow-
nian motion under P̃ = DP (up to k + 1).

Step 2: Now fix n0 ∈ N and set N := Nn0 . Define for n ∈ N

Tn := inf

{
t > 0

∣∣∣∣ ∣∣∣∣ ∫ t

0
Hn0
s dW (k+1)

s

∣∣∣∣ > n

}
∧ (k + 1).

Then Tn are (FWt+)-stopping times such that Tn ↗ (k + 1) as n → ∞. We know that NTn(=
N·∧Tn) ⊥M2

W (k+1) (cf. 2.4.33, 2.4.37(ii)).
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2.5. Itô’s Representation Theorem

Furthermore,

|NTn
t | = |Nt∧Tn | ≤

∣∣Mn0
t∧Tn

∣∣+

∣∣∣∣∫ t∧Tn

0
Hn0
s dW (k+1)

s

∣∣∣∣ ≤ ‖Mn0‖∞ + n.

Hence,

sup
t,ω
|NTn

t (ω)| ≤ ‖Mn0‖∞ + n.

So, we can apply Step 1 to conclude that NTn
t = 0, for all t < k + 1 and for all n ∈ N. Letting

n→∞, we get Nt = 0 for all t < k+ 1 P -a.s. (since N is right-continuous and the zero set does
not depend on t). Therefore, Nn = 0 for all n and t < k + 1. But for all n,m ∈ N

EP
W (k+1)

[
(Hn −Hm)2

]
= E

(∫ k+1

0
(Hn

s −Hm
s )2 ds

)
= EP

[(
(Hn
· W

(k+1))k+1 − (Hm
· W

(k+1))k+1

)2
]

= E
[(
Mn
k+1 −Mm

k+1

)2] n,m→∞−→ 0.

This is true, since P -a.e.

Mn
k+1 = E

[
Mn|FW(k+1)+

]
=
n→∞−→ E

[
Mk|FW(k+1)+

]
= Mk in L2(Ω,F , P ).

Therefore, (Hn)n∈N is a Cauchy sequence in L2(Ω̄, F̄ , PW (k+1)).
Hence, there existsH ∈ L2(Ω̄, F̄ , PW (k+1)) such thatHn → H in L2(Ω̄, F̄ , PW (k+1)). In particular,
we can assume H to be adapted. Furthermore, for 0 ≤ t ≤ k + 1,

Mt = lim
n→∞

Mn
t = lim

n→∞
(Hn.W (k+1))t = (H·W

(k+1))t =

∫ t

0
Hs dW (k+1)

s P -a.s..

Since k ∈ N was arbitrary, the decomposition (2.5.2) follows, since M is right-continuous and
the right hand side of (2.5.2) is continuous, M is P -a.s. continuous.

We now include an independent direct proof that every M ∈ M2 (with underlying filtration
(FWt+)P , t ≥ 0) is P .a.s. continuous:

Proposition 2.5.43. Every (FWt+)-adapted (Mt) ∈M2
loc is P -a.s. continuous.

Proof. Without loss of generality M ∈M2 (localization). It suffices to consider the case

Mt := E[F |FWt+ ], t ≥ 0,

where

F :=
n∏
i=1

fi(Wti), fi ∈ Cb(R) uniformly continuous, 0 ≤ t1 < . . . tn <∞ (?)

and to prove that (Mt) has a continuous modification. This is enough because Mt = E[M∞|FWt+ ]
(since M ∈M2) and F of type (?) are dense in L2(Ω,FW∞ , P ).

(Exercise, by a monotone class argument: By 2.1.4 M has a continuous (FWt+)P -adapted version.
Define

V :=
{
G ∈ L2(Ω,FW∞ , P )|∃Fn of type (?) such that Fn → G in FW∞ , P )

}
and prove that V = L∞(Ω,FW∞ , P ).)
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2. (Semi-)Martingales and Stochastic Integration

Let t ≥ 0 and i ∈ {1, . . . , n} such that t ∈ [ti, ti+1[ where tn+1 := +∞. Then (cf. section of
Markov property of Brownian motion),

Mt = E[F |FWt+ ]

=
∏
j≤i

fj(Wtj )E

[∏
j>i

fj(Wtj )
∣∣∣FWt+]

=
∏
j≤i

fj(Wtj )EWt

[∏
j>i

fj(Wtj−t)

]
=
∏
j≤i

fj(Wtj )pti+1−t
(
fi+2(pti+1−ti+2fi+2 . . . ptn−tn−1fn) . . .

)︸ ︷︷ ︸
=:g∈C∞0 (R)

(ωt) P -a.s.,

where

psf(x) :=
1√
2πs

∫
f(y)e−

1
2s

(x−y)2
dy.

So, we have to prove that pti+1−tg(ωt) is P -a.s. continuous in t. Set

Cb,u(R) := {ϕ ∈ Cb(R)|ϕ uniformly continuous}.

(i) Let f ∈ Cb,u(R). Take x, y ∈ R. Then

|ptf(x)− ptf(y)| ≤ 1√
2πs

∫
|f(x+ z)− f(y + z)|e−

|z|2
2s dz.

Let ε > 0. Then there exists δ = δ(ε) > 0 such that |x − y| < δ ⇒ |f(x) − f(y)| < ε. So,
|ptf(x)− ptf(y)| ≤ ε and psf ∈ Cb,u(R).

(ii) Let f ∈ Cb,u(R). Then
lim
s→0
‖psf − f‖∞ = 0.

Proof. Let ε > 0 and δ > 0 such that |x− y| < δ ⇒ |f(x)− f(y)| < ε. Since

f(x) =
1√
2πs

∫
f(x)e−

|y|2
2s dy

we have

|psf(x)− f(x)|

≤ 1√
2πs

∫
|f(x+ y)− f(y)|e−

|y|2
2s dy

≤ 1√
2πs

∫ δ

−δ
|f(x+ y)− f(x)|︸ ︷︷ ︸

<ε

e−
|y|2
2s dy +

1√
2πs

∫
{|y|>δ}

|f(x+ y)− f(x)|e−
|y|2
2s dy

≤ ε+ 2 ‖f‖∞
1√
2πs

∫
{|y|>δ}

e−
|y|2
2s dy.

Therefore,

lim sup
s→0

‖psf − f‖∞ ≤ ε+ 2 ‖f‖∞ lim sup
s→0

1√
2πs

∫
{|y|>δ}

e−
|y|2
2s dy

y′= y√
s

= ε.
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2.5. Itô’s Representation Theorem

(iii)

pt(psf) = pt+sf,

in short,

ptps = pt+s.

Proof. Exercise (by Fourier transform and by use of

psf(x) = (%s ∗ f)(x),

where %s(z) = 1√
2πs

e
−|z|2

2s and recall %̂s(ξ) = e−
sξ2

2 ).

(iv) For t < ti+1 we have

lim
s↘t

∥∥pti+1−sg − pti+1−tg
∥∥
∞ = 0 (right-continuity).

Proof. Let h > 0 such that s := t+ h < ti+1. Then∥∥pti+1−t−hg − pti+1−tg
∥∥
∞

(iii)
=
∥∥pti+1−t−h(g − phg)

∥∥
∞

≤ ‖pti+1−t−h‖∞ · ‖g − phg‖∞
ps1=1
≤ ‖g − phg‖∞

s→t−→ 0 by (ii).

(v) Assume ti < t and let h > 0 such that s := t− h > ti. Then

lim
s↗t

∥∥pti+1−sg − pti+1−tg
∥∥
∞ = 0.

Proof. Let h > 0 such that s := t− h > ti. Then∥∥pti+1−t+hg − pti+1−tg
∥∥
∞

(iii)
=
∥∥pti+1−t(phg − g)

∥∥
∞ ≤ ‖phg − g‖∞

h→0−→ 0.

(vi) Consider t := ti:
Let h > 0

pti−(ti−h)(fipti+1−tifi+1 . . . ptn−tn−1fn) = ph(fipti+1−tifi+1 . . . ptn−tn−1fn)︸ ︷︷ ︸
=g̃∈Cb,u(R)

h→0−→ g̃

uniformly in x. Hence, also continuous in t = ti from the left uniformly in x.
Summary: The function G defined by

Gt(x) :=
∏
j≤i

fj(x)pti+1−t(fi+1pti+2−ti+1fi+2 . . . ptn−tn−1fn(x) . . .) for t ∈ [ti, ti+1[

is continuous in t ≥ 0 uniformly in x.

(vii) t 7→ G(t, ωt) is continuous P -a.s..
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2. (Semi-)Martingales and Stochastic Integration

Proof. Take |G(t, ωt)−G(s, ωs)| ≤ |G(t, ωt)−G(s, ωt)|+ |G(s, ωt)−G(s, ωs)|. Fix s > 0.
Then the right hand side is dominated by

lim
t→s
‖G(t, ·)−G(s, ·)‖∞︸ ︷︷ ︸

=0

+ lim
t→s
‖G(s, ωt)−G(s, ωs)‖∞︸ ︷︷ ︸

=0

,

because t 7→ ωt is continuous and G is continuous in x.

Corollary 2.5.44 (cf. 2.5.42). Let F ∈ L2(Ω,FWt0+, P ), t0 > 0 fixed. Such F are sometimes
called “Wiener functional”. Then there exists an H ∈ L2(Ω̄, F̄ , PW (t0+1)), (FWt+)-adapted, such
that

F − E[F ] =

∫ t0

0
Hs dWs.

Proof. (cf. 2.4.40) Let

FWt := E[F |FWt+ ]− E[F |FW0+], 0 ≤ t ≤ t0.

Then (FWt )1≤t≤t0 is a martingale, which by the backward martingale convergence theorem (cf.
[Röc11]) is right continous. Hence, by 2.5.42,

F − E[F |FW0+] = E[F |FWt0+]− E[F |FW0+] = FWt0
2.5.42

=

∫ t0

0
Hs dWs.

The uniqueness is also clear by martingale property.

Example 2.5.45 (Special case: the canonical Model). Let (Ω,F , P ) be the (classical) Wiener
space, i.e. Ω = C([0, 1],R), F its Borel σ-algebra and P the Wiener measure. Define Xt(ω) :=
ω(t), t ∈ [0, 1], ω ∈ Ω, hence X is Brownian motion,

Ft :=
⋂
s>t

σ(σ(Xr|r ≤ s ≤ 1), P -zero sets in F),

and

F =
⋃

0<t≤1

Ft.

Then, by 2.5.44

F ∈ L2(Ω,F , P )⇒ F = E[F ] +

∫ 1

0
Hs dXs.

Example 2.5.46. Consider the situation of 2.5.45 the Wiener functional

F :=

∫ 1

0
Xt dt.

Because of E[F ] =
∫ 1

0 E(Xt)︸ ︷︷ ︸
=0

dt = 0,

F =

∫ 1

0
Hs dXs
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for some H ∈ L2(Ω̄, F̄ , PW ).
Identification of H:
Let

Mt := E[F |Ft] =

∫ t

0
E[Xs|Ft] ds+

∫ 1

t
E[Xs|Ft] ds =

∫ t

0
Xs ds+Xt(1− t)︸ ︷︷ ︸

continuous!

t ≥ 0,

and the latter is clearly in M2
c .

Claim: Ht = 1− t.

Proof. In view of 2.4.31(i) it is enough to show

〈M,X〉 =

∫ t

0
Hs d〈X〉s ≤

∫ t

0
(1− s) ds,

since then, by M2 2.5.42
= M2

X , we have M = H·X, in particular,∫ 1

0
Xt dt = F = M1 =

∫ 1

0
(1− s) dXs.

But by Itô’s product rule

Xtt =

∫ t

0
Xs ds+

∫ t

0
s dXs.

Hence

d〈M,X〉t = d〈X −
∫ ·

0
s dXs, X〉t = dt− t dt,

thus 〈M,X〉t =
t∫

0

(1− s) ds.
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3.1. Markov Processes and Semigroups

Definition 3.1.1. A family (pt)t≥0 of kernels on a measurable space (S,S) is called a semigroup
of kernels if

ptps = pt+s ∀t, s ≥ 0 (Chapman-Kolmogorov equation),

i.e.

ptps(x,A) =

∫
pt(x, dy)ps(y,A)

(
:=

∫
ps(y,A)pt(x, dy)

)
.

If for all t, x pt(x, S) = 1, (pt)t≥0 is called Markovian and, if pt(x, S) ≤ 1 for all x, t, sub-
Markovian, respectively.

Definition 3.1.2. Let (S,S) be a measurable space. A family of stochastic processes

(Ω,F , (Xt)t≥0 , (Px)x∈S)

with state space (S,S) is called a Markov process, if

(M1) x 7→ Px(Γ) is S-measurable for all Γ ∈ F ,

(M2) there exists a filtration (Ft)t≥0 such that each Xt is Ft-measurable and

Px(Xs+t ∈ B|Fs) = PXs(Xt ∈ B) Px-a.e. ∀s, t ≥ 0, B ∈ S, x ∈ S

(Markov property with respect to (Ft)t≥0).

Remark 3.1.3. If (M2) is true for (F̂t)t≥0 with F̂t ⊃ Ft ∀t ≥ 0, then (M2) is true for (Ft)t≥0

if (Xt) is (Ft)-adapted!

The following theorem shows, at least if (S,S) is polish, that Markovian semigroups and Markov
processes are in one-to-one correspondence to each other.

Theorem 3.1.4. (i) Let (S,S) be a measurable space and let M = (Ω,F , (Xt)t≥0 , (Px)x∈S)
be a family of stochastic processes with state space (S,S) and F = σ(Xt| t ≥ 0).

a) Suppose there exists a Markovian semigroup of kernels (pt)t≥0, such that for all 0 ≤
t0 < t1 < . . . < tn, f : Sn+1 → R, bounded and Sn+1 measurable, and all x ∈ S,

Ex[f(Xt0 , . . . , Xtn)] =

∫
S
pt0(x, dx0) · . . . ·

∫
ptn−tn−1(xn−1, dxn)f(x0, . . . , xn) (3.1.1)

Then M is a Markov process with respect to Ft := σ(Xs|s ≤ t), t ≥ 0 (and even
(3.1.3) below holds).

b) Suppose M is a Markov process and set

ptf(x) := Ex(f(Xt)), x ∈ S, f : S → R bounded ,S-measurable, t ≥ 0. (3.1.2)

Then (pt)t≥0 is a Markovian semigroup of kernels on (S,S) and we have (3.1.1).
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(ii) If (S,S) is polish and (pt)t≥0 is a Markovian semigroup of kernels on (S,S). Then there
exists a Markov process M with (3.1.2) and Ω = S[0,∞].

Proof. (i): a) (M1) follows by “monotone classes” from (3.1.1), since F = σ({Xt|t ≥ 0}).
For (M2) we show an a-priori stronger fact:

Ex[f(Xt1+s, . . . , Xtn+s),Γ] = Ex[EXs [f(Xt1 , . . . , Xtm)],Γ] (3.1.3)

for all x ∈ S, bounded and Sn-measurable f : Sn → R, 0 ≤ s0 < s1 < . . . < sm = s
and Γ ∈ Fs, s ≥ 0. By monotone classes (applied to Γ) this follows from

Ex[f(Xt1+s, . . . , Xtn+s)g(Xs0 , . . . , Xsm)]

=Ex[EXs [f(Xt1 , . . . , Xtn)]g(Xs0 , . . . , Xsm)]

for all bounded Sm+1 -measurable g : Sn+1 → R, 0 ≤ s0 < s1 < . . . < sm = s. By
(3.1.1) the left hand side is equal to∫

ps0(x, dx0) · . . . ·
∫
psm−sm−1(xm−1, dxm)·∫

pt1(xm, dy1) . . .

∫
ptn−tn−1(yn−1, dyn)f(y1, . . . , yn)︸ ︷︷ ︸

=Exm [f(Xt1 ,...,Xtn )]

g(x0, x1, . . . , xm)

= Ex[EXsm [f(Xt1 . . . Xtn)]g(Xs0 , Xs1 , . . . , Xsm)].

b) By (M1) it is clear that (3.1.2) defines a Markovian kernel for all t ≥ 0. Furthermore,

pt+sf(x) = Ex[f(Xt+s)] = Ex[Ex[f(Xt+s)|Fs]]
M.P.
= Ex[EXs [f(Xt)]] = Ex[ptf(Xs)]

= ps(ptf)(x) = (pspt)f(x)

To prove (3.1.1) let f = f0 ⊗ f1 ⊗ . . .⊗ fn, fi : S → R, bounded and S-measurable.
Then for 0 ≤ t0 < t1 < · · · < tn

Ex[f0(Xt0)f1(Xt1) . . . fn(Xtn)]

=Ex[f0(Xt0)f1(Xt1) . . . fn−1(Xtn−1)Ex[fn(X(tn−tn−1)+tn−1
)|Ftn−1 ]]

M.P.
= Ex[f0(Xt0)f1(Xt1) . . . fn−1(Xtn−1)EXtn−1

[fn(Xtn−tn−1))]]

(3.1.2)
= Ex[f0(Xt0)f1(Xt1) . . . fn−1(Xtn−1)ptn−tn−1fn(Xtn−1)]

Ind.Hyp.
=

∫
. . .

∫
pt0(x, dx0)pt1−t0(x0, dx1) · · · ptn−1−tn−2(xn−2, dxn−1)

f0(x0)f1(x1) . . . fn−1(xn−1)ptn−tn−1fn(xn−1)

=

∫
. . .

∫
pt0(x, dx0)pt1−t0(x0, dx1) · · · ptn−1−tn−2(xn−2, dxn−1)ptn−tn−1(xn−1, dxn)

f0(x0)f1(x1) . . . fn−1(xn−1)fn(xn).

By monotone classes this equality extends to all f : Sn → R, bounded, measurable.
Hence, (3.1.1) holds.

(ii): see Bauer!
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3.1. Markov Processes and Semigroups

Now consider the “canonical model”:
Let S be a topological space, S the Borel-σ-algebra and Ω ⊂ S[0,∞[ (e.g. Ω = S[0,∞[ or Ω =
C([0,∞[, S) or Ω are all bounded continuous paths in S). Define

Xt(ω) := ω(t), t ≥ 0, ω ∈ Ω,

F := σ(Xt|t ≥ 0),

F0
t := σ(Xs|s ≤ t) (“past”)

F̂0
t := σ(Xs|s ≥ t) (“future”).

Let M = (Ω,F , (F0
t )t≥0), (Xt)t≥0 , (Px)x∈S︸ ︷︷ ︸

all information here!

) be a Markov process. Then M is called the

canonical model.

Definition 3.1.5. In the canonical model define the shift operator ϑt : Ω→ Ω for t ≥ 0 by

ϑt(ω)(s) := ω(s+ t),

i.e.

ϑt(ω) = ω(·+ t).

It is obvious that ϑt : Ω→ Ω is F̂0
t /F-measurable and moreover, (exercise)

ϑ−1
t (F) = F̂0

t ∀t ≥ 0.

Lemma 3.1.6. (i) ψ is F̂0
t -measurable if and only if there exists an F-measurable ϕ such

that

ψ = ϕ ◦ ϑt.

(ii) Suppose Px, x ∈ S, are given and that

M := (Ω,F , (F0
t )t≥0, (Xt)t≥0 , (Px)x∈S)

satisfies (M1). Then (M2) holds if and only if

Ex[ϕ◦ϑt|F0
t ] = EXt [ϕ] Px-a.s.∀x ∈ S, ∀ϕ : Ω→ R bounded and F-measurable. (3.1.4)

Proof. (i): Exercise (Factorization lemma).

(ii): “⇐” is clear. (Consider ϕ = 1{Xs∈B}, B ∈ S.)
“⇒”: By 3.1.4 (i)(b) we know that (3.1.1) holds. But in the proof of 3.1.4(i) we have shown
that (3.1.1) implies (3.1.3). Now Lemma 3.1.6 follows by “monotone classes”.

It is clear that (3.1.4) implies (elementary Markov property)

Ex[ϕ ◦ ϑt|F0
t ] = Ex[ϕ ◦ ϑt|σ(Xt)] ∀t ≥ 0. (3.1.5)

Interpretation of (3.1.5): The conditional expectation of a future observable, given the past, only
depends on the present at time t. The equivalent formulations of (3.1.5) in the following lemma
have corresponding interpretations:

Lemma 3.1.7. Fix x ∈ S. Then the following statements are equivalent to (3.1.5):

55



3. Markov Processes

(i)

Ex[ϕ0
t |F̂0

t ] = Ex[ϕ0
t |σ(Xt)] P -a.s., ∀t ≥ 0, ∀ϕ0

t : Ω→ R bounded and F0
t -measurable,

(ii)
Ex[ϕ0

t ϕ̂
0
t |σ(Xt)] = Ex[ϕ0

t |σ(Xt)]Ex[ϕ̂0
t |σ(Xt)] Px-a.s.,

for all t ≥ 0 and for all ϕ0
t , ϕ̂

0
t : Ω → R, bounded, ϕ0

t F0
t -measurable and ϕ̂0

t F̂0
t -

measurable.

Proof. (3.1.5) ⇒ (i):

Ex[ϕ0
t ϕ̂

0
t ] =Ex[ϕ0

tEx[ϕ̂0
t |F0

t ]]

3.1.6(i),(3.1.5)
= Ex[ϕ0

tEx[ϕ̂0
t |σ(Xt)]]

=Ex[Ex[ϕ0
t |σ(Xt)]Ex[ϕ̂0

t |σ(Xt)]]

=Ex[ϕ̂0
tEx[ϕ0

t |σ(Xt)]] ∀ bounded F̂0
t -measurable ϕ̂0

t : Ω→ R.

Therefore, Ex[ϕ0
t |σ(Xt)] is a Px-version of Ex[ϕ0

t |F̂0
t ]. Hence, (i) holds.

(i) ⇒ (ii):
Let f : S → R be bounded and S-measurable and ϕ̂0

t : Ω → R be bounded, F̂0
t -measurable.

Then

Ex[ϕ0
t ϕ̂

0
t f(Xt)] = Ex[Ex[ϕ0

t |F̂0
t ]ϕ̂0

t f(Xt)]
(i)
= Ex[Ex[ϕ0

t |σ(Xt)]ϕ̂
0
t f(Xt)]

= Ex[Ex[ϕ0
t |σ(Xt)]Ex[ϕ̂0

t |σ(Xt)]f(Xt)].

(ii) ⇒ (3.1.5):

Ex[ϕ0
t ϕ̂

0
t ]

(ii)
= Ex[Ex[ϕ0

t |σ(Xt)]E[ϕ̂0
t |σ(Xt)]]

= Ex[ϕ0
tEx[ϕ̂0

t |σ(Xt)]] ∀ bounded F0
t -measurable ϕ0

t : Ω→ R.

Hence,
Ex[ϕ̂0

t |σ(Xt)] = Ex[ϕ̂0
t |F0

t ],

and (3.1.5) follows by Lemma 3.1.6(i).

Remark 3.1.8. Consider the situation of 3.1.4(i)(b). Then Px(X0 = x) = 1 if and only if
p0(x, ·) = δx (Dirac-measure in x). If this holds for every x ∈ S, then M is called normal. In
this case, pt(x,A) = Px(Xt ∈ A) is the probability to be at time t in A starting in x (transition
probability).

3.2. The Strong Markov Property

Consider the “canonical model”. (← only needed to have ϑt, can be done abstractly!)
Recall: Let (Ft) be some filtration and T an (Ft)-stopping time. Define the σ-field of the T -past
by

FT := {A ∈ F|A ∩ {T ≤ t} ∈ Ft ∀t ≥ 0}.

Definition 3.2.9. Let M = (Ω,F , (Xt)t≥0 , (Px)x∈S , (ϑt)t≥0) be a canonical Markov process.
Then M satisfies the strong Markov property (SMP), if there exists a right-continuous filtration
(Ft)t≥0 on (Ω,F) (i.e. Ft =

⋂
ε>0Ft+ε) such that for all (Ft)-stopping times T we have that

ϑT �{T<∞} is F ∩ {T < ∞}/F- and FT+s ∩ {T < ∞}/Fs-measurable for all s ≤ 0 and we have
(SMP)

Ex[1{T<∞}ϕ ◦ ϑT |FT ] = 1{T<∞}EXT [ϕ] P -a.s.∀ϕ bounded, F-measurable and ∀x ∈ S.
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3.2. The Strong Markov Property

Remark 3.2.10. (i) It is clear that (SMP) implies the Markov property with respect to (Ft)
and therefore, with respect to (F0

t ) by 3.1.6(ii). In general, the converse is false.

(ii) (SMP) holds if and only if for all (Ft)-stopping times T we have

Ex[ϕ ◦ ϑT ;T <∞] = Ex[EXT [ϕ];T <∞] Px-a.s. (3.2.6)

for all ϕ : Ω→ R, bounded and F-measurable, and for all x ∈ S.

Proof. “⇒” is clear.
“⇐”: Let A ∈ FT and T̃ := T · 1A +∞ · 1Ac . Then T̃ is a (Ft)-stopping time because
∀ t ≥ 0

{T̃ ≤ t} = A ∩ {T ≤ t} ∈ Ft.

Hence

Ex[ϕ ◦ ϑT ;A ∩ {T <∞}] = Ex[ϕ ◦ ϑT ; T̃ <∞]

= Ex[ϕ ◦ ϑT̃ ; T̃ <∞]

(3.2.6)
= Ex[EXT̃ (ϕ); T̃ <∞]

= Ex[EXT (ϕ);A ∩ {T <∞}].

Proposition 3.2.11. Suppose S is a topological space and S Borel σ-algebra such that S =
σ(Cb(S)). Let M = (Ω,F , (Xt)t≥0, (Px)x∈S , (ϑt)t≥0) be a (canonical) Markov process with

(i) right-continuous paths,

(ii) pt(Cb(S)) ⊂ Cb(S) (“Feller property”),

where pt is the corresponding semigroup. Then M fulfills the (SMP) with respect to Ft :=⋂
ε>0F0

t+ε, t ≥ 0 (right-continuous).

Proof. Let T be an (Ft)-stopping time. By [Röc11] XT is FT -measurable since X has right-
continuous sample paths. Similarly, one can prove that ϑT has the required measurability pro-
perties. Define

Tn :=
∞∑
k=1

k

2n
1{ k−1

2n
≤T< k

2n
} +∞ · 1{T=∞}.

Then Tn ↘ T . We have to show that (3.2.6) holds:
Without loss of generality (otherwise use monotone classes)

ϕ = f0(Xt0)f1(Xt1) . . . fn(Xtn), fi ∈ Cb(S), t0 ≤ t1 ≤ . . . ≤ tn.

Furthermore,

{T <∞} =
⋃̇

k∈N

{
k − 1

2n
≤ T <

k

2n

}
(3.2.7)
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3. Markov Processes

Then

Ex[ϕ ◦ ϑT , T <∞]
(i)
= lim

n→∞
Ex[ϕ ◦ ϑTn , T <∞]

(3.2.7)
= lim

n→∞

∞∑
k=1

Ex

[
ϕ ◦ ϑTn︸︷︷︸

=ϑk2−n

,
k − 1

2n
≤ T <

k

2n

]

M.P.
= lim

n→∞

∞∑
k=1

Ex

[
EXk2−n

[ϕ];
k − 1

2n
≤ T <

k

2n

]
(3.2.7)

= lim
n→∞

Ex[EXTn [ϕ], T <∞]

= Ex[EXT [ϕ];T <∞] (Lebesgue),

since XTn → XT on [T <∞] and

x 7→ Ex[ϕ] = Ex[f0(Xt0), . . . , fn(Xtn)] = pt0(f0pt1−t0f1pt2−t1f2 . . . ptn−tn−1fn)(x)

is continuous on S by (ii).

Remark 3.2.12 (Blumenthal’s 0 − 1 law). Let M be a canonical normal Markov process with
respect to Ft :=

⋂
s>tF0

s , t ≥ 0 (on measurable state space (S,S)). Then Px = 0 or Px = 1 on
F0 for every x ∈ S.

Proof. Let ϕ be F0-measurable and bounded. Then for all x ∈ S we have

ϕ = Ex[ϕ|F0] = Ex[ϕ ◦ ϑ0|F0]
M.P.
= EX0 [ϕ] = Ex[ϕ] Px-a.s..

Hence, ϕ is constant Px-a.e..

3.3. Application to Brownian Motion

Let S = Rd, S = B(Rd) and

pt(x,A) =

∫
A

1

(2πt)
d
2

e−
|y−x|2

2t︸ ︷︷ ︸
=:gt(y−x)

dy, x ∈ Rd, t > 0, A ∈ B(Rd),

p0(x, ·) = δx.

Lemma 3.3.13. For all t, x ≥ 0, we have

ptps = pt+s.

Proof. Exercise (by Fourier transform).

Let Ω := C([0,∞[,Rd), Xt(ω) := ω(t), P0 := P be the Wiener measure on Ω, F := σ(Xt|t ≥ 0)
and Px the image measure of P0 under ω 7→ ω + x. Then we have (cf. [Röc11])

Ex[f(Xt0 , . . . , Xtn)] =

∫
pt0(x, dx0)pt1−t0ptn−tn−1(xn−1, dxn)f(x0, . . . , xn),

for all x ∈ Rd, for all B((Rd)n+1)-measurable, bounded functions f : (Rd)n+1 → R and for
0 ≤ t0 ≤ t1 ≤ . . . ≤ tn. Hence,

M := (Ω,F , (Xt)t≥0 , (Px)x∈Rd)
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3.3. Application to Brownian Motion

is by Proposition 3.1.4(i)(a) a Markov Process on (Rd, B(Rd)). M has continuous sample paths
and is normal. In particular, Remark 3.2.12 is fulfilled. But also, by Proposition 3.2.11 M has
SMP with respect to

Ft =
⋂
s>t

F0
s , t ≥ 0,

because of the following Proposition.

Proposition 3.3.14. (pt)t≥0 is strong Feller, that is,

ptf ∈ Cb(Rd) ∀f ∈ Bb(Rd).

(Moreover, we have ptf ∈ C∞ for all t > 0 and f ∈ Bb(Rd).)

Proof. Fix t > 0. Let x ∈ Rd and xn → x. We have to show that ptf(xn) → ptf(x). Let n0

such that xn ∈ B1(x) for all n ≥ n0. There exists h ∈ L1(R) := L1(R, dx) (with dx =Lebesgue

measure) such that e−
(x′−y)2

2t ≤ h(y) for all y, x′ ∈ R such that |x′ − x| ≤ 1.
Define g(x̃1, . . . , x̃d) = h(x̃1) · · ·h(x̃d), x̃ = (x̃1, . . . , x̃d) ∈ Rd, then

e
−|x′−y|2

2t ≤ g(y) ∀x′ ∈ B1(x) ∀y ∈ Rd.

Hence

lim
n→∞

ptf(xn) =
1√

(2πt)d
lim
n→∞

∫
f(y)e−

|y−xn|2
2t dy =

1√
(2πt)d

∫
f(y)e−

|y−x|2
2t dy = ptf(x)

by Lebesgue’s dominated convergence theorem since f is bounded and e
−|x′−y|2

2t ≤ g(y) and
g ∈ L1(R).

Corollary 3.3.15. (i) Let M be a normal (canonical) Markov-Process with respect to Ft :=⋂
s>tF0

s , t ≥ 0. Then, by Blumenthal for t not fixed,

Px[lim sup
t↘0

1{Xt=x} = 1︸ ︷︷ ︸
∈F0

] ∈ {0, 1}.

For Brownian motion this probability is equal to 1 because of the law of iterated logarithm.

(ii) Let X be Brownian motion starting at x = 0 and let

N(ω) := {0 ≤ s ≤ 1|Xs(ω) = 0}.

Then for P0-a.e. ω we have that

a) N(ω) is closed,

b) N(ω) has Lebesgue-measure zero,

c) N(ω) has no isolated points,

that is N(ω) is a Cantor set for P0-a.e. ω, i.e. every point of N(ω) is a cluster point of
N(ω).

(iii) Let U ⊂ Rd, U open and bounded and let X be Brownian motion on Rd. Define the first
exit time of U

T := inf{t > 0|Xt 6∈ U} = σUc .

T is an (Ft)-stopping time. Then there exists ε > 0 such that

sup
x∈U

Ex[eεT ] <∞.
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3. Markov Processes

Proof. (i) Clear.

(ii) a) X is P -a.s. continuous.

b) By Fubini, we get∫ ∫ 1

0
1N(ω)(s) dsP0( dω) = E0

[∫ 1

0
1{0} ◦Xs ds

]
=

∫ 1

0
P0 ◦X−1

s ({0}) ds

=

∫ 1

0
ps(0, {0}) ds = 0.

c) (Intuitively clear: by law of (local) iterated logarithm t = 0 is not an isolated point
of N(ω). By (SMP) this is true for any s ∈ N(ω)). Define

J :={ω|N(ω) has isolated points}

=
⋃

r,s∈Q, r<s
{ω|N(ω)∩]r, s[ contains exactly one (isolated) point}︸ ︷︷ ︸

Ar,s

.

Let T{0} := inf{t > 0|Xt = 0}. Then T{0} is an (Ft)
(
=
⋂
s>tF0

s

)
-stopping time

(exercise). Therefore, for T := T{0} ◦ ϑr + r (first hitting time of 0 after time r,
(Ft)-stopping time!)

P0[Ar,s] ≤ P0[r + T{0} ◦ ϑr < s, T{0} ◦ ϑr+T{0}◦ϑr > 0]

= E0[1{T{0}>0} ◦ ϑT ; T < s]

= E0[E0[1{T{0}>0} ◦ ϑT |FT ];T < s]

SPM
= E0[EXT [1{T{0}>0}], T < s]

XT=0
= E0[P0[T{0} > 0]︸ ︷︷ ︸

=0

;T < s] = 0,

by (i).

(iii) Let R > 0 such that U ⊂ BR (closed ball with radius R around 0). Define

TR := inf{t > 0| |Xt| > R} = σBcR .

By Ito’s formula (or Doob-Meyer), |Xt|2 − d · t is a martingale under Px. Hence,

0 ≤ |x|2 = Ex[|X0|2 − d · 0] = Ex[|XTR∧n|
2 − d · TR ∧ n]

= Ex[|XTR∧n|
2]− d · Ex[TR ∧ n] ≤ R2 − d · Ex[TR ∧ n], ∀x ∈ U,

Therefore, taking n to ∞, we get

Ex[T ] ≤ Ex[TR] ≤ R2

d
<∞, ∀x ∈ U.

Hence, for large t0

sup
x∈U

Px[T > t0] ≤ sup
x∈U

1

t0
Ex[T ] < 1.

Define
ϕ(t) := sup

x∈U
Px[T > t] (decreasing in t!)
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3.3. Application to Brownian Motion

Then, we have

ϕ(t+ s) = sup
x∈U

Ex[1{T>t+s}]

= sup
x∈U

Ex[1{T>s} · 1{T>t} ◦ ϑs]

= sup
x∈U

Ex[Ex[1{T>t} ◦ ϑs|Fs];T > s] (since {T > s} ∈ Fs)

MP
= sup

x∈U
Ex[PXs [T > t];T > s]

≤ sup
x∈U

Px[T > t] · sup
x∈U

Px[T > s] = ϕ(t)ϕ(s).

Claim: These two conditions, i.e.

a) there exists a t0 > 0 such that ϕ(t0) < 1,

b)

ϕ(t+ s) ≤ ϕ(t)ϕ(s), (?)

imply that ϕ is subexponential, i.e. there exist K > 0 and λ > 0 such that

ϕ(t) ≤ Ke−λt ∀t ≥ t0.

Proof. We have

ϕ(s) = ϕ

(
s

t0
t0

)
ϕ is decreasing

≤ ϕ

(⌊
s

t0

⌋
· t0
)

Hence, inequality (?) implies

ϕ(s) ≤ ϕ(t0 + . . .+ t0︸ ︷︷ ︸
b s
t0
c−times

) ≤ ϕ(t0) · . . . · ϕ(t0)︸ ︷︷ ︸
b s
t0
c−times

= ϕ(t0)
b s
t0
c
.

From now on, without loss of generality we may assume ϕ(t0) > 0. Then, since
⌊
s
t0

⌋
≥

s
t0
− 1, it follows that

ϕ(t0)
b s
t0
c

= e
b s
t0
c lnϕ(t0) ≤ exp

(
−s | lnϕ(t0)|

t0

)
exp(| lnϕ(t0)|) = Ke−sλ,

where

K := exp(| lnϕ(t0)|) and λ :=
| lnϕ(t0)|

t0
.

Then for all x ∈ U and any ε > 0

Ex[eεT ] = Ex

[∫ eεT

0
1 ds

]
= Ex

[∫ ∞
0

1[0,eεT [(s) ds

]
Fubini

=

∫ ∞
0

Px[eεT > s] ds

=

∫ et0ε

0
Px[eεT > s] ds+

∫ ∞
et0ε

Px[eεT > s] ds.
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3. Markov Processes

For the first term we have easily∫ et0ε

0
Px[eεT > s] ds ≤ et0ε <∞.

But, we can estimate the second:∫ ∞
et0ε

Px[eεT > s] ds ≤
∫ ∞
et0ε

sup
x∈U

Px[eεT > s] ds

=

∫ ∞
t0

εeεu sup
x∈U

Px[eεT > eεu]︸ ︷︷ ︸
=Px[T>u]

du

= ε

∫ ∞
t0

eεuϕ(u)du

≤ ε ·K
∫ ∞
t0

eu(ε−λ)du <∞,

if ε < λ.

3.4. Sojourn Time

Let S be a polish space, S the Borel-σ-algebra and M = (Ω,F , (Xt)t≥0 , (Px)x∈S) a normal
Markov process with respect to a right-continuous filtration (Ft)t≥0 with state space S and
continuous paths.

Definition 3.4.16. Fix x ∈ S. The time

τx := inf{t > 0|Xt 6= x} = σ{x}c

is called sojourn time.

Clearly, by (right) continuity of the sample paths

τx = 0 on {X0 = y}, y 6= x.

So, τx is only non-trivial under Px.

Remark 3.4.17. τx is an (Ft)t≥0-stopping time because for all t ≥ 0

{τx ≥ t} = {Xs = x|0 ≤ s ≤ t, s ∈ Q} ∈ Ft,

hence {τx < t} ∈ Ft. Since Ft = Ft+, also

{τx ≤ t} =
⋂
k∈N
{τx < t+

1

k
}︸ ︷︷ ︸

∈Ft+ 1
k

∈ Ft+ = Ft.

Proposition 3.4.18.
Px[τx > t] = exp(−cx · t), t ≥ 0,

where
cx := − lnPx[τx > 1] ∈ [0,∞],

i.e. τx is exponentially distributed with constant cx (cf. [KL99]).
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3.4. Sojourn Time

In particular, if the Markov process started at x does not move for sure before time t = 1, it for
sure never moves. If it moves for sure before time t = 1, it for sure moves immediately.

Proof. (By Markov property.) Define for t ≥ 0

f(t) := Px[τx > t].

Claim: f(t+ s) = f(t)f(s) for all t, s ≥ 0.
Indeed,

Ex[1{τx>t+s}|Fs] = Ex[1{τx>t} ◦ ϑs|Fs] · 1{τx>s}
M.P.
= EXs [1{τx>t}]1{τx>s}

Xs=x on {τx>s}
= Px[τx > t] · 1{τx>s}.

Hence,

f(t+ s) = Px[τx > t+ s] = Ex[Ex[1{τx>t+s}|Fs]]
= Ex[Px[τx > t]1{τx>s}]

= Px[τx > t]Px[τx > s] = f(t)f(s).

In particular,

f(1) = f

(
2n

1

2n

)
= f

(
1

2n

)2n

and then

f

(
k

2n

)
= f

(
1

2n

)k
= f(1)

k
2n .

Hence, by the right-continuity of f we have f(t) = f(1)t = et ln f(1).

Corollary 3.4.19. Let Tx = inf{t > 0|Xt = x} = σ{x}. Let M be as in Proposition 3.4.18,
but assume in addition, that M has (SMP) with respect to (Ft)t≥0 (right-continuity!). Let y ∈ S
such that

Py[Tx <∞] > 0.

Then for all u ≥ 0, we have

Py[Xs = x, ∀s ∈ [Tx, Tx + u) ; Tx <∞] = e−cxu · Py[Tx <∞],

where cx is as in Proposition 3.4.18.

Proof. Let ϕ := 1{Xs=x, ∀s∈[0,u)}. Then

Py[Xs = x, ∀s ∈ [Tx, Tx + u);Tx <∞] = Ey[ϕ ◦ ϑTx ;Tx <∞]

= Ey[Ey[ϕ ◦ ϑTx |FTx ];Tx <∞]

= Ey[EXTx [ϕ];Tx <∞]

= Ex[ϕ] · Py[Tx <∞]

= Px[Xs = x, ∀s ∈ [0, u) ] · Py[Tx <∞]

3.4.18
= e−cxuPy[Tx <∞].
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4. Girsanov Transformation

4.1. Problem Outline (d = 1)

We want to construct a process such that it solves (in a “weak” sense) the following equation
(“law of motion for the stochastic dynamics (Xt)t≥0”):

dXt = b(Xt, t) dt+ dWt,

X0 = x0 ∈ Rd,
that is,

Xt(ω) = x0 +

∫ t

0
b(Xs(ω), s) ds+Wt(ω).

Here, Xt = x0+
∫ t

0 b(Xs, s) ds denotes the deterministic part and Wt the stochastic perturbation,
i.e. Wt is a Wiener process.

One possible strategy of solving this equation is to find a strong solution, that is, for a given
Wiener process (Wt)t≥0 on a given probability space (Ω,F , P ) construct the paths (Xt)t≥0 of
the solution by classical methods (e.g. Picard-Lindelöf or Euler scheme).

Example: The Ornstein-Uhlenbeck process has the “law of motion”

dXt = −αXt dt+ dWt, α > 0, (4.1.1)

X0 = x0 ∈ R.
Heuristics:

(4.1.1)
Ito’s product rule⇒ d(eαtXt) = αeαtXt dt+ eαt dXt

=
(4.1.1)e

αt dWt

⇒ eαtXt = x0 +

∫ t

0
eαs dWs

⇒ Xt = e−αtx0 +

∫ t

0
e−α(t−s) dWs.

Claim: (4.1.1) has a strong solution

Xt := e−αtx0 +

∫ t

0
e−α(t−s) dWs︸ ︷︷ ︸

“stochastic convolution”

= F (x0, (Ws)s≤t)(t),

hence, Xt is adapted to the Wiener filtration.

Proof. We apply Itô’s product rule to Xt = e−αt ·
(
x0 +

∫ t
0 e

αs dWs

)
to get

Xt = x0 +

∫ t

0
e−αs d

(
x0 +

∫ s

0
eαu dWu

)
+

∫ t

0

(
x0 +

∫ s

0
eαu dWu

)
︸ ︷︷ ︸

=Xs·eαs by definition

(−α)e−αs ds

= x0 − α
∫ t

0
Xs ds+

∫ t

0
1 dWs = x0 − α

∫ t

0
Xs ds+Wt.
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4. Girsanov Transformation

Instead of strong solutions one can construct “(probabilistically) weak solutions”. We want to
construct a Brownian motion (Wt)t≥0 and a process (Xt)t≥0 on some probability space (Ω,F , P )
such that

Xt = x0 +

∫ t

0
b(Xs, s) ds+Wt

that is, construct (Xt)t≥0 on a suitable probability space (Ω,F , P ) such that

Wt := Xt − x0 −
∫ t

0
b(Xs, s) ds

is a Brownian motion, e.g. take (Ω,F), (Xt)t∈[0,t] canonical, i.e.,

Ω := C([0, 1]),

Xt(ω) := ω(t),

F := σ(Xt|t ≥ 0),

such that

Wt(ω) := Xt(ω)− x0 −
∫ t

0
b(Xs(ω), s) ds(= G((Xs(ω)) s ≤ t)) (4.1.2)

is a Brownian motion under P .
But we have to identify P !
One technique to find P is using the Girsanov transformation. This approach has the following
advantages:

• One can do this even if the dependence on the past is very complicated (i.e. b(Xs(ω), s)
replaced by bs).

• One can do this for very irregular bs.

From now on for simplicity x0 = X0 = 0.

Method: Let Ω = C([0, 1]), (Xt)t≥0 be the coordinate process, i.e. Xt(ω) = ω(t) and P0 is the
Wiener measure on C([0, 1]) = Ω. Then define

P := exp

(∫ 1

0
bt dXt −

1

2

∫ 1

0
b2t dt

)
P0.

We can check that

Wt := Xt −
∫ t

0
bs ds

is a Brownian motion under P , where bs denotes the drift. ((Xt)t≥0 is a Brownian motion under
P0, hence, a martingale under P0, but not a martingale under P !)
Catch: We have to check, that P is a probability measure, i.e. we have to check, that∫

e
∫ 1
0 bt dXt− 1

2

∫ 1
0 b

2
t dt dP0 = 1.

This is the hard work in applications.
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4.2. The General Girsanov Transformation

Relation with the Transformation Rule for Lebesgue Measure

Define T : C([0, 1])→ C([0, 1]) by

T (ω) := X(ω)︸ ︷︷ ︸
=ω

−
∫ ·

0
b(Xs(ω), s) ds.

Then by Girsanov (under the conditions specified below)e∫ 1
0 bs(Xs,s) dXs− 1

2

∫ 1
0 b(Xs,s)

2 ds︸ ︷︷ ︸
“=|detDT |′′

P0

 ◦ T−1 = P0.

4.2. The General Girsanov Transformation

Let (Ω,F , P ) be a probability space and (Ft)t≥0 be a right-continuous filtration (not necessarily
“completed”). Then let P̃ be another probability measure such that

P̃
loc.
� P (i.e. P̃ |Ft � P |Ft ∀t ≥ 0).

Then the Radon-Nikodym densities

Zt :=
dP̃

dP

∣∣∣∣
Ft

:=
dP̃ |Ft
dP |Ft

exist and (Zt)t≥0 is a martingale (since for all t > s and Fs ∈ Fs∫
Fs

Zt dP
Fs∈Fs⊂Ft=

∫
Fs

dP̃ =

∫
Fs

Zs dP,

i.e.

E[Zt|Fs] = Zs).

Assumption (from now on in force): Z has continuous sample paths P -a.s.. (This is enough in
many applications. Note that by Ito’s representation theorem any martingale with respect to a
filtration “generated” by a Brownian motion has this property!)

Lemma 4.2.1. For every (Ft)-stopping time T we have

P̃ = ZTP on FT ∩ {T <∞} (trace σ-field).

In particular, P̃ � P on FT if T is finite.

Proof. Let A ∈ FT . Then, by a lemma in [Röc11] for all t ≥ 0

A ∩ {T ≤ t} ∈ FT∧t ⊂ Ft,

Hence,

P̃ [A ∩ {T ≤ t}︸ ︷︷ ︸
∈Ft

] =

∫
A∩{T≤t}

Zt dP
A∩{T≤t}∈FT∧t

=

∫
A∩{T≤t}

ZT∧t dP =

∫
A∩{T≤t}

ZT dP.

Letting t→∞ and applying monotone convergence the assertion follows.
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4. Girsanov Transformation

The following lemma describes how martingales “behave” under change from P to P̃ . Define

ξ(ω) := inf{t ≥ 0|Zt(ω) = 0} (Then Zξ = 0).

ξ(ω) is a stopping time. Recall that then Zt(ω) = 0 for all t ∈ [ξ(ω),∞[, since (Zt)t≥0 is a right
continuous positive (super)martingale (cf. [Röc11]).

Lemma 4.2.2. (i) ξ =∞ P̃ -a.s. (not necessarily P -a.s.).

(ii) For all s ≤ t, ϕt Ft-measurable and positive we have

EP̃ [ϕt|Fs] = 1{Zs 6=0}Z
−1
s EP [ϕtZt|Fs] P̃ − a.s..

(iii) Let M̃ := (M̃t)t≥0 be an (Ft)-adapted continuous process. Then M̃ is a local P̃ -martingale
(up to ∞), if M̃ · Z is a local P -martingale (up to ξ).

Proof. (i) By Lemma 4.2.1 with T = ξ ∧ t, we have

P̃ [ξ ≤ t︸ ︷︷ ︸
∈Ft∧ξ

] = EP [Zξ∧t, ξ ≤ t] = EP [ Zξ︸︷︷︸
=0

, ξ ≤ t] = 0.

Letting t→∞, the assertion follows.

(ii) For all ϕs Fs-measurable and positive,

EP̃ [ϕsϕt] = EP̃ [ϕs1{Zs 6=0}ϕt]

= EP [ϕs1{Zs 6=0}Ztϕt]

= EP [ϕs1{Zs 6=0}EP [Ztϕt|Fs]]
= EP̃ [ϕs1{Zs 6=0}Z

−1
s EP [ϕtZt|Fs]]

(iii) The assertion directly follows from (ii). But it is also a consequence of Lemma 4.2.1:
Suppose T1 ≤ T2 ≤ . . . and that Tn < ξ on {ξ > 0} be a localizing sequence for the local
P -martingale M̃ ·Z (hence in particular supn Tn = ξ). Then for all bounded stopping times
T

EP̃ [M̃T∧Tn ]
4.2.1
= EP [M̃T∧TnZT∧Tn ] = EP [M̃0Z0] = EP̃ [M̃0].

Hence, (M̃Tn∧t)t≥0 is a P̃ -martingale and the assertion follows, since ξ =∞ P̃ -a.s. by (i).

Proposition 4.2.3 (General Girsanov transform). Let M be a P -a.s. continuous local P -
martingale (up to ∞). Then

M̃ := M −
〈
M,

∫ ·
0

1

Zs
dZs

〉
is a continuous local P̃ -martingale (up to ∞).

Proof. By Lemma 4.2.2(iii) we have to show that M̃Z is a local P -martingale up to ξ.
We have that M̃Z is P -a.s. continuous. Let ξn := inf{t ≥ 0|Zt ≤ 1

n} and T̃n, n ∈ N, T̃n ↗∞, be
bounded stopping times forming a localizing sequence for the following three local P -martingales
M, MZ − 〈M,Z〉 and ∫ ·

0

(∫ r

0

1

Zs
d〈M,Z〉s

)
dZr.
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4.2. The General Girsanov Transformation

Define Tn := ξn ∧ T̃n. Note that
∫ r

0
1
Zs

d〈M,Z〉s is predictable, since it is P -a.s. continuous in
r and adapted. We have that 0 ≤ T1 ≤ T2 ≤ . . . and that Tn < ξ on {ξ > 0}, since ξn < ξ
on {0 < ξ < ∞} because Z is P -a.s. continuous. Furthermore, ξn ↗ ξ, because Z is P -a.s.
continuous, hence Tn ↗ ξ. Then by Itô’s product rule for all t ≥ 0

(M̃Z)t∧Tn = (MZ)t∧Tn − Zt∧Tn
∫ t∧Tn

0

1

Zs
d〈M,Z〉s

= (MZ)t∧Tn −
∫ t∧Tn

0
Zr d

(∫ r

0

1

Zs
d〈M,Zs〉

)
−
∫ t∧Tn

0

∫ r

0

1

Zs
d〈M,Z〉s dZr

= (MZ)t∧Tn −
∫ t∧Tn

0
Zr

1

Zr
d〈M,Z〉r −

∫ t∧Tn

0

∫ r

0

1

Zs
d〈M,Z〉s dZr

= (MZ)t∧Tn − 〈M,Z〉t∧Tn −
∫ t∧Tn

0

∫ r

0

1

Zs
d〈M,Z〉s dZr

Here,
∫ t∧Tn

0

∫ r
0

1
Zs

d〈M,Z〉s dZr is a P -martingale, and (MZ)t∧Tn−〈M,Z〉t∧Tn is a P -martingale.

Therefore, M̃Z is a local P -martingale up to ξ.

Remark 4.2.4 (“Z as an exponential martingale”). We have by Itô formula for t < ξ P -a.s.

logZt = logZ0 +

∫ t

0

1

Zs
dZs︸ ︷︷ ︸

=:Yt

−1

2

∫ t

0

1

Z2
s

d〈Z〉s, (?)

where Yt is a local P -martingale up to ξ, since Z is a P -martingale up to∞, and for its pathwise
quadratic variation (cf. 5.3.9) we have

〈Y 〉t =

∫ t

0

1

Z2
s

d〈Z〉s, t < ξ.

Exponentiating (?) yields

Zt = Z0 · eYt−
1
2
〈Y 〉t (exponential P -martingale).

Then Z solves the following SDE for given Y up to ξ:

dZ = Z dY ⇔ Zt = Z0 +

∫ t

0
Zs dYs, (Z(0) = Z0)

Proof. By the 2-dimensional Itô’s formula we have

Zt = Z0 + Z0

∫ t

0
eYs−

1
2
〈Y 〉s dYs −

1

2
Z0

∫ t

0
eYs−

1
2
〈Y 〉s d〈Y 〉s +

1

2
Z0

∫ t

0
eYs−

1
2
〈Y 〉s d〈Y 〉s

= Z0 +

∫ t

0
Zs dYs.

Note that the remaining terms in Itô’s formula vanish, since 〈Y 〉 is of bounded variation.

Corollary 4.2.5. For M̃ as in Proposition 4.2.3 we have M̃ = M − 〈M,Y 〉 P -a.s. up to ξ,
hence P̃ -a.s. up to ∞.

Proof. The assertion follows by the definition of M̃ and Y .
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4. Girsanov Transformation

4.3. Girsanov Transform with Brownian Motion

Let (Xt)t∈[0,1] be a Brownian motion on a probability space (Ω,F , P ), adapted to a right-
continuous filtration (Ft)t∈[0,1]. (Take for example (Ω,F , P ) to be the canonical Wiener space
(C[0, 1])0,F , P ) with classical Wiener measure P .)

Heuristics: Let Y be a local continuous P -martingale and P̃
loc
� P with density

Zt := eYt−
1
2
〈Y 〉t on Ft.

Then we know that M̃ = X − 〈X,Y 〉 is a local continuous P̃ -martingale up to ∞, where X
is a martingale with respect to P (as M above). Since 〈M̃〉t = 〈X〉t = t, it follows by Levy’s
characterization theorem of Brownian motion that M̃ is a Brownian motion under P̃ . We want
to get that

d〈X,Y 〉 = bt dt.

We succeed by the following
Ansatz:

Yt :=

∫ t

0
bs dXs.

Remark 4.3.6. In order to make this work, we need that

(i) (bt)t∈[0,1] is progressively measurable,

(ii)

P

[∫ 1

0
b2s ds <∞

]
= 1

(Then, Y is a continuous local P -martingale!) AND!

(iii)

P̃ = e
∫ 1
0 bs dXs− 1

2

∫ 1
0 b

2
s ds · P

is a probability measure, i.e.

EP

[
e
∫ 1
0 bs dXs− 1

2

∫ 1
0 b

2
s ds
]

= 1 (4.3.3)

Theorem 4.3.7 (Girsanov transform for M as a Brownian motion): Assume (i) - (iii) from
Remark 4.3.6. Let

Zt := exp

[∫ t

0
bs dXs −

1

2

∫ t

0
b2s ds

]
, t ∈ [0, 1],

and

P̃ := Z1 · P.

Then

Wt := Xt −
∫ t

0
bs ds, t ∈ [0, 1],

is a Brownian motion under P̃ .

Proof. Claim: (Zt)t∈[0,1] is a P -martingale up to 1.
Step 1: (Zt)t∈[0,1] is a (global) P -supermartingale.
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4.3. Girsanov Transform with Brownian Motion

Proof. It is clear, that (Zt) is a local continuous P -martingale. Let 0 ≤ T1 ≤ . . . ≤ Tn . . . < 1 be
a localizing sequence of stopping times for (Zt)t∈[0,1]. Then for 0 ≤ s < t ≤ 1

EP [Zt|Fs] = EP [ lim
n→∞

Zt∧Tn |Fs]
Zt≥0
≤ lim inf

n→∞
EP [Zt∧Tn |Fs]

= lim inf
n→∞

Zs∧Tn = Zs.

Step 2: (Zt)t∈[0,1] is a P -martingale.

Proof. By (iii) for all s ∈ [0, 1]

1 = E[Z1] ≤ E[Zs] ≤ E[ Z0︸︷︷︸
=1

] = 1.

In addition,

0 ≤ Zs − EP [Z1|Fs]

and ∫
(Zs − EP [Z1|Fs]) dP = 0.

So, Zs = EP [Z1|Fs] P -a.s.

We have 〈
X,

∫ ·
0
bs dXs

〉
t

=

∫ t

0
bs ds.

Hence, by Corollary 4.2.5 it follows that W is a continuous local P̃ -martingale. But 〈W 〉t =
〈X〉t = t P -a.s., hence P̃ -a.s.. So, by Lévy (Proposition 1.5.34) the assertion follows.

Remark 4.3.8. (i) Special case:

bt(ω) := b(Xt(ω), t),

i.e. depending only on the “present” time, where b : R × [0, 1] → R is B(R) ⊗ B([0, 1])
measurable. Then 4.3.6(i) is fulfilled.
4.3.6(ii) is fulfilled, if e.g.

E

[∫ 1

0
b2t dt

]
=

∫ 1

0
E[b2(Xt, t)] dt

E[f(Xt)]=ptf(0)
=

∫ 1

0
pt(b

2(·, t))(0) dt

pt(0,dx)=N(0,t)
=

∫ 1

0

∫
R
b2(x, t)N(0, t)(dx) dt

=

∫ 1

0

∫
R
b2(x, t)

1√
2πt

e−
x2

2t dx dt <∞.

In particular, it is not neccessary that b is bounded.
To satisfy 4.3.6(iii) we have to work harder (see Theorem 4.4.15 and Remark 4.4.16(i),
as well as for a very special case Example 4.3.9 below)!
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4. Girsanov Transformation

(ii) In Theorem 4.3.7 (Xt)t≥0 solves the following SDE under P̃

dXt = dWt + bt dt.

Here, Wt is a Brownian motion under P̃ , not under P .

Example 4.3.9. Consider bt = α ∈ R fixed for all t. Then, clearly, 4.3.6(i),(ii) hold, but also:
Claim: (iii) holds.

Proof. Since X1 is normal distributed, we have

E
[
eαX1− 1

2
α2
]

= e−
1
2
α2

∫
eαxN(0, 1)(dx)

= e−
1
2
α2

∫
R
eαx

1√
2π
e−

x2

2 dx

= e−
1
2
α2 · e

1
2
α2

= 1.

Here, we have used that for the Laplace-transform L we have

L(N(0, σ2))(ξ) =

∫
eξx

1√
2πσ2

e−
1

2σ2 x
2

dx = e
1
2
ξ2σ2

.

Hence, by Theorem 4.3.7 under P̃ := Z1 · P the process Wt = Xt − αt, t ≥ 0, is a Brownian
motion.

Theorem 4.3.10 (Cameron-Martin). Consider the canonical model for Brownian motion, i.e.
Ω = C([0, 1]), P0 classical Wiener measure and Xt(ω) := ω(t), t ≥ 0. Let

h ∈ E := C([0, 1])0 := {h ∈ C([0, 1])|h(0) = 0}

and
Xh : C([0, 1])0 → C([0, 1])0

defined by
Xh(ω) := X(ω) + h.

Let Ph := P0 ◦X−1
h be the law of Xh on C([0, 1]). Then the following assertions are equivalent:

(i) Ph ≈ P0.

(ii)

h ∈ H :=

{
h ∈ C([0, 1])0

∣∣∣∣h is absolutely continuous and ḣ ∈ L2([0, 1], ds)

}
.

In this case
dPh
dP0

= exp

(∫ 1

0
ḣ(s) dX(s)− 1

2

∫ 1

0
(ḣ(s))2 ds

)
.

H is called Cameron-Martin space. H is a Hilbert space with inner product

〈h, h̃〉H :=

∫ 1

0
ḣ(s)

˙̃
h(s) ds, h, h̃ ∈ H.

Note that ‖h‖2H = 〈h, h〉H = 0 implies ḣ(s) = 0 ds-a.s.. Hence,

h(t) = h(0) +

∫ t

0
ḣ(s) ds = h(0) = 0 ∀t ≥ 0.
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4.3. Girsanov Transform with Brownian Motion

So, ‖·‖H is not only a semi norm, but a norm. We have that H is dense in E := C([0, 1])0 with
respect to ‖·‖H . Then identifying H with its dual H ′ by the Riesz map R we get

E′ ↪→ H ′
R→ H ⊂ E

continuously (see below). Before we prove Theorem 4.3.10, we want to characterize E′.

Lemma 4.3.11. For

M0 :=

{
µ

∣∣∣∣µ is a signed measure of finite total variation on [0, 1], such that µ(1) :=

∫
1 dµ = 0

}
,

we have

E′ = M0.

Remark 4.3.12. A signed measure µ can be written as µ = µ1 − µ2 with positive measures µ1

and µ2 and the total variation of µ is defined as

sup
A∈B([0,1])

µ(A) = ‖µ‖Var <∞.

Furthermore, for a signed measure µ, there exist positive measures µ+, µ− and S ∈ B([0, 1]) such
that µ = µ+ − µ− (“Hahn-Jordan decomposition”) and

µ+(Sc) = 0 and µ−(S) = 0.

Then

‖µ‖Var = µ+([0, 1]) + µ−([0, 1]).

Proof of 4.3.11. “⊃”: Defining f 7→ µ(f) :=
∫
f dµ for µ ∈M0 we see that this way any µ ∈M0

defines an element in E′. Furthermore, if µ, ν ∈ M0 such that µ(f) = ν(f) ∀f ∈ E, then for all
f ∈ C([0, 1]) ∫

f dµ =

∫
f dµ− f(0)

∫
1 dµ =

∫
(f − f(0))︸ ︷︷ ︸

∈E

dµ

=

∫
(f − f(0)) dν =

∫
f dν −

∫
f(0) dν︸ ︷︷ ︸

=0

=

∫
f dν.

Hence, µ = ν and, thus M0 ↪→ E′. (See also [Cho69a] and [Cho69b].)
“⊂”: Let l ∈ E′. Then by the Hahn-Banach theorem there exists an l̄ ∈ (C[0, 1])′ such that l̄ = l
on E(⊂ C([0, 1])). Hence, by Riesz-Markov (cf. [Röc04]) there exists a signed measure ν on [0, 1]
of finite total variation such that

l̄(f) =

∫
f dν ∀f ∈ C([0, 1]).

Set µ := ν − ν(1)δ0, where δ0 is the Dirac measure at 0 ∈ [0, 1]. Then µ(1) = 0, so µ ∈M0 and
for all f ∈ E ∫

f dµ =

∫
f dν − ν(1) f(0)︸︷︷︸

=0

=

∫
f dν = l̄(f) = l(f).
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4. Girsanov Transformation

Proof of Theorem 4.3.10. (ii) ⇒ (i): (An alternative proof using Fourier transform can be found
in [MR92, Chapter II].) We first check the conditions of Remark 4.3.6 (i)-(iii):
(i) and (ii) are obviously satisfied for

bs(ω) := ḣ(s) ∀ω ∈ Ω, s ∈ [0, 1].

(iii): Define

Yt :=

∫ 1

0
ḣ(s) dXs (Itô-Integral).

Then Y1 is centered (i.e. E[Y1] = 0) and normally distributed as an L2-limit of centered, normally
distributed random variables (cf. [Röc11]). Furthermore,

E[Y 2
1 ](= E[〈Y 〉1]) = E

(∫ 1

0
(ḣ(s))2 ds

)
= ‖h‖2H ,

i.e.
Y1 ∼ N(0, ‖h‖2H).

Hence,

E
[
eY1− 1

2
‖h‖2H

]
= e−

1
2
‖h‖2H E[eY1 ]︸ ︷︷ ︸

=e
1
2 ‖h‖

2
H

= 1

So, 4.3.6(iii) holds. Therefore, applying Girsanov (Theorem 4.3.7) we obtain that under

P̃ := Z1 · P := exp

[∫ 1

0
ḣ(t) dXt −

1

2

∫ 1

0
ḣ(t)2 dt

]
· P

W := X − h is a Brownian motion, i.e. P̃ ◦ W−1 = P0, i.e., since W : Ω → Ω is bijective,
P̃ = P0 ◦ (W−1)−1 = P0 ◦X−1

h = Ph. But, since E[Y 2
1 ] < ∞, we have Z1 > 0 P -a.s., therefore,

Ph ≈ P .

(i)⇒ (ii): We know that P0(E) = 1 with E := C([0, 1])0. Clearly, we have that H ⊂ E dense with
respect to the norm ‖·‖∞ (cf. functional analysis).Let h ∈ H. Then (by definition of absolute

continuity)

h(t) = h(0)︸︷︷︸
=0

+

∫ t

0
ḣ(s) ds ∀t ∈ [0, 1],

thus,

|h(t)| ≤
∫ t

0
|ḣ(s)| ds ≤

∫ 1

0
|ḣ(s)| ds ≤

(∫ 1

0
|ḣ(s)|2 ds

) 1
2

= ‖h‖H , ∀t ∈ [0, 1],

hence,
‖h‖∞ ≤ ‖h‖H .

Hence H ⊂ E continuously w.r.t. the norms ‖·‖H and ‖·‖∞. Let R : H ′ → H be the Riesz
isomorphism. Then

E′ ⊂ H ′ R−→ H ⊂ E (continuously).

(Cf. Lemma 4.5.20 below: R(µ) = −
∫ ·

0 µ([0, s[) ds, µ ∈ E′.)
Claim 1: Let µ ∈ E′(= M0). The map C([0, 1])0 3 ω 7→ µ(ω) ∈ R is Gaussian distributed under
P0, more precisely

P0 ◦ µ−1 = N(0, E[µ2]︸ ︷︷ ︸∫
µ(ω)2 P0(dω)

).
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4.3. Girsanov Transform with Brownian Motion

Proof. Recall that µ = lim
n→∞

Nn∑
i=1

α
(n)
i δ

t
(n)
i︸ ︷︷ ︸

=:µn

, α
(n)
i ∈ R, t(n)

i ∈ [0, 1] weakly (cf. [Bau78]). But

µn : E → R, n ∈ N, are jointly (centred) Gaussian under P0, because

N∑
l=1

(γlµnl)(ω) =
N∑
l=1

γl

Nnl∑
i=1

α
(nl)
i δ

t
(nl)

i

(ω) =
N∑
l=1

γl

Nnl∑
i=1

α
(nl)
i ω(t

(nl)
i )︸ ︷︷ ︸

=X
t
(nl)
i

(ω)

∀f ∈ E

i.e.
N∑
l=1

γlµnl =
N∑
l=1

γl

Nnl∑
i=1

α
(nl)
i X

(nl)
ti︸ ︷︷ ︸

(R−valued) centred Gaussian

∼ N(0, E(

N∑
i=1

γlµnl)
2)

Hence, since µn
n→∞−→ µ weakly, i.e. pointwise on E, we have that µ̂n

n→∞−→ µ̂ and µ is centered
Gaussian with variance E[µ2].

Claim 2: Let µ ∈M0 of the form µ = % · dt and % bounded and

µ(1) =

∫ 1

0
% dt = 0. (?)

Then

E[µ2] =

∫ 1

0

(∫ t

0
%(s) ds

)2

dt = ‖R(µ)‖2H . (4.3.4)

Proof.

E[µ2]
Xt(ω):=ω(t)

= E

(∫ 1

0
Xt%(t) dt

∫ 1

0
Xt′%(t′) dt′

)
Fubini

=

∫ 1

0

∫ 1

0
%(t)%(t′)E[XtXt′ ] dt′ dt

=

∫ 1

0

∫ 1

0
%(t)%(t′)(t ∧ t′) dt′ dt = 2

∫ 1

0

∫ 1

0
t1{t<t′}%(t)%(t′) dt dt′

= 2

∫ 1

0
t%(t)

∫ 1

t
%(t′) dt′ dt

= −
∫ 1

0
t
d

dt

((∫ 1

t
%(t′) dt′

)2
)

dt

I.b.p.
=

∫ 1

0

(∫ 1

t
%(t′) dt′

)2

dt

=

∫ 1

0

(∫ t

0
−%(s) ds

)2

dt

=

∫ 1

0

(
d

dt

∫ t

0

(∫ t′

0
−%(s) ds

)
dt′︸ ︷︷ ︸

=:R̃(µ)(t)

)2

dt =

∫ 1

0

(
d

dt
R̃(µ)(t)

)2

dt =
∥∥∥R̃(µ)

∥∥∥2

H
.

(4.3.5)

For Claim 2 it remains to show that R̃(µ) = R(µ), i.e.

R(µ) = −
∫ ·

0

(∫ t′

0
%(s) ds

)
dt′. (4.3.6)
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4. Girsanov Transformation

To this end let h̃ ∈ H. Then

µ(h̃) =

∫ 1

0
h̃(t)%(t) dt

I.b.p.
= −

∫ 1

0

d

dt
h̃(t)

∫ t

0
%(t) ds dt =

〈
h̃,−

∫ ·
0

(∫ t′

0
%(s) ds

)
dt′

〉
H

(4.3.7)
and Claim 2 is proved.

Since C1
0 (]0, 1[) is dense in L2([0, 1], dt), for all h̃ ∈ H there exists a sequence (vn)n∈N in C1

0 (]0, 1[)

such that vn → ˙̃
h as n→∞ in L2([0, 1], dt). Hence

un :=

∫ ·
0
vn dt

n→∞−→ h̃ in H.

Since by (4.3.6)

un = R(µn) for µn := −v̇n dt ∈ E′

it follows that for

M̃0 :=

{
% dt

∣∣∣% ∈ C([0, 1]),

∫ 1

0
% dt = 0

}
that R(M̃0) is dense in H with respect to ‖·‖H . R(M̃0) is also a linear subspace of H.
Let h ∈ E(= C([0, 1])0) such that Ph � P .
Claim: Let µn ∈ M̃0 such that R(µn)

n→∞−→ 0 in H. Then µn(h)
n→∞−→ 0.

Suppose the claim is true. Then h ∈ H.

Proof. By the claim the map R(M̃0) 3 R(µ) 7→ µ(h) ∈ R is a linear continuous functional on
(R(M̃0), ‖·‖H). Hence, by Riesz (note R(M̃0) is dense in H, hence Riesz is applicable) there
exists an unique h0 ∈ H such that

µ(h) = 〈R(µ), h0〉H ∀µ ∈ M̃0.

But by 4.3.11 we also have 〈R(µ), h0〉H = µ(h0). Therefore,

µ(h) = µ(h0), ∀µ ∈ M̃0 (4.3.8)

Hence, for all % ∈ C([0, 1]) and for

h̃ := h−
∫ 1

0
h(t) dt, h̃0 := h0 −

∫ 1

0
h0(t) dt

we have ∫
h̃% dt =

∫
h̃

(
%−

∫ 1

0
% ds

)
dt︸ ︷︷ ︸

∈M̃0

=

∫
h

(
%−

∫ 1

0
% ds

)
dt

(4.3.8)
=

∫
h0

(
%−

∫ 1

0
% ds

)
dt =

∫
h̃0

(
%−

∫ 1

0
% ds

)
dt =

∫
h0% d̃t.

Hence, h̃ = h̃0, therefore, h = h0, because h(0) = h0(0) = 0. Therefore, the assertion is true as
long as the claim holds.
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4.4. Novikov condition

Proof of Claim. Since R(µn)→ 0 in H, it follows by (4.3.4) that

EP0 [µ2
n] = ‖R(µn)‖2H

n→∞−→ 0,

i.e. µn → 0 in L2(P ), hence, also in P0-measure, therefore, because of Ph � P0, also in Ph-
measure. Since {µn, n ∈ N} is a Gaussian family under Ph, it follows by [Röc11] that

µn
n→∞−→ 0 in Lp(Ph) ∀p ≥ 1. (4.3.9)

Since we have

EPh [µn] =

∫
µn(ω + h)︸ ︷︷ ︸
µn(ω)+µn(h)

P (dω) =

∫
µn(ω)P (dω)︸ ︷︷ ︸

=0

+µn(h), (4.3.10)

applying (4.3.9) for p = 1, it follows that

lim sup
n→∞

|µn(h)|
(4.3.10)

≤ lim sup
n→∞

EPh [|µn|] = 0.

So, the claim is proved.

4.4. Novikov condition

Let (Ω,F , P ) be a probability space together with a right-continuous complete filtration (Ft)
and let (Yt)t≥0 be a P -a.s. continuous local martingale such that Y0 = 0. Then by 1.4.33

Zt := exp(Yt −
1

2
〈Y 〉t), t ≥ 0,

is a (P -a.s.) continuous local martingale. We want to derive a condition for (4.3.3).

Lemma 4.4.13. Let t ≥ 0 and 〈Y 〉t be bounded. Then Zt ∈ Lp for all p > 1 and

E(Zpt ) ≤ exp(
1

2
p(p− 1) ‖〈Y 〉t‖∞).

Proof.

E(Zpt ) = E

[
exp

(
pYt −

1

2
p2〈Y 〉t +

(
1

2
p2 − 1

2
p

)
〈Y 〉t

)]
≤ exp

(
1

2
p(p− 1) ‖〈Y 〉t‖∞

)
E

[
exp

(
pYt −

1

2
p2〈Y 〉t

)]
.

Set Ỹt := pYt. Then 〈Ỹ 〉t = p2〈Y 〉t and, therefore,

E(exp(pYt −
1

2
p2〈Y 〉t)) = E(exp(Ỹt −

1

2
〈Ỹ 〉t)) ≤ E(exp(Ỹ0 −

1

2
〈Ỹ 〉0)) = 1,

since Z is a supermartingale (by Fatou).

Now we can prove a condition implying (4.3.3).

Theorem 4.4.14 (Novikov). If E(exp(1
2〈Y 〉t)) <∞ for all t, then E(Zt) = 1 for all t.

Remark 4.4.15. (i) In the examples above (see 4.3.8 and 4.3.9) we had Yt =
∫ t

0 bs dXs and

E

(
exp

(
1

2

∫ t

0
b2s ds

))
<∞

was always satisfied.
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4. Girsanov Transformation

(ii) For the proof of Theorem 4.4.14 we need that one can construct a Wiener process W , such
that

Yt = W〈Y 〉t

and (for every fixed t) 〈Y 〉t is a stopping time with respect to a suitable filtration for which
W is adapted. This means that Yt has the form WT , with

〈Y 〉t = T.

In other words, any P -a.s. continuous local martingale is the time change of a Brownian
motion. The details are presented in Appendix A.

Now Theorem 4.4.14 follows from

Theorem 4.4.16. Let (Wt)t≥0 be a Wiener process on (Ω,F , P ) and T be a stopping time. If

E(exp(
1

2
T )) <∞,

then the following ”Wald identity” holds:

E(exp(WT −
1

2
T )) = 1.

Remark 4.4.17. Set Mt := exp(Wt − 1
2 t). Then (Mt) is a continuous martingale, since it

is a continuous positive supermartingale and E[Mt] = 1 (cf. Example 4.3.9). By the optional
sampling theorem for unbounded stopping times (cf. [Röc11]), we have

E(MT ) ≤ E(M0) = 1.

Thus, it is clear that E(exp(WT − 1
2T )) ≤ 1 in 4.4.16. For the proof of ”≥” in 4.4.16 we will

need two Lemmas.

Lemma 4.4.18. Let P̃ be a probability measure on (Ω,F , P ) with

P̃ |Ft = exp(Wt −
1

2
t) · P |Ft , ∀t ≥ 0,

and T be a stopping time with P (T <∞) = 1. Then

E(exp(WT −
1

2
T )) = P̃ (T <∞). (4.4.11)

In particular, the above Wald identity (cf. 4.4.16) holds if and only if

P̃ (T <∞) = 1.

Proof. Since Mt := exp(Wt − 1
2 t) is a martingale and {T ≤ t} ∈ Ft∧T we have

P̃ [T ≤ t] = E[1{T≤t}Mt] = E[1{T≤t}Mt∧T ] = E[1{T≤t}MT ].

Letting t→∞ we get (since P [T <∞] = 1)

P̃ [T <∞] = E[MT ].
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4.4. Novikov condition

Lemma 4.4.19. Let c > 0 and define the “passage time of (Wt − t)” by

Tc := inf{t > 0|Wt = t− c}.
(
⇒WTc = Tc − c

)
Then Tc is a stopping time such that

P̃ (Tc <∞) = 1

and, thus, the above Wald identity holds for Tc. Furthermore,

E

(
exp

(
1

2
Tc

))
= ec.

Proof. By the law of iterated logarithm we have

P (Tc <∞) = 1.

W̃t = Wt − t is a Brownian motion with respect to P̃ (cf. Example 4.3.9 with α = 1), which
means that Tc is a passage time of (W̃t) with respect to P̃ . Therefore, again by the law of iterated
logarithm

P̃ (Tc <∞) = 1.

Thus, by 4.4.18

1 = E

(
exp

(
WTc −

1

2
Tc

))
= e−cE

(
exp

(
1

2
Tc

))
.

Proof of Theorem 4.4.16. It remains to show that ”≥” holds:
Mt := exp(Wt − 1

2 t), t ≥ 0, is a positive continuous supermartingale. Hence,

1 ≥ E(MTc∧T ) ≥ E(MTc)
4.4.19

= 1.

But then for all c > 0

1 = E(MTc∧T )
WTc=Tc−c

= E

(
exp

(
1

2
Tc

)
exp(−c), Tc ≤ T

)
+ E

(
exp

(
WT −

1

2
T

)
, Tc > T

)
≤ e−c E(e

1
2
T )︸ ︷︷ ︸

<∞(Novikov)

+E

(
exp

(
WT −

1

2
T

))
c→∞−→ E

(
exp

(
WT −

1

2
T

))
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4. Girsanov Transformation

4.5. Integration by Parts on Wiener Space: A First Introduction to
the Malliavin Calculus Following J.M. Bismut

Fix the following framework:
Let P := P0 be the Wiener measure on Ω = C([0, 1])0 =: E, (Xt) the coordinate process,

H :=

{
h ∈ C([0, 1])0

∣∣∣h is absolutely continuous and

∫ 1

0
ḣ(s)2 ds <∞

}
the Cameron-Martin space. H is a Hilbert space with inner product

〈h, g〉H =

∫ 1

0
ḣ(s)ġ(s) ds = 〈ḣ, ġ〉L2([0,1],dt),

and F : Ω→ R be the Wiener functional. We already know (by Lemma 4.3.11) that

E′ = {µ|µ is a signed measure on [0, 1] of bounded variation such that µ(1) = 0}

and

E′ ⊂ H ′ R→ H ⊂ E

continuous and densely, where R denotes the Riesz map.

Lemma 4.5.20. Let µ ∈ E′. Then

R(µ) =

∫ ·
0
µ(]s, 1]) ds

(
= −

∫ ·
0
µ([0, s[) ds

)
.

(Cf. (4.3.6) as a special case.)

Proof. Let h ∈ H. Then

〈R(µ), h〉H = µ(h) =

∫ 1

0
h(t)µ(dt) =

∫ 1

0

∫ t

0
ḣ(s) ds µ(dt) =

∫ 1

0

∫ 1

0
1[0,t[(s)ḣ(s) dsµ(dt)

Fubini
=

∫ 1

0

∫ 1

0
1]s,1](t)µ(dt)ḣ(s) ds =

∫ 1

0
µ(]s, 1])ḣ(s) ds

=

∫ 1

0

d

ds

(∫ s

0
µ(]r, 1]) dr

)·
ḣ(s) ds =

〈∫ ·
0
µ(]s, 1]) ds, h

〉
H

Hence R(µ) =
∫ ·

0 µ(]s, 1]) ds.

We recall

Definition 4.5.21. F : C([0, 1])0 → R is called Frêchet-differentiable in ω ∈ C([0, 1])0, if there
exists F ′(ω) ∈ E′ such that

F (ω + η) = F (ω) + F ′(ω)(η) + o(‖η‖), ∀η ∈ C([0, 1])0.

In this case

∇F (ω) := R(F ′(ω)) ∈ H

is called gradient of F at ω. Note that ∇F (ω) is in the ”tangent space” of H in ω.
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4.5. Integration by Parts on Wiener Space

Remark 4.5.22. Because of Lemma 4.5.20 we have for the measure

F ′(ω)(dt) =: F ′(ω, dt)

that

∇F (ω)(·) = R(F ′(ω, dt)) =

∫ ·
0
F ′(ω, ]s, 1]) ds. (4.5.12)

Then by definition of the derivative

lim
λ→0

F (ω + λη)− F (ω)

λ
= 〈∇F (ω), η〉H

(4.5.12)
=

∫ 1

0
F ′(ω, ]s, 1]) η̇(s) ds ∀η ∈ H(⊂ E := C([0, 1])0).

Definition 4.5.23. F ∈ L2(P ) is called H-differentiable, if for all (Ft)-adapted real processes
(us)s∈[0,1], product-measurable, bounded and

Ut(ω) :=

∫ t

0
us(ω) ds, t ∈ [0, 1] (H − vector field on E)

(i.e. U(ω) ∈ H) there exists a F/B(H)-measurable map ∇F : E → H such that

E(‖∇F‖2H) <∞
(
∇F ∈ L2(Ω→ H,P )

)
and

F (ω + λU(ω))− F (ω)

λ

λ→0−→ 〈∇F (ω), U(ω)〉H in L2(P )

or equivalently

∇UF := lim
λ→0

F (X + λU)− F (X)

λ
= 〈∇F,U〉H in L2(P ).

Here, ∇F is called the Malliavin gradient (cf. [Wat84]).
Define the Malliavin derivative

DtF := (∇F (ω))•(t).

In particular, (DtF )0≤t≤1 is a process. (This process is product-measurable in (ω, t)!)

Geometric interpretation of ∇F : H-vector field on E.
Geometric interpretation of DF : L2([0, 1], dt)-vector field on E.

Remark 4.5.24. Let u and U as in Definition 4.5.23.

(i) We have
〈∇F (ω), U(ω)〉H = 〈D·F (ω), u〉L2([0,1],dt)

(ii) Let

Zλt := exp

(
λ

∫ t

0
us dXs −

1

2
λ2

∫ t

0
u2
s ds

)
.

Then Novikov’s condition is fulfilled, since u is bounded. So, Girsanov’s theorem implies
that Xλ := X − λU is a Wiener process under P λ := Zλ1P . Hence,

EP [F (Xλ)Zλ1 ] =

∫
F (Xλ) dP λ

Pλ◦(Xλ)−1=P
=

∫
F (X) dP = EP [F (X)] (4.5.13)

Lemma 4.5.25.

lim
λ→0

Zλ1 − 1

λ
=

∫ 1

0
us dXs in L2(P ).
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4. Girsanov Transformation

In fact this limit exists even in Lp(P ) for all p ≥ 1 (exercise).

Proof. By Itô

Zλt = 1 + λ

∫ t

0
Zλs us dXs. (?)

Hence, for t = 1
Zλ1 − 1

λ
−
∫ 1

0
us dXs =

∫ 1

0
(Zλs − 1)us dXs. (4.5.14)

But by Ito-isometry

E

[(∫ 1

0
(Zλs − 1)us dXs

)2
]

= E

[∫ 1

0
(Zλs − 1)2u2

s ds

]
≤ ‖u‖2∞E

[∫ 1

0
(Zλs − 1)2 ds

]
.

Zλs − 1 is a martingale, since Zλs is in L2(P ) (see below), thus, (Zλs − 1)2 is a submartingale.
Therefore,

E

[(∫ 1

0
(Zλs − 1)us dXs

)2
]
≤ ‖u‖2∞E

[
(Zλ1 − 1)2

]
It remains to prove that (Zλ1 − 1)→ 0 ∈ L2(P ) as λ→ 0. Clearly, (Zλ1 − 1)→ 0 P -a.s. But the
set {(Zλ1 − 1)2|0 ≤ λ ≤ 1} is uniformally P -integrable, because

E[(Zλ)p]
4.4.13
≤ exp

[
1

2
λ2p(p− 1)

∥∥∥∥∫ 1

0
u2
s ds

∥∥∥∥
∞

]
≤ exp

[
1

2
p(p− 1)λ2 ‖u‖2∞

]
,

i.e. {Zλ1 |0 ≤ λ ≤ 1} is Lp bounded for all p ≥ 2. Hence, the assertion follows by Lebesgue’s
dominated convergence theorem.

Proposition 4.5.26 (Bismut’s integration by parts formula on Wiener space). Let u, U be as
in Proposition 4.5.23 and let F : E → R be H-differentiable. Then

(
E
[
〈D·F, u〉L2([0,1],dt)

])
= E[〈∇F,U〉H ] = E

[
F

∫ 1

0
us dXs︸ ︷︷ ︸

=−div U=D∗u

]
. (⇒ u̇ ∈ Dom D∗)

Remark 4.5.27. Proposition 4.5.26 identifies a duality between D and
∫
· dX (i.e. between the

Malliavin derivative and the Ito-integral). This is the starting point for defining an extension of
the Itô-integral, namely the Skorohod integral. This extension is simply defined as the adjoint
D∗ of D. Note that domD∗ contains also non-(Ft)-adapted processes (cf. Lectures on Malliavin
calculus!). domD is the set of all H-differentiable functions F :∈ L2(E,P0),

D : domD ⊂ L2(E,P )→ L2(E → L2([0, 1], dt), P ).

Hence,
D∗ : domD∗ ⊂ L2(E → L2([0, 1], dt), P )→ L2(E,P ).

Proof of Proposition 4.5.26. (4.5.13) implies

E(P )

[
F (Xλ)Zλ1

λ

]
= E(P )

[
F (X)

λ

]
.

Therefore, (recall X(ω) = ω)

E

[
F (Xλ)− F (X)

λ
Zλ1

]
= E

[
−F (X)

Zλ1 − 1

λ

]
λ→0−→ E

[
−F

∫ 1

0
us dXs

]
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4.5. Integration by Parts on Wiener Space

by Lemma 4.5.25. But the left hand side is equal to

E

[(
1

λ
(F (Xλ)− F (X)) + 〈∇F,U〉H

)
Zλ1

]
− E

[
〈∇F,U〉HZλ1

]
.

Since 〈∇F,U〉H ∈ L2(E,P ) and Zλ1
λ→0−→ 1 in L2(P ) (see Proof of 4.5.25), the second summand

converges to −E[〈∇F,U〉H ] as λ→ 0. The first summand converges to 0 by Cauchy-Schwarz as
λ→ 0, and the assertion follows.

First application:
Identification of the integrand in Ito’s representation theorem.

Corollary 4.5.28 (Clark-Formula). Let F ∈ L2(P ) be H-differentiable. Then for Ft := F0
t+

with F0
t := σ(Xs|s ≤ t), t ∈ [0, 1],

F = E[F ] +

∫ 1

0
E[DtF |Ft] dXt P -a.s..

Exercise: Show that the process (DtF )0≤t≤1 has a version which is a B([0, 1])⊗F-measurable
function. Hint: First considerNt(ω) = 1[a,b[(t)1A(ω) forA ∈ F instead ofDtF . (Recall P̄x(dt, dω) =
d〈X〉t(ω)P (dω) = dt P (dω)).

Proof of 4.5.28. Without loss of generality E[F ] = 0. Let G ∈ L2(P ). Then by Corollary 2.5.44

G = E[G] +

∫ 1

0
ut dXt,

where u ∈ L2(Ω̄, F̄ , P̄X) and u is (Ft)-adapted. Then by Bismut’s Integration by Parts-formula
we have for

u(n) := (u ∧ n) ∨ (−n), n ∈ N,
that

E[FG] = lim
n→∞

E

[
F

∫ 1

0
u

(n)
t dXt

]
4.5.26

= lim
n→∞

E

[∫ 1

0
DtF u

(n)
t dt

]
Fubini

= lim
n→∞

∫ 1

0
E[DtF u

(n)
t ] dt =

∫ 1

0
E[DtF ut] dt

u adapted
= E

[∫ 1

0
E[DtF |Ft]ut dt

]
2.3.22

= E

[(∫ 1

0
E[DtF |Ft] dXt

)
G

]
.

and the assertion follows, since G ∈ L2(P ) was arbitrary.

Example 4.5.29. (i) Define

F :=

∫ 1

0
Xt dt.

Note that E 3 ω 7→ F (ω) =
∫ 1

0 Xt dt is linear and continuous on E, hence F ∈ E′. Then
E′ 3 F ′(ω, dt) = dt− δ0, hence by (4.5.12) for all t ∈ [0, 1]

DtF (ω) = F ′(ω, ]t, 1]) = 1− t.

So, by 4.5.28 ∫ 1

0
Xt dt = F =

∫ 1

0
(1− t) dXt.

Note that this can be also (in fact much more easily) proved by Itô’s product rule (see
2.5.46).
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4. Girsanov Transformation

(ii) F := f(X1), where f ∈ C2(R). Then by the chain rule (which also holds for Frechet-
differentiable functions on Banach spaces) F is Frechet-differentiable and

F ′(ω, dt) = f ′(X1(ω))δ1 − f ′(X1(ω))δ0 (∈ E′).

Thus,
DtF (ω) = F ′(ω, ]t, 1]) = f ′(X1(ω)).

Hence, by Corollary 4.5.28

f(X1) = F = E[f(X1)] +

∫ 1

0
E[f ′(X1)|Ft] dXt. (?)

F depends only on time t = 1, but is represented as an integral along paths. The corre-
sponding integrands can be interpreted in terms of solutions h(Xt(ω), t) to the following
“final value problem”)

h(·, 1) = f(·),
1

2
hxx + ht = 0.

The solution has the form h(x, t) = p1−tf(x) (as easy to see by elementary calculation, cf.
Chapter III). Hence by Itô’s formula (cf. 1.3.1(iii))

h(X1, 1) = h(0, 0) +

∫ 1

0
hx(Xs, s) dXs, (??)

where h(X1, 1) = f(X1) and h(0, 0) = p1f(0) = E[f(X1)]. By (?) and (??) and uniqueness
in Itô’s representation theorem we can conclude that

E[f ′(X1)|Fs] = hx(Xs, s) = (∂x p1−s f)(Xs) = (∂x(E[f(X1−s + x)]))x=Xs .

To show that F ∈ L2(P ) is H-differentiable is rather difficult in general. The following sufficient
condition might be useful to check H-differentiability.

Proposition 4.5.30. The following is a sufficient condition for the H-differentiability of F in
L2(P ):
There exists a kernel F ′(ω, dt) from Ω to B([0, 1]) such that for all U as in 4.5.23

(i)
F (X + λU)− F (X)

λ
(ω)

λ→0−→
∫ 1

0
F ′(ω, dt)Ut(ω) for P -a.e. ω ∈ E.

(ii) For all c > 0
|F (X + U)− F (X)| ≤ c ‖U‖∞ P -a.s..

In this case

(H 3)∇F (ω) = R(F ′(ω, dt)− F ′(ω, [0, 1]) · δ0︸ ︷︷ ︸
=:µω(dt)∈E′

) =

∫ ·
0
F ′(ω, ]s, 1]) ds.

Proof. By 4.5.20 we have∫
F ′(ω, dt)Ut(ω)

U0=0
=

∫
µω(dt)Ut(ω) = 〈R(µω), U(ω)〉H = 〈∇F (ω), U(ω)〉H .

Hence, the assertion follows by Lebesgue’s dominated convergence theorem.
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Example 4.5.31. F (ω) := max0≤t≤1 ω(t) is not Frechet-differentiable, but it is H-differentiable.
To see this, define

T := inf{t > 0|Xt = F}.

Then it follows by Proposition 4.5.30 that F is H-differentiable and

DtF (ω) = δT (ω)(]t, 1]) = 1{T>t}(ω)

(cf. Exercises).
Next step: Identify E[DtF |Ft] in order to use the Clark formula.
Define

Mt := max
0≤s≤t

Xs.

Then we have for P -a.e. ω ∈ E

E[DtF |Ft](ω) = P [T > t|Ft](ω)

= P

(
max
t≤s≤1

Xs > Mt

∣∣Ft) (ω)

= P

(
max

0≤s≤1−t
Xs+t > Mt

∣∣Ft) (ω)

Now, we use the superstrong Markov property, i.e. for any F⊗Ft-measurable positive or bounded
function G : E × E → R we have

Ex[G(ϑt, ·)|Ft](ω) = EXt(ω)[H(·, ω)] for Px-a.e. ω ∈ E,

where Px is the law of Brownian motion started at x ∈ R and ϑt(ω) := ω(·+ t).
Hence,

E[DtF |Ft](ω) = PXt(ω)

(
max

0≤s≤1−t
Xs > Mt(ω)

)
= PXt(ω)

(
max

0≤s≤1−t
Xs −Xt(ω) > Mt(ω)−Xt(ω)

)
= P0

(
max

0≤s≤1−t
Xs > Mt(ω)−Xt(ω)

)
By the reflection principle, this is equal to

2 · P0(X1−t > Mt(ω)−Xt(ω))

=2 ·N(0, (1− t))(]Mt(ω)−Xt(ω),∞[)

=2 ·N(0, 1)

(
Mt(ω)−Xt(ω)√

1− t
,∞[

)
=2

∫ ∞
Mt(ω)−Xt(ω)√

1−t

1√
2π
e−

x2

2 dx

=2 ·
(

1− Φ

(
Mt(ω)−Xt(ω)√

1− t

))
.

(Vgl. hierzu [Röc11, Beispiel 10.2.8].)
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5. Brownian motion and potential theory

Attention: This chapter has not been proofread yet!

5.1. Brownian motion and Laplace Operator

Let (Ω,F , (Xt)t≥0 , (Px)x∈Rd) be the canonical Brownian Motion on Rd, i.e.:

Ω := C([0,∞[,Rd), Xt(ω) = ω(t), t ≥ 0, F := σ(Xt|t ≥ 0), Ft :=
⋂
ε>0

σ{Xs|s ≤ t+ ε},

Px := Pushforward measure of the Wiener measure P0 under ω 7→ x+ ω

Let (pt)t>0 be the corresponding semi-group of kernels, i.e. for f : Rd → R+, B(Rd)-measurable,
t > 0, ∫

f(Xt)dPx = Ex[f(Xt)] =

∫
f(y)pt(x, dy) =

∫
f(y)

1

(2πt)
d
2

e
−||x−y||2

2t dy, x ∈ Rd.

Let D ⊂ Rd, open.

TD := exit time from D (:= inf{t > 0|Xt /∈ D} = σDc).

∀x ∈ D the following holds for Px-a.e. ω and all t ∈ [0, TD(ω)[ (cf. I.2.72):

f(Xt(ω))− f(X0(ω))︸ ︷︷ ︸
=f(x)

=

∫ t

0
∇f(Xs)dXs(ω) +

1

2

∫ t

0
∆f(Xs(ω))ds, if f ∈ C2(D)

In particular

Mf
t (ω) := f(Xt(ω)− f(X0(ω))− 1

2

∫ t

0
∆f(Xs(ω))ds

is Itô-Integral with respect to Brownian Motion with

〈Mf 〉(ω) =

∫ t

0
||∇f(Xs)||2ds. (∗)

Corollary 5.1.1. (i) ∀f ∈ C2(D) (Mf
t ) is local martingale (until TD) under Px ∀x ∈ D

(cf. I.3.4.), i.e. Brownian Motion is solution for the (so called) martingale problem for
(L := 1

2∆, C2(D)) with initial condition x ∈ D (cf. [SV06]).

(ii) Preliminary remark: D0 open rel. kp with D̄0 ⊂ D ⇒ Ex[TD0 ] < ∞ ∀x ∈ D0 (cf.
III.3.3.3). Hence, because of (∗), EX [〈Mf 〉TD0

] <∞ ∀x ∈ D0

I.3.5.
=⇒ Dynkin formula: Let T be stopping time, ≤ TD0(< TD as D̄0 ⊂ D), then ∀x ∈ D0

Ex[f(Xt)]− f(x) =
1

2
Ex

[∫ T

0
∆f(Xs)ds

]
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5. Brownian motion and potential theory

Application 5.1.2: (i) T = Tε = exit time from open ε-ball Kε(x) around x. Then there
exists for f ∈ C2(D)

af(x) := lim
ε↘0

Ex[f(XTε)]− f(x)

Ex[Tε]
“characteristic (Dynkin) operator” (local),

and we have

af(x) =
1

2
∆f(x), a =

1

2
∆ on C2(D) for Brownian Motion (cf. “special script”)

(ii) D = Rd, f ∈ C2
0 (Rd):

Af(x) := lim
t↓0

ptf(x)− f(x)

t
= lim

t↓0

Ex[f(Xt)]− f(x)

t
=

1

2
∆f(x)

the “infinitesimale operator or generator” of the semi-group.

A =
1

2
∆ on C∞0 (Rd) for Brownian Motion

Attention: In what way 1
2∆ really generates (pt)t>0 and with it the Brownian Motion, hence

in particular is uniquely determined, can not be seen from above (cf. “special script” or
[MR92]).

(iii) It follows from the Dynkin formula with Tr = exit time from Kr(x0) and f(x) = ||x−x0||2,
since 1

2∆f = d, ∀x ∈ Kr(x0) that

Ex[(XTr − x0)2︸ ︷︷ ︸
=r2

]− ||x− x0||2 = dEx[TR]

=⇒ Ex[Tr] =
r2 − ||x− x0||2

d
.

5.2. Stochastic solution of the Dirichlet- resp. Poisson-Problem

D ⊂ Rd, open, rel. kp.
T = exit time from D, then Ex[T ] <∞ ∀x ∈ D.

Poisson problem

Have: f ∈ C(∂D), g ∈ Cb(D)
Want: h ∈ C2(D)

⋂
C(D̄) with

1

2
∆h = g on D

h = f on ∂D

If g ≡ 0:
Dirichlet problem

Theorem 5.2.3 (“Representation Theorem”). Let h be a solution of the Poisson problem, then

∀x ∈ D h(x) = Ex[f(XTD)]− Ex
[∫ TD

0
g(Xs)ds

]
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5.2. Stochastic solution of the Dirichlet- resp. Poisson-Problem

Proof. Let Dn ↗ D, D̄n $ D, i.e. in particular D̄n kp.

=⇒
Dynkin formula

∀x ∈ Dn ∀n Ex
[
h(XTDn

)
]︸ ︷︷ ︸

↗XTD∈∂D

−h(x) = Ex

[∫ TDn

0
g(Xs)ds

]
TDn↗TD

−→
n→∞

Lebesgue

Ex [f(XTD)]− h(x) = Ex

[∫ TD

0
g(Xs)ds

]

We consider now the case g ≡ 0, i.e. a Dirichlet problem. For D0 open, rel. kp in D we we define
for x ∈ D0.

µD0
x (A) := Px

[
XTD0

∈ A
]
, A ∈ B(∂D0)

Then we get

Corollary 5.2.4 (“generalized mean value property”). Let h be harmonic in D. Then ∀D0

open, rel. kp in D

h(x) = Ex

[
h(XTD0

)
]

=

∫
∂D0

h dµD0
x , x ∈ D0.

Definition 5.2.5. µD0
x is called the harmonic measure for D0 in x (∈ D0). (=exit distrubition

Px ◦X−1
TD0

of the Brownian motion from D0 with start in x)

Remark 5.2.6. It follows from the definiton of the Brownian motion, that it is translation- and

rotation invariant. Thus, µ
Kr(x)
x is also rotation invariant.

=⇒ µKr(x)
x = const · σx,r︸︷︷︸

norm. surface

measure

=⇒
µ
Kr(x)
x (∂Kr(x))=1

µKr(x)
x = σx,r.

More generally, we have ∀y ∈ Kr(x)

µKr(x)
y (dz) = rn−2 r2 − ||y − x||2

||y − z||n︸ ︷︷ ︸
Poisson kernel for Kr(x)

dσx,r

Theorem 5.2.7 (“Existence of a generalized solution of the Dirichlet problem”). D ⊂ Rd, open,
f bounded, measurable on ∂D. Then we have for

h(x) := Ex [f(XTD)] , x ∈ D :

(i) h harmonic on D

(ii) lim
t↗TD

h(Xt) = f(XTD) Px-a.s ∀x ∈ D.

Proof. Set T := TD and let Dn ↗ D, Dn open, D̄n ⊂ Dn+1 ⊂ D. Set Tn := TDn . x ∈ D fixed.
Without loss of generality : x ∈ D1.
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5. Brownian motion and potential theory

(i) Harmonicity: ∀n

h(XTn) = EXTn [f(XT )] =
SMP

Ex[f (XT ◦ θTn)︸ ︷︷ ︸
=XT ◦ θn + Tn︸ ︷︷ ︸

=T, since T≥Tn

|FTn ]

= Ex[f(XT )|FTn ]

=⇒ (h(XTn))h∈N Px-martingale and

h(x) = Ex[f(XT )] = Ex[Ex[f(XT )|FTn ]] =
see above

Ex[h(XTn)]

=⇒ h harmonic. Since ∀Kr(x) ⊂ Kr(x) ⊂ D, Without loss of generality : D1 = Kr(x),
hence h(x) = Ex[h(XT1)] =

see above

∫
h(y)σx,r(dy), i.e. h satisfies classic mean value property

=⇒
Analysis

h harmonic.

(ii) (h(XTn))n∈N bounded martingale under Px

=⇒
mart. conv.

theorem + above

h(XTn) −→ Ex

[
f(XT )|σ(

⋃
n

FTn)

]

= f(XT ) Px − a.s., since XT = limXTn

σ(∪nFTn)−
measurable

(as Tn → T and continuity)

But according to the upcrossing lemma ∃ limh(Xt) Px-a.s., (more detailled: Cor. 5.2, ch.
II, W-Theorie II-Vorlesung), hence it must be the above one.

(Existence: Set h(Xt) = f(XT ) for t ≥ T , then (h(Xt))t≥0 Px-martingale, since

1{t<T}h(Xt) = 1{t<T}EXt [f(XT )] =
MP

Ex [1{t<T}f(XT◦θt+t)︸ ︷︷ ︸
=1{t<T}f(XT )

|Ft]

= Ex[f(XT )|Ft]− 1{t≥T}f(XT )︸ ︷︷ ︸
Ft∧T⊂Ft measurable

(cf. lemma 4.1 in ch. II, W-Th.II).)

5.3. Application: Reccurence/transience of the Brownian motion

We know (because of the iterated Log) that ∀d: lim
t↑∞
||Xt||Rd = +∞ Px-a.s. ∀x ∈ Rd. We want

to show:

Theorem 5.3.8. (i) d ≥ 3 =⇒ Brownian motion transient, i.e.: lim
t↗∞
||Xt|| = +∞ Px-a.s.

∀x ∈ Rd.

(ii) d = 2 =⇒ Brownian motion recurrent, i.e.: Brownian motion hits Kε(x0) Px-a.s. ∀ε > 0
∀x0 ∈ Rd; i.e. Px-a.e. path is dense in R2.
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5.3. Application: Reccurence/transience of the Brownian motion

Preparation for the proof

Let Ar,R := {x ∈ Rd|r < ||x|| < R} and f =

{
1 in {x | ||x|| = r}
0 in {x | ||x|| = R}

be a solution to the

corresponding Dirichlet problem

hr,R(x) := Ex

[
f ◦XTAr,R

]
= Px

[
||XTAr,R

|| = r
]
.

One can easily show that analytically (write ∆ in spherical coordinates)

hr,R(x) =
ϕd(||x||)− ϕd(R)

ϕd(r)− ϕd(R)
with ϕd(ρ) =


ρ , d = 1

−logρ , d = 2

ρ2−d , d ≥ 3

(5.3.1)

(cf. Ruinproblem W.theorie II)

Theorem 5.3.9. ∀d ≥ 2 every point in Rd is polar, i.e.:

Py[σ{x} <∞] = 0 ∀y ∈ Rd.

(with σ{x} := inf{t > 0|Xt = x}.)

Proof. Without loss of generality : x = 0 (because auf translation invariance)

(i) y 6= x = 0 :

Py[σ{0} <∞] = lim
n→∞

Py[σ{0} < σKn(0)c ]

σKn(0)c ↗
n→∞

Py − a.s.

( since forPy − a.a. ω{Xs(ω)|0 ≤ s ≤ t} bounded ∀t)

≤ lim
n→∞

lim
r→0
r<||y||

Py

[
||XTAr,n

|| = r
]

= lim
n→∞

lim
r→0
r<||y||

hr,n(y) = 0 because of (5.3.1), since d ≥ 2.

(ii) y = x :

Px[σ{x} <∞] ≤ lim
t↓0

Px[σ{x} ◦ θt <∞]

=
(MP)

lim
t↓0

Ex[PXt [σ{x} <∞]︸ ︷︷ ︸
1)
=0 Px−a.s.,

since Xt 6=x Px−a.s.

]

Remark 5.3.10. For x /∈ Kr(0)

Px[σKr(0) <∞] = lim
n→∞

Px[

↗n↗Px−a.s.︷ ︸︸ ︷
||XTAr,n

|| = r]

=
(5.3.1)

{
1, d = 2
||x||2−d
r2−d , d ≥ 3.
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5. Brownian motion and potential theory

Now:

Proof of Theorem 5.3.8. Let xo ∈ Rd, Without loss of generality x0 = 0. Tn := exit time from
Kn(0), then ∀x ∈ Rd

Px

[
lim
t↑∞
||Xt|| < r

]
︸ ︷︷ ︸

=
⋂
n

[
σKr(0) ◦ θTn <∞

]︸ ︷︷ ︸
↘n↗

= lim
n→∞

Px
[
σKr(0) ◦ θTn <∞

]

=
(SMP)

lim
n→∞

Ex
[
PXTn [σKr(0) <∞

]
=

5.3.10
lim
n→∞

{
1 , d = 2
n2−d

r2−d →
n→∞

, d = 3.

5.4. Regularity of boundary points

Let D ⊂ Rd, open, rel. kp., ∂D := D̄ ∩ (Rd \D)

Definition 5.4.11. z ∈ ∂D is called regular, if Pz[σDc = 0] = 1.

Remark 5.4.12. Since {σDc = 0} ∈ F0 :=
⋂
ε>0
Fε, we have acoordingly to Blumenthal’s zero-one

law a priori Px[σDc = 0] ∈ {0, 1}.

Example 5.4.13. Let D = U \ {x} with U rel. kp. open, z ∈ U . Then z ∈ ∂D and z is
irregular, if d ≥ 2, since z polar. We consider the behaviour of the stochastic solution of the
Dirichlet problem for D with boundary condition f = 1{z} + 0 · 1(∂D)\{z}

h(x) = Ex [f(XTD)]

= 0 · Px [XTD ∈ ∂D \ {z}] + 1 · Px [XTD ∈ {z}]︸ ︷︷ ︸
=0,

if d≥2, since then z polar.

≡ 0

If we understand the above as an “inteference” of the solution of the Dirichlet problem for
D ∪ {z}, we then obtain “stability”.

Theorem 5.4.14. z ∈ ∂D regular ⇔ ∀f bounded, measurable on ∂D, continous in z we have:

h(x) := Ex [f(XTD)] −→
x→z
x∈D

f(z)

Proof. We only proof “⇒”: Let in the following always x ∈ D.
Claim: lim

x→z
Px [XTD /∈ Kδ(z)] = 0 ∀δ > 0. Here Kδ(z) open ball.

If this claim is true, then select δ = δ(ε), such that |f(x) − f(z)| < ε ∀x ∈ Kδ(z) ∩ ∂D. It
follows that

|h(x)− f(z)| ≤ Ex [|f(XTD)− f(z)|] ≤ ε+ 2||f ||∞Px [XTD /∈ Kδ(z)]

=⇒ lim
x→z
|h(x)− f(z)| ≤ ε ∀ε > 0, hence “⇒” proved.
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Proof of the claim. Let δ > 0 fixed. If X0(ω) = x ∈ K δ
2
(z), then ∀s > 0:

XTD(ω) /∈ Kδ(z) =⇒ TD(ω) > s or TK δ
2

(x) ≤ s.

So we have ∀x ∈ K δ
2
(z) ∀s > 0

Px [XTD /∈ Kδ(z)] ≤ Px[TD > s] + Px

[
TK δ

2
(x) ≤ s

]
Because of the translation invariance we get

Px

[
TK δ

2
(x) ≤ s

]
= P0

[
TK δ

2
(0) ≤ s

]  ↓
s↓0

P0

[
TK δ

2
(0) = 0

]
=

because of right
continous pathes

0


< ε for s small

Let s > 0. To show:

y 7→ ϕs(y) := Py[TD > s], y ∈ Rd, is not semi-continuous in y := z

Because then 0 ≤ lim
x→z

ϕs(x) ≤ ϕs(z)
z regular

= 0.

But ∀y ∈ Rd

ϕs(y) = Py[TD > s] = lim
t↓0

Py[

↘ , if t↘, hence lim=inf︷ ︸︸ ︷
t+ TD ◦ θt︸ ︷︷ ︸

first exit time after t

> s]

︸ ︷︷ ︸
= Py[TD ◦ θt > s− t]

=
MP

Ey[PXt [TD > s− t]︸ ︷︷ ︸
ϕs−t(Xt)

]

= lim
t↓0

ptϕs−t(y)︸ ︷︷ ︸
cont. as pt
strong Feller

}
n.o.h.cont.

Now an analytic criterion for regularity:

Theorem 5.4.15 (“Zaremba’s cone condition”). Let z ∈ ∂D such that there exixts a cone C
with apex in 0 and h > 0 with z + Ch ⊆ Dc, where Ch := C ∩Kn(0). Then z is regular.

Proof.

Pz[TD ≤ t] ≥ Pz[Xt ∈ z + Ch] ∀t ∈]0, 1]

= P0 [Xt ∈ Ch]

= P0

[√
tX t

(
√
t)2
∈ Ch

]
, since

(
cX t

c2

)
t≥0

again B.M.; cf. W.th.II, ch. III, Satz 5.1

= P0

[
X1 ∈ t

−1
2 Ch

]
≥

(t≤1)
P0[X1 ∈ Ch] > 0
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5. Brownian motion and potential theory

=⇒ Pz[TD = 0] = lim
tn↘0

Pz[TD ≤ tn] ≥ P0[X1 ∈ Ch] > 0 ∀n

=⇒
Blumentahl’s

0-1 law

Pz[TD = 0] = 1.

Idea: Dc shouldn’t be to “small” in z.
Exercice: for d = 2 C-line is enough.
In general (z+Ch)∩H ⊆ Dc is enough, where H hypersurface (cf. [?], p. 276 or 350, analytical
with Wiener theorem).

Example 5.4.16 (“Lebesgue-sting”). Let

In := [2−n, 2−(n−1)]

kn := {(x1, x2, x3) ∈ R3|x1 ∈ In, x2 = x3 = 0}
Fn := {(x1, x2, x3) ∈ R3|x1 ∈ In, x2

2 + x2
3 ≤ ε2

n}

D = cylinder
(height z)

\
⋃
n

Fn

We want to choose εn such that 0 ∈ ∂D irregular.
d = 3 : =⇒ P0[X0 never hit Kn] = 1, since

P0[X0 never goes back to {x2 = x3 = 0}] (← no condition for X
(1)
0 )

= P d=2
0 [ B.M. in R2 never goes back to 0] = 1 , 0 polar!

Since Brownian Motion in R3 is transient ∃ for P0-a.a. ω an s(ω) ≥ 0 with ||Xt(ω)|| ≥ 2
∀t ≥ s(ω). It is obvious that

an(ω) := dist ({Xt(ω)|0 ≤ t ≤ s(ω)},Kn) > 0

(as both sets kp. and disjoint). Hence {an ≥ 1
m} ↗

m↑∞
Ω P -a.s., thus ∃εn with P0[an ≤ εn] ≤ 3−n.

Then

P0[Xt ∈ Fn for a t︸ ︷︷ ︸
{σFn<∞}

] ≤ P0[an ≤ εn] ≤ 3−n

=⇒ P0[TD = 0] ≤
∑
n

P0[Xt ∈ Fn for a t︸ ︷︷ ︸
{σFn<∞}

] ≤
∑

3−n < 1

=⇒ 0 irregular.

Excursus to Brownian motion in R1. Without loss of generality a ≥ 0
Define passage time Ta := inf{t > 0|Xt > a}.
Because XTa = a and continuity of paths, we have:

Ta = inf{t > 0|Xt ≥ a} = inf{t > 0|Xt = a}
P := P0 = Brownian Motion with start in 0.

Theorem 5.4.17 (Reflection principle).

1

2
P [Ta ≤ t] = P [Xt ≥ a]

(
=

1

2
P [|Xt| ≥ a]

)

94



5.4. Regularity of boundary points

Proof.

P [Xt ≥ a] = P [Ta ≤ t, Xt−Ta(θTa)︸ ︷︷ ︸
=Xt since

canonical model

≥ a]

= E[Φ(·, θTa(·)(·)); Ta ≤ t],

where Φ(ω, η) = 1[a,∞[ ◦Xt−Ta(ω)(η), (ω, η) ∈ Ω× Ω = C([0,∞[)× C([0,∞[).
Φ is FTa ⊗F-measurable. We need:

Lemma 5.4.18 (“(very) SMP”). Let T be stopping time, Φ : Ω×Ω→ R+ FT ⊗F-measurable.
Then it follows for H(ω) := Φ(ω, θT (ω)(ω)) and all x ∈ Rd

Ex[H|FT ](ω) = EXT (ω)[Φ(ω, ·)] Px-a.a. ω ∈ Ω.

Proof. Let F FT -measurable, G F-measurable and Φ(ω, η) = F (ω)G(η). Then because of SMP
for Px-a.a. ω ∈ Ω

Ex[F G ◦ θT |FT ](ω) = F (ω)Ex[G ◦ θT |Ft](ω) = F (ω)EXT (ω)
[G] = EXT (ω)

[F (ω)G].

The rest follows with monoton classes.

Continuation of proof 5.4.17.
According to the lemma: for P -a.a. ω ∈ Ω

E[Φ(·, θTa(·)(·)); Ta ≤ t](ω)

=

∫
{Ta≤t}

PXTa(ω)︸ ︷︷ ︸
a

[Xt− Ta(ω)︸ ︷︷ ︸
=:s

(·) ≥ a]

︸ ︷︷ ︸
=Ps(a,[a,∞[)= 1

2

P (dω) =
1

2
P [Ta ≤ t].

Corollary 5.4.19 (“Distribution of the passage time”). P ◦ T−1
a = ϕa · ds, where

ϕa(s) =

 |a|√
2πs3

e−
a2

2s , s > 0

0 , s ≤ 0.

(“stable with exponent a”, since then E[eixTa ] = e−|x|
a
)

Proof.

P [Ta ≤ t] =
5.4.17

2P [Xt ≥ a]

= 2

∫ ∞
a

1√
2πt

e−
x2

2t dx

=

∫ t

0
s
−3
2

a√
2π
e−

a2

2s︸ ︷︷ ︸
ϕa(s)

ds.

since a2

2s = x2

st =⇒ x = a
√

t
s and dx

ds = a
√
t(−1

2)s−
3
2
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5. Brownian motion and potential theory

Corollary 5.4.20. (i) P [Ta > t]
√
t −→
t↗∞

√
2
πa. (a ≥ 0)

(ii) E[Ta] = +∞

Proof. (i) :

P [Ta > t]
√
t =

5.4.17

√
tP [|Xt| ≤ a] =

1√
2π

∫ a

−a
e−

x2

2t dx −→
t↗∞

2a√
2π
.

(ii) :

E[Ta] =

∫ ∞
0

P [Ta > t]dt

≥
(i) ε small
t0=t0(ε)big

∫ ∞
t0

(√
2

π
a− ε

)
t−

1
2dt =∞

Example 5.4.21 (Solution of the Dirichlet problem on the half-space.).
D := {x = (x1, ..., xd) ∈ Rd|xd > 0}. Consider D not rel. kp. as always assumed before! But an
essential assumption for the existence of a solution is only Px[TD < ∞] = 1 ∀x ∈ D. (cf. 5.2.7
and 5.4.15). Since ∂D := {z = (y, 0)|y ∈ Rd−1} no longer kp, we have to assume f ⊂ Cb(∂D).

Stochastic:
Cone condition fulfilled ∀z ∈ ∂D!
Calculation of the harmonic measure
Under Px the exit time T := TD = inf{t > 0|Xd

t = 0} (=passage time) has density ϕa from
5.4.19 with a = xd. With notation ω = (ω1, ..., ωd) ∈ (C[0,∞))d, XT := (YT , 0) it follows ∀x ∈ D

h(x) =
2.5!

Ex[f(XT )] = E(x1,...,xd−1)

[
Exd [f(YT (ωd)(ω1, ..., ωd−1), 0)]

]︸ ︷︷ ︸
=

5.4.19

∫∞
0 f(Yt(ω1,...,ωd−1),0)

xd√
2πt3

e−
x2
d

2t︸ ︷︷ ︸
ϕxd

(t)

dt

=
Fubini

∫ ∞
0

xd√
2πt3

e−
x2
d

2t

(∫
Rd−1

f(y, 0)
1

√
2πt

d−1
exp

[
−||y − (x1, ..., xd−1)||2

2t

]
dy

)
dt

=
Fubini

∫
Rd−1

f(y, 0)
xd
√

2π
d

∫ ∞
0

t−( d
2

+1) exp

[
−||(y, 0)− x||2

2t

]
dt︸ ︷︷ ︸

=Γ( d
2

)||(y,0)−x||−d2
d
2

dy

because:
∫∞

0 t−βe−
α
t dt =

s=α
t

α1−β ∫∞
0 sβ−2e−sds = α1−βΓ(β − 1)

=⇒ µDx (dy) =
Γ(d2)

π
d
2

xd
||x− (y, 0)||d

λd−1︸︷︷︸
Leb.meas.
on Rd−1

(dy)

Remark 5.4.22. The stochastic solution of the Dirichlet problem leads us to the harmonic
measure µDx = exit distribution of the Brownian Motion. For the Poisson problem we get Green
function = residence density of the BM in D. We want to show this in the next section.
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5.5. Poisson equality and Green function

5.5. Poisson equality and Green function

Assumption: Px[TD <∞] = 1 ∀x ∈ D. (D not necessarily bounded)
Have f ∈ Cb(D). Want u ∈ C2(D) ∩ C(D̄) with

1
2∆u = −f on D

u = 0 on ∂D

∥∥∥∥ Poisson problem with homog. boundary condition

Remark 5.5.23. The general case u = g on ∂D can be traced back to the above by adding the
solution of the Dirichlet problem with boundary condition g. We then know, because of 5.2.3,
that

u(x) = Ex

[∫ T

0
f(Xs)ds

]
, x ∈ D. (5.5.2)

with T := TD ((Ft)− stopping time with Ft :=
⋂
ε>0
{σ(Xs)|s ≤ t+ ε}).

Remark 5.5.24. pDt (x,A) := Px[Xt ∈ A, t < T ], A ⊆ D, measurable, defines a measure on D.
It is obvious that

pDt (x, ·) ≤
B.sgr.︷ ︸︸ ︷
pt(x, ·)� dy (= Lebesgue-measure on Rd)

=⇒ ∃pDt (x, y) : pDt (x, dy) = pDt (x, y)dy.

Definition 5.5.25.

GD(x, y) :=

∫ ∞
0

pDt (x, y)dt , x, y ∈ D

is called the Green function of D.
Attention: only if d ≥ 3, GD(x, y) <∞ ∀x 6= y. If d = 1, 2 and D = Rd, GD(x, y) =∞ ∀x, y.

Aim: Representation of pDt (x, y) and thus of GD(x, y). Because then for u as in (5.5.2)

u(x) = Ex

[∫ ∞
0

f(Xs)1{T>s}ds

]
=

Fubini

∫ ∞
0

Ex[f(Xs);T > s]︸ ︷︷ ︸∫
f(y)pDs (x,y)dy

ds

=

∫
f(y)

∫ ∞
0

pDs (x, y)ds dy

Thus

Theorem 5.5.26. u(x) =
∫
GD(x, y)f(y)dy solves Poission problem for D with boundary con-

dition 0.
If GD “explicit”, then u explicit.

Theorem 5.5.27. (i)

pDt (x, y) =

Density of the Br. sgr.︷ ︸︸ ︷
pt(x, y) −Ex[

cont. in t︷ ︸︸ ︷
pt−T (XT , y);

left cont. in t︷ ︸︸ ︷
T < t ]︸ ︷︷ ︸

left cont. (Lebesgue)

, x, y ∈ D

Note |y −XT | ≥ d(y, ∂D) > 0 since y ∈ D.

(ii) pDt (x, y) is symmetric in x, y.
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5. Brownian motion and potential theory

Proof. (i) A ∈ B(D)

Px[Xt ∈ A, t < T ] = Px[Xt ∈ A]− Px[Xt ∈ A, T ≤ t]︸ ︷︷ ︸
=Px[Xt−T ◦θT∈A, T ≤ t︸ ︷︷ ︸

∈FT

]

=
5.4.18

∫
{T<t}

PXT (ω)
[Xt−T (ω)∈A]dPx(ω)

=

∫
A

pt(x, y)dy −
∫

{T<t}

∫
A

pt−T (ω)(XT (ω), y)dy dPx(ω)

=

∫
A

[pt(x, y)− Ex[pt−T (XT , y), T < t]] dy

=⇒ (i)

(ii) By approximation: Let Dn ⊂ D, Dn ↗ D, Dn kp., Tn := TDn . Then Tn ↗ T and hence
{T > t} =

⋃
n
{Tn > t}. Let τm = m-th dyadic decomposition of [0,∞[.

=⇒ Px[Xt ∈ A, T > t]

= lim
n

(↗)Px[Xt ∈ A, Tn > t]

= lim
n

(↗) lim
m

(↘) Px[Xt ∈ A, Xti ∈ Dn ∀ti ∈ τm, ti ≤ t]︸ ︷︷ ︸
=
∫
A

∫
Dn

...

∫
Dn

p t1︸︷︷︸
= 1

2m

(x, x1)pt2−t1︸︷︷︸
= 1

2m

(x1, x2)...pt−tM︸︷︷︸
= 1

2m

(xM , y)dx1...dxM

︸ ︷︷ ︸
=:qn,m(x,y) is symm., since ps(x′,y′)=ps(y′,x′).

dy

=
Levi

∫
A

lim
n

(↗) lim
m

(↘)qn,m(x, y)︸ ︷︷ ︸
=pDt (x,y) symm. as limit of symm. ones

dy

Corollary 5.5.28. Let d ≥ 3.

(i) GD(x, y) = G(x, y)− Ex[G(XT , y)],
where

G(x, y) := 21− d
2

Γ(d2 − 1)

(2π)
d
2

· ||x− y||2−d =

∫ ∞
0

pt(x, y)dt. Green function on Rd

(ii) GD is symm. and GD(·, y) is harmonic on D \ {y}.

Proof. (i) Clear, by 5.5.27 and calculation of
∫∞

0 pt(x, y)dt (Excercise!)

(ii) Symm. clear. Also clear that x 7→ Ex[G(XT , y)] harmonic on D and ∆G(·, y) = 0 on
Rd \ {y} (Excercise!)
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5.6. Self intersection of the paths

d ≥ 2. t ≥ 0 fix.

Px[Returning to Xt] = Px[Xs = St for one s > t] (5.6.3)

=

∫
1{σXt(ω)<∞} · θt(ω)dPx(ω)

=
5.4.18

Xt F−meas.

∫
PXt(ω)[σXt(ω) <∞]︸ ︷︷ ︸

=0 , since pt. polar,
as d≥2

dPx(ω) = 0

Nevertheless we have Px-a.s.

d ≤ 2: ∀n ∃ n-times self intersection, i.e.
∃ t1(ω) < ... < tn(ω) : Xt1(ω)(ω) = ... = Xtn(ω)(ω).

d ≤ 3: the double points lie dense on path

d = 3: @ triple points

d ≥ 4: @ double points.

We want to show now:

Theorem 5.6.29. d = 3 =⇒ ∀x ∈ R3

Px[ double points lie dense on path ] = 1

Therefor we need some preparations.

Excursus to the capacity

d ≥ 3 : G(x, y) :=
1

||x− y||d−2
(i.e. as before up to constants)

Definition 5.6.30. (i) Let µ be positive measure on Rd.

Gµ(x) :=

∫
G(x, y)µ(dy) , x ∈ Rd, (∈ [0,∞])

is called the potential generated by µ and

e(µ) :=

∫
Gµdµ

the energy of µ.

(ii) For K ⊂ Rd kp.,
C(K) := (inf{e(µ)|µ p.measure on K})−1

is the capacity of K.

Remark 5.6.31. (i) C({x}) = 0 ∀x ∈ Rd, since e(εx) =∞.

(ii) C(K) > 0⇔ ∃µ p.measure on K : e(µ) <∞

99



5. Brownian motion and potential theory

(iii) C(K) = 0 =⇒ λ(K) = 0 (λ := Leb. measure),
(:) because:

λ(K) > 0 =⇒
∫
Gµdµ︸ ︷︷ ︸

= 1
λ(K)

∫
1

|x|d−2 1K × 1K︸ ︷︷ ︸
kp. support

(x)λ(dx)

<∞ with µ := λ(K)−11K · λ

Theorem 5.6.32 (“equilibrium principle”). C(K) > 0 =⇒ ∃ finite measure µK on K with:

GµK ≤ 1 , = 1µK a.e. on K

without proof.
In particular: e(µK) = ||µK || := µK(K) and for µ̃K := µK

||µK || (p.measure):

e(µ̃K)
1

||µK ||2
e(µK) =

1

||µK ||

=⇒ C(K) ≥ ||µK ||.

Theorem 5.6.33. C(K) > 0 =⇒ hK(x) := Px[

=σK︷︸︸︷
TKc < ∞] > 0 on Kc (and in fact harmonic

on Kc).

Proof. u := GµK harmonic on Kc, since for x ∈ Br(x0) ⊂ Kc

∫
GµK(z)µBr(x0)

x (dz) =

∫
K

∫
G(z, y)︸ ︷︷ ︸
harm. on
Rd\{y}

µBr(x0)
x (dz)µK(dy) =

∫
G(x, y)µK(dy).

Clear: 0 < u ≤ 1 and u(x) ≤ ||µ||K sup
y∈K

G(x, y) = ||µ||Kd(x,K)2−d −→ 0 for ||x|| → ∞.

Choose Dn rel. kp. D̄n ⊆ Kc, Dn ↗ Kc, thus Tn := TDn ↗ T := TKc . Hence ∀x ∈ Kc

0 < u(x) = lim
n→∞

Ex [u(XTn)] (u harmonice on Kc)

≤ Ex
[
lim
n
u(XTn)

]
= Ex

[
lim
n
u(XTn); lim

n
Tn =∞

]
︸ ︷︷ ︸

=0, since on {limTn=∞}:
||XTn ||→ ∞ because of transience

+Ex

[
lim
n
u(XTn); sup

n
Tn <∞

]
︸ ︷︷ ︸

≤Px[supTn<∞]
=Px[TKc<∞]

=⇒ Px [TKc <∞] ≥ u(x) > 0.

End of excursus.

Theorem 5.6.34. Let 0 ≤ a < b, d = 3. ∀x ∈ R3, we have for Px-a.a. ω:

C({XT (ω)|a ≤ t ≤ b}︸ ︷︷ ︸
=:Kω

) > 0
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Proof. µω := Pushforward measure of λ|[a,b]︸ ︷︷ ︸
1− dim.

Leb. meas.

under s 7→ Xs(ω).

(“occupation measuere” for [a, b])
µω measure on Kω and

e(µω) =

∫ ∫
G(x, y)µω(dx)µω(dy) = const.

∫ b

a

∫ b

a
||Xs(ω)−Xt(ω)||2−ddsdt︸ ︷︷ ︸

(∗)

<∞ Px − a.s., if d = 3, since:

Ex[(∗)] =

∫ b

a

∫ b

a
E0

[
||Xs −Xt||2−d

]
dsdt

= E0

[
||X1||2−d

]
︸ ︷︷ ︸

<∞

∫ b

a

∫ b

a

1

|t− s|
d−2

2

dsdt︸ ︷︷ ︸
(∗∗)=

<∞ , d = 3

=∞ , d > 3

<∞

since

(∗∗) = 2

∫ b

a

∫ b

t

1

(s− t)
d−2

2

dsdt = 2

∫ b

a

∫ b−t

0
s1− d

2 ds︸ ︷︷ ︸
<∞

⇔ 1− d
2 > −1

⇔ 4 > d

dt

and then bounded in t.

Proof of 5.6.29. Let Kω := {Xs(ω)|0 ≤ s ≤ 1}

(ω, η) 7→ T (ω, η) := σKω(η) (:= inf{t > 0|Xt(η) ∈ Kω})

is F1 ⊗F-measurable,

since {T ≤ t} !
=
⋂
n

⋃
z∈(2−nZ)3

{σK2−n−1 (z) ≤ 1} × {σK2−n−1 (z) ≤ t} ∈ F1 ⊗Ft

where K2−n−1(z) is a bounded ball around z with radius 2−n−1 in max. norm.

=⇒ Px [Xt = Xs for an s ∈ [0, 1] and a t ∈]2,∞[ ]

= Px[σK0 ◦ θ2 <∞]

=

∫
Ex[1{σK0

<∞} ◦ θ2|F2](ω)Px(dω)

5.4.18
=

∫
PX2(ω)[σKω <∞]︸ ︷︷ ︸
Px− a.s. >0, because:

Px(dω) > 0
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5. Brownian motion and potential theory∫
1Kω ◦X2(ω)Px(dω) = Ex[Ex[1K0 ◦X2(·)|F1]]

=

∫
EX1(ω)[1Kω ◦X1]dPx = 0

as Ey[1Kω ◦X1] = N(y, 1)(Kω) =
5.6.34,

5.6.31(iii)

0

and thus, because of 5.6.34 and 5.6.31(iii), 5.6.33 can be used.
=⇒ ∃N ≥ 2, (large) such that for

T := (2 + σK0 ◦ θ2) ∧N ,

(Ft)-stopping time (with Ft :=
⋂
ε>0

σ{Xs|s ≤ t+ ε}).

αT : = Px [Xt = Xs for an s ∈ [0, 1] and a t ∈]2, T ]]

= P0[2 + σK0 ◦ θ2 ≤ N︸ ︷︷ ︸
=:Ao∈FT

] > 0

(independent of x due to translation invariance)
Let An := {Xt = Xs for an s ∈ [nT, nT + 1] and a t ∈]nT + 2, (n + 1)T ]}, n ∈ N. Then
An = θ−1

nT (A0), An ∈ F(n+1)T , thus

Px[A0 ∩ ... ∩An] = Ex[ Px[An|FnT ]︸ ︷︷ ︸
=PXnT [A0]

=Px[A0]=αT

, A0 ∩ ... ∩An−1] =
Induction

αn+1
T

= Px[A0]...Px[An] =⇒ independent

(as Px[An] = Ex[Ex[1A0 ◦ θnT |FnT ]] =
see

above

αT > 0)

=⇒
Borel-

Cantelli

∞-many An occur

=⇒ Px-a.e. path has ∞-many double points =⇒
excercise

density.

5.7. Feyman-Kac-Formula

Let V ∈ C(D). Poisson-problem for 1
2∆ + V :

Have: g ∈ Cb(D), f ∈ C(∂D)
Want: u ∈ C2(D) ∩ C(D̄) with {

1
2∆u+ V · u = −g on D

u = f on ∂D
(5.7.4)

Theorem 5.7.35. If Ex[exp((1 + T )
∫ T

0 V +(Xs)ds)] < ∞ ∀x ∈ D and T := TD, then we have
for u with (5.7.4)

u(x) = Ex

[
f(XT ) exp

(∫ T

0
V (Xs)ds

)]
+ Ex

[ ∫ T

0
g(Xt) exp

(∫ T

0
V (Xs)ds

)
dt︸ ︷︷ ︸

not obvious if ∈L1, but as u(x)<∞, needs to be

]
, x ∈ D

102



5.8. The heat equation

Proof. Define Zt := u(Xt) ·At with At := exp(
∫ t

0 V (Xs)ds). (C1!)

=⇒
Ito’s

product rule

Zt = Z0 +

∫ t

0
u(Xs) dAs︸︷︷︸

=V (Xs)Asds

+

∫ t

0
Asdu(Xs) , t < T

with ∫ t

0
Asdu(Xs) = lim

n

∑
ti∈τn
ti≤t

Ati(u(Xti+1)− u(Xti))

=
Ito

lim
n

∑
ti∈τm

Ati

(∫ ti+1

ti

(∇u, dXs)

)
︸ ︷︷ ︸

=:Mn
t

+
1

2

∫ t

0
As∆u(Xs)ds

Let D̄m ⊂ Dm+1, Dm open, Dm ↗ D. Then (Mn
t ) is local martingale until T with local sequence

Tm := TDm ∧m. Since for s ≤ TDm ∧m, As ≤ exp(m||V ||Dm), it follows that

Mt := lim
n→∞

Mn
t ,

is local martingale with local sequence (Tm) (cf. poof of I.3.2, II.1.4).
Furthermore

Zt = Z0 +Mt +

∫ t

0

(
1

2
∆u+ V u

)
(Xs)︸ ︷︷ ︸

−g(Xs)

As ds , t < T

=⇒ Ex[ZTm∧t]︸ ︷︷ ︸
m→∞

then t→∞
−→Ex[ZT ]

= Ex[Z0]︸ ︷︷ ︸
u(x)

+Ex

[
−
∫ t∧Tm

0
g(Xs)As ds

]
︸ ︷︷ ︸

m→∞
then t→∞

−→Ex[−
∫ T
0 g(Xs)Asds]

since |ZTm∧t| ≤ ||u||∞ exp(
∫ T

0 v+(Xs)ds) ∈ L1.

Example 5.7.36.

1

2
∆u+ αu = −g on D

u ≡ 0 on ∂D

At least if α < ε = ε(D), ε so small (cf. III 3.3 3)), such that Ex
[
eεT
]
<∞ , x ∈ D. Then

u(x) = Ex

[∫ TD

0
eαT g(Xt)dt

]

5.8. The heat equation

D = Rd×]0, T ].
Have: f ∈ C(Rd) with ∃b, c > 0 : |f(x)| ≤ bec||x||2 ∀x ∈ Rd (∗)
Want: v ∈ C2(D), continuous on Rd × [0, T ]{

∂v
∂t = 1

2∆v on D (∆ on Rd)
v(·, 0) = f on Rd

(5.8.5)

103



5. Brownian motion and potential theory

Set v(x, t) := pt
↑

Br.sgr.

f(x) = Ex[f(Xt)] = 1√
2πt

d

∫
f(y)e

−||y−x||2
2t dy︸ ︷︷ ︸

Exists only if (∗) is fulfilled

, (x, t) ∈ D.

Then v is a solution of (5.8.5) if T < 1
2c (excercise). =⇒ existence

Dual heat equation on Rd × [0, T ]:{
∂u
∂t + 1

2∆u = 0 on Rd × [0, T [

u(·, T ) = f on Rd

(
u ∈ C2(D), u cont. on Rd × [0, T ];

f ∈ C(Rd)

)
(5.8.6)

Solution via time reversal on T , i.e.: Let v be solution of (5.8.5), then

u(x, t) := v(x, T − t) solution of (5.8.6)

=
if T< 1

2c

Ex[f(XT−t)] , (x, t) ∈ Rd × [0, T ]

=⇒ existence for 5.8.6

Theorem 5.8.37 (Uniqueness). Let f ∈ C(Rd) with (∗) and T < 1
2c .

Then ∃! solution u ∈ C2(D) of ∂u
∂t + 1

2∆u = 0 on Rd × [0, T [ with

(i) lim
t↗T
y→x

u(y, t) = f(x)

(ii) sup 0 ≤ t < T |U(x, t)| ≤ Kea||x||2 ; K, a > 0.

, and u(x, t) = Ex[f(XT−t)] is this solution.

Proof. u(x, t) := Ex[f(XT−t] = pT−tf(x) fulfilles (i), (ii) (Exercise!)

(with K = b, a = c
1−2cT , |pT−tf(x)| ≤ const e

c||x||2
1−2c(T−t) )

Uniqueness: Let u be solution of (5.8.6) with (i), (ii). Without loss of generality : f = 0.

Need to show: u(x, t) = 0

u(Xx, t+ s) = u(X0, t) +

∫ s

0
∇u(Xr, r)dXr︸ ︷︷ ︸
=:Ms (Def.)

but: local martingale (cf. proof of 5.3.9)

+

∫ s

0

(
1

2
∆ +

∂

∂r

)
u(Xr, r)︸ ︷︷ ︸

=0, since r<s<T−t<T

dr

Define

Rn := inf{s > 0| |Xs| > n} , n ∈ N,

and let tk ↗ T − t, tk < T − t.

=⇒
stopping theorem
+ remark II.1.5

u(x, t) = Ex[u(XRn∧tk , t+Rn ∧ tk)]

= Ex[u(Xtk , t+ tk); Rn > tk]︸ ︷︷ ︸
=:Ik,n

+ Ex[u(XRn , t+Rn); Rn ≤ tk]︸ ︷︷ ︸
≤
(ii)

Kea||xRn ||
2
Px[Rn ≤ tk]

−→
tk↗T−t

Kean
2
Px[Rn < T − t]

since 1{Rn≤tk} ↗ 1|Rn<T−t|
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5.8. The heat equation

since Ik,n −→
tk↗T−t

Ex[f(XT−t) ; Rn ≥ T − t] = 0 ∀n because of (i), (ii) and because of

1{Rn>tk} ↘ 1{Rn≥T−t}

Let Qn :=

{
x ∈ Rd| max

1≤i≤d
|xi| ≤ n√

d

}
⊂ Kn(0)

=⇒ Px[Rn < T − t] ≤
d∑
j=1

Px

[
max

0≤s≤T−t
Xd
s ≥

n√
d

]
+ Px

[
max

0≤s≤T−t
(−Xj

s ) ≥ n√
d

]

=
5.4.17

d∑
j=1

2Px

[
Xj
T−t ≥

n√
d

]
+ 2Px

[
−Xj

T−t ≥
n√
d

]

≤const.
d∑
j=1

[
e
−
(
n√
d
−xj

)2
/2(T−t)

+ e
−
(
n√
d
−xj

)2
/2(T−t)

]

where the last inequality holds because of
∫∞
a e−

x2

2 dx ≤ a−1e−
a2

2

=⇒ Kean
2
Px[Rn < T − t] −→

n→∞
0, if 1

2d(T−t) > a.

=⇒ u(x, t) = 0, if t > T − 1
2ad .

If we apply the above to T1 := T − 1
3ad , we get

u(x, t) = 0 , if t > T1 −
1

2ad
= T − 1

3ad
− 1

2ad

It follows with iteration
u(x, t) = 0 ∀t ∈ [0, T ] , x ∈ Rd.

More general:
D ⊂ Rd × [0,∞[. We want solution of{

( ∂∂t + 1
2∆)u = 0 on D

u = f on ∂D
(5.8.7)

Idea: Interpretation as Dirichlet problem for the “space-time process”.
We define for r ≥ 0, σr : [0,∞[→ [0,∞[ by σr(s) := r + s.

Let Ω̄ : = Ω× {σr|r ∈ [0,∞[}
ω̄ = (ω, σr) (sarting point t)

X̄s(ω̄) = (Xs(ω), r + s) ∈ Rd × [0,∞[

P(x,t) : = Px ⊗ δσr .

If we have again everything “enough” bounded, we get

u(x, t) = E(x,t)[f(X̄T̄ )]

with T̄ (ω̄) := inf{t > 0|X̄T (ω̄) /∈ D}.
In the special case above: D := Rd × [0, T [ with f : ∂D = Rd × {T} → R we have

T̄ = T − t P(x,t) − a.s., i.e.

u(x, t) = E(x,t)[f(XT−t, σ0(T − t))]
= Ex[f(XT−t; T )]

Hence as before.
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6. Stochastic Differential Equations

6.1. Solution definitons, examples

We consider the following SDE:{
X0 = ξ0 (initial condition)

dXt = σt(X)dWt + bt(X)dt
(6.1.1)

For the sake of simplicity we will mostly consider only the Markov case:{
σt(x) = σ(Xt, t)

bt(X) = b(Xt, t)
(6.1.2)

and only in R1 (thus Xt ∈ R), where we assume that

σ = σ(x, t) , b = b(x, t) Borel measurable on R× [0,∞[. (6.1.3)

Let the right continuous filtration (Ft)t≥0 be as in the following definitions:

Ft ⊃ completion of
⋂
ε>0

σ(ξ0, Ws; s ≤ t+ ε) with respect to P in F ,

where ξ0 : Ω→ R, F-measurable.

Definition 6.1.1. (i) A weak solution of (6.1.1) is a triple (X,W ), (Ω,F , P ), (Ft)t≥0 with:
W (Ft)-BM on (Ω,F , P ), X (Ft)-adapted, such that P -a.s.

Xt = ξ0 +

∫ t

0
σs(X)dWs︸ ︷︷ ︸
in part. ∃

+

∫ t

0
bs(X)ds︸ ︷︷ ︸

in part. ∃

∀t ≥ 0 (resp. ∀t < ζ : stopping time). (6.1.4)

(ii) This solution is called weakly unique, if the distribution of ξ0 (on R) determines uniquely
the distribution of X.

Definition 6.1.2. (i) (6.1.1) has a strong solution, if ∃ F : R × C([0,∞[)0 → C([0,∞[)0,
such that F (x, ·) is F0

t /F0
t -measurable ∀x, t and ∀ (Ω,F , P ), (Ft), and all (Ft)-BM’s W ,

X := F (ξ0,W )

fulfills (6.1.4) (“F is the solution”). Here F0
t := σ(πs|s ≤ t) with πs : C([0,∞[)0 → R,

πs(ω) = ω(s).

(ii) This solution is called strong unique, if ∀(X,W ), Ω,F , P ), (Ft)t≥0, ξ0, which fulfill (6.1.4)

X = F (ξ0,W )

(“in other words F is uniquely determined”) ( =⇒ weak uniqueness)
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6. Stochastic Differential Equations

Remark 6.1.3. Ft/Ft-measurability of F (x, ·) implies: X adapted

Example 6.1.4. (i) The Ornstein-Uhlenbeck process is a strong (unique) solution of dX =
dW − αXdt (cf. solution formula in Section 4.1)

(ii) dX = αXdW + βXdt has as strong (unique) solution

Xt := X0 exp

[
αWt + (β − 1

2
α2)t

]
(Heuristically: Itô =⇒

lnXt = lnX0 +

∫ t

0

1

Xt
dXt −

1

2

∫ t

0

1

X2
t

=α2X2
t d〈W 〉t︷ ︸︸ ︷

d〈X〉t

= lnX0 + αWt + βt− 1

2
α2t

=⇒ Xt = X0 exp[αWt + (β − 1

2
α2)t]

except for “Xt could become 0” ≈ proof of existence.)

Proof. strong solution: Check with Itô ∀X0, W.
Uniqueness: Let (X,W,X0) with (ii). Show with Itô:

Xt exp

[
−αWt −

(
β − 1

2
α2

)
t

]
= X0

(iii) Tanaka’s example (shows that one is possibly forced to look for a weak solution).{
X0 = 0

dX = sign(X)dW
, where sign(x) :=

{
1 , x ≥ 0

−1 , x < 0

(sign(x) 6= 0, according to our definition, excludes the trivial solution X ≡ 0!)
Claim: ∃! weak solution.

Proof. weak uniqueness: Let X be a solution =⇒

Xt =

∫ t

0
sign(Xs)dWs is martingale

〈X〉t =

∫ t

0
(sign(Xs))

2︸ ︷︷ ︸
=1

ds = t.

=⇒
Levy

X is a Wiener process.

Existence: Let X be a Wiener process

=⇒ Wt =

∫ t

0
sign(Xs)dXs is a Wiener process

=⇒ Xt =

∫ t

0
sign(Xs)sign(Xs)︸ ︷︷ ︸

=1

dXs

=

∫ t

0
sign(Xs)dWs

(by Cor. 2.4.34) is a weak solution.
One can show that @ strong solution (cf. [KS91]).
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6.2. Construction of solutions via transformation of the state space

6.2. Construction of solutions via transformation of the state space

Example 6.2.5. (i) Xt := W 2
t fulfills (according to Itô)

dXt = 2WtdWt + dt

Let

W̃t :=

∫ t

0
signWsdWs Wiener process

=⇒ 2WtdWt = 2|Wt|signWsdWs = 2|Wt|dW̃t = 2
√
XtdW̃t,

i.e. dXt = 2
√
XtdW̃t + dt has as weak solution Xt := W 2

t .

X large: strong diffusion! Although its drift is +1, X will be going back to 0 again and
again (since it is the square of BM and therefore the law of the iterated log holds.)

(ii) Bessel process ||W ||

X := ||W || =
√

n∑
i=1

(W i)2, W = (W 1, ...,Wn), BM in Rn with start W0 = 0.

Let

Y : = X2 =

n∑
i=1

(W i)2 ( =⇒ X =
√
Y )

=⇒
multdim.

Itô

dY =
∑

2W idW i + ndt

and

d〈Y 〉t =
∑

4(W i)2dt = 4Y dt.

Hence W̃t :=
∫ t

0
1

2
√
Y
dY − nt

2
√
Yt

=
∫ t

0
1√
Y
W idW i is a local martingale with 〈W̃ 〉t =∫ t

0
1

4Ys
d〈Y 〉s︸ ︷︷ ︸
4Ysds

= t, hence W̃ BM, since W̃ is a local martingale.

Apply Itô-formula to X =
√
Y (ok for n ≥ 2, since 0 ∈ Rn polar, i.e. Yt > 0 ∀t > 0 P-a.s.)

to get

dX =
1

2
√
Y
dY +

1

2

(
−1

4
Y −

3
2d〈Y 〉

)
= dW̃ +

1

2
√
Y
ndt− 1

8
Y −

3
2 4Y dt

= dW̃ +
n− 1

2X
dt.

That is, the Bessel process X := ||W || is a weak solution of

dX = dW̃ +
n− 1

2X
dt (strongly drifting away from 0!)

Theorem 6.2.6 (Zvonkin). Let b : R→ R be Borel measurable, bounded. Then

dXt = dWt + b(Xt)dt

has a strong solution.
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6. Stochastic Differential Equations

Proof. Idea: Transform X into a local martingale Y := ϕ(X) (for some to be found transfor-
mation ϕ : R→ R).

Ansatz: Let X be a solution of dX = dW + b(X) dt. Define

Yt : = ϕ(Xt)

=⇒
Itõ

dY = ϕ′(X)dX +
1

2
ϕ′′(X)dt

= ϕ′(X)dW + {ϕ′(X)b(X) +
1

2
ϕ′′(X)}dt

Choose ϕ such that {ϕ′(X)b(X) + 1
2ϕ
′′(X)} = 0, so Y is a local martingale and we get rid of

the (only) measurable b! I.e.

ϕ′′ = −2bϕ′

=⇒ ϕ′(y) = C · exp

[
−
∫ y

0
2b(z)dz

]
(> 0)

=⇒ ϕ(x) : = C

∫ x

0
exp

[
−
∫ y

0
2b(z)dz

]
dy + C̃

(strongly increasing, C1)

( =⇒ ∃ϕ−1 : C1)

Show: ϕ(x) =
∫ x

0 exp
[
−
∫ y

0 2b(z)dz
]
dy is as desired.

Sketch: Then dY = ϕ′(ϕ−1(Y )︸ ︷︷ ︸
=X

)dW .

Let σ(y) := ϕ′(ϕ−1(Y )), hence

dY = σ(Y )dW (*)

Note that

σ(y) = exp

[
−
∫ ϕ−1(y)

0
2b(z)dz

]
=⇒ σ′(y) = −σ(y) 2b(ϕ−1(y)) ϕ−1(y)′︸ ︷︷ ︸

=(ϕ′(ϕ−1(y)))−1=σ(y)−1

= −2b(ϕ−1(y))

Thus σ′ globally bounded, hence σ globally Lipschitz continuous:

|σ(x)− σ(y)| ≤ 2||b||∞|x− y|

Thus in (∗) we have more regular coefficients than in the original equation. According to the
results in Section 6.4 below, (∗) has a unique strong solution Y (as σ is Lipschitz).

=⇒ X = ϕ−1(Y ) (This even gives uniqueness!)

Problem: ϕ−1 only C1, but not C2! Hence attention with Itô, but ϕ′ is still weakly C1.

Now rigorously: Solve (∗) and set

X := ϕ−1(Y )

Then check by Itô that X solves dXt = dWt + btdt.

Now more general:

dX = σ(X)dW + b(X)dt (*)
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6.3. Method of Lamperti-Doss-Sussmann

6.3. Method of Lamperti-Doss-Sussmann

Lamperti ca. 1964
Doss-Sussmann end of the 70th
Surprisingly: One can solve (∗) pathwise!
For simplicity here only for σ, b sufficiently smooth and for the Markoff case:

dXt = σ(Xt)dWt + b(Xt)dt. (6.3.5)

We want to rewrite (6.3.5) with respect to the Stratonovich integral:
∫
σ(X) ◦ dW .

Definition 6.3.7. Assume X,Y are (local) semimartingales. Then the Stratonovich integral of
X against Y is defined as∫ t

0
Xs ◦ dYs :=

∫ t

0
XsdYs +

1

2
〈X,Y 〉t, t ≥ 0.

If we apply this to the semimartingales σ(X) and W we obtain∫ t

0
σ(Xs) ◦ dWs =

∫ t

0
σ(Xs)dWs +

1

2
〈σ(X),W 〉s

=

∫ t

0
σ(Xs)dWs +

1

2

∫ t

0
σ′(Xs)d〈X,W 〉s

(since dσ(X) = σ′(X)dX +
1

2
σ′′(X)d〈X〉)

=
(6.3.5)

∫ t

0
σ(Xs)dWs +

1

2

∫ t

0
σ′(Xs)σ(Xs)ds.

or in differential form

σ(X) ◦ dW = σ(X)dW +
1

2
(σ′σ)(X)dt.

Recall. In Section 1.2 we looked at another special case of Definition 6.3.7, namely for the
semimartingales f(X) and X (see p. 5) to get∫ t

0
f(X) ◦ dX =

∫ t

0
f(X)dX +

1

2
〈f(X), X〉t

=

∫ t

0
f(X)dX +

1

2

∫ t

0
f ′(X)d〈X〉

(since df(X) = f ′(X)dX + 1
2f
′′(X)d〈X〉.) Hence

dF (X) = F ′(X) ◦ dX.

Let b∗(Xt) := {b(Xt)− 1
2σ
′(Xt)σ(Xt)}, then (6.3.5) can be written as

dXt = σ(Xt) ◦ dWt + b∗(Xt)dt (6.3.6)

Let Φ(x, t) be the flow corresponding to the ODE

ẋ = σ(x)

i.e.

Φ(x, 0) = x

Φt :=
d

dt
Φ(x, t) = σ(Φ(x, t))

=⇒ Φtt :=
d2

dt2
Φ(x, t) = σ′(Φ(x, t))

d

dt
Φ(x, t) = (σ′σ)(Φ(x, t))
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6. Stochastic Differential Equations

Ansatz: Xt = Φ(ξt, ηt) solves (6.3.6) with

ξ0 = X0 (= X0(ω))

dξ = ξ̇dt (in part. t 7→ ξt(ω) is C1)

(∗) dηt = dWt + b̃X0︸︷︷︸
to be det.!

(ηt)dt, η0 = 0

=⇒
2 dim. Itô

dXt = Φx(ξt, ηt)dξt + Φt(ξt, ηt)dηt +
1

2
Φtt(ξt, ηt)dt

= σ(Xt)dWt +
1

2
(σ′σ)(Xt)dt︸ ︷︷ ︸

σ(Xt)◦dWt

+
{
Φx(ξt, ηt)ξ̇ + σ(Φ(ξt, ηt))b̃

X0(ηt)
}
dt︸ ︷︷ ︸

!
=b∗(Φ(ξt, ηt)︸ ︷︷ ︸

Xt

)

There are two possibilities to simplify :

ξ̇ = 0 or b̃X0 = 0

1st possibility: Lamperti
Let ξt ≡ X0, thus ξ̇ = 0. Hence it should hold that

b̃X0(y) =
b∗

σ
(Φ(X0, y)) ∀y ∈ R.

Then the problem is reduced to solve

dηt = dWt +
b∗

σ
(Φ(X0, ηt))dt (∗)

η0 = 0

(ok, if (e.g.) X0 = x0 ∈ R, and σ, b are such that b∗

σ (Φ(x0, ·)) globally Lipschitz; cf. Section
6.4 below.)

=⇒ Xt = Φ(X0, ηt) solves (6.3.6).

(strong solution, if (∗) has strong solution)

2nd possibility: Doss-Sussmann

b̃X0 ≡ 0, i.e.: ηt = Wt

=⇒ ξ̇t = Φ−1
x (ξt,Wt(ω))b∗(Φ(ξt,Wt(ω)) ∀ω fixed, that is:

ξ̇ = Fω(ξt, t)

ξ0(ω) = X0(ω) , ω fixed

Hence ξt = ξt(ω), but “smooth” in t for ω fixed. Thus the problem reduces to solve a
family of certain differential equations. It follows:

Xt := Φ(ξt,Wt) solves (6.3.6)

Special case for both:

dX = σ(X) ◦ dW

(i.e. b∗ ≡ 0)
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6.4. Construction of strong solutions on Lipschitz conditions (Picard-Lindelöf method)

1. Lamperti: dη = dW , hence Xt = Φ(X0,Wt)

2. Doss-Sussmann: ξ̇t = 0, ξt ≡ X0, hence Xt = Φ(X0,Wt)

Example 6.3.8. σ(x) = x2 (and b∗ ≡ 0)

=⇒ Φ(x, t) =
1

1
x − t

According to the special case Xt = Φ(X0,Wt) solves

dXt = σ(Xt) ◦ dWt (Stratonovich-DE!)

But explosion at time t0 := inf{t > 0|Wt = 1
x0
}.

Consider now for σ(x) = x2

dXt = σ(X)dW (Itô-DE!)

= σ(X) ◦ dW − 1

2
σ′σ(X)︸ ︷︷ ︸

2·X3

dt

Then the strong drift X3 prevents an explosion, because due to Lamperti we get, with initial
condition X0 = x0,

Xt =
1

1
x0
− ηt

,

where

dηt = dWt +
b∗

σ︸︷︷︸
−id

(Φ(x0, ηt))dt

= dWt +
1

ηt − 1
x0

dt,

and η0 = 0.
Solution: η = Bessel process in R3 at 1

x0
.

( 1
x0

polar for BM in R3, hence also η doesn’t hit 1
x0

, thus (Xt) doesn’t explode in finite time.)

6.4. Construction of strong solutions on Lipschitz conditions
(Picard-Lindelöf method)

In this section let d ∈ N arbitrarily, G : Ω × R+ × Rd → Rd2
, b : Ω × R+ × Rd → Rd product

measurable and so Ft-adapted that ∃K > 0 with

||G(ω, t, x)−G(ω, t, y)||+ ||b(ω, t, x)− b(ω, t, y)|| ≤ K||x− y||
and ||G(ω, t, x)||+ ||b(ω, t, x)|| ≤ K(1 + ||x||) for all ω ∈ Ω, t ∈ R+, x, y ∈ Rd.

(6.4.7)

Let W be a given Rd-valued Wiener process on (Ω,F , P ), (Ft).

Theorem 6.4.9. For an arbritary initial condition ξ0 ∈ L2(Ω;Rd), F0-measurable, there exists
exactly one strong solution X of the stochastic differential equation
(here: G(·, t, x) =: G(t, x), b(·, t, x) =: b(t, x))

dXt = G(t,Xt)dWt + b(t,Xt)dt, X0 = ξ0, (6.4.8)
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6. Stochastic Differential Equations

i.e., P -a.s.

Xt = ξ0 +

∫ t

0
G(s,Xs)dWs +

∫ t

0
b(s,Xs)ds ∀t ≥ 0

(in particular all integrals on the right hand side exist in the usual sense).
In particular, X has continuous sample paths.
Furthermore we have for every T > 0

E

[
sup

0≤t≤T
||Xt||2

]
≤ C

(
1 + E

[
||ξ0||2

])
,

where the constant C only depends on K and T .

For the proof we need the following version of the Banach fixed-point theorem:

Theorem 6.4.10. Let (E, d) be a complete metric space, Λ : E → E and cn ∈ [0,∞[, n ≥ 1,
with

∑
n≥1

cn < +∞ fixed, such that

d(Λnx,Λny) ≤ cnd(x, y) ∀x, y ∈ E, n ≥ 1. (6.4.9)

Then Λ has exactly one fixed-point x and we have for all y ∈ E

d(x, y) ≤ (1 +
∑
n≥1

cn)d(Λy, y).

Proof. Let x0 ∈ E, xn := Λnx0. Then

d(xn+1, xn) = d(Λnx1,Λ
nx0) ≤ cn · d(x1, x0)

=⇒
n>m

d(xn, xm) ≤
n−1∑
k=m

d(xk+1, xk) ≤ (
∑
k≥m

ck)d(x1, x0) →
m↗∞

0.

=⇒
E complete

∃x : = lim
n→∞

xn and Λx = lim
n→∞

Λn+1x0 = x.

If x̃ ∈ E is another fixed-point, we get

d(x, x̃) = d(Λnx,Λnx̃) ≤ cnd(x, x̃) →
n→∞

0, i.e. x = x̃.

If y ∈ E, we get

d(x, y) = lim
n→∞

d(Λny, y) ≤ lim
n→∞

n−1∑
k=0

d(Λk+1y,Λky)

≤ lim
n→∞

(1 +
n−1∑
k=1

ck)d(Λy, y) = (1 +
∑
k≥1

ck)d(Λy, y).

Proof of 6.4.9. Let E := L2(Ω;C([0, T ];Rd)) and |X|T := E[ sup
0≤t≤T

||X(t)||2]
1
2 . Then (E, | · |T ) is

complete, and for X : Ω→ C([0, T ];Rd) define

(ΛX)(t) := ξ0 +

∫ t

0
G(s,X(s))dWs︸ ︷︷ ︸

=:It

+

∫ t

0
b(s,X(s))ds, t ∈ [0, T ].
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6.4. Construction of strong solutions on Lipschitz conditions (Picard-Lindelöf method)

1st step: ΛE ⊆ E.

Since ΛX(ω) ∈ C([0, T ];Rd), E[ sup
0≤t≤T

I2
t ]

Doob
≤ 4E[I2

T ]
isometry

= 4E[
∫ T

0 ||G(s,X(s)||2ds],

hence

|ΛX|T ≤ E
[
||ξ0||2

] 1
2 + 2E

[∫ T

0
||G(s,X(s))||2ds

] 1
2

+ E

[∫ T

0
||b(s,X(s)||2ds

] 1
2

≤ E
∣∣|ξ0||2

] 1
2 + 3KE

[∫ T

0
(1 + ||X(s)||)2ds

] 1
2

≤ E
[
||ξ0||2

] 1
2 + 3KE

[∫ T

0
||X(s)||2ds

] 1
2

+ 3KT
1
2

≤ E
[
||ξ0||2

] 1
2 + 3KT

1
2 (|X|T + 1) <∞

2nd step: Λ fulfills (6.4.9), because

X,Y ∈ E =⇒
|Λn+1X − Λn+1Y |t

= E

[
sup

0≤r≤t

∥∥∥∥∫ r

0
G(s,ΛnX(s))−G(s,ΛnY (s))dWs +

∫ r

0
b(s,ΛnX(s))− b(s,ΛnY (s))ds

∥∥∥∥2
] 1

2

≤ 2E

[∫ t

0
||G(s,ΛnX(s))−G(s,ΛnY (s))||2ds

] 1
2

+ E

[∫ t

0
||b(s,ΛnX(s))− b(s,ΛnY (s))||2ds

] 1
2

≤ 3KE

[∫ t

0
||ΛnX(s)− ΛnY (s)||2ds

] 1
2

≤ 3K

(∫ t

0
|ΛnX − ΛnY |2sds

) 1
2

.

By iteration we get

|ΛnX − ΛnY |T ≤ 3nKn

(∫ T

0

∫ t1

0
...

∫ tn−1

0
|X − Y |2tndtn...dt1

) 1
2

≤ 3nKn

(
Tn

n!

) 1
2

|X − Y |T . (6.4.10)

=⇒
6.4.10

∃! fixed-point X ∈ E, furthermore

|X|T ≤

1 +
∑
n≥1

3nKn T
n
2

(n!)
1
2

 · (E [||ξ0||2
] 1

2 + 3KT
1
2

)
≤ C

(
1 + E

[
||ξ0||2

]) 1
2 for a constant C = C(K,T ).

(where the first inequality holds because of the last line of Theorem 6.4.10 with y ≡ 0 and
step 1.)
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6. Stochastic Differential Equations

3rd step: Let Y be an arbitrary continuous adapted process which fulfills (6.4.8), then Y = X.
Let Sn := inf{t ≥ 0| ||Xt|| ≥ n or ||Yt|| ≥ n} (→ +∞, n→ +∞)

=⇒ Xt∧Sn − Yt∧Sn =

∫ t∧Sn

0
(G(s,Xs)−G(s, Ys))dWs +

∫ t∧Sn

0
(b(s,Xs)− b(s, Ys))ds

=⇒ E
[
||Xt∧Sn − Yt∧Sn ||2

]
≤

isometry
2E

[∫ t∧Sn

0
||G(s,Xs)−G(s, Ys)||2ds

]
+ 2E

[∫ t∧Sn

0
||b(s,Xs)− b(s, Ys)||2ds

]
≤ 4KE

[∫ t∧Sn

0
||Xs − Ys||2ds

]
≤ 4K

∫ t

0
E
[
||Xs∧Sn − Ys∧Sn ||2

]
ds (6.4.11)

=⇒
Gronwall’s

Lemma

E
[
||Xt∧Sn − Yt∧Sn ||2

]
= 0 ∀t∀n =⇒

n↗∞
paths

are continuous

Xt = Yt ∀t ≤ Sn P -a.s. ∀n,

hence X = Y .

Lemma 6.4.11 (Gronwall). Let f : [0, T ]→ R continuous. If there exist constants A ∈ R, b ∈
]0,∞[ with

f(t) ≤ A+

∫ t

0
bf(s)ds, t ∈ [0, T ], (6.4.12)

then f(t) ≤ Aebt, t ∈ [0, T ].

Proof. Without loss of generality A = 0, otherwise consider f(t) − Aebt, which fulfills (6.4.12)
because

f(t)−Aebt ≤ A (1− ebt)︸ ︷︷ ︸
=−

∫ t
0 be

bsds

+

∫ t

0
bf(s)ds =

∫ t

0
b(f(s)−Aebs)ds.

But if A = 0, we have due to (6.4.12) for g(t) := e−bt
∫ t

0 f(s)ds

g′(t) = −bg(t) + e−btf(t) ≤ −bg(t) + bg(t) = 0, g(0) = 0

=⇒ g(t) ≤ 0 ∀t ∈ [0, T ]. Hence by (6.4.12) f(t) ≤ 0 ∀t ∈ [0, T ].

Lemma 6.4.12 (generalized Gronwall). Let f, b ∈ L1([0, T ]), such that b is nonnegative, f · b ∈
L1([0, T ]) and let A : [0, T ]→ R be an increasing function, such that

f(t) ≤ A(t) +

∫ t

0
b(s)f(s)ds for dt− a.e. t ∈ [0, T ]. (6.4.13)

Then

ess sup
s∈[0,t]

f(s) ≤ A(t)e
∫ t
0 b(s)ds for dt− a.e. t ∈ [0, T ].

116



6.4. Construction of strong solutions on Lipschitz conditions (Picard-Lindelöf method)

Proof.
Step 1 Assume A is constant.
Then without loss of generality A = 0; otherwise consider f − Ae

∫ •
0 b(s)ds, which fulfills (6.4.13)

because for dt-a.e. t ∈ [0, T ]

f(t)−Ae
∫ t
0 b(s)ds ≤ A

(
1− e

∫ t
0 b(s)ds

)
︸ ︷︷ ︸
−
∫ t
0 b(s)e

∫ s
0 b(r)drds

+

∫ t

0
b(s)f(s)ds

=

∫ t

0
b(s)

(
f(s)−Ae

∫ s
0 b(r)dr

)
ds.

But if A = 0, we have for g(t) := e−
∫ t
0 b(s)ds

∫ t
0 b(s)f(s)ds and dt-a.e. t ∈ [0, T ]

g′(t) = −b(t)g(t) + e−
∫ t
0 b(s)ds b(t) f(t)︸︷︷︸

≤
∫ t
0 b(s)f(s)ds

≤ 0.

Since g(0) = 0, it follows that g ≤ 0 dt-a.e., hence by (6.4.13) (with A = 0) f ≤ 0 dt-a.e.
Step 2 A increasing (not necessarily constant).
Let t ∈ [0, T ]. Then by (6.4.13)

f(s) ≤ A(t) +

∫ s

0
b(r)f(r)dr for ds− a.e. s ∈ [0, t].

So, by Step 1, for ds-a.e. s ∈ [0, t]

f(s) ≤ A(t)e
∫ s
0 b(r)dr

≤ A(t)e
∫ t
0 b(r)dr.

Remark 6.4.13. (i) For the proof of uniqueness (more precisely in (6.4.11)) we only used
that G, b are locally Lipschitz, i.e. Lipschitz continuous on compact sets (e.g. Bn(0)). In
other words: If G and b are locally Lipschitz, then the stochastic differential equation (6.4.8)
has at most one strong solution.

(ii) If G ≡ 1, then (6.4.8) can be solved directly pathwise deterministic. (Use transformation
xt → xt −Wt, but “new” b depends explicitly on time and ω) If d = 1, then (6.4.8) can be
reduced via Lamperti to the case G = 1 if G, b are enough regular.

Theorem 6.4.14. Let b : Rd → Rd be locally Lipschitz. Then for x0 ∈ Rd

∃! solution of X(t) = x0 +W (t) +

∫ t

0
b(X(s))ds

on [0, ξ[, where ξ = “explosion time”, i.e. lim
t↗ξ(ω)

|X(t)(ω)| = +∞ if ξ(ω) < +∞. We have that

ξ ≡ +∞ if b is globally Lipschitz.

(Without proof).
(Idea: transformation Xt → Xt −Wt, then argue pathwise. Then b depends explicitly on time
and ω)
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7. The martingale problem

Literature: [Str87]

7.1. Formulation, motivation

Ω := C([0,∞);RN ) (polish!), M := BΩ, Mt := σ(x(s)|0 ≤ s ≤ t), t ≥ 0, x(s)(ω) := ω(s),
M1(Ω) := all probability-measures on (Ω,M).
S+(RN ) := all non-negative definite symmetric N ×N matrices.
Let a : [0,∞[×RN → S+(RN ), b : [0,∞[×RN → RN bounded, measurable. Define operator-
valued map t ∈ [0,∞[7→ Lt by

Lt :=
1

2

N∑
i,j=1

aij(t, x)∂xi∂xj +

N∑
i=1

bi(t, x)∂xi (7.1.1)

with ∂xi := δ
δxi

, 1 ≤ i ≤ N .

Definition 7.1.1. P ∈ M1(Ω) is called solution of the martingale problem for (Lt) (with test
function space C∞0 (RN )) with start in (s, x) ∈ [0,∞[×RN , denoted by: P ∈M.P.((s, x); (Lt)), if

(i) P [x(0) = x] = 1 (thus process (s+ t, x(t))t≥0 starts in (s, x(0)︸︷︷︸
=x P -a.s.

)),

(ii) ϕ(x(t))−
∫ t

0 [Ls+uϕ](x(u))du, t ≥ 0, is an (Mt)-martingale under P ∀ϕ ∈ C∞0 (RN ).

For ϕ ∈ C2(RN ) set

Xs,ϕ(t) := ϕ(x(t))−
∫ t

0
[Ls+u]ϕ(x(u))du , t ≥ 0. (7.1.2)

Example 7.1.2. Suppose there exists a probability space (Ω,F , P ) with filtration (Ft) and an
(Ft)-BM (W (t))t≥0 and an (Ft)-adapted continuous process X = X(t), t ≥ 0, such that for
some x ∈ RN

X(t) = x+

∫ t

0
σ(s+ u, X(u))dW (u) +

∫ t

0
b(s+ u,X(u))du, t ≥ 0, P -a.s..

Let ϕ ∈ C2
0 (RN ). Then by the d-dimensional Itô-formula (see Proposition 1.3.21) with ( , )RN :=

Euclidean inner product in RN and X = (X1, . . . , XN ) for t ≥ 0

ϕ(X(t)) = ϕ(x) +

∫ t

0
(∇ϕ(X(u)), dX(u))RN

+
1

2

∫ t

0

N∑
i,j=1

∂2ϕ

∂xi∂xj
(X(u))d〈Xi, Xj〉u.
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7. The martingale problem

But since

〈Xi, Xj〉t = 〈
N∑
`=1

∫ •
0
σi`(s+ u,X(u))dW `(u),

N∑
`′=1

∫ •
0
σi`
′
(s+ u,X(u))dW `′(u)〉t

=

∫ t

0

N∑
`,`′=1

σi`(s+ u,X(u))σi`
′
(s+ u,X(u))d 〈W `,W `′〉u︸ ︷︷ ︸

δ`,`′du,

we obtain for (aij) := σσT and t ≥ 0

ϕ(X(t)) = ϕ(x) +

∫ t

0
(∇ϕ(X(u)), σ(s+ u,X(u))dW (u))RN

+

∫ t

0
(∇ϕ(X(u)), b(s+ u,X(u))RN du

+
1

2

∫ t

0

N∑
i,j=1

aij(s+ u,X(u))
∂2ϕ

∂xi∂xj
(X(u))du

=

∫ t

0
[Ls+uϕ] (X(u))du

+ ϕ(x) +

∫ t

0
(∇ϕ(X(u)), σ(s+ u,X(u))dW (u))RN︸ ︷︷ ︸

a martingale!

Hence P ◦X−1 ∈M.P.((s, x), (Lt)).

Let P ∈ M.P.((s, x); (Lt)) be fixed and ϕ ∈ C∞0 (RN ). Then Xs,ϕ ∈ Mart2c(P ) (:= all (Mt)-
martingales under P in L2 with P-a.s. continuous paths).

Lemma 7.1.3. ∀ϕ,ψ ∈ C∞0 (RN )

〈Xs,ϕ, Xs,ψ〉t =

∫ t

0
(∇ϕ, a∇ψ)RN (s+ u, x(u))du, t ≥ 0, P − a.s. (7.1.3)
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7.1. Formulation, motivation

Proof. By polarization without loss of generality : ϕ = ψ. We have

Xs,ϕ(t)2 =
(7.1.2)

ϕ(x(t))2 − 2ϕ(x(t))

∫ t

0
[Ls+uϕ](x(u))du+

[∫ t

0
[Ls+uϕ](x(u))du

]2

=
(7.1.2)

ϕ2(x(t))− 2Xs,ϕ(t)

∫ t

0
[Ls+uϕ](x(u))du−

[∫ t

0
[Ls+uϕ](x(u))du

]2

=
(7.1.2)+

Itõ’s product
formula

Xs,ϕ2(t)︸ ︷︷ ︸
mart.!

+

∫ t

0
[Ls+uϕ

2](x(u))du−
[∫ t

0
[Ls+uϕ](x(u))du

]2

−2

∫ t

0

∫ u

0
[Ls+u′ϕ](x(u′))du′ dXs,ϕ(u)︸ ︷︷ ︸

mart.

− 2

∫ t

0
Xs,ϕ(u)︸ ︷︷ ︸

(7.1.2)
= ϕ(x(u))

−
∫ u
0 [Ls+u′ϕ](x(u′))du′

d

(∫ •
0

[Ls+u′ϕ](x(u′))du′
)

(u)

︸ ︷︷ ︸
=

(Itõ’s)
product
formula

2
∫ t
0 [ϕLs+uϕ](x(u))du−[

∫ t
0 [Ls+uϕ](x(u))du]

2

=

∫ t

0
[Ls+uϕ

2 − 2ϕLs+uϕ]︸ ︷︷ ︸
(∗)
=
∑
aij(s+u, · )∂xiϕ∂xjϕ

(x(u))du+ martingale

=

∫ t

0
(∇ϕ, a∇ϕ)(s+ u, x(u))du+ martingale

where (∗) holds because ∂xi∂xjϕ
2 = 2∂xi(ϕ∂xjϕ) = 2ϕ∂xi∂xjϕ + 2(∂xiϕ)(∂xjϕ) and ∂xiϕ

2 =
2ϕ∂xiϕ.

Lemma 7.1.4. (i) ∀ϕ ∈ C2(RN ), Xs,ϕ ∈Martlocc (P ) (:=all continuous loc. (Mt)-martingales
until +∞) under P with P -a.s. continuous paths), and (7.1.3) holds ∀ϕ,ψ ∈ C2(RN ).

(ii) If x̄(t) := x(t) −
∫ t

0 b(s + u, x(u))du, t ≥ 0, then x̄i ∈ Mart2c(P ), 1 ≤ i ≤ N (even
x̄i ∈ Lq(P ) ∀q ∈]0,∞[) and

(〈x̄i, x̄j〉(t))1≤i,j≤N =

∫ t

0
a(s+ u, x(u))du, t ≥ 0 P − a.s. (7.1.4)

(iii) If f ∈ C1,2([0,∞[×RN ) (i.e. C1 in t, C2 in x), then

f(t, x(t))− f(0, x)−
∫ t

0
[(∂u + Ls+u)f ](u, x(u))du

=
N∑
i=1

∫ t

0
∂xif(u, x(u))dx̄i(u)︸ ︷︷ ︸

loc. mart.

=:

∫ t

0
[∇xf ](u, x(u)) · dx̄(u), t ≥ 0, P − a.s.
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Proof. (i) : Clear (with trivial approximation) Xs,ϕ ∈ Mart2c(P ) ∀ϕ ∈ C2
0 (RN ). Now let

ϕ ∈ C2(RN ) and n ∈ N. Define

σn := inf{t ≥ 0| |x(t)| ≥ n},

and take ηn ∈ C∞0 (RN ) with ηn = 1 on Bn+1(0). Then σn ↑ ∞ and Xs,ϕ(· ∧ σn) =
Xs,ηn·ϕ(· ∧ σn) ∈Mart2c(P ), hence Xs,ϕ ∈Martlocc (P ) and (7.1.3) is still true.

(ii) : (i) with ϕ(x) = xi, implies that x̄i ∈ Martlocc (P ), 1 ≤ i ≤ N , and (7.1.3) holds with
ψ(x) = xj which implies (7.1.4). By Cor. 1.4.32 it follows that x̄i is a square integrable
martingale ∀1 ≤ i ≤ N , since by (7.1.4) 〈x̄i〉t is bounded for every t ≥ 0.
Now we need

Lemma 7.1.5. Let X ∈Martl1occ (P ) and σ ≤ τ stopping times with 〈X〉(τ)−〈X〉(σ) ≤ A
for some A ∈]0,∞[. Then

P [ sup
σ≤t≤τ

|X(t)−X(σ)| ≥ R] ≤ 2 exp(−R2/2A) ∀R ≥ 0.

In particular ∀q ∈]0,∞[ ∃Cq ∈ [1,∞[ with

Ep

[
sup
σ≤t≤τ

|X(t)−X(σ)|q
]
≤ CqA

q
2 .

Proof. [Str87, p.59, Lemma (3.10)]

Continuing with proof of 7.1.4 (ii): 7.1.5 =⇒ ∀0 ≤ s < T

P

[
sup
s≤t≤T

||x̄(t)− x̄(s)|| ≥ R

]
≤ 2 ·N exp

[
− R2

2AN(T − s)

]
(7.1.5)

with A := sup
t,y
||a(t, y)||oper.norm. In particular ∀q ∈]0,∞[ ∃C(q,N) ∈ [1,∞[ with

| sup
s≤t≤T

||x̄(t)− x̄(s)|| |Lq(P ) ≤ C(q,N)(A(T − s))
1
2 (7.1.6)

In particular x̄i ∈ Lq(P ) ∀1 ≤ i ≤ N .

(iii) Follows directly with (ii) from Itô’s formula (for the time-depending case).

Remark 7.1.6. a ≡ 0 =⇒
(7.1.4)

& 2.2.8(iii)

x̄(t) = x̄(0) = x(0) = x. Thus

x(t) = x+

∫ t

0
b(s+ u, x(u))du , t ≥ 0 P − a.s.

Hence (P-a.s.) deterministic case included.

Theorem 7.1.7. Let a : [0,∞[×RN → S+(RN ), b : [0,∞[×RN → RN bounded, measurable and
P ∈ M.P.((s, x), Lt)) for an (s, x) ∈ [0,∞[×RN . Supposing ∃σ : [0,∞[×RN → Hom(Rd;RN )
(= d×N matrices over R) bounded, measurable with a = σσT .
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7.1. Formulation, motivation

Then ∃ d−dim. BM ((β(t))t≥0, (Ft)t≥0, Q) on a probability space (Ω̄,F , Q) and continuous,
(Ft)t≥0-progressiv measurable map X : [0,∞[×Ω̃→ RN , such that

X(t) = x+

∫ t

0
σ(s+ u,X(u))dβ(u) +

∫ t

0
b(s+ u,X(u))du, t ≥ 0, Q− a.s.

and
P = Q ◦X−1.

(i.e. briefly: dX(t) = σ(s+ t,X(t))dβ(t) + b(s+ t,X(t))dt, X(0) = x). If particularly a(t, y) > 0

∀(t, y) ∈ [0,∞[×RN and σ := a
1
2 (as pos. s.a. operator uniquely determined!), then one can

take: Ω̃ := Ω, Q := P , X(·) = x(·) and

β(t) :=

∫ t

0
σ−1(s+ u, x(u))dx̄(u), t ≥ 0, Ft :=Mt, F :=M,

with x̄(t) := x(t)−
∫ t

0 b(s+ u, x(u))du, t ≥ 0. (martingale according to 7.1.4(ii)!)

Proof. [Str87, Theorem(2.6), p.91 ff.]

Exercise 7.1.8: (i) Show: P ∈ M.P.((s, x), (Lt)) ⇔ P [x(0) = x] = 1 and x̄i ∈ Martlocc (P )
∀1 ≤ i ≤ N and (7.1.4) holds.

(ii) Show: What we have done so far, can be generalized to the following situation: Let a :
[0,∞[×RN×Ω→ S+(RN ), b : [0,∞[×RN×Ω→ RN bounded, (Mt)-progressiv measurable
and (Lt) as in (7.1.1) with these a, b. Define M.P (x; (Lt)) as the set of all P ∈M1(Ω) with
P [x(0) = x] = 1 and

ϕ(x(t))−
∫ t

0
[Luϕ](x(u))du, t ≥ 0,

is an (Mt)-martingale under P ∀ϕ ∈ C∞0 (RN ).
Define x̄(t) := x(t)−

∫ t
0 b(u)du. Show:

(a) P ∈ M.P.(x; (Lt)) ⇐⇒ P [x(0) = x] = 1 and x̄i ∈ Martlcoc(P ) ∀1 ≤ i ≤ N and
(〈x̄i, x̄j〉)i,j =

∫ •
0 a(u)du) P -a.s.

(b) P ∈M.P.(x; (Lt)) =⇒ 7.1.4(iii), (7.1.5), (7.1.6) hold.

(iii) If a, b in (7.1.1) are independent of t, then the martingale problem in 7.1.1 is time indepen-
dent. Every time dependent martingale problem becomes time independent via the follo-
wing trick (“space time homogenization”): Set Ω̃ := C([0,∞[;RN+1) ≡ C([0,∞);R1)×Ω.
Show: P ∈ M.P.((s, x), (Lt)) ⇐⇒ P̃ ∈ M.P.(x̃, L̃), where x̃ := (s, x) (∈ [0,∞) × RN ),
L̃ := ∂t + Lt, P̃ := σs+· ⊗ P and σs+· ∈ M1

(
C
(
[0,∞[;R1

))
is Dirac measure on path

t 7→ s+ t.

Definition 7.1.9. The martingale problem for (Lt) in (7.1.1) (with test function space C∞0 (RN ))
is called “well-posed”, if ∀(s, x) ∈ [0,∞[×RN #M.P.((s, x), (Lt)) = 1.

Theorem 7.1.10. Suppose the martingale problem for (Lt) in (7.1.1) (with C∞0 (RN )) is “well-
posed”. Let {Ps,x|(s, x) ∈ [0,∞[×RN} be the corresponding family of solutions. Then:

(i) (s, x) 7→ Ps,x is measurable from [0,∞[×RN to M1(Ω) (with weak topology).

(ii) Suppose we have

x 7→
∫ T

0
a(t, x)dt, x 7→

∫ T

0
b(t, x)dt continuous ∀T > 0. (7.1.7)

Then (s, x) 7→ Ps,x continuous from [0,∞[×RN to M1(Ω).
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7. The martingale problem

Proof. [Str87, p.85 ff.]

Theorem 7.1.11 (Existence). Let (Lt) be as in (7.1.1), and (7.1.7) holds. Then

#M.P.((s, x), (Lt)) ≥ 1 ∀(s, x) ∈ [0,∞[×RN .

Proof. [Str87, p. 84 (1.20) & (1.21)]

Theorem 7.1.12 (Uniqueness). Let (Lt) be as in (7.1.1). Suppose the following condition holds:
∀(s, x) ∈ [0,∞[×RN we have

P,Q ∈M.P.((s, x); (Lt)) =⇒ P ◦ x(t)−1 = Q ◦ s(t)−1 ∀t ≥ 0. (7.1.8)

Then
#M.P.((s, x); (Lt)) ≤ 1 ∀(s, x) ∈ [0,∞[×RN .

7.1.11 is useful for applications, 7.1.12 not. To get a sufficient condition for (7.1.8) we need some
preparations:

Definition 7.1.13. Let F be a set of bounded, measurable functions on a measurable space
(E,B). F is called determining set, if ∀µ, ν ∈M1(E)∫

ϕdµ =

∫
ϕdν ∀ϕ ∈ F =⇒ µ = ν.

Theorem 7.1.14. Suppose there exisists a determining set F ⊂ Cb(RN ), such that one of the
following conditions holds:

(i) ∀T > 0, ϕ ∈ F ∃uT,ϕ ∈
(∗)

C1,2
b ([0, T [×RN ) with

(∂t + Lt)uT,ϕ = 0 on [0, T [×RN

and
lim
t↑T

uT,ϕ(t, x) = ϕ(x) ∀x ∈ RN

(automatically unifom in x because of (∗)).

(ii) ∀T > 0, ϕ ∈ F ∃ũT,ϕ ∈ C1,2
b ([0, T [×RN ) with

(∂t + Lt)ũT,ϕ = ϕ on [0, T [×RN

and
lim
t↑T

ũT,ϕ(t, x) = 0 ∀x ∈ RN

(automatically uniform in x).

Then #M.P.((s, x); (Lt)) ≤ 1 ∀(s, x) ∈ [0,∞[×RN .
More precisely, in case (i): ∀(s, x) ∈ [0,∞[×RN and ∀P ∈M.P.((s, x); (Lt))

EP [ϕ(x(T − s))] = uT,ϕ(s, x) ∀T > s (7.1.9)

Thus (7.1.8) is fulfilled.
More precisely, in case (ii): ∀(s, x) ∈ [0,∞[×RN and ∀P ∈M.P.((s, x); (Lt))

EP

[∫ T−s

0
ϕ(x(u))du

]
= −ũT,ϕ(s, x) ∀T > s (7.1.10)

Thus (7.1.8) is fulfilled.
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7.1. Formulation, motivation

Proof. Suppose (i) holds: Let T > s. Then according to 7.1.4(iii) with f := uT,ϕ(· + s, ·)
∀t ∈ [0, T − s[

EP [uT,ϕ(t+ s, x(t))] = uT,ϕ(s, x).

With t ↑ T−s (7.1.9) follows , hence (7.1.8) holds and the assertion is implied by 7.1.12. Suppose
(ii) holds: Let T > s. Then according to 7.1.4(iii) with f := ũT,ϕ(·+ s, ·) ∀t ∈ [0, T − s[

EP [ũT,ϕ(t+ s, x(t))]− ũT,ϕ(s, x) = EP

[∫ t

0
ϕ(x(u))du

]
.

With t ↑ T − s (7.1.10) follows, thus ∀a, b ∈ R+, a < b∫ b

a
EP [ϕ(x(u))du = −ũb+s,ϕ(s, x) + ũa+s,ϕ(s, x)

Hence by continuity u 7→ EP [ϕ(x(u))] is uniquely determined on R+. Thus (7.1.8) holds and
7.1.12 implies the assertion.

Finally we want to prove 7.1.12. Therefore we need:

Theorem 7.1.15. Let P ∈M.P.((s, x), (Lt)) and τ a stopping time. Then:

(i) Mτ = σ({x(t ∧ τ)|t ≥ 0}). In particular Mτ is countably generated.

(ii) Let A be a countably generated sub-σ-algebra of Mτ , such that

ω 7→ x(τ(ω), ω) A−measurable.

Let ω 7→ Pω be a regular conditional probability distribution of P given A(
i.e.: (ω,A) 7→ Pω[A], ω ∈ Ω, A ∈M, is stochastic kernel on (Ω,M) such that:

a) ∀A ∈M : P [A|A](ω) = Pω[A] for P − a.a.ω ∈ Ω.

b) ∀A ∈M : ω 7→ Pω(A) is A-measurable and (“regular”)

Pω[A] = 1A(ω) for all ω ∈ Ω, if A ∈ A.

(exists, since A is countably generated) i.e.: Pω�A = εω
)
.

Then ∃P -null set Λ ∈ A such that: ∀ω ∈ Λc

Pω ◦ θ−1
τ(ω) ∈M.P.((s+ τ(ω), x(τ(ω), ω); (Lt))

(where for t ≥ 0 : θt : Ω→ Ω, θt(ω) = ω(·+ t).)

Proof. cf. [Str87, III.(1.13), p.78, and III.(1.14), p. 79].

Proof of 7.1.12. Let P,Q ∈M.P.((s, x), (Lt)).
To show: (∗) P ◦ (x(t1), ..., x(tn))−1 = Q ◦ (x(t1), ..., x(tn))−1 ∀ 0 ≤ t1 < ... < tn and all n ∈ N.
Induction over n:
n = 1: Ok, according to assumption.
n 7→ n+ 1: Suppose (∗) holds for n ∈ N and all 0 ≤ t1 < ... < tn. Let 0 ≤ t1 < ... < tn < tn+1.
Let A =: σ({x(t1), ..., x(tn)}) and ω 7→ Pω resp. ω 7→ Qω regular conditional probability distri-
butions of P resp. Q given A.
According to 7.1.14(ii) ∃ a P -null set Λ1 ∈ A resp. a Q-null set Λ2 ∈ A such that

Pω ◦ θ−1
tn , Qω ◦ θ

−1
tn ∈M.P.((s+ tn, x(tn, ω)); (Lt))

∀ω ∈ Λc1 ∩ Λc2.
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7. The martingale problem

Hence for Λ := Λ1 ∪ Λ2 we have, according to assumption (7.1.8), ∀ω ∈ Λc

Pω ◦ x(tn+1)−1 = (Pω ◦ θ−1
tn ) ◦ x(tn+1 − tn)−1

=
(7.1.8)

(Qω ◦ θ−1
tn ) ◦ x(tn+1 − tn)−1

= Qω ◦ x(tn+1)−1. (**)

In addition, due to the induction hypothesis P = Q on A, hence P [Λ] = Q[Λ] = 0, and thus
∀ B1, ..., Bn+1 ∈ B(RN )

P [x(t1) ∈ B1, ..., x(tn+1) ∈ Bn+1]

= EP [1B1(x(t1))...1Bn(x(tn))︸ ︷︷ ︸
∈A

EP. [1Bn+1(x(tn+1))]︸ ︷︷ ︸
A−measurable

]

= EQ[1Λc1B1(x(t1))...1Bn(x(tn))EP. [1Bn+1(x(tn+1))]︸ ︷︷ ︸
=

(∗∗)
EQ. [1Bn+1

(x(tn+1))]

]

=
analogously

Q[x(t1) ∈ B1, ..., x(tn+1) ∈ Bn+1].
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A. Time Transformation

Let (Ω,F , P ) be a probability space, (Ft)t≥0 a right-contiuous, complete filtration and Y a P -a.s.
continuous locale martingale up to ∞ (with respect to (Ft)) such that Y0 ≡ 0. For simplicity let

〈Y 〉∞(:= lim
t→∞
〈Y 〉t) =∞ P -a.s..

Define the ”inverse” of 〈Y 〉t by

Ct := inf {s > 0|〈Y 〉s > t}︸ ︷︷ ︸
6=∅

.

Theorem A.0.1. Let 〈Y 〉∞ = ∞ P -a.s. and Wt := YCt , t ≥ 0. Then, W is a (Gt)t≥0 := FCt-
Brownian motion (cf. 1.5.34) and Yt = W〈Y 〉t for all t ≥ 0.

For the proof we need the following two lemmas.

Lemma A.0.2. (i) The map t 7→ Ct is increasing and right-continuous.

(ii) Ct is an (Fs)-stopping time for all t.

(iii)
〈Y 〉Ct = t P -a.s. ∀t.

(iv) t ≤ C〈Y 〉t. (Note that in general case t 6= C〈Y 〉t !)

Proof. (iii): Without loss of generality 〈Y 〉 is continuous everywhere. Then 〈Y 〉Ct ≥ t, since
t 7→ 〈Y 〉t is (right-)continuous.
Assumption: 〈Y 〉Ct ≥ t+ ε for ε > 0.
Then, since t 7→ 〈Y 〉t is continuous, there exists a δ > 0 such that 〈Y 〉Ct−δ ≥ t+ ε

2 > t. Hence,
Ct ≤ Ct − δ. Since this is impossible it follows that 〈Y 〉Ct < t+ ε for all ε > 0.
(i): Obviuously t 7→ Ct is increasing. It remains to show that

lim
u↘t

Cu ≤ Ct.

(”≥” is clear since Ck is increasing.)
Let ε > 0. Then 〈Y 〉Ct+ε > t. Hence, there exists a δ > 0 such that

〈Y 〉Ct+ε > u ∀u ∈ [t, t+ δ].

Thus,
Cu ≤ Ct + ε ∀u ∈ [t, t+ δ].

(ii): We have
{Ct < u} = {〈Y 〉u > t} ∀u, t, (A.0.1)

because ”⊂” is clear and, if 〈Y 〉u > t, then there exists an ε > 0 such that 〈Y 〉u−ε > t and,
therefore, Ct ≤ u− ε < u. But

{〈Y 〉u > t} ∈ Fu.
Hence, by (A.0.1)

{Ct ≤ u} ∈ Fu+ = Fu.
(iv): If C〈Y 〉t < t, then by (A.0.1) we would get 〈Y 〉t > 〈Y 〉t. Therefore, C〈Y 〉t ≥ t.
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A. Time Transformation

Note that Gt := FCt , t ≥ 0 (filtration, since Ct is increasing!).

Lemma A.0.3. (i) (Gt)t≥0 is right-continuous and complete.

(ii) 〈Y 〉t is a stopping time with respect to (Gs)s≥0 for all t.

Proof. (ii) is clear by (A.0.1).
(i): Right-continuity: Let A ∈

⋂
ε>0FCt+ε (in particular, A ∈ FC

t+ 1
n

∀n). Hence, for all s

A ∩ {Ct+ 1
n
< s} ∈ Fs ∀n, s,

therefore,

A ∩
⋃
n

{Ct+ 1
n
< s}︸ ︷︷ ︸

={Ct<s}

∈ Fs ∀s,

thus A ∩ {Ct ≤ s} ∈ Fs+ = Fs ∀s, and A ∈ FCt .
Completeness: Let A0 ∈ FCt with P [A0] = 0 and A ⊂ A0. Then for all s

A ∩ {Ct ≤ s} ∈ Fs

as a subset of an Fs-measurable P -zero set A0 ∩ {Ct ≤ s}, since Fs is complete. Hence, A ∈
FCt .

Proof of A.0.1 . Since Y is P -a.s. continuous and (Ct) is right-continuous, (Wt) is P -a.s. right-
continuous.
Step 1. t 7→Wt = YCt is P -a.s. continuous:
It suffice to show that (cf. Exercises)

P [Yu = Yt for t ≤ u ≤ σt ∀t ≥ 0] = 1, (A.0.2)

where
σt := inf{s > t|〈Y 〉s > 〈Y 〉t},

hence,
〈Y 〉u = 〈Y 〉t for u ∈ [t, σt].

(A.0.2) is sufficient, since then Y is constant on the interval, where 〈Y 〉 is constant and by
definition this is the case on [Ct−, Ct]. Therefore, YCt = YCt− . For (A.0.2) it remains to show
that for all r ∈ Q+

P [Yu = Yr for r ≤ u ≤ σr ∀r ∈ Q+] = 1, (A.0.3)

because, if t ≥ 0 with t < σt, then for all r ∈ [t, σt] ∩ Q+ σr = σt and (A.0.3) implies (A.0.2),
since Y is P -a.s. (right-)continuous.
Let (T ′n)n∈N be a localizing sequence for Y . Then

Tn := inf{t > 0||Yt| > n} ∧ T ′n, n ∈ N,

is again a localizing sequence. Fix r ∈ Q+. For n ∈ N set

N
(n)
t := Y(r+t)∧σr∧Tn − Yr∧Tn , t ≥ 0,

F̃t := Ft+r, t ≥ 0.

Then N (n) is a continuous bounded martingale with respect to (F̃t), since by the stopping
theorem ∀s ≤ t

E[N
(n)
t |F̃s] = E[Y(r+t)∧σr∧Tn − Yr∧Tn |Fr+s] = Y(r+s)∧σr∧Tn − Yr∧Tn = N (n)

s ,
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since σr is a stopping time with respect to (F̃t). Additionally,

〈N (n)〉t = 〈Y 〉(r+t)∧σr∧Tn − 〈Y 〉r∧Tn = 0 ∀t ≥ 0.

Hence,

E[(N
(n)
t )2] = E[〈N (n)〉t] = 0 ∀t ≥ 0,

thus

N
(n)
t = 0 P -a.s..

Letting n→∞ implies

Y(r+t)∧σr − Yr = 0 P -a.s. ∀t ≥ 0,

which yields (A.0.3).
Step 2. W is a local martingale (up to ∞) with respect to (Gt):
By A.0.2(ii) Ct is an (Fs)-stopping time. For t ≥ 0

E[〈Y Ct〉s] = E[〈Y 〉Ct∧s] ≤ E[〈Y 〉Ct ] = t.

Therefore, by Corollary 1.4.32 Y Ct is a martingale and

E[(Y Ct
s )2] ≤ lim inf

n
E[Y 2

s∧Ct∧Tn ] = lim inf
n

E[〈Y 〉s∧Ct∧Tn ] ≤ t.

Hence, (Y Ct
s )s≥0 and ((Y Ct

s )2)s≥0 are uniformly integrable.
Moreover, C〈Y 〉Tn is a (Ft)-stopping time, because:

{C〈Y 〉Tn < u} (A.0.1)
= {〈Y 〉u > 〈Y 〉Tn}

=
⋃
r∈Q
{〈Y 〉u > r} ∩ {r ≥ 〈Y 〉Tn}

(A.0.1)
=

⋃
r∈Q
{Cr < u} ∩ {Cr ≥ Tn}

=
⋃
r∈Q
{Cr < u}︸ ︷︷ ︸
∈Fu

∩{Cr ∧ u ≥ Tn}}︸ ︷︷ ︸
∈FCr∧u∧Tn⊂Fu

Thus,

{C〈Y 〉Tn ≤ u} ∈ Fu+ = Fu.

Furthermore, 〈Y 〉Tn is a stopping time with respect to (Gt), since

{〈Y 〉Tn ≤ u}
(A.0.1)

= {Cu ≥ Tn} ∈ FTn∧Cu ⊂ FCu = Gk.

Hence, for all t > s (since Ct∧〈Y 〉Tn = Ct ∧ C〈Y 〉Tn , because (Ct) is increasing)

E[Wt∧〈Y 〉Tn |Gs] = E[Wt∧〈Y 〉Tn |Gs] = E[YCt∧〈Y 〉Tn
|Gs]

= E[YCt∧C〈Y 〉Tn
|FCs ] = E[Y Ct

Ct∧C〈Y 〉Tn
|FCs ]

Since (Y Ct
s )
∧C〈Y 〉Tn is an uniformly integrable martingale (note that Cs is not necessarily boun-

ded), it follows that

= Y Ct
Cs∧C〈Y 〉Tn

s<t
= YCs∧C〈Y 〉Tn

= Ws∧〈Y 〉Tn .
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A. Time Transformation

Hence, W is a local martingale with localising sequence (〈Y 〉Tn)n∈N (up to ∞).
Step 3. 〈W 〉t = t ∀t. In particular, W is a Brownian motion:
Since by L2-martingale convergence theorem ((Y Ct

s )2)s≥0 is uniformly integrable and 〈Y Ct〉s =
〈Y 〉Ct∧s ≤ 〈Y 〉Ct = t ∀s, it follows that (Y Ct)2 − 〈Y Ct〉 is an uniformly integrable martingale.
Hence, (though Ct, Cs are not bounded) by the stopping theorem we get that for all t > s

E[W 2
t − t|Gs] = E[Y 2

Ct − 〈Y 〉Ct |FCs ]
= E[(Y Ct

Ct
)2 − 〈Y Ct〉Ct |FCs ] = (Y Ct

Cs
)2 − 〈Y Ct〉Cs

= Y 2
Cs − 〈Y 〉Cs = W 2

s − s.

Therefore, (W 2
t − t)t≥0 is a continuous martingale with respect to (G)t≥0. By the Doob-Meyer

decomposition it follows that 〈W 〉t = t for all t and by 1.4.32 that (Wt)t≥0 is a martingale. By
Lévy’s characterization theorem 1.5.34 Wt is a Brownian motion.
Step 4. Yt = W〈Y 〉t for all t ≥ 0:
We have

W〈Y 〉t = YC〈Y 〉t

and since s 7→ 〈Y 〉s is increasing and continuous

C〈Y 〉t = inf{s > 0|〈Y 〉s > 〈Y 〉t} = inf{s > t|〈Y 〉s > 〈Y 〉t} = σt.

Therefore, 〈Y 〉 is constant on [t, C〈Y 〉t ]. By (A.0.2) we get that Y is constant on [t, C〈Y 〉t ], thus,
W〈Y 〉t = YC〈Y 〉t = Yt.

Remark A.0.4. We have supposed that P [〈Y 〉∞ = ∞] = 1. (This has been necessary as the
counter example

Ω := {ω}, Y ≡ 0

shows.) Basically, the theorem also holds for the case, where P [〈Y 〉∞ <∞] > 0. But, one possibly
has to enlarge Ω.
Construction of the enlarged Wiener space:
Let (W ′t)t≥0 be a Wiener process on (Ω′,F ′, P ′) with respect to (F ′t). Set

Ω̃ := Ω× Ω′,

F̃ := F ⊗ F ′,

P̃ := P × P ′,

Ct :=

{
inf{s|〈Y 〉s > t} on {〈Y 〉∞ > t},
∞ on {〈Y 〉∞ ≤ t}.

Let
F̂t := σ(FCt∧s|s ≥ 0),

Gt := F̂t ×F ′t,

Wt :=

{
YCt on {〈Y 〉∞ > t},
W ′t −W ′〈Y 〉∞ + 〈Y 〉∞ on {〈Y 〉∞ ≤ t}.

Then W is a Wiener process on (Ω̃, F̃ , P̃ ) with respect to (Gt)t≥0, 〈Y 〉t is a (Gt)-stopping time
and we have

Yt = W〈Y 〉t .

For the proof cf. [IW89, Chapter II, Theorem 7,21].

130



Literaturverzeichnis

[Arn06] Vladimir I. Arnold, Ordinary differential equations, Universitext, Springer-Verlag, Ber-
lin, 2006, Translated from the Russian by Roger Cooke, Second printing of the 1992
edition. MR MR2242407

[Bau78] Heinz Bauer, Wahrscheinlichkeitstheorie und Grundzüge der Masstheorie, revised ed.,
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