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1. Introduction to Pathwise 1to-Calculus

1.1. Preparation
Definition 1.1.1. X : [0,00[— R has bounded variation, if for all t > 0

vary X = supz | X (tis1 At) — X (t; N E)| < 00, (1.1.1)

T tieT

where T is a partition 0 =ty < t1 < ... <ty < 0.

Notation: Since in Stochastics a process X also depends on w, we write X; and X;(w) instead
of X(t) and X (t)(w) respectively.

As a reference see [dB03].

Definition 1.1.2. Suppose X to be right-continuous and of bounded variation.
Let f € C(R) and (7,),cn be a sequence of partitions, whose mesh

|Ta| := sup (tgi)l — tgn))
1<i<Np

converges to zero as n — oo and ty,, 2 .
Then, since X 1is of bounded variation, there exists the Lebesgue-Stieltjes-Integral defined by

t
/0 fs dXs := nh_}rgo Z ftz(.") . (X;Ei)ﬂ\t — Xt(i")/\t> . (1.1.2)
t(.n)ETn
Remark 1.1.3. Note that for continuous X this definition is independent of the choice of
(Tn)nen (Exercise!).
1.1.1. Quadratic Variation of Brownian Motion

We know (cf. [Roc11]) that a typical path of Brownian motion X on R is of unbounded variation,
since for its quadratic variation we have (X); = t (see 1.1.4(i) below). Nonetheless, one wants

to define .
/ f, dX,
0

for a typical path of the Brownian motion X. More generally, we want to do this for every
continuous path with continuous quadratic variation t — (X);.

(Xt)t>0 is a (continuous) R-valued Brownian motion on (92, F, P) if
(i) The increments X; — X are independent and N (0,¢ — s) distributed (¢ > s).
(ii) t +— X¢(w) is continuous for all w € Q.

Theorem 1.1.4. Let (X;),~ be a (continuous) Brownian motion and (T,)nen a sequence of

subdivisions with |T,| "0, 1, C Tn+1, t%’) "% 0. Then, for allt >0

n



1. Introduction to Pathwise It6-Calculus

()

2
E <X(n) _X(n)> "=t P-as.
tip1 t

t’(Ln)E‘r‘n
tl(.")gt

Here the zero set depends on the sequence (T, )nen ( and so far it could depend on t.)

(ii) Moreover,

2
P Xy — X || =3¢ Ve>0)=1.
( & (m-xp) =50 w20)

) i
t\™ery,

Zg")gt
Proof. (i) See [Récll, Satz 9.4.5].

(ii) Exercise (“sandwich argument”, notice that zero set in (i) a-priori depends on t).

1.2. Quadratic Variation and I1t6’s Formula

Fix a continuous and real-valued function ¢ — X; on [0, 00 (in short (X;):>¢) with an existing
sequence of subdivisions (7,,) with |7,,| =3 0 and t%i "% 5o such that the quadratic variation
(along (15,))

2
— 1; 1 2
(X)¢ = lim > (Xtﬁi)l - Xt(n>) = lim > (K pe = X )5 20, (1.2.3)

& i i
t; ‘€t tE")e-rn

k2
My
;<

exists for all ¢ > 0 and such that ¢t — (X); is continuous on [0,00). Note that (X); in (1.2.3)
could depend upon the choice of (7,,),>1 in contrast to the limit in (1.1.2) (cf. [RY99, (2.3)-(2.5)
p. 27/28]). By definition it is obvious that ¢ — (X); is increasing.

Remark 1.2.5. (i) If (Xt);>¢ is of bounded variation, then

2
n - n < n - n Z n - n
Z <Xt§+)1/\t Xt(i )/\t> = t{,{ﬁf )(;§+)l/\t Xt(i It X1:£.+>1/\t Xt<i | 70
tﬁ”)e-rn ¢ " tl(n)E‘rn
<e uniformly for large n <\go

hence, (X) = 0.

Therefore, (X) # 0 implies that (Xt),~, is not of bounded variation and the Lebesgue-
Stieltjes-Integral can not be defined in the usual way.

(ii) If t — (X)¢ is increasing, continuous and (X)o = 0, hence, t — (X); is a distribution
function of a measure p (i.e. dy = d{(X);) on ([0,00), B([0,00))), then (1.2.3) is equivalent
to: The distribution function F,, of

2
o= ) (%gg—XtW)) By

(")

T
; E€™n



1.2. Quadratic Variation and It6’s Formula

converges pointwise to

But, since for continuous (X);

(e = tim 1 =006~ (1= 0.t = 2 ) = tim ()~ (X),_y) =0,

n

we have that the pointwise convergence of F,, to F is equivalent to p, — p weakly by
Portemanteau.

(i1i) Note that if X is an increasing function, then X is always of bounded variation:

vartX = sup Z ‘XtH-l/\t Xt /\t’ = sup Z th+1/\t Xt /\t) Xt — X() < O0.
T t,eT tieT

Therefore, we can define the integral with respect to (X) as a Lebesque-Stieltjes-Integral.
Lemma 1.2.6 (Calculating integrals with respect to d(X)s). Let g € C(]0,00)). Then

2 t
> glt) (Xt(m —Xt(m) —>/ g(s) d(X)s.
(n) 1+1 [3 0
(”)<t

Proof. The left hand side is equal to [ 91(0,) din, whereas the right hand side equals i 910, dp.
But the integrand gljg is p-a.e. continuous and bounded. Hence, convergence follows by the
Portemanteau theorem and Remark 1.2.5 (ii). O

Theorem 1.2.7 (Pathwise Ito-formula): Let F' € C?(R). Then for all t > 0 the It6-Formula is
given by
1

1 /t F"(X,) d(X)s, (1.2.4)

F(X:) — F(Xo) :/0 F'(X5) dX, + 3 ),

where

t

/ e . / _

/0 F(X,) dX, = lim ()ZE F (Xt(in)) (Xtii{ thn))
ngg?

fg F'(X;) dX; is called the (pathwise) Ité-Integral and depends on (7,)nen-

Proof. Consider (7, )nen such that (X); exists along (7, )nen. We apply the Taylor formula to
F'. Hence, for all n € N there exist Hl(n) €]0, 1] such that

S F (X(n)> F <Xt(_n)> ("i’f F(X,) - F(X0)>
tMer, i ’
;E")gt

1 2
_ ' S _
= > F () (e - )+ S 5 () (K, - X

t7(ln>67'n t(n)eT"
t(n)<t (")<t

BEOL L F(XS) d(X)s

1 ( 2
P 7 (e (3, - x0) ) - ()] - (3 = %0
(")<t




1. Introduction to Pathwise It6-Calculus

Since F"” is locally uniformly continuous and X is uniformly continuous,

‘F” (Xt<_") + ez(n) <Xt<.fpl - Xt(@)) - (Xt(.”))‘ <€

holds uniformly in ¢ for n big enough. Therefore,

2
—0
S<e Z X(n)_X(n)) =0,
ti+1 t’L
tz(.")em
zi")gt

which finishes the proof. O

Remark 1.2.8. If (X); =0 (e.g. (Xt);>¢ 18 of bounded variation), then we are in the classical
case:

F(Xy) — F(Xg) = /Ot F'(X,) dX,

is an ordinary Lebesgue-Stieltjes-Integral. (If X, = t, this is the “Fundamental Theorem of
Calculus”). We introduce a short-hand notation for (1.2.4)

dF(X) = F'(X) dX + %F”(X) d(X), (1.2.5)
in contrast to the classical case (i.e. (X)=0), where
dF(X) = F'(X) dX. (1.2.6)
Example 1.2.9. Consider the differential equation
dX" =nX" 1 dX for neN fized.

If (X) =0, then a solution is X™.
If (X) # 0, this is not a solution, since by Ité

1
dX" =nX""1 dX + 3= DX"2 d(X).
We would like to find a function hy : R — R such that
dhn(X) = nhy—1(X) dX

in the general case (X) # 0. Later (cf. Example 1.3.25(ii) below), we shall see that the n-th
Hermite polynomial h,, will provide a solution to this problem.

Remark 1.2.10. We know that, if f € C'(R), then the Ité-integral fgf(Xs) dXs, t >0, is
(well-)defined. (Simply take F as a primitive of f, i.e. F' = f, and apply Itd’s formula.)

Definition 1.2.11 (a-Integral). More generally we define for a € [0,1] and f € C'(R)

t
a—/o f(Xs) dXs = nl;ngo Z f (thn) + ()(1551)1 — Xt<n)>> : <)(;(7L) - Xt(n)> . (1.2.7)

7 141 i



1.2. Quadratic Variation and It6’s Formula

Claim: This limit exists and

/f ) dX, /f ) dX, +a/f X)s. (1.2.8)

Proof. Exercise (Compare “a-sum” with “0-sum” (It6-Integral) and use the mean-value-theorem
for f). O

Special cases:
a = 0: “Ito-integral”
a = 1: “Backward Ito-integral”.

o= %: “Stratonovich-Fisk-Integral”

Notation: [...o dX, := %— ... dX,. Hence

/f odX< —/Otf(XS) )/f dX+/f

and we have by Itd the Stratonovich-formula

F(X;) — F(Xo) = / FI(X,) o dX,. (1.2.9)
Remark 1.2.12. (i) An advantage of the Ito-integral is (see Section 1.4 below) that, if X is
a martingale, then, again, [ f(Xs) dXs is a martingale.

(ii) In the Stratonovich-fromula one only has to deal with derivatives of first order and, there-
fore, it can be used for manifold-valued X .

1.2.1. Supplement on the Quadratic Variation

Lemma 1.2.13. (i) Let F € CY(R). Then t — F(X;) has (finite) quadratic variation (along
fized (Tn)neN)

(F(X)) _/0 (F'(Xs))? d(X)s (automatically continuous in t).

(ii) If My := X + A, t > 0, for some t — Ay continuous and (A) = 0 (again (A) calculated
along (1,,) ), then
(M) = (X)s.

(i1i) The Ito-integral t — fotf(Xs) dXs =: My with f € C1(R), has quadratic variation (along

(Tn)) and
_ </Otf(Xs) xX.) - [ s
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Proof. (i) We first apply Taylor up to order 1, then take the square on both sides and finally
apply the Binomial formula to get

> (Fog-ro)

i
t(n)E‘rn
1(n)
t <t

2
= Z F/(Xt(n))Q (‘)(tii)l — Xt(")>

i i
t(.n)ETn

k3
t(Mey
i<

ni)’ofg(F/(X))Q d(X)s by Lemma 1.2.6

2 2
+ Z <F, (Xt(’n) + el(n) <th('i)1 - Xt(.")>> —F (Xt(‘n)>> ‘ ()(t(i)l — Xt(’n)>

tin)e‘rn
(Mg
i =

. ’ . .
< € for large n, since F' is uniformly continuous

on the compact set {Xs|s € [0,¢t + 1]}

+2 ) F'(Xgin)) <th<¢)1 - Xt<n>>

7
tgn)ETn
My
i <

' <F, <Xt<.”) + Hz(n) <Xt(,”) - Xt(m)) - F/(Xt(.”))> <Xt<”) - Xt(.")> :
(3 i+1 i (3 i+1 7

Since the second term goes to zero as n — 0o, so, by Cauchy-Schwartz, does the third.
(if)
) _ )2 ’ ) _ 42
Z (Mti‘*‘l - My, ) - Z (AXtEi{ B Xf(z'm) * Z (Atz'+1 — Ay, )

(™)

tgn)ETn i e ;e
My My My
7 1 1
"Z3UX ) "Z3°0 by assumption
+ 2 Z <X;<n) — Xt(n)> (Agnjl — AE@) .
i+1 i v ¢
tz(")em
tz(")gt
n—oo e

— 0 by Cauchy-Schwartz
(iii) Let F € C?(R) such that F' = f and apply Itd to get

M= P = (P + 5 [ e ace ).

ZZAt

But A; can be written as a difference of increasing functions. Therefore, A; is of bounded
variation, hence, (4) = 0. Thus, by (ii) and (i)

.. t
o) L), L[ (F(X))? d(X),.



1.3. d-Dimensional Ito-Formula and Covariation

1.3. d-Dimensional 1t6-Formula and Covariation

Fix X,Y : [0,00) — R continuous with bounded quadratic variation (X), (Y) (along the same
(Tn)nen) (cf. [RY99, (2.3)-(2.5) (p.27/28))]).

Definition 1.3.14. If

(V)= lim 3 (%~ Xe0) (v —vm) 020
t: '€ETn

Zg")gt
exists, then it is called the covariation of X and Y (along (75,)).
Lemma 1.3.15. The following assertions are equivalent:

(i) (X,Y) exists and is continuous.

(i) (X +Y) exists and is continuous. In this case the Polarization identity holds:

(X, V) =S (X +Y) - (X) = (Y)).

N | =

In particular, (X,Y') is the distribution function of a signed measure on Ry

1 1 1
Furthermore, if (X,Y) exists, we have
(X,Y)] < (X)2(Y)2,
i.e. a Cauchy-Schwartz inequality.
Proof. Exercise. O

Remark 1.3.16. [(X,Y)| < <X)%<Y>% is a special case of the Kunita- Watanabe-inequality (cf.
2.2.16 below).

Example 1.3.17. (i) Let (Xt);59, (Y1) be independent Brownian motions on (Q,F, P).
Then there exists (X,Y)(w) for P-a.e. w € Q and

(X, Y)(w)=0 P-a.e.w € Q.

Proof. We know that

1

—(X,4Y), t>0,
ﬂ( ¢+ Y1)

is a Brownian motion. Hence, (cf. Propostition 1.1.4(i)) (Z); = t, so there exists (X +Y); =
2(Z); = 2t. Then it follows by Lemma 1.3.15 applied to P-a.e. w € Q that

Zt =

(X,Y) = LUX +¥)— (X) = (V) =0,
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(ii) Let f,g € C(R) and

Then (again with respect to our (7)) there exists
t
.20 = [ F(X)g(X.) d(X)..
0
Proof. By 1.2.13(iii) the quadratic variation of

t
Yit Z = /0 (f + 9)(X,) dX,

along our (7,) exists. Hence, by the polarization identity and Lemma 1.2.13(iii) we get
2,2y =Y +2)—(Y)—(Z)
—2 [ F(X)g(x) ). + [ SR A+ [ 902 X0 - ) - (2)

=2 / F(X2)g(Xs) d(X).

Proposition 1.3.18 (Itd’s product rule). Let X,Y be as above such that there exists (X,Y)
(with respect to (1)) and is continuous in t > 0. If there exists either

t
lim Z Xy | Yy =Y | = X, dYs
n—o0 () t; ti+1 t; 0
t:ery

2
(M<y
P <

O]

or

lim o Y v (Xtﬁi)l_ t(n>) / Y, dX,,
{Mer,
1
tz(.n>§t

then both of these limits exist and
t t
XYy =X0Y0+/ X dYer/ Ys dXs + (X, V).
0 0

Proof. We have
1
XeYi = 5 ((Xt 1Y) - X2 Yf) .

Furthermore, by Lemma 1.3.15 (X +Y') exists and is continuous, since by It6 with F(X) = 1 X?
we know that

1 t
Xy = 5 ((Xo +Y0)* = X§ - ¥7) +/ (X +Y)s d(X +Y)s
0
=)?3Y0
t t 1
- [ Xeda - [ Yiavis S X # Y- (0= (1)),
0 0

=(X,Y)¢



1.3. d-Dimensional Ité-Formula and Covariation
By definition we have
t
/ (X+Y)s (X +Y)s
0

= lim Z (X (n) + Y(n)) X(n) - X(n) + Y(ﬂ) - Y(n)

n—00 t; t; tia t; tia ti

(n

ti €™n
tE")gt

=X X, )X 1Y Y, | —Y
( )( (n) ( )> ( )( (n) ( ))
4 tiil & t tiil 6"

+X Y, | —Y +y Xy —X
(1) (n) (n) (n) (n) (n)
2 tivi 4 t iyt Y

Therefore, we get

XiYy = XoYo + lim. > (Xt(m <};§1)1 - 12@)) + Y <Xt§i)1 - 12@)) + (X, Y)e,

i
tMer,

1
#(M<y
;<

which implies the assertion.

O

Remark 1.3.19. If X orY has bounded variation, e.g. X, then there already exists [ Yy dX, and
all assumptions in Proposition 1.53.18 are fulfilled. In this case (X,Y) = 0 and, by substituting
dYs = Y/ds, we are in the classical case of integration by parts:

XYi — XoYy = / XY ds + / Y.X! ds.

Example 1.3.20. Suppose t — Y; is of bounded variation, hence, (Y) =0 and (X,Y) =0 (by
Hélder). Then by Proposition 1.5.18

t t
/ stst—/ Xs dYs + XYy — XoYo.
0 0

Here, we can define the left hand side by the right hand side since fg X, dYs is a usual Lebesgue-
Stieltjes ingegral. This approach was used by Paley- Wiener to define stochastic integrals, if X is
a Brownian motion:

Let X (w) be a typical Brownian path (hence, Xo(w) = 0) and h(s)(=Ys) continuous, of bounded
variation and independent of w with h(1) = 0. Define

1 1
/0 h(s) dXs(w) := —/0 Xs(w) dh(s).

(/01 h(s) dXs>2] = /01 h(s)? ds,

£2([0,1],ds) — L%, F,P)
W W
h = [ h(s) dXs(w)

One can show that

E

hence,

is an isometry. It is first defined for a dense subset of functions h in L£2([0,1],ds), and then
extended to the closure, i.e. for all h € £L2([0,1],ds), by this isometry.
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Fix now X; = (X},...,X{) : [0,00) = R? continuous with continuous (X?), (X?, X7), i,j €
{1,...,d}, i # j (along our (7,)).

Proposition 1.3.21 (d-dimensional Ito-formula). Let F' € C2(R%). Then with (-,-); as Buklidean
inner product on R

t t d 2
P = F(0) = [ (TP, ax)+ 5 | > P (X)X X, (1310

where

t
/ (VF(Xs), dXy) = h_)m E <VF(Xt(."))"Xt(i)1 — Xt<_n))
0 n o (n) k2 1 1
t €E™n

:Z(.”)gt
1s called multidimensional It6-integral.
Proof. Obviously, we have
> (%

i+1
t(.n)ETn

T
tE”)gt

) _F (Xt(in)> T P(X) — F(Xo).

Furthermore, by d-dimensional Taylor forumla we obtain

Z F <X;(_n)> - F (Xt(‘n)>
tMer, o '

i
tz(.”)gt

I
(]

<VF (Xt(in)> 7‘Xt§1)1 B Xt(in)>

tE”)ern
t§">§z

1
3 2 (a0 (%) (3 -0

ti")em
tEn)St

S

3 X ((A (Xtan>+9? (Xt&za —Xta">>> —A(thn>))

tE")Gm
My
P =

| (thza - th;">> ’ (thza - th">> )

where

A(z) = < 6$?;ij(m)>i7j.

The third summand vanishes analogously to the 1-dimensional case. Moreover, since we can

10



1.3. d-Dimensional Ito-Formula and Covariation

interchange the sums, we have by polarization

d
S5 o (%) (30 - x2) (x4 - x2)
Jh=1 t(")er amjaxk t tih t it t;
(n)<t
d 0%F
Z Z Oz 071 (Xt(.">>
Jik=1 t<")e7— TioTk '

1 ) o wm )\ O ) B m)
2( t(") +X(n>) (Xt(‘{l)tht(‘") (X0 =X ) — (X —X
1+1 7,+1 7 7 (3
1
2

i1 el i)
n—ee Z < tajjgxk (X,) XD 4 xRy, Ot afjik (X,) d(X D)y,
- ot 3§j@xk (%) d<X(k’>s>
- /ot Zd: 3f:§ml (X,) d(x*, X", P-as.

k=1

Remark 1.3.22. (i) We have defined

t oF
VF dX,) := lim o (X . ) (an — Xk ) :
/0 (VEX), )= e t(? Dy, \" 1 t) £
(”)<t

but we cannot interchange ZZ:1 with the limit, since we do not know whether for every
k the limit exists.

(ii) For F € CY(R?) the function t — F(X;) has continuous quadratic variation and

tOF OF
F(X)); = (X)) (X)) d(XF xh..
(F(X))e By axl( ) d(X", X7)

11
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Proof. By Taylor

> (r () -F(x)

()
("><t
i OF OF
— l l
=3 5 () g () (5t ) (e, )
ki=1 (Mer,
(”)<t
ﬂzg’lﬂ o aazi (Xo)2E (XS) d(X*,X!)s by polarization
oOF OF
< <Xt<,"> + 0}’ <Xt<”> - thn))) = B (Xt(‘n>>>
kl 1 t(n) l’k [3 i+1 (3 xk; 7
(")<t <e uniformly in ¢ for n big enough
OF " oF [
: <0ml (th_m +0; (Xgﬂ - Xén))) - %(XZ )) <X(n> Xt<n>> <X<n) - Xt<in>>

<oo

d
oF N OF )
PP (aa:k <Xti-”>”’i (JQEKE_XtS”)»_am(Xé"))) (thm th)

Ri=1 (e,

(n)<t
oF
> o (Xe0) <Xf<.n> _X?m) :
t(,n)ETn l ‘ s !
Zgn)gt
By Cauchy Schwartz the last two double sums converge to 0 as n goes to co. O

(iii) Since
1t
79>

k=1

O*F

X)) d(X* xt,
8mk8xl( ) d(X", X)

is of bounded variation, its quadratic variation is 0. But then, by 5.2.7 and 1.2.13 (ii), we
can conclude that

) o d t
(] wre.axy) = wo-ros = Eeon® S0 [ S I8 d .

0 k=10

1.3.1. Important special cases
Brownian motion in R? and Laplace-operator A

The components of a d-dimensional Brownian motion are independent, hence, (by 1.3.17(i))
(X* XY(w) =6 -t (“covariation reflects independence”),

which implies by It6 for F' € C?(R)

PX) = F(X0) = | (VF(X).dX) + 2 / AF(X

12



1.3. d-Dimensional Ité-Formula and Covariation
In particular, if F' is harmonic (i.e. AF = 0), then

F(Xy) = F(0)+ /:(VF(XS), dXy),

which is an Ito-integral of a Brownian motion. Hence, a harmonic function preserves the mar-
tingale property since the It6-integral again is a martingale (see Section 1.4 below).

Ito-formula for time dependent functions

Proposition 1.3.23. Let F € C*(R?) and X : [0,00) — R be continuous with continuous (X)
(along (Tn)nen). Then

tOF t710°F OF
F(X4, (X)) = F(Xo,0) + ; %(XSJX)s) dXs+/0 <2ax?+ay> (Xs, (X)s) d(X)s.

Proof. Apply 1t6 for d = 2 with (X, (X)) to get

F(X4, (X)) = F(Xo,0)

taF taF 1 tGQF
=/ oy Xsr (X)e) dXo + i a—y(Xs,<X>s) d(X)s+5 i B2 (Koo (X)s) d{X)s
=:9
1 [t 9%F 1 [t 9’F
+3 ; @(Xs,<X>s) d<<X>57<X>s>+§ ; aTay(Xs’<X>8) d(Xs, (X)s) -

=0 since (X)s is of bounded variation and by 1.3.20

The second summand of S exists since (X); is of bounded variation (along (7,)nen). As the
whole sum S exists by Itd (d = 2), so does the first summand. O

Remark 1.3.24. (i) If Xy is a Brownian motion, then (X); represents the time, i.e.
F(Xe, (X)) = F(Xy, ).
Therefore, (X ) is also called inner clock of X;.
(ii) If F is a solution to the backward heat equation, i.e.

20x2 ot

then we have by above (for X as above)

tOF

(X4, (X)) = F(X0,0)+ [ 5-(Xo, (X)) dX, = F(Xo,0) + “Iti-integral”.
0 X

Later we shall see that the Ité-integral is a local martingale, if X is one. Therefore, every
solution to the backward heat equation provides a local martingale!

Example 1.3.25. (i) Let F(z,t) := exp (ax — 30%t). Then F solves the backward heat equa-
tion. Thus, if Xg =0, then

Gy := F(Xy, (X)) = exp (aXt - ;aQ(X>t)

13



1. Introduction to Pathwise It6-Calculus

solves the differential equation

Go =1,
dG = oG dX,

i.e.

t
Gy = 1—|—/ aGg dX.
0

Recall, if (X) =0, then Gy = exp(aXy). Hence, in the Ité-calculus Gy as above is the right
analogon to the exponential function exp(at) in the usual case.

Application to Brownian motion:
For X with (X); =t

1
Gi(w) == Goe®' exp (aXt(w) - 2a2t> , t>0,
by Proposition 1.5.23 solves the linear SDE
dG = oG dX + BG dt.

Classical (o =0):
dG =BG dt = G, = Gye.

Here, for B >0 Gt tends to 0o as t — oo.

Stochastic (o #0):
1
Gy = Goexp <aXt + (6 — 2a2> t> .

By law of iterated logarithm

2?0, a.s.,
1/1 ,

G, < Goe_(%a_ﬂ)% 2%, (a.s. pathwise stable).

Xt t
t
hence, for large t

o
5
t

Thus, for B8 < %aQ

But Gy is not uniformly integrable, since by the Residue theorem
E[eaXt] _ 6%04215
and therefore,

E[Gy] = Goe®'E [eaxt] em20t = GoePt = oo, if >0 (unstable in the mean).

(i) “Hermite- polynomials” (cf. Example 1.2.9):
Define hy(z,t) by

n

[o.¢]
=39 = N S (2, 8), (1.3.11)
n

n=0

14



1.3. d-Dimensional Ito-Formula and Covariation

where the left hand side is analytic in o, i.e.

mn

aim (emem2e)

Recall, that for all n € N

hn(x,t) =

is an orthonormal basis of L2(R, N(0,t)).

Proof. Clearly, (by monotone classes) span{H,,,n € N} is a dense subset of L2(R, N(0,1)).
Hence, it is sufficient to show that it is an ONS:

Z &'hn(x’ t)ﬁf'hm(m,t) (1.3:.11) e(a+ﬁ)$—%(a2+52)t _ exp((a + B)$)€_%(a+ﬁ)2t€a6t.
n. m:

n,m

By integration with N(0,¢) in x, since sums interchange with integration and
/(e“””””fvaxt><dw>::e%<a+ﬁﬁt

we get by (1.3.12) that

tﬂ,

, Va,p.
n!

S [ (e t) b (N, dr) = e = 30"

We have for n > 0 by (1.3.12) and by interchanging order of differentiation

1 92 %)
Additionally, for n > 1 we have
O () S ().

ox
Therefore, if X, (X) are continuous and Xo =0, (since h,(0,0) =0), we get

t a t
P (X, (X)¢) :/0 %hn(th, (X)) dXy, = n/o hp—1(X¢,, (X)e,) dXy,

t t1 tn—1
= ... :TL'/ dth/ dth/ dth
0 0 0

15



1. Introduction to Pathwise It6-Calculus

1.4. I1t6-Integrals as (Local) Martingales

Recall: If (F3),5 is not right-continuous, then define

For = ﬂ}"s, t>0.

s>t

Then (Fi+)i>0 is right-continuous.

Let (2, F, P) be a probability space equipped with a right-continuous filtration (F),~, i.e.

Fe={)Fs

s>t

Let T : © — [0,00] and let X : {(t,w) €]0,00[xQ : t < T(w)}U{0} x 2 — R be a map
such that X is a continuous local martingale (up to T) i.e. there exists a localizing sequence
T1 <Tp, <...<Tand < T on {T > 0}, i.e. they are (F;)-stopping times such that

(1) (XtaT, )i Is a continuous (F¢)-martingale for all n € N,
(ii) suppenyTn =1 P-as..

Assume in addition, that X has a continuous quadratic variation [0, T(w)[> t — (X)¢(w) along
a sequence of partitions (7,,) as above for P-a.e. w € .

Remark 1.4.26. Later we shall see that for any (1,) there exists (7, ) such that X as above
has continuous quadratic variation (X); along (7y,,) for P-a.e. w € Q.

Proposition 1.4.27. Let f € C}(G x R;), G C R! open (or f € C}(G)). Assume there exists
a compact set K C G such that

Xo(w) C K for P-aewe.

Define My(w) =0 for allw € Q and
t
Mi(w) = /0 f(Xs(w), (X)s(w)) dXs(w), 0<t<T(w) forwe{T >0}. (Ité-integral!)

Then M s a continuous local martingale up to

S :=inf{t > 0|X; & G} AT.

=:o0@gc

Proof. Step 1: Assume that T = oo, X is a bounded martingale, G = R! and f is bounded.
Then M;(w) is defined for all ¢ > 0, since S = +oc.
Claim: (M;);>0 is a continuous martingale.

To see this define for n € N fixed

Mt(n) — Z f <Xt§.")’ <X>t§.">> (thﬂ - th)) .

i
t<.")e7—n

2(n)

t;<t

To see that (Mt(n))tzo is a martingale, (but not nessassarily continuous), let s < t and take

t,gn), tl(n) € T, such that t,(cn) <t< t,(:gl, tl(n) < s < tl(f_)l Then, we have Mt(") = Mt(:) and

16



1.4. Ito-Integrals as (Local) Martingales

MM = Mt(l") and therefore,

EM" — M"|F) = E[M™ - M{™|F,]

K
> E[E[f (th_n), <X>t§n)> <Xt§i)1 - Xt‘f’) \ftgn)} ‘Fs:|

i=l+1

F (n) —measurable
t

Kk
- > E[f (Xt<_n>7 <X>t<_n>) E[ <th(i>l - Xt<:>> \ftgn)} \fs] =0

=0 since X; is a martingale

Hence by Proposition 2.1.4 below it is sufficient to show that M;* — M; in L for all t > 0. We
know that by definition,
M™ = M,, P-as.Vt>0.

Furthermore, for all t > 0,

E[(Mt("))Q]: S E

tE")e-rn
My
;<

2
7 (g 00) (K, =) ] ’

since all nondiagonal terms vanish by the martingale property of X;. Furthermore,

2
E [(Mt(n)> :| < sup f? Z E[E[‘Xt%n) — 2)(;(@) Xt<_n) + Xt%.") ./Tt(n)] ]
RxR4+ t(">6m i+1 i+1 i i i
+(n)
el Pl
1+1 g 1
2 2 2
= sup f E [X w — X n:|
s I 2L B | Xy~ X

t§n>6'rn
tE")gt

— sup f2F [XE?V —Xg}.
RxR LMo ,

<sup, , X7 (@)

2
Hence, sup,, & [(Mt(") ) ] < oo and thus (Mt(n)> N is uniformly integrable. By the generalized
ne

Lebesgue dominated convergence theorem the claim follows. Therefore (M;)¢>( is a martingale.
It still remains to show that M; has P-a.s. continuous sample paths:
In order to see that consider

VO
My = Z f (Xtﬁ")’ <X>t§”)) <Xt§i)lAt - Xtﬁ’”/\t) :
=0

Then as above one shows that M; (w) is a martingale. Note that (Mt(n)) . has P-a.s. continuous
2

sample paths and that
n—oo

M™ -3 =0 Poas.

) n—qo

and in £7 (by the same argument as above). Hence, Mt(n — M, in L9 for all ¢ € [1,2). Then
by Doob’s maximal inequality one can show that (M;),-, has P-a.s. continuous sample paths

17



1. Introduction to Pathwise It6-Calculus

(cf. below Proposition 2.1.4).
Step 2 (“Localization by stopping times”):
Let (T},) be a localizing sequence for X. For n € N define

Ty, :=1inf{t > 0(X); > n} AT

and
Sp =Ty Noge Ny,

where G,, G, G, relatively compact and open and G,, C G,y for all n € N. Without loss
of generality K C G, Vn € N. Then sup, 0ge = oge and S,, are stopping times such that
Sp <T, <Tand S, <T, <T on {T > 0}. Furthermore, Tn T, hence, S, T Noge. By
optional stopping (Xias, )i>0 is a continuous martingale taking values in Gy, hence (Xins, )t>0
is bounded in (¢,w). Furthermore, (exercise)

t
Mips, (w)(w) i/O F (Xsns (@) (@) (X)sns, (@) dXsns, w) (@) (1.4.13)

Take xn € C3(G x Ry) such that
Xn =1 on G, x [0,n].

Then we can replace f in (1.4.13) by xnf € CZ(G x Ry). Therefore, the representation for
(Mips, )t>0 in (1.4.13) and Step 1 imply that (Mas, )¢>0 is a continuous martingale. a

Corollary 1.4.28. Let X be a continuous local martingale up to T' with continuous quadratic
variation (later proved to always be the case). Then

(i) X? — (X) is a continuous local martingale up to T.

(i) If (X) =0 (which is particularly true if X has bounded variation), then for P-a.s. w € Q
Xi(w) = Xo(w) Vte[0,T(w)]. (1.4.14)
Proof. Without loss of generality assume that Xy = 0. (Otherwise, consider X; — Xg, t < T.)

(i) By Ito
t
XE:Q-/ XsdX,+(X), on{t<T}
0

But the first term on the right hand side is a continuous local martingale up to 7" by
Proposition 5.3.9.

(ii) By (i) it also follows that X? is a continuous local martingale up to T if (X) = 0. Hence,
if T,, /T is a localising sequence for X2, then

E[X{r]=E[X3] =0 vt>o0.
Therefore, 1y, Xy = 0 P-a.s. Vt > 0, (with zero set depending on t). Hence,
Plyem X, =0 VteQ] =1,

and by P-a.s. continuity in ¢ it follows that X; = 0 on {t < T'} for all ¢ > 0 P-a.s..

18



1.4. Ito-Integrals as (Local) Martingales

Proposition 1.4.29 (d-dimensional version of Proposition 5.3.9). Let X = (X!,..., X%) with
X1 ..., X continuous local martingales up to T such that (X, Xj) eist for all1 < 4,5 < d and
are continuous up to T. Let F € C?(D), D C R, D open, with Xo(w) C K for P-a.e. w € Q for
some compact K C D. Define My :=0 and

t
M, = / (VF(Xs),dXs)ga on {t <T} (d-dimensional Ité-integral)
0

Then M is a continuous local martingale up to

S =T Ainf{t > 0|X; € D}.

=:0pc
Proof. Exercise (Proceed as for Proposition 5.3.9). O
Remark 1.4.30. By Remark 1.5.22 (i) for M as in Proposition 1.4.29 we have

Z / c%sk 3:61 (X ) d(X*, X5 on {t < S}

k=1

Hence, if S = 0o, then M is even a martingale provided %’ 1<k <d, are all bounded and X
18 a Brownian motion. This is a consequence of Corollary 1.4.32 below.

Proposition 1.4.31. Let M be a continuous local martingale up to T' (with continuous (M) up
toT) and let Ty < T with Ty < T on {T > 0} be a stopping time such that

E[<M>T ] < 00.
Then (Miat,);>q s a continuous martingale such that sup E[MTOM] < E[(M)r,]. Furthermore,
>0
E[Mr,] = E[My).

Note that Tj doesn’t need to be bounded.

Proof. Without loss of generality assume My = 0. (Otherwise, consider M; — My.) Let T,, /T
be a localizing sequence for M. Then (Mg a7, t)e>0 is a continuous martingale. Hence

lim MTO/\Tn/\t == MTO/\t P-a.s. Vt > 0
n—00

and

Cor. 5.3.10
E [MEagone] =" EUM)mynr,nd] < B[(M)7] < 0.

Hence, { M a1, At|n € N} is uniformly integrable V¢ > 0. In particular, by Lebesgue
lim MTO/\Tn/\t = MTO/\t in El Vit Z 0.
n—oo
Therefore, (Mr,at)e>0 is a continuous martingale. In addition,
E [Mf, ] < liminf B [MF, 7, ] < E[(M)g] < oo Vt>0.
So, by the £2-martingale convergence theorem
hm Mpope = M1, in L

In particular,
E [Mrg,)] = lim E [Mgp,a] = E[Mo] = 0.
t—o0
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1. Introduction to Pathwise It6-Calculus

Corollary 1.4.32. Let M be a continuous local martingale up to T = oo (with continuous (M))
such that
E[(M){] <00 Vt>0.

Then M s a square integrable martingale.

Proposition 1.4.33. Let T' be a stopping time and X, A continuous processes with continuous
(X) and (A) =0 up to T. Assume Ay =0 and Xo = 0. Then the following are equivalent:

(i) X is a local martingale up to T with (X) = A.

(i) For all >0

o 1 ift=0
Gy = L9
explaX; — 5a° Al on {t <T}

s a local martingale up to T.
Proof. (i) = (ii): By It&’s formula for time dependent functions (cf. Proposition 1.3.24)
t
Gy = S‘—i-/ aGy dXs + 0.
0
But the right hand side is a local martingale up to 7' by Proposition 5.3.9 for f(Xy, (X)) =
exp(aX; — 502 (X)y).

(ii) = (i): By Ito’s formula we get

1 o o 1
Xt— a(lOth —logG0)+§aAt
0

o 1 [* 1 1/t 1 ]
= — - a_i - a 1 A

a</o G 19 2/0 (Gayz 4G >s> + 504
1.3.22(i4) 1 t 1 1/t 1 , )

— _ . o - 4 a X 14

a</o G¢ Gy 2 Jo (G2)2 (@GP)” d(X)s ) + 5 oA

1/t1dca+o‘(A — (X)) Vo eR\{0} (1.4.15)
= o) Go 4G+ 1) Va , N

Here, % fot G%% dG¢ is a local martingale up to 7' by Proposition 5.3.9 with G =|0, oo[. Consider
a # o and take the difference of the two corresponding equalities to get

_ /
0:M+a o

(A = (X)),

where M is a local martingale up to 7. By Corollary 5.3.10(ii) it follows that A; — (X); =
Ap — (X)o =0on {t < T} P-as., and then (1.4.15) implies that X is a local martingale up to
T. g

1.5. Levy’s Characterization of Brownian Motion

Let X = (Xt)t>0 be a stochastic process on (€2, F, P) with continuous sample paths (and conti-
nuous quadratic variation (X)).

Proposition 1.5.34 (Levy). Assume that X is a continuous local martingale up to oo with
respect to some filtration (Fi)i>o0 such that X is (Fi)-adapted. If (X); =t holds for all t > 0,
then X is a Brownian motion.
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1.5. Levy’s Characterization of Brownian Motion

Remark 1.5.35. Every continuous martingale can be transformed by a time change into a
Brownian motion provided its quadratic variation is strictly increasing (see later). Therefore,
Brownian motion is the only local martingale, where the quadratic variation is the usual time.

Proof of 1.5.34. Corollary 1.4.32 implies that X is a martingale. For © € R we apply the Ito-
formula to '
F(z) = ™ = cos(uz) + isin(uzr), x € R.
Then, for all s <t
. , tATn sATn 1 [t\Tn ‘
eZ’uXt/\Tn _ eZuXS/\Tn :/ Z-uequT er _/ iuequr dXT + / (_UZ)equT d<X>T,
0 0 2 SAT,, T
=dr

where T;, /" oo are stopping times such that

tANTw
( / iue™Xr dX T>
0 >0

is a martingale for all n. Now take E[-|F,] of the equality above:

. . 1 tAT, i
E [equt/\Tn _ est/\Tn |]_~S] — 2 |:/ (—UQ)SWXT d1"|.7:5
2 SATy,

Hence, letting n — oo we obtain

s

1 t , , .
§E [/ (—u?)etXr dr’fs] = E[elXt — e Xs| F].

Multiplication by e~#%Xs

yields
. 1 t ,
Bz 1= g8 | [t ) )
Therefore, for all A € F;
(X —Xs) Fubini 1 2 ! iu(Xp—Xs)
Bl XD, 4] p(a) P2 [ gl oY) 4] ar
) T =

Then, ¢ € C! (since the right hand side is C!) and by differentiation

Solving this equation we get
Substituting s for ¢ yields
which implies

hence,
_1

E[e"Xt=X). A] = ¢=2%* (=) P(4) VA € F,. (1.5.16)
Taking A :=  implies that X; — X is N(0, (t — s)) distributed by uniqueness of the Fourier-
transform. By a monotone class argument, (1.5.16) implies that X; — X is independent of Fj
(Exercise!). In particular,
th - Xy 7Xt2 - th

are independent for all 0 <t <ty < ... <t, < oo. ]

n—19°""*
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2. (Semi-)Martingales and Stochastic
Integration

In this chapter we want to define
/g(ta ) th7

where g is defined “more general” and M, is an arbitrary semimartingale. This is more general
than so far, since we could only define

/f(tv/J't) tha \V/f S Cl-

2.1. Review of Some Facts from Martingale Theory

Fix a probability space (2, F, P) and let (F;);>0 be a right-continuous filtration. (Sometimes
assume in addition that N € F, P(N) =0 = N € Fy.) These conditions are also called “usual
conditions”.

Proposition 2.1.1. Let (M;),~, be a martingale. Then there exists a version

(M)iso  (i-e. My = My on N(t)¢ such that P(N(t)) = 0),
such that t — My(w) is cAdldg (i.e. is right-continuous and has left limits) for all w € Q.
Proof. Doob’s upcrossing lemma (cf. [vWW90]). O

Proposition 2.1.2 (Optional stopping theorem). Let (M;),~, be a martingale and T be a
stopping time. Then (Miar)i>0 is a martingale.

Proof. See [Rocl1, Proposition VIII.4.2, Corollary VIII.4.3]. O

Proposition 2.1.3 (Doob’s inequality). Let p > 1. Then

p
sup [ M|l < ———[[Mq],,,
s<t P b= 1
where |||, = ||l z»- In particular, if
M* = sup M|,
t>0
then »
M| < sup || M| .
I, < 2 sup

Proposition 2.1.4. Let p > 1 and let (Mt(n)> o ™ € N, be a sequence of martingales such
>0

that
M™ "2 M, in £,V > 0,

Then

23



2. (Semi-)Martingales and Stochastic Integration

(1) (Mi),~q s again a martingale in LP.

(ii) If p > 1 and (F)i>0 is such that all P-zero sets in Fy are in Fy and each (Mt(n)> . has
> t>

P-a.s. (right-) continuous ((cadlag)) sample paths, then (My),~q has a (right-) continuous
((cadlag)) (Ft) -adapted version again denoted by (My)i>o and

M™ "=

in LP(Q), F, P; C([0,t];R)) and hence locally uniformly in t and in LP and has a locally
uniformly in t P-a.s. convergent subsequence.

Proof. (i) Obvious.

(ii) Fix ¢t > 0. Since M™ — M™ is a martingale, we have by Doob

Sup’Mgn)_Mgm)"’ < LlHMt(n) _Mt(m)H _
s<t » p— p

Since they are £P-convergent, for some subsequence (n)gen

sup M§nk+1) — Mg”’“)
s<t

< 0.
D

[ee]
p (Nkt1) (ng)
| <523 o - s

) _
< oo) =1.
k—o0

Hence, M) EZ g, uniformly on [0,¢] P-a.s. (cf. Proof of Riesz-Fischer!). Then up to

a P-zero set M, is Fs-measurable, since so is each Ms(n’“). But F; contains all P-zero sets
in Fo. Therefore, M, is Fs-measurable.

Therefore,

" (Z sup [ M) — a0
k=1

— s<t

O

Remark 2.1.5 (Localization). Let (M), be a continuous local martingale (up to oo) such
that My = 0. Set

Ry (w) == inf {t > 0| [My(w)| > n} ("2;’ oo) .
Claim: For alln € N (Mg, )i>0 is a continuous bounded martingale.

Proof. Let (Tk)ren be a localizing sequence for M, such that T}, < k. (Otherwise consider T, Ak.)
Then for s <t and n fixed

E[Mt/\Rn/\Tk; As] = E[Ms/\Rn/\Tk; As] VAS € Fs.

By Lebesgue, for all A, € Fg,

k—o0

E[Mt/\Rn/\Tk§ Agl == E[Mnr,; As]

and, since |Miapr,a1,,| < n for fixed n,

k—o0

E[Ms/\Rn/\Tk; As] — E[Ms/\Rn; As]

So, we get E[Miar,; As] = E[Msar,,; As]. O
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2.2. Quadratic Variation and Covariation for Continuous Local Martingales

2.2. Quadratic Variation and Covariation for Continuous Local
Martingales

Let (M;),~, be a cadlag martingale.

Approach to stochastic integration:

Assume initially M; € £2 for all t > 0. (If M; ¢ £2, then localize.) By Jensen’s inequality (M?):>0
is a submartingale. Then one can show (by the Doob-Meyer decomposition) that there exists a
unique adapted process ((M);)i>0 with (M)o = 0, increasing, right-continuous, predictable (see
below) such that

(Mt2 - <M>t)t20 (*)
is a martingale. Then, (M) is the variance process of M, i.e.

=0
’ N2
E[(M; — Mg — E[My — M;])?|Fs] (conditioned variance of My — M given Fy)

—B[MZ — M2|F,) D BUM), — (M),|F).

In [R6c11] we proved the Doob-Meyer decomposition in discrete time. In continuous time for
cadlag martingales this is much more difficult (cf. [Kry]).

We are going to prove the Doob-Meyer decomposition only for continuous martingales. In the
stochastic integration theory below, we shall, however, allow cadlag martingales, simply assuming
Doob-Meyer without proof, and refering to [vWW90, Cor. 6.6.3] instead.

For a continuous martingale M we shall construct the process (M) such that it pathwise coincides
P-a.s. with the quadratic variation of M along (7,),cy of the previous chapter. Let M be a
continuous local martingale (up to co) and let (7,),,cy be a sequence of partitions of [0, co) such
that

n—oo

|Tn] — 0

and
t%g nﬂo 0.

Definition 2.2.6. Let

V= 3T (Mype — Mop)*, neN,t>0

SETn

be the quadratic variation of M along 7, on [0,t]. Here, s’ denotes the successor of s in 7.
Note that t — Vt(n) is P-a.s. continuous for all n € N.

Remark 2.2.7. Since (a — b)? = a® — 2b(a — b) — b2,

Vt(n) _ ]\4752 _ Mg -9 Z Muyne (Myrne — Myng)
UETH
=ME=MG=2 ) Muy(Myn = M),

UETH, u<t

local martingale

Proposition 2.2.8. Assume that Fy contains all P-zero sets. Let M be a continuous (for all
w € Q), local martingale (up to o0). Fiz (1,) as above and let (V™),en be as in Definition
2.2.6. Then there exists a continuous increasing (Fi)-adapted process (M) with (M)o = 0 such
that
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2. (Semi-)Martingales and Stochastic Integration

(i) (M), = li_}m Vt(”) in P-measure locally uniformly in t > 0.
(Convergence is even in L2(Q2, F, P;C([0,t];R)) for all t > 0, if M is a bounded martin-
gale.)

(ii) M? — (M) is a continuous local martingale.

ii) If My € L2 for all t > 0 and if My is a martingale, then M? — (M) is a martingale. In
¢
particular,
E[M{] = E[Mg] + E(M)] ¥t >0.

(Warning: At this stage (M) = ((M)¢)i>0 depends on (7,)!)

Proof. (i) Case 1: M is bounded (i.e. sup;>q weq |Mi(w)| < o0) and a martingale.
Claim: (V;(n))neN is a Cauchy sequence in £2 for all ¢ > 0.
Take m,n > N, N large so that t < t%g,t < t%ﬁ?. Define

VI = M= MG =2 Y M (Mo = Mand) (= V™).
sETRUTm
Here, s’ denotes the successor of s in 7, U 7;,,. Then by Remark 2.2.7

A ) < S My (Mgpe — Msm) — My(Myne — Mum),

uETn u§s<u/

sETRUTm
where v’ is the successor in 7,, and s’ the one in 7, U 7,,. Using the fact that

Mu’/\t - Mu/\t = Z (Ms’/\t - Ms/\t)
u§s<u’

seEThUTm
we conclude that

VAR vA Z Z (Mg — My) (Mg pg — Mgpy).

UETH u<s<u’

s€TnUTm

Hence,

E {(Vt(mm - Vt(")ﬂ = 4E[ o> (My— M) (Myp — Ms/\t)2:|

UETy, u§s<u/

sETHUTm

Note that all occurring mixed terms are zero by the martingale property (exercise!).
Furthermore,

5 {(Vt(m’") _ Vt(”)>2] < 4E

An Y (Mgn - Ms/\t)2] :

SETRUTm

where
N—o0

Apn = sup SupSUp{(Ms—Mu)Z‘SGTﬁUTm,UETﬁ,uSSSu/,s,uft} — 0 P—a.s.
A>N
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2.2. Quadratic Variation and Covariation for Continuous Local Martingales

is bounded in N and w, since M is bounded. Then, by Cauchy-Schwarz (since n,m > N)

Z (Ms’/\t - ]\45/\t)2

SETRUTm

(i) <a(p 13"

2

By Lebesgue’s dominated convergence theorem,
1/2 N—
(E[AR]) " =llAn], =0,

since M (w) is uniformly continuous on [0,¢] for all ¢ and (M)~ is bounded in (w,t). But
for ¢ := sup, , |Mi(w)| and for all n,m € N

(¥ <MS/M—MSM>2)2

sETRUTm

Z (Ms//\t - Ms/\t)4]

SETRUTm

+ QE[ Z Z (Mg pt — Mop)*(Myrpe — Mupe)?

SETMUTm  yerpUrm

E

=F

s<u

Z (Ms’/\t - Ms/\t)Ql

SETRLUTm,

<4c*E

=:51
+2 3 Y E[(Map— Man)?* - B[(Murne — Munt)*| Fund]]

SETRUTm UETHUTm

s<u

and

S = Z E[MZ 5, — 2MygpeMopg + M2y

seETRUTm

= Z E[MZ, + M2, — 2E[Mype Mopg| F])
S€ETRUTm

= Z E[Ms2'/\t + MSQ/\t — 2Mp¢ E[Mgpe| F]]
SETRUTm, T

= Z E[Ms2'/\t - MSZ/\t] = E[Mt2 - Mg]
SETRUTm

In addition,

Sy = Z E [(Mgp — Mgpt)? - E[M2,,;, — Mf,\t|]-"wt]]

uETRUTm

s<u

= Z E [(Ms’At - MsAt)2 ) (MEL/M - Mg/\t)]
UETRUTm,

s<u
= E[(Ms//\t - Ms/\t)Q(Mf - MSQ’/\t)]
<2 E[E[(Mypt — Mopt)?| Fonil] = 22 E[M , — M.
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2. (Semi-)Martingales and Stochastic Integration

28

Thus,

E

(¥ <M81At—MsM>2)2

SETRUTm

<4BIM{ — Mg] + 4¢? Z EIMZ, — M2y,
sETRUTm

<8 E[M}? — M) < 16¢".

Alltogether, we obtain for all n,m > N

< 8[| An|ly4c% + 8[| An]l, 4 =50

and the claim is proved.

Let V; := £2- lim V", t > 0. Define

n—oo

Y =23 Mo(Myn — Mans).

SETn
Then each (Y;(n))tzo is an (F;)-martingale and by Remark 2.2.7 and the above
v = M2 M2 -V IS M2 M2 -V, =Y, in L% (+%)

Hence, by Proposition 2.1.4 Y; is a martinale and has a P-a.s. continuous version and,
therefore, V; has a continuous version (M) and (M) is (F;)-adapted since all P-zero sets in
F are in Fy, hence in every F;. Furthermore, by Proposition 2.1.4(ii), Y™ Y asn — oo
in £2(Q, F, P; C([0,1]; R)), hence V(™ — (M) as n — oo in L2(Q, F, P; C([0,1]; R)), i.e.

B |sup [V — (M),2| =5 0.
s<t

Case 2: M as in the assertion.
Without loss of generality My = 0. (Otherwise consider (M; — Mp):>0.). Let Ry be as in
2.1.5, i.e.

Ry :=inf{t > 0| [My| > k}

and therefore, Ry is a stopping time. Define
MF := Myag,, t >0,

By Remark 2.1.5 M} is a bounded martingale. Hence, by Case 1 there exists V}* :=
(M*)s, t > 0. Let (VF)™, t > 0, be the corresponding approximations along (7). Then
there exists a subsequence (n;)eny and Qo € Fo, P(€p) = 1 such that for all £k € N (cf.
Proposition 2.1.4(ii))

(VEY) (@) 2% (MF) g (w)

locally uniformly for s € [0,¢] and for P-a.e. w € Q. But

n n, n;) l—o0
Lesr V™ = LisrgVik, = Lusr (VO™ =5 Liar g (MM P—as. (xx%)



2.2. Quadratic Variation and Covariation for Continuous Local Martingales

Hence, we can (well-)define

k : <
(My(w) = (M*)(w), with k € N such that w € {t < Ry} N Q,
0, otherwise.
Recall that by the continuity, hence local boundedness of ¢ — M;(w) we have that Ry(w)

oo Vw € Q, hence Qy = | {t < Ri} N Qo, so (M),(w) is defined Yw € Q by the above
keN
and by (% x) this definition is independent of k. Then (M) is P-a.s. continuous and

(Fi)-adapted.

Furthermore, since Ry — 0o as k — oo, for 6 > 0 we can fix k = k(d) large enough, such
that
P[Ry, < t] < 6.

)

Then

v _ (M),

s

P ( sup
0<s<t

=P ( sup [V — (M),| > e, Ry < t> +P ( sup (VW — (M)s| > e, Ry, > t>
0<s<t 0<s<t
<P(Rp<t)+P ( sup ‘(V;k)(”) — (M| > €, Ry > t>
0<s<t

<P(R, <t)+P < sup ’(Vs’“)(") — (M"),

0<s<t

><).

But by the first part of the proof and Chebychev’s inequality
P ( sup [(v)®) - ar),| > ) ==
0<s<t
Therefore,

Vi — (M),

s

limsupP<sup >z~:> < P[Ry < t] < 4.

n—00 0<s<t

It remains to show that ¢ — (M), is increasing P-a.s.. But for fixed ¢t > 0 we have that

V;f(n) - Z (Mo — M) + Nt(n) = (M),

SETn,s<t

where the sum is increasing in ¢ and

N™ = (M, — Myn)? =50

and
5§n) = sup{s € 7,|s < t}.

Hence, (i) is completely proved.
Continuity is clear. By (xx) on p. 28 we know, that P-a.s.
M{\ g, — (M)inr, = (Mf)? = (M) = Y} + M5

and the right hand side is a martingale. Hence, M? — (M) is a local martingale for T" up
to oo.
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2. (Semi-)Martingales and Stochastic Integration

(iil) Without loss of generality My = 0. We have to show that M2 — (M) € L£L(P) and that
E[(M)7] = E[Mj]

for all bounded stopping times 7T'. By the monotone convergence theorem, we get that

proof of
i . Fatou
E[(M)7] = lim E[(M)rap,] 2 lim B[M2, ] > E[M2].

n—oo n—o0

On the other hand, by the submartingale property, h_)m E[M2, r|<E [M2], so
n—o00 n

E[(M)r] = E[M7].

Finally, by assumption,
E[M2] < [M2 )} < o0,

sup,eq T'(w

so that
E[M2 — (M)7] = 0.

d

Remark 2.2.9. (i) One can drop the assumption that “all P-zero sets in F are in Fy”, but
one only gets that the particular version of (M) of V is only right-continuous and adapted.
But it is continuous only for w € N€, with a P-zero set N € F.

(ii) Since convergence in probability implies P-a.s. convergence of a subsequence, it follows by
Proposition 2.2.8(i) that for some subsequence (ng)ken

PV oo (M) locally uniformly on [0,t], ¥Vt > 0) = 1.
(iii) Since (M) is exactly the pathwisely defined continuous quadratic variation process of M in
Chapter I, we can apply all results from Chapter I for P-a.e.w € Q) fized, i.e.
(M(w)) = (M)(w).

Corollary 2.2.10. Assume My = 0. Then
t
M? — (M), = 2/ M, dM,.
0

Hence, the continuous local martingale M* — (M) is an Ité-integral (cf. Corollary 5.53.10(i)).

Corollary 2.2.11. P-a.s. the paths of a continuous local martinale are either constant or of
unbounded variation.

Proof. Apply Corollary 5.3.10(ii). O

Corollary 2.2.12. (M) is the unique increasing continuous adapted process such that (M)y =0
and M? — (M) is a continuous local martingale. In particular, (M) is (up to a P-zero set in F)
independent of the chosen sequence of partitions (1) in 2.2.6.

Proof. Let A, B be two such processes. Then M? — A, M? — B are continuous local martingales.
Hence, B — A is a continuous local martingale (with respect to (F;) since A, B are (F;)-adapted)
of bounded variation. Therefore, by Corollary 2.2.11

B—-A=c=By—Ay=0 P-as..
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2.2. Quadratic Variation and Covariation for Continuous Local Martingales

Definition 2.2.13. (¢f. 5.2.3, 1.3.15) Let M, N be continuous local martingales. Then define
the covariation process of M, N by

(M,N); ==~ ((M+ N)y — (M); — (N)y).

N |

Remark 2.2.14. Since M+ N is a continuous local martingale, (M + N) exists as a continuous
process by Proposition 2.2.8 Therefore, since %[(a—i—b)2 —a?-b?]=ab Va,bcR (,polarization
identity“)

(M,N) = lim (Mg nt — Mspt)(Nsrag — Nont)-

(Ezxercise!)

Proposition 2.2.15. Let M, N be continuous local martingales. (M, N) is uniquely determined
by the following:

(i) Its paths are (P-a.s.) continuous and of bounded variation and (M, N)y = 0.

(i) M - N — (M, N) is a continuous local martingale. In particular, (M, N) = 0 if and only if
M - N is a local martingale.

Proof. Analogous to the case M = N in Corollary 2.2.12 (or use polarization.). O

Lemma 2.2.16. Let M, N be a continuous local martingale. Let G(= G4(w),s > 0,w € Q) and
H be B(R}) ® F-measurable. Then

w) d{M, N)4( ‘ (/H2 )>é</0t(;§d<zv>s(w))é.

In particular, we obtain (by Cauchy) the Kunita- Watanabe inequality

1l sl a0 o[t

Proof. Exercise (cf. [RW87, Vol II, p.50]). O

w) d(M,N),
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2. (Semi-)Martingales and Stochastic Integration

2.3. Construction of stochastic integrals

Fix a probability space (2, F, P) with right-continuous filtration (F;) such that all P-zero sets
in F are in Fy. We want to define

HM ::/ H, dM, as a martingale
0

for cadlag (F;)-martingales and most general H, where cadlag means right-continuous for all
w € Q with left limits P-a.s.. (The latter is automatic by [vWW90, p.47, 3.25, 3.26].) M; is
called integrator process and Hyg integrand process.

“Admissible integrators” are given by

M? = M*(Q, F,P) := {M‘M is a cadlag martingale, My = 0, | M||* := sup E[M?] < oo} .
>0

We define
M?:= {M € M?| M has P-a.s. continuous sample paths}

We know that for each M € M? the Doob-Meyer decomposition holds, that is:

For all M € M? there exists a process (M) such that it is the unique predictable, right continuous
increasing, adapted process and that My = 0 and M? — (M) is a martingale. We only proved
that this (M) exists and is unique if M € M? (see Proposition 2.2.8 and Corollary 2.2.12). For
the general case see [Kry] or [fWW90, p.130, Cor. 6.6.3]. However, if M € M?\M?, then (M)
is NOT equal to the quadratic variation of M.

Remark 2.3.17. (i) Define Foo := 0 (UtZO .7-}). Clearly, My € L*(Q, Fao, P) for all M €

M? and by the L*-martingale convergence theorem we have for any cadlag martingale
such that My = 0:

MeM? s IM, = lim M, € LY, Fuo, P).
—00

In this case
My = E[My|F], t > 0.

So (My)iep,00] @8 a martingale.
(ii) Starting with the norm ||-|| define an inner product on M? by polarization:
1
(M, N):= 2(|M +N|* = |M = N|*), VM,Ne&M.

It remains to check that it is really an inner product. This could be done by checking that
|-l on M2 satisfies
|IM 4 N|> + |M — N|* =2||M|* + 2||N||* (parallelogram identity)
and using J. von Neumann’s theorem. But (iii) implies this more easily.
(iii) Let M € M?2. Since M? is a submartingale and because of (i) we have
B[MZ)E Jim BMF) = sup BIM?) = | M

t—00

Hence, for N € M2, by polarization
1
E[MooNo] = 5 (E[Mso + Noo]®> — E[Ms — Noo)?)
1
= ;1M + N|[* = |M = N|*) = (M, N).

Therefore, (-,-) is really an inner product with corresponding norm ||-||.
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2.3. Construction of stochastic integrals

Doob
(iv) Note that | M|* = sup E[M?] < E[sup M2 < 4sup E[M2] < 4||M|?. So, on M? the
>0 >0 >0
norms ||| and |[-[| 20,7, p, cy (j0,00); r)) OT€ €quivalent.
Proposition 2.3.18. (i) M? is a Hilbert space and
(M,N) = E[MoxNo]| = E[(M, N)o],
where

(M, N)oo == lim (M, N);.

t—00
(i) M2 is a closed subspace of M?.

Proof. (i) (M?2,]|-]|) is an inner product space (Pre-Hilbert space) by Remark 2.3.17. Further-
more, it is complete by Proposition 2.1.4(ii) and because

L2, F, P; Cy(]0,00),R)),

is complete.
Finally,

2 _ 21 _ 12 21 qe B.Levi .
1M = E[MS]) = lim E[M{] = lim E[(M),] ~=" E[lim (M)].
=:(M)oo
So, by polarization the last assertion follows.

(ii) Apply Proposition 2.1.4(ii).
O

Now we define stochastic integrals with M € M? as integrators, but first for elementary functi-
ons:

Definition 2.3.19. Define £ to be the set of all processes H on ]0,00[xQ which are of the
following form:
Fort>0,we)

n—1
Hy(w) := Z bt (W)}, 10001 (t), “elementary (predictable) adapted processes”
1=0

wheren € N, 0 =19 <1 < ... <1, < oo and hy, are F,-measurable bounded. For M € M?
and H as above define

n—1

t
/ HS dMS = Z hti (MtH_l/\t - Mti/\t)7 t Z 0.
0 i=0

An easy exercise shows that this is independent of the representation of H! Set
t
(H.M), :—/ H, dM,, t>0.
0

Then H.M is called the stochastic integral of H with respect to M.

Lemma 2.3.20. Let H € €.
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2. (Semi-)Martingales and Stochastic Integration
(i) HM € M? and if M € M2, then HM € M2
(ii)
t
(HM); = / H? d(M), Vt>0
0

n—1
= Z hi(<M>ti+1/\t — (M)t nt)-
=0

In particular,

oo
|HM|* = E [/0 H? d<M>s} . “Isometry”

Note that here we always set

t
[ mzaan.= [ m2aon..
0 10,¢]

Proof. (i) By definition we see that:
e if M is a cadlag (continuous) martingale, then H.M is cadlag (continuous),
e H. M is adapted,
o (H.M)y=0.

Furthermore, since M is a martingale,

sup E[(H.M)?] = sup E
>0 >0

n—1 )
Z hi (Mt¢+1/\t - Mti/\t) ]

1=0

n—1
:sggZE [ht (Myyont — Mynt) }
t

| N

S HhiHoostuPZE (M2 e = M) |

< sup Hht H supE[Mt /\t}
0<i<n

2
| M .
< sup 1 [l 11 < oo

It remains to show the martingale property of H.M:
Let T be a bounded stopping time. Then

ZE[ (My,ppr — MtiAT)}

n—1
= Z E |:htl E [MtiJrl/\T - Mti/\T|Fti] :|

=0, since (M¢aT)¢>0 is an (Ft)-martingale

=0.

Thus, H.M is a martingale.
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2.3. Construction of stochastic integrals

(ii) By uniqueness of the Doob-Meyer decomposition (see Corollary 2.2.12 for M € M?) it is
enough to show that

t
()}~ [ 12 A, e >0
0

is a martingale. (Then (H.M); = fot H? d{M).) Let T be a bounded stopping time. Then,
by defining
AzM = Mti+1/\T - Mti/\T

and since all mixed terms dissappear, we get that

E[(H M) ZE [Py, ha, (A M) (A;M)]
= ZE [} Bl(AM)?| 7]
= ZE[ E[M{, nr — Mt2i/\T|Fti]}

= ZE hti >ti+1/\T - <M>ti/\T“Fti]:|

T
=F [/ H? d(M>S] :
0
In particular,

|H.M|? —supE[(HM _228E</ H2d S) BE’“E(/ H? d(M>5>.
0

We now want to consider the above “Isometry Property” more closely:

Let Q :=]0,00[xQ, @ := (t,w), F = B(]0,0[) ® F. w + (M)(w) is F-measurable for fixed ¢
and for all w € Q ¢+ (M)¢(w) is right-continuous, nonnegative, increasing, with (M)(w) = 0.
Therefore, for fixed w € 2 there exists a unique, positive measure

(M)(w,dt) := d{M)y(w).

Thus, (M)(w,dt) defines a transition kernel from (€2, F) to (]0, co[, B(]0,00[)) and it induces a
measure

Py (dw) := P(dw) ® (M)(w, dt)
n (Q, F). Explicitly,

Pu(A) =E UOOO 1a(-1) d(M)t(-)] , AcF.

Note that this is not a probability measure, but it is finite since M € M?C). In particular,

defining

EM[‘]:/'dPMa

=E [/OOO H? d(M)S} , (2.3.1)
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2. (Semi-)Martingales and Stochastic Integration

which is the £2(Q, F, Py)-norm of H € £. (H : Q — R, H(w,t) = Hy(w).) Note that the map

E— M2,
Hw— HM

is obviously linear and by Lemmas 2.3.20(ii) and (2.3.1), an isometry from £ C £2(Q, F, Py)
0 (M?C), I-|l). Therefore, there exists a unique isometric extension to the closure of £ in

L£2(Q, F, Py) denoted by
E.=EM

(which depends on M).

Definition 2.3.21. For H € €M, let H M denote the uniquely determined element in /\/l%c)
with

lim ||[H'M — HM| =0

n—oo
for every sequence (H™)pen C € which converges in L2(Q, F, Pyr) to H.

Automatically, we have
|H.M|* = Ep, [H].

But we also have the analogue of 2.3.20(ii), namely:

Proposition 2.3.22. Let H € EM M ¢ ./\/l?c), and therefore, H M € M%C). Then
t
(H.M), :/ H? d(M),, t>0,
0
and hence by polarization for G € EM

(H.M, G.M), = /0 CHLGLM). ¢ 0.
Proof. Let T be a bounded stopping time. Then
E[(HM)}) = lim E[(H"M)3),
since
BI((HM)r ~ (H"M)r ] < B [sup(H.M — HPA)?
PE M — HrM2 R .
Hence,

E(HM)3] = lim E[(H"M)}]

.. T
”ﬁwnmEUXm%an
0

n—o0

e[ nzan)

since H" "= H in L2(Pyy), so, Lo H™ = 1j0,71H in £?(Pyy). Therefore, (H]\I)?—f(;5 H? d{M)
is a martingale and the assertion follows by the uniqueness of the Doob-Meyer decomposition. [J
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2.3. Construction of stochastic integrals

In our next step we want to determine the size of £M. We want to characterize admissible
integrands in dependence of M.

Definition 2.3.23.
P =0 (H = (Hy)i>0|H is a (real-valued) left-continuous, adapted process)

enereise o(H = (Hy)t>o0|H is a (real-valued) continuous, adapted process)

is called o-algebra (on ]0, co[x ) of predictable sets. A process H = (Hy)>o is called predictable,
if it is P-measurable. B
Let Py = the completion of P with respect to Py in F.

Remark 2.3.24. Every predictable process (Hy)i>o is progressively measurable, i.e. Hyg qxq 5
B(]0,t]) ® Fi-measurable for all t > 0, hence in particular (Fi)-adapted (cf. [vWW90, Lemma
6.1.6]).

Remark 2.3.25. Let 7, be a partition of [0,00) and
Pn = o(]t, t’[xAt‘ t € 7,,t is the successor of t in 1, and Ay is Fy-measurable)
Py, is called the o-algebra of predictable rectangles (with respect to T, ).
(i) If |7a] "=3°0 and ty, =3 oo, then
P=o < U Pn> .
n

(i) H is Pn-measurable and bounded if and only if
th ttz+1()7t>07
ti€™n
where hy; is Fy,-measurable and bounded.
Proof. (i) By definition we have P,, C P. Hence, o ({J,, Pn) C P. To show that P C o (l,, Pn):

let (H¢)¢>0 be a left-continuous adpated process. It suffices to show that H is o (|,, Pn)-
mearsurable. H is adapted and left-continuous. Therefore,

—hIIl ZH 1]55’] ) t>0,
—_————

sGTn
o (Pr)-measurable

P=0<Lnj7>n>.

(ii) The assertion follows by a monotone class argument.

Hence,

Proposition 2.3.26. ) )
EM = £2(Q, Pur, Pup).
In particular, for all H € L2(Q, Py, Pay) there exists

H.M:/HdM.

In particular, B
M3, .= {HM|H € L*(Q, Py, Pu)}

is a closed subspace of M?2.
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2. (Semi-)Martingales and Stochastic Integration

Proof. Clearly, EM < £2(Q, Par, Pur). To prove the dual inclusion, let H € £2(Q, Pas, Pur).
Without loss of generality H > 0. (Otherwise consider H™ and H~.) Since

H™ .= (m AH) "= H

in £2(Q, Pas, Pyr), we may assume H > 0, bounded. Now let 7,, be a sequence of partitions as in
Remark 2.3.25(i). Then by the £'-martingale convergence theorem (see [Roc11, Korollar 8.5.4

(1)]; ok, since Py is a finite measure!)

Since H is bounded, this convergence also holds in £2(Py;). By Remark 2.3.25(i) this implies
that in £2(Pa)

lim Hy = nh%nolo EPM [H‘Pn] = EPM [H’P] = EPM [H‘PM] = H.

n—oo

Since H,, is P,-measurable, we have by Remark 2.3.25(ii), that

n—oo

H, := Ep,[H|P,) == Ep,, |H in LY(Par).

H, €&,
and the assertion follows. O
Proposition 2.3.27. (i) Let t — (M); be continuous (which is e.g. the case if M € M?).
Then

(L2, Par, Pap) *22%) €M = £2(Q, Onr, Puy),

where the optional o-algebra O is defined by
O :=o({H| H is an adapted cadlag process on ]0,00[x})
and Oy its completion with respect to Py in F.
(ii) If M € M? and d{M) is absolutely continuous with respect to Lebesgue measure dt, then
EM = [H € L%, F, Py)|H has an adapted version}.

Proof. (i) We have that O D P. Hence, also Op; D Pys. It remains to prove Oy C Pyy. So,
let H be cadlag and adapted. Consider for w € 2

Uy, := {t > 0|s — Hs(w) is discontinuous in t}.
Then U, is countable, since H is cadlag (exercise). Define for w €

H7 () 1= i Hy() =: Hi- () (€ R)

Then H~ is left-continuous. Hence, it is P-measurable and
Us = {t > 0|Hy(w) £ Hy ()}
Note that {(t,w) €]0,00[xQ| Hi(w) # H; (w)} € O C F. Since (M) is continuous, we have
/ 1y, (t) d(M); =0 for P-ae. w e
0

But then
Ery[Lsny) = [ [0 L) A0 Pld) =0

Hence, H is P-a.e. equal to a predictable process, therefore, H is Pjs-measurable and (i)
is proved.

38



2.3. Construction of stochastic integrals
(ii) One has to prove that F C Py (cf. [CW90, p.60] or [vWW90, p.124]).
O

Remark 2.3.28. By a modification of the proof of Proposition 2.3.27(i) one can even show
that every progressively measurable process (Hy)i>o (see Remark 2.3.24 above) has a predictable
Par-version (of course still assuming that (M) is P-a.s. continuous).

Remark 2.3.29 (Extending stochastic integration via localization). Note that, if M is a Brow-
nian motion, then M & M?. Therefore, we have to stop. Define

M2 = {M|3 a sequence T}, /* 0o of stopping times such that M (:= My, ».) € M*¥n € N}.

Then for all H € L2 (Q, Par, Pyr)

loc

HM = /H aM
is defined via localization. We have to check that
e the definition is consistent on {T,, = Tp11},
o HM € M2 (We need Lemma 2.4.33 below).

Remark 2.3.30 (Semi-martingales as integrals). If A is predictable and of bounded variation
and M € M2 we can define for H € L3 (0, Par, Pur)

loc

/Hd(M+A) ::/HdM+/HdA,

where M + A is a semi-martingale and [ H dA is a pathwise defined Lebesgue-Stieltjes-integral.
Aziomatic considerations show that, if [ H d(M + A) is required to have reasonable properties,

then this cannot be generalized. As a consequence, reasonable stochastic integrators are semi-
martingales (Dellacherie-Mokobodzki-Bichteler) (cf. [vWW90]).
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2.4. Characterization of H.M in M?
Fix M € M2, H € L?(Q, Pus, Pu).
Proposition 2.4.31. H.M is the unique element L € M? such that

(i)
d(L,N)=H d(M,N) P-a.s. YN € M?,

that is
t

(L,N); = / Hg d(M,N), := / 1]o,t](3)Hs d(M,N)s, Vt>0, P-a.s. VN € ./\/12, Vvt > 0,
0

respectively, such that the following weaker property holds:
(i)
E[LoNs| =FE [/ Hg d{M, N}s] (:: /1]0700[(5)HS d(M, N)s)
0
for all N € MZ.

Remark 2.4.32. (i) Because of E[LocNs| = E[(L,N)oo| (cf 2.3.18(i)), it follows that in
2.4.31, (i) implies (ii).

(ii) By 2.4.531(i) with N replaced by G.N for G € L*(2, Par, Par) we particularly have
d(H.M,G.N) = H d(M,G.N) = HG d(M, N).

Proof of 2.4.31. (a) Uniqueness if (ii) holds:
Let L, L' € M? such that both satisfy 2.4.31(ii). Then

E[(Loo — L' ))Ns] =0 VN € L2, Foo, P).
Hence Lo, = L. P-a.s.. Therefore,
Li = E[Lo|F] = L, P-as..
Now let us first prove (ii).

(b) L:= H .M satisfies (ii):
Step 1: Assume for fixed s > 0 that

H, (w) := hs (w)l]s,oo[(t)a

where h; is bounded and Fy -measurable. Note that H € L2(Q, Pas, Pys). Therefore, for
L := H M we have

Ly = (HM)OO = /(; hsl]s,oo[(t) dM;

N
= ngnoo ; hsl]s,oo]<t) dM,
— lim hy(My — M) = ho(Ma, — M,)

N—o0
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2.4. Characterization of H .M in M?

Thus, for all N € M?2

E[LooNoo]| =E[hs(Moo — Ms)Noo)
h

(Nt)tE[O,_oo] mart.

=FE [hs(MoNog — (M, N)oo — (MyNs — (M, N)y))]
+E [h5(<M7 N>oo - <M7 N>s)}
= [hs(<M7N>oo - <M7 N>8)}

hs /]Sm[ d(M, Nt>]
) UOOO H,; d(M, N)t] .

Step 2: Let H € £.

In this case (ii) is clear by Step 1 and linearity.

Step 3: (i) holds for all H € L%(Q, Pas, Pyr) :

Let HM € £, n e N, H™ — H in £3(Q, Py, Py)(= &). Then
H™M — HM in (M2, |-]).

Therefore, by 2.3.17(iii) for all N € M?

E[(H.M)ooNoc] = lim E[(H" M)oo Noc]

P2 im B [ / H®™ d(M, N>S]
n—0o0 0

=E UOOOH d(M,N)S},

because by Kunita-Watanabe-inequality (cf. 2.2.16) we have

d

This proves (ii).

/OOO(H(n) —H)-1 d(M,N)H < <E [/OOO(H(H) — H)? d<M>D '(E[<N>oo])% n=e0

(¢c) L:= H.M satisfies (i):
By Proposition 2.2.15 we have to show that L;N; — fg Hy, d(M,N)s, t > 0, is a martingale.
Let T' be a bounded stopping time. Then, since (L)ic[p,o0) is @ martingale, for NP =
Nrat, t >0, we have

E[LyNr| =E[LooNr] = E[LooNZ]

oF UOOO H, d(M, NT>5]

2.4.33_be10wE[/0°° H. (M, N)gﬂ}
—E[ /0 “uLa, N)S]

(where we used that obviously N7 € M2, since N € M?).
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2. (Semi-)Martingales and Stochastic Integration

Lemma 2.4.33. Let M, N € M? and T be a stopping time. Then

(M,NT), = (M,N)pp, Vt>0.
Proof. Exercise. (1) O
Corollary 2.4.34. Let M € M? Hy, Hy € L2(Q, Pyr, Par) such that Hy - Hy € L£2(Q, P, Pur).

Then
Hy.(Ho.M) = (H; - Hy).M,

/OOO Hy(s) d(Hy. M), = /OOO Hy(s) d</0 H(r) er> - /OOO Hy () Ho(r) dM,.

Proof. Let L := Hy.(Hy.M). Then by 2.4.31 for all N € M?

i.€.

d(L,N) = Hy d(Hy. M, N) = HyHy d(M, N),

and
d((Hy - Hz).M, N) = (Hy - Hz) d(M, N).

Hence (again by 2.4.31)
(Hy - Hy).M = Hy - (Ho.M).

Corollary 2.4.35. Let M € M? and let T be a stopping time.

(i) Then (H.M)" = H1jg 1. M, i.e.
t
(HM)] = / Hljo7(s) dM;, t > 0.
0

In particular (HM)T € M2, hence, M?M 1s “stopping stable”, that is, N € M?\/l implies
NT € M3, for all stopping times T.

(i)
(HMT), = (HM)F, t>0.
Proof. (i) Let N € M?2. Then
B [(HM)ENG] " 2B (AT N)o]
2.4. 33 HM N> ]

2.4.31(i [/ Hlio.z1(s) d(M, ),

Hence, the assertion follows by 2.4.31(ii).

(i) Since MT € M2, the proof of (ii) is by 2.4.31(i) analogous to (i)
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2.4.1. Orthogonality in M?
Definition 2.4.36. Let M, N € M?2.

(i) M,N are called weakly orthogonal if E[MNx|(= (M,N)) = 0 (i.e. orthogonal in
(M2, 1I[1).

(ii)) M,N are called strongly orthogonal, denoted by M L N, if (M,N) =0, P-a.s..

2.2.15(i
(:)( )

Remark 2.4.37. (i) M L N M - N is a martingale < E[MpNr] =0 for all bounded
t—00

stopping times T. But M, 2% My and Ny =% N in L2(P). Hence if M L. N, then
E[MxNa] = 0,

i.e. M, N are weakly orthogonal.

(i) M LN "B M2, L M2 (since by 2.4.31 d(H.M, H.N) = HH d(M, N)).

(iii) Since (M2, ||-||) is a Hilbert space and M3, is a closed linear subspace of M? (see 2.5.26),
for all N € M? there exists an H € L2(Q, P, Py) and L € M? such that

N=HM+ L
~—— =~
em2, EM?

and L is weakly orthogonal to M%\/l
But in (iii) we have more because of the following proposition.

Proposition 2.4.38. Let M, L € M?, L weakly orthogonal to M%,. Then L L M3, (since M%,
is stopping stable). Hence, L is weakly orthogonal to ./\/l?\/[ if and only if L 1 M?W(ﬁ L1 M).

Proof. Because of 2.4.37(i), it remains to show that E[LpMp] = 0 for all bounded stopping
times 7. But by 2.4.35 (stopping stability) we have M1 € M?2,. Hence,

0 = E[LooML] = E[LooMy) " ™2™ E[LyMy).

O]

Corollary 2.4.39 (Kunita-Watanabe-decomposition). (i) Let M, N € M?2. Then there exist
a unique L € M? and a unique H € L*(Q, Ppr, Pay) such that L L M3, and N = H.M+L.

(ii) Suppose L2(), Foo, P) separable (e.g. true, if Fuo is countably generated). Then there exist
M; € M?,i €N, such that

Mz' uE Mja { 7é j7
and for all N € M? there exist H* € L2(Q, P, Py), i € N, (uniquely determined by M;)
such that
e .
N = ZH,ZMi, (the series converges in || - || \g2!)
i=1
that 1s,
o0
M? = @ Miy,
i=1
and

M%\i, € M?\/lj’ for i+
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2. (Semi-)Martingales and Stochastic Integration

Proof. (i) 2.4.37(iv) and 2.4.38.

(ii) By assumption and 2.4.37(iii) (M?2,]-||) is separable. So, we can apply (i) and the Gram-
Schmidt orthogonalization procedure (cf. [Wei87],[RS80]).
O

Corollary 2.4.40. Let F € L%(Q, Fuo,P), M € M?2. Then there exist uniquely determined
H € £L2(Q, Py, Py) and L € M2, L L M, such that,

o
F = E[F|F] +/ Hy dM, + Loo.
0
Proof. Let Fy := E[F|F;] — E[F|Fy]. Since F; is a martingale, by 2.1.1 there exists a cadlag

version (F});>o of (Fi)iso (i.e. P[{Fy = F}] = 1Vt > 0). Then (Fy) € M2, Hence, by 2.4.39(i)
there exist unique L € M?, L L M, and H € £2(Q, Pyr, Py) such that P-a.s.

Fy=(HM);+ L, t > 0.

In particular, (since Fr, = F — E[F|F],) we have P-a.s.

F = E[F|F] +/ H, dM, + L.
0
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2.5. Ité’s Representation Theorem

2.5. 1t0’s Representation Theorem

Let (Q,F,P) be a probability space with filtration (F;) and let (W;);>0 be a (real-valued)
Wiener process on (Q, F, (F), P), that is, (W}) is a continuous (F;)-adapted process such that,
for all s <t, W; — Wy is independent of Fs and N(0,¢ — s) distributed. Let for t > 0

FV = o({W,|0 < s < t})
and .7-"23‘:, t > 0, the corresponding right-continuous filtration.

Remark 2.5.41. Compared with our definition of Brownian motion for a Wiener process the
increment Wy — Wy is independent of the larger o-algebra Fs(2D FIV). In this space of (FV)-
martingales belonging to L2(Q), F, P) the Kunita- Watanabe decomposition (cf. 4.9(i) with M =
W) has a particularly simple form:

Theorem 2.5.42 (Itd’s representation theorem). Let M = (My)i>0 C L2(0, F, P) be a right-
continuous martingale with respect to (]—"tlf), hence with respect to

(FOF = o(F,0({N € FIP(N) = 0})),t > 0.

Then .
M; = M, +/ H, dWg, t >0, P-a.s., (2.5.2)
0

where H is (Fi)-adapted and H - 11 € L2(Q, F, Py) for all T > 0 (and through this it is
uniquely determined). In particular, M has P-a.s. continuous sample paths and M?* = M%V
(where M? is defined as in the previous section with respect to Fi = (FK)P, t > 0, which by the
backward martingale convergence theorem is again right-continuous) and

¢ ¢
M2 = (/ Hs dWS) / Hs dWs
0 >0 0

Proof. Without loss of generality My = 0. Fix & € N and set

<0 .
L2(P)

k k
FY = (FIOE, M = My, WD i= Wi pgr)s t > 0.

Let (M™)nen C L2(Q, FY, P), such that [|[M"|| , < oo and

lim M™ = M, = M® i £2(Q, 7Y, P).

o
n—o0

Let M := E[M™|F/], t > 0. Then by the backward martingale convergence theorem (see
[R6c11]) (M{")¢>0 is right continuous. Then for each n € N

sup | M;*(w)] < oo.

t,w

In particular, M™ € M? for all n. Hence, by the Kunita-Watanabe decomposition (cf. 2.4.39(i))

there exist adapted H" € £2(Q, F, Py) and N" € M? N" L MIQ/V(Hl), such that

M = (HﬁW(’”l))t + N, t>0, VneN.

We would like to prove that N™ = 0 for all n € N.
Step 1: Claim: Let N € M2, N L W*+D If N is bounded, then N; = 0 for all ¢ < k + 1.
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2. (Semi-)Martingales and Stochastic Integration

Proof of Claim. Let ¢ := sup;, |N¢(w)| < co. Define

N,
D:=1+-—=2,
2c

Then D > 1 and
1 1
E[D] =1+ —E[Nx] =1+ —E[Ny] = L.
[D] =1+ 5 E[No] =1+ o E[No]

Thus, P:= DP is a probability measure on (2, F) equivalent to P.

Claim’: (W})i<k+1 is a Brownian motion under P.
S~uppose the claim is true. Then the finite dimensional distributions of (W});<+1 under P and
P are the same. Hence, by Radon-Nikodym,

Therefore, P = P on F}/ for all t < k + 1. Thus, E[D|FY] =1 for all t < k + 1. Hence,

N; = E[Noo|F[1=0, Vt<k+1.

Proof of Claim’.
(i) (Wt(k+1)) is a martingale under P, because for all bounded stopping times 7" we have

1

EpWi) = Ep WV D) = Epw i) +or Ep[WHFTIN,].

=0 =:A

But by 2.4.37 Wﬁ“NT is a martingale, since W**! 1. N. Hence,
A= Ep[WEINg] = EpWFTIN] =0,

and thus

(ii) For P-a.e. w € §2 we have
Hence, for P-a.e. w €

Thus, P-as.
WY =t A (k+1) V> 0.

Therefore, by (i), (ii) and Levy’s characterization (cf. Proposition 1.5.34) (W})i<k+1 is a Brow-

nian motion under P = DP (up to k + 1). O

Step 2: Now fix ng € N and set N := N™. Define for n € N

t
Ty ::inf{t > 0‘ ’/ HT dw{E+D)
0

>n}/\(/~:+1).

Then T), are (F}Y)-stopping times such that T,,  (k + 1) as n — co. We know that NT»(=

Noar,) L M3y (cf. 2.4.33, 2.4.37(i1)).
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Furthermore,
T NI k+1
NP = |Noaz,,| < | Mo, | + ‘/0 H AWV < M| +n.

Hence,
$up [N )| < | M| + .
,w

So, we can apply Step 1 to conclude that NtT" =0, for all t < k + 1 and for all n € N. Letting
n — 0o, we get Ny = 0 for all t < k+1 P-a.s. (since N is right-continuous and the zero set does
not depend on t). Therefore, N* =0 for all n and ¢t < k + 1. But for all n,m € N

5 k+1 )
By [0 =] =5 ([ oz~ 1 as)

2
=Ep [((H@W(Hl))kﬂ — (H.mW(kH))kH) }

n,Mm—00

= B[ (M, - Mi3,)°] 0.

This is true, since P-a.e.
My = B | MUFY | =25 B [ MUFL | = M in £2Q, F, P).

Therefore, (H")pen is a Cauchy sequence in £2(Q, F, Py (et1))-
Hence, there exists H € L2(Q, F, Py(e+1)) such that H" — H in £L2(Q, F, Py +1) ). In particular,
we can assume H to be adapted. Furthermore, for 0 <t < k+ 1,

t
M; = lim M= lim (H".W&H)), = (Hw k), = / H, dWk+D  poas..
0

n—o0 n—oo

Since k € N was arbitrary, the decomposition (2.5.2) follows, since M is right-continuous and
the right hand side of (2.5.2) is continuous, M is P-a.s. continuous. O

We now include an independent direct proof that every M € M? (with underlying filtration
(F)F, ¢t >0) is P.a.s. continuous:

Proposition 2.5.43. Every (F}})-adapted (M;) € M2 is P-a.s. continuous.

Proof. Without loss of generality M € M? (localization). It suffices to consider the case
M, = E[F|FY], t >0,

where
n

F = Hfi(Wti)’ fi € Cp(R) uniformly continuous, 0 <t; < ...t, < 00 (%)
i=1
and to prove that (M;) has a continuous modification. This is enough because M; = E[My|F}Y]
(since M € M?) and F of type () are dense in £L2(Q, FY, P).
(Exercise, by a monotone class argument: By 2.1.4 M has a continuous (.7-"3: )FP-adapted version.
Define
V= {G e L2, FY, P)|3F, of type (x) such that F}, = G in Fo , P)}

and prove that V = L®(Q, FV P).)
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2. (Semi-)Martingales and Stochastic Integration

Let ¢t > 0 and 7 € {1,...,n} such that t € [t;,t;11] where t,,411 := +00. Then (cf. section of
Markov property of Brownian motion),

M, = E[F|F}]
= [Ts0mE | [Ls0m,)| 7
J<i J>i
=TT 5008w | T 4507,
j<i j>i
= H fj(Wtj)ptiH—t (fi+2(pti+1—ti+2fi+2 o Pty—tu_1fn) - -)(wt) P-as.,
J<i

=:9€C°(R)

where

2
P e 2s (z=y) d
() \/% / iy v
So, we have to prove that p;,, ,—¢g(w;) is P-a.s. continuous in ¢. Set

Chu(R) := {¢ € Cy(R)|¢p uniformly continuous}.

(i) Let f € Cpy(R). Take x,y € R. Then

pef(z) — pef(y /!f T+2z)— fly+z)|e” S g

Let € > 0. Then there exists § = §(¢) > 0 such that |z —y| <0 = |f(z) — f(y)| < e. So,
pef (@) — pef(y)| < € and psf € Cpu(R).
(ii) Let f € Cpu(R). Then
Um [|ps f — flloe =
s—0

Proof. Let € > 0 and § > 0 such that |z —y| < § = |f(z) — f(y)| < e. Since

flz) = 4 ay

m/f

we have

|ps -

2

/Ifx+y (e % dy

<= / (@)~ fl)eHdy+ /{|y>6}\f(w+y)—f<w)!e‘gj dy
1 |y
§E+2Hf\|oo\/% {|y‘>6}e 25 dy.
Therefore,
fmsup lpf  fl <=+ 20l lmsp [y
50 > \/% W5}
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(iii)

(iv)

(vi)

(vii)

2.5. Ité’s Representation Theorem

pt(psf) = p+sf,

in short,
DPtPs = Dt+s-

Proof. Exercise (by Fourier transform and by use of

psf(x) = (Qs * f)(:c),

Tl R _st?
e 2 and recall g5(§) =e™ 2). O

where p4(z) = \/ﬁ

For t < t;41 we have

}91{(; Hptiﬂ,sg — ptiﬂ,tgHoo =0 (right-continuity).

Proof. Let h > 0 such that s :=t+ h < ;1. Then

'L'L'L

= ||Ptisr—t-n(g — Pr9)||

< pti1—t—nllo - lg — PrYll o

psl=1 ¢ N
< g —prglle =20 by (ii).

Hpti+1—t—hg - pti+1—tgH

O
Assume t; < t and let A > 0 such that s :=t — h > t;. Then
}91}‘% HptiJrlfsg - pti+1ftgHoo =
Proof. Let h > 0 such that s :=t— h > t;. Then
'l'l'l
Pties—t419 = Pesr—t9]| o = Pticr—e(org — 9| < llpng — gl =3 0.
O

Consider t := t;:
Let h >0

h—0 -
pti—(ti—h)(fiptiJrlftifiJrl R fn) = ph(fiptileftifiJrl - Pty —tn_1 fn)l — g

:gecb,u (R)

uniformly in x. Hence, also continuous in ¢t = ¢; from the left uniformly in x.
Summary: The function G defined by

=1 @) Pt (Fir1Ptipa—tis fiva - Pew—ty ful@)..)  fort € [ti tisa]
J<i

is continuous in ¢ > 0 uniformly in x.

t — G(t,w;) is continuous P-a.s..
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2. (Semi-)Martingales and Stochastic Integration

Proof. Take |G(t,wt) — G(s,ws)| < |G(t, wr) — G(s,wt)| + |G(s,w) — G(s,ws)|. Fix s > 0.
Then the right hand side is dominated by

lim |G (2, ) = G(s, )| oo + lim |G (s, we) = G5, 05) |

t—s

-

=0 =0

because t — wy is continuous and G is continuous in z. ]

O]

Corollary 2.5.44 (cf. 2.5.42). Let F € £2(Q,]:gg/+,P), to > 0 fized. Such F are sometimes
called “Wiener functional”. Then there exists an H € L2(Q, F, Py o+1), (FV)-adapted, such
that

to

F-E[F]= [ H, dw..

0

Proof. (cf. 2.4.40) Let
FY .= E[F|FY] - E[F|FY), 0 <t <t

Then (F}V)1<¢<¢, is a martingale, which by the backward martingale convergence theorem (cf.
[Rocl1]) is right continous. Hence, by 2.5.42,

2.5.42
P — BIFIRY) = EWFIA) - EWFAY) = B2 [ b aw,
The uniqueness is also clear by martingale property. O

Example 2.5.45 (Special case: the canonical Model). Let (2, F, P) be the (classical) Wiener
space, i.e. Q@ = C([0,1],R), F its Borel o-algebra and P the Wiener measure. Define Xi(w) :=
w(t), t € [0,1], w € Q, hence X is Brownian motion,

F, = ﬂ o(o(X,|r <s<1), P-zero sets in F),

s>t

and

U =

0<t<1

Then, by 2.5.44
1
F e L*Q,F,P)= F = E[F] +/ H, dX,.
0

Example 2.5.46. Consider the situation of 2.5.45 the Wiener functional

1
F:/Xtdt.
0

\ |
(=)

Because of E[F fo

1
:/ H, dX,
0
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2.5. Ité’s Representation Theorem

for some H € L*(Q, F, Py).
Identification of H :
Let

t 1 t
M, = E[F|ft]:/ E[X,|F) ds—i—/ E[X,| 7 ds:/ X, ds+ Xy (1—t) t >0,
0 t 0

continuous!

and the latter is clearly in M?2.
Claim: H, =1 — t.

Proof. In view of 2.4.31(i) it is enough to show
t t
(M, X) :/ H; d(X)s < / (1 —s)ds,
0 0
since then, by M? 2242 g2 , we have M = H. X, in particular,

1 1
/ Xtdt:F:Mlz/ (1—s)dX,.
0 0

t t
Xtt:/ X ds—l—/ s dXs.
0 0

d(M, X); = d(X —/ sdX,, X) = dt —tdt,
0

But by It6’s product rule

Hence

t
thus (M, X); = [(1—s) ds. O
0

o1






3. Markov Processes

3.1. Markov Processes and Semigroups

Definition 3.1.1. A family (pt)¢>0 of kernels on a measurable space (S,S) is called a semigroup
of kernels if
PiPs = Prys  VE,s >0 (Chapman-Kolmogorov equation),

ie. pipa(a A) = /pt(% dy)ps(y, A) (;: /ps(y,A)pt(x,dy)) .

If for all t,x pi(x,S) = 1, (pt)i>0 is called Markovian and, if pi(z,S) < 1 for all x,t, sub-
Markovian, respectively.

Definition 3.1.2. Let (S,S) be a measurable space. A family of stochastic processes

(Q, F, (Xt)tzo ) (PI)IES)
with state space (S,S) is called a Markov process, if
(M1) x — Py(I') is S-measurable for allT' € F,

(M2) there exists a filtration (Fi)¢>0 such that each X is Fi-measurable and
Py(Xy4t € B|F,) = Px.(X; € B) Py-ace. Vs,t>0,BeS,z¢c8

(Markov property with respect to (Fi)e>0).

Remark 3.1.3. If (M2) is true for (F;)i>o0 with F; D Fi ¥t >0, then (M2) is true for (F)eo
if (Xt) is (Ft)-adapted!

The following theorem shows, at least if (S, S) is polish, that Markovian semigroups and Markov
processes are in one-to-one correspondence to each other.

Theorem 3.1.4. (i) Let (S,S) be a measurable space and let Ml = (€0, F, (Xt);50+ (Pr)zes)
be a family of stochastic processes with state space (S,S) and F = o(Xy| t > 0).

a) Suppose there exists a Markovian semigroup of kernels (pi)i>0, such that for all 0 <
to<ti <...<tp, f: S = R, bounded and S™T' measurable, and all x € S,

E.lf (Xeos - Xt,)] :/Spto(az,dxo)-...-/ptntn_l(:vn1,dacn)f(xo,...,xn) (3.1.1)

Then M is a Markov process with respect to Fy = o(Xsls < t),t > 0 (and even
(3.1.3) below holds).

b) Suppose M is a Markov process and set
pef(z) = Ex(f(Xy)), x €S, f : S— R bounded ,S-measurable, t > 0.  (3.1.2)

Then (pt)t>o0 is a Markovian semigroup of kernels on (S,S) and we have (3.1.1).
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3. Markov Processes
(i) If (S,S) is polish and (pt)i>0 s a Markovian semigroup of kernels on (S,S). Then there
exists a Markov process Ml with (3.1.2) and Q = S0,

Proof. (i): a) (M1) follows by “monotone classes” from (3.1.1), since F = o({X¢|t > 0}).
For (M2) we show an a-priori stronger fact:

Eu[f(Xtytss s Xty 18):T) = Eo[Ex.[f(Xe,, ..., X2, )], T (3.1.3)

for all x € S, bounded and S"™-measurable f : S" - R, 0<sp<s1<...<8p =35
and I' € F,, s > 0. By monotone classes (applied to I') this follows from

Ez[f(thJrsa v 7th+8)g(Xso> s >X8m)]
=B [Ex,[f(Xey, -, Xe)]9( XKoo, -+, X))

for all bounded S™*! -measurable g : S"" - R, 0 < s9 <51 <...< 5, =s. By
(3.1.1) the left hand side is equal to

/pso(a:,dxo) et /psm—sml($m—1adxm)'

/ptl (xm7dy1) s /ptntnl(ynlvdyn)f(yb s 7yn) g(xoa T1,--- ,.Z‘m)

=B [ (Xty 5o X1)]
= Ew[EXsm [f(th . th)] (X507X81= s 7X5m)]'

b) By (M1) it is clear that (3.1.2) defines a Markovian kernel for all ¢ > 0. Furthermore,

thrsf(x) = Ez [f(Xt+s)] = Ez [Eac [f(Xt+s)|]:S]]

B Ex [f(X0)]] = Exlpef (X))
=ps(pef)(x) = (pspi) f ()

To prove (3.1.1) let f=fo®@ f1®...® fn, fi + S — R, bounded and S-measurable.
Then for 0 <tg <t1 <--- <ty

Ey[fo(Xio) f1( fn(Xe,)]
[fO Xto)fl( fn— 1(th 1 Ex[fn(X(tn—tnfl)‘f'tnfl)|ftn—l]]

( )
( ) )
[fO(Xto)fl(th) R 1(Xt 1)Eth,1[fn(th—tn_1))H
[fO(Xto fl th) cet fn 1 th 1>ptn—tn71fn<th71)]
)

Ind.H
! yp/ /pto X d$0)pt1 to(x07dx1 ptn_l—tn_g(fn—%dxn—l)

X,)..
X

t)--

(312)

fO Zo fl $1) fn 1($n71)ptn7tn,1fn(1}n71)
/ /pto x, dﬂ?o ptl —to (.Z'(),df]?l) Pty 1—tn_o (xn—Zadxn—l)ptn—tnfl(xn—hdxn)
fo(zo) fi(x1) ... fa1(Tn—1) fulxn).

By monotone classes this equality extends to all f : ™ — R, bounded, measurable.
Hence, (3.1.1) holds.

(ii): see Bauer!
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3.1. Markov Processes and Semigroups

Now consider the “canonical model”:
Let S be a topological space, S the Borel-o-algebra and Q ¢ S0l (eg. Q = Sl or =
C([0, 0], S) or © are all bounded continuous paths in S). Define

Xy(w) = w(t), > 0, w e Q,
F :=o0(X¢t > 0),
FP = o0(Xs|s <t) (“past”)
Fi=0(X|s > t) (“future”).
Let M = (Q, F, (F))>0), (Xt) >0 » (Py)zes ) be a Markov process. Then M is called the
= —

all information here!
canonical model.

Definition 3.1.5. In the canonical model define the shift operator ¥ : Q@ — Q fort > 0 by
() (5) 1= wls +1),

N Ve(w) = w(- +1).

It is obvious that ¥ : Q — Q is F?/F-measurable and moreover, (exercise)
07N F) = F) vt >0.

Lemma 3.1.6. (i) v is ﬁ?—measumble if and only if there exists an F-measurable ¢ such
that

b= o b
(ii) Suppose Py, x € S, are given and that
M := (0, F, (F)i0, (X0)150 » (Pe)aes)
satisfies (M1). Then (M2) holds if and only if
E.[pot| FY] = Ex,[¢] Pp-a.s.¥x € S, Yo : Q — R bounded and F-measurable. (3.1.4)
Proof.  (i): Exercise (Factorization lemma).

(ii): “«=" is clear. (Consider ¢ = 1;x,ep}, B € S.)
“=7: By 3.1.4 (i)(b) we know that (3.1.1) holds. But in the proof of 3.1.4(i) we have shown
that (3.1.1) implies (3.1.3). Now Lemma 3.1.6 follows by “monotone classes”.
O

It is clear that (3.1.4) implies (elementary Markov property)
Elp o 9| F] = Eplpod|o(Xy)] WVt >0. (3.1.5)

Interpretation of (3.1.5): The conditional expectation of a future observable, given the past, only
depends on the present at time ¢. The equivalent formulations of (3.1.5) in the following lemma
have corresponding interpretations:

Lemma 3.1.7. Fixz z € S. Then the following statements are equivalent to (3.1.5):
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3. Markov Processes

()
E [0 FL) = Eo[0]0(Xy)] P-a.s., ¥t >0,Ye) : Q= R bounded and F?-measurable,
(ii)
Es[pf o (Xo)] = Exlof|o (X)) Bul@flo(X)] Po-aus.,

for all t > 0 and for all ¢9,49 : Q — R, bounded, ¢ FP-measurable and ¢? .7:',50—
measurable.

Proof. (3.1.5) = (i):

SLOLEI) 100 B[00 (X))
=B, [E,[)0(Xe)| B [¢2]o(Xy)]]

=E,[VE,[¢0|o(X,)] ¥ bounded FP-measurable ¢ : Q — R.

Therefore, E,[p0]0(X;)] is a Py-version of E,[¢?FP]. Hence, (i) holds.

(i) = (ii): )

Let f : S — R be bounded and S-measurable and ¢Y : Q — R be bounded, Fp-measurable.
Then

B[00 (X)) = En[Ealo?| F120F(X0)]) L BB 000 (X0)]0 (X))
= Ba (B[00 |0 (X0)| Ba[ )0 (X0)) £ (X))
(ii) = (3.1.5):

(i)

Es[pf 1] = EolEalef|o (X)) B[] |o(X0)]
= B[V E.[@Y|0(X;)]] V bounded FP-measurable ) : Q — R.
Hence,
Ex[@?’U(Xt)] = Ex[@z?’}—?]’
and (3.1.5) follows by Lemma 3.1.6(i). O

Remark 3.1.8. Consider the situation of 3.1.4(i)(b). Then Py(Xo = ) = 1 if and only if
po(x,-) = 0, (Dirac-measure in x). If this holds for every x € S, then M is called normal. In
this case, pi(x, A) = Py(X: € A) is the probability to be at time t in A starting in x (transition
probability).

3.2. The Strong Markov Property

Consider the “canonical model”. (+— only needed to have 9;, can be done abstractly!)
Recall: Let (F;) be some filtration and 7" an (F;)-stopping time. Define the o-field of the T-past
by

Fr:={Ae FIAN{T <t} € F; Vt > 0}.

Definition 3.2.9. Let M = (0, F,(X¢);>0 (Pr)zes; (V¢)i>0) be a canonical Markov process.
Then M satisfies the strong Markov property (SMP), if there exists a right-continuous filtration
(Ft)iso on (2, F) (i.e. Fy = (Noso Fite) such that for all (Fy)-stopping times T we have that
Uriir<oc} 8 F AT < 0o} /F- and Frys N {T < oo}/ Fs-measurable for all s <0 and we have
(SMP)

Er[lrcorp o 7| Fr] = Lrcacy Exrlp]  P-a.5. Vg bounded, F-measurable and Vx € S.
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3.2. The Strong Markov Property

Remark 3.2.10. (i) It is clear that (SMP) implies the Markov property with respect to (F)
and therefore, with respect to (F7) by 8.1.6(ii). In general, the converse is false.

(ii) (SMP) holds if and only if for all (F;)-stopping times T we have
Ey oot T < oo] = E[Ex, ¢ T < oo] Py-a.s. (3.2.6)
for all ¢ : Q — R, bounded and F-measurable, and for all x € S.
Proof. “=" is clear.

“e” Tet A€ Frand T ;=T -14 + 00 - 14c. Then T is a (Fi)-stopping time because
Yt>0

{(T<tl=An{T <t} e F.
Hence

E[podr; AN{T < o0}] = Ey[p o ¥7; T < ]
= Eylpodz T < o]

3.2.6 ~
P29 B Ex (o) T < ]

= Ex[Ex,(0); AN{T < oo}].

Proposition 3.2.11. Suppose S is a topological space and S Borel o-algebra such that & =
(Cy(9)). Let M = (0, F, (Xt)t>0, (Pr)zes, (V)i>0) be a (canonical) Markov process with

(i) right-continuous paths,
(ii) pi(Co(S)) C Co(S) (“Feller property”),

where py is the corresponding semigroup. Then M fulfills the (SMP) with respect to F; :=
Mo -7'—&8, t > 0 (right-continuous).

Proof. Let T be an (F;)-stopping time. By [Rocll] Xp is Fp-measurable since X has right-
continuous sample paths. Similarly, one can prove that {7 has the required measurability pro-
perties. Define

o
k
Toi= ) gulismiarc gy +o0 Lr=oc.
k=1

Then T,, \, T. We have to show that (3.2.6) holds:
Without loss of generality (otherwise use monotone classes)

Y= fO(Xto)fl(Xm) . "fn(th)a fz € Cb(S)a ZL/O <t <...< tn-

Furthermore,

{T<oo}—UkeN{k2_n1 §T<211} (3.2.7)
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3. Markov Processes

Then

©)

Elpodr, T < oo] = T}i_)rgoEx[apoﬁTan < o0

(3.2.7) .. > k—1 k
= E, Ir, < T < —
Jm ) [@0 ° Ut =T <5,

:'ﬁk27n
[o.¢]
M.P. . Z k—1 k
- nhﬁrglo P Ex |:EXk2” [(‘0]’ omn S T< 2n:|
(3.27) .
= nh_}ngo Er[Exy, [¢], T < o]

— B[Bx,[oliT < o] (Lebesgue),
since X7, — X7 on [T' < oo] and
z = Eolo] = Exlfo(Xe), o fu(Xe,)] = pro (fopt—to [1Pra—t1 f2 - - Pty fn) ()
is continuous on S by (ii). O

Remark 3.2.12 (Blumenthal’s 0 — 1 law). Let M be a canonical normal Markov process with
respect to Fy := (N, Fos t > 0 (on measurable state space (S,S)). Then P, =0 or P, =1 on
Fo for every x € S.

Proof. Let ¢ be Fp-measurable and bounded. Then for all x € S we have

M.P.
¢ = E[p|Fo] = Ex[p o ¥o|Fo] "= Ex, [¢] = Exlp] Pi-as..

Hence, ¢ is constant P,-a.e.. O

3.3. Application to Brownian Motion

Let S = R? S = B(R?) and

1 —a?
pi(x, A) :/ de_‘ym‘ dy, zecR% t>0,4cBRY,
A (2mt)2

=:g¢(y—z)

Lemma 3.3.13. For all t,z > 0, we have

PtPs = Pt+s-
Proof. Exercise (by Fourier transform). O

Let Q := C([0, o[, RY), X;(w) := w(t), Py := P be the Wiener measure on 2, F := o(X;|t > 0)
and P, the image measure of Py under w +— w + x. Then we have (cf. [R6c11])

E:U[f(Xtoa CIEaE 7th)] - /pto (.’IJ, dx())ph—toptn—tnfl(xn—lv dm’n)f<$07 cee 7-%'71)7

for all x € R?, for all B((R?)"*!)-measurable, bounded functions f : (R%)"*! — R and for
0<ty<t; <...<t,. Hence,

M := (Q, F, (Xt)tzo s (Pr)zera)
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3.3. Application to Brownian Motion

is by Proposition 3.1.4(i)(a) a Markov Process on (R?, B(R?%)). M has continuous sample paths
and is normal. In particular, Remark 3.2.12 is fulfilled. But also, by Proposition 3.2.11 M has
SMP with respect to
=7 t>0
s>t
because of the following Proposition.

Proposition 3.3.14. (p:)i>0 is strong Feller, that is,
ptf S Cb(Rd) Vf S Bb(Rd).
(Moreover, we have pif € C*® for allt > 0 and f € By(R?).)

Proof. Fix t > 0. Let € R? and z,, — x. We have to show that p;f(z,) — pef(z). Let ng
such that x,, € By(x) for all n > ng. There exists h € L(R) := L}(R, dz) (with dz =Lebesgue

(z/7 >2
measure) such that e~ 2~ < h(y) for all y,2’ € R such that |z’ — x| < 1.
Define (&1, ...,%q) = h(#1)---h(Zq), T = (Z1,...,2q) € R, then

I
— |’ —y|?

e~ 2 <g(y) V2’ € Bi(x)VyeRL

Hence
lim pof(zn) = hm/f e ay = ——— [ swe "5 = ns
—|z’ —y|?

by Lebesgue’s dominated convergence theorem since f is bounded and e™ 2 < ¢(y) and
g € LY(R). O

Corollary 3 3.15. (i) Let M be a normal (canonical) Markov-Process with respect to F; 1=
ﬂs>t ,t > 0. Then, by Blumenthal for t not fized,

P [limsup 1yx,—,) = 1] € {0, 1}.
t\0

eFo
For Brownian motion this probability is equal to 1 because of the law of iterated logarithm.
(ii) Let X be Brownian motion starting at x =0 and let
N(w):={0<s <1 Xs(w) = 0}.

Then for Py-a.e. w we have that

a) N(w) is closed,

b) N(w) has Lebesgue-measure zero,

¢) N(w) has no isolated points,
that is N(w) is a Cantor set for Py-a.e. w, i.e. every point of N(w) is a cluster point of
N(w).

(i4i) Let U C RY, U open and bounded and let X be Brownian motion on R?. Define the first
exit time of U
=inf{t > 0|X: ¢ U} = oye.

T is an (F;)-stopping time. Then there exists € > 0 such that

sup E,[eT] < .
zeU
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3. Markov Processes

Proof. (i) Clear.

(i) a) X is P-a.s. continuous.

b) By Fubini, we get

//01 In(w)(8) dsPy( dw) = Ep [/01 Lioy © X ds] :/01 Pyo X-1({0}) ds
Z/Olps(O,{O}) ds =0.

c¢) (Intuitively clear: by law of (local) iterated logarithm ¢ = 0 is not an isolated point
of N(w). By (SMP) this is true for any s € N(w)). Define

J :={w|N(w) has isolated points}
= U {w|N(w)N]r, s[ contains exactly one (isolated) point} .

-~

r,s€Q,r<s A
.8

Let Tyoy := inf{t > 0|X; = 0}. Then Typ is an (F;) (=[N, F?)-stopping time
(exercise). Therefore, for T' := Tygy o ¥, + r (first hitting time of 0 after time r,
(F¢)-stopping time!)

PO[AT,S] S

PD[T + T{O} o 197‘ <s, T{O} o 197"+T{0}o19r > 0]
= Eo[lryy >0y 0 U3 T < s
= Eo[Eo[L{r,y>01 0 V| Fr)i T < s]

SPM
= EU[EXT[l{T{O}>O}]vT < S]

0 By[Ry[Tygy > 0); T < ] = 0,
—_———

=0
by (1).
(iii) Let R > 0 such that U C Bp (closed ball with radius R around 0). Define

Tk = inf{t > 0| |Xy| > R} = ops,.
By Ito’s formula (or Doob-Meyer), | X;|?> — d -t is a martingale under P,. Hence,

0 < |2f* = Eu[|Xo|* —d- 0] = E.[| Xrpnn|> — d- Tr An]
= E.| X1pnnl?] —d- Ex[TR An] < R? —d- E,[Tg An], Vx €U,

Therefore, taking n to co, we get

2

R
E,[T) < Bo[Tk] < — < o0, VaeU.

Hence, for large tg

1
sup P, [T > to] < sup —E,[T] < 1.
xzeU zeU 0

Define

o(t) :=sup P,[T >t] (decreasing in t!)
xcU
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3.3. Application to Brownian Motion

Then, we have

ot +s) =sup Ey[lirsiysy

zelU

=sup Ex[l{rss) - Lirsey 0 Us)
zelU

=sup By [Ep[lypsy 0 Us|Fs; T > 5] (since {T > s} € Fy)
zelU

P sup E.[Px,[T > t];T > s

zelU

<sup Pp[T > t] - sup Pp[T > s| = p(t)p(s).
zelU zelU

Claim: These two conditions, i.e.
a) there exists a top > 0 such that ¢(tp) < 1,
b)
p(t+s) < p(t)p(s), (%)

imply that ¢ is subexponential, i.e. there exist K > 0 and A > 0 such that

o(t) < Ke ™™ Vit > t.

s ¢ is decreasing S
p(s) =¢ | —to < el to
to to

Hence, inequality (%) implies

Proof. We have

%)

o(s) < p(to+ ... +tg) < p(to) - ...~ @(to) = @(to)

L= :,times s i
0 \_%J —times

From now on, without loss of generality we may assume ¢(tg) > 0. Then, since L%J >

% — 1, it follows that

o) ) = el < e (s e gt)) = e
0

where

In p(t
K :=exp(|Inp(tp)]) and A := ‘HS;(O)‘.
0

Then for all z € U and any € > 0

eT

/ lds| =E, [/ Lig,e=7((8) ds}
0 0

.. oo
Fubini / P,lefl > 5] ds
0

etoe
/0

E.[eT] = E,

o0

P > 5] ds +/ Pyleft > 5] ds.

etOS
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3. Markov Processes

For the first term we have easily

etos
/ P.le? > 5] ds < e'0F < oo.
0
But, we can estimate the second:

/ Pl > 5] ds < / sup Py[e®T > s] ds

toe etos xeU
o
= / ee sup Py’ > ] du
to

:Pz[T>u]

:6/ e“o(u)du
to

<e- K "N dy < oo,
to

if e <A

3.4. Sojourn Time

Let S be a polish space, S the Borel-o-algebra and M = (€2, F, (Xt);>0, (Py)zes) a normal
Markov process with respect to a right-continuous filtration (F;);>0 with state space S and
continuous paths.

Definition 3.4.16. Fix x € S. The time
7y = inf{t > 0|.X; # 2} = 0ye
1s called sojourn time.

Clearly, by (right) continuity of the sample paths

7. =0on {Xo =y}, y #a.
So, 7, is only non-trivial under P,.
Remark 3.4.17. 7, is an (F),>q-stopping time because for all t > 0
{2t} ={Xs=2(0<s<t s€Q} e F,
hence {1, < t} € Fy. Since Fy = Fi+, also
fn<ti={m<tt)eRi=F

kEN e ——
€Fits

Proposition 3.4.18.
Plmy > t] = exp(—cy - t), t >0,

where
¢y = —In Py, > 1] € [0, o0,

i.e. Ty is exponentially distributed with constant ¢y (cf. [KL99]).
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3.4. Sojourn Time

In particular, if the Markov process started at x does not move for sure before time ¢ = 1, it for
sure never moves. If it moves for sure before time ¢ = 1, it for sure moves immediately.

Proof. (By Markov property.) Define for ¢ > 0
f(t) = Pylry > t].

Claim: f(t+s) = f(t)f(s) for all t,s > 0.

Indeed,
Ex[l{rx>t+s}|]:5] = Ex[l{rx>t} © 193|‘7:5] ’ 1{Tx>s}
M.P. Xs=x on {1x>s}
= Ex, [l >s) = Pylry >t 117,54
Hence,
ft+s) = Pulra >t + 5] = Ex[Ex[1{7, 5145 | F5]]

= Ey[Py[ry > t]1{71>5}]

= Px[Tz > t]Pm[Tx > 3] = f(t)f(s)
In particular,

f=s(22)=r (L)
and then )

k 1 e

f<2n> —f<2n> = f(1)=".

Hence, by the right-continuity of f we have f(t) = f(1)t = et (), O

Corollary 3.4.19. Let T, = inf{t > 0|X; = z} = 0y,y. Let M be as in Proposition 3.4.18,
but assume in addition, that Ml has (SMP) with respect to (Fy),~, (right-continuity!). Lety € S
such that B

P,[T, < 0] > 0.

Then for all w > 0, we have
Py Xs=xz,Vse [Ty, Ty +u); Ty <ool =e =" P)T, <),
where ¢, is as in Proposition 3.4.18.

Proof. Let ¢ :=11x,—s  vse[ou)}- Then

="e “UPy[T, < x].
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4. Girsanov Transformation

4.1. Problem Outline (d = 1)

We want to construct a process such that it solves (in a “weak” sense) the following equation
(“law of motion for the stochastic dynamics (X¢),~,"):

dX; = b(Xy,t) dt + dWy,
Xy =z € R?,
that is, .
Xi(w) =z —i—/o b(Xs(w),s) ds + Wy(w).
Here, X; = xo—kfg b(Xs, s) ds denotes the deterministic part and W; the stochastic perturbation,
i.e. W, is a Wiener process.

One possible strategy of solving this equation is to find a strong solution, that is, for a given
Wiener process (W;)i>0 on a given probability space (£, F, P) construct the paths (X;),~, of
the solution by classical methods (e.g. Picard-Lindelof or Euler scheme).

Example: The Ornstein-Uhlenbeck process has the “law of motion”
dX; = —aX;dt+ dWy, o >0, (4.1.1)
Xo=1x9 €R.
Heuristics:

Tto’s product rule
=

(4.1.1) d(e™X;) = ae™ Xy dt + e d X,

@1ne* dW;
t
= e X, = +/ e*® dW,
0
t
= X, = e Y +/ e~ (=) qw,.
0
Claim: (4.1.1) has a strong solution

t
Xy = e %y + / e~ = AW, = F(xg, (Wy)e<i)(t),
0

“stochastic convolution”

hence, X; is adapted to the Wiener filtration.

Proof. We apply Ito’s product rule to X; = e~ . (:co + fg e’ dWs) to get

t s t s
X; = xo +/ e ™ d <x0 —|—/ e qu> + / (J:o —|—/ e qu) (—a)e ** ds
0 0 0 0

~
=X,s-e*% by definition

t t t
::cooz/Xsder/ldWS:xooz/XSderWt.
0 0 0
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4. Girsanov Transformation

Instead of strong solutions one can construct “(probabilistically) weak solutions”. We want to
construct a Brownian motion (W3):>0 and a process (X¢):>0 on some probability space (€2, F, P)
such that

t
Xt :$0+/ b(XS,S) dS"‘Wt
0

that is, construct (X¢),5, on a suitable probability space ({2, F, P) such that

¢
Wy = Xt—xo—/ b(Xs,s) ds
0

is a Brownian motion, e.g. take (€2, F), (X¢).e[o, canonical, i.e.,

Q:=C([0,1]),

such that .
Wi(w) = Xi(w) —zo — /0 b(Xs(w),s) ds(= G((Xs(w)) s <)) (4.1.2)

is a Brownian motion under P.

But we have to identify P!

One technique to find P is using the Girsanov transformation. This approach has the following
advantages:

e One can do this even if the dependence on the past is very complicated (i.e. b(Xs(w), )
replaced by bs).

e One can do this for very irregular bs.

From now on for simplicity o = Xg = 0.

Method: Let Q = C([0,1]), (Xt),5q be the coordinate process, i.e. X¢(w) = w(t) and F is the
Wiener measure on C([0, 1]) = €. Then define

1 1 1
P:—exp</ btht—2/ bfdt)Po.
0 0

t
Wt::Xt—/ bs ds
0

We can check that

is a Brownian motion under P, where by denotes the drift. ((X¢),, is a Brownian motion under
Py, hence, a martingale under Py, but not a martingale under P!)
Catch: We have to check, that P is a probability measure, i.e. we have to check, that

1 1 rl
/efo bedXi—5 [o b7 dt qp) = 1.

This is the hard work in applications.
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4.2. The General Girsanov Transformation

Relation with the Transformation Rule for Lebesgue Measure
Define T': C([0,1]) — C(]0,1]) by
T(w) = X(w) — / b(Xs(w), 5) ds.

S—— 0

=w

Then by Girsanov (under the conditions specified below)

1 1 rl
eJo bs(Xs,8) dXs—3 [o b(Xs,5) ds Pyl ot =P,

“=|det DT|""

4.2. The General Girsanov Transformation

Let (§2, F, P) be a probability space and (F)1>0 be a right-continuous filtration (not necessarily
“completed”). Then let P be another probability measure such that

~ loc.

P < P (ie P|lr, < P|z Vt>0).
Then the Radon-Nikodym densities

" 4P|y T dP|

exist and (Z;);>0 is a martingale (since for all t > s and Fy € F;

/Zt dPFSeéCff/ dﬁ:/ Z. dP,

E[Z}|Fs) = Zs).

i.e.

Assumption (from now on in force): Z has continuous sample paths P-a.s.. (This is enough in
many applications. Note that by Ito’s representation theorem any martingale with respect to a
filtration “generated” by a Brownian motion has this property!)

Lemma 4.2.1. For every (F)-stopping time T we have

P=2rP on Frn{T < oo} (trace o-field).
In particular, P < P on Fr if T is finite.
Proof. Let A € Fr. Then, by a lemma in [Roc11] for all ¢ > 0

ANA{T <t} € Frae C Fi,

Hence,
~ A
PAN{T <t)] = / Z, ap Mg ET / Zpe AP = / Zr AP,
T AN{T<t} AN{T<t} AN{T<t}
Sn
Letting t — oo and applying monotone convergence the assertion follows. O
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4. Girsanov Transformation

The following lemma describes how martingales “behave” under change from P to P. Define
¢(w) :=inf{t > 0| Z;(w) = 0} (Then Z¢ = 0).

¢(w) is a stopping time. Recall that then Z;(w) = 0 for all ¢ € [¢(w), oo[, since (Z¢)¢>0 is a right
continuous positive (super)martingale (cf. [Roc11]).

Lemma 4.2.2. (i) £ = 0o P-a.s. (not necessarily P-a.s.).

(ii) For all s <'t, ¢y Fy-measurable and positive we have

Epled Fs] = 1z,200Z5 'EpleZy|Fs] P —as..
(iii) Let M := (Mt)éz() be an (F;)-adapted continuous process. Then M is a local P-martingale
(up to 00), if M - Z is a local P-martingale (up to &).
Proof. (i) By Lemma 4.2.1 with T'= £ A t, we have
Pl¢ <] = Bp|Zene, & < 1] = Ep[ Z¢ £ <] =0,
EFine =0
Letting t — oo, the assertion follows.
(ii) For all s Fs-measurable and positive,
Eplpspt] = Eplpsliz, 20yt
= Eplpsliz, 201 Z1pt]
[
[0

= Eplpsliz,0Ep[Zipt| ]

Eplesliz,201 25 "Eploi Zi| F]]

(iii) The assertion directly follows from (ii). But it is also a consequence of Lemma 4.2.1:
Suppose T < 1:2 < ... and that T,, < £ on {£ > 0} be a localizing sequence for the local
P-martingale M - Z (hence in particular sup,, T, = ). Then for all bounded stopping times
T

~ 4.2.1 ~ ~ ~
Es[Mzpt,] = Ep[Mrat, ZraT,) = Ep[MoZo] = E [ M.

Hence, (Mr,n¢)¢>0 is a P-martingale and the assertion follows, since & = oo P-a.s. by (i).
U

Proposition 4.2.3 (General Girsanov transform). Let M be a P-a.s. continuous local P-

martingale (up to oc). Then
- 1
M::M—<M, / = dZS>
0 Zs

is a continuous local P-martingale (up to o).

Proof. By Lemma 4.2.2(iii) we have to show that M Z is a local P- martingale up to &.
We have that M Z is P-a.s. continuous. Let &, := inf{t > 0|Z; < 1} and T,,neN, T, /oo, be
bounded stopping times forming a localizing sequence for the following three local P-martingales

M, MZ — (M, Z) and
R
— (M, Z),) dZ,.
[ ([ 7 ave2.)
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4.2. The General Girsanov Transformation

Define T}, := &, A T Note that fr 4 d(M, Z)s is predictable, since it is P-a.s. continuous in
r and adapted. We have that 0 < T1 < Ty < ... and that 7, < £ on {£ > 0}, since &, < &
on {0 < £ < oo} because Z is P-a.s. continuous. Furthermore, &, ' £, because Z is P-a.s.
continuous, hence T;,  &. Then by It6’s product rule for all £ > 0

_ tAT), 1
(M Z)onz, = (MZ)inz, — Zin, / Lo, 2y,
0

Zs
tATy, r tATy,
:(MZ)MTH—/ Zd(/ZdMZ) / /dMZ dz
0
tATy, ATy,
:(MZ)t/\Tn—/ Z d(M, Z), / /dMZ dz,
0

tA\Ty
:(MZ)t/\Tn_<M7Z>t/\Tn_/ / 7d<M,Z>5 dZ,n
0 s

Here, ftAT" fo 7 s dZ, is a P-martingale, and (M Z)in1, — (M, Z)4a1, is a P-martingale.

Therefore, MZ is a local P martingale up to &. O

Remark 4.2.4 (“Z as an exponential martingale”). We have by Ité formula for t < £ P-a.s.

loZ—loZ+/t1dZ —1/t1d<Z) (%)
g 4y = 10g 4¢ 0 Zs s 2 0 Zg S
=:Y;

where Yy is a local P-martingale up to &, since Z is a P-martingale up to 0o, and for its pathwise
quadratic variation (cf. 5.3.9) we have

t
V) = /O 22 d(Z),, t<C

Ezponentiating (x) yields
Zy=Zy- ¥z (exponential P-martingale).

Then Z solves the following SDE for given Y up to &:
t
dZ—ZdY<:>Zt—Z0—|—/ Zs dYs, (Z(0) = Zy)
0

Proof. By the 2-dimensional It6’s formula we have

t 1 t 1 t
Z, = ZO+ZO/ o=z gy, — 220/ Yoz (¥)s d<Y>5+2ZO/ o=z (Ms q(y),
0 0 0

t
:Zo+/ Zs dYs.
0

Note that the remaining terms in It6’s formula vanish, since (Y) is of bounded variation. O

Corollary 4.2.5. For M as in Proposition 4.2.3 we have M = M — (M,Y) P-a.s. up to &,
hence P-a.s. up to oo.

Proof. The assertion follows by the definition of M and Y. O
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4. Girsanov Transformation

4.3. Girsanov Transform with Brownian Motion

Let (X¢)eo,)) be a Brownian motion on a probability space (£, F,P), adapted to a right-
continuous filtration (F).e(o,1]- (Take for example (2, F, P) to be the canonical Wiener space
(C[0,1])o, F, P) with classical Wiener measure P.)

.
Heuristics: Let Y be a local continuous P-martingale and P < P with density
Ly = eYt_é(Yﬁ on Fy.

Then we know that M = X — (X,Y) is a local continuous P-martingale up to oo, where X

is a martingale with respect to P (as M above). Since (M), = (X); = t, it follows by Levy’s
characterization theorem of Brownian motion that M is a Brownian motion under P. We want
to get that

d(X,Y) = b, dt.

We succeed by the following
Ansatz:

t
Y; = / bs dX.
0
Remark 4.3.6. In order to make this work, we need that

(i) (bt)iejo,1) s progressively measurable,

(i)
1
P[/ bzds<oo} =1
0
(Then, Y is a continuous local P-martingale!) AND!

(iii)

P — olobs dXs—F [Jb2ds  p
is a probability measure, i.e.

Ep [efé bs dXs—3 f b3 ds] 1 (4.3.3)

Theorem 4.3.7 (Girsanov transform for M as a Brownian motion): Assume (i) - (iii) from

Remark 4.3.6. Let . .
1
Zy = exp {/ bSdXS_Q/ bgds], t €[0,1],
0 0

P:=27 P

and

Then
t
W = X; —/ bs ds, te€]0,1],
0
is a Brownian motion under P.

Proof. Claim: (Z;),c(o,1) is a P-martingale up to 1.
Step 1: (Zi)c[o,1) is a (global) P-supermartingale.
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4.3. Girsanov Transform with Brownian Motion

Proof. 1t is clear, that (Z;) is a local continuous P-martingale. Let 0 < T} < ... < T, ... <1 be
a localizing sequence of stopping times for (Z)c[o,1]- Then for 0 <s <t <1

Ep[Zt|./_"s] = EP[nh—>Holo Zt/\Tn‘fS]

Z>0
< liminf Ep[ZiaT, | Fs]
n—oo

= liminf Z; 7, = Zs.
e.@)

n—
O
Step 2: (Z)e|o,1] is a P-martingale.
Proof. By (iii) for all s € [0,1]
1=E[Z1)<E[ZJ|<E[Zy] =1
=1
In addition,
0 < Zs — Ep|Zy|F;]
and
/(Zs — Ep[Z1|Fs]) dP = 0.
SO7 ZS = Ep[Zl‘./—"S] P-a.s. O
We have .
<X,/ b dXS> :/ bs ds.
0 t 0
Hence, by Corollary 4.2.5 it follows that W is a continuous local P-martingale. But (W) =
(X)¢ =t P-as., hence P-a.s.. So, by Lévy (Proposition 1.5.34) the assertion follows. O

Remark 4.3.8. (i) Special case:
be(w) := b(X¢(w), 1),

i.e. depending only on the “present” time, where b : R x [0,1] — R is B(R) ® B([0, 1])
measurable. Then 4.5.6(i) is fulfilled.
4.3.6(i1) is fulfilled, if e.g.

1 1
9 o 2
E [/0 b dt] —/O E[*(Xy.t)] dt
1
Bl (e )I=pef (0) /0 pe(b*(-,1))(0) dt

. 1
pe(0,dz)=N(0,t) / / b (a, t) N (0, ¢)(dx) dt
0 JR

! 1 22
= b2 (z,t e 2 dr dt < .
/0 /R ( )\/27rt

In particular, it is not neccessary that b is bounded.
To satisfy 4.3.6(iii) we have to work harder (see Theorem 4.4.15 and Remark 4.4.16(1),
as well as for a very special case Example 4.3.9 below)!
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4. Girsanov Transformation

(ii) In Theorem 4.5.7 (Xi);»q solves the following SDE under P
dX; = dWi+ b dt.

Here, Wy is a Brownian motion under P, not under P.

Example 4.3.9. Consider by = a € R fized for all t. Then, clearly, 4.3.6(i),(ii) hold, but also:
Claim: (iii) holds.

Proof. Since X is normal distributed, we have

B [t = el / €2 N (0,1)(dx)

1,2 1 22
=e 2¢ /eo‘x e 2z dz
R V2T
_1,2 1,2
= e 2 ~62a :]_

Here, we have used that for the Laplace-transform £ we have
2

LIN(0,02))(€) = / o8 Lo gg = 36

2mo?

d

Hence, by Theorem 4.53.7 under P := Z, - P the process W, = X, — at, t > 0, is a Brownian
motion.

Theorem 4.3.10 (Cameron-Martin). Consider the canonical model for Brownian motion, i.e.
Q=C([0,1]), Py classical Wiener measure and X¢(w) := w(t), t > 0. Let

he E:=C([0,1]) := {h € C([0,1])|h(0) = 0}

and
Xh : C([O, 1])0 - C([O’ 1])0

defined by
Xp(w) := X(w) + h.

Let P, := Pyo X; ' be the law of X;, on C([0,1]). Then the following assertions are equivalent:
(i) P, =~ PF.
(i)
heH:= {h € C([0,1])o

Ziﬁ — exp </01 h(s) dX(s) ~ ¢ /Ol(h(s))Q ds) .

H is called Cameron-Martin space. H is a Hilbert space with inner product

h is absolutely continuous and h € L*([0, 1], ds)} .

In this case

~ 1 . ~
(h, ) gy = / h(s)h(s) ds, h,he H.
0
Note that ||h||3; = (h, h)i = 0 implies h(s) = 0 ds-a.s.. Hence,

h(t) = h(0) + /Ot h(s)ds =h(0)=0 Vt>0.

72



4.3. Girsanov Transform with Brownian Motion

So, |||l ;7 is not only a semi norm, but a norm. We have that H is dense in E := C([0, 1])g with
respect to ||-|| ;. Then identifying H with its dual H' by the Riesz map R we get

F—HA3HCE
continuously (see below). Before we prove Theorem 4.3.10, we want to characterize E'.

Lemma 4.3.11. For
My = {u‘,u is a signed measure of finite total variation on [0,1], such that u(1) := /1 dy = 0} ,

we have
E' = M,.

Remark 4.3.12. A signed measure p can be written as p = pu1 — o with positive measures (i1
and pa and the total variation of p is defined as

sup  pu(A) = [|ul] s, < 00
AeB([0,1])

Furthermore, for a signed measure u, there exist positive measures u*, = and S € B([0,1]) such
that = p*™ — p= (“Hahn-Jordan decomposition”) and

pt(S¢) =0 and p~(S) = 0.

Then
11ll v = 7([0,1]) + ([0, 2]).

Proof of 4.3.11. “27: Defining f + u(f) := [ f dp for p € My we see that this way any pu € M
defines an element in E’. Furthermore, if u, v € My such that u(f) = v(f) Vf € E, then for all

fe([o,1])
[rau=[rau—so) [1a0= [ (= 70)
cF
/(ff(O))dV/fdv/f((:))dv/fdv-

Hence, p = v and, thus My < E’. (See also [Cho69a] and [Cho69b].)

“C”: Let | € E'. Then by the Hahn-Banach theorem there exists an [ € (C[0, 1])’ such that [ = [
on E(C C([0,1])). Hence, by Riesz-Markov (cf. [R6c04]) there exists a signed measure v on [0, 1]
of finite total variation such that

z‘(f):/fdy vf e (o, 1]).

Set p := v — v(1)dy, where Jp is the Dirac measure at 0 € [0,1]. Then p(1) =0, so u € My and
forall fe F
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4. Girsanov Transformation

Proof of Theorem 4.3.10. (ii) = (i): (An alternative proof using Fourier transform can be found
in [MR92, Chapter II].) We first check the conditions of Remark 4.3.6 (i)-(iii):
(i) and (ii) are obviously satisfied for

bs(w) == h(s) YweQ, sel0,1].
(iii): Define
1
Y = / h(s) dXs (Ito-Integral).
0

Then Y} is centered (i.e. E[Y7] = 0) and normally distributed as an L2-limit of centered, normally
distributed random variables (cf. [Réc11]). Furthermore,

1 .
EY2)(= B(Y))) = E ( [ 2 ds) — ]

ie.
2
Y1~ N(O, [|2[[%)-
Hence,
E [eyrénhnif] — o3I Elev]) =1
N——
—ezlnl

So, 4.3.6(iii) holds. Therefore, applying Girsanov (Theorem 4.3.7) we obtain that under
- 1, 1 /L.
P:=27Z-P:=exp [/ h(t)dXt—Q/ h(t)th] -P
0 0

W := X — h is a Brownian motion, i.e. PoW™! = Py, ie., since W : Q — Q is bijective,
P=Po(WHl=PFo thl = Pj,. But, since E[Y?] < oo, we have Z; > 0 P-a.s., therefore,
Ph ~ P.

(i) = (ii): We know that Py(E) = 1 with E := C(]0, 1])o. Clearly, we have that H C E dense with
respect to the norm |-|| (cf. functional analysis).Let h € H. Then (by definition of absolute

continuity)
t
h(t) = h(0) —I—/ h(s) ds Vte[0,1],
SN~ 0
=0
thus,

t 1 1 1
ol < [ lielas< [ |h<s>ds§</0 |h<s>12ds) k. Ve (0.1,

hence,
1hlloe < NPl -

Hence H C E continuously w.r.t. the norms |-||; and ||-||.. Let R : H" — H be the Riesz
isomorphism. Then

EcH - HCE (continuously).

(Cf. Lemma 4.5.20 below: R(p) = — [, ([0, s) ds, pe€ E'.)
Claim 1: Let u € E'(= My). The map C([0,1])¢ 2 w — p(w) € R is Gaussian distributed under
Py, more precisely

Poou ™ =N, Ep? )
J 1w)? Po(dw)
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4.3. Girsanov Transform with Brownian Motion

Proof. Recall that p = lim Za (5(n), agn) € R, tl(-n) € [0,1] weakly (cf. [Bau78]). But
n—oo i—1
—_——
=iln
i : E— R, n €N, are jointly (centred) Gaussian under Po, because

N
Vi, ) v a; 5 v a; ) t(nl) VfeFE
; [HMny Z llz (l) Z llz H/_/

=X (_nl>( w)
ie.
N N
2
> Vit = Zw Za X"~ NO, B pn)?)
=1 i= i=1
(R—valued) centred Gaussian
Hence, since u, e u weakly, i.e. pointwise on F, we have that [, e i and p is centered
Gaussian with variance E[u?]. O

Claim 2: Let p € My of the form = p- dt and ¢ bounded and

,,,(1):/0 odt =0. (%)

Then
2

B = [ ([ etoras) ar= ool (13.4)

B2 W= ( / 1 X,o(t) dt /0 1 Xyo(t) dt’)
Fubini / / B[X, Xy] dt’ dt

/ / JEAL) dt’dt_Z/ / tr<mo(t)o(t’) dt dt’
=2

l
J

0 ') dt’ dt

0 @[(
i % ((/tl o(t dt’)2> dt (4.3.5)
[ ([ ewrar)
1 t 2
[ ([ -tsras) e
(4 “awas)ar) a= [ (Lrew) ar-
0 0 0 0

—:R() (1)

1) = R(p),
R(u) = — /0 | ( /0 ofs) ds) ar. (4.3.6)
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4. Girsanov Transformation

To this end let h € H. Then

and Claim 2 is proved. O

Since C}(]0, 1) is dense in L([0, 1], dt), for all h € H there exists a sequence (v, )nen in C(]0, 1[)
such that v, — h as n — oo in L2([0, 1], dt). Hence

un::/vndtnﬂoﬁ in H.
0

Since by (4.3.6)
up = R(pn)  for = —v,dt € F
it follows that for

o = {g atlo € (0 1]),/01 odt 0}

that R(Mpy) is dense in H with respect to |-||;;. R(Mp) is also a linear subspace of H.
Let h € E(= C([0,1])o) such that P, < P.

n n—oo

Claim: Let p,, € My such that R(u,) =3 0in H. Then p,(h) = 0.

Suppose the claim is true. Then h € H.

Proof. By the claim the map R(Mp) > R(p) = p(h) € R is a linear continuous functional on
(R(Mo), ||| ;7). Hence, by Riesz (note R(My) is dense in H, hence Riesz is applicable) there
exists an unique hg € H such that

p(h) = (R(n),ho)u Vi € My.
But by 4.3.11 we also have (R(u), ho)u = p(ho). Therefore,
p(h) = p(ho), V¥ i € Mo (4.3.8)

Hence, for all p € C([0,1]) and for
B 1 B 1
hi= h—/ h(t) dt, o == ho —/ ho(t) dt
0 0
we have

/kgdt:/E<g—/olgds> dt:/h(g—/olgds) dt

€My

1 1
(4.3:.8)/ho (Q—/ QdS) dtZ/ho <Q—/ st) dtZ/hOth-
0 0

Hence, h = i~10, therefore, h = hg, because h(0) = ho(0) = 0. Therefore, the assertion is true as
long as the claim holds. O
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4.4. Novikov condition

Proof of Claim. Since R(u,) — 0 in H, it follows by (4.3.4) that

Ep[12] = | R(un) |3 =5 0,

i.e. u, — 0 in L%(P), hence, also in Py-measure, therefore, because of P, < Py, also in Pj-
measure. Since {un,n € N} is a Gaussian family under Py, it follows by [Rocl1] that

e =30 in LP(P,) VYp>1. (4.3.9)
Since we have
Bnyin) = [ pnlio + ) Plo) = [ (@) P(do) 410 (1), (43.10)
——
N7L(W)+U7L(h) —

=0
applying (4.3.9) for p = 1, it follows that
. (4.3.10)
limsup |pn(h)] < limsup Ep, [|pn]] = 0.

n—o0 n—oo

So, the claim is proved. O

4.4. Novikov condition

Let (2, F, P) be a probability space together with a right-continuous complete filtration (F;)
and let (Y:)¢>0 be a P-a.s. continuous local martingale such that Yy = 0. Then by 1.4.33

1
Zy = exp(Y; — §(Y>t), t>0,

is a (P-a.s.) continuous local martingale. We want to derive a condition for (4.3.3).
Lemma 4.4.13. Lett > 0 and (Y); be bounded. Then Z; € LP for allp > 1 and
1
E(Zf) < exp(5p(p = 1) [(V)elloo)-

Proof.

E(Z{)=FE [eXp (th — L2y 4 <1p - 1p> (Y )]
2

2 2
)|
Set Y; := pY;. Then (Y); = p*(Y); and, therefore,

B(esp(p¥; — 57 (V)0) = Blexp(¥i — 5(V)2)) < Blexp(To — 5 (Vo) = 1,

< exp (;p(p -1) H<Y>tHoo> E [eXp (th %

since Z is a supermartingale (by Fatou). O

Now we can prove a condition implying (4.3.3).

(
Theorem 4.4.14 (Novikov). If E(exp(3(Y);)) < oo for all t, then E(Zy) =1 for all t.
Remark 4.4.15. (i) In the examples above (see 4.3.8 and 4.3.9) we had Y; = fg bs dXs and

t
E(exp <;/ b2 ds)) < 00
0

was always satisfied.
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4. Girsanov Transformation

(i) For the proof of Theorem 4.4.14 we need that one can construct a Wiener process W, such
that

and (for every fized t) (Y); is a stopping time with respect to a suitable filtration for which
W is adapted. This means that Y; has the form Wy, with

(Y)e=T.

In other words, any P-a.s. continuous local martingale is the time change of a Brownian
motion. The details are presented in Appendiz A.

Now Theorem 4.4.14 follows from
Theorem 4.4.16. Let (Wy)i>0 be a Wiener process on (Q, F,P) and T be a stopping time. If

Blexp(5T)) < .

then the following ”Wald identity” holds:
1
E(exp(Wr — §T)) = 1.

Remark 4.4.17. Set M; := exp(W; — 5t). Then (M;) is a continuous martingale, since it
is a continuous positive supermartingale and E[M;] = 1 (c¢f. Example 4.3.9). By the optional
sampling theorem for unbounded stopping times (cf. [Roc11]), we have

E(Mr) < E(M,) = 1.

Thus, it is clear that E(exp(Wp — %T)) < 1 in 4.4.16. For the proof of ">" in 4.4.16 we will
need two Lemmas.

Lemma 4.4.18. Let P be a probability measure on (Q, F, P) with

Plr, = exp(W; — %t) - Plg, V=0,
and T be a stopping time with P(T < oo) = 1. Then

E(exp(Wir — %T)) — P(T < o). (4.4.11)
In particular, the above Wald identity (cf. 4.4.16) holds if and only if
P(T < o0) = 1.
Proof. Since M, := exp(W, — $t) is a martingale and {T < t} € Fyar we have
P[T < t] = E[lyp<iy M) = Elyp<iyMiar] = E[lgp<y Mr).

Letting t — oo we get (since P[T < oo] = 1)

P[T < 0] = E[My).
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4.4. Novikov condition

Lemma 4.4.19. Let ¢ > 0 and define the “passage time of (Wy; —1t)” by
T.:=inf{t >0Wy=t—c}. (=W =T.—c¢)
Then T, is a stopping time such that

P(T, < 0) =1

and, thus, the above Wald identity holds for T.. Furthermore,

b (o (32)) =

Proof. By the law of iterated logarithm we have
P(T, < ) = 1.

W; = W; — t is a Brownian motion with respect to ]5~(cf. Example 4.3.9 with a = 1), which
means that T, is a passage time of (W;) with respect to P. Therefore, again by the law of iterated
logarithm

P(T, < >) = 1.

= (oo (1 11)) = o (1))

Thus, by 4.4.18

O
Proof of Theorem /.4.16. 1t remains to show that ”>" holds:
My = exp(W; — %t), t > 0, is a positive continuous supermartingale. Hence,
1> E(Myar) > E(My) “£7 1.
But then for all ¢ > 0
W, =Te— 1 1
1= E(Mr,a7) = > <exp <2TC> exp(—c), T, < T) + FE <exp (WT — 2T> T > T)
1
<e© E(e%T) +E <exp (WT - T))
—— 2
<oo(Novikov)
1
=X E (exp <WT — 2T>)
O
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4. Girsanov Transformation

4.5. Integration by Parts on Wiener Space: A First Introduction to
the Malliavin Calculus Following J.M. Bismut

Fix the following framework:
Let P := Py be the Wiener measure on Q = C([0,1])o =: E, (X¢) the coordinate process,

1
H := {h e C(|o, 1])0‘h is absolutely continuous and / h(s)? ds < oo}
0

the Cameron-Martin space. H is a Hilbert space with inner product

1
<hag>H = /0 h(S)g(S) ds = <h7g>L2([0,1],dt)a
and F' : Q — R be the Wiener functional. We already know (by Lemma 4.3.11) that

E’' = {u|p is a signed measure on [0, 1] of bounded variation such that (1) = 0}

and
EcHBHCcE

continuous and densely, where R denotes the Riesz map.

Lemma 4.5.20. Let € E'. Then

(Cf. (4.3.6) as a special case.)

Proof. Let h € H. Then

(R(), hyut = u(h) = / () / / ) ds p(dt) / / os((5)h(s) dsu(dz)
Fubi / / o) (Du(dt)i(s) ds = /0 (s, 1)hs) ds
:/O ([ i 1]>d) sy as = [ s 1) asn)

Hence R(u fo O

We recall

Definition 4.5.21. F : C([0,1])g — R is called Fréchet-differentiable in w € C([0,1])o, if there
ezists F'(w) € E' such that

Fw+n) =F(w)+ F(w)mn) +olnll), Vne C(0,1])o.

In this case
VF(w):= R(F'(w)) € H

is called gradient of F' at w. Note that VF(w) is in the "tangent space” of H in w.

80



4.5. Integration by Parts on Wiener Space

Remark 4.5.22. Because of Lemma 4.5.20 we have for the measure

F'(w)(dt) =: F'(w, dt)

that .
VEW)() = R(F'(w, dt)) :/ F/(w,]s,1]) ds. (4.5.12)
0
Then by definition of the derivative
_ 1
tig PEEM I wr) [P )s i) ds e H(C B = C(0.1]0),

Definition 4.5.23. F € £L%(P) is called H-differentiable, if for all (F;)-adapted real processes
(us)sefo,1], product-measurable, bounded and

t
U(w) :—/ us(w) ds, te€0,1] (H — vector field on E)
0
(i.e. U(w) € H) there exists a F/B(H)-measurable map VF : E — H such that

E(|VF|3;) <00 (VF e L*(Q— H,P))

and
F(“’+AU(;")) — Fw) aop (VF(w),U(w))g in L*(P)

or equivalently

Yy F = lim F(X +\U) - F(X)
A—0 A

Here, VF is called the Malliavin gradient (cf. [Wat84]).
Define the Malliavin derivative

= (VE,U)y in L*(P).

DiF .= (VF(w))*(t).
In particular, (DiF)o<t<1 s a process. (This process is product-measurable in (w,t)!)

Geometric interpretation of VF : H-vector field on F.
Geometric interpretation of DF : L2([0, 1], dt)-vector field on E.

Remark 4.5.24. Let u and U as in Definition 4.5.23.

(i) We have
(VF(w),U(w))n = <D~F(w)7U>L2([O,1],dt)

t 1 t
Z} = exp <)\/ us dXg — /\2/ u? ds) .
0 2 Jo

Then Nowvikov’s condition is fulfilled, since u is bounded. So, Girsanov’s theorem implies
that X := X — AU is a Wiener process under P» := Zf‘P. Hence,

(ii) Let

Aol XM —1—
Ep[F(X")Z}] = /F(XA) apr 7D P/F(X) dP = Ep[F(X)]  (4.5.13)
Lemma 4.5.25.
Z)—1 !
lim = = / us dXs in L*(P).
A—0 A 0
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4. Girsanov Transformation

In fact this limit exists even in £P(P) for all p > 1 (exercise).

Proof. By Ito
t
Z}=1+ A/ Zlug dX,. (%)
0
Hence, for t =1

Z/\ -1 1 1
1A — / us dX, = / (2} — Du, dX,. (4.5.14)
0 0

But by Ito-isometry

(/OI(ZSA — 1)ug dX5>

Z} — 1 is a martingale, since Z7 is in £2(P) (see below), thus, (Z2
Therefore,

</01(Z§‘ — 1)us dX8> 2] < HuHioE [(Zl)\ _ 1)2}

It remains to prove that (Z — 1) — 0 € £2(P) as A — 0. Clearly, (Z — 1) — 0 P-a.s. But the
set {(Z — 1)%|0 < A < 1} is uniformally P-integrable, because

1
/ u? ds
0

i.e. {Z0 < X < 1} is £P bounded for all p > 2. Hence, the assertion follows by Lebesgue’s
dominated convergence theorem. O

2

E =F Uol(zg—l)%g ds} < |ul®% E {/01(23—1)2 ds].

— 1)? is a submartingale.

E

B2 "L e [ 50— 1)

1
| < e [ 3pto- 10 Jul2].

oo

Proposition 4.5.26 (Bismut’s integration by parts formula on Wiener space). Let u,U be as
in Proposition 4.5.23 and let F': E — R be H-differentiable. Then

1
(E [(D.F,u) p2o1.an]) = ELVF,U)n] = E[F /0 us X, } (= @ € Dom D*)
=—div U=D*u

Remark 4.5.27. Proposition 4.5.26 identifies a duality between D and [ - dX (i.e. between the
Malliavin derivative and the Ito-integral). This is the starting point for defining an extension of
the Ité-integral, namely the Skorohod integral. This extension is simply defined as the adjoint

D* of D. Note that dom D* contains also non-(F;)-adapted processes (cf. Lectures on Malliavin
calculus!). dom D is the set of all H-differentiable functions F :€ L*(E, P,),

D :dom D c L*(E, P) — L*(E — L*([0,1],dt), P).

Hence,
D* :dom D* C L*(E — L*([0,1],dt), P) — L*(E, P).

Proof of Proposition 4.5.26. (4.5.13) implies

Fup {F(xi)zﬂ o [F(X)] _

A
Therefore, (recall X (w) = w)

F(XY) _F(X)Zf] . [_F(X)Z%—l] g [—F/Olus dXs]

E
A A
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4.5. Integration by Parts on Wiener Space

by Lemma 4.5.25. But the left hand side is equal to

E [(;(F(XA) — F(X)) + (VF, U>H> Z%} _E [(vz«i Unz? .

Since (VF,U)y € L*(E, P) and Z3 2201 in L2(P) (see Proof of 4.5.25), the second summand
converges to —E[(VF,U)y] as A — 0. The first summand converges to 0 by Cauchy-Schwarz as
A — 0, and the assertion follows. ]

First application:
Identification of the integrand in Ito’s representation theorem.

Corollary 4.5.28 (Clark-Formula). Let F € L2(P) be H-differentiable. Then for Fy := F2,
with Fp := o(X,|s < t), t €[0,1],

1
F:E[F]+/ E[D.F|F) dX; P-a.s..
0

Exercise: Show that the process (D:F')o<t<1 has a version which is a B([0, 1]) ® F-measurable
function. Hint: First consider Ny(w) = 1j,(t)14(w) for A € F instead of D F. (Recall P, (dt, dw) =
d(X)¢(w)P(dw) = dt P(dw)).

Proof of 4.5.28. Without loss of generality E[F] = 0. Let G € £?(P). Then by Corollary 2.5.44
1
G = E[G] +/ Ut dXt,
0

where u € £2(Q, F, Px) and u is (F;)-adapted. Then by Bismut’s Integration by Parts-formula
we have for
u™ = (uAn)V(-n), neN,

that

1 1
E[FG] = lim E [F / ul™ dXt] 4526 iy B [ / DyF u{™ dt]
0 0

n—0o0 n—0o0

. . 1 1
Fubini lim / E[DtF ugn)] dt = / E[DtF ut] dt
n—oo J 0

u adapted 1
2P FE [/ E[DtF]}"t]ut dt:|
0

([ mnion) ]

and the assertion follows, since G' € L2(P) was arbitrary. O

1
FZZ/ Xt dt.
0

Note that E > w — F(w) = fol X dt is linear and continuous on E, hence F € E'. Then
E' > F'(w,dt) = dt — dg, hence by (4.5.12) for all t € [0,1]

DF(w) = F'(w,t,1]) =1 —t.

1 1
/ X, dt:F:/ (1—1t) dX,.
0 0

Note that this can be also (in fact much more easily) proved by Ité’s product rule (see
2.5.46).

Example 4.5.29. (i) Define

So, by 4.5.28
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4. Girsanov Transformation

(ii)) F := f(X1), where f € C*(R). Then by the chain rule (which also holds for Frechet-

differentiable functions on Banach spaces) F' is Frechet-differentiable and
Fl(w,dt) = f'(X1(w))d1 — f'(X1(w))do (€ E).

Thus,
DiF(w) = F'(w,]t,1]) = f/(X1(w))-

Hence, by Corollary 4.5.28

1
F(X1) = F = BlJ(X))] + /0 B[ (X)) 7] dX..

(%)

F depends only on time t = 1, but is represented as an integral along paths. The corre-
sponding integrands can be interpreted in terms of solutions h(Xy(w),t) to the following

“final value problem”)

1
—hge + he = 0.
5 +h =0

The solution has the form h(z,t) = p1—¢f(x) (as easy to see by elementary calculation, cf.

Chapter I11). Hence by Ité’s formula (cf. 1.3.1(iii))

1
h(X1,1) = h(0,0) + / ho(Xs,s) X,
0

(xx)

where h(X1,1) = f(X1) and h(0,0) = p1 f(0) = E[f(X1)]. By (x) and (%*) and uniqueness

i Ito’s representation theorem we can conclude that

E[f(X0)IFs] = ha(Xs, 5) = (O 1—s £)(Xs) = (Ou(E[f(X1-s + @)]))a=x, -

To show that F' € £2(P) is H-differentiable is rather difficult in general. The following sufficient

condition might be useful to check H-differentiability.

Proposition 4.5.30. The following is a sufficient condition for the H-differentiability of F' in

L2(P):
There exists a kernel F'(w,dt) from Q to B([0,1]) such that for all U as in 4.5.23
()
F(X+\U)-F(X)
A

1
(w) A2 / F'(w,dt)Ui(w) for P-a.e. w € E.
0

(i) For all ¢ >0
|IF(X+U)-F(X) <c|Ul, P-as.

In this case

(H 3)VF(w) = R(F'(w,dt) — F'(w,[0,1]) - 3) = /0 F'(w,]s,1]) ds.

=:u (dt)EE’

Proof. By 4.5.20 we have

/F'(wadt)Ut(W) Uo—zo/uw(dt)Ut(w) = (R(p), Uw))a = (VF(w),U(w)) -

Hence, the assertion follows by Lebesgue’s dominated convergence theorem.
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4.5. Integration by Parts on Wiener Space

Example 4.5.31. F(w) := maxo<;<1 w(t) is not Frechet-differentiable, but it is H -differentiable.
To see this, define
= inf{t > 0|X; = F}.

Then it follows by Proposition 4.5.30 that F' is H-differentiable and
DiF(w) = 07wy (Jt,1]) = 1ipsgy (w)

(cf. Exercises).
Next step: Identify E[DiF|F] in order to use the Clark formula.
Define

M; == max X;.

0<s<t
Then we have for P-a.e. w € E
E[DF|F](w) = P[T > t|F](w)

=P (max X > Mt’ft) w)
t<s<

= P( max X5+t > Mt‘./rt> )
0<s<

Now, we use the superstrong Markov property, i.e. for any F Q@ Fi-measurable positive or bounded
function G : E x E — R we have

EL (G0, )| Fl(w) = Ex,w)[H(,w)] for Pp-a.e.w € E,

where P, is the law of Brownian motion started at x € R and ¥4(w) := w(- +t).
Hence,

E[D:F|Fi](w) = Px,(w) <0<r£13{(t Xs > Mt(w)>

= Px,(w) (é?%it Xs — Xi(w) > My(w) — Xt(w)> =P <0§I§§f{—t Xs > Mi(w) — Xt(w)>

By the reflection principle, this is equal to

2 PO(Xl—t > Mt(w) — Xt(w))
=2 N(0, (1 =) (JMy(w) — Xi(w), 00[)

(
My(w) — X
—2. N(0,1) <t(°") ) oo[)
VIt
> 1.
=2 [w )= X4 () ¢ 7
Mol N 2m

o (e(He).

(Vgl. hierzu [Récll, Beispiel 10.2.8].)
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5. Brownian motion and potential theory

Attention: This chapter has not been proofread yet!

5.1. Brownian motion and Laplace Operator

Let (Q,F, (Xt);>0» (Pr)zera) be the canonical Brownian Motion on RY, i.e.:

Q:=C([0,00[RY), Xy(w)=w(t), t>0, Fi=o(Xft>0), Fp:=[)o{Xs<t+e},
e>0
P, := Pushforward measure of the Wiener measure P, under w — = + w

Let (p¢)¢>o be the corresponding semi-group of kernels, i.e. for f: RY — R, , B(R%)-measurable,
t>0,

[ reendr = Bl = [ wmedy) = [ )

1 —lz—y||?
( )de o dy, xeR?
2mt)2

Let D C R?, open.
Tp = exit time from D (:=inf{t > 0|X; ¢ D} = ope).

Vz € D the following holds for P,-a.e. w and all ¢t € [0, Tp(w)[ (cf. 1.2.72):

F(Xy(w)) — f(Xo(w)) = /O VI (X)dXo() + 5 /O Af(Xo(w))ds, if f € C3(D)
=f(x)

In particular
MY @) = FXw) = F(Xolw) ~ 5 [ AT ())ds

is Ito-Integral with respect to Brownian Motion with
t
ar)w) = [ 195 s (*)

Corollary 5.1.1. (i) Vf € C?(D) (Mtf) is local martingale (until Tp) under Py, Yx € D
(cf. 1.5.4.), i.e. Brownian Motion is solution for the (so called) martingale problem for
(£ := $A,C%(D)) with initial condition x € D (cf. [SV06]).

(ii) Preliminary remark: Dy open rel. kp with Dy C D = E.[Tp,] < co Vx € Dy (cf.
I11.3.3.3). Hence, because of (x), EX[<Mf>TDO] < oo Vxe€ Dy

£33 Dynkin formula: Let T be stopping time, < Tp,(< Tp as Dy C D), then Yz € Dy

B0 - 1) = 3 [ [ asxs]
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5. Brownian motion and potential theory

Application 5.1.2: (i) T' = T, = exit time from open e-ball K.(z) around z. Then there

(iii)

5.2.

exists for f € C%(D)

of () 1= tim L2/ X )l = (@)

“characteristic (Dynkin) operator” (local),

and we have

1 1
af(x) = §Af(ac), a= §A on C?(D) for Brownian Motion (cf. “special script”)

D =Re, fe C2(RY):

i Pef@) = flx) o ER[f(X)] - f(e) 1
Af(x) := ltli[r)l = ltlﬁ)l " = §Af(x)

the “infinitesimale operator or generator” of the semi-group.
1 00 (Tpd . .
A= §A on C§°(R?) for Brownian Motion

Attention: In what way %A really generates (p;)¢~0 and with it the Brownian Motion, hence
in particular is uniquely determined, can not be seen from above (cf. “special script” or
[MR92]).

It follows from the Dynkin formula with T}, = exit time from K,.(z¢) and f(z) = ||z —xol|?,
since 1A f = d, Vz € K, (o) that

E[(X1, — 20)°] — ||z — @0||* = dE,[T]
2

r? — ||z — @ol”

= E.[T/] = 7

Stochastic solution of the Dirichlet- resp. Poisson-Problem

D c R4, open, rel. kp.

T = exit time from D, then E,[T] < oo Vz € D.
Poisson problem

Have: f € C(0D), g € Cy(D)

Want: h € C?(D) (N C(D) with

%Ah:gonD
h=fondoD

Ifg=0:
Dirichlet problem

Theorem 5.2.3 (“Representation Theorem”). Let h be a solution of the Poisson problem, then
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5.2. Stochastic solution of the Dirichlet- resp. Poisson-Problem

Proof. Let D, /' D, D, S D, i.e. in particular D,, kp.

— VeeD,Vn E,[W(Xn, )] —h(z) = E, [/OTD" g(Xs)ds]

Dynkin formula

/' Xrp,€8D Tp, /Tp
Tp
2 Bl hw) = B | [ gxds
Lebesgue

O]

We consider now the case g = 0, i.e. a Dirichlet problem. For Dy open, rel. kp in D we we define
for z € Dy.

u2o(A) = P, [XTDO € A} . A€ B(0Dy)
Then we get
Corollary 5.2.4 (“generalized mean value property”). Let h be harmonic in D. Then ¥Dy
open, rel. kp in D

W) = B [y, = [ napl, aemy
0

Definition 5.2.5. 20 is called the harmonic measure for Dy in = (€ Dy). (=exit distrubition
P,o X;; of the Brownian motion from Dy with start in x)
0

Remark 5.2.6. It follows from the definiton of the Brownian motion, that it is translation- and

(z)

rotation invariant. Thus, py " is also rotation invariant.

— ,uf’“(x) = const - Oz = 5 =0y

norm. surface
measure

More generally, we have Vy € K, (x)

2 2
Kr(x) dz) = "2 = Hy_-TH d
py ") =

Poisson kernel for K, (x)

x,Tr

Theorem 5.2.7 (“Existence of a generalized solution of the Dirichlet problem”). D C R?, open,
f bounded, measurable on 0D. Then we have for

h(z) = E; [f(X71,)], x€D:
(i) h harmonic on D

(11) lim h(X:) = f(Xr,) Pr-a.sVreD.
t "Tp

Proof. Set T := Tp and let D,, /* D, D,, open, D,, C D,s1 C D. Set T, := Tp,,. x € D fixed.
Without loss of generality : x € D;.
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5. Brownian motion and potential theory

(i) Harmonicity: Vn

h(Xt,) = Ex,, [f(XT)] op E.lf (Xrobr,) |Fr,]

X760, +T,
~——

=T, since T>Thp

= E.[f(X1)|Fr,]

= (h(X71,))hen Pp-martingale and

h(x> =E, [f(XT)] =E; [Ea: [f(XT)’J:Tn” - Ez[h(XTn)]

see above

= h harmonic. Since VK, (x) C K,(x) C D, Without loss of generality : D; = K,(x),
hence h(z) = Ex[h(X7,)] = [ h(y)osr(dy), ie. hsatisfies classic mean value property

see above

— h harmonic.
Analysis

(ii) (h(X7T,))nen bounded martingale under P,

— h(XTn) — EQc
mart. conv.

f(XT)|U(U fn)]

theorem + above

= f(Xr) P;—as., since Xy =1im X7, (as T, — T and continuity)
o(UnFr,)—
measurable

But according to the upcrossing lemma 3lim h(X;) P,-a.s., (more detailled: Cor. 5.2, ch.
IT, W-Theorie II-Vorlesung), hence it must be the above one.

(Existence: Set h(X;) = f(Xr) for ¢t > T, then (h(X;))i>0 Py-martingale, since

Lieryh(Xe) = Lipery Ex,[f(XT)] = Ei [Lip<ry f(XTop,44) [ 7]
=1y f(XT)
= B[f(X0)|1F] = 1gsryf(X7) (cf. lemma 4.1 in ch. TT, W-Th.II).)
~—_—

FinT CFt measurable

5.3. Application: Reccurence/transience of the Brownian motion

We know (because of the iterated Log) that Vd: gim | X¢||ge = 400  Py-a.s. Vo € RY. We want
o0

to show:

Theorem 5.3.8. (i) d >3 = Brownian motion transient, i.e.: lifm || X¢|| = 400 Py-a.s.
t oo

Yz € Re.

(ii) d =2 = Brownian motion recurrent, i.e.: Brownian motion hits K.(xg) Py-a.s. Ye > 0
Vzo € R?; i.e. Py-a.e. path is dense in R2.
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5.3. Application: Reccurence/transience of the Brownian motion

Preparation for the proof

Lin {z | [fz]| =}
0 in{xz ||| = R}

Let Ap := {z € RYr < ||z|| < R} and f = { be a solution to the

corresponding Dirichlet problem
hrl®) = By [f 0 Xn,, | = Pu [[1Xn, Il =7

One can easily show that analytically (write A in spherical coordinates)

d=
_gallel) - pulR) L
hyr(7) = 2a(r) — pa(R) with ¢q(p) = p—Qlogp ,Z— (5.3.1)

(cf. Ruinproblem W.theorie II)
Theorem 5.3.9. Vd > 2 every point in R? is polar, i.e.:
Py[a{w} < OO] =0 Vye R4,
(with oy = inf{t > 0|X; = x}.)
Proof. Without loss of generality : = 0 (because auf translation invariance)
(i) y#x=0:
Pylooy < oo = lim Pylogoy < 0r, (0]
0K, (0)c /‘ Py — a.s.
n—oo
( since forP, — a.a. w{X,(w)|0 < s <t} bounded Vt)

< Tim lim =
< Jon, T A1l =
r<l[lyll

= lim lim h,,(y) =0 because of (5.3.1), since d > 2.
n—=00 0
r<[lyl|

(i) y=x:

<1
Pyilogmy < ool < lgfg Pylogzy 06 < oo

(M:P) ltli%l E, [PXt [O'{m} < OOH
1:)O Pr—a.s
since thézz P.I:a4s4
]
Remark 5.3.10. For x ¢ K,(0)
Jn Pr—a.s.
Polor, ) < oo = lim PfXp, J|=7]

e d=2
53.1) | Lzl2?
Gan |20 g> 3.
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5. Brownian motion and potential theory

Now:

Proof of Theorem 5.3.8. Let x, € R%, Without loss of generality o = 0. T}, := exit time from
K,(0), then Vo € R?

Py Lm [ X[ <7

= lim P, [O'KT(O) ofr, < oo]
tTOO n—oo

=N [0k, (0) © 01, < 9]

n

S

(Sl\:/[P) nh_{& E, [PXTn [0k, (0) < o]

e d=2
5310ma00 | 0 L d=3.
T

n—oo

5.4. Regularity of boundary points

Let D C R%, open, rel. kp., dD := DN (R4 \ D)
Definition 5.4.11. z € 9D s called regular, if P,[ope = 0] = 1.

Remark 5.4.12. Since {ope = 0} € Fp := () Fe, we have acoordingly to Blumenthal’s zero-one
e>0
law a priori Pylope = 0] € {0,1}.

Example 5.4.13. Let D = U \ {z} with U rel. kp. open, z € U. Then z € 0D and z is
wrreqular, if d > 2, since z polar. We consider the behaviour of the stochastic solution of the
Dirichlet problem for D with boundary condition f =13+ 0- 15py\ (2}

h(z) = Ex [f(X1p)]
=0 Py[Xp, € 0D\ {z}]+1- Py[Xr, € {2}]
~—_————

=0,
if d>2, since then z polar.

0

If we understand the above as an “inteference” of the solution of the Dirichlet problem for
D U{z}, we then obtain “stability”.

Theorem 5.4.14. z € 9D reqular < Vf bounded, measurable on 0D, continous in z we have:

W) = Ba [f(X1,)] — f(2)

Proof. We only proof “=": Let in the following always z € D.
Claim: lim P, [X7, ¢ K;(2)] =0 Vd > 0. Here K;(2) open ball.
T—z

If this claim is true, then select § = d(¢), such that |f(x) — f(2)| < e Vz € Ks(z) NoD. It
follows that

h(x) = f ()] < Bz [If (X1p) = f(R)] < &+ 20| fllocPr [X1y, & K5(2)]

— @ |h(z) — f(2)] <e Ve >0, hence “=" proved. O
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5.4. Regularity of boundary points

Proof of the claim. Let 6 > 0 fixed. If Xo(w) =2 € Ks(z), then Vs > 0:

I3
2
2

So we have Vo € Ks5(z) Vs >0
2

2

Because of the translation invariance we get

2

P, [TK(;(QC) < 8] =5 |:TK5(O) < S] 1 P [TK(;(O) = 0} = 0
2 2 sl0 because of right
continous pathes

< ¢ for s small
Let s > 0. To show:
Yy ps(y) :=Py[Tp > s], y € R?, is not semi-continuous in y := z

z regular

Because then 0 < lim p4(z) < ¢4(2) 0.
T—z

But Vy € RY
N, if £\, hence lim=inf

Sps(y):Py[TD>5]:lgg P t+Tpob, >4
first exit time after ¢

:Py[TD09t>S*t]

]\/[:P Ey[PXt [TD > 8 — t]]

‘PS—t(Xt)
=lim pros—i(y) }n.o.h.cont.
0 N —
cont. as p¢

strong Feller

Now an analytic criterion for regularity:

Theorem 5.4.15 (“Zaremba’s cone condition”). Let z € 0D such that there exizts a cone C
with apex in 0 and h > 0 with z 4+ Cj, C D¢, where Cy, := C N K, (0). Then z is reqular.

Proof.

P.[Tp <t] > P,[X; € z+ Cp] Vit €]0,1]
= PO [Xt S Ch]

— P, [\/ix . e Ch} , since (CXL) again B.M.; cf. W.th.IL, ch. III, Satz 5.1
V02 2/ >0
=F [Xl S t%lCh}

> Po[Xl < Ch] >0
(t<1)
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5. Brownian motion and potential theory

— PZ[TD = 0] = tli{}gPZ[TD < tn} > Po[Xl € Ch] >0 Vn

—  P[Tp=0]=1
Blumentahl’s
0-1 law

Idea: D, shouldn’t be to “small” in z.

Exercice: for d = 2 C-line is enough.

In general (z +Cy) N H C D¢ is enough, where H hypersurface (cf. [?], p. 276 or 350, analytical
with Wiener theorem).

Example 5.4.16 (“Lebesgue-sting”). Let
I, :=[27", 2 ("]
ky = {(z1,29,73) € R*|zy € I,,, 2 = 23 = 0}
Fp o= {(21, 22, 23) € Ry € I,, 2} + 23 <2}

D = cylinder \ U F,

(height z) n

We want to choose €, such that 0 € 0D irregular.
d=3:= Py[X¢ never hit K,| =1, since

Py[Xo never goes back to {xa = x3 =0} (+ no condition for Xél))
= P=2[ B.M. in R? never goes back to 0] =1 ,0 polar!

Since Brownian Motion in R3 is transient 3 for Py-a.a. w an s(w) > 0 with || X¢(w)|] > 2
Vit > s(w). It is obvious that

an(w) = dist ({Xt(w)|0 <t < s(w)}, Kp) >0
(as both sets kp. and disjoint). Hence {a,, > 2} 7 Q P-a.s., thus 3e, with Pola, < ,] <37
mToco
Then

Py[X; € F,, for at] < Pyla, <e,] <37"
————

{oF, <oo}

— R[Ip=0]<> R[X,€F, forat] <) 3"<1
n {O'Fn<00}

= 0 wrregular.

Excursus to Brownian motion in R'. Without loss of generality a > 0
Define passage time Ty, := inf{t > 0|X; > a}.
Because X1, = a and continuity of paths, we have:

T, = inf{t > 0|X; > a} = inf{t > 0| X} = a}
P := Py = Brownian Motion with start in 0.

Theorem 5.4.17 (Reflection principle).

SR <t =Pz a) (= JPIxI > )
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5.4. Regularity of boundary points

Proof.

PIX;>a]=P[T,<t, X, 1,0r) >ad
N——

=X} since
canonical model

= E[@(,QT(J()()); To < t]:

where 45(%77) = 1[(1,00[ o Xt—Ta(w) (7])7 (WJ?) €N x = C([Oa OOD X C([O’ OOD
@ is Fr, ® F-measurable. We need:

Lemma 5.4.18 (“(very) SMP”). Let T be stopping time, ® : Qx Q — RT  Fr® F-measurable.
Then it follows for H(w) := @(w, 07 (w)) and all x € R¢

E.[H|Fr](w) = Ex, () [@w, )] Pr-a.a. w € Q.

Proof. Let F' Fr-measurable, G F-measurable and ¢(w,n) = F(w)G(n). Then because of SMP
for Py-a.a. w € ()

E.[F Gop|Fr](w) = F(w)E;[G o 0p|F](w) = F(w)EXTM G] = EXT(w) [F(w)G].
The rest follows with monoton classes. O

Continuation of proof 5.4.17.
According to the lemma: for P-a.a. w € Q)

(- (); Ta < t)(w)

/ Pxr, w) X, ( )() = a] Pldw) = %P[Ta < t].
{T.<t}

-~

:Ps(a,[a,oo[):%

[
Corollary 5.4.19 (“Distribution of the passage time”). Po T, ! = ¢, - ds, where
2
ol -5 s>0
spa(s) = { V2ms3
0 ,5 < 0.
(“stable with exponent a”, since then E[e'*Te] = e~1I")
Proof.
P < = >
[To < t] ST 2P[X; > d]
o0 x
= 2/ e 2dx
a 27t
t 3 a
= / s2 e 25 ds
0 27
wa(s)
since §; = “Z—i = = a\/g and & =g t(—%)s_% O
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5. Brownian motion and potential theory

; 2
Corollary 5.4.20. (i) PIT, > ]Vi —» V2a (@20

(ii) ET,] = 400
Proof. (i) :

1 a z2 2(1
PIT, > tlVt = VtP[|X <a:/ e wdr —> .
[T, > t] ST [ X:] < a] o e on

E[T,] = /OOO P[T, > t]dt

2 _1
> / \/>a —e |t 2dt=00
(7) € small to Q

to=to (E)big
]

Example 5.4.21 (Solution of the Dirichlet problem on the half-space.).

D:={z = (x1,....,2q) € R¥xy > 0}. Consider D not rel. kp. as always assumed before! But an
essential assumption for the existence of a solution is only Pp[Tp < ool =1 Vx € D. (cf. 5.2.7
and 5.4.15). Since D := {z = (y,0)|ly € R¥"'} no longer kp, we have to assume f C Cy(OD).

Stochastic:

Cone condition fulfilled Vz € 9D!

Calculation of the harmonic measure

Under P, the exit time T := Tp = inf{t > 0|X{ = 0} (=passage time) has density ¢, from
5.4.19 with a = z4. With notation w = (w1, ...,wg) € (C[0,00))?, X7 := (Yr,0) it follows Vz € D

h(x) = Ew[f(XT)] = E(atl,...,:cd,l) [Exd [f(YT(wd)(wh '"7wd—1)7 O)H

2.5
Ty 13
= [o° F(Ve(wi,mwa—1),0) € 2tdt
5.4.19 27Tt3
g (t)

00 2 2
Td -2 1 —lly = (z1, -, za-1)||
= — 0)——— dy | dt
Fubini/o 27rt3€ 3t </Rd1 f(y,0) 5g 1 exp [ o Y

00 2
_ T4 —(d41) [1(y,0) — ||
= 0 t ————— | dtd
Fubini /Rdl 1(y,0) /o /0 P [ 2t Y

-~

=T(2)]|(5,0)—a]|-92%

() T
D 2 d
— dy) = Ad— d
b ) = o @)
Leb.meas.
on Ra—1

Remark 5.4.22. The stochastic solution of the Dirichlet problem leads us to the harmonic
measure p = exit distribution of the Brownian Motion. For the Poisson problem we get Green
function = residence density of the BM in D. We want to show this in the next section.
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5.5. Poisson equality and Green function

5.5. Poisson equality and Green function

Assumption: P,[Tp < oo] =1 Va € D. (D not necessarily bounded)
Have f € Cy(D). Want u € C?(D) N C(D) with

%Au =—f onD

u =0 on OD H Poisson problem with homog. boundary condition

Remark 5.5.23. The general case u = g on 0D can be traced back to the above by adding the
solution of the Dirichlet problem with boundary condition g. We then know, because of 5.2.3,
that

T
u(x) = E, [/0 f(XS)ds} , w€D. (5.5.2)
with T :=Tp ((F)— stopping time with F; := () {o(Xs)|s <t +e}).

e>0

Remark 5.5.24. pP(z, A) := P,[X; € A,t < T], A C D, measurable, defines a measure on D.
It is obvious that

B.sgr.
D d
vy (z,) < pi(z,-) < dy (= Lebesgue-measure on R®)

= IpP(z,y) : pP (z,dy) = pP (z,y)dy.
Definition 5.5.25. ~
GWaywzf pP(a,y)dt | zyeD
0

is called the Green function of D.
Attention: only if d >3, GP(x,y) < oo Vo #y. Ifd=1,2 and D = R?, GP(x,y) = oo Vz, .

Aim: Representation of pP(z,y) and thus of GP(z,y). Because then for u as in (5.5.2)

M@:E{Awﬂ&ﬂmﬂﬁkﬁméwﬁvuﬂT>ﬂﬁ
J F(W)pP (z,y)dy
—/f(y)/o PP (z,y)ds dy

Thus

Theorem 5.5.26. u(x) = [ GP(z,y)f(y)dy solves Poission problem for D with boundary con-
dition 0.
If GP “explicit”, then u explicit.

Theorem 5.5.27. (i)

Density of the Br. sgr. cont. int left cont. in t
D — ——
P (@,y) = pe(z,y) —Eelpr(Xr,y); T<t |, xyeD

left cont. (Lebesgue)
Note |y — Xr| > d(y,0D) > 0 since y € D.

(i3) pP(x,y) is symmetric in x,y.
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5. Brownian motion and potential theory
Proof. (i) A€ B(D)

PXi €A t<T]=PFPy[X; € Al - PX:e A, T <t

=P, [Xt,TOGTEA T S t

f PXT( )[Xt T(W)GA]dPZ( )

5418

{T<t}
/pt x,y)dy — / /pt T(w) (X 7(w), ¥)dy dPx(w)
A {T<t} A
/ pe(x,y) — Exlpi—r(Xr,y), T < t]]dy
A

= (i)

(i) By approximation: Let D,, C D, D,, / D, D,, kp., T, := Tp,. Then T,, /T and hence
{T >t} = U{T\ > t}. Let 7,, = m-th dyadic decomposition of [0, co].
n

= P,[X; € A, T > {]
=lm( NP [X: € A, T, > t]

= lim () im () P.[Xy € A, Xy, € Dy Vb € T,y 1 <
n m
_f/ /p (T, 21)Dey—ey (21, 72)...0¢ ¢, (0, y)dTy...dpr dy
Dy, Dy, =1, R . )
am 2 2 ,
=:gn,m(x,y) is symm., since ps (2! ,y")=ps(y,z’).
= [ ) i) dy
Levi J 4 n m
:pf) (z,y) symm. as limit of symm. ones
a
Corollary 5.5.28. Let d > 3.
(i) GP(z,y) = G(z,y) — E:[G(X1,y)],
where
1-4 F(% —1) 2—d > . d
G(z,y) =22 (7d Nz —yl|7% = pi(x,y)dt. Green function on R
2m)2 0

(ii) GP is symm. and GP(-,y) is harmonic on D\ {y}.
Proof. (i) Clear, by 5.5.27 and calculation of [° p(z,y)dt (Excercise!)
(ii) Symm. clear. Also clear that x — FE;[G(Xr,y)] harmonic on D and AG(-,y) = 0 on

RY\ {y} (Excercise!)
0
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5.6. Self intersection of the paths

5.6. Self intersection of the paths
d>2.t>0 fix.
P,[Returning to X;] = P,[X, = S; for one s > {] (5.6.3)
~ [ onrem - Oe)APo()

= [ Puwlon <) =0

5.4.18
X¢ F—meas. =0, since pt. polar,
as d>2
Nevertheless we have P,-a.s.
d < 2: Vn 3 n-times self intersection, i.e.
3 tl(w) < ... < tn(w) : th(w)(w) =..= th(w)(w).

d < 3: the double points lie dense on path
d = 3: P triple points
d > 4: # double points.

We want to show now:

Theorem 5.6.29. d =3 =— VrcR3
P,[ double points lie dense on path | =1

Therefor we need some preparations.

Excursus to the capacity

1

‘d—2

d23 G(m,y) :W

(i.e. as before up to constants)

Definition 5.6.30. (i) Let p be positive measure on R?.

Gulz) = / G(a,y)u(dy) , z€RE, (€ [0,00])

is called the potential generated by u and

e(p) == / Gudp
the energy of p.

(i) For K C R? kp.,
C(K) := (inf{e(u)|p p.measure on K})~*

is the capacity of K.
Remark 5.6.31. (i) C({z}) =0 Vz € R?, since e(e;) = oc.

(i) C(K) > 0< 3u p.measure on K : e(p) < 0o
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5. Brownian motion and potential theory

(i) C(K)=0 = AK)=0 (\:= Leb. measure),
(<£) because:

AMEK)>0 = /Gudu < 0o with = MK) Mg - A
——

=ty | =z Lk X 1K (@) (da)

kp. support

Theorem 5.6.32 (“equilibrium principle”). C(K) >0 = 3 finite measure px on K with:

Guy <1, =1lug ae on K
without proof.
In particular: e(ur) = ||px|| := px (K) and for fix = \Zii\l (p.measure):

1 1
(k) —melpur) = 7—r
lpxc|? [l
= C(K) = [|ukl|-
—ok

Theorem 5.6.33. C(K) >0 = hg(x) := Py[Tke < 00] >0 on K¢ (and in fact harmonic
on K¢).

Proof. u := Gug harmonic on K¢, since for x € B, (xg) C K¢

/ G (2)uB ) (dz) = /K / Glzy) B (dz)u(dy) = / G, y)urc(dy).

harm. on

R\ {y}

Clear: 0 < u < 1 and u(z) < ||u||x sup G(z,y) = ||p||xd(z, K)>~¢ — 0 for ||z|| — oco.
yeK
Choose D,, rel. kp. D,, € K¢, D,, /* K¢, thus T, :== Tp,, /' T := Tke. Hence Yz € K¢
0 <wu(z)= lim E;[u(Xp,)] (uharmonice on K°)
n—oo

< E, [@ U(XTn)}

= F, [MU(XTR);han = oo} +E, [lirnu(XTn);suan < 0

=0, since on {lim T),=o0}: <Py [sup Tp <ol
[| X, ||= oo because of transience =P, [Te<oo]

= P, [Tke < 00| > u(x) > 0. H
End of excursus.
Theorem 5.6.34. Let 0 < a < b, d=3. Va € R3, we have for P,-a.a. w:

CUXr(w)a <t <b}) >0

=Ky
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5.6. Self intersection of the paths

Proof. ji, := Pushforward measure of A,y  under s — Xg(w).
——

1— dim.
Leb. meas.

(“occupation measuere” for [a, b))
e measure on K, and

e(fiw) //G z,Y) o (dx )y (dy) = const. / / 11X (w) — Xy ()] > Udsdt

< oo P, —a.s., if d =3, since:

E[(+)] //Eo 1Xs — Xe|[2~ d] dsdt

_EO HX1 ’2 d / / |t ’ dsdt
— S 2

<oco ,d=3
(**)={

=00 ,d>3

< 00

b rb 1 b b—t a
(k) = 2/ / —————dsdt = 2/ / si™2ds dt
a Jt (S — t)T a 0

—_——
< 00

since

d
sl1-5>-1
S 4>d

and then bounded in ¢. O

Proof of 5.6.29. Let K, := {Xs(w)|0 <s <1}
(w,n) = T(w,n) = ox,(n) (= inf{t > 0[X;(n) € Ku})

is F1 ® F- measurable

since {T' <t} = ﬂ U {0K2 w(x) Sk xdog,_ o StHEFIRF
n ze(2—"Z)3
where Ky-n-1(z) is a bounded ball around z with radius 27! in max. norm.

— P, [X; = X, for an s € [0,1] and a ¢ €]2, 00] |
:Px[UKO 00y < OO]

B /Ex[l{oxo<oo} © 02| 2] (w) P (dw)

5418 / Pyylok, < 00] Po(dw) > 0

TV
P,— a.s. >0, because:
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5. Brownian motion and potential theory

/ Lic, 0 Xo(w) Pa(dw) = Eg[EalLic, 0 Xa()|F1]]

= /EXl(w)[le o Xi|dP, =0

as Byllg, o X1] = N(y, 1)(K,) = 0
5.6.34,
5.6.31(iii)

and thus, because of 5.6.34 and 5.6.31(iii), 5.6.33 can be used.
= dN > 2, (large) such that for

T:= (2+O‘K0092)/\N,

(F)-stopping time (with F; := () o{Xs|s <t +¢€}).
e>0

ar:= P, [X; = X foran s € [0,1] and a t €]2,7T]]
:P0[2+0'K0002§N]>0
—————

=:A,eFr

(independent of x due to translation invariance)
Let A, := {X; = Xsforans € [nT,nT + 1] and at €|nT + 2,(n + 1)T]}, n € N. Then
An = 0,1(Ag), An € Fny1yr, thus

PlAoN...NAy) = By P[An|Fur], AoN.NApq] = aft!
~——

Induction

:PXTLT [AO]
ZPI [AQ]ZCVT

= P,[Ap]...P;[A,] = independent

(as P, [An] =F, [Ez[le o 0nT|]:nTH = ar> 0)
above

= oo-many A, occur
Borel-
Cantelli

—> P,-a.e. path has co-many double points = density. O

excercise

5.7. Feyman-Kac-Formula

Let V € C(D). Poisson-problem for A +V :
Have: g € Cy(D), f € C(9D)
Want: v € C?(D) N C(D) with

{;Au—i—V-u: —g onD (5.7.4)

u=f on 0D

Theorem 5.7.35. If E, lexp((1+T) fOT V*t(Xs)ds)] < oo Vx € D and T := Tp, then we have

for w with (5.7.4)
/OTg(Xt)eXp (/OT V(Xs)ds> dt ] ,zeD

-~

u(z) = By + B,

F(Xr)exp ( / ' V<Xs>ds>

not obvious if €LY, but as u(x)<oo, needs to be
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5.8. The heat equation

Proof. Define Z; := u(Xy) - Ay with A; := exp fo X,)ds). (C1)
t
= Zt:ZO—i-/U(XS /Adu , t<T
Ito’s 0
product rule =V Xs Asds
with

t
/Asdu( —hm Z A (u( X)) — u(Xy,))
0

t,€Tn
t; <t

) i+1 1 t
Iihqun Z Ay, </Z (Vu, dX3)> —l—2/0 AsAu(Xy)ds

=:MJ

Let Dy, C Dyy1, Dy open, Dy, 2 D. Then (M) is local martingale until 7' with local sequence
T :=Tp,, N m. Since for s <Tp, Am, As < exp(m||V||p,,), it follows that

M; = lim M,

n—oo

is local martingale with local sequence (T,,) (cf. poof of 1.3.2, 11.1.4).

Furthermore .
1
Jy = Zo+Mt+/ <2AU+V’U) (XS)AS ds , t<T
0
—9(Xs)
tATm,
= E.[Zr ) = Ex[Z0] + By [ - / 9(Xs)As ds]
—_— = 0
then t—o00 m—00
->Ea: [ZT} then t—o00
fo s)Asds]
since | Zr,nel < ||ulloo exp( [y v (Xs)ds) € L1 O

Example 5.7.36.

1
5Au+o¢u:—g on D
u=0 ondD
At least if o < e =€(D), € so small (cf. III 3.3 3)), such that E, [¢*T] < 0o ,x € D. Then

uw(z) = E, [ /0 " eO‘Tg(Xt)dt]

5.8. The heat equation

D =R4x]0,T].
Have: f € C(R%) with 3b,¢ > 0: |f(z)| < bel”I” vz € R (%)
Want: v € C%(D), continuous on R? x [0, T]

% —IAvonD (A onRY (5.8.5)
U(‘,O) = f on Rd
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5. Brownian motion and potential theory

~lly==ll?
Setoat) = S0 =BUOI= L [10  ay  woep

Br.sgr. Exists only if () is fulfilled
Then v is a solution of (5.8.5) if T' < o (excercise). = existence
Dual heat equation on R? x [0, 7]:

%+%A“ =0onR?x [0,T] u € C%(D), u cont. on R? x [0, T);
. . (5.8.6)

u(-,T) =fonR f € CRY)

Solution via time reversal on T, i.e.: Let v be solution of (5.8.5), then
u(z,t) :==v(x, T —t) solution of (5.8.6)
= Ef(X7-)], (2,t) R x[0,T]
if T<5
—> existence for 5.8.6
Theorem 5.8.37 (Uniqueness). Let f € C(R?) with (x) and T < .
Then 3! solution u € C*(D) of % + 3Au =0 on R? x [0, T] with
(1) lim u(y,t) = f(z)
t T
Yy—x
(i) sup0 <t < T|U(x,t)| < Kedl#l* . K o> 0.
, and u(x,t) = Ex[f(X7r—¢)] is this solution.
Proof. u(x,t) := Ey[f(Xr—t] = pr—+f(z) fulfilles (i), (ii) (Exercise!)
cllz||?
(with K = b, a = =57, |[pr—¢f(2)] < const e1-2<(T-1)
Uniqueness: Let u be solution of (5.8.6) with (i), (ii). Without loss of generality : f = 0.
Need to show: u(z,t) =0
S S 1 8
w(Xg, t +8) = u(Xo, t) + / Vu(X,,r)dX, + §A + o u(Xy,r)dr
0 0
=:M, (Def.) =0, since r<s<T—t<T

but: local martingale (cf. proof of 5.3.9)

Define
R, :=inf{s > 0| | Xs| >n}, neN,

and let tp, /AT —t, tp <T —t.

= u(z,t) = Ex[u(Xp,aty, t+ Rn Atr)]
stopping theorem
+ remark II.1.5

= B, [u(Xy,, t+tp); Ry >t + Ex[u(Xg,, t+ Ry); Ry < tg]
< KeanRn‘PPw[Rn < ti]
(#1)
—s Ke™ PR, <T —1
ty /T—t

since 1{RnStk} /‘ 1|Rn<Tft|

::Ik,n
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5.8. The heat equation

since I, t%)t E.[f(X7—¢) ; R, > T —t] = 0 Vn because of (i), (ii) and because of
W ST—

Lig, >ty N L{R.>T—1)

- d ) n
Let @, := {x eR |1HSlZa§Xd’l‘Z| < \/g} C K,(0)

ZL‘2 a2
where the last inequality holds because of faoo e zdr<ale 7
2 . 1
= Ke™ Px[Rn <T—t] n:;oo, lfm > a.
= u(z,t)=0,ift >T — 5.

If we apply the above to T} :=1T — gld, we get

. 1 1 1
U(Jf,t)_o7 lft>T1_ﬁ_T_%_2ad
It follows with iteration

u(z,t) =0 Vte[0,T], zeR%L

U
More general:
D C R? x [0, 00[. We want solution of
o) 1 —
(7 +534)u =0 onD (5.8.7)
U =f ondD

Idea: Interpretation as Dirichlet problem for the “space-time process”.
We define for r > 0, o, : [0, 00[— [0,00[ by o,(s) := 7+ s.

Let Q:=Q x {o,]r € [0,00[}
w = (w,0,) (sarting point )
X (@) = (Xs(w),r +5) € R? x [0, 00]
Py =Py ®0,,.
If we have again everything “enough” bounded, we get
w(z,t) = By [f(X7)]

with T(@) := inf{t > 0| X (®) ¢ D}.
In the special case above: D := R? x [0, T[ with f : D = R? x {T} — R we have

T=T-—t Py — as., le.

u(,t) = Egp[f (Xr—t,00(T = 1))]
= Eu[f(Xp—i; T)]

Hence as before.
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6. Stochastic Differential Equations

6.1. Solution definitons, examples

We consider the following SDE:

{Xo =& (initial condition) (6.1.1)

dXt = O't(X)th + bt(X)dt

For the sake of simplicity we will mostly consider only the Markov case:

O't(l’) = O'(Xt,t)
be(X) = b(Xy, 1)

(6.1.2)
and only in R! (thus X; € R), where we assume that
o=o(x,t), b=0b(z,t) Borel measurable on R x [0, oo[. (6.1.3)

Let the right continuous filtration (F:)¢>0 be as in the following definitions:

F: O completion of ﬂ o(&, Ws; s <t+4e¢e) with respect to P in F,
e>0

where & : 2 — R, F-measurable.

Definition 6.1.1. (i) A weak solution of (6.1.1) is a triple (X, W), (Q,F, P), (Ft)t>0 with:
W (F)-BM on (, F,P), X (Ft)-adapted, such that P-a.s.

t t
Xt =& +/ os(X)dWs —|—/ bs(X)ds Yt >0 (resp. Vt < (: stopping time). (6.1.4)
0 0

in part. 3 in part. 3

(ii) This solution is called weakly unique, if the distribution of £ (on R) determines uniquely
the distribution of X.

Definition 6.1.2. (i) (6.1.1) has a strong solution, if 3 F : R x C([0,0[)o — C([0,00])o,
such that F(x,-) is F?)F-measurable Va,t and ¥V (Q, F, P), (F:), and all (F;)-BM’s W,

X = F(an W)

fulfills (6.1.4) (“F is the solution”). Here F = o(ms|s < t) with 75 : C([0,00[)0 — R,
ms(w) = w(s).

(11) This solution is called strong unique, if V(X, W), Q, F, P), (Fi)t>0, &0, which fulfill (6.1.4)
X = F(§07 W)

(“in other words F is uniquely determined”) (= weak uniqueness)
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6. Stochastic Differential Equations

Remark 6.1.3. F;/F;-measurability of F(x,-) implies: X adapted

Example 6.1.4. (i) The Ornstein-Uhlenbeck process is a strong (unique) solution of dX =
dW — aXdt (cf. solution formula in Section 4.1)

(i) dX = aXdW + SXdt has as strong (unique) solution

1
X; = Xopexp I:CMWt + (6 — 2a2)t:|

(Heuristically: Ité6 —>

=a?XEd(W),
In X; = 1In X, tldX 1 [ d{X
nt—no+/0Xtt—2/0Xt2 <>t
1
=InXg+ oW, + ft — §a2t

1
— X; = XopexplaW; + (8 — §a2)t]
except for “Xy could become 0”7 = proof of existence.)

Proof. strong solution: Check with It6 V.Xg, W.
Uniqueness: Let (X, W, X() with (ii). Show with It6:

1
X exp [—aWt - (ﬂ - 2a2> t} = X

(iii) Tanaka’s example (shows that one is possibly forced to look for a weak solution).
X, =0 , 1 x>0
, , where sign(x) :=
dX = sign(X)dW -1 ,2<0
(sign(x) # 0, according to our definition, excludes the trivial solution X = 0!)
Claim: 3! weak solution.

Proof. weak uniqueness: Let X be a solution =—-

¢
X; = / sign(Xs)dWs is martingale
0

(X)) = /0 (sign(X,))*ds = t.

= X is a Wiener process.
Levy

Existence: Let X be a Wiener process
t
= W; :/ sign(Xs)dXs is a Wiener process
0
t
= X; = / sign(Xs)sign(Xs) dXs
0 =1
¢
= / sign(Xs)dWs
0

(by Cor. 2.4.34) is a weak solution.
One can show that 3 strong solution (cf. [KS91]). O
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6.2.

6.2. Construction of solutions via transformation of the state space

Construction of solutions via transformation of the state space

Example 6.2.5. (i) X; := W} fulfills (according to Itd)

(i4)

dXy = 2W dWy 4 dt

Let .
Wt :—/ signWsdWs  Wiener process
0

— 2W,dW; = 2|Wy|signW,dW, = 2|W;|dW; = 2/ X dW,
i.e. dX; = 2\/Xtth + dt has as weak solution X; := WtZ.

X large: strong diffusion! Although its drift is +1, X will be going back to 0 again and
again (since it is the square of BM and therefore the law of the iterated log holds.)

Bessel process ||W|]|

X =W = |>X(W)2W=W!. . ,W"), BMin R" with start Wy = 0.
i=1
Let
Vi=X"=) (W) (= X=VY)
=1
=  dY =) 2WYdW' + ndt
multdim. Z
Ito

and

d(Y) =) 4(W')?dt = 4Ydt.

Hence W; = fo 21 ay — 2f = ()t\lledWl is a local martingale with (W), =
fot 4%, d(Y)s = t, hence W BM, since W is a local martingale.
S 4Ysd

Apply Ité-formula to X = Y (ok for n > 2, since 0 € R™ polar, i.e. Y; > 0Vt > 0 P-a.s.)
to get

iX = gy + 1 (—1Y_2d<Y)>

2Y 2\ 4
1 1 3
=dW + ——ndt — =Y " 24Y dt
WY 8
2x 7

That is, the Bessel process X := ||W]|| is a weak solution of

I |
dX =dW + nQTdt (strongly drifting away from 0!)

Theorem 6.2.6 (Zvonkin). Let b: R — R be Borel measurable, bounded. Then

dX; = dW, + b(X,)dt

has a strong solution.
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6. Stochastic Differential Equations

Proof. Idea: Transform X into a local martingale Y := ¢(X) (for some to be found transfor-
mation ¢ : R — R).
Ansatz: Let X be a solution of dX = dW + b(X) dt. Define

Y= o(Xy)
= dY = ¢'(X)dX + %go”(X)dt
= (X)W + (¢ (XID(X) + 2"(X)}dt

2

Choose ¢ such that {¢'(X)b(X) + 3¢”(X)} = 0, so Y is a local martingale and we get rid of
the (only) measurable b! Le.

n__

¢ = —2by'

— ) =Coxp [— /0 ’ 2b(z)dz} (>0)

@ C/a: [ y 2(2)dz] dy + C (strongly increasing, C)
- T):= exp —/ z z} Y+ _
® 0 0 (= Jp L. C’l)

Show: ¢(z) = [ exp [— [§ 2b(2)dz] dy is as desired.
Sketch: Then dY = ¢/ (1 (Y))dW.
——

=X
Let o(y) := ¢'(p~1(Y)), hence

Note that

=(¢' (¢~ () t=o(y)~"
Thus ¢’ globally bounded, hence o globally Lipschitz continuous:
o () = o(y)] < 2[b]|oc|z — y|

Thus in () we have more regular coefficients than in the original equation. According to the
results in Section 6.4 below, (*) has a unique strong solution Y (as ¢ is Lipschitz).

— X =¢ (V) (This even gives uniqueness!)

Problem: ¢! only C*, but not C?! Hence attention with Ito, but ¢’ is still weakly C.
Now rigorously: Solve (x) and set

X :=¢ 1Y)
Then check by It6 that X solves dX; = dW; + bdt. O
Now more general:
dX = o(X)dW + b(X)dt (*)
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6.3. Method of Lamperti-Doss-Sussmann

6.3. Method of Lamperti-Doss-Sussmann

Lamperti ca. 1964

Doss-Sussmann end of the 70th

Surprisingly: One can solve (%) pathwise!

For simplicity here only for o, b sufficiently smooth and for the Markoff case:

dX; = U(Xt)th + b(Xt)dt (635)
We want to rewrite (6.3.5) with respect to the Stratonovich integral: [ o(X) o dW.

Definition 6.3.7. Assume X,Y are (local) semimartingales. Then the Stratonovich integral of
X against Y is defined as

t t
1
/XsodYs ;:/ XYy + (X, Y)e, £ 20.

If we apply this to the semimartingales o(X) and W we obtain

/ o dW, /ﬁ dW’+;<(XLWQS

[,
—/(; (XS)dW5+2/O U(Xs)d<X7W>8

(since do(X) = o/(X)dX + 0" (X)d(X))

or in differential form L
o(X)odW = o(X)dW + 5(a’a)(X)dzt.

Recall. In Section 1.2 we looked at another special case of Definition 6.3.7, namely for the
semimartingales f(X) and X (see p. 5) to get

| re0eax = [Feoax + o0, x),
0 0

t 1 t ,
= [ reax+ 5 [ o)

(since df (X) = f(X)dX + 5 f"(X)d(X).) Hence
dF(X) = F'(X) o dX.
Let b*(X;) := {b(X;) — 20/ (X;)o(X¢)}, then (6.3.5) can be written as

dX; = 0(X;) 0 AW, + b*(X,)dt (6.3.6)
Let @(z,t) be the flow corresponding to the ODE
& =o(z)
ie.
&(z,0) =z
@,:%a%w:dﬂ%m
= Py = j;@(a:,t) = 0'(45(x,t))%d5(x,t) = (o'0)(P(x,1))
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6. Stochastic Differential Equations

Ansatz: X; = &(&,n:) solves (6.3.6) with

§o=Xo (= Xo(w))

d¢ = &dt  (in part. t — &(w) is C1)
() dipe = AW+ 05, (mp)dt, mo =0
to be det.!

1
et dXy = (&, me)dEs + (&, me)dne + igptt(fta ) dt

= o(X)dW+ 5 (0"0) (Xt + { (&, ) + (@6 m))5¥0(m)

(Xt )odW, =b*(P (&, 1))
N e’

Xt

There are two possibilities to simplify :

£=0 or b0=0

1st possibility: Lamperti
Let & = Xo, thus € = 0. Hence it should hold that

*

o) = (@(Xo,y)) Vy R

Then the problem is reduced to solve

*

b
dny = dWy + ;(@(Xo, ne))dt (%)
no =20

(ok, if (e.g.) Xo = zo € R, and o, b are such that %(@(xo, -)) globally Lipschitz; cf. Section
6.4 below.)
= X; = &(Xp,n:) solves (6.3.6).

(strong solution, if (x) has strong solution)

2nd possibility: Doss-Sussmann
EXO = 0, ie.: Nt = Wt

— &= B (&, Wi(w))b* (B(&, Wi(w))  Vw fixed, that is:

§=Fu(&t)
éo(w) = Xo(w) , w fixed

Hence & = &(w), but “smooth” in ¢ for w fixed. Thus the problem reduces to solve a
family of certain differential equations. It follows:

Xy := D(&, Wy) solves (6.3.6)
Special case for both:
dX =o(X)odW
(i.e. b* =0)
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6.4. Construction of strong solutions on Lipschitz conditions (Picard-Lindel6f method)

1. Lamperti: dn = dW, hence X; = &(Xo, W)
2. Doss-Sussmann: & = 0, & = X, hence X, = D(Xo, Wy)
Example 6.3.8. o(z) = 2? (and b* =0)

1

= P(x,t) = ;

8=

According to the special case X; = &(Xy, W;) solves
dX; = o(X;) odW; (Stratonovich-DE!)

But explosion at time tg := inf{t > 0|W; = %}

Consider now for o(x) = z2

dX; = o(X)dW (It6-DE!)
1
=o0(X)odW — = o'o(X) dt
9 7\
2.X3

Then the strong drift X3 prevents an explosion, because due to Lamperti we get, with initial
condition Xy = x,

1
Xe=4——,
zo
where
b*
dnt = th + ; (@(ﬂfo,nt))dt
~—
—id
1
=dW; + T dt,
=z
and 79 = 0.

Solution: 7 = Bessel process in R? at %
(x—l0 polar for BM in R3, hence also 7 doesn’t hit %, thus (X;) doesn’t explode in finite time.)

6.4. Construction of strong solutions on Lipschitz conditions
(Picard-Lindel6f method)

In this section let d € N arbitrarily, G : Q x Ry x R% — Rdz, b:Q xRy xR — RY product
measurable and so F;-adapted that K > 0 with

|G (w,t,2) = G(w, t,y)[| + [|b(w, t, ) = bw, t,y)|| < K[z = y]]

6.4.7
and ||G(w,t,2)|| + [|b(w, t,2)|| < K1+ ||z||) for allw € Q, t € Ry, z,y € RE ( )

Let W be a given R-valued Wiener process on (2, F, P), (F).

Theorem 6.4.9. For an arbritary initial condition & € £2(Q;Rd), Fo-measurable, there exists
exactly one strong solution X of the stochastic differential equation

(here: G(-,t,x) =: G(t,x), b(-,t,x) =: b(t,x))

dX; = G(t, X,)dW; + b(t, X;)dt, Xo = &, (6.4.8)
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6. Stochastic Differential Equations

i.e., P-a.s.
t t
X =& +/ G(s, Xs)dWy —|—/ b(s,Xs)ds Vt>0
0 0
(in particular all integrals on the right hand side exist in the usual sense).

In particular, X has continuous sample paths.
Furthermore we have for every T > 0

E <C(1+E[llP]) .

sup [1.Xy[?
0<t<T

where the constant C' only depends on K and T.
For the proof we need the following version of the Banach fixed-point theorem:
Theorem 6.4.10. Let (E,d) be a complete metric space, A : E — E and ¢, € [0,00[, n > 1,
with > ¢, < 400 fized, such that
n>1
d(A"z,A"y) < cpd(z,y) Vr,y€ E, n>1. (6.4.9)
Then A has exactly one fized-point x and we have for ally € E

d(z,y) < (1+ Y ca)d(Ay,y).

n>1
Proof. Let xg € E, z,, := A"xg. Then
d(Tni1,Tn) = d(A"z1, A"20) < ¢y - d(21, 70)
n—1
= d(Tp,Tm) < Y. d@rr1,2r) < (D) ex)d(z1,29) — O.
n>m k=m k>m m /oo
dz : = lim z, and Az = lim A"tz = z.
E complete n—»00 n—00

If £ € E is another fixed-point, we get

d(z,2) =d(A"z,A"%) < cpd(z,Z) — 0, ie z=2.

n—oo
Ify e E, we get

n—1

d(z,y) = lim d(A"y,y) < Tm Y d(A* 1y, A%y)
k=0

n—1
< Tm (1+ Y e)d(Ay,y) = 1+ > cr)d(Ay,y).
k=1

n—oo
k>1

0O
Proof of 6.4.9. Let E := L*(Q;C([0,T];R%)) and | X |7 := E[ sup |]X(t)||2]%. Then (E, |- |7) is
0<t<T

complete, and for X : Q — C([0, T]; R?) define

(AX)(t) := & —I—/O G(s,X(s))dWs—i—/O b(s, X (s))ds, tel0,T].

:IIt
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6.4. Construction of strong solutions on Lipschitz conditions (Picard-Lindel6f method)

1st step: AE C E.

Doob isometr
Since AX(w) € C([0,T);RY), E[ sup 12] < 4E[12] =" 4B[[] ||G(s, X (s)|]2ds],
0<t<T
hence

1

) T 3 T 3
\AWTSEW&WP+QE{ArcmmW@m%4 +ELA!W&X@N%S
1 . :
gEu@WP+3KE{A u+nx&mfm]

1
1 T 2
< E[||%]*]? +3KE [/ HX(s)|2ds] +3KT3
0

1
< E[||&]"]? +3KT?(|X|r +1) < 00

2nd step: A fulfills (6.4.9), because

XYelF =
|An+1X o An+1Y|t

=F | sup

0<r<t

1
2]2

<2F [/Ot G (s, A" X (s)) — G(s, A”Y(s))||2ds} : +E [/Ot IIb(s, A"X (s)) — b(s, A”Y(s))||2ds}

/07" G(s,A"X(s)) — G(s,A"Y (s))dWs + /07“ b(s,A"X(s)) —b(s,A"Y (s))ds

2

<3KE [/Ot A" X (s) — A”Y(s)Hst] :

1
t 2
< 3K </ A"X — A”Y|§ds> .
0

By iteration we get

T t1 tn—1 %
[A"X — A"Y|p < 3"K™ (/ / / | X — Y|§ndtn...dt1>
0 0 0

n

1
< 3™ (T) CIX - Y| (6.4.10)
< o T. 4.

Gﬁo 3! fixed-point X € E, furthermore

Tﬂ
Xlr< (143 3"K" =
n>1 (n!)2

1
(B [ll6l?)? +3KT3)
<C(1+E [||£0||2])% for a constant C' = C(K,T).

(where the first inequality holds because of the last line of Theorem 6.4.10 with y = 0 and
step 1.)
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6. Stochastic Differential Equations

3rd step: Let Y be an arbitrary continuous adapted process which fulfills (6.4.8), then Y = X.
Let Sy, :=inf{t > 0| || X¢|| > n or ||Yi|| > n} (— +o0, n — +00)

tASh tASh
s Xins, — Ying, = / (G(s, Xs) — G(s,Y))dW, + / (b(s, Xa) — b(s, Ya))ds
0 0

= E[||Xirs, — Yins,||*]

tASh tASh
< 9E [/ 1G(s, X,) — G(s,YS)Hst} ey [/ I1b(s, X2) — b(s, Y2)|[2ds
0 0

isometry
tASn
<are | [ 1%, - vilas)
0
t
<K / E [[[Xons, — Yons, |I?] ds (6.4.11)
0
= E[||Xirs, — Yins,|[?] = 0 Vtvn = X, =Y, Vvt <S8, P-as. Vn,
Gronwall’s n /oo
Lemma paths

are continuous

hence X =Y.

O]

Lemma 6.4.11 (Gronwall). Let f : [0,T] — R continuous. If there exist constants A € R, b €
10, oo[ with

£(t) §A+/Otbf(s)ds, te0,7T], (6.4.12)

then f(t) < Aeb, t € [0,T).

Proof. Without loss of generality A = 0, otherwise consider f(t) — Aeb, which fulfills (6.4.12)
because

ft) — A’ < A (1 —€b) +/ bf(s)ds :/ b(f(s) — Ae*)ds.

=— [, bebsds
But if A =0, we have due to (6.4.12) for g(t) := e™% f(f f(s)ds
g'(t) = —bg(t) + e~ f(t) < ~bg(t) +by(t) = 0, (0) =0
— g(t) <0Vt € [0,T]. Hence by (6.4.12) f(£) < 0Vt € [0, T]. O

Lemma 6.4.12 (generalized Gronwall). Let f,b € L'([0,T]), such that b is nonnegative, f-b €
LY([0,T]) and let A:[0,T] — R be an increasing function, such that

F(1) < A(t) + /O “bs)f(s)ds for dt —ace. t € [0.T], (6.4.13)

Then

esssup f(s) < A(t)efﬂt b()ds for dt — a.e. t € [0,T).
s€[0,¢]
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6.4. Construction of strong solutions on Lipschitz conditions (Picard-Lindel6f method)

Proof.

Step 1 Assume A is constant.

Then without loss of generality A = 0; otherwise consider f — Aelo bs)ds , which fulfills (6.4.13)
because for dt-a.e. t € [0,T]

t t t
F(t) — Aeo b)ds < 4 (1—efo b<8>d8) + / b(s)f(s)ds
S—— 0

- fg b(s)efos b(r)dr g
t S
= / b(s) (f(s) — Aelo b(T)dr) ds.
0
But if A =0, we have for g(t) := e~ Jo bls)ds fot b(s)f(s)ds and dt-a.e. t € [0,T]

(1) = =b(t)g(t) + e o PO by (2
~~
<f0t b(s)f(s)d

<0.

Since ¢(0) = 0, it follows that g < 0 dt-a.e., hence by (6.4.13) (with A =0) f <0 dt-a.e.
Step 2 A increasing (not necessarily constant).
Let t € [0, T]. Then by (6.4.13)

f(s) < A(t) +/ b(r)f(r)dr for ds —a.e. s € [0,1].
0
So, by Step 1, for ds-a.e. s € [0, ]

f(s) < A(t)elo b

< A(t)efot b(r)dr'
]

Remark 6.4.13. (i) For the proof of uniqueness (more precisely in (6.4.11)) we only used
that G, b are locally Lipschitz, i.e. Lipschitz continuous on compact sets (e.g. B,(0)). In
other words: If G and b are locally Lipschitz, then the stochastic differential equation (6.4.8)
has at most one strong solution.

(i) If G = 1, then (6.4.8) can be solved directly pathwise deterministic. (Use transformation
xy — xp — Wy, but “new” b depends explicitly on time and w) If d =1, then (6.4.8) can be
reduced via Lamperti to the case G =1 if G, b are enough reqular.

Theorem 6.4.14. Let b: R — R? be locally Lipschitz. Then for xzo € R?
3! solution of X (t) = xg + W () / b(X

on [0,&[, where & = “explosion time”, i.e. /l}gl | X (t)(w)| = +o00 if {(w) < +00. We have that
t w)
& =+oo if b is globally Lipschitz.

(Without proof).
(Idea: transformation X; — X; — W;, then argue pathwise. Then b depends explicitly on time
and w)
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7. The martingale problem
Literature: [Str87]

7.1. Formulation, motivation

Q := C([0,00); RY) (polish!), M := B, M; :=c(z(s)[0 < s <t), t >0, 2(s)(w) := w(s),
M;(Q) := all probability-measures on (2, M).

ST(RVM) := all non-negative definite symmetric N x N matrices.

Let a : [0,00[xRY — SH(RN), b : [0,00[xRY — RN bounded, measurable. Define operator-
valued map t € [0, co[— L; by

N N
1 ij i
Ly := 3 g a’ (t, )0z, 0z, + E b'(t, )0, (7.1.1)
ij=1 i=1

with Oy, ::%,1§z‘§N.

Definition 7.1.1. P € M;(Q2) is called solution of the martingale problem for (L;) (with test
function space C§°(RY)) with start in (s,x) € [0, 00[xRY, denoted by: P € M.P.((s,); (L)), if

(i) Plz(0) = x] =1 (thus process (s +t,z(t))i>0 starts in (s, %\(9-)/ )),

=x P-a.s.
(ii) (x(t)) — f(f[LS+ug0] (z(u))du, t >0, is an (M;)-martingale under P Vo € C°(RN).

For ¢ € C2(RY) set

Xoolt) = pla(®) = [ [Lunlptatu)dn, t>0. (7.1.2)

Example 7.1.2. Suppose there exists a probability space (Q, F, P) with filtration (F) and an
(Ft)-BM (W(t))e>0 and an (Fi)-adapted continuous process X = X(t), t > 0, such that for
some x € RN

X(t)=a+ /Ota(s +u, X(u)dW (u)+ /Ot b(s + u, X (u))du, t >0, P-a.s..

Let ¢ € C3(RYN). Then by the d-dimensional It6-formula (see Proposition 1.3.21) with (, Jgn =
Euclidean inner product in RN and X = (X1,...,XN) fort >0

P(X() = plx) + /0 (Voo (X (), dX ()

1 t N 8290 | |
1 .
’ 2/0 5;1 O0x;0x; (X (u))d{X", X7 ).
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7. The martingale problem

But since

we obtain for (a¥) = ool andt >0

p(X (1) = o(x) +/0 (Vo(X(w)), o(s + u, X (u))dW (u))gn

+ [ (@), b+ X ()
0

t N 2
+ ;/0 ijz—l at (5 + u,X(u))afing (X(u))du
— [ il (@)

(@) + /0 (Vo(X (1)), o (s + 1, X (u))AW (1) g

a martingale!

Hence Po X' € M.P.((s,),(L)).

Let P € M.P.((s,z);(L¢)) be fixed and ¢ € C(RY). Then X;, € Mart?(P) (:= all (M,)-
martingales under P in L? with P-a.s. continuous paths).

Lemma 7.1.3. Vo, € C°(RY)

t
(X, X))t = / (Vo,aVi)pn (s +u,z(u))du, t >0, P —a.s. (7.1.3)
0
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7.1. Formulation, motivation

Proof. By polarization without loss of generality : ¢ = ¥. We have

t t 2
Xo®? = a0 2006 [ Caaela@)ut | [ el
t t 2
Ty PO 2% [l | [l

t t 2

== 2 - (U u

r X0 [t = | [ Lol

1to6’s product mart.!
formula

=2 [ [ Eerealatan X

mart.

2 xew ([ el @)

T2 ()
— [ L ) ()

o 2 [{ o Letue)(@(w)du—[ ¢ [Letup)(@(u)du]”

product
formula

t
= / [Lotup® — 20 Lg ue](z(u))du + martingale
0

@Z aii (s+u, - )0, 90z

t
= / (V,aV)(s + u,z(u))du + martingale
0

where (%) holds because 8%8%902 = 204, (p0s;0) = 200,05, + 2(0u;)(0z,p) and Oy, 0% =
20z,

O

Lemma 7.1.4. (i) Yo € C?(RY), X, , € Mart?(P) (:=all continuous loc. (My)-martingales
until +oc) under P with P-a.s. continuous paths), and (7.1.8) holds Vi, € C*(RN).

(ii) If z(t) := fo s +u,x(u))du, t > 0, then ; € Mart?2(P), 1 < i < N (even
z; € L1(P) Vq E]O oo[) and

(i, Z5) (1)) 1< j<n = /0 a(s + u,z(u))du, t>0P —a.s. (7.1.4)
(iii) If f € C12([0,00[xRYN) (i.e. C' int, C? in x), then
Ft2(t) = £0.2) = [ [@u+ Lussd (s a(u))du

N .
- ;/0 O, [ (u, z(u))dz;(u) =: /0 Vo fl(u, 2(w)) - dz(u), t >0, P — a.s.

loc. mart.
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7. The martingale problem

Proof. (i) : Clear (with trivial approximation) X, € Mart?(P) Vo € C3(RY). Now let
¢ € C?(RY) and n € N. Define

oy = inf{t > 0] |z(¢)| > n},

and take 7, € CSO(RN) with 7, = 1 on B,41(0). Then o, 1 oo and X, (- A oy) =
Xsyno(- N oy) € Mart?(P), hence X, € Mart!?®(P) and (7.1.3) is still true.

(ii) : (i) with o(z) = x;, implies that #; € Mart!*(P), 1 < i < N, and (7.1.3) holds with
Y(x) = x; which implies (7.1.4). By Cor. 1.4.32 it follows that Z; is a square integrable
martingale V1 < i < N, since by (7.1.4) (z;); is bounded for every ¢ > 0.

Now we need

Lemma 7.1.5. Let X € Mart'°°(P) and o < 7 stopping times with (X)(7)—(X)(c) < A
for some A €]0,00[. Then

P[sup |X(t) — X(0)| > R] < 2exp(—R?/24) VR >0.

o<t<rt

In particular Yq €]0, 00[ 3Cy € [1, 0o with

E, { sup | X(t) — X(U)W] < C A%,

o<t<rt
Proof. [Str87, p.59, Lemma (3.10)] O

Continuing with proof of 7.1.4 (ii): 7.1.56 = V0<s<T

R2
P sup ||2(t) —Z(s)|| > R| <2-Nexp |—————+7+— 7.1.5
s [15(0) = (3] = B| < o |- savir—s) (7.1.5)
with A := sup ||a(t, y)||oper.norm- In particular Vg €]0, 00[ 3C (¢, N) € [1, 0o with
ty
1
| sup ||2(t) = Z(s)]| [La(p) < Clg, N)(A(T — 5))2 (7.1.6)
s<t<T
In particular z; € LY(P) V1 <1i < N.
(iii) Follows directly with (ii) from It6’s formula (for the time-depending case).
O
Remark 7.1.6. a=0 =  z(t) = 2(0) = z(0) = z. Thus
(7.1.4)
& 2.2.8(iii)

t
x(t) :x—l—/ b(s+u,x(u))du , t >0 P —a.s.
0

Hence (P-a.s.) deterministic case included.

Theorem 7.1.7. Let a : [0,00[xRY — ST(RY), b: [0,00[xRY — RY bounded, measurable and
P € M.P.((s,z), L)) for an (s,x) € [0,00[xRY. Supposing Jo : [0,00[xRY — Hom(R%?RN)

(= d x N matrices over R) bounded, measurable with a = go’ .
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7.1. Formulation, motivation

Then 3 d—dim. BM ((8(t))t>0, (Ft)t=0,Q) on a probability space (Q, F,Q) and continuous,
(Fi)i>0-progressiv measurable map X : [0,00[xQ — RN such that

X(t)== +/0 o(s+u, X(u))dB(u) +/0 b(s +u, X(u))du, t >0, Q—a.s.

and

P=QoX
(i.e. briefly: dX (t) = o(s+1t, X (t))dB(t) +b(s+t, X (t))dt, X(0) = x). If particularly a(t,y) > 0
V(t,y) € [0, o[ xRN and o = a% as pos s.a. operator uniquely determined!), then one can

take: =0, Q:=P, X(')==z(") a
B(t) = /t o (s +u,x(u)dz(u), t >0, Fp:= M, F:=M,
0

with Z(t) fo s+u,z(u))du, t > 0. (martingale according to 7.1.4(ii)!)
Proof. [Str87, Theorem(2.6), p.91 ff] O

Exercise 7.1.8: (i) Show: P € M.P.((s,z), (L)) < P[z(0) = ] = 1 and Z; € Mart?(P)
V1 <i < N and (7.1.4) holds.

(ii) Show: What we have done so far, can be generalized to the following situation: Let a :
[0, 00[ xRN xQ — SH(RN), b : [0, 00[xRN xQ — RN bounded, (M;)-progressiv measurable
and (L) as in (7.1.1) with these a, b. Define M.P(x; (L)) as the set of all P € M;(2) with
Pl[z(0) =z] =1 and

t
p(a(t)) - /0 (L) ((u))du, £ >0,

is an (My)- rnartlngale under P Yy € C°(RYN).

Define z(t) fo u)du. Show:
(a) P € MP( (Lt)) <:> P[z(0) = 2] = 1 and &; € Martloc(P) V1 < i < N and
(i, 73))ig = Jg alu)du) P-as.

@)Pe&ﬂ%,@@)zi7LMM%WL®JTMDMM

(iii) If @,bin (7.1.1) are independent of ¢, then the martingale problem in 7.1.1 is time indepen-
dent. Every time dependent martingale problem becomes time independent via the follo-
wing trick (“space time homogenization”): Set Q := C([0, oo[; RN+1) = C([0, 00); RY) x €.
Show: P € M.P.((s,z),(L;)) < P € M.P.(& L), where Z := (s,z) (€ [0,00) x RN),
L:=08+1L; P:=0.. QP and o.p. € M, (C ([0,00[;R1)) is Dirac measure on path
t—s+1.

Definition 7.1.9. The martingale problem for (L) in (7.1.1) (with test function space C§°(RYN))
is called “well-posed”, if ¥(s,z) € [0,00[xRYN #M.P.((s,z), (L)) =

Theorem 7.1.10. Suppose the martingale problem for (L;) in (7.1.1) (with C$*(RN)) is “well-
posed”. Let {Ps »|(s,z) € [0,00[xRN} be the corresponding family of solutions. Then:

(i) (s,z) > Ps, is measurable from [0, 00[xRY to M;i(Q) (with weak topology).

(ii) Suppose we have
T T
x / a(t,z)dt, = — / b(t,x)dt continuous VT > 0. (7.1.7)
0 0

Then (s,x) — Ps, continuous from [0,00[xRYN to M;(Q).
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7. The martingale problem

Proof. [Str87, p.85 ff.] O

Theorem 7.1.11 (Existence). Let (L) be as in (7.1.1), and (7.1.7) holds. Then
#M.P.((s,z), (L)) >1 Y(s,z) € [0,00[xR".

Proof. [Str87, p. 84 (1.20) & (1.21)] O

Theorem 7.1.12 (Uniqueness). Let (L) be as in (7.1.1). Suppose the following condition holds:
Y(s,z) € [0,00[xRN we have

P,Q € M.P.((s,z); (L;)) = Poz(t) ' =Qos(t)"" Vvt>o0. (7.1.8)

Then
H#M.P.((s,z); (L)) <1 VY(s,z) € [0, 00[xRY.

7.1.11 is useful for applications, 7.1.12 not. To get a sufficient condition for (7.1.8) we need some
preparations:

Definition 7.1.13. Let F be a set of bounded, measurable functions on a measurable space
(E,B). F is called determining set, if Vu,v € M;(E)

/godu:/gody Voe F = p=r.

Theorem 7.1.14. Suppose there exisists a determining set F C Cy(RY), such that one of the
following conditions holds:

()
(i) YT >0, ¢ € F 3up,, € Cp2([0, T[xRN) with

(8¢ + Li)ur,y, = 0 on [0, T[xRY

and
. N
?THTI ur(t, ) = p(x) VreR

(automatically unifom in x because of (x)).
(ii) VT > 0, p € F Jur, € Cp2([0, T[xRN) with
(0 + L)ty = ¢ on [0, T[xRY
and

limir,(t,z) =0 VoeRY
tlTI;l ar,,(t, x) T €

(automatically uniform in x).

Then #M.P.((s,z); (L)) <1 V(s,x) € [0, 00[xRY.
More precisely, in case (i): V(s,x) € [0,00[xRY and VP € M.P.((s,x); (L))

Eplo(z(T —s))] = urp(s,x) VT >s (7.1.9)

Thus (7.1.8) is fulfilled.
More precisely, in case (ii): V(s,z) € [0,00[xRY and VP € M.P.((s,x); (L))

Ep [ /0 ngo(x(u))du] — i (s,2) VT > s (7.1.10)

Thus (7.1.8) is fulfilled.
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7.1. Formulation, motivation

Proof. Suppose (i) holds: Let T' > s. Then according to 7.1.4(iii) with f := ur,(- + s,-)
Vit € [0,T — s]
Ep [ure(t +s,2(t))] = ur (s, 2).

With t 1+ T —s (7.1.9) follows , hence (7.1.8) holds and the assertion is implied by 7.1.12. Suppose
(ii) holds: Let T' > s. Then according to 7.1.4(iii) with f :=ar (- +s,-) Vt € [0,T — 5]

Brlir(t-+.2(0) ~ tro(s.) = Ep | [ ptetu)ia).

With t T — s (7.1.10) follows, thus Va,b € Ry, a <b

b
/ Eplo(z(u))du = —tyts,,(S, ) + Uats,(5, )

Hence by continuity u — Ep[p(z(u))] is uniquely determined on Ry. Thus (7.1.8) holds and
7.1.12 implies the assertion. O

Finally we want to prove 7.1.12. Therefore we need:

Theorem 7.1.15. Let P € M.P.((s,x),(L:)) and T a stopping time. Then:
(i) Mr=oc({z(tAT)|t >0}). In particular M is countably generated.
(ii) Let A be a countably generated sub-c-algebra of M., such that

wi— z(7(w),w) A — measurable.

Let w— P, be a reqular conditional probability distribution of P given A
(i.e.: (w,A) = P,[A], w e Q, A e M, is stochastic kernel on (2, M) such that:

a) VAe M : P[A|A](w) = P,[A] for P —a.aw € Q.
b) VAe M : ww— P,y(A) is A-measurable and (“reqular”)

P,[A] =14(w) for allw e Q, if Ae A

(exists, since A is countably generated) i.e.: P, , = €,).

Then AP-null set A € A such that: Yw € A°
P,oft € M.P.((s+ 7(w), z(17(w),w); (L))

7(w)
(where fort >0: 6;: Q= Q, 6(w) =w(-+1).)
Proof. cf. [Str87, I111.(1.13), p.78, and III.(1.14), p. 79)]. O

Proof of 7.1.12. Let P,Q € M.P.((s,x), (L)).

To show: (%) Po (z(t1),...,x(ty)) ' = Qo (x(t1),...,2(t,)) ' VO <t; < .. <t,and all n € N.
Induction over n:

n = 1: Ok, according to assumption.

n — n + 1: Suppose (%) holds forn € Nand all 0 <1 < ... < t,. Let 0 <1 < ... <ty < tpt1-
Let A =: o({z(t1),...,z(ts)}) and w — P, resp. w — @, regular conditional probability distri-
butions of P resp. @ given A.

According to 7.1.14(ii) 3 a P-null set Ay € A resp. a Q-null set Ay € A such that

P,o O;Ll, Quo 0;} € M.P.((s+ tn, x(tn,w)); (Lt))

Yw € AS N AS.
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7. The martingale problem

Hence for A := A; U Ay we have, according to assumption (7.1.8), Vw € A°

P, Ox(tn+1)_1 = (Puo et;l) o x(tnt1 — tn)_l

= wo ! tngp1 —tn) "
oy Qoo ot — )

= Qu o a(tn1) " (**)

In addition, due to the induction hypothesis P = @ on A, hence P[A] = Q[A] = 0, and thus
V By, ..., Bpy1 € B(RY)

Plz(t1) € By, ..., x(tp+1) € Bpt1]
Ep[lp, (z(t1)).- 1B, (z(tn)) Ep 1B, (x(tnt1))]]
€A A—measurable
= Eq[laclp, (z(t1)).- 1B, ((tn)) Ep 1B, (x(tn41))]]

/

EqQ [1B,, 1 (2(tn+1))]

(x5)

= Q[z(t1) € By, ..., x(tny1) € Bpyal.

analogously
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A. Time Transformation

Let (2, F, P) be a probability space, (F;):>0 a right-contiuous, complete filtration and Y a P-a.s.
continuous locale martingale up to oo (with respect to (F3)) such that Yy = 0. For simplicity let

(V)eo(:= tll>I£10<Y>t) =00 P-as..
Define the ”inverse” of (Y'); by
Cy :=inf {s > 0[(Y)s > t}.

#0

Theorem A.0.1. Let (Y)oo = 00 P-a.s. and Wy := Y, t > 0. Then, W is a (Gt)t>0 := Fo,-
Brownian motion (cf. 1.5.84) and Yy = Wy, for all t > 0.

For the proof we need the following two lemmas.

Lemma A.0.2. (i) The map t — Cy is increasing and right-continuous.
(ii) Cy is an (Fs)-stopping time for all t.

(iii)
(Y)o, =t P-a.s. Vt.
(iv) t < Cyy,. (Note that in general case t # Cyyy,!)
Proof. (iii): Without loss of generality (Y) is continuous everywhere. Then (Y)c, > ¢, since
t — (Y); is (right-)continuous.
Assumption: (Y)¢o, >t +¢ for € > 0.
Then, since ¢ +— (Y'); is continuous, there exists a § > 0 such that (Y)c,—s >t + § > ¢. Hence,

Cy < Cp — 4. Since this is impossible it follows that (Y)c, <t + ¢ for all € > 0.
(i): Obviuously ¢ — C} is increasing. It remains to show that

u N\t

(?>" is clear since CY is increasing.)
Let € > 0. Then (Y)¢,+e > t. Hence, there exists a 6 > 0 such that

(Y)o,46e >u Yu € [t,t+0].
Thus,
C.<Ci4e Yueltt+0]

(ii): We have
{Cy <u} ={(Y)u >t} Vu,t, (A.0.1)

because "C” is clear and, if (Y), > ¢, then there exists an ¢ > 0 such that (Y),_. > ¢ and,
therefore, Cy < u — e < u. But
{(Y)u >t} € Fu.

Hence, by (A.0.1)
{Ctgu}Gfu+:]:u.

(iv): If Ciyy, < t, then by (A.0.1) we would get (Y); > (Y);. Therefore, C(yy, > t. O
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A. Time Transformation

Note that G; := F¢,, t > 0 (filtration, since C} is increasing!).
Lemma A.0.3. (i) (G¢)i>0 is right-continuous and complete.
(i1) (Y); is a stopping time with respect to (Gs)s>o for all t.
Proof. (ii) is clear by (A.0.1).
(i): Right-continuity: Let A € (.5, Fc,,. (in particular, A € fCH%Vn). Hence, for all s
AH{CH% <s}eFs Vn,s,
therefore,
AmUKh%<geg Vs,
n

—_—
={Ci<s}

thus AN{C; < s} € Fs = Fs Vs, and A € Fg,.
Completeness: Let Ay € F¢, with P[Ag] =0 and A C Ag. Then for all s

as a subset of an Fg-measurable P-zero set Ag N {C; < s}, since Fy is complete. Hence, A €
Fe,. d

Proof of A.0.1 . Since Y is P-a.s. continuous and (Cy) is right-continuous, (W;) is P-a.s. right-
continuous.

Step 1. t — W; =Y, is P-a.s. continuous:

It suffice to show that (cf. Exercises)

PY, =Y fort<u<o, Vt>0]=1, (A.0.2)

where
op = inf{s > t|(Y)s > (V) },

hence,
<Y>u = <Y>t fOI' u e [t, O't].

(A.0.2) is sufficient, since then Y is constant on the interval, where (Y') is constant and by
definition this is the case on [Cy_, Cy]. Therefore, Yo, = Y, . For (A.0.2) it remains to show
that for all r € QT

PlY, =Y, forr<u<o,VreQt] =1, (A.0.3)

because, if t > 0 with ¢ < oy, then for all r € [t,04] N Q" 0, = 0y and (A.0.3) implies (A.0.2),
since Y is P-a.s. (right-)continuous.
Let (T))nen be a localizing sequence for Y. Then

T, = inf{t > 0||Y;| > n} AT, n €N,
is again a localizing sequence. Fix » € Q*. For n € N set
N™ .=y —Yyrr,, >0
t (r+t)ANor ATy rATp, U2 Y,

ﬁt = Ft—i—r; t> 0.

Then N™ is a continuous bounded martingale with respect to (.7:}), since by the stopping
theorem Vs <t

E[Nt(n)’fs] = E[Y(r—i-t)/\or/\Tn - K’/\Tn|fr+s] = }/(r—&—s)/\o,«/\Tn - Y?“/\Tn = Ns(n)’
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since o, is a stopping time with respect to (F;). Additionally,

<N(n)>t = <Y>(7'+t)/\a,«/\Tn —(Y)orr, =0 Vt>0.

Hence,
thus

Letting n — oo implies
}/(T‘-‘rt)/\(?'r - K‘ — 0 P—a.S. vt Z 07

which yields (A.0.3).
Step 2. W is a local martingale (up to co) with respect to (Gy):
By A.0.2(ii) C} is an (F;)-stopping time. For ¢t > 0

E[(Y?),] = Bl(Y)cins] < E[(Y)e,] = t.
Therefore, by Corollary 1.4.32 Y is a martingale and

E[(Y)?) < liminf B[Y\c, g, ] = liminf E(Y)sncyar,] < t.

Hence, (Y)4>0 and ((Y.C)?)g>0 are uniformly integrable.

Moreover, Cly,, is a (Ft)-stopping time, because:

(Cory. < u} P2V (V) > (V)1 )

— U {VYy>rin{r> ()}

reQ

UV JHe <uyni{C = T
reQ

= J{C <u}n{CrAu>T,}}
\ —_— N—————

TGQ eFu e]:Cr/\u/\Tn CFu

Thus,
{C(Y>Tn <u} € Futr = Fu.

Furthermore, (Y)7, is a stopping time with respect to (G;), since

(A0.1)

{<Y>Tn < u} {Cu > Tn} € ]:Tn/\Cu C fCu = k.

Hence, for all ¢ > s (since Cyp(yy,, = Ct A Clyy,. , because (Cy) is increasing)

E[Winty)s, |Gs] = EWiny)r, 19s] = E[YC,, 4, 193]
= EYoncy, [Fol =E [YCC;%(;(Y)T |Fe.]

Since (YSCt)/\Qan is an uniformly integrable martingale (note that Cj is not necessarily boun-
ded), it follows that

_ vCi s<t _
- YCS/\C<Y>Tn — YCS/\C<Y>Tn - S/\(Y>T,n'
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A. Time Transformation

Hence, W is a local martingale with localising sequence ((Y)1, )nen (up to 00).

Step 3. (W), =t Vt. In particular, W is a Brownian motion:

Since by L?-martingale convergence theorem ((Y.*)2),>¢ is uniformly integrable and (Y ¢t), =
YVe,ns < (Y)g, =t Vs, it follows that (V)2 — (Y©) is an uniformly integrable martingale.

Hence, (though Ci, Cy are not bounded) by the stopping theorem we get that for all ¢t > s

E[W? —t|G.] = B[YZ, — (Y)c, | Fc.
= B((YS)? = (Y9, |Fe,]) = (Y52 = (Y9,
=Yé, —(Y)o, =W —s.

Therefore, (W2 — t);>0 is a continuous martingale with respect to (G);>o. By the Doob-Meyer
decomposition it follows that (W); =t for all ¢ and by 1.4.32 that (W:):>0 is a martingale. By
Lévy’s characterization theorem 1.5.34 W; is a Brownian motion.
Step 4. Y; = Wiy, for all t > 0:
We have

Wiy, = Yo

Y

and since s — (Y')s is increasing and continuous
Ciyy, = inf{s > 0[(Y)s > (V)¢ } = inf{s > t|(Y)s > (Y)i} = 0v.

Therefore, (Y) is constant on [t, C(yy,]. By (A.0.2) we get that Y is constant on [t, Cyy,], thus,
Wiy = Yo, =Y

Remark A.0.4. We have supposed that P[(Y)oo = oo] = 1. (This has been necessary as the

counter example
Q:={w},Y =0

shows.) Basically, the theorem also holds for the case, where P[(Y )so < 00| > 0. But, one possibly
has to enlarge €.

Construction of the enlarged Wiener space:

Let (W/)¢>0 be a Wiener process on (', F', P') with respect to (F{). Set

Q:=0x,
F=FaF,
P:=PxP,
C e inf{s|(Y)s >t} on {(Y)x >t},
T on {{Y)eo < t}.
Let )
]:t = O'(]:Ct/\s|8 2 0),
gt = ﬁt X ‘T‘Z,
W, e { Ye, on {{Y)eo > t},
t: W] — W<,Y>oo + V)  on {{Y)oo <t}

Then W is a Wiener process on (Q, F, P) with respect to (Gi)i>0, (Y )¢ is a (Gt)-stopping time
and we have

Y =Wy,
For the proof cf. [IW89, Chapter II, Theorem 7,21].

.
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