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Exercise sheet 1 on Introduction to Stochastic Analysis

Exercise 1. Let f € C(R) and let X = (Xt)t>0 : [0,00) — R be of bounded
variation. For T = {tg, - ,tn} with 0 =ty < -+ <ty < o0 and t > 0
define the Stieltjes sum

Z Jto Xeoone — Xeone) =2 Si(f, 7).

1<i<N
(i) Prove that for all ¢ > 0 there exists 6 > 0 such that if 7 =
{to,-- ,tn}, 7 = {tG,--- ,t\/} are as above with |7|,|7'| < 0 and

tn,thy > t, then |Se(f,7) — Si(f,7')] < e.
i) Conclude that for any sequence (1,) as above! with " 5o and
(i) y seq N

7| = 0 as n — oo the limit

t
/ fsdXs = lim Si(f, 1)
0 n—oo

exists and is independent of the sequence (Ty)p.

(iii) Let X := 5]1[\/5700)(5), f € C(R). Compute f(f f(s)dXs.

Exercise 2. Let (X;)i>0 be a continuous Brownian motion on a probability
space (2, A, P) and (1,)n be an increasing sequence of subdivisions with
|Tn| — 0, tn,, — 0o. Use Theorem 1.1.4(1), which states that for allt > 0 it

holds )
Z <Xt(n) — Xt(n)> —t P-a.s.,
i+1 i

M er 1M <t
in order to prove

2
P< Z (thj—)l_th(TL)) —t, VtZO) _

™ erp il <t

Exercise 3. Prove that the a-Integral defined in Definition 1.2.11 exists
(under the assumptions that f € CY(R) and (X) exists for the particular
sequence (1)) and fulfills

/f ) dX, /f dX+a/f

"We always write 7, = {t5", - ,¢5)}, with 0 = tJ” < ™ <. <) < o0.
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